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Summary

The motion of an acoustic source changes its sound field.
Three different fundamental topics concerned with radiation from moving
sources are investigated in this thesis. In the first we consider the

effect of motion on the sound field of two of the simplest realistic

sources, a pulsating and a vibrating body. These two problems are often

misrepresented as a moving monopole and dipole respectively. But it is
found that for real sources that motion introduces additional coupled
multipoles whose combined effect generates previously unexpeéted fedtures.
In general the change in fhe sound field due to source motion is greater
than the effect estimated from previous mathematical models. Moreover,
and quite unexpectedly, we have found that the radiation is altered in a

direction perpendicular to the flight path.

Our second problem concerns the production of sound by a jet
stream. We derive a generalization of Lighthill's acoustic analogy to
account for the interaction of the acoustic field with the méan jet flow.
We prove that the jet noise problem can be modelled exactly by convected
quadrupoles near a vortex sheet. Each moving fluid particle supports a
cuadrupole whose strength is given by Lighthill's stress tensor and the
sound radiates as if it were adjacent to an instability-free vortex
sheet. Although we show that the sound field may be expressed in terms
of the turbulence stress tensor, sound is also generated by the flow's
instability waves as they grow into turbulence, and‘this sound appears
as an exponentially growing precursor to the main field; Some well kndwn
features of the mean flow acoustic interaction issue are an immediate
consequence of the theory. We examine the case of a round jet in some
detail and concentrate on a new aspect. When the jet density is much

lower than that of its environment, the mean flow acoustic interaction




(iii)

results in a considerable amplification of the quadrupole field and the
intensity of its sound can scale on an unusually low power of the jet
speed. We show that a fourth power law is possible and even a second
power law when the density difference is large enough. This may be part
of the "excess noise" problem in which the sound of engine produced hot

jets is often insensitive to changes in jet speed at low exhaust power.

A modern rotary printing press is a noisy machine. One of the
noise sources is the vibration of the paper web as it moves unéer
variable tension between the rollers. Our third problem models this
process. We consider a semi-infinite elastic sheet initially at rest
with a prescribed displacement. The sound produced by suddenly tugging
one end is investigated. It is found that a tension wave travels
supersonically through the sheet. There is no motion ahead of this wave
but behind it the tensioned sheet supports a vibration. A membfane
excited in this way is silent except at the tugged end and at the tension
front. The-sound field has all the characteristics of a moving line
‘source. The parameters that control the noise output are identified and

the dependence of the sound field on these variables is determined.
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CHAPTER 1

INTRODUCTION

The frequency and intensity changes in the noise of a train
passing through a station or a jet flying overhead leave one in no doubt
that a sound field is altered by relative motion between the source and

the observer,

In 1900 Wiechert modelled the electric field generated by a
moving electron and his basic scheme may be used to determine the effect
of source motion on the sound field of acoustic multipoles (Morse &
Ingard 1968). The frequency of the sound heard by an observer is
modified from its stationary value by the Doppler factor (1 -M cose)_1 "
where M is the Mach number and 6 the angle between the observer and
the direction of source motion. This is the weli known result that the
frequency of the sound emitted by a source approaching the observer is
increased, while the frequency of a receding source is decreased.
Similarly the intensity of a moving multipole is amplified ahead of the
source by an amount depending on the Mach numbef, while behind it is
decreased. There is no effect when 6 = 90° ; the frequency and
intensity of the sound field produced by multipoles is unchanged in a

plane at right angles to the direction of motion.

In Chapter 2 we investigate the way in which the radiation from
more realistic sources is modified by source motion. The first simple
real source we consider is a small pulsating body. This has been

- modelled as a moving monopole (Lowson 1965), but there is an essential
difference between the two problems. In addition to a mass flux, the
moving pulsatile body also exerts a fluctuating force on the fluid
which generates an additional sound field. Moreover, even for the

smallest of physical sources, the retarded time variations over the



body are not négligible, and change the form of the sound field. The
radiation from a small vibrating moving sphere is also determined in
Chapter 2. 1In the past this source has been assumed incorrectly to be

a dipole (Morse & Ingard 1968) but the presence of additional multipoles
destroys such a simple specification of the field. The influence of
motion on physically realizable sources seems to be more acute than for
the multipoles described in the literature. Source motion can also
amplify the sound radiated perpendicular to the direction of motion;
this feature has been observed experimentally in the measurement of
flight effects on jet noise, but is not demonstrated in the classical
mathematical models. Probably the most useful conclusion is that source
motion alters the field in a complicated way that depénds on the form of
the source. We believe that it is essential to have an accurate description
of the.important sources in a real jet before the effect of flight on

aircraft noise can be correctly predicted.

In his pioneering paper Lighthill (1952) rearranged the Navier
Stokes equation to show that jet mixing noise may be described by
éonvected quadrupoles emitting into a still fluid, and he determined the
exact equivalent sources. Of course, in practice, sound produced within
the jet will propagate through turbulent fluid, and such a moving flow
can alter the sound field. This interaction between the acoustic field
and the mean flow is concealed within Lighthill's 'source terms' and
cannot be brought out explicitly in a dimensional analysis. The
interaction of sound with its source, an inhomogeneous turbulent flow,
is a very complex problem, and is fundamental to an understanding of
jet noise. Lush (1971) compared the usual deductions from Lighthill's
theory with experiment. He found that there are significant differences
between the predicted values and the experimental results whenever an

acoustic ray propagates a distance greater than a wavelength through the
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shear layer; then proper -account must be taken of the effect of flow

on the acoustic field.

Lilley (1971 and 1974) has developed a theory whereby the mean
velocity variations can be removed from the source term to the wave
operator part of the equation. This theory predicts'aspects of the
sound field of a jet that cannot be obtained directly from the Lighthill
theory, but there are certain difficulties aséociated with the method.
The Green function for Lilley's equation is complicated, and it is not
clear what initial and boundary conditions should be imposed upon it,
because the causal solution has exponential growth at infinity. These
instability waves are usually neglected without mention in any analysis
of Lilley's equation (Morfey & Tester 1976). Knott (1974) showed that
the computational results are relatively insensitive to shear layer
details, the variation may be as little as 1 or 2 db. If this is so,
the vortex sheet models (Mani 1976, Dash 1976) have a definite advantage

 for they are the easiest to handle. In Chapter 3 we develop an exact
analogy between a vortex sheet and a jet flow. The role of the mean
flow instabilities is clarified and the exact equivalent sources
determined; a jet may be modelled by moving quadrupoles within an
instability-free vortex sheet. The strength of each quadrupole is
given by Lighthill's stress tensor measured relative to a uniformly

moving jet stream, and the quadrupoles are convected with the fluid flow.

Our exact analogy relates the sound field to the turbulence
stress tensor. In an unstable jet sound is generated in part by the
flow's instability waves as they grow into turbulence, and this sound

appears as a precursor to the main turbulence driven field.

We develop the theory for a general geometry and then apply it

to a cylindrical jet of circular cross-section. We derive several well
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known results for compact jets; for example we recover Mani's (1976)
result that the linear pressure field of the longitudinal quadrupoles
is modified by (1-M cosS)—S, so that even at low frequencies the
usual results derived from Lighthill's theory are not valid, and the
refractive effect of the surrounding fluid alters the amplification
factor. We aléo obtain some new results for the acoustically compact
jet of low density. There the sound appears to scale on very low
powers of the jet speed. -This may be relevant to the 'excess noise'
problem, where it is known that the sound of hot jets is less sensitive

to variations in speed than Lighthill's eighth power law.

Chapter 4 deals with a different class of problem which at first
sight is unrelated to the others; the sound produced when an elaétic
sheet initially at rest is suddenly tugged. This source is actually not
stationary but moves at high speed. In fact a tension front propagates
supersonically through the membrane and the jump in normal velocity
occurring at this front produces a supersonically moving source. The
sound field has all the characteristics of a supersonic line sourcé.

The parameters controlling the noise output are determined and the way
in which the sound field depends on these parameters 1s investigated.
This problem is thought to bear on the question of how much noise is
made by the vibration of the paper web in a rotary printing machine,
where the web tension is often changed abruptly by irregularities in

the reel surfaces.

The common theme runniﬁg through these three problems is that
in each case the sound field originates in physically realizable sources
which move relative to the observer. We find that in every case the
field is considerably modified by convection and modified in a way that
could hardly have been anticipated without the help of definite

solutions.




CHAPTER 2

THE SOUND PRODUCED BY SIMPLE SOURCES IN UNIFORM MOTION

2.1 Introduction

Aircraft flight changes jet noise in a way that is not well
understood. An estimate of the influence of férward speed on pure jet
noise can be obtained by taking the strength of Lighthill's convected
quadrupoles to depend on the relative velocity of the exhaust gases and
the surrounding air (Ffowcs Williams 1969). However the series of
experiments reported by Hoch & Hawkins (1974) demonstrate that the real
situatiqn is not that simple; the reduction of noise at the rear of the
jet, ahead of the radiating eddies, is less than that predicted by
relative velocity arguments, while the souna in the upstream arc is
either unchanged or slightly increased by flight. Hoch & Hawkins in an
attempt to explain these results suggest that internal noise sources
might be present and influential at higher jet velocities under flight
conditions than in a static jet. Internal or 'excess' noise sourcés are
associated with rough flow within the engine. In flight these sources
have a forward velocity, and one would expect their sound field to be
amplified in the forward arc. This enhancement could mean that sources
which are undetectable statically may become significant under flight
conditions. But by how much? It is this question that provoked this
particular study. Previous analyses had concerned only idealized point
multipoles, a choice determined more by mathematical convenience than
physical relevance. We attempted to answer the dual question of how to
mathematically model a physically realizable sourcé and then to
determine the effect of source motion. Our intention was to estimate
the nature and the approximate magnitude of flight effects by

investigating the sound field of some simple but real sources in motion.
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For practical purposes we are often interested in the limit
M2 << 1 , where M is the Mach number of the source flow. This limit
allows a great mathematical simplification; we can study the O0(M)

kinematic effects of source motion without the complications of varying

sound speed etc. which are O(Mz) %

The sound produced by multipole point sources in motion has
received extensive study in the literature. In 1900 Wiechert determined
the field of a moving point electric charge, and showed that motion
modifies the am?litude of the electric field by a factor (1-—PIcose)—1 5
where 6 1is the observation angle referred to the direction of source

motion.

There has been much discussion about how this classical result
should be applied to acoustic problems, because a different field is
obtained when one defines a moving point source as a singularity of the
wave equation for the velocity potential rather than; say, the pressure.
Warren (1975) recently summarized this difficulty. However, as a moving
point source in the pressure wave equation has no physical meaning
(Lowson 1965), it is usual to base the definition of the acoustic
monopole on the velocity potential. Then the source strength can be
interpreted as the volume flux produced by the singularity. The pressure
perturbation satisfies a wave equation forced by both a moving monopole,
which depends on the change of mass flux, and a coupled dipole describing
the associated change of momentum. Source motion modifies this pressure

field by a factor (1 -Mcos 8)_2 "

A stationary pulsating body radiates like a monopole, and
Lowson (1965) states that a moving monopole field is produced by a
pulsating sphere in motion. Graham & Graham (1971), however, argue thét
this conventional moving source cannot represent an éxpanding and

contracting sphere with a uniform velocity, because unlike the sphere

 eeCEEE———



if does mnot transport the neighbouring fluid with it. Iﬁstead they
suggest a different model source. Graham & Graham (1971) claim that
their source describes the effect of motion on the acoustic field of a
sméll deformable sphere. Goldstein (1975) has shown that the stationary
pressure field of that model is modified by a factor (l-—b&cose)—3 .
This is not'thé result we obtain and we argue that the situation is more

intricate than that supposed by Graham & Graham.

* We investigate the sound field produéed by a pulsating body whose
centroid moves with a constant velocity. We find that the influence of
motion depends crucially on the geometry of the body through the inertial
mass tensor aij . TFor a general shape the linear pressure field is
amplified from its value when the source is stationary by a factor
(1+fiociij)(l—Mcose)—3 , where M is a vector in the direction of
motion of magnitude M , and fi (i = 1,2,3) are the direction cosines
of the path taken by the sound travelling towards the distant observation
point. A moving pulsating sphere does not produce a sound field like
either a moving monopole or Graham & Graham's source; its pressure.field
is modified by (1 -Mcos 6)_3% . For a general shaped body there is
also.amplification in a plane perpendicular to the flight path. This is
a new result and is quite different from the effect of point multipoles;

their field at 6 = 90° is unchanged by motion.

We also study the acdustic far-field produced by an undeformable
sphere moving with a small vibration superimposed on an othgrwise steady
low Mach number velocity. This sound field has previously been
assumed (incorrectly) to be modelled by a moving dipole, see for example
Morse & Ingard (1968, Chapter 11). The influence of source motion is
then completely described by the multiplying factor (1 -Mcos 6)—2 .
‘However we show that the effect of motion is far more complicated; the
stationary pressure field is amplified by (1-—}1cose)*4 , and there is

an additional omnidirectional term.
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2.2 The sound produced by idealized point sources in uniform motion

In this section we summarize the classical results which describe
the influence of source motion on the acoustic field of multipoles. It
is convenient to have these results listed here so that they can be

compared with the effect of the more realistic sources considered later.

A monopole of strength Q , moving with a uniform velocity U ,
generates a pressure perturbation p that satisfies the inhomogeneous

wave equation

2 .
22 - - L famsunl. (2.1)
ot t -

QL

2 1
'VP"'"Q'
c
o
For x in the far-field the solution is (the details are given in Morse

& Ingard 1968, Chapter 11)

Q'(tvr/co)
p(§,t) = 5 (2.2)
4r1r (1 -Mcos 6)

Equivalently the velocity potential ¢ is given by

=Q(t-r/c )
$(x,t) = s (2.3)
4ﬂrp0(1—licose) .

where the dash denotes the differentiation of Q with respect to its
argument. Py and c,6 are the unperturbed values of density and sound
speed and r 1is the distance of the observer at x from the source at
the time it emits, r = Iz;g(t—r/co)l . © 1is the angle between the
path taken by the sound heard at x and the direction of source motion,

as shown in Figure 2.1.

In order to see how the frequency is changed by motion it is
convenient to express the time dependence of the argument of Q
explicitly; .
t-|xl/c ‘
F-—r/co = t-—lz—g(t—r/co)llco = TffifEaéfi (2.4)
correct to order M . This just demonstrates that the frequency of

sound emitted by a point source in motion is Doppler shifted.

el E—— —



initial source source position - direction of
quition aS emission time source motion

N
/.

x-frame

Figure 2.1 A moving source in a stationary fluid

A moving point dipole gives rise to a pressure perturbation p

which satisfies

vl - L2322 o 2 r (0)sxUn)} . (2.5)
2. 2 0X. 1 ~ ~
c0 ot 1

For large values of x , the solution is (see Crighton 1975)

{ ' — 3
fiFi(t r/co)

p(x,t)

9

Aﬂrco(1.~b1cos 6)2




10
or
E -£.F.(t-r/c )
ii o
¢(x,t) 4mre p (1-Mcos8) ° (2.7)
oo
fi (i=1,2,3) are the direction cosines of the observer from the
emission point. When, for example, ¥ 1is in the direction of motion,
fiFi = cos 6F , where F = LEI , and then
—cosBF(t—r/cé)
2,
¢(x,t) 4nrc p (L -Mcos9) (2.8)
oo
The acoustic field produced by a point monopole or dipole is
modified by source motion in a way that only depends on the value of
the Doppler factor, 1-Mcos® . Source motion increases the magnitude
of the far pressure field by a factor (1—hdcose)_2 , and amplifies
the velocity potential by (1 -Mcos 6)—1 .
The corresponding 'wind-tunnel problem' of a stationary point
source emitting sound into a uniformly moving stream can be obtained
by a simple change of variable. We introduce coordinates y based on
source position
y = x-0t . - (2.9)
In the y-frame, the source is at rest and the fluid is convected past
it with a velocity =-U , as shown in Figure 2.2.
Far-field kinematic relations correct to order M give
y = r(l-Mcosb) (2.10)
_ cos 6-M . '
cos 0 = T-Mossd (2.11)
!
9i = T-¥ecoss for any direction 1 perpendicular to U (2.12)
and v t-y(1-+b1cose)/co = t-—r/cO R (2.13)

where y Iyl , the distance of the observer from the source, 0 is
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the angle between the observer and the direction of fluid motion
measured from the source position, and ?i ='yi/y are the direction

cosines of the observer from the source.

fluid with
P

V s
velocity -U

source position

fluid with

<
velocity -U

y—-frame

observer

Figure 2.2 A stationary source in a moving fluid

A transformation of equation (2.3) into y coordinates gives
the far-field form of the sound field produced by a stationary monopole

. surrounded by moving fluid;

-Q(t-y(1 +Mcos©)/c))
2 (2.14)

¢<¥’t) 4ﬂypo ;

the retarded time t-y(l-+b1cos®)/c0 is appropriate for a disturbance




propagating through a fluid whose velocity is -U and sound speed c,
For this source there is no Doppler amplification of the velocity

potential,

Similarly from (2.8), a dipole with its axis in the direction of

fluid motion gives rise to a far-field of the form

—(cosO+M)(1-Mcos@)F(t—y(1+Mcose)/co)

$(y,t) = e, ;e _ (2.15)

The field is no longer zero in a direction perpendicular to the dipole
axis because of the refractive effect of the surrounding fluid. The

velocity potential is modified by fluid motion by a factor (1 -Mcos?9) .
For a dipole in a direction perpendicular to the mean flow

-$.(1-McosO)F. (t-y(1+Mcos0) /c )
= e L. . _ (2.16)

¢(y,t)
~ 4ﬂycopo

The results of our analysis will contrast with these simple
formulae in which all the effects of source motion are contained in

Doppler factors.

2.3 The sound produced by a weakly pulsating body in uniform motion

We now investigate the way in which motion alters the sound field
~of a pulsating body and show that it is significantly different from the

effect of motion on a momopole, as described by equations (2.2) and (2.3).

We choose the x-axes so that the motion of the body is in the
l-direction with a speed U . The Mach number M (= U/co) is assumed
small enough that M2 is everywhere negligible in comparison with unity;
We consider a pulsation which is both linear and compact, and where the
shape of the body is unchanged as its size varies. The length of a

reference line in the body is denoted by A(t) . A(t) 1is therefore a

measure of the size of the body. A compact pulsation is one in which




€ = wa/c0 << 1, where a 1is a typical size of the body, a = A(0) say,
w is an average frequency of the pulsation, w = O(A'/A) and the dash
denotes differentiation. Since the pulsation is linear A-a and

derivatives of A are small and their products may be neglected.

In a moving frame, y = x-Ut , the centroid of the body is at rest;

3
o d

the corresponding problem is that of a pulsating body surrounded by a

stream of fluid whose velocity at infinity is -U (see Figure 2.3).

fluid with

£
~N

velocity -U

fluid with b4
P
N

velocity -U

Figure 2.3 A pulsating body of general shape in a moving fluid

The flow is initially irrotational and hence by Kelvin's circulation
theorem it remains irrotational and a velocity potential exists. We will

divide the velocity potential into two parts and write it as ¢ + ¢ ,
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where ¢ 1is the poténtial of the flow past the mean position of the
body surféce. ¢ is therefore independent of time. The additional term,
¢ , due to the effect of the pulsation is small, so that products of ‘it
may be neglected. When only terms linear in ¢ are retained the Navier
Stokes equations are greatly simplified. The details are given by
Taylor (1975) and by Howe (1975). They show that when M2 is negligible
in comparison with unity the time independent potential ¢ satisfies

Laplace's equation in the fluid

v = 0. | _ | (3.1)

¢ must also be compatible with a condition of zero normal velocity on

the average body surface;
3.V$ = 0 on a body of size a |, (3.2)

where n is the outward normal. Far from the body there is uniform flow

in the l1-direction, hence

¢ -> -Uyl as Izl =y >0

The perturbation potential due to the pulsation, ¢ , satisfies a
convected wave equation. It is convected with the velocity of the mean
potential flow around the body, 35/8yi (again from the work of
Taylor (1975) and Howe (1975));

5 .85 3.2

2.9,
(-a—t-"“'s—y—; 5—57:) ¢ - COV ¢ = 0 . (3.3)

The normal fluid velocity on the real body surface must be. equal
to the normal velocity of the surface. Therefore the boundary condition

for ¢ is

n.Vy = ﬁE-Va + A'g(y) on a body of size A . (3.4)




~ The first term on the right-hand side is proportional to A-a , because

B.V$ is zero on a body of size a . The second term is equal‘to the
normal velocity due to the pulsation. g 1is a function of the geometry
of the body. It relates the normal surface velocity to A' at each
point. For a sphere ggz) is unity, but in fact the actual form of g

is unimportant in the analysis that follows.

There is a second constraint on ¢ ; in the far-field it must

represent an outward propagating wave.

For a body of arbitrary shape the solution to equation (3.1),
which satisfies the boundary conditions, can be expressed as a sum of
spherical harmonics. Batchelor (1970, §6.4) shows that the first few

terms of the series may be written explicitly as

UVa (qﬁfé ) v. 4
T . _ 117 71 Ua
b = Uy1 ————Z}—————-;§-+ 0(—;§ . ‘ (3.5)

V is a number that denotes the volume of a body of the given shape of
size 1 , so that Va3 is the mean volume of the body. aij is the
virtual or inertial mass fensor; a function of body geometry that
relates the force experienced by a body in a potential flow to its
acceleration. o describes the 'added mass' of the body due to the
inertia of the surrounding fluid- aij is the Kronecker §-function

defined by

§.. =1 if i=3j

= 0 otherwise .

Near the body ¢ wvaries over a length scale proportional to
the size of the body, a , but far away compressibility effects are
-1

dominant and the relevant measure of length is the wavelength c W .

For a compact pulsation € = wa/cO << 1 and these two length scales
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become disparate as the compactness ratio € tends to zero. Then the
problem for ¢ is amenable to solution by the method of matched
asymptotic expansions (Van Dyke 1975); This can be shown explicitly by
rewriting the equations for ¢ 1in terms of non-dimensional variables.
We non-dimensionalize the space coordinate ¥ with respect to the
wavelength cow_l , and time with respect to the time scale of the
pulsation w—l . Then equation (3.3) becomes

3. 8,2

5 2
(5{'+ 5;;'5519 -V = 0 ., (3.6)

The same symbols have been used to denote the dimensional and non-
dimensional variables. In this equation y and t are now

dimensionless, and

MV(a,.+5..) v. 4
= .3 11 7117 71 Me
¢ = My1 € ————Z;-————-;§-+ O(:;r . (3.7)

We arbitrarily scale ¢ on ac_ , and the obvious choice for A
is to non-dimensionalize it with respect to its mean value a , since
A/a 1is only linearly disturbed from unity. Then the boundary condition

(3.4) becomes

n. L IR %—ni g%—-+ A'ggz) on a body of size €A (3.8)
i

where all the parameters are now non-dimensional. Equations (3.6)
and (3.8) are to be solved together with the condition that ¢ has

outward wave behaviour at infinity.

For small values of € , we can obtain a solution of. the form
A A+l
¢(Z’€) = & ¢)\(Z’€) + 0(e ) 9

where A , the leading order of the far-field is as yet unknown. This

outer expansion tacitly assumes that y is at least of order unity,
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and will not be valid near the body where 'y 1is small.

From equation (3.6) and the form of ¢ given in (3.7), we see
that ¢A satisfies a uniform convected wave equation
2
9 P 2
(EE" M 3;;) ¢A =¥ ¢A = 0 , (3.9

together with the radiation condition at infinity. Hence

f(t-y-My,) ~ E.(t-y-My.) 2 f,.(t-y-My.)
ST =,Ex{ e ST T A4 T i+ 1 +}

+
¥ 9y, y 97507 ¥
(3.10) |
|
(m) 5 m
where ¢ denotes the outer expansion correct to order € . The
lowest order of the far-field, X , and the functions fi are to be

determined from a consideration of the flow in the inner region. The
flow near the body scales on a stretched variable Y , where Y = v/e .

When this outer expansion is rewritten in terms of the inner coordinate Y

¢(>\) (eY,¢) = -1 £(t-eY-eMY, ) RSN fi(t—eY-—gml)
'~

Y 9Y, Y
1

-3 a2 fij(t—eY—sMYl)

Y. 57, Y Teee 3 (3.11)
i3

+ €

a new power series in € 1is obtained. We denote this series truncated

after ¢ by ¢(X,n) Once the flow near the body is known, the

functions fi can be found by using Van Dyke's. matching procedure

to relate the ¢(A,n) to the innmer flow variables.

We use the stretched coordinate Y to describe the flow near

the body, and write

¢(y,e) = o(X,e) . (3.12)

- An inner expansion for ¢ can be obtained by expressing ¢ in

ascending powers of e
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o(Y,e) = @0 + e@l + 0(82) . (3.13)

When equation (3.6) is rewritten in terms of the variable X,

we find that, correct to order M, &(Y,e) is a solution of

2 - 2 2

3% I 2 59
70 A A ) A TR | (3.14)
11 i i,

with the boundary condition

-

0 _ 933 \ . |
n, 5§; = n, 5?; + eA'g(eY) on a body of size A , (3.15) |
where
MV (o, .+6..) Y.
= 1 = _ _ 1i 11 1 M,
BEe) = g¥ene) =y - —H2t S oy (3.16)

Y Y
By substituting the power series expansion for & into both equation

(3.14) and the boundary condition (3.15), we obtain a series of equations;

2 . 9 - .
v @o = 0 with n, 5?; (®o+¢) =0 on a body of size A , ‘ (3.17)
and
2 5% aZ‘I’o "% |
= et e o e 1 — — 1 # 1
vie, 2 3Y, 30 with n, aYi A'g(eY) on a body of size A . (3.18)

The ideas of classical potential theory can be used to solve

(3.17) for the sum ®0-+5 . From the form given by Batchelor (1970 §6.4)

3
MVAT (S, .40, .) Y.
& + 3 = -MY. - 11 117 1 O(JED
o 1 bm Y3 Y3

(3.19)

When the known function . & determined by (3.16) has been subtracted from
this expression and the terms involving A-1 have been linearized we

find that

DY

—3MV(A—1)(6li+on11 i M

(3.20)




Therefore the forcing term in the Poisson equation for &

-
ih (3.18) 1is O(MZA') and so gives a contribution to @1 which is M2

smaller than the term arising from the boundary condition.

