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Abstract
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1. Introduction and main results

We start by defining the broken non-abelian x-ray transform and provide the motivation for
its study. We then state our main results. Sections 2 and 3 contain the proofs of those results,
while section 4 concerns some of their statistical applications.

1.1. The broken non-abelian x-ray transform
Consider the causal diamond in Minkowski space (R'*3, —df* + dx? + dx3 + dx3) given by
D:={(tx) e R |x| <t+1,x[ <1 -1}

The origin’s world line is O = (—1,1) x {(0,0,0)} C D. For0 < € < g9 < 1/2, consider the
e-neighbourhood of O

U.={(t,x) eintD: |x| < e}.

We implicitly write U for U,, and write U, whenever we want to emphasise the dependence
on e. Given x,y € D, we write x < y if there is a future-pointing causal curve from x to y. We
also write (x,y) € L if x < y and there is a lightlike geodesic from x to y. See figure 1 for a
visual representation of D, U and O in R!*2,

Recall that a line segment ~:[0,7]— R, ~(s)=x+sv for xec RT3,
v = (vg, V1, V2, v3) is a lightlike geodesic if

v(z) = vf + v% + v%

and that it is future-pointing if vy > 0 and past-pointing if vy < 0. We say that -y is parametrised

by arc lengthif |v|gs = 1. The set of points y € R'*3 such that there is a future-pointing (past-

pointing) lightlike geodesic from x to y is called the future (past) light cone at x. Hence, (x,y) €

LL if and only if y is in the future light cone of x, or equivalently, x is in the past light cone of y.
We will work with Hermitian connections on the trivial bundle D x C”". Such a connection

A is a u(n)-valued one-form on ID and we can write it as

A=Apdt+A;dx; +Aydx; + Az dxs

for some matrix fields A; € C*(ID,w(n)). We denote the set of Hermitian connections on
D by %. A connection induces a covariant derivative on functions f :ID — C" given by
daf =df+ Af. Given a smooth curve 7 :[0,7] — D, the parallel transport isomorphism
Pf,‘ : C" — (" is given by the solution of the matrix ODE

{U(o + A @)U(t) = 0,
U0) = 1d,

at time T. Hence, the parallel transport of a vector v € C" along ~y is Pifv :=U(T)v. One can
check that Pﬁ does not depend on the parametrisation of -y and that it takes values in U(n) since
A is Hermitian. Given x,y € DD, we denote by Pﬁ_x : C" — C" the parallel transport from x to
y along the straight line between the two points. The direction of the arrow in the notation is
chosen as to behave nicely with compositions.

‘We can now define the broken non-abelian x-ray transform. In [CLOP21a] and [CLOP21b],

they define it as follows. Consider the set

STO) = {(x,y,2) € D (x,y),(v,2) € L,x <y < zwithx,z € U,y ¢ U}.
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Figure 1. Setting for the broken non-abelian x-ray transform in R'*? for a future-
determined path. The point y lies inside the causal diamond D (in blue), but outside
the set U (in green). The point x can take values in the fibre F¥ which is given by the
intersection of U and the past light cone at y (in red). The point z, is always taken on the
origin’s world line and is uniquely determined by y. The vector v, is based at y and
points in the direction coming from x.

This set is comprised of light rays starting from x € U that exit U and break at y ¢ U before
returning to U at z. One such ray is shown in figure 1. We denote by

v* = U {x} and U*:= U {z}

(x,y,0€ST (V) (x,y,2)eST (V)

the sets of values that x and z can take in U, respectively. It is important to note that neither 5*
or U7 cover U, but that U = UF U U%. Given a Hermitian connection A as above, its broken
non-abelian x-ray transform is the unitary map

—P A P A

X 2yt yex

S C " (x,y,2) € ST(U).

We are interested in recovering the connection A from its scattering data $*. However, the
map A — S% is not injective as it has a gauge given by the following right group action. For

p € C*(D, U(n)), we denote

Adp=p ldp+p'Ap.
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The next proposition, whose proof is straightforward, states that the action of ¢ on the connec-
tion amounts to a conjugation of the parallel transports.

Proposition 1.1. Let A be a connectiononD and let p € C*(D, U(n)). Then, for any smooth
curve v:[0,T] — D,

PAY = o(y(T)) "' PAp((0)).
In particular, if p|is = 1d, then

Ade A
S: Y T Sz<—y<—x

forall (x,y,z) € ST(U).

Therefore, the scattering data of A <1 ¢ coincides with that of A whenever ¢ is in the gauge
group

G :={p c C°(D,Um)): gy = 1d}.

This natural obstruction to recovering A from $* turns out to be the only one. Indeed, it is shown
in [CLOP21a, theorem 5] that Hermitian connections A and B share the same scattering data if
and only if they are in the same gauge orbit, that is, there exists ¢ € ¢ such that B =A < ¢.

Our goal is to find a stability estimate relating the scattering data of two connections A and
B with some measure of distance between them in a gauge invariant way. In other words, we
want to show that A and B must be relatively similar whenever $* and S? are close.

1.2. The non-abelian x-ray transform and broken Radon transform

The usual non-abelian x-ray transform assigns to a matrix field A € C*(R9 x S¢~!, C"™") the
scattering data map

(x,0) e RY x S — l_i)m YT (x + 56, 0) € C"

where 1" is the unique solution of the transport equation

d
> 0.0, +Alx,00p =0, xeRY §es,

i=1

such that

im P (x +56,0) = 1d.
Given that A decays sufficiently fast as |x| — oo, the transform is well-defined and one can ask
whether it is possible to recover A from the scattering data. The non-abelian x-ray transform
has been studied extensively in the last 20 years and has applications in many different types
of tomographies, such as single-photon emission computed tomography or neutron polarisa-
tion tomography. See [Nov19] for a recent survey on the non-abelian x-ray transform and its
applications.

The non-abelian x-ray transform has also been studied on simple surfaces [PS20, MNP21]
and compact manifolds with strictly convex boundary [Boh21] where the transport equation is
now solved along unit-speed geodesics with endpoints on the boundary of the manifold. For
more details and background on the two-dimensional problem, see [PSU21].
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When n = 1, the broken non-abelian x-ray transform is also called the broken-ray Radon
transform. In [FMS11], they consider the broken-ray Radon transform with rays breaking at a
fixed angle within a slab and provide an inversion formula. The broken-ray Radon transform
has applications in optical tomography, see [AS09] for a survey. The V-line Radon transform
[Amb12, ALJ19] is another example of an inverse problem making use of broken rays and has
applications in imaging.

1.3. Physical motivation

The broken non-abelian x-ray transform has been introduced in [CLOP21a] where they
began to analyse inverse problems for the Yang—Mills—Higgs equations. They show that
one can recover a Hermitian connection A from the source-to-solution map L, taking a
source f € CHU,C") to

Laf =9l
where ¢ solves
Oag + |90 = f in (—1,2) x R3,

Here [y is the connection wave operator given by [y = djd4. Note that when A = 0, we
recover the usual wave operator [J = 97> — A. The map L, is well-defined as long as f is
sufficiently small. They show that the maps L4 and Lp agree if and only if A and B are gauge
equivalent. To do so, they first show that L, determines the broken non-abelian x-ray transform
Sﬁ_ﬂ_x for all (x,y,z) € ST(U). Injectivity up to gauge of L, then follows from that of the
broken x-ray transform.

To determine S4

Z6yx
form

D

from the source-to-solution map Ly, they construct a source of the

f=afi+eafr+efs

where each f; is a conormal distribution supported near x € U. Let ¢ be the solution of (1)
corresponding to such an f. The functions 8€.i¢|€j:o satisfy a wave equation and, when the
sources are chosen carefully, can produce an artificial source at y which emits a singular wave
front that reaches z. This interaction is encoded in the operator f — O, O, 0c; @|c=0, Whose
principal symbol determines S7_, .. The creation of an artificial source is only possible thanks
to the nonlinearity in (1) and shows how one can exploit nonlinearities in an advantageous way,
similar to what is shown in [KLU18].

1.4. Statistical motivation

The second motivation for considering the broken non-abelian x-ray transform is to use it as an
example for dealing with injectivity issues that arise in the study of Bayesian inverse problems.
We give a summary to the Bayesian approach to solving inverse problems in section 4, as
introduced in [Stul0].

Let G : © — Y be a mapping between Banach spaces that we refer to as the forward map.
We say that © is the parameter space while Y is the sample space. For fixed y € ¥, the inverse
problem related to G consists of finding 6, € © such that

y = G(0.).
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The Bayesian approach to inverse problems aims to find a suitable candidate 6 for 6, through
Bayesian statistics on © corresponding to noisy measurements of y. See section 4 for more
details.

In our setting, the set © could be the set of Hermitian connections A on D, Y the set of matrix
fields on ST (U) and 6 — G, the mapping that sends a connection A to its scattering data S*.

However, in the case of the broken non-abelian x-ray transform, the map G : A — SA is
not injective and so the true underlying parameter 6, is not uniquely identifiable. Indeed, all
connections in the same ¢-orbit yield the same scattering data. Moreover, these orbits are all
infinite dimensional as well as non-linear. Can we still find a way to get a meaningful candidate
for A from samples of $* through the framework of Bayesian inverse problems?

