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Abstract

Retrieval of research-level mathematics via joint modelling of text and types

Yiannos Stathopoulos

Recent work in Mathematical Information Retrieval (MIR) emphasises the retrieval of sym-
bolic formulae but ignores their interactions with the text. However, mathematicians think
and communicate ideas that take the form of mathematical objects and structures using both
modalities.

An important component of the interaction between the modalities is the mathematical type.
Types are technical terms that occur in the textual modality and are used to refer to mathematical
ideas.

When linked to the symbolic modality, types assume the role of denotations to mathematical
expressions. Existing MIR retrieval models ignore this connection and treat types in the same
way as text-based IR systems would: as a bag of independent words, rather than potential
multi-word units.

In this thesis I ask two questions: can MIR of research mathematics benefit from the recognition
of types in the textual modality, and can it benefit from linking the two modalities by assigning
denotations from the textual to the symbolic modality?

To investigate these questions I develop a method for constructing a test collection for research-
level mathematics, which relies on observing the MathOverflow online community (this aspect
of my work has resulted in the CUMTC collection with 160 queries) and use machine learning
to link variables in context to their type. I then develop models that jointly model the modalities
by combining type-based textual retrieval with typed formula retrieval. A key idea is typed
unification – matching formulae by their structure and by the types of their constituents.

My experiments show that textual types in queries improve textual retrieval significantly
over traditional term-based IR methods when queries are expanded with similar types from an
embedding space. My best model of this class beats the best commonly available MIR model by
a margin of 144% on my test collection (MAP=.173 vs. MAP=.071). However, I was unable to
prove the additional benefit of my joint typed models, although I was able to empirically describe
some retrieval situations where retrieval benefits from these more complex models.
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Chapter 1

Introduction

Sarah is a post-doctoral researcher in mathematics. For some time, she has been wondering

about the functor fromA-Algebras to sets,R 7! R 
 M , and under which conditions it would

be representable by anA-scheme, given thatA is a commutative ring andM is anA-Module.

After a lot of reading and some thought, Sarah came up with an answer: whenA is a Noetherian

ring andM is projective and �nitely generated.

To arrive at this answer, Sarah had to absorb ideas in papers from algebraic geometry, commu-

tative algebra and representable functors, and think through how ideas from these mathematical

subjects come together to form a mathematically correct proof. The next step for Sarah is to

make sure that her proof is novel and has not already been published in a journal.

Sarah's work would be made easier by an intelligent search engine to which she could ask

many of the questions that arose during the construction of her proof. Such a search engine

would have been able to �nd precisely those papers she needed while working out her proof,

and it would also allow her to check that her novel result is indeed novel. The goal of this

thesis is to explore mathematical IR models that could help Sarah in her quest for mathematical

answers. As a mathematician, Sarah thinks, reasons, and communicates her work using concrete

mathematical ideas (structures, objects and notions, such as algebra, module and Noetherian ring)

and formulae. In his study of the mathematical discourse, Ganesalingam (2008) observed that the

language of mathematics is different from normal text in two ways. First, written mathematics is

more constrained, in terms of variation and linguistic phenomena, than general-purpose language.

Second, the meaning of mathematical text is conveyed through the interaction of two modalities:

the textual modality (�owing text) and the mathematical (or symbolic) modality (mathematical

formulae). Ganesalingam also demonstrated that because of the condensed nature of information

in the mathematical discourse, it can only be fully realised by unfolding the interactions between

the two modalities. One such interaction that inspired my second hypothesis is the assignment

of denotations (types) to elements of the symbolic context (variables in formulae). These

observations led me to the two following hypotheses.
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Hypothesis 1. Mathematical ideas, taking the form of multi-word technical terms in mathemat-

ical text, are broken up into their constituent words by current IR and MIR models. The implicit

assumption these models make is that each constituent word is an orthogonal, independent source

of information. I am curious to see, in the context of research-level mathematics, what happens

to the ef�ciency of a Math Retrieval engine if technical terms that refer to mathematical ideas,

which I will henceforth calltypes, are treated as atomic units of information.

Hypothesis 2. Math Retrieval might also pro�t from a linking of information from the textual

modality with the symbolic modality. Speci�cally, I hypothesise that retrieval models that use

types extracted from the text as denotations to symbols in formulae will have better retrieval

ef�ciency than those that do not link text and formulae but treat them independently.

My investigation of these hypotheses starts with a test collection. In Chapter 3 I will present a

novel process for constructing test collections for research-level mathematics retrieval evaluation

and close the chapter by introducing the test collection I produced by applying my process.

In Chapter 4 I develop the idea of mathematical types further. At the start of the chapter

I will de�ne types in more detail and introduce four informal type inference rules. One rule

is the basis for discovering types in text with the remaining three corresponding to critical

components for realising typed retrieval (Chapter 6). I will then present algorithms for detecting

and extracting types at scale and close the chapter with concrete retrieval models designed to

investigate hypothesis 1.

Next, in Chapter 5 I address a prerequisite to investigating hypothesis 2: how to assign types

from the textual modality as denotations to variables. I treat this as a machine learning task I call

variable typingand in the same chapter I will introduce and evaluate machine learning models

for the task.

In Chapter 6 I will describe how I realised retrieval models to investigate hypothesis 2.

Speci�cally, I will describe how variable typing and my type inference rules from Chapter 4 can

be used together to design retrieval models that link modalities. Towards the end of the chapter,

in Section 6.4, I will introduce concrete retrieval models relevant to my second hypothesis.

I will compare the new models from Chapters 4 and 6 to current MIR systems in a large

evaluation exercise in Chapter 7. My results show that treatment of types is overall bene�cial for

MIR. In particular, I found that one of the best MIR models I examined is textual and uses types

found in the textual context of queries to expand them with similar types from an embedding

space. Other successful models combine type-based textual retrieval with a novel form of tree

matching with types that goes beyond pure syntactical similarity.

As a result of the work in this thesis, research mathematicians such as Sarah should be far

better served with one of my new MIR models than with what was available when work on this

thesis started. I will start this thesis with a review of that state of play.
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Chapter 2

Background and Related Work

The primary goal of my thesis is to investigate methods for improving retrieval of research-level

mathematics. In this chapter, I will introduce the necessary background in information retrieval

(section 2.1) and in particular, review relevant advancements in mathematical information

retrieval (section 2.2).

Section 2.3 is an in-depth overview of IR evaluation with discussions on evaluation measures,

desirable properties of test collections and assumptions of retrieval experiments. In Section 2.4

we will look at methodologies for building test collections and identify important principles

in test collection design. The material in both sections directly supports my test collection

construction process (Chapter 3) and in�uenced the design of my experiments (Chapter 7).

An excursion into the linguistic and semantic description of mathematical text will follow in

section 2.5. This is necessary because the approach I choose to follow, which relies on both

textual and symbolic information from the mathematical text, is informed by the empirical and

theoretical observations in this section. Finally, I will summarise the �ndings of this chapter and

outline my approach for the rest of this thesis.

2.1 Overview of Information Retrieval

The process of retrieval starts with aninformation need– a user's desire for information that

relates to some topic. This information need is not observable from the outside and has to

be expressed in a way that can be interpreted by the IR system, using the IR system's input

constraints, such as its input language. This concrete expression of the information need is

referred to as thequery. It is important to distinguish the initial information need from the query

that represents it since the latter is a noisy expression of the former.

The user is looking for pieces of information that arerelevantto the information need, i.e.,

answer it. In general, relevance is a problematic notion in IR evaluation (Katter, 1968; Burgin,

1992; Cooper, 1971; Saracevic, 1975; Schamber et al., 1990; Harter, 1996; Mizzaro, 1997),

because relevance is known to be subjective (Schamber, 1994) and to differ between people and

across time (Voorhees, 1998).

17



Given a query, the IR system is responsible for identifying pieces of information that are

relevant to the searcher's request. It uses its stored internal representation of the documents1

to do so. The set of all documents upon which retrieval is performed is called thedocument

collection.

The retrieval operation is understood as a mapping from the query abstractions to the document

(indexed) abstractions (Dubin, 2004). This mapping is at the core of an IR system and is re�ected

by theretrieval model, which is comprised of an indexing and a matching component (Dubin,

2004; Manning et al., 2008). At the highest conceptual level, the goal of a retrieval model is to

represent documents, queries and their features in terms of an underlying abstraction. By this

de�nition, the process of identifying relevant documents involves the computational construction

of relationships between query and document abstractions.

Designing and implementing retrieval models involves a number of steps (Manning et al.,

2008):

1. Construction of abstractions for each document in the collection.

2. Application of transformations on the document representations (such asstop-word�ltering

andstemming) and insertion in a suitable data-structure for ef�cient retrieval (e.g. an

inverted index) and storage (e.g. a balanced tree). The �rst two steps are known asindexing.

3. Construction of a given query's representation in the underlying abstraction.

4. Application of transformations on the query model (such asquery expansionif some

information about relevance is available a priori).

5. Matchingof the query model to the models of documents in the collection and/or application

of theranking (or scoring) modelso that document models can be ordered by relevance to

the query.

Modern IR is characterised by four classes of IR models: the Boolean retrieval model, heuristic

models, classical probabilistic models, and models based on language modelling. Underpinning

these models is the assumption that information (query and documents) can be represented by a

bag-of-words– an unordered multi-set of words.

Boolean Model

The Boolean retrieval model is the earliest successful IR model based on the bag-of-words

abstraction (Taube and Wooster, 1958). In this model, documents are represented as bag-of-words

multi-sets while queries take the form of nested Boolean expressions connected by Boolean

operators (i.e. AND, OR and NOT) that have individual words (also known as terms) as their

atomic operands. Queries are interpreted by a Boolean retrieval system in set-theoretic terms:
1Although an IR system can store information in many forms (e.g., images, scienti�c papers, books etc.), it is

common to use the term “document” to refer to the smallest indexable unit of information.
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the “meaning” of a Boolean expression corresponds to the set of documents in the index that

satisfy it. Thus, relevance in Boolean retrieval is binary – a document is either a match or is

assumed to be irrelevant.

The Boolean retrieval model can be effective under certain conditions: when all relevant

documents must be retrieved (e.g., in a legal situation) and when relevance can be precisely

de�ned using exact matching of query keywords. In practice, however, the Boolean retrieval

model has been found to be too restrictive when using AND connectives and too broad when

using OR operators (Lee and Fox, 1988). More importantly, the Boolean retrieval model is

in�exible in scenarios where the information need is vague as it does not allow approximate

matching through graded relevance.

Heuristic Models

TheVector Space Model(VSM) (Salton et al., 1975) is the most well-known of the so-called

heuristic IR models. It is an instance of the bag-of-words paradigm that assigns a score to

each query-document pair that re�ects the degree of relevance of that document to the query.

Under the VSM, documents and queries are reduced into a smaller set of words, known as the

vocabulary, by selectingn discriminating terms used to characterise them. The VSM abstraction

then enables universal representation of queries and documents as vectors in ann-dimensional

vector space, with the discriminating words in the vocabulary assuming the role of basis vectors

(axes).

Thus, quantifying the correspondence/relevance between documents and query becomes

straightforward: The relevance (or rank) of a document is de�ned to be the cosine of the angle

between its vector and the vector of the query.

The VSM is often used in combination with theTF-IDF weighting scheme (Spärck-Jones,

1972), by which values are assigned to each component of the vectors. The weighting scheme is

based on two statistics: Theterm frequency(TF), which is monotonically related to the number

of times a vocabulary term appears in a document or query and theinverse document frequency

(IDF), which is monotonically related to the number of documents that contain a term. In essence,

the TF captures the intuition that the more frequently a query term occurs in a document, the

more likely it is to be relevant to the query. IDF is used to determine how much weight to place

on the discriminating ability of a term's frequency in a document – the more documents a term

appears in, the smaller its discriminating power. Therefore, assignments of component values

based on the product of TF and IDF take into account the strength of relevance of the term in a

way that is normalised by its overall discriminating ability.
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Under the VSM with TF-IDF weighting scheme, a documentd in the collection is represented

by ann-dimensional vector

~d =

2

6
6
4

TF-IDF1;d
...

TF-IDFn;d

3

7
7
5

Each component in the vector is the tf-idf weight of termt in documentd in the collection:

TF-IDF1;d / TFt;d � IDFt :

Similarly, the query is represented by a vector~q:

~q=

2

6
6
4

TF-IDF1;q
...

TF-IDFn;q

3

7
7
5

The lengthn of the vectors~d and~qis the aforementioned size of the vocabulary. The score (or

degree of relevance) of documentd to queryq can be computed easily using the normalised dot

product of the two vectors:

scored;q =
~d : ~q

j ~dj j~qj
(2.1)

The score in Formula 2.1, also known as thecosine similarityscore, allows documents to be

ranked in order of relevance: the larger the cosine score of a document, the higher it is ranked.

Classical Probabilitistic Models

BM25 Classical probabilistic models aim to estimate the probability of a particular document

belonging to the “relevance” class of documents of a particular query. Proposed by Robertson

et al. (1994), BM25 combines ideas from classical probabilistic models with ideas from the

2-Poisson model (Harter, 1975; Robertson et al., 1981; Robertson and Walker, 1994). The BM25

formula is a heuristic approximation of two Poisson distributions (i.e. a 2-Poisson model), one

intended to model elite terms (terms that occur signi�cantly frequently) and another to model

non-elite terms (terms that occur by chance), conditioned on relevance (Harter, 1975; Robertson

et al., 1981; Robertson and Walker, 1994; Robertson et al., 1994). Given a queryq = q1 : : : qn ,

scoring with BM25 takes the following form:

Score(q; d) =
X

n
i =1 IDF (qi )�

(k1 + 1) � tf qi ;d

tf qi ;d + k1 � (1 � b+ b� jD j
jD javg

)
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Models based on Language Modelling Language modelling in IR is based on thequery

likelihood model, which aims to rank each documentd by the probability that it has generated

query textq:

P(djq) =
P(q; d)
P(q)

=
P(qjd)P(d)

P(q)
/ P(qjd)P(d)

Smoothing of the classical multinomial model is necessary to overcome problems related to

maximum likelihood estimation, such as assignment of zero probabilities to unseen words (Zhai

and Lafferty, 2001):

P(qjM d) /
Y

t2 V

P(tjM d)tf t;q

,

whereM d is the multinomial language model for documentd.

Multinomial LM with Jelinek-Mercer smoothing ( MLM jm ) Jelinek-Mercer smoothing is a

linear combination of the maximum likelihood estimation of a document model with that of a

background model. A background model is a prior probability distribution of words, typically

constructed from the document collection (Zhai and Lafferty, 2001):

P� (tjd) = (1 � � )Pml (tjd) + �P (tjC)

Multinomial LM with Dirichlet smoothing Smoothing of the document model can also be

performed using a Dirichlet distribution, which is the conjugate prior of the multinomial. The

document language model in this case becomes:

P� (tjd) =
tf t;d + �P (wjC)

P
t tf t;d + �

SPUD is a state of the art unigram language modelling IR model (Cummins et al., 2015). It

models documents as draws from a multivariate Polya distribution. Smoothing of the document

model is performed using a linear combination of the unsmoothed document and background

models and is controlled through a smoothing parameter! . The SPUD ranking method estimates

the probability that a query is generated from the expected multinomial drawn from each

document model:

SPUD(q; d) =
X

t2 q

(log(
(1 � ! )j ~dj tf t;d

jdj + !m c
df tP n
j

~jdj j

(1 � ! )j ~dj + !m c

)tf t;q)

In the corresponding bigram LM the query likelihood is estimated by

P(qjM d) �
nY

i =1

P(qi jqi � 1; Md)

Language models can be extended with query expansion methods, which introduce new terms
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in queries to aid retrieval. The RM3 method assumes that documents and queries are generated

by the same relevance model. RM3 tries to avoid generating topically unrelated expansion

terms from the background model by linearly combining the smoothed document models using

a prescribed number of top ranking documents (Abdul-jaleel et al., 2004; Lv and Zhai, 2009).

The PRM2 relevance model (Lv and Zhai, 2011) uses proximity information in the feedback

documents to expand documents.

2.2 Mathematical Information Retrieval

Mathematical Information Retrieval (MIR) is a sub-discipline of IR that addresses the task of

retrieving mathematical information. In their survey of retrieval of mathematical knowledge,

Guidi and Coen (2015) conclude that the few MIR systems under active development demonstrate

low precision and recall scores compared to other domains. I have split the models I will describe

into early models (those that represent formulae as bags of terms), tree-based models, the MCAT

system, and TANGENT. Before surveying these MIR models, I will �rst describe the format in

which mathematical expressions are commonly stored.

2.2.1 Representation of Mathematical Expressions

The meaning of formulae is represented by two components: the overall structure of a formula

and the lexical tokens (symbols) it encapsulates (Nghiem et al., 2014). Mathematical formulae

are hierarchical in nature and are constructed by nesting expressions of arbitrary complexity

(Kamali and Tompa, 2009; Nghiem et al., 2014). This tree-like structure encodes mathematical

relationships (e.g., mappings, function application, equality, set membership and operator/-

operand relationships) between objects abbreviated by the lexical symbols in the expression. The

question is how to represent this structure.

Most scienti�c documents, such as those published on ArXiv, represent mathematical expres-

sions as LATEX math environment command blocks. However, the LATEX language was designed

as a typesetting language and hence does not allow the semantic annotation of mathematical

expressions. In response to this, the MathML standard (an application of the XML markup

language) was proposed to standardise the representation and distribution of mathematical

content.

The MathML standard de�nes two subsets that complement each other:Presentationand

ContentMathML. Presentation MathML describes the expression as a visual object, i.e., how

mathematical notation is to be displayed in documents and screens, while Content MathML is

used to describe semantics – which symbols are operators, as opposed to operands, and in which

order the operators are applied.

Figure 2.1 illustrates the difference by showing the example expression
�

p� 2
p� 1

� p� 1
in both

formats. The main component of the expression's Presentation MathML is seen as a<mfrac>
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Presentation Content

<msup>
<mfenced>

<mfrac>
<mrow>

<mi>p</mi>
<mo>-</mo>
<mn>2</mn>

</mrow>
<mrow>

<mi>p</mi>
<mo>-</mo>
<mn>1</mn>

</mrow>
</mfrac>

</mfenced>
<mrow>

<mi>p</mi>
<mo>-</mo>
<mn>1</mn>

</mrow>
</msup>

<apply>
<exp/>

<apply>
<divide/>
<apply>

<minus/>
<ci>p</ci>
<cn>2</cn>

</apply>
<apply>

<minus/>
<ci>p</ci>
<cn>1</cn>

</apply>
</apply>
<apply>

<minus/>
<ci>p</ci>
<cn>1</cn>

</apply>
</apply>

Figure 2.1: Presentation MathML and Content MathML for Expression
�

p� 2
p� 1

� p� 1
(adapted from

Aizawa et al., 2013).

tag with two arguments – one for the numerator and one for the denominator. The<mrow> tag

expresses which symbols are to be displayed on the same typographical baseline (here: the nu-

merator and denominator of the fraction respectively). Simple identi�ers are expressed by<mi> ,

operators by<mo>and numbers by<mn>. The expotentiation is expressed typographically as a

<msup> tag (for superscripted expressions), which takes as its argument the base and the script

(here:p � 1). Presentation MathML handles subscripts, tables and matrices in a similar way, by

treating them as scripted sub-expressions in their respective positions.

Content MathML in contrast expresses the mathematical semantics directly, by specifying that

the main operation we see is an exponentiation operator acting on the two large sub-expressions

of a division, each of which is the outcome of a subtraction. The<apply> tag is used to specify

the order in which operators are applied, and which operands they act on.

Much of today's practical formula processing in MIR systems relies on Presentation MathML,

for instance Schellenberg et al. (2012) (which uses SLTs, cf. below) and TANGENT (which

uses triples), all of which were derived from Presentation MathML. I will also use Presentation

MathML in this work.

There is consensus in the MIR community that parallel Presentation/Content MathML markup

is bene�cial to MIR retrieval performance (Guidi and Coen, 2015; Kristianto et al., 2014a;
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Ruzicka et al., 2014; Ĺ�s�ska et al., 2013), but Content MathML remains to be of limited

availability. At the time of writing, no large document collections with natively annotated

Content MathML (Kristianto et al., 2014a; Kamali and Tompa, 2010; Guidi and Coen, 2015)

exist, due to the fact that the automatic conversion of Presentation MathML to Content MathML

is computationally dif�cult and thus unreliable (Guidi and Coen, 2015; Nghiem et al., 2014).

There are however some efforts to overcome this problem, for instance by enriching Presentation

MathML formulae with surrounding text (Quoc et al., 2010; Pinto et al., 2014; Kristianto

et al., 2014a; Kristianto et al., 2014b; Guidi and Coen, 2015). Content MathML has other

disadvantages aside from its practical unavailability: there is no dictionary of terms agreed on by

all authors of Content MathML, and it would be nontrivial to agree on such a dictionary, given

that the set of symbols and concepts across mathematical disciplines is open (Kamali and Tompa,

2009; Ganesalingam, 2008). Others have argued that the non-availability of some information

encapsulated in the layout of symbols can result in lower precision in MIR (Guidi and Coen,

2015; Pinto et al., 2014). Kamali and Tompa (2009) also note that for most use-cases of MathML,

such as distribution of documents on the web, Content MathML amounts to “overkill” as it is

not necessary to specify the meaning of each symbol.

Content MathML therefore is mainly used outside MIR for the exchange of information

between knowledge management systems (Guidi and Coen, 2015), although there is at least one

system that uses Content MathML for a task closely related to MIR (namely the MCAT system

by Kristianto et al. (2014a)).

Symbol Layout Trees(SLTs) are representations for formulae widely used in MIR. SLTs are

tree structures that represent mathematical expressions in terms of the 2-dimensional layout

of their symbols. Nodes in SLTs can either be terminals, representing concrete symbols, or

non-terminals. Non-terminals are internal SLT nodes whose sub-tree represents structurally rich

mathematical expressions (e.g., matrices or fractions) that are sub-terms to the main expression

represented by the SLT itself. Edges in SLTs are directed and labelled with the spatial relationship

between the nodes they connect.

As an example, consider the SLT for the formulax2+ yp
z shown in Figure 2.2. The non-terminal

nodeFrac , with two sub-trees in the ABOVE and BELOW direction, models the overall layout

of the formula: a fraction with a numerator term at the top and a denominator term at the bottom

position. Similarly, theSqrt non-terminal models the layout of a square rooted term: the

argument to a square root appears inside the square root operator. The symbolsx, + , y, z and

the literal2 are the terminal nodes of the SLT. The overall layout of the sub-expressionx2 + y

of the formula is represented by a sequence of ADJ (adjacent) edges encoding the fact that the

connected nodes are placed along the same (typographical) line.

24



Figure 2.2: SLT for the formulax
2+ yp

z (adapted from from Pattaniyil and Zanibbi (2014)).

There are two decisions affecting the representational �delity of SLTs: the kinds of edges

and the vocabulary of terminal and non-terminal nodes corresponding to formula constituents.

Pattaniyil and Zanibbi (2014) make reference to at least �ve kinds of SLT edges: ADJ (adjacent),

ABOVE, BELOW, SUPERSCRIPT and WITHIN and to non-terminal SLT nodes for matrices

and fractions in their examples but do not give an exhaustive list for types of edges or non-

terminals. Schellenberg et al. (2012) constructed SLTs from Presentation MathML with spatial

relationships in the ABOVE, SUPERSCRIPT, BELOW, SUBSCRIPT, RIGHT directions and a

spatial edge for function arguments (in the RIGHT direction).

I adopt SLTs to represent formulae but with some extensions which I will describe in Sec-

tion 6.1.1 and motivate further in Chapter 6.

2.2.2 Non-structural MIR models

Early work in MIR investigated the effectiveness of bag-of-words and visual methods in formula

retrieval. Zanibbi and Yuan (2011) investigated two formula retrieval methods. The �rst

translated expressions from LATEX into strings which were then indexed in a normal bag-of-

word manner using the Lucene system. For the translation they used a dictionary of keyword

substitutions, which included keywords for spatial relationships. For example, the expression

� + � translates to “alpha plus beta” andxy translates to “x superscript y”. The second method

is image-based: contour, density, aspect ratio and relative position features are extracted from

images of mathematical expressions using information on connected components. Formula

retrieval in this model is based on minimum cost correspondence between the features of the

query and document formulae, implemented using a greedy algorithm. The evaluation2 of

this system used 10 randomly selected mathematical expressions as queries and 50 documents

containing 26,737 expressions. Relevance judgements were manually produced. The keyword

and image-based retrieval methods achieved weighted precision-at-k (k = 20) scores of 0.72 and

0.24 respectively. 2 out of the 10 queries in image-based retrieval yielded a precision-at-k score

of 0. A combined keyword and image-based retrieval approach yielded a precision-at-k (k = 20)
2All concepts related to evaluation will be introduced later in section 2.3.
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score of 0.65.
Larson et al. (2013) performed formula search by combining traditional keyword-based

Boolean retrieval with bitmap indexing of operators in MathML trees. A query is produced as a
conjunction of three bags of objects:

• the keywords in the formula search topic

• a string representation of the associated formula produced by concatenating the text ele-
ments of the MathML tree with specific string translations of spatial relationships (e.g.,
“superscript” for the <msup> tag); and

• an incidence vector of operators present in the formula’s MathML tree.

Retrieval is performed by using part (a) of the query to obtain 100 preliminary document
results (the “preliminary search” step). Parts (b) and (c) are then used to match formulae in the
document with the formula in the query.

This approach achieved poor performance with MAPs as low as 0.0018. Document rankings
produced during the preliminary search step (Larson et al., 2013; Aizawa et al., 2013) were
also found to be poor. An attempt to improve the preliminary search step with hand-crafted
reformulations of component (a) matched against document titles did not improve results either.
Larson et al. (2013) conclude that:

‘‘math search is both qualitatively and quantitatively different from ordinary search

and will require significant development of new ideas and approaches to be able to

achieve the goal of mathematical information retrieval”.

Guidi and Coen (2015) highlight that early work in MIR often didn’t perform comparisons
to existing algorithms in the literature or used benchmarks that were unclear or could not be
reproduced. They also mention that the main problem in MIR evaluation is the absence of
real world, interesting queries for evaluation, given that MIR systems are known to be highly
sensitive to the kind of queries used. The authors identify three problems with MIR evaluation:
(a) automatic evaluation in MIR is particularly hard while manual evaluation is limited to a small
number of queries and runs, (b) formulating good query sets is complex because users with
different mathematical backgrounds and motivation are likely to issue different queries, and (c)
queries might be formulated at the wrong level of abstraction, make use of non standard notation
or even have errors in formula encoding.

2.2.3 Tree-based MIR models

One one hand, reducing formula retrieval into full-text, bag-of-words search eliminates infor-
mation about the structure of formulae: the structural relationships between symbols is hard to
preserve under a bag-of-words model (Guidi and Coen, 2015).
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On the other hand, exact tree matching methods are expensive and too strict in that they
penalise synonymous expressions (Kamali and Tompa, 2009; Kamali and Tompa, 2010; Guidi
and Coen, 2015): for instance, Kamali and Tompa (2013) proposed tree edit distance as a measure
of formula similarity, but this approach is expensive to implement and requires substantial
algorithmic optimisations to be practical (Guidi and Coen, 2015). For these reasons, MIR
researchers have adopted a heuristic approach to tree similarity (Guidi and Coen, 2015). This
compromise comes at a cost: most heuristic methods in the literature are incomparable to each
other, as Guidi and Coen (2015) note.

The tree matching algorithm for formula retrieval by Kamali and Tompa (2009) considers the
Presentation MathML trees of two formulae E1 and E2 a perfect match if they have the same
structure and the nodes at corresponding points on the tree have the same labels. The notion of
similarity is based on the weight function w, which assigns a weight of 1 to any vertex of E. The
weight of a sub-tree w(E) is the sum of all its vertex weights, effectively making the weight of
the sub-tree equal to the number of nodes it contains.

Similarity between E1 and E2 is then defined as a ratio of the weights of the sub-trees common
to both E1 and E2, normalised by the weights of E1 and E2:

sim(E1; E2) =
w(E1

T
E2)

w(E1) + w(E2)
;

where w(E) is the weight of the tree representing sub-expression E and E1

T
E2 is the common

sub-tree of E1 and E2 that matches exactly.
Kamali and Tompa also identified four patterns of structural similarity between two mathemat-

ical expressions E1 and E2:

a) identity if E1 and E2 are exactly the same in terms of structure and symbols

b) �-equivalence if the structure is identical and symbols are mappable. In particular, two
formulae E1 and E2 are �-equivalent if they have the same structure and there is a set of
substitutions that transform the atomic terms (variables) of one formula into the other. For
example, x2 + y and a2 + b are �-equivalent because they share the same structure and there
exists a set of substitutions, x ! a and y ! b, that maps the symbols from one formula
to the other without conflict. However, the expressions y2 + y and y2 + x are not alpha
equivalent because the substitution set contains conflicting substitutions: y ! y conflicts
with y ! x since y cannot be mapped onto two different variables3.

c) mathematical equivalence, if E1 and E2 can be mathematically proven to be equivalent, and

d) n-similarity. Two formulae E1 and E2 are n-similar if sim(E1; E2) � n, where n is a
parametric threshold on the similarity between two expressions.

3The same restriction applies in the other direction too, as no two variables can be mapped onto the same
variable.
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Unfortunately, Kamali and Tompa did not perform an experimental evaluation of the proposed
methods.

Another idea used in some MIR experiments is substitution tree indexing (Graf, 1994).
Substitution tree indexing can be used for semantic indexing and exact matching of formulae
up to �-equivalence. Kohlhase and Sucan (2006) adapted substitution tree indexing to index
Content MathML in a system called MathWebSearch. A substitution tree index for Content
MathML is a tree where each edge is a substitution and each node is formula. An internal node
is an abstraction of its children but a specialisation of its parent. Common terms between a node
and its children become substitutions encoded by the edges and are replaced by placeholders in
the node. Concrete formulae (i.e., those without any placeholders) can be retrieved by following
a path from the root down to specific leaves of the substitution tree index. For example, consider
the following five formulae (Kohlhase and Sucan, 2006):

h(f(z; a; z));

x;

g(f(z; y; a));

g(f(7; z; a));

g(f(7; z; f))

These formulae share structure – the three instances of g have different, but similar instances
of f as their argument. The substitution tree index for these formulae encodes their shared
structure as shown in Figure 2.3. The root of the substitution tree is a placeholder (@0) that can
be substituted with any formula. The formula h(f(z; a; z) and the variable x do not share any
structure with the other formulae (the variable x is a different term, while the other formulae
have g instead of h) and are stored as leaves in the tree via the substitutions @0 7! h(f(z; a; z))

and @0 7! x respectively. The remaining formulae share structure but have different instances
of the sub-term f . The node g(f(@1;@2; a)), like all internal nodes, is a specialisation of its
parent; it is produced by replacing the placeholder @3 in its parent with the term (variable) a. It
is also a generalisation of its children – each of its two children specialises the placeholders @1

and @2 with different terms. MathWebSearch is not formally evaluated, and has been criticised
by Guidi and Coen (2015) for not providing a ranking.

Zhang and Youssef (2014) criticised MathWebSearch’s inability to provide relevance ranking
or similarity search, whereas Guidi and Coen (2015) state that the approach is sophisticated and
has the potential for high precision, but has limited applicability in MIR due to poor recall.

Substitution tree indexing was also adapted by Schellenberg et al. (2012) to index and match
formulae converted to SLTs with five kinds of edges (ABOVE, SUPERSCRIPT, BELOW,
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Figure 2.3: Example of a substitution tree index (adapted from Kohlhase and Sucan (2006)).

SUBSCRIPT, RIGHT) from Presentation MathML. The authors evaluated their implementation
on the same 10 expression as Zanibbi and Yuan (2011) and reported similar performance to that
observed by Zanibbi and Yuan (2011).

Zhang and Youssef (2014) proposed a VSM-based similarity metric based on five features
extracted from strict Content MathML. Their similarity function scores two MathML trees T1 and
T2, representing the query and document formulae respectively, through simultaneous traversal.
During this process, the following features are extracted from the trees:

1. Taxonomic distance of functions. Similarity between two terms is defined in terms of
taxonomic similarity, using keywords extracted OpenMath CDs, and is maximised if they
belong to the same OpenMath CD.

2. Data type hierarchical level. This feature captures similarity of Content MathML trees
based on the types of MathML nodes in formulae. Nodes can be constants, variables or
functions, and some data types contribute more significance to overall similarity than others.
For example, nodes that represent higher-level constructs, such as functions, are more
significant indicators of similarity than lower-level nodes such as variables.

3. Matching depth. The depth of the node at which a query expression q is matched on the
MathML tree of a document formula d is used as an indicator of how similar q is to d.
Matching a query formula further down the MathML tree of the document formula suggests
that the former is only a small, locally important component of the latter. In contrast,
matching a query formula higher-up in the MathML tree of a document formula suggests
that there is more comprehensive similarity between the two expressions.

4. Query Coverage. This feature records the proportion of the query formula (e.g., in terms of
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number of nodes) that is covered by a document formula.

5. Formula vs. Expression. Expressions that have relational operators (e.g., �, = etc.) as the
root of their Content MathML tree are ranked higher than expressions that do not.

Zhang and Youssef compared their method to the equation-based math search system that is
part of the Digital Library of Mathematical Functions (DLMF) project4 (Miller and Youssef,
2003; Youssef, 2007) using 40 mathematical expressions expressions from the DLMF that were
hand-crafted into strict Content MathML specifically for their evaluation. This makes direct
comparison of their method to other methods proposed in the literature infeasible.

2.2.4 The MCAT model

Yokoi and Aizawa (2009) proposed a similarity metric based on subpath sets, computed over
Content MathML using the Jaccard coefficient. The subpath set of a MathML tree is defined to
be the set of all subpaths between any node on the tree to every leaf.

To illustrate this definition, the subpath set for the tree in Figure 2.4 contains 14 paths, namely

ffag; fbg; fcg; fdg; feg; ffg;

fa; bg; fa; cg; fb; dg; fb; eg; fc; fg;

fa; b; dg; fa; b; eg; fa; c; fgg

a

b

d e

c

f

Figure 2.4: Example MathML tree with nodes a, b, c, d, e and f. Adapted from Yokoi and Aizawa
(2009).

Similarity between two MathML trees T1 and T2 is measured as the overlap of their subpath
sets using the Jaccard coefficient (Yokoi and Aizawa, 2009):

sim(T1; T2) =
jsubpathset(T1) \ subpathset(T2)j
jsubpathset(T1) [ subpathset(T2)j

Yokoi and Aizawa performed a preliminary qualitative evaluation of their similarity method
using 155,607 mathematical expressions. The authors concluded that the subpath set similarity

4http://dlmf.nist.gov/
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captured structural similarity between expressions well and worked best with Content, rather
than Presentation MathML.

The similarity method proposed by Yokoi and Aizawa (2009) was adapted by the MCAT
system (Kristianto et al., 2014a; Kristianto et al., 2016; Kristianto et al., 2014b). The MCAT
system supports indexing and retrieval of both text and formulae using Apache Solr, a key-value
database based on Lucene. Mathematical expressions are indexed from Presentation MathML
using three path sets stored as strings: (a) vertical subpath sets in the order they appear on the
MathML tree, (b) unordered vertical subpaths sets and (c) a “sisters” set encoding sibling nodes
at each level. In addition, the MCAT system stores two fields for each indexed expression. One
field is used to store keywords taken from a small window surrounding the target formula and
another to store an automatically extracted description. The intention behind the aforementioned
fields is to capture different methods of encoding the meaning of the representation.

Descriptions are extracted using an SVM (Kristianto et al., 2012). This leaves open the possi-
bility that for some formulae no description can be detected (whereas window-based extraction
methods always results in keywords). The MCAT system infers such missing descriptions from
a dependency graph (Kristianto et al., 2014b; Kristianto et al., 2016), which connects every
mathematical expression to the descriptions of its sub-expressions as shown in Figure 2.5. A
description for an expression can be generated by computing the set union (over sets of keywords)
of the descriptions of its sub-expressions. Scoring in the MCAT system is a linear combination of
the content (window and description text) and structural features of the query (fq) and document
(fx) formulae:

score(fx; fq) = contSim(fx; fq)� � + structSim(fx; fq)� (1� �);

where contSim and structSim are the content and structure similarity functions imple-
mented using the Apache Solr (Lucene) VSM. The parameter � is set to 0.3 in order to give
more weight to structural similarity.

The system was evaluated in the framework of the math search subtask of NTCIR-10 and
subsequent NTCIRs. It scored between MAP = 0.162 and MAP = 0.297 on this task.

2.2.5 Tangent

Tangent (Pattaniyil and Zanibbi, 2014) is a state-of-the-art MIR system that, like MCAT,
supports retrieval of both textual and symbolic contexts. Tangent’s indexing method can be
applied at scale as it only approximates the structure of mathematical expressions.

Tangent represents formulae using SLTs created from Presentation MathML. Given a math-
ematical formula, the indexing algorithm generates symbol pair tuples in a depth-first manner
starting from the root node of the SLT. Symbol pair tuples record parent/child relationships
between SLT nodes, the distance (number of edges) and vertical offset between them. At each
step in the depth-first traversal, the index is updated to record one tuple for every node along the
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Figure 2.5: Search terms of the top-level formulae in MCAT expanded by sub-expression
descriptions (from Kristianto et al., 2014).

Frac

x

Sqrt

ABOVE

BELOW

+

z

ADJ

WITHIN

yADJ

2
SUPER

(a) Expression (b) Symbol Layout Tree

Parent Child Dist. Vert.
Frac x 1 1
Frac 2 2 2
Frac + 3 1
Frac y 3 1
Frac Sqrt 1 -1
Frac z 2 -1
x 2 1 1
2 None 0 0
x + 1 0
x y 2 0
+ y 1 0
y None 0 0
Sqrt z 1 0
z None 0 0

(c) Symbol Pair Tuples

Figure 2.6: (a) Example formula, (b) Symbol layout tree, (c) Symbol pair tuple index for the
formula. Figure adapted from Pattaniyil and Zanibbi (2014).

path to the root.
In order to illustrate, consider the Tangent formula indexing example presented in Figure 2.6.

The expression x2+yp
z

in Figure 2.6(a) is represented by the SLT in figure 2.6(b). Traversal
begins from the node of the SLT, Frac, but a tuple is emitted only when the child node x is
reached. At this point, traversal has moved vertically one step (in the “ABOVE” direction) with
a total traversal distance of 1. This information is encoded in the first row of Figure 2.6(c).
Subsequently, traversal moves to node “2” by following a superscript edge on the SLT. One tuple
is then generated to reflect the relationship between nodes “2” and “x” (row 7) and another to
reflect the relationship between nodes “2” and the root Frac (row 2). This process is repeated
until all nodes on the SLT are visited.

Formula indexing in Tangent, although conceptually similar to that of the MCAT system, is a
heuristic approximation of the structure of indexed formulae. MCAT stores complete subpath
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sets whereas Tangent breaks up the paths into pairs and stores positional offsets as supplemental

structural features. Thus, Tangent relaxes the strictness of tree or subpath matching, making it

potentially more �exible with respect to formula polysemy and synonymy.

Tangent scoring proceeds as follows. For each query formula, the symbol pair tuples are

generated and matched exactly to those in the document index. LetC denote the set of matched

index formulae andjsj the number of symbol pairs in any given expressions in C. For eachs in

C, recall (R)5 is said to bejC j
jQj , wherejCj andjQj are the numbers of tuples inC and the query

formulaQ respectively, and precision (P) isjC j
jsj . Candidates is assigned theF score of these

precision and recall values. The mathematical context score for a given documentd and query

with formulaee1; : : : ; en is

m(d; e1; : : : ; en ) =
nX

j =1

jej j � t1(d; ej )P n
i =1 jei j

wherejej j represents the number of tuples in expressionej andt1(d; ej ) represents the top

F-score for expressionei in documentd. The �nal score for documentd is a linear combination

of the math context score above and its Lucene text score (L(d)):

�L (d) + (1 � � )m(d; e1; : : : ; en )

Tangent indexing and scoring also supports matrices and wildcard formula queries6.

This concludes my review of important developments in MIR. I will now turn to a description

of the language in mathematical articles, before laying out the approach chosen in this thesis.

2.3 Information Retrieval Evaluation

Evaluation in IR provides an assessment of how well a system satis�es the information needs

of its users (Voorhees, 2002). The ability of an IR system to retrieve documents that are relevant

to the searcher's information needs is referred to aseffectiveness. Quantifying the effectiveness

of an IR system often involves determining the relevance of retrieved documents relative to the

searcher's information need.

Laboratory testing has been the prevailing experimental IR model since its introduction in the

Cran�eld II experiments (Cleverdon, 1967). Laboratory tests are necessary abstractions of the

overall IR situation that give the experimenter full control over all variables. Not all aspects of

the real world can be modelled and it is, therefore, the experimenter's responsibility to identify

the most relevant aspects for modelling.
5Precision and recall will be formally de�ned in section 2.3.
6These features are not discussed here because they are not relevant in the framework of my own experiments in

chapter 7, in which I will use Tangent as a baseline.
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Central to the design and execution of laboratory experiments is the concept of theinformation

retrieval task. An IR task is an abstraction of a speci�c retrieval problem to be solved. As an

abstraction to a particular retrieval problem, IR tasks are usually accompanied by (a) a description

of the problem that is meaningful to the IR research community and (b) supporting data and

evaluation methods and measures necessary for comparative evaluation of systems that attempt

to solve it.

The standard task in information retrieval isad-hoc retrieval. An ad-hoc task is designed to

simulate the scenario whereby one or more users are looking to satisfy information needs over a

large collection of documents.

Examples of retrieval tasks other than ad-hoc retrieval and MathIR includeweb search

(Hawking and Craswell, 2004) (retrieval over a large, dynamic and interconnected collection of

heterogeneous documents) andpatent search(Iwayama et al., 2003; Graf and Azzopardi, 2008),

retrieval of highly technical legal patents that conform to a speci�c, prede�ned structure.

The experimental objectives of my thesis are abstracted into a special instance of the ad-hoc

task: ad-hoc retrieval for research-level mathematical information needs. As such, my evaluation

data is designed to enable IR experimenters to develop and comparatively evaluate retrieval

models that take advantage of the intricacies associated with research-level mathematics. The

intricacies of this task include (i) dif�cult, research-level mathematical problems, (ii) information

needs expressed in the natural language of mathematics that are rich in formulae and (iii)

documents that are large, research-level bodies of mathematical work.

2.3.1 The Test Collection Paradigm

Evaluation through laboratory tests in IR is carried out using a resource known as atest

collection. A test collection consists of three components (Manning et al., 2008):

1. A collection of documents referred to as thedocument collection(or corpus).

2. A set of queries derived from abstractions of information needs (also referred to as topics).

3. A set of relevance judgementsidentifying each document in the document collection as

relevant or nonrelevant for each query.

An IR system being evaluated with a test collection must �rst index the documents in the

document collection. Then, the queries in the test collection are submitted to the system in

sequence, with each query giving rise to aresults set– a list of documents ranked in order of

relevance. Finally, the results sets of all submitted queries are concatenated into a set known as a

run, which is used to compute retrieval ef�ciency measures that re�ect the performance of the IR

system on the test collection.

Differences in retrieval effectiveness between systems (or different versions of the same

system) can be identi�ed by comparing runs of the systems obtained on the same test collection.
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In fact, test collections have been widely adopted for comparative evaluation of retrieval systems

(Salton, 1971; Sp̈arck-Jones, 1981; Spärck-Jones and Willett, 1997; Harman, 1993; Voorhees

and Harman, 2005). This wide adoption has prompted the IR research community to investigate

the reliability of comparing IR system performance using test collections.

The IR community has identi�ed the following factors as contributing to the reliability of

comparative evaluation in IR (Buckley and Voorhees, 2000; Voorhees, 2002; Buckley and

Voorhees, 2004; Voorhees and Harman, 2005):

• the suitability, quality and size of the chosen test collection (e.g., in terms of the number of

topics and relevance judgements per topic);

• the methodology used to construct it; and

• the reliability of the performance measures used to assess performance ef�ciency.

Three properties of test collections in�uence the likelihood of performance gains obtained

during simulation tests transferring to the real world.

Property 1: Realisticness. A test collection should be an accurate representation of the real-life

operational setting it intends to simulate (Spärck-Jones and van Rijsbergen, 1976). The degree to

which a test collection is a realistic simulation of its operational setting depends on the underlying

document and query sets. According to Voorhees (2002), the document collection must be a

“sample of the kind of texts that will be encountered in the operational setting of interest”. For

example, the document set in a test collection intended to evaluate retrieval models for research

level mathematics should be composed of Mathematics research papers, rather than entry-level

mathematics text books. Furthermore, the queries attached to a realistic test collection should

approximate real use cases and be accurate representations of the kinds of information needs that

real users will likely try to satisfy using the IR systems being evaluated.

Property 2: Diversity. A test collection must be large and diverse enough to capture the

variability of documents and users encountered in the real world (Voorhees, 2002; Spärck-Jones

and van Rijsbergen, 1976). The document set must re�ect, amongst other things, the diversity of

the subject matter, variations in document length, word choice and writing style and the many

different ways the same concept can be expressed in natural language. Similarly, the query set

must be large enough to model user diversity, i.e., covering a wide range of topics and derived

queries and diverse ways in which users of the evaluated retrieval systems are expected to express

their information needs. As we will see in subsequent sections, the number of queries in a test

collection also affects the reliability of the conclusions obtained from IR experiments.

Property 3: Reusability. A test collection is reusable if it can be used in different experimental

con�gurations within the operational setting being simulated, i.e., if the same resource can be

used to conduct experiments with different �xed factors and independent variables. In the context

of Math IR, for example, a test collection designed solely for evaluating formula retrieval (i.e.,
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with queries taking exclusively the form of formulae) cannot be reused to evaluate joint retrieval

of text and formulae. In contrast, a test collection with queries taking the form of natural text

with embedded formulae can be used for both evaluations. As we will see in Section 2.4, the

completeness of relevance judgements also in�uences the reusability of a test collection.

2.3.2 The Probability Ranking Principle

Theprobability ranking principle(PRP) is the underlying theory that underpins ranking-based

probabilistic models (Maron and Kuhns, 1960; Cooper, 1972; Robertson, 1977). The PRP can

be stated as follows (paraphrased from Cooper (1972), as cited by Robertson (1977)):

If an IR system responds to a user's request with a ranking of the documents in the

collection in decreasing order of probability of relevance, in a way that ensures that this

probability has been calculated as accurately as possible using all available information,

then the overall effectiveness of the system to the user is the best obtainable given the

available data.

Robertson (1977), using material in Cooper's (1972) unpublished paper, has demonstrated the

validity of the PRP using two justi�cations – one through probability theory and another through

decision theory. He concludes that in order for the PRP to be applicable in a feasible manner in

practice, two fundamental assumptions have to hold in the experimental setup. Both of these

assumptions will become important for the design of my test collection.

Assumption A: Relevance is binary, i.e., a document in the collection can either be relevant or

non-relevant. This assumption enables descriptions of retrieval using theoretical frameworks

such as probability and decision theory, and makes their application feasible in practice.

Assumption B: Relevance is independent, i.e., the relevance of one document to the user

request must not depend on the other documents in the collection. One example given by Robert-

son (1977) of documents becoming dependently relevant to a query involves two documents

each tackling complementary aspects of the problem described in the query. In the context of

Math IR, relevance dependence can occur when the resolution of a particular mathematical query

requires results from two documents. To assume the PRP therefore means ignoring such cases.

The PRP makes large-scale comparative IR evaluation feasible: system document rankings are

computed on independent document scores, rather than order-permutations of all documents in

the collection.

2.3.3 Evaluation Measures

For the purpose of evaluation, retrieval can be considered to be a binary classi�cation task

since, in its simplest form, a retrieval system has to decide whether a document is relevant to the

query or not. This allows IR researchers to draw a standard confusion matrix, like the one shown

in Table 2.1.
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Predicted Class
Relevant Not Relevant

Relevant True Positives (TP) False Negatives (FN)
Not Relevant False Positives (FP) True Negatives (TN)

Table 2.1: Confusion matrix for IR evaluation as binary classi�cation.

Evaluation of retrieval models is usually expressed in terms ofPrecisionandRecall. Given

a query, precision is de�ned to be the number ofrelevant documents retrievedover thetotal

number of retrieved documentsin the collection:

P =
Number of relevant documents retrieved

Total number of retrieved documents
=

TP
TP + FP

Similarly, recall is the number ofrelevant documents retrievedover thetotal number of

relevant documentsin the collection:

R =
Number of relevant documents retrieved

Total number of relevant documents
=

TP
TP + FN

Precision and Recall are inversely correlated and are often reported together. TheF1 score can

be used to summarise precision and recall in one metric. TheF1 score is the harmonic mean of

precision and recall:

F1 = 2 �
1

1
R + 1

P

= 2 �
P � R
P + R

Precision, recall andF1 score are applicable to general binary classi�cation. In fact, I will

be using these measures to evaluate non-IR tasks in this thesis, namely the gold standard

annotation performed in Section 5.1.3, and the performance of machine learning classi�ers from

Section 5.3.2.

In the context of ranked retrieval, however, precision, recall andF1 by themselves are inade-

quate. In ranked retrieval, only the topk documents can be returned and, ideally, the relevant

documents will appear early on in this set. The main problem with the direct use of precision

and recall in ranked results comes from the fact that these measures are designed to work with

unordered sets rather than ordered lists. In order to overcome this problem,precision/recall at

rankk andprecision at recallcan be used to evaluate models that produce ranked results.

Precision/Recall at Rank: The idea is that precision and recall are evaluated at consecutive

subsets of the ranked list, in increasing order of rank. This gives a formal indication of where

in the subset up to rankk the relevant documents are found (precision at rank) and how many

relevant documents are found (recall at rank).

Precision at Recall: This measure is used to formalise the relationship between precision and

recall in the ranking (precision as a function of recall). If a perfect ranking algorithm existed,
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then all relevant documents would be ranked ahead of all irrelevant. As a result, recall would be

1 for all values of precision and a plot of this relationship would produce a graph with a vertical

line at recall=1.

Precision at recall is derived from recall/precision at rank values. In most cases, a �xed

number of speci�c recall (thresholded) values are chosen and the precision at these values is

sampled from the precision at rank values. Typically, for a given recall threshold, say0:1, the

�rst occurrence of a recall at rankk that is between that threshold and its successor (say0:2) is

used to sample the precision at the same rankk. Other approaches involve taking the set of all

recall at rankk values within the threshold interval and �nding ak in this subset that maximises

the precision (interpolation using the max).

Mean Average Precision (MAP): MAP is the most commonly used performance measure in

IR and is the primary measure used to evaluate IR models in this thesis. For a set of queriesQ,

with eachqj 2 Q havingjf r1; : : : ; rm j gj = mj known relevant documents, the MAP score is

given by:

MAP (Q) =
1

jQj

jQjX

j =1

1
mj

m jX

k=1

Precision(Rj;k ) (2.2)

In Formula 2.2, the term “Precision(Rj;k )” is the precision after encountering relevant doc-

umentr k in the ranked list of results for queryqj . MAP samples precision at each relevant

document and produces oneaverage precision(AP) value for each query. An AP value of 0 is

assigned to any relevant document not retrieved (i.e., not in the results set). The set of average

values obtained is summarised into a single value by computing the arithmetic mean of average

precision across all queries.

In order to illustrate the use of MAP in practice, consider four queries with 4, 4, 2 and 1

relevant documents respectively. Suppose that the result sets presented in Table 2.2 (where “R”

denotes relevant while “N” denotes non-relevant documents) have been obtained by an IR system

for these four queries:

Rank 1 2 3 4 5 6 7 8 9 10

Query 1 R N R N N N N N R R

Query 2 N R N N R R R N N N

Query 3 N N N N R N N N N R

Query 4 N N N N R N N N N N

Table 2.2: Example result sets (ranked) for a test collection with four queries (adapted from

exercise 8.8 in Manning et al. (2008)).

Queries 1 and 2 both return 4 relevant documents in the top 10 ranks. However, in terms of
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MAPs associated with each query7, Query 1's MAP is higher than Query 2's MAP:

query 1,AP1 =
1
4

� (
1
1

+
2
3

+
3
9

+
4
10

) = 0 :6

query 2,AP2 =
1
4

� (
1
2

+
2
5

+
3
6

+
4
7

) = 0 :493

query 3,AP3 =
1
2

� (
1
5

+
2
10

) = 0 :2

query 4,AP4 =
1
5

= 0:2

This illustrates that MAP is sensitive to the entire ranking and rewards systems that retrieve

relevant documents early on in the ranked results.

Note also that Queries 3 and 4 both yield the same MAP despite the fact that Query 3 has

more relevant documents than Query 4, and returns the second relevant document as late as rank

10. This example illustrates that MAP is not as easy to interpret as simpler measures such as

precision at rank, partially because it is dependent on the number of relevant documents per

query, which typically varies considerably.

Information Retrieval experimenters are responsible for selecting an evaluation measure that

increases con�dence in the reliability of their comparative evaluation. An appropriate evaluation

measure is one that is best aligned to the objectives and design of the evaluation to be performed.

For example, comparative evaluation for a web retrieval task should favour precision over recall,

because most users never consider hits further down than the �rst page of results.

Often, selecting an appropriate evaluation measure involves careful consideration of the

theoretical properties and experimental behaviour of evaluation measures. Given two systems

X , Y and two test collectionsT1 andT2, the following properties have been identi�ed by the IR

community as criteria for selecting a measureM for a particular evaluation scenario:

Stability: According to Buckley and Voorhees (2000), measureM is stable if the evaluation

usingM is not signi�cantly changed by perturbations in the expression of information needs

between two document collectionsT1 andT2. In the experiment, they replaced queries with

similar formulations of the same queries and measured whether the evaluation metrics changed

too much, leaving both document collections and relevance judgements the same. For instance,

in ranked retrieval, a stable measureM would produce similar rankings forX onT1 andT2
8.

7If we take queries 1 and 2 to be separate test collections with one query each, then we have thatMAP 1 = AP1

andMAP 2 = AP2.
8In this sense, stability is a special case of the related property “reliability” used by Zobel (1998) as the property

of the non-change of the evaluation results ifT1 andT2 represent a “similar” retrieval scenario.
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Sensitivity: The ability of a performance measure to detect small differences between retrieval

methods9. Buckley and Voorhees (2000) explain the concept as follows. Suppose there are

n runs of methodsX andY on test collectionT1. Suppose also that methodX is better (or

worse) thanY. A measureM is said to have higher discriminating ability than measureL if the

proportion ofn runs in which measureM determines that methodX is better (or worse) thanY

is higher than those of measureL. Thus, in the context of a comparison of two systems, it is

the probability of determining the best system, given that a difference between the two systems

exists. Sensitivity is particularly important when comparing close variants of the same retrieval

model, e.g., during development of the model, as these tend to operate very similarly. In ranked

retrieval a sensitive measure can detect improvement due to a large number of independent small

improvements without the observance of a large, overall improvement. Sensitivity is known

to depend on the number of topics (queries) and the number of relevant documents: measures

with lower sensitivity require a larger number of topics before a conclusion as to which retrieval

method is better can be made.

I will use MAP to measure the performance of retrieval systems in my experiments (Chapter 7).

MAP has been shown to be a stable and sensitive measure for comparative evaluation in IR

scenarios where there are at least 50 topics and relevance judgements are complete (Buckley and

Voorhees, 2000; Buckley and Voorhees, 2004; Voorhees and Harman, 2005).

2.4 Methodologies for Building Test Collections

In Section 2.3 I introduced the test collection paradigm for conducting IR experiments in

a laboratory environment. A test collection consists of three components: a document set,

a query set and a set of relevance judgements. The process of constructing a test collection

involves sourcing each of these components and compiling them into a uni�ed resource. In this

section, I will present established methodologies for procuring each component, and discuss

their advantages and disadvantages.

Queries

In a test collection, the query set models the innumerable searches a diverse population of

users carries out in the real world. There are two approaches to procuring queries:manufacturing

andobserving.

Manufacturing queries involves arti�cially generating queries for a particular document

collection. Queries are created by individuals simulating information needs and writing queries

with a speci�c subset of the document collection in mind. This approach ensures that documents

and queries are not disassociated and that at least a few relevant documents exists but is time

consuming and might not be representative of genuine information needs (violation of Property 1,

realisticness, from section 2.3.1). There is also the risk of introducing bias in the test collection
9Some authors refer to this property as “discriminating ability”.
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if the queries are created by the experimenters themselves because queries are created by authors

who have speci�c relevant documents in mind.

Alternatively, queries can be produced by observing the users of real IR systems. Expressions

of user needs submitted to an existing IR system can be collected and adapted into queries for

the test collection. Queries produced by observation are likely to represent genuine, real-life

information needs that have actually been experienced by a searcher.

