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ABSTRACT

Mathematical study of long-range interactions in kinetic equations

Amélie Justine Loher

On the one hand, we are concerned with the dynamics of gas particles, captured by a
partial differential equation named after Ludwig Boltzmann. On the other hand, we study
the dynamics of charged particles, described through an equation derived by Lev Landau.
A solution of these equations encodes the density of gas or charged particles, respectively,
which at a given time are located at a certain point in space and travel at a certain velocity.
Both equations are written with a transport operator on the left hand side, which accounts
for the trajectories travelled by a particle in absence of any external forces. The right hand
side describes the fluctuations in velocity resulting from particle collisions. We investigate
when these equations derived from physical principles are rigorously justifiable.

We focus on long-range interactions, where there is a high frequency of interactions
at small deviation angle. These particle interactions induce fluctuations in velocity that
generate a Lévy process, which explains the regularisation effect that takes place. We

capture this regularisation effect on the behaviour of solutions in form of a priori estimates.

Boltzmann In the case of the Boltzmann equation, we assume the underlying potential
to be moderately soft, and we work in a conditional regime, where we assume that solutions
admit bounded mass, energy and entropy. In this regime, the Boltzmann equation can be
written as a transport operator and a non-local diffusion operator with rough coefficients
that are elliptic on average.

In the first part, we explain why solutions are Holder continuous. We derive the
Harnack inequalities for solutions to the Boltzmann equation, and we discuss Schauder
theory: the gain of regularity in Holder spaces from the coefficients onto the solution. In
particular, a bootstrapping argument permits to deduce that solutions to the Boltzmann
equation are smooth, provided that the associated macroscopic quantities such as mass,
energy and entropy are bounded. Therefore, if a singularity forms and the equation was to
blow up, we would observe this phenomenon on the level of physically relevant quantities.

Finally, we discuss how to obtain bounds on the asymptotic behaviour of the fundamental



solution associated to the equation. In short: we evolve around the study of local regularity
properties of solutions to non-local hypoelliptic equations.

In a second part, we discuss the behaviour of solutions on the boundary. To this end,
we introduce a suitable notion of solutions that is weak enough to be constructed in the
space-homogeneous case, and moreover, is able to treat physically reasonable boundary
assumptions. We show that these suitable weak solutions to the inhomogeneous non-cutoff
Boltzmann equation with moderately soft potentials generate any pointwise polynomial

velocity decay.

Landau Finally in the last part, we move away from hypoelliptic structures, but we
consider the most singular of all long-range interactions: we study the space-homogeneous
Landau equation with Coulomb interactions. We construct smooth solutions with initial
data in sub-critical Lebesgue spaces, first global in time but in a perturbative regime, then
local in time for large data. Then, building on the work of Guillen-Silvestre, we construct
global smooth solutions for rough, slowly decaying initial data in critical Lebesgue spaces,

and finally, we discuss how to treat the super-critical regime.
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NOTATION

We use the floor function |a] for a € R to denote the greatest integer k € Z such that
k < a. The positive part ay of a € R is denoted by a, = max{a,0} > 0. Correspondingly,
for the negative part a_ we write a_ = min{a,0} < 0. In particular, any a can be written
as a = a; +a_. We further use the abbreviation a < b for a,b € R if there exists a constant
C' > 0 such that a < Cb. Similarly, a 2 b denotes a > Cb for some C' > 0. Moreover, we
say that a <40, if @ < Cb where C'= C(d). Finally, a ~bif a < b and a 2 b.

We denote by B,(v) C R? a ball centred at v € R? with radius » > 0. The volume
of the unit sphere of R is denoted by wy_1. We use the Japanese bracket convention to
denote (v) := (1 + |v|*)2. We denote by 1,4 the d-vector of 1’s, by 04 the d-vector of 0’s,
by Idg the d x d identity matrix, and by O a zero block of arbitrary size.

We write 2 = (¢, z,v) for an element of R x R¢ x R?. In general, our domains Q C R**24
are cylinders in time, space and velocity. If we slice the cylinder in time, we denote it by
Q' C R, that is Q' = ({t} x R* x RY) N Q. We let n = 2s + 2d(s + 1) with s € (0,1)
denote the total dimension respecting the scaling of the equation.

For a given domain Q C R? and a given 0 < s < 1, we denote by H*(Q) the space that

is equipped with the semi-norm
2
11 :—// |f(v) fd(f;z| dw do.
ala |v—uw|

The space H*(Q2) is equipped with the norm || f| 12%(9) = || fl ?-{S(Q) + Hf”iz(g) . The space
HE(Q) € H*() is defined as the closure of the space of smooth functions in R? with
compact support contained in €2, where the closure is taken with respect to the H*(2)
norm. We denote the dual of HS(Q2) by H*(Q2) C H, *(Q).

Finally, the transport operator 7 along (¢,z,v) € R, x R? x R? is denoted by

T:z@t—i—v'vw.

The bilinear form associated to the non-local operator £ with a kernel K > 0 is given by

e(f.o) == [ £t = [ [ (#0) = f)gto)K @ w)dwdn. (1






CHAPTER 1

INTRODUCTION

1.1 Kinetic theory

1.1.1 Mesoscopic scale

According to Newton’s laws, in a system of interacting particles, the motion of each
particle is encoded by a Hamiltonian describing its location and velocity. The number of
particles in a physical entity is often intractable; and it turns out to be more useful to
apply Newton’s laws to the infinitesimal volume element, in which case one ends up with
hydrodynamic equations, such as Euler’s equations for non-viscous fluids or Navier-Stokes
equations for viscous fluids.

There is an intermediate regime between the microscopic description of the particle
trajectories, and the macroscopic description for the evolution of fluid-dynamical quantities:
at the so-called mesoscopic scale, the idea is to study the dynamics of the time-, space-, and
velocity-dependent density of all particles, [28, 156]. More precisely, from the Hamiltonian
system encoding the trajectories of all particles we extract the Liouville equation on the
joint probability density over the space and velocity domain. In a certain scaling limit,
known as the Boltzmann-Grad limit, where the number of all particles is sufficiently large,
and the volume of each particle sufficiently small, we end up with an equation capturing
the evolution of the probability density for a single particle, provided that we assume the
joint probability densities to decouple in the limit (molecular chaos).

At this intermediate level, we have on the one hand an equation that is more tractable
than the microscopic description. On the other hand, we keep more information than at
the macroscopic level, and the equations at the intermediate scale turn out to be richer in
structure than their fluid-dynamical limit. The dynamics of particles at this mesoscopic

scale is the content of kinetic theory.
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Newton’s laws on infinitesimal volume element

MESOSCOPIC SCALE:

MACROSCOPIC SCALE:

MICROSCOPIC SCALE: Boltzmann & Landau equation
Euler & Navier-Stokes equation

Hamiltonian system (Liouville equation on joint probability density)
solutions u = u(t, z) encode
trajectories of all particles solutions f = f(t,z,v) encode
velocity of fluid
w density of an arbitr{articli/
Boltzmann-Grad limit Hydrodynamical limit

(molecular chaos assumption)

Figure 1.1: Different scales at which we can describe particle dynamics. Further discussions on
these scales can be found in [19].

1.1.2 Particle interactions

The probability density of the gas is constant along particle paths that are determined by
Newton’s laws. In absence of any external forces, particles travel in straight lines. This
is described with a transport operator, which accounts for the temporal evolution and
the spatial movement, acting on the density f at time ¢ > 0 and at location z € R? with
velocity v € R%:

O f(t,z,v) +v-V,f(t,x,v) = 0.

Here 0, denotes the partial time derivative and V,, the spatial gradient. In order to account
for the interaction between particles, we have two options:

Either we model the interaction through a mean-field self-generated force acting on the
particles. This is the collision-less regime, introduced by Jeans in an astronomical context

[122], where typically the equations are of the form
O f(t,x,v) +v-Vuf(t,z,v) — V.,V (t,z) - V,f(t,z,v) =0, U(t,z) =V(x) =, p(t,x),

with interaction potential V' and local density p of the particles given by
plt,a) = [ F(t,z,v)dv.
R4

The non-linearity enters through the dependence of the force ¥ on the macroscopic quantity
p associated to the density f. One instance is the gravitational potential, studied by Jeans
[122]; another instance is Coulomb interactions, introduced by Vlasov [189]. In both cases

the potential is given by
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but in the former case, C' € R\ {0} depends on the gravitational constant and the point
mass, whereas in the latter case, C' € R\ {0} depends on the charge of the particles and
on the permeability of the medium. These are known as Vlasov-Poisson equations.

Alternatively, a binary interaction between particles is modelled as a collision operator,
which we denote by Q(f, f), so that the equation takes the form

Of(t,x,v) +v-Vof(t,z,v) =Qf, [)(t, x,v).

The collision operator ), which will be discussed in detail further below (1.3), is derived
from the conservation of energy and momentum of the underlying system subject to a

suitable interaction potential. Common interaction potentials are inverse power laws

C

V(z) veld—1,4o00; (1.1)
if v = d — 1, the underlying potential is a Coulomb interaction; in case that “v = 400",
we formally model the interaction of hard spheres.

The choice between these two approaches is driven by the interaction range. Long-range
interactions are better modelled by a mean-field; whereas interactions at a sufficiently
short range are described by a collisional model. In three dimensions, an interaction
based on a collision between particles can be shown to dominate the mean-field only if
v > 3; for v € [2,3), the collision term can be neglected with regard to the mean-field
[27]. The borderline case where v = 3 is called Manev interaction. On longer time scales,
binary collisions still play a non-negligible role even for v € [2,3]; they can be viewed as a
correction to the mean-field.

Later, Kac [124] and McKean [157] aimed to derive the spatially inhomogeneous
collisional model from a many-particle jump process by introducing a molecular chaos
assumption, which they prove to propagate under an ergodicity hypothesis; we refer the
reader to [162] and references therein.

In this thesis, we are concerned with the collisional model; even though some of the
results below do allow for an additional drift term, which could under suitable assumptions

account for the mean-field of collision-less models.

1.2 Boltzmann

The most fundamental collisional model is the Boltzmann equation discovered by Maxwell
in 1867 [156], which led Boltzmann to introduce a measure for the likelihood of a macrostate
in terms of microstates: the entropy [28]. He realised that if we observe a causality in the
macrostates then the entropy has to increase in proportion to the volume of the microstates.

The resulting Boltzmann equation describes the dynamics of a dilute gas from a statistical
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viewpoint, and is given by

O f(t,x,v)+v- -V, f(t,x,v) = Q(f, f) (t,z,v), (1.2)

where f: R x R? x R? — [0, 00) encodes the probability density of the gas particles, which
at any given time ¢ € R have location # € R? and velocity v € R%. Here and in the sequel,
we abuse notation by abbreviating f(v) = f(¢,z,v). The right hand side ) denotes the

Boltzmann collision operator, whose explicit form is given by

QRN = [ [ [ws) = ) f)] Blo— ol coso)dodu, (13

where
v — U,
cosf = .

g,

v = v,

and where v, v, are the post-, and w, w, the pre-collisional velocities, specifically,

vt |- vt v -

YT y 7 T 2

These velocities are solutions of the algebraic system corresponding to the conservation of
momentum and kinetic energy, parametrised by o € S¢~!. The rate of change in velocities
is captured in the cross-section B, which we discuss next.

B counts the frequencies of particle collisions for an underlying interaction potential.
Determining B involves solving Newton’s equations from the conservation of energy and
momentum dynamically. In case of inverse power-law potentials as in (1.1), it turns out
that the kinetic collision kernel, denoted by ®, decouples from the angular collision kernel,

b, so that the cross-section is of the form
B(|v — v.|, cos ) = ®(Jv — v.|)b(cos ). (1.4)

If “v = 400", which formally corresponds to the case of hard spheres, then ®(r) = r, and

b(cosf) = const. For v € [d — 1,+00), we find for the kinetic collision kernel

N A [ d 1>’

v—1 d—2’

and for the angular collision kernel, as 6 ~ 0,

1 d—1 d—1
blcosf) ~ T M T (0’ 2(d — 2)} '

We will see below that 2s determines the order of the equation. Notably, inverse power
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laws satisfy in any dimension

v+ 4s = 1.

In the case that v = d — 1 corresponding to Coulomb interactions the Boltzmann
kernel is ill-defined if d < 3: in two dimensions, we cannot make sense of the Boltzmann
kernel; in three dimensions, B is not integrable; but in higher dimensions, d > 4, B is
well-defined. In 1936, Landau derived a collision operator for charged particles [144] by
refining the computations of Maxwell in [156]; in particular, Landau’s collision operator
(see (1.40) below) is well-defined even for Coulomb interactions when v = d — 1. Formally,
it corresponds to the so called grazing collision limit of the Boltzmann operator, with the

highest frequency in collisions occurring at small deviation angle.

1.2.1 Potentials
We then distinguish
i. Hard potentials: v > 0,
ii. Maxwell molecules: v = 0,
iii. Moderately soft potentials: v < 0, and v + 2s > 0,
iv. Very soft potentials: v+ 2s < 0.

The potential determines the frequencies of interactions at a specific range.

1.2.2 Grad’s cutoff assumption

The angular collision kernel is integrable over the sphere only in case of hard spheres. In
all other cases, the collision kernel B in (1.4) is singular, and thus Grad [89] introduced

what is now known as Grad’s cutoff assumption:

/ . b(k-o)do < oc. (1.5)

This assumption is reasonable for hard spheres. For soft potentials the regularising
properties of the collision kernel are related to its singularity and since we aim to exploit
its smoothing properties, we do not cut off the singularity. The cutoff is not physical; in
fact it cuts off all long-range interactions. Past literature mainly assumed a cutoff, until
the collision kernel (1.3), tested against a solution and integrated over the velocity domain,
was related to the HS-norm in the non-cutoff case in [3]: they discovered the coercivity
of the collision operator. This was subsequently used to study the space-homogeneous

Boltzmann equation. But it was only with Silvestre’s work [177] that the non-cutoff kernel
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Figure 1.2: A collision of two particles with pre-collisional velocities w, w, that change their
velocities into v, vs, respectively. The longer the range of interaction, the smaller the deviation
angle.

was investigated from a completely different angle, without relying on Fourier analysis,
where the regularisation exploits the coercivity properties stemming from the boundedness
of certain macroscopic quantities associated to the equation, culminating in the work of
Imbert-Silvestre [118].

1.2.3 Long-range interactions

Each interaction is classified by its range: the longer the interaction range, the higher is
the proportion of collisions at small deviation angle (named grazing collisions). The most
extreme case where particles only interact upon contact is the model of hard spheres. This
is the shortest range interaction. As the interaction range becomes larger, the deviation
angle becomes smaller; which happens more frequently in soft potentials (i.e. v < 0). The
collision operator B counts the frequencies of each interaction, which explains why the
non-cutoff collision operator generates a Lévy process instead of a pure jump process.
We focus our attention on long-range interactions, and wish to exploit their smoothing

properties.

1.2.4 Summary

We summarise: in this thesis we are concerned with the non-cutoff Boltzmann collision

kernel for moderately soft potentials, which is given in (1.3), where

0 —(d—1)—2s
B(r,cos0) = r"b(cos ), b(cosl) ~pp |sin (5) ‘ : (1.6)

26



v

| hard spheres
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hard potentials {

Maxwell molecules

Landau

K Landau-Coulomb

—4 ‘ 2s
0 1 2

Figure 1.3: A summary of the parameters v defining the integrability in relative velocities,
and 2s € (0, 2] defining the angular integrability in the Boltzmann collision kernel, for inverse
power-law potentials (1.1) with v € [2,00], in d = 3. Power law forces satisfy v 4 4s = 1; these
are the only physical meaningful potentials. The range of parameters away from this line is
mathematical playground. (We credit Villani’s conference talk at the Festum Pi for a sketch of
this figure.)

with parameters v € (—3,1) and s € (0,1) if d = 3, and where

U — U, . 0 w — v
cos@::—|~a, sim(=):=— 0.

v — v, 2 :|w—v|‘

This implies that there exists constants C'y. such that
0<C_|0]"""7% < blcosh) < C, |62
More precisely, with no loss in generality, we can reformulate this as
b(cos ) = v — w| V72 u — 0, [T o — w, T b(cos 6), (1.7)

where b(cos#) is such that 0 < b_ < b(cosf) < b, for constants by > 0, see [177]. We
restrict our analysis to moderately soft potentials, which means we consider 0 < v+ 2s < 2
throughout this thesis, and moreover, we are interested in long-range interactions, which
occur when we do not cut off the singularity in the kernel at sufficiently small deviation

angles 6.
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1.3 Bird’s-eye view

This thesis continues parts of the recent programme [118] in kinetic theory to study
the regularisation effects of long-range interactions stemming from the singularity in the
collision kernel. Up to present, most works in the literature on the Boltzmann equation
were concerned with the equation under Grad’s cutoff assumption (1.5), since it was not
clear how to make sense of the singular kernel in (1.3). This assumption is physically
reasonable for hard spheres, in which case the interaction range is minimal and the particles
interact only upon contact, so that the effect of the singularity is negligible. When one is
interested in soft potentials, however, information is lost under Grad’s cutoff assumption:
all long-range interactions are lost. This is physically not justified. In [3] they discovered
the coercivity of the non-cutoff kernel. When the interaction range is longer, the deviation
angle is smaller, leading to the effect that the action on the velocity fluctuations in the
particles smooths out the density in the velocity variable. This is precisely what we aim
to study.

The first work in this direction originates in Luis Silvestre’s article [177], who quantified
the ellipticity of the kernel (1.3) for soft potentials without cutoff assumption in terms of
the boundedness of certain macroscopic quantities associated to the probability density
of the particles. To this end, Silvestre introduced the conditional regime, where these
macroscopic quantities, specifically the mass, energy, and entropy, respectively given for
some (t,z) € (0,7) x Q by

f(t,z,v)do, / f(t,x,v) ]v[Q dv, / f(t,z,v)log f(t, z,v) dv, (1.8)

are assumed to be bounded (see (1.20)). In this conditional regime, he deduced that
the solution itself is a-priori bounded; which in turn determined a notion of ellipticity
on the collision kernel (1.3). This was the starting point of his programme with Cyril
Imbert, where they deduce that any given solution of the Boltzmann equation submitted
to the macroscopic assumption is Holder continuous, satisfies Schauder estimates, and,
through a bootstrapping mechanism, is thus smooth [118]. Their results are crucially
based on the hydrodynamical bounds (stated below in (1.20)). The boundedness of the
solution to the Boltzmann equation implied by the conditional regime also permits to deal
with the non-linearity in the equation: the non-linearity is absorbed as the supremum
of the solution convolved with a velocity weight (and thus as the quantities from (1.8))
in the ellipticity constants. The non-linearity plays its role in the first step to quantify
the ellipticity, and in the last step to bootstrap the Schauder theory. But the core of
the regularity programme established by Imbert-Silvestre on the non-linear Boltzmann

equation is ultimately a linear theory on rough coefficients.
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It seems currently out of reach to relax the conditional regime (1.20) to a physically
justifiable assumption. There are settings where mass, energy and entropy defined in
(1.8) are naturally bounded, for instance in the space-homogeneous case, when the density
f = f(t,v) does not depend on the location x, since in this case, these quantities are
conserved by the equation. Yet it is a substantial physical simplification to restrict the
study to the space-homogeneous setting. In the space-inhomogeneous case, the macroscopic
assumption (see (1.20)) would be reasonable if one weakened it to hold for the L' norm
in the spatial variable z, since these quantities are conserved by (1.2), in contrast to the
quantities in (1.8) defined at any point z € RY. We don’t think there is any reason to
expect the existence of a global classical solution to the space-inhomogeneous Boltzmann
equation with moderately soft potentials that admits bounded mass, energy and entropy
pointwise in space x; could it be conceivable from a physical standpoint that a gas density
admits points in space, where the energy blows up? This is unclear to us; but the reason
why the programme established by Imbert-Silvestre [118] is interesting in any case can be
explained by its physical implications: if a solution to the space-inhomogeneous Boltzmann
equation forms a singularity in finite time, then this would be observable in the macroscopic
relevant quantities given in (1.8).

Our thesis connects to this regularity programme by providing constructive proof
methods where Imbert-Silvestre use non-quantitative arguments. We establish quantitative
methods to prove Holder continuity, Schauder estimates, and Harnack inequalities. We
further establish the strong Harnack inequality, not previously known, which states a
linear bound on the supremum of the solution in the past by the infimum in the future,
provided that the equation is satisfied in the whole velocity space; from which we deduce
the asymptotic behaviour of the fundamental solution to the linearised equation. These
are all interior reqularity results: we assume the equation to hold in some domain, within
which we demonstrate regularity properties away from the boundary. All our proofs are
constructive, and rely on the (average) divergence form of the equation. In this sense,
we extend Hilbert’s 19th problem to hypoelliptic equations, apart, of course, from the fact
that we need to assume existence of global solutions to the inhomogeneous model. We
refer to Section 1.5 for more details. We mention briefly, however, that hypoellipticity
- a concept introduced by Hormander [111] - refers to a property common in kinetic
collisional models, where the vector fields of the equation span the whole space: the
velocity gradient commuted with the transport operator produces the spatial gradient.
Hypoellipticity is responsible for the transfer of regularity gained in the velocity variable
onto the spatial variable, and thus the smoothing in kinetic models occurring from the
fluctuations in velocity impacts the spatial variable as well. This regularity transfer occurs
along trajectories built from the underlying vector fields in the equation: the velocity

gradient and the transport operator. The construction of these trajectories is explicit and
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it is thus a constructive approach to study the gain of regularity in hypoelliptic equations.
The first attempt in this direction was a work of Guerand-Mouhot for a second-order
hypoelliptic equation [99], where they follow the vector fields along a piecewise affine path.
We developed this approach for the non-local hypoelliptic case in [152], which we then
improved collaboratively in [10] by solving the control problem associated to the equation
that resulted in a smooth curve along which regularity can be transferred from the velocity
variable onto the spatial variable. This line of research, where the trajectorial structure of
hypoelliptic equations is exploited, is in our opinion the most interesting novelty in this
thesis, with potential for further developments.

In a second part (see Part II), we address another aspect of the regularity results in
Imbert-Silvestre (and of Part I below). These results hold merely for classical solutions.
If we are interested in bridging the gap from a-priori estimates to the construction of
solutions, then it would be desirable to work with a notion of solution that is sufficiently
weak to facilitate existence results. In the spirit of the weak solutions to the cutoff
Boltzmann equation constructed by DiPerna-Lions [68], we consider a non-linear change
of variables based on convex functionals. Together with Cyril Imbert, we introduced a
suitable notion of weak solutions that uses the integrability from the macroscopic bounds
(1.20) combined with an entropy production estimate. In the spatially homogeneous case,
these solutions are known to exist since the work of Villani on H-solutions [186]. In the
spatially inhomogeneous case, these solutions may be defined on bounded spatial domains
Q) C R? equipped with boundary conditions introduced by Maxwell [156]. We show that
suitable weak solutions of the Boltzmann equation with moderately soft potentials on
bounded space domains generate a decay at any polynomial rate in velocity at an explicit
temporal decay rate. To complete the regularity programme for weak solutions, it remains
an open problem to establish Hoélder continuity and Schauder estimates for our notion of
weak solutions.

Demonstrating estimates on objects that are not known to exist is precisely the content
of a-priori estimates. It is justified since such estimates are necessary to construct the
objects themselves, at least on a finite time horizon, typically through limiting procedures,
compactness arguments and fixed point theorems. The first two parts of the thesis are not
concerned with existence proofs, but merely focus on the regularity theory.

In Part III, we move to the particle interaction with the longest range: the Landau
equation. Collisions at small deviation angle are called grazing collisions; these produce a
regularisation effect, since the velocity fluctuations are not pure jump processes but the
particles’ velocities change according to a Lévy process. The Landau collision operator
can be obtained as the grazing collision limit of the Boltzmann operator, and it is thus
the interaction with the highest frequency in long-range interactions; in Figure 1.3 it is

represented by the right edge of the square. We are concerned with the physically most
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relevant case, which are Coulomb interactions. For the spatially homogeneous equation, we
construct global smooth solutions for general, rough initial data with arbitrarily slow decay.

This is a series of works with William Golding, Maria Gualdani, and Laurent Desuvillettes.

1.4 Carleman’s reformulation of Boltzmann

The Boltzmann equation is a kinetic integro-differential equation with a bounded, non-

negative source term. To see this, we split the collision operator () into two parts

Q(fvf):Ql(faf)+Q2(fvf)a

where

O1(f, f) = /Rd . fws) [f(w) = f(v)] B(Jv — 4], cos 8) do du,

and

Qutr. =1 ([ [ 1) = e Bo - v cost) doa, ).

Then, as shown in [177, Lemma 4.1], @)1 can be rewritten as

Quf. 1) = / F(t2w) — £t 2, 0) Kyt 2, 0, w) du,

R4

where the kernel K; implicitly depends on the solution f and is given by

Ky(v,w) = 241 |y — v|71 / f(v+w)B(r,cos §)r~2 duw'’
w’ Lw—v . (19)
=20 o [ ) o eost) du

w!' Lw—wv

w—(v—w) = w+(w-v)
w'—(v—w)|  fw'+(w=v)[?

v, = w + w'. The function b is bounded from above and below by positive constants, see

with 72 = |w —v|* + |w'|? ?

= |lv—u, ,cosﬁz‘ wy, = v+ w', and
(1.7). The proof is based on a change of variables to so-called Carleman coordinates [188] —
see also [177]. This reformulation parametrises the collision by choosing the pre-collisional
velocities as new variables. In this representation, (); is a non-local operator with a
non-negative kernel Ky; and the term (), is a non-negative source term due to cancellation

effects, which imply that (); writes as

Qult.1) =50 ([ 1= ) Blurhan')
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B(r) = /Sd1 ((1 _Qf‘ 6)%3 (&,cosﬂ) — B(r, cos@)) do > 0. (1.10)

Here e is any unit vector, and cosf = o - e. The cancellation lemma can for instance be
found in [177, Lemma 5.1] or [3, Lemma 1]. The idea is that near the singularity v, ~ wx,
so that f(v,) — f(w,) cancels the singularity; therefore Q2 becomes a bounded lower order

term (with respect to Q).

1.4.1 Integro-differential equation with non-negative source

One arrives at the integro-differential form of the Boltzmann equation with a non-negative

source term: if f solves (1.2), then

8tf<t7xvv)+v'vxf(t7x>v) :Ql(faf)+Q2(f7f)

1.11
:/ (f(t,x,w) —f(t,x,v))Kf(t,x,v,w) dw+ Asf(t, x,v), ( )
Rd
where K is given by (1.9), and Ay is determined by
A= /R Fo — ) B(jw']) dw’ > 0, (1.12)

with B defined in (1.10).
This shows that the Boltzmann equation can be reformulated as a non-linear kinetic

integro-differential equation of the form
Ouf(t,z,v) +v-Vuf(t,z,v) = Lf(t,x,v) +h(t,z,v), t€R, xR veR? (1.13)

where h = h(t,z,v) is a real measurable scalar field and where £ is defined by

Lf(t,z,v):= PV/ [f(t,x,w) — f(t,m,v)}K(t,x,v,w) dw, (1.14)

Rd

with a non-negative measurable kernel K : R x R% x R? x R? — [0, +00). Here, PV denotes
the Cauchy principal value, that is for any G : R — R,

PV/ G(w) dw = lim G(w) dw.
Rd

e—0 Rd\BE (0)

The coefficient K and the source h both depend on the solution itself, K = Ky, h = hy,
stressing the non-linear character of the equation. It turns out that in the kinetic theory

of gases, equation (1.13) captures the dynamics of uncharged particles. We aim to derive

32



properties on solutions to the Boltzmann equation for moderately soft potentials without

Grad’s cutoff assumption by studying the kinetic integro-differential equation given in
(1.13).

1.4.2 Integro-differential equation in divergence form on average

Another reformulation of the Boltzmann equation, which proves useful if we want to exploit
the divergence structure hidden in the operator, is the following. If we reconsider the term
()2, then a suitable change of variables (see [115, Lemma A.9]) together with (1.9) yields

Qs ) =1 ([ [ (w50 Bl — vl cost)dav.

= f(v) <2d_1 / / lw — v| ™" B(r, cos 0)r— 42
R Jw Lw—v

(1.15)
x (flv+w') = flw+u)) dw’dw)

= 1) ([ (st0.0) = Kyt aw)

Thus any solution of (1.2) satisfies

Ocf(t,x,v) +v-Vuf(t,z,v)
:/ (f(t,w,w)—f(t,x,v))Kf(t,x,v,w)dw
R4

+ f(t,z,v) (/Rd (K¢(t,z,v,w) — K¢(t,z,w,v)) dw)

1

1.16
= _/Rd (f(t,x,w) — f(t,x,v)) (Kf(taﬁ,v,w) +Kf(t,x,w,v)) dw ( )

2

+ % /Rd (f(t,.ilﬁ, w) + f(t’ x,U)) (Kf(tvxv v, w) - Kf(t,.T,’LU,U)) dw

:/ Lt 2, 0) K (b 2,0, w0) — F(b 2, 0) K S (£ 7w, 0)] duw.
]Rd

The strength of this reformulation (1.16) is to emphasise that on average, the Boltzmann
equation is an equation in divergence form: a non-local operator of the form (1.14) is deemed
to be in divergence form, if its kernel K is symmetric in the sense K(v,w) = K(w,v),
and it is in non-divergence form, if K (v,v + w) = K(v,v —w). This can be explained
by performing for any sufficiently smooth f,¢g : R? — R an “integration by parts”: if
K . R? x R? — R, enjoys the divergence-from symmetry, K™ (v,w) = K*™(w,v),
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then

[, [0 = sn &, wg(e) dwds
= [ () = @)K, gl dwds
=5 [ ] 00 = Hn o w)g(0) ~ ow) dude
= [ ] 0K @) o) = glw) du .

In particular, if we choose g = const, then

[ [ = fwprem . wgto) dwas —o

A kernel in non-divergence form cannot be “integrated by parts” in this way. The kernel
Ky in (1.16) does not satisfy the pointwise symmetry Ky(v,w) # K;(w,v), yet if we
integrate (1.16) over v € R%, the right hand side vanishes due to the unevenness of the
integrand. In other words: @); is not in divergence form, but () is. We say that Ky is in

divergence form on average.

1.5 Hilbert’s 19th problem

1.5.1 Divergence form

The reformulation of the Euler-Lagrange equations associated with a convex energy
minimising functional into a uniformly elliptic divergence-form differential equation proved
to be a key step in De Giorgi’s and Nash’s solution to Hilbert’s nineteenth problem. Hilbert
observed the existence of elliptic partial differential equations arising as Euler-Lagrange
equations of convex energy functionals that admit only analytic solutions [109]. The
content of Hilbert’s nineteenth problem was to understand whether the analyticity of
solutions to elliptic partial differential equations is a general principle: are minimisers of

smooth convex energy functionals always analytic?

1.5.2 Elliptic equations

The study of the behaviour of solutions to partial differential equations is a field known
as reqularity theory. To derive local interior regularity properties of given solutions, the
idea is to zoom in onto small scales, so as to capture information on the solutions at small

scales. In the context of Euler-Lagrange equations, the ellipticity stems from the convexity
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of the functional that gives rise to an energy of the form

E(g) = /QF(Vyg) do,

where F is a smooth function F': R? — R, Q C R? an open convex bounded subset, and a
local minimiser g € H'(Q) of £ over H'(f2) satisfies

E(g) <E(g+ )

for any ¢ € C°(2). In particular, assuming that D*F(p) < AT for fixed A > 0, and any

p € R, one can show that any g € H'(Q) that is a local minimiser of £ satisfies
-V, - (DF(V,q)) =0, v e (1.17)

To see this, let € > 0 and ¢ € C°(2). Then

/F(va—l—svvcp)dvz/F(va)dv.
O

Q

By Taylor-expanding F', we find for any ¢ > 0

/DF(va) - Vypdo > —EA/ Vo) do,
0 Q

which implies

/ DF(V,g) - Vypdv > 0.
Q

Upon replacing ¢ by —¢, we deduce
/ DF(V,g) - Vy,pdv <0,
Q

so that ¢ is a weak solution to (1.17).
Upon expanding the divergence in (1.17), we see that g satisfies for i,7 =1,...,d

—(05F)(Vog) : 05,0,,9 =0, (1.18)

provided that g is sufficiently regular. One instance of such an equation that was of interest

to the community at the beginning of the 20th century was the minimal surface equation,

v,
v, (Y ),

1+ |V,
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which was the associated Euler-Lagrange equation of the area functional

£(g) = / V141V, do.

It was known that solutions are C°°°. An easier example is the Laplace equation,
Vfu ’ (va ) - 07

whose associated operator is the Dirichlet functional

E(g) = / Vg2 do.

Solutions are known to be analytic as a result of the theory of harmonic functions. Hilbert
raised the question if it was a general principle that equations arising as Euler-Lagrange
formulations of smooth convex energy minimising functionals admit analytic solutions.
This became Hilbert’s 19th problem.

In 1904, Bernstein [25] showed that any smooth solution is analytic. Then, in 1934,
Schauder was able to construct a theory which transferred regularity in Holder spaces
from the coefficients onto the solution [176]: if for some a > 0 we know V,g € C}. so
that (03F)(V.g) € Cf,, then g € C}t*. This argument can be bootstrapped to yield

smooth solutions g € C7X.. The only missing piece to Hilbert’s 19th problem was thus to

loc*
bridge the gap between Lebesgue integrability and Holder continuity. De Giorgi and Nash
independently resolved this question in 1956 [56, 168|.

The first step was the reformulation of (1.17) into a divergence form equation with
rough coefficients: to this end we differentiate (1.17) with respect to v; for all 1 <i <d,
which yields

—V, - (az]F(vvg)vvf) =0,

where f = 0,,¢9. Thus we arrive at
_vv ’ (A(U)vvf(v)) - 07 (119)

with A = 81-2]-17 (V,g). This is now a linear second order partial differential equation in
divergence form with rough coefficients for solutions depending only on one variable v € R
The diffusion coefficients A are assumed to be measurable as a means to deal with the
non-linearity. We expect Sobolev- and Hoélder-regularity of f under the hypothesis that A
is bounded and elliptic: we assume there is 0 < A < A such that

M < Aw) <AI, Vv eRY
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which translates into a uniform convexity assumption on F.
De Giorgi’s approach further splits into two steps, now known as first and second De

Giorgi Lemma. We can diagrammatically summarise these ideas:

iven f € L* solving (1.19 » f e L™ > feCp

& f & ( ) 1st De Giorgi Lemma f 2nd De Giorgi Lemma f loc
— 3 Ac 0¥ — g solving (1.18) is in C*** —— 9, g = f € C1T
Definition of A ¢ S hauder. 7 g (1.18) o) 009 ] € Cloc

L AeCMY L feCEe 5 fe(C — . f analytic.

Definition of A loc Schauder loc bootstrap Bernstein

1.5.3 Hypoelliptic equations

In this thesis, we discuss an extension of Hilbert’s 19th problem to non-linear kinetic
integro-differential equations that naturally arise in physics. We aim to adapt theories
that lead to the solution of Hilbert’s 19th problem to equations of the form (1.13):

e this is an equation of fractional order 2s € (0, 2),
e it is kinetic, which means that solutions depend on time, space and velocity;

e it is degenerate, since the smoothing operator Lf acts merely in velocity (a property

that is common in kinetic equations);

e it is hypoelliptic, since the vector fields in the equation span the whole space, or in
other words, the commutator of the transport operator 7 with the velocity gradient

V., recovers the lost direction V,.

This last property nourishes our hope to transfer regularity gained in velocity through £
onto the spatial variable. The degeneracy and the non-locality of (1.13) are the reasons

why the study of this equation is at the same time interesting and difficult. In general,

e the equation is even non-linear, due to the dependence of the coefficients and the

source on the solution itself;

however, we treat the non-linearity as a rough linearity.

For this class of equations, we establish a quantitative analogue of De Giorgi’s theory.
We then develop a constructive approach to Schauder estimates. Combined with previous
results, we can deduce that a given solution in a physically meaningful regime is smooth.
Finally, we demonstrate a Harnack inequality, that is a linear bound on the supremum in
the past by the infimum in the future. This proves to be sufficiently strong in order to
deduce information on the fundamental solution of (1.13). All these results are proved

constructively: the proof methods are quantitative.
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1.6 Ellipticity of collision kernels

1.6.1 Conditional regime

In either formulation, (1.11) and (1.16), we see that the coefficients Ky in (1.9) and
Af in (1.12) depend on the solution, inducing the non-linear character of the equation.
Without any further assumptions on the solution itself, it seems out of reach to treat the
non-linearity in the equation. In order to make quantitative statements on the coefficients,
we work in a conditional regime that was introduced in [177]. We assume throughout this
thesis that the solutions we consider satisfy the following bounds on certain hydrodynamical
quantitites: for any ¢ € (0,7") and any z in the relevant domain (either a bounded subset

r € Q CRY or fis periodic in z), there exists mq, My, Ey, Hy, such that

0<mgy< flt,z,v)dv < My,
R4

f(t,z, ) |v]* dv < Ey, (1.20)
Rd

ft,x,v)log f(t,x,v)dv < Hy.
Rd
In other words, the mass is lower bounded and the mass, the energy, the entropy are upper
bounded. Silvestre showed [177, Theorem 1.2], that for solutions in this regime there is a

constant Cy > 0 depending only on 7, s, d, mg, My, FEy, Hy such that

|1l i, < Co.

This conditional a-priori bound on the solution enables us to quantify an ellipticity class
on the coefficients Ky and Ay, where the non-linearity is treated by absorbing it in the
macroscopic quantities [177].

The assumption (1.20) is naturally satisfied in the spatially homogeneous case where
f = f(t,v) is independent of x. But to assume (1.20) to be satisfied for any point x in
space is not guaranteed by natural a-priori bounds from physics: these quantities are
not conserved by the space-inhomogeneous equation. It is still interesting to study this
conditional regime: using (1.20) to derive smoothness properties of the density f means
that a singularity contradicting the conditional regularity of f would be observable in a
violation of (1.20).

1.6.2 Ellipticity class of the non-local kernel K

The regularity of integro-differential equations relies on the conditions that are assumed on

the kernel of the non-local operator (1.14). A widely studied non-local diffusion operator
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is the fractional Laplacian (see (2.2) below, and [64] for a recent review). Based on this,
a commonly used assumption is that the kernel is pointwisely bounded from above and
below by the kernel of the fractional Laplacian, and satisfies the pointwise symmetry
assumptions, K (v,w) = K(w,v) and K(v,v +w) = K(v,v — w), [54, 133, 134]. More
general assumptions are discussed in [74, 127, 128].

In the case of kinetic equations, the ellipticity class of the kernel is guided by the kernel
featured in the Boltzmann equation. Under the assumption (1.20), we find that the kernel
Ky in (1.9) enjoys a certain notion of ellipticity that we outline below in (1.22)-(1.30).

Even though the kernel depends in general on time and space we will often omit to
write out this dependency for the sake of brevity. Let s € (0,1), let ¢ € H*(R?) and let
Q) C R x RY For any (t,7) € Ry x Q, under the assumption that (1.20) is satisfied, we
can show that there exists cg, Ag, Ao, 1o > 0 depending on ~, s, d, mg, My, Ey, Hy such that
Ky given in (1.9) and Ay given in (1.12) satisfy the statements described in the following

subsections:

1.6.2.1 Cancellation

For (t,x) € [0,T] x Q, we have the cancellation lemma (see [3]):

Vv € R?: / (Kf(v,0") — K (v',0)) dv' = cb/ f(vi) v =" du,, (1.21)
Rd R4

with ~ from (1.6) and

dty

272
Cb:/ —d+“/—1 b(O"G)dO’>O,
si-1 ([ (140-€) 2

for any e € S*!. This implies that A; given in (1.12) is non-negative, and satisfies
0 <Ay < Ag(v). (1.22)

1.6.2.2 Coercivity

Under the condition (1.20), we know that for any fixed (¢,z) € [0,T] x € there exists a
set Z(v) C R? for every v € R? such that Z(v) is a symmetric cone, and such that for

v — v € Z(v) we have
K p(0,0) > Aofo) ™25+ o — /|2, (1.23)

with X\g = \o(d, mg, My, Ey, Hy) > 0. Moreover, the Lebesgue measure of the cone in S?~*
is lower bounded:
1Z2(v) N ST > colv) ™, (1.24)
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Z is contained in a band

of width at most ICTUI

Figure 1.4: An illustration of the coercivity cone exhibited by Silvestre [177]. Due to the
macroscopic assumption (1.20), the solution f is strictly positive in a set of strict positive measure,
which is used to construct the non-degeneracy cone Z(v). The figure is inspired from [177].

for some positive constant ¢y = co(d, mg, My, Eo, Hy). The set Z(v) is called the cone of
non-degeneracy of K(v,v’).

We can ensure that the following estimate holds,
|Z(v) N {B3\ Ba}| > co(v) ™, (1.25)

where B, is a ball around the origin of radius » > 0. Thus, on average, we have a coercivity

estimate:

//}Rded (p(v) = ()" Ky (v,0) do’ dv > Ao //RdXRd |90v /|d(+25)|2 wdv.  (126)

1.6.2.3 Upper bound

For (¢t,z) € [0,T] x Q there exists a postive constant Ay depending on mg, My, Fo, Hy, d
such that for any ¢ € H*(R?)

Vv € R Vr > 0, - )Kf(v,v’) W — o]? dv’ < Ag(u) 222, (1.27)

where B, (v) is the ball centred at v € R? with radius r.
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1.6.2.4 Symmetry

Third, we discuss the symmetry of the kernel. Note that the kernel K given in (1.9)
satisfies a pointwise symmetry of the form K¢(v,v + w) = K¢(v,v — w). This symmetry
assumption gives rise to a non-local operator in non-divergence form. However, the kernel

does not satisfy a pointwise divergence form symmetry:
K(v,0) # K(w,v), (1.28)

for which the local analogue would be an operator in divergence form. This implies that
the non-local operator (1.14) with kernel K is not necessarily self-adjoint in L?. As a
consequence of the cancellation (1.21), it does, however, satisfy a weak divergence form

symmetry:

Vv € R? < Ag{v)7t, (1.29)

PV/Rd (K¢(v,w) — Ky(w,v)) dw

and if s > % we have for all » > 0

Vv € R? < Agr' %, (1.30)

PV /BT(U)(U —w) (K (v,w) — K¢(w,v)) dw

These conditions mean that the anti-symmetric part is not singular.

1.6.2.5 Remarks

We remark that the coercivity (1.26) together with the weak divergence-form property
(1.29) imply for p € H*(R?)

Ao /Rd /Rd |90|(2]U)__w9‘0d$§3|2 dv dw S/Rd /Rd (¢(v) = p(w)) Ky (v, w)p(v) dw dv

(1.31)
+ 80 ()" 1@l Z2ga) -
Moreover the upper bound (1.27) is equivalent to
Vo € R Vr > 0 / Ki(v,w)dw < Ag(v) 25725
BQT(”)\BT(U) (132)

Yw € REVr > 0 / K (v, w) dv < Ag(w) 72592,
Bay (w)\ By (w)

We also note that (1.30) holds for s € (0, 3) as a consequence of (1.29) and (1.27).
The coercivity (1.26) and the upper bound (1.32) are inspired from the work by Imbert-
Mouhot-Silvestre on the regularity of solutions of the non-cutoff Boltzmann equation

conditional to the macroscopic bounds in (1.20), see [115-118, 120, 177]. The assumptions
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(1.21)-(1.30) are satisfied for any solution f of (1.2) in (0,7) x R% x R¢, such that (1.20)
holds. For the justifications, we refer the reader to [177, Lemma 5.1] for (1.21), to [177,
Lemma 4.8] for (1.23), to [46, Theorem 1.2 or [115, Lemma A.6] for (1.26), to [115, Lemma
3.5, Lemma 3.6, Lemma 3.7] for (1.27), (1.29) and (1.30), respectively; to [115, Proposition
3.3, Lemma 3.4, Lemma 3.5] for (1.31) and (1.32).

Finally we remark that in Part I, since we are merely concerned with interior local
regularity results, we will not in general need to take care of the velocity dependence in
the assumptions above. We will, however, take these into account in Part II, when we

derive decay estimates for weak solutions.

1.7 Weak solutions

1.7.1 Invariances

Here we introduce the kinetic cylinders that provide the domain of solutions to (1.13). Let
f solve (1.13). Then for r € [0, 1] the scaled function f,.(¢,z,v) = f(r*t,r'**z,rv) can
be seen to satisfy

Oty +v-Vafy = Lofy+ I,

where £, is the non-local integro-differential operator associated to the scaled kernel
K, (t, 2, v,w) = r 2 K (r*t, v 722, ro, rw),
and the source term is scaled as
he(t, 2, v) = r**h(r®t, vz, rv).
For r € [0, 1] the scaled kernel K, satisfies (1.22)-(1.30). Moreover,

2s
||h7“||L°°(Q1) <r HhHLOO(Ql) < ”h”Lm(Ql)'

Furthermore, the equation is invariant under Galilean transformations, which, we recall,
are given by 2z — zg0 2z = (tg +t, 29 + 1 + tvg, vo + v) With 25 = (to, zo, vo) € R2L If f is

a solution of (1.13) then its Galilean transformation f, (z) = f(zo o 2) solves
Ofe + 0 Vafa = Loy fao + Iz,
where L, is the non-local integro-differential operator associated to the translated kernel

K. (t,z,v,w) = K(29 0 z,u0 + w),
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Figure 1.5: An illustration of the kinetic cylinders defined above for r > 0.

and with source
ha(t,x,v) = h(zg 0 2).

Again the modified kernel K, satisfies (1.22)-(1.30) provided that K does, and h,, is
bounded provided that A is.

In view of these invariances we define kinetic cylinders
Qr(20) = {(t,x,v) : —=r* <t — 15 <0, ]v —vo| <1, |z — 20 — (t — to)vo| < r' T},

for r > 0 and zy = (to, 79, v0) € R1*24 see Figure 1.5. For later reference, we also introduce
the cylinder shifted to the past

Q- (z0) = Q. (zo — (2%, 2r% vy, 0)),
so that in particular for zp =0
Q. = Q. (=2r%,0,0) = (—3r*, —2r**] X B,as2s X B,.
Similarly the cylinder shifted to the future is denoted as
Qf (20) :== Q. (zo + (22, 2r* vy, O))

Finally, if we merely use the space and velocity domain of a cylinder, we denote it as
Q' := Bi+2s X B, where t € Z for some specified interval Z C R.

43



1.7.2 Notion of solutions

In Part I, we work with a notion of solution that requires sufficient integrability so that

the differential operators in (1.2) are weakly defined.

Definition 1.1 (Weak solutions). Let 0 < s < 1. Assume 0 < K satisfies (1.26)-(1.30) and
for R > 0, let T := (to,t;) for tg < t; and T x Q) = ( — (%)25,0) X B(%s)l“s and Q, C R4,
We say that f: (tg, 1) X €, x R? — R is a solution of (1.13)-(1.14) in (to, 1) x Q, x €,
for a source h € L*((to, t1) x Qp X Q) if
L. f e C%T,L*(Qy x Q) N LAZ x Q, LR\ Q,) + H*(R?)), where we equip
L=(R*\ Q,) + H*(R?) with the norm

1] oo (e, )4 225 ety = 1nf {HleLoo(Rd\Q,,) + [ foll gsgay s f=fi+ fos f1=0in Qv} -

2. Tfe€ LT x Q, H*()),

3. for all non-negative ¢ € L*(Z x Q,, H*(R?)) such that for every ¢,z the support of

©(t,x,-) is compactly contained in €, if Q, C R? we have

/ (TF)eds+ / / £(f. ) du di / hodz < 0.
(t0,t1) X Qe X Qo (to,t1) /' (to,t1) X Qe Xy

A function f is a super-solution of (1.13)-(1.14) in Z x Q, x Q, if —f is a sub-solution in

T x Q, x Q,. It is a solution if it is a sub- and super-solution.

For given solutions in this sense we derive three different types of Harnack inequalities,
we derive Holder continuity, we establish a Schauder theory, and we show bounds on
the fundamental solution of the linearised equation. It is currently out of reach to prove
existence of such solutions globally in time, since we work in the conditional regime where
(1.20) is assumed. But the results of the programme by Imbert-Mouhot-Silvestre [118§]
imply that singularity formation in finite time is observable via the macroscopic quantities

in (1.20).

1.7.3 Results

The following collection of results are all statements about the interior local reqularity of
solutions to (1.13) (and thus to (1.2)). We assume the equation to be satisfied in some
domain, within which we deduce properties of the solution away from the boundary. The
domains are kinetic time-, space-, and velocity-dependent cylinders. Due to the scaling and
translation invariance explained in Subsection 1.7.1, the size or the centring of the cylinder

is arbitrary as long as it is contained in the solution domain. We invite the reader to not
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Figure 1.6: For a solution in ()1, we prove Holder continuity (see Theorem 3.1) in Q1. The
2

Intermediate Value Lemma, Theorem 1.2, relates the mass of large values in @), to the mass of

small values in @, in the past. The weak Harnack inequality, Theorem 1.1, relates the infimum

over @) i with some integrability in Qio, and the strong Harnack inequality, Theorem 1.4 (as
2
well as the not-so-strong Harnack inequality, Theorem 3.2) relates the infimum over Q i with

the supremum over ), in the past. Note that all cylinders depend on s € (0,1).

fix their attention on the precise size, or the centring of the cylinders in the statements
that follow, but instead to consult the illustration of Figure 1.6 to understand the main
principle: the cylinders are contained in the solution domain and the separation between
the cylinders must be respected. Recall that 2s € (0,2) is the order of the equation (1.13);
it appears in the ellipticity of the non-local kernel K, see (1.27).

1.7.3.1 De Giorgi

Our first result recovers the weak Harnack inequality for kinetic integro-differential equa-
tions established first by Imbert-Silvestre [115, Theorem 1.6]. This result is in particular
applicable to solutions of the Boltzmann equation with moderately soft potentials. Our
method, in contrast to the one employed by Imbert-Silvestre, is quantitative. For details

we refer the reader to Chapter 3.

Theorem 1.1 (Weak Harnack inequality). Let f be a non-negative super-solution to
(1.13)-(1.14) in [—3,0] x By x By with a non-negative kernel K satisfying (1.26)-(1.30).
Then there is C' > 0 and ¢ > 0 depending on s,d, Ao, Ny such that for ro > 0 sufficiently

small, the weak Harnack inequality is satisfied:

P

< ) fC(Z)dZ) §C<ggf+||h||mo(@1)>7 (1.33)

o}
2
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Figure 1.7: The barriers g, 1, @2 in the Intermediate Value Lemma, Theorem 1.2, for ro < %,
p <1 and fixed z € B(z,g)i+2s.

where QZO = Qo (( — 3p2s 4 %(TO)QS, 0, O)) , and where infg g is the greatest lower bound
of g over Q.

By quantifying the proof of the Harnack inequalities, we extend the structure of the
De Giorgi argument to the kinetic setting. In particular, we establish the Second De
Giorgi Lemma, also known as Intermediate Value Lemma, for kinetic integro-differential
equations with a non-locality exponent s € (0,1). To the best of our knowledge this is the
first non-local Intermediate Value Lemma in the kinetic setting for the full range s € (0, 1).
The barrier functions g and 9 are defined in detail in Subsection 3.5.4, where we prove
Theorem 1.2. For now, we content ourselves with an illustration of the barriers in Figure

1.7, so that we can figuratively make sense of the following statement.

Theorem 1.2 (Intermediate Value Lemma). Let f be a sub-solution to (1.13)-(1.14) in
[—3,0] x By x By under assumptions (1.26)-(1.30) with 0 < f <1 in (=3,0] x By x R%.
Given 01,05 € (0,1) there exists 1 < (0102)% and v 2 (8102)° such that if ||h||Loo(Q3r0) < p?
for ro > 0 sufficiently small, and if

{f<0nQ;,| > 0@,

) |{f > 1_M2}HQT0| > 52|Q7‘o|7 (134)
(where |E| denotes the Lebesgue measure of the set E C R?*Y) then f satisfies

){apo<f<gpg}ﬂ(—3,0] XB(%)H-zs XBp‘ ZV‘Q% , (135)

where p ~ (8,0,)" % and where the barriers go, ps are defined in (3.29) and illustrated in
Figure 1.7. Recall
- _ ( — 37’357 _27“85} X BT(1)+25 X B,,.

L]

Theorem 1.2 is the main result of Chapter 3.

Remark 1.1. In contrast to elliptic equations, there is the additional role of time that has
to be accounted for in our setting. The weak Harnack inequality is a statement about

super-solutions, and thus it is expected that information in the future controls information
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in the past. This is true in both, the parabolic and the hypoelliptic case. However, in
contrast to the parabolic case, where the past and future cylinders are allowed to touch
each other [97], we recall Figure 1.6 in the hypoelliptic case, where we see that the past
cylinder over which we control some integrability is separated by a gap in time from the
future cylinder over which we take the infimum. This gap in time is characteristic of
hypoelliptic equations: the reason is that the trajectories along which we transfer regularity
in the velocity variable onto the spatial variable also evolve in time, and therefore there has
to be a non-trivial gap in time for the trajectories to be non-degenerate. (The idea is to
connect two domains by trajectories; but the mapping from a domain onto the trajectory
has a determinant that is inverse proportional to the size of the gap in time and thus

blows up as the gap tends to zero.)

There are two ideas in Chapter 3 that we believe are worth mentioning. The first is
the construction of trajectories along which we can transfer regularity from the velocity
variable onto the spatial variable. To this end, we solve the control problem associated to
the underlying vector fields in the equation: through the hypoellipticity we find a smooth
curve that connects any two points in a given domain. In particular we can connect
the two sets of positive measure where {f < 0} and where {f > 1 — p?}. This is the
first step to prove Theorem 1.2. The second idea forms the second step in the proof of
Theorem 1.2: it exploits the non-local cross terms. In the spirit of De Giorgi, we test

equation (1.13) with (f — ¢), for some ¢ > 0. This creates cross-terms: any f writes as
f=((—=0.++(f—1¢)_+¢ and the bilinear form in (1) becomes

ES,(f=04)=E(f =0+, (f =OL) + E(f = O~ (F = 0)4).

The first term will be related through the coercivity (1.26) to the H? norm of (f —1),.

The second is the cross term, which is particular, since it is signed:

E((f = O (F = 0))
:// F=0-0) = (f = 0-)(] = 0. K@, w)dwds (45

_ /R/R f =0 (@)(f = 04 (0)K (v, w) dwdv > 0.

Recall that we denote by (f —[)_ = min (f — 1, O) < 0. The appearance of this cross
term is a purely non-local phenomenon: this term vanishes for a local operator. The
boundedness of this term is the reason why a solution to a differential equation of order
2s € (0,2) (which a-priori is just in H®) satisfies Theorem 1.2 (the conclusion of which

clearly fails for a step function, which is in H® for s < %)
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form equation equation

1
Sobolev norms

Figure 1.8: Strategy for the Schauder theory. Details are carried out in Chapter 4.

1.7.3.2 Schauder

Chapter 4 is concerned with Schauder theory: the gain of regularity in Holder spaces from
the coefficients onto the solution. The precise statement can be found in Theorem 4.2

and Theorem 4.3 below. We paraphrase the main idea here:

Theorem 1.3 (Schauder for kinetic integro-differential equations). Let 0 < v < min(1, 2s).
Assume K is a non-negative kernel that is elliptic with upper bound (1.32) and coercivity

(1.26), that is Hélder continuous (in the sense that it satisfies (4.8) for some Ay > 0)

2s
142s

non-divergence form (4.7) or else in weak divergence form (1.29), (1.30) with additionally

supposing the higher order Holder continuity (in the sense of (4.9)) for a = 1J2r‘°’28

each z € Q1. Then any solution f € C7([—1,0] x By x RY) of (1.13) in Q; satisfies

for a = ~v and each z € Q1. Moreover, suppose that either the kernel is in pointwise

v and

||f||q,?5+a(Q1/4) < C( ||f||cg([—1,0}xleRd) + ||h||cg(Q1) >,
for some constant C' = C(d, s, Ao, Ao, Ag).

This result is new for equations in (weak) divergence form. The only result on Schauder
estimates for non-local hypoelliptic equations is due to Imbert-Silvestre [117], where they
assume a pointwise non-divergence form (4.7). In contrast to their method, which relies on
compactness arguments, our proof is quantitative. Our approach is sketched in Figure 1.8;
it uses the characterisation of Hélder spaces by Campanato spaces [40], and the interested

reader is referred to Chapter 4 for details.

1.7.3.3 Harnack

Chapter 5 is devoted to the proof of the a-priori inequality. We stress that the equation
has to be satisfied for velocities in the whole Euclidean space, which is not the usual
understanding in the theory of local Harnack inequalities. It turns out that the strong
Harnack inequality in a classical regularity theoretical sense (even though it is debatable

what this classical sense should be, since the Harnack inequalities were established for local
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equations) fails for kinetic non-local equations [130]. However, from a physical perspective,
a solution to the Boltzmann equation only makes sense to be defined in such a way that

the equation holds for v € RY. For these solutions, we prove:

Theorem 1.4 (Strong Harnack for Boltzmann). Let T' > 0. Suppose 0 < f satisfies
(1.20). Let f be a classical solution of (1.2) in (0,T) x R x R (in the sense of Definition
5.2) with a cross-section B given by (1.6) for 0 < v+ 2s < 2, and with initial data
fo(z,v) = f(0,2,v), which in case that v < 0 is supposed to admit for any ¢ > 0 a
constant N, > 0 such that fo(z,v) < Ny(1+ |v|)~9 for all (x,v) € R x RY. Then for any
0<ry< é, there exists C' > 0 such that

sup f<C inf f

t
(’7‘(),’7’1)><C‘?tﬁ41 (7277'3)><Q28

2
where 0 < 19 <11 < Ty < 73 such that 7 — 19 =T — T3 = (%0) Sand Ty — 1 > 7“(2)5, and

where

70\ 1425 To
t%o = {(m,v)€R2d:|x|< (Z) ,|U|<Z}

is the kinetic cylinder sliced in time. Here supg g denotes the least upper bound of g over
Q. The constant C' depends only on s,d,~, mg, My, Ey, Hy, and in case that v < 0, it
depends additionally on Ny.

The space domain is only assumed to be R so that the decay estimates of [121] and the
regularity properties from [118] are applicable. This is the first strong Harnack inequality
for the Boltzmann equation derived in the literature. The idea is to improve the energy
estimate for (1.2) by deriving a local bound on the non-local tail, by testing against a
concave level set function in such a way that the equation is only localised on the upper
level sets. On the lower level sets, we exploit the (average) divergence structure. And
for the cross terms (1.36) we use the sign given by the concavity of the test function.
Combining this improved energy estimate, which relies on the aforementioned local tail
bound, with a De Giorgi argument in L' results in a local first De Giorgi lemma for
solutions to the non-local equation (1.13), which implies the strong Harnack inequality.
As a consequence, we can deduce upper and lower bounds on the fundamental solution to

the linearised equation by following Aronson’s method.

1.7.3.4 Aronson

In Chapter 6, as a consequence of Theorem 1.4, we derive polynomial upper and exponential
lower bounds on the fundamental solution of (1.11) with coefficients K}, and Aj, given by
(1.9) and (1.12), respectively, for a fixed function h > 0 that satisfies (1.20). To give sense

to the next three theorems, we assume existence of a non-negative measurable function
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J, which is the fundamental solution of (1.11) linearised around a fixed function h, by
which we mean that J solves (1.11) with coefficients K} and A, connecting a given point
(t,z,v) € R with (7,9, w) € R1*%_in the sequel denoted by

J(taxvv;Tyyaw) = J(t -7, T =Y (t - T)w,l) - U)) = J((Tvy7w)_1 © (t,[L’,'U)),

where o denotes the Galilean translation, that is (to, zo, vo) o (t,2,v) = (to + t, 20 + = +
tvg, vo + v), which respects the translation invariance of (1.2). Then, we deduce, on the

one hand, polynomial upper bounds.

Theorem 1.5 (Polynomial upper bounds on the fundamental solution). Let z,v,yo, wo €
R and 0 < 19 < o <T. Let J be the fundamental solution of (1.11) in [0,T] x R* with
coefficients Kj, and Ay, given by (1.9) and (1.12), respectively, for a fized function h > 0
that satisfies (1.20). Assume J satisfies (6.1), (6.2) and (6.3). Then there exists C > 0
depending on s,7,d, mg, My, Ey, Hy (note that these constants refer to the mass, energy
and entropy of h), such that

J<Ua Z,V; 70, Yo, U)o)
S

2s s
2d(1+s) max{|v—w0|257|x—y0_ (O'—To)(v—wo)|1+28} *
<Clo—1)" =

o —1Tp

(1.37)
On the other hand, we derive an exponential lower bound.

Theorem 1.6 (Exponential lower bounds on the fundamental solution). Let x, v, yy, wo €
R and 0 < 19 < o <T. Let J be the fundamental solution of (1.11) in [0, T] x R with
coefficients Ky, and Ay, given by (1.9) and (1.12), respectively, for a fixed function h > 0
that satisfies (1.20). Assume J satisfies (6.1), (6.2) and (6.3). Then there exists C > 0
depending on s,,d, mg, My, Eo, Hy (note that these constants refer to the mass, energy

and entropy of h), such that

2s 2s
J(0, 2, v; T, Yo, wo) > Clo—10) ™5 exp {—(J <|x Yo — (0 — 10)wo| N v — w| )}

(0 —79)tH2s o—To

Remark 1.2. 1. This is the first time that upper and lower bounds on the fundamental
solution of a kinetic non-local equation are derived. In the case of a second-order

kinetic equation, we refer the reader to [141, 143].

2. Both, the upper and lower bounds in Theorem 1.5 and Theorems 1.6, respectively,
are not necessarily optimal in space and velocity, however the temporal decay rate is

sharp.
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3. The existence of a fundamental solution operator for hypoelliptic non-local equations
has recently been established by Auscher-Imbert-Niebel [16, 17].

4. We refer to the analogue statements in Theorem 6.1 and Theorem 6.2 for kinetic

integro-differential equations in divergence form.

The proof makes use of the diagonal bounds that are directly implied from a fully local
first De Giorgi lemma for solutions to (1.11) (see Proposition 5.1). To show the upper
bound in Theorem 1.5, we construct a decay function, which solves the equation and which
can be compared to the solution itself, reminiscent of Aronson’s method [12]. To show
the lower bound in Theorem 1.6, we iteratively apply the strong Harnack inequality from
Theorem 1.4.

1.8 Suitable weak solutions

1.8.1 Notion of solutions

In the second part of the thesis, Part II, we study the behaviour of solutions to the
Boltzmann equation on bounded space domains, which really is what we physically want
to consider. To this end, we introduce a significantly weaker notion of solution, which
is so weak that it only assumes the integrability of the solution that we obtain from the
conditional regime that we work in, that is the assumptions on the boundedness of the
mass, energy and entropy of the system. In particular, since in the space-homogeneous
case these quantities are conserved by the equation, the conditional regime is actually
unconditional, and our notion of solution is suitable in the sense that they match the
framework of H-solutions constructed by Villani [186]. But on top of this, we can deal
with bounded space domains, in case that the density of the gas particles depends on the
spatial dimension z as well. We then equip the equation (1.2) with boundary conditions
that were introduced by Maxwell [156], (see (v) below).

The idea is to study the evolution in time of some L%-Lebesgue norm of the function
(f —A)4, where A = A(t,v) encapsulates the time and velocity decay of the solution f,
and where L% is the integrability that we get from the conditional regime (1.20) and the
entropy production (which we will discuss below). It is convenient to consider a general

function ¢ = ¢(t, x,v,r) that is convex in r instead of r®. For a bounded domain Q C R?
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we then compute formally:

d
E//}RdXQ o(t,z,v, f)dzdv ://Rdxﬂ orp(t, v, £YQUf, f)(t, x,v) dzdv
Opp(t,x,v, f)ded '
+//RdxQ pltz,v, f)de dv (1.38)

_ //ng(t,x,v,f)v -ndS(z)dv

We then use the formulation in (1.16) for @), we add and subtract as an integrand

IDQD(faf/) ::So(t?xvvl7f/)_ (t z,v f) 7"90<t z,v f)(f/_f)>

which due to the convexity of ¢ is a non-negative quantity; and we use the cancellation

property (1.21), so that we arrive at

//]RdXQ fldedv =~ ///RdedXQ o (fs [) K (v,0") dv' da dv
+Cb//RdXQ‘I)(f) (f *[-") dzdv

//Rdmatgo dxdv—// (v-n)dS(z)dv,

where ¢, is from (1.21) and

(I)(f> = T(p(tvva f)f - (,O(t,SC,U, f)7

(details are carried out in Subsection 7.1.2). We supplement the equation with an initial
condition f(0,x,v) = fo(x,v) for (z,v) € Q x RY, and with a boundary condition. In order
to describe the latter, we let n denote the outward unit normal vector on the boundary and
we denote by I' the domain that considers boundary points in space, that is I' := 9Q x R,

by I'_ the incoming part of the boundary, and by ', the outgoing part of the boundary,
that is

I :={(z,v) €l :v-n(x) <0},

and
Iy ={(z,v) €l :v-n(x) > 0}.

We discuss the following boundary conditions,
(i). IN-FLOW: f(t,z,v)|r_ = fi(t,x,v) for a given function f;.
(ii). BOUNCE-BACK: f(t,z,v) = f(t,z,—v) on I

(iii). SPECULAR REFLECTION: f(t,z,v) = f(t,z, R,v) with R,v =v —2(v - n)n.
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(iv). DIFFUSE REFLECTION:
ft,z,v)|lr. = cuu(v)/ ft,z, o) (W' - n)dv,
Ly

where p(v) = e~1I* is the Maxwellian, and ¢, is a normalisation constant, such that

Cu fF+ p(v' - ndv' = 1.

(v). MAXWELL REFLECTION:

ftzv)les = (1 =) f(t 2, Rev) + cup(v) | ft, 2,00 n)dv,
'y

where ¢ : 9 — [0, 1] is the accommodation coefficient.

The physically most relevant case are Maxwell reflections studied in [156]: it mimics the
ideal behaviour of an elastic collision with a wall, where no absorption or emission of

particles occur on the boundary.

1.8.2 Results

We show that with these boundary conditions, suitable weak solutions in the sense described
above to the spatially inhomogeneous Boltzmann equation are pointwisely decaying at
any polynomial rate in velocity. Even for classical solutions, such a decay estimate was
not known before for moderately soft potentials. This is based on a collaboration with C.
Imbert.

Theorem 1.7 (Conditional decay estimates). Let the parameters v € (—d, 1] and s € (0, 1)
of the non-cutoff collision kernel satisfy v+ 2s € (0,1), Let fi, >0 (and f, > 0) denote
the initial data (and the boundary data in the in-flow case).

Let Q C R be a bounded CY domain, let T € (0,+00] and f > 0 be a suitable weak
sub-solution of the Boltzmann equation (1.2) in (0,T) x Q x R? (in the sense of Definition
7.1) with either in-flow, bounce-back, specular / diffuse / Mazwell reflection boundary
conditions satisfying in D'((0,T)),

%//MRdflnfddeJr/QD(f)deO,

where D(f) > 0 denotes the entropy production (given in equation (7.6) below). We also
assume that f satisfies condition (1.20) on mass, energy and entropy density functions.
Then for all ¢ > 0, if (only in case of in-flow or diffuse / Mazwell reflection)

fo(t,z,v) < Gy (1 +t_ﬁq) ()™ a.e. in (0,T) xT'_,
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then there exist Cy > 0 and B, > 1, depending on mg, My, Ey, s,d,~, Cy, and q such that

the solution f satisfies,
flt,z,0) < Cp (T4tP) ()™ ace. in (0,T) x Q x R

Recall (v) = (1+ |v|2)%.

Remark 1.3 (Entropy production). The definition of the entropy production D(f) is

recalled in Subsection 7.2 below, see (7.6).

Remark 1.4 (Integrability of solutions). The integrability of these suitable weak sub-
solutions to (1.2) stems from the entropy production estimate (see Lemma 7.2): it implies
that f € L'((0,7) x Q; L) (R)) for .- =1~ % and ko = 7y +2s — 4. Consequently, when
combined with the hydrodynamical bounds (1.20), we obtain that the functions f we work

with are such that f € Lz%((), T) x Q x R?) with go = “2* and some & € (0,2).

Remark 1.5 (Algebraic time decay in v). For ¢ € [0, ¢ug] (With gug given in (vii) below),
the time decay exponent is given by the formula 3, = 2%. For large ¢’s, it is proportional

9
to a power of q. Precisely, 3, o (1 + %) s

Remark 1.6 (Large times). We emphasise that the estimates hold true uniformly in time,
even in the case T' = +o00. This is important in the conditional regularity programme.
Obtaining bounds that are uniform in time will imply that the large time behaviour can

be studied in the class of regular solutions, see in particular the work by L. Desvillettes
and C. Villani [61].

Remark 1.7 (Generation of moments). We emphasise that the generation of any pointwise
moments was unknown in the case of moderately soft potentials, even for classical solutions.
In [121], C. Imbert, C. Mouhot and L. Silvestre established pointwise generation of moments
with ¢ € [0, gnsi | for classical solutions on the torus with rapid decay. But to the best of
our knowledge, Theorem 1.7 is the first result showing the generation of any pointwise

moments.

Again it is the cross term (1.36) that makes the whole proof work: it is the reason
for an extra term with a good sign. It proves to be sufficient to show the generation of
some amount of polynomial decay, by which we recover decay estimates of [121] but now
for suitable weak solutions. To improve this decay, we exploit the non-linearity in the
collision operator, which due to the decay that is already generated can be shown to yield
an improved cross term with the good sign. The improvement is sufficient to deduce a
better polynomial decay, which can be iterated to yield the generation of any polynomial

decay.
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1.9 Landau

Finally, in the last part of the thesis, Part III, we look at the potential with the highest
frequency of long-range interactions: using methods developed for the Boltzmann equation
in [67, 68, 149], one can construct renormalised solutions to the Landau equation and show
rigorously that the Boltzmann equation converges to the Landau equation in a grazing
collision limit [2, 60, 184]; even though Lev Landau derived the equation in 1936 [144] by
refining Maxwell’s computation [156] to describe the dynamics of charged particles. We
also refer the reader to [147]. We are concerned with the only physically relevant case for
the Landau operator, which is the case of Coulomb potentials.

The Landau equation with Coulomb potentials is the most singular of all long-range
interactions. It is a fundamental model describing the statistical behaviour of charged

particles in collisional plasma, written as
Of(t,x,0) +v-Vof(t,z,0) = Q(f, f)t,z,v)  (t,z,0) € (0,00) x R xR, (1.39)

where t is the time variable, z the spatial variable and v is the velocity variable; where
f:RT x R® x R® — R* is the unknown distribution function that encodes the density of
charged particles, whose dynamics are captured by (1.39), and Q is the collision operator

given by
O/, () = =¥, ( /R M= v) o 9r— pvry dv*) | (1.40)

87 s |U— vy

with the standard convention f = f(v), f« = f(vs), and with the matrix I1(z) that projects

any vector onto z*,

The mathematical investigation of equation (1.41) has witnessed remarkable activity
over the past three decades, leading to significant advancements and culminating in the

recent breakthrough result by Guillen and Silvestre in [100].

1.9.1 Coulomb

In this thesis we are merely concerned with the spatially homogeneous case, where we
assume the density of the particles to be independent of the spatial variable x, that is
f = f(t,v). While this is physically less relevant than the inhomogeneous model, the study
of this homogeneous equation already provides several mathematical challenges while at
the same time being more tractable. Thus, in the sequel, we will focus our attention on

f = f(t,v). Then (1.39) may be rewritten as the following quasi-linear, divergence-form
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parabolic equation:

Ouf(t,v) = V- (A[f]Vf = Val[f]f), (1.41)

where the coefficients A and a are given by

_ 1w o oa1p L
It is also possible to rewrite (1.41) in non-divergence form as:
O0f(t,v) = A[f] - V2f + f%, (1.43)

which highlights one major challenge in studying this equation, namely the competition
between the reaction term and the nonlinear, non-local diffusion term. Written in non-
divergence form, (1.43) suggests a comparison to the semi-linear heat equation, which is
known to blow-up in finite time. This comparison turns out to be misleading. Informally,
whenever the reaction term is large, the coefficients A|[f] also become large. But it is not
clear how to express this quantitatively. The known coercivity of the diffusion coefficients
A[f] is not sufficient to bound the reaction term. Eventually, it turned out that the
reformulation in non-divergence form (1.43) or even in divergence form (1.41) is not the
way we should think about the equation, even if from a regularity point of view, it looks
more amenable than the non-local collision operator Q in (1.40). In a ground-breaking work
[100], Guillen and Silvestre manage to find a new Lyapunov functional: they show that
the Fisher information is monotonically decreasing. It is unusual to find a new Lyapunov
functional for an equation that is as fundamental and well-studied as the Landau equation
with Coulomb potentials, whose proof is on top of this non-trivial.

The Fisher information has been studied before in connection with kinetic equations;
in particular for the Boltzmann and the Landau equation with Maxwell molecules, which
corresponds to ¥ = 2d — 1 in (1.1). It was known that the Fisher information is monotone
decreasing for Maxwell molecules since the works of [185, 187]. It was not expected at the
time that the same should be true for soft potentials. The ingeniosity of Guillen-Silvestre
was to work with the collision operator (1.40), and to lift the variables v, v, € R* onto
a vector in R®. In these lifted variables, the collision operator boils down to a linear,
elliptic, non-degenerate operator composed with a projection of a distribution function in
RS over its marginals. Global well-posedness of such an equation is standard parabolic
regularity theory. But this doesn’t tell you much about the original solution of (1.41),
since the tensor product is not preserved along the flow of the equation. However, the
second ingeniosity was to study the Fisher information in the lifted variables, which turns
out to control the Fisher information of the projection over the marginals. They thus argue

that if the Fisher information in R® decreases along the direction of the lifted collision
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operator, then the Fisher information of the projection over the marginals decreases along
the direction of the original collision operator Q. Interestingly, the proof of the decrease of
the lifted Fisher information eventually boiled down to some kind of log-Sobolev inequality
on the sphere.

After this exposition, it might seem unnecessary to continue further discussions on
the well-posedness of equation (1.41). We argue however that first the articles in this
thesis have to be temporally contextualised (the articles based on Chapter 8 appeared
before Guillen-Silvestre [100]), and second that the overreaching aim of this thesis are low
reqularity regimes in long-range interactions. What we discuss below, is first, a local in
time existence result for rough initial data in sub-critical norms, which was at the time the
strongest result in the literature for Coulomb interactions and as such served as a building
block to deduce the global well-posedness from the monotonicity of the Fisher information.
Second, we push the global existence result of Guillen-Silvestre from smooth, rapidly
decaying initial data with bounded Fisher information to rough, slowly decaying initial
data in critical, and eventually, super-critical Lebesgue spaces, without any assumption on

the Fisher information of the initial datum.

1.9.2 Maxwellians

We recall that (1.41) formally conserves mass, momentum, and energy:

1
a4 v | f(t,v)dv=0. (1.44)
dt s
o]

Moreover, solutions to (1.41) have decreasing Boltzmann entropy:

5 [ fostrav <o (1.45)

Consequently, the steady states of (1.41) may be characterised explicitly: f € L is a
steady state of (1.41) if and only if f is a Maxwellian distribution, given by

P e_|“g;i\2 ’
(207)

Hp,u,p (U) =

Njw

where p € RT is the total mass, u € R? is the mean velocity, and § € R* is the temperature
of the plasma.
Next, because (1.41) is translation invariant and enjoys a two-parameter scaling

invariance, we will assume throughout Part III that our initial datum fy(v) satisfies the
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normalisation

[ ] oo

[0]*

(1.46)

w O =

which fixes the corresponding Maxwellian with same mass, momentum and energy as

2
[v]

2 .

nlw

u(v) == (2m) " 2e

Finally, the conserved quantities and decreasing entropy suggest L) N Llog(L) to be
a natural functional space for the problem. In this setting, the existence of very weak
solutions to (1.39), typically termed H-solutions, was shown in [186]. These H-solutions
satisfy the natural estimates (1.44) and (1.45).

1.9.3 Aim

The contributions that are most relevant to our work from an analytical point of view,

can be summarised, albeit incompletely, as follows:

i. The existence and uniqueness of smooth solutions for short times, Chapter 8, based
on [81],

ii. Global existence and uniqueness of smooth solutions with initial data near Maxwellians.
Most relevant here are the ones by Carrapatoso-Mischler [44], Desvillettes-He-Jiang
[62], our result with Golding-Gualdani discussed in Chapter 8 based on [83], along

with Guo [101] and related references.

iii. Conditional uniqueness and regularity, focusing on conditions ensuring the global well-
posedness of solutions for arbitrarily large times. This line of research includes investi-
gations by Silvestre [178], Gualdani-Guillen [93, 94], Alonso-Bagland-Desvillettes-Lods
8], Fournier [75], and Chern-Gualdani [52].

iv. Partial regularity [86, 87].

v. Study of modified models that pertain the same difficulties of the Landau equation

but seem analytically more tractable, explored in works by Gressman-Krieger-Strain

(90, 136] and Gualdani-Guillen [93].

vi. Efforts directed at ruling out blow-up profiles initiated with the work of Bedrossian-
Gualdani-Snelson [23], culminating in the recent work of Guillen-Silvestre [100]. Note-

worthy is the recent proof of blow-up for a modified Landau equation by Chen [49].

In [100], they consider C! initial data with Maxwellian upper bounds and show the

existence and uniqueness of a global-in-time classical solution to (1.41). Their proof relies
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on a novel approach to the equation that enables them to prove that the Fisher information,

defined via )
i(f) = /R @dv :4(]\/7

is monotone decreasing. Then, by a standard Sobolev embedding, the Fisher information

2
L

controls the L3 norm uniformly in time. Consequently, the coefficients A[f] and Va[f]
are bounded! for all times ¢ > 0. Combined with the known lower bound on A[f],
(1.41) becomes a uniformly parabolic equation. Global regularity then follows via several
approaches. One approach, taken in [100], is to use the maximum principle to propagate
bounds on the initial data. Another approach, taken here, is to use parabolic regularisation
estimates to show smoothing effects for less regular initial data (see Theorem 9.2). The
important point is that the a-priori estimate on the Fisher information rigorously justifies
that (1.41) is a parabolic equation with bounded (uniformly in time) measurable coefficients.
This satisfactorily addresses the well-posedness theory for (1.41) for smooth and rapidly
decaying initial data.

By contrast, the global well-posedness for rough, slowly decaying initial data, meaning
initial data with bounded mass, temperature, and Boltzmann entropy, remains unknown.
Notably, regularity and uniqueness for H-solutions, first constructed by Villani in [186]
and later revisited by Desvillettes in [58], are still unknown.

For (1.41) all LP(R®) norms with p strictly greater than 2 are sub-critical, in the sense
that, for g > 0,

Fe (] a)
Jos Vg2 do ™ \ s .

The case when p = % is critical, whereas the super-critical case is for p below % The value

D= % is a threshold for the boundedness of the coefficients (A[f] can be unbounded for
3
2
the threshold at which most known analytical techniques break down and no longer apply.

f € L2 ) and also a threshold for time integrability of || f(¢)||z~. Consequently, p = 2 is

1.9.4 Results

We are concerned with the well-posedness of the space-homogeneous Landau equation for
wmatial data in low reqularity regimes. We study initial data in the sub-critical, the critical,
and super-critical regime, see Chapter 8, Chapter 9 and Chapter 10, respectively.

The strongest result with quantitative and optimal smoothing rates is obtained in the

critical regime (and also applies in the sub-critical regime), which is the following:

Theorem 1.8. (Global-in-time existence in the sub- and critical regime) Fiz 3 < p < oo,

'Technically, Va[f] belongs to L>(0,T; LP) with 3 < p < 4o if f € L>(0,T; L?).
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m > 6, and mo > 9/2, and initial data f;, such that

meLfnoﬁL}n and fmZﬁ, forsomea>0andk§m0_
v p—

(1.47)

Then, (1.41) admits a global-in-time smooth solution f : [0,00) x R® — RT with initial data
fin. Moreover, f has decreasing in time Fisher information, which satisfies the short-time

smoothing estimate:

2
k in
/ |Vf| dov < C<a7p7 7m07f ) fOT O0<t<l. (148)
R3

f - t
The local well-posedness is demonstrated by propagating a Lebesgue norm for the
corresponding regime for some amount of time. Within this time horizon, we use a De
Giorgi argument to show that the solution is essentially bounded; which is enough to show
the smoothness of the solution. A limiting procedure makes sure that the initial data
is attained continuously. To continue the solution globally, we show that our solution
satisfies at some positive time ¢, all conditions of Guillen-Silvestre [100, Theorem 1.2],
which yields a global smooth solution. We can then patch together our local solution with
Guillen-Silvestre’s global solution by the uniqueness result of Fournier [75].
In the super-critical regime, we can construct a global weak solution, that is a strong
solution for all strictly positive times. We don’t show, however, optimal smoothing
estimates up to initial time, and thus we cannot show that the initial data is achieved

continuously.

Theorem 1.9 (Super-critical regime). Let f;, be a non-negative function such that

[ ) (1o 0 £) o < o
RS

The Landau-Coulomb equation with f;, as initial datum has a global weak solution such
that for any time t > € (for all € > 0 as small as one wishes), this weak solution is a

strong solution and its Fisher information is monotone decreasing in time. More precisely,

2
sup/ V\/f(t,v)‘ dv < C't73,
[t,+o0) JR3

where C' > 0 only depends on the mass, energy, entropy and Lig norm (that is the L'

for any t >0,

norm weighted with 18 velocity moments) of the initial datum.

Note that the decay rate of the Fisher information in Theorem 1.9 is not optimal.
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1.10 Outline

The first Part I is concerned with a-priori interior local regularity estimates for kinetic
integro-differential equations. All results derived in this part are sufficiently strong to be

applicable to the non-cutoff Boltzmann equation for moderately soft potentials.

e Chapter 2 states preliminaries, mainly focussing on the fractional Kolmogorov

equation which plays a crucial role throughout the thesis.

e Chapter 3 discusses Holder continuity mainly based on [152], using the trajectories

constructed in [10],
e Chapter 4 explains Schauder theory based on [150],
e Chapter 5 establishes the strong Harnack inequalities based on [153, 154],

e Chapter 6 deduces bounds on the fundamental solution to the linearised equation
based on [153, 154].

The second Part II consists only of
e Chapter 7 which is based on [113],

with C. Imbert, in which we deal with a-priori boundary regularity estimates of the
Boltzmann equation without cutoff for moderately soft potentials. We show that suitable
weak solutions decay at any polynomial rate. The last Part III discusses the construction
of solutions to the space-homogeneous Landau equation for initial data in low regularity

regimes. We study initial data
e in the sub-critical regime, see Chapter 8, based on [81, 83],
e which we improved to the critical regime as outlined in Chapter 9 based on [84],
e and eventually even to the super-critical regime in Chapter 10 based on [63].

These are collaborations with W. Golding, M. Gualdani and L. Desuvillettes.
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Part 1

Interior regularity for hypoelliptic

non-local equations
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CHAPTER 2

KOLMOGOROV

2.1 Fractional Kolmogorov equation

If we want to understand a partial differential equation with rough coefficients, then
it proves to be useful to consider the case of constant coefficients first. It turns out
that equation (1.13) with constant coefficients admits a fundamental solution, which has
explicitly been written down in the limiting case s = 1 by Andrey Kolmogorov in [135],
after whom the equation was hitherto named. Since we deal with the fractional case where

s € (0,1), we denote the following
atf +v- fo = (_Av)sf + h’a (21)

as the fractional Kolmogorov equation, with source term h € L*(R, x R??), and where

(—A,)* denotes the fractional Laplacian, defined as

(=A)*f(v) = C(d, ) JO) = 1) 4, (2.2)

Rd ‘U . w|d+25

2.1.1 Fundamental solution

Equation (2.1) admits a fundamental solution, given through an implicit representation,

%@%@20@@t%ﬁz(¢i~%) (2.3)

1
tl+% t2s

where J, reads explicitly in Fourier variables

) 1
Jo(p, &) = exp <—/0 [ dT) .
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In the limiting case where s = 1, the fundamental solution is given explicitly through

d
V3 —3lz+ & \0]2
J(t,ﬁ,v):<w GXP(%—E>, t>07

and J =0 for t <0.

2.1.2 Gain of integrability

We can use the representation of the fundamental solution to derive a gain of integrability
in Lebesgue spaces on the solution to the equation with rough coefficients. To match the
integrability level that we get from the standard energy estimate, we generally use a gain
of integrability in L2 This proves to be the key preliminary estimate for the First De
Giorgi Lemma 3.4. However, for the Strong Harnack inequality, we need local estimates
on the tail quantities, which we only control in L!. Thus, for the proof of Proposition 5.1,
we require a gain of integrability in L.

For this, we consider the fractional Kolmogorov equation (2.1), which plays the role of
the constant coefficient equation for (1.13), with a right hand side h = h; + hs for some
hy € L'([0,7] x R?!) and some h; such that

s+e

=807 n]

< +00
L1([0,7]xR24)
for 0 < € < s. The role of the € is the number of derivatives that we can put on the

fundamental solution so that these are absorbed in the time integrability. We prove:

Proposition 2.1 (Gain of integrability). Let 0 < f solve (or be a sub-solution of) (2.1)
in [0, 7] x R¥, with f(0,z,v) = fo(z,v) € L' N L*(R?*?), and with h = hy 4+ he where
hi,hy € L 0 L*([0, 7] x R**). Then, for any 2 < py < 2+ 5 1+ Zirsy there holds

||f||Lp2([O’T xR24) ST T H _7h1HL2([0,7—]><R2’1) + rataeos ||h2||L2 ([0,7]xR24)

(2.4)
+ 72700 1 foll L2z »

1 1 1
a1+ (1-1) 4}

Moreover, for any 0 <e<s and any 1 <p; <1+ m, if

1_ 1,1
whereq—m—i-2 and

< +00,
L1([0,7]xR24)
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then there holds

e € S+e
”fHLpl([OJ]XRQd) 57-1;1 Qe,pq (—A

d

L1([0,7] xR2d)

1 1
+ 7'171 a@0,pq Hh2“L1 [0 T]XRQd) + 7'171'1'

1 1 s+ €
e =d 1+ — 1—— )
cn=a(1+3) (1-5) + %5

Proof. Equation (2.1) admits a fundamental solution, given by

SN foll 1 eay

where

0< f(t,z,v)
< [P (2" V) + ha(t 2/ )] T (=t 2 — 2’ — (t— ¢, 0 — ) dt’ da’ do/
R2d+1
+ fo(z', )T (t,x — 2" — (t — '), 0 — ') da’ dv/,
R2d

where (t,z,v) € (0,7) x R* and

C . 1 .
S = 587 (S ) Teg=ew(- [l ar). @)

2s

We remark that for any » > 1 there holds for ¢ > 0 and for any ¢ > 0

1766,
(SRR

1y 1
(R2d) = ¢=d+A=7) ||\7||LT (R2d) >

_ pdrha--z

s+e ‘

(_A)v2 j

Lr(R24) Lr(R2d)

ste
(The factor t~41+%) comes from the prefactor in (2.5). The fractional derivative (—A),?

gives a factor in time of ¢~ 25 . Finally the L" norm in space and velocity scales as tr ) )
* 2d(1+s)+2s
In particular for r = p* := % € (1,2) we deduce
3%
||J(t, ) ')HLP*(RM) =12 \7||Lp (R2d) »
3 1 A
—Ath,-,-H — 7 ||(—a): ‘ .
[kt )], = 22T
We define the modified convolution
[ gz, v) = f@' gz — 2 —t' ;v —')da’ dv'.

R2d

Note that the modified convolution satisfies the usual Young inequality independent of ¢:

1 *eglly, < Wl llgllza,
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for 1+ =24+1 Wesplit f = fo+ fi + f> with

f~0<t7 ) ) = fO *¢ J(tv "y ')a
ste ste

t
f1€) (ta ) ) = / (_A)’; ? hl >l<(tft’) (_A)'U2 J(t - tla ) ) dt,a
0

t
falt, ) ::/ ho @y J(t =1, -, ) dt’.
0

By Young’s inequality we get for

1 1 1
CMO,pl:d 1‘|‘g 1—p—1 +§

and for ) .
s+e¢
e =d(1+=2)(1-=
o=t (5) %
we find
: o
o603 gy < ol 12 sy = 1ol aey 1T sy 12
£9y on < [ 2 F R, [C2E T 000,
LA Al pemeay = ! L1(R2d) ! 77 e (r2a)

s+e

(—=A)o * M (t)

s+e ‘

‘(—A)U"’ J

(t — ")~ dt,

:/Ot

t
Hﬁmwmmwﬁﬂ”wﬂmwmwvfwwmwﬂf

Ll(R2d) Lp(RQd)

= [ W e 1 ey ¢ = 90
Since p1 (1 — apy, ) > —1 we get that fo € LP([0, 7] x R??) and
Ji
For fl(g) and f; we apply Young’s inequality again and get

‘ f(ﬁ)

1

11
< O | foll a ey -

LP1([0,7] x R24)

1
Loy,
P ,

TPL s

— 4=
)<CH(—A)U h ‘

Lr1([0,7]xR2d) —

Hl21(jo,7) xrea)
JR S Y
121l s 0,71y < € ol g0 7y 7702707,

provided that pil — Qe p, > 0. Equivalently, we require

S —¢€

1<p, <1 .
S S i D e
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Similarly, we prove (2.4). Let ¢ € [1,p*) be such that piZ ==— % By Young’s inequality

we get for apq =d (14 1) <1—%>+%<#<%

1
q

f 1_
Hfo(t’ K ')‘ Lo (gody = [ foll Lo gay 1T CE, - M paroay = [1foll 2 goay 1T [ Lo raay 27,
t
0) .. ’ _ _% / ’ _ % _H ’ /
/ < Ao hy(t At -1, dt
[0y = [ @], =]
t . .
B —A)o *ha(t ‘ —A)d ) t— )70 dt,
/0 H( ) 1( ) L2(R24) ( ) "7 LQ(RM)( )

t
Hfz(t, ) ')”Lpz(R?d) < /0 Hh2(t/)HL2(R2d) Hj(t - t/7 ) ')”Lq(RZd) dt’

t
1o
=/ 12 () 2 gaa) 1T Nl pagra) (¢ = ¢)27 %0 2.
0

Since ps (3 — a,q) > —1 we get that fo € L2([0, 7] x R?%) and

|

For fl(o) and fy we apply Young’s inequality again and get
L2([0,7] xR24)

1_4 1
I foll o oriany < C M2l oo pgeny 72005,

LP2([0,7] x R24) < [ foll p2(geay -

1
q Q0,q
T4 y

Rl

< CH(—A);%

LP2([0,7]xR2d) —

This implies (2.4).

2.1.3 Scaling

Similarly to Proposition 2.1 of [114] we have

Lemma 2.1. Given h € L®(R x R?*®) with compact support in time, the function

F(t2,0) = / W2 0) (¢t — oo — & — (t — Do, v — 0) dEdE b = J %00 h(2)
RxR2d

solves (2.1) in R x R2?. Moreover, for all zo € R x R*! and r > 0 there holds

HJ *tin 1Q, (20) HLOO(QT(ZO)) < Cr*,

for some universal constant C' depending on d.

Proof. Given z = (t,z,v) € Q.(29) we compute the scaling of the fundamental solution
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stemming from the parabolicity of the equation

T 1 Loy (2, 0) = / Jt—Fa—F— (t— D0 —0)d3
QT(ZO)

t  _ oz LS Y
ZTQS/ J Ts—tam—i’_<75_t)”’__@ 4
Q1(20) r " " "
t T v
2 -
=7 SJ *kin 1Q1(Zo) <E7 T1+287 ;>7

and conclude. N

2.2 Preliminaries

Here we collect technical arguments that are used throughout different parts of the thesis

further below.

2.2.1 TIteration argument

Finally, we use a standard iteration argument, see for example [79, Lemma 8.18].

Lemma 2.2. Let ¢ : [0,7] — R be a non-negative bounded function. Suppose that for
0<r<R<ZT we have
o(r) < A(R—r)"" 4+ 0¢(R)

for some A,a >0, 0 <9 < 1. Then there exists a constant ¢ depending on o, such that
for 0 <r < R <T we have
o(r) < cA(R—r)"“.

Proof. We consider for some 7 € (0,1) a sequence given by

To =T,

Tepr =1+ (1—=7)T"(R—7r), k>0.

Since

> T

5 k= ,
1—71

k=1

we have that r, < R and proceeding by induction, we deduce

k—1
O(ro) < 0%0(re) + A(L= 7)™ (R—r)™" ) _d'77"",
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Choosing 7 such that 677% < 1 and letting £ — oo implies

o(r) < cAR—r)~".

2.2.2 Non-local product rule

The second observation is a non-local analogue of the product rule.

Lemma 2.3 (Commutator estimates [115, Lemmata 4.10, 4.11]). Let K be a non-negative
kernel satisfying (1.32). Let D be a closed set and Q open such that D @ Q C B, C R¢

for 0 < R < 2. Let ¢ be a smooth function with support in D, let f € H*(Q2) N L>®(RY)

dist(D,RI\Q)
2

and let p = . We write

Llof] —@Lf = hy + ha,

where hy, hy are given by

ha(v) = / F(w)(p(w) — o)) K (v, w) duw,
RI\B,(v)

)= [ f)(ew) o) K0 du

Then, by construction ho = 0 outside €2, and there holds
1P| 2 avay < Ao N1l oo [1F 1l 2y (2.6)

Moreover, if s € (0,1/2), there holds

1hall 2 ey < A"~ llpllon 11| 2oy - (2.7)

Else if s € [1/2,1) and if additionally K satisfies (1.28), then there exists hoy, hoz € L*(R?)
such that
hy = hao + (_Av)%h237

with

1haall p2ray < Ap* > Mlll oz 1 120y + A0~ ol en 1]

||h23||L2(Rd) < Ap'T [l e ||f||L2(Q) :

He (@) (2.8)

We reprove this lemma to make the dependence on p in (2.7) and (2.8) precise. We

need it for the optimal exponent on the radius in Proposition 5.1.
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14

AN
= XC
h
(4

14

Figure 2.1: Illustration of the smooth cutoff ¢ from Lemma 2.3 with which we commute f,
and the supports of the cutoff and the local contribution of the commutator. Note D = supp ¢,
and E = supp ho.

Proof. We let E = D + B, so that D € E € Q with dist(D,R?\ E) = p and dist(E, R\
Q) =p.
To bound hy, we notice that ¢(v) =0 for v ¢ D. Thus if v ¢ Q D D, then

hy = w)p(w)K (v, w)dw = w)o(w)K (v, w) dw.
Ly FIIE )= [ et (e

Therefore, using Cauchy-Schwarz, (1.32) and Fubini’s theorem

[ = [ ( | rwewke,e) dw>2dv
<lelf [, </f Ko, dw)(/mw)dw>d

< Ao [lgl2a / P (w) / K (0, w) dv du
D lv—w|>2p

—ds 2 2
< A7 ol 11720

This yields (2.6).
To bound hy we first consider s € (0,1/2). We use Cauchy-Schwarz, (1.32) for s < 1/2
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and Fubini

2
12l 2 (ay

:/E(/B()f(w)(gp(w)—gp(v))K(v,w)dw) dv
2(w w) — ()| K(v,w)dw w) — ()| K(v,w)dw | dv

s/E(/Bp(v)fursa() ()| K(v,0) )(/Bp(y)rsou o(0)| K(v,0) )

<HSDHCI/ (/B )f( )]v—w\K(v,w)dw)</B()|v—w\K(v,w)dw>dv

P g2 / Plw / o=l o) v
ENB,(w

S A2 2 ||<P||cl ||fHL2(Q) .

This yields (2.7).
Second we consider s € [1/2,1). Due to (1.28), we find

1
hy = = w w) — o)) (K(v,w) + K(w,v)) dw.
5, S (60— () ((ww) + K, 0)

N

-~

—.pSym
—:h

We estimate hy'™ by duality. Let g € H*(R?). Then, since supp hy™ C E, we have
[ gt do
-1/ IO () — o) K ) o
=g [ e ) (plw) — o) K )
5/ o S(f) = J@) () — () K (0 0) du
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Thus by Cauchy-Schwarz, (1.32) and Theorem 3.4

/Ehzym(v)g(v) dv
< Hf||L2<Q){/Q (/m e (9(v) = g(w)) (p(w) = ¢ (v)) K (v, w) dw) dv}

+||g||Lz<m{ / ( Lo (f(w)—f@))(w(w)—w(v))K(ww)dw) dv}

< Il { / ( [ ) - s w) dw>

+ 1191l 120 {/Q (/m e (f(w) —f(v))2K(v,w) dw)

% ( / e e Kww) dw) dv}

< A5 ey ||<,o||cl{ |/ . (g@)_g(w))?mv,w)dwdv}

1
2

N

D=

N

=

1. 2 ’
+ A2 gl ol { L[ G- ) Kew dwdv}
Q JONfv—w|<p
< 8o lpllen (112 N9l + 190 2oy 1 ey )

This estimate implies that there exists hgs, hos such that
hy = h5™ = h33™ + (—=A,)2h35",

with

Hh22”L2(Rd) <Apt el 111 H3(Q) ”h23HL2(Rd) <Ap' [l en HfHL2(Q) :

4
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CHAPTER 3

DE GIORGI

3.1 Introduction

This chapter is based on [152], but we incorporate some ideas from [10].

3.1.1 Problem formulation

The question we raise is whether solutions to (1.13)-(1.14) satisfy Holder continuity and
Harnack inequalities. The weak Harnack inequality and Holder continuity have been
obtained by Cyril Imbert and Luis Silvestre in [115], yet part of their proof relies on an
argument by contradiction. Our aim is to develop a constructive method to deduce the

results.

3.1.2 Contribution

Our contribution consists in a quantitative proof of regularity for non-local kinetic equations
of type (1.13)-(1.14). Our results are applicable to the non-cutoff Boltzmann equation.
We prove Harnack inequalities and Holder continuity. The technical assumptions that are
required for these statements were discussed above in (1.26)-(1.30). In short they define a
suitable notion of ellipticity on the non-local coefficients of (1.13). The analogue statement
for local equations requires the coefficients to be uniformly elliptic, that is the eigenvalues
of the diffusion matrix lie in [\, A] for given 0 < A < A. The parameter s € (0, 1) arises
from the non-locality of (1.13) and is hidden in the conditions on the kernel. The first
main result is the weak Harnack inequality derived in Theorem 1.1. In particular, this

implies Holder continuity.

Theorem 3.1 (Holder continuity). Let f be a non-negative weak solution of (1.13)-(1.14)
in [—3,0] X By X By with a non-negative kernel K satisfying (1.26)-(1.30). Assume f is
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essentially bounded in (—3,0] x By x RY. Then f is Holder continuous in Q% with Holder
exponent a € (0, 1) depending on s,d, \, A, ||h||L°°(Q1) with

[f]ca(Ql) = sup |f(21) — f(22)]

2 Zl,ZQGQ%,Zl?éZQ ’21 - Z2|a (31)
< C(1+ Il eign)) (Il ropemcss) + 10l e(an) )
where C' depends on d, s, A and A.
Finally, we are able to show a non-linear strong Harnack inequality.

Theorem 3.2 (Not-so-strong Harnack inequality). Let f be a non-negative solution to
(1.13)-(1.14) in [=3,0] x By x By with a non-negative kernel K satisfying (1.26)-(1.30).
Assume 0 < f <1 in (=3,0] x By x R%. Then for any p € [2,2 + ﬁ) there is C' > 0
and B € (0,1) depending on s,d, X\, \,p such that for rq < %

8
sup f < C| inf f+ 1kl peio) | (3.2)
Qry @ro

where Q;O = Qn ((=2r2 4+ 1(%2)%,0,0)).

The proof of the Weak, not-so-strong Harnack, and the Holder continuity relies on
the Intermediate Value Lemma, Theorem 1.2. We view Theorem 1.2 as our main
contribution in this work. It is the analogue of the Second De Giorgi Lemma for kinetic
integro-differential equations with a non-locality exponent s € (0, 1). This completed the
full De Giorgi theory in the kinetic setting. Recall Figure 1.6, where we illustrated the
domains of our main results.

Finally, from these results we are able to deduce a statement on the solution of the
Boltzmann equation (1.2) in the conditional regime (1.20), where the mass density of
the gas is supposed to be uniformly bounded from above and below, and the energy and
the entropy are both assumed to be uniformly bounded above. It can be checked that
K satisfies (1.26)-(1.30) with A depending on the mass, energy and entropy of f and A
depending on the mass, energy and || f||;~. We refer the interested reader to Section 3
and Lemma A.6 of [115]. Therefore Theorem 3.1 implies:

Theorem 3.3 (Imbert-Silvestre). Let s € (0,1) and v € (—d,1] be such that 0 >
v+ 2s < 2. Let f be a non-negative solution to the Boltzmann equation (1.2) for
(t,z,v) € (=3,0] x By X By. Assume that f is essentially bounded in (—3,0] x B; x R?
and that there exists My, My, By such that My < M(t,x) < My, E(t,x) < Ey for all
(t,z) € (=3,0]xBy. Then f is Holder continuous in Q15 := (—(1/2)%,0] X B(1 j2)1+2s X By 2

76



and for a € (0,1) there holds
[flea@.,) < C,

where C' depends on s,d, || f| ;e , Mo, M, E.

Remark 3.1. The entropy H satisfies a uniform bound from above in terms of M, F; and

| fll zeo- Thus we do not require the additional assumption H < H; in Theorem 3.3.

3.1.3 Further remarks

Our equation involves a transport term, which transfers some regularity of the velocity
variable to the space variable. It also involves a non-local diffusion in the v variable. Our
motivation to study the regularity of this type of equation is linked to the question of
well-posedness for smooth classical solutions of the inhomogeneous Boltzmann equation
without cut-off. There are linear kinetic equations whose solutions in the hydrodynamic
limit are described by a fractional diffusion [30, 158, 159]. Indeed diffusion limits of
the linear Boltzmann equation with a heavy-tailed distribution of infinite variance as an
equilibrium distribution give rise to a fractional diffusion equation [159]. Such heavy-tailed
distribution functions arise in astrophysical plasmas [160] or also in granular gases through
dissipative collision mechanisms [72]. However, the only source of fractional diffusion at
the kinetic level stems from long range interactions of the Boltzmann collision kernel.

