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1 Introduction
Background Consider the following families of affine plane curves over Q:

y3 =x*+ y(czx2 + csx + ¢g) + c6x2 + cox + c12 (1.1)
¥> = &%y + c106” + x(c2y® + cgy + c1a) + coy* + c12y + c1s (1.2)
y3 = x° + y(czx?’ + Csx2 + c14x + c20) + 012x3 + 018x2 + ¢24x + C30. (1.3)

These families arise as versal deformations of the simple plane singularities of types Eg,
E;, and Eg, respectively (see [25]). In each family, the singularity can be recovered by
setting all coefficients c; equal to 0; yet the generic member of each family is smooth, and
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its smooth projective completion acquires rational points at infinity. Thus it is natural to
study the arithmetic of these families of pointed smooth projective curves. The study of
these families can be viewed as a variation on a classical theme: if we started instead with
the singularity of type A; (given by the equation y? = x%), then we would be studying the
arithmetic of elliptic curves in standard Weierstrass form.

We recall that if Y is a smooth projective curve over a global field k and P € Y (k) is a
rational point, then one can define the 2-Selmer set Sely Y of the curve Y; it is a subset
of the 2-Selmer group of the Jacobian of Y that serves as a cohomological proxy for the
set Y (k) of k-rational points. In the paper [26], the second author studied the behaviour
of the 2-Selmer sets of the curves in the family (1.1), proving the following theorem ([26,
Theorem 4.3)):

Theorem 1.1 Let Fy C Z° denote the set of tuples (ca, cs, cg, Co, €9, €12) € Z° such the the
affine curve given by Eq. (1.1) is smooth (over Q). If b € Fy, then call ht(b) = sup; |ci(b)|7%/
the height of b, and let Y}, denote the smooth projective completion of the fibre X, as an
algebraic curve over Q. If F C Fy is a subset defined by congruence conditions, then we
have

Y per #Sely(Y))

lim sup ht(b) < < 00
a— 00 #{b e F | ht(b) < 61}

Moreover, for any € > 0, we can find a subset F C Fy defined by congruence conditions
such that

Y ber #Sely(Yp)

1 < lim sup ht(b)<a

1 .
MU e Fhtd) <a] €

For the definition of a subset defined by congruence conditions, see (1.4) below. This
theorem has the following Diophantine consequence ([26, Theorem 4.8]):

Theorem 1.2 Lete > 0, and let Fo be as in the statement of Theorem 1.2. Ifb € Fy, let X,
denote the affine curve over Z given by Eq. (1.1). Then there exists a subset F C F defined
by congruence conditions that satisfies the following conditions:

1. Forevery b € F and for every prime p, Xp(Zy) # 9.

2. We have
Lo #{be FIh®) <a K@) =0}
0o #(b € F | ht(b) < a) i

In other words, a positive proportion of curves in the family (1.1) have no Z-points despite
having Z,-points for every prime p. (The presence of marked points at infinity implies
that for every b € Fo, the curve X}, also has R-points.)

The results of this paper The goal of this paper is to generalize these results to the
other two families (1.2) and (1.3) described above. The techniques we use are broadly
similar to those of [26], and are based around the relation, introduced in [25], between
the arithmetic of these families of curves and certain Vinberg representations associated
to the corresponding root systems. We study this relation and then employ the orbit-
counting techniques of Bhargava to prove our main theorems. We refer the reader to [26,
Introduction] for a more detailed discussion of these ideas.
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In order to state the main theorems of this paper precisely, we must introduce some
more notation. We will find it convenient to state our results in parallel for the two families
(1.2) and (1.3). When it is necessary to split into cases, we will say that we are either in
Case E7 or in Case Eg. We specify the following notation:

Case E7: We let B denote the affine scheme A% with coordinates (co, cg, cs, €10, €12, C145
c18), and let B = Bp. We let X C A% denote the affine curve over B given by Eq.
(1.2), and X = AXgy. We let Y — B denote the family of projective curves defined
in [25, Lemma 4.9] (this family is a fibre-wise compactification of X that is smooth
at infinity. It can be realized as the closure of X in ]P%). We let Fy denote the set of
b € B(Z) such that X}, is smooth. If b € F, then we define ht(b) = sup; |c:(b)|126/E.
Case Eg: Welet B denote the affine scheme ASZ with coordinates (cy, cg, 12, €14, €18, €20,
€24, €30), and let B = Bg. Welet X C A% denote the affine curve over B given by Eq.
(1.3),and X = Ap. Welet Y — B denote the family of projective curves defined in
[25, Lemma 4.9] (again, this family is a fibre-wise compactification of X that is smooth
at infinity. It can be realized as the closure of X in a suitable weighted projective space
over B). We let F( denote the set of b € B(Z) such that X, is smooth. If b € F, then
we define ht(b) = sup; |ci(b)|240/E,

In either case, we say that a subset 7 C Fy is defined by congruence conditions if there
exist distinct primes py, ..., ps and a non-empty open compact subset Ul,, C B(Zj,) for
eachi € {1,..., s} such that

F=FoN(Uy, x - x Upy), (1.4)

where we are identifying Fo with its image in B(Zp,) x - -+ x B(Zp,) under the diagonal
embedding. Our first main result is then as follows.

Theorem 1.3 1. Let Fo C F be a subset defined by congruence conditions. Then we
have

Y ber #Sela(Yp)

lim sup ht(b) <a < 00
a—soc #{b € F | ht(b) < a)

2. For any € > 0, we can find a subset F C Fy defined by congruence conditions such
that

# Sely (Y7
. thb(lf)];a 2(5) 2 + € Case E7;
lim sup

a—soo #{b e F | ht(b) < a} = 1+ € Case Eg.

(We note that the average in Case E7 is at least 2, because the family of curves (1.2) has two
marked points at infinity; for a generic member of this family, these rational points define
distinct elements inside the 2-Selmer set Sel, Y},). In either case, we can apply Theorem
1.3 to deduce the following consequence.

Theorem 1.4 Let € > 0. Then there exists a subset F C Fg defined by congruence condi-
tions satisfying the following conditions:

1. Forevery b € F and for every prime p, Xp(Zy) # 9.
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2. We have
.. #be F|ht(b) <a, X(Z)=0}
lim inf >1—e
a—00 #{be F | ht(b) < a}

Informally, we have shown that a positive proportion of each of the families (1.2) and (1.3)
consists of curves with Z,-points for every prime p but no Z-points.

Methodology We now describe some new aspects of the proofs of Theorems 1.3 and
1.4. The main steps of our proofs are the same as those of [26]: we combine the param-
eterization (constructed in [25]) of 2-Selmer elements by rational orbits in a certain rep-
resentation (G, V) arising from a graded Lie algebra with a technique of counting integral
orbits (i.e. of the group G(Z) in the set V' (Z)). We thus gain information about the average
size of 2-Selmer sets.

Although our proofs are similar in outline to those of [26], we need to introduce several
new ideas here. For example, the most challenging technical step in the argument is to
eliminate the contribution of integral points which lie ‘in the cusp’. (In the notation of Sect.
2.3, these points correspond to vectors v such that vy, = 0, where «g is the highest root
in the ambient Lie algebra b.) For this step we prove an optimized criterion (Proposition
2.15) for when certain vectors are reducible (this implies that they cannot contribute to
the non-trivial part of the 2-Selmer set of a smooth curve in our family). This criterion
is based in large part on the Hilbert—Mumford stability criterion. Its application in this
context is very natural, but seems to be new.

We then use a computer to carry out a formidable computation to bound the contri-
bution of the parts of the cuspidal region that are not eliminated by this criterion (see
Proposition 4.5). For comparison, we note that in [26], the cuspidal region was broken up
into 68 pieces; here the analogous procedure leads to a decomposition into 1429 (resp.
9437) pieces in Case E7 (resp. in Case Eg). It would be very interesting if one could discover
a ‘pure thought’ way to tackle this problem that does not rely on case-by-case calculations.

The current setting also differs from that of [26] in that the curves of family (1.2) have
more than one marked point atinfinity. (The geometric reason for this is that the projective
tangent line to a flex point P of a plane quartic curve intersects the curve in exactly one
other point Q. This implies that the family (1.2), essentially the universal family of plane
quartics with a marked flex point, has two canonical sections.) We find that the orbits that
parameterize the divisor classes arising from these points match up in a very pleasant way
with a certain subgroup of the Weyl group of the ambient Lie algebra h. (More precisely,
while the trivial divisor class is represented by the orbit of the Kostant section, the class
of the divisor P — Q is represented by the image of this orbit under a certain element of
the Weyl group of h. This element is described in Lemma 2.5.)

It remains an interesting open problem to generalize the results of this paper and of [26]
to study the average size of the 2-Selmer group of the Jacobians of the curves in (1.1)—
(1.3) (and not just the size of their 2-Selmer sets). The rational orbits necessary for this
study were constructed in [27], but we do not yet understand how to construct integral
representatives for these orbits, in other words, how to prove the analogue of Lemma 3.5
below after replacing the set Y,(Q,) by J,(Qp). If this can be achieved, then the work we
do in this paper to bound the contribution of the cuspidal region will suffice to obtain the
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expected upper bound on the average size of the 2-Selmer group (namely 6 in Case E;
and 3 in Case Eg).

Notation Given a connected reductive group H and a maximal torus T C H, we write
X*(T) = Hom(T, G,,) for the character group of T, X,(T) for the cocharacter group of
T, and W (H, T) for the (absolute) Weyl group of H with respect to 7. Similarly, if c is a
Cartan subalgebra of ) = Lie(H), then we write ®(b, ¢) for the roots of ¢ and W (H, ¢) for
the Weyl group of c. If & € ®(b, ¢), then we write ), C § for the root space corresponding
to a. We write Ny (T) (resp. Ny (c)) for the normalizer of T (resp. ¢) in H, and Zy(T)
(resp. Zp(c)) for the associated centralizer. Similarly, if V' is any subspace of hh and x € b,
then we write 3y (x) for the centralizer of x in V.

We write A = R. ¢ for the multiplicative group of positive reals, and d*A = dA /A for
its Haar measure (where d2 is the usual Lebesgue measure on the real line). If G is a group
defined over a ring R, V is an representation of G, and A C V, then we write G(R)\A for
the set of equivalence classes of A under the relation a ~ 4’ if there exists y € G(R) such
that ya =a'.

2 Astable grading

In this section we establish the algebraic foundation for the proofs of our main theorems: in
each of our two cases, we describe the parameterization of certain 2-coverings of Jacobians
of algebraic curves by orbits in a representation arising from a Z/27Z-graded Lie algebra.
Our set-up parallels that of [26]; however, we must address the complications arising from
the presence of an additional point at infinity on the curves in the family (1.2). This point
makes its presence known in the disconnectedness of the group H? defined below and in
the fact that the central fibre of the family (1.2) is not irreducible.

2.1 Definition of the grading

Let k be a field of characteristic 0 with fixed separable closure k*, and let H be a simple
adjoint group over k of rank r that is equipped with a k-split maximal torus T. Let
h = Lie(H) and t = Lie(T). We let 5 = ®(h, t) and choose a set of simple roots
Sy = {a, a0, ..., 0} C Py. We also choose a Chevalley basis for ) with root vectors
{eo | @ € ®p}. Suppose that —1 is an element of the Weyl group W (H, T) (this is true,
e.g., if H has type E7 or Eg, but not if H has type Eg). Let p € X, (T) be the sum of
the fundamental coweights with respect to our choice of simple roots Sz. Then, up to
conjugation by H(k), the automorphism 6 := Ad(p(—1)) is the unique involution of H
such that h%°=—1 contains a regular nilpotent element of f ([25, Corollary 2.15]). The
grading induced by this involution is stable in the sense of [19, Sect. 5.3].

