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Abstract
A spacetime satisfies the non-timelike boundary version of the Penrose property
if the timelike future of any pointon Z~ contains the whole of ZT. This property
was first discussed for asymptotically flat spacetimes by Penrose, along with an
equivalent definition (the finite version). In this paper we consider the Penrose
property in greater generality. In particular we consider spacetimes with a non-
zero cosmological constant and we note that the two versions of the property
are no longer equivalent. In asymptotically AdS spacetimes it is necessary to
re-state the property in a way which is more suited to spacetimes with a timelike
boundary. We arrive at a property previously considered by Gao and Wald. Curi-
ously, this property was shown to fail in spacetimes which focus null geodesics.
This is in contrast to our findings in asymptotically flat and asymptotically de
Sitter spacetimes. We then move on to consider some further example space-
times (with zero cosmological constant) which highlight features of the Penrose
property not previously considered. We discuss spacetimes which are the prod-
uct of a Lorentzian and a compact Riemannian manifold. Perhaps surprisingly,
we find that both versions of the Penrose property are satisfied in this product
spacetime if and only if they are satisfied in the Lorentzian spacetime only. We
also discuss the Ellis—Bronnikov wormhole (an example of a spacetime with
more than one asymptotically flat end) and the Hayward metric (an example of
a non-singular black hole spacetime).
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1. Introduction

This papers follows [7], which discussed a property of spacetimes first introduced by Penrose in
[15]. We will be interested in spacetimes which admit a conformal compactification. Following
[16], we make the following definitions

Definition 1.1. A time- and space-orientable spacetime (M, g) is asymptotically simple if
there is a strongly causal spacetime (M, g) and an embedding ¢ : M — M which embeds M as
a manifold with smooth boundary M in M such that:

(a) There is a smooth function 2 on M, with Q > 0 and (@) = ng on M; and
(b) © = 0and dQ2 # 0 on OM.

We shall write M = M U OM and refer to (M, g) as the conformal compactification of (M, g).
Definition 1.1 ensures that such a conformal compactification exists.

In an asymptotically simple spacetime, we define Z™ to be elements of M which are future
endpoints of null geodesics and we define Z~ to be elements of M which are past endpoints
of null geodesics. The union of these two sets will be referred to as the conformal boundary
at infinity, denoted Z. Note that Z+ and Z~ may have non-empty intersection. For example in
the compactification of anti-de Sitter spacetime (section 2.3), we have Z = I+ = 7.

In [7] the spacetimes considered satisfied an additional condition (referred to there as
asymptotically empty and simple).

Definition 1.2. A time- and space-orientable spacetime (M, g) is asymptotically flat if itis
asymptotically simple and the Ricci tensor of g vanishes on some neighbourhood of Z in M.

In this paper we will also consider spacetimes which approach de Sitter or anti-de Sitter at
infinity. To do this, we make the following definitions:

Definition 1.3. A time- and space-orientable spacetime (M, g) is asymptotically de Sitter if
itis asymptotically simple and R,;, = Ag,, on some neighbourhood of Z in M, for some A > 0.

Definition 1.4. A time- and space-orientable spacetime (M, g) is asymptotically anti-de Sit-
ter if it is asymptotically simple and R,, = Ag,, on some neighbourhood of Z in M, for some
A <O.

In [7], the focus was on the following property:

Definition 1.5 (Penrose property—non-timelike boundary version). An asymptot-
ically flat or asymptotically de Sitter spacetime, (M, g), with conformal compactification (M, g)
satisfies the non-timelike boundary version of the Penrose property if any p € 7~ and any
g € I can be connected by a smooth timelike curve.

This definition will be adapted in the case of spacetimes with timelike boundary (see
definition 2.9).

Besides defining this property, Penrose also shows in [15] that there is an equivalent version
which does not make reference to a conformal compactification but instead relates to endless
timelike curves. Before continuing, it will be helpful to define the following sets (for some
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pEM):
JT(p) = {q € M|3 a smooth future-directed causal curve in M from p to g}
I (p={qeMlpei (@}
I't(p) = {qg € M|3 a smooth future-directed timelike curve in M from p to ¢}
I'(p)={geMpel* (@)}
(1.1)

In these definitions we include curves in the boundary of M and determine the causal nature of
such curves using the conformal metric, g, which extends to M. For non-compact spacetimes,
(M, g), we can define the same sets as subsets of M rather than as subsets of M.

As in [15] we will concern ourselves only with inextendible timelike curves in M whose
images in the conformal compactification M are contained in the domain of outer dependence
D=J"THNJTT).

Definition 1.6 (Penrose property—finite version). An asymptotically simple space-
time (M, g) satisfies the finite version of the Penrose property if for any endless timelike curves
A\ v CJ (ZT)NJT(Z7), there exists p € X and g € v such that p can be connected to g by a
future pointing timelike curve in M.

The condition that \, v C J~(ZT) N JT(Z ™) ensures that these curves do not cross any event
horizons.

Theorem 1.7 (Penrose: theorem 4.4 [15]).  The two versions of the Penrose property,
definitions 1.5 and 1.6, are equivalent for asymptotically flat spacetimes.

Penrose’s motivation for studying the Penrose property was the following corollary. We use
the notation g, < g, for two metrics defined on the same manifold to mean that the lightcones
of g, do not extend outside the lightcones of g,. In other words g, < g, is the condition that

gi(T, T) >0 = g(T,T) >0 (1.2)

at every point and for every tangent vector T.'-?

Corollary 1.8 (Penrose: theorem 4.5 [15]). Let (M, ) be the conformal compactifica-
tion of an asymptotically flat spacetime which satisfies the non-timelike boundary version of
the Penrose property and let T denote its conformal boundary at infinity. Suppose a subset of
Minkowski spacetime that includes a neighbourhood of i° can be conformally embedded into
a subset of M, as in definition 1.1, which contains i° and has T as its conformal boundary at
infinity. Then there is no neighbourhood of i° on which the inequality g < 7 holds.

Proof. Suppose there does exist a neighbourhood, U, of i’, on which the condition g < 7
holds. Minkowski spacetime does not satisfy the non-timelike boundary version of the Penrose
property [7, proposition 3.3], hence we can choose p € Z~ and g € Z" to be points which
cannot be connected by a 7j-timelike curve and which are sufficiently close to i so that any

I For consistency, we follow [7, 15] in using the ‘mostly minus’ signature (4, —,...,—). We also set c =G =1
throughout.

2 This is slightly different to [15] which denotes this condition by g, < g,. Our definition seems more appropriate
since equation (1.2) is clearly satisfied if g, = g,.
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g causal curve between them must lie entirely in U. Since (M, ) satisfies the non-timelike
version of the Penrose property, we therefore have a g-timelike curve A C U from p to g. The
condition g < 7 ensures that this curve is also timelike with respect to the metric 7. This is a
contradiction. O

The inequality g < 7 arises as a consistency condition for theories of quantum gravity
defined with respect to a fixed ‘background Minkowski spacetime’ [15]. If one tries to write
the ‘physical’ field operators in terms of fields defined on the background Minkowski space-
time (and hence propagating inside the background Minkowski lightcones), then this condition
ensures that the physical fields cannot propagate at super-luminal speeds with respect to the
metric g.

The main results of [7, 15] were to show that the two (equivalent) versions of the Pen-
rose property appear to be satisfied only in positive mass spacetimes in low dimensions. In
particular, the follow theorem relating to the Schwarzschild spacetime was proved:

Definition 1.9. The Schwarzschild metric in d 4 1 dimensions (d > 3) is given by [10]

ds? = V(r)d* — ar r? dw? (1.3)
V(r) d—1 *
where V(r) =1 — ;/f—Z and dwi1 denotes the round metric on a unit (d — 1)-dimensional

sphere $9~!. We have also introduced the mass parameter, 1, which is related to the ADM
mass [2], m, by

16mm

- (d— DAgi 9

1

where Aga-1 denotes the area of §7'.

If m < 0 then we consider this metric on the region » > 0. If m > 0then we consider only the
exterior region ¥~ > 1. In this case, a change of co-ordinates can be made which allows the
metric to be extended across the surface 72 = p (see [16] which does thisin 3 + 1 dimensions,
with the higher dimensional case treated similarly), however we will not consider this here.

Theorem A [7]. The Penrose property is satisfied by Schwarzschild spacetime of mass m
and varying spacetime dimension according to the table below.

