UNIFORM IN TIME ERROR ESTIMATES FOR A FINITE ELEMENT
METHOD APPLIED TO A DOWNSCALING DATA ASSIMILATION
ALGORITHM FOR THE NAVIER STOKES EQUATIONS
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Abstract. In this paper we analyze a finite element method applied to a continuous downscaling
data assimilation algorithm for the numerical approximation of the two and three dimensional Navier-
Stokes equations corresponding to given measurements on a coarse spatial scale. For representing
the coarse mesh measurements we consider different types of interpolation operators including a
Lagrange interpolant. We obtain uniform-in-time estimates for the error between a finite element
approximation and the reference solution corresponding to the coarse mesh measurements. We
consider both the case of a plain Galerkin method and a Galerkin method with grad-div stabilization.
For the stabilized method we prove error bounds in which the constants do not depend on inverse
powers of the viscosity. Some numerical experiments illustrate the theoretical results.
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1. Introduction. Data assimilation refers to a class of techniques that combine
experimental data and simulation in order to obtain better predictions in a phys-
ical system. There is a vast literature on data assimilation methods, specially in
the recent years (see e.g., [1], [33], [35], [11], and the references therein). One of
these techniques is nudging, where a penalty term is added in order to drive the
approximate solution towards coarse mesh or large scale spatial observations of the
data. In a recent work [7], a new approach, known as continuous data assimilation,
is introduced for a large class of dissipative partial differential equations, including
Rayleigh-Bénard convection [19], the planetary geostrophic ocean dynamics model
[20], etc. (see also references therein). Continuous data assimilation has also been
used in numerical studies, for example, with the Chafee-Infante reaction-diffusion
equation the Kuramoto-Sivashinsky equation (in the context of feedback control) [30],
Rayleigh-Bénard convection equations [3], [18], and the Navier-Stokes equations [25],
[28]. However, there is much less numerical analysis of this technique. The present
work concerns with the numerical analysis of continuous data assimilation for the
Navier-Stokes equations when discretized with mixed finite element methods (MFE).

To be more precise, we consider the Navier-Stokes equations (NSE)

ou —vAu+ (u-Viu+Vp=§f in (0,77 x 9,
(1.1) V-u=0 in (0,7] x Q,
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in a bounded domain Q C RY, d € {2,3}. In (1.1), u is the velocity field, p the
kinematic pressure, ¥ > 0 the kinematic viscosity coefficient, and f represents the
accelerations due to external body forces acting on the fluid. The Navier-Stokes
equations (1.1) must be complemented with boundary conditions. For simplicity, we
only consider homogeneous Dirichlet boundary conditions w = 0 on 0f2.

Following [37] we consider given coarse spatial scale measurements, corresponding
to a solution w of (1.1), observed at a coarse spatial mesh. The measurements are
assumed to be continuous in time and error-free. We denote by Iy (u) the operator
used for interpolating these measurements, where H denotes the resolution of the
coarse spatial mesh. Since the initial condition for u is missing one cannot compute
u by simulating equation (1.1) directly. To overcome this difficulty it was suggested
in [7] to consider instead a solution v of the following approximating system

v —vAv+ (v-V)v+Vp=f —B(Ig(v) — Ig(u)), in (0,7] x Q,
(1.2) V-v=0,in (0,7] x Q,

where § is the relaxation (nudging) parameter.

In the case of the Navier-Stokes equations (and indeed, of many other nonlinear
dissipative systems), it is well-known that for relatively not so small Reynolds num-
bers, solutions are unstable and even chaotic. For this reason, it is expected that
any small error in the initial data could lead to exponentially growing error in the
solutions. Notably, the instabilities in the NSE occur at the large spatial scales, while
the fine scales are stabilized by the viscosity. For this reason once the large spatial
scales are stabilized, as it is done in the proposed downscaling data assimilation ap-
proximation, equation (1.2), the corresponding solution are stable and converge to the
same solution w that is corresponding to I (w). This is the very reason that small
errors are not magnified in time and allows to obtain uniform in time error bounds.

In this paper we consider a semidiscretization in space with inf-sup stable mixed
finite elements for equation (1.2) and analyze two different methods: the Galerkin
method and the Galerkin method and grad-div stabilization. Grad-div stabilization

was originally proposed in [21] to improve the conservation of mass in finite ele-
ment methods (see also [38], [39]) However, it has been observed in the simulation of
turbulent flows, [32], [42], that using only grad-div stabilization produced stable (non-

oscillating) simulations. We prove uniform-in-time error estimates for approximating
the unknown reference solution, u, that corresponds to the coarse spatial scale mea-
surement I (w). For the Galerkin method without grad-div stabilization, the spatial
error bounds we prove are optimal, in the sense that the rate of convergence is that
of the best interpolant. In the case we add grad-div stabilization, as in [15], [16], we
get error bounds in which the error constants do not depend on inverse powers of the
viscosity parameter v. This fact is of importance in many applications where viscosity
is orders of magnitude smaller than the velocity (i.e., large Rynolds number). The
convergence rates we prove in our error bounds are sharp and confirmed by numerical
experiments.

We now comment on the analysis of numerical methods for (1.2). In [37], a
semidiscrete postprocessed Galerkin spectral method for the two-dimensional Navier-
Stokes equations is studied. Under suitable conditions on the nudging parameter g
and the coarse mesh resolution H, uniform-in-time error estimates are obtained for the
difference between the numerical approximation to v and w. Furthermore, the use of
a postprocessing technique introduced in [23] [24], allows for higher convergence rates
than a standard spectral Galerkin method. A fully-discrete method for the spatial
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discretization in [37] is analyzed in [31], where the backward Euler method is used
for time discretization. Fully implicit and semi-implicit methods are considered, and
optimal uniform-in-time error estimates are obtained with the same convergence rate
in space as in [37].

