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Abstract

Deep Neural Networks (DNNs) are powerful computing systems that have revolutionised
a wide range of research domains and have achieved remarkable success in various real-
world applications over the past decade. Despite their significant recent advancements,
training DNNs still remains a challenging task due to the non-convex and (potentially)
non-smooth nature of the objective function. Back-propagation in combination with
gradient-based minimisation approaches has been the predominant strategy for training
DNNs for decades. Yet the popular error backpropagation algorithm is susceptible to
potential drawbacks and limitations, for example its non-parallelisablity and biological
implausibility, and vanishing or exploding gradients issues, etc.

Inverting DNNs to infer likely inputs of the system from given outputs, is the other
side of the same coin. Early ideas of DNNs inversion trace back to the 1990s, but
research interests in more generic network inversion problems have been rekindled and
primarily driven due to the rapid advancements in generative modelling in recent years.
While several approaches for the inversion of DNNs have been proposed, the stability
of the inversion is an often neglected crucial aspect. The neural network inversion
problem is ill-posed as the solution does not depend continuously on the input datum
hence can be highly sensitive to perturbations.

The core theme of this thesis is at the training of DNNs. Built up on distributed
optimisation approaches, this work contributes to both the learning problems and
the inversion problems of DNNs. In particular, we propose a lifted Bregman learning
framework that goes beyond the classical back-propagation approach, and aims to
address unresolved and overlooked issues in training and the inversion of DNNs.

More specifically, we propose a family of loss (penalty) functions that are based
on a tailored Bregman distance. We provide detailed mathematical analysis on the
derived Bregman learning framework and propose a whole range of deterministic and
stochastic optimisation strategies to enable solving the learning problem. Bringing
techniques and tools from Inverse Problems and Regularisation Theory, we provide
theoretical guarantees as well as computational optimisation strategies for the stable,
model-based inversion of neural networks.
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Chapter 1

Introduction

Deep Neural Networks (DNNs) are powerful computing systems that have revolutionised
a wide range of research domains and have achieved remarkable success in various
real-world applications including computer vision, natural language processing, speech
recognition, and scientific discovery over the past decade (Bronstein et al., 2017; Devlin
et al., 2018; Dosovitskiy et al., 2020; Goodfellow et al., 2016a; He et al., 2016; Jumper
et al., 2021; Krizhevsky et al., 2017; OpenAI, 2023; Silver et al., 2016). As the title
suggests, the core theme of this thesis is at the training of neural networks. In what
follows, we will divide our discussion with respect to training DNNs into two main
aspects: the forward learning problem and the backward learning problem. While the
forward learning problem is concerned with predicting or inferring outcomes with given
inputs, the backward learning problem seeks to determine the likely input or possible
cause to have produced an observation or consequence.

The Forward-direction Learning Problem

On a generic level in the supervised learning setting, the goal of learning neural
networks in the forward direction is to find a mapping between observed data sample
pairs. For such forward learning problems, a collection of labeled training data {(x, y)}
is provided. We are interested in computationally optimising the parameters of a neural
network NΘ, such that it can accurately predict the output y for new, unseen data.

y = NΘ(x)

The forward learning problem is of interest to many classification and regression
problems and is seen the most among machine learning tasks. Despite significant
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advancements in recent years, learning deep neural networks in the forward direction
remains a challenging task due to the non-convex and potentially non-smooth nature
of the objective function.

Back-propagation (Rumelhart et al., 1986) in combination with gradient-based
minimisation approaches (Duchi et al., 2011; Kingma and Welling, 2013; Robbins and
Monro, 1951; Tieleman et al., 2012; Zeiler, 2012) has been the predominant strategy
for training artificial neural networks for several decades. Thanks to the modern
automatic differentiation framework, back-propagation is made easy to implement
and its effectiveness has been showcased by the accomplishments in a great variety
of applications. Despite its convenience and popularity, the error back-propagation
algorithm has several issues that can limit its performance and applicability.

• The first issue is the inability of the gradient based error backpropagation
framework to handle non-differentiable nonlinearities such as those arise from
discontinuous activation functions. This means subgradient, instead of gradient
based algorithms are required, leading to the disadvantage of inferior convergence
rates (Bertsekas, 1999; Chambolle and Pock, 2016a; Polyak, 1987).

• The second significant issue is the vanishing and exploding gradient problem.
During back-propagation, gradients are computed backwards from the last output
layer to the initial input layer of the network. This mechanism can result in
the computed gradients becoming vanishingly small or exponentially large by
applying the chain rule recursively through multiple layers of a deep neural
network or via backpropagation through time in recurrent neural networks. As a
result, updating parameters in the initial layers can be difficult and ineffective,
leading to slow convergence or unstable training performances (Bengio et al.,
1994; Goodfellow et al., 2016a; Hochreiter and Schmidhuber, 1997; Pascanu et al.,
2013; Riedmiller and Braun, 1993).

• The third issue is that the current error back-propagation framework is not
straightforward to parallelise. This is in particular challenging when it comes to
updating parameters across different layers of the neural network. Because of the
nature of the back-propagation algorithm, computations in one layer need to be
completed before moving on to the next layer, which can limit the performance
on parallel computing architectures (Huo et al., 2018; Zhuang et al., 2021).

• Last but not least, the algorithm’s biological implausibility has been a topic of
debate in the field of neuroscience (Bartunov et al., 2018; Guerguiev et al., 2017;
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Krotov and Hopfield, 2019; Lee et al., 2015; Meulemans et al., 2020; Millidge
et al., 2022; Sacramento et al., 2018; Sjöström et al., 2010). Back-propagation
requires neurons to compute derivatives with respect to a global error signal and
propagate through each layer. However there is little evidence to suggest that
such global control or coordination of gradient propagation exists in the brain.
While some suggests that neurons can perform some form of error propagation,
local error feedback is more biologically realistic.

Several alternative approaches have been proposed in attempt to partially address
some aforementioned computational issues. For example, the introduction of Rprop
(Riedmiller and Braun, 1993) to improve the back-propagation algorithm; the use of
non-saturating activation functions such as the rectified linear units (ReLU) (Nair and
Hinton, 2010) or its variants to avoid vanishing gradient at certain layers; and the
introduction of skip-connections to inspire new architectural designs (He et al., 2015a;
Ronneberger et al., 2015; Srivastava et al., 2015) for improved training performance.
Nevertheless, the challenge of computing gradients with respect to a highly nested
objective function still persists as a fundamental problem.

On the other hand, multiple works have proposed distributed training schemes to
enable parallel network parameters updates. This includes several works on model
parallelism where the entire neural network is split across different computing devices,
where each device is responsible for learning a subset of the network (Huang et al., 2019;
Narayanan et al., 2019; Zhuang et al., 2021). In spite of its successful application on
training gigantic neural networks, such as in natural language processing or computer
vision applications, model parallelism requires careful partitioning of the network
parameters and costly communications between devices.

The Backward-direction Learning Problem

The backward learning problem is concerned with learning neural networks in the
backward direction, or the inversion problem of neural networks. We are interested in
obtaining a plausible solution x that could have produced the observation y. However,
in finding an inverted neural network, the goal of acquiring an inverse mapping of the
neural network N−1

Θ is challenging, as the inversion problem is often ill-conditioned.

x = N−1
Θ (y)
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The concept of inverting neural networks can be traced back to the 1990s (Jensen
et al., 1999; Kindermann and Linden, 1990; Linden and Kindermann, 1989; Lu et al.,
1999; Ogawa et al., 1998). More recently, learning in the backward direction has
received much attention for optimising with respect to network inputs. In particular,
finding adversarial examples in the input space, i.e. generating neural network inputs
that are difficult for the network to classify correctly. This area of research aims for
providing better understandings of the trained network’s robustness and generalisation
properties (Goodfellow et al., 2014; Moosavi-Dezfooli et al., 2016; Szegedy et al., 2013).
Nevertheless, research interests in more generic neural network inversion problems over
the last several years have been primarily driven due to the advancements in generative
modelling (Antoniou et al., 2017; Dinh et al., 2015; Frid-Adar et al., 2018; Ho et al.,
2020; Kingma and Welling, 2013; Rezende and Mohamed, 2015; Sohl-Dickstein et al.,
2015; Wang et al., 2018; Zhu et al., 2017).

While several approaches for inverting neural networks have been proposed in
particular in the context of generative modelling (Behrmann et al., 2019, 2021; Gal
et al., 2022; Xia et al., 2022), an important aspect that is often neglected is the stability
of the inversion. In the sense of Hadmard (Hadamard, 1902), the well-posedness of
a problem requires the solution to the problem to depend continuously on the input
datum. The inversion of neural networks does not necessarily guarantee stability and
the process can be highly sensitive and unstable when faced with minor changes in the
input datum.

Regularisation theory has been an essential tool for addressing ill-posedness in
inverse problems. It emphasises on finding stable approximation of ill-conditioned
inverses through regularisations (Benning and Burger, 2018; Engl et al., 1996; Scherzer
et al., 2009). In the work of Mahendran and Vedaldi (2015), an inversion approach
is proposed in the context of understanding image representations. The authors aim
to infer the network input from the network output with total variation regularised
inversion. However, this work only provides empirical evidence and lacks a rigorous
proof that the proposed approach is a variational regularisation.

While there has also been substantial work that focuses on utilising neural networks
as nonlinear operators in variational regularisation methods (Arridge et al., 2019; Li
et al., 2020; Lunz et al., 2018; Mukherjee et al., 2021; Schwab et al., 2019), these ap-
proaches are often coupled with forward learning problems where the back-propagation
algorithm is used. Therefore, the aforementioned computational issues with forward
learning problems continue to exist in these formulations.
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Thesis Contributions

Lately, there has been an increasing trend of exploring distributed optimisation
approaches in the context of training neural networks (Askari et al., 2018; Carreira-
Perpinan and Wang, 2014; Choromanska et al., 2019; Gu et al., 2020; Høier and Zach,
2020; Lau et al., 2018; Li et al., 2019; Taylor et al., 2016; Zach and Estellers, 2019;
Zeng et al., 2019; Zhang and Brand, 2017). However, many of these approaches still
suffer from certain limitations such as differentiating non-differentiable non-linearities
(Carreira-Perpinan and Wang, 2014), trained affine-linear networks (Askari et al., 2018),
or overly restrictive assumptions (Gu et al., 2020; Li et al., 2019).

Extending this line of research, this thesis is a contribution to both the forward-
direction learning and the backward-direction learning problems. In particular, we
propose a Bregman learning framework that goes beyond the classical back-propagation
framework and aims to address several unresolved and overlooked issues in the training
and inversion of neural networks as discussed in the previous sections. This thesis
consists of three main chapters, where in each chapter we focus on different aspects of
the proposed Bregman learning framework.

• Chapter 3 establishes a key observation that commonly used activation functions
can in fact also be interpreted as proximal mappings. We propose a loss function
that is based on tailored Bregman distances and analyse properties of the proposed
Bregman loss function. We expand the discussion to the learning problem of
a generalised perceptron model using the proposed Bregman loss function and
confirm the commonly held belief that the original Rosenblatt’s perceptron
learning algorithm is an incremental gradient method with respect to a particular
Bregman loss function. This energy minimisation interpretation also generalises
the classical ADALINE delta rule. Through numerical results we demonstrate
that the proposed approach outperforms standard training approaches. This
chapter is based on the joint work with Martin Benning and resulted in Wang
and Benning (2020).

• Chapter 4 establishes the lifted Bregman framework for the training of multi-
layer neural networks. This framework generalises the Method of Auxiliary
Coordinates and provides an alternative learning approach than using the back-
propagation based (sub-)gradient methods over a nested objective function. We
provide detailed mathematical analysis on the Bregman penalty function and
propose a wide range of deterministic and stochastic optimisation strategies
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that are able to computationally solve the training problem. We show that the
proposed approach has an additional advantage on solving regularised learning
problems with explicit variational regularisation imposed on hidden variables
of the network, by presenting superior learning performances of the proposed
framework on learning sparse (denoising) autoencoders with sparse codes. We
demonstrate that in contrary to wide-spread belief, expressive feedforward net-
works can overfit to training data without generalising well when non-standard
optimisation methods are being used. This chapter is based on the joint work
with Martin Benning and resulted in Wang and Benning (2022).

• Chapter 5 establishes the lifted Bregman formulation for the regularised inversion
of neural networks. We propose a family of variational regularisations based on a
tailored Bregman distance and provide theoretical guarantees for the stable, model-
based inversion of neural networks. In particular, we prove that for the single-layer
perceptron case, the proposed model is a convergent variational regularisation
method and provide general error estimates as well as error estimates for a
concrete perceptron case. We also propose proximal first-order optimisation
strategies for solving the variational regularisation method for multi-layer neural
networks and present several numerical examples that support the effectiveness
of the proposed model-based regularisation approach. This chapter is based on
the joint work with Martin Benning and resulted in Wang and Benning (2023).

Thesis Overview

In Chapter 2, we introduce adequate mathematical background and major tools
for the main topics in this thesis, these include the following three areas 1) convex
analysis and optimisation algorithms, 2) inverse problems and regularisation theory,
and 3) machine learning and deep neural networks. The remainder of this thesis is
structured as follows.

In Chapter 3, we begin with a short review of the history of perceptron learning and
examine the original Rosenblatt’s perceptron learning algorithm as well as the Widrow-
Hoff delta rule. After formulating the generalised perceptron learning problem, we
introduce the Bregman loss function that is based on the generalised Bregman distance
and analyse its favorable properties. We next demonstrate an energy minimisation
interpretation of the Rosenblatt’s learning algorithm and how it unifies the two historical
approaches. We then consider an example application of learning sparse perceptrons
and present comparison against standard approaches in the numerical results section.
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In Chapter 4, we first describe historical approaches of training neural networks,
including the development of the error back-propagation algorithm and an overview of
recent developments in distributed optimisation training methods. We then introduce
our proposed lifted Bregman framework and provide thorough analysis of a variety of
mathematical properties of the proposed Bregman penalty function which guarantee
the advantages over other distributed learning approaches. We next provide an
overview of a wide variety of deterministic and stochastic optimisation approaches to
computationally solve the lifted Bregman training problem as well as a discussion on
suitable regularisation strategies for neural networks. After describing several example
problems, we provide numerical results and an extensive comparison against more
conventional approaches.

In Chapter 5, we begin by introducing the lifted Bregman formulation for the model-
based inversion of feedforward neural networks. Then we present convergence result for
the regularised inversion of perceptrons and provide general error estimates, followed
by error estimates for a concrete perceptron case. Next, we discuss implementation
details of the proposed variational regularisation scheme and algorithmic approaches for
solving the inversion problem for both the single-layer perceptron and the multi-layer
neural network setting. Through numerical results, we demonstrate empirically that
the proposed model-based regularisation approach is indeed effective.

In Chapter 6, we conclude the thesis with a summary of key results and contribu-
tions, followed by a discussion of possible extensions and future works relating to this
thesis.





Chapter 2

Preliminaries

A major theme of this thesis is the formulation of a novel framework for learning
artificial neural networks and the analysis of its mathematical properties. To lay
foundations for later chapters, in this chapter we aim to provide an introduction
to the mathematical tools and theories ranging from the topics of convex analysis,
optimisation, inverse problems and regularisation theory as well as important notions
and concepts from machine learning and deep learning.

This chapter is structured as follows. Section 1 covers a range of notions and
definitions that will later be used in this thesis. In Section 2 we expand on optimisation
problems and introduce algorithmic approaches for solving them. Section 3 covers
the topic of inverse problems as well as reviewing concepts from regularisation theory.
Finally in Section 4 we review notions from machine learning, deep learning and artificial
neural networks. We assume that readers are familiar with some basic knowledge of
analysis, linear algebra and probability.

1 Convex Analysis

We will begin by reviewing basic notions and definitions in convex analysis, which will
be helpful for discussions in later sections. This section is mainly based on materials
from Beck (2017) and Boyd et al. (2004).

We will begin with defining some key assumptions for the functions we frequently
use throughout the rest of the sections.

Definition 1.1 (Proper function). A function is proper if it is not identical to +∞
and nowhere −∞.
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In other words, its effective domain dom(f) is not empty. The effective domain of
a function f is defined as follows.

Definition 1.2 (Effective domain). The effective domain of a function f : Rn →
R ∪ {∞} is defined as

dom(f) := {x ∈ Rn | f(x) <∞} .

Another important assumption is lower semi-continuity, which is defined as follows.

Definition 1.3 (Lower semi-continuity). A function f is lower semi-continuous (l.s.c.)
if, for all x ∈ dom(f), if xn → x, then

f(x) ≤ lim inf
n→∞

f(xn) .

Another useful notion we recall here is the epigraph of a function.

Definition 1.4 (Epigraph). The epigraph of a function f is defined as

epi f := {(x, t) ∈ dom(f)× R | t ≥ f(x)} .

Using the notion of epigraph we can characterise the closedness of a function f .

Definition 1.5 (Closed function). A function f is said to be closed if its epigraph is
closed.

Remark 1.1. A necessary and sufficient condition for a function f to be closed is that
lower semi-continuity holds for each points in the domain.

We will next recall the definition of convexity. We begin by defining a convex set,
which is characterised as follows.

Definition 1.6 (Convex set). A convex set Ω ⊂ Rn has the property that

x , y ∈ Ω ⇐⇒ (1− α)x+ αy ∈ Ω for all α ∈ [0, 1] .

In other words, for all pairs of points (x, y) be contained in a convex set Ω, the line
segment between x and y must also be contained in Ω. As visualised in Figure 2.1, the
polygon is a convex set. A closely related notion is the concept of a convex hull.

Definition 1.7 (Convex hull). For any set S, the convex hull of S is the smallest
convex set enclosing S.
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Fig. 2.1 Left: A convex set. Middle: A non-convex set. Right: A convex function.
Figures taken from Boyd et al. (2004).

Convex functions play an important role in the study of optimisation problems.
Here we define convex functions with the following characterisation.

Definition 1.8 (Convex function). A function f : Rn → R ∪ {∞} is called convex if
it satisfies the following

f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y), for all x, y ∈ Rn such that x ̸= y, α ∈ (0, 1).

In addition, we say f is strictly convex if the above inequality holds strictly.

Geometrically, this states that the line segment connecting any two points (x, f(x))
and (y, f(y)) should lie entirely above the graph of the function y, as visualised in
Figure 2.1. Alternatively, convex functions can also be characterised by the convexity of
their epigraph. A function is convex if and only if its epigraph, as defined in Definition
1.4, is a convex set.

Remark 1.2. A proper convex function is closed if and only if it is lower semi-
continuous.

For the ease of notation, we define the following set of frequently used functions
that are proper, convex and lower semi-continuous:

Γ0 := {f : Rn → R ∪ {∞} | f is proper, convex and lower semi-continuous.} (2.1)

We will next recall subdifferentiability and subgradients as they provide important
characterisations of minimisers when solving non-smooth minimisation problems.

Definition 1.9 (Subdifferential). Let f ∈ Γ0. We say that the function f is subdiffer-
entiable at x ∈ Rn if there exists p ∈ Rn, such that

f(y) ≥ f(x) + ⟨p, y − x⟩
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holds for all y ∈ Rn. Furthermore, p is called a subgradient at the point x, whereas the
collection of all subgradients at point x:

∂f(x) := {p ∈ Rn | f(y) ≥ f(x) + ⟨p, y − x⟩ for all y ∈ Rn}

is called the subdifferential of f at x.

Remark 1.3 (Fermat’s theorem of stationary points). Using the subgradient notion,
we can generalise Fermat’s stationary conditions to non-smooth convex functions where
x ∈ Rn is a global minimiser of f if and only if 0 ∈ ∂f(x) (cf. (Beck, 2017)).

Another important definition we would like to recall here is the Fenchel conjugate.

Definition 1.10 (Fenchel conjugate). Let f ∈ Γ0, Then the Fenchel- or convex-
conjugate f ∗ : Rn → R ∪ {∞} is defined as

f ∗(y) := sup
x∈Rn
{⟨x, y⟩ − f(x)} .

The conjugate operation can be invoked twice, which results in the biconjugate
operation.

Definition 1.11 (Biconjugate). For a proper function f , its biconjugate is defined as
follows

f ∗∗(x) := sup
y∈Rn
{⟨x, y⟩ − f ∗(y)} .

In particular, for f ∈ Γ0, we have f = f ∗∗ (cf. (Beck, 2017, Theorem 4.8)).
Subgradients of convex conjugates can be conveniently linked with the following

Theorem.

Theorem 1.1 (Conjugate subgradient theorem). Let f ∈ Γ0. The following three
claims are equivalent for any x ∈ Rn and p ∈ Rn.

• ⟨x, p⟩ = f(x) + f ∗(p)

• p ∈ ∂f(x)

• x ∈ ∂f ∗(p)

Proof. The proof for this theorem can be found in Beck (2017, Theorem 4.20).
The Bregman distance (Benning and Riis, 2021; Bregman, 1967; Burger, 2016;

Censor and Lent, 1981; Kiwiel, 1997) is a vital concept in this thesis. We will next
recall the generalised Bregman distance for subdifferentiable functions.
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Fig. 2.2 Visualisation of the Bregman distance Dq
f (x, y).

Definition 1.12 (Generalised Bregman distance). Let f ∈ Γ0. The generalised
Bregman distance of f is defined as

Dq
f (x, y) := f(x)− f(y)− ⟨q, x− y⟩ ,

for all x ∈ Rn and y ∈ dom(f). Here, q ∈ ∂f(y) is a subgradient of f at argument y.

Figure 2.2 shows a graphical illustration of the Bregman distance between two
points x and y.

Remark 1.4 (Bregman distance conjugate characterisation). The generalised Bregman
distance can be alternatively characterised with the following definition. Follows directly
from (Rockafellar, 1970, Theorem 23.5), we can apply Theorem 1.1 and substitute
f(y) = ⟨q, y⟩ − f ∗(q) to obtain:

Dq
f (x, y) = f(x) + f ∗(q)− ⟨x, q⟩ .

Notice that Bregman distances are similar to metrics, yet they do not satisfy the
triangle inequality nor symmetry. However, one can obtain a symmetric Bregman
distance with the following.

Definition 1.13 (Symmetric Bregman distance). Let f ∈ Γ0. The symmetric Bregman
distance or Jeffreys distance (Jeffreys, 1946) between two vectors x and x̃ is defined as



14 Preliminaries

the sum of two Bregman distances with interchanged arguments, i.e.

Dsymm
f (x, y) := Dp

f (x, y) +Dq
f (y, x) = ⟨x− y, p− q⟩ ,

for x, y ∈ dom(f) with p ∈ ∂f(x) and q ∈ ∂f(y).

As a renown bounded symmetrisation of the Kullback–Leibler divergence, the
Jensen–Shannon divergence generalises to the Burbea-Rao divergence, which is defined
by the following.

Definition 1.14 (Burbea-Rao divergence). Let F : Rn → R ∪ {∞} be in Γ0. The
Burbea-Rao divergence (Burbea and Rao, 1982a,b; Nielsen and Boltz, 2011) is defined
as

JF (x, y) := 1
2

(
F (x) + F (y)− 2F

(
x+ y

2

))
, (2.2)

for all x, y ∈ dom(F ).

Another key notion we would like to review is smoothness. But before that, let us
first recap the definition of Lipschitz-continuity.

Definition 1.15 (Lipschitz continuity). For an operator G : Rn → Rm, it is said
to be Lipschitz continuous if there exists a non-negative constant L such that for all
x, y ∈ Rn, the following holds

∥G(x)−G(y)∥ ≤ L∥x− y∥.

For continuously differentiable functions with Lipschitz continuous gradients, we
can characterise them with the following definition of smoothness.

Definition 1.16 (L-smoothness). We say that a continuously differentiable function
f : Rn → R is L-smooth, or has L-Lipschitz gradients, if its gradient ∇f : Rn → Rn is
Lipschitz with Lipschitz constant L, i.e.

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥, for all x, y ∈ Rn .

Given an L-smooth function f , an immediate consequence we obtain is characterised
by the following Lemma, where it asserts that f can be upper-bounded by a certain
quadratic function.
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Lemma 1.1 (Descent lemma). For L-smooth function f : Rn → R, we have for any
x, y ∈ Rn that

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2 ∥y − x∥
2 .

We can conveniently characterise the descent lemma using the Bregman distance:

D
∇f(x)
f (y, x) = f(y)− f(x)− ⟨∇f(x), y − x⟩ ≤ L

2 ∥y − x∥
2 .

Proof. The proof of this statement can be found in Beck (2017, Lemma 5.7).
On the other hand, if there exists a quadratic lower bound on the growth of a

function f , we can characterise f with the notion of strong convexity.

Definition 1.17 (Strongly convex function). A differentiable function f is called
strongly convex with parameter m > 0 if the following inequality holds for all points
x, y in its domain:

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ m

2 ∥y − x∥
2 .

Using the notion of Bregman distance, the above condition can be equivalent written as:

D
∇f(x)
f (y, x) = f(y)− f(x)− ⟨∇f(x), y − x⟩ ≥ m

2 ∥y − x∥
2 .

Remark 1.5. Strong convexity does not necessarily require the function to be differ-
entiable. When f is non-smooth, ∇f(x) is replaced with a subgradient of f at point
x.

The following theorem establishes a connection between smoothness and strong
convexity.

Theorem 1.2 (Conjugate correspondence theorem). Let f : Rn → R ∪ {∞} be an
extended real-valued function and f ∗ : Rn → R ∪ {∞} be the conjugate function of
f , let τ > 0, then the connection between smoothness and strong convexity can be
characterised by the following

• If f is a 1
τ
-smooth convex function, then f ∗ is τ -strongly convex with respect to

the dual norm ∥ · ∥∗.

• If f is a proper closed τ -strongly convex function with respect to the norm ∥ · ∥,
then f ∗ is 1

τ
-smooth.
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Proof. The proof of this theorem can be found in Beck (2017, Theorem 5.26).
Proximal mapping, or also referred to as Moreau’s proximal mapping (Moreau,

1962, 1965), is a crucial concept for many algorithms that we will discuss in the next
section. We will first recall the definition of this operator before we recap some of its
key properties.

Definition 1.18 (Proximal map). The proximal map proxµf : Rn → dom(f) ⊂ Rn of
a function f ∈ Γ0 : Rn → R ∪ {∞} is defined as

proxµf (x) := arg min
y∈Rn

{
f(y) + 1

2µ∥x− y∥
2
}

= (I + µ∂f)−1(x) . (2.3)

where (I + µ∂f)−1 is known as the resolvent of operator ∂f with parameter µ > 0.

As an example, for a characteristic or indicator function of a closed, convex and
nonempty set C, defined by

δC(x) =

0 if x ∈ C,
+∞ otherwise .

(2.4)

The proximal mapping of the characteristic function is the orthogonal projection
operator onto the set C , i.e.

proxf (x) := arg min
y∈Rn

{
δC(y) + 1

2∥x− y∥
2
}

= arg min
y∈C

1
2∥y − x∥

2 = PC(x) ,

where P here denotes the orthogonal projection operator. Another notable example is
the proximal mapping of the ℓ1-norm, where in this case the proximal map is given by
the soft-thresholding operator. More details will be discussed in Section 2.3.

A key property of the proximal mapping is the Moreau decomposition theorem,
which connects the notion of proximal maps and convex conjugates.

Theorem 1.3 (Moreau decomposition). Let f : Rn → R ∪ {∞} be in Γ0 and f ∗

denotes its Fenchel conjugate. Then

x = proxf (x) + proxf∗(x)

holds true for all x ∈ Rn.

Proof. The proof for this theorem can be found in Beck (2017, Theorem 6.45).
Next we define Moreau-Yosida regularisation (Moreau, 1965; Yosida, 1964), also

known as the Moreau envelope of a function f : Rn → R ∪ {∞}.
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Definition 1.19 (Moreau-Yosida regularisation). Let f ∈ Γ0. The Moreau-Yosida
regularisation of f , with µ > 0 is defined as

Mµ
f (x) = min

y∈Rn

{
f(y) + 1

2µ∥x− y∥
2
2

}
. (2.5)

where µ is called the smoothing parameter (Beck, 2017).

Notice that the minimisation problem (2.5) has a unique solution, given by
proxµf (x).

The following well-known lemma characterises the differentiablity of the Moreau-
Yosida regularisation.

Lemma 1.2 (Smoothness of Moreau-Yosida regularisation). Let f ∈ Γ0 and f : Rn →
R ∪ {∞}, and µ > 0. Then Mµ

f (x) is 1
µ
-smooth and the gradient of the Moreau-Yosida

regularisation of f can be computed by ∇Mµ
f (x) = 1

µ
(x− proxµf (x)).

Proof. The proof for this statement can be found in Bauschke et al. (2011, Proposition
12.30) and Beck (2017, Theorem 6.60).

Finally, the following two properties will come in handy when we analyse algorithms
in the next section.

Definition 1.20 (Monotone Operator). An operator G : X ⊂ Rn → Rm is called a
monotone operator if

⟨G(x)−G(y), x− y⟩ ≥ 0 for all x, y ∈ X .

Definition 1.21 (Non-expansiveness). Recall Definition 1.15, for a Lipschitz continu-
ous operator G : X ⊂ Rn → Rm where

∥G(x)−G(y)∥ ≤ L∥x− y∥ for all x, y ∈ X ,

we say G is non-expansive when L = 1. On the other hand, if L < 1, we say G is a
contraction with factor L.

2 Optimisation Methods

In this section, we review several classical algorithmic approaches when it comes to
computationally solving optimisation problems. For the scope of this thesis, we will
mainly limit our discussion to first-order optimisation methods. The discussion in
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Algorithm 1: Gradient Descent Method
Initialize x0 and τ0.
for k = 0, 1, 2, . . . do

xk+1 = xk − τk∇f(xk) .

end

this section is mainly based on materials from Beck (2017); Benning and Riis (2021);
Chambolle and Pock (2016a); Parikh and Boyd (2014); Wright and Recht (2022).

2.1 Gradient Descent Method

We begin our discussion with the classical gradient descent method. The gradient de-
scent method has been a long studied algorithmic approach (Courant, 1943; Hadamard,
1908; Lemaréchal, 2012). Although simple in its form, the gradient descent method
is an effective tools for solving minimisation problems when one has access to the
gradient information (Kantorovich and Akilov, 2016). To begin with, we would like to
first consider the unconstrained minimisation of a smooth function f(x), i.e.

min
x∈Rn

f(x) (2.6)

where we assume Lipschitz continuity on its gradient (Definition 1.16).
As summarised in Algorithm 1, the gradient descent method is defined by the

recursive iterates xk+1 = xk − τk∇f(xk), where τk > 0 denotes the step size. This
method generally works well if we know that f is sufficiently smooth. Hence if we assume
f is L-smooth with L ≥ 0, by the Descent lemma 1.1, when choosing y = x− τ∇f(x),
we obtain the following:

f(x− τ∇f(x)) ≤ f(x)− τ∥∇f(x)∥2 + τ 2L

2 ∥∇f(x)∥2 . (2.7)

Notice that (2.7) quantifies the amount of decrease after one iterate, hence we can
optimise the right hand side of (2.7) with respect to τ . Then one has to ensure
0 = −∥∇f(x)∥2+τL∥∇f(x)∥2, which then implies the minimising τ ∗ = 1

L
. Substituting

this choice of τ into (2.7), we obtain:

f(xk+1) ≤ f(xk)− 1
2L∥∇f(xk)∥2 , (2.8)
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which gives us a key inequality for the convergence analysis of gradient descent method.
If we assume convexity of f as defined in Definition 1.8 in addition to f being L-smooth,
we can show the following convergence result for the gradient descent method with the
step size choice τ = 1

L
.

Theorem 2.1 (Convergence of gradient descent method). Suppose f is convex and
L-smooth, and suppose there exists a minimiser x∗ to Problem (2.6), where the optimal
value is defined as f(x∗). Then the gradient descent method with step size choice
τ = 1/L generates a sequence {xk}∞

k=0 that satisfies

f(xk)− f(x∗) ≤ L

2k∥x
0 − x∗∥2, k = 1, 2, . . . .

Proof. By the definition of convexity of f , we have f(x∗) ≥ f(xk) + ⟨∇f(xk), x∗− xk⟩.
Substituted into (2.8), we have:

f(xk+1) ≤ f(x∗) + ⟨∇f(xk), x∗ − xk⟩ − 1
2L∥∇f(xk)∥2

= f(x∗) + L

2

(
∥xk − x∗∥2 − ∥xk − x∗ − 1

L
∇f(xk)∥2

)
= f(x∗) + L

2
(
∥xk − x∗∥2 − ∥xk+1 − x∗∥2

)
.

If we sum over k iterations, we obtain:

k∑
n=0

(f(xn+1)− f(x∗)) ≤ L

2

k∑
n=0

(
∥xn − x∗∥2−∥xn+1 − x∗∥2

)
= L

2
(
∥x0 − x∗∥2 − ∥xk+1 − x∗∥2

)
≤ L

2 ∥x
0 − x∗∥2 .

Since {f(xk)} is a non-decreasing sequence we have:

f(xk)− f(x∗) ≤ 1
k

k∑
n=0

(f(xn)− f(x∗)) ≤ L

2k∥x
0 − x∗∥2 .

□

An improved convergence result can be shown if we further assume strong convexity
of f . Recall Definition 1.17, a strongly convex function f can be lower bounded by
quadratic functions. We will begin with the following lemma, which will come in handy
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when proving a linear convergence rate when applying gradient descent to a strongly
convex function f .

Lemma 2.1. Let f be a continuously differentiable and strongly convex function with
parameter m and denote the unique minimiser of Problem (2.6) by x∗, then we have

f(x)− f(x∗) ≤ ∥∇f(x)∥2

2m ,

∥x− x∗∥ ≤ 2
m
∥∇f(x)∥ .

Proof. From the definition of strong convexity we have:

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ m

2 ∥y − x∥
2 . (2.9)

Now if we fix x and minimise both sides of the inequality with respect to y the inequality
still holds. It is straightforward to see that the left hand side attains its minimum at
y = x∗. The right hand side attains its minimum when y = x− ∇f(x)

m
. Plugging these

choices of y back into (2.9) we get:

f(x∗) ≥ f(x)− ⟨∇f(x), 1
m
∇f(x)⟩+ m

2 ∥
1
m
∇f(x)∥2

≥ f(x)− 1
2m∥∇f(x)∥2 ,

hence after rearranging the terms we get ∥∇f(x)∥2 ≥ 2m(f(x)− f(x∗)). Similarly we
can show:

f(x∗) ≥ f(x)− ⟨∇f(x), x∗ − x⟩+ m

2 ∥x− x
∗∥2

≥ f(x)− ∥∇f(x)∥∥x∗ − x∥+ m

2 ∥x− x
∗∥2 ,

where the second line uses the Cauchy-Schwarz inequality. After rearranging the terms,
we obtain the desired estimate

∥x− x∗∥ ≤ 2
m
∥∇f(x)∥ .

This concludes the proof. □

Theorem 2.2 (Linear convergence of gradient descent). Suppose f is strongly convex
and L-smooth. Denote the unique minimiser of Problem (2.6) by x∗ and define the
optimal function value by f(x∗). Then, for the gradient descent method with step size
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Algorithm 2: Implicit Gradient Descent Method
Initialize x0 and τ .
for k = 0, 1, 2, . . . do

xk+1 = xk − τ∇f(xk+1) . (2.10)
end

τ = 1/L, after k steps we have that

f(xk)− f(x∗) ≤
(

1− m

L

)k

(f(x0)− f(x∗)) ,

Proof Taking the bound on function value obtained in Lemma 2.1 and substituting
into (2.8) gives:

f(xk+1) ≤ f(xk)− 1
2L∥∇f(xk)∥2

≤ f(xk)− m

L
(f(xk)− f(x∗)) .

Now, if we subtract f(x∗) from both sides we get:

f(xk+1)− f(x∗) ≤
(

1− m

L

)
(f(xk)− f(x∗)) .

Applying this recursion for k steps we obtain the desired linear convergence result. □

2.1.1 Implicit Gradient Descent Method

Throughout the analysis in the last section, one key assumption we made is that f
needs to be sufficiently smooth, i.e. ∇f is Lipschitz continuous. The step size 1

L
is

determined by the global Lipschitz constant of the gradient. Without such condition on
the smoothness of f , and for more general descent methods, one needs to choose step
size τk carefully to guarantee convergence at a particular rate. One approach is to use
line-search methods for choosing step sizes. In this section, we discuss an alternative
option which is to use the implicit gradient descent method. A key motivation for
using this method is the less restricted choices of step size. For simplicity, we illustrate
the idea by assuming a constant step size τ for the rest of this section.

As summarised in Algorithm 2, the implicit gradient descent method is defined by
iterate xk+1 = xk − τ∇f(xk+1). Notice that in the explicit gradient descent method,
the gradient is evaluated at the previous iterate xk, whereas in the implicit method,
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the gradient is evaluated at the current iterate xk+1, which begs the question on how
to evaluate ∇f(xk+1).
Observe that for such a xk+1, we can rewrite (2.10) to

∇f(xk+1) + 1
τ

(xk+1 − xk) = 0 ,

which suggests xk+1 is a critical point of the function

f(x) + 1
2τ ∥x− x

k∥2 . (2.11)

If we remember the definition of proximal maps in Definition 1.18, we see immediately
that, for f ∈ Γ0

x→ arg min
x

{
f(x) + 1

2τ ∥x− x
k∥2

}

defines proxτf evaluated at xk and xk+1 is the unique minimiser.
Note that in this interpretation, we do not require any smoothness assumption

on f . Now further recall the definition of the Moreau-Yosida regularisation of f with
parameter τ (Definition 1.19):

M τ
f (x) = inf

y

{
f(y) + 1

2τ ∥x− y∥
2
2

}
.

We know from Lemma (1.2) that the gradient of the Moreau envelope ∇M τ
f (x) is 1

τ

Lipschitz and computed as

∇M τ
f (x) = 1

τ
(x− proxτf (x)) ,

which can further be rewritten as

proxτf (x) = x− τ∇M τ
f (x) .

Hence an iterate of the implicit gradient descent method applied to f can be written as

xk+1 = proxτf (xk) = (I + ∂f)−1(xk) = xk − τ∇M τ
f (xk) ,

which is indeed an iteration of the explicit gradient descent method on the Moreau
envelope M τ

f , for which we know that it has the same minimisers as f . The convergence
analysis of the implicit gradient method is hence similar to what has been shown earlier



2 Optimisation Methods 23

in the convergence result of the steepest descent method in Theorem (2.1) but now
loosening the restrictions on step size parameter.

The iterate xk+1 = proxτf(xk) in fact takes form after a more general family of
methods called the proximal point method (Martinet, 1970, 1972), which is a special
case of the proximal gradient method. We will discuss more on the analysis of proximal
gradient method in Section 2.3.

A Unified Framework with Bregman Distance

Note that with the notion of Bregman distances (Definition 1.12), we can unify both
the explicit and the implicit gradient descent method into one framework (Benning and
Riis, 2021). Consider the Bregman proximal method (Censor and Zenios, 1992; Chen
and Teboulle, 1993; Eckstein, 1993; Teboulle, 1992) described by the following iterates

xk+1 = arg min
x
{f(x) +DJ(x, xk)} , (2.12)

where DJ denotes the Bregman distance with the following associating J

J(x) =


1
τ
R(x) implicit

1
τ
R(x)− f(x) explicit .

Evaluating the Bregman distance with respect to the above choice of J , we obtain

xk+1 = arg min
x

f(x) + 1
τ
DR(x, xk) implicit

f(xk) + ⟨∇f(xk), x− xk⟩+ 1
τ
DR(x, xk) explicit .

