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1 Introduction

In [1], Maldacena proposed that the large N limit of certain conformal field theories (without
gravity) appear to be equivalent to string theories in asymptotically Anti-de Sitter spaces.
Each of these theories are defined perturbatively, meaning they are only well understood for
small values of their perturbative parameters. Fascinatingly, the matching of the parameters
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in the AdS/CFT duality is a strong-weak correspondence, meaning that when the inverse
string tension is taken to be small (the supergravity approximation), the corresponding CFT
is strongly coupled and vice versa. This makes it difficult to meaningfully compare observables
on each side of the picture and directly prove Maldacena’s conjecture in perturbation theory.
Nevertheless, in a remarkable series of papers [2–16],1 Gaberdiel, Gopakumar, Eberhardt and
collaborators propose a type IIB string theory on AdS3 × S3 × T 4 in the minimal tension
limit2 of one unit of NS-NS flux wrapping the S3, and argue that it is exactly dual to the
symmetric product orbifold SymN (T 4) CFT in the large N limit. There is, of course, a
natural application of these ideas also to AdS3 × S3 × K3.

The RNS string theory on AdS3 × S3 × T 4 [18–22] with k units of NS-NS flux may be
described by a supersymmetric WZW model of

sl(2,R)(1)k ⊕ su(2)(1)k ⊕ u(1)4 ,

where the superscript (1) denotes that it is an N = 1 superconformal affine algebra. The
level k ∈ N is the amount of NS-NS flux present in the background and is related to the
curvature of the spacetime by

R2
AdS = kℓ2s.

The minimal tension limit is at k = 1 and for this reason, we refer to the minimal tension
string on AdS3×S3×T 4 as the “k = 1 string” in this paper. This is far from the supergravity
regime and stringy effects cannot be neglected, suggesting that this theory may yield new
insights into the nature of spacetime in string theory.

Unfortunately, defining the k = 1 string is not a simple task; the RNS formulation of this
theory is not well-defined at k = 1 as unitarity is broken [3]. Yet the hybrid formalism of [23]
proffers a free worldsheet CFT that circumvents these unitarity issues. A key property of the
theory is a shortening of the spectrum from the full continuous and discrete representations
uncovered in [20] for string theory on AdS3 at generic k. The only highest weight states that
survive at k = 1 are those sitting at the bottom of the continuum. Further features include
an apparently topological quality of the theory [3, 24], intriguing connections to twistor
theory [25], and a localisation of correlation functions to covering maps of the boundary [4, 7]
(as foreshadowed in [26]). The localisation to covering maps is of particular significance, since
it provides a manifest realisation of the AdS/CFT duality, potentially providing a mechanism
explicitly relating observables in the bulk to those in the boundary.

The duality arises from considering a D1-D5 system [1], which has a twenty-dimensional
parameter space. It is therefore a challenge to identify which CFT corresponds to which
particular string theory. As mentioned above, it has been conjectured that the string with
one unit (k = 1) of pure NS-NS flux on AdS3×S3×T 4 is dual to the free symmetric product
orbifold CFT SymN (T 4) [2, 3]. A number of important tests have been successfully checked,
including the matching of the physical spectrum [3, 15, 27], the matching of correlation
functions for the ground states [4, 6, 7, 9] and the BPS sector [14], as well as progress in
understanding deformations away from the orbifold point [28]. Yet, the physical interpretation

1See also [17].
2We will use the term “minimal tension”, rather than “tensionless” to describe this string theory.
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of this theory, what it calculates (and how) are still not well-understood. In particular, there
have been hints that the k = 1 theory describes a topological string [3, 24] — whether this
reflects a simplification of the physics at k = 1 or that the theory only captures a subsector
of the full physics (as with the more familiar topological strings [29]) is an open question.

It is our aim in this paper to shed light on some of these issues. A particular focus will
be the effect of a worldsheet gauge symmetry generated by a constraint we shall write as

Q(z) = 0,

where Q(z) is expressed explicitly in terms of worldsheet fields by (2.6), (2.20) and (A.1).
The fact that Q(z) is nilpotent only when k = 1,3 and seems to play a special role in the
theory demonstrates the simplification of AdS/CFT at k = 1. We shall show how the
requirement that physical vertex operators are invariant under this symmetry plays a key role
in the connection between correlation functions and the covering map. We shall also see the
emergence of a global radial symmetry in AdS3, closely linked to the existence of the nilpotent
worldsheet symmetry. Such a global symmetry suggests that all of the worldsheet degrees of
freedom can be taken to effectively live at the boundary of spacetime, providing intuition
for the holographic principle. Along the way, we will motivate the k = 1 string as a rather
natural construction, the efficacy of which does not rest solely on the hybrid construction.

One of our goals is to demystify aspects of the k = 1 string. In order to keep the
article relatively self-contained, various key results from the literature are reviewed. The
novel results presented here are:

• The twistor geometry of the target space is elucidated and it is shown that, whilst
some constraints can be written in terms of bulk twistors, the Q constraint is naturally
written in terms of the boundary twistors (rather than the full boundary ambitwistors).

• Using only the spectral flow properties of the supercurrents and the Q constraint, the
bosonization of [15] is used to provide an efficient and intuitive proof of the covering
map localization result of [4, 7].

• The connection with the spacetime target space description is discussed and an alterna-
tive interpretation is proposed that does not require the worldsheet to be pinned on the
boundary of the spacetime. This is in contrast to the perspective presented in [4, 25].

• We show that, in this alternative perspective, the bulk theory has a rigid radial symmetry
and a candidate for the “secret representations” of [4] naturally arises.

The structure of this paper is as follows: in section 2 we review and motivate aspects of
the k = 1 string from first principles and review the connection with the hybrid formalism.
The interpretation of the target space is discussed, including connections to the bulk twistor
theory and the ambitwistor space of the boundary theory. We introduce an alternative target
space interpretation of the theory that makes the connection with the non-linear sigma model
of AdS3 more transparent. Section 3 reviews the construction of correlation functions in
the k = 1 string. This section does not contain any novel material per se, but presents

3This statement is proven in appendix A.
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results that we will need in later sections and explains our interpretation of the b-ghost
insertions. In section 4 we show how the Q-invariance of correlation functions can be used
to efficiently prove the localisation of the worldsheet to a covering map of the boundary.
In section 5 we show that there is a symmetry that removes the radial zero mode in AdS3,
suggesting that the physics can be naturally localised to the boundary. Finally, section 6
discusses consequences of the results described here and open questions for the future. Various
technical details are relegated to the appendices.

2 Strings on AdS3 at k = 1

The hybrid formalism of [23, 30, 31] can be applied to study the minimal tension k = 1 string
on AdS3 × S3 ×M4, where M4 can be either T 4 or K3. The field redefinitions involved in
deriving the hybrid formalism from the RNS string are complicated and, adding in the fact
that the RNS string at k = 1 appears to be ill-defined, the physical principles underlying
the minimal tension hybrid string can be difficult to parse. We will begin this section by
attempting to motivate some of the key mathematical structures required for the k = 1
string, which ultimately lead to the hybrid formalism. The route from the RNS formalism
to the hybrid formalism is long and convoluted and the end product cries out for a simpler
interpretation. It would therefore be instructive to have an explicit construction of the k = 1
string from first principles and without any reference to the hybrid formalism. We shall make
some progress in this and hope to return to a more complete construction elsewhere. Since we
would like to preserve the interpretation of this CFT as a sigma model, we will also discuss
the target spaces of the theory. Though the theory seems to naturally live in the twistor
space of AdS3, a bosonization leads to a more conventional target space interpretation.

2.1 The free field realisation

A natural starting point for studying string theory on AdS3 × S3 is to consider the WZW
model for the Kac-Moody current algebras associated to each of the group manifolds. Firstly,
S3 is described by su(2)1, defined by the OPEs

K+(z)K−(w) ∼ 1
(z − w)2 + 2K3(w)

z − w
, K3(z)K±(w) ∼ ±K±(w)

z − w
,

K3(z)K3(w) ∼ 1
2(z − w)2 .

The stress tensor for the CFT is given by the usual Sugawara construction [32]. It is well
known that, at level k = 1, the WZW model for this current algebra can be described by a
free boson on a circle (at self-dual radius) [33, 34] and also as a free fermion theory [32]. In
the latter case, we introduce weight

(
1
2 , 0
)

worldsheet fermions ψA and χA with OPEs

ψA(z)ψB(w) ∼ 0, χA(z)χB(w) ∼ 0, ψA(z)χB(w) ∼ ϵAB

z − w
,

where A,B ∈ {±} and ϵ+− = 1 = −ϵ+−. The relationship between the two descriptions
is given by

K± = ±χ±ψ±, K3 = −1
2 :
(
χ+ψ− + χ−ψ+

)
: .
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The map is not one-to-one due to the scaling redundancy

ψA ∼ tψA, χA ∼ t−1χA, (2.1)

which preserves the form of the su(2)1 currents Ka(z). It is less well known that the sl(2,R)1
WZW model for AdS3 can also be written as a theory of free symplectic bosons [2, 35]. These
are weight

(
1
2 , 0
)

worldsheet bosons ξα and ηα with OPEs

ξα(z)ξβ(w) ∼ 0, ηα(z)ηβ(w) ∼ 0, ηα(z)ξβ(w) ∼ ϵαβ

z − w
.

where α, β ∈ {±}. These free fields are related to the sl(2,R)1 generators satisfying

J+(z)J−(w) ∼ 1
(z − w)2 − 2J3(w)

z − w
, J3(z)J±(w) ∼ ±J±(w)

z − w
,

J3(z)J3(w) ∼ −1
2(z − w)2 ,

via
J± = η±ξ±, J3 = −1

2 :
(
η+ξ− + η−ξ+

)
: .

This is analogous to the free fermion description of the su(2)1 theory, but there is no known
analogue of the free boson construction for sl(2,R)1. Again, the free fields have a scaling
symmetry

ξα ∼ tξα, ηα ∼ t−1ηα, (2.2)

and live in CP1×CP1.4 As indicated in [7], the construction and the moduli space localisation is
reminiscent of twistor constructions [36] and we will comment on this twistorial interpretation
of the theory in section 2.3 and in more depth elsewhere.

Thus, a starting point for a bosonic string at level k = 1 on AdS3×S3 is given by the action

S =
∫
d2z

(
ϵαβη

βD̄ξα + ϵABχ
BD̄ψA + b∂̄c+ c.c.

)
(2.3)

where, as usual, one imagines this string as arising as a gauge-fixing of a theory with worldsheet
gravity. This gauge-fixing introduces an integral over the moduli space of (bosonic) Riemann
surfaces and left- and right-moving (b, c) ghost systems which we have also included. The
covariant derivative

D̄ξα = ∂̄ξα +Aξα

includes a weight (0, 1) field A(z) that acts as a Lagrange multiplier for the constraint
Z := 1

2 :
(
ϵαβη

αξβ + ϵABχ
AψB

)
:= 0 that generates the scalings (2.1) and (2.2). The

conformal invariance of the theory is described by the vanishing of the stress tensor, with
the following contribution from the symplectic bosons and free fermions

T = −1
2ϵαβ :

(
ξα∂ηβ + ηα∂ξβ

)
: +1

2ϵAB :
(
ψA∂χB − χA∂ψB

)
: .

4There are two independent scalings here; one given by the stress tensor, where ξα and ηα both scale as
weight 1/2 fields and one given by (2.2) where these fields scale oppositely.
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We will denote the modes of this stress tensor by Ln. We could also add contributions from
the (b, c) ghost system and the ghosts required for the Z = 0 gauge condition [12].

The above gives a free field description of the sl(2,R)1⊕ su(2)1 theory. It is a remarkable
fact that this content is already rich enough to describe the full supersymmetric theory and
provides an elegant way to avoid the unitarity issues that emerge in conventional attempts
to give an RNS description of the k = 1 theory [3, 7]. Indeed, it has been shown [3, 7] (see
also appendix A of [37]) that the full psu(1, 1|2)1 algebra is generated by the free fields in
the action (2.3), with the supercurrents SαA±(z) realised by

SαA+ = ξαχA, SαA− = −ηαψA, (2.4)

which combine with the bosonic currents Ka(z) and Ja(z) to give the superalgebra u(1, 1|2)1.
Note that the currents SαA±(z) are also invariant under the scaling symmetries (2.1) and (2.2)
when performed simultaneously, so that this scaling invariance is a property of the full
supersymmetric theory. We could choose to view the scalings (2.1) and (2.2) as independent
symmetries, generated by the u(1) currents

U = −1
2(η

+ξ− − η−ξ+), V = −1
2(χ

+ψ− − χ−ψ+).

It is often convenient to define the new basis Z = U + V and Y = U − V for which

Z(z)Z(w) ∼ 0, Y (z)Y (w) ∼ 0, Z(z)Y (w) ∼ −1
(z − w)2 .

We can recover the desired psu(1, 1|2)1 theory via

psu(1, 1|2)1 ∼=
u(1, 1|2)1

u(1)U ⊕ u(1)V
, (2.5)

by quotienting out the two u(1) currents. Since these u(1) currents have non-trivial OPEs
with themselves, this quotient is slightly non-trivial. We first note that the u(1) currents
leave the (anti-)commutation relations of the psu(1, 1|2)1 generators invariant, except for
the anticommutator of the supercharges

{SαAI
m , SβBJ

n } = −ϵABϵIJca(σa)αβJa
m+n + ϵαβϵIJ(σa)ABKa

m+n

+ kmϵαβϵABϵIJδm+n,0 + ϵαβϵABδI+J,0Zm+n,

where ca is a constant such that c− = −1 and c+ = c3 = +1 and conventions for the σa can
be found in [7]. It is then clear that we need to impose Zn = 0 for all n.5 This is why we
treated the two scalings symmetrically in (2.3) and it ensures that the supercurrents (2.4)
are each preserved under the scaling.

The second U(1) current Y decouples from the theory because it is not generated by the
commutators of the other generators. Instead, sectors with different Y0 charge give different
representations of the physics. It will play the role of a picture number: there is a copy of
the full psu(1, 1|2)1 theory at each eigenvalue of Y0. We must take account of this in the
construction of physical correlators [7, 12, 38], identifying two correlators that differ only in
their Y0 charge as physically equivalent. To avoid such complications, we will only consider
correlation functions where the overall Y0 charge vanishes in section 3.3.

5It is sufficient to impose Zn = 0 for n ≥ 0, since [Zm, Zn] = 0.
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The action (2.3) is therefore manifestly supersymmetric in the target space, and can
be thought of as a Green-Schwarz [39] treatment of the string. Surprisingly, it contains a,
somewhat mysterious, additional local symmetry generated by the weight (3, 0) field6

Q = −1
2ϵABχ

AχBDξ = χ+χ−(ξ+∂ξ− − ξ−∂ξ+), (2.6)

where Dξ = −ϵαβξ
α∂ξβ is the pull-back of the projective measure on CP1 to the worldsheet.

The Q(z) transformation is given by δQ(·) = [Q[ε], ·] where

Q[ε] =
∮

dz ε(z)Q(z),

for some weight (−2, 0) parameter field ε(z). To impose the constraint Q = 0, we introduce
a weight (-2,1) Lagrange multiplier κ

S =
∫
d2z

(
ϵαβη

βD̄ξα + ϵABχ
BD̄ψA + b∂̄c+ κQ+ c.c.

)
. (2.7)

The gauge transformations generated by the constraint are

δQη
α = ∂εχ+χ−ξα + ε

(
∂(χ+χ−)ξα + 2χ+χ−∂ξα

)
, δQψ

A = εχA(ξ+∂ξ− − ξ−∂ξ+),

δQξ
α = 0, δQχ

A = 0, δQκ = −∂̄ϵ,

from which it can be checked that Q generates a symmetry of (2.7). We note that although Q
does not commute with the currents J(z), K(z) and S(z), it does commute with all of the zero
modes of Ja(z) and Ka(z) (the bosonic isometries) and half 7 of the zero modes of SαA±(z).

We now have an extended worldsheet symmetry algebra generated by T , Q and Z. The
T and Q part of this algebra looks somewhat like a simplified W -algebra,

[Lm, Ln] = (m− n)Lm+n + c

12(m
3 −m)δm+n,0,

[Lm, Qn] = (2m− n)Qm+n, [Qm, Qn] = 0,

where c is the central charge.8 By “simplified” we simply mean that the weight 3 generator
commutes with itself, which is not generically the case for W -algebras. The symmetry
generated by Q will play a starring role in what follows, whilst little attention will be given
to the scaling symmetry of Z. This scaling symmetry is only present in the k = 1 string
for the free field realisation and not in the hybrid formalism. Its role is therefore not quite
so fundamental to the theory, but is useful for interpreting the free fields as AdS3 twistors

6Sometimes this gauge symmetry is written as R = −ψ+ψ−(η+∂η− − η−∂η+) as in [12]. This is just a
matter of convention, which comes from exchanging ξα and χA with their conjugate variables. From a WZW
perspective, it is equivalent to exchanging the roles of the supercharges of the psu(1, 1|2)1 algebra. From an
ambitwistor perspective, it arises from the exchange of twistors and dual twistors, i.e. the choice of which CP1

is identified with the boundary (see section 2.3).
7In this way we expect Q to play a role similar to kappa symmetry in the Green-Schwarz superstring.
8The u(1, 1|2)1 free fields contribute c = 0, whilst the (b, c) ghost system contributes c = −26. Finally, the

Z-gauging removes two bosonic degrees of freedom, contributing c = −2. This gives c = −28 overall.
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section 2.3. For a physical state Φ that depends only on the free fields (i.e. is independent
of the compact M4), the physical state conditions are

LnΦ = QnΦ = ZnΦ = 0, for all n ≥ 0. (2.8)

We have already accounted for the gauge-fixing of worldsheet gravity by including the
(b, c) ghost sector. We also need to gauge-fix κ = 0. What are the Faddeev-Popov ghosts that
do this? In the gauge-fixing of the worldsheet metric, we introduce the c-ghost which has
the same weight as the gauge parameter (a worldsheet vector field) but opposite statistics.
Similarly, we introduce an additional ghost c̃ of weight (-2,0) with fermionic statistics to
gauge-fix Q. A putative BRST operator is then

Q =
∮
dz
(
cT + c̃Q+ . . .

)
, (2.9)

where T now includes ghost contributions and the + . . . accounts for terms present due to
the fact that [T, c̃Q] ̸= 0, as well as terms from M4. It is difficult to understand what
CFT the ghosts c̃ live in. A way forward comes from considering the bosonization of the
(b, c) ghost system,

b(z) = eiσ(z), c(z) = e−iσ(z),

where σ is a linear dilaton theory (appendix C) with stress tensor

Tσ = −1
2(∂σ)

2 + 3i
2 ∂

2σ, σ(z)σ(w) ∼ − ln(z − w).

Naively, we can deduce the form of c̃ by an analogous bosonization c̃ = emρ for some real
m, where ρ is a linear dilaton with stress tensor

Tρ = ϵ

(1
2(∂ρ)

2 − 1
2qρ∂

2ρ

)
, ρ(z)ρ(w) ∼ ϵ ln(z − w).