More closely related to the present work are [34] and [10]. In [10] they only analyze
linear problems and, for the proof of the results on the Navier-Stokes equations they
present, they refer to [34] with some differences that they point out. They also present
a wide collection of numerical experiments. In [34], the authors consider fully discrete
approximations to equation (1.2) where the spatial discretization is performed with
a MFE Galerkin method plus grad-div stabilization. A second order IMEX in time
scheme is analyzed in [341], and, as in [31], [37] and the present paper, uniform-in-
time error bounds are obtained. Compared with [34], for the same convergence rate,
the error bounds in the present paper have constants that do not depend on inverse
powers of the viscosity parameter v (Theorem 3.3) or, for similar error constants, error
bounds in the present paper have an order of convergence one unit larger (Theorem 3.2
below). Also, the analysis in [34] is restricted to Iyu being an interpolant for non
smooth functions (Clément, Scott-Zhang, etc), since it makes explicit use of bound
(2.19), which is not valid for nodal (Lagrange) interpolation (neither it is (2.20)). In
the present paper, we prove error bounds for the case in which (2.19) holds, but also
for the case in which Izu is a standard Lagrange interpolant (Theorem 3.12 below).
To our knowledge, this is the first time in the literature where such kind of bounds
are proved. Also, compared with [34] and [10], we remove the upper bound assumed
on the nudging parameter 5. The authors of [34] had observed (see [34, Remark 3.8])
that the upper bound they required in the analysis does not hold in the numerical
experiments and they state that a different approach to the analysis should be used
to remove the upper bound on . An analogous upper bound on [ appears also in
[31] and [37], where the value of H depends on the inverse of the nudging parameter
B which means that increasing the value of 8 would require a smaller value of H.

Although the analysis of the present paper could be extended to fully discrete
methods following for example the techniques in [15], [16] we believe that the new
ideas introduced in the present paper are easier to understand in the framework of
the semidiscrete methods. The extension of the analysis of the present paper to the
fully discrete case will be subject of future work.

The rest of the paper is as follows. Section 2 is devoted to preliminary material,
in Section 3 we introduce and analyze the finite element method for equation (1.2)
with and without grad-div stabilization. In Subsection 3.1 we analyze the case in
which Iyw is the standard Lagrange interpolant. Finally, in Section 4 some numerical
experiments are shown to illustrate the theoretical results.

2. Preliminaries and Notation. Throughout the paper, W*?(D) will denote
the Sobolev space of real-valued functions defined on the domain D C R? with dis-
tributional derivatives of order up to s in LP(D). We denote by |- |5, p standard

seminorm, and, following [14], for W*P? (D) we will use the norm || - ||s »,p defined by
5 p(i—s)
Hf“zs),p,D = Z |D| ¢ |f‘§7p,Du
Jj=0

1

where |D| stands for the Lebesgue measure of D so that || fl|,, , p |D|'4 "% is scale
invariant. If s is not a positive integer, W*#?(D) is defined by interpolation [1]. In the
case s = 0 one has W9P(D) = LP(D). As it is standard, W*?(D)¢ will be endowed
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with the product norm and, since no confusion can arise, it will be denoted again
by || - [lwes»p). The case p = 2 will be distinguished by using H*(D) to denote the
space W*?2(D). The space H}(D) is the closure in H'(D) of the set of infinitely
differentiable functions with compact support in D. For simplicity, || - ||s (resp. |- |s)
is used to denote the norm (resp. semi norm) both in H*(Q) or H*(Q)¢. The exact
meaning will be clear by the context. The inner product of L?(Q2) or L*(Q)? will
be denoted by (+,:) and the corresponding norm by || - ||o in general D is skipped
in the notation for the norm when D = . For vector-valued functions, the same
conventions will be used as before. The norm of the dual space H1(Q) of HE(Q)
is denoted by || - [|-1. As usual, L*(Q) is always identified with its dual, so one
has H}(Q) C L?(Q) C H () with compact injection. The following Sobolev’s
embedding [1] will be used in the analysis: For s > 0, let 1 < p < d/s and ¢ be such
that % = % — 2. Then, there exists a positive scale invariant constant c, such that

s_ 14 1
21) ol ) < el olwer o), > =, Yo e WrP(Q).

SHE

1
q
If p > d/s the above relation is valid for ¢ = co. A similar embedding inequality
holds for vector-valued functions.

We will also use the following interpolation inequality (see, e.g., [14, formula (6.7)]
and [22, Exercise 11.2.9])

1/2 1/2
(2.2) ol arcan oy < exllolS2IlY2, o e HY(9),

(where, for simplicity, by enlarging the constants if necessary, we may take the con-
stant ¢1 in (2.2) equal to ¢, in (2.1) for s = 1) and Agmon’s inequality

1/2
(2.3) Wl < eallold® ols2,  d=2,3,  voe HXQ).

The case d = 2 is a direct consequence of [2, Theorem 3.9]. For d = 3, a proof for
domains of class C? can be found in [I4, Lemma 4.10]. By means of the Calderén
extension theorem (see e.g., [I, Theorem 4.32] the proof is also valid for bounded
Lipschitz domains. Finally, we will use Poincaré’s inequality,

(2.4) lolly < eplQVVollo, Vo€ Hg(Q),
where the constant cp can be taken cp < \@/2 Denoting by

(2.5) ép=1+ch,

observe that from (2.4) it follows that

(2.6) loll, < ()2 Vollo, Vo € Hy(Q).

In all previous inequalities, the constants cs, ¢1, c4 and cp are scale-invariant, as it
will be the case of all constants in the present paper unless explicitly stated otherwise.
Let H and V be the Hilbert spaces H = {u € (L*(Q))?|div(u) =0, u-n,, = 0},
V = {u € (Hj(Q)?|div(u) = 0}, endowed with the inner product of L*(Q2)¢ and
H} ()4, respectively.
Let T, = (Tjh, gb?)jejh, h > 0 be a family of partitions of suitable domains ,,
where h is the maximum diameter of the elements TJh € Th, and gb? are the mappings
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from the reference simplex 7y onto TJh. We shall assume that the partitions are shape-
regular and quasi-uniform. Let r > 2, we consider the finite-element spaces

Shyr = {Xh €C () |Xh|TJh ol € Pr*l(To)} C H (),
52,7" = Shﬂ“ N Hé(Qh)>

where P"~1(7y) denotes the space of polynomials of degree at most r — 1 on 79. For
r =1, Sp1 stands for the space of piecewise constants.