In the limit case s — 1, equation (1.13) models the local kinetic Fokker-Planck equation,
whose study is motivated by applications to the Landau equation [85]. For the local case,
there is a non-constructive method discussed in [85]. A constructive proof first appeared
in [190] for ultraparabolic equations that has further been developed in [98] to local kinetic
Fokker-Planck type equations. The construction is based on a Poincaré-type inequality
and Kruzhkov’s method [137]. A novel constructive approach for local kinetic Fokker-
Planck type equations has been devised by Guerand and Mouhot in [99]. Their method
relies on trajectories. For general s € (0,1), Cyril Imbert and Luis Silvestre (together
with Clément Mouhot in [120, 121]) made important contributions in a series of papers
[115, 117, 120, 121, 177] that culminated in the final work [118]. In [177], Silvestre proves
for a certain range of s that any solution f is a-priori essentially bounded provided that
the mass, energy and entropy defined above (1.20) satisfy uniform bounds from above and
that the mass is bounded below. With an additional non-degeneracy assumption in [115],
they obtain the a-priori inequality with a quantitative argument when s € (0, %) Note
that their method, which uses barrier functions, can be extended to s € (0,1) under the
additional symmetry assumption K (v,v 4+ w) = K(v,v —w), cf. section 7 in [115]. When
s € (%, 1) they prove an Intermediate Value Lemma using an argument by contradiction.
In [117], Imbert and Silvestre derive Schauder estimates for kinetic equations, which can

then be bootstrapped for the non-cutoff Boltzmann equation to obtain smooth solutions
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[118]. Let us also mention a work by Stokols [181], which combines the method of [85]
with fractional estimates from [35] to obtain a non-constructive proof of Hélder continuity
in the non-local case. The assumptions on the kernel in [181] are stronger than ours: the
kernel is assumed to satisfy pointwise upper and lower bounds in (v, w), as well as the
symmetry conditions K (v,w) = K(w,v) and K(v,v+ w) = K(v,v —w). We need more
general assumptions to be able to apply our results to the Boltzmann equation.

The paper presents a constructive proof of Holder continuity and Harnack inequalities
using a De Giorgi-type argument. De Giorgi methods were originally established for non-
linear elliptic equations by De Giorgi [56]. Moser then showed how to deduce a Harnack
inequality [165, 166]. The Harnack inequalities are local regularity results. In particular,
the weak Harnack inequality implies Holder continuity [80]. By using an argument based
on trajectories, we derive the Intermediate Value Lemma, which in turn implies Hélder
continuity for the non-cutoff Boltzmann equation. In order to cover the full range of
non-locality parameter s € (0,1) we have to carefully exploit the cross-term arising in
the energy estimate similar to Section 4 in [35]. This is a purely non-local effect. To the
best of our knowledge, this is the first Intermediate Value Lemma for non-local kinetic
equation covering the full range s € (0, 1).

The not-so-strong Harnack inequality is obtained by combining the weak Harnack
inequality with De Giorgi’s first lemma. The strong Harnack inequality for non-local
equations has been discussed in [32, 33, 48] for the elliptic case and in [22, 50, 51, 126]
for the parabolic case. Most of these works consider non-local operators with symmetric
kernels that verify a pointwise upper and lower bound. In general the strong Harnack
inequality fails for non-local equations, if the function is not assumed to be non-negative
[125]. Instead one gets an additional term from the tail of the negative part of the function
on the right hand side [126]. The parabolic Harnack inequality without tail term has so far
only been proved using probabilistic tools such as heat kernel estimates [50, 51]. There are
no analogous results in the hypoelliptic case. In [128], they prove the Harnack inequality
with a tail term on the right hand side for non-local parabolic equations. Under certain
assumptions [128, Conditions (a) and (b) on p. 47] the non-local tail term can be bounded
by a local quantity, which could then be absorbed on the left hand side of the inequality
via a standard covering argument, yielding the strong Harnack inequality. However, these
additional assumptions do not naturally follow. But from the weak Harnack inequality it
is a straight-forward consequence to prove a weaker non-linear strong Harnack inequality

for essentially bounded solutions in the sense of Theorem 3.2.
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3.1.4 Strategy

The core of the proof relies on the following method:

Energy estimate m First De Giorgi Lemma

. , . ) L — weak Harnack.
weak Poincaré inequality —0—<?:1—> Second De Giorgi Lemma

Note that in the final statement we require our function to be essentially bounded for v in
R?. The reason behind this is to be able to take care of the tails of the non-local operator.
The energy estimate and the weak Poincaré inequality hold for any sub-solution of the
equation, whereas for the First and Second De Giorgi Lemma we need to assume that
f <1 almost everywhere.

In Section 3.2 we fix the notation, discuss definitions of weak solutions for (1.13) and
state a result of boundedness in H* x H*® of the bilinear form (3.3).

For De Giorgi’s First Lemma we prove an energy estimate in Section 3.3 and gain
integrability in Lebesgue spaces using estimates on the fundamental solution of the
fractional Kolmogorov equation. We deduce De Giorgi’s First Lemma 3.4 by a classical
De Giorgi iteration in Section 3.4.

De Giorgi’s Second Lemma, Theorem 1.2, is proved in Section 3.5 by first proving a
weak Poincaré inequality in L' using the trajectorial approach of [10]. The difficulties that
arise for small values of s are dealt with by introducing suitable level functions inspired
from [35].

We deduce Holder continuity, Theorem 3.1, and the Harnack inequalities, Theorem
1.1 and Theorem 3.2, in Section 3.6. Holder continuity follows by standard arguments
either from the weak Harnack inequality or by the measure-to-pointwise estimate. To
prove the Harnack inequalities, we use a covering argument, which we adapt from [99].
The geometric construction for the covering had to account for the specific scaling of the
fractional diffusion. Once we have obtained the weak Harnack inequality, we combine it

with the First De Giorgi Lemma to deduce the non-linear strong Harnack inequality.

3.2 The bilinear form

We introduce the bilinear form associated to the operator £ in (1.14) for (t,z) € R4

S(cp,g) (t,z) = — / (ﬁgp) (t,z,v)g(t,x,v)dv

(3.3)
= lim //v_w|>6 K(t,x,v,w) [cp(t,x, v) — @(t,x,w)]g(t, z,v) dwdv.

e—0
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In the sequel, we will abuse notation by ignoring the limit as ¢ — 0 and understanding
some integrals in the principal value sense. Moreover, even though K can depend on
time and space in general, we will subsequently often omit to write out this dependency
explicitly. The following theorem has first been proved in [115, Corollary 5.2]. We give a

different proof for the anti-symmetric part of the operator.

Theorem 3.4. Let R > 0, A > 0 and K : R? x R* — R? be an non-negative kernel
satisfying (1.27), (1.29) and (1.30). Then for f,g € H*(R?) supported in Br there holds
2

E(f,9) < Cllf s ray 191l s oy

where C' depends on s,d and A.

Proof. By density of C'*° in Sobolev spaces it suffices to consider smooth f, g. We divide

the proof into the symmetric and anti-symmetric part of the kernel: we write

et =3 [ [ (#0) = 1) (o) = gw) K (v, w)dwdo
) —11(f.9) ’
+3/ [ U0) = F) (0(0) + gw) Ko, w) o
::I;Ef,g)

where the integrals are understood in a principal value sense.
For I we use Young’s inequality and we dyadically decompose the domain of integration

which gives for h = for h=g

Ii(h,h) = f P(2%), (3.4)
k=—00
where for r > 0
P(r) = |h(v) — h(w)|” K (v, w) dw do,

Py

with ¥, = {(v,w) € B xR? : r < [v—w| < 2r}. Let m = “5* and consider an

intermediate point u € Br(m). We use |h(v) — h(w)]> < 2|h(v) — h(u)|*+2|h(u) — h(w)]?
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to bound

K (v, w) ( h(v) — h(w)]® + |h(u) h(w)|2> du dw dv

Qv,u

K(v,w) dw) dudv
=y \h(u)—h(w)\z( [ K(v,w)dv> dudw,

where we used Fubini’s theorem and write ¥, := {(v,w) € By x R?: ¢ < jv —w| < &
and €,,, for the set containing the u corresponding to any pair (v,w). We note that

Q. C Bar(v) \ Br(v). Using (1.32) we get

Td+25</ |h(v) u)|” dudv—i—/ |h(u w)| dudw)

. A( / h(w) = h@* | |h<u>—h<w>|2du dw)

|U . u|d+25 5, ‘U, _ w|d+25

We can apply this final estimate to each term in the sum (3.4) and use Cauchy-Schwarz

inequality to obtain

Li(f,9) S A He(Rd) - (3.5)

For I, we distinguish the far and near part for 0 < R < § to be determined below

_/BR /BRﬁ|v—w|<R P /BR/|:U w\>R / (36)

::Iz‘lr(fag) = 122 (f,9)

Hs(R9) 9]

We rewrite I5; with Fubini’s theorem

()= [ () = K(w.0) F0g(e) s dodo

J/

—Io1(f.9)

" /B B (K (v, w) = K(w,v)) f(v)g(w)Xjp—wj<r dw dv.

J/

—Io12(f.9)
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Then for I5;; we use the cancellation assumption (1.29) and (1.30). We get

1211(f79)5/B

PV/B (K(v,w) — K(w,v)) dw||f(v)g(v)| dv

3.7
<A [ 1wl do 3D
Br
<A ”fHL?(BR) ||g||L2(BR) :
For 1515 we use Taylor’s theorem to write
bulfg) = [ [ [K@w) - Kw.o]x-wenf0)
BR BR

x 19(v) +Vg(v) - (w—v) (3.8)

N | —

(w —v)" </0 D2g(rw + (1 — 7)) dT) (w — v)] dw dw.

We can bound the first term as above in (3.7). For the second term, in case that s € (0, %>7
we use (1.27) so that

/.,

[f(0)Vg(v)] dv

/B [K(Uv w) — K(w, U)]X|’u7w|<R(w —v)dw

< ARV /B F(@)Vg(v)] dv

S AR Flliaipy IVl 2,
1 1
< AR £ 25, HgH Laag D917 5

<A Hf“L2 (Bg) HQH H9HH2 (Bg) -

We used the Gagliardo-Nirenberg inequality and chose R? = Hl!gglL“Q . Else if s € [1 /2,1),
L2

we use (1.30), so that with this choice of R we get

J.,

[f(0)Vg(v)| dv

/B_ [K(v,w) — K (w,0)] Xjo-wj<r(w — v) dw

SA(L+ R / g(v)| dv

)
<AL+ RV (1l 1V 125,
< AL+ R7) [l 2o, ol e HDQQHLZ

< Moy (N9l + o5y ugumﬁ))-
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For the last term in (3.8), we have with the Cauchy-Schwarz inequality and (1.27)
// [K(Uv U)) - K(U}, U):| X|v—w|<Rf(U) (w - U)T
BRXBR

X (/01 D*g(rw + (1 — 7)v) dT) (w —v)dwdv

< | fllz2em,

% {/B;R
< | fllz2m,) { /BR

/ K (v,0) — K (w,0)] Xpoojcr [0 — o]
By

/B_ (K (v,w) — K(w,v)] Xjo—w|<r |w — U|2/0 D?g(tw + (1 — 7)v) dr dw

2 N
dv}
dv}

1
<SR - K@ xeaenle = o [ Dyt (0= ) drdudoy
BRXBR 0

/ K (v,w) — K(w,v)| Xjp—w|<r |w — U|2 dw
Bg

2

NI

X dw

/0 D2g(rw + (1 — 7)) dr

S AR Fll 2y

For 7 € [0, 3) we perform the change of variable v — 7w + (1 — 7)v, whereas for 7 € [1, 1]

we perform the change of variable w — 7w + (1 — 7)v. We get in the former case with
(1.27) and Fubini’s theorem

/ / 1K (v, w) — K (w,0)| Xjo—w|<r |0 — 0| /2 ID*g(Tw + (1 — 7')1))‘2 dr dw dv
By /By 0

1
< / / / | K (0, w) —K(w,@)lx|ﬁ_w|<R|w—f}|2‘DQQ(T))‘z(l—T)_?’df)dwdT
o JBy /B

< CAR™™ HDQg”LQ(BR) ;

where 0 < R is chosen such that B_r(tw) C By for all w € Bg and 7 € [0,3). In the
latter case we have similarly

1
/ / | K (v, w) —K(w,v)|x|v_w|<R\w—v]2/ ’ng(Tw—i-(l—T)v)’2 dr dwdv
Br JBp %

1
S// / \K(v,u?)—K(w,v)lx\ww\@m—vf|D29(ﬁ))}27‘3dﬁ;dvdr
3 /Bp /By

< CAR™™ D% o s,
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when we choose 0 < R such that B, z((1 — 7)v) C B, for all v € Bi. Thus we get overall

/B /B [K (v, w) = K(w,v)] Xjv-w)<rf () (w — U)T/ D?g(tw + (1 — 7)v) dr(w — v) dw dv

0

< CN R || fll () (D% 25,

< CA ||f||L2(BR) ||g||L2(BR) ||9||i12(BR) :

Therefore we have obtained

In(f,9) 2a ||f||L2(BR H9HL2(BR) + ||fHL2 (Bg) ||9”L2 (Bg) HgHSH?(BR) : (3.9)

For the far part I in (3.6) we apply Taylor’s theorem
I (f,g9) = v) — f(w v w) | K(v,w)dwdv
o= [ [ 10— 5] o) + g Ko-w)
[ L, K - )] [2g<v> +Vg() - (w )

(w—v)"- (/ D?g(tw + (1 — 7)v) dT) (w— v)] dw dv.

0

N —

The trickiest term to estimate is the last one. We get with Fubini and Cauchy-Schwarz

2 3
< lzrcon { /. dv}
2
+ 1l 25 { /Rd dw}

< AR N, / / K(v,w)|w — v / ID*g(rw + (1 —7)v )|2 dr dw dv
Br JRN\BRg(v
+ ARYS ”fHL?(Rd\BR) {/ / K(v,w)|w_v|2
Br JRABR(v)

1
></ |D29(Tw—i—(1—7)”0)|2 dede} :
0

/ / K(v,w)[f(v) = f(w)] |w— v|2/ D?g(tw + (1 — 7)v)dr dwdv
B JRN\BR(v) 0

[

1
/ K(v,w) |w— v|2/ D?g(tw + (1 — 7)v) dr dw
R4\ Bgr(v) 0

=

1
/ K (v, w) [w— v|2/ D2g(rw + (1 — 7)v) dr dv
Br\Br(w) 0

N

N|=

With the same change of variables as above we find for R sufficiently large such that
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B _nr(Tw) C By for all w € R?\ Bg(v) and 7 € |

0,3]
/ / K(v,w) |w— v / ID?g(rw + (1 —7)v )‘2 dr dwdv
Bp JRH\Bg(v
< C/ / K(3,w) |w — o) |D?g(#)[* dwds
By JRUN\BR(0)

< CAR*™ HD29H;(Rd) '
Similarly

/ / K(v,w)|w — o / ID?g(rw + (1 —7)v )’2 dr dw dv
Bp JRNBg (v

<C/ / K(v,@)|w — v ID?g( )‘ dw dv
RA\Bg(v
< CAR™™ ||D29HL2(Rd

Thus with our choice of R we get

/ / K (v,0) [f(v) — f(w)] o — 0]2/ D2g(rw + (1 — 7)v) dr dw dv
Bj JRIN\BR(v) 0

. 3.10
< CAR®™ || f |l 2y [D*9 | 2 2 o

< OISl ey 191 2y 19115 e -
Overall we find

]22(f7 g)

<

) /BR </Rd\BR(v) (f(v) = f(w))*K (v, w) dw> | </1Rd\BR(v) K(v,w) dw> 3
) /R </RCZ\BR(U) (f(v) = ()" K (v, w) dw) 5

X (/ lw —v|* K (v, w) dw) |IVg(v)| dv
R4\ Br(v)
+ CAR*™ [P |D?

g(v)dv

gHLz(Rd)

S ARl Nglle + AR (1 fll g 1Vl 2 + AR 1 f ]| 2y (1D 12 g
< AR ([ fll g llglle + AR ]

Hs

Hs

1 1 o
9l 72 HD29H22 +AR*? 11| 2Ry HD29HL2 Rd
< A Fllge gl 2 gl e + ANF oy ol 2gaen N9l o ee

We used the same proof as for the symmetric part to deduce the third inequality, repeatedly
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the Cauchy Schwarz inequality, the upper bound (1.27), the Gagliardo-Nirenberg inequality
and the choice of R as above.

Now we use Littlewood-Paley theory inspired from the proof of Theorem 4.1 in [115].
We denote with A; the Littlewood-Paley projectors defined by

Aif(z) = / o feemde,
£:2i<|g| <2t

where f is the Fourier transform of f. We decompose f =) .2, A, f, using the convention
that all low modes are contained in Ay so that the index ¢ > 0. Note that for s > 0

1A fll s =~ 2 1A fl 2

Moreover, we bound as in [115] (for a justification see [18])

1272”1 Aigllze < 27 1Al

[l

Hs -

and
1-3 s
[Aigll 22 [[Aigll 72 S 1A

Hs -
Then
L(f.9) =Y _ DL(Aif,Ag)
%,
S A 18590525 120152 + > 120l 1A £ 145

J<i i<j

1—s s
£ 37 (18l 1850155 12851 5 + 182 1251 )

HS

J
<S> (Tsli_ﬂ 1A N s 18590 e + 1A s AjQHHs) + £l 2 lgll -
ij
o o (3.11)
<Y 27D A e 180 k9l e + 18541 s 1259 e
k=0 =0

e F 1 F 12 N9l e

i=0

e H 112 N9l e

Hs -

+ 11 N9l

< Zzl-sk(Z 1A
k=0 i=0

+ /]
S /]

1
2
2
HS

Note that splitting the sum into j < ¢ and ¢ < 7 works since the adjoints of the corre-

Hs g|

g|

Hs

sponding integral operators satisfy the same bounds as in (3.9) and (3.10) due to the
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cancellation assumptions. Thus we conclude with (3.5) and (3.11). O

To motivate the definition of solutions in Definition 1.1, we recall Lemma 5.6 of [115],
which states that the operator £ is bounded from the space L (R?\ Bgy) + H*(R?) to

H~*(Bpg), where the former space is equipped with the norm

||f||Loo(Rd\BR/2)+Hs(Rd) = inf{ ||f1||L°°(Rd\BE/2) + /2| Hs(Rd) - f=h+f, i=0in BR/Q}-

Lemma 3.1. Let ¢ € H*(R?) with supp ¢ compactly contained in Bgj. Let K be a
kernel with (1.27), (1.29), (1.30). Then for f € L*®*(R*\ Bgj,) + H*(R?) there exists C
depending on s,d, N and supp ¢ so that

E(fip) <C Hf”LOO(Rd\BR/2)+HS(Rd) 1 Hs(R4) -

Proof. The proof comes from Lemma 5.6 in [115]. It suffices to consider smooth f, ¢ just
as above. We write f = f;+ f, with f; and f; as in the definition of the norm for the space
L=(R?\ Byys) + H*(RY). By Theorem 3.4 we have [€(fa, )| < C | fallyeqgy Il e o
For E(f1,¢) we get

E(f10)] =

lim //|w—v|>g [fl(w) — fl(v)]go(v)K(v,w) dw dv

e—0

= hm/ / fi(w) K (v, w) dwep(v) dv
¢70 Jsupp ¢ J R4\ B. (v)

:/ / fi(w)K (v, w) dwe(v) dv,
supp @ J R4\ B;(v)

where 0 = dist (supp o, R%\ BR/2). Using the upper bound on the kernel (1.27), we find

Hs -

E(f1.90)| < AT ||f1||L°°(]Rd\BR/2)/ p(v)dv < C ||f1||L°°(Rd\BR/2) ]

supp ¢

3.3 Energy and integrability

The following two lemmas are used to extract information from the equation.

Lemma 3.2 (Local energy estimate). Let f be a non-negative sub-solution to (1.13)-(1.14)
in Qr for some R > 1 where 0 < K satisfies (1.26)-(1.30). Let Q.(20) C Qr(20) C Qr
2 2

with 0 <r < R < min{l,’g} be given. Assume 0 < f <1 a.e. in (— R? +t0,t0:| X
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Brisas(xg + tovg) x RL. Then there holds

2
sup / (7, 2z,v)drdv + / |/ (w) {;(rgg’ dwdz
Q7 (20) Qr(20) 20 |U - w‘

TE(=725410,t0)

S [ S (B0 > 0 0 Qe+ [ s

= 20 r(20)

where 2o = (to, To, Vo), fol(z,v) = f(=r* +to,x,v) and

Ql(2) = {(;U,v) cR*: (1,2,v) € Qr(zo)}.

Proof. Fort e ( — 72 1, to] we let ¢ € COO(RM) be a cut-off function with 0 < <1,
such that ) = 0 in QL(zp) and ¢ = 1 outside Q% (z0). We test (1.13) with the truncated
function (f — )4 = sup (0, f — ¥). We notice that f = (f —¢); + (f — ¢)- + ¢ and
Volf —¥): =2(f - 1/1)+(fo — Vm). This yields for a.e. t € (=72 + tg, to]

[t =wearavz [ T dsdos [ (-0

R2d

1d
_2dt R2d

[ =0 =0+ [ (=) da

(= 0hdedot [ E(F =0 - 0)) o

R4

+/ (f — ) Ty dado.
R2d
Due to the coercivity of K (1.31) we know that

E((f =) (f —0)1) + AN = 0)ellZe = MICF = )l -

Moreover we notice that

(=0 =0) = [ [ ¢ =000~ (7 = -] - ¥ 0K, 0) dwdo
—/Rd Rdf—w,w f—=v)s(v)K(v,w)dwdv > 0,

since (f — )y - (f —1)_ = 0. This term will be fully exploited for the Second De Giorgi
Lemma, Theorem 1.2. Finally to bound E(1), (f — 1)) we distinguish the symmetric and
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the skew-symmetric part

- /Rd R (F =¥l _¢(v)}K(U’w> dwdv
/Rd Rd [(f =)+ (v) = (f =) (w)] [¥(w) = P(v)] K(v,w) dwdv
¥) 4 ()] [(w) — ()] K (v, w) dw dv.

/Rdwfw (-

Realising that [g4.(v) — g1 (w)] < (X{g>03(v) + X{g501(w)) |9+ (v) = g (w)| we find

—em(y
/Rd = 0(0) = (f = ) (w)] [$(w) = () K (v, w) dw dv
< E (] ) ( — 0)2)
+// X{f—w>0} (V) + X{f—p>0p (w)] lih(w) — (v))* K (v, w) dw dv
< 10 =0+ Wl [ oo ()

where we used Theorem 3.4 and the upper bound (1.32). For the skew-symmetric part we

have

(c/'skew

+ (f =) (w)] [Y(w) — ¥ (v)] K (v, w) dw dv
w,v)] dwdv

/Rdef W)

// [ = )+ (0) + ( — )+ (w)] [K(v, ) — K(
// 1(f =)+ (0) [ K (v,w) — K(w,v)] dwdv

5 /(f — )+ (v) (/ [Y(w) — ¥ (v)] [K (v, w) — K(w,v)] dw> do.

We estimate
PV w) —Y)| | K(v,w) — K(w,v)|dw =
/W( ) =YK w) (1w,0)] /Br(v) +/Rd\Br(v)

< / (w — ) - Voib(0) [K (0, w)
By (v)
+/ w — o || D20, . |K (v, w) — K (w, )] dw + Ar~2 [

— K(w,v)] dw

< APTE Yl + AT oo + AT [ e
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For the tail we used the upper bound (1.32). For the near part we used (1.27) to bound
/ v —w|* | K (v,w) — K(w,v)| dw < Ar?~2.
B, (v)
Moreover, in case that s € (0,1/2) we again get by (1.27)
/ v —wl| | K (v,w) — K(w,v)| dw < Ar'=2,
By (v)
and in case that s € [1/2,1) we use the cancellation assumptions (1.30)

< Art=2s,

PV /Br(v)('u —w)(K(v,w) — K(w,v)) dw

Thus we find
—EF (), (f —1)4) < C(r“’s 19lley + 772 Nl ea + 772 9] oo ) /(f — )+ (v) dv
<Clley [ (F = 0)e)do,

so that )
—EW, (f —v¥)4) Sg 1(f — V)4

Pl [ / X{f—u>0}(v) dv

+C s [ (7= vt}

Gathering the estimates we obtained so far we get for any t € (—r? + t, to]

to

[ (= 0Pt dedo s A 0 el dwat

—r2s+to JR

s/ (F = )0 + to, 2,0) dz dv + C ]| s
R2d v

to

s+t /RQd(f — )4 (v)dz

—r2

Il [ =0 > 000 (=t totol] + O T [ [ () as

(R - T)1+25 —r2s54tg

to
+CA/ / (f—gb)i(v)dsz/ h*dz.
—r2s+tg J R24 Qr(20)

Since 0 < (f — ), <1 the L' norm and L? norm are bounded by

{f = >0} (=r* +to,t])| < [{f >0} N Qr(20)].

Moreover, we chose ¢ such that [|Dyi)]| ;e S 7 D2 1w S ﬁ and || D¢ 100 S

m. Finally we note that (f — ), = f in Q.(20), (f —¥)+ < f everywhere and
(f — )4 = 0 outside Qg(zo) and conclude. O
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Lemma 3.3 (Local gain of integrability). Let f be a non-negative sub-solution of (1.13)-
(1.14) in Qr(z0) with a non-negative kernel satisfying (1.26)-(1.30) for some R > 1.
Let Q.(z0) C Qr(z0) C Qp, for some 0 < r < R <1. Assume 0 < f < 1 a.e. in

( R?* + to,to} X Bpivas(xg + tovg) x RL. Given p € [2 2+ 5 1+S ) f satisfies

”fH2LP(QT(z0)) Saaw (R — 7’)_2 / f()Q(xa v)dxdv

o) (3.12)

+(R=r)"*[{f > 0} N Qnlz0)| + (R — 7")_2/ B2 de,
Qr(z0)

where zy = (tg, To, Vo), folx,v) = f( —r¥ 4 tg,x,v) and

Qr(20) = {(z,v) eR*: (1,2,v) € Q. (20) } -

Proof. We first recall a clever observation made by Imbert and Silvestre [115]. If f(¢,z,v) =
0 then 7 f =0 a.e. and Lf(v) > 0. In particular any sub-solution f of (1.13) satisfies

Tf<Lf- ( » fw)K (v, w) dw)x{f:o} +h= <£f>x{f>o} + h.

Now we write Z := (—R% + tg,to] and for t € Z we let ¢; : R*¢ — [0, 1] be a smooth
function such that ¢1 =1 on QL(z) := Bpi+2s(xg + (t — to)vg) X By(vp) and ¢ = 0 outside
Q%4 (20). Consider g := f¢;. There holds

4

Og+v-Vag+ (=A)g= (Tf)gpl + f(Tgpl) +(=A)yg
< (LF)xis0p01 + hor + f(Tor) + (—A)3g.

Note that we have by the energy estimate of Lemma 3.2
2
||f||LizH5(QR+r (20)) <CN,
B

where

N = fé(x,v>dxdv+C<RIT,R> >0 n@Qutl+ [ as
Q% (20) QRr(20)

with C(r, R) = (R — r)~2. Moreover, since f € H? with support in Qg(zp) we know by
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Theorem 3.4 that Lf € H,*(RY) and

/ (Lf)xqr>op1(v dv—/ /
BRrir BR+T B

.dwdv—i—/ / ... dwdv
Ber () 5 Brir ) "BNBzw)

R+r
S 061/2 r, ||f| )
4 (vo)

—2s
+ C’A( + Uo) / X{r>01¢1(v) do.
B%(v

0)

HS(BRnLT
2

Further we have

r —2s 9
||9||L2 Hs(IxR2d) = <C ||f||L2 HS(QQII(ZO)) + C(Z + v0> 19|72

t,z" v t,x” v

9 T —2s 2
< O3 @ on +C(F+0) 17 Euen

Therefore g satisfies

g +v-Vaeg+ (=A)sg < (Lf)xqrsop01 + bt + f(Ter) + (=A)Sg =: H,

with right hand side H = (Lf)x{r>oy¢1 + hr + f(Te1) + (=A)sg € L H,*(Z x R*?).

The energy estimate 3.2 implies

R+r

)”fHL QR+T(ZO))+O< +U0>_4S|{f>0}ﬁQR(ZO)’

2 2 (Jvo] + 1)
1Pl @noyy T N90zz, s zxmeay) (R— (Bz)y 1122 (@ (o)
4

R+r R+
S)\,A,Uo C<T7 4 >N + CQ <T7 4 ) ||f||iz(QR(zo)) :

1H1Zs o zssay < CC(:

It remains to quantify the measure of the difference between solution and sub-solution.
Note that for (z,v) outside QR+T<ZQ) there holds ¢ = 0 and thus 7¢g = 0. Moreover,
outside Q% (20)

4

(=A)g(t, 2, 0)] = C / g(t,z, w) jw — o]~ qu
B r—r(vo)

R —d—2s
SC’(M—UO— —|—r> ‘B

2

Rgr (vo)} X{

)1+23

\x|§(RIT +wo+(t—to)vo}

Thus Tg+(—A)g = (—A)*g € L? outside B ngryiias (xo+ (t—to)vg) X B%(vo). Consider
now a second smooth cut-off function 0 < 9 < 1 such that s =1 in B( Riryiszs (xo+ (t —
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to)vg) X B%(vo) and ¢y = 0 outside Q%x..,, (20). We let

H = Hpy+ (1 —p2)(=A)5g.

We claim € L} H;*(Z x R¥). Indeed (1 — ¢5)(—A)3g € L? H;*. Moreover, if a
function a € H* then also aw, € H*. Thus by duality it also follows that Hy, € L7 H;*.
With this definition there holds in Z x R*

Tg+(-Ayg<H

with equality outside Q% x,., (20)-

Using Proposition 2.1 we deduce

2 ] 2
—— [ Pyp—,

2
L2 Hy*(IxR2d)

We conclude by noting that 0 < f < 1 a.e. so that the L' and the L? norm are bounded
by [{f > 0} N Qr(20)l- O

3.4 First lemma of De Giorgi

Lemma 3.4. Let Q,(z) C Qr(20) with 0 <r < R <1 and ty < r*. Let f be a non-
negative sub-solution of (1.13)-(1.14) in Qgr(20) with a non-negative kernel K satisfying
(1.26)-(1.30). Assume 0 < f <1 a.e. in (—R* + tg,tg] X Bri+es(xo + (t — to)vg) X RY.
Then there exists g > 0 so that for all € < gg there holds: if

/ frdz <e,
QRr(20)

then for any 2 <p < 2+ ﬁ there exists a large constant C' > 1 depending only on s, d
and p such that

B1

. 2 _ 1 :
< m1n{C[1+ (R—r) ||h||L°0(QR(ZO)) : (R—r) 61552,5} a.e. in Q. (),

where 1 = 2—f2 >0 and [y = 2(]23;_22)

» > 0.

Proof of Lemma 3.4. We do a De Giorgi iteration, as was done in [115, Lemma 6.6] and
[96, Lemma 3.8]. For an intuitive description of this technique, we refer the reader to [36].
Let 7 := 1% —ty and 7 := R* —t;. Then 0 < 7 < 7. Let L > 0 to be determined and
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consider

I, = L(1—27%),
re=14+2""R—r),
ty=—F—27FF-7).

Define Qk(ZO) = (tk,to] X Bri-&-zs (.’L’o + (tk — to)’l)[)) X Br‘k (Uo) and

Ak = / (f — lk)i dz.
Qk(20)

Then Ay < gy by assumption. We want to prove that A, — 0 as & — +o00. This then

proves the lemma.
We observe that (f — lg11)+ is a sub-solution of (1.13)-(1.14) with source term

h‘<t7 T, U) = X{f(v)>lk+1}h<t7 x, U),

and such that 0 < (f — l;.1)1 < 1 ae. in (—=R* + o, to] X Bri+2s(zg + (t — to)vg) x RE
With Chebyschev’s inequality we can estimate

{f >l N Qu(z0)| = [{(f = L)+ > 275 2L} N Qu(20)| < 2T1L72 A (3.13)

~ 112
J#

L2(Qk(20))
We now pick #;,1 € [tk, tk+1] such that

Thus

2 _
<C HhHL"O(QR(zo)) 2L 2Ak'

1
/tk+1 (f = lp)% dzdo < —_/ (f — lp)2 dz < C2F Ay
U1 — Uk J Qu(20)

k 2 (ZO)

Then we apply Lemma 3.3 and (3.13) to find

2
( / [ - dz)
et Lt Q41(20)
« el N+ OB A+ O 2
= (R—r)* k+1 k (R—r)2 k L*@Qr(=0) (R — p)2L2" % (3.14)
26k+8 2k 9 22k+4
< —A ——A R ———A
= (R—r)*L? k+C(R_T)2 b+ Ol Qa0 (R —r)2L2 k

< CXMR =) L7 (14 (R = 1) [l ey | A

where we used g1 > .
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Using Qr+1 C Qr and Chebyschev’s inequality we get

2

A1 < (/Q ( )(f — It dZ) {f > b} N Qi (20)] 7

Sowo P8R =)L [T (B = 1) bl ey | A% |1 > i} 1 Qulz0)]|' 7

e PR =) L2 (U (B 1) [ gy A(27927241)

p—2

L
_ p=2
Son 25 (B = 1) [T+ (R =12 Al wgpon] L7207 A

To determine how large we can pick L, we consider the sequence A} := AyQ~* for some
() > 1 to be determined and for £ > 0. Then we require A; to satisfy the reverse non-linear

recurrence, that is

p—2

* - _ p=2y 14222
Ay 2 2% (R = 1) [T (R = 1) [l e ey | L2074 (3.15)
Equivalently,
p 2
12?%3—@4@&43—@ﬂmmﬂ%%@L 47 Q.

Choose @ such that 286277 <1, that is 22 < Q"7 . Then (3.15) holds if
p—2 _ p=2
L2050 > (R—nr)™* [1 + (R —7)? ||h’||i°°(QR(ZO)):| A, Q.
Thus, if we choose
4p 2 _pP

_p=2
L= A5 (R =) 3275 [t (R =) Wilimaueon]

then, since == > 2> 0and 4y < e, we deduce 4, — 0 as k — +o00. In particular, for almost

every z € Q,(zo)
f<L

And therefore for almost every z € Q,.(zo) there holds

_p=2 2 _p
fSAM“%R—mﬁ%wFﬁﬁfb+uawNMMW%%ﬂ%”
2p 2 _ —2% % _ 21’%2
= ||f||L2 Oro) (R r) 22023 |14+ (R—7r) ||h||LOO(QR(ZO)) .
O

Remark 3.2. First we remark that if instead of f <1 a.e. we just assume f to be essentially
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bounded, then the gain of integrability in Lemma 3.3 would yield

2
1 2o (@, (20))

Sahwy (R—7)72 / fi(z,v)dxdv
Q% (20)

2
+(R—7r)" ( sup f> {f >0}NQr(20)| + (R — 7’)_2/ h?dz,
YxRd Qr(20)

Qt,z(R720

where Q; (R, 20) := (—R?* + tg, to] X Bgi+2s(29). Using this we can further note that the
nonlinear relation between the L and the L? norm of the function can be linearised at
the price of a non-local tail term. Indeed, going back to (3.14), if for some § € (0, 1] we
choose L such that

2
L*>6 ( sup f+(R—7) ||h||L°°(QR(z0))) ;

ZESZtyi (leZO)X]H
/ 0
t

k+3+tg

then

3N

[ -] <ormonia
Q741 (20)

k+1

Thus we deduce

Ap < (/ (f =) dZ) Hf > liga} ﬂQkH(ZO)’l_%
Qr+1(20)

<o 2F(R — 1)1 A (22k+4L—2Ak)1*%

~S,00

_ p=2
2(p—2) 1+ >

Sewo 2X(R—7) 7L A,

~$,00

The same barrier argument as before shows that we have to choose L such that
2(=2) a1 45
Therefore, we pick

2p 4p?

L= ( sup  f+(R—7) |\hHLm<QR<ZO>>) + AJ(R—r) 7722027 670,

2€Q (R,z0) xRd

and we deduce that for almost every z € @,(z) there holds

_22 P 1
fF<C(R—r)"p2§ 0D ||f||L2(QR(ZO)) + 42 sup f
2€Q +(R,z0) xRY (3.16)

+602(R—r) HhHLOO(QR(ZO)) :
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To derive a linear relation between the L> and the L? norm of f, we would need to absorb
the non-local tail term on the left hand side. Thus we require an estimate of the tail in
terms of local quantities. If we were able to replace the tail by the essential supremum
on any finite ball in the velocity domain, then using the standard iteration argument of

Lemma 2.2, we would have obtained for almost every z € Q,(z)

F<CER =772 [fll2@uoy + C Ml L (@rzo))

Combined with the weak Harnack inequality (1.33), this would allow us to derive the

(proper) strong Harnack inequality, in the sense that

sup f<C inf f+Chl o -
Qig(zo) Q%l(zo) | HL (QRr(20))

We refer to Section 3.6.1 below. Note, however, that it is not clear that the non-local tail

in (3.16) can be bounded by local quantities.

3.5 Second lemma of De Giorgi

3.5.1 Hypoelliptic Poincaré

This is where we move along trajectories in order to obtain a hypoelliptic Poincaré-type
inequality with an error term. The idea comes from Guerand and Mouhot [99], and was
then adapted to the non-local case in [152]. In these works, we were using piecewise affine
trajectories that followed the vector fields. Since then, the construction was optimised:
instead of following a piecewise affine trajectory, we built a smooth curve constructed from
the control problem associated to the underlying hypoelliptic structure of the equation.
This was done in the collaborative work [10]. We treated the local and non-local case
for any number of Hormander commutators. Here we prove the hypoelliptic Poincaré
inequality for (1.13), by following the construction in [10], in the case of one commutator
only. However, we need to account for the non-symmetric kernel of the non-local operator
(1.14) that we treat here.

Proposition 3.1. Let R > 1 be sufficiently large. Let f be a non-negative sub-solution
to (1.13)-(1.14) in Q := (—9,0] x Q% with a non-negative kernel K. Then, for any non-
negative @ € C’é’o(QE/g) averaging to one on Qﬁz/g: for any e > 0, and any gy € (0, s),
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there holds

1P = Dar) llran

IS

x [p(xo, (@4), " (w)) + (o, (P1), ' (w'))] duw’ dw

" /BR /01 /Q /Rd /Rd P [y, w) — [y, w)) K (w, )

X [p(o, (@), (w)) = (o, (®%), " (w))] duw'duw

/ / d+s €)|dw do dy dw
Qo xRE JRA

/ // 5y / P EEE R (0, ) ol (B1); () du

where (®7.);! is an affine smooth function (constructed in (3.21)), and where Q7 :

/Rd /Rdr T [fly, ) — fyow)] [K (w,w) — K(

/

w',w

dy do dr dxg

dy do dr dxg

do dy dxqg dr.

)]

(3.17)

Ql(_2u 0’0) = (_3’ _2] X Qtlﬂ <f>Q1_ = le— f= @ le— I Qt,m = (_970] X BRites.

This proposition allows us to pick up an intermediate set in De Giorgi’s Second Lemma,

Theorem 1.2. The proof of the inequality (3.17) does not use De Giorgi’s First Lemma.

Remark 3.3. We could simplify the statement of this lemma, but we kept it intentionally

as it is written, in view of applying it in the proof of the Intermediate Value Theorem,

Theorem 1.2.

3.5.2 Construction of the trajectories

Let Q:= (—9,0] x Q%. We denote by QT,Q~ and Q° the cylinders

Q+ = Ql = (—1,0] X Bl X Bl,

Q_ = Ql_ = (—3, —2] X B1 X Bl,
7

)
QO = (—Z,—Z:| X Bl X Bl-

Given three points 2z, € Q", 2 € Q" and z_ € Q~, we want to construct two paths
+

r— 'y (r) and r — I'_(r) for r € [0, 1] such that (see Figures 3.1 and 3.2)



+| A
QF| oo,
A Y
1
r.,
4
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4
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4
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’ ‘2
’
4
4
"
r,e
4
4
4
,
.
[]
‘o Z_ Q*

Figure 3.1: Construction of the trajectories. The curve I'y connects any point 2z, € Q* to
some intermediate point zg € Q°, whereas the curve I'_ connects any point z_ € Q~ to some
intermediate point 2y € Q°.

where
0 1
Avi(r) = mPgi(r) + mPgl(r),

LX L (r) =6.Vi(r), (3.18)
%TiO') = 5i7
where 04 := ty — t1 and the control functions g; € C*((0,1]) with g;(0) = ¢/(0) = 0 for
1 =0,1, and mi) € R? for i = 0, 1. Solving the differential equations yields
Vi(r) = ve +mgh(r) + mgi (r),
Xi(r)=axy +résvy + 04 mi))go(r) +mPg (7’)] , (3.19)
Ti(T) = Tt() + (1 - T)t:t.

Let us denote by 1, the d-vector of 1’s, 04 the d-vector of 0’s, Id, the d x d identity

matrix, Q@ a zero block of arbitrary size, and

(0)
Id Id
My = mﬁ) . W(r):= go(r)Ida  g1(r)ldg 7
m g6(r)Idy g1 (r)Idg

65.1d © —xL—0
Wiy = (0 Ty, v = (Y ) = (T )
O Idg4 A vy — U4
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e L)

Figure 3.2: Construction of the trajectories. The curve I';. connects any point I'; (0) = 2z € QT
to some intermediate point I'; (1) = 29 € Q° along the vector fields 7 and V,,.

The boundary conditions I'y(1) = zy impose
WL (DOMe =Y: = My =W, (1)'Yy, (3.20)
provided that the Wronskian matrix W(1) is invertible at s = 1. We deduce
X Idy d64rld
+(r) — W ()M + d O0xTlda ) [T )
Vi (7") @ Idd V+
Using (3.20) we obtain
X Id; d4rld
) w1ty (M ) (e
Vi (r) 0 Idg s

= Wi(r) Wi (1] ()

Vo

o ) {3 2
i tAT (3.21)
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where

_|_5 (’)“) — Idd (5:|:T1dd .
. 0 Id )’

in particular, ®, is an affine function with matrix A" := W (r)[W%(1)]~! and a vector
8" that depend only on r and 64, x4, v4. We still have to prove that the matrix A" is
invertible for r € (0,1]. If so, given r € (0, 1], the derivative along the velocity variable

V. (r) of the inverse is

v, (@) = W)W ()] (2) .

We choose
gi(r):=(1+ ozi)_l(2 + ai)_17‘2+o‘i, (3.22)

i=0,1, with ag,; € (—1,0) and g # ;. Then the Wronskian matrix is invertible for

all s # 0:

det W(r) = (go(r)g;(s) — gh(r)g1(r))"

(Oél - aO)d T(3+a0+a1)d 7& 0.
(T 4+ ag)®(1+ a1)H(2+ ag)(2 + ay)?

(3.23)

Our choice of two linearly independent control functions gy and g; is guided by ensuring

the Wronskian matrix to be invertible. Moreover,

5i1dd 6iIdd
WE(1) = <(1+a0)(2+%) (1+“1><2+a1))

1d, Id,
(14-ao) (14a1)
1 ritaildy —dpr?teildy
W(S (,r,)—]. — 14+aq (1+o¢1)(2+a1)
* . (Si det W(S) __riteoldy Spr2teoldy )
14ag (1+ao)(2+a0)

which finally yields

V. (2L) = Wi Wie)] (2)

1 Oy (r—tmor —prlzaoyy,
ag —a1) \ (24 a)r 7 — (2+ ag)r 7)1y
— 0@ ) + O,

which remains integrable for o, a; € (—1,0) with ag # ;. Our choice of control functions
go and g; implies that all their derivatives up to order two are integrable on s € [0, 1],

which implies that the trajectories are bounded (with integrable tangent vector field).
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3.5.3 Proof of the Poincaré inequality

We consider the three cylinders Q,Q~, Q" C Q as in Figure 3.1, and a sub-solution f
of (1.13). Let ¢ € C>°(R??) be a non-negative function in the variables (z,v) with compact
support in any time-slice of Q° and such that f(QO)t pdrdv = 1. Then

]é+ (f(z+) - <f>Q>+dZ+ < ]2+ ][ (f(z+) — f(z_)>+dz_ dzy
S ]2+ ][_ (f(Z+> - <f<P>Q0)+dz_ dzy

tf f (e s) deaz

(3.24)
<t { F U0 = e stan ) }d
T+
—l—][ { (f(20> — f(z,))go(:co,vo) dz } dz_.
o (Jeo .
=71
where z, = (ty,x1,vy),2- = (t_,x_,v_) and zy = (to, %o, Vo). Note that t_ <ty < t,.

We now use the trajectories constructed in Section 3.5.2 to estimate the right hand side.
Using the chain rule, (1.13), (3.19) with the choice (3.22) we get

Tt =+ ]éo (f(zi) - f(20)> ¢(o,v0) dzg
=F 0/0 %f(Fi(s)) (g, vo) drdzg
— 0, ]é O /0 51 (TF) (Tals)) 0, v0) dr
e [ (V) @ me s aara, g

< i]éo/o 61 [Lf 4+ h] (T+(r)) (o, vo) ds dzg

J/

1
1 1 '
$][ / ZTaimgi) (Vo f) (T (r)) p(xo, vo) dsdz .
0J0 iz

::I;:

Note that the only difference between the two terms Z1 and Z~ is the role of zy: in the

former case it is the past variable, in the latter it is the future variable.

102



We now abuse notation and write Q7 , := (=%, —2] x By. Using that ¢ vanishes outside

By, we find

TE = :I:]ég/o 01 [Lf + h] (D1(r)) (o, vo) drdzg

1 1
— :I:m ) / 0+ Lf (rto 4+ (1 = r)te, P4 (20, v0)) (20, v0) dsdzg  (3.26)
Q0 xR Jo

1
j:][ / ) (Tto + (1 —r)ty, D7 (0, vo)) (o, vo) dr dzo.
0Jo

Then we abuse notation by writing @7 := ( 2 (P7)y), we abbreviate 7 := rto +

(P
(1 —7)tg, f((PL)w(v0)) = f(7, PL(x0,v0)) and f(w') = f(7, (PL)z(x0), w’), so that we find

for the non-local term

\QOI / d/ 0+ Lf (7, Pl (0, v0)) @(o, v0) ds dao dvg dto
9 xR

_:I:|Q |/0 xR’i/ R’idi (((I)T) ( )>}

7, ' (g, v9), w') dw'¢ (g, vo) dr dzg

- 2|Q y/Qo XRd/ /Rd o [ £ ((®7)u(v0))] K (7, @ (0, vo), w')
©(z0,v0) — (z0, (P1); ' (w'))) dw’ drdz

2|Q |/Qo XRd/ /Rd o [f F((®%)u(vo))] K (7, @'y (20, v0), w')
x (¢(z0, v0) + (o, (P, (w'))) dw'dr dz.

(3.27)

We then change variables (zg, v) — (y, w) := @' (g, vo) for 7,y fixed (P’ is the affine
map defined in (3.21), which is invertible for r # 0). This yields for the first term in (3.27):

2\@ |/Qo XRd/ /Rd os |f F(@1)o(v0))] K (7, % (20, v0), w)
x (p(x0,v0) — (0, (P2); (') dw’ dr dag dup dt
1 /
2|Q| (de) XRd)/ /Rdéi f (W) K(r,y,w,w)
dr dy dw dt,

< (s ((@;)— o) ¢ ((03) " <y,w’>)) o' =
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we change back variables in z and use that (®7,),(RY) = R?

s [ — F K @) )

Lo (B); () — i (@27 ()] o L0 0

For the second term in (3.27), we find

2|Q |/Qo XRd/ /R ox [f F((20)0(v0))] K (7, % (0, v0), w')
X ((,0(1’0,1}0) + ¢(20, (L), ( ))) dw’ dr dzg dvg dtg

1
—a 1 / / o [F(w') — f (w)] K (7w, w')
2|Q° Jaapar) (@0, xra) Rd

< L@ ) + (@) ()] 1 ot

we use (1), (RY) = R? to exploit the symmetry of the integrand

1 N— K, w
4|Q0| (14©(®7, ), 21d)(QY,, xRY) / /Rd(SjE f(w)] [K(w,w") — K(w',w)]

g W@@”@,w» (@) (.u)] ]ﬁiﬁq{v .

we reverse the change in variables in z

=100 \/QO XRd/ /Rd ox [f o), w')) — f((®L)z(20), w')]
x [K(w,w)) — K(w', w)]

< [l (@407 () + (o, (@) (w))] Lt oo

|det A" |

Finally, for the source term, we use the same change of variables in velocity only, so
that abbreviating 7 = rtg + (1 — 7)t+

][/(&h T@ xo,vg)) ©(x0,v9) drdzg

_ dr dtg dzo dw
~+f / e (7, (®)a(0), w)) (o, (@1);" () S 20
(Id@1dx (27, ),)(QO) |det A7 |
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We then use that the mapping 2 from (3.21) satisfies

1
|det A" |

,r,fd(1+a0) + r- (1+O¢1)’

so that for Z;" from (3.26) we find

+ C 5i pd(tai) a(zo), ")) — ")a(0), w
TF <+ Q// [F((®L)a(0), w) = F(@L)ul0). )]
X [K(w, w))—K(w w)]
x [p(wo, (BL), " (w)) + @(zo, (PL), ' (w"))] dw' dw dr dzg dty

prdren 7, (D) o (0), w, w'
£ [ ) L5 K @t
(90(%7((1)”7 (w)) —80(1307(@7")7 (w))) dw’ dr dzo dw dt

1
/ ][ g (5in (Wi (7, (D7) 4 (w0), w) (w0, (D7), (w)) dr dty dwg dw.
0 >< Bl

1=0

Now let us turn to Zy in (3.25). We find, with the same change of variables, for any
gg >0

_'Z,-Qi = / ][ ZTQZ -V f Fi( ))QO([IZ’Q,U[)) dr diL‘o dUo dto

roim WL f (st + (1 — s)t Y,
|QO’Z//T®I<1 (@9, xRY) i of (sto +( ey, w)

_ dr dy dw dt
<o (@07 ) T

L 1 i _losten
- :F|Q0| Z/o /( (@0 ) rm? V(= A) T2 f (1t + (1 — 1)ty y, w)
i=0 i® £uX

< o) ]

1 ! 1 ) i _1l=steg
B e G
i=0 taX
1—s+eq

X {(_A,,)T {¢ [(@;)‘1 (v, w)] }}KW:%(WO) dr dz.
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We then observe that, first,

1—s+eq 1—s+eo

Gl (A CARNCARI NS ] ML

1 1—s+eg
s
S (E r J) ,
J=0
and second,

Lm0 1) ra] aso = [ /R d W 5 i)>’d<+s_>5>0! o' do

v UO
We deduce

C 1
I§ < / /
|Q | 0 JQ?, xRd

It follows from (3.24) and (3.25) that we are left with estimating

J :_][ (T}, des +][ {Z7}, des.
Q* Q*

Z ai+s(1+a;)—(14€0) ocj+1)/ ‘f FU(2L)u(v M dw’ dr dz.

r d+s—e
i,j7=0 Rd |w _(CI) )U( 0)|+ °

The previous estimates imply

75 )Ly

/Rd / /R , Aad) [F((1), (o), w')) — F(D)a(0), w)]
x [K(w, )) K(w w)]

x [p(@o, (PL); 1 (w)) + (o, (@), (w))] dw' dw dr

/0 de/ /Rd A [f(w) = )] K (w, )
< [iplo, (@), (w) = plao, (81), " (w'))] dw’ dwdr dg dty
Lato1eo)itay [ @) = F(@L)(v ))| o s dis

1,7=0
1
+/ ][ / ][ erd(lJrai)
QT JQY, | /0o J(®L)u(B1) j—g

< b (7, (8)a (o), w) (o, (1), (w)) dw dr

d.I‘o dto dZi

o

dZi

dto dZEO dZi .

(3.28)
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We now choose all a;’s close to —d%s € (—1,0), pairwise distinct.

Then (3.28) simplifies into, for some ¢ as small as wanted, and any ¢, € (0, s)

JS//
QtJQY,

» ro dis e D7), (), w/)) — f((PL)z(20), w)}

[K(w w')) = K(w', w)]

Rd

x [ip(wo, (@4)7" (w)) + (0, (®1); (w')] dw' dw dr

) . ‘ / [, [ ) = )l K.

x (o, (@), (w)) = (0, (®4), ()] dw' dw dr

dl’g dto dZi

dCL’O dto dZi

NN / 1) 10D 3
o+ Jop, xma R W — (q);)v( 0)| 7T

ool

X h( (%) (o), w) o(xo, (®7), (w)) dw dr

dto dl’g dZi .

We are now in a position to use not only the intermediate variable z,, but also the
future/past variables 2. for a change of variables, since we are now integrating in both Q°

and (Q+. Note that it was not possible to use the integration in )+ before because of the
positive value around the Q° integral.

For given ry € (0,1), we split J as follows,

/i/o d/ drdzodzi

Q* JQy . xR
/ / / dr dzgdzg + / / / dr dzgdzs .
Qt JQY  xRd J0 QY xR Jrg

4

1 2

The two changes of variables on each part are represented in Figure 3.3.
The part J; is controlled by using the same change of variables ®% as before, and we

additionally map ¢y onto 7 = rtg + (1 — )ty with the mapping ¢ (to) := rto + (1 — r)t4
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Figure 3.3: The change of variables that we use in the proof for some fixed r € (0,1). For
r € (0,79) we use ¥ that map zy onto 'y, whereas for r € (rg, 1) we use &, that map 2o onto
;.

using that r avoids the singularity at zero, we find

JS/Q// Y Rl (XORN(RD

[K(w w')) = K (uw', w)]

dydo drdzy
7 |det A7 |

[, [ ) = s K )

x [o((@1) (g, w)) + o((@1) " (y,w))] dw' dw

1
o
Qt Jro J(¢1L®(21))(QY,)
dydo drdzy

X [p((@4) 7y, w) — (1) "y, w'))] duw' dw SRR
/ / /1 T1+S(Z+zo)s/ |f(w') = f(w)| dw’dr dodydwdzy
Q* J (¢4, 0271)(Q) , xR4) Rd |w' — w|d+5_€° 7 |det A |

sd
LS T o™
Q* (pho(® Qt z (®L)v(B1)

B dodydrdzy
P )t o ldetAr]
x h(0,y,w) o((21) ™ (y, w)) dw|— |det 27 |
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using that |det 27| is uniformly bounded below

1
~T0
T0 Qt,.’l)

[ L 1) = )] () = Kt w)
X [90((@::)_1(9710)) +90((<I)’“i)—1(y’w/))] dw’ duw

v f : / [ i) = ) K

x [p((@L) " (g w)) — ((PL) " (y, w))] duw'dw

1
I
To Qt,ac

To control the part Ji= we parametrise '+ (r) by the z: coordinates, for € [0, 7,] and
to, t+ all fixed:

dydodr

dydo dr

/ h (0,9, w) () (g, w)) dw| do dy dr.
(®7.)v(B1)

(ti,xi,vi) — Fi<’l“) = (toT + (1 — T)ti, ‘Ifl(l’i,vi),)

Since r does not approach 1, we can prove that this change of variables in not singular.
The mappings V', are determined by solving (3.21) for x4, vy instead of xg, vy. It yields

U (22,v4)" = o (24,v)" + b7 with the matrix a’, and vector b, given by

@ = (Te(r) = WL WA ' Te()) by = WE ) WLL)] ™ (w0, 00)”

which depend only on r and xg,vg. Since we have computed above that W(r) =
@ (r?’d*dzwl:o ai) it follows that Wé.(r) = O (7’3‘”6!2}:0 ai) and thus WY, (r) goes to zero
as r — 0. Since T¢, is a lower triangular matrix with unitary diagonal it is invertible for
all r, and finally @, is invertible with uniformly bounded inverse on r € [0, r| for ro > 0

small enough. We apply this change of variables to estimate J;=, after exchanging the
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integration domains:

Jig/&/ /m(m)mo // o, w)) — (g, w)

X K (w, w')) = K(w', w)]

dy do dr dxg
(1 —r)|det(al )|

[ [ ) = ) K.

x (o, (@), (w)) + (0, (®4), ()] duw' dw

o
!
BiJo  J(re(¥).) Q)
_ dy do dr dxg
(pr —1 o (DT 1 / d /d
X [90(370,( i)v (’IU)) 90(1'0,( i)v (w ))} w dw (1 _ T’) |det(ag’:)x|
/ / / e |f(w') — f(w)| dw'dr do dy dw dvg
Rd (LW, )(QF) Rd |w/ — w|d+s*€0 (1 — T) \det a;]
/) T o™
+ o d+s
0 J(WLe(L).eld)(Q*) JQf , | J(21).(B1)

. do dy dtydxg dvy dr
< h(0,y,w) lao, (OL);" () du| =7 550

1+ s(s— EO)_E

using that |det a;| is uniformly bounded below, r

sufficiently small,

To
Bl 0 Qt,x

x [0, (1), (w)) + plao, (1), ()] du’ du

/B/ /Q /Rd/Rf e [flyw') = S, w)] K (w, w)

x [p(wo, (PL), " (w)) — (o, (L), (w))] duw’ dw

+/ ) = F@)l ' do dy duw

rexRE JRa W — w|TTETE

T0
ol
0 Q¢,z ¥ B

This concludes the proof of Proposition 3.1.

/Rd /Rd r_ds-;—is_a [f(y’w/)) _ f(y,w)] [K(w,w’)) i K(w',w)]

dy do dr dxg

dy do drdxg

do dy dxq dr.

Foo R o) el (@0, () du
i )U(Bl)
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3.5.4 Intermediate Value Lemma

In this section we prove the Second De Giorgi Lemma, also known as the Intermediate
Value Lemma, stated in Theorem 1.2. The proof exploits the cross-term arising in the
energy estimate. The idea originates from Bass and Kassmann [21] and was further
employed by Caffarelli, Chan and Vasseur [35]. However, this is the first time it is used in
the context of kinetic equations, and also the first time it appears for kernels as general as
the non-cutoff Boltzmann kernel that in particular are not necessarily symmetric.

Let 0 < < 1. We take a cut-off o € C®°(R?) in z such that 0 < ¢ < 1 and where
@ = 11in B, +2s and ¢ = 0 outside B(g,y)1+2:. Denote ¢ = 1 — . We further define for
po=>1and 0 < py < V8 — /2 to be determined

1 inf(0, [v]* — (1+ (3 2):2
Fy(v) = —sup | — 7o, inf(0, |v| (T—i_( + o) )ﬁ)))7
0 0
1 inf (0, [v|° — 9r2
Fi(v) = —sup | — 7o, @] T| 0)>,
0 0
1 inf (0, |v]* — (vV/8 — pg)2r2
Fy(v) = —sup | — 1, inf (0. o] 75\/_ p2) TO)).
0 0

These functions are Lipschitz, equal to 0 outside B Bs,., and B( VB—pa)ro TESPEC

1+(3+p0)%ro’

tively and equal to —1 in B3 pg)ry, Byy3,, and B . Then we use the following

((v8=p2)2—1)ro
three cut-offs:

(100('7:71}) ¢('T)+1+FO(U)7
o1(2,0) = $(2) + 1+ pF(v), (3.20)
pa(z,v) = ¢(x) + 1 + P> Fr(v).
We refer the reader to Figure 1.7 to visualise (3.29).
Proof of Theorem 1.2. Let f be a sub-solution to (1.13)-(1.14) in [—3,0] x @} satisfying
(1.34).

Step 1: Improved energy estimate. We test (1.13) with (f — ¢1)4 similar to the proof
of the energy estimate that we had before. We get for —3 < T} < T3 <0

//(f_@1 da:dv / / (f —¢1)4, (f — p1)4) dadt

/ /8 o1, (f — 1)+ dxdt—/ /5 (f—e1)- (f — 1) )dxdt (3.30)

///f 1) shdz.
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Note that here holds
(f—o)s(v) < f=14+p<p.

Therefore by our assumption on the source term we have

//f o) hdz < Cd.

Furthermore we estimate

e (g, (f — 1)) <;5sym<(f_w+,(f_%)+)

+ [ 1610 = ) K(00) (0 0) + iy ()

The first term is absorbed on the left in (3.30). For the second one there holds

/ |1 (v (w)]* K (v, W)X By, (v) dw dv
< 4y / | Fi(v (w)|* K (v, w)xp,,, (v) dwdv

< op? //|v—w| K (v, w)xps,, (v) dwdv
< OAp?,

using that F} is Lipschitz and the upper bound (1.27) on K. For the skew-symmetric part
we note that £%°Y = 0 for f < ¢;. Thus

=& (1, (f = 1))

// o1 (w 1(0)(f = 1)+ (V) (K (v,w) — K(w,v)) dwdv
tﬂwl L) (7 = )4 (0) (K (0,1) = K (,0) i () du o
ﬂ’ﬂ. FL(0))(f — 1)+ (0) (K (v, 0) — K (w,0)) xs, (v) duw do

<M/

<Cut [ (1 = 20+ 0, (0) v

PV [ (0= w) (K(0,w) = Kw,0)) du|(f = o1)2(0)xa, (0) do

We used the cancellation assumptions (1.30) and the definition of Fj. Thus

—Eskew (8017 (f - @1)+) < Cﬂz-
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We deduce
—5(901a (f - 901)+) < CMQ-

Finally we write due to the cancellation assumptions (1.29)

f ©1)+, (f — 1)+ )
/ (f —¢1)s (f—901)+(w))2K(v,w)dwdv

- [ ez

> ] (= 0(0) = (7 = )+ w)) K (v, w) dudo - g

(K (v,w) — K(w,v)) dw|dv

Thus we obtain from (3.30) for t € (T},13)

T
/ (f —o1)i > drdv
Q3T0 T

// /Rd (f = 1)+ (0) = (f = 1)+ () K (v, w) dw dz (3.31)

/ / E((f =) (f — o)) dwdt < Cp2(Ty — Th).
(3rg) 1425

In particular, we deduce for —3 < T} < Ty < O:

/// (f = 1)+ )(f — 1) (w)K (v, w) dwdvdz dt < Cp?(Ty —T1).

Step 2: Weak Poincaré for the intermediate cut-off. We want to use the hypoelliptic
Poincaré inequality of Proposition 3.1 for the intermediate cut-off (f — 1).. We note that
n (—3,0] x Qf,, there holds V¢, = 0, thus

T(f =)+ =T Xpopr < [LF + M) Xpo0 < Lf = 1)+ + (WLF + ) Xpo, -

;~x

Therefore (f — 1)+ is a sub-solution of (1.13) in (—3,0] x Q% with source term h. Then,
if we denote by € ,(3r¢) the domain Q; ;(3rg) := (—(3r0)**, 0] X B(z,y)1+2s, the hypoelliptic
Poincaré inequality (3.17) gives
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I[(f =) = ((f =)t QTO} HLlQTO

/BTO//QH;&’O) /]Rd/]Rdr (= o)+ (v, w) = (f — 1)+ (y, w)]

X [K(w,w")) — K(w',w)] [(zo,w) + ¥(x, w')] dw' dw

of [ [ L L e = = avwl]l

X K(w,w") [¢(xg,w) — (xg,w")] dw' dw

dy do dr dxg

dy do drdxg

” QUEEN /LIS AR PR
Q2 (3rg) X R4

|7.U/ _ w|d+8760
/ /Qt 1:(37"0) /;

where ¢ = @ o (Id® (®'.);") with &', given in (3.21). In particular, |Dyip|, | D3| = r~ s .
In the sequel we write n = 2s + d(2 4 2s) for the total dimension of the kinetic cylinder
such that |@Q,,| ~ r§. On the one hand, we have by assumption (1.34)

/ r‘%_aﬁ(a,y,w) (xg, w) dw| do dy dzo dr.
BBTO

{f> e} NQ;, I{f>soo}ﬂQm\
o). d
]ém(f p1)+dz < p ‘Q > |Q
<u<1—‘{f§}%}ﬂ@”—°‘)<u—uél
-~ Q;O -~ 9

so that with (1.34)
|| [(f — 1) —((f — 1) Qm] HL1 Q)

[(f=¢1), —p(1—=01)], dz

/Qron (f>p2} 1)+ 1 ]+

/ (02 —901)+—u(1—61)}+d:cdv
{f><P2}mQ'r0

> (udy — p*)8ar.

v

(3.33)

v

Note that ¢y — o1 = — p? in Q,,.
Step 3-(i): Upper bounds on the symmetric fractional gradient.
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We introduce the following indicator functions

Xt (Vs W) 1= Xopo ()< () <ip2(0) Xepo (1)< () <2 (w)
Xi (VW) = (Xopo () < (@) <epa(v) T Xepo(w)<(w)<epa(w) ) (1 — Xii (v, w)), (3.34)
Xa (Vs W) 1= X f(0)>2(0) X (w)> 2 (w)
Xo(0,w) 7= (X gw)<pofw) + Xf(w)<go(w)) (1 = Xi(v, W),
to distinguish when at least one of v, w are such that f is in the intermediate set, when
both are such that f is above the intermediate set, and when one of them is such that f is

below the intermediate set. Our goal is to bound for fixed x¢,y, 7, o,
A /d . [(f = @)+ (@) = (f = 1)+ ()] K(w,w') [p(20, w) — (20, w)] dw' dw
Re JR

:// ) (i + xi) (w, w)dwdw+// xe(w, w') dw’ dw
R4 JR4 R4 JRA

// IXa(w, w") dw' dw
Ré JRd

= Isym Isym Zsym

If at least one of the functions is in the intermediate set, then we bound using if

necessary Fubini, and in any case Cauchy-Schwarz,

ﬁwzc/?K [0 = 00w = (f = ) ()] K, ) [pae) — (w')] du duo

[NIES

SCAKKW< - %)WU—U—wﬁNWFKW#UMO

1

< ([ 106 = o) Kt an') aw

52
using that |DJy| ~ r~ ¥ and Cauchy-Schwarz again
52 1
< Crm 26+ |pg < f < ¢2|§

([ 10 = a0 = (7 = o0 @ K’ av)

1
2

and finally by (3.31)

_ s 1
< Cur™ 2605 g < f < ]2

If one of them is below the intermediate set, we distinguish the singular from the
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non-singular set: for any p > 0

7" - / LG =04 = (¢ = s )] Kw,w)
(o, w) — (o, w')] X (W, W) Xjw—w|<pr, dw' dw
/R LG = 0sw) = (¢ = 04 w)] K, w)
X [1h(xo, w) — (w0, w')] Xp (W, W) X[ pro dw' dw

Isym Isym

b,sin b,nsin"

Note that on y,(w,w’) at least one f is such that f > ¢y, and thus by definition of ¢,
at least one of w,w’ is in B, s, . In particular, if |w — w’| < pro then w,w" € By pyre
By definition of ¢, there is thus a non-trivial gap between ¢y and ¢;, and thus assuming

with no loss in generality f(w') < po(w’) and f(w) > ps(w)

T = C / / (f = 01)+ ()X 752 ()X g0 (@) K (0, )

2fr0 2\[+P)r0
X W](xlb w ) - @5(1707 w)] X|w—w'|<pro duw' dw>

< Oy / (F = 01)+ (1) X popn (0)

2\/§7‘0
X /
B

using that (f — ¢1)4+ < p and Cauchy-Schwarz again

N[

Xf<po (w") K (w, w/)Xlw—w’|<pr0 dwl) dw,
(2v2+p)rg

d

2
1 = S
< 0“57’37" 2(d+s)

x ( / U /

using the gap between ¢y and ¢,

1
2

X f<po (W) K (w, w'") dw' dw) ,
(2v2+p)rg

d

2
1 =3 _ S
S O'uirgr 2(d+s)

x ( / U /

using the improved energy estimate (3.31)

N|=

(=(f = 1) (w) K (w, w) dw'dw> :

(2v2+p)rg

2
3 _ S
< C’,uirgr 2(d+s) |
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The non-singular set we bound initially as above

2
L2, <O [ (= ) w0 (w)
BQ\/i'rO

1
2
X (/Rd Xf<po (w,)K(wv w/)X\wfw/|>pr‘o dw,) dw,
but then integrating out the kernel, and using (f — 1)+ < p

2
_573 —s_.d—s
< Cpr 2] p=org ™.

We then pick p in such a way that pl—s ~ ((51(52)%. Thus

§2

Isym < CTO (51(52) ur 2(d+3)

b,sin

It remains to bound the case when both are above the level set. In particular w,w’ €

B2\/§m and @1 (w) = p1(w') =1 —p,

T = / L =) = (F = 0w K
an ) w(aﬁo, ,)] Xf>p2 (w>Xf><P2 (w/) dw' dw
/R 0 =) ) = (= )i ()] K )

[(z0, w) — Y(z0, W)] X o0 (W)X oy (W) dw’ dw

/R e 7902 alu)) K ()

[ (20, w) — Y (20, W)] X s (W)X fop, (W) dw' dw

<onfrai ([ 10 = ew) = (7= oo @) Klaw) dud adw)

1
2

a2
+ Cplrer™ 2@
using the energy estimate for (f — o), < p?
82
< Cplr™ 2w

We conclude

d

4 2 1 3 4 st
Lsym <Cprgr 249 [po < f < @a|? + Cp2rir™ 2@

; (3.35)
F Cr(0162) T 4 Oy T,
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Step 3-(ii): Upper bounds on the anti-symmetric fractional gradient.
To estimate the anti-symmetric gradient, we use the same indicator functions in (3.34)

with the goal to bound

T skew . /]Rd e [(f - 901)+(w’) — (f — 901)+(w)] [K('LU,’LU/) N K(w’,w)]
(o, w) + h(xo, w')] dw' dw
/Rd/]Rd X11+X1)(w w)dwdw—i—/Rd/Rd Xb(w U))dwdw

+/Rd /Rd(...)xa(w,w’)dw’dw

_ . 7skew skew skew
—: Tkew | Tekew 4 Tskew

For the intermediate set, we use the symmetry,

ze = ff ded(f — o)) (K ') = K (w,0)

( ")+ (w ))(Xi"‘Xii)(w,w/)dw/dw

= 2//Rd y (f = 1)+ (W) Xpo< fei (W)
x (K(w',w) = K(w,w)) (Y(w) + ¢ (w)) dw’ dw

+2//Rd Rl (f =)+ (w )Xf>4p2(U))(K(w/’w) _ K(w,w’))

x (') + (W) Xpp<p<pe (W) dw' dw
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we Taylor-expand 1),
< 4//d 4 f 901 X<P0<f<902( )¢<w) (K(w,, ’(U) — K(w, w')) dw dw
RaxR

+2 // = o)W asn (@)D
(w—w') (KW, w) — K(w,w")) dw dw
e e P // (F = 1)+ ()Xo (w) [0 = /[ K (w', )| du! duo
(= e ) (K 0) = K (0,0 X sn ()
R4 xR4
2 f[ - e @ D) (- )
(K(w w) — K(w, w))Xwo<f<s02( ") dw’ dw
+CHD2¢HL00// (f = 02)+ (W)X o< feipn (W) Jw — w'[* | K (w', w)] du’ duw
+2//Rd><]Rd P2 = P1)+ (W)X o (W )(K(w',w)—K(w7w'))
X ((w) + () o< g () du’ duw

we use the cancellations (1.29), (1.30), and the upper bound (1.32), as well as the fact
that the domains are bounded, and f — @, < p?; for the second term, we Taylor expand 1)

in w

< C(Ao, o)1 [{wo(v) < f(v) < p2(v)}| + C(Ao)p*

w1 [l ) = @)

< (K (' w) = K (w,0)) () Xy < () du’ duw

+4 // (pa(w ()X £ (w)> g2 (w)
R4 xRd

W) (K (', w) — K (w,0')) - Dyth (1) X< pi (@) du’ duw
+CHD%HW // ()X 0)

x Jw — " | K (0, w) = K (w,0)] X <pe () du’ duw
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9 _ _ o |w=(vVB—p)*rd
we note o — 1 = — pu” on B ((V/8—p2)2—1)rg and (w2 — ¢1)(w) = p—p <ﬁr0 O)

in B g_pyr \ B (T Do’ and we use |w|®> = |w — w'|* 4 [W']> + 2(w — ') - W'
< Clro)p(L + | Dol oo + || D3] ) Hepo(v) < f(v) < @a(v)}] + O
+ 4,&2 /d ”LU/‘2 7vZJ(w/)Xsoo<f<902 (w,) / (K<w,> w) - K(wv w,)) dw dwl
R

Rd
+ Ay /Rd (w(’w')w’ + Dyp(w') |w/|2> Xon<s<on (W)
w—w' w'w) — K(w,w")) dwduw’
X/Rd( )(K( ) ) K( ) ))

< C(Ag,ro)r™ @5 pu|{po < f < pa}| + C(Ag)?

The other parts are simpler. They are essentially bounded like Z;¥" and Z5¥™, respec-
tively. If one of them is below the intermediate set, we distinguish the singular from the

non-singular set: for any p > 0

Iy = /Rd g [(f — o)1 (') = (f = @1) 4 (w)] [K (w, w') — K (w,w)]
)+ (w')] X (w, W) Xjw—w|<pro dw’ dw
/Rd R4 [(f =)+ (') = (f = 1)+ (W)] [K(w,w') — K (v, w)]

(w) + (W] xo(w, W)X jw—w'|>pro dw’ dw
Iskew Iskew

b,sin b,nsin"

For the singular part, we use the same arguments as in the symmetric case, and additionally

the fact that the integrand is signed, so that

<o [ e @) ) K )
Bavarg ¥ Bavater,
X [p(w) + P (w)] Xlw—w'|<pro dw' dw,

using that 1 is uniformly bounded, picking p = pg, the gap between ¢y and ¢; and (3.31)

<-c / / (7= 0= = ) 0ty O

2fr0 B2vatog)n
< —

The non-singular set we bound initially as above but then integrating out the kernel, and

120



using (f — 1)+ < p

Iskew S CM/) s d s'

b,nsin

We then recall that p = pg is such that [% ~ (5152)%, so that
Tekew < Crd=s(616,) 1 p + Cpl.

Finally, it remains to bound the case when both are above the level set. In particular
waw/ € B2x/§'r0 and Spl(w) = 901(w/) =1-pu
I?”z/d(ﬁf—wﬁ@ﬂ—U—wﬁAwHKWmO—KWMM
Re JR
) + V(W) Xf>p0 (W)X 500 (W) du” dw
/’ (= 20 (0) = (= a)s ()] [ ') = K ()]
Rd JRe
) + D (W)] X 50 (W)X 4, (0') d’ dw

/Rd /Rd pa(w (w)] [K (w,w') — K (w',w)]

) + ¢( )] Xf><p2( )Xf><p2 (w/) dw' dw
= 2/Rd(f — p2)4(w) /Rd (K (w',w) — K(w,w")]

X ]Xf><p2( )Xf><p2( ')dw’dw

+ COp? /Rd/Rdw—w K(w,w") — K(w',w)]
[ )‘l'@zf( )]Xf><p2( )Xf>302( ’)dw'dw

we Taylor-expand 1, use (f — ). < p? and the cancellations (1.29), (1.30), and the
upper bound (1.32)

< CpPrd + Q/Rd(f — ¢2)+(w) Dyip(w)

= ) K 0) = K000 00 (105 (0)

+ C || D2|| o 778> + Ot | Do poe 752
< C(ro)r™as p.

We conclude

Tk < O(Ag, ro)r™ T {0 < f < pa}| + Cri=s(818,) 1 + Clro)r 7. (3.36)
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Step 3-(i1i): Upper bounds on the lower order fractional gradient. We now use the

same methods to bound

/ I(f — 901 ) — (f = 1)1 (w)] duw’ dw

|d+s—eo

/ / Xzz+X1,)<w w)dwdw—l—/ / Oxe(w, w') dw' dw
R4 JRRd R4 JRA

+/Rd /Rd(...)xm,w') dw’ dw

=T+ 1, + I

For the intermediate set we just use Cauchy-Schwarz

co _ [(f =)+ (W) = (f =)+ (w)] .,
Ii —/{¢0<f<<p2}/R dts—eo dw’ dw

' —w
1

2/ (f—801)+(w)/ e, dw'dw
{po<f<va} {f<po} [0 —w|

— , — —
+/ / |(f — 1)+ (w') d&i_ao%ﬁ(w)’ duw' dw
{wo<f<p2} J{f>00}NBis1pyrg [w' — wl

< Cul{po < f < pa}|rg™™

_ AN . 2
o [ = o) = = el
{po<f<p2} {f>p0}NBi4p)r, |w/ - w|

1

1 2
X / T o d—2e. dw' dw
/ —2€0
{f>‘P0}mB(3+p)r0 |w - 'LU’

—S+E& & l
< Culfpo < f < pa}rg" ™+ Crg® {po < f < w2}|? 11,

N|=

where the last inequality uses the coercivity (1.26) and the energy estimate (3.31).

Below the level set, we distinguish again the non-singular from the singular part: for

any p > 0
I(f = <p1 —(f — 1)+ (w
Il::%m . /d 4 ) d(Jrs,EO )+( >|Xb(w7w/)X|w—w’\<pr0 dw/ dw
R R

— w

N

=0 (/- - (f— w)|? , /
<@<L ST SEIRC S
R4 JR

using f — ¢ < p, picking p = po and using the gap between ¢y and ¢,

% (f = 1) (W)(f — 1)1 (w) )
(/f><p1} /f<@0} | w|d+23 X|w—w'|<pro dw dw)

1
2

| /\

122



using the coercivity and the improved energy estimate (3.31)

On the other hand
T < O [ (f = pr)dw < O,
We recall that p = pg and thus pis ~ (5152)3. If we pick g9 = ¢ then we conclude
T50 < C(8165) % + C(6,65) % purd.

Finally if both are above the level set, we use that w,w’ € B (/5 ps)ry» SO that by
Cauchy-Schwarz

T < / |(f = @a2) s (W) = (f — pa)4 (w)]

Xa(w, w') dw dw’

‘w/ - w‘d—i-s—Eo
d _ A _ 2 %
< CT80+5 / / |(f — p2) 4 (w') <:1f _ ©2) 4 (w)] Xa(lU,w/) dw dw’
rd JRrd |w, o w| +2s
< C'Tgﬁg,u?.
We conclude
1 s d
T < Cul{po < f < 2}|? + C(0102) 2 pu2 + C(010) 2 purf + Cr 2. (3.37)

Step 3-(iv): Upper bounds on the source h. Finally, we estimate the source term h in

the Poincaré-inequality (3.32). We fix r, zo,y, 0 and bound

/ ho,y, w)(xg, w) dw|.
B3r0
The first part consists of

/B L0 (0)0(0) o

/ (¢1(w) — ¢1(v)) K (v, w)¥(v) dw dv

{p1<f<pa}

i /{ L /{ () = ) Ko m(s)

/ / (¢1(w) — @1(v)) K (v, w)p(v) dw dv.
{f>p2} J{f<wo}

(3.38)

_|_
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The last term uses the gap between @5 and ¢, and the gap between ; and ¢y, Cauchy-
Schwarz, the Lipschitz continuity of ¢ and remembering that ¢1 — ¢} ~ u, f—¢1 < p
and the energy estimate (3.31)

/ / (01(w) — 01 (0)) K (0, w)ip(v) dew do
{f>p2} J{f<wo}

Cut — 1)1 (v) |p1(w) — @1(v)| K(v,w)dwdv
<Cu /{fm}/w}(f 1)+ () [e1 (W) — 1 (0)] K (0, w)

C
<5 /{fm} /{f@o}(f — 1)+ (W) (f = p1)-(w) [pr(w) — 1 (v)] K (v, w) dw dv

1
2

C
- - — )2 ()(f — ¢1)-(w)K (v, w) dv
= {fm}( /M}(f P2 (0)(f — 1) (w) K (v, 0) )

(3.39)
(/|g01 (v)]> K (v, w)dv) dw

C 2 — w v,w v w
< 5—%/“”2} <—/(f—801)+(v)(f 1) (w)K (v, w)d ) d

SCTS%( / (F =)+ (0)(f = 1) -(w >K<v,w>dvdw>

IN

=

N

N|=

pJQ
052 rd,

Moreover, if in either variable we integrate over the set {¢o < f < @2} we split into the

singular and the non-singular part. For the singular part, we Taylor-expand ¢, to find by
(1.30) and the upper bound (1.32)

/ / Y(v) (p1(w) — ¢1(v)) K (v, w) dw dv
{po<f<p2} Jv—w|<paro
= v)D,F(v w—v)K(v,w)dwdv
M/{900<f<<p2} ¢( ) ( )/Iv w|<p2ro( ) ( )

+ Cupy > || DiF || {eo < f < @2}
< Cupy ™ o < f < @2} + Cupy > [{po < f < a2}

Moreover, we notice that o, is defined in such a way that if f(v) > pa(v) and |v — w| < pary
then ¢1(w) = ¢1(v) =1 — p.

For the non-singular part, using that v is uniformly bounded, and the upper bound
(1.32)

/ / () (¢1(w) — ¢1(v)) K (v, w) dw dv
{po<f<p2} Jv—w[>paro

< Cupy > {po < f < 02} N By

(3.40)
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Similarly, we get
| 00} (a(w) = 91(0)) K (v, w) dwd
{p2<f} J{po<f<p2}N|v—w|>parg (3.41)
< Cupy ™ {0 < f < @2} N By, | -

The second part of the source term h in (3.32) satisfies by assumption

/ WX f5o (V)P (v) do < CpPrg. (3.42)
B37‘0

Gathering these observations in (3.39) and (3.42) we find

3

<C7’o 52 + Crip? 4+ Cl{po < f < 2} N Qsyy|

| o)t w) de

3rg

(3.43)

3

C'7’0 52 + C{po < f<s02}ﬂQ3r0|

Step 4: Conclusion. Now we assemble all the pieces. Recall that n = 2s + d(2 + 2s).
Then (3.32) gives with (3.33), (3.35), (3.36), (3.37), (3.43)

s(2d+

1
(1 = 1) a1y SC/ rm 2 (rd {po < f < @all? + pudrg 4 (018) ot v dr
0

1
- C/ P (r’%ﬂﬂ {0 < f < @a} + 787 (0182) T pu + 7“6‘7"%“#2) dr
0

+ Cpré {o < | < @a}|7 + C(5:182) 5irgp? + C(6:62) 5 prfy + Cripi?

3

1
+C/O r‘ffs< i +7¢ o < f < 02} N Qs )? )

<Cré |{po < [ < @a}|* + Cpdr + i (6:6:) i p
5 3, 25 nug
+C(51(52) 4127 +C((51(52)24,u7“0 +7’0 52

3

<Ore o < f < @a}? + Co(6185) 31 307 + C(8,85) 3 pur! + O
2

for some universal constants Cy, C; > 0. Since 01,02 < 1, we can make sure with no loss
in generality that C' ((5162)i < i, by noticing that the power can be adjusted by choosing

a different ¢ in (3.37). Moreover, if we choose p such that

1

3 <
A T

in {00(5152)%, 015153} < (8,6,)°,
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then we conclude
o1 09ry < Crrl {0 < f < w2}]? + g,u51(527‘0 + Zélégm’o.

so that o5
{ie0 < f <o}l = G 2010575 ~ (6102)°r.

3.5.5 Measure-to-Pointwise estimate

Lemma 3.5 (Measure-to-pointwise Lemma). Let § € (0,1) and ro < 5. Then there is
0 = 0(8) ~ 557 > 0 such that any sub-solution f of (1.13)-(1.14) in [—3,0] x @}
with (1.26)-(1.30), with a source term h such that ||| g,y < 6 and so that f <1 in
(—=3,0] X By—(1+25) x R and

{f<0yn@,|>d|Q, (3.44)

satisfies

where Q. = Qo (—2r3%,0,0) and [-3,0] x Qf = [=3,0] x By x By as before.

Proof. By Lemma 3.4 we know that there is a 9 > 0 such that for any » > 0 any
sub-solution f on @y, satisfying [, o f2 < 801Q.| there holds f < § in Qz. Therefore, we
define v, u > 0 as in the proof of Theorem 1.2 with §; = § and ds = &y.

We consider f; := p~2*[f — (1 — p?*)] for k > 0. Note that f is a sub-solution to
(1.13)-(1.14) for each k& > 0 with (1.27)-(1.30) and with a source term of L> norm less
than 6 as long as k < 1+ < since by assumption |||, < 6 so that ||A]|;- < 20,
Moreover, {@o < f; < w2} N{wo < fj < w2} =0 for all i # j and each f; satisfies (3.44).

In case that fQTO(fk)%r < 09 |@Qro| there holds fi < 5 in Qro, and we conclude f <10
with 0 = % Thus it suffices to consider 1 < ky < 1+ = such that ero (fe)L > 00 |Qy|
for any 0 < k < kg. Then for 0 < k < ky — 1 there holds

(o> 1= 1210 Q| = [{fier = 0} N Qu z/Q (et > 80 1Qn]

{f<0nQn| > {f<01nQ,,|>0|Q:|,

where we used the fact that f < 0 implies fr < 0 for all £ > 0. Thus we can apply

Theorem 1.2 for our choice of 4y, do so that we get for some p > 0

‘{900 < fr <2} N (=3,0] x Qtp| > 1/‘(—3,0] X QH.
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Since these sets are all disjoint, we get by summing these estimates

ko—1

|(—3,0]><Q;]zZ]{¢O<fk<¢2}m( 3,00 x Q| > kov |(—3,0] x Q) .
k=

Thus ky < % and we deduce with fi 11 < % in Q%o

2k0+2 2t21/
-t <P Q.
2 2
2420 .
This yields the claim for 6(9) := £— ~ §6077). O

3.6 Weak and not-so-strong Harnack inequality and

Holder continuity

3.6.1 Harnack Inequalities

We follow Section 4.1 in [99]. We consider a non-negative super-solution f to (1.13)-
(1.14) for h =0 on (—3,0] x Q! so that (1.26)-(1.30) holds for R = 2. Then Lemma 3.5
applied to the sub-solution ¢ := 1 — % implies for any & € (0,1) and M ~ §=60+57°) that
VQ,(z) C (—3,0] x @} so that QJ%F(Z) C (-3,0] x Q¢

{f> My Q)]
Q.2 o}

where we recall Q;(2) = Q,.(z + (2r**,2r*v,0)) for z = (¢, z,v). This implies using the
layer-cake representation that if infy, f <1, then
2

=Gl g (1)
Q| In(1+ M)

— [ (In(1+/)7 <
Qr

(3.45)

il

< 1.

We can improve this logarithmic integrability as follows. We pick ry < % and consider the

sequence of cylinders

5 1 s
ko= Q%(“rak ( — 57"(2)5 + 5(%0 + ak)2 ,0,0) where ay, := %71_’“.
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Then Q' = Q,, and Q" — Qm = Qo (=2 + 535)r8,0,0)) as k — oo. Note that these
~ 2_
cylinders satisfy Q?O cOFcOFc Ol @y, for all k> 1. We claim as in [99] that for

do > 0 to be determlned for any non-negative super-solution f with lﬂer f <1, there
holds

VEk > 1, , (3.46)

\{fZM’“}ﬂQ’ﬂ 5( 1 >(2d+2s(d+1))k
|OF| *\35m

. 2d+2s(d+1)
where M ~ §=60407°) with § := 50<S5m> and m > 3. If we can show that (3.46)

holds, then we deduce with the layer-cake representation that there exists ¢ 2 65 > 0 such
that [5- f¢dz < 1, which in turn yields by linearity

0

2

( (2 dz) C < inf f. (3.47)
Qg 9

We can now derive a non-linear Harnack inequality using De Giorgi’s first Lemma 3.4.
Indeed, assume f is a solution of (1.13) such that 0 < f <1 a.e. and write

—

n

5 f:ZE‘:lS]_.

MB

Then due to (3.47) we have

: :
(Q%Of ) (/ ()7 4(2)d ) S( Q%Ofﬁ(z)dz) Sggf:&‘

Thus by Lemma 3.4 with g5 = 5%

¢B2
sup f < CECBQ = C’( inf f) , (3.48)
Qr Q

w3

Where /62 = % (0 1) and Q’"O = QTTO ((_g + 2225 )TO 70 O))

This implies the Weak (1.33) and Not-so-Strong (3.2) Harnack inequality (with 5 = (/)
for any non-negative f by applying the previous estimate to f = f + (1 + 1) ||| -

We now prove (3.46) inductively. The case k = 1 holds by (3.45). We define

Ak+1 = {f > Mk:+1} N Qk+1
and denote

¢ 2] == 20Q2T<(1(2r)25 0 o)) o <_ %(2r)25,%(2r)2s

X B(Qr)l-&-Qs X BQT-
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Just as in [99] we construct z; = (¢, 7, v;) € Q¥ and 7, > 0,1 > 1, m > 3, n > 1 so that

Vi>1re (0, Qb1 )

om - n
Vi Z ]-a |Ak+1 N Q:5m~rl [Zl” S 50 ’Q:Smﬂ [ZIH )

VI > 1, [Ap N &y [2]| > 00 |€[21]]
Cryy I > 1, are disjoint cylinders,

Ap41 is covered by the family (€5m-n [Zl])z>1'

For these cylinders, we have
+ + 1 2s 3 2s ) 2s
¢l la] = 210Q3, ((5(277) ,0, 0)> =zo0 (5(277) ,5(277) ] X Bopyi+2s X Bay,.

We remark that for m > Si, there holds €, [z]" C €,,.,,[z]. Moreover, we pick n > 1 so
that Vk > 1

(7k+7)25 _ (7k+1)25 > <%>2s.

Then by choice of z; and r; we have that €, [z] C QF. Note that for example, if s > %

we can choose n = 1.
As in [99], we prove that the family of cylinders €,[z] with z € Q"' r € (0, £22),

’ bmn

so that [Agi1 N Csr2]] < 00 |Comr[z]| and |Ap1 N E[2]| > 60|€,[2]| cover Axii. By

Q41

induction hypothesis there holds for all r € (5m_n, ak+1)

|Ari1 N €[] < [AeN € [2]] < A N QF

<5 1\ (2d+2s(d+1)k O < 5. [C (3.49)
< do(5-) [ < dolc 2]l

If z € Ag4q is not covered by F then the continuous positive function p(r) = W
on (0, 400) satisfies p(r) < &y or @(5m -n-r) > &y for all » € (0, 5%1). By (3.49) and

Q41
? bmn

by continuity, we must have ¢(r) < & for all r € (0 ). Lebesgue’s differentiation
theorem implies in the limit » — 0 there holds z ¢ Aj,1. Thus F covers Aj.
In particular, Az is covered by the family F' of cylinders €,,.,[2] with z € QFF1

r€ (0,25) 5o that [Agp N Csmrlzl] < 6o |Comal2]] and [Agey N E (2] > o €, [2]].

? bmn

Vitali’s covering lemma gives us the existence of a countable sub-family, denoted (Crl [zl])
such that (€5m~m [Zl])l>1

This finishes the construction of the covering with the desired properties. We can then

1>1°
covers Ajy1 and the (€,,.,,[2])1>1 are disjoint.

apply Lemma 3.5 to each €, [z] to obtain €, [z]" C A; and the (€, [z]T);>1 are disjoint
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) 2d+2$(d+1)
)

since €, [z]t C €., [21]. This yields for the right choice of dy, i.e. dp < <ﬁ

| Apy] < Z | A1 N S, [21]] < o Z |Csmor, [21]]

>1 1>1

< (5m)2d(s+1)+25(50 Z |€Tl [Zl” < (5m)2d(s+l)+2350 Z }an [zl]+’
>1 >1

(2d+2s(d+1))k
< (5m)2d(s+1)+25(50 ‘Ak| < (5m)2d(s+l)+2358< 1 )

k
35m ’Q |
0],

1\ (2d+2s(d+1))(k+1)
<afzh)
35m

This proves (3.46) and thus concludes the proof.

3.6.2 Holder continuity

Obtaining (3.1) is a standard argument, see [183] and [99]. Let f be a weak solution to
(1.13)-(1.14). For given ro < i small enough, Lemma 3.5 implies

70

0
oscf < (1 - 5) max {%Sff, EE 0] Lo ) } (3.50)

To see this we apply Lemma 3.5 rescaled to )5 to either ' or —F depending on which of
these satisfy (3.44), where F'is defined by

2f = (supg, f +infg, f)

F .= .
2(34-25
max {QQSICf,e G2 R oo ) }

We want to prove Vzy € Q1,Vr € (0,79),

a,_2(3+2%) 2(3+25)
05 f <19 (L 1] g ) max {5 . 242 [ g | (3.51)
where we chose « € (0, 1) so that 1 — g = r§. From there we can deduce Holder regularity
by choosing z, 2 € @1 so that |z — 2| < ry.

In order to prove (3.51) we proceed iteratively. We define for n € N'\ {0} a sequence
of solutions to (1.13)-(1.14) in @; by

1-n sn. sn 2s)n
2(1—%) f(to +r3ms, zo — 1} svg—l—r(()H )

Y, Vo —l—rgw)
2(3+2° ’
max {Cgff,e G| oo () }

We prove by induction on n > 1 that oscg, f, < 2¢23+2°) (1 + 12/l L (o) ) The case n =1
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is clear by definition of f;. Using (3.50) and the induction hypothesis, we get

AN s
n — 1— - n— < n— 23+2%) h 0
%Slcf ( 2) %fgf 1 < max {%Slcf 1,€ 17l oo ()

< 26" (14 [1hl| e ) )

This implies (3.51) if we choose o € (0,1) so that 1 — ¢ = r§. Indeed for zo € Q; and
r € (0,79) we write r = rjy for some n € N\ {0}. Then

L am-1) { 2(3+25) }
0OSC = =T max q OsCf, € h 0o OSC n
Qr(zo)f 20 Qlf 1llz= @2 Qr(zo)f

I am-1 o °
_ 57’0( ) max {OQSICf’ £2(3+2°) HhHLOO(Q2)} Ocsg(f St
< r§”€2(3+25) (1 + ||h||L°°(Q2)> Hax {(ZQSICf’ e HhHLw(QQ)}

= 1) (14 e g ) e { g, 475 il -
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CHAPTER 4

SCHAUDER

4.1 Introduction

This chapter is based on [150].

4.1.1 Problem formulation

We consider functions f : R x R? x R? — R solving either a kinetic Fokker-Planck-type

equation in divergence form

Of +v-Vof = Y 0,(a0,,f) + > b0y f+cf +h, (4.1)
1<i,j<d 1<i<d
or in non-divergence form
Of +v-Vof = Y a9, [+ > Vo.f+cf+h, (4.2)
1<i,j<d 1<i<d
with diffusion coefficients A = (a% (¢, :c,v))m.:l ..... > lower order terms B = (b')i=1,...q, ¢,

and source term h, or a fractional analogue (1.13),
Of +v-Vaof =Lf+h,
where

Ef(t,x,v):/ [f(t,z, ') — f(t,z,0)] K(t,z,0,0") dV,

R4

for some non-negative kernel K = K(t,z,v,v"). The integral is to be understood in a

principal value sense. The solutions are functions of time, space and velocity f = f(t, z,v).

In the local case (4.2), we assume A to be uniformly elliptic and Hélder continuous.

Similarly, in the non-local case (1.13) we require a suitably defined ellipticity condition
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on K as well as Holder continuity. In both cases, we also assume our source term h and
the lower order terms B, c to be Holder continuous. Our goal is to establish Schauder
estimates for solutions of (4.1), (4.2) and (1.13), which means that we want to quantify
the gain of regularity stemming from the equation.

The equation is set, as above, in the kinetic cylinder

Qr(20) = {z = (t,r,v) : —R* <t — 1, < 0,|v —w| < R,

(4.3)
|x — z9 — (t — to)vo| < R1+25}

for some R > 0 and 2y = (to, 7o, v9) € R x R? x R%. The parameter s € (0,1) determines
the non-locality of the operator £ in (1.14). For the local case set s = 1. This choice
of domain is motivated by the underlying Lie group structure of (4.1), (4.2), (1.13). We

recall, in fact, equation (1.13) scales as
(t,2,v) = (r¥t, r' ™z, rv) =: (t,2,0), = 2,. (4.4)

This coincides with the scaling of the local analogues (4.1) and (4.2) for s = 1. Furthermore,
these equations (4.1), (4.2) and (1.13) verify a Galilean invariance:

(t1,21,v1) 0 (to, T2, v9) — (t1 + to, X1 + To + tavy, v1 + vg), (4.5)

for any two points z;, zo € R4,

The notion of Holder continuity that we work with takes these invariances into account.
On the one hand, the Holder norm in the velocity variable coincides with the usual
notion of Holder regularity, whereas the regularity in time and space directions is adjusted
according to the scaling (4.4). On the other hand, we choose a Hélder norm with respect to
a distance that is left-invariant by the underlying Lie group structure (4.5). We introduce
the kinetic Holder spaces in Definition 4.2 below.

Before we state our main results, it is important to discuss the assumptions that define
the ellipticity class and the Holder continuity of the coefficients. We want our results in
the local case to be applicable to the inhomogeneous Landau equation. In the fractional
case, we work with a kernel general enough so that £f includes the non-cutoff Boltzmann

collision operator.
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4.1.2 Assumptions and result: the local (non-fractional) case

We consider (4.1) and (4.2), and we assume uniform ellipticity on the divergence coefficients,
that is for some \g > 0 there holds

V(t,z,v) ERXRYXRY VEER?, Y a(tz,0)68 = M )7 (4.6)

1<i,j<d
Moreover, we work with coefficients A, B, ¢ and source term h that are Holder continuous
in the sense of the kinetic Holder regularity defined below in Definition 4.2.

Theorem 4.1 (Schauder estimate for kinetic Fokker-Planck equations). Let a € (0,1)
be given. Let m > 3 be some integer. Suppose A € CJ">Y*(Q,) satisfies (4.6) for some
Mo > 0 and assume B, c,h € C7"31*(Q,). Let f solve (4.1) or (4.2) in Q;. In the former
case, we further assume V,A € C7""*1*(Q,). Then there holds

1 llep-roery < C (1w + Illep-saay )

for some C' depending on d, Ao, v, ||A||C?L73+a : ||B||C£n73+a el

cste, and for the diver-

gence form case also on ||vaHCzn—3+a.

In particular, we recover Theorem 3.9 of Imbert and Mouhot [114] when m = 3 and
Theorem 2.12 of Henderson-Snelson [103] when m € {3,4}. More generally, our approach is
robust enough to cover higher order hypoelliptic equations, or also Dini-regular coefficients;

we refer to Theorem 4.5 and Theorem 4.6 in Appendix 4.7.

4.1.3 Assumptions and results: the non-local (fractional) case

For the non-local equation (1.13), we specify the following notion of ellipticity and Hélder
continuity. Let s € (0,1) and 0 < Ay < Ao be given. To be consistent with the previous
work of Imbert-Silvestre [117], we consider a non-negative kernel K = K (¢, z,v,v") that

maps (t,z,v) into a non-negative Radon measure K, ) in RZ\ {0} with
Kz (w) = K(t,z,v,v 4+ w).

Then, for all » > 0, we assume the upper bound (1.32) and for any ¢ € C?(Bs,) the
coercivity condition (1.31). Moreover, we either work with the following symmetry

condition, which is the non-local analogue of non-divergence form equations
K(w) = K(—w). (4.7)

Or else, if we consider the divergence form analogue instead, we impose a weak form of

symmetry in the sense of the cancellation conditions (1.29), (1.30).
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Finally we want K to be Holder continuous with exponent a € (0,+00): given

21 = (t1,21,v1) and zy = (tg, X2, v2) we have for any r > 0

K (w) = Ky (w)] [w]” dw < Agr? *dy (21, 22)%, (4.8)
B

where d; denotes the kinetic distance defined below in Definition 4.1. In the divergence

form case, we require in addition to (4.8) for any r > 0

PV/ w (K, (w) — K, (w)) dw| < Agr' =>°dy(z1, 22)*. (4.9)
For integro-differential equations in non-divergence form we recover Theorem 1.6 of
[117].

Theorem 4.2 (Imbert-Silvestre [117, Theorem 1.6]). Let 0 < vy < min(1,2s). Assume K

is a non-negative kernel that is elliptic (1.32), (1.26), in non-divergence form (4.7), and

Hélder continuous in the sense that it satisfies (4.8) for a = 14%5257 and each z € Q1. Then

any solution f € C7([—1,0] x By x RY) of (1.13) in Q satisfies

Fllcze@r < U Nearopem et + IBllezion )
for some constant C' = C(d, s, Ao, Ao, Ag)-

For divergence-form kinetic integro-differential equations we establish the following

result.

Theorem 4.3 (Schauder estimates for kinetic integro-differential equations in divergence
form). Let 0 < v < min(1,2s). Assume K is a non-negative kernel that is elliptic and
Hélder continuous in the sense that it satisfies (1.32), (1.26), the (weak) divergence form
symmetry (1.29) and (1.30), and is Hélder continuous (4.8) and (4.9) for a = 2~ and

14+2s
each z € Q1. Then any solution f € C}([—1,0] x By x RY) of (1.13) in Q; satisfies

Hch§S+a(Ql/4) < C( Hf“CZ([—l,O}XBIXRd) + Hthg(Ql) ),
for some constant C' = C(d, s, Ao, Ao, Ag)-

Remark 4.1. We want to emphasise that Theorems 4.1 and 4.2 are applicable to the
inhomogeneous Landau and the Boltzmann equation without cut-off, respectively. On the

one hand, we recall the Landau equation given by (1.39) for general potentials reads

hf+v-Vof=V,- (/Rd a(v —w)[f(w)Vf(v) = f(0)Vf(w)] dw)7 (4.10)
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where

() = gy |22 (1= 257),

Elh
for v > —d, aq, > 0. It can be rewritten in divergence (4.1) or non-divergence form
(4.2) for suitable coefficients A, B, ¢, as stated, for example, on page one in [103]. The
Boltzmann equation, on the other hand, is given by (1.2). Using Carleman coordinates
and the cancellation lemma, we can rewrite this as (1.13), for some specific kernel K.
Whenever the macroscopic quantities in (1.20) are satisfied, we can check that the
coefficients for Landau and the kernel for Boltzmann satisfy the ellipticity assumptions
made in Subsection 4.1.2 and Subsection 4.1.3, respectively. In particular, any Holder
continuous solution f of (4.10) or (1.2) with mass, energy and entropy bounded above, and
mass bounded below, satisfies the Schauder estimate in Theorem 4.1 or 4.2, respectively.
We refer the reader to [103, Theorem 1.2] for the Landau equation, and [118, Section 4]

for the Boltzmann equation.

4.1.4 Contribution

Our contribution consists of a quantified and unified approach to Schauder estimates
for kinetic equations with either non-fractional or fractional coefficients, in either non-
divergence or divergence form. In this respect it improves upon the previous results on
kinetic Schauder estimates in the local case by Imbert-Mouhot [114] and Henderson-Snelson
[103], and in the non-local case by Imbert-Silvestre [117]. Indeed, on the one hand, in
the non-fractional case we manage to gain two orders of Holder regularity at any stage
m > 3. On the other hand, we establish Schauder estimates for divergence form equations
in Theorem 4.1 and 4.3, which, to the best of our knowledge, is a novelty in the fractional
case. Moreover, our approach is fully quantitative, which, in the fractional case, is in
contrast to the blow-up argument used in [117]. Finally, in the non-fractional case, the
method is robust enough to deal with any hypoelliptic operator, and it works even more

generally for Dini-regular coefficients, see Theorem 4.5 and Theorem 4.6, respectively.

4.1.5 Literature

All the works on Schauder estimates have to be classified according to the notion of Holder
continuity that is used and the assumptions on the coefficients that are made.

In the local case, there is the work by Imbert and Mouhot [114], which adapts Krylov’s
approach [138] to the kinetic setting. Furthermore, in [103], Henderson-Snelson discuss
how to derive a C'*°-smoothing estimate for the Landau equation by iteratively applying
their Schauder estimates. There are also two articles [69, 105] for kinetic Fokker-Planck

equations, which assume less regularity in time, and deduce partial Schauder estimates

137



for space and velocity only. Their goal is to reduce the regularity assumptions needed on
time. Note, however, that the Hoélder norms defined in [69, 105] differ from our notion of
Holder continuity.

