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Abstract

We study partially linear models in settings where observations are arranged in inde-
pendent groups but may exhibit within-group dependence. Existing approaches estimate
linear model parameters through weighted least squares, with optimal weights (given by
the inverse covariance of the response, conditional on the covariates) typically estimated by
maximising a (restricted) likelihood from random effects modelling or by using generalised
estimating equations. We introduce a new ‘sandwich loss’ whose population minimiser co-
incides with the weights of these approaches when the parametric forms for the conditional
covariance are well-specified, but can yield arbitrarily large improvements in linear parame-
ter estimation accuracy when they are not. Under relatively mild conditions, our estimated
coefficients are asymptotically Gaussian and enjoy minimal variance among estimators with
weights restricted to a given class of functions, when user-chosen regression methods are
used to estimate nuisance functions. We further expand the class of functional forms for
the weights that may be fitted beyond parametric models by leveraging the flexibility of
modern machine learning methods within a new gradient boosting scheme for minimising
the sandwich loss. We demonstrate the effectiveness of both the sandwich loss and what we
call ‘sandwich boosting’ in a variety of settings with simulated and real-world data.

1 Introduction

Grouped data are commonplace in many scientific, econometric and sociological disciplines.
Prime examples include: repeated measures data (e.g. multiple readings of patient data), lon-
gitudinal data (e.g. where weekly sales are recorded across multiple stores), and hierarchical
data (e.g. educational datasets clustered by school and potentially further sub-clustered by
classroom).

To fix ideas, consider a regression setting where we have available grouped data (Y;, D;, X;) €
R™ x R™ xR™*? for i = 1,...,I, with Y; a vector of responses and predictors (D;, X;) separated
out into a covariate D;, whose contribution to the response we are particularly interested in, and
remaining covariates X;; for instance D; may be a treatment whose effect we wish to assess after
controlling for additional covariates X;. In total therefore we have N := Zle n; observations,
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though typically not all independent. A simple but popular approach to modelling this data in
practice is via a linear model of the form

Y, = BD; + Xy + €. (1)

Here ¢; € R™ is a vector of errors such that E [g; | D;, X;] = 0 and (8,7) € R x R? are regression
coefficients to be estimated, with 8 our primary target of inference.

A challenge in such settings is properly accounting for potential correlations between com-
ponents of €; in order to obtain accurate estimates of the parameters. This may be achieved
through a weighted least squares regression yielding estimates

<?> =Mt (Zl D’:_VY%Y’> , where M = (Zl D;—_WiDi 2 D;WlX’> , (2)
Y > X, WiY; 2 Xi WiDi Y, X WX

in terms of weight matrices W; € R™*" to be chosen. The optimal choice W; « Cov [Y; | D;, X;] 7t
results in semiparametric efficient estimation of (3,7). A variety of approaches have been pro-
posed for constructing the W;. Among the most popular are multilevel models (also known as
random or mixed effects models) [Pinheiro and Bates, 2000, Fahrmeir and Tutz, 2001], which
additionally make distributional assumptions on the errors g;, typically that of Gaussianity,
and implicitly specify a particular parametrisation of Cov[Y;|D;, X;] in terms of the covari-
ates through the introduction of latent random coefficients. Parameters are typically estimated
through (restricted) maximum likelihood estimation [Hartley and Rao, 1967, Corbeil and Searle,
1976, Pinheiro and Bates, 2000]. An alternative is the marginal models framework [Heagerty
and Zeger, 2000, Diggle et al., 2013, Fahrmeir and Tutz, 2001], which directly models the
conditional covariance through a parametric form often estimated via generalised estimating
equations [Liang and Zeger, 1986, Hardin and Hilbe, 2003, Ziegler, 2011]. Provided the forms
of the conditional covariance are well-specified, any of these approaches will result in efficient
estimates for 8 and 7.

It is however well-known that all models are wrong [Box, 1976], and it is of interest to
understand, under misspecification, which approaches remain useful. Below we discuss the
consequences of the two potential sources of misspecification, that of the conditional covariance
Cov[Y; | D;, X;], and the conditional mean E[Y; | D;, X;].

1.1 Conditional covariance misspecification

Misspecification of the conditional covariance has been given a good deal of attention in the
literature. The generalised estimating equation approach that has come to be known as GEE1
[Liang et al., 1992] explicitly recognises the possibility of misspecification, and instead specifies
what is referred to as a working model for the conditional covariance, with which to construct
the weights. Valid inference is guaranteed even with arbitrary (fixed) weights as the estimator
(2) is unbiased and standard errors may be based on a sandwich estimate of the variance of B
[Huber, 1967, Gourieroux et al., 1984, Royall, 1986, Liang and Zeger, 1986],

{M_1 <Zi D] W;R;R/W;D; 3, DiTV[/z‘f?ﬂ?iTV[/iXi> M—l} Rii=Y— BD; — X4 € R™,
S XS WiRiRIWiD; Y X Wi R R WX TR Lo

(3)

The idea behind the working covariance model however is to approximate the ground truth suf-

ficiently well such that the resulting B has reasonably low variance; various estimation methods

have been proposed for this purpose [Prentice and Zhao, 1991, Crowder, 1995, Lumley, 1996,

Halekoh et al., 2006].
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Figure 1: The (scaled) objective functions of the parameter p in the AR(1) working model
for quasi-pseudo-Gaussian maximum likelihood (ML), GEE1l (GEE) and the corresponding
asymptotic MSE relative to the minimum asymptotic MSE, in a settings with a ground truth
given by an ARMA(2,1) model of Example 1; coloured intervals at the bottom indicate ranges
of p where the (global) minimisers corresponding to ML and GEE would be outperformed in
terms of MSE.

While this intuition is basically well-founded, perhaps surprisingly, for a given model for the
covariance, the success of these approaches depends crucially on the method of estimation, as we
now demonstrate with two simple examples; specific details for these are given in Appendix A.2.

Example 1 (Conditional correlation misspecification). Consider a version of (1) with X; omit-
ted for simplicity, n; = n and each error vector g; € R™ given by the first n realisations of an
ARMA(2,1) model. Suppose the weights are estimated in the parametric class consisting of
inverses of the covariance matrices of AR(1) processes, indexed by a single autoregressive pa-
rameter p; note that the scale of the weights does not affect the resulting [3’ so we do not consider
this as a parameter. We consider two specific settings within this general setup. Figure 1 plots
the objective functions that are minimised for two well-established methods for constructing
weights based on estimates p of p.

The so-called quasi-pseudo-Gaussian maximum likelihood approach (ML) [Gourieroux and
Monfort, 1993, McCullagh and Nelder, 1989, Ziegler, 2011] treats the errors as if they were
normally distributed with correlation matrix given by the AR(1) process for a given p, and pro-
ceeds to maximise jointly over the unknown 3, p and variance o2, what would be the likelihood
were this model to hold.

Motivated by the moment equation E [g;;e;5] = o2pli=kl a second approach (GEE) falling
within the GEE1 framework estimates p by the minimiser of

n I n
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here the &; are the residuals from an initial unweighted least squares regression of Y; on D;.
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Figure 2: Asymptotic MSEs of S-estimators relative to an unweighted estimator, using weights
in a misspecified model class (5) estimated by each of ML and GEE in the settings of Example 2
parametrised by (A, u).

We also plot in orange the asymptotic variance (equivalent to the mean squared error), i.e.
the population equivalent of (3), of the S-estimator weighted by the inverse of an AR(1) working
correlation matrix for a given value of p (the nomenclature ‘SL’ in the legend is explained in
Section 1.3). In Setting (a), we see that optimising either of these objectives can result in
suboptimal weights in terms of the resulting mean squared error, and any choice of p € [0.1,0.8]
would result in improved estimation of 5. Setting (b) tells a similar story, but also illustrates
issues that can arise due to local minima of the objective functions, which, in particular are
typically not guaranteed to be convex. Attempting to optimise the GEE objective by initialising
at p = O results in gradient descent converging to the highly suboptimal local optimum on the left
as the derivative of the objective at p = 0 is slightly positive (see also Table 4 in Appendix A.1,
which in particular demonstrates this issue also persists for Newton optimisation schemes).
The resulting asymptotic variance of this final B is substantially worse than even that of the
unweighted choice corresponding to p = 0.

Example 2 (Conditional variance misspecification). Consider an instance of model (1) with
n; = 1, so the data are ungrouped, and d = 1. Suppose the distribution of the data is such
that the true conditional variance Var(e; | D;, X; = z) = Var(e; | X; = x) =: 03(x) with og(z) =
2+tanh(A\(x—pu)); we shall consider different settings for the pair of parameters (A, ). Consider
using a misspecified class of functions of the form

U('T§ 77) =1+ 21[17,00) ('7:)’ (5)

where 1 € R, so the smooth curve of the tanh function is to be approximated by a step function.

Figure 2 plots the relative asymptotic mean squared errors of the weighted least squares esti-
mates of 3, given by the first component of (2), for quasi-pseudo-Gaussian maximum likelihood
(ML) and GEE1-based approaches (GEE) for constructing weights W; = 1/{o(X;;7)}? based
on estimates 7 of 1. The former involves treating the errors as if they were normally distributed
with standard deviation o(z;n) for some n while the latter estimates n by the minimiser of
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Figure 3: Schematic of how the ML ‘projections’ Wy ; and Wy 5 of the optimal weight
function Wy o< Cov(Y | D, X)~! onto the nested weight classes Wi C W, may be such that
Wi 1 in fact improves on Wy , when the contours of the negative likelihood loss (dotted blue
ellips:es) do not align with those of the asymptotic MSE; the contours of the latter are here to
be thought of as circles centred at Wy (not shown), so that the distances, V; < Vb, are the
variances of 3 constructed using weights Wy | and Wy, 5 respectively. The projections Wg;
and Wg; , corresponding to the loss given by7 the asymﬁtotic MSE itself (‘sandwich loss’) do
not suffer from any such paradoxes.

the sum of the squared differences between the squared residuals from an initial least squares
regression of Y; on (D;, X;), and (0(X;;7))?; see also Robinson [1987], Carroll [1982], Tsiatis
[2006], You et al. [2007] for examples of estimation of the conditional variance through a similar
least squares approach for improving estimation of 3 in (partially) linear models.

We compare these strategies to a naive unweighted estimator, that is (2) with W; constant,
which makes no attempt to take advantage of the heteroscedasticity in the errors to improve
estimation. Note that such weights are permitted in the model class (5) used by ML and GEE
in this example by taking n large, so (5) for some 1 necessarily gives a better approximation to
the ground truth compared to the unweighted approach.

A first interesting observation is the quite different behaviour of the ML and GEE approaches
here, with none appearing to be uniformly preferable to the other across all parameter settings.
Perhaps more surprising however is the fact that for certain values of (i, A), the performances
of these more sophisticated approaches lead to an inflation of the variance over an unweighted
estimator (of up to almost 80%). This worrying behaviour can obfuscate model selection via
AIC or BIC, as even at the population level they can favour models that result in poorer
estimation of the parameter of interest j.

To resolve this apparent paradox, notice that although the model classes used by ML and
GEE here are richer, the optimal ‘projections’ of the nuisance function oy (and corresponding
optimal weight function Wy := oy 2) relating to their respective losses do not necessarily coincide
with the optimal projection in the sense of the mean squared error of B ; in fact in general there is
no reason for them to do so, as illustrated schematically in Figure 3 (see also Proposition 1 and
Theorem 2 for a formalisation of this phenomenon). We return to these issues in Section 1.3,
but first turn our attention to misspecification of the conditional mean E[Y; | D;, X;].



1.2 Conditional mean misspecification

When the conditional expectation of the response given (D;, X;) is not necessarily expected to
be linear, a popular model to consider is the partially linear model

Y = BD; + go(X;) + €4,

D; = mo(X;) + & ©)

Here (Y;, D;, X, ;) are as in (1), so in particular E[e; | D;, X;] = 0; go and mg are potentially
nonlinear row-wise functions, that is e.g. go : R* — R, and writing X, for the jth row of matrix
X;, with a slight abuse of notation go : R"*? — R™ is then defined via (go(X;)); := go(Xi;);
and error &; € R™ in the D; on X regression satisfies E [¢; | X;] = 0. Note that the model entails
the conditional mean independence assumptions that

E(Yi; | Di, Xi) = E(Yy; | Dyj, Xi5)  and  E(Dy; | Xi) = E(Dij [ Xy5).

Nevertheless, the model is flexible enough to well-approximate a wide variety of data generating
processes, yet still permits easy interpretation of the contribution of D; to the response. The
second equation serves to model confounding due to X;. In the ungrouped setting, i.e. where
n; = 1, estimating mg in addition to gg forms a key part of the double / debiased machine
learning (DML) framework [Chernozhukov et al., 2018] for inference about §, which in recent
years has emerged as the dominant approach for estimation in partially linear models. The
popularity of this paradigm is due to the fact that it accommodates the use of arbitrary machine
learning methods for estimating the nuisance functions mg and gg, and requires only a relatively
slow rate of 1/N for the product of the corresponding mean squared errors in order to yield
estimates of 3 that converge at the parametric 1/ VN rate.

Emmenegger and Biithlmann [2023] recently extended this approach to the grouped data
setting with n; > 1, assuming a parametric form of the covariance Cov(g; | D;, X;) governed by
a random effects model. To estimate (3, they considered regressing each of Y; and D; on X;
using some independent auxiliary data and, with the resulting estimated regression functions,
formed corresponding residuals RZY and R{j to give

-1
i (Sarwar) (S ). o
(2 1

Here the weight matrices W; are formed as the inverse conditional covariances estimated using
(restricted) maximum likelihood. In practice, sample-splitting and cross-fitting are used in
place of auxiliary data, permitting semiparametric efficient estimates, provided the model is
well-specified.

However, the flexibility in modelling the conditional mean afforded by DML comes with
implications for potential misspecification of the conditional covariance. One key requirement
of the approach above is that, in addition to assuming a parametric form for the conditional
covariance, it should also not depend on D, i.e. we must have Cov(e; | D;, X;) = Cov(e; | X;).
This restriction is in fact a fundamental limitation of approaches based on DML. It comes as
a consequence of requiring Neyman orthogonality, a certain first-order insensitivity to plugging
in potentially biased machine learning estimators. Writing lo(X;) := E(Y;| X;) and [ for the
corresponding regression estimate, in our case, this entails

VIE [(Riy - ﬁR?)T Wg} — VIE [(lo(Xi) ~ i()ﬁ-))T E Wit | XH (8)
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Objective function Asymptotic MSE of B Asymptotic integrated MSE of &

GEE 4.47 0.63
ML 6.82 0.87
Sandwich loss 4.10 1.10

Table 1: Quality of the estimated weights from GEE, ML and minimising the sandwich loss
in Example 2 in terms of the derived 8 and estimate & of oy given by the square root of the
inverse of the weights.

being approximately zero, which may not hold unless W; is a function of X; alone. Thus
misspecification of the conditional covariance, and the worrying consequences this may bring,
deserve even greater attention when modelling the conditional mean in a flexible fashion through
a partially linear model.

1.3 An overview of our contributions

To address the difficulties resulting from (inevitable) misspecification of the conditional covari-
ance, we introduce a new approach for determining weight matrices in weighted least squares
estimators (2) or the DML estimator in a partially linear model setting (7). Our proposal is to
minimise a sandwich estimate of the variance of 3 (i.e. (3) or the equivalent for the DML esti-
mate) over a given parametrisation of weight matrices, thereby directly targeting the primary
objective of interest: the estimation performance of B . We thus treat this sandwich estimate of
the variance as a loss function—the ‘sandwich loss’ (SL)—by which we determine the weights.

The asypmtotic variance plotted in Figure 1 is precisely the population version of this
sandwich loss, and minimising this will, by the very definition of the loss, deliver an estimator
of 5 of minimal asymptotic variance among those considered. Returning to Example 2, Table 1
demonstrates that although ML and GEE are to be preferred in terms of estimating the true
variance function 08, they are worse when estimating S compared to our choice of weights
tailored specifically for this purpose. While in these simple examples, the performances of the
different methods are noticeably, but not radically different, we show later in Theroem 2 that
there exist data generating distributions for which for a large class of misspecified working
covariance models, the ratio of the variance for the S-estimators between either GEE or ML
and our optimal weighting scheme, can be arbitrarily large.

One key message of our paper therefore is that particularly when there is a high risk of
misspecification of the conditional covariance, the sandwich loss may be preferable over existing
criteria when inference on the (partially) linear model parameter ( is of primary interest. In
fact, even in the case that the conditional covariance is well-specified, there is a danger that
ML or GEE approaches could converge to weights that are only locally optimal for their re-
spective losses. Since it is only the global optima of these losses that correspond to weights
with favourable properties for estimation of 3, there is no guarantee that the weights obtained
are even locally optimal in terms of the resulting asymptotic variances. In this sense GEE and
ML approaches may be more vulnerable to the consequences of local optima in their objective
functions, compared to the sandwich loss; see Section 5.1.1.

A second main aim of our work is to introduce a new modelling strategy for working con-
ditional covariances that can harness the power and flexibility of machine learning methods,
similarly to how DML uses machine learning to accurately estimate nuisance functions. A chal-
lenge however is that standard regression methods cannot be directly deployed to construct



weight matrices. In order to make use of these, we first decompose the inverse of the weights
into a working conditional variance of each entry of ¢;, and a working correlation that we
model parametrically. We introduce a new gradient boosting approach for estimating these two
components through minimising our sandwich loss; this takes as input a user-chosen regres-
sion method that is used within the boosting procedure to estimate the conditional variances.
We demonstrate the favourable performance of our resulting ‘sandwich boosting’ method in a
variety of numerical experiments.

In Section 2 we introduce the sandwich loss and compare its population version to ML and
GEE-based equivalents. In Section 2.3 we verify that despite the unusual form of the sandwich
loss, under relatively mild conditions, we can expect a minimiser of the sample version to con-
verge to its population counterpart (Theorem 3). We introduce our general cross-fitted weighted
estimation approach in Section 3.1 before describing our proposed sandwich boosting scheme
in Section 3.2. Section 4 presents theory showing that our resulting estimator for the partially
linear model coefficient S is asymptotically Gaussian under relatively mild conditions on the pre-
dictive ability of nuisance function estimators, permitting the construction of honest confidence
intervals for 8. In contrast to existing results in this context, our theory permits the group sizes
n; to grow with the number of groups I, and importantly accommodates misspecification of the
conditional covariance. We present the results of a variety of numerical experiments on simu-
lated and real-world data in Section 5 that further explore the themes hinted at in Examples 1
and 2, and demonstrate the effectiveness of our sandwich boosting approach. We conclude with
a discussion in Section 6 outlining avenues for further work, including a sketch of an extension
to estimating a coefficient function in a version of (6) with 3 replaced by a function B(X;)
that is a linear combination of known basis functions, using a generalisation of the sandwich
loss. The supplementary material contains the proofs of all results presented in the main text,
additional theoretical results, further details on the examples and numerical experiments, and
a detailed computational analysis of the sandwich boosting methodology. Sandwich boosting is
implemented in the R package sandwich.boost!. We also provide code to reproduce all simu-
lations, results and figures presented in the manuscript?. Below we briefly review some related
work not necessarily covered elsewhere in the introduction, and collect together some notation
used throughout the paper.

