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The realization of fractional quantum Hall (FQH) states in cold atomic gases is a long-standing goal
in quantum simulation. Established approaches, including rapidly rotating gases and tight-binding
lattices, are often hampered by low interaction energies and small many-body energy gaps. While
optical flux lattices (OFLs) can achieve higher effective magnetic flux densities, standard two-state
configurations generate highly non-uniform fields, and extensions to multi-state systems introduce
significant experimental complexity. Here, we present a new paradigm for engineering robust FQH
phases in OFLs using only two internal atomic states. We show that the introduction of an additional
scalar potential provides a generic mechanism for creating Chern bands that are simultaneously
essentially flat and “ideal.” These desirable properties arise by tuning lattice parameters to certain
N-flat manifolds (N = 1,2,...), where the 1-flat manifold shares its origin with certain “magic-
angle” conditions familiar from moiré materials. A central result is the design of a dark-state OFL
whose adiabatic Hamiltonian is ezactly of Aharonov-Casher (AC) form. This exact AC equivalence
guarantees perfectly flat, exactly ideal Chern bands in the adiabatic limit. This method allows
for precise tuning of band flatness and stabilizes both Abelian and non-Abelian FQH phases. Our
scheme is compatible with existing experimental capabilities using vector polarizability, opening

practical routes to exploring strongly correlated topological physics with cold atoms.

I. INTRODUCTION

One of the long-standing challenges in quantum simu-
lation using cold atomic gases is the realization of frac-
tional quantum Hall (FQH) states. The possibility of
using experiments on cold atomic gases to explore FQH
states of bosons — in place of the fermions familiar from
electronic matter — was first discussed in the context of
Bose-Einstein condensates in harmonic trapping poten-
tials, for which Landau level wavefunctions emerge under
rapid rotation[l, 2]. Remarkably, the bosonic Laughlin
state can be the exact ground state at sufficiently high
angular momentum[3], due to the short-range nature of
typical interatomic interactions. Subsequent theoretical
work established the phases of short-range interacting
bosons as a function of the Landau level filling factor,
v[4]. In addition to conventional hierarchy/composite
fermion states, bosons form unusually stable non-Abelian
phases: including the Moore-Read phase[5] at v = 1[4, 6],
and the Read-Rezayi phases[7, 8]. Achieving these FQH
phases in experiments using rotating gases is extremely
challenging, in part due to the low flux densities and hence
low interaction energies. However, this may be mitigated
by tight confinement using optical tweezers[9].

One way to increase the interaction energies of FQH
states is to place the atoms in tight-binding lattices, en-
gineered (by breaking time-reversal symmetry) to host
narrow Chern bands[1]. The Harper-Hofstadter model
supports the v = 1/2 bosonic Laughlin state[10] and v = 1
Moore-Read state[11], as well as other FQH states that are
stabilized by the lattice itself and do not have continuum
analogues[12]. Interaction energies are boosted compared
to those in rotating gases, but they typically remain small.
The state of the art experiments[13] have shown Laughlin

correlations for two particles, with a many-body energy
gap of order ~ 1 Hz.

A separate approach to forming Chern bands for cold
atoms uses the possibility to couple internal (electronic
or magnetic) levels of atoms, to form so-called “optical
flux lattices” (OFLs)[14]. The main conceit of OFLs is
that they require state-dependent potentials that do not
commute at different points in space. In the deep-lattice
limit, the energetically preferred internal state at each
point in real space forms a texture with a varying direc-
tion. The Berry phase associated to this texture becomes
an Aharonov-Bohm phase for an emergent magnetic field
associated with the residual dynamics, that often persists
even in the intermediate-shallow lattice regime. Thus,
OFLs stand in stark contrast to deep-lattice tight-binding
models, in that they are generally shallow lattice contin-
uum models. As a result, they can operate at higher flux
densities boosting the densities at which FQH states can
form, and thereby also the associated energy scales.

While the emergent magnetic field in OFLs has a
nonzero average, it is typically spatially varying, so these
lattices cannot directly reproduce the uniform continuum
Landau levels. In particular, if only two internal levels
are coupled the local magnetic field must vanish within
the unit cell[14], so the field must have very large spa-
tial variations. To mimic continuum Landau levels more
closely, OFLs have been proposed using N > 2 inter-
nal states[15], which converge quickly to the continuum
Landau levels with increasing N. However, experimental
implementations[16, 17] quickly become more cumber-
some, requiring multiple frequencies of the light field to
control the various interspecies couplings, which can lead
to enhanced losses through light scattering.

In this paper, we take a different approach, and show



how OFLs using just two internal states can be designed
to host robust Abelian and non-Abelian FQH phases.
We draw on theoretical work inspired by advances in
two-dimensional electronic platforms, such as the moiré
materials formed from graphene or TMDs. The prevalence
of non-trivial band geometry in these platforms has led
to a deeper understanding of the general properties of a
single-particle band that are desirable in order to stabilize
FQH states[18-32]. A prominent notion emerging from
these considerations is that of “ideal” bands, which are
“vortexable”, and consequently allow for the appearance of
exact FQH states for short-range interactions, generalizing
the Laughlin state in the lowest Landau level to exact
states in these bands.

Our principal result is to present a generic mechanism
for creating essentially flat and ideal Chern |C| = 1 bands,
upon introducing an additional scalar potential to OFLs.
This additional scalar potential can be used to tune the
flatness of the band to a high precision. These flat bands
host fractional quantum Hall phases in the presence of
repulsive interactions, and can be realized with currently
existing experimental tools in optical lattices using vector
polarizability.

A central result within this framework is the construc-
tion of a dark-state OFL whose adiabatic Hamiltonian
is ezactly of Aharonov-Casher (AC) form (see Sec. IVB).
While the AC Hamiltonian has served as a theoretical
ideal for flat bands [32-34], prior realizations have only
approximated this structure. The dark-state OFL con-
structed here achieves it exactly in the adiabatic limit,
yielding perfectly flat, exactly ideal Chern bands as an an-
alytical result rather than a numerical observation. This
constitutes a physically realizable benchmark for ideal
band physics, and offers a tunable, well-characterized
platform in which the AC limit is achieved precisely.

The outline of the paper is as follows. In Sec. II we
provide background on optical flux lattices, emphasizing
their description as reciprocal space tight-binding models.
We then describe the concepts of ideality in Sec. III,
and explain how to use these to design ideal OFLs. We
provide explicit examples of these design principles in
Sec. IV, including also for dark-state optical flux lattices.
In Sec. V, we demonstrate their utility for stabilizing
Abelian and non-Abelian FQH states.

II. BACKGROUND ON OPTICAL FLUX
LATTICES

A. Real Space Viewpoint

Optical lattices are created by coupling atoms to lasers
that transfer momentum. For optical flux lattices, we
further allow the lasers to change the internal state of
the atom. Let the center-of-mass position of the atom be
denoted r, the atomic mass M, and label the manifold of
internal energy levels that are coupled resonantly by the
lasers |a). Throughout, we consider atoms whose motion
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FIG. 1. Graphical illustration of the connection between the
low-energy spinor texture and the effective magnetic field. The
Aharonov-Bohm (AB) phase picked up upon parallel transport

of the emergent scalar particle is the Berry phase of the spinor
texture.

is restricted to two dimensions, the xy plane, for example
by tight confinement along z, so that r = (z,y) and all
derivatives are in-plane. We will consider this manifold to
be a subset of the ground-state manifold of the atom, and
ignore finite lifetime effects. Upon eliminating the photon
dynamics by going into a rotating frame, the dynamics
for the atom are governed by the familiar sum of kinetic
and potential energy V = >_ 5 Vg (r) |a) (8] of a spinor
particle

A - U
H=—=147V(). (1)

Despite atomic neutrality, this Hamiltonian can give rise
to a lowest band similar to a Landau level [35-37]. The
key to understanding this is the spinor nature of the parti-
cle, and it is particularly clear in the adiabatic deep-lattice
limit M — oo. In this limit, the Hamiltonian reduces
to the potential energy V(r). The low-energy manifold
consists of the ground state of V§'(r) for each r, which
forms a spinor texture n®(r). Consider now including the
leading 1/M corrections to the dynamics, which amounts
to projecting (1) to the subspace of adiabatic wavefunc-
tions of the form (r, a|y) = ¥*(r) = b(r)n“(r) where b(r)
is an arbitrary scalar wavefunction. Since n®(r) is fixed,
the dynamics are purely those of the scalar b(r). Under
an infinitesimal translation the total wavefunction picks
up a Berry phase[38] from the change in the spinor direc-
tion. This manifests as an emergent background gauge
field acting on b(r), which is evident from projecting the
momentum to the space of adiabatic wavefunctions

=il (r) V¥ (r) = [—iVy — ifia(r) Ven®(r)]b(r) . (2)

Clearly this is the same form as a scalar particle in
the presence of a magnetic field with vector potential
Atoxture = iiq (1) Ven®(r), or equivalently magnetic field

Btexture(r) = ivrﬁa (I‘) A vrna (I‘) . (3)



Here a A b = aub, — ayb,, so that, for this two-
dimensional geometry, the effective magnetic field is a
scalar: Biexture = €z * (Vy X Atexture) 1S the component
perpendicular to the plane. The Berry phase of the spinor
texture becomes the Aharonov-Bohm phase[39] of the
effective magnetic field felt by b(r)[14, 35, 40], and the
astute reader will recognize equation (3) as the expres-
sion for the Berry curvature of n®(r). The Hamiltonian
governing b in the adiabatic limit takes the form

adi __ (—in - Atexture)2 D(I‘) B o, B
A = 51 + o TAaVEn® ()
where D(r) = Vg (05 — n®ng)VnP is the trace of the

Fubini-Study metric of the texture. This adiabatic Hamil-
tonian is valid whenever the low-energy dynamics can be
projected along a spin texture. This is evidently justified
in deep lattices, but even when V' is comparable to the
typical kinetic energy, there are a plethora of examples
where this holds approximately.

An optical flux lattice (OFL) is defined to be an optical
lattice whose low-energy subspace has a texture n®(r)
with effective magnetic field Biexture 0of nonzero average
flux.

Perhaps the simplest example — for a two-level system —
is the triangular OFL introduced in Ref. [14], for which

3
V:crl Z ) (5)

where 6;—; 2,3 are the Pauli matrices, and q; are three
in-plane momentum at 120° to each other. We define
them as

q; = ge, cos =& 2’” + ge, sin % (6)

in terms of the orthogonal unit vectors e, , and the over-

all momentum scale q. It is readily found that f/m(r) is
gapped at all positions, and the dressed state wraps the
Bloch sphere to give nonzero flux of Biexture(r) through
the periodic real-space cell. The real-space lattice is tri-
angular. Moreover, the observables of the texture have a
higher translational symmetry than the potential itself. A
translation by half a lattice vector of V;,; can be compen-
sated by a rotation of the spin, which leaves Biexture(T)
and D(r) invariant. Consequently Biexture(r) and D(r)
are periodic on a smaller cell, which encloses just 7 flux
of Biexture(r). (This is discussed further in Sec. IIC.)

Practical implementations for OFLs in cold atomic
gases are likely to employ two-photon Raman coupling.
A simple form of OFL using two-photon coupling was
proposed in Ref. [41]. This uses three in-plane beams
at frequency wy, along directions q; (6) to form Rabi
couplings,

3
ko = ncos@Ze‘q'i‘r, (7)
=1
ik sin 0 <
i rF2mii /3
Ky = Zelq rF¥2mii/ 7 (8)
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FIG. 2. Illustration of how the two-photon optical flux lattice
introduced in Ref. [41] can be viewed as a tight-binding model
in reciprocal space, which is equivalent to the Haldane model.
All couplings are two-photon processes via the far-detuned
electronically excited J' = 1/2 states, which are only virtually
populated. Interspecies coupling involves one photon at wr,
and one at wr, + 0, with momentum transfers q;. Intraspecies
couplings involve two photons at wy,, with momentum transfers
G; =qi+1 — q;.

where x and 6 are parameters, and x4 follow from project-
ing the in-plane polarization sin 6 €, X q; of each beam onto
the circular polarization vectors ex = F(e, + ie,)/v/2.
These are the Rabi couplings for the 7 (m = 0) and o4
(m = =4) polarization components of the J = 1/2 —
J' = 1/2 optical transition. The lasers are far detuned,
so the electronically excited J' = 1/2 states are only
virtually populated and can be adiabatically eliminated;
see Ref. [41] for details. The transition between internal
states involves one out-of-plane circularly polarized beam
at frequency wy, + § with spatially uniform coupling x’_.
[See Fig. 2(a).] From these, the potential is of the form

N /<;20 1 N
‘/Q—photon(r) == 3tAt 1 + 37A [(|/€—|2 - |H+|2)03
+r_koby + R_Rob—] , 9)

where k2, =3 |km|?, A =wp — wy is the detuning of
the lasers from the J = 1/2 — J’' = 1/2 atomic resonance
wa, with |A| > |d],|<m], and & is the Zeeman splitting
between the two internal states |+), so that the wy, + ¢
beam together with the m component kg of the in-plane
beams drives a resonant Raman coupling between them.
Eq. (9) is written in the {|+),|—)} basis, in the rotating
frame, with A = 1. See Appendix E for details on the
polarizability. This again leads to a real-space unit cell
that is triangular, in which the Bloch vector wraps the
sphere, signaling that there is a net flux per unit cell.
However, in this case the minimal translational symmetry
encloses 27 flux per unit cell.