Experimenters can observe the information needs of users by either interviewing the users

about their most recent searches (Teevan et al., 2004) or by examining query logs (Jansen et al.,

1998). These approaches have disjoint advantages. For example, interviewing users about their

information needs allows experimenters to produce queries that accurately represent the original

information need through user-interactive re�nements. In contrast, query logs of operational

systems are samples of real-world queries that should be large enough to be representative of the

diversity of queries and users of these systems.

Adapting information needs from observed IR systems for test collection queries requires

considerable effort by the experimenters. On one hand, interviewing users of IR systems is not

only extremely time-consuming, but can also be disruptive in an operational setting. Therefore,

experimenters have limited access to users and must carefully plan user-interactive sessions a

priori. On the other hand, experimenters examining query logs do not have access to the observed

IR system's users. As a result, the experimenters might have to infer the information needs

from submitted queries with limited search context. Consequently, the experimenters must be

prepared to defend the test collection against claims that its queries are subjective interpolations

of the information needs in the logs.

Relevance Judgements

An important consideration in the procurement of relevance judgements is who is the judge

of relevance. Ideally, relevance judgements are made by the author of the query at the time

of creation (Clough and Sanderson, 2013; Voorhees, 1998). This is a realistic model of user

searches: it simulates the real-life operational setting whereby the query author assesses the

quality of the documents returned by the system in real-time.

Alternatively, judgement of relevance can be made by someone other than the author of the

query. This approach is not operationally realistic (e.g., does not model a single user's search),

but can be a practical compromise when building large test collections. For example, assessment

of relevance can be distributed across many assessors who have had nothing to do with the

creation of the queries. In this case, it has been found that expert assessors with familiarity in the

domain of the queries produce higher quality relevance judgements than non-experts (Bailey et

al., 2008). There are two considerations when delegating relevance judgements to assessors other

than the query author. First, relevance judgements have been shown to differ between assessors

(Voorhees, 1998). However, Voorhees has also shown that differences in relevance judgements
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between assessors on the same collection does not signi�cantly affect the relative effectiveness

of systems. Second, relevance judgements vary across time – the same assessor might make

different relevance judgements at different points in time.

In order to make the test collection reusable (property 3 of test collections, section 2.3.1)

relevance judgements must becomplete– every document in the collection should be judged with

respect to every query. This is an observation that was �rst made by Aitchison and Cleverdon

(1963). Complete relevance judgements are necessary for accurate computation of recall and

produce stable evaluation metrics (e.g., MAP, as we have seen in section 2.3.3).

Modern document collections are large and may contain several hundred thousand documents.

This makes obtaining complete relevance judgements by manual assessment infeasible. Spärck-

Jones and van Rijsbergen (1975) proposed a technique for large-scale procurement of relevance

judgements known aspooling. In the pooling method, the systems participating in the evaluation

are used to obtain the topn results for each query, wheren is referred to as thepool size. The

results for a given query across all systems are merged with duplicate documents removed. This

pooled set is then forwarded to human assessors for manual assessment (Spärck-Jones and van

Rijsbergen, 1975; Voorhees and Harman, 2005).

Systems participating in pooling represent distinct retrieval strategies. The pooling method

makes use of this fact to obtain a diverse initial set of opinions of relevance in a feasible manner.

The workload of human assessors is best reduced by the application of pooling when the number

of relevant documents per query is maximised under the smallest possible pool size.

Pooling was adopted by TREC (section 2.4.2) for the construction of the TREC ad-hoc test

collection (Harman, 1994; Harman, 1995; Voorhees and Harman, 2005). An important question

is to which degree pooled relevance judgements can be considered “complete” and whether they

really produce stable results. As we will see in section 2.4.2, pooling in TREC accounted for

the majority of relevant documents in the test collection, was not biased towards the systems

participating in pooling and produced reliable results overall (Zobel, 1998).

Document Collection

In the test collection paradigm, the document collection simulates the “search space” of the

retrieval environment. In real life scenarios, one can encounter dynamic search spaces (e.g.,

the Web), spaces varying in size, document length, document type and degree of document

homogeneity. Although document collections in real-life can grow, laboratory experimentation

requires that the document collection be a controlled variable. The collection must be static;

otherwise complete relevance judgements cannot be obtained.

The suitability of a document collection depends on the retrieval scenario being simulated

(i.e., the task) and must be adequately related to the queries in the test collection. Additional

requirements may be imposed by the nature of the experiment or evaluation. For example,

investigating the relative effects of document length normalisation will require a test collection
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with documents varying in length. In contrast, an experiment designed to evaluate system

performance on very speci�c queries with few relevant documents will require a document

collection with high numbers of similar documents. An example of such an experiment is the

retrieval of research-level mathematical information needs addressed here: queries are very

speci�c, have few relevant documents and the documents in the collection, although topically

diverse, are similar with respect to expertise of the authors and writing style.

Finally, the size of the document collection is also an important consideration. If the real-world

scenario being simulated involves searches over large collections of documents, then the test

collection should re�ect this. Voorhees (2002) notes that larger document collections should be

preferred for two reasons:

1. As the number of relevant document increases the evaluation metrics become more stable.

2. Larger document collections are more diverse. This makes the task of retrieval realistically

challenging since it accounts for the many ways a concept can be expressed in natural

language.

In the next section, I will discuss some established methodologies for constructing test

collections.

2.4.1 The Cran�eld Methodology

The test collection paradigm can be traced back to the Cran�eld experiments conducted by

Cyril Cleverdon and his group at the Cran�eld Institute between 1958 and 1966.

Cran�eld I

The Cran�eld I experiment (Cleverdon, 1960; Cleverdon, 1962) was designed to be a compar-

ative evaluation of four manual library indexing systems The experiment encompassed 1,200

search questions and a document collection of 18,000 scienti�c documents about aeronautical

engineering.

Each question for Cran�eld I was derived from one document in the collection referred to

as thesource document. Authors of source documents were asked to write a question that is

adequately answered by their work (Cleverdon, 1960; Cleverdon, 1962). The source document

for each question was also considered to be its unique relevant document. Manual indexing

was carried out using a Latin Square Design in order to control for variability in experience

between human indexers. The process of retrieving documents for each question involved manual

utilisation of each indexing system. The search was considered to be successful once the source

document was retrieved.
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Cran�eld I 1
2

In parallel with Cran�eld I, the Cran�eld institute was conducting another study with Western

Reserve University (WRU) intended to test a different indexing method (Aitchison and Cleverdon,

1963). This study, later known as Cran�eld I1
2 (Sp̈arck-Jones, 1981), was carried out using 1,000

documents of the Metallurgical Index at WRU and 104 questions (Aitchison and Cleverdon,

1963; Cleverdon, 1991). According to Cleverdon's own account (Cleverdon, 1991), it was

through Cran�eld I12 that he and his team begun to realise that recall was of limited use unless

precision was also measured. This motivated the team to look for relevant documents in the

collection other than the source document. Ultimately, the relevance judgements were extended

to include documents that cite the source documents.

Criticism of Cran�eld I and I 1
2

The Cran�eld I and I12 experiments employed what is today referred to as thesource document

principle, whereby a source document is used to (a) derive a query from its topic and (b) the

source document is not removed from the test collection but retained as a relevant document

during evaluation.

The application of the source document principle has garnered considerable criticism. Swan-

son (1965) argued that deriving questions from source documents introduces a cognitive bias:

question authors are likely to use words and phrases coming from the source document in their

formulation of the question. The strong coupling between questions and source documents,

Swanson argues, means that detected differences between indexing schemes are unreliable.

Instead, Swanson proposed removing the source documents from the test collection and running

the tests on “fresh” documents, which would remove undue in�uences originating from the

wording or other features of the question. Sharp (1964) went even further by recommending that

the entire source document principle be dropped completely.

The decision of Cran�eld I to include only one relevant document per question in the test col-

lection also attracted criticism. Sharp (1964) characterised the decision as an “oversimpli�cation”

of retrieval. Swanson (1965) argued that the criterion for judging a search successful, i.e., that

the unique relevant document is retrieved, meant that recall was effectively maximised by design

(something that Cleverdon had already addressed in Cran�eld I1
2).

Cran�eld II

The Cran�eld II experiment was a follow-up to the Cran�eld I and I1
2 experiments (Sp̈arck-

Jones, 1981), with the goal of measuring the performance of 29 indexing systems using both

precision and recall. The experiment was designed to measure the performance of the systems

independently, with operational variables controlled (Cleverdon, 1967; Cleverdon, 1991). In

terms of relevance judgements, they were intended to be complete and be procured independently

of the questions (Cleverdon et al., 1966; Cleverdon, 1967).
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The Cran�eld II test collection contained 221 questions and 1,400 documents. It was con-

structed by asking paper authors to formulate questions on the researh problem underpinning

their work, which took the form of natural language sentences. Once the authors formulated

their questions they were asked to assess the relevance of up to 10 cited references in their

to the formulated questions. The questions were submitted back to the experimenters who

screened them for grammatical correctness and number of known relevant documents, with 361

questions selected to advance to the relevance assessment stage. Five graduate students with

expertise in aeronautics assessed the relevance of 1,400 documents against all 361 questions

using a �ve-point scale. The relevance decisions made by the graduate students for each question

were presented to the question's original author for �nal approval, with a total of 221 questions

ultimately approved.

The source document principle was re-used in Cran�eld II with two adaptations. First, the

source documents were removed from the collection. Second, documents in the reference list

of the source documents, including those with relevance assessments by the source document

authors, were automatically added in the collection, in response to the above-described criticisms

by Swanson (1965) and Sharp (1964).

The in�uence of question authors on relevance was limited to �nal approval of the judgements

made by the student assessors (unlike in Cran�eld I, where the authors themselves made the

relevance judgements).

Criticism of Cran�eld II

Despite the fact that source documents were excluded from the Cran�eld II test collection, the

decision to reapply the source document principle received criticism. Vickery (1967) repeated

the concerns expressed by Swanson (1965): question authors, having also authored the source

document, would subconsciously select words present in the source document when formulating

their questions. Vickery also criticised the fact that questions for Cran�eld II were formulated

after the question authors had read the cited papers, arguing that this might also in�uence the

wording of questions.

Signi�cance of the Cran�eld Experiments

The Cran�eld experiments introduced test collections as a mechanism for IR evaluation. Five

major in�uences to modern IR evaluation can be traced back to the experiments and have become

synonymous to theCran�eld paradigm(Voorhees, 2002; Harman, 2011; Clough and Sanderson,

2013). First, Cran�eld II introduced test collections as standardised, static and re-usable vehicles

for comparative evaluation of IR systems. Second, approximating the operational setting being

simulated using real user information needs was a design goal for Cran�eld I and II. This

approach has been adopted for the construction of modern IR test collections, such as TREC

(section 2.4.2). Third, the Cran�eld II methodology established the practice of building the test

collection prior to conducting the actual retrieval experiment. This ensures re-usability of the
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test collection by excluding human bias towards a particular experiment. Fourth, the Cran�eld

experiments uncovered the importance of using standardised performance measures, such as

precision and recall, that relate retrieval performance to how users perceive the quality of results

(Voorhees, 2002; Harman, 2011). Fifth, the question of how big a test collection needs to be

for results to be statistically signi�cant was �rst posed and partially addressed by the Cran�eld

experiments.

The Cran�eld experiments made three simplifying assumptions that have become the corner-

stone of IR evaluation using test collections. The �rst assumption is that an in�nitely large and

diverse set of users and information needs can be modelled using a static, �xed set of queries and

relevance judgements. The second assumption is that relevance can be approximated by topical

similarity (Voorhees, 2002). This makes documents independently relevant to a query in a test

collection: the topic of a single document does not change over time or with respect to other

documents in the collection. We have already encountered this assumption as assumption B of the

probability ranking principle (p. 36), which means that documents can be scored independently

during retrieval. As a result, retrieval and evaluation becomes computationally feasible. The

�nal assumption made by the Cran�eld paradigm is that relevance judgements for each query are

complete.

2.4.2 TREC

The Text REtrieval Conference (TREC) is a series of IR workshops, funded by NIST10, that

introduced the �rst large-scale test collections for evaluation with common tasks and standard

evaluation methodologies (Harman, 1993; Voorhees and Harman, 2005).

TREC Ad-Hoc Retrieval Task

TREC popularised the Cran�eld approach by adapting the test collection paradigm for large-

scale IR evaluation in its ad-hoc retrieval task introduced in 1992 (Harman, 1993). As noted in

Section 2.3, the TREC ad-hoc task is (a) designed to simulate retrieval of atomic information

needs over a large document collection and (b) intended to evaluate a system's ability to retrieve

accurate and complete lists of documents in response to these information needs (Voorhees and

Harman, 2005).

The �rst TREC ad-hoc test collection contained 742,611 documents and 50 so-calledtopics

(Harman, 1993). Topics were created by retired information analysts with familiarity in using

retrieval systems so that the topics would mimic information needs of real IR system users

(Harman, 1993; Voorhees and Harman, 2005). TREC topics are abstractions of queries taking

the form of multi-part descriptions of information needs relating to a particular subject. Each

topic had a standardised structure, a set of named �elds, and a unique numeric identi�er. Each

�eld was reserved for specifying a particular aspect of the information need. For example, the
10National Institute of Standards and Technology, United States Department of Commerce.

46



Figure 2.7: Sample TREC topic

“narrative” �eld was used to give a detailed description of what constitutes a relevant document

for the topic.

The topic design allowed for information needs to be speci�ed in more detail than traditional

queries. This level of detail made the information needs behind the topics more understandable

to the relevance assessors, enabled more consistent relevance judgements to be made and allowed

for further research into query construction methods (e.g., by increasing the information in the

topic) (Harman, 1993).

The document collection for the TREC ad-hoc tasks consisted of newspaper and newswire

articles (e.g., articles from the Wall Street Journal), patents and government documents (e.g.,

Department of Energy abstracts and Federal Register documents). This selection of documents

models the operational setting the TREC ad-hoc task intended to simulate: a document collection

exhibiting diversity in (a) document length (e.g., news articles are shorter than government

reports), (b) subject, (c) writing style and (d) vocabulary (Harman, 1993; Voorhees and Harman,

2005).

The ad-hoc task was the main TREC task for eight years. Each year, the test collection for

the task used 50 new topics. The size of the document collections was gradually increased to

contain between 500,000 and 1,000,000 documents (Voorhees, 2002). The method by which the

ad-hoc test collection was constructed was re-applied between conferences and is as follows.

1. TREC topics were created by retired information analysts, who were asked to reverse-

engineer topics with speci�c documents from the collection in mind.

2. The analysts devised a set of initial topics spontaneously or by getting ideas while (a)

browsing subject areas of interest in the collection or (b) doing test searches (Voorhees and

Harman, 2005). Gradually, instructions for topic creation were re�ned to ensure that topics

were as realistic as possible. For example, in later TREC workshops topic creators were

instructed to (a) submit their own, genuine information needs as topics and (b) produce

relevance judgements for them.

3. The initial topics were used to perform trial searches in order to select topics which had 25

to 50 relevant documents. This criterion was put in place so both broad and narrow searches

47



could be modelled using the test collection.

4. TREC used the pooling method (Spärck-Jones and van Rijsbergen, 1975) for obtaining

relevance judgements, with pool size set to 100 documents. The pool set for each topic was

forwarded to (possibly different) human assessors, also hired analysts, tasked with making

relevance judgements. In order to prevent biasing the relevance judgements, the assessors

did not have knowledge of how the participating systems ranked or scored the documents in

each pool set (Voorhees and Harman, 2005).

5. Assessors were asked to judge a document as relevant if the information it contained could

be used to write a report on the topic. The relevance judgements for a particular topic were

made by a single assessor for consistency of judgements (Harman, 1993). Documents not

judged to be relevant during pooling were assumed to be non-relevant, effectively making

relevance judgements for TREC ad-hoc binary.

Signi�cance of the TREC ad-hoc task test collection methodology

The TREC ad-hoc task demonstrated how the Cran�eld paradigm can be used to build large-

scale test collections that are realistic, reusable and diverse (Section 2.3.1). TREC adopted the

Cran�eld paradigm by (a) building the test collection prior to the evaluation phase of the task, (b)

creating topics that model real user information needs and (c) aiming to approximate complete

relevance judgements, by implementing the pooling method.

The TREC ad-hoc test collections allowed researchers to test the assumption that pooling

produces close to complete relevance judgements. This assumption was tested experimentally at

TREC-3 using data from TREC-2 (Harman, 1994; Harman, 1995) and by Zobel (1998).

The TREC-3 study investigated the completeness of pooled relevance judgements by extending

the pool from 100 to 200 for 18 ad-hoc topics (Harman, 1995). Relevance judgements were

re-done by the original judges for the topics. Harman (1995) reports that on average, 30 new

relevant documents were discovered per topic but the distribution was skewed; topics with

many relevant documents tended to have many more. When comparing results, it was found

that the newly discovered relevant documents were not enough to affect system rankings. The

process was replicated with TREC-3 data showing that there was less than one new relevant

document per topic on average (Harman, 1995; Harman, 2011). Zobel (1998) estimated that

pooling in TREC accounted for about 50-70% of relevant documents. Furthermore, he found

that relevance judgements obtained through TREC pooling were not biased towards systems

that did not contribute to the pool and concluded that the TREC methodology produces reliable

results overall.

2.4.3 Yahoo! Chiebukuro

The National Institute of Informatics (NII) in Japan has sponsored the NTCIR (“NII Test

Collections for IR Systems”) series of IR workshops. So far, there have been 14 NTCIR
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conferences11 which have produced test collections similar in size and format to TREC for tasks

such as ad-hoc retrieval (Kando et al., 1999), patent search (Iwayama et al., 2003), question

answering (Kato and Masui, 2003) and text summarisation (Fukusima and Okumura, 2001).

The community QA task (Ishikawa et al., 2010) was introduced at NTCIR-8 to simulate the

retrieval of community-type QnA (Question and Answer) content. The main objective of the

task is “best answer estimation”: given a set of questions, a retrieval system must identify the

best answers to those questions. Therefore, queries for the task are questions posted on the site

with documents taking the form of candidate answers to these questions.

Ishikawa et al. (2010) used “Yahoo! Chiebukuro” data to observe the community and to

construct the test collection for the task. Yahoo! Chiebukuro is a QnA website similar to

StackOver�ow12 (a QnA website for common coding tasks) and MathOver�ow (the QnA website

for research-level mathematics which I will introduce in section 3.2.2).

Members of the Yahoo! Chiebukuro community post questions on the site in one of 285

categories; on the website, the categories are ordered by popularity (number of views or number

of questions). Each question, along with related comments and candidate answers, is grouped

into one discussion unit called a “thread”. A question can receive more than one candidate

answer and the questioner (i.e., the member posting the question) selects as the best answer the

answer that is the most convincing and/or satisfying (Ishikawa et al., 2010). However, if the

questioner has not identi�ed an answer that meets this criteria, the best answer is the one with

the most up-votes from the website's users.

The NTCIR-8 Community QA test collection was sampled from Yahoo! Chiebukuro data

containing 3,116,008 questions plus 13,477,785 answers (3,116,008 acknowledged best answers

plus 10,361,777 non-selected candidate answers). Starting from this data set, the NTCIR-8

Community QA test collection was constructed as follows (Ishikawa et al., 2010):

1. 1500 questions were sampled at random from 15 out of the 17 top categories (excluding the

topics “Chat” and “Others”). The number of questions to be sampled from each category

was determined using the formula

distributioncat = int(1500�
# of questions in category “cat”
# of questions in all categories

+ 0:49)

with the actual questions being chosen at random.

2. For each of the 1,500 sampled questions the answer selected by the author of each question

was recorded and automatically considered to be relevant.

3. To avoid biasing the assessors, Ishikawa et al. shuf�ed the list of 1,500 answers randomly

prior to manual relevance assessment, because answers in the Yahoo! Chiebukuro data set
11http://research.nii.ac.jp/ntcir/publication1-en.html
12https://stackoverflow.com/
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are sorted based on user preference.

4. Four students with comparable experience in using the Yahoo! Chiebukuro website were

employed to manually identify additional good answers for the selected questions. The

students assessed answers to the 1,500 questions, using a binary scale, and 7,443 answers

using a scale from A to C. The scale is interpreted as follows: A – answer is “satisfactory”

to the question, B – answer is only partially relevant and C – answer is unrelated to the

question. Each assessor examined every question in the test collection. Inter-assessor

agreement was measured using the kappa statistic and was found to vary across categories

from “slight” (� between 0.0 and 0.2) to “moderate” (� between 0.41 and 0.6) (Ishikawa et

al., 2010).

As a result of this process, the NTCIR-8 Community QA test collection contains 1,500

questions (queries), each with one best answer (known relevant document). Another 5,943

candidate answers (known less relevant documents) accompany the selected questions and have

been included in the test collection as part of its document collection (Ishikawa et al., 2010).

Signi�cance of the NTCIR Community QA

The Yahoo! Chiebukuro website can be considered to be an IR system since its primary

function is to answer information needs by eliciting answers from the online community. This

makes the Yahoo! Chiebukuro data a snapshot of a real IR system. As a result, questions

procured for the NTCIR Community QA task represent genuine and diverse information needs.

Furthermore, the primary relevance judgements for the test collection are binary, complete

and have been procured by observing the reaction of the questioners themselves (adherence to

principles 1, 3 and 4 of section 2.4.3).

The NTCIR community QA task run on the basis of this data involved 4 system and 3

baselines, one of which performed surprisingly well (Sakai et al., 2010). I adopt a similar process

(described in section 3.2.4) to observe the MathOver�ow online community (section 3.2.2) for

the construction of my test collection of research-level mathematical information needs.

Let me recapitulate the most important principles about designing a test collection that the

discussion up to now has lead to:

Principle 1: (Searcher is Ultimate Judge of Relevance, page 41)Ideally, the query

creator should be the judge of relevance. Final judgement should be made as close to

the time the query is created as possible. This is because the de�nition of relevance is

based on the satisfaction of a searcher's information need.

Principle 2 (Probability Ranking Principle; assumption B): The relevance of any

one particular document to the query is independent of all other documents.Since

the Cran�eld experiments, this has been achieved by de�ning relevance as topical
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similarity: whether a particular document is relevant to a query is dependent on the

topic of that document alone and is independent on which other documents in the

collection are relevant to the same topic.

In the research mathematics retrieval task I am proposing, principle 2 is sometimes violated.

Answering research-level mathematical queries often involves some degree of reasoning and

inference: the answer might be a combination of many mathematical results (e.g., theorems)

distributed in multiple documents. In this case, multiple documents might present complementary

aspects of a mathematical problem making them relevant only when seen together. In terms of

evaluation using test collections, this is not desirable as it invalidates the PRP (Robertson, 1977).

An effective test collection of research-level mathematics must therefore account for principle 2

explicitly as part of the construction process. I will come back to this issue in section 3.2.

Principle 3 (Probability Ranking Principle assumption A + Staticness (page 42)):

Relevance is binary and constant – every document in the document collection is

permanently either relevant or non-relevant to every query.

Principle 4: (Outcome of Cran�eld I, I 1
2) Relevance judgements should be complete

– every document in the collection should be judged with respect to every query.

Complete relevance judgements are necessary for accurate computation of recall (section 2.3.3):

the computation depends on accurately counting the number of false negatives (not retrieved but

relevant). More importantly, as we have seen in section 2.3.3, evaluation metrics such as MAP

are stable when computed over complete relevance judgements. Thus, principle 4 serves to make

test collections reusable (property 2 of test collections, section 2.3.1).

2.5 The Language and Discourse of Mathematical Content

In his study of the language of mathematics, Ganesalingam (2008) notes that written mathematics,

unlike general text, follows strong domain-speci�c conventions that govern how content is

presented. The language of mathematics is formal, i.e., more constrained than general natural

language, consisting primarily of assertions about mathematical objects and facts, which can be

either true or false.

Mathematicians treat mathematical objects as “timeless constructs” that “exist independently

of the physical world” (i.e., are platonic ideals) eliminating the need to describe events. Therefore,

assertions are written as sentences in the present simple tense. Typically, such sentences are

constructed using passive form or �rst person plural using a limited number of verbs (a potentially

closed set of verbs). Morphological variation is likewise limited, except for number and mood,

which are the only morphological dimensions to demonstrate the full range of variation seen in

general natural language.
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With respect to syntax, Ganesalingam argues that textual mathematics exhibit relatively

little variation. He characterises textual mathematics as a “formulaic language” and notes that

the absence of long-distance dependencies together with the limited range of morphological

phenomena imply that textual mathematics can be captured effectively using a context-free

grammar (CFG).

In contrast, the vocabulary of textual mathematics is extraordinarily varied, adaptable and pro-

ductive. The lexicon is comprised of two types of lexemes: mathematical and extra-mathematical.

Mathematical lexemes (i.e., technical terms) constitute the bulk of the lexicon.

A small number of extra-mathematical lexemes are words such as “hence”, “denote” and

“suppose”, which are used as connectives between arguments. In addition, there is a certain

number of extra-mathematical phrases. Interestingly, these phrases are particularly rigid and

even their substitution with synonyms is resisted by mathematicians. This, Ganesalingam argues,

enables us to consider them as �xed lexemes, or “set-phrases”. Examples of such set-phrases

include “without loss of generality”, “it is easy to show that”, “it follows that” and “it remains to

prove that”.

Ganesalingam emphasises that the meaning carried by textual mathematics can be described

by a small subset of the machinery necessary to model general natural language. Since textual

mathematics describe timeless objects, there is no need to consider tense or model the description

of events. Due to the absence of presuppositional attitude reports, typically used to talk and make

assertions about state of mind, there is no intensionality in textual mathematics. Additionally,

the truth-status of mathematical assertions is irrespective of the opinion of the speaker. As

such, there is no need for modality in textual mathematics. Similarly, textual mathematics is

intended for literal interpretation eliminating any expectation of irony or metaphor. Ganesalingam

concludes that standard semantic representations could potentially capture the meaning of textual

mathematics, unlike what is the case for general natural language.

In mathematical text, two contexts interact to convey the meaning: thetextual contextand the

symbolic context. The textual context is the part of written mathematics that resembles natural

language text while the symbolic context refers to the symbols and notation that are interspersed

in the mathematical discourse. Symbolic material is used to abbreviate statements and assertions

to make the material easier to read. For example, in number theory the expressiondjn abbreviates

the statement

“d andn are integers such that the remainder of the ratiod
n is also an integer” (i.e.,

n dividesd).

Ganesalingam notes that due to its abbreviative role, the symbolic context tends to be embedded

inside the textual context (i.e., appears inside text like “islands”) with symbolic elements often

replacing noun phrases. There is strong interdependence between the textual and symbolic

contexts in terms of both syntax and semantics – text without symbol is incomplete while
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symbol without text is senseless (i.e., what the symbols abbreviate cannot be deduced) and

incomprehensible (e.g., argumentation is missing). For example, consider the following sentences

with their symbolic context removed:

Let @@@ be a real function. For @@@, @@@ is unde�ned...

Suppose @@@. Then, @@@ and @@@. Therefore, @@@.

Removing the symbolic context from these sentences renders them incomprehensible because

the reader is missing information regarding what is being manipulated and what properties are

being attached to the intended mathematical constructs. On the other hand, without the text, the

reader can infer neither the denotation of the symbols nor the overall argumentation that is being

made at the sentential context:

Let x beavector.

If b� 1 is Pisot,thenthereis anergodicmeasureof maximal dimension.

Making sense of either the symbolic context or the textual context alone is not suf�cient.

For one, the symbolic context of scienti�c documents is inherently ambiguous. Examples of

ambiguities range from implicit multiplications, unary operators having irregular precedence as

well as overloaded terms and operators (with precedence and associativity properties implicitly

represented). Furthermore, the de�nitions and overall sense of terms used in the symbolic context

may be de�ned in the textual context and vice versa.

Ganesalingam has shown that ambiguities in either context, although hard to resolve by

examining each context in isolation, can be addressed successfully when both are examined in

unison and when the notion of atypeis introduced. However, as Ganesalingam demonstrates,

the traditional notion of a type based on property membership which translates to some logical

predicate is problematic in this context. In particular, the traditional notion of a type breaks

down in language instances where compositionality is not applicable. Additionally, equality

based on property membership is subject to undecidability (i.e. deciding the type of a piece

of mathematics may involve solving the problem itself). In order to overcome these problems,

Ganesalingam introduces a type system that is non-extensional (where types act more or less

as labels), facilitating the uni�cation of syntactic analysis with type inference. This uni�ed

approach enables disambiguation of both contexts simultaneously with type information �owing

from one context to the other. In Chapter 4, I will come back to Ganesalingam's idea of “types”

and adapt the notion for mathematical information retrieval.

The �ow of mathematical content can be interrupted by mathematical rhetoric structures such

as mathematical blocks (results, proofs and de�nition blocks and statements), variables or sets

of assumptions. But despite this, Ganesalingam highlights that the discourse of mathematical

literature can be modelled linearly (a total order of mathematical knowledge). This will become
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important when I consider how to sample sentences from the mathematical discourse in order to

build a machine learning data-set for my variable typing task (Chapter 5).

2.6 Summary and Approach

It is fair to say that current MIR models are more interested in formula retrieval than in

modelling the language of mathematics. A standard approach to MIR is to see it as “special

treatment of formulae plus standard IR handling of language”. In particular, joint models

of formulae and text have remained largely unexplored despite the fact that some kinds of

mathematical information are encoded in parallel in both text and formulae. Current MIR

systems typically compute scores for the textual and mathematical contexts independently and

then combine them.

The bag-of-words paradigm in particular seems to be ill-suited for textual mathematics (Larson

et al., 2013). Mathematical types, which occur plentifully in mathematical writing, should be

a useful source of information for retrieval because the dictionary of technical terminology

in mathematics is open and productive (Ganesalingam, 2008). But under the bag-of-words

paradigm, noun phrases are broken up into their constituents and treated as orthogonal streams of

information. Experimental evidence from Larson et al. (2013) supports the hypothesis that this

is damaging; the authors stated that performance was “terrible”, despite their extensive efforts

to manually expand queries with meaningful, related keywords and went on to conclude that

keyword-based retrieval of mathematical text is inadequate for MIR. In chapter 4 I argue for

treating mathematical types as atomic units of information, and as �rst-class citizens in other

ways too.

In section 2.5, we saw that mathematical sentences also contain many mathematical set phrases

from a small, �xed dictionary, meaning that they are likely to occur often and be present in many

documents in a mathematical corpus. In chapter 5, I propose a supevised ML framework that

uses these �xed phrases for assigning variables to their types.

Nghiem et al. (2014) state that mathematical expressions are highly abstract and rewritable

representations – the same mathematical ideas can be represented using many semantically

equivalent but structurally different formulae. For example, two synonymous expressions might

exhibit different structure (e.g.,y = x2+ g andxg+2 = y) while structurally similar expressions

might represent different mathematical concepts altogether. This makes structural similarity

alone insuf�cient as a model for semantic similarity of mathematical expressions. In particular,

methods able to exploit the interaction between textual and symbolic contexts, thus performing

joint retrieval, would be attractive. I want to study whether and how information in the textual

context can semantically enrich information encapsulated in the mathematical context.

In this thesis I investigate two hypotheses related to the retrieval of research-level mathematics.

My �rst hypothesis is that the textual context of research-level queries and mathematical papers is

an underutilised source of information. I hypothesise that technical terminology in mathematical

54



text, used to label mathematical objects and concepts, has higher discriminating power than

individual words when it comes to retrieving research-level mathematical information needs. My

second hypothesis is that joint modelling of text and formulae in the mathematical discourse can

improve retrieval of research-level mathematics.

The focus of my investigation is retrieval ofresearch-levelmathematical information needs.

This approach allows me to overcome the challenges related to large-scale evaluation of MIR

models outlined in Section 2.2. As we have seen in this chapter, evaluation in MIR often involved

researchers creating a small test collection speci�cally for evaluating a new method. Despite the

high-quality of the recently introduced NTCIR MathIR test collections (Aizawa et al., 2013),

Guidi and Coen (2015) identify some shortcomings: (a) performance is inconsistent between

different versions of the test collections and (b) too much emphasis is placed on exact formula

matching, rather than document retrieval as a mixture of text and expressions.

I propose that real-life, research-level queries be procured from MathOver�ow, an online QnA

platform that enables practising mathematicians to post questions arising from their research

to a community of graduate and research mathematicians. In Chapter 3 I describe my process

for constructing an MIR test collection using questions from MathOver�ow as queries, and

papers cited in approved answers as relevance judgements. My test collection is large and

is composed of real-life queries that are the product of active mathematics research. More

importantly, queries in my test collection have been created by mathematicians of roughly the

same mathematical background (e.g., graduate-level research) and are thus relatively uniform in

their level of abstraction.

In Chapter 4, I introduce my notion of “mathematical types”, which is central to my investiga-

tion of both hypotheses. Mathematical types are technical terms used to refer to mathematical

objects and concepts in the mathematical discourse. I use types to (a) overcome the limitations

of keyword-based search in MIR, (b) enrich formulae with information from the text in the form

of denotations for variables and (c) to establish a link between the textual and symbolic contexts

for joint retrieval.

In the light of extremely bad performance of keyword-based retrieval methods in MIR,

my approach to mathematical text retrieval treats types as atomic units of information. The

hypothesis behind this is that the individual words making up type phrases should not be regarded

as orthogonal sources of information, as bag-of-words retrieval does. My experiments using

query expansion based on mathematical types presented in section 7.1 show that this approach is

signi�cantly better than state-of-the-art text retrieval based on the bag-of-words approach.

In Chapter 5, I introduce the variable typing machine learning task designed to assign denota-

tions (types) from the textual modality to variables in the symbolic modality. The link established

by variable typing allows me to develop a form of joint retrieval (text and formula retrieval) that

I refer to as typed retrieval.

In Chapter 6, I develop typed retrieval models as adaptations of tree matching algorithms and
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the Tangent structural heuristic. My adaptations measure formula similarity between expressions

by examining the denotations of their constituents, rather than their raw symbols.

My intuitions about type-based textual and typed retrieval are put to the test in Chapter 7. In

Section 7.1 I test retrieval methods that are textual, i.e, that give no special status to formulae,

but that are allowed to use the type information. One way this can be achieved is to up-weight

occurrences of types (phrases) in text; a more sophisticated approach is to expand queries with

types that are similar to those present in their text (query expansion).

Models in section 7.2 do the opposite: formula retrieval is handled by task-speci�c methods

while textual information is retrieved by traditional, term-based approaches. In section 7.3 I

evaluate my full joint retrieval models: formula retrieval makes use of typed constituents and

retrieval of text is type-aware.

Despite the sophistication of these models and the fact that joint retrieval draws information

from both modalities, the best performing model is one that relies on textual type information

(introduced in Section 7.1). Another high performing model is a version of tree matching that

incorporates a scoring component that measures the overlap of types assigned to the constituents

of formulae through variable typing (Chapter 5), type disambiguation (Section 6.3.1) and SLT

typing (Section 6.3.2).

In chapter 8, I will draw conclusions from my experiments, discuss what I consider to be my

own discoveries and identify future work.
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Chapter 3

A Test Collection of Research-Level

Mathematical Information Needs

This chapter will discuss a novel method for creating test collections, something I see as one of

the major contributions of this thesis. For my work I need a test collection which is composed of

real-life, research-level information needs, expressed in the natural language of mathematics.

Section 2.4 will argue that existing test collections for mathematical information retrieval (MIR)

are not suitable for my investigation. My proposal for a new methodology for test collection

creation (section 3.2) is based on a systematic observation of the MathOver�ow (MO) online

community. The resulting test collection has been released to the community as theCambridge

University MathIR Test Collection(CUMTC) (Stathopoulos and Teufel, 2015).

3.1 Motivation for a New MathIR Test Collection

In the early days of MIR, the MIR community has been fragmented in terms of common

evaluation resources: each research group evaluated their MIR systems using purpose-built test

collections (section 2.2). The NTCIR math IR tracks addressed this fragmentation by producing

shared and standardised data sets for comparative evaluation of MIR systems (Aizawa et al.,

2013; Aizawa et al., 2014).

The �rst shared math IR track was introduced by NTCIR in NTCIR-10 (Aizawa et al., 2013)

with a test collection consisting of 100,000 documents from mathematics, physics and computer

science, containing a total of 35.5 million formulae. The data was obtained from the arXMLiv

project (Stamerjohanns and Kohlhase, 2008; Stamerjohanns and Kohlhase, 2009; Stamerjohanns

et al., 2010). The documents were formatted using HTML with embedded MathML. Formulae

were converted from LATEXto MathML using the LaTeXML tool1. The NTCIR-10 math IR track

had the following retrieval sub-tasks (Aizawa et al., 2013):

1http://dlmf.nist.gov/LaTeXML
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1. Formula task: The input is a set of formulae queries which may include wild-cards as

well as concrete variable symbols. Symbolic queries are expressed using presentation and

content MathML (section 2.2.1), with adaptations to enable wildcard variables. For example,

the symbolic query
?f (?v+?d)� ?f (?v)

?d

taken from Aizawa et al. (2013) includes 3 wild-card variables:?d, ?f and?v. Aizawa et al.

(2013) highlight that MIR systems running this query should match

g0(cx) = lim
h! 0

g(cx + h) � g(cx)
h

since it contains the query as a sub-expression through the substitution:?d 7�! h, ?f 7�! g

and?v 7�! cx.

2. Full-text search: Queries take the form of a combination of keywords and formulae. For

example2:

NTCIR10-FT-7: Roots of a Polynomial

Query: 8x3 + 4x2 � 4x � 1

Words: root

Relevance: The open problem athttp://planetmath.org/?op=getmsg;

id=22097 could use a hint. Can we match this tox3 + ax2 + bx+ c = 0?

There were also plans for a third task in NTCIR-10 (Open Information Retrieval task), but it

was cancelled due to an operational problem and not continued in NTCIR-11.

The NTCIR-10 math track included 22 formulae queries and 15 full-text queries, procured

from mathematicians briefed in the query format, but there is no further information on how the

queries are produced (Aizawa et al., 2013).

Six systems participated in the task and were used to obtain an initial set of relevance judge-

ments using the pooling method (pool size set to 100). Further relevance assessments on the

pooled sets were produced by mathematicians from Zentralblatt Math and math students from

Jacobs University in Germany. Relevance judgements were made based on the formulae in the

document: each formula in the topics was judged against each formulae in every document.

Topics were judged by one or two assessors using three grades: R (relevant), PR (partially

relevant) and N (not relevant). Since some topics were judged by one assessor while others by

two, the �nal relevance grade was determined by the scheme presented in Table 3.1 (adapted

from (Aizawa et al., 2013)).

For NTCIR-11, the main subtask (“ad hoc retrieval with formulae keyword queries”) was

continued. 50 formulae/keyword topics were used, and they emulated the format of TREC:
2Full-text search topic 7 taken from the topic statement document athttp://ntcir-math.nii.ac.jp/

wp-content/blogs.dir/13/files/2014/02/NTCIR10-math-topics.pdf
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Score Assessed by one judge Assessed by two judgesOverall grade
4 R R/R Relevant
3 - R/PR Relevant
2 PR PR/PR,R/N Partially relevant
1 - PR/N Partially relevant
0 N N/N Not relevant

Table 3.1: Relevance grades for the NTCIR-10 Math IR track.

each topic contained three �elds (a) topic ID, (b) a query (formula + keywords, no natural

language description) and (c) a “narrative” �eld that described the use-case and de�ned the

relevance criteria. Like in the NTCIR-10 math track, the formula in topics were represented

using presentation/content MathML (section 2.2.1) and included wildcards.

The NTCIR-11 document collection was expanded to 105,120 scienti�c articles (mathematics,

physics and computer sciences) from the same source, ArXiv. Documents were segmented into

paragraphs, with each paragraph considered to be a “return unit” – the unit of retrieval is a

paragraph, rather than the document itself. This resulted in 8,301,578 search units with about 60

million formulae (Aizawa et al., 2014).

Relevance judgements for the main NTCIR-11 track were produced using pooling (eight

systems and pool size set to 50). Like in NTCIR-10, two assessors (third-year or graduate

mathematicians) made judgements on the relevance of pooled search units. The relevance

judgements were binarised using the scheme in Table 3.1.

In NTCIR-11, two Wikipedia tasks were added. The Wikipedia Formula task contained

30 topics with at most 4 keywords. The Wikipedia Open sub-task that focused on retrieving

formulae from Wikipedia articles using 100 formula queries selected at random from Wikipedia.

Systems participating in the optional task were not formally evaluated with relevance judgements.

Instead, a �nal judgement on performance was made based on a presentation delivered by each

participant (Aizawa et al., 2014).

Guidi and Coen (2015) praised the NTCIR math IR tracks for the provision of shared and

standardised data sets for comparing MIR systems, but criticised the fact that their test collections

over-emphasise formula pattern matching. Guidi and Coen concluded that the state of the NTCIR

test collections at the time of their introduction did not encourage “investment into deeper

extraction of semantics” from indexed documents.

My goals in this thesis, as outlined in section 1, are two-fold: (a) develop retrieval models

for real, research-level mathematical information needs and (b) investigate the effects of jointly

modelling text and formulae for mathematics retrieval. In contrast, the NTCIR test collections

are designed to simulate the operational setting of general MIR with emphasis on formula search

(Aizawa et al., 2013; Aizawa et al., 2014). Following from the differences in operational setting

between these two tasks, there are several reasons why I cannot use the NTCIR test collections

for my investigations.
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1. It is unclear whether the topics in the NTCIR test collections represent genuine research-

level needs of real users that arose during the process of conducting mathematics research.

2. The topics in the NTCIR test collections contain information needs that are diverse with

respect to the dif�culty of their underlying mathematical problems. Some topics are broad,

like full-text search topics 7 and 14 below, while others are more speci�c, like topic 5.

Topic 7: Roots of a Polynomial

Query: 8x3 + 4x2 � 4x � 1

Words: root

Relevance: The open problem athttp://planetmath.org/?op=getmsg;

id=22097 could use a hint. Can we match this tox3 + ax2 + bx+ c = 0?

Topic 14: Convergence

Query:
P

?pn?an

Words: convergence

Topic 5: Radius of Convergence

Query:
P n!xn

nn

Words: radius of convergence

Relevance: The open problem athttp://planetmath.org/?op=getmsg;

id=23642 could use a hint.

In contrast, the operational setting of my task is characterised by information needs that are

very speci�c, and much more homogenous with respect to their level of dif�culty: as they

concern research-level mathematics, they are all equally hard to answer.

3. Because many topics in the NTCIR test collections are broad, the collections have many

relevant documents per topic. In contrast, as we will see in section 3.2.5, the task of

retrieving research-level mathematical information is characterised by topics that have few

relevant documents – a consequence of their speci�city.

4. The NTCIR test collections contain at most 50 topics that are diverse in terms of dif�culty. In

contrast, my task is characterised by topics of high speci�city with few relevant documents

(section 3.2.5). Therefore, a larger number of topics might be necessary to accurately

measure the effectiveness of retrieval models for my task.

Second, the NTCIR test collections are designed with assumptions that are incompatible with

my investigation for the following reasons:

1. My �rst hypothesis is that mathematical types – technical terms that refer to mathematical

concepts – are more important than normal terms when it comes to retrieving research-level
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mathematical information needs. The NTCIR test collections assume that MIR queries are

bags of words and formulae, given in theQuery andWords sub�elds. This approach is

incompatible with investigating my �rst hypothesis because types in the NTCIR topics are

broken up into their constituent words, with each word considered to be an independent,

orthogonal source of information.

2. My second hypothesis is that joint modelling of text and formulae improves retrieval

effectiveness of research-level mathematics. Joint retrieval is preconditioned on the ability

to link information from the text to formulae (Schubotz et al., 2016). My idea is to link

information from the textual and symbolic contexts through variable typing. Modelling this

interaction using machine learning is dependent on the availability of queries expressed

using the natural language of mathematics; these tend to have formulae embedded in the

query text.

In contrast, topics in the NTCIR test collections are expressed as bags of keywords and

formulae. This means that the topics do not have well-formed sentences and are missing

important variable typing signals such as copula verbs.

3. The NTCIR test collections assume that the most important component of an MIR retrieval

model is formula matching. This motivated the inclusion of formulae with wildcards in

their topics so that the pattern-matching abilities of MIR systems can be tested extensively.

I have a different philosophy when it comes to the design of query languages. I assume that

users prefer to describe their problem using natural text and concrete formulae instead of

using a more expressive but ultimately cumbersome query language with features such as

wildcards. My research interest is therefore in enabling MIR sytems to match formulae

based on syntactic and semantic equivalence in an unsupervised manner, a task in which

syntactic peculiarities such as a wildcards would be a distraction.

For these reasons I decided to build a new test collection of research-level mathematical informa-

tion needs.

3.2 Cambridge University Mathematics Test Collection (CUMTC)

I will here present the Cambridge University Mathematics Test Collection (CUMTC), my

newly created test collection for research-level mathematical retrieval. It is created based on

the idea that topics and relevance judgements can be procured from the on-line collaboration

website MathOver�ow, a QnA site for practising mathematicians and researchers engaged in

mathematics research, through a process of observation.

The construction of my test collection is an apply-once process that results in a test collection

that can be reused many times, and it is designed so that it can be replicated by individuals

without domain expertise in research mathematics (e.g. at different points in time or in different

languages, as long as a comparable resource to MathOver�ow exists).
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3.2.1 Document Collection

As the underlying document set for my test collection, I used the Mathematical Retrieval Cor-

pus (MREC)3 (L�́�ska et al., 2011). The MREC is a subset of theArXMLiv corpus(Stamerjohanns

and Kohlhase, 2008; Stamerjohanns and Kohlhase, 2009; Stamerjohanns et al., 2010) and con-

tains over 439,000 arXiv research pre-prints from mathematical disciplines (e.g., Mathematics,

Physics, mathematical Physics, Computer Science and Statistics). While both ArXMLiv and

MREC are based on the preprint archive arXiv.org, the MREC only includes those documents

from ArXMLiv whose formulae could be converted from LATEX to MathML without errors,

resulting in documents in XHTML with MathML expression inclusions.

In the context of the task of ad-hoc retrieval of research-level mathematical information needs,

the MREC meets the suitability criteria for document collections identi�ed in Section 2.3.1

(page 34), at the beginning of Section 2.4 (page 42) and in Section 2.4.3 (page 50). Speci�cally:

1. The MREC is large and diverse because it contains hundreds of thousands of documents

from many mathematical disciplines. The size and diversity of the MREC contribute to

the realism and reusablility of my test collection: the underlying document collection can

be expected to account for the many ways mathematical concepts can be expressed using

natural language.

2. The nature of MIR imposes the additional requirement that evaluation resources for the

task must contain many formulae so that their impact on indexing and retrieval models

can be studied. The MREC meets this requirement since the documents it contains encode

formulae in the form of machine-readable MathML, and there are certainly many of them:

153,796,520 mathematical expressions in MathML format according to my count.

3. Documents in the MREC, by virtue of being preprints, are comparable to the questions and

answers in MathOver�ow, in terms of topic, level of mathematical abstraction/dif�culty

and author background. In addition, the arXiv.org repository is frequently cited by users on

MathOver�ow.

4. MO questions and MREC documents in the MREC were selected independently of mate-

rial on MathOver�ow; the link between MREC documents and MathOver�ow threads is

established through a naturally occurring process which I as the MIR experimenter simply

observe. This ensures that I could not have introduced any bias into the test collection

construction.

3version 2011.4.439
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3.2.2 MathOver�ow

MathOver�ow (MO) is an online question and answer site for advanced mathematics with a

user base that includes researchers and professional mathematicians (Martin and Pease, 2013;

Tausczik and Pennebaker, 2012) – as opposed to math.stackover�ow.com, which is for basic

mathematics and thus has a very different target group.

MathOver�ow is primarily an academic community that views the site as a professional outlet

for doing mathematics research, with many published journal articles or pre-prints acknowledging

contributions made on MO (Tausczik et al., 2014). MathOver�ow users are thus incentivised to

make meaningful contributions and develop collaborations on the site because it allows them to

form real-world professional relationships and to build professional reputation on MathOver�ow

(Tausczik and Pennebaker, 2011; Tausczik and Pennebaker, 2012; Martin and Pease, 2013).

A MO user can post a question, usually relating to a small niche �eld in Mathematics or

mathematical Physics, and hope to obtain insightful answers, useful examples and pointers to the

literature as well as constructive comments. In response, other users can either post a candidate

answer, comment on the question or comment on existing answers. Registered users can vote

to close a thread, or vote posts (questions and answers) up or down to express their approval or

disapproval, respectively, of the posted material.

A MO thread consists of a question and many answer posts, one of which is designated as

the (best) answer. The MO community uses a reputation-based scheme to reward users who

produce high-quality answers. Users on the site accumulate reputation through up-votes and by

unlocking badges and special achievements when helping other users. Tausczik and Pennebaker

(2011) found that the answerer's of�ine (number of publications in peer reviewed journals) and

online (sum of up-votes on all posted answers) reputation are good predictors of MathOver�ow

answer quality. Furthermore, they found that on average the expertise of answerers (measured as

the average of online and of�ine reputations) exceeded that of questioners.

An informal set of “house rules”, which are enforced by moderators, requires users to express

precise, unambiguous research-level questions on the site4. MO users acting as moderators ask

users to make corrections or clari�cations to their posts.

A MO thread's question and designated answer is illustrated in Figure 3.1.
4http://web.archive.org/web/20130501231334/http://mathoverflow.net/faq
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Figure 3.1: Anatomy of a MathOver�ow thread (http://mathoverflow.net/

questions/45782 ).

There are four parts: the question, the post-question (PQ) comments, the answer, and the

post-answer (PA) comments. PQ comments are often used by community members to re�ne

the question and make it more precise. PA comments are usually posted by the questioner to

thank the answerer, acknowledge the usefulness of the answer and/or cited resource, or request

clari�cations from the answerer.

There are two mechanisms how the designated answer can be chosen. A questioner has the

option toacceptan answer posted in response to his or her question; in Figure 3.1, the green

check mark indicates such a questioner-accepted answer. Acceptance of an answer does not

automatically make an answer post the de�nitive response to a question; it is rather an indication

that a particular answer post has been useful to questioner and satis�ed his or her speci�c

information need. Questioners are incentivised by MathOver�ow to accept good answers by

rewarding them with reputation points on the website5. Alternatively, the most highly voted

answer post becomes the designated answer.
5https://mathoverflow.net/help/accepted-answer
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Several authors state that MathOver�ow answers are authoritative, reliable and are produced

by experts motivated to give helpful and relevant answers. We can see that best accepted answers

tend to

(a) cite papers that contain the answer in a self-contained manner;

(b) summarise cited material; or

(c) give an overview on how to obtain the answer.

(Tausczik and Pennebaker, 2011; Martin and Pease, 2013; Tausczik and Pennebaker, 2012;

Tausczik et al., 2014). Martin and Pease (2013) studied the effectiveness of MathOver�ow as a

collaboration platform for producing mathematics by analysing qualitatively a sample of 100

MathOver�ow discussions relating to group theory. The authors found that 90% of questions

in their sample were successfully answered and that 56% of answers include citations to the

research literature.

Another reason why it is reasonable to believe that answers on MO are reliable is that they are

scrutinised quickly after being posted by a community of experts (Tausczik et al., 2014; Martin

and Pease, 2013). Speci�cally, Martin and Pease (2013) observed that around 37% of the sampled

answers had errors when initially posted by the answerers but that all errors were quickly pointed

out by the MO community and corrected. Tausczik et al. (2014) found that primary (addition of

new information) and secondary (revisions and extensions of existing material) contributions

have an immediate impact on answer quality. In particular, acts such as providing information,

revising and extending an answer, seem to be good predictors of immediate change in answer

quality while indirect/evaluative contributions have a delayed impact on solution quality. Taken

together, these observations suggest that the idea of procuring relevance judgements from MO

answers might be feasible.

To summarise this far,

1. MathOver�ow is primarily an academic community and its members view the website as a

professional outlet for doing mathematics research.

2. MathOver�ow users are often the most quali�ed experts to answer the questions posted on

the site.

3. MathOver�ow users are highly motivated to give good answers to the questions posted on

the site.

4. Content on MathOver�ow is heavily moderated and errors in questions and answers tend to

be corrected quickly.

5. Documents cited in MathOver�ow are relevant to the questions and likely to exhaustively

answer them.

65



3.2.3 Queries and Relevance Judgements in an MO context

My plan is to use MO questions as information needs. To procure the relevance judgements

for these information needs, observation on MathOver�ow can similarly be used to provide

these, in the form of academic citations in the attached accepted answer. If certain conditions

are met, I will de�ne the citations as positive relevance judgements on the cited papers. The

use of citations in accepted MO answers as relevance judgements should be consistent with

principles 1 (searcher is ultimate judge of relevance) and 3 (relevance is binary and constant)

from section 2.4.3.

Harvesting citations from authoritative sources as relevance judgements – in the vein of the

Cran�eld II design (Section 2.4.1) – is an established practice in IR. Ritchie et al. (2006) elicited

relevance judgements for citations in papers accepted in a scienti�c conference from their authors

and used these judgements as part of their test collection of scienti�c publications. Fujii et al.

(2006) constructed a test collection for the NTCIR-5 patent search task using expert reports

for patents rejected by the Japanese Patent Of�ce (JPO). The authors automatically extracted

relevance judgements for their test collection by harvesting citations from the JPO reports used

speci�cally to refute an applicant's patent demand. Fujii et al. (2006) argued that the harvested

citations are authoritative relevance decisions because cited patents are identi�ed by examiners

of the JPO who are expert assessors of relevance. The same principle is applied by Graf and

Azzopardi (2008) to cases from the European Patent Of�ce (EPO).

Ensuring Principle 4 My test collection should also ensure principle 4, the exhaustiveness

of relevance judgements, but it is clear that it is not feasible to assess 439,000+ documents for

relevance to the 100 or so queries I would most likely require. I therefore cannotguaranteethat

relevance judgements for my test collection are complete.

However, I claim that relevance judgements procured from MathOver�ow using my proposed

method are approximately complete, because of the fast response time to MO questions. I

analysed 120 threads according to how long they have been exposed to experts on MathOver�ow6,

using the following 6 statistics:

1. qcreated andacreated. The number of days eachquestion andanswer respectively

has been exposed to the MO community at the time the MO data dump was generated

(20/10/2014).

2. qedit creation andaedit creation: The number of days from the date aquestion and

answerrespectively was created to the date it was last edited by the author of the question.

3. qedited andaedited. The number of days from the last edit of aquestionandanswer

respectively to the date the data dump was produced.
6These are the 120 threads selected for my test collection, as will be described in section 3.2.4.
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Table 3.2 shows that re�nement of questions on MO happens quickly, with a median time from

edit to question creation being 0 (qedit_creation statistic, row 3 of Table 3.2). Questions

used as topics in my test collection have been exposed to the MO community for a long period

of time in their �nal edited form: the mean and median of theqedited distribution is 813.6

and 772.5 days respectively. I therefore assume the questions remained static because they are

now of high quality (whether they were changed or not).

Scrutiny of answers on MathOver�ow also happens quickly, as row 6 shows: a median of 0 for

theaedit_creation statistic indicates that answers tend to be modi�ed mainly during the

�rst 24 hours of being posted on the site. Furthermore, answers from which relevance judgements

for my test collection have been obtained have had long exposure since their �nal edit, with

median and mean number of days since their last edit being 745.5 and 815.7 respectively.

Statistic Min. 1st Qu. Median Mean 3rd Qu. Max. Threads
1 qcreated 39.0 393.5 745.5 796.6 1228.2 1544.0 120
2 qedited 10.0 342.5 772.5 813.6 1288.0 1544.0 68
3 qedit creation 0.0 0.0 0.0 71.5 2.3 1442.0 68
4 acreated 37.0 364.8 737.0 783.5 1220.0 1542.0 120
5 aedited 66.0 430.0 745.5 815.7 1278.5 1542.0 58
6 aeditcreation 0.0 0.0 0.0 21.1 1.0 727.0 58

Table 3.2: CUMTC: Length of exposure of MO questions to experts on the site.

This means that the questions and answers used to produce my test collection have been

exposed to a community of highly motivated experts for a relatively long period of time (median

and mean number of days since their last edit being 745.5 and 815.7), while most questions

are answered very quickly (most during the �rst 48 hours of being posted on the site). Given

the amount of exposure the answers have had, it is reasonable to assume that missing relevant

citations would have been pointed out quickly and harvested by my process (to be detailed in

Section 3.2.4) from either the answers or the PA comments.

There are constraints on the questions of MO threads that will be included in my test collection.

