
Classical and Quantum Gravity

Class. Quantum Grav. 41 (2024) 045007 (26pp) https://doi.org/10.1088/1361-6382/ad1ce2

On the (Non)Hadamard property of the SJ
state in a 1+ 1D causal diamond

Yifeng Rocky Zhu1,2,∗ and Yasaman K Yazdi2

1 DAMTP, Centre for Mathematical Sciences, University of Cambridge, Cambridge
CB3 0WA, United Kingdom
2 Physics Department, Blackett Laboratory, Imperial College London, London SW7
2AZ, United Kingdom

E-mail: yz792@cantab.ac.uk

Received 29 December 2022; revised 4 December 2023
Accepted for publication 15 December 2023
Published 23 January 2024

Abstract
The Sorkin–Johnston (SJ) state is a candidate physical vacuum state for a scalar
field in a generic curved spacetime. It has the attractive feature that it is cov-
ariantly and uniquely defined in any globally hyperbolic spacetime, often
reflecting the underlying symmetries if there are any. A potential drawback of
the SJ state is that it does not always satisfy the Hadamard condition. In this
work, we study the extent to which the SJ state in a 1+ 1D causal diamond
is Hadamard, finding that it is not Hadamard at the boundary. We then study
the softened SJ state, which is a slight modification of the original state to
make it Hadamard. We use the softened SJ state to investigate whether some
peculiar features of entanglement entropy in causal set theory may be linked to
its non-Hadamard nature.

Keywords: entanglement entropy, discrete spacetime, causal set theory,
Hadamard condition, area law, quantum field theory in curved spacetimes,
high energy physics—theory

1. Introduction

Hadamard states are known to have a number of useful properties. In essence, Hadamard
states are close to the Minkowski vacuum state and their two-point correlation functions have
the same leading singularity structure in the coincidence limit. The desire to have a close

∗
Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

© 2024 The Author(s). Published by IOP Publishing Ltd
1

https://doi.org/10.1088/1361-6382/ad1ce2
https://orcid.org/0000-0002-1539-6605
https://orcid.org/0000-0002-8902-6906
mailto:yz792@cantab.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6382/ad1ce2&domain=pdf&date_stamp=2024-1-23
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Class. Quantum Grav. 41 (2024) 045007 Y R Zhu and Y K Yazdi

relation to the Minkowski vacuum is in part motivated by the equivalence principle. Many
states of interest, such as ground and thermal states in stationary spacetimes, are Hadamard
[1]. Hadamard states have also been instrumental in the perturbative construction of interact-
ing quantum field theories in curved spacetimes [2–5], the proof of mathematically rigorous
quantum energy inequalities [6–8], the regularization of the stress-energy tensor [9–13], the
description of Unruh-deWitt detectors along general worldlines in curved spacetimes [14–16],
and the analysis of quantum fields on spacetimes with closed timelike curves [17]. However,
despite their appeal, there are still some motivations for seeking alternative classes of quantum
states that may not be Hadamard. One is that Hadamard states are non-unique in generic space-
times, and another that they are not defined in certain settings such as discrete spacetimes.
Some constraints have been placed on the possibility of alternatives to Hadamard states in the
continuum, e.g. in ultrastatic slab spacetimes in [18].

Of course, transcending the choice betweenHadamard and non-Hadamard states, is the well
known challenge of defining a distinguished vacuum state in arbitrary curved spacetimes. In
Minkowski spacetime, we are guided by Poincaré invariance to a unique vacuum state. In static
spacetimes, the timelike and hypersurface-orthogonal Killing vector leads to a distinguished
vacuum. However, in general curved spacetimes, there are no symmetries that can be used to
single out a state. Moreover, even the presence of symmetries in some important examples
such as cosmological spacetimes (e.g. de Sitter and Friedman–Robertson–Walker spacetimes)
is not enough to unambiguously select a preferred state.

Hence, it was a pleasant surprise when the Sorkin–Johnston (SJ) prescription [19–22] suc-
ceeded to define a distinguished and unique vacuum state for a Gaussian scalar field theory in
a large class of globally hyperbolic spacetimes [21, 23]. The SJ Wightman or two-point func-
tion, W(x,x ′) = ⟨0|ϕ(x)ϕ(x ′)|0⟩, is defined in a covariant manner using the Pauli–Jordan or
spacetime commutator function, i∆(x,x ′) = [ϕ(x),ϕ(x ′)]. Since the theory is Gaussian, all of
its n-point functions are then completely determined in terms ofW viaWick’s theorem. The SJ
state depends only on basic geometric quantities and has been studied in a number of different
continuum spacetimes as well as discrete causal sets [21, 22, 24–29]. This is an advantage over
generic Hadamard states which do not necessarily admit a discrete analogue or application.
However, one potential drawback of the SJ state is that it is not always Hadamard [18, 23, 30].

This paper aims to study the extent to which the SJ state for a massless scalar field in a
causal diamond in 1+ 1DMinkowski spacetime is Hadamard. The causal diamond example is
arguably the most well-studied case of the SJ state, with a multitude of analytic and numerical
results available [22, 26, 31]. A gap in the literature on the SJ state in the causal diamond is
a thorough and dedicated study of its (non)Hadamard nature, which the present paper intends
to fill. More specifically, our work serves two purposes. First, we review the work on the SJ
vacuum in the case of a free massless scalar field in a causal diamond of 1+ 1D Minkowski
spacetime, closely following [21]. We also present, for the first time, a detailed study of the
portion of the state that does not have a closed-form analytic expression. We then proceed to
study both the coincidence limit and non-coincidence behavior of the SJ Wightman function,
to probe where it may not be Hadamard. Second, recent results on entanglement entropy in
causal set theory indicate the presence of numerous unexpected ultraviolet contributions to the
entropy [32–35]. Since the SJ vacuum is used as the pure state in these calculations, and since
the Hadamard condition is often linked to short-distance behavior, we investigate whether the
twomay be linked. To this end, wemake use of softened SJ states [30, 36, 37] which are known
to produce Hadamard (albeit no longer unique) states. We define and discuss these quantities
further below.

