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Abstract 

The increased ambition of architects, advancements in structural materials, and the rapidly 

growing pressure on the civil engineering sector to reduce embodied carbon has resulted in 

more slender pedestrian structures. Such structures are susceptible to excessive vibrations due 

to human activities, for example, walking, which is the most frequent human activity. Due to 

the slender design, modern structures provide a greater likelihood to have low natural 

frequencies. Low natural frequencies can result in resonant walking paces matching a vertical 

mode of the structure. Therefore, the structures are prone to resonant and often excessive 

vibrations that may compromise the serviceability limit state. Current industry guidance is 

used ubiquitously to provide all information on the vibration serviceability assessment due to 

walking, with academic research outcomes often overlooked. Recent research concludes that 

industry load models incorporate inherent bias through the limited intra-subject variation and 

poor correlation with actual walking loads. 

Current guidance pertaining to the vibration serviceability assessment does not disclose or 

encourage human structure interaction effects, even though a significant body of research 

demonstrates the benefits of its inclusion. Current estimations of structural responses do not 

align with the physical measurements of structures. The resultant acceleration estimations 

from the guidance are often overestimated compared to the actual structural response. 

Therefore, many structures may have been overdesigned due to the exclusion of human 

structural interaction effects and inaccurate load models within current guidance. 

For the stated reasons, demand for further investigation into the correct representation of 

vertical walking forces and the human structure interaction is required. This thesis seeks to 

deepen understanding of both topics' appropriate and accurate representation through an 

experimental campaign and analysis, to reduce the error between predicted and monitored 

results.  

An innovative method of extracting walking load parameters encompasses all information 

within the close frequency range of the walking frequency. A representative interpolation of 

the vertical walking is formed through the successive sampling of individual footsteps based 

on both the inter- and intra-subject variation. The proposed model is demonstrated to 



minimise the error between the resultant acceleration output of the structure compared to the 

acceleration of real walking loads, than any current guidance. Furthermore, it is statistically 

shown that walking parameters and characteristics depend on the participants' sex.  

Current industry guidance and research load models are then investigated in their ability to 

model the acceleration response of structures compared to their real load counterparts. It is 

demonstrated that current research models in the low and high-frequency ranges outperform 

current industry load models, with respect to minimising the difference between the synthetic 

force and real force acceleration output. Several current industry guidance models 

oversimplify the vertical walking load, causing an overestimation of acceleration results 

compared to real walking forces. Such models are shown to overestimate the acceleration 

response by double that of real walking loads. One of the two models, that produced the 

smallest errors with respect to real walking, has been published for over 12 years. However, 

there needs to be more uptake within the engineering community for the models' use. A 

disconnect between industry and academia is noted, resulting in poor dissemination of 

knowledge and current best practices.  

Current representations of the human structure interaction effects of the moving pedestrian, 

modelled through a single degree of freedom (SDOF) spring, mass, and damper (SMD), are 

compared to physical measurements of a flexible fibre-reinforced polymer bridge. These 

estimations of the human structure interaction are used to provide a numerical approximation 

of the vertical acceleration of the structure, by comparing the responses to the actual 

measurement of 56 volunteers. It is shown that all numerical simulations of SDOF SMD 

parameters from research, bar one paper, provide consistent responses with those monitored 

on the structure. Yet the specific parameters demonstrate a wide range of acceptable values. 

Many current parameter estimations are viewed monolithically through a single deterministic 

value; however, an entire spectrum of parameter values is evidenced. Finally, an inverse 

analysis of the measured accelerations is used to produce updated human structure interaction 

parameter estimates of the SDOF SMD human model. The resultant mean estimations of the 

parameters produce values both consistent and inconsistent with previously published results; 

however, the consequent acceleration response is within the physical range of the volunteer 

acceleration time histories. A limitation of the study and previous studies is highlighted. As 

the exact walking force is unknown, the parameters' estimations diverge depending on the 

input walking force. 
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Chapter 1 Introduction  

1.1 Problem statement and motivation 

Architectural trends and innovations in structural materials have led to the ever-increasing 

slenderness and longer spans of civil engineering structures [1]. Further trends in lightweight 

construction methodologies result in the stiffness-to-mass ratio decreasing. Thus, the desire 

for more slender structures has ultimately reduced the natural frequency of structures to a 

range excitable by human activities [2ï4]. Such processes can result in a resonant and often 

excessive vibrations response [1,5]. 

 Over the last 25 years, several high-profile vibration serviceability issues have come to light 

and questioned the understanding of civil engineering structures' vibration serviceability 

assessment (VSA) [6ï8]. The design of civil engineering structures, such as footbridges, 

floors and grandstands [9ï12] has increasingly become governed by the Vibration 

Serviceability Assessment (VSA)  [9ï11,13], with human-induced vibrations producing the 

majority of serviceability complaints [5,14,15].  

A survey by the Institution of Structural Engineers from 2015 sheds light on the current 

situation within the structural engineering industry regarding vibration serviceability [9]. The 

survey indicates the following critical limiting factors: 

¶ Low level of competence of structural engineers when dealing with vibration 

serviceability,  

¶ Poor and lacking codes and design guidance, 

¶ Poor dissemination of knowledge from academia to industry. 

The poor state of the current vibration serviceability can be partially attributed to the lack of 

implementation of research into the industry, with no vibration serviceability guidance added 
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in recent years, barring that of the AISC DG11 in 2016 [16]. The vibration analysis of human 

activities is not a common topic taught within engineering curricula at the degree level. As a 

result, engineers rely on the relevant knowledge from industry guidance.  

There are multiple loads on a structure, but the human dynamic force has resulted in several 

problematic scenarios [9ï11,13] and avid media scrutiny [6ï8]. The failures are 

predominantly attributed to human walking activities. Whilst walking is not the most 

energetic of human activities [3], it can be sustained for extended periods. This dangerous 

circumstance allows the resonant build-up of vibrations and subjects the structure to 

excessive vibrations.  

A modern concern has also arisen from industries requiring high-precision processes, such as 

computer hardware and scientific laboratory manufacturing. These activities require 

environments subject to strict low-level vibration environments. This new ultra-stringent 

requirement to produce such facilities has further amplified the uncertainty of the VSA and 

provided complex issues other than the typical resonant response [17,18].  

Current design philosophies dictate that the design of a structure is governed by the worst-

case scenario [16,19ï22]. However, little consideration is given to the probability of such a 

load occurring [23]. Current guidance [16,19ï22] regarding human walking, suggests that the 

response should be determined from the average person, or persons, crossing the structure at 

a walking frequency that matches that of the structure [17,20,21,23,24], even though the 

likelihood of perfect synchronisation is low and not represented in design methodologies. 

Structural design philosophies and approaches are often provided by oversimplifications that 

can lead to ill-poised design decisions [24ï27].  Current VSA dictates the use of deterministic 

processes [16,19,28]. However, human locomotion is stochastic [29,30]. Current guidelines 

neglect the inherent variability of humans and human locomotion, resulting in the actual 

response of a structure deviating from that of the idealised model [27].  

If guidance is oversimplified or incomplete, then the issue will propagate. An update in 

guidance and current state-of-the-art knowledge must be addressed to understand the critical 

issues better. The varied model inputs and assumptions of the excitation force further amplify 

the problems in the current VSA. Such information is often dictated by guidance, resulting in 
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unnatural and unrealistic vibration assessments [23ï25,31]. The accurate prediction of the 

vibration response is a necessary component of design that, if not done correctly in the design 

phase, can pose a financial burden and cost time to retrofit after construction [6,7,13]. For 

example, the lateral sway retrofit of the London Millennium Bridge increased the bridge's 

cost by 30% [6,7,13].  

The results of unreliable VSA can further lead to poor design scenarios where extra material 

is added to increase the stiffness or mass of a structure, despite all strength and static 

deformation limits being met. In the current context of the climate emergency and the need to 

urgently reduce whole-life carbon emissions, adding excess material could be considered 

wasteful [1,32,33]. 

Several researchers have attempted to review current guidance regarding vertical walking 

loads [9,23,24,27,34]. All agree that the proposed load models are limited, outdated, and do 

not accurately replicate the structure response compared to the real structural response 

[9,23,24,27,34]. A limitation of most studies is the need for more monitored structures 

[9,23,24,27,34]. Additionally, there is a lack of data historically used to form the vertical 

walking load models [19], [20] coupled with the lack of integration of human structure 

interaction effects distorting acceleration responses [35,36]. 

The current state of the VSA highlights several important limitations that persist throughout 

all guidance. Therefore, this thesis seeks to address and unify the current knowledge of the 

VSA, allowing for the reliable assessment of structures due to vertical walking forces.  

The remaining sections of this chapter provide the objectives of the thesis along with the 

original research contributions (Section 1.2) and the organisation of the thesis (Section 1.3).  

1.2 Objectives and main contributions of research 

The overarching focus of the thesis is to reduce the error between numerical approximation 

and monitored outcomes of the vibration serviceability assessment for walking activities on 

structures. This focus is discussed by the constituting parts of reducing the error of the 

walking force time history model and the average moving human modal properties with 
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respect to physical measurements on real structures. The research's main scientific objectives 

and original contribution are summarised as follows. 

¶ Production of an updated Fourier series vertical walking load model borne from 

continuous measurements of walking. A new Fourier series model accounts for the 

intra- and inter-subject variation of walking. The model is provided as an update to 

existing Fourier models, utilising continuous walking force measurements compared 

to previous single footfall measurements. 

¶ Evaluate current high and low-frequency load models in industry and research 

compared to real footfall measurements. Therefore, producing a recommendation 

of the most accurate vertical load model or models in the low and high-frequency 

range, with respect to minimising the error between actual and predicted structural 

acceleration response.  

¶ Evaluate the suitability of moving human structure interaction parameters on an 

independent, flexible structure . The evaluation compares the acceleration time 

history of various participants to their numerical analysis counterparts and 

recommends the most suitable model parameters. Finally, the investigation provides 

an inverse analysis to predict a new set of moving human parameters. 

1.3 Organisation of text 

The thesis is divided into six chapters, with a summative outline below for each chapter. 

Chapter 1 of the thesis outlines the motivation and problem statement of the thesis. It 

provides an overview of the current state of the vibration serviceability assessment of 

structures and its limitations.  

Chapter 2 reviews current literature regarding the human walking load and the multiple 

parametric forms it has taken. The review covers the time and frequency-based load models, 

including models that pertain to high and low-frequency structures. The study further 

investigates integrating human structure interaction effects into the serviceability assessment. 
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Chapter 3 investigates the current largest dataset of continuous walking force time histories, 

to the author's knowledge. The chapter's objective is to devise a generalised walking load that 

can be used for both high and low-frequency structures. The load model is constructed 

considering the inter and intra-subject variation of various parameters that describe the 

walking force. Finally, the chapter explores the variation in walking forces produced due to 

the sex of the walking participant.  

Chapter 4 compares numerous current industry and academic walking load models, 

including the work of Chapter 3, in their ability to accurately approximate the vertical 

acceleration of structures. Multiple synthetic walking force models are compared to their real 

walking force time history counterparts. A robust assessment methodology is provided to 

cover an array of structural situations. Finally, recommendations for the most appropriate 

load models are given for various scenarios.  

Chapter 5 presents an investigation to determine the average moving human structure 

interaction parameters through an inverse analysis of a flexible glass fibre-reinforced polymer 

bridge. 56 participants were recruited to walk over the bridge at four prescribed walking 

frequencies, with one of the walking frequencies being a resonant natural frequency of the 

first vertical mode. The inverse problem is solved through numerical simulations and presents 

a set of optimal design variables. Current parameters of the human structure interaction are 

then compared concerning measured acceleration responses. 

Chapter 6 summarises the most relevant conclusions of the research and provides 

recommendations for future research concerning each chapter. 
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Chapter 2 Literature review  

The present chapter provides an overview of the current research within the VSA. The 

investigation focuses on the vertical human walking load model, its various interpolations, 

and the representation and effects of the human structure interaction.  

The magnitude and shape of the walking vertical force time history can vary from person 

to person [4,15,17,37]. The dynamic force generated by a single person is best described 

as a narrow-band process [29,30,38ï42]. Therefore, the force and temporal parameters can 

vary from the characteristic M-shape of a single footfall in Figure 2.1. 

Traditionally the vertical force is described via the Fourier series with limited integer 

terms truncated at the 4th integer [16,28,43ï46]. Early studies considered the variability 

between successive footfalls (intra-subject) irrelevant for predicting vibration response 

 

Figure 2.1 Vertical ground force reaction indicating a single footstep's key points and timing points. F1-F3 

are the first peak, valley load and second peak, respectively, after [31] 
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[44,45]. Historically within the context of Civil Engineering, ground force reaction (GFR) 

measurements were obtained from singular force plates that only consider a single step in 

the walking process [45]. This results in earlier models exhibiting no intra-subject 

variation [19,20,45]. Parameters of the Fourier series were based on temporally replicating 

the single footfall [45,47], limited by the equipment available in studies, thus inducing 

bias. Single footsteps do not adequately contain the necessary representation of the intra-

subject variation. The frequency-domain expression of singular or double footfall 

temporally shifted differs from continuous walking measurements (Figure 2.2& Figure 

2.3).  

Biomechanics researchers have used continuous treadmill data of human gait since 1982 

[48ï50]. Using the instrumented treadmill allowed an unlimited number of successive 

steps to be recorded. However, civil engineers only recently recognised the need to 

include intra-subject variability [51].  
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Figure 2.2 Frequency domain representation of discrete sampled walking load, showing energy leakage 

around harmonic values demonstrating intrasubject variation, after [52] 

 

Figure 2.3 Frequency domain representation of double footfall temporally replicated walking signal. Sampled 

from a discrete signal but visualised as a continuous signal incorrectly after [53] 

The proceeding chapter is divided into three key sections. Section 2.1 Time-domain models, 

Section 2.2 Frequency domain models and Section 2.3 Human Structure Interaction (HSI). 

2.1 Time-domain models 

Various methodologies exist to model the vertical force of walking in the time domain, 

from Fourier series [4,43ï46,54] to polynomials [18,55] to modelling the auto spectral 

density of variance of the signal [52]. Such models are described in either a deterministic 

or probabilistic fashion. The proceeding subsections describe various time domain models 

and the statistical and deterministic parameters they pose. Section 2.1.1 demonstrates the 

division of load models based on a structure's natural frequency. Section 2.1.2 explains 
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Fourier series-based approximation of vertical loads. Section 2.1.3 presents probabilistic-

based time domain models. Section 2.1.4 offers alternative time domain models. Finally, 

Section 2.1.5 presents high-frequency load models.  

2.1.1 Low- Vs High-frequency structures 

Historically, structures have been categorised into two broad groups of low or high-frequency 

structures for VSA [56]. The assignment to either group is based on the structure's 

characteristic vibration response and the structure's natural frequency. With each separate 

grouping being assigned a different load model. Low-frequency structures exhibit steady-

state responses to walking forces, while transient responses characterise high-frequency 

structures. Previous and current guidance set hard limits on the boundary between high and 

low frequency [16,19ï22,28,56] (Table 2.1). Zivanovic et al. [34] conversely demonstrated 

that the methodology produces erroneous results. When structures teeter on the borderline, 

neither force model represents the acceleration response for the high or low frequency 

correctly. The model that provided the closest prediction to the real response was that of the 

combined modelling of both high- and low-frequency models. 

 While most footfall models are based on a Fourier series approximation [16,19,20,28,55], 

they only contain force information to a limited number of discrete harmonics in the 

frequency domain. This is due to the nature of the measurement techniques when only 

single or double steps measurements are taken [45,53]. Therefore, the historical use of 

older force reconstructions has forced a false sense of belief in load models fundamentally 

changing on higher or lower natural frequency structures. The inability to reconstruct the 

full frequency content of walking has caused the deviation.  