We define G = (H?)° and V = h#=—1, Then G is a split semisimple group, and V is an
irreducible representation of G, of the type studied by Kostant—Rallis in the case k = C
[13]. The invariant theory of V' is closely related to that of the adjoint representation of H.
We now summarize some aspects of the invariant theory of the pair (G, V). Proofs may be
found in [13,28], or [16]. We refer the reader to [25, Sect. 2] for a more detailed summary
in the present setting.

Definition 2.1 Let ¢ C h be a Cartan subalgebra. If ¢ C V, then ¢ is called a Cartan
subspace of V.
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Theorem 2.2 1. Any two Cartan subspaces ¢, ¢’ C V are conjugate by an element of
G(k%).

2. Letc C V bea Cartan subspace, and define W (G, ¢) = Ng(¢)/Zg(c). Then the natural
maps

W (G, ¢c) > W(H, )
and
k(o1 — k[V1€ — k[c]V(©@O

are isomorphisms. In particular, k[V1© is isomorphic to a polynomial algebra on

r = rank H generators.

Let us call a vector v € V semisimple (resp. nilpotent, resp. regular) if it has this property
when viewed as an element of f). We have the following proposition:

Proposition 2.3 Letv e V.

1. The components of the Jordan decomposition v = vs + v, in b in fact liein V.

2. The vector v has a closed G-orbit in V if and only if it is semisimple.

3. The stabilizer of v in G is finite (and hence the G-orbit of v has maximal dimension)
if and only if v is regular.

We see in particular that a vector v € V has both a closed orbit and a finite stabilizer
(i.e. v is stable in the sense of [15]) if and only if it is regular semisimple. Let A e k[h]
be the image under the isomorphism k[t] WHT) 5 k[h1H of the product of all roots
o € ®y. Then A(v) # 0if and only if v € b is regular semisimple. We call A := A|y the
discriminant polynomial. Then A ishomogeneous of degree #®y. If v € V is a vector such
that A(v) # 0, then 35(v) C V, and 35 (v) is the unique Cartan subspace of V' containing
v.

Before stating the next result, we review some basic definitions from geometric invariant
theory. Recall that given a one-parameter subgroup A : G, — Gis, we may decompose
V (k) as ®;cz Vi, where V; = {v € V(k*) | A(t) - v = t'v}. If we decompose a vector v € V
asv = Y v; wherev; € V; for all i, then {i | v; # 0} is called the set of weights for v with
respect to A.

Corollary 2.4 Letv € V. Then the following are equivalent:

1. v is regular semisimple.
2. A(v) # 0.
3. Forany non-trivial one-parameter subgroup X : G,, — Gys, the vector v has a positive

weight with respect to \.

Proof What remains to be shown is that the third condition is equivalent to the vector
v having a closed orbit and a finite stabilizer in G. This is the Hilbert—Mumford stability

criterion (see e.g. [15]). O

We now describe G and V' more explicitly. By our definition of 0, it is clear that T C G.
Let &g = O(G, T); then &g C ®p, and the complement @y := &y — D is the set of
weights for the action of T on V. The Weyl group Wg := W(G, T) is the subgroup of
Wi := W (H, T) generated by reflections corresponding to the roots of ®g.
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Lemma 2.5 Lets = p(—1) € T(k).

1. The stabilizer of s under the action of Wi on T is given by Staby,, (s) = {w € Wg |
w(dg) = Pl
2. There is a split short exact sequence of groups

1——=Wg——=Stabyy, (s) HY/G 1.

More precisely, let Sg C ®g be a choice of root basis and define
Q= {we Wy | w(Sg) = Sg} C Stabwy,(s).

Then Staby,, (s) = Wg % Q, and the inclusion Nyo(T) — H? induces an isomor-
phism Q = H? /G.

We remark that if H is of type E7, then the group H? /G has order 2; if H is of type Eg,
then H? /G is trivial.

Proof For the first item, note that since H is adjoint, w - s is completely determined by
its action on the root spaces h,. We have that w - s acts trivially on b, if and only if
o € w™(®g), and otherwise w - s acts on ho as multiplication by —1. For the second item,
note that by item 1, the group Stabws, (s) is a subgroup of Aut(®g) = Wg x D, where
D = {0 € Aut(®g) | 0(Sg) = Sg}. Clearly W C Stabyy, (s) and Staby,, (s) N D = £, so
Staby,, (s) = Wi x Q. The isomorphism with H ? /G follows from [11, Sect. 2.2]. O

2.2 Transverse slices over V /G
We continue to use the notation of Sect. 2.1, and now begin our study of the categorical
quotient map

7:V —> B,

where B =V J/G = Spec k[V]C.1f b € B(k), we write V;, = 7 ~1(b) for the corresponding
fibre. We can write down sections of the map 7 using the theory of sly-triples. We recall
that an sly-triple in b is a tuple (e, /1, f) of elements of ) — {0} satisfying the relations

[he] = 2, [h,f] = —2f [e.f] = I

We call an slp-triple normal if e,f € V and & € h?. A graded version of the Jacobson—
Morozov theorem ([25, Lemma 2.17]) states thatife € V is a non-zero nilpotent element,
then there exists a normal sl -triple containing it. If (e, /4, f) is a normal sly-triple, then we
define S(,r) = € +35(f) NV C V. Then Sy) is an affine linear subspace containing e,

and one can show ([25, Proposition 3.4]) that the map 7| Senf) — B is faithfully

ehf)
flat, with smooth generic fibre. If we let A : G,, — H be the cocharacter such that
dX(1) = h, then we may define a contracting action of G, on S ) by £ - v = £2x .

With this action on S, ) if G, acts on B by the square of its usual action, then 7| Stehs)

is Gu-equivariant (see [25, Sect. 3]). If e is regular nilpotent, then we call S ) a Kostant
section.!
We consider these affine subspaces for the sl,-triples corresponding to two conjugacy

classes of nilpotent elements, namely the regular and subregular classes.

1\We note that the definition of a Kostant section is often more general than the one stated here, but in this paper we
restrict our attention to sections of this form.
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Proposition 2.6 Let E € V be a regular nilpotent element. Then:

1. There exists a unique normal sly-triple containing E. Let « be the Kostant section
associated to this sly-triple. Then 1|, is an isomorphism.

2. Letb € B(k), and let kj, = (|,.)"2(b). If A(b) # O, then V), forms a single G(k*)-orbit.
Consequently, there is a canonical bijection

G(k)\Vy(k) = ker[H' (k Zg(ip)) — H' (k G)],
where the G(k)-orbit of k;, € Vy,(k) corresponds to the neutral element of H' (k, Z (kp)).

Proof The first part follows from work of Kostant and Rallis as applied in [25]: see espe-
cially lemmas 2.17 and 3.5. The second part follows from [2, Proposition 1] as applied in
[25, Proposition 4.13]. o

For b € B(k), we continue to write k}, for the fibre over b. We observe that if H has type
E7, then there are two G-conjugacy classes of regular nilpotent elements in V. If H has
type Es, then there is a single G-conjugacy class of regular nilpotent elements (see [25,
Corollary 2.25]). In either case, two regular nilpotent elements E, E’ € V (k) are G(k)-
conjugate if and only if they are G(k®)-conjugate (see e.g. [25, Lemma 2.14]). Combined
with the first part of Proposition 2.6, this implies a strong uniqueness property for the

sections k — B:
Corollary 2.7 Let k, k' C V be Kostant sections.

1. We have k =« if and only if ko = «.
2. The sections k and k' are G(k)-conjugate if and only if ko and k) lie in the same
G(kS)-orbitin V.

Next recall that V' contains a subregular nilpotent element e (by definition, this means
that e is nilpotent and dim Stabg(e) = 1; the existence of subregular nilpotents in V is
proved in [25, Proposition 2.27]). We now discuss the sections corresponding to such an

element.

Theorem 2.8 Let (e i, f) be a normal sly-triple, and suppose that e is subregular nilpotent
element of . Let X = S(e p,f)-

1. The fibres of X — B are reduced connected affine curves. If b € B(k), then X, is
smooth if and only if A(b) # 0.

2. Letb € B(k), and suppose that A(b) # 0. Let Y, denote the smooth projective comple-
tion of X, and let J,, = Pic® Y}, be the Jacobian of Yy,. There is a canonical isomorphism
In[2] = Zg(kyp) of finite étale k-groups, where k is any choice of Kostant section.

Proof For the first part, see [25, Theorem 3.8] and [25, Corollary 3.16]. For the second
part, see [25, Corollary 4.12]. O

The next two theorems identify the fibres of the morphism X — B in Theorem 2.8 when
H has type E7 or Eg. We find it convenient to split into cases.

Theorem 2.9 (Case E;) Suppose that H is of type E;. Fix a choice of regular nilpotent
E, and define « as in Proposition 2.6. Also fix a normal sly-triple (e, h, f) such that e is
subregular nilpotent, and define X = S ) as above.
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1. We may choose homogeneous generators ¢y, e, 8, €10, €12, C14» €18 Of k[V1€ and func-
tions x,y € k[X] so that k[X] is isomorphic to a polynomial ring in the elements
€2, C6, €8, €10, €12, C14» X, ¥, and the morphism X — B is determined by the relation
(1.2):

¥ =23y + c108® + x(coy® + cgy + c1a) + cey* + c12y + cis.

Moreover, the elements ¢, cg, c8, €10, C12, C14, C18, %, ¥ € K[X] are eigenvectors for the
action of G, on X mentioned above, with weights as in the following table:

2 C €3 Cl0 C12 Cu4 618|x y
4 12 16 20 24 28 36 |8 12

2. LetY — Bdenote the natural compactification of X — B as a family of plane quartic
curves, given in homogeneous coordinates as

3 3 22 2 2 3
Yoz = X%y0 + c10%570 + %0 (c2)570 + csyozg + c1azg)

2.2 3 4
+ceyp2zg + c12502g + €18%-

This compactification has two sections Py and Py at infinity, given by the equations
[x0 : 90 :20] = [0:1:0]and[xo:y0:2z0] =[1:0: 0] respectively (note that
Py is a flex point). Assume that under the bijection of [25, Lemma 4.14] the section
corresponding to E is P1. Then for each b € B(k) such that A(b) # O, the following
diagram commutes:

Xp(k) —2= G(k)\V;p(k)

Jo s

Jo(k) —2 H(k Jy [2))

where the maps in the diagram are specified as follows. The top arrow v, is induced by
the inclusion X <— V. The left arrow ny, is the restriction of the Abel—Jacobi map P +>
[(P) — (P1)]. To define yy, we use Proposition 2.6 to obtain an injective homomorphism
to G(k)\Vy(k) — HY(k Zg(kp)), and then compose with the identification Zg(kp) =
Jv[2] of Theorem 2.8. The bottom arrow &y, is the connecting homomorphism associated

to the Kummer exact sequence

0—=Jp[2]—Jp— 2], —0.

