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Modelling the Frequency Dependence of the
Open-Circuit Voltage of a High-7. Superconducting
Dynamo

Mark D. Ainslie, Senior Member, IEEE, Loic Quéval, Ratu C. Mataira, and Chris W. Bumby

Abstract—A high-T. superconducting (HTS) dynamo enables the
injection of large DC currents into a superconducting circuit,
without the requirement for current leads. In this work, we
attempt to explain the frequency dependence of such dynamos/flux
pumps reported in the literature, where it is observed that the rate
at which the open-circuit DC voltage increases reduces with
increasing frequency, in contrast to the expected linear behaviour.
Heat generated in the HTS wire has been the common explanation
given to date for this phenomenon. Here we offer an alternative
explanation: the interaction between and current flow in the
different layers of the HTS wire as the frequency of the dynamo
increases. Our claim is based on numerical analysis using a
segregated H-formulation finite-element model of the HTS dynamo
benchmark problem that is extended to include the full HTS wire
architecture and coupled with a thermal model. This framework
enables us to efficiently model the relative movement between the
rotating room-temperature permanent magnet and the stationary
HTS wire and to study the impact of the frequency of rotation and
temperature on the open-circuit DC voltage of the dynamo.

Index Terms—HTS dynamo, H-formulation, HTS modelling,
flux pump, finite-element modelling

I. INTRODUCTION

high-T, superconducting (HTS) dynamo [1-3] enables the
Ainjection of large DC currents into a superconducting
circuit, without the requirement for current leads [4], which
can impose a substantial heat load on the cryogenic system.
This has significant potential to be used to energise HTS coils
in NMR/MRI magnets [5] and superconducting rotating
machines [4]. Several different numerical models have now
been developed [6] as useful and cost-efficient tools to explain
and further examine experimental results, as well as optimise
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and improve dynamo/flux pump design. It was shown recently
in Mataira et al. [7, 8] that the open-circuit voltage can be
explained well — most importantly, with good quantitative
agreement — using classical electromagnetic theory. The DC
output voltage obtained from an HTS dynamo arises naturally
from a local rectification effect caused by overcritical eddy
currents [7-12]: an effect that has been observed in HTS
materials as far back as Vysotsky et al. [13]. The gap
dependence of the open-circuit voltage computed by Ghabeli
and Pardo [14] also agrees with experiments. In [14], it is also
shown that this voltage is independent of the critical current
density, J., when the superconductor is fully penetrated by
supercurrents. Since these overcritical eddy currents must
recirculate in the HTS wire, and can co-exist with a transport
current, the wire width is a key parameter and [15] shows that
this should be sufficiently large so that the eddy and transport
currents do not drive the full width of the wire into the flux-
flow regime.

In this work, we attempt to explain the frequency
dependence of HTS dynamos reported in the literature [16-
19], where it is observed that the rate at which the open-circuit
DC voltage increases reduces with increasing frequency, in
contrast to the expected linear behaviour. The common
explanation for this frequency-dependent behaviour is that the
heat generated in the HTS wire is the cause [16-19]. An
alternative explanation is offered here: the interaction between
and current flow in the different layers of the HTS wire as the
frequency of the dynamo increases.

To support our hypothesis, we use a segregated H-
formulation finite-element model [20] as applied to the HTS
dynamo benchmark problem [6]. The results when modelling
only the HTS layer of the wire are compared with a model of
the full HTS wire architecture that includes the substrate and
stabiliser layers. Finally, the electromagnetic model is coupled
with a thermal one to examine the effect of the heat generated
in the wire.

II. MODELLING FRAMEWORK

A. HTS Dynamo Overview
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Fig. 1. Geometry of the HTS dynamo model. A permanent magnet rotates
anticlockwise past a stationary HTS wire. Reproduced from [6].

The geometry of the HTS dynamo is shown in Fig. 1 with
the assumed parameters in Table I, which are based on the 2D
HTS dynamo benchmark problem recently proposed in [6] and
correspond to the experimental setup in [21].

TABLE . HTS DYNAMO MODEL ASSUMED PARAMETERS
Width, a 6 mm
Permanent magnet Height, b 12 mm
(*M) Active length (depth), L 12.7 mm
Remanent flux density, B, 1.25T
Width, e 12 mm
Thickness, f 1 um
HTS stator wire -
Critical current, I.o 283 A
[self-field, 77 K]
nvalue 20
Rotor radius, Rrotor 35 mm
Distance between PM & HTS wire, airgap 3.7 mm
Frequency of rotation 10 -500 Hz
Number of cycles 10+ (see text)