In the non-local case, the work that inspired us most is from Imbert and Silvestre [117].
In particular, the definition of kinetic Holder spaces, the notion of distance and degree
of a kinetic polynomial all stem from their seminal contribution on regularity for the
non-cutoff Boltzmann equation [115-118]. Their approach to Schauder estimates consists
of first proving a Liouville-type theorem, then using a blow-up argument. Their work is
inspired from Ros-Oton-Serra [174], who have used these techniques for non-local operators
that are generators of any stable and symmetric Lévy process. Note, however, that this
method is non-constructive, as it relies on a compactness argument. The structure of
this argument comes from Simon [180], who used a scaling argument to derive a Liouville
theorem for general hypo-elliptic operators, from which he deduces the Schauder estimate
by a compactness argument.

We follow Campanato’s approach. This method was first established for elliptic
equations. A nice reference is the book by Giaquinta and Martinazzi [79, Chapter 5]. The
idea is to use the scaling stemming from a combination of a Poincaré inequality, Sobolev
and regularity estimates on the constant coefficient equation. In contrast, Simon’s scaling
argument [180, Lemma 1] replaces the Sobolev inequality and regularity estimates by a
reasoning of Hérmander [111, Theorem 3.7] based on the closed graph theorem and the
homogeneity of the operator. Through the characterisation of Holder norms by Campanato

norms, we replace the blow-up argument of Simon by a constructive method.

4.1.6 Strategy

We consider a solution of either the local or non-local equation, and freeze coefficients:
the part which solves a constant coefficient equation with zero source term is considered
separately from the rest. The latter can be viewed as a lower order source term with
the expected bounds due to the Holder continuity of the coefficients. For the constant
coefficient solution, we subtract a certain polynomial constructed from the vector fields of
the equation of degree up to the order of our equation, such that we have a zero-averaged
function. We then apply Poincaré’s inequality repeatedly as long as the zero-average
condition is satisfied and the integrand is orthogonal to the kernel of the Poincaré inequality,
that is one order higher than the equation itself. We then use an L*°-bound and Sobolev’s
embedding. But then, since we consider a solution to a constant coefficient equation,
regularity estimates yield a bound uniform in the Holder norm of the coefficients. The
left hand side will be a higher order Campanato norm, which characterises Holder norms.
The gain of regularity arises from the scaling of the equation. We recall the illustration of

these steps in Figure 1.8.

138



Section 4.2 introduces the notion of Holder spaces that we work with. We state the
equivalence of Holder and Campanato norms in Theorem 4.4, whose proof is postponed to
the Appendix 4.8. In Section 4.3 we assemble tools that are setting the framework for
Campanato’s approach. In particular, we derive regularity estimates 4.3 for the constant
coefficient equation. Section 4.4 is devoted to the proof of Campanato’s inequality. Section
4.5 proves the Schauder estimates in the non-fractional case, whereas Section 4.6 treats
the fractional case. We want to emphasise, whenever a statement holds both in the local
and the non-local case, we will state the non-local result and we ask the reader to set s =1

to obtain the local analogue.

4.2 Preliminaries

4.2.1 Definition of kinetic Holder spaces

To define the Holder spaces that we are working with, we first need to understand the
underlying Lie group structure of (4.1), (4.2) and (1.13). These equations are invariant
under Galilean transformations (4.5), in the sense that if f solves (4.1), (4.2) or (1.13)
then f(z1 o z9) is also a solution of the respective equation with a translated right hand
side and a translated kernel. The translated kernel will still be elliptic. Furthermore, both
equations are invariant under scaling (4.4) for a rescaled right hand side. The rescaled
kernel will again be elliptic. The notion of distance that we introduce respects these

invariances. It has been used by Imbert-Silvestre [117, Def. 2.1] before.

Definition 4.1 (Kinetic distance). For z; = (t1,1,v1), 22 = (t2, T2, v2) € R we define

1
%oy — @9 — (t — to)w

di(z1, 22) := min {max [|t1 — 19

1
in, 25,|vl—w|,|v2—w|}}.
w

Moreover we define

Izl = max { ¢, 2|75 , o] }.

This is not a norm in the mathematical sense.
Remark 4.2. This notion of distance should not be confused with the distance function

towards the grazing set as introduced in [102, Def. 1], which apart from the name does

not have any connection to this distance here.

Let us observe that this distance is left invariant in the sense that dy(z o 21,z 0 z5) =
dy(z1, 29) for any z, 21,29 € R'*2¢. We can also reformulate it as d;, being the infimum

value of r > 0 such that both 21, z; belong to @Q,(z) for some z, € R*2¢, Other equivalent
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formulations are

dg(Zl,ZQ) ~ HZ;l OZlH ~ HZ;l OZQH

1 1
= [ry — @y — (t2 — t)w| % + for — w| + vz — w|.

~ inf ’tg - tl
wERC

For more remarks on this distance we refer the reader to [117, Section 2].
In addition to the kinetic distance, we use the notion of kinetic degree of a monomial
m; € R[t, z,v] introduced in [117, Subsection 2.2] as

d 2d
deg,m; = 25 - jo + (1 + 2s) (Z]) + Y Gi=2sjo+ (1428) - | L] + [ L] = |J],
=1 i=d+1
where we denote a multi-index j € N'*2¢ with j = (jo, J1, J2) where J; = (j1, ..., jq) and

Jo = (Ja+1, - - -, j2d). Under scaling a monomial m; behaves as
mj(ZR) — R2sjopjo RUF2s)|1 .1 pl2ly, 2 — R‘JIZj, R >0,

and its degree is precisely |J| = 2sjo + (1 4 2s) |J1]| + |J2|. We denote with Py the space of
k degree polynomials. Note that in the non-local case k is in the discrete set k € N + 25N,
and we will write k = 2s - kg + (1 + 2s) - ky + ks for ko, k1, k2 € N. An element p € Py, is

written as

p(t,xz,v) = Z a;m;(z). (4.11)

j€N1+2d,
[JI<k

The sum is taken over jo € [0, ko), |/1| € [0, k1], |.J2] € [0, k2]. We will abbreviate this and
write |J| < k. In the local case there is no ambiguity.
Our notion of Holder continuity leans on [114, Def. 2.2] and [117, Def. 2.3].

Definition 4.2 (Holder spaces). Given an open set 2 C R x R? x R? and 3 € (0, 00) we
say that f: Q — R is C/(Q) at a point zy € R"2 if there is a polynomial p € R, z, 1]
with kinetic degree degy;, p < 8 and a constant C' > 0 such that

vr>0 |[f- pHLOO(QT(zo)ﬂQ) < Cr'. (4.12)

When this property holds at every point zg € ) we say that f € Cf (©). The semi-norm
[f]Cf(Q) is the smallest C' such that (4.12) holds for all zy € Q. We equip C’f(Q) with the

norm

||f||cf(g) = ||f||Loo(Q) + [f]cf(g)-

Remark 4.3. This definition coincides with the definition of [114, Def. 2.2]. As the authors
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point out, it is equivalent to ask that for any z € Q)

£ (2) = p(2)] < Cd(z, 20)".

We can further rephrase Holder regularity of f at zg due to the left-invariance as follows
[117]. For any z € R4 such that zy 0 z € Q we have

[f(z002) = pao(2)] < C 17,

where p,,(z) = p(zo © z). The polynomial p,, will be the expansion of f at z.

Holder spaces can also be characterised in terms of Campanato spaces. These have
been introduced by Campanato himself [38—40] in the elliptic context. We adapt his notion
to the kinetic setting.

Definition 4.3 (Higher order Campanato spaces). Let @ C R*2¢ be an open subset. For
1<p<oo, A>0, k>0 we define the Campanato space EQ’\ (Q) as

EZ’A(Q) = {f €LP(Q): sup r* inf / |f — PI" dz < +oo} (4.13)
Qr(z)NQ

2€Q,r>0 PePy

where P}, is the space of polynomials of kinetic degree less or equal k. We endow it with

the seminorm

Poo— qup r inf/ — PP dz 4.14
= st [ (a.14)

and the norm
£l g = g + 17 (@15

Remark 4.4. 1. We observe that for the local case k € N, whereas in the non-local case
k € N+ 2sN.

ii. Campanato’s spaces are most commonly known for k£ = 0. Such spaces have been used
for Schauder estimates in the elliptic context [79]. To gain higher Hélder continuity
(k > 1) the equation was just differentiated. This would not work as easily for our
equations. Note that a method inspired from Campanato’s approach with £ = 0 has
been developed for partial Schauder estimates in the kinetic setting in [69]. However,
we have not seen any Schauder estimates that use the higher order Campanato
spaces directly, neither in the elliptic nor the parabolic case, and certainly not in the

hypoelliptic case.

The next subsection states a characterisation of Holder continuity in terms of Cam-

panato’s norms.
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4.2.2 Relation between Holder and Campanato spaces

Holder spaces can be characterised through Campanato spaces, and vice versa. This
equivalence has been established by Campanato himself in [38] for the lowest order
Campanato space, and in [40] for higher order Campanato spaces. Following Campanato’s
arguments, we can show the following relation between Campanato and Holder spaces
defined in 4.2 and 4.3. We refer the reader to the proof in Appendix 4.8.

Theorem 4.4 (Campanato). Let Zy € R4 and R > 0, and write Q = Qr(Zo). Then, for
n+kp <X <n+(k+1)p and g = A;T" we have L2(Q) = CF (), where n = 25+2d(s+1).

Remark 4.5. For the local case, setting s = 1 yields the same result.

4.2.3 Differential operators

In this section, we show how to relate Holder norms to kinetic differential operators. We

reprove Lemma 2.7 of [117] to make our paper self-contained.

Lemma 4.1 (Imbert-Silvestre [117, Lemma 2.7]). Let D =T,D =V, or D =V,. Let
f€Cl(Q) for B € (0,00) and Q some kinetic cylinder. Then D'f € CJ7"(Q) where k is
the kinetic degree of D', I € N, and

[le](jf*’“(Q) < O[f]cf(@)-

Proof. Let z1,2z9 € (). Since f € Cf(@) there exists a polynomial p with degree k =
deg;,p < B so that for z € Q with ||z]| < dj(z1,22) =71

|[f(z102) = plar02)| < CrF,

|f(z202) —p(zg02)| < CrP. (4.16)

We can compute that
p(zro2) = f(z1) + Tfe))t + Vo f(z1) o+ Vo f(z1) - v+...

By equivalence of norms in finite dimensional spaces, we know that if sup, < |[p(2)| < Cy
then the coefficients of p denoted by a; will satisfy sup;, |a;| < CCy for some constant C
depending on k and n. Scaling this argument yields together with (4.16)

|le(zl) — le(Zg)‘ rk < Cr?,

where D' is the differential operator of degree k. m
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We will need a similar estimate for the fractional operator (1.14). We start with a

global bound, see [117, Lemma 3.6] for kernels in non-divergence form (4.7).

Lemma 4.2. Assume 0 < o < min(1,2s). For any non-negative kernel K satisfying
(1.32), and either satisfy (4.7) or (1.29), (1.30). Then for f € C;*"*(R'*2d) there holds

[;Cf] Cél (R2d+1) S C[f] Cgs+a (R2d+1) .

Proof. Let z,& € R*24 We know that

[(z08) = P2 ()] < [flozsa lIE]IT (4.17)

We need to estimate
L1080 = £() = [ [fz060 0.0 —0 =) = fz0 ) K(zo6.0)dv
_ /Rd [f(20(0,0,0/ — v)) = f(2)] K(z,0) dv.

We distinguish the close and the far part. Let R > 0 and write for ease of notation

¢ = (07 07 v —v— fv) and w = (07 070/ - U) for 5 = (€t7€$750>'
If we assume symmetry in the non-divergence form (4.7), then we can symmetrise the

integral and remove the principal value. We find

PV/ [f(zow) f(z )]K(z,v’)dv'

l\JI»— l\')l»—t

(v)
/ f(zo) + f(z0—0) —2f(2)] K(z,v) dv'
ST

(z0)) — po(0)| Kz 0) v/ + / 1p=(0) — F(2)| K(2,0) dv
Bgr(v)

) I

/ 0 =) = pa(—0)| K)o+ 5 [ o) = SR Ko )
Br(v) Br(v)

< [flgzese / o — oK (2,0) v + | V2 (2)) / v = o K(z,0) dv/
¢ Br(v) Br(v)

S [floza R+ |V2£(2)| B,

We used that p,(v) = f(2) + Vo f(2) - (v —v) + (v — )T - V2f(2) - (v/ — v). Any higher
order terms vanish since deg p < 2s + «. The first order term in v vanishes due to (4.7).

For the second order term, we use (1.32). All estimates are independent of z € R!™2¢ 5o
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that we similarly obtain

PV [f(z ofog)— f(z og)]K(z o0& v)dv' <y [f]czszraRa + ‘sz(z of)| R?>72%s,

Br(v+£&y)

Therefore

/ [f(z0€0) — f(z0&)]K(zo06,0)dv/ - / [£(z00) — F(2)] K (z,0) dvf
Bpr(v+&y)

BR(’U)
i [flopera R+ V2 (2 0€) = V2f(2)| B2
<

S [Flozeee B+ P B2 [fogese.

We used Lemma 4.1 for the last inequality. Choosing R = ||£]| therefore yields

/ [f(z0600) — f(z08)|K(z 06,0y dv' - / [F(z04) — F(2)] K(z0) v
Br(v+&) Br(v)
Sa [flezera R

If, instead of (4.7), we assume (1.29) and (1.30), then we bound

PV/ [f(z o) — f(z)}K(z, o) do’
Br(v)

v [ L WEow) = pi(0) = (FG) = )] K v

IN

PV / F(z o) — F(2)| K(z0) dof
Bpgr(v)

+ PV/ Dyf(z) - (v—v)K(z,v")dv
Br(v)

+ PV/ ‘Dgf(z)||v—v'|2K(z,v’)dv'
Br(v)

< [flezs+e / v — 0T K (2,0) dv' + CA D, f(2)| R + CA |D2f(2)| R**
‘ Br(v)
Sa [flezswa R + Do f(2)] R + | Dy f(2)| R,

We again used (1.32) and (4.17). The same computations yield

PV [ [feeged) - fzog] Kok v) v
Br(v+&y)

<a [fleaeea R + [Dof (20 &) R + |D2f(2 0 €)| B>,
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so that as before, we obtain with Lemma 4.1

| eetod) - feog] Kot~ [ [fzo) - f2)] () v
Br(v+&) Br(v)
S ez R+ [V f(z08) = Vo f(2)| BT + V2f(z08) = Vif(2)| R**
SA [f]czzm—aRa + H§H2s+a71 Rl_QS[f]CZQS*'“ + HgH23+a72 R2_2S[f]cl?s+a

S [flozera RO,

since ||| =
For the far part we do not need to distinguish non-divergence form from divergence

form. In both cases we separate the integral into different terms

/ [f(z0600) — fz0 O] K(z0€.v)) v
RNBp(v+£v)

_ /Rd\B ) [fz00) = FR]K () <YL

with
:/ zogo@—pzo¢(¢_lofo¢)‘K(zog,v/)dvl
Rd\BR v+€v
:/ f(z0€) = pa(O)| K(z 06,0 d
Rd\BR v+£v
:/ ‘pzogb Og (b) pz }K'Zoév)
RAN\Bgr(v+£y)
n-| oy o€ =€) = S0 )+ K ) !
I = / Do) — 2 () K (2,0) .
RN\ Bg(v)
Using that

|f('zo£o¢> _pz0¢>(¢71 O£O¢)|
< [flgoesa 67 0 €0 gl
25+«

1/(1+2s 2s/(1+2s
< [Flogese (€1 + 0 — v = /O g Po/020 ) 7,
we bound the first term with (1.32) by

2s5(2s+a)

e e N e | |v'—v—5v|ﬁ*2‘?f<<zog,v/>dv’>
Rd\BR(UJF&v)

2s(2sta) 25+«
< Clflegmre R (617 + )55 RES).
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For I, we get
Iy < C[f]zssa €I R72.

We further notice that I, is the same as I5 without the lowest order term of p.. — p.. To
estimate I; we write p,(§) = > a;j(2)m;(§). Note that by Lemma 4.1 the coefficients a;
satisfy

(aj]gzrsre < Clflgesn,

where j is the degree of the corresponding monomial. Thus
I5 < Clflegose (B + ROl + B2 ¢l + B2 ),

and
11 € Clfloze (R + B2 P + B2 i) ).

For I3 we notice that g~ oo ¢! = (ft, &+ &0V —v—&), f‘v). Apart from the space
variable this coincides with £&. But since we only conisder polynomial expansion up to order

25+ a < 2s+ 1 the space variable won’t appear, so that in fact |I3] = |I5|. We now choose
R = ||| so that all terms are bounded by I; < C[f]clzsm 1€]|* for all i = 1,...,5. O

To localise Lemma 4.2 we follow the proof of Imbert and Silvestre in [117, Lemma 3.7].

Note, however, that we also cover the non-divergence form symmetry (1.29)-(1.30).

Lemma 4.3 (Imbert-Silvestre [117, Lemma 3.7]). Let 0 < o < < min(1,2s) and let K
satisfy (1.32) and either (4.7) or (1.29),(1.30). Then

[£flez@y) < C(flezeiay) + Flopirommmn )

1
2

for some C' depending on n, s, Ay and Ag.

Proof. We write Lf(z) = Lf(2)+C(z) where Lf(z) corresponds to the non-local operator
as in (1.14) with kernel K(v,v') = 1, (v)K(v,v") and C(z) corresponds to Lf with
kernel [1 — 1p,()(v)] K (v,v') for some small p > 0. Then by Lemma 4.2 we have

[ﬁf]cg(Qy < Clf]ezetoqy):-

Now we consider zg, z € Q% such that zgo0 2z € Q%. If we write ¢ = (0,0,v" — v — vg) and
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¥ = (0,0,v" —v) we have for K(w) = K(v,v + w)
C(z002) —C(2)

_/ [f(z00200) — f(z002)] K(z0zv)d
RA\B, (0-+10)
[ [feew) - f] K v
RI\B, (0)
_ /Rd\B [£(2) = f(z00 2)] K (w) duw

_ /Rd\B [f(z o (0,0,w)) — f(zo ozo (O,O,w))}K(w) dw
< Chop™*[flegde(z, 20 0 2)°

+C[f]cg/ de(z0(0,0,w), 290z 0 (0,0, w))" K (w) dw,

R4\B,
since o < 7. But now we compute
de(z0(0,0,w), 29020 (0,0,w)) = [|(0,0,w) " oz"" oz 0z0(0,0,w)|

=dy((z002)7 ", 2) — (0, tow,0)

S df(zazo o Z) + ‘t — tOITIQS w‘ﬁ

< do(z, 20 0 2) 75 (1 + w5 ).

Therefore, since a < 135 and since K satisfies (1.32) we find

C(zooz) —C(z) < C’Ao[f]gzp’%dg(z, zp 0 2)“.

This concludes the proof. n

4.2.4 Interpolation

We also have an interpolation inequality, see [117, Prop. 2.10]. Unlike the other preliminary
results that we have stated in Subsection 4.2.3, the proof of the following proposition is
verbatim the same as in [117, Prop. 2.10]. For the sake of self-containment we recall it in
Appendix 4.9.

Proposition 4.1 (Imbert-Silvestre [117, Prop. 2.10]). Given 51 < fs < 3 so that
By = 081 + (1 — 0) s, then for any f € CY*(Q,) there holds

0 1-0
[f]sz(Ql) S [f]cfl(Ql)[f]CEB'(Ql) + [f]cfl(Ql)
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In particular for all € > 0

oz < CElom g, + s qu-

4.3 Toolbox

Campanato’s approach is a scaling argument, consisting of a clever combination of several
tools that permit to gain as much regularity as can be gained from the equation. In
short, we combine Poincaré’s inequality with Sobolev embedding, and close the argument
with regularity estimates. In this section we assemble the tools that are used in both the

non-fractional and the fractional case.

4.3.1 Functional inequalities

We observe, similar to the elliptic case in [78], that for f € W™P(Qg(z0)) there exists a

unique polynomial p,,—1 = pm—1(20, R, f, z) of degree less or equal to m — 1 so that
][ D*(f —pmr)dz=0  Va with || <m — 1. (4.18)
Qr(20)

Note that m € N + 2sN and D? is a kinetic differential whose order is in the discrete set
N+ 2sN as well. Indeed, the polynomial is given by

)= 3 e

PENI+2d |§|<m—1

with
Cy = Z C¢7¢R_"+2‘¢‘ / DYt £ dz,
QRr(20)

¢€N1+2d,
2/ <m—1- ||

where n = 2s + 2d(s + 1). Recall that for v = (19, U1, Uy) € N'24 we denote by |¥| the
size of 1 respecting the scaling, i.e. || = 2s- 1y + (1 + 2s) |¥y| 4 |¥3|. Here ¢! denotes
the element-wise operation ! = wgliy! - - gyl

The idea is to use (4.18) in order to apply the standard Poincaré-inequality [79, Prop

3.12] to D?(f — py_1) for |®] = 0,...,m — 1. Moreover, we have for any non-negative
function f € L*(Q,(20))

n 2
| PO g (4.19)
QT'(ZO)
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where 7 > 0 and n = 2s + 2d(s + 1). Combined with Sobolev’s embedding and regularity
estimates, we obtain an estimate commonly referred to as Campanato’s (first) inequality,
which will be the first tool to tackle the Schauder estimates. For reference, in the elliptic

case, Campanato’s first inequality reads

2 r\? 2
de < C(— d
[ ar<o(g) [ an

for a solution u : R? — R of a second order elliptic equation, see [79, Section 5].

4.3.2 Regularity estimates

The second key step are regularity estimates for the constant coefficient equation. We

consider solutions f of the constant coefficient Kolmogorov equation
Of +v-Vuf —A°A,f =h (4.20)

in Qr(z9) for some 2y € R+ and R > 0. Here A° is some constant such that A% > )\

with Ao from (4.6). The fractional analogue reads
Of +v-Vof + Lof = h, (4.21)

where L is the non-local operator (1.14) associated to a non-negative, translation-invariant
kernel K, such that

(4.22)

and Ky(w) = Ko(—w) is independent of z. We derive inductive regularity estimates
relying on Bouchut’s Proposition 4.4, which captures the regularising effect of the transport
operator in the space variable. For the sake of brevity we will introduce the notation
|D|” := (=A)z for any v > 0.

Proposition 4.2 (Local (non-fractional) regularity estimates). Let f be a non-negative
solution in Qgr(z0) of (4.20) with s = 1. Letl € No, 0 < r < R < 1 and write
0:=R—1r>0. Then there holds

D2 || 00y < C5_2(l+2)< 1711 2@aeon + PRl 2 @iy )

where D' is a pseudo-differential of order | > 0, and C = C(n, \o). In particular, if h = 0,
then

I+2 _
([E=X R S 21 o ey -

#[loa ]

s

L2(Qr(20)) L2(Qr(20)) L2(Qr(20))
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For the fractional case, the right hand side involves a norm on the whole velocity space.

Proposition 4.3 (Non-local (fractional) regularity estimates). Let v > 0 be such that
v < min(1,2s). Suppose f € CJ(Q%(z0) x RY) is a non-negative solution in Qr(z0) of
(4.21) with s € (0,1). Letl € Ng, 0 <r < R <1 and write 6 = R —r > 0. Then there
holds

1D gy < €672 (Ul @penern + 1D Rl ey ) (429)

where D' is a pseudo-differential of order Is > 0 and C = C(n, s, Mg, \o).

Remark 4.6. i. The proof of Proposition 4.2 is similar to the proof of Proposition 4.3.
In fact, for Step 1 in the proof Proposition 4.3, we can just set s = 1 and obtain the
global version of the energy estimate for the non-fractional case. Steps 2, 3 and 4
are much simpler for the non-fractional case: it suffices to localise with some smooth
cut-off § € C(Qr(z0)), and then consider the equation solved by g := f6. Since the
equation solved by f is non-fractional, g solves an equation with a right hand side
that can be bounded by ||f||L2(QR(ZO)) using the induction hypothesis. Since this case

is comparatively simpler, we will focus on the proof of Proposition 4.3.

ii. With slightly more work, we would possibly also be able to deduce a similar result for
a general diffusion coefficient that is uniformly elliptic and satisfies D'A € L*(Qr(20))
with [ € Ny as in the statement. For our purposes, the constant coefficient case

suffices.

The proof builds upon the work of Alexandre and Bouchut [1, 29]. In particular, we

will make use of the following proposition[29, Proposition 1.1].

Proposition 4.4 (Bouchut). Assume that f,S € L?(R'*24) satisfy
Of +v-Vyf =5,

and |D,|° f € L2A(R™24) for some 3 > 0. Then |Dx|% f € L2(RY™24) and

4 B
L2(R1+2d) ||S||1?2L(B]R1+2d) ) (424)

1Dt £}

<oy

12 (R1+2d -

for some universal constant C' > 0.
We recall the proof of Proposition 4.4 in Appendix 4.10.

Proof of Proposition 4.35. With no loss of generality, we assume A° = 1 and Ky(w) = Wﬁ
(otherwise we can either perform a constant change of variable or just use the pointwise

bounds on the kernel). We start with global estimates, and then we localise the result.
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Step 1: Global estimate. Assume for now that f solves (4.21) on R**2¢ with a source
term h € L2(R'™24), that is
Tf+|Dy|* f=h. (4.25)

To prove the global statement (4.23) in its full generality, we will need to assume that
(D" hy| D5 b [y h € LA(RI24),
First note that testing (4.25) with f yields

s 2
I Dol” flIp2ireay < Nl poriveay (1| L2 rvea -

Second, we note that any solution f of (4.25) satisfies

_ls 2s ls _ls
Tl f) = = D> Dy 5 4| D5 1

Then Bouchut’s Proposition 4.4 applied to \Dxll% f yields for 8 =2s>0

D, Si2 o <\ID.1% D |75
S
H‘ | f’LQ(RHQd)NH’ o 1Dl f‘LQ(RH‘Qd)
oy
TN TN TN E 1 e [N Er
L2 R1+2d) LQ(RI-‘er)

Now we use Holder’s inequality in Fourier variables (k, &) of (z,v) to bound

2 0-(42)s (1-6)-(142)s
D Da g = [P ey
(14+2)s
) (1+2)s
=3 (X N YR
where 0 = s +2 Thus
(1+2)s (142)s
H|D | T+2s L S H|D$| T+2s f |Dv|(l+2)s
+ie. Vﬁii 7| rDV” il [PXEET
0
(l+2)9 T¥2s

from which we deduce by dividing by H | D, | T2 and using Young’s inequality for

some € € (0,1)

(14+2)s
s,
(1+2)s 1+29 0 (142)s % (H_g)s 1+2500 1+2.5 T+2s5—0
S 1221 D2 | T 1) ID.| 7 A}
L? L?
<e 'z ||D, |(ifz)s fH tC. ’Dv’(HQ)SfH n H’Dv’(zw)s See T D, ’st e
L2 L2 L2 L2
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Finally, absorbing the first term on the right hand side to the left hand side and using

0= l+2 we have
(1+2)s < (1+2)s (1+2)s 1+s%+25 1+é1—+)sl
H'D R S H|D”| me + H|Dv| 7|7 H'D ) (4.26)
(14+1)2s
Third, we test (4.25) with |D,| 72 f. Then
(1+1)s (14+2)s 5
Jio.1e 035 5 Lo g (4.7

Finally, we test (4.25) with

l
2(1+1) . 2042-2j \ S _ _
(5 + D,V D, 75+ Y DY D ) f+1Di ouf

Jj=1

for some small § € (0,1). We get

1 S
2(1+1) . 204225 _
/{<5+|Dv’2”+”+ll?x\l+% £ 31D, | D, ) +|Dt\laf}f

J=1

x (1D £ +00f) dz
l S
(i41) . 204+2—2j _
:—/{<5+|Dv|2<l“>+|Dx|21+§1s + 3D D, ) +|Dt|l6t}fv-vmfdz

=1

l S
2(1+1) . 204+2—2j5 _
+/{(5+|Dv|2(l+l)+|Dz|1+2s + ) Dy | D, > +|Dt|lat}fhdz

J=1

=. ]1 + IQ.

(4.28)
For the left hand side we find

l
2(14+1) . 2142—25 s
/{(5+|Dv|2(l+l)+|DI|1+25 + S IDS D EE ) D O T (1D + 00f) dz
7=1
2
.

I
: (+1-5)s |2 (1+1) 2
_,_ZHU%‘(JH)le | e fH 2"‘H‘DU|S’Dz| 1+zssf‘ 2
= L L

2
2o+ oo
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On the other hand we get with (4.26)

(+2)s

S s s
B S g Wl + 1D 1| (iDuln| o+ {12al 55 g |12

" H|Dt\2s o,f

A0

(I+1—j)s

l
L 1)s (I+1—j)s 1)s
+ 3 1D g (10,1070 0
j=1

S 17l ge WAl e + 1D+ 1

], o

1+ 1:-23-9-31 H
| D,

m

L2

‘LQ ‘
ls
2s

|D‘1+25 ‘ H’th
L2

29 at

1Dt 5

L2

(I+1—j)s

l
i 1)s (I+1—j)s _1)s
+ 20|l I S g 1Dl 0,
7=1

. s s (4.29)
S e ||h||L2+H|DU|(l+2) 7 2H|D“|l hH +H|D”|(l+2) f
(+2)s ¢ T 14+ L "
+ H|D’U| |D ‘1+25 H’Dt 2s atf‘ H’Dt|25 hH
o L2 L2 L2

l (j+1)s (+1-j)s Is T s b=
+ 3 Ipd S DT | 10l ]| 17
— L2 L2 L2

.

is
-

S 17l ga Al e + 1D 1

2 H|Dy|ls hH ] + H|DU|(l+2)S
L L

1+ 1$J2rs2-0>-;s
n H Dy

1
T+2s+ls

L2

+ [t D, |75 b o

L2

l
. (I41—j)s
)E H|Dv|(]+l)S|Dx| t+2§ f‘
L2 — L2
j:

# (ol ], + aoeres
L2

where in the second last inequality we again used Holder in Fourier and Young’s inequality.
Note that the last sum can be absorbed on the left hand side of (4.28) eventually.
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For I; we Fourier-transform (¢, z,v) — (n, k, &) so that we get

l
2(1+1) . 214+2—-25 \ S —_
Iy = =Re{{ (04 D 4+ 1D, 55+ 37D, D, 5 ) 4 D! 0} v Vaf )
j=1

l
~ 2(141) 21+2—25
= —Re({ (8416l + k|77 + 37 Jef k| =

)
)

+ ol fkidef )

!
A 20141)
= 2s Re<<5 + P 4 |k|ﬁ + Z €% k| S ore

j=1

X(l+1 |§|2l+zj|k| 1+2s |§|2J 2> f’sz>

#Re({ (8416 + b T S =)+l o k).

7=1

Thus

l
N 2(1+1) . 1+2-2j \ s—1
I =s Re< ((5 + |§’2(l+1) + |k 4 E '|§|2J |k|2ﬁ252j >

J=1

! i . ~ A
< ((+1) 1" + > e )6, kif>

l l
= A 2(1+1) . 2142-25 \ s—1 2042-25 .
S [ FF- (T 30 ) (Jel o S j2 ) k]
j=1

We claim that we can bound
(j—1)s+s Latds— 2(7 Py 2ls+s _3s_
Ls [ ff Z €I* k| Az [P R de (4.30)

Indeed, if [£| ~ |k| then one can check that the homogeneity is kept. Else assume first that
|€] < |k|. Then we have

I l
= A 204225 . 2(141)(s—1) = A 215 2j44s+1 .
WS [ 7l DS I ae = [ 7S e
i=1 i=1
Comparing the exponents of |£| and |k| gives 2/ conditions that need to be satisfied,

2 —1>2(—s+s, 2s+4s—2j+1<2s—2(j —1)s+3s, Vje{l,... 1},
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which holds since s < 1. Now assume on the other hand that |k| < [¢|. Then we have

I, 5 ff ‘5’2l+1+2(l+1)(s—1) ]k! dz — /ff ’6‘2l5—1+2s ]k] ds.

Thus we need
3s

14 2s

2ls + 25 — 1 < 2ls + s, 1>

which both clearly holds for s < 1.

Thus we estimate

S s 2ls+3s—2(j—1)s = ~ ots 35
IIN/ff ZW“ Rl d,z+/ff-\£l2l+ 6|75 dz

< o 0 [

(4.31)

ls+3s—js

D07 D, 5

l .
+ 3 1D 1Da T
L2
j=1

Now we use Holder in Fourier variables again. Eventually we want to use (4.27) and (4.26)
in order to get a right hand side in terms of our source term. Thus, for each j € {1,...,l}
we will look for parameters §; € (0,1) such that we can express the right hand side of
(4.31) in terms of

I

(I+1)s —0. s .
S )]

(+1)s

< [1pof IDa 55

, (I+1)s |DI’TSQS

Indeed, then we get with (4.27) and (4.26)

H( |Dv|s |Dx|(1112)55 )179j(|D’U|(l+1)S |DI|T625 )ejf) L

< [ipor 1. |<i~*és il . |““>5|Dx|lfﬁf
2
s 0;
< ‘ |D |(ii22)5 ‘ H|D |1+2s h’ , (I+1)s |Dm|mf 12 (4 32)
L .
1 . (14+2)s i
< H|D |(l+2)s fH + H|D ’(l+2)sf +(+2)s |D |1+525 i +(+2)s
~ v L2 v .2 z .2
o] I e i

We start by using (4.32) for the first term on the right hand side of (4.31). We can
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write

|iDol” 1D, 17 72 ) I (1D, |0 |y )

for 6,1 = Z_Tl Thus with Young’s inequality

H’Dvlls |Dx|% fHL2 H|Dv|(l+1)s |Dx|ﬁ

I+2 I+2 W Ls % 1792“1
§<H’D”’(+)SfH +H’Dv|(+)sf : ‘Dx‘mh i )
L2 L
s = Or41+1
X H|Dx‘1+25 h‘ |D |1+29 f’
8(0741+1) . 2(1—0;4 1)
5 8 5
< H’Du’(l”)s ‘|D ‘st hH + H'D ‘Hl 1D, ’Hgs +36; H|Dx\1+25 I 2+391+1
L
T %
oo L= A (2N
L
4(0;41+1) —0141)
+ “D |(l+1 |D ‘1_'_29](-‘ 3+0141 H’D |1+29h‘ 3+91+1
55‘ |D,| z+2)sfH 2 +5H|Dv| HUs | p, | fH +Ce |Dz|%
L L

for e € (0,1).

Similarly we can proceed with the remaining terms on the right hand side of (4. 31)
Note that for each j € {1,...,[} we can absorb the term H]Dv|(j+1)s D, | g ‘
the left hand side. Thus we write for each j € {2,...,1}

ls+35 ls43s—js

10,6010,

_ s (H_l?: 1-6; (I4+1)s =52\
= Do 1D 55 ) (D0 g )|
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where 0; = ”%2 Then by (4.32) and Young’s inequality

ls+3s—js

l
S (1o Da S || 1Dl o
j=2

l 1 . (142)s 1-6;
<Z (142)s H H (142)s p|| TFO+2)s s 1+<Z+2>s) p
2> ([ipul = 1 L2+ D2 7| || |
H'D |1+2s hH H'D |(l+1 |D, |1+2s fH H'D 7 | Dy| R
1+2)s 3 1+2)s 1+(l+2)s 1+((l++2%)s
S [l o (X .55 b
L L2
l (I+1)s s % s % s ls+2s—js ﬁ
37 |||l @ D | 1D Do D, | | T
L2 L
j=2
46 2(1— 9)
s s+2s
|1l D | T 1Du D | T (D A T ]
(1+2) s % (1+2) ﬁ 12+(Z::2;
< [ rDz|1+28hH + {12l @2 | H’D ¥
L L
l 160 2(1-6;
s 170 ls qL70.
3 Hmw*”smzwjf B 2Rl
- L
ls+2s5—js gi?g
+||ipal = H|D P || |7
L2
9 (1— 0
1+30 1+30

+||1Dy I””sID BeriN

|D |1+2 h

ls+2s—js

+ ||[Du [ Dy

0;)
1 f
|1+825 hH 5 9]
xX
L2

ls+2s—7s

l
2 s 2 .
5 8) ’Dvl(l+2)s fHL2 +5H’Dv|(l+l)s |DI’1+23 fHL2 _|_€§ H’DUVS ‘Dxl 1+2s
j=2

+ Cg

for some ¢ € (0,1).

Finally, the only remaining term is when j = 1 in (4.31), which we estimate using
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(4.27) and (4.26)

(142)s 2

|D | 1+2s

(142)s

el
Y X R

(+1)s
[1Duf7 122155 ]

L2

1
<[, oo
~ x 12 v

L2
PNTERS o=z (42)s ,||ZOT0TS

+H‘DI’H2Sh 2 ol f 2
L L

2 s

<e H|D”|(l+2)sfHL2 O ’D$|1i72
Therefore, we have shown
2
A<6WDN”2fH || D g |
(4.33)

ls
|Dm| T+2s

. ls+2s—js
+eZH|Dv|”|Dx| fHsza
=2

We combine (4.28), (4.29) and (4.33) to get

2 2 2
(1+2)s L GHD)s |y |hegie H H D
|| Ab+WwatL+2WD| D g+ |10l 1D
< NI+ 1Al + 1D 2] S i
~ L2 L? v L2 L2 t L2

Thus, by (4.26) we have

(1+2)s 2 9 9 Is 2 2 s 2
[1De 75 £ S A1+ I + (1D s
We conclude
2 is (+2)s |2
H|Dv’(l+2)s fH + H|Dt s 815 + H’D | 1+2s
L2 L2
< IfI2 2 i | el
NWMmep+erWH+mewhp+Wmshm.

Step 2: Local estimates. Let 0 <r < R and let 6 = R —r > 0 be from the statement
of the theorem. With no loss in generality set zp = (0,0,0) and assume f solves (4.21) in
Qr(z). We introduce a smooth function 6 = 0(t, z,v) € C®(R*?9) such that § = 1 in
Q, and 0 = 0 outside Qr, and so that |D,|0 < 571, \Dx]1+125 0 <6 |Dy %0 <5\, Then

we let

g=10,
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so that ¢ satisfies

Tg+ |Dv|2sg = f(T@) + |Dv|2sg - (|Dv|28 f)@

(4.34)
= f(T0) + h0 + by + hog + | Dy|* hos = H

in R2¢ where hy, hag, hog are as in the commutator estimates of Lemma 2.3.
Step 3-(i): The base case. We start with [ = 0. The global case for I = 0 gives

% _2s R Ists  ||2
1D gl 2 + 100l = + [ 1D21755 ||+ 1Dl 122155 g S U

Therefore it remains to bound the right hand side. We have by the standard energy
estimate (see [99, Proposition 9] for s = 1 and Proposition 3.2 for the fractional case
s € (0,1))

Dol fllz2(q,) S WPllz2(gy + 07 Iz Lev(qurey -
Moreover, we see

1 TOll 2 S 07211 f |20

The remaining part is a commutator of the form

(6(v) — O(w))

d+2s

1D,|* g — (1Du* f)0 = Rdf(w) dw.

v — wl
Just as in Lemma 2.3 we write
0(v) — 0(w)
hy = / f(w)% duw,
R\ B, (v) v — w|

and

(6(v) = 6(w))
hg = w —d_‘_%dw
/B,.(v)f( ) v —w|

Then we get for any v € R?

”thLZ < 5° ||f||L§7ng°(Q%de) :

Moreover, as the proof of Lemma 2.3 shows, we can write hy = hay + | D,|”* has for some

h22, hgg that satisfy
-2
1ho2ll 2 S 07N fll 2 mgc@m) »

and
12l 2 S 672 11z, cm) -
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Thus
1 S 672(1F s nsam + Mz, v ) + Il

t,z v
S 67 ||f||Lf7ng°(Q“R><R’1) + ||h||L2(QR) :

Finally, since g = f in @), we conclude

19: 12 + MNP g + 10755 1],

lsts
st

< 5° ||f||L2 L3P (QY% xRY) + ||h||L2 QRr) -
t,x™v (

Step 3-(ii): The general case. Now let | € Ny. We proceed by induction. Let { > 1 and

assume the conclusion holds for [ — 1, that is we have

(41)s (I+1)s ‘
2s D
H t’ f‘LQ (Qr) +H| ‘ f L2(Qr)
(I+)s 1 ls+s—js
+ H D, | 1+ ) H D J+1) D,| 1+
AL §j|| D]

SO flloa gy XRd)

ramt (o

(1-1)s
o

o

L2(QRr) L2(Qr) L? QR)>

where d = R —r.

The same procedure as for f on R'*2¢ in Step 1 will yield

s L
R P R

(14+2)s s ls+s—js
‘LQ + H|Dm| T+2s gH +ZH|D |J+1) |D | i+2s g

L2

<\|p* H|| +|[|D.|7= H| +|]|D)|?
L2 L2

To estimate the right hand side of (4.34), we first notice by induction hypothesis

oo, + e o, + o o7,

s ls
ST {0 P (X R (61
S fll o rnrey
(1=2)s
ot (o], 10 0dF L)
L?(QRr) L%(Qr) L?(Qr)

Second, we have

|1Du H|| |, < €Al gea

1+2)s — s
D276 S 67D e gy
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Moreover, we get

L2

s O(t,x,v) —0(t,x,w
= ‘DCE| 1+4+2s / f(w) ( ) d(+2s ) dw
R\ B, (v) |U - w| 12

/ / (t, z,v) — 0(t, z, w) — (L, y, )+9(t,y7w)dydw
Rd\Br U) Rd 'U |d+28 |aj J— y|d+ 1+2s

C7 (QY,xR4)

L2

S o HchW (QY%xRI) *

Similarly,

1D,

s
2s h’l‘

L2

Ls O(t,x,v) —0(t,x,w
/ f(w) ( ) d(+2s >dw
R\ B (v)

v = wl

= || [De]>

L2

0(t —0(t — 0 0
/ / (t,x,v) (t,z,w) (s,x,il)s)_j— (s, 2,w) ds duw
RY\B(v) J R4 w| ) — 5|

< ey @y xra

L2
S g2 HfHC'V(Q“ xR) -
Finally using the induction hypothesis
o] o] 5051 1008 )
L2 2 L2 Hs Hs QR)
— — s s
SO 20+2) ”fHCZ(Q}’%x]Rd) +07 ) | D]
as well as
H|Dz|% h23‘ 2+H|Dt|%h23 2<(5_28< ’|D |1+2Ls f‘ H|Dt|2s f‘ )
L L2(QRr) L2(Qr)

ls

S o7 1l (@ xray + g2

We combine all these estimates for the right hand side and use that f = g in B, so that

(+2)s
0 g 19085 055
a el W 1YL I (12X R
2(142) (1+2)s ls
S Pl gy ey +07 | IDIR]
This concludes the proof. O
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4.4 Campanato

4.4.1 Local (non-fractional) Campanato’s inequality

Let 0 <r < R <1 and 2y € R""? such that Qr(20) C Q. Assume f solves (4.20) for
some constant diffusion coefficient A satisfying (4.6) and zero source term h = 0. As
the coefficients A are constant, there is no distinction between the non-divergence and
divergence form. Moreover, note that in this case we can assume f € ' as we can
approximate f with a smooth solution by mollification respecting the Lie group structure.
We want to combine (4.19) with the regularity estimates in Proposition 4.2 to infer
Campanto’s inequality. Together with Poincaré’s inequality this constitutes Campanato’s
approach to Schauder estimates.

We have by combining the estimate (4.18) and the Poincaré inequality [79, Proposition
3.12] applied m-times, and then a fractional Poincaré inequality in the final step, see for
example [110, Equation 1.2] or [172, page 241]

/ |f _pm—1|2 dZ
QT(ZO)

m m 2
< (JT%/ D™ f? dz + CrlE] / Di(f = p)| dz
Qr(20) Qr(z0)
rortt [ B[ d
r — Pm—1 z
P (4.35)
. . i j 2
+ op2 (2L 148140 4) / ) ‘DFJDEJDf(f ~ Pm-1)| dz

Qr(20) k>0
i+j+k=m

< Cr2m/ \Dmf\2 dz,
Q2T(ZO)

where D™ is a derivative in time, space or velocity of order m. To control the right hand
side, we use (4.19), Sobolev’s embedding for some k sufficiently large depending on n, and

the regularity estimates of Proposition 4.2 to get

D™ f* dz < Cr" |D™ f|] e 0,0
/er(zo) (Q2r(z0)) (4.36)

n 2 n 2
< O [l @p ooy < € BaB)™ | F Il 20 (20 -

Thus we deduce
2 n+2m 2
|f _pm—lHLQ(QT(zo)) < Crt? ”f||L2(QR(Zo))’

where C' = C(n, s, R). This inequality is Campanato’s (second) inequality. Now, dividing
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n—+2m

by r yields the Campanato norm on the left hand side:

-\ 2 2
T2 ooy =7 I = Ptz < CllF li2@uieon

m—1

where

A=n+2m.

Remark 4.7. As a consequence of (4.36), we deduce that the only smooth solutions of
(4.20) with constant coefficients that grow at most polynomially at infinity are kinetic

polynomials. Indeed, if we assume that a solution f of (4.20) in R**2? satisfies

sup f(z) < MR™, VR >1,
Qr
for some constant M > 0 and m > 1, then as before we get with Poincaré’s inequality,

Sobolev embedding, and the regularity estimates for any r» > 0

/ |f = pmi|® dz < 0r2m/ D™ f|? dz

r

<o om0 < o(Z) e
=&T HE Q) =Y\ R L*(QR)

where p,,_1 is some kinetic polynomial of degree m — 1. Due to the growth assumption on
f, we thus find

/’f—%zdeSCWmﬂ%”MRMQM,

which tends to 0 as R — oo. Thus f = p,,_1 in @),.. Since r > 0 was arbitrary, we deduce
f is a polynomial of degree at most m — 1 in R'*2¢. In other words, a generalisation of
Liouville’s theorem holds. Note that a Liouville-type theorem has been used to derive
Schauder estimates in the elliptic case by [180, Lemma 1] and in the hypoelliptic case by
[117, Theorem 4.1].

4.4.2 Non-local (fractional) Campanato’s inequality

As before, we want to combine the observation in (4.19) with the energy estimates derived
in the last subsection to infer Campanto’s inequality. Let 0 < r < R < 1 and z, € R'*2¢
such that Qgr(z0) C Q1. We consider the constant coefficient equation (4.21) with zero

source term in Qg(zp). We have by combining (4.18) and the fractional Poincaré inequality,
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see [172, page 241], [110, equation (1.2)], or [167, Section 1],

/’ 1 — ol dz
QT(ZO)

S 2 S 2
< COr? (/ DZ(f —pas)| dz —i—/ D™ (f —pes)| dz
Qr(20) Qr(20)
+f !Dﬁf—mﬁfd%
Qr(zo)
2s 2 2s 2
< Cr' (/ DZ(f —pas)| dz —i—/ Dy (f —pas)| dz (4.37)
Qr(20) Qr(20)

2

dz
2
dz

where D3 is a differential of order 3s in time, space, or velocity. We use (4.19), Sobolev’s

D Dy* (f = pas)

s 2
+/' Wﬂﬂmw\®+/
Qr(20) Qr(20)

“
Qr(20)

< CTGS/ ‘Dgsf’2 dz,
Q’I‘(ZO)

2 s
dz + DD (f — pas)

Qr(20)

D Dy(f — pas)

embedding for some k sufficiently large depending on s and n, and the energy estimates of

Proposition 4.3 to get

3s p|2 n 3s 2
AR R LT R
Qr(z0)
n 2 n 2
< O [ r@nazon < €8, By R)™ (L f o 20y xre)
This can be seen as a non-local analogue of Campanto’s inequality. Thus we deduce
2 n+6s 2
1 = oelZec oy < O™ 112 e

with C' = C(n, s, R). Therefore, dividing by 7" yields the Campanato norm on the left
hand side:

2 A 2 2
Ulzruen =7 I = P2sllia, oy < CllF ey @y 00 xra »

where

A=n+06s.
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4.5 Campanato’s approach: the local (non-fractional)

case

We freeze coefficients (also known as Korn’s trick) to derive Schauder estimates for the
general case. Let f classically solve (4.1) or (4.2). Suppose A = A(t, z,v) satisfies (4.6)
and h € CJ"7*T*(Q,). Assume that the diffusion coefficient satisfies A € C;""*T*(Q,). For
the divergence form equation (4.1) we additionally require V, A € C7"3+*(Q,).

Similarly to [114] we consider 0 < p < % to be determined and we pick zg, 21 € 1 and
0 < r <1 such that z; € Q,(z) and

[£1) = pias [f)(e)]

[f]CZm71+a(Q%) S 2 ym—1+4o

We recall that the Taylor expansion of f at zy of kinetic degree m — 1 is given by

pfg—ﬂf](z) = Z aj(ZO) (t t ) (xl_(xﬂ)l)jl T (xd_(l“O)d)jd (Ul—(Uo)l)jd+1 T (Ud_(UO)d)j2d

/|
; J:

where we require jo < |25, ji 4 -+ ja <[5+ and jap1 + - + jog < m — 1. The

coefficients can be computed and are given by

(lj(Z()) = (at +v- Vx)joail . 8“(9]‘”1 cee 81])?]”(20)

Tq o vl

If r > p, we have, using Lemma 4.1,

[f]CF71+Q(Q1/4) = 2p_(m_1+a){2 HfHLOO(Qr(ZO)) + Z [’02j0 H(at +u- vx)jOfHLoo
J
+ p3(j1+-~+jd) Hai} . ajdeLoo

+ p(Jd+1+ +J2d) Hajd-H X 8]2(1]0”]:00 ] }

1
< (Wep=seiq + CO 1l -

4.5.1 Non-divergence form

Now we consider 7 < p and a solution f of (4.2). Let n € C>*(R'*2?) be a cut-off with
0 <n <1, such that n = 1in Q,(2) and n = 0 outside Q2,(zo). Let f = fn. With no loss
of generality we set zy = (0,0,0). We denote with pézo)[ f] the Taylor polynomial of f at zg

with kinetic degree less or equal to 2. To approximate the general case by the constant
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coefficient case we split

f —péo)[f] =01+ 92,

where ¢, solves

kg1 +v - Vagy — Z aig)agwjgl =0,

i,J

for aég) = a"I(z1). Then gy solves

Org2 +v - Vg2 — Z a((f)&ivj =h- p(O) UL}

.3
where
= | 32 (o = aig) ), 7| n 32 (0 = 2ai50um) 0 f
i i (4.38)
+ Z (cn +Tn— azg)ﬁivjn)f + hn.
i,J

For g; we have by Subsection 4.4.1

(0) 2 r n+2m 9 r n+2m 9
‘gl—pm_ [91]’ dz < C( / 91" dz < C( - |f]” d=.
A 1 (& ] &/

R

For g, we first perform a change of variables ¢\ (t, z,v) := o (t, (A©) "2, (A©)~3y)
where A is the constant diffusion coefficient A(®) = (a( )) Then g( ) solves

(&4—1} V. Z ) (t,z,v)

(at+v V. Za”aiv]> ( (A‘O))’%%(A(O)V%U) (4.39)
_ (}E iz(o 0 0))( £, (A3, (A(O’)’%?O

— (Palh])(0,0,0)) ¢, v).

Thus, using the scaling of the fundamental solution as stated in Lemma 2.1,

2
/ ’géo)‘ dz < Cr™
Qr

, ~ llg2ll ;2 and [ﬁ(o)]é;wsM ~ [méznfgm up to a constant depending on A©®

(0)H2 < Orn+2m+2a Q[h(O ]Cm 34a(g,)-

L(Qr)

0
i

Since ‘
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we thus find

2
wt [ 1r-pPas< [ |- s - dile] a:
PEPm-1.JQ, Qr
o\ mhm n+2m+2a—2[7,
SC(E) /QRW dz + Crmm T hlop-sie g,

r\ nt2m+2a-2 9 =9
= C(E) (/QR [fI7dz+ [h]c;”—“%czr))'

Equivalently,
[f]EQ,n-ﬁl-2m+2a—2(Qr) S C Hf”L2(QR) + C[h]CZm—S-ka(QT).

m—

Thus by the characterisation of Campanato-norms with Hoélder-norms in Theorem 4.4 we

have

flep-r+a@n < Cliflrzgn + Clhlep-s+a o,

Since A, B, c,h € C7"*1*(Q;) we therefore obtain

flep-1+e0,,0 < Hlem-1+eq,) < Clfllzgp + Clhlep-s+eq,)
i a2 7
< Clliflra@peon * [Z (a@y —a J)aijf]

- P (Qp(20))

+ C[biamf]c;l—%a(qu(zo)) + C(P)0u, flem=s+2(, (20))
+ C[Cf]c;nfﬂa(cgp(zg)) + C(p) [f]c;"*“a(cgp(zo))

+ [h]cgn—3+a(Qp(ZO))
< C HfHL?(Qp(zO)) + Cpm_3+a[Dgf]CZ”*HQ(QP(ZO)) (4-40)

+ CpmeJra [va]czn_3+a(Qp(ZO)) + Cpm73+a[f]czn_3+a(Qp(zo))
+ C(p) [f}c;"*“ﬂ((gp(zo)) +C(p) [va]cg"*“a(Qp(zO))
+[hlgp-staq,)
1
< Cllifllzz@n + 7 Flep—1+2@upon + €O 1Fll 2 (@ap a0

+ Clpm_Ha[f]og’““a(Qz,,(zo)) + [h]C,g"*SW(Qp),

where we have used Lemma 4.1 and Proposition 4.1. Choosing p such that

Clpm71+a 4 S

1
9’

1 =

we find for some 5 > 0

1

[flep-r+a(q,, < Co P 11 fll i, + Clh]cg-s+aq,) + §[f]cgkl+a(¢g2p(zo))- (4.41)
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A standard covering argument (see Lemma 2.2) implies

[f]c;"*”“(QpM) <C ||f||L°°(Qp) + C[h]q;”*”“(cgp)a (4.42)
where C' depends on n, m, a, Ay, and the Holder norms of all coefficients.

4.5.2 Divergence form

The case of divergence form equations follows is similar by modifying the £ in (4.38) as

>0 (4 ) ) s
2V

+ Z (en+Tn— az(g)agivjn)f + hn.

7:7j

Note that for (4.40) we will require V,A € C™37(Q,).

follows

4.6 Campanato’s approach: the non-local (fractional)

case

We consider a solution f of (1.13) in C}([—1, 0] x By x R?) and assume that the non-negative
kernel satisfies the ellipticity assumptions (1.32), (1.26) and the Hélder condition (4.8).
Moreover, we further assume that it either satisfies the non-divergence form symmetry
(4.7), or that it verifies the divergence form symmetry (1.29), (1.30), and the additional
Hoélder condition (4.9).

Let n € C%((—1,0] x By x R%) so that n = 1 in Qs and n = 0 outside Q. Let f=fn.
We freeze coefficients and write Ko(w) = K(0,0,0,w) for the constant coefficient kernel;

its corresponding operator L, satisfies (4.22). We compute for any z € @ 1

Tf—Lof=hn+A-n+B

with
AE) = [ () = S [K(ta0w) = Ko(w)] du
and
B(:) = [ (00) = ) f(w) Kafw) duo
We write
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where g; solves
Tg1 — Log1 =0,

and with
plf] == f(20) + (t = to) (T f(20) — Lof(20))
for some z, € R4 With no loss of generality set zy = (0,0,0). In particular, g, solves

T2 = Logs = T(f = plf] = 91) = Lo(f = p[f] = 91)
=h-n+A-n+B—Tf(z)+ Lof(z)
=h-n+A-n+B—(h-n+A-n+ B)(z)
= h—h(z),

where h := hn + An + B. For ¢g; we find with Subsection 4.4.2
0 2 n S 2 n S 2
lé)m—éﬁmﬂdzscr%nmmm%mQSCr%nm@@WWp

where » > 0 is such that Qr C Qij2- For gy we first perform a change of Variables

gé )(t z,v) = go(t, ko *x, Ky *v) where kg is such that Ko(w) = » Id“s' Then 92 ) solves

(&t +v-V,+ (—A@)s>g§0)(t,m,v) = <8t +v-V,+ £0>g2 (t Ko 2 x Ko % v)
= (fl — ;L(O 0 0)) (t, 50_537, /i(;%v>
. (h@ 70,0 0))(75,1;,@).

Thus by Lemma 2.1

2
/ ‘géo)‘ dz < Cr™
Qr

‘L2 ~ [|gall > and [ﬁ(o)}ég ~ [71]%? up to a constant depending on kg, we thus

inf /
PEPm -1 Q-

(0) H2 < COr n+4s+2a [h(O)}
Lo(Qr)

Cr(@r)’

0
95"

Since ‘
find

2

dz

Tds< /Q‘ ‘f—p[f] — ) [g1]

nt-6s 2 nt4ds+2a 7,
< Crmto ||f||cg(Q§de) + Oy [h]ZC?(Qr)

n S e} 2 7
< Ot (”f”c;(Q;fod) + [h]QC?(Qr))

In the last inequality we used a@ < s since a =

in(1,2s). Equivalently,

1+28 1+2

2 ~
[fleznssanigy < C Ul Igpam + Clilcsn)-
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Thus by the characterisation of Campanato norms with Holder norms in Theorem 4.4 we

have
5 -
[f]ogs+a(cgr) <C ||f||cg(Q7;de) + C[h]C?(Qr)-

It remains to bound the Cj*-norm of h = hn+ An+ B. We claim

[A]Cz’(Q ) S AO( ||f||c§s+a(Q1) + ||f||cg((—1,0]xleRd) ) (4.43)

Indeed we write A(z1) — A(z2) = I + I, with
Bo= [ (2 0(0.0,0)) = £(e2)) [y (w0) — Koy(w)]
I, = / (f(zl 0 (0,0,w)) — f(z1) — f(220(0,0,w)) + f(zg)) [Kzl(w) — Ko(w)] dw.

For I; we distinguish the far and the close part and write I;; and I, respectively. Then
for the far part there holds with (4.8)

|Ill| < ||f||L°°((—1,0]><Bl><Rd)/ |K21 (w> - K22<w)| dw

lw|>1

< Ao ||f||L°O((—1,O}><Bl><Rd) dl(zl’ Z2)a‘

For the close part we have in case of the non-divergence form symmetry (4.7) and

Lemma 4.1

| 12| S/
jwl<1

. /
2 Jjwi<a

S [fleaere /| " () K )] o

F(z2 0 0,0,w)) = ]| 1Ky (w) — Ky ()] du

PO ]+ 00T = f(z2)| 1K (w) — Koy (w)] du

+| D3] ‘ [w]” | Kz (w) = Koy (w)] dw

w|<1

< Ao 1l gaere e, )™
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If instead we assume the divergence form symmetry (1.29) and (1.30) we get

|I12] < PV

/|w|<1 [f(ZQ 0 (0,0,w)) — p;io(o,O,w) [ﬂ] K., (w) — K, (w)] dw‘

V| [ = )] K 0) - K]

S [f]cgs+a/ W K, (w) — Koy (w)] dw
wl<1
+\va|‘ PV/ w(Kzl(w)—KZQ(w)) dw‘
wl<1
+|D2f| w]? | K, (w) — K, (w)] dw
jw|<1

< Ao [ fllzrse delz, )"

by assumption (4.8) and (4.9).
To estimate I, we can use Lemma 4.3. This proves the claim.
We further claim

[B]C?(Q;) S Hf||cW((_1,o]xleRd)' (4.44)
5 [

For z1, 2z € ), we compute B(z3) — B(z1) = J; + Jo with

¢h=/‘ (1210 (0,0, 1)) — 51(z1) — (22 0 (0,0,w)) +n(z5)]
|w|>r/4
x f(z10(0,0,w))Ko(w) dw,

k:j|MM@o@awww@mUMO@@M%ﬁ%O@@Wﬂ%me

Since 7 is smooth we can apply Lemma 4.3 and get

1| < ||f||Loo((—1,o}xleRd) di(z1,22)".

For J, we have

[T < 27l o [f]c;/ di(z1 0 (0,0, w), 23 0 (0,0, w))" Ko(w) dw.

|w|>r/4
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2sy
1+2s

Since o = we have

| Jo| < [fley / di(z10(0,0,w), 29 0 (0,0, w))" Ko(w) dw

|w|>r/4

S [f]CZ/ (dl(ZhZz) + [t — tQ‘ﬁ "LU|T12S )'YKO(U)) dw
lw|>r/4

SUle; | (el ) ) K)o
w|>r/4
2sy
Sa flepdi(z, 22) 702 < [flepdi(z1, 22)%,

where we used the upper bound on Ky (1.32). This proves the second claim (4.44).
Thus we deduce by combining (4.43) and (4.44) that

[f]o,?”“(@ ) < (14 Ay) ||f||CZ((—1,0]><B1><]Rd) + Ao ||f||c§S+a(Q1) + ||h||cg(Q1) : (4.45)

O

Without loss in generality we can assume that Ay < 1, otherwise we scale the equation
initially. We then translate and scale the estimate (4.45) and we get for any r > 0 and
20 € @1 such that Q,(z) C Q1

el ]03”"(@5(20” S Aol Jozsta oy T 1 [flep(-1.01xBixRa)

N oo (10 xmay F T R @rzo)) + 725 1PN oo g (20))
< A0T28+a [f]c§5+a(Q,.(zO)) + ||f||c,_7((—1,0}x31 xR4)

+ 12 hlop Qoo T Nl e (g, 20

The same covering argument as outlined for (4.42) in Subsection 4.5.1 implies then

I7llczeroayy < C(Itllegin + 17z 1o )

where C' depends on s, d, A\g, Ag, Ag.

4.7 Appendix: Hypoelliptic operators

172



4.7.1 Toolbox

In this section, we briefly outline that our approach is robust enough to deal with general

second order Kolmogorov equations of the form

ff(t, l‘) = Z ai,j(tv x)armjf(tv l’)

N—d<ij<N
+ > b0, f(tx) — O f (¢, x) (4.46)
1<i,j<N
+ Z i(t, )0 f(t,x) + c(t,x) f(t,x) = h,
N—d<i<N
where z = (t,z) = (t, 20, 71,...,7,) € RV k > 1 is the number of commutators, and

1 < d < N. The velocity variable corresponds to the last entry z, € R? . The diffusion

matrix A(z) = <ai7j(z))N—d§i7j§N

elliptic (4.6). The matrix B = (13”)1 <ij<y has constant entries and satisfies suitable

assumptions such that the principal part operator & of £ with respect to the kinetic

is symmetric with real measurable entries, and uniformly

degree, given by

Hftx)= Y Oaftx)+ D bigwion f(tx) — O f(t,x), (4.47)

N—d<i,j<N 1<i,j<N

is hypoelliptic, i.e. any distributional solution of J# f = h is smooth whenever h € C°.

In particular, this assumption coincides with B having constant real entries and taking

the form i
* B 0
x *x DBy
B= : : (4.48)
x *x % ... B,

where each B, is a d;_; X d; matrix of rank d; with d :=d,, > d,,_; > --- > dy > 1 and
Y i odi = N. For further discussion on this operator, we refer the reader to [142, Section
1 and 2]. We remark that the principal part operator /£ is still invariant under Galilean

transformation (4.5). Moreover, ¢ is invariant under the scaling given by

(t,20,...,20) — (r*t,r%zg,...,r* o, re,) = 2, (4.49)
for r > 0, where k > 1 is the number of commutators, if and only if all the x-blocks in
B are zero [142, Proposition 2.2]. We denote the scaling invariant principal part by %,
and emphasise that it is of the form (4.47) with the matrix B as in (4.48) where all the

x-entries are zero. The cylinders will be defined respecting the scaling invariance, similar
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as above (4.3).

We briefly sketch how to obtain Schauder estimates for a solution f of (4.46) in Q.
Note that the kinetic distance and the corresponding Holder norms have to be defined
more generally taking into account the scaling (4.49).

First, the regularity estimates will be replaced by an argument of Héormander [111,
Theorem 3.7] as follows. Any solution f of J# f = 0 satisfies for [ > 1

HleHLOO(QT(ZO)) < CUN) 2 @n a0+ (4.50)

where D! is a differential of order . Indeed, let § be a mutli-index such that |§| = > 1.
Let G C L*(Qr(20)) be defined as

G = {g € L*(Qr(20)) N C*(Qr(20)) : g = 0 in Qr(z20)}.

Due to the hypoellipticity of . the subspace G is closed in L*(Qg(z)). Define B : G —
C%(Qr(20)) by Bg = D°g|g, (z) for ¢ such that |§| =1 > 0. Then B has closed graph in
G x C°(Q,(20)), and thus, by virtue of the closed graph theorem we conclude (4.50). Then
we derive Campanato’s inequality (4.36) just as above in Subsection 4.4.1.

Second, the principal part operator J#; admits an explicit fundamental solution given

in [9, Equation (2.7)]. In particular, it satisfies for r > 0
oty = (Aof)., (451)

where f,. denotes the rescaled function f.(z) := f(z.). Note that we do not require
the scaling invariance to deduce the Schauder estimates. To see this, we denote the
fundamental solution of J# by I' and the fundamental solution of J#; by I'y, respectively.
Then we can use the upper bound on I" by TI'y, stated in [142, Theorem 3.1],

I'(z) < al'o(2), (4.52)

for some a > 0. Due to (4.51) we then have the good scaling for go, where g, comes from
the splitting of our solution f — p§°> [f] = g1 + g2 as done in Section 4.5 above, with the
polynomial péo) [f] given in (4.54) below. Alternatively, we can directly consider the scaling
of the full matrix B in (4.48). According to [142, Remark 3.2] and [143, Remark 2.4], the
x-blocks in (4.48) scale to some higher power of r than the superdiagonal blocks. Thus,
using B = By + B — By, where B, corresponds to B with all *-blocks equal to zero, we
rewrite
H o=+ Y (b — )20, 1,

1<i,j<N
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so that

%agg = };J + Z (E(i),j — l;ivj)xjaxif

1<i,j<N

with J#* as in (4.57) but where By replaces B, and with A given in (4.58). The right hand
side can be bounded as in Section 4.5 above, since the term »_,; -y (l;” - l;?d)a:j@xif
scales like a lower order term due to [142, Remark 3.2] and [143, Remark 2.4]. The details

of the splitting are done for Dini-continuous coefficients in Subsection 4.7.3 below.

4.7.2 Holder coefficients

We have assembled the toolbox required for the Schauder estimates, and the argument
of Section 4.5 goes through (with suitable modifications as outlined above in Subsection
4.7.1), so that we derive

Theorem 4.5 (Schauder estimate for Kolmogorov operators). Let o € (0, 1) be given. Let
m > 3 be some integer. Let f solve (4.46) in Q. Suppose A € C;**t(Q,) satisfies (4.6)
for some \g > 0, where d = dy, and assume B,c,h € C7"*7*(Q,). We further assume
that the principal part operator & defined in (4.47) is hypoelliptic, i.e. B is of the form
(4.48). Then there holds

||f”cg"—1+a(Q1/4) < O( ||f||L<>°(Q1) + ||h||C;““3+a(Q1)>7

for some C' depending on N, A, «, HAHCZ%HQ : HBHCanam : Hc”oznfi%l*oc.

Similar to Subsection 4.5.2 the divergence form case just follows by realising that any
divergence form equation can be written in non-divergence form plus an additional lower
order term, provided that V,_A € C’E”_3+Q(Q1). Finally, we can derive a Schauder-type
estimate under less stringent assumptions assuming Dini-regularity instead of Holder

regularity, inspired from [171].

4.7.3 Dini coefficients

We point out a structural peculiarity when we consider more generally Dini-regular
coefficients A, B, ¢ and source h. We denote by w, the modulus of continuity of a function
g on a subset Q C RN given by

wy(lnr) ;== sup [g(z1) — g(22)]-
21,22€Q
de(z1,22)<r
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A function g is said to be Dini-continuous in @ if

1 1 0
/ Mdr:/ wy(p) dp < +o0.
0

r —00

We aim to show:

Theorem 4.6. Let [ solve (4.46) in Q1 such that A is a symmetric, uniformly elliptic
matriz with real measurable entries, and suppose B has constant entries. Assume that the
principal part operator # (4.47) is hypoelliptic, i.e. B is of the form (4.48). Suppose that
the coefficients A, B, c and the source h are Dini-reqular. Then, for any z, zg € RN such
that do(z,z0) < 1/2, f satisfies

|D*f(2) — D*f(z0)|
Indy(z,20) 0
< C (/ (A)A(f) d§ + d[(Z, ZO) / WA(&)Q_5 dé-) Z ch-p |aiv]f‘

00 Indy(z,20)

0

—00 Indy(z,20)

Indy(z,20)
+ C(dg(z,z()) +/ we(€) d€ + dz(wo)/ we(€)e™ d§> Sup 1 (ass)

Indy(z,20) 0
+ C(/ wp(§) d€ + d@(zuz())/l wp(§)e™* d§> ZSSP |00, /|

ndy(z,20)
0

Indy(z,20)
vo [ @ dg+ Cditez) [

0o Indy(z,20)

wi(€)e A€ + Cdy(z, z0) sup | bl .
Q1

Here D? is a differential of order 2, and C' = C(N, \o).

In particular we recover Theorem 1.6 of [171].

Remark 4.8. Theorem 4.6 suggests that Dini continuity is the suitable notion of regularity
for Schauder estimates. In particular, in Theorem 4.5, we see that Holder regular solutions

f are fized points of the Schauder estimates.

For this purpose, we consider 0 < p < 1 to be determined and a solution f of (4.2)
in Q1. Let n € C°(R'"2) be a cut-off with 0 <7 <1, such that n=1in Q, and n =0

outside ()2,. Let f = f-n. With no loss in generality we set zy = (0,0,0). We denote with

pgz(’)[ f] the Taylor polynomial of f at zo with kinetic degree less or equal to 2, given by

PR = flzo) + Y 0 f(z0) (2D — 2"

1 5 @) _ Oy 6) _ L0
+ 5 Z Do, [ (20) (2" = 25") (2 = 2" (4.54)

—+ Z Bi,jmjaxif(zo) - atf(zo) (t - to),

1<i,j<N
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where 2 denotes the element at index i. We then write

F=p2U) = F = Fu+ =217, (4.55)

where each f; solves

H O f = 1(0,0,0), (4.56)

in Qy := Q,», with the constant coefficient operator .2 given by

%a = Z agg)aglx] + Z Bldxj&xl - at (457)

N—d<i,j<N 1<ij<N

for aé’gj) = a"(2y), and the right hand side h given by

h = Z <a§?j) — ai,j>8§ﬂjf "N

N—d<i,j<N

(4.58)
+ > (2a0)05m — bn) 0, f + (—en+ Han) f + .
N—d<i<N
In particular, there holds
H(fo = fosr) =0, in Qpy1, (4.59)
and
H(f = fr) =h —1h(0,0,0), in Q. (4.60)

On the one hand, we first perform a constant change of variables to rewrite £ ® in terms
of &, as was done in (4.39). Then, due to (4.60), the upper bound of the fundamental
solution (4.52) and the scaling (4.51), which extends Lemma 2.1, we bound for any k£ > 1

2 .
/ ‘f - fk’ dz < Cpm DD gup |h — h(0,0, 0)‘2 < Cp("+4)(k+1)w}%(pk+l).
Qk+1 OQrt1
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Since fr = fo+ Soh—o fis1 — fi we thus find

1
p—(n-i-ﬁ)(k—i-l)/ 2 4z
k41

k—1 ~ 2 %
(S [ i o
(; Qi1
k—1 2 ~ 12 %
< { Zp—(n+6)(l+1) (/ f‘ + ‘f _ fl) dz (4.61)
Qi1

< CZ wh lnpl—H

l+1

f=F

0
<C /1 wi (€)e™ d¢.

np

On the other hand, we note that pgo) [f] = limj_oo fr. Indeed, pgo) [f] is the Taylor
polynomial of f, so that

sup (f =P 1f]) = o(p™),

and we also refer to [171, Equation (5.16)]. Moreover, due to (4.60) we can use (4.51) so
that overall we find

| fu(2) = 0 [F)(2)] < sup»fk —f] +sup\f p ()]
< Cp** sup ‘h — £1(0,0,0) { + o(p*)
Ok

< Cp*wy(In p*) + o(p™")
< o(p™).

Therefore, we may write
fe =0 (1= fi— i (4.62)
I=k
Due to (4.56), Subsection 4.4.1 (suitably making the replacements for the more general
equation as outlined in Subsection 4.7.1), (4.62), (4.60) and (4.51), we then find for
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fk—péo)[f ],
| == A = 1 \ d
f il

)
)y /
A5

dz

fl+1

-7l dz+/Q1f—ﬁH(2dz)

>n+6 Z pz(n+4) 2 (ln p )

p =k

< Cvp(k+1)(n+6)p—2k Z w%(ln pl)’
=k

or equivalently

(/)(”%)(’““) / [ = o171 = " [ — 1) 2 dz) 2
Fiet1 N 1 (4.63)
<CotYwnd) <Cot [ wede
=k -

Thus due to (4.55), (4.61) and (4.63) we conclude

- 12 2 Inp 0
(p*”*ﬁ)(’“*” [ 17w dz) <Cp 0 [u©aero [ w@eds

—00 Inp

The right hand side will further be bounded using the explicit form of & in (4.58):

Inp 0
pD / wp(€) dé + / wp(€)e de

oo np

In 0
< (p‘(’““)/ pr(ﬁ)dSJr/l wA(§)6§d§> > sup|dZ, f]

—o np 1<ij<dy

In 0
+ <1+p‘(’“+”/ pwc(f) d§+/1 wc(f)e‘§d€> Sgp!f!

—00 np

In 0
+<p—<’f“> / Cwn(©) de + /1 wB(£>e‘5d€> > suw |0
—00 np

1<i<dy **!

In 0
+ p~(k+D) / pwh(g)dg+ /1 wi(€)e ¢ de + sup|hl .

—o0 np Q1
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For the left hand side we find for z, zp such that d,(z, z9) < 1/2 upon choosing p = dy(z, zo)

|D2f(2) — D*f(20)|

dg(Z, 20)2

PEP2

~ 2
< Cffar-g, < C inf p 9 /Q P a

2
dz,

<cp o [ |7l

where we used Lemma 4.1 and the characterisation of Campanato norms in Theorem 4.4.
This concludes the proof of (4.53).

4.8 Appendix: Relation between Holder and Cam-

panato spaces

This section is devoted to the proof of the equivalence between kinetic Campanato and
Holder spaces, as stated in Theorem 4.4. We follow Campanato’s arguments from [40].
We recall the notation Q(zp,r) := QN Q. (20) for any subset Q& C R"™. Throughout this

section we will denote 2 = Qg(Zy) as in the statement of Theorem 4.4.

4.8.1 Auxiliary result

We start with a preliminary lemma, which in the elliptic case has first been derived by De
Giorgi [40, Lemma 2.1].

Lemma 4.4. For a polynomial P € Py, a real number ¢ > 1, zg € R4 and p > 0 there

exists a constant ¢ such that

q C

< ° / P dz,
'0+|J|q Qp(ZO)

where |J| = 2s - jo+ (14 28) [(J1,- -, Ja)| + | Garts - - J24)]-

(O + v - V)00 . gt giart .. §P2a P2

Tq - vl

z=z0

Proof. Let T, C Py be the subset of k-degree polynomials such that

>l =1, (4.64)

|J|<k

where we recall that a; are the coefficients of an element p € P, which can be written
as in (4.11). Let F denote the class of measurable functions f : R" — [0, 1] compactly
supported on @ such that [, f(z)dz > A, where A = |Q,(z)|p™". Let v(A) =
infper, rer [o, [P(2)|" f(2) dz. We want to show that

W)= iy [ PG Az (4.65)
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For any integer m there exists P,, € T and f,, € F such that

WA < [ PN fule)dz <94 + (1.66)

Due to the normalisation (4.64) we can extract a subsequence {P,} of {P,,} converging
uniformly on compact subsets of R™ to P* € 7. Similarly, since 0 < f < 1 we can extract
another subsequence {f,} of {f,} converging weakly in L?(Q;) to some f* € F. The
subsequence will still satisfy (4.66), so that taking the limit yields

WA = [ P () f(2) dz,
o3

This proves the claim (4.65). It follows that y(A) > 0. Moreover, for zy and p such that
Q,(20) C @1, and for P € Ty, there holds

(A) < /Q IRACLE

since |@Q,(z0)| > Ap™. If P € Py, then P(z) - {ngk la,|? } € Ti and thus

AL -
{Zw } </, e a

|J|<k

D=

or also )
ot < —— / PG dz, VI <K (4.67)
’ ’Y(A) Qp(z0)

Now let P € Py. Denote with (s,y,w) = T(t,x,v) the transformation respecting the Lie

group structure

- t—to JZ—ZL‘O—t—tQUO vV — g _
Z::(S>y=w):< ) p1—£2s ) ) ):(ZOIOZ)

p25

Then

/ |P(2)| dZ:Pn/ |P(10253+f0,01+25y+x0+ (t—to)U0>Pw+Uo)’q dz
Qp(20) T(Qp(20))

_ pn/ |P(z002,)|" dz.
T(Qp(20))
(4.68)
We note that T(Q,(z0)) C Q1, |T(Qp(20))| = p™" pr(ZO) dz > A and for J;y := (j1,. .., Ja),
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Jo = (Jat1, - -, Jod)

Plaoz) =3

|J|<k

Oy + v - V)09 .. QI gl ... 9P (2))]
4

(1425)-| 1

=20 25.jo 72| 5
p=p pE

Equations (4.67) and (4.68) then imply

(O v+ V)00 - O8O - O P(2) |

zqYv1
(e q .
- pn+q[25jo+(1+28)|J1\+|J2|]7(A) Q(20) [P dz .

4.8.2 Expansion of f

We let f € EZ’A(Q). For all zy € Q and for all p € [0, diam €] we show the existence of a
unique polynomial Py(z, zo, p, f) such that

in / ISR CIREE / )= Puzozop Pl dz (4.69)

PEPy, Qx0,p)

Indeed, Py(z, 29, p, f) is the kinetic Taylor expansion of f at zg. Let P € P, and write

P(z)= ) aj(-zo) (2 — 20).

!
jENI+2d | | <k

We denote
h({a;}) = IIf - PHLQ(Q(zO,p))»

where Q(29, p) = Qr(Z) N Q,(20) with Qr(Z) as in the statement of Theorem 4.4. Note
that h is a non-negative continuous real function of the coefficients of P. The infimum
of h will be attained in a compact set containing the origin, so that the existence of Py
follows standardly. The uniqueness of P, follows by uniform convexity of the Lebesgue
spaces L4. We will denote the coefficients of Py(z, zo, p, f) with a;(zo, p). Note that they
are given by

aj(z0,p, [) = (Or + v - V)00 -+ i0)a+t - .. 924 Py(z, 20, p, f)]

Tq vl

(4.70)

z=z0"

Lemma 4.5. For f € LI (Q) there exists a constant c(q, \) > 0 such that for any zy € Q
and 0 < p < diam §2 and | € Ny there holds

/ ‘Pk(Z, 207p2_l7 f) - Pk(ZJ 207p2_l_17 f)‘q dz S C2_D\p>\[f]q£qq>\'
Q(z0,p2— (1)) k
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Proof. For all z € Q(z, p2~(~V) there holds

|Pk:(zv 20, p2_l7 f) - Pk(27 20, p2_l_17 f)‘q
< 2| Py(2, 20, p270 ) — fF(2)]* + 29| Pu(z, 20, 027V, f) — f(2)|"

Thus

/ | Pi(z, 20,027, f) = Palz, 20, 02771, )" dz < 29112, (2770 + 201703
Q(z0,p2— (1)) k

= 20(1 4272 !

A
Ly
O

Lemma 4.6. Suppose f € L’Z”\(Q). Then for any 29,21 € Q and for any multi-index |
such that |L| = k with |L| = 2s - lp + (1 + 2s) | L1| 4+ | Lz| there holds

|ai(20, 2de(20, 21), f) — (21, 2de(20, 21), f)|" < 2T F]T ado(z0, 20) "M, (4.71)

it
where dy is the kinetic distance defined in 4.1.

Proof. Let zg,2 € Q. We write p = dy(20, 21) and I, = Q(20,2p) N Q(21,2p). Then we

have
‘Pk<272072p7 f) - Pk(zvzla 2/)7 f)|q

< 24 |Pk(272072107 f) - f(Z)lq + 29 |Pk(Zﬂ 2172107 f) - f(Z>|q :

Integrating over Q(zg, p) C I, we obtain

/ |Pulz, 20,29, f) — Pulz, 21, 2p, f)|" d
Q(z0,p)

§2q/ | Pi(2, 20, 2p, f) — f(2)|* d2+2q/ |Pi(z, 21,20, f) — f(2)|" dz (4.72)
Q(z0,p) Q

(20,p)

GHAFL AT £1d
On the other hand, by (4.70), and Lemma 4.4 applied to P(z) = P(z,20,2p, f) —
Pi(z,21,2p, f) and since the k-th derivative of a polynomial of degree k is constant, we

have
| (20, 2de(20, 1), f) — ai(z1,2de(20, 1), [) ]

4.73
Cp—(n+kq)/ ’Pk(Z,Zo,2p, f>_Pk(Z72172p7f)|q dz. ( )
Q(20,p)

IN

Finally, the combination of (4.72) and (4.73) implies (4.71) and concludes the proof. [
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Lemma 4.7. Let f € EZ’/\(Q). Then there exists a constant ¢ such that for all zo € Q,0 <
p < diam Q, i € N and multi-index | € N'*24 with |L| < k there holds

i—1

(20, p, f) — ai(z0, 0277, f)| < c[f] o 3 Qm(”“Lq'q-*)pA—nq—mq

m=0

Proof. We have

—_

71—

‘CL[(Z(), P, f) - al(207 :027@'7 f)| S ‘al<207 p2im7 f) - CL[(ZO, p2im717 f)} .

3
]

Using the relation (4.70) and applying Lemma 4.4 to Py (z, z0, p27™, f)—Pi(2, 20, p27™71, f)

we get

|ai(20, p, f) — ai(z0, 0277, f)|

i—1
<ep iy o(m+1)(2+[11)

m=0

1
q

: [/ ‘Pk(zvzmpzimaf)_Pk(’zszapzimil?f)‘q dz
Q(z0,p2—™~1)

We conclude using Lemma 4.5. O

Now we can prove the following useful lemma.

Lemma 4.8. Let f € LINQ) such that n+kq < X\ < n+ (k+ 1)q where 0 < k < k.
Then there exists functions {g;(20)} for j € N'*24 with |.J| < k such that for all 0 < p <
diam Q, zy € Q there holds

A—n—|J|q

|aj(Z07p7 f) - gJ(Z0>| < C<)‘7q7k7n7 B)p 1 [f]ﬁq»“ (474>

k

As a consequence, there holds
lim a; (ZO7 P, f) = g](Z()), (475)
p—0

uniformly with respect to z.

Proof. We show that the sequence {a;(z0, p27", f)} converges in the limit i — oco. Let
11, %2 be two non-negative integers and assume without loss in generality that i > ;. With

Lemma 4.7 we obtain

12—1
» i m(nHlTla=2Y)  A=n—|Jlg
a5 (20,27, ) = @, (0, 927, )] < clfl g 3 2 (587 05

m=iq
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n+|J]g—X

Since |J| < p = k and A > n + kq the series - 2m(?) converges. Thus
{a;(20,p27", )} is a Cauchy sequence and hence converges as i — oo.

We now show that the limit is uniform in p. Let p; and py be such that 0 < p; < ps <
diam ). With Lemma 4.4 we get

}aj(z()?plQ_iv f) - a’j(zo’pQQ_i’ f)‘q
9i(n+|J]q) . —i q
SCW/ ‘Pk<z7207p12 747.][.>_P]<3(Z7Z(]7p22 lJf)‘ dz
p]_ Q(Z()?p12_i)

9i(n+1J]q)

SCW / . ‘Pk<z720710127i7f)_f(z)|q dz
P1 Q(z0,p127%)

4 / Pz 20,0227 f) — F(2)]" dz
Q(20,p2277%)

A A
< czq%r“—”“”q) [Flegr =0,
1

as i — oo since A —n — |J| ¢ > 0.
Thus for z5 € Q,0 < p < diam (Q) and |J| < k we can take

gi(20) = lim a;(z0, 27", f). (4.76)

_ nt|Jlg—X
The sequence g;(zg) is well-defined in €. Since the series >~ *_, 2m( =) converges, we

deduce from Lemma 4.7

A—n—|J]|q

’a’j(z(b P f) - aj('z(b p27i7 f)‘ < C[f]gzdp#' (477)

Combining (4.76) and (4.77) yields the result. O

4.8.3 The function g;(z)

We have the following theorem.

Theorem 4.7. Let f € L2 (Q) with n + kq < \. Then the functions g,(z) with |J| = k

are Hélder continuous in Q0 and for any 2, zo € ) there holds

A—n—kq

19j(21) — g5(22)] < C[f][;%AdZ(ZI; z) ¢

(4.78)

Proof. Take 21, 2o € Q such that p = dy(z1, 22) < %. Then
19;(21) = g(22)] < |g;(21) — a;(21,2p)| + |g;(22) — a;(22, 2p)| + |a;(z1, 2p) — a;(22, 2p)] .
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Q

Figure 4.1: In case that dj(z1, z2) > W we construct a polygon with side lengths [;, l2 such
that [y, lp < diam €,

On the one hand, by (4.74) we have

A—n—kq X—n—kq

195 (21) —aj(z1,2p) < 2 p o [f]pen,

and
A—n—kq X—n—kq

195(22) = a;(22,2p)] < 2" p =0 [f] e

On the other hand (4.71) implies

g+1+X AX—n—kq

|a;(21,2p) — aj(z2,2p)| < 270 p 0 [f] a0

This yields the result in case that dy(z1, z9) < w.

In case that d;(z1, z9) > % we can construct a polygon contained in Q with extremal
points z; and z, and with sides of length smaller or equal to W, see Figure 4.1. The
length of the sides can be bounded by diam €2 uniformly with respect to z; and z;. Thus to
conclude it suffices to apply (4.78) to all points at the end of the sides of such a polygonal.

O

For the sequel, we denote by (0) the d-tuple (0,...,0) and by e; the vector in R?
with the i-th coordinate equal to 1 and else 0. We also note that any polynomial degree
k € N+ 2sN can be written as k = 2s - ko + (1 + 2s) - ky + ko with kg, k1, ko € N.

Theorem 4.8. Let [ € EZ”\(Q) with ko, ki, ko > 1 and n + kg < X\. Then for any multi-
index j € N2 suych that |J| < k the function g; has a first partial derivative in 2, and
forany z € Q andi=1,...,d there holds

T9;(2) = glio1.11.02) (%) Jo < ko — L[| <k | Ja| < ko
d9;(z '

(‘3]95 ) - g(joJl-i-ei,Jz)(Z)’ Jo < kOu |J1| < k'l - 17 |J2| < k'2 (479)
dg;(z .

%]U(l = g(ole,JQ"r@i)(z)? Jo=0,|J1| < ky,|Jo| < ky—1.
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Proof. For this proof we omit the dependency on f in the coefficients a;(2o, p, f) and
Pi(z, 20, p, f) and simply write a;(20, p) and Py(z, 2o, p), respectively.

Step 1. We will start proving the first line. We consider j = (jo, Ji, J2) for jo <
ko — 1,|Ji| = ki, |J2| = ka. Theorem 4.7 proves that g,,s,,s,) is Holder continuous in a
classical sense for |.J1| = ki, |J2| = k2 and in particular continuous. Thus we may assume
that g(jo+s,.7,5) 18 continuous in Qfor 6 =1,...,ky— jo. Let zo € Q and p be such that
By (20) C Q2. By (4.70) we have

a; (20 + (. (0), (0)),2]p]) — a;(z0, 2|p])

_ DI[P(z,20 + (pﬁ: (0), (0)27 21pl) — Pu(2,20,21pl)] (4.80)
- Z CLE 10,0 + (0. 0). 0)). 2101 ).
With Lemma 4.4 and (4.72) we obtain
DI [Pu(z, 20+ (. (0), (0)), 2]l ) = Pilz, 20,2 o] |
' (4.81)

Pu(z, 20+ (p, (0),(0)), 2|l ) — Pilz. 20,2]0])| dz

< C|p|—n—J|q/
Q(z0;/pl)

< atAHl |p|>\—n—|J|q [f]ﬁ‘“'
k

Moreover, for 1 < § < kg — jp there holds

ago+s.0,) (20 + (p, (0),(0)),2|p| ) — g(jo—l—d,Jl,Jg)(ZO)‘

< agrs.,0) (20 + (0, (0),(0)),2 pl ) = Giiots,.i) (20 + (0, (0),(0))) ] (4:82)
+ |9Go+8.0,0) (20 + (0, (0),(0))) = jors.1,0)(20)| -

Using (4.74) we can estimate the first term on the right hand side of (4.82) by

)a(j0+57J1uJ2) (’ZO + (p7 (0)7 (O))7 2 ’p’ ) - g(j0+5,J1,J2) (ZO + (p7 (0)7 <O>>) ‘
< 2A—n—(\JH—285) A—n—(]J|+2s4)
-~ C q p q Lz,/\.

(4.83)

From (4.82) and (4.83) and since by induction hypothesis g(;o+s.5,,7,) are continuous for

0=1,...,kyg— jo we have

})ig[l) ags.an.m) (20 + (0,(0),(0)), 210l ) = gGorsniy(20) 0 =1,..., kg —jo. (4.84)
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Thus from (4.80), (4.81) and (4.84) we deduce that

a; (20 + (. (0),(0)),2pl) — a;(z0, 2|p|)

ll)lir{l] p - g(j0+1,J1,J2)(ZO>,

uniformly in z5. Thus if we can show that

iy 2G04 (.0 0) —giGo) st (0.0, O).210]) —apl020)

p—0 P p—0 p

then we can conclude the proof of the first line of (4.79). We first notice that by (4.74)

95 (20 + (p,(0), (0)) — a; (20 + (p. (0),(0)),2]p| )
p (4.86)
A—n—|J|q

A=n g
<2l T T S s

and

‘93’(2’0) - apj(Zo, 20PD)| o gr=ttte |y 2ge i e (4.87)
Thus with the triangle inequality (4.86) and (4.87) imply (4.85), which in turn implies the
first line of(4.79).

Step 2. To prove the second statement in (4.79) we proceed as in Step 1. Now we
consider jo =1,..., ko, |/i| < k; — 1 and |J| = ky. We have shown that g; is continuous
for jo =1,...,ko,|Ji| = k1, |Jo| = ko. Assume then that g, s,+se:,5) 18 continuous in Q
for 6 =1,...,k — |J1]. We again have by (4.70)

aj(Z() + p(076i7 (0))72 |P|) - aj(z()’ 2 |p|)
P

_ D[Pz, 20+ p(0, 3, (0),2|pl ) — Pil=, 20,2 |o])] (4.88)

P
klf“h' (_1)5
= D 5P a2+ (0,64, 0)). 2ol ).
§=1 ’

The proof is exactly the same if we replace (p, (0),(0)) with p(0,e;, (0)), ko — jo with
ki1 — |J1] and instead of 2s0 in the exponent of (4.83) we get (1 + 2s)J.

Step 3. To deduce the final statement in (4.79) the ideas are the same but the statement
only holds for j, = 0 since 7 and D, do not commute. Therefore it was important to
prove the first statement first, since now we know that g, is continuous for jo =0, |./;| < k;
and |Jo] = ko. We now assume that gjo s, /,+5e;) 1S continuous in Q for 6 = 1,..., ks — | Jo|.
Replacing (p, (0), (0)) with p(0, (0),e;), ko — jo with ks — |.Jz] and 256 in the exponent of

(4.83) with ¢, but otherwise proceeding as above, we conclude.
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Finally, combining the argument for the continuity of g; in all three steps yields the

improvement in ranges of |.J;| and |J5| as stated in the theorem. O
As a corollary of Theorem 4.7 and 4.8 we get

Theorem 4.9. Let f € LIN(Q) with n + kq < X. Then the function 90 € CP(Q) where
b= ’\_T” and there holds

TPDIDPg)(2) = gi(z)  V2eQ, V]J| <k

Recall j = (jo, J1, Jo) € N'*24 and |J| = 2s - jo + (1 +2s) - | J1| + | Ja|.

Remark 4.9. For f € £I(Q) with n + (k4 1)g < A we deduce from (4.78) that g; with
|J| = k are constant and thus by Theorem 4.9, g(o) is a polynomial of kinetic degree at

most k.

4.8.4 Comparing the Holder norm and the Campanato norm

Theorem 4.10. Let f € LI (Q) withn +kq <X <n+ (k+1)q. Then f € CJ(Q) where
B = ’\%" and there holds
[Fleg < clf]pan- (4.89)

14

If A >n+ (k+1)q then f is a polynomial of kinetic degree at most k.

Proof. Due to Theorem 4.9 and Remark 4.9 it suffices to show that f(z) = g)(2) =
lim, 0 a(o)(z, p) for almost every z € Q. Then (4.89) follows from (4.78) in Theorem 4.7
and Taylor’s formula.

Since f € L9(Q2) there holds for almost every zy €

: 1 q —
I g o, [/~ Sl dz =0 (4.90)

Now let zg € 2 be such that (4.90) holds. Then for almost every z € Q we have

q

a0y (20, ) = F(z0)[" < e |Palz: 20, ) = a0y (20, p)|
1Pz 20,0) = S+ [£(2) = F(20)17))
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Integrating this inequality over €2(zg, p) yields

C
|ag) (20, p) — f(20)]" < T / |Pi(z, 20, p) — ao)(20, p)|* dz
1P JQ(z0,p)
C
e MINL CEVORNCI (4.91)
1P JQ(z0,p)
C
+ / f(z) = f(z0)|" d=.
A Q(zw)| (2) — f(20)]
By definition of £I* we have
: / |Pri(z,20,p) — f(2)[" dz < ¢ i [flpar — 0
~ 9 9 - >~ =" N g, .
R1QrG) 7 Jagoy 0" R Qr(Go) T oo

Due to (4.90) the last integral in (4.91) vanishes as well in the limit p — 0. Finally there
holds

C
—n 3 n Pk(z7 ZOap) - a(o)(Zo,p) ! dz < C(na q, k) ’a'(zovp)’qu'q‘
R ‘QR(ZOH P /Q(Zoyp) ‘ } jGNZ'*'Qd, ’
[JI<k

Due to (4.75) this integral vanishes in the limit p — 0, so that (4.91) gives for almost

every zg € €2

EB% a(0) (20, p) = [(20)-
Equivalently, there holds f(z) = g()(%) almost everywhere in €. ]
Proof of Theorem 4.4. If f € Ei”\(Q), then Theorem 4.10 yields f € CZ’B(Q) and the Holder
semi-norm is bounded above by the Campanato semi-norm (4.89).

Conversely, let f € C/J(Q) and P € Py where k = degy; P < . For z € Q,(2) N Q we

have
) = P < [flggr
Thus for g = % there holds

1 —A4n
5 HE = PEP dz < Clflyrin = Clfl,
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4.9 Appendix: Interpolation inequality for Holder

spaces

For the sake of completeness, we prove Lemma 4.1 following the arguments of Imbert-
Silvestre [117, Proposition 2.10].

Proof of Lemma 4.1. 1t suffices to prove the statement for 3 sufficiently close to ;. Thus
we assume that there exists only one element 3 € N + 2sN such that 3 € [3, 33). We

know that if p. € Pp, is the polynomial expansion of f at z of order less than g; for all
ie{l,...,3}, then for all zo& € @4

b i=1,2,3. (4.92)

[£(z06) = ()] < [fles IIE

The polynomials p’ are of increasingly higher order. We assume that the difference of
degree of homogeneity of p! and p? is at most one, so that p? coincides with either p! or
p3, depending on whether 3 > B3, or 3 < f,. If there is no 3 then all three polynomials
coincide. Let us first assume therefore that there is exactly one 3. We have by subtracting
(4.92) for i = 1,3 from each other

[P2(€) = PO < [flen NEN™ + [F1 e IEN™ (4.93)

For any R € (0,1] and z € @y we pick & € @i such that ||| < R and whenever
d(&1,€) < R, then ||€|| < R and z o £ € Q1 with some universal constant ¢. From (4.93)

we then have

sup  [p2(€) = p2(O)] < [flem B™ + [f] oo R
Eidp(€1.6)<cR ‘ ‘

Since p? — p! is homogeneous of degree 3 we get by scaling

sup [p2(E) = pLE)| < [flgn BT P + [flosa R*.
&di((§1) g—1,)<c £ €

Using the triangle inequality from [117, Prop. 2.2] we can assure that whenever |{] < 1
then dg((gl) R-1, f) < C for some universal constant C'. Since all norms on the space of

polynomials are equivalent, we have

P2 = || = sup |p2(&) —pi(E)] <C  sup 1p2(€) — p(9)]
slieli<t exdg ((61) g1.6) <e

< Clflesn R+ Clf) s B* 7.
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For

[f]051 Fs=h1
R = 4
([f]cf:‘s )
2 = 22| < CLAGs A0 + e,

cps
where 3 = 03, + (1 — 0)ps.
Therefore we can estimate f — p?. Assume first 3, < 3. Then p? = p! and

we obtain

e IEI

fz08) —p2(6)] < 5 j g
7208 1(6) Flege1€1% + (121558 + Ml ) el

Now if ||£|| > R then
o IE1™ < 1f Tea s [

Else if ||€|| < R
Flege 1617 + (U8 L1250 + o) IEIP < U1 11258 NEN® + [l NED

Thus we conclude |f(z 0 &) —p2(§)| < [f ]Czal[ ]Cﬁs el + [f Jom €)%
In case that 5 < B,

o NENP + (20 158 + o ) 1P

cPs
o €11

|[f(z08) = p2(O)] < {

and we conclude as above.

In case that no 3 exists, then all polynomials coincide and we get

[F(z08) = O] < [ /150 1EN™

053

4.10 Appendix: Proof of Bouchut’s proposition

For the sake of self-containment, we recall the proof of Proposition 4.4 from [29, Proposition
1.1].

Proof of Proposition 4.4. We denote by f (n, k,v) the Fourier-transform of a solution f of
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(5.19) in time ¢ and space . Then f solves

A~ A

im+v-k)f=

We introduce a smoothing sequence p; € C>(R?) in velocity such that

1 v
p=(v) = il (—), /,01 dv =1, /vapl =0 for 1 < |a| < |B]. (4.94)

£

For fixed (n, k) we decompose

Fon k) = (pe o £) (k) + (F = (0o %0 £) ) (nk,0), (4.95)

where %, denotes the convolution in velocity v. Then by the properties of p (4.94) we can
bound |1 — .| < Cypev]” so that

(7 (o)) 0

For the first term in (4.95) we introduce A > 0 such that

(4.96)

< Cdﬁgﬂ H’Dv’6 f(’% ka )
L2(RY)

L2(Rd)

(A +i(n+v-k)) F(n, k,v) = Af(n, k,v) + S(n, kv).

Equivalently,
Af(n,k,v) +5(n, k,v)

AU e W IR S

which yields

(050 F) (k) = [MOREOLINRE ()¢

A+i(n+E&-k)
Then we bound
’ (pe o f) (n, k‘,v)’
< ([ ot =13, o+ 27| SR oo =L )

N T R
11 +i(n+&- k)AL

The last integral is estimated using |p-(v)| < Cy e~ ?Xvj<e, and decomposing & = §~|—Z| + &+
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with &+ -k =0, so that

— 1 X|wk _¢|<e -
/ Py T Cd,ﬁ_/ . ~£|< 7dE < Cd’ﬁ%'
14i(n+&- k)N € ’1+z’(n+§-k)A—1) 3

Thus
" A\ 2 A A
e Tv 7k7' < <_>2( 7k7 A 7]{;7' )
[ Coeo 7) )] gy < s ()" (11008 gy + 2715000
Choosing
S b
A= S P
P k)| g
yields
O LT I e L e (a.07
pg v 777 ) LQ(Rd) — - ’kl 777 ? LQ(Rd) 777 Y LQ(Rd) * *
Combining (4.95) with (4.96) and (4.97) yields
|||, <S8 | Sk +Case? 1D Fon ke
n,r, LQ(Rd)_ \/l_k" L2(R4) n, xR, L2(RY) d,n v n, K, 12
We finally optimise ¢ so that
_B_
: 1 : ST
7k> < _H s vy ’S 7k7' DU 7k7' :
FOLE )| gy < 7 PO gy [0 Dol F 0K )|
IBQ
Dividing by H f(n,k,-) :( yields
B
R 1 . 1+ 5 ﬁ
7k)' < _H 7k7' D s vy ” )
Hf(n ) ey = \ TH S(n,k,-) - 1 Do|” f(n, k. ") -

which concludes the proof of (4.24) after integrating over (n, k).
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CHAPTER 5

HARNACK

5.1 Introduction

This chapter is based on [153] and [154].

5.1.1 Problem formulation

Given a solution to (1.13) in some bounded subset of R'*? in time and space, and on
R? in velocity, we derive a linear bound on the local supremum of this solution by its
local infimum in the future. Such a relation is known as the strong Harnack inequality for
solutions of (1.13). As a consequence, we deduce polynomial upper and exponential lower
bounds on the fundamental solution of (1.13) away from the initial time.

Equation (1.13) is an integro-differential equation. The non-locality measures fluctua-
tions in velocity for a local time and space. In particular, the non-local operator takes
into account values of the function outside any local velocity domain. The regularity of
solutions to (1.13) has first been investigated by Imbert-Silvestre [115, 118]. In particular,
we have seen in Chapter 3 that super-solutions of (1.13) satisfy the weak Harnack inequal-
ity, Theorem 1.1, that is some local average of a power of the solution in a past cylinder
is bounded by the local infimum in a future cylinder. This is even true for solutions
in bounded velocity domains. The proof of the weak Harnack inequality uses a gain of
integrability in form of a bound on the supremum by the L? norm of the solution (an
L*-L* bound), see Lemma 3.4. Combining the weak Harnack with the L?-L> bound
suggests that solutions of (1.13) satisfy the strong Harnack inequality. Intuitively, however,
it is not clear that we expect the supremum of a solution to (1.13) to be bounded by a
local quantity, since the values in the whole velocity domain affect the local supremum. In
fact, the strong Harnack inequality fails for kinetic equations satisfied in bounded velocity

domains [130]. So far only a nonlinear relation between the supremum and the L? norm

195



has been established for (1.13) in Lemma 3.4, which can be made linear at the cost of
non-local tail terms that precisely take into account function values of the solution outside
the domain in which (1.13) holds. We refer the reader to Remark 3.2. As a consequence
of this nonlinear L2-L* bound in Lemma 3.4, and the weak Harnack inequality, Theorem
1.1, we deduced a nonlinear upper bound on the local supremum, which we called the
“not-so-strong Harnack inequality”, see Theorem 3.2. Here, however, we aim to establish a
linear L?-L* bound without tail terms, so that we improve the “not-so-strong Harnack
inequality” of Theorem 3.2 to a strong Harnack inequality. We show that if (1.13) is
satisfied for any v € RY, then the strong Harnack inequality holds. Such a statement
is of independent interest since it captures the local regularity of solutions to a class of
hypoelliptic integro-differential equations, and moreover, it bears interesting consequences,

such as quantitative bounds on the fundamental solution.