 In high-frequency models, an impulse is used to model each footstep as energy content. In 

lower frequencies, it is deemed unnecessary as the structure's response is said to exhibit a 

transient response of each footstep[15,17,18]. Figure 2.4 demonstrates that this assumption 

is incorrect. Clear peaks around harmonic integers can be seen well into the 12th harmonic, 

so a resonant-like response is plausible. Therefore, a gap in research exists to form a 

generalised model that presents the entire frequency content of a vertical walking signal.  
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Figure 2.4 Frequency domain representation of typical walking signal showing the presence of harmonics of 

walking beyond the fifth harmonic, sub harmonics and the lowering magnitude of successive harmonics after 

[17] 

Brownjohn and Ellis [15,57] indicate that the typical cut-off frequency between high and 

low-frequency structures (Table 2.1) is overly conservative. A resonant response can 

occur with fundamental frequencies above 15 Hz. Substantial research efforts have been 

focused on low-frequency structures due to the larger proportion of constructed structures 

exhibiting lower-frequency natural modes [5,58]. Such historical bias has caused 

researchers to have oversight of the real issue of producing a universal model that can 

model the entire frequency domain. Only limited studies provide adequate models 

simultaneously describing the high and low-frequency content of walking signals [51,52].  

Most current low-frequency vertical load models are curtailed at the fourth [16,19ï21,28] 

or fifth [43,59] harmonic of walking. No information is seen after 12.5 Hz. However, 

Figure 2.4 contradicts this statement and shows similar Fourier amplitude values for 

higher integer harmonics after this limit. The exclusion of higher energy content is not 

critical to low-frequency structures. However, it is required when designing a structure to 

the stricter and smaller range of vibration limits for high-frequency structures or structures 

with multimodal responses. 
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Table 2.1 Cut-off frequency of low to high-frequency structures. 

Author Cut-off 

frequency 

(Hz) 

Ohlsson [60] 8 

Wyatt et al. [61] 7 

Mohammed et al. [17] 14 

AISC Design Guide 11 [16] 8.8 

ISO 10137 [21] 8-10 

Technical report 43 

appendix G [28] 

11.2 

CCIP Mean value [20] 11.2 

CCIP design value [20] 11.2 

SCI P35[19] 8.8 

SETRA [55] 7.2 

Zivanovic et al. [62] 12.5 

García-Diéguez et al.[63] 13 

Varela et al. [64] 7.8 

 

2.1.2 Fourier series 

Traditionally time-domain models are presented as a deterministic process [54ï57] through a 

Fourier series of harmonic integers of walking frequencies: 
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Ὂὸ ὡ ρ ὈὒὊÓÉÎ ὲ ς“ Ὢὸ —  

Eq 1 

 

Where W is the pedestrian weight, DLF is the dynamic load factor (Fourier amplitude), n 

is the integer harmonic of walking, fp is the walking frequency — is the phase angle of the 

integer harmonic of walking. 

The parameters of the Fourier approximation vary throughout the literature and do not 

produce a consensus [Section 2.1.2.1 - 2.1.2.4]. The variation can be due to data 

acquisition techniques, sample population size and ethnicity, all contributing to 

statistically different results of force time history parameters. It is demonstrated that such a 

deterministic approach to modelling individual pedestrian loading needs to be revised 

under the industry's recommended guidance [9,20,28,44,69]. The following subsection 

presents the deterministic and statistical ranges for all inputs into the Fourier model, Eq 1.  

2.1.2.1 Walking Frequency 

A comprehensive collection of the mean and standard deviation of walking frequencies 

can be found in Table 2.2. The inter-subject variation of the walking frequency is typically 

represented through a normal distribution [35,41,58ï65]. Matsumoto [58], Zivanovic [43] 

and Pachi [59] all demonstrate lower walking frequencies on footbridges. This is 

hypothesised to result from the human tendency not to excite resonant modes causing 

excessive vibrations and avoiding "lock-in" mechanisms [77]. 

Variations in walking frequencies can be seen country-by-country, directly resulting from 

countries' cultural norms or average temperatures affecting the speed and, coincidently, 

the walking pace [78]. Zivanovic [34] states that step length and walking frequency are 

independent normal distributions. However, there exists a physically defined relationship 

between both parameters. This fact should be remembered in vibration assessments. This 

oversight may increase the variance in the evaluation, resulting in the unnatural injection 

of variation from sampling extreme results. Additional work must be conducted to provide 

the conditional probability of walking frequency, step length and speed concerning each 

other. 
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Table 2.2: Mean and standard deviation of walking frequencies from various studies 

Author Mean 

Walking 

Frequency 

(Hz) 

The 

standard 

deviation of 

walking 

frequency 

(Hz) 

Country Population 

size 

Matsumoto 

et al. [58] 

1.99 0.173  Japan 505 

Zivanovic 

[43] 

1.87 0.186 Montenegro 1976 

Pachi  [59]  

Footbridge 

1.80 0.11 United 

Kingdom 

400 

Shopping 

centre 

2.0 0.13 United 

Kingdom 

 

Male 

Footbridge 

1.80 - United 

Kingdom 

 

Female 

Footbridge 

1.86 - United 

Kingdom 

 

Male 

Shopping 

2.00 - United 

Kingdom 

 

Female 

Shopping 

2.03 - United 

Kingdom 

 

Varela et al. 

[60] 

1.71-1.77 - Brazil 6 

Schulze et 

al. [61] 

2.00 0.13 Germany N/a 
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Kramer et 

al. [62] 

2.2 0.2 Germany N/a 

Chen et al. 

[37] 

1.937 0.296 China 2204 

Zhang et al. 

[63] Force 

plate 

1.7958 0.1347 China 9101 

Zhang et al. 

[63] Video 

1.87 0.1713 China 11387 

 

An unbiased comparison of studies is difficult to achieve with various population sizes, 

ethnicity, location, and measurement techniques. Comparing Zhang et al. [63] 's two methods 

of data acquisition (i.e., force plates in a cafeteria compared to video analysis of a hallway), 

there is a difference in the mean and standard deviation. Such a study indicates that assuming 

overlapping populations, the analysis methods are inconsistent, or the measurement location 

affects walking characteristics, a research area presently unfounded. Other studies have used 

rudimentary approaches, leaving the results open to questionable validity. Pachi et al. [59] 

used a stopwatch to count the number of steps over a given distance. No recording was 

conducted, nor was there any indication of any other person to cement the result of the single-

person counting and timing.  

Variations in male and female participants are seen through the studies of [53,71,79] and 

indicate differences in walking characteristics. It is shown that women walk at higher 

walking frequencies but at slower speeds and shorter step lengths. Whittle et al.[79] (Table 

2.3) demonstrates that the onset of age results in a natural decrease in walking frequency, 

stride length, and velocity for both males and females. The results show that the decline in 

each value is more pronounced in males. Females show a reduction in walking frequency 

but more considerable stride length and speed reductions at older ages than males. Such 

age-related variations are not currently seen in practice.  
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Table 2.3 Age dependant variations in walking frequency, stride length and velocity, after [79] 

Intra-subject variations of the walking frequency are rarely monitored. This intra-subject 

variation leads to the natural narrow-band and energy leakage around harmonics. Researchers 

have means to directly quantify this process by empirically modelling the energy leakage 

around harmonics in the frequency domain [34,38ï41,52,80] or by sampling each step 

individually in the time domain [46,51,52,59,81]. Brownjohn et al. [29] and Chen et al. [4] 

indicate that the coefficient of variation (CoV) of intra-subject variation of walking frequency 

is 3% - 3.25%. García-Diéguez et al. [59] similarly defines the intra-subject variation of 

walking frequency through the successive time intervals between steps. García-Diéguez et al. 

[59] describes the time intervals through several interdependent empirical factors.  

Besides sampling the walking frequency from the various independent probability 

distributions, authors define the walking frequency through alternative relationships. Walking 

frequency, step length, and speed are all interconnected. Thus, knowing two values of the 

relationships, the third can be inferred:  

Ὢ  
ὺ

ὰ
 

Eq 2 

Where ὰ is the step length (Section 2.1.2.6) and ὺ the walking velocity (Section  2.1.2.5). 

Other proposed relationships are seen, such as Butz [82] linear model of the walking 

frequency concerning walking velocity: 

Age (Years) /Gender Walking Frequency (Hz) Stride length (m) Velocity 

(m/s) 

18-49/Female 1.63-2.30 1.06-1.58 0.94-1.66 

18-49/Male 1.51-2.25 1.25-1.85 1.10-1.82 

50-64/Female 1.62-2.28 1.04-1.56 0.91-1.63 

50-64/Male 1.36-2.10 1.22-1.82 0.96-1.68 

65-80/Female 1.60-2.26 0.94-1.46 0.80-1.52 

65-80/Male 1.35-2.08 1.11-1.71 0.81-1.61 
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Ὢ  πȢχψψφπȢχψφψὺ Eq 3 

whilst Riccardelli et al. [83] proposes lower walking frequencies for the given velocity 

Ὢ  πȢπςτπȢχυτὺ Eq 4 

Venuti et al. [84] propose a cubic function by fitting the data of [50]: 

Ὢ  ςȢωσ ὺ ρȢυωὺ πȢσυὺ Eq 5 

 Most velocity equations, barring that of Venuti et al. [84], do not hold physical mean at 

velocities out of the range of the experiment whence they were derived. The equations show a 

residual walking frequency at zero velocities for linear mapping. Therefore, whilst the models 

fit the data analytically, it does not hold for all physical ranges. 

The use of narrow-band vertical walking forces in industry is non-existent, mainly due to the 

complexity of most narrow-banded models that need to be better-suited to the intended user: 

industry engineers [43,52,63]. A common reoccurrence within the review is the need for 

more clarity between current research and current best practice in industry [9]. Furthermore, 

consideration for the likelihood of a walking frequency matching a natural vibration mode 

and causing resonance needs to be addressed in the guidance [16,19,20,28]. Current guidance 

assesses a structure based on a worst-case scenario, even when the probability of the outcome 

is near negligible.  

2.1.2.2 Weight 

Table 2.4 and WHO [85] reveal that the mass or weight characterisation varies with 

geographic location and sex. Consideration of the weight distributions in Eq 1 has never 

been addressed in the context of VSA of structures. Current international guidance reduces 

this parameter to a singular deterministic value of 750 N [16,19,21,28]. However, multiple 

weights should be sampled to provide a comprehensive structural assessment. The 

assessment of a structure should determine the likely range of all outcomes, not an 

idealisation and simplification of the expected acceleration output.  
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Table 2.4  Variation of the weight of pedestrian from various studies. 

Author Mean Weight (N) CoV 

International Guidance 

[16,19,21,28]  

750 - 

Walpole et al. [86]  - Global 

Average 

608 - 

Walpole et al. [86]  - USA 804 - 

Walpole et al. [86]  - UK 736 - 

Walpole et al. [86]  - China 598 - 

Pedersen et al. [87] - Denmark - 0.18 

Chen et al. [37]- China 641 0.15 

Portier et al. [88] - USA 784 0.25 

2.1.2.3 Dynamic Load Factor (DLF) 

DLF values are the Fourier amplitudes of the approximated pseudo-periodic load. In this 

manner, the Fourier series replicates discrete integer values of the frequency domain in lieu 

of modelling the entire frequency domain. The DLF values are not correlated to pedestrian 

weight [52]. Therefore, DLF and weight variables can be uncoupled. 

Extraction methods of the DLF are often naïve. Peak picking of the Fourier amplitudes in the 

frequency domain is often a result of the data quality. When singular or a limited number of 

steps are temporally replicated, unnatural distributions of energy leakage around harmonic 

integers are seen [20,28,45,53].  

In recent years more advanced methods of data measurement have been used, such as 

treadmills [51,59], insole pressure sensors [26,46,80,81], Computer Vision [92,93], and 

Inertial measurement units (IMU) [94ï97]. Ahmadi et al. [90] demonstrated (Figure 2.5) that 

all the data measurement methods produce some consensus. As there is no baseline of 

walking force signals, it is merely speculation about which method reproduces vertical 

walking forces correctly. Racic et al. [31] provides an in-depth comparison of methods, along 

with detailed merits and flaws of each technology and their suitability. 
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Figure 2.5 Comparison of various data measurement techniques of the vertical walking force, load cell, insole 

pressure, force plate, after [90] 

Table 2.5  Historic DLF values from DLF1 to DLF4 obtained from various industry and research sources 

Label Author Year 1st Harmonic 2nd 

Harmonic 

3rd Harmonic 4th 

Harmonic 

M1 Blanchard [65] 1977 0.257 - - - 

M2 Bachmann[66] 1987 0.37 0.1 0.12 0.04 

M3 Allen et al. [67] 1993 0.5 0.2 0.1 0.05 

M4 Petersen [98] 1996 0.073 

0.408 

0.518 

0.138 

0.079 

0.058 

0.018 

(1.5Hz) 

0.018 (2Hz) 

0.041 

(2.5Hz) 

- 

M5 Kerr [45] Mean 1999 -0.265fp3+1.321fp2-

1.760fp +0.761 

0.07 0.05 - 

M6 Kerr [45] 5% 1999 -0.1801fp3+0.898fp2-

1.1966fp +0.5177 

- - - 
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M7 Kerr [45] 95% 1999 -

0.3497fp3+1.7432fp2-

2.3228fp +1.0049 

- - - 

M8 BS 5400[99] 1999 0.24 (180 N) - - - 

M9 Ellis [100] 2000 - - 0.07 0.07 

M10 Allen et al. [56] 2001 290 e-0.35fp floors 

410 e-0.35fp 

footbridges 

- - - 

M11 Japanese load 

code [101] 

2004 0.4 0.2 0.06 - 

M12 Brownjohn et 

al. [29] 

2004 0.37 fp ï 0.42 0.053 0.042 0.041 

M13 SETRA[55] 2006 0.4 0.1 0.1 - 

M14 Willford et al. 

[102] 75% 

2006 0.41(fp ï 0.95) 0.069+ 

0.0056x2 

fp 

0.033+0.006

4x3 fp 

0.013+0.0

065x4 fp 

M15 Willford et al. 

[102] mean 

2006 0.37(fp -0.95) 0.054+ 

0.0044*2 

fp 

0.026+0.005

x3 fp 

0.010+ 

0.0051x4 

fp 

M16 Zivanovic 

[43,62] 

2006 -

0.2649fp3+1.3206fp2-

1.7597fp +0.7613 

Std. 0.16 

0.07 

s.d. 0.03 

0.05 

s.d. 0.02 

0.05 

s.d. 0.02 

M17 ISO 10137 [21] 2007 0.37(fp ï 1) 0.1 0.06 0.06 

M18 Smith [19] 2007 0.436 (fp- 0.95) 0.006(2 fp 

+12.3) 

0.007(3 fp 

+5.2) 

0.007(4 fp 

+2) 

M19 Nguyen[46] 

90% 

2013 0.313 fp ï 0.226 0.113 fp ï 

0.078 

0.037 fp + 

0.008 

0.036 fp ï 

0.002 

M20 Nguyen[46] 

95% 

2013 0.406 fp ï 0.355 0.126 fp ï 

0.084 

0.031 fp + 

0.027 

0.047 fp ï 

0.014 
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M21 Chen et al. [37] 2014 0.2358f p ï 0.2010 0.0949 0.0523 0.0461 

M22 Toso et al [54] 2016 0.22fp2-0.45fp+0.35 0.0243+6.

87* 10-5 c 

-2.46*10-6 

-

0.0638+0.00

24M ï 

1.09*10-6K 

+1*10-8MK 

ï 1.38*10-

5M2 

- 

M23 AISC design  

guide 11 [16] 

2016 0.5 0.2 0.1 0.05 

M24 Zhang et al[53] 2017 Mean 0.4058 

Std. 0.1663 

- - - 

M25 Chen et al. [4] 2019 0.301fp ï 0.323 0.0301fp 

+0.053 

-0.054fp + 

0.264 

-0.1121fp  

+ 0.053 

M26 Varela [64] 2020 0.1556 fp2-0.1816* 

fp+ 0.0356 

0.065 if fp 

< 2 

0.1958 fp-

0.3266 if 

fp> 2 

- - 
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Figure 2.6 Comparison of DLF1 models from the models of Table 2.5 

Figure 2.6 and Table 2.5 illustrate the wide variation in the DLF1 values (First integer DLF). 