When 2 has polygonal or polyhedral boundary € = Q and mappings gi)? from
the reference simplex are affine. When €2 has a smooth boundary, for the purpose of
analysis we will assume that €, exactly matches €2, as it is done for example in [12],
[43], although at a price of a more complex analysis discrepancies between Qj, and Q
can also be taken into account (see, e.g., [0], [44]).

We shall denote by (X}, -, @Qn,r—1) the MFE pair known as Hood-Taylor elements
[10, 46], when r > 3, where

d
Xnr=(S0,)" Qnr—1=>5nr—1NL*()/R, r>3,

and, when r = 2, the MFE pair known as the mini-element [11] where Q1 = Sp2 N
L*(Qp)/R, and Xp o = (5272)d ® Bj,. Here, By, is spanned by the bubble functions
by, 7 € Ty, defined by b, (x) = (d + 1)\ (z) - Agy1(), if z € 7 and 0 elsewhere,
where A1 (z), ..., Ag+1(x) denote the barycentric coordinates of x. For these elements
a uniform inf-sup condition is satisfied (see [10]), that is, there exists a constant S5 > 0
independent of the mesh grid size h such that

,V :
(2.7) inf sup _(an, V-vn)
an€Qn,r—1 vpeXy . |Vnll1llanl L2 /m

> Bis~

The velocity will be approximated by elements of the discrete divergence-free space

Vi = Xnr N {xn € Hy (%) | (@4, V- xn) =0 Vg, € Qnr—1}-

For each fixed time ¢ € [0,7] the solution (u,p) of (1.1) is also the solution of a
Stokes problem with right-hand side f — u; — (u - V)u. We will denote by (sp,qn) €
(Xnr Qnr—1), its MFE approximation satisfying

v(Vsn, V) — (an, V- ¢5) = v(Vu,Veo,) — (p, V- ¢5,)
(2.8) =(f —us— (u-Vu),p,) Yo, € Xp,,
(v : Sh7¢h) =0 vd’h € Qh,r—l-

We observe that s, = Sp(u) : V. — V},, is the discrete Stokes projection of the
solution (u,p) of (1.1) (see [29]) and satisfies

v(VSp(u), V) = v(Vu,Ve,) — (0, V@) = (f —u — (u-V)u, ), Vg, €V
The following bound holds:
(2.9) lw—snllo+hllu—sulli < ONj(u,p)h?/,  1<j<m,

where here and in the sequel, for v € VN H?(Q)? and ¢ € L2(Q) N HI~1(Q) we denote

(2.10) Nj(v,q) = vl + v gl jm, 521
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The proof of (2.9) when 2 = €y, can be found in [30, Lemma 5.3]. For the general

case, superparametric approximation at the boundary is assumed, see [5]. Under the
same conditions, the bound for the pressure is (cf. [27])
(2.11) lp = anllz2/m < Cp v Nj(u,p)h? =, 1<j<r,

where the constant Cg,, depends on the constant Sis in (2.7). Assuming that Q is of
class C™, with m > 3, and using standard duality arguments and (2.9), one obtains

(2.12) lw— sull—s < ON,(u,p)h" "%, 0 <s<min(r —2,1).

We also consider a modified Stokes projection that was introduced in [15] and that
we denote by s} : V — V}, . satisfying

(2.13) v(Vsp', Vo) =(f —ur — (u-V)u—Vp, ), YV, € Vi,

The following bound holds, see [15]:

(2.14) lw = si'llo + Allw — 8|l < Cllull;p?,  1<j<r
Following [12], one can also obtain the following bound
(2.15) IV(u = s3') oo < OVt o,

where C' does not depend on v. We will denote by m,p the L? projection of the
pressure p onto Qp r—1. It holds

(2.16) lp — mnpllo < CW " Hipll -1 /m, 1<j<r
If the family of meshes is quasi-uniform then the following inverse inequality holds
for each vy, € Spr, see e.g., [13, Theorem 3.2.6],
nm-a(-3)
(2.17) [vnllwme(r) < Cinvhge lvonllwmax),

where 0 <n<m<1,1<q<p<oo, and hg is the diameter of K € 7},
In the sequel I ,I;“u € X, will denote the Lagrange interpolant of a continuous
function u. The following bound can be found in [9, Theorem 4.4.4]

(2.18) lu — I}f“u|wm,p(K) < Cinth" " ulwrr k), 0<m<n<k+1,

where n > d/p when 1 < p < oo and n > d when p = 1.
We will assume that the interpolation operator Iy is stable in L2, that is,

(2.19) | rullo < collullo,  ¥u € L2(Q),
and that it satisfies the following approximation property,
(2.20) |lu — Iyulo < c;H||Vullo, Yuc HH(Q)

The Bernardi-Girault [8], Girault-Lions [26], or the Scott—Zhang [15] interpolation
operators satisfy (2.20) and (2.19). Notice that the interpolation can be on piecewise
constants, as we use in the numerical experiments in Section 4.

We remark that, for the error analysis, we do not need condition (3.105) in [37],
i.e., we do not assume that ||u — I (u)||_1 < c_1H||u|o, for u € L2(Q)%.
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3. The finite element method. We consider the following method to approx-
imate (1.2). Find (up,pn) € Xn,» X Qpr—1 satisfying for all (¢;,, ¥n) € Xpr X Qpr—1

(n, 1) + v(Vun, Vo) + bn(wn, wn,ep) + 1(V - un, V- 5) + (Vpn, ¢p,)
(3.1) = (frn) = BIm(un) — Iu(uw), Iupy),
(V-up,¢p) =0,
where p is a stabilization parameter that can be zero in case we do not stabilize the

divergence or different from zero in case we add grad-div stabilization and b, (-, -, -) is
defined in the following way

1
bh(uhavha Qoh) = ((uh : v)vha¢h) + g(v : (uh)'U]—“QOh), VUh,’Uh,QOh € th?”'

