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1 Introduction

The quantum mechanics of supersymmetric large N matrices underpins the holographic
emergence of semiclassical gravity [1-4]. These models come with a conventional quantum
mechanical time, which might appear to be in tension with the absence of a preferred time in
gravity. In the best-understood constructions this tension is resolved by appending a non-
gravitating boundary to the system. The quantum mechanical clock is placed at this boundary.
The gravitational Hilbert space is then reconstructed from the boundary one, see e.g. [5].

An asymptotic boundary is not always available. For example, for cosmologies or observers
infalling into black holes. Furthermore, away from the special features of asymptotically
anti-de Sitter spacetimes, incorporating boundaries consistently into theories of gravity is a
subtle issue that remains under active investigation, e.g. [6-9]. One may wish, in parallel, to
consider frameworks in which the microscopic theory of supersymmetric large N matrices
does not come with its own time. This is the IKKT model [10], a simple integral over ten
hermitian N x N bosonic matrices and their supersymmetric partners.

The absence of a time or a Hilbert space in the IKKT model has meant that it has not
yet, in our opinion, found its home within the contemporary understanding of holographic
dualities. There do exist, however, holographic models of timeless theories, such as the
matrix model duals for two dimensional quantum gravity coupled to ¢ < 1 matter [11],
see [12] for a recent review.

The Euclidean IKKT model can be thought of as the ‘world-point’ theory of N D-
instantons. D-instanton calculus in IIB string theory [13] motivated the exact evaluation of
the Euclidean IKKT integral by supersymmetric localisation [14], as well as by numerical
Monte Carlo simulations [15]. D-instantons may also be described as a Euclidean background
of type IIB string theory [16, 17]. This background admits a scaling similarity transformation
with some resemblance to more established models of holography [18]. Despite these many
promising results, it has remained unclear how a holographic dictionary could be formulated.

In this paper we will gather some data points that, we argue, can guide us towards a
timeless holography for type IIB string theory. We do this by studying a mass deformation
of the IKKT model that preserves its supersymmetries. The deformed model was introduced
in an appendix of [19] twenty years ago and, to our knowledge, only studied in one other
work since [20]. This deformation is a close cousin of the BMN mass deformation [21] of
the supersymmetric BFSS matrix quantum mechanics [3]. It is also closely related to the
N = 1* mass deformation of N’ =4 SYM theory [22, 23]. The spacetime physics of this class
of worldvolume mass terms is well established, they capture the polarisation of D-branes
in the presence of a background flux [21, 23-25]. We will see that this is also the case in
our setting; for this reason we refer to the deformed theory as the polarised IKKT model.
We define the polarised model in section 2 below.

The IKKT model has no tunable coupling constant. The mass deformation introduces a
dimensionless coupling 2. The large €2 matrix integral can be performed by saddle point,
which we do in section 3 to obtain (3.1). The dominant saddle is a fuzzy sphere. This fuzzy
sphere can equivalently be viewed as a spherical probe Euclidean D1-brane, carrying N units
of D-instanton charge, in a certain Euclidean background of type IIB string theory. We
construct the background and the probe brane explicitly in section 4, the setup is illustrated



in figure 1, these preserve the same supersymmetries as the polarised IKKT model. In this
way, the large ) limit is a handle on the system that allows elements of a dictionary to be
established between the matrix and spacetime descriptions. In particular, 2 corresponds to
the strength of a background NSNS three-form flux according to (4.25).

The power of holographic dualities [4] lies in taking a different limit, in which the matrices
become strongly fluctuating and, simultaneously, the D-branes backreact on the spacetime.
We take a first step in this direction by mapping out the physics of the IIB background as a
function of the strength of the three-form flux and of g4V, which controls the strength of
gravitational backreaction (gs is the string coupling). This is the content of figure 2 below.
The probe D1-brane backreacts when gs/N becomes large or the three-form flux becomes
small. The backreacting regimes necessarily correspond to small € in the matrix integral, see
figure 3, and are hence indeed in the strongly fluctuating regime. We have not constructed the
backreacted geometries in this paper. Given that they will have a large amount of symmetry
and supersymmetry, this should be achievable in the near future.

A promising aspect of IKKT holography is that the matrix integral is far more tractable
than the quantum mechanical path integrals of other setups. In particular, it may be feasible
to perform the mass deformed integral at all values of 2. One can hope to match such
results with the backreacted geometries. To this end, in section 5 we set up a framework for
supersymmetric localisation of the polarised IKKT integral. We show that the full matrix
integral can be reduced to a moduli space integral over fuzzy sphere configurations together
with a ‘collapsed’ matrix configuration. We demonstrate the correctness of the method by
re-deriving our previous large €2 results, including the precise one-loop correction about the
saddle. We furthermore obtain the N = 2 fuzzy sphere contribution at all € in (5.34). There
is much future work to be done here.

In the final section 6 we comment on several conceptual and technical questions raised
by our work. A key point is the interpretation of the backreaction scale gs/N in the matrix
integral. In conventional holographic models this quantity defines an energy scale in the
dual field theory, allowing different bulk radial locations to be identified with different points
in the field theory RG [26]. In our timeless model we argue that instead of zooming in on
different energy scales on the matrix side, which no longer exist, the value of gs/N instruct us
to zoom in on a certain range of the matrix integral coordinates. We go on to discuss the use
of timeless holography as a framework for quantum cosmology, the possibility of spontaneous
symmetry breaking, and possible connections between the fact that our IIB background is a
finite cavity, see figure 1, and fluctuations in the D-instanton number.

2 The polarised IKKT model and its supersymmetries

The action of the Euclidean IKKT matrix model is given by a trace over N x N matrices,
B 1 p oy, L u
Stk = Tr { =7 [Xp, Xp][XH, XP] 4 SWa (CT9) 45 [Xs Usl | - (2.1)

Here X, are ten hermitian matrices transforming as a vector under SO(10). There is no
difference between raised and lowered indices. The ¥, are matrices of 32-component Weyl
spinors, satisfying Fa}gllfﬁ = W,. Our conventions for the gamma matrices I'* and charge



conjugation matrix C are described in appendix A. To obtain a supersymmetric theory it
is important that the hermitian conjugate of ¥, does not appear in the action. This is
a Euclidean manifestation of the fact that the Lorentzian theory, which has an SO(1,9)
symmetry, has Majorana-Weyl spinors. In Euclidean signature one cannot impose a reality
condition because SO(10) does not have a Majorana-Weyl representation. Following previous
literature (cf. [14, 15, 27]) the fact that only ¥, appears in the action (2.1), without its
hermitian conjugate, means that it is possible to restrict the integral over ¥, to hermitian
matrices. In the chiral basis, each component of these hermitian matrices consists of 16
non-zero Grassmann-odd numbers.

The model (2.1) can be viewed as the complete dimensional reduction of ten-dimensional
super Yang-Mills (SYM) theory to zero dimensions. It inherits sixteen supersymmetries,
under which the matrices transform as

1

OXH = —Wa(CT)apes,  0Wa = T05[Xu Xoles. (2.2)

The infinitesimal spinor parameters €, obey the same chirality condition as the ¥, matrices.
They are taken to be Grassmann-even, and hence § is a Grassmann-odd transformation.
We take the matrices to be valued in SU(N) and hence traceless.! As noted above, one
cannot impose a reality condition on Euclidean chiral spinors. We have restricted the integral
to hermitian matrices, but the supersymmetry transformations above do not preserve this
hermiticity. We will see that this is not a problem for the two uses we make of supersymmetry:
finding the dual geometry in section 4 and performing a localisation computation section 5.

The polarised IKKT model is an SO(3) x SO(7) invariant mass deformation of (2.1),
written down by [19]:

302
43

Q2
Sq = Skt + Tr <X,%1 +

19 .
JE Xo +iQX5[Xy, X10] + Z\Ifa(CN)aﬁxpg) . (23)

8
where A =1,...,7, a =8,9,10 and N = —I'8T"T''%. The deformation (2.3) preserves the
sixteen supersymmetries in (2.2), which also get deformed so that

1 1§)

IXH = —\I/a(cru)ageg y 5\I/a = §FZE[XM’XV]65 + @T(ZBXMEK% (2.4)
where T# = T*N + 2NT#. As with (2.2) previously, these transformations leave the action
invariant but only close on-shell. Off-shell supersymmetry will be discussed in section 5 below.
To our knowledge, supersymmetry-preserving deformations of the IKKT model have not been
classified and there may exist other interesting models in addition to (2.4).

This paper will be concerned with the matrix integral
ZnI] = / X, dVae 5 (2.5)

An overall coupling of 1/¢? in the exponent can be introduced by rescaling X — X/g'/2,

U — U/g3* and Q — Q/g'/2. The measure is then rescaled by dX,d¥, — g7(N2_1)qud\I'a,

'For the case of U(N) there are additional symmetries acting on the trace. The kinematic supersymmetries
act as a shift of the fermions proportional to the identity matrix, §X* = 0,d¥, = n,1. The corresponding
bosonic symmetries shift the D-instanton collective coordinates, 6X,, = x,1,6¥, = 0.



where the ten bosonic matrices and sixteen fermionic matrices contribute —10 x %—I— 16 x % =17,
each with N2 — 1 real entries. For our purposes there is no reason to scale in a redundant
variable, so we will work without this factor. The absence of a meaningful Yang-Mills
coupling constant is a key difference between the present zero-dimensional theory and
quantum mechanical theories that have a worldvolume time and, in general, also space
dimensions. In those cases the Yang-Mills coupling is either dimensionless (in four spacetime
dimensions) or defines an energy scale in the theory. This energy scale is used to map different
regions of the bulk spacetime, which experience varying redshift, to different energies in
the matrix theory [26]. In section 6 we will suggest a way to encode the bulk spacetime
in our timeless matrix theory.

3 Solution of the model at large mass

In the large mass limit the matrix integral (2.5) is dominated by small fluctuations about a
saddle point. In this section we will evaluate both the saddle point action and the ‘one-loop’
contribution of Gaussian fluctuations. The saddle point action will be matched with a
dual gravitational computation in section 4 while the one-loop part will be recovered using
supersymmetric localisation in section 5, offering a nontrivial check of all three computations.

The remainder of this section is somewhat technical, even with many details moved to
the appendices. The final one-loop result for the matrix integral at large mass is

(ION+H11)(N=-1) n_q
2

3
Zopsoe = 93N?=D) (2m) I (3l+2> S N(NZ-1) (3.1)
N2G(N +1) 3 \3l+1

This expression follows from combining equations (3.12), (3.20), (3.33), and (3.38) below.
The Barnes G function G(n) = [["_% m!. The remaining product over [ in (3.1) can be
written in terms of gamma functions but this does not increase the clarity of the expression.
We may note that there are no factors of €2 in the coefficient of the exponential.

The large Q perturbation theory leading to (3.1) is valid for
Q'>N. (3.2)

This condition, requiring the large 2 limit to be taken before the large N limit, is similar
to that allowing large mass perturbation theory in BMN matrix quantum mechanics [28].
We demonstrate (3.2) in appendix E by mapping the fluctuations about the fuzzy sphere
saddle to a noncommutative Maxwell theory on a sphere. The noncommutativity introduces
higher derivative interactions, whose contribution to the partition function is controlled
by the limit (3.2).

3.1 Saddle point action

The saddle point equations of motion are

202
[XV,[X”,XA]]+4—3XA20, Aec{l,...,7}, (3.3)
) 62 Q
(X, [ XY, XJ]] + ?X(z + zieabc[Xb,Xc] =0, a,b,c € {8,9,10}, (3.4)



where €4 is the totally antisymmetric Levi-Civita symbol with egg19p = 1. The first equation
has only trivial solutions X4 = 0. This can be seen by multiplying through by X4 (no
summation over A) and taking the trace, which gives

~Tr ([X,, Xa][X", X4]) + ngr (x3) =o0. (3.5)

Since the X’s are hermitian, both terms in (3.5) are positive semi-definite. The only solution
is then if both terms vanish, which requires X4 = 0. The equations of motion become

X4=0, (3.6)
602 Q
[Xb, [Xb, Xa]] + ?Xa + Zgﬁabc[Xba XC] =0. (37)

Equation (3.7) can be multiplied by X, traced and factorised to obtain

Tr [([XmXb] - i?)SQEachc) ([Xa,Xb] ZeabdXdﬂ =0. (3.8)

This expression makes two solutions manifest, these are respectively minima and maxima
of the action. We believe that the only nontrivial solutions to (3.7) that are minima of the
action are matrices obeying the commutation relations

302
[Xa, Xp] = deabCXC- (3.9)
This assumption is consistent with the results in section 5 below, as the localisation com-
putation only gets contributions from matrices obeying (3.9), together with a ‘collapsed’
contribution.
The commutation relation in (3.9) is solved by

Q
X, = %Ja, (3.10)

where J, form an N-dimensional representation of the SU(2) Lie algebra. In (3.10) the index
‘a’ is conflated between 8,9,10 on the left and 1,2,3 on the right. We may write J, as a
direct sum of irreducible representations with dimensions dj, with the constraint ), d = V.
The action (2.3) evaluated on such a saddle point is

2 4
(0) Y 90

In the last line we have used the fact that on the kth irreducible representation J2 = %(d% —
1)14,. The action (3.11) is minimised when there is a single N-dimensional irreducible
representation. In the large ) limit, the contribution from all other saddles, which are
reducible representations, will be exponentially suppressed. Therefore we consider only the
irreducible one, wherein

Q
SO — 79275N(N 1. (3.12)

The saddle we have just described is known as the maximal fuzzy sphere. We will
now obtain the contribution to the matrix integral (2.5) from quadratic fluctuations about
this saddle.



3.2 Quadratic fluctuations

The quadratic action for fluctuations around the maximal fuzzy sphere takes the form
§® = 5P (6X4) + 57 (6Xa) + 5P (0a) (3.13)

where S(Q), S§2), Sj(f) are, respectively, quadratic actions for the seven transverse bosonic
matrices, the three bosonic directions on the fuzzy sphere, and the sixteen fermionic matrices.

Explicitly,
2 1 02
S§):TT<—2MXJWXAQ+436X%>, (3.14)
1 50 30?2
S =Ty (—2([Xa,5Xb]2+[5Xa,Xb] [Xa,(SXb]H—z'meacha[éXb,éXc]—i—@6)(3) ., (3.15)
S =Ty (19 5[ X 95]—2'99 (709710) Beﬁ> (3.16)
f 2 o aﬁ as 8 [0} « )

with X, = 3Q/8 J,. The spinor # and the 0,7 matrices are defined in appendix A.

The next step is to diagonalise the kinetic operators in (3.14), (3.15) and (3.16) to obtain
independent Gaussian integrals. A convenient basis of matrices with which to do this are
matrix spherical harmonics. We will summarise the results in the main text and leave details
to appendix B. One fact that will be important is that the quantum numbers labelling the
matrix harmonics are integers [, m with

1<I<N-1, -—l<m<l. (3.17)

Thus N is a cutoff on the angular momentum, this is why the sphere is ‘fuzzy’. We may note
that [ = 0 is the identity and hence does not contribute to traceless perturbations.

Computations along similar lines to those described below have previously been performed
for matrix integrals over three bosonic matrices, with and without supersymmetric partners,
with a fuzzy sphere saddle in [29-31].

3.2.1 Transverse bosonic modes
From the quadratic action (3.14), the normal modes of the seven transverse directions satisfy

1 /30\? - 02 . .
5 (8) [Ja, [Ja, Hlm] -+ EHlm = WlHlm‘ (318)

The hats are to remind us that the H are matrices. We have suppressed the spacetime A
index on H since, from the point of view of the fuzzy sphere worldvolume, these transverse
matrices are scalars. In appendix B we show that the eigenvalues of (3.18) are

1 O 2 QQ
w =3 (38> I(1+1) + VER with degeneracy 20+ 1. (3.19)

We must be careful to specify the overall normalisation of the integral (2.5). The integral
is defined to be over coefficients x%, such that X4 = x%TM. Here TM are the N2 — 1



orthonormal generators of SU(N), in the sense that Tr(TMTV) = 26N Each of the N? — 1
Gaussian integrals thus comes with a factor of \/7/2. The ‘one-loop’ contribution from the
seven transverse scalar bosons to the partition function is therefore

(N?=1)/2 N=1

6 9 @+ 7
-loo ™ 2
Z§1 p) _ [(2 ) 92) H <21(l +1) + 1> ] ) (3.20)

=1

3.2.2 Bosonic modes on the fuzzy sphere

From the quadratic action (3.15), eigenmodes on the fuzzy sphere obey

302 . A

1502
FHZ‘G == wiHm. (321)

2
3 (5) (Ve U ) = U s ) + el i +
The normal modes now carry a spacetime index a in the fuzzy sphere directions and an index
i (no summation) which labels the 3(N? — 1) modes. The index i will run over three sets
of modes, each of which carry quantum numbers [, m.