B. Designing in reciprocal space

The definition of OFLs, and the above examples, were
motivated by the properties in real space. However, given



that optical lattices involve the use of lasers to write in
momentum transfers (with or without changes in internal
state), it is very instructive to view them in reciprocal
space. Indeed, this set of momentum transfers directly
constructs a tight-binding model in reciprocal space. In
the adiabatic limit, the effective magnetic field is nothing
but the Berry curvature of n®(r). Here the real-space
position r plays the role of the quasi-momentum of the
reciprocal-space tight-binding model, so that n®*(r) at a
given r is the lowest-energy eigenstate of the dual model at
that quasi-momentum, and taken over all r it describes the
entire lowest band of this reciprocal-space tight-binding
model[15]. Hence considering any tight-binding Chern
insulator with Hamiltonian V' (k), there is a dual optical
flux lattice with potential Vi (r).

To illustrate the reciprocal space mapping, consider
the triangular OFL constructed for spin-1/2 fermionic
atoms in [41], and defined above, Eq. (9). The interspecies
coupling involves one in-plane photon, from the 7 com-
ponent kg, and one out-of-plane photon from x’ . Thus,
from (7), it involves momentum transfers of the three q;.
These couplings construct the nearest-neighbor bonds on
a honeycomb lattice in reciprocal space, with |+) at the
two inequivalent sites. The intraspecies couplings involve
two in-plane photons, thus giving momentum transfers of
G2 = q3 — qz etc. These couplings give the next-nearest-
neighbor bonds on the honeycomb lattice. Overall the
optical potential of the two-photon OFL of Ref. [41] gener-
ates precisely the Haldane model in reciprocal space. See
Fig. 2(b). This tight-binding model is in its topological
phase, with unit Chern number, consistent with the fact
that the corresponding OFL has 27 flux per real space
unit cell[41].

This is one of the model potentials that we shall focus on
in the rest of the paper. Although it was first introduced
in Ref. [41] as a model for spin-1/2 atoms in an optical
flux lattice, in light of the connections highlighted above,
we shall refer to it as the dual Haldane model, and denote
the potential as VO to represent the hexagonal lattice
in reciprocal space. For generality, we shall add a scalar
potential, and write the model potential as

3
VO(r) = 3" (ol —iVasa)ee ™ 4V, 646%™ e, (10)

a=1

with parameters Vp , .

Note that the mapping to the dual Haldane model ap-
plies only to the optical potential V(r) and therefore to
the real-space spinor texture; the model of Ref. [41] also
includes the kinetic energy term of (1) so its energy bands
depend on the ratio of kinetic to potential energies. The
kinetic energy is quadratic in momenta, and so the total
single-particle energy is obtained by introducing a momen-
tum space ‘harmonic oscillator potential’, whose minimum
is located at the location of the crystal momentum under
consideration k. This same model is also an effective
Hamiltonian for electrons in a single valley of twisted
transition metal dichalcogenide homobilayers[32, 42]. To
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FIG. 3. The momentum space couplings of V4 in the absence
of the scalar potential form a nearest-neighbor /2 flux trian-
gular lattice.

understand why, it is helpful to think in reciprocal space,
as above: the OFL of Cooper and Dalibard [41] is precisely
the Haldane model written in reciprocal space — the dual
Haldane model considered here — which is the simplest
two-state tight-binding model with triangular symmetry
and short-range hopping. It is therefore unsurprising that
the simplest two-state model describing a single TMD
valley, sharing the same symmetry and minimizing the
number of wavevector transfers, coincides with it exactly.
This identification of the two models shows the power
of designing Chern bands in reciprocal space. In moiré
materials the overall ratio of kinetic to potential energy is
controllable by the twist angle, though the ratio of the po-
tential parameters is determined chemically, and may also
depend on the twist angle through lattice relaxation. As
each potential parameter is individually tunable in cold
atomic gases, the dual Haldane model is far more flexible
in this setting, and furthermore comparatively easy to
characterize. In particular, in the general model (10) we
have added the freedom to tune the scalar potential Vj
separately from the other couplings.

Similarly, we adapt the potential of the triangular model
(5) to include a scalar potential Vj, beyond the case
Vo = 0 considered in [14]. We call this the dual triangular
model — strictly it is a nearest-neighbor triangular lattice
in reciprocal space at w/2 flux (see Fig. 3). We write it
in the form

3
VA(r) =) Vi6ae'% ™ + Vple® " +he.. (1)

a=1

Finally, a square version of this model, the dual square
model, can be constructed similarly using next-nearest-
neighbor momentum transfers. Let q; 2 34 be m/2-rotated
momenta of equal magnitude, G; = @2 — 1 along with
cyclic permutations, and c}f; = 04 mod 2- The potential
we consider adds a scalar lattice to the model in [14, 43]
and takes the form:

4
V() =) Vib e 4 Vogge ST + 11X Ge (12)
a=1

where V. + are tunable potential strengths. Strictly
this dual square lattice is a next-nearest-neighbor square
lattice in reciprocal space at 7/2 flux per triangular pla-
quette.



C. Translational Symmetries

We shall make much use of symmetries in later sections
of the paper. It is therefore important to pause to con-
sider in detail the symmetries of the three lattices just
presented.

Arising from standing beams of light in a periodic
interference pattern, the potential is genuinely periodic.
Nevertheless, a finer translational symmetry can often
be found by letting the translation operators act on the
spinor degrees of freedom.

For the dual triangular (square) model, the minimal
unit cell under which V2 (V5) is periodic has recipro-
cal lattice A% = 2q1Z © 2q2Z (Ao = 2A1Z © 2Q27Z).
Let R 2 be the dual basis of Ay, then the translation
operators Tl = eRl'v&27T2 = eR2'V5, are symmetries
T.,H = HT,. However, they only furnish a projective
representation of the translation group, as they do not
mutually commute 77T, = —T57T7. This is because the
real space unit cell of Apq only encloses 7 flux. By dou-
bling the unit cell, a commuting translation algebra is
generated by T2 ,T2[14} To compute a band structure
we therefore use the lattice A = 2R1Z @ RyZ. Neverthe-
less, the finer true symmetry makes its existence felt by
restricting the possible non-vanishing Fourier component
of observables. Noting the real space flux and 6-fold Cg
(4-fold C4) rotational symmetry of A*, we refer to this
situation as Cg m-flux (Cy 7- ﬂux) symmetry.

For the dual Haldane model, VO , the finest translation
symmetry is commuting and has C’6 symmetric reciprocal
lattice A* = A5 = G1Z & GaZ. We call this Cg 27-flux
symmetry, and the analogous situation for a square lattice
would be Cy 27-flux symmetry.

III. IDEALITY

Having discussed several examples of OFLs, let us re-
turn to the adiabatic Hamiltonian (4). A flat Chern band
is evidently furnished from the Landau levels when the
magnetic field and potential T?VI + ﬁaVéxn'B are both uni-
form. Perhaps surprisingly, as was recognized in [33], and
later in the context of adiabatic moiré bands[32, 34], a
flat lowest band can survive a non-uniform magnetic field
Biexture(r) with the same average, when the potential
takes the value % + ﬁaVﬁanﬁ = M The Hamilto-
nian then reduces to the Aharonov—Casher (AC) form:

HAC _ [*ivr - -Atexture(rﬂ2 - Btexture(r)
2M 2M '

(13)

To see how this occurs, let us introduce the following
notation to draw similarities with the Landau levels. (A
more complete review is given in Appendix C.) Denote
the unit cell area of A containing 27 flux by 27¢%, and the
associated cyclotron frequency w. = (M{¢%)~'. We use
the complexified coordinate z = x + iy, while the complex-
ified kinetic momentum for the corresponding uniform

field (in symmetric gauge) is 7 = —i(9, — i0,) + iz/20%.
We will also need the momenta of opposite chirality,
which can be considered the ‘guiding-center’ momenta,
7 = m—iz/l%. A non-uniform field with average {5 2
can be described by the complexified vector potentlal
A = iny(9y + i0y)n® = iz/20% + 5A. Thus the AC

Hamiltonian can be rewritten as

B 2M '

(14)

This Hamiltonian naturally has zero modes equal in quan-
tity to the number of solutions to

[7T — 6 A]b(r) = 0. (15)

When § A = 0, this is nothing but the usual lowest Landau
level (LLL) condition, with solutions for each crystal
momentum k in the Brillouin zone of A* given by

(rlk) =

where o is the modified Weierstrass o-function[44], k =
ky+1k,, and A is a normalization constant. Furthermore,
whenever 0.4 corresponds to a magnetic field modulation
O0Biexture = Brexture — EgZ with vanishing average, the
generic solution to (15) takes the form of density modu-
lated lowest Landau levels

No(z —il3k)e s 221205 k|2 )/atikz/2, (16)

b(r) = e (r|k); 7o =6A. (17)
In the Coulomb gauge V; - Ajexture = 0 the density mod-
ulation e? is the Kéhler potential for the magnetic field
modulation

_v2¢ = 6Btexture(r) . (18)

The manifold of zero modes forms a flat band with Chern
number C = —1. Beyond being a flat Chern band, the LLL
is remarkable for the ability to attach vortices within it,
so that b(r) — zb(r) does not cause any excitation. Chern
bands for which vortex attachment is possible are known
as ideal or vortexable[18, 19]; in the remainder of this
paper we use the term “ideal” (and “ideality”) throughout.
Wavefunctions belonging to many fractional quantum Hall
phases in the LLL have exact parent Hamiltonian given by
various zero-range repulsive interactions, with respect to
which they have zero energy. For such parent interactions,
ideal bands that are flat also give rise to zero energy
ground states in the same phase as the LLL. For scalar
particles with ¢ = —1 (and 27 flux per unit cell), the
AC wavefunctions (17) exhaust the possibilities for ideal
wavefunctions[20].

Instead of approaching the design of OFLs with a view
towards mimicking a uniform field, a natural path to
flat ideal bands is AC Hamiltonian mimicry. For the
general case on which we first focus, we will not be able
to find an exact AC Hamiltonian. Nevertheless, we shall
show that perturbations to an AC Hamiltonian are well
behaved, even when they are comparable in size to the



typical gap ~ w.. Including an amplitude modulated
spinor x®(r) = n®(r)e?™, a ¢ = —1 ideal band in an
OFL has wavefunction

Y (r) = x"(r) (r[k) . (19)

A useful practical criterion for ideality is saturating the
trace inequality, which we now describe. To any wave-
function with crystal momentum k there is a periodic
Bloch wavefunction of the form (rajux) = e kT2 (r).
From this we may compute the Berry curvature Q(k) =
i (Viu| A |[Viuy) and Fubini-Study metric ¢g?°(k) =
(Viu|(1 — Juk) (ux|)|VEuy). For any band Trg(k) >
|2(k)| with equality for all k only if the band is ideal[18].
Noting that [d?’k€(k) = 27C, a natural measure of
deviation from ideality is the trace violation

T = ur/d%{Trg(k)} —c|>o, (20)

which takes the value 2n for the nth Landau level[31],
see Appendix C 2 for a derivation. For comparison with
a different measure of ideality deviation used in [45] see
Appendix C3.

A. Form factor filtering

With the preparation of the previous sections, let us
wrest nearly flat and ideal bands from the flexibility af-
forded by the optical lattice potential. The key principle
that will permit the near-flat ideal Chern bands in general
cases is that the size of the cyclotron orbits significantly
suppresses small-scale variations, as measured by the mag-
netic form factor

Igea- (k) = (k[e'S™[k) (21)
_ <k‘ez2BG(w—fr)/2+ezBé(ﬁT—nT)/z|k> (22)

— esz [iG/\k7G2/4] +1 G/2 6 .A* (23)
—1 otherwise

This suppression acts as a strong low-momentum filter
on many quantities of interest. The strength of this filter
is controlled by the symmetry allowed reciprocal lattice
vectors, which can naturally be ordered into shells of
increasing momentum magnitude. For the models which
we seek to study, we note the relevant magnitudes in
Table I.