In order to cancel the conformal anomaly, we would like c̃ to carry a central charge of
+28. Combining this with the requirement that it is fermionic with weight −2, the only
possibilities are

ϵ = −1, qρ = ±3, m = ∓1.

Hence, up to a transformation ρ 7→ −ρ, we must have that c̃ = e−ρ, where ρ carries a
background charge of qρ = +3. We note that there is no obvious candidate for a b̃ ghost
of weight 3 and the e−ρ OPE is not what we would expect for a conventional c-ghost so
this interpretation cannot be the full story. Nonetheless, the combination e−ρQ acts as a
conventional BRST current, as a consequence of the double zero in the OPE of Q with itself.

With this field content, the AdS3 × S3 part of the theory has a vanishing conformal
anomaly and precisely matches the hybrid formalism of [23] as we will outline in the following
section. We expect that a formal treatment of the Faddeev-Popov method for gauge-fixing
Q will demonstrate that cρ = +28 is a necessary condition and thus fully motivate the
field content of the hybrid string.9

9It may appear that this six dimensional theory could stand in its own right, without the need for the
four compact dimensions of M4. Unfortunately, the field content of the M4 sector is needed to construct
a measure on the moduli space of Riemann Surfaces Mg,n that will cancel the anomaly from the ρ ghost
current, as we will see in section 3.3.
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2.2 The hybrid formalism

Traditionally, the hybrid formalism is constructed by rewriting the RNS string as an N = 4
topological string [30, 31], but we shall regard it as a completion of the string theory we were
building up in the previous subsection. In particular, it describes AdS3 × S3 by a PSU(1, 1|2)
sigma model in terms of GS-like variables, in agreement with the free field realisation. We
additionally require a CFT describing the embedding into the four-dimensional hyper-Kähler
manifold M4, which we take to be T 4 but could equally be taken to be K3. Since the
net central charge of the AdS3 × S3 sector of the theory is zero, the four-dimensional CFT
embedding into T 4 must also have central charge zero, suggesting that the four dimensional
component is a topologically twisted CFT on the T 4. This resonates with hints we will
discuss later that the theory in AdS3 × S3 described above is secretly a topological theory,
as conjectured in [3, 24]. It is this combination of GS-type variables for AdS3 × S3 and
(topologically-twisted) RNS-like variables for T 4 from which the name “hybrid” is derived.

Following [12, 40] and working at generic k ∈ N, there is a (small) N = 4 topological
algebra in the string theory generated by

T = TW ZW + Tσ + Tρ + TC ,

G− = e−iσ +G−
C ,

G+ = −e−2ρ−iσP + e−ρQ+ eiσT +G+
C ,

G̃+ = eρ+iH + eρ+iσG̃+
C ,

G̃− = −e−3ρ−2iσ−iHP + e−2ρ−iσ−iHQ− e−ρ−iHT − e−ρ−iσG̃−
C ,

J = 1
2∂(ρ+ iσ) + JC ,

J±± = e±ρ±iσ±iH ,

(2.10)

where10

T = TW ZW − 1
2(∂(ρ+ iσ))2 + 1

2∂
2(ρ+ iσ).

The operator TW ZW is the Sugawara energy momentum tensor associated to the WZW
model for psu(1, 1|2)k and similarly P and Q depend only on the WZW variables. Q is weight
three, depending on both the supercharges and the bosonic currents, whilst P is quartic
in the supercharges but independent of the bosonic currents. The operators containing a
subscript C correspond to the N = 4 topological algebra of the compact T 4. We use the
conventions of [10] for these operators,

TC = ∂Xj∂X̄j − λ̄j∂λj , G−
C = λ̄j∂Xj , G̃−

C = ϵij λ̄
i∂X̄j , J−−

C = −λ̄1λ̄2,

G+
C = λj∂X̄j , G̃+

C = ϵijλ
i∂Xj , JC = 1

2λ
j λ̄j ,

J++
C = λ1λ2, (2.11)

10Note that : eiσ(T − TW ZW − Tσ − Tρ) := ∂[: −eiσ∂(ρ + iσ) :] so that, as far as the BRST charge is
concerned, the stress tensor appearing in G+ is the natural stress tensor of the AdS3 × S3 part of the theory.
Since the T 4 theory is topologically twisted, we expect to see G+

C , rather than TC contributing to the BRST
current G+.
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where j ∈ {1, 2} and ϵ12 = +1. The topological twisting means that (∂Xj , ∂X̄j) are complex
bosons, each of weight (1, 0), whilst λj and λ̄j are complex fermions of weights (0, 0) and
(1, 0) respectively. Hence, the bilinears on the first, second and third lines are weight two,
one and zero respectively. The topological twist is generated by including a factor of ∂JC in
TC . In what follows, we will often bosonize the fermions as λj = eiHj and λ̄j = e−iHj , as
well as defining the combination H = H1 +H2. There are non-trivial background charges
associated to these bosonized fields as a consequence of the topological twisting, such that
the fermions now play the role of ghosts.

In the minimal tension limit of k = 1, the generator P vanishes, whilst T and Q agree
with section 2.1. It is then clear that (2.9) agrees with the form of the BRST operator G+

0 in
the hybrid string (see footnote 10) whilst J is the natural ghost current. There is a second
BRST operator G̃+

0 which has a trivial cohomology — this corresponds to the additional
zero mode introduced to the worldsheet theory through the bosonization of the (β, γ) system
of the RNS string. The physical state conditions are given by [40]

G+
0 Ψ = G̃+

0 Ψ =
(
J0 −

1
2

)
Ψ = T0Ψ = 0, Ψ ∼ Ψ+G+

0 G̃
+
0 Λ. (2.12)

These constraints are solved for a compactification-independent vertex operator using the
ansatz Ψ = Φe2ρ+iσ+iH of [23], where Φ depends only on the psu(1, 1|2)1 WZW model. This
ansatz has picture number P = −2, where we define the picture number of a state as in [15],

P
(
Φemρ+inσ+ik1H1+ik2H2) = −m.

This ansatz provides a nice gauge choice when we consider the constraint G+
0 Ψ = 0, which

splits up into three separate conditions on Q, T and G+
C because of their differing ghost

dependence. One can show that (eiσT )0Ψ = 0 implies LnΦ = 0 for all n ≥ 0 where Ln are
the modes of TW ZW and similarly (e−ρQ)0Ψ = 0 implies that QnΦ = 0 for all n ≥ 0 in this
picture, recovering (2.8) from the free field realisation.

2.3 What is the target space of the k = 1 string theory?

What target space does this worldsheet theory describe an embedding into? We started off
with a group manifold description of the AdS3 × S3 target space. We then introduced the
free field realisation of [3, 7], but have perhaps lost sight of what the target space is. In
this section we shall review the twistorial interpretation of the free field theory and show
that, with a further field redefinition, we can once again recover a conventional spacetime
interpretation; this time in terms of the Wakimoto representation [41].

2.3.1 Twistors and ambitwistors

This section closely follows the AdS5 discussion of [42] but adapted to AdS3.11 We start
with the four-dimensional coordinate Xαβ on complexified flat spacetime C4 where indices

11We should highlight the work of [43, 44], where progress has been made in trying to generalise the
AdS3/CFT2 twistor string description to AdS5/CFT4 in an appropriate limit.
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are lowered by ϵαβ with ϵ+− = −ϵ+− = +1. We can parameterise complexified AdS3 by
the coordinates12

Xαβ =
(

1 −γ
−γ̃ e−2Φ + γγ̃

)
, Xαβ =

(
e−2Φ + γγ̃ γ̃

γ 1

)
. (2.13)

We arrive at the group parameterization of SL(2;C) as

gαβ = |X|−1Xαβ ∈ SL(2;C),

where |X|2 = det(Xαβ) = e−2Φ. The currents are then given by J = −g−1∂g = J+t+ +
J−t− + 2J3t3. This gives rise to a natural metric in which Φ is the radial coordinate and
(γ, γ̃) are coordinates on the boundary [21],

ds2 = 1
2tr

[(
g−1dg

)2]
= dΦ2 + e2Φdγdγ̃.

Note that (X2)α
β := Xαγ(XT )γβ = δα

βe
−2Φ. In practice, it is more helpful to work with the

unnormalised Xαβ , rather than gαβ , since we more clearly see that as we go to the boundary
of AdS3, given by Φ → ∞, we have (X2)α

β = 0. We can define the AdS3 twistors as

ZI =
(
ξα

ηα

)
.

The incidence relation is then

ξα = (XT )αβη
β ,

which defines the relationship between the AdS3 spacetime and its twistor space. At the
boundary, we have the condition X2 = 0 and so

Xαβξβ = (X2)α
βη

β = 0.

Thus the incidence relation on the boundary becomes Xαβξβ = 0, which may be written as

ξ− + γξ+ = 0. (2.14)

Defining the twistor on the boundary CP1 as zα = ξα, we see that this is an incidence
relation for the twistor on the boundary. Moreover, in light of the scaling between ξα and
ηα, it is natural to interpret wα = ηα as the dual twistor for the boundary theory, giving
the identification

ZI =
(
zα

wα

)
∈ CP1 × CP1.

12We adopt notation similar to [19, 22] where an element of Euclidean AdS3 is given by g = (gαβ) =
eγ̃t+e−2Φt3e−γt− , where

t+ =
(

0 1
0 0

)
, t− =

(
0 0
−1 0

)
, t3 = 1

2

(
1 0
0 −1

)
,

satisfying the algebra [t+, t−] = −2t3, [t3, t±] = ±t±.
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Thus we see that ZI , a twistor of AdS3, is simultaneously the ambitwistor of the boundary [42].
Note that the boundary twistors and dual twistors scale in the appropriate way; zα ∼ tzα

and wα ∼ t−1wα. One would then recover different signatures as different real slices on
the corresponding spaces. It is straightforward to include the fermionic variables in a
supertwistor space

ZM =
(
Zm

Wm

)
∈ CP1|2 × CP1|2, where Zm =

(
ξα

ψA

)
, Wm =

(
ηα

χA

)
.

The worldsheet action and stress tensor have simple descriptions in these variables,

S =
∫

d2z WmD̄Z
m + . . . = 1

2

∫
d2z ZMD̄ZM + . . .+, T = 1

2ZM∂ZM + Tσ + Tρ + TC ,

where the ellipses denote contributions from the antiholomorphic, ghost and T 4 sectors. We
raise (lower) supertwistor indices using ΩMN (ΩMN ), where ΩMN is the natural symplectic
form given by the (anti-)commutation relations

[
ZM ,ZN

]
±
= ΩMN .13

The local symmetry Q(z) we encountered in section 2.1 can also be interpreted naturally
in these coordinates as the pull-back of a holomorphic measure along a CP1|2 in the boundary
twistor space. Q has projective weight zero and so we can introduce a non-local operator
given by integrating Q over a CP1|2 in the target superspace. The action of this non-local
operator on a boundary supertwistor wavefunction Ψ(Z) may be written as

−
∮
QΨ = 1

2

∮
DξϵABχ

AχBΨ = 1
2

∮
DξϵAB ∂2

∂ψA∂ψB
Ψ =

∮
DZ Ψ,

where DZ = ϵαβz
βdzαd2ψ is a projective measure on the boundary supertwistor space.14

We see that there is an interpretation of the worldsheet theory as describing the embedding
of a string into supertwistor space. Our starting point was complexified spacetime and
spacetimes of different signatures are recovered by imposing different reality conditions on the
spacetime and twistor spaces. That the natural target space is a complexification from which
a required signature can be recovered is the perspective we take more generally throughout
this paper. Moreover, traditional twistor constructions describe solutions of the spacetime
equations of motion in terms of cohomology representatives on twistor space.15 It would then
perhaps not be too much of a surprise if the k = 1 string considered here turned out to be a
topological string. This has been conjectured in [3, 24] and we shall see further evidence in
section 5.2. It is interesting to note that, with the exception of the Q constraint, the theory
can be described in terms of the bulk twistors ZM . The Q constraint requires additional

13The bosonic part of which is

ΩIJ =
(

0 ϵαβ

ϵαβ 0

)
, ΩIJ =

(
0 ϵαβ

ϵαβ 0

)
.

14Similarly, ∮
RΨ =

∮
DW Ψ,

is an integral over the dual boundary super-ambitwistor space.
15See for example [45, 46].
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structure as only half of the bulk twistor components are used. Thus, a choice must be made
as to whether the constraint is written in terms of boundary twistors or dual twistors (Zm

and Wm respectively). The extra structure needed is provided by the infinity twistor of the
complexified flat spacetime C4 with coordinates Xαβ [46].

2.3.2 Recovering spacetime: the Wakimoto representation

Using the above parameterization (2.13), we can read off the classical left-invariant generators
J = −g−1dg as

J+ = −B, J− = 2γdΦ+ dγ −Bγ2, J3 = dΦ−Bγ, (2.15)

where we have introduced the notation B = e2Φdγ̃ = βdz + β̃dz̄. These currents may be
pulled back to the worldsheet to give a set of left-moving worldsheet currents (similarly for the
right-moving sector). As worldsheet fields, β(z) and γ(z) are commuting holomorphic fields
of weight 1 and 0 respectively and ∂Φ(z) is a free boson of weight 1. In order to reproduce
the correct current algebra of sl(2,R)1, these fields must have the nontrivial OPEs

β(z)γ(w) ∼ 1
(z − w) , ∂Φ(z)∂Φ(w) ∼ 1

2(z − w)2 . (2.16)

There is a normal ordering correction to J−, discussed further below and given by [4]

J− = 2γdΦ− dγ −Bγ2.

Such a realisation of the current algebra has been motivated by the Wakimoto representation
of sl(2,R)1, first studied in [41], but has since been applied to string theory on AdS3 in
order to provide a semi-classical interpretation to the theory (for example, [4, 15, 25]).
It has also been used to construct the boundary CFT [5]. The real utility of this (free
field) Wakimoto representation is that the (quasi-)primary fields describing it have natural
spacetime interpretations.

How can this free field representation be reconciled with the (interacting) non-linear sigma
model on AdS3? The common way this is done in the literature is as follows: we start by
considering the WZW model on Euclidean AdS3 (denoted by H+

3 = SL(2;C)/SU(2)) [21, 22].
The bosonic part of the action in first order form is given by

S = k

4π

∫
d2z (4∂Φ∂̄Φ+ β̃∂γ̃ + β∂̄γ − e−2Φββ̃), (2.17)

where Φ → ∞ is at the boundary of H+
3 and (γ, γ̃) are complex coordinates that represent

coordinates on S2 when we are at large Φ. The equations of motion fix β = e2Φ∂γ̃ and
β̃ = e2Φ∂̄γ. We may add a Fradkin-Tseytlin term, coupling to the dilaton Φ [32, 47], see
appendix C. This gives the revised action [21]

SAdS3 = k

4π

∫
d2z

(
4∂Φ∂̄Φ+ β̃∂γ̃ + β∂̄γ − e−2Φββ̃ − 1

k
RΦ

)
, (2.18)

with R the worldsheet Ricci scalar. We should point out, however, that at the level of the
path integral these two actions are only equivalent if the path integral is dominated by large
Φ contributions [22]. The classical WZW currents associated to SAdS3 are given by [4]

J+ = kβ, J− = −2kγ∂Φ+ kβγ2 − k∂γ, J3 = −k∂Φ+ kβγ.
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Close to the boundary the e−2Φββ̃ term is suppressed and the theory is approximately free
with a chiral current realisation of the AdS3 isometries. These currents can be quantized
to form the current algebra sl(2,R)k+2, given by the OPE relations

β(z)γ(w) ∼ − 1
k(z − w) , ∂Φ(z)∂Φ(w) ∼ − 1

2k(z − w)2 ,

and again we have a normal ordering correction to J− as

J− = −2kγ∂Φ+ kβγ2 − (k + 2)∂γ.

The fact that we have level (k+2) rather than level k is a consequence of working in the first
order formalism. There is an anomaly collected in the change of variables from the AdS3
non-linear sigma model to include β and β̃ — this anomaly shifts the level k 7→ k + 2. It
is immediately apparent that our formal treatment of the k = 1 string realises a “k = −1”
version of this RNS Wakimoto representation in (2.15).

We have seen that, from the commonly held perspective described above, it appears
that the Wakimoto construction is only formally exact in the large radius limit of the theory.
Below, we shall see that for the minimal tension string, the Wakimoto construction plays
a more direct (and possibly complete) role. Specifically, we will see that the OPEs for this
representation will arise in an exact form, not as an approximation in the large Φ limit.
Given that the k = 1 string is most naturally described in twistor variables, one might
anticipate that the adapted variables of the Wakimoto construction provide a more natural
spacetime interpretation in light of (2.13).

2.3.3 Recovering spacetime: Wakimoto from bosonization

To make contact with the Wakimoto representation, it is useful to bosonize the free fields
as in [15]. This gives an explicit way of realising the k = 1 theory in terms of spacetime
physics. For the symplectic bosons, we define

ξ− = −e−ϕ1−iκ1 , η+ = eϕ1∂(eiκ1), ξ+ = eϕ2+iκ2 , η− = e−ϕ2∂(e−iκ2), (2.19)

where
ϕi(z)ϕj(w) ∼ −δij log(z − w), κi(z)κj(w) ∼ −δij log(z − w).

Similarly, for the complex fermions,

χ+ = eiq1 , ψ− = −e−iq1 , ψ+ = eiq2 , χ− = e−iq2 ,

where
qi(z)qj(w) ∼ −δij log(z − w).

We have in some sense extended our theory through this bosonization by introducing the
fields ζ+ = eϕ1+iκ1 and ζ− = e−ϕ2−iκ2 . However, as is noted in [15], these fields can be seen
as a formal trick that do not add additional physical states to the theory.

The embedding maps from the worldsheet to CP1 × CP1, where we think of (ξ+, ξ−)
and (η+, η−) as projective coordinates on each CP1. Before bosonization, we remove a disc
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Dϵ of radius ϵ around a point in the target space and work in a patch. In what follows we
shall choose to work in the chart where ξ+ ̸= 0 (so Dϵ is a disc about the point at which
ξ+ = 0). In doing so, we have chosen here to identify the CP1 with projective coordinates
(ξ+, ξ−) with the boundary CP1 on which the dual conformal field theory is defined. Of
course, it would be entirely equivalent to choose the other CP1, parameterised by (η+, η−),
to be identified with the boundary. This choice exchanges twistors and dual twistors in
the boundary ambitwistor space.

Removing the target space disc Dϵ requires we remove the preimages (under the embedding
map) of this disc on the worldsheet. Let us denote the preimages of the point where ξ+ = 0
by {z∗a}, where a = 1, 2, . . . ,M for some M and the preimages of the disc Dϵ by Da. Thus,
the worldsheet (at genus zero) is CP1 with M discs Da removed. In the bosonized variables
we will need to introduce background charges for κ2 at these points (see below).