Our paper is structured as follows. In section 2 we discuss the Hadamard condition. In
section 3 we review the SJ prescription and the nature of the SJ state in a causal diamond in
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1+ 1D, including a calculation determining whether or not the analytically known part of the
Wightman function has the Hadamard form. In section 4 we study the remaining (nonanalytic)
portion of the Wightman function and through some approximations deduce whether or not it
has the Hadamard form. Our results in this section are supplemented with further numerical
evidence in the appendix. Section 5 investigates the softened SJ states and the question of
whether or not they yield different results for the entanglement entropy. Finally, we end with
a summary of our results and their implications in section 6.

2. The Hadamard condition

The expression for a Wightman function with the Hadamard form in D≥ 2 spacetime dimen-
sions is

W(x,x ′) = lim
ϵ→0+

αD

(
U(x,x ′)

[σ(x,x ′)+ iϵ(t− t ′)]
D−2

2

(1)

+V(x,x ′) ln

[
σ(x,x ′)+ iϵ(t− t ′)

ℓ2

]
+F(x,x ′)

)
. (2)

The expression in four dimensions can be found in [38], and the expression above inD dimen-
sions can be inferred (see e.g. [39]) from the expression for the Feynman propagator in [13]
and by replacing the regulator iϵ with iϵ(t− t ′). In the above expression t, t ′ are time coordin-
ates, αD is a constant that depends on the dimension, ℓ is an arbitrary length scale, σ(x,x ′) is
half the square of the geodesic distance between x and x′, and U(x,x ′), V(x,x ′), and F(x,x ′)
are smooth (or rather, regular) and symmetric functions. The metric signature is (−,+,+,+).

A consequence of the Hadamard condition is that the difference between the Wightman
functions of two Hadamard states is a regular function. Therefore, if we wish to know whether
the SJ Wightman function WSJ is Hadamard, we may consider the difference between it and
the Minkowski Wightman function WM (which has the Hadamard form) and check whether
the difference is a regular function. This is what we will do below. Since we will study a
massless scalar field theory in 1+ 1D, the reference Minkowski Wightman function which we
will compare to, in Cartesian (t,x) coordinates, is [21]

WM (t,x; t ′,x ′) =− 1
4π

ln|σ| − i
4
sgn(t− t ′)θ (−σ)+H(x, t;x ′, t ′) , (3)

where 2σ = (x− x ′)2 − (t− t ′)2, θ is a step function, and H(x, t;x ′, t ′) is a regular function.
Since the massless theory in 1+ 1D has an infrared divergence, we must have an IR cutoff in
order to obtain the answer (3); the details of the IR cutoff can be absorbed intoH. In our setup,
the finiteness of the size of the causal diamond will serve as the IR cutoff.

3. The SJ vacuum in a causal diamond

The SJ prescription [19–22] was initially proposed by Sorkin and Johnston as a means to
study quantum fields on causal sets, where the notion of a state on a hypersurface has no
physical reality. Shortly after its introduction, its application to continuum spacetimes was
also realized. The starting point is the retarded Green function, GR, from which one obtains
the spacetime commutator, as we see below. Due to this, the prescription yields a unique state
only in globally hyperbolic spacetimes, where a unique retarded Green function exists. The
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causal diamond in 1+ 1D Minkowski spacetime is one of the simplest examples of a globally
hyperbolic spacetime. Below, we review and extend what is known about the nature of the SJ
state in the 1+ 1D Minkowski diamond.

3.1. The SJ prescription

Let us begin by reviewing the SJ prescription. The retarded Green function of a scalar field
can be obtained from the Klein–Gordon equation, as it satisfies

(
□+m2

)
GR (x,x

′) =−δD (x− x ′)√
−g

, (4)

where GR(x,x ′) is only non-zero if x′ causally precedes x.
From the retarded Green function, we can define the Pauli-Jordan function ∆(x,x ′) as

∆(x,x ′) = GR (x,x
′)−GR (x

′,x) . (5)

The commutator i∆ can be made into an integral kernel acting on L2(M) functions over a
spacetime M as

ṽ(x) =
ˆ
M

(i∆)(x,x ′)v(x ′) dVx ′ , (6)

v being an arbitrary square integrable function on the spacetime and dVx ′ being the volume
measure with respect to the spacetime metric. Since the commutator i∆ is antisymmetric, its
eigenfunctions come in complex conjugate pairs T± with real corresponding eigenvalues ±λ.
Furthermore, the spectral decomposition of i∆(x,x ′) implies that we may write it as

i∆(x,x ′) =
∑
q

λqT
+
q (x)T+

q (x ′)
∗ −
∑
q

λqT
−
q (x)T−q (x ′)

∗
. (7)

The SJ two-point correlation functionWSJ(x,x ′) is then defined by restricting (7) to its positive
part

WSJ (x,x
′)≡

∑
q

λqT
+
q (x)T+

q (x ′)
∗
. (8)

3.2. WSJ in the diamond

We limit ourselves to the massless theory in 1+ 1D. The retarded Green function for this
theory is

GR (x,x
′) =

1
2
θ
(
(t− t ′)

2 − (x− x ′)
2
)
θ (t− t ′) . (9)

We will hereafter adopt the lightcone coordinates u= (t+ x)/
√
2 and v= (t− x)/

√
2 for con-

venience. In a causal diamond of side length 2L and centered at u= v= 0 (see e.g. figure 12),
the domains of these coordinates are u ∈ [−L,L] and v ∈ [−L,L].
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The positive eigenfunctions T+k that satisfy i
´
⋄∆(x,x ′)T+k (x

′)dx= λkT
+
k (x) are given by

the two sets of functions [40]

fk (u,v) := e−iku− e−ikv, with k=
nπ
L

, n= 1,2, . . .

gk (u,v) := e−iku+ e−ikv− 2cos(kL) , with k ∈ K,
(10)

where K = {k ∈ R | tan(kL) = 2kL and k> 0}. We can then go on to construct the SJ
Wightman function by summing over the positive eigenvalues and their corresponding eigen-
functions, as in (8). Since there are two families of eigenfunctions, fk and gk, let us consider
the sum over each set separately

WSJ,L (u,v;u
′,v ′) = S1 + S2, (11)

where

S1 =
∞∑
n=1

L2

nπ
1

∥ fk∥2
fk (u,v) f

∗
k (u

′,v ′)

=
1
8π

{
−ln

[
1− e−

iπ(u−u ′)
L

]
− ln

[
1− e−

iπ(v−v ′)
L

]
+ ln

[
1− e−

iπ(u−v ′)
L

]
+ ln

[
1− e−

iπ(v−u ′)
L

]}
,

(12)

and

S2 =
∑
k∈K

L
k

1
∥gk∥2

gk (u,v)g
∗
k (u

′,v ′)

=
∑
k∈K

[
e−iku+ e−ikv− 2cos(kL)

][
eiku

′
+ eikv

′ − 2cos(kL)
]

kL [8− 16cos2 (kL)]
.