The solution of

Ve, = 0 with n, wo— = A'g(eY) , - (3.21)

which decays at infinity, may be written as an expansion in spherical
harmonics. The coefficient of the leading term is related to the volume
flux away from the body (see for example Batchelor 1970 §6.4). The rate
of change of volume of the body is 3VA2A' . After linearization this

is just® 3VA' because A-1 and A' are both small, and so

_ 3VA' 1
(I’l = Z-'[}Y—- + O(—z) . (3.22)
Y
: ; . n (n)
We denote the inner series terminated after € by ¢ 5

i.e. é(o)gg,e) = @o , and é(l)(z,s) = @o + e@l , or alternatively when

written in terms of the outer variable vy ,

' 2
-e“3MV(A-1) (ali+61i) Y5

= =y oS , (3.23)
y

Q(O) (y/e,€)

823VA'

3, .
iy + 0(e7™) , (3.24)

eMgre,er = 6@ gre,e) -

and a new power series in ¢ 1is obtained. We define a set of functions

q)(n,m) <I)(n,m)

, where’ is the expansion of é(n)gyle,s) terminated

m . . . .
after order € . This inner solution must match to an outer expansion

of the form given in (3.11). The matching principle states that

psm) 5 (m,2) (3.25)

9

¢(>‘an)

where has already been defined as the outer expansion correct

to order A , expressed in terms of the inner variables and then
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terminated after order € . It is at once apparent that A = 2 , and
that the quadrupoles and all higher multipoles in the outer expansion

must be zero. Then (3.11) becomes

' Y,
6P (ex,0 = £ 5 (—)+ o(E2 ey 0 —-—~< D) +oEh . (.26)

When the rule (3.25) is applied to match the expressions (3.23) and (3.24)

to (3.26), we find that

£,(8) = S (A1) (ap;45, ) (3.27)
and
3VA'
£(t) = - o (3.28)

- We have now obtained the far-field solution for ¢ to lowest

order in the compactness ratio,

2. (A'(t-y-My.) (A-1) (t-y-My.)
i BV{ 1 3 1 } . (3.29)

s - Mo, .+68..) ayi .

¢€Z’t) - y 11 '1i

After evaluation of the derivative for large y this becomes

_ €23V

by

y.
¢(z,t) (1 + M(a1i+61i) 3%)A'(t—y—My1) . (3.30)
2 v (1+Mu1i§.)

- - N _
- 4ry (1-McosO) Al(t-y Myl) > (3.31)

correct to order M , with cosO = y1/y and 9i =_yi/y . Or in

.dimensional parameters

3ya? (1440 .9.)

. -— 1 -
¢(y,t) = Gy~ T-Wicoso A (e-(y#My ) /e ) . - (3.32)

Hence, the acoustic field of a pulsating body in a mean flow is
quite different from the sound produced by a monopole in a stream.

From (2.14) we see that the amplitude of the velocity potential produced
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by a monopole is unchanged by the presence of the flow, whereas the.

field of an expanding and contracting body, described in (3.32), is

‘amplified by a factor (1+Moc1i§7i)(1—Mcos€))—1 .

The solution to the corresponding problem of a pulsating body
moving through a stationary fluid may be obtained by reverting to the

x-frame. An application of the kinematic relationships (2.10)-(2.13)

shows that
2 (1+Ma, .£.) t-x/c
3Va 1i1 0
d(x,t) = - A'( — ) s (3.33)
4y (1—Mcose)2 1-Mcosb6 )
where x = |§l , and fi (i = 1,2,3) are the direction cosines of the

observer from the emission point.

In the far-field we can find the pressure perturbation p from

a linearized form of Bernoulli's equation;

= — 4 2
L po ot
2
3Va po(1+Mu1ifi) . t---x/co
B < 3 & 1-Mcos® (3.34)
47r (L-Mcos®)

The effect of motion on the sound produced by a compact
pulsating body is described by (3.34). Source motion increases the

amplitude of the far-field pressure by a factor (1+Ma1ifi)(l—McosG)—3 .

We see that the way in which the motion of a pulsating body
alters its sound field depends entirely on the body shape as determined
through the inertial mass tensor, and cannot, for an arbitrarily shaped
body, be expressed in terms of Doppler factors. The consequence of the
motion of this source, unlike the effect of moving point sources, is
not in general negligible in a plane at right angles to the direction
of motion. A similar result has been obtained by Crighton (1975). He

considers the sound scattered by a moving solid body and also finds
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that there are effects perpendicular to the direction of motion. The

way in which our results depend crucially on the body shape emphasizes
how essential it is to have an accurate description of the source
before the complete effect of motion can be predicted. The simple and
frequently used experimental procedure of taking measurements in a
plane perpendicular to the axis of motion and assuming that this

eliminates the effect of convection is without rigorous justification.
When the body is symmetric about the l-axis, or when the l-axis

is an eigenvector of the symmetric tensor aij 3

4 s = aSli (3.35)

where a 1is the corresponding eigenvalue.

The far-field pressure is then given by

2
3va“p t-x/c
_ o (1+oMcosb) ,,, o )
Apﬁg,t) T 4mr (1—Mcos®)3 (1—Mcose (3.36)
2
3Va e, t—x/cO )
= A (1-Mc036 (3.37)

4ﬂr(1—Mcose)3+a
correct to order M .

Since o is positive the effect of source motion described
here is always greater than that for a monopole. The minimum effect is
for a flat plate moving parallel to its own plane. For such a plate
o =0 , and source motion modifies the pressure field by (l-—Mcos@)_3 .

- This agrees with the result obtained by Ffowcs Williams & Lovely (1975).

For a sphere o = { , and if we take the reference length to be

the radius V = 47/3 , so that

2

ap_ t--x/cO
p(x,t) = T A"( — ) , (3.38)
r(l—Mcose)32 \1-Mcosh _

where a 1is the initial value of the radius; the pressure is amplified




by three and a half Doppler factors.

This result for a sphere can also be obtained from Lighthill's

theory. We introduce a control surface § , where S 1is the surface

of a sphere of radius b moving with a speed U in the l-direction.

The fixed radius b 1is to be just large enough to enclose the

pulsating sphere at all times, as shown in Figure 2.4. Since the

pulsation is linear, b-A 1is small.

as,
i

VE S: & sphere of radius

o— = T
initial position of &A(t) HeEE
centre of sphere

b%dy surface

o

: region outside S

- Xfiela point (x,t)

x—-frame
4

b
Ut

Figure 2.4 The position of the control surface S

For x 1in the far-field the Lighthill theory applied in the

region D outside S gives (see for example Ffowecs Williams 1976a)
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2 T.. P..+pu. (u.-U.)
_ 2 ij 3 _ 3 ij 1] ]
4np(§,t) Bxiaxj JD [r(1~Mcose)]d U axi JS [ r (1-McosH) dsj(ﬂ)

p u.+(p-p ) (u,-U,)
g gL o’ 1 i
+5€JS [ r(1-Mcos®) ]dsi(ﬂ) . (3.39)
; ) ] i )
T,y 1is the Lighthill stress tensor, Tyq = PHGH. +1,, c (o po)aij "

u 1is the fluid velocity, pij the stress tensor (in an inviscid fluid
pij = p6ij) and p %s the actual fluid density. dSi is a vector in
the direction of the outward normal to S of magnitude dS . n is a
coordinate measured from the centroid of the body, and the square

brackets denote that the function they enclose is to be evaluated at a

retarded time 1T , where 7T satisfies
T = t - If—nfyTl/co ; (3.40)

For large x

T o= ER/eot 305/ ; | (3.41)
1-Mcosb ? *

the retarded time T 1is a function of n and varies across the body.

For a sphere we can find the inner expansion for ¢ , the total

velocity potential in the x-frame, by solving equations (3.17) and (3.18)

correct to order M . In dimensional variables,
2 n 2
- 4 11
o= F+Un +¢ = -2 g Laod®y (3.42)
1 n 3 c
n (o)
where n = IHI .

This expansion describes the flow near the surface S . u , the

flow velocity in the x-frame, is given by

and from the compressible form of Bernoulli's equation




+ U = = ju - (3.44)

2
co(D‘po)/po = p/p, , correct to order M

When O(Mz) is neglected, the monopole term is

3 N

= 2 A", TA
BT jn=b o [r(l—Mcose) * L4 r(l—Mcdse)] ds(n) .

From an expansion of the retarded time we see

4nazp A' 4ﬂazp McosBA'
2 8 o ¥ g (3.45)
ot { r(1-McosH) T ‘
+ higher time derivatives and products of A-a .
r4ﬂa2po t—x/co
= — A"(-——) . (3.46)
r(l—Mcose)3 1-Heast
Evaluation of the dipole term gives
pS..+pu. (u.-U.) 2ﬂazp Mcosb t-x/c
_ 9 ij 13 j n.d8(n) = o AT ( o ) (3.47)
Bxi S r (1-Mcos9) j o~ T 1-Mcosb : o
Also we note that
32 Ti 3 azpoMzA" )
0X.0X. J [r(l—Mcose) d g =0 ( r S (3.48)
1 3] ‘D
When these terms are added together we recover the previous
result;
azpo t—x/co
p(x.t) = T A" (—:—————-) (3.49)
r(l—McosG)SZ 1-Mcos8
This method helps to explain why there is a difference between
a moving monopole and a pulsating compact body. A moving body
producing a mass flux necessarily has a fluctuating force and momentum
associated with it. These additional sources are significant being
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only of order M smaller than the monopole due to the mass flux, and

prohibit any simple specification of the field.

2.4 The sound field produced by a juddering compact body in
' uniform motion

We next consider the noise produced by a rigid body moving
through an inviscid fluid at rest, when the velocity of the body is only
slightly perturbed from a uniform value U. An aircraft travelling
through a patch of turbuience moves more or less in this way; in addition
to the mean forward flight of the plane there is a 'cobble-stone' effect
caused by the turbulent air flow and the ride becomes 'bouncy'. This
type of motion also occurs in helicopter or turbine blades, where the
circular motion of the blades is superimposed on the uniform forward
velocity of the aircraft. Morse & Ingard (1968) state that a compact
body juddering in this way is equivalent to a fluctuating point force
and may be modelled by a movinéadipole. That point of view is wideiy
believed but we show it is actually'not true; the sound field produced
by such a body motion is completely different from that of a moving

dipole.

We introduce moving coordinates centred at the mean position of
the body, 3= x-Ut . 1In this frame the body vibrates linearly, and
the fluid far from the body has a velocity -U , as shown in Figure 2.5.
This type of motion is similar to that of an anchored buoy bobbing on
the sea surface in a current or to the flutter of an aerofoil in a

wind-tunnel.

The flow is irrotational, and we write the velocity potential
as $-+¢ , where ¢ describes the flow past the mean position of the

body, and ¢ represents the effect of the vibration and is small. We

take the mean fluid flow to be in the l-direction with speed -U and
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as ¢+¢ , where ¢ describes the flow past the mean position of the

body, and ¢ represents the effect of the vibration and is small. We

take the mean fluid flow to be in the l-direction with speed -U and
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restrict our attention to the particular geometry of a sphere of

radius a , with its centre at the variable point 'k(t) .

27

position of centre of
sphere at time t

initial position of
centre of sphere

fluid with velocity -U

&
A

y—-frame

Figure 2.5 A vibrating body in a moving fluid

The Navier Stokes equation linearized in ¢ and correct to

order M reduces to equations (3.1) and (3.3). From (3.1) 5

satisfies

V2$ = 0 with S.VE = 0 on y = a .

(4.1)

Far from the body the fluid has a uniform velocity =U in the 1-direction,

and so

¢ - -Uyl as -y > .




Tﬁis problem for ¢ ‘can be solved immediately,

- 3
¢ = - Uy, - ila }'1/}'3 . (4.2)

this describes steady potential flow around a sphere of radius a ,

with its centre at the origin.

' The perturbation potential ¢ satisfies (3.3), a convected

wave equation,

- 2 '
9 .30 2 2.2,
('a‘E + ——ayi R ) ¢ -c V¢ =0 . (4.3)

On the surface of the sphere, the normal velocity of the fluid must be

equal to that of the body;

n.v¢ = - 10.9 + n.Ll'(¢) on |y-Le)] = a , (4.4)

~r

and in the distant field ¢ represents an outward propagating wave.

As before, there are two length scales involved in the problem
for ¢ , thevradius of the sphere, a , and the wavelength, cow-l ,
where ® 1is the frequency of the judder, i.e. w ~ O(L'/L) . For a
compact body wa/c0 = é << 1 , and the problem for ¢ 1is suitable for

solution by the method of matched asymptotic expansions.

When all the variables are non-dimensionalized as in §2.3 the

equation for ¢ 1is
2

3,03 3\, -2 - - '
(8t+3yi ayi)cp ) 0 - (4.5)

The boundary condition on the sphere becomes

n. ﬂ_ = —-]én_ —3—¢—~ + n.L! on |y_€L' = E (4.6)

where all the variables are now dimensionless. i; has been non-

L




dimensionalized with respect to a and

' 3 3
¢ = - My, - jeMy,/y" . .7)

Away from the body we can obtain a solution for small values

of € of the form
e I N R IC I

When this series is substituted into equation (4.5) we find that ¢A

satisfies a uniform convected wave equation;

d d 2, _
(E—ME) ¢A—v‘¢}\ = 0 . (4.8)

The solution is (cf. equation (3.10))

qs(k)(y c) = EA{.f(t'y‘Myl) L0 fi(t-y—Myl) . 52 fij(t-y—Myl) . :}
3 e o o 9
-~ y 9y y Byiayj y

(4.9)

)

A .
where ¢ =€ ¢A ; the outer expansion correct to the lowest order A .
Alternatively, in terms of the inner variable Y,

1 f(t—eY—sMYl) fi(t-eY-eMYl)

) _ A= A=2 9d
¥ (ELE) =& Y e Y
) 1
. €A_3 a2 fij(t—sY—eMll) . o
W aYian Y ® o 0 ° L]

This produces a new power series in ¢ , and we denote the expansion

¢(A,n)

n

terminated after e by . The functions f, and the value

of A must be determined by a consideration of the flow in the inmer

region.

Near the body the flow scales on a stretched coordinate
Y =‘y/e . We introduce @(X,e) = ¢(y,e) , and when equation (4.5) is

written in terms of the variable X it becomes




2 3% 320 2 3%

-5 — = 0 , - (4.11)

V7 - 2 —n
. T

dY. 9Y.ot
- - |
with the boundary condition

99 d ' _
n, mo— = n, +oen, [} on IX Llf 1 (4.12)

where ¢ = - MY, - IMY /Y . ' (4.13)

We express the solution as a power series in the small parameter
2 . . .
e, ¢= @o + e@l + € @2 «es o A series of equations can be obtained by

substituting this form for & into (4.11) and the boundary condition

4.12),

2. 9 - _
ve =0 , mn 5§; (¢ +8) = 0 on |¥-t| =1, (4.14)
= 2 30
2. .33 3% 1 . e
v @1 = 2 SPTRT: > ng §§: nlLl on |Y kj =1 , (4.15)
and

2 33 32‘1’1 32@0 o2y -

P, = lespar b g, Wom = O on |y-L| =1 . (4.16)
i i at . 1

Equation  (4.14) describes a simple problem for the potential

g+ & . It states that @o + @ is the potential of the incompressible

flow around a stationary sphere whose centre is instantaneously at k,.

The solution which tends to --MY1 as Y > o 1is

Y. -

-, [ -
8 +3. .= - MY, -IM -1——13- ) (4.17)
|x-L

After subtracting ¢ and linearizing in L , we find that

| - [y K |
0] = IM]|. (———-— e . (4.18)
o 1 Y3 YS

Therefore the contribution to 2 from the particular integral

of the Poisson equation in (4.15) is of order M2 smaller than the term




arising from the boundary condition, and the solution (linearized in lv)

is

o, = - lL!Y./Y3 ' (4.19)
2 i1 ] e

the potential of incompressible flow around a sphere with velocity ‘k' .

The forcing terms in the problem for @2 have now been

determined, and when they are written explicitly (4.16) becomes

3., 8., O9Y.Y. 3YV.Y, )
qu)z = %ML? :]3.]. + ;1 _ ; 1 " ; 1 } (4.20)
- oy Y Y Y
: 3@2
with n, 5 = 0 on IE—LI = "1l .

1

We can consider the components of the acceleration separately
because the judder is linear. First we solve the inmer flow for a
vibration with an arbitrary displécement and velocity, but where the
acceleration is in the direction of the stream, L; = anil . Then
equation (4.20) is
3P2(cose) Pz(cosO) 1

3 ,
vie, = M )- + P (4.21)
2 1 { 2 0 :

P2 is the Legendre function of second order, Pz(cose) = %(3c052®—1) :

and cos@ = Yl/Y . It is easy to verify that

' g 1 1 7 11 7
&, = M[Y 4- o + — + P, (cos0) (——-— — t -——) (4.22)
2 1 { ¥4 2 ¥ T a3 et j

satisfies both equation (4.21) and the boundary condition. @0 and @1
describe incompressible flow around the moving sphere. 2, is the
lowest order term in the expansion of & that takes account of the

compressibility of the inner field.

5 ; n n
We denote the inner expansion correct to order ¢ by ®( )(Z,e);

(0] =9 s Q(l) = Q(O) + €@ , and ®(2) = ®(1) <k 52¢

o 1 2 ¢




When expressed in terms of the outer variable y ,

L4

A S. 3y.y ’
0@ qyre,e) = geml, (—';-l - 151) , (4.23)
~ y y
e Wyre,e) = ¢ Dgre,er -1y, (4.24)
and
6P gre,ey = eWgre,er + upy (- 5+ 2 cose) 1y + 0”425

@(n)gg/e,e) is a new power series in € . As in §2.3 we define Q(n,m)

to be the expansion of. Q(n)(y/e,e) terminated at € .

The matching rule relates the functions Q(n,m) to the outer
expansion of ¢ by
g () ¢(m,n) , (4.26)
(m’ n) . o m
where ¢ 1s the outer expansion correct to order € , expressed

in terms of the inner variable and then truncated after order e .

When equations (4.23)-(4.25) are compared with the outer solution
given in (4.10), we see at once that X = 3 , and that the highest order

multipoles in the outer expansion are quadrupole. Hence

2 2
¢(3)(€X,€) = fij(t) BVBBY] ( ) + e {f (t) ( ) _ Nf' (t) chg§? }

2
37 (Y+2MY,)
2) £(t) _ e 3(cos®) . jen 1
+ e {-—i;— Mfi(t) ——§§;—- + 2fij(t) _-5Y;5?3~_ . (4.27)

The functions fi can be evaluated from the matching rule.

For example

. L
(3,0) _ 0 1, _  .(0,3)
¢ = fworn @ ¢ ’
1]
and from the expression (4.23) for Q(O) s
£.. = —%MLi , with all other components zero




(3,1) _ ,(1,3)

Similarly the condition & shows that

£, 0= 3L . _ (4.29)

(2)

o} is

(2)

The strength of the monopole term f 1is determined from &
only non-zero because the fluid is compressible; even for this compact
source the compressibility of the inner field must be considered in order
to evaluate the outer field correctly. The matching procedure gives

— M " *
£ = 2Ll . (4.30)

We have now derived the outer expansion

J )Y 1 3 LilEyMy) g2 ey My
$(yst) = e7q— L (t-y-My ) +> — .
~ ) 6y -1 17 2 Byi y 2 aylayi y

(4.31)
The largest contribution to the sound field comes from the dipdle, with

a smaller effect from the weaker monopole and quadrupole.

After the evaluation of the derivatives for large values of vy ,

3
- ey _1 - Ly o Lyeos®ol [ (e-y-
¢Qz,t) = {6 2-cosG) 5 M 5 Mcos O} Ll(t y Myl) " (4.32)
since we are considering the case where L" is parallel to the l-axis.

The velocity potential depends only on the acceleration of the sphere

at the emission time

3
- €& {_1cos0+M M 0l er
¢QX’t) - 37'( 2 1-Mcos@ * 6 ) l"l(t y Myl) > (4.33)

correct to order M .,
When rewritten in terms of dimensional variables

¢’(Z’t) - a3 (__ 1 cosO+M

MY o
yog \” 2 THeoso * 5) ee-mepre) (430

The kinematic relations (2.10)-(2.13) can be used to derive the

perturbed velocity potential in the (x,t) frame, where the fluid at
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infinity is at rest and the sphere has a mean velocity u.
3 t-x/c

| " a _1 cosb M i o
$G,0) = ;&—( ;AP 3+€)L1( THeoss) (4.35)
o (1-Mcos#9)

This result tells us that the éound field produced by a body juddering
in the direction of the mean flow is completely different from (2.8),
the sound of a moving dipole. The effect of motion on this field is
much larger. The source motion amplifies the velocity potential by a
factor (l—Mcose)_3 and there is an additional omnidirectional term,
which means that the acoustic field in a plane perpendicular to the

direction of motion is also modified.

We will now consider the other component of the acceleration of
the sphere; acceleration perpendicular to the mean flow. With no loss
of generality we can take this to be in the 2-direction; L; = L;62i ;

while the velocity and displacement are arbitrary.

Then. @o and @, are the same as in (4.18) and (4.19),

1
, S, 3Y.Y
1 il il
® = —ML.(———— ) , (4.36)
o 2 M Y3 Y5
and
1, 4
= - — '_
By 2Li - (4.37)
Y
@2 is to be determined from equation (4.20) which, when L" is
parallel to the 2-axis, reduces to
: 2 B 31
e, = Zupvy, ( _5+_§) . (4.38)
Y Y
The solution of this equation which satisfies niBQZ/BYi =0 on
|X—£| =1 is
3 1 7
o, = M[LY.Y ( + - ,) . (4.39)
2 2120,y 1ov
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field to an outer field of the form given in equation (4.10) we find
that A = 3 and again all multipoles of higher order than quadrupole

When the matching principle is used to relate the total innmer
are zero. The matching gives

= P | 1
f1i 2MLi s Wwith all other components of fij zero ,

|
and £f = 0 . : : ‘

I
Therefore to lowest order in € the outer solution is
|
l
4

5 3y, 2y 8y, 8y, 2y i
|
!
After the derivatives have been evaluated for large y ,
. 53 ) ' “
— e . O " i |
¢€¥,t) 7y y2(1+McosO) LZ(t y Myl)
3, |
R T rr—— ()
B 2y (1-Mcos0) Y2 by 71 '
i
correct to order M , where ,ﬁz = y2/y . In dimensional parameters
3a v ‘
' ! L 4.42)
~¢<Z’t) - 2YC0(1—McosO) 2(t-(y+My1)/co) : (442) |

Again we notice that this is not the same as the acoustic field i
of a dipole with its axis perpendicular to the mean flow, as given in
equation (2.16). The velocity potential generated by a sphere

3 g ; . . . -2
vibrating in the 2-direction has an extra multiplying factor (1-Mcos@) .

We can use the relationé (2.10)-(2.13) to determine the M
potential in the x-frame in which the flow far from the body is at rest,

3 .
a 22 t—x/c0 )

$(x,t) = - Lo —
2rco(1—Mcos6)3 3% I-ieoes

.L R R S N

4.43)
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Source motion modifies the velocity potential by a factor (1—Mcose)_3 "

This is again larger than the effect of motion on a dipole.

The acoustic field generated by a sphere juddering with an
arbitrary acceleration ‘k" can be obtained by adding the velocity
potential produced by its.two components determined in (4.35) and (4.43).