Proof 1In this theorem and the next, the first part (i.e. the explicit determination of the
family X) is carried out in [25, Theorem 3.8], the weights for the G,, action are given in
[25, Proposition 3.6], and the second part is the content of [25, Theorem 4.15]. O

We note that, having fixed a choice of regular nilpotent E, we can always assume, after
possibly replacing e by a HY (k)-conjugate, that E corresponds to P; under the bijection of
[25, Lemma 4.14] referred to in the second part of Theorem 2.9.

Theorem 2.10 (Case Eg) Suppose that H is of type Es. Fix a choice of regular nilpotent
E, and define « as in Proposition 2.6. Also fix a normal sly-triple (e, h, f) such that e is
subregular nilpotent, and define X = S ) as above.
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1. We may choose homogeneous generators cy, ¢g, €12, C14, €18, €20, €24, €30 Of k[V1€ and
functions x,y € k[X] so that k[X] is isomorphic to a polynomial ring in the elements
€2, €8, €12, €14, €18, €20, C24, X, ¥, and the morphism X — B is determined by the relation
(1.3):

93 = &% + y(cox® + csx® + crax + c20) + c122% + c186% + c2ax + c30.

Moreover, the elements cy, cg, €12, €14, €18, €20, €24, €30, %, ¥ € k[X] are eigenvectors for
the action of G, on X mentioned above, with weights as in the following table:

€2 €3 €12 Ci4 €18 €0 €24 €30 | x Y
4 16 24 28 36 40 48 60|12 20

2. LetY — B denote the compactification of X — B described in [25, Lemma 4.9]. Let
P : B — Y denote the unique section at infinity (so that Y = X U P). Then for each
b € B(k) such that A(b) # 0, the following diagram commutes:

Xp(k) —2= G(k)\V;(k)

Jo s

Jo(k) — = H(k J5[2))

where the maps in the diagram are specified as follows. The top arrow v, is induced by
the inclusion X — V. The left arrow ny, is the restriction of the Abel—Jacobi map Q +—>
[(Q) — (P)]. To define vy, we use Proposition 2.6 to obtain an injective homomorphism
to G(k)\Vy(k) — HY(k Zg(kp)), and then compose with the identification Zg(kp) =
J»[2] of Theorem 2.8. The bottom arrow 8y, is the connecting homomorphism associated
to the Kummer exact sequence

0—Jp[2]—Jp— 2= ) —0.

Lemma 2.11 In Case E7, suppose b € B(k) is such that A(b) # 0. Then §,([(P2) — (P1)])
is in the image of G(k)\Vj(k) under yy, and 5,([(P2) — (P1)]) is non-trivial if and only if
HO(k Zg(xp)) = HO(k Z (p)[2]).

Proof Let w € 2 be the non-trivial element, and let £’ = }_ o
regular nilpotent element of V. Since H?(k) acts simply transitively on the set of such

€u(w)- Then E is a

elements, there is a unique element w € H?(k) lifting @ such that w(E) = E’. Let «’
denote the Kostant section corresponding to E’. Then wk = «’ and so k, = wkj. We
claim that y, (K;) = 8,([(P2) — (P1)]). The proof is essentially the same as the proof of [24,
Theorem 5.3], but for the convenience of the reader, we give the details here. Let X}, be
the base change of X}, to the fixed separable closure k*/k, and define Y, similarly. There
is a short exact sequence of étale homology groups:

0——po—=H1(Xp, Fo) ——=H1 (Y}, F2) —0. (2.1)
There is a natural symplectic duality on Hj(X}, F3) which has radical 3, and which

descends to the usual Poincaré duality (or Weil) pairing on Hy (Y, F2) = J,[2]. Through
an explicit calculation, one can see that 85([(P2) — (P1)]) is the image of the non-trivial
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element of uy under the connecting homomorphism associated to the dual short exact
sequence

0—Jp[2]——=H' (X}, Fo) ——ps—0,

where we have used the Weil pairing to identify /,[2] with its dual.

Let H*¢ denote the simply connected cover of H with centre Apsc. Note that 6 lifts
naturally to an automorphism of H*¢, which will again denote by 8, and that because H*¢ is
simply connected, the fixed-point subgroup G’ := (H s¢)? is connected [22, Theorem 8.1].
Let C = Zy(kp) and let C5¢ = Zysc(kp). Then C C H and C5¢ C H* are maximal tori,
and we have Zg (k;) = C*¢[2] and Zg(kp) = im(C%¢[2] — C[2]). It follows from the proof
of [25, Theorem 4.10] that the short exact sequence (2.1) is isomorphic to

OHAHSC —=(C5¢ [2] H‘ZG(Kb)HO’

and its dual is isomorphic to
0——Z¢(kp)—C[2]—=mo(H?) —=0, (2.2)

where we have used the Wy -invariant duality on X, (C) and the isomorphism C[2]/Zg (k) =
7o(H?); see also [25, Corollary 2.12], which states that this Weyl-invariant duality descends
to a non-degenerate symplectic alternating duality on Zg(«p).

Therefore to prove the claim we must show that y(x,) is equal to the image in
H(k Zg(«p)) of the non-trivial element of 77o(H?) under the connecting homomorphism
associated with the short exact sequence (2.2). This follows from a computation with cocy-
cles. Indeed, the second part of Proposition 2.6 asserts that there exists g € G(k*) such that
«;, = gkp. Then the cohomology class y,(«;) is represented by the cocycle o g ).
Butc := g7 'w € Zy0(kp) = C[2] is alift of the non-trivial element of mo(H?), so the claim
follows from the fact that “cc™! = (cc™!)~! = g7 1(°g) for all o € Gal(k*/k).

We have established the claim, and the first part of the lemma. To finish the the proof,
we note that §;,([(P2) — (P1)]) is non-trivial if and only if the connecting homomorphism
mo(H?) — H(k Zg(kp)) is injective. By exactness, this is equivalent to the surjectivity of
the map H°(k, Zg(kp)) — HO(k, C[2]), which is exactly the criterion given in the statement
of the lemma. O

Corollary 2.12 In Case E7, let b € B(k) be such that A(b) # 0, and let C = Zy(kp).
Suppose that the map Gal(k® /k) — W (Hys, Cys) induced by the action of Gal(k® /k) on Cys
is surjective. Then 8;,([(Py) — (P1)]) is non-trivial in H(k, J;,[2]).

Proof By the lemma, it is equivalent to show that the map H°(k, Zg(x;)) — HC(k, C[2]) is
surjective. We have HO(k, C[2]) = CWHO[2](k) = Zy[2](k). Since the group H is adjoint,
the centre Zy is trivial, so the map HO(k, Zg(kp)) — HO(k C[2]) is clearly surjective. O

2.3 Reducibility conditions
We now define the notion of k-reducibility and study the properties of k-reducible ele-
ments of V (k).

Definition 2.13 Let v € V. We say that v is k-reducible if A(v) = 0 or if v is G(k)-
conjugate to an element of a Kostant section. Otherwise, we say that v is k-irreducible.
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The factors of the Cartan decomposition h = t@® P ,cq,, ho are invariant under the action
of 0; this leads to a corresponding decomposition

V=@ b (2.3)

aedy

Ifv e V, then we write v = ), o,
sum of T -eigenvectors. Now choose a set of simple roots Sg = {1, . .., Br} of ®g. Since

vy for the corresponding decomposition of v as a

the B; form a basis for X*(T) ® Q, each element y € X*(T) may be written uniquely as
y = Y_i_; ni(y)B; for some n;(y) € Q. Our choice of simple roots Sy C ®p determines
a set of positive roots <I>,Jf[. We write Cbé} for @; N oy

Lemma 2.14 Let v € V and decompose v as Y
following holds:

wedy Vo as in (2.3). Suppose one of the

1. There exist rational numbers ay, . . ., a, not all equal to zero such that ifa € Oy and
Vo # 0, then ) ajn;i(e) < 0.
2. There exists w € Q such thatvy =0 ifa € w(<1>¢ — SH).

Then v is k-reducible.

(We recall that the subgroup Q2 C Wy was defined in Lemma 2.5.)

Proof For the first part of the lemma, we will apply the criterion of Corollary 2.4. This
corollary implies that if v € V' and there exists a non-trivial cocharacter A € X, (T') such
that v has no (strictly) positive weights with respect to A, then A(v) = 0. Let{®1, ..., ®,} C
X«(T) ® Q be the basis dual to the basis {81, ..., B} of X*(T) ® Q, and let A = }";_; a;;.
Then there exists a positive integer m such that mA € X, (T). The weights of v with
respect to m are exactly the values (o, mA) = m Y ;_; a;n;(«a) for those & € ®y such
that n;(«) # 0, so v has no positive weights with respect to ma.

For the second item, let £ = ¢
Chevalley basis (see Sect. 2.1). Then E is a regular nilpotent element of V, and is therefore

ey, where each e, is a root vector of our fixed

contained in a unique normal sly-triple, which in turn determines a Kostant section
k C V (see Proposition 2.6). Suppose that the vector v € V satisfies the condition vy, = 0
ifa e df\'; — Sy. We may assume that if « € Sy, then vy # 0; otherwise v also satisfies
the condition in the first part of the lemma. In this case, exactly the same argument as in
the proof of [26, Lemma 2.6] shows that v is G(k)-conjugate to an element of «, hence is
k-reducible.

Now suppose that there is a non-trivial element w € € such that the vector v € V
satisfies the condition v, = 0 if ¢ € W(CD?; — Sy). We can again assume that v, # 0
ifa € w(Sy). Let E/ = Zaew(SH)
E'. Since the group H?(k) acts simply transitively on the set of regular nilpotents of V'
([25, Lemma 2.14]), there is a unique element x € H?(k) such that x - E’ = E. Then x
normalizes the torus T, since t = Lie(T) is the unique Cartan subalgebra of ) containing

eq, and let ' be the Kostant section corresponding to

the semisimple parts of the normal sl-triples containing E and E’ respectively. Thus x
corresponds to an element of the Weyl group Wy; since Wy acts simply transitively on
the set of root bases of H, we see that x is a representative in H (k) of w. As in the previous
paragraph, the proof of [26, Lemma 2.6] shows that x~!v is G(k)-conjugate to an element
of k, hence that v is G(k)-conjugate to an element of «'. O
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Given a subset M C @y, we define the linear subspace

ViM)={veV |vy=0foralla e M} C V.

Proposition 2.15 Let M be a subset of v, and suppose that one of the following three
conditions is satisfied:

1. There exists w € Q2 such that w(CD“’} —Sy) C M.

2. There exist integers ay, ...,a, not all equal to zero such that if « € &y and
Yo aini(a) > 0, then o € M.

3. Thereexist B € Sg, @ € Oy — M, and integers ay, . . ., a, not all equal to zero such
that the following conditions hold:

(a) Wehave{y £ 8|y e M}Ndy C M.
(b) a —Bedy —M.
(c) Ify € Py and Y ;_;aini(y) > 0, then y € M U {a}.

Then every element of V (M)(k) is k-reducible.

Proof If either of the first two conditions is satisfied, then the desired reducibility follows
from Lemma 2.14. We now show that if the third condition is satisfied, then every element
of V(M)(k) is k-reducible. Let v € V(M)(k).If v, = 0,thenv € V(M U {a})(k), and so v is
k-reducible by the second part of the proposition. We can therefore assume that v, # 0.