Spacetime dimension m >0 m < 0

3 v X
4 v X
>5 X X

This perhaps surprising result can be understood intuitively as follows. The Minkowski
metric in (d + 1)-dimensions is defined on R x S*='. This can be compactified as in [7,
section 3] to give a spacetime on 'V x $¢7', where V. C R is a manifold with boundary.
In this compactification, certain pairs of points on I~ and I which project to antipodal
points on S~ cannot be connected by timelike curves [ 7, proposition 3.3). They can however
be connected by a null curve passing through i°, as shown in figure 1. As explained in [3],
spacetimes with positive ADM mass can be thought of as containing a point mass at i°. If the
ADM mass is positive, we expect this point mass to focus null geodesics. This may allow all
antipodal points on I~ and I to be timelike connected. However, this focusing is offset by the
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Figure 1. The non-timelike boundary version of the Penrose property asks whether the
properties of the spacetime near i® allow all points on Z~ and Z to be connected using
timelike curves. This figure shows Z~ and Z™ as the past and future lightcones emanating
from i°, as described in [3].

time delay of null geodesics in positive mass spacetimes which may prevent us from timelike
connecting points near spatial infinity. Whether or not the non-timelike boundary version of
the Penrose property is satisfied depends on the interplay between these two effects.

The exterior region of the (d 4 1)-dimensional positive mass Schwarzschild spacetime
(definition 1.9) is defined on the submanifold of R%! given by the restriction {72 > p}.
We can also define a flat Minkowski metric, ds3y; ., on the same manifold by setting 1 = 0 in
equation (1.3). These line elements then satisfy

ds® < dsiy (1.5)

In higher dimensions, we can compactify these metrics using the same embedding map, so
we obtain

_ 0> _
ds® < 5 dsipm (1.6)
Mink

where Q% and Qf, are the compactification functions associated with ds> and dsg;
respectively (see definition 1.1).

This tells us that in higher dimensions, positive mass Schwarzschild null geodesics are
delayed relative to null geodesics corresponding to the metric obtained by setting p = 0.
Along with the known failure of the non-timelike boundary version of the Penrose property
in Minkowski spacetime, this allows us to deduce that this property also fails in higher dimen-
sional positive mass Schwarzschild. 3 + 1 dimensions is a special case since any Schwarzschild
null geodesic reaching infinity is infinitely delayed relative to Minkowski null geodesics. This
is a result of the logarithmic divergence of the tortoise co-ordinate r* away from the radial co-
ordinate r and is unique to four dimensions. As a result, different compactified co-ordinates are
required which means the comparison in equation (1.6) is no longer valid. In fact, it is the rel-
ative time advancement of null geodesics near infinity when compared to those passing nearer
to the singularity which is now important. This relative time advancement becomes infinite as
the impact parameter R — oo. This allows us to find null geodesics with endpoints arbitrarily
near to spatial infinity. This feature is used to show that the non-timelike boundary version of
the Penrose property is satisfied [7, theorem 4.1] [15].

The time advancement of null geodesics in negative mass higher dimensional Schwarzschild
spacetime reverses inequality (1.6). This would appear to help us to timelike connect points
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near spatial infinity. However, this effect turns out to be insufficient to overcome the de-
focusing caused by the negative point mass at i°, and the non-timelike boundary version of
the Penrose property is not satisfied. This is discussed further in [7]. The corresponding rel-
ative delay of geodesics with larger impact parameter is the important feature in the higher
dimensional proof of the positive mass theorem in [6]. The 3 + 1 dimensional positivity of
mass proof of Penrose e al [18] relies on the light ray divergence described above and the
failure of the non-timelike boundary version of the Penrose property in 3 + 1 dimensional
negative mass spacetimes.

In this paper we consider spacetimes with non-zero cosmological constant. We discuss the
two versions of the Penrose property (or appropriate modifications) in simple examples and
consider whether or not they remain equivalent.

We begin by considering spacetimes which are asymptotically de Sitter. In section 2.1 we
show that the non-timelike boundary version of the Penrose property is not satisfied in de Sitter
spacetime of any dimension. However, in section 2.2 we show that the Schwarzschild—de Sitter
black hole satisfies the non-timelike boundary version of the Penrose property in any spacetime
dimension >4 if and only if the mass is strictly positive.

In section 2.3 we consider spacetimes which are asymptotically anti-de Sitter. We con-
sider causality in pure AdS spacetime and provide justification for an appropriate analogue
of the non-timelike boundary version of the Penrose property for spacetimes with a timelike
boundary. We recall the results of the Gao—Wald theorem [11, theorem 2] which states that
our new timelike boundary version of the Penrose property fails for spacetimes which focus
null geodesics. Furthermore, we show that our property is satisfied by the AdS—Schwarzschild
spacetime if and only if the mass parameter is strictly negative. These results are in contrast
with those obtained in asymptotically flat and asymptotically de Sitter spacetimes, where the
non-timelike boundary version of the Penrose property appears to be associated with three or
four dimensional positive mass spacetimes which focus null geodesics.

The following theorem summarises the relationship between the finite version of the Penrose
property (definition 1.6) and the appropriate boundary version (definition 1.5 for spacetimes
with A > 0 or definition 2.9 if A < 0):

Theorem 1.10. In the presence of a cosmological constant, the finite version of the Penrose
property is related to the appropriate boundary version according to the following table.

A=0A>0 A<O

Finite version <= appropriate boundary version? v’ v X

We also summarise the appropriate boundary version of the Penrose property in various
cosmological spacetimes in the following theorem.

Theorem B. The appropriate boundary version of the Penrose property is satisfied accord-
ing to the following table.

A=0 A>0 A<O

Spacetime dimension m >0 m=0 m<0 m>0m=0m<0 m>0 m=0 m<0

3 v X X — X — — X —
4 v X X v X X X X v
>5 X X X Ve X X X X
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Where a dash indicates that this spacetime has not been considered here.

Finally, we consider some example spacetimes which highlight features of the Penrose
property which were not discussed in [7]. We begin in section 3.1 by discussing the Penrose
property in spacetimes of the form (M', g") x (M", g"), where (M', g') is a Lorentzian manifold
and (M", ¢") is a compact Riemannian manifold. Intuitively, one might expect both versions
of the Penrose property to be more restrictive on this product spacetime than on the spacetime
(M', g") alone. We find however that they are in fact equivalent. In section 3.2 we consider the
Ellis—Bronnikov wormhole spacetime. This is a spacetime with two asymptotically flat ends
connected by a traversable wormhole. We find that the results for points on I* in the same
Universe are the same as for Minkowski spacetime, however for points located in different
universes the result is a more complicated function of the angular separation and time of flight
(definition 3.4) along a curve between the two points. In section 3.3 we consider the Hayward
metric in 3 + I dimensions. This metric describes a non-singular black hole spacetime with the
same asymptotic behaviour as Schwarzschild. Consequently we find that this spacetime also
satisfies the Penrose property, highlighting the fact that this is a property of neighbourhoods
of i° and does not require the existence of a curvature singularity.

2. Spacetimes with cosmological constant

In [15], Penrose introduces two properties of spacetime (definitions 1.5 and 1.6) which he
shows to be equivalent (theorem 1.7). In this section we consider these properties and their
equivalence in the presence of a cosmological constant.

2.1. De Sitter spacetime

De Sitter spacetime in d + 1 dimensions is the isometrically embedded submanifold of
Minkowski spacetime of signature (d + 1, 1), which we denote Mink,, | ;, defined by

d+1
Xty x =" 2.7
i=1
where (xo, X1, . .., X4+1) are a standard Cartesian co-ordinate system on R4+L1 and the radius
of curvature, /, is a positive constant which is related to the cosmological constant by
did—-1)
A=—_-". 2.8
22 2:8)

De Sitter spacetime is topologically R x S¢. The metric expressed in static co-ordinates is

-1
2_(1_ "_2 2 (1 _ f 2 242
ds = (1 2 dr 1 2 dre —r dwy_;. (2.9)

The Penrose diagram of this spacetime is shown in figure 2. Note that the hypersurfaces 7=
are spacelike.

Theorem 2.1. Compactified de Sitter spacetime does not satisfy the non-timelike boundary
version of the Penrose property. Moreover, for any p € I, the only point on T which cannot
be reached from p by a smooth timelike curve is the antipodal point.

Proof. If we choose co-ordinates such that p € Z~ lies at the south pole then it is clear from
figure 2 that this point is not timelike connected to the north pole on Z.

7
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I+

south pole

north pole

0

r

Figure 2. Penrose diagram of de Sitter spacetime. This spacetime is topologically
R x §%, so each point on this diagram (with the exception of the north and south
poles) represents a manifold which is topologically $¢~'. The dotted lines represent the
cosmological horizon.

i~ q north pole

south pole
north pole

south pole

Figure 3. We choose a null geodesic from the south to north pole which passes through
the point, ¢/, which has the same co-ordinates on $¢ as ¢ (although they have different
co-ordinates). This null geodesic is a great circle when projected onto S¢. We then follow
a timelike path from ¢ to ¢’ which remains at a constant position on $¢.