(2.13)

Note that the classical implicit and explicit gradient descent algorithm are special
cases of the formulation in (2.13) with the choice R(x) = 1

2∥x∥
2. Furthermore, the

convergence of the Bregman proximal method (2.12) is usually guaranteed when
guarantee on the convexity of J . In the explicit setting, this is equivalent to choosing
τ and R so that convexity of 1

τ
R− f is ensured. If R is a quadratic function, this is

equivalent to require f being 1
τ

smooth (Bauschke et al., 2017; Benning et al., 2021;
Bolte et al., 2018).
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Algorithm 3: Subgradient Method
Initialize x0 and τ0.
for k = 0, 1, 2, . . . do

xk+1 = xk − τkg
k, gk∈∂f(xk) . (2.14)

end

2.2 Subgradient Method

In this section, we begin the discussion on solving non-smooth minimisation problems,
where we will consider unconstrained minimisation of a non-smooth function f(x),

min
x∈Rn

f(x). (2.15)

As subgradients have generalised the notion of gradients, a natural generalisation of
the classical gradient descent method to the non-smooth case when f is not differentiable
results in the subgradient method. The method is described by the iterates xk+1 =
xk − τkg

k where gk is a subgradient of f at point xk and τk is the step size.
Note that a crucial difference here is that for the gradient descent method, a small

step in the negative gradient direction will always guarantee decrease in the function
value, while this is not necessarily the case for the subgradient method. Hence the
subgradient method is not necessarily a descent method.

To analyse convergence of subgradient methods, a key inequality is summarised in
the following lemma.

Lemma 2.2. Suppose f is proper, closed and convex. Denote a minimiser of Problem
(2.15) by x∗ and the optimal value of the problem by f(x∗). Let {xk} be the sequence
generated by Algorithm 3, then

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2τk(f(xk)− f(x∗)) + τ 2
k∥gk∥2 . (2.16)

Proof We can expand ∥xk+1 − x∗∥2 by writing

∥xk+1 − x∗∥2 = ∥xk − τkg
k − x∗∥2

= ∥xk − x∗∥2 − 2τk⟨gk, xk − x∗⟩+ τ 2
k∥gk∥2

≤ ∥xk − x∗∥2 − 2τk(f(xk)− f(x∗)) + τ 2
k∥gk∥2 ,

where the last inequality follows the definition of subgradients (Definition 1.9). □
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In order to show convergence of subgradient methods, we need the subgradients to
be bounded in norm. In particular, we assume that there exists some positive constant
C for which ∥g∥ ≤ C for all g ∈ ∂f(x).

Notice if we optimise the right hand side of (2.16) with respect to τk, a natural
choice of step size is

τ ∗
k = f(xk)− f(x∗)

∥gk∥2 , (2.17)

where we can further define τk = 1 when gk = 0. Choosing step size parameter at τ ∗
k is

an optimal solution and is referred to as Polyak’s step size rule (Polyak, 1987). In the
next theorem we summarise a general convergence result when following (2.17).

Theorem 2.3. Suppose f is proper, closed and convex. Denote a minimiser of Problem
(2.15) by x∗ and the optimal value of the problem by f(x∗). Further assume that there
exists some positive constant C for which ∥g∥ ≤ C for all g ∈ ∂f(x). Let {xk} be the
sequence generated by the subgradient method (Algorithm 3) using Polyak’s step size
rule (2.17) and denote fk

best = min{0,1,...,k} f(xk), then

(1)∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2

(2)f(xk)→ f(x∗) as k →∞

(3)fk
best − f(x∗) ≤ C∥x0 − x∗∥2

√
k + 1

Proof. A proof to this theorem can be found as a special instance of Beck (2017,
Theorem 8.13).

Yet one drawback of the Polyak’s step size rule is that it requires f(x∗) to be known
ahead of time. Without a good knowledge or a good estimate of f(x∗), this optimal
step size is incomputable. However, there are two alternative options: to either use
a fixed step size τ or a diminishing step size τk. We will next analyse convergence of
Algorithm 3 for these two types of step size choices.

First observe that if we sum up (2.16) over k iterations, we can get the following
bound after rearranging some terms:

k∑
n=0

τn(f(xn)− f(x∗)) ≤ 1
2∥x

0 − x∗∥2 + 1
2

k∑
n=0

τ 2
n∥gn∥2 .
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Furthermore, if we use the assumption ∥gn∥ ≤ C and that f(xn) ≥ fk
best, we obtain

(
k∑

n=0
τn

)
(fbestk − f(x∗)) ≤ 1

2∥x
0 − x∗∥2 + C2

2

k∑
n=0

τ 2
n ,

therefore

fk
best − f(x∗) ≤ ∥x

0 − x∗∥2

2∑k
n=0 τn

+ C2∑k
n=0 τ

2
n

2∑k
n=0 τn

.

Now observe that if one were to simply use a fix step size τ , the optimal function value
cannot be achieved in limit as

lim
k→∞

fk
best ≤ f(x∗) + τC2

2 .

On the other hand, if we use diminishing step sizes, then the sequence {τn} needs to
satisfy the following condition

∑k
n=0 τ

2
n∑k

n=0 τn

→ 0 as k → 0 .

The convergence result depends on the choices of step size. A typical choice that
satisfies the above condition is τk = 1

k+1 which is square summable but not summable.
Alternatively, we have the following convergence result.

Theorem 2.4 (Convergence rate of subgradient method). Suppose f is proper, closed
and convex, and there exist some positive constant C for which ∥g∥ ≤ C for all g ∈
∂f(x). Let {xk} be the sequence generated by the subgradient method, and the sequence
of diminishing step size generated by τk = 1

∥gk∥
√

k+1 , then

fk
best − f(x∗) ≤ C

1 + ∥x0 − x∗∥2

2
√
k + 1

.

Proof. A detailed proof of the convergence result can be found in Nesterov (2003), see
also Chambolle and Pock (2016a) and Beck (2017).

Note that although we obtain convergence under a diminishing step size rule, this
comes at the price of slow convergence rate, which is a strong limitation of Algorithm 3.
In the next section, we introduce a broad family of algorithms called proximal gradient
method. With many classical algorithmic approaches falling under the umbrella of this
type of method, the proximal gradient method is better suited for many non-smooth
minimisation problems.
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2.3 Proximal Gradient Method

Throughout this section, we consider the following composite objective

min
x∈X

F (x) := f(x) + g(x) , (2.18)

where f is a proper, closed and smooth function, while g ∈ Γ0 is a proper, closed and
convex function. Note that in many imaging and machine learning problems, this
objective often consists of a smooth part f and a non-smooth part g. Recall from
earlier discussion in Section 2.1.1, we show that proximal point method (Martinet,
1970, 1972) can be utilised to minimise g without assuming its smoothness. Indeed, a
core idea in the proximal gradient method is to combine an explicit gradient descent
step on f and an implicit step with respect to g.

To better illustrate the idea behind proximal gradient methods, we first look at the
specific example problem

min
x∈X

f(x) + δC , (2.19)

where δC is the characteristic function (2.4) over a non-empty closed convex set C.
Equivalently, this is a convex constrained minimisation problem

min
x∈C

f(x) , (2.20)

which we can solve via projected gradient descent method (cf. Beck (2017))

xk+1 = PC(xk − τk∇f(xk)) ,

where τk is the step size at iterate k. As we have shown in (2.13), an explicit gradient
step with step size τk can be interpreted as finding a point xk+1 that minimises the
linearisation of f around xk while staying close to the previous iterate xk. The projected
gradient step searches for such a point that lies in the set C, i.e.

xk+1 = arg min
x∈C

f(xk) + ⟨∇f(xk), x− xk⟩+ 1
2τk

∥x− xk∥2 .

Please note that this is equivalent to solving the following convex unconstrained
minimisation problem

xk+1 = arg min
x∈X

δC(x) + f(xk) + ⟨∇f(xk), x− xk⟩+ 1
2τk

∥x− xk∥2 .
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Algorithm 4: Proximal Gradient Method
Initialize x0 and τ0.
for k = 0, 1, 2, . . . do

xk+1 = Tτ (xk) = proxτkg(xk − τk∇f(xk)) .

end

Now consider a more general non-smooth function g that replaces the characteristic
function. After adding and removing constant terms and with some simple algebraic
manipulation, we obtain the following

xk+1 = arg min
x∈X

{
τkg(x) + 1

2∥x− (xk − τk∇f(xk))∥2
}
, (2.21)

where by the definition of the proximal operator (Definition 1.18), (2.21) can be written
as

xk+1 = proxτkg(xk − τk∇f(xk)) .

The above iterate characterises the proximal gradient method (cf. Teboulle (2018)),
which is also known under the name forward-backward splitting (Lions and Mercier,
1979). For notation simplicity, we can introduce the prox-grad operator Tτ (x) =
proxτg(x − τ∇f(x)). The resulting proximal gradient method is more compactly
summarised in Algorithm 4.

As shown earlier, solving a convex constrained minimisation problem with the
projected gradient descent method is a special use case of the proximal gradient
method with g being the indicator function. Another example of the proximal gradient
method is when solving optimisation problems with additional regularisation terms,
where g will be a non-smooth regularisation function. The proximal gradient method
comes in handy when it is "simple" in the sense that the proximal mapping has a
closed-form that is easy to evaluate. An example of this is the ℓ1-norm regularised
minimisation, where g(x) = λ∥x∥1. This problem can be approached with the iterative
shrinkage thresholding algorithm (ISTA) (Daubechies et al., 2004), where in each
iteration the soft-thresholding or shrinkage operator is applied.

We next discuss convergence results of the proximal gradient method. The following
theorem summarises a key inequality on which our analysis is based.
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Theorem 2.5. Suppose that f is a proper closed and L-smooth function, g is a proper
closed and convex function. Let Tτ (x) = proxτg(x− τ∇f(x)). For any x, y satisfying

f(Tτ (y)) ≤ f(y) + ⟨∇f(y), Tτ (y)− y⟩+ 1
2τ ∥Tτ (y)− y∥2 , (2.22)

it holds that

F (x)− F (Tτ (y)) ≥ 1
2τ ∥x− Tτ (y)∥2 − 1

2τ ∥x− y∥
2 +Df (x, y) , (2.23)

where Df (u, v) = f(u)−f(v)−⟨∇f(v), u−v⟩ is a Bregman distance function (Definition
1.12).

Proof. Consider the following 1
τ
-strongly convex function φ(u)

φ(u) = f(y) + g(u) + ⟨∇f(y), u− y⟩+ 1
2τ ∥u− y∥

2.

By the definition of strong convexity (Definition 1.17), we have that for any x, y

φ(y) ≥ φ(x) + ⟨∂φ(x), y − x⟩+ 1
2τ ∥x− y∥

2 .

On the other hand, we know that if x∗ is the unique minimiser of a closed strongly
convex function φ, then it follows from Fermat’s optimality condition (Remark 1.3)
that 0 ∈ φ(x∗), and we obtain

φ(x)− φ(x∗) ≥ 1
2τ ∥x− x

∗∥2 .

Note that as Tτ (y) = arg minu φ(u), the following holds:

φ(x)− φ(Tτ (y)) ≥ 1
2τ ∥x− Tτ (y)∥2 . (2.24)

Now we can write φ(Tτ (y)) as

φ(Tτ (y)) = f(y) + ⟨∇f(y), Tτ (y)− y⟩+ 1
2τ ∥Tτ (y)− y∥2 + g(Tτ (y))

≥ f(Tτ (y)) + g(Tτ (y)) = F (Tτ (y)) ,

where the second inequality follows (2.22). And by (2.24), we know that for any x,

φ(x)− F (Tτ (y)) ≥ 1
2τ ∥x− Tτ (y)∥2 . (2.25)
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Using the expression of φ(x) we can expand (2.25) to obtain

f(y) + ⟨∇f(y), x− y⟩+ g(x) + 1
2τ ∥x− y∥

2 − F (Tτ (y)) ≥ 1
2τ ∥x− Tτ (y)∥2 .

After rearranging terms we get

F (x)− F (Tτ (y)) ≥ 1
2τ ∥x− Tτ (y)∥2 − 1

2τ ∥x− y∥
2 +Df (x, y) .

□

Note that the above result holds without making the assumption on f being convex.
Now using the convexity of f , we can show an O(1/k) rate of convergence for the
proximal gradient method as described in Algorithm 4.

Theorem 2.6 (Convergence rate of proximal gradient method). Suppose f is a proper,
closed, convex and L-smooth function, and g is a proper, closed, and convex function.
Let {xk} be the sequence generated by the proximal gradient descent method in Algorithm
4 with constant step size τ = 1

L
. Denote the minimiser of Problem 2.18 with x∗ and

the optimal function value by F (x∗), then

F (xk)− F (x∗) ≤ L∥x0 − x∗∥2

2k . (2.26)

Proof. Using the key proximal gradient inequality in Theorem 2.5 and take x = x∗,
y = xn. We obtain

2
L

(F (x∗)− F (xn+1)) ≥ ∥x∗ − xn+1∥2 + ∥x∗ − xn∥2 + 2
L
Df (x, xn)

≥ ∥x∗ − xn+1∥2 + ∥x∗ − xn∥2 ,

where in the second line of the inequality we use the convexity of f . Summing both
sides of the inequality over k iterations for n = 0 . . . k − 1, we get

2
L

k−1∑
n=0

(F (x∗)− F (xn+1)) ≥ ∥x∗ − xk∥2 − ∥x∗ − x0∥2 .

Hence

k−1∑
n=0

(F (xn+1)− F (x∗)) ≤ L

2 ∥x
∗ − x0∥2 − L

2 ∥x
∗ − xk∥2 ≤ L

2 ∥x
∗ − x0∥2 .
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Using the key proximal gradient inequality in Theorem 2.5 again, but this time for the
choice x = y = xn, we obtain

F (xk)− F (xk+1) ≥ L

2 ∥x
k − xk+1∥2 ,

which in particular suggests F (xk) ≥ F (xk+1). Hence we validate that the proximal
gradient method produces a non-increasing sequence of function values.
By the monotonicity of {F (xn)}, we can conclude that

k(F (xk)− F (x∗)) ≤
k−1∑
n=0

(F (xn+1)− F (x∗)) ≤ L

2 ∥x
∗ − x0∥2 .

Consequently we obtain

F (xk)− F (x∗) ≤ L∥x∗ − x0∥2

2k .

□

Bregman Proximal Gradient Method

Note that we can also consider the problem of minimising the composite objective
in (2.18) with the Bregman framework as described in Benning and Riis (2021). Apply
the implicit method in (2.13) with J(x) = 1

τ
∥x∥2−f(x), then an iterate of the Bregman

proximal method (2.12) can be written down as:

xk+1 = arg min
x

{
f(x) + g(x) +DJ(x, xk)

}
= arg min

x

{1
2∥x− (xk − τ∇f(xk))∥2 + τg(x)

}
= (I + τg)−1(xk − τ∇f(xk)) ,

which recovers the classical proximal gradient method, and (I + τg)−1 is known as
the proximal mapping or resolvent (Definition 1.18). More general proximal gradient
methods can be derived using alternative choices of J and g (Beck, 2017; Benning and
Riis, 2021).

With this we conclude the section on proximal gradient method. For more detailed
discussion, we refer readers to Beck (2017); Boyd et al. (2004); Lions and Mercier
(1979); Parikh and Boyd (2014). In the next section, we will introduce the alternating
minimisation strategy, a popular scheme in solving joint minimisation problems.
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Algorithm 5: Alternating Minimisation Method
Set xk,0 = xk.
for i = 1, 2, . . . , p do

ỹ ∈ arg miny∈Rn
i
f(xk,i−1 + Ui(y − xk

i )).
Update xk,i = xk,i−1 + Ui(ỹ − xk

i )).
end
Set xk+1 = xk,p.

2.4 Alternating Minimisation

In this section we introduce an alternating minimisation scheme and discuss joint
minimisation problems. Namely, instead of solving for the minimising arguments for all
variables all at once, we search for the minimum in one direction at a time. Generally
speaking, we will consider the following optimisation problem

min
x1∈R1,x2∈R2,...,xp∈Rp

f(x1, x2, . . . , xp) , (2.27)

where f : Rn → R ∪ {∞} is a proper function and Rn = Rn
1 ×Rn

2 . . .×Rn
p . We denote

x ∈ Rn by x = (x1, x2, . . . , xp), where x is also partitioned into p blocks.
In each iteration of the alternating minimisation scheme, we successively choose a

block of variables xi, and optimise the objective function with respect to the selected
block of variables then update these selected ones only. Denote the x variable in the k-th
iterate by xk = (xk

1, x
k
2, . . . , x

k
p), the alternating minimisation scheme can be summarised

in the following iterate xk+1
i ∈ arg minxi∈Rn

i
f(xk+1

1 , xk+1
2 , . . . , xk+1

i−1 , xi, x
k
i+1, . . . , x

k
p).

We adopt the notation from Beck (2017) and introduce the linear transform
Ui : Rn

i → Rn defined as

Ui(y) = (0, . . . , 0, y, 0, . . . , 0) ,

where only the i-th block is non-zero and set to the value of y.
If we denote xk,i−1 = (xk+1

1 , xk+1
2 , . . . , xk+1

i−1 , x
k
i , x

k
i+1, . . . , x

k
p), then the alternating

minimisation scheme can equivalently be summarised in Algorithm 5. As we can see,
each iteration involves p sub-iterations. In the following analysis, we show that under
certain assumptions, the sequence generated by the alternating minimisation scheme
(Algorithm 5) converges to a coordinate-wise minimum.
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Definition 2.1 (Coordinate-wise minimum). A point x∗ ∈ Rn is called a coordinate-
wise minimiser of f , if

f(x∗) ≤ f(x∗ + Ui(y)) for all i = 1, 2, . . . , p and y ∈ Rn
i .

Next, we analyse the convergence of the alternating minimisation scheme with the
following composite objective. The problem reads

min
x1∈Rn

1 ,x2∈Rn
2 ,...,xp∈Rn

p

f(x1, x2, . . . , xp) +
p∑

i=1
gi(xi) . (2.28)

Here g(x1, x2, . . . , xp) = ∑p
i=1 gi(xi) has a separable structure. In what follows, we will

show that points of coordinate-wise minima of Problem (2.28) are necessarily stationary
points, which means in the convex setting they will also be global minima points.

Lemma 2.3. Let g be proper, closed and convex for any i = 1, 2, . . . , p, and let f be a
closed function and differentiable over the interior of its domain. Denote a coordinate-
wise minima point of f(x) + g(x) as defined in (2.28) by x∗, then x∗ is a stationary
point of Problem (2.28).

Proof. Since x∗ is a coordinate-wise minima point, the following inclusion holds for
all i = 1, 2, . . . p:

x∗
i ∈ arg min

y∈Rn
i

f̃i(y) + gi(y) ,

where f̃i(y) = f(x∗ +Ui(y− x∗
i )) = f(x∗

1, x
∗
2, . . . , x

∗
i−1, y, x

∗
i+1, . . . , x

∗
p). We know that if

x∗ is a local optimal solution of the composite problem, and f is differentiable at x∗,
then by Fermat’s theorem of stationary points (Remark 1.3) we obtain −∇f̃i(x∗

i ) ∈
∂gi(x∗). Denote the gradient of f with respect to the i-th block by ∇if . Since
∇f̃i(x∗

i ) = ∇if(x∗), we have that for all i = 1, 2, . . . , p and obtain −∇if(x∗) ∈ gi(x∗).
Hence −∇f(x∗) ∈ g(x∗), namely x∗ is a stationary point of the composite problem. □

Note that in the derivation of the above result we do not assume the convexity
of f . Hence in order for the generated sequence from Algorithm 5 to converge to a
stationary point, we need to assume that the problem miny∈Rn

i
f(x+ Ui(y − xi)) has

a unique minimiser, which is a quite strong condition. However, we can remove this
condition if the convexity of f is explicitly assumed. For a more general scheme where
we consider p blocks of partition, one can in fact achieve an O(1/k) convergence rate
using the alternating minimisation scheme. A detailed proof of this convergence rate
can be found in Beck (2017) and more discussions can be found in Wright (2015);
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Wright and Recht (2022). We also refer interested readers to Fercoq and Richtárik
(2015); Lu et al. (2018); Lu and Xiao (2015); Nesterov (2012) for extended discussions.

2.5 Saddle Point Method

In this section, we introduce an important class of optimisation methods called the
saddle point method, via the use of duality. As discussed earlier in Section 2.3, projected
gradient descent or proximal gradient descent method can be applied for solving simple
constrained minimisation problems. Saddle point method on the other hand, also
works effectively well on constrained optimisation problems, particularly on problems
where the constraints assume more complicated structures.

To begin with, consider the following constrained minimisation problem with a
linear equality constraint, i.e.

min
x
f(x) s.t. Ax = b . (2.29)

One natural approach to solve (2.29) is to relax the constraint by incorporating it into
the objective. More specifically, one can introduce a penalty function which adds value
to the objective function when the constraint is violated. A typical choice of the penalty
function is the quadratic penalty (QP), which gives the following approximation to the
original Problem (2.29):

min
x
f(x) + 1

2τ ∥Ax− b∥
2 , (2.30)

where τ > 0 is the parameter that controls the penalty. Problem (2.30) can be solved
with penalty methods, where one starts with very little penalty to obtain an initial
minimiser of (2.30). Then in each iteration one decreases the penalty parameter, solve
(2.30) and use that solution as the initial guess for the next iteration. The generated
sequence of solutions will converge to the solution of Problem (2.29) asymptotically.

Note that alternatively, we can formulate the following min-max problem that is
equivalent to Problem (2.30):

min
x

max
λ

f(x) + ⟨λ,Ax− b⟩ − τ

2∥λ∥
2 . (2.31)

To see the equivalence, we can optimise with respect to λ to obtain λ∗ = −(Ax− b)/τ .
Inserting this back into (2.31), we recover (2.30).

In this formulation, one advantage is that we can use a fixed τ , instead of decreasing
τ after each iteration, by explicitly solving for the optimal λ in the inner maximisation
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problem. This formulation is also well defined for the limiting case when τ = 0, and
writes

min
x

max
λ

f(x) + ⟨λ,Ax− b⟩ . (2.32)

Here the function L(x, λ) = f(x) + ⟨λ,Ax − b⟩ is called the Lagrangian function
associated with the constrained problem (2.29) and λ is known as the Lagrange
multiplier.

Note that the above min-max problem (2.32) is equivalent to problem (2.29). To
see this, observe that the inner maximisation problem yields f(x) only when the
constraint is satisfied. Otherwise the maximisation with respect to λ will achieve ∞.
In other words, the outer minimisation problem only considers candidate solutions x
that satisfies Ax− b = 0.

Under mild conditions (Ekeland and Temam, 1999; Rockafellar, 1970; Sion, 1958;
v. Neumann, 1928) we can swap the min and max to achieve

max
λ

min
x
f(x) + ⟨λ,Ax− b⟩ . (2.33)

If we denote Q(λ) = minx f(x) + ⟨λ,Ax− b⟩, the dual problem is known as: maxλ Q(λ)
and (2.29) is referred to as the primal problem. Now using the Fenchel conjugate
(Definition 1.10), we write the dual problem as

max
λ

Q(λ) = max
λ

(
−max

x
⟨−A∗λ, x⟩ − f(x) + ⟨b, λ⟩

)
= max

λ
−f ∗(−A∗λ)− ⟨b, λ⟩ . (2.34)

Since the Fenchel conjugate is always convex, the dual problem is always a concave
maximisation problem.

Furthermore, the maximum value of the dual problem is always a lower bound of
the optimal value of the primal problem. This result is known as weak duality. If x∗

is any solution of the primal problem, and λ∗ is a solution to the dual problem, then
(x∗, λ∗) is a saddle point that satisfies

L(x∗, λ) ≤ L(x∗, λ∗) ≤ L(x, λ∗) . (2.35)

Under strong duality, the primal-dual gap L(x, λ∗) − L(x∗, λ) vanishes and one can
construct minimisers of the primal problem from the solution of the dual problem.
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Algorithm 6: Dual Subgradient Method
Initialise x0, λ0 and τ0.
for k = 1, 2, . . . do

xk+1 = arg minL(x, λk),
λk+1 = λk + τk(Axk+1 − b).

end

In the following, we introduce a more general dual subgradient method where the
dual problem is solved using a subgradient method (Algorithm 3). When Q(λ) is
sufficiently smooth, this method reduces to the dual ascent method.

As summarised in Algorithm 6, the dual subgradient method alternately updates
xk and λk, where τk is the step size parameter. In the first step of the algorithm, we
minimise over x. Then in the second step we perform an update on the dual variable
λ. However, while the dual problem is concave, it is often non-smooth. Using the
dual subgradient method usually leads to slow convergence. In addition, the step size
parameter needs to be appropriately chosen to ensure convergence.

The conjugate correspondence theorem (Theorem 1.2) suggests that one can
smoothen the dual function by adding a strongly convex term (Definition 1.17) to the
primal function. Following this idea, we can formulate the augmented Lagrangian
function by adding a quadratic term to obtain

Lτ (x, λ) = f(x) + ⟨λ,Ax− b⟩+ 1
2τ ∥Ax− b∥

2 , (2.36)

where τ is known as the penalty parameter. Notice the resemblance of this formulation
to the quadratic penalty method. Indeed, the augmented Lagrangian can be viewed as
the Lagrangian associated with Problem (2.29) added to a quadratic penalty term.

Applying the dual ascent method to the augmented objective, we obtain the
following augmented Lagrangian method, historically also referred to as the method of
multipliers. In Algorithm 7, we summarise the method of multipliers. Notice that the
penalty parameter τ is now used as the step size parameter.

As a matter of fact, the augmented Lagrangian method can be interpreted as the
proximal point method (Martinet, 1970, 1972) applied to the dual problem. This
perspective also explains the faster and more robust convergence performance of the
augmented Lagrangian method than the dual subgradient method (Algorithm 6). To
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Algorithm 7: Method of Multipliers
Initialise x0, λ0 and τ .
for k = 1, 2, . . . do

xk+1 = arg minLτ (x, λk) ,
λk+1 = λk + τ(Axk+1 − b) .

end

see this, observe that the optimality condition for xk+1 is

0 ∈ ∂f(xk+1) + A⊤(λk + 1
τ

(Axk+1 − b)) ,

which can be rewritten as −A⊤λk+1 ∈ ∂f(xk+1). Using the conjugate subgradient
theorem (Theorem 1.1), we can characterise this inclusion equivalently with xk+1 ∈
∂f ∗(−A⊤λk+1).

If we now multiply both sides with −A and express Axk+1 using λk+1 = λk +
τ(Axk+1 − b), we obtain 0 ∈ ∂Af ∗(−A⊤λk+1) + b+ 1

τ
(λk+1 − λk), which is exactly the

optimality condition for the proximal point update on the dual problem

λk+1 = arg max
λ

{
Q(λ) + 1

2τ ∥λ− λ
k∥
}
.

From the convergence result of Algorithm 4, we know the dual objective converges at
rate of O(1/k):

Q(λ∗)−Q(λk) ≤ ∥λ
∗ − λ0∥2

2τk .

Further, observe that in some cases our objective function f is separable, i.e. it can
be written in the following form

f(x) =
N∑

i=1
fi(xi) ,

where x1, x2 . . . xN are N partitions of the vector x. One can accordingly split Ax as
Ax = ∑N

i=1 Aixi. Hence, the Lagrangian is now also separable:

L(x, λ) =
N∑

i=1
Li(xi, λ) =

N∑
i=1

(
fi(xi) + ⟨λ,Aixi⟩ −

1
N
⟨λ, b⟩

)
.
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Algorithm 8: Alternating Direction Method of Multipliers
Initialise x0, z0, λ0 and τ .
for k = 1, 2, . . . do

xk+1 = arg minx Lτ (x, zk, λk) ,
zk+1 = arg minz Lτ (xk+1, z, λk) ,
λk+1 = λk + τ(Axk+1 +Bzk+1 − c) .

end

If we solve the minimisation problem using the dual subgradient method, the separable
structure of the above Lagrangian allows the minimisation step in x variables to be
performed in parallel by solving N sub-problems. The dual subgradient method in this
case is usually referred to as the dual decomposition method. However, the augmented
Lagrangian method looses such separability because of the additional quadratic penalty
term. We will therefore discuss another type of algorithm, namely the alternating
direction method of multipliers and see how it circumvents the decomposition issue.

2.5.1 Alternating Direction Method of Multipliers

The alternating direction method of multipliers (ADMM) (Boyd et al., 2011; Gabay,
1983) aims at solving problems of the form

min
x,z

f(x) + g(z) s.t. Ax+Bz = c , (2.37)

where x ∈ X , z ∈ Z, and X ,Z are closed convex sets. Notice that this formulation is
different than problem (2.29) in the sense that the objective function f is separable
across the partitions x and z. The augmented Lagrangian is formulated as

Lτ (x, z, λ) = f(x) + g(z) + ⟨λ,Ax+Bz − c⟩+ 1
2τ ∥Ax+Bz − c∥2 .

Following the method of multipliers (Algorithm 7), we obtain the iterates as below

(xk+1, zk+1) = arg min
x,z

Lτ (x, z, λk) (2.38)

λk+1 = λk + τ(Axk+1 +Bzk+1 − c) . (2.39)

In the first step, the augmented Lagrangian is jointly minimised with respect to x and
z. ADMM instead considers an alternating minimisation technique (Algorithm 5) and
updates x and z sequentially. In Algorithm 8, we summarises the ADMM algorithm.
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Instead of the joint minimisation, ADMM performs block coordinate descent on
the primal problem. Furthermore, separating the minimisation problem between x and
z now permits decomposition. The proof of the convergence result can be found in
Boyd et al. (2011), where more detailed discussions can also be found in Boyd et al.
(2011); Chambolle and Pock (2016a); Parikh and Boyd (2014).

Bregman Alternating Direction Method of Multipliers
Note that ADMM can be modified to fit the Bregman framework. Namely, we can
modify the update steps in Algorithm 8 into

Definition 2.2 (Bregman ADMM).

xk+1 = arg min
x

{
Lτ (x, zk, λk) +DJx(x, xk)

}
(2.40)

zk+1 = arg min
z

{
Lτ (xk+1, z, λk) +DJz(z, zk)

}
(2.41)

λk+1 = arg max
λ

{
λk + τ(Axk+1 +Bzk+1 − c) +DJλ

(λ, λk)
}
. (2.42)

where DJ(u, v) is the generalised Bregman distance as defined earlier in Definition
1.12. The adaption of ADMM to more general Bregman functions was first proposed
in Wang and Banerjee (2014). Notice that with the choices of Jx = Jz = 0 and
Jλ = 1

2τ
∥λ∥2, update steps in (8) recover the classical ADMM setting. With various

choices of Jx(x), Jz(z) and Jλ(λ), one can produce other useful variations of ADMM.
For example, with the following choices of J

Jx(x) = 1
2ττx

∥x∥2 − 1
2τ ∥Ax∥

2

Jz(z) = 1
2ττz

∥z∥2 − 1
2τ ∥Bz∥

2

Jλ(λ) = 1
2τλ

∥λ∥2 ,

we obtain a variant of ADMM with the following iterates

xk+1 = (I + ττx∂f)−1
(
xk − τxA

⊤(Axk +Bzk − c+ τλk)
)

zk+1 = (I + ττz∂g)−1
(
zk − τzB

⊤(Axk+1 +Bzk − c+ τλk)
)

λk+1 = λk + τλ(Axk+1 +Bzk+1 − c) .

Note that in this variant, the update steps are now explicit with respect to the operators
A and B.
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Algorithm 9: Primal-Dual Hybrid Gradient Method
Initialise x0, y0, step size τ and λ.
for k = 1, 2, . . . do

xk+1 = proxλg(xk − λK∗yk),
yk+1 = proxτf∗(yk + τK(2xk+1 − xk).

end

With this we conclude the section on ADMM approaches. We refer interested
readers to Franca et al. (2018); Goldstein et al. (2014); Poon and Liang (2019); Zhang
and Shen (2019) for further discussions.

2.5.2 Primal-Dual Hybrid Gradient Method

Last but not least, we want to briefly review a special saddle point problem in this
section and discuss a method that plays a crucial role in many imaging and machine
learning problems, namely the primal-dual hybrid gradient (PDHG) method. In
particular, let us consider the following composite objective

min
x∈X

f(Kx) + g(x) , (2.43)

where f, g ∈ Γ0 are proper, convex, l.s.c. functions and K is a bounded linear
operator. The structure of problem is standard in many imaging problems such as
image compression, image denoising and image deblurring, etc. Since f is convex, its
biconjugate (Definition 1.11) is just itself, i.e. f = f ∗∗. We can then rewrite

min
x
f(Kx) + g(x) = min

x
max

y
⟨y,Kx⟩ − f ∗(y) + g(x) .

Again, we can swap the min and max to obtain the following:

min
x
f(Kx) + g(x) = min

x
max

y
⟨y,Kx⟩ − f ∗(y) + g(x)

= max
y

min
x
⟨K∗y, x⟩+ g(x)− f ∗(y) .

One natural idea to proceed is to perform a proximal descent step with respect to
variable x and a proximal ascent step with respect to variable y, resulting in the
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Algorithm 10: Stochastic Gradient Method
Initialise x0 and τk.
for k = 1, 2, . . . do

xk+1 = xk − τkg(xk, ξk) . (2.46)

end

following update steps

xk+1 = proxλg(xk − λK∗yk) (2.44)
yk+1 = proxτf∗(yk + τKxk+1) . (2.45)

However, convergence of the above alternating scheme is not guaranteed. To ensure
convergence, there have been several strategies to modify the iterates. One of the
earliest ideas is to incorporate a type of extra-gradient (Korpelevich, 1976), which
proposed to replace yk in the update step of xk+1 in (2.44) by a proximal point
proxτf∗(yk + τK∗xk).

The PDHG method (Esser et al., 2010; Pock et al., 2009) is another variation
with similar properties that computes solutions of the min-max problem, but without
additional proximal point computations. In Algorithm 9, we summarise the update
iterates of the PDHG method.

Note that in the update step of yk+1, we replace xk+1 with xk+1 + (xk+1−xk). This
can be viewed as an approximation to the extra-gradient discussed in Korpelevich
(1976). With this modification, one can indeed show (ergodic) convergence rate of
O(1/k). The proof of this convergence result can be found in Chambolle and Pock
(2016b). Here we describe one specific form of PDHG, for more general forms and
detailed discussion, we refer readers to Benning and Riis (2021); Chambolle and Pock
(2011, 2016a,b); Esser et al. (2010); Pock et al. (2009); Zhu and Chan (2008).

2.6 Stochastic Gradient Method

Previously, we study deterministic approaches on minimising f : Rn → R, whereas in
this section, we begin reviewing strategies in the stochastic setting. In particular, we
consider the scenario where instead of having available information about the exact
gradient or subgradient of f , now we only have access to a vector g(x, ξ) ∈ Rn that is
a function of x and a random variable ξ.
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Algorithm 11: Incremental Gradient Method
Initialise x0 and τk.
for k = 1, 2, . . . do

select ik in {1, . . . , N}.

xk+1 = xk − τk∇fik
(xk) . (2.47)

end

Throughout the rest of the section, we assume that g(x, ξ) is an unbiased estimator
of ∇f . Denote the underlying probability distribution of the random variable ξ by
P and denote by Eξ the expectation of ξ according to P . This unbiased estimation
assumption is written as

Eξ[g(x, ξ)] = ∇f(x) .

In Algorithm 10, we summarise the stochastic gradient method (Kiefer and Wol-
fowitz, 1952; Robbins and Monro, 1951), where τk is the step size and ξk is chosen
according to P at each iterate and independent of choices made at previous iterates.
The stochastic gradient method is a particularly popular optimisation method in mod-
ern deep learning practices due to its efficiency in learning with large-scale datasets,
where only random estimates of ∇f are accessible.

A typical illustrative example is the noisy gradient problem, where the queried
gradient information contains noise, i.e.

g(x, ξ) = ∇f(x) + ξ ,

where ξ is an additive noise described by some noise process. We can see that g(x, ξ)
is an unbiased estimator of ∇f(x) when E(ξ) = 0. Another notable example is the
incremental gradient method. In this problem, we assume the objective function f is a
finite sum:

f(x) = 1
N

N∑
i=1

fi(x) .

In Algorithm 11, we summarise the incremental gradient method. A typical
application for Algorithm 11 is when the computation of the gradient estimate g(xk, ξk)
is cheaper than evaluating the full gradient ∇f(xk). We can see that Eξ(g(x, ξ)) =
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∇f(x) = 1
N

∑N
i=1 fi(x) when randomly choosing ik under a uniform distribution, where

the underlying P is such that P (i) = 1
N

for i = 1, . . . , N.
We will next discuss the convergence analysis of stochastic gradient method (Algo-

rithm 10). In the scope of this chapter, we will only consider the following scenario,
where the norm of the gradient estimate is bounded. In particular, we consider the
case when the stochastic gradient g(x, ξ) is bounded from above almost surely for all x
with some non-negative constant B, that is

Eξ[∥g(x, ξ)∥2] ≤ B2 .

Theorem 2.7. Suppose f is convex and L-smooth and suppose there is a minimiser
x∗ to Problem 2.6, where the optimal value is defined by f(x∗). With the step size
τ = 1/L, we generate a sequence {x̄k} where

x̄k =
∑k

n=0 τnx
n∑k

n=0 τn

,

that is the average of all iterates so far, weighted by the step size τn. Then, the sequence
{x̄k} satisfies

E[f(x̄k)− f(x∗)] ≤ ∥x− x
∗∥2

2∑k
n=0 τn

+ B2∑k
n=0 τ

2
n

2∑k
n=0 τn

.

Proof. After k iterations, we have the following estimate

E[f(x̄k)− f(x∗)] ≤ E
[

1∑k
n=0 τn

k∑
n=0

τn(f(xn)− f(x∗))
]

(2.48)

≤ 1∑k
n=0 τn

k∑
n=0

τnE [⟨∇f(xn), xn − x∗⟩] , (2.49)

where this follows the definition of x̄k and the convexity of f . Next we want to derive
a bound on the expected error to a minimiser x∗. We start by expanding the terms

∥xk+1 − x∗∥2 = ∥xk − τkg(xk, ξk)− x∗∥2

= ∥xk − x∗∥2 − 2τk⟨g(xk, ξk), xk − x∗⟩+ τ 2
k∥g(xk, ξk)∥2 .

For the second and the third term in the above equation, notice that when taking
expectation with respect to all random variables up to iteration k, by the law of iterated
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expectation and the fact that xk depends on ξ0, ξ1 . . . , ξk−1 but not on ξk, we have

E[⟨g(xk, ξk), xk − x∗⟩] = E
[
Eξk

[
⟨g(xk, ξk), xk − x∗⟩ | ξ0, ξ1, . . . , ξk−1

]]
= E

[
⟨Eξk

[
g(xk, ξk)|ξ0, ξ1, . . . , ξk−1

]
, xk − x∗⟩

]
.

Furthermore, we know that g(xk, ξk) depends on ξk. Hence we can take expectation
of g(xk, ξk) explicitly with respect to ξk to obtain Eξk

[
g(xk, ξk) | ξ0, ξ1, . . . , ξk−1

]
=

∇f(xk). Hence we get

E[⟨g(xk, ξk), xk − x∗⟩] = E
[
⟨∇f(xk), xk − x∗⟩

]
.

Similarly, we obtain the bound

E
[
∥g(xk, ξk)∥2

]
= E

[
Eξk

[
∥g(xk, ξk) | ξ1, . . . , ξk−1∥2

]]
≤ B2 ,

where the last step follows from the bounded norm assumption on the gradient estimate.
Putting everything together, we have

E
[
∥xk+1 − x∗∥2

]
≤ E

[
∥xk − x∗∥2

]
− 2τkE

[
⟨∇f(xk), xk − x∗⟩

]
+ τ 2

kB
2 .