5.1.2 Main results

In this chapter, we capture the local behaviour of solutions to non-local hypoelliptic
equations. We derive the strong Harnack inequality for solutions of (1.13), and conse-
quentially, we deduce polynomial upper bounds and exponential lower bounds on the
fundamental solution of (1.13). The kernels of the non-local operator (1.14) that we are
interested in would ideally correspond to the setting that was introduced in Subsection
1.6.2: there the ellipticity class of the kernel was prescribed through physical considerations
of gas dynamics modelled by the Boltzmann equation without cutoff assumptions. In
particular, the notion of ellipticity, originally introduced in [177], generalises the commonly
used pointwise bounds on the kernel of the non-local operator. The idea is to relate the
non-local operator (1.14) to the fractional Laplacian in an average sense. We will reuse
this notion of ellipticity here: we assume a coercivity condition in integral form (1.26) and
an integral upper bound (1.32). However, in contrast to the setting considered Subsection
1.6.2, we will first derive the results by making a pointwise symmetry assumption stated
in (1.28), which is the non-local analogue of local operators in divergence form. We will
then see further below, in Subsection 5.6, how to adapt the ideas in this first section to
the Boltzmann equation. We show that solutions to (1.13) of this class satisfy the strong
Harnack inequality, provided that the equation is satisfied for any v € RY.

Theorem 5.1 (Strong Harnack inequality). Let f € L*([—3,0] x By; H*(R%)) be a non-
negative solution of (1.13)-(1.14) in [—3,0] x By x R4 C R*24 i the sense of Definition
5.1, with a non-negative kernel K of order 2s € (0,2) that satisfies for given g, Ag >
0, a coercivity condition on average (1.26), an upper bound on average (1.32), and a

pointwise divergence form symmetry (1.28), and with a non-negative source term 0 < h €
L>=([-3,0] x By x RY). Then there is C > 0 depending on s,d, \g, Ao such that for any
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Q:
Q;

Q@r

Q:
Qr
¢ Q,

Figure 5.1: The kinetic cylinder @, and its past cylinder @, for some r > 0. The dashed vertical
line represents the timeline. The blue cylinder Q% and its corresponding past (), represent the

domains appearing in the weak Harnack inequality, Theorem 1.1. The red cylinder QE and its

corresponding past Q7 are the domains appearing in the strong Harnack inequality, Theorem
4
5.1.

0<ry< % the strong Harnack inequality is satisfied:

sup f < ngnf FHCUA e —s,01xq1) » (5.1)
Qrg £
T

~ . 2 2
where Qg = [—tg, —ts] X Biugyreze X Brg with to = 3r§* — 5 ()7 < ts = t2+ ()",

and QCTO 1= [~11,0] x B(%)H?s X B%O with t = (%0)28, see Figure 5.1. In particular, any

solution f of (1.13) with zero source term h = 0 satisfies

sup f < Cinf f.
~ Q%Q

Qry
4

Figure 5.1 illustrates a non-local to local bridge: we recover the same domains for the

Harnack inequalities as in the local case [99, Theorem 5.

5.1.3 Contribution

On the one hand, Theorem 5.1 is the first strong Harnack inequality for hypoelliptic
equations without additional tail error term. We have announced the result in [151],
yet the derivation of the local tail bound [151, Proposition 3.2] that is sketched there
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contains an issue in Step 4, as it would require the supremum to be linear. The method
proposed in this article circumvents this issue, by deriving a local tail bound on upper
level sets, exploiting the sign of the cross terms, so that it can be directly incorporated
into the local boundedness result, if we perform a De Giorgi iteration based on a gain
of integrability in L'. Provided that the equation is satisfied for all v € R¢, the strong
Harnack inequality improves the “not-so-strong Harnack inequality” previously obtained
in [152, Theorem 1.3}, which stated a non-linear relation between the supremum in the
past and the infimum in the present. This non-linear relation could be made linear at the
prize of a non-local tail term, as was outlined in [152, Remark 4.2], and thus the key to
the strong Harnack inequality (5.1) lies in capturing the behaviour of the non-local tail

term, which we introduce for any 0 < » < R and any v, € R? as

Yo By(w):  T(fir R ::/ F) K (v, w) duw. (5.2)
R4\ Bg(vo)

The tail measures the non-singular part of the non-local diffusion operator £ defined in
(1.14), see also [65, 66]. In particular, we want to derive a bound on the tail in terms of
local quantities only. This was first achieved for parabolic equations in [131, Theorem 1.9].
In contrast to the parabolic case, we prove a local tail bound on upper level sets, so that
when we derive the energy estimate and the gain of integrability on level set functions,
we can directly incorporate this local tail bound to obtain purely local estimates, which
can then be iterated with a De Giorgi argument. This yields a linear relation between
the L and the L' norm of a solution (rather than merely a sub-solution) to (1.13) as
stated in the following proposition, which in turn implies the strong Harnack inequality,
but which is of independent interest. We emphasise that for the tail bound to hold on

level set functions, we require (1.13) to hold for all v € R

Proposition 5.1 (L-L* bound). Let R > 0 and z = (to,xo,v9) € R, Let f €
L*([-3,0] x By; H5(R?)) be a non-negative solution of (1.13)-(1.14) in [— R + to, to] X
Brisas(xg + (t — to)vg) x RY in the sense of Definition 5.1, with a kernel satisfying the
coercivity condition (1.26), the upper bound (1.32) and the symmetry (1.28) with an
essentially bounded source term h > 0. Then for any 6 € (0,1) there exists a large constant
C > 1 depending on 0, s, d, \g, Ao such that

forae. z1 € Qula):  flz) < R0 / F(2) Az + 6B [ e ey -
Qr(20)
To the best of our knowledge, Proposition 5.1 is the first occurrence of the First
De Giorgi Lemma for hypoelliptic integro-differential equations, where the supremum is
bounded linearly by the L! norm without any tail terms. Even in the non-local parabolic

case, where the strong Harnack inequality in [131, Theorem 1.1] naturally implies this
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linear L!-L> bound, such a statement has not been derived directly. In particular, a tail
bound on upper level sets has not been deduced before, not even for parabolic equations.
The strength of this statement lies in the fact that it describes the local behaviour of a
solution to a non-local equation in terms of local quantities only. The weakness, however,
is that this result applies only to functions solving (1.13) for any v € R%. Even though
this limits the interest of the statement in itself, it does not affect the consequences on the
fundamental solution derived in Theorem 6.1 and Theorem 6.2. Moreover, if we consider
global solutions of the non-cutoff Boltzmann equation, then these satisfy pointwise decay
estimates [121], which prove to be sufficient to deduce a boundedness condition on the
antisymmetric part of the kernel, which in turn is sufficient to derive the results of this
first section for functions solving the Boltzmann equation for any v € R, see Subsection
5.6 below. In short, concerning applications to a physically relevant kinetic model, the

global in v assumption seems justifiable.

5.1.4 Literature

For local equations, the strong Harnack inequality simply follows from the weak Harnack
inequality combined with the L?2-L° bound in the first De Giorgi Lemma [56, 164]. We
refer the reader to [85, Theorem 4] and [99, Theorem 5] for the proof of the strong Harnack
inequality for local kinetic equations.

For non-local elliptic equations, a strong Harnack inequality was derived in [54]: first
they show a local L?-L> bound on the solution with a non-local tail term, then they use
the weak Harnack inequality for elliptic non-local equations and a bound on the non-local
tail term in terms of local quantities only, to obtain the full Harnack inequality.

For non-local parabolic equations, on the other hand, until recently there had only
been probabilistic methods to prove a strong Harnack inequality without any tail term
[22, 192-194]. In [22, 194], they consider pointwisely bounded kernels, and establish the
strong Harnack inequality using the corresponding stochastic jump process and heat kernel
estimates. In [192, 193] they consider nonlocal Dirichlet forms on doubling metric measure
spaces, and characterise Harnack Inequalities in terms of conditions on the underlying
geometry and assumptions on the kernel. The first non-stochastic approach for parabolic
equations was derived in Kassmann-Weidner [131]. Their idea is to first improve the local
boundedness result from [127] by bounding the local L> norm of a solution by the sum
of its local L? norm and a non-local tail term in L'. To this end, they introduce two
strategies, both relying on a “tail corrector term”, essentially the L' norm in time of the
tail (5.2) with a negative sign, which has the property that it can be added to a solution
to the equation such that the sum of these two terms remains a solution to the equation,
and thus the tail corrector term has the effect of cancelling the tail terms arising through

the equation. As a second step, they improve the weak Harnack inequality from [128] by
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bounding the L' tail by the local infimum of the solution. Such a tail bound is contained
in Proposition 5.2 below, if we consider a solution that is constant in x, so that we reduce
the hypoelliptic case to a parabolic setting, and if we set [ = 0. Combining both steps
yields the strong Harnack inequality without any tail term.

Finally we remark that the strong Harnack inequality fails in the hypoelliptic case if

the equation is satisfied merely in a bounded velocity domain, [130].

5.1.5 Strategy

The first step is to derive a tail bound in terms of local quantities: we show that the L!
norm in time and space of the non-local tail (5.2) is bounded by a local Lebesgue norm.
We work on level set functions, so that this step is compatible with the local boundedness
result that we aim for in a second step. This introduces two main complications; firstly,
the fact that a level set function is not a super-solution of the equation anymore, and
secondly, the appearance of cross terms, that is when the test function and the non-locality

are on different sides of the level {:

Xf>l(U)Xf<l(w)-

Note that the appearance of these cross terms is a purely non-local effect; in the local case,
these terms naturally vanish. We test the equation with a root of the level set function.
Due to the concavity of the test function, this gives rise to a signed term if both the local
and the non-local function are above the level. Moreover, on the upper level set, the tail
has the good sign as well, since we work with super-solutions. The error terms occur on
the lower level set and through the cross terms. If we localise only on the upper level set,
however, then, the term that arises when the solution and the test function are both in
the lower level set, vanishes due to the divergence form symmetry. Moreover, the cross
terms have the good sign by virtue of localising only on the upper level set.

The goal in a second step is to derive a linear L!-L* bound by incorporating the tail
bound into the energy estimate and the gain of integrability. This yields local estimates
that we can iterate a la De Giorgi. To this end, we work with solutions, which is in
contrast to the local case, where a linear L'-L> bound holds for mere sub-solutions. It
might be interesting to investigate whether it is sufficient to work with sub-solutions in

the non-local case to deduce a linear local boundedness result without tail terms.

5.1.6 Outline

This chapter continues by stating some preliminaries in Section 5.2. We then bound the

non-local tail on the upper level set in terms of a local Lebesgue norm in Section 5.3.
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Section 5.4 demonstrates Proposition 5.1. We conclude the proof of Theorem 5.1 in Section
5.5. Finally, we show in Section 5.6 how to relax the pointwise divergence-form symmetry
that is assumed in Theorem 5.1 in order to prove the strong Harnack inequality for the

non-cutoff Boltzmann equation with moderately soft potentials.

5.2 Preliminaries

5.2.1 Solutions

The results in this subsection are stated in a simplified manner since we are only concerned
with symmetric kernels in the sense of (1.28). Here we summarise two observations on
the non-local kernel K of (1.14) which are also used later in this paper. First we recall
the boundedness in H? in velocity of the bilinear functional associated to the non-local
operator £ from (1.14), stated in Theorem 3.4, which in particular also motivates our

notion of solutions to (1.13).

Definition 5.1 (Notion of solutions). Assume 0 < K satisfies (1.26)-(1.28) and for R > 0,
let (tg,t1) X Q, 1= (—(R) ,0) X B iy 42, and Q, € R%. We say that f : (fo, t1) x Q x R? —

2 (£)
R is a solution of (1.13)-(1.14) in (fo, 1) x Qy X Q, for a source h € L?((to, 1) X Q2 X ),

if
1. f S OO((tO,t1)7L2(Qx X Qv)) N LQ((tO,tl) X Q$7 LOO(Rd> N Hs(Rd>>,
2. Tf e L*((to, t1) x Qu, H5(Q,)),
3. f is periodic in «,

4. Yty < 19 < 11 < t; there holds fQU fo (10, z,v)dwdv = fQ fQ (11, 7,v)drdo <
+00,

5. for all non-negative p € L?((to, 1) X Qu, H*(Q,)) such that V(t,z) € (t,t1) x Q,
©(t,z,-) is supported in Q, if Q, C R? we have

/ (T fpdz + / 8(f,<,0)dxdt—/ heodz = 0.
(to,tl)XQwXQU to tl z (to,tl)XQx Xy

5.2.2 Weak Harnack

We make use of the weak Harnack inequality, Theorem 1.1 derived in Chapter 3. The
proof of the weak Harnack inequality follows the De Giorgi method: in a first step one
shows the local gain of regularity from L? to L*, then in a second step from L* to C°.
The weak Harnack inequality follows in the end from the C'* regularity by using a covering

argument, see Chapter 3.
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5.3 Tail bound on upper level sets

In this section we derive the first step to the strong Harnack inequality: we show a bound
on the non-local tail term in L' by a local quantity. The idea, inspired from [131], is
to test the equation against f~0=% for ¢ € (0,1) and where f > 0 solves (1.13), with
the aim of obtaining a local bound on the L' norm of the tail (5.2). If we work with
super-solutions, then the tail has the good sign just by virtue of the definition of £ (1.14).
Moreover, for ( < 1, the concavity of the test function gives a signed term. Finally, if we
work with non-negative super-solutions, then we end up with the local tail bound in L!.
We then want to incorporate this L' tail bound in the next step into the derivation of
a local boundedness result. However, this boundedness result is established on level set
functions in the spirit of De Giorgi. Note that even though f — [ is a solution to (1.13)
for any [ € R, the positive part (f — ), is merely a sub-solution. The tail bound in
this section, however, works for super-solutions only. Thus, in order to exploit the L tail
bound directly in the energy estimate (5.20), we test with the level set function to some
inverse power, that is (f — l);(l_o for any [ € Ry, and for the sake of obtaining a local
bound, we localise with some cutoff. The non-locality in velocity introduces cross terms,
that is terms when f(v) and f(w) are on different sides of the level. Even though these
terms have a sign, it is not clear a-priori that they have the good sign, since we work with
super-solutions. However, if we only localise above the level set, the cross terms end up
with the good sign. Moreover, the term that arises when both, the function and the test
function, are below level [, vanishes, due to the divergence form symmetry (1.28). This is
why, in fact, the only contribution from the non-local operator stems from the term above
level [. Note that the appearance of cross terms is a purely non-local effect. In order to
relate the non-local operator to the equation, we need to assume (1.13) to be satisfied for
all v € R4!

Proposition 5.2 (Non-local to local bound). For given R > 0, zp € R1*24 [ € R, and any
non-negative super-solution f of (1.13) in [—R* +1tg, to] X Bri+2s(zo+ (t —to)ve) x R? with

a non-negative source term h, such that f is periodic in space, and either f(—R* +ty) > 1

or
/ / f(=R* +t5)dedv > / / f(to) dz do,
R4 J Bpitas(zo+(t—to)vo) R4 J Bpitas(zo+(t—to)vo)

and such that the non-negative kernel satisfies (1.32)-(1.28), we can find for any ¢ € (0,1),

'We could instead of this global assumption also assume the following: if (1.13) is satisfied for v € B I3
then R has to be sufficiently large such that for any w € {f > I} we can find a p € (0, R] such that
B,(w) N {f(v) <1} C Bp. In that case, we also need to assume a condition on the oscillation of the
kernel. However, it is not clear that R < +oo.
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a constant C' > 0 depending on (, s, d, Ay such that

L = D) ) dur

2 (5.3)
<CR™ sup (F-DV [ (f-fax

Qr(z0) Qr(20)

Remark 5.1. For | = 0 we could relate the local L¢ norm on the right hand side to the local
infimum using the weak Harnack inequality of Theorem 1.1, if we additionally assume
(1.26). Moreover, for [ = 0, it would suffice to suppose (1.13) to hold on a bounded subset
of R

For the proof, we collect preliminary estimates in the following lemma.

Lemma 5.1. Let R > 0 and vy € R%. Let n € C®(R?) be some smooth function with
support in Br(vg). Let f : RT — R be non-negative, | >0, fi. = (f — 1) + & for some
e>0 and ¢ € (0,1). Then there holds:

i. First, we have for any v,w outside f(v) <IN f(w) <1

U(v) i f(w)} [ l;(lfC)(U) B fl;(kC)(w)}

41-¢) [flv) = fw)] /.5 ¢ N2 (54
< Tt~ f) (L) = fiw))
ii. Second, for any v,w outside f(v) <IN f(w) <1
min { £, (), £, (w) 1) = flw)]
2_[f(v) = f(w)) (5:5)
< 2t e {0, ) | |0 - r )|
ii. Third,
l % V) — % w 2— V) —nw 2pe w
5 |(nrt) (nfl,a)t) (nf ) st .
< min {772(1)),772(10)} fli—:(v) - fl,ﬁs(w)
and )
mea{i (), n2(w) } | £2.(0) — £ (w)
) (5.7)

+2(n(v) — n(w))* 5 (v).

<2 ‘ (nfl,ga) (v) = (nfl,ga> (w)
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. Fourth, for any v,w in f(v) > 1N f(w) > 1

min{(f — 1)+ (v), (f = )+(w)}

¢
= 2(1-9¢)

F70w) = £ ()

20 = £ min {720, £} o

Proof of Lemma 5.1. 1. We define for £ > 0

F(§) i= 7079,
so that
P = ~(1- Q69 <0
Then we compute using Jensen’s inequality for all v, w outside f(v) <IN f(w) <1
[f(v) . f(w)] [fl;(lio(ﬂ) B l;(lfC)(w)]
= [£(0) = F()] [F(fie0) = F(fie(w)) ]

fr,e(v)
— [f(v) - f(w)] /f RAGLE

This proves (5.4).

ii. To prove (5.5) we denote by

so that )
2(1-¢)2 ¢

Then, for all v,w outside f(v) <IN f(w) < I, we note by Cauchy’s mean value
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1il.

1v.

theorem

¢ i |f(v) — f(w)]
2(1- )2 |13 (o) — fli:(w)‘
_ |f(v) = fw)]
T F (@) — F(fre(w))] (5.9)

| 1 1
= | fre(v) = fre(w)] A {]:'(fz,e(v))7 F'(fre(w)) }
Upon multiplying (5.9) by min {fl;(lfo (v), fl;(lfo (w)} we deduce

|/ (v) — f(w)]

i {00 e )
1e\V) — Ji W

2

f@ - fw)]  fema e g
B ‘fl,s(v)_fl,a( )’ {fl76 ( )7fl’€ ( )} { l ( )7fl’€ ( )}
/() — f(w) S
< a0 = i >rma"{fl’€” el >}’

or equivalently (5.5).

To prove (5.6) we assume with no loss in generality that n(v) < n(w). Then we simply

write

D) () = () Fi(w) = 1) (FE0) = Faw)) + Fiw) (n(0) = n(w)).

This implies

[n() ) — () f )] < 27| F0) — )| + 275 (w) (n(w) — n(w))

Similarly, to prove (5.7) we note

1) (FE(0) = () = n0) F(0) = nw) () + (n(w) = n(0)) (),

so that
FEW) ~ Fw)| < 2n) ) — ()t )] +2(nw) —nw)) )

n*(w)

To prove (5.8), if we use
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so that for all v,w in f(v) >IN f(w) > [, we note by Cauchy’s mean value theorem

L0 - 500w R - 1 w)]

o) -] W) - FOw)

IN

1 1
o {ﬁ/(fz,_e(l_o(v)) A w) }

A b {f (), fiz () }

IN

Multiplied by min{(f — 1) (v), (f — )+ (w)} yields (5.8).
[

Proof of Proposition 5.2. Our aim is to get a local bound on the tail on the upper level
set. To this end we do a concavity estimate on the upper level sets by testing the equation
with the level set function of the solution to some inverse power. This creates cross terms,
which have to be dealt with. We localise only on the upper level set, which implies that
these cross terms have the good sign, and which makes the terms on the lower level set
vanish due to the divergence structure.

With no loss in generality, we may assume h = 0. Indeed, if h > 0, then f is a
super-solution to (1.13) with h = 0 as well. Moreover, due to the translation invariance,
we may, with no loss in generality, consider zy = (0,0, 0).

To justify the computations below with our notion of solutions, we replace the variable
kernel by the kernel of the fractional Laplacian in a neighbourhood of the origin with a
smooth cutoff, so that we end up with the fractional Kolmogorov equation with a bounded
source term. This equation admits a solution, say fs, represented by a convolution with
the fundamental solution. In particular, fs € HU% and we may test the equation with a
function in HU% We prove the a-priori estimate on fs, all integrals are uniformly convergent,
and all estimates are uniform in 4, so that we can pass to the limit in the end. The
equation is linear, so that the solution is unique, and the limit is uniquely determined
through the limit equation, which corresponds to the equation with rough coefficients.
Details are carried out in the Appendix 5.7.

For | € R, we consider ¥; > 0 given by

wl(ta z, U) = 772(75’ z, /U)Xf>l(t7 x, U) + Xf<l(t7 x, /U)a

where n € C°(R?¥*1) with 0 <7 < 1 such that n = 1 in Qsr and n =0 outside Qzz. In

particular, for any v, w € R? there holds:

i If f(v), f(w) > 1 then ¢y(v) = n*(v) and ¢1(w) = n*(w).
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ii. If f(v), f(w) < then (v) = Y (w) =1
iii. If f(v) > 1> f(w) then ¥ (v) = n*(v) < 1 =Y (w).
iv. If f(w) > 1> f(v) then ¥ (w) = n*(w) <1 =1(v).

Then we test (1.13) with fl;(lfowl for any [ € R, and ¢ > 0. Note that the concavity
of the test function is the reason for the sign on the cross term, and on the squared
concave term in the upper level set, since it obeys the structure of the super-solution. If

we introduce
n?(v), if f(z)>1
1, if f(2) <l

for some linear n with compact support, then @’ is concave, and moreover

o' (fz<,5> (2) :=

T (f) = 120700 (55) T

Step 1: Non-local operator.
We first consider the non-local operator € for fixed (t,z). Due to the divergence
structure of K (1.28), we find

£ (f ¢fl—€(1—<)>
/Rd /Rd }fzgl V() (v) K (v, w) dw dv
/Rd /Rd (w)] [(fle1 D) (v) - ( z,;(lic)%)(w)} [K (v, w) + K (w,v)] dwdv.

We then split £ into three parts: we distinguish when f(v), f(w) > [, when f(v), f(w) <
and when either f(v) > 1> f(w) or f(w) > 1> f(v). We write

£ ( X fl;<1—<>>
= [ [ 1) = 1] 50 ) K ) awa
= / - F)] £ 179 ) (0) K (0,w)X o1 ()1 dw do
o [ 10 SO )

+ /Rd » [f(v) - f(w)}fl;(l_C)(U)@/)z(U)K(Ua W) [Xp0) 515 f(w) T X f(w)>1f(0)] dw dv

= gup + glow + gcross-

Note that the indicator functions that we added do not change the symmetry of each

integrand.
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Step 1-i: Non-locality on the lower level set.
The term vanishes due to the divergence structure of (1.13) assumed through (1.28).

Concretely, we see by choice of ¢y, in particular through observation ii, that

Cin =7 [, [, 170) = £ (2 0010) () = () )]

1
X [K(v,w) 4+ K (w,v)] X f0) <iX pw)<i dw dv (5.10)
=0.
Step 1-1: Cross non-locality.
Due to the concavity of the test function, the cross term has a sign: by iii
cross = / / } [( [7_5(1_<)77Z}l) (U) - (fl,_s(l_owl) (w)}
Rd JRd
x [K (v, w) + K (w,v)] [Xs(0)>15 1) T Xsw)>1>50)] dw dv
=5 L L b = s [0 @~ () )
Re JRd
X [K v,w) + K(w U)}Xf(v)>l>f(w) dw dv (5.11)
1 _ —(1—
=5 | [ 1@ = s [P -1+ 90 9) - 9]
Rd JRd
x [K(v,w) + K(w,v)] X f(w)>i> fw) dw dv
<0.
Step 1-1i: Non-locality on the upper level set.
It remains to bound &,,. For fixed time and space, we find due to i
=9 ()P (0) K dwd
& =1 I, [f(0) = fw)] £ (0)0* (0) K (v, )X ) 1X ()1 dw dv
— [ [ 1@ = £ O @K @ 0 de
Br JBg (5.12)

+ / / [£(0) = £)] £r079 @) (0) K (0,90)X sy syt i o
Br JRI\Bp
= &+ .

For 55;’,”, we note that there is no singularity, due to the choice of n, which vanishes outside
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Big. Therefore, by (1.32)

&' = /BR/]Rd\BR — F)] 57 @)K (0, W)X p0)50X ()1 dw do
[ [ D T O K @ 0o do
Br JRA\Bp
[ ¢ 0@ O @ s swedede (513
Br JRA\Bg
—2s
< Ao (—) / ((F = D)y + &) (0)xgoa(v) dv
/ / f=10+ )fl;(l_O(v)nQ(v)K(v W)X f(wy>1 dw dv.
Br JRA\Bp

In particular, the tail of (f — [); has a negative sign.

Moreover, we find for the local contribution of &,,

ety = [ [ 1)~ @) 5 R 0 ) dw
/B/B £ [0 W) = 20w (w)]
K(v,w) + K (w, v) | Xs(0)>1X (w1 dw dv
-1/ /B @) = @] [ @) — £ )]
[ (v, w) + K (w0, 0)]X @) >1X )51 [X 0> 1) T Xpw)> 1] dw do
=3/ [ o= @) [ @) - o) (5.14)

[K(U W) + K (W, 0)] X f(0)1X fw)>1X f (w)> £ (v) dw dv
—5 [ [ o) = s@] [0 - 1200w
Br BR L
K (v,w) 4+ K (w0, 0)] X f0)>1X f()>1X fw)> f(v) dw dv

/BR / )] 70 (w) [ (0) — 1(w)]

X [K (v, w) + K (W, 0) X 0) 51X p)> X w)> ) duw do
= Isign + Isym‘

The term Iy, has a sign due to the concavity of the test function, whereas in I, the

cutoff 7 absorbs some of the singularity of the kernel K. To quantitatively bound g,
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and Iy, we use the estimates of Lemma 5.1. For I, we use (5.4), (5.6), and (1.32)

Lw=5/ | [f(v)—f(w)][zg(l w) ~ £ w) )

K(v,w) + K(w, U)}Xf(w)>f(v)>l dw dv

<- 1‘ / /(f fz,ga(w))ZTf(v)

x [K (v, w) + K(w0,0)] X ()= dw dv

<2 = <) /B R BR FE.(w) (n(v) = n(w))?

K(v,w) + K(w, )}Xf(w)>f(v)>l dw dv (5.15)

1-</BR/BJ<m> ()]

) -+ K( )} Xf(w)>f(v)>l dw dv

C(¢. AR /(f—l+€)( Xyt

& G o ()]

K( w) + K(w, U)}Xf(w)>f(v)>l dw dv.

This was the good term. Concerning the unsigned term I, we use (5.5), Young'’s
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inequality, (5.7) and (1.32) so that for any dg € (0, 1)

Lan=3 [ [ [10) = $@)) 5200 w) (o) - 2]
x [K(v,w) + K (w, U)}Xf(w)>f y>1dw dv

¢ ¢ )
) |Fw) = 70| btw) = ()
x [K(v,w) + K(w,v)] X fw)>w)> dw dv

<00 [ [ ) nw) = nF [K(w.w) + Kw,0)] dwdo

~ ¢ JB, )R

+ (SQ—O/BR . max{n*(v), n*(w)} [fli(w) — fli(v)]
X [K<U?w)+K(w7U)}Xf(w)>f y>1 dw dv

0(50’0/3 . fro(w) [n(w) — n()]* K (v, w)x>1(w) dwdv (5.16)

4 / ) ) = () ) p0)

o [ ) o-(2)e]

x [K(v,w) + K(w,v)] X fw)> @ dw dv
C(69, ¢, M) R~ / (f =1+ ) (0)xpor() dv

Lo (0]

[K(U w) + K(w, v)}xf(w)>f )1 dw dv.

"m [ 178

In particular, the last term can be absorbed with the signed term of Iy, in (5.15) for d,
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sufficiently small and for any ¢ < 1, so that we conclude from (5.14), (5.15), and (5.16)

loc
g = szgn + -[sym

< C(60,¢, Ag)R™% (f — 1+ &) (v)xys1(v) dv

L oyl

X [K(v,w) + K(w, )] X f(w)>f(o)>1 dw dv (5.17)

<o f, f L) - () o]

[K(v w) + K(w, v)}xf(w)>f(v)>l dw dw

Clon 6 MR [ (F =1+ @0)xpoilv) v

Step 1-iv: Bound on the non-locality.
We conclude from (5.10), (5.11), (5.12), (5.13), and (5.17)

E (£ 79) = Eup + Eiow + Eurons

< C(C AR / (F =14+ &) xsor do .
/B /Rd\B f =D (w)n*(v ) (1 O( V) K (v, W)X fw)> dw dv.

Note that this estimate holds true for any (t,z).
Step 2: Transport.
We start with the time derivative. We denote by t; := —R?® and by t, = 0, so that

/R /. [ oo 06 dodaar
- /R /B /R o(f = ) (2P 1 (2) dvdadt

to
+s—<1—<>/ / O(f —1)_(z)dvdzdt.
131 Bpiyas JRe

The first term we integrate by parts. For the second term, we use that since f — 1 =
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(f =1+ + (f —1)— and since f conserves mass, there holds

//Rd LG =D-(t) = (F = D-(1)) dedv
://Rd (= Dl) = (f = D) dxdv—//Rd L Delt) (10
= —//Rd (= Delta) = (f = D(t)) dedo.

Now, we distinguish for any z, v the case when f(¢;) > min(l, f(t2)), or f(t1) < min(l, f(t2)) <
max(l, f(t2)). In the former case, if f(t3) > [, then f(¢;) > [, and the integral vanishes.

Else, f(t2) <1, sothat f(t1) = f(t2) and (f=1)-(t2) = (f —1)-(t1) < f(t2) —I+1—f(t1) < 0.
Thus,

//Rd (= D-(t) — (f ~D-() dedv < 0.

In the latter case, when f(t;) < max(l, f(t2)), if f(t2) > [ then f(t;) < f(t2) and
(f =04 (t) = f(t2) +1 < f(t1) = f(t2) < 0 s0 that

//Rd =D (t) = (F = D)-(h) dedo = - //R (= D4{t2) = (F = D+ (h)) dodo
<0.

Else if f(t2) < I, then f(t1) < [ and the integral vanishes. Combining this with the

divergence theorem, we get

/tt2/3 i O(f —1)-(z) dvdadt
— / / [(f — ) _(ty,m,v) — (f — l)f(tl,x,v)] dvdzdt < 0.
Bpitas /R4
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Thus

0
/ / O (2)(2) f9 (2) dv d it
—R2s BR1+2s Rd ’

:%/R/BWS /Rdat((f—m+e)‘(z)n2(z)dvdxdt
+ 0179 /t/BR+ 5 Oy (f —1)_(2) dv dz dt
:_%/R/BRHZS /Rd ((f = D)y + ) (2)0m* () dv da dt
410 /BWS /}R [(f ) _(ta,z,0) — (f — l)_(tl,x,v)] dv dz dt

0
—2s o ¢
<CR /_RQS /BRHQS /BR ((f =Dy +¢)°(2)dvdadt.

Moreover, we use that f is periodic in space, so that denoting by n the normal vector

on 6BR1+25

/ (; /B . /R dv.vmf(z)wz(z)fl;u—o(z) dv dz dt
= [ [ Lo vals =00 dvde
0
+ -9 /_st /BRMS /Rdv-vz(f—l)(z)dvdxdt
= %/;s /Rd /Rdv Vo ((f =Dy +5)<(z)n2(z) dvdxdt

0
410 / / / (f=1D-(2)v-ndS(z)dvdt.
—R?s JR? JOBp112s

The last term vanishes due to the periodicity in . The second last term we integrate by

parts, and use |v -V, n| ~ R

L[ s
= [ L= e v v
< 0328/ (f =14 +2)°(2)dz.

R
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Overall, we find

0
/ / Tf(2)(2) f;, 70 (2) dv da dt
—R2s BR1+29 Rd

(5.19)
< CR‘2S/Q (f =15 +2)°(2) d.

Step 3: Relation of transport and non-locality.
Finally we use the equation. By (1.13), (5.19), and (5.18) we see

0 0
0< / / Tf(2)wi(z) £, (2) dvda + / / & (S, 9) drar
—R2s BR1+25 Rd _R2s BR1+25

<C(QOR™ /Q ((f = D)4 +e)(2) dz
[ U DR TR

or rearranged,

/ /Rd\B F =D+ 700K (v, w)x g1 dwdz < C'RZS/ ((f = 1)1 +2)(2)dz.

R

This implies (5.3), if we take out the infimum of (f — 14 ¢&)~(1=% over z € QJR N Xf>i On
the left hand side, divide by the infimum, use (inf g)™' = sup g, and let ¢ — 0, so that

/ /Rd\B (f = Dy (w)xss1(v)K (v,w)dwdv < CR™ sup (f — l)l—C/ (f =15 d-.

QarNf>!
4

[]

5.4 De Giorgi in L'

We aim to derive De Giorgi’s first lemma, which is typically a bound from L? to L>. Such
a boundedness result has been derived in [152, Lemma 4.1] before, however, with a tail
quantity on the right hand side. We aim to derive a fully local boundedness result. Since
we saw in the previous section how to bound the tail in L', we perform the De Giorgi
iteration in L'. The result is Proposition 5.1.

The De Giorgi argument is based on the realisation that for any sub-solution f of
(1.13), the level set function (f — 1) for any I € R, is still a sub-solution to (1.13). Then
the argument relies on three steps. The first is the energy estimate, which is typically
derived by testing the equation with the solution itself, and thus yields a bound in L2

This is required to estimate the coercive term, which for our equation is the L2 H? norm
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of the solution. But even then, by Hélder’s inequality, the tail term naturally appears
in L', if we pay the supremum on the test function. Thus, we can use the non-local to
local bound of Proposition 5.2, to obtain a fully local energy estimate. The second step is
the gain of integrability. This is usually done on the same Lebesgue level as the energy
estimate, that is L?. Since this only works for solutions on the whole space, we need to
localise with a cutoff. This, however, naturally makes appear another tail term, which
then, would need to be bounded in L?, which we don’t know how to bound. Therefore,
we need a gain of integrability in L'. Then, on the one hand, the tail terms are again
bounded by Proposition 5.2. On the other hand, we then also have to bound the L%’ij’l
norm of the localised level set function, which can be done using Cauchy-Schwarz and the
energy estimate. The last step is the proper choice of control quantity, which for us is the
L' norm of the level set functions, which by Chebyshev’s inequality, can be related to the
measure of the upper level set.

We dedicate the remainder of this section to the proof of Proposition 5.1. We use the
tail bound from Proposition 5.2 to get a local energy estimate. Then we use the gain
of integrability in L' from Proposition 2.1, by comparing the solution of (1.13) to the
fractional Kolmogorov equation (2.1). We bound the right hand side by the local energy
estimate, and the tail term again with Proposition 5.2. Finally, we iterate the so gained
local a-priori estimate on level set functions.

In this section, we let f solve (1.13) in [—R% + tg,to] X Bri+es(xg + (t — to)vg) x R?
such that

/ / f(=R* +t5)dr dv > / / f(to) dz dv.
R4 J Bpitas(zo+(t—to)vo) R4 J Bpitas(zo+(t—to)vo)

With no loss in generality, we set zo = (0,0,0). We, moreover, work with zero source term.
Note that the energy estimate, the gain of integrability, and correspondingly the De Giorgi
iteration, have to be modified in a suitable way to account for non-zero source.

Step 1: Local energy estimate.

Let ¢ € C>°(R'*29) be such that ¢(t,z,v) = 0 for (¢, z,v) outside Qr and o(t,x,v) =1
for (t,2,v) € Qz. We then test (1.13) with (f — 1), ¢?, so that

0— 'ﬁﬂ@ﬁ@xf—OAde—/’ LEE(f — D4 (2)d(2) dz

R1+2d R1+2d

_! Tu—nﬂa&@nu—/" LFE(S — 1o (2)6(2) de.

2 R1+2d R1+2d

(5.20)

R

We observe that for any 7§ < r, if we abbreviate (f — 1), =: f;, and if we denote by
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Q, =

[—p?*,0] X Bpi+2s, then due to (1.28)

[ LR =10 d

R1+2d

— /Rsz /Rd [f(t,z,v) — f(t,z,w)] ((f = )40%) (t,z,0)K(t, z,v,w) dwdz
L ()] [(fi:6%) () = (e 0?) ()| K (0, 0) duw s
5 / (70 — 1)) [(06%)0) + (s 02) ) K (0 10) dwrd

/ 4//Rd\3 [f(v) = f(w)] (fi1¢°) (2) K (v,w) dw dz (5.21)

/QR/ / fl+¢ )( ) (fl+¢2)(w)}

[K(v w) + K(w,v)] dwdz

/QR/ /Rd\B | (fix6%) (2) K (v,w) dw dz

= gloc + gtazl-

1
2

S

Step 1-i: Transport. We integrate by parts the transport term, and use |7 ¢| ~ R™25.

—% o TU = D308 () dz = %/fo —D3(2)T¢(2) dz
(5.22)
<CR™ | (f—=1)3(2)dz

Qr
4

Step 1-i1: Tail bound. We use Proposition 5.2 for f, which we assume to be a solution,
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Sl

in particular a super-solution, so that for r =

= [ R L » (14 6%) (2) K (0, w) dur =

/R /Rd\BR Ft .z, w) =1 (fi6°) (2) K (v, w) dwdz

<SQuf( f=1 /QR /Rd\BR (f =D+t 2, w)K (v, w)xfsi(v) dwdz

< CR™sup(f — )4 sup(f —1)}° /Q (f = DS(2)dz (5.23)

QR Qr

] - 2
< CR™* (sup(fl)+) +(sup(fl)1+<) ]/ (f = D5(2)dz
Q% QR Qg

—¢
< OR™ sup(fl)+> /Q (f = DS.(2) d=.

Step 1-i1i: Not-too-non-local operator. What remains to be estimated is the local

contribution of the non-local operator,
Eloc = / / fl+<z52)( ) = (fie9?) (w)] K(v,w)dwdz,

where we recall fi, = (f —1)4.

Claim. For z = (t,z,v) and r = &

Sz [ [000) - (o] Kewar-cr [ giwa

(5.24)
// fl [(fl+¢)() (fl+¢2)(w)]K(v,w)dwdv.

Indeed, since

fiiw) = fii(w) = f(v) = f(w) = (fi (v) = fi (w)), (5.25)

and

[(fl+¢) (U) - (fl+¢) (w):|2 - [.flJr('U) - fl+<wﬂ [(fl+¢2) (U) - (fl+¢2) (’LU)]
= i (0)fi () [8(0) = d(w)]’,
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there holds

A { () @) = (o) ()]

+ [fi(v) = fi_(w)] [(fz+¢2)(v) - (fl+¢2)(w)] }K(v, w) dw dv

- / T / T { [(/149) ) — (fip0) )]

— [fis() = fiy(w)] [(fz+¢2)('u) - (fl+¢2)(w)} }K(U,w) dw dv

/ / fl+¢ (v) — (fl+¢2)(w)]K(v,w) dw dv
_/BT /BT Jip () firy (w )] K (v, w)dw dv + 2& ..

Thus, using Young’s inequality and (1.32), we further bound

/QR//fl+ ) frp (w )] K(v,w)dwdvdz dt

<C H¢Hcv /Q /B /B fl+ + fzJr |U — w\2K(v,w) dw dz
R r r

4
< Or 22 / fir(z)dz
“g

This proves (5.24).

In particular, (5.24) implies for r = £

= [ 10— )] ()0 00

: //B . [(/146) ) — (f1,0) ()] K (v, w) duwdv — € /B i (v)dv
* % //BB [A-0) = fi@)] | (f126%) () = (Fp6%) ()] K (v,w0) dw do
s [0 - (o] Kewawar-cr [ gz
L @)+ @) () )] K ) dwde

2

>5[ [0 = ()] Ko dwar—cr> [ g2 a
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Figure 5.2: The cutoffs 7,7 € C°(R?) in velocity that are used in the proof of Proposition 5.1.

In the last inequality we used for each v, w € R?

—fi-(w) (fi.0%) () = fi (0) (f136°) (w) > 0.

Step 1-iv: Conclusion. Combining (5.20) and (5.21) with (5.22) of Step 1-i, (5.23) of
Step 1-11, and (5.26) of Step 1-iii, we conclude

é/ﬂ //B y [((f—l)+¢)(v)—((f—l)+¢)(w)rK(t,x,v,w)dwdvdxdt

2-¢ (5.27)

<CR™ /Q =02+ CR ™ (sun(f =) [ (=D

R
4

Step 2: Gain of Integrability.
For the gain of integrability, we use Proposition 2.1. We check that (f — )¢ satisfies
in R1+2d

T[(f - l)+¢] + (_Av)s[(f - l)+¢]
< 5[(f - Z)Wﬂ + (—Av)s[(f - l)+¢} +(f=0)4+To

i /Rd\Bp@) (f(w) = 1) K0, 0)(9(v) = o(w)) dw) Xs>17(v)

(0w =0, K@) e - ow) dw) xpsi(1 = i)

(f <f<w>—1)+K<v,w>(¢<v>—¢<w>)dw>xf>m<v>,
BP(”)

where 0 < p < R/8, 7= 11in B§+2p and 1 = 0 outside B§+3p. The only non-local term
in the inequality above is on the third line. Note that ¢(v) — ¢(w) < 0 for v outside
B 5 and w outside B,(v), so that the tail term arising from the equation (on the third
line) is non-negative only for v € B 5, where 77(v) = 1. Furthermore, we note since ¢ and

1 — 7 have disjoint support, there holds ¢(v)(1 — 7j(v)) = 0 for all v € R% Thus, since

220



0<1-—7n<1, we see that

</R () =) K@, w) () = ¢(w)) dw) xr=1(1=ii(v)) < 0.
Therefore, there holds for (¢, z,v) € R+

T[(f - l)+¢} + (—Av)s[(f - l)+¢]
< [’[(f - l)+¢] + (_Av)s[(f — l)+¢] +(f=0D4T¢

(f(w) = l)+K(U, w) dw) X190

< RI\B, (v)
(],

with
he = L[(f = Dso) + (A [(f = )+9],

hy = (f =1)+To+ (/Rd\B o (f(w) - l)+K(v,w) dw) Xp19

+ ( / (f(w) =1) K (v,0)((v) — d(w)) dw) Xr>17(v).
By (v)

Proposition 2.1 then implies for any 0 < e < sand any 1 <p <1+ m
||(f - l)+¢HLP([0,T]><R2d)
<77 (=A,)"Fh 700 ||y | 2
- v 1 L1([0,7] xR24) 2llL1([0,7]xR29) (5 8)

+ 7072 [(F = 1)40] (0] 11 oy

where o, = d (1 + %) (1 — %) + £ and, in our case, T ~ R*.

Step 2-i: Contribution of hy. To bound h;, we have to estimate, on the one hand,

s+e

|20 F (a0 [(F = 19)
B H B l>+¢} ‘ L1((0,7] xR24)

/ // f=1 +¢( ) — (f = D+9(w)] dw dv d dt
Qp M RIXR — w|*E '

On the other hand, we note that (—A,)""2°L is a non-local operator with a kernel

L1([0,7] xR24)

K(v,w) |v — w|*™, which satisfies the same ellipticity assumptions as K with an improved
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order s — € (instead of 2s). In particular, to bound h, it suffices to bound for r = 3

s+e

a0+l - w]\

= [ A

L1([0,r] xR24)

L[(f = D+¢](2) dz

ste 5.29
-/ (= D28) () — ((F — D1 0) )| K (v,0) Jo - wf** duwaz 2
Q. xR? JR
QR ><B7» r QR XRd\Br r QR ><BT» Rd\Br
4 4 4
Then, we further note, since supp ¢ C Q% and r = %, by (1.32)
/ [((F = D0) @) — ((F ~ D:0) ()| K (v.w0) [0 — wf*** duwd
QR XRd\BT r
s = 1)) — (= D40) )] K)o =l dwdz
Qg xB, JRI\B,
:/ / ((f = D26) (W) K (v, w) o — w|™* dwdz (5.30)
QR XRd\BR B§
/ [ (= D)@K w) o - uf ™ duds
QR RABR
< CRSJ“/ (f =1)ydz.
ox
Moreover, we introduce Cx to be such that
K2(v,w)Cit (v, w) v — w* ™ ~ K (v, w). (5.31)

For the Boltzmann equation for instance (see [118]), we would have
Cx(v,w) = / Flo+w') w1 bcos 0) du’
'Lw—v
In particular, due to the ellipticity of K in (1.32), we know that

/ Cre(v,w) [v — w| ™ dw < C(Ay, )
r(v)
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Thus

/Q B /B ‘((f_l)+¢)(w) - ((f—l +¢ |K (v,w) |v w|8+€ dw dz

é/QRXB / (Xf>l(t733,7))‘|‘Xf>l(t,$,lU))
1((f = D)4 0) (w) = ((f = D)16) ()] K (v, w) [v — w]™** dwdz

X
/ Xy>1(v (/
QR X By
X / |U w| d+2ec dw) dZ

Xf>l (/ ‘ —l +gz5 — ((f —l +¢) ‘ K2 U w) -1 |v—w|25+d dv>2

—d+2¢ 2
X (/ v — wl CKdv> dw dz dt
B;
1

NG

[((f = D10) (w) = ((f = 1)+0) (v | )W K2 (v,w)C llv—w|25+ddw)

&

< 2C(Ag, €e)r°

X (/ngBr/BrK(fl)JFQb)(w)((fl +¢ } K2 (v,w)Cx o |U—w|25+d dwdz) 7

By choice of Ck in (5.31), we then relate the last integral to the H? norm of (f — 1), ¢,
which, due to the energy estimate (5.27), is bounded as

[NIES

/Q % B /B |((f B l)+¢) (w) = ((f - l)+¢) (Uﬂ K(v,w)|v—w|® dwdz

SCRE‘{f>l}mQ%§

X (/QRxBT/BT ’((f—l)+¢)(w)— ((f—l +¢ | K(v w)dwdz) (5.32)

S OR_S+E 2 ||( — l>+¢”L2 sr)

4

: o — 1S (2)dz E
(g;;(f l)+) (/ng(f l)+()d) ,

{f>l}ﬂQ§

+C'R_S+€‘{f>l}mQ§

223



Thus we combine (5.29), (5.30) and (5.32) to get

s

|20+l - v.9]]

B /Q rd JRd |((f a l)+¢) (w) — ((f - l)+¢) (U)} K(v,w) v —w|® dwdz

L1([0,7] xR2d)

scn%“ﬁﬂ;<f—w+dz+CH%“f{f>1}m@g2uaf—w+wu%@m) (5:33)
T % )
sCR (> 0nQy] (sw 0| | [ (- 0Se)as
Q% Q¥

We conclude thus the bound for h; using (5.33):

_ ste

[CTS™

L1([0,7] xR2d)

NG

< CR™ ||(f_l)+||L1(Q%) +CR™{f>1}NQx ||(f_l)+¢||L2(ngE) (5:34)
2—-¢ 1 ’
+ OR[> 11 Qe[ [ sun(r -0 /1<fwﬂadﬂ
Q;F Q%

Step 2-1i: Contribution of hy. To bound hs, we distinguish the transport term, and

the tail, which is non-singular, from the local contribution, which is singular,

transport
:;h2 P J/

~~
—.ptail
—:hg

(), 0000500000t
. By(v)

J/

~\~
—.ploc
_,h2

The transport term gives

[ | asay < ORI = Dilliagyy - (5.35)
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Then we bound h¥° using the commutator estimates of Lemma 2.3: we find for p = &

16
loc

15]] 1 s2ay

/Q (/B()(f("w)—l)+K(v,w)(¢(v)—¢(w)) dw)Xf>le

<‘{f>l}ﬂc2§2(/Q

{f>1nQz

R
2

1

(/B o (f(w) =1), K(v,w)(p(v) — (w)) dw> dz)

1 = Dillzn

Sy

N[

S C(R—QS

+CR*

{F>00Qe| I(f = Delliz, s

t,z v(QE) ’
2

which again by the coercivity (1.26) and the energy estimate (5.27) is bounded as

17257 1 g
S CRfQS

{f>1nQx

1
1(f — l)+||L2(Q§) (5.36)
2—¢

ron (str=0.) " ([ (=08 clz)é 1> 1N Qul?

Finally, to bound the contribution of the tail term, we use the bound of Proposition 5.2

on f:
tail . .
Hh2 ||L1(]R1+2d) - /% /Rd\Bp(v) (f(w) lLK(UV‘U) dwx 19 dz

(5.37)
<CR ™ sup(f =DV [ (715 e
QRr

Qr

Step 2-11i: Conclusion. Since ¢ =1 in Q) R and ¢ = 0 outside Q) B, We conclude from
(5.28), (5.34), (5.35), (5.36) and (5.37)

I(f = l)+¢||Lp(Q§)

< CR™(f = 1) (to) | 1 o

é) + CR™*™||(f — l)+||L1(Q§)
1
—s+e€ 2
+CR™{f>1}NQx H(f—l)+HL2(Q§) (5.38)
2-¢

cer (s =00 ) ([ 008 dz); 1> 1N Qaf

+OR—S+€sup(f—z)1;</ (f =15 dz.
Qr Qr
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Let us remark that, in case of non-zero source term, we would have the additional term

CR™ [l iy 1LF > 1} 0 Qal + CR 2 (sgpu _ m) {F > 13N Ol

on the right hand side of (5.38).
Step 3: De Giorgi iteration.
Let L > 0 to be determined and consider

Iy = L(1—27F), rk:§+2_k (R—g).

Define Qx = (—73°,0] X B,1+2: x By, and

Ay = / (f —lx)+(2)dz.
Qk
We want to prove that Ay — 0 as k — +o00. This then proves
ft,z,v) < L

for (t,z,v) € Qx.
Chebyschev’s inequality gives
{F > b} N Qi = [{(f = ln)s > 27" 2L} N Q4
< 2k+2L1/ (f =)y (2)dz = 282071 A

k

(5.39)

To bound the right hand side of (5.38) we pick ;.1 € [—rf*, —r#, ] such that

1
/tH% (f - lk)Jr(thr%’x?U) dvdz < tk-qu——tk/Qk(f — )+ (t,x,v)dz

k

< C28R72%5 A,.

Moreover, we interpolate the L? norm between L' and L,

D=

1
1(f = lk+1)+HL2(Qk+1) <|I(f - lk+1)+‘|il(gk+l) (511]9 (f—lk+1)+) 5

k+1

and we use Holder’s inequality (note ¢ < 1)

( |-t dz>
Qr41

=
7Y

< (/ (f = lrs1) ¢ dZ) {f >l b 0 Qk+1|% ;
Qr+1
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and finally, we bound

sup (f — lk+1)i</ (f = lpy1)$ dz
Qrt1

Qr+1

< | sup(f _lk+1)}|—c> <Sup(f— lk+1)i> H{f > les1} N Qrya

Qk+1 Qr+1

IN

Qk+1 Qrt1

(Sup(f - zk+1>i‘<) + <sup(f - lk+1)i> {f > st} N Qrsa |

< sup (f = b))+ [{f > lepa } N Qpa -

Qr+1
Then we use the gain of integrability (5.38), Chebyshev (5.39) and [z, > I to find

1
(/ / =l )5 (2) dZ) < C2% R A 4+ C2FRTPTCA,

k+1

+ C24kR_S+EL_% <Sup(f - lk)+) Ak

Qk

(5.40)

2=¢

+ O Rste (sup(f - lk)+) L~1-9)4,
Qk

+ C2*" R sup(f — Iy) . L' Ay,
Qk
Again, for non-zero source term, we have the additional terms
1
C2EH2 Rt (RQS 17l oo,y + B ”hH%oo(Qk) (S(}?lf(f - lk)-i—) 2) L1 A,
< O2FP2RsTe (2328 12l oo, +Sup(f — zk)+> L™t A,

on the right hand side of (5.40). Using Qr+1 C Q, Holder, (5.40) and Chebyschev’s
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inequality (5.39) we get

A :/Q (f = le1)+(2)dz

hSA

< (/ (f = les1)5(2) dZ) {F > b} N Qe |
Qr+1

IN

/ /t —ler)h(2)dz | {f >} N Qk’l_%

k41

1 2-¢
2 ¢ 2—
< O2*%R7 e [ 14 (Sup f) L2+ (Sup f) L'+ (Sup f) L
Qr Qr Qr
X L*TAIJr

For any 6 > 0, pick
L>dsupf,

or, in case of non-zero source term,
L>6 (supf + R* sup h)
Qr Qr
Then for 0 < 6 <1

Appr  C2RR (14673 670 4 5*%) LA

14222

S C24kas+66—% p A

To determine how large we can pick L, we consider the sequence A} := A,Q~* for some
() > 1 to be determined and for £ > 0. Then we require A to satisfy the reverse non-linear

recurrence, that is
14222

An, > 2RRes T L A, (5.41)

Equivalently,
-1
1> 24’€R-S+6(5*2%<L*%APTQ*’“<?TTI>Q.

Choose () such that 24Q_; <1lor2'< Q" . Then (5.41) holds if

_ p=1 _
L% >R A, Q5 <.
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Therefore, we pick

sS—e€)p 4P2 2— P
L= AORJP*l) 2G-12§ ¢ P +4 (sup f 4+ R* sup h) : (5.42)
Qr Qr

2
. _ . (s=op _ A" 2-C p_ . .
Then since pTl > 0 and since Ay < R»1 2 e-V*L§ ¢ »-1 we deduce inductively

4kp

Ak < 27FA07
so that Ay — 0 as k — +o0. In particular, for almost every (¢, z,v) € Q%

f(z)<L=9¢ (supf + R* sup h) + R_%Q%(V%ﬁ f(z)d=.
Qr Qr Qr
Finally, note that supg, f < 400 (which holds due to the non-local L?-L°° estimate, see
Lemma 3.4, together with Definition 5.1), so that we can absorb the first term on the left
hand side with Lemma 2.2. This concludes the proof of Proposition 5.1. Remarkably, the
proof only works for solutions, and not for sub-solutions, which is in contrast to the local

case.

5.5 Strong Harnack for equations in divergence form

Proof of the strong Harnack inequality in Theorem 5.1. As a consequence of Proposition
5.1, Young’s inequality, the non-negativity of f and the weak Harnack (1.33), we obtain
for any 0, € (0,1)

QSU(P : f < CRCd0+)H2s) 11l 2@z + CBZ NN Lo (0 200y
R (20
)

_2d(1+s)+2s ¢ ¢ 25
<6 sup f+C()R™ ¢ fodz |+ OR™ (|l poo (g 200
Qr(z0) QRr(20)

72d(1+s)+25 . 72d(1+s)+23
<d sup f+C(0)R ¢ inf f+CR < 1l e (@r(zo)) -
QRr(20) Q7 (20) '

where we recall Q}, := Qg ((%RQS +3 (%)28 .0, 0)) Lemma 2.2 permits to absorb the

first term on the right hand side, and we conclude

_2d(1+s)+2s .
sup f < CR ¢ Qggo)f + ||h||L°°(QR(ZO)) ’

QR (20) R
8
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5.6 Boltzmann

The aim of this section is to establish the strong Harnack inequality for the Boltzmann
equation for moderately soft potentials without cutoff assumption. This section is based
on [154]. We prove Theorem 1.4.

5.6.1 Notion of solutions

Since we require further regularity properties of the solution to deduce that the skew-
symmetric part of K is of lower order in the sense of (5.43), we need to work with the

following notion of solutions.

Definition 5.2 (Solutions). We say that f: (0,7) x R x R* — R is a solution of (1.2), if
1. f is non-negative everywhere,
2. f solves (1.2) classically for every (t,z,v),
3. f € C in time, space, and velocity,

4. For each value of (¢, x) the function f decays rapidly as |v| — oo, that is for any

q>0
lim —f(t,x,v) =
|v]—o00 (1 + ’U|)q

locally uniformly in (¢, z).
5. f is periodic in =,

6. f conserves mass:
‘V’0§t1<t2§T:/ f(tg)dxdvg/ f(t1) dz do.
R2d R2d

This notion of solutions was also used by Imbert-Silvestre in [118].

5.6.2 On the non-divergent part of the kernel

It seems that conditions (1.29) and (1.30) are not sufficient to deduce our main theorem.
We also need to assume that the anti-symmetric part is of lower order with respect to the

symmetric part: for any 0 < r < 1 there is a > s such that

| K¢(v,w) — Kf(w,v)|2 2(a—s)
su dw < pgr='*=. 5.43
vegn/r (Kf(vaw) + Kf(“%”)) = o ( )
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This condition has been used to derive Holder continuity of solutions to parabolic non-
local equations by Kassmann-Weidner [127]. We show that any solution f of (1.2) in
(0,T) x R? x RY, such that (1.20) holds, satisfies (5.43), provided that, for the case that
v <0, for any ¢ > 0 there is N, > 0 such that fo(x,v) = f(0,2,v) < N,(1+ |v])~? for
(x,v) € R x RY. The justification uses further regularity properties of solutions to (1.2),
derived by Imbert-Mouhot-Silvestre in [115, 118, 121].

We consider a solution f of (1.2) in (0,7") x R? x R?, periodic in x, such that (1.20)
holds. If v < 0, then we also assume that for any ¢ > 0 there is N, > 0 such that
fo(z,v) = £(0,2,v) < N (1 + |v])7? for (x,v) € R? x R Then for every ¢ > 0 there is
a constant s, > 0 and o > s depending only on s, d, vy, mg, My, Ey, Hy and N, in case
that v < 0, such that for any R > 0, any 79 > 0, any (t,z) € (79,7) X Bpri+2s and any
v,w € R? with |v — w| < min {£,1} there holds

[f(0) = f(w)] < Coglo—wl|® (140 ) "~ Coglv—w|™ (1 + |w]) " (5.44)

An even stronger statement is derived in [118, Corollary 7.8]. In fact, the constants C,
and a may depend on N, for some fixed p > q.
We now consider (t,z,v) € Qg for 0 < R < 1. We recall [177, Corollary 4.2]: for any

v, w € RY there is a universal constant Cx > 0 such that

Kylo,w) = Ciclo =l 2 [ fot ) ™ dut

w!' Lv—w

Thus for v € Bg we take ¢ > d + 2s + 7 and use (5.44), so that

| Ky (v, w) = Ky (w, )]

S OK |U . w|—(d+25)

/ f(U + w/) |w/|7+23+1 dw' _/ f(w +w/) |w/|7+23+1 dw'
w' Lv—w

w! Lw—v
< Crc o —w| 7> / F(o+ ) = flw+ )| [ du!
w! Lv—w
S CKCs,q |U o w|a—(d+25) / (1 + ’w/‘ )—q |w/|fy+25+l dw’.
w!' Lv—w

We then combine this with [177, Lemma 4.8], which shows that for each v € B there is

a symmetric subset of the unit sphere A = A(v) C 0By, with strictly positive measure,

v—w
[v—w]

and such that for each € A, the kernel satisfies a pointwise lower bound K (v, w) >

Al — w\_(d+23) for some A\ depending only on the hydrodynamical quantities in (1.20) and
R. Indeed, Lemma 4.6 in [177] implies that there is £ > 0, m > 0 and > 0 such that

{v: f(v) >} N B, >m.
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Thus if we introduce S := {v: f(v) > £} N B,, then f(v) > {xs(v) and thus K;(v,w) >
(K, (v,w). Since S C B,, we find on the one hand,

/ (xs(v 4+ w') + xs(w + ") [T dw' < 2(R+ )+ |B,|.
w' lv—w

On the other hand, |S| > m. In particular, this implies for any v € By that Ky(v,w) >
Ao — w|" ") whenever 2=% € A. We find

[v—w]

K¢ (v,w) — Kp(w,v)[’ o [ Esww) Ky(w,v)’, .
/BR (Kf(v’ w) + Kf(wv U)) dw= /BR (Kf(v, w) + Kf(w, U)) (1 XKf(U’w):OXKf(wvv)ZO) d

1 (1 — XK+ (v,w)=0XK¢(w v)=0)
S _02 C«g / Y A\,
¢ K>'s,q Br |U i w|d+2(s—a)

e LD I

dw
fw’J_v—w (XS(U + w/) -+ Xs(w + w/)) ’w/|’7+28+1 duw

C R (1 — XK (v,w)=0XK¢(w v)=0)
S _02 CQ / pQ(a—s)—l / F\Y, f\W, dO' dp
¢ o5 \ [, (xs(v+w') + xs(w + w')) [/ du

< C(4, A, r,m)CrC2 R,

The last inequality follows from the fact that as o swipes 0By, the hyperplane perpendicular
to o covers the whole space R?, and using that |S| > m, we see that at least one of the
indicator functions in the denominator is positive; combined with the boundedness of S

we get a lower bound on the denominator.

5.6.3 Tail bound on upper level sets

In this section we establish the non-local-to-local bound, similar to Proposition 5.2 above,
for the Boltzmann equation. It is in this section that the weak divergence form structure of
(1.16) proves useful. Just as in the divergence form case, we derive this non-local-to-local

bound on upper level sets. To this end, we consider [ € R,. We check using (1.16) that if
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f solves (1.2), then f — [ satisfies

o+ vVt =5 [ ((F=Dlw) = (£ = D) (Kylvw) + Kyfw)) du

5 (=D + (7 = D) (5 010) = Ky, ) o
+1 » (K¢(v,w) — K¢(w,v)) dw (5.45)

> 5 [ (0 = 0@) = (7 = D) (5 (0.0) + Ky 0,0) d
3 [ (=00 + (7 = D) (5 0.0) = Kyw,0) do

The last inequality follows due to the classical cancellation from (1.15) and (1.10) provided
that { > 0.

To derive a tail bound on upper level sets, we use the formulation in (5.45). The idea
is to construct a concave test function that localises only on the upper level sets. Then,
the weak divergence form structure proves to be sufficient to make the terms on the lower

level sets vanish. Moreover, the cross terms end up with a sign.

Proposition 5.3 (Non-local-to-local bound). For given R > 0, zo € R**24 [ € R, , and
any non-negative super-solution f of (1.16) in [0,T] x R x R? with a kernel K; that
satisfies (1.32), (1.29), (1.29), (5.43), and such that f conserves mass, we can find for any
¢ €(0,1), a constant C > 0 depending on (, s,d, Ao, po such that

L L U D)Ko, dud
E (5.46)
<CR™ swp (=05 [ (71
Qr(20) QRr(z0)
Proof of Proposition 5.4. The proof idea is as above for Propsition 5.2. Our aim is to get
a local bound on the tail of a level set function. To this end we do a concavity estimate
on level sets by testing the equation with the level set of the solution to some inverse
power. This creates cross terms, which have the good sign due to the concavity of the test
function. Moreover, we only localise on upper level sets, which makes the terms on lower
level sets vanish due to the weak divergence structure.
Again we may, with no loss in generality, consider zo = (0,0, 0); and we again consider
0 < given by
Galt 2,0) = (8,2, 0)X ot 7, 0) + Xpalts 7, 0),

for | € R, and where n € C>°(R?**!) is such that n = 1 in Q% and 1 = 0 outside Q%

In particular, for any v, w € R? there holds:
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i If f(v), f(w) > 1 then ¢(v) = n(v) and ¢i(w) = n*(w).
ii. If f(v), f(w) < I then ¢(v) = 1 (w) = 1.
i, If f(v) > 1> f(w) then ¢y(v) = n?(v) < 1 = ¢y(w).
iv. If f(w) > 1> f(v) then ¥y(w) = n*(w) <1 =Y (v).

We test (5.45) with fl;(l_ozm for any [ € R, and € > 0.
Step 1: Non-local operator.
We first consider for fixed (¢, x) the right hand side of (5.45) after testing with fl;(l_owl:

=€ (r-1vs"9)
= [ ]I = DO (w,0) = (F = D))} )i~ o) dwde
=5 [ 16 = D0 ) = (¢ = D)Ko, w)
x [0 170 w) = ) ;.4 )] dwdo
We then split £ into three parts: we introduce

Xup(v7 w) = X f)>UX f(w)>1s
Xiow(V, W) = X pv)<IX f(w)<l>
Xeross (Vs W) 1= X p(o)y>1X fw)<t T XF)<IXfw)>ls

so that

&= /Rd /Rd [(f = D) K(w,v) = (f = D)(w) K (v, w)] i (0) f77 (@) xup (v, w) dw do
+ /Rd /Rd [(f = D) Ep(w,v) = (f = D)) Kz (v, 0)] 1(0) f; 17 (@) Xtow (v, w) dw v
+/Rli /Rd [(f _l>(v)Kf<w7U) - (f_ l)(w)Kf(v,w)] wl(U>fl;(1io(’U)XCMSS(U’w) dw dv

=1 Eup + Elow + Eeross-
(5.47)
Step 1-i.: Non-locality on lower level sets.
As a consequence of the weak divergence form structure of (1.16), we see that the

choice of ¢, implies through observation ii, that

1
Ein =3 [, [ 1 = DI s(w.0) = (£ = D) (0.)

x () fi O w) = @) )] Xiow (v, w) dwav (548)
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Step 1-1i.: Cross non-locality.

Moreover, we claim that the cross term has a sign:

Cone =3 [, [ 1= DOKw0) = (F = DK (0,0)
x [@) £ 0) = (@) @) erass (v, 0) duo v
=5 [ [ 1= D)K. 0) = (7 = D) 0, w)
< [P = 1427 0700) = 7079 gt g durdo
3 |, 1 =D w.0) = (f = D) (0.

x [0 = i) (f = 1+ )"0 w)] Xpupsios dwdo

(5.49)

_|_

<0.

The last inequality uses, for the first integrand, that we are restricted to the case that
f(v) —1>0and —(f(w)—1) > 0, combined with the fact that n?(v)(f —[+¢)~ =9 (v) <
e~(1=9) since f(v) > 1 and n?(v) < 1. Similarly, we argue for the second integrand, after
noticing that (f —1)(v) <0 and —(f —1)(w) < 0.

Step 1-1i1.: Non-locality on upper level sets.

To bound &,,, we first note that &,, is localised in time and space due to the test
function. In fact, if we integrate over time and space on the whole space, the support of 7

restricts it to a local domain. Thus, we find for any (¢,z) € [—R?*,0] x Bpi+2s due to i

Eup = /R /R [(f = D) Ky (w,v) = (f = D) (w) K (v, w)]
X 1 (0) £ () Xup(v, w) dw do
B / / ((f = D) (w,v) = (f = Dw) Ky (v, w)]
< (V) fi 7 (W) X (0, w) duw dw (5.50)
/BR /MBR f=D@)Kp(w,v) = (f = 1) (w)Ky(v,w)]
x P (0) £ () Xup(v, w) dw do
=+ E

For 55‘;,”, we note that there is no singularity, due to the choice of n, which vanishes outside
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Big. Thus we find due to (1.27)

&' = /B /R o, (= DO (w,0) = (F = D) Ky (0, w)]
U (v)fl,e (U)Xf(v)>le (w)>1 dw dv

:/B /]Rd\B (f—l)+( ) ( )fls ( )Kf(w U)Xf( ) IX (1) _dwdv

_(1— 5.51
[ ] 0 O R g duds O
Br JRI\Bg

< Ao <—>_25/ ((f = Ds + &) (v)xysi(v) do
/BR /Rd\BR J = D+twhn Z(U)flje(lic( VK5 (v, W)X fvy>1 dw dv.

In particular, the tail of (f — ), has a good sign.

To bound the not-too-non-local non-locality of &,,, we exploit the concavity of the
test function again, due to which we get a signed coercive term, and we show that the
terms that have no sign have a singularity of lower order, and thus can be bounded.
Concretely, using that 1 = X f(w)> ) + Xf(w)>f(w), the symmetry of the integrand, adding
and subtracting fl;(lfo (w)n?*(v), and finally adding and subtracting f;(v)K (v, w) and
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filw)K¢(w,v), we find
ey =5 [ [ 10 =DE)Kstw.0) = (7 = D) o, w)
x [n?(v) l;(lfo (v) — nz(w)fl;(lfo (w)} Xup (v, w) dw dv
w)]

[
( (o,
< [P @) = ()2 )| v (0 00050 du
= [ 16 = DK (w.0) = (£ = D) (0.
[

x [P (w) — 2 (w)] £ (w) X (0, 0) X > s dw do

= [ [ 150 = it [0 - 50 0w)]

X1 ( )Kf(v w)Xupr(w deU
[ Ryt - Ky i) [fl,; 9w) - 0w

(5.52)

2 (V) XupX f(w)> (o) dw dv

/BR 1w 7(v) — 1 (w)

< f <>< (0, 0)Xap Xy ) e do
[ ) = Ko, w)] [0) = w)]

—(1—
X filw) £ () XXy o) o o
= Ié:mcave + I(fgncave + Icutoff + Iéitoff?

where we denoted f; = f — .
For I} we use (5.4), (5.6), and (1.32)

concave

It

concave —

fle ( )Kf(v w)Xup(“ w)Xf dU) dv

s““{ / ) (1)~ ) K (. 0) v

1_
/ / flg nfla)( )) K (0,0) Xup(V, W)X f(w)> fv) dw dv.
Br J Br

Then we use the upper bound (1.32). Moreover, in order to absorb the remaining terms by
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the signed term, we distinguish the symmetric and the anti-symmetric part by adding and
subtracting K ¢(w,v), then using Young’s inequality and (5.43), so that for ¢ sufficiently

small
]f

concave

< CR* | D2 / £ (w

/ / W) ) = (1F2) () " 0:0) + 550,00y
Br JBg

(n2) () — (nF2) (0)) (K00, 0) — K5 (0,0))X gy sy o
Br BR
< CR™* fl’g(w) w
Br
S < 2
(@A) ) = () w)) (w0 + K 0,001 dw o
+3 / [ (A0 = 08200)) S5 000) 4500050l
|Kf(wav) - Kf(v7w)|2
C(4,¢) /BR/BR TIfl‘E Uflg)( )) (Kf(v7w)+Kf<w,U))Xf(w)>f v)>1 dw dv

<CR™ [ filw)du

2(’2 /BR /BR fla nfla)( )) (Kf(v,w)+Kf(w,v))xf(w)>f(v)>l dwdv

| K ¢(w,v) — Ky (v, w)|2
C(4,¢) /BRU (0) [ (v )USEI}BI;/BR 5 (0.0) 5 Ky (w.0)) dw dv

0(57C)/B nQ(w)flC,g( ) sup |Kf(w U) Kf(v w)| dv dw

weBr By (Kp(v,w) + K¢(w,v))

<CR™™* f,g(w) dw

2{2 /BR /BR fls nfls)( )) (Kf(v’w>+Kf<w7v))Xf(w)>f(v)>l d?(l]d’l})
5.53

To bound If,,,; we use [1*(v) — n*(w)| < max{n(v), n(w)} In(v) = n(w)l, (f =)+ <
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fie, Young’s inequality, (5.43), and (1.32)

15, = /B ], st 0) = Ko, ) = )]
< (f = D) ;i 1 (@)X s> oy dw do
/ / | K¢ (w,v) — Ky (v, w)|2
Br J B (Kf(v,w) + K(w,v))
x max{12(v), % () } f. (W)X (> g0yt dw d

+ / (Kf(w,v) + Kp(v,w)) [n(v) — n(w)|? fz,g(w)Xf(w)>f(v)>l dwdv
Br J Bg

(5.54)

< Cluo) [ f(w)dw + CR*> || Dy / £ (w) duw
Br

Br

For Icuto TRC recall

1o = /B/ F =) - (f — (w)]

x [7°(v) — n*(w)] fl;(1_<)<w)Kf(waU)Xf(w)>f(v)>l dw dv,

and we use (5.5), Young’s inequality, (5.7), the upper bound (1.32), we add and subtract
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Ky¢(w,v), we use Young’s inequality again, and (5.43), so that

st .
T

+ 06 /B / £5.(w) 1(0) = 7(w) 2 K 5 (1, 9) Yo (0, )X 50> 10y e o
R

fle fls fzg w) |7*(v) = n*(w)| Kp(w, )X fw)> )=t dw dv

maX{?f(U), 0 (W) K £ (W, 0)X f(w)> f (o)1 dw dv

fls fle

= 5*/BR /BR nflg nfl8>( >> Kf(w U)Xf(w)>f )>1 dw dv
* 5/ fl€ w)(n(v) - n(w))2Kf(w7U)Xf(w)>f(y)>l dw dv
Br J Bg
+O6) Do B / £ (w
= Q/BR /BR 77fls nfls)( )) (Kf(v’w)+Kf(w>v))Xf(w)>f(y)>zdwdv
/ / nfla nfl a)( )) (Kf(w,v) — Kf<v7w))Xf(w)>f(v)>l dw dv
Bgr J Br

+CO)R™ fzs( ) dw

>~ Q/BR /BR nfls nfls)( )) (Kf(v’w)+Kf(w7v))Xf(w)>f(v)>[dde
Ki(v,w) — K¢(w,v)?
+C(6 /B /B 77fls nfls)( )) |(Kff((v,w>) n f(];((w,v))|) X f(w)> f(v)>1 dw dv

+3/ /B (0F2) () = (1) () ) (K p(00) + K0, 0))X a0 duo

+C(0)R” fzs( w) dw
<5/B /B nflg Uflg)( )) (K5 (v,w) + K5 (w, 0)) X f()> f(wy>1 dw dv
+CO)R” flg( w) dw

(5.55)

Finally, to bound I we recall

concave’

COTLCG/UG / Kf w U Kf v w)]
Br J Bg

[fl,sl o )_fl,sl Vw)| fi0)N0)X )y pwy>t dw do,
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and we use (5.8), Young’s inequality, (5.43), (5.7), (1.32)
]K

concave

< W/ / K (w,v) = Kp(v,w)
< () = Fi(w)

Ky (w,0) = Kp(v,w)[* ¢ |,
v v w)> F(o)>1 dw dv
O [, o 7 Ry g P O

<
fl,Qa <U>772 (U)Xf(w)>f(v)>l dw dv

¢ ¢
+ 5/3 . (Kp(v,w) + Ky(w,v)) [f2(v) —flfs(w)‘UQ(U)Xf(w)>f(v)>l dw do

. (5.56)
C fre(v)dv
Br
< < 2
+5/B ; (Ky(v,w) +Kf(w,v))<(77flfs)(v) - (Uflfg)(w)> X f(w)> fv)>1 dw dv
o / [0 0) K 0.00) (0(0) = 0(00))* S (00X 0150 du
<C [ favs OB Dl / £ (w) duw
w5 [ [ s+ Kytw,0) (52 0) = (12 @0)) Netwrsoer dud

If we combine (5.52) with (5.53), (5.54), (5.55), (5.56), we find for ¢ sufficiently small

Elee < CR7 f;{E(w) dw

2@ /B/B nfE) () — (nfl

+ 25/3 /B ((ﬂfzi)(v) - (ﬂfi)(w)) (K¢ (0, ) + K p(w, )X () (o)1 dw dv

<
2

) ) ) (0,10) + (0,001 o

<CR™> [ ff(w)dw
Br

(5.57)
In particular, this implies together with (5.50) and (5.51)

Eup <CR™% ffe(w) dw

(5.58)
1

-/ / = D) ) £ @K (0,021 dude,

B JRA\Bg

Step 1-iv.: Non-locality.
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We conclude from (5.47), (5.48), (5.49), (5.58),

g = gup + glow + gcross

< C(C Ao, o) R [ (f =1+ e) ()X s dv (5.59)

Br
[ [ = @@ O @R )
B JR4\Bg

Note that this estimate holds true for any (¢,x). Moreover, as remarked above (5.50),
since the only positive contribution stems from &,,, the estimate in (5.59) is localised in
time and space.

Step 2.: Transport.

Finally we use the equation. For the transport operator, we first note that since
f—=1=(f—=0s++(f—1)_ and since f conserves mass, there holds

[, =0 == 0-©) dea
= =@ == dear— ] (=0T = (= 1:0) dr e
— [ =0~ (7~ Do) doae

Now, we distinguish for any z, v the case when f(0) > min(l, f(T)), or f(0) < min(l, f(T")) <
max(l, f(T)). In the former case, if f(T) > [, then f(0) > [, and the integral vanishes.
Else, f(T) <1, so that £(0) > f(T) and (f—1)_(T)—(f —1)_(0) < f(T)~1+1— f(0) <0.
Thus,

//Rd Rd((f_l)—(T) —(f—=1)-(0)) dzdv < 0.

In the latter case, when f(0) < max(l, f(T)), if f(T) > [ then f(0) < f(T') and (f —
D+(0) = f(T) +1 < f(0) = f(T') <0 so that

//Rded (f=0)(T)=(f =1)-(0)) dzdv = —//Rd y (f = D(T) = (f = 1D)1(0)) dzdv
<0.

Else if f(7') < [, then f(0) < [ and the integral vanishes. Combining this with the
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divergence theorem, integration by parts and using that |77 ~ R™2, we get

/ TFE)b() 7 (2) dz
[0,T)xR2d
_ / THPx 1) 0O (2) da
[0,T]xR2d

+ / TF(2)xaal2)e 09 dz
[0,T] xR24

L[ T e
o2 (5.60)
7— —D_(z -(1-¢) dz
+ /[ s T~ D022
- _% ]R1+2d<(f - l)+ + 5)<<Z)7-772(Z) dz

* /]RQd <(f B l)_(T’ z, U) - (f - l)—(ov Z, U)>5_(1_<) dx dv
<COR™ [ (=D +2)f() de

R

Thus by (5.45), (5.60), and (5.59)

—(1-0)
o< [ THARER O |

[0,7] xR2d

e(f-tufil) dwar
< C(C)R_2S/ (f =1+ o) (2 (2)xss1(2) dz

QR
- / / / (f = D ()P (2) 2079 (0) K (0, ) oy dur 2,
Ri+d J By JRA\ By

or rearranged

Lo = 0a) 0K o) du ds
Q% RI\Bp
< CR2S/ (f =1+ &) (2)n*(v)xs>1(v) dz.

Step 3.: Conclusion.

This implies (5.46), if we let ¢ — 0, take out the infimum of (f —1)=(=%) over z €
Q% N X > on the left hand side, divide the estimate by the infimum (note f—1 € L>*(Qr)),
and use (inf g)™' = sup ¢g~', so that

[ = 0w K o w) dude < CR sup (7177 [ (£ =0 d
Q% RANBgr Qr

Q% nf>l

]
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5.6.4 Strong Harnack for Boltzmann

We use a De Giorgi argument in L! to derive a linear L'-L> bound for solutions to (1.2).

Proposition 5.4 (L'-L> bound for Boltzmann). Let 0 < R < 1, 2o € R and let
f € L3([-3,0] x By; L>°(RY) + H?*(By)) be a non-negative solution to (1.11) in Qr(zo) with
a kernel Ky and a coefficient Ay that satisfy (1.22), (1.26), (1.32), (1.29), (1.30), (5.43).
Then there exists a large constant C' > 1 depending on s,d, Ao, Ao, 1o such that

for a.e. z1 € Qr(2p): f(z) < C’R‘<2d(1+5)+25)/ f(z)dz.
® Qr(20)

Proof. Step 1: Energy estimate. Let ¢ € C°(R'2?) be such that ¢(t, z,v) = 0 for (¢, x,v)
outside Qr and o(t,z,v) =1 for (t,z,v) € Q% We then test (1.11) with (f — 1), ¢?, so
that if we denote by

£1w)= [ (rw) = F0) Ko, w) du,

we get

A [ TR ) ds

>5[ TU-DR@EEE - [ L - D@ e

— 2 Jritoa R1+2d

(5.61)

We observe that for any % < r, if we abbreviate (f —1); =: fi, and if we denote by

Q, = [—,025,0] X Bpit2s, then

B /]RlJer /]Rd [f(t’ JJ,’U) - f(t,x,w)] ((f - l)+¢2)(t, l’,’U)Kf(t,x,v,w) dwdz

5/ [ ] - rl[te)o - (e w] g aws

+ %/Q / / [f(v) = f(w)] [(fl+¢2)(v) + (fl+¢2)(w)] Ky(v,w) dwdvdz dt

o

/B;,. /Rd\B. [f(U) - f(w)} (fl+¢2) (Z)Kf('v’w) dw dz.
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Step 1-i.: Transport. We integrate by parts the transport term, and use 7¢ ~ —R™%.

_% T(f = D3(2)¢*(2)dz = 1/}Rlﬁd(f — )2 (t, 2, 0)T*(t, v, v) dz

R1+2d 2

(5.63)
< CR‘25/Q (f = 1% (2)dz.

Step 1-i1.: Tail bound. We use Proposition 5.3 for f, which we assume to be a solution,

B
2

/QR A /\ — )] (f146?) () K5 (0, w) du e

< sup —1) / / — ) (W) K¢ (v,w)xpsi(v) dwdz
Qr RABR

in particular a super-solution, so that for r =

.64
< CR *sup(f — 1), sup(f — l)ic/ (f = D%(2)dz (5.64)

Qr
7

2—¢
<CR* (sup(f - m) | =05
Qg Qg

We used — f(v) < —[ in the first inequality, and Young’s inequality in the last inequality.
Step 1-i13: Not-too-non-local operator. What remains to be estimated is the local

contribution of the non-local operator,

feiT g // ][(f’+¢2)<) (fl+¢2)(w)}Kf(U7w)dwdv
0 (50 ] = e g,

where we recall fi, = (f —1)4.

Claim 1. For z = (t,z,v) and r =

b=y

szt [ [ (oo - (o)) K- o [ 2o
o b (5.65)
/r/r Ji( fiz(w )] [(fl+¢2)( ) — (fl+¢2) (w)} K¢ (v, w) dw do.

See the claim in (5.24) above.
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Claim 2. For any dy € (0, 1), there exists a constant C' > 0 depending on §y such that

iz [ ] T N[ 0?) () + (1 02) ()] K (o 10) duo o

—~CR™* ; fir(v)dv (5.66)

~

( +50>/ / (fre0)(v) = (fiy0)(w )] K 4(v, w) dw dv.

To prove (5.66), we note

[ (0) = s )] [ (e 6®) () + (fi2?) ()]
= [(#26%) @) = (126 )] + fie @) s (w) [ (w) - ()],

Together with f,_(v) — fi_(w) = f(v) — f(w) — (fis(v) — fiy(w)), this implies

/ / fl+¢ ) (v) + (fz+¢2)(UJ)] K (v,w)dwdv
-/ / [1-0) = ) (146900 + (18%) @) K0 el
(5.67)
/ / { fl+¢2 — (fi26*)(w )] + fip (v) fip(w) [¢2(w)—¢2(v)]}
X K¢(v, w)dw dv.
Then we use the cancellation (1.29)

/ / fl+¢ fl+¢) (v )i|Kf('U,w) dw dv

(5.68)

/ / (i 6) ()[4 (0, 0) — K p(w, 0)] dwdo < Ag /B (267 )

Moreover, we bound with Young’s inequality, on the one hand, and using —2ab = (a —
b)?> — a? — b?, on the other hand,

[ 0) + F2 @) 20) + 5 (i (o) = fir ()62 (w) = 3[2(0) + 2 (w)] 6 (w)
[F20) + 2 ()] [6(0) = ()] + 5 (s (0) — fis () *6*(w).
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Then, using the proof of (5.7) and Young’s inequality, we see for any &y € (0, 1)

(e (®) = fir () ¢ (w)
< (% + 5o> [(fz+¢)(v) — (f19) (wﬂ T C00) (90) — ()22 (v):

DN | —

Thus, by doing a Taylor expansion of ¢, using the upper bound (1.32) for s € (0,1/2), or
the cancellation (1.30) and the upper bound (1.32) for s € [1/2,1), and finally using the
definition of 1, we find

] @) [0) — 62 0, w) durd
<5/ / [A2.0) £ ()] [0P(0) = 6P()] K0, w0) du o
#5 [ G0 = ) st dude
<5 [ ) DRREIDw) + £ 0) D] (0 - w)K () e
+||Dje? HLoo/ / [£2.(0) + £2 ()] v — w]? K (v, w) dw do
+(3+0) [ / (:0) () = (s0) )] 550, 0) dwrdo
+C(6) / / D242 (0) K (v, ) duw do
< 5/& /B £% () Dy () (v — w) [K (v, 0) — Kp(w,v)] dw dv
LOR D8 [ g
#(5+0) [ ][00 (o)) Kytowydwao
< CR"||D,¢* HLOO/ £ (v dv+CR‘25/B [ (v) do

< +50>/ / (fi0)(v) = (fied) (w )} Ky(v,w) dwdv

Combining (5.67) with (5.68) and (5.69) yields (5.66).
Thus, from the claims in (5.65) and (5.66), we infer for &y sufficiently small (6 < )

(5.69)
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and for r = g

gsym i gskew

loc loc

>

S

§ / |:(fl+¢)<v) - (fl+¢) (w):|2Kf<'U,'IU) dv — Cr=2® /Br fli(”) dv
[ie(0) = ()] [(1267) @) = (s 8?) ()] K p (0, ) dur

(i) = fi ()] [ (f146%) () + (i 6%) ()] K (0, ) duo v

12 (v) dv

+

+
N~ N~
5"

(5.70)

Q

R—QS /
B
" 50)

[(1:0) ) = (fud) )] Kstowydo = [ 2o

o
m\ \.1

fl+¢ v) — (fz+¢) (w)] 2Kf(v, w) dw dv

B

OOI}—t
N
UU\’AM»—‘

By

Step 1-iv.: Conclusion. Combining (5.20) with (5.63), (5.64), and (5.70), we conclude

2
L ~1)20) () — ((f ~ D0) ()] By (v, w) du dv
QR BR XBR
<CR™ 25/ (f = 1D2%(z)dz + CRQs(supf)Z_c/ (f = D5(2) dz
R Qr R
3 2 2
Fposup f [ (f— 1)y d
Qr Qr
4 Y
Note that we used (1.22) to bound Ay.
Step 2 € 3: Gain of Integrability € De Giorgi iteration. These steps carry over verbally

from Proposition 5.1 above, if we work with the Boltzmann equation in the formulation

(1.11). Then we have the following gain of integrability

I(f = l)+¢HLp(Q§)

< CR(f = D+t gy + ORI = D lscay

+ C«R—s—l—e

{f>1}NQx

N0 = Dz

2—¢

+ CR™* (sup(f - l)+) N (/ (f = D5(2) dz) > 10 Qaft
Qr Qr
+CRS+ESUP(f—l)i</ (f = D5 dz
Qr R

+ CR* sup £ [{f > 1} N Qrl + CRe(sup DES > B0 Qal? II(F = D4llZ:
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with which we conclude for almost every (¢, z,v) € @ 5

2 _(s—9)p L: _2-¢ p
f(2)KL=6(1+R*)supf+ R vt 20-D2§" < »-1 f(z)dz.
Qr Qr
For R < 1, we absorb the first term on the right hand side with a standard iteration

argument, concluding the proof of Proposition 5.4. m

Proof of Theorem 1.4. Let f solve (1.2) in (0,7) x R? x R%, and assume (1.20) holds.
Then, in particular, Ky and Ay given in (1.9) and (1.12) satisfy (1.22)-(1.30). Moreover,
due to our notion of solutions in Definition 5.2, also (5.43) is satisfied.

Let Z~ := (79,71) and ZT := (7, 73) be two disjoint compactly contained subsets of
(0,T) such that 7, — 7y > r§* for sufficiently small ry < %. As a consequence of Proposition
5.4, Young’s inequality and the weak Harnack inequality, Theorem 1.1, we obtain for any
d € (0,1) and for ¢ € (0,1) from the weak Harnack inequality,

(2d(14s)+2s)

—(2d(14s)+2s) -
sup f < Cry ||f||L1(I*><Q§T = 6 sup f+C(d)ry ‘ ||f||LC(Z*><Q§T )
I*thﬂl 0 I*XQ’:ﬁl 0

4 4
7(2d(1+s)+2s)
<0 sup f+C(O)r ¢ inf
- ><Qtro " z* Xng

.

We recall that there is no source term appearing after applying the weak Harnack inequality,
due to the positivity of Q5 (1.15), which implies that f is a non-negative super-solution
to (1.11) with zero source term. Absorbing the first term on the left hand side with a

standard iteration argument concludes the proof of Theorem 1.4. O]

5.7 Appendix: Approximation argument

Here we justify the approximation argument for the use of the test function constructed
in Proposition 5.2.

Let n: RY — R, be a cutoff, such that 0 < n < 1 with n = 1 in By, n = 0 outside B,
and 7(v) = — |v| + 2 for v € By \ By. Denote by ns the cutoff ns(v) = 1(%) € C2°(Bas)
satisfying 0 < ny <1 with s = 1 in By and 1y = 0 outside Bys. Then we consider

Ks(v,w) = ns(v — w)cq, [ — w] 742 4 (1—ns(v —w)) K (v,w),
where ¢4 > 0 is the constant such that

(A () = ca, / (Fw) = F(0)) [o = w] @) du,

Rd

249



Note that ns ﬁ 0, pointwise almost everywhere and in L? for any 1 < p < co. Now let
_>
fs solve

Tfs = Lsfs ::/ (F5(w) — f5(0)) Ks(v, w) du, (5.71)
R4
in [t;,ts] X Bri+2s x RY, such that f5 is periodic in # and conserves mass. Note
f5 € LZ((tl,t2> X BR1+25; Hs(Rd))

uniformly in 6. To see this, we test (5.71) with fs;¢* where ¢ € C°([t1,ta] X Bpi+2s) is
a cutoff in time and space such that ¢ = 1 in [%, %’] X B<R)1+25 and ¢ = 0 outside
2

[thtg] X BR1+25. We get

/ T fsfs0” dz
[tl tQ]XBR1+25 xRd

/ / (fs(w 5(v)) f5(v)P*(t, ) Ks(v, w) dw dv dz dt

tl tQ]XBR1+25 R4 JR4

= __/ 2t / (fs(w )) Ks(v,w) dw dv dz dt.
2 [t1, t2}XBR1+2s R4 JRE

= 2(t,x / / ns(v Js(w) - {:i(Zs)) dwdz
2 [tl tz}XBRlJrQS R4 J R4 |U — w|

= 2
) & I —ns(v—w))(fs(w) — f5(v)) K(v,w)dwdz.
2/[;11t2]><BR1+2S¢ (t )/Rd /Rd( ?7( ))(f< ) f< )) ( )

Using that (1 —ns) > ;11 outside B 56 and 75 > 7 1n81de B 15, We find with the coercivity of
K (1.26)

/ T fsfs0” dz
[tl,tg] XBR1+25 xRd

1
S__C_d tl‘ // éigs)) dwdz
42 [t1, tQ]XBR1+29 Rd J|v— w|< ’U w|

1 1
__'_/ 2(t, ) / / — fs(v )) K(v,w)dwdz
4 2 [tltz}XBRHQs R J|v—w|>52
1
S__C_d tﬂ? / / {:i(%)) dwdz
42 [t1, t2]><BR1+2s Rd Jjp—w|<Z2 U w|

1A
_ __/ t T / / J;i(zs)) dwdz.
42 [t1 tQ}XBRlJrQS R4 |lv— w|> |U - w|
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Thus

Sup / f3(t, ,v) dzdv + Cd,s,)\/
te(tr,ta] B(§>1+2SXRd [t

2
[ ] BT
g,tg]xB(%st R JRE  |v— W
/ v- Vo (f§)e?dz
[tl,tQ]XBR1+25><Rd

<CR™ / fidz.
[t1,t2] x Bp142s XRY

In particular, Cy, » and C are uniform constants in 6, thus f5 € L?((t1,t2) X Brites; H*(RY))

S_

DN | —

uniformly in d.

Moreover, we observe that fs satisfies

Tfs = (_Av)5f5+/ (fg(w)—f(;(U)) (1—775(1)—11})) (K(U,w)—C(LS ’U o w’f(dJrZs) ) dw

[v—w|>6

in [t1,ts] X Brit2s x RY. This is the Kolmogorov equation with bounded right hand side
hs(t, x, v) = /vw>6 (fs(w) = £5(0)) (1 = ns(v — w)) (K (v,w) = caq v = w] ")) dw.
Thus f5 is given by
fs(t,z,v) = hsx J(t,z,v) + f5(t1,z,v) % J(t1,z,0),

where J is the fundamental solution of the Kolmogorov equation in [t;,ts] X Bri+2s X RY.

Then, we find on the one hand, by Young’s inequality and Theorem 3.4

HféHLQ([tl,tz}xBRHZsXRd) < H(—Av)*ihaHLQ([tl’tQ]XBRHQS xR%) ”(_Av)§JHLl([tl,tQ}XBRstde)
S CRis Hf5||L2([t1,t2]><BR1+25;Hi(Rd))

< CR™% ||f5||L2([t1,t2]><BR1+25><]Rd)) )

uniformly in 4.
On the other hand, since ||hs|| 2 < C62*|| f5]| 2, we find

f5 € L2([ty,ts] X Brisai; H (RY))

with a constant that degenerates as 6 — 0, and we can use any test function in L%xHE to
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give sense to the equation, and thus we can deduce the a-priori estimate on f5. We find:

/ / (fs = Dy(w)xs>1(v)K (v, w) dwdv
Q3r JRN\Bg
' (5.72)
<CR™ swp (-0 [ (fi-1)5de
Qr

Q3rNfs>l
T

where C' does not depend on . Now we want to pass to the limit. Note that as
0 — 0, the coefficients Ky converge to K pointwise a.e. Prior regularity results imply
fs € L2 ([t1, ta] X Bgi+2s x RY) uniformly in §, and moreover f5 € C ([t1, ta] X Bgi+es x R?)

loc

uniformly in § for some a € (0,1). As a consequence of the uniform estimates, fs
converges to some f : [t;,ts] X Bgiras X R4 — R, pointwise almost everywhere in
[t1, 1] X Bpiszs X RY, weakly in L2([ty, ts] X Bpises; H*(R?)) by weak compactness, and
strongly in L!([t1,ts] X Bgi+2s x R?) by uniform integrability, pointwise convergence and

tightness. In particular, f > 0, f is periodic in space, it conserves mass and it satisfies

[ -tk dudo < R sup (7= [ (=15 e
Q% RI\Bp Qr

Q%ﬂﬂs,kﬂ

It remains to check that f satisfies the limit equation

Tf= (f(w) - f(v))K(v,w) dw.

Rd

Let ¢ € L?((t1,t2) X Bit2s, H*(R?)) such that f5¢ either conserves mass and is periodic

in z, or (-, -,v) has compact support in (¢;,t3) X Bri+2s. Then f; satisfies

/ (T f5)p dz+ / / / (fs(v)—fs(w)) Ks(v, w)p(v) dw dv dz dt = 0.
(t1,t2) X BRi42s xR4 (t1,t2) / Bgiyas JRE JRE

Integrating by parts and using the global convergence of the coefficients pointwise and

strongly in L!, and by weak compactness in Lixﬂj , we see that f satisfies

_/ fTo dz—l—/ / / f(W)K (v, w)(p(v)—p(w)) dwdv dz dt = 0,
(tl,tQ)XBRlJrgs xRd (tl,tz) BR1+2S R4 J R4

that is
/ (T f)edz+ / / (f(v)—f(w)) K (v, w)p(v) dwdvdz dt = 0,
(t1,t2) X Bpitas xRd (t1,t2) J Bgi+tas R4 JR4

where we used that either ¢ has compact support in (¢1,t3) X Bpri+2s or else fp conserves

mass and is periodic in space.
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CHAPTER 6

ARONSON

This chapter is based on [153] and [154].

6.1 Introduction

As a consequence of Theorem 5.1, we derive polynomial upper and exponential lower
bounds on the fundamental solution of (1.13) with a non-negative kernel K satisfying
(1.26)-(1.28), provided that the fundamental solution exists. To give sense to the next
three theorems, we thus assume existence of a non-negative measurable function .J, which
is the fundamental solution of (1.13) connecting a given point (t,z,v) € R+ with
(7,9, w) € R in the sequel denoted by

J(tax7v;7—7y7w) = J(t - T, X =Y (t - T)w,U - U)) =: ‘]((Tay7w)_1 © (t,.I,U)),

where o denotes the Galilean translation, that is (to, zo, vo) o (t,2,v) = (to + t, 20 + = +
tvg, vo + v), which respects the translation invariance of (1.13). Moreover, we assume that

the fundamental solution J has the following properties:

i. For every t € R, there holds the normalisation
/ J(t,z,v)drdv = 1. (6.1)
R2d

ii. There holds J > 0, and for all (¢,z,v), (1,y,w) € Ry x R* a form of symmetry
J ((7—7 Y, w)_l © (ta z, U)) =J ((7—7 x, U)_l © (ta Y, w)) : (62)

iii. For any 0 <7 <o <t < T and any (z,v), (y,w) € R?*¢ the Chapman-Kolmogorov
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identity holds

J(t, z, vy, w) = J ((7‘,y,w)_1 o (t,x,v))
= /]R?d J ((U’ 9075)_1 ° (t7$v ’U)) J ((Tv va)_l © (07 2 f)) dSD d£ (63)

- / T(t 2,030, 0,€) T (0, 0, € 7y, w) dip dE.
R2d

Then, we deduce, on the one hand, polynomial upper bounds.

Theorem 6.1 (Polynomial upper bounds on the fundamental solution). Let x, v, yo, wo €
R and 0 < 19 < o <T. Let J be the fundamental solution of (1.13) in [0,T] x R* with
a vanishing source term h = 0 and with a non-negative kernel K satisfying the coercivity
assumption (1.26), the integral upper bound (1.32), and the divergence form symmetry
(1.28). Assume J satisfies (6.1), (6.2) and (6.3). Then there exists C' > 0 depending on
s,d, Ao, Ao such that

J(07 Z,V; 70, Yo, wO)

2s — 1.
2d(1+5) maX{|U—w0|2s7|x—y0— (U—To)(v—w0)|1+2s} 43
<C(oc—m) =

o —1Tp

On the other hand, we derive an exponential lower bound.

Theorem 6.2 (Exponential lower bounds on the fundamental solution). Let x, v, yo, wy €
R and 0 < 19 < o0 < T. Let J be the fundamental solution of (1.13) in [0,T] x R?** with a
vanishing source term h = 0 and with a kernel satisfying the coercivity assumption (1.26),
the integral upper bound (1.32), and the divergence form symmetry (1.28). Then there

exists a constant C depending on s, d, Ao, Ao such that

(o — 7p)1 128 o—To

2s 2s
J (o, x,v; 70, Yo, wo) > C(a—ro)—zdgfs) exp {—C’ (’55 Yo — (00 — To)wy| N v — w| )}

Remark 6.1. i. Note that in general, the fundamental solution has no explicit expression,
not even in case of constant coefficients. We already discussed, however, the represen-
tation of the fundamental solution (2.3) of the fractional Kolmogorov equation (2.1).
In particular, the fundamental solution Jy satisfies (6.1), (6.2), (6.3), and moreover,

0 < Jp € C decays polynomially at infinity.

ii. In case of rough coefficients, the existence of a fundamental solution operator has

only recently been established by Auscher-Imbert-Niebel [16] for local and non-local
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hypoelliptic equations. In particular, their results are applicable to (1.13) with kernels
satisfying (1.26)-(1.28).

iii. In Theorem 6.1 and Theorem 6.2, the time decay is optimal, as can be seen by
comparing the exponents on time to (2.3). This is a consequence of the optimality
of the linear L'-L> bound of Proposition 5.1 below. However, neither the decay in

space nor in velocity is optimal.

Concerning the exponential lower bound of Theorem 6.2, it is not clear to us if we
should expect polynomial lower bounds to hold without assuming a pointwise lower

bound on the kernel of the non-local operator (1.14).

The polynomial upper bounds in Theorem 6.1 are sub-optimal in two ways. First,
a minor improvement could possibly be achieved, if, in Aronson’s method (see
Section 6.2.3 below), when we define the decay function H in (6.26), we replace

—yo—t . .
4+ lzzwo—twol 1449 conceivable

max{]v—wo\,\x—yo—two\ﬁ} by the sum |v — wy .

that this leads to an improved decay in space to 5 instead of . Second, the most

2(1+2s
significant sub-optimality arises due to the way we treat the nér?—si)ngular contribution
of the fundamental solution in Aronson’s method (see Proposition 6.1). To determine
the decay of the non-singular part, we only use the integral upper bounds on the kernel
(1.32). In the parabolic literature, the non-singular part is usually treated separately
from the singular terms, using a technique referred to as Meyer’s decomposition [161].
Conditional to such a decomposition, see (6.5), we obtain the optimal decay at least
in velocity, see Theorem 6.3 below. Finally note that in the parabolic setting with
kernels that are pointwisely bounded from above, the proof of Theorem 6.1 - which
does not rely on Meyer’s decomposition - yields a decay that is not so far from optimal,

see Appendix 6.5.

For the statement of the conditional upper bounds, we denote by J, the fundamental

solution to the cutoff problem
atf+v'vxf:£pf7

where £, f is defined for any p > 0 as

L,f(t x,v) = PV/ (f(t,z,w) — f(t,x,v)K(t, z,v,w)dw.

B, (v)
Then we show:

Theorem 6.3 (Conditional upper bounds on the fundamental solution). Let x, v, yo, wo €
R and 0 < 79 < o0 < T. Let J be the fundamental solution of (1.13) in [0,T] x R?*® with

a vanishing source term h = 0. We assume the kernel is coercive (1.26), satisfies integral
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upper bounds (1.32), and is symmetric in divergence form (1.28). If, moreover, there erists

a constant ¢ > 0, such that for every p > 0, there holds
J<U7 X, v; 7o, Yo, U)o) S Jp(ga Z,V;7T0, Yo, wO) + C(U - TO)pi(Zd(1+S)+2S)7 (65)
then there exists C > 0 depending on c, s,d, Ao, A\g such that

J(O-a Z,v;To, Yo, U)(])

9 _ 2d(1+s)+2s
S 2s
s [ max{Jo = wol” 2 = yo = (0 = ) (v — wo) |7 }
<Cloc—m) 2= |1
g —1Tp
(6.6)

Remark 6.2. As outlined in Remark 6.1, the major sub-optimality in Theorem 6.1 came
from the non-singular contribution of the fundamental solution. The condition in (6.5)
precisely says that we can consider the non-singular part separately, so that we only need
to use Aronson’s method on the singular term, for which we get the optimal decay at least
in velocity.

In the parabolic literature, (6.5) is established (with a corresponding decay in p of
order d + 2s instead of 2d(1 + s) + 2s) using parabolic maximum principles, see [91, 92],
provided that the kernels are pointwisely bounded from above: there exists A > 0 such that

Vo, w € R? K(v,w) < Alv—w| ") (6.7)

This assumption does not seem to be easily relaxable to integral upper bounds (1.32).
Moreover, even if it is conceivable that the methods from the parabolic setting could be

carried over, it is not clear that one would get the expected decay of 2d(1 + s) + 2s on p.