There is no clear trend in data, with some values increasing and others decreasing with 

walking frequency. Such variation is likely attributed to differing extraction and measurement 

techniques. The outcomes of [19,20,28,45,53,65,68,103] are the results of single or double 

footfall analysis, and the data is misrepresentative of real walking forces that naturally vary 

spatially and temporally. Including such limited data biased the DLF models; the models are 

based on a limited number of footfalls. Kerr's [45] dataset contains only 1000 individual 

steps, compared to Racic et al. [52] dataset of continuous treadmill vertical force time 

histories encompassing over 1.7 million steps. Thus, including data from poor-quality sources 

produced a falsehood surrounding the reliability of industrial DLF load models [16,19ï

21,28]. 
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Table 2.5 illustrates that the DLF is often described through a walking frequency or a 

deterministic value. This reflects the extraction method of DLF, with most favouring Fourier 

Transformation (FT) of the data into the frequency domain and then extracting the peak 

value. Other authors [54,104ï106] have tried to estimate DLFs based on different parameters 

such as velocity, mass, stiffness and damping of the participant. However, the latter studies of 

[53,95ï97] are subject to low participation numbers in their experiments, compared to other 

published studies, leading to statistically unreliable results. As such, the results are overfitted 

to the relatively smaller populations, and do not generalise. 

Both Kerr [45] and Varela et al. [64] indicate a robust positive correlation between the first 

and second DLF values and participants' heights, the latter producing a stronger correlation of 

results concerning the first DLF, compared to excluding the height of participants in the DLF 

calculation. Varela et al. [64] attributes the change in DLF pertaining to height as the result of 

taller people more likely having bigger feet, and therefore, resulting in larger potential energy 

transferred from the foot. However, this rationale needs to be founded with citation or 

justification and is currently only hypothesised by Varela et al. [64]. 

The deterministic nature of the DLF models suggests that there is an "absolutely correct" 

value of DLF for a given walking frequency (Table 2.5). Zhang et al. [53] and Zivanovic et 

al. [34] made a rare attempt to represent the DLFs variation through a Gaussian or log-normal 

distribution. However, the suggested distributions occasionally produce a negative DLF 

value, which is physically counteractive to the true nature of walking, and demonstrates 

where the physical limitations of empirical models exist. A more complete data set, such as 

[52] must perform an in-depth statistical regression analysis defining the likelihood of 

possible DLFs. 
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Figure 2.7 Data points of DLF 1 - 4 from [45,47,100,107,108] 

Studies have tried to estimate "error" bounds on DLFs [20,45,46]. Misguidance has resulted 

in authors producing the likelihood of the parameters describing the DLFs. This is evident 

because any error inference should be independent of model parameters [109,110]. Therefore, 

any estimation provided, such as 95% of the DLF, makes the frequentist statistic statement, 

"for similarly drawn samples, the true value of the parameter occurs within the interval 95% 

of the time". This statement, therefore, does not show the variation in DLF but an estimate 

that the true value of the parameter describing the DLF is within a specific interval a 

proportion of the time. This misunderstanding has likely arisen due to a need for more 

knowledge. However, using Willford's Arup model [20] is the most common practice. The 

claim of adding a 75% probability of exceedance is misguided. Such practices artificially 

increase each DLF and neglect most of the population.  

Further to Table 2.5, limitations arise for each model. Whilst Section 2.1.2.1 provides the 

statistical range of the walking frequency, various models have limited their capacity to cover 

all possible ranges of walking frequencies.  
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Table 2.6  Limits on walking frequency ranges for each Fourier series model identified. 

Model Walking frequency 

limits (Hz) 

AISC Design Guide 

11 [16] 

1.6-2.2 

ISO 10137 [21] 1.2-2.4 

Technical report 43 

appendix G [28] 

1-2.8 

CCIP Mean value 

[20] 

1-2.8 

CCIP design value 

[20] 

1-2.8 

SCI P35[19] 1.6-2.2 

SETRA [55] 1.6-2.4 

Peters et al. 1.5-2.5 

Zivanovic et al. [62] 1.5-2.5 

García-Diéguez et 

al.[63] 

1.5-2.6 

Racic et al. [52] 1.5-2.5 

Muhammad et al.[51] 1.5-2.5 

Varela et al. [64] 1.4-2.6 

Chen et al. [4] 1.4-2.6 

Zhang et al[53] 1-3 

Toso et al [54] 1.35-2.12 

Researchers have shown that walking occurs through a normal distribution centred at 1.8-2Hz 

and can exceed walking frequencies of 1 ï 3Hz [53,70,71]. Therefore, limiting the walking 
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frequency of a model devalues structures with natural frequencies just out of the range. The 

limitation of international guidance on walking frequency further causes misinformation 

about vertical walking forces by perceiving walking frequencies out of the ranges as 

unimportant. This may result in higher-order harmonics of a lesser walking frequency being 

used to match a resonant mode instead of a higher-frequency first-order mode. Furthermore, 

the curtailment of walking frequency is concerning since the data used to model the DLFs of 

the limited model is primarily from Kerr[45], where walking frequencies from 1-3Hz are 

monitored and measured.  

The direct comparison of all the DLF models is difficult due to varying population sizes, 

ethnicity, extraction techniques, and genders. No study exists that investigates evidence of 

differing DLF or walking characteristics based on ethnicity or location of the population. 

There exist several varying approximations of DLF values (Figure 2.6). However, more 

guidance is needed on the suitability of the models to model the vertical walking force 

accurately compared to real measurements. Present industry models such as [16,19,20,28] use 

data that does not adhere to more appropriate extraction methods. Therefore, a gap in 

research on the accuracy of each current load model compared to real measurements is 

identified.  

2.1.2.4 Phase Angle 

More research is needed on the various phase angles of the Fourier model of single-person 

excitation. This is partly due to the limited data and information on the Fourier transform of 

single temporally shifted data. Furthermore, single-person excitation and the corresponding 

relative phase angles of harmonics provide little additional information on the vibration 

response when a structure is dominated by one vibration mode. Phase angles become 

essential only when multiple persons and/or multimodal responses occur. Historically, 

likened to DLFs, phase angles are given as a deterministic value [16,19,20,28]. However, 

Zivanovic et al. [62] and Racic et al. [52] demonstrate that phase angles are more aptly 

described as a uniform random distribution across all frequency ranges bounded by īˊ and ˊ. 

Varela et al. [64] determine the second and third harmonic phase angles through their 

statistical representation mean 85.6, 89.4 and standard deviation: 38.3 and 23.7 degrees. 
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Varela et al. [64] data does not follow any known distribution. Using the deterministic nature 

of phase angle seems implausible as it assumes that there is an absolute way to walk for a 

given walking frequency. However, it has been previously demonstrated that walking is a 

stochastic process ideally structured through random or quasi-periodic (narrow-banded) 

processes.  

2.1.2.5 Average walking velocity 

The average walking velocity is an overlooked parameter of the human walking model 

[2,52,111]. Whilst the velocity does not traditionally feature in the Fourier force equation, it 

is required to know the position and time to cross the structure and thus is crucial to the 

modal force. The key parameters that dictate the velocity of human locomotion are step 

length and walking frequency. Both parameters have been shown to have varying 

experimental relationships with one another (Section 2.1.2.1 and 2.1.2.6). Studies [112ï115] 

establish a linear relationship between walking velocity and step length. When determining 

these variables experimentally, controlling one parameter leads to varying relationships 

between walking frequency and speed [116]. 

Table 2.7 provides estimations of the mean and standard deviation of walking speed from 

various studies. Whilst some authors chose a probabilistic range [117,118], others determined 

an expected value based on mean free walking speed [119,120]. Venuti et al.[84] proposes 

that when spatially unrestricted, walking yields a free flow of pedestrians dependent on 

geographical area and the travel purpose. The model distinguishes between leisure, 

commuting or rush hour and geographic location.  

ὺ  ὺӶ‌‌  Eq 6 

Were ὺӶ  is the average free speed (1.34 m/s) [119], and ŬG and ŬT are related to geographic 

and travel purposes, respectively. In cases where pedestrian density is greater than 

0.7person/m2, pedestrians' free movement is restricted, and the influence of other humans 

must be considered. Therefore, the velocity reduction is seen as a function of pedestrian 

density. The velocity ὺ is formulated by [120] and then generalised by [84]: 
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ὺ   ὺӶ ρ Ὡ  
Eq 7 

Where ὺӶ is the average free walking speed, ɔ is the fitting constant, and djam is the maximum 

pedestrian density before a zero speed is reached. Venuti et al. [84] give the jamming density 

between 5-6 persons/m2 and states that the variability dependent on geographical area and 

travel purpose. Similarly, Weidmann [120] provides the jamming density as 5.4 persons/m2. 

Table 2.7  Mean and standard deviations of walking velocity from various studies 

Author Mean speed 

(m/s) 

Standard 

deviation (m/s) 

Location 

Fruin et al. 

[121] 

1.40 0.15 USA 

Hankin et 

al.[122] 

1.60 n.a. UK 

Koushki et 

al.[123] 

1.08 n.a. UAE 

Lam et 

al.[124] 

1.19 0.26 Hong Kong 

Pauls et 

al.[125] 

1.25 n.a. USA 

Ricciardelli 

et al.[126] 

1.41 0.224 Italy 

Sahnaci et 

al.[118] 

1.37 0.15 n.a. 

Butz et 

al.[127] 

1.23 n.a. Germany 

Virkler et al. 

[128] 

1.22 n.a. USA 

Weidmann 

[120] 

1.34 n.a. Germany 

Sahnaci et 

al. [117]  

1.54 0.18 Germany 
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Buchmueller 

et al. [119] 

1.34 n.a. Germany 

Daamen [129] provides a survey of all walking speeds. Daamen [129] indicates that walking 

speeds are appropriately modelled through a Gaussian distribution. Table 2.7 results also 

indicate a variation in velocity depending on the country of origin. Koushki [123] showed 

that Saudi Arabian people have a mean walking speed of 1.08 m/s, whilst the counterparts of 

Hankin et al. [122] in the United Kingdom have an average free walking speed of 1.6 m/s. 

Hankin et al. [122] results are the fastest in Table 2.7. However, the estimates are based on 

the walking speeds of schoolboys. The results were also taken from two manual stopwatches 

in less-than-ideal experimental conditions, so the findings are only partially justifiable due to 

the skew in population and methodology. Koushki [123] hypothesises that the regional effect 

of walking speed is due to the greater distances on average people surveyed were walking 

along with the extreme temperatures resulting in all together slower speeds.  

Pedersen et al. [130] found that the walking velocity is independent of the response and 

hypothesised that if a realistic value is chosen, there is no need to consider it a random 

variable. Keller et al. [131] and Masani et al. [132] demonstrate the relationship between a 

person's velocity increases and the maximum vertical force normalised by weight in male and 

female participants. The study concluded that the maximum force exerted was linearly 

correlated up to a velocity of 3.5 m/s, where the maximum force appeared to then plateau.  

Figure 2.8 presents the variation in the walking frequency with walking speed. The possible 

range of walking frequency is vast (1-3Hz), and as such, deterministic relationships of 

velocity mapping to walking frequency need to be better-posed and can result in prominent 

misconceptions of relationships. Other stochastic processes are required in the VSA to 

account for the variation of walking velocity to walking frequency. More fundamental 

research on the complexity of velocities involvement within the VSA is needed.  
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Figure 2.8 Walking velocity vs walking frequency showing the linearity of the data, from the dataset of Racic 

[52] 

 

2.1.2.6 Step length 

Step length is typically defined through the normal distribution N(0.71,0.005) [m] 

[71,83,118,126]. No study has yet to establish any co-dependent experiment evidence of step 

length due to the difficult task of controlling step length. Therefore, the variable is randomly 

assigned or inferred, given knowledge of the walking frequency and velocity. 

2.1.3 Probabilistic walking force models in the time domain 

As seen in Section 2.1.2.3, the DLF magnitude varies across all walking frequencies. 

However, such a variation is not seen in models. These deterministic models are hypothesised 

to result from a binary pass or fail of VSA. Such assessment results in a worst-case design 

scenario even if the probability of such an outcome is low.  

Mohammad et al. [51] used the experimental data set of [52] to produce a probabilistic 

framework as a function of the walking speed for individual steps. The key parameters are the 

walking speed, step contact time, double-stance period of walking, first peak time and load, 
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valley time and load, and second peak load and time (Figure 2.9). Each parameter's 

successive steps are sampled considering the inter and intra-subject variation. The inter-

subject variation of the parameters is independent of each other. This lack of correlation with 

each parameter may lead to overestimating the variance of the loads due to sampling extreme 

results. The model does not address all the co-dependent relationships of the distribution. As 

noted in Garcia-Dieguez et al. [59], the main problem with most probabilistic models is that 

spatial and temporal factors are considered independent, thus inducing a higher level of 

variance in the structural response.  

 

 

 

Figure 2.9 Reconstruction of footsteps for the same average walking frequency via the method of Muhammad 

et al. [51] 

Chen et al. [4] proposed using intra and inter-subject variation factors that describe each DLF 

and walking frequency for successive steps. Chen et al. [4] demonstrates that the intra-subject 

variation of DLF is walking frequency independent and can be expressed through a standard 

distribution independently. Garcia-Dieguez et al. [104] present a step-by-step stochastic 

walking model based on variable time periods and DLF values. Both parameters are 

computed for each footstep via sampling various relationships describing mean values and 

their variation over time, along with an auto-regressive component and error term 

distribution. The model produces DLF values lower in magnitude than Kerr's [45]. The model 

is computationally more complex and less likely to be used in industrial settings due to the 
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amount of empirically fitted data and/or the time-consuming nature of getting force histories. 

The model is validated against the experimental results of Racic et al. [51], and produces a 

close consensus with the treadmill force time signals. The likeness in data indicates that both 

datasets come to similar conclusions. The model is a natural progression of Chen [4], 

providing interconnect relationships of parameters and demonstrating that the parameters are 

auto-regressive to some degree and not completely random. 

2.1.4 Alternative time-domain models 

Attempts have been made to transition away from the Fourier modelling approach 

[18,51,133]. Middleton [18] and Muhammad et al. [51] fitted the single footfall trace to 

several critical points on the force curve (1st peak, valley load, and second peak in Figure 

2.9) and several other intermediate points. The force at the intermediate points is then linearly 

fitted to the three key points to produce the entire spline curve from 17 and 34 different 

interpolation points, respectively. Similarly, the time to each point was fitted using nonlinear 

regression to present the full walking load. Muhammad et al. [51]  model considers inter and 

intra-subject variations of the three key points and overall step time to provide a model that 

represents the natural narrow-band nature of walking.  

Feldmann et al. [133] developed a force model using an eighth-order polynomial function to 

model the individual footsteps. Each fitting parameter is found empirically based on a fitting 

process dependent on the walking frequency fp. Muhammad et al. [24] demonstrate that the 

Feldmann et al. [133] model produces force magnitudes and acceleration responses far 

greater than that of its likened guidance [16,19,20,28] and overestimates the actual vibration 

response of real walking.  

Racic et al.[52] proposed a stochastic process that models both the inter-and intra-subject 

variability of the vertical walking load. The inter-subject variation is modelled through the 

force-time history of 842 different instances of continuous walking. The shape of the footfall 

is described using multiple Gaussian functions. The variable footfall timings are generated 

from an Auto Spectral Density (ASD) of their variation. Two signals with zero mean and the 

same standard deviation have the same ASD. Moreover, they have statistically the same 
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pattern of variation for successive footfalls. Using random phases, variations can be 

artificially generated. Because of random phases, the two signals are never the same but have 

the same standard deviation.  

