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Abstract

Stationary solutions are perhaps the most fundamental objects in any physical theory.
In this thesis we numerically obtain a number of stationary black hole solutions to
the Einstein-Maxwell equations with a negative cosmological constant. The AdS/CFT
correspondence has caused an upsurge in studying anti-de Sitter (AdS) space, and under
this duality, the study of classical black holes corresponds to studying thermal states
of very strongly coupled conformal field theories (CFTs) — an extremely challenging
feat without the aid of holography.

Firstly, we consider a braneworld scenario, which is a string theory-inspired mech-
anism for extra dimensions in our Universe. We present such rotating braneworld
black hole solutions, which closely resemble standard Kerr black holes at large scales,
supporting the phenomenological viability of the braneworld model. We shall discuss
how these solutions are also dual to a four-dimensional black hole solution whose
geometry is corrected by the coupling to a strongly coupled CFT with a UV cutoff.

Next, we consider a CF'T living on a fixed black hole background with a positive
cosmological constant. There are two classes of bulk solutions in this case, distinguished
by their horizon structure, and corresponding to two different phases of the CFT on
the boundary black hole background. One possible bulk solution is static and contains
two disconnected Killing horizons, whilst the other is only stationary and contains only
a single horizon which is not Killing.

We then consider the effect of deforming a CFT by the addition of a background
electric field. The dual solution also has a non-Killing horizon, but due to the fact that
the flow is generated by the Joule effect rather than a difference in temperatures, we
find subtle differences in the horizon structure to other flowing solutions previously
obtained. From the dual solution, we compute the conductivity of the field theory.

Finally, we present the first examples of static, charged binary black hole solutions.
These are held in dynamic equilibrium due to the presence of a background electric
field. The solutions run over a surprisingly large parameter space, and some of these

parameters do not have clear interpretations in terms of the boundary theory. Indeed,



the solutions represent a continuous non-uniqueness for given boundary charges of
asymptotically anti-de Sitter black hole solutions in Einstein-Maxwell theory.

A common theme will be the ways in which these solutions succeed and fail to be
in equilibrium. Many of the solutions possess non-Killing horizons which have classical
flow along them, which has a profound impact on the horizon structure. Others possess
multiple horizons which may have distinct temperatures or electrostatic potentials.
In either case, these features prevent the solutions from being in thermodynamic
equilibrium, despite the solutions being stationary.

Chapter 1 provides a literature review, whilst Chapter 2 describes the numerical
methods used to obtain the solutions of the thesis, many of which are standard. The
original work of the thesis is presented in Chapters 3-6, which are each based on a

paper (Refs. [1-4], respectively) written in collaboration with Jorge E. Santos.
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Notation

We will use natural units with c= ~=1. For a Lorentzian metric we take a mostly
positive signature. We use Einstein summation convention throughout. Di erent letters
for indices have the following meaning:

Latin indices near the beginning of the alphabea; b;:: :refer to all spacetime
components of the bulk spacetimes.

~ Latin indices from the middle of the alphabet;j;::: refer to spatial components
of the bulk spacetimes.

Greek indices; ;::: refer to components of the boundary of the spacetimes,
which in this thesis is either the conformal boundary or a Randall-Sundrum
brane. These run over all of the bulk directions except the radial AdS direction.

We shall also use upper-case Latin indices, though the precise meaning of these
shall be de ned in each case individually.

Through we shall used to denote the number of bulk spacetime dimensions, whilst
D =d 1will be the number of boundary dimensions.






Chapter 1
Introduction

Einstein's theory of general relativity b, 6] is a physical theory famed for both its
beauty and its complexity. In his earlier theory of special relativity 7], Einstein had
revolutionised our understanding of space and time by exploring the implications of a
curious empirical observation that the speed of light in a vacuum is the same in any
inertial frame. Minkowski later reinterpreted special relativity by unifying space and
time into a single four-dimensional entity calledspacetime[8]. The essence of general
relativity is that spacetime is itself also a dynamical eld, bending and warping due to
the presence of energy and matter, and that this curvature of spacetime is the cause of
the force we recognise as gravity.

This idea is quanti ed by one of the most famous equations in all of physics, the
Einstein equation given by

1
Rab éRgab +  Oap = 2Tap (1.1)

Roughly speaking (we will go into far more detail momentarily), the left hand side
describes the curvature of spacetime itself, whilst the right hand side describes the
energy, momentum and stress of the matter residing on this curved spacetime. From
this equation, we see how general relativity is intrinsically, and intricately, a dynamical
theory. In the words of John Wheeler: Space tells matter how to move. Matter tells
space how to curve.

This thesis, however, is not concerned with dynamical solutions of the Einstein
equation, but, rather, with stationary solutions, i.e. those that do not vary over time.
Time-independent solutions are perhaps the most fundamental objects in any physical
theory, often providing insight into the general behaviour of the theory once dynamics
are included. Indeed, the study of stationary black holes within general relativity has



2 Introduction

been a rich source of progress in understanding gravity over the past century and has
led to some of the most pressing open questions in theoretical physics.

Until fairly recently, relatively few stationary solutions were known. One reason
for this is the di culty involved with solving the Einstein equation, which generally
yields a set of coupled, non-linear partial di erential equations (PDEs). Only in a
few special cases can these equations be solved exactly, though many methods have
been developed in the past few decades to solve them numerically. Secondly, in many
physically motivated scenarios there are theorems which restrict stationary black holes
to be described by a surprisingly small family of exact solutions. However, if one drops
some assumptions of these theorems by considering higher dimensional spacetimes or a
non-zero cosmological constant, it turns out that there is a myriad of stationary black
hole solutions.

Progress in the understanding of string theory and holography has to a large extent
motivated further study into such solutions since the turn of the century, particularly
those in anti-de Sitter (AdS) spacej.e. those which solve Einstein's equation with a
negative cosmological constant, < 0. But before coming to these, let us rst recount
some basic facts about black holes and the theory of general relativity (much more
detail can be found in the standard textbooksd 12]), and discuss anti-de Sitter space
and its fascinating properties.

1.1 General Relativity

The fundamental object of general relativity (GR) is themetric, g.,, Of a Lorentzian
manifold, M . Throughout this thesis, we will be interested inEinstein-Maxwell theory
which describes dynamical gravity coupled to a Maxwell eld. Theéinstein-Hilbert
action for this theory is given by
z
S= 1616 y ddxp_g R 2 FaF?® (1.2)
whereg and R are, respectively the determinant and Ricci scalar of the metric is
Newton's constant of gravitation, is the cosmological constant, ané = dA is the
eld strength tensor of the Maxwell eld with vector potential A? .
Varying this action with respect to the metric yields the Einstein equation(1.1),
where thestress tensof T,p, is de ned in terms of the eld strength tensor. It is often
useful to substitute the Ricci scalar for the trace of the stress tensor by considering
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the trace of (1.1). This yields the Einstein equation written intrace-reversed form

Rap Gab = 2 Tap; (1.3a)

d 2
where Ty, is the trace-reversed stress tenspivhich for a Maxwell eld is given by

1
Tan = FaFoe 57— GanFedF 1.3b
ab a Fbc Z(d 2)gab cd ( )
Varying the action (1.2) with respect to the vector potential yields the generalisation
of the usual Maxwell equation to curved space:

r 2F,, =0: (1.4)

One of the most important concepts across all of physics is that of symmetry. In
GR, a symmetry can be described by Killing vector eld (KVF), X &, which preserves
the metric:

Lxg=0 or, equivalently, r e Xp+ r pX5 =0: (1.5)

We call a spacetimestationary if it possesses a Killing vector eld,k?, which is
causal in the vicinity of the asymptotic boundary* This stationary spacetime is called
static if there exists a spacelike hypersurface,, which is everywhere orthogonal to
orbits of k. These de nitions become a little clearer if one takes coordinates with
k? = (@=@t Then a stationary metric is given by

ds?= NZ?dt*+ h; dx'+ N'dt dx + N/dt ; (1.6)

where N, N' and h; are independent oft. It is static if there is a choice of the
coordinatet such that N' = 0.

We call a spacetimeaxisymmetric if it possesses a spacelike KVFn?, whose orbits
form closed curves. In a coordinate basis witm? = ( @=@?, this de nition requires
that is a periodic coordinate.

The simplest metric one can write down is that of Minkowski space:

ds*= dt*+dr®+r?d % (1.7)

1The requirement is often that the vector is timelike everywhere though, technically speaking, this
would not allow for the existence of ergoregions.
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with d (22) denoting the metric on a unit 2-sphere. This is a solution to the vacuum
Einstein equation with zero cosmological constant. Solutions which approach Minkowski
space far away from any matter or black holes are callesymptotically at.? The
inclusion of a cosmological constant has an e ect on the spacetime on large scales,
and so solutions to the Einstein equation with non-zero cosmological constant will
not be asymptotically at. We will in particular be interested in solutions with a
negative cosmological constant which asymptote to a maximally symmetric solution
called anti-de Sitter space. Before considering such spacetimes, let us brie y review
some results regarding asymptotically at black holes in four dimensions.

1.2 Stationary, asymptotically at black holes

Exact black hole solutions of general relativity are few and far between. The rst such
solution was discovered only a few months after Einstein introduced general relativity
by Schwarzschild 13] when he was stationed on the Eastern front in the rst world
war. The Schwarzschild solution describes an asymptotically at, static, spherically
symmetric black hole. The large amount of symmetry in this case means that the
vacuum Einstein equation reduces to a single ordinary di erential equation (ODE) for
one function of the radial coordinate. The solution is given by

dr?
ds>=  f(r)dt®+ 0] +r2d & (1.8a)
where oM
f(r):=1 T; (1.8b)

and with d (22) denoting the metric on a unit 2-sphere. The parameteiM , denotes the
mass of the black hole. The metric is clearly static with respect to the Killing vector
eld, k? = ( @=@#t

This simple solution already demonstrates some of the interesting, and often mind-
boggling, features of black holes. Firstly, thérr )-component of the metric diverges at
r = 2M, though this turns out only to be a coordinate singularity, meaning that it
is the coordinate system that is breaking down rather than there being any physical
singularities leading to in nite tidal forces for observers. It can be cured by instead

2See standard general relativity textbooks  12] for a more rigorous de nition of asymptotic
atness.
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using ingoing Eddington-Finkelstein coordinatesde ned by

dr
dt =dv W 1.9
The metric becomes
ds*= f(r)dv?+2dvdr +r?d %: (1.10)

The metric and inverse metric in these coordinates, as well as their determinants, are
regular atr = 2M. Thus, one can extend the metric throughr = 2M all the way to

r = 0, at which the metric again becomes singular. This time though, the Kretschmann
scalar, de ned byK = R.p¢R?, also diverges. This scalar is a gauge independent
guantity associated to the tidal forces that an observer would experience, and hence
the singularity at r = 0 is physical and cannot be cured by a change of coordinates.

It can be shown that no signal from an observer at < 2M can be sent to an
asymptotic observer. This is, in fact, the de nition of ablack hole a region of spacetime
from which no future-directed causal curves extend to in nity. Roughly speaking then,
a black hole is a region of spacetime so curved, and hence gravitationally attractive,
that not even light is fast enough to escape its in uence.

Any future-directed curve starting in ther < 2M region of the Schwarzschild
solution necessarily reaches the singularity at= 0 in nite a ne time. Singularities
also arise in Newtonian gravity when spherical symmetry in assumed, but they are
cured by including rotation, and thus these Newtonian singularities are not generic
but are instead an artifact of the large amount of symmetry. One may wonder if the
black hole singularity of the Schwarzschild solution of general relativity is similarly
non-generic. However, the singularity theorems of Penrose and Hawkirigt [16, 9]
show that this is not the case; singularities are generic in general relativity and are
present whenever there is a horizoh.

The boundary of the black hole region, in this case the=2M hypersurface, is
called the event horizon The normal, n,, to an event horizon must be a null vector,
hence the horizon is an example of mull hypersurface The normal to the horizon
of the Schwarzschild solution is given by, = (d r), which is indeed null atr =2M .
Raising the index, we see thah?® = (@=@% We call n® a generator of the horizon.

3More precisely, if a spacetime satisfying the Einstein equation with matter satisfying the null
energy conditions contains a trapped surface, then there exist future-inextendible geodesics with nite
a ne length within the trapped region, meaning that the spacetime is geodesically incomplete.
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Note that (@=@%is a KVF, and hence, the horizon is generated by a Killing vector.
Any horizon satisfying this property is named &Killing horizon.

We may wonder whether there exist other spherically symmetric solutions of the
vacuum Einstein equation, however, this is forbidden by Birkho 's theorem [17]:

Theorem 1.1 (Birkho) Let (M ;g) be a spherically symmetricC?, solution to the
vacuum Einstein equation. Then(M ; g) is isometric to the Schwarzschild solution.

Roughly speaking, this means that spherical symmetry implies statiticity. Moreover,
it implies that the spacetime in the exterior ofany spherically symmetric body of
matter in isometric to the Schwarzschild metric, even if the body of matter itself is
time-dependent.

The Reissner-Nordstrom metric 18 21] describes a charged, static, spherically
symmetric, asymptotically at black hole solution of Einstein-Maxwell theory. This
solution also possesses an event horizon, and in a very similar manner to above, one can
extend through to a black hole region within the horizon using ingoing coordinates. This
time though, one reaches amner horizon before reaching a physical singularity. This
inner horizon is a Cauchy horizon, meaning that there is no unique analytic extension
through it. The strong cosmic censorship conjectur€?], however, posits that the
existence of this inner horizon is an artifact of the large amount of the symmetry of
the solution and will not arise from generic initial data.

It is a testament to how di cult general relativity becomes whenever any assump-
tions of symmetry are dropped that there was an almost fty year interval between the
discovery of the Schwarzschild solution and the Kerr solutior2f], which is an exact
solution describing a rotating, axisymmetric, asymptotically at, stationary, vacuum
black hole.

Unlike for the Schwarzschild and Reissner-Nordstrom solutions, the stationary
Killing vector does not generate the horizon of the black hole. Instead it is generated
by 2=k*+ m? wherek?® and m? denote the stationary and axisymmetric Killing
vectors of the Kerr metric, respectively. The de ning equation of a Killing vector is
linear, and hence 2 is also a Killing vector, meaning that the horizon of the Kerr black
hole is also a Killing horizon.

The horizon is still preserved by the stationary isometry, and so the stationary
Killing vector, k&, must be tangent to the horizon and thus orthogonal to the null
generator 2 at the horizon, meaning that it must be null or spacelike there. However,
if it were null, then it would itself be a generator of the horizon. Since this is not the
case, the stationary Killing vector eld must in fact be spacelike on the horizon of
the Kerr black hole. Moreover, since the norm df? is continuous, this means there
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is an open subspace of the spacetime around the horizon in whichis spacelike.
This region is called theergoregion and its boundary, wherek? is null, is called the
ergosurface Note that this analysis will hold whenever we have a stationary black hole
spacetime whose horizon is not generated by the stationary Killing vector eld such
a spacetime must necessarily have an ergoregion.

The presence of the ergoregion leads to interesting phenomena. Firstly, it implies
that an observer situated within the ergoregion cannot remain stationary in space
relative to an asymptotic observer,i.e. an observer cannot follow an orbit ofk?
inside the ergoregion. In the case of Kerr, this can be understood with the concept of
frame-dragging the rotating black hole literally drags space around with it as it spins,
meaning that all observers are pulled around too in its gravitational whirlpool. From
within the ergoregion it is still possible for an observer to escape to in nity (so long as
they do not cross the horizon), but they must do so by spinning with the black hole
whilst accelerating away from it. Secondly, the ergoregion allows for the possibility of
energy extraction from the black hole via the Penrose proces¥]] or via superradiance
[25 27].

Again one can transform to ingoing coordinates in order to extend through the
event horizon of the Kerr black hole. Similarly to the Reissner-Nordstrom case there is
a Cauchy horizon in the interior which is expected to be non-generic.

The generalisation of the Kerr solution to Einstein-Maxwell theory, the Kerr-
Newman solution P8, 29|, was discovered shortly after the Kerr solution. It is an exact
solution describing a charged, rotating black hole and depends upon four parameters,
the massM , the angular momentumJ, the electric chargeQ, and the magnetic charge
P. In Section 1.2.2, we will see that each of these parameters can be de ned as charges,
i.e. as integrals at in nity. All the other four-dimensional, asymptotically at solutions
mentioned above are special cases of the Kerr-Newman solution (Schwarzschild is
J = Q= P =0, Reissner-Nordstrom is] =0, and KerrisQ = P =0).

1.2.1 Uniqueness theorems

For four-dimensional, asymptotically at black holes, there are a large number of
uniqueness results, as reviewed in [30, 31].

Firstly, Israel showed that a regular, static vacuum black hole spacetime is isometric
to the Schwarzschild solution 32]. Bunting and Masood-ul-Alam later provided an
alternative proof [33] based on the positive energy theoren34 36]. Israel also extended
this to the electro-vacuum case to show that a charged, static black hole spacetime must
be isometric to Reissner-Nordstrom, under the further assumption that the event horizon
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is a connected surface3]. This extra assumption is necessary due to some famous
multi-horizon solutions in Einstein-Maxwell theory called the Majumdar-Papapetrou
solutions B8, 39|, which are a con guration of extremally charged black holes, in
which the gravitational attraction between the black holes is balanced by their electric
repulsion. However, the Reissner-Nordstrom and Majumdar-Papapetrou solutions
are the only static, asymptotically at electro-vacuum black hole spacetimesgi{, 41].
Furthermore, it was shown that if the stationary Killing vector eld generates the
horizons, then the spacetime must be stati¢lp, 43]. These can be combined to give
the following:

Theorem 1.2 (Static Uniqueness Theorem) Let (M ; g) be an asymptotically at
black hole solution of the Einstein-Maxwell equations in four dimensions with stationary
Killing vector eld, k?, and suppose the event horizon is generatedky Then (M ;g) is
static with respect tok?. Furthermore, if the event horizon is connected the(M ; g) is

a member of the Reissner-Nordstrom family, and if the horizon is disconnected then
(M ;g) is a Majumdar-Papapetrou solution.

In the case that the black hole is not static or spherically symmetric, the rigidity
theorem @4, 9] e ectively states that a stationary black hole is axisymmetric and
possesses a Killing horizon:

Theorem 1.3 (Rigidity Theorem) Let (M ;g) be an analytic, asymptotically at,
four-dimensional black hole solution to the Einstein-Maxwell equation which is station-
ary with respect to a Killing vector eld, k& Then the horizon is generated by a Killing
vector eld 2= k*+ _m? where p is a constant, called the angular velocity, and
m? is a spacelike Killing vector eld whose orbits form closed curves, i.€M ; Q) is
axisymmetric.

The assumption that the metric is analytic is unphysical, and was later weakened
[45 49. One important ingredient of the proofs of the rigidity theorem is the topology
theorems §4, 50, 51] which dictate that for any four-dimensional, asymptotically at
black hole spacetime, the intersection of the event horizon with a Cauchy surface must
topologically be a two-sphere.

Finally, under the assumption of stationarity and axisymmetry (or stationarity and
analyticity, after appealing to Hawking's rigidity theorem), Carter [52] and Robinson
[53] obtained the uniqueness theorem:

Theorem 1.4 (Axisymmetric Uniqueness Theorem) Let (M ; g) be a stationary,
axisymmetric, regular, asymptotically at black hole solution to the vacuum Einstein
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equation with a connected, non-degenerate event horizon. Th@l ;g) is a non-
extremal member of the Kerr family which is parameterised by two asymptotic charges:
the massM, and the angular momentunmy.

This result was extended to Einstein-Maxwell theory by Mazurg4] and Bunting [59],
where now(M ; g) must belong to the four-parameter Kerr-Newman family. In nature
though, it is not expected for black holes to be charged, since if they were they would
attract oppositely charged matter and swiftly become neutral. Hence, the expectation
from the uniqueness theorems is that matter which collapses to form a black hole will
settle down to a member of the Kerr family.

The essence of these theorems is the idea that a stationary black hole should be
uniquely determined in terms of a small number of asymptotic charges. This led to the
no-hair conjecture, which postulated that this was the case for stationary black holes
in theories including other matter elds. Indeed this was veri ed in various set-ups
[56 65], but has been shown to generally not be true by considering dilato6q 68,
non-Abelian [69 71], complex scalar [72], or Proca [73] elds.

1.2.2 Black hole thermodynamics

We have been calling the quantitie , J, Q and P asymptotic charges, despite the
fact that so far we have treated them as parameters of the Kerr-Newman spacetimes,
rather than quantities obtained by an integral at in nity. Let us now explain how these
charges can be de ned at in nity, and further go on to discuss how they satisfy the
laws of thermodynamics.

Let us consider an asymptotically at spacetimgM ;g) which is stationary w.r.t.
a KVF, k2, and axisymmetric w.r.t. a KVF, m?, and with a Maxwell eld with eld
strength tensorF,,. Let be a Cauchy surface of the spacetime, ar@ its intersection
with the asymptotic boundary. Then the electric charge and magnetic charge of the
space are, respectively, de ned by
z 12

?F; P= - F (1.11)
4 @

1
"7 o

Q

and the mass (or equivalently, the energy), and the angular momentum are, respectively,
de ned by the Komar integrals

M = ?dk; J=— ?dm: (1.12)

iZ
8 @ 16 @
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We have from the rigidity theorem that the horizon,H*, is generated by the Killing
vector 2= k#+ m?, which is null on the horizon. Hence? , = 0 is constant on
the horizon, and thus its derivative must be normal toH™ meaning that it will be
proportional to . That is,

ra °p = 2 4 (1.13)

where is named thesurface gravity of the horizon.
The charges and the surface gravity satisfy a number of laws, often called the laws
of black hole mechanics [74 77].

Theorem 1.5 (Zeroth law of black hole mechanics) The surface gravity, , of
the horizon of a stationary black hole spacetime satisfying the dominant energy condition
IS constant.

Theorem 1.6 (First law of black hole mechanics) Consider a variation within
the space of Kerr-Newman solutions. The change in area of the black hole horizon is
given by

§A= M HJ HQ h P; (1.14)
where  and 4 are the co-rotating electric and magnetic potentials, respectively.
These are dened by {4 = aA,jn+ and 4y = aB,jy+ whereF = dA and

?F =dB and A? and B? are taken in a gauge such that they vanish at in nity.

The rst law is presented here in its weakest form, as a result regarding variations
within the space of stationary black hole solutions. There is also a physical version
describing how the charges of a black hole are perturbed when a small ux of matter
enters the horizon 78]. Sudarsky and Wald strengthened the rst law using the
Hamiltonian formulation of GR to show that by considering small variations in the
initial data leading towards a certain black hole solution one can also derive a rst law
relationship [42]. Indeed this proof extends to generic matter elds, so long as there is
a well-de ned Hamiltonian formulation [79].

Theorem 1.7 (Second law of black hole mechanics) Assuming the weak energy
condition, the area of the black hole horizon is non-decreasing.

The evident similarity of the laws of black hole mechanics to those of thermody-
namics led to the expectation that entropy of a black hole is proportional to its area,
whilst the temperature of a black hole is proportional to its surface gravity. This led to
some confusion, since classically, no particles can escape from black holes, and hence
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one would expect that they would have zero temperature, whereas the surface gravity
is generally non-zero. The mystery was solved by Hawking§( 81], who revealed that
when quantum e ects of matter elds are taken into account, a black hole radiates at
the so-calledHawking temperature

Ty = 5 (1.15)
Here we have included the factor of to stress that this is a quantum e ect, though
we will take ~=1 from now on.

This formula for the temperature xes the constant of proportionality between the
area and the entropy required such that the rst law of black hole mechanics matches
perfectly with the rst law of thermodynamics. The entropy must be given by the

Bekenstein-Hawking formula
A

Sgn = G (1.16)
One major mystery is precisely what the microscopic degrees of freedom are that are
being counted by the entropy.

The black hole can now decrease area due to Hawking radiation, which violates
the second law of black hole mechanics, as presented above. However, Bekenstein's
generalised second la\82] dictates that the total entropy, combining that of the black
hole and any matter elds, is always non-decreasing, which again matches with the
second law of thermodynamics.