Equation (3.21) will have N2 — 1 zero modes corresponding to SU(N) conjugations of
X3g,9,10. We will refer to these as gauge transformations. In the partition function, these modes
will produce a group volume which we compute exactly below. In (3.21), the zero modes are

A

A7) — [ ], A], (3.22)

with A a hermitian matrix.
The remaining non-zero modes obey the constraint

[Ja, H{MOM7er0)] = 0, (3.23)

Physically (3.23) is reminiscent of the Lorentz gauge condition that selects out the modes
orthogonal to gauge orbits. One can prove from equation (3.21) that all modes with non-zero
w; satisfy the constraint (3.23); taking the commutator with J, on both sides of (3.21),
using the Jacobi identity and simplifying, one obtains 0 = w,-[Ja,]fIZ-a]. We may therefore
impose (3.23) in (3.21) to simplify the calculation of the non-zero spectrum, and at the end
check that the modes we obtain satisfy the constraint. Imposing the constraint in (3.21),
and simplifying, we have that for non-zero modes

3 ~ ~ N N
i[Jbv [‘]b’ Hia“ + 7kfabc[‘hn Hic] + Hiy = \iHjq, (3.24)

where we set w; = 30Q2)\,;/43.
We solve the eigenvalue problem (3.24) in appendix B. The eigenvalues are again labelled
by the angular momentum quantum number [. The result for the spectrum is

L3l +1 ith d 2l — 1
\— {2 (31+1), with degeneracy (3.25)

$(1+1)(31+2), with degeneracy 21 + 3 '

At each [ these are to be combined with 2] + 1 zero modes, which gives the expected total
of 3(N? — 1) modes overall.



The integral over the zero modes must be performed exactly. These parametrise
SU(N)/ZN. The quotient is because the transformation

X, —»UX,U',  UeSU(N), (3.26)

leaves X, unchanged if U is 21, where z" = 1. This means that elements of SU(N) related
by a Zx transformation do not correspond to different values of the fields and should be
identified. Thus we must only integrate over SU(N)/Zy.

There are thus three contributions to ZéHOOp). Firstly, the contribution from the 2(N2—1)
non-zero modes is analogous to that of the transverse modes discussed previously and leads to

_(21-1) _(21+3)

T(e+nE+2) T (327)

100 m 128\ V1At
Z?(, nonzi)ro = <2 392) H (l(3l+1))
=1

Secondly there is the contribution of the zero modes, which is a factor of the volume [32]

9(N—1)/27 (N=1)(N+2)/2
VN

Z(l loop) _ vol (SU(N)/ZyN) =

2021
3,zero H ]{37 (328)
The quotient by Zy simply amounts to dividing by V. Finally, there is a Jacobian term that
is needed to transform the integral over zero modes to the integral over angles on SU(N).
The zero modes ﬁéze“’)"’ are constructed explicitly in appendix B, with the orthogonality

relation ), Tr (ﬁézero)’lﬁlézero)"]> = N§'7. We wish to effect the coordinate transformation

0Xq = Zéh" Z )T = ZZ(S@M [T X,] . (3.29)

Here X, 3QJ and OM are the angles on SU(N). The volume (3.28) is simply the integral

over these angles. The factor of ‘/W matches the normalisation of the f[&zem)"] with the

generators 7M. From the orthogonality of flézero)"],

J _ i M M /7 (zero),J
oh' = 8 Z S0M T ([T, JoJ )T ) (3.30)
Using the explicit form of the Ifi’c(bzero)"], the Jacobian can be evaluated as
00 ' o\ N ied
Zé,ljic P) — |detsas l : ZT ( Jo | H (7o) )H — <38> NNTETT k%
k=1
(3.31)
Assembling the above results we obtain
1-loo 1-loo 1-loo 1-loo
Zé ») = Zig,nonzz)rozig,zerop)Zig,jac P) (332>

9(T+6N)(N—1)/2 (4+3N)(N-1)/2 yN-1()1-N?> N—1 1.2k

_ — 11 (3.33)

\/leizl (31 + 1))2l—1((l +1EI+2) ke




3.2.3 Fermions

The matrices appearing in the spinor action (3.16) are seen in appendix A to take the form

8 9 10 8 9-10
— ]]. g = ]]_ 9 — ]]_ O 0 0 — ]]_ .
o ( O) ® 89 (O ) ® 89 ( 0 7/) ® 89 ( Z O) ® 8

This motivates a factorisation of the spinor as
0=vac, (3.35)

where 9 is a two-component spinor and £ has eight components. In this way we have
eight copies of two-component spinors, since the eight-component is only acted on by the
identity matrix. The partition function will then become the eighth power of that of a single
two-component spinor. From the spinor action (3.16), the modes of the hermitian matrix zﬁ
of these two-component spinors about the background (3.10) obey

13Q (Ad(J-) Ad(J5) \ » Q(0 1), [0 1)
28 (Ad(Jg) Ad(J+)> R (1 o) v=w (1 0) ¥ (3.36)

Here the adjoint action Ad(X) = [X,-] and Jy = J; £ iJy. The antisymmetric matrix on
the right hand side is necessary to account for the anticommuting nature of the spinors
in the quadratic action (3.16).

The equations (3.36) are solved in appendix B. The eigenvalues are found to be

(3.37)

16

Q | —Bl+1) with degeneracy 21
3l +2 with degeneracy 21 + 2 .

Here a degeneracy of 2] means that there are [ pairs of modes with the given eigenvalue. That
is, if the matrices are expanded in modes as 172; => aﬂﬂ[ then on a given eigen-pair, with
coefficients o and o, the quadratic action takes the form S](?) = 2wr(ara;—alar) = dwraga.
The first factor of 2 here comes from the trace normalisation of the SU(NN) generators
Tr(TM TN ) = 26MN_ There are N? — 1 such pairs and hence the one-loop contribution
from fermions is given by

0\ 8(V2-1) [N-1 s
Zy1oor (4) [H (31 +1)' (31 +2)"| . (3.38)
=1

The overall power of 8 is for the eight copies of two-component fermions.

4 The dual supergravity background

In this section we will show that the large €2 fuzzy sphere saddle has a corresponding dual
supergravity background. The simplification of the large €2 limit is that the gravitational
description can be split into two parts. We will firstly find a supersymmetric Euclidean
background of type IIB supergravity that has the symmetries of the deformed matrix integral.
We will then find a probe Euclidean D1-brane in this background that preserves the symmetries

,10,



and supersymmetries. This probe D1-brane will recover the matrix fuzzy sphere in detail.
The physics here is very much analogous to that of the mass deformed Polchinksi-Strassler
background [23] and, even closer, the gravitational dual of the mass deformed BMN matrix
quantum mechanics [21, 25]. In the final section 4.4 we discuss the backreaction of the
D1-brane on the geometry as €2 is lowered.

4.1 Summary of the solution

To find the solution will require grappling with some subtleties concerning Euclidean super-
symmetry. It is therefore useful to present the solution beforehand. All conventions will
be given below. The Einstein frame metric is flat,

10
ds® = Z dmi, (4.1)
pn=1
the dilaton ¢ and axion Cy are given by?

e¢——1—1—'u2<27:x2+3120x2> (4.2)
Co 32 A=1 A a=8 ‘) .
where 1 is a constant, while the NSNS three-form field strength is

H = pda® Adx® A da'®. (4.3)

The remaining RR field strengths are zero. This background is very similar to the type ITA
solution obtained in [28] by dimensional reduction of the eleven dimensional BMN plane
wave [21]. We may further recall that the D-instanton geometry is also flat in Einstein
frame [16].

The axion in (4.2) is seen to diverge at a critical radius. Furthermore, the string
frame metric,

ds?, = e%¢d52, (4.4)

collapses at that radius, with a diverging Ricci scalar. The geometry therefore has finite
extent and volume, with

7 10 392
0< > a5 +3) a2 <=5, (4.5)
A=1 a=8 H

We will discuss the physical meaning of a bounded geometry below, most immediately we will
need to ensure that the probe D1-brane remains in a weakly curved region of the background.
The string coupling remains bounded over the entire space.

The background we have just presented does not carry D-instanton charge. This can be
added in the form of N probe D-instantons. Because of the background flux, the D-instantons

2The dilaton at the origin is, in general, set by a second constant of integration, the ‘string coupling’ gs.
The factors of gs can be removed from the solution and incorporated into the action instead by rescaling the
fields. We have done this, so that gs appears explicitly in the actions (4.7) and (4.14) below.
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Figure 1. The Euclidean type IIB background is an ellipsoidal cavity, supported by three-form NSNS
flux H, dilaton e? and axion Cy. The dilaton goes to zero at the boundary of the cavity while the
axion diverges. A spherical D1-brane polarises due to the background flux and carries IV units of
D-instanton charge.

are able to lower their action by polarising into a spherical D1-brane, in the spirit of [24, 33].
We will find that there is a supersymmetric Euclidean D1-brane sitting at

10 20 N2AT2
9u*(ma’)*N
2
> @ = . (4.6)
= “ 16

Here we have taken the limit, described below, of small wa/ Nu?. The D1-brane then avoids
the region of large curvatures. The D1-brane carries a worldvolume Maxwell field F, which
induces N units of D-instanton charge via the worldvolume coupling CoF. In (4.25) below,
the spherical D1-brane is identified with the fuzzy sphere saddle of the large 2 matrix
integral, with Q oc p.

A cartoon of the background we have just outlined is shown in figure 1. In the remainder
of this section we will obtain the solution and describe its properties in more detail. One way
to motivate the presence of a singular exterior boundary at finite distance is to recall that the
scaling dimension of a scalar field becomes negative below two spacetime dimensions. This
can be expected to invert the dual holographic renormalisation group flow, so that the gap
induced by the mass term cuts off the geometry at large distance instead of in the interior.
While there is no notion of energy scale in the matrix integral (see section 6), an analogous
cavity is seen in the ITA geometry dual to BMN matrix quantum mechanics [28].

4.2 FEuclidean type IIB theory

Our backgrounds have vanishing RR three-form, and hence the RR five-form can consistently
be set to zero. The Euclidean type IIB supergravity equations of motion, in Einstein frame,
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are those derived from the action

/ dPz\/g [—R+;(v¢)2—;e2¢(vco)2+1e—¢H2—1e¢(F—COH)2 .

12 12
(4.7)
Here ¢ is the dilaton, Cy the RR scalar (the axion), H = dB the NSNS three-form, and
F = dCy the RR three-form. We sometimes write F = F — CoH. It is important to note
the ‘wrong’ sign kinetic terms for both the RR scalar and three-form in (4.7). The axion is

1
S = ——"
" en)Tarig?

a pseudo-scalar and hence acquires a factor of 7 in passing to Euclidean signature [16, 17].
This factor of ¢ leads to the opposite-sign kinetic term for Cy, as Cp is real in (4.7). For
the same reason, the three-form F' acquires a negative kinetic term while the three-form
H does not.> Both F and H are real in (4.7). The equations of motion following from the
action (4.7) are given in appendix C.

In Euclidean signature the SL(2,R) covariant T-parameter and its conjugate are [17]

T=Co+e?, F=Ch—e?. (4.8)
Under SL(2,R) they transform as

ar+b _ at+b

_ _ d—bc=1. 4.
ct+d’ 7—_>c77'+d’ @ ¢ (4.9)

The two three-form field strengths transform in a doublet as

(£)=Go) () “

The action (4.7) may then be written in a manifestly SL(2, R) invariant form as

1 10 20,70t 1 1 - ,
S:_(27r)70/4982/d /g [R—l— (TM—'F)2 +6(T—7_')(F_TH)“VP(F_TH)M Pl . (4.11)

To find the background we will impose that it preserve sixteen supersymmetries, in
correspondence with the mass deformation of the IKKT model in section 2. Euclidean
supersymmetry transformations for the dilaton and axion have been written down in [16, 17].
We believe that there is a minus sign off in the dilatino transformation in [17], as the
transformations given there are not SL(2,R) covariant. The axion-dilaton sector of the
transformations we write shortly agrees with that in [16] upon letting their e — 41, and with
an overall sign redefinition of A below. To extend the transformations to include H and F we
have started from the Lorentzian supersymmetry transformations in [34], which are SL(2, R)
covariant. Almost all relative signs in the Euclidean transformations are fixed by requiring
this covariance to carry over to Euclidean signature. All remaining signs are then fixed by
requiring the Euclidean flat D1 brane solution to preserve half of the supersymmetries of
flat space. A final check of our transformations will be that the background we find by
imposing supersymmetry is indeed a solution to the full equations of motion. All told, we will

3The final term in (4.7) requires that one, but not both, of F and H must compensate for the factor of i in
Co under Wick rotation. Indeed, it is C> that couples to worldvolume Maxwell fields in an analogous way
to CO.
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use the following Fuclidean supersymmetry transformations for the dilatino and gravitino
(the £ labels are explained shortly),

1 1 . -
ONE = ST (9,0 F e?0,Co) £ e TP (P g e?H)
4 . 8 (4.12)

O = Vet F 100,Co & e’ (PuT® 4+ 20@T,,) F (P e ?H) .
where ¢* are SO(10) chiral spinors satisfying I';1e* = e*. We may recall here that in type IIB
theory, the supersymmetries all have the same chirality. In (4.12) we have used the shorthand

rmA = Irwtn A . The transformations (4.12) are covariant under SL(2, R) with

d+cr\ /4 d+cr\ /4 d+ cr\ =/
=+ =+ =+ =+ + +
oAt — <d+c7'> AT, oy, — <d—i—c7‘) by, € = (d—I—CT> e~ . (4.13)

The Wick rotation can be viewed as turning Lorentzian spinors A, ¥, ¢ and their complex
conjugates \*,1*, €* into AT, e" and A\7,¢ ™, e, respectively. More explicitly, this is
done in three steps. Firstly, the real and imaginary parts of a complex spinor in Lorentzian
signature are each an SO(1,9) Majorana-Weyl spinor. That is, we may write A = A\j + i)g,
Y = + ihy and € = €1 + ieg with A2, 112 and €2 being Majorana-Weyl. Secondly, in
parallel with the matrix model, as described in section 2, the Wick rotated spinors cannot
satisfy any Majorana condition, but only themselves appear in the Euclidean action while
their hermitian conjugates do not. As in the matrix model, the path integral is restricted
to only the spinor fields themselves, and hence the number of degrees of freedom remains
the same as in the Lorentzian theory. Thirdly, we define linear combinations A* = A\; & \o,
Y = 1 £ o, €8 = @ L e

In appendix C we obtain the background (4.1), (4.2) and (4.3) by making an Ansatz with
SO(3) x SO(7) symmetry and using (4.12) to impose that it preserves sixteen supersymmetries.
As in the matrix model, these supersymmetries are not consistent with any reality conditions
on the spinor fields.

4.3 Spherical probe D1-brane

We will now show that N probe D-instantons in the background can lower their action
by polarising into a probe Euclidean D1-brane. The Euclidean worldvolume action of a
single D1-brane is given by

T; T;
Sp1 = gl/d2ae_¢\/det(g¢j + Bij - 27T04/fij) + ?1 /Co (B - 27‘(‘0/]:) , (4.14)

where G, B and Cy are the pull-back of the string-frame metric, B and Cj onto the worldvolume,
respectively, while F is the worldvolume Maxwell field strength, 773 = 1/(27¢a/) is the D1-
brane tension [35] and gs is the string coupling (see also footnote 2 above). In this section
and appendix E, only, we will use i,j to denote the worldvolume index. The final term
in (4.14) does not come with a factor of ¢ as, we may recall from section 4.2, the axion
acquires a factor of ¢ upon Wick rotation that will cancel the factor of ¢ coming from Wick
rotating the time coordinate.