No comparative study or analysis has been performed to determine the most accurate vertical 

load model with respect to any metric of analysis. As demonstrated, many load models are in 

circulation, yet more research needs to be focused on selecting the most accurate or 

applicable load model that represents universally models vertical walking forces.  

 

2.1.5 High Frequency structures 

Contemporary load models do not contain information in higher frequencies, and a high-

frequency force function is required. This issue results from singular walking force records 

with limited information at higher frequencies. It is estimated that this area of research will 

soon be phased out when more general load models are developed, such as that of Racic et al. 

[52]. Nevertheless, some researchers have built improvements on the historical models. The 

most used model is Arup's effective impulse model [20]. The effective impulse is derived 

from Kerr's [45] temporally shifted data and, therefore, already exhibits inherent bias in the 

data. Each force was simulated on a SDOF system with a mass of 1Kg and varying natural 

frequency from 10- 40 Hz. Next, the resulting velocity of the system is taken. The peak 

velocity is numerically equivalent to the integral of the force-time history over one step. Such 

an impulse is defined as the effective impulse. The effective impulse is defined as : 

Ὅ ὃ
ὪȢ

ὪȢ
 

Eq 8 

Fp is the walking frequency, fn is the structure's natural frequency, A is the fitting constant 

taken as a mean of 42, and the effective impulse has a standard deviation of 0.4. Wilford et al. 

[20] suggest using A equal to 54 to give a 25% chance of not exceeding. The use of arbitrary 

statistical limits results in unnatural increases in structural response. SCI guidance [19] 

suggests A to be 64 due to the requirements of BS EN 1990 [134]. Pavic et al. [135] 

compared the model of Arup and found that whilst in 2003 it was the most ubiquitous used in 
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2003, it still overestimated the response of actual structures. The models indicate that a non-

resonant reaction occurs from 10Hz due to the limits set in Table 2.6. However, this 

statement is countered by the increase in the high to low-frequency range cut-off shifting 

higher, as seen in Section 2.1.1. Furthermore, with the advancement of vertical walking 

measurement techniques, researchers have tended toward multiple footfall measurements 

[38,52,63]. Such representations indicate peaks in the frequency domain exist well beyond 

the 4th harmonic of walking frequency, showing a resonant response is likely to occur if a 

vibration mode lies at the resonant natural frequency. 

 Mohammod et al. [17] proposes a new high-frequency model based on data from treadmills 

provided by [52]. The model also includes damping ñamplification effectsò due to near 

harmonic integer of walking at higher harmonics, causing a resonant-like response. The 

amplification factor is based on an imperial function of the natural frequency of the structure 

(from 14Hz- 40Hz) and the walking frequency. Mohammod et al. [17]  damping 

ñamplification effectsò are introduced to account for near resonant harmonics of a walking 

frequency with a resonant mode of the structure, above 14Hz and damping ratios different to 

3%.  Mohammod et al. [17] model gives a closer approximation to the actual response of the 

simulated structure. However, a thorough investigation of the current model has yet to be 

performed, so it is unclear if the model is universally better.  

Models like those mentioned above are used widely because they appear in current industry 

guidance as best practices. Still, current models exist in academia that represent the entire 

frequency domain [43,51,52,59].  Presenting separate models depending on limits attributed 

to the quality of data acquisition at the time, such as in Table 2.1, seems redundant. 

Therefore, a shift in perspective of modelling walking is suggested, enabling one to model the 

entire frequency domain and not just discrete pockets. 

2.2 Frequency domain models 

The discrete integer Fourier series modelling approach needs to address the narrow-band 

nature of walking. As such, the frequency content around the harmonics of walking 

frequencies is not considered. A time signal can be defined through the infinite Fourier series 
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but is often truncated for reasons described in Section 2.1.1. Due to the duality of the time 

and frequency domain, vertical walking forces can be expressed through a narrow-band 

process in the frequency domain. The resultant output in the frequency domain can be 

calculated as follows: 

ὣ‫ Ὄ‫ὢ‫  Eq 9 

Where ὣ‫   and ὢ‫  are the output and input frequency response, whilst Ὄ‫  is the 

frequency response function (FRF). A signal's complete frequency domain representation is 

not required, as portions of the FRF can be zero magnitude and only provide nonzero values 

around resonant modes. 

If walking is considered a stationary narrow banded random process (i.e. statistical properties 

do not vary as a function of time) formed from a stochastic process, classical random 

vibration theory can be used to interoperate the resultant output of physical system subject to 

a random process [136] . As demonstrated in [136] the power spectral density (PSD) of a 

physical systems output, be it displacement, velocity, or acceleration, is defined by  Eq 10 

and provides the central result of the random vibration theory. The power spectral density of 

the output (Ὓ ‫ ), is found through the PSD of the random stationary input signal (Ὓ ‫ ) 

and the modulus squared of the FRF. 

Ὓ ‫ ȿὌ ‫ȿὛ ‫  Eq 10 

The variance of the output (acceleration, velocity or displacement) can be obtain for a 

random process [136] and is to be defined by integrating all possible frequencies of the 

spectral response. Given that the PSD is an even, real function of the angular frequency it ,‫ 

is convenient to only consider the positive frequencies and double the value of the integral to 

yield the same area under the PSD curve. Thus, the variance of the out of the system is 

defined as:  
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„ ς Ὓ ‫Ὠ‫ 
Eq 11 

 

If the response of a linear system is assumed to be dominated by a singular resonant mode 

subjected to light modal damping. The variance of the maximum acceleration can be 

calculated as [137]: 

„
“‫

ς‚ά
Ὓ ‫  

Eq 12 

Where ‚and ά are the modal damping ratio and modal mass, respectively. Considering the 

output signal representing the acceleration, the maximum response of the acceleration is seen 

through: 

ᾀ Ὣ „  Eq 13 

ᾀ  and „  are the mean and standard deviation of the maximum acceleration of the mode, 

whilst Ὣ  is the peak factor. The standard deviation of the maximum acceleration „  ) 

response is found through the variance („ ) of the maximum acceleration, which can be 

defined through the PSD of the acceleration [136]. The peak factor Ὣ   is given initially 

through Davenport [138]. However, the assumptions of the peak factor can often lead to 

inaccurate results [30,80]. The resulting peak factor is given below, assuming a non-zero 

mean process: 

Ὣ  ςÌÎὪὝ
πȢυχχς

ςÌÎὪὝ
 

Eq 14 

The definitions of each parameter are examined in Bassoli [80]. The PSD model of the input 

force has numerous input parameters, Section 2.1.2. However, the variability of each 

parameter could be better represented in the frequency domain. 

 The variability in the frequency domain arises from the PSD of the vertical walking signal 

Ὓ ‫  as the FRF is known to have a high level of accuracy, due to the known structure 

modal properties. Brownjohn et al.[29] was one of the first researchers to consider the 

frequency domain representation of the vertical walking force-time history. The Fourier 
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amplitudes around the harmonics are modelled through Gaussian functions fitted using data 

from continuous force measurements. One major drawback of Brownjohn et al.[29] is the 

entire frequency domain is not represented, only discrete pockets at harmonic values. As 

shown by Chen et al. [139], sub-harmonics can account for 8.5% of the energy of a signal, 

with the remaining energy above the fourth harmonic accounting for 6-17% energy content of 

the signal. The fitting parameters of the Gaussian functions could be overfitted due to only 

three individuals participating. Thus, the result may not generalise to entire populations.  

Zivanovic [43] improved the model of Brownjohn et al.[29] by using a similar analysis on 

nine people over various walking velocities Eq 15 - Eq 17, Figure 2.10. In total, 95 force-time 

histories are created. A Fourier series model is proposed that accounts for sub-harmonics and 

the energy leakage of a signal by defining the Fourier amplitude of DLFs at incremental 

values around the first five harmonic and sub-harmonic. Chen [37] and Bachmann [103] 

show sub-harmonics presence due to the imperfections and asymmetry of walking.  Racic  

[52] findings conversely did not present sub-harmonics of such magnitude. Such variations 

are likely due to the variations in the populations. The complete force-time history is defined 

by summating the sub-harmonics and harmonics. ὈὒὊὪ  is the DLF function based on the 

normalised walking frequency fn. — Ὢ  is the phase angle dependant on the normalised 

walking frequency. Superscript s denotes the sub-harmonic. 

Ὂ ὸ ὡȢὈὒὊ ὈὒὊ

Ȣ

Ȣ

Ὢὧέίς“ὪὪὸ  — Ὢ  

Eq 15 
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Ὂ ὸ ὡȢὈὒὊ ὈὒὊ

Ȣ

Ȣ

Ὢ ὧέίς“ὪὪὸ  — Ὢ  

Eq 16 

 

Ὂὸ  Ὂ ὸ Ὂ ὸ Eq 17 

 

 

Figure 2.10 Normalised sub-harmonic and harmonic of the first five harmonics of walking frequency, after 

[43] 

The sub-harmonic for each pedestrian is based on the first DLF [43]. The assumption of 

asymmetric walking based on a peak in the first harmonic is provided with no justification. 

Frier et al. [140] compared the model of Zivanovic [43] with its counterpart of no energy 
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leakage. The integer value model produced higher accelerations. On occasion, the resultant 

acceleration was 35% different from the integer model. Sahanci [118] illustrates the effect of 

limb dominance on participants. Such development is presented through sub-harmonics 

between the bands of primary harmonics of walking in the auto spectral plot. Therefore, the 

assumption of perfect synchronisation between left and right legs is incorrect [141], and 

modelling legs as separate step characteristics should be addressed in future models. Sahanci 

[118] cites that excluding sub-harmonics can lead to a 50 percent error in acceleration 

response when they are not considered.  

The entire frequency domain representation of the Zivanovic [43] signal is not complete. 

Small bandwidth still exists with no information at the boundaries of sub-harmonics and 

harmonics. Whilst these portions only account for minor energy content in a signal, they are 

required to provide a full  representation of the entire signal in the frequency domain. Caprani 

[42] addresses such an issue with a pseudo-excitation method building on the work of 

Zivanovic [43] and Brownjohn et al. [29]. A Lagrange polynomial interpolation approximates 

the low-lying amplitude in the regions of no information.  

Chen et al. [139] improved on the PSD model of [42] and [29] by addressing the primary 

downfall of the models: the lack of data. Chen et al. [139] underwent an experimental 

program of 56 people producing 1528 time histories. The original time histories only lasted 

20-35 seconds, giving a low-frequency resolution of 0.05 Hz. Chen et al. [139]  artificially 

increased the total time by stacking the same histories. This model will be biased towards the 

values of that walking time and, therefore, not representative of the total intra-subject 

variation. 

In some cases, the force-time history was increased by nearly 100 times. Chen et al. [139] 

define the PSD in the integer and half-integer range [0.95nFp  1.05nFp] to the fourth 

harmonic. Considering only the range stated, 83-94% of the entire energy content of a 

walking signal up to 50 Hz is considered. The increase in energy content increases with 

walking frequency. However, the sub-harmonics only account for 2.5-8.5% of the entire 

energy content of the signal. Chen et al. [139] define the PSD load model through two 

Gaussian fit functions for each integer and half-integer range. To account for the other 6-17 
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percent of the energy, a cubic function is fitted empirically to connect the integer and half-

integer ranges, similar to that of Caprani [42]. The PSD of the input force is then found 

through the summation of the harmonics, sub-harmonics and other constituent parts 

normalised by the person's location and the pedestrian point divided by the number of people 

on the structure. 

Butz et al. [127] proposes a model that considers the various pedestrian densities of a 

structure, from unrestricted flow to crowding. Again, the PSD is modelled using exponential 

functions with different fitting parameters, similar to [29,43]. Butz et al.[127] presents a 

model with the mean walking frequency of the stream of people. Further empirical factors are 

added to consider the number of people, non-synchronisation of walking frequency, and the 

structure. The PSD model only considers single harmonics of walking and states that higher 

harmonics do not invoke considerable vibrations, neglecting the energy and walking force 

from high-frequency components. The variability of the model is defined through the walking 

frequency, compared to Fourier approaches that consider the variability of DLF, walking 

frequency and walking speed. 

Piccardo et al. [142] approximates the PSD of the modal force Ὓ assuming the ‫ 

randomness excitation is due to the walking frequency and phase angle, Eq 18. The model 

does not consider the variability of DLF as a parameter. Tubino et al. [143] and Piccardo et 

al. [142] contradict most models. They suggest that the walking speed and DLF, as random 

variables, have little impact on the mean, standard deviation, and peak acceleration factor. 

The PSD of the force-time history is defined through [143], considering ὔ  (number of 

people crossing the structure). The model only considers the variation in walking frequency 

as the principal component that causes variability in the model. Bassoli et al. [80] and 

Ferrarotti et al. [144] extend [143] by introducing the function …‍ȟὅ, an admittance 

function to correlate the structural mode ‍ and the pedestrian synchronisation (ὅ. 

Ὓ ‫ ὡȢὈὒὊ
ὔ

τ‍
ὴ ‍ȟὅ…‫ 

Eq 18 

Ferrarotti et al. [144] coherence function is based on two factors: the positions of the 

pedestrian concerning the other pedestrian and the increase in pedestrian synchronisation 
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with increased pedestrian density. The model of Bassoli et al. [80], unlike other frequency-

based models, includes methods for considering human structure interaction effects. The 

natural frequency and modal damping ratio of the structure are modified in the frequency 

response function to account for the effective increase or decrease in the parameters due to 

moving pedestrians.  

Van Nimmen et al. [30] proposes extensions to [142]  and [80] by providing provisions for 

arbitrary mode shapes such as torsional. A closed-form expression is then used to estimate 

the variance of the multi-modal response due to resonant and non-resonant loading 

considering human structure interaction effects. Van Nimmen et al. [30] propose a spectral 

force model considering the variance of the DLF inherently in the model, something 

previously unseen in spectral analysis.  The model treats the DLF, weight, and walking 

frequency as independent random variables. The spectral force model of walking can thus be 

defined as: 

Ὓ ‫  
ὔὈὒὊὡ ρ ὅέὠ

ς
ὴ ‫

ρ

ὰὰ
‰ ὼȟώὨώὨὼ 

Eq 19 

 

The CoV is the coefficient of variance for each harmonic of the DLF. These values can be 

derived from the data provided previously in Section 2.1.2.3. ‰ ὼȟώis the two dimensional 

mode shape squared. 
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Figure 2.11  a)Schematic representation of PSD of walking load modelled as a narrow banded process 

b)Squared magnitude of the FRF c) PSD of the modal acceleration response, after [30] 

The response of resonant loads can be defined through the simplified method proposed in Eq 

12. The non-resonant response can be found through the numerical integration of Eq 11 

considering angular frequencies away from the peak natural frequencies. A schematic of the 

procedure is given in Figure 2.11. 

The spectral analysis of vertical walking loads has progressed since its first implementation 

by Brownjohn et al. [29]. The most all-encompassing spectral based model to date in the 

opinion of the author, is that of Van Nimmen et al. [30]. The model considers the various 

synchronisation of pedestrians, human structure interaction effects, walking frequency 

variation, DLFs, and finally, the resonant and non-resonant components of the acceleration 

response. The accuracy between numerically simulated and analytically predicted is 

"excellent", by Van Nimmen et al. [30]. However, the estimation of the structural 

acceleration provided by the framework is simultaneously conservative and an 
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overestimation. A load model representing all frequencies in the frequency domain for each 

walking frequency is yet to be seen. 