B. Segregated H-Formulation Finite-Element Model

The model implements the 2D H-formulation [22-28],
where the independent variables are the components of the
magnetic field strength, H = [Hy, Hy, 0], and the governing
equations are derived from Ampere’s and Faraday’s laws. The
current density, J = [0, 0, J,], and electric field, E = [0, 0, E],
are parallel to each other, such that E = pJ. The nonlinear
resistivity, p(J), of the superconductor is simulated using an E-
J power law [29-31]:

n-1
p=-tlt
J |J

C C

J

(D
where Ey = 1 pV/cm is the electric field criterion, J; is the
critical current density of the superconductor and » defines the
steepness of the transition between the superconducting state
and the normal state [32, 33]. For simplicity, the critical
current density of the superconductor, J., is assumed to be
constant and equal to J.o such that Jo = Ieo/(e:f) = 2.358 x 10!°
A/m?. e and f are the width and thickness of the HTS layer of
the wire, respectively (see Fig. 1 and Table I).

The induced voltage, or instantaneous output voltage,
developed along the superconductor, ¥(?), is calculated from
the electric field, E,(f), averaged over the cross-section, Fuye
[6], such that:

V(t)=-L-E, (1) = —L%_!Ez (t)-dS
2

where L is the active length (depth) of the PM and S is the
cross-section of the HTS wire.

Under open-circuit conditions, no net transport current
flows, and a constraint in the model is implemented such that,
at all times:

1(t) = _[Jz(z)-dS =0
R (3)

Finally, the DC output voltage of the dynamo, Vpc, is
calculated by

1 t+T ] ,
Voc = LG @)

as the average value of the induced voltage over one period of
rotation, 7, in the steady-state.

The segregated model, implemented in COMSOL
Multiphysics 5.4, consists of a magnetostatic PM model and a
time-dependent H-formulation HTS wire model. The former is
coupled unidirectionally to the latter using electromagnetic
boundary conditions and a rotation operator to mimic the
movement of the PM [20, 34, 35], as shown in Fig. 2. This
avoids the need for modelling moving parts (e.g., using a
moving mesh) and significantly reduces the number of mesh
elements, resulting in a fast and efficent model [6].
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Fig. 2. Segregated finite-element model: (a) magnetostatic PM model, (b)
time-dependent H-formulation HTS wire model. Reproduced from [6].

On the outer boundary of the H-formulation model, the sum
of the applied field, H.x, and the self-field, Hs.r, is applied as
a Dirichlet boundary condition. Hey is obtained by rotating the
field of a static permanent magnet [6] and Hie, created by the
supercurrent flowing in the HTS wire, is obtained at each time
step by numerical integration of the 2D Biot-Savart law over
the HTS wire subdomain [20, 35].

C. Full HTS Wire Architecture Model

The full HTS wire architecture model is based on
SuperPower’s Surround Copper Stabilizer 2G HTS wire,
SCS12050, assuming a 50 um Hastelloy C-276 substrate and
top and bottom 20 um copper stabilizer layers [36], ignoring
any copper surrounding the sides of the wire. A cross-
sectional view of the modelled full wire is shown in Fig. 3.
The resistivity of the substrate is assumed to be temperature-
independent with pgp = 1.25 x 10° Qm [36, 37]. The
resistivity of the copper is assumed to be temperature-
dependent with pcy = pewo(1+a(7-293.15)), where pcyo = 1.667
x 10® Qm and a = 3.862 x 1073. The voltage is still defined
using (4); however, S now represents the cross-section
including all wire layers.

D. FElectromagnetic-Thermal Coupling

To incorporate the thermal properties of the wire and
investigate the effects of heating, a thermal model is coupled
to the electromagnetic model using the following thermal
transient equation:

p-C%=V~(WT)+Q 5)

where Q is the heat source calculated in each layer of the wire
from the product of the local electric field and current density,
ie., Q=E,J,

For the HTS layer, the temperature-dependent thermal
conductivity and specific heat presented in [38] are assumed
and purs = 5900 kg/m?. A linear J(T) is assumed such that
J«(T) = Joo(92 — T)/15. For the substrate, the temperature-

Copper stabilizer (20 um)

HTS layer

(1 pm) \

Hastelloy C-276 substrate (50 um)

Copper stabilizer (20 um)

Fig. 3. Cross-sectional view of the modelled full wire architecture, including a
50 um Hastelloy C-276 substrate and top and bottom 20 pm copper stabilizer
layers, ignoring any copper surrounding the sides of the wire.

dependent thermal conductivity and specific heat presented in
[37] are assumed and psw = 8910 kg/m’. For the stabilizer
layers, the temperature-dependent thermal conductivity
presented in [39] and specific heat presented in [40] for Cu
(RRR = 100) are assumed, and pc, = 8940 kg/m’>.