We look for spherical solutions where the D1-brane is at the origin in the x 4 directions,
with A =1,...,7, and forms a two-sphere in the remaining directions. This configuration
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preserves the SO(7) x SO(3) symmetry of the background. We would like to find the
radius r, with

10
="k, (4.15)
a=8

of the sphere. On such spherical configurations, and in the background described by (4.1), (4.2)
and (4.3), the D1-brane action (4.14) is

47Ty 3272 urs 2 w3
Sp1 = m [\/(1 ~~ 5 )7‘4 + (3 — ﬂ'o/N) 5 7' N ||. (4.16)

32

Here the worldvolume Maxwell field strength has been taken to be
N
.,F = 5‘70152 y (417)

where the volume form on S? is normalised such that J volgz = 4. Moving the probe away
from the origin in the x4 directions increases the action.

The N in the Maxwell flux (4.17) is the D-instanton number. We may verify this as
follows. The D-instanton number is the Noether charge associated to shifts of the axion [16].
From the D1-brane action (4.14) the charge is seen to be*

2ma’Th F=T_N, (4.18)
D1
where T_1 = 47%a/T = 27 is the ‘tension’ of a D-instanton [35, 36]. Therefore we see that
adding this probe D1-brane to the background is equivalent, in terms of quantum numbers,
to adding N D-instantons (we will see below that in fact, with the conventions we are using,
we have added D-anti-instantons). This is a familiar aspect of the Myers effect [24, 33]. We
may identify N in (4.17) with the rank N of the matrices in the deformed IKKT model.
The minimum action configuration is found by solving

dSp1
dr

=0. (4.19)

This can be done with the full expression (4.16), and the exact supersymmetric minimum
is given in appendix D. However, in order for the classical probe brane action to be valid,
we should keep away from the high curvature boundary of space where e? vanishes. This
can be done transparently by introducing a rescaled radius y as

r= @7 =nd/Np?. (4.20)
I
The dilaton becomes
e?=1- i772y2 (4.21)
39 ) .

“The term coupling the axion to B in (4.14) does not contribute to the Noether charge because the shift of
this term is compensated for by a corresponding shift in the C> coupling, not shown in (4.14).
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We will take the limit n — 0 with y held fixed. The solutions for y will be finite in this limit,
so that r is well away from the singular boundary and e? ~ 1 in (4.21).
We may expand the action in small 7 to obtain

47Ty (24y* — 329 + 99°) 4 5
Sp1 = 2 O . 4.22
pL="g |t T 7’ +0 (n°) (4.22)
The stationary points (4.19) are thus found, to leading order in small 7, to be
1 3
=0, -, -. 4.23
y=0, 7. 1 (4.23)

These are two minima separated by a maximum. The ratio of 3 between the radii at the
maximum and the minimum agrees with that found in (3.8) for the fuzzy sphere. As with
the fuzzy sphere, the nontrivial minimum has the lowest action. These facts strongly suggest
that the stable polarised D1-brane can be identified with the stable fuzzy sphere matrix
configuration. The background NSNS flux is able to polarise the D-instantons into a D1-brane
due to the presence of the axion Cj in the D1-brane action (4.14). To further support this
identification, in appendix D we establish that the stable D1-brane configuration preserves the
sixteen supersymmeteries of the background. In appendix E we verify that the fluctuations

about the polarised brane match the matrix fluctuations about the fuzzy sphere.
To match the absolute units of length, i.e. the radius of the stable sphere, between the
two sides of the correspondence we can equate the actions at the minima. From (4.22) we have
Sglin _ @ B 27.‘.30/2]\[3”4 .

9s 28 Js

In both terms we used 77 = 1/(2wa’). The first term in (4.24) is N times the action of
a D-(anti)-instanton, i.e. 277/gs [36], in a Euclidean background with e™® = —Cy = 1.°

(4.24)

The second term in (4.24) captures the lowering of the action due to the polarisation of
the instantons into a Euclidean D1-brane.
Equating the second term in (4.24) with the fuzzy sphere action (3.12) gives, at large
N > 1,
04 (27r)3 o'? 4
— = . 4.25
o P (4.25)
In (4.25) we have obtained an entry in the dictionary between the matrix and spacetime
descriptions. The first term in (4.24) is an overall normalisation of the matrix integral. It

can be accounted for by adding a constant term to the matrix action in (2.3),
-
AS =TTy (1) . (4.26)
9s

Here 7 = 2. This term is precisely the expected weighting of D-anti-instanton contributions

to string theoretic processes [36]. Similar terms have also been considered in other contexts,
including in the original IKKT paper [10].

5One may also find solutions with the opposite charge, describing N D-instantons. These are backgrounds
in which the dilaton is the same as in (4.2) but Co = e~?, with no relative minus sign, and yu — —p in (4.3).
This solution is also seen to be supersymmetric, upon exchanging €™ <+ ¢~. A spherical probe D1-brane on
this background has the same action as (4.16), and hence the same stable solutions and on-shell action.
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With the mapping (4.25) at hand, we may check the compatibility of the limits that have
been considered on either side of the correspondence. On the matrix side we have assumed
Q* > N in order to treat the fuzzy sphere by saddle point. On the string theory side we
have required n < 1 in order for the D1-brane geometry to be away from the strongly curved
boundary of spacetime. Imposing both conditions requires

1
gsN < o1t < R gs N3 < 1. (4.27)

While N is large, we will also want gs < 1 and therefore the final condition in (4.27) can be
satisfied. In the regime (4.27) the polarised D-instantons are simultaneously described by the
spherical D1-brane and by the fuzzy sphere saddle of the deformed matrix integral. If the
first inequality in (4.27) does not hold, then the D1-brane must be treated as a fluctuating
stringy object, see the discussion in appendix E. In particular, the D1-brane remembers
its noncommutative origins. If the second inequality in (4.27) does not hold, then higher
powers of X need to be added to the matrix action. This is because Sq + AS, from (2.3)
and (4.26), is the action for N D-instantons in a flat Euclidean IIB background with a
constant NSNS three-form, dilaton and axion. This is indeed the correct background when
n < 1. However once 1 ~ 1 the background axion, dilaton and string frame metric undergo
large changes as a function of radius. These strong changes to the background induce changes
to the instanton world-point action.

4.4 Beyond the probe limit

We have seen that the fuzzy sphere saddle point of the matrix integral is in correspondence with
a probe D1-brane in a certain Euclidean type IIB background. This gives two perspectives
on the same physical system. The essence of holographic duality [4] is then to take the
system to a different regime of parameter space, where the D-branes now backreact strongly
on the spacetime. We may expect that in such regimes the corresponding matrix integral
is strongly coupled. In this subsection we will see how this works out for our background.
We will not construct the backreacted geometries in this paper, but we will estimate the
parameter regimes in which backreaction occurs.

The D1-brane is located at a radius r, defined in (4.15). We would like to determine,
parametrically, the transverse lengthscale £ < r over which the brane backreacts significantly.
This backreaction lengthscale can be estimated by equating the action of the probe D1-
brane (4.14) with the change in individual terms in the IIB action (4.7)

248
ag; ~ ASB gt e ~ S~ 2 (4.28)
In the first expression r2¢8 is the spacetime volume of the backreaction region and 1//? is the
scale over which the fields vary. We are working in the regime 1 < 1, wherein the brane action
is given by the first term in (4.24) and the background supergravity fields are constant. In this
regime e® ~ 1 and so lengthscales in the string and Einstein frame are the same. Introducing
the string length I = v/o/, and with r given by (4.20) and (4.23), we have from (4.28) that
5 gsIN

7 VP -2
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Figure 2. The expected type IIB phase diagram. The x axis is (the logarithm of) the radius of the D1-
brane in string units and the y axis is the strength of gravitational backreaction. The vertical dashed
line on the right corresponds to the D1-brane radius reaching the edge of the cavity. The dashed line
on the left corresponds to the D1-brane radius reaching the string scale. Our analysis does not apply
beyond these dashed lines. From top to bottom, the solid lines denote the conditions (4.31), (4.30)
and (4.27). In the top shaded region the background is given by the backreacted geometry of N
D-instantons, perturbed by a three-form NSNS flux. The region below this one is described by a
backreacted spherical D1-brane inside the cavity. The bottom shaded region correponds to a probe
D1-brane in the cavity background. In the region immediately above this one, the D1-brane remains
a probe but has stringy fluctuations.

Backreaction produces a large (in string units) region of curved spacetime when the ratio (4.29)
is large. That is

gsN > (ulsN)?. (4.30)

The inequality (4.30) can be understood intuitively. The standard condition for N coincident
D-branes to backreact is gsN > 1 [4]. Here, however, the D-instantons are diluted over
a sphere of area 72 ~ (ul2N)%2. The D-instanton density is therefore N/r?, which will
backreact strongly when (4.30) is obeyed. Thus, in the regime (4.30) the full geometry
should look like a spherical ‘domain wall’ of thickness ¢ separating an interior flat region
and the exterior cavity geometry.

As the radius of the sphere r ~ plgN shrinks in (4.29), the backreaction lengthscale
grows and eventually reaches ¢ ~ r when, using (4.29) and (4.20),

8

gsN ~ (,Uf lSN)S ’ ﬁ

~ gsIV. (4.31)

The lengthscale ¢ here is precisely that over which N coincident D-instantons backreact on
the geometry, putting p = —1 in [26]. This is a sensible result: once ¢ ~ r the backreaction
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occurs over the same lengthscale as the polarisation. The backreacted geometry therefore
starts to approximate the SO(10) symmetric background of N clumped D-instantons [16, 17],
perturbed by a three-form flux. In the first instance this perturbation will ultimately lead
to a cavity singularity enclosing the clumped D-instantons. However, if the backreaction
lengthscale extends up to the cavity boundary, there may be other possible scenarios.

The different regions we have just described are summarised in figure 2. The figure also
indicates the regime of validity, from (4.27), of the fuzzy sphere saddle of the matrix integral.
A basic consistency check in figure 2 is that the regime where the D1-brane backreacts on
the geometry (at the top of the figure) has no overlap with the perturbative fuzzy sphere
regime of the matrix integral (at the bottom of the figure). If the matrix integral can provide
a holographically dual description of the backreacted geometry, it will therefore be in the
strongly fluctuating, small 2 regime. We will discuss this possibility further in section 6
below. As we have already noted in section 2, the absence of time in the matrix theory
complicates matters because it removes the conventional connection between a matrix theory
energy scale and the emergent holographic radial coordinate.

5 Localisation

In this section we will set up a supersymmetric localisation approach to the mass-deformed
integral (2.5). This allows results for the integral that are exact in 2. We show that the
integral is given exactly by the one-loop fluctuations about two classes of matrix configurations.
The first class are the stable fuzzy spheres considered in section 3, while the second are
configurations where the fuzzy sphere has collapsed to the origin.

The maximal fuzzy sphere gives the leading contribution to the integral at large €. In
section 5.5.2 we obtain the large 2 behavior of the maximal fuzzy sphere contribution for all
N, recovering our previous formula (3.1) via a different integral. We furthermore obtain an
exact-in-{2 expression for the maximal fuzzy sphere contribution for N = 2, in section 5.5.1.
To capture the small 2 limit in its entirety it is necessary to understand, in addition, the
contribution of the collapsed configuration. This involves some additional subtleties and
will be presented in future work.

The localisation computations below follow familiar steps. In section 5.1 we write down
off-shell supersymmetries for the polarised IKKT model. We obtain these by dimensional
reduction of the results for ten dimensional SYM theory [37], extended to include the mass
deformation. A similar procedure was outlined in [27, 38]. Next, in section 5.2 we make
a choice of a particular supercharge and localising action. Similarly to [27, 38|, while the
individual off-shell supersymmetry transformations square to a gauge transformation and
a rotation, we choose a particular one that squares to zero. This allows us to choose any
localizing deformation. Our choice, (5.13) below, is analogous to that in [27, 38]. A similar
procedure has also been applied to the BMN matrix quantum mechanics in [39]. At the
end of this subsection, we introduce a field redefinition and contour shift for the auxiliary
matrices, aligned with definitions in [14, 40]. In section 5.3, we explain our parameterisation
of the localisation moduli space. The starting point here is a simplified set of localisation
equations of motion (5.17). The derivation of these equations is left to appendix F; they are
most easily derived along similar lines to [14, 40]. Despite some similarities, our localisation
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differs from those in [14, 40] not only by a different choice of localising action, but also
by our not twisting the supersymmetries nor requiring a contour regularisation at the end.
Eventually, in section 5.4 we present the results advertised above. Numerical factors from
normalisation of the integral are computed in appendix G.2.

5.1 Off-shell supersymmetries

The supersymmetry transformations in (2.4) only close on-shell. That is, the supercharges do
not square to a bosonic symmetry of the action unless the equations of motion are imposed.
For localisation to work we will need the supersymmetries to also close off-shell. This requires
adding in seven auxiliary bosonic hermitian traceless matrices D4, (A =1,...,7), with an
extra term in the action [27, 37, 38]

Sa — S& =Sq+2Tr(DaDy). (5.1)

Integrating out Dy4 trivially gives back the original partition function (2.5), up to a constant
multiplicative factor. We account for this normalisation factor in appendix G.2.

In this section we will work in the chiral basis outlined in appendix A. In this basis
only the top sixteen components of the spinor are nonzero. As above, see also (A.12) in the
appendix, we denote the nonzero components by 6. Similarly, in the formulae below the
supersymmetry parameter € refers to the top sixteen (i.e. nonzero) components of the thirty-
two component spinor in (2.4). We may now follow [37] and write the off-shell supersymmetry
transformations as

1 . 19
000 = iagﬁ[XmXu]eB +uyDa+ @XM(TM)aBE& (5.2)
1, i
5DA = _Z(UA)ao—aﬂ[X/“ 9/5] + 472(’1),4)0[[(&59/5,
where
1 _ _
oM’ = 3 (cta” —a¥at) , K =0%5%19 = —5%:9510 = _K | TH = 'K + 2Kat,
(5.3)
and the v4 are seven spinors satisfying
1 1 1
vhate =0, B (6T6“e) (Ou)ap = ea65+1(vA)a(vA)a, ZU?;E“UB = dapela’e. (5.4)

These equations determine vy in terms of €, up to SO(7) rotations acting on the A, B
indices [27].

Acting with the supersymmetry transformations (5.2) twice yields an SU(N) rotation
and an SO(3) x SO(7) rotation,

Q1 1
XM = —¢'[X,, XF] + % swaB(MAPY, + Q%b(Mab)“,,} X,
Q1 1
(529a = —§V[X,,,9a] + % [QWAB(UAB)ag + 2wab(0ab)a5] 95, (5.5)
) , i1
(5 DA = —f [XV,DA] + § §’UAKUB DB,
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where, as before, we have A,B = 1,...,7 while a,b = 8,9,10. We have also defined
& = eT(_f”e, WAB = 6T5AK5Be, and wgp = 2¢7'5,Kape. The matrices M and o are generators
of SO(10) in the vector and Weyl spinor representation, respectively, given by

1

(MY, = 3167 = 370, (0™)o = 5 (0757 — 0¥ 0" 5 (5.6)

ap
Rotations mixing the 8,9, 10 directions with 1,...,7 are not present in (5.5). These would
not be symmetries of the action.

5.2 Deformation of the action

With the off-shell supersymmetries in hand, the strategy is to use these to deform the action in
a way that does not change the value of the integral. We then take a limit of the deformation
that localises the integral to certain special configurations.

Let &, for some particular € to be specified below, be one of the supersymmetries. We
deform the action by a d.-exact term, such that the partition function (2.5) becomes

Z(t) = / dX,dV,dD e~ S 1V (5.7)
where t is a deformation parameter and V' is any fermionic operator satisfying
62V =0. (5.8)

It is crucial to use the off-shell supersymmetries here, in order to achieve (5.8) inside the
integral, which includes configurations that do not obey the equations of motion. The
partition function does not depend on this deformation because

d
az(t)

- / dX,,dW odD 48, Ve Sa=teV

= / dXudWadD 20, (Ve 5ot (5.9)
=0.