2.3 Human Structure Interaction (HSI)  

New insights and testing have shown that institutional guidance provides an overestimation 

of the expected acceleration response of a structure [9,24,34]. The discrepancy of predicted 

versus measured responses is primarily seen on flexible or lightweight structures. The shift to 

more slender and flexible structures has provided new challenges [81,91,145,146]. Structural 

masses have also tended to reduce, resulting in the pedestrian mass providing an increased 

contributing proportion to the overall mass of the structural system. However, when trying to 

simulate real moving walking loads on an analytically representative model, there is a 

reduction in vertical acceleration on the physical system compared to the analytical model 

[147ï151]. Current guidance pertaining to the VSA dictates that the pedestrian is considered 

a massless moving vertical force on the structure [16,19,20,55] defined in Section 2.1 and 

Section 2.2. However, biomechanical research suggests that the human body is a dynamic 

system with perceptible vertical mechanical stiffness and damping [152ï155]. Therefore, 

such reductions in the measured compared with predicted acceleration are attributed to so-

called human structure interaction (HSI) effects. HSI fundamentally comprises of the 

dynamic interaction of two systems, the structure and the occupants. The two fundamental 

aspects of the relationship are the influence of perceptible vibrations on changes in human 

gait and the impact of the human body dynamics on the dynamic properties of the structure.  

The dominant HSI effects manifest themselves as changes in the natural frequency and 

increased modal damping ratio of the human-structure system compared with the 

corresponding properties of the structure itself, resulting in erroneous predictions of the 

acceleration response [145,149,156,157]. The magnitude of such variations is attributed to a 

person's posture, mass or if they are walking or stationary [5,146,158ï161].  

The HSI principally is visible through modifications to the structure's mass, natural frequency 

and modal damping ratio when considering the human body's influence on the dynamic 

properties of the empty structure [10,34,158]. Regardless of their posture, humans will 
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increase a structure's modal damping ratio [162]. Depending on the person's stationary or 

moving nature, the structure's natural frequency can either decrease or increase, respectively 

[10,26]. The HSI feedback loop can also result in the structure affecting the human gait, 

Figure 2.12. The structure has an active effect on pedestrian walking due to the alteration of 

walking speed, walking frequency, DLFs and lock-in effects [26,81,160,163]. Lock-in is 

debatably linked only to the lateral direction of human walking [6,73,159,174]. Lock-in was 

famously demonstrated on the opening day of the London Millennium Bridge. The lateral 

vibration mode was excited due to the adaption of the human walking tendency to 

synchronise and produce a positive feedback loop that resulted in negative damping 

[6,73,160,172]. The pedestrians on the day changed their walking frequency to stay in phase 

with the lateral movement of the bridge. This action then increased acceleration response due 

to the resonant response to a fundamental lateral mode [6,7,77]. Deviating from the in-phase 

walking would cause a horizontal force on the pedestrian in the opposite direction to their 

motion, potentially causing them to lose balance and fall [160,175]. Macdonald [160] 

demonstrates that lock-in is not associated with vertical vibrations, whilst conversely, Milton 

et al. [164] and Bachmann and Ammann [66] indicate that vertical lock-in occurs when 

matching the vertical vibration of a surface with the walking frequency.  

 

Figure 2.12 a) The human SDOF Spring Mass Damper (SMD) model b) Structure induced vibration by 

walking excitation of pedestrians c) Vertical ground force reaction due to footfall of each pedestrian due to 

rigid force d) interactive term due to HIS and relative movement of the structure and the SDOF SMD mass of 

the human, after [158] 

The human walking force has been shown to change depending on the level of vibration 

perceived [78,169]. The prominence of HSI increases when the crowd-to-structural mass 

ratio grows [168]. Lightweight structures and structures prone to large crowds, such as stadia, 

are more susceptible to HSI effects [157,169,170]. This review focuses on the vertical 

direction only. The proceeding sections investigate the literature regarding the impact of HSI 
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effects on human gait (Section 2.3.1) and the modelling parameters for active and passive 

people (Section 2.3.2). Finally, an alternative approach to modelling HSI through inverted 

pendulums is reviewed (Section 2.3.2.3). 

2.3.1 The HSI effect on the human gait 

The vertical force can be split into two terms (Eq 20). The first is the fixed driver term 

(FGFR(t)), resulting from the pedestrians' direct contact with a stiff structure. Such force 

measurements can be derived synthetically from models presented in Section 2.1. However, 

when the support structure is flexible, the resultant vertical force is modified by adding the 

interaction term (Fint(t)). The interaction term contains the movements of the human body and 

structure. Assuming both the human body and structure can be modelled as a single degree of 

freedom systems respectively, the total force is calculated as: 

Ὂὸ  Ὂ ὸ Ὂ ὸ Eq 20 

Ὂὸ  Ὂ ὸ  ά ὼ  ὧ ὼ ὼ Ὧ ὼ ὼ  Eq 21 

Subscript h denotes the human, whilst subscript s denotes the properties or response of the 

structure. m is the SDOF modal mass, c is the damping constant, and k is the vertical 

stiffness. Dot notation is the concerning derivative time, where x is the vertical displacement. 

Ahmadi et al. [90] quantified the change in vertical walking forces for a specific footbridge 

with a natural frequency of 6Hz and maximum acceleration of 3.25m/s2. Ahmadi et al. [90] 

noted a range of increases in the first DLF due to resonant walking of 2.3-6.3%. The non-

resonant case of walking at the first harmonic showed variability, increasing and decreasing 

DLF values in some cases. For the second and third harmonics of walking in both the 

resonant and non-resonant cases, the DLF values decreased for all participants by a maximum 

of 8.1 percent and 30.4 percent (Figure 2.13).  

Dang and Zivanovic [81] demonstrate that the interactive component of the force increased in 

magnitude with increased steady-state vibration on the structure. As such, conversely to 

Ahmadi et al. [90], Dang and Zivanovic [81] observed that the first DLF decreased in all 

cases by 21-53% due to the interactive term. An order of magnitude greater than that of 
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Ahmadi [90].  However, Dang and Zivanovic [81] footbridge possessed a natural frequency 

of 2.44Hz resulting in a resonant response by the first integer with a traditionally higher DLF 

value. Dang and Zivanovic [81] noted only minor changes to spatiotemporal parameters of 

walking due to the increased acceleration of the structure(Figure 2.14); only the interactive 

term of the walking force model resulted in statistically significant change. Archbold and 

Mullarney [171] note an increase in the peak force on a flexible structure compared to the 

rigid counterpart for all walking frequencies, conversely to Ahmadi et al. [90] and Dang and 

Zivanovic [81]. Archbold et al. [172] further demonstrate that the characteristic m shape of 

walking varies on a flexible surface compared to that on a rigid surface, with a relatively 

higher first peak and lower second peak. Thus, producing a different force characteristic on 

the structure and altered DLF values. 

It is experimentally shown that the reduction in acceleration response becomes more 

prominent when a pedestrian excites a resonant mode of the structure [147,149,151,173,174]. 

Conveniently, the most considerable decrease in acceleration is seen when the structure is 

most susceptible to resonant responses. Therefore, carefully selecting the appropriate load 

model and human modal parameters become paramount to accurately modelling the 

acceleration response, with respect to the numerical analysis to the monitored response.  
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Figure 2.13 DLF of individuals at various pacing frequencies obtain on a flexible (Bridge) and rigid 

structures. After  [90] 

 

Figure 2.14 a) Fourier Amplitude of walking for a slow medium and fast velocity on a stiff surface b) Fourier 

Amplitude of walking for a slow medium and fast velocity on a vibrating surface subject to a steady state 

acceleration of 0.85 m/s2 at 2.18 Hz, after [81] 

2.3.2 HSI effects on modal properties  

Other than changing the gait of humans, HSI effects fundamentally change the modal 

properties of the structure. As mentioned above, principally, the effect is evident through the 

increase in modal damping ratio and modification of the natural frequencies. The values and 
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results further vary depending on the static or moving nature of the pedestrians; therefore, 

they are treated separately.  

2.3.2.1 Stationary participants 

Historically HSI effects were only evident when the modal mass of the structure was 

increased [108,175ï177]. Such effects naturally lead to a lessened natural frequency. 

However, this method can result in overestimations of the natural frequency [157]. The 

reduction in natural frequency can be calculated ( Eq 22)  were ‘ is the ratio of pedestrian 

mass to structural mass. 

ρ

ρ ‘
 

Eq 22 

Therefore, lightweight structures experience an increased reductions, such as fibre-reinforced 

polymer structures [178,179]. Lenzen [180] first noticed that such SDOF mass models negate 

the damping effects of the human body, noticing a factor of three increase in modal damping 

ratio from the presence of four people on a concrete floor. Brownjohn [181] and Zhang et al. 

[182] demonstrated that even a low mass ratio of a single human at the antinode of the first 

mode shape could result in a stark increase in modal damping ratio. An increased mass ratio 

also increases HSI effects, however not in a linear fashion [169], [170], [157]. Brownjohn 

[181] investigated other postures, such as standing, seated, and bent knees. The damping 

effect on the fundamental mode increased the modal damping ratio by 2.0%, 2.8% and 6.0%, 

respectively (Figure 2.15). Such passive effects are not cumulative. When comparing the FRF 

of a function hall, Brownjohn [181] notes that with 800 people sitting on the structure, the 

modal damping ratio increased, along with a reduced FRF peak value. Whilst this resulted in 

a lessened response than the empty state, the effects were not cumulative. Zhang et al. [182] 

also notes an initial increase in modal damping ratio for the structure for one person's first 

three vibration modes. However, the effect is not cumulative, and the modal damping ratio 

difference for additional people decreases (Figure 2.16). Shahabpoor et al. [183] and Van 

Nimmen et al. [146] conclude similar findings with the modal damping ratio of up to ten 

people (Figure 2.17), showing an asymptotic relationship of modal damping ratio to the 

number of people. 
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Matsumoto et al. [184], akin to the study of Dang et al.[81], modelled the varying modal 

properties due to different periodic accelerations on the body. In the bent-knee posture, the 

natural frequency of the human body decreases from 3.0Hz to 2.5Hz for increased 

accelerations. Similar findings are seen in the single leg and standing postures, with the 

natural frequency reducing. No other authors have commented on the changes in dynamic 

properties of the human body in civil engineering literature with various vibration levels. 

Alternative effects, such as the acceleration-based dependence on modal damping ratio, are 

also anticipated. Rapoport et al. [185] stated that constant mechanical stiffness might not 

apply to the human leg because joint stiffness is nonlinear due to modal damping ratio. As a 

result, a model that accounts for this modal damping ratio may improve the model 

predictions. As evidenced, no singular study addresses the needs of the research area. The 

effect of these parameters at varying acceleration levels is not demonstrated.  

 

 

Figure 2.15 FRF for a bare plank, including the effects of a passive person in various postures given in the 

legend. After [181] 
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Figure 2.16 a) FRF magnitude for stationary and moving participants of various sizes b) Phase angles for 

stationary and moving participants of various sizes, after [168] 

 

 Figure 2.17 a) Reduction of the natural frequency of the structure with an increased number of passive 

participants, b) Nonlinear relationship of modal damping ratio with an increasing number of participants. 

After [183] 

The stationary participant is often represented through a single degree of freedom (SDOF) 

[145,149,158,168,186,187] or multiple degrees of freedom system (MDOF) [157,188,189]. 

Some MDOF human models are often complex and overcomplicate the human-structure 

system [158].  Van Nimmen et al. [158] proposes an equivalent SDOF system representing 

the stationary human participant and the structural system. Proposing a modified 

representation of the coupled system by modifying the effective modal damping ratio and 

natural frequency of the linear SDOF structural system. Such work is beneficial because it 

can be extended to engineering practices in which simplistic methods can save time and 

produce accurate and meaningful results. That withstanding, Van Nimmen et al. [158] chose 

not to modify the SDOF modal mass of the system and only considered the empty mass of 
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the structure. This assumption and the modification of the other two parameters will provides 

close-consensus to monitored structures at near-resonant responses. Away from resonant 

frequencies, this methodology could lead to a deviation in expected results.  

Table 2.8 provides values of natural frequency and modal damping ratio of stationary human 

in various postures derived from civil engineering structures. There is a clear consensus for 

the first mode of vibration of the human system. The natural frequency is approximately 5 

Hz, with the modal damping ratio between 30 ï 40%. Therefore, the human body can easily 

be excited in its first mode from other people walking. If a person is sitting or standing, the 

2nd harmonic of walking can cause the resonant response of the body and absorb energy from 

the structural system. All modal values are achieved by comparing the vertical natural 

frequency response function through modal analysis. As all participants are static concerning 

their positions on the structure, accurate measurements of the human modal properties can be 

separated from the structural modes. 

Table 2.8 SDOF SMD systems representing of the human body in various stationary postures. 

Author Natural Frequency (Hz) Modal Damping 

Ratio (%) 

Ellis and Ji [190] Standing 5.5-5.8 = 

Shahabpoor et al. [183] 

Standing 

5.17 - 5.44 43-57 

Wei  [191] Standing 4.67 49.4 

Sachse et al. [192] - 30-50 

Coermann [193] Sitting 5.0 32 

Zheng et al. [194] Standing 5.24 ± 0.4 39 ± 0.5 

Sims et al. [195] seated 

men 

5.1 S.D 0.58 31.1 S.D 10.11 

Sims et al. [195] standing 

men 

5.8 S.D 0.54 33.1 S.D 33.1 

Sims et al. [195] seated 

women  

5.3 S.D 1.06 38.5 S.D 14.90 

Sims et al. [195] seated 

child 

5.2 S.D 5.16 37.5 S.D 39.23 
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Brownjohn et al. [162] 

Standing 

5.27 36 

IStructE [196] Passive 5 40 

Matsumoto et al. [184] 

Standing 

5.25-6.75 69.4 

Hashim [197] Standing 6.55- 6.67 21.1-21.9 

Subashi et al. [198] 

Standing 

5.63-6.39 - 

Agu et al. [157] seated 5.222 34.5 

Agu et al [157] standing 6.025 37.9 

Brownjohn et al. [162] 

Standing 

4.9 37 

Van Nimmen et al. [146] 

standing  

5.7 S.D.0.56 44 S.D. 0.07 

ISO 5892:2019 [199] 

seated 

5 - 

ISO 5892:2019 [199] 

Standing 

6.3 - 

Table 2.8 presents a narrow range of values for both the modal damping ratio and natural 

frequency of the static human. Matsumoto et al. [184] provide a consistent natural frequency. 

However, the modal damping ratio is higher than others. It is the view of the author that 

choosing values with statistical properties provides better estimates than any precise point 

estimate. The natural frequency and modal damping ratio will vary due to the inherent 

varying compositions of each human. Therefore, no confident estimation of the most 

appropriate value is given until a comprehensive review of a diverse population set is 

analysed.  

2.3.2.2 Moving participants 

A walking pedestrian on the structure is characterised by constantly varying posture coupled 

with different muscular contractions, resulting in a continual change in the pedestrian's 

dynamic properties [152ï155]. Research within mechanical and aerospace engineering has 

resulted in stationary biomechanical models simulating the effect of moving vehicles on 
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stationary bodies [191,200,201]. As a result, the static state of the human biomechanical 

model for various postures is known to a high degree of accuracy [167,202]. The variation of 

postures while walking results in only the average properties of the pedestrian being 

identified [145,174,203].  

Simplifications of the walking pedestrians' SDOF natural frequency, modal damping ratio, 

and modal mass result in time-invariant properties due to the complexity of the dynamical 

response to perceptible vibrations on walking. As such, the HSI effects are simplified, and the 

dynamic changing of the systems' modal properties are modelled either through singular or 

MDOF spring mass damper (SMD) [145,198,202ï207], Spring mass damper actuator 

(SMDA) [105,205], inverted pendulums (IP) [153,160,208ï210] or modification of a 

structural system with additional equivalent modal damping ratio or mass [145,158].  

The human body in the SMD and SMDA model is represented as a linear and time-invariant 

system. Such representations provide easy and convenient solutions to HSI representation by 

adding additional degrees of freedom per pedestrian to the typical approximated SMD 

structural systems. Table 2.9 estimates the active participant's SDOF SMD natural frequency, 

modal damping ratio, and modal mass. The properties are assumed to be time-invariant.  The 

time-variant properties of the SMD models have not been researched. However, this is likely 

due to the complex nature of determining time-variant properties over shorter periods.  

