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A B S T R A C T 

We present cosmological constraints from Dark Energy Survey Year 3 (DES Y3) weak lensing data using persistent homology, 
a topological data analysis technique that tracks how features like clusters and voids evolve across density thresholds. For the 
first time, we apply spherical persistent homology to galaxy survey data through the algorithm TOPOS2 , which is optimized 

for curved-sky analyses and HEALPIX compatibility. Employing a simulation-based inference framework with the Gower Street 
simulation suite – specifically designed to mimic DES Y3 data properties – we extract topological summary statistics from 

convergence maps across multiple smoothing scales and redshift bins. After neural network compression of these statistics, we 
estimate the likelihood function and validate our analysis against baryonic feedback effects, finding minimal biases (under 0 . 3 σ ) 
in the �m 

− S8 plane. Assuming the wCold Dark Matter model, our combined Betti numbers and second moments analysis 
yields S8 = 0 . 821 ± 0 . 018 and �m 

= 0 . 304 ± 0 . 037 – constraints 70 per cent tighter than those from cosmic shear two-point 
statistics in the same parameter plane. Our results demonstrate that topological methods provide a powerful and robust framework 

for extracting cosmological information, with our spherical methodology readily applicable to upcoming Stage IV wide-field 

galaxy surveys. 

Key words: gravitational lensing: weak – cosmological parameters – large-scale structure of Universe – cosmology: observa- 
tions. 
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 I N T RO D U C T I O N  

he current era of precision cosmology demands maximizing 
nformation extraction from cosmic large-scale structure while 
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aintaining robustness. Several approaches address this challenge 
ith varying trade-offs. Full-field inference methods (A. J. Zhou 

t al. 2024 ; D. Lanzieri et al. 2025 ) theoretically capture maximal
nformation, but their practical application to observational data sets 
emains difficult despite recent advancements (N. Porqueres et al. 
023 ). Conversely, the standard 3 × 2 pt methodology – combining 
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hree two-point correlation functions from weak lensing and galaxy
lustering – has successfully constrained cosmology in Stage III
hotometric surveys (C. Heymans et al. 2021 ; T. M. C. Abbott et al.
022 ; S. Sugiyama et al. 2023 ), but inherently misses substantial
nformation. This limitation arises because two-point statistics only
apture Gaussian features, while the late-time Universe is signif-
cantly non-Gaussian. The middle-ground approach using higher-
rder summary statistics offers a promising compromise, balancing
 practical implementation with the ability to extract substantially
ore cosmological information than traditional methods. 
Indeed, numerous higher-order statistics have already been suc-

essfully applied to extract cosmological information from real
alaxy survey data, particularly from weak lensing observations.
hese include third-order statistics applied to both the Dark Energy
urvey (DES; M. Gatti et al. 2022 , 2025 ) and the Kilo-Degree Survey
KiDS; P. A. Burger et al. 2024 ); scattering transforms and wavelet
hase harmonics implemented on DES (M. Gatti et al. 2025 ), and
cattering transforms on the Hyper Suprime-Cam survey (HSC; S.
heng et al. 2025 ); Minkowski functionals, peak and minima counts,
nd convergence probability distribution functions analysed in HSC
ata (C. P. Novaes et al. 2025 ); Convolutional Neural Networks
CNN)-based and peak count analyses in DES (N. Jeffrey et al.
025 ); Minkowski functionals on HSC (J. Armijo et al. 2025 ); joint
ES and KiDS analysis of peak and minima counts (J. Harnois-
éraps et al. 2024 ); and density-split statistics applied to DES (D.
ruen et al. 2018 ) and to KiDS (P. A. Burger et al. 2023 ). 
When inferring cosmological information from higher-order

tatistics one often encounters a significant challenge: the absence
f analytical models. However, the landscape of this research field
as dramatically shifted in recent years, thanks to the advent of
imulation-based inference (SBI). This approach is based on the
reation of large synthetic data sets that closely replicate the features
f actual astronomical observations and that are generated at different
nput target parameters. Then, a given summary statistic is measured
n each simulation, thereby providing a model for such statistic. SBI
elies on the generation of realistic enough simulations, which need
o mirror the characteristics of real observations. In this work, we
sed the Gower St. Simulations suite, released in N. Jeffrey et al.
 2025 ). This publicly available simulation suite 1 was designed for
ES inference, with additional Dark Energy Survey Year 3 (DES
3) validation presented in M. Gatti et al. ( 2024 ). 
Interestingly, the SBI approach not only addresses the challenge

f modelling higher-order statistics without analytical models but
lso has a multitude of additional benefits. Notably, it eliminates
he need to pre-define a likelihood form; instead, the likelihood is
earned from the simulations, lending this method the alternative
ame of likelihood-free inference. This capability allows for the
mpirical validation of commonly assumed Gaussian likelihood
orms in standard analyses. The covariance matrix for the statistics is
lso not needed. Another major advantage is the method’s efficiency
n handling high-dimensional nuisance parameters that we often want
o marginalize over, such as uncertainties in the redshift distributions.

hile recently developed approaches to marginalize over the full
hape of the redshift distributions (such as HYPERRANK , J. P. Cordero
t al. 2022 ) turned out to be too computationally burdensome, in the
BI framework nuisance parameter uncertainties are straightforward

o incorporate. They are simply varied within the input simulations
ollowing the desired prior distribution, making the marginalization
rocess effortless. Lastly, once the likelihood is learned through this
NRAS 545, 1–22 (2026)
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ethod, sampling it with standard techniques such as Markov Chain
onte Carlo becomes orders of magnitude less computationally

xpensive compared to using analytical models. 
In this work, we apply persistent homology to curved-sky weak

ensing mass maps generated from the first three years of observations
rom the DES Y3, described in detail in N. Jeffrey et al. ( 2021 ).
ersistent homology, and more broadly the field of topological
ata analysis, seeks to quantify the shape and structure of data
cross different scales. It has a broad range of applications: within
osmology only it has been used to probe topological structures of
he cosmic web as in e.g. G. Wilding et al. ( 2021 ), T. Sousbie ( 2011 ),

. Tsizh, V. Tymchyshyn & F. Vazza ( 2023 ), and W. Elbers &
. van de Weygaert ( 2023 ), primordial non-Gaussianities (A. Cole,
. Biagetti & G. Shiu 2020 ), small-scale subhalo distributions (J.
isewski-Kehe et al. 2022 ), the impact of massive neutrinos on the

arge-scale structure (M. H. Jalali Kanafi, S. Ansarifard & S. M. S.
ovahed 2024 ), extracting cosmological information (J. H. T. Yip

t al. 2024 ; J. Calles et al. 2024 ; J. H. T. Yip, Rouhiainen & Shiu 2025 )
nd others. Persistent homology has also been used before to extract
igher order information from weak lensing maps in S. Heydenreich
t al. ( 2022 ), where it was applied to the DES Y1 data set. Persistent
omology is closely related to other higher order statistics commonly
pplied to weak lensing mass maps. Notably, certain Minkowski
unctionals (MFs)-such as genus and Euler characteristic are already
ncapsulated within persistent homology statistics. Beyond incorpo-
ating these MF elements, persistent homology includes peaks and
inima counts. 
In this work, we apply persistent homology to the DES Y3 data set

ith two significant methodological advancements over S. Heydenre-
ch et al. ( 2022 ). First, we employ TOPOS2 , an algorithm specifically
esigned for spherical geometry and to interface with the HEALPIX

ixelization scheme. Originally developed for Cosmic Microwave
ackground analysis (P. Pranav 2022 ), this work represents the first
se of spherical persistent homology in galaxy survey data. This
dvancement – allowing analysis of complete surveys in their native
pherical geometry rather than requiring fragmentation and flat-plane
rojection – will become increasingly valuable for upcoming large-
rea surveys like the Vera C. Rubin Observatory’s Legacy Survey of
pace and Time (LSST Science Collaboration 2009 ) and Euclid (R.
aureijs et al. 2011 ). 
Secondly, we integrate a robust, validated simulation-based in-

erence framework that is consistent with two other companion
nalyses that apply other higher-order summary statistic to DES Y3
ata: Peaks and CNN and angular power spectra in N. Jeffrey et al.
 2025 ), and wavelet harmonics, scattering transforms and moments
n M. Gatti et al. ( 2024 , 2025 ). This cohesive approach facilitates a
traightforward comparison of the constraining power, performance
nd dependence on systematics among various summary statistics.

hile Euclid Collaboration ( 2023 ) pioneered forecasting the relative
ower of ten distinct higher-order weak lensing statistics using Fisher
atrices and simplifying assumptions, our work provides similar

omparative insights using real observational data – offering valuable
uidance for applications to future data sets. 
This paper is structured as follows: In Section 2 , we present the

imulation-based inference framework; in Section 3 , we summarize
he weak gravitational lensing theory relevant for this work; in
ection 4 , we describe our data and simulations; in Section 5 ,
e present the persistent homology statistic and describe how we

pply it to weak lensing mass maps; in Section 6 , we describe the
ompression models, in Section 7 , we include the validation tests; in
ection 8 , we present the cosmological results and we conclude in
ection 9 . 

http://www.star.ucl.ac.uk/GowerStreetSims/
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Figure 1. Simulation-based inference (SBI) framework for this work. 
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 SIMULATION-BA SED  INFERENCE  

.1 Neural likelihood estimation 

BI also known as ‘likelihood-free inference’ or ‘implicit inference’) 
ims to estimate the likelihood, the posterior or the likelihood ratio 
irectly from simulations. We employ the same framework as N. 
effrey et al. ( 2021 ), which was extended to DES Y3 in N. Jeffrey
t al. ( 2025 ) and M. Gatti et al. ( 2024 ), where a detailed description
f the method is provided. Here we provide a summary. 
We use the neural likelihood estimation technique, where the 

onditional probability density function p( t | θ ), commonly referred 
o as the likelihood , is learned from mock data realizations generated
hrough simulation. The process begins by generating samples of ti 
ccording to 

i ∼ p( t | θi ) . (1) 

ere, θi are the input parameters to the simulation indexed by i,
enerated from a proposal distribution θi ∼ pD ( θ ), and t represents 
he data for which we seek to estimate the likelihood. In our case to
enerate each ti we do the following: (1) we construct convergence 
aps following the methodologies outlined in Sections 3 and 4 ; 

2) we measure a summary statistic data vector d using persistent
omology (see Section 5 ); and (3) we apply dimensionality reduction 
o compress data vector d into a lower-dimensional representation t 
uitable for likelihood estimation (see Section 6 ). Fig. 1 provides a
isual representation of this workflow. 
From the pairs of compressed statistics and input parameters 

 ti , θi } , we learn a density q that approximates p, such that
( t | θ ) ≈ q( t | θ ). For this purpose, we use the pyDELFI package 2 (J.
lsing et al. 2019 ) to estimate p( t | θ ) with an ensemble of neural
ensity estimators (NDEs). NDEs use neural networks to parametrize 
ensities, including conditional probability densities. An NDE 

stimate q( t | θ, ϕ) by varying the neural network parameters ϕ (e.g.
eights and biases) to minimize the loss function 