1.4 Other related literature

As indicated in the previous sections, our work connects to a vast literature on mixed effects
models, also known as multilevel models or hierarchical models, and generalised estimating equa-
tions. Some recent developments in this area have looked at such models in high-dimensional
contexts. In particular Li et al. [2022] considers using a particular proxy conditional covariance
parametrised by a single parameter for computational simplicity. Li et al. [2018] considers a
flexible conditional covariance specification through selecting from high-dimensional random
effects via regularising terms in the Cholesky decomposition of the covariance matrix of the
random effects.

Most closely related to our setup here however is the work of Emmenegger and Biihlmann
[2023] who consider partially linear mixed effect models [Zeger and Diggle, 1994] in the dou-
ble machine learning (DML) framework, popularised by Chernozhukov et al. [2018]; see also
Kennedy [2022] for a recent review of this broad topic. Earlier work considered specific non-
parametric estimators for go in the (grouped) partially linear model framework, for example
Huang et al. [2007] use regression splines to estimate gy and a GEE approach for estimating

"https://github.com/elliot-young/sandwich.boost/
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weights. Within the DML area, work related to the setting of the (ungrouped) partially lin-
ear model includes Vansteelandt and Dukes [2022] who propose new targets of inference and
DML estimation strategies in potentially misspecified generalised partial linear models, and
Emmenegger and Bithlmann [2021] who look at estimation in partially linear models with un-
observed confounding in an instrumental variables setting using a DML approach and additional
regularisation to reduce variance.

Boosting [Schapire, 1990, Freund and Schapire, 1996], on which our sandwich boosting
proposal is built, has received a lot of interest in recent years due to its success on modern
datasets of interests. A long line of work (see for example Breiman [1999], Mason et al. [1999],
Friedman et al. [2000], and Bithlmann and Hothorn [2007] for a review) in machine learning
has resulted in the functional gradient descent perspective of boosting, which we make use of
in developing our sandwich boosting proposal.

In general terms, our use of the sandwich loss involves selecting among estimators (in our
case determined by weight functions) based on estimates of their quality (in our case, their
MSEs). In this sense it is related to a number of statistical approaches, including, for example
cross-validation. Of particular note is the recent work of Park and Kang [2021] who look
at average treatment effect estimation in multilevel studies and pick from among a family of
estimators based on augmented inverse propensity weighting [Robins et al., 1994, Robins and
Rotnitzky, 1995], one minimising an estimate of their variance.

1.5 Notation

We denote by S™ the set of symmetric m x m matrices, and for M € S™, we write Apax(M) and
Amin (M) for its maximum and minimum eigenvalues respectively. We write ST', C S™ for the
set of positive definite matrices. Let ® denote the cumulative distribution function of a standard
Gaussian distribution. We will also use the shorthand [I] := {1,...,I}. For the uniform conver-
gence results we will present, it will be helpful to write, for a law P governing the distribution of a
random vector U € R?, EpU for its expectation and Pp(U € B) =: Elg(U) for any measurable
B C R%. Further, given a sequence of families of probability distributions (P;) 7ens and for a se-
quence of families of real-valued random variables (Apr) Py IeN (which we note are permitted
to depend on P € Py), we write Apr = op(1) if lim; .o suppep, Pp (JApr| > €) = 0 forall e > 0,
Ap; = op(g(I)) for a given function g : (0,00) — (0,00) if g(I)"*Aps = op(1), and Ap; =
Op(1) if for any € > 0 there exist M, I > 0 such that sup;~; suppep, Pp (|Apr| > M) <e.

2 The sandwich loss

In this section, we first outline a general weighted least squares framework for estimating 3,
within which we formally introduce the notion of the sandwich loss. In Section 2.2 we study
properties of the sandwich loss at the population level, compared to the ML and GEE-based
approaches described in Section 1.1. In Section 2.3 we then study the behaviour of the sample
version of the sandwich loss and show that under mild conditions, a minimiser will converge in
probability to the population minimiser. For the remainder of this paper, we will work in the
setting of the partially linear model (6), which includes as a special case, the linear model (1).

2.1 Weighted estimation

Here we outline a general strategy for weighted estimation of 8, with which we will introduce
our proposed sandwich loss. For simplicity, we describe our approach in terms of an auxiliary
dataset, independent of our main data. In practice however, we use sample splitting and cross-
fitting to construct our estimator, as described in Section 3.1. As in the approach of Emmenegger



and Biihlmann [2023], we begin by regressing each of ¥ and D onto X using our main data
to give estimates [ and 7 of the row-wise conditional expectations lo(X;) = E(Y;|X;) and
mo(X;) = E(D;| X;). With these we form respective vectors of residuals RY and RP uwing
which we find an initial estimate 8 of 8 using (7) with the weights W; set to identity matrices:

)

-1
j= (Z RfTRf) (Z ziszfz,Y) |
(2
We then form ‘estimates’ of the errors & and ¢; given by sz = RlD and &; := RZ/ — BNRZD to
obtain a sandwich estimate of (/N times) the variance of a [-estimator utilising given weight
matrices W (Xj;):

—2
LsL(W) := (]17 Zgz‘—l—W(Xi)gi) <]1[ Z (fiTW(Xi)éi)Q) . (9)

In the above, W is a function that given X € R™*? for any n € N, outputs a matrix W(X) e
R™*". The sandwich loss Lgi, views the variance estimate as a function of W, and specifically as
a measure of the quality of the weights W, somewhat analogously to how the likelihood views the
density of the data as a function of parameters to be determined. Given a class W of functions
W, we then propose to find an (approximate) minimiser W of Lgi, over W (see Section 3.2 for
our sandwich boosting approach for carrying this out). While the sandwich loss is thus a rather
trivial (re-)definition, as we try to demonstrate in the present work, this shift in perspective
from variance estimate to a loss function to be minimised, can lead to non-trivial improvements
in terms of estimating 8. Note that the sandwich loss is unaffected by any positive scaling of
W: this is to be expected since the resulting 3 is equally invariant.

On the auxiliary data, we then set W; := W(X;), and form a weighted S-estimate of the
form (7). Our W should then deliver a low variance estimate of B since this is precisely the
way in which it was constructed. Indeed, we show in Section 4 that the variance estimate (9)
consistently estimates the true variance (times N).

Note that although we have introduced the sandwich loss via a specific construction of the
error estimates &; and &, it is applicable more broadly to other such estimates. For example,
in the simpler linear model setting, applying the Woodbury matrix identity shows that the
sandwich variance estimate (3) also takes the form given in (9), for certain error estimates
formed through weighted least squares regressions.

In the following section, we compare the sandwich loss to the ML and GEE-based approaches
outlined in Section 1.1 theoretically by studying population versions of these.

2.2 Population level analysis

The examples in Section 1.1 hint at potential issues with the ML. and GEE-based approaches,
which unlike the sandwich loss, are not explicitly geared towards minimising the variance of the
resulting f3: whilst when the conditional covariance is well-specified, their goals coincide with
those of the sandwich loss, in the case of misspecification, this need not be the case. Recall that
since the weight matrices are restricted to be functions of X; alone due to the requirement of
Neyman orthogonality, it is plausible that some form of misspecification is unavoidable.

To study the properties of the approaches under potential misspecification, we work for
simplicity in a setting where we observe i.i.d. instances of the partially linear model (6) with

10



fixed finite group size n; = n, and consider population versions of the respective losses:
Lvi,(W) :=E [— log det W (X) + ETW(X)E} ,

Lape(W) = E [HW(X)—1 - seTHQ] :
Len(W) := (E [gTW(X)g} )72 (E [(fW(X)e)j) :

Here ¢,£ and X are to be understood as generic versions of their counterparts with subscript
i satisfying ApimE(ee’ | D, X) > € and ApinE(£€T | X) > € almost surely for some e > 0, and
E[{AmaxE(£€T | X)}?] < 0o. Note that the GEE loss Lggg is defined here with respect to an
arbitrary matrix norm || - || derived from an inner product, such as the Frobenius norm.

In practice we would minimise empirical versions of these loss functions over a restricted
class W of weight functions W. The following family of such classes will facilitate our theoretical
comparison of the loss functions. Let g : R"*% — R™*? be a measurable function representing
some potential ‘coarsening’ of its input data x € R™?. For example, ¢ may be based on a
partition of R”*? into disjoint regions, with 2 + g¢(x) reducing the initial data z € R™*? to a
representative of the particular region into which x falls. Given some such ¢, we consider the
class of all weight functions given by a measurable function W : R"*% — S" composed with ¢
such that the final outputs are invertible almost surely and obey mild integrability conditions:

W= {Vvoq for W : R™4 5 §" - E[{ Amax (W0 q(X)}2], E[{ Amin(Woq(X))} 2] < oo}. (10)

The above setup includes as a special case, the setting where VW includes all appropriately
integrable weight matrices W : R"*¢ — §"; x s W (x) so in particular W would then contain
x> B(ee’ | X = 2)~!. On the other hand, when the image of ¢ is finite, the resulting W is
essentially a parametric class.

Let us write Vi, geR = Lsp,(E(ec " | ¢(X))~!) and Vg, for the infimum of Lgy, over W.
Proposition 1 below shows that Vi, qeg is the asymptotic variance of both the ML and GEE
losses, and gives a condition under which this coincides with Vgr,.

Proposition 1. (a) Lyy, and Lggg are both minimised over W (10) by E(ee " | (X)) 1.

(b) The asymptotic variance Vs, of the sandwich loss satisfies Vs, < Vi, e, with equality
if and only if for some constant ¢ > 0,

E [tr[Cov(e ] g(X))"Cov(=| D, X)) €€ | a(X)] = cE[¢¢" | q(X)]. (11)

Note the condition (11) holds in the instance that Cov(e | D, X) = Cov(e | ¢(X)); but given
variable D is considered here to be important enough for its associated parameter to be the
target of our inference, it is not inconceivable that the errors depend on them after conditioning
on ¢(X). Moreover, we can expect that Cov(e|X) # Cov(e|q(X)) unless W is a sufficiently
rich class of functions; in the former case (11) may fail to hold even in the favourable case where
Cov(e| D, X) = Cov(e| X). In settings where (11) fails, it is possible for the ratio Vi, /qer/VsL
to be arbitrarily large, as Theorem 2 below shows.

Theorem 2. Suppose q(X) is not almost surely constant. Then for all M > 1, and for all pairs
¥, 0 R4 S% | of positive definite matrices that are functions of ¢(X), there exists a law on
(e, &) satisfying the conditions of the model (6) with E [ee" | ¢(X)] = £(q(X)), E[¢£7 |q(X)] =
Q(q(X)) and
VML/GEE > M
Vs
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While the discrepancy between Vypr,,gee and Vs, is not always expected to be very large,
it is nevertheless potentially a cause for concern that this can happen even when . and () are
identity matrices, for example.

2.3 Sample level considerations

The previous section illustrated some of the advantages of the sandwich loss at the population
level. The sandwich loss f/SL (9) we propose however is unusual in the sense that it is not
composed of a sum of independent terms typical of the objective functions of M-estimators. A
further complication is that Lgr, involves estimates of the errors & and €;, rather than these errors
themselves. The classical theory of M-estimation [van der Vaart, 1998, Chap. 5] is therefore not
immediately applicable here, and it is not clear whether the useful advantages of the population
level sandwich loss Lgp, transfer over to its empirical counterpart. The result below however
shows that under relatively mild conditions, minimisation of Lg;, over a parametric class W (12)
yields convergence in probability to the minimiser of Lgr,. Note that since fLSL is invariant to
any positive rescaling of its argument, we are permitted to fix the scale of any weight function
in W; we do this by asking for the maximum eigenvalue of any output weight matrix to be
1. We continue to work in the setup of the previous section, where our data consist of I i.i.d.
groups of finite size n following the partially linear model (6).

Theorem 3. Let ¥ C R? be some compact set and

W= {W(zp) R RV ith sup Amax (W () (@) = 1 for ¢ € \11} (12)

zERnxd

Suppose Y* € V is such that for all € > 0, infycg.|y_y+|>c LsL(¥) > LspL(¥*). Assume the

reqularity conditions set out in Appendiz B.3, and additionally that for estimates (é,, £;) of the
error terms (&;,¢€;) either

(a) E [% i lI& - &H%] VE [% ST lE - giH‘ﬂ =o(1), or
3 - 1
(b) E [% i ll& - &-H%] VE [% SSLlE - giug} — o(N~3).
Then any sequence of approzimate minimisers 1y with Lsy (1) < Lsp(¢*) + op(1) satisfies

by =¥ +op(1).

3 Methodology

In this section we present our sandwich boosting weighted regression procedure. We first de-
scribe the basic outline of our approach for generic weight matrices employing cross-fitting in
Section 3.1 and then in Section 3.2 present our boosting strategy to approximately optimise the
sandwich loss within a flexible class of working covariance models.

3.1 Cross-fitting

In Section 2.1, we outlined a simplified approach for estimating 3 in the partially linear model
(6) involving first obtaining ‘estimates’ & and &; of the errors & and &; with which to determine
a weight function W through minimising the sandwich loss (9). The second stage involved
forming on an independent dataset, an estimate B through (7), so in particular, conditioning
on the initial dataset, W would be fixed. In practice, only a single dataset would be available,
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and we construct the two independent datasets through sample splitting, employing a K-fold
cross-fitting scheme to recover the loss in efficiency in using only part of the data to construct
the final estimator.

Cross-fitting is a popular approach in semiparametric problems for ensuring the indepen-
dence of nuisance parameter estimates from the data on which the final estimate of the tar-
get parameter is formed. This independence means that certain empirical process terms can
be controlled straightforwardly even when arbitrary nuisance parameter estimators are used.
Chernozhukov et al. [2018] and Emmenegger and Biithlmann [2023] use such cross-fitting in the
regular and grouped partially linear models respectively, where the nuisance function estimates
in question are [ and . In our case, cross-fitting additionally serves to guarantee independence
of the weight function estimates.

Algorithm 1 details our method, with observation groups indexed by Zj, playing the roles of
the initial datasets for k = 1,..., K, and those indexed by Z; involved in the construction of the
final estimator ,5’ . Note that rather than forming separate estimates of 5 corresponding to each
Ty, we instead form sets of residuals RP and IA%B/, finally constructing B using these via (7), an
approach known as DML2 [Chernozhukov et al., 2018]. A typical choice of K would be 5 or 10
and averaging over estimators B constructed using different random partitions Z7,...,Zx can
improve the performance in finite samples; see Section E.4 in the supplementary material for
further discussion. As well as obtaining an estimate B , we also calculate a sandwich estimate
V of the variance, with which an approximate (1 — a)-level confidence interval é(a) may be
constructed.

3.2 Sandwich boosting

Algorithm 1 introduced a generic approach for incorporating weight functions learnt from the
data into an estimator for [ via approximately minimising the sandwich loss over some class
of functions W. We now introduce an approach for performing this approximate minimisation
over a class W defined implicitly through a user-chosen regression method.

To introduce our approach, it is helpful to consider a class of proxy conditional covariances
parametrised as

Do(') C@() DU(')’ (13)

where, given an input X; € R%*? the functions D, and Cy output

DU(XZ') = diag(J(Xﬂ), ey U(sz))
Co(Xi) == (Mgjmpy + Lgjnyro(Xij, Xik:))(j’k)e[m}z :

Here, 0 : RY — (0,00) and pp : R x R — [0,1] for § € © (where © is some closed convex
set) are proxy conditional standard deviation and correlation functions that are to be modelled
nonparametricaly and parametrically respectively. Note that the working covariances (13) have
the property that the jkth entry depends only on X;; and Xj;; this need not be the case for
{Cov(Y; | X;)}ji for example, but is nevertheless a reasonable simplification.

Redefining s = 1/0, the corresponding weight class consists of functions of the form

W (s,0)(-) = Ds(-) Cg ' () Ds (), (14)

understanding, C, ' (X;) := {Cy(X;)} ! up to an arbitrary positive scale factor. As an example,
an equicorrelated working correlation may be parametrised as

0

-1y} — =k} T 1 9.
Cy (Xi) <ﬂ{1=k} 1+0m>(j,k)e[m]2
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Algorithm 1: Construction of S-estimator

Input: Data (Y, D;, X;);c(p; number of folds for cross-fitting K’; choices of regression
methods for estimating (ly, mg); method for finding weight estimates;
significance level a.

Partition [I] randomly into K disjoint sets 7y, ...,Zx approximately equal in size.

for k € [K] do

Using data indexed by Zf, fit estimates %) and m®) of the functions ly and mg by

regressing Y and D against X respectively.

for i € 7; do

Calculate residuals RY :=Y; — ™) (X;) and RP := D; — ) (X;).

Calculate (3, := (Ziezg RZDTRZD) 1 (Zz‘elg RZDTRZY>

Calculate 5} = RZD and &; := RZY — ka%?
end

Find an (approximate) minimiser W) of ,

= (L awens) (3 (@wes)’)
i€Ty €I
over some class of functions W corresponding to a working covariance structure
(e.g. using sandwich boosting, see Section 3.2).

for ¢ € 7;, do

Set RY :=Y; — I®(X;) and RP := D; — m®)(X;) and W; := WH®) (X;).

Define éz = RZD and &; := R?f — Bk}?lD

end

end

Calculate f := (Zi;l D ieT, R?TWin))—l ( Zszl Sin RiDT WZR,Y>
N A A\ T2 RN

Calculate V = N(Zle Zielk §;Wi§i) (Zle Ziezk (fi—rWiéi)Q).