In the second line we used that d¢ is a supersymmetry, so §.5¢, = 0, and also (5.8). The last
step is a result of the integrand being d.-exact. The fields do not appear on the right hand side
of their own supersymmetry transformation in (5.2), and therefore a d.-exact term is a total
derivative. It follows from (5.9) that the partition function is independent of the deformation.
In particular, it is equal to the original undeformed partition function, Z(t) = Z.

Given that (5.7) is independent of ¢, we may calculate it in the limit ¢ — oo, where only
stationary points of 6.V contribute. In general there will be a moduli space M worth of
stationary points, so that the partition function becomes

Z = / e~ SaM) Zl-loop (A1) (5.10)
M

Here S;(M) is the action evaluated on the moduli space and Z1'°°P(M) is the one-loop
determinant calculated from the quadratic fluctuations around each point on the moduli
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space. We will see shortly that the stationary points of §:V coincide with its zeros, which
is why 6.V does not appear in the exponent in (5.10).

We have seen in (5.5) that the supercharges in general square to a symmetry transforma-
tion. However, we can find linear combinations that square to zero. In such cases (5.8) is
satisfied for arbitrary V. One such choice is parameterized by the sixteen-component spinor

T
e=(0...001), (5.11)

and, correspondingly, a representative solution to (5.4) is [38],
va = 205G €. (5.12)

We should emphasise that a complex € in (5.11) does not pose any problems. As argued
in [27], the action should be thought of as a holomorphic function on the complex space
of X,,, Da, and 0,. As we have explained in section 2, especially in relation to the spinor
matrices, the integral is a holomorphic integral over half of the coordinates on this complex
space. The supersymmetries are then holomorphic transformations on the complex space that
leave the action invariant. For the localisation argument above, it does not matter whether
the coefficients that appear in these holomorphic transformations are real or complex. The
important point is that the transformations do not depend on the hermitian conjugates of
the matrices. This is sufficient for the above localisation argument to work.

Given that 62 = 0 with the choice (5.11), we may choose V arbitrarily. A convenient
choice is

V = Tr (0a(d0a)") |

8V = Tr ((0:0)(0:0a)' — 0ade(6:00)") - (5.13)

This choice has the benefit that the first term in 6.V, the bosonic part, is a sum of squares.
Hence it is positive semi-definite and so the integral is well-behaved as t — co. The stationary
points are just the minima of 6.V, which are also its zeros. The moduli space is therefore

M ={X,, Da|b68,=0,a=1,...,16}. (5.14)

The fermionic part of 6.V in (5.13), the second term, goes fully into the one-loop part of (5.10).
We should clarify the meaning of the daggers in (5.13). Consistently with our discussion

above, the deformation 0.V of the action is defined to be a holomorphic function of X,,, Ha,

and 0,. The dagger in (5.13) is defined to take the conjugate of each element in 6.6, while

leaving X,, and H4 unchanged [27]. This is equivalent to treating the matrices as hermitian.
In what follows, we use a convenient field re-definition

1 1
Dy=Ha+ 5 ([XA, Xg| — §CABC[XBa XC]) , (5.15)

where Cypc are the octonion structure constants, which have also appeared in appendix A.
In the path integral, (5.15) means that we shift the contour of the Gaussian integration over
hermitian D4 to an integration over hermitian H 4 instead. This shift does not change the
value of the integral, as usual for Gaussian integrals. It has the benefit that the localisation
moduli space has a simpler form. A similar contour deformation is performed in [14, 40].
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5.3 Moduli space

The equations 6.0, = 0 in (5.14) impose conditions on the bosonic matrices. In appendix F
we show that introducing the quantities,

A= X1 +iXg, Ay = X5 —iX5, A3 = X3 —iXy, ¢ = Xg+1iXy0, (5.16)

the moduli space is the space of solutions to the following equations:

1,7 € {17273}7
[X7,X,] =0
30 a,b,c € {8,9,10}, (5.17)
[XmXb] = Z.?ﬁabc‘)(c
Q
Hp=—-——X A=1,...,7.
A TR N

We see in (5.17) that the stationary points organise themselves into precisely the stable fuzzy
spheres in Xg g 19 that we have encountered previously. The important difference is that now
there is also a moduli space for X; 7 that incorporates all non-perturbative corrections to
the more direct saddle point evaluation that we performed in section 3. In addition to dealing
with this moduli space for each fuzzy sphere, the full answer must include the contribution
from the ‘collapsed’ sphere with Xgg 10 = 0.

We will limit our attention in the remainder of this work to the contribution of the
maximal fuzzy sphere saddle, i.e. the N-dimensional irreducible representation of SU(2). We
have seen in section 3 that this saddle dominates the partition function at large 2. In this
way we will recover our expression (3.1) from localisation, including the precise prefactor,
giving a nontrivial check on our computations. We will furthermore evaluate this contribution
at all Q2 for N = 2. Further results will be presented elsewhere.

A convenient gauge choice for solving (5.17) is to diagonalize Xg. That is, we may use
the SU(N)/Zn zero modes to set

Xg = = J5, (5.18)

up to Sy permutations of the diagonal entries of J3. Recall that .J, was defined below (3.10).
Then, the fuzzy sphere equation in (5.17) fixes also

30 30
X9 = ?Jl, Xio = §J2, (5.19)
up to U(1)N=1/ZN c SU(N)/ZV residual gauge transformations that leave Xg invariant.

At this saddle, X7 commuting with Xgg 19 in (5.17) implies that
X7 =0. (5.20)

Furthermore, from (5.16) we see that ¢ is proportional to J,. Therefore the statement
in (5.17) that ¢ commutes with A; implies that the A; must have highest weight. Highest
weight matrices are naturally written in terms of matrix spherical harmonics as

N-1
A=Y dVy, dec (5.21)
=1
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Details of matrix spherical harmonics are given in appendix B. The intuitive point here is
that the highest weight condition implies that only the harmonics with quantum number
m = | appear.

We may set al = ul + v, with ul,v! € R. With these 6(IV — 1) real coordinates on the
moduli space, the full bosonic action in (5.1) evaluates to

/ / [ 392 = 1\2 \2 994 2
Sbl g = Sauh,vf) = TN YT 3B [(uh)? + ()] - TE NV 1) (5.22)
=1 i=1

l

It might appear surprising that the action is exactly quadratic in (u;

L ob). This occurs because

the shift of the auxiliary field in (5.15) precisely cancels the quartic terms among X; ¢ in
the original action (2.3). We recognise the final term in (5.22) as the fuzzy sphere saddle
point action (3.12). The first term is the additional action due to nonzero A; matrices.
Reassuringly, this extra contribution is positive. While (5.22) has a rotational symmetry
between the different [ terms, this is not shared by the one-loop contributions.

To summarise, we are focusing on the maximal irreducible fuzzy sphere saddle. We fix
the gauge by diagonalizing Xg, so the saddle point is, up to permutations and residual gauge
freedoms, Xgg10 = 3€2/8J31,2. This allows us to parameterize the moduli space for the
L,

v;}, 1 =1,...,N — 1. This series of operations introduces

other matrices by coordinates {u;, v;

a Vandermonde determinant and gauge volume, multiplicity of permutations, residual gauge
volume, and a volume form on the moduli space, which is the Jacobian for transforming into
the {ul,v!} coordinates. These will all be discussed in appendix G.2.

(2E)

5.4 One-loop determinants and moduli space integral

The one-loop determinant in (5.10) consists of a bosonic part and a fermionic part. In the
large ¢ limit the contribution from fluctuations in the ¢4,V term in the exponent in (5.7) is
in principle dominant over fluctuations from the S, term. This is the case for the bosonic
modes. However, the fermionic part of 0.V has zero modes that are not zero modes of Sg,.
We therefore need to keep track of variations of Sg,, and we have

pt[s? 1+ ¢(5. )P
Zl-loop(M) — 23(N*1)(27T)(8N+5)(N71) lim [ f + < )f }

t—o00

(5.23)
det’ [¢(5.V);”]

Here (6€V)§)2})¢ are the bosonic and fermionic parts of the localising deformation at quadratic

(2)
level, S’f

is the quadratic fermionic action of polarised IKKT, and det’ is the determinant
over the subspace of non-zero bosonic modes (the zero modes are the moduli and gauge
transformations). The powers of 2 in (5.23), which add up to 8(N? — 1), arise from the
16(N? — 1) fermion integrals, as our fermions are real. The power of 7 is given by half
the number of non-zero modes in the bosonic part of §.V. There are 17(N? — 1) bosonic
integrals, over (X, Ha), but also a 6(N — 1)-dimensional moduli space and N? — 1 gauge
transformations. Hence in the end there are 2(8N + 5)(/N — 1) non-zero modes.

The localisation argument in (5.9) implies that the ratio of determinants in (5.23) should

be finite and nonzero in the ¢ — oo limit. Indeed, the fermionic Pfaffian will be a polynomial
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in t with degree (Raunk[((SEV)ScQ)])l/2 and it can be verified that Rank[(&V)gg)] is also the
number of non-zero bosonic modes. Therefore, the powers of ¢ from the bosonic determinant
in the denominator of (5.23) exactly cancel those from the fermionic Pfaffian in the numerator.

The bosonic part of the quadratic localising action is
0V = Tr ((600) V1 (0:00) ™M) - (5.24)

Writing all bosonic matrices as a background value on the moduli space plus fluctuations,

X, =X 1+6X,, Hi=H +5Ha, (5.25)
we have that
5e00) 1) = (6" €) o[ X0 5 X SH, + Loc ey 0x 26
(00a)" = (01" €)a| ) v+ (va)a A+§ A "‘Zg( €a i (5.26)
where
_ (0) (0) . (0)
064 = [0Xa, X5 "] + [XA , 0.Xs] CABC[XB ,0X¢l. (5.27)

As previously mentioned, a number of these fluctuations are zero-modes. The zero-modes
must be removed from the fluctuations and instead be included in the moduli space integral
or gauge volumes. In appendix G we write down the modes in a basis of matrix spherical
harmonics and explicitly separate out the zero modes and gauge modes.

The fermionic part of both the localising deformation and the original action are quadratic
when the bosonic matrices are evaluated on the moduli. The localising deformation is given by

(56‘/)5‘2) = _ea(se((seea)T

1
= (0T e) (0776, XV] + Z(e%;)(ugaﬂ X, 0])
Q (5.28)

- ig(HTE“e)(QTTMe)*
— 00 (X7, 0774 + [075%, X A0 + Capol0”7%, xCO)).

Q
— iE(HTUZ)(UZ;KH)

Recall from our discussion above that the complex conjugation in this expression does not

act on . The fermionic part of the original action is

2 _ Lm0 o7

s = 507X\, 0] - it K0, (5.29)
The localisation procedure introduced a number of gauge volumes and Jacobians. We

compute these normalisation constants in appendix G. The upshot is that the integral should

be multiplied by

_(6N+5)(N—1)/2w N-1 4

G(N +2) l:Hlﬁl

N = QN2—1 9T(N—1)(2N+1)/2 3N2—1(27T) (5.30)
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5.5 Results from localisation
5.5.1 The exact fuzzy sphere saddle for N = 2

This simplest application of the formalism above is to compute the exact fuzzy sphere saddle
at N = 2. For N = 2 the maximal fuzzy sphere is the only non-collapsed saddle.
To leading order as t — oo, the N = 2 fermionic Pfaffian and bosonic determinant are

13 £ ()16
(2) @y _ 213750 2 2\?2 2 2\ 2
RIS} + t(0V) ) = ' g (902 +128u?)" (4502 + 128u?) ", 550
) .
det![t(3.V)y] = #122123%0 0% (902 + 128u2) .
Here u is a radial coordinate on the moduli space given by
3
w? =3 [@h?+ ()] . (5.32)
i=1

The parameterisation of the moduli space in terms of a single modulus u is possible due
to an SU(3) symmetry, A; — U;;A; with U € SU(3), of both the original action and the
deformation. The ratio of determinants in (5.23) is then

5203 (4502 + 128u?)”
24 (902 4 128u2)?

Z1oop () (5.33)

and the moduli space integral becomes

21 O3 oo 2 2\2 2 4
70 = /\// d - . 5.34
=2 20 Jo T ez sz TP\ 6t T 2 (5.34)

Here we have N = 2933 Q3 7717/2 setting N = 2 in (5.30). There is an additional factor
of 3 in (5.34) from the conversion to radial coordinates in (5.32).

At large €, the fuzzy sphere is the dominant contribution to the partition function, and
we can compare this result with the semi-classical computation in section 3. At large €2 the
integral (5.34) simplifies as the fraction in the integrand approaches a constant. We obtain

2 Q4 oo 4 2 Q2
fo\lfm:zg,ﬂﬁoo ~ 2°3%5 Q0 73 Zexp ( 2714 ) /0 duu® (95) exp <_316“2>

(5.35)
270!
_ 217537731/2exp< i ) :
which matches exactly with the perturbative calculation in (3.1) for N = 2.
The € — 0 limit may also be obtained from (5.34) as
i
N g =2 52 (5.36)

Essentially, one sets all of the () terms in the integrand to zero, except the one in the exponent
that controls the convergence of the integral. It is interesting that the contribution of the
fuzzy sphere saddle remains finite in this limit. In fact,

fuzz 1
ZNy a0 = ﬁleng. (5.37)
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Here the IKKT result, which is our model with € = 0, can be found in e.g. [15], taking care
to match conventions appropriately. Thus the fuzzy sphere saddle gives a finite part of the
full Q = 0 answer. The remaining contribution is, presumably, from the collapsed saddle.
The € — 0 limit of that saddle is subtle and will be discussed elsewhere.

5.5.2 General N at large mass

The large 2 matching between perturbation theory and localisation in (5.35) can be extended
toall N. A major simpliﬁcation is that in the large € limit, the moduli space integral is
dominated by u! = v} = 0. This is because the action (5.22) is proportional to Q2[(ul)2+ (v})?],

strongly suppressing larger values of uz, To leading order it is therefore sufficient to consider

l
fluctuations about the saddle with u} = v} = 0 only. This coincides with the perturbative

saddle point (3.9). The one-loop determinants for this saddle point, using the localising
action, are computed in appendix H. The ratio (5.23) is found to be

l-loop 27(8N+37)(N71)/2(271,)(8N+5)(N71) 3—(N=2)(N-1) ()—(N-1)(N-5)

u=v=0

I(N+1) N5
JNCN+ 27 1:[ (31 +2)° (5.38)

% NS(N 1)

This factor does not depend on the moduli (by assumption) and therefore can be taken out
of the integral over the moduli. The partition function is then simply

267, = NTuZ,25%,, (5.39)

Q—o0

where N is given by (5.30) and the integral over the moduli

Ipm = / (H dut dvf) e~ Sauiv)
=00 \ il

904

o (5.40)
_B2N(N?-1) 518(N—1) (9 \3(N—1)a—3(N—1) \r—3(N—1) () ~6(N—1) T 1
e2 2 (2r) 3 N Q 1;[ TERTEE

where S§(ul,v!) is given by (5.22). The localisation answer for the maximal fuzzy sphere

'L’l

saddle at large €0 is then

N-1
quzzy _ 23(N2 1)(271_)(10N+11)( )/2]\f3 G( N)5 (3l+2) 69 N(NQ—l)

Qo0 G(N +2)3 1 \3l+1 (5.41)

= ZQ—>oo
where N is given by (5.30). The final line states that, using G(z + 1) = I'(2)G(2), the
localisation result agrees precisely with the perturbative answer (3.1).
6 Discussion

The polarised IKKT model is a deformation of the IKKT matrix integral that preserves all
of its supersymmetries but breaks the symmetry SO(10) — SO(3) x SO(7). We have shown
that the spacetime description of this model, in the limit of large mass deformation, is a
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spherical D1-brane in a supersymmetric background of Euclidean type IIB string theory.
We have argued that going to smaller mass deformation corresponds to backreaction of the
D1-brane on the spacetime and we have developed a localisation method that simplifies
matrix integral computations in this limit. In this discussion section we make various remarks
concerning future directions.