( ϕ) = −
N ∑ 

i= 1 

log q( ti | θi ; ϕ) (2) 

ver N mock data points ti . This loss function minimizes the 
xpectation of the Kullback–Leibler divergence (S. Kullback & R. 
. Leibler 1951 ) between the true conditional density p( t | θ ) and our

pproximation q( t | θ ; ϕ) for the range of values of θi . 
The KL divergence for a given θ is defined as: 

KL ( p( t | θ ) || q( t | θ ; ϕ)) =
∫ 

p ( t | θ ) log 

(
p ( t | θ ) 

q( t | θ ; ϕ) 

)
d t, (3) 
 https://github.com/justinalsing/pydelfi

n
fl  

d

hich can be expanded as: 

KL =
∫ 

p ( t | θ ) log p ( t | θ ) d t −
∫ 

p ( t | θ ) log q( t | θ ; ϕ) d t . (4) 

hen minimizing with respect to ϕ, only the second term matters
ince the first term is independent of ϕ. Since each ti is drawn
rom p( t | θi ), the loss function in equation ( 2 ) approximates this
econd term (up to a constant factor 1 /N that can be omitted during
ptimization). 
This enables our neural density estimator to learn the conditional 

robability density function p( t | θ ) across parameter space. 
For NDEs we use Conditional Masked Autoregressive Flows 

MAF; G. Papamakarios, T. Pavlakou & I. Murray 2017 ). An MAF,
hich is a type of Normalizing Flow, uses a series of bijective trans-

ormations from simple known densities (e.g. standard Gaussian) to 
he target density (D. Jimenez Rezende & S. Mohamed 2015 ; D. P.
ingma et al. 2016 ; G. Papamakarios, D. Sterratt & I. Murray 2019 ).
pecifically, we use an ensemble of two MAFs, each with two hidden

ayers of width 50 using tanh activation functions. The first MAF
mploys two transformations (Masked Autoencoder for Distribution 
stimation, MADE) while the second uses three MADEs. In N. 
effrey et al. ( 2025 ) Gaussian Mixture Density Networks (C. Bishop
994 ) are used to validate the MAFs. 
These neural network architectures have an inductive bias towards 

earning smooth, continuous probability densities. This architectural 
onstraint makes it computationally difficult for the network to 
pproximate functions like Dirac delta distributions concentrated 
t specific training points θi . Instead, the network naturally learns 
mooth interpolations between training locations, preventing over- 
tting to the discrete set of simulation parameters and ensuring 
eneralization across the continuous parameter space. 
Once the conditional probability density function p( t | θ ) is es-

imated it is then evaluated for the observed data tO 

, relating the
osterior probability density of the parameters to the likelihood via 
ayes’ theorem: 

 ( θ | tO 

) = p ( tO 

| θ ) p ( θ ) 

p ( tO 

) 
. (5) 

An important advantage of neural likelihood estimation (as op- 
osed to learning the posterior directly) is that the learned function
( t | θ ) is independent of the proposal distribution pD ( θ ) used to
enerate the training samples ti . While regions with sparser sampling 
ay have higher uncertainty in the density estimate, the method does

ot introduce systematic bias based on the training distribution. This 
exibility allows the analysis prior p( θ ) used for inference to be
ifferent from the proposal distribution pD ( θ ). 
MNRAS 545, 1–22 (2026)
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Table 1. Summary of the Gower Street simulation suite. From 791 full-sky 
shear ( γ ) simulations with varying cosmological parameters ( �i ), we extract 
four DES footprints per simulation and generate multiple ellipticity ( e) maps 
with different nuisance parameters ( ni ) and shape noise realizations ( eSN ). 
These are then transformed into convergence maps via KS reconstruction. 

N Input varied 

Full-sky γ−maps 791 �i 

Independent DES e−maps 791 × 4 = 3164 ni 

Quasi-independent DES e−maps 3164 × 4 = 12 656 ni , eSN 

Table 2. Distribution of parameters used in the Gower Street simulation 
suite and their corresponding analysis prior when sampling the likelihood. 
N ( μ, σ ) denotes a normal distribution with the indicated mean and standard 
deviation and U [ a, b] denotes a uniform distribution with the indicated limits. 

Parameter Distribution Analysis prior 

Cosmological parameters 
�m 

Active learning U (0 . 15 , 0 . 49) U (0 . 15 , 0 . 49)
S8 Active learning U (0 . 5 , 1 . 0) U (0 . 5 , 1 . 0) 
w N ( −1 , 1 

3 ) in [ −1 , − 1 
3 ) 

a U ( −1 , − 1 
3 ) 

ns N (0 . 9649 , 0 . 0063) −
h N (0 . 7022 , 0 . 0245) −
�b h

2 N (0 . 02237 , 0 . 00015) −
log ( mν ) U [log (0 . 06) , log (0 . 14)] −
Nuisance parameters 
AIA U [ −3 , 3] U [ −3 , 3] 
ηIA U [ −5 , 5] −
m1 N ( −0 . 0063 , 0 . 0091) −
m2 N ( −0 . 0198 , 0 . 0078) −
m3 N ( −0 . 0241 , 0 . 0076) −
m4 N ( −0 . 0369 , 0 . 0076) −
n̄i ( z) pHYPERRANK (n̄i ( z) | xphot ) −
Note . a For 64 simulations values outside the range were not discarded. 
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 W E A K  G R AV I TAT I O NA L  LENSING:  MASS  

APS  

n this work, we use convergence (mass) gravitational lensing maps
s the main input data to the analysis. Here we describe how the
onvergence field is related to the matter density field, and how such
aps are obtained from galaxy shape measurements. 
The gravitational potential � and the matter overdensity field
≡ δρ/ρ̄ are related by the Poisson equation 

2 
x � (x , t ) = 4 πG 

c2 
ρ̄m 

( t ) a2 ( t ) δ(x , t ) , (6) 

here x is a comoving spatial coordinate, t is time, and a ≡ 1 / (1 + z)
s the scale factor. 

Weak gravitational lensing produces small distortions on the image
f distant galaxies by mass located between the galaxies and an
bserver – see J. Prat & D. Bacon ( 2025 ) for a review. The effect of
eak lensing can be encapsulated in the lensing potential , which is

n integration of the gravitational potential projected along the line
f sight 

(θ, DS ) = 2 

c2 DS 

∫ DS 

0 
dDL 

DLS 

DL 
� ( xi = DL θ

i , DL ) , (7) 

here DL is the angular distance to the lens, DS to the source, and
LS between the lens and the source, for a single source galaxy.

n practice, we integrate this potential over many source galaxies,
sing the normalized redshift distribution n ( z) of the source galaxy
opulation. 
The convergence κ = κE + iκB (of spin-weight 0 i.e. a scalar) and

he shear γ = γ1 + iγ2 (of spin-weight 2) can be expressed as a
unction of the lensing potential as 

ˆ �m 

= −1 

2 
� ( � + 1) ˆ φ�m 

, ˆ γ�m 

= 1 

2 

√ 

( � − 1) � ( � + 1)( � + 2) ̂  φ�m 

, 

(8) 

n the space of spherical harmonics. Thus, in spherical geometry the
hear and convergence are related by: 

ˆ �m 

= −
√ 

( � − 1)( � + 2) 

� ( � + 1) 
ˆ κ�m 

. (9) 

The shear ( γ ) characterizes distortions in galaxy shapes, while
he convergence ( κ) quantifies changes in their apparent sizes. The
onvergence field is often referred to as a mass map since it directly
races the projected matter density along the line of sight. Note that in
he decomposition κ = κE + iκB , the κB component (the ‘B-mode’)
s expected to be zero in the absence of systematic effects. 

In the weak lensing regime, both κ and γ are much smaller
han unity and unfeasible to measure individually for any single
alaxy due to the intrinsic variety in galaxy shapes and orientations.
owever, the lensing signal emerges statistically when averaging

hape measurements across many galaxies, as the random intrinsic
omponents average to zero while the coherent lensing effect
ccumulates. From these averaged shear estimates, we aim to derive
he convergence field, which is advantageous both for being a scalar
uantity and for providing a more direct probe of mass distribution. 
To reconstruct the convergence field from shear measurements,

e invert the relation presented in equation ( 9 ). For this work, we
mplement the spherical reconstruction algorithm developed by N.
aiser & G. Squires ( 1993 ), as the flat-sky approximation proves

nadequate for the large survey area of DES Y3. The Kaiser–Squires
econstruction requires dividing by � ( � + 1) factors in harmonic
pace, which increasingly amplifies noise at smaller scales (higher � ).
NRAS 545, 1–22 (2026)
ithout regularization, this amplification causes the noise to diverge.
e therefore apply Gaussian smoothing to suppress the small-scale

oise. The specific smoothing scales used in our analysis are detailed
n Section 4 and Table 3 . For detailed descriptions of the spherical
econstruction implementation, we direct readers to C. Chang et al.
 2018 ) and N. Jeffrey et al. ( 2025 ). 

 DATA  A N D  SI MULATI ONS  

ur data is from the DES (Dark Energy Survey Collaboration 2016 ).
ES is an optical near-infrared survey that covers approximately
000 deg 2 of the southern Galactic sky in five different filters ( grizY ),
ollecting data from hundreds of millions of distant galaxies up to
 redshift of ∼1.4. The survey utilizes the Dark Energy Camera (B.
laugher et al. 2015 ) on the 4-m Blanco Telescope at the Cerro Tololo
nter-American Observatory. In this work, we use data from the first
hree years (Y3) of DES observations. 

.1 Data: DES Y3 convergence mass maps 

s main input, we use the spherical DES Y3 weak lensing conver-
ence map described in detail in N. Jeffrey et al. ( 2021 ). In particular,
e use the N. Kaiser & G. Squires ( 1993 ) reconstruction since it is
 much faster algorithm than the other methods described in N.
effrey et al. ( 2021 ) and it is thus more suitable to run on many
ock data for the SBI approach. While this reconstruction method

an introduce biases due to survey mask effects, our simulation-
ased inference methodology naturally accounts for these systematic
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Table 3. Parameter values we use for processing the maps for capturing different scales. The pixel size and Gaussian smoothing scale ( θs , corresponding to the 
full width half-maximum, FWHM) are in arcminutes. The Nside value corresponds to the target HEALPIX resolution of the map, after downgrading following the 
procedure described in Section 5.1.1 . 