Now suppose ¢ € ZT does not lie at the north pole. The following construction is illustrated
in figure 3. Consider the null geodesic with past endpoint at p and whose angular co-ordinates
pass through those of g. In other words, in the S¢ part of the compactified spacetime we follow
the great circle from the south pole to the point which is the projection of ¢ onto S¢. We denote
by ¢’ the point we reach in the full spacetime (so the projection at ¢’ onto S¢ is the same as the
projection from ). At ¢’ we switch to a timelike path ending at ¢ which remains at a constant
point on §¢. We can then modify the full path so as to obtain a smooth timelike curve from p
to g [17]. O

This behaviour is similar to that observed for Minkowski spacetime [7, proposition 3.3]
where, as described in section 1, the only points on Z~ and Z" which cannot be timelike con-
nected are certain pairs which project to antipodal points on the $?~! part of the compactified
spacetime V x §?7!, where V ¢ R"! is compact.

8
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It is also trivial to see that the finite version of the Penrose property is not satisfied in de
Sitter spacetime.

Theorem 2.2. The finite version of the Penrose property is not satisfied in de Sitter
spacetime in (d + 1) dimensions for any d > 1.

Proof. Consider two timelike curves, one remaining at the north pole and the other at the
south pole. It is clear from figure 2 that these curves cannot be timelike connected.

In fact, we can also see the failure of the two versions of the Penrose property in de Sitter
spacetime by recalling its definition as an embedded submanifold in Minkowski spacetime of
one dimension higher. This argument is based on the one given in [15] to show that Minkowski
spacetime does not satisfy either version of the Penrose property.

Consider the hyperbola in Mink, ; defined by

BT e =0 (2.10)
—x4+xt =P .

Note that this hyperbola satisfies equation (2.7) and hence its branches define endless time-
like curves in de Sitter spacetime. These curves are everywhere spacelike separated, so we see
that the finite version of the Penrose property fails. Moreover, they become null as we approach
their endpoints. It follows that these endpoints lie on Z= in compactified de Sitter spacetime
and we conclude that the past endpoint of one branch cannot be timelike connected to the future
endpoint of the other.

More generally, we see that the finite and non-timelike boundary versions of the Penrose
property are equivalent in asymptotically de Sitter spacetime.

Theorem 2.3. Forasymptotically de Sitter spacetimes, the finite and non-timelike boundary
versions of the Penrose property are equivalent.

Proof. The proof of this is identical to the proof of theorem 4.4 in [15] and we refer the
reader to this reference. O

Theorem also 2.1 leads to the following analogue of theorem 4.5 in [15]:

Theorem 2.4. Let (M,3) be the conformal compactification of an asymptotically de Sitter
spacetime which satisfies the non-timelike boundary version of the Penrose property. Then
there is no compactification of de Sitter spacetime which has T =1~ UZ" as its conformal
boundary and g < gas on J-(ZTH)YNJ~(Z).

Proof. Suppose such a compactification of de Sitter spacetime exists and let A\ € J~(ZT) N
J™(Z7) be a timelike curve between antipodal points on Z~ and Z™. Then the inequality g <
gas implies that ) is timelike with respect to the compactified de Sitter metric. This contradicts
theorem 2.1. (]

2.2. Schwarzschild—de Sitter

From theorem 2.4, we see that in order to rule out theories of quantum gravity based on a
fixed background de Sitter spacetime (as is done in [15] for theories defined with respect to a
fixed background Minkowski spacetime) it is sufficient to find a physically relevant example
which satisfies the non-timelike boundary version of the Penrose property. Inspired by [15],
we consider the Schwarzschild—de Sitter spacetime.

9
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Figure 4. Portion of the Penrose diagram for the exterior (r > rp) region of the
Schwarzschild—de Sitter spacetime in the case where there are cosmological and event
horizons which do not coincide. For r, < r < r,, constant ¢ surfaces are spacelike while
constant r surfaces are timelike. When r > r., constant r surfaces are spacelike and
constant ¢ surfaces are spacelike. See [4] for more details.

The Schwarzschild—de Sitter metric in d + 1 dimensions is given by [8]

d 2
d? = V(NdA — L P2 dw?,

vn 2.11)
i :
Vi) =1- rd’ﬂz —;—2.

We have also introduced the mass parameter, (1. We call 11 the mass parameter because it is
related by

16mm

STy (2.12)

1

to the leading order term, m, in the Abbott—Deser mass [1] calculated just inside the
cosmological horizon for a black hole with event horizon at r;, < [.

We begin by considering the positive mass case ¢ > 0 and assume that V() has two positive
roots at . > rp > 0. In this case there is a cosmological horizon at r = r, and a black hole
horizon at r = rj,. The Penrose diagram for the region r > r}, is as shown in figure 4 (assuming
re > rp > 0). The extremal case where V() has a double root is known as the Nariai solution
[13, 14]. In this case the spacetime is non-singular and can be extended through r = 0. A
portion of the Penrose diagram for this extension is shown in figure 5.

Theorem 2.5. The non-timelike boundary version of the Penrose property is satisfied by the
Schwarzschild—de Sitter spacetime with positive mass parameter |4 > 0 in d + 1 dimensions
foralld > 3.

Proof. For r > r. we have V(r) < 0. Suppose we follow a null curve of constant ¢ in the
equatorial plane §; = - - - = 6,_, = w/2. Let A¢ denote the change in the co-latitude ¢ along

10
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Figure 5. Portion of the Penrose diagram for the Nariai spacetime. This spacetime is the
extremal case of Schwarzschild—de Sitter where r. = r. It is non-singular at = 0 and

can be extended to r < 0.

the section of this curve from r = r. to r = 0o. We have

2 2
——— =r-d
vy "%
o0 d
re g ;7+’(j/12_1 (2.13)

where we have made the substitution y = r/r. and used the fact that r, satisfies V(r.) = 0.
It will be convenient to consider A¢ as a function of y. An illustration of the graph of

2V = - P (2.14)

is shown in figure 6. Increasing p infinitesimally will shift this graph upwards, which in turn
will decrease r, (the largest root of this graph). This tells us that

2
o . (2.15)
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& 112 V(r)

Figure 6. A portion of the function —r*~2V(r) = pu — r*~2 + /I is plotted (assuming
u > 0). If  is increased slightly then r., the value of r at the largest root of 72V(r),
will decrease.

‘We also see that

or?

c

IAp _ _/oo (= ) @
boary(4 +

<0

ONp  OAPOr?
o 0r2 du

>0
= A¢ > AQS‘;L:O

/Oc dr
- 2

K
Lory/n -

™
7

(2.16)

Using this fact we can construct a timelike path between any two points in Z~ and Z™ using
the procedure described below and illustrated in figure 7.

Choose co-ordinates such that p and g both lie in the equatorial plane and ¢ = O at p, ¢ =
¢, € 10,7l atq. Letsr =1, at pand = 1, at q. Starting at p, we follow a path in the equatorial
plane with t = 7, until we reach r = r.. We choose the first part of this path to be null, with ¢
varying until we reach ¢ = ¢, /2 (the above calculation shows that this occurs before we reach
r = r.). After this, we choose ¢ to remain constant until we reach r = r, so this part of the
path will be timelike. At this point on the Penrose diagram, all # = constant surfaces intersect.
This means we can switch to a similar path in the equatorial plane with t = #, until we reach
r = 00. Again we choose this path to be null initially, with ¢ varying until we reach ¢ = ¢,.
After this we set ¢ constant, so the path finishes at ¢g. This path can then be smoothed to form
a timelike curve from pto ¢ [17]. O

This result should be compared to the results obtained in [7, 15] (summarised in theorem A),
where it was found that the positive mass asymptotically flat Schwarzschild spacetime satisfies
the non-timelike boundary version of the Penrose property in 3 4+ 1 dimensions but not in
higher dimensions.

12
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Figure 7. The projection onto the r—f plane of a timelike path from p to g is shown. We
follow two separate curves of constant 7. These curves join at r = r. and can be smoothed
to form a path from p to ¢ which is timelike everywhere.

As in the asymptotically flat case, the non-timelike boundary version of the Penrose property
fails for negative mass Schwarzschild—de Sitter spacetime.

Theorem 2.6. The non-timelike boundary version of the Penrose property does not hold for
the Schwarzschild—de Sitter spacetime with mass parameter p < 0 in d + 1 dimensions for
any d > 3.

Proof. If u = 0 then this is de Sitter spacetime which was covered in theorem 2.1.

Let 1+ < 0. Suppose p and g can be connected by a timelike curve «y as shown in figure 8 and
choose co-ordinates so that these points lie in the equatorial plane. Let w, w’ denote the points
on v at which r = r, where this is the unique root of V(r) (note that w and w’ may be the same
point). Then since the sets J*(p) N J ™ (w), JT(w) N J~(w') and J*(w') N J~(g) (shown as the
shaded regions in figure 8) are non-empty, compact and strongly causal we can replace v with
separate causal geodesics from p to w, from w to w’ and from w’ to g [19, theorem 1].