6.1.1 Contribution

As a consequence of the local nature of Proposition 5.1, Theorem 6.1 and Theorem 6.2 are
the first occurrence of bounds on the fundamental solution of a kinetic integro-differential
equation. Previous results have discussed two-sided estimates either for kinetic equations
with a local diffusion operator with rough, but uniformly elliptic coefficients [17, 141, 143],
or for non-local parabolic equations, with kernels that satisfy pointwise upper bounds,
divergence form symmetry (1.28) and coercivity as in (1.26), see [129]. In this paper, we
use Aronson’s method, originally conceived for local parabolic equations [12, 13|, and
establish a strategy based thereon for kinetic integro-differential equations. This yields
both the exponential lower bounds from Theorem 6.2, and the polynomial upper bounds

from Theorem 6.1.
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6.1.2 Literature

Regarding the case of local parabolic equations, the study of two-sided estimates on the
fundamental solution originated with the papers of Nash in 1958 [168], Aronson in 1967-68
[12, 13], and Fabes and Stroock in 1986[73]. More precisely, on the one hand, the first
proof of Gaussian bounds for linear parabolic second-order equations has been derived
by Aronson for uniformly elliptic, but rough, diffusion coefficients in divergence form.
Aronson’s derivation is based on energy estimates and Harnack inequalities, and thus
exploits the regularity properties of the solution to the underlying equation. On the other
hand, the argument of Nash, Fabes and Stroock proves the Gaussian bounds without
referring to the regularity properties of the solution, and instead implies estimates on the
local behaviour of the solution as a consequence of the Gaussian bounds. When Nash solved
Hilbert’s 19th problem on the continuity of solutions to equations with uniformly elliptic
rough diffusion coefficients [168], he stated without proof estimates on the fundamental
solution. These have been revisited by Fabes and Stroock [73], who combine Nash’s sketch
of the argument together with Davies’ idea of replacing the Euclidean distance by the
Riemannian distance associated to the coefficients of the equation at hand [55]. With this,
Fabes-Stroock obtain Gaussian upper and lower bounds, from which they further derive
the Harnack inequalities.

Variants of these ideas have been applied to local kinetic equations, most notably in
[141, 143], or also in the recent preprint [17]. For non-local parabolic equation, the most
recent work that we are aware of is by Kassmann-Weidner [129], who employ ideas from
Aronson’s method to derive a polynomial upper bound on the fundamental solution.

We end this discussion with a historical remark: in 1958 Nash [168] derived Holder
continuity of parabolic equations in divergence form with rough coefficients, and stated
two-sided non-Gaussian estimates for the fundamental solution as a consequence. In 1986,
Fabes and Stroock [73] derived two-sided Gaussian estimates directly from Nash’s ideas,
and derived the Harnack inequalities as a consequence. Since we know how to derive
the Harnack inequalities for (1.13), one might investigate the derivation of the Harnack
inequalities for (1.13) as a consequence of the bounds on the fundamental solution. We

assemble this remark into a collection of open problems:

Open Problems 6.1. 1. Derive the Harnack inequalities of Theorem 1.1 and Theorem
5.1 for solutions to (1.13) as a consequence of the polynomial upper and the exponen-
tial lower bounds of Theorem 6.1 and Theorem 6.2. Instead of an exponential lower
bound, one might need to assume a polynomial lower bound on the fundamental

solution. It is also conceivable that it requires the optimal upper bounds.

2. Is the exponential lower bound on the fundamental solution of (1.13) in Theorem

6.2 optimal for kernels with an average coercivity condition (1.26), an average upper
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bound (1.32) and with the divergence form symmetry (1.28)?7 A polynomial lower

bound might require a pointwise lower bound on the kernel.

3. Improve the polynomial upper bounds of Theorem 6.1, or in other words, make
Theorem 6.3 unconditional. Again, we think this requires a pointwise upper bound

on the kernel (6.7) instead of the average upper bound assumed in (1.32).

4. Does the linear L' to L> bound hold for mere sub-solutions to (1.13)? The proof
method in this article heavily relies on the fact that we work with solutions. However,
in the local case, a linear L' to L™ bound can be derived even for sub-solutions. It
seems to us that the sub-solution property is not sufficient in the non-local case to
yield a linear L' to L> bound.

6.1.3 Strategy

As a consequence of the strong Harnack inequality, Theorem 5.1, we adapt Aronson’s
method to the non-local kinetic case. In fact, Proposition 5.1 implies directly an on-
diagonal upper bound for the fundamental solution to (1.13). For the off-diagonal bounds,
the idea is to construct a function H that satisfies

OH + vV, H + / [ )~ 3 0)] Ko, w)dw <0,

Rd
By testing (1.13) with the product of the solution and this function H, we derive an energy
estimate on the L? norm of fH %, which in turn permits to determine the decay of the
solution from the decay of the function H. Together with the on-diagonal bounds that
follow as a consequence of the linear L'-L> bound of Proposition 5.1, this implies the
unconditional and conditional upper bounds on the fundamental solution of Theorem 6.1
and Theorem 6.3.

The exponential lower bound of Theorem 6.2 follows by applying the strong Harnack
inequality of Theorem 5.1 repeatedly along a path that connects two given points. This
yields a pointwise Harnack inequality, which in turn implies an exponential lower bound
on any solution that has a non-vanishing average over some local ball. In particular, it

implies the exponential bound on the fundamental solution that connects two given points.

6.2 Upper bound on the fundamental solution

For the sequel we assume that (1.13) under assumptions (1.26)-(1.28) admits a fundamental
solution with the properties (6.1), (6.2) and (6.3). We denote it by J(¢,z,v;7,(,§) for
(t7 x? U)? (7—7 C? g) e R1+2d'
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6.2.1 On-diagonal bound

The on-diagonal upper bound follows from Proposition 5.1.

Theorem 6.4 (Nash Upper Bound). Let x,v,(,6 € RY and 0 < 79 < t < T. Let
J(t,z,v;71,(,&) be the fundamental solution of (1.13) with a non-negative kernel K
satisfying (1.26)-(1.28). Then there exists C' > 0 depending on s,d, \g, Ao such that

2d(1+s)

J(t,2,0;70,(,§) <Ot —70)" 2. (6.8)

Proof. Since (t,z,v) — J(t,x,v;7,(, &) solves (1.13), we find by Proposition 5.1 with
z=(t,x,v), r* = }(t — 1) and R = 2r

J<t) x,V;To, C: 5) S Su(p) J(7 55 70, C: 5)

< Ot — ) / J(5, 9,070, €, €) ds dy duw
27‘

t
<C(t—m)” -2 / 2/2dsz,w;To,C,§)dsdydw
r2s JR

2d(14s)

< C(t — 7'0) 2s

The last inequality follows by using (6.1). O

As a consequence of (6.8) and (6.1) we get for every 0 < 75 < 0 < T and (,£ € R?

=

(/ J2 (0,2, v:70,C, &) da dv) < Ofo — 1)~ 57, (6.9)
R2d

[

and due to (6.2) also for every x,v € R?

[N

d(1+s)

(/ J%a,x,v;m,(,{)d(dﬁ) <Clo—1)" = . (6.10)
R2d

6.2.2 Off-diagonal bound

In this section, we derive an off-diagonal bound on the fundamental solution.

Theorem 6.5 (Off-diagonal bound). Let J be the fundamental solution of (1.13) with
a non-negative kernel K satisfying (1.26)-(1.28). Then there exists C' > 0 depending on
d, \o, Ao, s such that for every 0 < p, 0 <19 <o <T, x,v,yg, wy € R? with o — 19 < ﬂ’li,:
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there holds

1
2s 1 12 . .
J(J, Z,V;T0, Yo, wo) <C ((g _ TO)_id(Ql:r ) <k(p—> n p_g(a B To)i_%(;:>> ’

for

1 1
v = ZmaX{|U—w0’,’.T—y0—(U—Tg)w0‘1+25},

715§47.

with |o — 9

To prove Theorem 6.5, we use Aronson’s method: we construct a function H that

satisfies

[NIES

TH—i—/Rd [H%(v)—H (w)]QK(v,w)deO.

Testing (1.13) with the product of the solution and H then yields

sup At x,0)H(t,z,v)dedv < f*(70, z,v)H (70, z,v) do dv. (6.11)

te(to,0) J R24 R2d

The decay from the function H determines through this inequality (6.11) how quick

solutions increase inside a ball that lies outside the support of the initial data:

Theorem 6.6 (Aronson’s bound). Let 0 < 79 < 0 < T, 0 < p, v > 0 such that
% < v, and (yo,wo) € R?1. Let fo = f(m0) € L*(R?*?) be such that

lo — 79
f(to, x,v) =0, for max{\x — Yo — (0 — To)wolrl% v — wol} <.

Let f € L>((10,T) x R*) solve (1.13) in (10, T) x R** with a non-local operator whose
kernel is non-negative and satisfies (1.26), (1.32), (1.28). Then there exists k > 1, and
C > 0 depending on s,d, \g, Ay such that if o — 19 < % there holds

1_ v
2s 2 6p
_d(+s) s 1 d(14s)
|f(07y07w0)| S C (0__7—0) 2s (k( P )) _I—p (0_7_0)2 s ] HfOHLQ(Rm)'

g —1Tp

Before proving Theorem 6.6, we complete the proof of the off-diagonal bound in

Theorem 6.5 using Theorem 6.6 and the on-diagonal bounds in Theorem 6.4.

Proof of Theorem 6.5. Step 1: First consequence of Theorem 6.6.
Let 0 < p, and 0 < 19 < ¢ be such that 0 — 7y < %. Let v,&, 2, ¢ € RY Then we
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claim that for 0 < 7y < ¢t < o there holds

/ JQ(t7x7U;TO7<7£) dédf
RQd\QTYO (t,z,v)

1_~
_ 2d(1+s) 2s 2 or s 1 2d(1+s)
S O(t - 7-0) 2 <ﬁ> + P (t - T0)2 2, x,v € Rda
(6.12)
/ J2(t7$71};7—07<7€> dz dv
R2\Q! (70,¢,£)
2 %76%
_ 2d(1+s) p s ’ s 1 2d(1+s) d

< t— 2s _— t— 2 2s R

>~ O( 7-0) <k’(0'—7'0)> +p ( TO) ) C7§ € )
where

Q(t,,v) = {(¢,€) € R tmax {|C =2 = (¢ = ro)o| ™= , | =]} <7},
and similarly,

Q! (10,€,€) = {(2.v) € R* : max {Ja = ¢ = (ro = )¢ ™% ,Ju— €] } <}

To prove this, we first note
/ Jz(t,x,U;To,C,g) dCd§ = J2(t7y_ (t_TO)w7w;7—0a<a§) dgdg
Q7 (t,z,v) Q9(0,y,w)
Then we define
f(o,y0,wp) := / J (0,90, wo; 70, ¢, §)J(t,y — (t — To)w, w; 70, ¢, &) dC dE.
R24\QY (0,y,w)

This function f is a non-negative solution of (1.13) for 0 < 7y < ¢ < T with initial

condition

07 if (y07 wO) € Qg(()?yaw)a

f(T(]?yO’wO) = X 2d 0
J(ta y— (t - T())U), w; 7o, Yo, w0)7 if (y07 wO) eR \ Q'y(()? Y, w)7
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due to (6.3) and (6.2). Setting (o, yo, wo) = (t,y — (t — 70)w, w) yields by Theorem 6.6

/ J2(t7y - (t - TO)waw;T()aCa’f) dCdf
R24\Q9(0,y,w)
= f(o,y — (t — m0)w,

d(1+s)
< C(o — ) ( ( ) 1 foll £2 (gea)

1_ d(1+

w\H
%“P

2 (g2a)

0' — 7'0 2 2s (
1_ v
d(1+s) p* s
sClo—mn) > \ o= 1Tty — (t = To)w, wi T, -, )| 2 gao)
1 d(1+.s)
+p- (0‘—7’0) |J(t Yy — (t_TO)waw;TO7'7')||L2(R2d)
_2d(1+s) P2s %7677 —s 1_2d(+s)
SC(O‘—7'0> 2s m +p (0-_7—0)2 2

The last inequality follows from the on-diagonal bound (6.10). This yields the first

inequality in claim (6.12). Together with (6.2) this also yields the second inequality in

(6.12).
Step 2: Second consequence of Theorem 6. 6

Wefix0<7 <o <Tsuchthat o —p <2 ST " and x,v, Y, wo € RE. We consider

1 1
’y:Z—lmax{\v—wol,]x—yo—(U—To)w0\1+25}, (6.13)

% < 45. Then by (6.3)

and assume |0 — 7y

o—To , o—To , / /
J(a,x,v;To,yO,wg):/ J(a,x,v;a——2 v ) Jlo — 5 2 v o, Yo, wo ) da’ do
RQd

:/ . ...d:zc’dv'qL/(,_T0 odd’do .
R (0,z,v) | 5 2 (0,z,v)

J 2d\Q7 2 B
TV
=:Jo

=:Jq
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For J; we use (6.9) and (6.12) to get

J; < / . Jz(a,a:,v;a— U_To,a:’,v’> da’ dv’
R2\Q, 2 (0,z,0) 2

g — T
X / o—1g <]2 (U - 0;33/71)/;7'07,@077«00) dz’ dv’
RZd\Q’Y (07:671)) 2

1_
_ 2d(1+s) pQS Lo s 1 2d(1+s) _ 2d(1+s)
<C|(c—1) = (o —70) +p 2(c—1)t = J(oc—1) =

N|=

[N

o —To)
1_
 2d(1+s) p* Lo s 1 2d(14s)
SC (O'—TO) 2s m —|—p 2(0'—7-0)4 2s .
O'*TO

For J, we first note that for 2/,v" € Q42 (0,z,v) by choice of v in (6.13) either
0" — wo| = [v—wo| = [V —v] >4y =7 =17,
or
(49)"** = |z — yo — (0 — To)wy|

G e e T

— 1
< 71+2s+ @ — o — (o 270)@00 4 542372547'
S (1 + 21—}—45)71—1—25 + l'/ — Yo — (U _2 7_0) wo!

o—T10

since 2’ € Q4 ? (0,2,v) and by choice of v in (6.13), so that

1
1+4+2s

(0 — T) > (41+25 _ (1 + 21+4s))ﬁ,}/ > .

2

/
x'—yo — wo

In other words, Q% 0,z,v) C R* QPTTO 0, 40, wo) so that again by (6.9) and (6.12
v gl
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we get

o—T
Jy < / - J? <a,x,v; o— O,x’,v’) da’ dv’
R24\Q, 2 (0.y0.wo) 2
o —T
X / o—10 J2 g — 0755,7”/;70,907100 dz’ do’
E20\Q, 2 (0.40.0) 2

1_
_2d(1+s) p** e 1_2d(1+s) _2a149)
< C (0’ — 7'0) 4s k-<— +p 2 (0’ — 7'0)4 4s (0‘ — 7'0) 4s

o —1To)

1
_ 2d(1+s) p23 Lo s 1 2d(1+s)
sCllo=—n) o= +p (o —m)i

which proves Theorem 6.5. O

N[

D=

It remains to establish Aronson’s method.

6.2.3 Aronson’s method

The proof of Theorem 6.6 relies on Aronson’s method: we aim to construct a suitable
function H to derive (6.11).

6.2.3.1 Decay relation

We aim to define a function that satisfies for some p > 0 and for some constant ¢ > 0

TH(v) +C/B " [H%(v) — Hé(w)]Q[K(v,w) + K(w,v)] dw < 0. (6.14)

Then we can derive the following statement.

Proposition 6.1. Let 0 < 70 < 0 < T and 0 < p. Let f € L>((10,T) x R*®) solve
(1.13) in (19, T) x R* with a non-local operator whose kernel is non-negative and satisfies
(1.32), (1.28). Then for every bounded function H : [ry,0] x R* — [0,00) such that
H2 e L?((10,0) x R%: H3(R?)) satisfies (6.14) in (1o,0) X R*!, there ezists a constant
C' = C(Ag, s,d) such that

sup fQ(t, z,v)H(t,z,v)dxdv < f2<7'0,l’, v)H (19, x,v) dz dv
te(ro,0) JR2d R2d (615)
_o9s 2
+ Cp ? ||HHL°°([TO,0]><R2‘1) HfHLQ([TO,O']XRQd) :
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Proof of Proposition 6.1. For R > max{2,2p + 1} we consider pr € C*(R?*?) with 0 <
¢r < 1 such that ¢ = 1 for (x,v) € Bg_1)1+2s X By and pr = 0 for (z,v) outside
Bpi+2s X Bp, with bounded derivatives and such that |v - pg| ~ R725. We test (1.13) with
fHp% where H satisfies (6.14) over [1p, 73] x R*® for 0 < 70 < 71 < 0 and get

0= /[]R TF(1HG) dz—/[

70,71] xR24

Lf ( ngﬁ%) dz.

Step 1: Transport operator.

First we integrate by parts the transport operator

[ () as
[T(),Tl]XRQd
1 277 2 |™ _ 2
= - f"Hep dx dv ffHorv - V,yprdz
2 R2d t=T0 [r0,71] < R2d
1
- / e} THdz (6.16)
2 [7‘0,7’1]><R2d
1 71
> —/ fPH% dxdv—CR_Qs/ fPHpRrdz
2 R2d t=T10 [.,.0 ,7—1} xR2d

1
— = / froRTHAdz.
2 [To,Tl]XRQd

Step 2: Non-local operator.

Now we deal with the non-local term. We write
/R (L) FHh v
5 [t = 0] (5 0) = () )] ) due
w5 [t [0 + (7R )] Ko ) du b
L ) = S GHAR) @K o) (6.17
~5 [ [ U= N[0 ~ () )] K ) du
e L) = ) (PHAR) ) w) dw e

= :Z'.loc + Itaila

where we used the divergence structure (1.28).
Step 2-i: Tail.
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First we note that the tail tends to zero as R — oo:

Trait —/ / )| (FHeE) (v)K (v, w) dw dv
Bar Rd\BQR

/B /Rd\B w)(fHeR) () K (v, w) dw dv (6.18)

< CAR™ 2 HHSORHLOQ ||f||L1(BR) ||f||L°°(]Rd\B2R) Q 0.

Step 2-1i: Symmetric not-too-non-local non-locality.
Second, to bound Zj,, from (6.17), we first distinguish the non-singular from the singular

part. We write

_ /B /B [F(w) = F@][(FHER) () = (FH) )] K (0,) duw do
[ [ 1) = s [N - (FHA) @] K@) pdude (619)
¥ /B T = s [(rHR) @) - (PHR) )] 1

) (v, W) X jv—w|<p dw dv

loc loc

Then, on the one hand, we crudely bound with (1.32)

me-[ [ I [(FHR) ) — (FHE) ()] K (0,100 o
/B /B Fw) (FHGR) () + F0)(FH ) (@0)] K (0,100 o
_/B . f2 (w) + f2(v) (ngé)(v) + (Hgo%)(w)]K(v,w)X‘v_wbp dw dv

<Op ™ |H| [ f0)do
Bar

(6.20)

On the other hand, to bound the singular part of Z,., we realise

[F0) = F()] [(FHE3) (@) = (FHoR) (w)]
= [(FHoR) ) — (FHEeR)@)] — F(0)7(w) [ (orHE) (@) — (prH) (w)]
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so that
2
loc / f QORH ) ( ) (@RH%) (w)] K(”? w)X\v—w|<p dv dw
Bagr J Bagr

2
-/ / (FHoR) () — (FHEon) ()] K (0.0) ) -pep dur
Bar J/ Bar
Now notice that for some ¢y > 1 there holds

F0) ) (orHE) (0) ~ (nHE) (w)]
< o[ () + ()] [(en(v) = en(w)* (H () + H(w))
+ ()~ Hw) (o) + ghw) .
Thus

Tige < /B : f(v goRHQ)() (soRﬂé)(w)]QK(v,w)Xv_w<pdvdw

Seo /B i [£2(0) + £2(w)] [er(v) — r(w)]’
)+H( )]K( )X\v—w|<pdwdv (621)

1 (0) — Hi(w)]
[SOR( ) + R (w )]K( V, W) X |y—w|<p dw dv

o IS(’O—FISH.

loc loc

We start with Z>7: we observe that ¢g(v) = pr(w) for w € B,(v) with v € Bri. Thus

loc

77 = /B /B . ) )+ /()] [pr(v) = pr(w)] [H(v) + H(w)] K (v,w) dw dv

/B \B /B mB()[fQ( v) + f2(w)] [pr(v) — pr(w)]’

T

x [H(v) + H(w)] K (v, w) dw dv
[£2(0) + F2(w)] [¢r(v) — gr(w)]’

‘/BQR\BRQ—I BQRQBP(U)
x [H(v) + H(w)] K (v, w) dw dv.

Since the integrand is bounded, we obtain as R — oo

7 — 0. (6.22)

loc
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We continue with If(f: due to (1.28), the integrand is symmetric, so that

= [ POIAO + @] [HE) - B w)] K dedo
2 Bsyr J Bag

/B 1/32 . v) v)[eh(v) + ph(w)] [Hé(v)—H%(w)]QK(v,w) dw dv

S
—
S
S~—
[

+/BQR\BR 1 /BQRnB,,(U) F2(0) [ph(v) + Ph(w)] [H%(v) — Hz(w)rl{(v,w) dw dv

_.7H decay H—error
Iloc z-loc

The first term encodes the localised decay of H. The second term tends to zero as R — oo,
as the integrand is bounded. Concretely, since pr(v) = ¢r(w) for any w € B,(v) and
UEB% it R>1+2p, we find

1 1 2
gz [ f (0)G) [H ) H ()] K (0, w0) dw
BR 1 BzRﬁBp(v
For the second term, we see that the integrand is bounded so that
2
VS 2/ / () [H%(v) - H%(w)] K(v,w)dwdv —— 0.
B2R\BR 1 BQRQBP( ) R—o0
Thus, as R — oo, we get
2
ri<i | [ PedG0[HE - Bw] Kewdd.  623)
R JB,
The combination of (6.19) with (6.20), (6.21), (6.22) and (6.23) yields as R — oo

Tioe <2 /]Rd/B . 2(v) [H%(v) - Hé(w)]Q[K(v,w) + K(w,v)] dwdv

—92s 2
+Cp || H]| 1 112y -

(6.24)

Therefore, by letting R — oo, we conclude from (6.17), (6.18), (6.24)

/Rd(/;f)fHdv
¢ 2(y 3(v) — %w2 v, W w,v)| dwdv 0.2
szo/Rd/B,,@f()[H() Hi ()] [K(0,0) + K(w,o)] dwdo— (6:25)
+ Cp™* (| H| oo ey 1 £ 1172y -

Step 3: Conclusion.
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We assemble the pieces. Equation (6.16) implies

1 1
5 o fQ(Tla xz, U)H(Tla xz, U)SO?% dr dv S 5 o f2(7-07 xz, U)H(T()) z, U)(,D%{ dzdv
+CR™ [ PEHEA ) d:
[To,Tl}XRQd
s PEAETHE
[7‘()77'1]><R2d

s (ENEIE )
[70,m1] xR24

which as R — oo yields together with (6.25)

1
— fQ(Tl,CC,U)H(Tl,JZ,U) dz dv
2 R2d
1
< = f*(70, 2,v)H (10, 7, v) dx dv +/ fA(2)TH(2)dz
2 R2d [TO,Tl]XRZd
2
+ 200/ / 2 (v) [H%(v) - H%(w)} (K (v,w) + K(w,v)] dwdv
Re J By (v)
+Cp [ H| 1o HinZ([m,n}xR?d)
1 —4ZS8
< - f2 (70, 2, v)H (9, 2, v) dz dv + Cp ™ | H|| ||f||iz([m ] xR2d)
2 R2d ’

since by construction H satisfies (6.14) with ¢ = 2¢y. This concludes the proof of
Proposition 6.1. O
6.2.3.2 Construction of H.

In this section, we construct a function H that satisfies (6.14).

Lemma 6.1. Let yo,wy € RY. Let 0 < p and 0 < 179 < 0. Let k > 1 be such that
o—1y < ’jli,:. For (t,z,v) € |19, 0] x R*, we define 6(t) := 2(c — 79) — (t — 70) and

2s

1
H(t, v U) — e_ max {1,% max (|v—w0|,\z—yo—(0'+t—2‘ro)wo\ 1+25) } log (k%(t)) ‘ (626)

Then there exist a constant C; > 0 depending only on s, d, Ao, Ao such that, if k > C, then
H satisfies (6.14), where K is a non-negative kernel satisfying (1.32), (1.28).

Proof. We verify that H satisfies (6.14) by a case distinction.
i. For (t,z,v) such that |[v —wg| < 2p and |z —yo — (0 + 1 — 27’0)wo|ﬁ < 3p: then

k(1)
p23

H(t,z,v) =

)
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11.

iii.

so that )
OH=——, v V,H=0, LH7=0.
p S
Thus for any k& > 0 (6.14) is satisfied.

For (¢, x,v) such that |[v —wy| < 2p and |z —yo — (0 +t — 27’0)w0|ﬁ > 3p. Then

1
_ le—yg—(o+t—27g)wq| 1+25 log ( p3s )

H(t,x,v) =€ 30 IOV

so that

and
TH(t,z,v)

2s

1
Sp(1 1 25) O (k(S(t)

) lz —yo— (0 +t— 270)w0|—}f§§

X (x —yo— (0 +1t—21)wp) - (v —wp)

|z —yo— (0 +1t— 270)w0|ﬁ

]H(t,a:,v)

* 300(1)
[ 2s o — _ ﬁ 2s
p o 1 | _lz—wo—(o+t—2mg)wgl log ()

< C 3 20) — —— 3 IE)
< 3pk5(t)( p)7(2p) M)le

! 1| _lemwomtost—2mug 2 lo ( P )
<(C|— — — 3p E\®@ /) < ()
="\ k(1) 5(75)] ‘ =Y

for any k£ > 1. We used the bounds |v — wy| < 2p, |z —yo — (0 + — 27’0)woyﬁ > 3p,
and the fact that loga < a for a > 0.

For (t,z,v) such that 2p < |[v —wy| < 3p and |z —yy — (0 +t — QTO)wOITIQS < 3p.

Then
ko(t)
p28 ?

H(t,x,v) =

but for w € B,(v) it might happen that |w — wy| > 3p, in which case

p%s ko(t
H(t,x,w) — 6—317|w_w0|10g (175) < 2( ) — H(t,:c,v),
p%s
with . 0 ( ) ( , )
1 _ p "\ (w —wo — L lw—wo|log e
Vo HE(tz,w) = ——1 (—)— G w).,
(2, w) 6p &\ ks |w—w0|e ’

We fix vg € B,(v) with |vg — wg| = 3p such that for every w € R?\ Bs,(wy) there holds
lvo — w| < 2|v —w|. As Kassmann-Weidner [129] point out, this works for example if
vy € OB3,(wp) so that vy minimises dist(v, R?\ Bs,(wp)). Then B,(v) C Ba,(vp) and
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H(t,x,v9) = H(t,x,v). Note that

N

2 2
‘H%(t,x,vo)—H (t,:v,w)‘ S‘VUH%(t,:B,UO)‘ |vo—w2

since

sup VUH%(t,:B,w)‘ = ’VUH%(t, x,vo)‘ ,  for vy € 0Bs,(wy).
wGRd\ng(wo)

Therefore, using the upper bound (1.32) and |vy — wo| = 3p, as well as loga < a'/?,

we get
L H?(v) = /B . (H%(v) - H%(w>)2 (K (v, w) + K (w,v)) dw

- / (H%(v) _H
Bﬂ(“)\B3p(w0)

1 1 2
<9 / (8 () — 5 ) K (vp, ) du
BP(U)\B3P(U}U)

D=

(w)>2 (K(v,w) + K(w,v)) dw

(6.27)

L 2
<C VvHi(vo)’ lvo — w]* K (vo, w) dw
Bp(”)\B?’p(wO)
B 1 P2s 2 T (p2s)
<C 2—2s 1 (_) 3p|vo wol log | &5
= =P 56 (Og k)) €

we thus find
TH+L,H? <0

for k > ¢;.

iv. For (¢,z,v) such that 2p < |[v —wy| < 3p and |z — yy — (0+t—27‘0)w0|ﬁ > 3p.

Then

1
_ lz—yg—(o+t—270)wqg| TF2s log ( p2* )

H(t,z,v) =e¢ 3p ,

but for w € B,(v) it might happen that |w — wo| > |z —yo — (0 +t — 270)w0|T125 >

3p, in which case

2¢
P

1
— og —yo—(o+t— T+2s
(t x w) e #‘w w0|1 (kg(z) lz—yg—(o+t—270)wol 51
H , L, =

) <e 3 s (5m) — H(t,z,v).
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Similar to before, we fix vy € B,(v) with |vg —wo| = |z —yo — (0 + 1 — 270)w0|rl‘28

such that for every w € R?\ B 1 (wp) it holds |vg — w| < 2 |v — w].
|z—yo— (o+t—270)wp| (1+25)
For instance, we choose vy € 0B 1 (wp) so that vy minimises the
|m—y0—(o+t—27-0)w0| (142s)
distance between v and

d _
R \BI . zro)wo\ 1+125>( wp). Then B,(v) C Byy(vo) and H(t,z,vo) = H(t,z,v).

If we denote by Q := B,(v)\ B (wp), then we find similar to before

1
|z—yo— (o +t—270)wp| (1+25)

[N
N

L Hb () = /B ) (i)~ Hiw)) (K(v.w) + K(w,v)) du
= /Q (H%(v) - Hé(w)>2 (K(v,w) + K(w,v)) dw

2
< ‘VUH%(U())’ /|vo—w|2K(vo,w)dw

2s 2 25
C 2—2s 1 (p ) 73i|:1:7y0 (o+t— 27'0)1110|1+2S 10g( )
3602 <Og ww)) <
=: ¢y 1 e—ﬁ\x—yo—(ﬁ-t—?m)wdﬁ10g (%)7
k(D)

for ¢y independent of k, p, §(t). Finally, using loga < a for a > 0

TH(t, z,v)

2s Las

1 p
_ 1 _ t— 2 1+29
3p(1+2s) ° <k6(t)) £ = b0 = (o +1 = 2mo)wol

X (x —yo— (0 +1—21)wp) - (v —wp)

|z —yo— (0 +1t— 270)w0|ﬁ

H(t
+ 3p(5(t> ] ( ) ZE, U)

1 p25 p 1 _|w*y()*<0+t*270)w0\1+% 1 ( 028 )
< (Cl—1 ( >——— 3p 8 \%5®
=713 % \ka(t) 6(15)] ‘

1 1 7\z*yo*(0+t*2fo)wmﬁ log ( p2s )
= —_— — — 3p k(1) ) |
“ [6<t>k 5@)] ’

Thus TH + E,,H% <0, for k > ¢y + c3.

v. For (t,z,v) such that 3p < |v — wp| and either |z —yy — (0 +t — 27’0)w0|ﬁ < 3p or
3p<|lr—yo—(oc+t— 27'0)w0|ﬁ < |v — wp|: Then

U —w, 2
H(t,z,v) = e g (575

272



and
2s

TH(t,ZL’,U) — _|’U — w0|6_‘”§7;“0|10g(k%(t)> S _ie_%log(kff(;)

300(1) 3(t) ’

for some ¢4 > 0 independent of k, §(t), p. Moreover, again as before, using the fact

that |w — wg| > |v — we| — p we get

L, H?(v) = /B . (H%(v) - Hé(w))2 (K (v, w) + K (w,v)) dw

V. Hz(v)

< sup
v'€Bp(v)

2/ v —w|? K (v, w) dw
BP(U)

pQS 2 1
| llog (kcs(t))] o

2 1
|U7w0‘ p25 25 2s 3 1
< Cp* 2 30 bg(ka(t)) 1 P A
=G \ ko0 ) | \ 0@ ) G

_|U—w | ( 2s
G5~ log &)

k() ’

2

_lv—wgl=p S
< Cp* e 3 8 (5

<

for some ¢; > 0 independent of k, p,d(¢). Thus

2s

bl ] ()
2 < | —— < 3p ko(t) ) <
TH+ L,H? < { 6(t)+k5(t)}e <0,

for k > &.
Cq

vi. For (¢,z,v) such that 3p < |v —wg| < |z —yo — (0 +t — 270)w0|ﬁ. Then

1
_ lz—yg—(ott—2mg)wq| 1725 ,

H(t,z,v):=e 30 s (#7)
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and

TH(t,z,v)

1 p2s itas
o (LN r—yo— (04t —2 e
3p(1+2s) ° (ké(t)) [# = yo = (7 41 = 2mo )yl

X (x —yo— (0 +1t—21)wp) - (v —wp)
1
|I‘ — Yo — (O' +1— 27'0)11}0’@
Hi(t
" 3p0(0) (t,z.v)

el ek 270)w0|r125 _/’28 [z —yo— (0 +1— 2To)wo\1%i

<
=¢ po(t) k

<C

|z —yo— (0 +t— 27'0)w0|ﬁ 1 ef\z*yO*(Uth*?To)wmﬁ tog (
po(t) k

1
,szyo*<0+tg2‘ro)wo\1+25 log( p2s )
P

1 1
fclm‘me

1
1 1 _ lz—yg—(o+t—279)wqg| 1+25 1 ( 023 )
= - 3 8 \%s) /)
0 lé(t)k 5(75)] ‘ ’

—1|H(t,z,v)

The last inequality uses k > 1. Moreover, using loga < a'/? we denote by

Q.= BP(U) \ B|z—yo—(a+t—27'o)w0\1/(1+25> <w0)7

and we again take vy € 0B 1/a+29) (W), so that

|3:7y07(cr+t727—0)w0|

L H?(v) = /Q (H%@) - H%(w)>2 (K (v,w) + K(w,v)) dw
< P |V ()|

2s

2 1
1\2 _le—yo—(o+t—2rg)wg| TH25
<C 2—2s 1 ( Y ) ( ) _ =
=0 [Og ko(t) 6p) €

1
1 _lz—wo—(o+t=2m)wg| TF25 | ( p2* )
<C—=e¢ 3 g
= k(1)
1 _\:c—yo—(a+t—270)w0|ﬁ log( 028 )

w0 v

= C7
Thus, for (6.14) to hold in this case, we need k > .

Overall, we conclude the proof upon choosing

Cs Cr
k>max<1,¢c,c0+c3,—,— ¢,
Cq Cg
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where ¢; > 0 for i = 1,...,7 are constants independent of p and §(t). O

6.2.3.3 Proof of Aronson’s bound

The existence of a function satisfying (6.14) given by Lemma 6.1 combined with Proposition

6.1 implies Theorem 6.6.

Proof of Theorem 6.6. Step 1: Bounds on H.
We recall the definition of H from (6.26): for 6(t) = 2(0 —79) — (t — 79) we have defined

1 2s
H(t . v) - 6— max {1,% max (|v—wo\,|:c—y()—(a+t—270)w0| 1+23> } log (k%(t))
[t} - .

Step 1-(i): The lower bound. For

(t,x,v) € [19,0] X Bpyras(yo + (0 4+t — 279)wp) X Bapy(wy)

p2s -t p2s -1
H(t,z,v) > (W(t)) > (M) : (6.28)

We used 6(t) >0 — 19 and 0 — 79 < %.

Step 1-(ii): The upper bound. For t = 15 and (z,v) such that

we find

1
max { |z — yo — (0 — To)wo| F= , [ — wo| } >~

we find
i Y

p2$ 3 p25 D
H(m,z,v) < (k‘é(Tg)) < (m) . (6.29)

2s
We used 0 — 1y < ik.

Step 1-(iii): The general upper bound. Note that for (¢, z,v) € 1, 0] x R?*? we have

p25 -1 p25 -1
H < < | = . :
R U=l B Ty (6.30)
Step 2: Assembly.

For fixed (yo,wo) € R? we denote

Q(Q)p(t7y07w0) := Bapyr+2s (Yo + (0 4+t — 2m0)wp) X Ba,(wo),
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to obtain with Proposition 6.1, (6.29) and (6.30)

te(10,0)

sup / f2(t, 2, v)H(t,z,v)dr dv
Q3 (t.yo,wo)

< sup At z,v)H(t, z,v)drdv

te(r0,0) J R2d

< / (70, z,v)H (79, z,v) do dv
R24\Q9 (70,y0,w0)

— 925 2
+ Cp ? ||H||L°°([T0,U}><R2d) ||f||L2([TO,0']><R2d)
2
2s 2s

_3p —1
p 2 —2s P 2
: <m> Ul + O™ (gt ) Wi

This implies due to (6.28)

sup / fA(t, z,v)do dv
Q(Q)p (tzyo’wo)

te(10,0)
5

p25 p2s D 9
< 2(R2
~ \ k(o —m) 2k(c — 1) I follzgaa)

p25 p2s -1 ) 9
C o 2 2
+ k(O'—To) (2]{?(0'—7'0)) P HfHL ([10,0] xR24)

1—X

2s 3p
_r 2 —2s 2
< (k(O' — 7_0)) HfUHLQ(]RQd) +Cp HfHLQ([TO’U}X]RQd) .

Since we assume that (1.13) admits a fundamental solution, we estimate with Young’s

convolution inequality and with (6.1)

2 2 2 2
1 22,01 xm2a) < [1fo %0 I 72y 07xm2ay < (0 = T0) [1follz2geay ([ |70 (ry 0,12 20

2
= (U - 7_0) ||f0||L2(R2d) )

so that
sup / f2(t, x,v) dz dv
9, (t:y0,wo)

te(10,0)
e 1-5 (6.31)
—92s 2
< [(m) +p (0 —7'0)] 1 follz2(rea) -
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Then using Proposition 5.1 with r?% = 25 R = 2r for p > r and (6.31)

22s

|f(07 Yo, U)())|2

< sup  f?
QT(U,yOwa)

< C,r(2d(1+8)+28)/ f2 dz
Q2r(0,y0,w0)

< O~ (d(1+9)+25)+2s Sup / fg(t,x,v) dx dv
gp(tvyO:UJO)

te(10,0)
-
_ 2d(1+s) p25 3p ) o | 2d(14s) 9
<Clo—m) = Wo =) [ follz2@zay + (0 = 70) 2 [ follz2(reay -
This concludes the proof of Theorem 6.6. O]

6.2.4 Proof of the polynomial decay

With Theorem 6.4 and Theorem 6.5 at hand, we use standard methods to derive the decay

on the fundamental solution.

Proof of Theorem 6.1. Due to the on-diagonal bounds (6.8), it suffices to consider (o —

2s
o
70) < Z-. We choose

v (1 2d(14s)+2s\ "
=L (= . 32
P~ 12 (4 N 2 (6:32)
Then the off-diagonal bounds from Theorem 6.5 yield
J(O-a Z,V;To, Yo, UJU)
1 —(2d(1+4s)+2s)
< (o — Tg)(HlaX {|v —wol, |z —yo— (6 — 1) (v — wp)| % })
+ (0 — TO)%’zdng) (max {]v —wol, | —yo— (0 —70)(v — wo)\ﬁ})_E ,
which concludes the proof of Theorem 6.1. n

Proof of Theorem 6.3. Again, due to the on-diagonal bounds (6.8), it suffices to consider
(0 —m) < Zil:. Due to (6.5), it suffices to use Aronson’s method on J,. In particular, the
term arising from the non-singular part in Proposition 6.1 vanishes, that is Z;° = 0 in
(6.19). This implies that in Theorem 6.6 only the first term on the right hand side remains,

from which we deduce Theorem 6.5 on .J, with an improved right hand side:

2d(1+s) P2S " w
Jp(0,$,U§Tan0aw0) S O(O-_TO)_T m ‘
— 10
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2s

If we choose p as above in (6.32) then together with (6.5) this yields for (o —79) < &

J<U7 Z,V; 7o, Yo, wO)

L1y N\ —(2d(145)+2s)
< (00— To)max{|v —wol, | —yo — (0 —70) (v — wo)]1+2$})

~Y Y

which concludes the proof of Theorem 6.3. n

6.3 Lower bound on the fundamental solution

6.3.1 Pointwise Harnack inequality

Theorem 6.7. Let f solve (1.13) in [0,T] x R?? for a non-negative kernel satisfying
(1.26)-(1.28) and for zero source h = 0. Consider (19, yo, wo) € [0, T] x R** and (t,z,v) €
[70, T] x R, Then there exists a constant C' depending on s,d, \o, Ag and T such that

+

\x—yo—(t—To)wtﬂQSJr v — wol* t
(t — 7o) 4> t—1o T

f (70, yo, wo) < f(t,2,0) expC{

Proof. We consider the set of all cylinders Q, = [0, 0%%] X By1+2s X B, for o := min {1, T2 }
We fix (11,91, w;) € [0,T] x R*?. We consider some sufficiently small r < o, so that

—r® <t — 7 < 3%, |z —y — (t —7)wn| < (12r)'F% v —wy| < 12r,

is contained in (),. Then by the strong Harnack inequality, Theorem 5.1, there exists a

constant C' > 0 depending on s, d, A\g, Ag such that

f(r,y1,w1) < Cf(m + 3r*, z,0),

for
T 1+2s r
[z —y1 — (t — 1w < (5) , v—w1|<§.
Equivalently, we can rewrite
f(7-17 Y1, U)1> < Cf(t,.%, U)a (633>
for
0<t—7 <3 |z — —(15—7')11}|%<t_7_1 v —w|* t=n (6.34)
1 J Y1 1)W1 3. 925" 1 3.92s°
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We connect (t,z,v) and (79, Yo, wo) by a path. Let N > 1 and consider (t”,z",v") given by

1+s

v VN s
t'=10+—=({t—70), x=1yo+ (t—To)wo+ (—) (x—yg— (t—To)wo),
N N
1
Vs

v’ = wy + (N) (v — wp).

Moreover, for each v = 0,..., N, the cylinder
—r? <t — Y < 3, |z — 2¥ — (t —t")0”| < (12r)'F°, v —v”| < 12r,

is then contained in @, if

< To. (6.35)
Thus by (6.33) there holds

f@, 22, 0") < Of( ot o th), v=0,...,N—1, (6.36)

if (¢ vt o) satisfies (6.34) for each v =0,..., N — 1, that is

t -
0< ty+1 -tV = NTO S 37"287

2s 1 S t—
’:UV+1 Y — (tu+1 _ tl/)vv‘ 42 " |.1' —y — (t _ TO)wO’ 1i25 < —7—01
N 1+2s 3. 922s Ni+zs
+1 2s 1 2s t_ TO
‘/UV —/UV} S m|v—w0| < 3.225N‘

, (6.37)

We choose N as the smallest integer satisfying

N > t__TO7 N > t_TO’
B 30’28 - 37’0
1425 |$—yo—(t—7'0)w0\28’ N23_225|U—w0|28
(t — T())H_QS t— T0

N > (3-2%)

Then 72 < 0%, (6.35) and (6.37) are satisfied. Iterating (6.36) yields

f(TOa Yo, ’wo)
< CNf(t,w,v) =¥ N f(t, z,0)

|z —yo — (t—T0>w0|25 |v—w0|25 t— 7o
< f(t,z,v)expC + +

(t — 79)tt2s t— 19 min{o?*, 7}

(6.38)

for a constant depending on s, d, \g, Ag. Using that (t;TTO) + % < f—o + % we can also
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rephrase this estimate as

e —yo — (t—To)wOIQS ]v—wo\% t
f(Tan()awO) §f(t,x,v)eXpC' + + — 5

(t —70)'+? t— 7o 70

for a constant C’ depending on 7. O

6.3.2 Sufficient condition for the exponential lower bound

Theorem 6.8. Let [ be a non-negative weak solution of (1.13) in [0, T] x R? with (1.26)-
(1.28) that is essentially bounded almost everywhere. Suppose that for some o > 0 there
holds

M = inf

2s
0<t<T /max{|:r T+2s ,\v\23}<at

Then there exists constants Cy,Cy > 0 such that

2s 2s
_2d(1+s) || |v]
flt,x,v) > Cit™ 2 exp (—Cg (t1+2s + T)) )

The constant Cy depends on s, d, o, T, Ao, Ag and M, whereas Cs depends only on s,d, T, Ny, Ag.

f(t,x,v)dxdv > 0. (6.39)

Remark 6.3. To draw a connection to the literature on hypoelliptic lower bounds, there has
been a result discussing Gaussian lower bounds for solutions to the Boltzmann equation
by Imbert-Mouhot-Silvestre in [120]. The authors show that for any ¢ € [0, 7] there exists

a(t),b(t) > 0 such that any non-negative solution of the Boltzmann equation satisfies

2

f(t,2,0) > a(t)e O

We explicitly give expressions for a and b, however, we are only able to treat symmetric
kernels due to the tail bound of Section 5.3.

Proof. Consider y,w € R? such that max{|y|% , |w|28} < at. Then by (6.38) from
Theorem 6.7 there holds

F(t/4,y,w) < f(t/2,0,0)eC@ 7 Fatl), (6.40)

Now notice that the measure

2d(1+s)

H(y,w) c R* max{|y|% : |w|25} < atH S AT

Thus, on the one hand, integrating (6.40) over {(y,w) € R?? : max {\yll% : |w|25} < at}
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yields due to (6.39)

2d(1+s)

f(t/2,0,0) > Ct™ 2 e t/4,y,w)dydw

— p
2s
{(y,w)ERQd:max{ ly| T+2s 7|w|25}<ozt}

_2d(1+s) 1425
> O Mt n e Cla +a+1)

On the other hand, again applying Theorem 6.7, we find

2s
f(t/anaO) Sf(t,x,v)exp{(] (m*"m—i‘l)},

so that overall we obtained

2s 2s
_2d(1+s) |I| ‘U’
= @m{_o(ﬂﬂf*if)}

6.3.3 Proof of Theorem 6.2

Proof of Theorem 6.2. Fix (7o, yo, wo) € [0,T] x R?*¢ and let 0 < 75 < o < T'. Consider for

71 < o and for some « large enough the function

[y, w) = M J(o,x,v;11,y1, w) do dv,

2s
max{ |z—yo—(o—70)wo| 1725 ,Jv—wq \28 } <a(oc—m0)

where M > 1 is some constant such that f(7,y1,w;) < M for (11,91, w1) € [0, 0] x R*.
Due to the divergence form symmetry (1.28), the non-local operator (1.14) is self-
adjoint, so that f is a solution to the adjoint of (1.13) for (71, y1,w;) € [0,0) x R* with

initial values
_2s s
F(@,yn,w1) = M, i max { |y = yo — (0 = 7o) 75 Juwn — wol* } < alo = ),
. _2s s
Floyw) =0, if max{Jy = yo = (0 = 1o 75, uy — wol* } > a0 = 7).

If we set

~ f(r,ynwy), ifm <o,
f<717y17w1> =
M, if 1 > o,

then f is a non-negative super-solution of the adjoint of (1.13) in [0, co) x R?? since f < M

for (71, y1,w;) € [0,00) x R? so that for 7 > o
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By the weak Harnack inequality, Theorem 1.1, we find for any ¢ > 0 sufficiently small
(such that the gap between 75 and o — ¢ is sufficiently large)

J(o,x,v; 70, Yo, wo) dz dv

2s
/rnax{|xyo(gro)wo|ﬁ+ s ,|v7w0|28}<a(077—0)

= f(70, Yo, wo) = JE(To,ymwo)

o+d ~
> C / / f<<7'/, y/7w/) dy/ dw/ dT,
o— max \y —yo— (7’ 70)w0|1_7 |w’ wo|23}<a(a 70)

>0,

=

where C' depends only on d, s, \g, Ag. The last inequality follows due to the fact that
f(o,90,we) = M. Then by Theorem 6.8 we get since M > 1

2s 2s
J(O-7xvv;7—07y07w0> Z C(O'—T0>7d<1j5) exp {_C (lx Yo (U TO)w0| + |U w0| > } .

(o —T)l+2s o— T

]

6.4 Linearised Boltzmann

We end this article with a short remark on how to adapt Aronson’s method for non-local
hypoelliptic equations in divergence form to the case of more general kernels that satisfy

the ellipticity assumptions (1.26)-(5.43) inspired from the Boltzmann collision kernel.

6.4.1 Results

As a consequence of Theorem 1.4, we derive polynomial upper and exponential lower
bounds on the fundamental solution of (1.11) with coefficients K}, and Ay, given by (1.9)
and (1.12), respectively, for a fixed function h > 0 that satisfies (1.20). Recall that we
denote by J the fundamental solution of (1.11) linearised around a fixed function h,

connecting a given point (¢, z,v) € R+ with (7,9, w) € R1*%  as
Jt,z, vy, w)=Jt—T,x—y— (t— 17w, v —w) =: J((T,y,w)_1 o (t,x,v)),

where o denotes the Galilean translation, that is (to, zo,vo) o (t,x,v) = (to + t, 20 + x +
tvg, vo + v). We derive polynomial upper bounds in Theorem 1.5 and exponential lower
bounds in Theorem 1.6. These are sub-optimal in space and velocity, however the

temporal decay is optimal.
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6.4.2 On the polynomial upper bounds

The proof method remains the same as Section 6.2. The on-diagonal bound, Theorem
6.4, follows by Proposition 5.4. The off-diagonal bound, Theorem 6.5 follows, if we are
able to derive Aronson’s bound in Proposition 6.1 without using the divergence form
symmetry of the kernel of the non-local operator. This is contained in Proposition 6.2
below, which is the weak divergence-form analogue of Proposition 6.1. Once we have
established Proposition 6.2 and constructed a decay function H satisfying Aronson’s
condition (6.41), the proof of Theorem 1.5 carries over almost verbally from the proof of
Theorem 6.1.

We aim to define a function that satisfies for some p > 0

TH(v)+ 1/ [H(w) — H(v)] Ky(w,v) dw
ij (f)ﬂ(”) (6.41)
+ 5 /Rd [K¢(v,w) — K¢(w,v)] dw < 0.

Then we can derive the following statement.

Proposition 6.2 (Aronson’s auxiliary proposition for Boltzmann). Let 0 <19 <o < T
and 0 < p. Let f € L*((10,T) x R*) solve (1.16) in (79, T) x R** with a non-local
operator whose kernel is non-negative and satisfies (1.32), (1.29), (1.30). Then for every
bounded function H : [19,0] x R* — [0,00) such that Hz € L?((,0) x R%; H(RY)) and
D,H,D?*H € L?*((19,0) x R% L>°(RY)), and, moreover, satisfying (6.14) in (10,0) x R??,
there exists a constant C'= C(\, A, s,d) such that

sup f2(t,x,v)H(t,:p,v) drdo < fQ(TO,QT,U)H(TO,CL’,U) dz dv

te(ro,0) J R2d R2d

—92s 2
+ Cp ? ||H||L°°([TO,O'}XR2‘1) ||f||L2([Tg,a]XR2’1) :

Proof of Proposition 6.2. For R > max{2,2p + 1} we consider pr € C*(R?*?) with 0 <
¢r < 1 such that ¢ = 1 for (x,v) € Bg_1y1+2s X Br_y and pr = 0 for (z,v) outside
Bpi+2s X Bp, with bounded derivatives and such that |v - pg| ~ R72%. We test (1.16) with
fHp% where H satisfies (6.41) over [19, 73] x R* for 0 < 79 < 71 < 0 and get

/ T1(rHe) az
[10,71] xR2d
:/[m s (f(w) = f(0)Ky(v,w) (ngp%) (v) dwdz
e g ([0 - Kyt an) 0

Step 1: Transport operator.
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First we integrate by parts the transport operator

[ T
[10,71] x R2d
1 277, 2™ 2
=3 fPHe3|  daxdo— J"Hoppv - Vyppdz
R2d t=T10 [r0,71] xR24
1
2 /[ | xR2d fQSO%TH dz (6.42)
70,71
1 T
>5[ PHE " drdv— CR® FPHprdz
R2d t=T1o [T0,71] xR2¢

- / fPeRTH dz.
2 [Tg,Tl]XRQd

Step 2: Non-local operator.

Now we deal with the non-local term. We write

/ (Lf)fH% dv
o o ¢ V) K (v, w) (sto%) (v) dw dv

+/ (f*Heg) (v )(/Rd (K (v, w) — K (w, v)) dw) do

/BQR /BQR fH(PR)< ) — (stD?z)(w)]Kf(v,w) dw dv
/Bm /Bm (w) = f(v fH(PR)( )+ (fHSD?%)(w)}Kf(U,w) duw do

+ [ (e ( / (K)o ) )

/BZR /Rd\BQR (w) = f()] (fHep) (v) Ky (v, w) dwdv.

Then we note that

[Fw) = F@) [ (fHER) () + (FHER) (w)]
= [f(w) + F@)] [(fHER) (@) = (FHER) (w)]
—2f(v)(fHeR) (v) + 2f (w) (fHeR) (w),

and moreover, by Young’s inequality

Flw) |(FHR) ) = (FHeE) (w)]
< 3 P2)[(HG) ) ~ (Heh) ()] + 3 F20) (Heh) (0) — 5 7 (w) (Hh) w).
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Thus
/R (L) fHGR v < % /B AT (HoR) (0) = (Hih) ()] K (v, w) du v
vy [ [P - AN 0] K ava
/ (FHe}) (v )(/R (Kf(v,w) — Ky(w,v)) dw) dv
e T = P (AR )R )

2o, f2<“>[(H90R)<w>—(Hsoé)@)}fq(w,mdm (6.43)

<
-2

5[] PHAW ) )] dwar
/ (fPHeR) (v )(/R (K¢(v,w) — K¢(w,v)) dw) dv
e ) = ) W o)

— :Z'ZI;VC +Is/€ew +Iskew +Itail-

loc nonloc

First we note that the last integral in (6.43) tends to zero as R — oo:

Tua= [ [ 10 = @) (FHAN 0Ky, w) e

(6.44)
< CAR™* HHSO??,HLOO ||f||L1(BR) ||f||L°°(]Rd\BzR) o 0.
Second, we distinguish the singular from the non-singular part to bound Z;7,. We have
1
=5 [ PO[ER W - HR) O] K w0 dwde
e o an (6.45)
/ / cdwdv + = / / Cdwdv = T+ T
BQR BQRQBP(’U BQR BQR\BP(U
Then we bound the non-singular part using (1.32)
= ) [(HeR) @) — (Heh) )] £ w,0) dw o

Bar J B2r\Bp (v (6.46)

S Cp_2s ||H<)0R||L°°(B2R) Hf||L2(B2R) :

For the singular part, we observe that pr(v) = pr(w) for any w € B,(v) and v € Bra if
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R > 1+ 2p, so that we further split

=5 P - () 0] K dway

B % /BRz_l /BzRﬁBp(v) fQ(U)SD%(U) [H(w) B H(U)} Kf(w’ v> duwdv <6'47)

- % /B2R\BRI /BzRﬂBp(v) fz (v) [<HSO?%> (w) = (HSD%) (U)] Kf(w’ v) dwdv.

Then note that as R — oo, the last integral tends to zero as the integrand is bounded:

Taylor expanding Hyg, using (1.32) and (1.30)

% /BQR\BR21 /BZRme@) P (HeR) w) = (Heh) )] Kyw,v) dudo

1
- 2 /B2R\BR1 /BzRﬂBp(v) f2 (U)DU (HSO?%) (U) . (w o U) Kf(w? U) dw dv

+CHD5(HSO%%)HLOO(B2R\BIQ_1)/ / fz(v)‘w—UFKf(w,U)dde
P Bar\BRr_1 J BarNB,(v)
<cp [ PRD(H) W

Bap\BRr-1

O DA HA ey [ P
ST BZR\B%

— 0.
R—o

We combine (6.45), (6.46), (6.47) and let R — oo, so that

T < Cp 2 | H|| oo ety 1 f1] 12y

+% /]R . £2(v) [H(w) - H(v)]Kf(w,'U) dw do. (6.48)

Thus, by letting R — oo, we conclude from (6.43), (6.44), (6.48),

/Rd (Lf)fHdv < %/Rd f?(v) /Bp(v) [H(w) - H(v)]Kf(w,v) dw dov

1
+ §/Rd(f2H)(v) /Rd [Kf(v,w) — Kf(’LU,U)} duw do (6.49)
+ CP—QS HH”LOO(Rd) ||inQ(Rd) .

Step 3: Conclusion.
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We assemble the pieces. Equation (6.42) implies

1
a fZ(Tlax>U)H(Tlax>v)§0?%dde
2 R2d
1
S ’ f2<TO7[L',U)H(T0,[E,U)@%dxdv+OR_2S/ fZ(Z)H(Z)QOR('T7U> dz
2 RZd [To,Tl]X]RQd

" /H ()l o) TH() dz + /[ (£1)(2)F () H (=)l v) dz,

7’0,7’1} xR2d

which as R — oo yields together with (6.49)

1
P f2(717x7U)H(7_1,-’L',U)dxd’U
2 R2d
1
<z (70, z,v)H (19, 2,v) dw dv +/ FH)TH(2)dz
2 R2d [10,71] xR2d
1
+_/ fQ(Z)/ [H(w) —H(U)]Kf(w,v) dwdz
2 [70,71] xR24 B,(v)
1
w3 [ PEEE) [ K w) - Ky, o)] dude
2 [To,Tl}Xde Ra
Tl (P —
1 — 4S8
< 2 o f2 (70, 2, v)H (9, 2, v) dz dv + Cp ™ | H|| H-inQ([ToJl]x]R?d)v

since by construction H satisfies (6.41). This concludes the proof of Proposition 6.2. [
It now only remains to show that we can construct a function H satisfying (6.41).

Lemma 6.2. Let yy, wy € Re. Let 0 < pand 0 <19 <o. Let k> 1 and o > 0 be such
that o — 19 < ’Zl—?,:. For (t,z,v) € [10,0] x R*?, we define 6(t) := 2(c — 1) — (t — 70) and

P

1 2s
—max 9 1,2- max <|v7w0|,\xfyof(0'+t727'o)wo\ 1+25> } log (o=t
H(t,z,v):=¢ { 3’° (k‘s(t))ea P (6.50)

Then there exist constants Cy,Cy > 0 depending only on s,d, Ay such that, if k > C}
and o > Cy, then H satisfies (6.41), where K is a non-negative kernel satisfying (1.32),
(1.29), (1.30).

To check that H satisfies (6.41), we note that due to (1.29), we choose « such that

S+ 5HO) [ [Kyow) = Kyw,0)] du < —aff + 8H 0. (651)

Then, for ease of notation, we write

(o—1)
H(t,z,v) = Ho(t,z,v)e" »* |
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so that if H, satisfies

1

TH, + 5/ | Ho(w) — Ho(0) | K(w, v) dw <0, (6.52)
Bp(v)

then in particular H satisfies (6.41) due to (6.51). One can verify (6.52) by a case
distinction, similar to Lemma 6.1.

Note that the remainder of the proof of Theorem 6.5 and Theorem 6.6 carries over

almost verbally, upon replacing Proposition 6.1 and Lemma 6.1 by Proposition 6.2, and

Lemma 6.2, respectively. In particular, the Theorem 1.5 follows similarly to Theorem 6.1.

6.4.3 On the exponential lower bound

The only part where we use the divergence form symmetry of the non-local operator in
the derivation of the exponential lower bound on the fundamental solution is in Section
6.3.3. Instead, we argue as follows.

Fix (70, yo,wo) € [0,T] x R* and let 0 < 7y < o < T. Consider for 7; < o and for
some « large enough the function

f(r,p,w) =M J(o,z,v;1,y1, wy) de dv,

2s
max{|x7yof(0770)w0| TH25 [y—wg|?® }<a(077‘0)

where M > 1 is some constant such that f(7,yy,w;) < M for (11, y1,w;) € [0, 0] x R,
Define g(71, y1,w1) = f(71,y1,w1)e~=9) for 7y < 0. Then g is a super-solution to the
adjoint of (1.16) in (0,0) x R?? with initial values

_2s s
9oy wn) = M, if max { |y —yo = (o = 70)wo| 5 , [y — wi|”

——
A
o
)
|
S

_2s s
g(o,yr,wy) =0, if maX{\yl —yo — (0 — T0)wo| T+, Jwy — w0]2

since

Rd

L¥g(v) = /Rd (g(w) — g(v))Kf(v,w) dw + ( K¢(w,v) — K¢(v,w) dw) g(v),

so that using (1.29) and choosing ¢y > 0 large enough, we get
T*9(v) - L2g(v) = —e 0T ITf — 9L F — Nog + cyg > 0.

If we set
9(7173/1,101)7 ile < 0,

g(Tlathl) —
Me=m=2) if r > g,
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then § is a non-negative super-solution of the adjoint of (1.16) in (0,00) x R?? since
G < Me=m=9) for (11, y,,w1) € [0,00) x R*, so that for 7, > o

T*G— LG =coMe ™) — L§— Aog

= Mefco(nfo)(co _ AO) +/ [Mefco(nfa) — ?](’LU)] Kf(v’w) dw > 0.

Thus by the weak Harnack inequality [115, Theorem 1.6], we get using —co(m1 — o) > 0
for ¢y > 0 and the fact that f (0,y,w) = M for some § > 0 sufficiently small

Al

o+0
(70, Yo, wo) > / / . (7 y W) dy dw' A7’
it max{ |y’ —yo— (7' —70)wo| T+2= »lw’—wc)|25}<a(0—m)

Pl

o+ _
(1L ety
o— max \y —yo—(7’ 7'o)wo|1+2é |w’ wo|28}<0¢(l7 70)

>c>0,

so that
f(T07y07 wO) Z 6600(7077-1)-

We conclude the proof of Theorem 1.6 with [153, Theorem 7.2].

6.5 Appendix: Upper bound in the parabolic case

In this subsection, we discuss how the method outlined above to derive the polynomial
decay of Theorem 6.1 can be improved for kernels that satisfy a pointwise upper bound
(6.7) in case that we are in the parabolic setting: J is constant in . The most significant
sub-optimality stems from the way we treated the non-singular part in Aronson’s method

in Proposition 6.1. For pointwisely bouded kernels, instead of (6.15), we obtain:
sup fA(t, x,v)H(t,z,v) dr dv
te(ro,0) J R2d

< f (10,2, 0)H (10, z,v) dz dv (6.53)

= JRad
_ s 2
+ Cp™ ) H | e g oy | g o ey -
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This follows by replacing the estimate on the non-singular part of (6.20) by

Iﬁi:/B /B [f(w) = f(v)] |:(wa?%)(@)_(fHQO%%)OU)]K(v?w)X|v—w\>pdde
<[ [ [r@UHe) @+ 5 (FHE) )] K w0y duwdo

<Cp > Hl o [ flw)dw [ f(v)dv.

Bagr Bar

The construction of H remains the same. Therefore, this improvement leads in the proof
of Theorem 6.6 to the replacement of (6.31) by

te(10,0) g

1— X
2s 3p
P —(d+2s
sup / f2(t,v)do < o — 1) Hf0|ﬁ:2(Rd) +p (2 )(U — To) ||f0”il(Rd) ’
B, (t,wo) ( 7o)

which subsequently implies an improved estimate in Theorem 6.6:

1— X

_d p* v
|f (0, wo)[* <C(o —10)7 % (k(a—_m)> 1foll 2 zaey (6.54)

+ pf(d+2s)(0_ _ 7_0)17%

2
foll2 gy

Using (6.54) in the proof of Theorem 6.5, yields the following improved estimate in
Theorem 6.5:

(0 — 7o)

1
25 1712
J(0-7 v; To, wO) S C ((U — 7'0)_% (k,p—) + p—d'zzs (O' . TO)QSB—SSd) ,

so that eventually, choosing p as in (6.32), we conclude for (o — 79) < pzs

J (0, v: 70, wo) <o — 70) v — wo| ¢

Note that in the parabolic case, the optimal decay in velocity is d + 2s, which suggests
that our method - which does not rely on Meyer’s decomposition - is sub-optimal by a

factor of }L.
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Part 11

Pointwise decay for Boltzmann
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CHAPTER 7

BOLTZMANN ON THE BOUNDARY

This chapter is concerned with the generation of decay estimates in the velocity variable
for solutions of the space-inhomogeneous Boltzmann equation without cutoff on a bounded
spatial domain for hard and moderately soft potentials. It is based on the article [113]
with Cyril Imbert. The result holds for general non-negative suitable weak sub-solutions,
provided that mass, energy and entropy density functions are under control. The we
treat physically meaningful boundary conditions: in-flow, bounce-back, specular reflection,
diffuse reflection and Maxwell reflection. The generation of arbitrary polynomial decay in
the velocity variable for the Boltzmann equation without cutoff is new even for classical

solutions.

7.1 Introduction

7.1.1 Boltzmann on the boundary

We consider the Boltzmann equation (1.2) posed in bounded C'! domain Q C R? (with
d > 2), which we recall here

Oy +v-Vao)f =Q(f. f), te (0,7),z € QueR?

where the unknown function f = f(t, z,v) is non-negative; Q(f, f) denotes the Boltzmann
collision operator given in (1.3). We are concerned with the case when v 4 2s > 0
corresponding to so-called moderately soft potentials.

The equation is supplemented with an initial condition f(0,z,v) = fi,(z,v) for (z,v) €
Q) x R? and a boundary condition. In order to describe the latter, we let n denote the
outward unit normal vector on the boundary and we denote by I' the domain that considers

boundary points in space, that is I' := 9Q x R?, by I'_ the incoming part of the boundary,
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and by I', the outcoming part of the boundary, that is
' :={(x,v) €T :v-n(zx) <0},

and
'y :={(z,v) €T :v-n(zx) > 0}.

The Boltzmann equation (1.2) is then supplemented with boundary conditions that are

commonly considered in the literature,
(i). IN-FLOW: f(t,z,v)|r_ = fi(t,x,v) for a given function f;.
(ii). BOUNCE-BACK: f(t,z,v) = f(t,z,—v) on I
(iii). SPECULAR REFLECTION: f(t,z,v) = f(t,x, R,v) with R,v =v —2(v - n)n.

(iv). DIFFUSE REFLECTION: f(t,z,v)|r_ = ¢ u(v) fr flt,z,0") (v - n)dv', where p(v) =
e " is the Maxwellian, and ¢, = cu(z) is a normalisation factor, such that
Cu fr W endv = 1.

(v). MAXWELL REFLECTION: f(t,z,v)[r_ = (1=0)f(t, 2, Rov)+ec,u(v) [ f(t 2,0)(v";

n)dv” where ¢ : 9Q — [0, 1] is the accommodation coefficient.

We recall that we work in a conditional regime: we assume that there exist positive
constants mg, My, Eq, Hy such that for almost every (¢,z) € (0,7) x €, the function
f(v) = f(t,z,v) satisfies (1.20).

7.1.2 Truncated convex inequalities

In order to present the truncated convex inequalities satisfied by our weak solutions, it is

necessary to recall the formulation in (1.16),

QLN = [ TEE0) = F@KS 0] d

where we denote here and in the sequel f' = f(v’) and f = f(v). We derive decay estimates
by studying the evolution along time of some L%-Lebesgue norm of the function (f — A),.
To this end, we consider a general function ¢ = (¢, z,v,r) that is convex in r instead
of po((f —A)y) = (f — A)Y. For such a ¢, we recall the formal computation in (1.38),

where we add and subtract

Dy(f, [") = e(t, =0, [') = o(t, 2,0, ) = Ovp(t, z,0, f) (f = )
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as an integrand, so that

G [l ewnaa=— [l D)
e [t s = o)

— 0pp(v, f))f 4 (v f)}K(U,UI)dU/dvda:

+//Rmat¢( dvdx—// (v-n) dvdS(z).

(I)(f) = TgO(t,l’,U,f)f—gO(t,I,U,f)?

If we denote by

then we get

//RdXQ f)dvde = - ///RdedXQ o(f f)K (v,v") dv' dvdz
* ///}R e (2 — QUK (v, ) v dv da
+//Rm@t<ﬂ( dvdx—// (v n)dvdS(z).

Due to the cancellation lemma, see (1.21), we are thus lead to,

//Rdxg f)dvde = - ///RdxwXQ o(f, f)K (v,v") dv' dvdz
rafl eI dvs

+//Rdm[at<p]( dvdx—// (v-n)dvdS(z).

We can now use the special structure of the function ¢ that we are going to use. More

precisely,
e(t,v,r) = @((r — A(t,v))+)

for some convex function ¢ vanishing at 0 together with its derivative ¢. Then we compute,

O(f) = ((f - A)4)

and

Dy(f, f) =da((f=A) 1, (f = A) ) +o((f =A) )(A' = 1)y =p((f = A) 4 ) (A= A), (7.1)
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where

do((f = A+, (f = A)4)

7.2
=o((f'=A))—a((f—A)) —o((f —A)((f = A) s = (f = A)y). 2

We remark that the first two terms in D, are non-negative, while the third one is an error

that we will have to handle.

7.1.3 Suitable weak sub-solutions

In order to define suitable weak solutions, we consider a family of convex functions
wa(r) = (r — a)y associated with a > 0. These functions are commonly used in the
theory of entropy solutions for scalar conservation laws and are known as Kruzhkov’s

semi-entropies, see for instance [20, 119]. In this case,

- if r <
donrsy= 4 5 s &
(a—s)y ifr>a

and @,(r) = alfssqy-

The upper bound on the mass density — see condition (1.20) — and the bound on the
time-integrated entropy production (see Theorem 7.1) suggest to consider solutions that
are L% in all variables with ¢y =1 + 278 — see Lemma 7.2.

In accordance with the formal computation that we performed above, we introduce

the following notion of weak sub-solutions for the inhomogeneous Boltzmann equation.

Definition 7.1 (Suitable weak sub-solutions). Let T € (0, +o0c] and let 2 be a C! domain
of R%. A non-negative function f € L}((0,T) x Q x RY) is a suitable weak sub-solution of
(1.2) if

(i). IN-FLOW: given f;,: (0,7) x I'_ — [0,400), for any real number a > 0 and any
function A: (0,7T) x R? — (0, +00) such that 9;A and 92, A exist and are bounded
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continuous in (0,7) x R%, there holds in D'((0,7)),

// of —A)dvdx
RdXQ

///RdedXQ o, ((f = A), (f = A)1)Ky(v,0) dodo' da

" ///RRQ Pal(f = A)A = f)) 1 Ks(v,0)) dodo' dae
//um%( (f = A)+ Apalf — A))(f*v avds (74
//]Rdxﬂ o(f — A0, Advdz
* ///Rdxwm Pa(f — A)(A = A)Ky(v,0") dodv da

_ // 0alfo — A)(v-n)dvdS(z)

with a(r) = (r — a)4, Po(r) = al{ssqe and dy, given by (7.3).

(ii). BOUNCE-BACK: it satisfies the (7.4) with f, = 0.
(iii). SPECULAR REFLECTION: it satisfies (7.4) with f, = 0.

(iv). DIFFUSE REFLECTION: it satisfies (7.4) with f,(t,z,v) := c (v fr flt,x, ") (v -
n)dv'.

(v). MAXWELL REFLECTION : it satisfies (7.4) with f;(¢, z,v) = e, (v fr ft,z,v") (v
n)dv'.

Remark 7.1 (General convex functions). The family of inequalities (7.4) is only imposed
for elementary (non-decreasing non-negative) convex functions ¢,(r) = (r — a),. But this
implies that such inequalities hold true for general Lipschitz convex functions ¢ such that
©(0) = ¢(0) = 0 by simply integrating in the parameter a. As already mentioned in [88],
a general C? convex function ¢ satisfies,

+o0
o(r) = 9(0) + GOy + / B(a)(r — a), da,

and we can easily check that

+00 +o0
d(r) :/0 P(a)Pq(r)da and  dy(r, p) :/0 P(a)dy, (r, p) da.

We will follow this idea through a truncation procedure (see Section 7.3).
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Remark 7.2 (Link with renormalised solutions). R. J. DiPerna and P.-L. Lions [68]
constructed weak solutions of the Boltzmann equation in the cutoff case by considering
the (Lipschitz) concave non-linear change of variables ¢(f) with ¢(r) = In(1 4+ r). We

consider here (Lipschitz) convex functions ¢.

Remark 7.3 (Positive terms). The first positive term in the left hand side of (7.4) corre-
sponds to the classical entropy production term. The second one is reminiscent of the
“good extra term” first exhibited by L. Caffarelli, C. H. Chan and A. F. Vasseur in [35] for
parabolic equations, and by us in Chapter 3 for kinetic equations. It also plays a crucial

role in the recent work by Z. Ouyang and L. Silvestre [169].

Remark 7.4 (Error terms). Right-hand sides of time differential inequalities are well-defined
and integrable in time. Indeed, ¢, and ®, are bounded and f x, | - |7 is integrable in
(t,z,v). The term involving the difference A’ — A comes from the dependence of the barrier
function A on the velocity variable. It did not appear in the work of Q. Ouyang and
L. Silvestre [169]. It is reminiscent of the “bad terms” in [121].

7.1.4 Main result

The main result is stated in Theorem 1.7: we show the generation of pointwise decay on

f at any polynomial rate in velocity.

7.1.5 Comments

This work forms part of a large body of literature dealing with velocity decay of solutions
to kinetic equations. Before reviewing the literature, we make several comments about

our main theorem and its proof.

CONDITIONAL DECAY ESTIMATES. The conditional decay estimates that we obtain for the
space-inhomogeneous Boltzmann equation in the non-cutoff case are to be compared with
the ones obtained by C. Imbert, C. Mouhot and L. Silvestre (2020). They consider classical
solutions: using a barrier argument and a maximum principle they show that f decays
at a certain algebraic rate in velocity. We extend their result in several directions. First,
the Boltzmann equation is posed in a domain supplemented with physically meaningful
boundary conditions. Second, we consider weak (sub-)solutions instead of classical ones.
But most importantly, we generate any polynomial velocity decay even for moderately soft
potentials, which was not contained in any previous literature result.

We already mentioned that deriving decay estimates, such as pointwise or moment
bounds, is a classical theme in kinetic theory; it is key if the conditional regularity
programme by Imbert-Silvestre (see [118] and also [116]) is to be extended to the case of

bounded domains.
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CONDITIONAL BOUNDEDNESS. Our methods of proofs are developed after the article by
Z. Ouyang and L. Silvestre [169] about conditional pointwise bounds of weak solutions.
They do not establish a velocity decay estimate, but show conditional boundedness of
the solutions. Their technique is closer to De Giorgi’s truncation argument (revisited for
instance by B. Perthame and A. F. Vasseur for evolution equations [170]): they study the
evolution of the L2-norm of the positive part of (f — a) for some time-dependent function

a = a(t) along the flow of the equation.

TRUNCATED CONVEX INEQUALITIES. In this work, we consider solutions with an
integrability that stems from the control of the mass density and the entropy production
(see Remark 1.4). We also choose the framework of weak solutions satisfying a family of
inequalities associated with convex functions. Such weak solutions were recently introduced
by C. Imbert, F. Golse and L. Silvestre in the homogeneous case for very soft potentials
[88]. It turns out that the classical notion of weak solutions constructed in [186] termed
H-solutions fit into our framework. We thus call them suitable weak sub-solutions. We
emphasise that we do not use the equation but only the family of inequalities described
above. It is reminiscent of the notion of De Giorgi classes from classical elliptic regularity;

we refer the interested reader to [140] or also to [146] for a modern presentation.

COERCIVE TERMS. In the inequalities (7.4), there are coercive terms, that is to say
positive terms on the left hand side; and error terms, corresponding to all terms appearing
on the right hand side (some of which are positive, others have a priori no sign). Amongst
the coercive terms, we distinguish two types:

Some are counterparts to the H'-norm in De Giorgi’s original article. They ensure
that the sub-solution enjoys higher order integrability. These terms were exploited in [88]
with techniques developed in [47, 115]. They are non-local in nature, but also linear. They
rely on properties of the kernel K that are derived from the hydrodynamical bounds — see
Subsection 1.6.2.

The second type of coercive term is what we call the “good extra term”, in reference
to [35], where an additional “coercive” term was exhibited in the non-local setting. This
term was exploited for kinetic equations for the first time in [152], see Chapter 3 and
Chapter 5, where the cross terms play a crucial role. This additional term is the most

important in the proof. It is a purely non-local effect.

ERROR TERMS. There are also two types of error terms:
First, there is the error coming from the dependence of the barrier A on the velocity

variable. Even if it resembles certain error terms in [121], here we use a truncation
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argument in contrast to the pointwise contact barrier argument employed by [121], and
we split the collision operator differently.
Second, all other terms use the cancellation lemma. They are non-linear in nature:

they make appear a product with the convolution of f with |- |7.

GENERATION OF POINTWISE DECAY. Our main result asserts that, as long as mass,
energy and entropy densities are under control, suitable sub-solutions satisfy a polynomial
decay in the velocity variable of any order ¢q. The result is first proved for some exponent
(us (for not-so-large), by using the estimates from below for coercive terms and from
above for error terms. We then use this first decay to improve the exponent ¢, measuring
the polynomial decay rate, iteratively. This iteration procedure is the main novelty of our

article.

MAIN IDEAS. The strategy is as follows. We start with exploiting the coercivity of
the signed terms that stems from the boundedness of the macroscopic quantities in the
conditional regime (1.20). As explained above, this yields two different terms: the first is
linear and can be associated to the energy from the equation; the second is the “good extra
term”, which occurs from the non-locality of the collision operator (1.3). We then bound
the error terms, that is all the terms on the right hand side of (7.4), by these two types
of coercive terms. This is done mainly through interpolation, weighted Holder estimates,
and a careful study of the non-linearity of (1.3). This results in the monotonicity of the
L%-norm of (f — A),, where qq is the integrability of our weak sub-solutions, and where
A = A(t,v) = a(t)(v)~? encodes the temporal and velocity decay. In this first step, we
have to impose the restriction g € [0, ¢ug1] With ¢ug given in (vii). This extends the result
of [121] to weak solutions on the boundary. But in a next step, we exploit this generation

¢

of moments in order to improve the “good extra term” to a “very good extra term”: we
can improve the coercivity of this second term which in turn loosens the restriction on
the decay exponent q. We roughly get a pointwise decay for ¢ ~ ¢,q + 2s. This process
can be iteratively continued with the end result stated in Theorem 1.7. Showing the
monotonicity of a Lebesgue norm on a level set function (f — A)4 is reminiscent of De
Giorgi’s method, but the usual iteration argument of De Giorgi is replaced by solving an

ODE on the temporal decay.

7.1.6 Review of literature

The study of velocity moments of solutions to kinetic equations plays a central role since
Boltzmann’s (and Landau’s) collision operator integrates the velocity variable in the open

space R?. It has a long history, mostly in the space-homogeneous setting that goes back to
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the article by T. Carleman [42]. It is precisely described in the introduction of [121]. Let
us give references, summarise the review of literature from [121] and review the literature
written since then. The reader is also referred to references contained in the articles that

are quoted in this subsection.

VELOCITY MOMENTS. We first review contributions to the study of moments of solutions
in the velocity variable. Maxwell potentials are treated in [112, 182]. In the case of hard
potentials and angular cutoff, Povzner’s inequalities [173] are commonly used: see works by
T. Elmroth [71], L. Desvillettes [57], S. Mischler and B. Wennberg [163], X. Lu [155] and
B. Wennberg (in the non-cutoff case) [191]. A. Bobylev considered exponential moments
in [26], see also [76], and in particular the work [5] in this direction, where they establish
the creation and the propagation of exponential moments to the spatially homogeneous
Boltzmann equation for hard potentials. The case of moderately soft potentials and
angular cutoff is addressed by L. Desvillettes [57], see also [59, 188] in this direction. We
finally mention the work by M. Gualdani, S. Mischler and C. Mouhot [95] that focusses
on hard spheres and makes assumptions on hydrodynamical quantities that are similar
to what is assumed in this work. More recently, C. Cao, L. B. He and J. Ji [41] studied
the propagation of exponential moments in L? for (very) soft potentials in a perturbative

regime.

POINTWISE DECAY. There are fewer results about pointwise decay. It starts with works
by T. Carleman [42, 43] and extended by L. Arkeryd [11]. Exponential pointwise upper
bounds were obtained in [76], see also [77].

More recently, the work by C. Imbert, C. Mouhot and L. Silvestre [121] addressed the
question of appearance and propagation of polynomial decay in the velocity variable under
condition (1.20) on hydrodynamical quantities. In this vein, S. Cameron and S. Snelson
[37] established similar results in the case v+ 2s > 2. The study of polynomial decay is also
central in [108] in which the authors are able to deal with very soft potentials (y+ 2s < 0).
See also [107] for results dealing with the Landau equation. In [104], C. Henderson and
W. Wang are interested in very soft potentials and short time existence. They work in the

class of solutions with polynomial decay.

Open Problems 7.1. 1. Solutions of the inhomogeneous Boltzmann equation con-
verge to Maxwellians for large times [61]. We recall that under the condition (1.20),
C. Imbert, C. Mouhot and L. Silvestre proved in [120] that solutions stay above a
Maxwellian. It is thus natural to ask ourselves if they can be bounded from above
by another Maxwellian. Unfortunately, our proof does not yield neither such an
(optimal) upper bound nor any exponential decay (in v). The first open question is

thus to show the propagation of pointwise Gaussian bounds.
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2. Another natural open question is the possibility of bridging the gap between gen-

erating any polynomial pointwise bound to the generation of pointwise Gaussian

bounds. Is it possible to show that solutions to the non-cutoff Boltzmann equation

with moderately soft potentials generate Gaussian bounds of the form e~

for some function a = a(t)?

a(t)(v)+2e

The critical cases v+ 2s = 0 and v + 2s = 1 are left open. Finally, the case of very

soft potentials is also another natural open question.

7.1.7 Notation

For p € [1,00] and k € R, the weighted Lebesgue space L} is given by

where (v) := (14 [v|*)2. When k = 0, we simply write L.

LP(RY) = {f: RY 5 R s.t. () ()P dv < +oo} :
Rd

7.1.8 Constants

We gather here parameters and constants that are used repeatedly in statements and

proofs.

equal to 2.

0<~vy+2s<1

The Lebesgue exponent py > 1,

1 _ 1 2s
bo d

comes from the entropy production estimate.

. The Lebesgue exponent gy > 1,

2s
= 1 —_—
qo + d

is related to integrability of solutions.

. The moment exponent

koz(’Y‘i‘QS)——
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2s
d

. The dimension of the x and v variables is denoted by d. It is always larger than or

. The parameters v and s from the kernel satisfy: v € (—d,1] and s € (0,1) and



appears in the entropy production estimate.

(vi). To any decay exponent ¢ > 1 is associated a moment exponent

25 25

(vii). The decay exponent g,q (for not-so-large) is given by

d—|—1+2%min(fy,0), if —jjgsgygl,
Gnsl =
d+1-3502-7), if —2s <y <—FL.

It corresponds to the first decay that is generated by coercivity and error estimates.

7.2 Preliminaries

We gather in this section known results and technical lemmas that will be used in next

sections.

7.2.1 Integrability of solutions

7.2.1.1 Weighted Holder’s inequality

The following lemma is a consequence of Hélder’s inequality and a proof is given in [88].

Lemma 7.1 (Holder’s inequality with weights). Let p,q,r € [1,+00] and p < r < gq.
Then,
« l1—a
I e, < WAzg A,

with a € (0,1) such that + = S+ PTQ and k., = ak, + (1 — a)k,.
We can use the previous lemma to derive the following one.

Lemma 7.2 (Integrability of solutions). If f € L>((0,T) x Q; Ly(R)) and f € L((0,T) x
Q; L (R?)) with ko given by (v), then f € L ((0,T) x Q x RY), where qo and ki are given

by
1 2s 25+ d(v + 2s)
—2- — -1+ ¢(1.2 B
o o T (1,2), 0 d+ 2s

> 0.
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7.2.1.2 Entropy production estimate

The entropy production of a function f is given by the following formula,

D(f) = —(Q(f, f),In f)

-3 ve) f(0) = F)f (W nf— v — v,], cos ) do dv do’
=5 L L) = S PO R B0 — 0] cos) dod f”;)

Theorem 7.1 (Entropy production estimate — [47, Theorem 0.1]). Let v € (—d, 1] and
s € (0,1). Then, for any non-negative solution f of (1.2) verifying the bounds (1.20), the
entropy production D(f) satisfies

”f”ng(Rd) < CoD(f),

where pgy is such that pio =1- %9 and kg = v+ 2s — %"’. The constant Cy only depends on

mass, energy and entropy of f.

In particular, as a consequence of the entropy production estimate and Lemma 7.2, we
note that for any solution of (1.2) satisfying the hydrodynamical condition (1.20) there
holds f € L ((0,T) x Q x RY).

7.2.2 Interpolation estimates

This subsection is devoted to the proofs of interpolation estimates that will be used in the
proof of the main theorem.
Holder’s inequality with weights (see Lemma 7.1) applied to p =r = ¢ = 1 yields the

following result.

Lemma 7.3 (First weighted L' estimate). Let f : R? — [0,00) have a finite 2-moment.
Then there holds,

k—2aq 1=ao
Vk € R, Yoq € (0,1), f) () dv < E§° ( f(v)(v) =20 dv> .
Rd R4

Second, we use that gy € (1,2) to get 1 € [go — 1, go] and interpolate f € L' between

f € L® and f € L ! (with weights). Since gy — 1 < 1, the interpolation is applied to
f(QOfl)_l'

Lemma 7.4 (Second weighted L' estimate). Let f: RY — [0,00) have a finite 2-moment.

Let qo = &2 € (1,2) =1- 27;’, ko = v+ 2s — 2. Then there holds,

— dtzs 1
d > po d

4sd

d(o;—Qsz) 2442
ek [ sewta < ilE e ([ oeeemae) T
Rd ko Rd
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with

mo =

45% + d? b d(d — 2s)
4sd 2 482 1 2

Proof. We interpolate

a3

[sowtans ([ mmeeema)” ([ e towa)

where we need ag, oy and mo to satisfy,
OF]
p_ + oy = 1, a3qo + OZ4(QQ — 1) = 1, O./gk’o + agmo = kz.
0

This yields

. (2 — qo) _ d(d — 2s) . — __90P0 — 1 4sd
ST qpotl—qn A2+ YT o+ l—q A+
1 452 + d? d(d — 2s) 2s
mgza—4(k2—oz3k0): dsd [k2_—432+d2 ’Y+2S—E . Il

We can then apply Lemma 7.1 with p =1 and ¢ = pgqo.

Lemma 7.5 (General weighted LP! estimate). Let f : RY — [0,00). Then for all
p € [1,poqo] and all ky € R,

d+2s—pq(d—2s)

d(p1—1) p1ds
10z, < 17l (/ Fo ) ,

with

1s {kl - Mko] .

ml:d—{—?s—pl(d—Qs)

Proof. We interpolate

[t ars ([ o a)” ([ owm )

Rd

where we need o, as and my to satisfy,

a
p—1+a2= L aiqo + az = pi, arko + agmy = k.
0
This yields
_(pr—1)py  d(p1—1) _ qpo—p1  d+2s—pi(d—2s)
ayp = - ) Qg = - )
QOpo -1 4s qopo — 1 4s
4s d(p; — 1) 2s
ki — ok ki — —= 2s — — )| . O
= C)ég(l arko) = d+23—p1(d—23){1 4s v+ d

305



Finally, as a consequence of Lemmas 7.3, 7.4 and 7.5, there holds the following estimate.

Lemma 7.6 (Weighted L% estimate). Let f : RY — [0, 00) have a finite 2-moment. Then
there holds for any ks € R and any € € (0, 1)

[ 1@t < el + o s ([ o).

with

d d
m3:(1+2—8)k3—2—8k0—2,

and C(e, Ey) only depends on Ey, ¢, s and d.

Proof. We first interpolate with Lemma 7.5 for p; = g9 and ky = k3,

[ @<t ([ sowma) ”

where aq, ap, m; are given by

1 d+2s 2d 1 2s
04125, Qg = s my = k‘3—— ’}/+2S—— .

2d d -+ 2s 2 d

Then apply Lemma 7.3 for any ag € (0,1) and with k£ = m;.

“2a 1—ag
F) )™ dv < ESe ( Fv){v) 1=a0 dv) .
Rd Rd

mi1—2ag

Next we interpolate with Lemma 7.4 for kg = e

F0) ) 55" o < e (/ ) mzdv) |
Rd

where
_d(d — 2s) ~ 4sd
BT Yz 2 UT g
45 +d? [my — 20 d(d — 2s) 2s
- - 25— 1.
2 4sd [ 1 — ap 452 4 d? Y d

Finally we combine the three previous inequalities

(1—ap)azay
[ 1w o < g g0 ([ i)
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we use Young’s inequality for some 6 > 1 and for any ¢ € (0, 1),

0(1—ag)agay
o—1

< e |l T 1 O, Eo) ( I dv)
0

agapf

with C(e, Ey) = E,°" e"71. We choose 0 and g such that

O(ar + (1 — ag)aears) = 1, m(l — ap)agay = 1.

Then we showed

[ o <l + e B ([ ).

Note that we find

az+ag  d+2s N _a1—1+a2(0é3+a4)_ dsd
- ) 0 — -

0 =
052(0[3 -+ 064) (d + 28)2’

a3 + 0y d
(in particular € > 1), so that

d+28)ko —d (v +2s — 2
m3:m2:( 8)0 28(7 S d)_2‘

This yields the result for « = 1. To get it for any ¢, apply the result to £/¢ and recall the

definition of C'(e, Ey). We get S (with # — 1 = 2) in front of the second term. O

7.3 'Truncated Lebesgue norms

In order to get the decay estimates from Theorem 1.7, we aim at proving that the following

quantity equals zero,

//Rdm(f(t’ z,v) — At v))¥ dvdz

with A(t,v) = a(t){v) ™ for some well chosen C'' function a > 0 and some exponent ¢ > 0.
We recall that go = 1 + 2 (see Lemma 7.2) and that 7, denotes max(0,r) for any real
number 7. In order to prove that this functional vanishes when applied to a solution of

the space-inhomogeneous Boltzmann equation, we investigate how it evolves with time.

7.3.1 Truncated convex inequalities

Keeping in mind that gy > 1, we thus consider the convex function ¢g(r) = r% and we

would like to apply the definition of suitable weak sub-solutions — see (7.4) — and integrate
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against ¢g (see Remark 7.1). Unfortunately, we are not sure that the right hand side of
(7.4) is integrable with respect to a against ¢o(a). For this reason, we follow [88] and
approximate oo (r) with ¢g . (r) defined for k > 0 by

©o,(r) = (7“+ A /f)qo + @k (r — k). (7.7)

In particular ¢, (0) = (@6,,4)(0) = 0. We can now apply the definition of suitable weak
sub-solutions and integrate with respect to ¢y .(a) for a € [0,x]. What we obtain is

expressed in the following statement.

Lemma 7.7 (Truncated Convex Inequalities). Let f be a suitable weak sub-solution of the
Boltzmann equation with either in-flow, bounce-back, specular/ diffuse / Mazwell reflection

boundary condition. Then,

// cpo,if A)dvdx
QxR

///QX]RM o, (f = A)gs (f" = A) ) Ky (v,0) dv' dv dae

////Qwﬂwf A) (A" = ), Ky(v,0) dv' doda

(7.8)
= b//ngd ( )(f*! ") dv dz
+ ///Q o SOO,N(]C - A) (A/ — A) Kf(U, U/) dv’ do da
_ //QXRd @O,K(f - A)atA dvdx — //69><Rd ()OO,K,(f — A)(U . n(m)) do dS(ZL‘)7
with ® given by,
@(f) = @O,H(f - A)f - on,n(f — A) = q)(),n(f — A) + A(po,n(f . A) (79>

7.3.2 Useful properties associated with ¢,
The derivatives of the approximate convex function ¢y, are given by the following formulas,

go—1

©o.x (1) = qo(r+ A K) and  ¢5.(r) = qo(go — 1)1 (o<, <}

Moreover, we compute for r > 0,
: %
(1307,{(7") = (%,n)(ﬂT - 900,,{(7“) = (qo - 1)(r VAN /<a) ,

and for r,s > 0,
Ao, (1,5) = Por(s) = Qor(r) = @ox(r)(s =), (7.10)
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so that, if 0 < r, s <k,
dgy . (1,5) = s — 1 — qor® (s —1).

Note that if » < k, then for ¢g > 1

d@o,n (T, g) - quT’qO with Cqo = 27 _ 1 4+ % <> 0.
In particular,
dpo(r,8) > cqr® in {0<s<r/2} (7.11)

with ¢y, = dy,(1,1/2) =27% — 14 ¢qy/2 > 0. We also have for r > 0,

A
dpg. . (7", %) = Cqy (r A /i) * (7.12)

7.4 Coercivity estimates

This section is devoted to the study of positive terms appearing in the left hand side of
the family of convex inequalities associated with the approximate L%-norm, see (7.8).
The term in which (A" — f’); appears is referred to as the “good extra term” (see the

introduction).

7.4.1 First coercivity estimate

In order to get our first coercivity estimate, we follow the method introduced in [47] and
used in [169] and [88]. Precisely, the proof of the following proposition is adapted from
the proof of [88, Lemma 3.1] in which ko < 0. We recall that ko = (7 + 2s) — 2.

Proposition 7.1 (Coercivity estimate for kg > 0). Assume f satisfies (1.20). If kg > 0,
then there exists a constant Ceor > 0, depending on d,~y, s and constants in (1.20), such
that for all f,g: R® — [0, +00),

//R?d gy, (9.9 )V K (v,0') dodv’ > Cor || (g A K)™ Hng(Rd) . (7.13)
Proof. For R > 0 (to be chosen), we define

BR/Q(U) lf ‘Ul Z R
Bsg(v) \ Bagr(v) if |v| < R.

Tr =

In particular, for v" — v € Tx, we have |v| < 2|v'|, which implies (v) < 2(v').
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Then we use the non-degeneracy cone =(v) associated with the kernel K; and get from
(1.23) and (7.11)

// dWO,n(gag,)Kf(U7'Ul) dvdv’
R2d
> qu/ / (g A H)q0<v)Kf(U,UI> dv' dw
Rd {9’<W\TK}0{U’—UEE(U)QTR}

> C/ / (9 A K)™ () ()25 [y — /|77 do’ do
Rd J{g'<g/2}n{v'—veE(v)NTR}

> C/Rd (g A K)® (0) B2 (p)rH2et) Hg < %}m{ +E(0) N Tx} do,

where ¢ = ¢4, \g. Moreover, for any v € RY, we use either (1.25) or (1.24) and Chebyshev’s

inequality to estimate the Lebesgue norm of the sub-level set as follows,

o <245z

= {o+=0) N Ta}l = |{g > L25 0o +2(0) 0 T
9po(q0—Fko)

> ca R4 (v) 1 — / " A £)90P0 (3! \kopo qqf
2 R = o (g A )™ (0) Jead N A

The last line uses that ky > 0. Then, we choose R such that

R — 1 ngoni%o <U>fkopo+1 (g A H) —qopo(v)’ (7.14>
0
with ¢ = w and get
NK
({g < QT} N {v+Z)N TR}’ > coRUw) ! — %Rd@)‘l - %Rd@)‘l.

Therefore, with such a choice of R,

// dyg (g9, gl)Kf(U, V') dv do’
R2d

> c% (g A K)P ()R (0)1125 do
Rd
2spg

sp s _
= 62001 T ngO“L”O 0/ <v>v+25+72 (kopo —1) (g/\ﬁ)qo(H d )(U) dv,
R4

28]?0

and remarking that py and ky are such that po =1+ and kopg = v+ 25 + M,

> 0501 “ ||9q0||2PgORd H(g/\ )qOHL”O (R4) *
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2s

We reach the desired conclusion with C.,, = c%’c; 4, O

Proposition 7.2 (Coercivity estimate for kg < 0). Assume kg < 0. Then there exists
Ceor > 0, depending on s,d, My, Ey, such that for all f,g: R¢ — [0, +00),

// digg . (9,9 )K(v,0") dvdd
R2d

(7.15)
> Can (19 7 1) g = Coor [ (971" (0}
0 Rd
In particular,
I den (0.8 w0 do
R2d , ot (7.16)
0 0—
> Ceor || (g A /i) Hng(Rd) — Ceor (g A H) Ll (RY) '

Proof. The estimate (7.15) follows the same lines as the proof of Proposition 7.1 and is
proved in [88, Lemma 3.1].

We can obtain (7.16) by applying Lemma 7.6 to g A k and ¢ = 1 and k3 = 7 and get
for all € € (0,1),

/Rd (g A /ﬂ)qo@)'y dv<e H(g A /f)qOHLZg(Rd) + C(e, Ey) H(g/\ /f)qofl

L}ng
with mg=~v—d — 1. O
We now prove another coercivity estimate for v < 0.

Proposition 7.3 (Second coercivity estimate). There ezists two positive constants Ceoy
and Ko, only depending on s,d,~ and hydrodynamical bounds from (1.20), such that for all
k> ko and all f,g: R?*? — [0, +00),

// Ao, (9. 9V K (0,0") dodv > Cog K TON T / (g(v) — k)4 (V)7 do. (7.17)
R2d

Rd
with N = [pa(g A k)P~ {v)~@=D do.

Proof. We explain how to adapt the proof of [88, Lemma 3.2|. The only difference lies in

the choice of R. In our case, we choose R = R(v') such that

R? N
=C)y .
W) ko= (y/)—(d=1)

We can argue as in [88] by remarking that N < xk%~2M,. We thus choose Cj and rq such
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that

M,
7 <1
80’10

Co

to ensure that R < €o(v’), which allows us to use [88, Lemma 2.6]. The idea is to consider

the cone of non-degeneracy for fixed v’
S(v’) = {v e Re: K(v, v') > MO<U/>7+25+1 v — U/|—(d+23)} ‘

Then Lemma 2.6 in [88] proves the existence of jg > 0 depending only on the hydrody-

namical quantities such that
[S(') N Br(v)| = poR*(v)~".

The weight in NV implies that the estimate of the sub-level set is modified as follows:

24q0—1 (v)a-1

o An > k(201 S(W) N Bale)| < 1oy [ (9(0) ARy gy
RO7Y S sw)nBaw) (v)a-
2110+d—2

) A ) D
v )NBR(v

We used that for v € Bg(v') and R such that R < go(v'), we have (v) < 2(v') (since
g0 < 1).

Following the proof of [88, Lemma 3.2] and keeping in mind that g .(¢') = gor® (¢’ —
k) in {g > K}, we get

2
I A 0100 o = Cop B2 [ ()R
R2d I

2, . .
> C2,qo%co tNTE gort oD /Rd(gl — k)4 (V)7 dv'.

In view of the definition of ky and ¢y, we obtain the announced lower bound for some

2 _2s
constant C. equal to 027610%00 “ qo. O

7.4.2 The good extra term

We exhibit a third coercivity term. It controls the weighted L%®~!-norm of (f — A),. This
lemma is similar to [88, Lemma 5.3], but more general since A depends on v. In contrast
with the previous coercivity estimates, it is nonlinear in nature, it cannot be stated for

two general functions f and g.

Proposition 7.4 (The good extra term for not-too-large ¢’s). Let g € [0,d + 1]. Then
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there exists a constant Cgey > 0 depending on mg, My, Ey, Hy, d, such that if a satisfies
a(t) > ager  with  agey = 2 ( My + Fo)cy? (7.18)

with ¢y from (1.24), then for any f satisfying (1.20), there holds,

J[ it = ) = ), Ko,y dwae
“ - (7.19)
> Cna™ [ (7= n0)" )an

Proof. Let R > 0 (to be chosen). We denote the “good” set of velocities by G :=
{v:{v) >2R}. For v € Br(v) and v € G, we have (v') < 2(v) and (v) < 2(v'). In
particular, A(v') > 279A(v) for such v’s and v"’s. We now use the non-degeneracy cone

=(v), see in particular (1.23), in order to write,

//R%SO()’N(J[ —A) (A’ _ f/)+ Kf(v,v’) do dv’
> — A AR)" () AK (0, 0) o d
§ 2 /G[{f/<§}ﬂ{v+5(v)mBR} (<f )+ A K) (U) f(UﬂJ) v dv

_ A’
Z gz_i(l)/ R—d—25<v>’y+28+1((f . A)+ A K/)QO 1A ‘{f/ < ?} N {U —+ E(U) N BR} dv.
G

We then use (1.24) and Chebyshev’s inequality to bound the sublevel set from below

for v € G as follows,

Hf’< A?/}ﬂ{v—i—E(v)ﬂBR}

= {v+Z(v) N Br}| — '{f’ > A?/} N{v+ Z(v) N Bg}

2
> coRYv) ™! — / —f'dv’
v+E(v)NBgr A
2
>R =2 [ e
a v+E(v)NBgr

we use again that (v') < 2(v) if ¢ > 2 and (v) < 2(v') if ¢ < 2 to get,

9l+g—2]

Z@@pég@wwdd

d

> CORd<v>’1 —

Z C()Rd<'l)>71 — D) (MO + Eo)

A(v){v)
We choose next R = R(v) such that

i 2d+1(M0 +E0)
R T IC]
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Then
'{f’ < A?/}m{erE(v)mBR} >

With such an estimate of the sublevel set at hand, we can finish to justify the estimate

from below of the good extra term,

//Rm gpé’”q —A4) <A/ - f/)+Kf(Ua U/) dv' dv

AoC qo—1
> T /G R2)2((f — A), A k)™ () A(v) do

2s

= o [ (07 ((f = A0 A1) 0) A E ()

_2s
with Cyey = 22920 (24+1c 1 (M, + Ey)) 7.

Finally, since A(v) = a(v)~%, we have

2d+1 M E
G = (vs () 2 2m) = {o: enn > 2D LA
Coa
If g <d+1 and if a is such that a > 2‘”1(]\/_/0 + Eo)Cal then G = R B

We conclude this section devoted to coercivity estimates by exhibiting an improved
lower bound for the good extra term in the case of large decay exponents ¢ (in contrast
with assumptions of Proposition 7.4) by taking advantage of the fact that the function is

already known to decay at some rate.

Proposition 7.5 (The very good extra term). Let ¢ > 0. Let f: R? — [0, +00) and
A(v) := a{v)~1 for some a > 0 and assume there is b, > 0 depending on mqg, My, Eo, s,d,~y
(and time) such that

f(v) < bufv)=".

for some q. > 0. If a satisfies
a > 2¥aap,

then
[ ginls = A0 (4 = 1), K0, dw

> %al+2s/ ((f —A)+ /\K)QO—l(U)<U>'y+2s—q dov
R

= Tp2
bzs

(7.20)

for some a constant Cygey > 0 depending on mg, My, Ey, Hy, d, s.
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Proof. The proof follows the same lines as for Proposition 7.4. We find

//deSO(')’H(f - A) <A/ o f/)+ Kf(”, U/) do do’

> QO_)\O GRfd725<v>fy+2s+1((f — AL A m)qo_lA Hf/ < A?} N{v+ Z(v) N Br}| dv,

- 2q+1

where G := {v: (v) > 2R} for some R € (0,1) to be chosen. Then we use Chebyshev’s
inequality, so that for v € G,

Hf/< A?/}m{quE(v)mBR}

= {v+Z(w)N Bg} — Hf’z AEI}Q{U—FE(U)QBR}

> o+ N Bl =2 [ ) ) av
a v+E(v)NBg
91+(g—qx)

> {v+Z() N Br}| — — b [{v +Z(v) N Br}|.

We pick a sufficiently large, so that

Then, using (1.24), we bound

'{f’ < A?/} N{v+Z(v) N Br}| > %CORd@)—l_

Now pick R as follows,
23+(q_Q*) 1
R=——50,<:.
a 2

The fact that 2R < 1 implies in particular that the good set G is the whole space,
G={v:{(v) >2R} =R%

We finally get

//desp(‘)’ﬁ(f - A) (A/ - f/)+ Kf(U, U/> dv d?}l
>\ qo—
> %/;R_25<U>7+28((f_14)+/\ﬁ) 1Adv

_ CoqoNo —2s 142s . q—1, \y12s—q
= Qe /Rd ((f = A AR)™ (o) du. O
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7.5 Error term due to the velocity dependence of the

barrier

This section is devoted to the estimate of the first error term appearing in the right hand
side of the Truncated Convex Inequalities, see Lemma 7.7. We recall that it has the

following form,
S [[ (= A AR ) (A= A) Ko, o
R2d

In the next paragraph, we use ideas from [121].