After rearranging the terms, we have

τkE
[
⟨∇f(xk), xk − x∗⟩

]
≤ 1

2
[
E
[
∥xk − x∗∥2

]
− E

[
∥xk+1 − x∗∥2

]
+ τ 2

kB
2
]
. (2.50)

Plugging (2.50) back to (2.48) we obtain

E[f(x̄k)− f(x∗)] ≤ 1∑k
n=0 τn

k∑
n=0

[1
2(E

[
∥xn − x∗∥2

]
− E

[
∥xn+1 − x∗∥2

]
) + 1

2τ
2
nB

2
]

= 1
2∑k

n=0 τn

[
E
[
∥xn − x∗∥2

]
− E

[
∥xn+1 − x∗∥2

]
+B2

k∑
n=0

τ 2
n

]

≤ ∥x
0 − x∗∥2 +B2∑k

n=0 τ
2
n

2∑k
n=0 τn

.

□

Note that in the previous convergence result we assume f being L-smooth hence
the choice of step size τ = 1/L. In the next section, we will briefly discuss an extension
from explicit stochastic gradient method to its implicit counterpart as seen in Section
2.1.
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Algorithm 12: Implicit Stochastic Gradient Method
Initialise x0 and τk.
for k = 1, 2, . . . do

xk+1 = xk − τk g(xk+1, ξk+1).
end

2.6.1 Implicit Stochastic Gradient Method

The duo of explicit-implicit updates in gradient descent method as discussed in Section
2.1.1 can also be extended to the stochastic setting. Similarly, we can derive the
following implicit stochastic gradient method (Toulis and Airoldi, 2017), summarised
in Algorithm 12.

As we have discussed in Algorithm 2, the current iterate xk+1 now appears on
both sides of the equation, but in a stochastic setting where we only have an unbiased
estimator of the gradient. Most of the analysis from Section 2.1.1 can be translated
into the stochastic setting. We will illustrate with the following concrete example

min
x

1
N

N∑
i=1

fi(x) ,

where we solve the above problem with the incremental gradient method as described
in Algorithm 11.

Assuming that the stochastic estimate of the gradient g(xk+1, ξk+1) satisfies that
g(xk+1, ξk+1) ∈ ∂fi(xk+1), we then have

xk+1 = proxτfi
(xk) = (I + ∂fi)−1(xk) = xk − τ∇M τ

fi
(xk) ,

which is an iteration of the explicit incremental gradient method on the Moreau
envelope M τ

fi
. The convergence analysis of the implicit incremental gradient method

hence follows similarly to the convergence result of its explicit version described in the
previous section.

With this we bring our discussion on stochastic gradient method to a close. We
refer interested readers to Bertsekas (2011); Bottou (2010); Lacoste-Julien et al. (2012)
for more further discussions.
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3 Inverse Problems and Regularisation Theory

Inverse problems concern the problems of using observations to infer the values of
the parameters of a modelled system. In this era of big-data, we see more and more
interactions evolving between the mathematical field of inverse problems and deep
learning models. In this section, we review some key concepts and notions in inverse
problems and regularisation theory, where we will in particular focus on variational
regularisation. The discussion in this section is mainly based on Arridge et al. (2019);
Benning and Burger (2011, 2018); Benning and Ehrhardt (2016); Engl et al. (1996).

3.1 Inverse Problems

An inverse problem is typically referred to as the problem of the inversion of a forward
model. For u ∈ U and y ∈ V , given the following data generation model:

y = Ku , (2.51)

where K : U → V is typically a linear operator. Observations y ∈ V are generated by an
underlying forward operation Ku. In the case when y is corrupted with observational
or measurement noise δ, we denote the noisy observation by yδ. The inverse problem
usually consists of solving for the unknown solution u ∈ U from indirect observations y
or yδ and challenges in finding a solution lie in the fact that many inverse problems are
ill-posed in the sense of negating well-posedness (Hadamard, 1902). We say a problem
is well-posed if it satisfies three defining properties:

1. There exists a solution to the problem.

2. The solution is unique.

3. The solution depends continuously on the input datum.

For example, the uniqueness condition is violated when there are multiple possible u
that are all consistent with the observation y. Or the stability condition can be easily
violated if small errors in observation y lead to amplified errors in the solution u.

Regularisation theory is a key tool in solving ill-posed inverse problems. The central
idea of a regularisation method is to construct a well-posed approximation to the
ill-posed problem that is convergent. In the next section, we will limit our discussion
to variational regularisation methods and review their properties.
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3.2 Variational Regularisation Model

In this section, we will discuss the basic form of the variational approach of regularisation.
For the rest of the section, we will make the assumption that U and V are Banach
spaces and K : U → V is a bounded linear operator.

A variational regularisation method in general can be formulated as the following
problem

û ∈ arg min
u∈U

{F (Ku, y) + αJ(u)} . (2.52)

The objective function on the right hand side consists of two functionals: a data fidelty
or data discrepancy term F measuring the distance between two arguments and a
regularisation functional J favoring minimisers with desirable structures and penalising
potential solutions with undesired features. The two terms are balanced by a positive
regularisation parameter α > 0. A typical choice of the data fidelity term is usually a
squared norm. As for the choice of J , it usually depends on some a-priori information
that we want to incorporate when solving problem (2.52). We will next discuss some
typical choices of regularisation functionals.

ℓ2-norm One of the most common choice of regularisation functional is the ℓ2-norm
∥u∥2, which is well studied in the classical Tikhonov or Tikhonov-Phillips regularisation.
The ℓ2-norm regularisation ensures the squared norm of the solution is not too large.
Solving an Ordinary Least Squares regression problem with ℓ2 regularisation is known
as the ridge regression in statistics literature. The weight decay technique in deep
learning practices is also an example of the ℓ2-norm regularisation.

ℓ1-norm Another popular choice of regularisation functional is the ℓ1-norm ∥u∥1.
The ℓ1-norm regularisation is often used as a regulariser to enforce sparsity in the
solution. The ℓ1-norm can be used as an approximation to the ∥ · ∥0 norm which counts
the number of non-zero elements in the solution. The ℓ1-norm is typically seen in
many imaging problems and also in compressed sensing and basis pursuit problems.
The regression problem with ℓ1-norm regularisation is known as the Least Absolute
Shrinkage and Selection Operator (LASSO) in statistics literature (Tibshirani, 1996).

Total variation Total variation (TV) regularisation has been one of the major
driving force for the development in variational regularisation methods. Total variation
regularisation was first introduced by Rudin, Osher and Fatemi in Rudin et al. (1992)
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for its edge preserving properties and that it favors images with sparse gradients
(Chambolle et al., 2010). In many cases of imaging problems, one often favors non-
smooth solutions and particularly, to allow discontinuities in solutions, such as the
sudden change of intensity at edges in images. The total variation can be defined as

TV(u) = |u|BV = sup
{∫

Ω
⟨u, div(ψ)⟩ |ψ ∈ C∞

0 (Ω;Rn), |ψ| ≤ 1
}
. (2.53)

where Ω is an open subset of Rn denoting the image domain. The space of functions of
bounded variations (BV) is defined as

BV(Ω) =
{
u ∈ L1(Ω) |TV(u) ≤ ∞

}
. (2.54)

In practice, we often consider the discrete total variation ∥∇u∥p,1, (Chambolle and
Lions, 1997; Rudin et al., 1992). Consider a two-dimensional scalar-valued image
u ∈ RH×W , we can define a finite forward difference discretisation of the gradient
operator ∇ : RH×W → RH×W ×2 as

(∇u)i,j,1 =

ui+1,j − ui,j if 1 ≤ i < H,

0 else,
, (∇u)i,j,2 =

ui,j+1 − ui,j if 1 ≤ j < W,

0 else.
.

The discrete total variation is defined as the ℓ1 norm of the p-norm of the pixel-wise
image gradients, i.e.

∥∇u∥p,1 =
H∑

i=1

W∑
j=1
| (∇u)i,j |p =

H∑
i=1

W∑
j=1

(
(∇u)p

i,j,1 + (∇u)p
i,j,2

)1/p
.

This concludes the review on variational regularisation models. In the next section,
we will recall basic definitions from non-linear regularisation analysis and how we can
derive general error estimates.

3.3 Non-linear Regularisation Analysis

After having introduced several example variational regularisation models, in this section
we will recap some fundamental concepts in the analysis of nonlinear regularisation
methods.

As mentioned earlier, the core idea of a regularisation method is constructing
convergent approximations to the desired solution. To begin with, we first introduce
the notion of a best approximate solution.
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Definition 3.1 (Best approximate solution). Given an error measure F : V × V →
R+ ∪ {∞}, where R+ denotes the the non-negative real numbers. We call û ∈ U a best
approximate solution of (2.51) with respect to F if

F (Kû, y) ≤ F (Ku, y) for all u ∈ U . (2.55)

The next definition defines the selection of via prior knowledge by a (multivalued)
selection operator.

Definition 3.2 (Selection operator). Denote the range and kernel of K with R(K)
and N (K) respectively. A multivalued operator S : R(K) ⇒ U is called a selection
operator if S(Ku) ⊂ u+N (K) for all u ∈ U . A best approximate solution û is called
prior selected solution of (2.51) if and only if û ∈ S(Kû).

We first define the effective range of the forward operator as

RF (K) =
{
y ∈ V | arg min

u∈U ,J(u)<+∞
F (Ku, y) ̸= ∅

}
.

Then in the scalar case where α ≥ 0, we can construct one selection operator by
minimising the regularisation functional on the set of best approximate solutions. Let
y ∈ RF (K), then we define

S(y) = arg min
u∈U

{
J(u) |u ∈ arg min

û∈U
F (Kû, y)

}
.

A generic variational regularisation operation can then be defined by the following.

Definition 3.3 (Variational regularisation). Let F : V × V → R+ be continuous with
F (y, y) = 0 for all y ∈ RF (K) and J : U × R+ → R ∪ {∞} be proper, lower semi-
continuous and convex functionals. Then the (set-valued) operator R : V × R+ ⇒ U
defined as

R(yδ, α) = arg min
u∈U

{
F (Ku, yδ) + J(u, α)

}
,

is said to be a variational regularisation, for fixed regularisation parameters α ∈ R+.

In the next step, we will define what do we mean by a convergent regularisation
method.
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Definition 3.4. Let y = Ku† for some exact solution u†. Given some error measure
D : U ×U → R+ ∪ {+∞}, where D being a Bregman distance, a regularisation method
is called D-convergent if

lim
δ→0

sup
{
D(uα, u†)

∣∣∣uα ∈ R(yδ, α), yδ ∈ V , F (y, yδ) ≤ δ
}

= 0 .

A regularisation method is called convergent at order v if there exists a constant
Cv such that for all data satisfying the error bound, we obtain the estimate

D
(
R(yδ,α(δ,yδ)), u†

)
≤ Cvδ

v . (2.56)

We will next summarise basic analysis of the variational regularisation methods.
We will start by making the following assumptions:

Assumption 3.1. Let U = Z∗ for some normed space Z and let the weak star topology
on U be metrisable on bounded sets. Furthermore, we assume

• K = L∗ for a bounded linear operator L : V → Z.

• J is nonnegative with J = H∗ for some proper functional H : Z → R ∪ {+∞}.

• F is proper, nonnegative, convex in its first argument and continuous in its second
argument. And for every g ∈ V, there exists u with F (Ku, g) + αJ(u) <∞.

• For each g ∈ V and α ∈ R+, there exists a constant c = (a, b, ∥g∥) depending
monotonically non-decreasing on all arguments such that

∥u∥U ≤ c if F (Ku, g) ≤ a, αJ(u) ≤ b .

First we will verify the well-posedness of the selection operator S with the following
theorem.

Theorem 3.1. Let Assumption 3.1 hold, then for every y ∈ RF (K), the selection
operator S of the J-minimising solutions is well-defined for α ∈ R+.

Proof. The proof of this theorem follows directly from Benning and Burger (2018,
Lemma 5.5). For y ∈ RF (K), we know there exists a minimiser u∗ such that J(u∗) <∞.
In the definition of S, we consider the minimisation only with respect to the set of u
such that F (Ku, y) = F (Ku∗, y), which provides an upper bound on the data fidelity
term. On the other hand, in such set of u, we can also obtain an upper bound on
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the regularisation functional by restricting to u with J(u) ≤ J(u∗). Hence by the
last item in Assumptions 3.1, for the set of such u, the norm in U is bounded and
for each minimising sequence there exists a weak-star convergence subsequence un.
Moreover, with the assumptions above, we see that αJ(·) is sequentially weak-star
lower semi-continuous and F (·, y) is weakly lower semi-continuous. From the first
item in Assumptions 3.1, we see that K is continuous from the weak-star topology
of U to the weak topology of V. As a consequence F (·, y) + αJ(·) is weak-star lower
semi-continuous. Hence the weak-star limit of un is a minimiser, i.e. S(y) ̸= ∅. □

We can then verify the well-definedness of the regularisation operator R(yδ, α).

Theorem 3.2. Let Assumption 3.1 hold. Then for every y ∈ V the variational
regularisation model has a minimiser in U for every α ∈ R+, i.e. the regularisation
operator R is well-defined. Moreover, R(yδ, α) is a convex set.

Proof. The proof of this theorem follows directly from Benning and Burger (2018,
Theorem 5.6). Suppose there exists an ũ with F (Kũ, y) + αJ(ũ) < ∞. Denote the
functional value attained by ũ with value a. Then we can restrict the minimisation to
the set of u such that

F (Ku, y) + αJ(u) ≤ F (Kũ, y) + αJ(ũ) .

Since both terms are non-negative in the full functional F (Ku, y) +αJ(u), by Assump-
tion 3.1, we obtain the boundedness of the norm on this subset of u. The remaining
weak-star compactness and lower semi-continuous argument are similar to Lemma 3.1.
We can hence verify the existence of a minimiser. As we assume the functional F to
be convex, the convexity of R(yδ, α) follows from the fact that the set of minimisers of
F is also convex. □

The next theorem verifies the generalised stability of the variational regularisation.

Theorem 3.3. Let Assumption 3.1 hold and let F be continuous in its second variable.
Then for α ∈ R+ and every sequence yn → y ∈ V, there exists a subsequence unk

∈
R(ynk

, α) converging to an element u∗ ∈ R(y, α)

Proof. The proof of this theorem follows directly from Benning and Burger (2018,
Theorem 5.7). By the definition of the regularisation operator, we find for un ∈ R(yn, α)
such that for any u ∈ U

F (Kun, yn) + αJ(un) ≤ F (Ku, yn) + αJ(u) .
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Due to the convergence of yn and the continuity of F with respect to its second
argument, we can uniformly bound F (Ku, yn) + αJ(u) by some value a. Hence we
also obtain a uniform bound for both terms on the left hand side. Invoke the last item
in Assumption 3.1, we have that ∥un∥ ≤ c(a, a, ∥yn∥). The boundedness of ∥yn∥ and
monotone dependence on c yields a uniform bound on ∥un∥ hence a weakly converging
subsequence. Using a similar lower semi-continuity argment and the continuity of F in
its second argument, we can see that for the limit u∗ the following holds

F (Ku∗, y) + αJ(u∗) ≤ lim inf F (Kunk
, ynk

) + αJ(unk
) ≤ limF (Ku, ynk

) + αJ(u)
= F (Ku, y) + αJ(u) .

Hence u∗ ∈ R(y, α). □

Given some unknown ground truth solution u† ∈ S(y, α), in order to derive error
estimate, we want to ensure that there exists data y†

α such that u† ∈ R(y†
α, α) is a

solution of the corresponding variational regularisation problem. More rigorously, we
have the following range condition.

Definition 3.5 (Range condition). We say an element u† ∈ S(y, α) for y ∈ RF (K)
satisfies the range condition if u† ∈ R(R(·, α)). If K ∈ L(U ,V), F is convex and
Frechét-differentiable with respect to its first argument, and J(·, α) is proper, convex
and lower semi-continuous, then this is equivalent to the existence of p† ∈ ∂J(u†, α)
and y†

α ∈ V such that

p† = −K∗∂F (Ku†, y†
α) .

Recall that the source condition (cf. (Benning and Burger, 2018; Engl et al., 1996))
on the other hand is defined as follows.

Definition 3.6 (Source condition). An element u† ∈ S(y, α) for y ∈ RK(F ) satisfies
the source condition if

R(K∗) ∩ ∂J(u†, α) ̸= ∅ .

This is equivalent to the existence of p† ∈ ∂J(u†, α) and v ∈ V∗ \ {0} such that

p† = K∗v .
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The following theorem (cf. (Benning and Burger, 2011)) builds the basis of error
estimate by estimating Bregman distances between uα ∈ R(yδ, α) and u† for general
variational regularisation methods.

Theorem 3.4. Let the source condition (Definition 3.6) be satisfied. Then the error
estimate

F (Kuα, yδ) +Dsymm
J(·,α)(u†, uα) ≤ F (Ku†, yδ) + α⟨v,Kuα −Ku†⟩

holds for every uα ∈ R(yδ, α).

Proof. For the proof of this theorem we refer readers to Benning and Burger (2011,
Theorem 3.3).

This brings us to the end of our discussion on inverse problems and variational
regularisation method. For more information about regularisation method, we refer
interested readers to Benning and Burger (2018); Engl et al. (1996) for an overview of
deterministic regularisation, to Stuart (2010) for a Bayesian perspective on regular-
isation and De Vito et al. (2005, 2021) for regularisation in the context of machine
learning.

4 Machine Learning and Deep Learning

In this section, we discuss topics in modern deep learning practices. We will begin
by introducing machine learning problems on a generic level as well as recapping the
important concept of the bias-variance trade-off. Then we dive into topics in deep
learning and artificial neural networks, where we introduce some fundamental concepts
and example architectures of DNNs. The discussion in this section is mainly based
on materials from Bishop and Nasrabadi (2006); Goodfellow et al. (2016a); Murphy
(2012); Zhang et al. (2021a).

4.1 Machine Learning

In machine learning problems, learning tasks such as classification, regression are often
evaluated via quantifying expected errors over the underlying distribution P where
the data is sampled or generated from. As early as discussed in Tsypkin and Nikolic
(1971), the goal of a learning system and in particular in a supervised learning setting,
is to approximate an unknown target function such that it minimises the expected risk
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(also known as the population risk or expected error), defined as

E[f ] = E(x,y)∼P [ℓ(f(x), y)] (2.57)

=
∫

(x,y)∼P
ℓ(f(x), y) p(x, y) dx dy .

That is, the expectation taken over the data space of (x, y) according to distribution P ,
where p is the unknown joint probability density function. The error or loss function is
denoted by ℓ, which measures the difference between f(x) and y. If we assume there
exists an underlying fixed family of functions F , we can define f̂ as the function that
minimises the population risk, i.e.

f̂ = arg min
f∈F

E(x,y)∼P [ℓ(f(x), y)] .

However, as the ground truth distribution is unknown, the expected risk function (2.57)
is not directly accessible. Nevertheless, in practice one can approximate the expected
risk using a finite collection of observed independent identically distributed (i.i.d.) data
samples {(xi, yi)}s

i=1. This approximation is defined as the empirical risk

1
s

s∑
i=1

ℓ(f(xi), yi) . (2.58)

Subsequently, the difference between the population risk (2.57) and the empirical risk
(2.58) is known as the generalisation error

E(x,y)∼P [ℓ(f(x), y)]− 1
s

s∑
i=1

ℓ(f(xi), yi) . (2.59)

Note that when the number of samples s is sufficiently large, minimising the empirical
risk will give good estimates of the expected risk minimisers (Vapnik, 1982).

Now assume that we want to best approximate the expected risk minima with some
parametric function fθ from a family of parametrised functions Fθ. Computationally,
θ is obtained by minimising the empirical risk over the collection of data samples
{(xi, yi)}s

i=1, which we now refer to as the training dataset. The associated minimisation
problem (2.58) is usually known as the learning or training problem. Accordingly, the
empirical risk attained with fθ is known as the training error

1
s

s∑
i=1

ℓ(fθ(xi), yi) . (2.60)
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Suppose there is another i.i.d. collection of data {(xj, yj)}v
j=1 also sampled from

P , which we refer to as the validation dataset. The validation error is defined as the
evaluated empirical risk of fθ on the validation dataset, i.e.

1
v

v∑
j=1

ℓ(fθ(xj), yj) . (2.61)

Recall from earlier that the generalisation error tells us how well the empirical error
minima fθ approximates the expected error minima f̂ . Yet since E is not accessible,
the generalisation cannot be computed either. Nevertheless, the generalisation gap can
be approximated using the difference between the validation error and the training
error, i.e.

1
v

v∑
j=1

ℓ(fθ(xj), yj)− 1
s

s∑
i=1

ℓ(fθ(xi), yi) . (2.62)

We say the parametric function fθ generalises well if this gap converges to zero as the
number of validation samples goes to ∞.

4.1.1 Bias–variance Decomposition

Essentially, in a supervised learning setting, we try to find a fθ that computationally
minimises the empirical risk function but also yields small generalisation gap (2.62).
In other words, we want the trained model capable of generalising well to data
samples outside of the training dataset. In this section we introduce the bias-variance
decomposition, which provides a way of analysing the expected generalisation error
of the fθ that is found through a particular learning algorithm. Suppose we have the
following data model

yϵ = f̂(x) + ϵ ,

where f̂ is the underlying target mapping we aim to learn. St = {xi, yi
ϵ}s

i=1 is the
collection of training dataset where the data labels are contaminated with noise ϵ. We
assume the noise ϵ is a random variable with zero mean and variance σ2.

During training, we want to find fθ to approximate f̂ by computationally solving the
empirical risk minimisation problem (ERM) over St. To measure this approximation,
in the following we use the expected squared error ℓ(·) = ∥ · ∥2 as an example. For an
unseen pair of data (x, y), the expected error can be decomposed into the following
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Fig. 2.3 Visualisation of how bias and variance contribute to the total error. Figure
taken from Fortman-Roe (2012).

three components

ESt,ϵ

[
∥yϵ − fθ(x)∥2

]
= ESt,ϵ

[
∥f̂(x) + ϵ− fθ(x)∥2

]
= ESt,ϵ

[
∥ϵ∥2

]
+ 0 + ESt,ϵ

[
∥f̂(x)− fθ(x)∥2

]
= Varϵ[ϵ] + ESt,ϵ

[
∥f̂(x)− ESt [fθ] + ESt [fθ]− fθ(x)∥2

]
= σ2 + ESt,ϵ

[
∥f̂(x)− ESt [fθ] ∥2

]
+ ESt,ϵ

[
∥ESt [fθ]− fθ(x)∥2

]
= σ2 + ∥f̂(x)− ESt [fθ] ∥2 + ESt,ϵ

[
∥fθ(x)− ESt [fθ] ∥2

]
= σ2 + Bias [fθ]2 + Var [fθ(x)] .

The first component is the noise variance from the data generation model. This is an
irreducible error from the measurements. The second term is the squared bias term
of fθ. It is a systematic model error that is dependent on the choice of the family
of parametrised functions Fθ. For instance, if f is non-linear, yet we approximate it
with a family of simple linear functions. This hence produces a systematic bias in
model fitting. The third term is the variance of fθ, which measures how much fθ moves
around its mean. This error is caused by capturing too much random noise ϵ in St.

In Figure 2.3, we present a visualisation of the described bias-variance trade-off. If
we make too simplistic model assumptions, we are unlikely to capture the true relations
between x and y. This phenomenon is known as underfitting. In contrast, if we make
too complex model assumptions that even tiny fluctuations in St can be captured, then
the model is unlikely to generalise well to data outside of our training samples. This
phenomenon is known as overfitting.
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Regularisation is an effective tool to combat overfitting. In Section 3, we have
seen examples where variational regularisation methods have been utilised in this
context. In deep learning practices, explicit regularisation such as weight decay, or
trimming connectivity of layer functions such as adding dropout layers have been
proposed and used as standard practices to this day. However understanding the
intrinsic generalisation properties of trained neural networks still remains an ongoing
research topic (Bartlett et al., 2020; Belkin, 2021; Belkin et al., 2019; Kawaguchi et al.,
2017; Loog et al., 2020; Zhang et al., 2021b).

This brings us to the end of this section. For further discussions on classical machine
learning, we refer interested readers to Bishop and Nasrabadi (2006); Hastie et al.
(2009); Murphy (2012); Shalev-Shwartz and Ben-David (2014).

4.2 Deep Learning and Artificial Neural Networks

After having defined the learning problem in the classical machine learning setting, we
review the deep learning approaches and neural networks in this section. In particular,
we first recap fundamental concepts of Artificial Neural Networks (ANNs) before carry
on explaining architectural details of some popular neural network models.

A neural network is typically a composition of parametrised functions that defines a
mapping between a set of input data to a collection of output values. Historically, ANNs
are inspired by the structure and the function of biological neural networks (Hubel
and Wiesel, 1959; McCulloch and Pitts, 1943). When it comes to learning or training
a neural network, there are two distinct phases, namely the forward phase and the
backward phase. The forward phase refers to the process where the network takes input
data and processes it through a series of interconnected layers to produce an output or
prediction. Hence also known the forward pass or inference phase. The backward phase
is commonly known as the back-propagation and refers to the process of computing
the gradients of the loss function with respect to the neural network parameters. This
is achieved via using the chain rule to propagate the gradients backwards through the
entire network, a procedure often known as error back-propagation (Rumelhart et al.,
1986). Computed gradients are then used to update network parameters following
some optimisation strategies such as the stochastic gradient method (Algorithm 10).

4.2.1 Artificial Neuron

Basic units of ANNs are artificial neurons. In 1943, Warren McCulloch and Walter
Pitts proposed the first model for artificial neurons, where they named it the Threshold
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Logic Unit (TLU), or Linear Threshold Unit (McCulloch and Pitts, 1943). Each neuron
computes a weighted sum of its inputs and passes through a fixed value threshold
function to produce a binary output. Assume the fixed threshold value is α, the
McCulloch and Pitts neuron is described by

y =

1 if ∑n
i=1 wixi > α ,

0 otherwise
(2.63)

where x ∈ Rn and y ∈ {0, 1} denote the input vector and output value respectively.
We say an artificial neuron is activated if the input value is greater than the threshold
and is deactivated otherwise.

Although the proposed model piqued great interests, it lacks the ability to learn as
it is essentially a hard-wired logic device. Truly learnable networks began with the
proposal of the Rosenblatt’s Perceptron model (Rosenblatt., 1957).

4.2.2 Layer Functions

A multi-layer neural network is typically composed of several layers of interconnected
nodes, where the output of each neuron is fed as input to the neurons in its subsequent
layers. Depending on how nodes across layers are interconnected, one can design
different architectures of ANNs. Modern deep neural networks are characterised by
their notable depth, where transformations from one hidden layer to another is attained
via using various choice of layer functions.

As an example, one of the most typical layer functions is the fully connected layer,
which corresponds to an interconnection pattern where each neuron is connected to
every neuron in the adjacent layer. The fully connected layer function is typically
represented by matrix multiplication with a dense matrix W ∈ Rm×n. For the ease of
notation, in what follows, we consider a generic layer function defined by f(x,Θ) to
represent a broader range of interconnection patterns, where Θ encodes parameters
that parameterise a layer function f . Fully connected layer for instance is represented
by f(x,Θ) = Wx+ b, with Θ = (W, b).

Convolutional layer Another popular choice of the layer function is the convo-
lutional layer, where its name is borrowed from the convolution operation. As an
example, the convolution operation on 1-D over two functionals x and k is defined as
s(t) =

∫
x(a) k(t− a)da, denoted by s(t) = (x ∗ k)(t). In practice, we usually define

the discrete convolution operation and implement it as a finite element summation.
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For an image signal x embedded in a 2-D grid that convolves with a 2-D kernel K,
the convolutional layer in many neural network libraries implements the following
cross-correlation operation, where the kernel K is not flipped:

S(i, j) = (K ∗ x)(i, j) =
∑
m

∑
n

x(i+m, j + n)K(m,n) .

The output of a convolutional layer is commonly referred to as the feature map.
An important feature of the convolutional layer is that it exploits the strong spatially

local correlation that presents in natural images. The design of convolutional kernels
encourage information to be extracted from spatially close inputs. In addition, convo-
lution operation is translational and rotational invariant, which provides convolutional
layer the ability to capture local patterns or features regardless of the exact location.

To some extent, convolutional layer can be considered as a regularised version of
fully connected layer where the aforementioned properties are hard-coded a priori to
encourage sparsity in its connectivity pattern.

Pooling layer Pooling layer functions perform down-sampling operations on their
inputs. Depends on the sub-sampling size, the input is split into disjoint patches.
Each patch is then mapped to a single value output depends on the choice of the
pooling operator. Typical options of pooling operators are max pooling operators
or average pooling operators, through which the maximum value or mean value is
provided respectively. The output of a pooling layer is reduced in spatial dimension
but its local information within each patch is maintained. Pooling layers help reduce
sensitivity of variations in its input and further improves local translational invariance
of a neural network.

4.2.3 Activation Functions

Activation functions are usually denoted by σ(·) and they play crucial roles in building
artificial neural networks. Non-linear activation functions enable ANNs to have more
expressive power to model complex and nonlinear mappings between input and output
data pairs (Berner et al., 2021; Cybenko, 1989; Funahashi, 1989; Lu et al., 2017). In this
section, we discuss some popular choices of activation functions and their properties.

Heaviside step functions Historically, one of the earliest activation functions that
is used is the Heaviside step function. The Heaviside step function is a piecewise
constant threshold function, as visualised in Figure 2.4. The input is compared to a
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Fig. 2.4 Left: the Heaviside function. Right: the hyperbolic tangent function.

threshold value to produce an output.

H(x) =

0 if x < 0 ,
1 if x ≥ 0 .

(2.64)

However, there are two major concerns for using the Heaviside step function as an
activation function. First of all it is non-smooth as the gradient at zero is not well
defined. Secondly, for any x ̸= 0 the gradient always evaluates to zero. Both limitations
hinder the process of learning, i.e. adaptively modifying neuron parameters’ values
based on error feedback.

The first limitation can be alleviated by approximating the step function with
smooth analytical approximations. Examples are the logistic function and the smooth-
step function, which both belong to the family of sigmoid functions.

Sigmoid functions A sigmoid function is often characterised by its S-shaped curve
and continuously differentiability. Due to the easiness to calculate its derivative, sigmoid
functions used to be desirable choices of activation functions for it enables the usage of
gradient-based optimisation methods in training neural networks.

The hyperbolic tangent function tan(h) is one specific example of sigmoid functions
that once enjoyed much popularity. It is defined as

tanh(x) = ex − e−x

ex + e−x
. (2.65)

Note that unlike the logistic function, the output of tan(h) is centered around zero,
which prevents its outputs to be constantly positive. In addition, note that the
hyperbolic tangent function has two horizontal asymptote −1 and 1. As visualised in
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Figure 2.4, the further away the input is from the center, the closer its gradient value
approaches zero.

This last issue above is in general known as the saturating gradient problem, where
we say an activation function σ is saturating if lim∥x∥→∞ ∥∇σ(x)∥ = 0. This caveat is
more noticeable for training multi-layer neural networks that use traditional sigmoid
activation functions such as tanh(h) and logistic sigmoid functions. When the gradients
are computed via back-propagation, as a result of the saturation of gradients in sigmoid
neurons, the computed gradients will be vanishingly small, eventually preventing
network parameters to be effectively updated. This phenomenon is often referred to as
the vanishing gradient problem.

Ramp functions Perhaps the most popular choice of activation function to date is
the rectifier or ramp function, defined as

σ(x) = max(0, x) = x1x≥0 . (2.66)

As visualised in Figure 2.5, note that the Rectified linear units (ReLU) is non-
smooth since the derivative does not exist at zero. ReLU suffers less from the vanishing
gradient problem, as it only saturates in one direction (Glorot et al., 2011; Krizhevsky
et al., 2017). In addition, as long as the input falls in the negative range, the output
value will always be zero. As a consequence, fewer neurons will be activated, where
eventually one obtains a sparse network in which only few interconnections of the nodes
exist, and therefore leads to higher computational efficiency (Glorot et al., 2011).

Despite its popularity, the aforementioned sparsity inducing characteristic of ReLU
also gives rise to a concerning issue: the dying ReLU phenomenon. Since the output of
ReLU is zero for all negative inputs and the gradient with respect to negative inputs
is also zero, a rectified linear neuron might get stuck at zero during training and not
contributing to the learning process anymore, thus described as dead. Alternative
popular rectifier variants are proposed as attempts to address this issue, where they
typically introduce a small positive gradient for negative inputs.

Soft-thresholding function Another activation function that also introduces spar-
sity to the neural network’s interconnection is the soft-thresholding or soft-shrinkage
activation function, which takes form of the soft-thresholding operator with a non-
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Fig. 2.5 Left: the ramp function. Right: the soft-thresholding function.

negative parameter α ≥ 0.

σ(x) =


x− α if x ≥ α

0 if − α ≤ x ≤ α

x+ α if x ≤ −α

(2.67)

We visualise the soft-thresholding activation function in Figure 2.5.

Softmax function Last but not least is the softmax activation function. The softmax
function is a multi-dimension generalisation of the sigmoid function. For x ∈ Rn, the
softmax activation function is defined as

σ(z)j = exp(zj)∑n
k=1 exp(zk) , ∀j ∈ {1, . . . , n} (2.68)

The softmax function is often used in a supervised learning setting for classification
tasks, where it is applied to normalise the network output to a probability distribution.

4.2.4 Activation function as proximal maps

In fact, besides the interpretation as derivatives of convex potentials, most of the
activation functions can also be realised as proximal maps (cf. Definition 1.18, Com-
bettes and Pesquet (2020a,b)). This type of activation functions are also introduced in
Hasannasab et al. (2020); Hertrich et al. (2021) by the term stable activation functions.
In Chapter 3 we will characterise this observation in more details. Here we provide
two illustrations.
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Ramp function The rectifier or ramp function can be interpreted as the proximal
map of the characteristic function (Definition 2.4) over the non-negative orthant

δ(x) :=

0 x ∈ [0,∞)n

∞ otherwise

Soft-shrinkage function The well-known soft-shrinkage or soft-thresholding activa-
tion function is a proximal map for a positive multiple α of the ℓ1-norm ∥ · ∥1.

After having reviewed the building blocks, we now have all the ingredients we need
to assemble an ANN.

4.2.5 Example Neural Network Architecture

In this section we will introduce some example neural network architectures as well
as reviewing their properties. We will begin by defining a general feedforward neural
network.

Feedforward neural network A standard feedforward neural networkN : Rn×P →
Rm with L layers can be generically defined as the composition of parametrised functions
of the form

N (x,Θ) = σL(f(σL−1(f(. . . σ1(f(x,Θ1)) . . .)),ΘL)) , (2.69)

for given input data x ∈ Rn and parameters Θ ∈ P . Here {σl}L
l=1 denotes the collection

of nonlinear activation functions and f denotes a generic layer function parametrised
by parameters {Θl}L

l=1. To ease the notation, we use Θ to denote {Θl}L
l=1. As an

example, a rectified linear unit (ReLU) (Nair and Hinton, 2010) can be constructed via
the composition of σl(·) := max(0, ·) and f(x,Θl) = Wlx+ bl for Θl = (Wl, bl), where
the matrix Wl is usually referred to as the weights and the vector bl as the bias term of
layer l. In Figure 2.6 we visualise a fully connected feedforward neural network. The
width of a layer is characterised by the number of neurons in that layer. The width of
a neural network is determined by the width of the widest layer of a neural network
(Lu et al., 2017). The depth of a neural network is characterised by the number of
layers L.

As a special instance, the perceptron or a single-layer perceptron is a feedforward
neural network with one layer, i.e. N (x,Θ1) = σ(f(x,Θ1)).
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Fig. 2.6 Visualisation of a standard fully connected feedforward neural network. Figure
taken from Berner et al. (2021).

Convolutional neural networks Convolutional neural networks (CNNs) are bi-
ologically inspired variants of feedforward neural networks (Fukushima, 1980; Hubel
and Wiesel, 1959) that have shown great success in various computer vision tasks and
imaging problems in the past decade (He et al., 2015b; Krizhevsky et al., 2017; Long
et al., 2015; Ren et al., 2015; Simonyan and Zisserman, 2014). Historically, it has
been observed that the convolution process shares similarities with how a neuron in
the visual cortex generates response to a specific stimulus (Hubel and Wiesel, 1959).
Inspired by the work of Hubel and Wiesel, the neocognitron (Fukushima, 1980) was
introduced by Kunihiko Fukushima in 1980. The neocognitron model is one of the
earliest attempts to employ a convolutional layer in its architecture.

Broadly speaking, a CNN refers to a neural network that incorporates convolution
operation as a layer function in at least one of its layers. A convolutional block is
the basic unit in an CNN, usually consists of a convolutional layer, an activation
function, and a subsequent pooling layer, that applied on the feature map produced
from the previous convolutional layer. Modern CNNs are often built by stacking
multiple convolutional blocks before passing forward into a fully connected neural
network to produce outputs.

LeNet-5 (LeCun et al., 1998) is one of the first successful convolutional neural
networks trained for the purpose of recognising handwritten digits in images. Introduced
by Yann LeCun, Leon Bottou, Yoshua Bengio, and Patrick Haffner in 1998, LeNet
soon gained significant attention for its performance. LeNet-5 consists of two parts: 1)
two successive stacks of convolutional blocks to reduce the size of the spatial dimension
while increasing the number of learned channels and 2) a three-layer fully connected
neural network to produce the predicted outputs. Each convolutional block is composed
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Fig. 2.7 Visualisation of the architecture of LeNet-5. Figure taken from LeCun et al.
(1998).

of a convolutional layer, a sigmoid activation function, and an average pooling layer.
A visualisation of the architectural design of LeNet-5 is provided in Figure 2.7.

Autoencoders Autoencoders are special types of feedforward neural networks that
are trained to reconstruct the network inputs. In terms of architecture, an autoencoder
is a composition of two mathematical operators: an encoder E and a decoder D, as
visualised in Figure 2.8. The encoder maps input data onto latent variables in the
latent space. The latent variables are usually referred to as the code. The decoder
aims to recover the input data from the code.

The most standard autoencoder is the undercomplete autoencoder where one
constrains the code to have a smaller dimension than the input dimension. In the
scope of this thesis, a topic of interest are sparse autoencoders. Unlike undercomplete
autoencoders, the latent space of a sparse autoencoder can have the same or even larger
dimension than the input space. The compression of the input data is achieved by
ensuring that only relatively few coefficients of the code are non-zero. Their advantage
over conventional undercomplete autoencoders is that the position of the non-zero
coefficients can vary for individual input data.

Multiple approaches have been proposed to achieve code sparsity. For instance, one
approach is to penalise the Kullback–Leibler divergence between neurons activation
distribution in the code and an ideal sparse distribution (Ng et al., 2011). Alternatively,
one can also directly impose l1-norm regularisation on the hidden code to enforce
sparsity.

Denoising autoencoder (Vincent et al., 2010) is another type of regularised au-
toencoder. Instead of explicitly adding regularisation terms in the training objective,
denoising autoencoders consider a different learning objective that is to reconstruct
clean input data from the noise corrupted version. Denoising autoencoders hence can
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Fig. 2.8 Visualisation of a simple two-layer fully connected undercomplete autoencoder.

be viewed as autoencoders with implicit regularisation that are forced to capture the
structure of the training data (Alain and Bengio, 2014; Bengio et al., 2013b).