The first approach one could use to deal with injectivity issues is as follows. Let us assume,
as is our case, that a group G acts on © and that § is injective up to the action of G. This means
that for every ¢ € G and 0 € ©, we have G(0<g) = G(0) and that G(#,) = G(6») if and only if
there is ¢’ € G with 0, = 0, < g’. Then G naturally induces an injective map on the quotient
space

G:0/G—7Y.

One could try to prove statistical guarantees for this map. However, as settings such as the
present one where G is non-linear, the quotient space ©/G is intractable as it is unclear how
one would parametrise the equivalence classes. What one needs is a choice of representative
for each class in the quotient, that is, a continuous map s : ©/G — O such that the following
diagram commutes.

The existence of s is nontrivial and it is often the case that such a lift simply does not exist,
see [Sin78] for examples where topological obstructions prevent its existence. And even if s
exists, it might only be theoretical and not correspond to an explicit choice (not constructive or
numerically computable). Hence, we need a new approach that is adapted to the problem we
want to consider.

What we will end up doing is finding another group H of which G is a proper subgroup
and for which we can find an explicit section sy : ©/H — ©. Although the forward map will
not be invariant under the action of H, our stability estimates will. Those same estimates will
guarantee that the forward map is injective when restricted to the image of sy. We will then
show that we can use Bayesian inversion to solve this restricted problem. Finally, through some
choice of extension operator, we will show that, from the solution to the restricted problem,
we can recover an element that is G-equivalent to the true solution 6,. See the discussion after
proposition 1.9 for more details.

1.5. Definitions and notation

Before presenting the main results, we use this section to gather some notation and additional
definitions that will be used throughout.

Unlike in [CLOP21a], we will not consider all paths in ST(U). We will mostly consider
two types of paths that we refer to as past-determined and future-determined paths. A past-
determined path is a path of the form z < y +— x, for (x,,y,z) € ST(U) where x, is the unique
point such that (x,,y) € L and x,, € O, thatis, x, = (¢,0,0, 0) for some t € [—1, 1]. Similarly,
a future-determined path is a path of the form z, +— y — x for (x,,z,) € ST(U) where now z,
is the unique point on O such that (y, z,) € L. We denote the corresponding scattering data as

sS4 and S7

=YXy Tyt
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Hence, the wiggle room in U will only be used to move x in U* or z in UZ, but not both.

Remark 1.2. It is not sufficient to only consider paths that are both past-determined
and future-determined, that is, paths of the form z, < y < x,. Indeed, in polar coordinates

(t,r,v, ¢), the tangent vector along the path z, <y is f (% — E) while the tangent vector

along the path y < x, is \}— (51 + E) Hence, the angular components of the connection play
no role in the forward problem for such paths.

Any future-determined path can be identified by its break point y € D\U and its first end-
point x which lies in the intersection between U and the past light cone of y. We can represent
the admissible future-determined paths as a Bz-bundle 7 : FX - D\ U, where Bj; stands for the
unit ball in R?. For every y € D\, the fibre is given by

={xeU¥:(x,y) € L} =Bs.

See figure 1 where the fibre ]-";,( is represented in dark red. Similarly, the set of admissible
past-determined paths can be represented through the Bs-bundle 7 : 74 — D\ U with fibre

={z€U”%:(y,0) €L} ~B;.

We write X or FZ whenever we want to emphasise the dependence of the bundles on
¢ through O..
For two different points x and y in ID, let . : [0, T] — D be the straight line from x to y
parametrised by its (Euclidean) arc length. We denote
—X
Upey = Yy (T) =
| — e’
that is, vy, is the unit length vector pointing from x to y, but based at y (see figure 1). For a
function @ : D*\I" — C" where T is the diagonal of D?, we define the differential operator

(OP)(x,y) = Oy x P(x,y) = %@(x,y + )| (2)
=0
This is simply the directional derivative of ® at y in the direction vy._,. Note that if (x,y) € F X
and the domain of ® is F¥, the operators Oy, and Oy, are both well-defined since x € ]—"‘ rogex
and x + vy € ]-" whenever x € FX and 1 is sufficiently small. One can see dy. , and Oy y
as horizontal and vert1ca1 vector ﬁelds on F¥, respectively. Similarly, Oy, and 0, are well
defined operators if (y, z) € FZ and the domain of ® is FZ.
We define the L?>-norm of a function ® : FX — C" as

12
[l 2%y = (/ / |®(x,y)|* dx dy)
D\ J F¥

where dx is the natural measure on ]—';,( induced by Euclidean space. Note that this norm scales
down as € goes to 0 at a rate of £°.
Given a linear map 7 from R to C", we will denote its operator norm as

[T = sup

veRm\ {0} |v]

where | - | denotes the usual norm on R” or C”. This induces a pointwise norm on C"*"-valued
one-forms w on I at any given point y € D by seeing wy as a mapping from R* to C". Note

7



Inverse Problems 38 (2022) 105007 S St-Amant

that we then have |w,(v)| = Tr([w,w;](v)) and so ||w,|| is invariant under the action of U(n).
This also induces an L?>-norm on the space of one-forms by

12
ol = ( / ||wy|2dy) |

Given two connections A and B and a matrix field Q € C*(ID, C"*"), we define E(A, B) €
C>*(D, End(C"™™)) by E(A,B)Q = AQ — OB. If A and B are Hermitian, then so is E(A, B), in
the sense that E(A, B)" = —E(A, B).

1.6. Main results

We state our results only for future-determined paths, but equivalent statements hold for past-
determined paths by seeing [S?H,Hv]’1 as a future-determined path. We will first show the
stability estimates below for the values of a connection inside and outside U.

Theorem 1.3. Ler A and B be Hermitian connections on ID. There is a constant C > 0
independent of € such that
A B ~1
HA - B”LZ(UZ:() < C”BXFY(SZ)&—VW—X[Sz)&—yex] )HLZ(]:;X)'

Theorem 1.4. Let A and B be Hermitian connections. There exists a smooth function p €
C>(D, C™™) vanishing on O and C > 0 such that for all 0 < € < &y,

C .
HA -B- dE(AqB)p”LZ(]DJ\UE) < 5_4 ‘|6,V<—X([S2-<—y<—.x] lSzB;eyex)Hﬂ(]:g()' 3)

By combining both theorems we can get a new proof of the injectivity (up to the gauge ¥)
of the broken non-abelian x-ray transform.

Corollary 1.5. Let A and B be Hermitian connections. Then S* and S® agree for all past-
determined and future-determined paths if and only if A and B are gauge equivalent.

Proof. Since the scattering data of A and B agree for all future-determined paths, theorem
1.3 implies that A and B must agree on U%. By the same estimate for past-determined paths,
the connections must also agree on U“ and hence they agree on U. Theorem 1.4 yields
p € C*(D,C"") such that

B:A—dE(AJ;)p:A—dp—AP—FPB (4)

on D\U. Let ¢ = Id — p. As the proof of theorem 2.2 will reveal, ¢ takes values in U(n) since
actually ¢ = P4 __ PB,_ . We can rewrite (4) as

Vezyt zyey”

pB=Ap+dyp
and so B = A < ¢. It follows that A and B are gauge equivalent since they agree on O and so
©|is = Id. The converse implication is the statement of proposition 1.1. (]

This can be seen as a partial data result improving on theorem 5 in [CLOP21a] as we only
considered past-determined and future-determined paths. It also suggests that always taking
such paths might be a more efficient problem to study.

Both stability estimates are invariant under the action of ¢, but they are also invariant under
the action of the bigger group

I ={p e C*D,UMm)): plo = 1d}.

8
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In fact, we can rewrite the left-hand side of (3) in a way that highlights this.
Theorem 1.6. Let p be as in theorem 1.4. Then for all y € D\U,

1A = B — deamph| = [I(A<Pl_ )y — BaPI )|

Hence, this defines a distance between the connections A and B that is invariant under the
action of 2#, and so gauge independent as ¢ C 7. With a little bit of work, we can combine
this expression with theorem 1.4 to get the following H' estimate.

Corollary 1.7. Let A and B be Hermitian connections. There exists a constant C > 0 such
that

CU(A,B)

H(A<1P§<_zy) - (B<]P§<—zy)||L2(]D)\Ug) < 4 |54 — SBHHl(fg()

where
V(A, B) = 1 + min{||Fa || zm) + [[AO) |0y | FBll ey + [|1BO)[ro(0) }

and Fy is the curvature two-form of A.

Theorem 1.6 also suggests we should naturally try to fix the gauge by considering connec-
tions such that A < va‘(_zV = A. We call them light-sink connections. They form a linear space

Z and we can characterise them, see proposition 3.2.

Proposition 1.8. Every connection A is 5€-equivalent to a unique light-sink connection
and the map p: U | 7 — £,
p([A]) =A< P4

Y2y
is well-defined.

The map p is almost a fixing of the gauge. Contrary to that of ¢, the action of .7¢” on % does
not preserve the scattering data. Therefore, the map p does not define a lift as we defined it in
section 1.4. Nonetheless, if a light-sink connection A is J#-equivalent to another connection
B, we can use their scattering data and the map p to make them gauge equivalent.