Calculate C(a) := [/5’ NIVl (1-9%) B+ N2V (1-9) }

Output: Estimator 3 for 3, an estimator of its asymptotic variance V and 1 — « level
confidence interval C'(«) for .

for # € [0,00), with corresponding correlation pg given by 6/(1 + ). We also consider a
version for nested group structures permitting two constant correlations and an autoregressive
form suitable for longitudinal data where {Cp(X;)}jx = 077Fl; see Appendix C. Such inverse
working correlations are among the classes of weights considered in the GEE1 framework [Liang
and Zeger, 1986, Zeger and Liang, 1986, Ziegler, 2011]. A key difference here however is the
greater flexibility afforded by learning the working inverse standard deviation s function through
a boosting scheme, as we now explain. We also outline in Section 3.2.1 how our boosting
scheme may be initialised at estimated weight functions derived using existing ML or GEE-based
methods, for example, thereby increasing the flexibility of the functional forms considered.

Boosting has emerged as one of the most successful learning methods, with the XGBoost
implementation [Chen and Guestrin, 2016] in particular dominating machine learning compe-
titions such as those hosted on Kaggle [Bojer and Meldgaard, 2021]. Since its introduction in
the work of Schapire [1990], it has been generalised and reinterpreted as a form of functional
gradient descent of an objective function L based on the data [Friedman et al., 2000, Mason
et al., 1999, Bithlmann and Yu, 2003, Bithlmann and Hothorn, 2007]. For an objective func-
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tion f — L(f) € R applied to function f : R* — R, an individual boosting iteration involves
perturbing the f-function by a step in the ‘direction’ of the f-score

UD(F) () = DpBT) (@) 2= oL (f +ad)| (15)

where d, : R — R is the indicator function at z € R?. Procedurally, the f-score UJ)(f) is
evaluated at the data points and the regressed onto the data using a user-chosen ‘base learner’.

Typically L takes the form of an empirical risk, so L(f) = 3, £(yi, f(z;)) for some loss
function ¢ and predictor-response pairs (xl,yl) The corresponding f-score evaluated at the
data point z; then takes the simple form a—a £(Yi @)|a=f(z,), @ function of the ith observation
alone. This allows for f-score calculation in linear time, as Well as the possibility of parallelising
computations for large data sets as exploited by XGBoost. In our case however where we wish to
minimise the sandwich loss (s, ) — Lsp,(W (s,8)) (which recall is defined in terms of estimates
&; and & of the errors) over weight functions parametrised by (s, 0) (14), we obtain as the s-score

U 5,0 X5) = 28 { (T 4,8) S bes (€7 42) } , (15
where W;(s,0) :== W(s, 0)(X;) and

j= ({Ce }k Xik)Lp=jy + {C )}jl S(Xil)]l{k#})k,le[ni]z ’

b= ZET (s,0) fl, Ci = gWi(s,H)éi.

Thus the s-score at X;; is a function of all the data points. Nevertheless, it may be computed
for all X;; at a cost of O( > nf) However, as we show in Appendix C, for the equicorrelated,
nested and autoregressive working correlation structures, this cost is reduced to O(N) and may
be parallelised similarly to the standard setting of minimising an empirical risk. The critical
factors in allowing this are: (a) that computing the matrix inverse C; *(X;) present in W;(s, 6),
which for an arbitrary correlation pg may take O(n3) time, has a simple closed form; and (b)
computation of the terms f AU& and { A& 1nv01v1ng the sparse matrix A;; can be arranged
to be O(1) by precomputing other terms appropriately.

Along with updating s by regressing the s-score above onto the X;; and taking a step in
the direction of the negative of this fitted regression function, we may also perform a regular
projected gradient descent update for 6 using the 6-score vector

U (s,0) = —267° { (Z ) (Z& Do Wi(s,0) ) —chl (& owi(s, 002 )} (17)
1
which may be computed at no greater cost than the s-score above.

With these scores, our sandwich boosting algorithm is summarised in Algorithm 2; note
mo denotes projection onto the set ©. Recall that in our cross-fitting scheme (Algorithm 1),
we envisage applying boosting to approximately minimise a version of the sandwich loss cor-
responding to subsets of the observation indices. As is standard in boosting, the algorithm
requires a choice of initialisers (in our case §; and él) and a base learner. In all of our numer-
ical experiments, we take §; = 1, 6; = 0 and use additive penalised cubic regression splines
implemented in the R package mgcv [Wood, 2017]. We select the number of boosting iterations
Mstop Dy cross-validation, as recommended by [Biithlmann and Hothorn, 2007], though using
our sandwich loss as the evaluation criterion. Note that the algorithm is stated for fixed step
sizes A and A for simplicity; in Appendix E, we describe the specific choices and variable
step size schemes used in our numerical results.
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3.2.1 Initialising from other weighting schemes

The classes of weight functions that may be fitting using our computationally efficient boosting
schemes with equicorrelated, autoregressive or nested correlations can be rather rich when used
in conjunction with a flexible base learner. However, these classes would not encompass all
those available using classical mixed effects modelling, for example. In order to further broaden
the classes of weight functions that may be considered, one can start with an initial estimated
weight or conditional covariance function f)init estimated through GEE or ML-based approaches,
and fit a weight function of the form

{Sinit ()2 W) {Sinie ()} 2,

where W () is of the form given by (14), using sandwich boosting. The boosting algorithm then
serves to push the initial f)init in a better direction for the purposes of estimating 5. This may be
carried out easily by running Algorithm 2 on transformed error estimates &; — {f]init (Xi)}_l/ 2¢;
and similarly for §~z In fact, one can use multiple initialisers in this way, and pick among the best
sandwich-boosted versions via cross-validation with the sandwich loss as the quality criterion.

Algorithm 2: Sandwich boosting algorithm

Input: Index set Z for boosting training set (X, &;, é,-)l-ez; boosting initialisers
51 :R? — (0,00) and 01 € R; H-descent and s-descent step sizes A, \(8) > 0;
total number of boosting iterations msgiop; base learner for regressing scores
onto the data.

for m=1,..., mgop do

Calculate the N scores Us(i)(§m,ém)(Xij) (16) and 6-score Us(i)(ém, 0m) (17) using

Algorithm 3.
Regress (Us(;i)(émv 0m)<Xij)>i€I,j€[ni]

obtain the fitted regression function x +— i, (z).

onto (Xij)iez je[n;) Using the base learner to

St = Sm — A,
ém+1 = W@(ém — )\(G)Us(i)(ém,ém)).
end

Output: Weight function W := W (8mgtop+15 émsmp+1).

4 Theory

In this section we present results on asymptotic normality of the S-estimator of Algorithm 1,
and coverage guarantees for the confidence interval construction therein. Recalling the setup of
Section 3.2, we consider the case where the estimated weight functions are such that {W(k) O
takes the form (13); these may be obtained using our sandwich boosting approach (Algorithm 2),
but this is not required for our theoretical results. Let us define 6) and (k) by

Sk B
D (1) Cyia (-) Doy () := {WW ()},
and write p(*) := Pj(x) -
For simplicity of the exposition, similarly to Sections 2.2, here we consider the case where

our data are i.i.d. copies of the group of n observations (Y, D, X) € R" x R” x R"*? following
the partially linear model (6). Recall that X is a matrix whose rows, denoted X; € R%, are not
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necessarily independenent or identically distributed. We also relax the i.i.d. assumption at the
group level to permit non-identically distributed groups of unequal size in Appendix D.

Our results here are based in part on Emmenegger and Bithlmann [2023], but build on them
in two key ways. Firstly, we permit the conditional covariance Cov(Y | D, X)) to be misspecified,
i.e., for the (likely) possibility that the probability limit of the W®*)(X) is not some multiple
of Cov(Y |D,X)™!. Secondly, we consider asymptotic regimes that allow the group size n
to diverge with the total number of observations N = nl at rates we will formalise later.
Throughout, we assume that the number of folds K used in cross-fitting is finite.

We state our results as uniform convergence results over the sequence of classes of distribu-
tions (Pr)ren such that for all I sufficiently large and for all P € Py, the following hold. Note
that in the below, d, us, uq, v, o and K are to be thought of as constants, not depending on
P. The values of these are not relevant in the case where the group size n is finite, but play a
role in the rate of growth permitted when it is diverging. Moreover a < b denotes a < c¢b for
constant ¢ > 0 not depending on P. We have however suppressed the dependence on P in [,
o* etc.

Assumption A1l (Moment assumptions).

1 1
(A1.1) There exists § > 0 such that Ep[||e||§+5]m < /n and IEP[HEH;H‘;]m < /n.

(A1.2) The covariance matrices (D, X) := Ep [ee! | D, X] and Q(X) := Ep [¢£T | X] satisfy
Amin(2) 2 1 and Apin(©) 2 1 almost surely. Further, Apax(X) S n#® and Apax(Q) S nte
almost surely for some pus, po € [0, 1].

Lower values of uy and po will permit faster rates of divergence of n (see Appendix D).
Note that when X is close to the equal correlation working covariance of Section 3.2, we can
expect pux; = 1. For our simplified result in Corollary 5 we set uq = 1. In the below, whenever
we condition on estimated regression functions, this is to be understood as conditioning on the
data used to train these.

Assumption A2 (Accuracy of regression function estimators). Define the maximum within
group estimation errors of regression functions Iy and my:

. 2|, 2
Ry = maxEp [(l(l)(Xj) - lo(Xj)> ’l(l)} ; Rm:=maxEp [(m(l)(Xj) - mo(Xj)>
J€E[n] J€E[n]

m(”] .

Then the errors of these nuisance function estimators satisfy:
(A2.1) Ry (RiV Ri) = op(N71),
(A2.2) R VR, = 07)(1),

(A2.3) mzﬁEp [\ZU)(XJ-) —lo(x;)|" ‘ Z<1>} = Op(1) and
JENn
max Ep [‘m(l)(Xj) —mo(X;)|
Jj€ln]

4490

V| = 0p(1).

The assumptions on the regression function estimates are relatively weak and identical to
those in Emmenegger and Bithlmann [2023], with what is typically the strongest requirement
(A2.1) permitting nonparametric rates of op(N~1/2) for each of R,, and R;. Faster rates than
this however weaken conditions on how n may diverge; see Corollary 5 below.

Assumption A3 (Stability of weight function estimates). Suppose there also exists determin-
istic functions o* : R? — R and p* : R? x R? — (0, 00) whose estimators satisfy:
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(A3.1) R, := m?)}(ﬂzp [(c*a;(l)(Xj) — (X)) )&U)} = op(1)
JjEM
where ¢* := arginfmaxEp [(cc}(l)(Xj) — a*(Xj))Q],
>0 Jj€[n]

W] = op(1).
Further suppose the associated weights W* := W (o™, p*)(X) satisfy
(A3.3) Apmax(W*) <1 and Apin(W*) 2 n~7 for some v € [0, ux] almost surely,

~ * 2
(A3.2) Ry = maxEp [(p(”(Xj,Xj') - p*(X;, Xj))

(A3.4) Apin <W*%EW*%) 2 n~ " and Apax (W*%EW*%> < n® for some k € [0,7] and « € [0, uy)]

almost surely.

Assumptions A3.1 and A3.2 require a probabilistic limit for our estimates of the weight
function, but this need not correspond closely to the inverse of X. The eigenvalue assumption
A3.4 however does loosely quantify the discrepancy between these, and x and « impact the
permitted divergence rate of n. The reason for introducing the c¢* is that the estimated weights
need not be on the same scale as ¥ ! (recall that the sandwich loss is invariant to positive
scaling of its argument).

Theorem 4. Consider Algorithm 1. Let the sequence of distribution families (Pr)ren for
(Y, D, X) be such that for all I sufficiently large, and for all P € Py, Assumptions Al, A2
and A3 are satisfied. Further, suppose that the group size n is either finite, or diverges at a rate
satisfying Assumption Aj in Appendix D. Then defining

vim (B [eTwed) (e | ()],

we have that ,5’ 1s uniformly asymptotically Gaussian

lim sup sup |Pp (\/N/V(B—ﬁ) §t) —@(t)‘ =0,

I=c0 pep; ter
and moreover the above holds with V' replaced by V.

The result shows in particular that C'(«) constructed in Algorithm 1 is an asymptotic (1—a)-
level honest confidence interval, under the given assumptions. Corollary 5 below specialises a
version of Theorem 4 for diverging group sizes for two cases of interest where relatively simple
forms of (conservative) rate requirements on n are available.

Corollary 5. Adopt the setup and notation of Theorem /J but suppose § > 4 in Al.1 and
A2.3, and additionally that R, = Op(N~1Y). Suppose the estimated weight functions W are
constructed to fall within classes W (see Section 3.2) corresponding to one of the following two
settings:

(i) Equicorrelated working correlation, but where the true conditional correlation Corr(Y | X, D)
may be arbitrary;

(ii) Autoregressive AR(1) working correlation and when uy, =0 (see A1.2).

Then the conclusions of Theorem 4 holds for diverging group sizes at the following rates:

1
Equicorrelated (i): n=o <N3+12K A (NRm(RyV Rm))_% AR, 2<K+2)> 7

Autoregressive (ii): n= O(N% ARYA 72;1).
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We discuss each of the cases (i) and (ii) in turn. Case (i) places few restrictions on the true
conditional covariance and so results in a more stringent requirement on the growth rate of n.
Recall that the middle term N R,,(R;V Ry,) is required to be op(1) by A2.1 and small values
of the parameter x € [0, 1] indicate better approximation of ¥ in A3.4. Case (ii) enforces that
us = 0: this occurs for instance when the true correlation function is upper bounded by an
exponentially decaying function with separation (satisfied e.g. for ARMA processes). As such,
this condition may be appropriate for longitudinal data. The rate requirement on n is relatively
weak: both R; and R, need only satisfy a rate requirement weaker than that on R,, entailed
by A2.1 in order for n to be permitted to grow at any rate o(N'/3).

5 Numerical experiments

In this section we explore the empirical properties of the sandwich boosting estimator on a
number of simulated and real-world datasets. In all cases where covariates X; are available in
addition to our covariate of interest D;, we fit partially linear models using the approach of Algo-
rithm 1, estimating nuisance regression functions mg and [y using cubic regression splines imple-
mented in the mgev package [Wood, 2017]; however in addition to using weight functions W)
selected using sandwich boosting, we also compare to versions with these selected using quasi-
pseudo-Gaussian maximum likelihood (ML) and GEE1 (GEE) based methods; see Section E.1
of the Appendix for further details. Note that the use of Algorithm 1 with ML is essentially the
approach of Emmenegger and Bithlmann [2023], as in the dmlalg package [Emmenegger, 2021],
but using a robust sandwich estimate of the variance.

Section 5.1 explores four simulated settings with varying degrees of misspecification of the
conditional covariance. Section 5.2 looks at two datasets: the first, on orange juice sales grouped
by store, highlights the benefits of flexible variance modelling via the nonparametric s = 1/0
component in our sandwich boosting scheme (Section 3.2); and the second, a longitudinal study
on women'’s wages, provides a real-life example of the phenomena seen in Examples 1 and 2 where
more complex conditional covariance models can lead to poorer S-estimation when weights are
selected using ML or GEE-based approaches, and where the minimiser of the sandwich loss is
rather different to those corresponding to the ML and GEE objectives.

5.1 Simulated data

We look at four simulated scenarios, and in each case consider different weight classes W:
we describe these classes below in terms of their implied working covariances i.e. in terms of
the inverses of the weight matrices. For all the approaches we use the cross-fitting scheme
(Algorithm 1) with K = 2 folds.

e Homoscedastic: Depending on the setting, this consists of either equicorrelated or
autoregressive AR(1) working correlations scaled by a constant variance, with the single
parameter estimated either by maximising a Gaussian likelihood (ML), an approach of
the form given in (4) (GEE) or minimising the sandwich loss through projected gradient
descent (only used in the setting of Section 5.1.3).

e Heteroscedastic: This uses the same working correlations as in the homoscedastic case,
but allows for more flexibility in the working conditional variance function with specifics
depending on the estimation method used.

— ML: We model the logarithm of the conditional variance function with a polynomial
basis in the covariate X; with the number of basis functions (restricted to at most
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4 to avoid numerical instabilities) determined by cross-validation using Gaussian
log-likelihood loss. This is carried out using the nlme package [Pinheiro et al., 2022].

— GEE: We perform a cubic penalised spline regression of the squared residuals é?j
onto X; using the mgev package [Wood, 2017]) to obtain an estimate of the working
conditional variance function with the parameter of the correlation subsequently
estimated using the geeglm package [Halekoh et al., 2006].

— Sandwich loss: We use sandwich boosting as described in Section 3.2.

Section 5.1.1 considers a well-specified setting where the optimal true conditional covariance
weights can in principle be replicated by the heteroscedastic weight estimators; Section 5.1.2
looks at a misspecified setting where the optimal weights W depend on D and varies the degree
of misspecification; and Sections 5.1.3 and 5.1.4 explore the effect of varying group sizes in a
settings with mildly misspecified conditional correlation and variance respectively. In all cases,
we simulate data with equal independent and identically distributed groups of equal size n,
which we vary across the settings. The mean squared errors of S-estimators corresponding to
each method and setting pair, averaged over 500 repetitions, are shown in Figure 4. Coverage
of associated confidence intervals is reported in Section F of the Appendix; in particular the
coverage probabilities of nominal 95% confidence intervals based on our sandwich boosting
approach varies from 0.938-0.984.

5.1.1 Increasing model complexity

Consider I = 2000 i.i.d. instances of (Y, D, X) € R19 x R19 x R!Y following the partially linear
model (6) with the fllowing properties: the group size n = 10 where § = 1 is the target
parameter of interest, X is componentwise i.i.d. uniform U[-5,5], mo(z) = cosz, go(x) =
tanhz (with the cos and tanh functions applied component-wise), | X ~ Njp(0,Q(X)) and
el (D, X) ~ Nip(0,3(X)) with covariance matrices given by

E(X) — <(]1{]:k} +0.2- l{j#k})UO(Xj)UO(Xk))

QX) = (Lgj=py +0.1- 1{1#})(]’,@6[1012'

Here A > 0 is the Lipschitz constant (complexity parameter) of the conditional variance func-
tion oy, that we will vary. We use homoscedastic and heteroscedastic working covariance classes
with equicorrelated working correlation (noting that the true correlation is also constant here).

(.k)el10]2’ o0(z) = 2+ cos(A),

Ase| (D, X) 4. | X, by Proposition 1 the population minimiser of the sandwich loss and those
corresponding to the ML and GEE approaches should all coincide, and so from this perspec-
tive, the former should have no clear advantage in terms of the performance of the resulting
[B-estimator. One might therefore expect all heteroscedasticity-accommodating methods to per-
form similarly here since they need only model the conditional variance ¢ sufficiently well to
yield the semiparametrically optimal MSE (referred to as the oracle MSE).