Let Viy = {ve V| v, =0forally € ®y — M}. Then there is a T-invariant direct
sum decomposition V' = V(M) @ V. Fix a homomorphism SLy — Gg where Gg is
the subgroup of G generated by the root groups corresponding to 8 and — 8. Condition
(a) implies that the decomposition V' = V(M) @ Vjs is Gg-invariant. Since the ambient
group H is simply laced, the 8-root string through « has length two, and thus b, @ hy—p
is an irreducible Gg-submodule of V. The existence of an irreducible representation of
degree two implies that Gg = SL,.

Since SLy(k) acts transitively on the non-zero vectors in the unique two-dimensional
irreducible representation of SLy, we can find g € Gg(k) C G(k) such that (gv), = 0. This
shows that gv € V(M U {a}), hence that v is k-reducible, as required. ]

2.4 Roots and weights

We conclude Sect. 2 by fixing coordinates in H and G. From now on we assume H has
type E7 or type Eg. As above we let CDE be the set of positive roots corresponding to our
choice of root basis Sz. Similarly, we define ®;, C ®p to be the subset of negative roots.
We note that there exists a unique choice of root basis Sg of ®¢ such that the positive
roots @g determined by Sg are given by CDg = dg N CIDIJ;. Indeed, this follows from a
consideration of Weyl chambers: the Weyl chambers for H (resp. G) are in bijection with
the root bases of ®p (resp. @), and each Weyl chamber for H is contained in a unique
Weyl chamber for G. If Cy is the fundamental Weyl chamber of H corresponding to Sy,
and Cg is the unique Weyl chamber for G containing Cy, then defining Sg to be the root
basis corresponding to Cg yields the desired property. We note that the set of negative
roots @ determined by Sg is given by @ = &g N .
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We will later need to carry out explicit calculations, so we now define Sg in terms of the
simple roots of Sz in each case E; and Eg. We number the simple roots of H and G as in
Bourbaki [7, Planches].

2.4.1 Case Er
We have Sy = {ay, . . ., @7}, where the Dynkin diagram of H is as follows:

2
The root basis Sg = {81, .. ., B7} described above consists of the roots

Br=oa3+as
B2 = a5+ a6
B3 =oax+as
Bs=a1+as
Bs = as +as
Bs = a6 + 7
Br=oaz+asz+oas+oas

where the Dynkin diagram is as follows:

We note that the existence of a diagram automorphism for G implies that there are
two possible choices of numbering of the roots in Sg consistent with the conventions of
Bourbaki; we keep the above choice for the rest of this paper.

2.4.2 CaseEg
We have Sy = {ay, . . ., @g}, where the Dynkin diagram of H is as follows:
o o3 o4 a5 (07 a7 ag
H: 0—O0—GC—0—0
5]

The root basis Sg = {81, .. ., Bs} described above consists of the roots

B1=artas+as+as
B2 = a6+ a7
B3 = as +as
Ba =01 +as
Bs = oz +as
Bs = a5 + 6
B7 =a7+ g
Bs = a3+ 4

where the Dynkin diagram is as follows:
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=
o
o
o
o

8

Once again the existence of a diagram automorphism for G means that there are two
possible choices of numbering of the roots in Sg consistent with Bourbaki; we keep the

above choice for the rest of this paper.

3 Integral structures, measures, and orbits
In Sect. 2, we introduced the following data:

« the group H over k, together with split maximal torus T C H, root basis Sy C X*(T),
involution # = Ad p(—1), and Lie algebra h = Lie H;

« the group G = (H?)° and its representation on V = h%="1, together with a root
basis Sg C X*(T') and Lie algebra g = Lie G;

« the categorical quotient B = V //G and quotient map 7 : V — B;

« the discriminant polynomial A € k[B].

From now on, we also fix the regular nilpotent element £ = ), ¢ es € V. We now
assume that kK = Q and study integral structures on these objects.

3.1 Integral structures and measures

Our choice of Chevalley basis of ) with root vectors {e, | @ € @} determines a Chevalley
basis of g, with root vectors {e, | « € ®g}. It hence determines Z-forms hz C h and
gz C g (in the sense of [4]). Moreover, V = V Nbz is an admissible Z-lattice that contains
E.

We extend G to a group scheme over Z given by the Zariski closure of the group G
in GL(V). By abuse of notation, we also refer to this Z-group scheme as G. Then the
group G(Z) acts on the lattice V(Z) C V(Q). The Cartan decomposition V' = @ycay, ha
is defined over Z, so extends to a decomposition V = @yea, Vu. Since there exists a
subregular nilpotent element in V' = V(Q), we may choose a subregular nilpotent element
e € V(Z). In Case E7, we impose the additional condition that E corresponds to P; in the
sense described in Theorem 2.9.

Fix a maximal compact subgroup K C G(R). Let P = TN C G be the Borel subgroup
corresponding to the root basis Sg, and let P = TN C G be the opposite Borel subgroup.
Givenc € R,we define T, = {t € T(R)° | B(¢t) < cforall 8 € Sg}.

Proposition 3.1 We can find a compact subset o C N(R) and a constant ¢ > 0 such that
GA) =GQ)- (G(Z) x G), where G = wT K and A denotes the adeles of Q.

Proof 1t suffices to show that G(A*) = G(Q) - G(i) (where A® = I—[;, Qp denotes the
ring of finite adeles of Q) and that we can choose & so that G(Z) - & = G(R). This is true:
see [3, Sect. 6], [17, Theorem 4.15], and [17, Theorem 8.11, Corollary 2]. O

Henceforth we fix a choice of & = wT.K as in Proposition 3.1.

After rescaling the polynomials ¢; € Q[V]¢ and «, y € Q[X] appearing in Theorem 2.9
(resp. Theorem 2.10), we can assume that each polynomial ¢; lies in ZIV]C. We define
B = SpecZlcy, ¢, - - -, c18] in Case E7 (resp. Spec Z[cy, cs, - . ., ¢30] in Case Eg), and write
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7 .V — B for the natural morphism, which recovers our existing map 7 : V — B after
extension of scalars to Q. If b € B(R) = B(R), then we define the height of b to be

ht(b) = sup |c;(b)| 48 2/, (3.1)

If v € V(R), then we define ht(v) = ht(r(v)). Since degc; = i, the height function is
homogeneous: for all . € R*, we have ht(Lv) = [1|9e8 A ht(v).

We define X = SpecZlx, y, co, ¢, - - -, c14] in Case E7 (resp. Spec Z[x, y, ¢, cs, - - -, €24]
in Case Eg). Thus X is isomorphic to affine space AVZH, and the morphism X — B
naturally extends to a morphism X — 5, still given in coordinates by Eq. (1.2) in Case
E7 (resp. (1.3) in Case Eg). For any ring R and any subset A C V(R), we write A™&5
for {a € A | Ala) # 0}. Similarly if A” C B(R) then we write (A’)*&% for the set
{ae A | Ala) # 0}.

Fix a left-invariant top form wg on G; it is determined uniquely up to multiplication by
Z>* = {%1}. For any place v of Q, we define a Haar integral on G(Q,) using the volume
element dg = |wgly-

If Q, = R, then we can use the Iwasawa decomposition on G(R) = T(R)°N(R)K =
N(R)T(R)°K to decompose dg = dt dn dk on G(R) as follows (cf. [26, Sect. 2.7]). We give
T (R)° the measure pulled back from the isomorphism [, €S @t T(R)° = R”,. We give
K its normalized (probability) Haar measure. We then choose the unique Haar measure
dn on N(R) such that dg = dt dn dk. For t € T(R), we define () = ]_[O[eq>6 a(t). Then
for any continuous compactly supported function f : G(R) — C, we have the equalities

/ fl@)dg = / f - f(tnk) dk dn dt
geG(R) teT(R)° JneN(R) JkeK

= / f B f(ntk)sg(t)~! dk dn dt.
teT(R)° J/neN(R) JkeK

We also define measures on V and B as in [26, Sect. 2.8] by fixing an invariant differential
top form wy on V and by defining wp = dca A dcg A -+ - A dcig in Case E7 (resp. wp =
dcy Adcg A -+ - Adcsg in Case Eg). If v is a place of Q, then the formulae db = |wg|, and
dv = |wy|, define measures on B(Q,) and V(Q,) respectively. Fixing these choices, we
have the following useful result.

Lemma 3.2 There exists a rational number Wy € Q* with the following property: let k' /Q
be any field extension, and let ¢ C V (k') be a Cartan subspace. Let . : G x ¢ — Vi be
the natural action map. Then piwy = Wowg A liwp.

Proof The proof is identical to that of [26, Proposition 2.13]. ]

Proposition 3.3 Let p be a prime.

1. Let ¢ : V(Z,)*%* — R be a function of compact support that is locally constant
(resp. continuous) and invariant under the action of G(Zy). Then the function Fy :
B(Q)"%* — R defined by the formula

F¢(b) _ Z d(v)

Ve G(To W (Z) # Stabg(Zp) (v)
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is of compact support and locally constant (resp. continuous), and we have the formula

/ o) dv = |Wolp vol(G(Zy)) / Fy(b) db.
veV(Zy) beB(Zy)

2. Define a function my : V(Zp)"*®** — R by the formula

mp(v) = Z ::taEG(Qp)(V/) ‘
veGENE@rvizy) * SR06E) )
Then my is locally constant.
3. Let : V(Zyp)¢** — R be a continuous function of compact support that is G(Qp)-
invariant, in the sense that ifv,v' € V(Zyp), g € G(Qp), andgv = v/, theny(v) = ¥ (V).
Then we have the formula

mp(V)Y (v)

Y (v)dv = |Wolp vol(G(Zy)) — 2~ _db
/I:EV(ZP) ol v ) # Stab(;((@p)(v)

beB(Zp) yeGQ,\Vy(2,

Proof The first part follows from Lemma 3.2 and the p-adic formula for integration
in fibres; see [12, Sect. 7.6]. To prove the second part, we note that the function v —
# Stabg(Qp)(v) is locally constant, because the universal stabilizer Z — V8% s finite
étale. It therefore suffices to show that the function
1
n,(v) = - -
’ v’eG(Zw\(GZ(@;p)wnwzpn #Stabez,)(v)
is locally constant. Suppose v € V(Q,)"#%. Let ¢ C V(Qp) be the unique Cartan subspace
containing v. Since 1| is étale above B(Q,)"*®**, we can find an open compact neighbour-
hood B, of 7 (v) in B(Qj)"®** such that 7 YB,)Ne= L3_, U; is a disjoint union of open
subsets of cand each 7|y, : U; — B, isahomeomorphism. Let I/ = U; be the open subset
containing v. Let u : G(Qp) x U — V(Qp) N 7~Y(B,) be the restriction of the natural
action map. Then u is proper, and so M_I(V(Zp) N 7 ~1(B,)) is compact. It follows that
the characteristic function x of the set u(u‘l(V(Zp) Nx~1(B,))) C V(Zy)"e % is locally
constant and of compact support. For v' € U, we have n,(v') = F, (7 (V')), where F, is as
defined in the statement of the first part of the proposition. Thus by the first part of the
proposition 7, is locally constant. The third part of the proposition follows from the first
two. O

3.2 Selmer elements and integral orbits

We now discuss the construction of elements of V(Z,) and V(Z) from rational points of
algebraic curves. The idea behind this construction is as follows. In Theorems 2.9 and
2.10, we have described how a transverse slice X to a subregular nilpotent in V' can be
identified with an explicit family of curves over B. The embedding X — V is defined over
Q. After we fix integral structures, this means that a point of X'(Z) (resp. X(Z,)) defines an
element of V(Z) (resp. V(Z)), after possibly clearing a bounded denominator. The main
problem in this section is therefore to show if b € B(Z,) is of non-zero discriminant, then
a class in J,(Qy)/2/,(Qp) which is represented by a point of ¥;,(Qp) is in fact represented
either by a point X,(Z,), or by a point at infinity.