(13)

Note that S2 does not have a closed form expression, due to the transcendental equation
involved in finding the wavenumbers. However, the positive roots xn of the transcendental
equation tan(x) = 2x rapidly approach xn =

(2n−1)π
2 as n→∞ (with n ∈ N). Therefore, we

can approximate the wavenumbers as k(0)n = (2n−1)π
2L and obtain an approximate analytic con-

tribution to the sum in (13). We will call S(0)2 this approximate analytical portion obtained

from kn = k(0)n = (2n−1)π
2L . This approximation introduces an error in our calculations, which

following [26] we will denote as ϵ. S2 is now given by

S2 = S(0)2 + ϵ(u,v;u ′,v ′)

=
1
4π

{
tanh−1

[
e−

iπ(u−u ′)
2L

]
+ tanh−1

[
e−

iπ(v−v ′)
2L

]
+ tanh−1

[
e−

iπ(u−v ′)
2L

]
+ tanh−1

[
e−

iπ(v−u ′)
2L

]}
+ ϵ(u,v;u ′,v ′) ,

(14)
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where S(0)2 is the analytical part, and ϵ as mentioned is the error from the approximation.
Therefore, adding (14) and (12) and simplifying, we may rewrite (11) as

WSJ,L =
1
4π

{
−ln

[
1− e−

iπ(u−u ′)
2L

]
− ln

[
1− e−

iπ(v−v ′)
2L

]
+ ln

[
1+ e−

iπ(u−v ′)
2L

]
+ ln

[
1+ e−

iπ(v−u ′)
2L

]}
+ ϵ(u,v;u ′,v ′) .

(15)

Taking the coincidence limit (u→ u ′ and v→ v ′), we obtain

WSJ,L ≈− ln|∆u∆v|
4π

− 1
2π

ln
(π
L

)
+

ln(4)
4π

− i
4
sgn(∆u+∆v)θ (∆u∆v)

+
1
4π

ln

[
1+ e−

iπ(u−v ′)
2L

]
+

1
4π

ln

[
1+ e−

iπ(v−u ′)
2L

]
+ ϵ(u,v;u ′,v ′) ,

(16)

where ∆u≡ u− u ′ and ∆v≡ v− v ′. The first line of (16) agrees with the IR regulated
Minkowski two-point function (3) and therefore has the Hadamard form. In order for (16)
to be Hadamard, the expression in its second line must be a smooth (or rather, C2) function.
However, the two logarithmic terms in the second line of both (15) and (16) (which is unaltered
by the coincidence limit) diverge when

u− v ′ =±2L or v− u ′ =±2L, (17)

respectively. These conditions are satisfied when both inputs x and x′ of WSJ,L lie on either
the left two adjacent edges of the diamond, or on the right two edges3. The possibilities are
enumerated in figure 1. In these cases, when the points do not coincide, exactly one of the log-
arithmic terms in the second line of (15) will diverge. In the coincidence limit, when both x and
x′ lie on either the left or right corner of the diamond, both conditions in (17) are satisfied and
both log-terms in the second line of (16) will diverge. Therefore, we find a potential deviation
from the Hadamard form on the boundary of the diamonds, on the condition that the ϵ term
does not have compensating divergences (which is checked in the next section). The failure of
the SJ state to be Hadamard on the left and right corners of the diamond was already known
in the literature, and was previously observed in [18]. Note that derivatives of these two log
terms do not lead to divergences in new locations.

What remains to be checked is the nature of the ϵ term. As the treatment of this term is
delicate and is entirely new work, we devote the next section to it.

4. The epsilon term

For the Hadamard condition, we would like to know if ϵ is a C2 function. In what follows,
our strategy will be to approximate ϵ and its first two derivatives analytically, by treating S2
as a Taylor expansion around kn = k(0)n . We also use a Taylor expansion of the transcendental
equation tan(kL) = 2kL to approximate the correction to k(0)n . This will allow us to obtain
analytic results for the behavior of ϵ. However, by considering these two Taylor series which
are not independent, we lose some accuracy in the expansion. In the appendix we use more
accurate numerical results to then further support our claims.

3 Note that both the f and g modes contribute to the non-Hadamard logarithmic divergences discussed here, as the
u,v ′ and v,u ′ terms diverge in both equations (12) and (14) when the respective conditions of (17) are satisfied. The
divergence of the relevant term from the g-mode follows from the fact that tanh−1(x) = 1

2
ln(1+ x)− 1

2
ln(1− x).
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Figure 1. Pairs of points x and x′ that satisfy the divergence conditions in (17). These
conditions are satisfied when both points are on the two neighboring left or right edges
of the boundary of the diamond. The two pairs of red points satisfy the condition u−
v ′ =±2L, and the two pairs of blue points satisfy the condition v− u ′ =±2L. In the
coincidence limit when both points lie on either the left or right corner, both conditions
are satisfied.