One immediate observation that we can make is that the field Q in (2.6) can be rewritten as

Q = eiq1−iq2eΘ∂Σ = −eiq1+ϕ2+iκ2e−iq2+ϕ2+iκ2∂(e−Σ)
= −S+++S+−+∂(e−Σ),

(2.20)

where
Θ = −ϕ1 − iκ1 + ϕ2 + iκ2, Σ = ϕ1 + iκ1 + ϕ2 + iκ2.

The field Σ is projectively invariant under scaling by Z, whilst the field Θ is not. We will
find that (2.20) will be a useful expression for Q in later sections. For our purposes, we want
to adapt this to the hybrid formalism at k = 1. Remarkably, this bosonization allows us
to make contact with the Wakimoto representation and so gives a spacetime interpretation
to the k = 1 string. Consider the fields [15]

β = −eΣ∂(iκ1), γ = e−Σ, ∂Φ = 1
2∂(ϕ1 + ϕ2 + 2iκ2), (2.21)

which satisfy (2.16) and so generate sl(2,R)1 via

J+ = −β, J− = 2γ∂Φ− ∂γ − (γ(βγ)), J3 = ∂Φ− (βγ). (2.22)

We have been explicit here with how the normal ordering is taken in the βγ2 term. Note
that zeroes of ξ+ are necessarily zeroes of β. In a correlation function, we can associate
γ ∼ −ξ−/ξ+ in the patch where ξ+ ̸= 0. As such, we see that β has zeroes and γ has
poles at the removed points.

A comment on background charges. In order to interpret ξ−/ξ+ as a projective
coordinate, we must work in a patch in which ξ+ ̸= 0. As discussed above, we do this by
removing the point corresponding to ξ+ = 0 from the target space. We therefore also need to
excise the pre-images from the worldsheet. We call the preimages z∗a (a = 1, . . . ,M) and so
ξ+(z∗a) = 0. The key point we want to make is that, in the bosonized coordinates, the points
z∗a must carry a background charge for the fields κ2. We shall argue below that placing a κ2-
charged state at z∗a does two things; firstly, it ensures that ξ+(z) → 0 as z → z∗a and secondly,
it gives rise to the conformal anomaly of the radial Wakimoto coordinate Φ (see section 5.2).
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The stress tensor for the bosonized fields is [15]

T = −1
2(∂ϕ1)

2 − 1
2(∂ϕ2)

2 − 1
2(∂κ1)

2 + i

2∂
2κ1 −

1
2(∂κ2)

2 − i

2∂
2κ2.

We see from this that ϕ1 and ϕ2 have no background charge and κ1 and κ2 have equal and
opposite background charges (see appendix C). As we shall explain below, we need only focus
on κ2. This background charge acts as a source for the field κ2 as may be seen in the action

S = 1
2π

∫
d2z

(1
2∂κ2∂̄κ2 −

i

4Rκ2
)
,

with equation of motion □κ2 + i
4R = 0. The background charge means there is a non-trivial

coupling to worldsheet gravity, signifying a conformal anomaly. Following [48], we place
a κ2-charged state

|q⟩ =: eiκ2(z∗a) : |0⟩

at each of the z∗a. It then follows that iκ2 has the behaviour limz→z∗a iκ2(z) ∼ ln(z − z∗a).
This behaviour means that, as claimed, limz→z∗a ξ

+(z) = 0 as follows from the bosonization
of ξ+ (2.19). We can explicitly include such charged states in the path integral by inserting
the non-local operators ∮

dz eiκ2(z), (2.23)

with the contour being taken around z∗a. We will comment briefly on this further in section 6.
To all intents, we can think of the points z∗a as additional punctures in the worldsheet where
a state with one unit of κ2 charge is inserted.

Despite also carrying a background charge, we do not need to add insertions for κ1 in
order to construct correlation functions in the Wakimoto representation. Strictly, to realise
the Wakimoto construction, we only need to bosonize the (ξ+, η−) system and thus κ1 need
not be introduced. The stated realisation of the Wakimoto fields does not live in the “large
Hilbert space” that includes the zero mode of eiκ1 , whilst they do depend on the zero mode
of e−iκ2 . This is why only the background charge for κ2 affects the correlation functions of
Wakimoto fields.16 Φ is charged under κ2 and therefore has a conformal anomaly, so we do
need to take care of the κ2 background charge. Put another way, we identify the κ2 conformal
anomaly as the source of the radial conformal anomaly in the Wakimoto representation and
so we shall place an associated background charge at z∗a.

Given the behaviour of κ2 at z∗a, it is not hard to see that

lim
z→z∗a

∂Φ(z) ∼ 1
z − z∗a

,

whilst β(z) has a simple zero and γ(z) a simple pole as z → z∗a. We shall argue for this
behaviour of ∂Φ(z) once again in section 5.1 but from an alternative perspective, relating
∂Φ(z) to operators that are conformal tensors. Nonetheless, the bosonization gives a clear
way to see why zeroes in β are associated with poles in γ and ∂Φ.

16We could have chosen to work in the opposite chart of ξ− ̸= 0, in which case the roles of κ1 and κ2 would
be exchanged. In particular, we would insert κ1 charges at the points where ξ− = 0. Moreover, if were to
work in the fully bosonized theory (i.e. not using the Wakimoto representation as our defining variables but
the ϕi and κi bosons) then the theory would live most naturally on a cylinder, with charges inserted for both
κ1 and κ2.
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2.4 Connections to the AdS3 sigma model

It is perhaps not surprising that the most natural spacetime interpretation for the theory is
in terms of Wakimoto coordinates. Firstly, we have seen that the twistor geometry has a
clean connection with spacetime in Wakimoto coordinates and the theory is a twistor string
theory of a novel kind. Secondly, the Q constraint commutes with the boundary coordinate
γ(z) but not with the radial coordinate Φ(z), also suggesting the theory naturally treats the
radial coordinate differently from other directions. Thus far, no approximations or limits
have been taken in the construction, yet the OPEs are that of a free theory. This raises
the question of how we should interpret the spacetime theory. In what sense are we able
to make contact with the anticipated non-linear sigma model on AdS3? We explore two
possible explanations for this apparent discrepancy.

Large radius. The first is the perspective presented in section 2.3.2, where it is assumed
that the semi-classical solutions [4, 25] are exact and the worldsheet is in some way pinned
to the boundary. In this picture, the meaningful dynamics are in the boundary directions
since Φ → ∞. In this limit, the Wakimoto action (2.17) is replaced by

S = − 1
4π

∫
d2z

(
4∂Φ∂̄Φ+ β̃∂γ̃ + β∂̄γ

)
, (2.24)

where the interaction term between Φ and β has negligible effect.17 In this picture, the
worldsheet can only probe spacetime in the vicinity of the boundary and one concludes that
it is only in this region in which physical perturbations occur (although there have been
suggestions that in the limit of large spectral flow the interior can be probed [24, 38]). The
large radius description is the perspective that has been largely adopted; however, there is
another possible description of the physics which we describe below.

Free fields with operator insertions. An alternative possibility, and the one that we will
advocate for, follows the construction of [50] (see also chapter 4 of [51]). The starting point is
the WZW action, the two terms of which may be written in the Wakimoto parameterization
with g−1∂g = Jmtm as
1
2

∫
Σ
Tr(g−1dg ∧ ∗g−1dg) =

∫
Σ
dΦ ∧ ∗dΦ+B ∧ ∗dγ, 1

3

∫
V
Tr
(
(g−1dg)3

)
=
∫
Σ
B ∧ dγ

where as in section 2.3.2, B = βdz + β̃dz̄ and ∂V = Σ. The WZW action becomes

SW = − 1
4π

∫
d2z

(
2∂Φ∂̄Φ+ β∂̄γ

)
, (2.25)

and, in contrast to (2.24), β now appears as an independent field, rather than as a Lagrange
multiplier. Notice that β̃ drops out of the classical action (2.25) yet it is still contained in
the path integral measure (so potentially operator insertions can depend on it). Whether
we have β or β̃ appearing in the classical action just depends on which orientation we take
for the WZW term. Correlation functions are naively given by

⟨O(z1) . . .O(zn)⟩ ∼
∫

DΦDβDβ̃Dγ e−SW O(z1) . . .O(zn).

17The central charge of this free theory is c = −3, the same as sl(2,R)1. We also note that the decoupling of
the conjugate β and γ fields is reminiscent of a similar phenomenon in ambitwistor string constructions [49].
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What has this free theory got to do with AdS3? The explicit AdS3 non-linear sigma model
is recovered by imposing the condition that e−2ΦB is single-valued, i.e.

S :=
∮

C
e−2ΦB = 0, (2.26)

for all closed paths C on the worldsheet. These constraints imply that there exists some
scalar γ̃, such that e−2ΦB = dγ̃. We shall assume that this constraint is trivial everywhere on
the worldsheet, except when C is a boundary of one of the M removed discs Da — we will
denote such constraints by Sa.18 The condition is non-trivial at these points since (focusing
on the holomorphic sector) they correspond to where β = 0 whilst e−2Φ simultaneously
diverges at these points.

If we were to impose the constraint e−2ΦB = dγ̃, the action becomes the familiar
non-linear sigma model

SAdS3 = − 1
4π

∫
d2z

(
2∂Φ∂̄Φ+ e2Φ∂γ̃∂̄γ

)
.

The equivalence to the standard WZW model demonstrates that the theory is non-chiral
throughout. More precisely, in passing from the NLSM to the WZW model the change of
variables from γ̃ to B requires a Jacobian det(e2Φd) in the functional integral, which can
be incorporated into the action (2.25) as an anomaly term

ŜW = − 1
4π

∫
d2z

(
4∂Φ∂̄Φ+ β∂̄γ +ΦR

)
, (2.27)

where R is the worldsheet Ricci scalar. The change of variables only makes sense on those
points where B ̸= 0 and so the Jacobian is only defined away from those points (which
have been removed).

The delta functions that constrain B are

δ2
( ∮

e−2ΦB
)
= δ

( ∮
e−2Φβ

)
δ
( ∮

e−2Φβ̃
)
.

Following [50], we claim then that the Wakimoto theory requires the constraint (2.26) and
correlation functions are calculated by19

∫
DΦDβDβ̃Dγ e−ŜW [β,γ,Φ]

N∏
a=1

δ
( ∮

Ca

e−2Φβ
)
δ
( ∮

Ca

e−2Φβ̃
) n∏

i=1
Oi(Φ, β, β̃, γ) (2.28)

18It is clearly sufficient to apply these constraints to the non-contractible cycles. We have not explicitly
computed correlation functions so cannot comment on the higher genus case precisely. However, one finds S = 0
around the insertion points of (spectrally flowed) highest weight states, by computing the OPE with (3.10). The
only remaining non-contractible cycles (at genus zero) are about {z∗a}, which are removed from the worldsheet
to study the theory in the given chart ξ+ ̸= 0. As in [52], to return to the full worldsheet and not merely a
chart, we must introduce fictitious vertex operators at these points — the “secret representations” below.

19One can show that

J+(z)β(w)e−2Φ(w) ∼ 0, J3(z)β(w)e−2Φ(w) ∼ 0, J−(z)β(w)e−2Φ(w) ∼ ∂

∂w

(
e−2Φ(w)

z − w

)
,

such that S is invariant under Ja(z).
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where the contours Ca surround the points z∗a. Prescriptions for how to deal with such
delta-function insertions for general k may be found in [50]. We shall comment on how
this might simplify for k = 1 in section 6. We expect that these insertions play the role of
the “secret representations” of [4, 53] (see also [54, 55] and [52] for related ideas). In [53],
additional operators are inserted into the path integral which ensure β(z) = −J+(z) has
zero modes when z = z∗a. The delta function insertions in (2.28) play a similar role and
the discussion in [53] has some parallels with our discussion in section 5.2. An important
difference is that the insertions in (2.28) are SL(2) invariant, whereas the insertions in [53]
transform non-trivially under J−. We note also that the δ(S) insertions fulfill the role of
background charges discussed around equation (2.23) above.

The fact that this description is not restricted to a semi-classical limit will be an important
point and will allow us to explain the somewhat unreasonable effectiveness of the Wakimoto
representation in the literature. We should emphasise that, whilst the action ŜW may appear
to describe a chiral theory, the insertions δ2(Sa) encode information about the antiholomorphic
sector. They also prevent γ from being a globally holomorphic function on the worldsheet,
as we will see in section 5.2.

3 The spectrum

In this section, we will discuss the spectrum of minimal tension strings on AdS3 × S3 × T 4

at the level of detail required for the current work. This section will draw heavily on the
existing literature and will not contain novel results.20 There is, however, a slight difference
in the interpretation of the b-ghost insertions in section 3.3 compared to the literature, where
we view them as screening operators for U0.

3.1 Physical states

Usually, a theory of strings on AdS3 (for generic k) would include both discrete and continuous
representations [3, 18]. Classically, these correspond to bound states and scattering states,
respectively. They are each parameterised by the sl(2,R)-spin j, which is real and positive for
the discrete representations, whilst j = 1

2 + is for real s ≥ 0 for the continuous representations.
It is the continuous representations that are of interest for the current work and we denote
these by C

j
λ, where λ is the fractional part of the J3

0 eigenvalue.
These sl(2,R) representations should of course sit in a larger multiplet for psu(1, 1|2).

However, in the minimal tension limit of k = 1, there is a shortening of the spectrum
such that the only unitary representations of psu(1, 1|2) that are allowed for the affine Lie
superalgebra psu(1, 1|2)1 take the form [3]

(C
1
2
λ ,2)

(C1
λ+ 1

2
,1) (C0

λ+ 1
2
,1)

(3.1)

where we denote n-dimensional representations of su(2) by n and the supercharges SαA±
0

move between the representations. Since the top sl(2,R) representation has j = 1
2 , we refer

to this multiplet as the “j = 1
2 solution”, which lies at the bottom of the continuum of states.

20A detailed discussion of the spectrum is given in [3], including an explanation of the spectral flow
automorphism of the current algebra, denoted by σ. This must be included in any unitary theory of strings on
AdS3 [18]. A discussion of the theory’s DDF operators can be found in [15].
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Other than the vacuum representation, this provides the only highest weight representa-
tion of the k = 1 string. Focusing on the top representation, its highest weight states |m1,m2⟩
come from the R-sector of the theory and are labelled by quantum numbers m1,m2 given by

J3
0 |m1,m2⟩ = (m1 +m2)|m1,m2⟩, U0|m1,m2⟩ = (m1 −m2 − 1/2)|m1,m2⟩.

The spin is defined by j = m1 −m2, so m1 −m2 = 1
2 will form a physical state condition.21

In terms of the free fields, such states satisfy

ξ±r |m1,m2⟩ = η±r |m1,m2⟩ = 0,

for all r ≥ 1, whilst the action of the zero modes is given by

ξ+0 |m1,m2⟩ = |m1,m2 + 1/2⟩, η+0 |m1,m2⟩ = 2m1|m1 + 1/2,m2⟩,

ξ−0 |m1,m2⟩ = −|m1 − 1/2,m2⟩, η−0 |m1,m2⟩ = −2m2|m1,m2 − 1/2⟩.

Likewise, for the fermionic modes, we have that

F+
r |m1,m2⟩ = 0 for all r ≥ 0, F−

r |m1,m2⟩ = 0 for all r ≥ 1,

where F is either ψ or χ. This means that ψ−
0 and χ−

0 are creation modes.
The physical spectrum also includes the spectrally flowed representations of (3.1). We

can define the action of this spectral flow automorphism σ by [7]

σ(ξ±r ) = ξ±r∓1/2, σ(η±r ) = η±r∓1/2, σ(ψ±
r ) = ψ±

r±1/2, σ(χ±
r ) = χ±

r±1/2.

States in the w-spectrally flowed representation are denoted by [|m1,m2⟩]σ
w , on which an

operator Ar acts as

Ar[|m1,m2⟩]σ
w ≡ [σw(Ar)|m1,m2⟩]σ

w
.

Because we are working with the free field realisation, which realises the full u(1, 1|2)1 algebra
before the quotient in (2.5), there exists a second spectral flow automorphism, denoted by
σ̂. Whilst σ acts non-trivially only on psu(1, 1|2)1 ⊂ u(1, 1|2)1 which is the physical part
of the theory we care about, the automorphism σ̂ acts non-trivially on the U(1) charges
U and V . To be explicit,

σ̂(ξ±r ) = ξ±r+1/2, σ̂(η±r ) = η±r−1/2, σ̂(ψ±
r ) = ψ±

r−1/2, σ̂(χ±
r ) = χ±

r+1/2. (3.2)

Spectrally flowed representations are generically not highest weight, yet it turns out
that the σ̂2-spectrally flowed representation is the vacuum representation with respect to
psu(1, 1|2)1 [7]. The vacuum state |0⟩(1) = [ψ+

−3/2ψ
−
−3/2ψ

+
−1/2ψ

−
−1/2|0⟩]

σ̂2 has a Y0 eigenvalue
of 2, in contrast to the vacuum of the unflowed representation which has a Y0 eigenvalue of 0.
This is because of the non-trivial action of σ̂ on the two U(1) charges. We denote the vertex
operator corresponding to the σ̂2 vacuum by W (z) and this will be useful later in section 3.3
for fixing the picture number of Y in physical correlation functions.

21In section 3.3, we will choose to work in a picture where Y0 = 0, such that upon setting Z0 = 0, we
have U0 = V0 = 0.
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A natural way to generate the full spectrum of physical states is to begin with the states
in the string theory that correspond to the ground states in the dual CFT. In particular,
the w-spectrally flowed sector of the string theory gives rise to the w-twisted sector of the
CFT [7]. For odd w, the w-twisted ground states correspond to [|Φw⟩]σ

w ,22 where

|Φw⟩ = χ−
−w−1

2
ψ−
−w−1

2
· · ·χ−

−1ψ
−
−1χ

−
0 ψ

−
0 |m1,m2⟩, (3.3)

and
m1 +m2 = −w

2 + 1
4w , m1 −m2 =

1
2 . (3.4)

For even w, the ground state is degenerate and is comprised of two states that transform
as an su(2) doublet. They are [|Φ±

w⟩]σ
w , where

|Φ+
w⟩ = χ−

−w
2 +1ψ

−
−w

2 +1 · · ·χ
−
−1ψ

−
−1χ

−
0 ψ

−
0 |m1,m2⟩,

|Φ−
w⟩ = χ−

−w
2
ψ−
−w

2
· · ·χ−

−1ψ
−
−1χ

−
0 ψ

−
0 |m1,m2⟩,

(3.5)

and
m1 +m2 = −w4 , m1 −m2 =

1
2 . (3.6)

As explained in [15], the full single particle CFT spectrum can then be generated through
applications of DDF operators (the spectrum generating algebra) to the states [|Φw⟩]σ

w

and [|Φ±
w⟩]σ

w . We will assume in this work that the DDF operators of [15] also generate
the entire physical Hilbert space of the worldsheet CFT (formally, it has only been shown
that they provide a lower bound on the spectrum). The conventions for the generators of
the N = 4 topological algebra of [15] differ to our conventions in (2.10) and (2.11) by a
similarity transformations. Therefore, the DDF operators in our conventions are a similarity
transformation of

∂X̄ j
n =

∮
dz ∂X̄je−nΣ, ∂X j

n =
∮

dz e−nΣ
[
∂Xj + neρ−Θ+iHj

ψ+ψ−
]
,

ΨA,j
r =

∮
dz ψAeϕ1+iκ1e−(r+ 1

2)Σeρ+iHj
,

(3.7)

where A ∈ {±} and j ∈ {1, 2}. These are the DDF operators of the free bosons and free
fermions of T 4, where ∂Xj , ∂X̄j and Hj refer to the compact T 4 variables as in (2.11). The
DDF operators for the barred bosons have been given in picture P = 0 and the free fermions
in picture P = −1, whilst the unbarred bosons have no definite picture.