Technical next steps. Within type IIB supergravity, the backreacted Euclidean geometries
appearing in figure 2 have the same symmetries and supersymmetries as the ellipsoidal
cavity geometry of section 4. It should be possible to obtain these geometries explicitly.
Some geometries with similar ingredients have been discussed in [41], but do not seem to
be quite what is needed here. The backreacted geometries should be analogous to certain
instances of the M-theory LLM geometries [42], that correspond to vacua of the BMN matrix
quantum mechanics.

Within the matrix integral, it remains to solve the model at all 2. We have developed
a localisation procedure that has reduced this task to computing the one-loop contribution
and moduli space integral of the localising saddles. These saddles are all the fuzzy spheres
together with a collapsed configuration. It will surely be possible to evaluate some of these.
One interesting point here is the connection of the €2 — 0 limit to the results of IKKT
localisation [14]. As we have explained in section 5, while our localisation procedure builds
in much of the structure of that work, we do not require a regularisation of the integral
by shifting contour.

Both sides of the duality seem potentially very tractable in this context, suggesting that
a detailed matching is within reach and possibly a corresponding insight into the emergence
of spacetime in this model.

Finding the backreaction in the matrix integral. In figure 3 we have redrawn the
phase diagram of figure 2 with the z axis replaced by the matrix integral parameter (2,
rather than the radius of the D1-brane. In figure 3 we have added two extra solid lines,
relative to figure 2, at

Q'N3~1, and QIN~1. (6.1)

The first of these, the leftmost vertical line in figure 3, sets the action of a typical fuzzy
sphere saddle in (3.11). Once it becomes of order one, all of the reducible fuzzy spheres
contribute comparably to the integral. This is the ultimate, nonperturbative, breakdown
of the saddle point approximation. It is reassuring, then, to see in figure 3 that this effect
onsets in tandem with bulk backreaction. The second relation in (6.1), the middle vertical
line in figure 3, is the scale at which Gaussian fluctuations, which are of order e~V ?log N
n (3.1), become of comparable magnitude to the action of the saddle.

A disconcerting aspect of figure 3 is that the y axis does not immediately have a
corresponding quantity in the matrix integral. The constant term (4.26) in the action, that
does depend on gg, has no influence on the dynamics. In conventional holographic dualities
with time, this axis would be the 't Hooft coupling at some given energy scale [26]. That is,
this axis would correspond to the renormalisation group scale in the matrix theory and the
radial location in the bulk. However, our timeless theory does not have energy scales.
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log N~ 14 log N1/4

backreacted

4. / sphere
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log N-3/4 log N~14 log N1/4
log(£2)

Figure 3. The phase diagram of figure 2 with (the logarithm of) € on the x axis. The shaded regions,
solid lines and dashed lines are in correspondence with those in figure 2. The extra vertical solid line
on the left shows the scale beyond which there is no suppression of subdominant saddles. The vertical
line in the middle is the point at which Gaussian fluctuations compete with the action of the saddle.

The bulk, does, however have a radial direction. In fact, there are two natural radial
coordinates. Correspondingly in the matrix theory one can consider the radial matrices

10 7
R3=> X2, Ri=)> Xj. (6.2)
a=8

We propose that gsN in figure 3 instructs us to zoom in on a certain range of these matrix
radial coordinates in order to find the corresponding bulk physics. Our suggestion is that
this is the analogous step to focusing on a certain window of energy scales in a QFT.

Let us start at large €2, where the bulk is described by the probe D1-brane embedding. In
this regime the matrix R3 will have an eigenvalue distribution n(rs) that is strongly peaked
on the radius of the fuzzy sphere. To leading order, from the fuzzy sphere saddle (3.10)
and the corresponding value of the SU(2) Casimir,

SN ) . (6.3)

TL(T’3) = N6 <'I"3 — 176

This probe D1-brane is, from (4.20) and (4.25), at a corresponding bulk radial coordinate

D1

ls

= (2mgs) Y4 rs. (6.4)
The R; matrix is instead collapsed close to the origin in this regime. From the bulk point

of view, the gravitational influence of the D1-brane in these transverse directions is set by
the backreaction scale ¢ introduced in section 4.4. We propose, using the same rescaling
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as (6.4), that the backreaction scale can be identified with a spread Ar; of the eigenvalue
distribution of R; by

14
= (2mgs)/* Ary . (6.5)
There is also a comparable spread Ars ~ Ary. The formula (4.29) for the backreaction
scale then becomes:

1 1

Ar7)® ~ — .
( 7'7) gSNQ2

(6.6)

Thus, the y-axis in figure 3 is instructing us to zoom in on the part of the matrix integral in
which the eigenvalues of R; are within a range Ary o< 1/(gsNQ?)'/6 of the origin. We should
emphasise that (6.6) is not a prediction for the variance of R; in the matrix integral. It is a
prediction about the part of that variance that describes the backreacted geometry in the bulk.

For the smallest values of ) the backreaction is equally strong in all directions and
swallows up the spherical brane. This is the regime that approaches the undeformed IKKT
integral. From (4.31), we now expect

NQ
gsN

(Ar3)® ~ (Ar7)® ~ (6.7)

It may appear surprising that gsN appears inversely in the expressions (6.6) and (6.7),
because on the bulk side the backreaction length grows with gs/N. This is a consequence
of the factors of g5 appearing in the conversion (6.4). Thus (6.6) and (6.7) are saying that
in order to find the backreaction at large gs/N in the matrix integral one needs to zoom
in close to the matrix origin.

The emergence of time. In conventional, ‘timeful’, versions of holography, time is given but
some dimensions of space emerge.® Because time is given, one can use the gravitational redshift
in the bulk as a ruler that maps out the emergent radial direction. As we have discussed above,
this ruler does not exist in timeless holography. However, conventional models of holography
often also have emergent internal spaces that are not related to gravitational redshift. The
dual description of the geometry of these internal directions must be found directly within
the matrix degrees of freedom. For example, the emergent S° in the holographic dual of
N =4 SYM is closely related to the six matrix scalar fields of the QFT. Our discussion
above can be paraphrased as saying that in timeless holography all emergent dimensions,
including the emergent Fuclidean time direction, are internal dimensions.

Euclidean geometries can define states in the gravitational theory in the spirit of Hartle
and Hawking [47]. The Hartle-Hawking state is just an example of a solution to the Wheeler-
DeWitt equation [48]. The Wheeler-DeWitt framework involves an inherently relational
notion of time that is likely well-suited to dualities in which one side has no time at all. It has
proven fruitful to describe bulk evolution in the radial direction using the Hamilton-Jacobi

5Even within conventional models, it might be said that time emerges in black hole interiors [43, 44]. There
is also an emergent time in dS/CFT versions of holography [45, 46]. The emergent time in these setups still
benefits from a renormalisation group-like structure in the dual description, albeit a more subtle one.
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framework [49-51], which is the classical limit of the Wheeler-DeWitt equation. It should be
possible to apply this structure to internal-type dimensions also. In this connection, it may
be interesting to explore whether higher trace deformations of the matrix integral can be
used to move in the emergent time direction, in the sense of T2 deformations [52-54].

Our Euclidean type IIB background does not analytically continue to a real solution
of Lorentzian type IIB theory, because the axion becomes imaginary. For the purposes of
generating emergent cosmological spacetimes, a Lorentzian matrix integral, in which one
of the matrices is Wick rotated, may be a more promising starting point. The cosmology
of the Lorentzian IKKT model has been widely studied, following [55]. A major theme
of work on IKKT cosmology has been the possibility of dynamical spontaneous symmetry
breaking. We will now make some comments on this question, from the perspective of the
mass deformed model.

Spontaneous symmetry breaking. The supersymmetric mass deformation provides a
well-controlled framework for investigating possible spontaneous symmetry breaking in the
(undeformed) Euclidean IKKT model. A large body of work has argued for spontaneous
symmetry breaking SO(10) — SO(3) in the Euclidean IKKT model. Recent numerical studies
include [20, 56-58], while the first hint of symmetry breaking was seen in [59]. However,
spontaneous symmetry breaking can only occur in a thermodynamic N — oo limit, whereas
the exact solution to the Euclidean IKKT integral [14] does not have a well-defined large
N limit. Tt seems possible that the physics at play here may be subtle. The localisation
method we have developed may allow an explicit solution of the 2 — 0 limit of the large N
deformed matrix integral, which may shed some light on this matter.

The previous work [20] has taken a similar approach to spontaneous symmetry breaking,
by studying the deformed IKKT model numerically. The numerical results presented in
that paper include regimes that should be dominated by the fuzzy sphere saddle and yet
show the opposite behaviour to the one expected. Namely, the 7 directions are reported
to be significantly larger than the 3 directions. It seems possible to us that the numerical
methods have missed the fuzzy sphere saddles.

Sponteneous symmetry breaking has also been claimed in the Lorentzian IKKT model,
where it is interpreted as giving an emergent cosmology with 3+1 large spacetime dimen-
sions [55, 60-63]. As we have noted above, it may be possible to study this question within
a Lorentzian version of the mass-deformed model.

Fluctuating instanton number and the cavity. The background cavity geometry of
figure 1 does not have an asymptotic region, where one could measure the D-instanton
charge. It is possible, then, that the number N of D-instantons inside the cavity should
be allowed to fluctuate. Indeed, it is natural to promote the matrix integral (2.5) to the
sum over instanton number

_ 47N

» Zn[Q). (6.8)

Z[Q, gs] = Ze
N

The exponent here is the instanton weighting term (4.26). It has been emphasised in [15]
that the undeformed IKKT integral is a rather non-analytic function of N, to the extent
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that a simple large N limit does not exist (as we noted above), but is a nicer function of
the instanton weighting parameter.”

We are not yet in a position to evaluate (6.8). However, it is instructive to consider, from a
bulk point of view, the contribution of probe D1-brane configurations to the sum over IN. This
sum is necessarily truncated at a maximal worldvolume flux of Npmax ~ 1/(lsp)?* ~ 1/(Q%,/75),
such that the D1-brane puffs up all the way to the boundary of the cavity. That is, the probe
D1-brane contribution to (6.8) contains a signature of the cavity:

Nmax )
Zp1[9, gs] Z e 501 (6.9)

In appendix D we obtain an expression for Smm at any radius, which has the parametric form

sy — Nmax p (NN ) , (6.10)
S max

where F(z) is a function that increases monotonically with z, with linear behaviour at small
x and a constant value at * = 1. The behaviour of the sum in (6.9) is therefore seen to
depend on Npyay/gs ~ 1/1/Q%g3. If this ratio is large, the sum is dominated by N = 1. If
the ratio is small, then all N up to Nyax contribute equally. This behaviour is analogous
to the thermal partition function of a Debye phonon, in which the linear dispersion is cut
off at a lattice wavevector.

It is interesting to note that the ratio Nyax/gs can also be seen from a matrix integral
description of (6.8), in which the cavity is not a priori manifest. Specifically, the contribution
of maximal fuzzy sphere saddles to (6.8) can be written as

4 o4

_4nN  90% Q ‘Nmax _ Nmax (,_
Ztuz [y gs) e o a5V N/ dNe_?erN3 / dre s (= x3). (6.11)

The exponent in the integrand here has the form (6.10), although the cutoff on the integral
is different to that in (6.9). The essential point here is that the two terms in the matrix
action, AS and Sq, are comparable for fuzzy spheres that correspond to D1-branes close
to the boundary of the spherical cavity.

As discussed around (4.27) above, close to the singular boundary of the cavity, the DBI
worldvolume action for the D1-branes may not be valid and, furthermore, corrections are
likely needed in the polarised IKKT model. Nonetheless, the observations just made suggest
that the polarised IKKT model, summed over N, may capture some of the physics related
to the presence of an outer boundary of the bulk spacetime.

Note added. Several of our results above have been greatly extended by the recent papers [64,
65]. While mostly in agreement, the probe brane solution found in [64] is not equivalent, even
after a change of duality frame, with the supersymmetric embedding found in section 4.3. It

"The partition function (6.8) has a nontrivial dependence on gs. One might think that this could help with
the discussion above on finding the backreaction in the matrix integral, where we considered gs/V as an external
parameter to the integral. However, a nontrivial dependence on gs in (6.8) has come at the cost of N no longer
being a free parameter. Thus the mismatch between parameters in the bulk and matrix descriptions remains.
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should be possible to identify the distinct physics of these backgrounds by computing further
observables. This will need to wait until the holographic dictionary is better developed. A
simple possibility is that they correspond to matrix fuzzy spheres in different representations.
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A Gamma matrices and fermions

A chiral basis for the SO(10) gamma matrices I'* can be built from the SO(9) gamma
matrices 7%, with i = 1,...,9:

0 il , , 0~
M=-0el= I = = Al
02 & <_i]]-16 0 ) s 01 &y (71 0 ) ( )
where + obeys
{7',77} = 269 1. (A.2)

We may therefore write the ten dimensional gamma matrices in blocks as

I — (:ﬂ U()“) , (A.3)

where o# and @ satisfy
ole” +o"gt =20", Glo” +37"c! =251, (A.4)

1,..,9 1

Explicitly, from above, o = b9 and ¢! = —710 = i146.

An explicit construction of the 4% matrices is given by the octonion structure constants
in the following way, with A, B,C = 1,...,7:

0 t4 01 1 0

A 8 8 9 8

= s = 5 = 5 A5
where the t4 are 8 by 8 matrices given by

tho = Capc the = —ths = dap, th =0, (A.6)

which are real anti-symmetric. The octonion structure constants C4pc are defined using
the seven imaginary bases e4 as

esep = =04 + Capcec. (A.7)

The structure constants are totally anti-symmetric among the three indices. The Euclidean
gamma matrices I'* defined in the above basis are all hermitian.

— 33 —



We will be interested in real Weyl spinors. The chirality operator can be defined as
rit = —rt... 7, (r“)2 = 1. (A.8)
Left-handed Weyl spinors then obey
e, =w;. (A.9)
Finally, we can also define a charge conjugation matrix as
C=—il''", (A.10)
which satisfies
c=c"=-c", (*=-1, 1T =_c'rrc. (A.11)

Explicitly, in the chiral representation above, this acts on a left-handed Weyl spinor with
real components 6 as

U= (g) . wTe=(06"). (A.12)

B The normal modes

This appendix describes the decomposition of X and 6 in section 3.2 into normal modes,
that diagonalise the kinetic operator in the various quadratic actions. We use the matrix
spherical harmonics Vi as a convenient basis of matrices to build these normal modes. For a
detailed recent discussion of matrix spherical harmonics see [66, 67]. The following properties
of these matrices will be important for us:

A

[ 3, Vi) = mYim, (B.1)

[, ¥im] = /U F m)(1 £ m+ 1) Vi), (B.2)

o o Vim]] = 1L+ 1) Vi, (B.3)
Vim = (1", (B.4)

Tr (Yljnffl’m) = Nowdmm, (B.5)

with 1 <! < N —1and —l <m < to be a basis for traceless N x N matrices. An explicit
construction of matrix spherical harmonics is

f/ — [‘]Jrv %m]
i) = T—m) (I +m+1)

Vi =CJL, (B.6)

where C' is a constant determined by the normalisation in equation (B.5).
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Transverse bosonic modes. Since the X4 are hermitian matrices, we use equation (B.4)
to construct hermitian normal modes given by

~ 1 ~ ~

+ - _1\m
il = (Yim + ()™ y) . 0<m <1 (B.7)
N -
Hi = =5 (Tim = (0w ), 0<m <1 (B.3)
HY =Y. (B.9)

These are normalised so that
Tr(ﬁlzmﬁl]’m’) = N(Sij(sll/dmm’ 5 (BlO)

where i,j take values in +.
The result (3.19) for the eigenvalues then follows immediately by using the property (B.3)
of the matrix spherical harmonics in the mode equation (3.18).