From the Euler—Lagrange equations, we find that along a causal geodesic in the equatorial
plane from r = r, to r = oo, we have (choosing ¢ increasing without loss of generality)

o0 hd
A¢ = / d o (2.17)
7 h? 2
(B - vo) (5 + 1))
where E = —V(r)i, h = r2¢, > = (%)2 are constants and denotes differentiation with respect

to an affine parameter 7. It is clear that A¢ is maximised by setting E = [ = 0. This corresponds
to a null geodesic along a line r = constant. These curves were considered in the proof of
theorem 2.5 and here we will denote the change in the co-latitude ¢ along such a curve by
Ao We see from equation (2.16) that

A max
aai < O
H (2.18)
— A¢ < AQsmax < AQsmax|u:0 = g

So we have an upper bound, 2A¢,,.., on the change in ¢ along the curve v excluding the portion
between w and w'. This upper bound is strictly less than 7 and crucially does not depend on the
positions of p and g (a fact which follows from the invariance of the metric under #-translations).
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Figure 8. Penrose diagram for the Schwarzschild—de Sitter spacetime with negative
mass. This figure shows the construction used in the proof of theorem 2.6.

It is clear that as p and g slide along Z~ and Z respectively towards opposite corners of the
Penrose diagram (figure 8), the geodesic between w and w’ approaches a radial geodesic and
hence the change in ¢ along it tends to 0. It follows that if p and ¢ are chosen to be sufficiently
close to opposite corners in the Penrose diagram then the change in ¢ along « must be strictly
less than 7. If we also choose p and g to be antipodal then we conclude that they cannot be
timelike connected. ]

Corollary 2.7. The finite version of the Penrose property holds in Schwarzschild—de Sitter
spacetime if and only if the mass parameter is ji > 0.

Proof. This follows immediately from theorems 2.3, 2.5 and 2.6. O

Note that if we were instead to allow curves which did not escape to the asymptotic region
(and for consistency extend the non-timelike boundary version of the Penrose property to
include their endpoints at i*) then theorem 2.5 and corollary 2.7 would no longer be true. In
particular, we would be able to choose endless timelike curves remaining in the two causally
disconnected regions between the event and cosmological horizons (see figure 4). The past
endpoint at i~ of one of these curves would be timelike disconnected from the future endpoint
ati™ of the other. The complication here arises because the conformal boundary is a spacelike
hypersurface. As a result it is possible for the non-timelike boundary version of the Penrose
property as stated in definition 1.5 to hold and yet for there to be points at past and future
timelike infinity which are not timelike connected.

The results of this section provide justification for our choice to exclude timelike curves
which fail to reach the asymptotic region. Recall that Penrose’s original motivation for studying
the Penrose property was to make comparisons between the spacetime of interest and an appro-
priate ‘background’ spacetime. In the case of [15] this background was Minkowski spacetime,
while in this section the relevant background is de Sitter. Our conventions give us a property
which is strong enough that when we find a physically relevant spacetime which satisfies it,
theorem 2.4 ensures that this is enough to rule out any ‘SO(d + 1, 1) covariant’ construction
of quantum gravity based on a background de Sitter spacetime. In light of theorem 2.5, we
remark that the positive mass Schwarzschild—de Sitter spacetime provides such an example. If
we were to include the points i* in the definition of the non-timelike boundary version of the
Penrose property then this property would not be satisfied by the positive mass Schwarzschild
de—Sitter spacetime and we would be unable to use theorem 2.4 to rule out such quantum
gravity constructions.
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2.3. The Penrose property in asymptotically anti-de Sitter spacetime

Next we consider spacetimes which are asymptotically anti-de Sitter. The boundary of the
conformal compactification, denoted OM, is timelike and cannot be separated into ‘past’” and
‘future’ components. As a result it is not obvious what the analogue of the non-timelike
boundary version of the Penrose property should be.

To address this, we begin by considering anti-de Sitter spacetime in d 4 1 dimensions. This
spacetime is an isometrically embedded submanifold of Mink,, defined by

d+1
—x%—x%#—inz:—lz (2.19)
i=2
where (xg, X1, . .., Xq41) are a standard Cartesian co-ordinate system on R?*!! and the radius
of curvature, /, is a positive constant which is related to the cosmological constant by
did—-1)
A=——_—". 2.20
o (2.20)
The metric in static co-ordinates is given by
2 , dr 242
ds* =V(r)dr — —— —r dwy_, (2.21)

V(r)

where V(r) = 1 + 2/

In order to formulate an appropriate analogue of the non-timelike boundary version of the
Penrose property, we begin with a result from [12]. Given p € OM, it will be useful to distin-
guish between the set of points in @M which can be reached by future pointing causal curves
from p which either remain on OM or which have only their endpoints on M. We define the
following sets

A(p) = {q € OM : 3 future directed causal curve y from p to ¢ such thaty\{p, ¢} Cint(M)}
B(p) = {q € OM : 3 future directed causal curve  from p to g such that v C OM}
(2.22)

where the interior of a set X, denoted int(X), is defined to be the union of all open subsets
of X.
We will also make use of the fact that the timelike future of a point is an open set, and hence

int(A(p)) = {g € OM : 3 future directed timelike curve v from p to g such that Y\{p, g} C int(M)}.
(2.23)

In order to define an appropriate boundary version of the Penrose property, the following
result will be useful.

Theorem 2.8 (Horowitz and Itzhaki [12]). A(p) = B(p) in anti-de Sitter spacetime in
d + 1 dimensions for any d > 2.

Proof. We write the metric in Poincaré co-ordinates
lz d—1
ds? = 2 (dt2 —dZ =y (dx’)2> (2.24)
’ i=1
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Figure 9. Diagram showing a portion of conformal anti-de Sitter spacetime with its
timelike boundary. The shaded region is the future lightcone of a point p on this bound-
ary. All future pointing null geodesics from p (including those restricted to the boundary)
have the same future endpoint at g.

where 0 < z < oo, with z = 0 corresponding to points on the conformal boundary. The dis-
advantage of these co-ordinates is that they only cover part of the spacetime (the ‘Poincaré
patch’). The advantage is that they show the AdS metric to be conformally flat. The conformally
compactified metric is

d—1
ds? = di* —dz =) (dx)’. (2.25)

i=1

Consider a null plane in the compactified spacetime. On this plane we can choose a sequence
of curves approaching the boundary so that, when we parameterize these curves by an affine
parameter 7, the sequence of functions z(7) — 0 uniformly. But from equation (2.25), this
means that 72 — Zl‘.’;ll (&")?> — 0 uniformly along this sequence (where - denotes differentiation
with respect to 7), and hence the limit curve on the boundary z = 0 is null.

This tells us that the intersection between the conformal boundary and a null plane in the
compactified spacetime is a null curve®. We conclude that A(p) = B(p). (|

The future null cone of a point p on the conformal boundary is shown in figure 9.
With this result in mind, we define a boundary version of the Penrose property in asymp-
totically AdS spacetimes as follows:

Definition 2.9 (Penrose property—timelike boundary version). Let (M, g) be an
asymptotically AdS spacetime with compactification (M, g). Then (M, g) satisfies the timelike
boundary version of the Penrose property if B(p) C int(A(p)) for any p € OM.

This definition is similar to the one used for asymptotically flat spacetimes in the following
sense. First note that it is not satisfied in AdS spacetime, however from theorem 2.8 we see that
it is ‘almost’ satisfied. Similarly, the non-timelike boundary version of the Penrose property
‘almost’ holds in Minkowski spacetime, where only antipodal points on Z~ and Z* lying suf-
ficiently close to i cannot be timelike connected. The only null curve between these points

3 This is in contrast with the intersection between a null plane and a timelike cylinder in Minkowski spacetime which
gives a spacelike curve.
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is the one lying entirely on the conformal boundary and passing through i°. This is shown in
figure 1. The non-timelike boundary version of the Penrose property for an asymptotically flat
spacetime (definition 1.5) asks whether the curvature of this spacetime allows us to do better
and connect such points (along with all other pairs of points on Z~ and ZT) using a timelike
curve through the interior of the spacetime. Similarly, our definition of the timelike boundary
version of the Penrose property asks if the curvature of the spacetime allows us to use timelike
curves through the interior to connect points which can only be connected by null curves on
the Minkowski conformal boundary*.

We stress that, as in the asymptotically flat case, this property is a property of spacetimes
near the conformal boundary. In particular, suppose we can find a timelike curve through the
interior spacetime from p to g, for some g € B(p). Then we can also find such a curve from p to
w for any w € B(g). This is done by smoothing the timelike curve from p to ¢ and the boundary
causal curve from ¢ to w in such a way as to get a timelike curve through the interior with
the same endpoints. But by choosing ¢ arbitrarily close to p, any timelike curve between them
must remain arbitrarily close to the boundary and its existence is determined by the asymptotic
properties of the metric. This is in contrast to the behaviour observed in the asymptotically de
Sitter case, where it was necessary to consider curves which leave the asymptotic region. As
a result, the non-timelike boundary version of the Penrose property in asymptotically de Sitter
spacetimes would appear to be more complicated than the same version in asymptotically flat
spacetimes or the timelike boundary version in asymptotically AdS spacetimes.