Hereafter, we denote by (-,-) both the inner product in L? and the duality action
between H~! and H{, depending on the context. It is straightforward to verify that
by, enjoys the skew-symmetry property

(3.2) br(u, v, w) = —bp(u, w,v) Vu,v,w e H} Q)4
Let us observe that taking ¢, € Vj,, from (3.1) we get

(3.3) (Un, ) +v(Vun, V) + bn(un,un, pp,) + 1(V-un, V- @) =
(f,en) = BUu(un) — In(uw), Inpy,).

For the analysis below, we need to introduce the values fi and k, defined as follows

_ _fo, if 11 =0, _[0, if 4 =0,
(3.4) = { 1, otherwise, k= { 1/p, otherwise.

The following lemma will be used for proving the main results of the section.
LEMMA 3.1. Let uy, be the finite element approzimation defined in (3.3) and let
wy, 74,72 1 [0,T] — Vi, be functions satisying

(3.5) (wh, pp,) +v(Vwn, V) 4 bp(wh,wh, @) + p(V-wi, V- @) =
(F en) + (Thy ) T E(TH, V - 94),

Assume that the quantity L defined in (3.14), below, when p =0, and in (3.15), below,
when p > 0 is bounded. Then, if 8 > 8L and H satisfies condition (3.21), below, the
following bounds hold for e, = up — wy,

t ~ _
_ (e _\2p [
lentlf < e len@)lf + [ e (1= m 2L 4 2 b2 1o
t
(36) + [ (Bedate) — wnl) + IIR) d,
0

where, Tt and k are defined in (3.4), and ~y is defined in (3.24) below.
Proof. Subtracting (3.5) from (3.3) we get the error equation

(3.7)  (én,pp) +v(Ven, Vo) + B(Ixen, Inpy) + bn(un, un, @) — bu(ws, wh, @)
+u(V - en, V- p,) = BIpu — Inywy, Inp,) + (Th,04) +E(TH,V ¢r), Ve, € Vi
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Taking ;, = ey, in (3.7) we get

1d
5@\\%”3 + v Venlld + Blllmenlls + 1V - enlls < |bn(wn, wn, €n) — by (wh, wh, )]
(3.8) +B|(Irw — Tnwn, Ien)| + | (Th, en)| + [A(T5, V - e1)].

We will bound the terms on the right-hand side of (3.8). For the nonlinear term and
the truncation errors we argue differently depending on whether g =0 or p > 0.

If 4 = 0, using the skew-symmetry property (3.2), (2.1) and (2.6), and when
d = 3, we have

|br (wn, wn, en) — by (Wi, wh, en)| = [brn(en, wn,en)| < ||[Vwp|| 20/ |len]r2a]|enllo
1 . 1
+ §|(v ep)wn, ep)| < ||Vwp || p2a/a-n | Venllollenllo + §||V6h||o||wh||oo||6hHo
(3.9)

IV i ol y
< (el | P00 e, g+ % e

14 1%
where
(3.10) e = (ep) ey,

¢1 being the constant in (2.1) for s = 1. In the case d = 2, and noticing that
2d = 2d/(d — 1), the first term on the right-hand side above, using (2.2), (2.6) and
Young’s inequality is bounded as follows

1/2

IV p2asan llenllzzallenllo < (ép) et Vaonl p2ara—n (I Venlollenllo)/llenllo

4/3
1/ 173 V0l )

~ 174
(3.11) < 8(ep) Pl el + TV el

For the truncation error when p = 0 using (2.6) we get
1 1 L N1/2) -1 < cP 12 v 2
(3.12) |(7h, en)l < lIThll-1llenlly < (p)ZllThll-1[Venllo < —=lIT4lIZ1 + 7 [Venllo.

When p # 0, we bound the nonlinear term in the following way. Using again the
skew-symmetry property (3.2) we get

b, (wh, wn, €n) — b (wh, wh, en)| = |by(en, wh, en)| < [|[Vwalloollenl?

[wnll3

2
Tl

1 Iz
(3.13) + 5V -enloflwnllllenllo < [Vawn o llenld + s enlls +

In the sequel we denote

~2d/3 2d/3
LA IV O | Jwn@IZ
(2d-3)/3 v ’ =5

(3.14) L = max
£>0

t=>

2112
(3.15) L:2m>ag< <||th(t)||oo+W’°) , if p>0,

Observe that in the case . = 0, bounding the factor 3(¢p)/3 /43 in (3.11) by 2(¢p)?/3
we have the left-hand side of (3.9) can be bounded by L||es||2 + (v/2)||Ver|3, and, in
the case p > 0 the left-hand side of (3.13) is bounded by (L/2)]||en ||z + (1/4)||V - en||3.
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Next, we bound the truncation error when p > 0,

_ 1 L — L
(3.16)  [(rh,en)| + (77, V - en)l < S lmallg + Sllenlls + FlIml6 + Z 11V - enlls,

where k is defined in (3.4).
For the second term on the right-hand side of (3.8) applying (2.19) we get

Bl(Igu — Igwn, Igen)| < Beollu — wpllo||renlo

(317) < 23l —wnl + 5 Tmwenl,
Inserting (3.9), (3.11), (3.12), (3.13), (3.16) and (3.17) into (3.8) we get
1d N B H
(318) 5 lenl++mEIVerld + limenld + 519 - enl < el
2 dt 2 2 2
_ 3 _¢p [
PRI+ Sl —walld + (- + ) b2

Now we bound
Lllenll§ < 2L|Ixenl§ + 2L[|(I — Im)enls-

Since we are assuming that 5 > 8L we have that 8/2 — 2L > /4, so that taking into
account that 1 +7 > 1 and (u/2)||V - en|| > 0 we get

d
lenlld + v Venlls — 4LII(I — Ir)enl§ + SHIHehH% =

(319) —|

- _\2p T
2RI+ el = wal + (1= 4 ) Il e

For the second and third terms on the left-hand side above, applying (2.20) to the
latter, we write