Questions should not be too broad or vague but rather express an information need that can be

satis�ed by describing objects or properties, stating conditions and/or producing examples or

counter-examples. It is this property that makes an information need clear. The constraint on

questions ensures that selected MO questions represent atomic information needs that can be

satis�ed by a self-contained answer involving concrete mathematical constructs: we are looking

for questions with tangible answers.

MathOver�ow questions represent real-life and research-level information needs because they

arise from doing mathematics research (Tausczik et al., 2014). According to Tausczik et al., the

mathematical problems underlying MO questions are (a) novel to the mathematician asking the

question and (b) require original work but are solvable by domain experts. MO questions tend to

be precise and unambiguous expressions of information needs because of moderation according

to the house rules (Tausczik et al., 2014). This means that questions on MO are answerable,
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Prelude There is a question someone (I'm hazy as to who) told me years ago. I found it
fascinating for a time, but then I forgot about it, and I'm out of touch with any
subsequent developments. It's a challenging question if I've gotten it right. Here it
is:
Suppose you have some kind of machine with two buttons, evidently designed by
people with poor instinct for UI. The machine has many states in which the buttons
do different things. Here are the assumptions:

• There is no periodic quotient of the state space: no way to label states by an
n-cycle so that both buttons advance the label by1 mod n.

• It is not reversible: there are situations when two states merge into one.

• It's ergodic: you can get from any state to any other state by some sequence of
buttons.

Now suppose its dinky little LCD is faded or broken, so you can't actually tell what
the state it's in. (Formally, this is a �nite state automaton, or an action of the free
2-generator semigroup on a �nite set, and asks whether some element acts as a
constant map).

SQ-1 Can anyone better identify the problem or �ll in the history, and say whether it's
still unsolved?

SQ-2 Is there necessarily a universal reset code, a sequence that will get you to a known
state no matter where you start?

Table 3.3: MO post 38437, prelude and sub-questions.

real-life high-quality research-level information needs, and using them in my test collection

should therefore satisfy Property 1 (Section 2.3.1).

Practically, I harvest the questions in the following way: The question body (text and formulae)

of a MO thread can be considered as descriptions of information needs from which speci�c

queries can be generated separately; following TREC tradition (Section 2.4.2), I therefore refer to

MO questions astopics. Questions on MO often have multiple sub-questions, which I will refer

to asmicro-topicssince they encode atomic information needs. I also observed that information

in MO questions is typically carried by two types of sentences:preludesentences, which are

used to set the mathematical context (introduce mathematical constructs and results) andquery

sentences, which transcribe the information need itself and are in a discourse context with the

accompanying prelude. For example, the prelude part and two sub-questions in MO question

146554 are shown in Table 3.3.

As far as the acceptable MOanswersare concerned, they must contain at least one citation

to an MREC document. The relationship between the cited resource and the answer can be

classi�ed along two dimensions:

• Totality. A cited resource istotal if it contains all necessary information to derive the answer

for the micro-topic orpartial if it only addresses a special case. Citations that are total are
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often the only resource cited in the answer and/or are explicitly identi�ed as the resource

that completely answers the question by the answerer, whereas citations that are partial are

often accompanied by a range or condition.

• Directness. A cited resource isdirect if the answer can be derived with little intellectual

effort from its text, orindirect if the same information requires considerable effort (such as

mathematical deduction or reasoning) for the questioner to reproduce.

I will now give an example of a direct and total citation.

Question: I am looking for a reference which shows that the following statements are

equivalent for a complex vector bundleE:

• E is a holomorphic vector bundle.

• There is a Dolbeault operator�@E , i.e. aC operator �@: 
 0;0(E) ! 
 0;1(E) which

satis�es the Leibniz rule and�@2
E = 0.

This is stated without proof in Huybrechts' Complex Geometry: An Introduction.

Answer:

A. Moroianu gives a detailed proof on pp. 72-74 of his Lectures on Kähler geometry

(Theorem 9.2), available on the internet. (The preprint has it as Theorem 3.2.)...

Looking into the actual MREC document, we can see that the solution is quite short:

The answerer also uses the citation to outline the requested result and traces its origin to other

authors.

Ensuring Principle 2 While ideally all answers in my test collection should be total and direct,

there are also cases of non-total and/or indirect answers. Principle 2 is the most challenging to

verify because mathematical content often requires a synthesis of intermediate results through

deduction and resolution. As a result, two or more papers that appear to be independently relevant

(or not relevant at all) might be jointly relevant if results from both are synthesised in the answer.

Here is an example of such a case, where the answer must be synthesized from material given by

the answerer with more or less mathematical deduction7:

Question: It is well known that ifc(K ) = 2 n + 1, thenu(K ) is less thann + 1. It

can not be sharper because of the trefoil knot. On the other hand, ifc(K ) = 2 n, then

similarly we haveu(K ) is less thann + 1. I think u(K ) = n is impossible in this case,

i.e. there does not exist a knotK with c(K ) = 2 n andu(K ) = n. Maybe it is fairly

easy, but I have no idea how to deduce it. Any hint is welcome :) .
7MathOver�ow thread 109218
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In this case the answerer responds with a direct citation:

You can see the answer in Proposition 2.1 of link text .

The questioner then documents the reasoning he or she has performed, using the material in

the cited document, in the PA comments to construct the answer:

Thank you very much for your response. Given a knot withc(K ) = 2 n, thenu(K ) �

a(K ) � n � 1. Althougha(K ) (the ascending number) is not easy to calculate in

general, it works well in this question.

The test collection constructor must follow the argumentation for the right answer during this

process. My test collection construction algorithm (in particular the determination of totality and

directness) therefore carefully documents these argumentation steps so that principle 2 problems

can be addressed. The role of citations in this argumentation is an important aspect: the clearer

the argumentation for the right answer, the simpler the process of determining the role of cited

resources.

Citations and Inference Let us now look at the roles a citation can play in answering a

particular sub-question:

1. Complete: The cited resource gives the full answer to the question.

2. Component: The cited resource is used to import components (results such as theorems,

lemmas etc.) that are necessary to compose the answer (e.g., through inference). This can

be acceptable, if all necessary components for a proof are present.

3. General: The cited resource contains a more general result than the one asked for by the

questioner.

It is not uncommon for answerers to cite results that are more general than what is needed

to resolve the question. For example, in response to the question8:

Let An = f a � b : a; b2 N; a; b� ng. Are there any estimates forjAn j? Will it be

o(n2)? .

the answerer responds:

This question is known as the multiplication table problem, and was originally

posed by Erd�os in 1955. Erd�os proved thatjAn j= o(n2), and this was sharpened

by Tenenbaum in 1984. In 2008, Ford gave the exact magnitude and proved that

jf a � b : b � N gj �
N 2

(log N )c(log logN ))3=2

8MathOver�ow thread 108912
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where

c =
(1 + log log 2)

log 2

In 2010 Koukoulopoulos gave multidimensional generalizations of Ford's result,

proving that

jf a1 : : : ak+1 : ai � N for all igj �
N k+1

(log N )ck (log logN )3=2
g

, where

ck =
Z k

log( k +1)

1
logxdx

log(k + 1) + k log(k) � k log log(k + 1) � k
log(k + 1)

Sometimes, a partial or more general result is the only result available to a particular

mathematical problem. Therefore, if an MREC citation addresses a more general form of

the questioner's problem in my test collection, I will accept it, provided the general result is

self-contained in the cited document.

4. Example: The role of the cited resource is to point to examples and counter-examples. This

will also be accepted, if the example was what the questioner asked for.

Apart from these 4 useful roles, there are also 5 different ways how a citation can be only

marginally related to answering the question:

1. Informational : The cited resource is used by the answerer to point to more information that

can provide details to related material. Reading the resource, however, is not necessary for

constructing the answer and informational citations are not useful as relevance judgements.

2. Starting point : The cited resource is included as a starting point from which the questioner

can start looking for the answer. Starting point citations are not useful as relevance judge-

ments because considerable intellectual effort is required to derive the answer from their

content.

3. Background: The cited resource is used by the answerer to direct the questioner to

background material and is not directly relevant to the argumentation in the answer. As a

result, citations to background material are not useful as relevance judgements.

4. Irrelevant : The citation is irrelevant to the question. I label a citation as “irrelevant” if the

questioner explicitly characterises the cited document as such in the PA comments section.

5. Unclear: The role of the citation is not clear from the text of the answer. I assign this role

when the role of a citation in forming the answer is unclear, or byexclusion: nothing else

best describes their role. Citations whose usefulness is unclear, with respect to obtaining

the answer, are not included in my test collection as relevance judgements.
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After completing this discussion of factors playing into the process of selecting suitable MO

questions and MO answers with citations, I will now describe the practical algorithm for creating

the MO test collection.

3.2.4 The Construction Process

Data Preparation

Any MO data dump9 encodes mathematical expressions in posts as embedded LATEX code

– $<formula code> $ for inline expressions and$$<formula code> $$ for formulae in-

tended for display on a separate line. I used theLatexMathML tool to convert LATEX into

MathML in order to ensure maximal compatibility with the MREC: this is the same tool used by

the creators of the ArXMLiv and MREC corpora for the same conversion (Stamerjohanns and

Kohlhase, 2008; Stamerjohanns and Kohlhase, 2009; Stamerjohanns et al., 2010; L�́�ska et al.,

2011).

The �rst step in my construction process is to identify MO threads whose accepted answers

cite at least one MREC document (but may also include additional citations external to the

MREC).

I used MREC meta-data, �le paths and arXiv document IDs to compile a list of over half

a million simple string patterns that re�ect how a document might appear within a URL to

arXiv.org. For example, the MREC document with arXiv ID “0910.0885” (Gauld, 2009) might

be cited in an MO answer using a URL to its pdf, or to the arXiv.org page for that document.

Thus, my program generates one string pattern for each method:

(a) “https://arxiv.org/pdf/0910.0885.pdf ”;

(b) “https://arxiv.org/abs/0910.0885 ”.

I sampled MO threads with citations in their answers using the following string matching

signals:

• match speci�c terms such as “reference”, “check this”, “read”, “found here”, “article”,

“paper”;

• match URLs pointing to pdf, doc or ps documents;

• match references to years after 1800, such as 1985 and 2001;

• match page number references, such as “p. 27–39”, “page 27-39”, “27–39”;

• match references to volume and number such as “191 (2012)”, “191:2”, “no. 2”, “number

2”.
9I used the MO data dump of 20/01/2014.
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The list of simple patterns is input to a �nite-state transducer (FST) that decides whether a

candidate URL in an MO answer contains one of the patterns in the list. My FST is implemented

using the Aho-Corasick algorithm multi-pattern string matching algorithm (Aho and Corasick,

1975). The list of patterns is compiled into an Aho-Corasick automaton that can match all

patterns simultaneously in one pass of the input text. Matchingm patterns against a candidate

URL of lengthn characters takesO(n + m).

Finding citations to MREC documents by looking at URLs in MO answers is prone to

producing false negatives. For example, answerers might cite MREC documents using their

title, rather than URLs to arXiv.org. My approach is a compromise induced by the scale of the

problem. Out of a total of 47,753 discussion threads, my method has identi�ed 357 as having

accepted answers citing at least one MREC document. I will refer to this set of 357 threads as

the “seed set”.

Manual Assessment

In the manual assessment phase, I further �ltered the 357 threads found in the previous phase.

First, I identi�ed individual sub-questions in MO questions. This is a necessary re�nement since

sub-questions correspond to atomic information needs and correspond to distinct micro-topics

in my test collection. Second, I inspected the answers and assigned roles to each citation, with

respect to every sub-question in the thread.

Although it is guaranteed that each answer in the seed set contains at least one citation

to the MREC, it might also contain additional citations to external resources. But if a sub-

questions relies solely or partially on citations external to the MREC in order to be answered,

the sub-question must be excluded from the test collection. Third, I evaluated the suitability of

sub-question/MREC citation pairs with respect to the ideal requirements above. Pairs that meet

both criteria are included in my test collection as micro-topics and relevance judgements. This is

done in the following 8 steps:

Step 1. I manually segmented the question part of each MO thread into sentences, and dis-

tinguished those that express a question (as “query” sentences) from those that introduce the

mathematical context (as “prelude” sentences).

Step 2. I grouped “query” sentences into separate sub-questions, each group representing

an atomic information need. To do so, I needed to determine whether a “query” sentence is

independently related to the “prelude” sentences, or if it is bound to sub-questions expressed in

other “query” sentences in the thread. Finally, I assigned a unique identi�er to each micro-topic

(i.e., a sub-question and all “query” and “prelude” sentences related to it). (This is often trivial

as questioners tend to itemise or explicitly number their sub-questions.)

Step 3. I examined post-question (PQ) comments for question answerer's acceptance of

answers. In some occasions, the answer is �rst posted in this part of the discussion, which could
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also mean that the questioner's con�rmation of the usefulness of the answer might also be found

there.

Step 4. I constructed a step-by-step derivation of the answer for each sub-question in the thread.

If MO answers are complex, contain a pointer to the answer instead of an explanation and/or the

explanation contains citations to both MREC and non-MREC documents, this is a prerequisite

for steps 5 and 6. Complex MO answers are those that (a) are long, (b) are broken-up in many

sub-cases/steps, or (c) involve some calculation and/or make use of notation that is speci�c to

the underlying mathematical domain.

When constructing the derivation, I followed mathematical argumentation from both the

answer and the MREC document cited therein using cues from the text. Set phrases in the answer

text, such as “it follows” and argument patterns such as “since X, we have Y” are often good

signals of mathematical inference. For each step in the mathematical derivation of the answer, I

copied its sentences ad verbum on a clean sheet of paper. This process resulted in a numbered

sequence of steps that answer the question.

Step 5. For each subquestion, I identify the relevant parts of the answer from Step 4. (This

task can be trivial in cases where the questioner has enumerated sub-questions explicitly.) In

most cases I found that this mapping can be done in an objective manner by following the

argumentation and observing the names of the mathematical objects and structures involved.

Step 6. For each sub-question, I considered all MREC citations from the answer associated

with it (steps 4 and 5), and assessed each citation's role and relevance to the sub-question. I used

the 4 useful and 5 less useful labels from page 70 to do so.

Step 7. In this step I decided whether every sub-question/MREC citation pair in the MO

question will be part of my test collection or not. Making this decision involves two sub-steps.

First, I test whether the sub-question is clear and its answer produces a concrete example,

mathematical object or structure. If it isn't, the sub-question/MREC citation pair is rejected.

Second, I used information from steps 4, 5 and 6 to decide whether an MREC citation

is useful as a relevance judgement. Pairs with citations that are assigned the “background”,

“informational”, “starting point” , “unclear” and ”irrelevant” roles are excluded from my test

collection because they are in violation of Principle 1.

For each remaining candidate pair, I used information from steps 4, 5 and 6 to decide whether

the pair was total, and whether it was direct. The step-by-step reconstruction of the argumentation

in the answer (step 4) is useful in two ways. First, it enables me to identify whether a citation

was used to import only a small part of the answer (e.g., a “component”). In this case, the pair

is in violation of criterion 2 and is rejected. Second, it allows me to quantify the amount of

deduction needed to derive the answer from the cited documents: an MREC document that

answers the sub-question using some deduction and/or resolution is acceptable provided it does
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so in a self-contained manner (e.g., only uses theorems developed in its body). All non-direct

pairs are immediately rejected.

Pairs that are total or partial on the totality axis and direct on the directness axis satisfy criterion

2 of the ideal standard and are included in my test collection. I accept pairs classi�ed as “partial”

on the totality axis because their MREC citations are relevant to the sub-questions, despite the

fact they only address a special case.

Step 8. I read through the PA comments and looked for con�rmation of the usefulness of the

answer/citations by the questioner (most acceptances are found during this step). Sometimes,

I also found expressions of doubt by the question answerer in the PA comments, which might

lead to the exclusion of subquestion/citation pairs. Additionally, I looked for additional MREC

citations in the PA comments supplied by either the answerer or the questioner. Such additional

MREC citations posted by 3rd-parties can also be included in my test collection provided that

their usefulness is con�rmed by the questioner in the PA comments.

This process is reasonably objective because it delegates all domain-speci�c decisions about

relevance to experts on the website; the process is systematic and requires little expertise in

mathematics for anybody to apply it. (My supervisor and myself independently applied my

process on 6 example MO threads and agreed on the classi�cation of relevance judgements in 5

of these cases.) In all cases, the questioner remains the ultimate judge of relevance (by either

accepting an answer directly or by explicitly commenting on the relevance of posted material, as

recorded in steps 3 and 8 of the process).

At the end of this process, 120 threads covering 160 micro-topics have been determined to

be compatible with the ideal-standard criteria and have been accepted for inclusion in my test

collection. Examples of the application of my process to MathOver�ow threads are discussed in

Appendix B.1.

3.2.5 Test Collection Overview and Statistics

The completed CUMTC contains 160 micro-topics, organised in 120 topics (MO threads). It

contains 184 positive relevance judgements involving 224 unique MREC documents; with all

other MREC documents being declared as irrelevant by de�nition.

Micro-topics 1 2 3 � 4 Total
Instances (topics) 88 24 8 0 120
Percentage (topics) 73.3% 20.0 % 6.7% 0%

Table 3.4: Topic/Micro-topic break-down

Table 3.4 is a break-down of topics by the number of micro-topics they encapsulate. The vast

majority of topics (93.33%) have either 1 or 2 micro-topics, with the average being close to 1

(1.33).
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Relevant documents 1 2 3 4 Total
Instances (topics) 97 21 1 1 120
Percentage (topics) 80.83% 17.5% 0.83% 0.83%
Instances (micro-topics) 140 17 2 1 160
Percentage (micro-topics)87.50% 10.625% 1.25% 0.625%

Table 3.5: Number of relevance judgements per topic (above) and micro-topic (below).

Table 3.5 shows that the majority of topics (80.83%) have only one relevant document while

a further 21 (17.5%) have two relevant documents. Two topics have more than 2 relevant

documents: one with 3 and another with 4. In terms of micro-topics, this corresponds to 140

micro-topics (87.50%) with 1 relevant document, 17 (10.625%) with 2, 2 micro-topics (1.25%)

with 3 and just one (0.625%) with 4 relevant documents. Only 12.5% of micro-topics have more

than one relevant document.

As shown in Table 3.6, 106 topics (88.33%) contain a mixture of text and formulae while 14

(11.66%) topics only contain text. In terms of micro-topics, 116 (72.5%) contain both text and

formulae in their body while the remaining 44 (27.5%) only contain text.

Formulae + text Text only Total
Instances (topics) 106 14 120
Percentage (topics) 88.33% 11.66%
Instances (micro-topics) 116 44 160
Percentage (micro-topics) 72.50% 27.50%

Table 3.6: Number and percentage of topics and micro-topics with and without Formulae.

Distribution Min. 1st Qu. Median Mean 3rd Qu. Max.
Words 4.0 46.5 97.0 107.3 153.5 371.0
Formulae 0.0 0.0 5.0 7.24 10.0 55.0
All tokens 4.0 52.5 102.5 114.6 157.0 426.0
Formula-to-Token ratio 0.0 0.0 0.060 0.062 0.097 0.214

Table 3.7: Statistical distribution of tokens (formulae and words) in 160 micro-topics.

Table 3.7 shows the distribution of tokens (formulae and words) that make up the micro-topics

in my test collection. On average, there are 107 words in the micro-topics, with a maximum of

371 words. In contrast, on average there are about 7 formulae per micro-topic, with a maximum

of 55 formulae. The formula-to-token ratio, that is the proportion of formulae over all tokens,

averages at 0.062 with a maximum of 0.214, as shown in the bottom row of Table 3.7.

Development Set I also had to compile a development set that is distinct from the main

collection. However, sometimes it is necessary to observe how changes in a retrieval model affect

performance, carry out model tuning and assess retrieval ef�ciency under different con�gurations.

Being reserved for evaluation, data in my test collection cannot be used for this purpose. In

this thesis, the development set is necessary to objectively approximate the� parameter for
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the Tangent system (Section 2.2.5), for example. Topics and relevance judgements in the test

collection are expensive to procure – they are sparse in the data and considerable effort is required

to evaluate their suitability. My test collection is intended to be used as a standardised evaluation

set enabling evaluation on unseen data.

Ideally, the development set is composed of material that is comparable to that in the main

collection. Thus, one way of producing a development set is to reserve a small subset of the main

test collection for development. However, I chose not to follow this approach for the following

reasons:

1. I opted to keep my evaluation set as large as possible in order to increase con�dence in the

statistical soundness of my evaluation.

2. Since a development set is not intended to be used for formal evaluation, the criteria for

selecting MO threads for development can be relaxed. For example, during the compilation

of the main test collection, I laboriously attempted to establish the connection between

topic and document as well as the completeness of the relevance judgements with high

con�dence. Moving data-points of this quality to a development set would be wasteful.

Instead I used those MO threads that were not included in the main test collection for “bor-

derline” reasons. The resulting development set is small, a total of 13 micro-topics, 8 of which

contain both formulae and text.

3.3 Chapter Summary

This chapter presented a methodology for constructing test collections composed of real-life,

research-level mathematical information needs. Information needs and relevance judgements are

procured by observing questions and answers on the MathOver�ow online website, a community

of expert research mathematicians.

My method generates reasonably objective and veri�able relevance judgements and it can be

applied without detailed knowledge of the domain matter. The end product of my process, the

Cambridge University Mathematics Test Collection (CUMTC) is a test collection that is:

• realistic, because it models the operational setting of searching for research-level mathemat-

ics: (a) the topics in my collection are information needs from real research mathematicians

(section 3.2) and (b) the documents in my test collection are representative of the kind of

documents research mathematicians search for (section 3.2.1).

• suf�ciently consistent with principle 1 in section 2.4.3, i.e., they are derived from real users

with relevance judgements by the same user. MO questions in my test collection have

answers that have been implicitly approved by the authors of the corresponding questions.

As we have seen in sections 3.2.2, MO questions tend to be answered not long after being

posted on the site.
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• suf�ciently consistent with principle 2 (independence of relevance judgements) in sec-

tion 2.4.3. My process for selecting micro-topics explicitly addresses the problem of

relevant mathematical results being distributed in multiple, interdependent documents

(section 3.2.4).

• consistent with principle 3 of section 2.4.3, because relevance judgements are binary

relevance judgements and constant (the test collection is static).

• suf�ciently consistent with principle 4 (completeness) of section 2.4.3, and thus reusable,

because of the prolonged exposure to a very reactive platform. On this platform, experts

respond quickly, which ensures that all known relevant documents are identi�ed. In a

context like research-level mathematics, there are by de�nition few relevant documents per

question (most likely one for most questions).

• composed of high quality relevance judgements, because they have been produced by

authoritative domain experts (section 3.2.2). As demonstrated by Bailey et al. (2008),

experts produce relevance judgements that are of higher quality than those produced by

non-experts.

In the next chapter I will introduce mathematical types in detail, describe two algorithms for

automatic type extraction from large mathematical corpora, and present classical, text-based

retrieval models with type-aware extensions. Chapter 5 will build on the idea of types by devising

a machine learning task for assigning types to variables as denotations. In chapter 6, I will

develop typed retrieval models that exploit the link between variables and types. I will use

my test collection CUMTC to evaluate my text-based type-aware and typed retrieval models in

chapter 7.
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Chapter 4

Mathematical Types for Retrieval

Mathematical types are sequences of one or more words used to label mathematical objects

(e.g., “set”, “smooth curve”), algebraic and non-algebraic structures (e.g., “graph”, “monoid”,

“group”) and mathematical notions (e.g., “cardinality of a set”). Mathematicians adopt consistent

labels for concepts in order to evoke them in the learned discourse without having to rede�ne

them. The collective of mathematicians decides which concepts are important enough to be

named and what labels are used to evoke them. Gradually, labels for well-understood concepts in

each specialisation enter the mathematical lexicon in predictable ways. As named mathematical

concepts shared between mathematicians, types play a central role in communicating mathe-

matical information: they enable mathematicians to manipulate mathematical concepts, assign

properties to objects and prove assertions about them. Types are central to my investigation, and

the hypotheses in this thesis stem from the above observations about types.

In this chapter, I will develop the infrastructure needed to perform MIR experiments based on

textual types, and lay the foundations needed for joint text and formula retrieval based on types.

I will describe methods for automatic type detection in section 4.2. Since types in query text are

subject to sparseness, I will explain how query expansion can be applied using query types to

match similar but not identical types in documents (section 4.3). In section 4.4, I will explain the

pipeline I built to perform practical textual typed retrieval. I will extend existing bag-of-words

retrieval models to perform text-based retrieval based on types as atomic tokens, rather than

multi-word phrases. At the end of this chapter, this puts me in a position to empirically test my

�rst hypothesis, which posits that research level math IR will bene�t from treating mathematical

types in text as atomic units.

A little preview into chapters 5 and 6 before I get into the topic of this chapter: my second

hypothesis is that joint modelling of textual and symbolic information is bene�cial to retrieval

effectiveness. I will use type information to connect the two. There are two modalities of types:

the explicit, textual one and the symbolic one which is implicit, i.e., has to be inferred. Types

naturally mediate between the textual and symbolic contexts: mathematically, they are associated

with variables and thus the formulae, and linguistically, they are explicitly described in text. This
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observation will eventually allow me to develop MIR models where the equivalence classes used

in both indexing and scoring have access to more information, e.g., can perform a simple form

of type inference. On the way to get there, chapter 5 will provide a method to perform variable

typing automatically, and chapter 6 will exploit the type link for practical joint text and formulae

MIR.

I now turn to notation:

De�nition Typed variable notation. The notation

v1; : : : ; vn :: T

means variablesv1; : : : ; vn have been assigned typeT, or equivalently:

v1 is typedT, v2 is typedT, : : :, vn is typedT.

De�nition Inference notation. I will use the following notation to de�ne rules of shallow type

inference :

rule name
premise1 ^ : : : ^ premisen

conclusion

Let us now return to the notion of� equivalence (introduced on page 27). Annotating

Symbol Layout Trees (SLTs, Section 2.2.1) with type denotations for variables can be useful

in identifying semantically distinct but syntactically equivalent (� -equivalent) mathematical

expressions. Consider, for example, the� -equivalent expressions (1)a+ band (2)x + y. Suppose

thata; b :: NUMBER andx; y :: V ECTOR. From a lexical point of view, the expressions

(1) and (2) are indistinguishable as they share the same structureExpr 1 + Expr 2. In contrast,

with typing applied, the two expressions can be shown to have semantic distinction since (1) is

semantically addition of numbersNUMBER 1 + NUMBER 2, while (2) represents addition of

vectors:V ECTOR1 + V ECTOR2. Instances of this distinction may result in an improvement

in precision due to a reduction to the number of false positives.

Conversely, expressions that contain different lexical tokens may be semantically equivalent.

In the context of the earlier example, suppose thata; b; x; y :: NUMBER . Given this type

information, an intelligent MIR system would be able to deduce that formulae (1) and (2) are

identical, despite their lexical differences. Retrieval based on typing mathematical expressions

using types in the text should be able to identify such instances and improve recall. I will

introduce and evaluate models based on this approach in chapters 6 and 7 respectively.

Types are technical terms and are thus implicitly organised, through compositionality, in a

hierarchy of concepts (section 4.1). For example, a “Complete Metric Space”, is a specialisation

of “Metric Space”, which in turn is a specialisation of “Space”.

In my approach to typed retrieval, I exploit compositionality of types to make inferences about

the relatedness of types and typed variables viatype-casting: If type T1 is a subtype of typeT,

thenT1 can be considered, for the purpose of typed indexing and retrieval, an instance ofT. This

implies that any inference that can be applied toT can also be applied to its subtypes:
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type-cast
T1 � t T

inf (T) =) inf (T1)

where� t is the transitive re�exive closure of the subtype relation, andinf is any type inference

operation. In the context of this thesis, type casting is an informal and on-the-surface form of

type coercion introduced by Ganesalingam (2008). The type coercion relation generalises the

ideas of subtyping and type casting in a formal type system.

I use three informal type inference rules to build an off-line dictionary of types and to perform

typed indexing and retrieval:

1. Type detection: If I know that T is a type andT1 is a longer phrase withT as its suf�x,

thenT1 is also a type:

type-intro
istype(T) ^ T1 � s T

istype(T1)

whereA � s B is the suf�x relation:

“B is a suf�x of A of arbitrary length up to and including B”.

This rule is therefore called thetype-intro rule.

2. Type disambiguation(Section 6.3.1). Suppose that a variablex is assigned two different

types at different points in the mathematical discourse, say using the following sentences:

Let x be aBorel subgroup.

Let x be aparabolic subgroup.

In typed retrieval a type-aware indexer must decide which of the two candidate types (“Borel

subgroup” and “parabolic subgroup”) to assign tox. In section 6.3.1 I propose the use of a

type disambiguation algorithm. One component of my algorithm is the following rule:

type-disamb1
T1 � t T ^ : : : Tn � t T ^ x :: T1 ^ : : : x :: Tm ^ 1 � m � n

x :: T

In the context of the example above, the application of this rule would determine that the

most general type forx (i.e., the most general uni�er type) is the supertype of both candidate

types: “subgroup”.

3. Type uni�cation : Two variablesa :: T1 andx :: T, coming from different formulae, are

type-uni�able if the type of one (T1) is a subtype of the other (T):

type-unif
a :: T1 ^ x :: T ^ T1 � t T

ofsametype(a; x)
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In section 6.4.1 I will describe typed retrieval models based on tree matching that reward

structurally identical query–document formulae pairs that are also type-uni�able. The type

embedding space complements thetype-disamb1 and type-unif rules above in my

implementation of type disambiguation and uni�cation (sections 6.3.1 and 6.2 respectively). In

both implementations, I will use the type embedding space to discover new types that are related

to both candidates when the candidate types have no common supertype. In text-based retrieval,

I will use the type embedding space to expand queries in the CUMTC with related concepts.

In the next section I will present a detailed de�nition of mathematical types and discuss the

linguistic properties of types, as a special case of technical terms. Subsequently, in section 4.2

I will present two algorithms for automatic type detection. I apply my algorithms to extract

a type dictionary from the MREC, but my methods can be applied on any large mathematical

corpus. I discuss how I built my type embeddings space in section 4.3. In section 4.4, I introduce

type-based text retrieval of research-level mathematics in order to investigate the �rst hypothesis

of this thesis. In section 4.5, my approach to modelling mathematical concepts using types will

be compared to other models proposed in the MIR literature.

4.1 De�nition of Mathematical Types

There is a close relationship between my de�nition of types and technical terms – mathematical

types are a subset of technical terms. The structure and statistical properties of technical

terminology are generally well understood. Most technical terms are noun phrases, but in some

rare cases, technical terms might also contain verbs, adverbs or conjunctions (Justeson and Katz,

1995). Justeson and Katz de�ned technical terms as a special instance of noun phrases called

lexical noun phrases– noun phrases whose meaning cannot be unambiguously determined by

the meanings of the words that compose them. As a result, technical terms have to be repeated

as full lexical noun phrases in the discourse – omitting modi�ers from a technical term (e.g.,

for abbreviative purposes) will result in a reference to a different concept than the one intended

(Justeson and Katz, 1995). As technical terms are lexical noun phrases that are repeated in

their entirety in the text, they can be automatically detected in a large corpus. One of the most

commonly used algorithms for this is the C-Value algorithm (Frantzi et al., 1998). This algorithm

uses corpus-wide frequencies of a potential term, its subsequences and supersequences1, and

combines these with information gained from the contexts of other potential terms. It also applies

linguistic �lters in the form of a stop-word list and regular expressions over part-of-speech

sequences2.

Gödert (2012) identi�es two additional characteristics of mathematical technical terminology.

First, the majority of concepts in mathematics can be described by technical terms that are

compounds of adjectives and nouns. Second, many mathematical technical terms are eponyms,
1The sequences that contain the potential term as subsequences.
2Details of the algorithm can be found in the appendix A.1.5.
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i.e., named after their inventors with additional pre and post modi�cations (e.g., “re�ned Noether

normalization theorem”, “abstract Hilbert space theorem”).

A type is any technical term that is (a) perceived by mathematicians to refer to mathematical

objects, algebraic structures and mathematical notions and (b) can be instantiated in the discourse

in the form of a variable. While this notion of a type is intuitive to most mathematicians (as I

will demonstrate in section 4.2.2), it is nevertheless hard to produce a concrete list of properties

a technical term must adhere to in order to be considered a type. As a result, I will take a

constructive approach to de�ning types: I will describe which technical terms can be considered

to be types, give examples and identify exceptions. All other technical terms can be considered

to be non-types.

A mathematical object is anything that can be formally de�ned and manipulated in the

discourse as part of formal deductive reasoning and/or proofs. Some objects such as “Number”,

“Matrix” and “Set” are considered basic and are never explicitly de�ned by mathematicians

(Ganesalingam, 2008).

Mathematical structures (including algebraic ones), like objects, take part in mathematical

manipulation but are de�ned as collections (or tuples) of other objects. As an example, consider

the following de�nition taken from Diestel (2012):

A graph is apair G = ( V; E) of setssatisfyingE � [V ]2; thus, theelementsof E

are 2-elementsubsetsof V . To avoid notational ambiguities, we shall always assume

tacitly thatV \ E = ; . Theelementsof V are thevertices(or nodes, points) of the

graph G, theelementsof E its edges(or lines).

where the words in bold are technical terms that refer to mathematical structures and words in

italic are references to mathematical objects. Both of these are types.

Mathematical notions are abstract mathematical concepts that can be instantiated as variables

or can take the form of other objects. For example, an “envelope of elliptic trajectories” can be a

“parabola” (Richard, 2004) or an “ellipse”3.

Named axioms, theorems and conjectures are also considered to be types since they refer

to universally accepted, formally de�ned constructs for the purpose of argumentation (e.g., to

complete a proof). Named results have an additional utility in information retrieval; they posses

discriminating power because they often refer to concepts that uniquely identify the related topic.

For example, the “initial value theorem” is distinctively associated with topics in mathematical

analysis.

Types are part of the mathematical terminology, but not every technical term is a type.

Examples of non-types include:

• references to mathematical procedures (e.g., “proof by contradiction”);
3See answer in MathOver�ow question 30402http://mathoverflow.net/questions/30402/

parabolic-envelope-of-fireworks .
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• elements of the mathematical discourse (e.g., “Theorem 4.1”, “left-hand-side”);

• characterisations of mathematical notions (e.g., “statistically signi�cant”);

• properties of operators (e.g., “Associativity”);

• mathematical processes (e.g., “Differentiation”) and

• theories (such as “Chaos”). Note that mentions of mathematical theories are ambiguous:

it is often unclear whether they refer to a branch of mathematics or to a formally de�ned

construct.

These examples are not types because either

(a) they are not explicitly referring to mathematical constructions (i.e., they cannot assign

meaning to variables);

(b) their role in the discourse is indirect (e.g., properties capture relationships between concepts,

see below) and

(c) they are used as discourse labels for anaphoric purposes (e.g., “Theorem 4.1”).

I will now explain further why I do not treatpropertiesas types in this thesis. First, properties

as technical terms fail the instantiation test – they cannot be instantiated or manipulated in

the discourse as variables. For example, mathematicians would write “Letx be anassociative

operator” but not “Let x be associativity”. Second, properties model the interaction between

objects whereby one object modi�es another. For example, consider the following sentences:

Let � be a binary operator overR.

Suppose that� is associative.

In the �rst sentence the symbol� is introduced as a binary operator in the discourse. This

binary operator is subsequently modi�ed further to become anassociative binary operatorin the

second sentence. Operationally, the second sentence updates the context such that the equation

underpinning the associativity axiom (the modi�er object) is presumed to be true for the object

introduced in the �rst sentence and denoted by� (the object being modi�ed). This interaction is

distinct from the one I intend to model in this thesis, namely the assignment of types from the

textual modality as denotations to variables in the symbolic modality.

Gödert (2012) notes that a unique characteristic of mathematical terminology is that it re-

purposes words from everyday life, such as “�eld”, “chain” and “root”. In mathematics, these

words assume meaning that is different from that of everyday use. This accounts for the fact

that types display a high level of polysemy (“�eld” in Mathematics is a concept distinct to that

in Physics) and synonymy (e.g., “karoubi envelope” is the same as “category of idempotent

arrows”).
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New types can be formed by modifying other types in three ways. The �rst way is through

parameterisation. For example “2-Group” and “G-Function” are parameterisations of “Group”

and “Function” respectively.

The second way was also observed by Katz for all technical terminology: that due to the

structure of technical terms, they are organised as taxonomies, with longer technical terms

being special instances of smaller, more general concepts. This relationship is often mirrored

linguistically: a type expressed by a longer string is often a subtype of the types in its suf�xes.

Compositionality between types is a consequence of how technical terms in mathematics are

formed. So, a second way to form new types is by pre-modifying shorter types with adjectives

and nouns. For example, a “Borel subgroup” is a specialisation of the type “subgroup”, the

former obtained by pre-modifying the latter with the proper noun “Borel”4. A third way to form

new types is by post-modifying shorter types with prepositional phrases. For example, “Set of

Numbers”, “Ideal of a Ring”, “Point on the Plane” and “Set of Matrices” are new concepts based

on “Set”, “Ideal” and “Point” respectively.

Not all type/sub-type relationships are expressed on the surface. For example, it is not obvious

that “Klein Bottle” is a sub-type of “Surface”. As we will see in sections 4.3 and 7.1.2, modelling

the meaning of type labels as type vector embeddings in a type embedding space can serve

to discover topically similar types. This observation can be used to approximate non-lexical

super/sub-type relationships for the purpose oftype disambiguation(section 6.3.1).

4.2 Automatic Type Detection

In order for types to be useful in practice, type phrases must be detectable and extractable at

scale. For this purpose, I developed a type detection algorithm. The algorithm's �rst stage is

based on the intuition that any technical term that is a type will have a corresponding entry in

a mathematical reference resource, such as the Encyclopedia of Mathematics5. The �rst stage

therefore constructs a “seed dictionary” of types. The second stage, which I call the “double

suf�x-trie algorithm”, takes two inputs: the seed dictionary and a list of candidate technical terms

(all technical terms in the MREC excluded from the seed set). The double suf�x-trie algorithm

detects new types in the list of candidates by repeated application of thetype-intro rule.

4.2.1 Creation of Seed Dictionary

The �rst step in the construction of the seed dictionary involves the application of the C-

Value/NC-Value algorithm (Frantzi et al., 1998) on the MREC document collection to extract

technical terms (candidate types). I run the implementation of the C-Value/NC-Value method

distributed with the Jate framework6 on the MREC and obtained a list of 2.8 million technical

term phrases, which I will refer to as the master list.
4Named after Armand Borel, the mathematician who introduced the notion.
5http://encyclopediaofmath.org/
6https://github.com/ziqizhang/jate
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Each record in the output of the C-Value algorithm corresponds to one technical term – an

equivalence class of all variations of the term as observed in the corpus. For example, the

following C-Value record

flat manifold |Flat manifold |flat manifolds |

Flat manifolds |Flat Manifolds |

flat manifold 823.1293931484851

is the equivalence class for the technical term “�at manifold”: forms of the technical term “�at

manifold” in the MREC are recorded in entries separated by the character “j”. The �oating point

number at the end of the record is the C-Value termhood score for “�at manifold”.

In the next step, my process selects technical terms that are likely to be types. A fundamental

assumption of my method is that technical terms that are types have an entry in at least one

online mathematical resource:

1. the Encyclopedia of Mathematics (8730 articles in total at the time of download);

2. Wikipedia articles tagged under the categories “mathematical objects”, “mathematical

concepts”, “mathematical structures” and their sub-categories. I used a 2014 Wikipedia

dump to access articles under the above categories.

I construct the seed dictionary of types by including those technical terms that entirely match

the title of at least one article in the aforementioned encyclopaedias. I consider this a reliable

signal that a technical term is a type: if an entire encyclopedia article is devoted to explaining the

technical term, then it is likely to be an important mathematical concept. For example, consider

the technical term “Riemannian manifold”. The Wikipedia article that describes the concept7 is

titled by the technical term itself, so my method identi�es “Riemannian manifold” as a type.

The application of my method to the MREC (L�́�ska et al., 2011) produced a dictionary of

10601 seed types. Table 4.1 shows 18 example types sampled from three segments of the

C-Value-sorted seed set (6 types per segment): high, medium and low termhood score.

4.2.2 Gold Standard Evaluation of the Seed Dictionary

My de�nition of types is intuitive rather than strictly de�nitional and can therefore be subjective

to a certain degree. As a result, I evaluated the quality of accumulated types with the help of 5

human judges (third-year undergraduate and graduate mathematicians). Participants were shown

a mixed list of types (as determined by the �rst algorithm) and non-types (technical terms that

had been �ltered out by the �rst algorithm as non-types). Without knowing what the source of

each type was, the judges were asked to identify types using a 2-page de�nition of types (15

rules; listed in appendix C).

The technical term list they were asked to judge consisted of 200 phrases and was constructed

by concatenating and randomly shuf�ing two sub-samples:
7https://en.wikipedia.org/wiki/Riemannian_manifold
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Type Termhood score
Top-level terms

vector �eld 51256.58
vector bundle 30062.42
system 25583.11
lie group 25472.74
von neumann algebra 14412.15
riemannian manifold 13236.66

Med-level terms
truncated octahedron 28.90
newton polynomial 28.26
koenigs function 26.76
von karman equation 25.57
ball 20.00
enumerable set 19.02

Low-level terms
conoid -0.23
radially unbounded function -0.54
klein space -2.45
measuring coalgebra -3.75
noetherian space -16.77
hermitian function -19.27

Table 4.1: Examples of identi�ed types grouped by C-Value termhood score.

1. Sub-sample 1 (Types): Two-thirds of the sample (134 technical terms) are sourced from the

seed list of 10601 phrases. This sample represents the technical terms that the �rst algorithm

classi�es as types. Sampling from the seed set allows me to evaluate the decisions made by

the �rst stage of the algorithm, using precision and recall, against human mathematicians. I

sampled phrases by distribution of length, in terms of number of words, in order to make

the �nal sample as representative as possible of the technical terms encountered in the

mathematical discourse.

2. Sub-sample 2 (Non-types): The remainder of the sample (66 phrases) is sampled from the

master list of technical terms with two restrictions:

(a) sampled phrases are identi�ed as non-types by the �rst algorithm;

(b) sampled phrases come uniformly from three equally-sized segments split according to

C-Value score (high, medium and low).

I split the master list into the aforementioned segments and sampled 22 fresh phrases (i.e.,

phrases not in the seed set) from each by distribution of length. The intention behind this

sampling strategy is to present to the judges fresh technical terms that are representative of

the diversity of technical terms in the MREC.

The distribution of phrases in the gold standard sample, in terms of phrase length and source,
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is shown in Table 4.2. An electronic list of the sample was automatically produced and presented

to the judges.

Length of phrase in words
Source 1 2 3 4 5 Total

Sub-sample 1 (types) 22 92 15 2 3 134
Sub-sample 2 (non-types) 2 24 23 13 4 66

Total 24 116 38 15 7 200

Table 4.2: Distribution of phrase length in the annotation sample.

Precision and recall of the �rst type detection algorithm isP = 73:9% andR = 81:8%

respectively, resulting in an F-score of77:7%, with respect to the majority opinion (cf. the

confusion matrix in Table 4.3); measured using Fleiss's Kappa (Fleiss, 1971) the results fall

into an intermediate range (K = 0:65;N = 200; k = 2; n = 5). The annotators did not receive

any training beyond the guidelines and this agreement is neither particularly high nor low. This

suggests that the task of identifying types from technical terms, although subjective to a certain

degree, is still relatively intuitive to mathematicians. The experiment has also resulted in a

gold-standard data set, which can be used by myself or by anybody for evaluating type detection

methods.
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Prediction outcome
Type Not Type Total

Type 99 22 121
Not Type 35 44 79

Total 134 66 200

Table 4.3: Confusion matrix for the automatic type detection method.

4.2.3 The Double Suf�x-Trie Algorithm

My intuition is that the seed dictionary of 10,601 types produced by the �rst stage of the

algorithm is not large enough to cover all the type of all variables in the MREC.8 In order to

overcome this problem, I developed the double Suf�x-trie algorithm for expanding the type

dictionary, which takes the master list of technical terms and the seed set of types (produced by

the �rst algorithm) as input. The seed set is assumed to contain “known types”, and new types

from the master list are con�rmed and added by applying thetype-intro rule. Each step of

the double suf�x-trie algorithm is illustrated using the example seed dictionary (known types)

and the master list (candidate types) shown in Table 4.4.

Initialisation of the double suf�x-trie algorithm is done in two steps. First, the phrases in

the seed set are tokenised by splitting them at white-space characters. Then, the tokenised

known-type phrases are stored on a suf�x trie, which I will refer to as theknown types suf�x trie
8As we will see in the next chapter, there are 28.6 million sentences in the MREC which contain at least one

simple variable and it is highly unlikely that 10,601 types would be enough to cover them.
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Seed dictionary Master list
complete coalgebra algebra
riemannian coalgeberariemannian semialgebra
john steiner jo steiner
simple manifold complex and complete manifold

Table 4.4: Example seed type set (known types) and master list (candidate types).

(KTST). The last word in each type phrase becomes aterminal nodeon the KTST to indicate that

it is the end word of a known type. The �rst word in each type phrase becomes anend-of-phrase

nodeto indicate that the path from that node to the root represents a complete known-type phrase.

Figure 4.1: Double suf�x-trie example: initialisation of the KTST.

The KTST for the seed set in Table 4.4 is shown in Figure 4.1; terminal nodes in the �gure are

circled and end-of-phrase nodes are enclosed in rectangles. Following initialisation, the double

suf�x-trie algorithm proceeds as follows.

Step 1: Construct Contracted Set Words in terminal nodes on the KTST are assumed to

be supertypes (e.g., “coalgebra”, “steiner” and “manifold” in my example, Figure 4.1). I have

compiled a dictionary of 40 pre�xes, such as “co”, “quasi”, “multi”, “semi”, “di”, “hypo” and

“super”, by manually looking at the master list of technical terms. My algorithm uses this list

to applypre�x transformationto terminal nodes on the KTST as follows. First, all words in

terminal nodes are collected from the KTST. Then, all pre�xes in the pre�x list are removed

from the collected words. This produces a new list of candidate supertypes, which I will refer

to as thecontracted set. New words produced by this transformation are added to the KTST as

terminal nodes.

Step 2: Apply Pre�x Expansion Additional candidate types are produced by applying pre�x

expansion twice on the words in the contracted set. New types are formed by expanding the

contracted set in a tree of up to depth 2. At each level of this tree, new types are created by

pre-pending the pre�xes in the pre�x list to all words in the previous level of the expansion tree.

In the context of my example, this step is illustrated in Figure 4.2: the type “coalgebra” is

contracted to “algebra”. Although pre�x expansion is applied to every word in the contracted set,
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Figure 4.2: Double suf�x-trie example: application of pre�x transformations and type expansion.

Figure 4.3: Double suf�x-trie example: The CTST at the end of step 2.

in Figure 4.2 I only show the process for the word “algebra”: level 1 on the expansion tree for

“algebra” contains words generated by pre-pending pre�xes to the word itself (level 0). Types at

level 2 in the example are generated by pre-pending all pre�xes in my list to the words in level 1,

as shown in the �gure.

Step 3: Copy Tries Words of terminal nodes in the KTST and words generated in the previous

step (the expanded set in Figure 4.2) are added onto a fresh suf�x trie, which I refer to as the

candidate types suf�x-trie(CTST). At this step, all nodes on the CTST are marked as terminal.

Then, the KTST is copied on the CTST. For example, at the end of this step the CTST for the

example from Table 4.4 might look like the suf�x trie in Figure 4.3.

Step 4: Treat Author Names My algorithm uses a list of known author names obtained from

MREC meta-data to search for author names on the CTST. Phrases on the CTST are paths from

end-of-phrase nodes (denoted by the rectangles in the above �gures) to terminal nodes (denoted
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by circled nodes in the above �gures). The terminal nodes of all paths that match any author

name are modi�ed to be non-terminal nodes. For example, the terminal node for “steiner” in

Figure 4.3 is marked as non-terminal.

Step 5: Process Coordination In this step, the algorithm pre-processes technical term phrases

with coordination in the list of candidate technical terms (i.e., the master list) and �lters phrases

identi�ed by the C-Value method that are unlikely to be types. This is done in two sub-steps: (a)

distribution of conjunction and (b) stop-word �ltering. In sub-step (a), a new string is produced by

pre-pending each candidate phrase with the string “Let John be a”. This forms a sentence that is

passed to the Stanford POS tagger (Manning et al., 2014), which returns a list of tokens annotated

by their POS tags. My algorithm uses the three rules shown in Table 4.5 to process coordination

on the annotated tokens. The POS tags CC, NN and JJ in Table 4.5 denote “coordination”, “noun

phrase” and “adjective” respectively.

Input token/POS tag pattern Output string set
Rule 1 Let John be a X or Y f X , Yg

NN CC NN
Rule 2 Let John be a X and/or Y Z f X Z, Y Z, X Y Z g

JJ CC JJ NN
Rule 3 Let John be a X and/or Y Z f X, Z, Y Z g

NN CC JJ NN

Table 4.5: Transformation rules for conjunction in candidate phrases.

For example, the candidate type

“complex and complete manifold”

from Table 4.4 matches rule 2 above and the phrase is replaced by three new candidates:

f complex manifold, complete manifold, complex complete manifoldg

In sub-step (b) my algorithm removes phrases from the list of candidates that match one or

more stop-words – words that are unlikely to be part of types, such as “university”, “professor”

and “aforementioned”. Candidate phrases generated in sub-step (a) and candidates not �ltered

out in sub-step (b) are added to CTST. The CTST node of the �rst word of each candidate phrase

is �agged as an end-of-sentence node. For example, at the end of step 4, the CTST for the data

in Table 4.4 might look like the one shown in Figure 4.4.

Step 6: Read out types Every node on the CTST that is marked as an end-of-sentence node

is collected from the tree. For each collected node, my algorithm follows the nodes in the

path to the root from that node. Any phrase that contains a terminal node along the path from

its end-of-sentence node is recorded in the output list of types. For example, the input to my

algorithm in Table 4.4 generates the types:
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Figure 4.4: Double suf�x-trie example: The CTST at the end of step 4.

f algebra, complete coalgebra, riemannian coalgebra, simple manifold, riemannian

semialgebrag

To illustrate why these types speci�cally are generated by my algorithm, consider the CTST

in Figure 4.4. The phrase “jo steiner” is not a type because the parent node of the word “jo”

– “steiner” – is a non-terminal one. The candidates “complex manifold”, “complex complete

manifold” and “complete manifold” are also identi�ed as non-types by my method. This is the

desirable behaviour because the nodes “complex” and “complete” under the “manifold” sub-tree

are not marked as end-of-phrase nodes. The reasoning behind this exclusion is as follows:

candidate technical terms can be types if and only if they are explicitly listed in the input master

list, i.e., the C-Value method detects them as technical terms. Candidates generated at step 4 that

are not technical terms detected by the C-Value method cannot be types.

Step 6 is the type dictionary-wide application of thetype-intro rule. The KTST is the

knowledge-base of existing types – known types are represented by terminal nodes. New types

are generated from the CTST by successfully discovering a premise for thetype-intro

rule for each technical term type candidate. For example, the candidate phrase “riemannian

semialgebra” is introduced to the type dictionary by the following reasoning:

1. “coalgebra” is a known type on the KTST (Figure 4.1).

2. “semialgebra” is a type derived from “coalgebra” in step 2 (Figure 4.3).

3. “riemannian semialgebra” is a candidate in the master list, and is determined to be a type by

the application of thetype-intro rule:

type-intro
istype(semialgebra) ^ riemannian semialgebra� s semialgebra

istype(riemannian semialgebra)
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In step 6, my algorithm determines that

riemannian semialgebra� s semialgebra

because the candidate “riemannian semialgebra” in the master list has “semialgebra” as its

suf�x: the node for “riemannian” in Figure 4.4 has the terminal node “semialgebra” as its

parent.

I run the double suf�x-trie algorithm with the seed set of 10601 known types (produced by

the �rst stage of the type detection algorithm) and the master list of 2.8 million technical terms

(obtained by running the C-Value method on the MREC) as input. This produced a list of of 1.23

million types.

4.3 Type Embeddings

In order for mathematical IR to link queries and documents effectively, it is important to �nd

mathematical concepts that are related (e.g., by type/sub-type relationship), even in cases where

this is not expressed on the surface. I use type embeddings for this task. A type embedding space

is a word embedding space (section A.1.4) that includes distributional vectors for types.

Figure 4.5: Example: rewriting sentences in MREC documents to produce type embeddings.

I produce a type embedding space by applying a transformation to the MREC collection I call

rewriting. Rewriting takes two inputs: (a) the MREC (or any mathematical corpus) and (b) a list

of types obtained by my type extraction algorithms. The output of the rewriting transformation

is a copy of each document in the MREC with all multi-word types replaced with atomic tokens.

I will now describe the process of rewriting using an example. Suppose that the input document

is the sentence
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“Let x be a complete Riemannian manifold”

and that the list of types contains the phrases “manifold”, “riemannian manifold” and “complete

riemannian manifold”. I perform rewriting as follows:

Step 1: For each document in the MREC, I replace all mathematical expressions (MathML

blocks) with a dummy token (“@@@”). For example, the output of this step for the input

sentence in my example is as shown in step 1 of Figure 4.5.

There are two reasons why I eliminate MathML during the rewriting process. First, my

type embedding space will have one vector representation for all mathematical formulae – a

distributional vector that represents the relationship between mathematical expressions in general

and their surrounding words. Second, mathematical symbols and MathML tags are not important

for the type embedding space and can be omitted to optimise its construction.

Step 2: I sentence segment and word-tokenise each MREC document using the Stanford toolkit

normalising all words to lower-case. The output at step 2 for the example input is shown in

Figure 4.5.

Step 3: For each word-tokenised sentence, I identify sequences of words that match types in

the type list. I use a �nite-state transducer (FST) based on the Aho-Corasick algorithm (Aho and

Corasick, 1975) to match all types on the sequence of tokens in a sentence in one pass. I match

types in a longest-match-�rst manner on the token sequence of the sentence.

For example, the red boxes in step 3 of Figure 4.5 show all possible matching types on

the input token list: “manifold”, “riemannian manifold” and “complete riemannian manifold”.

However, the type I consider to be a successful match with the token sequence is the longest

type: “complete riemannian manifold”.

Step 4: I merge the word tokens of each successfully matching type into a single token. I

place a “” character between distinct words of a multi-word type. I also add a “” string to the

beginning and end of the new token to indicate that it represents a multi-word type.

As shown in Figure 4.5, the token sequence “complete”, “riemannian”, ”manifold” is replaced

by the single token “ completeriemannianmanifold ”.

Step 5: I generate a string representation of the rewritten sentence. I concatenate the updated

token sequence from step 4 and place a whitespace character between tokens, as shown in

Figure 4.5.

Step 6: The rewritten sentences for a given MREC document are written into a fresh �le and is

ready to be processed by any retrieval engine.

I applied the rewriting transformation to the MREC using the type list of 1.23 million types

produced by the double suf�x-trie algorithm (section 4.2.3). I passed all rewritten documents

to word2vec (Mikolov et al., 2013a; Mikolov et al., 2013c) in skipgram mode with negative
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sampling (SGNS) and window size=10, to compute the type embedding space. A detailed

description of theword2vec skipgram method is presented in Appendix A.1.4.

My type-based retrieval models interface to the type embedding space usinggensim ( �Reh	u�rek

and Sojka, 2010) in Python. I usegensim 's most_similar method to retrieve the topn

most similar types or words to a particular type or word. For example, Table 4.6 shows the top 10

most similar types (in boldface) and non-type words (non-bold) to the input types “polynomial”

and “lie group”.

“polynomial” “lie group”
Word/type Similarity Word/type Similarity
rational function 0.922 compact lie group 0.913
linear form 0.899 lie algebra 0.91
linear polynomial 0.896 homogeneous space 0.899
symmetric polynomial 0.885 symmetric space 0.898
monomial 0.884 complex semisimple lie group 0.875
formal series 0.875 in�nite dimensional lie group 0.873
rational polynomial 0.873 transformation group 0.871
monic 0.873 nilpotent lie group 0.868
reduced polynomial 0.873 riemannian symmetric space 0.864
trigonometric polynomial 0.871 invariant differential operator 0.863

Table 4.6: Example: Top 10 most similar words/types to the types “polynomial” and “lie group”.

Table 4.6 demonstrates the usefulness of the type embedding space. First, supertype/subtype

relationships between types that are not re�ected lexically can be captured by close similarity in

the type embedding space. For example, in Table 4.6, the type “monomial” is similar to the input

type “polynomial” in the type embedding space – a “monomial” is an instance of “polynomial”

with only one term.