We find that for an arbitrary vibration

3 ~£. t-x/c t—x/c
a 1 o M o
(1) = L3 (3= s 2 U (o ) (4.44)
rc0 2(1—Mcose)3 i1v1 Mcose) 6 “1\‘1-Mcosb
In the linear acoustic field the pressure perturbation p is
—poa¢/at ’
a3p . t-x/c t-x/c
P = (o] 1 v.u( ) - _M_ Ln'( (o] ) (4 45)
: re 2(1—Mcose)4 1 \ 1-Mcos® 6 “1 \1-Mcos®

Lighthill's theory gives the same result. The pressure
perturbation at a point X 1in the linear acoustic field can be
expressed in terms of integrals over B , the surface of the sphere, and
a volume integral throughout the fluid (see for example Ffowcs Williams
& Hawkings 1969)

b (x, 1) = h J[ ik a’n

90X.0X, _ e
i 5 r (1-Mcosh kak/co)

P sThs p u.n.
- ai J 1] ] ds(ﬂ)'+g%'f o11 dS(D)
i ‘B | r(1-Mcos6-|'# /co) B r(l-Mcose—Lifk/co)

(4.46)

k'k

. 2
i i i11' JHy F Pus — -p )8..
where Ti' is Lighthill's stress tensor, puluJ le co(p po) 33
The square brackets mean that the function they enclose is to be
evaluated at the retarded time T appropriate for waves travelling

from the source to x with speed c, 3

T = t-r/cg = t- |x-n- T—Ll/co
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Figure 2.6 A juddering. sphere

Therefore T varies over the range of integration. For large x ,

T o= e lmt (4.47)
_ = \]
1 - Mcosb Lk%k/co

The normal fluid velocity on the surface of the sphere is equal
to the component of the velocity of the body in that direction. In the

x-frame this is Lini + Un, . After linearizing in 'k , we find that

1

correct to order M the monopole term is

|}
1 MLEm

' 1
3 Lini + Un
ot B Po| T(1-Mcosd)

as(n) . (4.48)
The variation of Li(T) over the body can be expanded as a Taylor series

LI IRY

t-x/c £.n, t-x/c
L'(t) = u(____‘?_) PO - S L'g(_____‘l_)
i 1V 1-Mcos® co(l—hcose) i\ 1-Mcos®
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With this form for Li(r) in (4.48) it is easy to evaluate the

integral over the surface of the sphere, and we find that the monopole

term becomes

4na3po ' t-x/c
g (L+icos) 2, 11" (1omss ) (4.49)
correct to order M ,
The dipole strength depends on the pressure perturbation near
the éphefe. Equations (4.17) and (4.19) give an expansion of the
velocity potential valid in this inner region. The potential in the
x-frame, ¢ , is Un1 +¢ + ¢ . Hence, in dimensional parameters
ey g ey a? , l
b= mgU—g -3l +°(E"ML") ; éhan) -
n n 0 | |
|
1

‘where n 1is measured from the point Ut-+£ , the position of the centre

L.

of the sphere.

In the x-frame the fluid velocity u, is aw/ani and the

pressure can be determined from the compressible form of Bernoulli's

equation;
d _ W 1.2
J . Btl + (Uj+L.) . 2 Y

2
n.n n
= %—L'.'n +UL!(—2<Si +—9——1—1) +U2(—%+%-—;) on n = a .,
a

a
(4,51)
For a homentropic flow, variations in the sound speed are O(Mz)
(Taylor 1975), so that
dp . 2 log(p/p ) (4.52)
p o o

and from equation (4.51) we see that if M2 is neglected in comparison

with unity

RN M dp |
p = co(o po) pof - (4.53)




When this expression for the pressure perturbation is substituted into

the dipole term, the surface integral can be evaluated to give

p..n. 4ma~p

a J 1] ] (o] ne 1 19 4 "
- = s ds(n) = ——— (L . . (+3%% Mcos6B) —=— M|!" | .
axi B r (1-Mcosb Lk?k/co) '~ re i“i'6 30 15 1

(4.54)
The density, velocity and pressure in the volume>source term Tij
are estimated by their values in the inner field. It is impossible to
give a formal justification of this approximation, but it is equivalent

to Lighthill's basic conjecture that the sound itself, i.e. the outer

field; is a negligible source of sound.

The quadrupole source strength can be integrated to show

' 3
a2 T.. 4ma~p
_.._3_____ 1] 3. _ o cosb "e L "y
90X, 09X, J [ r(1-Mcosb-['? /c )] d L re M( 30 fiLi * 10 L1 )‘ (4.55)
1] D k'k' o o

Adding the contributions from the three terms together we find

2 Eiby
p(§,t) - rco ( 4
o 2(1-Mcos9)

1 "
—gml). (4.56)

This expression for the far-field pressure perturbation is the same as

that obtained earlier in equation (4.45).

\
It is at first sight surprising that Lighthill's method requires

less information about the inner field than the method of matched
asymptotic expansions! When applying the matching principle we need to
know @2 , the order 82 term in the inner potential in order to
determine the outer field. 1In fact @2 ~ azMLL"I/co , and the effect gf
the derivatives in Lighthill's theory ensures that in this method @2
gives rise to a negligible far-field; it only produces a contribution to
the pressure field of order a3p0M2L"'/(rc0) or - a4poM[}v/(rc§) . We

" can understand this by considering the way in which @2 enters the

matching procedure. Although 52® is small in magnitude near the body,

FE T
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it decays slowly with distance from the sphere (see equations (4.22)

and (4.39)) and so in the 'matching region' it is comparablé with the
other terms in the inner expansion, and must be evaluated to obtain the
outer field. The Lighthill theory is different. The structure ofrthe
Navier Stokes equation is used to express the acoustic field in terms of
integrals over the sdurce region. The main sources, the monopole and
dipole, depend only on the flow on the surface of the body and there the

2 . . . . . .
€ @2 is negligible in comparison with the lower order terms.

The derivation of the acoustic field from a substitution of the
'inner flow' into Lighthill's exact form cannot be rigorously justified
but this method is instructive because it gives an understanding of why
the sound field of a compact juddering Body is different from that of a
point force. We have shown that for a juddering sphere, no matter how
small, it is incorrect to neglect the variation in retar&ed time across
the body in the way suggesfed by Ffowecs Williams & Hawkings (1969).
Some of the terms arising from the retarded time variation afe only of
order M smaller than the leading acoustic field and change its
directivity. Source motion also induces an additional quadrupole. The
total pressure field is significantly different from that of a moving

dipole and cannot be simply specified in terms of multipoles.

2.5 Conclusions

The motion of a 'real' source alters the sound field in a more
striking way than previously thought possible. The_motion of elementary
point sources had formed the models on which convective effegts were
assessed and we now see that this is inadequate because motion also

. alters the source type.

We have investigated the far-field form of the acoustic field

produced.by a moving pulsating body of arbitrary shape, and have shown




that its pressure field is amplified from its value at rest by a factor \
(1+i§'.0t..M.)(l-Mco'se)-3 , where .., is the inertial mass tensor, and M |
11]3] 1] ~ ‘
is a vector in the direction of the body motion of strength M . When
M lies along an eigenvector of the symmetric tensor aij , the '

. -2 |
amplifying factor is (1-Mcos8) S » where o 1is the corresponding |
. : |

eigenvalue. However, when M 1is not in the direction of an eigenvector
|

of G.ij s

the far-field may be amplified even for points which lie in a
plane perpendicular to thé direction of motion. We see that a‘moving

pulsating body cannot be modelled by a moving monopole source. This is
because a moving pulsating body, producing a mass flux, necessarily has
a momentum flux associated with it. Hence the sound fieid produced 1is
that of.a moving monopole and a coupled dipole. Mofeover, the strength

of the dipole is only a Mach number smaller than the monopole and so

affects the amplification factor.

The distant form of the acoustic field produced by the oscillation
of a compact sphere about a mean uniform motion has also been determined.
The effect of motion is complicated; the stationary pressure field is
ﬁodified by a factor (1—Mcos9)-4 and there is an additional omni-

directional term.

The way in which motion alters the sound field produced by real
sources depends very much on the type and shape of the source. In
general the modification made to the pressure field cannot be expressed
simply. It depends on details of the source structure and those details
must be known before the modification due to convection can be

calculated.

The results derived in this chapter have been published

previously (Dowling 1976) but they are obtained here by a different, and

we think more elegant, method.
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CHAPTER 3

SOUND PRODUCTION IN A MOVING STREAM

3.1 Introduction

Ever since the éxperimental work of Lush (1971) there has been
no doubt that the interaction of aerodynamic sound with the moving flow,
whose mixing provided its source, is an important elemeﬁt of the ‘jet
noise prbblem. Lush found that although Lighthill's (1952) theory gives
good overall agreement for the sound intensity it wrongly predicts the
convective amplification at high frequencies near the jet axis; Many of
the features described by Ribmner (1964) as refraction of sound by
gradients in mean flow and refractive index were confirmed in Lush's
work, so putting experimental observation and intuitive reasoning in the

lead of any formal theory.

Of course, it was always evident that some refraction of sound
passing through an inhomogeneous flow was inevitable, and Lighthill (1952)
argued that such effects should be treated separately after the sound
generation problem had been solved. Jet refraction problems have been
worked by Gottlieb (1960) and Schubert (1972), with evidence that flow
can deform any sound wave passing through it. Only Lighthill's (1952)
theory could trea£ the sound generation problem exactly, but that theory
was incapable of explicitly displaying the refractive effects. Theories
that bring out the flow acoustic interaction explicitly are invariablyr
approximate and difficult to handle, so that the consequences of the
necessary approximations remain obscure. For example, Gottlieb's work
concerned a plane vortex sheet modelling of a jet, while Schubert
described waves propagating through a laminar flow. Zones of silence
arise in such flows and the upstream deflection of an initially

downstream propagating ray is impossible. But some upstream deflection
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is quite probable for high frequency waves in an actual jet as concentrated
eddies can bend rays in a different and more extreme manner from that

found in parallel laminar flows (cf. Broadbent 1977).

Phillips (1960) was the first to attempt an exact description of
sound generation by turBulent shear layers in which the flow interaction
was made explicit. That work was extended by Pao (1969) and Lilley (1971).
Primarily aimed at the supersonic problem it left obscure the important
issues that Mani (1976) emphasized; the Lighthill analogy does mot seem
to provide even an appfoximate low speed estimate of the full convection
effects on the sound generated by sources shrouded in a jet flow. Mani's
analysis was only‘based on an intuitive modelling of the flow, some
suppért for the model being deduced from Lilley's (1974) theory. The
results agree so well with experiment, even in those areas where Lﬁsh.
pointed to the deficiencies of the Lighthill theo;y, that one is led to
suspect é more fundamental justification is possible; that is essentially

what this chapter is about.

A substantial amount of recent theoretical work on the interaction
between thé mean flow, the turbulence and the acoustic field is based on
the idea that the unsteady stream can be thought of as a weak perturbation
to a parallel laminar inviscid flow with a velocity and density profile
eqﬁal to that of the mean jet. The motion is governed by a compressible
version of the Rayleigh equation, whose inhomogeneous form is the Lilley
(1974) equation. This method is formally exact, but it is not easy to
apply. One difficulty is that the source terms are complicated, and in
general they are only described approximately. Morfey & Tester (1976)
show that equivalent ways of expressing the source (both correct to
quadratic order in the fluctuating quantities) can lead to completely.

different estimates for the sound field; so obviously the greatest care

must be taken not to use a misleading description of the source terms.
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The Green function for the Lilley equation is not easy to obtain. It is a

solution to a third order differential equation with variable coefficients,

and in general must be evaluated numerically, although simple solutions
can be obtained in the low frequency (Goldstein 1975) and high frequency
(Balsa 1976) limits. In addition to these practical difficulties there
are fundamental unresolved problems associated with this method. Non-

- trivial solutions of the homogeneous compressible Rayleigh equation exist,
indeed they are the ones so extensively studied in examining the stability
of laminar flows, and to obtain a unique solution to Lilley's equation we
need some way of deciding what combination of these modes should be
incorporated within the Green function, or equivalently what initial and
boundary conditions should be prescribed.‘ The intuitive choice is to pick

a causal Green function, but for an unstable profile strict causality is

incompatible with boundedness at infinity (Jones 1973); the causal solution

contains instability waves which are invariably neglected in an analysis
of Lilley's equation. Another difficulty in principle concerns the idea
of evaluating the field as a weak perturbation about a laminar flow with
the mean jet profile. Real turbulent jets are highly disturbed; the
instantaneous velogity vector deviates from the axial direction by more
than w/4 quite frequently (Acton 1976). Fluctuations in a low Mach
number jet afe on the same time scale as the sound they produce, during
which time the sound travels many shear layer thicknesses. Any single
sound wave therefore interacts with a geometficall§ conforted shear layer,
quite unlike the mean shear layer, and the interaction is complete long
before the shear layer has wobbled enough to resemble the mean. It might
‘be thought that the mean effect of acoustic shear interaction could be
approximated by a single passage of sound through a 'mean' shear layer.

But that too seems unlikely, at least at high frequencies, because, for

.example, shadow zones exist in the laminar shear layer problem which




would be penetrated by rays in an actual jet (Dowling 1975). The Lilley

theory does however account for the major effects of refraction remarkably
well. The existence of quiet zones is an obvious area in which the
qualitative similarity is good, and away from the shadow zone there is
quantitative agreement. But in many respects Mani's vortex sheet modelling
of the jet problem seems as good as that more laboriously obtained when
the jet flow is given a mean velocity and temperature profile (Morfey &
Tester 1976), which suggests thaf in these areas where‘the laminar flow
theories are successful, the details of the profile are éctﬁally
unimportant. In that case, the best model will be that which is most
easily handled and it is difficult to imagine any simpler model than a
vértex sheet. It is this analytical tractability that might give Mani's
model its edge; its weakness lies in its inability to define the sources.
Mani tries to determine the source terms in his model from Lilley's theory.
But in doing so he has to discard a singular source term which would
actually dominate in any physical realization of that model. Mani also
argues that there are efficient monopoles arising from mean density
gradients in a hot jet; that is now known to be incorrect (cf. Kempton 1977)
and is in fact obtained from an erromneous application of Lilley's equation
(cf. Morfey & Tester 1976). Because it is not based on an exact analogy
Mani's theory cannot provide a convincing procedure for handling the more
subtle and difficult problems such as vortex sheet instability and the
apparent singularities encountered at the Mach wave condition in supersonic

jets.

In this chapter we develop an exact analogy between a vortex sﬁeet
simulation of a jet flow and the real thing, and show that the equivalent
source required in the analogy is a convected quadrupole distribution,
each quadrupole having a strength determined by Lighthill's stress tensor

measured relative to a uniformly moving jet stream. This result is




essentially that already given by Ffowes Williams (1974), but we now give

a more rigorous derivation of the theory.

In our exact analogy we require that the linear model should share
the real flow's finite level of acoustic activity. Any instability of the
model flow must therefore be avoided and this causes a precursor ahead of
the wave front. We believe that this is entirely reasonable for, in
addition to the turbulence producing sound, the sound waves will also
provoke any real unstable shear layer to support rapidly growing waves
that later break into turbulence. Any theory that attributes the source
of that sound to the turbulence must therefore allow for the sound's prior
existence. The turbulence provides the dominant source, while the
conéribution made by instability waves growing into turbuleﬁce necessarily
precedes it. The analogy, which is exact, allows both these elements to
be specifiéd through Lighthill's stress tensor and the bounded Green

function for a vortex sheet simulation of the flow.

We first develop the theory in a general way and illustrate its
application for a cylindrical jet of circular cross-section and then
derive from the theory some important known results for an acoustically
compact jet flow. We contend that this theory provides a justification
for the correctness of Mani's (1976) vortex sheet modelling. The sources
needed for that model are however quite different from those used by Mani,
which in any case are now known to misrepresent the effects of mean
density gradients. It is our belief that this theory allows all the power
and simplicity of Lighthill's analogy to be»applied to real jet flows in
which there are significant mean flow acoustic interactions; thesé

interactions are made explicit in an analytically tractable way.

We also give some new results for the acoustically compact jet

of low density. There it seems that sound will scale on very low powers

of jet speed. We think that this may well be part of the excess noise
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problem where sound is known not to conform with the simple scaling of

~Lighthill's free’ quadrupole model.

3.2 A generalization of Lighthill's acoustic analogy

Our development is based on Lighthill's (1952) equation

oy L OT
30 Vo T Tty | i

vhere T, = pv,v;+py;—c3p'dy; ' (2.2)

% is the fluid velocity, p the density, and p' =(p—p,) . . bi; 1is the
compressive stress tensor, pi = (p—p0) di—ei; » with p the pressure
and ¢;j the viscous stress. p, , ¢ and g, are the ﬁnperturbed values
of density, sound speed and éressure. It is well known that this equation

is a direct consequence of the continuity and momentum equations

op ©
bl 48 Wby % T 2.3
a0 =0, (2.3)

R
éa;(pv,-) +é:l‘/‘:(7ij+cﬁp ;) = 0. (2.4)
2 .

Lighthill's formulation of the aerodynamic sound problem is most
appropriate when the sound generated by the flow propagates through a
medium which is homogeneous and at rest relative to the observer. When
soﬁe of the fluid is heated or has a uniform velocity, 7T;; contains
terms which depend linearly on the sound field. Equation (2.1)* is still
formally exact, and if ' T;; were known gxactly would lead to the correct
answer for the density perturbation p . However 7;; can only be

determined from a solution of the full Navier Stokes equation and for the

turbulent jets of technological interest this represents a daunting

* 3 o o
Equations referred to are always within the same chapter.
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prospect; at present it is only feasible to obtain a dimensional analysis -
of the sound field based on the time averaged properties of Lighthill's
stress tensor (Lighthill 1952). Ffowcs Williams (1977) shows that this
pr‘ocedure can lead to erroneous predictions when there are‘exteﬁsivé

linear terms in Ty .

In a region of moving fluid it is more natural to recast the
Lighthill theory in terms of a convected wave operator. We choose a
coordinate system so that the mean velocity is in the l-direction with

speed U, . VWhen the mass equation is rewritten using the convected

0 .
2 0 U, = s 1t becomes

derivative —!=_
Dr=ar " Loy,

Dp o, , :
Dr tg, (P =0, (2.5)

where v; =v,—U,4;, .

Similarly the momentum balance can be expressed as

&(pv’-)+ O (Tt vaap | |

Dy Vi (’E\ ij+51,013[j) = 0. (2.6)
T;; 1is Lighthill's stress tensor based on the relative velocity v} ,

T:, = pUiv+pi—cip1dy; g ' 2.7

pr=(p-p).
pi and ¢ are the mean values of the density and sound speed. If the

jet is hot they will be different from p, and ¢

Equations (2.5) and (2.6) combine to give

? = o - (2.8)

the form of the Lighthill theory relevant in a hot, moving fluid. If

U =0 > and p; = p, 6=¢ equation (2.8) reduces to the more




usual expression (2.1). .

In practice a moving stream of air is generated by the }svvtirrin;g
and heating action of external surfaces within the fluid. In order to
des»cribe‘this situation we suppose that the fluid occupies all spéce
outside a surface X(r) , which may in fact consist of several closed
surfaces. For example, 2Z(r) may be the surfaces of the compressor
blades in a jet engine, where the motion of the blades and the subsequent
combustién of the compressed gas produces é hot, 'fast—moving sfream that
emerges into the ambient fluid. We introduce a control surface S(7) .

convected with the fluid particles, and such that it encloses most of the

energetic flow and all the surfaces ZX(7) , as shown in Figure 3.1.

Po %

§(r): moves with flow\_L——"—/\
W Al . vy(7) Hh —
“=(7) /4

foreign body

n

vo(7)

Figure 3.1 The geometry of the jet
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We denote the region within S(r) by (7)) . The hot jet in v, has
a mean velocity U; in the downstream direction, and a characteristic
sound speed ¢ and density p; . It is tﬁerefore reasonable to use
equation (2.8) to describe its aero-acoustics. In the region (1) ,
outside the surface S(7) |, moétvof the fluid is unheated and at rest, and
the formulation (2.1) is a more useful description of the flow. The shape
of the regions yy(r) and (r) is arbitrary. But in the analysis that
follows we will assume that »(7) is finite, or at most infinité in one
dimension,.forvgxample, an infinitely long tube with a bounded cross-

sectional area, as illustrated in Figure 3.1.

To simplify tﬁe procedure of using different equations to describe
the flow in the two regions v, and v, , we define a function gCu7) s
by &=0 on the surface S(r) , g positive in 1y, and negative in
V; . The Heaviside function Eﬂg) is consequently unity in the region
. v, and zero in », . Derivatives of } are non-zero only on the
surface S(r) , and because §(7) 1is convected with the flow, they are

‘related by

oH [or +v;0H [oy; = 0. | (2.9)

~OH[dy; is a vector perpendicular to §(r) , positive in the direction

leading from ¥ 1into the exterior unbounded region VY and

Y

for any function K(y,7) , where 7 is the normal to the surface S(7)

in the direction shown in Figure 3.1.

We only wish to use equation (2.1) to describe the flow in the

region ¥, , where H is non-zero, and so we multiply (2.1) by X/

It is a straightforward matter to transfer J// through the differential

f %ﬁK(y,r)daydT= f drf nK(y,7)dS(7) (2.10)
o S(7) 2




operatorbs, and to use (2.3) and (2.4) to obtain;

C
e, 0 R(HT,) o [ oH o [ ol
==t (Hp') = = |p —(v;m—
o~ ) = 2, C‘le(’b ‘Jayi,) ’)°CT<U’ay.;)’ sk

which is essentially equation (2.8) of Ffowcs Williams & Hawkings (1969)
paper. Hp' is a function defined over all space; it is equal to the

density fluctuation p—p, in v, and zero elsewhere.

Next we conéider the fluid in the region  »; . The Navier Stokes .
equation (2.8) is, of course, only valid in the region exterior to the
surface Z(7) '. We therefore introduce H, a Heaviside function which
is unity in V(r) , the region within the surface ~(7) , and zero

elsevhere. Then if X(r) is impermeable

0Hy [or +v,0H, [y, = 0, : (2.12)

Also

ey K(y,7) d3y dr = K >
[, et Ky @yar = [ar [ nximaz, -
for any function K(¥,7) , where ! is the normal to the surface Z2(7)

in the direction shown in Figure 3.1.

H(g) = 1—H(g) is equal to unity in ¥, , and zero in v, . Hence
H-H, is non-zero only for points in the fluid in v; , where (2.8) is
valid. A direct repetition of the argument leading from (2.1) to (2.11),

with (2.8) replacing (2.1) and H-H, instead of H shows that

D2 0?) , - o2 oA _
— 2 _ r_ / T 2 1 a o A ) ~ A
{Dr2 clay?} < H")pl‘az.a,.{Tﬁ(H“Hr)}—T{l’.-j (éﬁ—vc«H‘ Lppy Do [y (CH_2H:)
‘ Yids W U\ o)) D UN\S T )) L2014)

We will deal exclusively with the exact viscous non-linear

.g__’




equations of fluid motion described by (2.11) and (2.14). We recognize

by common observation that the solution for the far-field density
perturbation /fp’ 1is limited by several constraints. Firstly, the jet
flow must be driven by an externally applied force distribugion acting
through the surface Z(r) . This force is non-zero only for a finite
timé, which ensures that there is no flow at infinity in any one of the
four space-time coordinates. Secondly waves will tend to travel towards
infinity from the neighbourhood of the sﬁrface Z(r) driving the

mean flow.

We choose to work with a reciprocal Green function that is bounded at

infinity : o
G'(y,7|x,t) = H(y,7) Gi(y, 7|%,0) + H(y, ) Gi(y, 7|%,1)

and decays as 7 becomes large and positive, has incoming wave behaviour
outside the surface §(r) in the variables y and 7 , and is consistent

with the equations

o aar) = Ho(x—y,t-1) . (2.15)

] (Gt 1 D2 ]
and S i =0 (2.16)
H { ay% Ci DT‘: 1] . - ; i
These conditions do not uniquely define G' and we will later exploit

its arbitrariness.

We only reéuire a weak form of causality; ,C?_>O as T->ow o,
we do not insist that G' satisfies the strict causality conditions
G'=D,G'D7r =0 for (<7 , that are usually imposed on a reciprocal
Green function. Indeed it is well known (Jones 1973) that in certain

model problems a Green function bounded at infinity is incompatible with

strict causality.
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Figure 3.2 The definition of G’()’, Tlx, t) = H(y,7) G:)(.}’:Tl-": t) +ﬁ(y, 7) GI()’;TW: £)

G'can be used to determine Hp'

Hp'(%,£)= f Py, T)Ha(x —y, t—1)d3ydr

26, 1G]

— | Hpy, ) [CC_LEG s
L PO e a4y dr. (2.17)

This result follows frém equation (2.15) and the definition of the
vlﬁ—function. The integration ranges over all four dimehsionél (y,7)
space. For large |y] , P 1is an 6utgoing acoustic wave, an.d outside
the surface S(7) G} has .incoming wave behaviour. p’ 1is zero at
T=—00 , ‘and G} decays as 1> . This ensures that when (2.17) 1is

integrated by parts the contributions from the end-points at infinity




vanish. BHence

(:2

1 ’\
Hp = | Rl-al) wayer (2.18)

Alternatively this equation may be obtained by noting that the real

density perturbation p’ vanishes for large (|1, 17])

We can use (2.11) to write

e %HT) 0(, H) 2
.- 002G} 0H G} afICGW (2.20)
= d ¢
f {sziey 0_1/ ua.l/z, (Jy —Po? Lay J ydT7

after partial integration.

This equation gives the density at (x,f) in terms of an
integral of a Green function with 'sources'. The first term describes
the sound produced by Lighthill's volume quadrupoles. An application of
(2.10)" shows that the last two terms are surface integrals. The strength
of the surface sources is linear in the field variable. Such linear
surface sources can often appear to be much more efficient generators of
soun& than they actually are - especially when one does not know the
source strength accurately enough to account for phase cancellations
(Ffowcs Williams 1974). Therefore (2.20) could lead to an incorrect
estimate of the acoustic field generated by the flow. We will try to
eliminate these misleading surface terms by considering the flow in the
fegion vy . We multiply equation (2.16) by (H-Hy) pi(y,7) and

integrate over all space

= [TCi_LDiG) s,
0 f(H B\ ep ~ 2 o) 4y dr @

For the moment we will restrict our attention to the case where HG! and
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its derivatives decay algebraically at infinity. The more general
situation where resonances are excited and Green's function is only

" bounded within the jet will be considered later. In the case dealt with
here the differential operators cén be transferred onto the field quantity
(H"‘_Hy)p{ " by integration by parts,

0=| Gt & _1Di (H-H,) p;d3yd (2.22)
ST )e e aDe v)prdydr. I

We substitute (2.14) into (2.22) and rearrange by partial integration;
the condition that H G* vanishes as any one of the variables tends to
F infinity again ensures that end-point contributions are zero.