B. Ideal perturbation theory

To go beyond the Aharonov-Casher limit of ideal wave-
functions as zero modes of (13), a non-unitary basis
change is illuminating. Instead of working with the typi-
cal Bloch basis, we factorize a LLL piece, so that a generic
wavefunction g (r) is specified by the spinor xg(r) as

Shell A% A% A

Ce 2m-flux |Ig| 1.6 x 1071 4.3 x 1073 7.1 x 10~*
Ce m-flux |Ig| 2.7x 1072 1.9x 107° 5.0 x 1077
Cy 2n-flux |Ig] 21 x 1071 4.3 x 1072 1.9 x 1073
Cy mflux |Ig] 43 x 1072 1.9x 1073 3.5 x 107°

TABLE 1. Illustration of momentum shells for (a) Cs-
symmetric and (b) Cy-symmetric lattices. Form factors (23)
for the inner three shells are tabulated for models with 27 and
m-flux symmetries.

P (r) = xp(r) (r|k). In this basis, the space of ideal wave-
functions are those where yi is momentum independent.
Consider a situation where the ideal wavefunction (19)
describes the lowest band. It is generically dispersive, as
can be computed by the Rayleigh quotient

e < L 1P |2l FTXT + Xa Vx|
e Jar T2 rex
| Yela®) [FhlAe P + V|
ZG I (k)[XaXQ]G

where the notation [-]g is shorthand for the G Fourier
component of the bracketed quantity. The Gaussian decay
of |Ig| ensures that the band can be made exponentially
flat in the number of tuning parameters of xy*. To see
this, imagine tuning the Fourier components of the nu-
merator and denominator for the N innermost shells
G € Ag,1,2,...~ to have a common ratio

(24)

(25)

By = [ AP+ x5’ | /axle.  (26)

G
Then the first term that causes dispersion is suppressed
by |Igeay,,| compared to the typical energy scale. As
long as the potential is at most comparable to w., we
expect a bandwidth comparable to wc\IGeA]*\,H |, which
decays extremely quickly with IV as seen in Table I. Let us
refer to this situation as an N-flat band, and the manifold
of model parameters on which this is achieved, the N-
flat manifold. In a similar discussion, focused on the
adiabatic limit for the dual Haldane model, finding a 1-
flat manifold was taken as the ‘magic angle’ condition for
twisted transition metal dichalcogenides[34]. The power
of optical lattices in cold gases is that one can shape the
potential with tuning parameters, so as to reach the 1- or
2-flat regimes, or potentially beyond. Reaching a higher



N-flat condition requires tuning additional, independent
Fourier harmonics of the scalar potential. This does not
require additional laser beams: as illustrated for the dual
Haldane model in App. B, the extra harmonics can instead
be added as extra frequency tones on the beams already
present, for example using an acousto-optic or electro-
optic modulator. Since these tones need only contribute to
the scalar potential, they can also be far-detuned, and so
do not add appreciably to the photon scattering budget.

This dispersion estimate is only reliable when the band
is similarly close to ideality, otherwise the dispersion would
be dominated by the k dependence of the true x*. To
understand this dependence, consider the reformulation
of the genuine eigenvalue equation in terms of the spinor
Xk Which depends on the band index n and the crystal
momentum k:

EricXone = HEX0y + Goxe (27)
77 L e i, i a
= (2]\456 + Vs ) ng - MC(Z - IZQBk)WTXnk

where we have defined the k-independent operator
it
~ T

which contains the full potential and the kinetic energy
of the guiding-center momenta, and the k-dependent

operator (x = fﬁé(z — 0% k)", which contains all

the k dependence of the eigenvalue problem. Here

((2) = C(2) = 2/20% = ~iY g0 Srg is the periodic
B

completion of the Weierstrass ¢ function[44]. We warn
that é has poles at the lattice points, arising from the
zeros of |(r|k)|?. This eigenvalue equation may be read-
ily implemented numerically using the matrix elements
computed in Appendix C 1.

In an ideal band, the same spinor x“ is a solution to
equation (27) for all k, hence also the k average thereof

Ex®=Hgx". (29)

We take the solution of this equation to be our ansatz for
the optimal ideal wavefunction away from the AC limit.
This is especially reasonable since x“ also minimizes the
k averaged energy of the lowest band (25), albeit the
average with weighting factor w(k) = [dr [(r|k)[*xax®.
The uniformity of this weighting factor is directly con-
trolled by the Berry curvature distribution Q(k) =
—0% + V3 log w(k)[18], being the Kéhler potential for its
modulation. The benefit of the aforementioned perspec-
tive, is that the perturbation theory about ideality is well
controlled. Let U be the characteristic size of the energetic
perturbation from ideality (K|YmuiCixnk|K); elementary
perturbation theory then determines the resulting admix-
ture of excited bands into the ideal wavefunction, order
by order in U/we.

Expanding the ideal wavefunction in the actual eigen-
basis x* = > 07 cn(k)x% Wwe may estimate the over-
lap with the lowest band co(k) by neglecting the mix-
ing between excited states. This amounts to letting

_ (k|Xnk Hxox k)
Cn(k) B Co(k) E**<k|;nk1;l>znk\k>

sentially the difference in energy between the Oth and
nth band, which generically grows linearly in n. The
numerator by contrast is strongly suppressed by the form
factor since

. The denominator is es-

(K[ Xnc H X0k ) = — (K[ XnicGie X0k |K) (30)
=37 2 Cle(®)lvmd xade  (31)
GeA

Recall that the quantity [Y,k7 Yokx]g vanishes in the
AC limit. If U is the characteristic energy scale associ-
ated with the deviation therefrom, equation (29) implies
that x is modified at order U/w,.. Neglecting numerical
constants except for the Gaussian we generically expect
lco(K)[2/w(k) ~ 1 — e 5G1/2U2 /w2 where Gy € A}. By
contrast the overlap between the AC and optimal y is
~ 1 —U?/w?. This suggests that the shape of the ideal
wavefunction is easily perturbed, but near-ideality (over-
lap with an ideal wavefunction comparable to 1—|Igea:|?)
is considerably more robust. Taking this effect into ac-
count, the true lowest band dispersion Egy is

Fox = B + Z (Ex — En)| <_k|Xr~LkaX0k\k> |? (32)

n>0 (E* - <k|XnkHXnk|k>)2
The difference from the ideal estimate is suppressed to
have order of magnitude U?|Igea:|?/we. Even when
U ~ w, this is comparable to the 1-flat dispersion, while
the quadratic U dependence hints that sufficiently close
to an AC limit, the 2-flat, and beyond, manifold may be
achievable.

Consider an optical lattice model with tunable potential
parameters Vp, V1, ... controlling the lattice potential at
various shells. If there is some parameter point Vi, V', . ..
for which the model forms a nearly ideal OFL, our analysis
indicates the following features

1. The model is nearly ideal in a parameter region of
extent comparable to w, surrounding Vi, Vi*, . ...

2. If a model possesses the same rotational symmetry
as the lattice A*, a codimension-N submanifold is
N-flat, though for N > 1 this may only be resolvable
sufficiently close to an AC limit.

3. Since it is possible to reach N-flatness by approach-
ing the AC limit for any spinor texture, we expect
that N-flatness can be achieved by adding only
additional scalar lattice parameters to an OFL.

IV. EXAMPLE IDEAL OPTICAL FLUX
LATTICES

Our analysis provides a lens through which to search the
parameter space of the models we constructed in Sec. 11 B.
Consider first the dual triangular model (11) and dual
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FIG. 4. Bandwidth (a,c,e) and trace violation (b,d,f). In all three cases clear codimension-1 manifolds of extremely narrow
bands are visible. The minimal bandwidths of the dual triangular and Haldane models are indicated by *, and match the
expectation for the 1-flat manifold given their Cs m-flux respectively 27-flux symmetries. In contrast, the trace violation achieves
its minimum close to the 1-flat manifold in all cases, but grows slowly in the surrounding region (it remains far below the value

T = 2 characteristic of the 1st Landau level).

Haldane model (10). In Fig. 4 we take two-dimensional
parameter cuts, in the latter case fixing V; = Tw,., and
calculate their bandwidths and the trace violations (20).
In sharp agreement with our considerations, we see a
parameter region of size ~ w. where the trace violation
is comparable to 1072 or less in both models. Intersec-
tions of the centers of these parameter regions are clear
codimension-1 flat manifolds, with minimal bandwidths
of 3.4 x 10~ 5w, in the dual triangular case or 3.5 x 10 3w,
in the dual Haldane case. This matches the expectation
for 1-flat bands from Table I. While it may be tempting
to believe that these ultra-narrow bands arise because
the models are similarly close to having an AC form,
that belief is not true. Consider for example the param-
eter point (V,, Vi, Vy) = (3.06,7.06,2.09)w,. of the dual
Haldane model which lies along the 1-flat manifold. We
plot various characteristics of this parameter point in
Fig. 5. The band is essentially ideal, as can be mea-
sured by the trace violation of 0.009, and the overlap
between the true and ideal wavefunction predicted by H
is | (k|xxok|k) | = 0.995 £ 0.002 across the Brillouin zone,
with the quoted variation being the standard deviation.
Surprisingly we note that directly optimizing the average
square overlap between the true lowest band and the ideal
wavefunction via gradient descent, similar to [46], yields
an average overlap only 10~* better than the ground state
of H. The bandwidth is 6 x 1073w,., and the band gap is
0.7w, in agreement with the 1-flat condition for models
with Cg 27-flux symmetry. In contrast to the uniform
Landau level, there is no expectation that the Berry cur-
vature is uniform, or that the excited bands are flat. The
former fluctuates —¢%(1 +0.2), and the bandwidth of the
first excited band is 0.7w.. To understand the proximity
to the AC limit, we compute the potential difference be-
tween the AC and adiabatic Hamiltonian for the ground

10° 6By /w, 1— (KX " x|
—4 -2 0 2 1077 1072

FIG. 5. Characteristics of the dual Haldane model at parame-
ters (V2, V4, Vo) = (3.06,7.06,2.09)w.. The Berry curvature
(a) fluctuates (k) = —¢%(1 +0.2). By contrast the disper-
sion (b), which is measured against the average of the lowest
band F = —11.25w., is nearly flat. Further, the overlap (d)
between the true wavefunction, as computed by (27), and
the optimal ideal wavefunction solving (29) is nearly unity
across the entire Brillouin zone. The residual potential devia-
tion from the adiabatic AC limit (c) fluctuates in the range
U(r) € [-12.5, —7.5]we.

state texture at this parameter point

_ Btexture(r) + D(I‘)

U(r) = I +n,Vgn” . (33)

The root mean square variation of U(r) is 1.2w, across
the unit cell, with a range of 5w.. Naively, it is immensely
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FIG. 6. Bandwidth of dual square model with potential (12)
along parameter cuts with (a) Vo = 0 and (b) V. = 3.77w..
A clear 1-flat manifold of codimension-1 can be seen with
bandwidth comparable to 10~ 2w,, while the circled point
indicates the presence of the 2-flat manifold with bandwidth
3% 10w,

surprising, and highlights the power of our analysis, that
an AC deviation comparable to the single particle gap
destroys neither ideality nor the flat band.

In principle the bandwidth of the dual Haldane model
could be reduced even more, by tuning to the 2-flat con-
dition. This would be achieved by adding a further scalar
potential to the model (10), with wavevectors that lie on
the second reciprocal space shell Aj. Instead, we illustrate
the 2-flat condition for the dual square lattice.

A. 2-Flat bands in the dual square model

Using the three tuning parameters Vj y . of the dual
square model (12) we find it possible to reach not just
1-flatness, but also the 2-flat manifold of parameters.
Because it is the simplest parameter regime, consider
first Vp = 0. In Fig. 6 we see the clear presence of
a 1-flat manifold, with minimal bandwidth 7 x 10 3w,.
This is in fair agreement with the second form factor
[Igeay| = 2 x 1073, Tt is worth emphasizing that the
1-flat condition is less restrictive in square lattices than
it is in triangular lattices, as the second shell is closer
to the first shell in the former case, see the illustration
in Table I. To achieve a bandwidth comparable with the
1-flat triangular model, we instead need to reach the
2-flat manifold. To do this we turn on the additional
scalar lattice V. Remarkably, we find that for a range of
parameter cuts a 2-flat manifold is apparent. For example
taking V, = 3.77w., which is illustrated in Fig. 6, a
codimension-2 manifold (in this case a point) of bands
with width 3 x 1075w, appears. This is slightly larger
than predicted by the 2-flat condition, which we suspect
is due to the non-ideal perturbations.

