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A B S T R A C T

We analyze 3D reconstructed surfaces based on previously reported high frequency measurements of flame edge
location across expanding flames using Mie scatter. For the first time, principal curvatures of flame surfaces
are estimated from eigenvalues of the second fundamental forms of the reconstructed surfaces, allowing the
determination of the statistics of mean and Gaussian curvatures as a function of time and thus flame mean
radius. Measurements and analysis were made for both lean methane and hydrogen mixtures as a function
of time and turbulence levels. The mean 3D flame curvature was found to be inversely proportional to flame
radius, and relatively insensitive to turbulence intensity, even in the case of larger, more planar flames. Mean
3D curvatures across the flame brush were determined to be positive (convex) towards the reactant mixture
at the leading edge, and negative (concave) towards the trailing edge, as predicted from DNS measurements.
The mean and probability distributions of 3D mean curvatures were found to be significantly different than 2D
curvatures extracted from the central planes, with the 3D measurements showing much narrower distributions
and lower values. Differences between 3D and 2D measurements were different by an order of magnitude in
the case of hydrogen flames, possibly owing to the onset of thermodiffusive instabilities which affect the local
fine structure of the flame.
1. Introduction

Spherical expanding flames have been extensively investigated as
a method for studying turbulent flame propagation in isotropic tur-
bulence. Previous experimental investigations have primarily used 2D
imaging techniques to extract flame surface contours, employing either
Mie scattering across the central plane [1] or line-of-sight schlieren
techniques [2,3].

Previous extraction of 3D surface properties have been based on to-
mographic imaging [4–9], and reconstruction of based on 2D scanned
images [10–13]. Properties of interest are typically flame curvature,
orientation and surface density. In particular, 3D flame surface curva-
ture can play a role and correlate with local heat release rate [14,15]
and flame surface propagation [16].

To date, 3D curvature measurements of turbulent combustion have
been based on tomographic [7,17] or scanning techniques [18]. Yu
et al. [7] employed nine projection views to capture the chemilumines-
cence of a swirl flame and reconstructed instantaneous flame profiles.
The horizontal and vertical spatial resolutions were estimated to be of
the order of 0.41 mm and 1 mm, respectively, enabling the resolution of
3D curvatures under 1 mm−1. Using a similar technique, Ma et al. [17]
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applied a three-point finite-differencing scheme with six CMOS cameras
to evaluate 2D flame curvatures and further estimated the 3D Gaussian
curvature using a fixed orthogonal coordinate in a slot Bunsen flame.

In a study based on a quasi-volumetric laser illumination scanning
technique, Li et al. [18,19] reconstructed the instantaneous turbulent
jet flame surface. Flame surface stretch rates were obtained by esti-
mating 3D principal curvatures and local velocities, and the joint PDF
of mean and Gaussian curvature were plotted to illustrate 3D flame
surface stretch rate in the flame brush.

Yet so far, there have been no determinations of 3D curvature in
expanding spherical flames. Given the significant correlations found
between flame propagation and curvature, especially in the case of
hydrogen mixtures [20], it is important to characterize the true 3D
curvatures, and to understand how the mean and deviation of ubiqui-
tous 2D curvature measurements truly represent (or not) the real flame
curvature.

The present study is based on the 3D scanning measurements of
spherically expanding flames described by Ahmed et al. [21]. The in-
vestigation covers experiments involving methane/air flame and hydro-
gen/air mixtures. The analysis includes determination of the statistical
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properties of principal, mean, and Gaussian curvatures as a function
of time and flame radius and position in the flame brush, for different
mixtures and turbulent intensity values.

2. Methodology

The details of the experimental setup are detailed in the original
publication [21], while a summary is offered here for context.

2.1. Experimental setup

Premixed turbulent spherical flames were ignited in a spherical
combustion vessel with an internal diameter of 380 mm, featuring
three pairs of orthogonal windows each with a diameter of 150 mm
for optical access [21]. The initial mixture temperatures and static
pressures were measured using a K-type thermocouple and a static pres-
sure sensor, respectively [22]. Turbulence in the central region of the
combustion vessel was generated by four fans, and the corresponding
turbulent rms velocity and integral length scales were determined in
previous studies using laser Doppler anemometry [22,23].