The top left panel of Figure 4 shows that this appears to be the case when A < 0.75, but
for larger values of the complexity parameter, both the ML and GEE approaches appear to
struggle. The latter displays a somewhat erratic trajectory, peaking at an MSE 9 times that
of the oracle, and even greatly exceeding that of its homoscedastic counterpart (note that the
curves for the homoscedastic GEE and ML estimators almost coincide). This behaviour seems
likely to be due to the GEE approach finding local optima, which recall, need not be local
optima for the asymptotic MSE objective, i.e., the sandwich loss; see also Example 1 Setting
(b) and Appendix A.1 for a similar phenomenon. The sandwich boosted estimator in compar-
ison remains relatively robust to this increase in model complexity, maintaining performance
comparable to the oracle estimator.
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5.1.2 Increasing covariance misspecification

Here we consider I = 10* instances of the partially linear model (6) with n = 4, 8 = 1,
go(x) = tanhz and mg(z) = cosz. Errors (e,€) are generated by introducing an unobserved
confounder ¢ between e and £ inspired by the proof of Theorem 2 as follows:

X ~ Ny(0,0911" +0.1;), B|X ~Ber(p(X)), p(x):=Ljgo)(Z) + 10 " Li—co0)(T),

C=p(X)T'B, €](X,Q) = Na(0,¢Ly), e[ (D, X,Q) = Na(0,¢%), B = (0257H)

Here n > 1 acts as ‘misspecification parameter’, with larger values indicating greater confound-
ing and violation of the condition (11) for equivalence of the ML, GEE and sandwich losses.
Note that  denotes the mean of the entries x € R™.

As we see in the top right panel of Figure 4, the performances of the heteroscedastic ML and
GEE estimators deteriorate with increasing 1 and yield worse MSEs than even an unweighted
least squares estimator as the extent of covariance misspecification increases. In contrast, despite
being equally restricted to use a misspecified class of weights that are a function of X alone, the
sandwich boosted B has a substantially smaller MSE compared to the approaches considered,
with its advantage increasing with increasing 7.

Increasing Model Complexity Increasing Covariance Misspecification

8- 2,000
9]
= S
@ =
© L 1.000 A -—--0--9--0--0
©
= o
O 4+ o < - e--®--¢--0--9g--0-—-0--0
2 g
0.500 4
2 @
3 §
£ 29 £ 02501
w
1]
=
0.1254
14
0.0 0.5 1.0 15 2.0 2.5 10 20 30 40 50 60 70 80 90 100
A (Complexity Parameter) 1 (Misspecification Parameter)
Correlation Misspecification Conditional Variance Misspecification
[N 10 & -—=-0---@0-=--0¢--@-~--@ -~ -0 -=-9
,I ~ \*
! \
L 1.24 - \ =
o Al o
= ’ \ =
w ! w
> / '\ 5 094
5} _é e [0}
1 L N o
10| @z $---@---6-- 0 --0---0--- s
R - \
o ~o " -e - N o
on sl ‘~&‘_\‘___.___. (2]
N N 0.8
= (5 ~3 Teo-e | =
o
~.—
~e
2 4 8 16 32 64 128 256 2 4 8 16 32 64 128 256
Group Size Group Size
Loss Function Weight Class

Figure 4: Mean squared error of S-estimators for the four simulated experiments in Section 5.1
over 500 independent repeats. The top left plot gives the MSE relative to the oracle, while the
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5.1.3 Mild conditional correlation misspecification

We now consider the simple setting of (grouped) linear regression:

1 7
Y = 8D +e¢, D~ N, <o,811T+81n>,

e~ ARMA(2,1), ¢ =(0.3,0.6), o= —0.5.

Here ¢ and 9 are the autoregressive and moving average parameters respectively. We take g =1
and i.i.d. Gaussian innovations for the ARMA process. We consider settings with I = 2% /n and
group sizes n € {27 :r =1,2,...,8}. To demonstrate the effect of correlation misspecification,
we use a constant working variance and fit all models with an AR(1) working correlation; this
yields a misspecified correlation for group sizes n > 3. Example 1, Setting (a) corresponds to
this setting with n = 100. The bottom left panel of Figure 4 shows that the sandwich loss here
outperforms the competing approaches, with the GEE aproach leading to an inflation in MSE
over an unweighted approach for moderate group sizes.

5.1.4 Mild conditional variance misspecification
We now consider I = 215 /n i.i.d. instances of the the partially linear model (6) via

i.id. -

j BT B - 9 - ) n s J4n
X; ~U[-2,2] mo(x) = —6e go(x) = tanh(z) | X ~ N, (0,91,)
a3(Dj, X;) ifj =k
0.200(D;, X;)o0(Dy, Xg) ifj#k’
oo(d, z) = 2+ tanh (d — 3z) ,

e[ (D,X) ~ N, (0,%(D, X)), Zu(D,X)= {

forn e {2":r=1,2,...,8}, taking 8 = 1. Note therefore that as Cov(e| D, X) # Cov(e|X),
the optimal weights that depend also on D are not in the weight classes considered. All methods
are fitted using an equicorrelated working correlation. We again see in the bottom right Figure 4
superior performance of sandwich boosting over the competitors here.

5.2 Real-world data analyses

Here we present analyses of two datasets. We fit GEE and (heteroscedastic) sandwich boosting
approaches as in the previous section, but use mixed effects models (MEM) to give a family of
(working) conditional covariance functions in the ML framework by taking certain covariates
as random effects. We continue to use these within Algorithm 1, using the 1me4 package [Bates
et al., 2015] to obtain the weights in the MEM case as in Emmenegger and Bithlmann [2023], but
reporting robust sandwich estimates of the variance of the A3 constructed. We use K = 5 folds
for cross-fitting. To mitigate the randomness of the resulting estimators on the sample splits
themselves we aggregate the 5 and variance estimators obtained over 50 random independent
sample splits using the approach of Chernozhukov et al. [2018], Emmenegger and Bithlmann
[2023]; see Appendix E for details.

5.2.1 Orange juice price elasticity

We analyse historical data on orange juice sales, available from the James M. Kilts Center,
University of Chicago Booth School of Business [James M. Kilts Center, Accessed: 2022]. The
dataset is composed of grouped store-level scanner price and sales data over a 121 week period
from 83 Dominick’s Finer Foods stores and consists of N = 9649 observations.
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Our goal is to estimate the price elasticity of a brand of orange juice (Tropicana) during this
time period. We do this via a partially linear model (6) of the logarithm of the quantity of sales
(Y =log(Sales)) on the logarithm of the price (D = log(Price)) accounting for confounding by
events in time (X = week number), the coefficient 8 of D giving the price elasticity.

- ~ Reduction in V relative to
Method b v homoscedastic GEE estimator (%)
Sandwich Boosting —2.97 30.9 26.0
Homoscedastic GEE —-3.18 41.7 0
Heteroscedastic GEE —-3.19 446 —-7.0
Intercept only MEM —-3.17 418 —-0.17
Intercept + Time MEM  —3.18  42.5 —-2.0

Table 2: Estimates for the price elasticity of orange juice and corresponding variance estimates.

Table 2 shows the price elasticity estimators and associated sandwich variances estimates V;
note GEE and sandwich boosting approaches here use an equicorrelated working correlation.
We see that our sandwich boosting estimator has a 26.0% reduction in variance compared
to the second best homoscedastic GEE estimator. Note that in the cases of both the mixed
effects models (MEM) and GEE estimators, as a broader weight class is used, we observe
poorer performance in estimating the price elasticity, illustrating the phenomenon described
in Figure 3. Also note that the sandwich boosted and heteroscedastic GEE estimators model
weights in the same class. However, whilst the heteroscedastic GEE estimator does not usefully
model any heteroscedasticity in the data (and in fact exhibits the worst performance out of all
the estimators considered), sandwich boosting successfully estimates a helpful weighting scheme.
Figure ba demonstrates an s-function output from sandwich boosting, effectively capturing the
general and seasonal trends in volatility that are not learnt by the other estimators.

5.2.2 National longitudinal survey of young working women

Here we consider a dataset from the National Longitudinal Survey of Young Women [Bureau of
Labor Statistics, 2004] containing the wages of 4711 young working women, each measured at
approximately 6 time points per woman, totalling N = 28534 observations. We measure the
effect of work experience in their current related sector (D = work experience) on the logarithm
of wages (Y = log(wage)), controlling for age and tenure (X = (age,tenure)), with weights
a function of X, using an equicorrelated working correlation for sandwich boosting and GEE
approaches.

Table 3 gives the [B-estimators and associated variances V for the approaches considered.
Similarly to the orange juice price elasticity analysis, we see that the broader model classes
of the mixed effects model and heteroscedastic GEE estimators yield larger variances than
their respective homoscedastic counterparts. The sandwich boosting estimator gives a modest
7.4% reduction in variance over the second smallest homoscedastic GEE variance. Interestingly
however, this improvement is entirely due to the sandwich loss rather than the potentially
richer model class used by sandwich boosting: the s function output by sandwich boosting is
almost constant, and so it effectively uses a constant working variance and estimates a single
working correlation parameter. The sandwich loss objective for this correlation (parametrised
in terms of #; see Section 3.2) is plotted in Figure 5b alongside the objectives corresponding
to the homoscedastic GEE and intercept only MEM approaches. We see that the respective
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- ~ Reduction in V relative to

Method B v homoscedastic GEE estimator (%)
Sandwich Boosting 0.040 0.083 7.4
Homoscedastic GEE 0.040 0.089 0
Heteroscedastic GEE 0.039 0.091 —-1.6
Intercept only MEM 0.040 0.092 —-3.5
Intercept + Age + Tenure MEM 0.042 0.120 —-34.9

Table 3: Estimates of § and associated variance estimates 1% relating to the effect of work
experience on wages from the National Longitudinal Survey of Young Women.

f-minimisers differ substantially, with the asymptotic variance (the sandwich loss) evaluated at
the minimisers of the GEE and MEM approaches being larger than the asymptotic variance
evaluated at any 6 € [0.14,1.09], corresponding to any working correlation in the range p €
0.12,0.51].
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effects model (ML), homoscedastic GEE estima-
(a) Sandwich boosted §-function output for the or-  tor (GEE) and sandwich loss with equicorrelated
ange juice price elasticity dataset. working correlation.

Figure 5: Outputs relating to data analyses in Section 5.2.

6 Discussion

In this work we have highlighted and clarified the shortcomings of some popular classical meth-
ods in the estimation of weights for weighted least squares-type estimators in partially linear
models when the conditional covariance is misspecified. We instead advocate for choosing
weights to minimise a sandwich estimate of the variance, what we call the sandwich loss in this
context. A main contribution of ours, in the spirit of the trend towards using machine learning

24



methods for the purposes of statistical inference, is a practical gradient boosting scheme for
approximately minimising this loss over a potentially flexible family of functions defined im-
plicitly through a user-chosen base-learner. Despite the unusual form of our loss that does not
decompose as a sum over data points as with the standard case of the empirical risk, we show
that for certain versions of our algorithm, the boosting updates can be performed in linear time.

Our work offers a number of directions for future research. On the computational side, it
would be useful to investigate broader classes of working correlations that could be accommo-
dated within sandwich boosting to yield linear time updates. It could also be fruitful to consider
the use of the sandwich loss in other classes of models, for example it would be of interest to
develop these ideas in the context of generalised (partially) linear marginal models, and beyond.

Thus far we have only considered estimators of a single scalar quantity. In other situations,
one may be interested in estimating several parameters simultaneously, and in such cases there
are several modifications of the basic sandwich loss that may be helpful to explore. For example,
consider the following generalisation of the partially linear model (6):

Y =pB(X) oD+ go(X) +e,

D =my(X)+¢. (18)

Here o denotes the Hadamard product, 5(X) is a row-wise function of X, and all other terms
are as before; thus the response of the jth observation within the ith group satisfies (with a
slight abuse of notation) the mean function relationship E[Y; | D, X| = 8(X;)D; + go(X;). We
suppose B(X) admits the basis expansion

L
BX) =D dipi(X), (19)
=1

for some L known basis functions ()¢ (also row-wise functions of X), and unknown vector

of parameters ¢ := (¢1,...,¢r) € R” to be estimated. For example, the model where 3(X) =
¢1+¢2X corresponds in the classical linear model setting to fitting an ‘interaction term’ between
D and X. Given a consistent estimator qAb of ¢, the mean squared error of the resulting plug-in
3 function estimator B(X) = Y1, ¢yi(X) satisfies

E [(B(X) —B(X))Q] ~ tr (@Vy), @ = (B [o(X)or(X)]) iz pey and Ve i=Vard. (20)

This suggests the following approach. Consider a class of weighted ¢-estimators & = &(W)
where W is a weight function among a class of W, similarly to our previous framework in
Section 2.1 of weighted S-estimators. Then given estimates ® of ® and V¢(W) of Var qB(W),
we can consider a generalised sandwich loss of the form

Ly (W) = tr(@Vs (W), (21)

which we may attempt to minimise using a sandwich boosting approach; further details are
given in Appendix G.

Our sandwich loss ﬁSL is defined with respect to estimated errors 5} and &; derived from
initial regressions, which in particular, take no advantage of the dependence structure in the
data, unlike the final estimate ,5’ Clearly initial weighted regressions could deliver improved
estimates of the errors, in turn giving an improved estimate of B This suggests a scheme with
weights and residuals being updated iteratively, analogous to iterative generalised least squares
[Goldstein, 1986, 1989]. In the simple linear model setting, where the residuals are derived from
linear regressions, a generalised sandwich loss of the form (21) may be appropriate for delivering
accurate estimates of the errors. How to do this for a general regression is less clear but would
certainly be worthy of further investigation.
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Outputs relating to data analyses in Section 5.2. . . . . .. ... ... ... ...
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Supplementary material relating to ‘Sandwich Boosting for
Accurate Estimation in Partially Linear Models for Grouped
Data’, by Elliot H. Young and Rajen D. Shah

A Supplementary material relating to Section 1

A.1 Further details for Example 1
Recall that in Example 1 we consider the grouped linear model
}/:i = /BD’L + &5,

where (Y;, D;) € R™ x R™ are iid; note that since we plot the population level objective functions
of the ML and GEE approaches, along with the asymptotic variance of the resulting B for each
given value of p, there is no need to specify the total number of groups I. In Setting (a), we
take n = 100 and ¢; as the first n realisations of an ARMA(2,1) model with unit variance and
autoregressive parameters ¢ = (0.3,0.6) and moving average parameter ¥ = —0.5. Further, we
take D; ~ N,(0,2117 + £1,,).

In Setting (b), we take n = 30 and the ARMA(2,1) model parameters ¢ = (0.1,0.85),
¥ = —0.4. Compared to the Setting (a), the AR(1) working correlation model is less severely
misspecified. In this setting, the p obtained by minimising the ML objective results in a B that
has the same asymptotic mean squared error (MSE) as the unweighted estimator (obtained by
setting p = 0 in this working correlation model, i.e. not attempting to model the correlation
at all). The GEE objective is also non-convex in p, and in fact a gradient descent procedure
minimising the GEE objective initialised at p = 0 (or a Newton optimisation approach as used
in the geepack package [Halekoh et al., 2006]) will incorrectly estimate p at the local minimum
at p = —0.71. Using this estimate for p results in a 3 with MSE 2.4 times that of the unweighted
estimator (and 3.4 times that of the B resulting from minimising the sandwich loss); see Table 4.

. Asymptotic MSE of B

Objective function . .
J relative to sandwich loss

Unweighted 0.00 14

GEE (geepack) —0.71 3.4

ML (gls) 0.00 1.4

Sandwich loss (sandwich.boosting)  0.30 1.0

Table 4: Mean squared errors of the weighted [-estimators weighted using ML (implemented
in gls), GEE1 (geepack) and gradient descent of the sandwich loss (sandwich.boosting) for
the simulation example in Section A.1.

A.2 Further details on Example 2

We give further details on misspecified conditional variance motivating example in Section 1.1.
Note specifically this example compares the three loss functions considered at the population
level (and not the sample level) therefore exploring asymptotic properties of each loss function.
We consider the ungrouped (n; = 1) setting where the random variables (Y, D, X) €e Rx R xR
satisfy

X ~ UJ0,1], D =¢, Y =Df +¢,
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for some (arbitrary) 8 € R and where E[e| D, X] =E[£|X] =0, E [¢?| X] =1 and 03(X) :=
Var (e| D, X) = 2 4 tanh(A(X — p)) for constants A > 0 and p € [0, 1].
We consider using a misspecified class of functions of the form

o(z;n) =1+ 2]1[77700)(1'),

where n € R, with estimates 9 of an optimal # minimising one of the ML, GEE or SL losses
(each method discussed in Section 1). At the population level for this example these losses can
be expressed as

. 03 (X) _ 2
Lui(n) =E |log (o*(X;n)) + (()?7)} , Lgee(n) =E [(Ug(X) —o%(X;m)) ] ;

and Lt (n) = (E [02(;”)} > h (E [MD '

The model class considered is therefore parametrised by a single parameter 7, with each loss
function minimised either analytically or via a line search.

Given a minimising 7 of one the three losses, the (scaled) mean squared errors of the og-
estimator and S-estimator (weighted using the og-estimator) can be calculated analytically as

ko). (s ) (825

respectively, with results as given in Table 1

B Proof of results in Section 3

B.1 Proof of Proposition 1

We first show that Lgpg is minimised over W by E [ee" | ¢(X )]_1; this follows immediately
from the decomposition of Lgrg (W) as

E (|0 — TP =E [[w(0) ™ — B[ |o(X)] } +E [HffffTH2 ~ B[ (X |
—2FE [IE [<€€T Elee" |q(X X)) ’ H
—E [||W(X)™" ~E[e" [o(X)] } +E [HEJH ~ |[E[==T laO]|)

Note this result holds for any matrix norm derived from an inner product.

We now show that Ly, is minimised over W by E [ee" | ¢(X)] - Noting that Ly (W) =
E [y (W(X))] where

O (W (X)) = — log det W(X) + tr <W(X)E[55T | q(X)]) ,

we aim to minimise the function 2 — fy, (W (z)) for arbitrary = € R"*4. We define W € W by

W(z):=E[ee" |¢(X) = q(:c)]_l. Then given some fixed z € R"*? and W € W we define the
function g(t) = v ((1 — )W (z) + tW (z)) for t € [0,1]. The second order Taylor expansion of

g then gives
g"(t)

2 I

oL (W(x)) = gML(W(l')) + g'(O) +
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for some £ € [0,1]. Now, by Jacobi’s formula,

g (1) = —tr ([{0 =W (@) + W (@)} "~ EleeT |a(X) = a(@)] | {W(2) - W(2)}),

and so
g(0) = —tr ({W(@)! —E[e" [4(X) = q@)] | {W () - W (@)} ) = 0.