Fuzzy sphere bosonic modes. The analysis in this case is very similar to appendix C
n [66]. We may decompose Hj, into matrix spherical harmonics as

Hi, = Zyle (B.11)

In what follows we suppress the ¢ index, and for convenience introduce yl = yl + zy
Substituting (B.11) into the mode equation (3.24) gives

BUL+ 1) +2) 5™+ + m+ D)= m)y T = m 1)+ m)y T = 2aghm,
(3U(1 + 1) F 2m) yi(mﬂ)i2\/l:Fm (1 +£m+ 1)yhm = 224/ "D, (B.12)

valid for |m| <1 — 1. This is an eigenvalue problem for the three variables y3 ,yémﬂ) The

eigenvalues are seen to be given by the solutions to the characteristic polynomial

(1 D) (DY Ge0Ee)

Each eigenvalue here has multiplicity 20 — 1 (one for each possible m since equations with
different m decouple). Correspondingly this gives 3 Zf\i Il(2l —1) = 3N (N —2) normal modes.
Apart from these, there are four boundary cases with m = [. These are firstly,

BI1+1) +2) gl — V2™ = 2a 8 L8+ (+1)(E+2)
GBI+ 1) +20) 57D — 221yl = 22D 2 2 '
(B.14)
Secondly,
BII+1) +2) gl + V2 T = 2x 4l L8+ (+1)(E+2)
(31(1+1)+2l)y+( RS NG P ”: Xy D 2 2 '
(B.15)
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Thirdly,
1+1)(31+2
(Bl+2)(1+ Dyt =224, A= H)gﬂ (B.16)
Fourthly,
[ +1)(30 +2)

Bl+2) 1+ 1)y =22/ A= (2 . (B.17)

Putting the results together we obtain the following degeneracies for each eigenvalue

3+ 1) with degeneracy 21 + 1
A=13B1+1) with degeneracy 21 — 1 . (B.18)
$(1+1)(31+2) with degeneracy 21 + 3

In total this gives 3(IN? — 1) modes as expected. However, these include the zero modes
which do not obey (3.24). That is, the analysis we have just performed was not valid for
some of the modes. We have seen in the main text that there are N2 — 1 zero modes. From
counting the degrees of freedom, we can anticipate that the modes with eigenvalue %l(l +1)
in (B.18) should have been zero modes. This is indeed the case, as we now verify with an
explicit construction of the modes. Thus we obtain (3.25) in the main text.

The eigenbasis can be reconstructed by inverting the eigenvalue equations above. We
label the eigenbases with eigenvalues 31(1 + 1), $1(31 + 1), 3(I + 1)(31 + 2), respectively, with
subscripts d,t, f. We have the following general expression

Cl7 N ,l Jrl > d, 5 ,l -1
ly( t f) (m )j/l( 1) ly( i f) (m )Yl( 1)
2 (drtv-}) J— d, N ;l 1) d1 ) ;l 1)
H ,lm = lly( t f) (Nl-‘r )}rl( 1) lly( tf) (“L )Yl( 1) 5 (Blg)

d,t,f);lm<;
iy,

a

where we take any Y}, with |m| > [ to be the zero matrix. The coefficients are given by

d&ilm (lFm+1)(l£m) &im m
hm , L L “l<m<l, B.20
v \/ 1(+1) v 0+ D) " (8.20)
t;lm (lim—l)(lim) tilm [2—m?
) — ? — l ]_< <l_]_ B.21
Y+ \/ (2+1) vs 121+1) tlsmsi=1, (B.21)
film (l:':m+1)(l:|:m+2) film (l+1)27m2 l

_ [T i<m<i+1. (B.22
& \/ (+0)@2i+1) (+1)(20+1)° smsl+l. (B.22)

With these expressions at hand one can check explicitly that the d-modes are zero modes
of equation (3.21) and that they do not satisfy equation (3.23).

We can construct a hermitian eigenbasis by taking linear combinations of modes with
the same eigenvalue. For the ¢t- and f-modes the coefficients satisfy

1(—
ym = ™), yém:yg( m). (B.23)
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This enables one to construct the following hermitian basis:

A+ L (ar m 7y (tf

Ay = = (i + O™ ) (B.24)
G- b () m 7y (t.F)

1™ =5 (Havlm —(=1) HaJ(_m)) , (B.25)
A (t,f);0 Ar(t,

HL(z,l(J:) = Hc(z,lg) ) (B.26)

with 0 < m <[l —1fortand 0 < m <[+ 1 for f. They are distinguished from the
non-hermitian basis by an extra label (£,0) and normalised by

Z TI'( £ élmﬁi,l’m’) = N(Sij(sll’(smm’a (B27)

where ¢,j indicates (¢, f); (£,0).

A similar construction produces a hermitian eigenbasis for the d-modes (the zero modes).
For these modes, the signs must be flipped between the two expressions in (B.23), and
between (B.24) and (B.25).

Fermionic modes. The mode equations (3.36) are again solved by decomposing the eigen-
vectors into matrix spherical harmonics, 1), = Y oim yﬁym?lm, where o = {4, —} labels the
two components of the spinor. Then, setting w = /8,

3 3 m
(2m+1—)\> yl_m+§\/(l+m—|—1)(l—m)y££ )~ o, (B.28)
3 1 I(m+1) 3 Im __
(2m—i-2—i-)\>y+ —5\/(l+m+1)(l—m)y_ =0. (B.29)
The problem is seen to break up into pairs of linear equations involving only yﬁfmﬂ) and '™,

Nontrivial solutions only exist if the associated determinant vanishes, leading to

1 .
—5(3l+1) with degeneracy 2!
Ao 20D seneracy . (B.30)
$(31+2)  with degeneracy 2 + 2
The explicit eigenmodes are constructed as
im vy
. yimy,
Yitm = Ci(l,m) ( -5 ) : (B.31)
Yi— Yim-1)

where i = {1, 2} labels, respectively, the modes with eigenvalue — (31 + 1)/2 or (3l + 2)/2.
Fori=1, -1+ 1 <m <[ giving 2] modes; for i =2, — < m <[+ 1 giving 2] + 2 modes.
The C;(I,m) are normalisation constants:

Cu(tm) = [(UT + 1) = m(m — 1)4VaT 1] (B.32)

Ci(l,m) —l<m<Il+1
Ca(l,m) = ) (B.33)

1 _
ST m=—1,1+1
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and the coefficients are given by

g =l ) —mm 1), Y =l-m, A+1<m<l, (B.34)

and for the other family

lm

Yo' = , o =l+m+1. (B.35)

1 m = —I

{¢m+n_mm—n d<m<l+1

The relevant antisymmetrised product is

AT A A 1\ -~
(@',97) =T (w ( g 0) wJ> (B.36)

=Te (V147 - §L0]) | (B.37)
where I, J are a shorthand for {l,m,i}. The normalisation above ensures that

<1ﬁgm’¢§/m/> = (—1)mN5ij5ll/5m,lfm’ . (B38)

We see that within each [-sector the modes are paired up such that the pair (m,1 — m)
have product value +N. The sign depends on m and also the ordering of the two modes.
Schematically, we have established a set of modes satisfying

0O N 0 0 0o o\’
“NO 0 0. 0 0
00 0 N--v 0 0
Wy =| 0 0-No- 0 0] (B.39)
00 0 0 0 N
00 0 0---NO

The fermions are decomposed in this basis with Grassman-odd components « as

l,m,i

Then the fermionic action for a single copy of the two-component spinor becomes

Y- X el (Ba)

i=1,2 | pairs (m,1—m)

The factor of 2 comes from each pair of modes contributing twice, once in each order. The N
comes from the normalisation in (B.38). In the main text we have rescaled the Grassmann
field so that the factor of N in (B.41) is replaced by an additional factor of 2. As explained
in the main text, and as with the bosonic modes previously, this is to ensure that the
normal modes are normalised in the same way as the generators of SU(N) that define the
normalisation of the original Grassmann integral.
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C Supergravity equations of motion and Ansatz

The Euclidean equations of motion given by the variation of the type IIB action (4.7) are
as follows. For the dilaton, axion and three-form field strengths:

1 1 .
V20 + €%?0,C00"Cy + Ee_¢H2 + E&’F? =0, (C.1)
V, (€20"Co) + %&FM)HW =0, (C.2)
d<e¢*F) =0, (C.3)
d(e‘¢*H+e¢Co*F) =0, (C4)

while the Einstein equation is

1 1 1 1 - 1 - i
Ry = 50,0006 — 5¢°9,C00,Co + Je  Hy, = ¢ Fp, = g (7 PH? = *F?) | (C.5)
where we use the shorthand Afw = Ay ASC.

We consider the Ansatz
dp = e®dCy, F=¢H. (C.6)

With this Ansatz the axion equation becomes the same as that of the dilaton, and the
RR three-form equation becomes the same as that of the NSNS three-form. The various
contributions to the energy-momentum tensor in (C.5) cancel precisely, so that the Einstein
equation demands Ricci flatness. Thus the equations of motion simplify to

1
V2e¢:—6H2, d«H=0, R, =0. (C.7)

We may note that the first equation in (C.6) implies that Cg = —e~? + const. We may
use an SL(2,R) transformation to set the constant to zero. The second equation in (C.6),
recall that F = F — CyH, then implies that the RR three-form vanishes, F = 0. To our
knowledge, an analogously simple Ansatz to (C.6) does not exist for purely RR three-form
flux. One cannot S-dualise our background because 7 = Cp + e~¢ = 0 in (4.8).

The next step is to impose supersymmetry. With the Ansatz (C.6), the supersymmetry
transformation 6\ in (4.12) vanishes automatically while JA~ = 0 imposes the relation

1
eF=Me, M= 56_¢/2(F“3u¢)_lf(3)H. (C.8)

Thus the number of independent spinor components is halved, so that sixteen supersymmetries
are preserved. Substituting the relation (C.8) into the gravitino transformation in (4.12)
and requiring ¢, = 0 we have

v, (Me) — i L GMe = 0. (C.9)

The integrability condition of (C.9) gives

1 1 - _ } — } -
vﬂ . zaugﬁ, VV _ 48y¢:| M€ = <[VW V,,] 4[V;“8V¢] 4[8,ll¢7 vll]) ME (Clo)

1
= 1Rff;rabj\m;— =0.
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This is solved by a flat Euclidean metric
G = O » (C.11)
and thereafter (C.9) solved by
e = Mt 4, eF = Me =e?e, (C.12)

with €p a constant spinor.

Having obtained the flat Euclidean metric, it is now useful to make a more specific
Ansatz for the NSNS three-form. Since the polarized IKKT model includes a Myers term of
the form Xg[Xy, X0, it is natural to align the three form only along the {8,9,10} directions.
Then (C.7) and the Bianchi identity for H imply that

H = pdz® Ada® A da', C.13
u

with g a constant. This Ansatz breaks the SO(10) symmetry of the metric down to the
SO(3) x SO(7) symmetry of the mass-deformed matrix integral.

Substituting (C.6), (C.13), (C.11) and (C.12) into the final remaining supersymmetry
transformation, 4, = 0, we have

1 1
(v“(M—l) + S0uOM " — 2l (0u0® 4 20@r,) H) e?heg =0. (C.14)

As we show explicitly below, (C.14) is solved without further constraints on ¢y by

2 /7 10
925:1_'“7 2 2 1
e % (AZ_:lejLSaX%:Ua). (C.15)

The constant value of e? at the origin has been set to unity. This reference value of the string
coupling can be re-instated by rescaling the fields as described in footnote 2 in the main text.
We have therefore obtained the background (4.1), (4.2) and (4.3) given in the main text
and shown that it preserves sixteen supersymmetries. Recall that we have vanishing RR
three-form. This background solves the IIB equations of motion above.
Finally, we have promised to give some details on solving (C.14). In Cartesian coor-
dinates (C.14) requires

GVM_l + %8V¢M_1 _ %e—(b/Q (I“UI"(?’) + 2F(3)I‘V> H=0. (016)

The inverse of M can be found as

672 G H
H2

M1 =—-12e [70,¢. (C.17)

Plugging in our ansatz H = uda® A dz° A dz'® we have

M-t = 2 eorzpspopiopey ®, (C.18)
[ p
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so that (C.16) becomes

12

NT?0,¢0,6 + NT?8,0,¢ + Ee—qﬁ (F,,N T 2NFV) -0, (C.19)
where we used N = —T8T9T'0. The minus sign here is to align with the definition below (2.3).
One should note the similarity of the T#N +2NT* term in (C.19) with T# defined below (2.4).

Multiplying (C.19) through by N we may write the equation as

¢ H2 A~ A

P — _

10,0, = T (T N —or,). (C.20)
In this expression we may consider two cases. The first is when v # 8,9, 10 then NT, = -T,N

so that the two terms on the right tend to cancel leaving only one I',. The other case is when
v =28,9,10, so that NT, = T',N and the two terms on the right add up to three times I',:

2

19,0, = —‘ILFA, A=1,....7,
362 (C.21)
T°0,0,e% = — 2T, a=8,9,10.
16
Therefore (C.20) can be written
By0,e0 = 1= (17 0 (C.22)
vep 16 \0 313/ ' '

The solution to this equation is the advertised (C.15). That solution is immediately recognised
as the particular integral of the simplified dilaton equation of motion in (C.7).

We could add to (C.15) a complementary function f satisfying 9,0,f = 0. However,
such a function is necessarily linear and can therefore be absorbed into the quadratic solution
in (C.15) by a constant coordinate shift. Such a coordinate shift does not change the metric
nor the NSNS three-form, since they are both homogeneous.

D Supersymmetry of the brane embedding

In this appendix we show that the stable brane embeddings found in section 4.3 preserve all
of the supersymmetries of the background, discussed in appendix C. The spherical branes
with radii r = %N 7w’y and 7 = 0 are supersymmetric while the brane at the maximum
of the potential, r = iN a1, is not. These statements match the corresponding ones in
the matrix model.

The spacetime supersymmetries preserved by the D1-brane embedding obey [68]

vdetGg 1 . - B
det(G + M) (1 T3 M) foa=e,
v/detGg (1 B 1
det(G + M) 2

(D.1)
’yijMZ'J) F(O)EQ == —€1.

Here we have adapted the results of [68] to Euclidean signature, by changing an i on the
right hand side of the equations above to & and letting their 71 2 — €2,1. We will obtain a
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check of this procedure below when we find that solutions to (D.1) are also solutions to the
full Euclidean D1-brane equations of motion. In (D.1) we have set M = B — 27a/F, while +*
are the pull-back of the spacetime I'-matrices. We have also introduced
LR S
(0) = 2\/@6 ,YZja

where €V is the antisymmetric matrix with !> = 1. In (D.1) the spinors €; 5 are related

(D.2)

to the supersymmetries of the background by
1
Y N
61—2(6 —|—e), €9 = (6 e). (D.3)

See also the discussion below (4.13) in the main text.

The second equation in (D.1) is equivalent to the first, so we only consider the first
equation from now on. Then, separately from (D.1), the supersymmetry condition on the
background (C.8) imposes

~(1+M)'1—M)ey =ea. (D.4)

Hence, for supersymmetric embeddings we must have

1 .
— ’y”/\/lij> Floyprer = =1+ M) (1 - M)e . (D.5)

1
2y/det(y + M) (1 2

Evaluating both sides explicitly using the embedding Ansatz in section 4.3, placing the brane
at the origin in the x4 directions but leaving r unfixed, we arrive at

- (%73 . N?TO/) + e¢/2r21—‘ér‘$ B m(r)2 — 1+ 2m(7‘)1_‘é1_“£
Jeort+ (805 — Nra!)? L m(r)?

, (D.6)
where we defined

m(r) = ————=—. (D.7)

The hatted I'-matrices satisfy the flat space Clifford algebra, {I'?, T} = 2677,
The supersymmetry condition (D.6) is solved if the following two equations are satisfied

simultaneously
Lr3 — Nmo/ ~ 15u%r? — 64 (D.8)
~ 9,2,2 ) :
\/(1—33‘227“2) r4—|—(%r3—]\77ro/)2 s+ 64
2
4
r 8pur (D.9)

\/(1 — 3292) 4 (408 — N7a)? CSwret

We can perform the same rescaling as (4.20) and expand these two equations, analogously
to (4.22) in the main text. This leads to

yQ<2—9> oM =0 (D.10)

y <y - i) n+0(n’) = 0. (D.11)
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Thus we recover the stable solutions in (4.23):
3

One can verify that, without performing the small n expansion, there are two stable
solutions to the full equation of motion (4.19) and that these agree with the simultaneous
solutions to (D.8) and (D.9). Thus the agreement between the D1-brane probe and the matrix
integral, in terms of supersymmetric minima, extends beyond the small n limit. Explicitly,
the nontrivial supersymmetric solution is at

2/3
g —31/%.16 + (270 + 273 + 3572 /

Y= 573 73 (D.13)
32/ (270 + V2723 + 3577 /
The action on this solution is given by the remarkably simple expression
- 47Ty 8 47Ty 8
gmin _ ZTILENY_ AT0L BT (D.14)

gs 3p2  gs 3p

E Match of fluctuations about the brane and fuzzy sphere

In this appendix we show that the quadratic action describing fluctuations about the spher-
ical D1-brane is equal to the quadratic action describing fluctuations about the matrix
fuzzy sphere.