4.1. ϵ(u,v;u ′,v ′)

Recall that the analytic portion of (13) was obtained by making the approximation kn ≈ k(0)n

= (2n−1)π
2L . Let us consider the contribution to ϵ from each nth root (i.e. from each term

S2,n(kn,u,v,u ′,v ′) in the sum (13)):

ϵn (u,v;u
′,v ′)≡ S2,n (kn,u,v;u

′,v ′)− S2,n
(
k(0)n ,u,v;u ′,v ′

)
. (18)

Then ϵ is given by

ϵ= S2 − S(0)2 =

∞∑
n=1

ϵn. (19)

However, the infinite sum in (19) does not evaluate to a closed form analytic expression (as
we know from (13)). We will evaluate an approximate analytic expression for it. To approach
this, we begin by estimating the correction δn to the approximation k(0)n for kn. Expanding the
transcendental equation tan(kL) = 2kL around k(0)n L = (2n−1)π

2 , we have

F(k) = tan(kL)− 2kL= 0

F
(
k(0)n L+ δn

)
= tan

(
k(0)n L+ δn

)
− 2
(
k(0)n L+ δn

)
=

−cos(δn)
sin(δn)

− 2k(0)n L− 2δn = 0,

(20)

7



Class. Quantum Grav. 41 (2024) 045007 Y R Zhu and Y K Yazdi

hence

cot(δn)+ 2k(0)n L+ 2δn = 0

1
δn

− δn
3
− δ3n

45
− 2δ5n

945
+O

(
δ7n
)
+ 2k(0)n L+ 2δn = 0

→ k(0)n L=− 1
2δn

− 5δn
6

+
δ3n
90

+
δ5n
945

+O
(
δ7n
)
.

(21)

Then, using series reversion we obtain

δn =− 1

2k(0)n L
− 5

24
(
k(0)n L

)3 −
83

480
(
k(0)n L

)5 −O

 1(
k(0)n L

)7

 . (22)

We start by correcting k(0)n with the leading term of δn only. Expressing S2,n(kn,u,v,u ′,v ′) as

a series around k(0)n yields

S2,n (kn,u,v,u
′,v ′) ≈ S2,n

(
k(0)n ,u,v,u ′,v ′

)
+

∞∑
j=1

1
j!

(
−1

2k(0)n L

)j
∂jS2,n (kn,u,v;u ′,v ′)

∂kjn

∣∣∣∣
kn=k

(0)
n

,
(23)

where the jth order expansion of the approximate error, ϵ( j), is given by

ϵ( j) =
∞∑
n=1

ϵ( j)n =
∞∑
n=1

1
j!

(
−1

2k(0)n L

)j
∂jS2,n (kn,u,v;u ′,v ′)

∂kjn

∣∣∣∣
kn=k

(0)
n

, (24)

and where ϵ( j)n denotes the approximate error from the nth root at the jth order of this series.
Now,

ϵ≈
∞∑
j=1

ϵ( j). (25)

We can expect the main contribution to the (approximated) error to come from the first few
terms in the expansion (25). This is based on the numerical observation that the absolute value
of the real part of the individual terms in the n, j expansion in (24), i.e.∣∣∣∣∣Re

[
1
j!

(
−1

2k(0)n L

)j
∂jS2,n (kn,u,v;u ′,v ′)

∂kjn

∣∣∣∣
kn=k

(0)
n

]∣∣∣∣∣ ,
exhibit a faster than inverse power law decay to zero as a function of j, when evaluated for
fixed n at random coordinates (u, v), (u ′,v ′), in the interior as well as on the boundary of
the diamond. Note that this observation holds for both the coincidence limit as well as non-
coincidence input points. Due to the fast decay of these terms for all n, we can reasonably
expect the first few terms ϵ( j) =

∑∞
n=1 ϵ

( j)
n in (25), to make up the main contribution to the

approximated error term ϵ. Furthermore, the coefficients of the various powers of n in the series
expansion (22) for δn tend to zero faster than an inverse power law as well. In other words, the
series expansion for δn converges quickly, and approximating δn by the leading term in (22),

8
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Figure 2. The approximate errors at the 1st and 2nd orders of the series, ϵ(1) and ϵ(2)

in the coincidence limit u ′ → u, v ′ → v. The plots demonstrate that these functions are
finite in the full domain of the causal diamond.

i.e. −1
2k(0)n L

, should therefore provide a reasonable approximation to the full error term ϵ when

expanding S2,n in (23). Appendix gives numerical evidence that (in the coincidence limit) the
difference between the full error ϵ, and the part obtained when approximating δn in this way,
is bounded and does not miss further divergences in ϵ.

Based on the above discussion, we therefore focus on the leading terms ϵ(1) and ϵ(2). The
sum (24) can be evaluated analytically for both j= 1 and j= 2. We do not show the resulting
expressions here, as they are complicated and not particularly illuminating to see explicitly.
The coincidence limits u→ u ′ and v→ v ′ can also be evaluated, meaning that these limits are
well defined and finite. Again, we do not show the explicit expressions, as they are lengthy
and not very useful to see. Instead, in figure 2 we show plots of the coincidence limits of
ϵ(1)(u,v;u,v) and ϵ(2)(u,v;u,v), with L = 1. As can be seen in the figure, ϵ(1) and ϵ(2) are
finite everywhere in the diamond.

In the case where the points x and x′ do not coincide, it is harder to establish that ϵ(1) and
ϵ(2) are still well behaved everywhere, since their expressions are quite complicated and cannot
be visualized as easily, being dependent on 4 variables. Instead, we evaluate the functions on
the boundaries of different subdiamonds, with ‘radii’ r= 0.2L, 0.4L, 0.6L, 0.8L and L, where
a radius r defines the edges {u ∈ [−r,r],v=±r}, or {u=±r,v ∈ [−r,r]}. We then sample
two sets of random points lying on these boundaries, one for the unprimed points and one for
the primed points (as shown in figure 3(c)), and evaluate the functions for each pair of points
in the two sets. We then determine the maximum absolute real part of the function out of all
pairs of points coming from two radii and plot those values as the z value of the coordinates
(r(u,v),r(u ′,v ′),z) in figures 3(a) and (b) for ϵ(1) and ϵ(2), respectively. As can be seen, these
two functions are smooth and finite everywhere within and on the boundary of the diamond.
While not a proof of the absence of singularities for special choices of points x and x′, the plots
suggest that the two functions remain finite.

Given the finiteness of ϵ(1) and ϵ(2) in both the coincidence and nonlocal cases, we have
a good indication that ϵ is at least C0 everywhere. Hence we observe no evidence of addi-
tional non-Hadamard behavior from ϵ (or, any canceling divergences of the non-Hadamard
logarithmic divergences noted in section 3.2, for that matter).