Further, by direct calculation

¢'(0) =t ({1 = DW (@) + W (@)} {W (@)~ W(a)})?)

where ||-||y denotes the Frobenius norm, and with equality holding if and only if W (x) = W (z).
Therefore whenever W (z) # W (x),

KML(W($)) > KML(W(x))a

and so Ly, is minimised over W by E [ee | ¢(X)] -
Finally, we will show that

Var, == V[}Ig/v Lgr,(W)
_ -1
= (E [E[Vec(ffT) \q(X)]E[vec(ﬁaT)vec(&t{T)T | q(X)} IE[vec(gﬁT) ]q(X)]]) .
This can be shown by noting that for W € W

L () = E [éTWF,eTWS] B E [VGC(W)TE [Vec(faT)Vec(sz)T ‘ q(X)] VGC(W)}
TS (B [E[vec(eeT) ()] Tvee(w)] )

> (& [mlvee(ee") [a(X0JE [reetes (o€ )] Blveetee a0)]] )
= (& [Blvectee™) 1ax1)E [(667) & (6T o)) " Blee(eeT 100]])

by the Cauchy-Schwarz inequality, and by using the identities a' Ab = vec(ab')vec(A) and
vec(ab")vec(cd")T = (bd") @ (ac') (for vectors a,b,c,d € R" and matrix A € R™*"), where ®
denotes the Kronecker product. Equality holds in the above if and only if

W e {W eW :vec(W(X)) =cE [(sz) ® (fsT) ‘ (]()()}71 E[vec(f&T) | ¢(X)] for some ¢ > O} .
Therefore Vs, < Vyr gee with equality if and only if the condition
E {(EST) ® (fET) }q(X)} vec <E[€5T | q(X)]fl) = cvec (IE [§§T | q(X)]) ,

holds for some ¢ > 0. Using the identity vec(ABC) = (C'T ® A)vec(B) (for matrices A, B,C €
R™*™) this condition is equivalent to

E[(¢e7) EleeT [9(X)] " (s€7) |a(X)] = cE[6€T | a(X)].
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Further,

E|(¢e™) BleeT19(X)] 7 (s€7) (X)) = E ¢ tr[Cov(e| (X))~ Covle| D, X)]€" 4(x)]
=E [tr [Cov(e| q(X)) ' Cov(e| D, X)] 3 ‘ CI(Xﬂ ,

and so this condition is equivalent to
E |tr[Cov(e | q(X)) ™ Cov(e | D, X)] &€ [a(X)| = cE[g¢” |a(xX)]. (22)

In particular when ¢(X) = X and Cov(e|D, X) = Cov(e | X) the condition (22) holds.

B.2 Proof of Theorem 2

We will adopt the shorthand ¥, = ¥(¢(X)) and Q; = Q(¢(X)). As ¢(X) is almost surely
non-constant there exists measurable I' € R™*? such that P(¢(X) € I') € (0,1). With this, we
define the random variables Q) := n_lll{q(X)Ep} + Lgy(x)erey for some n > 1 to be determined
later, and ¢ := Q!B — 1 where B ~ Ber(Q) with B L X |Q. Further, define £ := /T + (R¢
and € := /I + (R. where R¢ | (X,B) ~ N(0,Q,) and R. | (X, B, R¢) ~ N(0,%,).

By construction we then have E[¢ | X] = 0 and hence E [¢ | X] =E[e | D, X] = 0,E [¢¢7 | ¢(X)] =
Qq and E [ec " |¢(X)] = ;. Further, we can show that

B¢ (0] = 5%

and thus
E[(:¢7) @ (¢e7) [a(X)| =E[(1+ O*(R-R{) @ (ReRD) | (X))
= (1+E[C|¢(X))) E | (RR]) @ (ReR]) |o(X)]

=Q'E {(RERE) ® (ReR]) ‘q(X)] -

Therefore, using Vumr, Vare and Vgi, as in the proof of Proposition 1 (also noting that Wy, =
VGEE),

VM‘L//GEE _ ( [ oc (E §§T lg(X ) vec (E[&j | q(X)]l)}>2
E | vec (E e la(x )TE (267 o (67 |a0)] vee (BT 1a(x)) )|
( .




Then,

A =E @ vee (571) "B [(ReR{) @ (ReRD) | a(X)] vee (5]
=E[Q7'E [vec (2;!) " {(RR{) ® (ReRD) }vee (£71) | q(X)] |
~E :Q_lE [Vec (5,1 veo (E [RfRJZ;lRfRéT | q(X)D | q(X)H
—E |Q7'E |tr(T; ReReZ, ' RoRD ) [ a(X)|
=E[Q'tr(2,9)],

and

—E [Q vee(Q,) 'E [(ReRg) ® (ReR]) \q(X)} - VeC(Qq)}
= E[Qvec(2,) Tvee(s; )]
=E[Qtr(3,'Q)],

where we use

-1
E [(RaRg) ® (ReR]) |q(X)} vee(§y) = veo(3; ),
which follows as

Q= Q5,5

= E |ReR] S, RR] | g(X)]
—E |ReRIS; ReR! [ a(X))|
—E[(R-R{) @ (ReRD) [ a(X)]
= vec(Q,) =E _(RERé) (RER ) ‘q(X)} vec(¥ ; 1).
Define
t(X) = tr(Z,19,)
Then
VML/GEE _ IE[Q't(X)]
Vsu ( [t( ))?
= (E[¢(X)))
AT E[H(X) |¢(X) € TP(g(X) € T) + E[t(X) |¢(X) € T P(¢(X) € T°)}
~{ME[H(X)[q(X) € T]P(¢(X) € T) + E[t(X) [ ¢(X) € T P(q(X) € T°)}
E[t(X) [¢(X) e TTE[t(X) [ ¢(X) € ] c
> E 1)) P(g(X) € I)P(g(X) €T°) > M,
taking
(-1 EX) [¢(X) e T]E[E(X) |g(X) € I o)
n= (M 1 E [t(X)])Q Pg(X) eT)P(¢(X) el )) V2
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B.3 Regularity conditions for Theorem 3
For the statement of Theorem 3 we also impose the following regularity conditions:
(i) The map 1 — W (y)(x) is continuous for all z € R"*4,

(i) inf inf Awin(W()(@) > 0.

(iii) The errors satisfy the moment bounds E [[le]|3] < C: and E [||¢]|3] < C¢ for finite constants
Ce, Cg > 0.
B.4 Proof of Theorem 3

Using Theorem 5.7 of van der Vaart [1998] it suffices to show

sup | Lsr, 1 (¢) — LsL(¥)| = op(1). (23)
Ppew

Define the error terms

A = L3 (W)’ - e (ewwe)],
=1
A= A+ 23 (T Wisa) (00 + P + 13 () + P 0)’
=1 i=1

bi(v) == 26T Wi ()& + EOTW (1) E,

I
Bi(v) = - & WW)(X& — B [T Ww)(X)e]
=1

1
Br(v) = Bi(¥) + 1 D_bi(¥).
Then we can decompose

A NS (FWw)x0z)T n B[ W@)(X))]
sup | st 1() = Lsi.(v)] = sup P N2 T R ST D (D
ve pew <N*12i:1£iTW(w)(Xi)§i) (n'E[§TW(¥)(X)¢E])

P E[E W) Arw) o (W) 0e)]
Teer| EEW@)XE + Bi@) (- EE W)X |

First we claim that sup,cy |A7(¢))| = op(1). This follows by the uniform law of large numbers
. . . 2 33
[Jennrich, 1969], which may be applied as E [SUPwE\I/ (ETW () (X)e) } < C2C¢ < oo due to
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Assumption (iii). It can similarly be shown that sup,cy |Br(¢)| = op(1). Now,

= up |30 i]
f@( [aglenn

+E

()&

sup gi(E)TWi (w)gl(f)] >
pew

I
1 ©) 2
+E N-E—l 1€:7112

<25 Z i ||sz|\2

2 I
1
< | S IO 2| Yol
=1 =1

+E

1

1

N2 ||s£f>u%]
=1

and so by Markov’s inequality, supcy ‘Nfl Zle bi(w)‘ = op(1). Further,

sup |G ()|
Pew
<o 23 [T Wi o]+ swp 2 3T W] P )
weg i—1 P z i weI‘I)INizl S
+sup = ZI: (agl)(iﬁ))z T ZI: (a@) (1/1))2
wG‘I’Nz':l Z ver N2 Z
1 1
<2. —ZH&H B NZ(H&H HeiH{\ H&H})
::Ggl) ::Ggln
I 1
r2 S [ e v 1 3 (a0 e + ] ne?)
i=1 i=1
::C:gnl) ::G?V)

by the triangle equality. We proceed by showing that each term on the right hand side is op(1).
In the case of Assumption (a) we have

E[¢]] <E

| :
T H&“)H%H&(E)II%]

i=1

LA 3
N Z Hfz‘H%H&H%] E
i=1

1 1 1
N2 HSP\\%] = o(1),

i=1

11
< CECEE

L :
NZHEPH%] E
=1

by the Cauchy—Schwarz inequality (twice). We can similarly show (again by multiple uses of the
Cauchy-Schwarz inequality) that E[G(H)] E[Ggm)] IE[G?V)] o(1). It then follows by Markov’s

inequality (alongside Lemma 12) that Gg), G( D G(IH) G(IV) = op(1), and so supyecy |G1(¥)| =
op(1). If alternatively Assumption (b) holds then we con81der each term separately:
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E[(G")T] <2iNiE

2
Z FHEHESIHES ||§]

g 1 & ¢
< NiE NZnein%Hs@-n%] E[NZH5F>||2H5§@|12]
=1 =1

L 3 L §
2 4
E N;”Q ||2] E[NZ\&‘E] E

i=1

1
3

IN
?‘H
&=

L 5
v
=1

[

the first inequality follows as (3, x;)" < >, ] for any n € (0,1],2; > 0, the second follows by
Holder’s inequality, and the third by the Cauchy—Schwarz inequality.

I
4 1 4 8 4
E[(G]")"] < NOE ERLLEE ||6§5’||5

1 1 ! % % (e) %
+ N5E NZH&llzlldlzll& I3
=1

A 8
< NsE N Z H§H2 HEzHS

L
ElL> ueff’H%]
=1

L =1
2
1 1 ! 1 1 €12 3
et | g5 edield ] ® NZIIE} 3
1:1
2 ) 2
e|Ly © 1 - (é RS 4 : 1 o 4 :

S

I

. Z
E N; I&l3| E
1=

2=

1 1 d % 1 ! % !
+mﬂszm]ﬂN2@% >l
: i=1

=1

where the first inequality follows as (>, 2;)" < >,z for any n € (0,1],2; > 0, the second
follows by the Cauchy—Schwarz inequality, and the third by Holder’s inequality.

Term G (IH)

1
2

E

I

1
5 2 1€

i=1

o [(G(IIH))%] < N2E

L ;
T2 Haf)u%] = o(1),

=1

by (32, @:)" <>, ) for any n € (0,1],z; > 0 and using the Cauchy—Schwarz inequality.
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N ||6§5>||§||fl-||§]
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3
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1
2|
=1

I
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N 5@2{3H5ﬂb
L =1

1 1 ! () 1 ! :
1 £)12 4
+ N3E [N ;:1 ng 2] E [N ;:1 ’5@“2]

By applying Markov’s inequality to each of the above terms we have GL, GII, GIT, G}V =op(1),
and therefore with Lemma 12 we have sup,,cy |G1(¢)] = op(1).
Therefore, combining the results above with the triangle inequality

sup [A7(¢)] =op(1) and sup [Br(¢)] = op(1). (24)
pevw Hew

) L swuen i)
. 2 ’
lnfweq/ (E [STWW)(X)ﬂ)

We have already shown that E [supweq, (§TW(¢)(X )5)2] < oo and it is similarly straightfor-
ward to show that E [infyeq €T W (¥)(X)&] > 0. Therefore, it remains to show that

2
3

Now, by the triangle inequality
1 1

E[ETW@)(X)E] + Br(w))?  (EETW()(X)E])

sup |Lsr 1 (1)) _LSLW’)‘ < (SUP
pevw YEW

| (Zig B [(€wwe0e) ] + sl

1 1

(EETW@)(X)E + Br(¥)*  (EIETW()(X)E))*
To show this, it will be helpful to define

= op(1). (25)

sup
Pew

c:=E [ inf sTWw)(X)s] >0,
C:= E[Z‘éﬁ’, sTW@zo(X)&] <00

Then, further defining B}"" := supycy |Br(¢)| it follows that

Pp ( sup L 5 — 1 5
vev |(EETW () (X)E + Br(v)”  (B[ETW()(X)E])
2B — (B

Ct(1+4c1B"P)

sup sup\ 2

<Pp 2cB; (BI )2>€
1+t By)

< Pp (B?Ip > )\) where \ := (1 + 0_2046)_1 (c —clCte—V/e? — 304€) >0

)

where € := min (e, %0*402)

> €

=Pp <sup |Br(¢)| > A) =o(1) by (24).

Ypew
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sup

The penultimate step follows by solving the quadratic inequality in B, . This proves the
claim (25) and hence (23), completing the proof.

C Further details on sandwich boosting

C.1 Working correlation structures that exhibit computational benefits

We outline three common working correlation structures that allow for computationally fast
sandwich boosting, at computational order O(N) as opposed to O( Y, n?).

Equicorrelated: The equicorrelated working correlation structure (and its scaled inverse) is
given by

Co(Xi) = (Lj=ry + L£109) (j jycimi2

0
Cy (Xy) ( =k = 71 97%‘) (j.k)€ni)?

9

where the constant correlation py = /(1 + 6) is given in terms of the parameter 6 € [0, c0).
This working correlation is particularly popular for repeated measures data, with this class of
weights in the homoscedastic case (setting o* = s* = 1) the same class as used when fitting an
intercept only mixed effects model.

Autoregressive, AR(1): The autoregressive structure is given by the working correlation
matrix (and its scaled inverse) of an AR(1) process

Co(Xi) = (677H)

ClUX) = (Lgg=ty + 0" Lincjmpansy = OLgi-m=1)) Gryemgz 7> 1
(1-6%) it =1

(j.k)Ema]?

This working correlation is therefore of particular relevance for longitudinal datasets where
the correlation between observations is bounded by a function that decays exponentially with
separation.

Hierarchical / Nested: The nested working correlation models hierarchical groupings as
follows. Consider the ith group (of size n;) to be further partitioned into M sub-groups of sizes
(ni1, ..., nir) (such that Z%zl Nim = n;). The nested group structure is then given by the
block matrix

Einn oo Eiawu .
7 ’ le im X 2m+(]‘_p1)I im lfm:m/
CQ(Xz) = : I : ) Ei,mm/ = { Jn " " if 7& /
. ., if m#m/,
Eivi - Eimum P2mim XM,

for the vector p = (p1,p2) € [0,1) x [0, 1) satisfying pa < p; (suppressing the dependence on
0 in py), where J,x; denotes an a x b dimensional matrix of ones and I, denotes the a x a
dimensional identity matrix. This nested correlation can be reparametrised in terms of 6§ =
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(01, 02) := (5522, 12 ) € [0,00) x [0, 00) as

Ce_l(Xz) = (1 + 61 + 92)],11. — BZ(Q),

Ai,ﬂ(e)‘]nzq XMi1 Ai,IQ(Q)Jnn XM T AiylM(H)Jnil X MM
Ai,Ql (H)JniQXnil 'Ai,22 (G)Jnm XMi2 T 'Ai,QM(e) JniZ XM
Ai,Ml (H)JniMXnﬂ Ai,MQ(H) JniM Xng2 77 Ai,MM(e)J”iM XM
91 02 1 /
Aimm’ 0) = ————1 m=m' + ' ’ €M ;
e (9) = 7 + Oinim ¢ "t Sy it (L O1mim) (14 O1nigy) (m, m” € [M])

calculated by the Woodbury matrix identity.

C.2 Calculation of s-scores for computationally efficient sandwich boosting

Note that, as discussed in Section 2, the scores for sandwich boosting can be calculated in
O(Y;n?) computations for a generic (inverse) working correlation C; ' (+), but the three work-
ing correlations introduced are special cases that can be calculated in O(NN) operations. We first
introduce a general algorithm to calculate scores for a generic working correlation parametrised
by #, and then present this theory applied to the special cases of the working correlations
introduced (where we have a reduction in computational order).

Therefore, the order of computation to calculate the score functions for sandwich boosting
is O(>;nd) for a general correlation matrix structure whose inverse Cjy () is not known (and
so needs to be computed analytically). In the special case of Toeplitz correlation structures,
or where the inverse correlation structure C, (.) is known, this order of computation can be
reduced to O(Zl n?) Note that this computational order can be further reduced to O(N)
in the three special cases of correlation structures posed in this paper. We give an example
of these, implementing Algorithm 3 to the equicorrelation structure, with scores calculated in
O(N) operations as in Algorithm 4. For notational simplicity for these algorithms we introduce
the notation

Ciji(0) = {Cy H(X0)} 5, (26)

for the inverse working correlation structure.

Similar algorithms exist for the autoregressive AR(1) and nested groups working correlations
(and are also working correlation cases that achieve the faster O(IN) computational rates when
calculating scores for performing sandwich boosting).

C.3 Theoretical results under working correlation structures

The uniform asymptotic convergence results of Section 4 works on the general working covari-
ance model parametrised by (o, p) functions and / or parameters. For computational speed
and stability for sandwich boosting we consider the weight class reparametrised in terms of
(s,0). For completeness we reformulate the assumptions on the deterministic limits (o, p*) of
Assumption A2 in terms of the deterministic limits (s*,0*), with a particular focus on the three
prototypical working correlation parametrisations considered in Section C.

Corollary 6. Consider the setting of Theorem 4 where the weight class VW takes one of the three
forms outlined in Section C' in terms of (s,0). Further, suppose there exists the deterministic
function s* : R* — R and vector 8* whose estimators in place of Assumptions A3.1-A3.3 in
Assumption A3 satisfy
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Algorithm 3: Computationally lean sandwich boosting score calculation for an arbi-
trary working correlation

Input: Index set Z for boosting training; Working correlation structure C; (26);
Estimates of (grouped) errors (&;, £;, X;)iez; Estimates of (s, #) at which scores
to be calculated.