Residual neural networks Another type of neural network we want to review
are Residual Neural networks (ResNet). First proposed by He et al. (2016) and also
discussed in the context of highway networks in Srivastava et al. (2015), residual neural
networks have had a significant influence on deep learning practices. To this date,
we see its concept in various neural network architectures and applications (Kipf and
Welling, 2016; Redmon and Farhadi, 2018; Ren et al., 2015; Vaswani et al., 2017).

The major difference between residual neural networks and standard feedforward
neural networks is the way they handle the flow of information through the network.
In standard feedforward neural networks, outputs in each layer flow entirely to their
immediate next layer as inputs. Whereas residual neural networks introduces skip
connections that connect a layer to a later layer that is not directly adjacent to it in
the neural network.

The residual block stands out as the most notable characteristic of a residual
network architecture. The work of He et al. (2016) was inspired by the observation
of only marginal gain when constructing deeper neural networks, leading them to the
question of how to ensure that adding a new layer to the original model would be at
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Fig. 2.9 Visualisation of the scheme of a residual block.

least as effective as using the original model alone. To solve this problem, the authors
proposed a simple yet highly effective solution: the new layer should be capable of
effortlessly learning an identity function, which was the inspiration behind the design
of the residual block.

In Figure 2.9, we provide the visualisation of a residual block, where we denote
the activated output at the l-th layer by xl = σl(f(xl−1,Θl)). By introducing residual
blocks, the flow of information in a neural network is improved by creating a shortcut
that allows information to bypass certain layers effectively.

The U-net (Ronneberger et al., 2015) architecture proposes a similar concept
that utilises skip connections for image segmentation tasks. In this architecture,
the expanding path is connected to the contracting path through skip connections,
enabling the network to leverage both low-level and high-level features for more effective
segmentation. Generically speaking, any two activated outputs in an L-layer neural
network xl1 , xl2 ∈ {x0, . . . xL} can be connected via skip connections, resulting in neural
networks that are described by the following relation

xl2 = xl1 + σl(f(xl1 ,Θl1)) for l1, l2 ∈ {0, 1, . . . L} .

This concludes our discussion on deep learning and artificial neural networks in this
section. We refer interested readers to Berner et al. (2021); Bottou (1998); Goodfellow
et al. (2016a); Higham and Higham (2019); Vidal et al. (2017); Zhang et al. (2021a)
for further and more extensive discussions.





Chapter 3

Generalised Perceptron Learning

In this chapter, we begin with the problem of learning one of the simplest forms of
a neural network, namely the perceptron, also known as a single-layer ANN. The
development of perceptrons is an important milestone in the history of ANNs. As one
of the precursors in building intelligent learning systems and constructing learnable
machines, this model has played a crucial role in shaping early forms of neural networks.

In particular, we consider the problem of training a broader family of generalised
perceptrons with non-smooth activation functions. Since the learning problem in-
volves minimising non-smooth objectives, standard training procedures often adopt
subgradient-based optimisation strategies. These approaches often have undesired
properties such as slow convergence rates (Bertsekas, 1999; Chambolle and Pock, 2016a;
Polyak, 1987). Through the example of learning perceptrons, we want to motivate the
use of a tailored loss function as the training objective function.

We will show how this generalisation is capable of mitigating potential issues
brought forward in the standard gradient-based training approaches that use the
back-propagation algorithm. Our main contributions are three-fold:

• We establish a key observation that commonly used activation functions can be
interpreted as proximal mappings and propose the use of a tailored Bregman
distance as the training loss function.

• We analyse properties of the proposed Bregman loss function and show the key
advantage that its partial derivative does not require the differentiation with
respect to non-smooth activation functions.

• We confirm that the historical Rosenblatt’s perceptron learning algorithm (Rosen-
blatt., 1957) indeed can be interpreted as an incremental gradient descent method
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with respect to a special choice of energy. This energy minimisation perspective
also generalises the classical ADALINE delta rule.

The energy minimisation interpretation allows us to devise training approaches
that avoid the computation of sub-differentials with respect to non-smooth activation
functions and therefore provide better handling of the non-smoothness in the overall
minimisation objective.

Organisation of the Chapter
This chapter is organised as follows. We will first review the history of perceptrons and
two well-known perceptron learning rules in Section 1 and Section 2. Next, we consider
the family of generalised perceptrons and formulate the perceptron learning problem
in Section 3. We introduce an energy function based on the generalised Bregman
distance and demonstrate how Rosenblatt’s learning algorithm can be interpreted
as an incremental gradient method in Section 4. In Section 5 we consider example
applications of learning sparse perceptrons. We present numerical results and compare
the results to those obtained from classical subgradient-based methods. We conclude
this chapter with a brief discussion in Section 6.
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1 Rosenblatt’s Perceptron

The history of developing artificial intelligence begins with attempts on constructing
learnable machines (Vapnik, 1999). The 1960s saw the proposal of one of the first
model of such a learnable machine, suggested by Frank Rosenblatt and was named the
Perceptron (Rosenblatt., 1957).

Rosenblatt’s perceptron is based on the well-established McCulloch & Pitts neuron
model (McCulloch and Pitts, 1943), where the perceptron takes an n-dimensional
vector input x ∈ Rn and produces a scalar-valued binary output y ∈ {0, 1}. The output
is described by the following mapping:

f(x) =

1, if w⊤x > 0
0, otherwise

, (3.1)

where the Heaviside step function (cf. Chapter 2 Definition 2.64) is used as the
activation function and w ∈ Rn is a learnable adaptive parameter.

Fig. 3.1 An image of Rosenblatt’s perceptron model (Cornell Chronicle, 2022).

Rosenblatt initially considered a composite model that consists of several levels of
neurons. However, at the time, it was unclear and impractical to determine suitable
parameters for all neurons in a simultaneous manner. Instead, Rosenblatt proposed a
two-part architecture, which is shown in Figure 3.1. The architecture consists of 1) a
pre-processing part in which all the neurons’ parameters are fixed, and 2) a single level
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adaptive processing unit, where parameters of this last layer of neurons are learned
during the training process.

Along with the perceptron model, Rosenblatt also introduced a simple iterative
procedure for learning the parameters in a supervised learning setting. In what follows,
we describe this iterative procedure.

1. Initialise w0 = 0 and let {(x1, y1), (x2, y2), . . . , (xs, ys)} be the collection of s
input samples to the learnable perceptron.

2. At each step, one training sample (xk, yk) is fed into the perceptron.

• If the training sample (xk, yk) is classified correctly, i.e. (2yk−1)(wk⊤
xk) > 0,

the parameters remain unchanged:

wk+1 = wk .

• If the training sample is classified incorrectly, i.e. (2yk− 1)(wk⊤
xk) < 0, the

parameters are modified according to the rule:

wk+1 = wk + (2yk − 1)(xk)⊤ .

Note that in the update step where there is a misclassified data sample, we have written
the two possible situations: 1) yk = 1, f(xk) = 0 and 2) yk = 0, f(xk) = 1, in one
compact expression as 2yk − 1.

1.1 Convergence of Rosenblatt’s Perceptron Learning Rule

Rosenblatt’s original perceptron learning rule can be proved convergent only when the
training data is linearly separable, or equivalently when a hyperplane can be found
that perfectly separates the two classes (Rosenblatt, 1961). More rigorously, we recall
the following definition for linear separability.

Definition 1.1 (Linear separability). Let S1 and S2 be two sets of points in an n−
dimensional Euclidean space. We say S1 and S2 are linearly separable if there exist
n+1 real numbers w1, w2, . . . , wn, b such that every point x ∈ S1 satisfies ∑n

i=1 wixi > b

and every point x ∈ S2 satisfies ∑n
i=1 wixi < b, where xi is the i-th component of x.

Equivalently, linearly separability can be characterised by convex sets. Two sets
are linearly separable if their respective convex hulls (cf. Chapter 2 Definition 1.7) are
disjoint. We make the following assumption on linear separability of the training data.
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Assumption 1.1 (Linear separability). Let us assume there exists an optimal w∗ ∈ Rn

where without loss of generality let ∥w∗∥ = 1, and some γ > 0, such that for all
k ∈ {0, 1, . . . , s}, the following holds:

(2yk − 1) · w∗⊤xk > γ .

In addition, we also make the following assumption on the bounded norm for all data
points xk ∈ Rn.

Assumption 1.2 (Bounded norm). For all k ∈ {0, 1, . . . , s}, there exists a positive
constant B > 0, such that ∥xk∥ ≤ B.

Under the two assumptions, we have the following convergence theorem (Collins,
2012; Kalyanakrishnan, 2017), where the Rosenblatt’s perceptron learning algorithm
as described above will guarantee finding optimal parameters w∗ that classifies every
training sample correctly.

Theorem 1.1. Let the linear separability (Assumption 1.1) and bounded norm (As-
sumption 1.2) both be satisfied. Then, the Rosenblatt’s perceptron learning algorithm
terminates after at most B2

γ2 updates according to misclassified cases, and returns a
separating hyperplane.

Proof. Note that when we make an update on wk+1 resulted from a misclassified
point, we have

⟨w∗, wk+1⟩ = ⟨w∗, wk + (2yk − 1)(xk)⊤⟩
= ⟨w∗, wk⟩+ ⟨w∗, (2yk − 1)(xk)⊤⟩
> ⟨w∗, wk⟩+ γ .

It follows from induction that ⟨w∗, wk+1⟩ > kγ.
On the other hand we know ⟨w∗, wk+1⟩ ≤ ∥w∗∥∥wk+1∥ = ∥wk+1∥. Hence we obtain

∥wk+1∥ > kγ .
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To obtain an upper bound, we have that

∥wk+1∥2 = ∥wk + (2yk − 1)(xk)⊤∥2

= ∥wk∥2 + ∥(2yk − 1)(xk)∥2 + 2⟨wk, (2yk − 1)(xk)⊤⟩
≤ ∥wk∥2 + ∥xk∥2

≤ ∥wk∥2 +B2 .

By induction we have ∥wk+1∥2 ≤ kB2. Therefore we obtain both a lower bound and
an upper bound for ∥wk+1∥2 as

k2γ2 < ∥wk+1∥2 ≤ kB2 .

Hence k < B2

γ2 . □

However, as pointed out by Minsky and Papert in 1969 (Minsky and Papert, 1969),
a major limitation of Rosenblatt’s original algorithm is its lack of robustness in the
learning process. Indeed, although the iteration stops once no more mistakes are made
on classifying the training set, the decision boundary returned is sub-optimal as the
generalisation error could be potentially large albeit having zero error on the training
data.

2 Adaptive Linear Neuron (ADALINE)

Adaptive Linear Neuron (ADALINE) (Widrow, 1960) is another early learning system
that was developed at about the same time as Rosenblatt’s Perceptron learning rule,
by Widrow and Hoff in 1960. The author developed the idea of ADALINE and is
widely regarded as a crucial foundational element in the advancement of artificial
neural networks (Goodfellow et al., 2016a).

The ADALINE learning system offers an alternative method for training perceptrons.
The output of the system was also based on the McCulloch & Pitts neuron model but
originally used the sign function as the threshold function, described as following:

f(x) =

1, if w⊤x > 0
−1, otherwise

. (3.2)
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Fig. 3.2 Schematic of ADALINE (Widrow, 1960).

With a given collection of s input data samples {(x1, y1), . . . , (xs, ys)}, the learnable
parameters w is updated according to the delta rule during training:

wk+1 = wk + τ(wk⊤
xk − yk)(xk)

where τ is the step size parameter.
The ADALINE delta rule is an improvement over Rosenblatt’s perceptron learning

rule. Even in the case when training data is not linearly separable, it is still able to
converge to a minimum squared 2-norm error solution using sufficiently small learning
step size. In fact the ADALINE delta rule owes its success to its disregard for the
discontinuity that comes with the non-linear threshold functions. But more importantly,
the delta rule can be seen as an iterative procedure of minimising a specific choice of
energy.

In the next sections, we first introduce a more general perceptron model. Then,
from the perspective of empirical risk minimisation, we establish a connection between
the two earliest perceptron learning rules and gradient-based minimisation.

3 Generalised Perceptrons

Recall from (2.69), a generalised perceptron can be considered as an artificial neuron
of the form

y = σ
(
w⊤x+ b

)
. (3.3)
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Here σ denotes a (point-wise) non-linear activation function, w ∈ Rm×n is the weight-
matrix and b ∈ Rn is the bias-vector. The vector x ∈ Rm and the vector y ∈ Rn

denote the input, respectively the output, of the perceptron. As described in Section 1,
Rosenblatt proposed the first perceptron learning algorithm. Here we summarise it
in Algorithm 13 with respect to using generalised perceptrons, where s denotes the
number of training samples.

Algorithm 13: Generalised Rosenblatt’s Perceptron Learning Algorithm
Initialize w0, b0.
for k = 1, 2, . . . do

for i = 1, . . . , s do
ei = yi − σ

(
(wk)⊤xi + bk

)
,

wk+1 = wk + ei xi⊤,
bk+1 = bk + ei.

end
end

By the late 1960s the field of statistical learning theory had been developed. The
learning problem is framed as a function estimation problem on the basis of empirical
data (Vapnik, 1999). As early as discussed in Tsypkin and Nikolic (1971), the goal of a
learning system comprises finding the minimum of the empirical risk function, which is
an approximation of the expected risk function using a finite collection of observed
data samples (cf. Chapter 2 Definition 2.58).

Therefore the problem of learning the weights and biases of a generalised perceptron
(3.3) can be formulated as the empirical risk minimisation problem of the following
form:

min
w,b

J(w, b) := 1
s

s∑
i=1

ℓ
(
yi , σ(w⊤xi + b)

)
+ αR(w, b) , (3.4)

where J is the overall cost- or objective-function and ℓ is the loss function that is chosen
a-priori (usually based on prior assumptions on the statistical distribution of the data).
The function R is a regularisation function that allows to encode prior information
on weight and bias which can be useful to combat ill-conditioning of the data matrix
(Benning and Burger, 2018) and help to control the validation error (Goodfellow et al.,
2016a; Shalev-Shwartz and Ben-David, 2014). The two terms are balanced with a
positive regularisation parameter α.

The overall objective function in Equation (3.4) is usually minimised by a gradient-
or subgradient-based algorithm such as (sub-)gradient descent. If we for instance
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Algorithm 14: Mini-batch Subgradient Descent
Initialize w0 and b0.
for k = 1, 2, . . . do

Choose Bk ⊂ {1, 2, . . . s} either at random or deterministically.
gk

w = 1
|Bk|

∑
i∈Bk

[σ((wk)⊤xi + bk)− yi]σ′((wk)⊤xi + bk)xi⊤,
wk+1 = wk − τ k

w g
k
w,

gk
b = 1

|Bk|
∑

i∈Bk
[σ((wk)⊤xi + bk)− yi]σ′((wk)⊤xi + bk),

bk+1 = bk − τ k
b g

k
b .

end

choose R ≡ 0 and ℓ(y, σ(w⊤x + b)) = 1
2∥y − σ(w⊤x + b)∥2 and minimise (3.4) via

mini-batch subgradient descent, we obtain the algorithm described in Algorithm 14,
where Bk ⊂ {1, 2, . . . s} is a (mini-)batch of indices chosen at iteration k. When
|Bk| = 1, this corresponds to the incremental or stochastic subgradient descent method
(Algorithm 11 and Algorithm 10). Here, σ′ denotes the derivative of σ, respectively a
subgradient if σ is not differentiable. Hyper-parameters τ k

w > 0 and τ k
b > 0 denote the

learning rates at iteration k.

3.1 Delta Rule of ADALINE

Notice that as mentioned earlier in Section 2, the delta rule of ADALINE updates the
neuron’s parameters in similar fashion as the incremental or stochastic subgradient
descent method. In fact, the ADALINE model introduces the idea of loss functions that
evaluate the error using the linear activated output. In other words, instead of dealing
with the induced loss from the output of the threshold unit σ(w⊤x+ b), the algorithm
considers w⊤x as a linear approximation to the original induced loss. The delta rule of
ADALINE, also broadly known as the Widrow-Hoff update rule, is therefore indeed an
incremental gradient descent method but applied to the following loss function:

1
s

s∑
i=1

1
2 ||y

i − (w⊤xi + b)||2 ,

aims at solving a linear least squares problem.
We will reveal in the following section that Rosenblatt’s learning algorithm can in

fact also be interpreted as a special case of incremental gradient descent method but
with respect to a particular choice of energy.
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4 Learning Perceptrons via Minimising Bregman
Loss Functions

In this section, we propose the use of a tailored Bregman loss function as the data
term ℓ in Equation (3.4) instead of using the squared two-norm. This replacement
circumvents the computation of sub-differentials with respect to non-smooth activation
functions when handling the non-smoothness in the overall minimisation objective, and
essentially avoids resorting to subgradient based training approaches.

In this set-up, we will show that the Rosenblatt’s learning Algorithm 13 can be
interpreted as an incremental gradient descent method applied to a particular energy
function for a special class of activation functions that can be expressed as proximal
maps (Moreau, 1962) (cf. Chapter 2 Definition 1.18).

Example 4.1 (Activation function as proximal maps). There are numerous cases
where commonly used activation functions in deep learning are also proximal maps (cf.
Combettes and Pesquet (2020a); Hasannasab et al. (2020); Li et al. (2019); Zhang and
Brand (2017)).

As we have seen in Chapter 2, the rectified Linear Unit (ReLU) (cf. Nair and
Hinton (2010)) is the proximal map for the characteristic function over the non-negative
orthant and the soft-thresholding activation function is a proximal map for α∥ · ∥1 for
some α > 0. Here we provide two more specific examples.

Common smooth activation functions like the hyperbolic tangent (cf. Chapter 2
Definition 2.65) can also be framed as proximal maps. The hyperbolic tangent can be
recovered by choosing the characteristic function

Ψ(u) :=

u tanh−1(u) + 1
2 (log(1− u2)− u2) |u| < 1

∞ otherwise
=⇒ σ(z) = tanh(z) .

All previous examples were separable activation functions. Our final example is the
non-separable softmax activation function (cf. Chapter 2 Definition 2.68), which we
can obtain as a proximal map for the characteristic function

Ψ(u) :=


∑n

j=1

[
uj log(uj)− 1

2u
2
j

]
uj ≥ 0 , ∑n

j=1 uj = 1
∞ otherwise

=⇒ σ(z)j = exp(zj)∑n
k=1 exp(zk) , ∀j ∈ {1, . . . , n} .
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In Figure 3.3, we show visualisations of the above mentioned proximal activation
functions.

Fig. 3.3 This figure shows example activation functions that are also proximal maps.
From left to right on the top row are the ReLU activation function, the soft-thresholding
activation function (threshold value α = 0.5) and the hyperbolic tangent activation
function respectively. The bottom two figures visualise components of the softmax
activation function for the case of n = 2.

4.1 A Motivational Example

The loss function that we proposed here is based on the (generalised) Bregman distance
(cf. Chapter 2 Definition 1.12). To demonstrate the rationale behind employing this
loss function, we start with a motivating example. Consider learning a single-layer
perceptron with proximal activation function. For notation simplicity, here we only
consider one data point, which formulates the following minimisation problem

arg min
w,b

ℓ(y, σ(w⊤x+ b)) , (3.5)

where ℓ(·) is the loss function. Observe that for proximal activation functions, the
activated output σ(w⊤x + b) is the proximal point with respect to the transformed
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input w⊤x+ b. More specifically, we can define the following energy Ez where

Ez(u) = 1
2∥u− z∥

2 + Ψ(u) , (3.6)

such that

u∗ = arg min
u

Ez(u) = σ(z) ,

Note that the perceptron learning problem (3.5) can hence be rewritten as a bilevel
optimisation problem

arg min
(w,b)

ℓ(y, u∗) (3.7)

s.t. u∗ = arg min
u

E(w⊤x+b)(u) .

Let us for instance consider the squared two-norm as the loss function. Inspired from
the majorisation-minimisation argument in Geiping and Moeller (2019), we can instead
minimise an upper bound of (3.5) with a Bregman surrogate function since the energy
term Ez is 1-strongly convex. The learning problem can be instead formulated by the
following:

arg min
(w,b)

DE(y, σ(w⊤x+ b))) , (3.8)

More formally, based on the definition of the generalised Bregman distance and the
assumption y ∈ dom(Ψ), we propose the following Bregman distance function as the
data term

DEz(y, σ(z)) = Ez(y)− Ez(σ(z))− ⟨∇Ez(σ(z)), y − σ(z)⟩
= Ez(y)− Ez(σ(z)) , (3.9)

where for convenience, we will denote DEz(y, σ(z)) by a shorthand notation DE(y, z).
One motivation in using Equation (3.9) as a loss function (instead of only using the
squared two norm) lies in the simplicity of form of its gradient.

Theorem 4.1. For fixed y ∈ dom(Ψ), and suppose Ψ : Rn → R ∪ {∞} is a proper,
convex and lower semi-continuous function. The gradient of DE as defined in Equation



4 Learning Perceptrons via Minimising Bregman Loss Functions 81

(3.9) with respect to the argument z reads

∇zDE(y, z) = σ(z)− y .

Proof. Let Ez(σ(z)) denote the Moreau-Yosida Regularisation (Moreau, 1965; Yosida,
1964) of Ψ, where Ez is defined as the above activation energy (3.6). It is well known
(cf. (Parikh and Boyd, 2014)) that the gradient of the Moreau-Yosida regularisation
satisfies

∇Ez(σ(z)) = z − σ(z) .

Therefore, we derive the gradient of E with respect to the argument z as

∇zDE(y, z) = ∇zEz(y)−∇zEz(σ(z))
= z − y − z + σ(z)
= σ(z)− y .

□

Remark 4.1. Note that ∇Ez(σ(z)) is the gradient of z 7→ Ez(σ(z)), and not the
gradient of Ez evaluated at σ(z) as the latter is zero since σ(z) minimises Ez.

Furthermore, we can show that the proposed Bregman loss function DE is indeed a
Bregman surrogate function of the squared two-norm loss function which provides an
upper bound captured by the following

Corollary 4.1. For fixed y ∈ dom(Ψ), the Bregman loss function DE is an upper
bound of the squared 2-norm loss function

DE(y, z)=1
2∥y − σ(z)∥2 +D

z−σ(z)
Ψ (y, σ(z)) (3.10)

for the (valid) subgradient z − σ(z) ∈ ∂Ψ(σ(z)) and DΨ denotes the Bregman distance
with respect to the underlying functional Ψ.
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Proof. To see this, observe that we can expand the Bregman loss function as the
following

Ez(y)− Ez(σ(z)) = 1
2∥y − z∥

2 + Ψ(y)− 1
2∥σ(z)− z∥2 −Ψ(σ(z))

= 1
2∥y − z∥

2 − 1
2⟨σ(z)− y + y − z, σ(z)− z⟩+ Ψ(y)−Ψ(σ(z))

= 1
2⟨y − z, y − z − σ(z) + z⟩ − 1

2⟨σ(z)− z, σ(z)− y⟩+ Ψ(y)−Ψ(σ(z))

= 1
2⟨y − z, y − σ(z)⟩+ 1

2⟨σ(z)− z, y − σ(z)⟩+ Ψ(y)−Ψ(σ(z))

= 1
2⟨y − σ(z), y − σ(z)⟩ − ⟨z − σ(z), y − σ(z)⟩+ Ψ(y)−Ψ(σ(z))

= 1
2∥y − σ(z)∥2 + Ψ(y)−Ψ(σ(z))− ⟨z − σ(z), y − σ(z)⟩

= 1
2∥y − σ(z)∥2 +D

z−σ(z)
Ψ (y, σ(z)) .

□

If we use the Bregman loss data term as defined in (3.9) in the Minimisation Problem
(3.4) and apply an incremental gradient descent strategy with constant step-size or
learning rate one, we immediately obtain Rosenblatt’s learning algorithm as defined in
Algorithm 13 as a consequence of the chain rule.

In other words, an incremental or stochastic gradient descent method applied to
the Bregman loss function (3.9) generalises Rosenblatt’s original learning algorithm
to a broader class of (proximal) activation functions, for which Algorithm 13 can be
interpreted as an energy minimisation method, just with the different Energy (3.9).
We also note that as a special case when the function Ψ is simply zero, the activation
function σ is the identity function. In this case (3.9) is equivalent to the squared loss
1
2∥y − w

⊤x∥2. As expected, applying the incremental gradient descent to this energy
recovers the ADALINE delta rule.

The beauty of interpreting Rosenblatt’s learning algorithm as an energy minimi-
sation problem is that we can apply many other algorithmic strategies to the same
energy. In the following section, we demonstrate how we can easily set up an iterative
soft-thresholding generalisation of the Rosenblatt algorithm to train a perceptron with
sparse weights without having to differentiate the activation function.
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Algorithm 15: Rosenblatt-ISTA Algorithm
Initialize w0 and b0.
for k = 1, 2, . . . do

Choose Bk ⊂ {1, 2, . . . s} either at random or deterministically.
gk

w = 1
|Bk|

∑
i∈Bk

[σ((wk)⊤xi + bk)− yi]xi⊤,
w̃ = wk − τ k

w g
k
w,

wk+1 = arg minw{1
2∥w̃ − w∥

2 + α∥w∥1},
gk

b = 1
|Bk|

∑
i∈Bk

[σ((wk)⊤xi + bk)− yi],
bk+1 = bk − τ k

b gb
k.

end

5 Application and Numerical Experiments

Sparsity promoting regularisation on artificial neural networks has long received sig-
nificant attention over years (Aghasi et al., 2017; Azarian et al., 2020; Collins and
Kohli, 2014; Hoefler et al., 2021; Huang and Wang, 2018; Liu et al., 2015; Scardapane
et al., 2017; Wen et al., 2016). In this section, we consider an application problem
where we use the energy minimisation interpretation to develop a way of learning
sparse perceptrons (cf. (Jackson and Craven, 1996)), with the benefit of not having to
differentiate the activation function.

We consider a LASSO-type cost function (Tibshirani, 1996), i.e. we choose the
regularisation term R in Equation (3.4) to be R(w, b) = ∥w∥1 in order to promote
sparsity of the weight matrix. Here, ∥ · ∥1 denotes the one-norm. We consider using a
rectifier activation function as described in Example 4.1.

To avoid having to differentiate the non-smooth activation function when solving
minimisation problem (3.4), we propose to use the Bregman loss term (3.9) as choice
for the data term ℓ, and in combination with the Iterative Soft-Thresholding Algorithm
(ISTA) (Daubechies et al., 2004) to handle the additional non-smooth one-norm. We
name the resulting algorithm Rosenblatt-ISTA, and summarise it in Algorithm 15.
In numerical experiments, we choose |Bk| = s, which corresponds to using the full
(sub-)gradient. We compute the step sizes by τw = 1.99/∥x∥2

2.
We test the algorithm performances with a supervised classification example based

on images from the Fashion-MNIST dataset (Xiao et al., 2017), where a few sample
images are visualised in Figure 3.4.
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Fig. 3.4 Sample images from the Fashion-MNIST dataset (Xiao et al., 2017).

Training such a generalised classification perceptron can be described as the following
minimisation problem:

min
w,b

1
s

s∑
i=1

DE

(
yi, w⊤xi + b

)
+ α∥w∥1 , (3.11)

where we use the Bregman loss function to measure the discrepancy between the
predicted output and the one-hot encoded target values as our classification loss
function. The perceptron is equipped with ReLU nonlinearities. More specifically, we
use weight matrix w ∈ R784×10 and b ∈ R10×1.

The proposed Rosenblatt-ISTA training algorithm is compared with three baseline
approaches. All three baseline approaches solve the perceptron learning problem (3.4)
by minimising the squared Euclidean loss as the loss function. More specifically:

• The first approach uses a standard subgradient method (cf. Chapter 2 Algorithm
3) with constant step size, denoted by Sub-GD (const). In particular, we define
the sub-derivative σ′ of the rectifier activation function at 0 to take on value 1.

• The second approach uses a subgradient method with diminishing step size
following the rule τ k

w = τ0
w

k
. This approach is denoted by Sub-GD (dimin). This

approach provides guaranteed convergence since the Bregman loss function is bi-
convex (i.e. convex with respect to its second argument for fixed first argument),
but gives slower convergence rate.

• The third method also follows ISTA (cf. Chapter 2 Algorithm 4). But instead
of taking a gradient descent step, we perform subgradient descent steps in the
direction of the now non-smooth data term ℓ during each iteration. We denote
this approach by Sub-GD ISTA.

All methods and results are implemented in Python with the Numpy library. We
train the perceptrons on 3,000 images, selected from the training dataset and validate
them on 10,000 images from the test dataset. The choices of α are determined via
cross validation. In our proposed objective function, the regularisation parameter α is
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set at 0.9. We choose α at 0.81, 0.81, 0.85 for the three baseline methods respectively.
All four approaches are initialised with the same weight, bias and step size, following
He et al. (2015a).

In each iteration, we record the overall objective value, the training and validation
accuracy, and visualised in Figure 3.5. We can see that the proposed Rosenblatt-ISTA
training scheme is able to converge much faster than the three baseline approaches
and also achieves higher training and validation accuracy. As expected, when using a
diminishing step size, Sub-GD shows the slowest convergence, and exhibits a plateaued
behavior in classification accuracy. The performance of the Sub-GD ISTA algorithm
on the other hand is almost identical with the Sub-GD (const) method.

6 Discussion

In this chapter, we have discussed the learning of a generalised perceptron model with
proximal activation functions. We demonstrated that, from an energy minimisation
point of view, the original Rosenblatt’s perceptron learning algorithm can also be
interpreted as an incremental gradient method with respect to a particular choice of
data term, based on a tailored Bregman distance. In addition, this interpretation also
generalises the classical ADALINE delta rule.

We have modified this interpretation to learn sparse perceptrons with the proposed
Rosenblatt-ISTA algorithm. We presented numerical results for which our approach
outperforms three other subgradient-based baseline approaches in terms of achieving
both faster convergence and higher accuracy results.

In the subsequent chapters we will examine the proposed Bregman loss function with
a closer look. We will show extensions of the proposed generalised perceptron learning
scheme to more complex architectures such as multi-layer feedforward neural networks,
and with particular applications on convolutional neural networks and residual neural
networks.
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Fig. 3.5 We compare our method of training sparse perceptrons with three baseline
approaches as described in Section 5. Top: The plot shows the decay of objective
value, i.e. Bregman loss plus ℓ1 regularisation for our proposed scheme and the squared
Euclidean loss plus ℓ1 regularisation for the baseline approaches. Bottom: The plot
shows the change of training and validation accuracy over the number of iterations.



Chapter 4

Lifted Bregman Training of
Feedforward Neural Networks

In this chapter, we establish a distributed optimisation framework for training multi-
layer neural networks that does not require the differentiation of activation functions.
Built upon Chapter 3, the discussion in this chapter can be viewed as a natural extension
from learning single-layer perceptrons to their multi-layer counterparts. However, it’s
important to emphasise that extending the learning of perceptrons to multi-layer neural
network architectures is not a trivial task. In fact, this transition has enriched the
role of the Bregman loss function. More specifically, to accomplish this extension, we
relax the original learning problem and formulate a lifted training approach where
the Bregman loss function is used as a penalty function. The new Bregman training
formulation offers an alternative solution to training neural networks, in addition to the
standard back-propagation-based approaches. The main contributions of this chapter
are four-fold:

• We establish the Bregman learning framework for the forward-direction training
of neural networks, which generalises the Method of Auxiliary Coordinates
and provides an alternative learning approach than using the back-propagation
algorithm and (sub-)gradient methods over a nested objective function.

• We provide detailed analysis of the proposed Bregman loss function and propose a
variety of different deterministic and stochastic iterative minimisation algorithms
for computationally solving the empirical risk minimisation problem.

• We demonstrate that the proposed approach has an added advantage for solving
regularised learning problems with explicit variational regularisation imposed on
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network hidden variables. Specifically, we show that the proposed framework
achieves superior learning performance when applied to learn regularised and
denoising autoencoders.

• We compare the proposed iterative minimisation algorithms to more conven-
tional approaches, such as stochastic gradient descent method using the back-
propagation algorithm. We demonstrate that contrary to popular belief, expres-
sive feedforward networks can suffer from overfitting to training data and fail to
generalise well when non-standard optimisation methods are used.

Organisation of the Chapter

This chapter is structured as follows. In Section 1, we begin with an introduction
on historical approaches of training neural networks, as well as the development of the
back-propagation algorithm and its potential drawbacks. In Section 2, we describe the
standard approach of training neural networks with gradient-based algorithms and the
back-propagation algorithm. We then provide an overview over recent developments in
distributed optimisation methods for the training of feedforward neural networks. In
Section 3, we introduce our proposed lifted Bregman framework. We first define the
Bregman penalty function and its use within the method of auxiliary coordinates. We
then examine a variety of mathematical properties of this function that guarantee its
advantages over other approaches. In Section 4, we provide a range of deterministic
and stochastic optimisation approaches that can be used to computationally solve the
lifted Bregman training problem. We also discuss suitable regularisation strategies for
the regularisation of network parameters and network hidden variables. In Section 5,
we explore specific example problems, including classification, data compression, and
denoising. For the latter two, we introduce a regularised training approach that will
produce autoencoders with sparse codes. In Section 6, we present numerical results for
the example problems described in Section 5 and provide a comprehensive comparison
of the proposed iterative minimisation algorithms in Section 4 to more conventional
approaches. We conclude this chapter with a brief discussion in Section 7.
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1 A Little History on Training Neural Networks

Artificial Neural Networks (ANNs) have been extremely popular choices of model
functions for a great variety of machine learning problems (cf. (Goodfellow et al.,
2016b; Schmidhuber, 2015; Wang and Raj, 2017)). The concept of compositing multiple
layers of artificial neurons to construct a multi-layer neural network traced back to
the 1960s when early ANNs mainly considered shallow architectures. As discussed in
Chapter 3, although Rosenblatt designed a multi-layer perceptron (Rosenblatt., 1957),
it was a combination of unmodifiable initial layers and one single learnable output
layer. In the late 1950s, most work on adaptive learning of network parameters were
via supervised learning approaches as explored in Widrow (1960).

To this day, the back-propagation algorithm (Rumelhart et al., 1986) has established
its central role in learning deep neural networks and is considered an important pillar
of modern deep learning practices, yet the concept of "back-propagating errors" dates
back to the early 1960s. Early researchers discussed techniques of minimising errors
through gradient descent in the parameter space of complex systems (Bryson, 1961;
Dreyfus, 1962; Kelley, 1960) using principles from Dynamic Programming (Bellman,
1957), before similar techniques with more explicit usage on neural network systems
arose.

As early as in the 1970s, the idea of reverse mode auto differentiation came into shape
in the work of Seppo Linnainmaa (Griewank, 2012; Linnainmaa, 1970, 1976). It was
later described by Paul Werbos for its more efficient use on training ANNs parameters
(Werbos, 2005). The term back-propagation itself was popularised by Rumelhart,
Hinton and Williams in their seminal work on learning internal representations in
hidden layers of an ANN (Rumelhart et al., 1986). In the late 1980s, several techniques
were proposed to improve the performance of gradient descent through the use of the
back-propagation algorithm (Riedmiller and Braun, 1993; Rumelhart et al., 1986).
Around the same time, the back-propagation algorithm was first applied to train
convolutional neural networks in 1989 (LeCun et al., 1989).

Early form of back-propagation algorithms provided an essential tool for training,
in principle, ANNs of arbitrary depth. However, little empirical benefit was observed
despite increasing the depth of an artificial neural network. It was not until 1990s when
the vanishing gradient problem, which hindered efficient use of back-propagation on
training deep neural networks was identified. In 1991, Horeiter described the long time
lag problem in his work (Hochreiter, 1991) and Bengio in 1994 studied the vanishing
gradient problem (Bengio et al., 1994). While the initial discussion of both works
focused on learning recurrent neural networks, similar concerns are also relevant to
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Fig. 4.1 The ImageNet Large Scale Visual Recognition Challenge (Russakovsky et al.,
2015).

traditional deep feedforward neural networks (Bengio et al., 1994; Schmidhuber, 2015).
The prediction of an "AI Winter" came true in 1987 when the AI bubble burst, leading
to a decrease in investment and funding for AI research.

Made possible by advancements in computing power and GPU processing (Abi-
Chahla, 2008), 2012 saw the ground breaking success of AlexNet (Krizhevsky et al., 2017)
on the ImageNet Large Scale Visual Recognition Challenge (ILSVRC) (Russakovsky
et al., 2015) where it outperformed the previous state-of-the-art methods in image
classification tasks by a significant margin, reducing the top-5 error rate from 26.2% to
15.3%. The success of AlexNet paved the way for the development of more sophisticated
deep learning models, particularly in computer vision applications. The interest
in building deeper and more complex neural network architectures was once again
reignited. However, despite the great success of deep learning in recent years, the
standard approach of using gradient-based minimisation strategies in combination with
the back-propagation algorithm has potential limitations (Taylor et al., 2016).

First of all, as we have briefly mentioned earlier, back-propagation suffers from
vanishing gradient problems (Erhan et al., 2009), where gradients of loss functions
with respect to the parameters of early network layers become vanishingly small, which
renders the use of gradient-based minimisation methods ineffective. While the use of
non-saturating activation functions and the introduction of skip-connections to network
architectures have been proposed to mitigate vanishing gradient problems, achieving
state-of-the-art performance still requires meticulous hyper-parameter tuning and
good initialisation strategies. The second drawback is that many common activation
functions in neural network architectures are not differentiable, which means that
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subgradient- instead of gradient-based algorithms are required. And even though there
are mathematical justifications for such an approach (cf. Bolte and Pauwels (2020)),
subgradient-based methods have the disadvantage of inferior convergence rates over
other non-smooth optimisation methods like proximal gradient descent (cf. Teboulle
(2018)). Another issue of the back-propagation algorithm is that it is sequential in
nature, which makes it difficult to distribute the computation of the network parameters
across multiple workers efficiently. As a consequence of the aforementioned issues,
numerous distributed optimisation approaches have been proposed as alternatives to
gradient-based training in combination with back-propagation in recent years (Askari
et al., 2018; Carreira-Perpinan and Wang, 2014; Gu et al., 2020; Høier and Zach, 2020;
Li et al., 2019; Taylor et al., 2016; Zach and Estellers, 2019; Zhang and Brand, 2017).
However, many of these approaches still suffer from limitations such as differentiating
non-differentiable activation functions (Carreira-Perpinan and Wang, 2014), recovering
only affine-linear networks (Askari et al., 2018), or overly restrictive assumptions (Gu
et al., 2020; Li et al., 2019).

2 Training Feedforward Neural Networks

In the following sections, we revisit the notion of feedforward neural networks (cf.
Chapter 2 Definition 2.69) before we summarise the classical approach of gradient-based
training and back-propagation. We then discuss distributed optimisation and lifted
training strategies.

A feedforward neural network N : Rn ×P → Rm with L layers can be defined as
the composition of parametrised functions of the following form

N (x,Θ) = σL(f(σL−1(f(. . . σ1(f(x,Θ1)) . . .)),ΘL)) , (4.1)

for given input data x ∈ Rn and parameters Θ ∈ P . Here {σl}L
l=1 denotes the collection

of nonlinear activation functions and f denotes a generic layer function parametrised
by parameters {Θl}L

l=1. We use Θ to denote {Θl}L
l=1. As an example, a fully connected

layer is represented by f(x,Θl) = W⊤
l x+ bl for Θl = (Wl, bl), where the matrix Wl is

usually referred to as the weights and the vector bl as the bias term of layer l.