Proposition 1.9. Let A be a light-sink connection and let B be a Hermitian connection such
that
A=B<aP? (5)

Y&y ”

From the past-determined and future-determined scattering data of A and B, we can find a
map ® € € such that A < ® and B are gauge equivalent (with respect to 9G).

The map @ is defined up to an extension operator
E:C*(0,U(n)) — C*M, Un)).

‘We have reduced the choice of a gauge to the choice of an extension operator £. Note that such
an operator can be constructed by first extending with values in GL(n, C) and then project-
ing onto U(n) through a strong deformation retract (a continuous map F : [0, 1] x GL(n,C) —
GL(n, C) such that F(0, x) = x and F(1, x) € U(n) for all x € GL(n, C), and F(t, -)|y(ny = Id for
allt € [0, 1]).

In practice, say that we observe the scattering data S® on past-determined and future-
determined paths for some connection B and that we have complete knowledge of the forward

9



Inverse Problems 38 (2022) 105007 S St-Amant

map A — S*. We wish to find the gauge equivalence class of B from S%, which amounts to
finding a connection A such that A = B <1 ¢ for some ¢ € ¢. Our results give the following
strategy to do so.

(a) By taking y on the boundary of U, use theorem 1.3 to determine B inside U from the
scattering data of B along past-determined and future-determined paths.

(b) Minimise the mapping

A ‘|S2<—y<—.x - SZB;&—VW—.XP fezx HHI(]:;X)

B

over all light-sink connections A. Note that we can compute P,

we know B inside O.

(c) By corollary 1.7 and the definition of p, the unique minimiser of this problem is A =
p([B]).

(d) Use proposition 1.9 to get a connection A < ¢ that is gauge-equivalent to B.

from the first step since

Note that in step (b), Sf;_ P fo is precisely the scattering data of p([B]), which explains
why corollary 1.7 implies that A = p([B]) is the unique minimiser of the problem.

One can implement this algorithm with the use of Bayesian inversion. Step (b) is equivalent
to recovering a light-sink connection from its scattering data and we will show in section 4
that we can consistently do so through Bayesian inversion, see theorem 4.2. Using similar
arguments, one could also provide guarantees for recovering B on U in step (a) using Bayesian
inversion. As steps (c) and (d) are only simple direct computations, the above algorithm fits
within the framework of Bayesian inverse problems. Therefore, by following these steps, one
should be able to compute a connection that is close to being gauge-equivalent to B from noisy

measurements of its scattering data.

2. Stability estimate
The goal of this section is to prove the following two pointwise estimates from which theorems
1.3 and 1.4 will follow.

Theorem 2.1. Ler A and B be Hermitian connections on D. Then, there is a constant C > 0
such that for all x € UX,

1A = Bl < € sup [0uey (ShesnlSE 1.
yeD\U ’ ’
(xy)EL

Theorem 2.2. Let A and B be Hermitian connections on D. There exists a smooth function
p € C¥(D, C™™") vanishing on O and C > 0 such that for all 0 < € < gy and y € D\U,, it
holds that

C _
IA =B = deamp)ll < 5 /(FX) By (188011850 ) . (©6)
ey

To do so, we introduce the attenuated x-ray transform, as well as a pseudolinearisation
identity. We also show how to reformulate the theorems in the form of an H' estimate.

2.1. The attenuated x-ray transform

Let~: [0, T] — DD be a smooth curve and let w € 0! (D, C™), that is, w is a one-form on D with
values in C" (we will actually use C"*" in the proof of theorem 2.2, but everything will be

10
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defined analogously through the isomorphism with (C”z). Fix a Hermitian connection A on D
as above. The attenuated x-ray transform of w along y with respect to A is given by

T
B = [ Phoc i, ™
0

Similar to the parallel transport, we can express Iﬁj‘ (w) as the solution of a matrix ODE.
Lemma 2.3. Let u be the unique solution along ~y : [0, T] — D of the matrix ODE
i+ AF@)u = —w(0),
{u(O) = u.
Then u(T) = P4 (uy — I} (w)).
Proof. Let U solve
U+ AG()U =0,
{U (0) = 1d.

A quick computation shows that (U - Y = U~'A. Therefore, along v we have
U w)y=U"Au+ U= U Au+ i) = U w.

Integrating both sides from 0 to 7 yields
T . T
U (Tu(T) — U (0)u(0) = / (U 'wy()dr = — / U~ (0w ((1)) dt.
0 0

By definition of the parallel transport, U(f) = P/;‘,(t) 0y~ Isolating u(7) in the previous equation
and replacing U by the parallel transport yields the result. (]

If A vanishes identically, the attenuated x-ray is simply the integral of the one-form w along
v, and so if w is potential (w = df for some f € C*(D, C")), then the attenuated x-ray of w is
the difference between the values of f at both endpoints of v by the fundamental theorem of
calculus. This is not exactly true when A does not vanish as we have to account for the parallel
transport in the definition of I;‘,(w). Instead of potential forms with respect to d, we actually
have to consider potential forms with respect to dys = d + A to get an analog of the fundamental
theorem of calculus.

Lemma 2.4. Let f: D — C" be a smooth function on D. Then

daf) = (P~ f(((T) — f(7(0))
where dsf = df +Af.

Recall the definition of Oy as in (2). We can apply Oy, to the attenuated x-ray to evaluate
the values of a one-form from the tangent space at y.

Lemma 2.5. Let w be a one-form onD. For x # vy,
Aex (I (@) = Py (0y(vye)).

1
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Proof. Let~: [0, T]be the line segment from x to y parametrised by arclength. By extending
7, we see that y(s) 4 vy, = (s + 1). Hence, we get

d
aw—nyA(—x(w) - E (I?-i-m—x(w)) |t:0

d T+t
B d’(/o P i—w(x)%(x)(“’Y(S))ds)

= P, @, (D)

t=0

since v(T') = y. The result follows since vy, = Y(T). O

2.2. The broken attenuated x-ray transform

We will actually be interested in a broken version of the attenuated x-ray transform. One could
define naively the broken attenuated x-ray transform IQ_yH (w) as Iy (w) + I, (w). However,
this is not compatible with lemma 2.4 as we would want

L (daf) = PL Pl f(2) — f(x) (8)

to hold in general. It also does not coincide with the usual attenuated x-ray transform I (w)
if x, y and z lie on the same line in order. Instead, we need to define the broken attenuated x-ray
transform as

L (W)= (W) + P I (). )

One can check that (8) holds under this definition and
74—y < x is smooth.

A _JA
Ly (w) = I (w) whenever the curve
2.3. Pseudolinearisation identity

The key tool in the proofs of theorems 2.1 and 2.2 is the following pseudolinearisation iden-
tity. It relates parallel transports along a curve with respect to two different connections with
an attenuated x-ray of their difference. See [PSU21, chapter 13.2] for more details on the
pseudolinearisation identity. We shall adapt their proof to our setting.

Lemma 2.6. For any smooth curve v : [0, T] — D and connections A and B,
[P4]'PE —1d = IF4PA - B) (10)

where E(A, B) € End(C"*") is given by E(A,B)Q = AQ — OB for Q € C"™".

The right-hand side of (10) is the attenuated x-ray of A — B with respect to E(A, B). This
is slightly different to how we introduced the attenuated x-ray earlier. However, we can see
A — B as a one-form taking values in C” = C"™" and E(A, B) as a connection on the trivial
bundle D x (C"z. Before proving lemma 2.6, we state another useful lemma.

Lemma2.7. Let~:[0,T] — D beasmooth curve and let A and B be connections onD. For
any Q € C™",

PIPQ = PIOIPTT (1)

12



Inverse Problems 38 (2022) 105007 S St-Amant

Proof. Letu and v solve
i+ EQA,B)(®0))u =0, v+ B(y())v =0,
and
u0) =0, v(0) = 1d,
respectively. On one hand, by the definition of parallel transport,
w(Tw(T) = (PEAP )PP,
On the other hand,
() = [~AF(O)u + uB(R/(t)]v — uB(Y(D)v = —AG(D)uv.

Hence, uv satisfies the parallel transport equation for A along v with u(0)v(0) = Q, and so
u(T)v(T) = P/QQ. Combining the two expressions for u(T)v(T) yields (11). O

Proof of lemma 2.6. Let uy solve

{fm + A ®)us = 0,
us(0) = 1d,

and let up be the solution of the same equation with the connection A replaced by B. Consider
the function ¢ := usuy' — 1d. From the definition of parallel transport, evaluating ¢ at T yields

_ pArpBy-1
q(T) = PL[PI] — 1d.
Moreover, one can check that g solves

{6'1 + EA, B)(¥(1))g = —(A — B)((1)),
q(0) = 0.

Lemma 2.3 then yields g(T) = —P 24P 4P (A — B). By combining the expressions for g(T)
and applying lemma 2.7, we get

ArpBy—1 _ A7E(A,B) By—1
PAIPEI! —1d = —PAIEADA — B)([PEI .

Rearranging the last equation yields (10). ([

Importantly, the pseudolinearisation identity is also valid in the broken case, where the
parallel transports are replaced by the scattering data.

Lemma 2.8. Let A and B be connections on D and let x,y, z € D. Then

[S4 785 —1d=TE4P A - B).