Calculate AV, A®@):

for i E 7 do

A7) = ETWE = ST ST Carw (0)s(Xar)s (X )Einns

AEQ = &I Wigi = S0 ST Connr (0)3(Xin) (X ) Catorr (0)ane

end

Calculate A®), AM).

forieZ andj € [ni] do

A( =2 Zk 1 l]k( ) ( lk)g’b‘]gllﬁ

4 2 4

AEj) = >ty Cijn(0)s(Xar) (fijﬁz‘k + &k&'j) :

end

Calculate A{Lh = D oier AEI) and Agﬁ)m,sq = et Al@)z.

Calculate s-scores:

forieZ and j € [n;] do

-3
0200 00%0) = 2 (42h)” [t — a4

end
Calculate the 6-score:

0 -3 ni 9Cu (0 2 og
US(L)(S79) =-2 (Agllﬁn) [Aéﬁzn,sq (ZZGIZk 122k/=1 '5’5( )S(Xik)S(Xik')&kfikf>

1 (ZzEI Zk D (%ws(Xik)S(Xik/)fméik/» ]

Output: The set of N s-scores (Xij, Us(i)(s,H)(Xij)) Licin and 6-score US(?J)(S,H).
1€l,yen;

2

(A3.1°) Ry = mrﬁcﬂzp [(c*s:(l)(xj) — (X)) §<1>] — op(1)
j€ln

where ¢* := arginfmaxEp [(05(1)()(1‘) - 3*(Xj))2}f
>0 J€[n]

) — o(k x| —
(A3.2°) Ry = ]?E%Hm ) — 07|, = op(1),
(A3.8°) For all k € [K], 3% are bounded above and below uniformly by some positive constants
and, for the relevant working correlation:

e Equicorrelation: 6%) is bounded above and below uniformly by constants in [0,00),
e Longitudinal: 6%) is bounded above and below uniformly by constants in [0, 1),

e Hierarchical / Nested: 6k) s component-wise bounded above and below uniformly
by constants in [0, 00).

Then the results of Theorem 4 hold in this alternative setup.

A proof of this corollary is given in Section D.4.
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Algorithm 4: Computationally lean sandwich boosting score calculation for the
equicorrelated working correlation

Input: Index set Z for boosting training; Estimates of (grouped) errors (éz, i, Xi)ieT;
Estimates of (s,0) at which scores to be calculated.

Calculate AW, A?) () B@).

for i € 7 do

BY = Z 1 8(Xik)&iks

B? = oy $(Xik )ik

Z(
7 . R 9
AEI _5 Wgz Zk 13( )zk 1+%ni< Z;l S(sz)gzk) )
AP = ETWigs = i s (Xa)éndin — i (ks s(Xa)éan ) (R s(Xin)éie)-

end
Calculate A®) and A®):
for i € Z and j € [n;] do

() _ 20
A = 25(Xj;j )ZZJ 1JrenB 5’”,

2
AEJ) = 23( ij)fijgz‘j 1+€n <B( )gm + B( )5z3>
end
Calculate AL, := Zi[:l Al(.l) and Agﬁznlsq = Zile A§2)2,
Calculate s-scores:
forie€Z and j € [n;] do
-3
UG 0)(Xig) = 2 (AD) T [ABh Al — AL AP AD].

iJ % 1]

end
Calculate the 6-score:

U (5,0) = -2 (Al

s Bm)? 2) g(1) g(2)
2) G (1) roAD B
Asum.sq (Zi:l (1_,'_0”1_)2 — Asum (Zi:l W) .

Output: The set of N s-scores (Xij, Us(i)(s,e)(Xij)) Licin and 6-score US(?J)(S,9>.
1€l,yen;

D Proof of results in Section 4

In this section we prove a stronger version of Theorem 4, extending it to non-identically grouped
data of varying group size, and allowing group sizes to diverge at sufficiently slow rates with V.
To allow for non-identical groups we work on a sequence of families of probability distributions
(Pr)1en that the grouped observations follow (satisfying Assumption Al with us suppressing
dependence on i), and re-define the nuisance function error rates given in Assumptions A2
and A3 with

lm} ,

and similarly for R,,, Ry and R,. This notation then recovers that in Assumption A2 when the
groups are identically distributed. We also introduce an additional parameter 7 of the working
correlation structure and re-define

R; := max max max E <lA(k)(X~) —1 (X~))2
DT kelK] i€ T, jend  © i) T IO

1 o 1 o 2
(ko) (1wl
with W := W (o*, p*)(X;).
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Assumption A3 Extended (Additional assumption on weight function). Additionally to the
Assumptions (A3.1)-(A3.4) of Assumption A3 suppose we also make the assumption
(A3.5) The working correlation function p* satisfies ;?é?%ﬁ%%f}gﬁ}ﬁ Z?f 2 P (Xij, X)) S nf for
some 7 € [0, 1] almost surely.

We can now specify the asymptotic regimes on the maximum group size nmax = max;e(s] 1
for which Theorem 4 holds, in terms of the nuisance error rates (R, R;, Ry, R,), the working
correlation metadata (o, k, 7, 7), and the true data generation mechanism metadata (6, uy, p10)-

Assumption A4 (Maximum Group Size). The maximum group size nmax := max;c(y n; of the
grouped observations {S; = (Y, Di’Xi)}ie[I] satisfies

1

et ot (g e ) Noie A o "G
Nmax = 0| NTOFO+EFas 552 A R, N HHOQ REAVN (NR; )%ﬂm /\Rl Y

==

_(2n+2 Sr==s Y +1r+1) _<2(m+71+1)/\2(71+1)> 1p-1 -1
AR V2 L) AR, \EFRsTD G /\(N_ R RV Ryn) ) .

This assumption reduces to the rates given in Section 4 by setting (us, po, v, 7) = (1,1,1,1)
in the equicorrelated working correlation setting, and (ux, po, o, k,7v,7) = (0,1,0,0,0,0) in the
autoregressive AR(1) working correlation setting.

We introduce the following additional notation relevant for the proofs in this section. For
a distribution P governing the distribution of a random vector A € R? we write || Al pp =

(Ep||A|5)/P, the subscript P in the expectation indicating the dependence on P; we will
similarly write Pp. We extend this definition to random matrices A where then [[Al/p, =

(Ep||Alhp)Y/?, where [|lop is the operator norm.

D.1 Proof of Theorem 4

The proof of Theorem 4 amounts to proving the two claims:

(i) lim sup sup ‘]P’p (\/W(B — ﬁ) < t) - (t)’ =0;

I—=00 pep; teR
Pp (W(ﬁ—ﬁ) gt) —(I)(t)' = 0.

We will prove each in turn.

(ii) lim sup sup
I—=00 pep; teR

Proof of Theorem 4 (i). Consider separating the nuisance functions into ‘fixed effects’ functions
n = (I,m) and weight functions v := (o, p) (analogous to the working covariance in the GEE
setup or random effects in the ML setup). Define the terms

0 (S5 B, v) = (D — m(X3)) TWi(w) (Vi — U(Xs) — (Di — m(X3)) B),
¢(Sism,v) == (Di — m(Xi))TWi(V) (Di — m(X3)),

where W;(v) := W (v)(X;). Further, recall the notation that we denote the k*® fold estimators
for the ‘fixed effects’ 1y := (lp,mq) as A% := (1) 1K), and for the weights the estimators
o) .= (5" 5(k)) that converge to a deterministic limit v* := (0%, p*), each with corresponding
weights W; = W (0®)(X;) (with k-dependence implicit through i) and W} = W (v*)(X;). By
scaling we may assume without loss of generality that in Assumption A3.1 we have ¢* = 1.
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Then 3 in Algorithm 1 can be expanded as

M

N% (B — B) (Nl i Z qb(Si;ﬁ(k),ﬁ(k))) (N i Z SO(Si;ﬁ,ﬁ(k),ﬁ(k)))

k=11i€ly k=11i€1y

[NIES

= e 2 L Ep [9*(S5: 8, 1m0, ") (N1nglax2f:1¢(5i§770>’/*)+M2>_
(N*1 S Ep [8(Sim0, 7)) N U iy B [0(Sii o, )]

1 kE
Nignr%axzzzzl @(Si;ﬁ77707V*)+M1 (27)
T |

(N0 Y01 B [2(S55 8,m0,07)])

where

My = N~ Qnmaxzz[ 8,7, 98 — & (Sis B,m0,v%)|

k=1 ZEIk

M, maXZZ [6(S5:®,500) = 6 (S5 m0,)]

k=11i€Zy,

We claim that by Lemma 17 we have

Nl

lim sup sup

=0. (28)
I—=oco pep; teR

A
Pr ((ZEP (S5 B0, v )]) (Z@(SiEﬂ,nOaV*)> St) — ®(t)

We must verify the condition for Lemma 17 to hold; we will show that

S Ep [lo(Si: B0, v )
sup A = o(1), (29)
PePr (22‘121 ]EP [@2(517 ﬁ7 Mo, V*)])
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holds for A = g. First, note that for an arbitrary P € Py,

! I
> Ep [I@(Si;ﬁmow*)!?”ﬂ - E Ep [
=1 X

242A 2+42A 2+42A
<ZEP (W7 12822 132 sl 22

T
g; Wi

2+2A:|

I

24+2A 24+2A 242A 1424

SZ 1€l avan el paian S an’+ < Nnghes,
; i=1

iEP [902(51,; B, 10, 1/*)] = ZI:EP [tr (Esz*f'LEzTWz*)}

i=1 '
oo o) i)
> Z n;"Ep {tr (&{:)} — i n; "Ep [tr ()]

1— 1— -
> Zn HEP mm z > Zn " > N?’ngx,
1=1

where the bounding of the numerator follows by the Cauchy—Schwarz inequality and Assump-
tions A1.1 and A3.3, and the bounding of the denominator follows by Assumptions A1.2 and A3.3.
Therefore,

7 %\ [24+2A
Z’L:l P [’@(Su 67 Tlo, V )‘ :| < N (1+I€)+(2+“)A = 0(1)

sup 1+A — Mmax

PPy (Zile EP [QOQ(S'M ﬁ?ﬁ@v V*)])

by Assumption A4, with A = g. Therefore, the condition (29) holds, and so the claim (28) is
proved.
Further, M; = op(1) by Lemma 8 and (as shown already) for arbitrary P € Pj

maXzEP S’L?B 7707 )] Z 1

therefore, by Lemma 18 in conjunction with (28) we have that

N—l % .I_ S:: * M.
Ihm sup sup |Pp Pihax 2 i1 PL533 8, 10, V') + M - <t|—-®()]=0. (30)
—00 PeP; teR 2
crrie (N_lnfhax > ie1 Ep [02(Si; B, m0, V*)]) ’
Next, we claim that

N_ln;ynax Zl‘lzl Qb (Su 7o, V*) + M2

N W S Ep 6] O o
which we proceed to show. We claim that
I
N7 Z¢> Sismo,v*) = N7'n. ZEP [6 (Si; m0, v*)] + op(1).
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This follows by Lemma 15 alongside

1 2
Ep [(N "l > (6 (Sismo,v*) —Ep [¢(Sz‘;7707’/*)])> ]

i=1
I
<N~ QHQaXZEP [(Cf’ (Sismo,v*) —Ep (¢ (Sz‘;ﬁow*)])ﬂ
=1
I I
<N~ 2n?r’1anZEP [((b (Si;nﬂvy*))Q <N™ Qn?r;YaXZEP I:HWz*Hzp”é-ng}

SN~*n2, Zn < N7'npf2 = o(1),

Tmax
=1

by the Cauchy—Schwarz inequality and Assumptions A1.1, A3.3 and A4. Because also My =
op(1) by Lemma 9, as well as that

N- n;*naxiEpw(si;no,u*)] N- n%axiEP o (wieel)]
=1
> N- nglaxzmp[ win (W) tr (67|
>N~ nznaXZn;”Ep [tr (€2)]

I
1=y
> N~ nZlaXZni >1,

we have, by Lemma 12, proved the claim (31).
Finally, combining (30) with (31) with Lemma 18 completes the proof;

lim sup sup |Pp <N2V (ﬁ B) < t) —@(t)‘ = 0.
I=00 pep; teR

Proof of Theorem j (ii). Note that

= (33 S ) (3 5 ),

k=11i€Z; k=11i€Zy,
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and so we can decompose

5 _ (Nl Zi{zl Ziezk (Suﬁ 77 ’9 )))
]

=

N1 ZiIzl Ep [SO (Si;/ﬁan(b )

oy
(ZEP (Si; B0, v )]) D (S s a*, oWy | (32)

k=14i€Ty

-

B masz 1EP[ Q(Sz§ﬁa7707V*)]+M3+M4 _5. (33)
N~ lnHaXZZ 1]EP[ 2(51';5)77071/*)]
_1 & I
N Pax i— i B,mo, V" M
2Nax i1 P(Si; By Mo, V) + 11 7 (34)

(N 1nr’inabx Zz’lzl Ep [902(51'; ﬁv 705 ’/*)]> ’

where

K
My =N, S Y [goQ(si; B,7*), 5 k)) — * (S5; 8, mo, u*)} :

k=1 icT;
I

My := N~ 1”&“2 [©(Si; B,m0,v*) — Ep [0*(Si; B,m0,v%)]] -
=1

Note that the latter term in this decomposition is considered in the proof of Theorem 4;
specifically the result (30). Therefore it remains for us to show that

N~ S Ep [03(Si; By m0, v*)] + Mz + My
N-1nt S5 Ep [92(Si 8,10, v*)]

From Lemmas 10 and 11 we have that M3 and My are both op(1). Further (as shown in the
proof of Theorem 4),

= 1—|—O7>(1). (35)

maxZEP SZ)/B Mo, V )] Z 17

and so combining these results with Lemmas 12 and 14 yields the result (35). Finally, the
results (30) and (35) in conjunction with Lemma 18 completes the proof.
O

D.2 Auxiliary results for the proof of Theorem 4: bounding terms

Lemma 7. Under the setup and notation of Theorem /, we have that

HWZ'*W*HP\S R *”ZRP

Proof. We define
Yi(o,p) = ((]l{j:k} + l{j;ék}p(XijaXik))U(Xij)g(Xik))(j7k)€[m}27

and further ¥f := ¥;(c*, p*) and %; := 5;(6®), p*)) (suppressing dependence on k € [K]).
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Note that, as W; — W = f)l_l - Zfl

W = Wil S 2l

O D [ A W s

llop =

and further,

1% = 2115, < 1% - =1
n; 9
= > (6W(x3)? - " (X5)?)
j=1
n; n;

J=15'=1j5'#j

n; 9 n;

<3 (6 (x) - 0" (X)) (1+ > /3<’“><Xij,Xijf>2)
j:l J'=15'#j
+ Z Xw;Xz] ) *(Xiijij’))27

J=1j'=15'#j

where ||-||» denotes the Frobenius norm, and so
S % |2 147 2
Brrsy, 18— S Sl R, + iR,
and hence
1 147 1 1
T * T % (|2 2 2 P32 2
9~ W s, = (Brisg [~ w2 2))E £ RE + mmd
completing the proof.
Lemma 8. Under the setup of Theorem /4,
s &
My =N "2ndax »_ > [go(si;ﬁ, AR, 5 W) — o (855 8,m0,v%) | = op(1).
k=1i€T,
Proof. For k € [K] and i € Ty, define the (I%), /m®)) errors
EN () = m® (X)) —m (X)), §V(X) =10 (X)) —1(X),
k k)
& (X2) = M (X) — BER (X,).

The term M; can then be decomposed as My = Zszl M, i, where

Mg = N3 njax > 5l(f)6m(X¢)TW¢57(r]f) (Xi) + N2 0o > gl(k)gm( Xi) TWig;

€T, i€y
I II
+ N in2,, > W (X)) TWrei + N™2nday > (&' +& (Xz')>T <Wz - Wz'*) €
1€Ly i€Ly
111 v

We show that, for an arbitrary k € [K], each of these four terms are op(1) in turn:
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Term I: Note that for an arbitrary P € Py,

_1 £ k
Episz ’N i 3 & (X
1€Ty

D) TWER (X)
SNﬁénéaxEPmIg Z ‘gl(f)ﬁm XZ)TWZSTS”’LC) (XZ)
1€Ly

1 kE
WW@ZM%W)

3 . 1
k *Bm(Xi)TWigl(fi?m(Xzﬂ ) EP\SIC [Séf]f)(XﬂTWi&(rlf)( ) ’
1€y
<N™ Qnmaxz Hg k:) HP|SIc2H8(k
ZEI;C

i)HP|SI£,2

1 1 1k 1
<N ndae 3 miRE (Ri+ Ron)? = NindanRi (Ry + Ron)
1€Ly

N|=

by Assumption A4. The result that this term I is op(1) follows directly by Lemma 15

-

Term II: First note that Epg_. [El(l_f?fjm(Xi)TWi&} =0 for any P € P; and i € Z;. Then we
k

have

€Ty

2
- ~
EP‘SIE (NZTII%&X Z Sl(lj)ﬂm(Xl)TWfofL)
1 k I k ~ 2
=N 1nmaxZEP\SI;; (gl(_%m(Xz)TWz§z> :|
1€y,
[ o(k
max Z EP‘SIE _gl( )

2o tir ok
%m(Xi)TWiQiWicSl(jﬁm(X-)}
1€Ly
_1nﬁmaXZEP\SIE Am&X(Qi)
€Ty -
SN~Lpstpn

2

7 (k) 2

A L E ST

op 2
max (Rl + Rm) = 07’(1)
by Assumption A4. The result that this term II is op(1) follows directly by Lemma 15.
Term ITI: First note that Epg_. [E,Z”(Xi)TWiEi} =0 for any P € Py and i € Zj,. Then
k

2
1 k
Episy, (N_Qnr%ax Z 512’1(Xi)TWi*5i>

1E€T),
max § EP‘SI(,

% Twr ) 2:|
> (E,T(X) wie)

max Z EP\SIC STSZLC)( Z)TW:EZW:S?%) (XZ)}
1€Ty
I w1 w1 N
SNflnI&ax Z EP\SZE AmaX(Wi QEZWZ 2) ”W Hop Hg
€Ty -

]

1+ + _
Mmax Z n; “Rin < npax Rm = op(1),
€Ty
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by Assumption A4. The result that this term II is op(1) follows directly by Lemma 15.