The HTS wire is assumed to be in a liquid nitrogen bath at
77 K. To simulate the thermal exchange between the wire and
the bath, a convective heat flux boundary condition is applied
to the outer boundaries of the wire, as described in [41-45].
The temperature-dependent heat transfer coefficent given in
[41] is assumed, over the range AT = 0 — 30 K, which takes
into account heat transfer by free convection, nucleate boiling,
transition boiling and film boiling regimes.

III. RESULTS

In the following, we consider three different models: the
“HTS only” model includes only the HTS layer, neglecting the
other layers of the wire architecture and the influence of the
heat generated; the “Full wire” model includes all layers of the
HTS wire, but neglects the heat generated; and the “Full wire,
heat” model includes all layers of the HTS wire and includes
the influence of the heat generated.

Fig. 4 shows the open-circuit DC output voltage of the HTS
dynamo for the three models. The “HTS only” and “Full wire”
models are calculated after 10 cycles of rotation. For the “Full
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Fig. 4. Open-circuit DC output voltage of the HTS dynamo, as given by
equation (4), for the three models. For the “HTS only” and “Full wire” mod-
els, these values are calculated after 10 cycles of rotation; for the “Full wire,
heat” model, the number of cycles varies with frequency, ranging from 10 cy-
cles up to 50 cycles to ensure thermal equilibrium is reached (see Fig. 5) and
the DC output voltage is stable.
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Fig. 5. Average temperature of the HTS layer for the “full wire” model with
heat. The total number of cycles varies with frequency to ensure thermal equi-
librium is reached and the DC output voltage (see Fig. 4) is stable.

wire, heat” model, the number of cycles varies with frequency,
ranging from 10 cycles up to 50 cycles to ensure thermal
equilibrium is reached and the DC output voltage is stable.
The average temperature of the HTS layer in the “Full wire,
heat” model is shown in Fig. 5. Additional data related to the
instantaneous (time-dependent) output voltage, given by
equation (2) and used to calculate the values shown in Fig. 4,
can be found via the link in the Acknowledgment.

Up to around 50 Hz, all of the models produce a similar DC
output voltage that increases linearly with increasing
frequency. Above 50 Hz, the “HTS only” model continues to
exhibit a linear increase in DC output voltage with increasing
frequency, as expected from Faraday’s law. However, for the
“Full wire” and “Full wire, heat” models, the rate at which the
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Fig. 6. Frequency-normalised instantaneous output voltage of the HTS
dynamo for frequencies of rotation of 10 and 500 Hz for the “HTS only” and
“full wire” models during the 2™ cycle of PM rotation.

DC output voltage increases reduces with increasing
frequency, which becomes more noticeable above around 50
Hz, similar to that observed in experiments [16-19]. In
addition, there is little difference observed with and without
heating.

To further emphasise this deviation from linear behaviour
as the frequency increases, Fig. 6 shows the frequency-
normalised instantaneous output voltage of the HTS dynamo
at 10 and 500 Hz for the “HTS only” and “Full wire” models
during the 2" cycle of PM rotation. For a voltage that
increases linearly with frequency, one will expect that these
curves will overlap. There is a noticeable difference for the
full wire architecture model for 500 Hz: the voltage is
significantly different in both magnitude and shape in
comparison to the other three models.

These results, therefore, suggest that the dominant cause of
the frequency-dependent behaviour of the open-circuit voltage
of the HTS dynamo in this case is not heating, but some other
mechanism related to the wire architecture. The various layers
of a coated-conductor wire have indeed been shown to impact
its electromagnetic behaviour, especially at high frequencies
[46-49]. We now explore this point by interrogating the results
from the developed models.

In the following, we consider the variation along the width
of the HTS wire of the average (averaged along the thickess of
each layer) electric field, £,, and normalised current density,
JJJw, as the PM approaches at ¢+ = 1.47 cycles. This
corresponds roughly to the first voltage peak in Fig. 6
(1nd1cated by ‘X’) and to an angle 6y = 0.44m = 79.2° in Fig.

Flg 7 shows the results for the “HTS only” model for 10
and 500 Hz. In the region of the wire closest to the PM (x = +6
mm), an overcritical current is induced to flow down this side

20 r
HTS only, 10 Hz
—o—HTS only, 500 Hz

-6 -3 0 3 6

x-coordinate [mm]

Fig. 7. “HTS only” model at 10 and 500 Hz: Average electric field, E, (top),
and normalised current density, J,/.J,o (bottom), as the PM approaches the HTS
wire (¢ = 1.47 cycles).



of the wire by the local magnetic field from the rotating PM
[7]. In the open-circuit configuration, an equal but opposite
current returns on the other side of the wire (x = -6 mm), but
at a reduced critical current density [7]. It is also shown that
the higher the frequency of rotation, the larger (or more
overcritical) these eddy currents are: for f= 10 Hz, J,/Joo = 1.5
at the edge of the wire, and for /=500 Hz, J,/J.o =~ 1.83.