Nside 512 512 512 512 256 128 128 64 
Pixel size 6.9 6.9 6.9 6.9 13.7 27.5 27.5 55.0 
θs 8.2 13.1 21 33.6 54 86 138 221 
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ffects, as we forward-model the entire analysis pipeline-including 
ask application and reconstruction-identically for both simulations 

nd observed data. 
Such maps are constructed starting from a shape or shear cata- 

ogue, as summarized in Section 3 . The DES Y3 shape catalogue
M. Gatti et al. 2021 ) contains over 100 million galaxies with
alibrated galaxy shapes using the METACALIBRATION algorithm (E. 
. Sheldon & E. M. Huff 2017 ). It has a weighted galaxy density of
eff = 5 . 59 galaxies arcmin−2 , over an effective area of 4139 deg2 .
urther calibration and validation of the shape measurements is 
erformed using image simulations in N. MacCrann et al. ( 2022 ).
he DES Y3 shape catalogue is split into four tomographic redshift
ins of similar number density, and each one comes with a red-
hift distribution estimated and calibrated based on the framework 
escribed in J. Myles et al. ( 2021 ). This catalogue has been used
n cosmological analyses based on two-point correlation functions, 
oth in real space (A. Amon et al. 2022 ), L. F. Secco et al. ( 2022 ),
nd in harmonic space (C. Doux et al. 2022 ). 

.2 Simulations for SBI: Gower Street suite 

e base our inference methodology described in Section 2 on the 
ower Street (Gower St) simulation suite, which has been built to 

pecifically mimic the properties of the DES Y3 convergence maps. 
ere we summarize its main characteristics and refer the reader to 
. Gatti et al. ( 2024 ) and N. Jeffrey et al. ( 2025 ) for further details

nd validation of the suite. 
The Gower St simulation set consists of 791 gravity-only full- 

ky N -body simulations, produced using the PKDGRAV3 code (D. 
otter, J. Stadel & R. Teyssier 2017 ). For each full sky shear map
e cut four DES footprints, for which we draw four shape noise

ealizations, as detailed in Table 1 . The simulations span a seven-
imensional parameter space in νwCDM (Cold Dark Matter), with 
he cosmological parameters listed in Table 2 . �m 

and σ8 have been 
ampled with a mixed active-learning strategy. In particular they were 
t first distributed according to the existing DES analysis constraints, 
nd then after an initial simple blind power spectrum analysis, 
ew simulations were run with σ8 and �m 

values (known only to 
he computer) in regions of parameter space with poor accuracy 
f the likelihood estimates (see N. Jeffrey et al. 2025 ). The other
osmological parameters were chosen to be distributed as follows: 

(i) ns ∼ N (0 . 9649 , 0 . 0063); from Planck (N. Aghanim et al.
020 ) with the standard deviation boosted by a factor of 1.5. 
(ii) h ∼ N (0 . 7022 , 0 . 0245); consistent with both SH0ES (A. G.

iess et al. 2022 ) and Planck (N. Aghanim et al. 2020 ). 
(iii) �b h

2 ∼ N (0 . 022 37 , 0 . 000 15); from Planck (N. Aghanim
t al. 2020 ). 

(iv) w ∼ N ( −1 , 1 / 3), but with values less than −1 or greater than
1 / 3 then discarded. For a few (64) simulations, part of the ‘science

erification’ runs, this discarding was not done. 
(v) mν : fixed at 0.06 for 192 simulations and with log ( mν) ∼

[log (0 . 06) , log (0 . 14)] thereafter. 
In the above, N ( μ, σ ) denotes a normal distribution with the
ndicated mean and standard deviation and U[ a, b] denotes a uniform
istribution with the indicated limits. 
Additionally, the Gower Street simulation suite incorporates 

everal classes of nuisance parameters to account for systematic 
ncertainties. For intrinsic alignments, we vary both the amplitude 
 AIA ) and redshift scaling ( ηIA ) parameters under the non-linear
lignment model, while also accounting for the interplay between 
ource clustering and intrinsic alignments (M. Gatti et al. 2024 
rovides detailed definitions and treatment). We include variations 
n the multiplicative shear bias parameters mi (defined in N. Mac- 
rann et al. 2022 ). Additionally, we incorporate redshift distribution 
ncertainties using the samples generated by J. Myles et al. ( 2021 )
hat marginalize over the full shape of the redshift distributions. 
recisely, an advantage of simulation-based inference is its ability to 
asily marginalize over these high-dimensional nuisance parameter 
paces by varying them directly in the input simulations. 

.3 Simulations for some validation tests: CosmoGrid 

e use a subset of the simulations from the CosmoGridV1 suite
T. Kacprzak et al. 2023 ) for additional testing and to assess baryonic
ontamination. The CosmoGridV1 simulations have also been 
roduced using the PKDGRAV3 code. From the available Cosmo- 
ridV1 simulations we chose a set of 200 full-sky simulations at the
ducial cosmology σ8 = 0 . 84, �m 

= 0 . 26, w = −1, H0 = 67 . 36,
b = 0 . 0493, ns = 0 . 9649. Each individual simulation has also been

ost-processed with a baryonification algorithm that mimics the 
mpact of baryons at small scales. The algorithm used is the baryonic
orrection model (A. Schneider et al. 2019 ; J. Fluri et al. 2022 ), which
djusts the particle positions in gravity-only simulations to mimic the 
mpact of various baryonic processes on the density distribution. The 
osmology has been chosen to be well-centred within our priors for
8 and �m 

. 

 SUMMARY  STATISTIC:  PERSISTENT  

O M O L O G Y  

omology is a mathematical formalism that categorizes topological 
paces by unambiguously and exactly detecting the independent 
oles of different dimensions they contain. A D-dimensional mani- 
old may contain holes of 0 up to D-dimensions. The p-dimensional
oles of a manifold are associated with its p-th homology group,
nd the number of independent p-dimensional holes, captured by 
he rank of the Homology group, denoted as the Betti number
p . For the spherical manifold S 

2 , only the 0- and 1-dimensional 
omology groups are relevant. Three-dimensional data sets typically 
lso consider H2 (cavities). For S 

2 , there exists only one such cavity- 
he interior of the sphere itself. 

However, our data is masked with regions in S 

2 where the 
ata is missing or spurious. We therefore apply relative homology ,
omputing the topological features of the unmasked regions while 
reating mask boundaries as topological constraints. This relative 
omology framework analyses the pair (unmasked region, mask 
MNRAS 545, 1–22 (2026)
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oundary), properly accounting for how masking affects connectivity
nd hole structure. It is important to note that while the topology of
he mask is a constant for a given mask, how its features affect
he topology of the non-masked region is dictated by a particular
ealization of the field, and therefore the same mask may not have
he same effect across different realizations of a model. Also, even
hough H2 is not relevant in standard homology over S 

2 , this is
ot the case in relative homology where such features can form.
till, for our current analysis, we focus exclusively on the H0 

nd H1 homology groups, as H2 features are substantially less
umerous and unlikely to provide significant constraining power.
uture work could investigate whether including H2 features yields
dditional cosmological information. Then, in this work we consider
he following relative homology groups: 

(i) Connected components ( H0 ): regions with filled values that
re contiguous inside the mask. In other words, for any two points
f a connected component, it is possible to define a continuous path
etween them. 

(ii) Holes ( H1 ): empty regions encircled by connected structures
n the convergence field, including voids created by masked areas. 

Persistent homology extends homology by computing topological
eatures across multiple threshold levels, enabling the identification
f birth and death thresholds for each topological structure in the
eld. This approach associates a persistence measure with each
eature – the range of thresholds over which it exists – providing
 natural significance metric. While a conventional interpretation
uggests more persistent features are detected over a wide range of
ap values and are deemed more likely to represent true features

f the underlying space rather than artifacts of sampling, noise, or
articular choice of parameters, in hierarchical and multiscale fields,
he interpretation is more nuanced. 

.1 Computational pipeline 

n this work we use TOPOS2 (P. Pranav 2022 ), a tool designed
pecifically for computing persistent homology on spherical geome-
ries. TopoS2 is developed in C ++ , offering the advantage of rapid
omputations – essential for simulation-based inference. It is built to
ork with the HEALPIX (K. M. Górski et al. 2005 ) framework, since it
as developed to be applied to cosmic microwave background maps.
ee P. Pranav et al. ( 2019 ) and P. Pranav & T. Buchert ( 2025 ) for
xtended details on how the computational process is performed on
EALPIX maps and how the triangulation is done. In this section we
ummarize the process that TOPOS2 performs to measure persistent
omology. 

.1.1 Pre-processing the original convergence maps 

efore building the persistence diagram, the following transforma-
ions are applied to the maps: 

(i) Smooth and downgrade : We extract the spherical harmonic
oefficients at the input resolution, convolve with a Gaussian filter
f a given FWHM (smoothing scale), and resynthesize the map
t the desired resolution from the Gaussian convolved harmonic
oefficients. Lower resolutions (smaller nside values) are significantly
ess expensive to compute, so we downgrade to the minimum
esolution that is suitable for a given smoothing. The computational
ime ranges from a few seconds for the fastest configuration to
pproximately 8 min per map for the slowest configuration using
 single core. We choose resolutions whose pixel size is at least three
NRAS 545, 1–22 (2026)
imes smaller than the smoothing scale we plan to apply (except in the
mallest smoothing scales, where going to a higher resolution would
ake the computations too expensive). We list all the resolution and

moothing scales in Table 3 . We also implement a hard cutoff in
armonic space at �max = 2 Nside . 
(ii) Mask : We smooth the mask with the same scale, and rebin-

arize it with a chosen threshold. We choose to keep all the pixels
hose value is above 0.8. We apply this binary mask to the map. 
(iii) Rescale : We then rescale the original convergence map κ in

he following way: 

r = κ − μκ

σκ

, (10) 

here κr and κ represent the values of the field at each pixel,
nd μκ and σκ represent the mean and standard deviation of the
onvergence field across all pixel values inside the mask. We show
he output of such process in Fig. 2 , for all smoothing scales used in
ur analysis. While this rescaling preserves the persistence diagram
tructure for individual maps, it has important implications when
nalysing an ensemble. Though μκ remains cosmologically uninfor-
ative (approximately zero), σκ contains significant cosmological

nformation. By standardizing, we largely separate the second-
oment contribution from the persistent homology signal. This

pproach allows us to either analyse the combined signal (persistent
omology plus second moments) or focus primarily on the higher-
rder information. We explore this distinction further in Section 5.5 .