We now state the result of Gao and Wald which shows that the timelike boundary version
of the Penrose property fails in spacetimes which focus null geodesics entering the bulk.

Theorem 2.10 (Gao and Wald [11]). Let (M, g) be a spacetime with conformal compact-
ification (M, g) such that

(a) Every complete null geodesic in (M, g) contains a pair of conjugate points.’
(b) int(M) is strongly causal

(¢) Forany p,q € int(M), JT(p) NJ~(q) is compact

(d) OM is a timelike hypersurface in M.

Then OA(p) C B(p), so in particular the timelike boundary version of the Penrose property
fails.

Sketch of proof (Following [11]). We begin by showing that A(p) (p € OM) is open.
Suppose r € A(p) and let \ be a causal curve from p to r which otherwise does not intersect
OM. If \ is not a null geodesic then it can be deformed to become a timelike curve with the same
endpoints. If X is a null geodesic then it contains a pair of conjugate points (assumption 1)
and can be similarly deformed to a timelike curve without changing its endpoints. This shows
that r € I (p) and hence there exists a neighbourhood of r contained in A(p). We conclude
that A(p) is open.

Suppose p,q € OM and q € OA(p). This tells us that q & I (p), otherwise an open neigh-
bourhood of g would be contained in A(p). By taking the limit of a sequence of timelike curves
from p with endpoints approaching q (and using the fact that J*(p) N J~(q) is compact and M

#There is a subtlety here because asymptotically flat spacetimes with non-zero ADM mass will be singular at i°. For
this reason we would need to consider the conformal boundary as a spacetime in its own right on which the metric
is conformal to Minkowski. In this case a point can be inserted at i’ and we can connect antipodal points using null
curves through this point.

5To guarantee this, we could impose the null generic condition and the null energy condition, although this latter
condition could be replaced by the weaker averaged null energy condition due to Borde [5].

17



Class. Quantum Grav. 39 (2022) 115002 P Cameron

is timelike and strongly causal) we can construct a causal curve, vy, from p to q (see [11] for
details of this construction). Now if a segment of vy enters the interior of the spacetime, then
by the above argument this segment can be deformed if necessary to become timelike (without
changing its endpoints). As a result, the entire curve 7y can be deformed to give a timelike
curve from p to q. This is a contradiction, so we conclude that  lies entirely in OM and hence

q € B(p). ([

As explained in [11], theorem 2.10 says that null geodesics through spacetimes satisfying
the conditions of the theorem are ‘delayed’ relative to null geodesics in pure AdS. To make this
comparison we use null geodesics on the conformal boundary as a reference. This is actually
the same effect as is observed in positive mass asymptotically flat spacetimes and is the reason
that the non-timelike boundary version of the Penrose property can be shown to fail in higher
dimensional positive mass Schwarzschild (see [7, theorem 4.2] and the discussion in section 1).

From theorem 2.8, we immediately get the following analogue of theorem 4.5 in [15].

Theorem 2.11. Let (M, 3g) be the conformal compactification of an asymptotically anti-de
Sitter spacetime which satisfies the timelike boundary version of the Penrose property and let T
denote its conformal boundary at infinity. Then, given any p € OM, there is no compactification
of AdS spacetime which has I as its boundary and g < gags on some neighbourhood of p in
M.

Proof. Suppose such acompactification exists and let p € OM be a point with neighbourhood
U C M on which g < gags holds. Let ¢ € Bo(p). Since B(p) = By(p), there exists a curve A C
OM from p to g which is causal with respect to g. Since (M, g) satisfies the timelike version
of the Penrose property, given any p' € \ there exists a g-causal curve through the interior
spacetime from p to p/. By choosing p/ sufficiently close to p, this curve must lie entirely in
U. The condition g < gags implies that this curve is causal with respect to the metric gags.
We therefore have a piecewise gags-causal curve from p to ¢ which lies in the interior from
pto p' and on the boundary from p' to g. Since M is totally geodesic as a submanifold of
M, this curve is not a null geodesic, so can be smoothed to give a gags timelike curve from
p to g which lies entirely in the interior spacetime [17]. It follows that g € int(Ay(p)). We
conclude that By(p) C int(Ao(p)) and hence By(p) # Ag(p), since both of these sets are closed.
This contradicts theorem 2.8. (]

2.4. Schwarzschild-anti de Sitter spacetime

As an example and to consider the similarities with the results of both section 2.2 and of [7],
we consider the Schwarzschild—anti de Sitter spacetime. In d + 1 dimensions, the metric for
this spacetime is

d 2
ds? = V(NdP — —— — P dw?_,

V(';) (2.26)
VoY =1- 5+ ;—2

where we have once again introduced a mass parameter, 1, which is related to the mass of the
AdS ground state [20], m, by

16mm

Sl iy (2.27)

1
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Figure 10. Penrose diagram for the positive mass Schwarzschild—AdS spacetime. This
spacetime contains a spacelike singularity at » = 0, an event horizon at r = r; (Where
V(rp) = 0) and a timelike conformal boundary.

The Penrose diagram for the positive mass Schwarzschild—AdS spacetime is shown in
figure 10. This figure also shows how the finite version of the Penrose property can be seen to
fail in this spacetime.

Theorem 2.12. The Schwarzschild—AdS spacetime in d + 1 dimensions (d > 3) satisfies
the timelike boundary version of the Penrose property if and only if the mass parameter p < 0.

Note that the Schwarzschild—AdS spacetime does not satisfy the conditions of theorem
2.10 so is not covered by this result. In particular, if ;¢ < O then there is a naked singularity
and condition 3 is not satisfied. If ;z > 0 then the endless null geodesic along the horizon does
not contain any conjugate points (indeed the null generic conditions fails for this geodesic).
If 1 = 0 then any radial null geodesic has no conjugate points (once again the null generic
condition fails). This explains why theorem 2.8 does not contradict theorem 2.10.

Proof. We begin by considering the case where ;1 < 0 and we aim to show that B(p) C
int(A(p)). In this case V(r) > 0 for all » > 0, so the singularity at » = 0 is naked.

We first compactify the Schwarzschild—AdS metric using the same procedure as was used
in [7, section 4.2.1]. We define the tortoise co-ordinate, r,, by

dr
V(r)

dr
1+ ou¢ (2.28)
1+;é( +00™)

dr, =

— 1, =ltan ' (r/D) + O~ 7).

We see that all terms involving v are sub-leading, and in particular tend to 0 as r — oo.
From this it is clear that the co-ordinates used to compactify the Schwarzschild—AdS metric
(equation (2.26)) agree at r = oo with those used to compactify pure anti-de Sitter spacetime.
This allows us to use a spacetime comparison argument similar to those used in [7] and [10].°

In what follows we use the subscript 0 to denote pure AdS spacetime (i.e.
Schwarzschild—AdS with ;. = 0) with the same radius of curvature, /, as the Schwarzschild-

6 See footnote 5 in [7] for a discussion of why the agreement of compactified co-ordinates on the conformal boundary
is crucial for making spacetime comparisons such as the one used in this proof.
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AdS spacetime we are considering. We have

V(r) > Vo(r)

2 2
= ds° > ds; (2.29)

— ds* > Q—%ﬁz
QZ 0

where Q* and Q are the conformal compactification factors for the Schwarzschild—AdS and
pure AdS spacetimes respectively. These can be obtained using the same procedure as was used
in [7, section 4.2.1] to compactify the asymptotically flat Schwarzschild spacetime. Recall that
these factors are strictly positive on the interior spacetime and that the two metrics agree on the
boundary. As a result, the set B(p) is the same for both metrics. We denote this B(p) = By(p).

Now suppose p, g € OM and g € B(p). Then g € By(p) = Ao(p), so p and ¢q are connected
by a curve lying in the interior spacetime (other than its endpoints) which is causal with respect
to the compactified AdS metric. From inequality (2.29), we conclude that this curve is timelike
with respect to the compactified negative mass Schwarzschild—AdS metric. We conclude that
g € int(A(p)).

If 1+ > 0 then a similar argument shows that the timelike boundary version of the Penrose
property does not hold. Note that in this case the equation V(r) = 0 has exactly one positive
root corresponding to the event horizon. However, since we are interested in timelike connected
points on the conformal boundary, we can restrict attention to regions where r is large and
hence V(r) > 0 (see the comment in section 2.3 explaining why the timelike boundary version
of the Penrose property is a property of spacetimes near their timelike boundary). We find that
inequality (2.29) is reversed, so we have

ds®> < Q—g ds? (2.30)
QZ 0 .