14
(3.20) v[[Venllg — AL = Tu)enlls = v Ven|s — ALTH?|[Venlls = S Venlls,

whenever

1/2

v
21 HS ————.
(3 ) — (8L)1/201

Therefore, for the last three terms on the left-hand side of (3.19) we have

2 é 2 _ 2.V 2 é 2
(3:22)  viIVenlls + Sl lnenllo — ALIU — Imenlls = Sl Venlls + 5 Iz enllo.
Now, applying (2.20) again to bound below the right-hand side above we have that

v 15} V g B
(323 LIVenl + Lltenld > Ler BN - Lenl + 5

> ([ Lrenlls + (1 — I )enll5),

[Iren|

where

v

(3.24) v = min { 5 c;2H™2, g} :
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Finally, since y(|[Izen|3+|/(I—Iu)enl|d) > (v/2)|lenl3, from (3.19), (3.22) and (3.23)
it follows that

d Y = _\2p W
llentd + Jllenld < 2R3 + fedlu — wnll + (1 -0 + ) Ikl

from which we reach (3.6). d
We now obtain the error bounds of the standard Galerkin method (case p = 0).

THEOREM 3.2. Assume that the solution of (1.1) satisfies that w € L>(H?*(2)%),
p € L¥(H*"Y(Q)/R), u; € L®(H™>Zs=D(Q0)) and p; € L®°(H™>15-2)(Q)/R)
for s > 2. Let uy, be the finite element approzimation defined in (3.3) with p = 0.
Then, if 8 > 8L and H satisfies condition (3.21) the following bound holds for t > 0
and 2 <r <s,

lu(t) = un(t)llo <e™*/?|lun(0) - w(0)]

+ 0 e ((8/1)"72 + ()7 Ko(w.p. |2)) Ny (. )

+ (’YV)_l/Q Orgf‘i(t |Q‘(1+f—r)/de(ut’pt))hr,

where vy is defined in (3.24), Ko(u,p,|Q|) is defined in (3.28) below and # =r — 1 if
r >3 and Q is of class C* and © = r otherwise.

Proof. Following [6] we compare wuj, with sp,, where s;, satisfies (2.8) for which we
apply Lemma 3.1 with wj, = s;,. To bound the norms ||sp||ec and ||Vsp||f24/a-1) in
(3.14) we apply (3.30) and (3.31).

We observe that equation (3.5) holds with =0 and 77 = 0 and

(T}L7<Ph) = (ut - éh790h) + bh(uvuacph) - bh(3h73h7§0h)7 V(ph € Vhﬂ“'

Then from (3.6) we get
2 —~t/2 2 ‘ —~(t—s)/2 2Cp 12
len®llo < e llen0)]5 + € o lThlZa ds

t
+/O e V=92 862 lu(s) — wy,(s)]|2 ds.

Consequently,

_ dcp B
len(1F <21 en O + 2 s (P2 + 263 s () — s (1)

To bound the last term on the right-hand side of above we apply (2.9) to get

_ 2 2r
e [[u(r) — s1(7)|F < Ch*" max, N, (u(r). p(r))

For the truncation error, applying (2.12) we can bound
||ut - "Sh”fl S ChrNrfl(uhpt%

or, in case we use the mini-element or the boundary is not of class C3, applying (2.9)
again we get
e = 3nl -1 < CIQUMY RN, (s, pr).
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Also, applying Lemma 3.6 below we have

! Sﬁlp |bh(u7ua LP) - bh(8h7 Sh, 90)| < KO(u?p7 ‘QDHU’ - Sh”Oa
pll1=1

so that we conclude the proof by applying again (2.9). O

We observe from Theorem 3.2 that the rate of convergence of the method is
optimal O(h®) and, as in [37], we have obtained uniform in time error estimates.
In the following theorem we bound the error of the Galerkin method with grad-div
stabilization (case p > 0). Comparing with Theorem 3.2 we show that adding grad-
div stabilization allows to remove the dependence of the error constants on inverse
powers of the viscosity v.

THEOREM 3.3. Assume that the solution of (1.1) satisfies that u € L>(H*(Q2)4)N
Whee ()4, p e L (H*"YQ)/R), uy € L=°(H*"1(Q)9) for s > 2. Let uy, be the finite
element approzimation defined in (3.3) with grad-div stabilization (u # 0). Then,
if B > 8L and H satisfies condition (3.21) the following bound holds for t > 0 and
2<r<s,

lu(t) = un()lo <e™7*/?|lun(0) — u(0)I3

_|_

Bl T .

c .,
h" ' max <(B1/2h—|—,u1/2+ 112

L1/2 0<r<t
1 1
+ m”utﬂr—l + WHP”H?*/R) ;

where 7y is defined in (3.24) and K;(u,|Q2|) is defined in (3.29) below.

Proof. Following [15], [16] we compare wup, with s}, where s} satisfies (2.13). We
first observe that the norms in (3.15) are bounded since for ||s}*||oc we apply (3.32)
and applying (2.15) [|[Vs]'||eo < C||VU| .-

Then, we apply Lemma 3.1 with w), = s}*. We observe that (3.5) holds with

(Tflu Soh) = (u - Shma Soh) + bh(u7 u, Qoh) - bh(s;zna S;L”’ Soh)7 vsoh € Vhﬂ'?
and
(T%m V- Soh) = (Tth -p, V- Qoh) + /’[’(v ! (u - S;Ln)7 V- Qoh)
and then from (3.6) we get

t 12
en()|2 < e 72 |lep (0)|12 + effy(tfs)/QHThHO ds
len(®)I3 2 -
0

t
; 2
# [ e or (segluts) - s E+ 2713 ) as
0
Consequently,

_ 2 B m
len(®I3 < /2 len(0)3 + 7 mass |74 (r) 3263 max u(r) — s (I

From (3.21) and (3.24) and taking into account that we are assuming 5 > 8L we get
1/y < max (2/8,1/(AL)) = 1/(AL) and 8/ < max (2, 8/(L)) = 3/(4L). Then, it
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follows that
len(®)lI5 < e™7*/2|len(0)[I3 + L max 7 ()15 + £ 2 max lu(r) — s ()13
0= 0T 912 gargy WRVNOT 9 ™0 G222, h 0

1 2 2
(3.25) L a2, 75 (16

To bound the second term on the right-hand side of (3.25) we apply (2.14) to get

_ 2 < 2r 2.
Jax [lu(r) = sn(7)[§ < Ch*" max [lu(7)];

For the first term in the truncation error 7} we apply (2.14) again to get

. 2 p2(r=1) 2
max [lus(r) = 8 (7)F < CH2Y max flus(7)]2 1.