A black hole radiating at the Hawking temperature will eventually evaporate.
Even if the state which collapsed to form the black hole was a pure state, Hawking's
calculation implies that the end state of evaporation would be a mixed state, suggesting
that information has been lost during this process, or more precisely, that the evolution
is not unitary. One may at rst think that the loss of information is not that problematic
and arises in all sorts of physical processes say we burn a book, it seems as though
the information held within the pages is as irretrievably lost as if we had thrown it
into a black hole. However, the di erence is that if one were to capture the ashes as
well as all of the photons emitted in the process of burning the book, one would, in
theory, be able to be able to rebuild the book from scratch. The information is retained
in the ashes and the radiation but one would need an unimaginably sophisticated
guantum computer to access it. On the other hand, if one were the throw a book into
a black hole, one could wait for half an eternity, capturing each and every quantum of
Hawking radiation emitted during the black hole's lifetime, but according to Hawking's
calculation, even with a perfect quantum computer, one wouldn't be able to deduce
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whether the book thrown in was The Brothers Karamazov, Fifty Shades of Grey, or
just a particularly large roll of toilet paper.*

This famous problem is called the information paradox8@]. A more modern version
of the paradox is to say that the evaporation of a black hole implies that a theory of
guantum gravity cannot satisfy all of the following: unitarity, locality, and regularity
in the vicinity of a horizon [84]. The AdS/CFT correspondence, which maps a theory
of quantum gravity to a eld theory residing on the boundary (which we will review in
Section 1.3.2) suggests that a full theory of quantum gravity may not be local.

In any case, the information paradox serves as an excellent example of how studying
stationary solutions in general relativity can lead to pressing questions regarding the
fundamental nature of the theory.

1.2.3 Higher dimensions

Though our Universe clearly appears to have four dimensions, there are a number
of reasons for interest in higher dimensional black hole89 86]. Firstly, superstring
theory is only mathematically consistent in ten dimensions, and therefore in order for
it to be realised in the real world, there would need to be six extra dimensions which
are in some sense small, and so unnoticeable for large observers. It is possible that
microscopic black holes could be generated in collideB7[89], and whilst they have
failed to materialise in experiments in the LHC, future particle collidersg0 92] keep
the hopes that they could be generated alive. Such microscopic black holes would
provide excellent testing grounds for extra dimensions. Moreover, the AdS/CFT duality
relates ad-dimensional black hole to a state of &d 1)-dimensional quantum eld
theory, hence in this case it is clear that studying other values of dimensionality will
still be of great interest. Finally, black holes are some of the most fundamental objects
in the theory of general relativity, and hence it is desirable to better understand their
properties, in any number of dimensions, in order to better understand the theory.
For example, one may wonder whether each of the uniqueness theorems reviewed in
Section 1.2.1 is particular to four dimensions and asymptotic atness, or holds in more
generality.

By generalising the proof of Bunting and Masood-Ul-Alam it was shown that a static,
higher-dimensional, asymptotically at black hole spacetime with a non-degenerate
horizon is isometric to the Schwarzschild-Tangherlini metric (the generalisation of
Schwarzschild to higher dimensions) [93 95].

“We leave it to the reader to judge which two of these three are most similar.
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The natural extensions of the rotating Kerr solutions to higher dimensions are
the Myers-Perry black holes 6. In d-dimensions, the spatial cross-section of the
horizon of these black holes is topologically a spherg? 2, and with d =2n+1 or
d =2n + 2 the solutions haven linearly independent axes of rotation. However, not
all rotating black hole solutions belong to the Myers-Perry family; the rst and most
famous counterexamples, due to Emparan and Reall, are the ve-dimensional black
ring solutions [97], whose horizons hav®® S! topology.

Hence, unlike in four dimensions, it is not the case that all asymptotically at,
stationary black holes have horizons with spherical topology. Indeed, the space of
higher dimensional black holes is far richer, not satisfying the natural analogue of
the axisymmetric uniqueness theorem in four dimensions. That being said, there do
exist theorems restricting the horizon topology to a wider family98, 99|, and the
rigidity theorem does hold in higher dimensions under the assumption that the spatial
cross-sections of the horizon areompact[100 102].

We shall shortly see that taking a non-zero cosmological constant allows for an even
richer space of stationary black hole solutions. There are very few results regarding
uniqueness in the presence of a positive cosmological constant. Indeed, recently, both
static and axially rotating binary black hole solutions were obtained numerically in
pure gravity in four dimensions with a positive cosmological constani(3 104. We
will chie y be interested though in the case of a negative cosmological constant.

1.3 Anti-de Sitter space

Let us now consider the vacuum Einstein equation with a negative cosmological

constant: d 1
Rap+ —5—0ab = 0; (1.17)
d

where "4 is called the AdS radius and is de ned in terms of the cosmological constant
by = (d 1)(d 2)=2'3). The maximally symmetric solution to this equation is
called anti-de Sitter (AdS) space.

1.3.1 The geometry of anti-de Sitter space

Anti-de Sitter space ind dimensions can be de ned as the induced geometry of a
hyperboloid

%
Y YP+  XP= 3 (1.18)
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embedded inR%® 1, i.e. at space with two timelike directions, which has metric

& 1
dsi.e + = dYZ dYf+ dXZ (1.19)
i=1
The at R%Y ! space possesses the isome®0D(2;d 1), under which the constraint
(1.18) is invariant, and hence anti-de Sitter space inherits this isometry.
We will nd a number of di erent coordinate systems useful. Firstly, we can take
global coordinatesde ned by

Yo= gSec sin; Yi= g4sec cos; X;= gYyitan; (1.20)

with \é the standard Cartesian coordinates of a unifd 1)-sphere, fori = 1;:::;d 1,
with = ¢,'y? = 1. The metric of the hyperboloid in these coordinates is given by

N2
dsigs = —3— d 2+d ?+sin? d & , (1.21)

cog
and one can explicitly check it satis es the vacuum Einstein equation with a negative
cosmological constant(1.17). From (1.20) the time coordinate appears to be periodic,
which would lead to undesirable closed timelike curves. However, we can simply unravel
the circle, taking 2 (1 ;1 ) without any identi cations, i.e. we take the universal
covering of the hyperboloid. The coordinate lies in the range 2 (0; =2). These
coordinates parameterise the whole of the hyperboloid and hence the metric described
by (1.21) is namedglobal anti-de Sitterspace. The asymptotic boundary is situated at
= =2

Another useful set of coordinates are th€oincaré coordinates, which are de ned

by

Y1 Xy = ;di Y1+ Xq = ;d@Zz 2+ XA (1.22)

wherel = 1;:::d 2. The z coordinate runs overz 2 (0;1 ) and hence these
coordinates only cover half of the hyperboloid;,Y; > X ;g. This region of AdS space
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parameterised by these coordinates is called thloincaré patchand has metric
0
2 & 2
dS2gincars = Z—‘; @ dt?+dz?+  dx?A: (1.23)
1=1

We note that constant z slices of the Poincaré patch have at geometry, with induced
metric isometric to the Minkowski metric. The conformal boundary is situated at
z=0.Thez!1l surface is called the Poincaré horizon. This surface appears to be
singular in the Poincaré coordinates, but by considering the global coordinates or the
original hyperboloid one can deduce that it is just a coordinate singularity.

Let us now consider the causal structure of AdS space, which is invariant under
conformal transformations. Clearly the global AdS metric(1.21), is conformal to (one
half of)® the metric of the d-dimensionalEinstein static Universe (ESUy) which has
the metric

dsiqu = d 2+d ?+sin?® d & ,; (1.24)

and is topologically a cylinder. The conformal boundary is situated where the conformal
factor diverges,i.e. at = =2. The geometry of the boundary is conformal t&SUy ;.

Let us now speci cally consider three dimensional anti-de Sitter spac&dsSs),
though everything we'll see generalises to higher dimensidgh©ne can transform from
global coordinates to Poincaré coordinates with the transformation

t= il : (1.25a)
COS Sin COS
in sin
r= >0 S : (1.25b)
cos sin cos
zZ= cos : (1.25¢)

cosS sin cos

As expected this transformation becomes singular at the Poincaré horizon,at 1
which in terms of the global coordinates is the surface de ned jgos  sin cos =0.

In Figure 1.1 we have shown the Penrose diagram AflS;. In blue is the Penrose
diagram for global AdS; which is topologically a cylinder with the time coordinate,

, running over the whole real line. The boundary of the cylinder is the conformal
boundary of globalAdS;. In orange is the embedding of the Poincaré patch in global
AdS; according to the above coordinate transformations, which appears as a wedge.
The region of the boundary of the wedge which also lies on the boundary of the cylinder

5The full ESU runs over 2 (0; ).
5The Penrose diagram of AdS though is slightly di erent.
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Fig. 1.1. In blue is the Penrose diagram of globalAdSz, which is topologically a cylinder. The orange
region which lies wholly within the blue region is the Penrose diagram of the Poincaré patch oAdS;.
The Poincaré patch is bounded by the conformal boundary atz = 0 (the boundary of the cylinder),
and the Poincaré horizons atz!1 , which lie in the interior of the cylinder. The black lines show
where the Poincaré horizon meets the boundary, at which the Poincaré coordinates become singular.
The blue line shows an orbit of @ where is the time-coordinate of global AdSz, whilst the orange
curves show orbits of @ where t is the time-coordinate use in the Poincaré patch.

is wherez = 0 and is the conformal boundary of the Poincaré patch. On the other hand
the regions of the boundary of the wedge which lie within the interior of the cylinder
are the past and future Poincaré horizons, at ! 1 . The black lines show where the
Poincaré horizons meet the conformal boundary. The coordinate is singular at these
edges, as can be seen from the de nition afin (1.25c) since at on these curves both
the numerator and denominator of the expression far go to zero.
The natural stationary Killing vector elds of the global AdS metric and the

Poincaré metric are not the same. Orbits of the KVF associated to the time coordinate
of the global AdS metric, @, are simply vertical lines in Figure 1.1, one of which is
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indicated as a blue line. Clearly these pass straight through the Poincaré horizons.
On the other hand, the orange curves in Figure 1.1 indicate the orbits of the KVF
associated to the time coordinate of the Poincaré metri@. These reach the conformal
boundary at the points(;; )=( =2, =2, =2), atwhicht! 1 but r and z
remain nite.

One notable feature of the Penrose diagram is that it shows that null curves
can reach the conformal boundary of AdS in nite coordinate time. This has the
consequence that AdS isot globally hyperbolic,i.e. there is no Cauchy surface on
which a speci cation of initial data uniquely determines the future evolution of this
data. Rather, one must additionally enforce boundary conditions on the conformal
boundary in order to have well-de ned dynamical evolution through anti-de Sitter
space.

1.3.2 The AdS/CFT correspondence

The cosmological constant in our Universe does not appear to be negative. For a very
long time it was thought to be exactly zero (so much so that Einstein himself called his
inclusion of a cosmological constant his greatest blunder), however, experiments in the
late 90s provided compelling evidence for an extremely small, but non-zero, positive
cosmological constant [105 108].

Despite this, interest in anti-de Sitter space since the turn of the century has
rocketed, motivated largely by the discovery of the AdS/CFT duality L09 110,
which describes a correspondence between a class of non-gravitational conformal eld
theories (CFT) which are quantum eld theories that are invariant under conformal
transformations, and string theories which, in particular, contain dynamical quantum
gravity. The canonical early review of this correspondence is Ret1fl], though there
now exists a myriad of reviews, lecture notes and textbooks into the subject, including,
but not limited to, Refs. [112 119].

The duality equates the partition functions of the two theories:

Zcrt = ZQG: (126)

The partition function on the left is only well-understood in the Euclidean section,
whilst the full partition function of quantum gravity is barely understood at all. But
let us focus on the Euclidean section for now and take some helpful limits to simplify
things on the right hand side. There are two vital parameters of these CFTs that we
will need to take into consideration: a coupling constant,, measuring the strength of
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the interactions of the elds of the theory, and the number of degrees of freedoiM,
which is usually associated to the central charge of the CFT.

Suppressing loop corrections in the string theory corresponds to taking the planar
limit of the CFT, N !'1 . In this limit, the CFT is dual to a theory of semi-classical
strings about a geometry with AdS asymptotics. Moreover, at low energies, string
theory is well approximated by theories of supergravity. Taking this limit corresponds
to taking a limit of very strong coupling on the eld theory side, !1 . Thus, the
AdS/CFT correspondence is a strong-weak duality taking the CFT to be strongly
coupled is dual to taking the gravitational theory to be weakly coupled. All together,
taking both and N are large yields a duality between &d 1)-dimensional CFT and
a supergravity theory about anAdSy X manifold, whereX is a compact manifold.
One can perform a Kaluza-Klein (KK) reduction on this compact manifold to obtain
a theory on AdSy, which has a consistent truncation to general relativity orAdSy.
Hence, studying classical gravity with a negative cosmological constantdndimensions
is dual to studying a very strongly coupled CFT with a large number of degrees of
freedom living on a xed (d 1)-dimensional manifold.

The prototypical example of this duality is between type IIB string theory de ned
on AdSs S°® and a four-dimensionalN =4, SU(N) super Yang-Mills CFT. In this
case, = @&y N, is the 't Hooft coupling (with gyy denoting the Yang-Mills coupling)
and N is the rank of the SU(N) gauge group. TheN !'1 ; 11 limit yields
supergravity onAdSs  S° which can be truncated to general relativity onAdSs. Let us
however be agnostic regarding the precise details of the CFT and consider the duality
in more generality.

The fundamental objects in a CFT are calledocal operators O. These respect
the conformal symmetry of the CFT. Speci cally, under a scaling transformation,
x ! x , the operators transform asO(x ) ! O(x ), where is a number
called the scaling dimensionof O. We can add additional source terms for such
operators to the path integral directly:

z
Zeer[ o(x )] exp d®x o(x )O(x ) . (1.27)

whereD = d 1is the number of boundary dimensions. The addition of the source
terms corresponds to the addition of extraelds, , in the bulk theory with their
boundary behaviour dictated by o(x ). IntheN 1 , 1 limit, the gravitational
theory becomes classical, and so we can evaluate the partition function by a saddle
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point approximation:

ZCFT[ O(X )] = eXp( Sgravity[ c]) ) ; (1-28)
limz o(z  c(zx )= o
whereSyavity IS the Einstein-Hilbert action including the negative cosmological constant
and the Lagrangian arising from any matter elds, and . is a solution to the equations
arising from this theory satisfying certain boundary conditions at the conformal
boundary, which is situated atz = 0, wherez is the radial coordinate in Fe erman-
Graham gauge, which we will de ne fully in Section 1.3.3.

The value of in (1.28) indicates the order inz at which a given boundary condition
must be enforced at the conformal boundary, and is determined by the mass and spin
of each the elds denoted by . For example, a scalar operator with scaling dimension,

, iIs dual to a scalar eld in the bulk with the boundary condition being enforced
at order = D, where can in turn be written in terms of the mass,m, of the
scalar eld via the mass-dimension formula:

S 2
= [2)+ [;, + m2'3: (1.29)
Meanwhile, the inclusion of a vector operator,] , excites a vector eld, A2. In
particular a conserved currentJ , is dual to a massless gauge eld in the bulk and
the boundary condition is enforced at = 0. This is an example of a typical principle:
a global symmetry of the boundary leads to a gauge symmetry in the bulk. Such a
conserved current in the CFT can be sourced by a chemical potenti®l©

Finally, the stress tensor of the CFT,T , is dual to metric perturbations in the
bulk, with = 2. This last operator is of course present in any CFT, though we can
still deform the CFT by adding a gravitational source term for the stress tensor,e.
by taking the CFT to be on a curved background.

In each case though, both sides dfL.28) are divergent on the left hand side
the QFT partition function su ers from UV divergences, whereas the right hand side
has IR divergences due to the in nite volume of AdS (for this reason the AAS/CFT is
often called an UV/IR duality). These divergences can be dealt with via the process of
holographic renormalization by setting a cuto atz = and adding counterterms to
cancel the divergences that arise as! 0. Let us denote bySéf;)viw the action of the
gravity theory with such counterterms included. We will brie y describe the results of
this holographic renormalization in some cases, but for now let us neglect this subtlety.
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As usual in QFT, the source terms play two roles. Firstly, one can perform functional
derivatives with respect to the source in order to obtain the vacuum expectation value
and correlation functions of operators:

S(R)_
hO(x)i = %VX“)V . (1.30a)
s n+ nSU?a)vit .
hO(x1) :::0(xp)i = ( 1)™? o) :9:: yo(xn) o (1.30b)

Secondly, one can consider the sources to be external physical deformations of the
theory, and the one-point function of an operator under the in uence of the sources is

given by
ho(x)i = % (1.31)
o(X) '

In this thesis, we will consider an Einstein-Maxwell theory in the bulk. Hence we shall
be considering CFTs under the in uence of electromagnetic and gravitational source
terms. The gravitational source terms determine the background manifold that the
CFT lives upon, By 1. The addition of a non-trivial electromagnetic source can be
thought of as further deforming the CFT theory by adding external electric or magnetic
elds. States of the CFT residing on such a background will be dual tasymptotically
locally AdS (AIAdS) geometries, which are solutions to the Einstein-Maxwell equations
with a negative cosmological constant which possess conformal boundaries with induced
geometry equal to the metric ofBy ;. Once a bulk solution is obtained, one can then
read o the one-point functions of the conserved current) , and the stress tensor,
T , under the in uence of these sources viél.31). Let us now give a practical review
of how this can be done via the process of holographic renormalization.

1.3.3 Holographic renormalization

The action we will consider in the bulk is that of Einstein-Maxwell theory with a
negative cosmological constant, given i(iL..2). The holographic quantities are extracted
from a bulk solution via an asymptotic analysis of the solution near the conformal
boundary [12Q. It is helpful to transform the metric and the vector potential into
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Fe erman-Graham gauge [121] in the asymptotic region:

22
d

ds® = 2 dz?+ g9+ g@2%+ i1+ gPZ° + hP)ZP logz dx dx + O(z°*) ;
(1.32a)
A= AQ+ i+ A 270 24 B(® 27D 2|97 dx + O(Z° 1); (1.32b)

where, once againP = d 1is the number of dimensions of the boundary theory. The
terms denoted by the ellipses contain only even powersofip to O(zP) for the metric
and up to O(z® ?) for the vector potential. The logarithm terms are only present
for D even,i.e. when the number of bulk dimensions in odd. These correspond to
conformal anomalies arising for CFTs in even dimensions [122].

The leading order terms,g© and A©, must be set as boundary conditions for the
bulk problem. These correspond to the sources in uencing the CFT. Many terms in
the expansion are xed explicitly in terms of the boundary data by the local analysis
of the equations of motion near the boundary. However, in genergP); h(®); A® 2)
and B(° 2 are undetermined by this local analysis, and hence a full bulk solution
must be found while setting additional boundary conditions deep within the bulk in
order to attain them. All further subleading terms are xed in terms of the boundary
data and fg(®); h(®P); A(C 2).B({ 2)g,

The solutions of this thesis all possess either four or ve dimensions, so let us focus
on these dimensionalities. The case of ve dimensions is far more complicated due
to the presence of the logarithm terms. In each case, the one-point functions of the
conserved current and the stress tensor are given by

(R)

. 1 S,

hli= %W; (1.33a)
. 2 s,

hT i = g(o)gz\,’)'ty; (1.33b)

where one must renormalize the Einstein-Hilbert action by adding counterterms which
cancel the divergences arising in the above expressions for the VEVs. Here let us just
state the results after this process of holographic renormalization, setting = 1.

d =4 . In any even bulk dimension, the counterterms provide no nite contributions,
cancelling only the in nite divergences. The conserved current and stress tensor are



22 Introduction

given by
1.
hi= 74G4A : (1.34a)
hT i = 16‘249(3): (1.34b)

There are no conformal anomalies of the CFT in this case, and hence the holographic
stress tensor is traceless. Moreover, the one-point functions satisfy a Ward identity,
given by

r Onr i=FOp i; (1.35)

wherer @ s the covariant derivative arising from the boundary metricg®, and F(©
is the eld strength tensor arising from the boundary vector potential A© .

d =5. Finite counterterms do arise in this case, making the holographic renormaliza-
tion process more subtle (see, for examplé,Z3 for details on this process for a more
general theory). Ultimately, one nds

1
h = iG, 2A@ + B@ (1.36a)
8
1 < 1 1 3 1
KT i = @ Lg@2 4+ Lg@Tri@1+ S 100, 1 T00auge
"= 4G, 9 27 *gTTeTI g 16
9

1 2 1 =
ég(O) Trg?] ©  Tr[(g®)?] ng(0>(F(0)) F(O);; (1.36b)

where (g®)?2 = (g@) ¢g@g?, and T@Q9a gand T@9 gre the gravity and gauge
anomaly stress tensors, respectively, which can be written in terms of the curvature
tensors of the boundary metric and the eld strength tensor of the boundary vector
potential as

TOw = RO (RO) ig(O)R(O)(R(O)) ;R(O)R(O) N ér ©; ORO

1 1
+ é(r ©)2RO) 4 TZg(O) (RO)2  (r @)2R0O (1.37a)
T(O)gauge — F 0) (F (0)) + g(o) (F (0)) F (0): (137b)
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Due to the presence of the anomaly stress tensors, the tracehdf i is no longer
automatically vanishing:

1 1 '
hr i= —— RORO (RO 4FO@) FO . 1.
= 16, RORY) SRO? 4FE) (1.38)
This is the expected conformal anomaly of the CFT. The Ward identity given ir{1.35)

still holds in this case.

1.3.4 Asymptotically AdS black holes

Under the AdS/CFT duality, asymptotically AdS black hole solutions correspond to
thermal states of the CFT. The most simple black hole solution in anti-de Sitter space
is that of the d-dimensional AdS-Schwarzschild metric, given by

dShgs schw = F()dt?+ F(r) *dr?+r?d § (1.39a)
with , ! s
f(r)=1+L2 1+f—2 rr—“ ; (1.39b)
d d

where the parameterry, is the radius of the horizon. This vacuum solution is asymptotic
to global AdS. The temperature of the horizon is given by

_ @ 1rp+(d 33

Th -
4rh§

(1.40)

The dependence of this temperature on the radius is shown graphically in Figure 1.2.
One striking di erence between this formula and that describing the temperature of
the asymptotically at Schwarzschild solution, in which the temperature is inversely
proportional to the radius of the horizon, is that there is a minimum temperature of
the AdS-Schwarzschild black hole, given by

q__
o (d 3)d 1)

= 1.41
o o~ (L.41)

For any temperature Ty > Ty, there are two distinct black hole solutions, called a
small and a large AdS black hole, and thus two saddles of the Euclidean gravitational
path integral. Moreover, for any temperature there is another thermal state called

"Let us here focus ond 4 since the case of the three-dimensional BTZ black holelp4 is
qualitatively di erent, e.g. there is at most one BTZ black hole for a given temperature.
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Fig. 1.2: The temperature, Ty, for four-dimensional AdS-Schwarzschild black holes of di erent
radius. There is a non-zero minimum temperature of vacuum black holes in AdS.

thermal AdS simply formed by taking the global AdS solution, given in(1.21), and
periodically identifying the imaginary time coordinate, ¢ = i , with a period given by
the inverse temperature, = T,

In the canonical ensemble we must compare the free energy of these three saddles
at xed temperature to see which solution dominates. Hawking and Pagé33 rst
carried out this analysis long before the AdS/CFT duality was discovered. In order to
calculate the energy, we can use the method of holographic renormalization described in
the previous section. For, example, in four dimensions, writing the AdS-Schwarzschild
metric in Fe erman-Graham gauge gives:

2 |
. ) 3 !
2 _ 4§ 2 Z 2 5.2 2 2
ds = 2 dz 1+2‘§+§ re+ 2 s +::0.d

|
2 3 :
z 1 rz
N2 2 2 h
+77 1 S+ rp+73

2 .
7% 3 ~5 d 21 (1.42)

where here the boundary metricg©, is that of the ESU; with radius "4:

g@dx dx = d*+3d % (1.43)
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From this expansion, one can read o the holographic stress tensdil, i, using (1.34).
1 !

o rn r
OHT = o
! T 16G, 2

SN

. M r
hr i = 1+
8G,

(1.44)

’
I

where ; denotes any of the angular directions on the two-sphere. The results are
gualitatively similar in other dimensionalities, once one has subtracted o the Casimir
energy of empty global AdS i(e. the value of T i found with r, = 0). In general,

! !
(d 2)yd?3 r rd 3 r

= PiE ——— 1+ <
16G 4'¢4 'z ' 16G 4 ¢

SN

HT (1.45)

Q.I\)‘

The total energy can be found by integrating the energy densithT i, over the
boundary (d 2)-sphere:

_(d 2)tgorp°® rz

E >
16G 4 2

(1.46)

where! 4 » is the area of a unitS® 2 sphere. The horizon is spherical with radius;,

hence the entropy is given by |

S= ﬁrﬂ 2. (1.47)

These two equations, along with temperature of the black hole, given {i4.40), allow
one to compute the free energy:

!
3 r

oN

d

F:E THS:T(SC’

1 (1.48)

’
N

Since we subtracted the Casimir energy of the global AdS solution, this really is the
relative free energy when compared with thermal AdS. In the canonical ensemble, the
dominant solution will be the solution which minimises the free energy for a given
temperature.