' _ , Gt 3G} (eH oM, D,Gi , (¢H oH,
0=| {(A-H, 1 [ B]
L{( V) T"ay,ay thigy, 0y; (oyb ayf) ~ADr (Eyl ayf)fdgydt 22

This equation is multiplied by p(#,¢) , an arbitrary function of (%,?)

and the result added to (2.20) to obtain the exact equation

02G}

, | . @0 eH,G , D,Gi
() = [ [Tt - H)Tmya iy o By e
‘ Yi i Yi (2.24)
: + @(x ) ;
where
oH oGt ¢G{ eHRG} ,0HD, G}
C’J(x,t):J. {é};ﬁu(ﬁayl 0j>+’0° zay 'ZT—O_/? 1V L" y Dr szydr (2.25)
o \MVJi J )

The first two terms in equation (2.24) describe sound generation by
volume quadrupole sources, the third and fourth terms the field generated.
by the force and velocity distributions on X(7) . ‘p(-’«',‘} represents
linear source terms on .the control surface S('r). . The presence of
these linear terms prevents (2.24) from giving a useful estimate of the
acoustic field. We now exploit the arbitrariness in G’ in order to

eliminate these terms. G' is not completely specified until we impose

two jump conditions on S§(7) .




From equation (2_.9) viaﬁ/ayi may be rewritten as ~D,H|Dr

and then the last term in (2.25) integrated by parts to obtain

aHDG DG B :
—fﬂlf ‘3, D7 d’yd'r_—ﬁ’plf H— bic dydr (2.26)

We define a function I'(y,7) in » by

Hoerfort = AD;GYDr, Helfer—>0 as [r]»co | (2.27)

Hence

~D?G} _o2
—/fplf Hp5 dlydr = fﬂp1fwl:f%d3ydr

oHar '
- ﬂplf g oy dr (2.28)

When this expression is substituted into ¢ , we obtain

| oA | oG _2G; %] G [ G 5 OF
D(x,t =J. ekl VO ( i 0) (o t_2Gh G} o AT
( ) : @ Cyi l(p p ) C./L le el] /3 ay] ey] v pl) 07_ ﬁpl dﬂy dT

- f ” f 3G a6 3Gl oG ¢
. -—p)(%- __1) ( ( oG} dsdr
s(){(ﬁ o\ 3n ] T 5, oyj) = —Bp1—= ) ]
(2.29)

Gt and I' are uniquely determined once we specify two jump conditions
across  S§(7) . We want to choose conditions that minimize the

misleading linear source term @ , and therefore impose
PoRGH[er =fpy ¢rjor and Gfen = BRGI[Cn, (2.30)

for y on all parts of §(r) where wyn, #0 |, pi; #0 o+ Then only

the viscous term remains in ¢ and
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@G ., fw J‘ T 0*G{ P2
60]1/) x t f—wfw(ﬁ i a./:, CY; . yar+ ﬁ —wJ (1) V(1) 0-/ ("/

D, G} oG! ,
+ﬁf—-<rf):() ([1' l—fij'\ )dz'd

® g =
niei; O (Gt — pGY) dS dr.
], 1 (GO ASdr

This equation is exact.

So far it has been assumed that all the external driving
surfaces 2X(7) are in v, » but this expression can easily be modified
to include the effect of surfaces zﬁf) in ¥ (provided none of the

surfaces intersect S(7) ) by the addition of the term,

@ oG} ¢GE
) =0 dzd
f—mfztr) ll (pl) vy aT /7:] C_l/J> T

We have obtained this formulation of the aerodynamic sound
problem by embedding the sound sources in the moving fluid to eliminate
an extensively distributed linear source within the jet, while at the
same time ﬁsing a particular Green funétion to prevent the occurrence of
any confusing linear surface sources. It applies to any real flow.,

When Ui=0 , pg=1 , pp= p, and- ¢=¢ , equation (2.31)

reduces to the Ffowcs Williams & Hawkings (1969) statement of Lighthill's

aerodynamic sound theory. But in the general case the first term in (2.31)

represents the sound generated by the usual Lighthill quadrupole source,
T; , in the exterior region v , while the éecond term represents the

geheration of sound by a stress tensor based on relative velocity and

density in the interior region ¥ . The third term describes the

sound produced by the action of.the surface 2(r) and the last

represents the sound generation by tangential viscous stresses acting

across the surface §(r) . At the high Reynolds numbers of interest in




‘aerodynamic sound problems the latter term is negligible in comparison

with the remaining inertial terms, and we have succeeded in eliminating
all significant linear surface sources; a requisite for obtaining a good

estimate of the sound field.

In establishing the representation (2.31), ‘we have assumed that
the influence of a point source at (%) doesbnot extend to infinity;
we have considered G' for which HG' decays algebraically for large

ly.7|" . This assumption will not be true Qhenever the rgciprocal source
at (%) can trigger a neutrally stéble free mode of the vortex sheét
determining G' . Waves can then propagate along the vortex sheet
without. a fast decay, and even at iﬁfinity HG' will not be negligible.
We can easily extend the analysis to deal with such cases. The details
are given in Appendix 3.A. 1In fact the only effect of these modes is to

ensure that the vortex sheet sources vanish at infinity.

We find

"OHP (%,1) J‘J.[H l)"G "G, +ﬂ</H Hy) T'j— (Hy— Hyo)(Po Ui 8318, — ci(py — py) 3[;)) G ‘d"ydr

oy,cy,l
H., D,H.\ D,G{ eH. G} .
ﬂﬁ ( ¢  Dr Dr ayip"ey,dedT

@
0 (2.32)
J.—aofsm i € 5 (G§— BG1) dSdr,
where F/, is the Heaviside function which is unity for points within
v s the region enclosed by the position of the fluid surface §
at 7=-0w , and zero elsewhere. Similarly ¥y is unity within the

initial position of the surface X(7) . The integrand decays as any

one of the variables tends to infinity,

G'—>0 as T—>00 |
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and
(ﬁ— Hy) T:tj - (ﬁo — Hy,) (py U3dn 8;'1 —c3(po—p1) 3ij),

D,H,
Dr

0y,

- U, as |y|, —7—>o0,

because initially the fluid is at rest and unheated, and far from the

sources there is no flow.

When G' decays at infinity (2.32) reduces to the previous

representation (2.31).

The reciprocal Green function G' which appears in this equation
is the incoming wave solution to equations (2.15) and (2.16), that
‘satisfies the two jump conditions (2.30) across S(7) , vanishes as

T—>®© , and is bounded within »; as |y|,—-7—>o0

The function A(%,t) is arbitrary, but it is easy to see that the
density fluctuation described by (2.32) does not depend on the choice of
B . Since,-if Cf is the solution to the boundary value problem with
B=1 , and G' denotes the solution for any other value of g » it
follows from equations (2.15) and (2.30) that these solutions must be
related by

G'=G" for yin Voo
BGt = G for yin v,

Hence G§ and PG} are invariant under the choice of p . These are
the functions that appear in equation (2.32), and therefore Hp'(%,t)
must be independent of A . We have only introduced this function to -

facilitate the interpretation of the jump conditions.

The sound generated by the surface distributions that excite the

flow is usually quite distinct from the jet noise problem associated

with the turbulence. At this stage we restrict ourselves to the problem
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of sound generation by free turbulence and discard the integrals over

the surfacé ZXf) « By doing this, for a jet engine driven flow for
example, all engine noisé and any interaction of the field with
diffracting surfaces is lost, and (2.32) reduces to a descrlptlon of the
sound produced by turbulence in the vicinity of a substantial region of
uniformly moving fluid. At a sufficiently high Reynolds number all the

~ surface terms have been eliminated and the aerodynamic sound equation

becomes

002G}
S H, x,8) = f T 0 g3 i d?
P(x1) wn D0y, a!/jd ydr+ ﬁf f»(r) ”afia Yj Fydr

“‘ﬂf f {po U3 011051 — c3(py -p1) u}_—daydT (2.33)

n(r) and v,(r) are material volumes consisting of the same
fluid particles. In terms of the Eulerian coordinates y , vo(7) and
»(7) are changing functions of time. However they are fixed regions
when written in terms of Lagrangian coordinates j , where vl -denotes

a particular fluid element. We therefore choose to express the first
two integréls in terms of these material coordinates. The Jacobian of
the transformation from Eulerian to Lagrangian coordinates is p*lp
p* being the density of the fluid particle identified by 7 at the time
when the Lagrangian and Eulerian coordinates coincide, i.e. at the time

when 5=y .

Our description of the induced field is then provided by the

Lagrangian form of equationA(2.33)

T &Gt
‘oHP (x,¢ f f * { T3\ &G} 3 + f J- { } ¢ —L d3ydr
) = P (1 P Jagey dnde ) ).r) TR

[ f{poUM 0= )8} ey (2.34)

This is the sound generated by a moving distribution of




quadrupoles of strength density per unit mass Tylp in ¥ 5

Tyl in v, .. The use of Lagrangian coordinates emphasizes the-
importance of the kinematics of the flow in determining the source terms
because now for small density fluctuations the main source term is 2

’

o = ° ’ o
rather than py;o; in vy, , v;v; instead of pviv;  in v, and

the source strength is independent of the fluid density.

- We have developed a representagion for the acoustic field in
terms of 'source terms' and the reciprocal Green function. It is possible
- to estimate the source tefms but it would be a formidable task to
calculate _G’ , because the jump conditions on G' are imposed on a
surface S(7) which moves with the actual flow. For real turbulent
flows such a surface will become highly irregular. Indeed it is even
difficult at this stage to arrive at a physical interpretation of (' .
Fortupately for the nearly pérallel flows of technological interest, it
is possible to construct the feciprocal Green function and we will now
demonstrate that it 'is Green's function appropriate to an instability-free

(and therefore only weakly causal) vortex sheet modelling of the flow.

3.3 The vortex sheet model

For most real flbws the turbulent non-linear fluid motion is
concentrated within the high mean velocity region. It is appropriate to
choose 71(7) so that it coincides with this source region, and then the
only distﬁrbance to the flow in vy 1is caused by acoustic waves
propégating through it, and so the fluctuations are linear. This is
equivalent to choosing the control surface S(7) »sufficiently far away
from the jet so that it.lies in the acoustic field. 1In this case, 7j; =0

in v, and equation (2.34) simplifies;

g 5 p* Ty 0! ’
) = [ar{ [ 218 ZR [ oyttt P)8:) g ar-dy). (3.1
L -5 »'
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The flow parameteré on the surface VS(T) are small, and also
§(1) 1is only linearly disturbed from its initial position § . We
can therefore linearize the boundary terms in equation (2.29) by '
transferring them from S(7) to the fixed surface. S . The problem of
detefmining thé Green function is now more tractable, since G' can be

defined by jump conditions across a fixed surface;

PodGSfor = fpyorfor and 0Gifon = poGifon on S, (3.2)
We can use (2.27) to eliminate I from these equations and obtain

3G} D:G}

oG
Pogs = ﬂpl_D? and -

on

act
¢Gi

on

(3.3)

=

“on S,

Wé now consider a particular geometry and take S, , the initial
position of § , to be a cylindrical surface doubly infinite in the
Yi-direction. Then in the problem for G' there is_po characteristic
scale for either the time or the distance in the ¥;-direction. Hence
G{ and G} can depend on ¢ , T, x5 and y, only in the combination

t—7, and x,-y, , so that

3G, 3G} D,G; 3, ,,.9) | 3.4)
&~ " @’ Dr - ot Y% ¢

and the derivatives of G] satisfy the same relationship.

We restrict our attention to the case where the observation point

¥ is in the far-field. Then because G' represents an incoming wave

in (y,7) , it has the form of an outgoing wave in the variables (x,1)
and
O _ 123G ey x @6 | (3.5)
Or;p ¢ ot Cx,  |a[g ot"
Hence
D,G} G e
Dy = ~U=4M )= = (1-M g
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and similarly

D, Gt oG!
DT = (I—M ") -a*.,.l:

where M ,=M x/[|x| , and M =Ufe is the Mach number of the mean
flow based on U, , the mean velocity in % , and ¢, , the sound

speed in

By using these relations, the boundary conditions (3.3) can be

put in the form

D{ oGy _ 229G}

G = BGj, Priprig, =Po P 7 (3.6)

with B==ﬂ(1*ﬂi,)ﬁhh% . We have, however, shown that the final
result for the acoustic field is independent of our choice of g , and

so we can put

_ Po ’ ‘
B= - 5 which means B= 1, (3.7)
pl(l _M r)2

Now the jump conditions (3.6) are more familiar. They are in fact the

usual acoustic boundary conditions

Gi=Gi, B | (3.8)
describing continuity of pressure and particle displacement across a
linearly disturbed vortex sheet. These conéitions are obtained because

we chose §(7) to be a material surface. A fixed control surface will
lead to different jump conditions with no obvious physical interpretation.
The analogy between a real jet flow and sourées adjacent to a vortex

sheet requires that the equivaient sources are attached to the fluid

particles and move with the flow.

The reciprocal Green function G'(y,7|%,1) can be related to
the direct Green function G(x,t|ly,7) > where G represents the field

produced by a source within the vortex sheet at a point (y,7) . & 1is
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'l

a bounded, weakly causal, outgoing wave solution to the equatidns

0* 1 2%) e L . g
{m—v—ga—é}G(x,qy, 7) =0 if &isiny and y in v (3.9)
¢ 1D, ' . . i
{'&%“;;“D‘;QIG(%’IJ’,T) =—-d(x—y,t—7) if xandyarein vy’ (3.10)
D,_2d )

In these equations, p; = and ¥® and ¥ are

at+ la—xl ’
the fixed regions separated by the cylindrical surface S, . G satisfies

vortex sheet jump conditions across §; 3

2 oG
: G = 0y nd D2 aGO — —a hnad x

o= Gj a P ;xan =P : (3.11)
where G, denotes the limit of G as & tends towards S, fhrough

W) , and G, the limit of G as x approaches S, from .

G 1is simply the sound field produced by an acoustic point source
located in an infinite 'instability-free' cylindrical jet, with a 'top-hat’
velocity profile. It is shown in Appendix 3.B that it is related to the

reciprocal Green function G' by

G(x,1y,7) = 4G 7], (3.12)

for % in the radiation field in »® and y in W .

The appearance of this weakly causal Green function in (3.1)
means that the information about the turbulence reaches the far-field
sooner than it would if it just propagated from the turbulent sources
with a uniform speed ¢ . We believe that this is reasonable. The
representation (3.1) describes the way in which the sound field depends
on the turbulence, but it is not the simple relationship betwéen the
observed sound and its 'source'. In an unstable jet sound waves can

cause turbulence, and then later that turbulence can become a source of

sound. Equation (3.1) must therefore describe the more complicated
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interdependence of the turbulence and sound field. It is difficult to
‘see how the strictly causal Green function could be used in such a.
' |
representation because of problems associated with the convergence of j
the integrals.
3.4 The circular cylindrical jet ' : |
In order to illustrate the vortex sheet analogy we now consider i
a simple geometry for which it is possible to obtain Gt explicitly.
We investigate a turbulent round jet of radius « , with mean flow U,
in the 1-direction, emitting sound into a linearly disturbed fluid. It
is convenient to introduce cylindrical coordinates, and we write
¥ = (R, d);xl): y= (0: éayl),
Then from (3.1) and (3.7)
*T anG+ '
g Hp'(x,t) = \fd‘r fp i f . e
1= (P U3811851—c3py—py) 8,) 221 gy
a( " l 0 U10405 —ci(py — py) ”)ayiay,-dyj’
where
9 |
{"121 50) = —8(x—p,1-1) & |
& 2 G o(¥, 7] =—-40(x—y,t—7) for c>a, i
& 1D fi
{é—é—f—c—fD__} ly,TI\t =0 for o<a, (4.2) i ]‘
i
H
together with the vortex sheet jump conditions W
. I
D} oG} ¢ oG
G} =Gt at S S _ . I
(] 1 P;DT_ . poCT*E‘a’ on o =gq, v (4.3)

However (Gt differs from the vortex sheet Green function found by fp

Morgan (1975) in that it is devoid of instabilities because

HG ~ 0(1) s |y,7]~>c0. i
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4

This syétem of equations can be solved most simply by taking
Fourier transforms in % , 7 and ¢ . (Actually the angular
dependence is expanded as a Fourier series.) If we denote the transform

of G by G, then

== 2w o )
Gy(o, k,n, 0|1, ) =L=0L=_J__ Gi(y, 7|%, 1) exp{ — i (ky, + w7 +ng)}dy, dr dg

and

(0, k,n, 0|, 1) exp {i(ky, + o7 +n9)} dk do.

y,

oon———co

50(”3 kyn, w[x, ) satisfies
1d/ dG 2 2\ _ —
odo (‘7—_0) + (_“’?_kz_l) 0= —&U—R)exp{—i(kxl-i—a)t+nd5)}, (4.4)

which has the solution

(4.5)

e __exp{—i(ky+wt+nD)}( fi(o) f(R) for o
’ RW(fy 1) \i(R) fo(o) for o

<R
2 R.
fi and fz are two Bessel functions chosen to satisfy the boundary
conditions and W 1is their Wronskian evaluated at | R (see for example
Morse & Feshbach 1953., Page 826). The general form of f; is

A0) = Tu(ro0) 4DHP(y,0)  , vhere  yi=oYd-K  and D_is to
be determined from the jump conditions on o¢=a . G} behaves like an
incoming wave at infinity in the (¥,7) coordinates so that

folo) = HP(y,0) , if the root of 7V, is chosen so that when real Yo
has the sign of ® ., When 7%, 1is complex its imaginary part must be
positive to ensure that Gy 1is bounded at infinity. Both these

conditions are satisfied by the Riemann sheet Imaginary 7, >0 with a

branch cut along Imaglnary Y% =0 as shown in Figure 3.3.
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i
_ |
Im k& . |
|
complex k-plane |
|
|
. Rek |
I T X Y ; ‘
w/cy
i
!
Figure 3.3 The position of the branch cuts -

We note that  W(f,f) = W(J.(voR), HP(%R) = is 2ifnR . e

The Fourier transform of the second equation in (4.2) gives

1d [ dG) [((0+UR? . n*\ .~ . | | ’
;a;(d—g&-)-k(—ci-l———k-—;)Gl:O in o<a. (4.6)
G,must be finite at ¢ =0 , and hence
G,(o,k,n,0|x,t) =EJ,(yo), where 7y = {(0+ 0 k)23 — k) i
E_can be determined by applying the jump conditions (4.3) at o=24a | ‘
I

1
to obtain : ‘ . \




v G{(y: T]x) t) =
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|
_ p(0+UB2HD (v, R) T, (yo .
G(o, £, n,(;)lx, t) :pl(u+ 14) - {l:/" ) July )Cxp{—l(kxl-l—(ul-i-l?(f))}, (4.7)
: Ifn(w’ ) ‘
|
where  F,(w,k) = alpyu?yJ;(va) HP(vea) - pylo+ Uik o, (va) HY (,0)},
- 3
and the prime denotes differentiation with respect to the argument. l
Inversion of the Fourier transform gives
1 f & oo+ BRIy, R)J, (yo) P ihn—xn)+o(r—)+n(¢—P)}dkdo,
(2“)3 n=-—o F,,(w, k)
o (4.8)

where the w-integral is to be taken along the weakly causal contour,
which lies above the poles and branch cuts on the real w-axis in order
|

to satisfy the condition G'-»0 as 7> ,

We now introduce 6. , the angle between the distant observation
point and the direction of flow, defined by R = |x|sin@ and
xy = |¥|cos@ ., Then H®P(yoR) = HP (y,sin 0}x]) and for ¥ in
the far-field we can expand #\” by its asymptotic form for large

arguments and write

2 S ) ; |
HP(y,R) ~ (m) expi{yysinO|a| — Jun—In} if y,sind # 0. ‘ ‘

Hence

1 PO o0 . »
Gissrlst) ~ o [* F expifulr—0) +n(g- 0 1) jrjde

—XxnN=-—-x

2 Vit Uht o |
X f(nyosin /)[.\'[) f“,,l(w,/i) exp {iky, + || A(k, )} dk.  (4.9) | i

For large |x| the k-integral is in a form suitable for evaluation by

the method of stationary phase. The stationary point of
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e

h(k, w) = —ikcos O +iy,sinf on the Riemann sheet Imaginary 7, >0
occurs at k= -—wcosbfec, , and the path of steepest descent is therefore
a curve ( in the complex k-plane defined by —ikcos O +iyysin 0 —iwfey = —u2- 5

where u is real on C . A sketch of the curve ( is shown in Figure 3.4.

We see that the steepest descent curve C crosses the branch cuts as they
are defined at present. It is therefore convenient to redefine the cuts
as shown in Figure 3.5; then in the shaded region Imy,< 0 . We now

make the usual approximation in the method of steepest descents and write

2 2p,(0+ U k)2 .
fg(nyosin ﬁlxl) & %nz;),/f)) Ju(yo) exp {iky, + || h(k, w)}dk

_ 2p1a)2(1—M r)an(')’O') )
[ E,(w,—wcosbey) P HO(F| —y1cos 0)fc, — i),

. 1-— 2 203
where now Yo = 0sinfc,, v=w ( /1/" »)®_ cos ‘9}

‘1 o
and M , = U, cosbc,.

The integral along the real f-axis can be determined by relating
it to the known integral along ﬁC . In doing this we will pick up
contributions from any poles lying between the two curves. F,(o,k) has
no zeros for ® and k real with |k|¢ < |w| , because for this range

of k , 7 1is either real or purely imaginary, in both cases

YIu(va)lJ,(va) is real. But 7% 1is also real and therefore the

imaginary part of Yol (yoa) [HE (7,4 a) is always non-zero, and so
there are no poles on the axis with [kley < | . This argument does
not apply when |kley > |0 , but the residue at these poles and at

any pole off the axis is exponentially small for large |¥| . Therefore

when ¥ 1s 1in the far-field
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pll=M )2 [ 5 koo
4n3|x|i ne o Fy(0y—wcos Oc,

Gi(y, 7, 8) = yexp (T — %) +0(¢~ D — i)} do,

(4.11)

where * is the retarded time appropriate to waves travelling to x at

'sPeed €y » t*=t-(lx|—y1cosﬁ)/co.

By a similar argument we find

' 1 @ " B () HP .
G 7it) = g [ 2 [atno) + B e expifo(r - ) (g =@ - 4} do,

(4.12)

with  B,(0) = awp,(1—M ,)2yJ0(7e2) Ju(¥8) — Py u(¥08) Jn(7a)}-

This shows that G§ and G have outward wave behaviour for large £l .
Alternatively the f-integral could have been evaluated for large values
of |¥] by the same method to verify that G} has inward wave behaviour

in the variables (¥,7) .

The far-field at a point & depends on #,(®,—wcosb/c,) :
only elements of ‘Fn(w,k) whose component of phase velocity in the
direction of the observer is equal to ¢ can propagate towards % ,
i.e. (w,k) for which ¢,= —wcosﬁ/k . In particular this means that
only coméonents with a supersonic phase speed affect the far-field. We
have already noted that "Fn(w’—wcosﬁlco) has no zeros for real o .
This shows that a neutrally stable mode of the vortex sheet jet cannot
be excited by a reciprocal source at ~x , whenever & is in the far- |
field, or alterna'tively any resonances excited by sources within the jet

do not propagate into the far-field.

When  7—¢* —gasinf/c, is positive we can evaluate G} by

- closing the w-contour in (4.11) with a large semi-circle in the upper




half plane;

Gi = ;‘_J‘ % Q;cxp imj('r —t* —@asin 0/6‘!) , . (4.13)

n=—w j

where the sum is over the poles, w; , in the upper half plane and

Q;exp iw,(r—1* —-asinﬁ/c(,) is the residue at w; .
When the vortex sheet is unstable, and such poles do exist G}

can be non-zero for 7—t¥—asin0fc, >0  and is therefore not strictly

causal,

The imaginary part of ®w; 1s positive and the contribution from
each pole decays exponentially for large 7 . As 7> , the fofm of
G! will be dictated by the pole in the uppér half plane with the
_smailest imaginary part, since its residue will have the slowest decay.

We define K by

Kafcy = minimum (Imw;)

It is easy to see from the form of F, that X is a function of
cosfd, M ,n and the ratios ifces PalPo -, We have determined the value
of K at a Mach number M =2 " cosf =2 p, =p, and ¢p=¢ for
the symmetric mode zn=0 , by evaluating F, numerically and
investigating the positioﬁ of its zeros. We found the value of K to

be .8 .

We can now see the meaning of the expression 'weakly causal'.
Thereris a 'precursor' ahead of the wave front, that is at a point (1)
such that t* <7—asinflc, . The precursor decays exponentially ahead
of this front, and will in fact be negligible for * <7—easinffc,~Kac,
Therefore, for this example of the symmetric mocie, sound will only be

heard up to a jet diameter or so ahead of the front,

Green's function (' could be used in the representation (4.1)

to determine the sound produced by a circular cylindrical jet. In the
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general case this estimate for the sound field must be determined
numerically; this has been done heuristically by Mani (1976). We have
now developed a formal theory which supports Mani's general procedure.
This analogy also gives an exact description of the sources and a

clearer understanding of the causality question.

The compact jet

We now restrict our detailed analysis to the compact case which
is algebraically more straightforward. By 'compact' we mean a jet with

a diameter small in comparison with the acoustic wavelength.