Second, similarity in the type embedding space can be used to identify related concepts that

do not have a common suf�x on the KTST. In Table 4.6, for example, the types “lie algebra” and

“homogeneous space” are related to the input type “lie group” despite the fact that the types do

not share a common suf�x:

• Every Lie group has an associated Lie algebra9;

• A Homogeneous space is a space with a transitive group action by a Lie group10.

4.4 Retrieval based on Textual Types

The �rst hypothesis in this thesis is that research level math IR will bene�t from treating

mathematical types in text as atomic units. In the context of the test collection paradigm

(Section 2.3.1, Chapter 3), the probability ranking principle (Section 2.3.2) and text retrieval in

general (Section 2.1), this hypothesis can be broken down into the following questions:
9https://en.wikipedia.org/wiki/Lie_group#The_Lie_algebra_associated_with_

a_Lie_group
10http://mathworld.wolfram.com/HomogeneousSpace.html
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(1) Is overlap of mathematical concepts, rather than individual words, a better indicator of topical

similarity between queries and documents in research-level mathematics? This question

is related to query expansion. I hypothesise that concepts in research-level mathematical

queries relate strongly to those in relevant documents.

(2) Under the bag-of-terms IR paradigm, are labels of mathematical concepts better signals of

topical similarity between queries and documents than individual words? My hypothesis

is that references to mathematical concepts, when regarded as atomic tokens, are more

important than words in text-based retrieval of research-level mathematical information

needs.

So far in this chapter I have introduced four resources and techniques that are necessary to

investigate this hypothesis:

I a type dictionary of 1.23 million types, produced automatically, that lists all mathematical

concepts in the MREC;

II a model of subtype and supertype relationships between types using a suf�x trie;

III a model of relatedness between types in a type embedding space;

IV a rewriting technique (section 4.3) that replaces multi-word types with atomic tokens in a

given textual resource or large corpus, such as the MREC.

In section 2.1 we have seen that there are two paradigms in textual retrieval: heuristic-based

retrieval and retrieval based on language modelling. Standard models, such as VSM, BM25

and multinomial language models, are unigram models based on the bag-of-words IR paradigm

– retrieval is performed using statistics about individual terms. In order to investigate my �rst

hypothesis using standard, text-based IR models I adopt three strategies:

1. I re-purpose the rewriting technique to: (a) rewrite CUMTC queries such that type phrases

are replaced by atomic type tokens in the dictionary of types derived from the MREC and

(b) to construct type-aware Lucene indexes of the MREC.

2. I up-weight the signi�cance of types by applying2X boosting: the value stored in the term

vector of each document for a type token (i.e., the type's term frequency for that document)

is doubled at index time.

3. I use the type embedding space for type-based query expansion. I add types to CUMTC

queries that are related, according to the type embedding space, to the types already present

in the queries.
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The �rst strategy addresses sub-question (1) directly. Speci�cally, it allows me to model

similarity between queries and documents based on types using standard unigram retrieval

retrieval models: types become terms, rather than multi-word phrases. Furthermore, by applying

the rewriting technique on queries and during document indexing, I normalise mathematical

concepts in my queries with types observed in the MREC. This allows me to model concept

overlap between queries and documents consistently.

The second strategy is my method of elevating the signi�cance of types over general document

terms in order to investigate sub-question (2). Term frequency is monotonically related to the

score assigned to a document given a particular query in retrieval models from both paradigms.

The third strategy allows me to compare the effectiveness of types in text-based retrieval

with state-of-the-art query expansion techniques, such as PRM2 (Lv and Zhai, 2011) and RM3

(Abdul-jaleel et al., 2004; Lv and Zhai, 2009).

I implement strategies 1 and 2 in a uni�ed pipeline, shown in Figure 4.6. I use the pipeline to

discover all occurrences of dictionary types in MREC documents and CUMTC queries and to

index types and terms in MREC documents.

Figure 4.6: The typed indexing pipeline implementing strategies 1 and 2 on the MREC.

The pipeline takes two data sets as main inputs and the target locations for the two output

indexes as secondary inputs. The main inputs to the pipeline, as shown in the top row of

Figure 4.6, are: (a) The list of types as a sequence of C-Value records and (b) a Lucene index of

the MREC produced with positional indexing enabled.

The pipeline assumes that the input positional index has at least two �elds. The �rst is the

“contents” �eld which stores the original content of each indexed document. This �eld must also

have a positional index attached to it along with a term vector that can be accessed through the

Lucene API. A �eld labelled “resourceName” is expected to keep the ArXiv ID of the indexed

document. In order to process the input text, I have produced custom Lucene analyzers that

preserve dashes and underscores, tokens that are frequently part of technical terminology.
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Field Description Example
term The form of a type as it appears in the document. spanningvector

termleader The C-Value record group key for the term spanning vector.
arxivid The ArXiv ID of the source document. 0704.0159
docid The document's numeric ID in the input Lucene index.187871

posting The positions in the source document the 561,970,1210
index form of the type appears at.

tf The term frequency of the form in the document. 3

Table 4.7: Fields in the type postings index.

Original text
a Riemannian manifold is a smooth manifold

Original term vector
(a,2), (Riemannian,1),(manifold,2),(is,1),(smooth,1)

Types in the input stream
Riemannian manifold, smooth manifold

Re-Attributed term vector
(a,2), ( Riemannianmanifold ,1),(is,1),( smoothmanifold ,1)

Re-generated delta index text
a a riemannianmanifold riemannianmanifold

is smoothmanifold smoothmanifold

Table 4.8: Example of re-attribution and delta index.

The output type postings index contains an entry for each form (i.e., entry in the type's C-Value

record) a particular type appears in every document. In addition, the position where each instance

occurs (postings) is also recorded. The output “delta index” maintains these two �elds, but the

data in the “contents” �eld is modi�ed with type occurrences doubles (2X boosting).

The �rst two steps of my pipeline initialise the data structures necessary to apply re-writing

for typed textual indexing. Re-writing for indexing keeps track of where each form of a type

appears in the source document for the purpose of building a type postings index. In step 3,

an MREC documentd is re-written and a term vector containing the types and words of the

document is produced. Re-attribution is performed in step 4 as follows. First, I decrease the term

frequency of each word captured by an instance of a type. Then, I generate a token for each type

as described in Section 4.3, which uniquely identi�es each instance of a particular type. If the

generated word exists in the term vector, I increase its term frequency by 1. If the new word is

not in the term vector, I add it and set its term frequency to 1.

Once re-attribution for the document is completed, I update the output Lucene indices. For

every type form in a document, I generate an entry in the Lucene type postings index that contains

the �elds shown in Table 4.7.

I generate one entry for the document in the “delta index” by (a) modifying the term frequency

of types by an up-weighting factor (2X) and (b) re-generating the text of the “contents” �eld to

re�ect the changed frequencies.
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Table 4.8 shows an example of the application of step 4. The �rst row in Table 4.8 is the input

document and the second row is its term vector. In step 3, two types are detected: “Riemannian

manifold” and “smooth manifold”. Step 4 generates the re-attributed term vector shown in the

fourth row of Table 4.8. The last row in Table 4.8 shows the text generated after up-weighting

types by a factor of 2 that is stored in the delta index.

The “delta index” implements strategies 1 and 2 and allows me to carry out type-based textual

retrieval experiments with models based on the bag-of-words paradigm ef�ciently using Lucene.

I implemented my pipeline in Java in a data-parallel manner: many documents can be processed

(steps 3 and 4) at the same time in different execution threads.

Having discussed the ideas behind types and the resources required to identify them in text, I

now introduce two textual retrieval models based on types, which will be part of my experimental

investigation in Chapter 7.

Types2X Lucene VSM with 2X type boosting. I apply longest matching to a Lucene positional

index and emit a type-aware “delta index”. This type discovery and normalisation pre-processing

step is also applied to queries. My assumption is that types are a valuable source of information

for an MIR system. Types2X assumes the role of a type-aware model that performs the simplest

manipulation of those types that are physically present in the query (simple 2X boosting). There-

fore, in my comparison, Types2X is used to measure the simplest possible way of incorporating

types during retrieval (as opposed to just using terms).

Types2XExp Lucene VSM with 2X type boosting and type-based query expansion. Unlike

mathematical papers, queries are not always rich in types: on average each query contains around

13 type instances while documents in the MREC contain on average close to 548 type instances.

Types2XExp overcomes this problem by enriching queries with types. Queries are expanded

using the types (as opposed to the terms) they contain.

For each type in a query, the type-embedding space (using word2vec similarity as discussed

in section 4.3) is used to discovern fresh related types. Semantic relatedness between types is

modelled by the cosine similarity of their vector representations.

The set of fresh types is appended to the original query and the new query is executed on a

2X type up-weighted VSM. The value forn is the only parameter of the model, which has been

experimentally set ton = 5.

In my experimental evaluation of type-based textual MIR models (Section 7.1), I compare

Types2XExp to state-of-the-art textual retrieval models with query expansion based on the

bag-of-words paradigm. In doing so, my goal is to ascertain that any observable improvements

in retrieval ef�ciency can be attributed to type-based query expansion speci�cally, rather than

query expansion in general.

99



4.5 Comparison with Related Work

I use types to model mathematical concepts, but other constructs have been proposed in the

literature for the same purpose. The task of extracting types from the mathematical discourse is

closely related to extracting “denotations” (labels connected to term clouds) for symbols (Grigore

et al., 2009; Wolska and Grigore, 2010; Wolska et al., 2011) and “descriptions” (coreferences

between formulae and text) for mathematical formulae (Quoc et al., 2010; Kristianto et al., 2012;

Kristianto et al., 2014b). The main difference to my work is that denotations for speci�c formulae

come from the context surrounding formulae, whereas types are extracted independently of

formulae.

The idea behind denotations is to model the semantics of formulae using manually and semi-

automatically constructedterm clusters(Grigore et al., 2009). A term cluster for a concept

is composed of a label and a bag of nouns. Grigore et al. (2009) take operators listed in

OpenMath content dictionaries (CDs) to be mathematical concepts and extract nouns from

operator dictionary descriptions to model their semantics. This set of nouns is enriched manually

using additional terms taken from the University of Cambridge mathematical thesaurus and

the MathWorld lexicon of mathematical terms. Table 4.9 shows the term cluster for “algebraic

structure” (adapted from Grigore et al. (2009)).

Term Cluster Name Term Cloud
algebraic structure algebra, array, basis, �eld, generator, group, groupoid,

ideal, lattice, matroid, monoid, quaternion, ring, semigroup, space,
sub�eld, submonoid, subsemigroup,...

Table 4.9: The “algebraic structure” term cluster, adapted from Grigore et al. (2009).

Quoc et al. (2010) extract descriptions for formulae (phrases or sentences) by matching one or

more of the patterns shown in Table 4.10 to the surrounding context of formulae. The patterns in

Table 4.10 are matched as templates on sentence parse trees, where CONC, DESC and FORM

are the portions of the context expected to correspond to concepts, description and formulae

respectively.

Rule Pattern
1 CONC is DESC: FORM
2 CONC IS DESC. In our case FORM
3 CONC IS DESC. So,...,FORM
4 CONC FORM
5 CONC is denoted by FORM
6 CONC is given by ... FORM
7 CONC can be written as ...: FORM
8 FORM where CONC is DESC
9 FORM satis�es CONC

Table 4.10: The patterns used by Quoc et al. (2010) to extracting descriptions for formulae.
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Kristianto et al. (2012,2014b) re�ned the patterns by Quoc et al. (2010) into a set of seven

templates, de�ned as regular expressions, that are matched on sentence parse trees.

Figure 4.7: Example of extracting descriptions adapted from Kristianto et al., 2012.

Figure 4.7 shows an example of formula description extraction. The �rst row of Figure 4.7

is the source sentence, where the variable� i corresponds to cache leveli access time. The

second row is the output of the pre-processing step whereby symbols are substituted with

unique identi�ers (e.g.,ai becomes MATH200 200738 30). The last row of Figure 4.7 shows

how the source sentence is segmented into the symbol reference (MATH200 200738 30) and

the symbol's de�nition (“the access time -LRB- in cycles or seconds -RRB- at cache level

MATH 200 200738 31”).

The authors constructed an SVM classi�er (Section A.2.1) for description extraction and

compared their re�ned rules and SVM against a “nearest noun” baseline.

Types are related to term clusters and descriptions in the sense that they can be used to assign

meaning to formulae from the text. However, types incorporate the advantages of both constructs.

Like term clusters (Grigore et al., 2009), types are labels for mathematical concepts that have

a distributional interpretation, for instance via embedding vectors as discussed in section 4.3.

Unlike term clusters, types can be constructed automatically, without manual curation. Types

share this advantage with descriptions, which are also extracted automatically (Quoc et al., 2010;

Kristianto et al., 2012; Kristianto et al., 2014b).

However, my approach to modelling mathematical concepts using types has additional advan-

tages over term clusters and descriptions:

• Term clusters model relatedness between mathematical concepts up to two levels of abstrac-

tion. The �rst level is the explicit relatedness between terms in the term cloud of a cluster.

The second level is the implicit relatedness between the terms in the cloud and the abstract

mathematical concept represented by the cluster itself.

Types, in contrast, model subtype/supertype relationships and topical relatedness of arbitrary

complexity through (a) a suf�x trie and (b) a type embedding space (section 4.3).
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• Quoc et al. (2010) and Kristianto et al. (2012,2014b) model mathematical concepts strictly

in relation to formulae in the discourse. For example, Kristianto et al. extract descriptions

with respect to the local context of a speci�c formula. In contrast, I use types to model

mathematical concepts globally in a manner that is decoupled from the formulae in the

discourse – types exhibit distributional characteristics independently of formulae. I use the

distributional pro�le of types to investigate my �rst hypothesis.

• Although in some cases descriptions extracted by Kristianto et al. (2012, 2014) are noun

phrases and resemble types, they often incorporate details that are particular to a speci�c

context. For example, the extracted description for formulaai presented in Figure 4.7

contains information that is speci�c to the context (i.e., time at a particular cache level

measured in cycles or seconds).

In contrast types, being technical terms, have predictable structure. As a result, types

are labels that globally and uniquely identify mathematical concepts in the discourse in

a context-independent manner. This allows me to construct typed retrieval models that

match formulae in a �exible manner through informal inference, such as type uni�cation

(Chapter 6).

4.6 Chapter Summary

In this chapter I introduced mathematical types: special phrases in the mathematical technical

terminology that label mathematical structures, objects and notions instantiated in the mathemat-

ical discourse as variables. As technical terms, types have predictable structure and are often

compositional – longer types are specialisations of shorter types contained in their suf�x.

In the context of this work, this observation has two implications. First, it allows me to make

inferences about the relatedness between types using a suf�x trie. Second, identifying types in

queries and documents allows me to build a type embedding space and to discover topically

related types that do not have a common suf�x.

In section 4.2, I presented an algorithm for automatically constructing a type dictionary from

a corpus of mathematical documents. As part of this work, I produced three resources: a gold-

standard data set for evaluating type detection methods, a dictionary of 1.23 million types and a

type embedding space (Section 4.3).

There are three differences between my approach and prior work to modelling mathematical

concepts:

1. Unlike term clusters, types model the subtype/supertype relationship and topical relatedness

of mathematical concepts at an arbitrary level of complexity.

2. Types model mathematical concepts without attachment to the formulae in the discourse.

Unlike descriptions (Quoc et al., 2010), which are explicitly bound to an attached formula,

types can globally model the distributional characteristics of mathematical concepts.
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3. Types are conducive to shallow type inference about variables. For one, the compositional

structure of types simpli�es identi�cations of subtype/supertype relationships between types.

Second, the distributional characteristics of types as observed in a large corpus, can be used

to model topical relatedness between types.

In my type-based textual retrieval experiments, I use a type embedding space (Section 4.3)

to expand queries with related types. I used both approaches to de�ne shallow type inference

rules that are the foundation of my typed retrieval models (Chapter 6). In the next chapter I will

introduce variable typing – a task that is a prerequisite to typed retrieval.
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Chapter 5

Variable Typing

If types are semantic labels that act as denotations, then variable typing can be de�ned as the

task of assigning types as denotations to variables. Typing is a prerequisite for my typed retrieval

models (Chapter 6), which require types for all formulae. I use supervised ML to perform

variable typing as a binary classi�cation task, after creating a test and training set for the task.

The best-performing classi�er found in the current chapter will be applied to my test collection

CUMTC in order to type variables.

The variable typing data set and results have been published in the proceedings of the 2018

Conference of the North American Chapter of the Association for Computational Linguistics:

Human Language Technologies, (NAACL-HLT 2018), (Stathopoulos et al., 2018)1.

There is an interaction between the symbolic and textual contexts of types, whereby meaning

is assigned to variables by the surrounding text in the same sentence. To illustrate how this works,

let us assume that a sentence contains a pre-identi�ed set of variablesV and type instancesT,

and all edges(v; t) 2 V � T between them. The goal is to predict which of these edges constitute

valid typings. An edge is a typing if typet is a denotation (i.e., assigns meaning) to variablev in

the sentence. (Note that this independent de�nition does not model the uniqueness constraint

that each variable can at most have one type.) If(v; t) is a typing, thenv :: t2. For example, the

sentence
1Statement of Collaboration: my co-authors on this publication did the following work: With respect to data

construction, Simon Baker co-designed the annotation scheme and annotated 550 sentences. He also built and
trained the convolutional network used in the paper. Marek Rei built and trained the biLSTM used in the paper,
and also provided typing predictions over the entire MREC. All other work, including the reimplementation of all
baselines, formatting of the input for the neutral networks and the overall design of the experiment, was performed
by me.

2I follow notation from chapter 4, wherev :: t means thatv has typet
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For a divisor M onX , we denote byM i its birational transformonX i .

has eight candidate typings inT � V, whereT = f divisor, birational transformg andV =

f M; X; M i ; X i g as indicated by the arrows. In the annotated sentence above, arrows drawn

with solid lines represent typings (positive edges). So, the variablesM andM i have types

“divisor” and “birational transform” respectively. In contrast, arrows drawn with dashed lines

represent edges that are not typings (negative edges). The edges (M ,“birational transform”) and

(X ,“divisor”), for example, are not typings.

In this chapter, my de�nition of “variable” mirrors that of “simple variable” proposed by

Grigore et al. (2009): formulae in the discourse are considered to be “variables” if they are

composed of a single identi�er with scripted expressions of arbitrary complexity. For example,

the formulae

M i +1 ; X andei

are variables. In contrast, the formula

f (x) = ex

is not a variable because it is composed of the sub-expressionsf (x) andex , which are connected

by the binary operator “= ”. Later in this chapter (Section 5.4), I will extend this de�nition of

variables to accommodate more complex mathematical expressions.

The meaning of mathematical text is conveyed through the interaction of two modalities:

the textual modality (�owing text) and the mathematical (or symbolic) modality (mathematical

formulae) (Ganesalingam, 2008). Variable typing models one particular interaction between the

two modalities: the assignment of meaning to the symbolic modality by the textual. My variable

typing task makes �ve simplifying assumptions about this interaction:

1. Typings occur at the sentential level – variables in a sentence are assigned types from that

sentence as their denotation;

2. each variable is assigned one type in the sentence as its denotation but types can become

denotations to multiple variables within the scope of the sentence;

3. variables and types in the sentence are known a priori;

4. the decision on whether one edge is a typing or not is made independently of other edges in

the sentence;
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5. typing decisions about edges in one sentence are made independently of decisions made in

other sentences – given a variablev in sentences, type assignment forv is agnostic of other

typings involvingv from other sentences.

The motivation behind the assumptions above is as follows.

• Assumption 1 is motivated by empirical studies. Wolska and Grigore (2010) have shown

that 67.4% of symbols in mathematical documents are explicitly declared within the �rst

�ve mentions. The majority of those, 58% according to Wolska and Grigore, are declared

in the sentence they are �rst introduced. Gödert (2012) con�rms the locality of variable

declarations to introductions.

• Assumptions 1, 4 and 5 simplify the task of assigning denotations to symbols by constraining

the search to the local, sentential context. However, these assumptions also introduce a

�ne granularity to the task: it is possible to make global (document-level) decisions on the

denotations of symbols using local (sentence-level) decisions.

• Assumption 2 allows for references to the same variable to be assigned different types in

different sentences. In my design, the task of disambiguating multiple type assignments

coming from different sentences is a separate task performed downstream. I delegate

this task to a type disambiguation algorithm (Section 6.3.1) that aggregates local typing

decisions and disambiguates type assignment at the document level.

• Assumptions 1, 4 and 5 are also motivated by the fact that the mathematical discourse is

composed of numerous local contexts, such as theorems, lemmas and proofs (Ganesalingam,

2008).

• Assumption 3 is a technical requirement for developing supervised machine learning models

and for applying them at scale to the task.

Variable typing is performed as a prerequisite task to typed model building: by associating

types in the textual modality to variables, I can create SLTs with typed constituents for each

document and query in the CUMTC (Section 6.3.2) .

Formulae with typed constituents enable typed retrieval models to apply the rules for type

inference and uni�cation (Chapter 4 and Section 6.2, respectively) while estimating similarity

between the symbolic contexts of queries and documents.

In the next section, I discuss my gold standard variable typing data set (collaboratively

constructed with Simon Baker). In section 5.3, I introduce two baseline models for variable

typing and propose three new machine learning models for automatic typing. Evaluation of my

models and a discussion of their performance against the baselines is presented in section 5.3.2.

107



5.1 A Variable Typing Data Set

The design for sampling, labelling and annotating the variable typing data set is in�uenced by

three characteristics of the task and data.

First, assumptions 1, 4 and 5 of the variable typing task imply that the smallest unit of sampling

and annotation is a sentence. Therefore, sentences can be sampled independently and annotators

can look at individual sentences in any order, without the need to annotate entire documents.

Second, for the data set to be useful for training machine learning classi�ers, annotators

must annotate every variable–type pair in each sentence – a requirement that follows from the

de�nition of the task.

Third, in the context of variable typing, there is one class of variable–type pairs that is not

useful: instances oftype parametrisation. Type parametrisation is a syntactic phenomenon: a

small symbolic expression is embedded in the string name of a type. For example, the correct set

of candidate edges for the sentence

We now consider theq-exterior algebrasof V andV � , cf. [21].

should include(V ; exterior algebra) and(V � ; exterior algebra) and not(q; exterior algebra).

However, this can be hard to detect automatically because in the data they are represented as a

concatenation of strings and MathML. Despite me doing the best I could using pattern matching

based on regular expressions, both wrong and missed candidates can occur in the process. Type

parameterisation is a phenomenon that I will come back to when discussing my labelling scheme

for variable typing in section 5.1.2.

5.1.1 Sentence Sampling

The role, complexity and structure of sentences might vary based on their location (section

and/or mathematical block) in the discourse, which implies that the location of sentences might

also have an impact on the variable typing task. For example, the following sentence from the

introduction of Cho and McCullough (2006) is intended to introduce the main contribution of

the paper:

In this work we present a new descriptive theory for thetunnels of tunnelnumber 1

knotsin S3.

The sentence from the introduction is short, descriptive, mathematically informal and contains

few mathematical types and variables. In contrast, sentences in theorem blocks are formal, long

and are composed of mathematical statements, possibly involving many types and variables:

108



Theorem 5.3.Let � and� beprimitive disksin H which intersect transversely. Let

� 1 and� 2 be thedisksthat result from surgering� along anintersection arcwhich is

outermost on� . Then� 1 and� 2 are primitive.3

The effects of sentence structure and complexity to the variable typing task cannot be deter-

mined a-priori to sampling for the task. Therefore, I adopted a sampling strategy that controls

for the diversity of sentences in the mathematical documents.

The �rst step in sampling sentences for the variable typing task is to further segment each

MREC document into its constituent sections and mathematical blocks. For this, I used the

sentence-segmented and type-rewritten version of the MREC I produced for type embeddings

(section 4.3).

The XHTML+MathML mark-up of MREC documents encodes the presentation of documents,

rather than their section structure. I segmented MREC documents into their constituent sections

and mathematical blocks by using pattern matching (e.g., theorems and de�nitions usually start

with bold-face “Theorem” and “De�nition”) and exploiting the fact that markup for section/sub-

section heading mark-up is consistent in the MREC (e.g.,<h1> for top-level sections,<h2> for

sub-sections, etc.).

I identi�ed the discourse regions shown in Table 5.1 and modelled the structure of each MREC

document as a section tree. Nodes on document trees represent one of the discourse segments

shown in Table 5.1 and group the sentences in that particular region of a document together.

Discourse segment Description
Abstract Text that is part of the abstract of an MREC document.
Section A top-level (level 1) section of an MREC document that

may have one or more sub-sections as its children.
Subsection A sub-section (level 2) in an MREC document that

has a level 1 section as its parent.
Subsubsection Level 3 section that has a subsection as its parent.

Subsubsubsection Level 4 section that has a subsubsection as its parent.

Mathematical blocks

De�nition A block of text that is part of a formal mathematical de�nition.
Remark A block of text that forms author comments on a particular result.
Proof A block of text that is part of a formal proof.

Theorem A block of text that is a statement of a theorem.
Lemma A block of text that is a statement of a lemma.

Proposition A block of text that states a mathematical proposition
proof pending.

Conjecture A block of text that states a conjecture. Often, the proof of
conjectures is omitted or given later in the discourse.

Corollary A block of text stating a result that follows from one or more
theorems previously proven or stated in the discourse.

Table 5.1: Discourse segments.
3From section 3 (the disk of an irreducible 3-manifold) of Cho and McCullough (2006).
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Next, I used the section trees to produce a database of MREC sentences. I identi�ed 28.6

million sentences containing at least one simple variable. I recorded the tokenised text of these

sentences, along with the following features, in a Lucene index:

1. Source document.The ArXiv ID of the document to which the sentence belongs.

2. Sentence location. The location of the sentence in the source document. This �eld takes

one of thirteen labels re�ecting the discourse regions shown in Table 5.1.

3. Depth. The level at which the sentence appears in the section tree. A sentence in a

subsubsection, for example would have depth 3.

4. Number of types. The number of types in a sentence.

5. Number of Variables. The number of simple variables in the sentence.

6. Number of words (length).The length of the sentence in terms of total number of words.

Features 2 to 6 characterise sentences in a �ve-dimensional space. I grouped sentences in

the Lucene index with the same values for these features, formingN bins, and counted their

occurrence in the MREC. This enabled me to quantify the distributional characteristics of

sentences in my corpus for the variable typing task.

To generate a sample ofS sentences, I randomly sample sentences from theN bins by

distribution. For example, suppose that bin 1 represents sentences sourced from theorem blocks,

appear at depth 1, have 2 types and 2 variables and length 7. If bin 1 accounts for 60% of MREC

sentences, then 60% of the sentences in the generated sample will be randomly sampled from

bin 1.

This sampling strategy accounts for the diversity of sentences in mathematical documents,

including sentence variations within each section. The training, development and test samples

have been produced via repeated application of this sample-by-distribution strategy over the set

of all sentences with variables.

5.1.2 Annotation Scheme

The annotation scheme for the variable typing task was developed together with Simon Baker

prior to bulk annotation, starting from the �ve assumptions of the variable typing task, and using

S = 100 sentences sampled using the strategy discussed in Section 5.1.1, which we separately

annotated. We subsequently discussed the relationships between variables and types identi�ed

by us in the sample until we reached a consensus, resulting in the annotation scheme in Table 5.2.

The 100 sentences were then removed from the sampling pool and excluded from sampling for

the human agreement experiment in (Section 5.1.3) and the bulk annotation (Section 5.1.4).

The �rst label class is used to characterise positive typings: the edge is labelled with the type

instance that is the denotation of the variable in the sentence. The label class contains a variable

number of labels per sentence, as many as there are type instances in the sentence.
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Label Description
< TYPE0 > . . .< TYPEn > Each ofn type instances appearing in the sentence.
Type Unknown The type of the variable is not in the scope of the sentence.
Type Present but UndetectedThe type of the variable is in the scope of the sentence but is not in the

dictionary.
Parameterisation Variable is part of an instance of parameterisation.
Index Variable is an instance of indexing (numeric or non-numeric).
Number Variable is implied to be a number by the textual context (e.g., “the

n-th element...”).
Formula is not a variable Label used to mark data errors. For example, in some instances end-of-

proof symbols are encoded as identi�ers in the corpus and are mistaken
for variables.

Table 5.2: Annotation Scheme for Variable Typing.

The other six labels are �xed across sentences and are used to annotate special typing situations.

For example, the label “Type Unknown” is used to indicate that a variable is not assigned a type

within the scope of the sentence being annotated. The label “Parameterisation” is used to label

variables as misidenti�ed instances of type parameterisation, as some such instances inevitably

escaped my automated �lters.

5.1.3 Human Agreement Experiment

I carried out a human agreement experiment between myself and Simon Baker to investigate

the effectiveness of the �nalised annotation scheme. For this purpose, I sampled a further 108

sentences with a total 182 edges to measure inter-annotator agreement.

I report annotator agreement for three separate cases due to the nature of the scheme, where a

variable number of types appear per sentence. This means that the number and identity of labels

to choose from is not �xed across sentences, thus excluding the use of categorical agreement

metrics such as Kappa.

The �rst case re�ects whether the annotators agree that a variable can be typed or not by its

context. A variable falls into the �rst category if it is assigned a type from the sentential context

and in the latter category if it is assigned one of the six �xed labels from Table 5.2. This can be

reported using Kappa.

The second case is for instances where both annotators believe a variable can be typed by

its sentential context – the variable is assigned a type by both annotators. In this case, Cohen's

Kappa is not applicable because the number of labels varies: there are as many labels as there

are types in the sentence. Instead, I report accuracy as the proportion of binary decisions over

each possible pairing (typing) where annotators agree, over all decisions.

Annotation is performed on a web-based, multi-user and multi-sample annotation tool I devel-

oped. Its goal was to make manual annotation easier and to enforce variable typing assumptions

during annotation. My tool enforces all variable typing assumptions except assumption 4 –

annotators are explicitly responsible for enforcing this assumption.

111



Figure 5.1: Snapshot of the sentence annotation tool.

The tool, shown in Figure 5.1, presents annotators with one sentence at a time. Types are

clearly marked using bold font. For each variable in the presented sentence a drop-box is attached

for the selection of the appropriate label.

The results of the human experiment were as follows:

Agreement on the decision whether a variable can be typed or not is substantial with Cohen's

K =0.80 (N =182,k=2,n=2). Agreement on which of the labels (type) applies is 90.9% (44 edges

assigned type by both annotators, 40 of these in agreement).

In the last case, I also consider the subset where both annotators agree that a variable is not a

type (i.e., is assigned one of the six �xed labels). Here, agreement was found to be moderate:

Fleiss'K =0.61 (N =123,k=2, n=6). Agreement in this case is lower than expected. However,

this only re�ects agreement as to why an edge is negative, not whether an edge is negative or

not. Therefore, the lower than expected agreement in this case does not necessarily affect the

ability of machine learning models using our annotated data to distinguish between positive and

negative edges.

5.1.4 Bulk Corpus Annotation

I generated three partitions of the sentences – one test partition, one for training and one for

development. Each partition is sampled by distribution (as described in Section 5.1.1) in order to

model training and predicting typings over complete discourse units, such as documents. The

training, test and development partitions form a 70%-20%-10% split of all sampled sentences.

I carried out the bulk of the annotation myself with the exception of 500 sentences that were

annotated by Simon Baker.

The resulting data set contains 7,803 annotated sentences, sampled independently from the

MREC, covering 33,524 edges in total. Table 5.3 shows the training/development/test partitioning

scheme used.

5.2 Comparison with Related Work

Variable typing is the machine learning task of assigning denotations to variables in mathematical

text. Denotations in variable typing take the form of mathematical types from a �xed dictionary.
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Train Dev Test Total

Sentences 5,273 841 1,689 7,803
Positive edges 1,995 457 1,049 3,501
Negative edges 15,164 4,386 10,473 30,023
Total edges 17,159 4,843 11,522 33,524

Table 5.3: Data set Statistics.

NLP tasks that are similar to variable typing have been proposed by the MIR community.

Grigore et al. (2009) took operators listed in OpenMath content dictionaries (CDs) as concepts

and used term clusters to model their semantics. A bag of nouns is extracted from the operator

description in the dictionary and enriched manually using terms taken from online lexical

resources. The cluster that maximises the similarity (based on Pointwise Mutual Information

(PMI) and DICE) between nouns in the cluster and the local context of a target formula is taken

to represent its meaning. Wolska et al. (2011) used the Cambridge dictionary of mathematics and

the mathematics subject classi�cation hierarchy to manually construct taxonomies used to assign

meaning to simple expressions. Simple expressions are de�ned by the authors to be mathematical

formulae taking the form of an identi�er, which may have super/sub-scripted expressions of

arbitrary complexity. Lexical features surrounding simple expressions are used to match the

context of candidate expressions to suitable taxonomies using a combination of PMI and DICE

(Wolska et al., 2011). Wolska et al. report a precision of 66%.

Schubotz et al. (2016) use hierarchical named topic clusters, referred to as namespaces, to

model the semantics of mathematical identi�ers. Namespaces are derived from a document

collection of 22,515 Wikipedia articles. A vector-space approach is used to cluster documents into

namespaces using mini-batch K-means clustering. Clusters beyond a certain purity threshold are

selected and converted into namespaces by extracting phrases that assign meaning to identi�ers

in the selected clusters. Schubotz et al. take a ranked approach to determining the phrase that

best assigns meaning to a particular identi�er. The authors reportF1 scores of 23.9% and 56.6%

for their de�nition extraction methods.

Quoc et al. (2010) used a rule-based approach to extract descriptions for formulae (phrases

or sentences) from surrounding context. In a similar approach, Kristianto et al. (2012) applied

pattern matching on sentence parse trees and a “nearest noun” approach to extract descriptions.

These rule-based methods have been shown to perform well for recall but poorly for precision

(Kristianto et al., 2012). Table 5.4 shows examples of their sentential patterns for extracting

descriptions. The patterns take the form of regular expressions (denoted by DEF) for target

mathematical expressions (denoted by MATH). However, Kristianto et al. (2012) note that

domain-agnostic parsers are confused by mathematical expressions making rule-based methods

sensitive to parse tree errors. Machine learning methods were �rst used by Kristianto et al.

(2014b) to extract descriptions for formulae. They showed that SVMs outperform rule-based

description extraction methods.

113



No. Sentence Pattern
1 ...denoted(asjby) MATH DEF
2 (letjset) MATH (denotejdenotesjbe) DEF
3 DEF (isjare)?(denotedjde�nedjgiven)(asjby)MATH
4 MATH (denotesjdenotej(standjstands) forjmeanjmeans) DEF
5 MATH (isjare) DEF
6 DEF (isjare) MATH
7 DEF (OTHERMATH)* MATH

Table 5.4: Sentential patterns proposed by Kristianto et al. (2012).

No. Sentence Pattern
1 Test whether the sentence matches one of 7 sentence patterns in Table 5.4.
2 Test for the existence of colons, commas, or other mathematical expressions between the target

mathematical expression and the de�nition candidate.
3 Test whether de�nition candidate is inside parentheses and mathematical expression is

outside parentheses.
4 Test how far de�nition candidates are from target mathematical expression

(number of words between them).
5 Test how closely the de�nition candidate is located to target mathematical expression

(after or before).
6 Surface text and POS tag of two previous and subsequent words of target mathematical expres-

sion.
7 Surface text and POS tag of two previous and subsequent words of target mathematical expres-

sion.
8 Apply unigram, bigram and trigram surface text and POS tag) to the beginning and end of

the target mathematical expression.
9 Apply unigram and bigram (surface text and POS tag) to the beginning and end of

the target mathematical expression.
10 Surface text of verb that �rst appeared between the target mathematical expression and

de�nition candidate.

Table 5.5: List of SVM features used by Kristianto et al. (2014) for description extraction.

The SVM proposed by Kristianto et al. (2014) used the features shown in Table 5.5. In

Section 5.3.1 I propose an SVM model for variable typing that extends this set with features

derived from typing edges.

Variable typing as a task for assigning denotations to elements of the symbolic modality from

the textual is different to those proposed in the MIR literature in four ways:

1. Denotations (meaning) takes the form of mathematical types assigned explicitly to variables.

This is in contrast to previous work by Grigore et al. (2009), Wolska et al. (2011) and

Schubotz et al. (2016), who used manually constructed term clusters.

2. Unlike formula descriptions (Kristianto et al., 2012; Kristianto et al., 2014b), denotations in

variable typing are assigned to constituent variables, rather than entire formulae.

3. In variable typing, variables are assigned one type from the sentence they occur in. In

contrast, Grigore et al. (2009), Wolska et al. (2011) and Schubotz et al. (2016) assign
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denotations globally across the corpus, while Kristianto et al. (2012; Kristianto et al.

(2014b) assign descriptions to formulae from a �xed-length window around a formula.

My approach is different from that adopted in prior work because the variable typing task

is speci�cally designed to be a prerequisite task to typed retrieval. Nevertheless, by assigning

meaning to variables, rather than to more complex mathematical expressions, and by doing so

at the sentential level, rather than within a �xed window, variable typing enables �ne-grained

control of denotation assignment:

• The meaning of complex formulae can be compositionally modelled by the collective types

of their constituents.

• Type decisions at the sentential level can be collected and the meaning of variables can be

re�ned at an arbitrary level (document and/or corpus level) using a type disambiguation

algorithm (Section 6.3.1).

5.3 Experiments

Three new models for typing are compared to the “nearest type” baseline and the SVM

proposed by Kristianto et al. (Kristianto et al., 2012; Kristianto et al., 2014b). One of my

models is an extension of the latter baseline incorporating type and variable-centric features.

The other two models are based on deep neural networks: a convolutional neural network and a

bidirectional LSTM.4

I treat the task of typing as binary classi�cation. An edge between a variable and a type

instance is said to bepositiveif the variable is of the type in the sentence andnegativeotherwise.

This means that every possible typing (= edge) in a sentence is presented to a classi�er which

makes a “type” or “not-type” decision.

5.3.1 Models for Variable Typing

Nearest Type baseline (NT) In formula description extraction the nearest noun baseline

de�nes a description as a combination of adjectives and nouns in the text preceding the target

mathematical expression (Kristianto et al., 2014b). In the following example, adapted from

Kristianto et al. (2014b), there are three candidate descriptions for the formulaP(zij = tjx; z� ij )

(underlined):

The posterior probabilityP(zij = tjx; z� ij ) of latent topicsrepresents

the probability that a topict is assigned toj th word in i th paper.

The nearest noun baseline would assign the description “the posterior probability” to the

formula because it is the nearest noun to its left.
4I assume some familiarity with machine learning for my descriptions of the models in this section, but I also

include a technical reference on machine learning, SVMs and relevant deep neural networks in Appendix A.2.
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Type-Oriented Features
TypeLength Number of words in the candidate type.
BaseType The base type of each candidate type.
GNum The grammatical number of the type as it appears in the sentence.

Variable-Oriented Features
VarSym The variables and symbols in the candidate variable layout graph (one string per symbol).
SymNum The number of distinct symbols in the candidate variable layout graph.
BaseSym The base symbol of the candidate variable layout graph.
Direction The directions (Above, Below,Up-left, Up-right, Down-left, Down-right, Next) in which

a candidate symbol has neigbouring symbols.
Operators Operators in the mathematical context of the candidate variable layout graph.

Type and Variable-Oriented Features
FirstLet The �rst letter in the type and base symbol of the candidate variable.

Sentence-Oriented Features
PrefSeq Pre�x sequence: tokens from start of sentence toa (exclusive)
MidSeq Middle sequence: tokens betweena andb(exclusive)
SufSeq Suf�x sequence: tokens betweenb(exclusive) and end of sentence.

Table 5.6: SVM+ features. For each edgee, let a be the position of its left-most component
(variable or type) andbthe position of its rightmost component (variable or symbol).

In the context of variable typing, the nearest noun baseline cannot be directly computed from

the task data because of my representation of the text. During the “rewriting phase” described on

page 94, nouns are no longer available as atomic units as they have become parts of complex

types. Instead, I approximate the nearest noun baseline using anearest typebaseline: given a

variablev, the nearest type baseline takes the edge that minimises the word distance betweenv

and some type in the sentence to be the positive edge. In the example above, the nearest type

baseline would assign the type “posterior probability”.

Support Vector Machine (Kristianto et al.) (SVM) This is an implementation of the features

and linear SVM described by Kristianto et al. (2014b), with hyperparameterC (the soft margin

cost parameter) optimised on the development set. Due to the class imbalance in our data

set I have used inversely proportional class weighting (as implemented in scikit-learn). L2-

normalisation is also applied.

Extended Support Vector Machine (SVM+) This model is the SVM model by Kristianto et

al. (2014b) with the addition of the features listed in Table 5.6. As before, I applied automatic

class weighting and L2-normalisation and found thatC = 2 is optimal for this model through

tuning over the development set.

Convolutional Neural Network (Convnet) Simon used a Convnet to classify each of the

V � T assignment edges as either positive or negative, whereV are the variables in the input

text andT are the types. Unlike in the SVM models, no hand-crafted features were used, but
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Name Type Description
Token Input A word in the sentence. If the token is a formula

(including a variable), it is replaced by '@@@'.
Types are represented by the key (type phrase in singular)
of their embedding vector.

Token class Input An integer expressing the class of token
0 stands for normal word, 1 for type, 2 for
variable and 3 to indicate that a variable token is
part of the edge being considered.

Type of Interest Input Class expressing the type.
If the token is a type and it is part
of the edge being considered, this �eld takes the
value of 'TYPE' or '-' otherwise.

Supertype Feature Class expressing the supertype.
If the token is a type, then this
feature is the string key of the embedding vector
of its supertype or 'NONE' otherwise.

Table 5.7: Input and features to neural network typing models.

only the inputs (Table 5.7), and the pre-trained embeddings (Section 4.3).

The input is a tensor that encodes the input described in Table 5.7. The embeddings are used

to represent the input tokens. In addition, two dimensions are concatenated to the input for

each token: one dimension to denote whether a given token is a type (using1 or 0) and another

dimension to denote if a token is a variable.

The model has a set of different sized �lters, and each �lter size has an associated number

of �lters to be applied (all are hyperparameters to the model). The �lters are applied to the

input text (i.e. convolutions), and then max-pooled, �attened, concatenated, and a dropout layer

(p = 0:5) is then applied before being fed into a multilayer perceptron (MLP), with the number

of hidden layers and their hidden units as hyperparameters. Finally, a softmax layer is used to

output a binary decision.

The model is implemented using the Keras library5 with binary cross-entropy as loss function,

and the ADAM optimizer (Kingma and Ba, 2014). The aforementioned hyperparameters were

tuned on the development data and balanced oversampling with replacement is used in order to

adjust for the class imbalance in the data. Early stopping is used to help avoid over-�tting. The

tuned hyperparameters are as follows: �lter window sizes (2 to 12, then14,16,18,20) with an

associated number of �lters (300for the �rst �ve, 200for the next four,100for the next three,

then75,70,50). One hidden layer of the MLP with512units is used with batch size50.

Bidirectional LSTM (BiLSTM) The architecture (implemented by Marek Rei) takes as input

a sequence of words, which are then mapped to word embeddings. For each token in the input

sentence, the inputs and features described in Table 5.7 are also included.

These features are mapped to a separate embedding space and then concatenated with the word
5https://keras.io/
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embedding to form a single task-speci�c word representation. This allows the model to capture

useful information about each word, and also designate which words to focus on when processing

the sentence.

A neural sequence labeling architecture is used based on the work of Lample et al. (2016) and

Rei and Yannakoudakis (2016). The constructed word representations are given as input to a

bidirectional LSTM (Hochreiter and Schmidhuber, 1997a), and a context-speci�c representation

of each word is created by concatenating the hidden representations from both directions:

�!
ht = LSTM (x t ;

��!
ht � 1)

 �
ht = LSTM (x t ;

 ��
ht+1 )

ht = [
�!
ht ;

 �
ht ]

wherex t is the word representation at stept, consiting of the token embedding and feature

embeddings.

A hidden layer is added on top, in order to map the result to a more suitable vector space:

dt = tanh( Wdht )

whereWd is a weight matrix.

Finally, softmax is used as the output layer, which predicts a probability distribution over the

labels `Type' and `Not type' for a given edge.

Rei et al. (2016) describe an extension of neural sequence labeling, where character-based

word representations are combined with word embeddings using a predictive gating operation.

This component was also used here, allowing the model to capture character-level patterns and

estimate representations for previously unseen words. In this framework, an alternative word

representation is constructed from individual characters, by mapping characters to an embedding

space and processing them with a bidirectional LSTM. This representation is then combined

with a regular word embedding by dynamically predicting element-wise weights for a weighted

sum, allowing the model to choose for each feature whether to take the value from the word-level

or character-level representation.

The model is optimised by minimising categorical cross-entropy, which is equivalent to

minimising negative log-likelihood. Adadelta (Zeiler, 2012) was used for adaptively controlling

learning speed, with the initial learning rate at1:0. Words with frequency less than2 were

considered OOV, but were still used by the character-level component; all digits were replaced

by 0. The word embeddings have size100and were initialised with word2vec (Mikolov et al.,

2013b) vectors trained on the MREC document collection.

The LSTM layer size was set to200 in each direction for both word- and character-level

components; the hidden layerd was set to size50. During training, sentences were grouped into
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batches of size64. Performance on the development set was measured at every epoch; training

was stopped when performance had not improved for 10 epochs. The best-performing model on

the development set was then used for evaluation on the test set.

5.3.2 Results

Evaluation is performed over edges, rather than sentences. I measure performance using precision,

recall andF1-score. The application of the NT, SVM, SVM+ and Convnet models on the test set

yields a single run per model with 11,522 binary predictions – the total number of edges in the

test set. Due to the fact that the initialisation of the BiLSTM depends on a stochastic process

and is thus non-deterministic, I collect 10 runs of the model on the test set and report the mean

F1-score.

The non-parametric paired randomisation test (described in Section A.3) is used to detect

signi�cant differences in performance across classi�ers. Comparisons using the randomisation

test that involve the BiLSTM are executed using the run that performed the closest to the mean

F1 score over the 10 runs of the model. The Wilcoxon rank-sum test is used to detect differences

in the distribution of certain features of the data points.

Table 5.8 shows the performance results of all classi�ers considered. All three proposed

models have signi�cantly outperformed the NT baseline and the SVM by Kristianto et al. (2012)

and Kristianto et al. (2014b), which represents the state-of-the-art machine learning method

for assigning descriptions to formulae at the time of writing. The best performing model is

the bidirectional LSTM (F1 = 78:98%), which signi�cantly outperformed all other models

(� = 0:01).

Precision (%) Recall (%) F1-score (%)

NT 30.30 82.94 44.39
SVM 55.39 76.36 64.21
SVM+ 71.11 72.74 71.91
Convnet 80.11 70.26 74.86
BiLSTM 83.11 74.77 78.98

Table 5.8: Model performance summary. Differences between all pairs are statistically signi�cant
(p < 0:01) according to the permutation test.

According to the results in Table 5.8, both deep neural network models have signi�cantly

outperformed classi�ers based on other paradigms. This is consistent with the intuition that the

language of mathematics is formulaic: we expect deep neural networks to effectively recognise

patterns and identify correlations between tokens. It is interesting to note that the Convnet

model outperforms SVM+, given that the construction of the latter model involved manually

engineered features. In contrast, no manual feature engineering has been performed on the

Convnet model (or indeed on any of the deep neural network models). This implies that the

learned type embeddings have been conducive for these models.
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Figure 5.2: Two typings and possible false positive links.

The nearest type (NT) baseline demonstrates high recall but low precision. This is not

surprising since the NT baseline is not capable of making a negative decision: it always assigns

some type to all variables in a given sentence. According to my assumption 1, however, if an

instance of a variable is typed outside the current sentence, the correct answer in these cases is

“Type Unknown”, an option not available to this baseline.

Successes Failures

SVM 25 379
SVM+ 12 74
Convnet 31 104
BiLSTM 46 57

Table 5.9: Unique success/failure count per model.

Table 5.9 lists numbers of unique successes and failures (instances where a model is the only

model to make the correct or wrong prediction respectively) for the four sophisticated models6.

The SVM model by Kristianto et al. produces a high number of unique failures. Despite the

fact that the SVM+ model has half the number of unique successes of the SVM model, it has

considerably fewer unique failures (74 as opposed to 379). The BiLSTM achieves the largest

number of unique successes and the least number of unique failures (46 and 57 respectively).

The performance of the models could also be affected by long source sentences and long

edge length (distance between a variables and its types). Figure 5.2 illustrates this using an

example from ArXiv quant-ph/9611027. Solid lines in the �gure represent positive edges

between variables (boxed tokens) and types (bold text); dotted and dashed lines represent false

positives. There is a clear positive link between variableI and the type “identity”: the two

are very close and linked via the copular verb “is”. This edge is typical for mathematical text

and it is not surprising that it has been identi�ed by all models considered. However, both

the SVM and SVM+ model additionally identi�ed the false positive (dotted line) betweenI

and “set” (remember that there is no formal enforcement of the uniqueness constraint between

variables and types) – it appears that the SVM models cannot recognise the fact thatI is part of

an adverbial phrase and that in this context, valid edges should not link outside of the phrase.

The positive edge between� i and type “Pauli spin operators” has only been correctly identi�ed
6The Nearest Type baseline NT is excluded due to the fact it always assigns a type.
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by the deep neural network models, although the verb “are” occurs between the edge points. The

failure of the other models to �nd this link may be attributable to the fact that the sentence is by

that point quite long and structurally complex. NT and SVM generated the false positive edge

between� i and “error” (dashed line), seemingly misled by the close proximity of the variable to

the (wrong) candidate type.

Looking into distribution location differences in terms of mean and median in sentence

length between unique successes (according to the permutation test for independent samples,

(Siegel and Castellan, 1988)) I found no statistically signi�cant differences between model

pairs. In contrast, I found signi�cant (at� = 0:05) differences between the average sentence

length in the pair SVM/BiLSTM (32.7 vs 38.3). In terms of differences in median, there were

signi�cant differences in the pairs SVM/ConvNet (median length of sentence 29 vs 34 words),

SVM/BiLSTM (29 vs 36 words), SVM+/ConvNet (28 vs 34 words) and SVM+/BiLSTM (28 vs

36).

Looking into the distribution of unique successes in terms of edge length (distance between

variable and type), I found no signi�cant differences in any pair of models. However, I found

signi�cant differences (� = 0:05) in mean between the distributions of failures for the pairs

SVM/ConvNet (average edge length 3.4 vs 8.4), SVM/BiLSTM (mean 3.4 vs 6.2 respectively)

and SVM+/ConvNet (3 vs 8.4). In terms of median, I found signi�cant differences in the pairs

SVM/SVM+ (median edge length 3 vs 1), SVM/ConvNet (3 vs 4.5), SVM+/ConvNet (1 vs 4.5)

and SVM+/BiLSTM (1 vs 3).

This investigation into successes and failures suggests that variable typing models based

on neural networks are more robust to long sentences and edges than those based on SVMs.

However, I cannot draw de�nitive conclusions since the parameters learned by the neural network

models have no intuitive interpretation.

5.4 Variable Typing for Typed Retrieval

I designed variable typing as a standalone NLP task. One design decision for the variable typing

task has been to only considersimple variables – a variable de�nition adapted from Grigore et al.

(2009) – for edges with types in the text, because this is the established variable de�nition in the

MIR community.

However, typing and indexing simple variables in this manner is restrictive because it overlooks

phenomena where simple variables are declared using complex expressions, such as declarations

of maps or assignments. To illustrate, consider the following de�nition from Fraleigh (2003):

De�nition 0.12: A function � : X ! Y is one to one if� (x1) = � (x2) only when

x1 = x2...The function� is ontoY if the range of� is Y.

The formula� : X ! Y (map notation) does not �t the de�nition of “simple variable” by

Grigore et al. (2009) and in the example above, the formula partakes in a type assignment:
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� : X ! Y is expected to be of type “function”. However,� : X ! Y is not a simple variable

and variable typing will not consider the edge between it and the type “function”.

In the �rst sentence of this example, the variable� is declared to be a “function” using map

notation but is subsequently referred to using function notation:� (x1). In the second sentence,

the function is referred to using only its symbol,� . The formulae� (x1) and� are anaphoric;

they reference the original declaration of the variable� , which informs the reader about the

domain and range of the function and is thus more detailed. This phenomenon is proli�c in

mathematical literature and can be observed in many branches of mathematics.

My goal is to expand the number of variables in the test collection that can be typed and to

increase the recall of typings that can inform typed retrieval. I do this by introducing two pieces

of machinery built on top of variable typing to propagate type information from declarations to

anaphoric variables in the discourse.

First, I extend the de�nition of “variable” to distinguish between symboldeclarationsand

anaphoricinstances by introducing the notion ofhead variable. A head variable is a simple

variable that is used to reference a complex formula or declaration and is always �rst introduced

in the formula or declaration it references. The variable� in the example above, for instance, is

the head variable of the map declaration� : X ! Y. I have identi�ed 8 patterns from which

head variables can be extracted. These patterns are shown in Table 5.10.

Pattern Example Head Description

X expr 1
expr 2 X expr 1

expr 2 Variables with arbitrarily complex scripts.

x = expr x Instance of an assignment or identity.

f (x) = expr f

x 2 S x Instance of membership.

c : I ! G c Declaration of a map.

jD j jD j Fenced variable.

f (x) f A function call for some parameters.

F ::= 0 jF ^ F j : : : F Context-free grammar declaration.

x � 3 x Approximate value.

Table 5.10: Special classes of variables recognised by my variable parser.

The second piece of machinery is a generator that expands the number of candidate edges for

variable typing. This generator

1. extends the variable parser used to detect simple variables in variable typing to emit the

head variable of a formula. If a head variable for a formula can be found, it is used to

generate variable typing candidate edges; and then

2. redirects the type assignment induced by a typing (F1, T1), whereF1 is a formula andT1 a

type, to the head variable ofF1.
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Variable typing for typed retrieval now works as follows. During the candidate generation

step of my algorithm, the variable parser also emits the head variable of formulae that match

the patterns in Table 5.10. Head variables are used to generate candidate edges that would have

otherwise not be considered in variable typing. I use the best variable typing model found in my

earlier experiments, the BiLSTM model, to classify candidate edges.

There are two advantages to applying this generator for typed retrieval. First, it allows me to

extract typings for formulae matching the patterns in Table 5.10 that would have otherwise been

ignored because they are not simple variables. For example, in De�nition 0.12 above, a typing

(� : X ! Y, “function”) is now discoverable. Extracting types from declarations is important

because, as shown by Wolska and Grigore (2010), the meaning of the majority of symbols is

given in the sentence in which they are declared. The second advantage concerns the propagation

of the type of declarations to subsequent instances in the same document. For example, upon

encountering De�nition 0.12 above, typed retrieval models will know that instances of the

variables� and� (x1) are references to� : X ! Y and have type “function”. Recognising the

types for these instances would not have been possible without my extensions.

My generator does not alter the assumptions or operation of variable typing. Rather, it

conceptually transforms declarations to semantically equivalent ones that can be typed by

a variable typing model trained on the data set presented in this chapter. For example, the

declarations

A function � : X ! Y is one to one if� (x1) = � (x2) only whenx1 = x2.

A function � is one to one if� (x1) = � (x2) only whenx1 = x2.

are semantically equivalent. The only difference is that typings in the latter can be recognised by

variable typing whereas typings in the former cannot be recognised without the aforementioned

extensions.

5.5 Limitations of Variable Typing

My variable typing machinery admittedly has some limitations in the context of typed retrieval.

The �rst limitation is that variable typing is a machine learning task and in some cases the wrong

type can be assigned to a variable (i.e., a false positive). Some false positive type assignments

might get overridden by decisions made at the type disambiguation stage of typed retrieval

(section 6.3.1) if the correct type for a particular variable can be extracted somewhere in the

source document. Like any other process based on machine learning, however, typed retrieval is

subject to noise coming from false positives.

Another limitation is that the list of patterns in Table 5.10 is not exhaustive. I produced this list

empirically by observing discussions on MathOver�ow (threads outside of my test collection)

and mathematical text in ArXiV papers. Nevertheless, it should capture many instances of
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variables that would have otherwise been ignored during variable typing that can now be used in

typed retrieval.

A third limitation of my approach is that references to mathematical objects using syntacti-

cally ambiguous formulae cannot be typed. For example, consider the following question on

MathOver�ow7:

Theblowdownof thezero sectionof thecanonical bundleof the

�rst del Pezzo surfacedP1, theblowupof CP2 at onepoint, is aCalabi-Yau cone... Is

the same thing true for theblowdownof thezero sectionof thecanonical bundleof

thesecond del Pezzo surfacedP2...

In the example above, a human reader can easily deduce thatdP1 :: “�rst del Pezzo Surface”

anddP2 :: “second del Pezzo Surface” are distinct variables. However, when this task is done

automatically, it is not unambiguously clear from the Presentation MathML whetherdP is a

single identi�er or two adjacent, yet distinct symbolsd andP separated by an implicit binary

operator. As a result,dP1 anddP2 cannot be recognised as complex variables at all, and therefore

all processing breaks down here.