X

Proof. By expanding /4 (A — B), we get

Z4yx

IEAB (A — B) = I"4P(A — B) + PEAPIEAPD (A — B).

We can use lemma 2.6 on both attenuated x-ray transforms and lemma 2.7 on the parallel
transport to get

13
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EAP (A —B) = PA_ PP —1d+ P4 (P4 PE —1d)PE
=pPi PE —1d+Pi PA PE PE —Pi PE
=[s4, )7's8 . —1d
as claimed. .

The pseudolinearisation identity and lemma 2.5 are enough to prove theorem 2.1.

Proof of theorem 2.1. By interchanging the role of x and z, we see that the pseudolineari-
sation identity can also be written as

1 _1d=IE4B A - B).

A B
S Z4yex [Szeyex] Xz

Hence, by definition of the broken x-ray, we have

aﬂ*y (Slzi—yex [Sfeyex] - 1) = aﬂ*y (I)ESB) (A - B )
4 P E(A,B)IE(A,B)(A _ B)) .

%y txey

The operator Oy, is essentially a derivative with respect to x, and so the first term in the
definition of the broken x-ray vanishes. Moreover, P54 is unaffected. It follows from lemmas
2.5 and 2.7 that

0y (S, IS 1) = PEADGL (IF4P 4 — )

Z4—yx %y xéy

= Pfg,’B)P)E,g;B)(A - B)x('Ux(—y)

= Sz(—y(—x(A - B)X(Uﬂ—y)[sﬁ__w_x]_l .

Taking norms, the scattering data terms vanish since they belong in U(n) and we get

[CENCRESE UM COINN RN | (12)

The choice of z on the right-hand side is irrelevant, and we take z = z,. Since vectors of the
form v, form a basis of the tangent plane at x without degenerating when € goes to 0, we
can find a constant C > 0 such that

sup |(A — B)«(v)| < C sup [(A — B)o(vxey)|

veT D yeD\U
lv]=1 (xy)el
_ A B -1
=C sup |a¥%y (Sz<—y<—x [Sz<—y<—x] )|
yeD\U
(x.y)el

and the theorem follows. Note that C can be chosen independently of x € % by symmetry. [J
To prove theorem 1.3, it only remains to integrate over U% to get a global estimate.

Proof of theorem 1.3. Note that the map

Wy |wx (Vrey)| dy
y:xe]:'g(

14
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is a norm on 7;R'*3 since the vectors v, span 7,R!™3. By equivalence of norms, we can
find C > 0 independent of ¢, x € UX (by symmetry) and the connections A and B such that

(A —B),| < C/ X\(A — B)x(vxey)| dy.

yixeFy

After changing the integrand through equation (12) with z = z,, integrating over x € 0% and
using Cauchy—Schwarz yields the desired estimate. (]

The proof of theorem 2.1 crucially relies on the fact that x is always an endpoint of the path
and is not the breaking point, since then the operator 9, only hits I54# in the expression for
the broken attenuated x-ray. This allows us to evaluate A — B inside U, but such an approach
does not immediately work for evaluating A — B outside U. This is where we need to take the
gauge into account.

2.4. Dealing with the gauge through a potential form

In order to use similar techniques as in the proof of theorem 2.1 to estimate the connection
outside U, we aim to make the second term in (9) vanish. To do so, we will modify the argument
of the attenuated x-ray by a potential form.

For a connection A and a one-form w, we define the function

PO =plO) =Pl I (). (13)

This function will serve as an approximate potential for w. We chose p in this way so that

Ig «y(w — dyp) vanishes for all y € D\U, as the next lemma shows.

Lemma 2.9. Let~y:[0,T]— D be the unit-speed lightlike geodesic from z, to y. Then, with
p defined as above, we have

w(y(0) = dap (7(0)
Jorallt € (0,7). In particular, w(vy.,) = dap (Vye,).
Proof. Consider the unique solution u of
i+ A = —w(H @),
{mmza
along ~. By lemma 2.3, it holds that u(f) = —P ;‘(,)Hylff(t)ﬂy (w) = —p(y(1)). Hence, we have
—dap (YD) = u(t) + ACY@O)u(r) = —w(¥(1)
and the result follows. ]

We can deduce from lemma 2.9 and (7) that Ig_ﬂ,(w — dsp) = 0 for all y and so, on the one
hand,

Iy W —dap) = By (@ — dap).

On the other hand, by (8), we have

15
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I W —dap) =12 (W) = PAPo, p(2) + p(x)

=1 W)+ p)

since p(zy) = 0 and so by combining both expressions, we get

Iy w) = I (w = dap) — p(x). (14)

By applying 0y, to both sides of the last expression, lemma 2.5 yields

O (B @) = Py (1w = daply () (1s)

since Oy is essentially a derivative in y, and so Jy,p(x) = 0. To prove theorem 2.2, we will
replace A by E(A, B) and w by A — B in (15) in order to use the pseudolinearisation identity.

2.5. Evaluating from the tangent space at y

As shown in [CLOP21a, lemma 1], the set of vectors vy, for x € (]—"EX)y form a basis of
the tangent space at y, but this basis degenerates when ¢ goes to 0. We therefore need esti-
mates to quantify how well we can estimate w — dap at y € D\ U from moving x around in the
intersection of U and the past light cone of y.

Lemma 2.10. Ler0 < e < g and lety € D\U.. Then

8
[ —dap)y|| < = sup [(w — dap)(vyy)|.
xe(FX)y,

The key to proving lemma 2.10 is this small linear algebra lemma whose proof is
straightforward.

Lemma 2.11. Let by,...,b, be a basis of R™ with |b;|gm = 1 and let T :R"™ — C" be a
linear map. Then

171 < Vml|B~H| max [T (b

1,....m
where B is the matrix whose columns are the b;’s and | B~"|| is the operator norm of its inverse.

Proof of lemma 2.10. As stated earlier, lemma 1 in [CLOP21a] guarantees that the set of
vectors vy, generate 7,R'3. Hence, we wish to apply lemma 2.11 by evaluating from 7,R!*3
using different light rays ~y, from x to y for different x € U, with (x,y) € L, that is, x in the
fibre of FX at y.

We first claim that it suffices to compute the case where y = (0, 1, 0, 0). Through a rotation in
space and a translation in time, we can identify the sets {vy. } vet5. and {vy. }rer5. Whenever
y and y' share the same spatial norm. By symmetry, this does not intervene in norm estimates.
Therefore, without loss of generality, we can choose y =y, = (0, r, 0, 0). Moreover, whenever
r1 < ry, we can see that {vy,ZH}XE@E C {Uyr&x}xe(i; and so any stability estimate for y,, is
also valid for y,, since we are taking the supremum over a larger set. Hence, it suffices to show
the case r = 1, as claimed.

To apply lemma 2.11, we need a basis of T,R'™>. Let b; := v;/|v;| where

16
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vl :(1’130’0)?
v =(/14+¢%1,¢0),
V3 = (\/ 1 +52’1a03€)3

vy = (—1,1,0,0).

It is obvious that the b;’s are linearly independent and hence form a basis of the tangent space
aty. The vector by is vy, while the other vectors b; correspond to vy, with x; = (—1,0,0,0),
X2 = (—V1+¢2,0,—¢,0)and x3 = (—V1 + €2, 0,0, —¢). Notice that (x;,y) € L and that x; €
0. fori = 1,2,3. A somewhat tedious computation verified with Mathematica yields

2
Bt = YR <

for0 < ¢ < 1. The operator norm and the Frobenius norm are equivalent with [|B~"|| < ||B7!||
and so by lemma 2.11,

(w —dap)(v)
lw—dipl| = sup @GP
’I/ETVR1+3 ‘U‘
< -1 _ )
<2[B Hi:rrllyg}gA\(w dap)(by)|
8
< = sup [(w — dap)(Vyey)].

€ xel.
(x,y)eL

The last inequality follows from the fact that (w — dap)(bs) = 0 by lemma 2.9 and since
{b1, by, b3} is in the closure of {vy . }rets. - O

2.6. Proof of theorems 1.4 and 2.2

We finally have everything we need to prove theorem 2.2. The main idea is to use the pseudo-
linearisation identity to relate the scattering data with an attenuated x-ray transform of A — B,
and then use the operator dy., to evaluate A — B — dg p)p from T),R“ﬁ. Theorem 1.4 then
immediately follows by integrating over D\ U.

Proof of theorem 2.2. By lemma 2.8, we have

(4, 07'SE . —1d=1F4D (A —B).

Zy&yex Zy&y—x Zy&y—x

We can see A and B as one-forms taking values in C"” and E(A, B) a Hermitian connection
taking values in u(n?). Hence, if we let

_ E(AB) _ pE(AB)JEA,B)
P=DPap _P_w—zy Iy(—zy (A—B)

then (14) yields

42 (A= B) = [EP(A — B — dpasp) — pl).

Zyéyex yéx
Since Oy, Id = Oy p(x) = 0, it now follows from lemma 2.5 that

17
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ay(—x ([Sge)'EX]ilsg.eyex) = PfggB) (A—B- dE(A,B)p)(/UVW*-")
=P} (A= B —dpupp)(vy—)P% .