For Ty < Ty, thermal global AdS is the only saddle, so is dominant by default. For
Ty > Ty, the small black holes always have positive free energy and hence are always
subdominant. However, ifr, > " 4, then we see fron(1.48) that the large black hole
solution has lower free energy than thermal AdS, and hence dominates the canonical
ensemble. Thus, there is a rst-order phase transition between the two phases called
the Hawking-Page transition It occurs at the temperature,

Tup = (1.49)

2 g
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Fig. 1.3: The phase diagram of the thermal solutions in four-dimensional AdS space. The blue
and orange correspond to the values of the free energ¥,, of the small and large AdS-Schwarzschild
solutions, respectively, whilst the green line (atF = 0) is that of the thermal AdS solution. There
are no black hole solutions forTy < To. The solution which dominates the ensemble for a given
temperature, Ty, is the one with the least value of the free energy. FoiTy < T yp , this is the thermal
AdS solution, but for Ty > Typ the large black hole dominates.

Figure 1.3 shows the phase diagram which makes this phase transition evident.

This phase transition also occurs on the eld theory side. Witten argued that the
Hawking-Page transition was dual to a transition between a con ned phase and a
decon ned phase of the CFT when living on a spatial spheré2q. At low temperatures
relative to the radius of the sphere, 4, the di erent species (or colours) of the elds
combine together to form composites often called glue balls, with the energy density
resultantly being O(1). At high temperatures relative to "4, the elds escape from these
composites and thus the energy density instead behaves@gN?). Witten argued
that the con ned phase corresponds the thermal global AdS solution, whereas the
decon ned phase corresponds to the AdS-Schwarzschild solution.

Hence, this extremely complicated property of con nement of a strongly coupled
QFT is mapped to a far simpler property in the bulk, that of the presence of a black
hole horizon.

By Birkho 's theorem in AdS, these are the only nite temperature, vacuum, static,
spherically symmetric solutions which are asymptotic to global AdS. However the
structure of the space of solutions will be far richer if we include gravitational and
electromagnetic source terms at the boundary. One key aim of this thesis will be to
explore this avenue of investigation.
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Moreover, not all black holes in AdS have horizons with spherical topology, even in
four dimensions. Another simple metric is that of the planar AdS black hole given by

2 dz? '
dsglanar = ;g g(2) dt? + @ + o dx!dx? (1.50a)
with |
7 d 1
g2)=1 z : (1.50b)

In these coordinates, the horizon lies a& = z,, and the conformal boundary is atz = 0
where the metric approaches that of the Poincaré patch of AdS. The temperature of

the planar black hole is
d 1

4z’
which can take any positive value. Just as above, one could nd another saddle in
the canonical ensemble by identify the imaginary time coordinate in the metric of the

Poincare patch,(1.23), with a period given by the inverse temperature. However, the

planar black alwaysdominates over the thermal planar AdS solution, hence there is
no Hawking-Page transition in this case. This means that the decon ned state of the
CFT dominates when the background manifold is the Minkowski manifold.

(1.51)

TH=

1.4 Black droplets and funnels

The case of the Hawking-Page transition exempli es how holography can often take
complicated aspects of a quantum eld theory and give them a geometrical interpreta-
tion in terms of the gravity theory. We'll see a further example of the geometerization
of a complicated phase transition of the strongly coupled CFT in this section this
time for a CFT living on a xed black hole background. Studying a QFT on black hole
background was what led Hawking to the discovery that black holes emit Hawking
radiation and hence behave as thermodynamic object®(], as we reviewed in Sec-
tion 1.2.2. However the direct study of quantum elds on curved backgrounds has been
largely restricted by di culty to free or weakly interacting elds. One would expect
qualitative di erences if the elds were instead strongly coupled.

Fortunately, the AdS/CFT duality provides an approach to indirectly study a
strongly coupled CFT on a curved backgroundBy i, by studying AIAdS spacetimes
with conformal boundaries on which the induced metric is equal to that dy4 ; (see,
for example, [L27] for an excellent review on this method). TakingB4 1 to be a black
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(@) The black droplet (b) The black funnel

Fig. 1.4: Schematic drawings of spatial cross-sections of the black droplet and black funnel spacetimes.
In each case the red boundary is the conformal boundary on which the metric is that of the
Schwarzschild black hole. The dashed line is an axis of rotation. The droplet contains two disconnected
horizons: one extending from the boundary horizon and the other the deformed planar horizon deep
within the bulk. The funnel has a single connected horizon, extending from the boundary horizon and
asymptoting to the planar horizon deep within the bulk.

hole spacetime will provide insight into the properties of Hawking radiation at strong
coupling via wholly classical calculations. Since the black hole background is xed,
this study will not elucidate how the CFT backreacts with gravity, and thus will give
us little information on the nature of black hole evaporation. Instead the boundary
black hole behaves as an in nite thermal source for the CFT.

1.4.1 The gravitational duals to a CFT on Schwarzschild

Let us rst consider By ; to be a Schwarzschild black hole, with temperatur&, . The
boundary horizon will extend into the bulk, necessarily generating a bulk horizon which
is anchored on the conformal boundary. Moreover, the CFT state must asymptotically
approach a thermal state with temperatureT,; on at space, since Schwarzschild is
asymptotically at. Hence, in the bulk one expects a (deformed) planar horizon deep
within the bulk with temperature T, . If the CFT is in the Unruh state with T; =0,
then this horizon becomes the Poincaré horizon.

There are two classes of dual bulk gravitational solutions which are distinguished
by the nature of the horizons in the bulk. One, called thélack dropletcontains two
disconnected horizons in the bulk, the black hole horizon anchored on the boundary
horizon and the perturbed planar horizon. The other, thélack funne] instead contains
a single, connected horizon, running from the boundary horizon to an asymptotic
region at which it approaches the expected planar horizon. Figure 1.4 depicts sketches
of spatial cross-sections of these two spacetimes.
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The connected horizon of the black funnel allows classical ow along it. This means
that (unless the CFT is in the Hartle-Hawking state with T, = T, ) the horizon of
the black funnel is not a Killing horizon, evading the rigidity theorems due to the fact
it is non-compact. On the eld theory side, this classical ow corresponds t®(N ?)
Hawking radiation of the CFT elds from the black hole to the asymptotic region,
which is precisely what one would expect if instead one were studyihiy free or weakly
interacting elds on the black hole background.

On the other hand, there is no energy ux between the two disconnected horizons of
the black droplet at leading order inN (i.e. at a classical level in the bulk) even if they
are have di erent temperatures. Including stringy corrections in the bulk, which arise
at subleading order inN, will lead to Hawking radiation between the two horizons.
This means that on the eld theory side the Hawking radiation from the black hole
to the asymptotic region of the CFT elds is greatly suppressed t@®(N°). The eld
theory mechanism behind this behaviour is not well understood.

Overall then, the black funnel corresponds to decon ned phase of the CFT living
on the black hole background, whilst the black droplet corresponds to @n ned
phase [128, 129]. The rst solutions were found by considering the CFT on the lower
dimensional Bafiados-Teitelboim-Zanelli (BTZ) black holel30 132. The black droplet
dual to the CFT in the Unruh state, T; = 0, on a four-dimensional Schwarzschild
background was obtained in133, and the black funnel dual to the CFT in the Hartle-
Hawking state, T; = Ty, was found in [L34. Black droplets and funnels were found
for various values of the ratioT; =Ty in [135, which correspond to Frolov-Page states
of the CFT [134. Droplets were found only to exist forT; =Ty . 0:93 and funnels
were found only forT, =Ty & 0:55, suggesting there must be a phase transition at
some intermediate value. One can also detune the temperature of the bulk horizon
as it approaches the boundary horizon [137], though this corresponds to a CFT state
that is singular at the horizon.

One interesting aspect of these solutions is precisely the sense in which they are
in equilibrium. The droplet solutions are always static and the funnel solutions are
stationary, hence they aredynamically in equilibrium. However, forT; 6 T4, the bulk
solutions are not inthermodynamicequilibrium; the temperatures of the two horizons
in the black droplet are unequal and the horizon of the black funnel is generally not
even a Killing horizon at all. This lack of thermodynamic equilibrium means that,
except in special cases, there is no well-de ned de nition of the free energy of the
solutions, meaning that it is very di cult to argue which of them will dominate the
ensemble at a value off; =Ty for which they both exist. This di erence between
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dynamical equilibrium and thermodynamic equilibrium will be one of the key themes
of this thesis.

1.4.2 Global black droplets and funnels

One can adapt the above considerations to other black hole spacetimes, for example,
those compacti ed onto the ESU. Such solutions are called global droplets and funnels
[138 140. Though such spacetimes are less relevant to astrophysical Hawking radiation,
they provide fascinating case studies for the di erent phases of the CFT, with the
multiple boundary horizons acting like in nite heat sources and sinks inducing heat
ow in the boundary theory.

Speci cally, in [144, the boundary geometry was formed by compactifying two
BTZ black holes and patching them together at their asymptotic boundaries. This
yields two black hole horizons antipodally situated on the ESU. In that work the
boundary black holes were taken to have the same temperature and the authors were
able to nd a number of di erent droplet and funnel bulk solutions each of which are
in thermodynamic equilibrium, allowing for a comparison of the free energy. We will
be interested in deforming such solutions by taking them out of equilibrium. This
leads to an even richer space of solutions and allows one to study owing states of the
CFT with the ow being induced by sources, though unfortunately the thermodynamic
analysis of the out-of-equilibrium solutions becomes far more di cult.

1.5 The Randall-Sundrum model

As described above, the AAS/CFT duality allows us to study, via gravitational calcula-
tions, a strongly coupled conformal eld theory on a xed background. But what if we
would like the eld theory also to couple todynamical gravity? The Randall-Sundrum
(RS) braneworld paradigm provides a possible avenue towards studying such a system.

Matter in the RS models is restricted to a(3 + 1)-dimensional submanifold (a
3-brane ) embedded in a higher dimensional space which has a negative cosmological
constant. There are two Randall-Sundrum models, often called RSI and RSII.

These models also have an interest outside of the world of AAS/CFT, since they
provide mechanisms for including extra dimensions without losing the apparent four-
dimensional behaviour of gravity at low energies for observers restricted to the brane.
Since superstring theory is mathematically consistent in only ten dimensions, such
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(a) A global droplet (b) A global funnel

Fig. 1.5: Schematic drawings of spatial cross-sections of global droplets and funnels. The conformal
boundary is shown by the red curve. The boundary metric contains two black hole horizons antipodally
situated on the ESU. The dashed line is an axis of rotation.

mechanisms for extra dimensions are vital in order for string theory to be a feasible
fundamental theory for describing the physics of our Universe.

We'll be particularly interest in the RSII model but let us quickly describe the RSI
model rst.

1.5.1 The RSI model

The rst Randall-Sundrum (RSI) solution [14]] was introduced as a possible solution
of the hierarchy problem, which pertains to the question of why the force of gravity is
so many order of magnitude weaker than the other fundamental forces of nature. The
metric of the ambient space is given by

ds?>=dY?+exp 2jYjs  dx dx ; (1.52)

wherex run over the coordinates on the brane and the extr& coordinate in the RSI
model lies in the rangeY 2 (0O; b) with the spacetime being bounded by two branes at
Y =0 andY = b. The bulk spacetime has a negative cosmological constant, the brane
at Y =0 has positive tension and the brane a¥ = b has negative tension. Matter is
restricted to the Y = b brane. Via a careful balancing act between the values of the
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tensions of the branes and the cosmological constant, one can enforce that the e ective
gravitational theory on the Y = b brane is four-dimensional GR at low energies.

The warping factor in the metric (1.52) means that the e ective massm,, of a
particle on the brane is exponentially suppressed compared with its true ve-dimensional
mass,ms:

ms= e " smg: (1.53)

Therefore, the strength of gravity is exponentially suppressed on the brane, which is
how the extra dimension of the RSI model provides a possible solution to the hierarchy
problem.

1.5.2 The RSII model

The RSII model [L42 also contains a 3-brane on which matter is restricted. This time
though, there is an extra dimension which is in nite in extent. Taking the 3-brane to
have an induced geometry of at space, the metric of the ambient space must also be
as described in(1.52), however now the extra coordinateY extends in nitely, with

the brane on which matter is con ned being situated atY = 0, across which there is a
Z, symmetry.

In [147, the authors carried out a Kaluza-Klein (KK) reduction of the 5d gravita-
tional perturbations about this metric down to the 4d brane. From the KK spectrum,
the non-relativistic gravitational potential between two particles on the brane of mass
m; and m, at a distance ofr apart was computed to be

’
anN

m;m; 1+

V()= Ge— r

(1.54)

N

The rst term is a contribution from a massless KK mode which plays the role of
the four-dimensional graviton on the brane and agrees with the standard Newtonian
potential of four-dimensional gravity. The second term arises from a tower of massive
KK modes and provides a correction to the e ective theory of gravity on the brane.
However, the correction is very small whem 5, hence there is very little sign
of the extra dimension for observers living on the brane except at small scales or,
equivalently, at high energies. Therefore, despite the extra dimension being in nite in
extent, the e ective theory of gravity at low energies still reduces to four-dimensional
GR. Heuristically speaking, despite the extra dimension being in nite, the exponential
warping factor of the RSII metric, (1.52), leads to a steep potential well trapping
the ve-dimensional graviton to the vicinity of the brane at low energies, giving the
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e ective four-dimensional behaviour in the leading order term ir{1.54). Only at high
energies can the graviton overcome this potential well and escape from the brane deep
into the bulk, which is what leads to the departure from four-dimensional GR at high
energies represented by the second term in (1.54).
Focusing on theY 0 side of the spacetime, one can take the coordinate transfor-
mation
z="5e"7s; (1.55)

to bring the metric (1.52) into a familiar form:

N2
ds®= =2 dz®+ dx dx : (1.56)

In these coordinates, the brane lies & = "5 and (one side of) the bulk is the region
z2 [ 5 1). Infact, by rescaling the coordinates, the brane can be taken to be at any
constant z slice,z = ". The metric given in (1.56) is that of the Poincaré patch of AdS
space, in which the coordinate runs from the conformal boundary atz = 0 to the
Poincaré horizons atz = 1 . Therefore, the RSII bulk can be thought of as a subregion
of the Poincaré patch ofAdSs, speci cally the region between a constant slice (the
brane) and the Poincaré horizons at = 1 , still with a Z, symmetry imposed across
the brane.

Figure 1.1 showed the Penrose diagram of global AdS in blue and shaded in orange
the Poincaré patch of the AdS space. In Figure 1.6a we also include the RSII bulk
shaded in green. This region is de ned by 2 [*; 1 ), and the transformation given
by (1.25c)is utilised in order to embed it in the Penrose diagram of global AdS. The
brane is thez = " surface, and the RSII bulk lies between this brane and the past and
future Poincaré horizons of the Poincaré patch, labelled & and P*, respectively.
The black lines,J and the pointsi andi® are where the brane meets the conformal
boundary.

Unwrapping the brane around the cylinder yields the Penrose diagram according
to an observer on the brane, as shown in Figure 1.6b, where we have now shown the
axis of rotation of the two suppressed angular directions as the dashed vertical line.
The induced geometry on the brane is at space, and hence the Penrose diagram is the
same as that of the four-dimensional Minkowski metric. The observer on the brane
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would perceive the asymptotic boundaries?, i andJ as, respectively, spacelike,
past/future timelike and past/future null in nity. 8

8Note, we have labelled null in nity on the brane using the symbolsJ in order to distinguish
between these boundaries of the brane and the conformal boundary of the whole AdS space, which is
often written as | *.

(@) (b)

Fig. 1.6: In (a), we have Penrose diagram ofAdSs and the RSII bulk, after suppressing two angular
directions. The blue region is global AdS, the pale orange region is the Poincaré patch and the
green region is one side of the RSII bulk. Each region described above fully contains those following
it, i.e. blue orange green. The RSII bulk is the region between the past and future Poincaré
horizons, annotated, respectively, byP and P*, and the brane which is a surface of constant
z = ". The induced geometry on the brane is Minkowski. Unwrapping thez = " gives the Penrose
diagram according to an observer on the brane, shown in (b), with the vertical line being the axis of
rotation of the two suppressed angular directions. The observer would perceive; i ,J as spacelike,
past/future timelike and past/future null in nity, respectively. From the perspective of the bulk, { i°;

i ,J } make up the intersection of the brane with the conformal boundary.
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1.5.3 The connection between the RSII model and AdS/CFT

The fact that the RSII spacetime is a region of AdS space gives us a useful perspective
on the e ective theory on the brane. Speci cally, the AAS/CFT duality implies that
ve-dimensional GR in the RSII bulk is dual to a quantum-corrected theory on the
brane, given by four-dimensional GR coupled to a strongly coupled CFT with a UV
cut-o . To see how this interpretation arises, let us follow the argument given in143,
which is in turn based upon the calculation of the holographic Weyl anomaly [122].

As we reviewed in Section 1.3.2, general relativity iAdSs is dual to a largeN
super Yang-Mills (SYM) theory in the 't Hooft limit ( ! 1 ) residing on a xed
four-dimensional backgroundBy ;. Considering gravitational excitations in the bulk
and taking the logarithm of (1.28) yields

Werr[  ]= exto_ Soutk [Geo] + Sonay [99] ; (1.57)

where is the metric of the manifold, By ;, on which we wish to study the CFT,
whilst g©@ is the leading order term in the Fe erman-Graham expansion of the ve-
dimensional metric asymptotically locally AdS metric, as de ned in(1.32a) Here
S = Swuk + Senay IS the classical action of the gravitational theory, and we have now
included the Gibbons-Hawking-York boundary term required to give a well-de ned
variational principle [144 145. Moreover, now we are taking the dominant saddle by
taking an extremum over all asymptotically locally AdS metrics which have induced
metric on the conformal boundary equal to . The logarithm of the partition function,
Wecer = logZcrr, is the generating functional of connected Green's functions of the
CFT. In the usual ADS/CFT correspondence, the gravitational modes in the AdS
side that extend to the conformal boundary are non-normalizable.e. they diverge
and do not uctuate as one approaches the boundary. Therefore, in order to have a
well-de ned theory one must add counterterms that cancel out these divergences. The
e ect of this is that the boundary metric, , is xed and is not corrected by the CFT.

In the ADS/CFT correspondence, the radial direction (thez-direction) is understood
to be dual to the energy of the boundary CFT, withz = 0 being dual to the UV
limit of the CFT. Since the RSII spacetime is a chunk of the Poincaré patch &dSs
that has been cut o at the brane at somez = ", this curtailing of the spacetime on
the gravitational side will equate to introducing a UV cut-o to the CFT at some
energy scale, . As described in 143 144, this suggests the following extension of
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the AdS/CFT correspondence to the RSII braneworld:

WCFT [ ] + S4d gravity [ ] = Eth(O) Sbulk [gab] + Sbrane [g(O)] ; (1-58)

where nowWcgr is the generating functional of connected Green's functions of the
CFT, which now lives on the brane, with some UV cuto -, and the extremum is
now over metrics that have induced metric on the brane isometric to . One can
also add terms to both sides of (1.58) which describe the other matter elds that are
restricted to the brane, however, here we'll simply consider the vacuum case. Note
that we now have an additional term on the left hand sideSsq graviy [ ], Which is the
action of gravity on the brane. This means that gravity is dynamical on the brane,
with the CFT coupling to it. The presence of this extra term is due to the fact that

now that we have a cuto atz = ", the gravitational modes mentioned above, which
in standard AdS/CFT must be cancelled out with counterterms, simply don't diverge
as we approach the brane at = ". Thus, we need not add any counterterms, meaning

that we retain terms that describe how the CFT living on the brane interacts with
gravity.

To see how this works explicitly, let's consider the right-hand side of (1.58) a little
more closely. Let's take' s =1 here, so that = 6. We know that any asymptotically
locally AdS metric can be written in Fe erman-Graham gauge:

d52=zl2 dz2+ g dx dx ; (1.59a)

whereg has an expansion irz given by
g =92+ 22g@ + z2%g® + z*logz h® + ::: (1.59b)

with g’ and h® being independent ofz. Note that the above metric has determinant
given by
!

@) g@+0@z " ; (1.60)

1p

1.1
z5 T

q
o= o =
g g z5 273

where we have used the expansidia.59b) and a standard identity regarding deter-
minants® in order to derive the second equality. We will not be concerned with the

9The identity is given by det(A + B) = detA + detB + detA Tr(A !B), where A and B are two
matrices with A invertible.
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precise coe cient of the orderz ! term here, though this can also be written in terms
of g,

For dap, When written in this gauge, to satisfy the boundary condition on the brane
(situated at z = ") on the right hand side of (1.58), we require thatg® = "2 . We
seek to take an extremum over classical solutions which satisfy the bulk equations of
motion and this boundary condition. These bulk equations are the vacuum Einstein

equations with = 6, thus in the bulk R = 20. Therefore the evaluation of the
bulk action on-shell is
z Z p__
16G sSouk[Gae] = dz d'x" "g(R 2)
"z z !
1p_—
— 4 =
8 . dz d%x g g
z z q 11 !
— 4 0 2 1
= 8 Z:"dz d’x  g© g"' E(Q()) g?+0(z "

7 |

q .
2 d'x g0 —+ o(g9) g?+aglog”+ O(") ; (1.61)

where we have carried out the integral in the nal line, with the O(z 1) term in the
integrand giving a logarithm term and a term which is nite in the limit " ! 0.

Meanwhile, the boundary action, in the case where there is no matter on the brane,
is given by the Gibbons-Hawking-York term as well as a term coming from the tension
of the brane: 7

Y
16G SSbrane[ ] = d4X

(2K +16 G ); (1.62)

where is the tension of the brane anK is the trace of the extrinsic curvature of the
brane, which is given in terms of the normaln , to the brane by

K = rn = ég +21"@g : (1.63)

Taking the trace

K= 4+.9 @ = 4+"g?) g2+ 00" (1.64)

Combining the above results, we nd that

Z
16G s (Sbulk + Sbrane) = d4X|—; (1.658.)
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with
|
49— 16G 6 8G '
L= go "54 + "25 (0®) 9@+ aglog"+::: (1.65b)
where the omitted terms are all nite as" ! 0. The quantity, auy, which can be

de ned in terms of covariant quantities derived fromg®, is the Weyl anomaly of the
CFT, and is of great interest generally, though in our case we do not need to nd it
explicitly.

The order" 2 term can be calculated by considering the 5d Einstein equation,
which, as shown in [122], enforces that

RO =2g@+ (g9) ¢g?@ ¢g@+0("3) =) R@ =6(g®) ¢@ + O("?); (1.66)

where hereR©@ and R© are, respectively, the Ricci tensor and Ricci scalar associated
to g©. Thus

0 1
q 16 G 6 4GsR© .
L = g0 @ "54 + ;,2 + gy log" + 1A (1.67)
Now, in standard AdS/CFT, we take " ! 0, and hence all the terms explicitly

written above diverge, meaning that they must be removed by the addition of local
counterterms. This is the procedure of holographic renormalization yielding the results
given in Section 1.3.3. In particular, we remove the term proportional tR©, meaning
that gravity is non-dynamical in the boundary theory.

However, in the case of the RSII model, is non-zero, and hence all terms in (1.67)
are nite, and there's no need to add counterterms. This is the crux: we retain the
term proportional to R, and hence we will nd that gravity on the brane is dynamical
in the dual picture.