T .
Term IV: Similarly, note that Epg_. {({z +&P (Xl)) (W; — WZ*)EI} = 0 for any P € P; and
k
i € Ii.. Then

EP|SII§ [((5@ + 57(717) (Xz))T(Wz B VVZ*)EZ)Q]

=Epjsy (& + EW (Xi))T (Wi — W) S (W; — W) (& +EW (Xi)>]

Wi = w22, (6l + € (xa13) ]
= w7, (1603 + 69 (0 2)]
<nl*|[W; — WZ-*HHSI%,Q( €illys,e.a + Hfﬁf)(Xi)H;sng)

1+ lir 1 1
<n, “E(niQ R& +niR,§)

~"'%

SEPLSIE _Amax(zi)
A

SEP|SII.3 ] max(zi)

with the second inequality holding because HWZ—WZ* Hop < ||W; }O + HWZ* H

and the fourth inequality obtained by invoking Lemma 7. Therefore

< 1 almost surely,
op

Episy, [(N_%”I%ax > (fz‘ + &R (Xi))T (Wi — Wi*)€i> 2}

€Ly

<N“lnt Z EP‘SIE [( (fz‘ + gr(,f)(Xi)>T (W; — Wi*)si)T

€Ty
147 1 1
Sl (nuinRE + iR} ) = op(1),
by Assumption A4. The result that this term IV is op(1) follows directly by Lemma 15.
All four terms are therefore op(1) and so applying Lemma 12 completes the proof. O
Lemma 9. Under the setup of Theorem 4,
K
My:=N"nJ. > [¢>(Sz-; A0, 58 — ¢ (Sismo, v*) | = op(1).
k=14i€Ty

Proof. We adopt the same notation as in Lemma 8. Then we can decompose My into My =
Zszl M 1, where

My i= N7 Y EWN (X)Wl (Xi) =2 N 7m0 > &I WiEl) (X)

1€Ty 1€y,
Vv VI
N~1nY T (W, =W g
+ Mmax fz 1 I 62-
1€Ly,
VII

For an arbitrary k € [K]| we will show that each of these three terms are each op(1):
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Term V: We have that

Episg {N "Ml Y EW (X)) TWERD (X )} Whax Y, IEW i)H?ﬂsZgg

i€Ty, i€Tg
<Sn)oxRm = op(1),

~v’'max

and so (by Lemma 15) this term is op(1).

Term VI:

Epszz[(N e Y R TW&)]

1€Ty
=N 3 Epgs,, |60 (X)) TWQWER (X)T]
ZEIk
SN2, 30 n R, < NTEEOR,, = op(1),
ZEIk

and so (again by Lemma 15) this term is op(1).

Term VII:
IE‘:P|Sl—g |: max Z Ez W W* 5‘:|
€Ty
2
SN D Erisy | Lo Nil3]

ZGIk

147 1
<nmax (nmaxR + nmaxRp> = 07)(1),

and so similarly this term is op(1).

Combining these results with Lemma 12 proves the claim.

Lemma 10. Under the setup of Theorem 4,

M 3 35 [889.9) 05 m ] o)

k=11i€Zy,

o1



Proof. First, decompose the M3 term as Mz = Z,i(:l M3 j,, where

My g i= N7 e D 0285 8,10, ) = 62(Si: 8,0, 7))

1€Ty
R 2
= N e > (985 8,75, 90) = (S5 B0, ) )
1€Ly,
+ N g D (S5 B0, ") (‘P(Si?févﬁ(k)’ ?M) = ¢(Sis B, m0, V*))
€Ly
1,k k) * 2
< 2N i 3 (0085 8,00, 90) — (S 8,m0, 7))
i€Ly
R 2
PNt S (0S5 B0, 60) — (5 5,70, )
1€Ly
+ N_lnﬁax Z QO(SZ, B, 10, V*) (LP(SH /Ba 'f](k)a I)(k)) - SO(S’M ﬁv Mo, V*>)
€Ly
+ Nt Y (8 B0, v7) («p(sz-; B.iM,90) — (858,71, 71))
1€Ly,

:2N_1ng1axz< (S%B 77 )) (Si;ﬁvn07y*))2

1€Ly
VIII
N Y @S B0, ) (085 8,7, 50 — (S5 8,0, 1))
1€Ly,
IX
+2N "l S (S ™, o) (5 - B)?
1€Ty
X
+ N7 > (S B0, v (S n®) 5 ®) (B — )
1€Ly,
XI

We claim that each term is op(1), and prove this for each term separately:

Term VIII: We decompose this term into the four subsequent terms

2N D (so(si; 8,4, 5W) — (S5 5,m0, 7))

1€Ty

< N_l glax Z }gl(kﬂm 87(7?)( Z) ’ + N_lnglax Z (gl(f)gm(Xl)Tng’L)z
1€Ly 1€Ly
VIlia VIIIb
2
+ N_l fnax Z <5$)(XZ)TWZ*€1> + N~ nmax Z <<§’L + 5795) (XZ))T (Wl - Wz*)€1> :
1€Ty 1€y,
VIllc VIIId
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Note that

1
1 k k &
Epis, (N Ml Y }El(_)ﬂm<Xi>TWi8£f><Xi>

2 ) 2
€Ty

SNﬁ%nglax Z EP|SII§ Hgl(f)ﬁm(XZ)Twlgr(r’f) (XZ) } = 07’(1)
1€Ty

as shown when dealing with Term I in the decomposition for Lemma 8, and so the square root
of VIIIa and hence VIIla are both op(1). Further, the expectation under the law of P|Sze of
the terms VIIIb, VIIIc and VIIId are each shown in Lemma 8 to be op(1), and so the terms
VIIIb, VIIIc and VIIId are all op(1), thus (again by Lemma 15) the term V is op(1).

Term IX: Note that this term can be further decomposed into the four terms

N_lngax Z @(Sla 577707 V*) (SD(SH Baﬁ(k)a ﬁ(k)) - QD(S’L, Ba Mo, V*)>

1€Ly
= N7 i > (6T Wi E) (85, (X0 TWiER (X))
i€y,
N ’
N e D (&) (60, (X0 W76 ) + N i - (6] W) (E0(X0) W)
€Ly 1€y,
IXb IXc
+ N > ((gz + gé']f)(Xi))TWi*Ei> <§ZT(WZ- — Wi*)5i> .
i€Ty,

IXd
We claim that each of these four terms are op(1); we will show each in turn. For the first term
TXa note that Epjg,, [(gZT W) (5,(f)ﬁm(xi)TWi5£f) (Xi)ﬂ =0 for all P € Py and i € Tj. We
k

consider the cases of § € [0,4) and 0 > 4 separately. If § € [0,4) then by the von Bahr—Esseen
inequality

I3
B 3 3 (22 (5 x0T 0 ]
1€XLy

5
<(2-17Y N—l—gn;(;;%) Z Ep U(&TWZEZ) (5l(23m(Xz’)TWi&(f)(Xi)> ‘1+4]
1€Ly,

(142 s s s s
N SR, [u&ué“ fealiits Heffzmwu;“Hsékaz»)\\;“]
1€Ty

_1-0 m(14+$ 1+2 1+2 k 1+2 K 1+4
SNl S Nl el 16 O [ s [ER OO, s
1€Ty
[ [ [
NI 3o < N,
1€y,

for any P € P, and thus

. 1+2 " k)2
sup Ep UNlnfnax S wie) (85 () TWiER (X)) | “} S N gy T
1 1€Ty

=o(1),
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by Assumption A4. If on the other hand é > 4 then note that

- [<N—ln¢ﬂax S (€ W70 (61,00 g 000) )]

1€Ly
oy > Ep [ & Wiei) (5z(k33m(Xi)TWi5§f)(Xi))ﬂ
1€Ty
N2 ST Ep [60E il €5 (o 2l1E® (0 2]
1€Ty
SN2 ifaxZ||5z||ps||5z||P8H5l B i)HJZD|SII§,8H57§'§)(X1)HQP\SIE,S
ZEIk
ol Yt < N
ZEIk

for all P € Py, and thus
~ 2
sup Ep [(N—ln;;ax > (& wie) (6,60 TWiEl (X)) ) ] < NI = o(1),
PcePr 1€Ty

by Assumption A4. Hence, by Lemma 15, the term IXa is op(1).
For the term IXb, note that as Epg,. [(EZTWlaZ) <El(l_§gm(Xi)TWi§i>} = 0 for any P € Py
k
and ¢ € 7, and so the same methodology as for the term IXa can be used for IXb, showing

that this term is also op(1).
For the term IXc, note that

1€y,
}
213

- 1
T E:IE‘JP\SI;é _(SIWi*Q')z} ’ Ep)sy [<5$)(Xi)TWi*€i) }

1€y,

]EP|SI;é [

il 3 By [| (67975 (90 (x0T

€Ty,

r 1
:N‘lnfnaxZEmsI,g STWIEWIG] Epys, €0 (X5) WS ER (X))
1€y,

N|=

Z ’I’Ll+aRm < nli—i—aRm — ’P(l)a
zeIk

Similarly, for the term I1Xd,

N7 b Y (6T We) ((& +EW (Xi))T(Wi - Wz‘*)&')

1€Ty

max

|
|

EP\SI;é [

| Wiei) <<§z +&W (Xi)>T(Wi - Wi*)5i>

SN_lngqax Z EP|SI£ I: (€

1€Ty
3 (k) T . . 273
SN™ Npax Z IE1P|SIC [ &TWie;) } EP\SI;; [((& + &y (Xi)) (Wi = W; )&) }
1€Ly
k& By 147 1
Snm:)?—’— 2 (nmaxR +nmaxRp) = 73(1),

by Assumption A4. Hence, by Lemma 15, the term IXd is op(1).
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Term X: Note that

B |28 s 3 62551, 5 (5 - 67|

€Ly
<IN Y Ep {qb?(&; i®, 509 (8 - 5)°]
1€Ty
SN i 3 (Episy [I6603 (8= 8)%] + Eps,, [[€0(X0)l15(8 - 8)°])
i€y
SN - (66l 118 = BT 200 + [|€50 (X 2o )
1€Ty

_1
n; 251

P,4+6

—2_ K § : 2
SN Mmax n; <
€Ty

746 - D) e
4

4
AQS(k)( Xi) P4+5)

SELCRL] [y

§ : 1 1+/4
max n < N max7
1€Ty

by using the fact that any finite moment of a normal distribution is finite. Thus

sup EPUQN e Y (S ™, ) (3 - B) ” SN ngir = o(1),
PePy i€l

by Assumption A4. By Lemmas 12 and 15 we have that term X is op(1).

Term XI: Note that

Ep “N e > @(Si: 8,10, ") (Si; Ak, ok (5 - B) ”

1€Ty
SN Y B [l1605 (6l + 169 (X0|l,) llsilly |8 - 8]
€Ty
<N Y (sl
iGIk

4+6)
]

+ Hfi”?ﬂAJﬂs Hfiup,4+5 H&%)(X

SN~ mmaxzn%uzv%@—mup,%

1€Ty

1+

SJN max § 7’L < N™ 2nma,x?
1€Ly,

by Hoélder’s inequality (twice), and thus

sup IEP |:’N nmax Z (P(Si;ﬂ, No, V )¢(S27 77 19 )(ﬁ /8) ‘:| S Nﬁin};;?c = 0(1)

PePr i€Th

and Assumption A4. It then follows by Lemmas 12 and 15 that the term XI is op(1). As all

terms are op(1), applying Lemma 12 completes the proof.
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Lemma 11. Under the setup of Theorem 4,

1

M4 =N~ maxz [502(51';67770’”*) _]EP [802(5275777031/*)]] = 073(1)'

i=1

Proof. We will consider the two cases ¢ € (0,4) and 0 > 4 separately. If § € (0,4) then, by the
von Bahr—Esseen inequality, for all P € Py
1+j]

- 3
<2N~ 6 1+ ZE ‘902 (&'%577707”*) —Ep [(‘02 (Si;ﬁ’n07y*)]}1+4:|

I
s — Qg r(1 % * *
Ep (|04 <N 0D B |50 0 (558.m,0%) — Ep [0 (5 8,m0,)]
i=1

1
s
<N (D) SRy

)
' (Sla 577](% V*)|2+2:|

=1
5 148
<N DD S m (w2 2 el ]
=1 -
1+ 2+3 2+3
SN (+5 ZH&”PﬁaH@Hp,ﬁa

I
SN,(H%)nn(Hg)Z 2+2 <N‘* (1+k)+(2+r) S

max max )
i=1
and so 5
5 5 (1 2+x)2
sup Ep [|M4|1+4} < N_anj;(n)+( +r)§ _ 0(1),

PePr

by Assumption A4.
If 6 > 4 then, again for all P € Py,

Ep [M}] <N ﬁfaXZEp (Ss; B,m0,v*)]
- ifaxZEP[ 4]
N2, S Ep (17115, 1€l e 3]

=1

- rzxfax Z Hfz”Ps HEZHPS

& Wie

-2 25 Zn <N—1 342k

max max ?

and so
sup Ep [M7] S N™npt2® = o(1),
PeP;
by Assumptions Al.1 and A3.3.
Thus, in each case we have by applying Markov’s inequality that My = op(1). O

o6



D.3 Auxiliary uniform convergence results

For the uniform convergence results of Theorem 4 we require the following lemmata. Given a
sequence of families of probability distributions (Pr) ;. we use the shorthand (Ay); .y to denote

a sequence of random variables (Ap1) pep, jen-

Lemma 12. Let (Af);cy and (Br)cy be sequences of real-valued random variables. If Ar =
op(1) and By = op(1) then A; + Br = op(1).

Lemma 13. Let (Af);cy and (Br)cy be sequences of real-valued random variables. Suppose
that A = op(1) and By < Ay for all I € N uniformly over all P € Pr. Then Br = op(1).

Lemma 14. Let (Ag);cy and (Br)ey be sequences of real-valued random variables. If Ap =
07)(1) and B[ = Op(l) then A[B] = Op(l).

Lemma 15. Let (Ag);cy and (Bg) ey be a sequences of real-valued random variables. If there
erists some a > 1 such that Ep(|A7|® | Br) = op(1), then A; = op(1).

For proofs of these four lemmas see, for example, Lundborg et al. [2022]

Lemma 16. Let (A(Il))jeN, e (A(IK))IGN be sequences of real-valued random variables satisfy-
ing Agk) =op(1) for all k € [K], where K € N is finite. Then maxy¢(g] Agk) =op(1).

Proof. For any € > 0

K
(k) (k)
sup Pp < max A; | > > < sup Pp (max A > 6) < sup Pp ( AV > e) =o(1),
PeP kelk] ! Pep kelK ‘ ‘ ; PeP ‘ ! ‘
completing the proof. O

Lemma 17. Let (Af,i)IeNie[l} be a triangular array of real-valued random variables satisfying:
o Ar1,...,Ar 1 are independent;
o Ep [Al,i] =0 (VIEN,iE [I]),

o There exists some A\ > 0 such that

S Ep AL
lim sup =0

JR 1+4
PEPI <ZZI:1 EP |:A%{£|) 2

Then Sy := (EZ 1Ep { D : (ZZ 1AIZ) converges uniformly to N(0,1), i.e

lim sup sup |Pp (S; <t)—®(t)] =0.
I=00 pepy teR

Proof. For each I € N, let P € Py satisfy

sup sup [Pp (S; < t) — ®(t)| < sup [Pp (S; < t) — ®(t)| + 1. (36)
PePr teR teR
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_1
Let Ty, :== (Zi[:l Ep [A% Z]) : (Ar,;) for each i € [I]. Note that by construction 17 1,...,T7 1

are independent and mean zero and Zle E p(T127i) = 1. By the Lindeberg-Feller central limit
theorem for triangular arrays (Proposition 2.27, van der Vaart [1998]) we have

lim sup |[Pp (S; <t) — ®(t)] =0,

I—}OOt

provided the condition for the Lindeberg—Feller theorem holds. This condition holds as, for all
€ >0,

I I
A A

ZEP [\Tl,i\Q ]l{‘TM,X}} < Z <Ep [IT1,¢I2+ D =5 (Pp (|Tr,] > €))7
i—1 i1

I

< 67A ZEP |:|Tl,i|2+A}

=1

o SLiEp [jAP A

1+5
SRRz

by Hélder’s inequality followed by Markov’s inequality. Taking limits of (36) therefore completes
the proof. O

Lemma 18 (Shah and Peters [2020], Lemma 20). Let (Aj);cy and (Bg)cy be sequences of
real-valued random variables. Suppose

lim sup sup|Pp (A7 <t)—®(t)| =0.
I—00 pep; teR
Then we have:
(a)

If B = op(1) then hm sup sup |[Pp (Ar + By <t)— ®(t)| =0;
_>°°P€'P[ teR

(b)
If B =1+ op(1) then hm sup sup |Pp (A;/Br <t)— ®(t)| = 0.
I=00 pep; teR

D.4 Proof of Corollary 6

Proof of Theorem 6. We aim to show that Assumption A3.17 implies A3.1 and A3.2" implies
A3.2. Note that for all k € [K], i € Iy, j € [ni],

(30 (X;5) — 5*(X;))

8(k) (Xi5)2s*(Xi5)?

Ep [(6('“)()%) - 0*(ij))2] =Ep SEp [(3(’“) (Xij) — 8*(Xij))1 ;

and so Ry < R+, hence Assumption A3.17 implies A3.1.
To show that Assumption A3.2" implies A3.2, we consider each case separately:

Equicorrelation Case:  Note that for all k € [K],

ﬁ(k)

\éw)_e*
- < ’gw)_@*
[14 6% - |14+ 6F)| ~

9

and therefore R, < Rg-.
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Hierarchical / Nested Case: Note that for all k € [K],

]é““) + 00— gr — g

A~ ] - < |59 ]« |0 ] < Va9 o]
\1+9 + 68 ] 11+ 05+ 05
el a +9*)(92_9;)—9;(g<>_ef) < Vel -,

)1+9 + 68 \|1+9*+9*|

and therefore R, < Rg-.

Longitudinal AR(1) Case: Note that for all k € [K], i € Iy, j € [ni], 7’ € ]\ {j},

R k)li=3l wli=3d']
pF(Xij, Xig) — p*(Xij, Xijr) ‘_‘ i3] gl
Ak |jij,|7 Ak l |j*j/‘*1fl Ak Ak |j_j,|_l
ng_g‘. S W' 39(>_9*.|j_j/|.<9<>v9*)
=1
~ . . 1 -1 11 -1 N
< Q(k)_g* ‘|j—j/|(]—_c)|3_]‘_1§ <10g(1_ )) (1_C)log(m) )_0*

for some ¢ > 0, with the last inequality following by elementary calculus (optimising the function
N +— N (1 —¢)N~1). Therefore R, < Ry

Hence, for each working correlation, Assumption A3.2’ implies A3.2.