From equation (4.1)

Hp'(%,1) = f (T~ Hy(py Uiy 831 — py

_pl) 817)}'()!/ p)

Alternatively we could rewrite this in terms of an integral over the

frequency, because Parseval's theorem gives

e
f{HT Hylpo U818~ cX(po—p1) 835 }ay 2y, dr

i (¥ —0) 3 (3, 0) dsy do,

i (¥ )&ayi oy, ‘ (4.15)
where Ti;-(y, w) is the Fourier transform of HTj;—Hyp,U28:18;—c3po—pu) i)
with respect to time, and G,(y,®) the transform of Gi(y,7) . The

far-field density may therefore be written as

Hp'(%,t) =

G ) .
pa(l —M 2TJ ]_(y, w) dy do. (4.16)

For a compact jet Té@gw) is zero unless |lwla<¢, and Gy(y,0) in

this integral can be replaced by Gi(y,w) , its low frequency asymptotic

form,
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The transform of the far-field form of _G{(}’, 7)  given in (4.11)

is
_p(=M )22 2 Julyo) P T
Gy, 0) = W n:‘z_an(a), —wcos 0]cy) SRpH ol g inh ( )
and when wafcy < 1 we can use the expansions for Bessel functions of

small argument to obtain

Gf(y, 0) = e {ay(0) (1= Hyo)2+ ...) = () iyo cos (6 — )

) — ay(0) }y?0? cos 2(¢— @) + O(e*)} g—iot*

where €= walc, and  a,(®) is the low frequency expansion of

pl(l —M r)zwz
221k, (0, —wcos Ofcy)’

In fact
L= M )2yp
a,(0) = a_,(w) = Pa( %Yo
" () 2y"{po+p1(1= M )2+ 0(py@, p, &%, poct Ine, prenine)] O "> 1
_and

) py(1—M )2
W) = S 21— M 2+ @I (730) (e e — i L= T T Olpedpe®y (4+19)

If the y-axes are chosen so that y,=ocos¢ , y3=osing , then

. . 9 o |
Gi(y, w) = Tl {ag(w) (1 = 1743 +53) -..) —ivay() (y, cos D +y,sin P)
— 17%a,(0) (43— y3) cos 20 + 2y, y,sin 2@)} glnf®, (4.20)
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and the derivatives of G:(y,w) with respect to y can easily be
evaluated;
G w? cos?0) —iot*
—éy—%l(y,a)) = —W{“o( ) +0(e)}e s
02G§ w?cos 0 —iot*
W o cos Da + O (ea,) } e,
aylayz(y,w) |#[c { (@) ?
ang 2 —int*
bl | - cos 20) + O(e2ay, €a,) ye %,
1 000) = ~ g1l s ule)cos20) - Ol
: 62G‘f w? 1u2 o —iwt*
— 1 = — 1 20 + O(€%ay, €ay)f €7, 4,21
ayzays (y: 0)) lectz){za s 42((’)) ( 0 1)} ( )
where o = {(1—M ,)2c3/c3—cos? O},
so that Y= wcx/co .
Away from both the mean flow Mach angle and the jet axis we can
neglect the second term in the denominator of a4, in comparison with
the first, provided only that the mean jet density is greater than, or
of the same order as, the density of the ambient fluid. Then
a2Gf (1)2D7-7~ pl(l_A/‘[ r)2 —iwt*
_ e-lott, 4,22
TR T T ) he22)

where D, 1is a directional factor;

___Po_ M
Du = 0= s
" 2
fjore BUSMR ()b
D22“{2“ T oot A= )2 [sF | p(1— M )

pl(l”“/‘{['r)2 (
po+pi(1—M )2 |x]?

A3 — 7‘3)} Po
(

Dyy = 4o+ N{E e

2p0%;X;

R iR

" {po 1 1—M
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These derivatives of = Gf(y,w) can be used in equation (4.16) to
estimate the sound field. Alternatively the sound field may be described
by (4.14) with Gi(y,7) replaced by its 'compact' form Gi(y,7) ., where
e 1 . |
Gi(y,7) = T f Gs(y; 0) ei“"do. (4.23)
The evaluation of the w-integral gives
2 (e D, - M )2 @2 : - ‘
R ] - (4.24)
oy, Oy; dm|x|c Po or _
We can express these time derivatives at constant y in terms of a
Lagrangian time derivative at constant % , since
D 0 0
Eé‘('f—t*) = (6'_T+U"—6—_1/:)8 T—t+(_|x|—y1c050)/co))
0
= (I—M)é;é‘(r—t*), (4.25)
where D/Dr is the material time derivative, N is the "Mach number'
based on the local fluid velocity and the exterior speed of sound,
- N=v/c, , and N is = ux5/(c]%]) .
From a repetition of this procedure, we find
GRG _p(1-M ) Dy LLY —D—sff_t*‘}
a0y, T T py mmala(t—N) Dril-,Dr ' |
(4,26)
and the representation (4.14) becomes
Dy [, ([ p*T% Dj 1 Do o U848y, — 2 i) o iy
Hp'(x,8) = 9 de f r i _.‘_( ; __‘) ddp — lM(.PuL’i‘).fl i "‘fJ(Po—/’l)“'ij."fT'E( 5"
41| ¥|cd Vnp(I=N)Dr\(1-N)Dr/ " " oA (4.27)
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The region Vi: is a constant function of 17 » and so we may integrate
by parts to obtain
1 D/ p*T}
H, — %) — (P L
P 4ﬂlxlc¢)ﬂ o=t { " Dr (( M))}d3"d7- (4.28)
The 7-integral is now simple to evaluate
, D . ? . - -
HP ('x'_;t) = 47['-”'03’ ) ' (4.29)
where
i J‘[D{l D( *T' déy
J D71 -N,Dr\p(1— [1—-N,| I
The square brackets denote that the function they enclose is to be
evaluated at a retarded time 7* satisfying
T* = t—{|%| — cos Oy, (,7*)}/c,, (4.30)

T*
where y(m7*)==q-+J' v(n,7)dr and the lower limit in this integral is
the reference time at which the Lagrangian and Eulerian axes coincide.

We differentiate this expression for 1% , the retarded time, to show

* *
or Xy {8{14-1)1 ?)L}

or oF —

Hence away from the flow Mach angle the variation in retarded time across
the jet may be neglected and (4.29) is a convenient description of the
noise produced by turbulence in the vicinity of the jet. “T;; is the

source term found by Ffowcs Williams (1974) to be relevant in shear

layer problems and here it is multiplied by a directional factor D ,
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which describes the transmission properties of.a compact circular
cylindrical jet, 1%1=meﬁﬁh(L—A4rﬂ[xP and Mani's result that

the interaction between a longitudinal quadrupole and the jet flow

results in a Doppler amplification of the type (1——11/11.)—2(1——.7\@)'"3 is
immediate, and even higher powers of the Doppler factor accompany unsteady
convection. Géldstein (1975) has shown that a pressure field amplified by
five Doppler factors agrees well with Lush's (1971) experimental data.

We can use (4.29) to determine the way in which the sound field scales

with the various jet parameters.

’

From the  pv;9; term in Tij , we find

p(%,8) p'(%, £+ 7) ~ p2M Sa?[|5]3, (4.31)

where the overbar denotes the time average. This is just Lighthill's

scaling law.

The term in Tj; due to the density difference, (p—p1) oy s
must be treated more carefully, because although AP =p—p; may bé,large
near the edge of the jet, Dp/Dr is always small, and cannot be scaled

as Aplfa. ., Instead we expand

cz_lz(p*(pwl)) a5 iP*Ap DN, cp* P_(p_1
'Dr\ p(1-N,) p(1=N,)* Dr (1-N,)Dr\p

For small Mach numbers we obtain

P50 (% 17) ~ (Ap)? M 2|2, - (4.32)

Alternatively we could do the scaling in the frequency space and
determine the spectral characteristics of the sound. The power spectral

density W(x,5) is defined as the Fourier transform of the autocorrelation

with respect to a non-dimensional time;
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W(x,s) =fp/(x’ t)p'(x,t+7) e—isYrla (U:/d) dT’ (4.33)
or equivalently
W(#,5)d(w+w') = p'(%,0) p'(x, o) Ul2na, (4.34)
where s = wa|l is the Strouhal number., The total acoustic power is
then given by f Wi(x,s)ds. .
When the expressions for the derivatives of G§(¥y,®) given
in (4.22) are substituted into the representation (4.16) we find
Hp'(3,0) = = D[ o - |
. 877k ©* Ly, —w) exp —lw{t—(]xl—ylcosﬁ)/co}d3ydw, (4.35)
so that
.’ wz‘DL ' ¥ V
Hp' (%, 0) = _4n]x;]cgf Ti(y, ) exp{_lw(lx,_ylcosg)/c(}dsy_.
Rewriting Hp'(s,0) in terms of T (k*, w) , the four dimensional Fourier
transform of HTj;— Hyp,U28,18;,~c3(po—p1) 8;;) ,
'Y A2 an weD'L" ’ . -
Hp (Ar, (!)) = _471:17123 T,L](k*, (1)) CXp —la),xl/co, (4.36)

where k* = (—wcosfc,, 0, 0) . This form for the transform of the density
perturbation can be used in (4.34) to obtain a scaling law for W(%,5) .

We see that the  pviv; term in 7Y gives

W (x,s) ~ p2M *s°a¥ x| (4.37)

However if p, and p; are not equal, the largest contribution to T

at low Mach numbers comes from the density term, A(p—p1) 8y . For low

~Mach number flows
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op op 2
o N Tl ® —@;(%Aﬂ),
so that wp(y, w) = (0fc) (v:8p) (¥, ),
~and W(x,s) ~ (Ap)2 M 5322/|x|2. ' L (4.39)

This scaling is only valid when pi(1—-M r)z >Po(“/a)21“ (v0a)
because &e have obtained :'th by neglecting 'po(‘ya)zin (70‘(1)_ in comparison
with p,(1-M,)? , when they appear in the denominator of () in (4.19).
This is not valid as. sin0»-+0 . Then vy, -0 | , the negiected term
grbws logarithmicalvly', and from (4.19) g,(w)=0 for all =n , which
ensures .that Gf and all its derivatives are zero. No sound is heard
on the axis of the jet., Gottlieb (1960) refers to this as the 'Lloyds
mirror'_ effect and explains that the incident and reflected waves cancel
" in this direction., The form of Gf given in (4.24) is also inappropriate
at the mean flow Mach angle, M ,=1 . 1In this case the> first term in
bthe denominator of ¢y(®) vanishes and t_he small second term in the |
denominator of (4.19) must- be retained. G therefore has a large but
finite yalue and the sound intensity has a local maximum in the direction

of the mean flow Mach angle..

In the case of a very light jet the compact limit of the Green
function has a different form and different scaling i‘aws are obtained.
. For a jet which is lighter than it is .compact (by that we mean
p1<poezlne) ), the term py(1-M ) in the expression for () can be

'neglected, and

p(1—-M ’)2
ay(w) = 2npy(va)?ln (|w|afc,)

{1 +0(1ne)—1'+0(’i(—1ﬂ5)—2)1

po€tlne JJ

_a(1=M )

ap(0) = ay(0) = P

(L)t + 0@ ne) + 0@} a5 L




81
for & such that ﬁ:ﬁi—M,VWﬁ—w§0¢Q
Then from (4,21)
PCily,0) __p(1=M ) Eye |
by, potrlsle® In([wlafc) (4.39)
where Z, = 2cos®0a2, Eyp=FE;=1, E,-j‘= 0 fori##j,
The far-field density may be determined by substituting this
form for G{(y,0) into equation (4.16);
; _ E; Ty, —o) .
H, at) = — ij i\ _ _ _ 3 ,
P’ (%,1) & |a) T ([w]afe) exp [ —iw{t — (|*| -y, cos 0) [c,}] A3y dw,
) T (k* v .
o) = - —Fo_ TS0 e (iolalfay). |
dn|x|a®EIn (|w|afc) (4.40)
We can now use this expression for ﬂTx,w)' to investigate how W(x,5)
depends on the various parameters. The priv;  term in T}, 1is largest
near the surface where p=xp, and
: 7 peM *a? for LpoM %:In(sM ) and Ms<1.
W(x, S) ~ T (51‘4) ME P1 <X Po “ (4.41)
~ pAM 4a[(sl#]%), (4.42)

because for small 1/ the variation of In (sM ) with M 1is smaller than
algebraic. The Reynolds stress induced waves have an intensity that
scales with only the fourth power of the jet velocity rather than

Lighthill's eighth power law for free quadrupoles.

However at low Mach numbers the main contribution to the sound

field comes from the density term in Ti, , and scaling that term

gives
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_iéﬁfiiiffi_ for < p, M 221n (5.1 ) A o &
Wis,s) ~ sln? (sM ) |x|* ’ Pr<ppM 32In (M) and M s < 13
(4.43)
A ZM'2 2
~ Qaﬂl____lﬂ. (4.44)

s|#[?

We see that in general the sound produced by density inhomogeneities
within a very light jet scales with the second power of the Mach number.
This scaling law predicts that the sound intensity is a factor (ﬁ15y4

larger than the usual scaling law (Ap)zﬂl'%3/h|i

It is well known that at low Mach numbers the noise of real hot
jets is much less sensitive to velocity changes than the LGB dependence
thought to be relevant to the 'pure mixing' noise of a low Mach number
jet. Lush & Fisher (1974) show that experimental hot jet data collapses
onto a M 4 scaling, although they have no theoretical justification for
such a law., Here we demonstrate that the sound produced by a light jet

scales as A % or even jJr: .

The zone of silence (if one exists) is a region of points for
which  (1—-3 )22 — c2cos?@ is ﬁegative, and so a 1is imaginary, and
sound which propagates into the far-field of this zone decajs exponentially
within the jet. On the edge of this region g =0 and the expressions
for the derivatives of Gf(y,w) given in (4.39) are not valid. Even for
a light jet the previous form (4.22) should be used, and there is a local

peak in the far-field intensity of the noise.

3.5 The slab jet

In §53.4 we found that the Green function describing the sound
produced by a compact circular cylindrical jet has quite a different form

when the jet is very 1ighﬁ (cf. equations (4.22) and (4.39)). We were

able to find Gfly,w) for-a light compact jet, but because of the
Y
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complications introduced by tﬁe geométry, it was not possiblelto invert
the Fourier transform to find Gi(3,7) and its derivatives explicitly
in this limif. To obtain a clearer understanding of how and why the
form of the Green function changes, we now consider a slab jet, a simplé
shape for which it is possible to evaluate 'CYOAT) for all density
ranges. By a slab jet we mean a jet composed of two plane vortex sheets

separated by a distance 2h , as shown in Figure 3.6.

x (x,t)
A\y
(polco) 3
y3=h
lr
_ y h
v L py.cy) 2 y
1—— 174 Y3 N
|
¥;= -h

Figure 3.6 A slab jet

The general representation (3.1) has been developed for a jet
of finite cross-section. However the theory can be extended to apply to

a slab jet if we suppose that the decay rate of the real fluid parameters,

~at large distances within the jet, is faster than ¥l

Pﬂ:lk'ﬁJ°(lYI-) as |y]-+c0 in »y; (5.1)
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'

viscous dissipation in a real jet will ensure that this conditibn is
satisfied. The integral over a bounding surface at infinity then
vanishes as required (see Appendix 3.A, equation (A.13) for the exact
form of this integral), and the far-field density outside the jet ig

given by (3.1),

p* T @G}
= i} 8
3 Hp'(%,1) fd {f = ay,o; q—fpw(pougo“aﬂ_cg(po ALAF %da } o

We will later show from this expression that on the jet boundary
Pi” O(IYIJ) » which is consistent with the far-field form (5.1)

applied within the jet.
G' is the instability-free vortex sheet Green function defined
by

{aa 1

R }Goy,riu )= —8(x-y,t-1)  for |ys|>h

az 1 D2
% aDs Z}foynlxt)—o for |y3[ <h, (5.3)

together with the vortex sheet jump conditions

p? act 2 ac!
G: = G; s pl--%f§-2 =p -2—5-—;L on |y3| =h ., (5.4)
Dt Y3 ® 31 93

.G+ is weékly causal and has incoming wave behaviour in the
variables {Z,T) . This system of equations can be solved easily by
taking Fourier transforms in RS and 1T . ‘On inverting the
transform we find G+ has the form

1

Yexp 1{kl(yl—xl)+k2(y2~x2)+w(T—t)+Yox3}dk1dk dw ",

iyy, -iyy
1 f (Ce - 3+De 4 2

(5.5)




85

2, 2.2 2% _( 2, 2.2 24}
lej-ki-k3)? and ¥ =( (@+U;K)“/ci-k -k} )

where‘ Yo = (w 1k K

When the observer at x 1is in the far-field, the kl and k2

integrals can be evaluated by the method of stationary phase to give

3 ; i'YY _iYy : . %
GIQX,T) = -—7;——- J {Ce 3:De 3}Y elm(T t )dw s (5.6)
R S 1 °
where now
-iy h+ivh
) 2 1Y0
c - pl(l Mr) Ple
i P2e—21yh__P2621yh
2 1
=iy h-ivh
2 1Yo
. pl(l Mi) Pze
i 2 -2iyh 2 2i4h
P2e Ple
P.-= p ¥ = p (I=M )2Y
1 o 1 T o
P, =. py# p, (1=K )2Y
2 o 1 T o
Y, = sinb 51n¢/c0
- . i 22,2 2 .2 2.4
Y wa/co , a={( Mr) co/c1 cos B-sin“Bcos 9} ?

with t* = t-(|§|—ylcose—yzsinecos¢)/co s

(xl’XZ’XB) = |§| (cosB,sinbcos¢d,sinbsing) .

Only the elements of GI with a supersonic phase speed affect the far-
field; the components of the Fourier transform of GI that propagate
towards the point X are those whose vector wave number is related to
the frequency by (kl’kz) = —(cose,sinﬁcos¢)w/co . The integrand in (5.6)
has no poles for real w , because P%e_ZiYh—P%eZiYh is always non-zero

when w 1is real, and again, as in the case of the circular cylindrical

jet, we discover that the reciprocal source at a far-field point Xx

cannot excite a neutrally stable mode of the vortex sheet jet.




An application of Parseval's theorem to the representation (5.2)

shows that it may be rewritten in terms of a frequency integral;

2
p0 9 G

Hp'(x,t) = J T!.(y,-w)
prl(l—Mr)zc2 =

9y .oy
o o

where T!.(y,w) 1is the Fourier transform of HT!.—ﬁ'<b U2
ij 2 ij "o\'o

with respect to time, and Gl(y,w) is the transform of GI(Z,T) 3

iy dyy,  -ivy, .o,
o {Ce 3+De 3}e 1wt

G, (y,w)
L= 2m|x]|

When the observation point is near the sheet, Xq is small and

so Yd'+ 0 and Gl(y,w) vanishes. From (5.7) it is then apparent that

the turbulence within the jet produces an acoustic field which is zero

86

L (y0)de (5.7)

2
181185171 (Po 701845

, (5.8)

on the jet boundary (Dash 1976(a)), and the perturbed flow parameters decay

faster than |§|—1 there. This agrees with the far-field conditions

described in (5.1).

For a 'compact' slab jet h , the width of the jet, is small in
comparison with the acoustic wavelength, and Tij(y,w) is non-zero only
when w 1s much less than coh-1 3 mh/co =€ <<'1 , Then we can

‘replace 32G1(Z,w)/ayiayj in equation (5.7) by its low frequency limit.
The compact form of G1<Z’m) is

iy

G;(z,w) = 2. { (C+D)e_iwt* +0(e)(C-D)} (5.9)
2T |x '
also
565 (y,0) Y Y P '
18; T T T | (D) ™ ro(e) (D)}, (5.10)
3 2| x

and the other derivatives of G;(z,w) can be evaluated similarly.

For small values of ¢ ,
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, 2
p.(1-M) _
C+D = o LW (5.11)
2t o M) %y -ip vh
p1 T o o
2
p, (1-M)
C-D = -1 1« i (5.12)

2i . 2
P Y-ipy (1-M )"y vh
There are three distinct limits for the compact jet depending on the
relative magnitudes of P and pl(l—Mi)zsinesin¢ .

- First we consider the case when po and p1 are of the same

order. Then away from the jet and the mean flow Mach angle

2
1 Py (1-M)
C+D = 23 s C-D = --—21.-——— (5.13)
Yo poY
32¢% (v, w) o, o )’ .
12 _ ij "1 T -lwt*
and —ﬁ——— = = 5 e ’ K (5.14)
i yj 4ﬂ|§|c0 Po
where Dij is a directional factor,
° X X
qu = 5 P g for p,q=1o0r 2
~ p (1) |x]
' ’ X x3
D = D = P> for =1or 2
p3 3p IXIZ P
p
o 2 o ‘
D = —a . . i
33 2 il
Py (1-M)

We could use Gi(z,w) in (5.7) to'determine Hp' , but instead
we return to equation (5.2) and replace GI(y,T) by the compact jet

Green function Gi(y,r) s _ o

c _ 1 c iwT
6, (y,1) = = f G (y,we™ "dw . (5.15)

The derivatives of G;(y,w) are described by (5.14), and when we

evaluate the w-integral we find




2 2
%[, e (1) 32
Oy.ay. g Dgg g S(rE4) .
V%5 p 4m|x|c Y
d J o ~ 0

This expression for Gi is similar to the form for a jet of circular

cross—section given in (4.24). After G; has been substituted into the

representation (5.2), we can rearrange it in the way described in §3.4 to

obtain the density perturbation at X , when Xy #0, Mr #1,

. D.. p*T!, d™n
' - ij D 1 D ( ij ) ~
Hp‘(g,t) 4 J Dt {l—N Dt Vp(1-N ) J,l—N | ’ (5.17)
4r|x|e” v T T r
~'"0 1
v, X, +v. X
Where N = —-]_'_.1—.._3_2
T |x]
o ~

The intensity of the sound generated by the Reynolds étress term
in Tij . scales as p2M8h2/|§|2 ; Lighthill's eighth power law.
qu = péxpxq/(pl(l—Mi)2|§|2) for p,q = 1,2 and again as for the
circular cylindrical jet the in-plane quadrupoles are modified by a
factor (1--1V1r)--2(1-1\11_)_3 . If the two densities e and P, are not
equal, the density inhomogeneity is an additional source term and the
ﬁoise scales as (Ap)2M6h2/|§]2 .

When the observer is near the jet axis, we have already shown

c

tha; G1

and all its derivatives are zero. At the jet Mach angle Mr==1,
C+D has a large but finite value and G; has a local maximum. The
sound field therefore peaks in this direction.

These scaling laws are not valid when the density difference is
extreme. In the case of a very light jet, and by that we mean that the

jet is even lighter than it is compact, so that pi << pE the low

frequency limits are

2 2
pl(l_Mr) pl(l_Mr)
C+D = —m———m—— C-D & - —pr-—— ' (5.18)
2 ‘
2p0Y h

2ip Y
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for o # 0 , and for all values of the sound speeds c, and ¢y -
Yh is small, and so C+D is large, and correct to the lowest order in

the compactness ratio €

' 2.
pl(l—Mr) ic

- %
G;QZ’w) = 2 sinfsing e 1oL 5 (5.19)
p 47|x|ha‘w ‘
(o] ~
2 ¢ 2 ,
96 (y,0) g P (IMD™ ;s -
dy.dy. - Eij 0 e ’ (5.20)
173 4ﬂlx|c h e
~'"o
x3xpxq .
where E = = for p,q =1,2
Pq 02 le3
X
E33 = ..__3_
|x]
and | EP3 = E3p = 0 for p=1,2

This leads to a different form for the compact jet Green function;

) , 2
p, (1-M )¢ i .
0
6i(y,m) = ——L 0 sindeind gy G
p 4m|x|n o
o ~
) |
2265 (y, ) p a)”
and —_— = - E,, ———— — §(1-t*) . (5.22)

ayian 1] po4,n.|§tho T

Hence, when the jet is excited by a monopole source whose |

frequency lies in the range copll(hpo) << @ << co/h , it continues to
ring. We can understand this by considering a point source within a
slab jet. For a light jet the reflexion coefficient for each face of
the slab jet is almost unity, and most of the energy is reflected. At .
each of the multiple reflexions a small amount of energy leaks out.
Because the jet is thin, successive reflexions are in phase, and the

sound heard outside the jet persists for some time. This arrangement is

illustrated in Figure 3.7. The field of a dipole with its axis in the




3-direction is not enhanced in this way because its reflected wave almost

cancels the incident wave.

— 1 (pqsc))

Figure 3.7 Multiple reflexion in a light jet

The far-field density perturbation can be obtained by using the

form for the compact Green function in the representation (5.2)

E.. p*T!. 5 3
le(z’t) = = ____}.J.___J dT{J .__lJ__a_{ G(T-—-t*)d D,

p
4nl§|hco 1

1<

2 2 : 9 3
- - - 9 —t%
Jv(o) {poUléilajl cl(po pl)sij} oT 8 (r-t*)d
1

There is only one time derivative acting on the §-function. E33==x3/l§l g

a 3-3 quadrupole within the jet produces a sound field of the type more
usually associated with a dipole normal to the jet, and we would
therefore expect the far-field densify perturbation to scale on a lower

power of the Mach number than Lighthill's eighth power law. To obtain

this scaling law explicitly, we rewrite the time derivative,

. (5.23)
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D s(r-tr) R

] 1
= —% -
) 0T § (T-t%) 1-Nr Dt

We substitute this material derivative into (5.23). Then integrate by

parts, and evaluate the T-integral

| Eis p [ P55\ &%y N
Hp'(x,t) = ———*————-J -——( ) . (5.25)
4ﬂ|§|hcg v Dt p(l_Nr) Il—er ‘

The intensity of the sound produced by the Reynolds stress term

pVvV.V.