B. Dark OFL

From the dual Haldane example it is clear that 1-flat
bands can be achieved by adding a suitably tuned scalar
lattice even when the adiabatic Hamiltonian is far from
the AC limit. In that example the band is also nearly
ideal, because, as shown in Sec. III, the deviation from
the AC limit—although comparable to w.—only weakly
perturbs ideality. We stress, however, that this is a con-
sequence of proximity to an AC Hamiltonian rather than
of flatness itself: in general, flatness and ideality are inde-
pendent properties of a band, and a flat band need not
be ideal. Moreover, in that example neither flatness nor
ideality is exact. We will now introduce an OFL that is
an ezxact AC Hamiltonian in the adiabatic limit — a qual-
itatively stronger result. While the AC Hamiltonian has
been developed as a theoretical ideal [32, 34], realizations
in condensed matter systems achieve this structure only
approximately. The dark-state OFL constructed below
achieves it exactly, yielding perfectly flat and exactly ideal
Chern bands as an analytical statement. This provides a
physical platform in which their idealized limit is realized
precisely, and against which the quality of AC approxi-
mations in moiré systems can be calibrated. Nevertheless
adding a tunable scalar lattice still permits a huge further
decrease in the bandwidth beyond the adiabatic limit.
As was shown in [45], OFLs can be constructed also for
so-called “dark” lattices, for which the optically dressed
state is exactly decoupled from the optical fields, and lies
at the lowest energy with all other “bright” levels being
energetically repulsed. (See Refs. [35, 36] for reviews of
previous research into dark-state systems with synthetic
gauge fields, and Ref. [47] for other dark state topolog-
ical lattices.) Dark optical lattices can be understood
straightforwardly from their dual tight-binding models.
Including both N ground states a and N excited states &,
a dark lattice arises when there are no potential couplings
connecting ground states Vg*(r) = 0, and the number
of coupled ground states exceeds the number of excited
states N > N. Then the off-diagonal part of the potential
VB&(I‘) must have a kernel of dimension N — N > 0, which
describes textures with exactly zero potential energy, the
“dark” states. When the dark-state texture has net flux
per unit cell, these are dark OFLs. It is well known
[48] that flat bands of tight-binding models cannot be
energetically isolated and possess nonzero Chern number:
coming from a tight-binding model in reciprocal space,
the real-space texture in dark OFLs must be degenerate
with a different bright texture at least at one point in
the unit cell. This makes the adiabatic limit more sub-
tle as the gap must be due to the zero-point motion of
the atom. As noted in [45] for different dark OFLs, the
bright-state gap generically vanishes quadratically around
the gapless point. If V; is the characteristic size of the
potential, the bright state zero-point energy is o< /M V;.
As Vi — oo the model will project perfectly onto the
adiabatic subspace of dark states, and be governed by
the adiabatic Hamiltonian (4) with geometric potential
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FIG. 7. Detuning the excited state by A, in a three-state dark
OFL results in a two-state OFL. Two original couplings v1, v2
with momenta transfers q; and q2 result in a new coupling
with amplitude v172/A. and momentum transfer q: — qo.

contribution D(r)/2M. For most dark OFLs this poten-
tial is significant as D(r) > | Btexture(r)|, hence D(r)/2M
is generically a fluctuating potential comparable to the
natural cyclotron energy of the problem. This means that
even as Vi — oo a generic dark OFL will not lead to a
flat Chern band, even in the absence of diabatic correc-
tions, which decay with the reciprocal zero-point energy
o 1/4/Vi. An exactly flat band in this limit requires the
special, non-generic condition that D(r) 4+ Biexture(T) is
constant, such that the adiabatic Hamiltonian is of exact
AC form. Below we present a dark OFL for which this
exceptional condition is met. As our earlier considerations
show, while precluding exact flat bands, perturbations of
this magnitude to the AC limit largely preserve ideality.
This matches the observations that dark state OFLs are
very close to ideality, which was noted in [47] and [45].
We consider a novel dark OFL dual to the tight-binding
model in [49]. This model corresponds to a dark lattice
with uniform flux in reciprocal space. Let A.,V be poten-
tial parameters, and |e) an excited state above the two
ground states | = +). In particular we define the optical

potential
A~ ~ 3 B 2i
V(r)=—-A.le) (e|+V Z e 109 T o) (e| 4 h.c.
a=1,a==%
(34)

The (unnormalized) bright state |s), with coefficients
(als) = s%(r) = Y, ei@9eT=2ma/3 jg orthogonal to the
(unnormalized) dark state |d) with (a|d) = d*(r) =
a Y, eTi@daTH2ma/3 which is an exact zero mode of (34).
When |A.| > |V| the excited state is far detuned and can
be eliminated using perturbation theory, to yield the effec-
tive potential Vg(r) = V1s%(r)5s(r), where Vi = V?/A,,
as illustrated in Fig. 7. The precise model we consider
adds to this dark OFL a scalar lattice of strength Vj, to
give a total potential

(VA)E‘(I') = V1585 +05Vo Z [eiG"”r + e_iG“'r] , (35)

where Gy = q2 — 1 etc. as before. The scalar lattice
does not alter the dark-state texture d*(r), but it does
contribute a nonzero, spatially varying potential to the
adiabatic Hamiltonian. We therefore first consider Vy =

10

0. For Vj = 0, due to the vanishing potential of the
ground state texture, the difference between the adiabatic
Hamiltonian (4) and the AC Hamiltonian (13) is U(r) =
ﬁ[D(r) + Biexture(r)]. Remarkably, this is a constant, so
this model possesses an exact flat band in the adiabatic
limit. To see this choose a coordinate system so that g, +
i¢ay = |qle?™%/3, from which it follows that (0, +id,)d® =
—ilg| Y], eTivdarHATIa/S = _j|q|s¥ and since (—|s)
(d|+), (+|s) = — (d|—) their normalizations agree |d|? =
|s|%. We will also need the orthogonal projector QF =

05 — |d‘2 , which clearly satisfies Qﬁd = CZan =0 and
Q“sﬁ. As such

1 da
1

dP

U Jas|@ 05| oo

= W [(ax — iay)da] Qg [(aw _ lay)dﬁ] (37)
s

~2MdP? (38)
~ i (39)

Hence in the adiabatic limit V; — oo with Vg = 0 there
must be an exactly flat band with energy q?/2M. A
nonzero Vy adds the potential V", 2cos(G, -r) to U(r),
and so breaks the exact AC form; as we show below, a
small Vj is nevertheless useful at finite V7 to compensate
for diabatic corrections. We emphasize that this is an
exact analytical result: the dark-state texture of this OFL
satisfies D(r) 4+ Biexture(r) = const, which is precisely
the condition for the adiabatic Hamiltonian to reduce to
AC form. In Fig. 4 we show the model’s phase diagram.
Even at Vy = 0, V) = 180w, the bandwidth is 5 x 10~ 2w,
which is far larger than that of the dual Haldane model.
By contrast, adding a tiny scalar potential of magnitude

Vo ~ 0.5w? /v/Vi we find a 1-flat manifold whose band-
width at (V1,Vp) = (181,0.038)w, is 1 x 103w, while
the trace violation achieves a minimum value of 2 x 1076
at (V1,Vp) = (50,0.048)w,.. The strength of the requisite
scalar potential follows from the fact that it must cancel
diabatic corrections, while the quoted coefficient is found
by an empirical least squares fit to the 1-flat manifold.
This model reveals that reaching the flat bands is more
subtle than simply canceling the potential deviation U(r)
from the AC limit — the diabatic corrections shift the lo-
cation of the 1-flat manifold, even as they do not destroy
it. Notably though, a tunable scalar lattice is sufficient
to reach the 1-flat manifold, even though there cannot
be any direct cancellation between it and the diabatic
perturbation to the Hamiltonian. Furthermore, since the
deviation from the AC limit is much smaller in magni-
tude than the other examples, the band is much closer to
ideality.

Beyond the cold-atom setting, the exact AC equivalence
found here suggests a concrete design goal for multilayer
TMD heterostructures. Rather than only approximating
the AC form, as in twisted bilayers, one can ask which tun-



neling structure would precisely realize it. An intriguing
observation to this effect is that the dark OFL potential
of Eq. (34) naturally occurs in the interlayer potential
of the favored moiré scale domains of helically twisted
(homo or hetero)trilayer transition metal dichalcogenide
heterostructures. In particular, we identify the state |e)
with the central layer and the states |a = 4) with the
top and bottom layer, which as explored in [50] for other
reasons form moiré-scale domains wherein the outer lay-
ers are displaced in-plane in opposite directions from the
central layers by Az = +a,,/V/3, where a,, is the moiré
lattice constant. The required tunneling structure and
phases that give rise to an interlayer potential of the form
in Eq. (34) emerge without fine tuning in this setting,
and the ratio of kinetic to potential energy can, as usual,
be tuned by varying the twist angle. In contrast to the
dark OFL potential there may be further important inter-
layer potential contributions, whose relative magnitude
would depend on the exact material platform. We leave
a detailed analysis for further work, beyond noting that
the layer offset A, in Eq. (34) would be especially natu-
ral in the heterotrilayer context, and that this proposed
platform provides a genuinely ideal Chern band based in
the adiabatic limit of small twist angle.

V. STRONGLY CORRELATED PHASES

Our considerations have yielded a zoo of nearly flat
bands, with which one can hope to reach the strongly
correlated regime. We focus on bosonic atoms, for which
cold atom platforms offer the greatest differences from
solid state systems[51]. Also, in the adiabatic limit the
flat bands are perfectly spin polarized at each point in
real space, along the local spinor n®(r). For fermionic iso-
topes, contact (s-wave) interactions then vanish by Pauli
exclusion. Away from this limit, the non-adiabatic motion
of the atoms admixes the other internal state, leading
to residual, but much weaker, interparticle interactions
between fermions[41]. Ignoring the species dependence
of the scattering length ag, the effective two-dimensional
interaction takes the form

V(s = 15) = 225 (r — 1) (40)

where a vertical confinement with oscillator length a,
yields § = v/8mas/a.. We consider N bosons occupying
a band of Ng states, having filling factor v = Ng/Ng.
The natural energy scale for the interaction in the LLL is
the zeroth Haldane pseudopotential strength vy = gw. /4,
the size of which sets the typical many body gap for quan-
tum Hall phases. At the coarsest level, the competition
between a Bose superfluid and a strongly correlated phase
will fall to the latter’s favor when vy exceeds the band-
width. For a 1-flat band, given the proximity to ideality,
an optimistic estimate is therefore that strong correlations
can be reached when g is larger than the characteristic
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FIG. 8. Many-body characteristics of the dual Haldane model
at parameters (V, V4, Vo) = (3.06,7.06,2.09)w. at fillings
v = 1/2,1. The charge gap Acharge (a) computed with
(NB, Ny) = (8,16), (12,12). The exact diagonalization spectra
at filling v = 1/2 (b) and v = 1 (c) absent dispersion computed
with (Ng, Ny) = (8,16), (16, 16) respectively. The nearly de-
generate states are circled and their multiplicity noted. The
many body crystal momentum K is measured from the origin
of the Brillouin zone.

value
0.05 Cs 2m-flux
- 0.0002 Cg w-flux
char ~ 4|1 «|= 41
Geh i GeA2| 0.5 Cy 2m-flux (41)
0.02 Cy m-flux

Experimentally, interactions as strong as g ~ 0.6 have
been realized[52], making all options bar the Cy 27-flux
models appealing experimental candidates. To reach g ~
0.26 in 8"Rb[53], where the scattering length is a =~
100apony, the vertical trap frequency needs to be w =
§*/8mMa? = 27 x 10kHz.