Mohammed et al. [35] show that a structure's FRF reduces nonlinearly with moving 

participants, similar to the static counterparts, and the reduction depends on the number of 

participants. Various trials conducting the same experiments produce different average 

properties for human stiffness and modal damping ratio over the experiment time frame. In 

the specific case of Mohammed et al. [35] with only two people, the FRF was reduced by 

45% to the bare structure. When four people were on the structure, the FRF was reduced by a 

further 2% compared to the bare state. Shabahpoor et al. [183] conclude similar findings 

when a participant walks around in a tight circle at the antinode location compared to the 

quarter or random walking (Figure 2.18).  
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Figure 2.18 Change in natural frequency and modal damping ratio for people walking in tight circles at 

locations specified, walking at the support indicates no HSI effects. After [183] 

Liang et al. [211] note a linear increase in the active participant modal damping ratio with 

increased walking frequency. The modal damping ratio increased from 28% to 32%, from 

1.5Hz walking to 2.1Hz walking frequency. Furthermore, the first natural frequency of the 

active human body decreases, on average, with increased walking frequency. Liang et al. 

[211] further note the strong linear negative relationship between the human actual mass and 

the natural frequency. modal damping ratio showed no such dependency and is viewed as 

independent of the actual participants mass. Bertos et al. [212] and Kim et al. [213] observe 

how the modal properties are dependent on human walking parameters, increasing stiffness 

and modal damping ratio with increased walking speed.  

Building on the moving modal properties of pedestrians presented in Table 2.9, DaSilva et al. 

[106], Toso et al.[54] and Pfeil et al.[214] provide estimates of the walking human properties 

through regression analysis of multiple input variables. DaSilva et al. [106] Eq 23-Eq 25 

define the SDOF modal mass, m, damping constant, c, and the stiffness, k, through various 

nonlinear relationships dependent on the subject's actual mass, M and walking pace, fp. 

DaSilva et al. [106], Toso et al.[54] and Pfeil et al.[214] conducted experiments on 

individuals walking on a stiff structure with their waist accelerations monitored. The result is 

participants' acceleration around the harmonics of walking; however, it is worth noting that 

the acceleration monitoring is subject to error, due to the device misaligning to the global 

vertical axis. Misplacement of the accelerometers results in other acceleration planes being 
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transformed into the vertical axis of the device, thus over- or underestimating the effects. 

Further to the above, DaSilva et al. [106] Eq 23-Eq 25, Toso et al.[54] Eq 26- Eq 28 and Pfeil 

et al.[214] Eq 29 ï Eq 31 had low participation in their experiments and did not account for 

all walking frequencies. Therefore, misrepresenting the extreme values of walking frequency 

and participants actual mass results in negative modal parameter values in some instances. 

The models provide comparable higher estimates to other SDOF models presented in Table 

2.9, with natural frequencies of walking pedestrians over 4Hz. Lastly, DaSilva et al. [106], 

Toso et al.[54] and Pfeil et al.[214] conducted their experiments with populations comprising 

of Brazilian people exclusively. Therefore, the parameters will be overfitted to the population 

characteristics.  For all equations m is the participants actual mass, Ὢis the walking 

frequency. 

DaSilva et al. [106] 

ά ωχȢπψςπȢςχτυά σχȢυρψὪ Eq 23 

ὧ ςωȢπτρά Ȣ  Eq 24 

Ὧ σπσυρȢχττυπȢςφρὧ πȢπσυὧ Eq 25 

Toso et al. [54]  

ά  ςσρȢστ σȢφωά ρυτȢπφὪ ρȢωχάὪ πȢππυά ρυȢςυὪ  Eq 26 

ὧ  ρρρυȢφω ωςȢυφά ρπψȢωτά ςȢωράά ρȢσσά ρȢσπά  Eq 27 

Ὧ χυφπρȢτυ ρςωυȢσςά σσχψφȢχυὪ υπφȢττάὪ σȢυωά υσωȢσωὪ  Eq 28 

Pfeil et al. [214]  

ά  πȢψχτά ωȢρτςὪ ρςȢωτπ Eq 29 

Ὧ  σφπȢσά ρςψςȢυ Eq 30 

‟ ςπȢψρψὪ  Eq 31 

Table 2.9 Natural frequency, modal damping ratio and Modal mass given as Percentage of actual mass of 

SDOF SMD systems representing the moving human body from various studies.
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Author Description of how 

parameters are obtained 

Maximum 

acceleration  

(m/s2) 

Natural 

frequency of 

structure 

(Hz) 

Population size Natural 

Frequency (Hz ) 

Mean, (standard 

Deviation) 

Modal Damping 

Ratio (%) Mean, 

(Standard 

Deviation) 

Modal mass 

given as 

Percentage of 

actual mass 

(%) Mean, 

(Standard 

Deviation) 

Shahabpoor et 

al.[203] 

Matching Frequency 

response Function of 

experiment acceleration 

to the analytical model 

2.43 4.443 15 2.75-3.00 27.5-30.0 100 () 

Shahabpoor et al. 

mode 1 [215] 

Matching Frequency 

response Function of 

experiment acceleration 

to the analytical model 

2.43 4.443 15 2.85, 0.116 29.5, 0.047 100 () 

Matsumoto et al. 

[41] 

Subjects on one leg, 

whole body vibrations 

from 0.5Hz to 30Hz 

2 N/a 12 K = 279 N/mkg C = 10.4 

Ns/mkg 

83.3 () 
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Matsumoto et al. 

[202]  

Subjects in bent leg 

posture, whole body 

vibrations from 0.5Hz to 

30Hz 

2 N/a 12 K = 508 N/mkg C = 17.5 

Ns/mkg  

 89.8 () 

Foschi [216] N/a N/a N/a N/a 3.3 33 100 () 

Jimenez-Alonso 

[189]  

Match the minimum in 

natural frequency of the 

structure due to walking 

pedestrian decreasing the 

natural frequency 

N/a 2.27 10 2.759, 0.165 47.175, 2.611 83.969 (1.05) 

 

Gomez et 

al.[217] 

Match the vertical 

acceleration of pedestrian 

COM with experimental 

data 

5 2.15 3 2.51 

 2.29 

 2.52 

12 

18 

12 

100 () 

Zhang et al. 

[186] 

Frequency response 

function matching of 

5mm amplitude 

vibrations at various 

frequencies 

n/a n/a 10 1.85 30 100 () 
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Wang et al. [205] Ground force reaction 

(GFR) is monitored 

through insoles, 

acceleration response is 

taken as GFR minus 

weight of the pedestrian, 

all divided by mass. 

Velocity and 

displacement are inferred 

through numerical 

integration then linear 

SMD parameters are 

optimised. 

N/a N/a 56 0.3049fp +1.367 -0.2116fp + 

0.8737 

100 () 

Ahmadi et al. 

[145] 

Optimisation of 

acceleration response of 

mid-span acceleration to 

match measured with 

numerical  

2.2 2.4 23 Resonant 

Walking pace 

0.38ln(m)-1.42 100 () 

Van Nimmen et 

al. [218] 

Matching Frequency 

response Function of 

N/a N/a 6 3.06  

 

35 

 

100() 
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experiment acceleration 

to the analytical model, 

one leg slightly bent 

Van Nimmen et 

al. [218] 

Matching Frequency 

response Function of 

experiment acceleration 

to the analytical model, 

double stance phase 

N/a N/a 6 3.34 26 100() 
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The modal parameters are typically obtained through optimisation and minimisation of the 

structure's acceleration response [145,186,189,203,218]. The remaining researchers optimise 

the human body's approximate COM compared to a numerical estimation. Such an 

assumption causes uncertainty, as the actual location of the COM for each pedestrian is not 

precisely known. Thus, the locale of the position results in differing results. Furthermore, the 

human body is heterogeneous in composition, and body parts have differing modal 

properties. They can be excited at many different frequencies, resulting in a poor 

approximation of the human body being represented by a distinct mode of vibration.  

Research exploring moving participants' influence on structures is a relatively new field, and 

there is little data that produces consistent results. The field requires an encompassing study 

to bring all finds together. The results of Table 2.9 do, however, provide some guidance on a 

sensible range of values. The selection of one value over another is unjustified due to the 

limited studies available.  There is no systematic assessment of the existing HSI models' 

performance. Whilst many authors validate their models on a single structure from whose 

data the pedestrian dynamic models were initially derived, only a limited number provide 

estimates on new structures or compare concurrent models [145].  

2.3.2.3 Inverted Pendulum Models 

An alternative modelling approach in moving pedestrian scenarios is the inverted pendulum 

(IP) (Figure 2.19). Whilst bipedal pendulums have been present in biomechanical models, 

their use in civil engineering is scarce. The instantaneous load transfer mechanism of the IP 

to adjacent feet neglects the double stance phase of the leg swing [209,219]. An impulse must 

be applied at the beginning of every step to ensure the body's motion has the same initial 

conditions, ensuring stable walking.  

The IP model is a mechanical model capable of generating step-by-step vertical force 

variation and time-dependent stiffness and damping changes. Bocian et al. [160] and 

Macdonald [220] introduced the IP model to structural engineering to counter the lack of HSI 

effects in vibration assessments. The model considered the centre of mass's rigid stiffness and 

that the additional variation between the actual response and the idealised is due to the 
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vibrations induced by the structure. Bocians et al. [160] assumed that vibrations of the 

structure are sinusoidal and undamped. The model is self-perpetuating, as no kinematic or 

potential energy is lost in the system. Biomechanical models can easily be adjusted to include 

spring stiffness and damping (Figure 2.19) to simulate natural walking characteristics 

[207,213,219].  

 

Figure 2.19 Visualisation of various IP models a)IP b)IP with rockers c) spring-mass d) spring-mass with 

rocker e)spring-mass-damper f) spring-mass-damper with rocker. After [221]. 

Historically, the damping and stiffness in IP models possess time-invariant properties. Qin et 

al. [210] produce time-dependent damping and stiffness of the leg cycle-by-cycle using a 

spring-loaded inverted pendulum [219]. External force must be applied to maintain a steady 

gait, as the model starts to yield unstable solutions on a high frequency or high amplitude 

structure [210].  Damping and direct energy input are required for the bipedal IP to regulate 

gait patterns on vibrating structures [209,210]. This demerit is the biggest obstacle to the 

model's uptake and the need for modelling and coding.  

Lin et al. [209] parametrically analysed Qin et al. [210] stable gait production methods. Using 

such a compensation method, the IP model with damping and stiffness demonstrated that it 

could achieve stable gaits in the 1.6 -2.4 Hz walking frequency range and produce DLFs in 

the same region as Kerr's [45] results. Dang [221] provides an overview of the various 

inverted pendulum models. However, a perfect alignment is not seen when parametrically 

analysed. The IP model's angle of attack and leg length vary the first DLF [221] (Figure 

2.20). Ruiz et al. [222] note that whilst the SMD bipedal model works well within normal 

walking ranges, outside of this (i.e., slow or fast walking), the model does not accurately 

represent DLF values. Furthermore, no studies compare the accuracy of such a model on the 

flexible surface to see its applicability to model HSI effects. 



62 Literature review 

 

 

Figure 2.20 DLF1 of force generated by spring mass damper IP with various leg lengths (black = 1.2, grey = 

1.037 and no fill = 0.9 m) and angle of attacks (squares = 65o, circles = 70o, triangles = 75o) compared to Kerr 

mean, 5% and 95% model, after [221]  

The practical use of IP is non-existent due to various energy correction methods requiring 

numerous simulation and coding to sustain a natural gait and produce meaningful VSA. The 

inverted pendulum does not create the characteristic m-shape GFR [219,223]. The 

widespread avoidance of such a model in industry is likely borne out of the time and skill 

required to get a single VSA. 

2.4 Conclusions 

The chapter reviews current and historical literature on the human walking force and its 

interactive effects on the structural system. Historically, vertical walking load models are 

based on deterministic integer value Fourier series. Newer models have been developed that 

synthetically describe the inter and intra-subject variation of actual walking loads [2,51,59]. 

Current industry models lack the fundamental intra-subject variation at each walking 

frequency, preferring an expected value of parameters throughout. This conformity 

fundamentally alters the VSA and negates the probable range of accelerations likely to be 

seen on a structure. Current industry models [16,19ï21,28] provide a split in vertical load 

models based on the structure's natural frequency. This artificial split is shown to be a direct 
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result of previous models being constructed on biased data. The fundamental process of 

walking does not change on high-frequency structures, nor does the vertical walking force. 

New models [2,51,59] can contain DLF and phase angle content across all frequency ranges, 

thus giving a complete informative signal, contrasting to older models that only include 

information at integer values of harmonics of walking up to a truncated harmonic. Larger 

quantities of data are currently available [38,52,59] so more accurate models are being 

produced compared to sampled signals of vertical walking forces. Using such models 

removes the artificial split in structures and creates a universal load model. However, no 

publication explicitly recommends which current model best represents vertical walking 

loads.  

The frequency domain-based models provide inferior results and present themselves 

sophisticatedly. This procedure is laborious compared to the partner time domain models. 

Whilst some models claim to provide ñaccurateô acceleration results compared to real 

walking, this is not conclusively proven. A common theme seen through new time and 

frequency domain models is a lack of appreciation for the end users. Whilst producing 

representative synthetic signals is the goal of academia, the industry requires a model that can 

be easily used, interpretable and, crucially, produce accurate acceleration outputs that mimic 

the real structure. There exists a disconnect between industry and academia regarding the 

needs and demands of the respective groups. 

Furthermore, the dissemination of knowledge in the industry is severely lacking. The latest 

publication of new industry guidance, AISC Design Guide 11 [16], published in 2016, still 

uses deterministic values of DLF not correlated with walking frequency. This is a step 

backwards from current best practices.  

The HSI effects have been shown to play a clear and imperative role in a structure's vertical 

force and acceleration response. Including HSI effects can reduce acceleration response and 

provide a closer match to the acceleration output of a structure. The topic is still in its 

infancy, even after the public opening of the London Millennium Bridge triggered a increase 

in research efforts. Parameters for the moving human natural frequency and damping are 

unknown with much certainty due to the complex procedure of their time-varying properties. 



64 Literature review 

 

Furthermore, no formal guidance is given on including the HSI dyad. Currently, these issues 

are dealt with in isolation. Finally, no study provides a conclusive set of natural frequency 

and damping parameters that can be confidently used in all scenarios. There exists sufficient 

scope to conduct further research into the most applicable full-scale VSA, including accurate 

walking load models, all HSI effects, and statistical representation of various input 

parameters (e.g., walking velocity, walking frequency and pedestrian weight).  

Table 2.5 and Figure 2.6 highlight the inherent variability in current vertical walking load 

models. As demonstrated, there is no clear consensus on the accurate representation of the 

DLF, and as such the vertical walking force. This current lack of unification provides 

uncertainty into the design of pedestrian structures. The ramifications of which, provide 

practicing engineers with an unknown level of accuracy with respect to the acceleration 

response of the structure to the vertical walking load. As illustrated in Table 2.5 for a given 

walking frequency (2.5Hz) a 600% difference in DLF value is seen. For a structure idealised 

by a single lightly damped mode, this corresponds to a steady state acceleration response 

varying by 600% too. The variation of the vertical walking force representation provides a 

barrier to the accurate prediction of the acceleration response. Coupled with the increased 

complexity and uncertainty of the HSI effects, the accurate prediction of a structureôs 

response has thus far eluded engineers. As the VSA is performed before the construction of 

the structure, assumptions of the modal damping ratio, vertical walking force and HSI 

parameters must all be assumed and provide some level of accuracy and redundancy. Whilst 

the accurate VSA is paramount, over reliance on older vertical load models may result in 

inaccurate assessment that provide overly conservative results. Thus, leading to unnecessary 

design decisions.  