I have chosen not to attempt to correct such instances because doing so might affect the

intended meaning of formulae. For example, one could imagine an instance where an implicit

binary operator exists betweend andP. In this case, merging the two symbols into a single SLT

identi�er would result in the meaning of SLT to deviate from that of the source formula.

5.6 Chapter Summary

In this chapter I introduced the variable typing task as a stand-alone NLP task (up to Section 5.3).

My variable typing task differs from previous work in three important ways: (a) denotation

(meaning) in the form of mathematical types is explicitly assigned to variables, rather than

arbitrary mathematical expressions, (b) variables are assigned those denotations that are present

in the same sentence they occur (rather than being drawn from a context of arbitrary length, e.g.

�xed windows or documents) and (c) denotations are drawn from a pre-determined list of labels,

rather than free-form text from the context surrounding each variable.

With the help of Simon Baker, I have constructed a new data set for the variable typing task.

My data set, which is publicly available, contains 33,524 labelled edges (positive or negative) in

7,803 sentences. Simon Baker and Marek Rei helped me build and evaluate three variable typing

models. Our models outperform the current state-of-the-art methods developed for similar tasks.

Marek Rei's BiLSTM model is the top performing model for variable typing, achieving79%

F1-score.

In the context of this thesis, variable typing is a prerequisite machine learning task for typed

retrieval – I use the best variable typing model (Marek's BiLSTM model) as a pre-processing
7MathOver�ow thread 12962, https://mathoverflow.net/questions/12962/

existence-of-smoothing-of-calabi-yau-cones-over-dp-1-and-dp-2 .
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step to assign types to variables in the formulae of documents and queries. I also for practical

reasons extended the scope of variables that can be assigned a type by the task, without loss

of generality in section 5.4. My expectation, as suggested in more detail at the beginning of

chapter 4, is that typed formula retrieval will improve retrieval ef�ciency by reducing the number

of false positive associations between mathematical expressions in query and document. I will

discuss retrieval models and experiments based on typed retrieval in more detail in chapters 6

and 7 respectively.
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Chapter 6

Typed Joint Retrieval

In Chapter 4 we have seen that types are a natural part of the mathematical text and in Chapter 5

I described how types can be used to link the textual and symbolic modalities. In this chapter

I will discuss how MIR models can use the link established through variable typing to jointly

model formulae and text for MIR retrieval.

Most MIR systems treat text and formulae as independent sources of information. Indexing and

retrieval of the symbolic modality is done independently of the textual modality and processing

the former modality does not use information coming from processing the latter modality when

modelling or retrieving mathematical information. In Tangent (Pattaniyil and Zanibbi (2014),

section 2.2.5), for example, indexes and scores formulae using triples of symbols while text is

processed using the traditional retrieval model VSM. Two independent scores for each modality

are produced by Tangent and combined into a single score using weighted linear interpolation.

I propose linking the symbolic and textual modalities by replacing each variable in formulae

with one type extracted from the textual modality. The main idea behind this form of typed

retrieval is that �nding similar formulae in queries and documents becomes more �exible when

formulae are matched based on the types of their constituents, rather than their raw symbols.

This takes the form of tree matching, as formulae are tree structures. Ultimately, this chapter is

concerned with the algorithms that realise typed uni�cation: algorithms for typing formula trees

and their constituents and algorithms for matching the typed tree structures in documents with

those in the queries.

In order to illustrate the proposition that types introduce a dependence between text and

formulae in the discourse, I will now develop an example. Suppose that a mathematician is

looking for a speci�c form of homomorphism. The searcher knows that the homomorphism she

is looking for involves instances of groups but is not sure which exactly. In her query, she writes

the formula

hom(G1; G2) (1)

and the textual component of her query speci�es thatG1 :: GROUP andG2 :: GROUP.

127



Suppose that in reality, the homomorphism that will satisfy her need is:

hom(R1; R2) (2)

whereR1 :: RING andR2 :: RING .

hom(G1; G2) hom(R1; R2)
Parent Child Dist. Vert. Parent Child Dist. Vert.
hom ( 1 0 hom ( 1 0
hom G1 2 0 hom R1 2 0
hom , 3 0 hom , 3 0
hom G2 4 0 hom R2 4 0
hom ) 5 0 hom ) 5 0
( G1 1 0 ( R1 1 0
( , 2 0 ( , 2 0
( G2 3 0 ( R2 3 0
( ) 4 0 ( ) 4 0
G1 , 1 0 R1 , 1 0
G1 G2 2 0 R1 R2 2 0
G1 ) 3 0 R1 ) 3 0
, G2 1 0 , R2 1 0
, ) 2 0 , ) 2 0
G2 ) 1 0 R2 ) 1 0
) None 0 0 ) None 0 0

Figure 6.1: Top: Untyped SLTs for the formulaehom(G1; G2) and hom(R1; R2), bottom:
Tangent formula index entries forhom(G1; G2) andhom(R1; R2).

For the formulaehom(G1; G2) andhom(R1; R2), Tangent (Pattaniyil and Zanibbi, 2014) will

use the SLTs in the top of Figure 6.1 to produce the index tuples shown in the bottom of the �gure
1. The sets of Tangent index tuples entries for the two formulae are almost identical. However,

because the formulae use different symbols at the same positions, the tuples for formula 1 are

not exact matches to the tuples for formula 2 and the Tangent scores will not re�ect their true

similarity.

One of the things that Tangent (Pattaniyil and Zanibbi, 2014) misses is that Formulae 1 and 2

are syntactically equivalent, since the substitutionsf G1 ! R1; G2 ! R2g can be used to turn

formula 1 into 2. Note that syntactic equivalence is another name for� -equivalence, which was

�rst introduced on page 27 and which we will return to in section 6.4.1.

Any MIR system can take advantage of syntactic equivalence to match and score formulae.
1I am simplifying the SLTs and index by including the subscripts in the identi�er nodes.
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However, a typed retrieval system can take this a step further: it will create the typed SLTs in

Figure 6.2 (right) instead of the corresponding untyped SLTs (left) and determine that the type of

G1 can be coerced to the type ofR1 and that the type ofG2 can be coerced to the type ofR2 by

deducing that aRING is a specialisation ofGROUP.

Figure 6.2: Untyped and typed SLTs for the formulaehom(G1; G2) andhom(R1; R2).

This mechanism, which I call type uni�cation (Section 6.2), happens during scoring and

enables typed retrieval to recognise that formula 2 is not only syntactically but also semantically

relevant to formula 1. This leads to a successful match in this case. I borrow ideas for this

mechanism from the �eld of denotational semantics for programming languages and I refer to

matching and scoring based on this mechanism as “semantic” with this in mind.

Typed retrieval is not always useful. In some cases, mathematical enquiries can be expressed

without any typable expressions. The following MathOver�ow question2 is an example:

Is there any classi�cation forcoadjoint orbitsof lower or uppertriangular matricesin

general casen � n. Is there any reference?

Despite the fact that the question above contains two types, the only mathematical expression

in the text,n � n, is not typable sincen is neither typed nor declared in the question's body. In

other cases, mathematical enquiries can be expressed with no types in the text at all3:

How can I �nd the general solution ofa4 + b4 = c4 + d4 (a; b; c; d >0)? And how did

Euler �nd the solution1584 + 594 = 1334 = 1344?

In both of these cases, it is of course impossible for typed retrieval to make any difference.

However, in the vast majority of cases types are present both in language and in the formulae,

and the approaches in this chapter explore how this can be exploited.

In the sections that follow I will describe the individual components of typed retrieval in more

detail and explain my overall approach at specialising them. Then, in Section 6.4 I will introduce

concrete models that use the ideas in this chapter to realise typed retrieval.
2MathOver�ow thread 127010, https://mathoverflow.net/questions/127010/

classification-for-coadjoint-orbits-of-lower-or-upper-triangular-matrices .
3MathOver�ow thread 142434, https://mathoverflow.net/questions/142434/

diophantine-equation-a4b4-c4d4-a-b-c-d-0 .

129



6.1 Matching Operations on SLTs

I use three different types of matching: exact matching, syntactic and recursive matching, which

are realised by matching operators. In order to represent formulae, I need a tree-like structure;

out of all possible such structures, I adopt and extend SLTs (section 6.1.1).

Exact tree matching addresses the case where two SLTs are identical in structure as well

as in their vocabulary of symbols. This happens often when a document or query has many

occurrences of a particular symbol or identi�er, or in the general case, if an identi�er is short.

However, for more complex formulae, matching SLTs with raw symbols directly is counter-

productive: it is unlikely that two equivalent expressions will be written down using the exact

same collection of symbols. Syntactic matching addresses this problem by �rst performing

syntactic normalisation (also known as skolemisation), thereby enforcing� -equivalence, which

makes the matching of identically structured formulae more �exible.

Beyond� -equivalence, there is one more piece of information that can increase our certainty

that two non-identical formulae can be semantically related, and that is type uni�cation. If we

can (a) determine that two formulae have the same structure using� -equivalent matching and (b)

have symbols withuni�able types at the same positions in their SLTs, then we can be reasonably

certain that a document formula is relevant to a query formula. In Section 6.2 I will introduce

type uni�cation which makes this happen.

The operations discussed in this section are used in one form or another in all components of

typed retrieval:

1. Determining whether an SLT represents a simple or complex variable uses theexact

operator when matching the SLT against the patterns in Table 5.10 from Section 5.4.

2. The matching operators are also used during type disambiguation (to be discussed in

section 6.3.1), when equivalence classes of formulae are compiled (candidate types are

collected for each class from the document or query).

3. Tree matching (to be discussed in sections 6.4.1 and 6.4.2) uses exact, syntactic and recursive

matching to produce the information needed to score query–document formula pairs.

6.1.1 Extensions to SLTs

Compared to the SLTs in the literature I made a few extensions for practical reasons: my

extensions implement more informative mathematical knowledge and thus allow for earlier

recognition of non-matching parts of formulae. My SLTs (a) encode more layout relationships

between constituents and (b) have a larger dictionary of non-terminals, leading to more �ne-

grained representations of formula structure thus allowing for more structural idioms to be

modelled explicitly.

As do Zanibbi and Yuan (2011), Schellenberg et al. (2012) and Pattaniyil and Zanibbi (2014),

I also parse Presentation MathML into symbol layout trees (SLTs), and produce SLTs for all
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formulae in a document or query. The reason for this is that Presentation MathML can be

produced from LATEX more reliably than Content MathML at scale.

In contrast to Pattaniyil and Zanibbi's 5 kinds of SLT edges4, my SLTs are connected in

7 directions5: ABOVE, BELOW, SUBSCRIPT, SUPERSCRIPT, LEFT SUBSCRIPT, LEFT

SUPERSCRIPT and NEXT positions. Every SLT node (an instance ofLayoutNode ) can also

have a WITHIN subtree to encode constructs like square roots. These relationships are illustrated

in Figure 6.3.

Figure 6.3: Structural relationships between layout nodes in my SLTs.

The next point of difference concerns the non-terminals, which correspond to structural

patterns or idioms. Non-terminals as idioms encapsulate patterns in formulae that convey speci�c

mathematical meaning through their layout. For example, Tangent and other MIR systems

have a special SLT node for fractions. This node has two children: one node in the ABOVE

direction and another in the BELOW direction. Figure 6.4 illustrates this by showing Tangent's

representation for the formulax
2

p
z . We can see that the non-terminal SLT nodeSqrt is the

“BELOW” child of the formula, with a further terminal node of type constant as a “WITHIN”

child.
4Namely, ADJ (adjacent), ABOVE, BELOW, SUPERSCRIPT and WITHIN.
5There is some uncertainty about who invented 7-directional SLTs. At the time I conducted my experiments,

nobody had published any of these extensions (and I had not either), but since then, 7-directional SLTs have been
introduced in the literature, without any statement of novelty. I am reporting this fact only for completeness, because
in my mind these extensions are a natural iteration on SLTs, and as such prone to simultaneous invention.
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Figure 6.4: Tanget SLT forx
2

p
z .

The advantage of such a representation is that it allows for abstraction over similar fractions,

such asx3

5 , which has a similar structure tox
2

p
z , both of which share structurally similarABOVE

parts. The BELOW parts are structurally different, and Tangent's representation makes it possible

to identify quickly that the former has a constant where the latter has a non-terminal (namely the

square root non-terminal).

The non-terminals used in SLTs I have seen in the literature enable a certain level of generali-

sation. However, my hypothesis is that the vocabulary of non-terminal nodes could be expanded

to capture more structural idioms leading to better generalisation and thus better matching.

My �rst observation was that it is unclear exactly how many such non-terminal nodes are in

use, as no de�nitive list is published in the SLT literature. From the few published examples I

had access to, I could already see that additional non-terminal nodes are possible which should,

in my opinion, help generalisation. This lead to my design of an improved SLT representation

that encodes more structural patterns and idioms in its non-terminals than are currently in use.

Figure 6.5: Representation examplex2 + 4: 7-directional SLTs.

In my SLT representation, I de�ned nine structural idioms (non-terminal nodes):

• LayoutLinearForm : This non-terminal is used to represent mathematical expressions

with constituents laid out on the same typographical baseline. Consider, for example the
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SLT representation ofx2 + 4 in Figure 6.5. This SLT in Figure 6.5 encapsulates three

nodes aligned on the same typographical baseline that represent the sub-expressionx2, the

operator+ and the numerical constant “4” in sequence.

• LayoutAtom: TheLayoutAtom non-terminal is exclusively used to represent scripting

between a base expression. The expressionx2 in Figure 6.5, for example, is represented as a

LayoutAtom with aLayoutVariable terminal as the base and aLayoutConstant

terminal as its super-scripted sub-expression.

• LayoutAboveBelow: This non-terminal is used to represent expressions where constituents

are laid out on top of each other. Typical examples include binomial coef�cients and

fractions.

• LayoutFraction: This non-terminal is a special instance ofLayoutAboveBelow used

to represent fractions. I use a special non-terminal for fractions due to their frequency in

mathematical text.

• LayoutEnclosure: This non-terminal is used to represent expressions that involve one

expression enclosing another.

• LayoutRoot: A special instance of the non-terminalLayoutEnclosure used to repre-

sent thenth root of an enclosed expression. This non-terminal allows for the speci�cation

of a base (typically typeset as an upper-left superscript) stored as a child SLT. I created a

specialised non-terminal for roots due to their high frequency of occurrence in mathematical

text.

• LayoutGrid : This node type represents any formulae that might be organised as a 2D orthog-

onal grid. Each row is represented by an instance of the non-terminalLayoutLinearForm .

• LayoutMatrix : A special instance ofLayoutGrid used to represent matrices which also

contains the dimensions of the encoded matrix. The dimensions of a matrix are used by

Tangent for indexing matrix structures (Pattaniyil and Zanibbi, 2014) and I replicate this

behavior in my implementation of Tangent indexing.

• LayoutTable: A special instance ofLayoutGrid used to represent grids that are not

matrices.

As will become clearer in the next sections, a larger vocabulary of non-terminals should make

SLTs more precise and more expressive about shallow semantics. This leads to earlier rejection

of spurious matches between formulae.
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6.1.2 Exact SLT Matching

The exact matching SLT operation, which I refer to asexact (SLTi ; SLTj ), realises equality of

formula SLTs,SLTi = SLT SLTj . The operation traversesSLTi andSLTj simultaneously in

a depth-�rst manner. At each step, it checks whether the terminal (e.g., constants and literals)

and non-terminal nodes (e.g., structural idioms) are the same at isomorphic positions on the two

SLTs. If the nodes differ at the same position, thenexact will report that the SLTs are not the

same. If, on the other-hand,exact matches all sub-trees of the SLTs then it will report they are

identical.

I will now illustrate the operation ofexact using some concrete examples. Suppose that

exact is to match the identical expressionsF1 = x2
p

z andF2 = x2
p

z . The SLTs for these

expressions are shown in Figure 6.6. The steps taken byexact to determine that the SLTs

for F1 andF2 are exact matches are shown in Table 6.7. The steps in Figure 6.7 demonstrate

thatexact determines that all sub-trees of the SLTs in isomorphic positions are exact matches,

making the two SLTs equivalent.

Figure 6.6: Identical SLTs forF1 andF2 ( x2
p

z ).

Step Direction Result

exact(LayoutFraction,LayoutFraction) ROOT True

exact(LayoutSquareRoot,LayoutSquareRoot) BELOW True

exact(LayoutLiteral, LayoutLiteral) WITHIN True

exact(z,z) Literal values True

exact(LayoutAtom,LayoutAtom) ABOVE True

exact(LayoutLiteral,LayoutLiteral) WITHIN True

exact(x,x) Literal values True

exact(LayoutLiteral, LayoutLiteral) SUPER True

exact(2,2) Constant values True

Figure 6.7: Run forexact on the SLTs ofF1 andF2.

I will now illustrate the case where two SLTs are not equivalent. Consider the two expressions

F1 = x2
p

z andF2 = x2+ yp
z , their SLTs, shown in Figure 6.8.
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Figure 6.8: Non-equivalent SLTs for the distinct formulaeF1 = x2
p

z andF2 = x2+ yp
z .

As shown in Figure 6.9,exact matches the BELOW branches ofF1 andF2, but in the

last step it recognises that the non-terminals being compared are not identical in the ABOVE

direction (F1 has aLayoutAtom , while F2 has aLayoutLinearForm ) and returnsFalse .

This example also shows the usefulness of my extensions to the SLT non-terminals. If I had

used the SLTs commonly used in the literature, theLinearForm on the right would not be

there; instead, the expressiony + x2 would take the form of a deep branch, with the node fory

being the root connecting the other symbols one edge at a time. The entirity of this branch would

have to be searched and a non-match would be found at a much later state. My algorithm allows

for the no-match to be caught at an early stage, namely when theLinearForm is encountered

during the tree walk.

Step Direction Result

exact(LayoutFraction,LayoutFraction) ROOT True

exact(LayoutSquareRoot,LayoutSquareRoot) BELOW True

exact(LayoutLiteral, LayoutLiteral) WITHIN True

exact(z,z) Literal values True

exact(LayoutAtom,LayoutLinearForm) ABOVE False

Figure 6.9:exact matching on the SLTs ofF1 = x2
p

z andF2 = x2+ yp
z .

I perform matching under the assumption of implicit commutativity, i.e., the assumption that all

expressions and operators arranged in the same typographical baseline in Presentation MathML

are commutative. The algorithm that enforces implicit commutativity is incorporated inexact

for the case where both inputs are of non-terminal kindLayoutLinearForm . All children of

the twoLayoutLinearForm non-terminals are placed in a table that enumerates all possible

pairings between the sub-expressions of the two non-terminal nodes. Then,exact is applied to

each pair and theLayoutLinearForm nodes are considered to be a match if the number of

matching sub-expressions pairs is equal to the number of children in theLayoutLinearForm
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non-terminals.

To illustrate how implicit commutativity is enforced byexact , I will use the example

F1 = x2 + 3 andF2 = 3 + x2. The SLTs forF1 andF2 are shown in Figure 6.10. Matching of

F1 = x2 + 3 andF2 = 3 + x2 starts with a call toexact , which uses the table in Figure 6.11

to match the three sub-expressions ofF1 andF2 at any position on the typographical baseline

of the two expressions. Each cell in Figure 6.11 corresponds to another call toexact on the

cell pair. For theLayoutLinearNode non-terminals to match betweenF1 andF2, exactly

three pairs on the table in Figure 6.11 (i.e., as many as there are children in the matching

LayoutLinearNode non-terminals) must match, which is indeed the case.

Figure 6.10: Equivalent SLTs under implicit commutativity for the formulaeF1 = x2 + 3 and

F2 = 3 + x2.

Step
Direction Result

exact(LayoutLinearForm,LayoutLinearForm) ROOT True

LayoutLinearNode2

x2 + 3

La
yo

ut
Li

ne
ar

N
od

e 2

3 False False True

+ False True False

x2 True False False

Figure 6.11: Position-independent matching of two LayoutLinearNode non-terminals inexact

for formulaeF1 = x2 + 3 andF2 = 3 + x2.

The implicit commutativity assumption makes tree matching (Section 6.4.1) more �exible: it

allows� -equivalent expressions such asx2 +3 and3+ y2 to be matched regardless of the order of
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their sub-expressions. Such matches can be bene�cial to both precision and recall, by increasing

true positives and decreasing false negatives simultaneously. However, when applied to operators

that are not commutative, the assumption can introduce false positive formula matches, affecting

precision. I use implicit commutativity because I believe that overall the bene�ts should outweigh

the cost, as most commonly used operators such as addition and multiplication are commutative,

with only one notable exception, namely matrix multiplication.

6.1.3 SLT Matching with � -equivalence

The next-most complicated matching procedure decides whether two formulae are syntactically

equivalent, by enforcing� -equivalence (discussed on page 27). Recall that� -equivalent formulae

have the same structure but are expressed using a different vocabulary of symbols that is

interchangeable (i.e., one formula can be converted to the other by substituting its symbols).

Realising� -equivalence on SLTs is useful because it allows typed retrieval models to recognise

semantically equivalent formulae expressed using different symbol conventions (i.e., different

syntax).

To do so, I introduce thealpha operation that is realised using the same procedure asexact

with some modi�cations.alpha uses two support operators on SLTs,skolem andsubs to

perform the� -equivalence check. The operatorskolem takes in an SLT as input and returns a

substitution map. In general, a substitution map is a set of mappings:

f D1 ! R1; : : : ; Dn ! Rng; (3)

whereD i ! Ri indicates that variable or identi�erD i is mapped to identi�er or variableRi .

I will refer to the set of left-hand-side identi�ers of a substitution map,f D1; : : : ; Dng, as the

domainand to the set of right-hand-side identi�ers,f R1; : : : ; Rng, as therange.

Theskolem operator traverses the input SLT in a depth-�rst manner recording a substitution

for each new mathematical identi�er (domain) it encounters to a fresh number (range). Fresh

numbers are generated for identi�ers in the order they are encountered, or no new substitutions

are recorded for identi�ers that are already present in the substitution map.

Figure 6.12 illustrates howskolem will transform the SLT ofx2+ y (left) into a skolemisation

substitution set (right). Figure 6.13 shows the stepsskolem will take for x2 + y to generate

its skolemisation substitution map. For every new mathematical identi�er inx2 + y skolem

encounters it records a mapping to a fresh number, producing the skolemisation substitution map

f 1 ! x; 2 ! + ; 3 ! yg.
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Figure 6.12: Left: the SLT forF = x2 + y, right: skolemisation ofF .

Step Direction Result

skolem(LayoutLinearForm, ROOT

LayoutLinearForm)

skolem(LayoutAtom) First child of ROOT fg

skolem(x) WITHIN of LayoutAtom f 1 ! xg

skolem(+) Second child of ROOT f 1 ! x; 2 ! + g

skolem(y) Third child of ROOT f 1 ! x; 2 ! + ;

3 ! yg

Figure 6.13: Steps taken byskolemto produce the skolemisation map forx2 + y.

The support operatorsubs takes two SLTs,F1 andF2 as input and returns acon�ict-free

substitution mapthat maps the variables or identi�ers ofF1 to those ofF2. A substitution map,

S � f D1 ! R1; : : : ; Dn ! Rng, is con�ict-free if:

1. Each identi�erD i in its range is mapped onto at most one identi�er in its domain, and

2. each identi�erRi in its domain has at most one unique identi�er in its range mapped onto it.

I will now illustrate the concepts above using an example withsubs . The SLTs for the

� -equivalent formulaeF1 = x2 + y andF2 = y2 + x are shown in Figure 6.14. Figure 6.15

shows the steps thatsubs will take to map the identi�ers inF1 to those inF2.
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Figure 6.14: SLTs for the� -equivalent formulaeF1 = x2 + y andF2 = y2 + x.

Step Description Result

1 skolem( F1) , Obtain skolemisation S1 = f 1 ! x; 2 ! + ; 3 ! yg;

skolem( F2) substitution sets forF1; F2 S2 = f 1 ! y; 2 ! + ; 3 ! xg

2 resolve( S1; S2) Match the skolems in the S1 = fg ;

range to identi�ers in the S2 = fg

domain R = f x ! y; + ! + ; y ! xg

3 check( R) Check the resulting True

substitutions for consistency

4 return( R) return the map f x ! y; + ! + ; y ! xg

Figure 6.15: Steps taken bysubsto produce the mapping set forF1 = x2 + y andF2 = y2 + x.

First, subs produces the skolemisation maps forF1 andF2 usingskolem . Next, it pairs

substitutions from the two sets with the same skolem in their range and resolves their domain by

substituting the range identi�er with the variable in its domain, as shown in step 2 of Figure 6.14.

Then, it checks the produced map for consistency and decides that the resulting map is consistent

because the identi�ers ofF1 are mapped to exactly one identi�er ofF2 and vice-versa.

Having de�ned the support operatorsskolem andsubs I will now describe the operation

alpha , which returnsTrue if two input SLTs, F1 and F2, are � -equivalent andFalse

otherwise.

Thealpha operation proceeds in the same way asexact with two modi�cations:

1. each recursive call toalpha also callssubs to its arguments to obtain the substitution

map for the input SLTs.

2. in the case that both input SLTs areLayoutLinearNode non-terminals, position-

independent matching will tabulate their children (as is the case forexact ) but will

only returnTrue if the union of substitution maps in the matching cells is a consistent

mapping.

To illustrate the modi�cations described above, consider again the� -equivalent expressions

F1 = x2 + y andF2 = y2 + x, the SLTs of which are shown in Figure 6.16.
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Figure 6.16: SLTs for the� -equivalent formulaeF1 = x2 + y andF2 = y2 + x.

The �rst call toalpha will pass theLayoutLinearForm of the �rst and the second SLT as

its arguments as shown in step 1 of Figure 6.17. In step 2 a substitution mapS = f x ! y;+ !

+ ; y ! xg is produced bysubs which is passed on to the recursive call toalpha in step 3.

At this point,alpha encounters two sub-trees withLayoutLinearNode non-terminals, so

position-independent matching is triggered.

Step Description Result

1 alpha( F1; F2; fg ) Initial call

2 subs( F1; F2) Obtain substitution map for

F1; F2

S = f x ! y; + ! + ; y ! xg

3 alpha(

LayoutLinearNode, Recursive call

LayoutLinearNode, S)

4 Position-independent True ,

matching f x ! y; + ! + ; y ! xg

5 return(True, S) True ,

f x ! y; + ! + ; y ! xg

Figure 6.17: Steps taken byalpha to perform� -equivalent matching ofF1 = x2 + y and

F2 = y2 + x.

This creates the tabulation shown in Figure 6.18, where three sub-expressions are matched

recursively, as expected. But this is not enough to verify the� -equivalence of the expressions;

the substitution maps will also have to be checked for con�icts. The substitution map produced

from the table in Figure 6.18 isf x ! y;+ ! + ; y ! xg, which is con�ict-free because the

identi�ers of F1 are mapped to exactly one identi�er ofF2 and vice-versa.

Now consider the two syntactically non-equivalent formulaeF1 = x2 + y andF2 = y2 + y,

whose SLTs are shown in Figure 6.19.

140



LayoutLinearNode1
x2 + y

La
yo

ut
Li

ne
ar

N
od

e 2

y2 True,f x ! yg False False

+ False True,f + ! + g False

x False False True,f y ! xg

Figure 6.18: Position-independent matching of two LayoutLinearNode non-terminals inalpha
for formulaeF1 = x2 + y andF2 = y2 + x.

Figure 6.19: SLTs for the syntactically non-equivalent formulaeF1 = x2 + y andF2 = y2 + y.

Thealpha operation will perform the steps shown in Figure 6.20 forF1 andF2. By step 2,

alpha determines that the expressions are not� -equivalent because their substitution map,S,

has an inconsistency: there are two variables fromF1, x; y mapped onto variabley in F2.

The matching process is allowed to continue to the position-independent matching step. At this

step, shown in Figure 6.21, the con�ict is isolated and the process terminates without success.
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Step Description Result

1 alpha F1; F2; fg ) Initial call

2 subs( S1; S2) Obtain substitution map for

F1; F2

False ,

S = f x ! y; + ! + ; y ! yg

3 alpha

LayoutLinearNode, Recursive call

LayoutLinearNode, S)

4 Position-independent False ,

matching f x ! y; + ! + ; y ! yg

5 return(False, S) False ,

f x ! y; + ! + ; y ! yg

Figure 6.20: Steps taken byalpha to perform� -equivalent matching ofF1 = x2 + y and

F2 = y2 + y.

LayoutLinearNode1

x2 + y

La
yo

ut
Li

ne
ar

N
od

e 2

y2 True,f x ! yg False False

+ False True,f + ! + g False

y False False False, con�ict:f y ! yg

Figure 6.21: Position-independent matching of two LayoutLinearNode non-terminals inalpha

for formulaeF1 = x2 + y andF2 = y2 + y.

This is not the �rst time we have seen that my SLT extensions described in Section 6.1.1 have

a positive effect. I will here exemplify in even more detail how the implementation of theexact

andalpha operations produce this effect. The �rst reason is thatexact is likely to reject two

distinct SLTs earlier if they are composed of different structural idioms at some point in their

sub-trees. It does so by recognising that the corresponding non-terminals are not the same.

To illustrate, suppose that we need to check whether

x2

p
z

(4)

is an exact match to the expression
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x2 + y
p

z
(5)

For formula 4, Tangent will produce the SLT shown in the left part of Figure 6.22, while my

SLT representation is the one shown in the right of Figure 6.22. Formula 5 will be represented

by Tangent using the SLT shown in the left part of Figure 6.23, while my SLT representation is

the one shown in the right of Figure 6.23.

Figure 6.22: SLTs forx
2

p
z . Left: Tangent's, right: mine.

Figure 6.23: SLT forx
2+ yp

z . Left: Tangent's, right: mine.

The operationexact implemented using the SLTs in the left part of Figures 6.22 and 6.23

will �rst simultaneously match the BELOW branches with success. Then, when looking at the

SUPER branches, it will match thex and2 nodes before recognising that one SLT has an ADJ

branch, while the other does not. This will lead to a rejection of the match.

In contrast, the operationexact implemented using my SLTs, shown in the right part of

Figures 6.22 and 6.23, will recognise earlier that the SLTs are not exact matches without having

to match speci�c non-terminal nodes (such asx or 2) because the SUPER branches of the two

SLTs have different non-terminal nodes.

The second reason is that the introduction of the non-terminalLayoutLinearNode groups

together those sub-expressions that are laid out on the same typographical baseline. This allows

143



exact to implicitly know which sub-expression pairs need to be tabulated for matching under

the implicit commutativity assumption. In contrast, without my SLT extensions, an additional

step would be required on the SLTs to determine which symbols and non-terminals are on the

same baseline following ADJ edges between nodes.

6.1.4 Recursive SLT Matching

It is useful to be able to �nd instances of one expression occurring as sub-expressions of another,

larger expression, an operation I call recursive SLT matching.

Given two SLTs,s andt, recursive �nds all instances ofs in t by �rst identifying all nodes

in t that are of the same kind as the root node ofs. Then, each of these nodes is matched against

s, using eitherexact or alpha .

To illustrate, suppose we want to �nd all instances ofF1 = x2 in F 2 = x2
p

z . The SLTs forF1

andF2 are shown in Figure 6.24.

Figure 6.24: Left: SLT forx2, right: SLT for x2
p

z .

The operationrecursive (F1; F2) will identify the ABOVE branch of the SLT forF2

(Figure 6.24, right) as a sub-expression that is a potential match toF1 because their sub-trees

both haveLayoutAtom nodes as their roots. Then, it will callexact (or alpha ) and if the

result of the call isTrue , the matching node inF2 will be recorded as a match.

This example highlights another advantage of my SLT extensions, namely that they make

implementing recursive matching easier: �nding all instances ofx2 in x2
p

z now only involves

matching the former against theLayoutAtom idioms of the latter. Without my extensions,

recursive matching would involve checking all possible sub-trees ofx2
p

z .

6.2 Uni�cation over SLTs

The next big idea in this thesis is type uni�cation. Type uni�cation models semantic similarity

between two� -equivalent SLTs. It is a semantic step that operationally runs on top of theexact ,

alpha andrecursive operations from Section 6.1.

Speci�cally, in addition to the� -equivalence check performed byalpha , type uni�cation

involves examining syntactically matching sub-expressions in two SLTs (i.e., matching typed
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terminal or non-terminal nodes), to determine whether their types can be uni�ed using theunify

operator below, which implements thetype-unif inference rule from Chapter 4 (page 81).

Given two typesT1 andT2, the unifying typeT is a type in my type dictionary such thatT

is either (a) a common supertype ofT1 andT2 or (b) is a member of the intersection of similar

types toT1 andT2 in the type embedding space:

T 2 embsim(T1) \ embsim(T2)

If jembsim(T1) \ embsim(T2)j > 1, thenT is the type that maximises the mean cosine

similarity of T to T1 andT to T2 in the embedding space:

sim(T; T1) + sim(T; T2)
2

I de�ne a unify operator that returnsTrue if a unifying type betweenT1 andT2 can be

found as follows:

unify (T1; T2) =

8
<

:
True; if jembsim(T1) \ embsim(T2)j > 0 _ h(T1; T2) > 0

False; otherwise,

whereembsim(T1) andembsim(T2) return the most similar types toT1 andT2, respectively;

andh(T1; T2) returns the set of common hypernyms toT1 andT2 on the KTST (Known Types

Suf�x Trie, cf. section 4.2.3).

In the context of typed retrieval, type uni�cation is a form of query expansion: it enables

matching of STL nodes that would otherwise be considered different. To illustrate this, I

return to the example from the beginning of this chapter. Consider again the expressions

F1 = hom(G1; G2) andF2 = home(R1; R2), with G1; G2 :: GROUP andR1; R2 :: RING ,

represented by the SLTs shown in Figure 6.25.

Figure 6.25: Untyped and typed SLTs for the formulaehom(G1; G2) andhom(R1; R2) (repeated

from page 129).
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Step Result

1 Initial call toalpha( True,f G1 ! R1; G2 ! R2g

LayoutLinearForm,

LayoutLinearForm)

2 Call tosubs f G1 ! R1; G2 ! R2g

3 Tabulate sub-expressions for matching un-

der implicit uni�cation

Sub-expressions matched under substitu-

tion

f G1 ! R1; G2 ! R2g

4 With G1; G2 :: GROUP and R1; R2 ::

RING , unify (GROUP; RING) twice

Both calls tounify returnTrue , since

RING 2 embsim(GROUP)

5 Initial call to alpha returnsTrue since

alpha equivalence is veri�ed in step 3 and

type uni�cation succeeded in step 4

True,f G1 ! R1; G2 ! R2g

Figure 6.26: Steps to matchhom(G1; G2) andhom(R1; R2) with � -equivalence checks and type

uni�cation.

Figure 6.26 shows the steps that thealpha operator will take to determine thathom (G1; G2)

andhom(R1; R2) are� -equivalent and can be type-uni�ed. The SLTs of both expressions have

instances ofLayoutLinearForm non-terminals as their roots, which are passed as arguments

to alpha in the initial call.

Then, in steps 2 and 3,alpha tabulates the child SLTs of the non-terminals and recursively

calls itself for each cell in the tabulation. This tabulation is shown in Figure 6.27. Steps 2 and 3

returnTrue since �ve � -equivalent pairs have been discovered with consistent substitutions for

the four identi�ersG1; G2; R1; R2 (cf. Table 6.27).

LayoutLinearForm1

hom ( G1 , G2 )

La
yo

ut
Li

ne
ar

F
or

m 2 hom True False False False False False

( False True False False False False

R1 False False True,f R1 ! G1g False False sincef G2 ! R2g False

, False False False True False False

R2 False False False sincef R1 ! G1g False True,f R1 ! R2g False

) False False False False False True

Figure 6.27: Position-independent matching ofhom(G1; G2) and hom(R1; R2) with � -

equivalence checks.

The fourth step in Table 6.26 takes the substitutions discovered in the previous steps,f G1 !
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R1; G2 ! R2g and makes use of the type assignmentsG1; G2 :: GROUP andR1; R2 :: RING

to perform type uni�cation as follows:

1. Knowing f G1 ! R1; G2 ! R2g andG1; G2 :: GROUP; R1; R2 :: RING , we deduce

thatf GROUP ! RING; GROUP ! RING g.

2. We need to show thatunify (GROUP; RING)^ unify (GROUP; RING) � True .

3. unify (GROUP; RING)^ unify (GROUP; RING) reduces toTrue ^ True because

RING 2 embsim(GROUP).

As a result, type uni�cation allows the syntactically equivalent expressionshom(G1; G2)

andhom(R1; R2) to be uni�ed because the variablesG1; G2 andR1; R2 are (a) in isomorphic

positions in the two formulae and (b) their types,GROUP andRING , are similar in the type

embedding space.

Now we are in a position to turn to the practical aspect of how to build an MIR system based

on the matching operations just introduced.

6.3 Practical Typed MIR

To realise typed retrieval in the real world we need two additional practical procedures. The �rst

is type disambiguation, a process for deciding the type that will be used to denote each unique

variable in the discourse (document or query). To remind the reader, the variable typing process

described in Chapter 5 produces typings. Typings are a pairing of two entities:

• avariable instance, i.e., an instance of a variable encountered in the textual context, whereby

each variable instance is represented by a distinct SLT. However, as all variable instances of

the same conceptual variable (orunique variable) are identical, so are their SLTs; and

• a textual description of atypeencountered in the discourse.

For typed retrieval to be realised it is necessary to group typings by their unique variable, look

at the set of extracted types for that variable and assign one type across all of its instances (SLTs).

This is the goal of type disambiguation procedure. Type disambiguation produces a mapping

that maps a set of equivalent SLTs (that represent a unique variable) to one type.

The second procedure is the typing of SLTs. Note that all SLTs representing variables have

already been typed during type disambiguation, so the only SLTs left to be typed are the non-

variable SLTs (corresponding to all other formulae, including equalities and other mathematical

statements). This step uses the output of type disambiguation to produce typed SLTs by replacing

instances of each variable in every formula with its type. The type disambiguation and typed SLT

creation procedures are applied to both documents and queries. Both procedures are described in

more detail in the two sections that follow.
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In Section 6.3.3 I address two additional practical dif�culties with realising tree matching

retrieval models. The �rst dif�culty is that scoring document–query formula pairs using tree

matching at query time is infeasible because tree matching is an expensive operation. To address

this dif�culty I made a compromise: instead of indexing documents and scoring them against a

query at query time, I opted to compute a set of features for each document–query formula pair

in my collection, in an of�ine manner.

Features include direct outcomes to the SLT operations, such asexact andalpha , but also

metrics, such as number of nodes matched in a pair or number of type-uni�able nodes, that allow

me to compute heuristics (e.g., proportion of nodes matched or proportion of uni�able variables)

for scoring. The features are computed once for every pair in my test collection using my tree

matching algorithms and are stored of�ine in a table. Using the information in the table, I can

combine the stored features to form arbitrary tree matching scoring methods, allowing me to

experiment with tree matching models of�ine.

The second dif�culty is that tree matching using the operators from Section 6.1 results in

a binary outcome, but MIR requires continuous scores that model the degree of similarity, to

enable more �exible scoring. This dif�culty is addressed by the design of my tree matching

scoring functions, which I discuss in Section 6.3.3. My scoring functions combine scores coming

from �ve aspects of tree-based similarity into a single score for the symbolic context.

I will discuss the features, the aspects modelled by my features and the design of my tree

matching scoring functions in Section 6.3.3.

6.3.1 Type Disambiguation

Disambiguation becomes necessary in typed retrieval because (a) in real texts, a variable can have

several types in one larger discourse, here a document or a query (b) variable typing as described

in Chapter 5 extracts denotations assigned in independent sentences, i.e, it types individual

instances of variables, and (c) for practical Math IR, I want to enforce an ideal situation where

every symbol has at most one type in a document.

In this work, I model the link between modalities at the document level, as is common in

document-level retrieval. But there are many ways the document–query score can be realised,

a decision that also depends on the scoring objectives of the MIR system. For example, an

MIR system designed to retrieve theorems in mathematical papers could model the link between

modalities at the sub-document level by grouping and typing variables at the context of sections

(e.g., section-by-section) or mathematical blocks (Section 2.5).

I will �rst describe why I want to enforce point (c) above. The assumption of “one variable,

one type” reduces storage and computational demands as well as the complexity of the design

of typed retrieval models. Without this assumption, the possibility space of type uni�cation

(introduced in Section 6.2), which is based on pair-wise comparison of types between the

variables of� -equivalent expressions, would become prohibitively large.

Let us now look at point (b), and why variables can have more than one type in a document, a
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phenomeon calledoverloading. There are two cases when symbols can get overloaded:

1. The mathematical discourse can have many localised contexts in the form of blocks where

new assumptions about objects may be introduced (Ganesalingam, 2008). Mathematicians

introduce a symbol for a mathematical object for the purpose of mathematical reasoning. A

second object may appear during the reasoning which is related to the original object in

some form (e.g. an abstraction or a specialisation), but the mathematician now uses the

same symbol to refer to the second object too, i.e., she overloads the symbol.

2. Symbols may be reused across loosely related sections of a mathematical document to make

content easier to follow. For example, in Section 1 of Lorenzin (2020) the symbolA is

declared to be a heart:

Lemma 1.5 Let A be a heart (of a bounded t-structure) on a triangulated

categoryT with dimT A � 1, meaning thatHomT (A ; A [n]) = 0 for anyn � 2.

ThenT is uniquely determined byA up to exact equivalence.

Then, in Section 2,A is re-declared as an abelian category:

De�nition 2.1. LetA be an abelian category. The elements of the group

Ext n (A; B ) �= HomDb (A )(A; B [n]) aren-extensionsfor n > 0...

Overloading thus results in a variable having more than one type assignments throughout the

discourse (query or document). My approach aims to make balanced decisions when deciding

which type to assign to a variable: these types are hopefully close to the types of the text, and

they should not be too specialised. The type disambiguation algorithm I developed is based on

three constraints:

1. the typet assigned to a variablev should either be one that is extracted from the text or one

of its supertypes. I introduced this constraint to my algorithm because I want the meaning

of variablev to not deviate too much from that intended in the source text.

2. the typet assigned to a variablev from its set of typings should neither be too specialised

nor too general. This constraint gives room for type uni�cation (Section 6.2) to unify

variables in two expressions by either generalising or specialising their types. Types that

are too specialised might have many supertypes on the known type suf�x trie (KTST) but

few similar types in the embedding space while types that are too abstract might have no

supertypes but many similar types in the embedding space.

3. The frequency by whichv is assignedt in the context (an MREC document or query) is

a good indicator whetherv is of typet. Types that are too specialised are those that are

located deep down the KTST. Such types should be rarely observed in a corpus. In other

words, I use the frequency of assignment betweent andv in the source context as positive

bias.
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I will now express the type disambiguation process in a more formal way. A documentD is a

collection of instances of formulaeE, some of which are variables. The variable instances are

represented as SLTs6 and make up the setS = f s1; : : : ; sng. The output of variable typing gives

us on top of this a set of variable typings, one for each variable instancef (s1; t1); : : : ; (sm ; tm )g.

Variable typing returns positive edges for every instance of a header variable (cf. Section 5.4) inD.

As a result, there may be many pairs(si ; t i ) associated with a particular header variablev 2 V.

We desire a set of unique variablesV = f v1; : : : ; vmg which is not known a priori and must

be computed from the set of variable instancesS. The process of type disambiguation computes

V by approximating it usinĝV , a partitioning ofS. Any SLT in a partition can now be used

to represent the unique variable that the partition models. For everys 2 V̂ it enumerates all

candidate types and makes decisions about which type to assign to the partition as a whole.

Having decided a type for each equivalence class, every SLT in the class is labelled with that

type. Finally, for every non-variable formula in the document, SLT typing will recursively match

every sub-variable to an equivalence class and label the sub-variable with its type.

In detail, the process is as follows:

Step 1 ApproximateV by V̂ , whereV̂ is a set of equivalence classesCv. This is done by

grouping typingsf (s1; t1); : : : ; (sm ; tm )g by equality of SLTssi = SLT sj (realised byexact ,

Section 6.1.2).

An equivalence classCv is a tuple

Cv = ( f s1; : : : ; skg; [t1; : : : ; tk ]); such that8i;j si 2 f s1; : : : ; skg; si = SLT sj :

where[t1; : : : ; tk ] � T is the bag of candidate types forCv; the same type might appear more

than once in typings belonging toCv.

Step 2 Compute frequency maps for classes inV̂ . For each classCv 2 V̂ , compute the

frequency by which every unique type occurs inCv. Conceptually,Cv is now transformed into:

Cv =( f s1; : : : ; skg; f t1 ! f req (t1); : : : ; tp ! f req (tp)g);

such that8i;j si 2 f s1; : : : ; skg: si = SLT sj :

The termfreq(t) refers to the number of occurrences oft in T. The bag of types ofCv now

becomes a type frequency map.

Step 3 Type Disambiguation step. The type disambiguation algorithm,�̂ (equation 6) returns

the type,Ti , that is to be the sole type of SLTs inCi , as follows:
6Technically, I create an SLT for each variable instance in the preprocessing stage of variable typing, which

translated from the source MathML.
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�̂ = argmaxt2 T [0:9 � f req (t; v) + 0 :1 � h(t)] (6)

whereh(t) is the number of supertypes oft observed on the KTST.

Every SLT inCi is subsequently annotated as having the typeTi . After type disambiguation,

Ci is reduced to a simpler tuple

Ci = ( f s1; : : : ; skg; Ti ):

One might consider whether the type embedding space introduced in chapter 4.3 could have

been used in some form to aid type disambiguation, but there is a danger that the embedding

space might introduce related types that are not supertypes oft, violating constraint (1) above. I

therefore chose not to make use of any such information in Equation 6.

6.3.2 Typing of non-variable SLTs

The next step in the procedure now concerns how all remaining untyped SLTs are converted into

typed SLTs (cf example in Fig. 6.2 on page 129).

Step 4 Produce typed SLTs for all remaining non-variable formulae inD by typing the

constituents of non-variable formulae inD. The set of non-variable formulae isF = E n V̂ and

is de�ned as follows:

F = f ei j8ei 2 E;s2 V̂ s 6= SLT ei g

In order to type formulaef i 2 F , my algorithm matches each constituent of SLTf i to one

of the typed variables in̂V . If a sub-expression off i is matched to an SLT inCi , then that

sub-expression is annotated with typeTi . This is a recursive process realised by the operation

recursive described in Section 6.1.4.

For example, the typingsa; b :: V ECTOR for variablesa andb are propagated to larger

expressions such asa + b: the SLT fora + bcan be annotated to encodea :: V ECTOR+ b ::

V ECTOR. This process of SLT construction produces information that is used in typed

matching and scoring.

At the end of typed SLT creation, the following information is available:

1. A set of equivalence classes of type assignments, one for each unique variable

V̂ � f (f SLT1;1; : : : ; SLT1;kg; T1); : : : ; (f SLTi;j ; : : : ; SLTi;p g; Tq)g

2. The set of of all typed SLTs inD updated with type annotations,f s0
1; : : : ; s0

ng

This output can then be used to either generate a typed index (e.g., a typed Tangent index, cf.

Section 6.4.3) or, when the procedure above is applied to both documents and queries, to score
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the symbolic modality of documentD with respect to queryQ.

6.3.3 Scoring Tree Similarity

I apply my tree matching algorithms on the CUMTC once and record 27 tree matching features.

These features are calculated for each document–query formula pair(QFi ; DF j ), whereQFi

andDF j are typed SLTs produced by the procedure described in Section 6.3.2.

I organise my features into �ve groups: (a) structural similarity, (b) lexical similarity, (c)

� -equivalence , (d) semantic similarity and (e) recursive similarity. These classes and the features

associated to them model the �ve different ways one formula can be related to another. The

motivation behind this grouping of features will become clear later in this section. I also record

general pair properties, which I classify under the general features group. In more detail, the

feature groups are as follows:

• General featuresrecord information to identify the formulae in the query and document

(e.g., unique identi�ers) and general properties such as number of nodes (sNodes,tNodes),

number of identi�ers (idS, idT) and number of identi�ers annotated with types (sTypable,

tTypable).

• Structural featuresmodel structural similarity betweenQFi andDF j . The more terminal

and non-terminal nodes shared at the same positions of the SLTs ofQFi andDF j , the

higher the structural similarity between the formulae becomes. Structural similarity features

are extracted using variants of theexact operation (with implicit commutativity) that

penalise differences in the two SLTs.

• Lexical featuresmodel lexical similarity using thesubs operation. Lexical similarity

rewards a pair of SLTs if they are (a) structurally similar and (b) the same symbols are

encountered at the identifcal positions in the two SLTs.

• The� -equivalence indicator featureis the main feature recording information about syntac-

tical similarity. This features expresses whether the two formulae are� -equivalent. This

feature is determined using thealpha operation.

• Semantic featuresmodel semantic similarity using semantic overlap (Section 6.4.2) and

typed uni�cation (as demonstrated in Section 6.2).

• Embedded (or Recursive) featuresmodel implicit similarity and contribute to the overall

similarity betweenQFi andDF j in the case where one or more instances of one formula

can be found as sub-expressions in the other. Embedded features are produced using the

recursive matching operation.

The structural, lexical,� -equivalence indicator and semantic feature groups model direct

similarity between two SLTs (i.e., how similar two symbol layout trees as atomic tree structures
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are). However, they do not re�ect any recursive similarity attributable to one SLT being a

constituent of the other (cf. Section 6.1.4).

Table 6.1 lists all direct comparison features. The values of the features in Table 6.1 are

maximised when two SLTs have the same tree structure, are� -equivalent with respect to their

variables, and whose types are uni�able via type uni�cation.

Feature Description
General Features

qid Query formula ID
did Document formula ID
sNodes Number of nodes in the query formula
tNodes Number of nodes in the document formula
sTypable Number of nodes with types in the query formula
tTypable Number of nodes with types in the formula
idS Number of nodes representing identi�ers in the query formula
idT Number of nodes representing identi�ers in the document formula

� -equivalence Feature

isMatch Indicator whether the query formula is� -equivalent to the document formula (1 =
True, 0 = False)

Structural Features

h total Total number of nodes compared
h match Total number of nodes that matched

Lexical Features

h idtotal Total number of identi�ers compared
h idmatch Total number of identi�ers that matched

Type Uni�cation Features

h typedtotal Total number of typed nodes compared
h typedmatch Total number of typed nodes that matched directly
h typedsuf�x Total number of typed nodes matched through suf�x trie traversal
h typedexp Total number of typed nodes matched through type expansion

Table 6.1: Features recorded for direct similarity between two SLTs.

The features listed in Table 6.2 model recursive similarity between two SLTs. The values of

recursive features for the SLT pair (QFi , DF j ) are maximised when one of the SLTs has one or

more instances of the other as its constituents. For example, the more occurrences ofQFi found

in DF j , the more matches are recorded resulting in larger values for the featurerec_matched .

A tree matching scoring function,M (Q; D), is responsible for computing a score that repre-

sents how similar the symbolic modality of documentD is to the symbolic modality of queryQ.

Designing tree matching models using my features amounts to designingM (Q; D) functions that

produce a score for the symbolic modalities ofD andQ using features for all document–query

formula pairs. The general form of a scoring function is shown in Figure 6.28, but other scoring
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Feature Description
Recursive Features

nTotal Number of sub-expressions in the larger formula compared to the smaller formula.
nMatched Number of instances of the smaller formula found in the larger formula
rec total Cumulative total of nodes compared to �nd instances of the smaller expression

in the larger
rec matched Cumulative total number of nodes matched while looking for instances of the

smaller expression in the larger
rec idtotal Cumulative total number of identi�ers compared
rec idmatch Cumulative total number of identi�ers matched
rec typed total Cumulative total number of typed nodes compared
rec typedmatched Total number of typed nodes matched while looking for instances of the smaller

expression in the larger
rec typedsuf�x Number of typed nodes matched due to suf�x traversal while looking for instances

of the smaller expression in the larger
rec typedexp Number of typed nodes matched due to type expansion while looking for instances

of the smaller expression in the larger

Table 6.2: Features recorded for modelling recursive similarity between two SLTs attributed to
instances of one being constituents of the other.

architectures can be constructed using my tree matching features.

Figure 6.28: General form of a scoring function in typed retrieval.

In my tree matching scoring architecture there are �ve steps taken to score a document with

respect to a particular query. The �rst step is to pair each query formulaQFi with all document

formulaeDF j to form a mapQFi ! f DF 0; : : : ; DFng for QFi , as shown by the rectangle

in Figure 6.28. The remaining steps correspond to decisions I can make when designing new

models:

1. Decide on the pair similarity function,score(QFi ; DF j ), that models the similarity of each

individual document–query formula pair using the pair features.

The functionscore(QFi ; DF j ) is applied to each pair in the mappingQFi ! f DF 0; : : : ; DFng

to produce a similarity score for every document formula with respect toQFi .
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2. Decide on the function
 (see Figure 6.28) that determines which document formulaDF j is

most similar to query formulaQFi in its mapping of pairs. This function makes use of scores

produced byscore(QFi ; DF j ) to make its decision and returns a measurescore(QFi jD)

that models how similar the document symbolic modality is to query formulaQFi ;

3. Decide on the function� to aggregate the set of individualscore(QFi jD) scores produced

by 
 into the score symbolic context score forQ andD.

4. Apply any transformations to the scores produced by the previous step and return the result

as the output ofM (Q; D).

I will now discuss the role of the pair similarity function,score(QFi ; DF j ), in my tree

matching models. I adopted the same general form forscore(QFi ; DF j ) in all of my tree

matching models (Section 6.4.1). My realisations of the functionscore(QFi ; DF j ) compute

three sub-scores, one for each group for direct similarity features and three sub-scores for

recursive features. I label the direct similarity sub-scores as

structural (QF i ;DF j ) ; lexical (QF i ;DF j ) andsemantic(QF i ;DF j ) ;

which model structural, lexical and semantic similarity between two SLTs, respectively. Three

recursive sub-scores

structural R(QF i ;DF j ) ; lexicalR(QF i ;DF j ) andsemanticR(QF i ;DF j ) ;

measure structural, lexical and semantic similarity (respectively) when one formula (e.g., from

the query) is a constituent of another (e.g., from the document).

The motivation behind grouping features and breaking-down my pair similarity function into

sub-scores is two-fold. First, having each kind of similarity contributing independently to the

similarity score of a pair makes my models robust. For example, types for SLT constituents

cannot always be extracted (as discussed in the beginning of this chapter and in Section 5.4) and

this can result in low or zero scores for semantic similarity. However, since the other kinds of

similarity contribute independently, the �nal score for a pair will be non-zero. This is desirable

as we want to avoid producing zero scores for many documents, effectively putting them in the

same bottom bin.

Second, it allows me to disable or alter the similarity from particular aspects when designing

models, so that the aspects' effect can be measured in controlled experiments. For example, I

can design an experiment that measures the effect of type uni�cation (i.e., semantic aspect) by

comparing two models: one that uses features from the structural, lexical and� -equivalence

groups and another that also incorporates a semantic component to its scoring function.

The systems I will present in the upcoming section are designed to bring out such differences.

My tree matching models, while sharing the same functions for
 (themax function) and� (a
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weighted sum), differ in (a) how the sub-scores above are computed and (b) how the sub-scores

are aggregated and transformed to score individual pairs.

6.4 Retrieval Models

In this section I describe a series of joint retrieval models, including a typed version of Tangent

that is introduced here for the �rst time (section 6.4.3). The best of each set of models presented

here will take part in my evaluation of typed and untyped retrieval in chapter 7.

Most of this section is devoted to explaining my typed tree matching algorithms (section 6.4.1),

which should hopefully result in better MIR performance than Tangent's. I have also designed a

set of non-typed tree matching algorithms (section 6.4.2).

All models described in this section score documentD with respect to queryQ using a linear

combination of the formula scoreM (Q; D) and the text scoreT(Q; D) obtained from arbitrary

textual models (e.g., the bag-of-words models described in Chapter 2):

� � T(Q; D) + (1 � � )M (Q; D) (7)

The difference between Standard Tangent and Typed Tangent is that in the former no type-

induced dependence exists between theM (Q; D) andT(Q; D), whereas the latter, like all typed

models presented here, linksT(Q; D) andM (Q; D) via variable typing, type disambiguation

and SLT typing from Section 6.3.

In practical typed retrievalT(Q; D) is computed on text with all formulae removed. Not doing

so would amount to double-indexing of some formulae as �at text7. More importantly, we do

not want any information from the symbolic context to in�uence the textual context because, by

de�nition, a formula-based MIR model is a more specialised approach to modelling symbolic

mathematics and should represent formulae in a more meaningful way than �at text.