For the second term in the truncation error T}L, applying Lemma 3.6 below we have

Sup b (w, w, ) = ba (s, s, )| < Ki(u, |9])]|u — sit [l < CK: (u, Q)R ul,,
®pllo=1

where in the last inequality we have applied (2.14). Finally, from (2.16) and (2.14)
we obtain

I3 llo < CR™Hpll -1/ + Crb”™* |lull,

which concludes the proof. 0
Remark 3.4. Some works in the literature [34], [37], use S(Ig(un — u), ;) as
nudging term instead of the one in (3.1), which is also used in [40]. Using (3.1) in the

present paper is essential for the error analysis of the method. In the case where Iy
is the orthogonal projection in L2, since B(Ig(up —u),py) = BIu(un —u), [5e},)
the analysis presented above obviously covers both nudging terms.

Remark 3.5. By adding +p(V-sp, V) to the left hand side of the first equation
in (2.8), and repeating the arguments in the proof of Theorem 3.2 (with obvious
changes), one can obtain an O(h®) error bound also when p > 0, but where, as
in Theorem 3.2 and opposed to Theorem 3.3, error constants depend on inverse powers
of v and, hence, are useful in practice only when v is not too small (see Fig. 2 below).

LEMMA 3.6. The following bounds hold

(326) i Sﬁlp |bh(uauvsa) —bh(Sh,Sh,LP)| < Ko(u7p5|ﬂ|)||u_sh”07
plli=1
(3.27) S b (w, w, ) — bi(sy', sy, )| < Ki(u, [Q)[[w — si'[|1,
Pllo=
where
(3.28)

_ 1/2
KO(“’apv ‘QD = O(K1<u7 |Q|) + Nl(u7p)1/2(Nd71<u7p) + |Q‘(3 d)/dN2(u7p)) / )7

(329)  Ki(w Q) = C((lulla-slull2)/? + Q1D CO(fufy[lull2)/2),

and Nj(u,p) is the quantity in (2.10).
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Proof. Applying [17, Lemma 5] we have

by (w, w, @) — by (sn, 8n, @) <C (V]| p20/a-1) + || Vspll p2arca-n ) [|u — spllol|e]l 24

+ (lullos + lIsnllso) = snllol|Vello-
To bound ||Vul|24/a-1) and ||ul|s we apply (2.2) and (2.3), respectively, and ap-
plying Sobolev’s inequality (2.1) we have ||@[|p2a < ¢1]Q|G~9D/CD|p||;. The proof
of (3.26) is finished by applying Lemma 3.7 below.
To prove (3.27), we replace sj, by si* in the arguments above, and use the skew-
symmetric property of b to interchange the roles of ¢ and w — s;,. We finish by
applying Lemma 3.8 below. O

LEMMA 3.7. There exist a positive constant Cy such that the following bounds
hold

(3:30) Isnlloe < Co ((lullasliull2) /2 + (N2 (. p)Na-s (. ) ?)
(3.31) |Vsu|lp2as@-1 < Co (Nl(uyp)]\@(uvp))lﬁ
Proof. For the L* bound, applying inverse inequality (2.17), we write
Isnlloe < CllIn(w) oot lIsh—Tn(w)llso < Clulloctecinvh™?(||sn—ullo+|u—In(w)llo),
an apply (2.3) to bound |[u]|s. In the case d = 2 we have
lu = In(u)llo < Chllully < Ch(llullollull2)'/? = ChY?(lulla—zlul2) '/,
where we have applied (2.20) for H = h and also ||u — I},(u)||o < Ch?||lul|2. By (2.9)
lIsn — ullo < CNy(u,p)h.
In the case d = 3,
lu = In(w)llo < CR**([ull1lla]2)'/? = CRY?(||w]l4—2 ] ull2)'/.
and
lsn —ullo < ChY?(Ni(u, p)Na(u, p))'/>.

For ||Vspl| p24/(a-1), since ||Vsp|lze < C(|[Vullza + v~ Y|pllze), for ¢ = 2,00 [12], by
the Riesz-Thorin interpolation theorem and applying (2.2)

||V3h||L2d/(d—1) < C(||VU||L2d/(d—1) +p! ||p||L2d/(d—1)

< C((lullallull)? + v~ (pllolipll)?) < C(N: (w, p)Na(u,p))'/? .0

LEMMA 3.8. There exist a positive constant C7 such that the following bounds
hold

(3.32) 55 1loo < Ci(llulla—sllull2) /2,
m 1/2
(3.33) IV | gzara—n < Cr([[ullaufl2) .

Proof. We argue exactly as in the proof of Lemma 3.7 replacing (2.9) by (2.14).0
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Remark 3.9. In the case u = 0, according to Lemma 3.7, we have that 5 > 8L
when wy, = sy, if for t > 0,
(3.34)

5 (2 (@ CoP N pNa(w )™ | o el el + N1<u,p>Nd1<u,p>> |

(2d—3)/3 v

with Cp the constant in Lemma 3.7. In case p # 0 from (2.15) and (3.32) we have
that 3 > 8L when wy, = s} if for t > 0

(3.35) B>16 (Olllwlc>o + cf“d;;”“”Q> .