For any Npg-particle wavefunction in the LLL
PP (ry .. ry,) there is a natural ideal analogue

Np
T/Jideal(rlal . ) . ¢LLL(I.1 - ) H Y (rz) . (42)
i=1

Ignoring the spinor direction, for model states arising as
correlation functions of conformal field theories[5, 54], or
from the Coulomb gas analogy[55], this can be thought of
as a modification to the neutralizing background ‘charge’
in those descriptions to be proportional to the effective
magnetic field 5;32 —V2¢. Spinor-independent expectation



values (-)'4°! from tpi9eal are simply Gibbs reweightings
of those ()" from ¢ LL[56]

<e2 Zl ¢(ri)f(r1 .. rNB)>LLL

(f(ry--- 1”N13)>idea1 = (2% ¢(r;)>LLL - (43)

If f is such an observable which is positive definite
and for which (f)"" = 0 it follows immediately that
(f)idea"1 = 0 for any non-singular ¢. At filling v = 1/2,
the Laughlin wavefunction [55] of bosons yftl — =

Laugh.
[Tic;(zi — zj)%e™ 2 |2i1°/45 has vanishing interaction
energy. Hence, irrespective of ¢, the interaction en-
ergy will vanish in an ideal band, ensuring that the
ideal analogue is a ground state. At filling v = 1, the
ground state of the bosonic LLL is known to be the

Moore-Read Pfaffian[4], possessing model wavefunction

N (4 (2 /402
II\J/ILII:{A - (z,:zj)Hz(j(zi — Zj)e > =il /445.

trast to the Laughlin state, the interaction energy is
non-vanishing due to the finite probability of coincident
particles. Using a ‘mean-field” approximation to describe
the change in the correlation functions due to ¢ # 0[57],
the ground state energy takes the form

By con-

pideal 2y, [ dret? ELLL _ (') e ELLL (44)
gs 2 “es 2 Hgs
[[ dre??] (e29)..

At intermediate fillings 1/2 < v < 6, the quantum
Hall states in the bosonic LLL compete with other
states, notably charge-density-ordered stripe phases[1].
Depending on whether their period is commensu-
rate/incommensurate with Ay, these competing charge-
density-ordered states could be favored/disfavored by the
lattice-scale modulations. Thus we expect the stability of
the Moore-Read state to be sensitive to ¢, and must be
checked on a case-by-case basis.

To understand how these considerations manifest empir-
ically, we consider the dual Haldane model at the generic
1-flat parameter point (V,, V4, V) = (3.06,7.06,2.09)w,.
as in IV. We perform exact diagonalization on the low-
est band of the model on Cg symmetric super-cells
containing Ny = 12,16 unit cells. Consider first the
strong interaction limit, where the bandwidth is artifi-
cially set to 0. Consistent with the proximity to ide-
ality we find 2-fold degenerate ground states at filling
v =1/2 (Np = 6,8) with near-vanishing energy per par-
ticle E/Np = (4.8 £0.2) x 107 3gw,, see Fig. 8. The
uncertainty quoted is the energy difference between the
two lattice sizes. At filling v = 1 (N = 12, 16) we instead
find three nearly degenerate ground states. This is consis-
tent with the Moore-Read state. The correlation length is
sufficiently large that the ground state degeneracy is not
clearly developed in non Cg symmetric super-cell geome-
tries. This is likely exacerbated by the aforementioned
competing crystalline stripe phase at intermediate fillings.
The v = 1 Moore-Read state in the Landau level has
ground state energy ELLL ~48x 10_2§w0NB[ |, whereas

it takes the value E‘deﬂll 5.3 x 1072gw.Ng = 1.1E’ésLL
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in the ideal band. From single-particle numerics we find

(e2?) ./ <e2‘75>121C = 1.1, so the ground state energy of the
Moore-Read state perfectly matches our ideal estimate
(44).

The many-body gaps are comparable to those in the
LLL. The neutral gap Apeutral 18 computed as the differ-
ence in energy between the first excited state and the
lowest of the degenerate ground states, while the charge
gap Acharge i obtained from the ground state energies
with Ng, Ng *+ 1 particles as:

E.s(Np+1) Eyu(Np—1) 2E.(Np)

AChaurge
= - 45
Np Np+1 + Np —1 Np ( )

At half filling AYZY2 ~ (4.9 £ 0.1) x 10~2jw, and

neutral —

Yrnl? = (7.540.6) x 102w, which are indistinguishable
from those in the LLL with the same particle number. For
a typical experimental value of the cyclotron frequency

. = 2m x 1kHz and g = 0.6, the resulting charge gap
is therefore 2w x (45 + 4) Hz. In Fig. 8 we furthermore
see that the neutral excitations have lowest energy near
¢p|K| ~ 1, which is consistent with the typical location of
the magneto-roton minimum(58], indicating that dynam-
ics in this phase are very similar to that in the LLL. At
unit filling we find AYZL = (1.34+0.1) x 107?jw, which
is smaller than the neutral LLL gap of 1.8 x 10~ 2jw,
we compute for Ny = 12. We compute the charge gap
Ayl =25x1072gw, at Ng = 12, which is also smaller

charge —
than in the LLL where it takes the value 4.5 x 10~2gw...
While smaller than the LLL gaps, they remain large in
absolute terms. Furthermore Apcutral inCreases between
Np =12 — 16, giving us confidence that the Moore-Read
state survives to the thermodynamic limit. To estimate
the necessary ¢ to reach the phase transition from the
Bose superfluid at § = 0, we compute the charge gap as a
function of g, as shown in Fig. 8. In the Bose superfluid
the charge gap vanishes, while it increases linearly as a
function of g in the strongly correlated phase. Finite
size effects smear the transition, though for the Laugh-
lin state at v = 1/2 (computed using Np = 8) there
is a very clear transition around graugh. =~ 0.15, where
the slope dAcharge/dg reaches half the asymptotic value,
which we will use as our criterion to characterize the
transition point in other cases. At v =1 (N = 12) the
slope dAé’halrge/dg reaches half its asymptotic value at
gur =~ 0.2, but we caution that the transition point of
the Moore- Read state is ill-resolved due to the larger cor-
relation length at accessible system sizes. In Appendix A
we show further exact diagonalization results support-
ing the existence of the Laughlin and more broadly Jain
states at v = 1/2,2/3,3/4 in the dual Haldane, trian-
gular, and square models, their charge gap across the
superfluid to Laughlin state transition, and further com-
parisons with the LLL ED spectra. For the dual trian-
gular (square) models at a 1- ﬂat parameter point with

bandwidth WA 1 = 3 x 1075w, (W41 = 1072w,) we
find a transition with gk " = 3 x 1074 (95 flat — 0.2),
in good agreement with (41). Since all of these models



are essentially ideal, it is reasonable that the transition
point is simply proportional to the bandwidth, which
is supported by the fact that the aforementioned 2-flat
parameter point in the dual square model has bandwidth
Wéfﬂat = 3 x 102w, and transitions to a Laughlin state

at gé*ﬂat =5 x 107%. Comparing the 1- and 2-flat dual
square models, which differ in bandwidth by three orders
of magnitude but are otherwise the same model, isolates
the role of the bandwidth itself in controlling the onset
of the strongly correlated phase. While the ground state
degeneracy is less clearly developed in V2 at v = 1, we
do find appealing evidence of the Moore-Read state’s exis-
tence. With Np = 12 bosons, there are 3 putative ground
states separated from any excited states by a neutral gap
2 x 1072gw,, and furthermore, the low-energy spectrum
near-perfectly matches the lowest 50 eigenvalues in the
LLL in every momentum sector, differing on average only
1.5% (after subtracting the ground state energy).

VI. DISCUSSION AND CONCLUSION

We have shown that, while generically optical flux lat-
tice potentials do not permit direct access to the exact
AC Hamiltonian, they still support nearly flat and ideal
bands through the addition of a suitable scalar potential.

Reaching the exact AC point would require control over
generic scalar potentials, and the addition of counterdia-
batic terms, which are typically not perturbations one
can experimentally access. However, the size of these per-
turbations is comparable to w. in the regions of interest,
and so by the analysis of the paper, we see that the nearly
ideal region should broadly be present in the accessible
parameter space.

By tuning one potential parameter for lattices with Cg
2m-flux and C4 ¢ m-flux symmetries, one can reach 1-flat
bands, for which the interaction strength g can readily be
made big enough in experiment, to reach the Laughlin,
Jain sequence, and Moore-Read states. Although a 1-
flat band in many cases already suffices for this purpose,
the value of tuning to still narrower bands is mainly
conceptual.

In sharp contrast to this is the dark-state OFL of
Sec. IV B, whose adiabatic Hamiltonian is ezactly of
Aharonov-Casher form. This is, to our knowledge, the
first exact physical realization of the AC structure with
nonzero Chern number, in any platform. The AC Hamil-
tonian has been established as a theoretical ideal [32, 34].
Due to the flexibility of this approach, the principal chal-
lenge remains to realize a suitable host OFL potential.
In alkali-metal gases this is complicated by the fact that
the dominant contributions to the polarizability typically
arise from the Dj o lines, with opposite vector polariz-
ability. To craft a state-dependent lattice potential, the
laser frequency must be suitably close to these transitions,
which necessarily begets photon scattering. However, for
heavy atoms like Rb or Cs, this photon scattering need
not be prohibitive for the lifetime. In Appendix B we give
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examples of experimental setups that can realize the dual
Haldane and square models. The photon scattering rate
in these setups is of order 1 — 6 x 10~ %w,. For 8"Rb, a
wavelength of A = 810nm yields a photon scattering rate
around 0.8 — 1.6s~ 1. In the case of 33Cs, with red de-
tuned beams at wavelength A = 950 nm, it can be as low
as 0.1s71. The photon scattering can be further reduced
using other atomic species (including Dy, Er, or Ti) where
state-dependent Raman coupling can be achieved with
far-detuned light. Instead of using far-detuned light, it is
interesting to note that, absent many-body effects, photon
scattering from (near) resonant levels can in principle be
reduced arbitrarily in dark lattice setups by increasing
the laser power, though to our knowledge, experimentally
achieved dark-lattice lifetimes remain small[59]. To shape
higher-shell Fourier components of the lattice, one partic-
ularly interesting technique, is the realization of optical
potentials using programmable holographic techniques[60].
Beyond photon scattering, we caution that magnetic field
noise will likely pose an important experimental obstacle,
as it contributes a non-uniform perturbation to the system.
Reaching a target filling additionally requires controlling
the particle density, which can be tuned via the depth and
shape of the confining potential; incompressible states
are comparatively easy to target, since the many-body
gap locks the density to its quantized value over a finite
range of chemical potential, with a Mott-insulator gap
in a superlattice offering one likely route to loading a
low-entropy state at fixed density before evolving into
the topological phase. Once prepared, the topological
character of these phases can be probed in several com-
plementary ways, including Hall drift measurements and
probes of edge modes and bulk fractionalized quasiparti-
cles. In the near term, the most direct route is likely to be
the measurement of multi-particle correlation functions,
which characterize the many-body wavefunction itself[61].
This approach has recently been used to identify a lat-
tice Moore-Read state, via a suppression of short-range
three-body density correlations together with a Hall drift
measurement[62]. Irrespective of atomic species, we have
provided a general approach by which to realize flat ideal
Chern bands and robust fractional quantum Hall states.
The ability to precisely tune band geometry will enable
systematic studies of the transition into exotic topolog-
ically ordered phases, including the non-Abelian states
sought for fault-tolerant quantum computation. Further-
more, this approach strengthens the connection between
cold atoms and moiré materials, promising a new, highly
controllable platform to probe the fundamental principles
of strongly correlated systems and test theoretical mod-
els of ideal band structures in a clean, controllable, and,
well-characterized experimental environment. While the
two-state OFLs studied here, built from the Aharonov-
Casher form, are restricted to bands of unit Chern number,
reciprocal-space lattice constructions are known to realize
bands of higher Chern number[15]; we anticipate that a
similar scalar-potential tuning could flatten such bands,
though we have not explored this here.



Note added: After completion of this work we learned
that the authors of Ref. [45] have now found a square
version of a dark OFL which, using an analysis mirroring
(36-39), one can show shares the property of (34) that it
has an exact flat band in the adiabatic limit. For finite
lattice depth, it is similarly amenable to band-flattening
using scalar potentials on Aj , =~ momentum shells.
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Appendix A: Further Exact Diagonalization Results

Beyond what is shown in the main text, we emphasize
that the existence of FQH states is generic to our models,
and their spectra closely resemble those of the LLL. Con-
sider Figure 9, where dispersionless exact diagonalization
results for Ny = 12 and Ng = 6, 8,9, 12 are shown, in the
first 3 cases for each of the 1-flat dual Haldane, triangular
and square models, and in the last case only for the dual
Haldane and triangular models. Alongside these we show
the LLL spectrum in the same super-cell geometries, and
as can be clearly observed, the agreement is remarkable.
This is especially so in the case of the dual square and
triangular models, while there are visible splittings in the
case of the dual Haldane model. The calculations are car-
ried out for V4 at parameters (Vp, V1) = (1.39, 10.55)w,.,
and for V5 at (V,, V., Vy) = (4.88,4.04,0)w,, while VO
is at the aforementioned parameter point with a Cg sym-
metry super-cell. In all models we see clear many-body
gaps for v = 1/2,2/3,3/4 with ground state degeneracy
2,3,4 consistent with the bosonic Jain sequence at filling
v=p/(p+1) for p=1,2,3, which is further supported by
the near-exact match between the model and LLL spectra.
At filling v = 1 the emergent composite fermions feel no
average effective magnetic field. There is a competition
between charge ordering into stripes, and pairing, the
latter of which results in the Moore-Read state. This
competition and the large correlation length are evident
from how sensitive the spectra are to the super-cell ge-
ometry. For the dual Haldane model, in a Cg symmetric
super-cell, a clear 3-fold degenerate ground state occurs
at the Brillouin zone origin. By contrast, the triangu-
lar model does display 3 low-lying states, but they are
far from degenerate. In the square case no ground state
manifold is apparent in any super-cell geometry we have
tried, so we do not display the spectra. Still, in all cases,
especially the square and triangular models, the spectra
are a near-exact match for those of the LLL, for which it
is known that the ground state is the Moore-Read state.
Thus we have confidence that the split degeneracy is a
finite size effect, and that the physics of the LLL survives
essentially unmodified in these ideal bands.