Fluctuations about the spherical D1-brane. We parametrise fluctuations of the world-
volume fields about the spherical D1-brane configuration in section 4.3 by fields or, X4
and f. These are all function of the angles 6, ¢ on the sphere. The fluctuation f of the
worldvolume Maxwell field is defined by

N 2 .
F— (2 Ty f) sinf do A d . (E.1)

The fluctuations have the action, with d€) = sin 6dfdo,

T . . .. 2
Spi =1 [ de™? { [&(r + o1)? [(r +67)2 4+ 8; X0 X 4 + 9;0r9'6r + (g”aiXAajar) }

Js
1/2

T ] IR TR )| BT

where
@ MQ A 2
e :1—3—2(XAX +3(r+ 1)) . (E.3)
In these equations, A = 1,...,7 are contracted with the flat metric 4 while i = 1,2 are

contracted with the usual round metric on a unit sphere.
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Now we first expand to quadratic order in the fluctuations, and then take leading order
in the n-expansion (as in section 4.3). The quadratic action is found to be

162 Nma! T , .
s = ENTCT a0 (10X 40X+ §000006r P-4 o0+ 30 EXAX ) (B
Q2N T . . g .
= gsl /dQ (%&XA&XA—F%&(ST(‘)’J(ST—}-%ﬁijgw_%5T€zjyij+%5r2+%XAXA) 7

where € = sin 6 df A d¢ is the volume form on a unit sphere, and #;; = fe;;.

Continuum limit of matrix fluctuations. In this section we will write the matrix theory
as a noncommutative gauge theory on the fuzzy sphere saddle, following the approach of [29].
Taking the commutative limit (the regime of validity of which we discuss below) gives a
conventional Abelian gauge theory on the sphere. This theory will match the quadratic
fluctuations about the D1-brane, derived above.

We will focus on the bosonic part. The first step is to re-write the matrices as

X=X+ Lay (E.5)

where L = 3Q/8, x = LJ,, and Xg]) = 0. Feeding (E.5) into the bosonic part of the
matrix action (2.3) we obtain

1
Sp=Tr <_4 (L4 laa,ap)% + 2L? (a4, L(Jy + Ga)]> + L* [Jo + dq, Jp + ab]Q)

02 302 Q
+EL2ai + FLQ(JQ +Ga)? + %L%abc (Jo + o) [Ty + Gy, Je + ac]> . (E.6)

We define the combination
Eoy = [Ja, ) — [y, ] + [Ga, a5) — i€qpetic - (E.7)
The bosonic action is then

1 1 1
Sp =S + L' Tr (4[aA,aB12 ~ 5 (Uasa] + a0, 24) + 5

1~ 7 R 1. .. 7 R
_Z abFab — geabc (Ja[ab>ac] + gaa [abyac] - 26abfafac)> s

(E.8)

where S is the on-shell action of the fuzzy sphere.

As described in [29], we can define a map from matrices to functions on a unit sphere
using the basis of matrix spherical harmonics. This is the Moyal map. For a hermitian
matrix f, the corresponding function f(0,¢) is found by

F=3 1" = £(0,0) =2 f"Yim(0,9), (E.9)

I,m ilm

where Y}, are the matrix spherical harmonics, see appendix B, and Y,,(0, ¢) are the usual
spherical harmonics on a sphere. Recall that the matrix spherical harmonics, and hence
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these sums, are cut off at [ = N. Under the map (E.9), matrix multiplication defines the
non-commutative star product, so that

ab — axb. (E.10)

For more details on the star product see appendix A of [29].
Under the Moyal map we also have

1
Ad(J,) — geabcxbﬁczﬁa,

1 |
) = [ a0
N T i ’

(E.11)

where L, are the usual angular momentum operators in the position basis. Applying this
map to the action (E.8) leads to the non-commutative theory

55 = 2L [0 (=5 o+ faaaalo? + §(a). — lowasl?) -
- % (FabF"b)* - éeabc <aa£bac + %aa[ab, ac] — ;Gabfacaf>*- |
Here we used
Fup = Loay — Lyag + [aq, apls — i€apetc (E.13)

which is the non-commutative field version of (E.7). The noncommutative action (E.12) is
equal to the matrix action (E.8), with no approximations made. The Moyal map is simply a
re-writing, where all the complexity of matrix multiplication is hidden in the star product.

The Moyal map is useful because in the large N limit (see also comments below regarding
the implicit additional necessity of the large  limit) the star product tends to the usual
commutative product on functions. In particular, commutators vanish. In this limit we have

NL* 1 1 1 i
S0 = = /dQ {—2 (Laan)? + §a,24 — ZFabFab - Efabcaanc : (E.14)

At this stage, the fields still carry SO(3) indices a, b, c. Also, the differential operator L,
as defined in (E.11), acts with respect to zgg910. Now we change them all to carry only
worldvolume indices, by pulling them back onto the spherical worldvolume. We define K
in terms of the induced metric by

G = KiKj§® (E.15)
where a,b € {8,9,10} and i, € {6, ¢}. Explicitly, K = e.p.x?00"/02°. Then we also have

Lo=—iK!0;. (E.16)
Using this fact, the kinetic and mass terms of the transverse scalar fields a4 become

1 , 1
a4 = 5@%0@1“ + §<I>?4, (E.17)

O =

1
—i(ﬁaCI/A)Q +
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where we defined ®4 = a4. We can furthermore decompose the SO(3) vector a, into a radial
scalar and a two-component vector on the unit sphere as

Qg = KéAi + 2,07 . (E.18)

The commutative limit of (E.13) then becomes
Fop = —iK K] Fyj — i(Kiay — Kixa)0i0r + i€apetcor , (E.19)
where Fj; = 0;A; — 0;A;. The Fy;, terms in (E.14) generate kinetic terms for the vector

A; and the scalar dr:

1 1 ; . )
— FaF® = (Fiy P + 2067067 + 200% — 26" Fyjor) (E.20)

while the final term in (E.14) gives us

—Eeabcaanc =5 (51“2 — 5”Fij5r) . (E.21)

Combining the above we transform (E.14) into

LAN 1 . 1
SN0 — dQ) | 0,040 ® 4 + ~ B>
B Arr [2 At g®Pat

1
1

FijF + %31(57“8%57" + gdfr? - geijFijér} )

(E.22)
The action is seen to be in precise agreement with (E.4). The overall normalisation of the
action can be matched by rescaling the fields.

While the large N limit is sufficient to formally obtain the continuum theory (E.22)
from the polarised IKKT action, the large 2 limit is also needed for these manipulations
to be valid inside the matrix integral. Otherwise matrices will contribute that correspond
to functions with discontinuities over scales of order 1/N, and the matrix action evaluated
on such functions is not the commutative action. In fact, even in ‘classical’ limits such as
the large € limit it can be necessary to further smooth the functions that appear in order
to obtain a continuum theory [67]. The following subsection identifies the limit (3.2) that
controls the nonlocality induced by matrix interactions.

E.1 Validity of perturbation theory

The large N action (E.22) is quadratic. Away from the strict large N limit the [ag, apls term
in (E.13) is nonvanishing and introduces interactions between the fields. In this subsection
we will estimate the effects of these interactions. The dominant contributions to the partition
function come from the high momentum modes of the fields. In particular, consider modes
with momenta that are large compared to the radius of the sphere but not so large that UV/IR
mixing effects become important. For these modes, for convenience, approximate the theory
by a noncommutative theory on the plane rather than the sphere. In this limit, see e.g. [69],

[aq, ap)« = %eij@-aaﬁjab +--- (E.23)
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Where - - - refers to higher derivative terms. To move all factors of N to the front of the
action, it is convenient to define a, = Na,. The field theory partition function then takes
the schematic form

Zp ~ / paexp{—94N3 / Pa [(9a)? + (90)° + (aa)4+..-}}. (E.24)

We may note that the higher derivative terms here are of the same type as those that appear in
the DBI action — for each term the number of derivatives and power of the field are the same.
The partition function can be written in terms of the Fourier transformed fields a; as

Zp ~ /D&kexp{—Q4N3 Ud2k(kak)2+ (/dzk)Q(kak)g—Ir (/dzk)g(kak)4+-~- }

(E.25)
Suppose that the first, Gaussian, term dominates. Then the typical magnitude of a mode is
. 1

This scaling may now be used to obtain the magnitude of the higher order terms in the
partition function. Recalling that the sum over momenta is cut off at £k ~ N we obtain

N? N* NG
— 4 a13
Zp N/Dakexp{—Q N [Q4N3 + E + OBNG +-- } (E.27)
N2 N
N/Dakexp{—N2 l1+m+m+"']}. (E.28)

In the final line here we see that the higher order terms can be neglected if N/Q* < 1,
as advertised in (3.2).

The argument we have just given can also be formulated directly in terms of matrices,
using matrix spherical harmonics. The steps of the argument are in precise correspondence.
The field theory argument above is physically more transparent and is helpful for identifying
the corresponding effect in the probe D-brane picture.

F  Moduli space of localisation

In this appendix we will solve the conditions that 6.6, = 0 to obtain the moduli space (5.14).
Recall that the supercharge is generated by

T
e=(0...001) . (F.1)
We introduce the linear combinations of the bosonic matrices,
A= X1 +iXg, Ay =Xo—iX5, A3 =X3—iXy, Ay=X7+iXs, ¢ =Xg+iX1g, (FQ)

and their hermitian conjugates. We also rearrange the components of the fermion. Setting

9:(¢1---¢8X1---X8>T7 (F.3)
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we define the linear combinations
A1 = 1 + i, Ay = o — s, A3 = 13 — ia, A =17 +as,  (F4)
§1 = X1+ iXe, §2 = X2 — X5, §3 = X3 — X4, £ =x7 tixs.  (F.5)
The auxiliary fields are also re-organized as
hi1 = Hy +iHg, ho = Hy —iHs, hs = H3 —iH4. (F.6)

The definition of ¢, ¢! and the decomposition of the fermion components here are reminiscent
of [14]. With these variables the non-vanishing supersymmetry transformations (5.2) of
fermionic fields under our supercharge are

56)\’i = 2[¢7Az]7
3iQ2
56)\4 = 2[¢7A4] + Td)a
Q
& = €iji Az, AR]T + 4h; + ZA“ (F.7)

5eE] = ekl Aj, Axl,
, i
6c6a = —19, o] — 4iHr — —=(24, — A},

where 7,75,k = 1,...,3. In the above equations the X, H, 1, x matrices treated as hermi-
tian when taking the hermitian conjugates that appear. Setting both the hermitian and
antihermitian parts of these transformations to zero leads to the following equations for
the moduli space

0 0
(¢, Ai] =0, [A;, Aj] =0, hi=—-—A4;, Hy=-—Xz,
16 16
3Q 3iQd (F.8)
[¢7 ¢T] = TX87 [¢a A4] = _?Qb
The last two equations are written in the original variables as
3iQd
(X9, X7] — [X10, X5] = ?Xg,
310
[X10, X7] + [ X9, Xg] = ?Xm, (F.9)
310
(X9, X10] = TXS'

These can be further simplified using the hermiticity of the matrices. Multiplying through
the first equation with [Xg, X7] and the second by [X19, X7], and taking the trace gives

Tr ([Xg,X7]2> = Tr ([Xo, X7][X10, X5]) ,

) (F.10)
Tr ([Xlo, X7] ) = -Tr ([Xl(), X7] [Xg, Xg]) .
Summing these equations and using the Jacobi identity gives
Tr ([Xo, X7 + [X10, X7]2) = 0. (F.11)
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Since all X’s are hermitian, this requires
[Xo, X7] = [X10, X7] = 0. (F.12)

With these equations and the third line of (F.9), one can further show that X7 commutes with
Xg. Hence (F.9) becomes a fuzzy sphere equation and X7 is seen to commute with the sphere:

i)
[X7, X, =0, [Xq, Xp] = %eachc, a,b,c=28,...,10. (F.13)
Thus we have the moduli space equations given in (5.17):
[A’L?AJ] :07 [¢7Al] 207 Za.] € {1a2a3}7
Q
(X7, X,] = 0, (X, X,] = i%eachc, a,b,c € {8,9,10}, (F.14)
Q2
Hy=—-——X A=1,...,7.
A 16 As ) 7

G Gauge fixing and normalisation factors for localisation

G.1 Gauge fixing

Firstly, we will gauge fix the perturbations described in section 5.4. As always, a convenient
basis for the modes are the hermitian matrix spherical harmonics (B.7):

0X,= Y sxBmiE  SHa= Y onyMHE,  saF™ sn™eR. (GA)
+;l,m +;Im

Removing fluctuations on the moduli space corresponds to setting
+;1
0w 53 =0. (G.2)
Gauge fixing to diagonal Xg fixes
SXEM™ =0, ifm=#£0, (G.3)

A

since only Hfg are diagonal.
To fix the residual U(1)N~! gauge freedom, we consider the action of this symmetry on
background values of Xg 19. For V; = exp(ia'H;}) € U(1)N~!, infinitesimally we have

I 30 N
(5X9710 = ZOél [H[E,Xg@o] = —Zgal [JLQ,HZ—S] . (G4)
Using the properties
X U1 41) 4 . CJUI+1) A
[Ji, H] = —i ——— My, [Jo, Hyf| = —i 5 HY (G.5)

we find that the residual gauge transformations infinitesimally act as

3Q I(l+1) 5_ 3Q (l+1
0 D - B [

The zero-modes corresponding to these residual gauge transformations can therefore be

6 Xg = o (G.6)

fixed by setting
dzgitt =0, (G.7)
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G.2 Normalisation factors

As for the perturbative calculation in section 3, the original integration measure is normalised
with respect to an orthonormal basis of hermitian traceless matrices, with Tr(T%T?) = 257,
We now list the various factors that have to appear in the localisation result.

Auxiliary fields. For closure of off-shell supersymmetry, we introduced auxiliary fields D 4
and a term 2Tr(D?) into the action. We have an additional integral

0 7(N2-1) 7(N2-1)
/ dD 4 e 2TPR) = ( / dDe—4Tf<D2>> = <ﬁ> (G.8)
- 2 ’

o

which should be normalized to unity. Thus we should divide the localisation result by
this factor.

Changing to H l:i:n basis. The Gaussian integrals are performed in H lfl basis. These are
normalised according to (B.10), which differs from the 7% basis by a factor of N/2. Changing
to this basis therefore results in a Jacobian factor

N>(N2—1)/2

Jacobian = (2 (G.9)

The localisation result should be multiplied by this expression.

Diagonalisation of Xg. Fixing to the gauge where Xg is diagonal introduces a Vander-
monde determinant and a gauge volume. This gauge volume corresponds to that of the
SU(N)/U(1)N~! quotient. This volume does not depend on the action, as long as the sym-
metry remains the same. A simple way to find this volume is therefore to consider a single
Gaussian matrix integral and equate the gauge-fixed result with the ungauged:

[e's) N
Nijag / A\ ... dAy S <Z )\i>

i=1

N _ + 2
H()\’ — )\j)2 e Zizl )‘12 = /Xmfne NZi;l,m(le) ,
1<j
(G.10)
where N’diag is the normalisation we wish to calculate, and X ljfn are the components of an N x N
hermitian traceless matrix in the H lfn basis. The d-function on the left imposes tracelessness.