2.1 First-order Methods and Back-propagation

Estimating parameters Θ of a feedforward network in the supervised learning setting
is usually framed as the minimisation of an empirical risk (cf. Chapter 2 Definition



92 Lifted Bregman Training of Neural Networks

Algorithm 16: Back-Propagation Algorithm
Initialise Θ.
for i = 1, . . . , s do

for l = 1, . . . , L do
Perform forward pass to compute zl and xl:
zi

l = f(xi
l−1,Θl),

xi
l = σl(zi

l ),
end

end
for i = 1, . . . , s do

for l = L, . . . , 1 do
Perform backward pass to compute δi

l :

δi
l =

σ
′
l(zi

L)⊙∇xℓ(yi, xi
L), for l = L

σ′
l(zi

l )⊙ ∂f
∂xl
δl+1, for l ∈ {1, . . . , L− 1}

end
end
Partial derivatives: ∂ℓ

∂Θjk
l

= δj
l

∂f
∂Θk

l

for j ∈ {1, . . . , nl} and k ∈ {1, . . . , nl−1}.

2.58) of the form

min
Θ

1
s

s∑
i=1

ℓ(yi,N (xi,Θ)) , (4.2)

where ℓ is a chosen data error term pertaining to the learning task (usually referred
to as the loss function), while {(xi, yi)}s

i=1 denotes the s pairs of input and output
samples that are provided a-priori.

A standard computational approach to solve (4.2) are (sub-)gradient-based algo-
rithms such as (sub-)gradient descent (cf. Chapter 2 Algorithm 3) and stochastic
variants of it (cf. Chapter 2 Algorithm 2.46). Gradient descent for solving (4.2) reads

Θk+1 = Θk − τΘ∇Θ

(
1
s

s∑
i=1

ℓ(yi,N (xi,Θk))
)
, (4.3)

for k ∈ N, a step-size parameter τΘ > 0 and initial parameters Θ0. The evaluation of
the gradient ∇Θ

(
1
s

∑s
i=1 ℓ(yi,N (xi,Θk))

)
is computed with the back-propagation (cf.

Rumelhart et al. (1986)), which is summarised in Algorithm 16.
As pointed out in LeCun et al. (1988), the back-propagation algorithm can also

be deduced from a Lagrangian formulation of (4.2), where solving the corresponding
optimality system leads to the individual steps in the back-propagation algorithm. For
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each pair of data samples (xi, yi) we can define

xi
l = σl(f(xi

l−1,Θl)) for l = 1, . . . , L , (4.4)

as the so-called activation variables with xi
0 = xi. Further, we use zi

l to denote
transformed input variables by

zi
l = f(xi

l−1,Θl) for l = 1, . . . , L .

The introduction of auxiliary variables xl and zl break down the nested dependency
of the function mapping N into layer-wise equality constraints. To ease notation, we
introduce X = {xi

l}
i=1,...,s
l=1,...,L and Z = {zi

l}
i=1,...,s
l=1,...,L to denote the two groups of auxiliary

variables. Having introduced X and Z, we can write the minimisation problem (4.2) in
the following equivalent constrained form:

min
Θ,X,Z

1
s

s∑
i=1

ℓ(yi, xi
L)

s.t. zi
l = f(xi

l−1,Θl) for l = 1, . . . , L ,
s.t. xi

l = σl(f(xi
l−1,Θl)) for l = 1, . . . , L .

(4.5)

We can write down the corresponding Lagrangian function for (4.5) as

L(Θ,X,Z, µ, δ) =
s∑

i=1

[
ℓ(y, xi

L) +
L∑

l=1
⟨µi

l, x
i
l − σ(zi

l )⟩+
L∑

l=1
⟨δi

l , z
i
l − f(xi

l−1,Θl)⟩
]
,

(4.6)
where µ = {µi

l}
i=1,...,s
l=1,...,L and δ = {δi

l}
i=1,...,s
l=1,...,L are Lagrangian multipliers.

In the following deduction of the back-propagation algorithm, we fix for one training
data sample and drop the dependency on i for the ease of notation. The optimality
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conditions of (4.6) can be split into the following sub-conditions:

∂L
∂xL

= 0 =⇒ ∇xL
ℓ(y, xL) + µL = 0 (4.7)

∂L
∂Θl

= 0 =⇒ δl = ∂f

∂Θl

µ⊤
l for l = 1, . . . L− 1 (4.8)

∂L
∂xl

= 0 =⇒ µl = ∂f

∂xl

δl+1 for l = 1, . . . L− 1 (4.9)

∂L
∂zl

= 0 =⇒ δl = σ′
l(zl)µl for l = 1 . . . L (4.10)

∂L
∂µl

= 0 =⇒ xl = σl(f(xl−1,Θl)) for l = 1, . . . L (4.11)

∂L
∂δl

= 0 =⇒ zl = f(xl−1,Θl) for l = 1, . . . L (4.12)

Notice that sub-conditions (4.11) and (4.12) carry out exactly the forward-pass of the
Algorithm 16. Combining sub-conditions (4.9) and (4.10) gives

δl = σ′
l(zl)

∂f

∂xl

δl+1 for l = 1 . . . L− 1 ,

which is the backward-pass in Algorithm 16 for computing the partial derivatives.
Sub-conditions (4.7) and (4.8) on the other hand are computational steps for taking
the (sub-)gradient update step (cf. Higham and Higham (2019)).

Despite its popularity for training neural networks, the approach of using (sub-
)gradient based methods such as (4.3) in combination with the back-propagation
algorithm 16 nevertheless suffers from several drawbacks.

• The first two of the major problems are the vanishing and exploding gradient
issues, where the gradients either decrease to vanishingly small values or increase
to very large values, which causes major problems for the computation of (4.3)
(cf. Bengio et al. (1994); Glorot and Bengio (2010)).

• A third issue is that the back-propagation algorithm is sequential in nature and
computation of individual partial derivatives cannot easily be distributed.

• The fourth drawback is that while it is easy to generalise gradient-based algorithms
to proximal gradient methods that can handle non-smooth functions acting on
the network parameters, it is less straight-forward to generalise these techniques
so that they can handle non-smooth functions acting on the network’s hidden
activation variables or the transformed input variables without using subgradients.
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These drawbacks and limitations of the combination of (sub-)gradient based-
methods and back-propagation have motivated research to seek for alternative training
methods for deep neural networks. In the next section, we will summarise some of
these alternatives.

2.2 Distributed Optimisation Approaches

Learning network parameters via distributed optimisation has been given much atten-
tion in recent years (Askari et al., 2018; Carreira-Perpinan and Wang, 2014; Gu et al.,
2020; Li et al., 2019; Taylor et al., 2016; Zach and Estellers, 2019; Zhang and Brand,
2017). In these works, the overall Learning Problem (4.2) is reformulated to Problem
(4.5).

This constrained optimisation Problem (4.5) can further be relaxed by replacing
the constraints for the activation variables with penalty terms in the objective function.
Solving each layer-wise sub-problem can then be performed independently, which allows
for distributed optimisation methods to be utilised. This attempt has mainly been
approached from two directions: by using quadratic penalties (Carreira-Perpinan and
Wang, 2014; Taylor et al., 2016) or by framing activation functions as orthogonal
projections on convex sets of constraints (Askari et al., 2018; Gu et al., 2020; Li et al.,
2019; Zach and Estellers, 2019; Zhang and Brand, 2017).

2.2.1 Method of Auxiliary Coordinates with Quadratic Penalty (MAC-QP)

The work of Carreira-Perpinan and Wang (2014) is among the earliest to look into
the quadratic penalty approach, where the authors propose the Method of Auxiliary
Coordinates (MAC). The MAC approach only introduces the activation variables X and
relaxes the constrained problem (4.5) by replacing the constraints xi

l = σl(f(xi
l−1,Θl))

with a Quadratic Penalty (QP) objective where the corresponding minimisation problem
reads

min
X,Θ

1
s

s∑
i=1

[
ℓ(yi, σL(f(xi

L−1,ΘL))) +
L−1∑
l=1
∥xi

l − σl(f(xi
l−1,Θl))∥2

2

]
. (4.13)

If we consider the special case of affine-linear functions f(xl−1,Θl) = W⊤
l xl−1 + bl,

then for s = 1 and a single training pair of samples x and y. The optimality condition
of the MAC-QP formulation with respect to the bias parameter bl reads

0 = (xl − σl(W⊤
l xl−1 + bl))σ′

l(W⊤
l xl−1 + bl) .
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Whenever σ′
l(W⊤

l xl−1 + bl) ̸= 0, this automatically implies

xl = σl(W⊤
l xl−1 + bl) ,

ensuring that a critical point satisfies (4.4).
Following the MAC-QP approach, minimisation of network parameters can easily

be distributed with the right choice of optimisation method. However, minimising the
MAC-QP objective with gradient-based first-order optimisation methods still requires
the differentiation of the activation functions. This is different for lifted training
approaches that we briefly discuss in the later section.

2.2.2 Connecting Quadratic Penalty Approach to Back-propagation

In the work of Frerix et al. (2017), a connection between the classical back-propagation
algorithm and quadratic penalty approach is established. After introducing the auxiliary
variables Z, the authors consider the following quadratic penalty function:

E(Θ,X,Z) = 1
s

s∑
i=1

[
ℓ(yi, f(xi

L−1,ΘL)) +
L−1∑
l=1

(γ2∥x
i
l − σ(zi

l )∥2
2 + ρ

2∥z
i
l − σl(f(xi

l−1,Θl))∥2
2)
]
.

(4.14)

Instead of directly optimising (4.14). Their work shows that by carrying out 1)
a forward pass to update relevant variables, and 2) sequential gradient steps on the
quadratic penalty function (4.14), the updated network parameters Θ are equivalent to
what received from a classical gradient descent step update. The proposed algorithm
is summarised in Algorithm 17. In other words, with specific choices of step size
parameters γ = ρ = 1

τ
, Algorithm 17 computes one gradient descent iteration on the

original nested objective (4.2).
For simplicity, we consider only one pair of data points, i.e. s = 1. The gradient

step on E(Θ,X,Z) with respect to ΘL gives

Θk+1
L−1 = Θk

L−1 − τ∇ℓ(y, f(xL−1,ΘL−1)) , (4.15)

whereas a gradient descent step with respect to xL−1 is

x
k+1/2
L−1 = xk

L−1 − τ∇xf(xL−1,ΘL) · ∇fℓ(y, f(xL−1,ΘL)) . (4.16)

We use the half update notation x
k+1/2
L−1 to denote the updated variable xk

L−1 before
the forward pass of the next iteration. Note that for all layers l ∈ {1, . . . L− 1}, the
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Algorithm 17: Quadratic Penalty Formulation of the Back-propagation
Algorithm

Initialise Θ.
Forward pass:
for l ∈ {1, . . . L− 1} do

zk
l = f(xk

l−1,Θk
l ),

xk
l = σ(zk

l ).
end
Perform minimisation on (4.14).
(a) Gradient step on ℓ(yi, f(xi

L−1,ΘL)), with respect to (ΘL, xL−1).
for l ∈ {L− 1, . . . 1} do

(b) Gradient step on E with respect to zl and xl−1.
(c) Gradient step on E with respect to Θl.

end
Output updated Θk+1.

following holds due to the forward pass:

σ(zk
l ) = xk

l , (4.17)
f(xL−1,ΘL−1) = zk

l . (4.18)

Therefore, in step (b) we get the following updates:

z
k+1/2
l = zk

l − τγ∇σ(zk
l ) · (σ(zk

l − x
k+1/2
l )) = zk

l −∇σ(zk
l ) · (xk

l − x
k+1/2
l ) , (4.19)

where with respect to xl−1 we have

xk+1
l−1 = xk

l−1 − τρ∇xf(xl−1,Θl) · (f(xk
l−1,Θk

l )− zk+1/2
l )

= xk
l−1 −∇xf(xk

l−1,Θk
l ) · (zk

l − z
k+1/2
l ) . (4.20)

Combining (4.19) and (4.20), we obtain

zk
l − z

k+1/2
l = ∇σ(zk

l )∇xf(xk
l ,Θk

l+1) · (zk
l+1 − z

k+1/2
l+1 ) , (4.21)

Using (4.16) and (4.20) the difference between zk
l and the half update zk+1/2

l can be
tracked from the loss function ℓ across L− 1 layers, where we obtain

zk
l − z

k+1/2
l = τ

L−1∏
q=l

∇σ(zk
q )∇xf(xk

q ,Θk
q+1)

 · ∇fℓ(y, f(xk
L−1,Θk

L)) (4.22)
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On the other hand, follows the gradient step in (c) we get

Θk+1
l = Θk

l −∇Θf(xk
l−1,Θk

l ) · (zk
l − z

k+1/2
l ) . (4.23)

Now insert (4.22) into the gradient step with respect to Θl in (4.23), we obtain the
gradient descent update over the nested objective function via the chain rule as shown
in (4.3).

After having established a connection between the quadratic penalty approach and
the back-propagation algorithm, we will next discuss the lifted training approaches for
neural networks.

2.2.3 Lifted Training Approach

The second line of work to approach Problem (4.5) is motivated by the observation
that the ReLU activation function σ(z, 0) = max(z, 0) itself can be viewed as the
solution to a constrained minimisation problem. More specifically, in the work of
Zhang and Brand (2017), the authors characterise the activated output of the ReLU
activation function σl(W⊤

l xl−1 + bl) as the solution to the following non-smooth convex
optimisation problem (or respectively a constrained convex optimisation problem with
smooth objective):

xl = σl(W⊤
l xl−1 + bl)

= arg min
x≥0

∥x− (W⊤
l xl−1 + bl)∥2

2 .

This implies that xl is the vector closest to W⊤
l xl−1 + bl that lies in the non-negative

orthant.
Hence, instead of writing out the dependency relation of activation variables X

explicitly as shown in Equation (4.5), nonlinear constraints can be re-written into
conditions similarly to the above as argmin maps. In the classical lifted approach
(Askari et al., 2018), Problem (4.5) is consequently approximated with the following
constrained formulation where restraints on activation variables are now directly
imposed:

min
Θ,{xi

l
∈Rn

+}L−1
l=1

1
s

s∑
i=1

[
ℓ(yi,W⊤

L x
i
L−1 + bL) +

L−1∑
l=1

λl∥xi
l −W⊤

l x
i
l−1 − bl∥2

2

]
, (4.24)
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where {xi
l ∈ Rn

+}L−1
l=1 denotes that the activation variables across layers l = 1, . . . , L− 1

for each sample i lie in the non-negative orthant, i.e. Rn
+ := {v ∈ Rn |vj ≥ 0, ∀ j ∈

{1 . . . n}}. The parameters λl for l = 1, . . . , L− 1 are positive hyperparameters.
This approach is often referred to as the "lifted" approach because the search

space for network parameters is lifted to become a higher dimensional space that now
also includes auxiliary variables. However, this idea of "lifting" is also present in the
MAC-QP approach.

Even though the overall learning problem (4.24) is not convex, each sub-problem is
convex in each individual variable when keeping all other variables fixed. Individual
updates are also relatively easy to compute using orthogonal projections onto the
non-negative orthant. In terms of distributing the computation of parameters, this
approach also enjoys the same benefits that the MAC-QP scheme enjoys.

However, one major limitation that this approach suffers from is that it does not
solve the original Problem (4.2), but essentially trains an affine-linear network (cf.
Zach and Estellers (2019)). This restriction can be shown by examining the optimality
system. Consider the case with s = 1 and one single training sample pair (x, y), then
the optimality condition of (4.24) with respect to parameters bl reads

λl(W⊤
l xl−1 + bl − xl) = 0 =⇒ xl = W⊤

l xl−1 + bl . (4.25)

Despite this major limitation this approach has been considered for computing initiali-
sations of network parameters for other optimisation algorithms (Li et al., 2019; Zach
and Estellers, 2019).

3 Lifted Bregman Training Framework

Building upon the previous approaches, we introduce a lifted Bregman framework
for the training of feedforward networks. This framework will fix the aforementioned
issues and 1) be capable of recovering a network with nonlinear activation functions,
while 2) taking partial derivatives with respect to network parameters will not require
computing derivatives of the activation functions.

Our approach differs from Problem (4.13) and Problem (4.24) in the sense that
instead of penalising the quadratic Euclidean norm of the nonlinear constraint xi

l =
σl

(
f(xi

l−1,Θl)
)

we propose an alternative penalisation. From now on we assume that
the activation functions σl that we consider are proximal activation functions, namely
they come from the large class of proximal maps (cf. Chapter 2 Definition 1.18).
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In particular, the following remark gives an alternative characterisation of the
proximal map for convex functions Ψ.

Remark 3.1. Note that an equivalent characterisation of the proximal map σ is

z − σ(z) ∈ ∂Ψ(σ(z)) ,

as a consequence of Fermat’s theorem. Here ∂Ψ denotes the subdifferential of Ψ.

With the help of Remark 3.1, we discover that xl = σ(f(xl−1,Θl)) = proxΨ(f(xl−1,Θl))
can also be written as

f(xl−1,Θl)− xl ∈ ∂Ψ(xl) , respectively, f(xl−1,Θl) ∈ ∂
(1

2∥ · ∥
2 + Ψ

)
(xl) ,

(4.26)

where the second inclusion follows from (Ekeland and Temam, 1999, Chapter 1, Section
5, Proposition 5.6).

The following neat equivalence for inclusion (4.26) forms the basis for our new
penalisation term.

Lemma 3.1 (Subdifferential characterisation). Suppose the function Ψ : Rn → R∪{∞}
is a proper, lower semi-continuous and convex function. Then the inclusion z ∈
∂
(

1
2∥ · ∥

2 + Ψ
)

(x) is equivalent to

1
2∥x∥

2 + Ψ(x) +
(1

2∥ · ∥
2 + Ψ

)∗
(z) = ⟨x, z⟩ . (4.27)

Here,
(

1
2∥ · ∥

2 + Ψ
)∗

denotes the Fenchel conjugate of 1
2∥ · ∥

2 + Ψ.

A proof for this lemma can be found in (Rockafellar, 1970, Theorem 23.5), where a
more general result is proven. Now, instead of enforcing (4.27) as a hard constraint,
we define the penalisation function

BΨ(x, z) := 1
2∥x∥

2 + Ψ(x) +
(1

2∥ · ∥
2 + Ψ

)∗
(z)− ⟨x, z⟩ , (4.28)

and replace the squared Euclidean norm in (4.24) with it, which results in the
unconstrained optimisation problem

min
Θ,X

s∑
i=1

[
ℓ
(
yi, xi

L

)
+

L−1∑
l=1

λlBΨ
(
xi

l, f(xi
l−1,Θl)

)]
. (4.29)
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for positive scalars {λl}L−1
l=1 .

We name this penalisation function BΨ(x, z) Bregman penalty, as we are going
to show that it belongs to the family of generalised Bregman distances (cf. Chapter
2 Definition 1.12). In contrast to (4.13) and (4.24), these penalisations incorporate
prior information encoded in the choice of the function Ψ. In the following sections,
we provide a more detailed analysis of the Bregman penalty term and show how it can
improve the classical lifted training approach and overcome its limitations.

3.1 The Bregman Penalty Function

We first want to verify that the proposed Bregman penalty function (4.28) is a non-
negative generalised Bregman distance (Bregman, 1967; Kiwiel, 1997) and satisfies
some advantageous properties compared to the mean-squared error loss used in (4.24).
Please note that the Bregman distance can also be expressed by means of the convex
conjugate (cf. Chapter 2 Definition 1.4) of Φ. Hence, if we choose Φ = 1

2∥ · ∥
2 + Ψ and

z ∈ ∂Φ(σ(z)), we immediately observe

BΨ(x, z) = Dz
Φ(x, σ(z)) .

Here z ∈ ∂Φ(σ(z)) is a valid subgradient, since z ∈ ∂(1
2∥ ·∥

2 +Ψ)(σ(z)) is equivalent
to z − σ(z) ∈ ∂Ψ(σ(z)), respectively σ(z) = proxΨ(z) as pointed out in Remark 3.1.
Since this is true by definition of σ, we have established that BΨ(x, z) is a Bregman
distance. Since Bregman distances are non-negative, this automatically implies non-
negativity of BΨ(x, z) for all arguments x, z, but we easily get a better lower bound if
we split the Bregman distance, i.e.

BΨ(x, z) = Dz
Φ(x, σ(z)) = D

σ(z)
1
2 ∥·∥2(x, σ(z)) +D

z−σ(z)
Ψ (x, σ(z)) , (4.30)

= 1
2∥x− σ(z)∥2 +D

z−σ(z)
Ψ (x, σ(z)) ≥ 1

2∥x− σ(z)∥2 , (4.31)

which we capture with the following corollary.

Corollary 3.1. The loss function BΨ as defined in (4.28) is a Bregman distance and
bounded from below by 1

2∥x− σ(z)∥2.

Proof. This follows from the fact that Dz−σ(z)
Ψ (x, σ(z)) is a valid generalised Bregman

distance, because of z−σ(z) ∈ ∂Ψ(σ(z)) by definition of σ. Hence, Dz−σ(z)
Ψ (x, σ(z)) ≥ 0,

which concludes the proof.
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As a consequence, we can characterise the exact discrepancy between BΨ(x, z) and
1
2∥x− σ(z)∥2 in terms of Dz−σ(z)

Ψ (x, σ(z)), which means we establish

BΨ(x, z) = 1
2∥x− σ(z)∥2 + Ψ(x)−Ψ(σ(z))− ⟨z − σ(z), x− σ(z)⟩ ,

= 1
2∥x− σ(z)∥2 + Ψ(x) + Ψ∗(z − σ(z))− ⟨x, z − σ(z)⟩ , (4.32)

We can further simplify this term with the help of the Moreau decomposition. Recall
Chapter 2 Theorem 1.3, we have σ(x) := prox(x) and σ∗(x) := proxΨ∗(x). Then we
can rewrite (4.32) to

BΨ(x, z) = 1
2∥x− σ(z)∥2 + Ψ(x) + Ψ∗(σ∗(z))− ⟨x, σ∗(z)⟩ .

If we define Ez(x) := 1
2∥x − z∥2 + Ψ(x) as the function for which we have σ(z) =

prox(z) = arg minx Ez(x) and consequently 0 ∈ ∂Ez(σ(z)), we can further conclude

BΨ(x, z) = 1
2∥x− σ(z)∥2 + Ψ(x)−Ψ(σ(z))− ⟨z − σ(z), x− σ(z)⟩ ,

= 1
2∥x∥

2 + Ψ(x)− ⟨x, z⟩+ 1
2∥σ(z)∥2 −Ψ(σ(z)) + ⟨z − σ(z), σ(z)⟩ ,

= 1
2∥x− z∥

2 + Ψ(x)− 1
2∥z∥

2 − 1
2∥σ(z)∥2 −Ψ(σ(z)) + ⟨z, σ(z)⟩ ,

= 1
2∥x− z∥

2 + Ψ(x)− 1
2∥σ(z)− z∥2 −Ψ(σ(z)) ,

= Ez(x)− Ez(σ(z)) = D0
Ez

(x, σ(z)) ,

which is an alternative characterisation that is a valid Bregman distance because
0 ∈ ∂Ez(σ(z)) is a valid subgradient of Ez at σ(z). This characterisation nicely links to
recent work in parametric majorisation for data-driven energy minimisation methods
(Geiping and Moeller, 2019) as we have shown in Chapter 3.

In Chapter 3, we have motivated the use of the Bregman loss function and showed
its gradient evaluation through its form in (4.30). Here we take a closer look at its role
as penalisation functions and provide an alternative characterisation to its gradient
evaluation with respect to the second argument through its form in (4.28).

Lemma 3.2 (Gradient of (4.28) with respect to second argument). Suppose Ψ : Rn →
R ∪ {∞} is a proper, convex and lower semi-continuous function with proximal map
σ := proxΨ. Then BΨ as defined in (4.28) is differentiable with respect to its second
argument for all x ∈ dom(Ψ) and the gradient with respect to its second argument, i.e.
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∇2BΨ(x, z), is

∇2BΨ(x, z) = σ(z)− x ,

for all x ∈ dom(Ψ).

Proof. Note that the term Φ(x) = 1
2∥x∥

2 + Ψ(x) in (4.28) is constant with respect to
the argument z and bounded because of x ∈ dom(Ψ), which implies

∇2BΨ(x, z) = ∇z [Φ∗(z)− ⟨x, z⟩]

for fixed x. The gradient of ⟨x, z⟩ with respect to the second argument z is simply x;
hence, what remains to be shown is that

∇Φ∗(z) = σ(z) . (4.33)

Note that differentiability of Φ∗ follows directly from (Bauschke et al., 2011, Corollary
18.12) or (Beck, 2017, Theorem 5.26), and that the result (4.33) is well-known. However,
for the sake of completeness we include the derivation of the gradient. Since Ψ is
proper, convex and lower semi-continuous, the Fenchel conjugate Φ∗(z) = (1

2∥ · ∥
2 +

Ψ)∗(z) = supx⟨x, z⟩ − 1
2∥x∥

2 − Ψ(x) of Φ is well-defined and the supremum over
⟨z, x⟩ − 1

2∥x∥
2 −Ψ(x) is attained. More importantly, we have

Φ∗(z) = sup
x
⟨x, z⟩ − 1

2∥x∥
2 −Ψ(x) ,

= 1
2∥z∥

2 + sup
x
−1

2∥x− z∥
2 −Ψ(x) ,

= 1
2∥z∥

2 − inf
x

{1
2∥x− z∥

2 + Ψ(x)
}
.

We know that σ(z) = prox(z) = arg minx̃

{
1
2∥x̃− z∥

2 + Ψ(x̃)
}

, which implies x = σ(z)
and

Φ∗(z) = 1
2∥z∥

2 − 1
2∥σ(z)− z∥2 −Ψ(σ(z)) .

The quantity M(z) := 1
2∥σ(z)− z∥2 + Ψ(σ(z)) is the Moreau-Yosida regularisation of

Ψ (cf. Chapter 2 Definition 1.19), for which we know that its gradient is ∇M(z) =
z− prox(z) = z− σ(z) (cf. Chapter 2 Lemma 1.2). The gradient of 1

2∥z∥
2 with respect

to z is simply z, which is why we have verified (4.33).
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Remark 3.2. Note that BΨ(x, z) may be unbounded from below for some choices of x,
which implies that ∇2BΨ(x, z) may never be equal to zero for certain choices of x. More
precisely, ∇2BΨ(x, z) = 0 is equivalent to z − x ∈ ∂Ψ(x), which requires ∂Ψ(x) ̸= ∅.
Hence, if x is chosen such that ∂Ψ(x) = ∅, we can never guarantee ∇2BΨ(x, z) = 0.
A simple example is Ψ(x) = δ≥0(x) with negative argument x. In that case, there
obviously cannot exist an element z such that σ(z) = max(z, 0) = x holds true because
max(z, 0) ≥ 0 while x < 0.

We summarise all previous findings in the following theorem.

Theorem 3.1 (Bregman penalty function). The Bregman penalty function as defined
in (4.28) satisfies the following properties.

1. BΨ(x, z) = Ez(x)− Ez(σ(z)).

2. BΨ(x, z) = Dz
Φ(x, σ(z)) = Dz

1
2 ∥·∥2+Ψ(x, σ(z)).

3. BΨ(x, z) = 1
2∥x− σ(z)∥2 +D

z−σ(z)
Ψ (x, σ(z)) ≥ 1

2∥x− σ(z)∥2.

4. BΨ(x, z) = 1
2∥x− σ(z)∥2 + Ψ(x)−Ψ(σ(z))− ⟨z − σ(z), x− σ(z)⟩.

5. For fixed first argument x, the function BΨ is continuously differentiable w.r.t
the second argument if the first argument satisfies x ∈ dom(Ψ).

6. ∇2 BΨ(x, z) = σ(z)− x.

7. The global minimum of BΨ is zero, which is attained for all arguments x and z
that satisfy x = σ(z) and ∂Ψ(x) ̸= ∅.

8. BΨ is a bi-convex function, i.e. it is convex w.r.t. x for fixed z and convex w.r.t.
z for fixed x.

9. The operator Gx(z) := ∇2 BΨ(x, z) = σ(z)− x is monotone.

10. The operator Gx is Lipschitz-continuous with Lipschitz constant one, i.e.

∥Gx(z1)−Gx(z2)∥ ≤ ∥z1 − z2∥ .

11. The operator Gy is firmly non-expansive, i.e.

⟨Gx(z1)−Gx(z2), z1 − z2⟩ ≥ ∥Gx(z1)−Gx(z2)∥2 .
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Proof. The only properties left to prove are Items 8–11. Item 8 follows directly from the
definition of BΨ(x, z) in (4.28), since both 1

2∥ · ∥
2 + Ψ−⟨·, z⟩ and

(
1
2∥ · ∥

2 + Ψ
)∗
−⟨x, ·⟩

are convex functions for fixed x and z, respectively. Item 10 follows directly from the
1-Lipschitz continuity of the proximal map σ (cf. (Beck, 2017, Theorem 6.42 (b)))
via ∥Gx(z1) − Gx(z2)∥ = ∥σ(z1) − x − (σ(z2)− x) ∥ = ∥σ(z1) − σ(z2)∥ ≤ ∥z1 − z2∥.
In similar fashion, Item 11 follows directly from the firm non-expansiveness of the
proximal map σ (cf. (Beck, 2017, Theorem 6.42 (a))) via ⟨Gx(z1)−Gx(z2), z1 − z2⟩ =
⟨σ(z1) − x − (σ(z2)− x) , z1 − z2⟩ = ⟨σ(z1) − σ(z2), z1 − z2⟩ ≥ ∥σ(z1) − σ(z2)∥2 =
∥σ(z1) − x − (σ(z2) − x)∥2 = ∥Gx(z1) − Gx(z2)∥2. The firm non-expansiveness than
automatically implies Item 9, since ∥Gx(z1)−Gx(z2)∥2 ≥ 0 for all z1, z2.

Remark 3.3. Alternatively, one can introduce parameters γ in Item 3 to formulate:

BΨ(x, z) = 1
2∥x− σ(z)∥2 + γD

z−σ(z)
Ψ (x, σ(z)) .

Notice that this modification provides a true generalisation of the quadratic penalty term
in (4.13) as BΨ(x, z) reduces to 1

2∥x− σ(z)∥2 when γ = 0. In the scope of this thesis,
we consider γ = 1, but it would be of interest to consider other possible values of γ. In
particular, using varying γ allows one to control and balance different BΨ(x, z) terms
across different layers, which could potentially lead to better convergence performance.

Example 3.1. In the following, we show the obtained Bregman penalty associated with
popular choices of proximal activation functions. For the ReLU activation function we
have:

BΨ(x, z) =


1
2∥x−max(z, 0)∥2 + ⟨x,max(−z, 0)⟩ x ∈ [0,∞)n

∞ otherwise
.

Similarly, the Bregman penalty function associated with the soft-thresholding acti-
vation function for the scalar case x, z ∈ R can be derived as:

BΨ(x, z) =


1
2(x− z + α)2 + α(|x| − x) z > α

1
2x

2 + α|x| − zx |z| ≤ α

1
2(x− z − α)2 + α(|x|+ x) z < −α

.

for α > 0.



106 Lifted Bregman Training of Neural Networks

Fig. 4.2 This figure plots the comparison between the Bregman penalty function
BΨ(x, z) and the squared Euclidean loss 1

2∥x − σ(z)∥2 for −2 ≤ z ≤ 2. We show
four cases where each σ is: a) the ReLU activation function, b) the soft-thresholding
activation function, c) the hyperbolic tangent activation function and (d) the softmax
activation function for n = 2 respectively. The target value x is set to 0.5 when n = 1
and x = (0.5, 0.5) when n = 2.

For the hyperbolic tangent activation function, its induced Bregman penalty function
is computed as

BΨ(x, z) =


1
2 log

(
1−x2

1−tanh2 z

)
+ x (tanh−1(x)− z) |x| < 1

∞ otherwise
.

Finally, when considering the non-separable softmax activation function, its associ-
ated Bregman penalty function is

BΨ(x, z) =


∑n

j=1 xj(log(xj)− zj) + log(∑n
j=1 exp(zj)) xj ≥ 0 ,∑n

j=1 xj = 1
∞ otherwise

,

which is basically a shifted version of the multinomial logistic regression loss function.
In Figure 4.2, we visualise how each example Bregman penalty function compares to
the squared Euclidean distance.
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3.2 Lifted Bregman Training

By replacing the squared Euclidean penalisations in (4.13) with the Bregman penalty
function as defined in (4.28), we have modified (4.13) to (4.29).

To demonstrate the advantage of (4.29), let us consider the case with s = 1 and
one single training sample pair (x, y) again. Using Lemma 3.2, the gradient of (4.29)
with respect to Θl reads

∇Θl
BΨ(xl, f(xl−1,Θl)) = (σ(f(xl−1,Θl))− xl)JΘ

f (xl−1,Θl) ,

where JΘ
f denotes the Jacobian of f with respect to argument Θ, and for the specific

choice f(xl−1,Θl) = W⊤
l xl−1 + bl we observe

σ(W⊤
l x

i
l−1 + bl)− xi

l = 0 ,

as the optimality condition of (4.29) w.r.t. the bias term bl.
This shows that we guarantee network consistency, i.e. xi

l = σ(W⊤
l x

i
l−1 + bl), for all

layers l. In other words, the network is truly nonlinear in contrast to the lifted networks
described in Section 2.2.3, and computing the optimality condition with respect to
network parameters does not require differentiation of the activation function as in the
MAC-QP approach.

3.3 Related Works

In this section we review some other works related to the lifted Bregman training
framework and briefly address similarities and differences.

To tackle the major limitations of the classical lifted training approach, several
recent works also formulate training of lifted networks differently. Fenchel lifted neural
network (Gu et al., 2020) and Lifted Proximal Operator Machine (LPOM) (Li et al.,
2019) both extend the observation in Zhang and Brand (2017) to a broader class of
activation functions and demonstrate improved learning performance. In this section,
we briefly present the approaches proposed in these works and point out the their
connections and differences to the proposed lifted Bregman framework.

Fenchel lifted neural networks (Gu et al., 2020) extend the classical lifted network
approach (Askari et al., 2018) as discussed in Section 2.2.3 by reformulating the learning
problem (4.2) of a neural network with affine-linear function f(xl−1,Θl) = W⊤

l xl−1 + bl
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as

min
X,{Wl,bl}L

l=1

s∑
i=1

ℓ(yi,W⊤
L x

i
L−1 + bL)

s.t. Bl(xl,W
⊤
l x

i
l−1 + bl) ≤ 0 , for l = 0 . . . L− 1 .

where the equality constraints in Problem (4.5) are converted into constraints on a
collection of pre-defined biconvex functions Bl. For one fixed data pair (x, y), the
constraint Bl(xl,W

⊤
l xl−1) ≤ 0 provides the characterisation of an activation function

via
xi

l = σ(W⊤
l x

i
l−1 + bl) ⇔ Bl(xi

l,W
⊤
l x

i
l−1 + bl) ≤ 0 .

The Lagrange formulation of the constrained minimisation problem yields

min
X,{Wl,bl}L

l=1

s∑
i=1

[
ℓ(yi,W⊤

L x
i
L−1) +

L∑
l=1

λlBl(xl+1,W
⊤
l+1xl)

]
,

where λl are the Lagrange multipliers. The bi-convex functions Bl essentially take
on the same role as the Bregman penalty function (4.28), but without making the
connection to Bregman distances and without many of the theoretical results provided
in this paper. In the case of the ReLU activation function σ(z) = max(z, 0), the
functions Bl are defined as

Bl(v, u) =


1
2v

2 + 1
2u

2
+ − uv if v ≥ 0

∞ otherwise
.

Using Item 4 in Theorem 3.1, it is not difficult to see that this is the scalar-valued
equivalent of the Bregman penalty function

BΨ(x, z) =


1
2∥x∥

2 + 1
2∥max(z, 0)∥2 − ⟨z, x⟩ if x ≥ 0

∞ otherwise
.

However, without using generalised Bregman distances and proximal activation func-
tions, the derivation of Bl in Gu et al. (2020) requires deducing the energy from the
optimality system. Further, derivations for activation functions other than ReLU seem
possible but not as straightforward. Moreover, the analysis in Gu et al. (2020) requires
the activation function σ to be strictly monotone, while such strong restrictions are
not required in this work.
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LPOM on the other hand takes a similar approach to Gu et al. (2020) through the
use of proximal operators. The authors define

f(x) :=
∫ x

0
(σ−1(y)− y)dy and g(x) :=

∫ x

0
(σ(y)− y)dy

such that the proximal map of f as defined in Definition 2.3 is σ, and the proximal
map of g is σ−1. The authors of Li et al. (2019) propose to approximate (4.5) with

min
X,{Wl,bl}L

l=1

s∑
i=1

ℓ(yi,W⊤
L x

i
L−1+bL)+

L−1∑
l=1

µl(f(xi
l)+g(W⊤

l x
i
l−1)+

1
2∥x

i
l−(W⊤

l x
i
l−1+bl)∥2) ,

such that the optimality condition of the objective with respect to xi
l reads

0 = µl(σ−1(xi
l)− (W⊤

l x
i
l−1 + bl)) + µl+1(Wl+1)(σ(W⊤

l+1x
i
l + bl)− xi

l+1) .

Similar to the proposed approach, this approach ensures that the network constraints
xi

l = σ(W⊤
l x

i
l−1 + bl) are satisfied. However, like the Fenchel lifted neural network

approach, the LPOM work requires more restrictive assumptions such as invertibility
of the activation function σ, and provides fewer mathematical insights into the newly
defined penalisation functions.

3.4 Training Residual Neural Network

In this section, we demonstrate that the lifted Bregman framework for training standard
feedforward neural networks can be easily extended to the scheme of training residual
neural networks (He et al., 2015a). Notice that the residual block at the l-th layer of a
residual neural network (cf. Chapter 2 Definition 2.9) can be conveniently described as

xi
l = xi

l−1 + σ(f(xi
l−1,Θl)) , (4.34)

where xl are the auxiliary activation variables as described in Section 2. The training
problem can be conveniently formulated with the lifted Bregman framework by:

min
Θ,X

s∑
i=1

[
ℓ
(
yi, xi

L

)
+

L−1∑
l=1

λlBΨ
(
xi

l − xi
l−1, f(xi

l−1,Θl)
)]

,
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with λl being positive scalars. Furthermore, observe that the layer-wise relation (4.34)
can be viewed as a discretisation of the dynamical system:

dx

dt
= σ(f(xl−1,Θl)) .

If we consider constant step size in this discretisation scheme by setting the step size
to be 1 at the l-th time step, we obtain

ri
l = xi

l − xi
l−1 = σ(f(xi

l−1,Θl)) ,

where rl is introduced as an auxiliary variable called the residual variable. With the
introduction of rl, we can express each xl variable for l = {1, 2, . . . L − 1} by the
following scheme

xi
l = xi

0 +
l∑

j=1
ri

j for l = {1, 2, . . . L− 1} , (4.35)

where x0 denotes the input data to the neural network. Hence the learning problem of
residual neural networks can be alternatively formulated as

min
Θ,X,r

s∑
i=1

[
ℓ
(
yi, xi

L

)
+

L−1∑
l=1

λlBΨ
(
ri

l , f(xi
l−1,Θl)

)]

s.t. ri
l = xi

l − xi
l−1 ,

where r = {ri
l}

i=1,...,s
l=1,...,L−1. Or equivalently as the following form, where all the xl variables

except for xL in the last layer, are expressed via the recursion in (4.35), i.e.

min
Θ,r

s∑
i=1

ℓ (yi, xi
L

)
+

L−1∑
l=1

λlBΨ

ri
j, f(

xi
0 +

l−1∑
j=1

ri
j

 ,Θl)
 . (4.36)

In the next section, we will discuss a range of deterministic and stochastic strategies
that can be applied to computationally solve the training problem for both type of
neural networks.
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4 Numerical Realisation

In this section we discuss different computational strategies to solve Problem (4.29) and
Problem 4.36 numerically. We divide the discussion into deterministic and stochastic
strategies.