3.2 Vertex operators

We introduce the vertex operators V̂ w
m1,m2(x, z) where x and z are boundary and worldsheet

coordinates respectively. We would like to find the vertex operators that correspond to the
ground states [|Φw⟩]σ

w and [|Φ±
w⟩]σ

w i.e. vertex operators that satisfy

V̂ w
m1,m2(0; 0)|0⟩ = [|Φw⟩]σ

w for odd w,

V̂ w ±
m1,m2 (0; 0)|0⟩ = [|Φ±

w⟩]σ
w for even w.

(3.8)

22We are working in picture P = −2, so the full physical state is really [|Φw⟩]σ
w

e2ρ+iσ+iH .
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We add x- and z-dependence through conjugation, e.g. for odd w,

V̂ w
m1,m2(x; z) = ezL−1exJ+

0 V̂ w
m1,m2(0; 0)e

−xJ+
0 e−zL−1 ,

since L−1 and J+
0 act as translation operators on the worldsheet and boundary, respectively.

In later sections, we will often suppress the {±} labels for the even w case, so that V̂ w
m1,m2

refers to a generic vertex operator associated to a twisted sector ground state.23

We can deduce the OPE structure of these vertex operators with the free fields using
the action of their modes on the ground states. For example,

ξ±(z)[|Φw⟩]σ
w =

∑
r≤±w/2

[ξ±r∓w/2|Φw⟩]σ
w
z−r−1/2, (3.9)

which implies that ξ±(z)V̂ w
m1,m2(xi; zi) = O

(
(z − zi)

∓w−1
2
)
. Similarly, one finds that

ξ±(z)V̂ w A
m1,m2 (xi; zi) = O

(
(z − zi)

∓w−1
2
)

for even w and A ∈ {±}.
It was observed in [15] that the vertex operator

V w
m1,m2(0; z) = exp

[
fw

m1,m2(z)
]
, (3.10)

where

fw
m1,m2(z) =

(
2m1 +

w − 1
2

)
ϕ1 + 2m1iκ1 +

(
2m2 +

w + 1
2

)
ϕ2 + 2m2iκ2,

correctly reproduces this OPE structure with the symplectic bosons, where ϕi and κi are
the bosonized fields given in (2.19). All that remains is to consider the OPE structure with
the fermionic free fields F±.24

For the odd w case, we take r ∈ Z + 1/2 and the state [|Φw⟩]σ
w satisfies

F±
r [|Φw⟩]σ

w = [F±
r±w/2|Φw⟩]σ

w = 0, for all r ≥ 1/2.

This implies the OPE F±(z)V̂ w
m1,m2(xi; zi) = O(1). This is precisely the behaviour of F±

with the vertex operator V w
m1,m2 of (3.10). Therefore, in the case of odd w, we have the

relationship between states and operators as

V w
m1,m2(x; z) ↔ [|Φw⟩]σ

w
, (3.11)

where m1 and m2 satisfy the constraints in (3.4). Unfortunately, the even w case is not quite
as simple. Consider r ∈ Z, such that the states [|Φ±

w⟩]σ
w satisfy

F+
r [|Φ+

w⟩]σ
w = [F+

r+w/2|Φ
+
w⟩]σ

w = 0, for all r ≥ 0,

F−
r [|Φ+

w⟩]σ
w = [F−

r−w/2|Φ
+
w⟩]σ

w = 0, for all r ≥ 1,

F+
r [|Φ−

w⟩]σ
w = [F+

r+w/2|Φ
−
w⟩]σ

w = 0, for all r ≥ 1,

F−
r [|Φ−

w⟩]σ
w = [F−

r−w/2|Φ
−
w⟩]σ

w = 0, for all r ≥ 0.

23Since J+ and J3 do not commute, V̂ w
m1,m2 (x; z) has definite values for x and j = m1 −m2 but is not a

state of definite m = m1 +m2.
24We thank Kiarash Naderi for pointing this out to us.
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This OPE behaviour corresponds to [15]

e±
1
2 (iq1+iq2)V w

m1,m2(x; z) ↔ [|Φ±
w⟩]σ

w
, (3.12)

where this time m1 and m2 satisfy (3.6).

3.3 Physical correlation functions

At present, a full discussion of the structure of physical correlation functions of the k = 1
string requires studying the theory as an N = 4 topological string [23, 31]. We highlight
in this section the key results of this approach.25 We will focus on the insertion of twisted
sector ground states in picture P = −2,

Ψi = V̂ wi

mi
1,mi

2
e2ρ+iσ+iH , (3.13)

for i = 1, . . . , n where we take wi to be either odd or even. We expect that it is possible to
motivate the form of these correlators in purely twistorial terms, without reference to the
hybrid formalism and we hope to return to this elsewhere.

The first novel feature of hybrid correlators as compared with the usual RNS string is
the presence of two candidate b-ghosts, given by G− and G̃− in (2.10). This is of course a
consequence of the two BRST operators in the N = 4 topological string, where

G+
0 G

− = G̃+
0 G̃

− = T.

Physical correlation functions require an appropriate combination of these b-ghosts combined
with Beltrami differentials {µI} for I = 1, . . . , dim(Mg,n) to construct a measure over Mg,n,
the moduli space of n-punctured, genus g Riemann surfaces [56]. G− = e−iσ +G−

C contains
the usual b-ghost of the RNS string, whilst

G̃− = e−2ρ−iσ−iHQ− e−ρ−iHT − e−ρ−iσG̃−
C ,

appears to complicate the measure on Mg,n. Whenever

b̃(µI) :=
∫
Σ
d2z G̃−(z)µI(z), (3.14)

is inserted inside a physical correlation function, the only term that contributes is the piece
involving the field Q(z). The analogous statement is also true for G−(z), where only the
term containing b(z) contributes. We will take a slight liberty in notation to define

Q(µI) :=
∫
Σ
d2z e−2ρ(z)−iσ(z)−iH(z)Q(z)µI(z).

The number of insertions of each b-ghost can be determined from the ghost charge. The
result is that (g − 1) copies of b(µI) and (n+ 2g − 2) copies of Q(µI) should be inserted, as
explained in appendix B. We will implicitly assume this is the case in what follows.26

25Further details may be found in appendix B.
26Whilst our focus will be on the ground states here, we note that the generalisation to include the DDF

operators of [15] is not straightforward as they have non-trivial ghost dependence. We comment further on
this in appendix B.
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The states V̂ w
m1,m2 are specified by the free field realisation of psu(1, 1|2)1. In performing

the quotient of (2.5), we explicitly gauged away Z but found that a second U(1) current Y
decoupled from the theory. We treat Y0 as a picture and only consider physical correlators
that have an overall vanishing Y0 eigenvalue. By requiring that j = 1

2 for all of the physical
state insertions, they satisfy Y0 = 0 already. However, the Q(µI) insertions are charged
under Y0 since

[U0,Q(µI)] = −Q(µI), [V0,Q(µI)] = Q(µI),

leading to a Y0 charge of −2 for each Q insertion. We must cancel this by inserting (n+2g−2)
copies of the σ̂2-spectrally flowed vacuum state W (uα) [7]. We note in passing that it is
natural to pair up one W (uα) with each of the (n + 2g − 2) Q(µI) and think of them as
part of the measure. This means that a generic physical correlation function for the twisted
sector ground states in the free field realisation is given by〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉
,

where an integral over Mg,n, with appropriate measure, is implicit.
The spins of the physical states here all satisfy ji = 1

2 , as expected in the minimal tension
limit where only the bottom of the continuum survives. In [4, 6], it was observed for the
sl(2,R)k+2 WZW model in the RNS formalism that the spins must satisfy the constraint

n∑
i=1

ji =
k + 2
2 (n+ 2g − 2)− (n+ 3g − 3),

in order for a localising solution to covering maps to exist. At level k + 2 = 3, this was
indeed satisfied by ji = 1

2 for all i. However, as discussed above, this approach is not
well-defined in the k = 1 limit and we should instead apply the hybrid formalism which
contains a sl(2,R)1 ⊂ psu(1, 1|2)1 current algebra. Therefore, we need to impose the above
constraint at level k + 2 = 1 [7]

n∑
i=1

ji =
n

2 − (n− 2 + 2g), (3.15)

for non-vanishing correlation functions. This appears to be at odds with ji = 1
2 for all i,

however one can interpret each Q(µI) insertion as carrying a spin of j = −1. This is because,
when acting upon the vertex operators V̂ wi

mi
1,mi

2
, the operator U0 determines m1 −m2, and

Q(µI) carries a U0 charge of −1. This means that the constraint (3.15) is indeed satisfied
if we extend it to include the spins of the N = 4 generators (in essence, we view the Q(µI)
as screening operators for U0). It is the presence of an additional b-ghost in the hybrid
formalism’s N = 4 topological algebra that makes this possible.

4 Q = 0 and covering map localisation

We provide in this section a discussion of the localisation of physical correlation functions to
points in moduli space where a covering map exists. In particular, we explain in section 4.2
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how the gauge constraint associated to Q(z) implies an efficient method for deriving the
localisation, which is equivalent to the incidence relation proposed in [7, 9]. We construct the
proof of localisation in section 4.3 and this technical section can be skipped on a first reading.
We also provide classical intuition for the localisation in section 4.4 by taking advantage
of the restriction of the physical spectrum at k = 1.

4.1 Covering maps

The correlation functions of the symmetric product orbifold SymN (T 4) may be described by
covering maps [57, 58] and hence, if the AdS/CFT duality is to hold true, we should expect
the dual string theory correlation functions to also be described in this way.

We define a branched covering map Γ : Σg → CP1 where Σg is a genus g Riemann surface
in the following way [6]. For i = 1, . . . , n, let zi be coordinates on Σg, xi be coordinates on
CP1 and wi ∈ N be ramification indices. Then Γ is a holomorphic map that satisfies:

1. Γ(zi) = xi for all i.

2. Γ(z) = xi + aΓi (z − zi)wi +O((z − zi)wi+1) as z → zi for some constant aΓi , such that zi

is a ramification point of order wi.

3. Γ(z) has no other critical points.

The degree NΓ of Γ is defined as the number of preimages of each non-ramification point
x ∈ CP1 i.e. the number of times the worldsheet covers the boundary. It is given by the
Riemann-Hurwitz formula

NΓ = 1− g + 1
2

n∑
i=1

(wi − 1). (4.1)

Before we consider the AdS/CFT duality, the CFT knows nothing about the string
theory a priori. Hence, Σg is just some Riemann surface without physical interpretation
from the perspective of the CFT. It is known as the covering surface, since the map
Γ : Σg → CP1 covers the boundary on which the CFT lives.

We would now like to take the alternative perspective and consider the correlation
functions of the string theory. As will be proven in section 4.3, these correlation functions
are also described through covering maps, since they are localised to points in moduli space
where a covering map exists. Interestingly, the Riemann surface Σg in this context will
now be interpreted as the worldsheet of the string theory, with vertex operators inserted
on the worldsheet [26]. Combining the two perspectives, the covering map provides a
manifest construction to relate string theory observables inserted on the worldsheet to CFT
observables inserted on the boundary.

This identification of the Riemann surface Σg as the worldsheet is what makes a covering
map localisation possible. The definition of the covering map given above, based on the
data {xi, wi, zi}, is an overconstrained system [6, 7]. The complex dimension of the space of
possible covering maps for the n-punctured genus g Riemann surface Σg,n based off the data
{xi, wi, zi} is 3− 3g − n. This is generically negative and so a covering map need not exist.
However, we notice that this is − dim(Mg,n) and so one would expect that an integral over
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moduli space will increase this dimension back to zero, giving rise to a discrete set of covering
maps. This makes intuitive sense in the context of string theory correlators: consider the
genus g = 0 case, whilst {xi, wi : i = 1, . . . , n} and {zi : i = 1, 2, 3} are physical, the remaining
zi are not physical as they break diffeomorphism invariance. The significance of this is that
our localisation in section 4.3 will include a sum over the discrete set of possible covering maps.

4.2 The Q = 0 constraint

Consider a ground state in the w-twisted sector for odd w, [|Φw⟩]σ
w . We saw in (2.8) that

such a state, if physical, must satisfy Qn[|Φw⟩]σ
w = 0 for all n ≥ 0. Q is a weight 3 gauge

field, so in vertex operator language, this translates to

Q(z)V w
m1,m2(xi; zi) = O((z − zi)−2),

where we recall the relationship between [|Φw⟩]σ
w and V w

m1,m2 (3.11). We can, however,
determine precisely what the OPE of any of the free fields with this vertex operator is purely
from the representation theory [7], as we did with ξα(z) in (3.9). Strictly speaking, we do not
need to work at the level of the free field realisation and only need the OPE of the supercurrents
with V w

m1,m2 , the spectrally flowed highest weight states. To be explicit for our purposes here,

ξ+(z)[|Φw⟩]σ
w =

∑
r∈Z+1/2

z−r−1/2ξ+r [|Φw⟩]σ
w = z−

w+1
2
[
|Φ̃w⟩

]σw

+O(z−
w−1
2 ),

χ±(z)[|Φw⟩]σ
w =

∑
r∈Z+1/2

z−r−1/2χ±
r [|Φw⟩]σ

w =
[
χ±
− 1

2±
w
2
|Φw⟩

]σw

+O(z),

where
|Φ̃w⟩ = χ−

−w−1
2
ψ−
−w−1

2
· · ·χ−

−1ψ
−
−1χ

−
0 ψ

−
0 |m1,m2 + 1/2⟩.

Therefore, recalling (2.4), we deduce that

S+++S+−+(z)V w
m1,m2(xi; zi) ∼ O((z − zi)−w−1). (4.2)

It is not hard to adapt this result for the even w case. Using (3.12), one can simply check that

χ+χ−(z)[|Φ±
w⟩]σ

w ∼ O(1),

whilst the OPE with ξ+(z) is once again of order O(z−w+1
2 ). The result analogous to (4.2)

then follows.
However, we noted in (2.20) that Q = −S+++S+−+∂(e−Σ) and the three terms in this

normal ordered expression all commute with one another. Hence, if [|Φw⟩]σ
w really is to

be a physical state, it must be that

∂(e−Σ)(z)V w
m1,m2(xi; zi) ∼ O((z − zi)w−1),

such that Q(z)V w
m1,m2(xi; zi) ∼ O((z − zi)−2) overall. But this is precisely the condition

required for the covering map: it may be integrated to give

e−Σ(z)V w
m1,m2(xi; zi) = constant +O((z − zi)w). (4.3)
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In other words, the Q = 0 constraint suggests that inserting e−Σ inside a physical correlation
function of ground states will generate a covering map localisation. We will do this explicitly
in section 4.3.

Moreover, an arbitrary physical state is in the linear span of twisted sector ground states
that have been acted on by a string of DDF operators, which are a similarity transformation
of (3.7). Yet, e−Σ commutes with all of these DDF operators and as a result, if we act on a
physical state with e−Σ, the OPE with the ground states will reproduce (4.3). The covering
map localisation will then extend to all physical correlation functions.

It is fascinating that this covering map localisation can be seen from the Q = 0 constraint,
combined with knowledge of the highest weight states and spectral flow. Importantly, Q = 0
removes the half of the global supersymmetries which do not commute with e−Σ. This
appears to be necessary for localisation. Moreover, the Q = 0 constraint provides a precise
motivation for the incidence relation of [7, 9], as we will discuss in the next subsection, and
also provides a more efficient method for deriving the localisation directly in spacetime,
without appealing to incidence relations in the twistor space.

4.3 An alternative proof of the localisation

We will now explicitly construct our proof of the covering map localisation. This has been
proven before using an incidence relation [7, 9]. We will comment later on the equivalence of
these two proofs, and will indeed use the equivalence for the final step.27 Aside from the final
step, this derivation of the localisation will be more succinct than the literature. It also directly
writes the covering map formula in terms of AdS3 coordinates, namely γ(z) = e−Σ(z) from the
Wakimoto representation, rather than the coordinates of its twistor space ξ±(z). For different
reasons, it has been suggested before in [4, 14] that inserting the Wakimoto coordinate γ(z)
should lead to the covering map, but this was only verified up to first sub-leading order.

Let’s first analyse the OPE structure of e−Σ. It is a simple exercise to show that

e−xJ+
0 e−ΣexJ+

0 = e−Σ + x.

This allows us to compute the OPE with twisted sector ground states as

e−Σ(z)V̂ wi

mi
1,mi

2
(xi; zi) = exiJ

+
0 (e−Σ(z) + xi)V̂ wi

mi
1,mi

2
(0; zi)e−xiJ

+
0

= xiV̂
wi

mi
1,mi

2
(xi; zi)

+ (z − zi)wiexiJ
+
0 exp

[
−Σ(z) + fwi

mi
1,mi

2
(zi)

]
e−xiJ

+
0

= xiV̂
wi

mi
1,mi

2
(xi; zi) + (z − zi)wi V̂ wi

mi
1−1/2,mi

2−1/2(xi; zi)

+O((z − zi)wi+1),

(4.4)

where we use the formula (3.10) and we see that our intuition for (4.3) was correct. Note
that the prefactor of e± 1

2 (iq1+iq2) in V̂ w
m1,m2 for even w has a trivial OPE with e−Σ so plays

27The methods developed in section 5 suggest that it is possible to include secret representations that would
complete our proof using e−Σ more efficiently. In particular, it should not be necessary to refer to the incidence
relation to check for the number of poles in the covering map, as is done in appendix D.

– 27 –



J
H
E
P
0
4
(
2
0
2
4
)
0
4
8

no role. This OPE is not specific to any choice of m1 or m2, meaning it works equally well
whether we impose (3.4) or (3.6).

Hence, if we insert e−Σ(z) inside a correlator and take the limit z → zk,〈
e−Σ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 = xk + ak(z − zk)wk +O((z − zk)wk+1),

where

ak =

〈∏n−2+2g
α=1 W (uα)

∏
i ̸=k V̂

wi

mi
1,mi

2
(xi; zi)V̂ wk

mk
1−1/2,mk

2−1/2(xk; zk)
〉

〈∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi)

〉 . (4.5)

The shift in the values of mk
1 and mk

2 is such that the constraint (3.15) is preserved, meaning
that the numerator is generically non-zero. In other words, whenever the physical corre-
lation function of twisted sector ground states

〈∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi)

〉
̸= 0,

we may define

Γ̂(z) =

〈
e−Σ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 , (4.6)

which is a map Γ̂ : Σg → CP1. This is because z is a worldsheet coordinate and xk a
coordinate on the Riemann sphere. Moreover, Γ̂ has the correct behaviour near the insertion
points zi for it to define a covering map. All that remains to be proven is that it has no
further critical points, which we will assume for now but is shown explicitly in appendix D.
Using the known OPE structure of e−Σ(z), we could in principle find expressions for all higher
order coefficients in the Taylor series of Γ̂ as it approaches any of the insertion points.