Now suppose p, g € OM and g € OB(p). Suppose g € int(A(p)), so p and g are connected
by a curve through the interior spacetime which is timelike with respect to the compacti-
fied Schwarzschild—AdS metric. Inequality (2.30) implies that this curve is also timelike with
respect to the compactified AdS metric, so g € int(A¢(p)) and hence g € int(By(p)) by theorem
2.8. But recall the AdS and AdS—Schwarzschild metrics agree on the conformal boundary, so
int(By(p)) = int(B(p)) and hence g € int(B(p)). This is a contradiction. O

It turns out that the finite version of the Penrose property (definition 1.6) does not generalise
to an interesting property in asymptotically AdS spacetimes.

Theorem 2.13. For asymptotically anti-de Sitter spacetimes, the timelike boundary version
of the Penrose property is not equivalent to the finite version of the property which fails trivially.

Proof. Since the conformal boundary of an asymptotically AdS spacetime is timelike, we
can find two open sets on this boundary which are not timelike connected. We then choose two
causal curves (endless in the uncompactified spacetime) one with both endpoints in the first
of these open sets and the other with both endpoints in the second. Since the open sets are not
timelike connected it follows that neither are these two curves. This is illustrated in figure 11.

From theorems 2.8 and 2.12, we see that there are examples of asymptotically AdS space-
times which do and do not satisfy the timelike boundary version of the Penrose property, so
we conclude that this property is not equivalent to the finite version. (]
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Figure 11. This figure shows how in an asymptotically AdS spacetime we can choose
two timelike curves (endless in the uncompactified spacetime) with endpoints in open
sets on the timelike boundary which are not timelike connected.

Theorem 2.12 should be contrasted with the results obtained for the Schwarzschild—de Sit-
ter spacetime and for the 3 + 1 dimensional asymptotically flat Schwarzschild spacetime. This
is summarised by theorem B in section 1. It seems that for asymptotically AdS spacetimes, the
timelike boundary version of the Penrose property is a property of spacetimes which negative
mass. This agrees with theorem 2.10 which associates the failure of this property with space-
times which focus null geodesics, a property we associate with global positivity of mass via
the positive mass theorem.

If we regard the negative mass AdS—Schwarzschild spacetime as unphysical, then theorem
2.12 means that we are unable to use theorem 2.11 to rule out a ‘SO(d,2) covariant’
construction of quantum gravity defined with respect to a fixed background anti-de Sitter
spacetime.

3. Further examples of the Penrose property in asymptotically flat spacetimes

We now move on to consider some additional example spacetimes, each exhibiting a feature
which was not encountered in [7]. We will discuss the relevance of these features for the non-
timelike boundary version of the Penrose property (definition 1.5), which will be equivalent to
the finite version (definition 1.6) in each case.

3.1. Product spacetimes

In this section we consider spacetimes of the form (M, g) = (M’, g") x (M", "), where (M’, g')
is an asymptotically flat Lorentzian manifold and (M”, g") is a compact Riemannian manifold.
Before proceeding we must consider how to compactify such spacetimes. We can conformally
embed M into the warped product manifold M = M’ x oy M" endowed with the metric

g =0g=37 - Q%" (3.31)
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where g = g’ and we have omitted the embedding map for brevity’.
Since ' = 0 on OM’, the metric g degenerates to g on OM’ x M” and we have conical
singularities. For this reason, we define

oM = ((OM' Ui~ Uit) xM") [ ~

O (3.32)
= oM
where the equivalence relation ~ is defined by

(x,y1) ~ (x,y2) forany x € OM', y|,y, € M". (3.33)

We then define M := (int(M") x M") U OM and refer to (M, g) as the conformal compactifica-
tion of (M, g). The addition of OM causally completes M (endless causal curves in M have
endpoints on dM). Despite this, M is not a manifold with boundary, since M is not co-
dimension 1 in M. However, it still makes sense to consider the non-timelike boundary version
of the Penrose property for such product spacetimes, where the set M inherits the splitting of
OM' into ‘past’ and ‘future’ components, denoted Z~ and Z™ respectively.

Theorem 3.1. The product spacetime (M,g) = (M',g") x (M",g"), where (M',g') is an
asymptotically flat Lorentzian manifold and (M", g") is a compact Riemannian manifold, sat-
isfies the non-timelike boundary version of the Penrose property if and only if this property is
satisfied in (M', ).

Proof. First note that if we modify any timelike curve in (M, g) to have zero lengthin (M”,g")
while keeping its path in (M, g’) unchanged then this curve remains timelike. Moreover, if the
original curve had endpoints on OM, then since M” does not contribute to M, our modified
curve has the same endpoints as the original. By making such modifications and identifying
the resulting curve in (M, g) with a curve in (M’,g’) in the obvious manner, we see that the
non-timelike boundary version of the Penrose property in (M, ) is satisfied if and only if it is
satisfied in (M, g)). O

In fact, the finite version of the Penrose property in (M, g) is also equivalent to this same
property in (M’, ).

Theorem 3.2. The product spacetime (M,g) = (M',g") x (M",g"), where (M',g') is an
asymptotically flat Lorentzian manifold and (M",g") is a compact Riemannian manifold,
satisfies the finite version of the Penrose property if and only if this property is satisfied in
M, g").

Proof. Itis clear that if (M, g) satisfies the finite version of the Penrose property then so does
(M', g"): we simply project all timelike curves in (M, g) to curves in (M, g') which must also
be timelike.

Suppose (M, g') satisfies the finite version of the Penrose property and lety; = | x { and
Y2 = 74 X 74 be endless timelike curves in (M, g). Then there exists (¢, p’) € 71, (¢, 4") € 7,
such that p’ and ¢’ can be connected in (M’, g') by a timelike curve .

Define the curve v C M as follows. In M" we define it to follow the same path as ' from p/
to ¢’ and then the same path as 4} into the infinite future. In M”, we define this curve to have

7Recall that we are using the ‘mostly minus’ signature (4, —, ..., -).
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Figure 12. The Penrose diagram for the black string spacetime (shown here in the case
> 0) is the same as for Schwarzschild except each interior point now represents a
manifold which is topologically S~ x S' rather than $¢~".

zero length (so it consists of a single point). We then smooth [17] ~ to obtain a curve with past
endpoint at (p/, p’") which is timelike in (M, g) and whose future endpoint in the compactified
spacetime (M, g) agrees with that of 7,. Hence these curves have the same timelike past (recall
that M"” does not contribute to the boundary of M, so the paths of «y and 7y, in M" are irrelevant).
This means in particular that (p/, p”) lies in the timelike past of ~, and hence there must exist
a point w € =y, such that (p/, p”) lies in the timelike past of w, as required. O

We use theorems 3.1 and 3.2 to consider the example of the black string spacetime.

Example 3.3 (The black string). The finite black string metric, defined on (R*'\{0}) x
S', is given by [10]

d 2
ds® = —V(HdA + % 2 du? | +d2 (3.34)

where V(r) =1 — ,d”,z and the mass parameter, y, is related to the ADM mass, m, by

16mm

= m_ (3.35)

1

We also have z ~ z + L for some constant L € (0, c0).

The Penrose diagram for this spacetime (figure 12) is the same as the Penrose diagram
for Schwarzschild except each interior point now represents a manifold which is topologi-
cally $%7! x S! rather than S?~!. Note that endless null geodesics through M can now have

endpoints at timelike infinity. For example, the curve with r, ¢, 6, ..., 6, constant (where
¢,01,...,0,_» are the usual spherical polar co-ordinates on Sdfl) and % = +/V(r) is a null

geodesic with endpoints on i*. Note that the z co-ordinate along this null geodesic does not
approach a constant value in the infinite future or past.

Along with theorems A, 3.1 and 3.2 tell us that the two equivalent versions of the Penrose
property are satisfied by the finite black string spacetime according to the table below.
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Figure 13. The Ellis—Bronnikov wormhole consists of two asymptotically flat
‘universes’ separated by a ‘throat’. The wormhole is called ‘traversable’ because time-
like observers can pass through it from one universe to the other. This figure shows the
equatorial plane in a r = constant slice of the spacetime, embedded in 3D Euclidean
space.

Spacetime dimension of Schwarzschild part m >0 m <0

4 v X
>5 X X

It is straightforward to extend corollary 1.8 to instead refer to a background spacetime of
Minkg; x (M", g") (3.36)

where (M”, g") is a compact Riemannian manifold. Example 3.3 allows us to rule out a self-
consistent quantum gravity construction for d = 3 (butnot for d > 4) based on this background
spacetime.

3.2. Ellis—-Bronnikov wormhole

The Ellis—Bronnikov wormhole spacetime in (d + 1)-dimensions (d > 2) has metric
ds* = d* —dr* — (P + dHdwi (3.37)

where a > 0 is a constant.

In this spacetime, it is possible to extend r through the ‘throat’” at r = 0 and consider nega-
tive values of r. The constant a corresponds to the width of this throat. An illustration of this
spacetime is given in figure 13.