So far, to keep in touch with the AAS/CFT calculation, we've been treating the
RSII bulk as one-sided, but recall that really it is two-sided, with &, symmetry across
the brane. This means that in the above calculation we really should have taken two
lots of the bulk integral and the Gibbons-Hawking term (one from each of the sides
of the brane), but still only a single contribution of the term coming from the brane
tension. This has the e ect of adding a factor of two to each term in (1.67) except
those involving a factor of . Taking this into account, and rewriting in terms of the
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metric =" ?g?, we nd

L=P— 1665 124285 Ry a0 10gm+ it (1.68)
3
where nowR is the Ricci scalar associated to . In order for e ective cosmological
constant on the brane to be zero, we must tune the tension of the brane by taking
= 3=(4 G 5) so that the rst two terms cancel one another. Reinstating the factors
of 5, we nd overall that

4

. o
ext o _ Souk [Gab] + Sorane[0®@] = Weer[ 1+ oo d*x R; (1.69)
g 16 G 5

whereWcer contains thelog” term, as well as the terms annotated by the ellipsis in

(1.68). This implies that the e ective Newton's constant for gravity on the brane is

given by G4 = Gs="5. Having reinstated the factor of s, the brane tension is given by
=354 G5 s).

Therefore, the ve-dimensional theory of gravity in the RSII bulk is dual to a four-
dimensional strongly coupled CFT de ned on the brane, coupled to four-dimensional
GR. This gives an interesting alternative interpretation to di erences of the e ective
theory on the brane from general relativity. In the bulk picture, one sees that these
di erences arise from the graviton being able to access the extra dimension at high
energies. On the other hand, in the brane picture of the duality, the di erences come
from corrections to the propagator of the graviton due to loops of CFT elds in a solely
four-dimensional theory. Of course, the CFT in the latter picture is strongly coupled,
and hence it is generally easier to make calculations in the former, bulk picture.

1.5.4 Static RSII black holes

The analysis yielding the e ective non-relativistic potential,(1.54), for gravity on the
brane is a perturbative analysis about at space on the brane. However, black holes are
non-perturbative solutions, so this analysia priori does not guarantee that braneworld
black holes resemble standard four-dimensional black holes at large scales. Therefore it
is desirable to directly derive black hole solutions in the RSII model to substantiate
the viability of the RSII model as a mechanism for extra dimensions in our Universe.

Recall that the original RSIlI model is given by the metric (1.56) in the region
z2 [5;1). However, one can, in fact, replace the Minkowski metric, , by any 4d
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Einstein metric, h , and still have a solution to the 5d Einstein equation:

/
I\)‘U'II\)

ds? = dz2+ h dx dx : (1.70)

z

In search of a braneworld black hole, one may initially také in the above equation
to be the 4d Schwarzschild metric. In this case, the induced metric on the brane is the
Schwarzschild black hole, and its horizon extends throughout the bulk all the way to the
Poincaré horizon, hence it is named th&dS black string However, such a spacetime
has a curvature singularity where the event horizon meets the Poincaré horizon and,
indeed, it is unstable near this region. Therefore the AdS black string cannot be the
nal state of gravitational collapse of matter on the brane. It was conjectured in1j47]
that the string would decay to a black cigar geometry with a regular horizon, in
which the induced geometry on the brane is very close to the Schwarzschild geometry
but the black hole horizon pinches o some way into the bulk before reaching the
Poincaré horizon.

However, there was some debate over whether such a pinched o black hole in
the RSII model could exist with sizes large relative to the AdS length scale,. Due
to the connection to the AdS/CFT correspondence described in Section 1.5.3, the
dual to a black hole in the RSII bulk would be aquantum correctedblack hole [L4§,
i.e. a black hole whose geometry is corrected by the contributions coming from the
large N, strongly-coupled CFT. If the CFT were free, then theO(N 2) extra degrees
of freedom arising from the CFT elds would lead toO(N?) extra radiation away
from the quantum-corrected black hole on the brane side of the duality. In the dual,
bulk picture, this O(N?) extra radiation would correspond to aclassical instability,
and hence the bulk black hole would be classically time-dependent, disallowing the
existence of stationary bulk black holes in RSII braneworlds.

It was contended, however, that the key step in this argument depends upon
intuition from free eld theory, whereas in the dual to the RSII braneworld, the CFT
is strongly coupled 12§. It was postulated that this strong coupling may lead to some
con nement mechanism of the CFT in the vicinity of the quantum corrected black hole,
which would reduce the amount of radiation away from the black hole down t©@(N?©).
On the bulk side this reduced radiation would correspond to the emission of usual
Hawking quanta from the bulk black hole, and hence does not imply an instability of
the classical black hole solution.

This debate occurred before the discovery of the black droplet and funnel solutions
that we reviewed in Section 1.4. The obtainment of the static black droplet solution
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[133 showed that indeed there is a con ned phase, with onl@(N ©) radiation, of the
CFT when it resides on a xed black hole background. This suggested heavily that
braneworld black holes would exist, and that the black droplet would be the limit of
them as the brane is taken all the way to the conformal boundary, or dually, as gravity
is taken to be non-dynamical in the CFT theory.

Indeed, fairly quickly, the method to obtain the black droplet was altered in order
to numerically attain static black holes in the RSII model for a large range of sizes
compared with the AdS length scalel49, settling the debate once and for all. These
solutions were also found via another method iri6Q by perturbing away from the black
droplet solutions, and in L5]] they were shown to be the nal state of gravitational
collapse of spherically symmetric matter on the brane.

The induced metric of the static RSII black holes on the brane very closely resemble
the Schwarzschild solution when they are large relative to the AdS radius. However,
the black holes in our universe are generally rotating and uncharged, therefore in order
for the RSII model to be phenomenologically viable, it must exhibit rotating black
hole solutions as well as static ones.

1.6 The black hole solutions of this thesis

This thesis is concerned with numerically obtaining stationary solutions to the Einstein
equation with a negative cosmological constant. As we've seen throughout this intro-
duction, there are number of reasons that such solutions are of interest. Under the
AdS/CFT duality, these classical black holes corresponds to studying thermal states of
very strongly coupled conformal eld theories (CFTs) with a large number of degrees
of freedom an extremely challenging feat without the aid of holography. Whilst also
being related to the AAS/CFT correspondence, the Randall-Sundrum Il model, which
is a braneworld scenario in which matter is restricted to a submanifold of a larger
space with a negative cosmological constant, is a genuine candidate for the inclusion of
extra dimensions in our Universe. Last, but not least, the discovery of such a large
and diverse set of black hole solutions shows the old idea of black hole uniqueness does
not easily extend into anti-de Sitter space. These are the avenues of research that this
thesis considers. A common theme shall be that in AdS black hole solutions can be
stationary and even static and yet not be in thermodynamic equilibrium.

Chapters 3-6 are each based on a di erent papet [4] constituted by original work
undertaken in collaboration with Jorge E. Santos.
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We'll begin in Chapter 2 by describing the various numerical methods used through-
out the thesis to obtain stationary black hole solutions in general relativity. Many
of these techniques are standard. The key is that in order for the Einstein equation
to have elliptic character, so that they can be solved as a boundary value problem, a
suitable gauge must be chosen. We'll review two possible choices, the DeTurck gauge
and Bondi-Sachs gauge. Once an elliptic problem is obtain, one still is faced with a
very complicated set of coupled, non-linear PDEs. We'll discuss how these can be
approximated by a very large set of non-linear algebraic equations which can be solved
with the Newton-Raphson method.

In Chapter 3, based on the work of]], we will turn to the black holes in the
Randall-Sundrum Il model. These braneworld set-ups must be shown to exhibit
rotating black holes in order to be phenomenologically viable. In this chapter we obtain
such rotating RSII black holes, and show clearly that when they are large compared
with the AdS radius, they very closely resemble four-dimensional Kerr black holes
according to observers on the brane. On the other hand when they become small they
exhibit signs of the extra dimension, tending instead towards the geometry of a singly
rotating Myers-Perry black hole.

Next, in Chapter 4, we'll study a strongly-coupled CFT on a four-dimensional de
Sitter-Schwarzschild background (dS-S),e. a spherically symmetric black hole solution
to the Einstein equation with a positive cosmological constant. The dS-S spacetime
contains two horizons, the event horizon of the black hole and a cosmological horizon,
which generically have two di erent temperatures. We construct the asymptotically
locally AdS gravitational dual solutions, which have a conformal boundary on which
the metric is dS-S. Similarly to the case of the black droplets and funnels, reviewed
in Section 1.4, there are two possible bulk solutions, distinguished by the horizon
structure in the bulk. We rst presented these solutions, nametlack tunnelsand black
hammocksin [2]. Since dS-S naturally has two non-equal temperature scales associated
to it, these dual solutions are not in thermal equilibrium, despite being stationary. We
argue that this set-up could provide a very natural case-study for investigating the
mysterious phase transition between con nement and decon nement to which the two
di erent bulk solutions correspond.

So far we have considered solutions in AdS without the presence of any matter
elds. In terms of the dual eld theory, this means that the CFT is only deformed by
a gravitational source,i.e. the boundary metric on which it resides. However, it is also
of great interest to understand how the CFT behaves under other sources, for example,
a background electric eld. Global droplets and funnels, reviewed in Section 1.4.2,
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provide a useful set-up in which such a system can be studied. We add a chemical
potential to the eld theory which induces a conserved current) . This corresponds
to the addition of a Maxwell eld in the bulk. In Chapter 5, we de ne the chemical
potential to vary on the boundary geometry, and in particular x that it approaches two

di erent values at the two black hole horizons in the boundary geometry, which induces
an electric current between the two horizons. We dub these solutions laslographic
batteries[3]. The ratio of the induced current and the applied external electric eld
gives theconductivity of the CFT on the boundary background, and this quantity can
be extracted from the bulk solution. In this case, even though the boundary horizons
are xed to have the same temperature, the fact that the electric potential is chosen to
vary between them once again causes the bulk solutions not to be in thermodynamic
equilibrium.

Finally in Chapter 6 we approach the question of whether multi-horizon solutions can
exist in AdS. With zero cosmological constant it appears that the only binary solutions
are members of the Majumdar-Papapetrou family with the black holes needing to have
extremal charge to balance their gravitational attraction. The negative cosmological
constant contributes an additional attractive term to the gravitational potential well,
and so one may expect that any analogous con guration of two charged black holes
in AdS will be doomed to collapse, even if they are extremally charged. Hence, one
may expect that the existence of static, charged binary solutions are prohibited in AdS.
However, a key di erence to at space is that one can easily add source terms at the
conformal boundary in AdS. This allows one to add a background electric eld which
may aid to keep the black holes apart. We'll discuss precisely how this can be done in
Chapter 6, which is based on the work o#]. Interestingly, for given boundary charges,
there is a continuous family of binary solutions, parameterised by quantities de ned
on the horizons of black holes. Therefore these binary solutions represent continuous
non-uniqueness. Despite being static, not all of the solutions are in thermoelectric
equilibrium. The solutions are dual to states of the CFT under the in uence of an
electric source, though a great deal of mystery still remains as to the precise nature of
these states.

Finally, in Chapter 7 we will conclude with an overall discussion of the stationary
solutions described in this thesis, in particular touching upon the ways in which each
of them fail or succeed to be in equilibrium.



Chapter 2

Numerical methods for nding
stationary black holes solutions

Finding stationary solutions to the Einstein equation is a completely di erent, though
equally ferocious, beast to studying a time-dependent problem in general relativity.
More complete reviews of the methods described in this chapter are given 152 153,
though these do not include detail on the Bondi-Sachs gauge (which we will discuss in
Section 2.2) which was only used subsequently for stationary problems.

When faced with a dynamical problem, one seeks to formulate the Einstein equation
as a set of hyperbolic PDEs, and then solves them as an initial value problem, evolving
the initial data through time. This can be thought of as similar in character to solving
the wave equation.

On the other hand, when seeking stationary solutions, one should instead formulate
the equations to have elliptic character. One must set boundary conditions on the
boundaries of the spacetime (which may include horizon of black holes or axes of
symmetry) and then solve the PDEs as a boundary value problem. This time, the
problem is much more akin to solving a Poisson equation.

Unfortunately, the PDEs arising from the Einstein equation (even when one ex-
plicitly assumes stationarity, or staticity) turn out to have mixed hyperbolic-elliptic
character. To see this, let us consider linearising the vacuum equations, given in
(1.17), about a background metric,g.,, by considering small perturbations about this
background,gap !  Qap + hap:

]
d 1 d 1
hab = Rab + ~2 Oab = R abt Thab; (2.18.)
d d
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where the variation of the Ricci tensor is given by
Rab= Lhat I aMp); (2.1b)

with | is the standard Lichnerowicz operator

1

L Nap = ér ?Nay  h*Racha + h®aRye (2.1c)
and
_ b 1 .
ma - r bh a ér ah, (2.1d)

whereh is the trace ofhg,.
To consider the character of the equations, one must investigate the principal part,
of the second-order di erential operator , which is simply the terms within it
containing two derivatives, and is given in this case by

[hael = 56 ( @@hay+ @@oa+ @Ghas @) (2.2)

If we replace all the derivatives above by a general one-forin,, giving

1
[hap ! a] = éng( el ghap+ Pl ahpg+ P! bhag ! a! bhed) ; (2.3)

then we say the equations arelliptic if [ha;! ] 6 O for any non-zero one-form , and
any perturbation h,,. However, in this case, we can takk,, = ! 3V for any vector v2,
and we nd that [hgp;! 2] = 0. Of course, in a coordinate basis, this is a perturbation
of the form ha, = @y, Which we recognise as a local di eomorphism. Hence, we see
that the failure for Einstein's equations to be elliptic arises due to the di eomorphism
invariance of general relativity. This suggests that the remedy to this issue may be to
x the gauge of the problem.

In Sections 2.1 and 2.2, we will introduce a couple of choices of the gauge which
can be used to alleviate this issue, speci cally the DeTurck gauge and the Bondi-Sachs
gauge, respectively. However, even once a well-de ned boundary value problem has
been attained by xing the gauge there is still great di culty in solving it except in
the most basic cases due to the non-linear nature of general relativity. Our approach
will be to discretize the coordinate domain on which the equations are de ned, and
use this discretization to approximate the coupled non-linear PDEs by a very large
set of non-linear algebraic equations. In Section 2.3, we describe the way in which the
procedure is carried out and how the resultant algebraic equations are solved iteratively
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via the Newton-Raphson method. Lots of problems tend to arise in the numerical
method described above. In Section 2.4, we discuss a number of standard tricks that
can be used to deal with a great deal of these issues.

2.1 The DeTurck method

One approach is to slightly alter the Einstein equation by adding on a term which
makes it manifestly elliptic for a static Ansatz Let us begin by considering a case with
no matter. Here, one instead solves thEinstein-DeTurck equation also known as the
harmonic Einstein equation, given by

1
—5%ab I (a b (2.4a)
d

0= Rab+ d

where theDeTurck vector, 2, is de ned by

a

=g* 9 &9 ; (2.4b)

with g, a reference metric that we are free to choose, ang,(g) denoting the Christo el
connection associated to a metrig. Note that though each Christo el symbol is not a
tensor, the di erence between them is, and thus the DeTurck vector?, is a tensor.

For the Einstein-DeTurck equation, the principal part of the linearisation about a
background is

[Nab] = ;ng@@hab: (2.5)

If gap pOSsesses a timelike Killing vector eld, under which the variatioh,y, is invariant,
then [hy] must be non-zero. Hence for stationary problems, the Einstein-DeTurck
equation is elliptict

Note however, that in order for solutions of (2.4a) to also be a solution to the

Einstein equation, (1.17), we require that 2 = 0. Solutions to (2.4a) with non-zero

& are calledRicci solitons. In certain cases there exist theorems which prohibit
the existence of Ricci solitons133 154. However, even in scenarios in which these
theorems do not hold, the DeTurck method can still be extremely useful, though one
must be careful to explicitly check that the solution being obtained is not a Ricci
soliton by carrying out convergence tests.

LStrictly speaking, this is only true outside of any ergoregions of the spacetime; it is the timelike
nature of the KVF which ensures ellipticity. Inside of an ergoregion where the stationary KVF
becomes spacelike, the Einstein-DeTurck equation in fact ceases to be elliptic. However, we shall still
nd that it is still a useful numerical formulation for stationary problems including ergoregions.
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2.1.1 Including a Maxwell eld

The above analysis refers to the use of the DeTurck method in the case of pure gravity,
but it can be easily generalised to the case of Einstein-Maxwell theory, which has the
equations of motion given by

d
0=Ragp+ 5 Gab 2Tap; (2.63.)
0=r ?Fy (2.6b)

where in the case of a Maxwell eld, the trace-reversed stress tens®y, is given by

1
Tab = I:aCFbc mgachdFCd: (2-6C)
The Maxwell equation will similarly yield mixed hyperbolic-elliptic PDEs in general,
once again with the failure of ellipticity originating from the gauge invariance of the
equation. In the DeTurck method, one adds terms to each of these equations, in

particular, taking

1
—5 % Z2Tab ' (@) (2.7a)
O=r aFab r p (27b)

0=Rap+ d

where 2 is again the DeTurck vector de ned in terms of a reference metric b{2.4b),
and
=g ¢ Ag Ag; (2.8)

with A a reference vector potential which again one is free to choose.

The situation simpli es if the vector potential is assumed to be proportional to
the stationary KVF, A,/ Kg, in which case the Maxwell equation is in fact already
automatically elliptic, and so one can take =0.

There are as yet no theorems prohibiting Ricci solitona priori in Einstein-Maxwell
theory. Thus, one must check that the solutions tq2.7) are not Ricci solitons by
running convergence tests to check that both? and tend towards zero in the
continuum limit.



48 Numerical methods for nding stationary black holes solutions

2.2 Bondi-Sachs gauge

The Bondi-Sachs gauge is another choice one can take in order to obtain stationary
solutions. We will nd it is particularly useful to obtain solutions similar to the
black funnels described in Section 1.4, which are asymptotically locally anti-de Sitter
solutions with a horizon anchored at two di erent points of the conformal boundary.
This gauge was discussed in referencé&®$ 157 in four dimensions in the context of
time-dependent problems. It was rst used as a gauge choice to numerically solve a
stationary problem in [2] in the context of pure gravity and in [158 3] for Einstein-
Maxwell theory. One particularly favourable feature of Bondi-Sachs gauge is that,
unlike in DeTurck gauge, no non-analytic terms arise in an expansion of an Einstein
metric near the conformal boundary [159].

For a general AIAdS metric ind dimensions, with conformal boundary aty = 0,
the metric can be locally written in Bondi-Sachs gauge as

ds? = l;: € Vdv? 2dvdy +€ hy dx' U'dv dx? Uldv ; (2.9)
where the stationary Killing vector eld in these coordinates is given bk? = (@ =@
and thel;J;::: indices run over all coordinates except andy. We take deth,; =1,
so that the determinant of the induced geometry on constary slices is contained
within the function . For the current analysis, let us assume one can take coordinates
such that U' 6 0 for only one of thex' coordinates and that the otherx’ coordinates
span a conservedd 3)-sphere? in which case the metric can be written as

2 1 3
L2 1 '
ds? = F4e2 Vdv? 2dvdy + € a3 (dx U*dv)’+ Ad % 5 5; (2.10)
with ve functions, V; U*; ; A; , depending uponf x;yg for a stationary problem.

Note that by rede ning the radial coordinate, y, we also have the freedom to x one of
or (or a combination thereof).
In the vacuum case, we wish to solve the Einstein equation with negative cosmolog-
ical constant:

d 1
Ea= Rapt Tgab =0: (211)
d

2All uses of the Bondi-Sachs gauge in this thesis satisfy these assumptions, but one can also use
this gauge for more general stationary problems, with the analysis of this section generalising in a
fairly trivial fashion.
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The Einstein equation has more non-trivial components than the number of free
functions, fV; U%; ; A; g, but it so happens that not all of these components are
independent. Following 155 157, it turns out that one need only solve the four
independent equations of motion coming fronk; =0, with i;j 6 v in the bulk we

call thesethe bulk equations This leaves three other non-trivial equationsg,, = 0,
which must also be satis ed in order to have a full solution to the Einstein equation.
However, it can be shown using the contracted Bianchi identity that if these additional
equations are satis ed at some constary slice, then actually they are necessarily
satis ed throughout the whole of the bulk, so long as the bulk equations are also
satis ed there. The contracted Bianchi identity is given by

r .R%, = ;r bR: (2.12)
In a coordinate basis, the Bianchi identity can be expanded to the equality

1
0= gbc @Rac E@Rbc gcRad : (2-13)

We'll assume that the bulk equations holdj.e. we have

d 1 d 1
Ry =0; Ryx=0; Ra=0; Rx= —50x: Ra= —
d

2 Ohe; (2.14)
where we'll useA; B; ::: to denote the indices of the coordiantes spanning th@ 3)-
sphere. Let us rst consider they-component of the contracted Bianchi identity, given
in (2.13). Noting that the inverse metric hasg" =0, where 6 y, and after applying
the bulk equations, one nds that they-component of the contracted Bianchi identity
simplies to

2
0= 79” @ais g abRyv: (2.15)
d

One can directly calculate the inverse metric and the Christo el symbols, and nd

that (2.15) is solved by
d 1

Ry = - Oyv: (2.16)
d
Thus the bulk equations automatically solveE,, = 0 algebraically.
It still remains to satisfy the (v;v) and the (v;x) components of the Einstein
equation. For the latter, consider thex-component of the contracted Bianchi identity.
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We have L !
0= gbC @Ry E@Rbc gcRxd : (2.17)
Expanding all of these terms, applying the bulk equations, as well as (2.16) yields
2
vy ab v — d 14 \%Y% Xy vy Xy 1 XX
g @va g avax - ~2 g @gw + g @g + g @gxx + ég @gXx
‘ 3
1
59° @ 0% 50u>: (2.18)

Now by direct calculation, one can check thaR,, = (d 1) 420w, Or equivalently
Evx =0, solves the above equation. Since the equation is a rst-order PDE, possessing
only a y-derivative, this means that so long as we sdf,x, = 0 on some constanty
slice, then the contracted Bianchi identity ensures that the unique solution must satisfy
Evx = 0 throughout the whole bulk, via Picard's theorem.

We can deal with the(v;v) component of the Einstein equation in a similar fashion
by considering thev-component of the contracted Bianchi identity:

1
0=09" @Ry 5@Ruc dRvd (2.19)

Once again, we expand each term, apply the bulk equations, (2.16), and now additionally
Evx = 0. This gives

2 ]
V \% d 1 X XX 1 .
g"@Rw ¢ HRw= —-49”@ay + §” @dx+ @3y *+ g* @0 > @9
‘ 3
1 X
50°@ue 0 %Oyt LOx O (2.20)
Again by direct calculation, one can verify thatR,, = (d 1) 4%g. Solves this

equation, hence by a similar argument to th€v; x) component, so long as we enforce
E.v = 0 on a constanty slice, it will be satis ed throughout the whole bulk.

Hence, in summary, when working with a metric in Bondi-Sachs gauge, one need only
solve the bulk equations coming fronk; =0 fori;j 6 v, and additionally setE,; =0
as boundary conditions at some constang hypersurface, and then the contracted
Bianchi identity enforces thatE,, = 0 holds throughout the whole spacetime.

Since we are not directly enforcinde,, = 0 everywhere across the bulk, one way to
monitor the convergence of our numerical method is to measure the magnitudetf,
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throughout spacetime on the numerical solution. In the continuum limit, this should
vanish even away from wheré&,, = 0 was imposed as a boundary condition. In this
way, the method we outline here is not very di erent from the DeTurck method, where
we also have to check that the DeTurck vector vanishes in the continuum limit. Though
practically this method has proved to be extremely useful for nding solutions, it still
remains to be fully understood whether this integration scheme leads to a well-de ned
elliptic boundary value problem for a stationary spacetime in a precise mathematical
sense.

2.2.1 Including a Maxwell eld

The Bondi-Sachs gauge can also be used to solve stationary problems in Einstein-
Maxwell theory, with equations of motion(2.6). With the metric in Bondi-Sachs gauge,

as described in(2.9), the vector potential must be taken in a gauge withAy, = 0 where

y, once again, is the AdS radial direction. Likewise to the Einstein equation, one solves
only a subset of the PDEs arising from the Maxwell equations throughout the bulk
directly, setting the remainder as boundary conditions at a constant slice. Speci cally,
one must solver 2F, = 0 wherei 6 v but only set ther 2F,, = 0 equation as a
boundary condition. By a similar argument as for the Einstein equation presented
above, this ensures that the full Maxwell equation is satis ed throughout the bulk.