\J

J
. v 2.4 2 2 ;

term in Tij scales as (Ap) M'h /lgl , which means that the sound

2.6, 2 2 ; . .
i scales on poM h /lgl and the noise of the density perturbation
produced within a light compact jet is less sensitive to changes in the

Mach number than the usual Lighthill M8 law.

For a point x on the edge of the 'zone of relative silence'

where a 1is zero, i.e. (1—Mr)2c§ = cicos26-+cisin26cosz¢ , even for a

light jet the expression (5.14) should be used. This Green function leads
oh18n o g (80) 21002

to the scaling laws and there is a local peék in

2 2{.12
o3|x|? pylxl
intensity. '

For a compact slab jet, the Green function also has a different
form for a heavy jet, although this limit contains no surprises for a
jet with a circular cross-section. We will now investigate a very heavy

jet which satisfies

ap << pyE . (5.26)

If the sound speeds within the jet, ¢, , and the ambient fluid, ¢, are
1 o

either comparable or <, is less than cl', this condition is just

P, << PyE . ' (5.27)

When the two jets have the same specific heat, poci =
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much larger than Cy - Then,
1
[ ] = P 2
o (I-M e /c; (A= ) /0, (5.28)
and we can write (5.26) as
o ot
pé << p1€ 3 (5.29)

a stronger condition on the density ratio than (5.27). The Green function

has a simple form whenever (5.26) is satisfied.

Away from both the jet and the Mach angle

1 1
C+D = s C=D = - _—_ |
21Y0 2Y0Yh
(hty,) _. . _
and Gi(z,w) = 3 it , (5.30)
4| x|n
9GS (y,w) e _
; S E i g D (5.31)
73 4ﬂ|§|h
or alternatively
N (hty,)
G (y,1) = ——— &(t-t¥) (5.32)
4ﬂ|§lh :
361 (¥, ) .
5 = (S(T-t*) . (5- 33)
Y3 4ﬂ|§lh

G; varies across the jet on a scale h , and so the spatial
derivative across the jet is large, and considerable sound is produced
by a dipole with its axis in the 3-direction. It has a radiation field

of monopole type.

These results may be easily understood by considering point

sources within the jet. In this case of a heavy jet the reflexion

coefficient for each face of the jet is -1, Rays from a dipole with
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its axis normal to the jet are reflected many times and the sound field

is enhanced.

We can evaluate the second derivatives of G;(Z,T) and then
use them in the representation (5.2) to determine the far-field density
perturbation. The (1—3) and (2-3) second derivatives are large; they
have a radiation field of the form more usually associated with a dipole

with its axis in the 1 and 2 directions respectively;

36 G, X 98 (1-t%) 1 8% )
o e 5 T +0|— for p=1,2,
yp 73 4WL§| hc0 ]§|co oT
(5.34)
Although the other second derivatives of G;(Y,T) are smaller in
magnitude, we still need to determine them, because in (5.2) V2G§ is
multiplied by ciAp the largest term in the source Tij'
5 (1—Mr)2 bty 328 (1-t%)
Ve (y,T) = (5.35)
12 2 h 2
: 4“[5!C1 9T

When only the lowest order terms are retained in (5.2), we find that away
from the jet and the Mach angle

2 ‘ *T! 3
Ho'(x,t) = i 2 I [ll'( T ) = }
e pl(1_Mr)2 4ﬂ|§l2hcg v DT \p (1-N )/ [I-N_

%
s [ [of1 > (p (h+y3)A°) ¢ (5.36)
2 Dt ] 1-N_ Dt \ p(1-N ) [1-N_|] ’ :
: p14ﬂ|§|hco v r r r

where p 1is summed over 1 and 2 . The intensity of the sound produced
by the first term on the right-hand side scales as poM6h2/|§|2 and the

second term as pi(Ap)zMA/(pflﬁlz) .

By considering a slab jet, we have shown that different scaling

laws apply in the case of a compact jet that is either very heavy or
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very light. Although stronger conditions at infinity, (5.1), had to be
assumed before the general theory could be applied to a slab jét, it was
nevertheless still instructive; it helped to clarify the physics behind
the somewhat surprising results obtained in §3.4 for a circular
cylindrical jet and gives us confidence that the phenomenoﬁ is not simply

an artifact of the theoretical procedure.

3.6 Conclusions

We have obtained an exact analogy between the sound produced by
turbulence within a mean flow, and quadrupoles within a vortex sheet.
This theory shows that the jet noise problem may be modelled by particle

attached quadrupoles convected with the velocity of the actual fluid

‘particles but positioned within a hypothetical instability-free vortex

sheet. The strength of each quadrupole is Lighthill's stress tensor per
unit mass. Equation (2.34) exbresses our main result. Mani's (1976)
work has shown that this type of model agrees well with experiment and
our theory justifies Mani's general procedure while establishing the
source characteristics neéded for an exact result. They differ from and
are simpler than those used by Mani which contain spurious monopoles and
dipoles due to density gradient termé. The effect of density variation
on the source is shown to vanish .unless the density or the velocity of a

material particle changes.

The deliberate emphasis on 'finiteness' rather than 'causality'
in our analogy results in the shear layer's instability waves, that grow
into turbulence, being heard as sound that builds up as a precursor of

the main turbulence driven field.

Some jet flows will also support neutrally stable free waves

that travel without decay along the jet at constant speed. These might

provide a means by which distant irrelevant details of the jet's history
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are retained.as a source .of sound, but we have shown that the effect éf
these vortex sheet resonances is to ensure that the equivalent sources
vanish at infinity. Moreover for jets with particular geometries, a round
or a slab jet, we were able to show that these resonances cannot propagate
into the distant sound field; the séund field is totally uncoupled from

any free modes of the basic flow.

We have examined a compact circular jet in some detail, and in
addition.to some previously known features of the mean flow acoustic
interaction, for example that negligible sound is heard on the jet axis
~ (Dash 1976b), and that the density perturbation produced by the longitudinal
quadrupoles is modified by five Doppler factors (Mani 1976), we have
uncovered an interesting new aspect of the problem. Whenever the jet is
very light, it can provide a wave guide in which the effects of source
activity persist for some time but eventually leak out as sound.. This
interaction drastically distorts the far-field characteristics of the
turbulent soﬁrces and in fact results in the Reynolds stress induced waves
having an intensity which scales with only the fourth power of jet velocity
rather than Lighthill's eighth power law for free quadrupoles. The source
terms associated with density inhomogeneities have an even lower sensitivity
to jet speed variation, the intensity of their sound séaling on the square
gf the jet speed. We also considered a compact slab jet of very light
fluid and showed that the sound produced scales on the fourth power of the
Mach number. We do not think that these results are a spurious artifact
of the model, but believe that they may have some bearing on the so-called
'excess noise' problem. There, the noise of real hqt jets 1is known to be
much less sensitive to velocity changes than the U8 .dependence thought

to be relevant to the 'pure mixing' noise of a low Mach number jet.
P g J

Our exact extension of the Lighthill theory includes mean flow

acoustic interaction in a way that is analytically tractable, and which
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may be useful in describing the sound produced by real turbulent flows.
We believe that in many applications our modelling will be representative
of the real thing; the success of Mani's calculations supports this

belief.

The work described in this chapter has been published as a joint
paper with both Pfofessor Ffowcs Williams and Dr. Goldstein (Dowling,
Ffowecs Williams & Goldstein, 1978 Phil.Trans.Roy.Socf A288, 321-349).

‘The theory is based on aﬁ initial idea of Dr. Goldstein. He used a Green
function, which.satisfied the convected wave equation within the jet and
the noﬁ—convected form outside, to describe the sound produced by a jet.
But he took a fixed dividing surface and his results had no obvious
physical meaning and were in fact initially incorrect in some respects.
Professor Ffowcs Williams then showed that the vortex sheet Green function
emerged naturally if the Leibnitz terms in Dr. Goldstein's analysis were
modified to describe a moving surface, but his arguments were not at that
time watertight. I expanded on his arguments and added some rigour. In
doing so, certain fundamental questions concerning resonances and
‘instabilities were thrown into sharp perspective. To analyse the problem
more thoroughly I recast the theory in terms of generalized functions and
investigated the effect of those resonances; although the more complex
points were only resolved after many helpful discussions with Professor
Ffowcs Williams. The new results on the singular nature of the 'light jet'

Green function and the prediction of the anomalously low velocity index

in that case were entirely mine.
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CHAPTER 4

THE SOUND OF A SUDDENLY TENSIONED MEMBRANE

4.1 Introduction

A significant part of the noise of a modern rotary press is thought

to be associated with the vibration of the web of paper that moves under

- variable tension between high speed rollers (Ffowcs Williams 1976b). In
this chapter we attempt to model this process. Printers have noticed that
the noise of a press alters when it is run with different types of paper,
and we try to determine what parameters control the ﬁembrane noise and the
sensitivity of the sound field to changes in these variables. The

practical problem is extremely complex, and our model is necessarily highly

idealized.

We consider a semi-infinite elastic sheet initially at rest with a
small prescribed displacément. The sound field produced by suddenly
tugging one énd is investigated in the case where the sheet parameters are
chosen to resemble typical paper. When a sheet is tugged in this way it
produces aqiaud cracking sound. Bernstein et al. (1958) studied a related
impulsive problem. They discovered that the distinctive cracking of a
whip occurs when the tip of the whip moves supersonically and they produced

very clear photographs of the Mach waves induced by that motion.

We first determine the displacement of the sheet by solving the
elastic equations of motion within the membrane, in the limit where the
fluid loading has a negligible effect on the web response. It is found
that a tension wave propagates supersonically through the sheet and
triggers off a transverse vibration. The sheet is stationary ahead of the
tension front andrbehind it the sheet is uniformly tensioned and supports

the waves associated with a tensioned elastic membrane. This transverse

wave is composed of elements propagating in both directions with a constant,
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usually subsonic, speed and may be expressed in terms of the prescribed

initial displacement.

Once the normal displacement of the sheet has been determined for
all time we can write down an expression for the sound produced. It is
found that the motion of the sheet is silent except at the tugged end and
at the tension front. Transverse waves are reflected noisily from the
tugged end and the sudden switch-on of normal velocity at the tension
‘front is like a supersonically moving sound source. Sound is only heard
within a two-dimensional Mach wedge, with the Mach number being based on
the speed of the tension waves. The far-field density perturbation has
all the characteristic features of a two-dimensional sound field; it
decays as the inverse square-root of distance from the source,.and
involves half-derivatives and Doppler factors. When the tension is
applied instantaneously there is a 'sonic boom' tﬁat travels in an
unattenuated beam on the Mach wedge, but whenever the tension is applied
over a small non-zero time the strength of the density perturbation on
the Mach wedge in the far-field does decay with the inverse square-root

of the distance of the observer from the source.

The parémeters that control the noise produced are a/c , B/c ,
h and L , where o 1is the speed of the tension front, ‘B the speed of
the transverse waves in the membrane and c¢ 1is the speed of sound in the
fluid. h is a typical height of the initial displacement of the sheet,
and ([ is the length over which this displacement varies. The intensity
of the noise from the tugged end scales as pOBBEZ/(lr) , with G the
density of the fluid and r the distance of the observer from the source;
the frequency of this sound varies with BL-1(1+B/Q)—1 . Within the Mach
wedge the intensity of the sound produced at the tension front scales as

p0a8452/{c2Lr(1—acos ¢/c)}, where ¢ 1is the angle between the observer

and the direction of motion of the tension front. The frequency of this




sound undergoes a Doppler shift because the source is moving; it is
proportional to aL_lllﬁxcos'¢/c|_1 . These scaling laws do not describe
the sound field on the Mach wedge, there the mean intensity is proportion
to p08452/{cL2(a2/c2—1)} and the frequency to aL—l(uzlcz—l)-l , when

the tension is applied instantaneously.

The effect of fluid loading is also investigated. It is found to
be important when the sheet is very thin. The surfounding-fluid then
dampens the motion of the membrane, because the sheet loses energy which
propagates into the far-field. Sound is radiated from all.points behind
the tension front. However when the fluid is much less dense than the
membrane the strongest sound sources are still at the tugged end and at

the tension front.

4.2 The sound of a suddenly tensioned membrane

We consider an elastic sheet of uniform thickness d , which
when undeformed lies in the 1,2-plane and occupies the region: y, 2 0 .,
©® 2 Yy E . Initially the membrane is at rest with a prescribed
vertical displacement, h(yl) , and then the end at v, = 0 1is tugged.
We investigate the sound waves propagated into the surrounding fluid; a
problem which is independent of the yz—coordinate. This situation is
illustrated in Figure 4.1. The vertical displacement of the membrane
from ¥y = 0 at a point ¥q and time T is denoted by E(yl,T) , and
the in-plane displacement in the l-direction by ul(yl,T) . We consider
the plate to be thin compared with the deflections, ]gl >> d ; then the
resistance of the sheet to bending is small. However the deflections |
themselves are small in comparison with | , a typical length over which
h(yl) varies, so that the stress set up in the membrane may be related
vto the strain by the linear elastic constitﬁtive relations. The elastic

equations of motion are derived in Appendix 4.A by a simple extension of
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Figure 4.1 The initial position of the membrane

the procedure described by Landau and Lifshitz (1959, II §14), and they

are shown to be

2 2
) 3 v _E 3 v )
M'arz 1—v2 ayi

2
2% oy g )
d {"M 2 By, (“uayl

(2.1)

(2.2)

- where Py is the density, E Young's modulus and v Poisson's ratio

for the material in the sheet. cll(yl,r) is the 1-1 component of the

stress tensor and is related to the in-plane deformation by linear

elasticity ,

E oY

[0} = ——

11 1—v2 Byl

(2.3)

P is the external force per unit area applied to the sheet in
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the y3—direction, and since the membrane is surrounded by fluid P is
just the difference in pressure on either side of the sheet. If we
assume the density of the material in the sheet to be much greater than
that of the fluid, we may neglect the fluid loading P . The effect of
including this term is described later. The bendiﬁg stiffness has been
neglected in equation (2.2), because it is of order d2/L2 smaller than

the terms retained.

We now want to solve these equations for ﬁl and & subject to
the prescribed initial and boundary conditions. Initially the membrane
is at rest with a vertical displacement h(yl) (h(0) = 0) , and there is

no in-plane deformation;

- 13 - ' -
E(Yl,o) = h(Yl) s 3;'(y1,0) =0 , ul(yl,O) =0 for y, 20 . (2.4)

When the end of the sheet is tugged the normal component of stress in the
membrane must be equal to the applied tension, which we denote by T(T1) ,
and there can be no vertical displacement. The boundary conditions are

" therefore

: g Y
£(0,t) =0 and 011(0,1) = T 0,t) = T(1) . (2.5)
1-v- N1 |

The problem for ul(yl,T) can now easily be solved to obtain

2, Ty, /o
_ _oa(l-v) 3 N i |
ul(ylgT) = E J T(T)dT 3 (2.6) l
. o il
E % E “‘H““
where a = (——————75—) is the speed of longitudinal waves in an
Py (1-v7)

elastic plate. Then using (2.3) we find that
= = H 2-
011(Y1,T) T(T }’1/06) s ( 7)

a tension front propagates along the sheet with speed a . L
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When the tension is applied instantaneously, T(T) = TOH(T) R
where T0 is a constant and H is a Heaviside function. We can use
equation (2.6) to investigate the effect of this applied tension on the

in-plane displacement

du 0 at y, =0 for T<O
1 1
el (2.8)
—TO/(apM) at. v, = 0 for T>0 g

when the sheet is pulled with a uniform tension the end has a uniform
velocity and our solution for a membrane tugged with a uniform tension

also solves the problem of a sheet pulled at a constant rate.

In the limit where the surrounding fluid has a negligible effect

on the membrane, the problem for £ reduces to the simpler form

a°g 2 3 g :
—-E -8B 5;7-(H(T—y1/a) 5;-) = 0 ’ ‘ (2.9)

9tc 1 1

N

where B = (To/pM) is the speed of transverse waves in a tensioned
membrane. This equation, subject to the initial conditions (2.4), has a

solution of the form

h(yl) for 1t < ylla
€@y = o .
fl(Y1+5T)'*f2(Y1‘BT) for T > yllu " (2.10)

The functions f1 and f2 represent propagating waves in the membrane
behind the tension front. They can be determined by the conditions at
¥q =.aT and v, = 0 . Obviously the displacement £ must be

- continuous at y; = et . We can obtain a second condition by
integrating equation (2.9) across the tension front.fron1‘y1‘= aT-€ to
vy < aT+e » Where ¢ 1is a small parameter,

at+e 2 aT+e
L dy, = 82 H(t-y, /o) % . (2.11)

2 1 1 oy .
OT~€ 9T 1} at-¢
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But
oT+E azg g 32 aT+e. 5E oT+e 5 aT+e
2 T 3 S L T BT
OT—-€ OT oT 0T—€ oT-€ OT-€
OT+E
3
- [‘“5%] , o (2.12)
oT—€

because & 1is continuous at y, = ot and € 1is infinitesimal. A second
jump condition for £ may be found by substituting equation (2.12) into

(2.11). These two conditions give f1 and f2 up until a time T = yl/a .
y,+BT y, -8Bt _
= hl—2" 1 S
£(yy5™ 2h(1+3/a) % 2h(1_8/a) for y /B z T2y /0 . (2.13)

After T = yl/B the wave reflected from the fixed end arrives
at ¥y - This wave may be determined by applying the end condition,
£(0,1) =0 ; and two jump conditions across v, = Bt . € must be
continuous at y; = BT and a second condition may be dérived ekactly as
before by integrating equation (2.9) across the reflected wave front,
from v, = Bt-e to ¥q =_BT+€ . We find

y1+BT) ) %h( B'r—y1 )

E(yl, = 2h(1+3/01. 17870 for T2y, /8 . (2.14)

Then if we linearize in £ , the normal fluid velocity on the

surface y3 = o, v(yl,r), is just the time derivative of £ and is

given by
g, (y +BT)5'g (v, —B%) for at >y, >0
vy = 1 271 L (2.15)
0 for Y1 > T
where
B g )
= 1 ]
gl(nl) 2 1+s/a h (1+B/u 9
(2.16)

B 1 ‘ 1 - .
gy(ny) = —%{1—B/a H(ny)h (1—s/a) 1+B/a H(-n )b ( 1+B/oc)} ’
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and the prime denotes differentiation with respect to the argument.

If we suppose that the elastic membrane is tugged by a plane rigid

sheet which lies on y3 = 0 in v € 0 , as illustrated in Figure 4.2,

v(yl,T)= o

Figure 4.2 The boundary conditions determining the sound field

we also know the normal velocity for negative yy s
on y, = o , v(yl,r) =0 for vy £0, =g Yo §° . (2.17) |

In the region Yy > 0 , the compressible fluid is only linearly v
disturbed and therefore the flow satisfies the homogeneous wave equation.
We can express the perturbation density at a point (x,t) in terms of

the fluid motion on the surface = 0 by using the exact Green function -

73
for the half-space;

(2.18)

(p-p ) (x,t) 5 5t

1
©
o
e
—
phes—ey
<
~N
[
=
~
~
| S
[N
<
=
[aW)
<
N
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p 1is the actual fluid density, Py and c¢ are the unperturbed values
of density and sound speed in the fluid, and the square brackets denote
that the function they enclose is to be evaluated at a retarded time
T = t—lx—yl/c..

- When we substitute v from equations (2.15) and (2.17) into

this expression we find

(0-p) (x,8) = —

o ii.jm | Im [H(r—yl/a){gl(y1+BT)+gz(y1-BT)}
2mc ot N y1=0

} dyldyz_.

(2.19)

|x-y]|

The'speéd, o , of the tension front in a sheet of paper has been
measured by various experimenters (Horio & Onogi 1951, Craver & Taylor
1965). They have found that it varies with the stiffness and moisture
content of the paper but that typically it is between 1,000 and 2,000 m/sec .
It is therefore certainly greater than c¢ ,Vthe sﬁeed of sound waves in
air. We will consider the case when the speed of the transverse waves B

; . . : s . 2
is subsonic, which means that the applied tension T0 is less than ¢ Py

Equation (2.19) representé the sound produced by sources 8; and
g, ~convected with a constant speed B , which switch on at v, = 0 agd
off at y; = ot . It is well known that a non-evolving source moving
with a constant subsonic velocity produces no sound. We would therefore
expect & and g, to be silent except at their end-points. The
integral in (2.19) can be rearranged to show this explicitly; the

- details are given in Appendix 4.B. We find for x 1in the far-field

(b=p ) (x,8) = J; +J, + O(L/R) (2.20)
where i v | B H
2 '
.o P8 H(t-R/c) Jt—R/c h'(Bf{1+B/a}—1)dT 2.91)
1 wc (1+8/a) =0 {cz(t_T)z_RZ}%(1_Bzcosze/c2)
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and
j . 1
p 62a 0 H(t—T—{(x —aT)2+x2}2/c)h'(ar)cos¢dT :
R J g3 T T (222)
Tc =0 dJc” (t-1) —(xl—aT) —x3}2(1—8 cos ¢/c”)
with
N _ _nT
Rv = (x1+x3) , cosb = - ° cos¢ = =

and we have neglected terms in (2.20) which are of order L /R smaller

than those retained.

The integral J, represents the sound field produced by a line

1
source at vy, < 0 of varying strength h . We see that the sound at
the field point x does.not only depend on the source at a time R/c
earlier but on all previous times as well. The source at each time is
weighted differently by the square-root factor, and since the denominator

is singular at T = t-R/c the main contribution to the sound in the

far-field comes from that region.

A Taylor expansion shows that

1 1 : : 1
= + {c(t-1)R} xO0( —7=
'{c(t—T)+R}%(l—Bzcosze/cz) (2R)%(1—62c05260/c2) (R?/Z)
(2.23) i

where coseo = x1/R .

When we use this to rewrite the denominator in Jl , we obtain

2
Jo= - o T ft—R/c h'(Br{1+8/a} 1)dr
= 1 ;
1 (2R)§ﬂc(1+8/a)(1—Bzc03260/c2) o {c(t-1)-R}?
|
~3/2 : t-R/c 1 _ 1
+ O(R JH(t-R/c) J {c(t-1)-R}?*n' (Bt{1+B/a} ")dt . (2.24)
o
An integration by parts shows that the second term on the right-hand N

side is O(//R) smaller than the first and so is negligible for x in




thé far-field. Therefore

J . =

_ ( 83 ) 3 QOH(t—R/C) . (B(t—R/c)
1

2Rc3(1+8/a) n(l—Bzcoszeo/cz) 1+8/a

—~

C
F(z) = j Ll——gii—ds

o (z-s)?

We have shown that the contribution to the éound field from the
tugged end has all the usual properties of a line éource. In the far-field
the density perturbation decakys with the inverse square-root of the
‘distance from the source. It is modified by Doppler factors based on the
speed of the tension waves and involves a half-derivative of h . The
relation between F and h is the definition of a half—derivati_ve, ~since
two applications of this operator give the derivative of h (see Oldham &

Spanier 1974).

The second integral J2 describes the sound field of a moving
line source of variable strength at y; = ot . The integrand is
: 1
multiplied by H(t—'r—{(xl—oz'r)2+x§}2/c) . For (x,t) outside the Mach

2-c2) , this

wedge, i.e. for (x,t) such that cz(xl—oct)z < xg(a
Heaviside function is zero for all 1 . When the field point is within

the Mach wedge the Heaviside function is non-zero for values of T

between T and Ty s where T and T, are the two solutions of

2. 2.3 : '
c(t-t) = {(xl—a'r) +x3} (2.26)

which means

2 2 2 2,2 2
ax, = ¢ t c (xl—at) x3(oc -c)
2
a” - ¢
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the far-field. Therefore’

. 1 o
3 2 p H(t-R/c) o
. = - ( B ) ° F(M) , (2.25)

k 2Rc3(1+B/a) n(l-Bzcoszeo/cz) 1+8/a
where -
Z h'(s)
o - RO
o (z-s)?

We have shown that the contribution to the sound field from the
tugged end has all the usual properties of a line Source. In the far-field
the density perturbation decgys with the inverse square-root of the
‘distance from the source. It is modified by Doppler factors based on the
speed of.the tension waves and involves a half-derivative of h . The
relation between F and h 1is the definition of a half—derivatiye,vsince
two applications of this operator give the derivative of h (see Oldham &

Spanier 1974).

The second integral J2 describes the sound field of a moving
line source of variable strength at ¥ = ot . The integrand is
1
multiplied by H(t—T'{(Xl—aT)2+X§}2/C) . For (x,t) outside the Mach
. 2 2 2,2 2 .
wedge, i.e. for (x,t) such that c (xl—at) < x3(a -c”) , this
Heaviside function is zero for all T . When the field point is within

the Mach wedge the Heaviside function is non-zero for values of =

between 1 and Ty s where T and T, are the two solutions of
1
e(t-t) = {Gxpmor) )’ (2.26)

which means

- czt +‘/Z§(x1—at)2-x§(u2-c2)

ax,
T = 5 5 (2.27)
o - c
and
oxX, = c2t-JQ2(x —at)z—xz(az—cz)
g B e 1 3 (2.28)
2 2 2 °

a = C
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the far-field. Therefore)\

. 1 |
3 2 p H(t-R/c) -
j .= - ( B ) ° F(B(t R/C)) , (2.25)

1 2re3(1+6/0) | m(1-8%cos’e_/c) LR
where
Z n'(s)
F(z) = I 228 ds
o (z-s)?