In order to consider the boundary ersion of the Penrose property it is necessary to compactify
this spacetime. We can do this using the same method as for Minkowski spacetime [7, section 3]
to obtain the conformally related metric

2
ds? =dT? —dy? — (1 + 6:—2> sin” x dw? ;. (3.38)
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I‘+

Figure 14. The Penrose diagram for the Ellis—Bronnikov wormhole spacetime. This
compactified spacetime consists of two copies of compactified Minkowski spacetime,
each corresponding to one of the two universes » < 0 and r > 0.

Note that we have r € (—o0, 00), so the range of x is x € [—m, 7] (for Minkowski we had
r € [0, 00) and hence x € [0, 7]). We also have T € [—7, 7] and |T| < 7 — |x/|. This means we
obtain a Penrose diagram which looks like two copies of the one obtained for Minkowski space-
time in [7], one for each of the two ‘‘universes’ r < 0 and r > 0. This is shown in figure 14,
where each point represents a manifold which is topologically a (d — 1)-sphere.

In this section (and in section 3.3) we will drop the distinction between the two versions of
the Penrose property since theorem 1.10 shows that they are equivalent. Of these two equivalent
formulations, it will be more convenient to work with the non-timelike boundary version.

The problem of timelike connecting points on Z~ and ZT can be split into two cases. The
first case consists of points which both lie in the same Universe, so either r = oo at both or
r = —oo at both. The second case consists of points in different universes, so one point is at
r = oo and the other is at r = —oo. We use subscripts 1 and 2 to denote the two universes r > 0
and r < 0O respectively.

We begin by dealing with the case where both points lie in the same Universe, which we
choose without loss of generality to be the one with » > 0. For a curve restricted to this Uni-
verse, we let R denote its impact parameter—the smallest value of r attained along the curve.
It will be helpful to make the following definition.

Definition 3.4. The fime of flight along a curve with endpoints is defined to be the difference
between the retarded time at its future endpoint, denoted u.., and the advanced time at its past
endpoint, denoted v.

Note that the time of flight along a curve need not be positive or finite (for example any
timelike curve with future endpoint at i would have infinite time of flight).

For the Ellis—Bronnikov wormhole we use the retarded and advanced time co-ordinates
u=t—|r| and v = 7 + |r| respectively.

Proposition 3.5. Letp € Z; and let g € Il+ be antipodal points such that any curve from
p to g would have zero time of flight. Then

I"p)NIL =I\ (T @nI). (3.39)

That is, the only points in Iﬁ which cannot be timelike connected to p are the antipodal points
where the time of flight would be <0.
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Proof. We begin by showing that, as their impact parameter R — oo, the future endpoints of
null geodesics from p tend to the antipodal point on the (d — 1)-sphere and their time of flight
tends to zero.

Solving the geodesic equations, we find that the change in the retarded time co-ordinate
u =t — r along a null geodesic with impact parameter R from the point where r = R to its
future endpoint at r = oo is

oo R2—|—a2 -1/2

Similarly, the change in the advanced time co-ordinate v = ¢ + r from the past endpoint to
the point where r = R is

0 R2 2\ —1/2
Voo — Vg = _/ [(1 - pzizz> — 1| dp. (3.41)
R
Hence the time of flight along this null geodesic is
oo R2 2N\ —1/2
uoc—voc=2/ <l—i) —1
R p?+a?
00 2/p2 N\ /2
_ R / o LHd /RN
I x>+ a*/R?

_ 2af()
b

dp + ug — vg

dx — 2R (3.42)

where we have made the substitution x = p/R and defined b =a/R and f(b) =
1/2
ff)o (x2+b2) —1|dx—1.

x2—1
Now f(0) = 0, so we can use I’Hopital’s rule to determine the limit of u,, — v, as b — 0
(i.e. as R — o0). We have

. _ o /
ngg(uoo Vo) Ill—r}()l 2af'(b)

. 1im2ab/ (2= 1) (2 + ) (3.43)
b—0 1
—0
since
/ (2= 1) ldx = g (3.44)
1

We also need to check the angular change along a null geodesic with endpoints on Z~ and
Z+. We choose co-ordinates so that our null geodesic lies in the equatorial plane. Then
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% B (R2 +a2)l/2
dr (r2 _R2)l/2(r2 —|—a2)‘/2

— A¢ —_ 2(R2 +a2)1/2/ (rz _RZ)—I/Z(rZ +a2)—l/2dr
R (3.45)

> ZR/ ' = R V2dr
R
= T.

We conclude that p € Z;” can be connected to any point g € Z;” where the time of flight is
strictly positive using the following construction (illustrated in figure 15).

Choose co-ordinates such that p and ¢ lie in the equatorial plane. By the above result, we
can choose a null geodesic from p (lying in the equatorial plane) with sufficiently large impact
parameter to ensure that it reaches Z;" at an earlier retarded time than g. We follow this null
geodesic until we have reached the ¢ co-ordinate of ¢ (reversing the angular momentum if
necessary so that the required change in || is at most 7) before switching to an outgoing
radial geodesic until we reach If’ and then another null geodesic up If’ until we reach gq.
This path can then be smoothed (without changing its endpoints) so that it becomes timelike
everywhere [17].

Next we consider points separated by a curve with non-positive time of flight. It is straight-
forward to see that antipodal points cannot be timelike connected by using a comparison
argument similar to those developed in [7]. Indeed, we note that we can bound the compactified
wormhole metric (equation (3.37)) from above by the compactified Minkowski metric (which
corresponds to setting @ = 0 in this metric)

dsz_p < dsygo- (3.46)

This tells us that if two points on Z; cannot be connected using a Minkowski timelike curve
then they cannot be connected using a curve which is timelike with respect to the worm-
hole metric either (since any such curve would necessarily be Minkowski timelike). From [7,
proposition 3.3], we conclude that in the wormhole spacetime, antipodal points separated by
curves with time of flight <0 cannot be timelike connected.

We now consider the case where p and ¢ are non-antipodal. We once again choose co-
ordinates so that these points lie in the equatorial plane.

For r > R, we have

2
a2 —dT? — dy? — (1 + ‘:—2> sin? y dgp?

a2 .
>d7? — dy® — (1 + ﬁ> sin” x d¢” (3.47)

d7? — dy? — sin® y d¢?

2

8Mink

_ 2\ 1/2 2
Where¢:¢<1+f§) € 10,m/1+ % |

From [7, proof of proposition 3.3], we see that given any R it is possible to connect any non-
antipodal points (i.e. points in the equatorial plane with A¢ < 7) using a Minkowski timelike
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Figure 15. This figure shows the construction of a timelike path with strictly positive
time of flight between p € 7, and g € II‘L. We follow a null geodesic in the same plane
as p and g which reaches Ifr at an earlier retarded time than ¢g. Once we reach the same
angular co-ordinate as g, we switch to an outgoing radial null geodesic until we reach
Iﬁ and then another radial null geodesic up Iﬁ until we reach g. We then smooth this
path (without changing its endpoints) so that it becomes timelike everywhere.

curve which remains at r > R. Suppose the ¢ co-ordinate of such a curve is given by the func-
tion ¢(7), where 7 is some affine parameter. The above inequality tells us that the same curve

_ /2
now with ¢ co-ordinate ¢(7) = @(7) (1 + ;—i) will be timelike with respect to the compact-

ified wormhole metric. This method allows us to timelike connect any points in the equatorial
plane whose angular difference is

s
Vit s

By choosing R sufficiently large, we conclude that all non-antipodal points can be timelike
connected. |

Ao < (3.48)

Next we consider points on Z~ and Z+ which lie in different universes. As in previous
constructions we will rely on null geodesics. We begin by asking which of these cross the
wormhole throat and which remain in one Universe.

Lemma 3.6. Let vy be a null geodesic in the equatorial plane with past endpoint p € I .
Then ~ crosses the wormhole throat of width a if and only if it has angular momentum h =
r* + az)q'ﬁ satisfying h* < a® (where - denotes differentiation with respect to 1). If h* = a® then
the geodesic has an endpoint at future timelike infinity but does not cross the wormhole.

This is illustrated in figures 16 and 17 where paths are shown in the equatorial plane in a
t = constant slice of the spacetime.

Proof. The equation of motion in the radial direction (parametrised by 1) is

h2
2t (3.49)

= P >n -4

=1
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Figure 16. The dashed line shows a null geodesic with zero angular momentum (h =
0) which passes through the throat. The case 0 < h < a is shown as a solid line. This
geodesic passes through the throat and intersects Iz+ .

Figure 17. The solid line shows a null geodesic with angular momentum 4 = a. This
geodesic asymptotes towards the throat at » = 0 and has an endpoint at future timelike
infinity i™. The case h > a is shown as a dashed line. This geodesic does not pass through
the throat and has future endpoint on Z;".