3.1. The Lagrange interpolant. In this section we consider when Iyu =
IE%w. With the help of the following lemmas we will show that the analogous of
Theorems 3.2 and 3.3 (Theorem 3.12 below) also holds in this case.

LEMMA 3.10. Let vy, € X}, then the following bound holds

(3.36) lvn — Iff*vallo < croH|Vorllo,
where

d(p—2)
(3.37) cLa = C (H/W) 5,

where C' is a generic constant and p=3 ifd=2 and p=4 if d = 3.
Proof. For vy, € X}, we write
(3.38)

th - Il%lavhH(Q) = Z th - I]L{aUhH%2(K) <C Z H
KeTy KeTy

d(p—2)
7 |lon — I vnl ok

the last inequality being a consequence of Holder’s inequality and of the fact that
|K| < CHY. Applying (2.18) and (2.17) we get

_d(p=2)
lvn — If*vnll e (i) < cintH|VOR|| Lo (50) < CintCine H || VOR| L2y~ 7,

so that inserting the above inequality into (3.38) we reach (3.36). O
LEMMA 3.11. Let s, be the Stokes projection defined in (2.8). Then the following
bound holds

(3.39) I(Z =I5 (sn — w)llo < CH*R"2|ull,,

where C' is a generic constant.
Proof. We write

(I = Ig*)(sn —w) = (I = Ig")(sn — Lj"w) + (I = If") (I "u — w)
Applying (3.36) and (3.37) to vy, = 8, — IF%u and then (2.9) and (2.18) we get
d(p—2)
(T = I5) (s = Iy“w)llo < C(H/R) = H|V(sp — I;*w)llo

d(p—2)

(3.40) <c@/m 5= B ], < CH*W2|ul),,
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where in the last inequality we have bounded (H/h)¥®»=2)/(20) by H/h. For the other
term we argue as in (3.38) and apply (2.18) to get

o @ d(p—2) a
(I — T (I u — w)|} < ComH2H 7 Y VI — )3
Kety
(p—2)
(3.41) < ConH*H™ 7 1202 3 a2y,

Kety

Applying (2.1) with s = 1 and taking into account CH¢ < |K| < CHY we get
d(p—2)
lull o) < CH'™ % ||ul|y. k. from which

9_d(p=2)
ulf i pe SCH ™7 |ulfs k-

Inserting the above inequality into (3.41) we reach
(3.42) 11 =I5 I = w) o < CH*R" |,

Finally, (3.39) follows from (3.40) and (3.42). O

THEOREM 3.12. In the same conditions of Theorem 3.2 (resp. Theorem 3.3), if
Iy is replaced by T5*, H satisfies condition (3.21) with c; replaced by cp, defined in
(3.37), and H/h remains bounded, then, the statement of Theorem 3.2 (resp. Theo-
rem 3.3) holds with v defined in (3.24) with cr replaced by crq.

Proof. The proof of the theorem can be obtained arguing exactly as in the proof
of Theorem 3.2 (resp. 3.3) with only two differences that we now state. We first
observe that assuming H/h remains bounded we can apply (3.36) instead of (2.20)
in (3.20) and (3.23). We also observe that since (2.19) does not hold for Iy = I we
cannot apply (3.17). Instead, adding and subtracting w — s, and using (3.39) we get

Bl(Iaw — Igsy, Inern)| < B|(Ia —I)(u — sp), Imen)| + Bl(w — sp, Imes)|
< BCH?W?|ull, + [[uw — spllo)[ Imenllo < B(CR" ||ull, + [lw — sillo) I 1zenllo,

where in the last inequality we have applied that since H/h is bounded then H < Ch.
Then we replace (3.17) in the proof of Lemma 3.1 and consequently in the proof of
Theorem 3.2 (resp. 3.3). by the following inequality

81Ty — Tsn, Tren)| < 5Ol + lfu = sulo)? + 5 | wenl?

and we can conclude applying the same arguments. 0

4. Numerical experiments. We check the results of the previous section with
some numerical experiments. As it is customary for these purposes, we use an example
with a known solution. In particular, we consider the Navier-Stokes equations in
Q = [0,1]2, with the forcing term f chosen so that the solution u and p are given by

_ 6+4cos(4t) [ 8sin®(mx)(2y(1 —y)(1 — 2y)
(4.1) u(w,y,t) = 10 —8m sin(2 *yﬂaﬁ)(yy(l - y)):g
(4.2) p(z,y,t) = 6+ 4cos(4t) sin(mrz) cos(my),

10

which means that f = du — vAu + (u - V)u + Vp with the above expressions
of u and p and a value of v that will be specified for every experiment. For the
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spatial discretization we used P»/P; elements on a regular triangulation with SW-NE
diagonals, with the same number of subdivisions on each coordinate direction. For
for coarse mesh interpolation we take piecewise constants. The time integration was
done with an implicit/explicit (IMEX) method based on the second order backward
differentiation formula (BDF), where, to avoid solving nonlinear steady problems at
each step, linear extrapolation of the form by, (2up(t — At) — wp(t — 2At), up(t), ;)
was used in the convection term, where At is the time step, except in the first step
where by, (up (t — At), up(t), ;) was used. The time step was chosen so that the error
arising from the spatial discretization was dominant. To check that this was the case,
we made sure that results were not essentially altered if recomputed with a smaller
At. For h =1/12,1/18,1/24,1/36 and 1/48, the values of At used were, respectively,
At =1/160,1/160,1/320,1/320 and 1/640. Unless stated otherwise, in what follows
the initial condition was set to up = 0 and p = 0, so that there is an O(1) error at
time ¢t = 0.