.1.2 Building a persistence diagram 

aving processed the maps as outlined in the previous section, we
re ready to compute the persistent homology statistic. To generate
 persistence diagram, the following steps are followed: 

(i) Building a filtration from excursion sets . An excursion set
r a superlevel set of a scalar field κr ( x ) on the sphere S 

2 is defined
s 

 ( ν) = { x ∈ S 

2 | κr ( x ) ≥ ν} , (11) 

here x represents each HEALPIX pixel. Fig. 3 presents a visualization
f the excursion sets of the DES Y3 convergence map for a given
edshift bin. We analyse the map across multiple thresholds by
uilding a nested sequence of excursion sets, which is known as
 filtration . A filtration may also be built from sublevel sets of
 function. In our case, superlevel and sublevel filtrations yield
quivalent information, with the homology groups H0 and H1 

nd birth and death values interchanged. However, the superlevel
ltration is more meaningful in cosmological applications as this
pproach associates topological islands with density peaks, and the
opological holes are associated with the regions around the density

inima (J. Feldbrugge et al. 2019 ). 
(ii) Record features from each homology group . We track the

mergence and disappearance of topological features, specifically
onnected components ( H0 homology group) and holes ( H1 homol-
gy group), as a function of threshold ( ν). Due to computational
dvantages, in superlevel sets the filtration is usually started at the
ighest threshold value, and it gets lower subsequently. In that case,
onnected components emerge first, corresponding to the highest
eaks in the density field. When a feature first appears, we record
his threshold as its birth . Conversely, when a feature disappears, we
ecord this as its death , and a point is placed in the persistent diagram,
s shown in the upper panel of Fig. 4 . When two components merge,
he older component (born at an earlier threshold) persists, while the
ounger one is considered to have died. 
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Figure 2. Processed DES Y3 convergence maps following the steps (i) to (iii) from Section 5.1.1 : smoothing and downgrading the map, masking and rescaling 
it. This plot is showing the data from the highest redshift bin. 

Figure 3. Visualization of a superlevel set. The colourbar represents κr , the 
rescaled convergence field as defined in equation ( 10 ). The top panel shows 
regions where κr > 2, revealing mostly connected components that corre- 
spond to peaks. In the middle panel ( κr > 0), both connected components and 
holes are visible. The lower panel ( κr > −2) only has holes, corresponding 
to underdense regions in the density field. This figure depicts the DES Y3 
highest redshift bin, smoothed with θs = 221 arcmin, our largest scale. 
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3 While alternative combination methods exist, current literature shows no 
clear consensus regarding their relative advantages. 
4 While this compression is not lossless, it transforms the two-dimensional 
diagram into a 1D vector that proved significantly more amenable to neural 
network processing, which we discuss in Section 6 . Despite exploring various 
architectures, direct compression of full persistence diagrams remained 
challenging – the resulting models consistently underperformed compared 
to those using Betti numbers. 2D diagrams require substantially more 
memory and computational resources than Betti numbers, making the latter 
a pragmatic choice that balances information retention with implementation 
feasibility. We leave the development of architectures that effectively com- 
press 2D diagrams for future work. 
.2 Cross-tomographic measurements 

e also include the measurements of cross-correlations between 
ifferent redshift bins, since these carry a significant amount of 
nformation (N. Martinet et al. 2018 ). We combine the convergence 
aps for all possible two-, three-, and four-map configurations, 

hen apply the methodology detailed in Sections 5.1.1 and 5.1.2 .
o combine the maps we simply add 3 the convergence from the

ndividual redshift bins, as done in e.g. S. Cheng et al. ( 2025 ). Adding
he cross-correlations significantly improves the constraints on both 

m 

and S8 . 

.3 Betti numbers 

 persistence diagram can be compressed to the so-called Betti 
umbers. 4 The Betti numbers count the number of features of the
xcursion set. In our case, β0 counts the number of connected 
omponents and β1 the number of holes. The Betti numbers βi ( ν) can
herefore be obtained by summing over all events with birth, death
 a, b) with a ≥ ν and b < ν, as illustrated in Fig. 4 . 

We calculate Betti numbers relative to the mask at intervals 
f 0.25 in ν (ranging from −5 to 5), generating 41 data points
or each tomographic bin combination and homology group. Our 
omplete data vector encompasses 15 redshift bin combinations (four 
utocorrelations from the original bins, six pair-wise correlations, 
our three-way combinations, and the full combination of all bins) 

41 threshold points × 2 homology groups × 8 smoothing scales, 
ielding a data vector with 9840 data points. In Fig. 5 , we show the
easurements for a given DES Y3 redshift bin. 
MNRAS 545, 1–22 (2026)
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Figure 4. Persistence diagram and (persistent) Betti numbers corresponding 
to the superlevel set in Fig. 3 , with connected components ( H0 homology 
group) and holes ( H1 ). Note birth > death because we construct the superlevel 
set beginning at the highest threshold and descend due to its computational 
advantages. Betti numbers count the points in the persistence diagram within a 
certain region. For ν = 2, we represent such region with a shaded rectangular 
box, where 8 points can be counted for H0 , matching the β0 ( ν = 2) value in 
the lower panel and the number of connected components in the top panel of 
Fig. 3 minus one (the component that is born at the highest threshold never 
dies and is mapped to the single connected surface when the excursion set is 
finished). Persistent Betti numbers apply an additional condition that removes 
less persistent points (those more likely attributable to noise) by requiring 
that the persistence p (the difference between death and birth) exceeds a 
threshold. In this work, we use p > 1, represented by the triangular shading 
in the top panel. 
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.4 Persistent Betti numbers 

ersistent Betti numbers are defined similarly to Betti numbers, with
n additional condition. Specifically, we require that the persistence
, defined as the difference between the birth and death values
 ≡ b − d , exceeds a given threshold. For this work we use p = 1. 5 
NRAS 545, 1–22 (2026)

 This choice is to some extent arbitrary, however we observe in Fig. C3 that 
he region of 1 � p � 3 exhibits the strongest signal-to-noise ratio for our 
ase. 

d  

t  

i
 

s

ig. 4 illustrates the region over which one should sum to obtain
he corresponding persistent Betti number at a specific threshold
, depicted as the purple shaded area. In Fig. 5 , we show how

hey compare with the Betti numbers for a given DES Y3 redshift
in. 
Contrary to our initial expectation that persistent Betti numbers

ould yield tighter constraints by filtering noise, both statistics
erform similarly in our analysis (see Fig. 6 ). Fig. C3 helps explain
his outcome – while the signal-to-noise ratio peaks at persistence
alues around p ∼ 2, substantial cosmological information remains
n features with persistence below our threshold. This suggests our
 = 1 cutoff simultaneously removes both noise and informative

opological features. 
The comparable performance indicates that our compression

rocess (detailed in Section 6 ) successfully identifies cosmologically
elevant information regardless of whether low-persistence features
re included. To characterize the intrinsic performance of both
tatistics under optimal conditions, we conducted this comparison
sing a nearly noiseless input created by averaging 800 CosmoGrid
imulations with identical cosmological parameters. 

.5 Including second moments 

e rescale each convergence map by its standard deviation to nor-
alize the scaling of the Betti numbers, as outlined in Section 5.1.1 .
his rescaling separates the cosmological information contained in

he overall amplitude (i.e. the second moments , which contain similar
nformation to the power spectrum) from the topological features,
nforcing that the statistic primarily captures higher-order (beyond
Gaussian’). We have the option to reintroduce this Gaussian (2-
oint) information via the concatenation of the second moments to
he Betti numbers data vector. 

For the second moments the length of the data vector is 120,
orresponding to a single number – the standard deviation – for each
edshift bin ( ×15) and each smoothing scale ( ×8). The inclusion
f second moments in our analysis leads to notable improvements
n cosmological parameter constraints. Specifically, the addition of
econd moment statistics tightens constraints on both �m 

and S8 

arameters, with the Figure of Merit improving from 1053 to 1732
or standard Betti numbers and from 984 to 1707 for persistent Betti
umbers (about a 70 per cent increase), as seen in Fig. 6 for the
osmoGrid simulations. 

 COMPRESSI ON  

he complete data vector from our persistent homology statistics
as high dimensionality (9840 data points for the Betti num-
ers), making direct likelihood estimation computationally in-
ractable within the SBI framework described in Section 2 . We
mplement neural compression to transform these statistics into
ow-dimensional representations that we can use for parameter
nference. 

It is important to point out that poor compression (losing infor-
ation) will not lead to biased inference. Consistent application of

he same compression to both simulated and observed data means
 less-informative summary statistic results in inflated posterior
istributions on θ . However, although poor compression will not lead
o incorrect inference, finding a compression scheme that maximizes
nformation about θ is ideal. 

Below we describe the details of such compression for each input
tatistic. 
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Figure 5. Persistence diagrams and corresponding Betti numbers (solid lines) and persistent Betti numbers (dashed lines) for the DES Y3 data for all smoothing 
scales, for the highest redshift bin. Our analysis represents the first multiscale persistent homology analysis applied to cosmological data. 

Figure 6. Comparison between constraints using different summary statistics for the CosmoGrid simulations. Left: constraints in the �m 

− S8 plane using 
2nd moments only, Betti numbers only, and their combination. The solid lines represent standard Betti numbers while dashed lines show persistent Betti numbers. 
Right: quantitative comparison showing parameter uncertainties and Figure of Merit improvements. The Figure of Merit is given by FoM = (det [Cov ])−1 / 2 for 
the posterior covariance and is a measure of inverse volume (i.e. tightness) of the posterior probability. The percentage improvements in parentheses show the 
improvement when 2nd moments are added. 
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.1 Network architecture for the Betti numbers 

e use separate neural networks for each target parameter ( �m 

, 
8 , w, and AIA ). We train with mean-squared error (MSE) loss to
pproximate posterior means. These networks convert our topolog- 
cal statistics into parameter point estimates that serve as compact 
ummary statistics for subsequent neural likelihood estimation. In 
ig. 7 , we show the result of such compression. 
For the compression of the Betti numbers, we employ a specialized 

NN architecture designed to capture the correlations between 
moothing scales and redshift bins. The architecture processes the 
ormalized Betti numbers with dimensions (40, 240), where 240 
epresents the 15 tomographic bin combinations × the 2 homology 
roups × the 8 smoothing scales, and 40 represents the length of
ach Betti curve. 6 After experimenting with various convolutional 
pproaches, we selected SeparableConv2D layers as the primary 
uilding blocks of our network. This choice is particularly effective 
 We drop one data point from each Betti curve to achieve an even-dimensional 
nput for the CNN architecture. Since this data point typically approaches zero 
n most cases, its omission has negligible impact on the information content 
f our analysis. 

r  

C  

t

or our data structure, as SeparableConv2D processes each input 
hannel independently before mixing information across channels. 
n our case, we reshape the input to (40, 8, 30), where the 30
hannels correspond to the various tomographic bins and homology 
roups, allowing the network to initially learn features specific to 
ach redshift bin configuration and topological structure (clusters or 
oids) separately. This channel-wise processing significantly reduces 
he number of parameters while preserving the network’s ability to 
apture meaningful cosmological information across different scales. 
he subsequent point-wise convolution then efficiently combines 

hese channel-specific features. We provide complete details on the 
mplementation in Appendix A . 