4.1 Deterministic Approaches

For simplicity of notation, we consider only one pair of samples (x, y) in Problem (4.29)
and we assume that the loss function ℓ can also be written as a Bregman loss function,
and set λl = 1 for all l. In order to efficiently solve (4.29) we split the objective in
(4.29) into differentiable and non-differentiable parts as follows:

E (Θ,X) =
L∑

l=1
BΨ(xl, f(xl−1,Θl))

=
L∑

l=1

1
2∥xl∥2 + Ψ(xl)︸ ︷︷ ︸

=:G(X)

+
L∑

l=1

[(1
2∥ · ∥

2 + Ψ
)∗

(f (xl−1, θl))− ⟨xl, f (xl−1, θl)⟩
]

︸ ︷︷ ︸
=:H(Θ,X)

= G(X) +H(Θ,X) .

Here H is a smooth-function in both arguments, while G is potentially non-smooth
but with closed-form proximal map.

Remark 4.1. We want to emphasise that (4.29) can also be split such that the squared
Euclidean norm 1

2∥xl∥2 of each variable xl is part of H, and not of G. Both splittings
are perfectly reasonable, and we arbitrarily chose the one that includes 1

2∥xl∥2 in G

because computing the proximal map of G with added squared Euclidean norm requires
only a trivial modification of the proximal map (cf. (Beck, 2017, Theorem 6.13)).

4.1.1 Proximal Gradient Descent

A straight-forward approach for the computational minimisation of E is proximal
gradient descent (cf. Chapter 2 Algorithm 4), also known as forward-backward splitting
(Lions and Mercier, 1979). This method is a special instance of the following Bregman
proximal algorithm (cf. Chapter Algorithm 2.12) that aims at finding minimisers of E
via the iterationΘk+1

Xk+1

 = arg min
Θ,X

E (Θ,X) +DJ

Θ
X

 ,
Θk

Xk

 . (4.37)
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Here, DJ denotes the Bregman distance with respect to a function J , which in case of
forward-backward splitting for E(Θ,X) = G(X) +H(Θ,X) reads

J(Θ,X) = 1
2τΘ

L∑
l=1
∥Θl∥2 + 1

2τX

L−1∑
l=1
∥xl∥2 −H(Θ,X).

Here, τΘ and τX are positive step-size parameters that are usually chosen to
guarantee local or global convexity of J in order to guarantee that (4.37) converges
locally or globally. Please note that local or global Lipschitz-continuity of the gradient
of H automatically implies existence of τΘ and τX that guarantee local or global
convexity of J (cf. (Bauschke et al., 2017; Benning et al., 2021; Benning and Riis,
2021)). Please note that properties 8, 9, 10 and 11 of Theorem 3.1 are particularly
useful in this regard. With these choices of E and J the optimisation problem (4.37)
simplifies to

Θk+1 = Θk − τΘ∇ΘH(Θk,Xk) ,

Xk+1 = arg min
X

{1
2
∥∥∥X − (Xk − τX∇XH(Θk,Xk)

)∥∥∥2
+ τXG(X)

}
,

= proxτXG

(
Xk − τX∇XH(Θk,Xk)

)
for initial values Θ0 and X0. More precisely, the updates with the previous definition
of G and H read

Θk+1
l = Θk

l − τΘ
(
proxΨ

(
f(xk

l−1,Θk
l )
)
− xk

l

)
JΘ

f (xk
l−1,Θk

l ) , (4.38a)

xk+1
j = prox τX

1+τX
Ψ

( 1
1 + τX

(
xk

j − τX

((
proxΨ

(
f(xk

j ,Θk
j+1)

)
− xk

j+1

)
Jx

f (xk
j ,Θk

j+1)

(4.38b)

−f(xk
j−1,Θk

j )
)))

,

for l ∈ {1, . . . , L} and j ∈ {1, . . . , L− 1}, where JΘ
f and Jx

f denote the Jacobians of f
with respect to Θ and x, respectively.

Example 4.1. Suppose we design a feedforward network architecture with Ψ = χ≥0,
which implies proxΨ(z) = max(z, 0), and f(x,Θl) = W⊤

l x+ bl, for Θl = (Wl, bl). Then
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(4.38) reads

W k+1
l = W k

l − τW xk
l−1

(
max

(
(xk

l−1)⊤W k
l + (bk

l )⊤, 0
)
− (xk

l )⊤
)
,

bk+1
l = bk

l − τb

(
max

(
(W k

l )⊤xk
l−1 + bk

l

)
− xk

l , 0
)
,

xk+1
j = max

xk
j − τx

(
W k

j+1 max
(
(W k

j+1)⊤xk
j + bk

j+1, 0
)
− xk

j+1

)
− (W k

j )⊤xk
j−1 − bk

j

1 + τx

, 0
 ,

for l ∈ {1, . . . , L}, j ∈ {1, . . . , L− 1} (with input x0 = x and output xL = y), k ∈ N
and the step-size parameters τΘ = (τW , τb) and τX = τx.

Note that many modifications of proximal gradient descent can be applied, such
as proximal gradient descent with Nesterov or Heavy-ball acceleration (Huang et al.,
2013; Mukkamala et al., 2020; Nesterov, 1983; Teboulle, 2018).

4.1.2 Coordinate Descent

The function E in Section 4 is convex in each individual variable if all other variables are
kept fixed. It therefore makes sense to consider alternating minimisation approaches,
also known as coordinate descent (cf. Chapter 2 Algorithm 5) for the minimisation of
E, i.e.

Θk+1
l = arg min

Θl

E
(
Θk+1

1 , . . . ,Θk+1
l−1 ,Θl,Θk

l+1, . . . ,ΘL, x
k
1, . . . , x

k
L−1

)
, (4.39a)

respectively

xk+1
j = arg min

xj

E
(
Θk+1

1 , . . . ,Θk+1
L , xk+1

1 , . . . , xk+1
j−1 , xj, x

k
j+1, . . . , x

k
L−1

)
, (4.39b)

for l ∈ {1, . . . , L} and j ∈ {1, . . . , L − 1}. Obviously, the order of updating the
individual parameters is completely arbitrary and can be replaced with permutations.
However, we want to point out that it does make sense to alternate with respect to the
Θ and X block, and to further alternate between the block of even and odd indices
within the X block. Suppose L is even, then this alternating optimisation between
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blocks can be written as

Θk+1 = arg min
Θ1,...,ΘL

E
(
Θ1, . . . ,ΘL, x

k
1, . . . , x

k
L−1

)
, (4.40a)

{xk+1
2l−1}

L
2
l=1 = arg min

x1,x3,...,xL−1
E
(
Θk+1

1 , . . . ,Θk+1
L , x1, x

k
2, x3, . . . , x

k
L−2, xL−1

)
, (4.40b)

{xk+1
2l }

L
2
l=1 = arg min

x2,x4,...,xL−2
E
(
Θk+1

1 , . . . ,Θk+1
L , xk+1

1 , x2, x
k+1
3 , . . . , xL−2, x

k+1
L−1

)
. (4.40c)

This alternating scheme has the advantage that the individual optimisation problems
are still convex, but whilst the three blocks have to be updated sequentially, every
variable in each of the three blocks can be updated in parallel. This becomes evident if
we write down the individual optimisation problems, i.e.

Θk+1
l = arg min

Θl

{(1
2∥ · ∥

2 + Ψ
)∗ (

f(xk
l−1,Θl)

)
−
〈
xk

l , f(xk
l−1,Θl)

〉}
, (4.41a)

xk+1
i = arg min

xi

{(1
2∥ · ∥

2 + Ψ
)

(xi)−
〈
xi, f(xk

i−1,Θk+1
i )

〉
(4.41b)

+
(1

2∥ · ∥
2 + Ψ

)∗ (
f(xi,Θk+1

i+1 )
)
−
〈
f(xi,Θk+1

i+1 ), xk
i+1

〉}
,

xk+1
j = arg min

xj

{(1
2∥ · ∥

2 + Ψ
)

(xj)−
〈
xj, f(xk+1

j−1 ,Θk+1
j )

〉
(4.41c)

+
(1

2∥ · ∥
2 + Ψ

)∗ (
f(xj,Θk+1

j+1)
)
−
〈
f(xj,Θk+1

j+1), xk+1
j+1

〉}
,

for l ∈ {1, . . . , L}, i ∈ {1, 3, . . . , L− 1} and j ∈ {2, 4, . . . , L− 2}.
Note that the individual updates in (4.39) and in (4.40), respectively (4.41), are

still implicit. If we, for instance, want to make the updates with respect to Θ explicit,
we can modify (4.39a) to

Θk+1
l = arg min

Θl

{
E
(
Θk+1

1 , . . . ,Θk+1
l−1 ,Θl,Θk

l+1, . . . ,ΘL, x
k
1, . . . , x

k
L−1

)
+DJ

((
Θk+1

1 , . . . ,Θk+1
l−1 ,Θl,Θk

l+1, . . . ,Θk
L

)
,
(
Θk+1

1 , . . . ,Θk+1
l−1 ,Θk

l ,Θk
l+1, . . . ,Θk

L

))}
,

(4.42)
where DJ denotes the Bregman distance w.r.t. the function J(Θ) = ∑L

l=1
1

2τΘl

∥Θl∥2 −
E(Θ,Xk). Similar modifications can be deployed for the block-coordinate descent
scheme (4.40), respectively (4.41), and the auxiliary parameters X. In the next Section
4.1.3, we briefly address how to computationally solve the individual sub-problems
(4.41a), (4.41b) and (4.41c), with a special case of alternating minimisation approach:
the alternating direction method of multipliers (ADMM), see Gabay (1983).
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4.1.3 Alternating Direction Method of Multipliers

In the previous section we have explored how to break the optimisation problem into
different blocks via coordinate descent. Each of these blocks could be solved with
proximal gradient descent as described in Section 4.1.1. However, we can alternatively
solve these blocks with ADMM (cf. Chapter 2 Algorithm 8) instead. Beginning with
sub-problem (4.41a), we can introduce auxiliary variables zl = f(xk

l−1,Θl) to replace
(4.41a) with the constrained formulation

(Θk+1
l , zl) = arg min

Θ,z

{(1
2∥ · ∥

2 + Ψ
)∗

(z)−
〈
xk

l , z
〉}

subject to z = f(xk
l−1,Θ) ,

for all l ∈ {1, . . . , L}. By introducing Lagrange multipliers {µl}L
l=1, we can transform

these problems into saddle-point problems of the form

(Θk+1
l , zl, µl) = arg min

Θ,z
max

µ

{(1
2∥ · ∥

2 + Ψ
)∗

(z)−
〈
xk

l , z
〉

+
〈
µ, z − f(xk

l−1,Θ)
〉}

.

ADMM computationally solves this saddle-point problem by alternatingly minimising
and maximising the associated augmented Lagrangian

Lk
l (Θ, z;µ) =

(1
2∥ · ∥

2 + Ψ
)∗

(z)−
〈
xk

l , z
〉

+
〈
µ, z − f(xk

l−1,Θ)
〉

+ δl

2
∥∥∥z − f(xk

l−1,Θ)
∥∥∥2
,

for a positive parameter δl. In the context of (4.41a), these updates read

Θj+1
l = arg min

Θ

{
δl

2
∥∥∥f(xk

l−1,Θ)− zj
l

∥∥∥2
− ⟨µj

l , f(xk
l−1,Θ)⟩

}
,

zj+1
l = prox 1

δl
( 1

2 ∥·∥2+Ψ)∗

( 1
δl

(
xk

l − µ
j
l + δl f(xk

l−1,Θ
j+1
l )

))
,

µj+1
l = µj

l + δl

(
zj+1

l − f(xk
l−1,Θ

j+1
l )

)
.

Please note that the proximal map prox 1
δl

( 1
2 ∥·∥2+Ψ)∗ can easily be expressed via the ex-

tended Moreau decomposition (cf. Chapter 2 Definition 1.3), i.e. δl prox 1
δl

( 1
2 ∥·∥2+Ψ)∗(x/δl) =

x−proxδl( 1
2 ∥·∥2+Ψ)(x). We further know proxδl( 1

2 ∥·∥2+Ψ)(x) = prox δl
1+δl

Ψ(x/(1+δl)); hence,
we observe

zj+1
l = prox 1

δl
( 1

2 ∥·∥2+Ψ)∗

( 1
δl

(
xk

l − µ
j
l + δl f(xk

l−1,Θ
j+1
l )

))
,

= 1
δl

(
xk

l − µ
j
l + δl f(xk

l−1,Θ
j+1
l )− prox δl

1+δl
Ψ

( 1
1 + δl

(
xk

l − µ
j
l + δl f(xk

l−1,Θ
j+1
l )

)))
,
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which is why we can compute the update solely based on a scaled version of the
proximal map of Ψ, which is the activation function of the neural network.

Example 4.2. In analogy to Example 4.1 we design a feedforward network architecture
with Ψ = χ≥0, implying proxΨ(z) = max(z, 0), and f(x,Θl) = W⊤

l x + bl, for Θl =
(Wl, bl). Computing a solution to (4.41a) via ADMM yields the algorithm

W j+1
l =

(
xk

l−1(xk
l−1)⊤

)−1
xk

l−1

(
zj

l + 1
δl

µj
l − b

j
l

)⊤
, (4.43)

bj+1
l = zj

l −
( 1
δl

µj
l − (W j+1

l )⊤xk
l−1

)
,

rj+1
l = xk

l − µ
j
l + δl

(
(W j+1

l )⊤xk
l−1 + bj+1

l

)
,

zj+1
l = 1

δl

(
rj+1

l − prox δl
1+δl

Ψ

(
rj+1

l

1 + δl

))
,

µj+1
l = µj

l + δl

(
zj+1

l −
(
(W j+1

l )⊤xk
l−1 + bj+1

l

))
,

for l ∈ {1, . . . , L}, j ∈ N and suitable initial values b0
l , z0

l and µ0
l . It is important to

point out that (4.43) is not well defined for only one sample because xk
l−1(xk

l−1)⊤ is
not invertible. However, we can overcome this issue by extending E to include more
samples, so that instead of requiring invertibility of xk

l−1(xk
l−1)⊤, we require invertibility

of ∑s
i=1 x

k
i,l−1(xk

i,l−1)⊤, which can be achieved if one has sufficiently distinctive samples.
Or we can add the term τ

2∥Wl −W j
l ∥2

Fro to the augmented Lagrangian, with a positive
multiple τ , which doesn’t affect the minimiser but guarantees that (4.43) is well-
defined by adding a positive multiple of the identity matrix to xk

l−1(xk
l−1)⊤, respectively∑s

i=1 x
k
i,l−1(xk

i,l−1)⊤.

In similar fashion to solving (4.41a), we can also solve (4.41b) and (4.41c) via
ADMM. Because (4.41b) and (4.41c) have identical structure but only different variables,
we focus on (4.41b) without loss of generality. If we follow the same line-of-reasoning
as before, the associated augmented Lagrangian reads

Lk
l (x, z;µ) =

(1
2∥ · ∥

2 + Ψ
)

(x)−
〈
x, f(xk

l−1,Θk+1
l )

〉
+
(1

2∥ · ∥
2 + Ψ

)∗
(z)− ⟨z, xk

l+1⟩

+
〈
µ, z − f(x,Θk+1

l+1 )
〉

+ δl

2
∥∥∥z − f(x,Θk+1

l+1 )
∥∥∥2
.

However, the challenge lies in the optimality condition for x, which even for fixed
variables z and µ doesn’t lead to a closed-form solution for x (unless Ψ is constant).
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Alternatively, we can introduce another variable v with constraint v = x and formulate

Lk
l (x, v, z;µ) =

(1
2∥ · ∥

2 + Ψ
)

(x)−
〈
x, f(xk

l−1,Θk+1
l )

〉
+
(1

2∥ · ∥
2 + Ψ

)∗
(z)− ⟨z, xk

l+1⟩

+
〈
µ,

z
v

−
f(v,Θk+1

l+1 )
x

〉+ δl

2

∥∥∥∥∥∥
z
v

−
f(v,Θk+1

l+1 )
x

∥∥∥∥∥∥
2

.

Alternatingly minimising and maximising this augmented Lagrangian yields the updates

xj+1
l = prox 1

1+δl
Ψ

(
δiv

j
i + (µj

l )2 + f(xk
l−1,Θk+1

l )
1 + δl

)
,

vj+1
l = arg min

v

{
δl

2
∥∥∥f(v,Θk+1

l+1 )− zj
l

∥∥∥2
−
〈
(µj

l )1, f(v,Θk+1
l+1 )

〉}
,

zj+1
l = prox 1

δl
( 1

2 ∥·∥2+Ψ)∗

(
f(vj+1

l ,Θk+1
l+1 ) + 1

δl

(
xk

l+1 − (µj
l )1
))

,

µj+1
l =

zj+1
l

vj+1
l

−
f(vj+1

l ,Θk+1
l+1 )

xj+1
l

 ,

for all l ∈ {1, 3, . . . , L− 1}.

4.1.4 Constrained Optimisation

Note that it is not necessarily known a-priori how to choose the scalar parameters
{λl}L

l=1 in (4.29). Alternatively, we can also re-formulate the constrained problem
formulation (4.5) to

min
Θ,X

s∑
i=1

ℓ(yi, xi
L)

subject to BΨ(xi
l, f(xi

l−1,Θl)) ≤ 0 for all l ∈ {1, . . . , L− 1} ,
(4.44)

similar to Gu et al. (2020). Note that we can write (4.44) as

min
Θ,X

s∑
i=1

ℓ(yi, xi
L) +

L−1∑
l=1

χ≤0
(
BΨ(xi

l, f(xi
l−1,Θl))

)
,

for the characteristic function χ≤0 over the non-positive orthant, which is equivalent
to the Lagrange formulation

min
Θ,X

sup
{λl}L−1

l=1

s∑
i=1

ℓ(yi, xi
L) +

L−1∑
l=1

[
λlBΨ(xi

l, f(xi
l−1,Θl))− χ≥0(λl)

]
, (4.45)
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if we express χ≤0 in terms of its conjugate χ≥0. Albeit being concave in {λl}L−1
l=1 , the

objective function is not convex in Θ,X in general, which is why swapping min and
sup will not necessarily lead to the same optimisation problem. Nevertheless, we could
employ coordinate descent or alternating direction method of minimisation techniques.
We could for example solve (4.45) with an alternating minimisation and proximal
maximisation algorithm of the form

(Θk+1,Xk+1) ∈ arg min
Θ,X

{
s∑

i=1
ℓ(yi, xi

L) +
L−1∑
l=1

λk
l BΨ(xi

l, f(xi
l−1,Θl))

}
,

λk+1
l = max

(
0, λk

l + τBΨ((xi
l)k+1, f((xi

l−1)k+1,Θk
l ))
)
,

where the minimisation with respect to Θ,X could be solved with any of the algorithms
described in Section 4 or in this section.

4.1.5 Regularisation of Network Parameters

In empirical risk minimisation, it is common to design regularisation methods that
substitute the empirical risk minimisation process, in order to combat ill-conditioning
of the empirical risk minimisation and to improve the validation error. In the context
of risk minimisation, regularisations are approximate inverses of the model function
with respect to the model parameters. In this section we discuss the two common
approaches of variational and iterative regularisation and how to incorporate them
into the lifted Bregman framework.

Variational Regularisation. In variational regularisation (cf. Chapter 2 Definition
3.3), a positive multiple of a regularisation function is added to the empirical risk
formulation. Denoting this regularisation function by R, we can simply modify E to

ER(Θ,X) =
L∑

l=1
BΨ (xl, f(xl−1,Θl)) +R(Θ) .

However, there is a catch with this modification that is probably not obvious at first
glance. Suppose R is differentiable for now. If we compute the optimality condition
w.r.t. a particular Θl, we observe

0 = ∇Θl

(
BΨ(x∗

l , f(x∗
l−1,Θ∗

l )) +R(Θ∗
1, . . . ,Θ∗

l , . . . ,Θ∗
L)
)
,

=
(
σ(f(x∗

l−1,Θ∗
l ))− x∗

l

)
JΘ

f (x∗
l−1,Θ∗

l ) +∇Θl
R(Θ∗) .
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Without ∇Θl
R(Θ∗), the condition 0 =

(
σ(f(x∗

l−1,Θ∗
l ))− x∗

l

)
JΘ

f (x∗
l−1,Θ∗

l ) guaran-
tees network consistency σ(f(x∗

l−1,Θ∗
l )) = x∗

l up to an element in the nullspace of
JΘ

f (x∗
l−1,Θ∗

l ). Unless ∇Θl
R(Θ∗) = 0, this network consistency will be violated when

adding a regularisation term R that acts on the network parameters. Because of this
shortcoming, we consider iterative regularisation strategies as an alternative in the
next subsection.

Iterative Regularisation. When we iteratively update the parameters Θ and X

via approaches like (4.37) or (4.42), we can convert them into iterative regularisations
known as (linearised) Bregman iterations (Benning and Burger, 2018; Cai et al., 2009;
Osher et al., 2005). We achieve this simply by including a regularisation function in
the Bregman function. For example, in (4.37) we can choose

J(Θ,X) = 1
τΘ

(
R(Θ) + 1

2

L∑
l=1
∥Θl∥2

)
+ 1

2τX

L−1∑
l=1
∥xl∥2 −H(Θ,X)

instead of
J(Θ,X) = 1

2τΘ

L∑
l=1
∥Θl∥2 + 1

2τX

L−1∑
l=1
∥xl∥2 −H(Θ,X).

Note that in contrast to including R in a modified objective ER, incorporating R in
J does not alter E, but it allows to control the regularity of the model parameters Θ.
If the objective E has multiple or even infinitely many minimisers, a different choice of
R enables convergence towards network parameters with desired properties such as
sparsity of the parameters.

In the context of neural networks, such a strategy has first been applied in Benning
et al. (2021) to train neural networks and also control the rank of the network parameters.
We can achieve the same by choosing R to be a positive multiple of the nuclear norm.
Recently, in Bungert et al. (2021), the idea of (linearised) Bregman iterations has
been extended to stochastic first-order optimisation in order to effectively train neural
networks with sparse parameters. Networks with sparse network parameters can be
obtained by setting R to a positive multiple of the one-norm.

4.1.6 Regularisation of Auxiliary Variables

One of the great advantages of a lifted network approach is that it is straight-forward
to also impose regularisation on the auxiliary variables {xl}L−1

l=1 . This can be extremely
useful in different contexts. Suppose, for example, that we want to train an autoencoder
neural network with sparse encoding. This would require us to impose regularity on
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the output of the encoder network, which is equal to one of the auxiliary variables in
the lifted network formulation. We will discuss such a sparse autoencoder approach in
greater detail in Section 5.2. In the following, we want to discuss how to adapt the
two regularisation strategies discussed in the previous section.

Variational Regularisation. In contrast to variational regularisation of network
parameters, adding a regularisation function R that acts on X to the objective E
does not impact the optimality system of E w.r.t. the network parameters Θ. Hence,
network consistency will not be violated and regularity can be imposed this way.

Iterative Regularisation. In identical fashion to the previous section, we can
incorporate regularity by modifying Bregman functions, for example in (4.37) via

J(Θ,X) = 1
2τΘ

L∑
l=1
∥Θl∥2 + 1

τX

(
R(X) + 1

2

L−1∑
l=1
∥xl∥2

)
−H(Θ,X)

instead of
J(Θ,X) = 1

2τΘ

L∑
l=1
∥Θl∥2 + 1

2τX

L−1∑
l=1
∥xl∥2 −H(Θ,X).

This concludes the discussion on deterministic optimisation strategies.

4.2 Stochastic Approaches

Having discussed suitable deterministic approaches for the minimisation of E, we
want to describe how to adopt such approaches in stochastic settings. In particular,
we consider the objective E from the previous section, but for s pairs of samples
{(xi, yi)}s

i=1:

E(Θ,X) = 1
s

s∑
i=1

L∑
l=1

BΨ
(
xi

l, f(xi
l−1,Θl)

)
. (4.46)

Here, Θ = {Θl}L
l=1 is again the short-hand notation for all parameters (for all layers),

but X = {xi
l}

i=1,...,s
l=1,...,L is the collection of auxiliary variables that now also depend on

the input and output samples {(xi, yi)}s
i=1. We want to investigate which stochastic

minimisation methods we can formulate that only use a (random) subset of the indices
at every iteration.

The most straight-forward approach is to use out-of-the-box, state-of-the-art first
order methods like stochastic gradient descent (cf. Chapter 2 Algorithm 10) or variants
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of it. Since the function E is additively composed of a smooth (H) and a non-smooth
(G) function, the overall function E is non-smooth. Hence, gradient-based first-order
methods applied directly to E become subgradient-based first-order methods, with
potentially slower convergence and artificial critical points, even though these usually do
not pose serious issues with high probability (cf. Bolte and Pauwels (2020)). However,
fully explicit optimisation methods whose convergence speed depend on Lipschitz
constants of gradients can easily suffer from an explosion of these constants when
applied directly to non-smooth functions.

Another disadvantage of applying methods such as stochastic gradient descent
and evaluating the gradient or subgradient via back-propagation is that it is not
straight-forward to easily distribute the computation of parameters as it is the case
for distributed optimisation approaches such as the ones described in Section 2.2,
respectively (Askari et al., 2018; Carreira-Perpinan and Wang, 2014; Gu et al., 2020).

And not to forget, we lose the advantage that the differential of the Bregman
penalty function BΨ does not require the differentiation of the activation function if
we try to differentiate the non-smooth part G. We therefore discuss three alternative
optimisation strategies; we begin with a discussion of stochastic proximal gradient
descent, then we continue to focus on data-parallel (implicit) optimisation, before we
conclude with implicit stochastic gradient descent.

4.2.1 Stochastic Proximal Gradient Descent

Given the structure of E, it seems natural to consider stochastic proximal gradient
descent (Duchi and Singer, 2009; Rosasco et al., 2019). However, most approaches,
such as the ones discussed in Rosasco et al. (2019), assume a structure of the form

E(Θ) = G(Θ) + 1
s

s∑
i=1

Hi(Θ) ,

where every Hi is differentiable and G is proximable. In comparison, our setting is of
the form

E(Θ,X) = 1
s

s∑
i=1

(G(Xi) +H(Θ,Xi)) , (4.47)

where Xi is the collection {xi
1, . . . , x

i
L−1} for each index i ∈ {1, . . . , s}. Here, the

function G only depends on the samples X and optimising with respect to X remains
deterministic, while we can optimise Θ by only using (random) subsets of {1, . . . , s}
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at each iteration. A possible approach is to compute

Θk+1 = Θk − τ k
Θ∇ΘH(Θk,Xk

i ) ,
Xk+1

i = proxτXi
G

(
Xk

i − τXi
∇Xi

H(Θk,Xk
i )
)
,

or alternating variants. It should be straight-forward to show convergence for such
an algorithm with standard arguments in the simpler but unrealistic setting in which
both H and G are jointly-convex in both X and Θ. However, proving such a result is
beyond the scope of this work.

4.2.2 Data-parallel Optimisation

Instead of minimising (4.47) for all samples at once, one can split the indices into
m randomised batches Bp with ⋃m

p=1 Bp = {1, . . . , s} and ⋂m
p=1 Bp = ∅. We can then

solve the optimisation problems for each batch individually and subsequently average
all results, which is also widely known as model averaging (McDonald et al., 2010;
Zinkevich et al., 2010). The optimisation problem for each batch can be solved in
parallel with any of the methods described in Section 4.1. In the next section, we focus
on an alternative implicit optimisation technique that can be performed sequentially
for all batches or in parallel, which in its sequential form is known as implicit stochastic
gradient descent.

4.2.3 Implicit Stochastic Gradient Descent

Implicit stochastic gradient descent (cf. Chapter 2 Algorithm 12) is a straight-forward
modification of stochastic gradient descent where each update is implicit. Note that
mini-batch stochastic gradient descent for an objective E(Θ) = 1

s

∑s
i=1 fi(Θ), which in

its usual form reads

Θk+1 = Θk − τ k

|Bp|
∑

i∈Bp

∇fi(Θk) , (4.48)

can be formulated as

Θk+1 = arg min
Θ

 1
|Bp|

∑
i∈Bp

fi(Θ) +DJk
(Θ,Θk)

 , (4.49)
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see for instance Benning and Riis (2021), which shows that it is also a special-case of
stochastic mirror descent (Nemirovski et al., 2009), and where

Jk = 1
2τ k
∥Θ∥2 − 1

|Bp|
∑

i∈Bp

fi(Θ),

with DJk
being the corresponding Bregman distance.

Here, the choice of function Jk ensures the explicitness of mini-batch stochastic
gradient descent (cf. (Benning and Riis, 2021, Equation (6))). We can obviously
replace Jk simply with 1

2τk ∥Θ∥2, so that (4.49) changes to

Θk+1 = arg min
Θ

 1
|Bp|

∑
i∈Bp

fi(Θ) + 1
2τ k
∥Θ−Θk∥2

 . (4.50)

This method, proposed and studied in Toulis and Airoldi (2017) is similar to classical
stochastic gradient descent, but the update can no longer be computed explicitly and
requires the implicit solution of a deterministic optimisation problem at each iteration.
If we want to connect this to Section 4.2.2, we can modify (4.50) to not use the previous
argument Θ as the second argument in the Bregman distance, but to use the average
of the previous epoch, i.e.

Θk+1
p = arg min

Θ

 1
|Bp|

∑
i∈Bp

fi(Θ) + 1
2τ k

p

∥∥∥∥∥∥Θ− 1
m

m∑
q=1

Θk
q

∥∥∥∥∥∥
2
 , (4.51)

for p ∈ {1, . . . ,m}. The advantage of (4.51) over (4.50) is that each batch can be
processed in parallel, at the cost of potentially inferior convergence speed. Applying
(4.50) to objective (4.46) yields the iteration

(Θk+1,Xk+1) = arg min
Θ,X

 1
|Bp|

∑
i∈Bp

L∑
l=1

BΨ(xi
l, f(xi

l−1,Θl))) + 1
2τ k
∥Θ−Θk∥2

 .

(4.52)

It is important to point out that in (4.52) not all x-variables are updated at once,
but only the variables for the current batch Bp. Hence, an entire epoch is required
to update all x-variables once. For simplicity, we introduce a short-hand notation
Xp

l = {xi
l}i∈Bp to denote the collection of xl-variables associated with the current batch

Bp.
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Algorithm 18: Implicit Stochastic Lifted Bregman Learning Algorithm
Initialise Θ0

l for each l ∈ {1, 2, . . . , L}.
for k ∈ {1, 2, . . . , K} do

Choose Bp ⊂ {1, 2, . . . s} either at random or deterministically.
Initialise xi

j = σj(f(xi
j−1,Θk

j )) for each i ∈ Bp and j ∈ {1, 2, . . . , L− 1}.
for l ∈ {L, . . . 1} and j ∈ {L− 1, . . . 1} do

for n ∈ {0, 1, . . . , N − 1} do
Compute step size parameters τΘ and τx.

Θn+1
l ← Θn

l − τΘ

 1
|Bp|

∑
i∈Bp

(proxΨ

(
f(xi,n

j−1,Θn
l )
)
− xi,n

j JΘ
f (xi,n

j−1,Θn
l )
)

+ τ k(Θn
l −Θk−1

l )
 ,

for i ∈ Bp do

xi,n+1
j ←prox τx

|Bp|+τx
(Ψ+R)

(
|Bp|

|Bp|+ τx

(
xi,n

j + τx

|Bp|
(
f(xi,n

n−1,Θk
j )

−
(
proxΨ

(
f(xi,n

j ,Θn
j+1)

)
− xi,n

j+1

)
Jx

f (xi,n
j ,Θn

j+1)
)))

,

end
end
Θk

l ← ΘN
l .

end
end

As an example, consider the problem of training a feedforward network by minimising
(4.29) with additional variational regularisation acting on the auxiliary variable as
described in Section 4.1.6, for f(xl−1,Θl) = W⊤

l xl−1 + bl. Using (4.52) and (4.38)
for each individual minimisation problem per mini-batch, the overall algorithm is
summarised in Algorithm 18. Here, K refers to the number of epochs, and N refers to
the number of iterations of the inner algorithm.

Note that similar to the examples described in Section 4.1, one can replace the
squared-two-norm term in (4.52) with a Bregman distance term to design explicit-
implicit variants of (4.52). For example, if we replace 1

2τk ∥Θ−Θ∥2 with the Bregman
distance DJk

(Θ,Θk) for the choice

Jk(Θ) = 1
τ k
∥Θ∥2 − 1

|Bp|
∑

i∈Bp

L∑
l=1

BΨ(xi
l, f(xi

l−1,Θl))),
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we can make (4.52) explicit with respect to the parameters Θ, with the potential
drawback of more complicated implicit optimisation problems for X.

Remark 4.2. We want to emphasise that all approaches for computationally solving
the lifted Bregman approach require more memory because the lifted Bregman framework
introduces auxiliary variables that need to be stored at all times. However, even for the
standard back-propagation algorithm, the intermediate variables also have to be stored
in memory for the purpose of computing gradients in the backward pass. Nevertheless,
this memory requirement is a potential limitation of lifting approaches.

5 Example Problems

In this section, we present some example problems and demonstrate how the lifted
Bregman approach can be utilised to train neural networks. We discuss both supervised
and unsupervised learning examples. We consider the supervised learning task of image
classification, and the unsupervised learning task of training a sparse autoencoder and
a sparse denosing autoencoder.

5.1 Classification

The first example problem that we consider is image classification. In the fully
supervised learning setting, pairwise data samples {xi, yi}s

i=1 are provided, with each
xi being an input image while yi represents the corresponding class label. The task is
to train a classifier that correctly categorises images by assigning the correct labels.
Training an L-layer network via the lifted Bregman approach can be formulated as the
following minimisation problem:

min
Θ,X

1
s

s∑
i=1

[
BΨL

(
yi, xi

L

)
+

L−1∑
l=1

BΨl

(
xi

l, f(xi
l−1,Θl)

)]
. (4.53)

Note that we allow for different functions Ψl in order to allow for different activation
functions for different layers. The loss function ℓ in the Learning Problem (4.2) can also
be chosen to be a Bregman (penalty) loss function BΨL

(yi, xi
L), which here measures

the discrepancy between the predicted output and the target labels.
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5.2 Sparse Autoencoder

For the next two application examples we consider sparse autoencoders. Sparse
autoencoders aim at transforming signals into sparse latent representations, effectively
compressing the original signals. In this section, we formulate an unsupervised,
regularised empirical risk minimisation for sparse autoencoders in the spirit of Section
4.1.6.

As discussed in Chapter 2, the latent space of a sparse autoencoder can have the
same or larger dimension than the input space, where only relatively few coefficients of
the code are non-zero. This variant of conventional autoencoders allows for individual
signals to have non-zero coefficients in different positions.

Sparsity on latent nodes can be achieved by explicitly regularising the latent
representations (Ng et al., 2011; Xie et al., 2012). One approach is to penalise the
Kullback Leibler divergence between the hidden node sparsity rate and the target
sparsity level during training (Ng et al., 2011; Xie et al., 2012). In this work, we explore
an alternative approach using ℓ1 regularisation to promote sparsity of the codes in the
spirit of compressed sensing (cf. Candès et al. (2006); Donoho (2006)), and proceed as
discussed in Section 4.1.6. We formulate the sparse autoencoder training problem as
the minimisation of the energy

min
Θ,X

1
s

s∑
i=1

[
BΨL

(
xi

0, x
i
L

)
+

L−1∑
l=1

λl BΨl

(
xi

l, f(xi
l−1,Θl)

)
+ α∥xi

L/2∥1

]
, (4.54)

with {xi
0}s

i=1 denoting the provided, unlabelled data. Here {xi
L/2}s

i=1 are the activation
variables that correspond to the code, i.e. the output of the encoder, which we
arbitrarily chose at the middle layer L

2 . The regularisation parameter α ≥ 0 is the
hyper-parameter controlling the sparsity of the codes.

As discussed in Section 4.1.6, one of the advantages of the lifted Bregman framework
is that additional regularisation terms acting on the activation variables can easily be
incorporated into various algorithmic frameworks.

5.3 Sparse Denoising Autoencoder

We present the third example that aims at learning sparse autoencoders for denoising.
During training, a denoising autoencoder receives corrupted versions x̃ of the input x
and aims to reconstruct the clean signal x. By changing the reconstruction objective,
the denoising autoencoder is compelled to learn a robust mapping against small random
perturbations and must go beyond finding an approximation of the identity function
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(Alain and Bengio, 2014; Bengio et al., 2013a). In analogy to (5.2), the proposed
learning problem reads

min
Θ,X

1
s

s∑
i=1

[
BΨL

(
xi

0, x̃
i
L

)
+

L−1∑
l=1

λl BΨl

(
x̃i

l, f(x̃i
l−1,Θl)

)
+ α∥x̃i

L/2∥1

]
, (4.55)

where x̃i
0 and xi

0 are the corrupted and clear input data respectively. Similar to training
sparse autoencoders, we regularise the ℓ1-norm of the hidden code, i.e. the middle
layer activation variable xL/2 to enforce activation sparsity.

6 Numerical Results

In this section, we present numerical results for the example applications described
in Section 5. We implement the lifted Bregman framework with Algorithm 18 and
compare this method to three first-order methods: 1) the classical (sub-)gradient
descent method described in (4.3), 2) the stochastic (sub-)gradient descent method
which follows (4.48), and 3) the implicit stochastic (sub-)gradient descent that follows
(4.50).

All results have been computed using PyTorch 3.7 on an Intel Xeon CPU E5-2630
v4. Related programming code is available through the University of Cambridge data
repository at https://doi.org/10.17863/CAM.86729.

We use the MNIST dataset (LeCun et al., 1998) and the Fashion-MNIST dataset
(Xiao et al., 2017) for all numerical experiments. For both datasets, we pre-process the
data by centring the images and by converting the labels to one-hot vector encodings.

For all subsequent experiments, the choice of τk is made via grid search for values
in {0.1, 0.25, 0.33, 0.5, 0.55, 0.8, 1}, where τk is selected such that the training error is
smallest. The number of inner iterations N is also chosen via grid search for values in
{2, 5, 10, 15, 30, 50, 100, 200, 300}. For N larger than 30 we do not observe a notable
improvement in reduction of training error.

6.1 Classification

For the classification task, we follow the work of Zach and Estellers (2019) and consider
a fully connected network with L = 4 layers with ReLU activation functions. More
specifically, we use f(xl−1,Θl) = W⊤

l xl−1 + bl with Wl ∈ Rml−1×ml and bl ∈ Rml×1

where m1 = 784, m2 = m3 = 64 and m4 = 10. In solving the classification problem
described in Section 5.1, we do not include any additional regularisation term and set

https://doi.org/10.17863/CAM.86729
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R ≡ 0 in the learning objective (5.1). We use the Mean Squared Error (MSE) between
the prediction and the one-hot encoded target values as our classification loss, which
also is a Bregman (penalty) loss function (4.28) for ΨL ≡ 0.

We apply Algorithm 18 to train the classification network with the lifted Bregman
framework. In solving each mini-batch sub-problem (4.52), we run a maximum of
N = 15 iterations with τ k = 0.25 for all k. The other step-size parameters are set to
τWl

= 1.99/ (∥Xp
l ∥2

2 + τk/2) and τx = 1.99/∥Wl∥2
2 to ensure convexity of J in (4.37). For

comparison, the same network architecture is trained via the stochastic (sub-)gradient
method (4.48) in combination with the back-propagation Algorithm 16, which we will
refer to as the SGD-BP approach. Out of the learning rates {1× 10−5, 5× 10−5, 1×
10−4, 5× 10−4, 1× 10−3, 5× 10−3, 1× 10−2, 5× 10−2, 1× 10−1, 5× 10−1}, we found that
1× 10−3 works best empirically in terms of receiving lowest training objective values.