The parallel transports are in U(n) and so

O (84sed " SE )| = 1A = B = diayp)y (0. (16)

We can finally apply lemma 2.10 to get

8
[(A — B —deanphyl < = sup |(A— B —deusp)y(vyes)|
€X€(]:;X)y

Finally, note that

1
sup - [wy(Vyer)| ~ vol(F5)) /( - |wy(Vye)| dx

xe(FX)y

for any one-form w as € goes to 0, where ~ means that their quotient tends to one. Moreover,
both sides of the last equation can be considered as norms on T:R!*3. Therefore, by equiva-

lence of norms and the fact that vol((FX),) is proportional to 53,’we can find a constant C > 0
independent of € as well as A and B such that

C _
I =B = dempnll < 5 [ 10 (881188
ey

The constant C degenerates the further y is from O and so it can be chosen uniformly by
compactness of . O

Remark 2.12. Note that even though there is a supremum in the right-hand side of (6), one
—lsB

ZytPx

does not need to know 9y ([S?y sl

) for all x € U. in the past light cone of y to

get an estimate. Indeed, the important equation is (16) as it reveals the linear structure behind
the estimate. In practice, one only needs to evaluate A — B — dg p)p at three different linearly
independent vectors vy, since we already know it vanishes when evaluated at Uy, Lemma
2.11 then yields an estimate for those vectors.

2.7 H' estimate

It remains to show corollary 1.7, which relates S4 and S? in a linear fashion rather than through
the group multiplication in U(n). To do so, we follow the argument in [MNP21, corollary 2.3].

Lemma 2.13. There is a constant C > 0 such that
Ha([SA]flsB)HLz(]:X) < C(l + ||A<]P;‘<—zy HL”C‘(]D)\U)) ||SA _ SB”H](}'X).

Proof. To simplify notation, we omit the paths in what follows and write $* for S?)_H,H. We
can expand

18
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|05 ([S11718%)| = [(Dyen [S*1THSE + [S1 710y 8P|
= [[SY7 10y S® — [SMT7 1 Dy SIS 'SP
= |0y x(S® — S*) + (DySMH(Ad — [S]7'SP))|
< [0y n(SB — M| + |0y SIS — SE|.
The third equality follows from the second by using that $* € U(n) as well as adding and

subtracting ByHSA. Taking the supremum over the fibres ]-"VX , squaring, integrating and using
that (a + b)* < 2(a® + b?) yields

1S TS v, < 2(||a(sA S
105 o 15" = S%1122 0, )-

It remains to estimate [|0S*||;zx). We did not show it yet, but the proof of theorem1.6
reveals that

|a}’<‘-’f Sg-e}%—x | = ‘(A a4P ?:—z)- )(,U)’FX )‘

and $0 [|0S*]| ey < AP, [l1@\05)- The estimate follows by taking square roots and

using that v/1 4+ x2/(1 + x) is bounded. O

The last estimate is again invariant under ¢ and involves the L*°-norm of the light-sink
connection A< P4, . . We can get an estimate on that norm involving the curvature of A and

the value of A along O.

Lemma 2.14. There is a constant C such that
lA<Py ., lexm < C(IFallzxm) + |A@)[x©))

where Fy = dA + A N\ A is the curvature two-form of A and

[Fallzey = sup  [(Fa)y(u,v)|.
yeD
|u|=l|v[=1
Corollary 1.7 will then directly follow from theorems 1.4, 1.6, lemmas 2.13 and 2.14.
However, we need another lemma before proving lemma 2.14.

Lemma 2.15. Let v:[0,T] — D be a smooth curve and let v, : [0,T] — D be a smooth
variation of v where s € I = [—6, ] for some § > 0. Then

d A
P Vs

ds = PI»?A",(O)(as'Vs(O)) - A",(T)(as'ys(T))Pi‘/

s=0

T
+ /0 PA, FaGi(0), ()P Ao di (17)

where Oy,(t) = %%(f)h:o and Pﬁloﬂ is the parallel transport along the segment of
restricted to the interval [0, t].
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Proof. Let U(s,7) = P4 4. Then U solves
O U(s, 1) + A(§())U(s, 1) = 0, (s,1) € I x[0,TI;
{U (s,0) =Id.
By differentiating with respect to s, we get
050:U(s, 1) + Os[ACYs(IU(s, 1) + A(Ys(0))OsU(s, 1) = 0, (s,0) € I x [0,TT;
{BSU(S, 0)=0.

Let v(s, 1) = O,U(s, ). We are interested in computing v(0, 7). From the previous equation, we
see that v satisfies the inhomogeneous differential equation

{atv +AGKOW = —OAGIPA 0 (5,0 € 1% [0,T];
v(s,0) = 0.

By Duhamel’s principle, the solution of this differential equation is given by

t
v(s, 1) = / u'(s,0)dr
0
where u” solves
{@ur +AG =0, (5.0 € Ix (nT);
u'(s,r) = —&[A(%(V))]Pﬁy[o,ry

The equation defining " is simply that of a parallel transport and so
W' (s, 1) = P4 |, (= OAG(MDPE 0,

Hence, we get

T
(0.T) = /0 PR (—OAGH ] ) Py -
Expanding the curvature two-form Fy = dA + A A A yields

Fa(y(r), 0575(r)) = Or[A@s75(r)] — Os[A(Ys(r)] — A([A(r), Dsys()])
+ AY(MNAOx5(r) — Ay Y5 (NA(Y(r)).

The vectors 4(r) and Jyy,(r) commute so the term with the commutator vanishes. We can
isolate —O;[A(4(r))] in that expression to get

T
v(0,7) = /0 P, [FAGH(P), 835(r) — D TA@35(P)]
— AGINAD(P) + AL PAGONIP g, dr. (18)

We can integrate by parts the last term using that A((r)P%, ; = —0,P% ;. This yields
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T
/0 P A@AG)PA g, dr
=[P4 AP0
T
+/O 6, [Pl,?[,.7T]A(av’Ys(r))]Pi?[(),r] dr.

The boundary term corresponds to the first two terms in (17) and we can expand the integrand
of the second term to get

O, [P A s(M)] P20,y = P m[AG(MA@s(r))
+ O [A@ s (MIIP 0.

since &P;",[,’T] = P;‘,[,.J]A(W(r)). These terms cancel with the second and third terms in (18) to
simplify v(0, T) to (17). U

Proof of lemma 2.14. For y € ) and unit v € 7,[D, we have

() + P2 A, (v)P?

2y Yoy

(A<Pi_ )(v) = P4 Py,

yy Y2y
We can compute dP ﬁ_zy(v) by using lemma 2.15 with the variation ~y, given by the lightlike
geodesic from z,, to y + sv. This yields

A
dPy. .,

() = P, A (cO;) — Ay(v)P,

Y2y yézy

T
+ /0 P o FAGD, 0 0)P 2 dr

for some —1 < ¢ < 1 and hence

T
(A<P )W) = cA, (D) + /o P o FaG(0), 00y (0)P ., dt.

The result follows since z, € O for all y and

T
‘/0 P o FAGY(0), s (0P, dt| < T Fallzcm).-

2.8. Forward estimates

We finish the section by collecting forward estimates that will be useful for the statistical
applications in section 4.

Lemma 2.16. Ler A and B be Hermitian connections. Then

HS?<—y<—x - Sf<—y<—x||L°C(S+(U)) < C”A - BHL’O(D)-

Proof. Since $4

v and the parallel transports lie in U(n), lemma 2.8 yields the pointwise
estimate
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1E4B) (A — B)|

| Zeyex z<—\<—x‘ = | Zyix

< AP — B) + 12494 - B

< /0 (A — By di

T
+ / (A = B)(Yy(1)] dt

<=yl Sup (A = B)(ys ()]
t€[0,T;

+ |y —zle sup (A = B)(Fzy(0))]

t€[0,73]

where vy : [0, T1] — D and 7., : [0, T5] — D are the unit-speed geodesics from x to y and
y to z, respectively, and |x — y|. is the Euclidean distance between x and y. In particular, by
taking the supremum over all values of (x,y,z) € ST(0) and using that the distance between
x and y is bounded, we get

H Zyex z<—y<—x||L°“(S+(U))
<C sup  {[(A = B)(vye )], [(A = B)(vye )|}
x,2€0,yeD
(x.),(y,2)€L

< Cl|A — B[

since the second supremum is taken over a larger set. Note that we did not restrict y outside U
in the first supremum since the curves v, and v, , cross U. |

Lemma 2.17. Let A be a Hermitian connection and w a one-form on D with values in C".
Forall k > 0, there is a constant C > 0 such that

HI (W)WxHHk(fX) C”P»H”ck(m)xm)HW||Hk(1D>)-

Proof. We will show that I can be extended to a continuous map from H*(D) to H*(FX) by
following the approach of [Sha94, theorem 4.2.1]. The attenuated x-ray can be written as

1
)ex(w) / X+ 1(y—x) Wx+1(— ’C)(y x)dr.

Firstly, for k = 0, we have

1A @) o, < / / (et oy — 0P dr dx dy.