In the next section I will introduce two tree matching models that both that make use of type

uni�cation in their semantic sub-score and that differ in the way they use the extracted features

to produce a scoreM (Q; D)8 for the symbolic modality of documentD with respect to queryQ.

6.4.1 Tree Matching with Type Uni�cation

Recall from Section 6.3.3 that (a) my tree matching models compute one sub-score for each kind

of similarity identi�ed in Section 6.3.3 using features from the corresponding feature group and

(b) set
 � max to producescore(QFi jD) and� to a weighted sum for producingM (Q; D).

Tree Matching Model 1 (TM1) My �rst tree matching model, TM1, computes three exact

matching and three subcomponent matching sub-scores for each pair(QFi ; QD j ). The �rst
7For example, it is hard to predict how symbolic content will be treated by a textual tokeniser. It might treat

”x+y” as a single word, or as three words ”x”, ”+” and ”y” (or anything in between, depending on tokeniser settings).
Furthermore, more complex formulae can only be partially expressed in ASCII.

8Most differences come from the way components for each similarity group are computed and combined per
pair, i.e. the functionscore(QFi ; DF j ), that is part ofM (Q; D ).
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exact matching sub-score isstructural (QF i ;DF j ) :

structural (QF i ;DF j ) = harmonic mean
�

h matched
sNodes

;
h matched

h total

�

The syntactic score is the harmonic mean of the query formula match accuracy (proportion

of nodes matched tos from t) and overall match accuracy (proportion of nodes matched to

total number of nodes compared). I usestructural (QF i ;DF j ) to measure structural similarity

between two formulae, instead of the� -equivalence featureisMatch from Table 6.1, because

structural (QF i ;DF j ) is a continuous score. Scoring structural similarity in proportion to a binary

feature would severely penalise structurally similar but not identical formula pairs.

The second sub-score is the lexical score:

lexical (QF i ;DF j ) = harmonic mean
�

h idmatch
idS

;
h idmatch
h idtotal

�

The lexical score is the harmonic mean of (a) the proportion of identi�ers (i.e., variables)

matched over all identi�ers qyery formulas and (b) the number of comparisons that resulted

in a match over the total number of comparisons performed. The score is a balance between

the recall of matched identi�ers (in isomorphic locations of the two trees) and overall identi�er

match accuracy.

The third sub-scoresemantic(QF i ;DF j ) measures the number of typed nodes that either match

directly or can be matched via typed uni�cation (cf. section 6.2):

semantic(QF i ;DF j ) = harmonic mean
�

unif ied
sTypable

;
unif ied

h typedtotal

�

whereunif ied is the sum ofh typedmatch, h typedsuf f ix and h typedexp. The score

semantic(QF i ;DF j ) is designed to model similarity based on the denotations assigned to the

variables of query and document formulae. This is a more �exible alternative to lexical matching

because even if two structurally similar formulae use different denotations for variables in the

same position, these may be uni�ed using typed uni�cation.

TM1 also compiles three sub-scores for recursive similarity. These follow the same patterns

as their respective direct similarity sub-scores, withrec unif ied this time de�ned as the sum of

rec typed matched, rec typed suf f ix andrec typed exp.

The �rst of these is the structural recursive score:

157



structural R(QF i ;DF j ) = harmonic mean
�

rec matched
sNodes� nMatched

;
rec matched

rec total

�

The �rst argument to theharmonic_mean function instructural R(QF i ;DF j ) measures re-

cursive node recall: the number of recursively matched nodes over the total number ofs-nodes

that are known to exist int. The second argument measures the recursive accuracy: the aggregate

of recursively matched nodes over all comparisons. This term of the score penalises matching

larger document expressions (the largert is, the more dissimilar it is tos) because the number of

recursive calls increases and the number of comparisons performed becomes larger.

The second and third are the lexical and semantic recursive scores:

lexicalR(QF i ;DF j ) = harmonic mean
�

rec idmatch
idS � nMatched

;
rec idmatch
rec idtotal

�

semanticR(QF i ;DF j ) = harmonic mean
�

rec unif ied
sTypable� nMatched

;
rec unif ied

rec typed total

�

The sub-scoreslexicalR(QF i ;DF j ) andsemanticR(QF i ;DF j ) extend the lexical and semantic

components (respectively) to recursive matches ofs to t (and vice versa) in the same manner as

structural R(QF i ;DF j ) extendsstructural (QF i ;DF j ) .

TM1 aggregates the sub-scores by computing their mean, producing a new score for each

pair (QFi ; DF j ). Following the architecture in Figure 6.28, the score for query formulaQFi

given documentD, score(QFi jD), is produced by aggregating the scores of(QFi ; DF j ) pairs

by selecting the pair with the maximum score (i.e.,
 � max).

The �nal scoreM (Q; D) for Q with respect to documentD is the weighted sum of the scores

for each individual query formula (i.e., the� function in Figure 6.28):

M (Q; D)1 =
X

i

weight(QFi ; D) � score(QFi jD)

where

weight(QFi ; D) =

P
i;j nMatched(QFi ; DF j )

P
i;j nTotal(QFi ; DF j )
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Tree Matching Model 2 (TM2) My second tree matching model, TM2, is the same as TM1

with asinh transform applied in the last step of my architecture:

M (Q; D)2 = sinh (score(Q; D)1)

Thesinh function introduces larger spread to values closer to 1. I use this property to obtain

better differentiation between pairs that are very similar, but too close to1 to signi�cantly alter

the �nal score otherwise.

6.4.2 Tree Matching without Type Uni�cation

Semantic similarity between two formulae, one coming from the query and another from a

document, is a potentially strong signal for mathematical retrieval. In this work type uni�cation

is my main contribution to semantic similarity. Recall from the preceding sections that my tree

matching models score typed SLT pairs by computing a component for each kind of similarity

(syntactic, lexical, semantic and recursive). Models that use typed uni�cation use type uni�cation

features, such ash_typedmatch , h_typedsuffix and

h_typedexp (cf. Table 6.1 in Section 6.3.3), in their semantic similarity components. However,

type uni�cation is a strict form of semantic similarity: it expects two SLTs to be syntactically

equivalent in order to reward their semantic overlap. Semantic similarity between two SLTs

can also be quanti�ed with relaxed assumptions of syntactic equivalence, without the need to

unify the types of variables at identical locations in two SLTs. Models based on the JE method

do not attempt to unify the types of constituents at the same positions of formulae (i.e., do not

use the aforementioned type uni�cation features). Instead, the JE method computes a semantic

score by treating the types in typed SLTs as sets: the semantic overlap score is independent of

formula structure. My goal in designing the tree matching models TM1JD and TM1JE is to

establish whether (expensive and relatively strict) type uni�cation can be simulated by far simpler

operations that also look at the set of types associated with the SLTs. Differences observed

between these models and TM1 can inform me on the feasibility of this proposition.

Tree Matching Model TM1 JD In this version of TM1, type uni�cation (used by thesemantic

sub-scores) is replaced bysemantic(QF i ;DF j )JD – a shallow, set-based similarity that is a function

of the sets of types occurring in two SLTs. Similarity between query formulas and document

formulat is computed using the Jacquard coef�cient:

semantic(s;t )JD = Jaccard(types(s); types(t))

=
jtypes(s) \ types(t)j
jtypes(s) [ types(t)j

wheretypes(s) is the set of types in formulas. The set of types for a formula is extracted by

enumerating the types assigned to its typed variables and typable sub-expressions.
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Tree Matching Model TM1 JE This version of TM1 extends semantic overlap similarity to

types expanded from the embedding space. Theexpanded Jaccard semantic overlapcomponent,

semantic(QF i ;DF j )JE , is computed over the sets of types for formulaes andt that have been

expanded using the type embedding space:

semantic(s;t )JE = Jaccard(embedexp(types(s)); types(t))

=
jembedexp(types(s)) \ types(t)j
jembedexp(types(s)) [ types(t)j

The functionembedexptakes a set of types as input and uses the type embedding space

(Section 4.3) to expand each element in the set with the top 5 most similar types not already

in the set. This way, models can simulate semantic-based query expansion, using types, at the

formula level. When compared to TM1JD , this model evaluates whether types coming from the

embedding space will improve the overall score of a formula pair.

Tree Matching Model TM1– I also created a version of TM1 that does not include the

semantic andsemanticR components, i.e. operates without type uni�cation. TM1– is useful

when compared against TM1 to quantify the contribution of types and type uni�cation in tree

matching.

Variants of TM2 without typed uni�cation I also produced the parallel variants for TM2 in

the same manner as for TM1, i.e., TM2–, TM2JD and TM2JE .

6.4.3 Typed Tangent Retrieval Models

The Tangent system represents heuristic MIR models in my experiments and is intended to

contrast the tree matching formula retrieval models (described in the previous section) that are

strict but precise in their quanti�cation of formula similarity. I consider them precise because they

compare sub-tree by sub-tree, and strict because they penalise the smallest structural difference.

I have implemented Tangent indexing and scoring9 along with extensions for typed formula

retrieval, resulting in the following two Tangent systems:

Untyped Tangent (UT). This model represents out-of-the-box Tangent retrieval as described

by Pattaniyil and Zanibbi (2014):T(d) takes the form of Lucene VSM text retrieval andM (d)

is obtained using Tangent scoring over a Tangent raw symbol tuple index (Section 2.2.5).

Typed Tangent (TT). This model is a typed variant of Tangent, introduced here for the �rst

time. To realise this model, tangent formula indexing is performed as described in Section 2.2.5,

except that it uses typed instead of untyped SLTs. In the resulting typed Tangent index formulae

are approximated by tuples with types in place of raw symbols. SLT variable nodes that have not
9Note that I have not implemented Tangent's wildcard scoring. One of the reasons for this decision is that the

naturally observed queries in my test collection (introduced in chapter 3) do not contain any wildcards; another,
more philosophical reason concerning query language design is described on page 61.
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been annotated by any type are represented by their raw symbol in this typed index. Recall the

example from the beginning of this chapter: the formulaehom(G1; G2) andhom(R1; R2), with

G1; G2 :: GROUP andR1; R2 :: RING . The resulting typed Tangent index for these formulae

is shown in Table 6.3; for comparison, the corresponding untyped Tangent index for the formulae

can be found in Table 6.1 (page 128).

hom(G1; G2) hom(R1; R2)

Parent Child Dist. Vert. Parent Child Dist. Vert.

hom ( 1 0 hom ( 1 0

hom GROUP 2 0 hom RING 2 0

hom , 3 0 hom , 3 0

hom GROUP 4 0 hom RING 4 0

hom ) 5 0 hom ) 5 0

( GROUP 1 0 ( RING 1 0

( , 2 0 ( , 2 0

( GROUP 3 0 ( RING 3 0

( ) 4 0 ( ) 4 0

GROUP , 1 0 RING , 1 0

GROUP GROUP 2 0 RING RING 2 0

GROUP ) 3 0 RING ) 3 0

, GROUP 1 0 , RING 1 0

, ) 2 0 , ) 2 0

GROUP ) 1 0 RING ) 1 0

) None 0 0 ) None 0 0

Table 6.3: Typed Tangent formula index entries forhom(G1; G2) andhom(R1; R2).

Having described these typed joint models, I now have all the pieces necessary to empirically

test both of my hypotheses concerning MIR, which I will do in the next chapter.

6.5 Chapter Summary

In this chapter, I argued that modelling text and formulae jointly via types is a novel idea in MIR.

The main idea in typed retrieval is typed uni�cation (Section 6.2), which allows syntactically

equivalent expressions to be uni�ed based on the types of their constituents, rather than their raw

symbols.

My second hypothesis is that retrieval of formulae (represented by SLT trees) using typed

uni�cation will improve MIR when compared to treating either modality on its own. Typed

uni�cation should result in an improvement because it hopefully enables models to better quantify

semantic similarities between formulae, as discussed at the beginning of this chapter.

Typed uni�cation is supported by variable typing (Chapter 5), by type disambiguation (Sec-

tion 6.3.1) and by the typing of non-variable SLTs (Section 6.3.2). Chaining these procedures
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together establishes the link between modalities required by typed uni�cation, with the link

taking the form of typed SLTs.

In Section 6.3.3 I introduced the general design of my tree matching retrieval models: scoring

the symbolic modality of a document with respect to a query involves �nding the document

that is most similar to each query formula (i.e., the function
 ) and aggregating the individual

formula pair scores (i.e., the function� ).

Computing document–query formula similarities (thescore(QFi ; DF j ) function from Sec-

tion 6.3.2) is done using a set of sub-scores, which correspond to each kind of similarity identi�ed

in Section 6.3.3). The sub-scores contribute independently to the similarity of formula pairs

before aggregation. This approach increases the robustness of my tree matching models in

cases where information is missing and allows me to design controlled experiments in a �exible

manner.

Finally, in Section 6.4, I described how the typed retrieval principles translate into models that

can be experimentally evaluated on my test collection. I de�ne here, out of a myriad of possible

typed tree matching systems, two models, TM1 and TM2, both of which use type uni�cation

and differ only in the way they score document–query formula pairs. I also present a typed

Tangent-based baseline (�rst introduced here). Running against these strict typed tree matching

models I also introduced two shallower typed models which replace expensive type uni�cation

with Jaccard-style semantic similarity (with and without type expansion).

In the upcoming chapter, I will present experiments on models that explore the in�uence of

different usages of type information from chapters 4 to the current chapter 6:

• textually-typed models such asTypes2X andTypes2XExp that use types only as textual

signals, from Section 4.4.

• fully untyped models that use only formula retrieval, from Sections 2.2.3 and 2.2.5, such as

UT and the tree matching models introduced in Section 6.4.1 with typing switched off, i.e.,

TM1– and TM2–.

• models that jointly model text and formulae via types, divided into

– those that use type uni�cation (TM1 and TM2; section 6.4.1)

– and shallow-typed models without uni�cation (TT, TM1JD , TM1JE , TM2JD and

TM2JE ; section 6.4.2).
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Chapter 7

Retrieval Experiments

In previous chapters I introduced ideas and work that are prerequisites to my experimental

investigation of the two main hypotheses of this thesis.

In section 7.1, I will investigate hypothesis 1, namely that treating types as atomic units of

information, rather than a bag-of-words, will improve ef�ciency in textual models. The models I

built to enable this investigation are the Types2X, Types2XExp and TFIDF-Exp retrieval models

described in Chapter 4.

Section 7.2 serves to establish some baselines for pure formula retrieval, which are useful

when interpreting the experiments testing my second hypothesis. My second hypothesis asks

whether the models from Chapter 6, which use types extracted from the text as denotations to

symbols in formulae, have better retrieval ef�ciency than those that do not link text and formulae

but treat them independently.

To this end, section 7.2 establishes baselines for type agnostic text and untyped formula

retrieval for tree matching models TM1 and TM2, and for Tangent.

Section 7.3 then tests hypothesis 2 itself, by evaluating the type-aware versions of TM1, TM2

and Tangent, against their untyped counterparts.

I will now discuss a practical consideration for the evaluation of the retrieval models presented

in Sections 7.2 and 7.3, which concerns the training and test corpora used. My test collection

(which I callQ) contains 160 queries, but only 116 of these contain any formulae (Section 3.2.5).

This subset is calledQF .

But not all of these formulae are usable with typed retrieval; for instance, if a query doesn't

contain a single typable variable, typed retrieval could not possibly make any difference to the

performance of a system with regards to this query. In my test collection, only 106 queries ful�l

the prerequisite for the meaningful evaluation of typed retrieval, in that the query contains at least

one typable formula. This is the subset of the corpus I callQF T ; I will be using it in Section 7.3.

In the context of typed retrieval, it would be less meaningful to use eitherQ or QF , as the former

may contain queries with no formulae at all, where as the latter, where all queries do contain

formulae, may still contain some without a single typable variable.
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Section 7.2 deals with untyped models, where it does not matter whether the formulae can

be typed or not; the most appropriate query subset to use for these results is thereforeQF .

Performance metrics compiled withQ would contain interference from formula-free queries,

whereas performance metrics compiled withQF T cover only a subset of the cases where untyped

models have a potential advantage1.

Table 7.1 summarises the three subsets of the corpus I will be using in the three sections of

this chapter.

Subset No. of queries Description
Q 160 All queries: may or may not contain formulae; may or may not contain

textual type mentions, typed variables or typable formulae.
QF 116 Those queries that contain formulae; may or may not contain textual type

mentions.
QF T 106 Those queries that contain formulae with at least one typed variable identi-

�ed by my preprocessing in Section 5.4.

Table 7.1: Query subsets with properties and query numbers.

7.1 Type-based Textual Retrieval

My �rst hypothesis is that textual mathematical types are important discriminators in the mathe-

matical discourse. Furthermore, I hypothesise that semantic relationships between mathematical

types can be exploited to obtain signi�cant improvements in retrieval ef�ciency of mathematical

information. In Section 4.4 I proposed two type-based heuristic models that assign elevated

signi�cance to types:Types2X andTypes2XExp . TheTypes2XExp model also makes use

of inter-type similarity, encoded in a type embedding space, to expand queries. This work was

published as Stathopoulos and Teufel (2015).

7.1.1 Experimental Design

I adopted a two-level comparison of retrieval models. On one level, I compare traditional,

term-based retrieval models to type-aware derivatives. At this level, I wish to (a) determine

the performance of traditional IR models on the CUMTC and (b) investigate if types are

more useful than simple terms when retrieving research-level mathematics. To do so, the �rst

level of comparison is performed across IR paradigms; it includes term-based models that

employ heuristic methods (e.g., VSM and BM25) as well as language modelling (e.g., classical

multinomial language model (Zhai and Lafferty, 2001)).

On the second level, I compare term-based query expansion with type-based query expansion.

My Types2XExp textual model performs query expansion using types. In case its performance is

good, it is possible that this is due to the fact that it employs query expansion, irrespective of its
1For completeness and strict comparability, Appendix D will nevertheless present results on subsets and tuning

methods not reported in the main text.
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treatment of types. To account and control for this eventuality, my evaluation includes versions of

language IR models augmented with state-of-the art query expansion based on pseudo-relevance

feedback (PRF): RM3 (Abdul-jaleel et al., 2004; Lv and Zhai, 2009) and PRM2 (Lv and Zhai,

2011). Successful performance of Types2XExp could also be due to the fact that its query

expansion uses an embedding space of any kind, irrespective of the fact that its embedding

space is based on types. I test against this eventuality by replacing the typed embedding space

for QE from Types2XExp with a simpler term-based embedding space. In this model, called

TFIDF-Exp, VSM is used as the base model, and the query is expanded using the tops terms in

the query as determined by document collection-wide TF-IDF scores.

No Expansion Query Expansion
Heuristic/Probabilistic IR:

Terms VSM TFIDF-Exp
BM25 -

Language model-based IR:
MLM jm MLM jm +RM3
MLM dir MLM dir +RM3, MLM dir +PRM2
MLM 0

dir MLM 0
dir +RM3

SPUD SPUD+RM3, SPUD+PRM2
Types Types2X Types2XExp

Table 7.2: Overview of models.

I will now describe the retrieval models in this experiment, which are also listed in Table 7.2.

Type-aware models.My two type-aware models Types2X and Types2XExp are both ex-

tensions of Lucene's VSM implementation and include a two-fold up-weighting component

applied to types. The difference between them is that Types2X does not use query-expansion

and Types2Exp does, by modeling type similarity in an embedding space.

Types2X Lucene VSM with 2X type boosting. Types2X, described in Section 4.4, is used

to measure the simplest possible way of incorporating types during retrieval (as opposed to just

using terms).

Types2XExp Lucene VSM with 2X type boosting and type-based query expansion.De-

scribed in Section 4.4, Types2XExp is based on Types2X and is designed to investigate the

effects of type-based query expansion. Types2XExp enriches queries with types in order to deal

with type-sparse queries. Queries are expanded using the types (as opposed to the terms) they

contain.

All other models evaluated here are baselines of different kinds and complexities.Traditional

modelsthat do not use query expansion are used as baselines intended to identify and quantify

the effects of boosting types. I consider both heuristic/probabilistic models (e.g., VSM, BM25)
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and models based on language modeling, which are naturally extensible with sophisticated query

expansion techniques:

VSM I used Lucene's default VSM implementation, both as a baseline but also as the basis

of some of my models. Lucene's scoring function is an instance of cosine similarity.

BM25 I used Lucene's BM25 implementation with default parameters.

Language model-based IR models.These language models are included as more sophisti-

cated, type-agnostic alternatives to the basic heuristic models. I used three models, SPUD, and

MLM with two different kinds of smoothing, Jelinek-Mercer and Dirichlet smoothing2. MLM

is a well-known language model, and SPUD is included in my comparison as a state-of-the-art

type-agnostic LM baseline against which I can benchmark the performance of my type-based

models.

Two versions of Dirichlet smoothing are used because of a suspected software error in the

Lucene implementation (LMLM dir )3.

MLM jm For the multinomial model with JM smoothing, I use Lucene's default implemen-

tation. In the absence of training data for the parameter� , I use� = 0:7, since there is strong

evidence that this value is optimal for long queries (Zhai and Lafferty, 2001; Zhai and Lafferty,

2004), as is the case in my setup. The smoothing parameter,� , is set to� = 2000, which Zhai

and Lafferty (2001, 2004) found to be near-optimal for large queries, such as those in my setup.

MLM 0
dir The LUCENE implementation of the multinomial language model with Dirichlet

smoothing (suspected to be problematic).

MLM dir The multinomial language model with Dirichlet smoothing (implementation by

(Cummins et al., 2015)).

SPUD I use the SPUD implementation by Cummins et al. (2015) with default parameters

(! = 0:8), which has been shown to produce good results with long queries (Cummins et al.,

2015).

Term-based query expansion. This is a VSM model with a very simple term-based form of

query expansion using a raw term embedding space. This baseline is used to determine whether

any performance improvements obtained by type-based QE using an embedding space are due to

types, rather than the use of embedding spaces in general.
2I used implementations by Cummins et al. (2015) (https://github.com/ronancummins/spud ) for

all language models tested here.
3In correspondence with one of the authors of Cummins et al. (2015), it has come to my attention that there is

suspicion in the community that the Lucene implementation of the classical multinomial language model may be
incorrect for large queries, so I report two implementations for safety.
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TFIDF-Exp This model performs query expansion using a �xed number of important terms

in the query. TF-IDF for this model is calculated using PyLucene4, a Python interface to Lucene.

Stopwords and words with term frequency lower than 50 are excluded. Like in Types2XExp,

each selected term is expanded using itsn-nearest neighbours in a word embedding space

(skip-gram, window size =10). The model has two parameters:pool size(n) andseed size(s). I

found experimentally on my development set that the model performs best forn = 1 ands = 1.

Established query expansion models

I tested the two query expansion models described in Section 2.1, RM3 and PRM2, in

combination with the language models described above, resulting in 6 systems as follows5:

MLM jm +RM3 The multinomial language model with JM smoothing and RM3 Query Ex-

pansion.

MLM 0
dir +RM3 The LUCENE implementation of the multinomial language model with

Dirichlet smoothing and RM3 Query Expansion (suspected to be problematic).

MLM dir +RM3 The multinomial language model with Dirichlet smoothing and RM3 Query

Expansion (implementation by Cummins et al. (2015)).

SPUD+RM3 SPUD with RM3 Query Expansion

MLM dir +PRM2 The multinomial language model with Dirichlet smoothing and PRM2

Query Expansion.

SPUD+PRM2 SPUD with PRM2 Query Expansion

Figure 7.1 shows the relationships between basic models and their more sophisticated deriva-

tives, where white and grey boxes represent term-based and type-based models, respectively.

Figure 7.1: Derivational relationship between IR models evaluated in Section 7.1.

4https://lucene.apache.org/pylucene/
5Not all combinations of language models and query expansion methods were technically feasible.
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7.1.2 Results and Discussion

Table 7.3 shows the results of all retrieval models in Mean Average Precision (MAP). The

table is organised into three groups. Model MAPs are presented in the �rst row of each group.

The last two rows in each group indicate the signi�cance in MAP difference between each

model (column) and the Types2XExp and Types2X models. Signi�cance is obtained using

the permutation test (Section A.3) and reported here as follows:� indicates that ”column” is

signi�cantly better than “row” at signi�cance level� = 0:01; < at � = 0:05. � indicates that

the difference is not signi�cant. Table 7.4 reports signi�cance between models not employing

query expansion, and Table 7.5 shows the difference between unexpanded and query-expanded

term-based language models.

VSM BM25 MLM jm MLM 0
dir MLM dir

MAP .076 .077 .084 .072 .066

T2XExp � � � � �

T2X � � � � �

SPUD TFIDF-Exp MLM jm +RM3 MLM 0
dir +RM3 MLM dir +RM3

MAP .090 .060 .063 .051 .082

T2XExp � � � � �

T2X � � � � �

MLM dir +PRM2 SPUD+RM3 SPUD+PRM2 Types2X Types2XExp

MAP .061 .050 .072 .070 .173

T2XExp � � � � –

T2X � � � – �

Table 7.3: Model MAP performance compared to Types2XExp (T2XExp) and Types2X (T2X)

models.

VSM -

BM25 � -

MLM jm � � -

MLM 0
dir � � � -

MLM dir � � � � -

TFIDF-Exp � � � � � -

SPUD � � � � > � -

VSM BM25 MLM jm MLM 0
dir MLM dir TFIDF-Exp SPUD

Table 7.4: Comparison of models not employing query expansion.

As expected, absolute MAPs are low across the board, a phenomenon that can be attributed to

the complexity of the underlying information needs and the resulting small number of relevant

documents per query. But as long as the evaluation is stable, it is the comparative performance

of each model that we should be interested in.

The model utilising type-based expansion (Types2XExp) is the best model at MAP=0.173;
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it outperforms every other model6. In some cases the differences are dramatic; Types2XExp's

MAP score is twice that of the Lucene VSM.

I will now discuss which of Types2XExp's components contributed most to this improvement

over existing IR models. The difference in MAP between Types2X, which up-weights types on

its own (MAP=0.07) and VSM (MAP=0.76) is not statistically signi�cant. This is also the case

when comparing type up-weighting (Types2X) to the majority of alternative models.

The best-performing model not employing query expansion is SPUD (MAP=0.90), followed

by MLM with JM smoothing (MAP=0.84). The traditional BM25, VSM and Lucene MLM0
dir

models performed comparably to each other (MAP= 0.77, 0.76, and 0.72), with no signi�cant

differences in MAP between them, as shown in Table 7.4.

I now shift my attention to models using term-based query expansion. Table 7.5 records the

difference in performance of the four language models considered, when query expansion by

RM3 or PRM2 is added (** stands for signi�cance at 0.01; * for signi�cance at 0.05). We

can observe that versions of the models augmented with state-of-the-art query expansion are

outperformed by their corresponding basic versions, often signi�cantly. General-purpose query

expansion methods appear to be ineffective in retrieving research-level mathematics. This is in

contrast to type-based query expansion, where the Types2XExp model signi�cantly outperforms

both the VSM and Types2X models it is based on.

MLM jm MLM 0
dir MLM dir SPUD

+RM3 -0.021* -0.021** -0.016 -0.040**
+PRM2 — — -0.005 -0.019

Table 7.5: Comparison of unexpanded and query-expanded term-based language models.

TFIDF-Exp performed worse than the VSM baseline it is based on (.06 vs .076 MAP) and

was also outperformed by the Types2X (.07 MAP), which does not use query expansion in any

form, but the differences in both cases are not signi�cant.

We have seen this pattern in previous paragraphs: query expansion based on terms often

has a detrimental effect in retrieving research-level mathematics; the task overall bene�ts more

from term-based models with no query expansion at all. The idea of simply up-weighting

types (Types2X, .07 MAP) yields better results in MAP than term-based query expansion

used in TFIDF-Exp (.06 MAP), MLMdir +PRM2 (.061 MAP), MLMjm +RM3 (.063 MAP) and

MLM' dir +RM3 (.051 MAP)7.

These observations seem to point to the fact that, in the context of MIR, mathematical types

encode more information than the sum of their individual, constituent terms. When choosing

which atomic units to use in textual MIR, types seem to be a better choice than individual words,
6Both Type2XExp and Types2X models show higher performance than the results I published in (Stathopoulos

and Teufel, 2016). This is because at the time of publication, I had not yet expanded the type seed dictionary and
was therefore working with 10,601 types rather than 1.23 million types. Appendix D.1.1 shows both results tables
for comparison.

7the differences are not signi�cant.
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thus con�rming hypothesis 1.

On one hand, the performance of Types2X suggests that information coming from the types

occurring in the queries alone may not be enough to produce signi�cant improvements in retrieval

ef�ciency, where queries are overall dif�cult. On the other hand, it is only the combination of

query expansion with type information (rather than with simple terms) that yields signi�cant

performance gains.

My intuition is that type-based expansion introduces semantically related concepts that elevate

the score of topically relevant documents. Insight into why this method performs well can be

obtained by looking into how types are expanded. The query in Table 7.6 is topic 175 (MO post

900388). From an initial set of 6 types found in the query, my method expanded the query with

14 more types.

Topic Let P be aparabolic subgroupof GL(n) with Levi decompositionP = MN ,
whereN is theunipotent radical. Let p be anirreducible representationof M (Zp)

in�ated to P(Zp), how doesInd GL n (Zp )
P (Zp ) � decompose? It would be suf�cient for

me to know the result in the simplest case, whereP is aBorel subgroup.
Query Types `levi decomposition', `parabolic subgroup', `unipotent', `irreducible representation',

`borel subgroup'
Expanded Types `maximal parabolic subgroup', `unitary irreducible representation', `minimal

parabolic subgroup', `irreducible corepresentation', `levi subgroup',`lie subalge-
bra', `parabolic subalgebra',`levi factor',`maximal torus',`reducible representation',
`maximal unipotent subgroup', `irreducible unitary representation', `borel subalge-
bra', `unipotent subgroup'

TFIDF-Exp `nilpotent', `shredded', `semi-simple', `in�ates', `centralizer', `pro-',
`puffed', `engulfed', `in�ate', `semisimple'

Table 7.6: Types in query (and dictionary), Types expanded by Types2XExp and TFIDF-Exp for
Topic 175.

A mathematician would recognise that the overall topic of the query is Lie algebras and Lie

groups and appreciate the strong topical connection between the types in the original query

and those added by Types2XExp. For example, the type “Levi factor” in the expanded set for

query 175 is a “Levi subalgebra” produced from the “Levi decomposition” (query type) of “Lie

algebras”. In the example in Table 7.6, our mathematician would also recognise that Types2XExp

�nds types that are special instances of those in the query. For example, “minimal parabolic

subgroup” and “irreducible unitary representation” are special instances of “parabolic subgroup”

and “irreducible representation”, respectively. On the other hand, the TFIDF-Exp expansion set

for this query (bottom row of Table 7.6) appears less likely to contain terms related to the topic

subject.

The “bag-of-types' Types2X model performed unexpectedly badly (.070 MAP), below VSM,

although not signi�cantly so. Looking at Topic 175, we see a possible explanation for this under-

performance. Types2X simply has nothing to play with – queries are short, the type vocabulary
8http://mathoverflow.net/questions/90038
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is sparse, and there is minimal super�cial overlap in terms of types between relevant document

and query without type expansion. This is in stark contrast to the potential of type-based query

expansion (Types2XExp, .173 MAP).

I speculated that the situations where methods that exploit semantic type relatedness, such as

Types2XExp, can be advantageous are those where (a) lexical sparsity requires the use of some

form of generalisation or similarity across concepts, of which QE is a simple variant, and (b)

information about the similarity between types is more informative than similarity between raw

words. The qualitative analysis on Topic 175 has given some concrete examples con�rming that

such improvements might be a common occurrence.

7.2 Untyped Formula-Based Retrieval

Let us now turn to a different kind of model altogether, namely one that concentrates on treating

the formulae in query and documents. In the previous section, textual retrieval models treated

formulae in the text as bag-of-words. In the models presented in this section, formulae are

separated from the text and delegated to dedicated formula retrieval methods, whose job it is

to index and score the formulae. The remaining text is treated by a text model, which is not of

primary interest here.

7.2.1 Experimental Design

In the experiments presented here, I compare three formula retrieval models: Tangent, which is a

structural heuristic for indexing and retrieval of raw symbols (Section 2.2.5), and the untyped

variants TM1– and TM2– of the tree matching models described in Section 6.4.2. All these

formula retrieval models are based on raw symbols; in other words they are untyped. In fact,

TM1– and TM2– do not have a semantic similarity component in their formula similarity

function; instead, they retrieve formulae based only on syntactic and lexical similarity (up to

� -equivalence).

The textual component is a bag-of-words method, either VSM or BM25. Note that these

textual models are quite different from the ones I discussed in the previous section. The models

from Section 7.1, typed or untyped, are stand-alone bag-of-words models that are unaware of

formulae: they treat formulae as text. This is achieved by extracting the elements of MathML

trees and treating their context as part of the text. In the current section, formulae are separated

from the text; they arenot treated as text, but explicitly handled by a formula retrieval component,

which is the object of study in this section.

Combining every textual model with every formula retrieval model results in the six model

variants shown in Table 7.7.
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Name Formula Text

VSM+UT Tangent heuristic formula indexing with raw symbols. VSM

BM25+UT Tangent heuristic formula indexing with raw symbols. BM25

VSM+TM1– Tree matching algorithm 1, without any semantic sub-component. VSM

BM25+TM1– Tree matching algorithm 1, without any semantic sub-component. BM25

VSM+TM2– Tree matching algorithm 2, without and semantic sub-component. VSM

BM25+TM2– Tree matching algorithm 2, without any semantic sub-component. BM25

Table 7.7: System variants with textual and formula components.

In order to allow for comparison to the original Tangent system, I use the same combination

method for textual and formula retrieval scores as is used in Tangent, namely linear interpolation:

�T (d) + (1 � � )M (d);

The parameter� controls how much weight is placed on the textual component during scoring.

In the original Tangent paper,� was empirically set by a search of the interval between 0 and

0.5. My test collection is different to that used by Pattaniyil and Zanibbi (2014); for instance, the

formula-to-token ratio (f-t-t) across the test collection is different (see Table 3.7 in Section 3.2.5).

Theoretically there are two ways how one can adapt estimation of� to my test collection, and I

will explore both:

• Estimation of� by searching for the optimal value on my development set. I automatically

search the interval[0; 1] for the value of� that maximises the MAP for each model on the

development set. I consider 18 equidistant points in the interval in this search. I think that

searching the entire range[0; 1] is the right thing to do, whereas Pattaniyil and Zanibbi

(2014) searched only the lower half of that range.

• Estimation of� using the document collection mean formula-to-token, in my case� =

1 � 0:074 = 0:926.

In my experiments, I will additionally show results for the case where� = 1. This con�gu-

ration disables the formula retrieval component and uses only the textual model; as explained

before, this corresponds to a case where all formulae are removed from the input. The per-

formance of no-formula textual models is expected to be easily outperformed by models that

additionally incorporate formula retrieval; in other words it is a weak baseline. I nevertheless

show the performance of the no-formula models because this allows me to quantify the effect of

the additional work done by each formula model. I will present results �rst for corpusQF , as this

is the most appropriate setting for the interpretation of untyped formula retrieval. Queries that

do not contain formula are irrelevant in this setting, and you may remember that inQF exactly
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these queries have been removed. On the other hand, as typing is not of relevance here, those

queries which contain formulae but no types remain.

7.2.2 Results and Post-hoc analyses

Table 7.8 shows the results in MAP of untyped formula retrieval for all models onQF , under

three tuning scenarios:� tuned on the DevSet,� tuned with the f-t-t method, and� = 1, which

constitutes the baseline (No-Formula Model). The numbers in brackets in Table 7.8 give the

difference between the joint formula model and their no-formula, text only baselines. Boldface

numbers indicate that the difference is statistically signi�cant9.

� Textual model No-Formula model TM1– TM2– UT
DevSet tuning VSM .067 .053 (� .014) .029 (� .038) .088 (+.021)

BM25 .066 .082 (+.016) .062 (� .004) .068 (+.002)
f-t-t ratio VSM .067 .081 (+.014) .027 (� .040) .071 (+.005)

BM25 .066 .084 (+.017) .055 (� .011) .065 (� .001)

Table 7.8: Performance of untyped Formula Models onQF in MAP, with differences to respective
No-Formula models (bold if signi�cant).

I will �rst consider the methodological question which style of tuning is better. It is the

f-t-t method with which the highest signi�cant improvement over baseline was achieved (by

the VSM+UT model). On the other hand, we observe that tuning� on the DevSet seems to

produce higher MAPs overall, including the numerically highest MAP observed of .088 (again

achieved by the VSM+UT model). However, this is not signi�cantly different from the baseline

performance at .06710. Thus, since differences between the formula retrieval models and their

(no-formula) textual baselines are more pronounced with the f-t-t method, I will focus my

discussion on results obtained using this tuning method.11

We can see several more things from Figure 7.8. First, even the highest performance of any

model in this section (MAP=.084) remains far below the performance of the best type-based

textual retrieval model from Section 7.1. Second, models based on TM1– perform consistently

better than models based on TM2–: while TM1– models hover numerically around their no-

formula textual baselines (sometimes even performing numerically slightly above them, although

never signi�cantly so), the performance of TM2– is always numerically worse than its baseline,

in the case of VSM-based models even signi�cantly so. This suggests that the application of
9I am again using the paired permutation test.

10There are some effects around signi�cance testing that look anomalous. For instance, although the difference
between VSM+UT and its baseline is small (.005) for the f-t-t method compared to that for the DevSet tuning
method (.021), it is signi�cant whereas the DevSet difference is not. In addition, the difference between VSM+TM1–
and VSM+UT, both tuned with the f-t-t method, is relatively high (0.14), but the permutation test does not detect any
signi�cance. This merits further investigation, but for now I will hypothesise that the aforementioned observations
have to do with the fact that MAP is a summary metric: large average precision differences in a few queries push
MAP scores higher, but the overall difference is rejected by the permutation test because it lacks consistency. For
this reason, I consider signi�cance as a deciding factor in my interpretation and analysis of results.

11From here onwards, unless otherwise speci�ed, tuning is always performed using the f-t-t method.
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thesinh transform intended to redistribute the scores produced by TM2– actually has a negative

effect on the model's overall performance.

Third, based purely on raw MAPs, we observe that overall BM25+TM1– performs numerically

reasonably well regardless of the tuning method, that VSM+UT is a strong model and that BM25

seems to work better than VSM when combined with the TM1– and TM2– formula models.

VSM+TM1– .081 �
BM25+UT .065 � �

BM25+TM1– .084 � � �
BM25+TM2– .055 � � � �
VSM+TM2– .027 � � < � �

MAP .071 .081 .065 .084 .055
VSM+UT VSM+TM1– BM25+UT BM25+TM1– BM25+TM2–

Table 7.9: Signi�cance of retrieval models on QF (� tuned using f-t-t).

Table 7.9 gives signi�cance for each pair of models for the f-t-t� tuning method12. Unfor-

tunately, the direct signi�cance tests between models do not help in distinguishing among the

models, except to single out VSM+TM2-'s performance as worse than all others.

I will now perform three post-hoc analyses, investigating two questions:

1. So far, Tangent (VSM+UT) appears to be the strongest model for combined retrieval of text

and raw symbol. How does VSM+UT rank documents differently from its baseline, VSM,

and from VSM+TM1–?

2. VSM+TM1– is consistently better than VSM+TM2–. What is different about how these

models rank relevant documents?

So far, we have compared systems only by MAP, but as a summary metric, MAP masks

variations in performance in individual queries. To answer the questions above, we will consider

system performance query-by-query, trying to characterise which properties of a query and/or

relevant document make one system perform better than another. By looking at retrieval contexts

(query/relevant document properties) on those query subsets where one system performs better

than the other, we can derive a �ner-grained performance pro�le of a pair of models which can

sometimes explain the observed difference in performance between them.

7.2.2.1 Performance of UT

Concerning the �rst question, I will �rst compare VSM+UT with VSM+TM1–, and later compare

it against raw VSM.
12For completeness I include signi�cance testing results for tuning with DevSet in Appendix D, Table D.4.

174



Figure 7.2: Differences in reciprocal rank between VSM+TM1– (orange bars) and VSM+UT
(blue bars) onQF .
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VSM+UT vs VSM+TM1–. When comparing the mean average absolute difference in rank

between VSM+UT (model A) and VSM+TM1– (model B)13, I found it to be around5; 760

positions14 in favour of VSM+UT, a difference that is signi�cant at level� = 0:05.

I hypothesised that there might be properties of individual queries which might in�uence

the systems' behaviour, and therefore conducted a per-query analysis. Figure 7.2 compares

query-by-query performance of VSM+UT (model A) and VSM+TM1– (model B) onQF . For

these analyses, I will use mean reciprocal rank (MRR)15 as my metric.

On the y-axis of Figure 7.2 is the absolute difference in mean reciprocal rank between the

systems for a particular query. In Figure 7.2 queries are placed on the x-axis as unique integer

identi�ers. A table mapping these integer identi�ers to CUMTC queries is given in Table D.15

in the appendix16.

From Figure 7.2 we can observe that there in most cases, VSM+UT (blue bars) achieves a

higher MRR, and that in fact there are only three queries where VSM+TM1– (orange bars)

performs noticeably better than VSM+UT. In two of these the difference in reciprocal rank is

close to1:0, indicating that VSM+TM1– boosted the rank of relevant documents near the top.

However, while the gains that VSM+UT produces are smaller, they are far more consistent.

If we look at documents rather than queries, a slightly different image emerges. The confusion

matrix in Table 7.10, which reports performance over relevant documents (pooled from all

queries), shows that there are 82 relevant documents where VSM+UT produces better ranks

than VSM+TM1– (coming from 72 queries17), while VSM+TM1– produces better ranks in 36

relevant documents in total (36 queries). The models' performance is identical for 13 documents.
13Throughout my post-hoc analyses I will, by convention, assign model A to be the simplest of the two models

and model B to be the more complex.
14Recall that there are over 439,000 individually ranked documents per run.
15The reciprocal rank is the value1r , wherer is the rank of a relevant document produced by a model for a

particular query. Since queries can have more than one relevant document, I use mean reciprocal rank to summarise
each query. For each query I compute the average reciprocal rank and plot the mean difference between models. For
visualisation, reciprocal ranks have the advantage that they are positively correlated to bar size (unlike raw ranks,
which are negatively correlated): better performance is represented by longer bars.

16The values on the x-axis for all bar plots of differences in mean reciprocal rank presented in the post-hoc
analyses of this section map to CUMTC query IDs according to Table D.15.

17The set of queries associated with the subsets (de�ned over relevant documents, not queries) may overlap
because some queries have more than one relevant document. This is why adding up the number of queries reported
per subset does not produce the same query total as the one reported for the corpus of interest.
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VSM+TM1–

lower

rank

same

rank

higher

rank

not

found

VSM

+

UT

lower

rank
- - 36 -

same

rank
- 13 (7) - -

higher

rank
82 - - 0(1)

not

found
- - 0 (2) 0 (4)

Table 7.10: Comparison of rankings of relevant documents: VSM+TM1– vs VSM+UT (f-t-

t method, 131 relevance judgements). Boldfaced numbers in brackets refer to subset ids in

Table 7.11.

For further analysis, I partitioned the corpus into the subsets shown in Table 7.11. Subsets

indicate different ways how systems A and B can be better than each other (e.g. one system

could outrank the other, or one system could return any relevant documents while the other

doesn't). I then created the confusion matrix given in Figure 7.10, which uses the subset names

from Table 7.11.

Subset ID Subset label Description

(1) A n B The corpus subset that relevant documents were returned by A but not by B.

(2) B n A The corpus subset that relevant documents were returned by B but not by A.

(3) A \ B The corpus subset that relevant documents were retrieved by both models.

(4) ; The corpus subset that relevant documents were not retrieved by either model.

(5) A \ B , rank (A) > rank (B) The corpus subset where model A outranks B.

(6) A \ B , rank (B) > rank (A) The corpus subset where model B outranks A.

(7) A \ B , rank (B) = rank (A) Corpus subset where A and B produced the same ranks for relevant documents.

Table 7.11: Subsets for performance pro�ling pairs of models: labels and description.

I analysed the difference in average rank position between the two models for the subsets

A \ B , rank (A) > rank (B) (blue cell) andA \ B , rank (B) > rank (A) (orange cell) and

tested the difference using the permutation test. This analysis shows that in the 36 relevant

documents (from 36 queries) where VSM+TM1– performed better (cell highlighted in orange), it

achieved on average around25; 430positions higher (signi�cant at� = 0:01). In contrast, in the

documents where VSM+UT performed better (cell highlighted in blue, 82 relevant documents

in 72 queries), it did so on average by only1; 962positions higher (difference signi�cant at

� = 0:01). This con�rms what we have seen in Figure 7.2: the numeric advantage in MAP

observed for VSM+UT is attributed to small differences in ranking in many queries.

Let us now look at the detailed properties of queries and documents in those retrieval contexts

where either system has an advantage. I hypothesised that the behaviour of the models could

be in�uenced by how many words appear in a query, how many formulae appear in it, and how

complex these formulae are. Table 7.12 shows statistics about the different retrieval contexts18.
18Descriptions for the complete set of statistics I will be presenting in this section and the next can be found in
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The subset identi�ers in the �rst column of Table 7.12 correspond to the bold-faced cell labels in

brackets of the confusion matrix (Table 7.10).

Subset ID Subset Relevant Avg. No. Formulae Avg. No. Words Avg. Formula Complexity
label documents Q D Q D Q D

(0) QF 131 9.98 736.13 117.64 4726.14 15.54 24.45
(3) A \ B 131 9.98 736.13 117.64 4726.14 15.54 24.45
(5) A \ B , rank (A) > rank (B) 82 10.40 780.5 116.10 4825.18 15.58 26.98
(6) A \ B ,rank (B) > rank (A) 36 9.83 590.5 121.08 3838.97 15.23 20.62
(7) A \ B , rank (B) = rank (A) 13 8.15 859.54 117.77 6558.15 14.38 19.12

Table 7.12: Subset statistics for investigating the behaviour of VSM+UT (model A) and
VSM+TM1– (model B) onQF (tuning with f-t-t).

For each subset in Table 7.12 I list the average number of words, the average number of

formulae for documents and queries (under D for relevant documents and under Q for queries). I

also list the formula average complexity, which is the average number of MathML nodes per

formula over the entire subset (in documents under D and queries under Q).

The latter is reported in terms of the average number of MathML nodes per formula in queries

or relevant documents. I then perform signi�cance test using the unpaired permutation test.

The document formulae in the orange subset (VSM +TM1– wins) are signi�cantly less

complex than those of the blue subset (VSM+UT wins): 20.62 vs 26.98 MathML nodes on

average. I also found a marginal signi�cant difference (p-value just above0:05) in the average

number of formulae of relevant documents (780.5 vs 590.5), with VSM+TM1– performing better

on the less complex formulae. All other differences are not signi�cant.

This means that VSM+TM1– performs better than VSM+UT when relevant documents have

few words and formulae of lower average complexity; and conversely, VSM+UT performs better

than VSM+TM1– when queries and documents have more words and more complex formulae.

A possible explanation for this is that exact tree matching, as performed by TM1–, stumbles over

slight differences between complex formulae. In contrast, UT, which is a bag-of-tuples model, is

better at �nding approximate matches when they exist or rejecting them when they diverge too

much.

VSM+UT vs VSM. The most pertinent observation when comparing those two systems is that

VSM+UT (model B, MAP=.071) was able to retrieve 11 relevant documents (from 11 queries)

that VSM (model A, MAP=.067) was unable to �nd; in the methodology used before, this would

correspond to (subset (2):B n A)19. This is a big deal because this demonstrates that formula

retrieval can have a positive effect over traditional bag-of-words models.

Beyond this achievement, VSM+UT also performs better on 71 relevant documents (from 64

queries; with a mean difference in rank of around1; 848positions), whereas VSM performed

Table D.3 in Appendix D.2.1.
19As already mentioned, this was obtained under f-t-t tuning, as all results in this and the next section. However,

all observations reported for this posthoc analysis also hold when VSM+UT is tuned on the DevSet (cf. Table D.16,
bottom).
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Figure 7.3: Differences in reciprocal rank between VSM (text-only baseline; blue) and VSM+UT
(orange) onQF .
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better in 30 documents (from 28 queries; with mean difference in rank of around3; 409positions).

The models were tied in their ranking in 19 relevant documents (from 19 queries).

Figure 7.3, which shows the differences in reciprocal rank between the models, drives home

the fact that VSM+UT (orange) produces considerably better rankings for many queries when

compared to VSM (blue). Furthermore, in the few cases VSM wins over VSM+UT, the difference

in reciprocal rank is small.

I also found out about retrieval contexts where VSM+UT outperforms VSM: when there are

few formulae in the queries and when the average formula complexity in either the queries or

relevant documents is high.

Evidence to support this comes from the following:

1. the query average number of formulae for subsetA\ B ,rank (B) > rank (A) is signi�cantly

lower than that ofA \ B ,rank (A) > rank (B): 9.61 vs 13.71;

2. the query average number of formulae for subsetB n A is signi�cantly lower than that of

A \ B ,rank (A) > rank (B): 6.27 vs 13.71;

3. the average number of MathML nodes per relevant document is signi�cantly higher in

A \ B ,rank (B) > rank (A) (21,262 MathML nodes) than inA \ B ,rank (A) > rank (B)

(11,369 MathML nodes), and

4. the average number of MathML nodes per formula (average formula complexity) in subset

A \ B ,rank (B) > rank (A) is signi�cantly higher than that ofA \ B ,rank (A) > rank (B)

(22.19 vs 27.08 nodes).

It is a little confusing that VSM+UT performs worse than VSM (i.e., if there is no formula

processing at all) in the situation when there are are many formulae. Why would formula

processing have a negative effect? We know from the above evidence that VSM+UT performs

better than VSM when the formulae in document are more complex and when there is more

MathML information in them (points 3 and 4 above). So, I speculate that formula processing

for VSM+UT might have a negative effect when the formulae are too simple to be informative

(e.g., simple, one-letter variables having little discriminating ability). In this case, the negative

effect of formula retrieval with uninformative variables pulls VSM+UT down, giving VSM an

advantage.

Overall, I conclude that this negative effect is negligible in comparison to not doing any formula

processing: UT's strategy of heuristically matching formula tuples gives it an overwhelming

advantage over the VSM model it is based on.

7.2.2.2 TM1– vs. TM2–

I now study why models based on TM2– perform worse than models based on TM1–, and I will

do so with VSM baseline models and f-t-t tuning.
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Figure 7.4: Differences in reciprocal rank between VSM+TM1– (orange) and VSM+TM2–
(blue).
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The mean difference in ranks onQF (131 individually ranked documents) between the models

is 441 positions, but the difference is not statistically signi�cant.

VSM+TM2– produced higher ranks in only 18 relevant documents (from 18 queries), whereas

VSM+TM1– produced higher ranks for 84 relevant documents (from 74 queries). The models

produced the same rank in 29 relevant documents (from 28 queries).

Figure 7.4 shows the differences in reciprocal rank between VSM+TM1– (orange) and

VSM+TM2– (blue), but the wins for VSM+TM2– are too small to be visible on the plot,

supporting the observation that TM1– has consistently larger wins over TM2–.

When we consider averages over all queries, there is no big difference between how the

systems ranked relevant documents: VSM+TM1– ranks relevant document on average441

positions higher than VSM+TM2–, but the difference is not signi�cant.

On subset (6),A \ B , rank (B) > rank (A), VSM+TM1– ranked relevant documents 2,112

positions higher than VSM+TM2– on average, and this difference is also signi�cant at level

� = 0:01. However, there are retrieval pro�les where VSM+TM2– wins: on the 18 relevant

documents of subset (5), i.e.,A \ B , rank (A) > rank (B), VSM+TM2– ranked relevant

documents 6,650 positions higher on average than VSM+TM1– and this difference is signi�cant

at � = 0:01. From the features shown in Table 7.13 the only difference I found to be signi�cant

between subsets (5) and (6) in the table, is that (5) has fewer formulae in the queries than (6)20.

It might seem like TM2– performs best when there are fewer formulae in queries. However,

this is inconclusive because it is just as likely that TM2– performed better because TM1–

happened to be sensitive to the few formulae observed in those particular queries.

Subset ID Subset Relevant documents Avg. No. Formulae Avg. No. Words Avg. Formula Complexity

label Q D Q D Q D

(0) QF 131 9.98 736.13 117.64 4726.14 15.54 24.45

(3) A \ B 131 9.98 736.13 117.64 4726.14 15.54 24.45

(5) A \ B , rank (A) > rank (B) 18 6.56 744.89 116.44 4779.06 14.93 21.29

(6) A \ B ,rank (B) > rank (A) 84 12.95 670.76 128.09 4188.36 14.66 25.26

(7) A \ B , rank (B) = rank (A) 29 3.89 920.03 87.71 6251.0 17.64 24.09

Table 7.13: Subset labels and statistics for investigating the behaviour of VSM+TM2– (model A)

and VSM+TM1– (model B) onQF (both tuned using f-t-t).

Overall, the VSM+TM1– produced numerous, substantial improvements in its ranking of

relevant documents over VSM+TM2–, suggesting that the VSM+TM2– model did not bene�t

from thesinh transform applied to TM2.
20All other effects across subsets (5) and (6) are not signi�cant: number of formulae (745 vs 671 formulae);

number of words in the queries (18 queries in (5) and 74 queries in (6)); and number of formulae and words in
relevant documents.
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7.2.3 Comparison to Textual Models

I will now compare the performance of this section's formula retrieval models against the textual

models discussed in Section 7.1. First, Table 7.14 shows this comparison onQF (as used

throughout this section thus far).

We see thatTypes2XExp model signi�cantly outperforms all other retrieval models we

have considered so far, be they text or formula retrieval models. Also of note is the fact that

VSM+TM2– is signi�cantly outperformed by almost all textual models, further supporting the

observation that it is the worst performing model of all models treated thus far.

BM25+TM1– BM25+TM2– BM25+UT VSM+TM1– VSM+TM2– VSM+UT

Section 7.1 model MAP .084 .055 .065 .081 .027 .071
VSM .069 –.015 +.014 +.004 –.012 **+.042 –.003
BM25 .072 –.012 +.017 +.007 –.009 **+.045 +.001
MLM dir .076 –.008 +.020 +.011 –.006 *+.048 +.004
MLM dir +PRM2 .078 –.006 +.023 +.013 –.003 *+.051 +.006
MLM dir +RM3 .090 +.006 +.035 +.025 +.009 **+.063 +.019
MLM jm .091 +.007 +.036 +.026 +.010 **+.064 +.019
MLM jm +RM3 .074 –.010 +.018 +.009 –.007 *+.047 +.002
MLM' dir .075 –.009 +.019 +.010 –.007 *+.047 +.003
MLM' dir +RM3 .046 –.038 –.009 –.019 –.035 +.019 -.026
SPUD .098 +.015 +.043 +.033 +.017 **+.071 +.027
SPUD+PRM2 .073 –.011 +.018 +.008 –.008 *+.046 +.001
SPUD+RM3 .044 –.040 –.011 –.021 –.037 +.017 –.027
TF-IDFExp .053 –.030 –.002 –.012 –.028 +.026 –.018
Types2X .071 –.013 +.016 +.006 –.010 *+.044 .000
Types2XExp .156 **+.072 **+.101 **+.091 **+.075 **+.129 **+.084

Table 7.14: Comparison of formula retrieval models (parameters tuned with f-t-t method) against
all textual retrieval models from Section 7.1 onQF (116 queries). Signi�cant differences in
boldface (** meaning� = 0:01and * meaning� =.05).

I am now changing the comparison corpus toQ. This is arguably kinder to the textual models,

as even if a query does not have a formula in it, the text-based models can still perform type-

based processing, whereas the models in the current section cannot run at their full potential on

such queries. Table 7.15 shows the comparison between the formula retrieval models and the

full textual models. As before, the Types2XExp model remains the strongest and signi�cantly

outperforms all formula-aware models on the full test collection. OnQ, VSM+TM2– is still

numerically worse than every textual model, but the difference is not as pronounced as it is on

QF .
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BM25+TM1– BM25+TM2– BM25+UT VSM+TM1– VSM+TM2– VSM+UT

Section 7.1 model MAP .085 .064 .071 .086 .046 .079

VSM .076 –.009 +.012 +.005 -.010 *+.030 -.003

BM25 .077 –.008 +.013 +.006 –.009 *+.031 –.002

MLM dir .066 –.019 +.002 –.006 –.020 +.019 –.013

MLM dir +PRM2 .061 –.024 –.002 –.010 –.024 +.015 –.017

MLM dir +RM3 .082 –.003 +.018 +.010 –.004 +.035 +.003

MLM jm .084 –.001 +.020 +.013 –.001 +.038 +.005

MLM jm +RM3 .063 –.022 –.001 –.009 –.023 +.016 –.016

MLM' dir .072 –.013 +.009 +.001 –.013 +.026 –.006

MLM' dir +RM3 .051 –.034 –.013 –.021 –.035 +.004 –.028

SPUD .090 +.005 +.027 +.019 +.005 *+.044 +.012

SPUD+PRM2 .072 –.014 +.008 .000 –.014 +.025 –.007

SPUD+RM3 .050 –.035 –.014 –.021 –.036 +.004 –.029

TF-IDFExp .060 –.025 –.003 –.011 –.025 +.014 –.018

Types2X .070 –.015 +.006 –.002 –.016 +.023 –.009

Types2XExp .173 **+.088 **+.109 **+.101 **+.087 **+.126 **+.094

Table 7.15: Comparison of formula retrieval models (parameters tuned on f-t-t) with textual

retrieval models from Section 7.1 onQ (160 queries).