7.5.1 Not-so-large decay exponents

Lemma 7.8 (Error term in the velocity variable). We consider a function f satisfying
(1.20). Let g € [0,d+ 1] and A(v) := a(v)~? for some a > 0. There exists Cy depending
on d, mg, My, By, Hy such that

S (0= Dm0 ™ @) (AW = AW) (o) o

(7.21)
< Cla/Rd ((f — A)+ A ,{)qofl(v)<v>lq dv,

with 1, given by (vi).
Recalling that the kernel Ky is given by,

1 -
Ki(v,v+2) = W/ X F) o =077 b(cos 0) du’,
vh Evtz

we aim at estimating
£ = /]R ((f = Ay AR)" (0)Z(v) dv
with
I(v) = /R (AW — AW 0,0 !

- [ A ] o= )i
R z v evtzt

/ / s Alv+z) — A(v)) -~ )
= [ sehpo—up { [ s ay, dz} "

||

where we changed the order of integration in the last equality.
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We distinguish the singular part from the non-singular one,
Z(v) =Ty(v) + Zz(v)

with

/ / S A v + Z) — A v ~ ’
Z,(v) = / fl)|v— ’U*W+2 / X|z\>l<v>( ( d+>2571 ( >)b(cos 0)dz » dv
R4 z€(v—v} )+ |Z|

2

/ / S A v + Z) — A v ~ ’
Zr(v) :/ f@l)|v— U*’7+2 / X|z\<l<v>( ( d+>2571 ( ))b(cos 0)dz p dvl.
R4 z€(v—v})+ 2 |Z|

(7.22)
We now estimate each part separately.
Lemma 7.9 (Estimate of the non-singular part).
CEya(v)yy—2-min(ed=1) = d—1,
Ti(v) < 0a(v) faq# (7.23)
CEpa{v)1=4, if q=d— 1.
In particular, if ¢ < d+ 1, then
T,(v) < Ca(v)e, (7.24)

where 1, is given by (vi).

Proof. For the non-singular part we further distinguish two cases: [v}| < £ |v] and 3 |v| <
AP
Il(l)) = 1171(1)) + ILQ(U)

with

s A(v+2)—AW)) 1

2s A(v+2z)—AW)) T
The idea for 7, ; is to show that |v + z| > |v| by exploiting the orthogonality v + z L v/

and the smallness |v]| < £ |v]. In particular, Z; ; has a good sign. For the second term

7, 2, we exploit the 2-moment of f.

We start with Z; ;. Since and z L (v —v}) and |[v}| < £ |v] and |z| > (v) > 5 [v] , we
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find
w4z = o + 2P+ 202 = v + 2> + 2] - 2

1
2 [of + ol (=] = 200) > 1o + 12 (121 = 7 ol 725)
1 1
> |v]* + 1 lz| |v| > (1 + g) lv|* .
Since ¢ > 0, A(v+2) — A(v) = a[(v+ 2)"? — (v) "9 <0, we conclude that 7 ; (v) < 0.

For 7, 5 we find

1172<U)

A — -
= [ el [ e s
slvl<|v

ze(v—vl)+ |Z|d+2571

we use that b(cosf) < b, and A(v) > 0,

7 s <'U + Z>7q
< b+a/ f(U;) |U - U;"y+2 / Xiz|>L () T Tdr2s—1 dz dv;
Lol<v] ce(v—v)) AP

: (9ol (wl)? (v+2)™
< b+aﬁ fvy) Xjz1> 1w dzdv;
Hol<ut| se(v—v)*

(v)? ) ’Z‘dﬂsq
$Q2—y—2sT. S— <'U—|—Z>_q
< (i o [ g [ vyt e
slvl<lvi] z€(v—vl)+ |Z|

since 2 > v + 2s.

Finally, we compute,

(v+2)71
Xizl> 1w —sidZ
/ze(v—v [=1>2 () |Z‘d+2 !

Ot

(v+2)79
- XZ le’U z U—S—dz
/ze(v—v;)i- 2> 3 (o) Avtzl> [l |Z|d+2 1

+/ (v—l—z)*qd
Xz|> L () X|v+z|<|v T di2s—1 z
cc(wui)L |2]> % (v) X|v+z|<|v] |Z’d+2 1

we let wy_ o denote the volume of the unit sphere of dimension d — 2,

(o)
< wd2<’U>q/ prdtl=2s+d=2 q,
3 (v)

T () /2)-2e / Nosetepof (04 277 dz

z€(v—vl)+

|vl d—2
—q—2s —(d—1)—2s r
< Cfo) T+ C) | i
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for some positive constant C' only depending on d and s only.

We now distinguish cases. If ¢ > d — 1, then W € L'(R) and
vt z) —(d—1)-2
X|z lv—s_dZSC’v s
/ze(v 1)L |2[>35(v) |Z|d+2 1 q1< >

with
+o0 ,rd72
Cq,l =C+ C/O m

(split the domain integration between r < 1 and r > 1).

dr <C+C(1+277%(q— (d—1))).

If g < d—1, then we simply write,

/|v| 7,,d—2 4 < /|v| Td—2—q 4 — ’U|d—1—q <’U>d 1—q
o (L4722 = d—l—q d—1-gq

This implies that

<U+Z>_q —q—2s
/G(— )L X||> | |d+2sle§C<v>q :

If g=d—1, then

ol a2 o
/0 Wdrﬁ/{) T dr:1n|v|.

This implies in this case that

(v+2)71 )
/zew_v/)i R N (4=1)=2 1y, ()

We thus proved that,

C Epa(v)r—2-min(@d=1 i ¢ £ d — 1,
7,40 < § 000 7 (7.26)
C Epa{v)74, if g=d— 1.

Using 7, ; < 0 and (7.26) we obtain (7.23) and (7.24).
We can check that

25 d+ 2s

v—2-min(g,d = 1) < (v+28) + — —q——— =1,
for ¢ ##d—1, and
2 d—+2
”y—dg(’y—i—Qs)—i-—s—(d—l) -
d d
The proof is now complete. O
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Lemma 7.10 (Estimate of the singular part).

IQ(U) S Cq72a<v>'y_q, (727)

with O(Lg = wd_QWQ%(qJFQ).

In particular, for ¢ < d+ 1 there holds v — q < l, where l, is given in (vi).

Proof. For the singular part, we do a Taylor expansion: there exists 6 € (0, 1) such that
1
Alv+z2) — A(v) = V,A(v+0z) -z = §D3A(v +02)z -z,

for some 6 € (0,1). Moreover, A(w) = aA(|w|) with A(r) = (1 +72)7%/2. In particular,

Lp2 ) = () @ 2+ 20D (I_ ol ® 1) !
a jwl  Jw]  fwl jw] " Jwl

where I denotes the identity matrix. As far as derivatives of A are concerned, we have

AN <4007 and 20)] < ala 40+

r

This implies that for all w, ¢ € R?, we have
DiAw)E - € < qlq +4)alw) T ?[¢].

In particular,

|A(v+ z) — A(v) = V,A(v+6z) - 2| <

We further note for |z| < £(v),

(v+0z) > 2\/§(v>. (7.28)
Indeed,
1 1 1 1 1
(v+0z) > E(l + v+ 6z]) > E(l + |v| —|z]) > E(l + |v| — 5(1})) > ﬁ@)

We thus have,
|A(v + 2) — A(v) = V,A(v + 02) - 2| < Cyaa{v) 72|22

with Cy o = @2%(“2). Due to the symmetry (1.28) and the fact that v + 2s > 0, we
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thus obtain

/ s Alv+z) — Av)) ~
_/Rd FL) v — "+ / / Xz|<;<y>( ( ]z|d225_1 ( ))b(cose) dz dv

*

< C,obialv) / fuy) v —w ]7“8/ X|zj< (o \z|2 25tz du!
(v—vi)*+

3(v)

2

< w20y, 2b+ﬂ {/ f(v ‘ |7+28 + |U;‘W+28> d’l},’k} {/ pimd2std=2 dr}
0

S wd72Cq72a< > q— 2<U ’y+25 > 23+2

This implies (7.27). O

Proof of Lemma 7.8. Therefore, if we now denote by & the left hand side of (7.21), then
(7.24) and (7.27) imply

e /Rd ((F = A). A R)™ () T(0) do :/ ((f = A)s A" (0) [T1(0) + Tolw)] o

R4

< CC‘/ ((f = Ay AR)™ (0)(v)ls do.
R4
This concludes the proof. O]

7.5.2 Large decay exponents

For large ¢’s, we need a better estimate than the one obtained in Lemma 7.8 above in

order to establish the propagation of decay.

Lemma 7.11 (Error term in the velocity variable for large ¢’s). Let ¢ > d + 1 and
A :=a(v)™? for some a > 0. We consider a function [ satisfying (1.20). Assume there
is an exponent q. > d + v + 2s and a function on time b, = b,(t) > 0 depending only on
mo, Moy, Eo, s,d,~y and q, such that

f(v) < b (v) . (7.29)

Then there exists C 4, depending on v, s,d, q., my, Mo, Ey, Hy such that
// (f = Ay AR)* T (0) (AW = A(v)) K(v,0") dv' do
R2d
< C'l,q*a<b* /d ((f —A) A ,i)%—l(v)@)v—q* dw (7.30)
R

+ /Rd ((f — A4 A /ﬁ)qo_l(v)@w_q dv) :
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Remark 7.5 (Growth of C ,, with ¢.). We will see that the constant C ,, grows like 87

(up to a multiplicative constant).

The proof of this lemma follows the same steps as the one of Lemma 7.8 above. We
bound the left hand side of (7.30) by splitting the inner integral in v’ into the non-singular
and the singular parts as we did above in (7.22). For the singular part, we can use Lemma
7.10. For the non-singular part, we need to improve Lemma 7.9. We recall from (7.22)

that the non-singular part Z; is given by

A — A -
Zi(v) = / f@)|v— vfk|’Y+2S / X|z\>l(v)( (v —l—dz)2 — (v))b(cos 0)dz p dul,
R4 z€(v—vl)+ 2 |Z’ 2

for which the following estimate holds.

Lemma 7.12 (Estimate of the non-singular part for large ¢’s). Let ¢ > d + 1 and
A(t,v) = a(t){v)y~9. Assume there is an exponent g, > d + v + 2s and a function
b, = b.(t) > 0 depending only on mg, My, Eo, s,d,~y and q. such that

fw) < b, (o).
Then there is a constant C' depending on 7, s, d, q. such that
Z:(v) < Cab,(v)7 79, (7.31)

Proof. To bound Z;, we distinguish the cases 3 [v| > |v}| and £ |[v] < |v]|, and we denote
these parts by Z ; and Z; 5, respectively. We note as above that Z; ; < 0, see (7.25). For
ILQ we find

s Alv+2z)— Aw)) -+
Il,Q(U) = / f(U;) |U - U;|’y+2 / X|z\>%(’u> ( ( d—225—1 ( )) b(COS 0) dz dU;
Llol<vy| 2€(v—vl,)+ ||

we change the order of integration

Alv+z) — A(v
:/ZeRdX'Z>%<v>( (v +2) — A(v))

|Z|d+28

9 { [ e 6D o= o bcoso) dv;} az
vl Evtz
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we use that b(cosf) < b, and A(v) >0, |z| > (0)/2, |v] < 8v/] and f(v]) < b, (v.) =

< 2d+2$5+ab*<v>_d_2s/ X|z\>%(v)<v + Z>_q
z€R4

e o) O e d
v, evtzt
o0

,,,.’Y+28+1—Q*+d—2 drdz

< 2d+25wd_297+28+15+ab* <,U>—d—25 /
(v)

FAS

< Cab, (v)~ -2 (p)+2d=a- / (v+ )~ dz,

z€R4

—-q
y Xz|> 1 (v) (v+2z)

o

with ' = 2120w, ,07+2H1h, 8777724, provided that ¢, > d + 7 + 2s. Note that
()79 € LY(RY) for ¢ > d. Thus

1'172(1)) S Cﬂb*<1}>’y_q*. O

We use this to prove Lemma 7.11.

Proof of Lemma 7.11. We use Lemma 7.12 for the non-singular part Z;, and Lemma 7.10
for the singular part Z,, and find

S L= 020" 0) (AW) = AW) Ko, o
_ /R ((f = A)s AR) " () [Ti(v) + To(v)] do
<Cab, [ ((f = A AR)™ 7 (0) ()" dv

R4

+ C'a/Rd ((f = A4 A m)qo_l(v)<v>7_q dw. O

7.6 Remaining error terms for hard potentials

In the case of hard potentials, that is to say in the case where v > 0, we can treat
error terms appearing in the right hand side of (7.8) all together. More precisely, we can

estimate,

Joun e av
= / (<qo —1) (7= A5 A 8)" @)+ a0A((F - A)e Ar)"

)@k an

with ® from (7.9). Note that the case v > 0 is significantly simpler than v < 0.
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7.6.1 Generation of decay

We start with an estimate that is used to prove the generation of moments in the case of

hard potentials.

Lemma 7.13 (Error terms for hard potentials). Let f : R? — [0,00) have finite mass
My and energy Eq and let q € [0,d + 1]. There exists a constant Cyarg > 0 depending on
My, Ey, d such that for any e € (0, 1) there holds

/Rd@(f) (f * ") dv <e H((f ), /\H)qo

ng (Rd) qgo—1 (732)
¥ Chara (0 4 C(£)) H ((f A, A /{)

I (R
Proof. We first remark that
/ fw) o —w[" dw < Cw/ F)((0)7 + |wl?) dw,
R4 R4

for some constant C, only depending on . We used that for v € [0,1], (a + b)7 <
C,((a? 4+ 1)2 +1%). Let C, o denote C, (M + Ep). We have,

/Rd O(f) (f *|-]") dv < Cyg /Rd O(f)(v)7 dv
< q0Ch0 /Rd <a((f — A AR YT ((f = A)p A H)Q0<v>7> o

Using the interpolation from Lemma 7.6 with k3 = v and « = 1, there holds for m3 =
v—(d+1) <~y —gq, (recall g < d+ 1) and any € € (0,1)

/Rd ((f = Ay AK) (v)" dv <e 1 ((f = A)4 A /@)%HLZg
+ C(e, Ep) (/Rd (f=A)L A ,ﬁ)qofl(v)@)v—q dv) ‘

This yields the claim (7.32). O

7.6.2 Error terms for large exponents

For large ¢’s, the following estimate is used instead of Lemma 7.13 to establish the decay

estimate.

Lemma 7.14 (Error terms for hard potentials and large ¢’s). Let v > 0. Let f : R? —
[0,00) satisfy (1.20). Assume
J < b ()™
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1

for some q, > 0 and some b, = b,(t) > 0. We also suppose that a > <%> > b.. Then,
for any g > 0, there holds

/ (I)(f) (f * HPY) dv S%%ql'ﬂs/ ((f _ A)_,,_ A /_{,)QO*1<U>7+25—q dv
N ) “ (7.33)

+ qoC, 0b. / ((f = A A /i)qu(v)”_q* dv.
R4

Proof. As in the proof of Lemma 7.13, we have

Lo a
< 00 /Rd (a((f —A)y A "f)qo_l@wﬂ + ((f —A)y A ’i)qo@)V) dv.

1

Then we remark first that v — ¢ < v + 2s — ¢, and we thus bound for a > (2?@,0) 25 b,.

vget

10 Cs 00 / ((f = A)s Ar)™ () do

142
<ngeta+s

R

[ (=2 n) oy,

For the second term we use the decay assumption (7.29) and we find

700C50 /Rd ((f = A A K)" () dv < goC, ob, /Rd ((f=A)s A /‘f)qu(l’w_q* dv. U

7.7 Main error terms for soft potentials

We next explain how to estimate the following term in the case of soft potentials, i.e.

when v < 0,

//Rdm‘b(f) (f * ") dvdae
) //Rdm ((qo - <<f A H)qo v)+ qu((f —A)4 A “) qo_l) (v) (f*]-|") dvda.

We will use the following auxiliary results.

7.7.1 Auxiliaries

Lemma 7.15 (Convolution product). Let v < 0 and f : R? — [0,00) have finite mass
My. Let A(t,v) = a(v)~? for some ¢ > 0 and suppose, for all t > 0, a(t) > Qd% with
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Cos = %{;@q. Then there exists Ceony > 0 depending on d, vy, q and My, such that

(FAA) %] < Coonya i o)?™n(1),

Proof. For R > 0 such that R < (v)/2, we write

/]Rd(f/\A)(v—w)|w|'y dw:/B (fANA)(v—w)|w| dw+/ (fANA)(v—w)|w|” dw

RN\Bg

< a/ (v —w) Yw|" dw + R My
Br

and for R < (v)/2 and w € Bg, we have (v —w) > -=(v) (argue as in (7.28)),

N

\/_ a q o R
<awg1(2v2 B + R"M
= d 1( ) <U> / 0

< Cyza{v) IR™ + MR,

where Y
_1(2v2)1
Cus = M_ (7.34)
’ (d+7)
1 3 q . .
Choosing R = (%) (vymin-d) < L(v) (since a > 2d%) yields

+(Cya) My o (o)D)

< 2(Cyy) T My T a (v) 7 min(L ), O

We next collect auxiliary computations in the following lemma.

Lemma 7.16 (Auxiliary technical result). Let v € (—2s,0) and

d
1<¢g<2+ 2—k0, [ = min(2, q).
s

If we pick
d+ 2 1 d? + 4s? 1 4sd
pttes L _ddis o L st (7.35)
d—2s g (d+2s)? g (d+2s)?
then 1 1 1 1
E—FE = 1, 54‘@ = 1, ’720: 1; VSQI: 17 (736>
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where

8s%(d + 1(d— 2s)(d+ 2s 14s(d+ 2s
7= ( 7) ) V2 = _( 2 )( ) )7 V3= 5 5 2)' (737)
d(4sd + ~(d + 2s)) g d*+4s B d*+4s
Moreover,
, 2s
Y0 <1+ PR (7.38)
and there holds 5
mg
mi =~ E + F, (739)
and 5
mg
with
mp = — dod” L+ nd k
T (d+28)(dsd +y(d+25)) T dsd+ y(d+2s)
I 4sd +d(d—28)k
TR+ 4s2 T 2 4s?
4 25 —
S sd B (2s —v)d ko,

(d+2s)(y+2s)  (d+2s)(y+ 2s)

Proof. The relations in (7.36) are verified by a straightforward computation. We then

rewrite (7.38) as
2s(d +2s)(d+ ) ] 2s

ddsd+d+29) T d

which holds for v+ 2s > 0.
It remains to check that (7.39) and (7.40) are satisfied. We rewrite (7.39) as

4sd? vd(d + 2s) 4sd dsd d(d — 2s)
- 1+ ko < 2 + ly+
4sd + v(d + 2s) 4sd + ~v(d + 2s) (d+2s)  (d+ 2s) (d+2s)

ko.

Then using that [, = ko + 2275 — q% we get

B 4sd? N yd(d + 2s)
(4sd +~v(d+2s)) ' " 4sd +y(d + 2s)

k‘o < 8s — 48(] + dk’g,

or equivalently,
—d*l; < (2 — q)(4sd + ~y(d + 2s)) + dky.

If 2 > g and ky > 0 then (7.39) is satisfied since [; > 0.
If 2 < gqand kg > 0 then [; = 2, and since ¢ < 2 + 2%]{;0, (7.39) is satisfied if

d d
—2d% < — g ko(dsd +y(d +25)) + Pk = —d’ko — 557(d + 2s)ko,
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which holds if
25
(7+28——) =ko <2,
d
which is true since v+ 2s < 2.
If kg < 0 then ¢ <2+ 2%190 < 2 and in particular [; = ¢, so that (7.39) is satisfied if
0 < (2—q)(4sd + y(d + 2s)) + d*ko + d%q.

We remark that 4sd + y(d + 2s) = (v + 2s)d + 2s(y 4+ d) > 0. Since 2 — g > £(—ko) > 0
and ¢ > 1, we have to check that

vy o y+2s
= ko <1
(d+ 2s ) 0=

is satisfied. If 7 + %825 > 0 then (7.39) is satisfied. If 2 +- %828 < 0, then we see that (7.39)

holds as soon as

2
vko:7<v+2s—§> <d,

which is satisfied. Indeed, 0 < —y < d and s < 1 ensures that —7%5 < 2. We conclude by
recalling that d > 2. Thus in any case we see that (7.39) is satisfied for 1 < ¢ <2+ 2%ko.

Finally, we rewrite (7.40) as

5 4sd  (2s=m)d
(d+25)(v+2s)  (d+2s)(y+25)
<9 4sd N d? + 4s? < 4sd N d(d —2s) )
T d+2s)? " (d+2s)2 \ 2 +4s2 7 B2 +4s270)7

g dsd (25 —9)d
(v+25)  (y+29)

4sd 1 2s d+2s
<9 Asd |k + 225 — d(d — 2s)k
= (d+23)+(d+25)(8 [” g g }+( 8)0)’
4sd (2s —v)d
< 4sqg < 8+ 2———— +dkg + — k.
T ) T T s

We thus see, that for ¢ < 2+ Q%kg, (7.40) is satisfied if

2
vko=7(7+23—§> <s.

This is satisfied since —y < d. O]
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7.7.2 Splitting

We split the error term involving ®(f) by writing

f=UNA)+(F=As N+ (f—A=r)y,

so that
/Rd(I)(f)(f*LP)dv:52—|—54+53+55,

with

& = [ A~ A Aw)" ((FAA) ) do

& =wanfA(( = A nm)" (= Ay A xlP) o

& =(a—Vef ((f = Ay )" (fx|) do

—1

& = [A((F = A Ak). ((F= A=) %] ") v

(7.41)

7.7.3 The term &,

Lemma 7.17 (Estimate of &). Let v € (—d,0] and v+ 2s > 0 and q € [0,d + 1]. Then

1 S f—
& < 5 Chet | ((f—A)p AR)PT . (7.42)
lq
as soon as a satisfies for allt > 0
a(t) > a® 2 My ( - )+ (7.43)
a'” = max , Qget | )
- Cq,3 Cget get

(with aget, Coer from Proposition 7.4).

Proof. By Lemma 7.15 (see the assumption on a) there holds
_2 qo—1 (1.4
&< Camaoera™® [ A((F= A An)" o
R4

It suffices to check that 1 — 4 < 1+ %S, which is true since v 4+ 2s > 0, and that

ymin(1, §) — ¢ < l,, which again is true since ¢ < d + 1. Thus

qo—1

-1 s q ]_ 2s
al—% / ((f . A)+ A R)qo <U>fym1n(1,g)fq dv < §Cget altd

((f — A A FG)

Y

Ll
lq

where Cye; is the constant from Proposition 7.4. We used the assumption on a from the

statement. OJ
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7.7.4 The term &;

We consider next & defined in (7.41).

Lemma 7.18 (Estimate of &). Let v < 0 and q € [0,d + 1 + ££+]. Then there ezists a
constant a® > 0, only depending on the parameters d,~y,s,2 A q and the constants cy, Qget,
Ceor and Cygey, such that

€ < ~Coor ((f —A), A m> b Ol ((f —A), A n> o (7.44)
2 Lig 4 Lll
(with Ceor , ager and Cyey from Propositions 7.2 and 7.4) as soon as a > a'®.
To prove this lemma, we show that we can split &3 as follows.
Lemma 7.19 (Splitting &). We have & < Séi) + 535“) with
g(i) _ O(i) FAYAL! _4 qo—1 _% ) _%
= O A [(F = A am)™ 5] [l = A nm)
Y = qoeyMya H ((f = A A H)qo_l o
where l; = min(q, 2), and py, pa, 3, q3 € [1,4+00] satisfy
1 1 1 1 1 —
—f—+—=1, 14—=—+_1 (7.45)
Pr P2 D3 P33  Gq3 d

. dl
The constant C;)EZ) is given by 22<d+125)QOCb Il PHL?

,00

Proof. We use that for w € B; and v € R?, we have,
w—w)? <1+ v+ |w]* <2+ |v]> < 2(0)2

We now distinguish two domains of integration: |w| <1 and |w| > 1. We use the fact that
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v <0 to get |w|” <1 for |w| > 1 and we write for {; = min(g, 2),
&= [ (AN =A™ ([
+QOCb/Rd(f/\A)((f—A)+/\’f) B (/Rd\Bl
<aan [ (A0S = A nn)"

R
X (/31 ((f = A AR)(v—w) |w| dw> dv

e [ (7= A AR ) 1o

R4

((f —A) A /i) (v —w)|w|” dw) dov

((f = Ay AR) (v —w) [w] dw) dv

2sly

< 2750, [ (FAAN (= A n) o) E
X (/B (v — w>7digs ((f = A3 AR)(v—w) |w|” dw) dv

+ QOCbMoa/ ((f = A)s AR)" o) 1 do

R4

we use weak Young’s inequality,

< 2755 gy | - 17 5 (107 A AV || (CF = A1 )™ )70 ||
< || ((F = s )|
+ qochoa/ ((f - A)+ N /i)q071<v>_q dv. O
R4

Then we estimate each piece separately.

Lemma 7.20 (Estimate of Séii)).

i1 1 2s —
£5" < O @™ |[((f = A )"

(7.46)

1;1
lq
d

8qocy Mo ) 2s

as soon as a > a) = ( o
- get

Proof. We note that —q <1, for ¢ <2+ 2%]{;0, and 1 <1+ %S, so that the conclusion holds
true. [

Lemma 7.21 (Estimate of E?Ei)). There ezists a®?, that only depends on d,~, s, Ey, 1, c,
Ceor and Cye (see Propositions 7.1 and 7.4), such that

2s

i 1 0 1 26 0—
£ < 5 Cuor [1((F = A4 AR)™ | o + G0 a™ ¥ |[((F = Ay A )"

l;l
lq
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as soon as a > a9,

Proof. For Eéi), we first notice that,

[0 A A L 1A A AN < Bl

o

Next we choose p3 = oo and py = (7.45), which implies

1 _d+~y 1 2s(d+7) oL 2s(d+n)
qs d ’ D2 d2 ’ D1 d2 :

Thus

K3 —1 28l diy
& = CP[[(F A A | || ((F = A AR)®TH7853| ((F = A Ar)() 8|
1 ] 2, CEIEE)
; —  2s(d d
< C?(’z)Eén a (d;ﬂ (/ ((f _ A)+ A /1) d+y <v> W dv)
Step 1: First interpolation. Then we interpolate with Lemma 7.5 for k; = _%;5%

/Rd (5 = A AR ()" dv < [[((F = A0 AR)™ 530 IS = A0 A,

where

—d 4sd + y(d + 2s)

“= 4s(d+7)’ @2 = 4s(d+v)
45d> vd

k
(d+ 2s)(4dsd + v(d + 2s)) bt Asd +~(d +2s) "

my = —

We can check that M since —y € [0,d] and v + 2s > 0. Together with Young’s
inequality, this implies that there exists C' = C(Ceor , b, Fo, 11,7, d, ) such that,

~(d+2s) (d+25)(4sd+~(d+2s))

£ < o Em 2a(dt) 1((F = A)s A quT);sd |‘(f_A)+/\/£HL}n1 e
1 dr2s
< 3Ceor [1((F = A)s AR [| o + Ca™ | (f = A)s Akl

where 7, is given in Lemma 7.16, see (7.37).

Step 2: Second interpolation. Now we pick 3,5 > 1 as in (7.35), so that (7.39) implies
together with Holder’s inequality

10F = A0 Anlly, <N = A Anll, <= A A = A Al

/351

L .
< B I~ A A sl
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To bound the right hand side of the previous inequality, we interpolate again, now with

Lemma 7.4 and ko = ms,

« —1]]| 4
ICF = Ay Al < I = A0 ARl | (= A AR)™ ]
m2
where
d(d — 2s) 4sd 45 + d? d(d — 2s)
a3 = — 2 ay = ——— me = mg — —————ko| -
Tt 4s? ot as PTodsd |7 2 +ds
Note that the choice of m3 in Lemma 7.16 is such that my = [, that is mg = ﬁfﬁlq +
‘flgd;;? ko. In particular, we find

d+2s 1 d+2s 1 d+2s

I = A Al < BN = A Akl ]
ﬁdtfs qo0 ||72 qo—1]]73
<E; " |[((f = A Ak) \ng ((F = A Arm)™ ||

lq
where v, and 73 also come from Lemma 7.16, see (7.37).

Step 3: Young’s inequality. We combine Step 1 and Step 2 with Young’s inequality, so
that for 6 > 1 and any ¢ € (0, 1)

lq

) 1 0 01172 0— 3
€57 < {Ceon [ ((F = A A" [l o + Ca™ [ ((F = AV A8 [0 || ((F = A) A)™ -
1 o 1 .
< 7Ceor [[((F = A)1 A ) Hng + 7 Ceor [|((f = A)5 A r)* ||ng
+0a? (0~ Ay nm)™ 19 |

with C' = C(Ceor, ey, Eo, 11,7, d,s) and ' = -2 see Lemma 7.16 again. We used that

1-6>
720 = 1, see (7.36). To complete the proof of Lemma 7.21, we use (7.38) from Lemma
7.16. ]
Proof of Lemma 7.18. Combine Lemmas 7.19, 7.20 and 7.21. n

7.7.5 The term &,

The estimate of & defined in (7.41) follows with similar methods.

Lemma 7.22 (Estimate of &;). Let f : [0,00) — R have finite mass My and finite
2-moment Eo, and let q € [0, Lk

Then there exists a constant o' > 0, only depending on the parameters d,~, s, min(2, q)
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and the constants ¢y, Ceoy and Cye (see Propositions 7.1 and 7.4), such that

1 q0 qo—1
&1 < 7Con <(f—A)+/\/<;> o 8Cgeta <(f A)y A ) o (7.47)
ko Lllq
(with Ceor and Cye from Propositions 7.2 and 7.4) as soon as a > aW.
To prove this lemma, we split £, as follows.
Lemma 7.23 (Splitting &;). Let p4, ps, g5 € [1, +00] satisfy
1 1 1 1 —
e (Nt (7.48)
Ps D5 Y2 qs d

We have &4 < £, + £, with

&0 = CP (= A0 AR)™ (2 (1 =AY
& = Moo = V)es |/ = A)s Al

e

with Cy = 4(go = Vey | - '] .-

Proof. We use for w € B, and v € R?
ol < o —w[ +|w] < v —w[+1,

which implies (v) < 2(v — w), so that distinguishing two domains of integration, |w| < 1
and |w| > 1, we find

Ex= (g0 — 1)c /Rd ((f = Ay AR)"(0)"*(0)? ( N flv—w) |’ dw) dv

+(q0 — 1)y /Rd (f=A)y AR)™ (/W\B1 flo—w)|w| dw> dv
< 4(qo - 1)cb/ ((f = Ay Ar)T ()~ (/B (v —w)2f(v—w) |w|” dw) dv

+ Mo(go — ey [ ((f — A)y Aw)T do

R
<4 — Ve lll - 1"l 5 [((F =) AR)“ O o 17O s
+ Mo(go — Ve [[(f = A) A Kl Tap - =

Again we estimate each piece separately.

Lemma 7.24 (Estimate of £,®). There holds

5 (i4) < Ccor ((f A) )40*1

9
Ll
lq

((f — A A ’%)qO”ng + 160geta
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(with Ceoy and Cyge from Propositions 7.1 and 7.4) as soon as a > a0 with o+ > 0
Only dependmg on C’COI” » Cb, 4o, Cget ; d7 7S, MO'

Proof. We use Lemma 7.6 with k3 = 0 to get for some constant C' = C(Ceo; , qo, Mo, ¢, d, 7, s),

. 1 q0—
€4 < SClar [[((f = A A )HLPOWH (F = A nm)™™

Y

L,
with mgz = —2%]@0 —2. Forg<2+ Q%ko, the exponent ms satisfies ms < . O
Lemma 7.25 (Estimate of £,%). There holds

£, < %c 1 = 4 AR)™ o + 56 1 O || ((f = A AR)™ .

’L

as soon as a > a*Y with a*? > 0 only depending on Cioy, ¢y, Coget, d, 7,8, My (with Ceo

and Cye, from Propositions 7.1 and 7.4).
Proof. We choose g5 = 1 in (7.48). Then

1 = 1 v
I 01 — =1 L= 0.1
), +2 € (0,1),

and thus

&4 ) < 4(q — 1)ey H( f=A)+ N “ qo 2HLP4 ”f Hqu

d+~y
d

< a0~ ata ([ (£ = 2009 07255 o)

Step 1: First interpolation. We then interpolate thanks to Lemma 7.5 with p; = ‘flfif €
[17 pOQO] )

d+vy
d

( J (= n0) 55 )2 dv)

< ( [ (= s nwym uyiom dv) "’ ( [ (=2 nm)oms d) |

where a5, ag, my are given by

N 25— N _ (d+25)(y + 25)
T 4s o~ 4sd ’
4sd (2s —v)d
my = — 0-

d129)(7+25)  (d+29)(y + 29)
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We remark that as € (0,1). Then Young’s inequality yields for any ¢; € (0, 1)

]. d+2s

84(1) < cor H((f A) NK quLpo + C<Ccor>M07ancb) H(f A) A K”Ll

= 16¢

Step 2: Second interpolation. We pick 8,5 > 1 as in (7.35). In particular, (7.40) allows

us to use Holder’s inequality in order to get,

L 1 L/ 1
1CF = Ay Akl <= As ARIL I = A ARlE < By (= A)s Akl

If we now apply the interpolation Lemma 7.4 for ks = mg, we find

/Rd((f — A AR) ()™ do
s(Agu—A%AnW%wwmm)%(Agu—AnA@%*@mdQM,

. — d(d — 2s) N 4sd e 4% + d? _d(d —2s)
5T Y+ 2 YT UR y a2 27 4sd 452 + 42 0

where

Again the choice of m3 in Lemma 7.16 is such that my = [,. In particular, there holds

1 d+2s

1 = A AwlE < BT [[((F = A R) [0 1 = A0 ARl

with 79,73 given by (7.37).

Step 3: Young’s inequality. We combine Step 1 and Step 2 with Young’s inequality, so
that for 6 > 1,

&wsi%amuaf—AnAwafo
4 CCoan) [[((F = Ay AR [0 |[((F = A )™ 7|

1 q
< g5 0= -1

+ 7 C@uu A2 + O Ceor) [[((F = A)1 A )™

—_

v30’

Ll
lq

If we pick € as in (7.35), then Lemma 7.16 implies (7.36) and we conclude by choosing
a*") = g such that £ Clet alt i > C(Ceor)- O

Proof of Lemma 7.22. The result follows as a consequence of Lemmas 7.23, 7.24 and
7.25. =
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7.7.6 The error term due to truncation for soft potentials
Finally it remains to estimate & in (7.41).

Lemma 7.26 (Estimate of &). Let v < 0 and q < ¢ where qug s given in (vii). We

also assume that ¢ > d — 1 — 28% if v < —d%fgs. There holds

1 d+2s qo—1
Es <—Cle ad/ f—A)L Ak vl do
s <30 0 [ ((F= e nn)” o)

1 2s 2s
+ EC’CM, RdPON™T / (f—A—k) (v)"dv

R4
1

+C'5</Rd(f —A— /{)’f(v)kopo dv) ,

with N = [o.((f — A)x A w)© o)~V dv. The positive constant Cs only depends on
parameters d,7y,s and constants ¢y, Ey, My, Ceet and Ceorr (see Propositions 7.3 and 7.4).

Proof. To estimate &, we first recall its definition,
-1

&= [ AW(7 =4 nR)" (= A=m)y <) v

Step 1: Splitting. We split the integration domain as before and we find for a constant m

to be chosen later,

& = 1o / AW ((F = A4 A n)"°‘1<v>m<v>-m / (f = A= r)s(v—w) ] dwd

By

+ Qo /R A(v) ((f AL A n)‘”_l /Rd\B (f — A — k), (v —w) [w|” dwdo
<2Faaa [ 0 (0= Aenn)" [ (=) = A= )4~ ) u” dude

+ QOCbMoCl/ ((f — AL A /f) q071<v>_q dv

R4
=&+ &,

Note that in case that m > 0, we used (v) < (v —w) for w € By and v € R% In case that
m < 0, we used (v —w) < +/2(v) for w € By,v € R
The term Eéii) is treated by checking that —g <[, holds true for any ¢ < d + 1 + g—z.

337



We use again Holder’s and Young’s inequalities to write,

w[3

i Q-1 m
£9 < 2% gycpa ((f—A)+/\/-c> ()~ (a+m)

I(f = A=r)l,

Ld+y

dty

2s d d
<22 qepar” @ </ ((f = A)y A R)© o)~ TFMas dv) 1(f—A=r)slL -
Rd "

vf3

It is now convenient to introduce some notation. We consider for any ¢ € R,
Ny = / (f = Ay Ar)P o) dv and M, = / (f — A— k). (v) do.
R R

We also let k,,, denote —(q+m) and we write the previous inequality under the following

compact form,
m
3

(i % N
&' <22 quepar T2 Ny T My, (7.49)

—2sd
d+2s

<vy<0and —2s <y < 724,

We distinguish two cases: Tios

Step 2: estimate ofé' for not too negative v’s. We start by assuming dQSd v < 0. We

use Young’s inequality, so that

d+y

i 1 _d_ 1 7 m 4,
55( ) < _Cget adiv Nkm + _Cget (27%%) K R%Miv'
16 16
We pick m = kg = v+ 2s — 2. We then observe that for any v > —d%fgs, there holds
dﬂ <1+ @ and moreover k; <, provided that ¢ < gng =d+1+ 2 %, v > —dQJfgls and

d> 2, see Lemma 7.27. This shows

1 1 s go—1
160get adﬂ Nk >~ 16Cgeta +2 /Rd <(f - A)+ A /i) <U>lq dv.

Moreover, we use Holder’s and Chebyshev’s inequalities to bound

1

25 25 1 2 H K " 28
KoMy =ra M T My < 6a M (f —A—r) )" dv | [{f—A>r}"
Rd

1

< R¥rHET ( [ (7= A= ryoyo dv) ( fr- A>+d"">

1

:EﬁMO?<Ad(f A )<>k°7’°dv> .

We used that ky < 2 to bound Mj, from above by FEj.
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Gathering the estimates, we get in this first case,

1
5( <— C’ea / —A /\/<aq0 vile do
16 e a [ (=) nm)” )
d+~ L (750)

1 o _d dty 2 Po
() ot [g- 4w
R4

—2sd
d+2s

to bound Séi) for this range of 7. We start from (7.49) and we recall k,, = —(q + m)~-%

Step 3: estimate of Eéi) for very negative v’s. We now assume —2s < 7 < . It remains

d+y
for some m € R to be determined,

diry

£ < 9% goeyalN. T M, = 2% qoeyr - aNFE N T FT )
5 S 22qoCpalVy - My = 242 qoCpk 4 ANy T INy - m:

Note that
d+~y d <0
d d+2s ’
2sd_
for v < =355
We use Young’s inequality
55(1) < icgetad-&fs Nkm n O ) _M (dJrT’Y_dfzs)d;fs M%)

— 16

d+2s

where C’( D - (16Cget)_% (2%(100;))273. We further bound for any ag € [0, 1)

_ , m — 2ap
Mm S EgOMg,La(:O with Mey = 1_—%,

thanks to Lemma 7.3. We found,

~(d+2s) d+~y d d+2s

o 28 diy _ o) dk2s
N, + O o s =2 N U i ) 5 e g g

1
gl < 16C’geta T

Then, in order to absorb the first term in the good extra term (Proposition 7.4), we
need
d 2s  d+ 23

k —— <y =ko+2— —

For the second term, we want to use the second coercivity estimate from Proposition 7.3.

To this end, we require

d
ky, = — —— > —(d-1),
(a+m) == —(d=1)
and 5 5
m — 2ap s
o = ——— < k —k,,.
Mao ]_—Oéo - O+d
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In order to satisfy the first two constraints, ¢ has to satisfy,

—(d—-1) <,
which holds true for ¢ < ¢, .
We pick m such that
b = —(g 4+ m) = (- 1)
= — m)——— = — _
m q d+~ )
and we use Proposition 7.3 with k,, = —(d — 1) for which we have
w0l (d-1)
Ni= | ((f — A)s A H> ()~@D dy = N_ 4y
R
Thus we consider
d+ d d+2s
0— (T’y _ d+2s) 25 _ —7(d + 2s) — 2sd
2 452 ’
and we find
R Y e
m Mag Mag Mag
— g0l =500 H<v+2;)s<§+2s)M(d+2i)s(;+2s)+d_aoz(j+25)
Mag Mag

We plug this into (7.51) and use Young’s inequality, to get

; 1 d+2s 1 2s _2s 26 b2 —ap 25
55(1) < Ecget ad Ny + chor’Kv 290 N~—2 ]\/[maO + Cskd Mmaévm )(d+2s) 72 (7'52)
(d+2s)+2sd d 45>
~(d+25)+2s N g 425\ (77 2s)(d125)
where Cs5 := (%Ccor’) (rF2e)(dr2s) <C’5§2)E00 28 ) . We used that

1 45>

1—6  (y+2s)(d+2s)

Note that the estimate (7.52) holds for any 0 < «ay < 1, but we want to pick ag, such that

2sd 2s
1+ —« =1 7.53
(4 2s)(d+2s)  °~+2s (7.53)
but at the same time we need to make sure that
m — 2qp 2s
o = ———— < k —k,, =7, 7.54
m 0 1 _ Oé() — 0 + d ,y ( )
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where we recall that we picked m and k,, as

(d—1)(d+7)
y :

m=—q+ kpm = —(d—1).

We verify (7.54) in Lemma 7.28 below.
Finally, we conclude the proof just as in the case for larger v above: we use that

”{720‘0 < ko and find with Chebyshev’s inequality

1

Mmaosﬁi(éd<f A- ><>k°P°dv) {f—a>w)

1 2s

</<f Ao )()kopodv>p0</ﬁd(f—z4)+dv>d

1

sMﬁ( / (f—A—r) <v>’f°p0dv>m-

We plug this into (7.52) and use (7.53) to find

IA
=
ol
=

1 2s 1
S(z 160get adz N+ 80007”“ Fo N~ M, + C'S/f a Mm

1 d+2s 1 __2s
< 1—6C'geta a N + 8CCOT//§; dqu d M
1

+C5M§5</(f A R <)’“°p°dv)p0.

We conclude the proof for v € [ 25d 0) using (7.50), and for v € ( — 25, —-2sd )

(7.55)

d+2s7 d+2s
with (7.55). O
Lemma 7.27. Letd > 2, s € (0,1), y <0 and g < d+1+ &. Then
25 d+ 23
—(g+k <ly=ko+25 — 7.56
(g + o)alJr 5 0+ p q P ( )

Proof. We rewrite (7.56) as
d+2s d d 2s
— <|(14+——) ko +2—.
( d d+'y>q_< +d+7) T

(y(d+2s) +2sd) g < d(2d + ) ko + 4s(d + 7).

or also
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If we now use ¢ < Q%ko + 2, we find

d
(v(d + 2s) + 2sd) (%ko + 2> < d(2d+ ) ko + 4s(d + 7).

or equivalently,

d2
(’}/g + d2) ko < 2d2k0 — Q’Yd,

which is satisfied if y
0< (d—v—) ko — 2.
2s

Now we use that kg = v+ 2s — %S. We find

d 2 25 —
0< (d—72—s> (7%—2&—5) —27:d( 8257) (v+2s) — (25 + 7).

We divide by v + 2s > 0 to find

which is true for any d > 1 and v < 0. O]

Lemma 7.28. Let d > 2, s € (0,1), —2s <y < —d%fgs and ¢ > d—1-— 25%. There

exists ag € (0,1) such that (7.53) and(7.54) hold true.
Proof. In view of (7.53), we pick

d

- € (0,1).
Qo d+ 2s (0,1)
We rewrite the constraint (7.54) as
d*> —d—~—dg -
> Qo
d(2 =)

and check that (7.54) is satisfied. It is equivalent to,
(d+2s)(d* —v) —d(d+2s)(qg+ 1) < d*(2— 7).
We now remark that for ¢ > d — 1 — 2592 we have

d+2s?

(d+2s)(qg+ 1) > d* + 4s.
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We are thus left with checking that

(d+2s)(d* — ) — d(d* + 4s) < d*(2 — 7).
We rearrange terms and get,

(=) (d + 25 — d*) — 4sd — (2 — 2s)d* < 0.

We conclude by remarking that for d > 2 and s € (0,1), we have d + 2s — d? < 0. 0

7.7.7 Final Estimate

Combining Lemmas 7.17, 7.18, 7.22 and 7.26 implies the following statement.

Lemma 7.29 (Error terms for soft potentials). Let v < 0. Let 0 < ¢ < qug where qug

is given by (vii) and ¢ > d—1— 23% if v < —d%f;ls.
only depending on d,~,s, My, Eq, ¢p, Cget; Coor (see Propositions 7.1 and 7.4) and Cy3

(see formula (7.34)) such that

ZZ;XQ¢<f><f*|+”>dvdx

15 2s
S ZCCOI ((f — A)+ A Ii)q0 Hng + 1—60get Cl1+ d

There exists a positive constant a

w

((f = Ay Ar)™

Ll
lq

+Co [ I = A= R)llp do

_2s
d

LY 4oy

+§QWH?AAUMU—ApAKV“1 Agf—A—mnwwwidx

(7.57)

as s0o0mn as a > a.

Remark 7.6. The constants Ceor, Coorr , Cget and C5 appear in Propositions 7.2, 7.3, 7.4

and Lemma 7.26 respectively.

Proof. Estimate (7.57) is a consequence of (7.41) and Lemmas 7.17, 7.18, 7.22, and
7.26. ]

7.8 Estimates for large exponents

In this section, we establish estimates that we will use to generate more decay.
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7.8.1 Convolution product

Lemma 7.30 (Convolution product for decaying functions and soft potentials). Let v < 0
and f:[0,T] x R? — [0,00) have finite mass My. Assume that

ft,v) < b (v) %, Y(t,v) € [0,T] x RY,

for some g, > 0 and some b, = b,(t) such that b, > ng—o with ¢, = %. Then

fx ‘ . "Y < Clooner b:%<v>’ymin(l7%)’
1+%.

_
w/]/th OCOIIV/ - ZCq*dMO

Proof. We proceed as in the proof of Lemma 7.15, exploiting the assumed pointwise decay.
For R > 0 such that R < (v)/2, we write

F(o—w) |l dw
Rd

= fv—w)|w|” dw+/ flv—w)|w|" dw
Br RAN\Bg

< b*/ (v —w)
Br

< g b (V)T R 4+ MyRY

d+y

R
wl? dw + Ry < 6.J0B|(2V2)* () o

+ R M,

* 1 : « .
with ¢, = PBIRVD™ Then we pick R = (o) (pymin(L55) < L(p) (since b, > 242M0) 50

(d+’Y) Cqx b« Cqx
that
_x _a 1+2 d in(1, 2= in(1.2x
[ =)ol du < AT (@) 4 )
Rd
< g by 4 M T () Ymint ),
We thus get the desired estimate. O

7.8.2 Estimate of the remaining error term

Lemma 7.31 (Error terms for soft potentials and decaying functions). Let v < 0. Assume
f:00,T] x Q x R — R, has finite mass My. If for a.e. (t,x,v) € [0,T] x 2 x R4,

ft,2,0) < bu(t)(v)™*
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wa—1(2v2)?* , then

dMy _
for some g, > 0 and some b, > 2 Cq—o with ¢, = =)

//Rqu)(f) (f *|]") dvda

1 1+2s 1
S §Cvget ast // o ((f — A)+ N fi) " <U>’Y+2S_q dvdzx (758)
* R4 x

X 0_1 H [*£3
+opt //R ) ((F = A nk)" oyt v,

— . _
as soon as a satisfies a > Cbi 2d qpith C' = 16qocb%°jg“;' and C = Ceony (90 — 1)cp.

Proof. In order to prove the lemma, we split the error term involving ®(f) naturally into

two pieces,
/Rdtb(f) (f*]-)dv=E+E

with

& =aa fA((f— A nk)" (Fxl) o,

w oo (7.59)
£ =(w—"D [ ((f= AV nr)" (f ") do.
We now estimate each part.
Estimate of £. We first claim that
1 qlt2s qo—1 N
&< §Cvget W/ ((f — A A H) <v)7mm(1’7)_‘1 dv, (7.60)
* R4

as soon as the constant a satisfies

— 1=
a Z Cb* 2sd

for some constant C' = 2qgcb%°;‘;' with Ciget from Proposition 7.5 and Ceopny from

Lemma 7.30. Indeed, by Lemma 7.30 there holds

3 ~a -1 i ax
£ S Cconv’ Qchb* d / A((f - A)Jr A\ /€> ° <1)>'7m1n(177) dv

Rd
1 Cll+2s

qo—1
< Z . _ Y+25—¢q
= 2Cvget bzs /Rd ((f A)-i— N /{) <U> dv.

The last inequality follows from the condition imposed on a.

Estimate of £. We next claim there exists a constant C' > 0 depending on s, d, v, ¢, ¢«

such that
ésgd”/

R4

qo—1 .
((F = Ar)" (@yrenai e au, (7.61)
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Indeed, by Lemma 7.30 there holds

£ < Coonr (a0 — 1)eybs / (= 4y Aw) " (@ minae) v

-1 in(1. 2
< Ceon (0 — Dbl / ((f —A)p A H) O )y min(L ) =a gy,
R4

We used that (f — A); < f < b, (v)~% to get the second line.

Conclusion. Estimate (7.58) is derived from the Truncated Convex Inequalities (7.8)
after using (7.59) together with 7.60 and 7.61.

7.9 Proof of the decay estimate

7.9.1 Monotonicity for generation

The next lemma is obtained by combining Lemma 7.7 with (coercivity and error) estimates

from previous sections.

Lemma 7.32 (Monotonicity). Let f be a suitable weak sub-solution of the Boltzmann
equation with either in-flow, bounce-back, specular / diffuse / Mazwell reflection boundary

condition. Let
A(t,v) == a(t)(v)"=  with a(t) = a. (1+f2%),

with qns from (vii) and for some constant a, > 0 large enough depending on d,~y, s, ¢y, My, Ey
and Cy,. Then

% //R ol = A)dvde ST,(0) - in D((0.7), (7.62)

with Z,.(t) such that for any T > 0, we have

T
/ Z.(t)dt — 0.
0

K—00

Remark 7.7. The constant C} comes from the assumption on the boundary data f, in the

statement of the main result, see Theorem 1.7.

Proof. We write ¢ instead of ¢,q for clarity. We assume that a, satisfies

A > Qgey  and  a, >, (and a, > aif v < 0), (7.63)
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with age given in (7.18) and Cj, in the statement of Theorem 1.7 (it is related to boundary
values) and a comes from Lemma 7.29. The first condition ensures that we can use
Proposition 7.4 about the good extra term while the second one ensures that boundary
terms will not appear in the Truncated Convex Inequalities, see Lemma 7.7.

We distinguish the cases of hard and soft potentials.

THE CASE OF HARD POTENTIALS. In this case, we apply Lemma 7.7 and collect estimates
(7.16) with g = (f — A)4, (7.19), (7.21), (7.32) to get that for any ¢ € (0, 1),

d
— (f—A)dvd
7L, eontr = Ayavas

< ~Cor [ N0 =02 A0 gy o Con [ (=200 n™ ",
=G [ =20 e

# (ot Cu)o® [ (7 =A™ 0
+54ﬂ«f—AﬁAHyw%ﬂwdx+aWMXd[ﬂ«f—AhAnfkl%mﬂdx

=40 [ [ = A an™, L, e

L (RY)
we then pick € = C¢o, /2 and get,

CCOI‘ 0
<=2 [0 = A A0 e o

+C (—(—;au%s +1+a(t) — cl(t)) /Q H((f — A)s A /i)qo—l

dx

1 d
L} (R9)

for some positive constants C' and ¢ depending on Ceor, Cget s Chard s C(Ceor ), C1, d and
s. The last inequality follows from the fact that y —d — 1 <[, and —¢ <, (recall that
a < 0 and [, is given in (vi)) for ¢ < d+ 1 and v > 0. Finally, we choose a, large enough
(depending on ¢, d and s) such that

—eat T () + 1 +alt) —a(t) <0. (7.64)

In particular, this yields, % / fRde 900,5((f — A)+) dvdx <0 and concludes the proof for
hard potentials (y > 0).
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THE CASE OF SOFT POTENTIALS. In this case, we apply Lemma 7.7 and collect estimates
(7.16) with g = (f — A)4, (7.19), (7.21), (7.57) and use Lemma 7.7 to deduce,

%//}RdxQ wor(f—A)dvdx
< ~Con [ 0 = A0 ARl goy A+ Can [ (£ = 22 )
- getuH%‘S/QH((f—A)Jr/\/{)qu‘

+ Cha(t) /Q H((f — AL A R)qo—l‘

dx

1 d
L} (Rd)

dx

Lj, (RY)

dx
Ll (&%)

3 0
+3Cun [ = A AR g

15 2s 0—
+ 1—60get Cl1+ d / H ((f — A)+ VAN /i)q ! dz
Q

1 d
L} (RY)

dzx.

L (RY)

05 [ 10 = A= Ry do = ato) [ (7= 4 n)™

Using that —g <, for ¢ < d+1+ %i (and in particular for ¢ = guq ), wWe get,

d
E//Rde wor(f—A)dvdx

< € (~ea' ¥ (1) + alt) — (1)) /Q (7 =4y nm)e do

1 d
L} (R

+Cs [ = A= )+l en o
O 0

Finally, we choose a, such that both (7.63) and (7.64) (for a new ¢) hold true and we
get

% //RQ o ((f — A)y) dvde < T (1),

with
L) = Cs [ (= A=)l gy o

Finally we notice that f € L'([0,T] x €; L}?(R?)) ensures that,

T
/ Z.(t)dt — 0 as Kk — o0.
0

This concludes the proof in the case of soft potentials. O
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7.9.2 Proof of generation for not so large exponents

We now state and prove a result that will be used several times.

Lemma 7.33 (Monotonicity implies decrease). Let f be a suitable weak sub-solution of
the Boltzmann equation with either in-flow, bounce-back, specular / diffuse / Mazwell

reflection boundary condition. Let
A(t,v) :==a(t)(v) ™1

for some smooth bounded function a: (0,T) — (0,+00) and for some q¢ > 0. Assume that

% //R L fonlf = A)dvde S T(t) - in D((0,T) (7.65)

for some I.(t) such that for any T > 0, we have

K—00

T
/ Z.(t)dt —— 0.
0

Then f(t,x,v) < A(t,v) almost everywhere in (0,T) x Q x RY,

Proof. For all t € (0,T), we define

() = //R el = At a) dvd, (7.66)

Since ¢ (f — A) € L'((0,T) x R? x RY), there holds m, € L*((0,T)).

STEP 1. LEBESGUE POINTS. We now take two Lebesgue points t1,t; € (0,7") such that
t1 < to, and we consider for any € > 0 the following cutoff . € C2°(R) in time given by

(

Lty —t), ifte [ty —e ta),
1, iftE(t1+67t2—€),
Ht—ty), ifte(t,t+e],

\ 0, else.

Then we test (7.62) with 7. and integrate over (0,7"), so that

| mionae< [T
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The left hand side yields

/OTm;(t)na(t) dt = —/OTm(t)n;(t) ar = /t2 m(t) dt_l/““m(t) .

€ to—e € t1

so that we deduce after taking ¢ — 0, we deduce that for almost every ty,t, € (0,T") with
t1 < tg,

m(ts) — ma(ty) < / O (7.67)

t1
Note that the right hand side converges to 0 as kK — co. It also converges to 0 as to5 — t;
or as t; — tg, so that my(t) is (coincides a.e. with a) cadlag (function) and the values of
my(t) are well-defined for all ¢ € (0,7, see [169, Corollary 4.9.1]. We deduce from (7.67)

that my, is non-increasing in (0, 7).

STEP 2. SHIFTING THE BARRIER IN TIME. To finish the proof of Theorem 1.7, it
is sufficient to show that m.(t) = 0 for a.e. t € (0,7). Indeed this in turn implies
f(t,z,v) < a(t){v)~? for almost every (¢,z,v) € [0,T] x R? x R%.

Even if m., is monotonically decreasing, the difficulty is that m(t) is not defined at
t = 0. The following argument is taken from [169, Proof of Theorem 1.1]. We define a
shifted version of the function m defined in (7.66),

Myt (1) 1= //]Rd . o (f(t,z,v) — At — ty,v)) dvd.

After updating a, we know from Step 1 that mu. 4 () is monotonically decreasing for
t € (t1,T). Since a(t) — oo as t — 0, we note

t}g% Mooty (t2) = 0.

Thus for any ¢ € (0,1) there exists ¢; € (0,t2) such that ms 4, (t2) < €.
Moreover, there holds for a.e. t € (t2,T)

Mooty (1) < Mooty (B) < Mooy, (t2) < €.

As ¢ > 0 was arbitrary, we deduce ms,(t) = 0 for a.e. ¢t € (t2,7). This implies that
for a.e. t, € (0,T) and t € (t5,T), we have (z,v) € Q x RY, f(t,2,v) < A(t — ty,v). We
can now fix ty > 0 and consider t5 < tg < t and outside the sets of null measure. By
letting to — 0, this implies f(t,z,v) < A(t,v) for t > ty. Since ty is arbitrary, the proof is
complete. O

Proof of Theorem 1.7 for not so large q’s. 1t is enough to deal with the case ¢ = ¢y . In
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this case, the conclusion of the theorem is a consequence of Lemmas 7.32 and 7.33. [

7.9.3 Improving decay

In order to prove the appearance of decay for large values of the exponent ¢, we improve

it iteratively. We start from Lemma 7.7 and write,

%/Q/Rdgpoﬁ(f—,q)dvdﬁ/Q//Rmdw((f—A)+,<f'—A')+)Kf(v,v')dv'dvdx
+/Q//R con(f — A (A — 1), Kj(0,0) dv' doda
§cb//Rch>(f £l dvdx—l—///ﬂwcpoﬁf A) (A = A) K (0, 0') do’ do da

//Rﬁ“f AatAdvdw—/ /Rdwo,n(f—A)(v-n(a:))dvdS(x).

We recall that we assume that, depending on the boundary condition that we impose,
f<fo <a(t)(v)~? on I'_, so that the boundary term vanishes.

When ¢ is lower or equal to d + 1, we can use the lower bound from the good extra
term from Proposition 7.4 and estimate the error term due to the v-dependence of A
thanks to Lemma 7.8 and the convolution term thanks to Lemma 7.13.

When ¢ is greater than d + 1, for the term on the second line we use the coercivity
estimate from Proposition 7.5. Finally, for the error terms and ¢ large, we use Lemma
7.11 to estimate & and either Lemma 7.14 (in case of hard potentials) or Lemma 7.31 (in

case of soft potentials) to estimate the term involving the convolution.

7.9.3.1 Hard potentials
Lemma 7.34 (Improving decay — hard potentials). Let v > 0 be such that 0 < v+ 2s < 1
and g, > d+ 1 and ¢ = q, + 2s. If
f<C (A +tPe) ()™ ae in(0,T) x QxR
then
f<C,(1+tP) ()™ ae in (0,T) x Q x R?

1
with B, = 1+255q* and Cy = a,.Cq, 2 with a, only depending on d,y, s, Cyget , Cy.0, Ch, By,
and Cy 4, from Lemma 7.11.

Proof. We consider the barrier A(t,v) = a(t){v) ™ and the function a(t) = C,(1 + ¢ ).
It is convenient to write

b.(t) = Cy (1 4+t Po). (7.68)
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TRUNCATED CONVEX INEQUALITIES. Without loss of generality, we can assume that
Cy. > 1, so that b, () > 1. We impose that

1
2qoC! 2s
a>cb, with ¢ = max (22+23, (%) ,Cb> (7.69)
vget

so that we can use Proposition 7.5, Lemma 7.11 (since ¢ > d + 1 and ¢, > d + v + 2s),
Lemma 7.14 (since ¢, > 0) in order to write

d
E//]Rde ¢o(f —A)dvda

< Cuaal0n.(0) [[ (= Ak AR )0 dvdo
+Cralt) // (= A" @) doda
+ qoCy0b(t //Rd . (f = A AK)"T 1( Y7 dovde

—a(t) //RQ ((f = Ay AR)™ ()0 dode

1 Cyge _
— QbQngt 1+2s //Rd ) (f — A), )qo 1( ) (v >'Y+2s 4 dou de.
X

Using the fact that ¢ = ¢, + 2s and —2s < v, we get,

d
Eﬂ//ﬂ%dxﬁ ¢o(f —A)dvda
< Cu @0+ 1a) [ (= A A" )0 dvds
Rdx
+ qoC,0b.(t) //Rd . ((f—A)L A /@)qu(v)“’_q* dvdz

[dixg (f = Ay AR)P T ()% doda
_% ey //MXQ (f — A AR (o)) dvda,

We also impose to a to satisfy,

=a(t) + Crg, (b4(1) + 1)a(t) + qoCh0bs(t) <

al T2 (¢). (7.70)
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CONSTRUCTION OF THE TIME BARRIER. We now consider

1
a(t) = a,b, %

and we choose a, > 1 large enough so that a satisfies both (7.69) and (7.70). In order
to satisfy (7.69), we remark that b, > C,, and in particular a > a,CZ b,, so that (7.69)

holds true if we impose

1 1 200C- o\ 25
a, > Cp% ¢ = Cp® max (22+257 (%) ,Cb) _ (7.71)
vget

As far as (7.70) is concerned, we plug a = a,b; > into the ODE and get (after dividing
1
by a.b?),

1+ 2s
2s

. CV (S]
(_b*)(t) + Ol,q*bz(t) + (Ol,q* + Q_IQOC%O)b* (t) < Tgtaisbf(t)

1 _a
(we used that a, > Cg,* ¢ > b, *¢). Since we have b,(t) > 1, this amounts to check that

14+ 2s
2s

(=600 + (200, + o Jo200) < CEER0)

We now pick a, such that

L4 A
Ay Z <2CI,q* + Q_IQOC7,0> (C . ) 9 (772)
vge

and we are left with verifying that

25Cyget 95,9

b2(1).

(=800 < g5

Recalling that b, is given by (7.68), we have to check that for all ¢ > 0,

2sC
C_l t_BQ*_l < vget 2s 1 t_ﬁQ* 2‘
qx /BQ* _4(1+28)a*( + )
It is enough to pick a, such that

1

L (414 25)B, \ >
>0 | ——— , 7.73
ax =2 qx ( 2SCVget ) ( )

(we used that tPo =1 < (1 + ¢7%)2 for all t > 0 since 3, > 1).
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CONCLUSION.  Thanks to Lemma 7.33, we thus conclude for 8, = (1+ 5-),.
1 1
[ @yl (L4753 ) < .o 28 (1 ) o)

(we used the convexity of 7 s r1¥2:) as soon as a, > 1 satisfies (7.71), (7.72) and (7.73).

Since we assume C,, > 1, it is enough to impose,

1 1 1
_ w004 \> [(4(1+25)8, \ >
e ( (20 +w0) (72)" () )

1
with ¢ = max (22+2s, <M> = ,Cb). O

(jvget

7.9.3.2 Soft potentials

Lemma 7.35 (Improving decay — soft potentials). Let v < 0 be such that 0 < v+ 2s < 1
and qus be given by (vii). If for some q. > qug,

f<C (L+tPe) 0y, ace in(0,T) x QxR
then for q = q, + 0, there holds

f<C,(1+tP) () ae in (0,T) x Q x R,

with
rnin(fy—|—23—’yq7*,d+1—q*) if g < d,
0« = ¢ min(2s,d + 1 — q.) ifd < q,<d+1, (7.74)
2s if ¢ > d+1,

1
and B, = 1;355% and Cy = a*C’;:r% with a, only depending on d,~, s, Cyget , Cy 0, Cp and

Qs, Bq. and C,,.
Remark 7.8. See (7.76) and (7.78) in the proof of the lemma for conditions on a..

Proof. We consider again the barrier A(t,v) = a(t)(v)~¢ with ¢ = g, + J. (with ¢, to be
chosen) and the function a such that for all ¢ € [0,T), a(t) > C,. We also write b, (¢) for

C,.(1 4+ t7P=) and we can assume without loss of generality that

M,
Cp =292 and €, >1,
Cq*

(see the statement of Lemma 7.31 for the definition of ¢,,).
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Let ¢. < d+ 1. We remark that in this case, d, is chosen so that ¢ = ¢, + 6, < d + 1.
We impose that

v

a>C, and a>2"""p, and a> ébi_m, (7.75)

so that we can apply Proposition 7.5, Lemma 7.8 (since ¢ < d + 1), and Lemma 7.31, and
get

// ¢or(f — A)dvda + nget It2s // ((f = A)s A m)qo_l(v)@)“’”“”q dv dx
Rix Rix

1+2$ q—1 o
S—Cve—// f—A)L Nk V)7 dudx
5Cua g [ ((F=enn)" )

gx

—l—Qbi_% //Rdxﬂ ((f — A A ri)qo_lw)“’mm( S84 dy da
+ Cha(t) //Rd><Q ((f = A4 A /@)qo_l(v)@yq dvdz

—a(t) //RQ ((f = Ay AR)" 7 (0) ™0 do da.

We remark that [, < v+2s—g since ¢ > guq > 1. We also have ymin(1, &) —q. < y+2s5—¢
by the choice of d, in (7.74). We look for a such that

: 1-3 Cvget 1425
—a+Cia+Ch, ¢ < 202 a

1 1
We plug next a = a.by "> and get (after dividing by a.b?),

R

142 1-2- 1 Clge
;r %b. + Cyb, + Ca; 'ty 4 = < Qgtai%f.

We remark next that since b, > 1 and a, > 1 and 1 — % - 21—5 < 2, it is sufficient to check
that b, and a, satisfy

1+23
2s

Clge
b, + (C, + O)b% < 2“ a?p2.
We thus pick a, such that all three conditions below are verified:

a, > max(Cy, 2210 1, 0)
CLES Z 4(01 + Q)
C’vget (776)

A(1 +25)8,, \ >
2SCvget

[
ol

A« 2 CQ*QS (
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(see (7.73) above for the last condition) so that (7.75) holds true together with the
differential inequality. We can conclude as in the case of hard potentials (thanks to
Lemma 7.33) that

1
f < a* +25 (1 +t_ﬁ(I*)1+%<v>_q S a*C;j252%(1+t_ﬁq><v>_qa

where 8, = 8,.(1 + &) and a, satisfies (7.76).

Assume now that ¢, > d+1 > d+ v+ 2s, we pick 0, = 2s and ¢ = ¢, + 9, > d+ 1+ 2s.
We impose that

v

a>C, and a>2%2p, and a>Cb, >, (7.77)

so that we can use Proposition 7.5, Lemma 7.11 (since ¢ > d + 1 and ¢, > d + v + 2s) and
Lemma 7.31 and find,

// wor(f —A)dv da:+ vget al T2 (t // ((f = AL Ar)" o) ()20 dp du,
R x R x
< (g0 // A )qo_l(v)@}”’q* dv dx
+Cy g0 // ((f = A AR)* () (o) doda
RaxQ
Vget 1+25 A A )P 1 7254 Jo d
+ 262 (1) //RdXQ (f — k)" (v)(v) vdx

+Cbl At //Rm (f = Ay AK)® ()W) " dvda
4 //RQ ((f = A)s AR)™ (o) do da.

We remark that v — ¢, = v+ 2s — ¢, that v — ¢ < v+ 2s — ¢ and that —¢ < v+ 2s —q.
We thus look for a such that

. z OV ©
—a 420,00, + Cb. 7 < S ELal

1
+35

1
(we used that b, > 1). We plug once again a = a.bi’ > and get (after dividing by a.b?),

1+25

b, + (2C1 4 + C)b? < Cvgget“zsbi-
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We thus pick a, such that all three conditions are verified:

a, > max(Cy, 227 1,0)
a25 > M
* = Cyget (7.78)

: (4(1 +25)8,. ) %

a, > Cy %
= 280vget

(see (7.73) above for the last condition) so that (7.77) holds true together with the
differential inequality. We can conclude as in the case of hard potentials (thanks to
Lemma 7.33) that

1 1
< a,Cp > (L4 7P )13 (0) 71 < 0,0y 223 (14 477) (0) ™,

*

where 8, = 8,. (1 + 5-) and a, satisfies (7.78). O

7.9.4 Proof of generation for large exponents

Proof of Theorem 1.7 for large q’s. The idea is to iterate the gain of decay from Lemma
7.34 and Lemma 7.35 for hard and soft potentials respectively. We have shown in Subsection
7.9.2 that

f<C (L+tP=) )™, ae in (0,T) x Q x RY,

with J
dx = Qnsl = q(O)v Bq* =5 = B(O)

where we recall that ¢,g is given by (vii).

HARD POTENTIALS Lemma 7.34 then implies that there is C; = a¢C,, for some ay > 0
such that

f<C,14+tP)w)™  ae in (0,T) x Q x R,
with

1+ 2s
¢=g¢+2=q", B =—
S

We apply Lemma 7.34 again, now with ¢ and with 8. We find

ﬁq* = 5(1)-

F<C+t7 ) ae in (0,T) x Q x R
with

14 2s)° 1+2s)* d
¢P =¢V 425 =q, +2-2s=d+1+4s, 5(2):( ; 3> Bq*:( ; 5) —.
s S
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We iterate this process and conclude for any n > 0
F<C+ 7))y 1" ae in (0,T) x Q x R?

with

25

1+2s\" d
¢ =d+1+mn-2s, B“‘):( ‘2:3) —

SOFT POTENTIALS We follow the same reasoning in the case of soft potentials. We apply
Lemma 7.35 with ¢, = qng and 3, = 2%: then there is C; = aoC,, with ay > 0 such that

f<C,(14+tP)w)™1  ae in (0,T) x Q x RY,

with _
. + S . (1)
- 28 /Bq* — 6 I

where 0, > 0 depends on ¢.. We iterate this process and we conclude for any n > 0

q=0q«+ 5* = q(l)u Bq

f<a, (1 + t*ﬁé"’) @)1 e in (0,T) x Q x R,

with

n n— n— n 1+2s nd
q():q( 1)+5i 1)7 B()—< )

25 25"
Writing ¢ = ¢uq, we remark that there exists ng € N such that

gt = g+ 1.

More precisely, we remark that

min (q(”) + (v+2s) + (_7)%1)7 d+ 1) if ¢ < d
¢ = min (¢ + 25,d + 1) ifd<q¢™ <d+1
4™ 4 2 if ™ >d+ 1.

In particular, as long as ¢™ < d+ 1, we have ¢+ > ¢ + (v +2s) and since v+ 2s > 0,
this cannot hold for all n > 1.
We thus have for n > ng + 1,

¢ =d+1+ (n—mng—1)2s,
ensuring in particular q(") — 00 as n — 00. 0

a-priori
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Part 111

Well-posedness for Landau-Coulomb
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CHAPTER &

SUB-CRITICAL LANDAU

In this final part, we consider the Landau equation with Coulomb potential in the spatially
homogeneous case. We establish a well-posedness theory for rough initial data. We start
in Chapter 8 with the sub-critical regime, where we first show that small initial data, in
the sense of data that is close to equilibrium in sub-critical Lebesgue norms, leads to a
global-in-time smooth solution. We then show that a global-in-time result in a perturbative
regime is in a certain sense equivalent to a local-in-time result for general initial data
in sub-critical Lebesgue spaces. In Chapter 9, we move to the critical regime: we show
sufficiently strong a-priori estimates to construct a local-in-time smooth solution for initial
data in the critical Lebesgue space L%, where the coefficients fail to be bounded. Due to
the breakthrough result of Guillen-Silvestre [100], we manage to show that our solution
actually exists for all times. Finally, in Chapter 10, we show that a solution with initial
data in L' N Llog L has in fact a bounded Fisher information, and thus exists for all times.
The results in this part are born out of a collaboration with W. Golding, M. Gualdani,
and L. Desvillettes.

In this first chapter, we show short time propagation of smallness in LP norms for
p > 3/2 and instantaneous regularisation in Sobolev spaces. This yields new short time
quantitative a-priori estimates that are unconditional near equilibrium. We combine these
estimates with existing literature on global well-posedness for regular data to extend the
well-posedness theory to small LP data with p arbitrarily close to 3/2. This is based on
our article with W. Golding and M. Gualdani [83].

We then show with similar methods that we can also construct a local-in-time solution
for large initial data, away from the perturbative regime. This was a collaboration with
W. Golding [81].
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8.1 Introduction

The Landau-Coulomb equation is a fundamental model in plasma physics. Despite its
widespread use, the mathematical understanding of (1.41), has at the time of writing the
articles [81, 83|, been limited, particularly with regard to the existence of global-in-time

smooth solutions.

8.1.1 Literature

Complete existence theory for solutions to (1.39) has been established only for weak
solutions. In [186], Villani constructed global-in-time very weak solutions (often referred
to as H-solutions) to (1.39) in the spatially homogeneous case for general initial datum.
These H-solutions conserve mass, momentum and energy, and have decreasing entropy.
Subsequently, in [58], Desvillettes used propagation of L' moments to clarify that Villani’s
solutions satisfy (1.39) in a standard weak sense. The moment estimates were then
improved in [45] by showing that the solutions propagate L' moments of all orders
and stretched exponential moments and used to provide quantitative rates of decay to
equilibrium in L!'. Notably, despite recent progress on the eventual regularity and partial
regularity of H-solutions [62, 86, 87|, the question of uniqueness of these solutions remains
open, even for regular initial datum.

If one starts with more regular, or more integrable initial datum, the situation is reversed.
The uniqueness of weak solutions with bounded mass, momentum, energy, and entropy
which further lie in L'(0,T; L>) was established by Fournier in [75] using probabilistic
methods. Subsequently, the authors of [52] relaxed the boundedness assumption to
L>(0,T; LP) for p > 3/2, assuming the initial datum decays sufficiently fast. However,
these results do not necessarily apply to the global solutions constructed by Villani, as it
is currently unknown whether general weak solutions belong to either integrability class.
Let us also remark that by applying the parabolic De Giorgi-Nash-Moser theorem and
parabolic Schauder estimates appropriately, it is known that L{° (0,7T; L>°(R?)) strong
solutions are instantaneously smooth. However, the existence theory of strong solutions is
much less developed.

Few unconditional regularity results exist for general weak solutions of (1.41). The
authors of [86] showed partial regularity in time through the use of a De Giorgi-type
iteration, which takes advantage of the control of entropy to determine a dimensional
bound on the set of singular times. The results were then extended in [87] to provide a
bound on the dimension of the set of singular points in space-time.

While unconditional regularity results remain elusive, various conditional results have
been established based on classical elliptic-parabolic iteration methods that highlight the
smoothing effects of the diffusion in (1.41). In [93], the second author and Guillen used
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barrier arguments to obtain pointwise bounds for radially symmetric solutions, conditional
to the L>(0,7T; L”) norm with p > 3/2. This is a strong enough estimate to build global-
in-time solutions to a related model, the isotropic Landau equation introduced in [136] (see
also [90]), but not for (1.41). In [178], Silvestre treated (1.41) as a non-divergence form
parabolic equation and applied arguments inspired by Krylov-Safanov to deduce a-priori
pointwise estimates for smooth solutions to (1.41). This provides unconditional bounds in
the case of moderately soft potentials, but only provides bounds conditional on a weighted
L>(0,T; LP)-norm for p > 3/2 of the solution for Coulomb potential. In a subsequent
work, [94], the authors used the theory of A, weights and a Moser-type iteration to obtain
pointwise bounds for weak solutions, provided solutions belong to L>°(0,7"; L”)-norm for
p > 3/2.

For large initial data'!, until recently, the only result was that of [15]: the authors
show local-in-time existence of a strong solution for initial data in L*>°. The L* norm is
rather amenable to estimation using maximum principle type arguments, which neglect
the helpful diffusive term in (1.41). By contrast, it is significantly more difficult to close
energy estimates in lower LP norms. Recently, in [62], the authors were able to prove a
corresponding result for initial datum in a polynomially weighted H' space. We mention
also that existence of strong solutions for radial initial data belonging to LP with p > 3/2
is established in [93]. Finally, there are additional works in the rough data, inhomogeneous
Landau-Coulomb setting, i.e. [103, 106, 107] and the references therein, but the class of
initial data considered is always more stringent than just L>°, which was addressed in [15]
for homogeneous initial data.

For small initial data, i.e. near equilibrium, there are more results. First, in [101], the
author constructs global strong solutions are constructed for data close to equilibrium
in weighted H* for some k > 8. Second, in [62], they demonstrated the existence of a
monotone functional that leads to the eventual smoothness of general weak solutions. If the
initial value is close to the equilibrium in weighted H'! space, the authors were able to show
global-in-time well-posedness. Third, the article [44] discusses a global-in-time existence
result for the inhomogeneous Landau equation, assuming closeness to the equilibrium in
a weighted H!L2-space. The proof in [44] uses spectral methods, which are significantly
more complicated for general LP spaces when p # 2. We would also like to mention the
related result in [132]: there, the authors proved that smooth solutions for inhomogeneous
Landau-Coulomb equation exist globally in time for initial data close to equilibrium in
a weighted L> sense. The method relies upon pointwise estimates using a De Giorgi

iteration to close their estimates.

by which we mean far from the unique corresponding Maxwellian steady state
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8.1.2 Aims

8.1.2.1 Small data - long time

In the first part of this chapter, we aim to show unconditional regularisation effects and
pointwise bounds when initial data are close to equilibrium in LP with p arbitrarily close
to 3/2. This part relies on [83]. Such unconditional, quantitative estimates are strong
enough to prove existence of global in time classical solutions. This provides the first proof
of global well-posedness near equilibrium for initial data in low LP spaces and without
smallness in weighted norms. Previous results require initial data near equilibrium in
a weighted L? space [44], a weighted H' space [62], or a weighted L> space [132]. The
restriction p > 3/2 is essential to our arguments, which hinge upon short-time smoothing
estimates. Our smoothing estimates hold when the diffusion dominates on short time
scales. This occurs in sub-critical norms; for our equation, all LP(R?) norms with p strictly

greater than 3/2 are sub-critical, in the sense that, for g > 0,

2/3
Jpag” v (/ 93/2dv> / .
Jrs [VgP2* do ™ o

We will derive an inequality similar to the preceding one that involves the Landau diffusion

term (instead of the Laplacian) and use it to quantitatively track the time evolution of
the LP norm for a short time. An iteration argument inspired by the De Giorgi method
will yield smoothing estimates. Qualitatively, this implies that if the initial data is small
in some L spaces (p > 3/2), the corresponding solution will be regular and small (in all
Sobolev norms) after some time passes. Uniqueness will allow us to piece together the
local-in-time solution constructed here with the global-in time solution for small smooth
data constructed in [62], or alternatively in [44] or [132]. This yields a single global in
time solution for small L? data with p arbitrarily close to 3/2. Let us also stress that we

require smallness only for f, not for moments of f.

8.1.2.2 Large data - short time

The second part of this chapter aims to adapt the energy methods and smoothing estimates
in the first part to show local existence of strong solutions for initial data merely in LP,
for any p > 3/2. Moreover, we attempt to unify the smoothing estimates that exist within
the literature, which are essential to our method. Accordingly, we deduce a uniqueness
result for solutions in unweighted mixed space-time Lebesgue spaces, reminiscent of the
classical Prodi-Serrin results in incompressible fluid mechanics. This part is based on [81].

It is rather natural to expect smoothing estimates for solutions of (1.41), given the

parabolic nature of the equation. This perspective has yielded several conditional results,
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beginning with [93], which shows radial solutions regularise from L& (RT; L2 ) to Lz, and
become instantaneously smooth, and [178], which extended this to non-radial solutions, at
the expense of weights in velocity. This was reproved via new techniques in [94], which
interestingly suggests that the nonlinear diffusive effects of (1.41) are far stronger than
the corresponding diffusive effects of the heat equation. Additionally, recent work in [24]
suggests some of these estimates can be localized in velocity. Finally, a framework of
I,

~ (RY; L%ﬂ plus some energy control appeared in [7] to obtain pointwise control for the

closely related Landau-Fermi-Dirac equation. Subsequently, this technique was modified
for the use of the Landau-Coulomb equation in [83] and reappeared in [8], generalised to
the full range of soft potentials and dimensions. We attempt to unite these smoothing

results in Proposition 8.4 below, which is then used to build strong solutions.

8.1.3 Notation

Before presenting our main result, we first establish some notation and revisit the some
basic properties of (1.39). The notation introduced in this section is valid for all remaining
chapters, Chapter 8, Chapter 9, and Chapter 10. We use the bracket convention (v) :=
(14 |[v)*)2 and define the LP, norm for p € [1,00) and m € R, as follows:

112, sy = / F@P )™ v, sy = esssup @) [F(0)]

veER

We would like to make the reader aware of the different convention employed in Chapter 7
to introduce weighted Lebesgue norms, see (7.5). We define the weighted Sobolev norm
HF (R3) as

Ty / 1o (@ o

|| <k

8.1.4 Results

8.1.4.1 Small data, long time

We now present the main result in a perturbative regime.

Theorem 8.1 (Small data, long time). Fizp > % and let m be any positive number greater

than 0 . 3/9
max(—p_3max(1,—f(p_ /) ),55).

For any giwven M, H and f;, € L}, N LP(R?) satisfying

iy, <M and [ fullog(in)| do < B, s.)
R
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there exists 6 = d(p,m, M, H) > 0 such that if

R3

equation (1.41) admits a unique global classical solution on (0,00) x R® with initial datum

fin- This solution satisfies, for t > 0, the smoothing estimate
10l < Clpsm, M H) (14¢775) (8.2)

for some v > 0 that only depends on p and m:

2] (36-D)

Theorem 8.1 provides further evidence that all L? norms for p > 3/2 are sub-critical
in the sense that diffusive effects dominate. Combined with the conditional regularity
results in [93, 94, 178] mentioned above, this emphasizes the role of the L3/2 norm as a
sort of critical norm for the equation. If one relies on the analogy to semi-linear parabolic
problems, one could expect blow-up in L? norms for 1 < p < 3/2, which seems unrealistic
for (1.41), since the L' norm is conserved. Theorem 8.1 also clarifies when the analogy
of (1.41) to semi-linear equations remains valid and provides useful intuition, which is
when p > 3/2. On the other hand, we believe that Theorem 8.1 should be true also for p
arbitrarily close to one, but the proof seems at the moment out of reach.

Since we are in the sub-critical regime, heuristically, the solution obtained in Theorem
8.1 is expected to behave similarly to solutions to the heat equation, with a correction
that takes into account the degeneracy of the diffusion coefficient A[f] at large velocities.
In fact, ignoring the m dependence of the constant C' and letting m — oo in the exponent
7, the smoothing estimate in (8.2) approaches the well-known LP — L estimate for the

heat equation on R3:
_3
€2 fin| 1o < C)E ]| finll 1o

The nonlinear dependence of the small parameter § from the size of the initial data in L},
and L log L should be interpreted as follows: if a sequence of initial data fX converges to
@ in LP and remains equi-bounded in L} and Llog L, then for sufficiently large &, these
initial data will admit global classical solutions according to Theorem 8.1.

Unlike the results of [62], [132] and [44], Theorem 8.1 does not require smallness for
the moments of the initial data. This distinction is subtle but non-trivial. Our method
uses weighted spaces only to quantify the strength of the diffusion in our energy estimates,
not to bound our energy functional. This is possible thanks to several weighted Sobolev

inequalities combined with moment estimates.
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The following corollary is immediate from Theorem 8.1 and [62, Proposition 1.2].

Corollary 8.1. Let f;, be an initial datum satisfying the assumptions of Theorem 8.1 and
let f be the corresponding unique solution. This solution f satisfies the long-time decay
estimate

C(m,H, M,p,?)
Hv(f _M)HLg + Hf - /’LHLf < (1 —|—t)15/4 ; U>> 17

where 1 1s the Mazwellian with the same mass, momentum and energy as fi,.

Let us state the precise definition of solution found in Theorem 8.1: the function
f:RT x R® — R* is a global solution to (1.41) with initial datum f;, in the following

sense:
o Foreach T > 0, f € C(0,T; L' N L) N L(0, T; L1 ) 0 LY(0, T; L>);
e Foreach O <t < T, fe L™, T;L*N H,);
e This f solves (1.41) in the sense of distributions on [0,00) x R3 ie. for each
p € C([0,00) x R?),
finp(0)dv — / forpdvdt = / V2 : A[f]f + 2V - Va[f]f dvdt.
R3 0o Jrs 0 JR3 83)

e This f is a classical solution of (1.41) on (0,00) x R?® and satisfies the short time

smoothing estimate (8.2) with

£ @)l < Clopym, M, H) (147757,

2 (13-

The nonlinear nature of (1.41) and the low regularity of the initial data f;, cause

where

some minor difficulties in stating precisely what notion of solution holds up to time 0. To
illustrate the main ideas of Theorem 8.1 and provide the main step of its proof, we isolate

the result of Theorem 8.1 for Schwartz class initial data in the following proposition:

Proposition 8.1. Fiz p, m, H, M, and f;, as in Theorem 8.1 and suppose additionally
that fi, € S(R3). Then, there is an § = 6(p,m, H, M) > 0 such that || fi, — p|lp» < 0
implies there is a unique global-in-time solution f : RT x R? — RT to (1.41) satisfying
f € C(0,00; LP). Furthermore, f is reqular in the sense that f € C(RT;S(R?)).

For h := f — p a Schwartz class solution, we show that h(t,v) is small in L> after

some time t(, where ¢, is explicitly computed. The method used here is a variation of an
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ODE argument introduced by Corrias and Perthame in [53] for the Keller-Segel model.
Higher regularity estimates then imply the smallness of h(t) in a weighted Sobolev norm
for t € (19, 3ty). This quantitative control over higher regularity of h enables us to apply a
result from [62] (summarized in Theorem 8.5 below) to conclude that there is a global
solution to (1.41) with initial datum f(2¢y). The uniqueness result of [75] (or [52]) allows us
to piece together the local-in time solution constructed in the time interval (0, 2¢y) with the
global solution on (2ty, +00) to obtain a single global-in-time solution with initial datum
fin. Finally, we remove the Schwartz class assumption using a compactness argument and
obtain Theorem 8.1.

8.1.4.2 Large data, short time

Here we now present the main result for general initial data, but only for a short amount

of time.

Theorem 8.2. Fizp > % and let m > %pfl. For any given M, H and f;, € L} N LP(R?)

p—

[N

satisfying
Vil <M and / fin Nog(f)] dov < H, (8.4)
R

there exists 0 < T = T(p,m, M, H) such that equation (1.41) admits a smooth solution
on (0,T) x R with initial datum f;, in the sense that limy o+ || f(t) — finll,» = 0. This

solution satisfies, for t € (0,T), the smoothing estimate

where * = 5*(p,m) is explicitly computable and satisfies 2% < p* < 1. Thus, f is the
unique solution to (1.41) in L'(0,T; L>) with initial data fi,.

As a consequence, we deduce the following continuation criterion, which has appeared

previously in [93] for radial solutions.

Corollary 8.2. Fiz p > % and let m > g}% and fi, an initial data satisfying the

assumptions of Theorem 8.2. Let f be the corresponding solution constructed in Theorem
8.2. Then, the mazximal time T for which f can be uniquely continued as a smooth solution
15 characterized by

lim
t AT

f®) 1 = +oo. (8.6)

desvillettesHsols The proof of Theorem 8.2 is based on the widely used lower bound
A[f] = (v)* that suggests that (1.41) should behave like the semi-linear heat equation

of = Af + 1.
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Indeed, the smoothing estimate (8.5) is consistent with the well-known LP(R?) — L>(R?)

heat regularisation estimate,

_3
HetAfinHLoo St v HfinHLpa

up to a correction accounting for the degenerate diffusion at large velocities encoded in
the parameter m. Because the semi-linear equation is only locally well-posed for arbitrary
initial data in L? for p > 3/2, it does not seem that one can go beyond the limitation
p > 3/2 using solely the lower bound A[f] > (v)~* and not relying on the full strength
of the diffusion. Indeed, [94] suggests that the heat smoothing estimate is suboptimal
for Landau, but we cannot see this difference using methods relying on the lower bound
Alf) 2 ()

As a final consequence of our methods, we are able to adapt our a-priori estimates to
apply to rather general weak solutions to (1.41) satisfying a Prodi-Serrin type condition in
unweighted Lebesgue spaces. We prove a quantitative conditional regularity result which
implies a more natural uniqueness class for the solutions constructed in Theorem 8.2,
namely L>°(0,7; L?), and implies the stability of these solutions under weak L"(0,T’; L?)

convergence:
Theorem 8.3. Suppose g : [0,T] x R® — R is an H-solution® to (1.41) such that

e g€ L"(0,T; LP(R?)) for some r > ;22 and p > 3/2;

=2
o g € WH(Q) for each Q2 compactly contained in (0,T] x R3;

e and lim;_,g+ g(t) = gin in the sense of distributions, where g, € L1 N Llog L for

some m > m*(p,r).

Then, g € L*(0,T; L) and g is smooth. Consequently, g is the unique smooth solution to
(1.41) in L"(0,T; LP) with initial data gy, .

The role of the qualitative regularity of g, namely the locally Lipschitz assumption,
is merely to guarantee that truncations of g are sufficiently regular to be used as a
test functions in a weak formulation of (1.41). This assumption can be replaced by an
appropriate notion of suitable weak solution, as in the seminal work of Caffarelli, Kohn,
and Nirenberg on the partial regularity for the incompressible Navier-Stokes equations.
However, we expect that in the L"(0,7; L?) setting, this assumption is unnecessary and
could potentially be removed by using a mollified version of g as a test function and

sending the mollification parameter to 0% using the DiPerna-Lions commutator estimates,

2More precisely, g is a solution in the sense of distributions to the collisional form of the homogeneous
Landau equation with constant mass, momentum, and energy, decreasing entropy, and bounded entropy
production. As a consequence of [58], the bounded entropy production implies V,/g € L*(0,T; L2 ).
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another tool frequently used in fluid mechanics. We do not investigate these directions
further.

One can explicitly compute that m* = 221

2p—3/2
that the solution constructed in Theorem 8.2 is the unique locally Lipschitz solution

when r = oco. As a result, we find

belonging to L>°(0,T’; L?). This uniqueness class is the same one considered by Chern and
Gualdani in [52], up to our additional qualitative regularity assumption. Although the
estimates presented in [52] are sound as a-priori estimates, it remains unclear whether all
low regularity solutions satisfy the same estimates in the absence of additional regularity
hypotheses. Our assumption that g is locally Lipschitz is used in the proof of Theorem
8.3 to rigorously justify the uniqueness result of [52], which is especially intricate for
p € (3/2,2).

The term Prodi-Serrin condition originates in [8], where the authors show the following
conditional regularity result, analogous to the classical Prodi-Serrin result for the three-
dimensional incompressible Navier-Stokes equation: If f is a suitable solution to (1.41)

with initial data in L} for some sufficiently large m and

FELODIPE), 4= 1<np<oo pAl (8D
then f € L>®(t,T; L>) for each t > 0 and, consequently, f is instantaneously smooth. The
core of their argument is a novel proof of an e-Poincaré inequality, which we use in Section
8.4.4. Note that except in the case r = 1, p = 0o, it remains unclear whether assumption
(8.7) is enough to guarantee uniqueness. The main contribution of Theorem 8.3 is that
for the full range sub-critical range of parameters, namely % + % < 2, one can rigorously
prove that uniqueness holds as a consequence of smoothing estimates. We expect that
uniqueness in the critical case, i.e. under assumption (8.7), requires a significantly different

proof, because by analogy to the semi-linear heat equation, one expects only the estimate

C
5@ < 5

which does not imply f € L'(0,T; L>).

8.1.5 Outline

This chapter is organised as follows: In Section 8.2, we list known results that are central
to our proof of both, the perturbative result and the short time result.

Then we focus first on the case of small initial data for which we construct a global-in-
time solution. In Section 8.3.1, we analyse the evolution of f — p in LP and show that the
L? norm remains small for a short time. In Section 8.3.2, we use the De Giorgi method

to prove short time smoothing estimates. Qualitatively, this implies that if the initial
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datum has small L” norm, the solution will have small L*> norm after some time passes.
In Section 8.3.3, we prove Proposition 8.1, which concludes the argument for Schwartz
class initial data. In Section 8.3.4, we deduce Theorem 8.1 from Proposition 8.1 using a
compactness argument to remove the Schwartz class assumption on the initial data.
Then, we move to the proof of Theorem 8.2 for large data. We derive two a-priori
estimates: In Section 8.4.1, we use an ODE argument to show propagation of LP norms of
the initial datum for p > 3/2 for some quantitative short time. In Section 8.4.2, we use
a new De Giorgi type argument to show quantitative L* regularisation, for sufficiently
integrable solutions. A combination of these estimates yields the quantitative short-time
smoothing estimates claimed in (8.5). Then, in Section 8.4.3, we use a compactness
argument and the estimates (8.5) to build our smooth solutions and conclude the proof of
Theorem 8.2 and Corollary 8.2. Finally, in Section 8.4.4, we show how to use our a-priori

estimates to obtain the result in Theorem 8.3.

8.2 Preliminaries

We collect here known results that are used without proof.

8.2.1 Existence results

8.2.1.1 Local

We begin with a local-in-time well-posedness result of Henderson, Snelson, and Tarfulea

[107]. We present the result in a simplified form, suitable for our purposes:

Theorem 8.4 (From [107, Theorem 1.2 and Theorem 1.3]). Suppose f;, € S(R3) is
non-negative. Then, there is a time 0 < T* < oo and a function f: [0,T*) x R® — RT
with f € C(0,T*; S(R?)) such that [0,T*) is the mazimal time interval on which f is the
unique classical solution to (1.41) with initial datum f;,. Furthermore, if T* < oo, then f
satisfies

lim
t AT

()l = +oo.

8.2.1.2 Global

We continue with a global-in-time existence result for small data shown by Desvillettes,
He and Jiang in [62]:

Theorem 8.5 ([62, Proposition 1.2]). Suppose || finllLiogr + | finll 3, < K and fin € Hy is

a non-negative tnitial datum. Let p be the corresponding Mazwellian. Then, there is an
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e1=¢1(K) >0 and C = C(K) > 0 such that if
vam - VNHLg + Hfm — :LLHL% < €1,

then there is a global solution f:RT x R? — RT to (1.41), satisfying

C
1£(t) = ullmy < REDED

8.2.2 Uniqueness

We conclude this section by recalling a uniqueness result due to Fournier:

Theorem 8.6 (Uniqueness [75, Theorem 2]). Suppose f, g : [0,T] xR3 — RT are solutions
to (1.41) in the sense of distributions with the same initial datum f;, € LY and both belong
to L>(0,T; L) N LY (0, T; L*>). Then, f(t) = g(t) for all0 <t <T.

8.2.3 Moments

We will frequently use that (1.41) propagates L'-moments of any order. More precisely,

L'-moments of any order s > 2 grow at most linearly in time.

Lemma 8.1 (From [45, Lemma 2.1]). Let k > 2. Fiz a non-negative initial datum
fin € L}, N Llog L satisfying the normalisation (1.46). Suppose f: Rt x R® — RY is any
weak solution of (1.41) with initial datum f;,. Then, for each t >0,

3 F(t,0) ) dv < C(1+1). (8.8)

We also use a moment bound on h = f — p.

Lemma 8.2 ([62, Lemma 2.1]). Let | > Y. Fiz a non-negative initial datum f;, €
L} N Llog L such that [ fidv =1, [ fin|v]> dv = 3. Suppose f : R® — R is any weak

solution of (1.41) and let h:= f — . Then for all 6 € [0,1] and q < qp with

(8.9)

Ql,9:_2l2_25l+57< 0>+%

1— =
18(1— 2) I

there exists a constant C3 = C5(0,1, K), where K is such that ||fm||Lll + | finllprogr < K
such that
Vit >0, 1At )y < Cs(1+ )7, (8.10)
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8.2.4 Coeflicients

8.2.4.1 Lower bound

We generally require mass, energy and entropy of f to be bounded uniformly. If we know

that f € LP for some p > 1, then the entropy bound follows naturally from the LP bound.

Lemma 8.3. Suppose f : R® — RY satisfies for any p > 1

0<m0§/de§MO, /|v|2fdv§E0, /fdeSK.
R3 R3 R3

Then,
/3 fllog(f)| dv < C(mg, My, Ey, K, p).
R

We then state the uniform lower bound satisfied by the diffusion coefficient. Note that
by the previous Lemma, we can relax the entropy bound by the L? bound on f, if p > 1.

This ellipticity result is by now standard in the literature.

Lemma 8.4. Suppose f : R? — R satisfies

0<my< f dv < M,, / lv]2f dv < Ej, / fllog(f)| dv < H,.
R3 R3

R?)
Then, there is a constant co = co(mg, Mo, Eo, Hy) such that

Co

Alfl(v —1.
R

8.2.4.2 Upper bounds

The following lemma controls the degenerate diffusion associated to (1.41) and quantifies
the parabolic nature associated to the Landau equation when written in the form (1.41).
Each of these coefficient bounds stated here are now standard and can be found in many
places in the literature, [23, Lemma 3.1], [82, Lemma 2.1], [178, Lemma 3.2], [44, Lemma
4.2].

Lemma 8.5 (Coefficient bounds). For each 1 < p < 3/2 < g < oo,

29—3 q

2p 3=2p
IALf e S WA A and AL S IFIZ Il

Furthermore, for each 1 < p <3 < q < o0,

2q

IValflllpee S WA WA and (IValf]ll e S Iz 1115 -

373



Furthermore, if 3/2 < q < 0o then

Mw

2035
IValflllzs < ClIFIIZ" 1Hf|!3q g
Furthermore, if 1 < g < oo then

[V2alf]l o < CllA Lo

Iz

Finally, for any 3 <p < oo and m >3 (p—1),

Valf)(0)| + VAL S (0) 7 1F s, -

m

8.2.5 Interpolation, Sobolev and Sawyer-Wheeden

Very frequently we will use the following weighted Lebesgue interpolation result, which is

a simple consequence of Holder’s inequality.
Lemma 8.6. Suppose 6 € (0,1), 1 < q,p1,p2 < 00, and 3, a1, as € R satisfy the relations

1 6 1-90
-=—+ and [ =0a;+ (1 —0)ay
a9 D D2

Then, for any f € LB N L%, f € L} and

[ 60) Ul < 1 £l 00 £

Finally, we repeatedly use weighted interpolation and weighted Sobolev estimates. For
the convenience of the reader, we collect these estimates in the following lemma. Its proof
may be found in the Appendix 8.5, adapting the extensive literature on weighted Sobolev

inequalities (see for instance [175]).

Lemma 8.7 (Sobolev and Interpolation Inequalities). Let 1 < s < 6. Then, there are
universal constants Cy(s) and Cy(s) such that for all f € S(R?)

(/ 1 (0)~° dv) < /]R V) () dv+02( [y dv)%. (8.11)

Moreover, for each k > 3, there are Cy = Cy(k) > 0 and Cy = Cy(k) > 0 so that for all
feSE®Y,

(/RS (0)* 70 f° dv)é + /]RB ()" f2do < CQ/ W) 3|V do. (8.12)

RS
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Finally, let 1 <p < q < 3p < oco. Then, for any f € S(R?),

/RS ()" 7 < C(k,p) (/Rg (V)™ fP dv) E (/Rs (v)F2 Wfp/z\z dv)g(%;p)’ (8.13)

where

2%kp — (k — —
o — 2kp — (k= 3)(3¢ — 3p)
3p—q

8.3 Small data, long time

8.3.1 Local-in-Time Propagation of I’ Norms

In this section, we study the evolution of LP-norms for % <p<ooof h=f— p, where f
is a solution to (1.41) and u is the corresponding Maxwellian. We show that the LP-norms
of initial datum h;, are propagated by smooth solutions of (1.41), at least for some short
time interval [0, Tp]. Since we work with smooth solutions, the calculations in this section
are rigorous estimates. We note that for p = 2 a version of the following estimate has

previously appeared as an a-priori bound in [4].

Lemma 8.8. Fix% <p<oo,m > %%, H € R and M € R*. Suppose fi, is a

non-negative Schwartz class function, satisfying the normalisation (1.46) and the bounds

| finllpy <M and /3 fin [log(fin)| dv < H. (8.14)
R

Let f [0, T*) — R* be the unique Schwartz class solution to (1.41) with initial datum f, on
its mazimal interval of existence [0,T*). Then, there is an eo(m, p, H, M) sufficiently small
such that for any 0 < & < &g, there are 6 = §(e,m,p, H, M) and Ty = Ty(e, m,p, H, M) €
(0, 1] such that for h:= f — p, if [|hn|l5» < 0 then

t
sup (||h(t)||1£p + C—O/ / (W)~ VAP dvds) <eg, (8.15)
) 2 0 R3

0<t<min(Tp,T*

where co = co(M, H) is the constant from Lemma 8.4. Moreover, Ty may be chosen such
that
O(mvpa H7 M)El_a S TOa
_ 1 1
where a = (1 -5+ m) € (0,1).

Remark 8.1. In the proof of Lemma 8.8, we study the evolution of the LP-norm of h via

an ODE method. The L” norm satisfies a differential inequality of the form,

y <y-+y, a€ (0,1).
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For small data, the sublinear evolution dominates and restricts our estimate to a small
time interval (of order !'~).

Lemma 8.8 provides a quantitative estimate on how (1.41) preserves LP-smallness for
a short amount of time. This is the first step towards a global-in-time existence result for
small L? initial data. One might hope that this argument could extend to large initial
data, at least to show local-in-time well-posedness. However, the ODE method used in
the proof of Lemma 8.8 requires smallness of the initial data and does not seem to yield a

corresponding result for large data.

Proof. We start by noting that u is a steady state solution to (1.41), so that h satisfies
Oh =V - (A[f]Vh — Va[f]h) + A[h] : Vi + hp. (8.16)

Testing (8.16) with h?~!, integrating by parts, and rearranging yields

1 P 4(p—1
p dt p2 R3
— 2p—1
Pl [ gy 2221 / B dv + / B (AR V) do (817)
p R3 p R3 R3
- [1 —|— [2 + Ig.

Beginning with I, we use Holder and a weighted Sobolev inequality to get:

(8.18)

IN

(/Rg (hm)ﬁ (v)™° dv) v </}R3 B2 ()2 dv) 2/3
) /R e (/R o dv) 4/3] </R B2 (v)" dv) B

using (8.11) of Lemma 8.7 with s = 3/2. Holder’s inequality and that p > 3/2 yield:

IN

1 p—3/2

o - \? D) o p1 55
( / R3/2 (v)¥/ dv) < ( / h? dv) ( / h (v)2 =372 dv)
R3 R3 R3

p—4/3

4/3 =) 30D
(/ h3p/4dv) < (/ h”dv) (/ hdv)
R3 R3 R3
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Summarising, the term [; is bounded as

Mw

211

||h||3“’ )™ Ml + CallhlI 12 ()™ Il

I < O |[{v) ™32 vir2||”

The term I, is bounded via
Iy < 2[hI7, (il zoe-

The term I3 is bound using Hélder’s inequality, Lemma 8.5, and conservation of mass, as

- p 1 p p(17%+ plfl)
I < [|A[R] |z RIS ellwe < gl RIS HhHLl R < C)hl T

In summary, we have shown

R3

Nolco

p—

cp><H< pa i D Fal A T

+ Rl 1A )+ 1IPIL + IIhlli“p),

where a = (1 — % + ﬁ) The coercivity estimate from Lemma 8.4 and the moment

estimates from Lemma 8.2 then imply that there are constants M = M (M, m, H) and
co = co(H) for which

o< Alf) and sup  [Ih(®)llzy, < 7,

< > 0<t<min(T*,1)

and thus for a fixed constant C' = C(p), we have

d _p 373
ol <= ([ 19w @ av) (o= Clnpg i =
dt (8.19)

+C(M + 1)[|R|Z, + CllAllEs,

for 0 <t < min(1,7*). Introducing y, G and N as

0= IOl and G0 = ([ 1920 )" a).