2.3 The Newton-Raphson method

By considering anAnsatz with N unknown metric functions and using either the
DeTurck method, or by directly xing the gauge to be Bondi-Sachs and considering
the bulk equations, one obtains a set dfl coupled, non-linear PDEs:

G[xFyiinF]=0; (2.21)

where G, fori = 1;:::;N, are di erential operators that may also depend on the
derivatives of F;. We will solve these numerically by using collocation methods to
estimate derivatives and the Newton-Raphson algorithm to iteratively approach the
solution. Such methods are reviewed fully in [153].

The Newton-Raphson algorithmsometimes just called Newton's method, was rst
introduced for the root nding of complicated functions, but can also be useful for
numerically solving PDEs. One expands about an estimatE,-[”], for the functions to
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linear order:
G
F
(2.22)
where F; = F; Fj[”], and G=F; is a linear second order di erential operator acting
on F;, which can be found by linearising the equations by taking; = F; + " F; in
G, di erentiating with respect to " and then setting" to zero. If the estimate,Fj[”], IS
close to a true solution ofG, then the O( sz) term is very small, and hence

— PR R o FM R (2.23)

Therefore, if we can evaluatég and G=F; for our given estimate,Fj[”], we can solve
(2.23) for F; and then take as our next estimate

FIH Z B0 E (2.24)

Repeating this iteratively will yield a quadratic convergence to the solution, as long as
we start with a seed su ciently close to the solution.

The linear PDEs given by (2.23) still depend on derivatives of the functions, so
they are remain tricky to solve. In order to do so we discretize and usellocation
methods which are reviewed in [160], to approximate them with algebraic equations.

To elucidate how these collocation methods work, let's rst consider the simpler case
of a single function,f (x), depending upon a single coordinate; 2 [x ; X.]. We take a
set of pointsx; called collocation points, spanning this coordinate patch. Ldt = f (x;)
be the value of the function at these points. The purpose of collocation methods is
to approximate the derivativesf i(”) = (d=dx)"f jx=x, In terms of the evaluations,f;,
of the function at eachof the lattice points. That is, we seeldi erentiation matrices ,
D{"”, such that

£ D, (2.25)

where we've summed over the repeatgdindex. The simplest choice is the standard
nite di erences approximation. One takesXx; to be evenly space, with spacingk and
then (for internal points) one takes the estimate

fig i fiog  2fi+ 1
f.(l) - i+1 i1, f-(2) - i+1 i i 1, f 29
| 2X 1 | (X)Z ' ( 6)
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The derivatives at the endpoints of the domain can also be estimated. In the case of
nite di erences, the di erentiation matrices are very sparse, but the approximation of
the derivatives is not particularly accurate. One may envisage improving the accuracy
of the approximation by taking the di erentiation matrices to be extremely dense, so
that, for example,fi(l), depends orf; for all j. However, if one does this with evenly
spaced points, one nds that the interpolant has large oscillations near the endpoints.
The solution to this issue is to instead take unequally spaced collocation points,
which are particularly clustered towards the endpoints. One example of this is using a
Chebyshev-Gauss-Lobatto gridle ned by taking
X+ X X+ + X ] |

Xj = 5 + > cosF ; forj =0;:::;n (2.27)

where X, = Xp;:::;X, = X are the collocation points in descending order. The
rst-order di erentiation matrix is given by

X 1 i .
pP=" ——— D=2 (isj)
Xi X y
kei X k G Xi X
Y
where a = (Xi  Xk): (2.28)

Higher order derivatives can be found simply by repeatedly applying the rst order
di erentiation matrix, or alternatively from speci cally de ning higher order di erenti-
ation matrices which are not too much more complex. Such di erentiation matrices
can easily be generalized to more dimensions by taking a lattice of collocation points
spanning the higher dimensional coordinate space and estimating derivatives in each
direction using the one-dimensional di erentiation matrices given above.

Now, let us discuss how we can use such collocation methods to solve the linear
PDEs, (2.23), that are given to us by each iteration of Newton's method. Given an
estimate Fj[”], we seek to solve this equation forF;. The di culty of solving this
equation comes down to the fact thalG are di erential equations, and so depend not
only upon the evaluation of each functiorf;, but also their derivatives.

Suppose we know the value of each of the functions at each of the collocation points,
F; (*). We can then estimate the derivatives of each function using di erentiation
matrices as described above, and then plug these i Therefore, we can approximate
the di erential operator, G, at these points by a functionG;:

G [ Fuiin Pl Gi( Fa(); oo Fa(3¢)): (2.29)
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The key dierence is that, whilst G is a di erential operator, depending on the
evaluations and the derivatives of the functionsk;, at a single point, G; is simply a
function that now depends only on theevaluation of the functions, F;, at all of the
lattice points, but not on derivatives. Plugging an estimateFj[”] for the evaluation of
the functions at each lattice point yields a numerical vector of lengttNM (whereN is
the number of PDEs andM is the number of lattice points) representing the evaluation
of the di erential operator on the estimate FJ-[”]. Similarly, by plugging in the estimates
Fj[”], one can replace the second order di erential operatoiG=F; by anNM NM
numerical matrix. Finally, the unknown functions, F; in (2.23) is replaced by the
value of that function at each lattice point, yielding an unknown vector of lengtiNM
denoted by F; ().

Therefore, the use of collocation methods allows for the approximation of the linear
PDEs described in (2.23) by a very large set of linear algebraic equations in which
the only unknown quantity is the vector F;(x ), which can then be calculated via a
linear solve algorithm. Here we have presented the overall approach as a process of rst
linearising the PDEs and then using collocation methods to approximate these by linear
algebraic equation. However, really these two methods must be utilised in tandem,
and so one could equally consider the approach as approximating the non-linear PDEs
by non-linear algebraic equations using collocation methods which are then solved
iteratively using the Newton-Raphson method.

As discussed above, once one has obtainéd (), one can update the estimate for
the solution using (2.24). If the in nity norm of F;(%) is less than some pre-chosen
small value, min, then this suggests we are very close to a true solution of the original
non-linear PDEs, (2.21), and so we can takeFj[”+” to be the numerical solution. If the
norm of F;(x) is extremely large, say greater thannm, then this implies the seed
is outside the radius of convergence of the Newton-Raphson algorithm, meaning that
the algorithm will diverge, and suggesting one needs to use a di erent seed closer to
the solution. Let us now consider a number of tricks which can aid in order to ensure
convergence to the desired solution.

2.4 A toolbox of tricks

2.4.1 Damping

The rst thing one can do if the Newton-Raphson method is quickly diverging is
use damping. E ectively, in doing so, one is being sceptical about the accuracy of
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the update F; obtained, and so only adding a fraction of this value to the previous
estimate:
Fd = Fle F o (2.30)

for 0< 1. This will reduce the risk of the Newton method diverging, though will
slow down convergence once one is close to a solution. However, one could also take
the value of to depend upon the in nity norm of F;, so that it is taken to be small
when one is far away from a solution but equal to one when very nearby the solution.
For example, one can take

8
2 . .. A

_ SyEq THFiL > (2.31)
21 otherwise

wherejj F;jj. denotes the maximum value across each of the functions and each of the
lattice points, and can be chosen as the number at which one wishes to introduce
damping.

2.4.2 Obtaining a good seed

For complicated problems though, if one starts with a seed too far away from a solution,
no amount of damping will stop the Newton-Raphson algorithm from diverging. Hence,
the choice of a good seed is imperative.

Often there are natural choices for a seed. As a toy example, let us imagine we
possessed these numerical methods in the fty years between the discovery of the
analytical expressions for the Schwarzschild and Kerr solutions. In that case one could
have found the Kerr solution numerically by using the Schwarzschild solution as a seed
for a very slowly rotating black hole. Then one could increase the angular velocity each
time taking the previously found Kerr solution as a seed, so that the seed is always a
fairly good estimate for the next solution. This is an example of marching , where
one starts at some point within a continuous parameter space, and slowly alters the
parameters, each time using the nearby solution as a seed. This is a very e ective
method for exploring a parameter space, though it requires a solution within that space
to already be known.

However, if one wants to nd an entirely new class of solutions, say with a di erent
asymptotic structure, or with multiple horizons, it is often much more di cult to nd
a rst solution within the parameter space. One sometimes can take a seed which
satis es all of the boundary conditions, but not necessarily any eld equations (indeed,
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in the DeTurck method, the reference metric must satisfy all the boundary conditions
so it can often provide a useful seed). In general, though, this still will not be a good
enough rst guess in order to ensure convergence.

One method to overcome this issue is named thetrick, used in [161, 103 4]. The
philosophy is e ectively to begin by arti cially altering the equations of motion to ones
that are automatically solved by some metric, and then to slowly deform the equations
back to the true equations of motion of the problem, using the previous solution as a
seed each time. Speci cally, say the equations of motion in question are denoted all
together by E[g] = 0, where g denotes the solution metric (and vector potential in
the case of Einstein-Maxwell) that one is seeking to obtain numerically. Suppose one
knows that another con guration, gy, satis es some alternative equations of motion,
Eo[d] = 0. Then one could de ne

Elg; 1=(1  )E[g]+ Eolg]: (2.32)

It is clear that ¢ is a solution to E[g; 1] = 0, and that a solution to E[g; 0] = 0 would
be the desired solution to our original problem. Hence, one can start with=1 and
0 as a seed, and solvE[g; ]= 0 iteratively, each time slightly decreasing and using
the previous intermediate solution as a seed. If, via this processcan be reduced all
the way to zero, then a solution to the original problem has been obtained.

One particular example of the -method which is useful when solving the Einstein-
DeTurck equation is to de ne E, to be an equation which is automatically solved by
the reference metricgy, = g, say by taking Eg[g] = E[g] E][g]. This yields

Elg; 1= Elg] E[gl: (2.33)

2.4.3 Patching

Sometimes if the solutions exhibit very large derivatives, it can be useful to split the
coordinate domain into multiple patches, which increases the accuracy of the estimation
of the derivatives via the pseudospectral collocation methods described above.

More fundamentally though, the pseudospectral collocation methods described
above work well on only rectangular (or cuboid in higher dimensions) coordinate
domains, and therefore, patching methods are necessary in the case that the coordinate
domain is not rectangular. One splits the non-rectangular domain into multiple
rectangular patches on which the collocation methods can be used to estimate derivatives
as usual. This also allows one to use an entirely di erent coordinate systems in di erent
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regions of the space, which can be very extremely useful when designing a reference
metric.

There are a number of ways to interpolate between the patches. Firstly, one can
take the patches to overlap and then ensure that the functions agree in either patch
in the region where they overlap]62 164. Alternatively, one can take the patches
to meet only at their boundaries, and enforce that the functions and their derivatives
(when written in the same coordinate system) agree at the interface between the two
patches [L61, 165 167, 103 104 4]. This latter method called trans nite interpolation
is the method used in Chapter 6, where we will explain it in far more detail.

2.4.4 Turning points

Sometimes when varying parameters in a space of solutions, one approaches what is
known as aturning point. Say, for simplicity, there is only a single parameter,. Then

it may be that solutions cease to exist as increases to a certain value,’. Often

this is a sign of the solutions becoming singular at this point in the parameter space,
however, this is not always the case.

Instead it can be that the solutions remain regular, but certain physical quantities
(say, some charg&)) begin to have very large derivatives with respect to. Thus at

?, one hasd = dQ! 0. This suggests that new solutions can be found by instead
decreasing once again. Hence, a new branch of solutions can be found, meaning that
near ? there are two distinct solutions with the same input value of .

It can be tricky to jump between the two branches when starting on one of them,
since the Newton-Raphson algorithm will naturally converge to the most nearby
solution, which will generally be on the same branch as the seed. One way to prevent
this from occurring is to slightly alter the seed in order to induce the Newton-Raphson
algorithm to land on the other branch. Say one has two solutions, denoted lgy and
02, which solve the equations of motion with parameters; and », respectively, where

1< »< 7. Then consider taking

Oseed= o+ (2 On) (2.34)

as the new seed. If =0, then gseeq = O, the solution on the rst branch. However, if
we take to be large, then it may kick the seed far enough that we converge to a new
solution with =, on the second branch. The intuition between why this may work
is based on an assumption that the change in solution betweere ; and = , may
be similar to the change between the rst = , solution and the second = , on
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the next branch. However, if order for this assumption to be accurate, one needs both

5 ;and ? » to be very small. This method was used inlp5 166 4] to nd
solutions either side of turning points the last of these citations refers to the paper
reviewed in Chapter 6.



Chapter 3

Rotating Randall-Sundrum Il black
holes

Abstract

We nd rotating black hole solutions in the Randall-Sundrum I (RSIl) model
by numerically solving a three-dimensional PDE problem using pseudospectral
collocation methods. We compute the area and equatorial inner-most stable
orbits of these solutions. For large black holes compared with the AdS length
scale, ", the black hole exhibits four-dimensional behaviour, approaching the
Kerr metric on the brane, whilst for small black holes, the solution tends instead
towards a ve-dimensional Myers-Perry black hole with a single non-zero rotation
parameter aligned with the brane. This departure from exact four-dimensional
gravity may lead to di erent phenomenological predictions for rotating black
holes in the RSII model to those in standard four-dimensional general relativity.
This work, rst presented in [ 1], provides a stepping stone for studying such
modi cations.

3.1 Introduction

In the century since the discovery of general relativity, there has been much excitement
over the possibility that our universe may contain extra dimensions. For a large part,
this has originated from the fact that superstring theory is known to be mathematically
consistent only in ten dimensions (nine spatial and one temporal). However, such
considerations lead to an inevitable questionif the universe does contain extra
dimensions, why does it appear so stubbornly four-dimensiopal
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For matter elds, this can be answered fairly simply it is perfectly consistent
for the elds of the standard model to be restricted to a 3-brane (which is slice of
spacetime made up of the temporal dimension as well as three spatial dimensions) in a
higher dimensional space. However, gravity is not so easily dealt with. Through his
theory of general relativity, Einstein taught us that gravity is simply the curvature of
spacetime, and therefore it necessarily must be able to propagate in all directions and
all dimensions. Gravity in our universe, however, seems to exhibit four-dimensional
behaviour; in particular, it satis es Newton's inverse square law of gravitation at low
energies. In general, adding extra spatial dimensions will break this inverse square
behaviour. And so, to really tackle the problem at hand, we must slightly update the
question posed in the previous paragraphf the universe does contain extra dimensions,
why doesgravity appear so stubbornly four-dimensional

Generally, in order to answer this, the extra dimensions in such theories are taken
to be compacti ed and curled up very small, so that they have no e ect on observers
at large distances. However, to some surprise, Lisa Randall and Raman Sundrum
showed in 1999 that this is not the only possibility. They introduced a ve-dimensional
model, now called the Randall-Sundrum Il (RSII) model142, which contains a single
extra dimension that is hon-compact and in nite in extent. However, vitally, the extra
dimension is heavily warped so that the low-energy behaviour of gravity on3brane on
which the matter elds are con ned still resembles four-dimensional general relativity.
The Randall-Sundrum paradigm was rst introduced in L41]] in order to provide a
possible solution to the hierarchy problem: the question regarding why gravity is so
many orders of magnitude weaker than the other forces.

Section 1.5.2 of the introduction presented a brief review of the key features of
the RSII model. Roughly speaking, the warping causes the graviton to be trapped in
the vicinity of the 3-brane at low energies by a very steep potential well, leading to
apparent four-dimensional behaviour according to the observers living on the brane.
However, at high energies, the graviton is able to overcome this potential well and
access the extra dimension. Therefore, at these scales there may be deviations from
four-dimensional general relativity in the e ective theory of gravity on the RSII brane.
This motivates nding black hole solutions in the RSII model, since these will explore
the high energy behaviour of gravity, and hence may exhibit di erent properties to
standard four-dimensional black holes.

As we discussed in Section 1.5.3, due to the AdS/CFT correspondentéd 111],
the RSII model has an alternative interpretation, as a four-dimensional theory in
which gravity is corrected by the addition of a strongly coupled CFT with a UV



3.1 Introduction 61

cut-o [ 168 143 144. Therefore there are two reasons to be interested in the RSII
model: as a genuine candidate for an extra dimension in our Universe, and also as a
way to study the behaviour of a strongly coupled CFT when coupled to gravity.

This duality also initially led to some debate regarding whether large, static black
holes could exist in the RSII braneworld at all. Therefore a black hole in the ve-
dimensional RSII bulk would correspond holographically to guantum-correctedblack
hole on the brane 14§. It was thought that the black hole would quickly evaporate
due to extra radiation arising from the CFT degrees of freedom, meaning any bulk
black hole solution would be time-dependent. However, it was contended that this
argument neglects the strong coupling of the CFT [128].

The debate was settled in149, where static, stable black hole solutions on the
brane were found for both small and large radii. This solution is closely related to black
droplets and funnels 129 135 137 14Q 165, which are the gravitational duals to the
limit where the CFT decouples from gravity, and were summarised in Section 1.4.

However, observed black holes in our universe tend to be rotating, and hence in
order for the RSII model to be phenomenologically viable, it must exhibit not only
static black hole solutions, but also rotating ones. In this chapter, we describe such
rotating black hole solutions in the RSII braneworld. We were able to nd these black
hole solutions over a two parameter space. One parameter runs over the possible
angular velocity of the black holes and the other measures the size of the black hole,
relative to the AdS length scale.

Large RSII black holes exhibit four-dimensional behaviour, with the induced metric
on the brane closely resembling that of the usual Kerr metric of a four-dimensional
rotating black hole. However, smaller RSII black holes instead show ve-dimensional
behaviour, seeming to approach the ve-dimensional Myers-Perry black hol@q with
single rotation.

We'll see this transition particularly clearly by considering the area of the event
horizon of the black holes in the ve-dimensional spacetime. In the limit where
the black holes are very small, the area scales roughly as the radius cubed, which
is indicative of ve-dimensional behaviour, meaning that the black hole is roughly
spherical in the ve-dimensional spacetime. On the other hand, in the limit where the
black holes become large, the area instead scales with the radius squared, revealing
four-dimensional behaviour. This means that in this large limit, the black holes become
more and more pancake-like, attened in line with the brane and extend little into the
extra dimension (relative to the other dimensions along the brane).
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This transition from four-dimensional to ve-dimensional behaviour means that
braneworld black holes of a nite size will have a slightly di erent geometry on the
brane to the Kerr black hole, and hence, may lead to di erent phenomenological
predictions to those arising from standard four-dimensional general relativity.

One quantity that changes as a result of this transition is the position of the
inner-most stable circular orbits (ISCO) around the equator of the rotating RSII black
holes. In general, stable orbits around a black hole cannot come arbitrarily close to
the event horizon, and so for a given black hole, there is a location of where the closest
possible stable circular orbit to the event horizon would be situated. This is called the
ISCO. The motivation for nding this quantity for the rotating RSII black holes is the
fact that, unlike their four-dimensional counterparts, standard ve-dimensional black
holes do not exhibit stable orbits at all. Since the RSII black holes exhibit a transition
from four-dimensional to ve-dimensional behaviour as they decrease in size, one may
therefore expect that, under this transition, the position of the ISCO diverges away
from the corresponding value for the four-dimensional black hole. We nd that the
rotating RSII black holes do exhibit stable orbits, and that their ISCO has greater
radius than the standard four-dimensional Kerr black hole. Moreover, the value of the
ISCO tends towards that of the Kerr black hole as the braneworld black holes become
large, yielding more evidence that in this limit the braneworld black hole very closely
resembles a standard four-dimensional black hole on the brane.

The fact that we do obtain di erent predictions for nitely sized rotating RSII black
holes to standard black holes provides a glimpse of the possibility of using astrophysical
measurements of rotating black holes to test the viability of the RSII model in our
Universe. However, since large rotating RSII black holes very closely resemble standard
four-dimensional black holes, for this to really be an experimental possibility, much
more nely-grained features of the rotating RSII black holes, such as their quasi-normal
mode spectra, would need to be calculated in order to provide sharper contrast with
Kerr black holes. It is also hoped that microscopic black holes may be produced in
future in high-energy particle colliders, such as the International Linear Collide®p, 91]
and the Compact Linear Collider §2]. If the Universe did contain a Randall-Sundrum
extra dimension, then these microscopic black holes would be much more likely to
exhibit ve-dimensional behaviour than astrophysical black holes, being so many orders
of magnitude smaller. Therefore, they would provide an excellent testing ground for
seeking and constraining a Randall-Sundrum extra dimension.

In Section 3.2 we will present theAnsatz for the rotating RSII black hole, written in
some patrticularly useful coordinates. We'll go on to describe some of the key features
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of the solutions in Section 3.3, in particular, showing the aforementioned transition
from ve-dimensional to four-dimensional behaviour of the RSII black holes as they
increase in size by considering the entropy, the inner-most stable circular orbits, and
the geometry of the bifurcating sphere of the rotating RSII black hole solutions. Finally,
we will end with a discussion in Section 3.4 and highlight some possible avenues for
further study.

3.2 Obtaining braneworld black holes

3.2.1 The Ansatz

The bulk of the RSII model is a solution to Einstein's equation with negative cosmo-
logical constant in ve dimensions,

4
Rapb+ <50 = 0: (3.1)
5
As discussed in Section 1.5.2, the original RSII spacetime, in which the induced metric
on the brane is at, can be expressed as a region of the Poincaré patch of AdS, given
by

~2
2_ 5 2 2 2 2 2 .
ds® = 7 dz® dt°+dro+r°d 3 ; (3.2)

between a constant slice and the Poincaré horizon at = 1 . If we assume that a black
hole in the RSII would indeed pinch o at some point in the bulk, then this implies
that if we were to use similarf z; rg coordinates as used above to describe the empty
RSII spacetime then the black hole would be described by some non-trivial surface in
the fz;rg plane. Therefore, the coordinate domain would have ve boundaries in these
coordinates, which would need to be split up in order to carry out numerics. However,
these issues can be alleviated by considering the following coordinate transformation

( x;y) xp2 X2
1 ;’2 r:ﬁ; where (x;y)=1 x%+ 1 y?: (3.3

Now the metric of the empty RSII spacetime becomes
" #

4
dy?>+ —— dx?+ x’g(x)d 2, 3.4
y 90x) g(x)d & (3.4)

2 K . 4
ds*= —>—  h(y)“dt“+
( xy)? h(y)?
where, here and for the remainder of the chapteg(x) =2 x?andh(y)=1 y2 The
coordinatesx 2 (0;1);y 2 (0; 1) parameterize the RSII bulk with the brane situated at
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Fig. 3.1: The coordinate domain of a static RSII black hole. The red boundary is the brane. The
dashed line is where theS? shrinks to zero size and the dotted boundaries are asymptotic boundaries.
In fz;rg coordinates there are ve boundaries, but they =1 surface encompasses both!1 and
r!1 , so that there are only four boundaries in thef x;yg coordinates. Constanty surfaces in the
bulk are depicted as blue lines. The horizon is given by = 0 in these coordinates.

x = 1, which is a surface of constant = !, and the Poincaré horizon aty = 1, and so
they are particularly useful coordinates to search for solutions in the RSII bulk. Indeed,
these were the coordinates used i149 to nd a static RSII black hole. Figure 3.1
shows a sketch of the coordinate domain of the static RSII black hole. Horizontal and
vertical lines are constantz and r surfaces, respectively, whereas the blue curves are
curves of constanty.

To obtain an Ansatz for the static RSII black hole, the metric (3.4) was adapted
to include a bifurcating Killing horizon at y = 0 (this is done by moving the factor
of y2 multiplying the dy? term in (3.4) to instead be multiplying the dt? term), and
adding unknown functions multiplying each term in the metric, whilst ensuring that
the metric remains spherically symmetric and static.