Lemma 3.4 There exists an integer Ny > 1 with the following properties:

1. For any prime p and any b € B(Zy), we have Ny - k, € V(Zp).
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2. In Case Ey, let w € Q be the non-trivial element and let k' denote the Kostant section
corresponding to the regular nilpotent element E' =3, . ewa. Then for any prime
p and for any b € B(Zy), we have Ny - KZ/J e V(Zp).

3. Forany prime p and any x € X(Zy), we have Ny - x € V(Zyp).

4. Ifb e NO2 - B(Z), then b € n(V(Z)).

In the first three items Ny is acting via the G,-action discussed in Sect. 2.2. In the third
item Ny is acting via the natural G,,-action on B.

Proof This follows from the existence of the contracting G,,-actions on «, k', and X, cf.
[26, Lemma 2.8]. O

Lemma 3.5 There exists an integer N1 > 1 with the following property: for any prime p
and any b € Ny - B(Zy,) such that A(b) # 0, the canonical image of Y;,(Q)) in Hl(Qp, Jp2])
is contained in the image of the composite map:

V(Zp) = GQ\Vy(Qp) 22> H (Qp J[2])

(where yy, is as in Theorems 2.9 and 2.10 for the case when k = Qp).

Proof We just treat the case when H is of type E7; the Eg case is more straightforward,
since there is only one point at infinity. We will show that we can take Nj = 24N§, where
Np is as in Lemma 3.4. We recall that the curve Y}, is given by the equation

3 3 2.2 2 2 3 2.2 3 4
Y020 = %Yo + C10%pZ + X0 (62yon + cgyozy + 61420) + c6yozg + c12Y02g + €182;

and has two sections Py = [0 : 1: 0] and P, = [1 : 0 : 0] at infinity; the map Y},(Q,) —
Jp(Qp)/2]5(Qp) sends a point P to the class of the divisor (P) — (P1). We define ) to be
the closed subscheme of ]P’%3 defined by the same equation; then the complement in Y
of its sections at infinity is naturally identified with X by Theorem 2.9. For b € B(Q,),
Vp is smooth in an open neighbourhood of these sections at infinity. If ¢ € Q/, then the
isomorphism X; — X;2;, induced by the action of G,, on X extends to an isomorphism
20 : o).

We first claim that if b € 2*B(Z,), then every divisor class in the image of the map
Y5 (Qp) — Jp(Qp)/2]5(Q)) is represented by either the zero divisor, the divisor P, — Py,
or a divisor of the form P — P; for some P € &}(Zy).

If P € Y3(Qp), then we write P for the image of P in Yp(Fp). The special fibre YbF,
is reduced, and has at most two irreducible components, which are geometrically irre-

Y, — Y2, that maps [xo : y0 : z0] to [£8x0 :

ducible. Moreover, if there are two irreducible components, then P; and P; lie on distinct
irreducible components. Indeed, due to the presence of the contracting G,,-action, any
property of the morphism ) — B which is open on the base can be checked in the central
fibre. Thus [23, Tag 0COE] implies that all of the fibres of ) are geometrically reduced;
and then [23, Tag 055R] implies that the two sections Pj, Py together meet all irreducible
components in every geometric fibre. In particular, every irreducible component of V,
is geometrically irreducible.

Let Jp = Picg,h /Z, be the open subscheme of Picy,, /7, corresponding to those invertible
sheaves that are fibrewise of degree 0 on each irreducible component (see [5, Sect. 8.4]).
Then J), is a smooth and separated scheme over Z, (see [5, Sect. 9.4, Theorem 2]). We
note that if Q € J,(Zp) has trivial image in jb(Zp/23pr), then Q is divisible by 2 in
Jp(Zp) (this follows from [21, Theorem 6.1] and its generalization [8, Proposition 3.1]).



Romano and Thorne Res. Number Theory K Page190f34 §

Let P = (x,9) € Y,(Qp). To prove the claim, it suffices to show that if P ¢ A}(Z,),
then one of the divisor classes [(P) — (P1)] or [(P) — (P;)] is divisible by 2 in J,(Qj). We
can assume that xy # 0. We note that if P ¢ A},(Z,), then (at least) one of x, y must be
non-integral. If x is integral then the defining equation of Y, shows that y is integral too.
We can therefore write x = p™u, y = p"v, with u,v € Z,; and m < 0. We note that if
n < 0, then we must have 2n = 3m, hence we can write n = 3k, m = 2k for some k < 0.

We first treat the case where p is odd. If # < 0, then we have

P=0p*u:p*v:11=[p*u:v:p~ =P modp,

and we see that [(P) — (P1)] is divisible by 2 in J;(Q). If # > 0, then P = P5 mod p, and
[(P) — (P2)] is divisible by 2 in J,(Q,). This establishes the claim in the case when p is odd.

Now suppose that p = 2. Our assumption b € 2*B(Z,) means that ¢;(b) is divisible by
2% for each i € {2,...,18}. We write ¢ : ¥}, — Yéb for the map [xo : yo : zo] — [278x0 :
2_12)/0 s z0] = [2%x0 290 ¢ 21220]. If n < 0, then we get

1(P) = [247ku TV 21273/(] = P; mod 2%,
This shows that [(¢(P)) — (P1)] is divisible by 2 in J 1 »(Q2), hence [(P) — (P1)] is divisible
by 2 in J5(Q3). If n > 0, then we have P = [1 : 2" ™y /u : 27" /u] = [1 : w : z], say, and
we have an equation

w1 — w?z) = 0(2%2)
in Zj. It follows that » — m > 8. Then we get

WPy =[12% 2"y 2127y = [1: 2" Yy Ju: 2877 Ju] = Py mod 24,

hence [(P) — (P)] is divisible by 2 in J;(Q2). This completes the proof of the claim.

We now show how the claim implies the lemma. We drop our assumption on the parity
of p, and take b = Ngc, where ¢ € 24B(Zp). Given a class ¢ in Hl(Qp, Jc[2]), if ¢ is in the
image of Y.(Q,), then ¢ is represented by either Py, Py, or an element of X¢(Z,). Let ¢’
denote the corresponding class in H'! (Qp, Jp[2]). If Py is arepresentative, then k), € V3, (Q))
represents the corresponding rational orbit. By Lemma 3.4, we have k;, = Ny - k. € V(Zy),
S0 K, is even an integral representative for this rational orbit. If P; is a representative, then
«;, € V(Zp) is an integral representative, by the same argument.

Suppose instead that ¢ is represented by a divisor (P) — (P1), where P € X(Z,). Then ¢’
is represented by the divisor (Ng - P) — (P1), where now Ny - P € No - X(Z,). By Lemma 3.4,
we have Ny - X(Z,) C V(Zp), showing that Ny - P € V},(Z,,) is an integral representative
for the rational orbit corresponding to the class ¢. This completes the proof. O

Proposition 3.6 Let N1 € Z>1 be an as in Lemma 3.5. Then for any b € N1 - B(Z) such
that A(b) # O, the 2-Selmer set Sely(Yy) C Hl(Qp, J»[2]) is contained in the image of the
composite map

Vi(Z) > G@\Vp(@Q > HY(Q J,[2)).
Consequently, for any b € B(Z) such that A(b) # 0, we have # Sely(Yy,) < #G(Q)\Vy,.»(Z).

Proof Suppose ¢ € Sela(Yy). We first show that ¢ € y,(G(Q)\V(Q)); by Proposition 2.6
this is the case exactly when the image ¢’ of ¢ under the map

HYQ Jy[2]) - HY(Q G)
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is trivial. By commutativity of the diagram in Theorem 2.9 in Case E; (resp. Theorem
2.10 in Case Eg) and the definition of the 2-Selmer set, we see that ¢’ is locally trivial, in
the sense that its image in H'(Q,, G) is trivial for every place v of Q. We claim that this
implies that ¢’ is itself trivial. Indeed, write G*¢ for the simply connected cover of G. The
centre of G has order 2 in both cases (see, e.g., [27, Proof of Proposition A.1]). Thus we
see that there is a short exact sequence of groups over Q:

1 1% G*¢ G 1,

where © = w4 (in Case E7) or uy (in Case Eg). This leads to the following commutative
diagram of pointed Galois cohomology sets, in which the rows are exact:

HY(Q ) HY(Q G%) HY(Q G) H*(Q )

l locy \L locy \L locs l loca

1, H Qv ) —TI1, H'(@Qy, G*) —[], H'(Q), ) — [, H*(Q», ).

Since G* is simply connected, the map loc; is bijective, and H! (Qp, G*) is trivial for every
prime p. By class field theory, the map loc is injective. Using these facts, a diagram chase
shows that the triviality of locs(c’) forces ¢’ itself to be trivial.

We can therefore choose a vector v € V;,(Q) representing our class c. By Lemma 3.5, for
each prime p there exists an element g, € G(Qp) such that g, - v € V,(Z). By Proposition
3.1, there is an element g € G(Q) such that g, € G(Z)g for every prime p. It follows that
g v € V,(Z), as required. O

3.3 Subsets of V(R) and V(Q)y)

We conclude this section by constructing some useful subsets of V(R) and V(Q,). We
first consider V(R). Let ¢y, .. ., ¢, denote representatives of the distinct G(R)-conjugacy
classes of Cartan subspaces of V(R). For each i € {1, ..., n}, let ¢; denote the closed subset
of c?eg'ss' given by ¢; = {v € c:eg'ss' | ht(v) = 1}. Arguing as in [26, Sect. 2.9], we can find
a cover of ¢; by finitely many connected semialgebraic open subsets U/;; such that each
map 7T|L1,j : Uy — {b € B(R)*™® | ht(b) = 1} is a homeomorphism onto its image.
We write Ly, .. ., L, for the sets 7 (U;;) for all ij in any order, and for Ly = () we set
Sk = (7'r|ui}.)_1 : L — V(R)™855. We can extend s; to amap s : A - Ly — V(R)™8% by
the formula sg (Ab) = Asi(b) forany L € A, b € L.

Lemma 3.7 With notation as above, each map sy : A - Ly — V(R)¢* is a semialgebraic
map, and si(Ly) has compact closure in V(R). The quantity ry := # Stabg)(sx (b)) is
independent of the choice of b € Ly. We have U/ G(R) - A - sg(Ly) = V(R)"€**. For any
continuous function f : V(R)™5 — R of compact support, we have

W,
/ fwydv = |
veG(R)-A-Ly

Oloe / f Flg - se(b)) dg db.
3 beA-Ly JgeG(R)

Consequently for any x > 1 we have:
vol(& - [1, "/ 98 2] - ¢ (L)) < [Woloo vOl(S) vol([1, 4/ 4B 2] - L),

Proof Let g : G(R) x (A - L) — V(R)"™8%% be given by (g b) > g - sig(b). Then py is a
local diffeomorphism onto its image, with fibres of cardinality rx. By Lemma 3.2 we have
/tha)v = Wowg A wp. The displayed formulae follow from this identity. O
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We now consider V(Q,).