The phase transitions between the superfluid and FQH
states are governed by the competition between the single
particle and interaction energies. We study 4 x4 supercells
with Np = 8 bosons in the lowest band in the aforemen-
tioned 1-flat models, along with the 2-flat dual square
model at parameters (V,V,, Vo) = (4.19,3.77,0.87)w,.
As can be seen in Fig. 10, the phase transition to the
Laughlin state occurs in the 1-flat dual Haldane and
square models around g ~ 0.15 — 0.2 while it occurs in
the 2-flat dual square and the 1-flat dual triangular model
at the much smaller § ~ (3 —5) x 10~%. While this is
interesting from the point of view of reaching strong cor-
relations, it is likely that effects beyond the bandwidth
would limit the observation of the Laughlin state for too
small many body gaps, which puts an effective lower limit
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https://doi.org/10.1103/PhysRevA.74.032503
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https://doi.org/10.1103/PhysRevA.62.031801
https://doi.org/10.1103/PhysRevLett.91.153001
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the genuine LLL charge gap, which is directly proportional to
g.

on g regardless of the transition point.

Appendix B: Experimental schemes

For state-dependent optical lattices, the choice of two
internal states has large experimental implications on the
preparation and lifetime of the experiment. In keeping
with the nature of the flat bands, our considerations here
are general, and should be considered merely an example
for a possible experimental procedure. Consider a ground
state manifold characterized by definite combined orbital
and spin angular momentum J and nuclear spin I, so
that in the absence of magnetic field the manifold splits
further into levels of definite total angular momentum
F=1|I-J|,...,]1+ J. In the case of alkali-metal atoms,
the ground state has J = 1/2. For fermionic isotopes
F is half-integer while for bosonic isotopes it is integer.
Furthermore, applying a small quantizing magnetic field,
which we take to be in the vertical z direction, the energy
levels may be labeled |F,mp).

Increasing the magnetic field until the quadratic Zee-
man effect detunes the atomic transitions by energies in
large excess of w, a two-level system can be furnished
from a pair |£) = |Fx,m+). Let us focus on the case of
off-resonant lasers, so that the optical lattice potential
arises from the second order light shift. This is controlled
by the dynamic polarizability tensor operator ay, of the
ground state manifold, that is characterized by a combina-
tion of scalar a,g, vector ayy/, and tensor a components.



For each frequency w, this decomposition becomes

i a CJC
aap (W) = ag(w)dap — ay (w) E;J
3[jajb + jbja] — 25@!;32
B1

where for notational clarity the "~ have been added on
angular momentum operators. Generically agq,(w) is pre-
dominantly real, but has a finite imaginary component.
This is the remnant of the finite life time of the excited
states which the light field mixes with the ground state.

1. Alkali Metals

Projected to within the |+) subspace, the polarizability
need not take a form as elegant as (B1). Let us initially
focus on the situation where ap = 0, as is appropriate for
alkali-metals, notably Rubidium and Cesium. Since the
vector polarizability allow for off-diagonal matrix elements
differing by at most 1 unit of angular momentum, the
states |£) must be chosen such that j/my —m_| <1 to
have any hope for creating an OFL. Naturally this leads to
two qualitatively different kinds of OFL designs coherent
with the choice of schemes

V1 my =m_+1, while Fy = F (Fy # F_ is perfectly
possible but we don’t consider it).

V2 my =m_ =m while F =1+1/2

Scheme V1 has the advantage of not suffering two-body
hyperfine relaxation in collisions, but we often find sim-
pler setups using scheme V2, and in the Laughlin state,
collisions are strongly suppressed, likely making hyperfine
relaxation an unimportant source of atomic loss. In the
first scheme V1, all three angular momentum operators
have non-trivial projector onto the two-level system

Js 3 2J(A + Bés)

Jia ™3 2JC61 5

(B2)
(B3)

for three constants A, B, C. Ignoring the mixing caused
by finite magnetic field, these coefficients can be easily
worked out

FF+1)+JJ+1)—I(I+1)

b= 8JF(F + 1) (B4)
A=(2m_+1)B (B5)
C=B\FF+1)—m_m, (B6)

Importantly for bosonic isotopes, there is no possible
choice of levels within scheme V1, such that A = 0 for
small magnetic fields. This conclusion is not altered by
considering states from different Fy # F_. For fermionic
isotopes such a pair of states could be mp = +1/2. This
form leads to the projected polarizability

Vi1 . . N . ~
Qgp 045(5ab—1AavEab—lBOév(Tgeab—ICOévﬁabCO'cJ_ (B7)
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which shows the unfortunate reality that the vector shift
63 will be accompanied by a scalar component. This scalar
component is furthermore phase-shifted relative to the
usual scalar component, which often leads to undesirable
effects, and can make it hard to cancel. Consider for
example the laser setup of Ref. [41] realizing the dual
Haldane model when A = 0. The two levels are split in
energy by §, and the setup consists of three planar lasers
with frequency w, amplitude £ and polarization angle 0
to the vertical, as well as a vertical circularly polarized
laser of frequency w + ¢ and amplitude r&

E,=¢& Z(COS fe. +sinfq, Ae,)ed™ (B8)

e, +ie,
V2

In the rotating frame, the total potential takes a form
VO 4 veonst: with parameters:

_as(3cos® 0 — 1) — ayiv3Asin® 4

E, s = réelldler (B9)

Voo . £ (BI0)
Vi = —ayCrv/2cos €2 (B11)
vV, = wﬁ (B12)
veonst: — (3 4+ 1?)agE? (B13)

Recall the illustration of the dual Haldane model in Fig.
2. When Vj is not purely real, the two sublattices in the
dual Haldane model experience unequal reciprocal space
flux. This breaks the Cg symmetry, making it impossible
to reach the 1-flat manifold by tuning a single parameter.
When A # 0 there is no way to avoid this with this
particular setup. Under scheme V2, we find that

J3 \’g 061 + B5'3 J172 \|L2> 0 (B14)
where
= (I+1/2)2—m?
Ic]= 21 +1 (B15)
~ m
B=—— B1
2I +1 (B16)

While J; 2 — 0 does impose some design limitations, they
are not so severe as to prevent the creation of OFL. Under
V2 the polarizability takes the form

V2 L LA .
Qb > ag0qy — 1BOsay€qp — iCayd1€qp (B17)

Independent control of the different vector components
of the potential are possible since only resonant beams
contribute to the optical potential, but more complicated
optical setups than previously considered are often still
necessary.

2. Dual Haldane Model for bosons in scheme V1

One possibility to realize the dual Haldane model is
by using multiple frequencies for the planar lasers. Such
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FIG. 11. (a) The imagined optical setup for the dual Haldane
model in bosonic atoms under scheme V1. There is one cir-
cularly polarized out-of-plane laser, and three main in-plane
lasers. Each main laser has two different side bands as indi-
cated by the color, which are detuned by an electro-optical
modulator as in [63]. See equation (B20) (b) Level diagram
showing the two internal states, the virtual levels dressed by
the laser frequencies, as well as the excited P levels from which
the polarizability derives.

a multi frequency scheme was practically realized using
electro-optical modulators in [63]. In particular, consider
a scheme involving a main frequency w, along with side-
bands wi 23 and an out-of-plane laser with frequency
w + 0, as illustrated in Fig. 11

E,=¢& Z(cos fe. +sinfg, Ae,)e' (B18)
E,, =r|e. [eldatrTHE 4 oiqar] (B19)
By — récilale-r 8t 1€y (B20)

V2

There is great flexibility in how to distribute the scalar
potential between the side and main frequency, with sim-
plest being that ¢ = /2 (or —m/2 corresponding to the
sign of ay A/ag), and that

qer? — V3sin? 0 Aay
ST = 5

Then the parameters Vg, V4, V, of the dual Haldane model
become

(B21)

29 _
Voo _deos 01 29 Lose? (B22)
Vi = rv2cos 0Cay E? (B23)
2
Vv, = MBQVSQ (B24)

The overall constant of the potential has an imaginary
part given by

—(34r?) — 33/3sin? gAY ImagE?

|as|
(B25)
This term is the dominant source of heating in the lattice
when ag > ay. In this regime, the scalar lattice strength
is largely irrelevant for the heating calculation, and the
beams must be close to orthogonal so that cos ~ 1/3.

Imvconst. —
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The overall heating is dominated by the uniform back-
ground potential

(B26)

Imvconst. ~ _ <3\/§+ BQVJE) ‘/z Im()(s

C2v?z ) |B| ay

For any particular parameter point of the dual Haldane
model, the far detuned heating is limited by the ratio
Im ag /vy which tends to 31" /4(ws /2 —w1 /2), see Appendix
E for details. Consider the 1-flat parameter point from
IV, where (V,, V4, V) = (3.06,7.06,2.09)w.. The heating
is similar for any choice of m, so for simplicity let m_ =
—F. Then the inverse lifetime for

5.3 1\ 9.2w.I(21 +1
I~ (3x/§ + > wel (21 +1) (B27)
27 -1 (J.Jg/g—wl/Q
- 144 I =3/2
=Y 1180 I=5/2 (B28)
W2 TEY2 ooz 1=7/2

For 8"Rb with I = 3/2 and using the values from II,
we find T#Y™P = 56 x 10" %w,. At the red-detuned
wavelength A = 810 nm we have w, = 27 x 2.9kHz, so
rasymp ~ 16571, while for 133Cs where I = 7/2 a red
detuned laser of wavelength A = 950 nm we have w, =
271 x 1.3kHz, while I'*Y™P = 3.1 x 10~ %w,, and hence
rasymp ~ (0.45~!. We note that while the heating rate for
Rubidium is significantly larger, which is primarily due
to the increased recoil energy. As such, for a fixed g the
ratio between the many body gaps and the decay rate,
which is what ultimately determines the stability of the
state, differs much less in the two cases.