In our case, we are seeking a rotating black hole solution, which will be neither
spherically symmetric nor static. However, we do assume it will be stationary, axisym-
metric (with associated Killing vector elds @ and @, respectively) and symmetric
under the transformation of simultaneously ipping the signs of bott and . The
most generalAnsatz that is consistent with these symmetries and that possesses a
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bifurcating Killing horizon at y = 0 is given by

8 |
‘2 < h(y)?P(y) 4F, 4x2g(x)Fs S
ds? = 5 Fodt?+ ——<= _dy?+ —272° ¢ + d
(xy)z Ay ) T PwhyE Y T T2 2 xn(y) 7
(1 22S(xy; XO(X)Fs d + y2W(y; )Fedt °
1,9
4Fs Fe =
+ — dx+ —dy+ Fo d o 35
o(x) hy) ¥ Fed (3:5)

where the coordinate measures the inclination from the equatorial plane and, in pure
AdS:s, is related to the usual polar angle,, onthe S?via (2  ?)¥2 = cos . The
coordinates not associated to any isometries run over the cubg;y; g2 (0;1)3. A
constant slice of this coordinate domain will resemble Figure 3.1. We will describe
each of these boundaries of this cube momentarily. The functiods P, S and W

depend upon a parameter which measures the rotation of the black hole and are
given by

Aly; )=1+ h(y)® 2@+ 2 y*(1+ % 22 @ h(y) ) (3.6a)
Piyy=1 h(y) ? (3.6b)

oyl LHhp)? B+ B 1+ A 2 A h(y) )
Stay: )= T+ hy)? 2@ ?) 20)

(3.60)

3 yP+yt+h(y)(d+ 22 %) % hiy)Pr2 2 *

WO Toher 2ev 2 yar 2 22 Aa he) )

(3.6)

where, recall,h(y) =1 y2. The functions Fi(x;y; ) for i = 1;:::;9 are unknown; it is
these functions that we must determine numerically in order to obtain the metric of
the rotating RSII black hole. Note that this Ansatz reduces to that used to obtain the
static RSII black hole of [149] by takingF; = F, andFg = F; = Fg= =0.

In order to nd the F; functions, we use the numerical methods described in
Chapter 2. Speci cally, we solve the Einstein-DeTurck equation which now yields nine
elliptic PDEs for the nine unknownF; functions. We choose the reference metric to be
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given by the Ansatz, with

8
§1 ford i 5

Fi(x;y,u) = §1+ , fori=6 (3.7)
: for7 i 9

This reference metric has a horizon ag = 0. Let us quickly consider properties of
this horizon, such as its temperature and angular velocity, since the horizon of the full
solution will necessarily inherit the same values of those quantities. We wish to evaluate
the quantities in terms of an asymptotic observer living on the brang,e. at x =1
andy = 1. This requires rescaling the time coordinate by taking= T=("s ). From
the metric we can immediately read o the angular velocity of the horizon, measured
in units of T:

H = m: (3.8)

To obtain the temperature we must investigate the near horizon geometry a little closer.
Taking the transformation

1 2 (1 x)+1
2" 5

y= ; (3.9)

and then expanding near the horizon, one nds that the reference metric becomes
ds? = 224+ 0(3 dt?+ 1+0() d 2+ :::; (3.10a)

where the::: denotes the other components of the metric and is the surface gravity,

1 2

= —2‘5 (1+ 2): (310b)

As usual we can calculate the temperature by Wick rotating to Euclidean time, noting
the Euclidean time must have a certain periodicity in order for the metric to be smooth,
and then associating this periodicity with the inverse temperature. Speci cally, the
Hawking temperature is given by

Tz =—— (3.11)



3.2 Obtaining braneworld black holes 67

The full solutions to the Einstein equations will inherit these values of the temperature
and angular velocity from the reference metric. They also provide clari cation regarding
the meaning of the two parameters of the metric, 2 (0;1) and 2 (0;1). The
rotation parameter, , controls the rotation of the black hole, with =1 being an
extremal black hole and = 0 the static braneworld black hole of 149. The size of
the black hole relative to the AdS length scalés is in turn controlled by the length
parameter, . Note that the ratio =Ty is independent of and "5, and it is this
guantity we x when comparing di erent black holes of the same rotation but of
di erent sizes relative to “s.

3.2.2 Boundary conditions

Via the DeTurck method, we have obtained an elliptic set of nine coupled PDEs de ned
on the cubefx;y; g2 (0;1)3, in terms of the nine unknown functionsF;. In order to
have a well-de ned boundary value problem we need to set nine boundary conditions
on each of the six faces.

Firstly, let us consider the ctitious boundaries of our domain at each of which the
conditions are given by requiring regularity of the metric at the boundary. At the axis
of symmetry where theS? shrinks to zero sizex = 0, we require that

@Fi(0;y; ) =0 forl i 6
Fi@©O;y; ) =0 for7 i 9 (3.12)

At the bifurcating Killing horizon, y =0, we have that

@Fi(x;0; ) =0 forl i 6ori=9
Fi(x;0; ) =0 for7 i 8: (3.13)

The boundary conditions on the equatorial plane, = 0, are given by

@Fi(x;y;0) =0 forl i 6ori=38
Fi(x;y;0) =0 fori2f79g: (3.14)
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Finally, at the north pole, =1, we require that

@Fi(x;y;1) =0 fori 2f1;2,4,5;6;8g
Fi(x;y;1) =0 fori 2f7,99
Fa(x;y; 1) = Fa(X;y; 1): (3.15)

At the y = 1 boundary, we require that the metric approaches the Poincaré horizon
of AdSs, that is, far away from the black hole, the metric tends asymptotically towards
the same geometry as the vacuum RSII solution. In order to do this, we set the metric
to be equal to the reference metric, given by (3.7), at this boundary. Sinee P; S
and W are all equal to one aty = 1, note that this boundary condition means the
metric matches (3.4) ayy! 1 after the identication, d =d + =1+ ?2)dt.

Finally, we have to consider boundary conditions on the brane, = 1. Recall that
in the RSII model there is aZ, symmetry across the brane. However, the fact that
the stress tensor, including the tension of the brane itself, is concentrated to the brane
leads to discontinuities in the solution. These discontinuities are described by thsael
junction conditions [169, which, in this case where there is no matter on the brane,
yield the following condition:

0=Ka K a+ 35 ab; (3.16)
where, 4 is the induced metric on the brane andK g, = 4 °ng IS the extrinsic
curvature, with n, being the inward unit normal to the brane. These provide six
conditions at the brane. We additionally impose that the component of the DeTurck
vector normal to the brane is zeroj.e. 4 =0, and that Fg = Fg = 0, comprising a
total of nine boundary conditions.

Note that the reference metric satis es all of these boundary conditions. However,
it should be noted that due to the rotation of the black holes, the solutions contain
an ergoregion, meaning that the Killing vector eld is not timelike in the entirety
of the exterior of the black hole. Hence, this case doast satisfy the assumptions
of any proof forbidding Ricci solitons, and soa priori, there is no guarantee that
the solutions to the Einstein-DeTurck equations will also be solutions to the Einstein
equation. However, we were able to nd solutions to the Einstein-DeTurck equation
by discretizing onto a Chebyshev-Gauss-Lobatto grid and using the Newton-Raphson
method, as described in Section 2.3. To inspect the validity of the solutions, we then
check that the DeTurck vector is small and tending towards zero in the continuum
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limit, suggesting we have a true solution to the Einstein equation. These convergence
tests are shown in Appendix A.1.

3.3 Properties of the braneworld black holes

We were able to nd solutions with the rotation parameter, , running from zero
rotation to near extremality, and the length parameter, , in a range of values, chiey
within an order or two of magnitude of unity. Our results clearly show that for
large our solutions exhibit four-dimensional behaviour, with their induced metric
on the brane appearing to approach that of the Kerr metric with the same =Ty .
Meanwhile, for small the black holes show ve-dimensional behaviour, and approach
ve-dimensional Myers-Perry black holes96] with a single non-zero rotation parameter,
again with the same y{=T4. This behaviour can be glimpsed by investigating the
properties of the braneworld black holes, a few of which we describe here.

3.3.1 Entropy of the horizon

Firstly, in Figure 3.2 we plot the area (which is proportional to the entropy) of the
bifurcating Killing horizon of the rotating RSII in the ve-dimensional bulk against
their proper radius on the brane, , in a log-log plot. This proper radius is computed
by dividing the proper distance around the equator of the intersection of the black hole
horizon and the brane by2 . In each sub gure in Figure 3.2, the rotation parameter,

, (or, equivalently {=T4) is xed, and the length parameter, , varies between the
di erent braneworld black holes (the black dots). For reference, we have also added the
corresponding plots for the four-dimensional Kerr black hole (the dotted, red line), and
the ve-dimensional single-rotation Myers-Perry black hole (the dashed, green line),
each with the same y=Ty. Moreover, we have scaled each axis by the appropriate
powers of the AdS length, s, to ensure we are comparing dimensionless quantities.

The small braneworld black holes exhibit ve-dimensional behaviour, tending
towards the Myers-Perry area, which is cubic in terms ofy. This means that as the
black holes become small, they extend roughly the same proper distance into direction
perpendicular to the brane as those transverse to it. On the other hand, the large
braneworld black holes exhibit four-dimensional behaviour, tending to the Kerr area,
which is quadratic in terms of . Therefore, in this limit, the braneworld black holes
become attened in line with the brane, extending very little into the extra dimension
normal to the brane relative to the directions along the brane.
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(@ =0:2 () =05

Fig. 3.2: The area of the bifurcating Killing surface of rotating RSII black holes, with xed  (or,
equivalently =Ty ) as a function of the proper radius  (black dots) in a log-log plot. The dotted,
red line is the area of a four-dimensional Kerr black hole, whilst the dashed, green line is the area of a
ve-dimensional single rotating Myers Perry black hole, both of which have the same {=Ty. We
have divided the quantities on both axes by powers of s to make them dimensionless, for example
on the y-axis, we haveAy =2 wherea = 3 for both the RSII black holes and the Myers-Perry black
holes, whereasa = 2 for the Kerr black holes.

We see this behaviour particularly well for small values of, for example =0:2
in Sub gure 3.2a. The numerics became more and more di cult as was increased,
particularly for relatively small or large , and hence the trend is less clear for larger

, as seen in Sub gure 3.2b where = 0:5. However, even for large , the data
is still consistent with this transition between four-dimensional and ve-dimensional
behaviour of areas.

3.3.2 Geometry of the bifurcating Killing horizon

To explore a little more closely the behaviour of the braneworld black holes in the limit
where they become large we also consider the induced geometry of the braneworld
bifurcating Killing surface. That is, we consider the 2d geometry obtained by taking
the intersection of the brane x = 1) and the event horizon § = 0) at a constant time
slice. We retain the axisymmetry of the solution in the direction, and hence we are
considering an axisymmetric 2d geometry, parameterised byand

Two-dimensional geometries are completely determined by the Ricci scalar, and
hence such an axisymmetric 2d is determined by the Ricci scalar as a function of the
inclination from the axis of symmetry. This geometry has spherical topology, and so
each constant slice is a circle. Of course, the coordinateis not a gauge invariant
quantity. In order to express the inclination in a gauge independent way, we introduce
the function () which measures the proper radius of the circle at xed, which once
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Fig. 3.3: The Ricci scalar, R, of the two-dimensional induced geometry of the intersection of the
event horizon with the brane at a constant time slice is plotted against ( ), which is the proper
radius of the circle in the geometry at a given value of , the inclination from the axis of symmetry.
Quantities on both axes have been multiplied by the suitable powers of the temperatureTy , to make
them dimensionless. Such a plot uniquely determines a two-dimensional axisymmetric geometry. The
plots for the braneworld black holes for a xed value of (or, equivalently y=Ty) are given by
solid, black curves and the corresponding plot for a four-dimensional Kerr black hole, with the same

H=Tn, is given by the dashed, red curve. The braneworld curves closest to the Kerr line are those
with largest length parameter, , with this parameter decreasing monotonically as one moves between
the curves from left to right.

again is found by dividing the proper distance around these circles &y . Therefore,
at the north pole, ( =1)=0, and () increases as decreases.

In Figure 3.3 we plot the Ricci scalar as a function of( ) over 2 (0;1) for each
of the braneworld black holes (solid, black lines) for a xed value of =Ty, along
with the corresponding plot for the Kerr black hole (dashed, red line). Here, and for
the remainder of the chapter, we multiply the quantities of both axes by the required
factors of the temperature, Ty, to make them dimensionless. Such a plot uniquely
determines the geometry of a two-dimensional axisymmetric manifold with spherical
topology. In each of the two sub gures in Figure 3.3, the length parameter,, is
decreasing as one moves from left to right between the di erent black curves. The
curves approach that of the Kerr black hole as becomes large, adding further evidence
that the induced geometry on the brane of braneworld black holes approaches the Kerr
geometry as they become large.

3.3.3 Orhits

Another interesting quantity that allows for comparison to Kerr is the position of the
(equatorial) inner-most stable circular orbit (ISCO) around the black hole. We consider
the motion of a particle that is restricted to the brane, atx = 1, and the equatorial
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Fig. 3.4: Plots of the proper radius, sco, of the ISCO for braneworld black holes for a given value

of (or, equivalently 4 =Ty) against * (black dots). We have added the corresponding value for

the Kerr black hole with the same value of =Ty at ! =0 (red square). We have multiplied
isco by the temperature, Ty, of the black holes to obtain a dimensionless quantity.

plane of the rotation of the black hole, at = 0. Both of these planes lie at the centre
of aZ, symmetry, and so any geodesic that starts with motion within this region will
remain within it. Just as in the calculation of the ISCO in the Kerr or Schwarzschild
black holes, we can use the fact that there are conserved quantities along the path of
such a geodesic. In particular, we have two conserved quantities associated to the two
Killing vector elds: the energy, E and the angular momentum,h. As usual, the use

of these allows one to nd an ordinary di erential equation that governs the radial
pro le of a normalised timelike geodesic. In our coordinates, this is an equation for the
position y(t) of the particle, which can be written asy(t)?> = V(y; E; h).

In order to nd the ISCO, we require that V = V°= 0, where the derivative is
with respect toy. These two equations can be solved to give a family of circular
geodesics depending ofk; h). From this family, the ISCO will be the solution with
the minimal angular momentum (minimising with respect to the energy gives similar
results). We computed the proper radius ;sco of the ISCO, which once again is the
proper distance around the circumference of the orbit divided bg , and multiplied
by the temperature, Ty, to get a dimensionless quantity.

In Figure 3.4, we plot the value of sco Ty against ! for two xed values of the
rotation parameter, . The reason for using the inverse of the length parameter,
on the x-axis is that we expect that in the large limit, the braneworld black hole
tends towards a Kerr geometry. Kerr black holes do exhibit stable circular orbits, thus
we have added, for reference, the value forsco Ty of a Kerr black hole of the same

h=Ty at 1=0 as ared square in the gure.
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We see that the value of the ISCO of the braneworld black hole tends to the value for
the Kerr black hole as they become large. On the other hand, asdecreases the proper
radius of the ISCO increases. Note that, ve-dimensional black holes do not contain
bound orbits for timelike particles, and we nd that the value of ;sco Ty begins to
increase as becomes smaller, where the black holes begin to exhibit ve-dimensional
behaviour. It would be of great interest to obtain braneworld black holes with much
smaller values of , which more and more exhibit ve-dimensional behaviour to see if
the value of sco Ty diverges as tends towards zero.

3.4 Discussion

The results presented in the previous section provide compelling evidence that the
induced geometry of the rotating RSII black holes on the brane tends to that of the Kerr
metric in the large limit. This is a necessary requirement for the Randall-Sundrum
II model to phenomenologically viable, since the astrophysical black holes observed in
our Universe appear to be very well described by the Kerr metric.

However, we also see evidence that, as one taket be smaller, the black holes
transition to having ve-dimensional behaviour. As a result of this transition, one would
expect nitely-sized rotating black holes in the RSII model to have slightly di erent
induced geometry on the brane to the standard four-dimensional Kerr black holes of
general relativity. Hence, this could provide a stepping-stone to putting constraints
upon a Randall-Sundrum extra dimension via astrophysical measurements.

It should be noted, however, that there are still many more steps that would need
to be taken before this is a realistic possibility. Table-top experiments have probed
corrections to Newtonian gravity of the form (1.54) induced by a Randall-Sundrum
extra dimension and constrained the AdS length scales, in the RSIlI model to be at
most about the order of a millimetre L70. Astrophysical black holes are of course
many orders of magnitude large than this, and so, in order to test the RSII model
using astrophysical black holes, one would rstly have to extend our results to nd
rotating black holes in the RSII model for much larger values of the length parameter,
Unfortunately, the numerical method used to obtain these solutions became extremely
slow for large , however, it is possible that using a di erent reference metric in the
DeTurck method may ease the computation. Alternatively, the method used ii$Q
perhaps provided a more natural way of nding large static RSII black holes by directly
perturbing away from a black droplet solution (which in a sense isthe!1 limit of
a static RSII black hole), and so if one generalised this method to the rotating case,
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one may be able to nd rotating RSII black holes for larger values of than in this
work.!

Furthermore, this work has provided evidence that, even if one did obtain these
very large RSII black holes, their induced metric on the brane would be extremely
similar to the Kerr metric. Therefore, one would need to nd much more nely-grained
features of the RSII black holes, in order to provide sharper comparison to the Kerr
black hole. For example, it would be very interesting to calculate the quasi-normal
modes of the braneworld black holes, which may allow for comparison to data from
gravitational wave detectors.

Another possibility of using these black holes to experimentally test the RSII
model would arise if, as is hoped, microscopic black holes were produced in future
particle colliders, such as the International Linear Colliderd0, 91] and the Compact
Linear Collider [92]. As shown in this work, such small black holes would be very
likely to exhibit ve-dimensional behaviour if there were a Randall-Sundrum extra
dimension, and hence they would provide an excellent testing ground for constraining
the Randall-Sundrum Il model.

Another further point of study could be to examine the superradiance instability of
the RSII black holes. We did obtain the ergoregion of the rotating RSII black holes in
the ve-dimensional bulk and found in each case that the region has spherical topology.
It would be interesting to investigate whether the slightly di erent geometries of the
braneworld black hole ergoregions compared to that of Kerr could result in di erent
superradiance instabilities [171, 172].

It would also be of great interest to study further the rotating RSII close to
extremality, ! 1. One reason for that it has recently been shown that e ective eld
theory corrections to general relativity generically lead the horizons of rotating black
holes becoming singular in the extremal limit]58 173 174. In these cases, all scalar
curvature invariants are non-singular, but the tidal forces felt by infalling observers
were found to diverge at the horizon in the extremal limit. The e ective equations
on the brane are given by the Einstein equation with some complicated correction
term and hence one may expect that the RSII black holes should have diverging tidal
forces as one approaches extremality. We found that the tidal forces, as measured by
a four-dimensional observer falling through the horizon, increase more quickly with
the rotation parameter, , than is the case for standard Kerr black holes, but the
evidence in inconclusive on whether these forces are truly diverging as 1. This

lIndeed, we were able to nd rotating black droplets, which have a Kerr metric on the boundary,
by a very similar method as described in this chapter, though this work remains unpublished. These
would be the starting point of nding large  rotating RSII black holes by generalising [150].
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leaves it highly desirable to study more quickly rotating solutions, or even analysing
the extremal limit directly, as was done for extremal charged RSII black holes [175].

Finally, in this work we have considered the exterior geometry of these rotating RSII
black holes, but it would be extremely interesting if one could explore the interiors of the
solutions. The Kerr black hole contains an inner, Cauchy horizon, however, it has been
shown in various cases that when gravity is coupled to other elds, the inner horizon
of a charged black hole can collapse 1[76 17§, in accordance with the strong cosmic
censorship conjectureZ?, leaving a hairy black hole solution that does not possess
a Cauchy horizon before the singularity. It is postulated that similar behaviour may
occur for the Cauchy horizon within a rotating black hole when gravity is coupled to
other elds. Following from the connection to the AAS/CFT correspondence reviewed
in Section 1.5.3, we know that the ve-dimensional RSII rotating black hole is dual to a
four-dimensional rotating black hole whose geometry is quantum-corrected by a lafge
strongly coupled CFT. Therefore, one may conjecture that such a quantum-corrected
black hole does not possess an inner horizon, and that the dual bulk RSII black hole
would also be free of a Cauchy horizon in its interior. It would be very interesting,
though extremely numerically challenging, to check directly whether this is indeed the
case.



Chapter 4

Black tunnels and hammocks

Abstract

We construct the holographic duals to a largeN, strongly coupled, N = 4
super Yang-Mills conformal eld theory de ned on a four-dimensional de Sitter-
Schwarzschild background. There are two distinct ve-dimensional bulk solutions.
One, named the black tunnel, is static and possesses two disconnected horizons.
The other, the black hammock, contains only one horizon in the bulk. The
hammock horizon is not a Killing horizon, and hence possesses interesting
properties, such as non-vanishing expansion and shear, as well as allowing
classical ow along it. The DeTurck method was used in order to attain the
black tunnel solutions, whilst the black hammocks were found in Bondi-Sachs
gauge. This work was rst presented in [2].

4.1 Introduction

One of the most fascinating results in theoretical physics was the discovery of Hawking
radiation that quantum elds radiate on xed black hole backgrounds [ 80]. Famously,
this phenomenon leads to the information paradoxXf], posing deep and fundamental
guestions about the way a theory of quantum gravity must behave. However, for the
most part, the study of Hawking radiation and, more generally, quantum eld theory
in curved spacetime has been focused on free or weakly interacting elds. A natural
guestion is to ask whether taking the quantum elds to be strongly coupled a ects the
way they behave on a curved background, though the two di culties of strong coupling
and curved space make it extremely challenging to make any headway tackling this
problem via rst-principles eld theory calculations.
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Fortunately, gauge/gravity duality has provided an approach to study precisely
such a system. The AdS/CFT correspondencd ()9 111] describes a duality between an
N =4 super Yang-Mills (SYM) conformal eld theory (CFT) on a xed, but possibly
curved, manifold B and type IIB string theory on an asymptotically locally anti-de
Sitter (AIAdS) spacetime which has conformal boundary given by. Taking the
limit where the CFT possesses a large number of coloubé$, and is strongly coupled
(speci cally taking the 't Hooft coupling to in nity) corresponds to taking a classical
limit on the gravitational side. Hence, in order to study how such a largdl, strongly
coupled CFT behaves on a manifol@, one can nd AIAdS solutions to the Einstein
equation with conformal boundaryB. See, for example, 127 for an excellent review
on this method.

Much work has been done in the case where the boundary metBcis taken to be
the Schwarzschild metric 129 135 137, 165. As reviewed in Section 1.4, two classes of
gravitational duals have been found. One family of solutions are called black droplets,
which contain two, disconnected horizons in the bulk: a horizon which extends from
the boundary black hole and a perturbed planar black hole deep within the bulk. The
other class are called black funnels, and these contain a single, connected horizon in
the bulk which extends from the horizon of the boundary black hole into the bulk and
into an asymptotic region.

The two solutions correspond to di erent phases of the CFT on the Schwarzschild
background. The connected, funnel solution corresponds todecon ned phase. In
the bulk, the single horizon allows ow along it at a classical level (it is a non-Killing
horizon, evading rigidity theorems due to its non-compact nature), meaning that on the
eld theory side there is Hawking radiation from the horizon to the asymptotic region
of order O(N2). On the other hand, the disconnected, droplet solution corresponds to
a con ned phase; there is no classical ow between the two bulk horizons, meaning
that on the eld theory side the Hawking radiation of the CFT is greatly suppressed
to O(N©). If one were to instead exciteN 2 free elds on a black hole background, one
would always expectO(N ?) radiation from the horizon, and hence, this con ned phase
is a novel property of strongly coupled elds. The eld theory mechanism behind this
behaviour is still not well understood.

In such a set up, one can dial the temperaturely, of the boundary black hole
and the temperature, T, , of the limiting thermal CFT at in nity. It is interesting
to investigate which of these phases dominates across values of the dimensionless
parameterT; =Ty. In [135, evidence was provided that for small values af; =Ty,
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the droplet phase dominates, whilst for large values of; =T, the funnels phase
dominates.

In this chapter, we investigate a similar set-up, this time considering the holographic
duals to a largeN, strongly coupled CFT on a de Sitter-Schwarzschild background.
There are two horizons in the de Sitter-Schwarzschild spacetime, the event horizon and
the cosmological horizon, which have di erent temperatures (except at extremality).
This background provides a very natural set-up in which to investigate the phases of the
CFT, since rather than having the impose that the CFT is in some unphysical thermal
state asymptotically, here the geometry naturally imposes that the two horizons radiate
with given temperatures.

The space of such de Sitter-Schwarzschild geometries (up to an overall scale) is
parameterized by the ratio between the temperatures of the two horizons, or equivalently,
by the ratio of the radii of the horizons, , = ry=r. 2 (0; 1), wherery, andr. are the
proper radii of the event and cosmological horizons, respectively. Throughout this
chapter, we will refer to the parameter, ,, as the radius ratio. Note that 4 is
gauge invariant in this context, due to the background spherical symmetry of the de
Sitter-Schwarzschild black hole.