Current widely used Fourier based models [19,20,28,45,53,65,68,103] are derived from 

single footfall data, thus such data could be assumed biased. Therefore, an area of further 

research is identified through the modification of the Fourier series model to include updated 

parameters based on continuous measurements of multiple footsteps. Furthermore, the 

accuracy of current synthetic realisations of vertical walking forces has not been assessed 

against their real counter parts. Therefore, an investigation is required to compare current 

models and their real measured counterparts to deduce which vertical walking load model 
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provides the most accurate representation of walking. Finally, the inclusion of HSI effects is 

infrequently seen within VSA, thus adding additional layers of both complexity and 

uncertainty to the VSA. Furthermore, the accurate estimation of the HSI representation of the 

human body as a SDOF SMD system has not established. Whilst several authors have 

provided estimates of the various parameters (Table 2.8, Table 2.9), the validity of the 

estimates is not currently tested. The results of Table 2.8, Table 2.9 are not seen within each 

study and are taken in isolation with respect to each other. Therefore, the accuracy and 

validity of both the parameter estimations and their assumptions must be trialled 

independently before any recommended use of one set of parameters is given.   

 

 





67 Fourier series approximation of vertical walking forces 

 

Chapter 3 Fourier series approximation of vertical 

walking forces  

For structures subjected to human walking activities, the resonance between a harmonic 

walking load and one or more natural vibration modes of the structure can result in a 

significant acceleration response. Such responses can produce acceleration magnitudes that 

result in discomfort to human occupants and thus cause the structure to fail in its 

serviceability limit state (SLS). Therefore, the accuracy of such vertical walking loads is 

paramount to the overall structure's SLS requirements. However, the issue of prescribed SLS 

limits is a complex topic due to the several interpersonal factors affecting a person's ability to 

perceive vibrations. As seen from Chapter 2, current vertical walking loads do not provide a 

universal consensus of the parameterisation or mathematical representation of the load and 

exhibit numerous approximations. This is primarily attributed to poor-quality data and ill-

posed assumptions.  

This chapter aims to develop and improve current Fourier-based vertical walking load 

models. The main objective is to provide updated Fourier series parameters, namely the DLF 

and phase angle values. The presented models explore the inter-subject variation of the DLF 

and phase angles. Additionally, intra-subject variation of the DLF and walking frequency are 

analysed to provide a comprehensive vertical load model. This chapter leverages the dataset 

of Racic and Brownjohn [52], which amounts to 10.5 hours of walking force time histories of 

multiple subjects walking on an instrumented treadmill. The size and diversity of the dataset 

are unmatched in research and therefore lend themselves to provide a generalised 

representation of the vertical walking load model. 
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The chapter is organised as follows: Section 3.1 explains the data collection process, 

experimental setup and methodology. Section 3.2 details the method of extraction of crucial 

parameters of the data. Section 3.3 explores the inter- and intra-subject variation of the key 

Fourier series parameters in detail and their co-dependent relationships whilst also 

investigating the presence of differences due to the sex of the participant.  

The proceeding Chapter is an extension of the publication: 

Peters, A.E., Racic, V., Ģivanoviĺ, S. and Orr, J., 2022. Fourier Series Approximation of Vertical 

Walking Force-Time History through Frequentist and Bayesian Inference. Vibration, 5(4), pp.883-913. 

3.1 Data Collection of vertical walking forces 

Data acquisition was performed on an instrumented treadmill at the Light Structures 

Laboratory at the University of Sheffield in 2010 and 2011 by Dr Vitomir Racic, Figure 3.1. 

Specifics of the experimental campaign can be found in Racic et al. [52]. The raw data was 

then passed to the author in 2020 [224]. Only the vertical force measurement is of interest, 

with the longitudinal and lateral forces beyond the scope of the thesis. The velocity of the 

treadmill ranges from 0.1-10km/h. However, the entire range of the treadmill velocity was 

not utilised due to participants transitioning to jogging and running motions.  

The experimental setup allowed measurements of the left and the right foot vertical forces to 

be simultaneously acquired over multiple footsteps. During each walking trial, the speed of 

rotation of the treadmill belts (referred to as "treadmill speed") was fixed and controlled by 

the data acquisition system. Treadmill speeds started at 2km/h, then at least 64 steps were 

taken before a period of rest, and then the procedure was repeated at 0.5km/h faster speed. 

The process continued until the participant started to jog. The treadmill speed is taken as the 

average walking speed, whilst variations may exist due to the participant moving up and 

down the belt. However, these variations are considered negligible. The population of the 

treadmill participants ranged from students, academics, and technical staff at the University 

of Sheffield. A total of 80 volunteers (55 males and 25 females, mass 76.1 ± 15.3kg, height 

174.8 ± 8.1cm, age 29.7 ± 9.3 years) performed the experiment, resulting in 824 total vertical 

walking time histories summing to 10.5 hours of continuous force time measurements. The 
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data was acquired at 200Hz sampling to stop aliasing of the signal. Therefore, all information 

below 100Hz can be fully reconstructed due to the Nyquist sampling theorem. Each 

participant's weight, speed, sex, height, age, and triaxial force measurements of each foot 

were recorded. The triaxial force is measured in units of Newtons (N). 

 

 

Figure 3.1 Experimental setup of typical participant on the dual treadmill walkway, after [52] 

3.2 Data Processing 

The proceeding section outlines the various pre-processing and processing steps required to 

format the force time histories in a usable format.  From this, the data can be inferred to 

establish and form multiple relationships of the DLF, walking frequency, phase angle, and 

walking velocity.  
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3.2.1 Pre-processing 

The separate left and the right vertical footfall force-time histories are summed to obtain the 

total vertical walking force signal for each force-time history, Figure 3.2. As demonstrated 

experimentally in Racic and Brownjohn [52] the DLF value and the body weight can be 

decoupled as they are proven independent of each other. This is visually inspected in Figure 

3.3 when comparing DLF1 to the body weight, where no known relationship or distribution is 

evident.   
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Figure 3.2 Sample vertical force-time history (participant's weight=937N, pacing frequency=2.21Hz, 

treadmill speed=2.00m/s) 

 

Figure 3.3 Bodyweight vs DLF1extracted from [52] 

The body weight representing the static component of the signal is removed, as the force 

function is only concerned with the dynamic portion of the signal. The body weight is taken 

as the mean value of the signal. The resulting dynamic signals are then normalised by the 
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body weight, leaving a signal as a proportion of body weight. Hence the signal is now 

represented through a dimensionless unit signal. Due to the duality of the frequency and time 

domain, coupled with the quasi-periodic nature of walking, the signal (ὼὸ) can be 

approximated through a Fourier series as the sum of all the periodic frequencies up to 100Hz: 

ὼὸ ὈὒὊÓÉÎ  ς“ Ὢὸ —  

 

Eq 32 

 

Such a model presents the discrete information of a signal at regular frequency intervals from 

0Hz to the aliasing frequency (100Hz). The average frequency resolution of the signals in the 

data varies from 0.01-0.05Hz depending on the length of the signal considered. The 

frequency resolution of the frequency content of the signal is given as follows: 

ɝὪ  
Ὢ

ὔ
 

Eq 33 

 

Were Ὢ is the sampling frequency (200Hz), and N is the number of samples in the signal. 

 A usable vertical load model must have certain physical and practical limitations. As stated 

previously, the usable content of the signal is only up to 100Hz. Typical Fourier load models 

only model DLF values at integer harmonics of the walking frequency [16,19,20,45,55]. This 

is primarily a result of the signal only providing higher DLF values at the integer values of 

the walking frequency corresponding to the forcing frequency of the signal. As seen in Figure 

3.4 there is scarce information evidenced in the frequency domain outside the integer values 

of walking frequency. Bands of information are evidenced within the immediate vicinity of 

the integer of walking frequency. This information is described in Chapter 2 section 2.1.2.1 

and is attributed to the intra-subject variation of walking frequency and DLF values, resulting 

in a narrow-band signal, as seen in Figure 3.4. 

As the discrete-time signals of the vertical force are presented through the time domain, and 

walking is described as a narrow-band process [38,52,139], the duality of the time and 

frequency domain can be leveraged to provide further analysis of the time signals through the 
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Fourier transform. The Fourier transform decomposes a periodic signal into constituent parts 

of a complex Fourier series. For each frequency, an associated magnitude and phase offset is 

assigned through the complex components of a signal. Concerning the signal, the magnitude 

of the Fourier transforms, and phase offset represents the DLF and phase angle, respectively. 

As the vertical force time histories in question are presented as a finite set of equally spaced 

samples, the discrete Fourier transformation (DFT) is utilised. The frequency domain 

representation of N number samples of a complex series {xn} to its frequency domain 

representation {Xk} is formed as: 

ὢ ꞈὼ Eq 34 

 

ὢ ὼȢὩ  

Eq 35 

 

ὢ ὼȢὧέί
ς“

ὔ
Ὧὲ ὭȢίὭὲ

ς“

ὔ
Ὧὲ 

Eq 36 

 

Where N is the total number of samples, n is the nth number of samples, k is the kth 

frequency, and i is the imaginary unit. The Fast Fourier transformation (FFT) is used in place 

of the DFT due to the FFT's faster computational time and efficiency. These terms are often 

used interchangeably as the FFT is used more frequently than its DFT counterpart for 

discrete-time signals. Figure 3.4 presents a typical FFT of a 937N participant walking at 

2.21Hz up to 30Hz. 
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Figure 3.4 FFT of time signal from Figure 3.2(participantôs weight=937N, pacing frequency=2.21Hz, 

treadmill speed=2.00m/s), signal is shown as continuous but is discrete in nature. The continuous line of the 

frequency domain representation is only used for easier visualisation.  

From Figure 3.4, peaks in the frequency domain can be seen accompanied by the associated 

energy leakage around each integer of the walking frequency. Outside of the peaks the signal 

contains little information, with the remaining signal seen as zero magnitudes or a white 

noise process. Therefore, only modelling near the walking frequency integer has become 

common practice and is justified. The average walking frequency of each signal is taken as 

the frequency of the first peak in the frequency domain of the signal.  

3.2.2 Data processing 

The first step is curtailing the number of walking time histories to ensure a standard range of 

walking frequency is used and any extreme data points do not bias or alter the findings. In 

line with Chapter 2 Section 2.1.2.1, all signals outside the walking frequency range of 1.5-

2.5Hz are discarded because they are deemed exceptionally fast or slow walking frequencies 
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[4,53,70,71,73]. This selection reduces the content from 824 to 672 measured force-time 

histories.   

Figure 3.5 provides the histogram of average walking frequencies of the signal pre-and post the 

limitation of walking frequencies. To confirm the normally distributed nature of the average 

walking frequency, the one-sample Kolmogorov-Smirnov test was performed using the 

standard normal curve as a reference, i.e., ~ N (0,1)(Mean, Variance) [225]. 

The one-sample Kolmogorov-Smirnov test is a non-parametric test that quantifies the 

distance between the sampled and reference distribution [225]. The test provides a metric of 

the distance between cumulative distribution functions (CDF) and an associated p-value. The 

Kolmogorov-Smirnov (KS) test is used in place of the student t-test or other normality test 

due to the KS test's robustness against differences in the mean and variance of the data 

against the reference case [225]. Furthermore, the student t-test only considers the normal 

distribution as the reference case. The KS test can be altered to measure parametric or non-

parametric cumulative distribution. The relative distance between the cumulative 

distributions is given as follows: 

Ὀȟ ίόὴȿὅὈὊὼ ὅὈὊὼȿ Eq 37 

Where sup is the supremum function and CDF is the empirical cumulative distribution 

functions of inputs x. n and m represent the size of the first and second cumulative 

distributions. The null hypothesis is rejected at a level a if : 
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Eq 38 

 

The null hypothesis statement is that the data is drawn from the reference distribution, which 

is a standard normal distribution. The alternative hypothesis is that the error does not come 

from the distribution at a significance level of p= 5% [78].  

 The z score of the walking frequencies is first determined to transform the data to the same 

length and scale as the standard normal distribution. The z score is formed through Eq 39 
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where ὡὊ is the normalised walking frequency, ‘  is the sample mean walking 

frequency and „  is the sample standard deviation of the walking frequency. Performing the 

one-sample Kolmogorov-Smirnov test, it is confirmed that the average walking frequencies 

are indeed normally distributed and are defined through the normal distribution ~ N (1.85, 

0.1241).  The p-value of the one-sample KS test is 0.34. Thus, the test presents evidence not 

to reject the null hypothesis. Figure 3.5 presents the histogram of results before and after 

limitation, Figure 3.6 illustrates the CDF of the normalised data and the standard normal 

distribution N (0, 1).  

ὡὊ
ὡὊ  ‘

„
 

Eq 39 

 

  

Figure 3.5 Histogram of walking frequency showing walking frequencies pre (Blue) and post-limitation (red),  

bin widths = 0.1Hz 
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Figure 3.6 CDF of normalised walking frequencies compared to the standard normal distribution 

The distribution of walking frequencies is biased and forced. As the walking velocity was 

controlled, it forced participants to walk at a frequency dictated by the treadmill's speed. As 

the experimental campaign proceeded through various walking speeds incrementally, 

participants were forced to increase their step length or walking frequency. Therefore, using 

such instrumentation forces participants into an irregular pattern of walking. Measurements 

must be taken when participants are walking at a self-guided frequency and speed to 

determine the actual distribution of walking frequencies. The distribution of free walking on a 

structure is anticipated to be statistically different from the instrument distribution. Such an 

experimental campaign is not assessed in this thesis and is the major limitation of the thesis.  

Traditionally, peak picking the DLF value at the integer harmonics approximates the entire 

signal. As seen in Figure 3.4, DLF values exist around the integer value. Thus, such 

magnitudes of DLF leakage, along with the off-frequency forces, can result in an increased or 

decreased signal value in the time domain compared to just selecting the peak values. This 

chapter seeks to produce a novel method of extraction.  
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To determine the equivalent DLF, a bandpass filter is used at each harmonic with upper and 

lower frequency range limits at plus or minus a percentage of the walking frequency. One 

low pass and one high pass filter are simultaneously used to provide the limiting effect within 

the given frequency limits. The low pass filter has a frequency limit equivalent to the ith 

integer of the walking frequency plus some percentage of the walking frequency. Counter to 

that, the high pass filter has a frequency limit equivalent to the ith integer of the walking 

frequency minus some percentage of the walking frequency. The percentage of walking 

frequency is taken as 5-50% to ensure no overlapping of the signals is seen, therefore 

ensuring components of the signal are not double counted. 

 Figure 3.7 provides an example of the filter at the first harmonic of walking with a high and 

low pass at 50% of the walking frequency. The bandpass filter attenuates and rejects 

frequencies outside of the range. However, the bandpass filter is imperfect, and regions 

adjacent to the proposed frequency range are not rejected but attenuated. This is deemed 'the 

filter roll off'.  

 What remains is the filtered signal around the harmonic, considering all frequencies and 

DLF values around it. Taking the average of the peaks of the filtered signal reconstructed to 

the time domain (Figure 3.7), an estimate of the DLF in each harmonic is made. The process 

is repeated for all force time signals considering an upper and lower limit of the filter plus or 

minus 5-50% of the walking frequency for each harmonic. 
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Figure 3.7 a) Time domain representation of Bandpass filter on the signal of Figure 3.4 at the first integer 

value of walking, with frequency limits equal to plus or minus 50% of the walking frequency. b) PSD 

representation of a) 
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Figure 3.8 Ratio of energy content in each harmonic compared to total (+/- 50% of walking frequency) energy 

content in each harmonic for the average result.  

Table 3.1  Percentage change in DLF over all DLFs compared to peak picking for various percentages of 

walking frequency bandwidth. 

+/-

Percentage 

of walking 

frequency 

considered 

5% 10% 15% 20% 25% 30% 35% 40% 45% 50% 

Average 

percentage 

change in 

DLF 

values 

from 

selecting 

peak (%) 

23 31 33 34 34 36 36 37 37 39 

 

Figure 3.8 shows the integral of the PSD (energy) variation in each harmonic when 

considering the various frequency bandwidths around the peak harmonic walking frequency. 