Olive oil droplets, with a density of 970 kg∕m3 and an approximate
size of 1 μm, served as seeding particles for the 2D Mie scattering
images. The droplets evaporate at temperatures ranging from 600 to
700 K, providing a flame edge detected at a normalized isotherm
corresponding to a progress of reaction 𝑐∗ = 0.2∼0.3 in this study.

The swinging laser sheet technique employed a double-cavity
532 nm Nd:YAG laser for Mie-scatter flame imaging, pulsing at a
frequency of 54 kHz with a pulse energy of about 1.9 mJ. A total of
78 laser sheets (thickness of ∼0.6 mm) per sweep are created using
a 16-faced mirror rotating at 12 Hz [21]. The sheets were separated
by approximately 1 mm and 18 μs. Reflected light from a diode laser
pointing to another face of the multi-faced rotating mirror was captured
by a photodiode detector as a calibration to synchronize the laser
and the scanning location and served as a surrogate for reproducibil-
ity [24]. The time interval between the first and last sheet images
recorded (sweep duration), was 1.44 ms. The time interval between
two successive sweeps was 5.2 ms.

A high-speed Phantom VR camera, placed orthogonally to the imag-
ing laser sheets, captured 2D Mie-scattered images using a fixed macro
lens with a focal length of 105 mm at every position of the laser
sheet. A minimum aperture with a large focal number of 𝑓/32 was
used to generate a sufficiently large depth of field to cover the entire
flame volume. These images were taken with an exposure of 6 μs at
a resolution of 512 × 512 pixels. The spatial resolution was measured
in three different planes. The center plane resolution was recorded as
0.196 mm/pixel while for the nearest and the farthest plane the results
were 0.1827 mm/pixel and 0.2095 mm/pixel [24], respectively. A
linear interpolation was used for the intermediate resolutions. The res-
olution around 0.2 mm is sufficiently small to resolve the Taylor length
scale (which varied between 1.2−2.6 mm) but not the Kolmogorov
scale (which varied between 0.03−0.12 mm).

2.2. 3D flame surface reconstruction

Multiple flame surface contours, extracted from 2D Mie scattering
images were used to reconstruct instantaneous 3D flame surfaces using
Matlab subroutines. A post-processing step is necessary to match the
resolutions of the imaging plane (0.2 mm) and the corresponding
orthogonal plane (1 mm), here accomplished by filtering down to the
lower resolution. A filter (here using MATLAB function imresize)
equal to the larger spatial dimension of 1 mm is used to smooth flame
contours on each projected image. The coordinates corresponding to
the location of the Mie-scatter 2D iso-surfaces at different planes were
used as inputs to the isosurface command, producing a list of
coordinates corresponding to the locations of iso-values for the surface.
2 
Fig. 1. Representative 3D triangle mesh with three edge vectors and three normal
vectors attached to the vertices [28].

The patch command used the list of coordinates to generate a
surface mesh of triangular faces, linked by vertices at the coordinates.
To preserve the surface features of the reconstruction while minimizing
shrinkage, a smoothing algorithm described by Taubin et al. [25] was
adopted to move vertices of triangulated surfaces without changing the
connectivity of the faces [26]. The processed surface contains exactly
the same number of faces and vertices as the original version defined
by the command patch.

The triangular face areas 𝐴 are calculated from the location of
vertex coordinates using Heron’s formula,1 and the volume 𝑉𝑏 is cal-
culated by integrating the volume ratio of product within a radius
as 𝑉𝑏 = 4𝜋 ∫ ∞

0 𝑐(𝑟)𝑟2 𝑑𝑟, where 𝑐(𝑟) is the circumferentially averaged
local probability of finding product [27]. The product area is estimated
by calculating the intersection between the 𝑟-sphere and reconstruct
triangles on each volume element and estimating the contribution on
area.