3. Dual Haldane Model in scheme V2

Alternatively, we can pick a manifold of constant mpg
but containing two different Fy = I +1/2, so that J3 —
061 + B&g, Ji1,2 — 0. In this case, consider a laser setup
with two main frequencies w,@ for in-plane lasers, and a
single out-of-plane laser at frequency w + 9:

E,=¢& Z o5 (cosfe, +sin 0, Ae,)e'd=T (B29)

E;=¢& Z e™*5 (cos fe. + sin B, A e, )e'% ™ (B30)
e, +ie,

This results in the lattice potential of a dual Haldane
model with

Eyots = réellale:r (B31)

Veonst — (6 + r?)agE? (B32)
Vo = —(3cos?0 — 1)ag&? (B33)
Vi=—1V2cos 0Cay E? (B34)

20D
Vv, = \/3511129305‘/ 2 (B35)



Again, it is the constant piece of the potential that is the
biggest source of heating when ag > ay,

. V2B2 \ V.31

myeonst = — 64—+ v3Imas (B36)
2‘/;202 BO(V

For m_ = —F we find for the same parameters as before

in 8"Rb a heating rate IT®Y™P = 25~1 while for 133Cs we
find T2symP = 0,257 1,

4. Dual Square model under scheme V2

Consider the optical lattice generated by a light field
with frequencies w,w + § where § is the splitting be-
tween |+). We consider a quartet of wavevectors q, =

Ta Ta

qe; cos 5t + ge, sin 5t where the a index is an integer
mod 4. The electric field components take the form

& ira )
E,=— e (e%e, + qqpq1)e'T B37
L (et dun) (B37)
TE lgle. r
Euis = ﬁellq‘ez (ex +e,) (B38)

where ¢ is a free parameter that does not impact the
resulting potential, but may make experimental design
more straightforward. The resulting scalar potential is a
constant

Veenst — (4 + |r*)E%as (B39)

while the spatially dependent potential takes the form of
the m-square model (12) with

V, = E%ayv B (B40)
, -

Vy = % (B41)

Vo =0 (B42)

Even without utilizing the additional scalar parameter
we can reach the 1-flat condition. An additional scalar
potential as prescribed by the model can be included
using beams of wavevector 2q, at frequency 2w. When
the electric field has the form

Esy = = 3 (€%, + Gai1)e™ T (Bd3)

e
V2

for some common phase ¢, This additional light field
creates a scalar potential of the form

g (2w)F2E2 <4 +)° e21<%+1—q"r)> (B44)

a
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while the interference cancels any vector shift. The result-
ing model is then the m-square model with

yeonst. 82([4 + 7”2]0(5(00) + 47’12045(2(*;)) (B45)
V. = £2Bay (w) (B46)
v, = w (B47)
Vo = E%72as(2w) (B48)

In the regime of interest ag > ay, while Vj ~ V, | so
7 < 1, and the additional heating from the scalar lattice
is completely negligible. The heating rate takes the form

I V2B?
7o _SVzlmos + (B49)
BOL\/ Vz202
At the 2-flat parameter point (Vi,V,,Vp) =

(4.19,3.77,0.87)w., we find an asymptotic heating
rate of [®Y™P ~ (0.8s~! at A = 810nm in 8"Rb, while at
A = 950nm in 33Cs it becomes I'*Y™P ~ (.15~ L,

Appendix C: Landau level review

For convenience we give a short review of Landau levels
on a plane in the periodic basis[64]. Consider the usual
affine plane R? with coordinates z', 22 and magnetic field
F,p, which is related to the flux density B by the anti-
symmetric tensor F,, = €, 8. We consider identical
charge +1 particles moving on the plane. When these are
transported around the plane, they acquire an Aharonov-
Bohm phase. The generator of this translation is the
kinetic momentum 7, which has the form =, = —iV,— A,
where A, is the connection. The operator commutation
relations take the form

[2%,2°] = 0 [z%, 7] = 10} [Ta, ] = 1Fgp. (C1)
Even without specifying a particular Hamiltonian, it is
natural to ponder the existence of operators that commute
with both 7 5. When B is constant (C1) is a central
extension of the usual Heisenberg algebra, and we may
construct such operators, which are the guiding center
momenta 7, = 7, — Fupx?. Their name is chosen since
R* = €"7,/B are the typical guiding center operators.
The two kinds of momenta commute

[ﬁ'a,ﬂ’b] ZiFab—Fac[u’Cc,ﬂb} ZiFab—iFab =0 (02)
while the guiding center momenta have opposite chirality
to m,

[7a, 7p) = —1Fap (C3)
The guiding center momenta are distinct from the ki-
netic momenta, and as such there are two natural notions
of translation operators. The parallel transport trans-
lations #(d) = e!4'™ and the guiding center translations



t(d) = ¢ 47, Since they have the same commutation
relations with the position operator x, if V(x) is an oper-
ator tT(d)V(x)t(d) = t7(d)V(x)t(d) = V(x — d). Their
translation algebras are inherited from their respective
momentum algebras

t(d1)t(da) = t(d + dg)e™ 2 Fardids (C4)

whereas

£(dy)(ds) = £(d; + dg)eT 2 Fardids,
Let us suppose magnetic field or potential inhomogeneities
conspire so that only translations along some lattice
A = a1Z & asZ are symmetries, with a unit cell that
encloses 27 flux Fa%al = 27. The dual lattice we
denote A* = g17Z & goZ, where gt = e”Faba This en-
sures that the corresponding guiding center translatlons
commute f(a;)t(as) = #(ag)i(a;), hence they can be si-
multaneously diagonalized. This motivates defining their
common eigenstates, which are essentially the magnetic
Bloch wave-functions, with crystal momenta k by

tay) [k) = —e'** k)

(C5)

(C6)

in analogy with the usual translation symmetry. The
choice of overall — sign corresponds to a shift in the ori-
gin of the Brillouin zone, which is made since it makes
the resulting wave-functions more symmetric between real
and momentum space. With this preamble, let us under-
stand the magnetic Bloch wave-functions. To write these
down explicitly, we must pick a gauge connection. For

example the symmetric gauge wherein A, = —% L

and hence 7, = —iV, — $F,z". Consider first under-
standing the eigenstates of a; - * with eigenvalue 27w ¢;.

These eigenstates satisfy

. €15
2701 f5, (%) = (~iar -V = Ll x) f1,(x)  (CT)
which can be directly integrated to yield
fo(x) = clb1xg" + 52 (g7 %) (8" x) (C8)

up to a multiplicative function dependent only on g? - x.
Since the guiding center translations by a; o commute, we
can form a superposition of fy, 4, for n € Z states that
are t(ay) eigenstates. It is straightforward to compute
the action of #(ag) on f,,

f(@2) fo, (x) = €8 % f, (%) = fo,41(x)

The most general eigenstate of t(a;2) with eigenvalues
e!2™®1.2 must be a superposition of the form

X) =D fortn(X)ha(g® - x)

nez

(C9)

(C10)

where h,, is some set of functions. To find conditions
relating h,, we investigate the action of ¢t(az). In particular

Z f¢1+n+1

2?2 ho(g? - x + 27)

(C11)

X = t(a2)Xg, .6, =

21

From the linear independence of the summand, it is clear
el?m%2h, (g2 - x) = hy,_1(g? - x + 27), which immediately
implies

hn(g? - x) = e 12727 (g2 . x + 27n) (C12)
for an arbitrary function h. In particular let us factor

out h = ei%28" %], In terms of this arbitrary function, the
simultaneous eigenfunctions take the form

Xonga () = 08 HE (@ DE) R e (g - 2mn)
nez

This is naively very asymmetric between the two lattice
vectors, but they can be related by Poisson resummation,
which exchange g2 and replaces h with its Fourier trans-
form. In particular the Fourier series of the Dirac comb
can be expressed

1 .
Z O0(x —2mn) = — » ™ (C13)
2
nez neZ
=3 / Y gievizn s onny  (C14)
nez
Defining h(y = [ dwe'®¥/?7h(x) /27 Poisson resummation
relates
Z "8 %] (g2 . x + 27n) (C15)
nez
= / oy 8" /27 (9)§5(0 — 27n) (C16)
nez
. Z/ d9d¢ 16 ¢+g x)/27rh(g2 X+ 9)5(¢ _ 27Tn)
nez
(C17)
— 25 (8 ) (8" x) Z h(g' - x + Qﬂn)e_i"gz'x (C18)
nez

so we could equally well write

X = €98 X7 (B 008D N7 omine" X (gl x 1 97n)
neEZ

(C19)
The ordering of the lattice basis is arbitrary, so the
most natural basis to expand h in would be a self-
dual basis under Fourier transformation. Such a basis
is provided by the eigenstates of the harmonic oscilla-
tor with a free parameter 7 in the complex upper half
plane. They take the form of the Hermite functions
hrn(z)=Hy ( 5T ) eiﬂﬁ, where Hp is the Nth Her-
mite polynomial. Under Fourier transform we find

o) = =y (g ) e = )
,N\Y ~or N 27r7_y € ~or —1/7,N\Y

(C20)
The corresponding wavefunctions are closely related to
the Jacobi theta function §(u,7) = >, ., eimn*7+inu (with



periods 2, 277). In particular for h, o:

Z oing! x i 75 (87 -x+2mn)? (C21)

nez

_ Z ei7r‘rn2+i7LX'(g1+Tg2)+iﬁ(gz'x)2 (C22)
nez

=0 (x- (g' +7g%);7) el (&) (C23)

Since the complex numbers come with a natural metric,
a choice for the free parameter 7 amounts to picking a
metric on the plane. We complexify coordinates using the
map:
B 1 2
2= ——X-(8 +78
V2rImT ( )

Under this map a; = EB\/ImT and ay = ZBT,/II%H—”T, SO

the area of the unit cell is

(C24)

1 A

§|a1&2 —a1az| = T~

|1 — 7| = 2l

(C25)

To convert from ¢ to k in the wavefunction, recall the
minus sign of equation (C6). First consider ¢ = ¢ =0
which corresponds to a corner of Brillouin zone:

O(z;7) = otrl(8'+78%)x]g% xg (x-(g' +7g%);7) (C26)

_ eizImz/251239 ( v 27TIH1TZ;T>

0 (C27)

To center the wavefunction in the Brillouin zone translate
it by a1 /2 4+ a2/2 to obtain

x ei(gl_gz)"‘@(z +a1/2+ az/2)
—|z|?/465

(x|k = 0) (C28)

x o(z)e (C29)

where o(z) is the holomorphic (modified) Weierstrass
sigma function[44] of A. The k # 0 case can be con-
structed by similar translations:

— o |21k P+ S kex
B

(x|k) = o(z — il%k)

L -
= Nemi(Up P05 IR =2ik2) 5 392 1y

(C30)
(C31)

where N is a k independent normalization constant whose
value is not important. In fact (x|k) is the lowest Landau
level wavefunction on a torus.

1. Higher Landau levels and form factors

Another way of understanding the construction is to
consider an operator that commutes with #(a; 2), and
split the k sector by the spectrum of this operator. A
natural choice is the kinetic energy m2. The nth level of

2 is the nth Landau level. Let z = = + iy and define
the corresponding Wirtinger derivatives 0z = 1;0z = 0.

22

In terms of these, the complexified kinetic and guiding
center momenta take the form

z . iz
:—216—1—%2, W:ﬂ—g. (C32)
They satisfy the commutation relations
[, = =205 [7,71] = 205 (C33)

where all other commutators vanish. After a ﬂéél rescal-
ing they therefore form two independent harmonic oscil-
lator algebras. Furthermore 72 = nrf + 2(;2, SO we are
in effect studying the harmonic oscillator. Note that 7'
annihilates holomorphic functions multiplying the Gaus-
sian e~fs"121/4 of which the wavefunction (r|k) is an
example. The general Hermite functions from before are
precisely the states that can be found by applying 7 to
k) = |n = 0, k), namely

ETL n
Nl (C34)

We use the guiding center translations to change momen-
tum sectors:

In,k) = e8¢ kD215, 0) = i(k, ) n,0)

In,k) =

(C35)

hence the action of the translation operators becomes

~ ‘62 1. 1.
H(ki) [n, ko) = e® (Rika—kaku) 1y e 4 ko) (C36)

Noting the Bloch-condition, we deduce boundary condi-
tions for the wavefunctions

) T TR .
n,k+g') = et B Ii((g)h) n, k) (C37)

2
— o B |y (C38)
This basis is very suitable for numerical calculations. The
position operator takes the form z = if4(r" — #1) and
z = i0% (7 —m). This implies that the plane wave operator
factorizes

olax — 6323(qﬂ—éﬂ*)/Qef%(éﬁ*—qﬁ)ﬂ (C39)
Denote the canonical displacement operator
Dy (a) = (nle® =5|m) (C40)
ey |V BT T () mzn
’;Z,'oz" mL(n m)(|a|2) n>m

where L,(Ja) (x) are the associated Laguerre polynomials.
With this in hand, suppose q = k; — ks + G for some
reciprocal lattice vector G € A*. Then the form factor
takes the easily computable form:

(n,k;]e'*|m, ko) (C41)
— DI (qfp/V2)eB92/2 (0 16,]0,ky + G)  (C42)
_ DZL(qu/\/g)nGeiZ%q/\kg/Q—&-iéQBG/\kl/2 (C43)



where ng is the parity of the reciprocal lattice vector
such that ng = 1 if G € 2A* and —1 otherwise. We
use these matrix elements for numerical computation in-
volving H. To do this note that 2, (r) obeys the Bloch
periodicity 1% (r+R) = el(ktaa)Rypo (v). Factoring out
the LLL wavefunction with crystal momentum k means
that y transforms as x®(r + R) = —e'9=r=ip 5 RAr/2y @ *(r)
— it obeys the magnetic translatlon symmetry Wlth op-
posite chirality to (r|k). Note the invariance of the al-
gebra under the relabeling @ — # and 7t — #. From
this we can reuse the earlier matrix elements, by ex-
panding x*(r) = Y. ¢na (r/P@a), where |nk) are the
Landau levels of opposite chirality. In particular we de-
fine them by the properties t(a;) [nqq) = —e'® 9= |nqy),

[nae) = (5 (7™ |aa) /V2n!, and (r|k) = (r| — k). In-
cluding a spinor label we have basis states |[nka). The
matrix elements

(Aqa |77 [mdg) = (n + 1)wo™ (C44)

2M

while for a potential of the form Vg (r) =
> VB"(G)ei(G‘*‘q‘* ~98)T (for some q,, qg which displace
the Brillouin zones of the internal states) we have

(ndaalV [mdss) (C45)

=> Vg(G
G

= Zvﬁa(G

([G + G — q;aVB/f)

) <7nqa|ei(G+qa—qﬁ)-r‘7mqﬁ>
Ine Dy (G)e

For comparison between the optimal ideal and true wave-
functions we find it most convenient to find the latter by
solving (27). To do this we need the matrix elements of

(x which are

<nqa|ék|m(10¢> (046)
= —w, Z Gt 1ZBG/\k nqa|eiG~r7~rT|m7qa>
G0
eiZQBG/\(qua) B
= —wey/2(m+1) Y 16 Dpi1(Glg/2).