For completeness, the appendix contains the comparison tables for QF T (Tables D.13 and D.14

for f-t-t and Devset methods, respectively) and the tables corresponding to Table 7.14 and 7.15

when� is tuned using the DevSet (Tables D.5 and D.9, respectively).

7.3 Joint Retrieval: Typed Text and Typed Formulae

I will now turn to my experiments with joint typed retrieval models, those that utilise typed SLTs

as the connection of textual and symbolic modalities. The models in the current section, unlike

those in Section 7.2, have full access to type information (both textual and formula components),

which means that the tree models can operate with type uni�cation. Using these typed models I

can now investigate my second hypothesis, namely: retrieval models that use types extracted

from the text as denotations to symbols in formulae will have better retrieval ef�ciency, compared

to those models than those that do not utilise this link between textual and symbolic modalities

(i.e., that treat text and formulae independently).

7.3.1 Experimental Design

Joint retrieval models have a textual component and a formula component. The textual com-

ponents are repeated for the reader's convenience in Table 7.16. To remind the reader, in joint

models, formulae are removed from the textual components; the textual components operate only

on words, types or both. The scoring of formulae is instead delegated to the type-aware formula

scoring components. Formula and textual scores are then combined using linear interpolation, as

described in Section 7.2.
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The no-formula textual components in Table 7.16 can be considered as a baseline that joint

retrieval models should be able to easily outperform. Practically, these no-formula baselines

(reported as “none” in results tables in this section) are created by setting� =1. In all other cases,

the results presented in this section estimate� by f-t-t estimators21.

Textual Component Description

Type2XExp The textual context score is obtained using the Types2XExp model: Lucene

VSM with type-based query expansion �rst introduced in section 7.1.

Types2X The textual context score is obtained using the Types2X model (Lucene VSM

with types re-written in the query and documents and given a 2X boost) �rst

introduced in section 7.1.

Types Scores for the textual context are obtained by replacing type phrases with

atomic lexical tokens and querying a Lucene index with types also replaced

with atomic lexical tokens.

VSM Scores for the textual context are obtained using of-the-box Lucene bag-of-

words retrieval with no formulae in the queries.

BM25 Scores for the textual context are obtained using out-of-the-box BM25 bag-of-

words retrieval with no formulae in the queries.

Table 7.16: Textual, type-aware baselines used in typed retrieval.

Table 7.17 lists the type-aware formula models considered in this section.
21Based on the results from from section 7.2, f-t-t is assumed to be the overall better tuning method; I have

nevertheless also used the devset estimator, and appendix D.3.2.1 shows results from DevSet tuning which is indeed
overall less bene�cial for all systems and also produces a lower winner.
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Formula component Description

TM1 Tree matching model 1 with type-based uni�cation, i.e., the semantic compo-

nent that measures the number of typed nodes that either match directly or can

be matched via type expansion or suf�x tree traversal (semantic (QF i ;DF j )

sub-score, as discussed in Section 6.4.1).

TM2 Tree matching model 2 with type-based uni�cation.

TM1JD Tree matching model 1 with “semantic overlap” between query and

document formulae measured using the Jaccard coef�cient over types

(semantic (QF i ;DF j )JD
sub-score, as discussed in Section 6.4.1).

TM2JD Tree matching model 2 with “semantic overlap”.

TM1JE Tree matching model 1 with “expanded Jaccard semantic overlap” between

query and document formulae measured using the Jaccard coef�cient over

expanded query types (semantic (QF i ;DF j )JE
sub-score, as discussed in Sec-

tion 6.4.1).

TM2JE Tree matching model 2 with “expanded Jaccard semantic overlap” over ex-

panded types.

TT My own typed variant of Tangent, as discussed in Section 6.4.3.

Table 7.17: Type-aware symbolic retrieval components used in typed retrieval.

I introduced semantic overlap in Section 6.4.2 as a simpler, less strict alternative to type

uni�cation for semantic scoring of formulae based on types. I will brie�y recapitulate the

idea here: semantic overlap for two formulae, one coming from the document and the other

from the query, is calculated as follows. First the types associated to the formulae by variable

typing and type disambiguation are collected into two sets. Then, the formula pair is scored by

computing the Jaccard coef�cient of their type sets (semantic(QF i ;DF j )JD sub-score, as discussed

in Section 6.4.1). Here, the Jaccard coef�cient models the degree to which the types used in the

document and query formulae overlap in a structurally independent manner (i.e., the structure of

the formulae is ignored).

Variants of my tree matching models that use the JE method take this a step further by also

expanding the set of types for the query formula using the type embedding space (Section 4.3).

Overlap in the JE method is calculated over the expanded sets of types to model more in-depth

topical similarity between two formulae.

As described in Section 6.4.1, type uni�cation can be substituted with semantic overlap by

replacing the semantic scoring component of my tree matching models, i.e., replace

semantic(QFi ; DF j ) with semantic(QF i ;DF j )JD or semantic(QF i ;DF j )JE . This substitution pro-

duces the models TM1JD , TM1JE , TM2JD and TM2JE .

My experiments with typed retrieval are centered aroundQF T because this subset of my

test collection contains valid variable typings with at least one typable formula in every query.
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Therefore,QF T simulates conditions where typed retrieval can be effectively evaluated. Again,

and strictly for reasons of comparison with models from sections 7.1 and 7.2, I will also report

performance onQ andQF .

7.3.2 Results and post-hoc analyses

Table 7.18 shows the performance of all formula and text retrieval models, including joint

retrieval models, onQF T , with the f-t-t tuning method. The highest performing model, TM1JE

achieves MAP=.151. This table reports whether the systems manage to signi�cantly improve

over their respective baselines; boldfaced differences are signi�cant. We can see that this is

the case for systems VSM+UT, VSM+TT, VSM+TM2JE , Types+TM2–, Types2XExp+TM2–,

Types2XExp+UT, Types2XExp+TM2JD and Types2XExp +TM1JE .

Formula Model
None Untyped Typed

Textual
model (base-
line)

+TM1– +TM2– +UT +TT +TM1 +TM2 +TM1 JD +TM2JD +TM1JE +TM2JE

VSM MAP .065 .082 .026 .070 .069 .075 .074 .084 .036 .082 .039
MAP � +.017 -.039 +.005 +.004 +.010 +.009 +.019 -.029 +.017 -.026

BM25 MAP .067 .087 .057 .065 .063 .085 .084 .084 .064 .085 .065
MAP � +.020 -.010 -.002 -.004 +.018 +.017 +.017 -.003 +.018 -.002

Types MAP .039 .053 .028 .039 .040 .039 .047 .050 .033 .050 .034
MAP � +.014 -.011 .000 +.001 .000 +.008 +.011 -.006 +.011 -.005

Types2X MAP .068 .089 .044 .062 .061 .076 .083 .077 .051 .082 .061
MAP � +.021 -.024 -.006 -.007 +.008 +.015 +.009 -.017 +.014 -.007

Types2XExp MAP .131 .147 .069 .133 .123 .140 .142 .150 .096 .151 .106
MAP � +.016 -.062 +.002 -.008 +.009 +.011 +.019 -.035 +.020 -.025

Table 7.18: Performance of untyped and typed (joint) formula retrieval models on QF T (106
queries), including differences from respective text-only baseline model (bold if signi�cant).

Overall, it is clear that systems not based on Types2XExp are not competitive, so I will focus

my further analyses on models based on Types2XExp (bottom lowest row). I will henceforth

abbreviate models based on Types2XExp by only referring to their formula component. For

example, +TM1 abbreviates Types2XExp+TM1 and so forth.

If we look at the Types2XExp-based models, we see a surprising effect: although several mod-

els perform numerically well above baseline (e.g., +TM1- (.147), +TM1 (.140), +TM1JE (.151;

numerically the highest performance), +TM1JD (.150), and +TM2 (.142)), these differences are

not signi�cant, whereas UT's performance, which is only 0.133,is signi�cantly different from

its baseline at .131, despite the small effect size. We have noticed a similar effect earlier. This is

part of the reason why I will perform some post-hoc analyses to investigate this further.

We also notice again a marked difference between tree models TM1 and TM2. Earlier, we

have seen TM2– to be far inferior to TM1– (and seen the corresponding post-hoc analysis). Here,

we see that TM2 performs relatively well when using type uni�cation (in its TM2+ incarnation),

but in all other con�gurations (untyped or with semantic component JD or JE), it falls far below

+TM1's respective performance. In fact, the three systems +TM2–, +TM2JD , TM2JE are the

only Types2XExp-based systems which performed numerically below their no-formula baseline
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(here: MAP=.131). I conclude that while TM2 cannot bene�t from sophisticated semantic

similarity metrics such as JD and JE and actually performs numerically worse, TM1 can pro�t

from these. TM1 bene�ts numerically from typed uni�cation (TM1) as well as from the JD and

JE methods, but TM2 only bene�ts from typed uni�cation (TM2).

+TT .123 �
+TM1 .140 � �
+TM2 .142 � � �
+TM1JD .150 � � � �
+TM1JE .151 � � � � �
+TM1– .147 � � � � � �

MAP .133 .123 .140 .142 .150 .151
+UT +TT +TM1 +TM2 +TM1JD +TM1JE

Table 7.19: Signi�cance results between selected untyped and typed Types2XExp-based retrieval
models on QF T (� tuned using f-t-t).

Table 7.19 gives the signi�cance of differences between 7 seemingly competitive typed and

untyped retrieval models based on Types2XExp (i.e., those from Table 7.18 that numerically

perform above baseline), namely the two untyped models TM1- (.147) and UT (.133), and the

typed models TM1 (.140), TM1JE (.151), TM1JD (.150), and TM2 (.142). I also added typed

Tangent (TT) into this mix because I want to know how it compares to other typed and untyped

formula scoring models.

Unfortunately, it is impossible to establish any differences between these systems, except the

following: First, +UT (.133) is signi�cantly better than +TT (.123)22; second, +TM1JD (.150

MAP) and +TM1JE (.151 MAP) signi�cantly outperform +TM1– (.147 MAP). Note that in

the case of the pairs +TM1– vs +TM1JD and +TM1– vs +TM1JE this signi�cance is achieved

despite the very small effect size (.003 and .004, respectively).

The �rst observation is surprising because both +UT and TT use the same structural heuristic,

with the latter also indexing types in the Tangent tuple table.

The second observation suggests that TM1 bene�ts from the addition of a semantic similarity

based on types, but not from type uni�cation per se (the difference between +TM1 and +TM1–

is not signi�cant according to Table 7.19); it is only in combination with semantic overlap (JD

and JE) that +TM1 manages to show signi�cant improvements over +TM1–. When combined

with type uni�cation, it is statistically indistinguishable from +TM1–.

Another, less relevant signi�cant difference is that all high-performers are signi�cantly better

than the three low-performers (TM2JE , TM2JD and the no-type uni�cation TM2–)23, with +TM2–

being the weakest model: it is signi�cantly outperformed by all other models, an observation

that is consistent with the results in section 7.2.
22Confusingly, although all 5 TM-based high-performers are numerically better than UT, there is no signi�cant

difference between either of them and TT, another instance of the aforementioned anomaly of statistical testing.
23For brevity, the results of the signi�cance tests on these systems are not shown here. See Table D.3.1 in

Appendix D for the full signi�cance table.

188



All analyses up to this point in this section were performed on QF T , the corpus which is most

informative for typed retrieval. For completeness and comparability, appendix D.3.2 lists all

typed retrieval results on all corpora (QF , Q and DevSet results forQF T ).

I will now perform three post-hoc analyses in an attempt to shine light on three additional

questions:

1. I built the machinery for typed uni�cation in Chapter 6, which is embodied by the tree

matching models with typed uni�cation (TM1 and TM2 formula components). I was

surprised to see that these models did not perform consistently and signi�cantly better than

their no-uni�cation counter-parts (TM1– and TM2–). I want to know why this is the case,

and investigate by comparing TM1 with TM1–.

2. In the next set of analyses, I study why semantic overlap, in the form of +TM1JE , performs

as well as it does. I look at two situations: why does it perform so well when compared

to tree matching with no types (i.e., +TM1–)? And why does it performworsethan if no

formula matching was ever performed (examined by comparing it with full Types2XExp

from Section 7.1, the best-performing system, which uses only textual types)24?

3. How does the best performing joint typed retrieval model, Types2Exp+TM1JE , compare to

standard Tangent (Pattaniyil and Zanibbi, 2014), VSM+UT? This addresses the question of

how one of the best currently existing out-of-the box MathIR models compare to the best

of the typed retrieval systems invented in this thesis or combined in a novel manner from

existing parts.

To answer the questions above, I will re-apply the analysis methods from Sections7.1 and 7.2

onQF T , which is the corpus of interest. I also for the �rst time add statistics about query and

document types and typings to the subset statistics from previous sections, as earlier systems

were untyped (cf. Table D.3 for a description of all subset statistics).

7.3.2.1 Performance of type uni�cation

I investigate the �rst question by performing post-hoc analyses on

• +TM1 (.140) vs +UT (.133);

• +TM1 (.140) vs +TM1– (.147); and

• +TM1 (.140) vs +TM1JE (.151).
24At the danger of repeating myself, this is different from asking whether Types2XExp+TM1JE beats its textual

Types2XExp baseline (we have found out in the current section that it does). The difference between the textual
Types2XExp baseline and the full Types2XExp system from section 7.1 lies in how formulae are treated: in 7.1,
formulae are indexed as text strings, whereas in the baseline systems in 7.3, formulae are dropped entirely for the
baseline (and treated by a dedicated formula component for the full joint systems). The 7.1 version can therefore be
expected to be much stronger.
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I performed these comparisons despite neither of these pairs being signi�cant different when

measured in MAP (cf. Table 7.19). Note that I will only discuss in detail those pairs that exhibit

distinct behaviour with mentions to common patterns.

Here, +TM1 represents type uni�cation, while the other models represent the best alternatives:

+UT for heuristic-based raw symbol formula retrieval, +TM1– for no-uni�cation tree matching,

and +TM1JE for semantic overlap.

+TM1 vs +UT: Figure 7.525 compares +TM1 to +UT, in terms of differences in mean reciprocal

rank across the queries. We observe that +UT (blue) produces slightly better ranks than +TM1

for many queries. In the opposite case, where +TM1 (orange) produced better ranks than +UT, it

does so by ranking very few relevant documents considerably higher than +UT.

This behaviour could explain why the difference between +UT and +TM1 is not signi�cant:

+TM1's MAP improvements over +UT are attributable to a very small number of well-performing

queries. I will now look for signi�cant differences between the speci�c subsets of the corpus

where A (+UT) wins over B (+TM1) (subset (5)) and vice-versa (subset (6)).

Statistics for these subsets are shown in Table 7.20. Note that in Table 7.20 the statistic “Avg

Total MathML Nodes” is the mean number of MathML nodes of the subset (queries or relevant

documents). +UT produces better ranks than +TM1 in 68 relevant documents (from 62 queries)

while model B performs better in 32 relevant documents (from 31 queries).

Signi�cant differences across the subsets can be found in the following aspects: number

of words (5106.96 vs 3609.66), number of formulae (802.76 vs 536.56), total MathML nodes

(21,154.31 vs 12,113.69) and average formula complexity (26.62 vs 20.65) in relevant documents

(the corresponding cells are highlighted in Table 7.20). In other words, +TM1 tends to perform

better than +UT when there are fewer words and formulae in the relevant documents, and when

the formulae are of lower complexity, but +UT seems to be able to take better advantage of all

of this information (more text, more formulae and formulae of higher complexity) in relevant

documents.

Overall, +UT's performance is more consistent than that of +TM1. However, +TM1 may be

advantageous in retrieval scenarios where recall is a priority26. In these scenarios, the many,

small losses in precision by TM1 represented by the blue differences (cases where UT wins)

might not be so important to searchers, as they accept overall low precision anyway. However,

the few cases where +TM1 ranks relevant documents much higher than +UT might be a large

advantage to them, as they don't have to go down the retrieval rankings a lot. This, in my

interpretation, makes +TM1's behaviour at least as acceptable as +UT's in real-life MIR because
25Queries on the x-axis of all bar-plots of differences in mean reciprocal rank in this section are again mapped

onto integer identi�ers. Table D.28 in the appendix can be used to map the integer identi�ers back to CUMTC query
IDs for all bar plots in this section.

26This happens to be the case in my corpus, where there are few relevant documents per query and where searchers
might therefore be motivated to accept lower precision because they are happy to inspect more documents in order
to get higher recall.
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Figure 7.5: Differences in reciprocal rank between +TM1 (orange) and +UT (blue) onQF T .
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Subset ID Subset Relevant documents Avg. No. Formulae Avg. No. Words
label Q D Q D

(0) QF T 118 10.63 718.53 124.17 4669.71
(3) A \ B 118 10.63 718.53 124.17 4669.71
(5) A \ B , rank (A) > rank (B) 68 10.69 802.76 120.52 5106.69
(6) A \ B ,rank (B) > rank (A) 32 11.71 536.56 120.87 3609.66
(7) A \ B , rank (B) = rank (A) 18 8.47 723.83 141.29 4903.44

Subset ID Subset Relevant documents Avg. No. Types Avg. No. Positive Typings
label Q D Q D

(0) QF T 118 17.83 879.8 2.77 12817505.56
(3) A \ B 118 17.83 879.8 2.77 12817505.56
(5) A \ B , rank (A) > rank (B) 68 18.08 953.18 2.73 13563403.24
(6) A \ B ,rank (B) > rank (A) 32 16.35 681.59 3.42 12102616.31
(7) A \ B , rank (B) = rank (A) 18 19.12 954.94 1.94 11270584.11

Subset ID Subset Relevant documents Avg. No. Negative typings Avg. No. Typing Edges
label Q D Q D

(0) QF T 118 19.32 135966583.4 22.09 148784088.96
(3) A \ B 118 19.32 135966583.4 22.09 148784088.96
(5) A \ B , rank (A) > rank (B) 68 20.48 143891909.47 23.21 157455312.71
(6) A \ B ,rank (B) > rank (A) 32 18.39 128344728.31 21.81 140447344.63
(7) A \ B , rank (B) = rank (A) 18 14.88 119576427.28 16.82 130847011.39

Subset ID Subset Relevant documents Avg. total MathML Nodes Avg. Formula Complexity
label Q D Q D

(0) QF T 118 151.02 17703.15 14.89 24.11
(3) A \ B 118 151.02 17703.15 14.89 24.11
(5) A \ B , rank (A) > rank (B) 68 159.06 21154.31 14.44 26.62
(6) A \ B ,rank (B) > rank (A) 32 157.68 12113.69 16.57 20.65
(7) A \ B , rank (B) = rank (A) 18 106.94 14602.28 13.01 20.76

Table 7.20: Per-query difference in average reciprocal rank between +UT (blue) and +TM1
(orange).

+TM1 is more likely to bring these dif�cult to �nd relevant documents to the attention of the

searcher.

However, this phenomenon does not occur often enough in my test collection to be consistent

and to produce a detectable and signi�cant positive effect over +UT27.

+TM1 vs +TM1– I now turn my attention to the comparison of +TM1 (model B) with +TM1–

(model A). I found that +TM1– produces better ranks than its uni�cation counterpart +TM1 in

29 relevant documents (from 28 queries) while +TM1 produced better ranks than +TM1– in 63

relevant documents (from 59 queries). Figure 7.6 shows the differences in mean reciprocal rank

between the models onQF T (blue for +TM1– and orange for +TM1).

From Figure 7.6 we observe that when +TM1 wins it does so by producing slightly better

ranks for many queries (with one exception where the difference is relatively high). However,

+TM1– produced considerably better ranks for three queries, which may be the main contributors

to +TM1–'s numerically (but not signi�cantly) better performance28.
27I would like to remind the reader that my observations are conditioned on the tuning method.
28As to the circumstances when +TM1 performs better than +TM1–, I examined again the differences in the

various statistics across subsets (5) and (6), but found no signi�cance except that in average formula complexity
(21.34 vs 26.53 MathML nodes per formula) in relevant documents, corresponding to a slight tendency of +TM1 to
perform better than +TM1– when the formulae in documents are relatively large in terms of average MathML nodes.
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Figure 7.6: Per-query difference in average reciprocal rank between +TM1– (blue) and +TM1
(orange) onQF T .
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+TM1 vs +TM1JE : When comparing +TM1 (model A) to +TM1JE (model B), I found the

same pattern in ranking behaviour observed in the pair +TM1– vs +TM1: model B produced

smaller but more numerous improvements (one query with larger improvement than the majority

of queries) but model A produced large improvements in rank for three queries. Looking into

the differences between subsets (5) and (6) for this pair, I found differences in the average total

number of MathML nodes (20,784.11 vs 12,895.13) and average formula complexity (27.94

vs 19.95) in relevant documents to be statistically signi�cant. This is in line with what we saw

earlier: +TM1 performs best when the formulae in relevant documents are relatively large or

complex.

We have seen that in comparison to my other tree matching models +TM1 produces numerous

small improvements but is numerically outperformed by a few queries where the improvement is

sizeable against it. This pattern is opposite of that observed when comparing +TM1 against +UT.

Overall, I have learned the following from comparing the three pairs:

1. TM1 can rank a small number of relevant documents from a few queries substantially higher

than +UT. Gains by +UT over +TM1 are numerous but relatively small, where as gains by

+TM1 over +UT can be substantial in a small number of cases.

2. The fact that +TM1 results in MAP regression over +TM1– and +TM1JE suggests that

type uni�cation does not yield consistent, positive effects, but this is inconclusive since the

difference between the models is not signi�cant.

3. My tree matching models are, in general, capable of performing very well in a small number

of queries.

4. Of all the tree matching models examined in this analysis, +TM1 is the riskiest as it can

produce large, positive spikes in rank, but that these occurrences are rare and come at the

cost of many losses (which can be sizable when compared to TM1– and TM1JE ).

7.3.2.2 Performance of semantic component

I will now change focus of analysis to the overall best joint model, +TM1JE , as I want to analyse

in which way this tree model's semantic component achieves its relatively good performance. We

have seen in the last section that +TM1JE 's strategy of swapping typed uni�cation with semantic

overlap is overall bene�cial. Here I will compare it to +TM1–, which does tree matching without

the use of types (i.e., it does not incorporate any semantic component in its formula pair similarity

function).

+TM1JE vs. +TM1–: The difference in MAP between+TM1– (model A, MAP=.147) and

+TM1JE (model B, MAP=.151) is small (.004) but signi�cant at� = 0:01. When I apply

the same methodology as before, I �nd that model B produces better ranks (for 69 relevant

194



Figure 7.7: Per-query difference in average reciprocal rank between Types2XExp+TM1– (blue)
and Types2XExp+TM1JE (orange) onQF T .
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documents (from 64 queries; subset (6)), whereas model A produces better ranks for 20 relevant

documents (from 19 queries; subset (5))29.

Turning to a per-query view, Figure 7.7 illustrates that when model B (orange bars) wins over

model A (blue bars) it appears to do so more consistently. Speci�cally, looking at the orange bars

in Figure 7.7 we see that model B produces very small improvements in reciprocal rank for many

queries, with only a single query making a sizeable improvement. In contrast, when differences

in reciprocal rank are in favour of model A (blue bars), they are too small to be visible in the

�gure.

These observations suggest that adding theJE semantic overlap component to TM1– can

have a consistent, positive effect. We also �nd here likely explanations as to why the difference

is signi�cant, despite the small effect size of MAP=.004.

Taking the results of all post-hoc analyses discussed so far into consideration, there are two

conclusion I can draw. First, +TM1JE is the least risky tree matching model: it can produce

consistent improvements in rank over +TM1–, however small these differences may be. Second,

tree matching (in general) has the potential to work really well. However, there are too few cases

where this is observed (in my test collection, at least) and too many cases where the effect is

slightly negative, affecting the overall result. Nevertheless, this is potentially a hopeful result,

because one can maybe develop a scoring architecture and models where the small errors can be

reduced while being offset by few queries that bene�t substantially from tree matching.

+TM1JE vs Types2XExp: I now turn my attention to the question of why +TM1JE (the best

joint typed retrieval model at MAP=:151on QF T ) does not manage to outperform Types2XExp

(the best textual-types only retrieval model from Section 7.1 at MAP=:154on QF T ), which does

not have a formula scoring component (difference not signi�cant).

Types2XExp (model B) produces higher ranks than +TM1JE (model A) for 61 relevant

documents (from 55 queries; subset (6)). The opposite is true for 44 relevant documents (from

41 queries; subset (5)). On average, model B ranks relevant documents onQF T 4; 255positions

higher than model A; the difference is signi�cant (at� = 0:05).

Figure 7.8 shows the difference in average reciprocal rank between the models across all

queries inQF T . The improvements produced by model B (orange) are numerous but overall

smaller than those produced by model A (blue). There are a few queries where model A manages

to produce larger performance improvements than model B.

Table 7.21 shows the statistics for individual performance pro�le subsets, where the following

differences in relevant documents are signi�cant across subsets (5) and (6): average number

of formulae (860.41 vs 624.77), number of words (5289.09 vs 4018.26) and total number of

MathML nodes (22814.73 vs 14789.18).

These �ndings suggest that +TM1JE performs better than Types2XExp on queries where there
29The subset statistics table for this comparison is shown in Table D.29 of Appendix D.3.3.1. I did not �nd any

differences in the statistics across subsets (5) and (6) to be signi�cant.
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Figure 7.8: Per-query difference in reciprocal rank between +TM1JE (blue) and Types2XExp
(orange) onQF T .
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Subset ID Subset Relevant documents Avg. No. Formulae Avg. No. Words
label Q D Q D

(0) QF T 118 10.63 718.53 124.17 4669.71
(3) A \ B 118 10.63 718.53 124.17 4669.71
(5) A \ B , rank (A) > rank (B) 44 10.12 860.41 120.39 5289.09
(6) A \ B ,rank (B) > rank (A) 61 11.07 624.77 120.64 4018.26
(7) A \ B , rank (B) = rank (A) 13 9.69 678.31 150.15 5630.15

Subset ID Subset Relevant documents Avg. No. Types Avg. No. Positive Typings
label Q D Q D

(0) QF T 118 17.83 879.8 2.77 12817505.56
(3) A \ B 118 17.83 879.8 2.77 12817505.56
(5) A \ B , rank (A) > rank (B) 44 18.24 973.77 3.07 13393464.95
(6) A \ B ,rank (B) > rank (A) 61 16.76 762.79 2.67 12858096.69
(7) A \ B , rank (B) = rank (A) 13 21.38 1110.77 2.23 10677638.46

Subset ID Subset Relevant documents Avg. No. Negative typings Avg. No. Typing Edges
label Q D Q D

(0) QF T 118 19.32 135966583.4 22.09 148784088.96
(3) A \ B 118 19.32 135966583.4 22.09 148784088.96
(5) A \ B , rank (A) > rank (B) 44 17.85 142074423.25 20.93 155467888.2
(6) A \ B ,rank (B) > rank (A) 61 19.55 136394526.56 22.22 149252623.25
(7) A \ B , rank (B) = rank (A) 13 22.62 113285853.69 24.85 123963492.15

Subset ID Subset Relevant documents Avg. total MathML Nodes Avg. Formula Complexity
label Q D Q D

(0) QF T 118 151.02 17703.15 14.89 24.11
(3) A \ B 118 151.02 17703.15 14.89 24.11
(5) A \ B , rank (A) > rank (B) 44 148.0 22814.73 13.95 25.37
(6) A \ B ,rank (B) > rank (A) 61 155.0 14789.18 15.58 24.05
(7) A \ B , rank (B) = rank (A) 13 130.54 14075.69 14.12 20.1

Table 7.21: Subset statistics for investigating the behaviour of Types2XExp+TM1JE (model A)
and Types2XExp from Section 7.1 (model B) on QF T .

is substantial formula information coming from relevant documents30 (everything else being

roughly equal). Model B, being agnostic of formulae, can produce better ranks than model A

(subset (6)) when A does not have enough information from the formulae of relevant documents.

In this analysis we see a familiar pattern from previous analyses re-appear: tree matching

models are capable of yielding substantial improvements in a few queries, but loose overall

because non-tree matching models achieve many small improvements.

7.3.2.3 Type-aware vs Established MIR System

Lastly, I will investigate the third question: when is typed retrieval as invented here bene�cial over

existing formula-aware MathIR models? To this end, I will compare original Tangent (Pattaniyil

and Zanibbi, 2014), VSM+UT31 (model A), against my best performing typed retrieval model,

+TM1JE (model B). The performance difference of MAP=.081 between the model stands in

favour of +TM1JE and is signi�cant at� = 0:0532 onQF T .

On average, +TM1JE ranked relevant documents33; 610positions higher than VSM+UT
30The higher the average number of formulae and average total of MathML nodes are, the more information can

be extracted from the symbolic modality.
31Please note that this model is not identical to out-of-the box Tangent, because it bene�ts from my careful tuning

experiments. Tangent as described by (Pattaniyil and Zanibbi, 2014) does not search the range of� above 0.5 and
simply sets the parameter� to 0.5.

32p=0:0108.
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Figure 7.9: Differences in average reciprocal rank between VSM+UT (blue bars) and
Types2XExp+TM1JE (orange bars) onQF T .
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(difference signi�cant). +TM1JE produced better rankings than VSM+UT for 60 relevant

documents (59 queries from subset(6)) where as the opposite is true for 55 relevant documents

(47 queries in subset (5)).

Figure 7.9 shows the magnitude of differences in reciprocal rank per query. We see that when

+TM1JE produces better rankings than VSM+UT (orange bars), the difference is substantial

(often, the difference in reciprocal is 1 or close to it). In contrast, when VSM+UT produces

better rankings than +TM1JE (blue bars), VSM +UT's advantage comes from many queries with

moderately better ranks; there is one exception where the difference in reciprocal rank is close to

1 in favour of VSM+UT. The same pattern can also be observed when comparing the +TM1 and

+TM1JD type-aware models to VSM+UT.

Looking at the subset statistics, shown in Table 7.22, the only statistically signi�cant differen-

tiator I could �nd between subsets (5) and (6) is the average total number of MathML nodes in

relevant documents (14755.02 vs 20010.53 nodes, respectively).

Subset ID Subset Relevant documents Avg. No. Formulae Avg. No. Words
label Q D Q D

(0) QF T 118 10.63 718.53 124.17 4669.71
(3) A \ B 118 10.63 718.53 124.17 4669.71
(5) A \ B , rank (A) > rank (B) 55 11.51 636.09 116.62 4074.62
(6) A \ B ,rank (B) > rank (A) 60 9.34 774.23 126.22 5030.42
(7) A \ B , rank (B) = rank (A) 3 19.67 1116.0 185.67 8365.67

Subset ID Subset Relevant documents Avg. total MathML Nodes Avg. Formula Complexity
label Q D Q D

(0) QF T 118 151.02 17703.15 14.89 24.11
(3) A \ B 118 151.02 17703.15 14.89 24.11
(5) A \ B , rank (A) > rank (B) 55 157.04 14755.02 14.68 23.54
(6) A \ B ,rank (B) > rank (A) 60 135.25 20010.53 14.88 24.74
(7) A \ B , rank (B) = rank (A) 3 326.67 25604.67 15.88 21.93

Table 7.22: Subset statistics for VSM+UT vs VSM+TM1JE onQF T (f-t-t method, 118 relevance
judgements).

Overall, the number of queries in which each model performs best is roughly equal, with

+TM1JE producing substantially better ranks when relevant documents have many formulae.

VSM+UT is more robust when relevant documents have few formulae but most improvements

in rank over +TM1JE are modest compared to the improvements observed on the subset of the

corpus where the latter performs best (subset (6)).

In conclusion, +TM1JE is a substantial improvement over original Tangent (VSM+UT), while

VSM+UT appears to be a robust method for formula-based retrieval, particularly when the

expected amount of information coming from the symbolic modality of relevant documents is

small. Although some of the improvement by +TM1JE may be attributable to the fact that it uses

a stronger textual component, my analysis suggests that there are scenarios where the TM1JE

typed formula retrieval component contributes more than the UT component.
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7.3.3 Comparison to Textual Models

Finally, I compare the joint retrieval models based on Types2XExp presented in this section

to the textual retrieval models (both untyped and typed) from Section 7.1. Tables 7.23, 7.24

and 7.25 show this comparison onQF T , QF andQ, respectively.

Types2XExp +TM1– +TM2– +UT +TT +TM1 +TM1JD +TM1JE +TM2 +TM2JD +TM2JE

Section 7.1 model MAP .147 .069 .133 .130 .140 .150 .151 .142 .096 .106
VSM .072 *–.075 +.003 *–.061 *–.057 *–.067 *–.078 **–.078 *–.069 –.023 –.033
BM25 .071 *–.076 +.001 *–.062 –.059 *–.069 *–.080 *–.080 *–.071 –.025 –.035
MLM jm .088 *–.059 +.018 *–.045 *–.042 *–.052 *–.063 *–.063 *–.054 –.008 –.018
MLM jm +RM3 .066 **–.081 –.003 *–.067 *–.064 **–.074 **–.085 **–.085 *–.076 –.030 –.040
MLM dir .070 **–.077 +.000 *–.063 *–.060 **–.070 **–.081 **–.081 **–.072 –.026 –.036
MLM dir +RM3 .081 *–.066 +.012 –.052 –.048 *–.059 *–.069 *–.069 *–.061 –.015 –.024
MLM dir +PRM2 .075 *–.072 +.006 –.058 –.055 *–.065 *–.075 **–.075 *–.067 –.021 –.031
MLM' dir .070 **–.077 +.000 **–.063 **–.060 **–.070 **–.081 **–.081 **–.072 –.026 –.036
MLM' dir +RM3 .036 **–.111 –.033 **–.097 **–.094 **–.104 **–.114 **–.114 **–.106 **–.060 **–.070
SPUD .095 *–.052 +.025 –.038 –.035 –.045 *–.056 *–.056 –.047 –.001 –.011
SPUD+RM3 .035 **–.112 –.034 **–.098 **–.094 **–.105 **–.115 **–.115 **–.107 **–.061 **–.071
SPUD+PRM2 .070 **–.077 +.001 *–.063 *–.059 *–.070 **–.080 **–.080 **–.072 –.026 –.036
TF-IDFExp .047 **–.100 –.022 **–.086 **–.083 **–.093 **–.103 **–.103 **–.095 *–.049 *–.059
Types2X .073 *–.074 +.004 –.060 –.057 *–.067 *–.077 *–.078 *–.069 –.023 –.033
Types2XExp .154 +.007 **+.085 +.021 +.025 +.014 +.004 +.004 +.012 **+.058 **+.049

Table 7.23: Comparison of typed retrieval models with textual retrieval models from Section 7.1
onQF T .

Types2XExp +TM1– +TM2– +UT +TT +TM1 +TM1JD +TM1JE +TM2 +TM2JD +TM2JE

Section 7.1 model MAP .139 .065 .129 .124 .135 .144 .144 .133 .090 .099

VSM .069 *–.070 +.004 *–.060 *–.055 *–.066 **–.075 **–.075 *–.064 –.021 –.030

BM25 .072 *–.067 +.007 *–.057 –.052 *–.062 *–.072 *–.072 *–.060 –.018 –.027

MLM jm .091 –.048 +.026 –.038 –.033 *–.044 *–.053 *–.053 –.042 +.001 –.008

MLM jm +RM3 .074 *–.065 +.008 *–.056 –.050 *–.061 *–.071 *–.071 *–.059 –.016 –.025

MLM dir .076 **–.064 +.010 *–.054 –.049 *–.059 **–.069 **–.069 *–.057 –.014 –.023

MLM dir +RM3 .090 –.049 +.025 –.039 –.034 –.044 –.054 *–.054 –.042 +.000 –.009

MLM dir +PRM2 .078 *–.061 +.013 –.051 –.046 *–.057 *–.066 *–.066 –.055 –.012 –.021

MLM' dir .075 **–.065 +.009 *–.055 *–.050 **–.060 **–.070 **–.070 *–.058 –.015 –.024

MLM' dir +RM3 .046 **–.093 –.019 **–.083 **–.078 **–.089 **–.098 **–.098 **–.087 –.044 *–.053

SPUD .098 –.041 +.033 –.031 –.026 –.036 –.046 –.046 –.034 +.008 –.000

SPUD+RM3 .044 **–.095 –.021 **–.085 **–.080 **–.091 **–.100 **–.100 **–.089 *–.046 *–.055

SPUD+PRM2 .073 **–.066 +.008 *–.057 –.051 *–.062 **–.071 **–.072 **–.060 –.017 –.026

TF-IDFExp .053 **–.086 –.012 **–.076 **–.071 **–.081 **–.091 **–.091 **–.079 –.036 –.045

Types2X .071 *–.068 +.006 –.058 –.053 *–.064 *–.073 *–.073 *–.062 –.019 –.028

Types2XExp .156 +.017 **+.090 +.026 *+.032 +.021 +.012 +.011 +.023 **+.066 **+.057

Table 7.24: Comparison of typed retrieval models with textual retrieval models from Section 7.1

onQF .
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Types2XExp +TM1– +TM2– +UT +TT +TM1 +TM1JD +TM1JE +TM2 +TM2JD +TM2JE

Section 7.1 model MAP .168 .114 .161 .157 .164 .171 .171 .163 .132 .138

VSM .076 **–.092 –.038 **–.085 **–.081 **–.088 **–.095 **–.096 **–.087 *–.056 *–.062

BM25 .077 **–.091 –.037 **–.083 **–.080 **–.087 **–.094 **–.094 **–.086 *–.055 **–.061

MLM jm .084 **–.083 –.030 **–.076 **–.073 **–.080 **–.087 **–.087 **–.079 *–.048 *–.054

MLM jm +RM3 .063 **–.105 *–.051 **–.098 **–.094 **–.102 **–.109 **–.109 **–.100 **–.069 **–.076

MLM dir .066 **–.102 *–.048 **–.095 **–.091 **–.099 **–.106 **–.106 **–.097 **–.066 **–.073

MLM dir +RM3 .082 **–.086 –.032 **–.079 **–.075 **–.083 **–.089 **–.090 **–.081 –.050 –.057

MLM dir +PRM2 .061 **–.106 *–.053 **–.099 **–.095 **–.103 **–.110 **–.110 **–.102 **–.071 **–.077

MLM' dir .072 **–.095 *–.042 **–.088 **–.085 **–.092 **–.099 **–.099 **–.091 **–.060 **–.066

MLM' dir +RM3 .051 **–.117 **–.063 **–.110 **–.106 **–.114 **–.121 **–.121 **–.112 **–.081 **–.088

SPUD .090 **–.077 –.023 **–.070 **–.066 **–.074 **–.081 **–.081 **–.072 –.041 *–.048

SPUD+RM3 .050 **–.118 **–.064 **–.111 **–.107 **–.114 **–.121 **–.121 **–.113 **–.082 **–.088

SPUD+PRM2 .072 **–.096 *–.042 **–.089 **–.085 **–.093 **–.100 **–.100 **–.091 **–.060 **–.067

TF-IDFExp .060 **–.107 *–.054 **–.100 **–.096 **–.104 **–.111 **–.111 **–.103 **–.072 **–.078

Types2X .070 **–.098 –.044 **–.091 **–.087 **–.095 **–.102 **–.102 **–.093 *–.062 **–.069

Types2XExp .173 +.005 **+.059 +.012 +.016 +.008 +.002 +.001 +.010 **+.041 *+.034

Table 7.25: Comparison of typed retrieval models with textual retrieval models from Section 7.1

onQ.

From Tables 7.23, 7.24 and 7.25, we observe that the Types2XExp model from Section 7.1 is

numerically the best overall across all subsets ofQ, regardless of tuning method, but statistical

signi�cance is only observed against models based on TM2. These differences are more

pronounced when the f-t-t method is used for tuning33.

7.4 Chapter Summary

Figure 7.10 summarises the results for the best models onQ34, irrespective of tuning method.

Bars �lled with a crossed pattern indicate that the model was found to perform best when tuned

on the DevSet, whereas bars �lled with diagonal lines indicate that a model was found to perform

best when tuned using the f-t-t method. Models that do not require tuning appear in solid bars.

The thin bars around the MAP scores represent the 95% con�dence intervals35(CIs) of model

performances. The presented CIs indicate the ranges in which model MAPs would fall in 95%

of the time if we were to repeat my experiments with data similar to that in my test collection36

(Soboroff, 2014).

The �rst set of models, appearing in green, yellow and blue were introduced in Section 7.1.

Green bars represent traditional bag-of-words retrieval models that do not treat formulae or types

in any special way. The yellow bar is TFIDF-Exp from Section 7.1 which expands queries in a

word-based, rather than a type-based, embedding space (as Types2XExp does)37.
33the equivalent tables with DevSet tuning can be found in Appendix D.3.4.
34The plots forQF andQF T look very similar and are shown in Appendix D.3.5.
35Computed using the Normal, rather than thet distribution because the sample size is larger than 35.
36Similar in terms of queries, relevant documents, query dif�culty, distribution of formulae etc.
37The reader may recall that TFDF-Exp is intended as a baseline to ascertain that any improvements observed by

using the type embedding space are due to types and not due to the general approach of expanding queries using an
embedding space.
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Figure 7.10: Summary of models' retrieval results onQ in MAP.

The blue bars are those models that up-weight types in the text. Speci�cally, light blue is

Types2X and blue is Types2XExp, the numerically best system in this thesis. Types2XExp

extends Types2X by also performing query expansion based on types, using a type embedding

space.

The remaining bars represent typed and untyped formula-based retrieval models as introduced

in Sections 7.2 and 7.3: red systems represent models based on Tangent (VSM+UT, +UT and

+TT, in sequence), pink systems are joint retrieval models with no semantic component (+TM1–

and +TM2–) and medium purple to deep purple bars represent the full typed joint retrieval

models. The performance of the best medium to deep purple systems approaches, but does not

quite reach, the performance of Types2XExp from Section 7.1 (blue).

The biggest story told by Figure 7.10 is that the results support hypothesis 1, but not hypothe-

sis 2: textual typed retrieval is effective, but joint retrieval does not add signi�cant performance

increases beyond what textual retrieval does alone.

Hypothesis 1 con�rmed: My results show that text-based retrieval can be signi�cantly

improved by introducing types, but simply up-weighting textual types is not enough. It is the

embedding space utilised in Types2XExp that really improves performance, as evidenced by the

vastly superior performance of Types2XExp over Types2X (0.70 MAP onQ, .071 MAP onQF

and .073 MAP onQF T ).

In my experiments for Sections 7.1 and 7.2, Types2XExp from Section 7.1 emerged as the best

performing model overall. OnQ andQF Types2XExp yielded .173 and .156 MAP, respectively,

and preformed signi�cantly better than all models from Sections 7.1 and 7.2, including original

Tangent (Pattaniyil and Zanibbi, 2014), on these subsets (cf. Tables 7.3, 7.14 and 7.15).

These results support my �rst hypothesis: that treating types as atomic units of information

can be bene�cial to MIR in the context of research-level mathematics.
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Hypothesis 2 not con�rmed: My second hypothesis is as follows:

Do retrieval models that link text and formulae using types (extracted from the text as

denotations to symbols in formulae) have better retrieval ef�ciency over those that do

not, i.e., those that treat them independently?

This hypothesis is embodied by my type uni�cation (TM1, TM2), Tangent-based formula

retrieval over types (TT) and semantic overlap on typed SLTs (TM1JD , TM1JE , TM2JD , TM2JE )

models.

On QF T , where typed joint (text and formula) retrieval is best evaluated, my best typed

uni�cation models (+TM1, MAP=.140 and +TM2, MAP=.142) did not produce a consistent

and statistically signi�cant improvement in retrieval ef�ciency over the best untyped alternatives

(UT, MAP=.133 and +TM1–, MAP=.147). In fact, as shown in Figure 7.10 and discussed earlier

in this chapter, adding a type uni�cation component to +TM1– (untyped tree matching) resulted

in a small regression of retrieval performance (difference not signi�cant).

I therefore conclude that typed uni�cation is not as effective as I had hoped, at least as

evaluated on my corpus and with my experimental setup.

However, I remain optimistic about joint typed retrieval overall for two reasons. First, +TM1JE ,

which is typed, was able to produce a small but very signi�cant improvement over +TM1–, which

is untyped. This may be encouraging, but in the context of this thesis +TM1JE is only a heuristic

model that does not use type uni�cation. It also does not manage to beat Types2XExp. Second,

my typed tree matching models, Types2XExp+TM1JE and Types2XExp+TM1, demonstrated

that they are capable of ranking relevant documents very high in a few speci�c cases (Sec-

tion 7.3.2), and this may be an attractive feature for future models, although this positive effect is

stronger for heuristic semantic overlap (+TM1JE ) than it is for typed uni�cation (+TM1).

In the future, it may well be possible to develop new typed uni�cation and typed tree matching

models that signi�cantly reduce and offset the small (but numerous) errors in ranking exhibited by

my tree matching models with additional, large improvements. After all, there are many different

ways how my tree matching features could be combined. There are also many alternative scoring

architectures that can be explored and this thesis has laid the ground for future research on this

topic.
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Chapter 8

Conclusions

When I started this thesis MIR was a relatively new sub-discipline of IR that was only slowly

gathering steam. At that time, nobody had yet looked at research-level math retrieval by real

mathematicians. Despite some early work on formula retrieval prior to 2009 (such as Miller and

Youssef (2003), Kohlhase and Sucan (2006), Youssef (2007) and Kamali and Tompa (2009)),

it was not until 2013 that the �rst shared test collections for Math IR (Aizawa et al., 2013)

appeared and the IR community as a whole started paying attention to it. The initial MathIR

approaches treated mathematical text like any other kind of text, with the exception of the

formulae contained in it. Most of the intellectual effort was devoted to questions such as how to

represent mathematical formulae in MathML (Yokoi and Aizawa, 2009; Kohlhase and Prodescu,

2013; Hambasan et al., 2014), how to match formulae using sophisticated methods such as

substitution trees (Schellenberg et al., 2012) or structural heuristics (Pattaniyil and Zanibbi,

2014). At the same time, some researchers interested in both mathematics and computational

linguistics started asking the kinds of questions about the connection between formulae and

linguistic elements of the text that have in�uenced this thesis greatly (Kristianto et al., 2012;

Kristianto et al., 2014b; Topic et al., 2013; Kristianto et al., 2014a; Kristianto et al., 2016; Yokoi

and Aizawa, 2009).

8.1 Contributions

Looking back now that my thesis is �nished, I have learned many things and made several

contributions to science:

• I showed that it is possible to derive a test collection by observing the online dialogue

between real mathematicians doing real mathematics, often achieving publications in the

process. The development of a novel method for test collection creation (chapter 3), along

with the careful sifting of the 160 queries that now constitute the CUMTC (Cambridge

University Mathematics Test Collection) and the 13 queries in the development set required

an entire year of work on my part. As a result the community now has access to this test
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collection for future research, and my method of constructing a test collection can be used

to create many more test collections for similar �elds, machine learning tasks and search

situations.

• I was in�uenced by scholars in theoretical linguistics who dissected the semantics of

mathematical discourse (Ganesalingam, 2008), and I realised that some of their insights

can be operationalised in MIR systems. The most important of these was the potential

importance of mathematical types for practical math search (chapter 4), and I present an

operational de�nition of �nding such types in text.

• I developed a class of tree matching algorithms that are more �exible than pure syntactic

matching and incorporate semantic matching via typed uni�cation (chapter 6).

• Overall, I found that a special treatment of the linguistic realisation of mathematical types

is bene�cial to textual MIR. However, from my experiments in type-based textual retrieval

(section 7.1) I learned that knowing which types are present in the queries is not enough; it

is the expansion of the queries with related types that is most bene�cial.

• One of my hypotheses was that the joint indexing of linguistic and symbolic realisations of

types would be bene�cial for MIR. This involved extensive experimentation with weighting,

different linguistic indexing methods, query expansion, formula indexing and machine

learning – several thousand lines of code to create indices, data pre-processing, scoring

and evaluation code. As the outcome of these experiments (cf. chapter 7), we now have a

better understanding of the intricacies of the task. We have also identi�ed good candidate

systems for performing MIR for research-level mathemetics. One of these systems is my

own contribution and is the best performing model: the Types2XExp model that expands

queries with related types from the type embedding space (cf. section 7.1). Another is the

heuristic system Tangent (invented by (Pattaniyil and Zanibbi, 2014)), which achieves its

most competitive performance observed here only with the very speci�c tuning I performed

here (in particular the� weighting and the replacement of the default IR model, VSM, with

my own Types2XExp type-based retrieval textual component). Finally, there is also the

Types2XExp+TM1JE model I proposed that uses the relaxed typed tree matching method

that I introduced in section 6.4.1.

• To the best of my knowledge, I am the �rst to ask and experimentally test hypothesis

2. Despite the fact that I have not obtained de�nitive experimental evidence to con�rm

hypothesis 2, my results inform the MIR community about the limitations and potential of

typed retrieval.

• In order to realise my vision of type-based MIR I also had to de�ne the task of automatic

variable typing (chapter 5). This led me to develop and make publicly available a machine
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learning data set for this task. While the dataset should hopefully be of immediate interest

to researchers in MIR, it could also be useful to research outside of MIR, eg. research in

mathematical topic modelling.

8.2 Recent Developments in MIR Test Collections

Since the development of my methodology for building test collections using MathOver�ow

in 2015 the MIR community has explored the community question answer (CQA) task for

mathematics. The ARQMath labs at the Conference and Labs of the Evaluation Forum (CLEF)

(Zanibbi et al., 2020; Mansouri et al., 2021b; Mansouri et al., 2022) introduced MIR test

collections based on Math Stack Exchange (MSE) for two tasks: question retrieval and formula

search.

The test collection for the math CQA task produced by the �rst ARQMath lab (Zanibbi et al.,

2020) contained 77 questions (topics) and answers (documents) posted on MSE between 2010

and 2018 (Zanibbi et al., 2020). Relevant answers were identi�ed using the pooling method

(Section 2.4.2): �ve participating systems were used to rank 1,000 or fewer answer posts resulting

in 500 pooled answers for each topic. Trained human assessors provided relevance assessments

on a four-level scale (“Not relevant”, “Low”, “Medium” and “High” relevance). The second and

third ARQMath labs (Mansouri et al., 2021b; Mansouri et al., 2022) enlarged the test collection

for the two tasks. The third ARQMath lab also introduced the open domain QA task whereby

questions from the CQA task can be answered by documents outside the ARQMath collection.

There are a few notable similarities in the work done by the ARQMath labs to my own test

collection work with MathOver�ow (Chapter 3). First, both the CUMTC and ARQMath test

collections include topics that were originally posted as questions to online communities of

mathematicians. Second, the four-level scale adopted by the ARQMath to assess relevance is, to

some extent, analogous to my assessments for the CUMTC. For example, the de�nition of the

relevance level “High” in Zanibbi et al. (2020) is

Suf�cient to answer the complete question on its own

and seems to map to my own assessment of “direct” and “total” on the directness and totality

dimensions, respectively (page 68). Similarly, the “Medium” level seems to be related to my

own “partial” and “indirect” assessments. In my test collection construction process, I make

assessments similar to the “Not relevant” and “Low” assessments made by the ARQMath labs

based on the role of the citations (e.g., “Background”, “Unclear”, “Irrelevant” discussed on

page 71). Third, I �nd the ARQMath lab organiser's observation that some questions are better

answered by textual retrieval methods while other topics are better suited for formula-based

retrieval particularly of note since I have made similar observations in my own work and results.

For example, in Chapter 7 I segmented my test collection in three subsets: queries with text,

formulae and types (Q), queries with formulae (QF ) and queries with at least one typed variable
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(QF T ) and evaluated each class of retrieval models on the most appropriate subset (as explained

in Sections 7.2.1 and 7.3.1).

There are also differences between my work and the work carried-out by Zanibbi et al. (2020),

Mansouri et al. (2021b) and Mansouri et al. (2022) for the ARQMath labs. One signi�cant

difference is that the CUMTC and ARQMath CQA tasks address distinct retrieval scenarios.

The CUMTC is designed to evaluate retrieval of research-level mathematics with research

papers in mathematics as the retrieval unit where as the ARQMath CQA task is designed for

retrieval of speci�c answers to mathematical questions. Furthermore, questions posted on

Math Stack Exchange represent mathematical problems of lower dif�culty than those posted on

MathOver�ow (as discussed in Section 3.2.2).

Differences between my test collection construction process and the process adopted by the

ARQMath labs can also be identi�ed. One difference is that my process does not use pooling:

I collected candidate relevant documents by observing expert recommendations and delegated

relevance decisions to the questioner as the ultimate judge of relevance (page 75). Another

difference is that my approach requires considerably less effort on the part of the test collection

builder because there is no large set of pooled candidate relevant documents to be manually

assessed.

Despite the differences between the CUMTC and ARQMath CQA test collections and under-

lying retrieval scenarios, I am excited to see that some of own my test collection decisions (e.g.,

similar relevance assessment scales and desirable thread characteristics) and observations were

also discovered by other researchers for similar tasks.

8.3 Limitations and future work

After �nishing a PhD thesis, people typically have ideas of what they would have done differently

and how they would want to take the work further. As to the �rst of these, with hindsight I wished

I had built a bigger development set for my test collection. As the experiments showed, tuning

the values of the linear combination parameter� on a bigger development set would very likely

have given me more stable results. I therefore ended up using the f-t-t method as an alternative.

A larger corpus would have also served to see if the spikes observed by tree matching models are

part of a recurring phenomenon in MIR (or might even be particular to research-level MIR).

It is disappointing that the sophisticated tree models (and in particular the operation of typed

uni�cation) that I implemented in section 6.2 were not as successful as I had hoped. This sparks

three possible extensions of the work presented in this thesis:

• Graph neural networks have become popular during the time I worked on the thesis. There

are reasons to believe that they could ideally represent formulae and thus enrich my work.

• It is a natural question to ask whether type uni�cation can be useful in MIR if used with

other formula matching paradigms, such as Tangent heuristic formula retrieval.
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• Another recent development is the emergence of learn-to-rank models. I will argue why

they might be perfectly suited to achieve better MIR performance in my situation.

8.3.1 Graph Neural Network Representations

Recently formula representation using embeddings has become a topic of interest in the MIR

community. For example, Mansouri et al. (2019) experimented with representing formulae using

vector embeddings constructed from SLTs and Pfahler and Morik (2020) explored methods for

training formula embeddings using Graph Convolutional Networks (GCNs), a special instance

of Graph Neural Networks (GNNs) (Scarselli et al., 2009; Micheli, 2009).

There are various ways GNNs could be applied to my task of research-level mathematics

retrieval. A Typed SLT can be viewed as a graph, with typed terminals and typed non-terminals

as the nodes and positional links (e.g., ABOVE and BELOW) as the directed edges between

them.

Each node is assigned a feature matrix that may be composed of rich representations for (a)

the symbols occurring in the node, (b) the types assigned to the node through variable typing,

(c) a representation for the kind of node (e.g.,LayoutFraction ). Features for types and

symbols can take the form of term or embedding vectors while features for the kind of node can

be incidence vectors over the dictionary of terminal and non-terminal labels or label embeddings

constructed from the SLTs in the MREC. There are many node and edge features I could use

with many suitable representations and it is straightforward to produce from data I already have.

Representation learning could then be applied to learn the best graph embedding for each

SLT. Scoring would take the form of computing the cosine similarity between SLT embedding

vectors. I believe this approach could be bene�cial to MIR because GNNs can learn to jointly

represent the topological structure of formulae and the distribution of features (types) of their

terminals and non-terminals (Hamilton et al., 2018). Retrieval models utilising learned formula

representations can be developed with DeepWalk (Perozzi et al., 2014), Node2Vec (Grover and

Leskovec, 2016) and GraphSAGE (Hamilton et al., 2018) as their basis and evaluated on the

CUMTC.

Of course, to do this I will have to build a fresh data set for training formula representations

tailored to research-level mathematics. However, building this data set will not be as costly as

building my test collection from scratch: I now have a process I can apply (Chapter 3).