The burned gas equivalent radius can then be determined as
𝑅𝑣 =

(

3
4𝜋 𝑉𝑏

)1∕3
. The mean surface location can be reconstructed from

the probability of finding burned gas at a given flame radius, 𝑐(𝐫, 𝑡), as
mean progress of reaction 𝑐 = 1

𝑉 ∫ 𝑐(𝐫, 𝑡) 𝑑𝑉 . The flame brush corre-
sponds to the region between 𝑐 = 1 (trailing edge) and 𝑐 = 0 (leading
edge) [1,3].

2.3. Determination of curvature

The method of Rusinkiewicz was chosen to determine the normal
vector and principal curvatures based on irregular triangular surface
meshes [28]. Fig. 1 shows an illustration of three vectors (𝐞𝟏, 𝐞𝟐, 𝐞𝟑)
forming a triangle mesh and normal vectors at vertices (𝐧𝟏, 𝐧𝟐, 𝐧𝟑).

The curvatures are determined as the eigenvalues of the second
fundamental tensor 𝐈𝐈 representing the spatial gradient of the normal
vectors. Normal vectors associated with the vertices 𝐧𝐢 (𝑖 = 1, 2, 3)
are derived from the weighted-average of normal vectors of adjacent
triangle faces 𝐧𝐟 [29].

𝐧𝑖 =
∑

𝑓
𝑤𝑖,𝑓𝐧𝑖,𝑓 (1)

where 𝐧𝑖,𝑓 are normal vectors of the triangle faces that touch the vertex
𝑖; the weight coefficients 𝑤𝑖,𝑓 correspond to the area of the triangle
divided by the squares of the length of the two edges that touch the
vertex [7].

The second fundamental tensor II is defined in terms of directional
derivatives of the surface normal:

II =
[

𝐷𝑢𝐧 𝐷𝑣𝐧
]

=

[

𝜕𝐧
𝜕𝐮 ⋅ 𝐮 𝜕𝐧

𝜕𝐯 ⋅ 𝐮
𝜕𝐧
𝜕𝐮 ⋅ 𝐯 𝜕𝐧

𝜕𝐯 ⋅ 𝐯

]

(2)

In the triangle mesh coordinate system, the tensor matrix elements for
the relevant normal gradient can be written as follows:

𝐌𝑖 = II
[

𝐞𝐢 ⋅ 𝐮
𝐞𝐢 ⋅ 𝐯

]

= II
[

(𝐧𝐤 − 𝐧𝐣) ⋅ 𝐮
(𝐧𝐤 − 𝐧𝐣) ⋅ 𝐯

]

(3)

1 Heron’s formula 𝐴 =
√

𝑝(𝑝 − 𝑎)(𝑝 − 𝑏)(𝑝 − 𝑐), where 𝑎, 𝑏, and 𝑐 are the
lengths of the triangle, and 𝑝 is the perimeter.
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Fig. 2. Schematic diagram for three types of surfaces.

Table 1
Experimental cases considered in [21].

Num CH4 H2

𝛷 0.7 0.3
𝑢′ (m/s) 0.3–1.5 0.3-1.5
𝑃 (MPa) 0.1 0.5
𝑃𝑓 (MPa) 0.66 1.75
𝑇 (K) 300 365
𝑠𝐿 (m/s) 0.210 0.102
𝜏 = 𝜌𝑢∕𝜌𝑏 6.09 3.19
𝐾 = Ka∕

√

15 0.027–0.30 0.049-0.85
Le 1.0 0.3 [32,33]
Ma 2.7 −5.0

where 𝐞1, 𝐞2, and 𝐞3 are three edge vectors of the triangle, and 𝐧1, 𝐧2
and 𝐧3 are the normal vectors attached to the respective vertices.