Reversing the logic above, if a covering map does not exist, then we must have that〈∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi)

〉
= 0, implying a localisation to points in moduli space

where a covering map exists. It is worth noting that we have not strictly proven the converse
of this statement: if we are at a point in moduli space such that a covering map exists, it is
not guaranteed that the correlation function will be non-zero, even if we expect it to be for
non-trivial physics. We will highlight implications of this caveat below.

The correlation function is therefore localised to the set of points on Mg,n where the
covering map Γ̂ of (4.6) exists. To be concise, we will denote correlation functions (before
the integral over moduli space) by

D({xi, wi, zi}) =
〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉
,

which has support only on the points in moduli space where a covering map exists. Moreover,
we must have that ∫

Mg,n

D({xi, wi, zi}) =
∑
Γ
CΓ, (4.7)
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where CΓ are ordinary functions of the corresponding fixed points in moduli space and
{xi, wi,m

i
1,m

i
2}, since the integrand can only be non-zero at the discrete points in moduli

space where a covering map Γ exists. The CΓ do not depend on the insertion points {uα},
since these correspond to the (σ̂2-spectrally flowed) vacuum [7].

Under the assumption that the CΓ in (4.7) are non-zero, the above properties are sufficient
to show that this distribution precisely satisfies the sampling property of the delta function,
by integrating against a test function that is a continuous function of the moduli. Such
localization in Mg,n is common in twistor string theory [49, 59]. We deduce that〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉
=
∑
Γ
C̃Γ

n−3+3g∏
I=1

δ
(
fΓI

)
, (4.8)

where the {fΓI } are the constraints that pick out each of the covering maps in moduli
space [6, 9] and we acknowledge the possibility of non-trivial Jacobians from the delta
functions by changing from CΓ to C̃Γ. It is understood that the proposed equality (4.8)
holds in the context of the moduli space integral of (4.7). Of course, whilst the case CΓ = 0
does not give rise to the sampling property, one expects CΓ ̸= 0 for non-trivial physics —
we note that this has not been proven here or elsewhere in the literature to our knowledge.
Finally, to maintain the full generality of the solution (4.8), we should consider the solution
as an equivalence class of distributions, where two distributions are equivalent if they differ
only on a set of measure zero and by a finite amount at these points. This is why the
possibility of D({xi, wi, zi}) being finite but non-zero at points where a covering map exists
is contained in (4.8).

Our insertion of the operator e−Σ even allows for a quick method to derive the recursion
relation of [7, 9], which provides a constraint on the dependence of CΓ on the parame-
ters {mi

1,m
i
2}. In the Taylor expansion of Γ̂(z) near an insertion point zk, we learnt in

equation (4.5) that

ak =

〈∏n−2+2g
α=1 W (uα)

∏
i ̸=k V̂

wi

mi
1,mi

2
(xi; zi)V̂ wk

mk
1−1/2,mk

2−1/2(xk; zk)
〉

〈∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi)

〉 ,

is the coefficient of the first non-vanishing term after the constant. This coefficient is a
property of the covering map, so is determined by the data {xi, wi, zi} and is therefore
independent of {mi

1,m
i
2}. This means we can apply this formula recursively to deduce〈 n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉

= 1
(ak)s

〈n−2+2g∏
α=1

W (uα)
∏
i ̸=k

V̂ wi

mi
1,mi

2
(xi; zi)V̂ wk

mk
1−s/2,mk

2−s/2

〉
,

for any integer s. Defining hi = mi
1 +mi

2 + wi/2, this leads to our final result〈n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
=
∑
Γ
WΓ

n∏
i=1

(
aΓi

)−hi
n−3+3g∏

I=1
δ(fΓI ), (4.9)
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where WΓ are undetermined ordinary functions of the fixed points in moduli space for the
covering map Γ and {xi, wi}.28 The constants aΓi are precisely those given by (4.5), except
that we also acknowledge precisely where we are in moduli space by labelling them with
the corresponding covering map.

As was mentioned earlier, this localisation to covering maps (4.9) was previously argued
using the following incidence relation: whenever a covering map exists, it is shown in [7] that〈

(ξ−(z) + Γ̃(z)ξ+(z))
n−2∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
= 0. (4.10)

In other words, provided the physical correlator is non-vanishing, they define a covering
map via

Γ̃(z) = −

〈
ξ−(z)∏n−2

α=1W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈
ξ+(z)∏n−2

α=1W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 . (4.11)

The data {xi, wi} that define the two covering maps Γ̃ and Γ̂ are the same and so, if the {zi}
are such that a covering map exists, we anticipate an equivalence of definitions between (4.6)
and (4.11) such that Γ̃ = Γ̂ in the discrete set of covering maps. As such, we will often
drop the labels and refer to the covering map simply as Γ unless we want to emphasise
the definition. This equivalence can be seen from considering the bosonization of the free
fields (2.19), where ξ− = −e−ϕ1−iκ1 and we interpret ζ− = e−ϕ2−iκ2 as a formal expression
that inverts ξ+ = eϕ2+iκ2 [15],

ξ+ζ− = 1. (4.12)

It then becomes clear that Γ̃(z) = Γ̂(z) from e−Σ = −ξ−ζ−. We therefore deduce that
our proof using e−Σ is morally equivalent to that given in the literature, but in practice,
could be considered more efficient.29

The equivalence of Γ̂ and Γ̃ reveals something deeper about the pole structure of the
covering map, since we know that it must contain NΓ = deg Γ poles. Without loss of generality,
we can take all of the Γ(zi) = xi to be finite. Moreover, it is shown in appendix D that the
covering map is also finite at {uα}. If we define

ω±(z) =
〈
ξ±(z)

n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
, (4.13)

then we know that the poles in ω±(z) can only exist at insertion points (as a consequence of
Wick’s theorem) but these are not poles in Γ. This means that the poles of Γ̃ can only exist

28There is no dependence on {ji} since these all take the value of ji = 1
2 .

29It might be possible to explicitly derive the equivalence of these two covering map definitions using the
techniques of section 5.1. To do so, one could realise sl(2,R)1 ⊕ u(1) using the fields (β, γ, ξ+, η̃−), where
η̃− = −e−ϕ2−iκ2∂(ϕ1 + 1

2ϕ2 + 3
2 iκ2), before deriving Fγξ+ = FγFξ+ . The equivalence of definitions then

immediately follows from γξ+ = −ξ−. We are yet to verify the factorisation of the path integral, explicitly
checking the Jacobian from the change of basis and how the vertex operators factorise into pieces that depend
independently on γ and ξ+.
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at the zeroes of ω+(z) for z ∈ Σg/{zi, uα : i = 1, 2, . . . , n; α = 1, 2, . . . n− 2 + 2g}. Returning
to our new definition Γ̂, this seems a little strange: the correlation function has poles at non-
insertion points, a feature which requires explanation. In fact, these poles are a consequence
of having extended the worldsheet theory to be described by the bosonization (2.19), which
introduces background charges at the preimages of the point at infinity on the boundary —
see section 2.3.3. These represent spurious singularities as we will discuss in section 5.2, and
can be explained by the presence of the insertions (2.26). We will also discuss a spacetime
interpretation for these poles in section 5.3.

Before proceeding, it is worth noting that e−Σ was found to be the boundary coordinate
γ(z) of the Wakimoto representation in (2.21). This boundary coordinate was found to act
as an operator version of the covering map in [4, 14]:〈

γ(z)
n−2∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
= Γ(z)

〈
n−2∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
, (4.14)

giving the semi-classical solution γ(z) ≈ Γ(z). It is worth considering this statement in
the context the two perspectives summarised in section 2.4. In the large radius perspective
of [4, 25], (4.14) was verified up to first sub-leading order. The alternative perspective,
of a free theory with δ(S) insertions from (2.26), does not require any such large radius
assumption and the statement (4.14), with the appropriate factors of δ(S) included, can
be treated as an exact statement.

Finally, it is worth noting that (4.10) is very reminiscent of (2.14), where we identify
Γ(z) with the boundary coordinate γ(z) via (2.21). This dynamical constraint for a covering
map localisation is related to an incidence relation for twistor space. As a consequence of
the trivial OPE ξ+(z)e−Σ(z) = −ξ−(z), note that (4.4) implies

lim
z→zi

(
ξ−(z) + xiξ

+(z)
)
V̂ wi

mi
1,mi

2
(xi; zi) = 0,

for each individual vertex operator. Thus the usual interpretation that the vertex operator is
inserted at the boundary point xi is indeed consistent with the boundary twistor incidence
relation.

4.4 Classical intuition for the covering map

We can see a hint of the special nature of the k = 1 theory by considering the classical solutions
to the model. As mentioned in section 3.1, string theory on AdS3 at generic k contains two
types of classical solutions: bound states corresponding to discrete representations of the
universal cover of SL(2,R) and long string solutions from the continuous representations [18].
Both the discrete and continuous representations include a label from the sl(2,R)-spin j. The
spin is real and j > 0 for the discrete representations, whilst j = 1

2 + is for real s ≥ 0 for the
continuous representations. We will focus only on the long string solutions here.

In global coordinates the metric of H+
3 (Euclidean AdS3) is given by

ds2 = cosh2 ρdt2 + dρ2 + sinh2 ρdθ2, (4.15)

where t ∈ R, ρ ≥ 0 and θ ∼ θ + 2π. Then the classical long string solutions are given by

t = wτ, ρeiθ = ατeiwσ,

– 31 –



J
H
E
P
0
4
(
2
0
2
4
)
0
4
8

Figure 1. The long string classical solution.
The edge of the cylinder is ∂AdS3.

Figure 2. The bottom of the continuum
where there is no radial momentum.

where (τ, σ) are worldsheet coordinates, w ∈ N is the amount of spectral flow and α is
a constant — see figure 1. We can also act on this solution with the SL(2,R) × SL(2,R)
isometry of the WZW model which introduces some fluctuations in the radial profile and
gives the string angular momentum.

For these solutions, α is identified with s and determines the radial momentum of the
string to give a continuum of long string scattering states. There is an interesting solution at
the bottom of this continuum with no radial momentum, where the string sits at constant
radius for all time

t = wτ, ρ = ρ0, θ = wσ, (4.16)

see figure 2. This is the j = 1
2 solution.

However, this generic classification of the spectrum is greatly simplified in the minimal
tension limit at k = 1, with the j = 1

2 solution forming the only unitary representation
of the psu(1, 1|2)1 WZW model [3]. This means that only the constant radius solution
is present at k = 1,30 and we therefore expect the whole worldsheet to be localised near
the boundary of AdS3. In fact, as we will now explain, this shortening of the worldsheet
spectrum immediately implies that the worldsheet should classically be interpreted as a
covering space for the boundary.

For simplicity, let’s focus on the j = 1
2 and w = 2 solution. In the quantum theory, we can

think of this as a 2-point function and the worldsheet covers the boundary twice, see figure 3.
Each sheet has been given a different colour and the line of intersection is shown in blue.
Compactifying the timelike direction, the boundary becomes a sphere (which we have chosen
to omit in figure 4) with the infinite future and past at the north and south poles, respectively.

30The discrete representations correspond to spectrally flowed vacuum representations at k = 1 so do not
contribute. More generally, we can focus on the continuous representations since the discrete representations
form subrepresentations. Correlation functions involving states in discrete representations can be extracted
from residues in the correlation functions of states in continuous representations as their conformal weights
are varied [13].
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Figure 3. The Riemann surface for the 2-
point function.

Figure 4. A compactified version of the 2-
point function.

In the compactified diagram of figure 4, one notices that there are branch points at the
two poles, implying that insertion points of the k = 1 string should generically correspond to
ramification points of the worldsheet. If the insertion corresponds to a state with w-spectral
flow, the ramification point should involve w sheets all coinciding at a point.

Consider now a generic n-point function in the quantum theory. The corresponding
classical configuration for the worldsheet is a Riemann surface built of multiple sheets and
has ramification points of order wi at each insertion point zi. This is precisely the definition
of a covering surface for the boundary S2 and moreover, the Riemann-Hurwitz formula
guarantees that the number of sheets is given by

NΓ = 1− g + 1
2

n∑
i=1

(wi − 1).

In other words, the restriction to the bottom of the continuum of states at k = 1 imposes
that the only possible configurations for the worldsheet are covering surfaces (i.e. points
for which a covering map exists).

To elaborate a little further, the possible non-zero contributions to correlation functions
come from the distinct topological possibilities corresponding to how the sheets are ramified.
We can represent this through what we call “ramification diagrams”. Consider an n-point
function with ramification indices wi at the insertion points zi. We can take a slice through
the boundary sphere which passes through each of these insertion points — see figure 5
for an example with a 4-point function.

We then build ramification diagrams by considering the projection of the Riemann surface
onto this slice. At each ramification point, there are wi coinciding sheets, which we sketch
in figure 6. The distinct topological possibilities come from the different ways to glue these
ramification points together globally — an example of such a diagram is shown in figure 7. We
can compactify the time direction in the diagram by connecting each sheet on the left hand
side to the sheet on the right hand side of the same height. Each such diagram corresponds
to a specific choice of covering map and we should sum over all distinct configurations in the
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Figure 5. A slice through the boundary sphere that passes through all insertion points (the blue dots).

Figure 6. The projection of a wi = 3 ramifi-
cation point.

Figure 7. One possible ramification diagram
for the 4-point function with ramification in-
dices w = (3, 2, 2, 3).

correlation function. We anticipate that these ramification diagrams can be used to directly
recreate the Feynman rules of the dual symmetric product orbifold [26].

5 The radial profile of the worldsheet

Building on the conjecture that the free field action (2.27) is exact at k = 1, we shall
demonstrate that correlation functions of ground states (3.8) in the k = 1 theory have a
global symmetry Φ(z) → Φ(z) + α, generated by the charge

K = 2
∮

dz ∂Φ(z),

where Φ(z) is defined in (2.21). The proof of this will be given in section 5.2. We first
investigate the pole structure of correlation functions with K insertions in section 5.1 and
the results of this investigation will prove useful in section 5.2. We shall gain useful insight
into the relationship of the k = 1 string and the Wakimoto formulation along the way. The
significance of this symmetry is that Φ plays a role in the k = 1 theory analogous to the
field in the Wakimoto formulation, i.e. it encodes information about the radial direction
in the target space.

5.1 The Wakimoto radial coordinate

This is a somewhat technical section, the key purpose of which is to show that

∮
C0

dz

〈
∂Φ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 =
(

n∑
i=1

wi + 1
2 −NΓ

)
, (5.1)
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where C0 is a contour around z = 0 traversed anticlockwise.
Our operator for the boundary coordinate of the Wakimoto representation γ = e−Σ gave

a realisation of the semi-classical solution (4.14) in the quantum theory. There is a similar
ground state semi-classical solution for the radial coordinate [4]〈

∂Φ(z)
n−2∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi;zi)

〉
=−∂

2Γ(z)
2∂Γ(z)

〈
n−2∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi;zi)

〉
. (5.2)

One might hope to recreate this semi-classical solution in the quantum theory by inserting

∂Φ = 1
2∂(ϕ1 + ϕ2 + 2iκ2), (5.3)

and using (4.6) as our definition of the covering map. We will see that this is almost, but
not quite, the case. First define

∂φ(z) := 1
2

〈
∂(ϕ1 + ϕ2 + 2iκ2)(z)

∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 , (5.4)

as our Wakimoto radial coordinate in the quantum theory. And so, to make contact with (5.2),
we seek to understand the singularity structure of ∂φ(z). As usual, we shall see there are
poles near insertion points zi but that there are also poles due to the fact that Φ(z) is
not a conformal tensor.

Poles of ∂φ(z) as z → zi. The behaviour of ∂φ(z) near insertion points is determined
by the OPE of ∂Φ(z) with V̂ wi

mi
1,mi

2
(xi; zi). We can deal with odd and even wi simultaneously

since there is no dependence on the free fermions in (5.3). Moreover, the OPE of J+(z) with
∂Φ(z) is trivial, so there is no xi-dependence in the OPE with V̂ wi

mi
1,mi

2
(xi; zi). Therefore,

using (3.10) we deduce

∂Φ(z)V̂ wi

mi
1,mi

2
(xi; zi) =

1
2

1
z − zi

(
2mi

2 − 2mi
1 − wi

)
V̂ wi

mi
1,mi

2
(xi; zi) + . . .

= −wi + 1
2

1
z − zi

V̂ wi

mi
1,mi

2
(xi; zi) + . . . ,

where we have used m1 −m2 = 1
2 from (3.4).31 This suggests that, as z → zi,

∂φ(z) = −wi + 1
2

1
z − zi

+ . . . ,

which is slightly different to (5.2), where

−∂
2Γ

2∂Γ = −wi − 1
2

1
z − zi

+ . . .

31A key step in this calculation is that in section 3.3 we chose to set ji = 1
2 for all insertions V̂ wi

mi
1,mi

2
and

interpret the insertions Q(µI) as carrying a spin of j = −1.
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This is necessary to ensure that all vertex operators are indeed inserted at the boundary
of AdS3: as z → zi, we have that

φ(z) ∼ −wi + 1
2 log(z − zi) → +∞

for all wi ∈ N. By contrast, any wi = 1 insertions need not be at the boundary if we
were to simply apply (5.2).

∂φ(z) is regular at z = uα. To uncover the full pole structure of (5.4), we should
also consider z → uα. Recall that the field W (uα) corresponds to the state |0⟩(1) =
[ψ+

−3/2ψ
−
−3/2ψ

+
−1/2ψ

−
−1/2|0⟩]

σ̂2 , such that

∂Φ(z)|0⟩(1) =
[
σ̂2 (∂Φ) (z)ψ+

−3/2ψ
−
−3/2ψ

+
−1/2ψ

−
−1/2|0⟩

]σ̂2

. (5.5)

To perform this spectral flow, first note that

σ̂2(ξα)(z) = zξα(z), σ̂2(ηα)(z) = 1
z
ηα(z),

from (3.2). This can be translated into the bosonized variables (2.19) via

σ̂2(ϕ1)(z) = ϕ1(z)− log z, σ̂2(ϕ2)(z) = ϕ2(z) + log z, σ̂2(κi)(z) = κi(z),

from which we deduce that σ̂2 (∂Φ) (z) = ∂Φ(z) is invariant. Since the OPE of ∂Φ(z) with
ψ±(uα) is trivial, we conclude that (5.5) must be regular as z → 0 and the OPE of ∂Φ(z)
with W (uα) is trivial. We conclude that there are no poles at z = uα.