Before training the compression network, we apply standard- 
zation to improve training stability and convergence. This pre- 
rocessing is applied consistently to both training and validation 
ata, as well as to the observed data during inference. 
To improve the training, we also implement: 

(i) An adaptive learning rate schedule starting at 10−3 with 
eduction when the validation loss plateaus, as proposed in M. Raveri,
. Doux & S. Pandey ( 2024 ). We have a minimum learning rate

hreshold of 10−5 . 
MNRAS 545, 1–22 (2026)
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Figure 7. Comparison between true and compressed cosmological param- 
eters. Each panel shows the scatter plot between the true parameters on the 
x-axis and their compressed values on the y-axis. The dashed line indicates 
perfect recovery. The horizontal lines represent the compressed values for the 
data realization, for which the truth is unknown. Inset histograms show the 
distribution of residuals (compressed – true) for each parameter. 
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7 We exclude simulations with w < −1 . 05 as well as a single faulty simulation 
that we have found doing this analysis, which is identified by the parameter 
combination noiserel = 0 , mock = L , rot = 1 , and run = 89 . 
(ii) Early stopping when learning no longer improves. 
(iii) Batch size of 128 for stable gradient updates. 
(iv) Shuffling of training data between epochs to prevent order-

ependent learning. 

.2 Network architecture for the second moments 

or this relatively compact data vector of 120 elements, we found that
 standard fully connected neural network architecture works well.
his is likely because the data vector is both structurally simpler
nd dimensionally smaller than the one used for Betti numbers. For
NRAS 545, 1–22 (2026)
his statistic we also use separate neural networks for each target
arameter and train with an MSE loss function. 
In particular we use a multilayer perceptron with varying depths

4 − 7 hidden layers) and widths for each cosmological parameter.
he network employs Rectified Linear Unit (ReLU) and Leaky
eLU activation functions and is trained with the Adam optimizer to
inimize mean squared error. We optimize the network architecture

layer count, widths, activations, and learning rate) using OPTUNA (T.
kiba et al. 2019 ), a hyperparameter optimization framework. We
rovide more details about the specific architecture in Appendix A . 
It is worth noting that we also explored alternative dimensionality

eduction techniques, including the linear methods recently proposed
y M. Park, M. Gatti & B. Jain ( 2025 ), which were reported to
utperform neural networks for parameter compression in certain
ontexts. However, our experiments showed that these claims do not
eneralize to scenarios involving wide prior ranges for the intrinsic
lignment parameter ( AIA ). Specifically, while these methods per-
ormed adequately when AIA was constrained to a narrow range ( −1
o 1), their performance deteriorated significantly when applied to
ur analysis with the broader prior range ( −3 to 3). 

.3 Combining Betti numbers with second moments 

e explored two approaches for combining Betti numbers with
econd moments: (1) joint compression of both statistics with
 single network, and (2) separate compression followed by a
oncatenation of the compressed data vectors. Our experiments show
hat the latter approach yields significantly better results, allowing
ach specialized network to extract parameter-specific information
ithout interference between the different types of statistics. Our

ombination procedure works then as follows: 

(i) We independently compress the Betti numbers using the CNN
rchitecture and the second moments using the fully connected
rchitecture, both detailed in Appendix A . 

(ii) For each target parameter ( �m 

, S8 , w, and AIA ), we obtain
wo compressed values: one from the topological features and one
rom the second moments. These compressed representations are
oncatenated to form an 8D vector per simulation. 

(iii) The combined vector is then used as input to the neural density
stimator for likelihood estimation as described in Section 2.1 . 

Our neural density estimator approach naturally accounts for any
ross-correlations between the two statistics, as the NDE learns the
oint likelihood p( t | θ ) where t now includes information from both
etti numbers and second moments. The network learns not only the

ndividual dependences of each statistic on the parameters, but also
heir joint covariance structure through the simulation data. 

.4 Training-testing division of simulation data 

ur analysis employs 14 279 filtered simulations, 7 divided into two
ata sets. To divide the simulations we follow a similar approach
s in M. Gatti et al. ( 2025 ) and N. Jeffrey et al. ( 2025 ). The first
ata set, comprising 60 per cent of simulations (8567 simulations
hat correspond to noise realizations 0, 1, and 2), is used for the
ompression – with 90 per cent allocated to training and 10 per cent to
alidation. The second data set, containing the remaining 40 per cent
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Figure 8. Impact of baryonic effects on the cosmological posteriors for 
Betti numbers and persistent Betti numbers. We use as input the mean of 800 
CosmoGrid simulations with and without baryonic effects. For standard 
Betti numbers, the combined 2D significance of the shift in the �m 

–S8 plane 
due to baryonic effects is 0.13 σ , and for persistent Betti numbers 0.12 σ . The 
minimal shifts demonstrate that our analysis is robust to baryonic physics, 
allowing us to include information from all smoothing scales in our analysis. 

C
p
r  

c
w
t
t
a  

d
m
h
a
i
o
b
o
f

t  

c
a
(  

s
u

f simulations (5712) from two additional noise realizations, serves 
s our test set. 8 We keep a large test set because our complete
ethodology follows a two-stage process: first, we train compression 
odels on the initial data set; then, we apply these models to

ompress the second data set, which subsequently provides inputs to 
he NDE. Through this second step, we learn the likelihood p( t | θ )
f the compressed statistics t given input parameters θ . We restrict
he NDE training exclusively to the second set to avoid propagating 
verfitting effects from the compression to the final uncertainties. The 
osteriors are then anyway rigorously validated through a coverage 
est, as described in Section 7.2 . 

 VA LIDATION  

n this section, we describe the validation tests specific to this work.
e also note that our analysis relies on the extensive validation of the

imulations and critical components of the SBI pipeline conducted in 
he companion works of M. Gatti et al. ( 2024 , 2025 ) and N. Jeffrey
t al. ( 2025 ). 

.1 Impact of baryonic effects 

e use the CosmoGridV1 simulation suite to assess the impact 
f baryonic effects on our data vector. This suite has been post-
rocessed to incorporate baryonic feedback using the baryonic 
orrection model, as detailed in Section 4.3 . Our analysis utilizes 
00 realizations of DES Y3-like convergence maps, derived from 200 
ndependent full-sky simulations, with four DES footprints extracted 
rom each. To quantify the baryonic impact in a way that mimics
n idealized noiseless scenario, we compare the mean data vectors 
omputed across all 800 realizations, one with baryonic effects 
ncluded and one without. 

Our goal is to ensure that our statistics and the scales used
n this study are not significantly affected by potential baryonic 
ontamination, which is not accounted for in the Gower Street 
imulations that we use for inference. Specifically, we verify that 
he mean of the marginalized two-dimensional posterior distribution 
f �m 

and S8 , when analysing data with baryonic contamination, 
s within 0 . 3 σ of the mean obtained from uncontaminated data. In
ig. 8 , we show the impact of baryonic effects on the �m 

–S8 joint
osterior. The measured 2D shifts are small: 0 . 13 σ for standard
etti numbers and 0 . 12 σ for persistent Betti numbers – both below
ur predefined 0 . 3 σ threshold for validation. When combined with 
econd moment statistics (see Fig. C1 ), the 2D difference is still
nder the threshold even if the contours shrink, with 0.15 σ for both
he standard Betti numbers and the persistent Betti numbers. This 
mplies that we do not need to remove any scales affected by baryonic
hysics from our analysis. 
While these results demonstrate robustness to baryonic effects, it is 

mportant to contextualize our validation approach. Baryonification 
ethods have been primarily validated for position and angle- 

veraged statistics rather than topological features specifically. Still, 
here has been partial validation through bispectrum measurements 
s shown in G. Aricò et al. ( 2021 ) and D. Anbajagane, S. Pandey & C.
 While these two sets share the same underlying shear maps, they have 
ndependent noise properties and nuisance parameter values. This partial 
ndependence is sufficient for our analysis given the noise-dominated nature 
f the DES Y3 data. Table 1 provides a breakdown of the simulation 
onfigurations, detailing precisely which input parameters are varied across 
ifferent subsets of the simulation suite. 

m
8
o  

b  

t
t

 

o  
hang ( 2024 ). The bispectrum captures some angular dependences, 
roviding a step towards validating more complex statistics. More 
ecently, A. J. Zhou et al. ( 2025 ) demonstrated that baryonifi-
ation methods perform well for higher-order statistics including 
avelets and scattering transforms, offering strong support for 

heir applicability to diverse statistical measures beyond traditional 
wo-point functions. Nevertheless, our findings align with previous 
nalyses, particularly the work of M. Gatti et al. ( 2024 ), which
emonstrated similar insensitivity to baryonic effects at the same 
inimum smoothing scale (8 arcmin FWHM) using wavelet phase 

armonics and moments of the convergence field. This consistency 
cross different statistical approaches provides additional confidence 
n our validation. Since all these methods capture different aspects 
f the same underlying density field, and traditional statistics where 
aryonification is well-validated show minimal baryonic impact at 
ur chosen scales, we gain confidence that our persistent homology 
eatures are similarly robust. 

Moreover, in two-point correlation function analyses, both the 
ransformation kernel from P ( k) to ξ+ 

and the one of convergence
orrelations use the J0 Bessel function, and standard cosmic shear 
nalyses minimally remove data points for ξ+ 

due to baryonic effects 
A. Amon et al. 2022 ; L. F. Secco et al. 2022 ). Our 8 arcmin
moothing scale is significantly larger than the scale cuts typically 
sed in two-point analyses, providing additional reason to expect 
inimal baryonic contamination in our convergence mass maps. The 
 arcmin minimum smoothing scale corresponds to physical lengths 
f approximately 2, 3, 4, and 5 Mpc h−1 for our four tomographic
ins, respectively, which extend from just outside the 1-halo term into
he 2-halo term regime, where baryonic effects are already expected 
o have less impact on the matter distribution. 

In Fig. 9 , we also show the direct impact of baryonic contamination
n each part of the data vector. We find that baryonic effects have
MNRAS 545, 1–22 (2026)
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Figure 9. Impact of baryonic effects on Betti numbers across different smoothing scales and redshift bin combinations. The left panel shows results for 
Homology Group 0 (generally associated with clusters), while the right panel shows Homology Group 1 (generally associated with voids). Each line represents 
a different z-bin or combination of z-bins. Solid lines correspond to the Betti numbers and dashed lines to persistent Betti numbers. The �χ2 metric indicates 
the statistical difference between dark matter-only and baryonic simulations. 
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 substantially stronger influence on Homology Group 0 (connected
omponents/clusters) compared to Homology Group 1 (holes/voids),
s might be intuitively expected since baryonic feedback primarily
ffects high-density regions. The different impact is confirmed in
he corresponding 2D shifts presented in Table C1 , which measure
.12 σ for β0 (Homology Group 0) and only 0.03 σ for β1 (Homology
roup 1). Additionally, we observe that cross-correlations between

edshift bins are significantly more impacted by baryonic effects than
utocorrelations. In Fig. C2 , we show that this is due to the absolute
ifference between the Betti numbers for baryons versus dark
atter only simulations being larger, rather than the uncertainties

ecreasing. 
This differential impact across homology groups and correlation

ypes represents an advantage of persistent homology as a summary
tatistic. Even though our current analysis meets the validation
riteria without requiring mitigation strategies, these findings suggest
hat baryonic effects could be effectively isolated and mitigated
n future analyses by differentially weighting various components
f the persistent homology data vector. This contrasts with other
ethods (such as map-level compressions or statistics that do not

istinguish between different physical structures) where separating
aryonic effects is more challenging. We believe that this physically
nterpretable nature of persistent homology makes it particularly
aluable for robust cosmological inference as we progress towards
tage IV surveys with increased sensitivity. For more visualizations
f the impact of baryonic effects to the Betti numbers and persistent
istograms we refer the reader to Appendix C . 