Lemma 3.8 There exists a constant ¢ € (0, 1) with the following property: let p be a prime
congruent to 1 mod 6. Then there exists a non-empty open compact subset U, C B(Zy)
such that for all b € Uy, we have A(b) # 0, Xy(Zy) # 0, and

#im¥5(Qp) > Jo(Qp)/ (@) _
#]b((@p)/zjb(@p) -

Proof Let p be a prime with p = 1 mod 6. It suffices to show that we can find a single
b € B(Zp) with A(b) # 0, Xp(Zp) # ¥, and

#(im(Yb(Qp) g ]b(@p)/zjb((@p)))

#15(Qp)/2]5(Q,) <1

By continuity considerations of the type in [18, Sect. 8], we can then take U/, to be any
sufficiently small open compact neighbourhood of b in B(Z,). We will in fact exhibit
b € Uy, such that A(b) # 0, X}(Zy) # ¥, the component group & of the Néron model of
Jj, is isomorphic to (Z/27)?, and the image of Y3(Qp) in @ is the identity. This will imply
that the lemma holds with ¢ = %.

We first return to the Eg family of curves (1.1):

y3 =x*+ y(czx2 + c5x + ¢8) 4 cex® + cox + c1a

described in Sect. 1 of this paper. In this case the existence of such a point b is asserted in
[26, Proposition 2.15]. The proof given there is incorrect; more precisely, the description
of the special fibre of a regular model of the curve y*> = x* — p? is incorrect. We will
first remedy this error. The calculation in this case will also play a role in the proof of the
lemma in Cases E7 and Eg.

We consider instead the curve given by the equation y> = (x — 1)(x® — p?). (This curve
can be put into the canonical form (1.1) by a linear change of variable in x.) Let ) be the
curve inside IE”2 given by the projective closure of this equation, and let Z C AZ denote
the complement of the unique point at infinity. It is clear that Z(Z,) # 9. Moreover, Yy
has a unique point that is not regular, namely the point corresponding to (x, y) = (0, 0) in
the special fibre Zp,.

This singularity can be resolved by blowing up. Let ) — ) denote the blow-up at the
unique non-regular point of ). Then )’ has exactly 3 non-regular points. The special
fibre of )" has two irreducible components, namely the strict transform of )V, and a
smooth exceptional divisor. Let ) — )’ denote the blow-up of the 3 non-regular points.
Then )" is regular, and the special fibre y]%/p has 5 irreducible components: the strict
transform C; of Vg, the strict transform Cs of the exceptional divisor in y{Fp, and the
smooth exceptional divisors Cy, C3, C4 of the blow-up V" — ).

We note that blow-up commutes with flat base change, so to verify our claims about
the component group @ it suffices to perform these blow-ups in the completed local ring
of ) at the maximal ideal (p, %, y), which is in turn isomorphic to Z,[x, w]/ (w3 —x3 4 p?).
Here we find that all the irreducible components in the special fibre of y{gp are smooth
and geometrically irreducible, and their intersection graph is given as follows:
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All intersections are transverse, and the multiplicities of C;, Cy, C3, Cy and Cs are respec-
tively 1, 2,2, 2, and 3. The intersection matrix of the special fibre of )" is therefore

-6 1 1 1

0
1 -2 0 0 1
M= 1 0o -2 0 1
1 0 0 -2 1
0

1 1 1 -2

Letv = (1,2,2,2,3). Then Mv = 0 and there is an isomorphism ® = v/ im M, where we
consider v as an element of Z° and M as a Z-module homomorphism (see [5, Sect. 9.6]). A
calculation shows that ® = (Z/27)?, as claimed. Each point of Y(Z,) = Y"(Zp) reduces
modulo p to a smooth point of the special fibre y{gp. Since there is exactly one component
of ygp of multiplicity one, we see that all points of y(zp) reduce to this component;
consequently, their image in the Néron component group @ is trivial (to see this, use the
recipe in [14, Sect. 5]).
We now turn to Case E;. Consider a perturbation

y3 =(x -1 —pz) + kxgy,

where A € Z, — {0}. Using the procedure of Proposition 5.1, we can make a change of
variable to put this curve in the form (1.2): the perturbation causes the point [0 : 1 : 0] at
infinity to be a flex point, but no longer a hyperflex point. One may check that the curve
obtained in this way has non-trivial integral points. For X close enough to 0, this curve will
also satisfy the condition

#(m(Y;(Qp) — J5(Qp)/25(Qp)))
#p(Qp)/2/p(Qp)

Finally, we turn to Case Eg. We now let Z be the curve given by the equation y* =

1
<-.
~ 4

(x? — 1)(x® — p?), and let ) denote the projective curve over Zp containing Z and given
by the multihomogeneous equation y® = z(x? — z2)(x®> — p?z®). Then ) is smooth along
the unique section at infinity. We see that ) has a unique non-regular point, namely the
point inside Z corresponding to the maximal ideal (p, %, y). The completed local ring of Z
at this point is isomorphic to Z, [x, w]/(w® — x> + p?). It follows that the singularities of
Y can be resolved by two blow-ups, exactly as in the Eg case described above. Moreover,
the intersection matrix is equal to M as defined above, and the isomorphism class of
the component group of the Néron model of the Jacobian of )y, is also (Z.)27)*. This
concludes the proof. O

Lemma 3.9 There exists an open subset Uy C B(Zy) such that for all b € U,, we have
Ab) # 0, Xp(Zy) # W, and the image of the map Xp(Zy) — Jp(Q2)/2],(Q2) does not
intersect the subgroup generated by the divisor class [(P1) — (P2)] in Case E7 (resp. does not
contain the identity in Case Eg).
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Proof If ¢ € B(F,) is such that &, is smooth, let us write ), for the smooth projective
completion of X; and 7 for Picg;c. In order to prove the lemma, it suffices to exhibit a single
point ¢ € B(F;) such that X, is smooth, and such that the image of the map A, (Fy) —
T (F2)/2J.(F2) is non-trivial and does not intersect the given subgroup. Indeed, suppose
¢ is such a point, and define U to be the preimage of ¢ under the natural map 5(Z,) —
B(F3). If b € Uy, then there is a commutative diagram

Xp(Zy) — Jp(Q2)/2]5(Q2)

l |

Xe(F2) —— Jc(F2)/2Tc(F2).

By Hensel’s Lemma, the existence of a point in X (F,) implies that X},(Z,) is non-empty.
Since the diagram is commutative, the image of X},(Z2) does not intersect the subgroup
generated by the divisor class [(P1) — (P2)] in Case E7 (resp. does not contain the identity
in Case Eg).

It remains to exhibit such a point ¢ € B(F;) in each case. In Case E7, we consider the

curve
Xy =xby+y+1L

We have that &, is smooth over [Fy, and A (F2) consists of exactly one point (x, y) = (1, 1).
There is an isomorphism J.(Fy) = 7Z/18Z, hence an isomorphism J;(IF2)/27.(Fy) =
Z./27. The subgroup of J.(F2)/2J.(F2) generated by the divisor class [(P1) — (P2)] is the
trivial subgroup, while the point (1, 1) has non-trivial image in J.(F2)/2J:(F2) (in fact, its
image in J.(IFy) is a generator).

In Case Eg, we consider the curve

Xy =a + 9 +aH) +5° + 1

We have that X, is smooth over Fy, and X, ([F3) consists of the two points (x, y) = (0, 1)
and (%, y) = (1, 1). There is an isomorphism J.(F2) = Z/30Z, hence an isomorphism
Te(F2)/2J.(F2) = Z/2Z. Both of the rational points of A, (F2) have non-trivial image in
To(F2) /2T (Fy).

We verified all these properties of the given curves &, using the ClassGroup func-
tionality in magma [6]. O

Lemma 3.10 1. For every prime p, there exists an open compact subset U, C B(Zy)
such that for every b € Uy, A(b) # 0 and Xy(Zy) # 9.
2. There exists an integer N3 > 1 such that for every prime p > N3 and for every
b € B(Zyp) such that A(b) # 0, we have Xp(Zy) # 9.

Proof For each prime p, it is not difficult to find a point ¢ € B(IF,) such that A¢ is smooth
and &;(FF,) is non-empty. Taking U, to be the preimage of ¢ in B(Z,) establishes the first
part of the lemma. The second part follows from Hensel’s Lemma and the Weil bounds;
here we are implicitly using the fact, already established in the proof of Lemma 3.5, that
for any ¢ € B(IFp), the irreducible components of X, are geometrically irreducible. ]
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4 Counting points

In Sect. 3 we have defined an algebraic group over Z and a representation V), as well as
various associated structures. In Sect. 4, we continue with the same notation and now
show how to estimate the number of points in G(Z)\V(Z) of bounded height.

We first prove a simplified result, Theorem 4.1. The more refined version (Theorem 4.7),
which is needed for applications, will be given at the end of this section. Let L C B(R) be
one of the subsets Ly described in Lemma 3.7, and let s : L — V(R) be the corresponding
section. Then L is a connected semialgebraic subset of B(R); s is a semialgebraic map; and
s(L) has compact closure in V(R). The map A x L — B(R), (A, £) +— A - £ given by the
Gyy,-action on B is an open immersion, and ht(A - £) = Adeg A

For any subset A C V(Z), we write A" for the subset of points @ € A that are Q-
irreducible, in the sense of Sect. 2.3. We recall that r is the rank of H. Our first result is as
follows.

Theorem 4.1 There exist constants C, § > 0, not dependent on choice of L, such that
#G(D\ {v € [GR) - A - ()] N V(Z)™ | ht(v) < a}
< C-vol ([L al/degA] -L) +0 <ﬂ%+r/degA—6)'

Our proof is very similar to that of [26, Theorem 3.1], except that a significant amount of
case-by-case computation is required in order to control the contribution of elements that
are ‘in the cusp’ (i.e. elements that lie in the codimension-one subspace of V where the
coordinate corresponding to the highest root of H vanishes; see Proposition 4.5 below).
To avoid repetition, we omit the details of proofs that are essentially the same as proofs
appearing in [26, Sect. 3].

First we introduce some notation. Recall that we have fixed a choice of & = wT . K C
G(R) as in Proposition 3.1, where @ C N(R) is a compact subset and T, C T'(R)® is open.
As in [26, Sect. 3.1], we fix a compact semialgebraic set Gg C G(R) x A of non-empty
interior with the property that K - Go = Gp. We assume that the projection of Gp to A is
contained in [1, Cy] for some constant Cy and that vol(Gp) = 1. Given a subset A C V(Z)
we let

N(A, a) = / #(Sh- A -s(L)N{v e A™ | ht(v) < a}) dh
hGGo

N*(4,a) = ./h . #(Gh-A-s(L)N{v e A | ht(v) < a}) dh.

The following two lemmas are the analogues in our situation of [26, Lemma 3.3] and [26,

Lemma 3.4]; the proofs are the same.

Lemma 4.2 Let A C V(Z) be a G-invariant subset. Then
#G(Z)\{v € [GR) - A - s(L)] N A™ | ht(v) < a} < N(4, a)

and

#G(Z)\[v € [GMR) - A -s(L)]NA | ht(v) < a} < N*(4, a).
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Lemmad.3 Given a > Ln € NR),t € T(R), and » € A, define E(n, t, A, a) =
ntrGos(L) N {v € V(R) | ht(v) < a}. For any subset A C V(Z), we have

N, a) <2 / / #[E(n, & A a) N A™8g() Ydn dt d* A
reA JiteT, Jnew

and
N*(4,a) < 2’/ / / #[E(m, & A a) N ASg(t) tdn dt d* 2,
reA JteT, Jnew

where 8¢ is as defined in Sect. 3.1.