)

and

Mw

0= (o i
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we have shown in (8.19) that y satisfies the differential inequality

Y < QN () + COT + 1)y + Oy (8.20)

We prefer to study (8.20) in integral form: Integrating from 0 to ¢, we find for any
0 <t <min(7T*,1),

y(t) < yo+ C / T+ 1)yls) + ()" ds — / GEON@E) ds. (521)

We are now ready to fix our choice of parameters g, Ty, and . First, we choose ¢; as

Cg(pfl)

o ((2é>3<p—l>M2p

3) , so that N(y) > % if and only if y < &g.

Second, for any ¢ € (0, g¢), we pick Ty and d as
Ty = (3¢)~! min ((H +1)7 ,el—a> and 0 <¢/3. (8.22)

The choice of § guarantees yy < € and consequently N(yo) > ¢o/2. Therefore, if yy < 9,
by continuity of y, either y(¢) < € for all 0 < t < min(7™,1) or there is a first time
to € (0,min(7™, 1)) such that y(ty) = €. By definition of ¢y, we then have y(t) < ¢ and
consequently N(y(t)) > ¢o/2 for 0 <t < ty. So, for any 0 < t < min(ty, Tp), we combine
(8.21) with the choice of Tj in (8.22) and the non-negativity of G to find

t
y(t) < e/3+ C(M + 1)et 4+ Ce®t — %0/ G(s) dt < e. (8.23)
0
We find ¢ty > Tj and rearranging (8.23) yields the desired estimate

o min(Tp,T™*)
sup y(t) + —/ G(s) dt <e.
0<t<min(Tp,T*) 2 0

The explicit choice of Ty in (8.22) yields the claimed asymptotic behavior. O

8.3.2 Quantitative L™ Regularisation

In this section, we prove a quantitative regularisation estimate for the L> norm of smooth
solutions to (1.41). More precisely, we show that for smooth solutions to (1.41), the L*°
norm is controlled by the energy functional that appears in (8.15). Our ultimate goal is
to construct solutions to (1.41) for initial data that are close to equilibrium in L?, even
for rough profiles. Hence, we ensure that the estimate depends only on L' moments

and entropy, making the estimate independent of the solution’s smoothness. The proof,
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inspired by [7], is a modification of the iteration procedure initially introduced by De
Giorgi in [56] for the study of elliptic equations. A similar version of our estimates has
already been obtained by Silvestre in [178]. One could possibly replace the forthcoming
estimates with Silvestre’s estimates to obtain a similar result to Theorem (8.1), where
smallness is instead required in a weighted LP space. We prefer to assume smallness in the

strictly weaker unweighted LP norm and so prove our own regularisation estimates:

%, m > %%, H € R and M € R*. Suppose fi, is a

non-negative Schwartz class function, satisfying the normalisation (1.46) and the bounds

Proposition 8.2. Fix p >

iy, <M and [ fullog(fin)| do < B
R

Let f:]0,T*) — R* be the unique Schwartz class solution to (1.41) with initial datum f;,
and T* > 0 its maximal time of existence. Then, for v, By, B1 and Ba, defined in terms of
m and p via

1

50:309—_1)7 ﬁlz

2 3 3 2 — 3 9p—1)
2 _ = = = = - 8.24
3 m’ b m’ 7 3m {m 2p—3 |’ (8:24)

there is a constant C' = C(p,m, H, M) such that for any 0 <t < T* there holds

1465 & 2 £L L 81,1\ 7T
()| ey < CA+1) (Eov v EP 4 EF LB 4 (Eolt— ) ) :
where Ey is defined via

Ey:= sup ||h(t)|%, + /T / (v)~3 ‘Vhp/zf dv dt.
o<t<T™* 0 R3

Remark 8.2. It is not clear whether the short-time smoothing rates controlled by ~ and /3,

in Proposition 8.2 are optimal, but we have attempted to sharpen this gain as much as

possible within our method. By contrast, the exponent (5, which governs the long-time

decay rate in Proposition 8.2, is quite far from optimal. For instance, rather than using

the more complicated decay of L' moments of h found in Lemma 8.2 above, we frequently

choose to bound the L! norm via the far simpler estimate
1ROy, < lpllzs, + 11f @)Ly, < Clm, M, H)(1+1). (8.25)

Despite our stated goal of global-in-time existence for small data, our approach relies upon

quantitative short-time smoothing estimates, for which (8.25) is sufficient.

Step 1: Energy estimate for level set functions (Differential Form)
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For any fixed ¢ € R*, we consider the part of h above ¢, denoted by
he(t,v) := h(t,v) — ¢, h}(t,v) = max (he(t,v),0).
Our first goal is to derive an energy estimate on these level set functions, which is contained
in the following lemma:

Lemma 8.9. Suppose m, p, M, H, and h are as in Proposition 8.2. Then, there is a
constant C' = C(p, m) such that

2

d

a4 (hz)pvarco/ V(e ) do
dt R3 R3
Bo 2
B I S A Eo S il VY
=k U=k k2 (8.26)

112 P q;’:% 5
x (H<->-3v<h;>2 L;Hh:H’;p) Hh:HLg )Hh;:}lz’;; ,

where co = co(M, H) is the constant from Lemma 8.4 and

5 3(p-1 1
q==p— ( ), y=q—(p+1), Bo =

3 m 3(p _ 1)’ E(t) = Hh(t)HIiP

For the proof of this lemma, we test the weak formulation of (8.16) with (h})P~1.
Using that 0;h) = Othx(n>ry and Vohy = VohX >, We rearrange terms as in the proof

of Lemma 8.8 to obtain

1d o 4(p—1)/ ol
o e av s =P | A [vny)

<=1 [ VHRValfh o (5.27)

o [y an) s 9 do [ nthiyt .

For the first term on the right hand side, we integrate by parts and continue adding and
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subtracting to remove the h and f, until we have more terms, each involving only h;:

VhhValf](hf)P~% dv

R3

= [ VK Valf](h))P P dv+ ¢ [ VhIValf](hf)P2dv

R3 R3
1 14

= - f(RHPdv + —— f(hH)Ptd
o ryavs = | )
.. =

== | (B dv+ hi )P dv
= wrtavs = [ o)

1 14
+ —/ (w4 O)(hf)Pdv+ —— (,u—l—Z)(hzr)p_l dv
p ]R3 p - 1 R3

<c) [y avrcw e [ oy

O (¢4 ) / (bt dv.

R3
Bounding the remaining (linear) terms on the right hand side of (8.27), we find

[ by Ak V) o [ iyt

RS

< A [0iy-ravs [opanse [apa
< (1+CE(t)™) /(h;)p—l dv + /(hg)f’ dv +e/(h;)P—1 do,

where E(t) = ||h(t)||}, and By = ﬁ come from the upper bound for A in Lemma 8.5
and the constant C' depends only on p as the mass of f is fixed.
Due to the lower bound on A[f] in Lemma 8.4, we conclude for some universal constant

C' depending only on p,

2
4 (hj)pvarco/ vhi)E] ()P dv
dt R3 R3
30/ (R )Pt dv+C’(1+€)/ (hf)? dv (8.28)
R3 R3

+C(1+E*+ 1+ %) / (b )Pt dw.
R3

After obtaining an energy estimate like (8.28), the standard way of applying the De Giorgi
approach to parabolic equations is to first integrate over time and use a Sobolev embedding
in the variable v to obtain control of the norms L*LP and LYLP", where p* is the Sobolev
conjugate of p. Next, one interpolates to gain control of LZU for some ¢ > p. In the case of
the heat equation, this results in ¢ = 10/3, providing improved integrability. The De Giorgi

method then repeats this process iteratively, ultimately concluding a quantitative LY,
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bound. However, the presence of the weight (v) ™ in (8.28) prevents the direct application
of a Sobolev inequality, but, similar to [8], a modified De Giorgi procedure can still be
used to gain integrability.
Indeed, by passing from a lower level set to a higher lever set, we observe that for any
0<k</,
0<hf<hf,

and if by > 0, then h > ¢ > k. In this case, by = he + £ —k and 2 = o +1 > 1.

Therefore,
+

l{heZO} < / _kk,

hi \*
Linzoy = {77 ) -

hi < (€ —k)~ (b))t for any a > 0. (8.29)

In particular for any o > 0

We deduce

Inequality (8.29) is crucial for the proof of the next lemma, which explains how to estimate
the terms on the right hand side of (8.28).

Lemma 8.10. Let p, m, and h be as in Proposition 8.2. Then, for each 0 < k < { and
for i € {0,1,2} there holds

/(h+)}7+1—l< c H h+)§ 2
R3 (€ kf ity L2

where 5 5 5
—Z(p=2)=-Z(p-1).
7=3 (p 2) m(p )

Proof. First, let us derive a useful bound on ||g||}., where g : R® — R is arbitrary.

7rL

Iz ) I 5

)

Interpolating, we find

HgH 1) gl

lgll- < [[¢) %9

provided 0y, 6, 65 € (0,1) and the following relations are satisfied:

0 0 1 -3
91+92+93:1, —1+—2 03:—, —91+0593:0.
3p r p

Imposing further that 6, = p, we find

7’92:—, 7“‘93:

5p — 3r 9 —1) 2 5p
373

3(p—1) a_5p—3r’ Prsy

The weighted Sobolev inequality (8.11) of Lemma 8.7 with s = 2 then implies for a constant
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depending only on p, r and «

OJ\N)

S5p—3r

S+ ||g||’2p> IIQIILS )||<> gl (8.30)

L2

ol < ¢ (124w (s%)

Note that the admissible range for r, i.e. (p+2/3,5p/3) is non-degenerate if and only if
p > 1 and, moreover, p 4+ 1 is within this range if and only if p > 3/2. With the estimate
(8.30) in hand for general g and r, let us return to our specific setting. For simplicity, let
us only prove the case when ¢ = 0. Let us fix ¢ by setting @ = m, or, in other words,
define ¢ via the relation

9(p—1 5) 3(p—1

= M or, equivalently, q= b _ M

op — 3q 3 m
With this definition of ¢, we see that ¢ is in the admissible range (p + 2/3,5p/3) provided
m > 9/2. However, since we need to bound the LP™! norm, we see that ¢ > p + 1 if and

only if

Since by assumption we have enough moments, we set v = ¢ — (p + 1) for ~ positive.
Finally, we combine (8.29) with (8.30) to obtain for 0 < k < ¢,

/R Gy < £_1 o / (b)Y 147 do

< e (o tvmot,

)

q9— P—g
) 1 g

3(17 1)
77L

where both ¢ and + have been fixed in terms of m and p. n

Lemma 8.10 bounds the terms on the right hand side of (8.28) using only the quantities

appearing on the left hand side, with the exception of L!-moments, which we know stay
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bounded by Lemma 8.2. This yields the final differential form of our energy estimate:

d P _
pr h+pdv+co/ 2| (v) P dv
1+£ 1+ E% + 0+ ¢
— k) + (0 — k)0

2
. 9 9—P— 3 2
x (H<~>3v<hz>2 ol ) it B

and concludes the proof of Lemma 8.9.

Step 2: Energy estimate for level set functions (Integral Form)

The energy estimate (8.26) gives us control between different level sets, however, we will
find this more useful in integral form. This leads to the definition of our energy functional
Eforany /> 0and 0 < T} < Ty <T* as

dt,
13

(T Ts) = sup || (D)7, +c0/ |-t

tE[Tl Tg]

where ¢ is the constant from Lemma 8.4. We will now integrate (8.26) to obtain an

estimate purely in terms of this energy:

Lemma 8.11. Let m, p, H, M, and h be as in Proposition 8.2. Further, let By, 7y, and q
be the exponents from Lemma 8.9. Then, there is a constant C' = C(m,p, H, M) such that
forany 0 <T) <To, <T3<T* and 0 < k < {, there holds

E(T, Ty) < C(1+ Ty) 28 (Th, T5) 5

1 PR SR L L+ 0+ 02+ EP (T, Ts)
(G =T)(E =k (=R (0= k) (£ = k)>+ ’
where 5 3 5
5125—— and B =—.
m m

Proof. Fix 0 < Ty < Ty, < T3 < T*. We integrate (8.26) over (t1,t3) and denoting the
right hand side of (8.26) by RHS(t), we obtain

/ (h+ tQ dU+Co/ /
R3 R3

Since RH S(t) is positive, this implies for T} < t; < Ty <ty < T3,

/ (h+ t2 d’U"—Co/ /
R3 T, JR3

h+%

()7 dvdt < / ()P (1) dv + / : RHS(t) dt.

t1

P

vt

(v) P dvdt < / (R )P(t1) do + /t2 RHS(t)dt.

Ty
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Next, taking the the supremum over ty € [Ty, T3] and then averaging over t; € [T7, Ty, we

find
sup / (R)P(t) dv + ¢ / /
tE[TQ,Tg] R3

15
< h+ t)dvdt +/ RHS(t) dt.
T2 T, / /IR3 T ()

The left hand side is £(T5,T3). It remains to relate the right hand side back to the energy

functional & (71, T3). Indeed, we have the obvious estimate
T 3 P 2
[ (Jertvens
T L?

where

p

V(H)E| () dvdt

2 3

2_3 3
el ) Wt IS5 I

<MP (gt + (Ty = Tv)) E(Th, T3) 7,

G=2-3 53 ad M= s (D).

3 m m Ty <t<Tj

Also, recalling the definition of E(t), we see

sup E(t)ﬁo = sup | h(t )||W0 < go(Tl,Tg)’BO

Ty <t<T3 Ty <t<Ts
Therefore, we see
T3
/ RHS(t)dt
T
< CMP (" + (Ts = Th)) Ex(Th, Ts) H
1 N 1+/ N 1+ 0+ 02+ E(Ty, T3)P
(L—Fk)y  (0—k)H (0 — k) ’

where the constant C' = C(p, m) is still independent of h, the level sets [ and k, and the

times T4, T, and T3. Finally, using Lemma 8.10 once more, we obtain

/ / (b} )P dvdt < CM?* (¢ + (To = Th)) 5k(T17T3)1+51
RS (Tz = Th) (€ = k)'*7

T, — T,
By Lemma 8.2, M grows at most linearly in 73, and thus we conclude

E(To, T3) < C(H, M,p,m)(1 + T3)" P& (Ty, T5)

y 1 N 1 N 1+/ 1+ 0+ 02+ &(Ty, T3)P
(T =T)({ = k)" (E=k) (L= k) (6= k)> ’
as desired. This concludes the proof. O]
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Step 3: De Giorgi iteration

We now finish the proof of Proposition 8.2 using an iteration procedure. Let 0 < ¢ < T™
be the fixed times in the statement of Proposition 8.2 and take t < T < T*. We consider
forn e N

li=K(1-2"), t,=t(1-2""), and E,=2¢&,(t,T),

where K > 0 is a parameter to be chosen appropriately. Indeed, our main goal is to find
a value of K for which lim,_,., F, = 0. By the definition of the energy and the choice
of iteration parameters, this would imply h(7,v) < K for almost every ¢t < 7 < T and
v € R3.

To this end, we apply Lemma 8.11 with T} = t,,, 175 = t,,.1, and T3 = T and deduce

the following recurrence relation for F,

En+1
< C(l 4 T)l—&-ﬂin-l—& 1 + 1
(tn—H - tn)(én—&-l - £n>7+1 (En-&-l - én)v
1+ Ly 1+ B 4 by + 2,
(En-f—l - fn)’y-i-l (En-i-l - én)’H—Q
N Ty 8 20 +)(n+l)  9(y+1)(n+l) 4 2(7+2)(n+1)(1 — 2—(n+1))
— 1 2 1
(1+7) " tKH + Ko+l (8.31)
20 +2)(nt1)(1 4 o)
+ K+2
21(n+1) 4 9(y+1)(n+1) (1 _ 2—(n+1)) + 2(r+2)(nt1) (1 _ 2—(n+1)>2
K
n(y+2) Bo
on(y+1) 2 (1 + Ey ) on(y+2)  9n(y+2)
S C(l + T)1+B2E711+/31 + + +

tK+1 K2 K+l K

Now, because the power 3 is positive, F,, should decay, even though the coefficients in the
recurrence are geometric (in n). To prove this, we use a trick from [8] to find a quantitative
estimate for K despite differing homogeneity in K. In essence, we expect F, to decay
exponentially, so we search for a choice of parameters K and ¢) > 0 such that the sequence
E* defined as

E=EQ™", neN

satisfies (8.31) with the reversed inequality, and so by induction will remain larger than
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E,,. Therefore, we want

on(y+1)  2m(+2) <1+E§°) on(v+2)  on(y+2)

By 2 (14T (B ot T K2 T T | (8.32)

Using the definition of E, (8.32) holds if

nl 1 1+ EP 1 1
1482 b1 +2)—8 0
1>C1+T)*E!Q (2772Q~™) [t[ﬁ“ + =t o +ﬁ]

We now choose () such that

(v+2)

22Q P <1 or equivalently, Q>2 7 .

Then, for (8.32) to hold we need

1>CA+T)"*"EMQ

1 1+ Ep 1 1
K+ + K+2 + Ko+l + K

Next, choosing K so each of the terms is smaller than a quarter, the recurrence (8.32)
holds. More precisely, we choose K as

81 B1 B1 Bo+B1 B1

B B B B 148
K = C'max {E()” By BT BT ;Eolﬁt_liw} (1+ T)¥ : (8.33)

Then, as discussed above, since Ey = Ef it follows by induction that £, < E* for n € N.

Moreover, since () > 1 we deduce

lim £, < lim E; = 0.

n—oo n—0o0

Therefore, the definition of our energy functional E,, implies

tquT Hh};(T)”ig =0, or equivalently, |2 l| oo (e sy < K.

Finally, from the choice of K, we have for all v € R® and 7 € (¢,T)

A1 b1 B Bo+h1 B1 1 1489
h(r,v) < K <C (Eo” + E" + E;T + BT +E01+”t_1+w) (14+T7) " .

Taking T' = 2t yields the desired estimate. Finally, recalling the definitions of the exponents

Bos B1, P2, and ~, and performing some basic algebraic manipulations gives the simplified

expressions found in (8.24) and completes the proof of Proposition 8.2.
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8.3.3 Global existence for smooth initial data

In this section, we prove Proposition 8.1 by demonstrating global-in-time existence of
solutions for initial data that are very smooth and rapidly decaying. Let us define the

class of initial data considered in the proposition as:
A(p,m, H, M, 5) = {hm € S(R®) | fin = hin + p satisfies (1.46), 0 < fin,
Hf’mHL}n S M7 /3 fzn’ log(f'm)‘ dU S H7 thnuip S 5}
R

We now fix p, m, H, M such that p > 3/2 and

_ 3
>gp_1max<1 p(p 2)

2p— 3 ’p2—2p+3/2)’

and attempt to find a corresponding § so that for each hy, € A(9), there exists a unique
global-in-time Schwartz class solution to (1.41) with initial datum f;, = hg, + p.

By Theorem 8.4, for any h;, € S(R3), there is a time T*(h;) > 0 and function
h:[0,7*) x R® — R such that f(t) = h(t) + p is the unique Schwartz class solution to
(1.41) on [0,T*) x R3 with initial datum f;, = h;, + ¢ with maximal time of existence T*.

Moreover, T* is characterized via the blow up criterion

S|z = o0. (8.34)

lim
t AT

Our first goal is to show that 7™ is uniformly large for all h;, € A(d). By Lemma 8.8,
for any ¢ > 0 sufficiently small, there are To(e) < 1 and dp(¢) > 0 such that for any
hin € A(dp), the following estimate holds:

min(7p,T™*) 9
sup ([l + colH) / / () [V dvdt < e.
) 0 R3

0<t<min(Tp,T*

By Proposition 8.2, we find for 0 < ¢ < min(7y,7*) and for ¢ sufficiently small

B1 B1 B1 Bot+Bi

. 1
|h(t)]| e < C(p,m, H, M) <gmm(771+w’m’ 5t) + (gﬁlt—l) 1+v> < o0, (8.35)

where the exponents 3y, 51, and v are defined in Proposition 8.2. Using the characterization
of T* in (8.34), we must have T* > Ty for every h;, € A(dy(g)). Moreover, Lemma 8.8
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guarantees Tp(e) > Cel™ fora =1 — Il) + ﬁ, so that (8.35) implies

To(e
lim  sup sup ||h Nz~ + / / - ‘Vhp/Q dvdt] =0, (8.36)

e=0T ;e A(S0(e)) | To(e)/a<t<To(e

provided a4+ 31 > 1. We note that simplifying the expressions for a and [,

. . 9p—1( p(p-3)
—1=0 f and only if 2
a+ if and only i m = 2p——(p—2p+3/2

Therefore, our constraint on m exactly guarantees that o 4+ ; — 1 > 0 and so (8.36) holds.

We would like to apply the global-in-time existence result Theorem 8.5 to conclude
that there is a § sufficiently small such that for each h;, € A(9), we have T%(h;,) = 0.
Consequently, f;, admits a global-in-time Schwartz class solution if f;, is suitably close to
the Maxwellian p in LP. However, to apply Theorem 8.5 to the profile h(Ty/2), which is
well-defined for h;, € A(dy(e)), we must show the condition:

lim  sup  (|IA(To/2)|zz + IVA(To/2)l3) < =, (8.37)
e=0% hyeA(o(e))
where €1 is the fixed smallness parameter in Theorem 8.5. Supposing for the moment that
(8.37) holds, we will show how to deduce Proposition 8.1.
Use (8.37) to pick gy sufficiently small so that

sup — (IR(To/2)ll3 + IVA(T/2)lz3) < 1.
hin€A(b0(20))
Then, for each h;, € A(d(eo)), it follows that one may apply Theorem 8.5 to h(7/2)
and obtain a solution f = h + p to (1.41) on [Ty/2,00), where f(Ty/2) = f(Ty/2), which
further satisfies sup;., 5, || fll2 < oo. Note that restricting f to [Tp/2, Tp] yields another
solution to (1.41) with the same profile at time 7/2. Since both f and f lie within
LY(Ty/2, Ty; L*°) by Proposition 8.2, applying Theorem 8.6, we conclude f and f agree on
[To/2,Ty]. Therefore,
ft) ift <Ty/2,

fe=q9. "
f&) ift>Ty/2,

defines a global-in-time solution to (1.41) with initial datum f;,. Finally, since fis

constructed by Theorem 8.5, we obtain the long-time bound

sSup ||h(t)||H1 < C(p7m>H7 M)

Ty /2<t <00

Applying Proposition 8.2 once more yields that ||h(t)||z~ remains finite, and by (8.34) we
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conclude T* = oo. The constructed solution f remains Schwartz class, which concludes
the proof of Proposition 8.1.
Proof of Claim 8.37

We now show condition (8.37). The first term in (8.37) is easily controlled by using
the moment bound from Lemma 8.2 and (8.36). Indeed, for any h;, € A(d(¢))

[ @2 o do < <TO/22?<TO Hh(t>llm> (sup 101 ).
where the right hand side decays as e — 0.

The second term in (8.37) requires more care. We know by (8.36) the L> norm of
h(To/2) is uniformly small for h;, € A(dy(c)). We need to show that this implies the
gradient Vh(T,/2) is also small (uniformly in h;,). Note that because Ty(e) ~ '~ for
a € (0,1), the H! estimates in the forthcoming Lemma 8.12 imply for m > 8,

For hin € A(0o(2)),  |IVA(To/2)llzz < C(H, M),

which concludes the proof of (8.37). Now, let us prove the necessary higher regularity
estimates:

Lemma 8.12 (Uniform H! Regularity). Let f be a smooth, rapidly decaying solution to
(1.41) on [0,T] x R?® for some 0 < T < 1, satisfying the normalisation (1.46) and with
entropy H. Suppose further that h = f — pu satisfies ||h|| oo(omxr3sy < € < 1. Then, for
any k > 0, we have the following weighted H' estimates: For any 0 <t < T,

T 1
sup / <U>k‘ |Vh(8)‘2 dU+CO/ <’U>k73 |V2h<3)|2 dvds S C <k,H, thnHL}c+6> £ (1 + E) .
R3 t

t<s<T

Proof. As a first step towards H! regularity, we perform a weighted L? estimate by testing
(8.16) with (v)" h and integrating by parts.

d
dt Jgs

< —%/R3V<v)k-A[f]Vh2dv+/ W2V (0)* - Va[f] dv

RS

()¥h? + /]R (¥ A[f]Vh - Vh

+ 1 /R3 W\ Valf] - Vh?dv +/ (W)* h(A[R] - V2 + hy) dv

2 R3
:[1+IQ+13—|—[4.

Recall, by conservation of mass, || f||zezs = 1 and since f = h+pu, || fllrse, < e+|lpllre < 2.

It follows from Lemma 8.5 that there is a universal constant such that

JAU e < IFI2NAE <0 and [ Valf]lle~ < IFI2IFIEE < €0 (8:39)
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Note that the estimates do not depend on the sign of f and therefore analogous estimates

hold for h as well. From (8.38), we immediately bound I, as

LI <O [ 19 @) do < CR)|bl.

RS

For I3, we integrate by parts and similarly obtain from (8.38),

<o [ 1

R3

V (o) Valf]+ @)* f| dv < CR)IAll,
For I, we integrate by parts and use (8.38) again to obtain

L= C/RB V(@) [V - (A[f]h?) — Va[f]h?] dv
<c) [ [+ @] waw < clee il

Finally, for I, we use (8.38) for h and find

1 < ORI~ [ )" 11920 do+ O [ 1 0} o

R3

< C(k)e* + C(k)e ]l -
Summarising, we have shown using the lower bound on A[f] from Lemma 8.4

d

— W3 |Vh2dv < C(k)e/ (0)* |h| do.
dt Jgs

RS

() MO o + ol ) [
R3
Therefore, integrating in time and using the linear-in-time growth bound on L!-moments

of h from Lemma 8.2, we obtain

T
sup I\hl\ingCo(H)/o IVA@)IZz , dt < C(R)ellhll gep; T + l[hanllZz

0<t<T

(8.39)
< C(lhill 1, H)e.

As a second step towards higher regularity, we perform weighted H, estimates by testing

(8.16) with
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Oy, (<v>k &Jih) for i € {1,2,3} and integrating by parts to obtain

4 (0)* (D,,1)? +/ ()" A[f]V Dy, - VD, I
dt R3 R3
< — | V() Ouh) - 0, ALf)V A dv — /A[f]awhvavihvw
R3
+ [ V(W) Ok - 0, (Valf]h) du +/ 0, ()" 0,1) (AlD): V2 + hp) o
R3 R3
=h+ o+ 5+ Jy
Before we estimate J;,i € {1,...,4}, we observe that Lemma 8.5 gives the following

estimates on the coefficients A[f] and Va|[f]
IVAUS e < IFILPIAIEE < €0 IV2alf)lleg < I fllr <€ for 1< r < oo (8.40)

Since these estimates use only the order of decay of the kernel and do not rely upon the
sign of f, analogous estimates hold for A[h] and Valh|, where the smallness of h gives an

improvement (in powers of ) over the universal constant C. Now, we split .J; as
Jl == / <U>k V&,@h . &,ZA[f]Vh dv + &)lhv <U>k &hA[f]Vh == J11 + J12.

R3 R3
For Ji1, we use Young’s inequality and (8.40) to conclude

| < @/ (v)E3 |V8vih]2dv+0(k,H)/ VAP (o)< do.

4 R3 R3
For Ji9, we simply use (8.40) to obtain
| 12| < (J(k:)/ |VA|? (0)* do.
R3

For J; we use (8.38) and Young’s inequality to get

T <2 [ |va,h
4 R3

2 ()" do + C(k, H) / () VA2 do.

R3
Next, we split J; as
Jy = / WY Va, h- 0, (Va[flh)dv+ [ 8, bV ()" - 8, (Va[f]h) dv = Js1 + Js.
R3 R3

For J31, we use Young’s inequality, (8.38), Holder’s inequality, and (8.40) with r = M
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to obtain

al < [ 190, (07 ot €O [ (0 (YO0l IPIE + Val P10, 1)

<2 [ |vo,n
]R3

k+3
| 2 (0" dv + O(k, H)eh [R5 + C(k, H)/ ()" |Vh|* dv.
k+6 R3

For Js5, we use Young’s inequality, (8.38), Holder’s inequality, and (8.40) with r = % to

obtain
[l < €0 [ ()" (Vallln b + V0, al 10,1
< C(k) /R (Y5 VA do + C(k) /R VA (@) dv -+ O(R)5 ]
Lastly, we split the linear terms in J, as
Jy= /R (V)" Dy (A[R] : V20 + ph) do+ . By, (V)" Db (A[R] - V2 + hp) dv = T+ o

For Jy1, we use Young’s inequality, Holder’s inequality, (8.38) for h, and the embedding
L%, — L' so that

| < %/ (W) |V, b2 dv + C(k, H)/ AR ()" V2] dv
R3 R?

+C(k, H) / (0)*+ 22 do
R3
< % (0} [V, AP dv+ Ok, H)PRIGE + Ok, H)S
RS

For Jyp, we use Young’s inequality, (8.38) for h, and L3, < L' to obtain

(W) | Vh* dv + C’(k)/

[ AR |9 o C) [ n o

RS

| Jao| < C(k‘)/

RS

< C(k) / () VA dv + C(R) R + O(k)™,
R3 3

To summarise, using the lower bound for A[f] from Lemma 8.4 and absorbing the highest

order terms without a sign, we find

d

k
— Oy h
o IRONES

H
2dv + #/ (W) |V, h| dv
R3

k k+3)
k+6° k+6

< C(k:,H)/ (W) VR do + C(k, H)e (1+/ <v>k+6|h|dv) 3
RS

R3

After integrating over (t1,t5) for 0 < t; <t <ty < T < 1 and using the linear-in-time
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growth bound on L' moments of h from Lemma 8.2, we have

/RB () [Vh(ta)[? do + CO(4H> /: /IR (0)"* | V?h| dv

to
g/ WY [Vh(t)? dv+O(k,H)/ / ()3 VR dvds+0<l~c,H,||h||L}c+6> e
R3 t1 R3

Therefore, taking a supremum over ¢, € (¢,7), averaging over t; € (0,t), appealing to
(8.39) with k replaced by k + 3, we find

T
sup / ()* |Vh|? dv+#/ / (v)F3 |V?h| dvds
R3 t R3

t<s<T
1
S C <k7H7 ||hln||L}C+6> € (1 + ;) )

which is the claimed estimate. O

8.3.4 Global existence for rough initial data: Proof of Theorem
8.1

In this section, we deduce Theorem 8.1 from Proposition 8.1 via a compactness argument.

Step 1: Construction of approximating sequence

Let us fix p, m, H, and M as in the statement of Theorem 8.1. Then, we fix
do = do(p, m, H, M) as defined in Proposition 8.1. For simplicity, dependence of constants
on these fixed parameters will be suppressed.

Now, we fix our initial datum f;, : R* — R* as any profile f;, € L} N L? satisfying
the normalisation (1.46) (recall this fixes the Maxwellian as u) and further satisfying the

bounds

/ )" | fin(v) — p(v)| dv < M and/ fin llog fin| < H. (8.41)
R3 R3

Let us pick a sequence of Schwartz class functions f7 € S(R?) that approximate f;, and

satisfy

e Convergence in L} N LP,
T 112~ fnllg, + 15— Finlp = 0

e Normalisation (1.46);

e and uniform control of L'-moments, entropy and LP-distance from equilibrium

[ -pwldo< v [ oprossni < [ 15— apdo<a
R3 R3 R3
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From Proposition 8.1, we obtain a corresponding sequence of global-in-time Schwartz class
solutions to (1.41), namely f, : [0,00) x R® — R™.

Step 2: Uniform-in-n estimates

We recall that the ODE argument in Lemma 8.8, the gain of L*>-regularity in Proposi-
tion 8.2, and the H'-regularity estimates in Lemma 8.12 imply the existence of a short

time interval [0, Tp] on which we have the following uniform-in-n control:

sup (757 fu(B)ll ety + 10, + 10} ) < O,

0<t<To

sup | fullm < C, for each s € (0, Tp).

s<t<Tp

(8.42)

Moreover, the long time behavior from Theorem 8.5 combined with the gain of regularity

in Proposition 8.2 yields the estimates: for each T < s < o0,

sup || fu(t)|lmy < C(s) and  sup | fu(t)]|z < C(s) (8.43)

To<t<s To<t<s
In order to apply the Aubin-Lions lemma and conclude strong compactness of the family
{fn}, we note that the above control implies corresponding control on the time derivative

via standard duality arguments. More precisely, for any 0 < s < t < co and any for
® e Li(s,t, HY),

)0 fu(T) dvdr| < /t Vo - (Alf |V fn — Va[fu]fn) dvdr
s JR3

R:a
8.44
< IVl (I IV fall = orize) + IV alfulllzs | fallieiuezy ) &Y
< C(Sat”‘qDHLl(s,t;Hl)a
where we have used the coefficient bounds in Lemma 8.5. Therefore,
t
10k full oo (s,ts1-1) = sup / / O(7)0y fr(T)dvdr < C(s,t). (8.45)
1@l 11 (s aly=1Js R3

On the other hand, to find a bound on 0, f,, which holds all the way up to time 0, we
integrate by parts and obtain for any ® € L'(0, Ty; W?#)

/ Oy fu® dv dt = / / (V20 : A[f]fa) + 2V - Valf,] f dv dt. (8.46)
R JR3 R JR3

Therefore, using Holder’s inequality, A[f,] € L>(0,Ty; L), Va|f.] € L>=(0,Ty; L?), and
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the Sobolev embedding W (R3) — L5°7 (R?) for 1 < r < 3, we find

To
[ vt < A9 1 s
0 JE e

+2IVel| | g IValfallzrrglfalliery (847)
<CIVER| e
Lipy!
By duality, this gives the bound
To
o0l omrsn = s / o, f, dt < C. (8.48)
[ r.=1J0

L1(0,Tg;W2:P")

Finally, from the short time smoothing estimates in (8.42), we see {f,} is bounded in
LO+)=(0, Ty; L™). Therefore, interpolation with the L>°(0, Ty; L') bound yields

To
| i@ <o (5.49)

Step 3: Construction of the limit

First, note that the Banach-Alaoglu theorem in Lo (RT; H}) and L?(0, Tp; L?) implies

loc

the existence of a weak-star limit f : RT x R® — R of the sequence {f,}. Now, we
use a diagonalization argument to combine the uniform-in-estimates from (8.42), (8.43),
(8.45), (8.48), and (8.49) with the Aubin-Lions lemma, Banach-Alaoglu theorem, or Riesz’s
theorem to pick a subsequence (still denoted f,,) converging to f in each of the following

senses:
e Strongly in C(s,t; L?) for each 0 < s < t < 00;
o weak-starly in L>(s,¢; H}) N W1 (s, t; H™'), for each 0 < s < t < o0;
o weak-starly in L>(0, Ty; LP) N W1o°(0, Ty; W—2P);
e strongly in C(0, Ty; W=1P);
e weakly in L?([0,Ty] x R3);
e and pointwise almost everywhere in [0, 00) x R?.

The pointwise convergence first ensures that f > 0 almost everywhere. Moreover, combined
with Fatou’s lemma, f € L>(0,00; L) N Ly®

loc

(0,00; L}) and f has bounded entropy. Now,

396



for every time 0 < s <t < oo, we find

1 1
/]R v = / o | no. (8.50)
[o? P

Now, recall f,, — f pointwise almost everywhere and for almost every ¢, || f,(¢)||11 Ar2 <
C(t). So, for almost every t, the fixed time profiles f,,(¢) are tight and uniformly integrable
and converge pointwise to f(¢). The Vitali convergence theorem implies (8.50) holds for
f as well, i.e. f conserves mass, momentum, and energy. Moreover, the same argument
implies f has decreasing entropy and satisfies the normalisation (1.46). Finally, note that

the pointwise convergence implies f satisfies the same short-time smoothing estimates as

Jn

Step 4: The limit is instantaneously a strong solution to Landau

We now show that the limit f satisfies the Landau equation (1.41) in the appropriate
(RT; L?), passing to the limit in the

nonlinear, nonlocal terms is simple. Indeed, for any ® € L?(s,t; H'), since f, solves (1.41),

sense. Because we have strong compactness in L3,

we find

/: /R P0pfndvdr = — /: /R V- (Alfu]V fo = Va[fal fu) dvdr.

Analyzing the convergence in the top order terms, we have

/ . Vo - (AlfVfn —AlfIVSf) dvdr

< /t Vo - Alf, — fIVf.dvdr (8.51)
s JR3

+

/St /R Vo - Alf](Vf, — V) dvdr

For the first term on the right hand side of (8.51), we find

t
[ [ v alt - Vs.dodr| < V0l 19 Fullig 1417 = Sz,
s JR3 ' '

1 2
S C(S7t)||f - fn||zoo(57t;L1)||f - fn”ioo(&t;[g)a

which converges to 0 by conservation of mass and strong compactness in L>(s, t; L?). The
second term on the right hand side of (8.51) converges to 0 because f, — f weakly in
L*(s,t; H') and A[f]V® € L?(s,t; H').
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Next, we analyse the lower order terms, namely,

/: /R Vo - (fuValf,] = fValf]) dvdr

| “\n T t : — (8.52)
<[ 9ot pvalrl avar+ [ [ 9o rvalf, - g dvar

<N ®llescurry (I = ez IValfalllizs, + 17z, IV alfu = fllzs )

and the right hand side converges to 0 as n — oo. Finally, using 0, f,—; f in L*(s,t; H™1),
we find f satisfies Landau in the sense that for any 0 < s < ¢t < co and any ® € L?(s, t; H'),

/t/ (I)@tfdvdT:—/t V- (A[f]Vf — Va[f]f) dvdr (8.53)
s JR3 s JR3

We have shown [ is a weak solution to (1.41) on (0,00) x R? in the sense of (8.53). It
remains to show that f € C1(0,00; C?), so that f is a classical solution for positive times.

However, improving f € Lg;, to classical regularity for f is relatively standard in the
literature. For the sake of completeness, we provide a sketch of one possible argument
following [82] and refer the reader to [82, Lemma 4.2 and Lemma 4.3] to fill in the
omitted details. We note that f belongs to L>(s,t; L>) and the weak formulation (8.53)
is sufficiently strong to allow us to use f as a test function. This allows us to perform
weighted H* estimates and obtain for k € R, / € N, and 0 < s < t < 00:

t
sup [V + [ 191 fly_, dr
s<T<t S

¢ (8.54)
H 1
S C (t, ) HfinHL,lc_%ea Hf”LOO(S7t;LOO)> <1 + g) )

The estimates for £ = 0 and ¢ = 1 follow from the proof of Lemma 8.12, while the estimates
for ¢ > 2 are explained thoroughly in [82, Lemma 4.2]. From (8.54) with { =2 and k =0
and the Sobolev embedding H? < W6, we find

1Al < C (5.8 M fialleg,) o 10 i) < € (5.8 U iallzy,) o (8:59)

after using a duality argument to bound the time derivative like in (8.48). Real interpolation

of (vector-valued) Sobolev spaces implies
Hf||W9’6(s,t;W(1*29)7,6) < O(S’t)a for any 0 e (07 1)' (856)
Picking 1/6 < 6 < 1/4, Morrey’s inequality implies f € C%%/2(s, t; C%%) for some a € (0, 1).

Because f is globally (in velocity) Hélder with exponent «, the non-local coefficients A[f]

and Va[f] lie in the same Holder space as f. Thus, (1.41) is now a divergence form
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parabolic equation with Holder continuous coefficients. Since the lower bound for A[f]
still degenerates like (v)_3 for large velocities, performing classical parabolic Schauder
estimates on compact subsets of (s,t) x R? yields f € C/2(s,t; C7%), which implies f is

a classical solution to (1.41).

Step 5: Behavior at Initial Time

It remains only to address sense in which f satisfies (1.41) up to time ¢ = 0 and the
sense in which the initial datum f;, is obtained. For ¢ € C°([0,00) x R3), we integrate
by parts in (1.41) for f,, and use V - A = Va, to obtain

f2(0)p(0) dv — / Fodypdudt
. rr (8.57)
- /R/R?’ (V290 : A[fn]fn) + QV(p . Va[fn]fn do dt.

We use f,,(0) = fi,, in LP by construction and f,,—f in L*(0,T; L?) to conclude that the
left hand side of (8.57) converges to

/R finp(0)dv - /R /R fopdvdt,

On the other hand, say ¢ is supported in the time interval [0, ¢]. Then, splitting the time
integral on the right hand side of (8.57) into [0, s] and [s, ], and using f is a classical

solution to Landau on [s, ], we find that for any s > 0,

/Rsfm#? dv—/ RsfatSOdUdt
//Rg o Alf]f) + 2V Va[f]f dvdt

+ lim / / (V2 : Alfulfs) + 2V - Valf,] fn dvdt.
RB

n—oo 0

Taking s — 07, it suffices to show that

s—0t

lim sup/ /3 20 Alfalfa) + 2V - Va[fo] fr dvdt = 0.

First, using Lemma 8.5 and f,—f in L?(0,Ty; L?), we have

/ V20 Alfalfn < 82V 0100 0,102 | ALfu] Lo 0,10i50) | fnll £2(0,70:22)
0
< Cs"?||pl| Lo (0,112

which evidently converges to 0 as s — 0, uniformly in n. Second, using Lemma 8.5 and
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fo—f in L*(0,Ty; L?) again,

/ IV Valful fullr dt < / IVl IV alfulll s fallze dt < CsY2l ozt
0 0

which evidently converges to 0 as s — 0%. Thus, by the Lebesgue dominated convergence
theorem, f satisfies Landau in the sense that for each ¢ € C°(]0,00) x R?),

g fmso(O)dv—/R g fatsod“dt:/R/Rs (V20 : A[f1f) + 2V - Va[f]f dvdt. (8.58)

It remains only to show that the initial datum is obtained strongly in LN LP. First, we
note that f € C(0,Ty; W~1P) and so f is certainly continuous in the sense of distributions.
Now, taking test functions in (8.58) of the form ¢ (¢)p(v) for ¢ a smooth approximation
of X[0,5(t) and ¢ € C*(R?), and using the monotone convergence theorem we find for any

0 < sand p € C(R3),

fupdv = [ feredv= [ [ (Vor i) + 290 Valflfdvar. (559
R3 R3 0 R3

Since the right hand side of (8.59) converges to 0 as s — 0 for any ¢ € C'°, we conclude

that
lim of(s)dv = / @ fin dv, for each ¢ € C°(R?).
R3 R3

s—0t

Because f is continuous in the sense of distributions, f(0) = f;,, and the initial datum is
obtained in the sense of distributions. By a density argument using f € L*°(0, Ty; L), the
initial datum f;, is obtained weakly in L? so that by weak lower semi-continuity of norms,

we obtain
| finllLe < liminf || £(s)]|1e.
s—0+

Next, analyzing the evolution of the L” norms of the smooth solutions f,, we find the

simple estimate,

d
5 [ = [V A s - g do
—C(p) | V22 A[f ]V 2P dv + C P+ o
<=CO) [ VP ARG C) [
< Il ol

Integrating in time, for each 0 <t < 7Tj,

1@z < 1FnO)IZe + I fallLr @tz 1 fnll 7o 0,70 0)- (8.60)
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Now taking the limit as n — oo in (8.60), we find for each 0 < ¢t < Ty,

IF N < I finllze + 1 2r @6z 1 17 0250)-

Since f € LY(0,Ty; L), taking t — 07, we find
limsup || f()[|e < || fin | 2e-
t—0+

Combining f(t)—fi, in LP with ||f(¢)||r — || finllz» implies strong convergence in LP.
Finally, f € C(0,Tp; LP) and f € L>(0,Ty; L})) for m > 2 guarantees f € C(0, Ty; LN LP).

8.4 Large data, short time

We now move to initial data that is not assumed to be sufficiently close the steady-state,
the Maxwellian p. We construct a unique solution that exists for some amount of time.
We adapt the ODE methods and conditional regularity results above to deduce new short
time LP — L°° smoothing estimates. These estimates enable us to construct local-in-time
smooth solutions for large L” initial data, and allow us to show directly conditional
regularity results for solutions verifying unweighted Prodi-Serrin type conditions. As a
consequence, we obtain additional stability and uniqueness results for the solutions we

construct.

8.4.1 Propagation of L” norms

In this section, we present an ODE argument that provides a quantitative bound on the
time that a smooth solution to the homogeneous Landau equation remains in LP, in terms
of norms of the initial datum. This is a variant of the ODE argument used in [83] to
quantify how long solutions with small initial data remain small. We note that a version

of this a-priori estimate specialized to the case p = 2 first appeared in [4].

Proposition 8.3. Fizp > 3, m > 217_3/2’ and M € RT. Let f:[0,T] x RT — R be

any smooth, rapidly decaying solution to (1.41) satisfying (1.46) and having initial data
fin € LP with

/ ()™ fin dv +/ fin |log(fin)| dv < M. (8.61)

Then, there is a time Ty > 0 depending only on m, p, M, and || fin||Lr such that

min(T,Tp) s 9
sup || f(?) / / IV fP2" dvdt < C, (8.62)

t€(0,min(T,Tp))

where C' depends only on m, p, M, and || finl| ;-
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Proof. Multiplying (1.41) with fP~! and integrating in v, we integrate by parts and

rearrange terms to obtain:

L0 pavs D A vpra=21 [ pray
pdt RS p? R3 P Jrs

Using the lower bound on the diffusion coefficient from Lemma 8.4, we have

d
P
0 fdv+co/R3

To bound the right hand side, we first interpolate between Lipg, L? and L! to find

»|2

Vfz

() dv < C(p)/ frtdo. (8.63)

R:’)

||f|| 1™ FIZ (8.64)

17l < 00731

provided 0, 0, 63 € (0,1) and the following relations are satisfied:

0 0 1 -3
91—|—92+03:1, —1—|——2—|—€3:—, —91—|—m93:0
3pp p+1 p

We solve this system of constraints in terms of m and p as:

o — 3mp  2pPm—9p* —mp
D@m= 9 (p+1)(2pm —9p+9) (.65)
9 .
05 = :
T+ D2pm -9 +9)
where we note that 6y, 6, and 63 belong to (0,1) for p > 5 3 and m > . Applying the

weighted Sobolev inequality (8.11) from Lemma 8.7 gives

Izt < ([ @ ort]

(p+1)01
p

(p+1)61

dos [ rao) TOIAIE IO AR,

< 1, using the restriction that m > }2 > %. Therefore, an application

where

of Young’s inequality yields
p+1 -3 p|?
It <2 (2ot dws [
3 3
. 8 p(p+1) <866)

+ Cleom,p) (1715 1077113 )

Therefore, setting y(t) = || f(¢)|,», we arrive at the differential inequality

4 + 2 @) PV < Cpco)y(t) + Clp, o, m)y™ (1) <

g g )™ dv) , (8.67)

RB
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(p+1)02 p(p+1)63
p—(p+1)61 p—(p+1)61

time by Lemma 8.1, this simplifies to

where a; = > 1 and ay = . Since || f(t)||z;, grows at most linearly in

dy o o o
a S O(p7 CO)y+C(p) COam>y 1(]‘+t) = Cly+g<t)y L
In the case of equality, this is a Bernoulli type ODE, motivating the substitution v = y:;l ,

which gives
dv
E < Cl(l — czl)v + g(t)

Performing a second substitution of w = e1(e1 =1t

v yields

d
TQ: < e (al_l)tg(t)-

Thus, integrating in time,
t t
G (t) = w(t) < w(0)+ [ €Oy dr = u(0)+ [ @Iyl dr. (8.65)
0 0

We conclude that for 0 < t < T, y satisfies:

¢ 1/(1-a1)
o0 << [y (=) [ e G0yt ar
0

Choosing 27j sufficiently small, depending only on M, m, and p, we can enforce

sup  y(t) < Cyp, (8.69)
0<t<min(T,2Tp)

for some constant C' > 0 depending only on m, p, and M. Plugging this bound for y(t)
back into the right hand side of (8.67), we find the desired bound until the time 7. O

8.4.2 Quantitative short time smoothing

In this subsection, we present a quantitative regularisation estimate for the L norm of
smooth solutions to (1.41). More precisely, we show that for smooth solutions to (1.41),
the L* norm is controlled by the Li’;jl norm for p > 3/2. For solutions of (1.41), this
norm is controlled by the energy functional appearing in (8.62) using interpolation and
(8.11) from Lemma 8.7. The proof relies on a De Giorgi type iteration, introduced in [56]
to study the regularity of weak solutions to elliptic equations. The specific version here
is adapted from [83], which followed [8] and used the energy functional £ defined below
in (8.71) as a control quantity. Here we refine the method and use certain space-time

Lebesgue norms as control quantities.
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Proposition 8.4. Fizp > %, m > g;’_%, M € R*. Suppose fi, is a non-negative Schwartz
2

class function, satisfying the normalisation (1.46) and the bounds

oy, <M and [ fullog(f)] o < M.
R

Let f:[0,T*) x R® — RT be the unique Schwartz class solution to (1.41) with initial
datum f;, and 0 <T™ < oo its mazimal time of existence. Then, for v and B, defined in

terms of m and p via

3
— and
m 3m

8=

_2(p—3/2) [m 3 29(p —1) } | (8.70)

(p—3/2)

there is a constant C' = C(M, m,p) such that for any 0 <t < min(1,7%), f satisfies

[GVIN )

B _B t
1Ol oo sy < C (Ag + AS*”Bt_liﬁB) , where  Ap := / P dodt.
0 Jrs

Step 1: Introduction of Level Set Functions and Functionals

For any fixed ¢ € R™, we consider the level set function, denoted by

fe(t,v) :== f(t,v) — €, f(t,v) = max (fi(t,v),0).

For any ¢ > 0 and 0 < T} < Ty < min(1,7T*), we define two functionals of f,

T>
ETLT) = sup / () dv + / / ()7 V(P2 dvdt,
R3 T R3

T <t<T»

- (8.71)
A(Th, 1) = /T /Rg(f;)pﬂ dv dt.

The functional & is an energy functional associated to (1.41), which appears when one
attempts standard LP energy estimates. Note that we unconditionally control £(0,Tp)
from the ODE argument in Proposition 8.3. The functional A, is the “control quantity”
appearing in the statement of Proposition 8.4, which will be the iterated functional below.
Our goal now is to show the following two inequalities relating the two functionals: for
any 0 < Ty < Ty < T3 <min(1,7%) and any 0 < k < ¢,

C(m,p, M)

Ag(Tl,Tg) S (f — kj)’y S,C(Tth)lJrﬂ, (872)

where § and v are as in the statement of Proposition 8.4.
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Step 2: Proof of (8.72)

Let us show (8.72). This step does NOT use that f satisfies the Landau equation,
but rather relies on functional inequalities. We start by noting that the weighted Sobolev

inequality (8.11) in Lemma 8.7 gives for any function g : R® — R

||9H 1) g1z

lollr < |33
provided 0 < 64, 65, 03 < 1 and the following relations are satisfied:

6, 6 1 -3

91+92+93:1, — + 2+93 —91+a93:0.
3p r’ p
Imposing further that r6; = p, we find
p[r—p—g} 5p — 3r 9(p—1) 2 5p
By = —— 34 @ = — — 2 ' 2
e p—1 ST 3p-1) T Bp_3r P33

Next we want to use the interpolation estimate in (8.30). Note that the admissible
range for r, i.e. (p+2/3,5p/3) is non-degenerate if and only if p > 1 and, moreover, p + 1
is within this range if and only if p > 3/2. With the estimate (8.30) at hand for general
g and 7, let us return to our specific setting: Let us fix r by setting & = m, or, in other
words, define r via the relation

9(p—1 5 3(p—1
= M or equivalently, r= b _ M
op — 3r 3 m
With this definition of 7, we see that r is in the admissible range (p + 2/3,5p/3) provided
m > 9/2. However, since we need to bound the LP™! norm, we see that r > p + 1 if and

only if

Since by assumption we have enough moments, we set v = r — (p + 1) > 0. Therefore,

applying (8.30) to f;7, we find the pointwise-in-time estimate

'y+/
1

p |2
ol <o ([ e [ouns] a1

Mo sl

A simple exponent computation shows (r —p —2/3)/(p — 1) = 2/3 —3/m = 5. So,
integrating over T} < t < T3 < min(7*,1) and using Lemma 8.1 to bound the L' moments
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of f, we obtain

p+1+y
ka' | p+1+'y ([T1,T3] ]Rd)

</ /Rs Lo dt) I 05 o (8.74)

M) || 7] iii*ﬁf _

<O(M )é’k(Tl,Tg,) 148,

Finally, we pass from the lower level set k£ to a higher lever set ¢ as we did before in
(8.29): combining (8.74) with (8.29) where a =, we obtain for any 0 < k < ¢,

C(M)

(0 — k) Ex(Th, T3)1+ﬁ’

1 T
AZ(Tl, Tg) S W / (flj-)p-i-’y-i-l dvdt S
- e R3

which completes the proof of (8.72).

Step 3: Proof of (8.73)

Let us now show (8.73). Contrary to the proof of (8.72), the proof of (8.73) relies
essentially on f solving the Landau equation. We begin by testing the weak formulation of
(1.41) with (f/)P~'. Since 8, f," = O:fx>n and V, f," =V, fx{s>e, we rearrange terms
as in the proof of Proposition 8.3 to obtain

1d (F) do +4( - 1)

[ AUVEDE V(D v

_(P—l) +\p+1 (2p—1)¢ +\p 2 +yp—1
= /RS(]‘"E)Jr dv+—p /Rg(fe) dv+ /¢ /R3(f£) dv.

pdt R3

Using the lower bound on the coefficient A[f] from Lemma 8.4 and discarding constants

that depend only on p and M yields

3 Luyras [ w7 euni] a

< +yp+1 +\P 2 +\p—1
St [(ytavse [ gy [ (gt

(8.75)

Then, integrating (8.75) over (t1,ts) yields

rrass [ [ orfeun]
e /ﬂ£3(f;>p(t1>dv + /:2 /R?)(ff)”“ dv dt

to to
+12/ (f;5)P dv dt+€2/ (f;5)P~ ' dodt.
t1 R3 t1 R3

dv
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Finally, taking the the supremum over to € [T5, T3], averaging over t; € [T}, T3], and using
(8.29) with « € {0,1,2}, we find

(T, T3) = sup fg )P dv +/ /
SE(TQ T3 R3 R3
t)dvdt
St T, -1 / R3 (e ’
/ / (f,5)rt dvdt+€/ (f)P dvdt (8.76)
R3 R3

/ (fH)P~ ' dodt
RS
¢ 0

{(T2 —Ty)({ — k) L (0 —Fk) * (0 — k)z} Ae(T1, T3),

which completes the proof of (8.73).

N\‘ﬁ

Step 4: De Giorgi iteration

We now finish the proof of Proposition 8.4 using an iteration procedure inspired by
that of De Giorgi, introduced in [56]. In particular, we will interweave the inequalities
(8.72) and (8.73) passing to smaller dyadic space-time domains and higher level sets. To
this end, we define the following iteration quantities: Let 0 < ¢ < T' = min(7™, 1) be the

fixed time in the statement of Proposition 8.4 and consider for n € N,
li=K(1-2"), t,=t(1-2"), and A,=A,(t,7T), (8.77)

where K > 0 is a parameter to be chosen appropriately. Indeed, the main remaining task
is to find a value of K for which lim,,_,,, A, = 0. By the definition of the control quantity
and the choice of iteration parameters, this would imply f(7,v) < K for almost every
t<71<TandveRS

To this end, we first use (8.72) to obtain

C
(bnto = lns1)?

An+2 < €€n+1 ( n+2, T) 1+6’

Next, we use (8.73) to obtain the recurrence

A, < - [ 1 PP S b |7 ALHB
= (€n+2 - fn+1)7 (En—i—l - En)<tn+2 - tn) (én—‘rl - gn) (gn—‘rl - En)2 "
C2n (78 AL+B T 1 1+8
S - o + ]- 9
K7 [Kt ]
(8.78)
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where C] is now a fixed constant. Because (3 is positive, A,, is super-geometric in n and
A,, should decay fast enough to beat the geometrically-growing (in n) coefficients in the
recurrence. To prove this, we employ a discrete barrier argument to find a quantitative
estimate for K. We expect A, to decay exponentially, so we search for a choice of

parameters K and @ > 0 such that the sequence A’ defined as
A=A Q™", forneN

satisfies (8.78) with the reversed inequality, and so by induction remains larger than A,.

More precisely, we want to find a choice of K and A so that A satisfies

A, > = I (8.79)

CL2n OB (A )8 [ 145
]

Inserting our ansatz for A}, (8.79) holds if

1

Aﬁ 2 (y+H1+B80—-B\" 14+
L GAQT @) T T
K7 tK

We now choose () such that

y+148
B

27+1+BQ—ﬂ <1 or equivalently, Q>2

Then, for (8.79) to hold we need

CLASQ?

1> o

° 1+1
- tK ’

Next, choosing K so each of the terms is smaller than a half, the recurrence (8.79) holds.

More precisely, we choose K as
1 1 B _B 148
K = max ((QHBC&QZ) v, (21+BC’1Q2) ““5*”) max {Aa s Ag P T TR } . (8.80)
With the above choices of K and @, if A,, < A*, by construction

An+2 S

n(y+1+8) A1+8 1+5 n(y+1+8) ( A*\1+8 1+5
Ci2 A { 1 1} < Ci2 (A2) { 1 } <A,

— — 41
K7 K = K7 K

Since Ay = A, it follows by induction that A, < A* for n even. Moreover, since ) > 1
we deduce
lim Ay, < lim A}, =0.

n—oo n—00
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Recalling the definition of A,, in (8.77), the monotone convergence theorem implies

1 .
HfK| 1;;1 =0, or equivalently, | f Il poe e,y xr3) < K.

Finally, from the choice of K, we have for all v € R® and 7 € (¢,T)
s o 148
f(r,v) < K<C (Aa +Aé+w+ﬁt—w> ‘

Recalling the definitions of the exponents # and v and performing some basic algebraic
manipulations gives the simplified expressions found in (8.70), completing the proof of

Proposition 8.4.

8.4.3 Short time existence

8.4.3.1 Proof of Theorem 8.2

Step 1: Approximation procedure

Fix p > 3/2 and m > §

b /2 as in the statement Theorem 8.2. Take f;, > 0 any initial

data satisfying the hypotheses of Theorem 8.2, namely that f;, is normalised according to
(1.46) and f;, satisfies

/ finllog finl + 12 + ()™ findv < K < 0.
RS

Now, we approximate f;, by a family of Schwartz class initial datum {ff,}.~0, satisfying
e Regularity: For each ¢ > 0, f5, € S(R?);
e Normalisation: For each € > 0, f£, > 0 and f;, satisfies (1.46).

e Uniform bounds: For each ¢ > 0,
[ Flos 4 1  + ) fdo < 2K
R3

e Convergence: The family {f;,}.-o converges to f;, as € — 0T strongly in LP N L}

and pointwise almost everywhere.

Consequently, by Theorem 8.4, there exist local-in-time Schwartz class solutions f. :
[0,7.) x R® — RT to (1.41), with initial data f£, where T, the maximal time of existence,

is either infinite or satisfies

iz |I£.(0)] - = o0, (5:31)
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For the remainder of the proof, the parameters p and m, the constant K, and the family
f- are fixed.

Step 2: Uniform estimates

We first find a uniform lower bound on 7. To this end, we apply Proposition 8.3 and
8.4 to find uniform-in-¢ estimates on the family {f.}. Appealing to Proposition 8.3 with
M = 2K, we find a uniform time 0 < Ty < 1 such that

min(7Tp,T%)
s ROl e [ [ ) I < I Sk, 65
0 R

0<t<min(Tp,T*

where both C' and ¢ are uniform in . Second, note that using the same method as in the
proof of Proposition 8.4, i.e. the estimate (8.74) and (8.82) yields

Hfs”LpHﬂ([o,t}xRa‘) Skl

Therefore, we use Proposition 8.4 with p = p + ~, which implies for each ¢ > 0,

20+v=3/2) [  9p+y-1)

148
()70 < Ct 1547 v = . 8.83

We define 5*(p,m) = p* = 11;%, which clearly satisfies §* € (0, 1). Therefore,
£l <CtF, 0 <t <min(Ty, L), (8.84)

where again C' is uniform in . We note that if 7. < T} for some £ > 0, then

lim 1.0 < OIS < o,
which contradicts the continuation criteria (8.81). So, we have found our uniform lower
bound Ty < T.. We now want to construct our strong solution f(¢) on [0, Tg]. To this end,
we would like uniform-in-¢ Holder regularity estimates to gain strong compactness. We
begin with Holder estimates on the coefficients.

The following estimate is taken from [93, Proposition 4.7], where it is stated in a
restricted setting. Nevertheless, the same proof implies the localized estimate we need.
Before we state the result, let us mention that the notion of Holder continuity that we
work with respects the parabolic scaling of (1.41): we define the distance between two

points (t,v), (s,w) € Ry x R? as

d((t,0), (5,0)) == (|t — 8| + v — w]?)? |
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Then, Holder spaces are defined using this notion of distance, that is f € C%*(R, x R3?)
for some a € (0, 1) if for any (¢,v), (s, w) € Ry x R3 there holds

[f(t,v) = fs,w)| < Cd((t,v), (s,w))".

The constant C' is the Holder seminorm C' = | f]CO,a(R . xr3). Higher order Holder spaces

are then introduced as usual. For more details, see [139, p.7].

Lemma 8.13. Suppose g : [0,T] x R? is a solution to (1.41) satisfying

1911 Lo o.71xm2) T 9inll L1og(ry + Nginllpy < L

and g € C**((0,T) x Bg) for some k € N, a € (0,1), and R > 0. Then, Alg],Valg| €
C*((0,T) x Brya), depending only on L, k, R.

Proof. We prove first the case k = 0 for A[g]. That is, assume g € C%*([0,T] x Bg). Our

goal is to show the same regularity for A[g] on a smaller domain.
— (v
T 8rly|”

Let 0 < ¢ < 1 a smooth function which is identically 1 on Bg/4 and vanishes outside

Recall that Alg] is defined as convolution with the matrix-valued kernel K (v)

Br/s. We decompose the kernel K = K; + K, where K; = @K is supported in Bg and
Ky = (1 — p)K € C°(R?). Note that K; € L'(R?) and K, € W?>*(R3). Let us first
estimate the localized part of the kernel. For 0 < ?; <, <T and v,w € Bpgys,

|Ky * g(t,v) — Ky * g(ta, w)] < / Ki(v*) [g(ti, v —v") — g(te,w — v*)| dv”*
]R3

< HgHC‘l((O,T)xBR) ([tr = to| + |w — U|2)a/2 5 Ki(v*) dv™.
R

We conclude K * g € C%*((0,T) x Bgj2). Next, we look at the smooth, non-localized
part of the kernel:

1Ko # gllyaoe < IVE2 % gll e < IVES oo gl

which implies K, x g is spatially Holder continuous on (0,7') x R®. For temporal regularity,

we differentiate in time, use the equation, and integrate by parts:
(Ko x g)(t,v) = | Ky(v—0v")0g(t,v")dv”
R3

= — /]R3 VU*KQ(U — v*) . [A[Q]Vv*g — Vv*a[g]g} (v*) dv*.
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Integrating by parts once more, and using that > i 0;A;; = —0;a, we have
0 (Ks * g)(t,v) = / V2. Ky(v —v*) : Alglg — 2V Ky (v — v*) - Vyealglg dv*.
R3

Therefore, using Lemma 8.5, conservation of mass, and g € L>([0,7] x R?), we estimate

|0,(K2 * g)| < ||V2K2HL00(R3) ||A[9]||Lg>°1 191l oo (0,721 %)
+2 ||VK2||L°°(R3) ||Va[9]||L;>° 191l (0,7;L1 (R3))

5/3 1/3 4/3 2/3
< O Kallyomequny (19152 00,00y 1912 + 9122 o0y 912 ) < 00

Combining our estimates, we conclude Ky x g € Wh([0,7] x R3). Tt follows that
Algl e CY

loc

((0,T) x Bpys), as desired. The same technique of splitting the kernel into a
localized L' kernel and a non-localized W2 kernel yields the corresponding result for
Valg]. To prove the higher order estimates, i.e. when k& > 0, we note that both Alg]
and Valg] are convolution-type operators. Therefore, we may put an integral number of

derivatives on g and use the £ = 0 estimate to conclude. O]

As a direct consequence of these local Holder estimates on the coefficients, we may

bootstrap the regularity of f., uniformly in e, using Schauder estimates.

Lemma 8.14 (Higher Regularity). The family f. : [0,Ty] x R — R constructed above
in Step 1 satisfies for each R >0, 0 <t < Ty, k € N,

“feHCk((t,To)xBR) < C(Ka R,t, k)u

uniformly in €.

Proof. We will prove this by a bootstrap argument. Fix some ¢t and R > 0. Then, by
Lemma 8.5, the coefficients A[f.] and Va[f.] satisfy the global upper bounds

2/3 1/3

JALL)] < C NN ooy N2 0 sy < CUKL T,
1/3 2/3

Valfl < CNFNLE o HfguLL(OTxRa) C(K.T),

as well as the locally uniform coercivity estimate:

Therefore, we conclude (1.41) is a divergence-form parabolic equation with bounded

measurable coefficients. By the parabolic version of the De Giorgi-Nash-Moser theorem
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(see [139, Theorem 10.1}), for each 0 < ¢t < T and R > 0, there is an a € (0, 1) such that
fe € C*((t,T) x Bug).

Therefore, by Lemma 8.13, A[f.], Va|f.] € C*((t,T) x Bar). Thus, by parabolic Schauder
estimates (see [139, Theorem 12.1]), we conclude f. € C**((t,T) x Bg), which proves the
claim with £ = 1. Iterating this procedure, gaining one derivative at a time, we conclude
f. € C*((t,T) x Bg) for any k > 0. ]

Step 3: Compactness and properties of the limit

As a consequence of the uniform estimates, (8.84), Lemma 8.14 and standard compactness

results, we have a limit f : [0,Ty] x R® — R such that f. — f in the following senses:
e Strongly in C*((t,Ty) x Bg), for each k € N, R > 0 and each 0 < t < Ty;
e Pointwise almost everywhere in [0, Ty] x R3;
e Weak-starly in L>([0, Ty]; LP);
e Strongly in L'([0, Ty] x R3),

where the last strong convergence follows from uniform integrability, pointwise convergence,
and tightness. Note that the convergence immediately implies we retain f > 0, f satisfies
the normalisation (1.46), and f has decreasing entropy. Moreover, we can assume that
t=7" f. — t77" f weak-starly in L*°(]0, Ty] x R?). Therefore, by lower semi-continuity of
the norm, we retain the desired short time smoothing estimates, (8.84) and, in particular,
f € L0, Ty; L*>). We retain also that f € C™((t,Ty) x R3) for each 0 < t < Tj, i.e. that

f becomes instantaneously smooth.

Step 4: Passing to the limit

We now pass to the limit and show f constructed in the previous step satisfies the
Landau equation (1.41) on (0,7Ty) x R3. Since f is smooth on this domain, the notion of
solution is unambiguous and, in particular, it suffices to show f is a distributional solution

o (1.41). We first show convergence of the non-local coefficients: By Lemma 8.5,

2/3 1/3
||A f fa ||L1(0 To;L>® R3) C ||f f5||L1(0,T0;L1(R3 ||f fEHLl OT() LOO(R3)) )

where the right hand side tends to 0 as € — 07, using the short-time smoothing estimates
(8.84) and strong convergence in L'([0, Tp] x R?). Using Lemma 8.5 again, we have the

analogous estimate for Va[f — f.]:
1/3 2/3
Hvaf fa HLI (0,Tp; L (R3)) <CHf fs”L/l()TOLl (R3)) Hf fEHL/IOTOLoo (R3)) »
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which again converges to zero as ¢ — 07. Now, integrating by parts, f. satisfies the
following distributional formulation of (1.41): For any ¢ € C2°((0,T,) x R3),

TO TO
/ / PO, f. dv df — —/ Ve (AL]VS. — Val£f.) dodt.
0 R3 0 R3

Therefore, global convergence of the non-local coefficients and the local compactness in C*
is sufficient to show that f satisfies (1.41) in the following distributional sense: for each
p € C((0,Tp) x R?),

To To
/ dufiodv = - / Ve (AfIVS - Valflf) dvdt.
0 R3 0 R3

Because f is smooth, we may integrate by parts and conclude f is a classical solution to

the Landau equation, i.e. f solves (1.41) pointwise.

Step 5: Behavior at initial time

It only remains to show that the initial data is obtained in the appropriate strong
sense. To this end, we recall that each f. solves the following distributional form of (1.41):
For any ¢ € C>([0, Tp) x R?),

TO TO
/ DS dv — / V21 ALL)f. + 2V - Valflf. dvdt.
0 R3 0 R3

We estimate the first term on the right hand side using Holder’s inequality and Lemma
8.5 as

To

2, .
|V A < el ) o I o

1_p 2p=3/2
35

< HQDH (OT . 7) HfSHLoo(o,TO;Lp ||f6||zoopolTO L)
< .
< COV el )
We then estimate the second term using Hoélder’s inequality, the Sobolev embedding

Wl (R3) — L% for p > 3/2, Lemma 8.5, and the Hardy-Littlewood-Sobolev inequality

as

To
/0 Vi - Valfe]fedvdt < ||V90||L ( ) IValfe]ll oo (0,T0;L3) [ fell oo (0,To;LP)

0,70 L2
S HV2(10HL1<07T0;LPP1) HfEHLOO(O,To;L3/2) Hf&HLoo(O,TO;LP)

<C(K Hv%” (07T0;L%) :
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Therefore, by a duality argument, we conclude that

Hatfs ”Loo(ojo;w—z,p) < C(K)

Combined with || f:|| ;oo .10y < C(K), the Aubin-Lions Lemma yields compactness of
f- in C(0, Ty; W—1P). Therefore, up to a further subsequences we may assume f. — f in
C(0, To; W=LP). In particular, f.(0) = f£, implies f is continuous in time and f(0) = fi,
in the sense of distributions. Using f € L>°(0,Ty; L”) once more, f is weakly continuous
in time taking values in L? and f(0) = f;, almost everywhere. By lower-semicontinuity of

the norm in the weak topology, we also have
' T
I inllo < i nt £(2)],

Finally, performing a standard L energy estimate on f. and throwing away the coercive

term, we find

d

@ L, FOdv < Cl / F7 o < C) IO 1115, < 1P

where the constant C' is uniform in €. Therefore, integrating in time, for any 0 < ¢t < Ty,

=5

< I/

p
Lv

sup | fe(s)]|
0<s<t

We take ¢ — 07 and use that fi, — fi, strongly in L? and f. — f weak starly in
L>(0,T; LP) to obtain

sup ||f()lo < Wfinllpo + ct=r", for each 0 < t < Ty.

0<s<t

Since f is weakly continuous taking values in LP, for every 0 < t < Tj,

1Ol < | finll o + CE P

Finally, taking ¢ — 0" and using 8* € (0, 1), we obtain
limsup || f ()| o < (| finll 1o -
[AN(as

We have shown lime o+ || ()], = || finl|;»- Combined with f(t)— fi, in L?, we deduce
that f(t) — fi, strongly in LP, which concludes the proof of Theorem 8.2.
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8.4.3.2 Continuation criterion

In this part, we prove the continuation criterion contained in Theorem 8.2. To this end,
assume f : [0,7)xR?* — RT is a solution constructed in the proof of Theorem 8.2. We need
only show that if lim sup, ~r [|f()[|;, < oo, then the solution f may be continued smoothly
past time T". Indeed, for each 0 < e < T, set ¢5, = f(T — ¢). Then, the propagation of

moments from Lemma 8.1 and the decay of entropy imply the a uniform-in-¢ bound:

| i log(af )| + 1657 + (0)" g5 v < K
R3

Therefore, Theorem 8.2 and the invariance of (1.41) under translations in time implies
there is a uniform time 275, such that ¢, gives rise to a smooth solution g. to (1.41) on
[T — &, T + 2T, — ¢] with ¢°(T —¢) = ¢¢,. Pick ¢ = Ty and set f to be the concatenation
of g. and f:
Ft) = f) 0<t<T-T,
9-(t) T =Ty <t <T+1Ty.

Note that by construction f(7T" — Ty) = g.(T — Tp) and both f and g are solutions to
(1.41) on [T — Ty, T) that lie in L'(T — Ty, T; L>°) by the short time smoothing estimates
of Theorem 8.2. Therefore, by the uniqueness result of Fournier in [75], f(t) = ¢(¢) on
[T — Ty, T) and f is a smooth solution to (1.41) on [0,T + Tp), as desired.

8.4.4 Uniqueness

In this section, we prove Theorem 8.3 by extending the a-priori estimates of the preceding
sections to a more general class of solutions to (1.41). In Section 8.4.1 and Section 8.4.2; we
showed that solutions to (1.41) which are smooth, rapidly decay, and belong to L>°(0,T’; L?)
for some p > 3/2 are quantitatively bounded in L'(0,T; L*). In this section, we extend
this L'(0,T; L>) bound to locally Lipschitz solutions g € L"(0,T’; L?) for some p > 3/2
and r > %. The proof is divided into two steps:

In step one, mimicking Section 8.4.1, we use an ODE argument to quantitatively bound

the potential growth of of the LP norm. More precisely, we show the estimate:

sup ||g(t)|[", + /T/ ()~ |Vgp/2‘2 dvdr < tp%’ foreach 0 <t <T. (8.85)
t<r<T t R3

This gives a quantitative estimate on the L*°(¢,T; L”) norm of g. We give first a formal
proof of (8.85), which is rigorous for rapidly decaying solutions. In step two, we use the
methods from Section 8.4.2 to obtain an estimate on the potential growth of the L*° norm
of g. We show ||g(t)]| ;. < Ct~'*? for some small § > 0, which implies g € L'(0,T’; L*®).
We conclude with a rigorous proof of (8.85) for merely locally Lipschitz solutions to (1.41),
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which depends crucially on the so called e-Poincaré inequalities used to propagate L
norms for solutions to (1.41) (see [7, 8, 94]). The particular version used was recently

introduced as [8, Proposition 1.7].

Step 1: Formal proof of (8.85)

Let g € L™(0,T; LP) N W1>°(Q) for each 2 compactly contained in (0,7) x R?) be a
solution to (1.41) with initial datum g;,, attained in the sense of distributions. We assume

that g;, satisfies the bounds

/ ()" gindv <M and / Gin |log(gin)| dv < M,
R3 R3

22 and m > 222 Following the a-priori estimates in Section

for some p > 3/2, r >

-3 2p-3/2"
8.4.1, we use gP~! as a test function® and derive a differential inequality for y(¢) := ||g(¢)||7,
of the form
dy -3 /2 2 o
r + [ ()| VPP dv < Cy + Cy™, for each 0 <t < T, (8.86)
R3

where the constant depends on g only through M, T, m, and p. The exponent a; is the

same as in (8.67), which we recall is

2mp — 9p
m(2p—3)—9+9

(2p* — p)m — 9p° and
= 11 N1 — =
FT (202 = 3p)m — 9p? + 9p par =P

To avoid the significant regularity issues at time ¢ = 0, we integrate over [s,t], for
0 <s<t<T, which yields

t
y(t)+// ()7 | V| dvdr
s JR3

<y(s) + C/Sty(T) d7‘+C’/st (/RS g*(1,v) dv)a11 y(7)dr.

By Gronwall’s inequality, we obtain the quantitative bound

(8.87)

sup y(t) < y(s)exp (C(T —s)+ C/ST lg(7)] }Eaplp) :

s<t<T

3The local regularity of g is not sufficient to justify using g?~' as a test function, which is the reason
why this argument is only formal. One should instead use @rg?~! as a test function, where ¢ is a smooth
cutoff to Br. Integrating in time, one obtains an integral equation for the truncated LP norm. Using
g € L™(0,T; LP), one obtains a uniform-in-R estimate on the truncated LP norm analagous to (8.87), from
which (8.88) and (8.85) follow by the monotone convergence theorem.
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A straightforward computation implies

2mp — 9p
m(2p—3)—9p+9

pay —p = and lim pa; —p =
m—0o0

2p— 3

Since is pa; — p is decreasing as a function of m provided m > we may take m

2 p— ?’)/2 ?
even larger, depending only on p and r, so that 21;__3 < pay — p < r. For this choice of m,

T
y(t) < Cy(s)exp </ lg(T)NI7s dT) < Cy(s) foreach 0 <s <t <T.
0

Raising to the power r/p and averaging over s € [0, ], we obtain a quantitative bound on

the appearance of the L” norm of g:

LCfr C
o0l < 5 [ ool as < 7. (8.5%)

Consequently, using (8.88) to control the right hand side of (8.87), we deduce (8.85):

C
sup |[|g(t) / / ) Ve dvdr < —-,  foreach0<t<T. (8.89)

)
t<r<T tp/r

Step 2: L>(t,T;LP) — L'(0,T; L) regularisation estimates

Our goal now is to use Proposition 8.4 to obtain a quantitative bound on the L*> norm of
g. To this end, we use interpolation as in (8.30) to bound higher L4([0,7] x R?) norms of

g:
q—p— g
3 » 2 o 5p—3q
\wmsc(H 292H+wm)wmg )M>H;“,
where a = %. Integrating in time and using (8.85), we find for each ¢ € (p, %), for
m > a(p,q),

pq5/3
// g dvdr < Ct 5
R3

Therefore, using the L9(0,T; LY) — L>=(t,T; L*°) smoothing estimate! in Proposition 8.4,

we obtain

1F ()] < CAL(t/2)7 + (Ag(t/2)Pt1F) 7755
< OB L o P e s (8.90)
= Ot + Ct*2.

4Technically, Proposition 8.4 is stated for smooth, rapidly decaying solutions. Nevertheless, we claim
that the estimate applies to g without change. The qualitative regularity and decay is solely used to
ensure that (f — k)% " for constant k € R can be used as a test function in (1.41) in the proof of the
energy estimate (8.73). Crucially, (8.73) can be easily justified for g because g € WllocOo and g satisfies
(8.85).
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where § = B(m) and v = v(q, m) are exponents given explicitly by the formulas:

20-1 -3  9a-2)
3m 2(¢—1)-3

3
— and v =
m

[GVIN )

b=

To conclude g € L*(0,T; L*), it remains only to show that there is a choice of ¢ and m for
which the exponents w; and ws in (8.90) are strictly greater than —1. Instead of computing

directly, we take the limit as ¢ — 5p/3 and m — oo in the exponents. In particular,

2 10p — 15
li == d li = —
mgo ﬁ 3 an m—)oof]ri5p/3 9
and, consequently, since 7 > 5P,
10p
li = > —1
m—>ooggri>5p/3 1 (10p — 15)r
10p
: " + 5 10p + 157
. lim Wy = 9 10p = = — > —1.
m-—s00, ¢—+5p/3 1 +2+ 10pr

We conclude that for m sufficiently large (depending only on p and r) we can use the
L9(0,T; L) — L*(t,T; L*°) smoothing estimate from Proposition 8.4 with ¢ close enough
to 5p/3 (depending on r) so that w; > —1 and wy > —1. Thus, we conclude for g;, € L},
for m sufficiently large, g € L'(0,T; L*>). By the uniqueness result of Fournier [75], we
conclude any two locally Lipschitz solutions with the same initial data g;, that both also
belong to L"(0,T; LP) are equal.

We conclude the manuscript with a rigorous proof of (8.85).

Rigorous Proof of (8.85)

We take g a locally Lipschitz weak solution to (1.41) as in the statement of Theorem
8.3. Combining g € L"(0,T; L?) for p > 3/2 with Lemma 8.5 and interpolation of Lebesgue

spaces, we conclude that the nonlocal coefficients satisfy the pointwise in time bounds:

2p—3 2p—3

JAU o~ < gl N9lE  and [Walflll < I lle < 17105 1A

Consequently,

3r(p—1)
P

Algle L (0,7;L*) and Valg] €L T (0, T; L%).

Since g € W*°(Q) for each Q compactly contained in (0,7) x R?, a rather straightforward
density argument implies for any ¢ € L>®(s,t; W1*°(R3)) with compact support €2,

T T
/ / wOgdvdr = —/ Ve - (Alg]Vg — Valglg) dvdr. (8.91)
0 Jmr3 0 Jrs
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For R > 1, we take pg to be the cutoff function:

1— R @D (jo| — REif Ju] < 3R/2

pr(v) =
Rt (2R — [v|)2F! otherwise.

We note that pr € W1 (R?) satisfies the usual cutoff properties, namely, 0 < pr < 1,
or = 1 on Bg, and pr = 0 on R®\ Byr. However, pp satisfies the additional useful
pointwise inequality:

Vonl < CR2PHGET (8.92)

Since g is locally Lipshitz and ¢ is compactly supported, gP ' % x(s4 an admissible test
function in (8.91). Therefore, the fundamental theorem of calculus for Lipschitz functions

guarantees

/]R3 eRgP(t) dv —/ R ( = —p/ /R3 1 . (A[g]Vg — Valglg) dvdr.

We rewrite the right hand side by rearranging powers of g and integrating by parts as

4(p—1) [*
RHS = —%/ / @2V P Alg] VP dvdr
s JR3

¢
+ 2/ / gp/2QORVQOR . A[g]Vgp/2 dvdr
s JR3

t t 4
+ / / ¢"V % - Valg|dvdr + (p — 1) / / ehg? T dvdr = Z I.
s JR3 s JR3 i—1

The term [; is the coercive term. The error terms I, and I3 coming from the cutoff g
are bounded together using the identity V - A[g] = Valg] as

t
[3—/ V3 - V- (Alglg”) — Alg]VgP dvdr = — // V2% Alglg? dvdr — I,
s JR3 R3
1 t
< bt o [ 1Al o dr

Lastly, the main term I, presents a difficulty not seen in the global bounds anywhere else
in the manuscript. The cutoff functions must be distributed correctly in order to close
the argument. To this end, we bound using the e-Poincare lemma found as Proposition
1.7 in [8]. For the reader’s convenience, we reproduce the proof here: To bound Iy,
we use Holder’s inequality, the fractional Sobolev embedding H*(R?) < L%(R:”), the
Gagliardo-Nirenberg-Sobolev inequality, and Young’s inequality: for any ¢ > 3/2 and any
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e >0,

2 _ptl 3 p/2 [\ —3/2
/Rg erg" < [0) 9] pagi, [|or9" (0) 2

< H0)* 9l oy || 09”00

s
2s 2—2s
3 -3/2 ~3/2
= H<U> gHLq (B2r) @Rgp/Q <U> ! Joe! gp/2 <v> / L2
—3/2 39|12
Sz—:HsoRg’”/Q / H +C(e) [|{v) gHLq ) ’¢Rgp/2 ()™ ‘L27

where the relation % = % + 3 implies

/ ©hg" T dv < s/
R3 R3

N sl [, b 07 av

Viorg”? (o)) do

By explicit computation, the pointwise estimate (8.92), and Young’s inequality,

- 2 - 2 - -
¥ (g 0) )| < C ) G|V 4 C ) g IVenl + C () ho?

< C )P ed ‘Vgp/2|2 + @2 gPt £ ORGP+ CR2PHD? () —30+ D)

Therefore, picking ¢ sufficiently small, and using the lower bound for A[g] guaranteed by
Lemma 8.4, for any s < ¢t < T and for any ¢ > 3/2,

/Rgso?agp(t) dv + cq /St /Rg (v)~

< /R GhgP(s) o (8.93)

¢
N C/ (RQ(p+1)2 + R A[g)ll 1 + ||9 (v) Hi‘i 13323 > (/Rs #rd" dv) o

By Gronwall’s lemma applied to the function 7 +— fRS ©%gP (1) dv, we conclude the explicit

P 2
2 1Vg2| dvdr

bound: for any 0 < s <t < T and any q > 3/2,

[ cateravs ([ )

. (8.94)
_ 2 _
cexp (€ [T RO B2 Alglm + g 0 5,y o).

Since we have already shown Alg] € L'(0,T; L>), the monotone convergence theorem

/ng e s (/R 7 dv) o (C /OT o ()72 dT) (8.95)
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To conclude as in the formal proof given in Step 1, we need only show that (v>3 g €
L2<12733(07 T; L) for some g > 3/2. Because (r,p) is a sub-critical exponent pair-meaning
%—i—% < 2-and (00, 1) is a super-critical pair—meaning %—k% > 2—-we can interpolate between
L™(0,T; LP) and L>(0,T;L}) to find ( 3,q) a critical exponent pair. Interpolating
between LP and Ll | for 3/2 < ¢ < p,

1—-6 1

0
lgllz,”,  where TH— =

0ol < =L

i,

q andl—@—zg B,sothat

T , 323
/ (/ (v) ngdv) dr
0 R3
T 2(p—q) 2¢—2
3q(p—1) (p—1)(2¢—3) (p—1)(29—3)
§/ (/ (v) " r=a gdv) </ g’ dv) dr
0 R3 R3

2(p—aq)

S C<T7p7 q, 7’) HgHé,pool())(;ngl) HgHZT'(O,T;Lz’) )

Solving for 6, we find 0 =

. . 2(g—1)p
provided ¢ is chosen so that r > 1) 24-3)

3/2 < q < p. So, taking q arbitrarily close to 3/2, we recover the constraint on the number

. If r = oo this constraint is satisfied for any

of moments, m > as clalmed On the other hand, if r < oo, taking the limit ¢ — p~

3/2
the constraint becomes r > 5. So, for r < 0o, we can always pick ¢ sufficiently close to
p and m > 3q(p 1) so that the constramt is satisfied. Returning to (8.95), we obtain: for

each0<s<t<T,

/ g(t)p dv < C(p7 Ty Ta m, Ma ||f||LT(O,T;LP)) (/ gp(s) d’U) :
R3 R3

As in Step 1, taking an average over s € (0,t), we obtain ||g(¢)||?, < Ct7P/". Returning to
(8.93) and taking the limit as R — oo, we conclude (8.85).

8.5 Appendix: weighted Sobolev inequalities

In this section, we provide a brief proof of the Sobolev inequalities claimed in Lemma 8.7.

We start with the proof of (8.11). Weighted Sobolev and Poincare inequalities of the form

1/q 1/p
(/ |¢[Tw1 dU) <C (/ Vol wgdv> ;
Q Q

for ¢ > p > 1, and ¢ either compactly supported in ) or with zero average over (), are
guaranteed to hold if certain averages involving w; and wy are bounded over all cubes

contained in a cube slightly larger than ). For p =2 and 2 < ¢ < oo, r > 1, a cube Q,
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weights w; and wy, we define

1 1
11,1 . qr ., 2r
Gy (@ w1, ) 1= | QI3 (]é o dv) (]é " dv) |

The precise statement is summarized in the following theorem. For its proof, we refer to
[175, Theorem 1].

Theorem 8.7. Consider two nonnegative weights wy, ws, a cube @, 2 < q < oo and
r > 1. Then, for any Lipschitz function ¢ which has compact support in () or is such that
ngb dv = 0, we have

1/q 1/2
(/ | 9wy dv) < Cor(Q, Wi, wo) </ IVo|* wy dv) , (8.96)
Q Q

where for some constant C(d,r,q),

Cq,2,'r(Q7 wy, w2) = O(da r, Q) sup O-q,2,r<Q,7 Wy, w2)-
Q'C8Q

We are now prepared to show (8.11) in Lemma 8.7 by combining Theorem 8.7 with a

covering argument.

Proof of (8.11) in Lemma 8.7

Let @ = Q(vg) be a cube of side length 1, centred at vy. For any a, m > 0, we compute

1 2m(1 + |U0|)m, Vo € BQ(O)C,
[ Q)™ dv <
Q) /Q

¢, vy € By(0),
and
. . W, vy € Bo(0)",
a1y T S
¢, vy € B2(0).
Therefore,

352(@ (), (0)%) = (]2 0 ) g (]g (o ) oy

where C' is independent on the center of (). Applying Theorem 8.7, we find (8.96) holds
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for wy = (v)™% and wy = (v)~3:

(/ 16— -0 dv) " C/Q|V¢|2 () do. (8.97)

Here and below (¢)g denotes the average of ¢ in Q.
Next, we consider a family Q of non-overlapping cubes of side length 1 which cover R3.

Decomposing the integral over R? using this partition and Young’s inequality, we have

6 gd— 9d 79d
[ 1o ()" o QEQ/ch\ vea Y [1o- @l o) @

QReQ

G Q|6/Q o,

QeQ
For each @ € Q, we apply (8.97) and find

Z/|¢ )ol® (v 9dv<Z/]¢ P

QeQ QeQ

<C) (/ V| (v)? dv)ggc(/w Vo) (v)? dv)3

QeQ

Additionally, since (v)"? <1 and |Q| = 1, for any 1 < s < 6, Jensen’s inequality implies

Sl [ o s St <X ([ a) < ([ or a)”

QeQ QeQ QeQ

Summarizing, we obtain for any 1 < s <6,

3 6/s
6_9d_0( V2_3d) C< Sd),
[t w™ av<e ([ 1vop @ av) <o [ 1or av

as claimed.

Proof of the weighted Sobolev inequality (8.12)

Proof. The case k = 3 follows from the Sobolev embedding H'(R?) < LS(R?) and Hardy’s
inequality.

For k > 3, we first compute derivatives of our weight (v)™ for m € R arbitrary.
V)" =m@" v and A @)™ =3m )" +m(m —2) (v)" " v|?

Now, we apply the Sobolev embedding to the function ¢ = (v)™ f and find for C; > 0 the
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Sobolev constant,

( JRCE f6> :

<G V@™

R3

= [ UV @+ )V

— Cl/ <'U>2m |vf|2 dv +/ m2f2 <,U>2(m72) |U‘2 + me <U>2m72 Vf v
R3 s

_ 1
Ci [ @IVIE ok G [t o 4 9T ()
R3 R3
- 1 -
:a/<ﬁﬂwVM+a/mvwﬂm%W—y%wf
R3 R3
<[ rvitee [ 2.
R3 R3
For m > 0, we use |[v|> < (v)? to compute Cy as

1
Cy = C1(m? — 3 (6m + 2m(2m — 2))) = C1(m? — 3m + 2m? + 2m) = —C1(m* + m) < 0.

Finally, setting 2m = k — 3, for k > 3, we conclude

(/RS (v) ™~ fﬁ) v <G /RS )PV - %(k ~3)k-1) [ 12 )

Proof of the interpolation estimate (8.13)

Proof. We use interpolation of weighted Lebesgue spaces (i.e. Holder’s inequality) to

bound HfHL% as

k m |9 k=3 |10
q < P P
lwis| <@ @51,
provided 6 € (0,1) and m € R satisfy the relations
1:Q+1—9 and k_mb (k—3)1-0)
¢ p 3p q p p

Solving this system of constraints for 6 and m, we obtain

3q —3p
2q

2% — (k — —
Cand me= kp — (k —3)(3¢ — 3p)
3p—q

. 1-6=
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Therefore, since k > 3, we use the weighted Sobolev inequality (8.12) to obtain

3p—q k=3 [|5(q—p)
11 < P |5 1|
3p—gq —p)

3p—q 3(g— 3
<z 172057 < Cop Il IV 2]

which completes the proof.

a-priori
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CHAPTER 9

CRITICAL LANDAU

This chapter discusses the well-posedness of the homogeneous Landau equation on R? with
Coulomb potential for rough initial data in the critical Lebesgue space L3. Tt also shows
that the solutions constructed in Chapter 8 exist for all times. To this end we exploit the
breakthrough result of Guillen-Silvestre [100], which appeared during the preparation of
the manuscript of [84]. Our principal aim was to construct local solutions in the critical
Lebesgue space. Due to the global well-posedness result for rapidly decaying smooth data

in [100], we managed to show that our solutions are in fact global solutions.

9.1 Introduction

We establish the global-in-time existence of smooth solutions to (1.41) for slowly decaying
initial data in L32. We show that such solutions satisfy the quantitative short time

regularisation estimates:

and sup i(f(t)) <

0<t<1

sup [[f () e <

0<t<1

C C
t t
Since the Fisher information becomes instantaneously finite, we adapt the main result of
[100] to our setting and continue the local-in-time solutions to global-in-time solutions.
We also prove existence of smooth solutions with initial data in L? for any p > 3/2. In
this case, we additionally show uniqueness.

Previous existence results for smooth solutions considered L> data [15, 107, 132] ,
L? data [44], H' data [62], and recently L? data with p > 3/2, see Chapter 8 based on
81, 83].1 Each of these works considers either global-in-time solutions for initial data close

to equilibrium or local-in-time solutions for general initial data. Furthermore, each of these

!Technically, each of these results with the exception of Arsenev-Peskov [15] requires a weighted a
version of the space or additional L' moments.
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results requires the initial data to belong in a space which embeds into L? for some p > 3/2.
Recall that the value p = 3/2 is a threshold for the boundedness of the coefficients (A[f]
can be unbounded for f € L3/?) and also a threshold for time integrability of || f(t)]|pe.
Consequently, p = 3/2 is the threshold at which most known analytical techniques break

down and no longer apply.

9.1.1 Results

We denote by L? the space of measurable functions such that

1/p
Il = ([ 5 o) < o

Our main results are summarised in the following theorems:

Theorem 9.1. (Local-in-Time well-posedness) Let % <p < +oo. If the initial data fiy, is
such that fi(v)?% € LP(R3), then there exists a smooth solution f : [0, T] x R? — R* to
(1.41) such that

3
I lloqomyzy )+ sup t2[[f @)l S C(fin)- (9.1)
0<t<T

Moreover, if p > 3/2, this solution is unique among all smooth solutions® g : [0,T] x R3 —
R* to (1.41) which obtain the initial data in the following sense:

li t) = fin inth distributs
(1) tj)%ig() fin in the sense of distributions

2
g <r < oo.

(2) g€ L"(0,T; LY ,,) for some pair (r,q), 3/2<q< o0, P— <
q_

9/2

The L3? — L™ regularisation estimate in (9.1) agrees with the regularisation rate
observed for the heat equation. However, we conjecture that the LP — L*° regularisation
rate of the heat equation is sub-obtimal for the Landau diffusion operator, when p < 3/2,
as predicted in [31, 94]. The enhanced regularisation rate is expected because the diffusion
operator V- (A[f]V f) behaves more nonlinearly if p < 3/2. Let us comment further on the
meaning of the threshold p = 3/2. First, we recall that for any function f, the diffusion

matrix is uniformly bounded below as

Alf](v,t) = e (v) 1,

2More precisely, following the previous Chapter 8, we assume ¢ is a locally bounded H-solution: we
assume g is a distributional solution; we assume the entropy dissipation of g belongs to L'(0,7); and
we assume g satisfies the additional regularity assumption g € L (s,T; L>=(£2)) for each s > 0 and
Q C R3 compact. It is well-known that such solutions are necessarily qualitatively smooth. This technical
regularity assumption is solely to ensure that truncations of g are admissible as test functions for (1.41).
We expect this assumption is unnecessary and can be removed.
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where ¢y only depends on the mass, energy, and entropy of f. One is then led to the toy

problem:
uy = Au A+ u? (9.2)

and the associated 1-parameter scaling uy = Au(A*t, \x). This scaling preserves (9.2) and
leaves the L°°(0, T, L*/?) norm invariant. In this sense, the L/? norm is critical with respect
to the scaling of this toy problem. This analogy is, however, simultaneously both helpful
and misleading. This comparison is helpful in identifying the L?/? as an important norm for
Landau, but not critical in the usual scaling sense. This is the motivation for the e-regularity
criterion, presented in Section 9.3, which shows that if a solution to the Landau equation
(1.41) is small in a (critical) weighted L3/ norm, then the solution is smooth. Because
the smallness required by the e-regularity criterion cannot be directly removed, we are
not able to show regularisation estimates of the form L>(0,T, L3/?) — L*>(t,T, L>), nor
are we able to propagate L?? directly. Instead, we can replace the smallness by estimates
of the form C(0,T, L*?) — L*>(t,T, L°) and quantitatively propagate continuity in L3/2
by solving a system of coupled differential inequalities. While the comparison to (9.2)
provides inspiration for the smoothing estimates, the standard techniques for the semilinear
heat equation and for the incompressible three-dimensional Navier-Stokes equation do not
apply here, due to the nonlinear and nonlocal nature of (1.41) and the presence of the
unbounded coefficients.

For all positive times, the solution constructed in Theorem 9.1 is smooth and the notion
of solution is unambiguous. However, the initial data is rough, and the sense in which
the initial data is obtained is a delicate point, especially when considering uniqueness.
For p = 3/2, the solution f does not belong to L'(0, T, L>), and the uniqueness result by
Fournier [75] does not apply. Nevertheless, we expect this solution to be unique among
smooth solutions in the class C([0,T ];ng), but the proof is still open. For readers
interested in investigating uniqueness, we note that the solutions constructed here in the
p = 3/2 case additionally satisfy:

feLns(0,T;Ly),) if g € [3/2,00),
Ve LX0,T;L3,5), and  lim ¢ f(t)] e = 0.
t—0t+

Note that the unweighted p = oo result of Arsenev-Peskov [15] fits naturally in our
framework. Our decay assumptions are less restrictive in terms of weights than the ones
in [8] used to show conditional regularity. This is a result of a new (weighted) e-Poincaré
inequality used to rigorously show uniqueness (see Lemma 9.11). The proof of Lemma
9.11 follows from the Caffarelli-Kohn-Nirenberg inequality and is located in Appendix 9.9.
The integrability condition f € L) and the normalisation (1.46) for f are used solely in
the lower bound for A[f].
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To obtain global-in-time solutions from Theorem 9.1 we use the monotonicity of the
Fisher information proved by Guillen and Silvestre in [100]. Their framework, as stated,
requires C! initial data with Maxwellian tails. We cannot expect that the solutions
constructed in Theorem 9.1 satisfy these assumptions for generic initial data. Instead, we

use the following adaptation of their result:

Theorem 9.2. Suppose g;, € L} for some m > 6 and g;, € Wlf)cl has finite Fisher
information®. Then, there is a unique global-in-time smooth solution to (1.41) with initial

datum g;, and decreasing Fisher information.

The proof of Theorem 9.2 uses an approximation argument that ensures the Guillen-
Silvestre a-priori estimates can be applied here. Consequently, applying Theorem 9.2, we

obtain the global-in-time existence result in Theorem 1.8, which we recall here:

Theorem 9.3. (Global-in-time Existence) Fix % <p<oo, m>6, and mg > 9/2, and
initial data fi, such that

-3
for some a >0 and k < o .

fm€LglomL71n and fznzika
() p—1

Then, (1.41) admits a global-in-time smooth solution f : [0,00) x R® — RT with initial
data fi,. Moreover, f has decreasing Fisher information, which satisfies the short-time

smoothing estimate:

2
/ ‘Vf’ dv < C(aapa k7m07fln) fO’f’ 0<t<l
R3

f - t
Remark 9.1. There is an implicit compatibility condition hidden within assumption (1.47).
Namely, the lower bound (v) " must belong to Lp, N L, . This holds if

-3 3
o Zk>max<mo+ ,m+3).
p—1 P

In particular, this compatibility condition is satisfied for initial data f;, satisfying
fin € L¥*(Br),  fw 21 onBr,  fin~ o[ for |v| >R,

provided k£ > 9.

Theorem 1.8 is NOT proved by iterating Theorem 9.1. Instead, Theorem 9.1 is used to
show that solutions to (1.41) with initial data satisfying (1.47) satisfy the regularisation

3There are two reasonable definitions for the Fisher information of a general nonnegative function
g € LY(R?) that will be used frequently, namely ||\/§||i,1 and Hg_l |Vg\2H X with the convention that the
L

integrand is 0 on the set {g = 0}. We remind the reader that under the mild assumption that g € Wzlocl
these definitions are equivalent up to a factor of four.
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estimates (9.1) and (1.48) for a short time. We then apply Theorem 9.2 with g;, = f(¢)
for any small time ¢ > 0 to obtain a global solution. Global existence fundamentally relies
upon the L' moments and the Fisher information, which are the only quantities besides
the entropy we know how to propagate for all time.

Let us comment briefly on (1.48). In fact, (1.48) is a consequence of the decay of the
Fisher information i(f) and the bound i(f) € L} (R"). The L' bound on the Fisher
information is obtained by combining pointwise lower bounds for f with the weighted
L? estimates for Vf. Because the Landau equation does not generate polynomial lower
bounds, we need to propagate a pointwise lower bound from the initial data. We note that
this assumption has the undesirable side effect of precluding vacuum regions in the initial
data. We expect that the pointwise lower can be weakened to a lower bound in an LP sense,
but we do not pursue this here. Moreover, to overcome the technical difficulties created
by A[f] being unbounded at time 0 for p = 3/2, we take a Stampacchia approach to the
maximum principle. Additionally, one could conceivably obtain a version of Theorem 1.8
for initial data with Gaussian or stretched exponential tails, using the extensive study of
weighted L? estimates in [44].

It is natural to ask whether the regularisation estimates found in Theorem 1.1 hold
for all time. Since we are not iterating Theorem 1.1 to produce a global solution, it is
unclear in what form the estimates fond in Theorem 1.1 hold for arbitrarily large times.
Using known regularisation techniques, one can show that for ¢t > 0 the function f can be

bounded as

1FE+ Dl e < CUFON g, - 1FOlzs) < CUFO Ly, »i(F(2)))- (9:3)

While the Fisher information decays, the L} moments may grow at most linearly in time,
raising the possibility of infinite time blow-up. However, taking m > 16 in (1.47), one
can show that the L}, norm of f(t) is bounded uniformly in time (for a precise reference
see [62, Lemma 2.1]). As expected, this rules out infinite time blow-up for initial data
satisfying (1.47). Previously, the results in [62] quantitatively ruled out infinite time blow
up for H' initial datum using a novel monotonicity formula connecting the H® norm to
the relative entropy. Alternatively, [86] qualitatively ruled out infinite time blow up via
estimates on the Hausdorff dimension of the singular set of suitable H-solutions. See also
[87] for related partial regularity results in space-time.

While (9.3) shows non-degeneracy for large time, more precise estimates can be obtained
to study the convergence to equilibrium. Using the estimates in Section 9.6 with p = 2
modified for h = f — p (instead of f), where p is the Maxwellian corresponding to the
normalisation of f (1.46), we extend known convergence to equilibrium results in L' (see
[45, Theorem 2]) and L? (see [44, Corollary 1.3]) to L*:
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Corollary 9.1. For any smooth, rapidly decaying f that solves Landau, and any m > 9/2,

I9T) =l S U170 = ity + 115 =l (9.4

T-1<
where p is the Mazwellian associated to the normalisation (1.46). If fi, has finite Fisher
information and fi, € L*(exp(\ (v)*)) for some s € (0,1/2) and X\ > 0, then

1 (t) = il oo Sonfn €XP (—Aot3) (9.5)

for some Ng = Ao(s, A, fin)-

The regularisation estimate (9.4) is proved using a De Giorgi iteration that has
essentially appeared in the authors’ previous work as Proposition 8.2.

The asymptotic behavior in (9.5) then follows combining known results on convergence
to equilibrium in weighted L' (specifically [45, Theorem 2]), weighted L? (specifically [44,
Theorem 1.1]), and the monotonicity of the Fisher information for polynomial localized
solutions proved in Theorem 9.2) above.