.2 Posterior probability validation: coverage tests 

e verify that the confidence levels derived from simulation-based
nference are accurately estimated by performing an empirical
overage test. In this procedure, the inference process is repeated
ultiple times to ensure that the resulting posteriors correctly reflect

he true parameter probabilities. In Bayesian inference, while there
s no theoretical guarantee that credible intervals match frequentist
overage properties, empirical validation of this correspondence is
aluable. Our tests demonstrate that our 68 per cent credible regions
NRAS 545, 1–22 (2026)
ontain the true parameters approximately 68 per cent of the time,
uggesting our posteriors accurately quantify parameter uncertainty.

To perform this test, we ran the inference ∼ 550 times, each time
xcluding one mock data vector (selected at random) from the set
sed to train the neural likelihood estimator. For each excluded data
ector, we computed the likelihood, and derived the corresponding
osterior. We then evaluated the coverage probabilities in the four-
imensional parameter space defined by �m 

, S8 , w, and AIA , using
he TARP package, which implements the Tests of Accuracy with
andom Points (TARP) method to estimate the coverage of posterior
stimators (P. Lemos et al. 2023 ). For each of the 568 posterior
ealizations, we drew a set of random reference points in parameter
pace and computed the fraction of posterior samples that lay closer
o the reference point than the true parameter value. This fraction
efines a credible region centred on the reference point; repeating
his process allows us to estimate how often the true parameters
all within a region of given credibility (e.g. 68 per cent). The
ARP method guarantees both necessary and sufficient conditions
or accurate coverage. Our procedure follows the methodology used
n the companion analyses by N. Jeffrey et al. ( 2025 ) and M. Gatti
t al. ( 2024 ). 

The results, shown in Fig. 10 , demonstrate that the observed
overage matches the expected credibility levels within statistical
ncertainties, indicating that our posterior estimates are well cali-
rated. 

.3 End-to-end testing with CosmoGrid simulations 

o further validate our inference pipeline, we conducted an end-
o-end test using the CosmoGrid simulation suite. We created
 noiseless test case by averaging the Betti numbers from 800
imulations at the fiducial cosmology, then processed this mean
ata vector through our complete analysis pipeline. To minimize
tochastic variations in the NDE process, we trained the NDE five
ndependent times and concatenated the resulting posterior chains.

e also apply this same process to our DES Y3 data analysis. 
Fig. 6 shows the resulting constraints in the �m 

− S8 plane. The
ecovered parameters are all within 0.3 σ in the 2D plane. For both
tandard and persistent Betti numbers we find shifts of 0.08 σ with
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Figure 10. Coverage test results for the combination of (persistent) Betti 
numbers and second moments, obtained using the TARP package. The y -axis 
shows the expected coverage probability – the fraction of times that credible 
regions of a given confidence level actually contain the true parameter when 
averaged over many tests. The x -axis shows the credibility level – the nominal 
confidence level of those regions (e.g. 0.68 for 68 per cent credible regions). 
The diagonal dashed line represents perfect calibration where a credibility 
level of X matches an expected coverage of X, which our results follow within 
the uncertainties (represented by the shaded areas, constrained by the finite 
number of posterior samples used). 
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9 We define FoM = 1 √ 

det ( Cp1 ,p2 ,... ,pn ) 
, where Cp1 ,p2 ,... ,pn represents the co- 

variance matrix of parameters p1 , p2 , . . . , pn . 
espect to the truth in the 2D plane and 0.2 σ when combined with the
econd moments. This confirms our methodology does not introduce 
arge parameter biases. 

.4 Blinding 

o avoid confirmation bias we implemented a blinding protocol. 
ll methodology decisions in this work were made without looking 

t the cosmological results from the data: we designed our pipeline, 
etermined all analysis choices, and implemented the full simulation- 
ased inference framework prior to examining any cosmological 
arameter constraints from the actual data. We also wrote the paper 
nd went through one round of the internal collaboration review 

rocess while still blind to the final results. This approach ensures that
ur methodology was not tuned to match expectations or previous 
esults, which we believe significantly strengthens the robustness and 
eliability of this work. 

As part of our unblinding procedure, we performed a sequence 
f basic checks: First, we verified that the DES Y3 Betti numbers
ata vector fell within the range of measurements from the Gower 
treet Simulations. Next, we confirmed that the compressed values 
emained within the parameter space covered by the Gower Street 
imulations. We then verified that our second-moment-only results 
ere consistent with the analogous findings reported in M. Gatti 

t al. ( 2025 ). We then unblinded the Betti number results. Finally,
e verified the compatibility between second-moment posteriors and 
etti number posteriors before combining them. 

 C O S M O L O G I C A L  RESULTS  

.1 Persistent homology DES Y3 data results 

ig. 11 shows the cosmological constraints from each homology 
roup analysed separately and then combined on DES Y3 data. 
lusters ( β0 ) provide slightly tighter constraints than voids ( β1 ),
ith Figures of Merit (FoM 

9 ) in the �m 

− S8 plane of 733 and 676,
espectively. This ordering aligns with the literature, where clusters 
overdensities, peaks) typically outperform voids (underdensities, lo- 
al minima) in cosmological constraints. However, the performance 
ap is notably smaller than expected from previous studies. The mean
f our CosmoGrid simulations show a more pronounced difference 
FoM of 836 for clusters versus 718 for voids), and this gap widens
ubstantially in the full four-dimensional parameter space, where the 
oM decreases from approximately 14 600 for clusters to 10 200 for
oids. 

However, the relatively similar constraining power of clusters and 
oids in the �m 

− S8 plane from persistent homology represents 
 novel finding. This reduced asymmetry, compared to traditional 
eak/void statistics, may reflect fundamental differences in how 

ersistent homology extracts cosmological information. Unlike con- 
entional methods that count features at fixed thresholds, persistent 
omology tracks how topological structures evolve across multiple 
hreshold levels, potentially extracting more balanced information 
rom both density peaks and voids. Additionally, the specific noise 
haracteristics and systematic effects present in the DES Y3 data set
ay contribute to this result. 
When combined, the Betti numbers ( β0 + β1 , dashed magenta) 

rovide tighter constraints than either homology group alone, with 
n FoM in the �m 

− S8 plane of 876. The persistent Betti numbers
esult (dotted black) is consistent to the standard Betti numbers one,
ith slightly higher constraining power (FoM = 907). 
Our fiducial results, presented in Fig. 12 , combine Betti numbers

or persistent Betti numbers) with second moments. For the DES 

3 data realization, we find that adding Betti numbers to the second
oments increases the FoM in the �m 

− S8 plane by approximately 
0 per cent (from 1204 to 1542). 
The results from persistent Betti numbers combined with second 
oments are generally similar to those from standard Betti numbers, 

hough with a slightly lower preferred value of �m 

. Second moments
lone tend to prefer a lower value of �m 

compared to the Betti number
tatistics. The full parameter constraints are presented in Table 4 and
lso in Appendix B . Note that for all parameters that we report in
uch table we gain information with respect to such analysis prior,
hich is displayed in Table 2 . 

.2 Comparison with other statistics 

o contextualize our results, we compare our persistent homology 
onstraints with other summary statistics applied to the same Cos- 
oGrid simulation suite and DES Y3 data set as described in

he companion papers M. Gatti et al. ( 2024 , 2025 ), respectively,
roviding a direct one-to-one comparison. 

.2.1 Comparison on CosmoGrid 

e first compare the constraining power in the ‘noiseless’ case 
rovided by the mean of CosmoGrid simulations. Comparing our 
econd moments results with those from (M. Gatti et al. 2024 , G24
ere), we find an FoM of 1053 while G24 reports 904. Our analysis
ields slightly tighter S8 constraints, whereas G24 achieves better �m 

onstraints. Despite analysing the same statistic and using the same 
MNRAS 545, 1–22 (2026)
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Figure 11. DES Y3 Betti numbers wCDM results: for the different homology groups β0 (corresponding to overdensity regions or clusters) and β1 (corresponding 
to underdensity regions or voids), along with their combination (Betti numbers) and persistent Betti numbers statistic. 

Figure 12. DES Y3 wCDM results: our fiducial results combine (persistent) Betti numbers with second moments. The figure of merit in the �m 

–S8 plane for 
each statistic is 1542 for the Betti + 2nd moments combination, which represents a 30 per cent improvement compared to second moments alone (1204). We 
also compare with the conventional cosmic shear analysis from ξ± two-point correlations from A. Amon et al. ( 2022 ) and L. F. Secco et al. ( 2022 ) reanalysed 
to match our priors as a reference. 
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imulations and SBI framework, we report here some methodological
ifferences between both analyses that can explain the differences: 

(i) Our analysis includes additional combinations of redshift
ins beyond what G24 incorporates. Specifically, both analyses
se individual redshift bins and all pairwise combinations, but
NRAS 545, 1–22 (2026)
e additionally incorporate every possible three-bin combination
nd the complete four-bin combination. Each combined map is
onstructed by summing the convergence maps of the corresponding
ndividual redshift bins, and we measure the standard deviation of
hese summed maps. Even though three-bin variances and the four-
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Table 4. Results for the DES Y3 data, assuming the wCDM model. For each parameter we report the mean and the 68 per cent credible interval (except for w 

where we report the 68 per cent upper limit). 