In order to actually count points, we will use the following result, which follows from
[1, Theorem 1.3]. This replaces the use of [26, Proposition 3.5], itself based on a result
of Davenport [9]. We prefer to cite [1] since the possibility of applying [9] to a general
semialgebraic set rests implicitly on the Tarski—Seidenberg principle (see [10]).

Theorem 4.4 Let m, n > 1 be integers, and let Z C R™1" be a semialgebraic subset. For
T c R let Zy = {x € R" | (T, x) € Z}, and suppose that all such subsets Z are bounded.
Then for any unipotent upper-triangular matrix u € GL,(R), we have

#(Z1 NuZ") = vol(Z1) + O(sup{1, vol(ZT)}),

where Zt; runs over all orthogonal projections of Zt to any j-dimensional coordinate
hyperplane (1 < j < n — 1). Moreover, the implied constant depends only on Z.

To state the next proposition, we recall that for any subset M C ®y, V(M) C V is the
linear subspace consisting of vectors v = Zae‘bv vy With v, = 0 for all « € M. Given
disjoint subsets Mo, M1 C @y, we define an open subscheme V (Mo, M1) C V(Mop) by

VMo, M1) ={v e V(My) | vy #0foralla € M;}.

We also define S(Mg) = V(Mp)(Q) N V(Z) and S(My, M1) = V (Mo, M1)(Q) N V(Z). For
ease of notation, if M = {«} is a single root, we write S(M) as S(«).

Proposition 4.5 Let g € v denote the highest root of H with respect to the root basis
Sy. Then there exists § > 0 such that N(S(ag), a) = O(a%“/ deg A—dy

Proof We call a pair (Mo, M) of disjoint subsets of @y a cusp datum. To prove the
proposition, it suffices to find a set C of cusp data such that

L S(@o)™ € Uy ay)ee SMo, M1)
2. If (Mo, M;) € C, then N*(S(Mo, M1), @) = O(a3+7/deg 5=0),

Consider the partial order on ®y given by 8 > « if and only if #;(8 — @) > 0 for
all i, where n; is as defined in Sect. 2.3. Let M be the collection of subsets M C @y
such that if « € M and 8 > « then B € M. Given a subset M € M, we let
AM) ={a € Dy — M | M U {a} € M}. We let C be the collection of cusp data defined
inductively as follows: in step 1, we form the cusp datum ({ao}, A({eo})). In each suc-
cessive step we create the set of cusp data {(Mo U {a}, A(Mp U {«})) | « € M;} for
each cusp datum (My, M) formed in the previous step, and then remove any cusp data
(Mo U {ar}, M(Mop U {r})) such that Mo U {o} satisfies any of the conditions of Proposition
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2.15. By construction the collection C satisfies condition 1 above. For each cusp datum
(Mo, M1) € C, we check that N*(S(Mo, M1), a) = O(a%'”/ deg A=d) Tg do so, by the same
logic as in [26, Sect. 5], it suffices to find a function f : M; — R satisfying the following
two conditions:

o Dwem, fla) < #Mo
« Foreach1l <i <r, wehave Zae@é ni(a) — ZaeMO n;i(o) + Zaele(a)ni(a) > 0.

One can program a computer to generate the list of cusp data in C, after inputting the root
datum of b and the description of its 2-grading, and then to verify that there exists such a
function f for each (Mo, M1) € C. We have carried out this verification process. Our code
is available in the Mathematica notebooks E7CuspData . nband E8CuspData.nb.? (In
the name of efficiency, we actually follow a slightly different procedure, since it is time-
consuming to check the condition in part 3 of Proposition 2.15. Namely, we generate a list
of cusp data by eliminating only those pairs (Mo, M1) such that My satisfies the condition
in part 2 of Proposition 2.15. For the cusp data on this list, we check that either a function f
as above exists, or that one of the remaining conditions, i.e. part 1 or part 3 of Proposition
2.15, holds. When verifying the condition in part 3, we restrict our search to o € M;. The
end result is a collection of cusp data satisfying items 1 and 2 above, which suffices to

prove the proposition.) O

Proposition 4.6 Let N > 1 be an integer, and letv € V(Z). Let Ayn = v+ N -V(Z). Then
there exists § > 0 such that

27| W, 1(&
N*(Ayn — S(ag), a) < |]:)[|(;+V‘?()vol ([1, al/deg A ~L> +0 (a%+’/degA_‘s>,

Proof Let| -] : V(R) = Rxo denote the supremum norm with respect to the decompo-
sition V = @qca,, Vy as a direct sum of free Z-modules of rank 1. Let /] > 0 be a constant
such that [|[v|| <Jforallv e w-Go-s(L). Let F(m, t, \,a) ={v € E(n, t, A, a) | |vg,| = 1}. If
F(n, t, 1, a) # ¥, then Aag(¢) > 1/]. By Theorem 4.4, we have
#((V(Z) — S(ao)) N E(n, 4, A, a))
= #(V(Z) N F (1,43, @) = vol(F(n 4, @) + O (A5 lag(0) ).

Similarly we have

#(Ayn — S(@0)) NE(m, 8, A, @) = N~ 9™V vol(F(n, t, A, a)) + O (xdim V_lao(t)_l) .
(4.1)

By Lemma 4.3, N*(A, n — S(xo), a) is bounded above by

zr/ ./ / N=9V ol(F(n, 1, 2, @) (t) " dndtd*x
reA JiteT, Jnew
al/ deg A (4"2)
+2r/ / / O()"dimv_la()(t)_l)SG(t)_l dndtdx)\“
)‘ZC(;I teT, Jnew

2These Mathematica notebooks may be found at https://www.dpmms.cam.ac.uk/~jat58/E7CuspData.nb and https://
www.dpmms.cam.ac.uk/~jat58/E8CuspData.nb respectively.


https://www.dpmms.cam.ac.uk/~jat58/E7CuspData.nb
https://www.dpmms.cam.ac.uk/~jat58/E8CuspData.nb
https://www.dpmms.cam.ac.uk/~jat58/E8CuspData.nb
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The second term in (4.2) is O(a%ﬂr —1)/degA) Lemma 3.7 shows that the first term is
bounded above by

27 / f NIV GO lEm, £, 4 a))da () dndt d* A
reA JteT, Jnew

w7 oS |
= — 1, com. L),ht(v)< dhdvdgdxk
NIV ], en Jees Jvevw) Jnec, veghhsLyht()<a

r
< 2 |W0|oo
- Ndim\/

2V|VVO|<>0

= —Ndmv vol(©)vol([L, AV desA]

/ vol(&) vol([1, a'/ 482 . L) dh.
heGy

This completes the proof. |

We can now finish the proof of Theorem 4.1. By Lemma 4.2, we have

GZ)\{v € [G(R) - A - s(L)] N V(Z)™™ | ht(v) < a}
< NV(Z),a) < NV(Z) - S(ao), @) + N*(S(0), a).

The result now follows on combining Propositions 4.5 and 4.6.
We now state the more refined version of Theorem 4.1 mentioned at the beginning of
this section.

Theorem 4.7 Let py, ..., ps be distinct primes, and for each i € {1,...,s}, let V, C
V(Zp,) N V(Qp,)%% be an open compact subset that is G(Qy,)-invariant, in the sense
that if v € Vy, g € G(Qp,) and gv € V(Zp,), then gv € Vp. Let A = V(Z) N (V)
X -+ x V) (Where we are identifying V(Z) with its image in V(Zyp,) X - - - x V(Zy,) under
the diagonal embedding). Then there exist constants C, § > 0 not depending on s or the sets
Vpis s Vp, such that

#G(Q)\{v € A™ | ht(v) < a}

—c s / #(G(Qpi)\(vpi N Vb(@pi))) db a%+r/degA +0 (ﬂ%Jrr/degA,g) .
— \ JbeB@,,) # Stabg(q,) (kp)

Proof We recall that for each prime p we have defined in the statement of Proposition
3.3 alocally constant function 1, : V(Q,)"*®% — R by the formula

# Stabg(Qp) )

my(v) = > —
# Stab /
v eGEMNG@ vz T oPEE) (V)

The same argument as in the proof of [26, Corollary 3.9] leads to an estimate

‘ 1
#GQ\v e A" |ht(v) <a} <27 ) )
mp'(v)
veG(@ZN\A P!
ht(v)<a

Combining Lemma 4.2, Proposition 4.6, and Proposition 4.5, and summing over all choices
of L as in Lemma 3.7, yields absolute constants C, § > 0 such that

S
Z ! <C (H/ 1 dv) a%+r/degA + O(d%+r/degA—5)_
veG(Z)\A mpi(") i=1 VEVpi mpi(V)

ht(v)<a




X
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By the third part of Proposition 3.3, this expression is equal to

: #(G( VvV, NV, .
C(H|Wo|inol(G(Z )(H /hEB(Z ( %pé)t;():lﬂ (@) )deeM

i=1 ) (0
+0 (a%—i-r/degA—(S) )

The products [[;_; |Wol p; VOl(G(Zy,)) can be bounded independently of s and the primes

P - .., ps. They can therefore be absorbed into the constant, giving the estimate in the
statement of the theorem. O

5 Applications to 2-Selmer sets

In this final section, we prove our main theorems, including the results stated in Sect. 1,
by combining all the theory developed so far. In order to avoid confusion, we treat each
of the two families of curves (corresponding to Case E7 and Case Eg) in turn.

5.1 Applications in Case E~
As above, we write B = SpecZ[cy, ce, s, c10, €12, €14, C18] for affine space over Z in 7
variables, and write X — [ for the family of affine plane curves given by Eq. (1.2):

¥y = &3y 4+ crox? +x (coy® + csy + c1a) + c6y” + 12y + c1s.

This family has the following interpretation:
Proposition 5.1 Let k/Q be a field. Then:

1. The locus inside By above which the morphism X, — By is smooth is the complement
of an irreducible closed subset of By, of codimension 1.
2. The set of points b € B(k) for which X, is smooth is in bijection with the set of

equivalence classes of triples (C, Py, t), where:

(a) C is a smooth, non-hyperelliptic curve of genus 3 over k.

(b) P1 € C(k) is a flex point in the canonical embedding, i.e. the projective tangent
line to C at Py intersects C with multiplicity 3 at the point P;.

(c) t € Tp,C is a non-zero Zariski tangent vector at the point Py.