Hidden poles of ∂φ(z). Is it possible for there to be other poles so far not accounted
for? If there are any other poles in (5.4), they must come from non-insertion points, which
is a consequence of working with the bosonized theory as we have seen before. This might
seem strange but we must note that Φ(z) does not transform as a conformal tensor — it
has an anomaly as we’ll see in section 5.2. In this section, we will give general consistency
arguments to motivate the existence of these poles but, as we shall see later, the insertion of
the delta functions in (2.28) provide a concrete realisation of these general considerations.

To check for such poles, it will be helpful to have an analogous statement to (4.12).
This comes from noticing that ∂Φ has a trivial OPE with J+ = ξ+η+ = eΣ∂(iκ1). The
normal ordered product is then given by

∂ΦJ+ = 1
2∂(ϕ1 + ϕ2 + 2iκ2)∂(iκ1)eΣ

= ∂(ϕ2 + iκ2)∂(iκ1)eΣ + 1
2∂(ϕ1 − ϕ2)∂(iκ1)eΣ

= η+∂ξ+ − UJ+,

(5.6)

which is contained in the free field realisation. This implies that, if we insert this normal
ordered expression inside a physical correlator, it will be finite away from all insertion
points. We therefore conjecture that poles in ∂φ(z) at non-insertion points can only exist
at the zeroes of 〈

J+(z)
n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉
.

Stated differently, ∂ΦJ+ is a conformal tensor and the zeroes of J+ ensure that the places
where ∂Φ behaves badly under conformal transformations do not ruin this fact.
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Let us introduce some useful notation. We will denote a correlation function weighted
average of a field Ψ(z) as

FΨ(z) :=

〈
Ψ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 . (5.7)

We show in appendix E that there is an exact factorisation F∂ΦJ+(z) = F∂Φ(z)FJ+(z),
which follows from the fact that ∂Φ(z) and J+(z) commute. Since ∂φ(z) = F∂Φ(z), this
factorisation along with (5.6) confirms that poles in ∂φ(z) away from insertion points can
only occur at the zeroes of FJ+(z).

Recalling J+ = ξ+η+, we will assume that J+(z) → 0 when either ξ+(z) → 0 or
η+(z) → 0. This assumption is supported by our discussion of background charges in
section 2.3.3. The locations of the zeroes of ξ+(z) are given by {z∗a} (we know from appendix D
that a = 1, . . . NΓ such that M = NΓ) and we denote the zeroes of η+(z) by {tk} for some
label k. These provide the possible locations for the “hidden poles” of ∂φ(z). However, as
we will now show, the {tk} do not in fact give rise to poles in ∂φ(z).

We learn from (5.6) that

F∂ΦJ+(z) = Fη+∂ξ+(z)− FUJ+(z).

The fields U and J+ can be viewed independently in the path integral, so we can use the
same intuition as above to justify FUJ+(tk) = FUJ+(z∗a) = 0, since these points correspond to
zeroes of FJ+(z). Note that U is a conformal tensor contained in the free field realisation,
so it will not have any poles away from insertion points to counteract these zeroes of
FJ+(z).32 Moreover, we can deduce that Fη+∂ξ+(z) has a zero whenever η+ → 0, such that
Fη+∂ξ+(tk) = 0 for all k. Overall, we find that F∂ΦJ+(tk) = F∂Φ(tk)FJ+(tk) = 0, such that
there is no pole in ∂φ(z) at the points tk.

By contrast, whilst FUJ+(z∗a) = 0, this is not the case for Fη+∂ξ+(z∗a), leading to hidden
poles of ∂φ(z). Applying the product rule and the linearity in Ψ in the definition (5.7) of FΨ(z),

Fη+∂ξ+(z) = ∂FJ+(z)− F∂η+ξ+(z).

Again, the second term will vanish at z∗a, leaving33

F∂ΦJ+(z∗a) = Fη+∂ξ+(z∗a) = ∂FJ+(z∗a).

It then follows that, as z → z∗a,

F∂ΦJ+(z) = F∂Φ(z)FJ+(z)

= F∂Φ(z)
[
(z − z∗a)∂FJ+(z∗a) +O((z − z∗a)2)

]
= F∂Φ(z)

[
(z − z∗a)F∂ΦJ+(z∗a) +O((z − z∗a)2)

]
.

32In fact, the arguments of appendix E can simply be applied to this case to show an analogous factorisation
FUJ+ (z) = FU(z)FJ+ (z) from which the zeroes at z ∈ {z∗a, tk} trivially follow.

33If z∗a is a higher order zero of FJ+ (z), then of course ∂FJ+ (z∗a) = 0. However, in the following we could
account for this by simply expanding in a Taylor series as z → z∗a to find the first non-zero contribution. The
final result (5.8) will persist to hold after Taylor expanding the numerator, except that the residue of the
simple pole will be given by the degree of the zero. We do not expect higher order zeroes to appear based off
our background charge arguments and we therefore make the assumption that ∂FJ+ (z∗a) ̸= 0.
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Rearranging, we have that

F∂Φ(z) =
1

z − z∗a

F∂ΦJ+(z)
F∂ΦJ+(z∗a)

+ . . . = 1
z − z∗a

+ . . . (5.8)

in the limit as z → z∗a. This is precisely the behaviour expected from (5.2), where we note
that {z∗a} are the simple poles of Γ(z) by (4.11). Note that an alternative derivation of this
statement followed from a consideration of the κ2 background charge in section 2.3.3.

In summary, we find that

∂φ(z) = F∂Φ(z) =

〈
∂Φ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 = −1
2
wj + 1
z − zj

+ . . . ,

as z → zj , where zj is the location of one of the punctures and

∂φ(z) = F∂Φ(z) =

〈
∂Φ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 = 1
z − z∗a

+ . . . ,

as z → z∗a, where z∗a is a zero of ξ+(z) (or equivalently a zero of ω+(z) from (4.13)). By
contrast, ∂φ(z) is regular near the W (uα) insertions. Integrating ∂φ(z) around a contour at
z = 0 which excludes the vertex operators and zeroes of ξ+(z) gives the expression (5.1).

5.2 An unexpected global symmetry

We noted earlier in section 2.4 that the Wakimoto fields (2.21) have OPEs generated by
the action34

S = − 1
4π

∫
d2z

(
4∂Φ∂̄Φ+ β∂̄γ

)
.

Naively, it appears that this action contains a global symmetry associated to radial translations,
Φ 7→ Φ + α for constant α, generated by the charge

K = 2
∮

dz ∂Φ.

As we may see by adding a Fradkin-Tseytlin term

S = − 1
4π

∫
d2z

(
4∂Φ∂̄Φ+ β∂̄γ + qRΦ

)
, (5.9)

on a curved worldsheet, this symmetry is potentially anomalous. In particular, the action
changes as [32]

δKS = −qα4π

∫
d2z

√
hR(h) = −2qα(1− g).

34Whilst we choose to work with the perspective of free fields with operator insertions via (2.27), the
following considerations would equally hold for (2.24) in a large Φ limit. Of course, to what extent the global
radial symmetry holds under this assumption is unclear and hence, our perspective appears more natural.
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We found that the background charge was q = 1 in (2.27), by performing a coordinate
transformation from the standard Euclidean AdS3 action. Alternatively, we can pin down
the background charge by studying how Φ(z) transforms under conformal transformations.
The general story is reviewed in appendix C and, for the case at hand, the stress tensor
associated to (5.9) is [15]

T = (∂Φ)2 − ∂2Φ+ β∂γ,

from which we read off q = 1. The field ∂Φ is quasiprimary with OPE

T (z)∂Φ(w) = 1
(z − w)3 + ∂Φ

(z − w)2 + ∂2Φ
z − w

+ . . .

This implies that Φ(z) is not a conformal tensor.35 In particular, under the inversion
transformation z 7→ −1

z ,

∂Φ(z) 7→ 1
z2
∂Φ

(
−1
z

)
− 1
z
,

such that (∂Φ)†0 = −(∂Φ)0 − 1. This anomalous transformation law is precisely why we found
additional poles away from insertion points in ∂φ(z), which came with a residue of 1. These
poles should be interpreted as the location of background charges for Φ (or equivalently for
iκ2) which are spurious singularities. From the boundary perspective, these charges should
sit at x = ∞, which are the poles of the covering map. Recall that our choice of chart in
section 2.3 covered the region where ξ+ ̸= 0 and so the point x = ∞ corresponds to these
omitted points via the incidence relation x = γ = − ξ−

ξ+ . This means we have precisely NΓ
charges sitting at {z∗a} (the preimages of x = ∞) as argued earlier.

To better understand what is going on, we consider the behaviour of a correlation function
of ground states (3.8) under this transformation generated by K. After the integral over
moduli space, correlation functions depend on the following data: the location {xi} on the
boundary where the vertex operators are inserted and the ramification {wi} at that insertion.
For brevity we denote this data by two n-vectors x = (x1, . . . , xn) and w = (w1, . . . , wn)
respectively. A correlation function Cg(x,w) may be written as a path integral36

Cg(x,w) =
〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉

=
∫
Mg,n

dµ

∫
DΨ e−S[Ψ]

n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi),

(5.10)

35The finite transformation law is [4]

∂Φ(z) 7→ ∂Φ(z) =
[
∂f
(
f−1(z)

)]−1
∂Φ(f−1(z)) −

∂2f
(
f−1(z)

)
2 [∂f (f−1(z))]2

,

under a conformal transformation z 7→ f(z).
36Since the worldsheet fields may have NS or R boundary conditions, there is also a GSO projection from

the sum over worldsheet spin structures. Moreover, to implement the gauging of the U(1) current Z of the
free field realisation, we must integrate over the moduli space Jac(Σg) of flat U(1)-bundles over the Riemann
surface [24]. Finally, if we take our alternative interpretation for the Wakimoto free fields, we should insert
the delta functions of (2.28).
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where dµ is an appropriate measure on the moduli space Mg,n of n-punctured, genus g
Riemann surfaces, Ψ is a generic label denoting all of the fields in the theory and S[Ψ] is
the action (2.27) which includes the Fradkin-Tseytlin term for Φ. We will say more about
dµ below but for now, we take it to include 3g − 3 b-ghost insertions

b(µI) =
∫
Σ
d2z G−(z)µI(z) =

∫
Σ
d2z b(z)µI(z) + . . . ,

where the ellipsis denotes the compact part of G−, which we know from appendix B does
not contribute to physical correlation functions. Moreover, {µI} denote a basis of Beltrami
differentials so that

dµ =
n+3g−3∏

I=1
b(µI)dτI ,

where {τI} are coordinates on Mg,n. Assuming dµ is invariant under the transformation
generated by K, the variation of the correlation function can be found using the commutator
δK(·) = [αK, ·],

δKCg(x,w) = −2α
∮

C0
dz

〈
∂Φ(z)

n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉

+ 2α(1− g)
〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉

where the second term comes from the variation of the Fradkin-Tseytlin term. The minus sign
in front of the first term comes from viewing the contour C0 to be around the complement of
the disc around z = 0 in Σg, rather than z = 0. As in (5.1), we rewrite the first term as

−
∮

C0
dz ∂φ(z)Cg(x,w) = −

∮
C0

dz

−1
2

n∑
i=1

wi + 1
z − zi

+
NΓ∑
a=1

1
z − z∗a

 Cg(x,w)

=

−1
2

n∑
i=1

∮
Ci

dz wi + 1
z − zi

+
NΓ∑
a=1

∮
Ca

dz 1
z − z∗a

 Cg(x,w)

= −
(

n∑
i=1

wi + 1
2 −NΓ

)
Cg(x,w),

where Ci and Ca are contours around the insertion points zi and hidden poles z∗a, respectively.
We may then rewrite the variation of a correlation function under K as

δKCg(x,w) = 2α
[
−
∮

dz ∂φ(z) + (1− g)
]〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

〉

= 2α
[
(1− g)−

(
n∑

i=1

wi + 1
2 −NΓ

)]〈n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
.

Thus far, the symmetry appears to be anomalous; however, we have assumed that the
measure dµ is invariant under the transformation which is not in fact the case.37 As we

37We still assume that the functional measure DΨ in (5.10) is invariant.
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shall see, the replacement of n + 2g − 2 of the b(µI) with

b(µI) → b̃(µI) :=
∫
Σ
d2z G̃−(z)µI(z), dµ→

n+2g−2∏
I=1

b̃(µI)dτI

n+3g−3∏
J=n+2g−1

b(µJ)dτJ ,

where G̃−(z) is defined by (2.10), gives a measure that transforms in a way such that the
correlation function is invariant under global radial transformations. Indeed, a measure
constructed of g − 1 insertions of b(µI) and n+ 2g − 2 insertions of b̃(µI) is precisely what
the hybrid formalism requires [7]. We can think of the b̃(µI) as screening operators for this
symmetry [32]. The non-trivial contribution from b̃(µI) in physical correlators comes from
the presence of the weight (3, 0) field Q(z) in the definition of G̃−(z). The non-trivial OPE is

∂Φ(z)Q(w) = Q(w)
z − w

+ . . .

implying that δKb̃(µI) = 2αb̃(µI). Taking account of all n + 2g − 2 insertions, we have
δKdµ = 2α(n + 2g − 2)dµ. Therefore, using this measure, we see that

δKCg(x,w) = 2α
[
(n+ 2g − 2) + (1− g)−

(
n∑

i=1

wi + 1
2 −NΓ

)]
Cg(x,w), (5.11)

which vanishes as a result of the Riemann-Hurwitz formula (4.1). The correlation function of
ground states is therefore invariant under global radial translations.38

It is interesting that we needed exactly n + 2g − 2 of the b̃(µI) insertions for a non-
anomalous radial translation. We mentioned in section 3.3 that we should include this number
of b̃(µI) insertions to cancel the anomalies of the ghost currents of the hybrid formalism (this
is shown in detail in appendix B). It appears that the background charge of Φ is therefore
related to that of the ρ ghost.

To reiterate, the global radial symmetry has been derived here using consistency arguments
for the existence of spurious poles in the correlation function. To be more precise as to
how these poles can actually occur, notice that the insertions δ(S) (2.26) have the required
properties to account for these spurious poles. In particular, correlation functions (2.28)
of highest weight states are of the form

Cg(x,w) =
〈n−2+2g∏

α=1
W (uα)

n∏
i=1

V̂ wi

mi
1,mi

2
(xi; zi)

M∏
a=1

δ
(
Sa

)〉
.

We therefore need to consider how the δ(S) change under K. Let the contour C in (2.26)
be a small contour around the origin. The infinitesimal change in S is

[αK,S] = 2α
∮

z=0
dz
∮

w=z
dw ∂Φ(w)e−2Φβ(z) = −2αS. (5.12)

The delta-function transforms with the opposite sign39 giving

[αK, δ(S)] = 2αδ(S).
38We have been able to show that this result generalises to states that have been acted on by the ∂X̄ j

n and
ΨA,j

r DDF operators of (3.7), but have not verified the radial symmetry when there are insertions containing
∂X j

n. We expect the result to fully generalise and hope to return to this elsewhere.
39One can see this by noting that the commutator [K,S] = −2S can be realised by the Euler operator

K = −2S d
dS . Since δ(tS) = t−1δ(S), we see that [K, δ(S)] = 2δ(S).
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Thus, the insertions δ(S) are exactly what is required to produce the spurious pole contribution.
Under an infinitesimal variation, (5.11) is naturally satisfied if we identify M with NΓ. This
makes sense: we are working on the patch where ξ+ ̸= 0 and so have removed a point in the
target space. Since no vertex operator is inserted there, if the worldsheet is a covering map,
the removal of the point in the target space corresponds to the removal of the NΓ preimages
of that point on the worldsheet. It is then consistent to conclude that the locations of the
spurious poles z∗a are the NΓ preimages of the excluded point in the target space. Around
these points are NΓ excluded discs, centred on these points and the contours Ca are the NΓ
boundaries of the worldsheet about these excluded discs.

It’s interesting to note that a very similar story has been found for topological strings
in the large volume limit [52]. In that case, a non-linear sigma model can be described by
a free theory with additional insertions. These additional insertions can be understood as
nonlinear deformations of the free worldsheet theory.

5.3 Classical intuition for the “hidden” poles

One way to think about the hidden poles in the genus zero case is the following. We can
remove a point on the boundary and work in a chart that is a copy of C. As discussed
previously, a natural choice is to remove the point where ξ+ = 0, corresponding to the point
at infinity in the coordinate γ = −ξ+/ξ−. Given the worldsheet localises on a covering
map, we remove the corresponding points z∗a for which Γ(z∗a) = ∞. For a generic point
on the worldsheet (i.e. not a ramification point), by the Riemann-Hurwitz formula (4.1),
there will be NΓ preimages of this point and so a = 1, . . . , NΓ as found above. With the
point at infinity on the boundary removed, we can choose to describe the theory by a flat
metric and the coordinates Φ, γ and γ̃ are well-defined. This can be made quite explicit
for the classical j = 1

2 solution of section 4.4 with the divergence of ϕ at the removed point
becoming particularly apparent.

We can translate the global coordinates of (4.15) to Wakimoto-adapted coordinates [21]
by first defining r = sinh ρ ≥ 0 and

ϕ = t+ 1
2 log(1 + r2), γ = r√

1 + r2
e−t+iθ, γ̃ = r√

1 + r2
e−t−iθ. (5.13)

In global coordinates, the boundary of AdS3 is given by ρ → ∞, whilst in the Wakimoto-
adapted coordinates it is not quite as simple. For finite or large t, the boundary of AdS3 is
at ϕ→ ∞, whilst (γ, γ̃) become S2 coordinates for the boundary with (θ, t) determining the
azimuthal and polar angles (assuming we have compactified the time coordinate). However,
the value of ϕ is not well-defined at the south pole of the (r, θ, t) sphere since both t→ −∞
and r → +∞ there. This means that ϕ tends to a different value depending on the direction
in which you approach the south pole.

Nevertheless, since ϕ→ ∞ at all other points on the boundary of AdS3, it makes sense
to use ϕ as a radial coordinate. We define the manifestly positive radial coordinate

r̃ = eϕ = et
√
1 + r2,

and we compactify the coordinates such that the spacetime looks like a sphere again. The
ambiguity in the value of ϕ as we tended to the south pole of the (r, θ, t) sphere is now
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Figure 8. The classical solution (4.16) with no radial momentum sketched in the coordinates (5.13)
to give a classical picture for the worldsheet. Some strings are sketched to show how it propagates
from the infinite past in the centre to the future at the north pole.

replaced by a straight line from the origin to the south pole of the (r̃, θ, t) sphere, because
both r and t are infinite on this line. This line is therefore not contained in the bulk spacetime
but forms part of the boundary. To be explicit, the boundary of AdS3 in these coordinates is
given by the boundary of the sphere (where ϕ→ ∞ and t ∈ R∪ {+∞}) and the line between
the origin and south pole (where ϕ ∈ R ∪ {±∞} and t → −∞).