8.3.2 Typed Tangent with Uni�cation

Experience from my previous experiments suggests that Tangent's heuristic of breaking-up the

structure of formulae into a set of tuples exhibits performance characteristics that I can exploit.

Tangent describes the structure of formulae using a set of tuples that record symbols and

their positional relationship. I also know from my experiments that retrieval with types can be

bene�cial, although I have not achieved signi�cance in the case of typed formulae. It is therefore

natural to ask whether there is a way to combine the retrieval advantages of types with those of
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the Tangent heuristic. My �rst typed Tangent model (TT from section 6.4.3) replaced symbols

with types when possible (i.e., when types can be found in the text), but it turns out that mixing

types and symbols in a global Tangent table does not work well, as shown by TT's relatively low

performance.

My next attempt at typing Tangent could try to implement the following ideas of modeling

additional levels of similarity between formulae:

• Match on uni�able types instead of identical types; use type uni�cation to do so (�elds with

type labels could be said to match, even if the labels are not identical, if the types can be

uni�ed using theunify operation)

• Match partially in cases of partially unknown types in formulae

• Index and match on skolemised forms

This could be done by introducing parallel Tangent indexes, one for types and one for

skolemised forms, which are paired with the tuples in the original Tangent index. This pairing

between typed and original Tangent tuples would allow me to model formula similarity based on

both syntax and types. The original Tangent scoring metrics for a pair of formulae (described in

Section 2.2.5) can then be modi�ed so that the quanti�cation of similarity takes both original

and typed tuples into account.

Let us recall the structure of Tangent tuples and how query and document tuples are matched.

A Tangent tuple consists of four �elds. Theparent andchild �elds record the start and end

symbols of any directed edge in an SLT, respectively. The remaining two �elds encode the spatial

relationship between the parent and child: theDist �eld records the cumulative distance (total

number of edges) between parent and child, whileVert records the vertical (baseline) distance

between them. The left column of Figure 8.1 shows how the formulax + y is decomposed into 5

tuples in an original Tangent index.

Original Tangent index Typed Tangent index
x + y x + y; y :: “number”

Parent Child Dist. Vert. Parent Child Dist.
x + 1 0 * * 1 0
x y 2 0 * “number” 2 0
x + 3 0 * * 3 0
+ y 1 0 * “number” 1 0
y None 0 0 “number” None 0 0

Figure 8.1: Document Index: original (left column) and one form of typed (right column)
Tangent indices for the formula:x + y; y :: “number”.

In original Tangent, two tuples, one from the query and another from a document, match if all

of their �elds are identical �eld-by-�eld: the parent symbol in the query tuple is the same as the

parent symbol in the document tuple and so on.
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In the typed index, presented on the right column of Figure 8.1, we see howx+ y; y :: “number”

is represented; in particular, the type ofy is recorded as number (y :: “number”), whereas the

type ofx in this example is unknown, shown here by the unknown type marker “*”.

Suppose the index shown in Figure 8.1 is the document index (one document with one formula,

x + y; y :: “number”).

Suppose also that a query with one formulax + y; x; y :: “number”1 is issued to the typed

index in Figure 8.1.

The tuples for the query are shown in Figure 8.2.

Original Tangent index Typed Tangent index
x + y x + y; y :: “number”

Parent Child Dist. Vert. Parent Child Dist.
x + 1 0 “number” “number” 1 0
x y 2 0 “number” “number” 2 0
x + 3 0 “number” * 3 0
+ y 1 0 * “number” 1 0
y None 0 0 “number” None 0 0

Figure 8.2: Query Index: original (left column) and one form of typed (right column) Tangent
indices for the formula:x + y; x; y :: “number”.

We can see from the �gure that the �elds of two typed tuples from the query are direct matches

to two corresponding tuples in the document (rows 4 and 5 respectively).

But all entries for typed tuple pairs for “x” are not direct matches, and intuitively a partial

match seems appropriate for this situation. The question then becomes to what degree the typed

tuples in the query and document should match. Let us look at two tuples from the document

index and the query as an example:

( * , "number", 2,0) (document tuple)

("number","number", 2,0) (query tuple)

I propose that for this particular tuple pair, a partial match score of3
4 should be assigned, as

three out of four �elds match (child, horizontal and vertical distance).

Another minor change along the same lines is whether the syntactic similarity of formu-

lae could be further boosted by taking skolemisations into account; this could be investi-

gated by adding a further paired index for skolemised formulae to the typed Tangent model.

The skolemised Tangent index would store the skolems instead of raw symbols; matching of

skolemised tuples can work in the same way as in original Tangent.

Implementing such ideas would put me in a position to experimentally investigate the research

question concerning the compatibility of Tangent's heuristic approach with type information.

In my opinion, there are good reasons to believe that these modi�cations would indeed enable
1Notation reminder:x; y :: “number” means that bothx andy are typed as numbers.
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a typed version of Tangent to perform well. I believe the modi�cations I proposed introduce a

form of relaxed matching while preserving the ideal of not penalising syntactic similarity scores.

They do so in a better way than TT did.

In my TT model I replaced symbols with types, leaving the symbols in place if no type could

be found. This approach can introduce penalties to the Tangent heuristics because identical

query–document formulae might seem to have mismatching tuples when in fact the overlap of

typable symbols between them is small or empty. The resulting false negative tuple matches

also implicitly penalise the structural similarity of the formulae because it is the types, not the

symbols or distance heuristics that failed to match.

Separating type and symbol matching into parallel indices resolves this problem and is the

best of both worlds: we can still apply �exible structural matching with the original Tangent

index but also be speci�c in what the symbols mean through their types.

8.3.3 Learn-to-rank Models

Experiments conducted by Mansouri et al. (2021a) suggest that learning-to-rank (LTR) from

multiple formula retrieval methods can be bene�cial to MIR. Similar approaches might also be

bene�cial to the models presented in this thesis and their derivatives, for the particular task of

research-level mathematics.

LTR is a class of supervised machine learning methods in IR (Li, 2011a). The objective is to

learn how to rank relevant documents in response to queries from data, rather than creating hand-

crafted ranking functions like BM25. In general, training and testing learning-to-rank models

involves projecting query–document pairs onto a feature space and learning how to produce

an ordered permutation of documents such that the deviation from the optimal permutation

(the relevant documents appearing at the top ordered by grade) is minimised. What I described

here is the global ranking model but a local ranking model that learns how to score individual

query–document pairs is also possible (LI, 2011b). In my context, LTR could be used to build

better models that aggregate the rankings produced by the various models proposed in this thesis,

as was done by Mansouri et al. (2021a). The idea of learning to aggregate is not new: Cranking

is a method that learns the conditional probability of the ranking of documents from multiple

ranked lists, Lebanon and Lafferty (2002), whereas Borda counts (Aslam and Montague, 2001)

create a new ranked list with each document sorted according to the number of documents below

it in the base-system ordered lists. These systems would present plausible baselines for my new

task.

Other opportunities for LTR experiments in research-level MIR use the tree matching feature

set more directly. I am particularly interested in investigating the usefulness of my tree matching

features using an SVM MAP (Yue et al., 2007) LTR model. In this setup, my tree matching

features become input feature vectors for query–document pairs to a structural SVM classi�er

optimised directly on MAP.

Data for training learning-to-rank models come from a test collect with graded relevance
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judgements (LI, 2011b) or clickthrough logs (Joachims and Thorsten, 2002). In order to train

and evaluate learning-to-rank models for research mathematics I would need to re-apply my test

collection construction method to create a train-test-evaluate machine learning data set for this

task. This should not be too dif�cult, because I have accounted for the possibility of graded

relevance judgements while developing my test collection construction method. Furthermore, I

have already produced graded relevance judgements while building my test collection.

8.3.4 Re�ned Type-Sense Disambiguation and Modelling

I modelled subtype/supertype relationships between types using a suf�x trie and similarity in

a type embedding space. My type disambiguation and uni�cation algorithms (Sections 6.3.1

and 6.2, respectively) implement type relatedness by coercing types to a common supertype on

the known type suf�x trie (KTST, Chapter 4) or implicitly by �nding types that are similar to

both types in the type embedding space.

Since I completed my experimental work with Types2XExp Youssef and Miller (2019)

also explored the use of word embeddings for query expansion in MIR. The authors used the

centroid of the embedding vectors for the input search words to discover related words from

the word embedding space they constructed. Youssef and Miller (2019) found that the trained

embedding space returned words that where topically related to the input words, like I did, but

only experimented with atomic words and not multi-phrase types. In Section 7.1 I demonstrated

that types as atomic tokens are more bene�cial to MIR than their constituent words. I would,

therefore, like to conduct a more detailed investigation to determine how well my type embedding

space models the subtype/supertype relationship between types.

I trained my type embeddings using Word2Vec (Mikolov et al., 2011; Mikolov et al., 2013d;

Mikolov et al., 2013b) to create a unique,global vector representationfor each type. However,

global type embedding vectors do not explicitly model the different context-speci�c senses of

words (Liu et al., 2020) or types. Therefore, I would like to investigate the effectiveness of the

type embedding space in identifying instances of types that are

• syntactically equivalent but are polysemous (i.e., have multiple related meanings depending

on the context).

• synonymous but have no common supertype on the surface (i.e., semantically equivalent);

• syntactically equivalent (i.e., the same string) but are homonyms (i.e., have two or more

unrelated senses).

in a dedicated experiment. As an extension to this experiment I can build and evaluate a new type

embedding space usingcontextualised word embeddings– context-dependent representations

that capture semantic and syntactic properties of words across linguistic contexts (Liu et al.,

2020; Peters et al., 2018). Contextualised embeddings are generally regarded as good models for

polysemy (Peters et al., 2018; Mun and Desagulier, 2022; Yenicelik et al., 2020) and have shown

promising results in homonymy detection (Garcia, 2021).
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In future work I can also investigate the use of machine learning classi�ers to predict the kind of

relationship between a source type and candidate related types (e.g., during type disambiguation

and uni�cation). In this context labels such as “supertype”, “subtype”, “topical similarity”,

“synonym” and “no relation” can be used to characterise type relationships. Contextualised

embeddings and large lexical databases for mathematics (Shan and Youssef, 2021) can be used

to derive input features and to carry out evaluation. Type relationship classi�ers can be used to

make more �ne-grained type disambiguation decisions and to decide whether two typed variables

should be uni�ed in a particular context.

8.3.5 Re�ned Type Disambiguation

Finally, type disambiguation is a very important step in typed retrieval and there are many

possibilities on how types for variables could be disambiguated that I have left unexplored in

this thesis.

I used a simple scoring method to select the best type for each variable from a list of possible

typings aggregated from all sentences in the document. A next iteration in my research could be

to investigate replacing the scoring method with machine learning models.

We know from Section 2.5 that symbols and notation are interspersed in the discourse and

embedded in the textual modality of mathematics(Ganesalingam, 2008). We also know from

research conducted by Wolska and Grigore (2010) and Wolska et al. (2011) that a large percentage

of symbols are declared and used near their �rst introduction. Therefore, I would like to

investigate if replacing the document-wide approach to type disambiguation2 with a more

localised one would have positive downstream effects to typed retrieval. For example, I could

investigate models for performing type disambiguation of SLT instances from typings localised

to a window of sentences surrounding them.

I could also experiment with new and smaller units of retrieval, such as sections in the

document. Mathematicians are known to re-use variables by changing their types across sections,

and experiments at that level would allow me to see if modeling variable typings per section is

detrimental or bene�cial overall.

In general, it is reasonable to expect that the choice of type disambiguation strategies should

affect Math IR with typed retrieval. An important objective for my future work is to conduct ex-

periments with many strategies to con�rm and quantify the overall effect of type disambiguation

to typed retrieval.

Looking back at the entirety of this work, I want to reiterate that retrieval of research-level

mathematics is a dif�cult task. However, I hope that the work I have done for my research

has made the task more accessible to the wider IR community and has laid the foundation for

continued research in retrieval models for research mathematics.

2Recall that typings for each variable were �rst collected from the entire document before type disambiguation
is applied.
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Appendix A

Technical Background

A.1 Natural Language Processing

In this section I will present a brief overview of NLP methods relevant to this work. Many as-

pects of my work rely on text tokenisation (Section A.1.1), part-of-speech tagging (Section A.1.2)

and dependency parsing (Section A.1.3) as pre-processing steps. I used the Stanford CoreNLP

toolkit (Manning et al., 2014) to perform these tasks.

A.1.1 Word Tokenisation and Sentence Segmentation

Tokenisation is the task of grouping streams of characters into meaningful units of information

(Manning et al., 2008; Jurafsky and Martin, 2008). In IR tokenising text into its constituent

words is an important pre-processing step for constructing an inverted index (Manning et al.,

2008).

Word tokenisation is non-trivial and cannot be performed effectively by splitting text at white

spaces and punctuation marks (Manning et al., 2008; Jurafsky and Martin, 2008). Word tokenisers

must take into consideration abbreviations, hyphenated words, numbers and phenomena involving

apostrophes, such as contractions and genitive markers. Thus, modern word tokenisers take the

form of binary character classi�ers that are trained using machine learning (Jurafsky and Martin,

2008).

Segmentation of text into sentences is also non-trivial. Sentence boundaries, such as start-

of-sentence capitalisation and end-of-sentence punctuation (e.g., “.”, “?”, and “!”), often occur

inside word tokens such as numbers, abbreviations and named entities (Jurafsky and Martin,

2008). As a result, modern sentence tokenisers take the form of binary character classi�ers

making decisions as to whether a certain character is a sentence boundary marker (Jurafsky and

Martin, 2008).
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A.1.2 Part-of-Speech Tagging

Part-of-speech (POS) tagging is the task of labelling each word in a corpus with its part of

speech: a grammatical category representing words that behave similarly syntactically. For

example, words can be nouns, verbs, pronouns, prepositions, adverts, conjunctions, particles and

articles (Jurafsky and Martin, 2008).

POS tagging is useful in NLP because it enriches individual word tokens with additional

information. POS tagging informs an NLP system on how each token relates to its neighbours

(the context), gives limited semantic information about the token and provides information on

how tokens �t together to form a sentence (Jurafsky and Martin, 2008).

A.1.3 Dependency Parsing

Dependency parsing is a form of syntactic parsing based on the dependency grammar for-

malism. Syntactical structure is captured by binary, directed relations between sentence tokens,

rather than nested phrase structures. Each relation on a dependency tree connects a syntacti-

cally subordinate word (called the “dependent”) to its “head” word via a directed edge. Edges

in a dependency tree are labelled by the grammatical function of the relation. For example,

verb–subject, verb–object and noun–modi�er relations are labelled using distinct labels on a

dependency tree.

Dependency parsing is useful in many NLP tasks that rely on extracting machine learning

features based on the syntactic structure of sentences, such as machine translation and information

extraction. Nivre (2010) attributes this to two advantages of dependency representations. First,

dependency structures are ef�cient to produce and can be constructed in linear time. Second,

dependency representations make token-level features directly available to downstream tasks.

A.1.4 Word Embeddings

In a large corpus with vocabularyV a wordw can be represented by aone-hotvector: a vector

with jV j components all set to zero except the component corresponding tow, which is set to 1.

The components of a one-hot vector are orthogonal (i.e., independent) and as a result, one-hot

vectors do not capture the relationship between words in a particular context (e.g., sentence,

paragraph, document, corpus). Furthermore, one-hot vectors grow larger as the vocabulary and

corpus become bigger.

Word embeddings (or embeddings for short) are vector representations of words in a continuous

vector space: each word becomes ann-dimensional vector with real-valued components. These

vectors are called embeddings because they are projections of large one-hot vectors into a denser,

continuous space.

In this work I used the skipgram,Word2Vec model (Mikolov et al., 2013b) to construct

embeddings for types in the MREC (cf. Section 4.3). The skip-gram model is a neural language

model that predicts the context of a word: it learns the probability distribution of the words most

likely to appear near the input word within a window of sizeC. Effectively, the skip-gram model
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embeds word vectors into a dense, continuous space that captures the relationship of each word

to the contexts in which it appears.

To produce training data for the skip-gram model, the model slides a �xed-length window of

size2 � C over every sentence in the corpus. The word in the centre of the window is referred to

as thetarget wordand is neighboured byC words to its left and right. For example, consider the

sentence:

I will have a sandwich for lunch.

With target word “sandwich” andC = 2, the words neighbouring the target word are “will”,

“have”,“for”,“lunch”, as shown in Figure A.1, where the target word is in blue and its neighbours

are colored with light blue.

Figure A.1: Example sliding window of size2: target word and its neighbouring words.

The iteration of the sliding window method shown in Figure A.1 will generate the training data

f (sandwich, will), (sandwich, have), (sandwich, for), (sandwich,lunch)g. In the next iteration

of the method, the target word becomes “for” and more pairs are generated with the process

repeating until all words in all sentences of the training corpus are iterated over.

Pairs generated for each target word are used to train a fully connected multi-layer perception

(MLP)1 that predicts the context (the words likely to be in the window) of the target word.

Figure A.2: MLP architecture for training the skip-gram model.

The architecture of the MLP used to train theword2vec skip-gram model is shown in

Figure A.2. The task of training a skip-gram model is setup as follows.
1Described Section A.2.2
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The goal is to train the MLP to predict the probability that each word in the vocabulary will

be part of the context window of the input target word. This is a multi-class classi�cation task

with as many classes as there are words in the vocabulary. The input to the MLP is a one-hot

vector representation for the target word of sizejV j � 1, wherejV j is the size of the vocabulary,

as shown in Figure A.2.

The sizejH j of the hidden layer is a hyper-parameter of the model that determines the

dimensionality of the word vector representations. The neurons on the hidden layer (blue circles

in Figure A.2) have no activation function, so:

f (1) = z(1) = w (1) x:

In other words, the hidden layer computes a linear projection of the input and the shape of the

weight matrix for the hidden layer isjW j= jH j � j V j, since the hidden layer is fully connected.

The neurons on the output layer (yellow circles in Figure A.2) use the softmax function

(Section A.2.2.2) as their activation and the weight matrixW (2) for the output layer has shape

jV j � j H j.

The feed forward step is described as follows. For each target word in a sentence, the one-hot

representations of its context words are input to the MLP (2 � C one-hot vectors) and the hidden

layer computes the dot product ofW (1) and the input vector. Since the input vector is a one-hot

vector with all but one of its components having the value0, the dot product between the input

and the weight matrixW (1) will have the effect of selecting the vector representation of the input

word from the weight matrix (thei th row of W (1) , wherew is the component of the input set to

1). Thus, the output of the hidden layer is a1 � j H j word vector for the input word, which is

fedforward to the output layer.

The output of each neuron on the output layer is normalised to a probability distribution using

softmax activation (Section A.2.2.2). A prediction vector for each input target word is obtained

from the softmax activation function, which is used to normalise the output of each neuron on

the output layer into a probability. Training is performed using backpropagation with gradient

descent2 and cross-entropy3 as the cost function. Once training is complete over all sentences

and contexts, embeddings for the words in the corpus can be extracted as the columns from the

weight matrix of the output layer,W (2) .

2discussed in Section A.2.2
3discussed in Section A.2.2.1
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A.1.5 The C-value/NC-value algorithm

One of the most commonly used algorithms for technical terminology detection is the C-

Value algorithm (Frantzi et al., 1998). The algorithm gathers corpus-wide frequencies about a

potential multi-word term, its subsequences and all sequences that contain the potential term as

subsequences. The score for the C-Value component is computed as:

C � V alue(a) =

(
log2(jaj) � f (a) if a is not nested

log2(jaj) � (f (a) � 1
P (Ta )

P
b2 Ta

f (b)) otherwise

wherea is the candidate string,f (a) is the corpus frequency ofa, Ta is the set of extracted

candidate terms that containa andP(Ta) is the cardinality ofTa. The algorithm also applies

linguistic �lters in the form of a stop-word list and regular expressions over part-of-speech

sequences.

The NC-Value component of the algorithm, which re-ranks the ranks provided by the C-Value

score, harvests contextual information in the form of words (nouns, adjectives and verbs) from a

text window surrounding a candidate. Context words are selected if they appear in the context of

many technical terms. This criterion is formalised using the measure:

weight(w) =
t(w)

n

wherew is the context word (noun, verb or adjective) to be weighted as a potential technical

term context word,t(w) is the number of technical termsw appears with andn the total number

of technical terms considered.

Reranking proceeds for each candidate technical term by computing the context factor by

summing upf a(b) � weight(b) for eachbin the context of the candidate term. The �nal score

for a candidate terma is given by:

score(a) = 0 :8C � V alue(a) + 0 :2
X

b2 Ca

f a(b) � weight(b)

whereCa is the set of distinct context words fora, b is a word fromCa andweight(b) is the

weight of the technical term context wordbas described earlier.

A.2 Machine Learning

In this section, I will introduce machine learning concepts that are prerequisites to my presen-

tation of the variable typing task in chapter 5.

Machine learning (ML) methods solve computational problems that cannot be easily solved

by programs written by humans. Input to ML algorithms is adata setof examples. An example

is a set offeatures– quantitative measures about the object or processes being modelled by
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the ML algorithm. ML algorithms process each example and construct amodelof the data – a

function that describes or summarises the entire set of examples.Unsupervised learningmethods

process examples to produce a function that identi�es certain properties of the data set, such as

a probability distribution.Supervised learningmethods model the data by constructing a map

from input features to a targetlabel or class that has been assigned to each example by a human

instructor.

Once trained, useful ML modelsgeneraliseto unseenor testexamples. A model that gener-

alises well makes goodpredictionsfor examples not observed during training. To measure the

generalisability of a model, its performance with respect to some measureM , is quanti�ed on a

test setof examples collected separately from the training data.

Most ML algorithms havehyperparametersthat control the behaviour of the learning algorithm.

The values of the hyperparameters are not optimised during the learning process. Instead, a small

sub-set of the training data, referred to as thevalidationor developmentset is used to determine

good values for the hyperparameters of the learning algorithm. An alternative to creating three

separate data sets for training, validation and testing is cross validation.

In cross validation, the data set is split inton partitions, or folds, where typicallyn = 10.

Training and evaluation with cross validation is repeatedn � 1 times and at each iteration one

partition is reserved for testing while the remaining partitions are used for training and validation.

This allows a machine learning model to be trained and evaluated effectively when not much

data is available. Speci�cally, the entire data set can be used for training and evaluation and at

any iteration data points used for training are not also used for evaluation. Model performance

and training error can be summarised by taking the average of these metrics acrossn folds.

A machine learning algorithm performs well when the training error is minimised and the

difference between training and test error is small.Under�tting occurs when a model is not able

to �t the training data well (i.e., training error is large).Over�tting occurs when the gap between

the training and test error is too large – the model has “memorised” the training data.

The machine learning methods I will discuss in this section are instances ofsupervised learning

– they make use of labelled data to build models that generalise to unseen data.

A.2.1 Support Vector Machines

Support Vector Machines (SVM) are supervised learning classi�ers that separate examples

into classes by estimating the optimal decision boundaries (Vapnik, 1982; Cortes and Vapnik,

1995). In the linear binary classi�cation case, the decision boundary between two classes is

anm-dimensional hyperplane that separates the points into two classes such that the distance

between classes in the hyperspace is maximised. The SVM in Figure A.3, for example, has ten

training examples, each de�ned by two features (feature 1 and feature 2) and labelled as either

positive or negative.

The problem of �nding the optimal decision hyperplane is equivalent to �nding the subsets of

positive and negative training examples that lie closest to the decision boundary, referred to as
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Figure A.3: Illustration of Support vector machines.

support vectors. The support vectors are mathematically de�ned to be:

H+ : wT
0 x + b= 1

H � : wT
0 x + b= � 1

wherew0 is the matrix feature weights to be learned during training (one component per feature)

andx is the example feature matrix. The decision boundary is the hyperplaneH0 that is the

median of the support vectors:

H0 : wT
0 x + b= 0

Training is SVMs can be conceptualised as adjusting the support vector weights such as the

optimal margin (as shown in Figure A.3) is maximised. Numerically, this is done using constraint

satisfaction.

Cortes and Vapnik (1995) introduced soft-margin SVMs that optimise the margin between

classes while also allowing for misclassi�ed examples. This enables linear SVMs to be �exible

with non-linearly separable data sets and to learn how to classify noisy data with many outlier

examples.

Soft-margin SVMs have a hyperparameterC, which controls how much the SVM optimisation

process will avoid misclassifying training examples. Large values ofC make the optimization

process choose a smaller-margin hyperplane, minimising misclassi�cations while very small

values of C will cause the optimizer to look for a larger-margin separating hyperplane, even if

that hyperplane misclassi�es more points.

In some cases, examples are not linearly separable – there are too many misclassi�cations for

the SVM to be useful in making predictions. SVMs can use thekernel trickto solve non-linear

problems using linear optimisation techniques (Boser et al., 1992). Akernelis a function that

transforms the raw feature space (i.e., the space de�ned by the raw features) into a hyperspace

that produces fewer misclassi�cations when the same linear separation methods are used to
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estimate the optimal decision hyperplane.

In this thesis, I use binary linear SVM classi�cation models for my variable typing machine

learning task (Chapter 5).

A.2.2 Neural Networks

I will introduce the topic of neural networks starting with feedworward neural networks, also

known as multilayer perceptrons (MLPs), because the are they are foundational to the topic and

are conceptual prerequisites to the neural networks architectures I will introduce later in this

section.

The goal of an MLP is to learn a functiony = g(x) by approximating it with a mapping

y = ĝ(x; � ), where� are the parameters of the model (much like the coef�cient and intercept in

a linear regression model) andx, ŷ are the input and output vectors of the model, respectively.

In MLPs the approximation̂g to g takes the form of a chaining of functions:

ĝ(x) = f (n)(f (n� 1)(: : : f (1) (x))) (8)

Each functionf (l ) is a function computed by the layers of the neural network as shown in

Figure A.4

Figure A.4: A fully connected multilayer perceptron (MLP).

In fact, Figure A.4 shows the general form of a feedforward neural network:

• it takes a vectorx as input and has an output vectorŷ ;

• it hasL layers withL � 1 hidden layers– layers whose in�uence to the output is indirect;

• it is a fully connected MLP, with the output of every neuron (shown as circles, blue for

hidden layers and yellow for the output layer in Figure A.4) at layerl becoming the input to

every neuron of layer(l + 1) ;
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• the neurons at layerl haveactivation function� (l ) that determines which neurons will

produce non-zero output based on the values the neurons receive as input from the previous

layer;

• every layerl has a weight matrixw(l ) of dimensionsjf (l ) j � j f (l � 1) j, wherejf (l ) j is the

number of neurons at layerl .

The output of each layer is a function of the output of the previous layer as de�ned by the

recurrence relations:

f (1) = � (1) (w (1) x + b (1) ) (9)

f (l+1) = � (l+1) (w (l+1) f (l ) + b (l+1) ) (10)

The weights and biases of the MLP are initialised at random. Then, a prediction for each

example can be obtained by going through a feedforward step: the input vector is applied to the

function chain (equation 8) by the neural network through the recursive application of equations 9

and 10 to produce the output vector.

Learning in neural networks involves minimising the prediction error, determined by a cost

function C, over all training instances by adjusting the parameters of the model. This is an

optimisation problem with the goal of minimising the cost function with respect to the weights

and biases of the neural network. One technique used to solve this optimisation problem is

gradient descentand the idea behind it is as follows.

Cost is a function of the parameters of the model in a high dimensional space (there can be

thousands of parameters). By computing its gradient with respect to weights and biases we

obtain a vector in the space de�ned by the possible inputs (weights and biases included) and

outputs (the cost range) of the cost function. Intuitively, the components of the gradient vector

tell us the direction and magnitude each parameter (component in the gradient vector) needs

to be changed so that the overall cost is reduced. Gradient descent iteratively reduces the cost

function by changing the parameters according to the gradient until a local or global minimum

for the cost function is reached.

Estimating the mean error of the network over all training instances is computationally

expensive, particularly when there are thousands of training examples. To solve this problem a

technique calledmini-batchingis used. In mini-batching the set of training examples is divided

into randomly sampled batches. The examples in each batch are fedforward and the cumulative

error of the network is computed on the batch so that the parameters of the model can be updated

accordingly.

Learning with gradient descent requires that the training process computes the gradient of the

cost function with respect to the parameters of the neural network. This computation is done

using thebackpropagation algorithm(Rumelhart et al., 1986).
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Let us �rst discuss the intuitions behind how backpropagation computes the desired gradient.

A change in a particular weight (or bias) in the network will also cause a change in the output

activation of the corresponding neuron. In turn, this will cause change in all activations in the

next layer4 and all subsequent layers, ultimately changing the output of the network and the cost

function by some value.

Thus, every edge from the �rst weight to its corresponding neuron has some rate of change

associated with it. Therefore, to calculate the rate of change of the cost function with respect to a

particular weight we sum up the rates of change of all possible paths from the weight to the �nal

cost.

As discussed in previous paragraphs, the output of the neural network is a composition of

functions which depend on the weights and biases of the network. Backpropagation uses the

chain rule to compute the gradient and propagates partial derivatives of the cost backwards, by

computing the partial derivative for layerl using that of layerl + 1, starting from the output layer.

These intuitions are formalised by the four equations of backpropagation, presented below in

matrix form5:

� (L ) = r f C � � 0(z(L )) (i)

� (l ) = (( w (l+1) )T � (l+1) ) � � 0(z(l )) (ii)

�C
�b l

j
= � l

j (iii)

�C

�w (l )
j;k

= f (l � 1)
k � (l )

j (iv)

where

r f C =
dC

df (L )
= C0(f (L ) � (y)) ;

f (l ) = � (z(l )) is the vector of activations

for the neurons of layerl;

f (l ) is the activation vector for layerl ,

z(l ) = w (l ) f (l � 1) + b, a helper function denoting theweighted inputto layerl

� (l ) is a vector representing the rate of change of the cost wrtz(l ) (error) for layerl ,

f l
k is the activation of neuronk at layerl ,

� is the Hadamard product: element-wise multiplication of two vectors,

of equal size.

4Assuming a dense (fully connected) network
5Boldface symbols represent matrices or vectors.
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Equations (1) and (2) give rate of change of the cost function wrtz at the output layer and

hidden layerl , respectively. Equation (3) gives the rate of change of the cost function wrt the bias

for neuronj of layerl and equation (iv) gives the gradient of the cost function wrt the weight

from neuronj of layerl to neuronk of layerl � 1.

Gradient descent updates a particular weight or bias of the neural network by subtracting

its computed gradient (equations (iii) and (iv), respectively) multiplied by thelearning rate, � .

The learning rate is a hyperparameter of the model that controls how rapidly adjustments to the

parameters traverse the parameter space of the cost function to converge to the local or a global

minimum.

We now have all the necessary components to write down the algorithm for training neural

networks with gradient descent, mini-batching and backpropagation. The algorithm is shown in

Algorithm 1.

Algorithm 1 Gradient Descent with Minibatching and Backpropagation
Require: A set of training examples,X

Require: Number of epochs,E

Require: A learning rate�

M  split X into jM j mini-matches

while E 6= 0 do

for each mini-batchm 2 M do

for each training examplex 2 m do

for each layerl 2 f 1; : : : ; Lg do . Feedforward step

zx; (l ) = w (l ) � f x; (l � 1) + b (l )

f x; (l ) = � (zx; (l ))

end for

� x; (L ) = r f Cx � � 0(zx; (L )) . Compute output error

for each l 2 f L � 1; : : : ; 1g do . Backpropagate the error

� x; (l ) = (( w (l+1) )T � x; (l+1) ) � � 0(zx; (l ))

end for

end for

for each l 2 f L; L � 1; : : : ; 1g do . Gradient Descent

w (l )  w (l ) � �
jmj

P
x � x; (l )(f x; (l � 1))T . Update the weights

b (l )  b (l ) � �
jmj

P
x bx; (l ) . Update the biases

end for

end for

E  E � 1

end while

A few notes on Algorithm 1:
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1. An epochis a complete training pass over all training examples.

2. I have omitted additional termination conditions. For example, it is sensible to stop early

(i.e., before the algorithm completes the speci�ed number of epochs) when the parameters

remain unchanged (a minimum has been reached) or change very little.

3. The additional superscriptx in some terms (e.g.,� x; (l )) indicates that the value is remembered

or retrieved usingx to index the term's value.

4. The weight and bias updates in Algorithm 1 are presented in matrix form, rather than in the

component form of equations (iii) and (iv).

In practice activation functions for the neurons at each layer, the cost function and gradient

optimisation technique are selected based on the task at hand and I will brie�y introduce a few

important ones.

A.2.2.1 Cost Functions

Cost functions measure learning performance and the worse the predictions of a neural network

become by changing its parameters, the higher the value of the cost function.

Mean Square Error or MSE is the mean of the sum of squares of the differences between

true (y) and predicted (̂y) values:

MSE (y; ŷ) =
1
N

NX

i =0

(y � ŷ)2

MSE is most commonly used as the cost function in regression.

Cross-Entropy Cost function measures the performance of models making predictions about

the probability of membership to discrete classes and is thus commonly used with classi�cation

tasks. The cross-entropy cost function is de�ned to be:

Cross � Entropy = �
X

c2 C

p(c) � logq(c)

wherep(c) is the probability of membership in classc predicted by the model andq the true

probability of c. The formula above is for multi-class classi�cation (more than two discrete

classes). In the case of binary classi�cation the Cross-Entropy formula can be unrolled to produce

the formula for binary Cross-Entropy cost:

Binary Cross � Entropy = � [p(c0) � log(q(c0)) + P(c1) � log(q(c1))]
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A.2.2.2 Activation Functions

Recall that an activation function� is applied to the weighted input of layerl to produce its

activation outputf (l ) :

� (z(l )) = � (w (l ) f (l � 1) + b)

In the discussions that follow I will continue to denote the weighted input to� asz.

Figure A.5: The Sigmoid (left) and ReLU (right) activation functions.

Sigmoid activation function is de�ned as:

� (z) =
1

1 + ez

As shown in Figure A.5 (left), it is an S-shaped curve that is convex for negative inputs and

concave for positive inputs, with values bounded between0 and1. It is a differentiable, real-

valued and monotonic function with a non-monotonic derivative. The sigmoid function is most

often used with neural network layers that perform regression.

ReLU or Recti�ed Linear Unit, is de�ned by:

ReLU(z) = max(0; z)

The range of values ReLU can output ranges from0 to in�nity. As shown in Figure A.5 (right),

ReLU maps all negative inputs to0 (hence the “recti�ed” in its name) and each positive input onto

itself (ReLU(z) = z). ReLU is differentiable and monotonic. Its derivative is also monotonic.

The ReLU activation function introduces non-linearity in a neural network, making it suitable

for use in classi�ers where the classes to be predicted are characterised by non-linear features.

For example, in image object detection with convolutional neural networks (Section A.2.2.4)

ReLU is typically used as the activation function for the feature detection stage because objects
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of interest contained in images are often non-linear. ReLU is understood to be an effective

activation function for convolutional neural networks (Jarrett et al., 2009; Nair and Hinton, 2010;

Glorot et al., 2011; Maas et al., 2013; Zeiler et al., 2013).

tanh or hyperbolic tangent, is another non-linear activation function de�ned by:

tanh(z) =
2

1 + e� 2z � 1

Thetanh activation function is S-shaped, sharing its structure with the sigmoid function above.

Thetanh function is differentiable and its range is restricted to values between -1 and 1. Tanh is

useful in recurrent neural networks to squash voting vectors back into the domain of the input.

Softmax is a multivariate activation function used in neural network architectures for multi-

class classi�cation. For a classi�cation task withK classes (K > 2), a softmax activation at

the output layer withK neurons will output the probability for classi at neuroni . The softmax

function is de�ned as:

sof tmax (z(l )
i ) =

ez( l )
i

P
j ez( l )

j

Let us have a look at a short example. Figure A.6 shows a fully connected MLP with a softmax

output layer. That is,f (2)
i = � (sof tmax (z(2)

i )) .

Figure A.6: Example of a fully-connected MLP for3-class classi�cation with a softmax activation

layer.

The classi�er in Figure A.6 takes a vector with 5 features as input, representing an observation,

and decides the most probable of three classes for that observation. Suppose that the weighted

inputs to the output layer of the network in Figure A.6 are:

z(2) =

2

6
4

z(2)
1

z(2)
2

z(2)
3

3

7
5 =

2

6
4

1:26

0:82

0:43

3

7
5
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Then, the softmax activation output for the network will be

f (2) =

2

6
4

f (2)
1

f (2)
2

f (2)
3

3

7
5 =

2

6
4

e1:26

e1:26 + e0:82 + e0:43

e0:82

e1:26 + e0:82 + e0:43

e0:43

e1:26 + e0:82 + e0:43

3

7
5 =

2

6
4

:48

:31

:21

3

7
5

with the probability that the input observation belongs to class1; 2 or 3 being:48; :31and:21,

respectively.

A.2.2.3 Optimisers

In the context of training neural networks optimisers are used to minimise the cost function. The

gradient descent optimisation method follows the negative gradient of the cost function wrt the

model's parameters to adjust the weights and biases. A limitation of the method is that it uses

the same learning rate for every input variable.

TheAdaGrad(Duchi et al., 2011) extension to gradient descent adds a self-adaptive learning

rate for each parameter of the neural network model. It modi�es the learning rate� at each stepl

for each parameter� i based on past values of its gradient. Speci�cally, the modi�cation to� is

inversely proportional to the square root of the sum of gradients observed for the parameter since

the beginning of training. AdaGrad removes the need to manually tune the learning rate but in

practice it has been found that the AdaGrad learning rate converges to zero prematurely because

of excessive accumulation of past gradients (Goodfellow et al., 2016).

RMSProp is based on AdaGrad and modi�es the learning rates based on an exponentially

decaying average of the past values of the gradients (Goodfellow et al., 2016). This modi�cation

has the effect of discarding historic values of gradients that are too old. RMSProp is an effective

optimiser for neural networks in practice (Goodfellow et al., 2016). The ADAM optimiser

(Kingma and Ba, 2014) adds momentum to RMSProp.

Adadelta (Zeiler, 2012) is also based on AdaGrad but instead of accumulating all historic

gradients for a parameter it keeps a running average calculated from (a) the value of the parameter

gradient at timet and (b) the running average computed at stept � 1.

A.2.2.4 Convolutional Neural Network Architecture

Convolutional Neural Networks (Cun et al., 1990) or CNNs, are arti�cial neural networks that

learn to

(a) recognise and extract features from tensor inputs (multidimensional arrays) and

(b) perform classi�cation using the learned features jointly, in one uni�ed neural network archi-

tecture.

CNNs are able to successfully capture and make use of spatial and temporal dependencies in
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tensor inputs (such as color images6 and text7) through the use of �lters. The �lters reduce the

dimensionality of the input in a way that extracts useful features.

Convolutional Neural Networks use an operation calledconvolutioninstead of matrix multi-

plication used in MLPs in at least one of their layers (Goodfellow et al., 2016). Informally, a

convolution operation weights a neighbourhood of spatially or temporally related inputs (e.g.,

adjacent pixels in an image or sensor readings over time) based on the neighbourhood location

relative to its containing tensor. Using the weighted neighbourhood the convolution returns a

convolved value for that neighbourhood's position.

More formally, the convolution operationconv is de�ned as:

conv(t) =
X

x(a)w(t � a) = ( x � w)(t)

wherex is the function that generates the inputs,w is a function that assigns the weight for

inputs at distancea from timet. In the terminology of CNNs, the functionw is referred to as the

kerneland the output of convolution as thefeature map. Convolution is typically denoted by the

operator� .

Many kernels can be applied in parallel and the weight matrixw of each becomes part of the

parameter set of the model (i.e., they are learned).

Let us now look at an example of convolution. The2 � 2 kernel in Figure A.7 is slid

across the input one column at a time. The application of the kernel to the red, green and blue

neighbourhoods of the input produces the �rst row of the output. The bottom row of the output is

produced by applying the kernel across2 � 2 neighbourhoods formed around the last two rows

of the input. The sliding size of the kernel across the input is called thestrideand the stride for

Figure A.7 is equal to1.

A convolutional layertypically has three stages. In the �rst stage, one or more convolutions are

performed and the activations that come out of this stage are the linear outputs of the convolutions

(i.e., linear activations). It is during this stage that candidate features are extracted. In the second

stage each activation from the �rst stage is passed through a non-linear activation function (ReLU

from Section A.2.2.2 a typical choice). This stage learns to detect features automatically from

the input. In the �nal stage, apooling function(a form of kernel designed to summarise regions

of the feature map) is applied to the activation map produced in the second stage and is speci�ed

as a hyperparameter to the model.

A pooling operation commonly used with CNNs ismaxpooling. Maxpooling calculates the

maximum value for each sliding neighbourhood of the feature map. As shown in Figure A.8, the

output of maxpool for each neighbourhood becomes a corresponding component in the output.
6input tensor is a pixel grid with multiple color channels
7input tensor is a sequence of word embeddings representing a sentence
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Figure A.7: Application of a2 � 2 kernel to 2-dimensional input (adapted from Goodfellow et
al. (2016)).

Figure A.8: Example of the application of a2 � 2 maxpooling kernel.

Pooling applied in the third stage reduces the dimensionality of the learned features. More

importantly, pooling also makes the output representation of the features invariant to small

translations in the input. This invariance gives CNNs the ability to recognise the presence

of input features or properties without having to know where in the input the features occur

(Goodfellow et al., 2016).

The output of a convolutional layer is a learned description of its input that can be fed-

forward to other layers, such as fully-connected layers (MLP), to form classi�ers as part of

a uni�ed convolutional neural network architecture. CNNs can be trained end-to-end using

backpropagation.
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A.2.2.5 Long Short-term Memory (LSTM) Architecture

The Long Short-term Memory neural network or LSTM (Hochreiter and Schmidhuber, 1997b) is

a deep neural network architecture particularly suited for sequences-to-sequence tasks, such as

machine translation, and for predicting the next object in a sequence. For example, in natural

language processing LSTMs are useful for building language models that predict wordt in a

sentence, given the words already generated at positionst � 1; : : : ; 1.

LSTM is a special instance of therecurrent neural network(RNN) architecture. In the

feedforward neural network, introduced at the beginning of this section, inputs �ow through the

hidden layers to the output in one direction. In RNNs information form the output layer can

be looped back to become part of the input. I will motivate this looping mechanism using an

example from natural language processing. Suppose we want to predict the next word in the

sentence

“John saw ”

from the word vocabularyf “John”, “Sue”, “called”, “spoke”, “to”, “saw”g. Good predictions

for the next word in the sequence are “Alex” or “Sue”. However, a simple model that does not

take into consideration the words already observed in the sequence might think that “John” and

“saw” are also good candidates.

RNNs avoid bad predictions like the ones in the example by having a working memory of

the last prediction (output predicting “John”) and using it in combination with the current input

word (embedding vector for “saw”) to select the next word in the sequence.

In order to give an overview of RNNs and LSTMs, it is useful to take a high-level view and

abstract the operation of connected layers into functional cells. Figure A.9 shows the functional

cell of an RNN8. An RNN cell takes an input for timet, X t (e.g., an embedding vector for the

word at positiont) and concatenates it to the output of the cell at timet � 1. The concatenated

vector is then passed through atanh activation layer to produce the output for timet.

Figure A.9: Information �ow in an RNN cell with a hyperbolic tangent activation layer.
8I omit the �ow of biases in the diagram for simplicity.
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In practice, RNN cells are unrolled into a connected chain, as shown in Figure A.10 and

trained using backpropagation through time (Werbos, 1990).

Figure A.10: RNN cells connected in a chain forming a deep neural netowork.

Despite the fact that RNNs can learn with arbitrarily long sequences, in practice it is dif�cult

to train RNNs in tasks that require learning long-term temporal dependencies (Chung et al.,

2014). Another issue is thevanishing gradient problem. RNNs use hyperbolic tangent as their

activation and squeeze values in the� 1 to 1 range. The range of values of the gradient oftanh

are also small, between0 and1. As gradients are calculated by the chain rule, small values for

activations and errors are multiplied and further squeezed bytanh. As a result, the gradients

become almost zero and training of the model using backpropagation stops because subtracting

near-zero gradients from the weights does not update the weights substantially.

The exploding gradient problemassociated with RNNs is also of note. While following

the chain rule (formula (ii) of backpropagation from Section A.2.2) multiplications with the

transposed of the weight matrix are performed and if the values involved are large, the results

become very large exploding the gradient.

LSTMs are kinds of RNNs with memory of long-distance dependencies. The LSTM cell,

shown in Figure A.11, is composed ofgates– functional units that regulate what information is

remembered (or ignored) and utilised by the cell to make predictions. In Figure A.11 rectangular

components are layers with sigmoid ortanh activations, and circular components are operators.

The operators product and add are element-wise operators on same-size vectors and thetanh

operator is a transformation performed on the individual components of a vector.
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Figure A.11: The LSTM cell, its gates (denoted by dotted rectangles), components and informa-

tion �ow in the cell.

There are three inputs to the LSTM cell as shown in Figure A.11. The �rst is the hidden state,

ht � 1, the output of the cell at timet � 1, which contains information about the input and output

of the cell at timet � 1. The second input,Ct � 1, is the state of the LSTM cell at timet � 1 (the

previous cell state). The third input,X t , is the observation at timet.

Before I discuss each gate, I will �rst introduce the idea of gating. For this purpose, I will

sometimes refer to the output from sigmoids as the gate and the output fromtanh as the signal

in this paragraph. The element-by-element multiplication operations in Figure A.11, with one

input coming from a sigmoid and the other coming fromtanh, act as gates. Intuitively, the gate

input to� assigns importance to each component of the signal: when the gate is0 the signal

is blocked (output of� is 0) and for values smaller than1, the signal is attenuated (output is

smaller than the original value of the signal).

At time t, the cell starts by concatenating the inputsht � 1 andX t and passes four copies of the

result to three gates. Theforget gateis the �rst unit in the LSTM cell. It passes information from

the previous state and current observation through a sigmoid layer to decide what information

from the previous stateCt � 1 is to be retained.

Theinput gatedecides what information is going to be stored in the cell's state. The sigmoid

layer decides what information should be updated in the state and thetanh layer creates the

new values. Combining the outputs of the two layers with the� operation (as explained earlier)

creates an intermediate cell state�Ct . The previous stateCt � 1 is updated with information in�Ct

using the� operation to produce the current state,Ct .

Theoutput gatedecides the output of the LSTM cell (current hidden state,ht ). This decision

is made by a sigmoid layer which gates information in the current stateCt (after the values of

Ct are squashed into the� 1 to 1 range by atanh transform) to �lter out information that is no

longer relevant at timet.

Sequence-to-sequence models can be constructed by unrolling LSTM cells and chaining them

to form a sequence of the desired length, as shown in Figure A.12. Unrolled LSTMs can be

trained using backpropagation through time(Werbos, 1990).
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Figure A.12: Unrolled LSTM cells connected in a chain.

One extension to LSTMs that is relevant to this thesis is the bidirectional LSTM (BiLSTM).

In the BiLSTM architecture, shown in Figure A.13 , the input sequence is passed forward-to-

backwards but also backwards-to-forwards.

Figure A.13: Architecture of the bidirectional LSTM architecture.

The BiLSTM architecture allows the network to learn from inputs coming from past and future

elements of the input sequence.

A.3 Signi�cance Testing

In the context of Information Retrieval, signi�cance testing is used to determine whether the

difference in performance (e.g., with respect to MAP) between the runs of two retrieval systems

is statistically signi�cant. The runs of the two systems being compared are considered to be

paired samples– the score obtained by one system for a particular topic is paired to that of

the other system for the same topic. Therefore, signi�cance testing between two system runs

requires apaired difference testdesigned to assess whether the population mean (in terms of

performance) of the two runs is different.

Formally, a paired difference test is carried out in the form of a two-tailed paired hypothesis

test with two disjoint hypotheses:
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H0 :� 1 = � 2 or equivalently� 1 � � 2 = 0

there is no difference in statistic� between the two samples

H1 :� 1 6= � 2 or equivalently� 1 � � 2 6= 0

there is a difference in statistic� between the two samples

Truth

Decision H0 True H1 True

RejectH0 Type I Error Correct

Do Not RejectH0 Correct Type II Error

Table A.1: Outcomes of a hypothesis test.

Testing for signi�cance re�ects the likelihood that the difference observed in the two samples

will transfer to the query population (as represented by the test collection). The null hypothesis

(H0) is traditionally the simplest of the two hypotheses, while the alternative hypothesis (H1) is

usually the composite hypothesis. In order to carry out a hypothesis test, an experimenter must

�x two inversely related parameters –� and� . Parameter� , also referred to as thesigni�cance

level, re�ects the probability of a Type I error – a false positive in the test. That is, concluding

that there exists signi�cant difference between the populations when in fact there is none. As

shown in Table A.1,� is:

� = P(Type I Error) = P(RejectH0jH0 is True)

Concluding that the difference in performance between systemsA andB is signi�cant at

con�dence level100� (1 � � ) indicates that there is� probability that the conclusion is a

false positive. Conversely, if the signi�cance test is reliable and for larger query samples, one

system will be better than the other in 95% of comparisons. Typical values for� are0:05(95%

con�dence) and0:01(99% con�dence).

The parameter� is the probability of a false negative in the test – concluding that there is no

signi�cant difference between the populations when in fact a signi�cant difference is present.

From table A.1:

� = P(Type II Error) = P(Do Not RejectH0jH1 is True)

Thepowerof a test,(1 � � ), is the probability of detecting a signi�cant difference given that a
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difference is present:

1 � � = 1 � P(Type II Error) = P(RejectH0jH1 is True)

A more powerful test is more likely to detect signi�cant difference between two runs, if a

difference exists, than a less powerful test. A less powerful test requires a larger sample than a

more powerful test in order to achieve the same con�dence level.

A plethora ofparametricandnonparametricpaired difference tests are available to the IR

researcher. Parametric tests require that certain assumptions about the population from which

the samples are drawn be satis�ed. For example, one of the assumptions of the paired t-test is

that the differences in the paired sample means are normally distributed. However, in IR it is

seldom the case that scores (and their differences) follow a well-known statistical distribution.

Nonparametric tests have more general requirements that are not related to the speci�c form of

the distribution from which the samples are drawn (Siegel and Castellan, 1988).

For this purpose, IR researchers often rely on non-parametric tests for signi�cance testing of

paired runs between two systems on the same test collection. TheSign test(Siegel and Castellan,

1988),Wilcoxon signed ranks test(Wilcoxon, 1945; Siegel and Castellan, 1988) andPermutation

test(Pitman, 1937a; Pitman, 1937b; Pitman, 1937c; Scheffe, 1943; Fisher, 1970; Siegel and

Castellan, 1988), also known as the randomisation test, are paired, nonparametric tests that can

be used to test for signi�cance in IR experiments.

The sign test has more general assumptions but is less powerful than the Wilcoxon and

Permutation tests, the latter being the most powerful (Siegel and Castellan, 1988). Smucker et al.

(2007) have shown that the Wilcoxon test is unreliable for tests involving MAP and is more likely

to produce Type II errors. In contrast, the authors have found the Permutation test to be reliable

with MAP and its derivatives and recommend its use for signi�cance testing in IR evaluations

involving MAP. Therefore, for my experiments I will be using the paired Permutation test to

measure signi�cance, which I will describe in the paragraphs that follow.

Permutation (or Randomization) Test

Given paired runs from two systems,A andB of lengthN , and a function� implementing

measureM on the entirety of each run, the Permutation test begins by assuming that the null

hypothesis is true. That is, it proceeds as if both runs come from the same equally-performing

system (difference inM between the runs is 0). Under these assumptions, the Permutation test

evaluates the probability that the observed difference inM between the runs has been obtained

by random chance.

This is done by re-sampling the observed data repeatedly as follows. For each paired observa-

tion in the original runs,ai andbi , a coin is �ipped. If the outcome is1, then the score forbi is

moved toai and vice-versa. Otherwise,ai andbi remain unchanged. This processes is repeated

R times, withR a parameter of the Permutation test, yieldingR permuted paired samples of
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System A System B Coin Toss Permuted A Permuted B
Topic 1 0.01 0.1 1 0.1 0.01
Topic 2 0.03 0.15 0 0.03 0.15
Topic 3 0.05 0.2 0 0.05 0.2
Topic 4 0.01 0.08 1 0.08 0.01
Topic 5 0.04 0.3 0 0.04 0.3
Topic 6 0.02 0.4 1 0.4 0.02

Observed
MAP

0.0267 0.205 0.117 0.105

Absolute
Observed
Difference

0.178 0.0017

Table A.2: Example runs from two systems and an example iteration of the re-sampling process
(last two columns).

the original runs. For each generated pair of permuted runs, the statistic� is computed for each

system and the difference between them is obtained. This process models the assumption that if

the two runs are indeed the same, then the paired re-assignments should have no impact on the

difference inM between the samples.

Once re-sampling is complete, the probability of observing the difference between the original

runs by chance can be approximated by:

p =
s + 1
R + 1

(11)

wheres is the number of permuted samples with difference inM higher than the one observed

in the original runs. In formal statistical terms, the value ofp is known as thep � value of the

Permutation test. It is the probability of �nding the observed (or more extreme) results under

the null hypothesis,H0. The null hypothesis is rejected ifp < � and the test concludes that

there is evidence in support of the difference between the runs being signi�cant (the alternative

hypothesis,H1, must be true).

For largeN it may be infeasible to enumerate all possible permutations of the observations.

In such cases, the Permutation test can be applied by sampling a suf�ciently large number of

permuted replicates. This instance, referred to as theapproximate Permutation testor Monte

Carlo Permutation test, produces an estimatêp of the truep-value. Methods for ef�ciently

determining the number of re-sampled permutations necessary to guarantee that the approximate

p-value is correct have been developed (Gandy, 2009).

Example. Consider the paired runs presented in Table A.2. There are26 possible permutations

for the pairs, one of which is represented by the last three columns of Table A.2. An exhaustive

re-sampling of the runs reveals that under the null hypothesis,2 out of 64 permutations are

equal or larger than the observed difference in MAP,0:178. By applying formula 11 withs = 2

andR = 64 we obtainp-value= 0:0462. Since this is smaller than� = 0:05, we reject the
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null hypothesis at the stated con�dence level and conclude that there is signi�cant difference in

retrieval ef�ciency between systemsA andB.

In my experiments, presented in Chapter 7, I have used the implementation of the approximate

Permutation test from theEnvStats R package with 5000 permuted replicates to carry out

tests for signi�cance between model runs.
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Appendix B

Test Collection Analysis Examples

B.1 Example of the Application of my Process

In this section I provide examples of the application of my process to MathOver�ow threads.

Although the cases I will discuss here represent four unforeseen challenges, my process has been

�exible enough to address them without the need for domain expertise.

The �rst challenge comes from threads aboutopen problems, where the questioner has no

knowledge of the fact that his/her information need relates to an open mathematical problem.

Questions that involve open (sub-)problems can be included in my test collection provided that

the relevant citations are, according to experts on the site, the best available resources on the

open problem.1

The second challenge is exempli�ed in one case, thread 61615, where the information seeker

gave con�rmation of relevance to multiple candidate answers in the PA comments:

I've seen four answers (by Gjergji, Mark, Steve, and Nishant), all very helpful -

thank you very much. I'm accepting Gjergji's on the grounds that it was posted �rst.

In response to this comment, I checked all answers for citations involving MREC documents.

Only the accepted answer included such citations.

The third challenge concerns ambiguous con�rmation of relevance by the questioner in the

PA, as exempli�ed in thread 74843. The questioner for the thread commented “thank you, that's

exactly what I need” in the PA comments. However, it was unclear whether the comment was

for (a) the MREC resource cited in the answer when it was originally authored, or (b) one of the

non-MREC citations added later via an edit. The ambiguity could be resolved in this case by

examining the timestamps of posts: the answer, originally posted on 11/9/2011 6:26, was edited

on 11/9/2011 at 18:03. Since the questioner's con�rmation was posted on 11/9/2011 at 7:57, I

concluded that the acknowledgement must have been for the cited MREC document.

The fourth challenge affects my ability to evaluate typed retrieval. There are two questions

where formulae and variables were not typeset in LATEX, but left in the body as plain text (ASCII).
1This happened to be the case in three threads of my collection (40887, 120893, 142938).
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As a result, these formulae and variables could not be automatically converted to Presentation

MathML, or SLTs. This introduces a practical consideration because the variables and types

of some query expressions cannot be discovered. Arguably, I should have introduced LATEXfor

formulae not properly typeset and/or excluded these questions. At the time I constructed my test

collection, however, my goal was to create a data set that mirrored the real world as closely as

possible, so I decided to keep them as is.

Information collected in every step of my method was recorded on two forms: one used to

note information regarding a MO question (Figure B.1 shows an example) and another to collect

information about its accepted answer (Figure B.2 shows an example). The full-scale example is

attached in Appendix B.2.

Figure B.1: Data collection form for the question part of a MathOver�ow thread.
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