Once again, two dual bulk solutions arise, depending on whether the boundary
horizons are connected via a bulk horizon or not. Thelack tunnelis a solution
in which there are two disconnected bulk horizons, one of which extends from the
boundary event horizon and the other from the boundary cosmological horizon. Each
of these horizons closes in on itself some way into the bulk. In the other solution, which
we call the black hammockthe boundary event horizon and boundary cosmological
horizons are connected by a single horizon in the bulk. See Figure 4.1 for schematic
drawings of these two geometries. Similarly to the black funnels (and other owing,
non-equilibrium steady state solutions179 187), the black hammocks allow classical
ow along their horizons, which again is dual to a decon ned phase of the CFT, with
O(N?) Hawking radiation on the eld theory side of the duality. There is no classical
ow between the two horizons of the black tunnel, so this is dual to a con ned phase
of the CFT elds with O(N°) Hawking radiation.

It would be of great interest to investigate which of these solutions dominates for
di erent values of the radius ratio, 1, since this would be dual to which phase of
the CFT matter is dominant on the eld theory side. One would expect a similar
phase transition to that of the droplets and funnels, as evidenced b§3y. For a
number of reasons, which we will discuss, this problem is di cult and may require
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(@) The black tunnel

(b) The black hammock

Fig. 4.1: Some schematic drawings of spatial cross-sections of the black tunnel and hammock after
suppressing two angular directions. In each case the dotted line is the axis of symmetry where tH8?
shrinks to zero size. The hammocks only have one horizon which doesn't cross the axis of symmetry,
whereas the tunnels have two horizons both of which cross the axis of symmetry. In each diagram,
the red line is the conformal boundary, on which there is a de Sitter-Schwarzschild geometry.

direct calculation of the stability of the solutions under time-evolution after a small
perturbation.

Another point of interest is that the black tunnel and black hammock solutions are
closely related to black hole solutions in the Randall-Sundrum Il (RSII) modellf2.
Following the methods used inf49 1] to nd other RSII black hole solutions, discussed
in Chapter 3, one could envisage adapting the black tunnels in order to nd black hole
solutions in the RSII model where one takes a positive e ective cosmological constant
on the brane. Such solutions would be dual to spherically symmetric four-dimensional
black holes with a positive cosmological constant that receive quantum corrections
from a largeN, strongly coupled CFT.

We used di erent gauge choices in order to solve the Einstein equation numerically
for the two di erent solutions. For the black tunnels, we usedhe DeTurck method
[162 152 153, reviewed in Section 2.1. It turns out in this case that the added term
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must actually vanish on any solution, hence we necessarily obtain a solution to the
Einstein equation rather than a Ricci soliton.

One could also use the DeTurck method to nd the black hammock solutions, and
indeed we were able to do so, but we found that we had to use an extremely high
number of lattice points and precision in the numerical method in order to extract the
quantities of interest from the solutions, making the process extremely computationally
expensive. Instead, we found that a di erent gauge choice, speci calgondi-Sachs
gauge was a lot more e ective. The use of this gauge to solve stationary problems was
reviewed in Section 2.2. Indeed, it seems as though Bondi-Sachs gauge is particularly
well-adapted to stationary problems with a null hypersurface in the bulk opposite
the conformal boundary, and so is useful for nding black hammock solutions. The
use of the two complementary methods allowed us to nd both solutions for a large
range of the parameter spacey, 2 (0;1). This work, rst presented in [2], was the rst
instance where owing solutions were found by solving a boundary value problem in
Bondi-Sachs gauge.

One additional benet of nding the black hammocks in Bondi-Sachs gauge is
that it is a very natural gauge in which to time-evolve the solutions after a slight
perturbation. Hence, it could provide a way to directly test the dynamical stability of
the hammocks across the parameter space.

In Sections 4.2 and 4.3 we present the methods used to nd the black tunnels
and black hammocks, respectively, and we extract the holographic stress tensor from
the bulk solution in each case. In Section 4.4, we discuss some of the properties of
the solutions. The hammocks have particularly interesting properties due to the fact
their horizon are non-Killing. This means there is classical ow along the horizon and
the expansion and shear of the horizon are non-zero. In Section 4.5, we end with a
discussion focusing particularly on the di culties of deducing which of the black tunnel
or black hammock solution, and hence which phase of the dual CFT, dominates for a
given value of the radius ratio, ,,. This di culty arises from the fact that, despite the
two solutions being stationary, neither of them is in thermodynamic equilibrium. We
argue that in order to obtain the phase diagram of the dual CFT, one would have to
directly investigate the stability of the two dual solutions.

4.2 Black tunnels

In order to nd the black tunnel solutions we used the DeTurck method, which was
described in Section 2.1. The solutions are ve-dimensional, and the Einstein-DeTurck
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equation in this dimensionality is given by

4
Rab+ 50b I @b =0; (4.1)
5
with 2 denoting the DeTurck vector de ned by (2.4b) in terms of a reference metric
which we will soon choose explicitly.

4.2.1 Ansatz for the black tunnels

We assume the solutions will be static and spherically symmetric. On the conformal
boundary, which we set aty = 0, we will enforce the metric to be conformal to that
of de Sitter-Schwarzschild. In the bulk there will be two disconnected horizons, one
emanating from the event horizon on the boundary and the other from the cosmological
horizon. We'll call these the bulk event horizon (atx = 0) and bulk cosmological
horizon (at x = 1), respectively. Finally, between the two horizons in the bulk, there
will be an axis where theS? shrinks to zero size, given by = 1. Hence, the black
tunnels naturally live in a rectangular coordinate domainf x; yg 2 (0; 1)?. In Figure 4.2,
we've drawn the tunnel again schematically, along with the integration domain that
naturally arises.

@y=0
bulk
Hi ulk) H gbulk)
x=0 x=1
2. —
S5, y=1
(a) Drawing of the black tunnel (b) Integration domain for the black tunnel

Fig. 4.2: The black tunnel naturally has four boundaries; the conformal boundary, @ the bulk event
horizon, Hib“'k); the axis of symmetry where the two-sphere shrinks to zero size53; and the bulk

cosmological horizon,H™ ). Hence, we automatically have a square integration domain.
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The line element we use to describe such solutions is given by the followigsatz:

2
"2 2(1 p)° 16
Osimer = 54 X 1 XF = GX)qu(x;y) T + G(X)qz(x;y)dx:
y) dy+(1 y)es(xy)dx ?
+(1 X;y)d % + %0:Y) 5 (4.2a
1 yxsxy)d ; a1 y)y (4.2a)
where
2 x?) 1+2 x22 x3)@1 2
6(x) = ( ) h ( X h) ; (4.2b)

1+ p+ 2

andd (22) is the metric on a round, unit radius two-sphere. We recall that the parameter,

h, IS the ratio of the radii of the event and cosmological horizons in the boundary de
Sitter-Schwarzschild geometry. Hence, ! 1 is the extremal limit at which the event
and cosmological horizons are coincident, whilst, ! 0 is the limit where the horizons
become in nitely far apart. We found black tunnel solutions across the whole of the
parameter space , 2 (0; 1).

The reference metric we used to de ne the DeTurck vector is given by thnsatz
above withgy = = g = g =1 and g = 0. We will see that this reference metric
satis es all the boundary conditions that we will describe in the next subsection.

The DeTurck method in this case cannot yield Ricci solitons, since all the conditions
of the theorem of L33 forbidding their existence are satis ed. In any case, we present
convergence tests in Appendix A.2 showing that the DeTurck vector vanishes in the
continuum limit.

4.2.2 Boundary conditions

The Einstein-DeTurck equation evaluated for theAnsatz given by (4.2a) yields a system

of ve second-order PDEs on the integration domairix;yg 2 (0; 1)2. In order to solve
such a system, we need to set ve boundary conditions on each of the sides of the
square.

The conformal boundary y=0

Here, we enforce Dirichlet boundary conditions in order to set the induced metric on
the conformal boundary to be conformal to the de Sitter-Schwarzschild metric in four
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dimensions, which is given by

2

dr
dsis = f(r)dt®+ 0] +r2d %), (4.3)
where
_ 2M 4r2
f(r)y=1 e 3
(r re(r rp)(r+re+ rh); (4.4)

ror2+rerp+ r?

with 4 the positive cosmological constant of the four-dimensional geometiy, the
mass of the black hole and;, and r. the radii of the event and cosmological horizons,
respectively. Taking the transformations

- Mh C Wi _'n.
r_ l 2(2 2)(1 h)y Wlth h — rC1 (4.5)
the metric becomes
2 ) , 3
1 16d
dsfs 5= 1014 20 0o he()dr s o vd By (46)

wherer = r( ), given by (4.5) is now thought of as a function of , rather than a
coordinate, andG is de ned by (4.2b). In these coordinates, the event horizon lies at

= 0 and the cosmological horizon is situated at = 1. With respect to the usual
t-coordinate, the temperature of the event and cosmological horizons are, respectively,
given by

T, = 1 n)A+2 ) . T = 1 e+ h):

- 21 c— 2 (4'7)
4r, 1+ ht f 4r . 1+ ht f

Now we are ready to de ne our boundary conditions ay = 0, the conformal boundary.
Here, we sety = o = s = ¢4 = 1, and g5 = 0. With such a choice, and taking

122 )a ) t
y = . 2 x= ; T = —; (4.8)
rh r.C

one nds that at leading order in z near the conformal boundary

/
I\J‘U‘II\)

dsi"zunnel = d22 + d Sgs S ; (4-9)

z=0 V4
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with the de Sitter-Schwarzschild metric being given by (4.6). Hence, this boundary
condition enforces that the black tunnel is an AIAdS spacetime with the metric on the
conformal boundary being conformal to de Sitter-Schwarzschild.

The ctitious boundaries

The remaining three boundaries of the integration domain are ctitious boundaries.
At x =0 and x =1, respectively, we have the bulk event and cosmological horizons
and aty =1 we have the axis between the two bulk horizons where the two-sphere
collapses to zero size.

At each of these boundaries we require that the metric is regular. This can be
imposed with Neumann boundary conditions. In particular, at each ctitious boundary
we set the normal derivative of each function to the boundary to zero. That is for

@q(0;y) =0; @q(1;y) =0; @q(x; 1) =0: (4.10)

4.2.3 Extracting the holographic stress tensor

Now let us brie y discuss how we can extract the holographic stress tensor once we
have obtained the solution numerically, as discussed more generally in Section 1.3.3.
Firstly, one can solve the equations of motion de ned by4:1) order by order iny o

the boundaryy = 0. This xes that

QOGY) =1+ 10y + 100Y? + A 1(yH 2 oo

BOGY) =1+ 1Y+ (Y2 + A a0y P

®(y) =1 ; 1(X)y +  s(X)y? + “1(X)y“p§+ i

WX y) =1+ 4(X)y* + "4(X)yl+p§ +

BOGY) = s()Y?+ sy +~s5(X)y’logy + ::: (4.11)

Some of these functions are xed by the equations of motion as

1+

1(x) = — 790 (4.12a)

1+
1), 2() _ 5(1+ n)?g(x)? 201+ n)(A+ n+ F)OX)

2
2 2 8 1+ h+ 2

3(X) + (4.12b)
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2(1+ n+ A+ pg(x) 1+ n)?g(x)?

A(X) = . (4.12c)

4 1+ p+ 2

. @+
0= 5y 790 (4.12d)
3(1+ p)?
002 gre 27 00d0) (4.12e)
where

gx)=1 x32 xHA ): (4.12f)

The only functions not xed by a local analysis of the Einstein-DeTurck equation o
the conformal boundary aref 1; ,; s5;”1;”40. In order to nd these functions, we
need to solve the equations in the full spacetime, after having imposed regularity deep
in the bulk. It turns out only the ; functions are needed to calculate the stress tensor.
Note that, once we have numerical approximations of the full functiong, we can easily
evaluate an estimate for ; from the second derivative ofy with respecttoy aty =0.

Armed with this expansion neary = 0, we can go to Fe erman-Graham gauge
[12]] near the conformal boundary and x the conformal frame. That is, we seek a
coordinate transformation such that near the conformal boundary the metric takes the
form given in (1.32a), which in ve dimensions becomes

N2

ds? = Z—‘; dz2+ gO@+ g@z2+ g¥Wz*+ h@z%logz dx dx + O(z%) ; (4.13)
where we pick the conformal frame so thag© is the de Sitter-Schwarzschild metric
given by (4.6). This can be achieved with a transformation

x6 .
X= + ()2
i=1

X6 .
y = ()2 (4.14)

j=2
The explicit expressions of ;( ) and ;( ) can be determined by substituting the
above transformation into the metric given by theAnsatz after expanding each of
the functions o the boundary with (4.11). One can then work order by order ire
to match the resultant metric with (4.13). Such a procedure xeg®; g® and h®
uniquely. In this caseh® = 0, due to the fact that the boundary metric is Einstein.
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With the metric in Fe erman-Graham coordinates, one can readily read o the
holographic stress tensor usin¢l.36b). Finally, we can make the identi cation from
the standard AJdS/CFT dictionary that

~3
— 5.
Gs = SNz (4.15)
One can check that the stress tensor is conserved and has a xed trace:
N3 N3
rOT =0; T = 35 S (4.16)

7 = ;
16Gsrd 1+ p+ 2 16G sy

where, respectivelyy © and 4 = | 3= , are the covariant derivative and the de Sitter
length scale of the four-dimensional boundary geometry. The fact that the stress tensor
has a constant but non-zero trace originates from the fact the boundary metric is
a solution to the Einstein equation with a positive cosmological constant, agreeing
with (1.38).

After the dust settles, we nd

8 2
N2g()ee 1 34 421+ y)
ti — 4 h h
M= Soas ) qg@e o+ D2 o) o) .
121+ WA+ n+ Do) +12(L+ n)’g( ). ; (4.17a)
) 8 2
L N2g( )4< 1 , 30
M= 2egs ) e v 2 o)
39
81+ 1+ n+ Da()+8(L+ na( )% ; (4.17b)
8 2
N7 ) 1 L34 23a+ 0
T 2y M Te@e P ) 0

39
+6(1+ A+ o+ 2o()5 ; (4.170)

where ; stands for any of the angles on the roun&?.
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4.3 Black hammocks

4.3.1 The integration domain for the black hammocks

The black hammocks share many similarities with the black funnel solutions df34
135 137, which were gravitational duals to a CFT living on a at Schwarzschild
background. The key di erence is the horizons of such black funnel solutions approach
a planar black hole in the bulk far from the boundary event horizon, due to the fact
the at Schwarzschild boundary metric possesses only one horizon. On the other hand,
the black hammocks will have no such asymptotic region; the bulk horizon will return
to the conformal boundary to intersect the boundary cosmological horizon.

At rst sight, it seems as though the black hammocks will only have two boundaries:
the conformal boundary and the horizon of the bulk black hole, which now hangs down
in the bulk between the positions of the boundary event horizon and the boundary
cosmological horizon, motivating the name hammock. We've schematically drawn
the shape of this geometry again in Figure 4.3a.

Attempting naively to carry out numerics on a domain with only two boundaries
would be very di cult. Fortunately though, we can use a trick to blow up the points
at which the horizon meets the boundary into lines, as was done ih34 135 137, 139.
This trick is based on the fact that at leading order, the geometry near the conformal
boundary must be hyperbolic, and hyperbolic black holes are the only family of static
geometries which are manifestly hyperbolic for each time slice as one approaches

(@) Drawing of the black hammock (b) Domain for the black hammock

Fig. 4.3: Here we sketch the black hammock in(@) . It initially appears to have only two boundaries:
the conformal boundary and the bulk horizon. However, the bulk horizon must approach hyperbolic
black holes as it approaches the conformal boundary, where it meets the boundary event horizon and
the boundary cosmological horizon. This allows us one to add two extra boundaries to the integration
domain at x = 0 and x = 1, where this limiting behaviour will be imposed. Hence, we obtain a
rectangular integration domain as shown in(b) .
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the boundary. Hence, one can add two extra boundaries at the points at which the
hammock horizon is anchored on the boundary and enforce this limiting behaviour as
boundary conditions. The family of hyperbolic black holes runs over one parameter:
the temperature. It is likely that one could nd detunedblack hammock solutions,
that is, solutions where the temperature of the hyperbolic black hole is di erent to the
temperature of boundary horizon that the bulk horizon is approaching. Such detuned
solutions were found in the context of eld theories living on an asymptotically at
Schwarzschild black hole1[37. In this work however, we choose to study the solutions
in which the temperatures of the hyperbolic black holes match the temperatures of the
horizons of the boundary de Sitter-Schwarzschild geometry.

The metric of a hyperbolic black hole is given by
#

+d 2+sinh? d 2, ; (4.18)

E dz?
1 22 (2) !

dsH:22 (1 z?)df'+

which has temperature(4 ) * with respect to the time coordinatef’

By blowing up the point where the bulk horizon meets the conformal boundary
into lines, we obtain a rectangular integration domain, as shown in Figure 4.3b. We'll
pick coordinates such that the boundaries are the conformal boundary gt= 0, the
two hyperbolic black hole limits atx =0 andx = 1.

4.3.2 Ansatz for the black hammocks

We were able to obtain the black hammocks both by using the DeTurck method and
by directly gauge- xing to Bondi-Sachs gauge. These two methods were reviewed in
Sections 2.1 and 2.2, respectively. Both the numerical calculation of solutions and the
extraction of quantities of interest were far easier and quicker in Bondi-Sachs gauge,
and so we present the solutions in this gauge here.

A ve-dimensional stationary, SO(3)-symmetric solution in Bondi-Sachs can be
written as

2 | 3

ds?= 24 Va2 2dvdy + € Alz(dx U*dv)®+ Ad 3, 5; (4.19)

2

5
y2
with ve functions, V; U*; ; A; , which can depend uporf x;yg. We can use the
freedom of rede ning the radial coordinate to x the radial dependence of the
function. We desire there to be a null hypersurface opposite the conformal boundary, at
y =1, which we will later check is an event horizon. We will also explicitly take some
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functions of x and y out of the unknown functionsV; U*; ; A; , with the purpose
of making the boundary conditions and reference metric more easy to apply in the
numerics. Altogether, we take theAnsatz for the black hammocks to be

2 !
2_ 8y (1 n)? 20 (v I (D) N2
ds” = v (1 y)———HX)Ppuxy)dve 2 - H(x)dvdy ps(x;y)
"0 , 13
1 dx x(1 x)p2Ax;y)dv 2
+ @ +H y)d oA 5;
AX(L X) 1+ y*ps(x) 2 (1 X)X pa(x;y)? CIpL6Y)d o
(4.20)
where X
Hpg= 1720 Xd 3, (4.21)

1+ p+ 2
The bulk equations, E; = 0, provide four PDEs for the functionspy(x;y) for
k=1;:::;4and ps(x). It's worth noting that ps is independent ofy, and moreover,
the E,y =0 equation evaluated aty = 1 actually provides a simple algebraic condition
for ps(x) in terms of the four other functions and their derivatives aty = 1. However,
we found that the convergence of the numerical method was faster if we promoted
to a function of both x andy and imposed as a fth bulk equation that @ps(x;y) = 0.

The highesty-derivative of the functions arising in the bulk equations are

f @p1; @p2; @ps; @pag; (4.22)

that is, two second order derivatives and two rst order derivatives with respect tgy.
This suggests that when we expand the functions about the conformal boundary, we
should nd there are three free functions in order for us to have a well-de ned PDE
problem. Moreover, we should nd we need to set three boundary conditions deep in
the bulk aty = 1.

We will enforce thatE,, = 0 at the y =1 hypersurface. As discussed in Section 2.2,
the contracted Bianchi identity implies that, so long as the bulk equations are satis ed,
such boundary conditions actually enforce thak,, = 0 throughout the whole bulk,
yielding a full solution to the Einstein equation. Indeed, once a solution is found we can
explicitly track the E,, components, providing a test of the convergence properties of
the numerical method to nd the black hammocks, which we present in Appendix A.3.

In order to numerically solve the bulk equations, we must rstly set boundary
conditions, which we discuss in the next subsection, and then, once again, we use
collocation methods and the Newton-Raphson algorithm, described in Section 2.3,



90 Black tunnels and hammocks

to numerically solve the system of PDEs obtained. Originally to obtain the black
hammocks, we used a grid of siZ20 120when discretizing, however, it seems likely
that a use of the patching methods described in Section 2.4.3 would speed up the
numerics.

It's also worth reiterating that we have no proof that the system of PDEs that
result from the Einstein equation applied to ourAnsatz in Bondi-Sachs gauge is
elliptic, though the speed and accuracy of the numerical method would seem to suggest
ellipticity. It would be very interesting to explore further whether this gauge naturally
gives elliptic PDEs for such stationary problems in general relativity.

4.3.3 Boundary conditions
The conformal boundary y=0

Just as with the black tunnels, at the conformal boundary we wish to set Dirichlet
boundary conditions enforcing that the metric on the conformal boundary is conformal
to the de Sitter-Schwarzschild metric, given by (4.3). This time, consider a coordinate
transformation given by

I .
= : h = — 4.2
r 1 a Sw' wit h = (4.23)

so that the event horizon is thew = 0 surface and the cosmological is the = 1 surface,
and the metric is given by

2 2 2

4 wa wd M Hwar
1 W(l h) hl'c

dw?
+ +
HwWw(l w)

3
d &5 (4.24)

whereH is de ned by (4.21). We set aty = 0 the boundary conditions thatp, = ps =
p; =1 and p, = 0, and then take the transformations

: : @ wi ) HW.

Vs — —————V;, y=12 GF— X =W, (4.25)
h) 2r, w(l  w)

2rc  H(w)(1
then at leading order inz, the metric near thez = 0 boundary is

N2
ds?= 2 dz?+dsis s ; (4.26)
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with the de Sitter-Schwarzschild metric in the coordinates of (4.24). Therefore, the
black hammocks will also be an AIAdS spacetime with de Sitter-Schwarzschild on the
boundary.

The hyperbolic black hole x=0

As discussed above, we use the fact that the bulk horizon must approach the geometry
of the horizon of a hyperbolic black hole as it approaches the conformal boundary
to add another boundary to the integration domain. In order to enforce that the
metric takes the form (4.18) at this boundaryx = 0, we take the Dirichlet boundary
conditions: p; = p3 = ps =1 and p, = 0. Moreover, we also seps = 0 at x = 0,
though it can be easily shown that this follows from the equations of motion. Now, if
we take new coordinates

_1 h .
V=L Foa oa W

x=H(0); (4.27)

then at leading order in for each component, the metric becomes
" 4
N2 2 2 2 2
> _ 5 (@ y)@ n)H() dy 1 2,1 .2 .

After taking
=e?; y=z (4.29)

then the above metric matches the large limit of (4.18), so indeed we are imposing
we are approaching a hyperbolic black hole as we go towards the boundary. Moreover,
the temperature of this hyperbolic black hole is

(1  wH(©

T, = —— = Ty; 4.30
Hp 4 hrC H ( )

where Ty is the temperature of the boundary event horizon, given in (4.7).

The hyperbolic black hole x=1

Of course, the bulk horizon meets the conformal boundary not only at the boundary
event horizon, but also at the boundary cosmological horizon. Hence we can similarly
expand this point into another line in the integration domain by enforcing that the
geometry approaches that of another hyperbolic black hole horizon.
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The work is very similar to the x = 0 boundary. At x = 1, we set the Dirichlet
boundary conditions:p; = ps = ps =1 and p, = ps = 0. This time take

1 h

V=LY Fma oa » Y

x=1 H(); (4.31)

then at the boundaryx = 1, which has become the surface= 0, the metric, to leading
order in for each term, becomes

;R WHAP e, &y 1, 1,
® Ty 22 iyt gyl 0 432

hence, just as above, the geometry is that of the limit of a hyperbolic black hole, this

time with temperature
1 H(1
Ty = ( h) ( ) =T

X 4.33
c 4 hle c ( )

The null hypersurface y=1

We have one nal boundary of our integration domain aty = 1. Note that, the Ansatz
gives an inverse metric with a factor of1  y?) in the ¢”¥ component, and hence the
y =1 is a null hypersurface.