Principal curvatures at each vertex 𝑖 are finally evaluated from the
determination of the two eigenvalues 𝜅1 ≥ 𝜅2 of 𝐌𝑖, realized via a least
squares method. In this study, positive curvatures correspond to the
center of curvature inside the product side (convex to the reactant side).
The resolution of principal curvatures is limited by larger of the values
between the spatial resolution across the imaging plane (𝛥2D = 0.2 mm)
and orthogonal direction between planes (𝑑𝑠 = 1 mm) [13].

The mean curvature 𝜅𝑚 and Gaussian curvature 𝜅𝑔 are derived from
principal curvatures, according to:

𝜅𝑚 =
𝜅1 + 𝜅2

2
(4)

𝜅𝑔 = 𝜅1𝜅2 ≤
(

𝜅1 + 𝜅2
2

)

= 𝜅2
𝑚 (5)

Based on the sign of the Gaussian curvature, surface structures can
be categorized as elliptical (𝜅𝑔 > 0), cylindrical (𝜅𝑔 = 0) and hyper-
boloid (𝜅𝑔 < 0), as illustrated in Fig. 2.

The largest resolution in-plane (𝛥2𝐷) and orthogonal plane direc-
tions (𝑑𝑠) define the cut-off of large principal curvature to 𝜅1, 𝜅2 >
1 mm−1.

The 2D curvature 𝜅2D is extracted from 2D projected flame contours
on the central plane, defined as 𝜅2D = (𝑥′𝑦′′ − 𝑥′′𝑦′)(𝑥′2 + 𝑦′2)−3∕2,
where 𝐱 = (𝑥(𝑠), 𝑦(𝑠)) represents the two-dimensional parametric curve
describing the flame location, and where prime and double prime
represent the first and second derivative with respect to the flame
length parameter 𝑠. The pixel resolution of the 2D images is limited
to 0.196 mm, resulting in a low-pass cut-off of 2D curvatures 𝜅2D >
5 mm−1. The 2D curvatures 𝜅2D offer a larger dynamic range, but cannot
represent the flame surface wrinkling in the third direction.

2.4. Experimental cases

Turbulent mixtures of air with methane or hydrogen were consid-
ered in [21], as listed on Table 1 along with measured and calculated
parameters. Results were repeated three times, and all 6 results for the
two cases presented were analyzed to obtain the relevant statistics. The
original paper describes how the relevant properties and parameters
were obtained. Laminar flame speeds and equilibrium temperatures
were calculated using Cantera 2.5.1 [30] and GRI Mech 3.0 [31].The
integral length scale measured was 𝐿 = 20 mm.

Mixtures were chosen based on the relatively low burning rates, so
as to be accessible to the optical diagnostic technique sweep times.
A key difference between the mixtures is the different sign of the
3 
Markstein number: positive for CH4 and negative for H2. The sign of
Ma ∝ (Le − 1) and is related to the propensity for instabilities [1,34]:
lean hydrogen flames are significantly more prone to thermodiffusive
instabilities, unlike lean methane flames.

3. Results

3.1. 3D curvatures

Fig. 3 shows the flame surface expansion for a methane mixture
at a low turbulence intensity of 𝑢′ = 0.3 m∕s. The flame surfaces
maintain mean spherical geometry in general, as the local flame surface
is wrinkled by turbulence. As the flame ball expands from a volume
corresponding to burned gas radius 𝑅𝑣 = 8.0 mm (𝑡 = 5.91 ms) to
𝑅𝑣 = 24.3 mm (𝑡 = 11.12 ms), flame surface structures develop over a
range of scales. For example, the small bump in Fig. 3(c) develops into
a local peak in Fig. 3(d) highlighted by black rectangles.

Fig. 4 shows principal curvatures, 𝜅1 and 𝜅2, mean curvature, 𝜅𝑚,
and Gaussian curvature, 𝜅𝑔 in the methane case at 𝑡 = 21.54 ms,
corresponding to Fig. 3(d). A black dashed-line region is magnified to
highlight different surface features, as the eigenvalues of matrix 𝐌,
principal curvatures 𝜅1 > 𝜅2 represent the local maximum and mini-
mum 2D curvatures at two orthogonal projected planes intersecting at
the local normal vector (𝜅1 > 𝜅2), and the magnitudes of 𝜅𝑚 and 𝜅𝑔
represent the level of flame surface wrinkling. The joint PDFs of the
two principal curvatures are plotted in Fig. 5 for the latest observed
time, when the flames are sufficiently large to provide converged PDFs
(𝑡 = 31.95 ms). The peak PDF values appear near zero curvature, with
a slightly positive mean.