Finally, we must show that for each working correlation Apmax(W;) S 1, Apin(W)) 2 n™7
for all ¢ € [I]. We consider each separately.

Equicorrelation Case: Consider the decomposition of the matrix W as the sum of two
matrices W; = W*(A) + W*(B)

By ___ 9 iy ye(x
(Wi )jj’_ 1_‘_9”15 (X”)s (ij)v

for j,j" € [n;] Then, we have that

Amax(W7) < max s*(X;;)? +0 < 1,

J€[ni]
and further that, by Weyl’s inequality,
Rin (W) > min 8" (X,))2 = — 0 [}s*(X) 3
min jelna] iJ 1+9* i)ll2
>(1— —0-=>— (X;:)° 2 > T
_( 1_'_9*”1)]21#11]5( U) ~14+60*n; — 1+06* niwnl
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Hierarchical / Nested Case: First consider the decomposition of W* = Wi*(A) + Wi*(B)
where

= (1+07 +05)0; 5" (Xi5)s™ (Xijr),

for j,j" € [n;] and B as defined in Section 3.2. Then

Apmax(W}) < rn[ax] s* (X)) +0<1
JEIN:

_— -1 . 0% 463 6% o
Further, by considering W;* = parametrised by (p7, p3) = (1 +19;f +29§’ T +9i‘2 +9§), we can similarly

show that Amax(Wi*il) < ng, and therefore Apin(W)) 2 ni_l, completing the proof.

Longitudinal AR(1) Case: By the Gershgorin circle theorem alongside the triangle inequal-

ity,
Amax(W7') <(14207) max s"(Xiy)* S 1,
1 R .
A0 < (i C007) <J£%BS w>2> 5’

=(1+—= 20* 9*”2 1n B
o 1—0* JE€MN; S

2
< <
S (1+ 1 _9*> <Jrg[1n§]s (Xij) ) S,

and so Apin(W;*) = (AmaX(VV-"‘il))f1 2> 1 as required.

7

E Practical details of numerical results in Section 5

E.1 Details of weight estimators studied in 5.1

The ‘heteroscedastic ML’ estimator used in Section 5 follows Algorithm 1 but with weights
constructed as follows. Adopting the notation in Algorithm 1 with weights as in (13), we
construct

(QASMLa IaML) BML) = argmin lML(¢7 0, /8)7
(¢,p,B)ER5x (—1,1) xR

hi(6,p.8) i= Y ((—logdet W (@, p) (X:) + (R = BRP)TW(6,p)(X,) (R — BRP)).

i€Tt
{W((b, P) (Xi)}_l = D%s (Xi)COpDUqb (Xl)a O'¢(:U) = €Xp (¢T(17 T, $2a x3’ 134)),

with working correlations (Cp,)jr = 1j—py +p - Il{#k} for examples 5.1.1 and 5.1.4 (equicor-
related) and (Cy, ) jr = plI=* for examples 5.1.2 and 5.1.3 (AR(1)). These are estimated using
the nlme package [Pinheiro et al., 2022]. Weights are then constructed as

(WO} = Doy (Co,,, Do (), or(e) = exp (9, (1, 2, 2%, 2%, 2*))
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and used in Algorithm 1 to construct the final B The ‘homoscedastic ML’ estimator is con-
structed as above fixing <Z>ML =0.

The ‘heteroscedastic GEE’ estimator also follow the setup of Algorithm 1 with weights
constructed as follows. First we generate a generalised additive cubic spline estimator for the
variance and estimator for the correlation parameter as

n;
OGEE = argmin Z Z (é?j — UQ(Xij))2 + M (), J(f) = / (f”(a:))2 dz,
o€l ez j=1
PGEE ‘= argmin Z Z (gijéik - 6GEE(Xij)6GEE(X¢k)(Cep)jk> ,
PE(-LD) jeze j k=1
J#k
where II is the set of Ry valued functions that have absolutely continuous first derivative, A is
a tuning parameter that minimises the generalised cross-validation (GCV) score, and Cy, takes
the equicorrelated or AR(1) structure for each example as outlined above. In all the simulations
in Section 5.1 we fit 6ggg using the gam package [Wood, 2017], and pggg using the geepack
package [Halekoh et al., 2006]. Weights are then constructed as

2-(k -1
{W((}E)E()} = D&GEE(')CH;SGEED6GEE(')’

and used in Algorithm 1 to construct B. The ‘homoscedastic GEE’ estimator is estimated in
the same way except we set 6grg = 1.

E.2 Sandwich boosting with variable step size

In Section 3.2 we outlined the sandwich boosting algorithm 2 in terms of a fixed step size A(),
with an optimal number of boosting iterations msiop selected by cross-validation. In this setup
&) acts as a hyperparameter; if it is set to be too large one can be susceptible to under-fitting
(being unable to attain a local minimum), and if set too small it can take an unreasonably large
Mstop tO achieve convergence. An adaptation of Algorithm 2 that may be helpful in practice
would be to replace the A(®) constant step size with a variable step size

)\gfl) A argmin ﬁSL(§m — Ay, ém),
AEA
over some closed interval A of positive step sizes, attained by minimising the second order
expansion of A — Lgy, (8, — Ay, 0,,). The mth iterative update of the s-function is then taken
as
Sma1 = (B — NI 4,,) Ve,

for some constant shrinkage parameter ,u(s) € (0,1), whose purpose is to avoid overfitting, and
small constant € > 0 which ensures that 3,41 is always strictly positive everywhere; in all
our experiments, we set € = 0.1. With this setup boosting, can then be performed until a
convergence criterion is achieved. This can eliminate the need to determine an approximately
optimal (/\(S), Mstop ), as well as achieve faster convergence of sandwich boosting. We implement
this variable step size scheme in some of the numerical examples studied in Section 5.

E.3 Details of numerical results in Section 5

Sandwich boosting for the numerical results is setup as follows.
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Increasing Model Complexity (Section 5.1.1):  The variable step size adaptation of
sandwich boosting is used, with A = [0.001,10] and A(®) = 0.1.

Increasing Covariance Misspecification (Section 5.1.2): A constant step size A& =10
is used, with MO =0.1 and Mstop = 200 selected by cross-validation.

Correlation Misspecification (Section 5.1.3): As this simulated example involves optimi-
sation of the sandwich loss over a parameteric weight class in terms of a single AR(1) parameter,
there is no need to select a (/\(S),mstop).

Conditional Variance Misspecification (Section 5.1.4): A constant step size A(*) = 100
is used, with MO =0.1 and Mstop = 000 selected by cross-validation.

Real world data scenarios (Section 5.2): We carry out sandwich boosting for both with
the variable step size adaptation within the interval A = [0.01, 1], with s-shrinkage parameter
p®) = 0.1 and 6-step size A?) = 0.1.

When analysing the real world data discussed in Section 5.2, we alleviate the dependence of
the cross-fitting method on the randomness of the sample splits by repeating the procedure of
Algorithm 1 § = 50 times for different random sample splits. Suppose for the repeat indexed by
s € [S] we have [-estimator B, and asymptotic variance estimator V. Then we aggregate the
results of these repeats to produce a final estimate of 8 and associated estimate of its variance
via R R R R o

B = msee%?n Bsy, V= mseec%‘ig?n (Vs + (B = B5)?);

see for example Chernozhukov et al. [2018], Emmenegger and Biithlmann [2023].

E.4 Choice of parameters for cross-fitting

As outlined in Section 5, for the simulations in Section 5.1 we perform cross-fitting with K = 2
folds and for S =1 random sample splits. The choice of (K, S) does not affect the asymptotic
mean squared error of the resulting estimator (see Theorem 4), and thus for sufficiently large
sample size the choice of cross-fitting parameters does not affect the resulting mean squared
error. Figure 6 (left panel) shows a simulation in Section 5.1 (specifically Example 5.1.4 with
group size n; = 8) for cross-fitting parameters K € {2,5,10}. We see the choice of K does
not have a significant effect on the mean squared error of B at the sample sizes considered
in Section 5.1, therefore justifying our choice of (K,S) = (2,1) (although any other choices
would be valid, at a further computational cost). We do however note that, while such a
simple, computationally lean choice is justified for the simulations in Section 5.1, this does not
necessarily hold for smaller sample sizes; see for example Figure 6 (right). In such settings
a larger choice of either (or indeed both) K and S can improve the mean squared error, by
reducing the variance in the nuisance function estimators, in addition to the variance induced
by the sample split(s) used for cross-fitting. Therefore, when analysing the real data scenarios
of Section 5.2 we choose a larger choice of (K,S) = (5,50) (see Section E.3 for details).

F Additional numerical results

Tables 58 present the coverage probabilities of nominal 95% confidence intervals based on the
construction in Algorithm 1 for the simulation settings in Section 5.1.

G Further details on the generalised sandwich loss of Section 6

Consider the setup of Section 6 where we wish to estimate function S(X) in model (18), a
task for which by our assumption (19), it suffices to estimate coefficient vector ¢. Below we
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Sandwich

A . Het ML Hom ML Het GEE Hom GEE Unweighted Oracle
Boosting
0.1 0.952 0.954 0.950 0.950 0.950 0.946 0.950
0.3 0.956 0.950 0.956 0.950 0.956 0.946 0.950
0.5 0.944 0.952 0.946 0.952 0.946 0.952 0.950
0.7 0.950 0.950 0.948 0.948 0.948 0.956 0.948
0.9 0.950 0.958 0.948 0.950 0.948 0.954 0.948
1.1 0.956 0.952 0.950 0.958 0.950 0.956 0.958
1.3 0.952 0.946 0.952 0.962 0.952 0.950 0.954
1.5 0.958 0.942 0.948 0.958 0.948 0.946 0.962
1.7 0.962 0.946 0.946 0.970 0.946 0.948 0.962
1.9 0.958 0.942 0.944 0.970 0.944 0.944 0.966
2.1 0.962 0.938 0.942 0.954 0.942 0.948 0.954
2.3 0.954 0.936 0.946 0.964 0.946 0.950 0.956
2.5 0.946 0.942 0.952 0.948 0.952 0.946 0.952

Table 5: Coverage of nominal 95% confidence intervals C'(0.05) for 3 in Example 5.1.1.

p o omdwich g ME Hom ML Het GEE  Hom GEE  Unweighted
Boosting
10 0.982 0.974  0.974 0.974 0.974 0.958
20 0.976 0.978  0.984 0.952 0.984 0.952
30 0.982 0.962  0.970 0.948 0.972 0.946
40 0.984 0.960  0.976 0.930 0.974 0.944
50 0.972 0.946  0.968 0.910 0.966 0.940
60 0.972 0.942  0.958 0.910 0.960 0.932
70 0.972 0.932  0.958 0.892 0.958 0.934
80 0.970 0934  0.962 0.906 0.960 0.952
90 0.970 0.908  0.964 0.884 0.964 0.956
100 0.968 0.914  0.960 0.868 0.958 0.932

Table 6: Coverage of nominal 95% confidence intervals C'(0.05) for 3 in Example 5.1.2,

Gsric;ip Hom SL Hom ML Hom GEE Unweighted
2! 0.948 0.948 0.948 0.946
22 0.946 0.946 0.948 0.944
23 0.950 0.946 0.936 0.942
24 0.942 0.960 0.934 0.958
25 0.952 0.956 0.936 0.948
26 0.950 0.946 0.936 0.950
27 0.944 0.942 0.932 0.946
28 0.942 0.944 0.938 0.938

Table 7: Coverage of nominal 95% confidence intervals C (0.05) for 8 in Example 5.1.3.
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Large Sample Size N=2'° (Simulation 5.1.4) Smaller Sample Size N=2000

0.200 0.200
o o S = Number of
S = cross fitting repeats
< 175 ’? 0.175 grep
<<£ < 1
z z - 5
0.150 0.150
0.125 0.125
2 5 10 2 5 10
K = Number of folds for cross fitting K = Number of folds for cross fitting

Figure 6: Mean squared error of the sandwich boosted B-estimators for different cross-fitting
parameter choices (the number of folds used for cross-fitting, K € {2,5,10}, and the number of
repeats over different sample splits, S € {1,5}). We present these for two simulations: (Left)
Example 5.1.4, with I = 2! groups each of size n; = 8; and (Right) The same data generating
mechanism as in Example 5.1.4 but with I = 500 groups each of size n; = 4. For all settings
nominal 95% confidence intervals for the mean squared errors (over 500 simulations) are plotted.

Group  Sandwich  pr N ir o Hom ML Het GEE Hom GEE  Unweighted

Size Boosting

21 0.938 0.936 0.932 0.948 0.932 0.926
22 0.938 0.938 0.940 0.954 0.940 0.922
23 0.938 0.936 0.938 0.956 0.938 0.926
24 0.938 0.940 0.944 0.954 0.944 0.924
25 0.938 0.940 0.936 0.966 0.936 0.934
26 0.942 0.942 0.948 0.968 0.948 0.928
27 0.946 0.948 0.950 0.966 0.950 0.916
28 0.952 0.952 0.952 0.968 0.952 0.926

Table 8: Coverage of nominal 95% confidence intervals C (0.05) for 8 in Example 5.1.4.

briefly outline how this may be performed. For intuition, suppose the regression functions
(lo,mo) (defined as in the rest of the paper) are known, and define RY := Y; — [p(X;) and
RP := D; — mo(X;). Then

RlY = M;p + €, M; = (Sol(Xij)Rg)je[n},le[L}‘

An estimate of ¢ can then be obtained via a potentially weighted multivariate linear regression
of the R} onto the M;. In reality, estimates (I, /) would be used in place of the unknown (lo, mq)
in a cross-fitting scheme similar to that in Section 3.1. We may obtain an estimate V¢(W) as
a function of the weight function, and then seek to minimise the generalised sandwich loss
objective (21) via sandwich boosting.

Algorithm 5 outlines how to calculate the s-scores for sandwich boosting in this setup for
an arbitrary inverse working correlation C;;1(0) as in (26). The order of computation of this
score calculation can be reduced to O(L2N) when using one of the working correlation pa-
rameterisations in Section C; see Algorithm 6 for the example of the equicorrelated working
correlation.
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Algorithm 5: Generalised sandwich boosting: Score calculation for arbitrary working
correlation

Input: Index set Z for boosting training; Working correlation structure C; (26);
Estimates of (grouped) errors (&;, &, X;)icr; Estimates of (s, ) at which scores
to be calculated; ® € RF*L matrix (see (20)).
Calculate AM) ¢ REFIXLxL and A®?) ¢ RIZIXEXL,
for i € Z do
for (l l) [L]? do
z”/ =) hl k/ 1 Cierr (0)s(Xir) s (Xiw )&inSinr o1 (X ) orr (X )
zll’ = Ek 1 k/ 1 Cikk! (G)S(sz’)s(X'Lk/)fzkézk’(pl (sz:)(pl’(sz’)
end
end
Calculate Al == ey AY and Al o = 3,0, AP AT
Calculate A®) and AM:
forie€Z and j € [n;] do
for (1,I') € [L)? do

AEZ)Z/ = Y0 Cijie(0)s( Xk )€y (SOZ(Xz‘j)SOZ' (Xik) + v (Xij)SOZ(Xik))a
A%)y 1= > ki Cijr(0)s(Xik) (éijéik(Pl(Xij)‘Pl’ (Xik) + éikéijSpl’(Xij)(Pl(Xik)>-
end

end
Calculate s-scores:
for i € Z and j € [n;] do

00,0000, = (- (ah) " 49 (%) A
A (A AP~ ADAP AP0 (a) )

end

Calculate Aéﬁ)m and A©):
for (1,I') € [L)? do

5 i OC, 11t A
(Aéuin)”, =D ieT Doniy 2om—1 A s (X ) s(Xiw ) Eaninr 1 (X ) o (X ),

for ¢ G 7 do
Ny 6CZ 12 o ~
‘ A =3 S ks (X ) s(Xiwr )Sar€anr o1(Xir ) or (Xirr)-
end
end
Cotetate A0, = Tz AP AL + ADAD)

Calculate the #-score:
00 (6,0) = —ex (- (A%h) ™ [4%h (4%0) " ALk + A () AL
A ] (480) ).

Output: The set of N s-scores (Xij, Us(i)(s,ﬁ)(Xij))' et and f-score UbgeL)(s,H).
1eL,)en;
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Algorithm 6: Generalised sandwich boosting: Score calculation for equicorrelated
working correlation

Input: Index set Z for boosting training; Estimates of (grouped) errors (éz, i, Xi)ieT;
Estimates of (s, ) at which scores to be calculated; ® € R¥*% matrix
(see (20)).

Calculate AV € RIEIXLxL = A(2) ¢ RIZIXLxL  B(1) ¢ RIZIXL apnd B2 ¢ RIZIXL,

for : € 7 do

for [ € [L] do
Bz(ll) =y iy (X)) &iner(Xik),
B(Q) : ey 8(Xik)éinor(Xan),
end
for (1,I') € [L)? do
1 ni 1 1
Az(z} = k= s (X; )flk@l( Xik)pr (Xik) — 1+9n Bfl )Bz(l,),
1) (2
zll’ = 30 S (Xar)Embirer(Xan) v (Xix) — 1+?9m Bi(l)Bi(l’)'
end
end

Calculate AL, = Sier Agl) and Agﬁ)m.sq =Yy AEQ)AEQ)T~
Calculate A®) and AM:
for i € Z and j € [n;] do
for (1,I') € [L)? do
AR = 28(Xi) 8 Xig)pu (Xi) — e (B o (Xig) + BY u(Xig) )
“ K T+0n; S\ Pl i il i) )
Ag;ll)l/ = 25(Xij)Gisis o Xip)or (Xig) =ty (Bz‘(ll)éijsf’l’ (Xi5) + BZ-(ZZ/)&]'SDZ(XU))
end
end

Calculate s-scores:
for i € Z and j € [n;] do

U (5,0)(X5) := —tr <q>. (Agi&n) - {AS’) (Agpm)‘l AL s
FA g (AD) " AD — AP 4D~ AP 4D] (al) ) |

end
Calculate the 6-score:

) 1\ ! B T AL 2
U (s,0) = tr (cp. (A;ﬁn) [(%W) (A§u3n> ABsa

+ sum.sq sum Z%;:m - Z%:Z (1+97Li)2 sum .

Output: The set of N s-scores (Xij, Us(i)(s,e)(Xij))' Licin and 6-score Us(i)(s,e).
1€L,y€en;
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