Denoting the future light cone at z by J*(z), we claim that for every z € I, there is a nonneg-
ative, bounded and compactly supported function g, : J*(z) — R such that

1
/ / Wiy — D di dx dy = / / s (0)g.(0) dw dy.
7xJo zeDJvelt(2)

Indeed, identifying z and v from the integral on the right with x + #(y — x) and y — x respec-
tively in the integral on the left, the function g, corresponds to the amount of times the term
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w.(v) appears in the leftintegral. The only way to vary x and y while keeping y — x unchangedis
to perturb both x and y by the same amount, say w. Butthen, x + w + #;(y — x) = x + t2,(y — x)
if and only if w = (t, — #)(y — x) and so w must be parallel to y — x. The function g_(v) is
hence given by the length of the maximal interval Z such that

0 x) =@+ —-1v,z—1w) e FX

forall + € Z. We can bound g, and its support uniformly in z. It follows that there are constants
C,M > 0 such that

1A @) P, < € / / w001 g pry do dy < Cllo]Ba,
zeDJvelt(z)

with the last inequality following from equivalence of norms and symmetry.

Now suppose that w is smooth. Let {3, . .., 9"} be a global commuting frame on FX. Such
a frame exists since we can choose global coordinates on a past light cone when we exclude
its apex and we can see F¥ as an open submanifold of the product between ID and a past light
cone. Then for every multi-index « with |a| = k,

1
rrw= 3 o / DIPY s 10 sy — )] dr
B+y=a 0

and so

Hawlﬁex(w)H%Z(}‘X)

1
< CHP;‘PX”%?“(]IDXD)ZA / ‘aﬁ[wﬂrt(yfx)(y - x)]‘zdt dx dy
xJ0

<«
< CHP:’\?(—)C”E“L’(]D)X]D))Z HaA’wHiZ(D)
<«

since the map (y, x) — x + #(y — x) is smooth with bounded derivatives and we used the same
argument as above to get the bound with [|07w|| ;2. It follows that

1)y < CIP il ot ey 1]y - (19)

Now if w € H¥(D), we can choose a smooth sequence w; converging to w in H*(D). On one
hand, the sequence /*(w;) converges to I(w) in L*(F¥). On the other, by the estimate (19),
the sequence /*(w)) is a Cauchy sequence in H*(FX), and so I*(w) € H*(FX). Moreover, the
estimate holds for all w € H*(ID) and not only for smooth w. O

Lemma 2.18. Letr A and B be Hermitian connections. There is a constant C > 0 such that

HSZH_H - va<—y<—xHL2(fX) < C”A - BHLZ(JD))'

Proof. By the pseudolinearisation identity and the definition of the broken attenuated x-ray,
we have

HSZH_H - va<—y<—xHL2(fX) < HI_ff_A;B)(A - B)HLZ(}'X)

+ [[IEAPA = B)|| 2.

Zyy
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The first term can be bounded by a multiple of [|A — BJ[ 2, by lemma 2.17 with k = 0. For
the second term, we have

T
[IEAP@A = B)|Jar, < € / / (A = B)(¥z,e()|* dt dy (20)
B 0

yeD\U

where T is the length of the segment 7, ..
We claim that the integral in the previous display can be rewritten as

/ (A = B)y(vye,) g0 dy + / (A — B).(v)[’g(z) dv dz
yeD\O veJt(2)

ze0NBX

for some bounded nonnegative function g : D — R and where J¥(2) is the set of unit length
vectors in the future light cone of z with dv its standard measure induced by the Lebesgue
measure. For y € D\U, we let g(y) be the exit time (from D) of the lightlike geodesic starting
at y with velocity vy ,. For y € U, we let g(y) be the difference between that same exit time
and the exit time from U. Note that by symmetry, g is well-defined on O. The integrand of
(20) is either of the form |(A — B),(— vy, )| for some y € D\O and each such term appears
with frequency g(y) or if y € O, then A — B takes for input all the vectors in J*(y) again with
frequency g(y). This justifies the claim.
We can bound g uniformly and we have

oy (0P < 1 / w2 do,
veSyD

/ |w.(v))? dv < cz/ |w.(v)|* dv
veltT(z) ves;D

for all one forms w where SD = {v € TD: [v| = 1} is the unit sphere bundle. The first
inequality follows from choosing a basis v, v, v2,v3 for T,D with vy = Vyegy - Then

(Z?:o |wy(v;)[})!/? defines a norm on T;D and the inequality follows from equivalence of
norms. The second inequality also follows from equivalence of norms. Note that by symmetry,
both ¢; and ¢, can be chosen uniformly. Therefore,

- Bl <c [ [ ja-BwPwa
yeD JveSyD
=C||A - B||i2(]n>)
and the result follows. |

Lemma 2.19. Let A be a Hermitian connection. For every k > 0, there is a constant ¢y, such
that

HPAHck(DxD) <l + ||AHck(JD>))k-

Proof. Before proving the claim, we justify why P4 is indeed smooth whenever A is itself
smooth. Let O be the vector field on D x D given by

d
(OP)(x,y) = o Q(x,y + 1y — x)).

t=0
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Note that the vector field d). , we defined earlier is equivalent to d/|d|. Then P?,  can be
characterised as the unique solution to

O+ A Us=0Us(x,y) + Ay(y — )Usa(x,y) =0, (x,y) e DxD

such that Us|p = Id where I" = {(x, x) : x € D}. To see U, is smooth, we can consider the
function

Ury(t) = (PLyinyens % 3) = (U1, Ua, Us).
It follows from the characterisation of parallel transport that f]x,y solves the ODE

dU, L
dtLv () = (A, 1(i5-i,)(Us — U2),0,0)

U.y(0) = (1d, x, y)

and we can see x and y as initial conditions. By the standard theory of nonautonomous ODEs
[Har82], the smoothness of A guarantees that U, depends smoothly on the initial conditions
(x,y) and so

Ua(x,y) = m1(Uyy(1))

is smooth on D x D.
Now to prove the claim, we will proceed inductively by using lemma 2.15. Let o, 5 € Z4>o
be multi-indices with [a| 4 | 3] = k. We can compute 9¢9P%, , through a k-fold variation of

the curve joining x and y. For x,y € D, we denote by v[x, y] : [0, 1] — D the curve

Yx, Y10 = x + 1(y — x).

Now consider the curve

4 o 4 B
Ya,3(t) = v | x + Z Z a;e,-,y + Z Z b;e,- ()

i=1 j=1 i=1 j=1

where (e;){_, is the canonical basis of R* and the a’, b'; are the k-fold variation’s coefficients.
Then,

4 dlel glsl

o 93 -
ax ayPVw*x - da‘(y‘ db‘[))‘ Yo, 8

a=b=0

where the right-hand side means that we differentiate P ﬁ‘m , once with respect to each coefficient
a’; or b'; and then evaluate them all at 0.

We will denote by -y, any k-fold variation corresponding to some 8§8§3P ?H and relabel the
coefficients by sy, . . ., sx. We claim that for every k > 0, there is a constant ¢, such that
d d
— ... —p4 <1+ A k
ds1 dSk i sp=--=s8,=0 Ck( + || HCk(D))

where ¢y is independent of the variation ;. The case kK = 0 corresponds to no variation at all
and holds trivially. Let us now suppose that the claim holds for some k — 1 > 0 and all lower
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order variations. Let vy, be a k-fold variation as above and denote by v,_; the (k — 1)-fold
variation obtained by setting s; = 0. Then, according to lemma 2.15, we have

d d
— ...—p4
dS] dSk Ve =0
d d
= ds Ay (P 8 Ay 005 (0))

- A’kal(l)(ask ')’k(l))l““:ki1

1
+/0 Pf;kil[;,TJFA(’.Yk—l(t), avk%'k(t))Pl;‘kfl[oJJ dt)

s=0

Taking norms on both sides, we can use the induction hypothesis and Leibniz’s rule to bound
the first two terms by a multiple of (1 + [|A|| 1) ' [|A|| ¢x-1(p)- For the integral, the cur-
vature F is obtained through differentiating A and so its C*"! norm is bounded by the C*
norm of A. Hence, again through Leibniz’s rule, we can bound the integral by a multiple of
(1 + J|A]l =1 Al c#(py - The claim readily follows.

The lemma then follows by taking a supremum over all the admissible variations -y, since
the previous claim then yields

k

HP;‘<—X||C‘<(D><D) = Z sup |8§“8§Pﬁ_x
=0 lal+181=j

k

S Z"j(l + 1Al i) < (1 + 1Al k).
=0

3. Gauge invariance

3.1. Gauge invariance

We now study the quantity ||[A — B — dgu ) p|| in (6) in order to prove theorem 1.6. Recall the

definition of pf, as in (13). The p used in theorem 2.2 is actually pf(fl;B ), which we will denote

as py p) to emphasise the dependence on A and B more concisely. Let us denote
A(A, B) —=A—B— dE(A,B)p(A,B)~

Recall that ¢ € C*(D, U(n)) is in S if ¢|o» = 1d. The following lemma shows how A(A, B)
changes under the action of 7.

Lemma 3.1. Let A(A, B) be as above and let p,v) € F€. Then

(@) A(A,B)" = A(B,A),
(b) AA < ,B) = ¢ 'AA,B),
© AA<p,BaY) = 'AA, B
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Proof. We start by proving (a). Let u be the solution along the segment « : [0, 7] — DD from
Zy toy of

i+ EA,B)(®0)u = —(A — B)((1)),
{u(O) = 0.