What does the solution (4.16) look like in these coordinates? It is given by

r̃ = ewτ
√
1 + r20, γ = r0√

1 + r20

e−w(τ−iσ), γ̃ = r0√
1 + r20

e−w(τ+iσ), (5.14)

for constant r = r0, such that the radial coordinate r̃ is not constant. Instead, the infinite
past of the string always probes finite ϕ, whilst γ → ∞. A sketch of (5.14) is shown in
figure 8 where we assume that r0 ≫ 1 (meaning that γ and γ̃ are S2 coordinates).

If we combine this picture with the covering map intuition of section 4.4, then provided
t → −∞ is not an insertion point, we expect to have NΓ points on Σg that probe finite ϕ
with γ → ∞. However, we know that e−Σ can be identified with the boundary coordinate γ,
so these cusps in the worldsheet should precisely be the points where the covering map (4.6)
diverges. We therefore see that the poles in Γ̂ do not represent physical observables but are
a consequence of covering the boundary S2 with only one coordinate chart, including {∞}
as a point in spacetime. They represent the infinite past of the string.

These cusps may have implications for the dependence of the theory on the background
bulk geometry. It was proposed in [24] that a theory of minimal tension strings on AdS3×S3×
T 4 is in fact independent of the bulk geometry of the spacetime, up to some equivalence classes
for the asymptotics of the geometry. Nevertheless, it is thought that a bulk geometry does
emerge in the limit of large spectral flow and this geometry contains a conical deficit [24, 38].
This fits nicely with the picture given in figure 8, since the worldsheet is localised near the
boundary of the (r̃, θ, t) sphere at every point except near the infinite past, where a conical
deficit appears to emerge. This conical deficit grows as the spectral flow w ∈ N is increased.
In the limit that w → ∞ (with r0 held constant) this deficit angle will tend towards π, with
r̃ being suppressed by ewτ at any point south of the equator where τ < 0. This is precisely
the same range of possible deficit angles observed in [24].
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Significantly, we see that a theory of minimal tension strings on a background containing
AdS3 × S3 (for the bosonization of the free fields) always comes with a global symmetry
Φ 7→ Φ + α, which we interpret as a shift in the radial coordinate. This implies that the
worldsheet can be taken to live arbitrarily close to the points on the boundary of AdS3 where
ϕ→ ∞ in the coordinates of (5.13), except at the infinite past where ϕ→ −∞ (clearly this
cannot be removed through a shift by a constant). This means that the worldsheet can
always be taken to be of the form of figure 8. There may still be dynamics in the radial
direction; the symmetry is global, not local, so only the zero mode is removed.

In this context, the charges at {z∗a} can be thought of as singularities in the radial
coordinate of the embedding into spacetime. At genus 0, the Riemann surface is conformally
equivalent to a sphere, so we may take a chart that covers the whole Riemann surface except
the infinite past. The restriction of the worldsheet to covering map configurations and the Φ
symmetry in this chart can be used to place the worldsheet at the boundary and we are left
with a cusp at the infinite past, where Φ diverges as we approach the image of z∗a.

6 Discussion

In this paper, we have attempted to gain some insight into the physics that underpins the
minimal tension string proposal of [2, 3]. Interpreting G+(z) in (2.10) as a BRST current,
the presence of the stress tensor T (z) and its associated ghost σ(z) is easy to understand.
Given that the internal CFT on the T 4 is a topologically twisted version of the N = (1, 1)
RNS theory, it is as expected that the twisted supercurrent G+

C(z) also appears. As shown
in appendix A, P (z) vanishes in the k = 1 string so what remains is to understand the
inclusion of the e−ρ(z)Q(z) term. We have shown that Q(z) generates a local symmetry of
the theory and ρ(z) can be thought of as the ghost associated with it. One of our aims
in this paper has been to show that Q(z) plays a key role in some of the more distinctive
features of the k = 1 string. In particular, the Q = 0 constraint is an efficient method to see
that correlation functions of physical states are non-trivial only when the worldsheet is a
covering map of the boundary. We have also seen that this symmetry via the insertion of
Q-weighted modes into the correlation function ensures that the rigid translation symmetry
in the radial AdS3 direction is not anomalous. Furthermore, we wanted to clarify the target
space structure of the theory: we have seen that, in the first instance, the minimal tension
string embeds into the supertwistor space of AdS3 and we have presented an alternative
perspective on the connection with the AdS3 geometry, which we hope sheds some light on
the nature of the secret representations of [4].

There is much work still to be done before we can confidently conclude what the principles
underlying this theory are. Of particular interest would be a complete construction of the
k = 1 string without recourse to the hybrid formalism and fully motivated by the geometry of
the twistor space. A more detailed understanding of the theory as a twistor string, including
the form of generic vertex operators as cohomology representatives in twistor space is clearly
desirable and, we believe, within reach. In terms of the results in this paper, we shall end
by briefly commenting and speculating on three particular issues.
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Consequences of the global symmetry. In section 5.2, we argued that there is an exact
global symmetry of the minimal tension string, corresponding to a shift in the zero mode of
the radial coordinate of AdS3. The radial translation global symmetry and the localisation
to covering maps suggests that the theory has some level of background independence and is
perhaps topological [3, 24]. Furthermore, the fact that the zero mode of Φ is not physical
has consequences for the interpretation of the theory. The rigid symmetry of the worldsheet
translates into a local (scaling) symmetry of the target space theory. In constructing a string
field theory, the conjugates to the zero modes of the embedding fields take on the role of the
target space coordinates.40 As such, if we were to construct a minimal tension string field
theory in the usual way, then we would expect to find the target space of the theory to be
constructed in terms of the boundary coordinates only, as there is no observable radial zero
mode. The non-zero modes of Φ still play a role in the physics but the interpretation would
seem to be in terms of a theory defined directly on the boundary. It would be interesting
to construct the string field theory explicitly and to see if it gave a direct description of
the boundary theory.

Target spaces for the k = 1 string. We have highlighted in section 2.4 two possible
interpretations of the Wakimoto free field description [41] of the theory at k = 1; either as
a theory in which the worldsheet is pinned to the boundary, or as a free field realisation
along the lines of that proposed in [50]. There are pros and cons to each perspective. In
the Φ → ∞ limit, it is unclear to what extent this theory really describes the full physics on
AdS3 as the interaction term will be absent. Indeed, a connection to the full AdS3 sigma
model requires the inclusion of this interaction term, which renders β and β̃ as Lagrange
multipliers rather than dynamical fields. Conversely, whilst the free field approach akin to [50]
certainly describes the full AdS3 sigma model, the details of how the theory simultaneously
encodes the degrees of freedom of the holomorphic and antiholomorphic sectors is unclear.
For example, it is currently not understood how the vertex operators in (2.28) depend on β̃.
Moreover, whilst it is simple to realise the left-moving current J = g−1∂g in the coordinates
of section 2.4, it does not appear to be possible to write the right-moving current J̃ = ∂̄gg−1

in these coordinates locally. In essence, this is because we cannot express g locally in these
coordinates. We hope to explore these issues in the future to provide a clearer connection
between these two perspectives.

This raises the conceptual question of to what extent are these physically distinct
proposals? At the classical level, the theory described by (2.17) and the approach of [50] are
both equivalent to the AdS3 NLSM for all finite Φ, as explained in section 2. Moreover, the
equivalence of (2.17) to the NLSM at the quantum level has been discussed previously in [22],
where it is stated that the equivalence can be trusted when the path integral is dominated
by large Φ contributions. We are not aware of any substantive work relating the approach
of [50] to the NLSM at the quantum level. However, if a formal limit of Φ → ∞ is taken
and the interaction term of (2.17) is dropped, then this theory appears to be qualitatively
different — it is not clear how such a theory would relate to the NLSM on AdS3.

40For a string in flat spacetime, it is the xµ, conjugate to the zero mode αµ
0 + α̃µ

0 of ∂Xµ(z) + ∂̄Xµ(z̄) that
provides a coordinate for spacetime. Similarly, on a torus, conjugates of both momentum and winding zero
modes provide coordinates on the doubled target space geometry. See, for example, [60] for details.
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A curious feature of the k = 1 string that we have tried to emphasise is that it describes
a worldsheet embedding into the supertwistor space of AdS3, with the S3 being encoded in
the fermionic components of the supertwistor. Furthermore, it has been known for some time
that the twistor space of AdSd can be identified as the ambitwistor space of its boundary. It is
therefore satisfying that both of the above descriptions of the theory give a direct relationship
between the bulk and boundary theories, as required by the twistor construction, either
requiring the dynamics to be pinned to the boundary or by the shift symmetry in the radial
zero mode. As such, this raises a hope that the origin of the AdS/CFT correspondence at
k = 1 can be understood from the twistor description. A key question then is how this is
modified for k > 1, where any such connection to twistor space is less well understood.

As a final comment on the free field interpretation for the Wakimoto representation,
we note that the insertions

δ(S) = δ

(∮
e−2Φβ

)
have many qualities in common with the secret representations of [4]. Another candidate
is the related non-local operator

S̃ :=
∮
eiκ2 ,

discussed around (2.23). Like δ(S), S̃ is invariant under SL(2) and has the correct behaviour
at the spurious poles [K, S̃] = 2S̃. The insertions S̃ carry precisely the charge needed to
balance the conformal anomaly. It would be interesting to explore correlation functions
with such insertions further.

Q and localisation. We conclude with some speculative comments and discuss two possible
mechanisms by which localisation might occur. It has been shown here and previously in [4, 6]
that non-trivial correlation functions are in one-to-one correspondence with points on the
moduli space where the worldsheet is a covering map of the boundary. What we still do not
have is an explicit derivation, at the level of the path integral, that the correlation functions
localise the integral over moduli space to precisely those points where the covering map exists.
How might the insights gleaned in this paper move us forward?

We saw in section 4.2 that Q(z) is related to localisation to covering maps for the k = 1
string. It is unclear what role Q(z) plays for k > 1. In particular, the constraint algebra
for Q(z) at k > 1 requires the inclusion of the composite field P (z) in order to close. As
we show in appendix A,

Q(z)Q(w) ∼ 6P (w)
(z − w)2 + 3∂P (w)

z − w
,

significantly complicating the interpretation of not just Q(z) but also ρ(z). And so Q(z) is
only nilpotent when P (z) = 0, which is guaranteed when k = 1. That matters are more
complicated for k > 1 should not be surprising; after all, it is the hoped-for simplicity of
the k = 1 case that has attracted physicists to study this case for many years and we do
not expect the covering map story to generalise to k > 1.
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The fact that Q(z) is nilpotent only for k = 1 provides some circumstantial evidence
that this feature may lie at the heart of the moduli space localisation phenomenon. This is
reminiscent of path integral localisation arguments in QFT [61] and is perhaps suggestive
that something similar be true in the k = 1 case, where the Abelian symmetry generated
by Q(z) gives a localisation in the moduli space of Riemann surfaces. What is not yet clear
is how the action of Q(z) might be extended to the worldsheet moduli and the exact sense
in which Q2(z) = 0 might lead to a localisation of the moduli space integral. We have no
concrete suggestion of how this might occur.

As an alternative localisation mechanism, we note that similar moduli space localisation
occurs in twistor string theories, where the vertex operators are distributions with delta-
function support [36, 49, 59]. Given the natural twistor interpretation of the theory, it is
possible that the origin of the localisation may be most simply understood in terms of the
natural twistor wavefunctions of the theory. Investigating such considerations requires a
much better understanding of the vertex operators as natural constructions in twistor space
than we currently have. We hope to pursue this issue in the future.
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A Q2 = 0 when k = 1

In this appendix, we show in the special case of k = 1, that the current Q(z) is nilpotent,
but we shall begin by thinking about Q(z) for general k. In the k = 1 theory, we were able
to apply the free field realisation of psu(1, 1|2)1. This is no longer possible for k > 1. We
should instead return to a WZW description of the theory, either in the RNS or hybrid
formalism. We write our psu(1, 1|2)k generators as Kab = −Kba and Sa

α which are bosonic
and fermionic, respectively. The index a ∈ {1, 2, 3, 4} is an so(4)-index and α ∈ {1, 2} labels
the supersymmetries. The generators satisfy the commutation relations [12][

Kab
m ,K

cd
n

]
= mkϵabcdδm+n,0 + δacKbd

m+n − δadKbc
m+n − δbcKad

m+n + δbdKac
m+n,{

(Sa
α)m, (Sb

β)n

}
= mkδabϵαβδm+n,0 +

1
2ϵαβϵ

abcdKcd
m+n,[

Kab
m , (Sc

α)n

]
= δac(Sb

α)m+n − δbc(Sa
α)m+n,

where the ϵ tensors are totally antisymmetric with ϵ12 = ϵ1234 = +1. The transformations
relating these variables to the basis used in section 2.1 can be found in appendix A.2 of [12].
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In terms of these fields, Q is given by41

Q = 1
2
√
k

(
KabSa

2S
b
2 + 4Sa

2∂S
a
2

)
. (A.1)

The OPE of Q with itself is

Q(z)Q(w) ∼ 6(S2)4
(z − w)2 + 3∂(S2)4

z − w
,

where (S2)4 = 1
24ϵ

abcd Sa
2 S

b
2 S

c
2 S

d
2 = S1

2 S
2
2 S

3
2 S

4
2 , so generically the simple pole does not

vanish. This term (S2)4 ≡ P in (2.10), so we see how the BRST charge G+
0 in the hybrid

formalism accommodates for this non-trivial Q ·Q OPE at generic k and P then plays an
important role in the closure of the constraint algebra generated by Q. A glance at the form
of the BRST current G+(z) shows that the simple interpretation of Q(z) as a constraint and
ρ(z) as the associated ghost becomes unclear when P (z) is also involved.

There is a simplification when k = 1. In this special case, we have that (S2)4 = 0, and so
Q(z) is nilpotent. This can be seen by translating back into our usual psu(1, 1|2)1 basis [12]
and then applying the free field realisation (2.4),

(S2)4 = S+++S−−+S+−+S−++ = ξ+χ+ξ−χ−ξ+χ−ξ−χ+ = 0,

where we apply implicit normal ordering. We arrive at the trivial OPE Q(z)Q(w) ∼ 0.

B Gauge fixing the worldsheet metric in the hybrid formalism

We mentioned in section 3.3 that the correlation functions of the hybrid formalism are
constructed in terms of N = 4 topological string correlators. The purpose of this section is to
elaborate on this construction and identify precisely which parts of the correlation function
are non-vanishing when the twisted sector ground states of (3.8) are inserted in P = −2.
We will focus on the holomorphic sector of the theory.

The double cohomology associated to the N = 4 topological string (2.12) means we
have two BRST charges G+

0 and G̃+
0 , which give rise to two b-ghost type variables, G− and

G̃−. These can be combined with Beltrami differentials {µI} to gauge fix the worldsheet
metric [56]. The similarities with the b-ghost can be seen from

G+
0 G

− = G̃+
0 G̃

− = T,

which is precisely the expected behaviour of a b-ghost under the action of a BRST charge.
This choice of b-ghost forms an SU(2) outer automorphism of the theory, which means the
most general correlation function is given by a sum over all distinct choices between G− and
G̃− [31]. Moreover, to gauge fix the double cohomology in (2.12), we must insert J once
and G̃+ (g − 1) times into our correlation function — this ensures that deformations of the

41Our convention has reversed the roles of the supercharges relative to [12] to follow [40], but note that
there is a relative factor of i between our definition of Kab and the one given in [40].
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form G+
0 G̃

+
0 Λ vanish inside the correlation function. Overall, the general form for the n-point

correlation function of the hybrid formalism for genus g ≥ 1 is [7, 23]

Fg,n =
∑
{Ĝ−}

∫
Mg,n

〈n+3g−3∏
I=1

Ĝ−(µI)
[∫

G̃+
]g−1 ∫

J
n∏

i=1
Ψi

〉
, (B.1)

where Ĝ− refers to either b or b̃. The fields Ψi are the physical state insertions, which we
take to be in picture −2 with ghost contribution e2ρ+iσ+iH as in (3.13). This correlation
function appears to be very complicated, however we will soon see that there is only one
non-zero term in the sum by ghost charge conservation. Moreover, (B.1) can be adapted for
genus g = 0, by requiring that n ≥ 3 to fix the conformal Killing group and also inverting G̃+

with e−ρ−iH (see (2.10)). It is worth noting that sometimes n of the Beltrami differentials
are taken to act on these states to give terms of the form∫

Σg

Ĝ−
−1Ψi.

The ghost fields ρ, σ, H1 and H2 all form ϵ = −1 linear dilaton type theories in the
hybrid formalism (see appendix C) and carry background charges

qρ = 3, qσ = 3i, qH1 = qH2 = i,

as can be read off from the stress tensors in (2.10) and (2.11). This implies that the overall
ghost contribution for a non-vanishing correlator must be [7]

e(g−1)(−3ρ−3iσ−iH),

to act as an appropriate screening operator. Let’s consider a general term in (B.1) with k

insertions of G− and n+ 3g − 3− k insertions of G̃−. Then the overall ghost contribution
is given by

k × (ghosts of G−) + (n+ 3g − 3− k)× (ghosts of G̃−) + (g − 1)× (ghosts of G̃+)+
n× (ghosts of physical state insertions).

According to (2.10) and (2.11), the possible ghost contributions of G− are either −iσ, −iH1 or
−iH2, whilst those of G̃− are (−2ρ− iσ− iH), (−ρ− iH), (−ρ− iσ− iH1) or (−ρ− iσ− iH2)
and for G̃+ they are (ρ+ iH), (ρ+ iσ+ iH1) or (ρ+ iσ+ iH2). By contrast, the physical states
necessarily contribute n copies of (2ρ+ iσ+ iH). One can show that there is a one-parameter
family of combinations which provide the correct ghost charge. These are given by

k(−iσ) + (n+ g − 1 + k)(−2ρ− iσ − iH) + (g − 1− k)(−ρ− iσ − iH1)
+ (g − 1− k)(−ρ− iσ − iH2) + (g − 1)(ρ+ iH) + n(2ρ+ iσ + iH)
= −(g − 1)(3ρ+ 3iσ + iH),

for 0 ≤ k ≤ g − 1, where G− only provides contributions from e−iσ and G̃+ only from
eρ+iH . G̃− can either contribute via e−2ρ−iσ−iHQ or via the compact pieces e−ρ−iσ−iH1

∂X̄2

and e−ρ−iσ−iH2
∂X̄1.
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Suppose we do insert one of these compact pieces into the correlation function, for instance
(e−ρ−iσ−iH1

∂X̄2)(µI). The contour integral around this insertion can then be deformed away
from µI . However, e−ρ−iσ−iH1

∂X̄2 has trivial OPEs with all of the other insertions (since
the physical states of interest are compactification independent) so this correlation function
must vanish! The same could be said for the other compact insertion.

We conclude that the only non-vanishing combination with the correct ghost charge is
when k = g− 1 and the non-zero pieces are the e−iσ part of G−, the e−2ρ−iσ−iHQ part of G̃−

and the eρ+iH part of G̃+. In particular, there are (g − 1) copies of b(µI) and (n+ 2g − 2)
copies of b̃(µI) as claimed in section 3.3. We will implicitly include these insertions in all
physical correlators.