Fourier transforming the d-function, we can re-write the left hand side as a Selberg integral:

Ndiag/_ 2(:/_ dhi...diy [T = Xj)%e” SN (A24iwn;)

i<j
(o0} d [o.¢] - - - - ~
= Ndiag/ Qﬁe_N‘lﬁ/ZL / dM ...d\N H()\z — )\j)2 e Zfil A7
—o0 &7 -0 i<j
— Nigng 2~ VN-D/2 1 (N-1)/2 GIN+1) (G11)

N

where G is the Barnes G-function. The right hand side of (G.10) is just N? — 1 Gaussian

integrals. Thus we have

N17N2/2(27T)N(N71)/2
G(N +2)

The localisation result should be multiplied by this expression.

Ndiag = (G.12)
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Saddle points of Xg. The Vandermonde in the previous paragraph was used in a simple
Gaussian integral in order to obtain the correct measure factor. In our actual integral, the
Vandermonde determinant should be evaluated at the saddle points of localisation. We
are concerned in this paper with the saddle point corresponding to Xg = 3€2/8 J3. For an

N-dimensional irreducible representation we have, up to IN! permutations,
N-1 N-1 N-—-1 N -1
= di _V— 1., —— 1, —— . G.1
Ja = ding (S5, S5 L T L (G.13)

The Vandermonde determinant evaluated on this saddle then becomes

30 N(N-1) N—1 B
[T =22 = (8> [T 2. (G.14)
=1

1<J
The localisation result should be multiplied by this expression, along with a factor of V!
for the permutations.

Diagonal fluctuations of Xg. The integral over the eigenvalues of Xg can be conveniently
done using the H lJor matrices, see (G.3). Integrating over the coefficients 5X§ 0 differs from
integrating over the eigenvalues A\; . n_1 by a Jacobian

O\ Nj2-1
det;; (85X+ lO) | N (G.15)

The localisation result should be multiplied by this expression.

Moduli space integral. The moduli space parameters u! and v, as in (5.21), differ from
the Hj: basis coefficients by factors of 1/1/2. This amounts to a Jacobian of (1/2)3(N-1)
that should be multiplied with the result.

Residual U(1)V~1/ZN freedom. The U(1)V~! factor is generated by the Cartan subal-
gebra of SU(N), which is spanned by Hj as described in (G.4). We have seen above that
integrating over this volume corresponds to integrating over X, i . Equivalently one can
integrate over o! in (G.4), with a stretch factor of 39 /3l +1) from (G.6). To find the
range of integration, we look at how J; transforms under a finite transformation

Ji — e Hig g gietHy (G.16)

One can compute the transformed J; explicitly. It is given by the original J; with each
component rotated by phases given by a sum of o! with some coefficients. These phases
going from 0 to 27 parametrise distinct transformed J,. Consider a change of integration
variables from a! to these N — 1 phases, this is seen (from pattern spotting) to require a
J acobian N—N/2. The volume of U(1)V~! is then the product of 27 for each phase, stretch
factor 3 1l (14 1) for each o, and Jacobian N~/2. Computing the volume in this way
automatlcally takes care of the Zy identification. The volume is,

vol (U(1)N=1/zV) = (?)Nl(z YNIN N2 H (1-;1) (G.17)

Putting all of the above factors together, and simplifying a little, gives the total nor-
malisation factor (5.30) in the main text.
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H Localisation determinant at large mass

In this appendix we compute the localisation determinant for general N in the large Q2 limit,
i.e. the large mass limit, to obtain (5.38) in the main text.

Bosonic part. The leading large Q contribution to (5.26) is
5.0 — (yav (0) (0) U
(0600)") = (67 €)a] Xy, 0X,] + (va)a | 0HA + = [5XA,X8 1)+ zg(T €)adX,, (H.1)

where as before a =8,...,9, A=1,...,7, and u,v =1,...,10. Recall that the background
fuzzy sphere matrices scale with 2. Although there is not an explicit €2 in front of the dH 4
term, we should still include it since it is the only term containing d H4. The localisation
action is then seen to decompose as

Tr ((6E\Ila)T66\Ila> = S6(0X1,..6,0H1,..6) + S4(6X7,0H7,6X89,10), (H.2)

where
S5 = Tr (—2[X 0, 6x][X (0, 6] + 2[X{”, 6 X[ X", 6X,]

—4C;7[ X80 6x,) X9 56X, + 85H? + ?25)(2 + Q6H;6X; ) (H.3)

with 4,5 = 1,...,6, and

Sy =Tr (—2[X (0, 0X7][X 0, 67] + 2[X{", 0x7][x ", 6.x7]

+86H$+Q(5H75X7+§ 6X2 —2[X 65X, (X0, 6X,] +2Z( D¢ ])

a

3iQ2
S ean X, 00X +4[X( 6] [0 X 10, X§”) — 4[X (", 6] [0 X, X[]) . (H.4)

The split in (H.2), allows us to integrate the first six matrices and the final four separately.
Using the hermitian spherical harmonic basis, H. lj;l in (B.7), the action Sg can be written as

Se=N 3. { ( )2(l(l+1)—m2+;> (5Xf?lm)2

+;l,m
+:im\ 2 +ilm ¢ v +ilm —ilm ¢ v—3lm
+8 (SH™)" 4 (SH56 X+ 6H X (H.5)
+N D mCipdX;ex
I,m>0

We observe that there is no mixing between different [,m in the action, so we can find

the determinant for each mode separately. The m = 0 case is special because there is no

Hlo’ and the m = [ case is special because we have held 5wf2lg = 0, per the discussion

in appendix G. Thus we obtain:

2
(3) 4[@2=m)(@+1)2=m) N2 0<m <l
12
det = (%) [l(l + 1)]6 N12 12 m=0 . (HG)
26312l6N18 912 m =1

,52,



Together the contribution from these six bosonic matrices is

_ 12N(N-1 6(N—1)(2N+1
N—-1 /1-1 6
x (H (12 = m)((+1)? = m?)] ) 12(141)8. (H.7)
=1 \m=1

To simplify Sy, we integrate out X7 and § Hy first. We can complete the square for § H7
by setting 8H; = 6H7+ %6)(7. Then the terms in Sy involving § H7 and X7 are re-written as

Sy =Tr (86HF — 2[X (0, 0X7][X "), 6X7] + 2[x ", 6 X7 ]?
+4[x (", 67] (19X10, X] - [6X9, X101) ) - (H.8)

Integrating out 6 H7 and 6X7 in the fflfn basis gives a determinant

n—1 l 2
_ 3Q
detsx, s, = SNV U] 11 <2N <8) 1) - m2)> 7 19
=1 m=—1
and also an effective action for the other matrices
2 /30\2 A4\ 2
Sa=- T 3 <8> (e { (s, 2. 6X0)) — [ [, 5])) 15, ) (H.10)

With the additional term (H.10), the remaining action in the spherical harmonics Yim
basis can be written as

5[5;2,529),2%(10] N ; (0 10+ 1) + gy ™™ + [0+ 1) + D]yl |
+ (_i)m {y“mly“m”ﬁ(l, —m—1)f(l,m—1) (1 - l(l—|—T)2—mQ) }
- (_i)m {yﬁmﬂyﬁ_mmf_(l’ m+ D70 —m+ 1) (1 - m) }
+ (‘?m {2y%m—1>yﬁ‘m+”f+(z,m —1)f (L, —m+1) (1 + 1(1+T>2_m2> }

(=)™ {my!my ™™ = (m = DTy = m e DYy ()

where we have defined, for convenience, 6 Xy = § X9 +i0X10, and 6X, = 33, yflmf/lm We
have also defined

FELm) = U F m)(l £m+1). (H.12)
With the gauge fixing (G.3), only yéo is non-zero. Also, we have y/0 = § X 50 since ]—AI% = Yim.
Hence we integrate out yéo first to simplify the action. This contributes a determinant

N—-1

detsx, = H (2]\7 (33)2 (l+1)+ 1)) , (H.13)

=1
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and a further effective action for dXg and dXqg,

3002 X (£ -0 - )
8> 2 A0+ 1)+ '

=1

Set[6 X, 6X10] = —2N < (H.14)

Since the matrices Xg 19 are hermitian but the f’lm are not, we have the following reality
conditions on y{"

W) = (1" r<m <L, (H.15)
We use this relation to re-write the action as a sum over only m > 0, and such that only
le£er1) and yﬁmfl) appear,
S[6X9,6X10] [l(l+1) (-1 | 1)2 I(1+1) (-1 _n 2}
2N (3Q/8)2 2 4 (y— + +) A+ 1) + 1] ( - _y+)
m=l+1 2 9
I(0+1)+m— -Gl 14— ][y
+l§1 £t 56 m>< +l(l+1)m2>1’y |
m=l—1 1 m2 1) ) (Hlﬁ)
I(l+1) — =G (I 1+———— m
*%l =g (1 g ) | W)
5N m? Wm—1) TmD)
- = Z Flm(l—)(y_m_ ym +CC>
el I(14+1) —m?
where we defined
GE(l,m) = (1 £m)(IFm+1) = fF(l,m)?,
(H.17)

F(l7 m) = \/(12 - m2(<l + 1)2 - mZ) = er(lvm)fi(l?m) .
The action written as (H.16) has the benefit that each sector of fixed (I,m) decouples
from others. It is convenient to separate yi” into its real and imaginary parts,

Yy =alm i, 0<m <. (H.18)

The other half, with m < 0, are related to these by (H.15) and hence they are merely different

combinations of a/® and b". The special case of m = 0 gives alf and blfr) in terms of a'® and
l(m—1) I(m+1)
and y )
+lm

+ 9 and bl0 do not appear. Changing integration variables from 6 Xg7," to a'™ and

blo The way we have written the action (involving only y ensures that

b does
not introduce any Jacobian. With this redefinition, we analyze (H 16) in cases of m = 0,

1<m<Il—-1,m=1Iand m =1+ 1. The m = 0 part is given by

Sy = lezN (389)2 1(1+1) (1 - W) al, (H.19)

where we note that the b'! term vanishes (i.e. it is a zero mode). This zero mode simply
corresponds to the U(1)V~! residual gauge transformations discussed above. This can
be seen as

_. 1 . 1
oXg " = s (B bl) . ex = s (b b)) (H.20)
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and the previous prescription (G.7) corresponds to setting blj = —b''. Thus 5X1J5;l1 = —/20!
which introduces a Jacobian factor of v/2 for each [, i.e. 20V"1/2 in total, that should be
multiplied to the integration result. This is equivalent to dividing the determinant by 20V—1)/2,
since the determinant enters the denominator under a square root. Including this Jacobian
factor, we write the determinant from this m = 0 sector as

detficd, = ]lﬁ: N (3;2)2 11+ 1) (1 - W) . (H.21)

For 1 < m < I, we have

B C*+(l,m) D(l,m)\ [d' ™
Sicma1= > (a7 G ( ’ _ lma1) | +a— b, (H22)
;1<m<Il—-1 ( - ) D(lvm) ¢ (lvm) aJE )

where

1 m?
CEl,m) =1(1+1)+m — iGi(l,m) (1 + l(l+1)—m2> ,

(H.23)
Dm) = rr@my (1- ™
’ 2V (14+1)—m2 )"
Hence the contribution to the determinant from 1 < m <[ —1is
el N-11-1 30 9
detiz=' = ] II <2N< > ) [m2 U+ 1) - m?)|". (H.24)
=1 m=1

The other two cases are m = [,l + 1, and they give

Sm:lzz(al,(H))QJrz(bl,(l*”)Z, Sm:l+1=(z+1)2(a’Sl*”)QH(b’Y*”)Q. (H.25)

Therefore, they contribute determinants

N—
detTHHL — H1 o (34 z2(z+1)4 (H.26)
0X910 8 ) :

=1

Putting together the results above, the bosonic determinant at large €2 is given by

2 mil,l
det/[(6:V)}”)] = det[Sg] detix, s, detix, et 0, detj3r=""" det]ip! ! (H.27)
— 9~ (AN=5)(N=1) g6(N-1)(3N+1) N 2AN—1)(8N+5) 6(N=DBN+L) (N 4-2)4

xT(N)P°T(N+1) Jh]:[ 1(I+1)—m2P (14 1)2 —m?]% (17 —m?)°.

Fermionic part. In the large mass limit, (5.28) and (5.29) become

@ 30 ((3+2) AdJ-) A Ad(J) +( 0 B
Sp+tON);" = 5t ( AT Ad(J3) —(%—i—Qt) Ad(J4) b6 | _pro)? (H.28)
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where A and B are 8 x 8 matrices acting on spinor indices, and Ad(J) the adjoint action of J
(i.e. the action is on gauge indices and hence commutes with A and B). Explicitly, we have

316x6 0
it 1/2+t
5 _ ((1+3t)5; = 3itCijz 0 7 (H.30)
0 (14 6t)Laxo

with 4,5 = 1,...,6 as above.
Similarly to our perturbative analysis, we write the fermion as two 8-component spinors:

_ (Va
- (), o

where here a,b = 1,...,8 rather than previously 8,9, 10 for the three bosons. In contrast to
pertubation theory, as in (3.36), where there is no interaction between different components
of 1 or A, here different components have pair-wise interactions. This can be seen in the
expressions for A and B in (H.29) and (H.30). The bottom-right block of A induces interaction
between a,b = (7,8), and the Cj;7 in the top-right block of B induces interaction between
a,b = (1,6),(2,5),(3,4). Hence we have four decoupled fermion systems each with four
fermion matrices. For example, 11, 1g, A1, Ag interact with each other, but are decoupled
from 2,15, A2, As.

Using the spherical harmonics basis, 1, = 3, VY] Vi and similarly for A, we can
write the action as

Sy +t(6V)? = 23[O+M>(f(mmw mpln =D (1 — >¥W*MW)

1;1<m<l

+2(m — 1) Ayl INTY 9 Al NI
2 —l(m— m— N
B ("INt

3
3QN pR—
TNZ <21Aabw”)\ + 3Bab¢gA§j> . (H.32)

D™ )\l(m D Nm appear and are

In this way, we have that for each I,m only " v,
decoupled from fermions with other I, m. Here we are treating 1/1”” (M) and plm (Xm)
with m > 0 to be independent integration variables. Note that only 1/1’0 and A0 appear
in the action, which is consistent with them being real and hence not independent from
their conjugates. This change of integration variables does not introduce any Jacobian
factor. In the end, we only need to compute the determinant for each I, m and each pair of
a,b=(1,6),(2,5),(3,4),(7,8). The determinant for (1,6), (2,5), and (3,4) should be the
same since they have the same form of interaction from Cjj7. At the end of the calculation
we take the large t limit. This limit can be taken before computing determinants for m <,
but extra care should be taken for m = [+ 1 which is the last line of (H.32). Fermionic zero

modes of the localising deformation are contained in this sector with a,b = (1,6), (2,5), (3,4).
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For the a,b = (7,8) family, we have the integration result

F vy (30 VS 8 )
det! s =t <8N> H 2 (1+1) Hz [+ 1) =m?] [1a+1) = (m—1)?] ],
(H.33)
and for a,b = (1,6),(2,5),(3,4) we have

det! = — t(N=1)@N+1) 30 ANZ-1) N-1 /g y 2
ot g =t 3N I (5+4 H2 —m D2+ m)? ) . (H.34)
=1

In total, we have

BVDPASE 11(5.V) ) = (detd ) (det] 5)?
— H(N=1)(8N+5) g(N—1)(8N+5) 9—2(N—1)(4N+T) QS(NLU NS(N271)

N-— 1
H (31+2)% (1+1) (H [+ 1)—m?] [141) = (m—1)?] (l—m+1)6(l—|—m)6>

m=1

+O(t(N—1)(8N+5)— ) ) (H.35)
Combining the fermionic and bosonic part we have, in the large  limit,

(st + t(5.v)P
23(N_1)(2ﬂ-)(8N+5)(N—1) tli}m {Sf + ( V)f :|

det’ [t(6.V);?]

(N—1)(8N+37)

_ g~ WEHGNEED ) (BN45)(N—1) g—(N-2)(N-1) =(N=1)(N=5)

N3W-Dp(N + 1) ¥
(31 +2) H.36
VNG(N +2)2 1:[ (H.36)

This is the result quoted in (5.38) in the main text.
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