We have
(EA, Bu)* = (Au— uB)* = *A* — B'u* = —E(B*,A")u* = E(B,A)u’

where the last equality follows from the fact that both A and B are Hermitian. Hence, by taking
the conjugate transpose on both sides of the equation defining u, we see that u* solves

(") + EB, A)(y(t)u" = —(B — A)(F(1)),
u*(0) = 0.
It then follows from lemma 2.3 that
PfA,B) = —u(T)" = pwa)
Therefore, we can compute that
(dewsPap)” = (dpas +Apas — pasB)”
=dpup + PupA” — B P
=dpwa + Bpsa) — peaA
= dg.aPs.a)
and so
A(A,B)" = (A — B —dgappup) =B —A —depapsa = AB,A)

as claimed.
Let us now prove (b). Let u be as in the proof of (a) above and consider p~
that ¢~ 'u solves

"i. We first claim

(o 'u)+ EA<, BYAD)e 'u = —¢ (A — B),
[p~'u](0) = 0.
Indeed,
(o 'w) + EA g, By "u= (o Y+ i+ (g p)p

+ (¢ ' Ap)p!

= Y+ o 'Au— o 'uB

u—cp_luB

=—¢ "(A—B+EA,Bu) + ¢ 'EA,Bu
=—¢ '(A-B).
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Now notice that

deaapne” =d@ )+ dp)e™ + ¢ ' App™ — 0T 'B=p"'(A—B)
since d(¢~") = —p(dp)p . Therefore, we can rewrite

o "A=B)=dpuapn(p ' —1d+1d) =A<y — B+draqpp(p ' —1d).

To make notation less cumbersome, we write p for p, g and g for p, ., 5. We can now apply
lemma 2.3 again to get
¢ 'p=—p u(T)
= PLASPPIA D (A0 — B+ dpn (7' = 1))

Vzy

=g+ PEASBDEAeB (Gry o op (@' —1d)).

Y2y Y2y
Notice that ¢! — Id vanishes at z, since p|o = Id, and so lemma 2.4 yields
P f(:; *”’B)Iféﬁj PP dpn qpp (o' —1d) = o '(y) — 1d,

thatis, g = ¢~ 'p — ¢! + Id. We can now compute

de@ g = dq + (A<dp)g — gB

1 1

=de ' P+ A1) p—p ' pB—dp T —(Adp)p”
+¢ 'B+A1p—B
=(de Yp+¢ ldp+ ' dp)e ' p+ ¢ ' Ap— ¢ ' pB
—dp™' = dp)p T — 0 A+ o ' B+A1p —B
=¢ ldp+o Ap—p ' pPB— ¢ 'A+p 'B+A<p—B
= ¢ 'dgapp—¢ '(A—B)+A<dp—B
and therefore

AA<p,B) =A<p —B —dppapng=¢ (A—B—dgapp) = ¢ 'AA,B)

as claimed.
Finally, to prove (¢), it suffices to combine (a) and (b) to get

A(A<p, Baw) = ¢ ' ABwp, A) = ¢ () TAB,A) = ¢ 'AA, B)Y

where we used that 1 takes values in U(n) and therefore 1)~ ' = 1" O

3.2. Proof of theorem 1.6

We are now ready to prove theorem 1.6. The proof mostly amounts to using lemma 3.1 with
the right choice of matrix fields in 2.

Proof of theorem 1.6. Recall that the gauge takes values in U(n) and therefore if ¢, 1) € ¥,
lemma 3.1 yields

IA@Aap, Ba)| = [l¢ 'AA, B[ = | AA, B

28



Inverse Problems 38 (2022) 105007 S St-Amant

This shows that the estimate in theorem 2.2 is gauge invariant. Therefore, we can actually
choose a gauge to compute ||A(A, B)||. We take ¢ = P4, and ) = P8

I Y2y Y2y *
Using that dg ) Id = A — B, we can rewrite p p as

= PEABEAB) (g pld) = Id — PEAPId = 1d — P4 PE

P@A.B) yezy Lyezy Yy eyt gy
where we used lemma 2.4 for the second equality. Hence,

AA,B) =A — B — dpuppus
= A — B — dpp(Id — PEAP14)

Yy

=A—B— (A — B) + dE(A,B)P E(A’B)Id

yezy

= dE(A,B)P E@A.B) 1d.

Y2y
We can expand this last expression with the definition of dr ) and lemma 2.7. This yields

P fﬁ, —P ;?H)_P ZHB. (21)

A(A, B) = d(P4 Pg_ﬂ,) + AP

Y2y Y2y

We have P1.5¢ = ¢~ ' ()P4, ¢(z,) from proposition 1.1 and since ¢|o = Id, ¢(z,) = Id. We

) yzy
chose ¢ = P%_, ,and so P;‘:Zf = Id. Similarly, we have P ﬁﬁ’) = Id. Therefore, plugging A <

o for A and B <11 for B in (21) gives
AA<p, Ba)) = A<p — Bp.

The result readily follows. U

3.3. Light-sink connections

A = A. We can characterise such

Recall that we called a connection light-sink if A<P{_

connections.

Proposition 3.2. Let A be a Hermitian connection on' D. Then A AP

v =A if and only if
Ay(at) - Ay(ar)
forally e D.

Here, r is the outward radial component in space, that is, * = x7 + x3 + x3. Changing to
polar coordinates in the space variables, we can therefore write any light-sink connection as

A =Ao(dt + dr) + Ay d9 + Ay do

for some matrix fields Ay, Ay, Ay with values in wu(n).

Proof of proposition 3.2. Let~: [0, 7] — D be the unit-speed lightlike geodesic from z,
toy. Thenif A = A< P4

AG(D) = (AP ) (D)
= P4 APy 1G(0) + PL L AGOPY
=0
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since [dP4__ 1((¢)) = —A(¥(#))P%_. by definition of the parallel transport. In particular, by

Y2y Y2y

taking r = T, we get A(vy ;) = 0 and so

Ay(0) = Ay(0,) (22)
since vy, = %(6, — 0;). On the other hand, if (22) holds for all y € DD, then P;‘v ~y =1d, and
SOAdPL, = A. O

Since ¥ is a proper subgroup of 5%, each ¢-orbit does not necessarily contain a light-
sink connection. However, proposition 1.8 guarantees that they are s#-equivalent to a unique
light-sink connection.

Proof of proposition 1.8. Suppose that B = A < ¢ is a light-sink connection for some ¢ €
€. Then the previous proof guarantees that
Py =1d
for all y € D and so (y) = Pﬁ_zV by proposition 1.1 and the fact that ¢(z,) = Id because
p € . It also follows that ‘
A A
(A< )P y:zf =A<«P

Yy

for all ¢ € 7 and so the map [A] — A< P% _ is well-defined. |

Yy

We now show how one can retrieve a connection from its scattering data and its unique
J¢-equivalent light-sink connection.

Proof of proposition 1.9. Since A = B<P2__, we have by proposition 1.1

Vézy?

St =SB =sF Pt

Zytyex Zy&yex ZyyexT Xy

B

vz, inside U from the past-determined scat-

forall (x,y) € FX(U), and so we can determine P

tering data S and S? The same applies on 3% with the future-determined scattering

Zyeyex Zyéyex
dataS’_,. , andS% . . .Hence,wecanrecoverP . onthewholeof U.Let® € C*(D, U(n))

be any smooth extension of Pg, H,|U to the whole of D. Then, by (5),

Aq® = (B<P},  )<® = B« [Pfﬁycb]
and so A < @ is gauge equivalent to B since Pva@|U =1d. ([

4. Statistical application

‘We show that, when restricting ourselves to light-sink connections, one can use Bayesian inver-
sion to consistently recover a connection from its scattering data. To do so, we follow the
approach first laid out in [MNP21]. Specifically, we will use theorem 5.1 in [BN21] as it only
requires checking a nice set of conditions.

We will only consider light-sink connections as the problem then becomes injective. It
would be natural to then only consider future-determined paths for the scattering data, but
in doing so, the endpoints of our paths would never lie in U\ (0¥ U O). Therefore, we also
need to consider past-determined paths.
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To simplify the statistics slightly, we will only consider connections with values in so(n)
instead of u(n). We do not lose any generality in doing so, but no longer have to deal with
complex noise.

4.1. Bayesian approach to inverse problems

We start with a short summary of the Bayesian approach to solving inverse problems, as intro-
duced in [Stul0]. Recall that for some forward map G : © — Y between Banach spaces, and
y € Y, we wish to find § € © such that

y=6(0).

Let us take Y = L3(X,V), the set of square-integrable functions on a probability space
(X, F, ) with values in a finite-dimensional normed space ). Rather than working with the
whole infinite-dimensional L? space, we discretise it by considering the following regression
model which mimics the setting of an experiment. Let (X;)}_; be i.i.d. random variables on
X with distribution \. These random variables correspond to experimental measurement of
Gy = G(0) with input X;. Such measurements come with experimental noise that we model
through the random variables

Vi=GX)+&, i=1,...,N,

where the &; are i.i.d. standard Gaussian variables on V), independent of the X;.