Summary statistic S8 �m 

w AIA FoM ( �m 

, S8 ) FoM ( �m 

, S8 , w, AIA ) [ ×10−3 ] 

β0 (Clusters) 0.842 ± 0 . 029 0.333+ 0 . 050 
−0 . 049 < −0 . 76 0.36+ 0 . 38 

−0 . 37 733 14.6 

β1 (Voids) 0.824 ± 0 . 030 0.290 ± 0 . 047 < −0 . 72 0.72 ± 0 . 46 676 10.2 

2nd moments 0 . 814 ± 0 . 022 0.270+ 0 . 040 
−0 . 039 < −0 . 76 0.40+ 0 . 39 

−0 . 36 1204 30.7 

Betti numbers ( β0 + β1 ) 0.823 ± 0 . 027 0.313 ± 0 . 044 < −0 . 69 0.84 ± 0 . 41 876 14.8 

Persistent Betti numbers 0.811 ± 0 . 028 0.287 ± 0 . 040 < −0 . 72 0.89 ± 0 . 50 907 13.2 

Betti numbers + 2nd moments 0.821 ± 0 . 018 0.304 ± 0 . 037 < −0 . 75 0.64 ± 0 . 35 1542 42.3 

Persistent Betti + 2nd moments 0.817 ± 0 . 019 0.286 ± 0 . 036 < −0 . 75 0.50+ 0 . 35 
−0 . 34 1551 44.4 

Cosmic shear 2pt 0.813+ 0 . 032 
−0 . 022 0.303+ 0 . 040 

−0 . 051 < −0 . 71 0.34+ 0 . 28 
−0 . 25 901 40.3 
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10 The IA model in the Gower Street simulations is slightly different from the 
one used for the DES Y3 cosmic shear re-analysis to which we compare in this 
work. While both are NLA models plus a clustering term (see equations 2–
4 in G24 ), the theory implementation used in the cosmic shear analysis 
estimates these contributions using tree-level perturbation theory, whereas 
our implementation directly uses the clustering of the simulation, which is 
larger at intermediate to small scales. 
in variance can be calculated from pairwise and individual terms 
nd thus do not provide any additional cosmological information, 
e have tested that including these extra bins provides an additional 
 10 per cent of constraining power for the second moments. We

ttribute this enhancement to the compression network’s improved 
erformance when provided with this redundant information in the 
ata vector. 
(ii) We measure the standard deviation of maps after following 

he complete pre-processing pipeline described in Section 5.1.1 
downgrading, smoothing, masking, and rescaling), while G24 only 
pplies downgrading and smoothing. We note this methodological 
ifference for completeness, though it likely contributes minimally 
o differences in constraining power between the analyses. 

(iii) We optimize the compression of second moments using 
PTUNA (T. Akiba et al. 2019 ), as detailed in Section 6.2 , which

s also contributing to improved FoM performance. 

With these methodological differences established, we can mean- 
ngfully interpret the results across different statistical approaches. 
he Betti numbers in our analysis (FoM = 1060) show similar
onstraining power to the combination of second and third moments 
FoM = 1035) reported in table V of G24 . When combined with
econd moments, the Betti numbers achieve an FoM of 1732, sub-
tantially exceeding the performance of second moments combined 
ith scattering transforms (FoM = 1245) and reaching very similar 
ower to the combination of second moments + third moments + 

cattering transforms + wavelet phase harmonics from G24 with 
oM = 1733. 
This comparison suggests that persistent homology efficiently 

xtracts non-Gaussian information at a level similar to all these other 
igher-order statistics combined, although the strong performance 
ay be partly due to our CNN-based compression approach of the 
etti numbers. 

.2.2 Comparison on DES Y3 data 

s shown in Fig. 12 and Table 4 , our fiducial results are consistent
nd more constraining than the ones from the cosmic shear two- 
oint correlation function. To perform this comparison, we have 
eanalysed the standard DES Y3 ξ± results based on an analytical 
odel. This includes the following main changes with respect to the 

esults published in the DES Y3 cosmic shear papers from A. Amon
t al. ( 2022 ) and L. F. Secco et al. ( 2022 ): 

(i) Matching priors for the wCDM model ( −1 < w < −1 / 3) and
osmological parameters ( ns , �b , h , neutrino mass) as in Table 2 . You
an see a comparison of the differences between our priors and the
ducial priors for the DES Y3 wCDM analysis in figure 2 from G24 .
(ii) Using an NLA intrinsic alignment model instead of Tidal 

lignment and Tidal Torque (TATT), with priors matching 10 Table 2 .
(iii) Excluding the shear-ratio likelihood from C. Sánchez et al. 

 2022 ), which primarily constrains IA and redshift parameters. 
(iv) Employing the HYPERRANK method (J. P. Cordero et al. 

022 ) for redshift uncertainties, consistent with our simulation-based 
nference framework. 

Then, we find our combination of Betti numbers with second 
oments to be 70 per cent more constraining in the Figure of
erit in the �m 

− S8 plane compared to the reanalysed cosmic 
hear two-point analysis (FoM = 1542 versus 901). However, note 
hat we find our second moments results alone to be already more
onstraining than the 2 pt cosmic shear ones in the �m 

− S8 plane
FoM = 1204 versus 901). This could be partly due to different
cale weightings (see e.g. figure 20 of M. Gatti et al. 2022 ) and the
ifferent treatment of the intrinsic alignment source clustering term. 
oreover, the statistical power appears to be distributed differently 

cross parameters, as cosmic shear yields better constraints in the full
our-dimensional parameter space with an FoM ( �m 

, S8 , w, AIA ) of
0 . 3 × 103 compared to 30 . 7 × 103 for the second moments. 
We also compare our results with other higher-order statistics 

pplied to DES Y3 data in Fig. 13 . Our constraints show very
ood agreement with those from M. Gatti et al. ( 2025 ) ( G25 ), who
sed 2nd + 3rd moments + scattering transforms (ST) + wavelet
armonics (WPH), and with N. Jeffrey et al. ( 2025 ) ( J25 ), who did
 map-level CNN compression combining with the power spectrum. 
his comparison is particularly valuable since all analyses use the 
ame underlying data, simulations, and SBI framework, allowing 
s to isolate the impact of the different statistics and compression
pproaches. An important consideration though is that J25 excluded 
he intrinsic alignment parameter AIA from their compressed data 
ector, whereas both G25 and our analysis include this component, 
hich has now been found to yield tighter S8 constraints. 
When comparing constraining power across these statistics, our 

etti + 2nd moments combination achieves a Figure of Merit of
542, which is competitive with G25 most complete combination of 
MNRAS 545, 1–22 (2026)
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Figure 13. DES Y3 wCDM results: We compare the conventional cosmic shear analysis from ξ± two-point correlations from A. Amon et al. ( 2022 ) and L. F. 
Secco et al. ( 2022 ), reanalysed to match our priors; the SBI analysis combining 2nd + 3rd moments + scattering transforms (ST) + wavelet harmonics (WPH) 
from M. Gatti et al. ( 2025 ) and the power spectrum + map-level CNN from N. Jeffrey et al. ( 2025 ), both of which use the same framework as this work; and our 
fiducial result from the combination of Betti numbers and 2nd moments. Caveat: see Section 8.2.2 for S8 impact of different analysis choices from N. Jeffrey 
et al. ( 2025 ). 
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nd + 3rd moments + ST + WPH (FoM = 1725). Remarkably, our
pproach using only two summary statistics (Betti numbers and 2nd
oments) achieves similar constraining power of this more complex

ombination that utilizes four distinct statistics. This may be partially
ttributable to methodological differences in how we analyse our
tatistics. As detailed in Section 8.2.1 , our 2nd moment implemen-
ation differs from G25 in several aspects, including the inclusion
f more redshift bin correlations and an optimized compression
etwork. Additionally, it is important to note that the constraining
ower of higher-order statistics can vary significantly depending on
he specific noise realization of the data. R. C. H. Gomes et al. ( 2025 )
emonstrate that the improvement from adding higher-order statistics
o Gaussian statistics can range from 24 per cent to 170 per cent
epending on the noise realization, which may contribute to the
ifferences in FoM between our ‘noiseless’ simulated results and
ctual noisy data constraints. 

In terms of 1D parameter constraints, our Betti + 2nd moments
ombination ( S8 = 0 . 821 ± 0 . 018) achieves similar precision on
8 as G25 most complete combination ( S8 = 0 . 817 ± 0 . 021), with
early identical central values. The constraints on w are also
imilar. For �m 

, our constraint (0 . 304 ± 0 . 037) centres on a slightly
igher value than G25 (0 . 273 ± 0 . 029), and with slightly broader
ncertainty width. Similarly, when comparing with J25 ’s map-level
NN technique, we find our method offers slightly tighter constraints
n S8 but broader constraints on �m 

and w. 

 C O N C L U S I O N S  A N D  O U T L O O K  

n this work, we have presented the first application of spherical
ersistent homology to a galaxy survey, analysing the DES Y3
NRAS 545, 1–22 (2026)
eak lensing mass maps using the TOPOS2 algorithm and a robust
imulation-based inference framework. 

.1 Main results 

ur analysis demonstrates that topological methods provide a pow-
rful framework for extracting cosmological information: 

(i) Consistent Cosmological Constraints: Assuming a wCDM
odel, our combined analysis of Betti numbers and second mo-
ents yields S8 = 0 . 821 ± 0 . 018 and �m 

= 0 . 304 ± 0 . 037, with
 < −0 . 81. These results are consistent with the DES Y3 cosmic

hear analysis from A. Amon et al. ( 2022 ) and L. F. Secco et al.
 2022 ) and with other DES Y3 higher order statistics analyses from
25 and J25 . 
(ii) Improved Statistical Power: Our analysis demonstrates that

ersistent homology effectively captures non-Gaussian information
eyond traditional statistics, with improvements that vary for dif-
erent input realizations. For the DES Y3 data, combining Betti
umbers with second moments increases the Figure of Merit in the
m 

− S8 plane by approximately 30 per cent, while in a noiseless
imulated environment, this improvement is 70 per cent. Compared to
osmic shear two-point functions, our approach delivers a 70 per cent
mprovement in the same �m 

− S8 plane. When compared with other
ES Y3 higher-order statistics, persistent homology is competitive,

chieving similar constraining power of the most complete com-
ination of statistics from G25 that utilizes four statistics (2nd +
rd moments + scattering transforms + wavelet harmonics). When
ompared to J25 ’s map-level CNN analysis, our analysis has smaller
rror bars on S8 , whereas their results have lower uncertainty on �m 

nd w. 



Persistent homology on weak lensing maps 17

m
b
p
H
s
o  

n

9

W
p

t
g
a

r
h
m

c
c
r

9

T
r
h
a
e  

h
F
w
p
b
c
t
t
i
p
s
a
t
s
m
c

A

J
a
D
f
a
N
t
c
f

a
h
d
c
s
t  

t  

M  

D  

S  

S  

C  

T
i  

o
d
t

A

W
J

 

P
p
9
b
N
u
D
H

 

m
o
F
F
i
t
C
O
a
e
E
C
e
o

t  

b
T
L
t
N
C
I
L
a
N
v
S
U
M

(iii) Robustness to Systematics: Validation tests using the Cos- 
oGrid simulations demonstrate that our analysis is robust to 
aryonic effects, with parameter shifts below 0 . 3 σ in the �m 

− S8 

lane. The differential response of topological features – with 
omology Group 0 (typically associated to clusters) showing greater 

ensitivity to baryonic effects than Homology Group 1 (voids) –
ffers a natural path for isolating systematics in future analyses if
eeded. 

.2 Methodological advances 

e have developed the following key advantages with respect to 
revious work: 

(i) Spherical Analysis: The implementation of spherical persis- 
ent homology enables analysis of complete surveys in their native 
eometry without requiring fragmentation or flat-sky projections-an 
pproach increasingly valuable for upcoming large-area surveys. 

(ii) Efficient Information Compression: Our convolutional neu- 
al network architecture successfully compresses a complex and 
igh-dimensional data vector while preserving cosmological infor- 
ation across different smoothing scales and redshift bins. 
(iii) Optimized Combination Strategy: We have found that 

ompressing Betti numbers and second moments separately before 
ombining them at the likelihood level yields significantly better 
esults than joint compression. 