We first check that there is no upper bound on the nudging parameter 8. The
left plot in Fig. 1 shows the velocity errors in L? vs time for different values of 3
for v = 1079, including 8 = 100. It can be seen a clear difference between 8 = 0,
where the initial errors do not decay with time, and 8 > 0 where they do, and for the
four largest values of 8 shown, they do so exponentially in time, until an asymptotic
regime is reached. We also notice that the results are little altered for 8 > 10. In

Errors in L2, v =10"%, H=1/4, h =1/12 Ratios || Iz (en)llo/llenllo

1

10
N 7 =0
0.9\ {\/\/U\
0.8
0.7
0.6 p=1
0.5
o4 B =10
0.3
0.2 g
£ =100
0.1
10'3 L L L L L 0 L L L L L
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Fi1G. 1. Velocity errors vs time

view of (3.24), one may be temped to question the advantage of taking 3 > v(c;H) ™2,
since the rate of decay of the initial errors, «y, is unaltered for larger values of 5. If we
assume that c; is of order one, then, the value of v(c;yH) ™2 in the present example is
unlikely to be larger than 107°, so that Fig. 1 (and more examples in [34] and [10])
seems to suggest that there is some advantage in taking 8 > v(c;H)™? if we want
a faster decay of the initial errors. Since this is in apparent contradiction with the
analysis in the previous section, we now propose an alternative explanation.

Let us consider for some integer k > 2 the value r = || I (w(0))]|o/(k[|w(0)|o). If
we take the intial condtion uj, = 0, then, by continuity there exist ty > 0 such that

(4.3) [T (en()llo = rllen()llo, ¢ € [0, 0]
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Consequently, from (3.18) it follows that

d _ _ 2CP _
@ enl3+(8r2—2L) en} < 2k|n%|3+6c3||u—wh||3+(<1 N +uL> TN

for t € [0, o], which, for 3 > 2L/r?, could explain that initial errors decay faster when
larger values of 8 are taken. In Fig. 1 we also show the ratios |[Ig(en)|lo/|lenllo- It
can be seen that although they became smaller as [ is increased, they are sufficiently
away from zero to suggest that the analysis in the present section may explain the
faster rates of decay of the initial errors when larger values of 8 are taken.

In the reminder of this section we take 8 = 1. Since, as shown in Fig. 1, after
an initial decay, the errors show an oscillatory behaviour, in the examples below by
L? errors we mean the maximum of errors ||uy(t) — u(t)||o for values of ¢ after the
asymptotic regime has shown itself.

We now check the rates of convergence proved in the present paper. In Fig. 2 we
show errors vs h for different values of the diffusion parameter v and compare the cases
of positive p (u = 0.05) and p = 0. The value of H is H = 3h and £ is set to § = 1.
Results corresponding to the smallest value of v are represented with discontinuous
lines in both plots so that they can be seen superimposed to those corresponding to
larger values of v. Slopes of least squares fits to the results corresponding to each
value of v are shown, so that the order of convergence can be checked. In both cases,
= 0.05 and u = 0, O(h?®) errors are obtained for large values of v, which is what
Theorem 3.2 and Remark 3.5 predict. However, for smaller values of v, while the
errors with positive u become O(h?) and independent of v, as Theorem 3.3 predicts,
for ;4 = 0 the method does not have convergent behaviour for the values of h shown
(presumably, the method will show convergence for h < v).

Errors in L2, h = hy/3, = 0.05 Errors in L2, h = ho/3, p =0

slope = 1.86 slope = 2.06

v=10"% v =10"% slope = 0.10 slope = 0.06
v=10"1 : 4 —

-

102

slope = 0.87

L v=10"

slope = 3.18

slope = 3.08

slope = 3.06

0.02 0.03 004 005 006 0.07 0.080.090.1 0.02 0.03 004 005 006 0.7 0.080.090.1
h h

F1c. 2. Velocity errors. Left, p = 0.05 Right, p = 0.

Finally, we check that the requirement H/h bounded is required for convergence
if Lagrange interpolants are used. In Fig. 3 we show velocity errors when h — 0 in
two different scenarios: h = H/3 (left) and H fixed to H = 0.25. We see that while
H = 3h, the method converge as predicted by Theorem 3.12 (the value of v = 10~°
and that of p = 0.05). If H is kept fixed, however, the method using the Lagrange
Interpolant does not exhibit convergent behaviour. We remark, however, that with
larger values of 8 or v, convergence is not altered as much as in Fig. 3 when H/h
grows. Nevertheless, this example shows the risks of not keeping (H/h) bounded with
Lagrange interpolants.
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Errors in L?, v =107 H = 3h Errorsin L2, v =10"% H =1/4
Lagrange Interpolant r
1021 slope = 2.26 ] Lagrange Interpolant v
slope = 1.98 slope = 1.69
Scott-Zhang Interpolant 102F q
1
Scott-Zhang Interpolant
10°

0.03 0.04 0.05 0.06 0.07  0.08 0.05 0.06 0.07 008 0.09 01 0.110.12
h h

Fic. 3. Velocity errors. Left H = 3h. Right H = 0.25.

5. Conclusions. We have analyzed a semidiscretization in space by inf-sup sta-
ble mixed finite elements of a continuous downscaling data assimilation method for the
two and three-dimensional Navier-Stokes equations. The data assimilation method,
introduced in [7], combines observational data (measurements) on large spatial scales
or coarse mesh, Iyu, with simulations in order to improve predictions of the physical
phenomenon being studied. We have considered the Galerkin method with and with-
out grad-div stabilization. Uniform error bounds in time have been obtained for the
approximation to velocity field, under standard assumptions in finite element analy-
sis. The order of convergence proved for the method without stabilization is optimal,
in the sense that it is the best that can be obtained with the finite element space
being used (i.e., errors of the same order as interpolation). For the Galerkin method
with grad-div stabilization error bounds in which the constants are independent on
inverse powers of the viscosity are proved. Convergence rates and dependence or in-
dependence of v are corroborated in numerical experiments. As opposed to previous
works in the literature, our analysis also covers the case in which Iyw is the standard
Lagrange interpolant, where we show that H/h must be kept bounded in order to get
convergence. Also, the upper bound on the nudging parameter assumed in previous
references is removed. The techniques of analysis used in the present paper allow to
improve the available error bounds for a closely-related finite element method in [34].
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