So we see that if h* > a2, then the geodesic does not cross the wormhole throat at r = 0 and is
restricted to the r > 0 Universe. If k> = a? then i — 0 as » — 0. The retarded time co-ordinate
diverges along this geodesic, so it has an endpoint at future timelike infinity i*. If h* < a2,
then we have i # 0 and the geodesic passes through r = 0 and has future endpoint on Z,". [J
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We are now in a position to consider exactly which points in Z;” and Z," can be timelike
connected.

Proposition 3.7. Let p € Z; and q € Z," and choose co-ordinates such that these points
lie in the equatorial plane with ¢ = 0 at p and ¢ = ¢, at q. Let ug,y denote the value of the
retarded time co-ordinate u = t — |r| at the future endpoint of a null geodesic from p in the
equatorial plane with angular momentum h = (r> + az)q'ﬁ (where - denotes differentiation with
respect to t).

e Suppose q has retarded time less than or equal to u). Then p cannot be timelike connected
to gq.

e Suppose u > uqy at q. Then p can be timelike connected to q if and only if ¢, €
[—%QK (%‘L) , %QK (}—:})}, where K (k) denotes the complete elliptic integral of the first

kind® and h, denotes the angular momentum of a null geodesic from p to q.

Proof. By [7, lemma 3.1], in order to timelike connect p and g it suffices to consider only
curves which lie in the equatorial plane.

By inspection of the Penrose diagram (figure 18) and consideration of a radial null geodesic
(i.e. a null geodesic with & = 0), we can see immediately that no points on Z,” with u co-
ordinate u < u( can be reached by a timelike curve from p.

Now consider ¢ € Z,” with u co-ordinate >u(, and assume without loss of generality that
the ¢ co-ordinate of ¢ is ¢q € [0, 7] (otherwise reverse the sign of /& in what follows).

Once again consider a null geodesic from p lying in the equatorial plane. Suppose this
geodesic has angular momentum /4 € (0, a) and hence, by lemma 3.6, crosses the wormhole
throat. The change in the ¢ co-ordinate along this geodesic, denoted A¢, is given by

& hdr
Ad= /—oc (r? —|—a2)l/2(r2 +a? _h2)1/2

(),
a a

So A¢ is a strictly increasing continuous function of Z forO0 < h<a, withAp=0ath=0
and A¢ —ooash—a.
The change in the retarded time co-ordinate u along this geodesic, denoted Au, is given by

e} h2

So Au is an increasing continuous function of /4 for 0 < h < a, with Au=0 at h =0 and
Au — oo as h — a. This tells us in particular that u) is equal to the u co-ordinate of p.
Since u > u ) at g, using equation (3.51) we can use the inverse function theorem to write

(3.50)

this u co-ordinate as U(hy) for some unique /1, € (0,a). If 0 < ¢, < %QK (%‘L), then we can
reach the point ¢ with a timelike curve from p as follows:

8 The complete elliptic integral of the first kind is defined as K (k) = J; Y& for|k| <1
i ) U Ja—2)a-122) ’
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Figure 18. The dotted line shows a radial (i.e. 4 = 0) null geodesic from p passing
through the wormhole throat and finishing at u co-ordinate u). The point p € Z,” cannot
be timelike connected to any points across the wormhole on I2+ which have u < u). The
solid line shows a null geodesic from p with angular momentum #.. It reaches IZJr atu
co-ordinate u,) and the angular change along it is exactly 7. The point p can be timelike
connected to all points on Z," which have u > ug,,. For points with u) < u < ug,), the
result depends on the angular separation from p (see proposition 3.7).

e Follow the null geodesic from p in the equatorial plane with angular momentum /4, until
we reach ¢ = ¢, (which we do before reaching T, since Ag = %‘LK (%‘i) along the full
null geodesic).

e Complete the path to ¢ € Z,” with the timelike curve which follows the same path as the
null geodesic in the first step except with ¢ = 0.

This curve can then be smoothed to form a path from p to ¢ which is timelike everywhere
[17]. In particular, all points with u co-ordinate u,, > u,) can be reached by a timelike curve
from p, where h, is the unique value in (0, a) satisfying 2K (%) = .

Now suppose g has u co-ordinate ug,) € (@), Uu.)] and ¢ co-ordinate ¢, > %K (Z—")
Suppose that a timelike curve from p to g exists. Since the causal diamond J™(p) NJ (q)

(considered as a subset of the compactified spacetime) is non-empty, compact and strongly
causal, there exists a causal geodesic from p to ¢ [19, theorem 1]. If this geodesic were null

then the change in ¢ along it would be %‘LK (}—;@) (up to sign). The change in ¢ along a timelike

geodesic with the same endpoints would therefore be strictly less than %‘LK (}—'j) . We conclude
that there is no timelike curve between p and q.

3.3. Hayward metric

The Hayward spacetime describes a non-singular black hole. The metric in 3 4+ 1 dimensions
is
2

dr
dS2 = V(r)dt2 — W — 7’2 - dw%

, (3.52)

2mr

Vin=1-— "
") P +2lm
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where m is the ADM mass and / is a length-scale parameter. The metric has the same asymptotic
form as the Schwarzschild metric but there is no curvature singularity at » = 0. The construc-
tion used by Penrose in [15] (see also the proof of theorem 4.2 in [7]) shows that the Penrose
property is a property of spacetimes near i (i.e. at large r). We therefore expect the Penrose
property to be satisfied when m > 0 but not when m < 0 (as was the case for the Schwarzschild
metric).

Proposition 3.8. The Penrose property is satisfied in the 3 + 1 dimensional Hayward
spacetime when m > 0 but not when m < 0.

Proof. First note that the m = 0 case is Minkowski spacetime. This was shown in [15,
section 4] (also [7, theorem 2.6]) not to satisfy the Penrose property.

For the m # 0 cases, it will be necessary to compactify the Hayward spacetime. We define
the tortoise co-ordinate by
_dr

V(r) (3.53)
= r,=r+2mlog(r/2m — 1)+ O(r ).

dr,

Crucially, this co-ordinate contains the same logarithmic term as Schwarzschild in 3 + 1
dimensions. The higher order terms decay near i® and will not be important. In fact, it is straight-
forward to check that the proofs given in [7, sections 4.21 and 4.22] still hold and hence that
the Penrose property is satisfied when m > 0 but not when m < 0. (|

We comment at this point that if we allow our curves to cross event horizons then the two
versions of the Penrose property may no longer be equivalent. In particular, the Hayward metric
is an example of a spacetime which contains a horizon but no singularity. If this spacetime is
extended across r = 0 then it would seem plausible that we could find two endless timelike
curves, one of which crosses the event horizon and passes into this extension, which cannot be
timelike connected.

4. Conclusion

In order to rule out a formulation of quantum gravity based on a fixed background Minkowski
spacetime, Penrose showed in [15] that it was sufficient to find one physically relevant space-
time which satisfies the non-timelike boundary version of the Penrose property. For asymptot-
ically de Sitter spacetimes, the Schwarzschild—de Sitter black hole satisfies this property and
hence rules out a ‘SO(d + 1, 1) covariant’ construction of quantum gravity based on a back-
ground de Sitter spacetime. Note that unlike in the asymptotically flat case, such a construction
is ruled outin d + 1 dimensions for any d > 3. For asymptotically anti-de Sitter spacetimes we
can rule out a quantum gravity construction if we are able to find a physically relevant space-
time satisfying the timelike boundary version of the Penrose property (definition 2.9). However,
the spacetime we have found which satisfies this is the negative mass Schwarzschild—AdS
spacetime which we may regard as not being physically relevant. Furthermore, the theorem of
Gao and Wald (theorem 2.10) shows that this property fails for spacetimes which focus null
geodesics. These are spacetimes we would like to regard as physical since they are associated
with spacetimes containing positive energy densities. As a result, we are unable to rule out a
quantum gravity construction based on a fixed background anti-de Sitter spacetime.

We have also considered the Penrose property in product spacetimes which are composed
of a Lorentzian manifold and a compact Riemannian manifold. We found that both versions of
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the Penrose property were satisfied in this product spacetime if and only if they are satisfied
in the Lorentzian spacetime alone. This was perhaps surprising since considering a product
spacetime may appear to give a more restrictive condition. We are therefore able to rule out a
quantum gravity construction based on a fixed background spacetime consisting of the product
of Minkowski spacetime with any compact Riemannian manifold.

Finally, we considered the Penrose property in two examples of asymptotically flat space-
times highlighting properties which were not encountered in [7]. We showed how similar tech-
niques to those employed in [7] allowed us to treat these examples successfully. The wormhole
example showed that the Penrose property can be more complicated if we consider spacetimes
with more than one asymptotically flat end since (as for asymptotically de Sitter spacetimes)
we cannot simply rely on the asymptotic behaviour of the metric. The example of the Hayward
metric, a non-flat spacetime with no singularities, was straightforward and highlighted the fact
that the Penrose property is a property of neighbourhoods of spatial infinity and in particular
does not require the existence of curvature singularities.
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