For both the MNIST and Fashion-MNIST datasets, we use 60,000 images for
training and 10,000 images for validation. Network parameters in all experiments
are identically initialised following Glorot and Bengio (2010). We choose batch size
|Bk| = 100 and train the network for 100 epochs.

Table 4.1 summarises the achieved training and validation classification accuracy
after training. For the classical lifted training approach, we quote results from Zach
and Estellers (2019). The lifted Bregman scheme achieves comparable classification
accuracy to the SGD-BP approach and shows substantial improvements over the
classical lifted approach that produces affine-linear networks.

MNIST Fashion-MNIST
Model Train Test Train Test

Standard Lifted Network 85.6% 86.3% 81.4% 80.0%
Lifted Bregman Network 99.3% 96.8% 93.5% 85.7%

SGD-BP 99.6% 96.9% 95.8% 87.9%

Table 4.1 This table summarises training and test classification accuracies for the
MNIST and Fashion-MNIST datasets, where the network is trained with the lifted
Bregman approach, the classical lifted training approach and the stochastic (sub-
)gradient method with back-propagation.

In Table 4.2 we present the evaluated percentage of linear activations of the network
under different training strategies. This rate computes the percentage of number of
nodes in each hidden layer that perform linearly, i.e. (zi = max(zi, 0)). As described
in Section 2.2.3, classical lifted network training produces affine-linear networks. We
empirically verify that the lifted Bregman framework overcomes this limitation.
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MNIST Fashion-MNIST
Model Layer 1 Layer 2 Layer 3 Layer 1 Layer 2 Layer 3

Standard Lifted Network 99.9% 99.9% 99.9% 99.9% 99.9% 99.9%
Lifted Bregman Network 47.4% 82.2% 70.1% 59.2% 85.7% 64.7%

SGD-BP 40.1% 29.7% 73.6% 32.2% 28.1% 78.4%

Table 4.2 In this table, we show the percentage of nodes in the network’s hidden layers
that act linearly. The network is trained with the lifted Bregman approach, the classical
lifted approach and the the stochastic (sub-)gradient method with back-propagation
respectively, on both the MNIST and Fashion-MNIST datasets.

MNIST
Per iteration Per epoch Total runtime

LBN 0.003 29.45 3011.72
LBN∗ 0.001 15.02 1583.89

SGD-BP 0.001 5.73 600.62
Fashion-MNIST

Per iteration Per epoch Total runtime
LBN 0.003 29.65 3088.94
LBN∗ 0.001 16.02 1612.48

SGD-BP 0.001 6.12 603.51
Table 4.3 This table records runtimes for the LBN approach and SGD-BP approaches
on training classifiers on MNIST and Fashion-MNIST datasets respectively. Entries in
LBN∗ show the runtimes of the LBN approach where the time spent on computing
the step size parameters τwl

and τxl
is deducted.

In terms of computational cost, we record the runtimes of the LBN and SGD-BP
approaches and report them in Table 4.3. It should be emphasised that LBN schemes
are computationally more expensive compared to SGD-BP approaches, due to the
additional iterations for solving the inner problem. Entries in LBN∗ show the runtimes
of the LBN approach where the time spent on computing the step size parameters τwl

and τxl
is deducted.

6.2 Sparse Autoencoder

As discussed in Section 5.2, we train a fully connected autoencoder with L = 4
layers with f(xl−1,Θl) = W⊤

l xl−1 + bl. The hidden dimension is set to ml = 784
for l = 1, . . . , 4, i.e. there is no explicit reduction in dimension. We use the MSE
reconstruction loss and the regularisation parameter α is chosen at α = 0.09 and does
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not ensure optimal validation errors, but a sparsity rate of the code of approximately
90% to guarantee an implicit reduction in dimension instead.

Note that the additional regularity on the code can easily be implemented in the
lifted Bregman framework provided we choose a suitable activation function for the
activation variable that corresponds to the code. Specifically, when the activation
variable x2 is activated by the soft-thresholding function, the additional non-smooth
ℓ1-norm regularisation term in (5.2) can easily be incorporated by modifying the Ψ2

function in the update step of the x2 variable in Algorithm 18. In this example, we apply
the soft-thresholding activation function after the second affine-linear transformation
and adopt ReLU activation functions for all other layers.

MNIST-1K For this application example, we consider a slightly more challenging
learning scenario (referred to as MNIST-1K). We limit the amount of training data,
and compare how well the trained network generalises on a larger validation set. We
choose s = 1, 000 images from the MNIST dataset at random and use it as our training
dataset and use all 10, 000 images from the validation dataset for validation.

We experiment with both deterministic and stochastic implementations of the
lifted Bregman framework. For the stochastic implementation (referred to as LBN-S),
network parameters are trained via Algorithm 18. We choose batch size |Bk| = 20 and
step-size τk = 1. In each batch sub-problem, the minimisation problems are iterated
for N = 15 iterations, with step-sizes computed via τwl

= 1.99s/(∥Xp
l ∥2

2 + τk/2) and
τb = 1.99. The deterministic implementation (LBN-D) follows the same update steps
described in Algorithm 18 with τ k = 0 and |Bk| = s, i.e. we use all data at every epoch.
The step size τwl

is computed as 1.99s/∥Xl∥2
2.

For comparison, we train the autoencoder also with two first-order methods: (sub-
)gradient descent (GD-BP), which follows (4.3), and the stochastic (sub-)gradient
descent approach (SGD-BP) described in (4.48), both in combination with the back-
propagation Algorithm 16 for the computation of (sub-)gradients.

As learning objective we choose the MSE loss plus α times the ℓ1-norm regularisation.
Various learning rates in the range [10−4, 10−1] have been tested. In terms of minimising
the training objective values, we find that 4 × 10−2 and 3 × 10−2 work optimal for
GD-BP and SGD-BP approaches, respectively.

We train the autoencoder network for 100 epochs and plot the decay of the objective
values over all epochs in Figure 4.3 (Top). While the training objective value tracks the
sum of reconstruction loss and α times ℓ1-norm regularisation, the validation objective
only records the MSE loss. The sparsity rate per epoch is computed as the percentage
of zero-valued entries of the code X2, which we visualise in Figure 4.3 (Bottom).
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Fig. 4.3 Sparse autoencoder trained on MNIST-1K dataset. Top: Objective values per
epoch for each learning scheme as explained in Section 6.2. The training objectives
(solid lines) record MSE loss plus ℓ1-norm regularisation and the validation objectives
(dashed lines) report the MSE loss values. Bottom: Sparsity level of the code per
training epoch for each learning scheme.

Overall, the lifted Bregman implementations outperform the (sub-)gradient-based
first-order methods. The reason for this discrepancy in performance is that using



132 Lifted Bregman Training of Neural Networks

first-order subgradient methods to minimise highly non-smooth functions is less efficient
compared to using proximal first-order methods. Since we enforce high-levels of sparsity
in this example, it is expected that the proposed lifted Bregman approach performs
better. If one were to decrease the level of sparsity of the code, the discrepancy in
performance will become smaller. We also observe that the stochastic variants of both
learning schemes can speed up training and provide faster convergence compared to
their deterministic counterparts. The effect on LBN-D is more noticeable than on
GD-BP as we observe significant drops in objective value in early training epochs.

The validation loss curves recovered with GD-BP and SGD-BP follow their training
curves quite closely. LBN-S on the other hand shows a drop of the validation loss
before it increases again after around 7 epochs. A similar increase could be observed for
LBN-D if we were to train the parameters for more epochs. This demonstrates that we
can overfit this autoencoder with 3136 parameters to the 1000 training data samples of
dimension 784 with the LBN algorithms, but we do not observe the same phenomenon
with the GD-BP and SGD-BP algorithms. A comparison of the LBN-D, GD-BP and
SGD-BP approaches when trained for more epochs can be found in Figure 4.4. In
light of Zhang et al. (2021b), this raises the question whether good generalisation
properties of neural networks are more down to the choice of optimisation technique
than architectural design choices.

When looking at a sparsity rate comparison per epoch, we notice the oscillatory
behaviours of both (sub-)gradient based methods. As their sparsity levels climb higher,
their corresponding objective value curves remain stagnant. The decreases in objective
values for both GD-BP and SGD-BP roughly coincide with when their sparsity rate
drops. In contrast, we can see that the lifted Bregman implementations handle the
same level of regularisation more smoothly. They achieve similar sparsity levels in the
end but in a more stable and controlled manner.

In Figure 4.5, we visualise ground truth images and reconstructions of two randomly
selected images from the training dataset for all four training approaches. In Figure
4.6 we visualise the same quantities but based on two randomly selected images from
the validation dataset. All four approaches are capable of providing good quality
reconstructions in light of the high sparsity levels, for both the training and testing
datasets. However, the proposed LBN-D and LBN-S approaches provide sharper
edges and finer details than the GD-BP and SGD-BP approaches. LBN-S slightly
outperforms LBN-D and is capable of defining even clearer and sharper edges. More
reconstructed images can be found at the end of this chapter.
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Fig. 4.4 Objective values for the sparse autoencoder trained on MNIST-1K dataset for
750 epochs for the LBN-D, GD-BP and SGD-BP scheme as explained in Section 6.2.
The training objectives (solid lines) record MSE loss plus ℓ1-norm regularisation and
the validation objectives (dashed lines) report the MSE loss values.

Per iteration Per epoch Total runtime
LBN-D 0.33 90.35
LBN -D∗ 0.24 61.98

GD 0.17 53.71
LBN-S 0.14 98.09 11204.28
LBN -S∗ 0.014 2.045 257.98
SGD-BP 0.011 0.237 60.81

Table 4.4 This table records runtimes for each approach of training sparse autoencoders
on the MNIST-1K dataset. Entries in LBN −D∗ and LBN − S∗ record the runtimes
where the time spent on computing step size parameters τwl

and τxl
is deducted.

For all experiments, we record runtimes for each approach for comparison and
visualise them in Table 4.4. For deterministic approaches, we record only per epoch
runtime as it is the same as the per iteration runtime. Entries in LBN -D∗ and LBN -S∗

show runtimes where the time spent on computing the step size parameters τwl
and

τxl
has been deducted. We note that the difference in runtime between the LBN and

SGD-BP approach per iteration is mainly a result of the computation of the step size
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Fig. 4.5 Reconstructed images from the MNIST training dataset for the
LBN-D, LBN-S, GD-BP and SGD-BP training strategies respectively,
along with ground truth images.

Fig. 4.6 Reconstructed images from the MNIST validation dataset for
the LBN-D, LBN-S, GD-BP and SGD-BP training strategies respectively,
along with ground truth images.

parameters τwl
and τxl

. We will present a fairer comparison with in the upcoming
sparse denoising autoencoder section.

6.3 Sparse Denoising Autoencoder

The sparse denoising autoencoder adopts the same network architecture as the sparse
autoencoder described in Section 6.2, which sets the hidden dimension to 784 across
all layers. To produce noisy images, instances of Gaussian random variables with
mean zero and standard deviation 10−3 are added to each pixel. We use the MSE
as the last layer loss function to measure the difference of reconstruction and noisy
images. We consider two training scenarios to evaluate model performances: 1) In
the first scenario, we train the network with limited data from the Fashion-MNIST
dataset, similar to Section 6.2, where we take 1,000 training images (referred to as
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Fashion-MNIST-1K) and validate on 10,000 images. 2) For the second scenario, the
training dataset consists of 10,000 images (referred to as Fashion-MNIST-10K) and
the validation dataset consists of 10,000 images.
Fashion-MNIST-1K In the first group of experiments, we train a sparse autoencoder
with imposed sparsity regularisation during training on the Fashion-MNIST-1K dataset.
For the lifted Bregman training approach (LBN) we apply Algorithm 18 to minimise
the learning objective (5.3) with α = 0.09. We set the batch size to |Bk| = 20, the
step-size parameter τk to τk = 0.5, for all k, and the inner iterations N to N = 15 for
solving each mini-batch sub-problem (4.52) via (4.38). For comparison, we consider
a vanilla stochastic (sub-)gradient method (SGD-BP) as described in (4.48) and the
stochastic (sub-)gradient descent approach with implicit parameter update (ISGD-BP)
that follows (4.50) to train the network parameters. Both approaches use the learning
rate 1× 10−3 and apply the back-propagation Algorithm 16 for computing the (sub-
)gradients. The ISGD-BP does so by solving the inner problem with GD-BP for N
iterations.

All approaches train for 50 epochs. A log-scale plot of the objective value decay for
all three training approaches is visualised in Figure 4.7 (Top) and the tracked changes
of the hidden node sparsity level are plotted in Figure 4.7 (Bottom).

When trained on the Fashion-MNIST-1K dataset, we observe that LBN achieves
faster convergence and outperforms ISGD-BP and SGD-BP especially at early training
epochs. Towards later epochs, ISGD-BP starts to align and eventually achieves
comparable training and validation errors.

The ISGD-BP approach and LBN approach are capable of achieving and maintaining
higher sparsity levels from earlier epochs onwards, while the SGD-BP approach on
the other hand seems to increase the sparsity level much more slowly compared to the
other two approaches. It should, however, be emphasised that the SGD-BP algorithm
is computationally less expensive per epoch.

Fashion-MNIST-10K We conduct the second set of experiments on the Fashion-
MNIST-10K dataset. We choose a bigger batch size of |Bk| = 200 and penalise the
ℓ1-norm regularisation with α = 0.055 during training. For both the LBN and the
ISGD-BP approach, we set τk = 1 and perform N = 30 iterations in each mini-batch
sub-problem. We choose a learning rate of 4× 10−4 for the ISGD-BP approach as well
as for the SGD-BP approach.

In Figure 4.8 we visualise the training and validation loss curves (Top) and the
sparsity rate (Bottom) over the 50 training epochs when training the proposed algo-
rithms on the Fashion-MNIST-10K dataset. As expected, the gap between training
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Fig. 4.7 Sparse denoising autoencoder trained on Fashion-MNIST-1K images. Top:
Objective values per epoch for each learning approach. The training loss record MSE
reconstruction error plus α times ℓ1-norm regularisation while the validation loss record
the MSE reconstruction error. Bottom: Sparsity level of the code per training epoch
for each learning scheme.

and validation loss curves in this experiment are closer due to larger amount of training
samples while network complexity is unchanged. Note that the proposed LBN approach
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Fig. 4.8 Sparse denoising autoencoder trained on Fashion-MNIST-10K images. Top:
Objective values per epoch for each learning approach. The training loss record MSE
reconstruction error plus α times ℓ1-norm regularisation while validation loss curves
record the MSE reconstruction error. Bottom: Sparsity level of the code over the 50
training epochs for each learning scheme.

exhibits stronger performance and outperforms the other two (sub-)gradient based
methods when a larger amount of training data is available. Not only is the LBN
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approach capable of achieving lower reconstruction loss values after 50 epochs but also
achieves and maintains higher sparsity rates more quickly.

In terms of computational cost, we record the runtimes for each approach and
visualise them in Table 4.5. If we deduce the time spent on computing the step
size parameters, as shown in the entries LBN∗ in Table 4.5, the total runtime largely
decreases. Hence, as both the LBN and ISGD-BP approaches require 30 inner iterations
per batch sub-problem, we also compare both approaches to the SGD-BP approach
for 1500 epochs to ensure the comparison between the total number of iterations for
all three approaches is fairer. As visualised in Figure 4.9, we verify that the SGD-BP
approach matches training and validation errors of ISGD-BP, but falls short of achieving
training and validation values as low as those obtained with LBN.

Per iteration Per epoch Total runtime
LBN 0.153 236.76 12768
LBN∗ 0.021 33.11 1720.96

ISGD-BP 0.027 50.79 2439.76
SGD-BP 0.018 2.17 144.32
SGD-BP ∗ 0.018 2.09 4205.41

Table 4.5 This table records runtimes for each approach of training sparse denoising
autoencoders on the Fashion-MNIST-10K dataset. Entries in LBN∗ record the runtimes
where the time spent on computing step size parameters τwl

and τxl
is deducted. Entries

in SGD-BP ∗ record the runtimes when the SGD-BP approach trains for 1500 epochs.

Although LBN approaches require more runtime per iteration than standard SGD-
BP approaches due to the additional computation of the auxiliary variables Xl, we
want to stress that parallelisation can benefit LBN approaches better than the standard
SGD-BP based approaches. The standard back-propagation algorithm is sequential
in nature, whereas the LBN approaches allow parallel computation of the weight and
auxiliary variables as discussed in section 4.1.2.

Comparison with Undercomplete Autoencoders. So far, we haven’t properly
motivated the use of sparse autoencoders in comparison to traditional autoencoders
that explicitly reduce the dimension of the code. A sparse code with m non-zero
entries requires basically the same amount of memory than a m-dimensional code
but offers greater flexibility because the location of the non-zero entries can vary for
different network inputs. This advantage should lead to better validation errors of
sparse autoencoders compared to traditional, undercomplete autoencoders. In order
to verify the advantages of training sparse autoencoders over training undercomplete
autoencoders (UAE), we conduct two additional experiments where we train under-
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Fig. 4.9 Comparison of sparse denoising autoencoders trained on the Fashion-MNIST-
10K dataset with LBN, ISGD-BP and SGD-BP for 1500 epochs, and of sparse denoising
autoencoders with undercomplete autoencoders. Top: Objective values per epoch for
all learning approaches. Horizontal lines mark end-of-training and end-of-validation
objective values of LBN and ISGD-BP. Bottom: Sparsity level of the code over the
1500 training epochs. Horizontal lines show end-of-training sparsity rates of LBN and
ISGD-BP.
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complete autoencoders on the Fashion-MNIST-10K dataset without imposing any
additional regularisation.

We observe that the sparse denoising autoencoder trained with α = 0.055 eventually
reaches 91% sparsity rate after 50 epochs, which suggests that on average 70 nodes in
the code of the final model are activated. Hence, we train a 4-layer fully connected
undercomplete autoencoder with ReLU activation function for every layer but set
the number of nodes in the middle layer to 70, which implies W2 ∈ R784×70 and
W3 ∈ R70×784. The undercomplete autoencoder is trained with both LBN and SGD-BP
and we compare if a reconstruction quality comparable to the sparse autoencoder can
be achieved.

Fig. 4.10 Comparison of sparse denoising autoencoders trained on the Fashion-MNIST-
10K dataset with LBN, ISGD-BP and SGD-BP, and of sparse denoising autoencoders
with undercomplete autoencoders. Plot shows objective values per epoch for each
learning approach. The training and validation loss curves report MSE reconstruction
errors over 50 epochs.

In Figure 4.10, we validate that the lifted Bregman approach helps to improve
both undercomplete and sparse autoencoder to achieve faster convergence and lower
objective values compared to the (sub-)gradient based methods. We also confirm that
after 50 epochs the sparse denoising autoencoder achieves lower training and validation
errors compared to the UAE approach.

More specifically, the UAE model trained with the lifted Bregman approach sees
bigger reconstruction loss decreases in the early epochs, but is outperformed by the
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sparse autoencoder at later epochs. This experiment seems to suggest that by leveraging
the power of sparsity, sparse autoencoders trained via lifted Bregman approaches are
capable of finding more flexible data representations compared to autoencoders with
explicit dimension reduction.

Fig. 4.11 Denoised images from the Fashion-MNIST-1K training dataset,
computed with the LBN, the SGD-BP and the ISGD-BP training strategies
for 50 epochs, along with the noise-free and noisy images.

Fig. 4.12 Denoised images from the Fashion-MNIST-1K validation dataset
computed with the LBN, the SGD-BP and the ISGD-BP training strategies
for 50 epochs, along with the noise-free and noisy images.

The compression of the input data is achieved by ensuring that only relatively
few coefficients of the code are non-zero. Hence, the advantage over conventional
undercomplete autoencoders is that the position of the non-zero coefficients can vary
for every input. We provide visualisations of the sparse code from a sample input
image computed with the SGD-BP, ISGD-BP and LBN approach in Figure 4.13.

We also visualise a selection of denoised sample images from the Fashion-MNIST-1K
training dataset in Figure 4.11 and from the Fashion-MNIST-10K training dataset in
Figure 4.14. Although the loss values of LBN and ISGD-BP were comparable after 50
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Fig. 4.13 Visualisation of the sparse coding of the sandal image object from Figure
4.14 computed with the SGD-BP, ISGD-BP, and LBN, respectively. Note that the
scaling of the sparse coefficients is slightly different for LBN in comparison to SGD-BP
and ISGD-BP.

epochs, the visual comparison between the network outputs suggests that the network
trained with LBN is able to restore finer details (for instance the stripes on the t-shirt).

The same network also exhibits better denoising performance for the validation
images as seen in Figure 4.12.

Similar observations can be made when we examine denoised sample images from
the models trained on the Fashion-MNIST-10K dataset (Figure 4.14). The LBN trained
network is capable of recovering fine structures such as the dotted backpack object.
Both SGD-BP and ISGD-BP struggle with fine details and are prone to producing
coarse approximations. The observations still hold true for the validation dataset as
can be seen from Figure 4.15. For example, the LBN approach is able to recover the
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curvature of the trousers, but SGD-BP and ISGD-BP only recover straight-legged
trousers.

Additional visualisations of the sparse denoising autoencoder outputs can be found
at the end of this chapter.

Fig. 4.14 Denoised images from the Fashion-MNIST-10K training dataset
computed with the LBN, the SGD-BP (trained for 1500 epochs) and the
ISGD-BP training strategies respectively, along with the noise-free and
noisy images.

Fig. 4.15 Denoised images from the Fashion-MNIST-10K validation dataset
computed with the LBN, the SGD-BP (trained for 1500 epochs) and the
ISGD-BP training strategies respectively, along with the noise-free and
noisy images.
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7 Discussion

In this chapter, we discussed the Bregman framework for learning parameters of
feedforward neural networks and residual neural networks. To achieve that, we have
introduced a penalty function based on Bregman distances and we provided detailed
mathematical analysis of this new penalty function. By replacing the quadratic penalties
in the MAC-QP approach, we modified MAC-QP and lifted network frameworks as
introduced in (Askari et al., 2018; Carreira-Perpinan and Wang, 2014; Gu et al., 2020;
Li et al., 2019) and established rigorous mathematical properties. The advantage of
the proposed framework is that it formulates the training of neural networks as a
minimisation problem in which computing partial derivatives of the network parameters
does not require differentiation of the activation functions. We have demonstrated that
this framework can be realised computationally with a variety of different deterministic
and stochastic minimisation algorithms.

With numerical experiments in classification and compression, we compared the
implementation of the proposed framework to explicit and implicit stochastic gradient
methods implemented with back-propagation.

• For classification, we have shown that the trained network is non-linear in
contrast to the lifted network approach proposed in Askari et al. (2018), while
also achieving similar classification accuracy as networks trained with first-order
methods with back-propagation.

• For compression, we showed with our sparse autoencoder example that training
parameters with proximal gradient descent or implicit stochastic gradient descent
can be more efficient than first-order methods with back-propagation. We have
also shown that it is straightforward to integrate regularisation acting on the
activation variables. This enabled us to design an autoencoder with sparse codes
that is shown to produce more adaptive compressions compared to conventional
autoencoders.

This chapter established the lifted Bregman framework for solving forward-direction
learning problems of neural networks. In the upcoming chapter, we will illustrate how
this framework inspires a solution to the backward-direction learning problem, via the
regularised inversion of neural networks.
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Chapter 5

Lifted Bregman Inversion of Neural
Networks

In the previous chapters, we have established the lifted Bregman framework for the
training of neural networks without the differentiation of activation functions. The
framework lifts the parameter space into a higher dimensional space by introducing
auxiliary variables, and penalises these variables with tailored Bregman distances.
Via the introduction of auxiliary variables, in addition to providing an alternative
formulation for training neural networks, the proposed framework also opens up new
pathways for explicit control and investigation on the network activation variables.

In this chapter, we present a family of variational regularisations based on the
Bregman penalty function and introduce the lifted Bregman framework for the regu-
larised inversion of deep neural networks. In particular, we will prove the convergence
result for the regularised inversion of a single-layer perceptron as well as formulate
computational approaches for solving the regularised inversion problem of multi-layer
feedforward neural networks. The main contributions of this chapter are three-fold:

• We establish a lifted Bregman framework for the regularised inversion of multi-
layer feedforward neural networks.

• We show that for the single-layer perceptron case, the proposed variational
regularisation approach is a provably convergent regularisation without overly
restrictive assumptions such as differentiability of the activation function and
the presence of a tangential cone condition.
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• We present proximal first-order optimisation strategies to solve the proposed vari-
ational regularisation method and demonstrate several numerical examples that
support the effectiveness of the proposed model-based regularisation approach.

Organisation of the Chapter

This chapter is structured as follows. In Section 1 we briefly review the inversion
problem of feedforward neural networks as well as often neglected aspects of the
inversion process. In Section 2 we introduce the lifted Bregman formulation for the
model-based inversion of feedforward neural networks. In Section 3 we prove that
for the single-layer perceptron case the proposed model is a convergent variational
regularisation method and provide general error estimates as well as error estimates for a
concrete example of a perceptron with ReLU activation function. In Section 4 we discuss
how to implement the proposed variational regularisation computationally for both
the single-layer perceptron and the multi-layer neural network setting. Subsequently,
we present numerical results that demonstrate empirically that the proposed approach
is a model-based regularisation in Section 5, before we conclude this chapter with a
brief discussion in Section 6.
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1 Introduction

Over the past decade, neural networks have emerged as groundbreaking computing
systems, revolutionising various research domains and surpassing numerous conventional
machine learning approaches (cf. (Goodfellow et al., 2016a; LeCun et al., 2015)).
However, this performance comes at the cost of interpretability (or rather a lack
thereof) of the outputs that a neural network produces for given inputs.

As a consequence, a lot of research has focused on understanding representations
of neural networks and on developing strategies to interpret these representations,
predominantly with saliency maps (Chang et al., 2018; Fong et al., 2019; Fong and
Vedaldi, 2017; Simonyan et al., 2013). An alternative approach focuses on understanding
deep image representations by inverting them (Mahendran and Vedaldi, 2015). The
authors propose a total-variation-based variational optimisation method that aims to
infer the network input from the network output with regularised inversion.

While the concept of inverting neural networks is certainly not new (cf. (Jensen
et al., 1999; Kindermann and Linden, 1990; Linden and Kindermann, 1989; Lu et al.,
1999)), there has been increasing interest in recent years largely due to developments
in nonlinear dimensionality reduction and generative modelling that include (but are
not limited to) (variational) Autoencoders (Kingma and Welling, 2013), Normalising
Flows (Dinh et al., 2015; Rezende and Mohamed, 2015), Cycle-Consistent Generative
Adversarial Networks (Zhu et al., 2017), and Probabilistic Diffusion Models (Ho et al.,
2020; Sohl-Dickstein et al., 2015).

Several approaches for the inversion of neural networks have been proposed especially
in the context of generative modelling (see for example (Behrmann et al., 2019, 2021)
in the context of normalising flows, (Xia et al., 2022) in the context of generative
adversarial networks and (Gal et al., 2022) in the context of probabilistic diffusion
models), yet an important aspect, which is often overlooked, is that invertible operations
alone are not automatically stable with respect to small variations in the data. For
example, computing the solution of the heat equation after a fixed termination time
is stable with respect to variations in the initial condition, but estimating the initial
condition from the terminal condition of the heat equation is not stable with respect
to perturbations in the terminal condition. This issue cannot be resolved without
approximation of the inverse with a family of continuous operators, also known as
regularisation. The research field of Inverse and Ill-posed Problems and its branch
Regularisation Theory focus strongly on the stable approximation of ill-posed and
ill-conditioned inverses via regularisations (Engl et al., 1996) and so-called variational
regularisations (Benning and Burger, 2018; Scherzer et al., 2009) that are a special
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class of (nonlinear) regularisations. The optimisation model proposed in (Mahendran
and Vedaldi, 2015) can be considered as a variational regularisation method with total
variation regularisation; however, the work in (Mahendran and Vedaldi, 2015) is purely
empirical, and to the best of our knowledge no works exist that rigorously prove that
the proposed approach is a variational regularisation.

In this chapter, we introduce a regularisation framework based on lifting with
tailored Bregman distances and prove that the proposed framework is a convergent
variational regularisation for the inverse problem of estimating the inputs from single-
layer perceptrons or the inverse problem of estimating hidden variables in multi-layer
neural networks sequentially. While there has been substantial work in previous
years that focuses on utilising neural networks as nonlinear operators in variational
regularisation methods (Arridge et al., 2019; Li et al., 2020; Lunz et al., 2018; Mukherjee
et al., 2021; Schwab et al., 2019), our proposed variational regularisation framework
bridges the gap by providing for the first time theoretical guarantees for the stable,
model-based inversion of neural networks.

2 Model-based Inversion of Feedforward Neural
Networks

Suppose we are given an L-layer feedforward neural network N : Rn × P → Rm of the
form

N (x,Θ) = σL(f(σL−1(f(. . . σ1(f(x,Θ1)) . . .)),ΘL)) , (5.1)

for input data x ∈ Rn and pre-trained parameters Θ ∈ P. Here, {σl}L
l=1 denotes

the collection of nonlinear activation functions and f denotes a generic function
parametrised by parameters {Θl}L

l=1. For ease of notation, we use Θ to refer to all
parameters {Θl}L

l=1. For a given network output y ∈ Rm, our goal is to solve the
inverse problem

N (x,Θ) = y (5.2)

for an unknown input x ∈ Rn. The problem (5.2) is usually ill-posed in the sense
that a solution may not exist (especially if m ≪ n) or is not unique (especially if
n≪ m, or if information is lost through application of nonlinear activation functions).
Moreover, even for a network with identity activation functions σl and affine linear
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transformation f , solving (5.2) is often ill-conditioned in the sense that errors in y get
heavily amplified when solving for x. We therefore propose to approximate the inverse
of this nonlinear, potentially ill-posed inverse problem via the minimisation of a lifted
Bregman formulation of the form

xα

xα
1
...

xα
L−1

 ∈ arg min
x,x1,...,xL−1

{
L∑

l=1
BΨl

(xl, f(xl−1,Θl)) + αR(x)
}
, (5.3)

where we assume x0 = x and xL = yδ for simplicity of notation. The data yδ is
a perturbed version of y, for which we assume BΨL

(yδ, f(x†
L−1,ΘL)) ≤ δ2, for some

constant δ ≥ 0. The functions BΨl
for l = 1, . . . , L are defined as

BΨl
(x, z) = 1

2∥x∥
2 + Ψl(x) +

(1
2∥ · ∥

2 + Ψl

)∗
(z)− ⟨x, z⟩ , (5.4)

for a proper, convex and lower semi-continuous function Ψl : Rnl → R ∪ {∞}. The
notation

(
1
2∥ · ∥

2 + Ψl

)∗
refers to the convex or Fenchel conjugate of 1

2∥ · ∥
2 + Ψl, i.e.(

1
2∥ · ∥

2 + Ψl

)∗
(z) = supy⟨z, y⟩ − 1

2∥y∥
2 − Ψl(y). Last but not least, the function

R : Rn → R ∪ {∞} is a proper, convex, and lower semi-continuous function that
enables us to incorporate a-priori information into the inversion process. The impact
of this is controlled by the parameter α > 0.

Please note that the functions BΨl
have some useful properties and are directly

connected to the chosen activation functions {σl}L
l=1. Following Chapter 4 Corollary

3.1, we observe

BΨl
(x, z) ≥ 1

2∥σl(z)− x∥2 ,

where σl : Rnl → Rnl is a non-linear proximal activation function with respect to Ψl,
for all l ∈ {1, . . . , L}.

The advantage of using functions BΨl
over more conventional functions such as

the squared Euclidean norm of the difference of the network output and the measured
output, i.e. 1

2∥N (x,Θ)− y∥2, is that the functions BΨl
are continuously differentiable

with respect to their second argument (cf. Chapter 4 Theorem 3.1). If we define
F l

x(z) := BΨl
(x, z), we observe

∇F l
x(z) = σl(z)− x . (5.5)
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For the remainder of this chapter, we assume that the parametrised functions f
are affine-linear in the first argument, with parameters Θl. A concrete example is the
affine-linear transformation f(x,Θl) = Wlx+ bl, for a (weight) matrix Wl ∈ Rnl×nl−1 ,
a (bias) vector bl ∈ Rnl and the collection of parameters Θl = (Wl, bl).

In the next section, 1) we show that (5.3) is a variational regularisation method for
L = 1 and 2) we prove a convergence rate with which the solution of (5.3) converges
towards the true input of a perceptron when δ converges to zero.

3 Convergence Analysis and Error Estimates

In this section we show that the proposed model (5.3) is a convergent variational
regularisation for the specific choice L = 1 and the assumption f(x,Θ) = Wx+ b for
Θ = (W, b), which reduces (5.3) to a variational regularisation model for the perceptron
case. Let it be noted that here we are not interested in estimating the perceptron
parameters W and b but assume that these are pre-trained hence fixed, and that we
study the regularisation operator

Rα : dom(Ψ) ⇒ Rn , Rα : yδ ⇒ xα ∈ arg min
x∈Rn

{
BΨ

(
yδ,Wx+ b

)
+ αR(x)

}
, (5.6)

where dom(Ψ) is defined as dom(Ψ) := {y ∈ Rm |Ψ(y) < ∞}. We first want to
establish under which assumptions (5.6) is well-defined for all yδ.

3.1 Well-definedness

For simplicity, we focus on the finite-dimensional setting with network inputs in Rn and
outputs in dom(Ψ). However, the following analysis also extends to more general Banach
space settings with additional assumptions on the operator W . We refer interested
readers to (Benning and Burger, 2018, Section 5.1) for more detailed discussion. Recall
from Chapter 2 Assumption 3.1, we will make the following assumptions with respect
to a generalised perceptron:

• We assume that R is non-negative and the polar of a proper function, i.e. R = H∗

for a proper function H : Rn → R ∪ {∞}. Note that this automatically implies
convexity of R.

• Moreover, we assume that Ψ is a proper, non-negative and convex function that is
continuous on dom(Ψ), which implies that BΨ is proper, non-negative, convex in
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its second argument and continuous in its first argument for every yδ ∈ dom(Ψ).
Then, for every g ∈ dom(Ψ) there exists x with

BΨ(g,Wx+ b) + αR(x) <∞ .

• Last but not least, we assume that R and Ψ are chosen such that for each
g ∈ dom(Ψ) and α > 0 we have

∥x∥ ≤ c(a, b, ∥g∥), if BΨ(g,Wx+ b) ≤ a and αR(x) ≤ d ,

for constants a, d and a constant c that depends monotonically non-decreasing
on all arguments.

With these assumptions, we can then verify the following lemma.

Theorem 3.1. Let the assumptions outlined in the previous paragraph be satisfied.

1. Then, for every y ∈
{
g ∈ dom(Ψ)

∣∣∣ arg minx,∈Rn,R(x)<∞ BΨ(g,Wx+ b) ̸= ∅
}

the
selection operator (cf. Chapter 2 Definition 3.2)

S(y) = arg min
x∈Rn

{
R(x)

∣∣∣∣∣x ∈ arg min
x̃∈Rn

BΨ(y,Wx̃+ b)
}

is well-defined.

2. The regularisation operator Rα as defined in (5.6) is well-defined in the sense
that for every y ∈ dom(Ψ) there exists xα ∈ Rn with xα ∈ Rα(y). Moreover, the
set Rα(y) is a convex set.

3. For every sequence yn → y ∈ dom(Ψ) there exists a subsequence xnk
∈ Rα(ynk

)
converging to an element x∗ ∈ Rα(y).

Proof. A more generic proof can be found in Chapter 2 Theorem 3.1, Theorem 3.2,
and Theorem 3.3. The original statement only implies convergence in the weak-star
topology; however, since here we consider a finite-dimensional Hilbert space, this
automatically implies strong convergence here.
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3.2 Error Estimates

Having established that (5.3) is a regularisation operator, we now want to prove that
it is a convergent regularisation operator in the sense of the estimate

DR(x†, xα) ≤ Cδ , (5.7)

such that the regularisation method is D-convergent (cf. Chapter 2 Definition 3.4). The
vector xα is a solution of (5.3) with data yδ for which we assume BΨ(yδ,Wx† + b) ≤ δ2,
and C ≥ 0 is a constant. The vector x† is an element of the selection operator as
specified in Lemma 3.1.1, i.e. x† ∈ S(y) for y ∈ dom(Ψ). Note that x† ∈ S(y)
is equivalent to x† being a R-minimising vector amongst all vectors that satisfy
0 = W ∗

(
σ(Wx† + b)− y

)
, where σ denotes the proximal map with respect to Ψ.

This is due to the fact that x† ∈ arg minx̃∈Rn BΨ(y,Wx̃ + b) is equivalent to 0 =
∇BΨ(y,Wx† + b) = W ∗

(
σ(Wx† + b)− y

)
. Assuming that σ(Wx† + b)− y does not

lie in the nullspace of W ∗, this further implies y = σ(Wx† + b).
In order to be able to derive error estimates of the form (5.7), we restrict ourselves

to solutions x† that are in the range of Rα (cf. Chapter 2 Definition 3.5). This means
that there exists y† such that x† ∈ Rα(y†). Considering the optimality condition of
(5.3) for y†, this implies

W ∗
(
y† − σ(Wx† + b)

α

)
∈ ∂R(x†) ,

which for v† := (y† − σ(Wx† + b))/α = (y† − y)/α is equivalent to the existence of a
source condition element v† that satisfies the source condition (cf. Chapter 2 Definition
3.6)

W ∗v† ∈ ∂R(x†) . (SC)

In the following, we verify that the symmetric Bregman distance (cf. Chapter 2
Definition 1.13) with respect to R between a solution of the regularisation operator
and the solution of the inverse problem is converging to zero if the error in the data is
converging to zero. As the symmetric Bregman distance or Jeffreys distance between
two vectors x and x̃ simply is the sum of two Bregman distances with interchanged
arguments, hence an error estimate in the symmetric Bregman distance also implies an
error estimate in the classical Bregman distance.
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Before we begin our analysis, we recall the concept of the Jensen-Shannon divergence
(Lin, 1991), which for general proper, convex and lower semi-continuous functions
F : Rn → R ∪ {∞} generalises to so-called Burbea-Rao divergences (cf. Chapter 2
Definition 1.14).

Another important concept that we need in order to establish error estimates is
that of Fenchel conjugates (cf. Chapter 2 Definition 1.10). The Fenchel conjugate that
is of particular interest to us is the conjugate of the function BΨ(y, z) with respect to
the second argument, which we characterise with the following lemma.

Lemma 3.1. The Fenchel conjugate of Fy(z) := BΨ(y, z) with respect to the second
argument z reads

F ∗
y (w) =

(1
2∥ · ∥

2 + Ψ
)

(y + w)−
(1

2∥ · ∥
2 + Ψ

)
(y) .

Proof. From the definition of the Fenchel conjugate we observe

F ∗
y (w) = sup

z∈Rm
⟨z, w⟩ − Fy(z)

= sup
z∈Rm

⟨z, w⟩ −
(1

2∥ · ∥
2 + Ψ

)
(y)−

(1
2∥ · ∥

2 + Ψ
)∗

(z) + ⟨y, z⟩

= −
(1

2∥ · ∥
2 + Ψ

)
(y) + sup

z∈Rm
⟨z, w + y⟩ −

(1
2∥ · ∥

2 + Ψ
)∗

(z)

= −
(1

2∥ · ∥
2 + Ψ

)
(y) +

(1
2∥ · ∥

2 + Ψ
)

(w + y) ,

which concludes the proof.