Using equation (1), the expected electric field for such
overcritical currents can be examined simply: for J/J. = 1.5
and n = 20, E = 3.325 x 103E, = 0.3325 V/m; for J/J, = 1.83
and the same n, E = 177.4 x 103E;, = 17.74 V/m. These
calculations agree well with the numerical results shown in
Fig. 7. Assuming, for simplicity, that this electric field exists
across the entire HTS layer, and is in parallel with a copper
sheet of the same width (12 mm), thickness 20 um and pcu(77
K) = 2.75 x 10 Qm, then Jc, = 1.21 x 108 A/m? for J/J. = 1.5
and Joy = 6.45 x 10° A/m? for J/J, = 1.83. This latter value is
an extremely high current density for copper. By way of
illustration, a unidirectional transport current flowing through
the entire copper sheet at the same current density would
correspond to oy = 1548 A >> I (cf. Iyrs = 1.83 x 283 =
517.9 A). Hence, as the frequency of rotation increases, J/.J.
subsequently increases, and more current will divert into the
copper stabilizer layers. From Fig. 4, this effect in this case
becomes significant for /> 50 Hz.

Now, we consider the “Full wire” model. Figs. 8 and 9
show the average electric field, E,, and normalised current
density, J,/Jco, as the PM approaches the HTS wire (again, ¢ =
1.47 cycles) for 10 and 500 Hz, respectively. The behaviour of
the wire in Fig. 8 (10 Hz) is much the same as the “HTS only,
no heat” model, with essentially the same open-circuit voltage
(see Fig. 6) and electric field and current density (see Fig. 7).
However, at 500 Hz, as shown in Fig. 9, there are a number of
key differences:

1) A substantial current now flows in the top and bottom
copper stabilizer layers. At the edge closest to the PM (x = +6
mm), J = 0.2J flows in the copper layers.

2) J/Jw in the HTS layer in the region close to the PM is
slightly reduced, but also flows over a reduced width of wire
(approx. 3 mm, instead of 4 mm in the “HTS only” model).
This suggests that the HTS layer becomes increasingly
shielded by the stablizer layers as the frequency increases;

3) Jy/Je for the return current is higher when including the
full wire architecture and flows over a wider region, indicating
an increase in return current; and

4) The electric field is substantially reduced in the region
close to the PM (related to point 2) above) and increases for
the return path (related to point 3) above). The voltage as
defined by equation (2) is therefore reduced significantly.

Thus, all these factors combine to reduce the output voltage
of the HTS dynamo in the full wire model, resulting in a
frequency-dependence that is in contrast to the expected linear
behavior. In this particular configuration (a single PM rotating
past a single HTS wire with top and bottom copper stablizer
layers in a liquid nitrogen bath), the heat generated appears to
have little effect. It should be noted that the generated heat is
likely to have more impact for other HTS dynamo
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Fig. 8. “Full wire” model at 10 Hz: Average electric field, E, (top), and
normalised current density, J,/J,o (bottom), as the PM approaches the HTS
wire (¢ = 1.47 cycles).
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Fig. 9. “Full wire” model at 500 Hz: Average electric field, E, (top), and
normalised current density, J,/J.o (bottom), as the PM approaches the HTS
wire (¢t = 1.47 cycles).

configurations (e.g., a multiple magnet rotor) and other HTS
wire architectures (e.g., stablizer-free wires), which will be of
great interest for future studies. Simple modifications to this
fast and efficient modelling framework allow the exploration
of the influence of the HTS dynamo design on its DC output
voltage and other parameters of interest.



IV. CONCLUSION

The HTS dynamo enables the injection of large DC currents
into a superconducting circuit, without the requirement for
current leads connected from the cryogenic environment to the
room temperature. This has significant potential to be used to
energise HTS coils in NMR/MRI magnets and
superconducting rotating machines. In this work, a segregated
H-formulation finite-element model, which provides an
efficient way of modelling the relative movement between the
rotating room-temperature permanent and the static HTS wire,
is extended to include the full HTS wire architecture and
coupled with a thermal model. This modelling framework is
used to explain the experimentally-observed frequency-
dependence of such dynamos/flux pumps, where the rate at
which the open-circuit voltage increases reduces with
increasing frequency, in contrast to the expected linear
behavior. It is shown that the dominant cause of this
behaviour, in the case investigated here based on the HTS
dynamo benchmark problem, is the interaction between and
current flow in the different layers of the HTS wire. Heat
generated — the common explanation given to date — is shown
to have much less influence on the frequency behaviour in
comparison.
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