.3 Future prospects 

his methodology opens several promising avenues for future 
esearch. The spherical persistent homology framework developed 
ere is readily transferable to upcoming wide-field surveys such 
s LSST (LSST Science Collaboration 2009 ), Roman (R. Akeson 
t al. 2019 ), and Euclid (R. Laureijs et al. 2011 ), where its native
andling of curved-sky geometry will be increasingly valuable. 
uture work could also explore combining this topological approach 
ith other cosmological probes within a unified analysis framework, 
otentially further enhancing parameter constraints and also going 
eyond persistent Betti numbers. Persistence diagrams themselves 
ontain richer structural information – such as feature lifetimes –
hat could be harnessed through more advanced summary statistics 
o further improve cosmological inference. The robustness and 
ncreased statistical power demonstrated in this work also makes 
ersistent homology a promising tool for testing extensions to the 
tandard cosmological model, including modified gravity scenarios 
nd evolving dark energy. Additionally, the differential response of 
opological features to baryonic effects with clusters showing greater 
ensitivity than voids suggests potential for constraining feedback 
odels directly from observations, offering a new window into the 

omplex physics of galaxy formation. 
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ational Accelerator Laboratory, the University of Illinois at Urbana- 
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Table A1. Summary of the neural network architecture (a CNN) used for 
compressing the Betti numbers. The network first reshapes the input to exploit 
the natural structure of the data across different scales and redshift bins. 

Layer type Output shape Kernel size Parameters 

Input (40, 240) – 0 
Reshape (40, 8, 30) – 0 
SeparableConv2D (40, 8, 32) (3, 1) 1082 
BatchNormalization (40, 8, 32) – 128 
SeparableConv2D (40, 8, 32) (5, 3) 1536 
BatchNormalization (40, 8, 32) – 128 
AveragePooling2D (20, 8, 32) (2, 1) 0 
Conv2D (20, 8, 16) (3, 3) 4624 
BatchNormalization (20, 8, 16) – 64 
AveragePooling2D (10, 4, 16) (2, 2) 0 
ip J. H. T. , Biagetti M., Cole A., Viswanathan K., Shiu G., 2024, J. Cosmol.
Astropart. Phys., 2024, 034 

ip J. H. T. , Rouhiainen A., Shiu G., 2025, Mach. Learn.: Sci. Technol. , 6,
025063 

hou A. J. , Li X., Dodelson S., Mandelbaum R., 2024, Phys. Rev. D , 110,
023539 

hou A. J. , Gatti M., Anbajagane D., Dodelson S., Schaller M., Schaye J.,
2025, J. Cosmol. Astropart. Phys., 2025, 073 

PPEN D IX  A :  COMPRESSION  

R C H I T E C T U R E S  

1 Architecture for the Betti numbers 

he network first reshapes the input to a tensor with shape (40, 8,
0) to better capture the relationship between different smoothing 
cales (8), redshift bins (15) and homology groups (2). Thus, we 
ave 30 channels that correspond to the various tomographic bins 
nd homology groups. The SeparableConv2D 11 layers are the 
ackbone of our architecture, consisting of two sequential opera- 
ions: a depthwise convolution that processes each input channel 
ndependently, followed by a pointwise convolution that combines 
nformation across channels. This approach significantly reduces 
he parameter count compared to standard convolutions and allows 
he network to initially learn features specific to each redshift bin 
onfiguration and topological structure (clusters or voids) separately. 
e order the channels by redshift bin combinations with both 

omology groups ( Hi ) adjacent (e.g. z1 − H0 , z1 − H1 , z2 − H0 , 
2 − H1 ). We have tested ordering grouping all H0 channels (clusters) 
ogether followed by all H1 (holes) and found that it performs slightly
orse. 12 

We list the convolutions and pooling operations in Table A1 and 
escribe them here: 

(i) An initial depthwise separable convolution with 32 filters and 
 (3, 1) kernel: This kernel examines three consecutive points along 
ach Betti curve without mixing smoothing scales, allowing the 
etwork to detect localized topological features. 
(ii) A larger separable convolution with a (5, 3) kernel to identify 

roader patterns, followed by average pooling to reduce dimension- 
lity. The (5, 3) kernel examines both more points on each Betti
urve (5) and spans across multiple adjacent smoothing scales (3), 
nabling the network to detect patterns that depend on both the 
hape of individual curves and how these shapes vary across different 
hysical scales. 
(iii) Two standard convolutional layers with decreasing filter 

ounts (16 and 8) to combine features across all channels. 
(iv) A fully connected output section with dropout (30 per cent) 

or regularization and robustness against overfitting. 

The network uses the inverse hyperbolic sine (asinh) activation 
unction throughout, which effectively handles both small and large 
1 keras.io/api/layers/convolution layers/ 
2 The ordering of channels primarily matters during the pointwise convo- 
ution stage of the SeparableConv2D layers, where adjacent channels are 
ombined. This ordering becomes less important after the standard Conv2D 

ayers, which process all channels simultaneously. 

C
F
D
D
D

alues while maintaining gradient flow across different scales. This 
ctivation function provides advantages over ReLU for our data, 
hich contains both positive and negative values after normalization. 
e use a batch size of 128 and 300 epochs. Here, we provide the

ode to implement such network: 

2 Architecture of the 2nd moments 

n Table A2 , we provide the details of the fully connected neural
etwork that we use to compress the 2nd moments. 
MNRAS 545, 1–22 (2026)

onv2D (10, 4, 8) (3, 3) 1160 
latten (320) – 0 
ropout (0.3) (320) – 0 
ense (32) – 10 272 
ense (1) – 33 

Total Parameters: 19 027 

http://dx.doi.org/10.1088/2632-2153/ade114
http://dx.doi.org/ 10.1103/PhysRevD.110.023539
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M

Table A2. Summary of the (fully connected) neural network architecture 
used for compressing the 2nd moments. 

Layer type Output shape Activation Parameters 

Input (120) – 0 
Dense (258) – 31 218 
LeakyReLU (258) α = 0 . 3 0 
Dense (1033) – 267 547 
ReLU (1033) – 0 
Dense (281) – 290 554 
ReLU (281) – 0 
Dense (703) – 198 246 
LeakyReLU (703) α = 0 . 3 0 
Dense (364) – 256 256 
LeakyReLU (364) α = 0 . 3 0 
Dense (112) – 40 880 
ReLU (112) – 0 
Dense (1479) – 167 127 
LeakyReLU (1479) α = 0 . 3 0 
Dense (1) – 1480 

Total Parameters: 1253 308 

Figure B1. DES Y3 results: full parameter constraints in the four- 
dimensional space ( �m 

, S8 , w, and AIA ) using different summary statistics. 
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Table C1. Summary of shifts in cosmological parameters due to baryonic 
effects across for the different data combinations. All shifts are reported in 
units of standard deviations ( σ ). The 1D shifts are computed between the 
means of the marginalized posterior distributions for each parameter. The 2D 

shift refers to the difference between the peaks of the posterior distributions 
in the �m 

–S8 plane. 

Summary statistic ��m 

�S8 2D shift 
( σ ) ( σ ) ( σ ) 

β0 (Clusters) 0.11 0.31 0.12 
β1 (Voids) 0.02 0.21 0.03 
Betti numbers ( β0 + β1 ) 0.09 0.37 0.13 
Persistent Betti numbers 0.09 0.36 0.12 
Betti numbers + 2nd moments 0.13 0.36 0.15 
Persistent Betti numbers + 2nd moments 0.12 0.37 0.15 

Figure C1. Impact of baryonic effects in the full parameter space constraints 
for the combined Betti numbers + 2nd moments analysis. Solid lines show 

the standard Betti numbers and persistent Betti numbers for dark matter-only 
simulations, while dashed lines show the corresponding results including 
baryonic effects. 

p  

e  

A  

c  

s  

2
 

f  

l  

t  

a  

0  

h  

p  

r  

–  

h

PPENDIX  B:  FULL  PARAMETER  

OSTERIORS  

n Fig. B1 , we show the full parameter posterior for DES Y3 data. We
nd that the combination of second moments and Betti numbers is
ynergetic in all the parameter space, not only in the �m 

− S8 plane.

PPENDIX  C :  DETA ILED  ANALYSIS  O F  

A RYO N IC  EFFECTS  O N  TO P O L O G I C A L  

TATISTICS  

n the main text, we focused primarily on the �m 

–S8 plane when
resenting the impact of baryonic effects on cosmological constraints
erived from Betti numbers and persistent homology. Here, we
NRAS 545, 1–22 (2026)
resent the full parameter space that includes the dark energy
quation of state parameter w and the intrinsic alignment amplitude
IA , shown in Fig. C1 for both standard and persistent Betti numbers

ombined with second-moment statistics. We also present the 1D
hifts for each parameter in Table C1 , on top of the already discussed
D shifts. 
Fig. C2 illustrates how baryonic effects modify the Betti numbers

or the smallest smoothing scale (8.2 arcmin, top row) and for a
arger scale (21 arcmin, middle row). The bottom row quantifies
hese differences using a �χ2 metric across all smoothing scales
nd redshift bins. As described in the main text, homology group
 (connected components/clusters) shows larger deviations than
omology group 1 (holes/voids), confirming that baryonic feedback
redominantly affects high-density regions. The impact varies across
edshift bins, with the third bin exhibiting the strongest contamination

likely reflecting a trade-off between lensing efficiency (larger at
igher redshift) and baryonic effects (stronger at lower redshift). 
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Figure C2. Impact of baryonic effects to the Betti numbers, for the clusters ( β0 ) and the voids ( β1 ). The above two rows show the difference between a 
contaminated Betti numbers data vector and the fiducial one, for the mean of 800 CosmoGrid simulations for two different smoothing scales. We show the 
error on the mean as errorbars on each point and the standard deviation of the sample as the shaded regions (which would correspond to the uncertainty for a 
single realization and is what effectively goes into the �χ2 computation below). The bottom row shows the statistical significance for each of the smoothing 
scales and redshift bins. 

Figure C3. CosmoGrid 2D histograms of the persistence diagrams for the third redshift bin and smallest smoothing scale. The x-axis of the diagrams displays 
the difference between the birth and death of each event, also referred to as persistence. In the first column we show the mean of the 800 dark matter (DM) 
only simulations i.e. 〈 DM i 〉 , on the second one the difference between the DM simulations and the shape noise only ones 〈 DM i − Noise i 〉 , on the third one the 
signal-to-noise (S/N), defined as 〈 DM i − Noise i 〉 /σ (DM i ) and in the last column the difference with respect to simulations that include baryonic effects. 
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d
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9

Fig. C3 provides the equivalent plot for 2D histograms of persis-
ence diagrams, for the third redshift bin and the smallest smoothing 
cale, which is the combination (within the autocorrelation bins) that 
isplays the strongest effects. 
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