The results for Gaussian and mean curvature are collected and rep-
resented as a joint PDF across the whole flame in Fig. 6 for 𝑡 = 31.95 ms.
The parabolic boundary reflects the constraint of 𝜅𝑔 ≤ 𝜅2

𝑚 in Eq. (5) [7].
Red regions represent a higher probability. Small scale flame surface
structures located in the first and fourth quadrant for positive mean
curvatures. Fig. 6 also shows that there are more points deviating from
the parabolic limit in the hydrogen flame than the methane flame,
shown by its thicker red region. Such a deviation can be characterized
by the difference of two principal curvatures, 𝜅1 − 𝜅2 as follows.

Fig. 7 shows the PDFs of 𝜅1 − 𝜅2, where positive or negative values
refer to dominant elliptical or hyperboloid surfaces as determined by
the sign of 𝜅𝑔 . The transition near zero represents surfaces with nearly
equal principal curvatures. The figure shows that apparently, there are
larger fractions of elliptical than hyperboloid surfaces, and that as the
flame ball expands, the proportion of elliptical surfaces reduces while
the proportion of hyperboloid surfaces holds relatively steady in both
methane and hydrogen flames.

Since 𝜅1 and 𝜅2 represent the maximum and minimum of 2D pro-
jected curvatures, respectively, any 2D projected curvatures 𝜅2D are the
range of [𝜅2, 𝜅1]. When 𝜅1 − 𝜅2 = 0, flame surfaces are elliptical and we
should expect 𝜅2 = 𝜅2D = 𝜅1. Therefore, for these types of surfaces,
local 3D flame surfaces areas can be estimated by 2D projected flame
contours.

For 𝜅1 − 𝜅2 > 0, the value 𝜅2D is within [𝜅2, 𝜅1]. For larger values of
the difference 𝜅1 − 𝜅2, the difference between the 3D and 2D values of
curvature becomes larger. The range of 𝜅1 − 𝜅2 is wider for hydrogen
than methane mixtures, in both the elliptical and hyperboloid side,
implying that the possible discrepancy between 𝜅2D and 𝜅𝑚 should be
higher in the hydrogen than the methane case. On the right side of
Fig. 7 where 𝜅𝑔 > 0, two principal curvatures have the same sign
and the one curvature with a larger magnitude would be closer to the
cut-off curvature at 1 mm−1. The hydrogen curvatures extend closer
to the limit and show that hydrogen flames would have more flame
surface structures filtered by the spacing of the scanning technique, as
illustrated by the limits indicated by dashed lines in Fig. 5.

Fig. 8 shows the evolution of PDFs of 𝜅𝑚 and 𝜅𝑔 for both mixtures
with 𝑢′ = 0.3 m∕s, along with 2D PDFs for the later time 𝑡 = 31.95 ms.
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Fig. 3. Time sequence for methane–air expanding flame surface from 𝑡 = 5.91 ms to 𝑡 = 21.54 ms, for 𝑢′ = 0.3 m∕s, colored by mean curvature, 𝜅𝑚. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Principal, mean and Gaussian curvatures obtained for CH4/air flames at
𝑡 = 21.54 ms. Upper row: entire flame surfaces colored by respective curvatures; bottom
row: magnified region corresponding to the black-dashed region in the upper row. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Fig. 5. Joint-PDF for two principal curvatures, 𝜅1 and 𝜅2 for the late snapshot for
methane and hydrogen flames (𝑢′ = 0.3 m∕s). Black dash line: the limit of 𝜅2 ≤ 𝜅2;
red dashed lines represent the estimated limits of spatial resolution, 1 mm−1. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