9
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Figure 3. The top two plots show the maximum absolute value of the real part of ϵ(1)

and ϵ(2), when evaluated on pairs of points at different ‘radii’ r(u,v) and r(u ′,v ′), corres-
ponding to the (u, v) and (u ′,v ′) coordinates shown in the bottom plot.

4.2. First order derivatives

In this subsection we investigate the first derivatives with respect to the coordinates of
ϵ(1)(u,v;u ′,v ′) and ϵ(2)(u,v;u ′,v ′). Let us consider ϵ,u = ∂ϵ

∂u , the derivative with respect to
u. The contribution to ϵ,u from the nth root can be evaluated as

ϵn,u ≡
∂S2,n (kn,u,v;u ′,v ′)

∂u
−

∂S2,n
(
k(0)n ,u,v;u ′,v ′

)
∂u

. (26)

10
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Note that the subtraction and differentiation operations in (26) commute. Hence, we can eval-
uate ϵn,u as either the difference of the derivatives or the derivative of the difference4. Similar
to the previous subsection we have

ϵ,u ≈
∞∑
j=1

ϵ( j),u , (27)

where

ϵ( j),u =
∞∑
n=1

ϵ( j)n,u =
∞∑
n=1

1
j!

(
−1

2k(0)n L

)j
∂j

∂kj

(
∂S2,n
∂u

)∣∣∣∣
k=k(0)n

. (28)

While the expression for ϵ(1) is quite complicated and difficult to simplify, its first partial
derivative can be explicitly evaluated in the nonlocal case to be

ϵ(1),u =

2iL arctan
(
e−

iπ u
2L

)
+(u− u ′) arctanh

[
e−

iπ (u−u ′)
2L

]
+(u− v ′) arctanh

[
e−

iπ (u−v ′)
2L

]
8Lπ

.

(29)

By considering the individual terms in (29), we see that the arctan term has a real logarithmic
divergence when u=±L. This divergence is canceled by the logarithmic divergence in either
arctanh terms, when exactly one of u′ or v′ equals ∓L. ϵ(2),u has no divergences, so these are
the only divergences observed for ϵ,u, with no imaginary divergences. Similar results hold for

ϵ,v, ϵ,u ′ and ϵ,v ′ . See figure 4 for the example plots of the real and imaginary parts of ϵ(1),u and

ϵ
(2)
,u as a function of u and u′ with v′ held fixed (as both functions are independent of v). See
also table 1 for a summary of these results.

The coincidence limit is taken after evaluating the derivatives. Setting L= 1, the values of
ϵ
(1)
,u , ϵ(2),u and ϵ(3),u are shown in figure 5. Therefore, the only locations of divergence in this limit
are along u=±L and v ̸=∓L,5 as can be seen in figure 5(a). Due to the symmetry between
u and v, one would also expect ϵ,v to diverge along v=±L and u ̸=∓L. These observations
are consistent with the nonlocal divergences mentioned above. The divergences of ϵ in the
coincidence limit are summarized in table 2.

We conclude from this that ϵ is not C1 at the boundary of the diamond, in addition to the
zeroth order non-Hadamardness observed in the previous section there.

4.3. Second order derivatives

There are really only two distinct cases when considering second derivatives of ϵ: The deriv-
ative by the same variable twice, and by a unprimed and primed variable. To be explicit, we

4 A more subtle issue is taking the derivative of an infinite series. We assume here that the (partial) derivative ϵ,u =
∂u(

∑∞
n=1 ϵn) equals the infinite series of derivatives

∑∞
n=1 ϵn,u. Herewemerely point out that oneway for this equality

to hold, is if the sequence of partial sums {
∑M

n=1 ϵn,u} converges uniformly on the interval u ∈ [−L,L] (given the other
arguments of ϵ are held fixed) (see e.g. [41]). We will treat other partial derivatives of the series similarly.
5 At v=∓L the divergence at u=±L is canceled.
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Figure 4. ϵ(1),u and ϵ(2),u when v ′ = 0.5. Divergences occur only for Re[ϵ(1),u ] when u=±L
and u ′ ̸=∓L. L is set to 1.

will consider ϵ,uu and ϵ,uu ′ . In either of the equations below, u can be replaced by v and u′ by
v′ (and vice versa). This follows from the symmetry of the variables in (12) and (13).

ϵ(1),uu =
1

32L2π

{
4L

(
arccoth

[
e
iπ(u−u ′)

2L

]
+ arccoth

[
e
iπ(u−v ′)

2L

])
+ π (u ′ − u) cosec

[
π (u− u ′)

2L

]
+π (v ′ − u) cosec

[
π (u− v ′)

2L

]
+ 2Lπ sec

(πu
2L

)}
.

(30)

Both ϵ
(1)
,uu and ϵ

(2)
,uu diverge when u=±L and u= u ′,v ′. The u= u ′,v ′ divergences in ϵ

(1)
,uu

come from the two arccoth terms in (30). This logarithmic divergence is exactly canceled by
the divergence in ϵ

(2)
,uu . The u=±L divergence in ϵ

(1)
,uu is inverse-linear and originates from

the sec term, and is not canceled by ϵ
(2)
,uu as both functions diverge with the same sign. The

divergence in the sec term is canceled when u′ or v ′ =∓L from the cosec terms. However,
this leads to a logarithmic divergence coming from the corresponding arccoth term unless the
remaining primed variable has the opposite sign, in which case the logarithmic divergences
from the two arccoth terms also cancel. To summarize, ϵ(1),uu has a divergence at u=±L except

when (u,u ′,v ′) = (±L,∓L,±L) or (±L,±L,∓L). ϵ(2),uu is also finite at these points. See figure 6

for plots of the real and imaginary parts of ϵ(1),uu and ϵ
(2)
,uu vs u and u′ for a fixed v′. Note that

there are no imaginary divergences.
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Figure 5. The first three orders of ϵ,u in the coincidence limit. A divergence is observed
along u=±L in the real part of ϵ(1),u .