The construction of the global solution in Theorem 1.8 relied on propagating the
polynomial lower bound that is assumed on the initial data for some amount of time.
Interestingly, compared to the statement in Corollary 9.1, Maxwellian behaviour only

forms at larger times.

9.1.2 Open problems

Given the rapid recent development of the theory for the homogeneous Landau equation,
we collect here some interesting open problems. We emphasise problems whose resolution,
in our opinion, would advance the understanding of the collision operator in a manner

that can be transferred to the physical inhomogeneous Landau equation.

e regularisation estimates for smooth solutions using only the mass, energy, and
entropy. That is, do suitably nice solutions to (1.41) satisfy L>(0,7; LN Llog L) —

L>(t,T; L) estimates? If so, can one verify the conjectured regularisation rate of
19
+

e A study of L* solutions, with only locally finite mass: Such solutions appear
naturally in the study of local regularity as the limit of suitable rescaling procedures
(zooming in about a single point). Additionally, self-similar solutions necessarily

have infinite mass. See [179] for a more in depth discussion.

e Existence of additional Lypanov functionals: For example, are there monotone
weighted quantities? Are there higher order functionals, such as the derivatives of

the Fisher information, which are monotone?
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9.1.3 Outline

In Section 9.2, we recall short time well posedness results and prove Theorem 9.2. The
rest of the paper is then devoted to proofs of Theorem 9.1 and Theorem 1.8. The proofs
split into two distinct cases, p = 3/2 and p > 3/2. Section 9.3, Section 9.4, and Section 9.5
are devoted to the case p = 3/2. In Section 9.3, we prove novel L3/? — L regularisation
estimates for smooth solutions using the De Giorgi method. In Section 9.4, we use
an ODE argument to propagate the L?? norm for a short time. Combined with the
L™ regularisation estimates, additional higher regularity estimates, and a compactness
argument we deduce the p = 3/2 case of Theorem 9.1. In Section 9.5, we propagate the
lower bound of the initial data using a barrier argument and perform additional weighted
estimates to show that under the hypotheses of Theorem 1.8, the Fisher information
becomes instantaneously finite, which concludes the proof of Theorem 1.8 for the p = 3/2
case. In Section 9.6, we show the analogous regularisation estimates for p > 3/2 and show
Theorem 9.1 for the p > 3/2 case. In Section 9.7, we show Theorem 1.8 for the p > 3/2

case.

9.2 Prior well-posedness results and proof of Theorem
9.2

This work will build on the local-in-time existence result in sub-critical norms from Chapter
8. In particular, we refer to Theorem 8.2 and its Corollary 8.2.

We also need a rather recent result by Guillen-Silvestre [100] on the global well-
posedness for C! initial datum with sufficient decay. The proof is based on showing that

the Fisher information i(f) is monotone decreasing as a function of time:

Theorem 9.4 (From [100, Theorem 1.2]). Let fy : R® — [0,00) be an initial datum
that is C' and satisfies fo(v) < Cyexp (—ﬁ |v|2) for some positive parameters Cy and 3.
Assume also that fy has finite Fisher information. Then there is a unique C' solution
f:]0,00) x R® — [0,00) to the Landau equation (1.41) with initial datum f(0,v) = fo(v).
For any positive time, this function f is strictly positive, in the Schwartz space, and bounded

above by a Mazwellian. The Fisher information i(f) is non-increasing.

The proof of Theorem 9.2 relies on approximating rough slowly, decaying initial data
by initial data satisfying the hypotheses of Theorem 9.4. However, because the Fisher
information is a nonlinear quantity, we will need to use a particular approximation. The

following lemma will be used to construct the approximation:
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Lemma 9.1. For any R > 0, there is a radial, monotone decreasing n € C°(R3) that

satisfies:
] C C
0<n<1, n)= . V| < T and [Vn| <

where C is a universal constant.

The proof is based on the standard construction of a smooth partition of unity in
differential geometry. For completeness, we provide a proof in Appendix 9.8. We are now

ready to prove an analogue of Theorem 9.4 for polynomially decaying initial data:

Proof of Theorem 9.2. We prove the theorem first for g;, € C*°. For R > 0, fix ng as in

Lemma 9.1 and approximate g;, by

ginr = gin(0)NR(V) + (1 — nr(v))e P,

Note that g, r € C™, gin g has Gaussian tails, and ¢;, g — ¢in, pointwise as R — oo. Also,

/ ()™ |gin,2 — ginl dv < / ()" (gin(v) + ) av, (9.6)
R3 R3\BR(0)

which converges to 0 since g;,, € L. . A similar argument gives gi, g — ¢in in L as a
consequence of the finite Fisher information and Sobolev’s embedding. We show next that
the Fisher information converges. For |v| < R, we have ¢;, g = gin. On the other hand,

102
for [v| > 2R, ginr = e "I, s0 we have

V mn 2
/ —| Gin,| dv < 4/ |v|26_|”|2 dv,
R3\Byp  YJin,R R3\Bg

which evidently converges to 0 as R — oo. It remains to bound terms on the intermediate

annulus Ag given by R < |v| < 2R. We start by computing
Vg = Vgin(0)18(0) + gin () Via(v) + ¥ [ (1 = n(v))e "]
and so by Cauchy Schwarz inequality,

v mn 2
/ IV gin,R| dv
AR 9in,R

/ IV gin () ° NR(0)? + gin(0)? | Vnr(v)|* + ‘V [(1 - nR(U))g'v'Q] ‘2
AR

Jin,R

<

dv

=. Il +[2-|-[3
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The first term we control as

) 2 2 ) 2
I S/ |ng(v)| nr(v) dv S/ |ng(v)’ dv.
An  GinMr(V) An  Gin

Because i(g;,) < 00, the Lebesgue dominated convergence theorem implies I; converges to

0 as R — oo. We control the second term using the specific form of ng:

I, < / gm(?}) ‘VUR('UN dv < CR_Q/ gm(v) dv < CR_27
AR Ginr (V) AR

which converges to 0 as R — oo. We control the third term similarly:

V(1 7a(v)) exp(—[oP)]
kfﬂLR =) exp(—[o)
Vna()]?

§4/ v26|”|2dv+/ exp(—|v|[*)—L do.
AR| | Ar - Hl_ﬁR(”)

The first term converges to 0 again as R — oo, since the exponential dominates any
polynomial. The second term also converges to 0 as R — 0o, where we use the specific

form of 1 — nr to conclude. Thus, we we have shown
R—oo

We now use Theorem 9.4 to deduce that for any R > 1, there exists g : [0, 00) x R? —
[0, 00) solving (1.41) with initial datum g;, r, and whose Fisher information is monotonically
decreasing. The Sobolev embedding H'(R?) < L5(R?) implies that ||gr(t)|| s < Ci(gin.r)
for each ¢ > 0 and R > 1. Using the propagation of L' moments in Lemma 8.1, we apply
Theorem 8.2 with initial data gg(¢) for any ¢ € [0,T]. By uniqueness of L}, (R™; L>°) weak
solutions, we conclude that gg satisfies the smoothing estimate (8.5): for any 7' > 0 and
any t € (0,7),

lon®lle <€ 500 lon(0)ls. s, o)y ) (1507).
0<t<T o<t<T
for some explicit 8* € (0,1). Therefore, there is an g : [0,00) x R3 — [0, 00) such that as
R — o0, gr — g weak starly in L>(0,T; L?), and weakly in L], (R"; L>). By well-known
higher regularity estimates (recall Lemma 8.14), gr — g in C*(Q) for any k¥ € N and any
Q C (0,00) x R3 compact. This is certainly sufficient to conclude g is a smooth solution
to (1.41) with initial data g;,.

Further, by the Banach-Alaoglu theorem and monotonicity of the i(gg(t)), /g €
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L®(R*; H') and

V gR H < hm lnfl(gzn R) - Z(gm)

sup i(g(t)) = sup Va5 < hmlnf sup
teR+ teR*

To summarize, we have shown for any smooth g;, with finite Fisher information, there is a
unique global-in-time smooth solution g to Landau with initial datum g;,. This smooth

solution satisfies the bounds

and

sup %" [lg(B)ll .~ < Cllginllyy, i(gin). . T) for each T > 0.
o<t<T

Finally, using uniqueness, we can show that g has decreasing Fisher information. In
particular, fix 0 < s < ¢ and apply this result to g(s) to construct another solution
¢ with initial data g;, = g¢(s). By construction, i(g(t)) < i(gwn) = i(g(s)). By the
uniqueness from Theorem 8.6, §(7) = g(s+ 7) for all 7 > 0. Taking 7 = ¢t — s, we conclude
i(g(t)) = i(5(1)) < i(g(s)).

This concludes the proof, if g;, is qualitatively smooth. If g;, € W, is not smooth,

loc

then one can approximate g;, by

2
Gin,s = <<P5 * gm(')> )

where @5 is a standard mollifier. The seemingly strange choice of approximation is exactly
to easily imply i(gins) — i(gim) as 6 — 07. Sending 6 — 0T one then concludes in the

same manner as when taking R — oc. O]

9.3 An e-regularity criterion for Landau-Coulomb

In this section, we derive a smoothing estimate based on a De Giorgi argument for smooth
functions, similar to Sections 8.3.2 and 8.4.2 above. Variants of the De Giorgi method
have been used previously in [7, 8, 81, 83, 86, 87| to obtain L> regularisation estimates for
homogeneous kinetic equations. The novelty of the method presented here is that we use
an L3/%-based control quantity and use crucially the translation invariance of the estimates
in the level set parameter. The main result of this section is the following e-regularity

criterion:

Proposition 9.1. Let ¢y > 0 arbitrary and let [ : [0,T] x R> — R™ a smooth, rapidly
decaying solution to (1.41) satisfying (1.46) with A[f] > co (v) > I. Then, there is a
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constant €9 > 0, depending only on cq, such that if f satisfies

()= s [0 - K a0 [ ) L2 |ve - s dv <z,

o<r<T

for some threshold K > 0, then
f(r,v) < CHK +1) + C*e?/3t7! for each (7,v) € [t,T] x R?,

where C* > 0 depends only on cy.

We start by noting that for any smooth, rapidly decaying solution to (1.41), Lemma
8.4 and Lemma 8.3 imply that there is some ¢q > 0 such that

Co

Al fl(v —1.
Ny = 2%

Step 1: Introduction of Level Sets and Weighted Energy Functional

For f a solution to (1.41) and for any ¢ € R, we denote the level set function

fet,v) == (f(t,v) = )4 = max(f(t,v) = £,0).

We now define our main weighted energy functional associated to f: for 0 < Ty <T5, < T
and ¢ € RT,

Ts
E(Th,T3) : = sup /(v>9/2 E/de—i-/ /(v>3/2
R3 T, JR3

Ty <t<To

v

‘ 2

dv.

Our first main goal is showing the following nonlinear inequality: for any ¢ > k£ > 0 and
0<Ti <TL<T3<T,

gf(T27 T3)
1 EV(T,Ty)  1+4 % (9.7)

(BT ((—kpA -k T T—h

<Cl1+ 2] & (T, Ty),

where C' depends on ¢q. To prove (9.7), we will show a slightly more precise bound. It

will be convenient at times to work with each half of £ separately, therefore we introduce
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the following auxiliary functionals:

Af(Tl,TQ) .= sup / < >9/2 3/2 dv

T <t<T>

Bg(Tl,TQ)::// 3/2’Vf3/4‘ dv dt.
Ty R3

Step 2: Differential Inequality

We begin with the computation of the LP norm of the level set function f,. This

computation will be used frequently throughout the remainder of the paper.

Lemma 9.2. For f : [0,T] x R® — R a solution to (1.41), the following differential
wnequality holds for each € > 0, for each 1 < p < oo and m > 0,

d

< d
t S !

o szdvs [ |os]

<C [ " do+ C(|Af] g +0) /Rs (" fidv (99

R3

+C’€2/ (W)™ 7" do,
R3

where the constant C' depends only on cy, p, and m.

Testing (1.41) by (v)™ f/~", and using Vf, = x>V and O.fe = xqr>00:f, we
obtain

yat f = 21)/ )" AUV VR dv

<[ AU fode
+ [ vt vl
+ | FTV(@") - Valf]f do

= h+L+1;

We bound /; using Young’s inequality as

p/2 p/2 p—1 p/2 b2 g,
h=— [ e Anvgta <t [ o v
C) AL~ / g an
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Next, by integrating by parts, we rewrite I5, which contains the highest order terms:

12:—13—1—/]1@3 (v)™ f1f2dv—%/IR3 (V)" Va[f]- V[ dv

:_13+/RS <v)mff+1dv+2€/RS (v)mffdv+€2/RS (W)™ 7 dv
1 m 1 » m
— —/R3 (v) fefdv—i-]—?/]R3 LV ()™) - Va[f]dv (9.10)

p
1 2p — 1
——n+ 2 [t &2
p R3 p R3

m — 1 m
w0 [ gtave s [ (V)9 A8 - AT o
R3 R3
Therefore, we bound I, and I3 together as

heh<C [ wrgtasecd [ o fraoees [ r gt
1 m 2 m
== [ AU () o= [ (7 o ALV

<C [ o v COALL~ +0) [ ) frdo

—1
v [ oo B [ anv® vt
R3 R3

where the last inequality follows from Young’s, as in (9.10). After reabsorbing terms and
using the lower bound for A[f], we find the desired inequality:

2

d
dv

— [ " ,%"dv+/ <U>M*3‘Vfg’/2
dt R3 R3

<C (v)™ g;+1 dv+ C(||A[f]l] e +©) /Rg ()™ fdv+C’€2/ (v)™ ;71 do.

R3 R3

This concludes the proof of Lemma 9.2.

Step 3: Gain of Integrability

In this step, we use Lemma 9.2 to obtain a slightly more precise form of the nonlinear

inequality (9.7) relating the energy functionals defined in (9.8).

Lemma 9.3. Under the assumptions of Proposition 9.1 and notation introduced in (9.8)
of Step 1, the energy functional £ satisfies for each 0 < Ty <Th <T5 < T, each 0 < k </,

5[ (T27 T3)

A (T, Ty) 1 1+ /¢ (2

e T s TR v s S T S S

5 A (T, T) Bi(Th, T),
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where the constant C' depends only on ¢y, the coercivity constant of A|[f].

We begin by integrating (9.9) (with m = 9/2, p = 3/2) over 7 € [t1,t5] C [0,7T], to

obtain

/ (v)?/? ;/2 dv+/ / B/Q‘V 3/4‘ dvdr
R3 R3
</ ) 2 dv—i—C/ / V2 1% do dr
R3
+C€/ / V2 132 qu +C€2/ / V2 112 dvar
R3 R3

o [7 [ @M IATE £2 dvdr

Taking a supremum over ty € [T, T3], then averaging over t; € [T}, Ts], and recalling the
definition of & in (9.8), we find

9/2 3/2 9/2 5/2
T Tl/ /RS dUdT+C/ /R?» ) “dvdr
+0£/ /< 9/2f3/2dvd7'+0€2/ / W2 avar - (9.11)
Ty R3 R3

T3
w0 [0 [ 1Al £ v

Now, we note a simple consequence of the definition of f,: if 0 < k < ¢, then

S (T27 T3)

{fe>0}={fr >l k}.

Therefore, using Holder’s inequality, Chebychev’s inequality for the measure dv(v) =
(v>9/2 dv, for any 0 < a; < e, and the fact that f, < fi. for any k </,

1

/R3<>9/2 Srdv <v({fe>0p'" (/ £o du(o )a2

o> -y ([ raw)” o 00)

<-nee ([ o).

Combining (9.11) and (9.12) (with a; € {1/2, 3/2} and ay = 5/2 and integrated over
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€ [T1,T3]), we have shown for 0 < k < ¢

(T3, Ts)
<[+ oy e ) , L e oy
v [0 ] @ Rl £ v

We now bound the last term, using the identity f = f, + min(f,¢), the linearity of A,
the coefficient bounds in Lemma 8.5, and the embedding L2, < L' for m > 1, and (9.12)
(with a; € {3/2,2} and s € {13/6,5/2}):

AL e ||fe|r3/f/2
< (JAfo)ll e + | Afmin(f, O] ;) erl\g/g?g

< C (I 1Sl + min( £, O3 min(£,0)] 2 ) 7ol (9.14)

<Clfillz, HfAPé% + COP | ol

9/2

C > opss
< g (7)o ()

Next, we use Lemma 8.7 with ¢ € {5/2,13/6}, p = 3/2, and 9/2 moments:

[ gras ([ oregra)” ([ o
[ ([ wegra)” ([ o

Integrating in time and recalling the definitions of A and By in (9.8), we find

Vf3/4‘ dv) ,

2/3
Vf3/4‘ dv) .

/ / V2 22 qudr < AP (Ty, Ts)Bi(Th, T),
Rd
(9.15)

T 3/2
/ (/ <U>9/2 ’33/6 d’U) dr S AZ/G (Th T3)B]C<T1, Tg)
R3

T

Combining (9.13), (9.14), and (9.15), and using '/ < C(1 4 £) we estimate & as

AT, Ty) 1 1+¢ 2
(= T h—Tyl=hk) U=k =2

X Ai/g(Tl, Tg)Bk(Tl, Tg)

ST, T3) < C|1
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This concludes the proof of Lemma 9.3.

Step 4: De Giorgi Iteration

We now conclude the proof of Proposition 9.1 by a De Giorgi iteration. We fix 0 <t < T
the given times and K > 0 the given threshold from the statement of Proposition 9.1.

Then, for n > 0 arbitrary, we define our iteration quantities:
by =K+ (1-2"")n, t, =t(1—27"), and  E, =&, (t,,T).
Then, using Lemma 9.3, monotonicity in n, and we have the following recurrence:

En+1 - g€n+1 (tn+17 T)
Ay (t,, T)/? 1 144, Iz
§<1+ A )34+ -t n 2>
(€n+1 - En) / (tn+1 - tn)(gn—l-l - gn) (gn—i-l - gn) (gn—irl - gn)
X A (b0, T)By, (L, T)

1 E” K K2
SCE + 02 (14 =+ =2+ — + — | EX?,
nt ot
where C, Cy > 1 are now fixed constants depending only on c¢y. We attempt to find a
barrier sequence of the form B,, := B™"Ej for some B > 1. That is, we wish to find values
of n and B for which

1 EY? K K2
Buy > CiBY* + 02" [ 1+ — + :(3)/4 +—+— B33,
nton noon

Inserting the definition of B, this is implied by

—on o 1 EY* K K2
1> OB~ B+ BT 2B 14 =+ 20— ]
o ¥t P

We then pick B = 8 so that B § =4 and we need only show

EYV? K K2>

2/3 2/3 1
1 >8(Cy + Cy)Ey" + 8CLE; <% + 7 + ; + F

Next, we pick ¢ so that the first term is less than 1/2 if Fy < gq. More precisely, we pick

1
€0 max ( ) 64(01 + 02)3/2)
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We finally pick 1 so that each remaining term is less than 1/8:
= max (64C5, 2565/, 8C3/% ) max (B B, B K BYPK)
<e, 1+ K+ B,

where the implicit constant depends only on Cs. With these choices of B, n, and ¢, we
find that if Ey < g, then B,, > E, for all n. More precisely, By = Ejy, and by our choice

of parameters B, satisfies the reverse inequality so that by induction,

. 1 EP? 1+K  K?
5/3 o 0
EnJrl < ClEn -+ 022 1+ _t + 3/4 —+ + —
n n n n

1 EY* 1+K K2
<GB+ G2 (1 ottty ) B S B
Therefore,

HfX{fZK""W}HLOO(t,T;LS’/Z) < lim En < lim Bn = O,

9/2 n—oo n—oo

and we conclude f(7,v) < K + 7 pointwise a.e. on [t,T] x R3. By the choice of 7, and

noting € = Ey < g9 < 1, we have shown the desired pointwise estimate:

f(r,v) < CHK +1) + C* 3¢} for almost all 7,v € [t,T] x R,

9.4 The local in time L?? theory

9.4.1 Propagation of L%Q for smooth data

3/2
m

We now wish to propagate the Ly,” norm of a solution f to (1.41) for a time depending

only on the initial data f;,. This will enable us to use Proposition 9.1 to gain unconditional
smoothing estimates, which can be used to construct solutions to (1.41). The main result

of this section is in the following proposition:

Proposition 9.2. Suppose f;, € L,Sf 18 Schwartz class and satisfies
/ <U>mfi3/2dU§H and / (v>m(fm—K)i/2dU:(5’
R3 R3

for some m > 9/2 and K > 0. Then, there is an constant 0, = §;(H, m) > 0 such that if
§ <0y and f:]0,T*) x R® = R, is any smooth, rapidly decaying solution to (1.41) with
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initial datum fi,, there is T =T (H,m, K) € (0,1] such that

sup @ - K

0<7<min(T,T*)

min(T,T%) 2 (916>
[ [t v - ] dodr <46
0 R3
and, moreover,
sup / </U>m f3/2 dov
0<7<min(T,T*) J R3 (9.17)

min(T,T%)
+/ / (v)™ 3 |Vf3/4\2 dvdr < C(m,K, H).
0 R3

The proof of Proposition 9.2 is inspired by our preceding results in Section 8.3.1, but
our current setting presents significant complications. First, to use Proposition 9.1, we
need more than f € L>(0, T} L%Q); we need additional regularity in time. For example,
feC,T, L%f) or f € BV(0,T; L%Z) would be sufficient. To this end, we introduce the

following quantities:

2

fii= (P~ K0 w0= [ 0" 5o, PO [ @0 [V a (0s)

Since K will be fixed, the dependence of y on K is suppressed. Control of y(¢) uniformly in
time encodes uniform integrability of the profiles {f(¢)},5,. Our goal now is to propagate
smallness of y. )

This leads, however, to another complication. We are not able to obtain an equation
for the evolution of y(¢) using just that f solves (1.41). Instead, we must consider the
following auxiliary “bulk” quantities:

‘2

gox = min(f,2K), =z(t):= /11&3 <v>mg%{2 dv, G(t):= /RS ()3 )Vg%f dv. (9.19)

Note that f and its derivatives decompose as

f = fK + 9K and at,vif = at,fuifK + at,fuigK~

Although their derivatives have essentially disjoint supports, fx and gx do NOT have
disjoint support. Therefore, to study the evolution of y, the nonlinear reaction term in
(1.41) becomes

7= fe+2fkgrx + g

We begin by finding the evolution fx, i.e. show that y(t) satisfies a differential inequality,

which essentially appeared already in the proof of Proposition 9.1:
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Lemma 9.4. Suppose f : [0,T] x R® — R is a smooth, rapidly decaying solution to (1.41)
with A[f] > ¢o (). Let m > 9/2. Then, for any K > 0, the corresponding quantities
defined in (9.18) and (9.19) satisfy the differential inequality:

%t) FF() S PO + (14 K)y(t) +57/5(0) + K 2(0), (9.20)

where the implicit constant C' depends only on m and cy.

Proof. Applying Lemma 9.2 (with p = 3/2, £ = K, and m > 9/2 fixed), we have the

energy estimate:

d
o)™ 2 qp + 2 (v)™? ‘Vf,?’(/4 dv

dt R3<> K 2 Jps
<C / W)™ f% dv + C(|ALf)]| o + K) / ()™ f2l? dv
R3 R3

+OK2/ (v)™ 11(/2dv.
R3

‘2

where the constant C' depends only on ¢y and m. Bounding the highest order term first,
we find by Lemma 8.7 (with p = 3/2, k =9/2, and ¢ = 5/2):

2/3
[ sras ([ omnra) ([ oo

Next, we bound the term with [|A[f]||;-~ using Lemma 8.5 (with ¢ = 9/2), || fx | <1,
the Sobolev embedding H'(R3) — L°(R?), and Young’s inequality:

2
dv) < F(t)y*3.

IALfII oo /RB ()" S dv < (1ALl + [ Algrlll ) y(0)

3 2 2/3 1/3
< C (Il 1o + N 172 eI ()

(L

< SF(t) + Co 3ys + CKY3y.

2
2\ 7
vl ) y+ CKY3y

Lastly, we bound the lowest order term using Holder’s inequality and Chebychev’s inequality
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for the measure dv = (v)™ du:

/<U>m Il</2dv
R3
:/ 11</2dV+/ 2 dv
{f22K} {(K<f<2K}
1/3 s
otz 10y ([ s2an) stz w0 ([ o)
RS

<K <> 32 du +K/ ()" g2 dv = K~y + 2).

Picking ¢ sufficiently small depending only on ¢y and m and combining our estimates, we
have shown that y satisfies the differential inequality
dy

dt - F(t) Sm,CO F(t)y2/3 + (1 + K)y + 3/7/5 + Kz,

where the implicit constant C' depends only on m and c. O

Next, we show that the bulk portion of f evolves according to a relatively simple
integral inequality. More precisely, in the following lemma, we show that z(t) solves
a constant coefficient, linear equation with a forcing term, which is nonlinear in y(t).
Nonetheless, Gronwall’s lemma enables us to bound z(t) in terms of y(¢) and reduce (9.20)

to a scalar, albeit nonlinear, integral inequality.

Lemma 9.5. Under the same notations and hypotheses as Lemma 9.4, there is a constant

C > 0 depending only on m and cy such that

+ tG(s) ds <z(0) +2y(0) + C (K + 1) tz(s) ds + CK3/? ty(s)ﬁ1 ds
/0 fanwsewfure

t
+C/ (FY7(s) + K'* + K) y(s) ds,
0

where By > 1 is explicitly computed and depends only on m. For m =9/2, 5, = 1.

Proof. Using that 0,92k = X{r<2k1Oif = Of — Oifox and gax = 2K on the support of

fox, we compute

d 3 m
—z(t) = 5 /3 (v) g;ﬁatg?,l( dv
R

dt 2 (9.22)
3 . 3(2K)Y? d - '
= —/ (v) g%é?@tf dv — —( ) —/ (V)" for dw.
2 ]R3 2 dt ]R3

Our main task will be to use that f solves (1.41) to bound the first term on the right
hand side of (9.22), which is the result of taking (v)™ g;é? as a test function in the weak
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formulation of (1.41): we use Vgox = X{r<2x}Vf and find

[ oo
= [ 9 (0" i) - (A9 f - Dalf1f) o

/Rd gl [f]Vde_/rg%ﬁV@)m'A[f]vde (9.23)

+/RS V2. v a[f]fdv+/ G2 (o)™ - Va[f]f dv
4

=2 I

7=1

The first term, 7, is our usual coercive term, which we rewrite as

—8
L= [ )" ALV g - Vo do.

We expand the second term using the identity f = fox + gox and that for and Vgoi have
disjoint support

h=-j / 9o V (0)" - Alf]V o v — / 9oV (0)" - AUV forc dw

3R3 R3

_ — VI ()™ (V- 2k) — Vall|Jex) AV
~ha— [ V()" (V- (Alf] ) = Valf]far) d 920

=D+ /R3 o forc ALf] = V2 ()™ dv + /R3 are 2V (v)™ - Va[f] dv

=11+ o+ Io3.

We bound /57 using Young’s inequality: for any § > 0,

L] < 5/RB ()™ A[f]V gt - g3l dv + C6! /R G A[fIV ()™ - ¥ (0)™ du

<5 / (W)™ ALV - g2 dv+ 0o | AL ) 22 dw
R3

R:’)

We bound I and I 3 using Holder’s inequality and Chebychev’s inequality as in (9.12)
(withl =2K, k= K, a; = 1, and ap = 3/2):

| Lap] + [ La] < CKY2 (JJALfl 1o + IIVa[f]IILoo)/RB ()™ faxc dv

C AL + IValf]],) / oy i aw

Next, we further decompose the terms I3 and I;. Integrating by parts and using that
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f<2K on {f < 2K}, so that gox fox = 2K fox on the support of for, we find

Iy +1, = / <v)mg¥<2f2 dv — / <v)mg¥(2Va[f] -V fdv
R3 R3
— [ e [ " Vel Vo do
R3 R3

- [ evalf] - Vfacdo

m 2 m
— [ 0" ol (gt fa0) fo =5 [ 0 il
R3 R3

+ 2/ ggéfv <U>m -Valfldv + / <U>m foxVgor - Va[f] dv (9.25)
3 Jr3 o

[ ok [ g )" Valsl o

R3

1 2
o [ wrarane S [ v e alsa
3 ]R3 3 ]R
+ / G2 oV ()™ - Valf] do
R3
=131+ I35+ I33,

Note that I35 = I3 has already been bounded. Now, we bound I3; using Holder’s
inequality and Chebychev’s inequality as in (9.12) (with [ = 2K, k = K, oy = 1, and
Qg = 3/2)
[0 facail? o < @RVE [ )" facdo < PR [ 2
R3

]R3
<(JK/ 3/2

We bound I35 by using Va[f] = V - A[f], integrating by parts, and applying Young’s
inequality to obtain for any § > 0,

ha=3 [ V" [V- (A6 - AUIVeER] do
=5 [ arAln: v o= [ v o) ALV

< / ()" AV Vgl dv+ @ 1) [ AL )™ g2 do.
R3 R3
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Collecting these estimates, we have shown that upon choosing 0 sufficiently small

/3 <'U>mg;é(28tf+/ ’U m 3 ’V93/4
R

SCK | ()" gy dv+C | A 0)" g do

R3

dv

O+ Al + IValflle) [ 0" 7
Set ¢ = min (% %) SO that ; > 4. Then, by linearity of A and Holder’s inequality, we
find

ALf]] (o)™ gipé dw

RS

AU )" g do+ [ Al (o) g o
R
q(m—2) 3q/2 i m 3/2
<Al ([ 02 G2 0] Al [ 0" g
R3 R3

Then we use Hardy-Littlewood-Sobolev’s inequality, see [145], (recalling that the kernel of
A belongs to the Lorentz space L*»*°(R3?)), to bound

VAU < el o

with
1 1 g—1 1 5g-—3

q q 3 3q
Combined with the fact that gox < 2K, an interpolation of Lebesgue spaces, and Young’s

inequality we arrive at

JALF]| ()" g do

]R3

1/q
3(q—1) m m
<OK 5 ||fx (/ (v) gs’é?dv) + Cllgwcll 7 gl / (0)" gy o
R3 R3

3(g—1) 3¢-3 3-2g m 32 /g 13 m 32
< O il Ll ([ e diar) e [ ka

—2q
< CK> HfKHLg/2 +C(1+K) /3 <U>mg3§(2dv,
R

or in terms of F' and z, we may equivalently write

/ 93120, f dv + G(t)
R3

< (14 K) 2(t) + C (ALl o + IValfll o + K) () + CK* 2y 1),

(9.26)
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where 5 = % for ¢ = min (3, -25). We now estimate [|A[f]||;~ with Lemma 8.5,

I(f —2K)4||;: <1, and Lemma 8.7:

HALfI e = IALFE oo + | ALg] ] oo
< C\ frllii el + C Nlgx 132 Nlgxc 112

(9.27)
3/4| 2 1/3
<C VA dv)  +CKYE
R3
Similarly, we bound ||Va[f]||;~ as
IValf]l o < IValficll = + [ Valgr]ll -
< C il AN Fxellhrs + C gl Ngrell 72 (9.28)

.2 4/7
Vfi;/] dv) + K23,

“o(L

Combining (9.26) with the coefficient bounds (9.27) and (9.28), we obtain the following

differential inequality:

/ DO Qv+ G(t) Sy (LK) 2(8) + (FY7(0) + K3+ K) y(8) + Ky 0).
R3

Using the identity (9.22), we have shown
iz(t) + (ZK)l/Qi/ ()™ foxe dv + G(1)
dt dt Jgrs
<CA+K)z(t)+C(FY7(t) + K3 + K) y(t) + CK32y(t)™.
Integrating in time, we find the integral inequality:
t t
2(t) +/ G(s)ds < z(0) + 2K1/2/ (V)™ fog (0)dv+ C (1 + K)/ z(s)ds
0 R3 0

. t
+C / (FY7(s) + K3 + K) y(s) ds + CK*/? / y(s)™ ds.
0 0

Finally, using Holder’s inequality and Chebychev’s inequality as in (9.12) (with [ = 2K,
k=K, a; =1, and as = 3/2):

K2 [0 fac@ o< [ £20)do = y(0),

which concludes the proof of (9.21). O

From the previous two lemmas, we obtain a system of differential inequalities for the

evolution of y(t) and z(t). We now show that for a quantifiable time, the system propagates
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smallness of y(t) and boundedness of z, the bulk of the L2 norm of f.

Proof of Proposition 9.2

Fix initial data f;,, a weight m, and bound H. Recall from Lemma 8.4 that there
is a ¢g = ¢o(H) such that for any smooth solution f to (1.41) with initial datum f;,,
co ()7 < A[f]. For K > 0 arbitrary and f : [0,7*) x R® — R* the unique Schwartz
class solution to (1.41) with data f;, define y(t), F'(t), 2(t), and G(t) via (9.18) and (9.19).

From Lemma 9.4, for any K > 0, there is a constant a@ = a(m, ¢p) > 0 such that y solves

d?iTStt) + %F(t) Seon —F (1) (1= ag®?) + (1 + K)y(t) +y°(t) + K=(1).  (9:29)

We now pick §; = d;(m, H) as the solution to

1

-« (251)2/3 =0 or equivalently 0 = 23
a

Finally, fix any § < d; and K > 0 such that

y(0) = /]R (W2 (fin — K)¥?dv =6,

which completely fixes y, z, F, and GG. From here on, inessential constants are allowed to
depend on m, H, and also K. Now, integrating (9.21), and noting that 2(0) < || finl| ;32 =

H | z solves the integral inequality,

2(t) + /0 G(s)ds < 2H + O/o FY7(8)y(s) + y(s) +y(s)* ds + C/O z(s)ds,

where 51 = 1(m) > 1 is defined in Lemma 9.5. Since F' and y are nonnegative, the
first integral on the right hand side is increasing in ¢ and the integral form of Gronwall’s

inequality implies that for each 0 <t <1,
t
A< C+C / FY7(s)y(s) + y(s) + y(s) ds. (9.30)
0

Substituting this explicit inequality for z into the right hand side of (9.29), we obtain

w0 ([ P +uls) 4oty as+ ).

0

Integrating in time, and using monotonicity to remove the double integrals in time, for
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each 0 <t <1,

y(t)—|—§/0 F(s)ds§5—0/ F(s) (1—ay2/3(5)) ds+C’/0 y(s)+y7/5(s)ds

+C t/s F4/7(7')y(7) +y(7) + y(r)r dr ds + Ct
<d- C’/O F(s) (1 —ay*3(s)) ds + C’/O y(s) +y"*(s)ds
+C [ P + 39 +u(s) ds - C.

Using Young’s inequality, we arrive at the final form of our differential inequality for y:

1

y(t) + ‘_1/0 F(s)ds <6 + Cyt — 01/0 F(s) (1 - ay2/3(3)) ds o

t
+a/mwwmﬁw@@,
0

where C > 0 is now a fixed constant. We then fix 7' = T'(m, H, K') as the minimum of 1

and the unique solution of
20 =0+ C\T (1+26+ (gg)max(ﬁﬂ/z%)) ’

We claim that y(t) < 26 for each 0 < ¢t < min(7,7*). By assumption y(0) = § < 20.
Thus, by continuity of y, either there holds y(t) < 26 for any ¢t € (0, min(7", T*)) or there
is tp € (0, min(7", 7)) such that y(ty) = 2.

Suppose for the sake of contradiction that ¢y < min(7,7*). Then, for any t € [0, to]
there holds y(t) < 2§ < 26;. By the definition of §;, we conclude

—C’/tF(s) (1— ozyQ/S(s)) ds <0, for each 0 <t < t.
0
Therefore, (9.31) implies that y satisfies
y(t) <5+ Cit + C4 /t y(s) +y™ =BT/ (s) ds < § + Cit (1428 + (20)m=xFrT/3)
0
for each 0 <t < ty. Therefore, evaluating at t = ,

25 < 5+ Clto (1 +26 + (25)max(51,7/3)) <6+ C\T (1 + 96 + (25)max(51,7/3)) < 25’

a contradiction. It follows that t, > min(7,7*), i.e. y(t) < 26 for t € [0, min(7,Tp)).
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From (9.31), we conclude that for 0 <t < min(7,7%), there holds

1 t t
1/ F(s)ds <6+ Cit+ C’l/ y(s) 4+ ym=<BrT3 () ds
0 0

< 5+ ClT (1 425 + (25>max(51,7/3)) < 25’

which implies (9.16). Therefore, returning to (9.30) and (9.21), we use the bounds on y(t)
and F'(t) to obtain

2(t) +/OtG<S) ds < C(K,H,m).

Finally, using the bounds on y and z we propagate the ng and using the bounds on F

and G we show the creation of bounds on the energy:

FiKS

Lo=(0,1;L3/?) <y(t) +2(t) < C(K, H,m),

and
t
95 rozs, < [ P+ Gls)ds < OK. Hoam).

9.4.2 Construction of solution

In this section, we prove Theorem 9.1 (with p = 3/2) using an approximation argument
similar to Section 3.5.3. A similar argument will also be used in Section 9.6 to construct

solutions for p > 3/2.

Approximation

Take fi, € ng(R?’) satisfying (1.46) and such that

[ @tz
R3

Let { fine}eso be a family of Schwartz class initial datum such that
i. for each € > 0, fi,. € S(R?),
ii. for each € > 0, f, . is normalised through (1.46),

iii. for each ¢ > 0,
/ <v>9/2 f;/’i dv < 2H,
R3

3/2

g2 N L} and pointwise almost everywhere.

iv. {fineteso = fin as € = 0T strongly in L
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Then, by Theorem 8.2 and Corollary 8.2, there is a family of local-in-time Schwartz class
solutions f. : [0,7.) x R® — R, for (1.41) with initial data f;,., existing up to time T,

which is either infinite, or else

i 70l = +oc. (9.32)

Uniform lower bound on time

We first show that the approximations exist on a uniform time interval, i.e. the
maximal time of existence 7. is bounded below, uniformly in €. Fix 6; = 6;(H) as in
Proposition 9.2 and ¢y = ¢¢(H) as in Proposition 9.1, which are uniform in . Then,
because (v)*2 32—y ()2 372 iy [1(R3), the family is uniformly integrable, allowing us

in,e

to choose K independent of € so that

[

Applying Proposition 9.2, there is a T'=T(K, H) € (0, 1] independent of € such that

N[

€0

dv < =2 9.33

+ ol

(fm,e - K)

min(T,T;) 9
sup /R3 @) (f. — K)3 do +/0 /R3 ()2 ‘V(fg — &) dv < 0.

0<7<min(T,T:)

By Proposition 9.1, there is C' = C(K, H) > 0, independent of ¢, such that
()]l oo sy < C (1 +171), 0 <t < min(7T,T};). (9.34)

Finally, the continuation criterion (9.32) for f., implies 7. > T for each € > 0, providing a
uniform in £ lower bound on the time of existence of f.. We will construct solutions on

this uniform time interval [0, 7.

Higher regularity estimates

To construct a smooth solution f on [0, 7] we need strong compactness, which follows

from uniform in € higher regularity estimates in Lemma 8.14.

Passing to the limit

As a consequence of the uniform estimates in (9.34), Lemma 8.14, Proposition 9.2,
the Sobolev embedding (8.12), and standard compactness results, we have a limit f :

[0, 7] x R® — R, , such that f. — f in the following topologies:
i. strongly in C*((¢,T) x Bg) for each k € N, for each R > 0 and for 0 < ¢t < T}

ii. pointwise almost everywhere in [0, 7] x R3;
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iii. strongly in L'([0, 7] x R3);*

iv. weak-starly in L>(0, T} ng(Rg)) N L¥2(0, T ng)

V. Vf§/4 — V3% weakly in L?(0,T; L§/2)5
vi. and t71f, — t71f weak-starly in L°((0,T) x R3).

In particular, the limit function f satisfies f > 0 and by Fatou’s lemma f € L>(0,7; L3).
Therefore, once we show that the limit satisfies (1.41), f will automatically satisfy the
normalisation (1.46). Moreover, from iv. and v., we see that f satisfies the desired

estimates:

sup [1£(0) g2+ sup ¢17(0) < CULE)

0<t<

Finally, f also becomes instantaneously smooth, that is f € C*((¢,T) x R?) for each
0<t<T.

Limit equation

It remains to show that the limit f satisfies (1.41) on [0, 7] x R? with initial data f;,
and that f € C([0,T7]; LQ/Q) First, we show that f is a classical solution to (1.41) on
(0,T) x R3. Because f is smooth, it suffices to show that the equation is satisfied in a
weak sense. Since f. solves (1.41), there holds for any ¢ € C°((¢,T) x R3),

T T
/ / o0, f. dv dt = —/ / Vo (AILIV] — Valf]f) dvdr.  (9.35)
t R3 t R3

The diffusion coefficient converges to the limit diffusion coefficient, since by Lemma 8.5

and Holder’s inequality, we have

2 1
HA[fe - f]HLl(t,T;LOO(RS)) <C er - f”il(t,T;Ll(RS)) ||fs - f”zl(t,T;Loo(RS)) ’

which converges to zero as ¢ — 07 by iv. and v. above. Similarly, for Va, again by Lemma

8.5 and Holder’s inequality, we have the bound

1 2
HV(I[ ]HLl t,T;L>°(R3)) <C Hfs fH[il(t,T;Ll(Ri%)) Hfs - szl(t,T;LOO(R?’)) )

which also converges to zero as € — 07 by iv. and v. above. The global convergence of

the coefficients together with the local compactness in C! given by i. implies in particular
for any ¢ € C°((¢,T) x R3)

//ngpatfdvdf— //RSVQO fIVf —=Va[f]f) dvdr.

4The decay of the entropy implies and uniform bound on the energy implies strong compactness in L'.
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Thus, f solves (1.41) in a distributional sense, and consequently f solves (1.41) in a

classical sense on (0,7) x R3.

Convergence to the initial datum

To show that the initial datum is obtained in a suitable strong sense, we integrate by parts
in (9.35) to obtain that f. satisfies for any ¢ € C°([0,T) x R?)

T T
/ / 0O f- dvdt = / V2 : Alf]f- + 2V - Va[f.] f- dv dt.
0 R3 0 R3

Then we bound with Holder’s inequality, f. € L>(0,T; L*?(R?)), Lemma 8.5, and the
smoothing estimate (9.34)

T
//V%:A[fe]fadvdt
0 R3
T 2/3
ST p— (/ V2 dv) LALIE) o ny

1/3 T 2
C(H,K) (/ /R3 ‘V%p‘ dvdt) (/0 £ ( )||2/3R3 1Lt )”lL/oi - )

T 3
< O [P oy ([ 07 1)

<C(H, K)T§ HQDHL?’(O,T;W?»?’(R?’)) :

Similarly, we bound with Holder’s inequality, Lemma 8.5 and the smoothing estimate

(9.34)

T
/ V- Val|f]fedvdt
0o Jrs
T
< W Ellmiomaarn | 19O IVl e dt

< C(H, K) [l s o2y / FAGIE 1fe 1] oo sy At

L2(R3

2
3

T
1 _3
S C(‘H’ K) ||S0||L3(O,T;W2v3(]R3)) ||f€||l2/°°(O,T;L3/2(R3)) </ t dt)
0
1
< C(H, K)Ts (|| 30 mawzs mey) -

By a simple density and duality argument, we have shown that
”atfa||L3/2(07T;W72,3/2(R3)) < C(H, K)

Combined with |[fe|| (o 732y < C(H, K), the Aubin-Lions Lemma gives strong com-
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pactness of f. in C(0,T; W~13/2). Thus, up to extracting a subsequence, f. converges to
fin C(0,T; W~13/2(R3)). Together with the fact that f.(0) = fi,., for each ¢ > 0, f is
continuous up to time 0 and f(0) = f;, in the sense of distributions. But then, using that

f e L>(0,T; LZ%(R?))), we conclude that f is weakly continuous in time with values in

ng and f(0) = f;, almost everywhere. Moreover, by lower semicontinuity of the norm in

the weak topology, we have
||fm||Lg§§(]R3) < htI{l‘(}'r*‘lf ||f(t) ||L3§3(R3) : (936)

To conclude that lim, g+ f(t) = f;, strongly in Lgﬁ, it remains to show that

s 119 < il gy (9.37)
To this end, we recall the energy estimate from Lemma 9.4 (with ¢ = 0) implies
d
_/ ()" f2% dv + / ) |92 dw
dt R3 R3
<c [ @ s ClAlRl~ [ )" 2R .
R R

We now bound the first term using Lemma 8.7:

/ ()2 f212 dv
R3

<C | WP -K)dw+CK [ )2 P
R3 R3

<C (/R )2 (f. — K)¥? dv) . (/R (v)*/? ‘V(fa - K)E’;/‘*‘Q dv) +C(K, H).

As in (9.33), relying on Proposition 9.2, we pick K uniform in € so that

2/3
(/ (v)*"? (fs(t)—K)i/zdv) <<1 for0<t<T(K, H).
R3

combined with Lemma 8.5 and (9.34), we find

d

o W2 P Ao < CA+t73), for 0 <t < T(K,H), (9.38)
R3

where the constant is independent of €. Integrating in time, we find

sup ([ (@)% £22(6)00) < el + O K
R3 9/2

0<s<t
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By f.=f in L>=(0,T; Lg?g), which implies the same convergence on smaller time domains,

and lower semi-continuity of the norm, with respect to the weak star topology,

0<s<t

sup (/ (v>9/2 f3/2(s) dv) < Hmeszz + C(H, K)t¥?.
R?’ 9/2

Since f is weakly continuous taking values in ng, we conclude by lower semi-continuity

again that for every 0 <t < T,

(/3 (v>9/2 f3/2(t) dv) < Hmeng + C(H, K)t2/3.

3/2

Taking t — 0%, we conclude that f — f;, in L f

using (9.36). It remains now to show

strong continuity of f at any later time ¢ > 0.

Continuity

To show f is continuous in the strong topology on ng, we show that the function

tes [ W2 )P do
R3
is absolutely continuous as a function of time. To rigorously justify the following computa-
tions, we work with a truncation of the norm. For any R > 0, take pr € C>°(R?) a cutoff

function that satisfies:

1 if v € Bg(0) C C
0< PR < 17 QDR(U) = |VQDR| < E, and ‘v2§03| < ﬁ’
0 lfU ¢ BQR(O),

Because f € C™ and f, A[f], Va[f] € L*([s,T] x R?) for each s > 0, we can use
0% 2 ()% as a test function for (1.41) and integrate in time for 7 € [s,#]. For positive

times, integrating by parts several times and using V- A[f] = Va|f], the same computations
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as in Lemma 9.2 imply that for each 0 < s <t < T,

[ e e ao —@%mwﬂ%w)
::——/“A; 3 )2 172 - ALV~ Valf)f] dudr

— —_/ /R3 o) ALV v dv+%/RS 52 ()2 72 dy .
_ /RS <v2( 2 (v >9/2) iA[f]) 732
4/]R3 f3/4y (cp% <v>9/2) ALV 3 do

:211+12+[3+[4.

Because f € L*?(0,T; ng) the term I, is bounded uniformly in R. Similarly, f €

L>(0,T; ng) and A[f] € L*™(s,t; L) together imply I3 is bounded uniformly in R. By

Young’s inequality, we bound I as

Iy = —4/ £ [‘PR (U>9/2 Vor + oRV <U>9/2 CA[fIV A dv
RS
<30+ g [ AUl () £ o
+0/<w4”%JwAmvwW”vmfﬂm
R3

1
= —51.1 + 15 + I,

where I5 and I are bounded uniformly in R. Thus, (9.39) and f € L*>(0,T} Lgﬁ) imply
I; is bounded uniformly in R. Therefore, using the monotone convergence theorem and
the uniform in R bounds, taking the limit as R — oo in (9.39), for every 0 < s <t < T,

[ praa= [ @ )

_ _%/s /R3 <U>9/2 A[f]Vf3/4 . Vf3/4 dv + %/s /RS (v)9/2 f5/2 do

- [ (veran) pra—a [ e e anv et

S

It follows that t — [q, () f32(t)dv is the integral of an L' function and thus is
absolutely continuous. Recalling f € C,, (0,7} Lgﬁ) this finishes the proof of continuity
and Theorem 9.1 for p = 3/2.
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9.5 The global in time L*? theory

9.5.1 Pointwise lower bounds

Here we show the solution constructed in Theorem 9.1 propagates lower bounds, which
will be used to control the Fisher information. The basic idea is that the function
W(t,v) = aexp(—nt2/3) (v)F satisfies

Ob < Alf]: V0 + [,

provided n is chosen suitably large, because by combining Lemma 8.5 and our a-priori
estimate || f]| o S t71, we see ||A[f]]| .~ S t7Y/3. Therefore, we expect that if the initial
datum is above (v) ", the solution f should remain above . However, we are not studying
a parabolic equation with bounded coefficients, meaning that the pointwise approach to
the maximum principle fails. Instead, to fully justify that f > 1, we take the Stampacchia

approach here. We begin with a general weighted estimate:

Lemma 9.6. Suppose [ : [0, T] xR> — R* is a smooth, rapidly decaying solution to (1.41).
For any smooth function £ : (0,T) — R* and for any k > 0, define g(t,v) = (0)* f(t,v)
and go(t,v) = (€(t) — g(t,v))s. Then, for n < —3 sufficiently large, g, satisfies

d

0t JL, el de < (0@ + CIAL )]0 (1) ( o a d“) ,

where C' > 0 depends only on n and k.

Remark 9.2. Although the assumption that f is rapidly decaying implies that g is rapidly
decaying, g, is NOT rapidly decaying. The role of the negative weights, i.e. (v)" with
n < —3 is exactly to ensure that all integrals are finite. Note that in the proof we
will frequently integrate by parts, and assume that the boundary terms vanish without
comment, because, in each instance, one can use the rapid decay of g, Vg, or (v)" for

large enough n as a justification.
Proof. We begin by using 0,9, = (¢'(t) — 0:g)x{g<e} to note that

d

3 3
S [t a=Sew [ wraa-3 [ e aga
R3 R3

R3 2

The first term is already in the correct form, while for the second we need to use that f

solves (1.41). Recalling that g = (v>k f, we write down an equation for g:

dhg = ()" V- (A[f]Vf = ValfIf)
= "V () Ay + gAY () = () Valflg)
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1/2

Multiplying by — (v)" ¢,’", we find

—/3 ()" 94209 dv
R

= / (@) - (@) AL + gAY ) = () Valflg) dv
=1+ L+ I

We further subdivide I; as

I, = / (v)" Vg;/Q -A[f]Vgdv +/ (v)_k <V <v>”+k> gt}m CA[fIVgdv =11 + I 5.
RB

R3
Using that Vg, = —Xy4<¢ Vg, the term I, ; is our usual coercive term:
8 n
. _5/ ()" AV - Vg do.
R3

Using that V (v)" = &k (v)* % v, the term I, 5 simplifies as:

4(n+ k)

Io=—
1,2 3

/ g ()" - ALV g dv.
RB

For I, we integrate by parts and further subdivide as

== [ @M gV AT o) do= [l (Alf] V7)o

R3

N /3 <U>n+k g;/QgVa[f] -V <U>_k dv =11+ I+ Iz3.
R

Since we will use some cancellations between I, I and I3, before bounding terms, we

integrate by parts and further subdivide I3 as

I = / ()" g;/QVg -Va[f]dv — / (v)" g;/ng dv
R3 R3
+ [ @ glPg%als) ¥ (o) " o
R
- 1371 + 1372 + 13’3.

Note that I3 = —I33 and I39, which contains the most singular terms, has a favorable

sign, I3 < 0. Next, we expand [y ; as

—4k n
Iy = — 93/4V (v)" - A[f]VQEM dv.

3n R3
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Then, for Iy, we compute explicitly

Iy = —k(k+2)/ )" g,%g (A[f] s v@v) dv+ k/ ()" 2 gg,%tr (A[f]) dv

R3 R3

<k / (o2 (gl - ) (ALf]) do
<kete) [ )7 g (Al

where only one term does not have a favorable sign. We rewrite I5; as

Iy = —;/ (v)" Vg;" - Valf] dv ;/R g’V ()" - Valf] dv—%/ (0)" g2/ f dv

<2 [ a - (V- Al - Anve) o
2

_ —% / 6"V ()" - A1V - 2 / gt (ALf] - V2 (0)") dv,

where again the most singular term has a favorable sign. Expanding the last term further

and using g < /(t) on the support of g,

_g/Rs 93/2 (A[f] . VZ <U>n) dU = —w /R3 <U>”*4g?/2 (A[f] . U@’U) d’U
2n

3 e
<SPl

()% g7 (trA[f]) dv

where the first term has a favorable sign. Therefore, summing over /; ;, we summarize our

estimates as:
. 8
—/ (v) 1/28tgdv+9/ )" A[fIVgt - Vg dv
R3 R3
[ v - vt

8(n + k)
#2220 [ Al .

= 3n
3

Now, we bound the terms on the right hand side. Using g < ¢(¢) on the support of gy, for
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any 0 > 0,

[ A - g ao
R-

<6 WAV Vg dv+ — !

= 5 L T ALY Y " do

ga/ ()" A[f]V gt - vg§/4dv+4; )" P A v do
R3

<o [ r AT T s W AL O]l €0 [ o

46
Taking ¢ sufficiently small depending only on n and k, we conclude that

% s <U>n9?/2 dv < (0'(t) + C(n, k) JALF ()]l 1 £(2)) (/RS ()" 1/2 dv)

as desired. O

Lemma 9.7. Suppose f : [0,T] x R® — RT is a smooth, rapidly decaying solution to
(1.41) such that ||A[f()]l| e < Mt fort € (0,T). Then, for each a >0, k > 0, and
n < —3 sufficiently negative, there is an n = n(n,k, M) > 0 sufficiently large so that f
satisfies on (0,7,

d 1\ 3/2

o ; ()" (aexp (—77752/3) — f{v) )+ dv <0.

Proof. Fix k > 0 and n < —3 arbitrary. Then, set {(t) = aexp(—nt*?) for n > 0 to be
determined, g = (v)* f, and g, = (¢ — g). We compute

n 2n
g exp(—t) = = i(e),

Therefore, by Lemma 9.6, we find

% s ()" g2 do < (0'(t) + C(n, k) |ALf )]l o £(2)) </R3 (v)"2 g1/? dv)

< (C(n, k)M —2 /3)582 ( /R ()" 2 g, dv).

Picking n > 3C(n, k)M /2, we conclude that the right hand side is negative. ]
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9.5.2 Bound on the Fisher information and proof of Theorem
1.8

Since we do not have uniqueness, we follow the proof of Theorem 9.1. Suppose that the
initial datum f;, € L N Li{f for some m > 6 and mg > 6 and f;, > a <v>_k for some
a >0 and k > 0 as in the statement of Theorem 1.8. Then, let f;,. € S(R?) be such
that fin. — fin in L1 N L%OZ By Theorem 9.1, f;,. give rise to f. : [0,7] x R* — R™,
Schwartz class solutions to (1.41) on [0,77], for some 0 < 7" < 1 independent of .

From the proof of Theorem 9.1, we have the uniform bounds

sup || £-(t) 3/332+/ / )"0~ W 24 do di
o<t<T (940)
+ sup [ fe()]l e < C(fin, mo, T).
o<t<T

Moreover, since || f-(t)||; < t71, by Lemma 8.5, | A[f-(1)]|| ;. S t7Y2. So, for n < —3
sufficiently negative, we can apply Lemma 9.7 and conclude for some n = n(n, k, fin, T) > 0,

independent of ¢:

3/2

R (aexp (—nt?) = L (@)*) " dv <0, on (0,7).

+

4
dt

Integrating in time, we see that for each 0 <t < T,

/R3 ()" <aexp (—77t2/3) — f.(t,0) <v)k>3/2 v < /R3 (0)" (a — fine <v)k>j/2 dv.

+

Noting that a < f;, (v)k and fi,. — fin in L', the right hand side converges to 0 as
e — 0. Since f. — fin L'([0,T] x R?) as ¢ — 0™, we find for almost every ¢ € (0,7,

3/2

/}R3 ()" (a exp (—nt*?) — f(t,v) <U>k) v < 0.

+

Since f is smooth, f (v)* > aexp (=nt*3) for every t € (0,T). Combined with (9.40), we

have shown the following upper bound on the Fisher information:

[Cigoa= [ [ T

<C(a,T, k)/ / (v)? |Vf3/4(t)|2 dvdt < C(a, T, k, fin,mo),
0 R3

provided k < 2mg — 6. Thus i(f) is bounded almost everywhere in [0,7]. Finally, since

L' moments are propagated by Lemma 8.1, f(t) € L., where m > 6. Thus, applying

m?

Theorem 9.2 with initial data given by the profile f(s), for each 0 < s < T, there is unique
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global-in-time smooth solution g, : [0,00) x R* — R3 with decreasing Fisher information

and ||gs(t)|| . < oo for each t. Denote by f the concatenation:

f(t) if0<t<T/2,
gry2(t —T/2) otherwise.

By Fournier’s uniqueness result from Theorem 8.6, we conclude gs(t) = f(t — s) for each

0 <s <t<T. Consequently, f is the desired global-in-time smooth solution. Moreover,

f has decreasing Fisher information and L' in time: for each 0 <t < T

i) <C(1+t).

9.6 The sub-critical local in time theory

This section is devoted to the proof of Theorem 9.1 in the sub-critical case, i.e. when
p > 3/2. The general strategy of proof is similar to the critical p = 3/2 case, but
the proofs are comparatively simpler partially due to uniform bounds on the diffusion
coefficient A[f]: the analogue of the e-regularity criterion in Proposition 9.1 is a standard
LP — L*° regularisation estimate enabling a significant simplification in of the propagation
of weighted norms in Proposition 9.2. We remark that local well-posedness for initial
datum in LP N L} for p > 3/2 was considered in Chapter 8, but the methods break down
as p — 3/2% in the framework of Chapter 8. The alternative weighted L? framework
offers the advantage of simplicity and does not break down as p tends to either oo or 3/2.
Due to these considerations, we show full proofs of necessary a-priori estimates and omit
substantial details of the construction of the solution, which mimics Section 9.4 here, or
Section 3.5.3 in Chapter 8.

By contrast with the p = 3/2 case, when p > 3/2 we can derive a uniqueness result
based on the L'(0,T; L*°) uniqueness result of Fournier [75]. The uniqueness follows the
strategy in Section 8.4.4, which was based on the Prodi-Serrin criteria and the novel proof

of an e-Poincaré inequality by Alonso et al. in [8].

9.6.1 Sub-critical De Giorgi

Proposition 9.3. Suppose f:[0,T] x R® — R is a smooth, rapidly decaying solution to
(1.41) where A (v) > < A[f] < A. For any m >9/2 and 3/2 < p < oo, set

2/5 T 3/5
N m rp m—3 p/2|2
Ey : (OiltlfT /RS ()™ f ) </0 /R3 ()" |V PR do dT) .
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Then, we have the estimate

v _2\ L3t
||f||L°°([t,T]><R3) < C'max (E’S7 <]_ +t 2p> 7E02p 3> ’
where C' depends only on p, m, \, and A.

Step 1: Introduction of Level Sets and Weighted Energy Functionals

For f a solution to (1.41) and for any ¢ € R, we denote the level set function

ff(ta U) = (f(t7v) - €)+ = max(f(t, U) — ¢, 0)

For m > 9/2 fixed and p > 3/2, we define three weighted energy functionals associated to
frfor0<T) <1y <T and 0 </ < o0,

ATy, T) : = sup / ()™ f¥dv

T <t<Ts
BZ(T1,T2)::/ / )" 3\v i
R3
E(T),Ty): = sup / p/2 / / Yy 3’V p/Q‘ dov dt
T <t<Ts R3

Our first goal is showing the following nonlinear inequality: for any 0 < k < ¢ and
O§T1<T2<T3§T,

(0= k)3T, = Th) " (0 — k)2p/3-1 * (0 — k)20/3 + (0 — k)2p/3+1

x Ay (Ty, T3) By (T3, Ts),

2
gE(T2’T3>§C[ 1 1 1+7 14 ]

where C' depends on A, A, p, and m.

Step 2: Differential Inequality

Lemma 9.8. Under the assumptions of Proposition 9.3 and notation introduced in Step 1,

the following level set inequality holds for each ¢ > 0,

d

< d
at v

(v)mffdv+/ (v)™” 3‘V /2|
R3

go/ (v)™ 5+1dv+0(1+€)/ (v)™ fdv+C€2/ (W)™ 7" do,
R3 R3 R3

where the constant C' depends on p, m, A, and A.

The proof follows from Lemma 9.2, noting that | A[f]||;~ < A.
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Step 3: Gain of Integrability

In this step, we use the inequality derived in Lemma 9.8 to obtain a nonlinear inequality

for our energy functional £ defined in Step 1.

Lemma 9.9. Under the assumptions of Proposition 9.3 and notation introduced in Step 1,
the energy functional € satisfies for each 0 <17 < Ty < T3 < T and each 0 < k < {,

1 1 147 ?
(g k)Qp/3(T2 ) + (g k-)Qp/3 1 + (g _ k)2p/3 + (g _ k)Qp/3+1

x AP (T, ) Bi(T, T),

E(T, T3) < C

where the constant C' depends only on p, A\, A, and m.

Following the proof of Proposition 9.1, we integrate the inequality from Lemma 9.8
over T € [t1,ts] C [0,T], take a supremum over to € [T5, T3], and average over t; € [T}, T3]
to find

w [ oo [ [ wrslenf
TG[TQ,T;}] R3
P dvd P+l o d 9.41
_TQ_Tl/ /RS e T+C/ /RS ¢ o (94D
+ O 1+£/ / ffdvdr+0€2/ / )™ dvdr
R3 R3

Recall that as a consequence of the definition of the level set functions f, and Chebychev’s

dvdr

inequality for the measure dv(v) = (v)™ dv, we have from (9.12), for any 0 < k < ¢ and
0 <o < as,

T3

/ / " dedr < (00— k)MTe? / 2 dodr. (9.42)
R3 T, JR3

Combining (9.41) and (9.42) (with oy € {p — 1, p, p+ 1} and ay = 5p/3), we have shown

8Z(T27 T3)

<C i 1 14¢ Ve
e P oy s e R Vs T (e R (A S ClE

/ / fP dvdr.
R3

By interpolation and the weighted Sobolev inequality from Lemma 8.7,

43 W)™ £ v < © (/R <v>9/2f;’dv>2/3 (/R Y3 (v W) dv) ,
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Since m > 9/2, integrating in time we find:

/ /R 3dvd¢<0/:3(/Rg(v)mffdv)

< CAY3(Ty, T3)Bo(Ty, Ts).

win

(/ m3‘v p/2
R3

d)dT

This concludes the proof of Lemma 9.9.

Step 4: De Giorgi Iteration

We now finish the proof of Proposition 9.3 using a De Giorgi iteration. Weset 0 < t < T

the times from the statement of Proposition 9.3. Then, we define our iteration quantities:
lo=K1-2")  t,=t(1-27") B, =4 (tn, T)By, (t,, T)*".
Then, using Young’s inequality and Lemma 9.9, we have the following recurrence for E,,:

Enp1 <C (Ap s (tngr, T) + Bi,y (tag1, 1)) = C&p, (b, T)
1 1

<

<o e

1+l 0 E5/3
(b1 = L) 22 (g — L) %P/341

1 1 1+K K2 )E5/3

K 2p/3¢ + K2p/3-1 + K2p/3 + K2p/3+1

1 1 1
S 0*2’”” ( 2p _l_ 2p + 2p3) E’EL/37
K3t K= K35

S Conk (

where k = 2p/3 + 1 and C* > 1 is now a fixed constant. We attempt to find a barrier
sequence of the form B, := B"FEj for some B > 1. That is, we seek values of K and B for
which

*ONK 1 1 1
Bn+1 ZC 2 <K2§7t+K2§ +K2p3_3)BT5L/3

Inserting the definition of B,,, this is implied by

s (1 1 1 )
+ ).
0 (K%”t K% K%

We first pick B sufficiently large so that B3 > 2~ Second, we pick K so that each

remaining term is less than 1/3:

1> C*B*

— 6(0*,B,p) max (Eopt;”,E(f,ES”?’)
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With these choices of K and B, since By = Ej, we find inductively:

B £ €72 (K?t TR K) B

*OYNK 1 1 1 5/3
< C*2 (K?t + e + K3> B3 < Bp,..

Therefore,

HfX{fZK}HLoo(t,T;L%) < lim E, < lim B, =0,

n—oo n—oo
and we conclude f(7,v) < K pointwise a.e. on [t,T] x R3. By the choice of K, we have

shown the estimate:
1 2
f(r,v) < Cmax (Eg’ (1 + t7%> ,EOZ”‘3) for almost all 7,v € [t,T] x R,

This concludes the proof of Proposition 9.3.

9.6.2 Propagation of L? for smooth data

Lemma 9.10. Suppose p > 3/2 and m > 9/2, fi, € S(R?), and f : [0,T*) - R is a
smooth rapidly decaying solution to (1.41) with initial data f;,. Then, there is a time
T =T(|finll gz ,m,p) >0 such that f satisfies

min(T,T%*) B 9
s WO+ [ [ @ e dvde <algl,
0

0<t<min(T,T*

Proof. From Lemma 9.8 with ¢ = 0, we find

d (V)™ fPdv +/ ()" ? ‘pr/2| dv

dT R3 R3

(9.43)
< C/RS ()™ P de + O . P ()™ dw.

By the interpolation estimate in Lemma 8.7 with ¢ = p + 1 (since m > g) and Young’s

inequality (since 3/2p < 1 by assumption), we find for any ¢ > 0,

1-1/2p 3/2p
m rp+1 C m rp m—3 p/2 2
[wrpaase([ wrra) ([ wrtees a)

<9 (/]Rg <U>m_3 ‘pr/2‘2 dU) + 0(5_25%3 </R3 <U>m fp dv) 2p—3 .

Taking ¢ sufficiently small, depending only on A, A, p, and m, and setting o = % > 1,
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y(t) = £ D). and F(6) = [V 7(077]]7, , we find

Syl0) + F(1) < Cy(2) + Cy(o).

This is a Bernoulli-type differential inequality for y, which can be explicitly solved by a

Cl-a)t, l1-«a

suitable change of coordinates: Setting v = e~ y %, we find v satisfies

%U — (1 o a)e—C(l—a)ty—ay/(t) . O(l . a>v 2 C(l o a)e—C(l—a)t'

Integrating then gives that
o(t) > 0(0) = [exp(Cla — 1)) — 1.

This implies the following bound on y(t):

1

y(t) < exp(Ct) [yi™ + 1 — exp(C(a — 1)t)] =

Since a > 1, we find a T = T(yp, a, C) sufficiently small such that y(t) < 2y, on
[0, min(7", 7*)]. Consequently, we integrate to find

min(7,7%*)
/ F(t)dt <yo+ Clyg +yo)T < 2yo,
0

where the last inequality follows from picking 7" possibly smaller. O]

9.6.3 Construction of solution

We now construct local-in-time solutions. For f;, € L2, N L}, we take f;, . € S(R?) so that
fine converges to f;, in L% N L? . Using local-in-time well-posedness for f;, ., there are
corresponding solutions f. : [0, 7) x R* — R*. From Lemma 9.10, there is a uniform-in-¢

time T such that for 0 < ¢t < min(7, 7.), we have the uniform estimate

2/5 t ) 3/5
( sup / (v)™ f? dv) (/ / ()" |V R dv dT) <1
0<7<t JR3 0 JR?

Using Proposition 9.3, we find that 7 > T for each € > 0 and there holds the uniform-in-¢

estimate:

1
HﬂUMwN<H}wJ for cach 0 < £ < T

Passing to the limit, f. — f, where these bounds guarantee f € C(0,T; L2) is smooth
solution for positive time and satisfies the claimed smoothing estimates. Moreover, by

uniqueness result of Fournier, Theorem 8.6, the limit f is the unique L'(0,T’; L>) solution
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with initial data f;,.

9.6.4 Uniqueness

Let g : [0,T] x R — R be a weak solution of (1.41) with initial datum g;,, € Ly N Llog L,
attained in the sense of distributions. We suppose further that g € L"(0,7’; Ly /2(R3)) N
L> (s, T; WhH(Q)) for each 0 < s < T and each open, bounded Q C R? and some pair
(r,p) satisfying p > 3/2 and r > %.

Our goal is to derive a differential inequality for y(t) := ||g(¢) ||’£S/2(R3) much as in Lemma
9.10 to obtain weighted L"(0,T"; LP) — L*(¢t,T; L”) smoothing estimates. Formally, the
idea is to test (1.41) with (v)”? g?~! and use the Sobolev embedding in Lemma 8.7 to
control the highest order term. Formally testing (1.41) with g?~* (v)*’?, Lemma 9.8 (with
¢ =0 and m = 9/2) implies the following differential inequality:

d

— (v>9/2 gP dv + / <U>3/2 |Vgp/2’2 dv
dt R3 R3

(9.44)
< C’/ <U>9/2 ¢ dv + C/ (v>9/2 g7 dv.
R3 R3

Then, we interpolate and use the Sobolev embedding from Lemma 8.7 and apply Young’s

inequality to obtain: for any € € (0,1)

3
2

_1 3 _1
[ @™o <ol loll, <ol o
R3 9/2 9

J R
/2 9/2

1 ) b7
<C ||g||];g/22 </RS (v)3/2 }Vgp/2’ dv)
~3)52s 2
< C(e) ||g||§2,/2 ) +e (/RS <v)3/2 }Vgp/2| dv) .

3
IZ
6
Ly,

Picking ¢ sufficiently small, the second term can absorbed by left hand side of (9.44).
Denoting by y(t) := [[g(#)||7, , for t € (0, 7] we find:

Sy Ve, | < U0 + ()

Since y is only absolutely continuous for positive times, we integrate over [s,t] for 0 < s <
t < T to obtain:

dr < y(s) + C(e) /t y1+2p%3(7') dr + /ty(T) dr. (9.45)

S

v+ [ 9@l

3/2
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Gronwall’s inequality and 2;—33 < r then implies the explicit bound:

s o(t) < ols)exp (O =)+ € [y ar) < ot

s<t<T

Rearranging powers and averaging over s € [0, ¢], we find

t
r -1 r -1
lo(®)ig,, < € [ Mool as < cr

We plug this estimate back into (9.45), to obtain for each 0 <t < T,

T
2
swp oy, + [ Va0, o
t<r<T 9/2 t

3/2
T T
r 9.46
<lg®lly, +06 [ ol ar+ [ ool a0
t

t
< Ctr.

In a second step, we use smoothing estimates to show that g belongs to Fournier’s
uniqueness class, i.e. g € L'(0,T; L>). Using the smoothing estimate of Proposition 9.3 -
which can be rigorously justified since g € W, satisfies the global (in v) bound (9.46) -

we obtain
90l ey < Conax {77 (14073 ) o h < o G4a) 4 oo,

Since r > 2;—33, we see that g € L'(0,T; L=(R3)). Since this holds for any locally Lipschitz
g€ L (0,T; L /2), by Fournier’s uniqueness result in Theorem 8.6, we conclude that any
two such solutions g with coinciding initial data are equal.

We conclude this section by noting that while the above computations are merely
formal, they can be made rigorous. Although g is locally Lipschitz, g does not have
sufficient (global) regularity to merit its use as a test function in (1.41). To rigorously
justify the formal argument presented here, one should truncate the norm, by using
(v>9/2 ©*gP~1 as a test function, where ¢ is a Lipschitz cutoff to Bg. To ensure that the
formal arguments presented transfer to the local truncations (uniformly in R), we need a

more precise version of the interpolation from Lemma 8.7 used above:

Lemma 9.11. Suppose g, ¢ are any Schwartz class functions. Then, for any 3/2 < q < oo,
there is a universal constant C = C(q) such that for any € > 0, there holds:

[t ao
3
* 1

<c [ W9 e dor o (2l ) [ @7 e
R3 9/2 R3
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Such estimates were first applied to the study of the homogeneous Landau equation
in the work of the second author and Guillen [94], where they were termed e-Poincaré
inequalities. More recently, a new e-Poincaré inequality appeared in the work of Alonso
et al. [8], enabling the authors to obtain a condition for propagation and creation of L?
norms. The e-Poincaré inequality of [8] was the crucial tool in Section 8.4.4 for turning
a-priori smoothing arguments into a rigorous uniqueness proof. We postpone a proof of
Lemma 9.11 to Appendix 9.9 and refer the reader to Section 8.4.4 for details on how to

use Lemma 9.11 to provide a rigorous justification of the formal argument above.

9.7 The sub-critical global in time theory

9.7.1 Pointwise lower bounds

Here we show the solution constructed in Theorem 9.1 propagates lower bounds, which
will be used to control the Fisher information. When p > 3/2, [|A[f]||;« < 1 so that we
can show that the function ¢ (¢, v) = aexp(—nt) (v) " satisfies

Ob < Alf] - V0 + [,

provided 7 is chosen suitably large. We still take Stampacchia approach to show f;, > (v>_k

implies f > 1, but take less care in justifying computations, particularly when using
integration by parts. Because we have uniqueness in the p > 3/2 case, a-priori estimates
can easily be extended to rough data. We begin by proving that 1 as above is indeed a

subsolution to the linearized equation:

Lemma 9.12. Suppose f :[0,T] x R> — R* is a smooth solution to (1.41) with
Cy (0) 7 < A[f] < Ch.

Then, for each k > 5 and a > 0, there is n = n(Cy,Cy, k) sufficiently large so that
W(t,v) = aexp(—nt) (V)" satisfies

Ob < Alf] - V% + f.

Proof. Define ¥(t,v) = aexp(—nt) (v) . Then, we compute derivatives of 1.

o ==, Vi =aexp(—nt) (= () 7v),
V2 = aexp(—nt) [k(k +2) (W) " o @u — k()2 Id}
vor_ i),

k

- [k:(k:+2) o h e
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So, using f > 0, tr (A[f]) < Cy, A[f] > C5 (v)~°, by Young’s inequality

[Chk Cyk(k + 2)|v)?
:<U> (v)
CN(l ég

< | = —n- ==
a _<U>2 ! (v)° v

[ 5\ 103 ~
<|o(g) +oamT -G <v>5] .

Therefore, picking 6 = g—i and then picking n > 61( %)10/3’ concludes the proof. -

Lemma 9.13. Suppose f:[0,T] x R® — R is a smooth solution to (1.41) with initial
data fi, € LS/Q for p>3/2 and fi, > a (v}fk for k >5 and a > 0. Suppose further that
f € L>(0,T; LP) N LY(0,T; L>). Then, there is an n = n(p, || finll1») > 0 sufficiently large
such that

F(t) > aexp(—nt) (v)F for0<t<T.

Proof. Let ¢ be as in Lemma 9.12, so that f;,(v) > ¥ (0,v) and
O < A[f] VW + o f.
Set ¢ =1 — f so that by linearity,

O < Alf]: Vo + of.

Then, performing an L” estimate, we find

d _
LY. / Ve (Alf)Ve — Va[flg) dv
R3 R3
-2 [ vt anvetao+ o8 [ v valga
R3 R3

< / S fdv < / b dv < (1) / o dv.
R3 R3 R3

Since v € LY(0,T; L>) and ¢, (0) = 0, by Gronwall’s inequality, ¢, = 0 on [0,T] x R3,
which completes the proof. O]

9.7.2 Bound on the Fisher information and proof of Theorem
1.8

Fix initial datum f;,, € L}, N L, for some p € (3/2,+00), with m and m, as stated in
the theorem. From Theorem 9.1, we have a solution f : [0, 7] x R* — R" satisfying the
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bounds

T
o — 2
sup || ()l +/0 /Rs ()™= |V /2] dvdt+0iljth3/2pHf(t)HLoo

0<t<T

(9.47)
S O(fzna mo, p, T)

Since || f(t)||;» < 1, by Lemma 8.5, [[A[f(t)]||;~ < 1. So, by Lemma 9.13, for some

n =n(k,p, || finll»,T) > 0 there holds:
f(t,v) > aexp(—nt) (v)~* for each (t,v) € [0,T] x R®.
Combined with (9.47), we have shown the following upper bound on the Fisher information:
T 2 T
/ / fH@ dvdt < C(a, T, k)/ / ()= | P27 do dt
0o Jrs fP- 0o Jrs
S C(aa Ta ka firw mOap)
provided k(p — 1) < my — 3. We conclude as in the p = 3/2 case of Theorem 9.2 that f

can be continued to a global-in-time smooth solution with decreasing Fisher information.

9.8 Appendix: Proof of Lemma 9.1

In this section, we construct the smooth cutoff used in the proof of Theorem 9.2.

Proof. We define first an auxiliary function ¢ as

3 exp(—z7 1) ifx >0
p(r) =

0 otherwise.

From ¢, we translate and rescale x — % and define the radial profile of the cutoff:
¢(2—z/R)+¢(1-(2-1z/R))
1, ifx <R,

2—z/R)~1)+exp(—(z/R—1

exp(—(2—x/R)’1) 2
= (exp(( )_1)> , if R<x<2R,
0

if 2R < zx.

The cutoff we seek is n(v) = ¢(|v|). Note that because ¢ € C*, n € C*° and we can
easily verify 0 <n < 1,7 =1on Bg, and n =0 on R\ Bp. It remains only to verify the

differential inequalities, which are nontrivial only when R < |v| < 2R.
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Because 7 is radial, Vn(v) = "Z—‘go’(|v|), so that |Vn(v)| = |¢'(Jv|)|. For R < |v| < 2R,

by explicit computation,
oy P2 —x/R)
”‘ZW(”C —2/R) +¢(1 - (2 - =/R)) >
2,/ ( F(2—2/R)p(1— (2—2/R)) + 32— x/R)@ (1 — (2 —x/R))).
[p(2 —w/R)ﬂo( —(2-z/R)

We bound the term in parentheses by computing it explicitly and realizing that for

R < x < 2R the denominator is minimized at + = 3R/2, and that the numerator is

. _,—1 _9 . . .
bounded since = — e~ 272 is bounded, as the exponential dominates:

e /R O ) (9 - g/ R) P (1= 2= 3/ B) T _

0< ; <
[e=(2=a/R) " | e—(1—(2—a/R)~]

Therefore, ¢ is decreasing and

Vn(e)] = I/ (vl)] = —¢/(o]) < 2D _ 20V (9.48)

From (9.48), we deduce one differential equality for . On the other hand, we see for
R <x<?2R,

¢(1—(2—2/R))(p(l —(2—2z/R)) +25(2 - z/R))
[p(2—x/R)+@(1—(2—=z/R))
e~ (1=C=2/R)™" [o=(1=(2—2/R)™" | 267(271/3)71]

1= () =

)

(e=(=2/B)~1 4 e—(1-(2=2/R))~1)?
so that the explicit expressions for ¢ yield

|90/($)|2 4R7267(27x/R)*1

1—p(x) [e(1-C-2/R)7! 4 2e-(2—2/R)7!]

| e PO R (9 — a/R)2 4 (1 - (2~ 2/ R)) 2
[e=(@=2/R)~! 4 e=(1-@=a/R)7]?

C
< —
_R27

where we bounded the term in brackets as before, minimizing the denominator and again

using that the exponential dominates any polynomial. We conclude

Cy/1—n(v)

V()] < T (9.49)

and (9.49) is the second differential inequality claimed. ]
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9.9 Appendix: Proof of Lemma 9.11

In this section, we provide a proof of the e-Poincaré inequality in Lemma 9.11:

Proof. We prove first an unweighted version of the desired inequality. Using Holder’s
inequality and the Gagliardo-Nirenberg-Sobolev inequality, we obtain:

q—1

1 g=1
/RS p?g T du < </w g"dv>q (/R (@29”)"31> =gl log??||” 2o

< Clgll. [V eg”™) 5 e "

_1
< ([ IV av) v gl ([ ora).
R3 R3

L — 2. Solving for 6, we find 6 = % € (0,1) for ¢ > 3/2. Inserting this value

where q2; =
q

of #, we find

/ PP dv < e (/ V()| dv) TS g2 (/M 9029pdv> . (9:50)

Repeating the above argument with homogeneous weights of the form |v|™ and using the

1
2

Caffarelli-Kohn-Nirenberg inequality (see [34] or later improvements in [70, 148]) in place
of the Gagliardo-Nirenberg-Sobolev inequality, we find:

/ 0]*? 2Pt dw
R3

< (/ Ivlg/ngdv)q (/ Ivlg/2 (@29,));1) q

= H\’U\quH H!v|4<q 7 og?| e
20 2(1-6)
< ¢ ||l g H|vr3/4v<sogp/2> P gt
La L2
<e (/ \v[3/2 ‘V(cpgp/2)|2 d’u) + Ce 150 ]v s (/ \0\9/2 @Qgpdv) ,
R3 R3

where 6 is now given by

9(¢—1)
-1 2 1 1-3/4 1 9/4
IS TEY (N 1—0)(=+2L2).
2 3 (2 3 ) TU=0{5+7
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Solving for €, we once again find 6 = 2—3q € (0,1) for ¢ > 3/2. Consequently, we obtain

[z <e ([ 1ol 96 a)
R R

_29
2¢-3 (/ ‘U|9/2 (pQgpdv) ]
La R3

Summing (9.50) and (9.51), we obtain the desired bound. O

(9.51)

3

4+ Ce ms

o] g

desvillettesHsols
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CHAPTER 10

SUPER-CRITICAL LANDAU

In our final chapter, we consider the Landau-Coulomb equation for initial data with
bounded mass, finite numbers of moments, and entropy. We show the existence of a global
weak solution that has bounded Fisher information for positive times. This solution is
therefore a global strong solution away from the initial time. We propose an alternative
approach, based on already existing estimates, to the study of the appearance of Fisher
information recently performed by Ji in [123].

Recent work in the groundbreaking paper [100] has established the existence of solutions
that remain bounded over arbitrarily long times for smooth initial data, along with the
proof that the Fisher information is monotonically decaying in time. Furthermore, in the
previous Chapter 9 we have extended these results to potentially singular initial data,
considering initial data in LP(R?) for any p > 3/2. This result was very recently improved
by Sehyun Ji [123], who showed that the Fisher information appears for any strictly
positive time as soon as the initial datum has finite entropy and 5 moments in L', thanks
to a careful study of the evolution of the Fisher information itself.

In the present chapter, we propose a similar (though somewhat weaker, in terms
of moments and rate of regularisation) result, which has the specificity of combining
computations from previous papers, allowing for a very concise presentation. Specifically,
we draw on the weighted L'(L?) estimate from [58], the propagation of L? moments on
short time interval from Section 8.4.1 in Chapter 8, the existence of smooth solutions
for less regular initial data from Chapter 9, estimates for the evolution of a weighted
entropy from [6, 7], and the decay of the Fisher information from Theorem 9.2. We use
this to prove Theorem 1.9, a global existence result away for strictly positive times in
the super-critical regime.

Our result pushes the global well-posedness of the Landau-Coulomb equation (1.39)
with (1.40) to initial data in the natural function space L' N Llog L, which is associated
with the mass and the entropy of the particles. The strength of our approach is that it is
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a combination and modification of results that were already present in the literature. It
is thus a concise completion of the global existence results for the Landau equation with
Coulomb potentials.

The proof is a combination of the monotonicity of the Fisher information, the entropy
dissipation estimates, and the L? existence theory. Using more precise entropy and LP
estimates (instead of L?), a straightforward adaptation of our proof can reduce the number

of moments and slightly improve the regularisation rate in Theorem 1.9.

10.1 Proof of the main result, Theorem 1.9

10.1.1 Estimates on approximated coefficients

We build our solution using an approximation procedure. Let f;, be as in Theorem 1.9.

We first introduce the sequence of approximated initial data:
M
fing = (fin Ljj<n) * Xn + o (10.1)

where M(v) := e 1"’ and y,, is a standard mollifier. Note that

/ Fonn(L 0P 0 fonn) dv < C(fin) + O (1) ,

n

(see for example beginning of Section 3.2 in [86]). We also introduce the approximate

Landau-Coulomb kernel, defined as

1
Kole) = lel™,  when  Jo] > L,
n
and K, (|z]) = —W% + %n when |z| < %, in such a way that K, € C*(R,), and

K,(]z]) <|z|™' on R,. For any g : R* — R such that the convolution makes sense, and
any 1,7 = 1,2, 3, we define

Anlglij == KuIlj * g, bulgli == Z 0; (KnIli;) * g,

J

cnlg) = Z Zaij(KnHij) *g.

In the following we will denote by ||-||, or |||, the classical L” norm on R?, and by ||-|| Lp

the norm defined by

lolly == [ latw)P o)™
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for any p € [1,00[, k € R, and (v)? := 1 + |v|?. We also define the entropy of a function g
as the quantity

H(g):= | aw)ng(o) dv

The quantities Ay, [g], bu[g], cn|g] satisfy the following properties, uniformly with respect

to n:

Proposition 10.1. For any n € N\ {0}, 4,5 € {1,2,3} and g : R®> — R such that the

convolutions are defined, one has
[Anlglis @) < C (lgl+]-177) (0),  [Aalgliille < C gl + gl 2) (10.2)

[balgli(v)] < C (gl %[ 7?) (v),
lealgl(v)] < Clg(v)],

where C > 0 1s an absolute constant.

Proof. The proofs for all the inequalities use the fact that K, (|]z|) < |z|~'. For the second

inequality in (10.2) we recall (see for example Lemma 8.5) that

1/3 2/3
14,05l < NIl < gl lall3”.

The following lower bounds also hold uniformly with respect to n:
Proposition 10.2. For any n € N\ {0}, g : R® — R lying in L3(R3) and such that

[ g|lng| dv < 400, we have

Anlgl(v) 1 €@ € = co(v) P [E]7, for any v,§ €R? (10.3)

Vg|?

D,(g)+1>¢
rR3 9

(v){v) 3 dv, (10.4)

where D, (g) is the entropy dissipation

D=4 [ [ sttt gy (Lo - i)

x (v — w)(y(v) _ Yy

p . (w)) dvdw,

and cy, ¢1 are constants that depend only on (upper and lower bounds of ) the mass and

energy of g, and on an upper bound of [ glng dv.
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Proof. The lower bound for A, can be computed using the calculations in Lemma 3.3.
and 3.4 in [178]. We report the modified steps in the Appendix 10.2. The second estimate
follows from Theorem 3 in [58]. O

10.1.2 The approximated solution: existence and properties

We consider the approximated equation

00 = V- [AAIVT ~balf) f] + TAT = Af: VVF el f+Af (105)

with initial data as in (10.1). We address existence and uniqueness of smooth solutions
to the approximated Landau equation in the following proposition. These solutions also

satisfy a bound on the entropy and a propagation of moments.

Proposition 10.3. For any n € N\ {0}, there exists a unique global smooth solution
0 < fr = falt,v) € C®(R,;S(R?)) to equation (10.5) satisfying the initial condition
(10.1):
fn(07 ) = fin,nv
and such that (for any T > 0)

2
[v]

vt € [0, 7], fult,v) > Chre 2, (10.6)

for some constant C,,r > 0, depending on n and T

Moreover, this solution satisfies the conservation of mass momentum and enerqy

V20, [ fult0) v do= | fiun(v) () do,
R3 R3

where ¥ = 1, v;, %, the entropy identity

Viz s3>0, H(f(t)+ / Dulful, ) do = H(fu(s, ), (10.7)

and 1t has a monotonically decreasing in time Fisher information.

Finally, for any k > 0 and T > 0, there exists a constant C' > 0 depending only on the
mass and the energy of fi, and on H(fin), and a constant Cy,r > 0 depending additionally
onk, T, HfinHLi(RB); such that

sup fult,0){(v)* dv < Oy r, (10.8)
te[0, 7] JR3
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Proof. The arguments in [186, Section 6] can be used to show existence, uniqueness and
smoothness of f,,. Maximum principle applies, see [14], giving us the lower bound (10.6),
so that

I fu(v)] < Cur (L [0]),

which allows to make rigorous all formal manipulations involving the entropy. The proof of
(10.8) and (10.9) follows along the lines of Proposition 4 in [58], using the uniform upper
bound (10.2), and the fact that the moments of f;, , are bounded uniformly in n by the

moments of f;,. O

10.1.3 Main uniform estimates

The next four propositions contain the crucial arguments. We will show that the function
f» has uniformly-in-n bounded (weighted) L? norms and Fisher information for all times
t > 0. These bounds will yield the construction of a global in time solution which is
smooth for all times away from zero.

The first step is to control a weighted L? norm of f, at a certain time t,. This time ¢,

might depend on n. The bound is provided by the entropy inequality.

Proposition 10.4. Let f;, be as in Theorem 1.9. Let k > 2. Fiz also a time 0 <t < 1.
There ezists a constant C}; > 0 depending only on k, HmeLl L(®9) and H(fin), the mass
and energy of fin, and a time to € [0, ] (to might depend on n) such that the solution f,
to (10.5), (10.1) constructed in Proposition 10.3 satisfies the estimate

*

C
falton g = [ fulto, 0 (0) v < (10.10)

Proof. We start with the entropy dissipation estimate (remember that ¢ < 1, estimate
(10.7), and the elementary inequality (10.16))

Estimate (10.4) implies

// Vhnls )P (W) 3 dvds < C.
rs  fu(s,0)

Using the Sobolev estimate

||g||L6(R3) < Csob ||v9||L2(JR3)
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for g := /f,(v)*? and the mass conservation, we end up with

t
[ sl as <

We now multiply both sides by ¢/2 (and restrict the integral to the interval [0,¢/2])

I 20
N . 3 ds < —.
T | Ml ds< 5

The mean value theorem implies the existence of a time ¢, € [0, £] (depending on n) such
that

2C
1 falto, Mlzs, < =

Therefore, the interpolation inequality
3/4 1/4

Il < gl Nollyt

and estimate (10.8) of Proposition 10.3 yield our bound

*

C
an<t07 )HL% ds < tg/k4>

provided that ||meLé+4k < 00. O

The previous proposition shows that given ¢ > 0, any solution f,, to (10.5) has uniformly
in n L2-bounds at a certain time 0 < 5 < % (to depends on n). The next proposition shows

that this uniform bound can be propagated in a time interval [to, ¢;] with ¢; controlled.

Proposition 10.5. Let k > 9/4, and f, be the solution to (10.5), (10.1) constructed in
Proposition 10.3 for an initial datum f;, with finite mass, entropy, and L, moment.
There exists a constant C;, > 0 depending only on k, ||fW||L§+4k(R3); H(fin) and the mass
and enerqy of fin, such that

sup || ful0, )72 < V2 [lfalto, )7z (10.11)

O'E[to,tl}

where 0 < tg < 1/2 and

t1 .=ty + (QOk)_l In <1 + < 1,

1
1
1+ 2 fulto ->||Lg>
where Cy, > 1 1s a constant depending only on k and cy.

Proof. We proceed as in Lemma 4.1 in [8] (cf. also Chapter 9 and Section 8.4.1 in Chapter
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8) , and get

f2
E —() dv
= [ (VR ARV otk [ V0 @) ) Al £
R3 R3
2% [ BI) o) g = / Bcn[fnu o) 12
__/ ’v.fn 2k dv + =~ / f2 2k72) dv
_ 2/, \2k—3
<o [ VAP
+ [ AP+ Il 0+ fufe)*] o
e UR
g—c—; R3\V(fn<v>k‘3)\2 dv + Ck(HA [l / FA0)F 2 do

G [ P P ] P
R3
e / P2 1 P2 ] ()% o 4+ Gl
3

2
<~ Il + Co (Ufalls + 1l + 1) Wl

+ Cp |2 g (o + 1 P2l s + Crll fall o anHii_l

2

3/2 3/2
Ol Il

using the interpolation
1/2 1/2

lgllzs , < llgllze ||g||L§ :

3
4

and the inequality k — % > %k: when k > %. Then we use Young’s inequality to get

I£allze" | Wl < gz fallis , +Co Ifullzg
and Young’s inequality for convolutions and conservation of mass, so that

2
A qcz Wl + Gk (14 16l ) 1Al

2 6
+ Ch anHLg ”anL2 +Crllfallzz, + Cu [l fallzs -
k=3 T2
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At this point, we use the interpolation

3/10 7/10
loll,5 < gl llglZ2"
k—% -3
and observe that k — < k — 5, so that using Young’s inequality,
3/5 12/5 24/7
£l ulle < o lFallsy N < g MAullzy o+ Co Al
Lki% 4OSob

and denoting Y := || fn”ii , we end up with the differential inequality
Y <O (Y Ly YTy Y3) < CW(Y +YP).

To solve the above differential inequality, we use a transformation ¢ := —%Y*Q so that
g solves
g (o) < Cr(—29(c) + 1), o > to,

and is bounded by

Going back with the transformation from ¢ to Y, we recover

1

Y3(o) < ’ :
e—2Ck(o—t0) (m + 1) —1

The estimate (10.11) holds as long as 0 — tg < (2C;)~! In (1 + O

1
ERITACRI ) ‘

We now introduce an estimate for the derivative of a weighted entropy. Thanks to the
weight, the new entropy production controls the classical Fisher information, up to lower

order terms.

Proposition 10.6. Let f,, be the solution to (10.5), (10.1) built in Poposition 10.3, for
fin with finite mass, entropy and Li moment. Let Hs(f,|M) be defined as

Hy(fu| M) = /R (a0t Bl M) ) 0 o

Then there exists a constant K > 0 depending only on the mass and enerqgy of fin, on
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||fin||L(‘§(]R3)7 and on H(fin), such that when 0 < s; < 59 < 1:

(hM452+%/ /‘Vh”“ dvdo
]R?)

fulo,v)

\ (10.12)
< Hy(flM)s0) + K [ (14 Ul )z) do

Proof. We first observe that (similarly to the computation of [7], beginning of the proof of
Prop. 5.5, cf. also [6])

d

EHg(fN|M> = —/RS@) (V)" Anlfn]

— U3C (%
R RORATY

éf%h%v®@MMhmh—hwv
+§4mmwwwmmn—nwv

Fabulfu] - V(()*|0]?) dv

Thanks to the coercivity estimate (10.3), we know that

Vin o Vfal®
/ () (V fu) T Ap[fu] = VIl g, (10.13)
R3 fn R3 n
Then systematically using the estimates of Proposition 10.1, we get first
[ @ralnl s <C [ wpgav<c il (10.14)
R3 R3 3/2

second,

/]1@3 Aplfnl - V& (v(0)) (fuln f, — fn) do

< C [ Al falll o /R () [fn(lnfn)+ + fl0)? + e "M () (0)? + fn] d  (10.15)
<Cfallpr + 1 all2) (N allze | + 1fally + 1),

where we used the elementary inequalities (for z > 0,v € R?)

rlnz| <z (na)t +2()? + e M) (v)?, (Inz)* < z; (10.16)
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third, we get

bn{fn] (V) (fuln fro — fr) dv

< O/ (W) (o | 7 g<a) (ful In ful + fo) do
R3
+ C/ (W) (o |+ 172 1pgz0) (ful In ful + fu) do
R3

< O fux 1 172z g | [fan f) ™+ fa(v)? + e M (0)(0)* + fu] (07| s

= C Ul [ P (gl + 5 do

< Cllfall e (A2 £u) 172003 4+ £ )92+ 1)
+C an”Ll H[fn hl fn)+ + fn<v>2 + 6_1M(U)<U> + fn U>2HL1
< Cllfallge (12, + 15D Nl + 1)

Ol falls (1allZz + 1l g + 1),

(10.17)

where we used Young’s inequality for convolutions, the elementary inequalities (10.16) and

(Inz)* < Cx'/2, together with the interpolation inequality

1/2 1/2

lgll 2 < llgll " Nl

fourth, we obtain

- fn Aulfn] 1 V@ V((0)?|0]?) dv

C n | Anlfn 3d
<C [ BIAR) 0 o
< C(Wfullys + Wfulls) Il

and fifth (using again interpolation (10.18) in the last inequality)

g Fabalfu] - V() [v]?) dv

fn ‘bn[fn]|<v>4 dv
<C/ e PP pgen) fudo+ € [ @ (e |- [P 120) fude

<C an * ’ ’ | 21| \<1HL4 ||fn ||L4/3 +C anHLl anHL}1
1/2 1/2
< C |l fall e WFall 1all s + €l falls flly -
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(10.20)



Finally, the last term is bounded by

%/RgAfn (In f, + |v|2) (v)* dv

S%Aﬂﬁmﬁﬂmmwﬂ+MAwwmﬂum (10.21)

1 2
= (Il , + 15l )

IN

Regrouping estimates (10.13) to (10.21), using estimate (10.8) in Proposition 10.3 and
integrating in (s1, $2), we get estimate (10.12). O

Thanks to Theorem 1.1 in [100], we know that the Fisher information for f,, is bounded
(more explicitly monotone decreasing in time). This bound, however, depends on the
Fisher information of the initial data and will be lost in the limit n — 4o00. The next
proposition shows that at time min(¢;,¢) (depending on n), the Fisher information is finite
and not depending on n. Thanks to its monotonicity, this uniform bound will hold for all

times larger than min(¢;,¢), and therefore for all times larger than t.

Proposition 10.7. Let fi, := fin(v) > 0 be as in Theorem 1.9. For any t €]0,1], the
solution f,, to the approximated Landau-Coulomb equation (10.5), (10.1) built in Proposition

10.3 satisfies

|V fnlo,0)|

2
sup dv < C"t792, (10.22)

o€lt,+00) JR3 fa(o,v)
where C' depend only on the mass, energy and entropy of fin, and on || fin|lL1, -

Proof. We first observe that (for any g > 0 such that the quantity exists)

Hy(g|M) = /]R [% In (%) - % + 1]M<u>3dv >0, (10.23)

and (using both inequalities of (10.16))

o) < [ [aling]+ 900 + M())00)* o

SOAymmtwwﬂaMwwﬁm%v (10.24)

2
< C(HgHLg/Z + ||g||L; +1).

Let ty and ¢; be as in Propositions 10.4 and 10.5 with £ = 9/4. We use (10.12) with
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| | | \
to t min(ty, t) t 1
2

~

Figure 10.1: The timeline. Note that ¢ is independent of n, whereas ¢y and ¢; depend on n.

s1 =ty and sy = min(tq,t). We get

min(t1,t)
Hs(fu| M) (min(ty,t)) + o / / M dvds
R3

fn(s,v)

< Hy(FM) () + K (min(r1,6) —10)  sup (14 [[fuls. Mlsg) -

s€[to,min(t1,t)]

Thanks to the monotonicity of the Fisher information [100, Theorem 1.1], using estimates
(10.23) and (10.24), as well as (10.8) from Proposition 10.3, we see that

V fou(7,0)?
o [ MmO
R3 fn(7_>v)
¢ 2
< ——— (L + || fulto," + K su 1+ || fuls, - 3
min,f) — o (1 MeltoMlizg JH K swp (L))
¢ 2
S Ul PG K Lt lfals e P,
< o LIl )l ) + se[toiﬁtl,w]( a5,z )

for 7 = min(¢;,¢). We now use Proposition 10.4 (with & = 9/4, so that 4k + 9 = 18), and
get
| £ (to, ‘)HLg/4 < Gyt

Then Proposition 10.5 (applied with k£ = 9/4) yields

sup 1l Mgz, < 20 W faltor gz, < 24 Cpat ¥, (10.25)

s€[to,min(t1,t)]

and we find

/ |vfn(77U)|2d /mm(tlt)/ |ans v) d s
gs  fu(T,0) ~ min tl, —to Jy, rs  fu(s,0)

(14 (Co 2) 4 C (1424 1701)".

- mln(tl, t) — to

We note that (remember that ¢ €]0, 1])
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1

tl - to = (209/4)71 In|1 -+
2 fulto,

1 ¢
> ¢ (2Cy,) ' In |1+ 2| ¢ >D'ln (1 +3 C)
1+2(Cg)t71) *

3

t
ZDlln(l—i-l

> D713
L)

(where C, D are constants regrouping previous constants), and (since t — ¢ty > %)
: : 1,3t —~1,3
min(ty,t) —to > min(D™ "t ,5) > Dt
so that

V fo(r,0) 2 K
/RB % dv < (L4 K9 4 K (L4 KV < K0P

Thanks to the monotonicity of the Fisher information [100, Theorem 1.1], we then conclude
that

2
sup / [V ful, ) dv < Kt7%2, (10.26)
R3

o€[min(¢1,t),+00) fn (07 U)

which implies (10.22).

10.1.4 The limit

We now finish the proof of Theorem 1.9 by taking the limit n — +00. We restate here
Theorem 1.9 in a slightly more precise way, presenting the

Theorem 10.1. Let fi, := fin(v) > 0 lying in Lig(R3) be such that H(f:,) is finite. Then,
there exists a (global in time) H-solution (also weak solution in the sense given by [58]) f
to the Landau-Coulomb equation (1.39) with (1.40) with initial datum fi;,. Moreover this
solution is strong, and belongs to C™ N Lig(R?)) on any time interval (0, +00). Finally, f
satisfies for all t > 0 the bound:

2
sup / Vf(o,v)] dv < C' 792,
o€[t,400) JR3 f(aa U)

where C' depends only on the mass and enerqy of fin, H(fin) and ||fm||L%8.

Proof. Up to subsequences, the sequence of solutions f,, found in Proposition 10.3 converges,

as n — 400 to a H-solution f to the Landau-Coulomb equation (see [186] Section 6 for
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details), which satisfies the following weak formulation

/ finp(+,0) dv + /0 ' / [y duds

= [ (Y 95y w7, 9 (KN s

v — wl

for all test functions ¢ € CZ([0,T) x R3). This H-solution is also a weak solution in the
sense of Corollary 11 in [58]. Moreover f, — f almost everywhere in time and velocity
thanks to Aubin-Lions lemma, f € C, ([0, 7], L*(R?)), and, thanks to Fatou lemma, using
(10.22) (and the link between WJ{—:‘Q and |Vv/f,|?), that is (for ¢ > 0)

sup IV ful?dv < C't7972,
R3

[t,+00)

we see that

sup / IV fI2dv < Ot
R3

[t,400)

At this point, classical arguments imply that f is bounded for all times greater than ¢ and
therefore smooth [8, 94, 178] (and satisfies the equation in a strong sense).
[

10.2 Appendix: Coercivity for the truncated kernel

Proof of (10.3): Let f be a function with bounded mass, second moment and entropy.
Following the same computations as in Lemma 3.1 in [178], we can show that there exists

¢, R, p not depending on n such that the measure of the set
B:={veBgr|f>0}

is smaller (or equal) than p. Let us now show (10.3); since K,, < K41, it is enough to

show the lower bound for K;. Let e be an unitary vector. We have
Ailgl(v) re®e = /f(v —w) K (w)(1 — cos? §)dw,
where 6 is the angle between w and e. Hence

Ailgl(v) re®e > E/ Ki(w)(1 — cos® §)dw,

{w—veBr}IN{f(v-w)=(}
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Since (1 —cos? ) ~ 0 when w is parallel to e, and since w belongs to a subset of Bg+v,
the smallest value for A;[g](v) : e ® e is obtained when e = 7+ Let v be in a neighborhood
of the origin. Then one can find a cone with center at the origin and aperture € in direction
e = gy such that the intersection of this cone with the set {B + v} has measure smaller
than p/4. In this set (1 — cos® ) > &2 and

Ailgl(v) :e®62€/ Ky (w)(1 — cos?0)dw > c({, R, ).
{w—veBR}IN{f(v—w)>~L}Ncone.
If v is away from the origin, then K(w) = ﬁ in {B+ v} and

Co

1
Ailgl(v) ce®@e >4 — (1 —cos?0)dw > c(l, R, ) > aE P

{w—veBRr}N{ f(v—w)>¢}Ncone. |U)|

as in the classical case.
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