The early 2D data include only a limited number of points, and cannot
provide a converged PDF of 2D curvature 𝜅2D. The distributions of 3D
𝜅𝑚 broaden as a function of time, as a larger fraction of the surface
regions with high curvature emerges. The mode of 𝜅𝑚 moves to the
left over time, although the mean is still positive, whilst hydrogen
mixtures show a more pronounced negative tail than methane. The
Gaussian curvature mode is slightly positive, and largely symmetric,
whilst spreading at later times. The increasing symmetry of the profiles
as a function of time indicate a greater equilibrium of structures across
a more isotropic flame, even though the mean curvature may be
4 
Fig. 6. Joint-PDF for the mean curvature 𝜅𝑚 and the Gaussian curvature 𝜅𝑔 for the
late snapshot of methane and hydrogen flames (𝑢′ = 0.3 m∕s).

Fig. 7. PDFs of the difference of two principal curvatures 𝜅1 − 𝜅2 conditional on the
sign of 𝜅𝑔 .

skewed. Note that in general, only a small fraction of the structures
appears to extend beyond 1 mm−1, where the current experimental
spatial resolution necessarily filters the distribution.

The dashed lines on the left column of Fig. 8 represent the PDF of
2D curvatures measured along the central imaging plane (CIP), whilst
the dotted lines correspond to the corresponding orthogonal central
imaging plane (OCIP), obtained by interpolating across images at the
lower resolution, both at 𝑡 = 31.95 ms, which can be compared to the
light green solid line curves for 𝜅𝑚. The 2D PDF distributions on the CIP
with the pixel resolution of ≈ 0.2 mm are slightly wider than the PDFs
on the OCIP for which the resolution is 1 mm. The discrepancy between
the dashed and dotted lines represents the proportion of flame contours
where the radius of 2D curvatures are in the range of 0.2∼1 mm,
which is filtered in the OCIP. It is not clear why the distribution for
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Fig. 8. PDFs of mean curvatures 𝜅𝑚 (left) and Gaussian curvature 𝜅𝑔 (right) as a
unction of time for two mixtures at a given turbulence level. Blue–green solid lines: 3D
urvatures time sequence color key follows that of Fig. 7. Black dashed and dotted lines:
D curvatures extracted from flame contours across the central imaging plane (dashed)
nd cross-imaging plane (dotted), both determined at 𝑡 = 31.95 ms. (For interpretation
f the references to color in this figure legend, the reader is referred to the web version
f this article.)

Fig. 9. PDFs of mean curvatures 𝜅𝑚 (top) and Gaussian curvature (bottom) 𝜅𝑔 under
different turbulence intensity for the two mixtures, for a range of mean flame radius
between 16–20 mm. Blue–green solid lines: 3D curvatures from low to high turbulence.
Dashed lines: 2D curvatures. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

the CIP appears skewed towards positive curvatures in both methane
and hydrogen cases. 2D PDF distributions are also clearly significantly
wider than the 3D measurements, even though the resolution is 1 mm
for both 3D mean curvatures and 2D curvatures on the OCIP. There
are two potential reasons for the difference. On one hand, a wide
distribution can be clipped by the filter, as discussed above. This is
only relevant in the case of hydrogen, which is somewhat more widely
spread than the case of methane. More likely, the difference between
2D and 3D reflects the prevalence of structures for which |𝜅1 − 𝜅2| is
non-zero, as discussed in Fig. 7. For these cases, the projection of the
curvature on a 2D plane would be captured as contributing to a larger
curvature. This is more prominent in the hydrogen case, where the
discrepancy between 3D curvatures (green) and 2D curvatures on the
orthogonal plane (dotted) is not negligible. This is consistent with the
wider distribution of hyperboloid surfaces in Fig. 7, leading to more
frequent principal curvature differences 𝜅1−𝜅2 in the case of hydrogen
flames.