We also have a closed form expression for ϵ(1),uu ′

ϵ
(1)
,uu ′ =

−4Larccoth

[
e
iπ (u−u ′)

2L

]
+π (u− u ′) cosec

[
π(u−u ′)

2L

]
32L2π

. (31)

In the above equation we find that there are divergences when u= u ′ and when u=±L and
u ′ =∓L. As before the u= u ′ divergence cancels between ϵ(1),uu ′ and ϵ

(2)
,uu ′ . However, the diver-

gences at u=±L and u ′ =∓L do not cancel. See figure 7 for plots of the real and imaginary
parts of ϵ(1),uu ′ and ϵ

(2)
,uu ′ , and table 1 for a summary of all nonlocal divergences of the derivatives

of ϵ.
The above analysis of course translates to the coincidence limit. The results are summarized

in table 2. As with the first derivative, the divergences in this limit all occur on the boundary
of the diamond (in the nonlocal case at least one of the points (u, v), (u ′,v ′) must lie on the
boundary of the diamond).

5. Entanglement entropy with the softened SJ state

Sorkin has suggested that the non-Hadamard nature of the SJ vacuum stems from the fact
that in a finite time interval (such as in a diamond), positive and negative frequencies are not
orthogonal in the L2 inner product [36]. Namely, ⟨ϕ|ϕ̄⟩ ̸= 0, as it would be if time extended
from−∞ to∞. Based on this intuition, a softening of the boundary was suggested in order to
make the SJ state Hadamard: one modifies the L2 norm used in defining the inner product of

13
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Figure 6. ϵ(1),uu and ϵ
(2)
,uu when v ′ = 0.5L. L is set to be 1 in the plots. Both real parts of

ϵ
(1)
,uu and ϵ

(2)
,uu diverge at u=±L (the cancellation when (u,u ′,v ′) = (±L,∓L,±L) and

(±L,±L,∓L) are not visible here as v′ is set to 0.5L). The divergences along u= u ′

cancel out after taking the sum of ϵ(1),uu and ϵ
(2)
,uu .

the eigenfunctions of i∆ by introducing a different integration measure. To this end, we can
modify the SJ eigenvalue equation for i∆ from

ˆ
i∆(x,x ′)Tk (x

′)dVx ′ = λkTk (x) (32)

to ˆ
i∆(x,x ′) T̃k (x

′)ρ(x ′)dVx ′ = λ̃kT̃k (x) , (33)

where ρ(x ′) is chosen to go smoothly to zero at the boundary. As there is no preferred specific
expression for ρ(x ′), this softening leads to many different modified SJ states, one for each
choice of ρ(x ′).

5.1. Softened SJ state in a causal set diamond

In the discrete causal set which we will work with, (33) becomes the sum∑
x ′

ρ(x ′) i∆(x,x ′)T+
q (x ′) = λ̃qT̃

+
q (x) . (34)
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Figure 7. ϵ(1),uu ′ and ϵ
(2)
,uu ′ (both functions only depend on u and u′). The real part of ϵ(1),uu ′

diverges when (u,u ′) = (±L,∓L). The divergences along u= u ′ cancel out after taking
the sum of ϵ(1),uu ′ and ϵ

(2)
,uu ′ . L is set to be 1 in the plots.

We can then define the softened SJ Wightman function, W̃SJ, as

W̃SJ (x,x
′) =

∑
q

λ̃qT̃
+
q (x) T̃+

q (x ′)
∗
. (35)

This procedure is known to make the SJ state Hadamard in the continuum [37].
Of course, even the softened SJ state in the causal set is not strictly Hadamard in the usual

sense of the condition, as the causal set always modifies the short distance (near the discrete-
ness scale) behavior away from continuumMinkowski spacetime. However, in the same spirit
of the desire to minimally deform from the Minkowski state, we can view the softened states
in the causal set to be minimal deformations of the Minkowski state restricted to a Minkowski
spacetime sprinkling.

We will use a particular convenient functional form for ρ(x ′) suggested to us by Sorkin
[42]. Using the index i to label the causal set elements, we define ρi to be

ρi = 1− e−
ri si

ri+si+1 , (36)

where

ri =
V+
i

V0
, si =

V−
i

V0
, (37)
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Table 1. The locations of divergences of the first and second order derivatives of ϵ, as
well as the the variables they depend on, when expanded up to second order in (25).

Dependencies Re Im

ϵ
(1)
,u + ϵ

(2)
,u u,u ′,v ′ u=±L except when

one of u′ or v′ = ∓L
/

ϵ
(1)
,v + ϵ

(2)
,v v,u ′,v ′ v=±L except when

one of u′ or v′ = ∓L
/

ϵ
(1)
,uu + ϵ

(2)
,uu u,u ′,v ′ u=±L except when

(u,u ′,v ′) =
(±L,∓L,±L) or
(±L,±L,∓L)

/

ϵ
(1)
,vv + ϵ

(2)
,vv v,u ′,v ′ v=±L except when

(v,u ′,v ′) =
(±L,∓L,±L) or
(±L,±L,∓L)

/

ϵ
(1)
,uu ′ + ϵ

(2)
,uu ′ u,u ′ (u,u ′) = (±L,∓L) /

ϵ
(1)
,vv ′ + ϵ

(2)
,vv ′ v,v ′ (v,v ′) = (±L,∓L) /

ϵ
(1)
,uv ′ + ϵ

(2)
,uv ′ u,v ′ (u,v ′) = (±L,∓L) /

ϵ
(1)
,vu ′ + ϵ

(2)
,vu ′ v,u ′ (v,u ′) = (±L,∓L) /

Table 2. The locations of divergence of the first and second derivatives of ϵwith respect
to the lightcone coordinates (u, v) in the coincidence limit.

Re Im

ϵ,u u=±L & v ̸=∓L /
ϵ,v v=±L & u ̸=∓L /
ϵ,uu u=±L & v ̸=∓L /
ϵ,vv v=±L & u ̸=∓L /
ϵ,uu ′ / /
ϵ,vv ′ / /
ϵ,uv ′ (±L,∓L) /
ϵ,vu ′ (±L,∓L) /

and where V±
i = |J±(i)| or the future and past volumes of the element i. V0 sets the scale of

the softening (i.e. how close one gets to the boundary before ρ decays). V0 → 0 is the limit to
the regular SJ prescription with a hard boundary. See for example figure 8.