We have shown that the contribution to the sound field from the
tugged end has all the usual properties of a line source. In the far-field

the density perturbation decays with the inverse square-root of the

‘distance from the source. It is modified by Doppler factors based on the

speed of the tension waves and involves a half-derivative of h . The
relation between F and h is the definition of a half-derivative, since
two applications of this operator give the derivative of h (see Oldham &

Spanier 1974).

The gecond integral J2 describes the sound field of a moving
line source of variable strength at yp = ot . The integrand is
multiplied by H(t-T—{(Xl—aT)2+x§}%/é) . TFor (x,t) outside the Mach
wedge, i.e. for (x,t) such that cz(xl—cxt)2 < xg(az—cz) , this
Heaviside function is zero for all T . When the field point is within
the Mach wedge the Heaviside function is non-zero for values of T
between Ty and Ty where T and T, are the two sélutions of

1

cle=t) = {(xl—aT)2+x§}i (2.26)

which means

2 2 2 2,2 2
ox, — ¢ t +‘/Zi(x —at) “=x_(a"=c")
. = 1 1 3 (2.27)
1 2 2
o - ¢

and

axl - c2t-ng(xl—ut)z—xg(uz—cz)
(2.28)
N

Cc
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Hence no sound is heard at a point (g,t)r outside the Mach wedge.v Within
this wedge tﬁe density at the field point depends on the source between
the times. 2 and T, - The source strength is zero at negative times
before the sheet has been tugged, and therefore the sound field is only

non-zero if >0, which means sound is only heard in the region

shaded in Figure 4.3. This diagram also shows where T, is positive,

2

2 2 2 2
:.C (xl—at) = x3(a -c) .

A\ 7 region A
% region B
T,> 0 throughout” A and B

1 .
12< 0 throughout A
12> 0 throughout B

Figure 4.3 The Mach wedge

We can factorize the denominator of the integrand in Jy by writing

Cz(t‘T)z"(Xl—aT)z"Xg ='(u2—c2)(rl—r)(1—rz) )




so that within the region where sound is heard

g2 Ty |
j o= - Po® @ h'(at)cos¢ dr (2.29)
2 2 2 2.1 I I~ 3 2, 2. °* .
cm(a"=c") (Tl-T) (1—12) (1-B"cos“¢/c”)

maximum of O and T,

Again the efféct of the sources is weighted by the squére—root
factor and we might expect a greater contribution to come from the region
where fhis factor is singular. When R < ct that is in region A in
Figure 4.3, T, is negative and the denominator has only one zero in the
range of integration. We expand about it as before to find

. ' 2 T

L p,B o cosd, L v gmrian {1 +o( L )

2 2,2 2.1 I 2 2 2 I a(t, -1,) ‘
e (a"=c”) (Tl—Tz) (1-B"cos ¢1/c ) o ('rl-T)2 1 2

(2.30)

where

Xl—d Tl

C(t-Tl)

cos ¢1 = .
This form for the sound field is more conveniently expressed in terms
of r the shortest distance from the observer to the position of the
line source at a time T, 3
. 1
2 2.2
r, = {(x1 arf +x3}
or from (2.26)

r, = c(;-rl) .

Then cos¢1 = (xl—a'rl)/r1 ; ¢1 is the angle between the observer and
the l-axis measured from the source position at time T, 5 @S illustrated
in Figure 4.4. Also

2cr1
- = E—Z— (l—OLCOSd)l/C) ’ (2-31)




IY3
L, o1,
yl sour%e position

at ti
ime Tl

2 2.% | ' :
r,= {(xl—arl) +x3} , cos¢, = (xl—arl)/rl

Figure 4.4 The definition of rl and ¢1

and then

32 =

- ,( ; ) | p°82C°S¢1

F(a{t-r,/c})
w(1—82c052¢1/c 1

2

2r1c5(1—acos¢1/c) )

where, as in (2.25),

S
F(z) = J h'(s)ds

o (z-s)?

Here terms of order LrIl(1-—oacosq>1/c)_'1 smaller than those retained

have been neglected.

Within the region B in Figure 4.3 1, 1is positive and the

2

denominator in J2 appears to have two singularities for positive

(2.32)

T o




h'(yl) = 0 for Y, >L .

1° when Ty >0,

and only the lower singularity at T = T, matters. We can obtain an

expression for the sound field by expanding the integrand about T, and

Hence for X in the far-field, h' will be zero at T

we find

Nol=

2
( a poB COS(1)2 h'(s)ds
2r2c5(acos¢2/c—l) ﬂ(1-82c032¢2/c2) (s—ut+r2q/c)
a(t—rzlc)

x 1+o( L ) , (2.33)

rz(ucos¢2/c—1)

2 .

Nl

where r, is the shortest distance from the observer at (x,t) to the

position of the moving line source at T = Ty and ¢2 is the angle

between the observer and the l-direction.

We have obtained a far-field expression for the density
perturbation produced by the tension front propagating through the sheet.
The field decays with the inverse square-root of the distance from the
source, and involves Doppler factors based on B and a , the speed of

the transverse waves and the tension front.

On the Mach wedge where cos¢l and cosd)2 are equal to c/a ,
the expressions (2.32) and (2.33) are no 1dnger a valid description of
the sound field,.because then LrIl(l-acos¢1/c)_1 is large, and the

terms we have neglected are important.

From (2.31) when acos¢1/c—1 is small T and T, are nearly

equal and we will write




112

where from (2.27) and (2.28)

axl-czt ‘ JLz(xi—at)z—xg(az—cz)
o T T2 7 atl Y= 2 2 .
o =c o =C

Y 1is a small parameter for points (x,t) near the Mach cone.

When we change the integration variable in (2.29) to s = T—To

poBZa JY h’(uTo+as)cos¢ ds

. (2.34)

T I
re?(0?=c?)? oy (v2=6D)E (1-82c0s20/c D)

If we retain only the lowest order in v/l we find

ds

J, = -
2 2
-y (y"=s)

2

posza h'(aro)cos¢0 Y
2.2 2.1, .2 2. .9 J ;7 (2.3%)
e (@“=c“)2(1-B cos ¢°/C ) : '

where

xl_aTo c
cos = = =
, ¢o c(t—To) a

Hence near the Mach wedge, where ,rlll-acqs¢l/cl <</ s

2

poB ale—aczt '
J;, = - T h'( ) . (2.36)
- c(az-cz)z(l—Bz/az) az-cz ’

We have shown that on the Mach wedge there is no decay of the
sound with distance from the source. This sound field is characteristic
of a supersonically moving line source, with zero length scale in the
‘direction of motion. The source in this problem has zero size because
we have assumed that the tension is applied instantaneously.- In practice
the tension is applied over some small time and ﬁhen the source at
vy = qT has a small non-zero length scale, which we denote by & ; the

analysis described above is for § =0 .

Ffowes Williams & Hawkings (1969) have shown that the value of
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the factor SRL™2 determines the form of the Mach Wave‘field. The -
result (2.36) is valid in the limit 6R << L2 and it shows there is no
decay on the Mach wedge with increasing distance. For &R >> L2 the
expressions (2.32) and (2.33) still describe the flow within the wedge
but (2.36) is no longer a valid description of the Mach wedge behaviour.

In fact then the sound field everywhere decays with the inverse square-

root of the distance from the source.

"~ We have therefore determined the sound field for [ << R << L2/6 .

The details of this field are summarized below.

" For R < ct » within the region A in Figure 4.3, sound is heard
from both the tugged end and the temsion front. When we substitute the

expressions (2.25) and (2.32) for J. and J, into (2.20), we find

1 2
' g3 \% . (e(t R/c)
(0-p ) (x,t) = - ( ' > F "—_‘_}
o | 2R3 (148/a) | ﬂ(l—Bzcoszeo/Cz) Iira
} 2
pOB COS¢1

- . Floa(t-r, /c)
(2r1c5(1—acos¢1/c)) w(1—82c032¢1/c2) ( B )

for R <ct, rl(l—ucos¢1/c) >> | g (2.37)
" ““‘
z ?
where ‘ F(z) I E—£§2é§- .
' 3 o (z-s)?
The first term describes the sound from the end y; =0 . R is ' |

therdistance'of the observer from this source position. The Doppler
factors (l—Bcoseo/c) and (1+Bcoseo/c)' appear because elements of the
transverse waves are convected in both directions with a spéed B . The
second term describes the sound produced at y; =T . Since this source

. 1
is moving there is an extra Doppler factor (l—acosd)l/c)2 .

‘Equation (2.25) shows that no sound from the tugged end

propagates outside the cylinder R = ct . So that within the region B
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in Figure 4.3, only sound from the tension front is heard and from (2.33)

the density perturbation is given by:

: p Bzcos¢ k
(p-p )(x,t) = - ( = \ 2 2 b le)de I
il 2r205(acos¢2/c-1) w(1-82c032¢2/c2) (s--oct+r20t/c)E
a(t—r2/c)
for r,(acosy,/c-1) >> L . (2.38)

When (%,t) 1is outside the two regions A and B no sound can be

heard;

(p=p ) (2, 1) = o . _ (2.39)

Near the Mach cone, where acos¢1—c and acos¢2—c are both small,
we see from equation (2.36)

2

2 2
5§ ) DOB . (a x, —oc t)
(p-p )(x,t) = - T ! "
o c(az_cz)z(l_szlaz) 2 2

for rl(l—acos¢1/c) << L 3 (2.40)

the sound field does not decay with distance from the source, and there
is a 'sonic boom'. Similar shock waves are produced in the related
problem of the cracking of a whip, and have been photographed by
Bernstein et al. (1958). However in their analysis they investigate a
different mechanism of generation. They concentrate on showing that

there are particular motions of the whip in which the tip can move very

fast, and produce Mach waves. In our case a supersonically moving source

is generated far more easily. The membrane does not need to flap
rapidly; the tension front propagates through the sheet supersonically,
and since the derivatives. of the displacement are discontinuous at this

moving point a supersonic source is obtained.

When we evaluate the time average of the square of expression

(2.37), the answer we obtain is just proportional to the sum of the square
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of the amplitudes of the two terms; the cross product averages to zero
because the two components of the sound field have different frequencies.

A dimensional analysis of this expression shows us how the sound field

depends on the various parameters in the problem.
‘The mean intensity of the sound produced by the source at the
tugged end scales as

3 72

) | -2
L (1+8/a) 1(1—82c03260/c2) ' (2.41).

DOB

where h is a typical amplitude of the initial displacement h ,

and L is the length over which h wvaries. B = (To/pM)%_ and we have
determined how the sound intensity varies when the applied tension is
increased, or the sheet density changed. The frequency of this part of

the sound field scales as B(,-1(1+B/0t)_1 .

Similarly away from the Mach wedge the intensity of the sound

produced at the tension front is proportional to

N

-2 -1 |
cosz¢(l—82cosz¢/c2) |1-acos¢/cl 3 (2,42)

,:J"l

o

—

ag’
2 Lr
e
r is the distance of the observer from the source, and ¢ 1is the angle
between the observer and the l-axis. This sound field is obviously
maximal near cos¢ = c/o . The motion of. the source at the tension front

causes the frequency of the sound field to be Doppler shifted; in fact

= =1
the frequency varies as a 1|1—acos¢/c| ‘

For points (x,t) on the Mach wedge the mean intensity is

proportional to

4 £2 -1 -2 _ ;
0 &z @t asth | (2.43)

and the frequency to a[fl(azlcz-l)_l &
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4.3 Fluid loading has a dampening effect

We now iAvestigaté the effect of including the fluid loading.
In 84.2 the influence of the surrounding fluid on the membrane was
neglected. This is a reasonable approximation whenever the density of
the fluid is very much less than that of the sheet, but in general, when
.the fluid density is not negligible, the waves in the membrane will lose
eﬁergy in the form of radiation into the surrounding fluid (Brekhovshikh

1960). -

The vertical displacement £ satisfies equation (2.2); when the

membrane is suddenly tensioned, and 0y = TOH(T—yI/a) , this becomes

. .
9°E 2 9 9k

pydd —5 - B7 — | H(T~-y, /o) —— = P (3.1)

M {aTz E)yl( 1 | 9y, }

1
where B = (TO/pM)2 and the fluid loading term P 1is the difference in

pressure on either side of the membrane

y3=0+ '
P = _[p(yl’YB’T)] @ (3.2)
4 y3=0

This pressure difference can be related to the surface velocity through
the equations of linear compressible motion in the fluid. TFor an
impulsive.problem this exact relationship is very complicated, but we will
simplify it by recognizing that the flow parameters have large gradients
across the impulse front. This‘front moves along the sheet with speed o ,
and through the fluid with a speed ¢ . It therefore makes an angle
with"the l-axis, where siny = c/a as shown in Figure 4.5. The surface
velocity is discontinuous at the tension front, so that spatial
derivatives across the front are much larger than those parallel to it

and the wave equation reduces to

9 109 .
3% = _E_I.:T s (3.3)_
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=]

impulse front
cT d

ot /]

CcT \

impulse front

11=10

Figure 4.5 The position of the wave front

where n is the normal illustrated in Figure 4.5. The linearized
momentum equation, poaylar = -Vp , can be simplified and we find that

the pressure perturbation, PP, > and the fluid velocity v satisfy the

plane wave relatiohship

PP, = Pev. 3 (3.4)

v is the velocity normal to the wave front. This relationship is

exact on the impulse front, elsewhere it is an approximation.
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Ffowes Williams & Lovely (1977) have tested the usefulness of this ray
theory approximation outside its strict range of validity and they have
shown that in several model problems involving impulsive motion it agrees

well with the exact solution.
We see from Figure 4.5

. g .
cosy v (y;,y4,7) = Py on  y,=0

so that

Q
Q

. - o 3 = ot
Va (7757357 2 2.1 31 fox yz=0" ",

Similarly

- - o 3 =a
v, (7755350 2 2.1 31 for y;=0 ,
(a™=c")

Nl

the sign is different because the direction of the normal is reversed.

We can determine the ray theory approximation to the pressure
from equation (3.4);
([ 2ot o g =
N R 73 |
(p-p ) (v,,75,1) = , (3.5) il
=P, C0

L1 on y3 = 0o

T 9 T
_ (az_cz)z 9T
and P = —‘2KpMd 9E/dT 5 . (3.6)

where K 1is a positive constant,
" p_co

o I
K = ——-—l- . - (3.7) “‘1‘.
pMd(az—cz)2 . I

Equation (3.1) becomes

2 : |
¢t 98 _ 2 3 " &\ 3.8
3T2 + 2K o= B 3Y1 (H(T yl/a) 3Y1 )_ Q for ¥, 2 0 . (3.8)
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Ihe fluid loading has a dampening effect on the motion of the membrane
because the membrane excites the fluid and energy 1is propagated into the
far-field. The effect of the damping is small if poL << pMd , but for
a very thin sheet K can be comparable with Bl;l , the frequency of
the transverée‘vibration. For example, typical values of the parameters
are oy = 103'1{g/m3 > P, = 1.22 kg/m3 and for a very thin sheet
d=.lm . Then Kl/c >1 if | is greater than 10 cm , and the
surrounding fluid has a coﬁsiderable effect on the displacement of the

membrane. For a thicker sheet (d =1 mm) , Kl/c = .1 for L= 10 em .

and fluid loading is less important.

We now solve this equation for £ subject to the initial

conditions (2.4) and the boundéry conditions (2.5).

For T < ylla the solution to (3.8) is
E(yl,T) = h(yl) | for vy > o . : (3.9)
£ must be continuous across the tension front so that
E(yl,T) = h(yl) (3.10)

when 7T = ylla + € and € 1is a small parameter. A second jump condition
can be obtained exactly as before by integrating equation (3.8) across

the front from yp =et-e to y, =oat+e . Ve find

2 | |
3, B 0 i} - |
(5% + ‘oTB—YI) 3 B at  T=Eyfere . U ||

We will now derive the solution for T > yl/a . The expressions (3.10)
and (3.11) give us two 'boundary conditions' on the edge of this range,
and when T > ylla (3.8) reduces to

2

% 2K5—82£=0_ for y. >0 . (3.12)
2 0T 2 1

o oy}
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This can be converted into an equation valid throughout ¥y > 0 by

multiplying by H(T‘Yl/d) 5

2 L2
H(T-yl/a){a—g+2K—§%—62 9-%} -0 . (3.13)
0T 9y
, 1

After an integration by parts this becomes

- 2 2 A
& 38 _ g2 3 & _ 5o 98 . B 3E
5 + 2K e 5 §(t ylla){at + e T + ZKE}
ot Byl 1
2 (3.14)
+ ii.+ B3 (G(T—y /a)g) for y, >0
5t o By, 1 1 ’
where
E(y;,0) = H(t-y /)E(y,,T) .
We introduce a Green function G(yl,rlzl,s) which satisfies the
adjoint equation in vy > 0 3
2 | 2 » |
2L 38 _g236 _ 55—z )8(ts) ., - (3.15)
2 9T 2 171
9T oy s
1
i
with the boundary condition w 
\i‘j‘!‘
¢(0,t|z;,8) = 0 . (3.16) I

G can be determined by taking a Fourier transform of equation (3.15) and
inverting the resulting expression,

e-K(s—T)
G(yl,lel,s) = g

' 1
: 2 0 2,.2,2
{ H(B(s—T)—Izl—ylI)IO(K{(s—T) —(zl-yl) /8°} )
1
—H(B(S—T)-Izl+y1|)lo( R{(s=1) "= (2, +y)"/8"} )}
' (3.17)
where 'Io is the modified Bessel function of order zero. It is easy to [t

.verify that this G does in fact satisfy equation (3.15) and the

boundary condition (3.16).

It is now simple to solve the equation for £ in terms of G .
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E(zl,s) = I . j ) E(yl,T)G(yl-zl)d(r—s)dyldr s for z; > 0
yl—O = =% ;

(3.18)
this follows from the definition of the §-function. We write the
6-function in terms of G from equation (3.15);

o o 2 ' 2
- - 2
E(z,,8) = Ey 32 -k - g 28 ey ar . (3,19
1 5 7= —oo 1 312 9T 5 2 1
Then we rearrange this by partial integration
® o 2- - 2=
Bl ) & | ey 28 s k& g2 8 44 . (3.20)
1 _ 2 ot 2 1
yl—O == oT ayl

The integrated terms vanish because G and £ are both zero at ¥, = o,

£ 1s zero at T = —o and &G and its derivatives are zero when T or
b

v, is large and'positive.

When we substitute (3.14) into this expression and integrate by

parts again, we find

" - 2
E(z),9) =j ) J_ 5(T-Y1/a){G(a—g+B?-ai—+ 2K¢)

7y70 1= T 4
oG 32 3G
- & ﬁ + F‘ 'é-}q }dyld'f - (3.21)

The t-integral may be evaluated immediately. The jump conditions (3.10)
and (3.11) then show

2

h(yl) {ZKG 2 _E %6 }dy:L . (3.22)

E(zl,s) = J ' T o 5;;

¥1=0
G in this integral is to be evaluated at T = ylla §

We have now obtained the displacement along the sheet. It is easy
to see from the asymptotic form of Io that the exponential in G decays
fast enough to ensure that the displacement is damped and that the sheet

eventually comes to rest.
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The velocity normal to the sheet is just the time derivative

of & , and from '(2.17)

v(zl,s) = 0 for z; 0 .
Differentiation of (3.9) gives
| v(zl,s) = 0 for as g Zy .

When we substitute for G from equation (3.17) into (3.22) and evaluate

its derivative we obtain a complicated expression for the velocity

: 18 z,+Bs s—zlla _
= —2P —_ - .
v(zl,s) = 137670 h'( 1+B/a) exp( K:1+B/a ) s P for z, < as (3.23)

The.complete expression for v 1is very long. The term written above is
representative of the others which arise in the fuli expression for v .
The corresponding term when there is no fluid loading can be obtained by
putting K =0 1in (3.23) or from equations (2.15) and (2.16) and is just

Zl+Bs
_1+B/q

(z,,8) = 28 h'( ) + for z. < as . (3 24)
v(z,, 176/ .o o . .

From a comparison of (3.23) and (3.24) we see that when the fluid loading
‘is taken into account v is no longer just made up of waves travelling
with a constaﬁt speed, it is also damped. Sound is therefore produced
from all parts of the membrane behind the tension front. An inspection
of the time derivative of v at constant zl+Bs ,» shows that the sound
produced in the middle of the sheet is O(KL/B) smaller than that from
zy =0 “and z; = os . So that when the density.of the fluid is much
smaller than that of the sheet and KLl << B , the tugged end and the

supersonically moving tension front are still the main noise sources.

4.4 Conclusions

When a membrane with an initial displacement is suddenly tugged,
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a tension wave propagates supersonically through the sheet. There is no
motion ahead of this front but behind it the tensioned sheet supports a
transverse vibration. In the iimit where fluid loading.may be neglected,
the motion of the sheet is silent except at the tugged end and at the

_ tension front. The far-field density pertufbation has the characteristic
features of a two-dimensional sound field produced by a stationary line
source at the tugged end and a supersonically moving line source at the
tension front. When the tension is impulsively applied tﬁere is a sonic
boom that travels in an unattenuated beam on the Mach wedge, where the
relevant Mach number is the ratio of the speed of the tension wave to the
speed of sound in the surrounding fluid. The sound field is determined
by the value of the parameters of/c, B/c, h and || . The intensity
of the sound from the tugged end scales as p08352/(Lr) , where r 1is
the distance of the observer from the source; its frequency varies with
BL_1(1+B/Q)_1 . Away from the Mach wedge, the inténsity éf the sound
from the tension front scales with ﬁouBAHz/(chr(l—acos¢/c)) , and its
frequency is Doppler shifted and is proportiomal to aL_lll-acos¢/c|f1 s
When the tension is applied instantaneously there is a sound beam on the
Mach wedge the intensity of which is proportional to p08452/{cl?(a2/c2—1)};
but when the tension is applied over a small but non-zero interval the

intensity everywhere is always of order r--1 »

Fluid loading has a dampening effect on the motion of the sheet.
Sound is then produced at all parts of the membrane behind the tension
front, but, when the paper is heavy or thick, the main sources are still

at the tugged end and at the tension front.

-
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CHAPTER 5

CONCLUSIONS

The way in which the radiation from an acoustic source is

2
changed by motion depends crucially on the form of the source.

In Chapter 2 we investigated two simple real moving sources, a
pulsatihg and a vibrating body. These sources ére often thought to be
physical models for‘monopoles and dipoles. But we found that the sound
field of a moving pulsatile body is very different from that of a moving
monopole. This is because a moving pulsating body, producing a mass
flux, necessarily has a momentum flux associated with it. Hence the sound
field is that of a monopole and a coupled dipole. Moreover, the strength
of the dipole is only of the order of the Mach number smaller than the
monopole and so affects the Doppler amplification factor. Tﬁe far-field
form of the pressure field produced by a moving pulsating body of
arbitrary shape is modified from its yalue at rest by a factor
(1+fi0Li1M)(l—Mcose)-3 , where aij is the virtual mass tensor. When the
velocity is along an eigenvector of the symmetric tensor aij , the
amplifying factor is (I—Mcose)_B_a » where a 1is the corresponding
eigenvalue. However in géneral the far-field may be amplified even for
points which lie in a plane perpendicular to the direction of motion. We
also found that the acoustic field produced by the.vibration of a moving
compact sphere is not that of a moving dipole. It cannot be completely
described in terms of Doppler factofs, for there is an additional

omnidirectional term.

Lighthill (1952) has shown that the noise produced by a jet may
be modelled by quadrupoles. The mean fluid motion within the jet
influences the sound field in two ways; the sources are convected with

the stream and the sound rays are refracted by it. Lighthill's theory
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_tékes account of the convection quite explicitly but not the

refraction. In Chapter 3 we describe an extension to Lighthili's
acoustic analogy that enables the interaction between the sound field
and the mean flow to be made explicit in an analytically tractable way.
We have shown that there is an exact analogy befween the sound of a real
jet and sourceé within a model flow with a 'top-hat’ velocity profile.
The equivalent sources are quadrupoles convected with the material
particles; their strength is given by Lighthill's stress tensor measured
relative to the mean jet flow. The analogy does not allow the model
flow's instability waves to be excited and as a result there is a

precursor ahead of the main turbulence driven field.

VSome model flows will have neutrally stable waves that can
propagate along the jet without decay. These modes might provide a
mechanism whereby distant irrelevant details of the jet's history could
be retained as a sourcé of sound, but in fact their only effect is to
ensure that the equivalent sources vanish at infinity. Moreover, when
we evaluated the Green function explicitly for two different geometries,
a'circular qylindrical jet and a slab jet, we were able to show that these
resonances decay outside the jet and cannot influence the distant sound

field. -

Our exact extension of the Lighthill theory provides a way of
inciuding the effect of the mean flow acoustic interactions in an estimate
.of jet noise. We believe that in many applications our vortex sheet
analogy will accurately describe jet noise; the success of Mani's (1976)

calculations supports this belief.

In our vortex sheet model the role of the instability waves is
clarified, and it is easy to imagine that the procedure advocated by
Lilley (1974) could be justified by other analogies based on different

'mean' velocity profiles. However, we suspect that our analogy will
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prove to be the easiest to handle as it is based on the simplest possible

'mean' velocity profile.

We have investigated a compact circular cylindrical jet and a
compact slab jet in some detail. The pressure field excited by
longitudinal quadrupoles within the jet is modified by a factor (l—Mr)_S,
but even higher powers of the Doppler factor accompany unsteady convection.
Quadrupoles normal to the jet axis are altered iﬁ a more complicated way
by the shrouding effect of the surrounding jet. Wé found that when the
jet is lighter than it is compact, the sound can scale on extremely low
powers of the Mach number. This may be relevant to the 'excess noise'
problem where it is known that jet noise is less sensitive to velocity

variations than Lighthill's eighth power law predicﬁs.