If b corresponds to (C, P, t), then X}, is isomorphic to C — {P1, P2}, where Py € C(k) is
the unique point such that 3Py + P is a canonical divisor. For ). € k*, the coefficients
¢; satisfy the equality

¢i(G, Py, at) = A2¢i(C, Py, 1)

Proof Part 1 follows from the fact that A}, is smooth if and only if A(b) # 0. The proof
of the second part is very similar to the proof of [26, Lemma 4.1], although here we
cannot appeal to Pinkham’s Theorem. Let (C, Py, £) be a tuple of the type described in the
proposition, and let P, € C(k) be the point such that 3P; + P is a canonical divisor. The
Riemann—Roch Theorem shows that #°(C, Oc(3P;)) = 2 and K%(C, Oc(2P; + Py)) = 2.
We can therefore find functions y,x € k(C)*, uniquely determined up to addition of
constants, such that the polar divisor of y is 3P; and the polar divisor of x is 2P; + Py, and
such thaty =z 73 + ..., x = z72 4. - locally at the point P;, where z is a local parameter

at P; such that dz(t) = 1. We can also assume that y vanishes at the point Py.
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The 10 monomials

1 x, xZ’ ¥ YX, yxz, yx?’, _)/2; yzx, y3
all lie in the 9-dimensional space H%(C, Oc(9P; + 2P,)). Moreover, the two sets of 9
monomials obtained by removing either y or yx® from this list are linearly independent,

as can be seen by considering polar divisors. It follows that there is a unique linear relation
of the form

y> = a3y + x%(cay + c10) + % (c29” + csy + c14) + c6y* + 12y + cus. (5.1)

The function y is uniquely determined by the above data. We also see that there is a
unique translate x + a (a € k) such that, after replacing x by x + a, we have ¢4 = 0 in
Eq. (5.1). The homogenization of Eq. (5.1) then describes the canonical embedding of the
curve C. O

If k/Q is a field extension and b € B(k) is such that X}, is smooth, then we write Y}, for the
unique smooth projective completion of &j,.

As in Sect. 1, we define Fo = {b € B(Z) | A q is smooth}. We say that a subset
F C Fy is defined by congruence conditions if there exist distinct primes pj, . . ., ps and
a non-empty open compact subset U, C B(Zy,) for each i € {1, ..., s} such that

F=Fon Uy x - x Uy,),

where we are identifying Fo with its image in B(Zp,) x - - - x B(Z,) under the diagonal
embedding.

We recall that for b € B(R) we have defined ht(b) = sup; |c;(B)|126/¢. This function is
homogeneous of degree 126, in the sense that for 1 € R, we have ht(A - b) = |1|12° ht(b).
(We note that 126 is the number of roots in the root system of type E7, and so also the
degree of the discrimimant polynomial A considered in Sect. 2.1.)

Lemma 5.2 There exists a constant § > 0 such that if F C Fo is a subset defined by
congruence conditions as above, then

#{be F|ht(b) <a}= (Hvol(upl> 2+ L6 O(oz%Jr%_‘s)

asa — oo.
Proof This is an easy consequence of Theorem 4.4. O

Our main theorems are now as follows.

Theorem 5.3 Let F C Fo be a subset defined by congruence conditions. Then

Y per #Sela(Y))

lim sup h(b)<a
a—soo #{b e F | ht(b) < a}

In order to state the next theorem, we observe that if b € B(Q) is such that X}, is smooth,
then the 2-Selmer set Sely(Y}) always contains the ‘trivial’ classes arising from divisors
supported on the points P;, P; at infinity (as in the statement of Proposition 5.1). We
write Sely(Y)"V for the subset of Sely(Y}) consisting of these classes, and note that
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#Sely (Y)Y < 2, with equality if and only if the divisor class [(P2) — (P1)] is not divisible
by 2 in J,(Q).

Theorem 5.4 For any € > O, there exists a subset F C Fo defined by congruence condi-
tions such that

Y ber #Sely(Yp)

lim sup ht(b)<a

2 .
MU e Fht) <a] €

Consequently, for any such choice of F we have

. #{be F|ht() < aand Sely(Y,) = Sely(Y)"}
lim inf -
a0 #be F|ht(b) < a}

The proof of Theorem 5.4 is essentially a refined version of the proof of Theorem 5.3, so

1—e

we just give the proof of Theorem 5.4.

Proof of Theorem 5.4 Let p1, . .., ps be primes congruent to 1 modulo 6. Let ¢ € (0, 1) be
as in Lemma 3.8, and for each i € {1, ..., s}, let U, C B(Zj,) be the set described in the
statement of Lemma 3.8. These sets have the following property: define

Vo =71 (Up,) N V(Zy) N ([G(Qp,) - X(@Qp)] U [G(Qp)) - €(@p)] UIG(Qp) - €' (Q@p)]),

where «” is any Kostant section that is not G-conjugate to k. Then V), is an open compact
subset of V(Z,,)"*¢**, and for any b € U, we have A(b) # 0 and

#(G(Qp)\(Vp N Vi(Qp)) <e¢

(5.2)
# Stabg(@pi)(lcb)

We let F = Fo N (Up, X --- x Uy,). For any b € F, let Sely (Y)™ C Sely(Y;) denote
the subset of ‘nontrivial’ elements, i.e. the complement of Sely(Y})"" in Sely(Y}). Let
A =V(Z) N (Vy, x --- x V). Then by Proposition 3.6, for any a > 0 we have

> #5eb (V)" < G@\ € A7 | h(v) < Nf*“a)

beF
ht(b)<a

By combining Theorem 4.7, Lemma 5.2, and the inequality (5.2), we see that there exist
constants C, § > 0, not depending on s or the choice of primes p;, . . ., ps, such that

#Sely(Y)Ir B
th’(z)f;a 25b _C+0a™)

#be F|htb) <a} — 1+0@a?®)

Since # Sely(Y},) < 2+4# Sely(Y,)'™, the first sentence in the statement of the theorem now
follows on choosing s sufficiently large and letting 2 — oco. The second sentence follows
from the first on combining it with the following lemma. |

Lemma 5.5 Let F C Fo be a family defined by congruence conditions. Then the limit

lim #{b € F | ht(b) < a, # Sely(Y},)"" = 2}
Fais #be F | ht(b) < a)

exists and equals 1.

Proof Let b € F, and let C, = Zy(kp), a maximal torus of H. The Galois action on
Cp induces an associated homomorphism Gal(Q*/Q) — W (H, Cp). Corollary 2.12 shows
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that if this homomorphism is surjective, then # Sely(Y})™" = 2. It therefore suffices to
show that the limit

lim #{b e F | ht(b) < a, Gal(Q°/Q) — W (H, Cp) surjective}

a—00 #{b e F | ht(b) < a}

exists and equals 1. This is a variant of the Hilbert Irreducibility Theorem and can be
proved along similar lines to the arguments in [20, Sect. 13.2]. ]

Theorem 5.6 For any € > 0, there exists a subset F C Fo defined by congruence condi-
tions such that the following conditions are satisfied:

1. Forevery b € F and every prime p, we have X(Zy,) # {.
2. We have
. HbeT | X(Zy) =)
lim inf

1—e
aste  #beFhb) <al ¢

Here Z() C Q denotes the subring of rational numbers of denominator prime to 2. For
the sets F constructed in Theorem 5.6, we may say that a positive proportion of the curves
X (b € F) have integral points everywhere locally, but no integral points globally.

Proof By Lemma 3.9 and Lemma 3.10, we can choose for every prime p an open compact
subset U, C B(Zjp) such that the following conditions are satisfied:

1. Foreachd € Uy, A(b) # 0 and the image of the map &} (Z3) — J(Q2)/2]5(Q3) does
not intersect the subgroup generated by [(P1) — (P2)].

2. For every prime p and for every b € U, such that A(b) # 0, the set X}(Z,) is
non-empty.

3. For every sufficiently large prime p, U, = B(Z,).

Let F C Fy be the corresponding subset defined by congruence conditions. Fix € > 0.
By modifying U, at sufficiently many primes congruent to 1 modulo 6, as in the proof of
Theorem 5.4, we can assume moreover that the following condition is satisfied:

4. We have
lim inf #{b € F | ht(b) < a and Sely(Y}) = Sely(¥})"} 1.
X—o0 #{be F|ht(b) < a} '

To complete the proof of the theorem, we just need to show that if b € F is such that
Sely (V) = Sela (Y)Y, then X (Z(z)) = 9. To this end, we consider the commutative
diagram

Xp(Zg)) ———— Xp(Z2)

l |

Sela (Yp) —— J5(Q2)/2/5(Q2),

where the maps are the natural ones. By construction of Uly, the image of the right-hand
vertical map is contained in the complement of the subgroup generated by the divisor
class [(P1) — (P2)]. By assumption, the image of the bottom horizontal map is contained in
the subgroup generated by the divisor class [(P1) — (P2)]. This forces X} (Z(y)) to be empty,
as desired. ]
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5.2 Applications in Case Eg
We now forget the notation of Sect. 5.1, and write 3 = Spec Z[ca, ¢, c12, €14, €18, €20, €24 €30]
for affine space over Z in 8 variables, and write X — B for the family of affine plane curves

given by Eq. (1.3):
yg = x° +y (szg + ng2 + c14x + 020) + 612x3 + 618x2 —+ C24% + C30.

This family has the following interpretation:
Proposition 5.7 Let k/Q be a field. Then:

1. The locus inside By above which the morphism X, — By is smooth is the complement
of an irreducible closed subset of By, of codimension 1.
2. The set of points b € B(k) for which X, is smooth is in bijection with the set of

equivalence classes of triples (C, P, t), where:

(a) C is a smooth, non-hyperelliptic curve of genus 4 over k.
(b) P e C(k) is a point such that 6P is a canonical divisor and h°(C, Oc(3P)) = 2.
(c) t € TpC is a non-zero Zariski tangent vector at the point P.

Ifb corresponds to (C, P, t), then X}, is isomorphic to C—{P}. For . € k*, the coefficients
¢; satisfy the equality

¢i(G P at) = Aci(C P ¢).

The proof is very similar to the proof of [26, Lemma 4.1] and to the proof of Proposition
5.1, so we omit it.

If k/Q is a field extension and b € B(k) is such that X}, is smooth, then we write Y}, for
the unique smooth projective completion of X},. As in Case E7, we define Fo = {b € B(Z) |
X4, is smooth}, and we say that a subset 7 C Fy is defined by congruence conditions if
there exist distinct primes py, .. ., ps and a non-empty open compact subset U, C B(Zj,)
for eachi € {1,..., s} such that

F=FonN(Up x -+ x Uy

If b € B(R), then we have ht(b) = sup; |c;i(b)|?*/i, This function is homogeneous of
degree 240, in the sense that for 4 € R, we have ht(Ab) = |1|2% ht(b). As in Case E7, an
application of Theorem 4.4 shows that there exists a constant § > 0 such that if 7 C Fy
is a subset defined by congruence conditions as above, then

#{b e F | ht(b) < a} = (Hvol(upi)> a2t + O(a2 0 ?)
i=1

asa — oo.
Our main theorems in Case Eg are as follows. We omit the proofs since they are similar,

and simpler, than those in Case E7 in the previous section.

Theorem 5.8 Let F C Fy be a subset defined by congruence conditions. Then

> ber #Sela(Yp)

lim sup ht(b)<a < 00
a—>00 #{b e F | ht(b) < a}
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Theorem 5.9 For any € > 0, there exists a subset F C Fy defined by congruence condi-
tions such that

Y per #Sely(Y))

lim sup ht(b)<a

1 .
MSUp b F | hth) <a} €

Consequently, we have

.. #{be F|ht(b) < aand #Sely(Yp) =1}
lim inf >1—e

a—00 #{b e F | ht(b) < a}

Theorem 5.10 For any € > O, there exists a subset F C Fy defined by congruence
conditions such that the following conditions are satisfied:

1. Forevery b € F and every prime p, we have X(Zy,) # 0.
2. We have

lim inf #b e 7 | %(Zg) =9} >1—¢€
a—oo  #{be F | ht(b) < a} ’
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