Recall that in Bondi-Sachs gauge, only a subset of the components Einstein equation
need to be explicitly solved in the bulk, with the remainder being set as boundary
conditions at some constany slice. The null hypersurface aty = 1 provides a perfect
place to set these conditions. Hence, we set three Robin boundary conditionsyat 1
by requiring that,

Ew = Eywy = Ewx =0: (4.34)

Note that, a priori, we cannot be sure whether this null hypersurface is the horizon
of the bulk black hole. In Section 4.4.1 we'll provide numerical evidence that it is
indeed the horizon by checking that there are future-directed, radial, null curves from
any point with y < 1 to the conformal boundary aty = 0.

4.3.4 Extracting the holographic stress tensor

Once again, we can expand the functions o the boundary by ensuring order-by-order
they solve the equations of motion. It can be shown that in Bondi gauge, no non-
analytic terms will arise in such an expansionlp9. This lack of non-analytic terms
ensures that the numerical method has exponential convergence even when reading



4.3 Black hammocks 93

asymptotic charges. This is in stark contrast with the DeTurck method which is

typically plagued by non-analytic terms close to the AdS boundary, such as those
in (4.11). We obtain

X 0 : _
pi(X;y) = D)y + i fori=1;004 (4.35)
j=0
where 50) = g’) = ff» =1 and §°) = 0. The only functions not xed by the local

analysis of the equations of motion aré &4); §4); ff”g, SO as expected we have three
free functions at the conformal boundary. Moreoverg‘) is xed by the local analysis

up to a constant:
1 X)X
P=c (%) . (4.36)
1+2 4 x(1 2

We'll see that the value of this constant,C,, plays a key role when we consider the ow
along the horizon of the hammock. Next we go into Fe erman-Graham coordinates, so
that the metric is in the form given by (4.13). To do so, we take a transformation

x .
X=w+ i(w)Z (4.37a)
k=1
xe .
y = i (w)Z (4.37b)
k=1
t X .
v — + i(w)z'; (4.37¢)
e o
with the functions ; ; and ; being de ned order-by-order so that the metric is of

the form given in (4.13), where stillg® is taken to be the de Sitter-Schwarzschild
metric. However, if we take the holographic stress tensor in the coordinates (df24),
we'll nd that it's not regular at the horizons, due to the ow along the bulk horizon.
To alleviate this, we can take coordinates which are regular dbth the future event
and future cosmological horizons in the boundary spacetime. That is, with the de
Sitter-Schwarzschild we de ne a new time coordinatey, by

h(l 2w)

w=dV T OHWE ww

dw: (4.38)

This brings the de Sitter-Schwarzschild metric to the form



94 Black tunnels and hammocks

Fig. 4.4: The Penrose diagram of the four-dimensional de Sitter-Schwarzschild spacetime. The
dashed curves are spacelike hyperslices of constawt, where V is the coordinate de ned in (4.38).
Hence the coordinateV is regular at both the future event horizon, H;, , and the future cosmological
horizon, H .

2
ds® = £ 4 w@ W)(lzh)zH(W)dvz 21 2w)(1  n)
2

1wl g)° 2r2 e n

dVv dw

3

401+ h+ )
"M —dw?+d %50 (4.39)

2
+
1+2 5, wl 2

In Figure 4.4, we draw the Penrose diagram for the de Sitter-Schwarzschild geometry.
The dashed curves are hypersurfaces of constant

Now we can nally evaluate the holographic stress tensor viél.36b). We nd that
the stress tensor is regular everywhere, is conserved and has xed trace, once again
given by (4.16).

4.3.5 Properties of the hammock horizon

Due to the fact that the bulk horizon of the black hammock is not Killing it can have
further interesting properties, for example, it can have non-trivial expansion and shear.
This has been observed in other owing geometries such as those 179 139 135.

In order to investigate these properties, one must consider the geometry of the bulk
horizon, H®“K) | From the Ansatz, we know that they = 1 slice is a null hypersurface,
but we cannot be immediately sure that it really is the horizon of the hammock. In
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the next section, we'll provide evidence that indeed the horizon is the= 1 slice of
the bulk spacetime, so let us for now assume that as a given.

In general calculating the expansion and shear can be di cult, however, we follow
[139 139, which introduced a number of tricks that allows one to calculate the a ne
parameter along a generator of the horizon and from this quickly calculate the expansion
and shear.

We assume the horizon is theg = 1 hypersurface of the bulk spacetime, thus it
is parameterised byfv;x; ; g, where and are the usual angular coordinates in
the two-sphere. HenceH ') is a four-dimensional null hypersurface with a three-
dimensional space of generators. Due to stationarity and spherical symmetry, the
spacetime also possesses three Killing vector elds, which we will denote@s for
I =v; ; , none of which are generators of the horizon, which is non-Killing. Thus,
any two generators of the horizon will be related by the action of a combination of the
@ vector elds. This means for a given value ok, we can arbitrarily pick a horizon
generator, say with a ne parameter, . We can extend to a function of x along the
horizon by requiring that it is independent ofv; and , sothat = (x).

Let U2 be the tangent vector to the horizon generator with a ne parameter . We
know that each of the@ vectors is tangent toH®') henceU ? @. Now, one can
choose another vector eldS? such thatS2U, = 1, S ? @.

In order to nd the expansion and shear, rst one de nes the tensoB,, = r pU,,
which is symmetric sincdJ? is hypersurface orthogonal. Now let us consider a deviation
vector, , orthogonal to bothU and S. Then

B = Uy % (4.40)

that is, B2, measures the failure of a deviation vector to be parallely transported along
U. SinceU and @ commute, @ are deviation vectors for the geodesic congruence, so
from the above equation,

(@°B% = U ,(@)*: (4.41)

Now let us consideh;; = @ @. Inthe fv;Xx;y; ; g coordinates,h;; = g, so it
is simply the induced metric on a constank and constanty slice. If one di erentiates
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the component ofh,; with respect to the a ne parameter , one nds that

Thy = U u(@ @)
=(@)"B% (@), +(@)"B% (@),
= 2B (@)% (@)"
=2B);: (4.42)

Now, when calculating the expansion, shear and twist of a null geodesic congruence,
it turns out the space one has to work with is an equivalence class of deviation vectors,
where rst we restrict to vectors which are orthogonal toU?, and then consider two
such deviation vectors as equivalent if they di er by a multiple ofU? (see, for example,
Section 9.2 of 11] or Appendix F of [12] for further details). Let us denote the vector
space of such an equivalence class¥s Thisis a3 =5 2 dimensional vector space
in our case, where we have ve bulk dimensions. A vector/covector in the spacetime
naturally gives rise to a vector/covector inV if and only if its contraction with U is
zero. Furthermore, a general tensof 21, .., in the spacetime naturally gives rise
to a tensor Taa b:b If @nd only if contracting any one of its upper or lower indices
with U, or U? and then the remainder of indices with vectors or covectors with natural
realisations in¥ gives zero.

Each ofg,p,; Bap and (@) satisfy the above de nitions, so they naturally give rise
to tensors in¥. Therefore, the three linearly independent vector6@)® provide a basis
for ¥, so for any spacetime tensof satisfying the above condition, we can ndf
simply by reading o the fv; ; g components ofT. That is,

ﬁ|J =hy =0ay; (4.43)
1d
éu = B|J = EFhIJ: (444)

Now that we're working in the vector spac&), we can de ne theexpansionand shear
respectively, as

= é|| = ﬁIJ §IJ = h|J BIJ; (445)

1 1
u =By d 2 fi; =By ——= hy; (4.46)

d 2

whered is the dimension of the bulk spacetime, so that, in our cage=5. The twist
is the anti-symmetric part of B; , which vanishes here, due to the symmetry @&, .
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We already haveh, so we need only calculat® to nd the expansion and shear.
This can be done by nding the a ne parameter (x), and then solving (4.44) forB.
In order to nd the a ne parameter, we can utilise Raychaudhuri's equation, which is
given by

g: B%B?% RaUUY: (4.47)

By the Einstein equation,Ra, / dap, and moreoverU? is null, so that the nal term
above vanishes. AlsoB? is symmetric and orthogonal to bothU and S, so the above
equation simpli es to

C = BvBy: (4.48)

One can then substitute and B,; in the above equation for expressions in terms of

h;; by using (4.44) and (4.45), which yields the following second order ODE for
" . 4

1 0
0= 0 KR, éhIJ hth% hY, + hYnd (4.49)

where® denotes a derivative with respect to, the coordinate along the horizon. A
more general ODE is given in][35 in the case where the horizon is not necessarily a
constanty slice, but rather some non-trivial surface in thgx;y) plane.
Once one has a numerical solution for the line element of the black hammock, one
can numerically solve the above ODE for the a ne parameter (x). Finally with such
an a ne parameter, one can evaluateB,; since (4.44) implies that
1

By = > 1x) d7hlJ: (4.50)

From this the expansion and shear along the horizon can easily be computed using
(4.45) and (4.46).

4.4 Results

4.4.1 The position of the hammock horizon

The Ansatz for the black hammock xed that they = 1 slice was a null hypersurface in
the bulk spacetime, however, at no point in theAnsatz or in the boundary conditions
did we explicitly set that it really was the bulk horizon. In particular, we cannot be sure
it is not instead some inner horizon, and that the real event horizon lies outside of it.
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We can check this isn't the case by ensuring we can reach the conformal boundary via a
future-directed, causal curve starting at any given point outside thg = 1 hypersurface.
Let us consider, in(v;X;y; ; ) coordinates, a radial curve with tangent vector

given by !
1
ua = U U u¥: 00 : 4.51
x(L X)pa(Y) (#:51)

The condition for such a curve to be null leads to the equation

dy _ (1 w@ y)puxy)H(X),
dx 2 h(1 x)xpaAXy) . (4:52)

We numerically solve the above ODE foy(x). This provides a family of null curves,
parameterised by the choice of initial condition of the ODE. The coordinate depends
monotonically on thex coordinate, so we can indeed useas a parameter along the
curve. One nds that if one takes as an initial condition thaty = 1 for some value
of x, then one nds that the curve remains on they = 1 hypersurface for all time.
On the other hand, if one takesy = 1 as an initial condition for any > 0, then
the curve will always intersect the conformal boundary ay = 0. Moreover, we can
easily see that the vectoU? is future-directed, since its inner product with@=@is
negative in the asymptotic region where@=@de nes the time-orientation. Thus we
can nd a future-directed causal curve from any point in the exterior ofy = 1 to the
conformal boundary aty = 0. This proves thaty = 1 is not an inner horizon, and
provides strong evidence that they = 1 hypersurface is indeed the event horizon of the
black hammock.

4.4.2 Embeddings of the horizons

In order to aid with visualisation of the geometries, we can embed a spatial cross-section
of the horizons into hyperbolic space. The cross-section of the horizon of the black
hammock and each of the horizons of the black tunnel are three-dimensional, so we
can embed them into four-dimensional hyperbolic spadé®, which has metric

L2
dsfe = -5 dZ?+dR*+ R*d §, (4.53)

Let us consider nding an embedding of the horizons of the black tunnel. The bulk
event and bulk cosmological horizons are, respectively, the= 0 and x = 1 surfaces,
and are parameterised by the coordinate. Hence, for each of the horizons we seek an
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embedding of the form(R(y); Z(y)). Such a surface irH, has induced metric

2
doton = 70ys 2007+ RO &2+ RO G (4.54)
We compare the above line element with the induced metric of a constant time slice
of each of the bulk event and bulk cosmological horizons. In each case, this yields a
simple rst-order ODE and an algebraic equation which can be solved numerically
for R(y) and Z(y). Note that the embeddings of the two horizons (the bulk event
horizon at x = 0 and the bulk cosmological horizon ak = 1) must be found separately,
but can be embedded into the same space. There is a fair amount of freedom in the
embeddings corresponding to the initial conditions of the ODEs, so really it is only the
shape of the horizons that matters. We choode, = "5, and take for the cosmological
horizon the initial condition that R(0) = 1, and for the event horizon we pick the
initial condition that R(0) = .

To obtain the embedding diagram, one then plots the resultant values bR(y); Z (y)g
across the rangey 2 (0;1) for each of the horizons. In Figure 4.5a, we've plotted
together the embedding diagrams for the two horizons of the black tunnel, with a value
of the parameter , = 0:5.

We can apply a similar procedure for the black hammocks, which only has one
horizon, which in the coordinates of ouAnsatz is they = 1 hypersurface, hence this
time is parameterised by thex coordinate. Once again we compare the line element
of the embedding(R(x); Z(x)) in H4 to the induced metric on a constant time slice
of the bulk horizon of the hammock. This yields an ODE, which we solve with the

(@) The embedding of the black tunnel (b) The embedding of the black hammock

Fig. 4.5: The embedding diagrams of the black tunnel and hammock with ;, = 0:5 in four-dimensional
hyperbolic space. The tunnel has two disconnected horizons; the blue curve is the bulk event horizon
whilst the orange curve is the bulk cosmological horizon. The hammock possesses a single connected
horizon.



100 Black tunnels and hammocks

initial condition R(0) = 0:1, though again we stress that it is only the shape of the
embedding that matters rather than any numerical values. The embedding diagram
obtained for the black hammock is plotted in Figure 4.5b.

4.4.3 The ergoregion of the hammocks

The results described in Section 4.4.1 provide strong evidence that the horizon of the
black hammock is they = 1 null hypersurface. However, the fact that the stationary
Killing vector eld k¥ = @=@%Vdoes not generate the horizon means that there must
be an ergoregion in whichk? is spacelike. The ergosurface is the boundary of this
ergoregion, where necessarik? = 0.

We nd that for large values of the radius ratio, p, the ergosurface is very close
to the horizon, meaning the ergoregion is extremely small. For smaller values of

h, however, the ergoregion is noticeably larger. In Figure 4.6 we have plotted the
ergoregion as a surface in théx;y) plane for a black hammock with , = 0:1. As one
would expect from the Ansatz, the ergosurface approaches the horizon as one goes
towards x =0 or x = 1, which we recall are the points on the conformal boundary at
which the bulk horizon approaches the geometry of a hyperbolic black hole.

In general, the presence of an ergoregion can lead to superradiant instabilities of
black holes 188. Noting the fact that as the radius ratio, , is taken to be small
(i.e. as the horizons of the de Sitter-Schwarzschild boundary geometry are taken
to be far apart) the ergoregion becomes larger and larger, it would be particularly

Fig. 4.6: The ergoregion of the black hammock, with , = 0:1, plotted as in the (x;y) coordinate
space. The black line aty = 1 is the horizon of the black hammock. The blue curve is the ergosurface
where the Killing vector k = @=@is null and the shaded region is the ergoregion wherk is spacelike.
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interesting to investigate whether the black hammocks for these values qf do su er
such superradiant instabilities.

4.4.4 Energy

Now we'll turn to some of the conserved charges that the solutions possess. Firstly
we'll look at the energy of both the tunnels and the hammocks, and then the ow
which is non-zero only for the hammocks. Before we do so let us stress one particularly
interesting point regarding the normalisation of these quantities. The energy and ow
are dimensionful quantities, so in order to compare the quantities between solutions,
one has to multiply by a suitable power of a dimensionful parameter of the solutions.
Often the temperature of the black hole is used as this normalising factor. However, in
our case, we have two temperatures which are not equal: the temperature of the event
horizon, Ty, and the temperature of the cosmological horizof,.. This is connected to
the fact that in de Sitter-Schwarzschild, one has two scales, the mass of the black hole
and the de Sitter length scale. It is not immediately clear which of the temperatures,
Ty or T, is the meaningful quantity to normalise with, or if instead we should use
some combination of them. Indeed, the fact that the two temperatures of the horizons
are di erent means that it is di cult to de ne a canonical ensemble, and hence it is
hard to discuss the solutions using thermodynamic analysis. We'll return to this point
in the discussion in Section 4.5. For now, let us present the charges which we choose to
make dimensionless usindy , which seems to yield results without divergent behaviour
at the endpoints of the parameter space.

The energy of the black tunnels and hammocks can be de ned from the holographic
stress tensor,T , in the standard way [L122 189. One takes a Cauchy slice of
the boundary de Sitter-Schwarzschild geometry and then the energy is de ned by an
integral over this slice as z _

E = d*x hn kT ; (4.55)

wherek is the stationary Killing vector eld of the de Sitter-Schwarzschild metric and
h the determinant of the induced metric on and n the unit normal to

For the hammocks, we have to be careful to use coordinates on which the stress tensor
is regular at both horizons, which can be done by taking the de Sitter-Schwarzschild
metric in the form given in (4.39). We pick the surface to be a constantV slice, and
son / (dV) . Such surfaces are shown as dashed curves in the Penrose diagram for de
Sitter-Schwarzschild, which is shown in Figure 4.4. In these coordinates, the stationary
Killing vector eld is given by k =(@=@)V. With these choices, the integral for the
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energy becomes

E= 2r3 31 dw :
e n(n) 1 wl p)°

(4.56)

The integral can be computed numerically for both the tunnels and the hammocks using
the holographic stress tensors found in Section 4.2.3 and Section 4.3.4, respectively.
It is immediately clear that the stress tensor for the tunnels is regular and nite
at the horizons, so there are no di culties in calculating the energy for each of the
values of the radius ratio, ,. We've plotted the energy of each tunnel solution in
Figure 4.7a. Turning points of the energy can often signify transitions between stability
and instability and so one particularly interesting and surprising feature of this plot is
that the energy of the tunnels (when normalised by the event horizon temperature)
is a non-monotonic function of the parameter,. However, the fact that one nds a
non-monotonic function, and moreover the position of the maximum, is dependent
on the fact we've usedly to make the energy dimensionless, and thus it is di cult
to argue that this maximum is meaningful given thatT, is not the only scale in the
system.

The regularity of the stress tensor of the black hammocks depends on non-trivial
relations between (fourth) derivatives of the metric functions. It is expected that
the true, full solutions will satisfy these relations, however there is some noise in the
numerical solutions due to the fact the solutions have been found on a discrete grid.
Thus, in order to ensure these relations are satis ed when nding the metric functions
numerically, we needed to use high precision and a large number of lattice points in
the discretization (we used a precision of 50 decimal places on th20 120grid).*
We found that the smaller the value of ,, the more di cult it is to ensure that one
attains a regular stress tensor numerically. We were able to get sensible results for

h  0:1, and have plotted the energy for these solutions in Figure 4.7b. We did nd
hammock solutions for smaller values of;,, but not at a high enough resolution to
ensure we obtained a regular stress tensor numerically and hence we've omitted these
points from the plot.

1The numerical work carried out to comprise the paper P], on which this chapter is based, used
only a single patch. It is possible that using the patching methods described in Section 2.4.3, one could
be able to derive this energy accurately without having to go to such high precision and resolution.
To do so, one could take one patch to be localised very close to the asymptotic region, to improve the
accuracy of the derivatives at in nity.



4.4 Results 103

(a) Energy of the black tunnels (b) Energy of the black hammocks

Fig. 4.7: The plots of the energy of the black tunnel and black hammock solutions across di erent
values of the parameter . Here we have divided the energyE, by the temperature of the event
horizon, Ty, in order to obtain a dimensionless quantity.

445 Flow

Now let us turn our attention to some additional properties of the hammocks. Unlike
the tunnel, the hammock is not a static solution in the bulk. This is due to the fact
that the horizon is not a Killing horizon; there is ow along it. This ow represents
the decon ned phase of the CFT corresponding to the hammock solution, and can be
de ned in terms of the holographic stress tensor by an integral over a two-sphere of
xed radius r as follows:

= d> " m kT ; (4.57)

where is the induced metric on a constant radius slice of the boundary de Sitter-
Schwarzschild geometry with determinant and unit normal m , whilst k is again
the stationary Killing vector eld. Due to the conservation of the stress tensor, this
integral is invariant of the choice of the radius of the two-sphere one integrates over.

Once again, we work in the coordinate@/; w; ; ) of (4.39) in which the stress tensor
is regular at the horizons. Thus, we consider a constant slice, withm / (dw) and
k =(@=@V. By expanding the equations of motion about the conformal boundary,
as done in Section 4.3.4, one can show that the ow is given by

N?(1 1)

- Cu (4.58)
32[’3 h 1+ p+ %
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Fig. 4.8: The ow along the black hammock, divided by the temperature of the event horizon
squared, for di erent values of the radius ratio, . The ow, ,is a non-monotonic function of .

where C; can be obtained numerically from a fourth derivative of the metric function
p2(X;y) using the equation (4.36). As expected this result is independent of the radial
coordinatew.

This calculation con rms that in the decon ned hammock phase, the CFT on the
eld theory side of the duality ows at order O(N?).

Since one only needs to extract a constant using the metric functions found nu-
merically, the ow can be found to a high degree of accuracy for each of the black
hammock solutions obtained. In Figure 4.8, we have plotted the ow as a function
of the radius ratio, ;. As expected, is positive for each of the solutions, which
corresponds to ow from the hotter event horizon to the cooler cosmological horizon.
Moreover, the ow tends towards to zero in the extremal limit (, ! 1) in which the
event and cosmological horizons are aligned and have the same temperature.

Interestingly, the ow is a non-monotonic function of ,, with a maximum at

h ' 0:396 This property was also found in the owing black funnel solutions
of [135, which are dual to a CFT on a at Schwarzschild background with the CFT
asymptotically in a thermal state with non-zero temperature. As of yet, there is no
eld theory explanation of this non-monotonic behaviour of the ow for either the
owing funnels or the hammocks. The position of the maximum of the ow for the
black hammocks is at a di erent value of the ratio of the two temperatures than the
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owing funnels, which is perhaps to be expected since in the case of the hammocks,
the distance between the two horizons is nite and naturally varies as one changes the
ratio of their temperatures, whereas the event horizon in the owing funnels is always
an in nite distance from the asymptotic region.

In [135 it was conjectured, with evidence provided by considering local Penrose
inequalities [L90, that the turning point of the ow may indicate the phase transition
between the con ned and decon ned phase of the CFT. It would be of great interest
to investigate whether this also holds in the current case, with the turning point of the
ow similarly signifying a transition from dominance of the tunnel solution to that of
the hammock solution.

However, let us once again stress that the fact that one nds a non-monotonic
function, and moreover the position of the maximum, depends on the quantity one
uses to make the ow dimensionless. If one usé&s instead of Ty, one nds that the
ow diverges as ! 0. It is not obvious which scale one should use to normalise.

4.4.6 Expansion and shear of the hammock horizon

The fact that the bulk horizon of the hammock is non-Killing allows it to have interesting
properties, for example, non-trivial expansion and shear.

Firstly, let us consider the behaviour oh,; , which was de ned in Section 4.3.5, along
the horizon, they = 1 hypersurface. In particular, we plot its determinant,h = deth,,,
in Figure 4.9a. Clearly,h monotonically increases withx, as one moves along the
horizon from the boundary event horizon (atx = 0) to the boundary cosmological
horizon (at x = 1).

Moreover, from the line element, (4.20), the coordinate velocity along the horizon is
given by ( x) = x(1 x)p2(x; 1). We plot this in Figure 4.9b against thex coordinate.
For each value of the radius ratio, ,, the coordinate velocity is positive across the
horizon, which supports the fact that the ow along the horizon is from the hotter
boundary event horizon atx = 0 to the cooler boundary cosmological horizon at = 1.
This fact, together, with the fact that the determinant of h,; is an increasing function
of X, suggests strongly that the past horizon lies at = 0.

Now let us turn our attention to the a ne parameter, the expansion and the shear.
Following the discussion in Section 4.3.5, in order to obtain the a ne parameter,
(x), we can numerically solve the ODE given by (4.49). In Figure 4.9c, we plo{x)

againstx. As one would expect, increases monotonically withx. It diverges asx ! 1
at the boundary cosmological horizon. At the event horizorx =0, goes instead to
a nite value, which we are free to choose by rescaling the a ne parameter. We have
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(@) The determinant (b) The coordinate velocity

(c) The ane parameter

Fig. 4.9: Here we plot the the determinant, h = deth,; , the coordinate velocity ( x), and the a ne
parameter, (x), in (a), (b) and (c), respectively, against the coordinatex along the horizon for the
black hammock with |, = 0:4. Clearly, the determinant is a monotonically increasing function of x.
Meanwhile the coordinate velocity ( x) is positive, showing that the ow will be from the boundary
event horizon to the boundary cosmological horizon. The a ne parameter is also monotonically
increasing, from zero atx = 0, at the boundary event horizon, up to positive in nity at x =1, at the
boundary cosmological horizon.
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