When an elastic membrane with an initial displacement is suddenly
tﬁgged it makes a loud cracking noise. The motion of such a sheet has
been determiped in Chapter 4. We found that a tension wave propagates
supersonically through the sheet. The sheet is stationary ahead of this
front and behind it, it supports the transvérse vibrations usually
associated with a tensioned membrane. In the limit where the fluid
loading may be neglected, the flapping sheet is silent except at the
tension front and at the tugged end. When the sheet is tugged
instantaneously the noise from the tension front has all the
characteristics of a supersonically moving line source and the sound on
the Mach wedge propagates in an unattenuated beam. However wﬁen the
tension is applied over a small non-zero time interval the sound field
everywhere decays with the inverse square-root of distance from the
source. Fluid loading has a considerable effect on a thin sheet; it

dampens the motion of the membrane so that eventually it comes to rest.
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Some of the problems covered in this thésis actually owe their
origin to a need to understand anomalies revealed in the extensive flight
testing of Concorde. Those tests led to more accurate and comprehensive
,measurements-of the noise of an aircraft in flight than had previously
been possible, and showed, quite définitely that the effect of flight on
aircraft noise was neither as simple nor as straightforward as existing
theories predicted. When the work described in this thesis was begun,
Concorde was about to enter.regular passenger service aﬁd its noise was
a big problem. This provided a definite incentive to theoretical studies
aimed at understanding the experimental results. Investigations of the
effect of source motion, of the type considered in Chapter 2, havevre—
emphasized the need for a proper specification of the source process. It
is now apparent that the interaction between the sound and the mean flow
is a very important element of jet noise. Over the last few years many
theories of acoustic-mean flow interaction have been developedf They are
invariably based on vortex sheet or laminar shear layer models of the
flow, and in general they predict scaling laws which agree well with
experimentai results. We have been attempting to put these theories on a
firmer basis, so that the more complicated issues, such as the
determination of the equivalent sources, can be clarified, and the role
of the mean flow instabilities understood. Our work shows not only that
a real jet may be modelled by suitable sources adjacent to a vortex sheet,
but gives also the source strength needed for an eéact analogy and puts

the role of the instabilities on a firm, though unconveﬁtional, footing.

The techniques developed to study the aircraft noise problem are
increasingly being applied to other branches of engineering. Our third
topic is an example of such an application, and it was undertaken at the

request of a printing press manufacturer.

These three topics are all concerned with very practical problems
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whose application to manufactured products is immediate. It is this
industrial call for knowledge obtained from research that placés the
work firmly in the realm of Engineering. The fechniques we have

enjoyed using to answer this call are of course tﬁose of an applied

mathematician!
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APPENDIX 3.A THE EFFECT OF RESONANCES

We now derive a representation for the sound field when the point
source excites a neutrally stable mode of the vortex sheet model, and
HG' is only bounded as |v|, —=7—>0 . In this case not all the end-point

contributions from partial integration are negligible.

The terms evaluated at 'infinity' need to be considered carefully.
In order to do this we introduce a bounding éurface B(t) . B(t) is
initially a sphere of large radius [L and is subsequently com}ected with
the flow. The fluid far from the sources is only linearly disturbed and

B(1) is. slightly rippled from its starting position.

We define the Heaviside function H , such that H is unity for
points within both % and B(71) and zero elsewhere. OH[oy; 1is
therefofe non-zero on BO(T) » the part of B in the region Vv, , and:
also on SL(T) , the section of S(7) within the bounding surface B (this
arrangement is illustrated in Figure 3.A). Equation (2.11) is still valid
but now describes the flow within a finite region. We multiply it by

H*(7) , where HT is unity for |7l < T , zero otherwise and rearrange to

give

(az az') ) = (HTHT,) @ (H a_Ig) +pog(1{rv EEI)

—¢2 s Ly,
orz  '0y2 0y Oy, 7 %; or Yi
9 (, ,0HT\ OHT3(Hp)
+a7(Hp o) e o @1

It follows from the definition of Gb given in (2.15) that

1G]
HTHp'(x,t) = —f HTHp'(y {ayto_

..

d3ydr. (A.2)

2
2

This can be integrated by parts exactly as before, the end-point

contributions vanish because HTH is zero as |y,7|->o




Figure 3.A The bounding surface at infinity
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Nt (o2 )
HTHp' (%, 1) = f G;{fo q,ayz}H‘H//“ ) diydr. .3

¢

We then substitute equation (A.1) into (A.3) and rearrange by partial

integration to obtain

- . mr - aHon . oGy °H
T oG '
+ag (a(Hp) G- H'Ca 0)}d3yd7 (A.4)

The last term of this equation can be simplified because from the

definition of jKr,

|7 tpen) k(7 dr = ~ (K5, T) = K(3, = T} 4 55
for any function K(y,7).

Initially there is no flow, and the perturbed fluid parameters 4 , b—1o
and p’ are zero. G' decays as 7 -, and so if T is sufficiently

big (A.4) reduces to

@Gy oHG,  OHAG
SHEE “’”f f{ ey, ey, P, ao}dsydf'

(A.6)

The first term on the right-hand side is a volume integral over the region
of V(1) contained within B(t) . The last two terms are surface

integrals over B (t) and §(r) .

On Bo(‘r) » Gy has incoming wave behaviour, and the acoustic

parameters have outward wave behaviour. Therefore

%G _ 1 3G O(L-aj
or

and

b= (0=00)85= peoven 5, +0( L)
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on BO(T) » where n is the normal to the surface B (t) in the .

direction shown in Figure 3.A. These conditions ensure that

[y 0la)

0 1a puay 9

and for large enough values of [ ,

G G G
02]{7H/) x,t) f f{ i CJ B, d3ydr — fdrf nl.(p Vi —=— o7 P.;aa ) ds$ dr.
(A7)

The region in the interior of the jet may be treated in exactly
the same way. H 1is defined to be unity for points within both the

region »; and the surface B , and zero elsewhere.

We multiply (2.14) by H7 and rearrange

Di .2 a o @ f aH et
D3 D, D H ¢HT D,
._PlﬁT—lg(H 'H) +p P (H7 Dr[)+ caT o (- Hr) o)
D,
el T (U= H) 411
(A.8)
The definition of G , (2.16), gives
V ¢ L N D2 3 ¢2 -
0= | HT(H-H)p(y,7) {D;fqéﬁ} Gidiyar. 4.9

The differential operators can be transferred onto HT(H-H;)p; by partial
integration; contributions at infinity vanish because HT(H-H;) is zero

‘as  |y,7] >0,

o
Di

(./a
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We substitute (A.8) into (A.10) and rearrange by partial integration,

end-point contributions are again zero because HT(H-H,) is zero as any

one of the variables tends to = infinity.

. a6 oGyl oH, 7DIGl_ DiGIDyHy| 4y o
O=wa1{(H——H,)TUay L f"@?(a_ )~ T dryar

T _ _ : D, G}
[ B G- ) U~ + B @y

Dr

"As in §3.2, we introduce a function I' defined in 7, by

321’/672 H DZG{/DTz Horfor->0 as 7->00,

The term - HT HD G‘d?» dr in (A.11) can be written as
P1 D7 Yy

0" 0HOI' GCHT _or
-pf HT 2= 42 = f T ~H~) 3yd
1 oz dydr » w(H e d3ydr

oHT 2T
Rasatnin ) il d3ydr.
”‘_ay‘ o + P HOT) yar

1
D
8I
%
N!
&
(@))
3

After an application of (A.S),‘ equation (A.ll) becomes

0~ J‘ f :H .y 1, G _'a_c;(a'f? aH,,)_p D,G{D,H- aHar)}dsydT

"Gy‘a_z/J Ty oy, Dr Dr A oy, or

Dd’ or 7
+[H~G;%((}7_H H(o(F1- Hy) + ot —p, af} d?y]f;_T.

(A.12)

Initially the flow is at rest and unheated; the velocity everywhere is

zero and the density p, G' and r

are zero at ;=o . Therefore

for a large enough value of ‘T (A.12) may be rewritten as
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| T (oo @G G M, D,GID, i, ol ap)}
O_J—j'fm‘(H—flr) T!)CJlay]'f'pij——(a'— ay!) Py DT D7 p‘ i ay ) dyd-,-

01 Gy

. ’ —DC‘- ' D,G! | o0H °H; ar)
[LJ“ Pl 52+ (po=py) Hr mGJuG”’—J)+HHaﬂdW.4'(AJ3)'

A3

8H[dy; is non-zero on both (r) * and 'Bl(T) where 1-31- is the part of

the surface B(t) within v, , and

([ oG or da=_J" ( | 4B
.[m al-( Eﬁi}"p‘ U.'—a‘_r“ Yy 8\") /Ju P‘ ‘a

—."s.mn‘ ( &, b U'Tr—) < (A.14)

The surface Bl (1) has a finite area, because although the regipn V; may
be infinitely long, we have insisted that it have a finite cros's—sectior_l.i
,Gf and I' are bounded, and on B(T) the flow parametefs v , and

by~ L. Thefefore the surface integral over Bl(r) is negligible |

if L 1is large enough, and from (A.13)

(T fm sy @61 8GIH.  DGID,H)
0 .—.J'_TJ;.‘(H—H,-) Ty, P95 3, " Dr D | &y dr

N aG’ aF)deT
f_TJs‘}f)n ( p:) P, '67 (8

7D G’ D,G! H ory
Poll 524 + H, A ' (a{f_f_z) | ] _
m{ 0 (Pa—py) “Dr PG, AR +pHa”dy»_T,‘(A 15.)

This equation is multiplied by A(%!) and added to (A.7) to obtain the

exact result

oGt ‘ 20t
cgHTHp' (%, 1) f f { i3y, G +/)’(H H)T:,aigj
< i ]
- 0H;- G} D G{D H,-

i i T 3 7  (A.16)
ﬂ"a_/ 7, 'B'IID D Bydr+@+ ¥,
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where

P(x,1) = ac* 3G} Gt 26y . [ 3G g M\lasd
(x t) f .[5(1){(‘0 po -—-—) ne"(ﬂay, @f)"'”ivi(npﬁ aTO ppl—“(; 74
and

' D, Gt D, G’ o0H ¢H, or
Y(x,1) = [f [ 12 ‘ =1 ty oL
(=0=2p ol Po t+ (Po -m) H, Dy T oG U, (% y1)+p.H Jd?y]_T,_

This equation is similar to the form obtained earlier (equation (2.24)),

but now the integration range is finite and there is an additional term ¥ .

¥ describes any sources present at 7=-T7, ; their effect lives forever

when vortex sheet resonances are excited.

We choose €' to satisfy jump conditions across S(T_) that

minimize ¢ , and as in (2.30) we pick- GG and G} such that
£48Gfor = ppy oTjer and 3Gfen = BECifen, (A.17)

for all ¥ on S(r) where ung #0 5, 'pl.‘,,#o .

i]ith this choice of G ,- ® only depends on the viscous stress on the
surface S('T) (just as in.2.31), and at a high Reynolds number the sound
produced by this viscrous term is negligible compared with that due to the

inertial terms, and we neglect it.

The term Y 1is actﬁally independeﬁt of thé real flow and'de;vaends
only on the initial 'conditions. We denote the initial position of the
fluid surface §(7) by S, » and the region contained within -S‘, by

¥® . We then define [] to be‘ a Heaviside function which is uni.ty for
boints within both ri“-’ and a large sphere of radius L , and zero

elsewhere

e e

Hyy) = imfA(y,7).
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Similarly the starting position of the surface Z(7) is denoted by X, ,

and we introduce M, , the Heaviside function which is unity within 2%, ,

and zero elsewhere.

.Therefore

r=—T

. _D.Gt D, G* 611 0H,. g E_)I_W 3
¥ =ﬁ[fmf‘ P()Ho]—_rl'*” (Po=p1) Hro—5— Dr + PGl (ajl cylo) ot aTde

T (0 .7 DG} | D, G1 sre (Oy OH,, 75 o .
=p f—a'fm a‘r{ p()HOTT_ (Po—p1) Hyry—— D7 PGl (a_lh s ) 'D'HDE} d®y dr.
| (a.18)

The right-hand side may be rearranged to give

T
yr=_f f{ﬁ__H, 28 8 _ 2 02G} D, G}, oH,.
B ) (Hy — Hy,) (PoU30,18;1—c(p, 1) 8ij)ayiayj'—/)1 ]37 A o_z/‘ O}d"‘yd

From (A.16), we finally obtain our modified vortex sheet analogy,

) |
e G} . 5 I > g N 02}
GH Hp'(3,1) = f {H,T.,ay‘ -+ B((F— Hy) Tiy— (By — Hyo) (o U3 8,18, — oy — py) ai,>)a-%ﬁ—;j}daydr

f,; 2Hyo_DHy )ch{ eH, oGy
.”/} ‘% Dr DT—By.-‘b‘”yldaydT

a . .
f x f“ "ty - (Gi= G dSdr. 153

The terms in (A.19) arising from ¥ conveniently ensure that the source

terms decay as any one of the variables tends to infinity because

@ﬁﬁ as 7-00,

(H—Hy) T}y (A, Hyo) (py U818 —ci(p P1) ;)

D, H, oM.,

and . D7 T as |y|,-7> o




When G' decays at infinity, Y =0 . Then (A.19) and the
previous representation (2.31) are entirely equivalent, either form

may be used.
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APPENDIX 3.B THE RECIPROCAL THEOREM

When the surface is only linearly disturbed as describedvin §3.3
we can determine a simple relationship between the reciprocai Green
function defined by (2.15) and (.2..16) with the jump conditions (3.6) and
the direct Green function defined in equations (3.9)-(3.11), for the case

when  HG' decays at infinity.

‘Throughout this section y 1is a point within the jet, i.e. in

the region " > and ¥ is in the ambient fluid in v’ . Hy(3) is f‘ly\
a Heaviside function such that m“\
Hy(2) =1 for z in »® i

0 ° (B.1) i ‘

=0 for z in V2,

and E,(z): 1 —Hy(2) A . i

Hy(z) is independent of z; , because S, , the bounding surface i

(0)

- between  y” and W, , is a fixed surface parallel to the z,-axis. i |

Now | | I } |

I

. 7 I \‘

_ i

Hy(x) G(x,t|y, 1) = fHO(z) G(z,s]y,7) 8(x —2,¢—5) d®z ds ~ (B.2) i
i

i

i‘}

~ ) & 1 (8.3 |

= —fHo(Z)_G(w sly,7) (a—z,‘?oa?) Go(z, 5%, £) d3z ds f

. I

from (2.15). i

. | I
After integration by parts and the use of equation (3.9) we obtain “‘:‘1;1}
i

i

. . B i

v oH. oG oG . i

Ho(x)_ G(x,tly,7) = (6_.::) {G(z, 5|y, 7) (a—z:’ (z,5]%,8) — Gi(z,5|%, ) 6—2, (3, sly, 7)} d3z ds; ‘J 1:}
@4 ||

1“11‘
contributions at infinity vanish because G represents an outgoing and

t ° o . ° :
G' an incoming wave in the variables (z,-;) s and G decays as g S0 s




Hy(¥) is independent of ¥ and ¢ , hence
2 D%I & .
H, (x) (%, tly, = o (Ho(®) G, 1]y, 7)}

| 2 D2 _, oG
%{G(z ly, ) 0 D (2, 5|8, 1) — ;2GO(Z,Slx,t)in(z,s[y,7)}cl3zds,

azi 'c) Dl (B.S)

by differentiating (B.4).

By applying (3.4), we can write

aD: Dz ) b e
H(x) (,(A 1y, 7) J fs n;{g(z,sly,,)__z_,cg(z,slx,t)—D—;cg(z,qx,t)az—ic(z,sly,r)j ds, ds.
o -

0z; Ds?
' (B.6)
Then an integration by parts of the last term gives
D3 G} . DG
len( ) Dt (’C tly, f£ ple —\A')J'lx t Gt;(z)slxy t) plel.za_n(Z,J,y, T)} dSOdS'
| s : (8.7)

The condition HG'-»0 as |2, s]>ox ensures that G, tends to zero at
infinity on the surface §;, and so there are no contributions from the

end-points.

Similarly
AWGiys0 = [ A5 Gilz s )8y —n7 -9 Psds @
_ 2 1 D2 a
=—f%@ﬂm%dM0:E—EDQG@wLﬂd%m (3.9)

from equation (3.10).




After partial integration this becomes

H—o(y) Gi(y,7|%,¢) = f%}zi’ {G{(z,s]x, t)% (2, 5]y, 7) - G(z,s]y, 1) %—f‘ (2, 5|, t)} d3zds,

0z; ;

(B‘. 10)

Here we have used equation (2.16)
(3 1D
Hy(2) l&%—;fﬁ;—l?} Gi(z,s]%,t) = 0,

~ and the fact that HG'>0 ag |z, 5] >

It can easily be shown by differentiating (B.10) that

H(y)p, &Gt - Ee ' - ®c |
OB oy 7], 1)= OO S7) B s )= B Gl 1) v (53, s, .
‘ i (B.11)

G satisfies the jump conditions (3.6) and G the condition (3.11),

‘and hence we can deduce from (B.7) and (B.11) that
o2 DG ' ~
B por5 Gl(y,7|%,8) = py== (%, 4]y, 7), - (B.12)
P Py |

% is in the far-field and so this expreésion simplifies

BeoGi(y,rls,0) =p (1~ )26(s,4)y, ), (B.13)

or equivalently when B 1is written explicitly as B='p(1_.M 2)201/Pos

(B.13) reduces to the required reciprocal identity

BCLy,7|x,1) = G(x, !y, 7). -(B.14)
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APPENDIX 4.A THE DERIVATION OF THE ELASTIC EQUATIONS OF MOTION

We determine the elastic eqﬁations of motion of a thin plate of
uniform thickness d . The undeformed pléte lies in the plane vy = 0 .
énd yl 20, 2>y2 S =000 E(yl,yz,r) denotes the vertical
displacement and ui(yl,yz,T) , 1 =1,2 , the in-plane deformation.

Landau and Lifsﬁitz (II §14) derive an expression for the elastic

potential energy in such a plate and show that, neglecting the bending

resistance, the elastic potential energy may be written

id (i and j are summed over 1 and 2) (A.1)

e..0..
13 1]

where eij is the total strain tensor given by

ou. Ju, .
e, = i (B = & 5—1-) + 1 85 B, 3 " (A.2)
J Yj yi : yi Yj

and Gij is the stress tensor set up in the plate by this strain

_ E Ev o
°i5 T Tev i3 7 Gabiy o (a.3)
§.. 1is the two-dimensional Kronecker §

- If we have an applied force P per unit area acting normal to the
sheet in the positive y3-direction, and a force per unit length Ti
applied around the boundary, as shown in Figure 4.A, then the total

potential energy V 1is given by

= 1 w = )
\ J J {zdeijgij PE} dyldy2 _ § Tiuidds . (A.4)
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Figure 4.A The geometry of the plate

where the first integral is over the plate area and the second is round

its circumference.

The total kinetic enmergy, U , is equal to

| 3¢ 2 du, du, o
, [ s e ! |
II 5°Md§.(aT) T3t et }dyl v - o @.5)

Now Hamilton's principle states that in any mechanical system

the variation in the integral of U-V is zero for arbitrary variations

in & and u s

ty
8 I (U-v)dt = 0 . | (A.6)

Y
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Hence v
2
t 2, 9 u, 90, .
2 ”( { 3% .. 8 3% i ij
dt | |{ 68 3-p d —=+d— (0.. == WP} +8u, } —p d +d dy.dy
Jtl M2 Byj ij 9y, i M g2 ayj 172
1
£, 3¢ ,
-] %at (560..n. L 6u.§ 0..n.d—T.d})ds =0 . (A.7)
3 ijj 9y. i{ 133 1
1

Since this is true for arbitrary 6&& and 6ui we obtain the equations

of motion

Bzui aoij
p - = 0 ' (A.8)
M 312 Byj
and | p.d EEE - d;—g— (@ 9E ; P (A.9)
M 312 _Syj 1] Byi

When the boundary v, = 0 1is tugged with a prescribed force per
unit length -T(t) in the l-direction the boundary conditions are

from (A.7)

, cll(o,yz,t) = T(t) and E(O,yZ,T) =0 . (A.10)

We linearize the expression (A.3) for cij by neglecting the
term quadratic in £ . This term describes the additional stress caused
by the bending of the plate and is negligible in comparison with that

due to the external stretching force applied on the circumference.

Then

du.  Su. 9 '
Gys =" mopn ( 1, J)+E" kg (A.11)
1

ij — 2(1+v) Byj ayi _v2 Byk ij

When we substitute this form of Cij into (A.8) and (A.9) and remember
that here the problem is independent of Y, these equations reduce to

those used in the main text;




where
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(A.12)

(A.13)

(A.14)

(A.15)
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APPENDIX 4.B SIMPLIFICATION OF THE INTEGRAL DESCRIBING THE
FAR-FIELD DENSITY

From equation (2.19) we have

(p-p ) (x,t) = I, +1I, , - _ (B.1)
where
o= o 3 o M Uk (PR (8.2)
1 ome? 9t ) _ . 2y 71 Y o g
¥,70 'y, x-y
and
L. o o (7 © g,y -BDH(1-y, /0) &y & 5.9
2 293t | _ _ 1 %72 . :
27c yl—O Yy= = lg—zl

The square brackets denmote that the function they enclose is to be

evaluated at a retarded time Tt = t-|§-yl/c .

In the integral I1 , we change the integration variable to

n = y+Bt with B8 = (B,0,0) . The Jacobian of the transformation is

|yl

|x-y| + (x,-y,)B/c
~ 2 171

Hence

0 g, (n VH(c{1+/a}-n /o) |
SR § JJ [ 1'M al-n ]dnldnz (B.4)
DL |x-n+gt| + (x,-n +BT)B/c

where now
T = t - |x-n+pT|/c . ' (B.5)

D is the image of the region v, 2 0, ®2yy)% 2, ¥3= 0 mapped into

the n-plane as shown in Figure 4.B. The boundary of D corresponds to

v, = 0 and hence n, = BT on this boundary or alternatively




ny= nl(nz):
the curve of minimum nl
/ region D

= B(t-R/c) o

v

4}

ﬁl(nz) is the minimum value of 70, for each n,

1
- 2 2
n,= B{t—(xl+(x2—n2) +x§)%/c}

Figure 4.B The boundary of the region D

We can evaluate the time derivative in (B.4). The integrand

varies with t only through 1 and in addition we must differentiate

the limits of integration.

From a differentiation of (B.5) with respect to time, we find

9T| _ e

at

) _ (B.6)

0 |x-negr| ¢ GepongeTIB/c




DOB Jt—R/c gl(BT)H(T)dT

I = e —
1 e T=-—m‘{cz(t-T)z—Rz}%(1+Bcose/c)
po(1+8/a) gl(nl)G(T{1+B/a}-n1/a)
# ——-———7——-Jf (1+0(L/|§|)) dnldnz s L(B.7)
27c D |§—D+§T|(l+8coselc)
where
1 X X, -N, +BT
R = (x2+x2)2 , cosh = wer b , cos@ = Ll s
173 c(t-1) _ x—n+BTl

and | is the length scale over which h wvaries.

We rewrite the second integral in (B.7) in terms of the stationary

coordinates (yl,yz) H

gl(n1)6(1{1+8/u}—n1/a) w0 _ gl(y1+BT)G(T-y1/u)
1Nl [EXURS S

dn.dn, =
|x-n+Bt| (L+Beosy/e)’ 3,70 Yy,=ol |xyle Gy dB/e

The yz—integral can be evaluated using the §-function

-
© 81(Y1{1+B/a})H(t-y1/a?{(xl—y1)2+x§}2/c)

= 2c

. 1 dy .9
’Y1=0 {:cz(t-ylla)2-(x1—y1)2—xg}2(1+8cos¢/c) b

1™

where co S¢ = m

When 8y is expressed in terms of the initial vertical

displacement h from equation (2.16)

2
| B H(ER/e) Jt—R/c ' (gr{1+8/a} Lydr
1 2mc (1+8/a) =0 {cz(t_T)z—Rz}%(1+BcosG/C)

(1+o(L/ |x[)

1
P8 Jw H(t—yl/a—{(xl-y1)2+x§}2/c)h'(yl)dy1
2mc

1
y,=0 \cz(t-ylla)z—(xl—yl)2~X§}2(1+BCOS¢/c)

]dyldYZ'
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The integral 12 may be treated similarly. We introduce a -

moving coordinate system n = y-BT and once again the time derivative

~

may be evaluated to give

2
oS B(eR/e) Jt-R/c B! (Br{1+8/0} 1ydr
2 2me (1+8/0) =0 {cz(t—T)Z-Rz}%(1-BC059/C)

p B Jm H( t—yi fo={(x;-y)) 2+x:23}% /C)h' (y,)dy;

VT T (1+o(L/|x[))
one Y1=0 { CZ (t‘}’lla) “ (Xl—yl) 2-X§}5 (1-Bcos9d/c)

(B.9)

By adding (B.8) and (B.9) we finally obtain

I
H

(p-po)(g,t) 1t 5

, :
| P 8 H(ER/e) re-R/c h' (8t{1+8/0} 1)dr
e/ Sy (e (e-m)?R%}E (1-87cos70/c?)

2

OOB :
- alghy [ / .
"c2 ” Y1=0 { cz(t-Yl/a) 2"(Xl—yl) 2_}%}5 (1-Bzcosz¢/c2)

oo H(t—y1/a¥{ (xl—y1)2+x§}%/c)h' (y]_)c:os<1>d3z1

(B.10)