Fig. 9 shows the PDF distribution of mean and Gaussian curvatures
for varying different turbulence intensities, for a point in time where
volumetric equivalent radius, 𝑅𝑣, is fixed in the range of 16 mm to
20 mm . The PDFs of 𝜅𝑚 and 𝜅𝑔 become broader as 𝑢′ increases in
methane flames, but there are negligible changes for hydrogen flames.
Again, 2D curvatures 𝜅2D are shown for comparison with mean curva-
tures 𝜅𝑚, showing a similarly large discrepancy level between the 3D
𝜅𝑚 and 𝜅2D, as shown in Fig. 8. Fig. 9 also shows that the PDF of mean
and Gaussian curvatures changes little for turbulence intensities beyond
0.5 m/s in the case of methane, and for all intensities in the case of
5 
Fig. 10. Reciprocal curvature 1∕𝜅̄𝑚 vs. 𝑅𝑣 for a range of turbulence intensities 𝑢′. Open
symbols: 2D.

Fig. 11. Mean curvatures 𝜅̄𝑚(𝑐) conditioned on the local 𝑐 as the turbulent flame
expands. (a): CH4/air; (b): H2/air.

hydrogen. This low dependence is striking, particularly in the case of
hydrogen.

We conclude from the dependence on time/radius and turbulence
that the former has a stronger influence on the PDF distribution of
flame surface curvatures than turbulence itself. A detailed uncertainty
analysis is presented in Appendix.

Fig. 10 shows how the reciprocal global mean curvature 𝜅𝑚 varies
with the burned gas radius for different turbulence intensities. For small
values of 𝑅𝑣, there is a strong linear correlation between reciprocal
mean curvature and 𝑅𝑣, with similar slope of around 1:1 for both cases,
with little effect of turbulence, particularly in the case of methane.
For larger values of the flame radius, the correlation becomes weaker,
with no discernible systematic effect of turbulence intensity. Notably,
in the case of hydrogen mixtures (and unlike the case of methane),
the reciprocal mean 2D curvatures are significantly lower than the 3D
mean curvatures, which means that the 2D values are overestimated
relatively to 3D. The strong influence of flame radius suggests that the
isotropic expansion of the gas is the leading term.

3.2. Role of mean progress of reaction, 𝑐

Fig. 11 shows the average of mean curvature 𝜅𝑚 across the flame
brush. Flame surfaces are wrinkled into the reactant side with positive
mean curvatures towards the leading edge and with negative mean

curvatures for the gas towards the trailing edge. The linear correlation
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between 𝑐 and the conditional mean curvatures in the middle of the
flame brush are consistent with other experiments using 2D curvatures
[13,35,36].2 In spherical expanding flames, the intersection of condi-
tional mean curvatures 𝜅̄𝑚 with the 𝑥-axis occurs within the range of
̄ = 0.6∼0.8, whereas in Bunsen flames, 𝜅̄𝑚(𝑐) = 0 at 𝑐 = 0.3∼0.4 [13].

Fig. 11 also shows that the conditional mean curvature 𝜅̄𝑚(𝑐) de-
creases as the flame expands, much more so in hydrogen flames com-
pared with methane. Finally, a study of the conditional mean curva-
tures for different turbulence intensity levels showed no significant
difference in the profile of 𝜅̄𝑚(𝑐) for different 𝑢′, a finding consistent
with the constant average of 𝜅𝑚 in Fig. 9 and Fig. 10.

4. Conclusions

The study for the first time quantifies the distribution and mean
values of 3D curvatures in a spherically expanding flame, using surfaces
extracted using a scanning technique. Principal curvatures were calcu-
lated from the eigenvalues of the second fundamental spatial tensor
of the local surface, allowing true mean and Gaussian curvatures to
be determined. PDFs and joint PDFs of principal curvatures, mean
curvatures 𝜅𝑚 and Gaussian curvatures 𝜅𝑔 were also analyzed over time
sequences and across the flame brush.