Having defined the Burbea-Rao divergence (cf. Chapter 2 Definition 1.14) and
having established the Fenchel conjugate of BΨ(y, z) with respect to the second
argument z for fixed y, we can now present and verify our main result on error
estimation on the basis of Chapter 2 Theorem 3.4.

Theorem 3.2. Suppose R and Ψ satisfy the assumptions outlined in Section 3.1. Then,
for data yδ and y that satisfy BΨ(yδ,Wx† + b) ≤ δ2 with δ ≥ 0 with δ ≥ 0, a solution
xα ∈ Rα(yδ) of the variational regularisation problem (5.3), and a solution x† of the
perceptron problem y = σ(Wx† + b) that satisfies x† ∈ S(y) and (SC), we observe the
error estimate

(1− c)BΨ(yδ,Wxα + b) + αDsymm
R (xα, x

†) ≤ (1 + c)δ2 + α2

c
∥v†∥2

+ 2cJΨ

(
yδ + α

c
v†, yδ − α

c
v†
) , (5.8)



158 Lifted Bregman Inversion of Neural Networks

for a constant c ∈ (0, 1] and JΨ is the Burbea-Rao divergence of Ψ.

Proof. Every solution xα that satisfies xα ∈ Rα(yδ) can equivalently be characterised
by the optimality condition

W ∗
(
σ(Wxα + b)− yδ

)
+ αpα = 0 ,

for some subgradient pα ∈ ∂R(xα). Subtracting αp† ∈ ∂R(x†) from both sides of the
equation and taking a dual product with xα − x† then yields

⟨σ(Wxα + b)− yδ,Wxα −Wx†⟩+ αDsymm
R (xα, x

†) = −α⟨p†, xα − x†⟩ . (5.9)

We easily verify

DBΨ(yδ,W ·+b)(x†, xα) = BΨ(yδ,Wx† + b)−BΨ(yδ,Wxα + b)− ⟨σ(Wxα + b)− yδ,Wx† −Wxα⟩ ;

hence, we can replace ⟨σ(Wxα + b) − yδ,Wxα − Wx†⟩ with DBΨ(yδ,W ·+b)(x†, xα) +
BΨ(yδ,Wxα + b)−BΨ(yδ,Wx† + b) in (5.9) to obtain

DBΨ(yδ,W ·+b)(x†, xα) +BΨ(yδ,Wxα + b) + αDsymm
R (xα, x

†) = BΨ(yδ,Wx† + b)− α⟨p†, xα − x†⟩ .

We know 0 ≤ DBΨ(yδ,W ·+b)(x†, xα) due to the convexity of BΨ(yδ,W ·+b), and we also
know that (SC) enables us to choose p† = W ∗v†. Hence, we can estimate

BΨ(yδ,Wxα + b) + αDsymm
R (xα, x

†) ≤ BΨ(yδ,Wx† + b)− α⟨v†,Wxα −Wx†⟩ .

Next, we introduce the constant c ∈ (0, 1] to split the loss functions BΨ(yδ,Wxα+b) and
BΨ(yδ,Wx†+b) into (1−c)BΨ(yδ,Wxα+b)+cBΨ(yδ,Wxα+b) and (1+c)BΨ(yδ,Wx†+
b)− cBΨ(yδ,Wx† + b), respectively. This means we estimate

(1− c)BΨ(yδ,Wxα + b) + αDsymm
R (xα, x

†) ≤ (1 + c)BΨ(yδ,Wx† + b)
+ ⟨αv†,Wx† + b⟩ − cBΨ(yδ,Wx† + b)
− ⟨αv†,Wxα + b⟩ − cBΨ(yδ,Wxα + b) .

Next, we make use of Lemma 3.1 to estimate

⟨αv†,Wx† + b⟩ − cBΨ(yδ,Wx† + b) ≤ c
((1

2∥ · ∥
2 + Ψ

)(
yδ + α

c
v†
)
−
(1

2∥ · ∥
2 + Ψ

) (
yδ
))

,
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and

−⟨αv†,Wxα + b⟩ − cBΨ(yδ,Wxα + b) ≤ c
((1

2∥ · ∥
2 + Ψ

)(
yδ − α

c
v†
)
−
(1

2∥ · ∥
2 + Ψ

)(
yδ
))

.

Adding both estimates together yields

⟨αv†,Wx† + b⟩ − cBΨ(yδ,Wx† + b)− ⟨αv†,Wxα + b⟩ − cBΨ(yδ,Wxα + b) ,

≤ α2

c
∥v†∥2 + c

(
Ψ
(
yδ + α

c
v†
)

+ Ψ
(
yδ − α

c
v†
)
− 2Ψ(yδ)

)
,

= α2

c
∥v†∥2 + 2cJΨ

(
yδ + α

c
v†, yδ − α

c
v†
)
,

which together with the error bound BΨ(yδ,Wxα + b) ≤ δ2 concludes the proof.

Remark 3.1. We want to emphasise that for continuous Ψ and c > 0 we automatically
observe

lim
α→0

JΨ

(
yδ + α

c
v†, yδ − α

c
v†
)

= 0 ,

in which case the important question from an error estimate point-of-view is if the term
converges quicker to zero than α, as we would need to guarantee

lim
α→0

JΨ

(
yδ + α

c
v†, yδ − α

c
v†
)
/α = 0

in order to guarantee that the symmetric Bregman distance in (5.8) converges to zero
for α→ 0.

Example 3.1 (ReLU perceptron). Let us consider a concrete example to demonstrate
that (5.6) is a convergent regularisation with respect to the symmetric Bregman distance
of R. We know that for σ(z) = proxΨ(z) = max(0, z) to hold true we have to choose

Ψ(z) =

0 z ∈ [0,∞)m

∞ else
.

This means that for BΨ(yδ, z) to be well-defined for any z we require yδ
i ≥ 0 for all

i ∈ {1, . . . ,m}. In order for the Burbea-Rao divergence to be well-defined, we further
require

− c
α
yδ

i ≤ v†
i ≤

c

α
yδ

i ,
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for all i ∈ {1, . . . ,m}, or ∥v†∥∞ ≤ (c∥yδ∥∞/α) in more compact notation. If ∥v†∥∞ ≤
(c∥yδ∥∞/α) is guaranteed, we observe JΨ

(
yδ + α

c
v†, yδ − α

c
v†
)

= 0. Hence, we can
simplify the estimate (5.8) to

1− c
α

BΨ(yδ,Wxα + b) +Dsymm
R (xα, x

†) ≤ 1 + c

α
δ2 + α

c
∥v†∥2 ,

where we have also divided by α on both sides of the inequality. If we choose α(δ) =√
c(1 + c)δ/∥v†∥, we obtain the estimate

(1− c)∥v†∥
δ
√
c(1 + c)

BΨ(yδ,Wxα(δ) + b) +Dsymm
R (xα(δ), x

†) ≤ 2
√

1 + c

c
∥v†∥δ ,

as long as we can ensure ∥∥∥∥∥ v†

∥v†∥

∥∥∥∥∥
∞
≤
√

c

1 + c

∥∥∥∥∥yδ

δ

∥∥∥∥∥
∞
.

Together with Dsymm
R (xα(δ), x

†) ≥ DR(x†, xα(δ)) we have established an estimate of the
form (5.7), with constant C = 2

√
1+c

c
∥v†∥. Hence, we have verified that the variational

regularisation method (5.3) is not only a regularisation method but even a convergent
regularisation method in this specific example.

We want to briefly comment on the extension of the convergence analysis to the
general case L > 1 with the following remark.

Remark 3.2. The presented convergence analysis easily extends to a sequential, layer-
wise inversion approach. Suppose we have L layers and begin with the final layer, then
we can formulate the variational problem

xα
L−1 ∈ arg min

xL−1

{
BΨL

(yδ,WLxL−1 + bL) + αL−1ΨL−1(xL−1)
}
,

which is also of the form of (5.6), but where R has been replaced with ΨL−1. Alterna-
tively, one can also replace ΨL−1 with another function RL−1 if good prior knowledge
for the auxiliary variable xL−1 exists. Once we have estimated xα

L−1, we can recursively
estimate

xα
l−1 ∈ arg min

xl−1
{BΨl

(xα
l ,Wlxl−1 + bl) + αl−1Ψl−1(xl−1)} ,
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for l = L− 1, . . . , 2 and subsequently compute xα as a solution of (5.3) but with data
xα

1 instead of yδ.
The advantage of such a sequential approach is that every individual regularisation

problem is convex and the previously presented theorems and guarantees still apply. The
disadvantage is that for this approach to work in theory, we require bounds for every
auxiliary variable of the form BΨl

(xα
l ,Wlx

α
l−1 + bl) ≤ δ2

l , which is a rather unrealistic
assumption. Moreover, it is also not realistic to assume that good prior knowledge for
the auxiliary variables exist.

Please note that showing that the simultaneous approach (5.3) is a (convergent) vari-
ational regularisation is beyond the scope of this chapter as it is harder and potentially
requires additional assumptions for the following reason. The overall objective function
in (5.3) is no longer guaranteed to be convex with respect to all variables simultaneously,
which means that we cannot simply carry over the analysis of the single-layer to the
multi-layer perceptron case.

Remark 3.3 (Infinite-dimensional setting). Please note that almost all theoretical
results presented in this section also apply to neural networks that map functions between
Banach spaces instead of finite-dimensional vectors. The only result that changes is
Theorem 3.1, Item 3, where the statement in an infinite-dimensional setting only implies
convergence in the weak-star topology.

This concludes the theoretical analysis of the perceptron inversion model. In the
following section we focus on how to implement (5.6) and its more general counterpart
(5.3).

4 Computational Implementation

In this section, we describe how to computationally implement the proposed variational
regularisation for both the single-layer perceptron and the multi-layer neural network
setting. More specifically, we show that the proposed variational regularisation can be
efficiently solved via a generalised primal-dual hybrid gradient method (cf. Chapter 2
Algorithm 9) and a coordinate descent approach (cf. Chapter 2 Algorithm 5).

4.1 Inverting Perceptrons

To begin with, we first consider the example of inverting a (single-layer) perceptron.
For L = 1, Problem (5.3) reduces to (5.6), which for a composite regularisation function
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R ◦K reads

xα ∈ arg min
x

{
BΨ

(
yδ, f(x,Θ)

)
+ αR(Kx)

}
. (5.10)

Here K is a matrix and αR(Kx) denotes the regularisation function acting on the
argument x. The above Problem (5.10) can be reformulated to the saddle-point problem

min
x

max
z
BΨ

(
yδ, f(x,Θ)

)
+ ⟨z,Kx⟩ − αR∗(z) , (5.11)

where R∗ denotes the convex conjugate of R. Computationally, we can then solve the
saddle-point problem with a generalised version (Chambolle and Pock, 2016a) of the
popular primal-dual hybrid gradient (PDHG) method:

xk+1 = xk − τx

((
proxΨ

(
f(xk,Θ)

)
− yδ

)
J x

f (xk,Θ) + αK⊤zk
)

(5.12a)

zk+1 = proxτzR∗

(
zk + τzαK

(
2xk+1 − xk

))
. (5.12b)

where J x
f denotes the Jacobian of f with respect to argument x and we alternate

between a descent step in the x variable and an ascent step in the dual variable z .
Since (5.10) is a convex minimisation problem, (5.12) is guaranteed to converge globally
for arbitrary starting point, given that τx and τz are chosen such that τxτz < 1/∥K∥2

and such that (5.12a) is contractive (Chambolle and Pock, 2016a, Theorem 5.1).
In this section, we will focus on the discrete total variation ∥∇x∥p,1 (cf. Chapter 2

Definition 2.53), as our regularisation function R(Kx), but other choices are certainly
possible. If we consider a two-dimensional scalar-valued image x ∈ RH×W , using the
finite forward difference discretisation of the gradient operator ∇ : RH×W → RH×W ×2,
the discrete total variation is defined as the ℓ1 norm of the p-norm of the pixel-wise
image gradients, i.e.

∥∇x∥p,1 =
H∑

i=1

W∑
j=1
| (∇x)i,j |p =

H∑
i=1

W∑
j=1

(
(∇x)p

i,j,1 + (∇x)p
i,j,2

)1/p
.

For our numerical results we consider the isotropic total variation and consequently
choose p = 2. Hence for a perceptron with affine-linear transformation f(x,Θ) = Wx+b,
and with σ = prox denoting the activation function, the PDHG approach (5.12) of
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solving the perceptron inversion problem (5.6) can be summarised as

xk+1 = xk − τx

(
W⊤

(
σ(Wxk + b)− y

)
− αdivzk

)
, (5.13a)

zk+1 = proxτz∥·∥∗
2,1

(
zk + τz

(
2α∇xk+1 − α∇xk

))
. (5.13b)

Please note that we define the discrete approximation of the divergence div such that
it satisfies div = −∇⊤ in order to be the negative transpose of the discretised finite
difference approximation of the gradient in analogy to the continuous case, which is
why the sign in (5.13a) is flipped in comparison to (5.12a). The proximal map with
regards to the convex conjugate of ∥ · ∥∗

2,1 is simply the argument itself if the maximum
of the Euclidean vector-norm per pixel is bounded by one or the projection onto this
unit ball.

4.2 Inverting Feedforward Neural Networks

We now discuss the implementation of the inversion of multi-layer perceptrons with L
layers as described in (5.3). Note that in this case in order to minimise for x, we also
need to optimise with respect to the auxiliary variables x1, . . . , xL−1.

For the minimisation of (5.3) we consider an alternating minimisation approach, also
known as coordinate descent (Beck and Tetruashvili, 2013; Wright, 2015; Wright and
Recht, 2022). In this approach we minimise the objective with respect to one variable
at a time. In particular, we focus on a semi-explicit coordinate descent algorithm,
where we linearise with respect to the smooth functions of the overall objective function.
This breaks down the overall minimisation problem into L sub-problems, where for x0

and each xl variable for l ∈ {1, . . . , L− 1}, we have individual minimisation problems
of the following form:

xt+1
0 = arg min

x0

{(1
2∥ · ∥

2 + Ψ1

)∗
(f(x0,Θ1))−

〈
xt

1, f(x0,Θ1)
〉

+ αR(Kx0)
}
,

(5.14a)

xt+1
l = arg min

xl

{(1
2∥ · ∥

2 + Ψl

)
(xl)−

〈
xl, f(xt+1

l−1,Θl)
〉

+ 1
2τxl

∥xl − xt
l∥2

+
〈
xl,
(
proxΨl+1

(
f(xt

l ,Θ1+1)
)
− xt

l+1

)
J x

f (xt
l ,Θ1+1)

〉}
.

(5.14b)

Note that one advantage for adopting this approach is that we exploit that the overall
objective function is convex in each individual variable when all other variables are
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kept fixed. In the following, we will discuss different strategies to computationally
solve each sub-problem.

When optimising with respect to the input variable x0, the structure of sub-problem
(5.14a) is identical to the perceptron inversion problem that we have discussed in
Section 4.1. Hence, we can approximate xt+1

0 with (5.11), but now with respect to xt
1

instead of yδ, which yields the iteration

xk+1
0 = xk

0 − τx0

((
proxΨ

(
f(xk

0,Θ1)
)
− xt

1

)
J x

f (xk
0,Θ1) + αK⊤zk

)
, (5.15a)

zk+1 = proxτzR∗

(
zk + τzαK

(
2xk+1

0 − xk
0

))
. (5.15b)

For each auxiliary variable xl with l ∈ {1, . . . , L− 1}, the sub-problem associated with
(5.14b) amounts to solving a proximal gradient step with suitable step-size τxl

, which
we can rewrite to

xt+1
l = prox τxl

1+τxl
Ψl

(
1

1 + τxl

(
xt

l − τxl

((
proxΨl

(
f(xt

l ,Θl+1)
)
− xt

l+1

)
J x

f (xt
l ,Θl+1)

−f(xt+1
l−1,Θl)

))) .

(5.16)

This concludes the discussion on the implementation of the regularised single-layer
and multi-layer perceptron inversion. In the next section, we present some numerical
results to demonstrate the effectiveness of the proposed approaches empirically.

5 Numerical Results

In this section, we present numerical results for the perceptron inversion problem
implemented with the PDHG algorithm as outlined in (5.13), and for the multi-layer
perceptron inversion problem implemented with the coordinate descent approach as
described in (5.15) and (5.16). In the following, we first demonstrate that we can invert
a perceptron with random weights and bias terms and ReLU activation function via
(5.10) with total variation regularisation and the algorithm described in (5.13). We
then proceed to a more realistic example of inverting the code of a simple autoencoder
with perceptron encoder, before we extend the results to the total variation-based
inversion of encodings from multi-layer convolutional autoencoders. All results have
been computed using PyTorch 3.7 on an Intel Xeon CPU E5-2630 v4.



5 Numerical Results 165

Fig. 5.1 A visual comparison between the groundtruth y (blue stars) and the noisy
data yδ (orange stars).

5.1 Perceptrons

We present results for two experiments: the first one is the perceptron inversion of
the image of a circle from the noisy output of the perceptron, where we compare the
Landweber iteration regularisation and the total-variation-based variational regularisa-
tion (5.6). For the second experiment, we perform perceptron inversion for samples
from the MNIST dataset (LeCun et al., 1998), where we compare the performance of
the proposed inversion strategy with the performance of linear and nonlinear decoders
on the collection of (approximately) piecewise constant images of hand-written digits.

Image of a Circle We begin with the toy example of recovering the image of a
circle from noisy measurements of a ReLU perceptron. To prepare the experiment,
we generate a circle image x† ∈ R64×64, as shown in Figure 5.2. We construct a
perceptron with ReLU activation function using random weights and biases where
W ∈ R512×4096, b ∈ R512×1. The weights operates on the column-vector representation
of x, where x ∈ R4096×1. The noise-free data is generated via the forward operation of
the model, i.e. y = σ(Wx† + b). We generate noisy data yδ by adding Gaussian noise
with mean 0 and standard deviation 0.005. Note that we clip all the negative values of
yδ to ensure yδ ∈ dom(Ψ). Figure 5.1 shows an illustration where we plot both the
groundtruth data y and the noisy data yδ.

A first attempt to solve this ill-posed perceptron inversion problem is via Landweber
iteration regularisation (Landweber, 1951). In Figure 5.3 we see the reconstructed
image obtained with Landweber iteration regularisation in combination with early
stopping following Morozov’s discrepancy principle Engl et al. (1996); Morozov (2012).
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Fig. 5.2 Groundtruth image
x† of a circle.

Fig. 5.3 Reconstructed image
via Landweber iterative reg-
ularisation.

Fig. 5.4 Reconstructed im-
age via TV regularisation.

Even though the Landweber iteration regularised reconstruction matches the data up
to the discrepancy value ∥σ(WxK + b)− yδ∥, the recovered image does not resemble
the image x†. We will discuss shortly the reason for this visually poor inversion. In
comparison, we see a regularised inversion via the total variation regularisation approach
following (5.13) in Figure 5.4. The regularisation parameter for this reconstruction
is chosen as α = 1.5 × 10−2. Both x0 and z are initialised with zero vectors. The
stepsize-parameters are chosen as τx = 1.99/∥W∥2

2 and τz = 1/(8α), where the operator
norm of the discrete gradient operator is estimated to be ∥∇∥ ≤

√
8 (see Chambolle

(2004)). We stop the iterations when changes in x0 and z in norm are less than a
threshold of 10−5 or when we reach the maximum number of iterations, which we set
to 10000. As shown in Figure 5.4, the TV-regularisation approach is capable of finding
a (visually) more meaningful solution.

To explain why the Landweber iteration regularisation performs worse compared
to the total variation regularisation for this specific example, we compare the ℓ2 norms
of each two solutions and the groundtruth image x†. The ℓ2 norm of the Landweber
solution in Figure 5.3 measures 6.58 while the TV-regularised solution as in Figure
5.4 and the groundtruth image x† measure 25.69 and 28.07 respectively. This is not
surprising, as the Landweber iteration is known to converge to a minimal Euclidean
norm solution if the noise level converges to zero. On the other hand, when we compare
the TV semi-norm of each solution, the groundtruth image in measures 128.0, while the
Landweber solution in Figure 5.3 and TV-regularised solution in Figure 5.4 measure
707.02 and 114.93 respectively, suggesting that the TV-semi-norm is a more suitable
regularisation function for the inversion of cartoon-like images such as x†.
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Fig. 5.5 Groundtruth input images from the MNIST training dataset (Left) and
validation dataset (Right), together with the corresponding autoencoder output
images x̃ and inversions xα of the encoding via (5.10).

Images from MNIST dataset In this second example, we perform perceptron
inversion on the MNIST dataset (LeCun et al., 1998). In particular, we consider the
following experimental setup. We first train an autoencoder A(x) = D(E(x,ΘE),ΘD),
where D(·,ΘD) and E(·,ΘE) denotes the decoder and the encoder, parametrised by
parameters ΘD and ΘE respectively. We pre-train the autoencoder A, compute the
code E(x,ΘE) and assign it to the noise-free data variable y, and solve the inverse
problem for the input x from the perturbed code yδ

E(x,ΘE) = yδ .

To be more precise, we first train a two-layer fully connected autoencoder x̃ =
W2(σ(W1x+b1))+b2 using the vanilla stochastic gradient method (SGM) by minimising
the mean squared error (MSE) on the MNIST training dataset. We set the code
dimension to 100 and use ReLU as the activation function. Hence ΘE = (W1, b1) where
W1 ∈ R784×100 and b1 ∈ R100×1.
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Fig. 5.6 Groundtruth solution images from
the MNIST training dataset, together
with the corresponding noisy blurry im-
ages, the reconstructed images from the
inversion and output images of the well-
trained deblurring autoencoder.

Fig. 5.7 Groundtruth solution images from
the MNIST validation dataset, together
with the corresponding noisy blurry im-
ages, the reconstructed images from inver-
sion and output images of the well-trained
deblurring autoencoder.

We then invert the code yδ = σ(W1x + b1) via (5.10) with Algorithm (5.13). All
MNIST images are pre-processed to be zero-centred by subtracting the mean. Algorith-
mically, we follow (5.13) to computationally solve (5.10). The stepsize-parameters are
chosen at τx = 1.99/∥W1∥2

2 and τz = 1/(8α). We choose the regularisation parameter α
in the range [10−4, 10−2] and set to 5× 10−3 for all sample images from the training set,
and set to α = 5× 10−2 for all sample images from the validation set. These choices
work well with regards to the visual quality of the reconstructed images.

In Figure 5.5, we show visualisations of five sample images from the training set,
and from the validation set respectively. In comparison, we have also visualised the
decoder output. As can be seen, using the code that contains the same compressed
information, the reconstructed images show more clearly defined edges and better
visual quality than the decoded outputs. This is to be expected as we compare a
nonlinear regularised inversion method with a linear decoder.
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5.2 Feedforward Neural Networks

In this section, we present numerical results for inverting multi-layer neural networks.
We present results for two experiments. In the first experiment we show inversion of
MNIST sample images from the noisy blurry outputs of a neural network and compare
with the performance of a deblurring autoencoder. In the second experiment, we
perform inversion of MNIST sample images of a convolutional neural network.

Blind Deblurring of Images from MNIST In the first example, we consider the
inversion of a pre-trained fully connected neural network. We generate noisy blurry
data yδ by first blurring all images with Gaussian blur, where we choose the kernel
size to be 3 and standard deviation to be 5, then add Gaussian noise with mean 0
and standard deviation 0.01. More precisely, we set up the experiment by first train
a two-layer fully connected autoencoder y = W2(σ(W1x+ b1)) + b2 using the vanilla
stochastic gradient method (SGM) by minimising the mean squared error (MSE) on
the MNIST training dataset. Notice that unlike conventional denoising or deblurring
autoencoders, instead of trying to reconstruct clean outputs, we revert this process
by feeding clean input images to reproduce noisy blurry output images. We set the
hidden dimension at 392 and use ReLU as the activation function.

The goal is to first train a "blurring" neural network to capture the forward model in
the deblurring problem, then perform stable neural network inversion for the deblurring
task using the proposed variational regularisation framework. Note that the inversion
problem in this experiment is therefore to invert the entire autoencoder. In comparison,
we also train a conventional deblurring autoencoder by feeding in noisy blurry images
for the reconstruction of clean deblurred outputs, minimised using the vanilla stochastic
gradient method (SGM) by minimising the mean squared error (MSE).

we follow the implementation details outlined in Section 4.2 and iteratively compute
the update steps (5.15) and (5.16) to solve the inversion problem. For the PDHG
method, we choose the stepsize-parameters as τx = 1.99/∥W1∥2

2 and τz = 1/(8α). The
initial values x0 and z are both zero. The update steps stop either after reaching the
maximum iterations of 500 or when the improvements on x0 and z are less than 10−5

in norm. For the coordinate descent algorithm, the stepsize-parameters are set to
τxl

= 1.99/∥Wl+1∥2
2 for each layer.

In Figure 5.6 and Figure 5.7, we visualise five samples of the reconstructed im-
ages from inversion, the deblurred output images from the conventional deblurring
autoencoder, along with the groundtruth images, and blurry images from the training
dataset and validation dataset respectively. For each image, α is chosen in the range
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[5× 10−3, 5× 10−2] and set at 1× 10−2 for both training sample images and validation
sample images for best visual reconstruction quality.

Inverting a Convolutional Autoencoder In the second experiment, we consider
feedforward neural networks with convolutional layers (CNN), where in the network
architecture two-dimensional convolution operations are used to represent the linear
operations in the affine-linear functions f(x,Θ). Similar to the experimental design
described in Section 5.1, we consider a multi-layer neural network inversion problem
where we infer input image x from a noise perturbed code yδ.

More specifically, we first train a six-layer convolutional autoencoder on the MNIST
training dataset via stochastic gradient method to minimise the MSE. The encoder
E(x,ΘE) consists of two successive convolutional layers, both with 4× 4 convolution
kernels with stride 2, each followed by the application of a ReLU activation function.
As image spatial dimension reduce by half, we double the number of feature channels
from 8 to 16. We use a fully-connected layer with weights W3 ∈ R300×784 and bias
b3 ∈ R300×1 to generate the code. The decoder network first expands the code with an
affine-linear transformation with weights W4 ∈ R784×300 and bias b4 ∈ R784×1. This is
followed by two successive transpose convolutional layers with kernel size 4× 4, where
each is followed by a ReLU activation function. The number of feature channels halves
each time as we double the spatial dimension.

Following the implementation details outlined in Section 4.2, we iteratively compute
the update steps (5.15) and (5.16) to recover x from y = E(x,Θ). For the PDHG
method, we choose the stepsize-parameters as τx = 1.99/∥W1∥2

2 and τz = 1/(8α). The
initial values x0 and z are both zero. The update steps stop either after reaching the
maximum iterations of 1500 or when the improvements on x0 and z are less than 10−5

in norm. For the coordinate descent algorithm, the stepsize-parameters are set to
τxl

= 1.99/∥Wl+1∥2
2 for each layer, where ∥ · ∥ denotes the spectral norm.

In Figure 5.8, we visualise the reconstructed images, the decoder output images,
along with the groundtruth images, from the training dataset and validation dataset
respectively. For each image, α is chosen in the range [10−4, 10−2] and set at 9×10−3 for
both training sample images and validation sample images for best visual reconstruction
quality.

In Figure 5.9 we further compare how total variation regularisation and decoder
respond to different levels of data noise. The noisy data is produced by adding Gaussian
noise to perturb the code of each image. We start with zero mean Gaussian noise
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Fig. 5.8 Groundtruth input images from the MNIST training dataset (Left) and
validation dataset (Right), together with the corresponding CNN autoencoder output
images x̃ and inversions xα of the encoding via (5.3).

with standard deviation 0.33 and gradually reduce the noise level, this translates to
decreasing δ2 from 6.80 down to 0.00.

Please note that for each noise level the regularisation factor α is manually selected
in the range [10−4, 10−2] for the best PSNR value. As we can see, for the noise level with
standard deviation 0.33 where δ2 is at 6.80, the decoder is only capable of producing a
blurry distorted output, while the reconstructed image shows the structure of the digit
more clearly. When we decrease the noise level down to 0.00, the reconstructed image
becomes more clean-cut while the decoded image is still less sharply defined.

Figure 5.10 plots the PSNR value of the decoded and reconstructed image against
decreasing noise level. We want to emphasise that it would be more rigorous to compute
and compare Dsymm

R (xα(δ), x
†) as suggested in the error estimate bound in (5.8), but

empirically the PSNR value does also support the notion of a convergent regularisation.
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Fig. 5.9 Visualisation of the comparison between reconstructed image and decoded
image against various levels of noise. Top: Decoded output image from the trained
convolutional autoencoder. Bottom: Reconstructed input image from the CNN with
total variation regularisation.

Fig. 5.10 Comparison of the PSNR value of total variation-based reconstruction and
decoder output per noise level. Each curve reports the change of PSNR value over
gradually decreasing levels of Gaussian noise, with δ2 ranging from 0.00 to 6.80.
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6 Discussion

In this chapter, we have introduced a variational regularisation framework based on
the lifted Bregman formulation for the stable inversion of feedforward neural networks.
Under the mild assumption that the inverse problem solution has to be in the range
of the regularisation operator, we have proven that the proposed framework is a
convergent regularisation for the single-layer perceptron case. Furthermore, we have
derived a general error estimate as well as a specific error estimate for the case of
ReLU activation function. The extension of the theory to multi-layer neural network
cases can be carried out sequentially, albeit under some strict assumptions. We have
also discussed implementation strategies to solve the proposed scheme computationally,
and presented numerical results. In particular, we presented results for the regularised
inversion for simple geometric shapes such as the image of a circle and piecewise
constant images of hand-written digits from single-layer perceptrons. For inverting
multi-layer neural networks, we demonstrated the application of blind deblurring, as
well as results from the inversion of convolutional neural networks.





Chapter 6

Conclusion and Outlook

In this thesis, we have presented a Bregman learning framework for both the training
problem and the inversion problem of neural networks. Our research in the three
main chapters has demonstrated that the Bregman learning framework can perform
comparably or even outperform back-propagation based training approaches in different
learning scenarios. Our results show that this framework can provide an alternative
solution for its adaptivity and stable performance compared to the standard training
schemes.

Through the introduction of the novel Bregman loss (penalty) function, we for-
malised a generalised perceptron learning scheme and then extended it rigorously to
construct distributed optimisation approaches for training multi-layer neural networks.
Building upon the proposed lifted Bregman training framework for forward-direction
learning problems, we formulated a variational regularisation framework for the inver-
sion of neural networks. Supported by extensive theoretical analysis and evaluated
through various numerical experiments, we demonstrated that the proposed Bregman
learning framework is an effective and powerful solution that overcomes potential issues
and limitations of the classical back-propagation based learning approach.

1 Summary

To conclude this chapter, we will begin by summarising major highlights and outcomes
in each of the three research chapters. Following this, we will discuss possible future
work in the next section.
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1.1 Generalised Perceptron Learning

In Chapter 3, based on the broad family of proximal activation functions, we discussed
the generalised perceptron learning problem and proposed a surrogate Bregman loss
function. We also closely examined one of its key properties that the computation of
partial derivatives of the network parameters does not require differentiation of the
activation functions.

This new formulation permits an energy minimisation perspective to interpret the
historical Rosenblatt’s Perceptron learning algorithm. In particular, we confirmed
for the first time that the original Rosenblatt’s Perceptron learning algorithm can be
understood as an incremental gradient method with respect to a data discrepancy term
based on the proposed tailored Bregman distance. In addition, we showed that the
proposed scheme also allows for the generalisation of the classical ADALINE delta
rule. This interpretation was then adapted to apply on an example problem of learning
sparse perceptrons using the proposed Rosenblatt-ISTA algorithm for classification
tasks. We demonstrated through numerical results that the proposed learning approach
outperformed all three other standard subgradient-based methods, capable of achieving
both higher accuracy results and faster convergence.

1.2 Lifted Bregman Training of Neural Networks

In Chapter 4, we introduced the lifted Bregman framework for training feedforward
and residual neural networks. We proposed the Bregman penalty functions and
provided detailed and extensive mathematical analysis of their properties. We unified
the MAC-QP and the lifted training approach into a single lifted Bregman training
framework and established its rigorous mathematical properties. This framework can
overcome potential drawbacks such as the vanishing gradient problem and limitations
of non-parallelisability that are present in standard training approaches that use the
back-propagation algorithm.

One key aspect of the proposed framework is its ability to break down the nested
training objective function into layer-wise Bregman (penalty) loss functions, each of
which has several significant advantages, including but not limited to non-expansiveness,
bi-convexity, and 1-Lipschitz gradient. The decomposition enables the use of parallelis-
able or distributed optimisation methods and we presented a variety of deterministic
and stochastic minimisation algorithms through which this Bregman learning framework
can be computationally realised.
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Our numerical experiments demonstrated that the proposed framework performed
comparably or outperformed stochastic gradient methods in classification, compression,
and denoising tasks. In the classification task, our trained network retained non-
linearity, in contrast to the classical lifted network approach. In compression and
denoising tasks, we demonstrated the convenience of incorporating regularisation on
activation variables into the training process, which led to regularised autoencoders
with sparse codes that produced more adaptive compressions compared to conventional
autoencoders.

1.3 Lifted Bregman Inversion of Neural Networks

In Chapter 5, we established the lifted Bregman framework for inverting neural
networks. Specifically speaking, we introduced a novel variational regularisation
framework based on the lifted Bregman formulation for stable inversion of feedforward
neural networks.

Under mild assumptions, we proved for the first time that the proposed framework
is a convergent regularisation for the single-layer perceptron case. Notably, we have
derived a general error estimate as well as a specific error estimate for the case of
using the ReLU activation function. The extension of the theory to the multi-layer
perceptron case was also addressed.

We presented implementation strategies to computationally solve the proposed
scheme for both the perceptron and the multi-layer neural network case. Empirical
results from the regularised inversion of the single-layer perceptron and multi-layer
neural network outputs with total variation regularisation further supported the
effectiveness of the proposed model-based variational regularisation approach.



178 Conclusion and Outlook

2 Outlook

This section highlights potential areas for future extensions and open problems related
to the work presented in this thesis.

Extensions to More Architectures

Despite all the positive achievements presented in the chapters, the proposed
framework also has some limitations. Currently, the proposed framework is limited to
neural network architectures with proximal activation functions. Although a scheme
has been presented to extend the framework to neural networks with residual blocks
or skip connections, such as ResNets (He et al., 2016) or U-Nets (Ronneberger et al.,
2015), it would be interesting to further expand this framework to Recurrent Neural
Networks (RNNs) (Chung et al., 2014; Hochreiter and Schmidhuber, 1997) and Graph
Neural Networks (GNNs) architecture (Bronstein et al., 2017; Wu et al., 2020).

Another limitation is that it is not yet straight-forward to include nonlinear op-
erations that cannot be expressed as proximal maps of convex functions, such as
max-pooling. However, for many examples there exist remedies, for instance using
average pooling instead of max-pooling. Recent work also shows that an architecture
based solely of multi-layer perceptrons can attain competitive scores on image classifi-
cation benchmarks (Tolstikhin et al., 2021). Similarly, Touvron et al. (2022) presents
a similar architecture and replaces the layer normalisation (Ba et al., 2016; Ioffe and
Szegedy, 2015) with a simpler affine transformation. Therefore another interesting
direction is to extend the Bregman learning framework to these pure multi-layer per-
ceptron architectures that are mainly stacked by fully-connected layers. Nevertheless
one potential avenue of research involves investigating the feasibility of incorporating
other popular layer functions, such as transformer layers (Vaswani et al., 2017), and
additional regularisation techniques like dropout (Hinton et al., 2012) directly into the
proposed framework.

Utilising Parallelism

While we did not demonstrate through numerical experiments, the proposed Breg-
man learning framework benefits greatly from parallel computation that accelerates
the learning process. Parallel processing can be further utilised as a potential solution
to mitigate the additional run time introduced in the lifted approaches. In particular,
it would be worthwhile to explore the use of PyTorch’s distributed training framework,
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including the distributed Autograd design, for implementing layer-wise updates of the
network parameters in parallel.

Alternative Optimisation Methods

Our proposed framework has opened more pathways to use other possible combi-
nations of optimisation strategies, such as stochastic coordinate descent, stochastic
ADMM, or stochastic primal-dual hybrid gradient methods (Chambolle et al., 2018) as
well as tailored non-convex optimisation methods. Hence one possible future work is
to implement alternative optimisation strategies for the proposed framework.

As we have also demonstrated that in contrary to wide-spread belief, expressive
feed-forward networks can indeed overfit to training data without generalising well
when non-standard optimisation methods are being used, it would be of particular
interest to investigate more thoroughly if good generalisation properties of a deep
neural network are the result of the chosen optimisation strategy or the chosen network
architecture itself.

Explicit Control on Auxiliary Variables

The Bregman learning framework offers explicit control and investigation of network
activation variables, which is a key advantage. This capability allows for regularisation
of activation variables to be easily incorporated during the forward training and inversion
of neural networks, as shown in the chapters. For instance, the scheme used for learning
sparse autoencoders can be extended to learning low-rank autoencoders by regularising
the nuclear norm and comparing with implicit rank-minimising autoencoders (Jing
et al., 2020). In the context of inversion, this capability can be useful for understanding
the robustness and generalisation properties of neural networks. In particular, it
would be beneficial to explore generating adversarial examples and adversarial attacks
using the proposed Bregman learning framework. Another application is in data
augmentation for image recognition tasks, where new input data can be created with
different variations of features to augment the training dataset.

Connections to Bio-plausible Neural Networks

The line of work on target propagation algorithm and recent extensions (Bartunov
et al., 2018; Lee et al., 2015) are considered to be one of the more bio-plausible
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alternatives to back-propagation algorithms which are extended formulations of the
work in Le Cun (1986); LeCun et al. (1988).

One notable feature of the Bregman learning framework is that it decomposes
the nested function objective into several loosely coupled, simple and layer-wise local
sub-problems. Explicit auxiliary variable based method (Askari et al., 2018; Carreira-
Perpinan and Wang, 2014; Zhang and Brand, 2017), as well as our proposed framework
can be viewed as alternative bio-plausible solutions due to the explicit propagation
of noisy or nondeterministic neuronal activity and layer-wise local synaptic updates
(Bartunov et al., 2018).

It would be of particular interest to investigate potential connections with neuroscience-
inspired learning algorithms, such as target propagation algorithm and predictive coding
algorithm (Millidge et al., 2022) that are biologically plausible and utilise local learning,
or with neuroscience-inspired neural networks such as the Spiking Neural Network (Lee
et al., 2016; Maass, 1997) that model the behavior of neurons more directly.

Convergent Inversion of Feedforward Neural Networks

For the lifted Bregman inversion of neural networks, an open question is how a
convergence theory without too restrictive assumptions can be established for the
multi-layer neural network. One issue is the non-convexity of the proposed formulation.
A remedy could be the use of different architectures that lead to lifted Bregman
formulations that are jointly convex in all auxiliary variables.

Last but not least, we would also like to consider other forms of regularisation,
such as iterative regularisation, data-driven regularisations (Kabri et al., 2022), or even
combinations of both (Aspri et al., 2020). However, the convergence analysis for such
approaches is still an open problem and requires further investigation.

3 Concluding Remarks

Despite the ongoing challenges, the potential applications and future extensions of the
Bregman learning framework are vast and promising. Through this thesis, we have
demonstrated that the forward-direction learning and the backward-direction learning
are indeed two sides of the same coin within the unified Bregman learning framework.
Particularly, our proposed framework has the capacity to provide a more efficient and
effective training approach that is crucial to unlocking the full potential of Artificial
Neural Networks.
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