Figure 9 shows the relation between V0 and the mean value of ρi in a central subvolume
of a 20000 element causal set diamond with L= 1. The central subvolume has |t|⩽ 0.28L
and |x|⩽ 0.28L. In the same central region, we studied the behavior of the softenedWightman
function versus the geodesic distance. The results for softenings with V0 = 500 and V0 = 1000
are shown in figure 10 along with the unsoftened case for comparison. All three Wightman
functions are consistent with the expected Minkowski scaling behavior of − 1

2π ln |d|+ const,
but with different constants (0.027,−0.010, and−0.028 for the unsoftened,V0 = 500 andV0 =
1000 cases respectively). The value of the constant decreases as we increase V0. This together
with the− 1

2π ln
(
π
L

)
term in (16) suggest the interpretation that the softeningmay in some sense

decrease the value of the IR cutoff. In figure 11 correlation plots are shown of the softened
versus unsoftened Wightman functions, for a case with V0 = 300 and number of elements
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Figure 8. The softening function ρ as a function of the lightcone coordinate u. V0 sets
the scale of the softening. The value of ρ in the center of the causal diamond should
remain close to 1 such that there is minimal change to the Minkowski-like behavior
there.

Figure 9. The average value of ρ in the center of the causal set diamond |t|⩽ 0.28L,
|x|⩽ 0.28L) versus V0.

N= 20000. Separate correlation plots are shown for points sampled near the boundary and
away from the boundary. We expect the softened and unsoftened Wightman functions to be
more correlated away from the boundary, as the softening—by design—modifies the state near
the boundary. This is also what we see in the correlation plots, as the scatter plot for the central
region overlaps more with the y= x line, which indicates that the values more closely agree.

5.2. Entanglement entropy

We now study the entanglement entropy of a Gaussian scalar field in the softened SJ state
described above, in a 1+1D causal set diamond. We will use the formulation of the entan-
glement entropy in terms of spacetime two-point correlation functions [43]. According to this
formulation, the entanglement entropy is given by
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Figure 10. The real part of the softened and unsoftened SJ Wightman function in a
20000 element causal set versus geodesic distance. Best fit curves are shown, all of
which are consistent with the scaling − 1

2π ln |d|+ const, but with different constants.

S=
∑
σ

σln|σ|, (38)

where the σ’s are obtained by solving the generalized eigenvalue problem

Wv= iσ∆v. (39)

W is chosen to be the one associated to the SJ state and it is initially pure, meaning that it
yields zero entropy according to the above formulation. When the generalized eigenvalue
equation (39) is solved, this must be done in the subregion (e.g. one side of an event hori-
zon) whose entanglement with its causal complement we wish to quantify. This will no longer
lead to a vanishing entropy.

In [32] the entanglement entropy of a massless scalar field confined to a smaller causal
diamond within a larger one was studied. Figure 12 shows the setup. These causal sets are
generated by sprinkling: randomly placing points within the manifold such that the number of
elements within each generic volume statistically follows the Poisson distribution. In [32], the
scaling of the entanglement entropy with respect to the ultraviolet cutoff (discreteness scale
in a causal set) was studied. Based on standard results, a spatial area-law scaling (logarithmic
scaling of S with N in 1+ 1D) was anticipated [31, 44, 45], but instead a surprising spacetime
volume-law (linear scaling of S with N in 1+ 1D) was obtained [32]. The excess entropy was
found to be related to numerous unexpected fluctuation-like components [33], in the small
eigenvalue regime of the SJ eigendecomposition. These eigenvalues also have another marked
difference from those expected to contribute to the entropy: they do not follow a power law
when sorted from largest to smallest. An example spectrum of i∆ is shown in figure 13 on a
log-log scale.

As this unexpected result concerns the deep UV regime of the theory, and the Hadamard
condition also concerns short distance behavior, we investigate whether these two things might
be connected. We do this by repeating the calculation of the scaling of the entropy with respect
to the UV cutoff, this time using the softened SJ state as our starting point (i.e. our initial pure
state).
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Figure 11. Correlation plot with 104 randomly-selected values of Re[Wsoftened(x,x
′)]

vs Re[Wunsoftened(x,x
′)] (where the softened state has V0 = 300 in (37)), from points

sampled from (a) 95% of the middle area (|u|, |v|⩽ 0.0.975L), and (b) 5% near the
boundary (|u|, |v|> 0.0.975L). For reference, the red line is the line with slope 1 and
intercept 0, representing perfect positive correlation.
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Figure 12. An example causal set diamond with N= 2000, generated by sprinkling.
The (u, v) lightcone coordinate axes are shown. In this work, we study the entanglement
entropy of a scalar field confined to the smaller (green) causal diamond within the larger
(blue) one.

Figure 13. Positive eigenvalues of i∆ on a log-log scale, demonstrating both power law
(large eigenvalues) and non-power law (small eigenvalues) regimes.
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Figure 14. Entanglement entropy S versus the number of elements N.

Seeing as the eigenvalues of i∆ in the softened case behave very similarly to the ones in
the unsoftened case (as shown in figure 13), it seems unlikely that their entanglement entropy
behavior would be any different either. Nevertheless there is still the possibility that the eigen-
functions and/or the scalings of the eigenvalues with the UV cutoff may create non-trivial
differences.

We investigated the entanglement entropy scalings with respect to the UV cutoff when the
softened SJ state is used as the initial pure state. We sprinkled five causal set diamonds for each
size from N= 10000 to N= 25000. We considered four cases of the unsoftened, V0 = 2.5%N,
V0 = 5%N and V0 = 500. The results are shown in figure 14 along with best fit lines which
are consistent with a linear scaling of S with N and therefore a spacetime volume law. The
magnitudes of the entropies in the softened case are smaller than those in the unsoftened case.

Therefore, using the softened SJ states as our initial pure states yields similar results for
the entanglement entropy compared to using the unsoftened state as the initial pure state. We
conclude from this that the excess entropy that leads to a volume law is not connected to the
non-Hadamard nature of the SJ state.