&6 {pG

Using these pieces we can reproduce the same spectrum
from H —}—(k as from a plane-wave expansion of the original

Hamiltonian. In practice we truncate the single-particle
space to include the first 100 Landau levels.

2. Trace violation for the nth Landau level

We claimed in the main text that the trace violation
for the nth Landau level is 2n, which can be succinctly
shown using the technology we have developed so far in

—i6y [ar B8] A [ fu)
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this Appendix. The Bloch wavefunctions of the lowest
Landau level take the form

e ikr (r|k)
i(f§2|2\2+22}3\k|2)—ik2/20(

(Ca7)
(C48)

uok(r) =

= Ne~ z—il5k).

Except for the Gaussian e_@wz/‘l, this is holomorphic
in k. The nth Landau level Bloch wavefunction can be

similarly computed by noting that e ¥ *7 = (74 k)e kT,
hence
_ (7T + ];)n —ik-r
|unk) = me k) . (C49)
from which it is immediately clear that
O ) = i[5 -1k~ B ) (€50

The Berry curvature is uniform for each Landau level:

Q(k) = 28k (unk|87€unk> — 281; (unk\ﬁkunk> (051)
= 1%, (C53)

We see that it is always negative and results in Chern
number C = —1. The corresponding trace violation is
straightforwardly computed as

Trg+ =4 <3kunk| (1 — |unk> <unk|) |3,;unk> (054)
= 200% (Up— 1k Un—1x) (C55)
= 2nl% . (C56)

Hence (27)~! [dk(Trg + Q) = 2n as claimed.

3. Circular dichroism criteria

A natural alternative to the trace condition as a mea-
sure of proximity to ideality relates to the null vectors
of the quantum geometric tensor ¢%(k) = g¢?(k) +
ie?Q(k)/2. For ideal bands (with sufficient rotational
symmetry) either w, = (e, + ie,),/v2 or its complex
conjugate w, are null-vectors of ¢®® for all k. Consider
measuring the magnitude

_ i€ @, Q) ie%w, 2
||qabwb||2 _ (gabwb _ 5 ) <gacwc+ 5 c )

1 1
= Z(Q —Trg)* + E(T‘rg)2 —detg. (C57)
Using i(Tr g)? > det g and taking 2 < 0 we find
lgw|* _ (Trg +Q)* + [(Trg)* — 4detg]
5 = 5 5 (C58)
lqw|]*  (Trg —Q)? +[(Tr g)* — 4 det g]
Trg+ Q 2
> -
- <Trg— Q) ’ (C59)



or in short

2Trg(Trg+ Q)
Trg—Q

llqw|| _ Trg+Q
~ quw|| T Trg—Q

(C60)

Ignoring the covariance of the denominator and the nu-
merator, and to leading order in the trace violation, the
average of this ratio can be approximately bounded

12/ dk_Jigall T
21c] ~ J 2xt7 llqul| ~ 2[C]

Whenever the trace violation is small, so too must this
average ratio be, but precise numerical comparison be-
tween the two quantities is not possible. This makes direct
comparison between the deviation from ideality cited in
[45] with the trace violations we quote practically diffi-
cult, though qualitatively they show similar features. For
example, it monotonically increases in the nth Landau
level

(C61)

|lqu| n
Lkl | R C62
lqw|] n+1 ( )

though the rate is much gentler than the trace condition.

Appendix D: Fourier expansion ofgc

In the main text we claimed the following identity
regarding the periodic completion of the Weierstrass ¢
function[44]
eiG-r

. o)
XA

{e) =) —2/2b =i Y

G#0

The most straightforward derivation is to consider the
anti-holomorphic derivative of this function:

A —z/2p) =7 6*(r)—1/203

ReA

(D2)

where the Dirac comb follow from the pole locations of (.
The Dirac comb can be Fourier expanded, showing that

(D3)

Periodicity implies that there is a Fourier expansion with
coefficients cq of ¢

{(2) = Z cge'®T

G

(D4)

hence taking derivatives of this expression and matching
terms we find iGeg /2 = 1/2¢% for G # 0. Since ((z) has
vanishing average, the claimed Fourier expansion follows.
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Appendix E: Polarizability of Alkali Atoms

For completeness, let us derive the polarizability of
alkali-metal atoms in the ground state. We label the
internal atomic states, including the excited states by a.
In the dipole approximation, an external electric field of
strength E(t) = > E,e™ ! modifies the Hamiltonian
by

6H = —d-E(t) = Y Vg (w)e ™ a) (8]

where Vﬂo‘(w) = —dj - E,. If the internal levels are
governed by a reference Hamiltonian Hy = Y w, |a) (],
the perturbation in the Hy rotating frame becomes

SHTO! = Z Véx(w)e—i(w—wa+wﬁ«)t |a> <B| )

afw

(E1)

(E2)

To recast this as a static problem, we use a time-dependent
Schrieffer-Wolff transformation |¢) = e=5®) [¢)) where

Vo (w)efi(wfwa+w5)t
Sty=-Y -~

o W — Wo T wp

Let Hatom = Y. Eq |@) {a] be the true atomic Hamiltonian
absent driving, and pick Hy so that |Ey —w,| < |wa —wg|
for all a # B that are coupled. To second order in E, the
time evolution of [¢) is governed by

H® =3 (B — wa) |a) (o + 6H?

[e3

) (8. (E3)

(E4)

where corrections to from the Schrieffer-Wolff transforma-
tion to the atomic piece have been neglected due to the
proximity between H,tom and Hy, and where

SH® — ,1 Z o) (B e~ Hwitwz —wa+wg)t
2 afywiws
Ve (wl)Vg (wo) V& (wl)Vg (wa)

- . (E5)
W2 — W~y + Wwg

W1 — Wa + Wy

Whenever the resonance condition wy +ws —we +wg =0
is met, this results in a static term. We assume the
rotating wave approximation where only these resonant
terms are important, that is ignoring higher order light
shifts and taking any off-resonant oscillations much faster
than the dynamics of interest. Due to the reality of E(t),
clearly E_,, = E,,. Furthermore, we consider the situa-
tion where the energy splitting of the states of interest
is much smaller than the frequencies w, so that the only
resonant contributions arise when w; < 0 < w9 or con-
versely, and by focusing on ground states furthermore
neglecting the contribution to the polarizability from vir-
tual levels formed below the ground state. Combining
these considerations, the energy takes the form

n . do .dY
5H(2):— Z (Ew1 d’y)(sz dﬁ)

W~y — Wy — W
wi,w2>0,res R 2 B

==Y () ST E(w) ® BE(w)) (ET)
K.q

) (B (E6)



where in the last line, we have transformed to the spherical
tensor basis with K = 0, 1,2 corresponding to scalar, vec-
tor, and tensor polarizabilities. This picture is particularly
clear when the lifetimes of all states are infinite so that
H.iom is Hermitian. Unfortunately this is not true for the
excited states where the imaginary part Im E, = —T', /2
measures the line-width. To account for this Hy should
include the linewidth for states which are not resonant, so
that we, — wa —i, /2 is complex. The mismatch between
the true and reference energies FE, — w, functions as a
species-dependent chemical potential due to the lasers
being off-resonant.

1. Spherical tensor decomposition

The electrons in the atom have orbital angular momen-
tum L, under which d is a vector operator, as well as
spin angular momentum S. When the atomic reference
Hamiltonian Hj is rotationally symmetric, eigenstates

J

—Mmg —Myp (¢

<Jma|aK,q|Jmﬂ> = mZ(_)ma+mb ( 1 1 K
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carry definite angular momentum J = L + S. Consider
a degenerate manifold of excited states v with definite
angular momentum J, coupling to ground states with
angular momentum J. We can work out the K =0,1,2
polarizabilities using the Wigner-Eckart theorem, which
is to say using the SU(2) representation theory. We use
the convention that the reduced matrix elements of a
spherical tensor is related to the 3j symbol as follows:

Ji K Jp

(a0 ) = (< () (2

and that the tensor product of spherical tensors takes the

form (where [J] =2J 4+ 1)
( 1 K) A™Ma B™
Mq My —q

(E8)
A tedious but straightforward calculation then shows that

e BK =Y VK]()

Ma,b

(Jma|dm, |Jymy) (Jymay|dm, [ Jmg)

Wy — W

= \/ﬁZ(_)ma-i-’mb—7no¢—‘,-7'mY | <J||d||J’Y> |2 1 1 K J 1 J’y J’y 1 J
Wy — W —Mmg —Myp g —Ma Mg My ) \ =My My Mg
~—m <JHdHJ’Y>|2 J J K J J K
_ \/72 o NN/ (E9)
Wy —w 11 J, mg —mMg ¢
Hence the reduced matrix elements of the polarizability take the form
K ]71| (Jlaf[;) > fJ J K
(J]|e)7) = Z\/ oo L (E10)
Of particular interest to the alkali metals is the J = 1/2 case, which represents the ground state
[2di) P [ K=0
(1/2]|a"1/2) = Z w——aj X {%74‘17(‘]#1) K—1 (E11)
¥ v 8V3 -
a/2]1]11/2) _
Lo P [ K =0 _—
—Z — X9 11-40,(J,+1) . 1203111/2) K =1 (E12)
oy~ UARUD; 1 po|jgn2) K =
To rewrite this in the usual form, we note that with our convention
~ X« E(w1) E(w2) K=0
[E(Wl) ® E(w2)] 1= {[E(wl\{iE(WZ)]q (El?’)

73 K=1

For alkali metals, the dominant sources of polarizability are the D; 2 lines connecting the ground state Sy, to the

Py /5 3/2 levels at energy wy /s 3/2, where (S 2|d|Ps/2)
takes the form

=V2(S12|d|Py)2) =

v/2d. Hence the second order Hamiltonian

512dJ72_w~w i(11 —4J,(J, [E(w w
5H(2):_Wzres|< iui|||w ) | [E( 1)6E( 2) " (11 —4J,(J +1)2)i [E(wi) x E( 2)}] (E14)
- d’E(w;) - E(wg) 1 2 id?J - E(w1) x E(ws) 1
- Z 6 |:ww1/2 + W7W3/2 + [wwl/g (AJLU3/2:| ' (E15)

w1,2 res



The most important feature is that the vector polarizabil-
ity from the two lines destructively add when far detuned.
In this regime, when w < wy/3, w35 Or W > Wi/, w32,
we find

d2(w3/2 - W1/2)

3w — w12)? (E16)

ay —r

As discussed, the imaginary part of the polarizability
can be obtained by W1/2,3/2 — W1/23/2 — IF/2 When far
detuned the imaginary part of the scalar potential scales
in the same way as ay, namely

d*T

Imag » ———.
4w — wi)2)?

(E17)
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Elemem\ Li Na K Rb Cs

I/2rMHz| 59 98 60 5.9 4.9
(wsjs —wiy2)/2r THz| 0.01 052 1.7 7.1  16.6
Imas/ay x 10*| 4 01 003 0006 0.003

TABLE II. Key spectral features of D1 2 lines in alkali metals.
Splitting data from [65-70] and lifetime data from [71, 72].
At the stated precision the isotope shift is negligible, and we
have quoted the average I' for the two lines. The quoted ratio
Imag/av is the asymptotically approached ratio in the far
detuned regime.

The ratio of these two quantities is a key Fig. of merit
for the lifetime of alkali metals in OFLs

Imag 3r

. E18
ay 4(w3/2 - w1/2) ( )

In particular, given some fixed non-scalar potential, no
detuning will give lower heating than that suggested by
taking this ratio to its asymptotic value. In practice it is
a good estimate so long as w is a multiple of w3/ — w1 /2
from resonance. This figure of merit explains why heavy
alkali-metals are preferable, as the fine structure splitting
w32 — wiy is a relativistic effect that increases with
atomic number. We quote the relevant values in Table II.
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