Let Dy = {(Vi,X)):i=1,...,N} C (V x X)" be the full data vector and let P} be its
law. By making a choice of prior I on the parameter space ©, Bayes’ rule yields a posterior
distribution on © given the data Dy. For a Borel set O C O, it is given by

(NOTI(dH)
%0 € Ol — Jo™"TId0)
(0 € O|Dy) Joe™OTI(d0)

where the log-likelihood is, up to additive constants,
1
(n(8) = In(0]Dy) = —5; Vi = Go XI5

One can study how the posterior distribution ITY behaves when N gets large. If we suppose
there exists a unique underlying parameter 6, € © from which the observations are made, we
would want the posterior distribution to concentrate around 6, (see [GN16, chapter 7.3] or
[GvdV17)), that is, we would want that

V(|6 — 6.]| 20, > ov|DN) = opgv*(l) (23)

as N — oo for some sequence 6y — O that dictates the rate of convergence. Following sub-
stantial developments in the field, one should then get a good estimator 0 for 0, by computing
the expectation of the posterior distribution IV through MCMC sampling. Depending on the
inverse problem, can we get estimates such as (23) and can we guarantee that the posterior
mean indeed converges to 0,, legitimising Bayesian inversion? This question has been studied
for a range of different inverse problems and is an active area of research, see [MNP21] as well
as [AN19, Boh21, GN20] for some examples.
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4.2. Our setting

We consider the following experimental setup similar to the one we just described. Let A\ be
the uniform distribution on S*(U) induced by the Lebesgue measure on ID and consider the
random variables

(X, Vi, Z)N )

corresponding to random draws from S*(U). For a light-sink Hermitian connection
A € Q'(D, so(n)), we denote its future-determined scattering data S?)_ yex by S{‘F(x, y) and its
past-determined scattering data S?H,H)_ by S (y, z). Suppose that we observe noisy versions of
the scattering data corresponding to both types of paths according to our random draws, that

is, we observe
Si=LX Y + SNV, Z)+ &) i=1,...,N. (24)

The matrices £;° correspond to independent Gaussian noise in the sense that & = (63,() 1< jk<n
and all the afj’k’s are i.i.d. N(0O, 1) that are independent from the other random variables. We
denote by P/ the joint law of the random variables (S;, (X;, Yi, Z))Y.,.

In order to estimate the connection A from Dy, we need to choose a prior II on the space of
s0(n)-valued light-sink connections. Any such connection can be represented by three skew-
symmetric matrix fields since

A =Ao(di + dr) + Ay dY + A, do,

and therefore by d,:=3 dim so(n) = 3n(n — 1)/2 continuous functions on D. Following
[BN21], we choose the prior II by prescribing an orthonormal basis on L*(D, R) as well as
a sequence of positive scalars. For conciseness, we choose as basis the normalised eigenfunc-
tions (e;) jew of the Laplacian with Neumann boundary conditions and choose their eigenvalues
(A)) jen as scalars. It follows from classical L> estimates for eigenfunctions from [Hor68] and
Weyl’s law [H6r09] that we can choose 7 = 3/4 and d = 4 in condition 3.1 of [BN21]. This
choice gives rise to Sobolev-type spaces

H'(D,R) = { f € LD,R): > X(fre)papp < o
jeN

which, in this specific case, agree with the usual Sobolev spaces. These Sobolev spaces natu-
rally induce Sobolev spaces on the space of light-sink connections

H* = H'(D, s0(n)’) = H'(D, R%) = X{" | H'(D, R)

which plays the role of our parameter space O. The eigenfunctions (e;) naturally induce the
basis {e;; : 1 <i<d,,je N} onH(D,so(n)’) where

1 =
0 i#j

For D, an integer multiple of d,, let Ep be the span of the first D vectors of the basis, that is,

eji = (0i1ej,...,0iq4,e)), Oij= {

ED::{ej,i:lgiédn,l <]<D/dn}
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For o > 0, we take as prior on Ep
A — N*l/(OH’Z)Z Z A;a/zgj,iej,h gj,i ~ i.i.d.N(O’ 1) (25)

i<dy j<D/dy

Theorem 4.2 can also be proved for D — oo, giving rise to a commonly used Matérn prior of
order « for the Laplacian, see e.g. [GvdV 17, chapter 11]. For simplicity, we take a truncated
prior as it reflects what happens in practice. We denote the law of A by II and its density by .
Through Bayes’ rule, the choice of prior gives rise to the posterior distribution

(A € O|(S;, (X, Yi,Z,'))N foei’N(A)dH(A)

l:l)zm, OQEDBOI”CI
D

with log-likelihood given by

N
1 1
In(A) = —< |Si — S(AXi, Yi, Z)) | gucnyp — NS ||A] e
2 2

=1
up to some additive constant, where 6y = N~%/?**4_See [BN21] for more details.

4.3. Statistical guarantees for light-sink connections

To apply [BN21, theorem 5.1], it remains to show that the map S : A — (54, 54) satisfies their
condition 3.2 which contains three parts. In our setting, condition 3.2 amounts to the following
three statements.

(a) (Uniform boundedness). There exists a constant C > 1 such that

sup IS(A)(x,y,2)| < C.
AEL(x,y,2)eST (D)

(b) (Global Lipschitz). There exists a constant C > 0 such that

HS(A) - S(B)”LDO(S""(U)) < C”A - BHL’O(D)’
HS(A) - S(B)||L2(S+(U)) < C”A - BHLZ(]D))'

(¢) (Inverse continuity modulus). For every M there exists a constant L' and 0 < v < 1 such
that for all 6 > 0 small enough and the given o > 0,

SUP{HA - B||L2(]D)) |Allge + [|Bl[re < M, [|S(A) — S(B)||L2(S+(U)) < 5} LY.

The uniform boundedness condition is immediately satisfied since $* takes values in U(n).
The global Lipschitz condition follows immediately from lemma 2.16 in the L™ case and from
lemma 2.18 in the L? case. Hence, it only remains to show that the inverse continuity modulus
condition holds. This is the content of the next lemma.

Lemma 4.1. The inverse continuity modulus condition as described above holds.

Proof. First, note that we can find C. > 0 that depends on £ such that
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By the interpolation inequality for Sobolev spaces (see [Boh21, lemma 7.4]), for every s > 0,

1-1/s 1/s
I e Ssll - izl - e,

Here, <, means that the left-hand side is bounded by a constant multiple of the right-hand side
where the constant is allowed to depend on s. By applying this inequality to [§4]7'S% —1d
and using the pseudolinearisation identity, we get

_ 1-1 1
ST = Wl ) SIS = S i HES2 (A = B) v,

Since A and B are light-sink connections, the broken attenuated x-ray is equal to the simple
attenuated x-ray I54”)(A — B). For s = k an integer, lemmas 2.17 and 2.19 yield

HIESSB)(A - B)”Hk(]-'x) fzkHA - B”H"(]—'X)(l + ”E(A’B)”Ck(]D)))k'

Taking o > k sufficiently large such that ||A||za + ||B||ge < M, we can bound the C* norms of
A and B via Sobolev embedding inequalities. Note that « = k + 3 suffices. This in turn allows
us to bound the C*-norm of E(A, B), and so

B 1-1/k
8417187 — s oy S St — S 1%

It follows from theorem 1.4 for light-sink connections (p = 0 by theorem 1.6) that

1-1/k
14 = Bll ooy S cam 153 = Sl 5x,-

IS

a—
a—

Similar inequalities also hold on 0% and U by theorem 1.3. Hence, we can choose v =
for o > 5 by taking o = k + 3.

O

We can finally apply theorem 5.1 in [BN21] to get the following estimate regarding the
concentration of the posterior distribution around the real parameter A, obtained through noisy
samples of $4+ as the number of samples goes to infinity.

Theorem 4.2. Let the posterior distribution TI(-|(S;, (X;, Y;, Zi))f»vzl) arise from the prior (25)
with o« > 5 and data (S;, (X;, Yi, Z;)) ~ Pg asin (24). Suppose that A, € H* and D ~ N?/(e+2),

Lety = % Then, there is M > 0 such that

(A = Adll 2wy > ME|(Si, (X0 Yi, Z))L,) = Opg*(l)

as N — 0o, where 6y = N~/@o+4),

In short, the posterior distribution converges to a delta distribution about A, in Pf*-
probability at a rate that depends on the smoothness of the prior and of A,. The smoother
A, is, the smoother we can choose the prior, and the faster the posterior distribution concen-
trates. Moreover, by the same arguments used at the end of [MNP21] to complete their proof
of their theorem 3.2, one can expect the rate of theorem 4.2 to carry over to the posterior mean,
that is,

i=1

IEMTAICS: (X, Yio Z0YZ0] = Adlli2@) = Opn (6)

as N — oo.

Note that we have convergence to A, in theorem 4.2 and not only its projection A, p on Ep
as in the statement of theorem 5.1 in [BN21]. This is due to the fact that the estimate in lemma
4.1 holds for all A, B in the whole parameter space H*(ID, so(n)?), and not just Ep. Indeed,
remark 5.2 in [BN21] guarantees that we can then replace A, p by A,.
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