6. Summary and conclusions

With quantum gravity not within reach yet, we must take care in our assumptions about the
ultimate UV completion of quantum field theory. What is a physical choice of vacuum state in
arbitrary curved spacetimes? Hadamard states are a popular answer to this question. Hadamard
states have a prescribed short-distance behavior, making them a minimal deformation away
from the Minkowski vacuum. They are an attractive class of state for reasons including that
they yield a well-defined perturbation theory. The SJ vacuum is an alternative and more recent
answer to this question. It too has some advantages, such as being defined in a covariant and
unique manner as well as being well defined in a causal set. However, the SJ state is not always
Hadamard.

In this work, we studied the extent to which the SJ state in a 1+ 1D causal diamond in
Minkowski spacetime is Hadamard. In order to carry out our analysis, we extended what was
known about the SJ state in the diamond, by approximating (both numerically and analytically)
a subleading and previously little-studied portion of the SJ Wightman function for this case.
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We then compared both the noncoincindence and the coincidence limit singularity structure of
the SJ Wightman function with that of the Minkowski Wightman function, finding deviations
that rendered the SJ state non-Hadamard at the boundary of the diamond. A similar conclusion
was reached in [18, 30] through more rigorous arguments, but without studying the explicit
nature of this departure from the Hadamard form. We also found additional non-Hadamard
nonlocal divergences on the boundary of the diamond in the leading part of the SJ state, when
the points x and x′ are on adjacent left or right edges of the boundary.

We also studied the SJ state in a causal set sprinkling of the causal diamond. Causal sets are
thought to be the more fundamental underpinning of continuum spacetime. Additionally, they
make computations and therefore the study of the SJ state and its modifications much easier
to perform. We used the causal set calculation to study softenings of the SJ state, designed to
make themHadamard. As previously mentioned, while the softening does not strictly speaking
make the SJ state Hadamard (as this is not meaningful in a discrete setting), it can be viewed
as a discrete analogue of a Hadamard state.

One of the particular things we investigated was whether the softened SJ states can amelior-
ate some of the peculiar properties of entanglement entropy in causal set theory. In this context,
there is an abundance of UV degrees of freedom (much greater than the number expected) that
contribute to the entropy. This leads to a spacetime volume law scaling of the entropy with the
discreteness scale instead of a spatial area law. We found that even when the starting point of
the entanglement entropy calculation is the softened SJ state, although the magnitude of the
entropy is smaller compared to the unsoftened case, the volume law scaling persists. Therefore
we conclude that the entanglement entropy behavior and non-Hadamard property are likely
not connected. Had we found that the softened SJ states led to the expected spatial area law,
this would indicate a link between the extra entropy and the non-Hadamard nature of the SJ
state; it would also, importantly, lend itself to one reason to prefer Hadamard states over non-
Hadamard states in causal set theory. However, as it stands, we did not find evidence in favor of
this. Furthermore, in recent work, interacting quantum field theories in causal set theory have
been successfully constructed based on the SJ state [19, 46, 47]. These theories admit a well
defined perturbation theory. Hence it may turn out that some reasons why Hadamard states are
preferred would equally apply to SJ states, regardless of whether or not they are Hadamard.
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Appendix. Numerical study of the epsilon term

Approximating ϵ analytically allows one to directly evaluate the infinite sum with respect to n
in (24). However, this comes at the cost of loss in accuracy since our analytic treatment of ϵ( j)

consists of two Taylor series: S2 is expanded around k(0)n , and δn is approximated by expanding
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Figure A1. γ(1)
m for different values ofm at several representative locations in the causal

diamond.

the transcendental equation. Below, we numerically compare ϵ(1) with the exact error, in order
to justify that the former is sufficient to capture the main short distance features of the state.

A.1. ϵ(u,v;u,v)

We define γ(1)
m (u,v) as

γ(1)
m (u,v)≡

m∑
n=1

(
ϵn (u,v;u,v)− ϵ(1)n (u,v;u,v)

)
, (A.1)

which is the cumulative sum of the difference between our analytic approximation ϵ
(1)
n (u,v)

in (24) and ϵn(u,v) numerically solved, up to n=m. Recall that ϵn is defined as (18). The
expression inside the summation in (A.1) is therefore what is left when the first two terms on
the right hand side of (23) are moved to the left hand side. Note that in (A.1), the coincidence
limit (u ′ → u, v ′ → v) has been taken. We explicitly evaluate γ(1)

m for different values of m up
to m= 2000 at several representative locations within the causal diamond. As can be seen in
figure A1, γ(1)

m is bounded from above by some constant (gray dashed line). This suggests that
we have not overlooked any divergences in our analytic approximations. Hence we conclude
that ϵ(1) approximates ϵ well, for the purposes of studying the (non)Hadamard form of the SJ
state, and higher order terms in the series need not be considered.

A.2. First derivatives of ϵ(u,v;u,v)

To see how well ϵ(1),u approximates the exact error ϵ,u, we again define the cumulative sum up

to the mth root of the difference between ϵ,u and ϵ
(1)
,u at each n to be

γ(1)
m,u (u,v)≡

m∑
n=1

(
ϵn,u (u,v;u,v)− ϵ(1)n,u (u,v;u,v)

)
. (A.2)
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Figure A2. Real and imaginary parts of γ(1)
m,u for different values of m at several repres-

entative locations in the causal diamond.

γ
(1)
m,u are evaluated for different values of m up to m= 2000 at several representative locations

inside the causal diamond; the results are shown in figure A2. As can be seen in the figure, γ(1)
m,u

is bounded from above by some constant (gray dashed line). This means that any divergences
we found in our analytic approximations are real divergences and would not be canceled away
by further corrections. Therefore, we conclude that ϵ(1),u alone is sufficient to approximate ϵ,u,
for the purposes of studying its short distance behavior.

A.3. Second derivatives of ϵ(u,v;u,v)

For studying the second derivatives, we follow a similar recipe as before and define the cumu-
lative difference up to n=m between ϵ,uu and ϵ

( j)
,uu at each n to be

γ( j)
m,uu (u,v)≡

m∑
n=1

(
ϵn,uu (u,v;u,v)−

j∑
i=1

ϵ( j)m,uu (u,v;u,v)

)
. (A.3)

For the second derivatives, in some cases it turns out to be necessary to go up to j= 2 for
the analytic approximations to capture the main short distance behavior accurately.
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