So far, we have only considered correlation functions of the twisted sector ground states,
but we could equally insert arbitrary physical states by acting with DDF operators. In
section 3.1, we highlighted the work of [15] where the following DDF operators were proposed:

∂X̄ j
n =

∮
dz ∂X̄je−nΣ, ∂X j

n =
∮

dz e−nΣ
[
∂Xj + neρ−Θ+iHj

ψ+ψ−
]
,

ΨA,j
r =

∮
dz ψAeϕ1+iκ1e−(r+ 1

2)Σeρ+iHj
,

where A ∈ {±} and j ∈ {1, 2}. One should act with a similarity transformation on these
operators to translate to our conventions for the N = 4 topological algebra generators.
However, this similarity transformation will have a trivial effect in terms of identifying which
terms in the correlation function are non-vanishing.

Since the ΨA,j
r and ∂X j

n have non-trivial ghost contributions, they will change which
terms contribute to the measure for non-vanishing correlation functions. We are yet to
fully understand the contributions from ∂X j

n, since these have a non-trivial commutator
with G̃−

C . It therefore cannot be deduced so simply that any insertions of e−ρ−iσ−iH1
∂X̄2 or

e−ρ−iσ−iH2
∂X̄1 will vanish. Nevertheless, if we restrict to considering correlation functions

of physical states that are formed only from application of the operators ∂X̄ j
n and ΨA,j

r , then
we can generalise our statements about which terms are non-vanishing in (B.1). In particular,
there will be no non-vanishing contributions from insertions including G̃−

C as before.
If we insert ∂X̄ j

n, then the argument above is completely unchanged, as this operator
contains no additional ghost contribution. By contrast, the operator ΨA,j

r is in picture P = −1,
so we need to be careful with charge conservation. There are no new contributions for the
σ-ghost, so the only possible contributing terms persist to be −iσ from G−, (−2ρ− iσ − iH)
from G̃−, (ρ + iH) from G̃+ and the ghosts of the physical states. One finds that it is
only possible to impose charge conservation if there as many DDF operators ΨA,1

r as ΨA,2
r .

The constraint then becomes

(g − 1− ℓ)(−iσ) + (n+ 2g − 2 + ℓ)(−2ρ− iσ − iH)
+ (g − 1)(ρ+ iH) + n(2ρ+ iσ + iH) + ℓ(ρ+ iH1) + ℓ(ρ+ iH2)
= −(g − 1)(3ρ+ 3iσ + iH),

where ℓ is the number of each ΨA,j
r insertion for j = 1, 2.

It is worth noting how these changes to the measure affect the arguments of section 5
for deriving a global radial translation symmetry. As ℓ is increased, there are additional
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insertions of e−2ρ−iσ−iHQ which carry a charge under K of +2. This is precisely cancelled
by the additional operators ΨA,1

r and ΨA,2
r which each carry a K-charge of −1. As such,

the global symmetry remains.

C Linear dilaton systems

A linear dilaton can be described by the action

S = − ϵ

2π

∫
d2z ∂ϕ∂̄ϕ,

for ϵ = ±1, which implies the OPE

ϕ(z)ϕ(w) ∼ ϵ log(z − w).

This OPE is usually taken as the definition of ϵ. We can deform this action to add a
background charge q via [32]

S = − ϵ

2π

∫
d2z

(
∂ϕ∂̄ϕ+ 1

4qRϕ
)
,

where R is the Ricci scalar for the worldsheet metric. This gives a family of CFTs with
stress tensors

Tq(z) = ϵ

(1
2(∂ϕ)

2 − 1
2q∂

2ϕ

)
,

and associated central charge

c = 1− 3ϵq2.

The operator ∂ϕ is quasiprimary, with OPE

Tq(z)∂ϕ(w) ∼
q

(z − w)3 + ∂ϕ

(z − w)2 + ∂2ϕ

z − w
,

whist emϕ is primary with weight

h(emϕ) = 1
2ϵm(m+ ϵq).

In the absence of a background charge, ∂ϕ would generate a symmetry ϕ 7→ ϕ + ϵα for
constant α via the Noether charge

Q̃ =
∮

dz ∂ϕ.

This symmetry is now anomalous, with a non-trivial variation in the action

δS = −αq8π

∫
d2z

√
hR(h) = −αq(1− g),

where we have been explicit to include the volume form for the worldsheet metric. In physical
correlation functions, this anomaly is cancelled by screening operators in the measure with
a non-trivial transformation under Q̃ and poles in the correlation function from inserting
∂ϕ(z). We include two examples below.
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The (b, c) ghost system. We can bosonize the (b, c) ghost system as [62, 63]

b = e−iσ, c = eiσ,

where σ is a linear dilaton with ϵ = −1. The stress tensor is

T = (∂b)c− 2∂(bc) = −1
2(∂σ)

2 + 3i
2 ∂

2σ,

from which we read off q = 3i. The action is therefore

S = 1
2π

∫
d2z

(
∂σ∂̄σ + 3i

4 Rσ
)
.

Under the transformation iσ 7→ iσ + α, we have that δ(e−S) = −3α(1− g)e−S . We can use
the b and c ghosts as screening operators, which respectively carry charges of −1 and +1
under iσ 7→ iσ + α. For this reason, the measure contains (n+ 3g − 3) insertions of b and
each physical state carries a factor of c to give

#b ghosts −#c ghosts = 3(g − 1).

The Wakimoto radial coordinate. The Wakimoto radial coordinate at k = 1 is given by

∂Φ = 1
2∂(ϕ1 + ϕ2 + 2iκ2),

which satisfies

Φ(z)Φ(w) ∼ 1
2 log(z − w).

The stress tensor can be found from the bosonization of the free fields (2.19) to give

T = (∂Φ)2 − ∂2Φ.

To make contact with the above general construction, we can normalise the field by defining
Φ̃ =

√
2Φ, which forms an ϵ = +1 linear dilaton system. The stress tensor is then

T = 1
2(∂Φ̃)

2 − 1√
2
∂2Φ̃,

from which we read off q =
√
2. The action is therefore

S = − 1
2π

∫
d2z

(
∂Φ̃∂̄Φ̃ +

√
2
4 RΦ̃

)
= − 1

4π

∫
d2z

(
4∂Φ∂̄Φ+RΦ

)
.

Under the transformation Φ 7→ Φ + α, we have that δ(e−S) = 2α(1 − g)e−S . There are
screening operators in the measure from b̃(µI) as outlined in section 5.2.
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D The critical points of Γ̂(z)

In section 4.3, we claimed that the formula (4.6) provided a covering map despite only
checking the first two conditions in the definition given in section 4.1. We will now verify that
Γ̂(z) contains no further critical points (away from {zi}) such that it really is the covering
map that we hoped for. The check will be formulated in the spirit of [9] and is included
here for completeness. In particular, we will use the equivalence to the incidence relation
from (4.12), explained in the main text, to apply the work of [9]. This of course means that
our novel method for proving the localisation to covering maps via e−Σ is currently no faster
than work already in the literature for this part of the proof. Nevertheless, it appears that
a formal treatment of the proposed secret representations in section 2.4 would allow for a
complete proof of the localisation in terms of Wakimoto variables.

We should first comment on how e−Σ(z) interacts with the insertions of G−(µI), G̃−(µI)
and

∫
G̃+, since we ignored these earlier. Recall from appendix B that the pieces which

contribute from these insertions are e−iσ, e−2ρ−iσ−iHQ and eρ+iH . All of these terms have
trivial OPEs with e−Σ and so we are safe to ignore them.

Next, we need to check the behaviour of e−Σ(z) as z → uα, the insertion points of the fields
W (uα). This field corresponds to the state |0⟩(1) = [ψ+

−3/2ψ
−
−3/2ψ

+
−1/2ψ

−
−1/2|0⟩]

σ̂2 [7], for which

e−Σ(z)|0⟩(1) =
[
σ̂2(e−Σ)(z)ψ+

−3/2ψ
−
−3/2ψ

+
−1/2ψ

−
−1/2|0⟩

]σ̂2

, (D.1)

by definition. The modes of the free fields transform as σ̂(ξ±r ) = ξ±r+1/2 under this automor-
phism, implying that σ̂2(ξ±)(z) = zξ±(z). However, from the identity ξ+ζ− = 1, it must be
that ζ− scales in the opposite direction, σ̂2(ζ−)(z) = 1

z ζ
−(z). As such, we find that e−Σ(z) is

invariant under σ̂2.42 It also has no interaction with the free fermions, so commutes to act
on the vacuum and by the state-operator correspondence, (D.1) must be O(1) as z → 0. We
deduce that the OPE of e−Σ(z) with W (uα) is trivial and Γ̂(z) is finite as z → uα.

All that remains to be done is to demonstrate there are no remaining critical points at
generic points z which are away from the insertions. We do this through the application
of the Riemann-Hurwitz formula (4.1) and counting the number of preimages of ∞ ∈ CP1,
the poles in Γ̂. If we choose to count the multiplicity in the poles, then this will tell us
the degree NΓ of Γ̂.

Without loss of generality, we will take Γ̂(zi) = xi to be finite for all i. Therefore, as
explained in section 4.3, the equivalence of Γ̂ and Γ̃ implies that all poles in Γ̂(z) come
from the zeroes of

ω+(z) =
〈
ξ+(z)

n−2+2g∏
α=1

W (uα)
n∏

i=1
V̂ wi

mi
1,mi

2
(xi; zi)

〉
,

where z ∈ Σg/{zi, uα : i = 1, 2, . . . , n; α = 1, 2, . . . n− 2 + 2g}. ω+(z) defines a meromorphic
1/2-form on Σg [9], which means it satisfies Z(ω+) − P (ω+) = g − 1, where Z(ω+) is the

42Note that we could have alternatively derived σ̂2(e−Σ) = e−Σ by using the action of the spectral flow
automorphism on the bosonized variables as in section 5.1. We have chosen to present a perhaps more intuitive
explanation here.
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number of zeroes and P (ω+) the number of poles on the whole of Σg, counting multiplicity.
We would like the zeroes away from insertion points, but let’s first find P (ω+) so that we
can use this formula.

Recall from (3.9) that as z → zi, we have the OPE

ξ+(z)V̂ wi

mi
1,mi

2
(xi; zi) = (z − zi)−

wi+1
2 V̂ wi

mi
1,mi

2+1/2 + . . .

By Wick’s theorem, the only other places we could possibly have poles in ω+(z) are at the
insertion points {uα}. However, from σ̂2(ξ±)(z) = zξ±(z), we know that

ξ+(z)W (uα) = O((z − uα)).

Therefore, P (ω+) =∑n
i=1

wi+1
2 , whilst there are n+ 2g − 2 simple zeroes coming from the

insertion points {uα}. We deduce that Z(ω+) = g − 1 +∑n
i=1

wi+1
2 . The poles in Γ̂(z) are

given by the zeroes in ω+(z) away from the insertions, meaning

P (Γ̂) ≤ Z(ω+)− (n+ 2g − 2) = 1− g +
n∑

i=1

wi − 1
2 = NΓ,

by the Riemann-Hurwitz formula (4.1). The less than or equal to sign is to acknowledge
that some of the zeroes in ω+(z) could strictly be cancelled by zeroes in ω−(z) — recall
e−Σ = −ξ−ζ−.

Nevertheless, we can demonstrate this bound is saturated by recalling the definition of
the degree of a covering map as the number of preimages of each non-ramification point.
Since P (Γ̂) counts multiplicity in the poles, P (Γ̂) is precisely the degree of Γ̂(z). But the
Riemann-Hurwitz formula says that the degree is at least P (Γ̂) ≥ NΓ, where NΓ only contains
the known ramification points at the insertions {zi}.

We therefore deduce that P (Γ̂) = NΓ, such that there are no further ramification points
(i.e. critical points) in Γ̂(z) other than those at the insertions of the V̂ wi

mi
1,mi

2
(xi; zi). Hence,

our proof of the localisation given in section 4.3 was indeed valid.

E Comments on factorisation

The goal of this appendix is to explain the factorisation F∂ΦJ+(z) = F∂Φ(z)FJ+(z) used
in section 5.1. More generally, we will discuss conditions under which a factorisation
FAB(z) = FA(z)FB(z) occurs for operators A(z) and B(z). The conditions we provide will
be sufficient for our key example of A = ∂Φ and B = J+, yet it may well be possible to
provide less stringent conditions on A and B for the factorisation to hold. For simplicity, in
this appendix we will ignore contributions from the fermionic fields ψA and χA as well as the
ghost fields. Including such contributions does not change the central argument.

First recall the definition (5.7) of the correlation function weighted average of a field Ψ(z),

FΨ(z) :=

〈
Ψ(z)∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉
〈∏n−2+2g

α=1 W (uα)
∏n

i=1 V̂
wi

mi
1,mi

2
(xi; zi)

〉 .
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If we view f(xi; zi) = e−S ∏n−2+2g
α=1 W (uα)

∏n
i=1 V̂

wi

mi
1,mi

2
(xi; zi) as a probability density func-

tional for these correlation functions, we can apply standard results from probability theory.
Namely, given independent continuous random variables A(z) and B(z), the expectation
value of AB(z) factorises,

FAB(z) = FA(z)FB(z). (E.1)

Of course, since we are working with operators, we need to provide a meaning for “inde-
pendence” in our context and to be careful with normal ordering. We define two operators
A and B to be “independent” if there exists a basis of the field content built from linear
combinations of {ϕi, κi} that satisfies three constraints. The restriction to linear combinations
is such that the Jacobian factor associated to the change of basis will be a constant and so will
not complicate our later discussions about the path integral. The constraints are given by:

1. The elements of the basis must have trivial OPEs with each other.

2. If A depends on any basis element, then B does not depend on that element and
vice versa.

3. If A depends on a basis element e1 and B depends on a basis element e2, then J+

cannot depend on both e1 and e2.

If such a basis exists, the first and second constraints imply that A(z) and B(z) must have
trivial OPEs with each other (such that AB(z) is unambiguous) and the path integral measure
will independently integrate over the degrees of freedom associated to A and B, such that
the measure factorises. The reason for requiring the third constraint is a little more subtle.

The first and second constraints are sufficient to show that f(xi; zi) will factorise when
all xi = 0, as can be seen from (3.10). We introduce non-trivial x-dependence via

V w
m1,m2(x; z) = exJ+

0 V w
m1,m2(0; z)e

−xJ+
0 ,

and therefore, we require that the conjugation by J+
0 does not break the factorisation property

— this is imposed by the third constraint. If a basis satisfying all three constraints exists
then, without loss of generality, we may assume that J+(z) does not depend on A(z) such
that the vertex operators factorise as

exJ+
0 VA(0; z)VB(0; z)e−xJ+

0 = VA(0; z)exJ+
0 VB(0; z)e−xJ+

0 = VA(0; z)VB(x; z). (E.2)

The full probability density functional f(xi; zi) will then factorise into a piece containing all
of the A-dependence and a piece containing all of the B-dependence.

Such a basis exists in the case of interest to this paper, when A = ∂Φ and B = J+.
It is given by

e1 = ϕ1 + ϕ2 + 2iκ2, e2 = ϕ1 − ϕ2, e3 = ϕ1 + ϕ2 + iκ2, e4 = iκ1,
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such that ∂Φ = 1
2∂e1 and J+ = ee3∂(ee4). The vertex operators (3.10) then factorise as

V (0; z) = VA(0; z)VB(0; z), where we suppress the labels on V w
m1,m2(0; z) and

V (0; z) = exp
[(
m2 −m1 −

w

2

)
e1 +

(
m1 −m2 −

1
2

)
e2 + (2m1 + w)e3 + 2m1e4

]
= exp

[(
m2 −m1 −

w

2

)
e1 +

(
m1 −m2 −

1
2

)
e2

]
exp

[
(2m1 + w)e3 + 2m1e4

]
= VA(0; z)VB(0; z),

where without loss of generality we have chosen the e2 contribution to be in VA(0; z), despite
being independent of both A and B. We may reintroduce non-trivial x-dependence via (E.2)
to find that V (x; z) = VA(0; z)VB(x; z).

Similarly the classical action, without constraints, splits into the sum of two terms
S[ϕi, κi] = SA[e1, e2] + SB[e3, e4]. Thus, the measure

f := e−S
n∏

i=1
Vi(xi; zi)

factorises as f = fAfB, where fA = e−SA
∏n

i=1 V
i

A(0; zi) and fB = e−SB
∏n

i=1 V
i

B(xi; zi).43

We shall assume that this measure is normalisable and moreover that∫
De1De2 fA ̸= 0,

∫
De3De4 fB ̸= 0. (E.3)

In the context of the results in section 4.3, this implies we must be at a point in moduli space
where a covering map exists. We define the expectation as in (5.7)

F∂ΦJ+(z) =
∫ ∏4

j=1Dej ∂Φ(z)J+(z) e−S ∏n
i=1 Vi(xi; zi)∫ ∏4

j=1Dej e−S
∏n

i=1 Vi(xi; zi)
.

Under the assumptions of (E.3) and that the probability density functional f(xi; zi) factorises,
this expectation factorises as

F∂ΦJ+(z) =
∫
De1De2 ∂Φ(z) fA∫

De1De2 fA
×
∫
De3De4 J+(z) fB∫

De3De4 fB
.

We now multiply by44

1 =
∫
Dê1Dê2 f̂A∫
Dê1Dê2 f̂A

×
∫
Dê3Dê4 f̂B∫
Dê3Dê4 f̂B

,

where the hatted fields are copies of the un-hatted linear dilaton systems we started with. We
have also introduced a shorthand notation f̂A = fA(ê1, ê2) and f̂B = fB(ê3, ê4). We then have

F∂ΦJ+(z) =
∫
De1De2Dê3Dê4 ∂Φ(z) fAf̂B∫

De1De2Dê3Dê4 fAf̂B

×
∫
Dê1Dê2De3De4 J+(z) fB f̂A∫

Dê1Dê2De3De4 fB f̂A

.

43This argument can be straightforwardly generalised to include the ghost and fermionic sectors, for which
the term

∏n−2+2g

α=1 W (uα) should also be included in the measure.
44This is a somewhat formal argument as we are assuming all integrals are finite in some appropriate sense.

The important point is that they do not vanish by assumption.
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The distinction between the hatted and un-hatted fields is artificial and so we conclude
that, under the assumptions stated,

F∂ΦJ+(z) = F∂Φ(z)FJ+(z),

as required.
Before concluding, it is worth commenting on our assumption in section 5.1 that the

zeroes of FJ+(z) away from insertion points are given by the points where either ξ+(z) → 0
or η+(z) → 0. We cannot apply the factorisation techniques of this appendix to J+ = ξ+η+,
since the third condition in our definition of “independent” operators is not satisfied by ξ+

and η+. The conjugation of vertex operators by J+
0 for non-trivial xi-dependence therefore

prevents an exact factorisation of physical correlators. Nevertheless, we do not require the full
factorisation to derive our results in section 5.1 — we only need to know the location of the
zeroes. Since ξ+ and η+ are conformal tensors, they do not have poles away from insertion
points, implying we are safe to assume that J+(z) → 0 whenever ξ+(z) → 0 or η+(z) → 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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