It is clear that the PDF and moments of mean values of 3D curvature
distributions are very different from 2D distributions. Importantly, it is
shown for the first time how the reciprocal mean curvatures 1∕𝜅𝑚 cor-
relate linearly with the equivalent burned gas radius, with a minimum
role of turbulence levels. The 3D mean curvatures are also shown to be
positive towards the leading edge of the flames, and negative towards
the trailing edge, as also found in 3D DNS [35].

Further advances in laser and imaging technology, such as higher
imaging recording rates with closer spacing between sheets would en-
hance the quality of the resolution and expand the maximum curvature
filter to enhance the investigation of mixtures exhibiting small scale
instabilities, such as the case with lean hydrogen.

Novelty and significance statement

For the first time measurements of 3D flame curvature distributions
are made in spherically expanding flames of methane and hydrogen.
Comparisons made with usual measurements of 2D curvature distribu-
tions show very large differences in mean and probability distributions.
3D curvatures are significantly correlated with reaction rate in flames,
particularly when affected by with thermodiffusive instabilities accord-
ing to DNS. The measurement of the true 3D curvatures and their
differences with 2D curvatures may change conclusions obtained from
prior 2D measurements.
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Fig. 12. Measured mean curvatures 𝜅𝑚 vs. actual mean curvatures 𝜅𝑟. 𝜅𝑚 is measured
from the reconstructed surface on a sphere with a known radius using the above
reconstruction algorithm and the curvature estimation method.
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Appendix. Uncertainty analysis

The uncertainty in surface curvatures comes from: (a) random error
in the location and discretization of the flame surface, and its propa-
gation to the eigenvalues of the vector matrix and (b) systematic error
from the limited resolution of the reconstruction method.

A.1. Random error

The relative uncertainty in pixel location is approximated as: 𝜎𝑣 ≈
√

2𝜎∕𝑛 = 0.28, where 𝜎 has the length of one pixel (≈ 0.2 mm) and 𝑛
is the averaged vector length, which can be estimated as the scanning
distance of 1 mm.

The propagating error in deriving the eigenvalues is approximated
by the condition number of eigenvalue derivations using the MATLAB
function condeig. For most matrices, the condition number is close to
1, so that error in the vector differentiation is neither amplified or
suppressed. Here we assume the relative uncertainty in final curvatures
is equal to the relative uncertainty of the pixel location above.

A.2. Systematic error

The limited resolution in one direction leads to a skewness in the
estimated uncertainty of real curvatures 𝜅𝑟. In order to estimate the
skewness, we use a series of hypothetical spheres with given radii as a
target to apply the reconstruction method and measure 𝜅𝑚 with a given
real curvature 𝜅𝑟.

Fig. 12 presents the measured mean curvatures 𝜅𝑚 on a sphere
with a given radius, given a real curvature 𝜅𝑟. The blue points are
the ensemble average of measured curvatures 𝜅𝑚. where the error bar
represents the uncertainty in 𝜅𝑚 for a given 𝜅𝑟. The black dashed line
is the real 𝜅𝑟. An underestimation (29%) of 𝜅𝑟 when directly using 𝜅𝑚
can be found as the discrepancy between blue points and black dashed
lines.

A.3. Uncertainty in mean curvatures

Fig. 13 shows the estimated uncertainties of the pdf of mean cur-
vatures 𝜅𝑚, and estimated real mean curvatures 𝜅𝑟 by adding the
correction factor of 1.29 to 𝜅𝑚, estimated from Fig. 12. Solid lines with
error bars represent the measured 𝜅𝑚 where only the random error is
considered. Black error bars on 𝜅𝑚 show that the random error has a
negligible statistical effect on PDFs of mean curvatures 𝜅𝑚. Dashed lines
represents the deduced PDFs of real 𝜅𝑟.
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Fig. 13. PDFs of mean curvatures 𝜅𝑚 (solid lines) at 𝑡 = 31.95 ms, compared with
stimated real curvatures 𝜅𝑟 (dashed lines). Uncertainties of 𝜅𝑚 (dark blue) and 𝜅𝑟
dark red) are presented as the error bar. (For interpretation of the references to color
n this figure legend, the reader is referred to the web version of this article.)
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