Most energy is in the first harmonic and distributed close to the peak value. After the first 

harmonic, the energy content of the signal starts to dissipate over a more considerable amount 

of frequency range. Most energy (89.6% in Figure 3.8) is within a bandwidth of 5% of the 

walking frequency on either side of the first harmonic. This indicates that the first harmonic 

has a sharp peak consistently across all the results. Thus, the energy content of the signal is 

seen to act predominantly at the integer harmonic. However, other harmonics have larger 

relative energy spreads. 

There is no indication of a correlation between increased energy spread around the harmonic 

and increased integer harmonic (i.e., the second harmonic of walking has the largest relative 

energy spread, not the eighth, Figure 3.8). Table 3.1 presents the average percentage variation 
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in DLF1 with different bandwidth sizes (i.e., frequency filters) around the peak value. The 

peak-picking method produces the lowest DLFs in all scenarios. The value of DLF tends to 

stabilise after the 10% filter and remains relatively constant throughout, barring rare 

exceptions. The signals are filtered to ±50% of the walking frequency due to the marginal 

change in DLF after 10%, and thus choosing 50% ensures all energy influences around a 

harmonic are considered. As demonstrated in Table 3.1, filtering the signal around the 

harmonic of walking produces a DLF value greater than just selecting the peaks. Thus, the 

energy leakage around the harmonics creates a more representative DLF value. 

Taking only the peak would sometimes negate 40% of the DLF value due to energy leakage 

and intra-subject variability. Thus, taking a filtered estimate provides an artificial degree of 

representation of the narrow-band nature of walking. Figure 3.9 presents the filtered data vs 

the peak picking method for DLF1, thus indicating the filtered method results in a reduced 

DLF value compared to selecting the peak value. 

 

Figure 3.9 DLF1 peak vs DLF1 filter using method described in Section 3.2.2 (plus or minus 50% filter) 
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As seen in Chapter 2 Section 2.1.2.3, Fourier models are often curtailed at a frequency that is 

deemed to represent the transition from a resonant to an impulsive-like response to the load. 

Therefore, a criterion is necessary to assess the limit of integer harmonics of the new 

proposed walking force model. To this end, Figure 3.4 presents the FFT of a typical signal. 

Visually only the 8th or 9th harmonic of walking is distinguishable from that of a white noise 

process. Based on the author's experience, it is postulated that most pedestrian structures 

exhibit fundamental modes below 20Hz. Therefore, due to the lack of notable DLF values 

seen above 20Hz in the frequency domain and limited structures providing dominant modes 

of vibrations above 20Hz, only information up to the eight harmonic of walking is 

considered. The DLF values observed for the 9th and 10th harmonic range are all below 

0.005, which accounts for 120 times less than the typical DLF value of the first harmonic.  

It was determined the DLF model would be curtailed at the 8th harmonic and have a 

bandwidth of plus or minus 50% of the walking frequency. For each DLF one to eight, a 

corresponding walking frequency is known. It has been historically demonstrated that the 

DLF and walking frequency have a strong dependent relationship, Chapter 2 Section 2.1.2.3. 

Whilst other authors have attempted to provide alternative relationships, such as independent 

distributions [4], or velocity-based inputs[63], the use of the walking frequency-based 

relationship offers a more accessible interpretation of a model, as the forcing frequency itself 

is used to define the state of a resonant or non-resonant like response.  

3.3 A statistical representation of vertical walking force 

The proceeding section provides a statistical overview of the data to represent the data used 

through the lens of inter- and intra-subject variability. Principally the variation is evident 

through the inter- and intra-subject variation of the walking frequency and DLF. Other 

characteristic variations of the inter-subject variation are further considered. Finally, an 

assessment of bias in the data due to the sex of each participant is explored to determine if 

walking spatiotemporal parameters are statistical dependant on the sex of the participant. 
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3.3.1 Walking Frequency 

The critical determinant of the resonant response of vertical walking is when the walking 

frequency, or a harmonic integer of, matches with a natural mode of the structure. The 

Fourier series models presented in research and industry [16,19,20,28,53,55] show the 

walking frequency as the average walking frequency. The subject of the inter-subject 

variation of walking is discussed in Section 3.2.2. The proceeding sub-section outlines the 

intra-subject variation of walking frequency. 

3.3.1.1 Walking frequency intra -subject variation 

To deduce the variation of walking frequency on a step-by-step basis, the same method for 

extracting DLF values is used, as noted in section 3.2.2. However, instead of taking the 

average DLF value between the peaks, the time between each peak of the first integer of 

walking is monitored. Then, the reciprocal of the time between successive peaks is seen as 

the intra-subject walking frequency. From the example, in Figure 3.7, the following 

histogram of walking frequencies is seen in Figure 3.10a. To compare all subject intra-subject 

variability, each participant's estimated intra-subject walking frequency is normalised by the 

average walking frequency and divided by the standard deviation, thus producing results 

normalised to unity and in the same length scale as the normal distribution, Figure 3.10b).  
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Figure 3.10 a) Intra-subject variation of subject 842 b) normalised values of intra-subject walking frequency 

cumulative density function compared to the standard normal distribution. 

The intra-subject variation of walking in the example (Figure 3.10) and within the dataset 

appear to follow a normal distribution. The likeliness of fit of the standard normal 

distribution of the intra-subject walking frequency is assessed through the one-sample 

Kolmogorov-Smirnov test using the standard normal curve as a reference distribution, i.e., ~ 

N (0,1)[225].  

The one-sample Kolmogorov-Smirnov test is performed for all samples. The null hypothesis 

is that the normalised intra-subject variation is described through a standard normal 

distribution at an alpha level of 5%. It is shown that 618 of the 672 (92%) walking time 

histories demonstrated failure to reject the null hypothesis of a standard normal distribution 

of intra-subject walking frequencies. Therefore, the null hypothesis is accepted, and it is 

reasonable to assume that all the 672 examples can be described by the standard normal 

distribution N (0,1).  

As each intra-subject walking frequency is normalised to the standard normal distribution, the 

process can be further examined through the coefficient of variation (CoV) (Eq 40) 

representing the mean and standard deviation of the data. As indicated, many results appear 

from a standard normal distribution when standardised. Therefore, the CoV should appear 

similar for all values of the intra-subject variation across all walking frequencies. 

ὅέὠ
„

‘Ӷ
 

Eq 40 

Where „ is the sample standard deviation and ‘Ӷ is the sample mean. Figure 3.12 presents the 

transformation results concerning the walking frequency. Figure 3.12 indicates no 

dependency on the walking frequency with the CoV, and it is evident that the results show a 

single dominant value estimate. The mean value of the intra-subject walking frequency CoV 

is 0.0185. 
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Figure 3.11 CoV of the intra-subject variation with respect to the walking frequency 

Figure 3.13 presents the histogram of CoV. The distribution of the CoV is well modelled 

through the gamma distribution due to the non-negative nature of the CoV. The CoV is fitted 

to the gamma function using the MLE and is defined through the parameters a = 8.286 and b 

= 0.0022. For a complete overview of the gamma distribution, the reader is guided to [109].  

Such a CoV for intra-subject variation of walking frequency is similar to that of Brownjohn 

et al. [29] and Chen et al. [4],  who both indicate that the CoV of intra-subject variation of 

walking frequency is 3% - 3.25%. The data provided in the chapter suggests a 1.2% decrease 

in the overall mean CoV value. Chen et al. [4] only used double footfalls for the data 

acquisition, and participants had to walk multiple times at the same frequency to determine 

the "intra-subject" variation. However, it is the view of the author that this is not genuinely 

intra-subject because the walks occurred at different times and are not from successive 

footsteps. Therefore, a bias or difference in results is anticipated due to this experimental 

limitation. 
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Figure 3.12 Calculated and empirical PDF of CoV for the intra-subject walking frequency 

Finally, the autocorrelation of the successive walking frequencies is investigated to determine 

if the intra-subject walking frequencies are a random or autoregressive process. 

Autocorrelation is the correlation of a discrete-time signal convolved with a lagged version of 

itself, thus determining if reoccurring patterns or correlation occurs within a signal. To 

provide meaning to autocorrelation, the normalised autocorrelation is used to bring the output 

of the function in the scale of -1 and 1. A value of 1 indicates a strong positive correlation, 

with -1 indicating a strong negative correlation. The normalised auto-correlation, ” , of a 

stochastic process is defined as: 

”  
В ὼ ‘ ὼ ‘

В ὼ ‘
 

Eq 41 

 

Where N is the number of discrete values, k is the lag, ὼ is the ith value of the series x and 

‘is the mean of the series x. Figure 3.13 present a random selection of the 672-time series 

occurrences and the normalised auto-correlation of the intra-subject walking. Assuming a 

maximum lag of N-1, it is shown that many of the samples demonstrate uncorrelated 

behaviour and thus exhibit a random process. While subject 222 provides a strong 

autocorrelation, it is seen as an exception of the data, with only a limited number giving 

similar results. 
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 Table 3.2 further supports this claim of the non-autoregressive nature, with only 1% of all 

autocorrelation values being above an absolute autocorrelation value of 0.5. Table 3.2 further 

demonstrates that, even at a low level of correlation (e.g., 0.25). Therefore, due to the low 

percentage of auto-correlation values showing any dependency, the intra-subject variation of 

walking frequencies can be considered a random process.  

  

  

Figure 3.13 Auto-correlation of a random sample of participantôs intra-subject variation of walking frequency 
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Table 3.2 Percentage of auto-correlation values above a specific threshold for all signals 

Correlation value (Absolute magnitude) Percentage of values of the intra-subjection 

variation of walking frequencies over 

correlation value (%) 

0.25 5 

0.375 2 

0.5 1 

0.75 0.1 

 

This section provides evidence to conclude that the intra-subject variability of walking 

frequencies is taken from a normal random distribution defined through its CoV. The CoV is 

sampled from the gamma distribution with shape and scale parameters a = 8.2865 and b = 

0.0022, and successive samples of the walking frequency are uncorrelated. 

3.3.2 DLF  

The largest variation of all Fourier models arises from the inter-subject variation of the DLF 

values of each harmonic, and only a few researchers have attempted to determine or 

incorporate the intra-subject variation of walking.  Section 3.3.2.1 explores the inter-subject 

variation of the DLF relationship with the walking frequency presented through a Frequentist 

and Bayesian perspective. Finally, the intra-subject variation of the DLF values is explored in 

the same vale as the walking frequencies in section 3.3.1.  

3.3.2.1 DLF inter -subject variation 

From the methodology outlined in section 3.2.2, the corresponding DLF values for all eight 

harmonics of walking are known, along with their associated walking frequency values. 

Therefore, within section 3.3.2.1 various machine learning methods are trialled to find the 

representation of the DLF walking frequency relationship with respect to both a Frequentist 
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and Bayesian statical analysis that minimises the error between predicted function versus 

measured DLF. Further, several data processing steps are introduced to provide a robust and 

generalised approximation of the data.  

Partitioning the data is critical in providing robustness for regression analysis and preventing 

overfitting. To ensure any machine learning method is robust to generalisation on unseen 

data, the initial subsection of 672 DLF and walking frequency data is further subdivided. 

Representing approximately 10% of the data, 67 random sets are set aside and used to 

validate the accuracy of each of the models for all eight DLF values. The test set is only used 

to measure and determine the model accurately; it is not used for training. The remaining 

90% of the data is used to train each method to provide a regression model. The accuracy of 

each model is measured and defined herein as the squared Euclidean distance, commonly 

known as the root mean squared error (RMSE), between the predicted acceleration response 

of the real load versus the synthetic.  

Further to sub-setting the training and testing data, each method is cross validated. Cross-

validation, specifically k-fold cross-validation, is the process of resampling the data into k 

different sets and holding out one of the k sets. The model is then successively trained 

separately at k other times, producing k different parameters for the single methodology. 

Then, on the held-out test data, the test data is processed by all k models and then 

concatenated to provide an average regression result. Cross-validation aids in the process of 

inspecting overfitting. Overfitting is the process by which the training data and model 

parameters provide bias and do not generalise to new data. Overfitting is characterised by 

high accuracy on training data and comparatively low accuracy on new data. Overfitting is to 

be avoided because it will bias future unseen examples, thus rendering the model ill-suited 

for the task. 

Fundamentally and philosophically, two schools of thought for statistical inference exist 

Frequentist and Bayesian [109]. Within academic and professional civil and structural 

engineering, statistical inference is often viewed monolithically through a Frequentist 

approach. Whilst Frequentist statistics are taught due to their popularity and ease of use, 

benefits can be gained from using Bayesian statistics or a combination of both [226,227]. 
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To determine the suitability and accuracy of the regression models, the RMSE of the 

predicted versus actual DLF values is compared on the held-out test set. Table 3.3 provides 

the RMSE of all three regression models (Linear [110], Gaussian Process [228] and Neural 

network [110,229] ) subject to Bayesian optimisation [230ï232]. Specifics of each method 

can be found in the given references. Figure 3.14-Figure 3.16 visually represents the DLF 

relationships for each method. 

 

Figure 3.14 Linear and Polynomial fit of DLF1 with respect to the walking frequency 



91 Fourier series approximation of vertical walking forces 

 

 

Figure 3.15 Bayesian optimised GP of DLF1 with respect to the walking frequency 

 

Figure 3.16 NN representation of DLF1 with respect to the walking frequency 
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Table 3.3  RMSE of DLF1 based on various modelling techniques on a held-out set. 

Model 1st order 

Polynomial 

2nd order 

Polynomial 

3rd order 

Polynomial 

GP 

 

NN 

 

RMSE 0.0742 0.0746 0.0746 0.0743 0.0687 

 

The NN provides the lowest RMSE of all the models for DLF1, second only to linear 

regression. The RMSE of the first DLF is the accuracy metric due to the wide variety of 

values compared to any other harmonic of the walking integers. Whilst the NN is viewed as 

the most accurate, the usability of the NN model could be improved. Other than the visual 

interpretability of the NN, using the NN in any scenario other than software applications 

provides limited uses of the model. The linear regression is less accurate than the NN; 

however, the ease of interoperability and the ease of use is a beneficial factor. As stated in the 

objectives of this thesis, the goal is to provide a new load model for industrial use. To achieve 

this objective, metrics beyond measurable ones must be considered, such as useability and the 

experience of users. Visual differences in the relationship of various other DLF models are 

evident. As the models are typically presented as linear functions, comparing the function 

values with the polynomial model over the NN counterpart will be more accessible. 

The proceeding sections, 3.3.2.1.1 and 3.3.2.1.2, provide an overview of the walking 

frequency and DLF models presented in this thesis in the context of the frequentist and 

Bayesian perspectives, respectively. The validation of each model's assumptions is tested to 

ensure the models are correct and justified. Section 3.3.2.1.3 compares the Bayesian and 

frequentist linear models concerning themselves, with section 3.3.2.1.4 comparing the 

presented models with historic and modern DLF models for the Fourier representation only 

considering the inter-subject variation.  

3.3.2.1.1 Frequentist representation of DLF inter-subject variation 

The Frequentist approach assumes the parameters to be fixed and the data random. The fixed 

nature of the parameters means probabilities cannot be assigned to parameter values. The 
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parameter value can only be estimated through sampling the data, but the parameter's actual 

value is unknown as only sample subsets of populations are trailed. Therefore, long-running 

repeatable experiments are required to determine a parameter value based on the assumption 

that the population subset is representative to combat ill-poised statistics. Frequentist statistic 

are fundamentally only associated with repeatable events.  

The primary method of frequentist inference is performed through the maximum likelihood 

estimation (MLE) of parameters. The MLE is a method of approximating point estimations of 

parameters ɲ or statistical tests of interest. It is first assumed that a set of observations of data 

Ὀ are independent and identically distributed, where Ὀ ὈȟὈȟȢȢȟὈ . The random 

variable Ὀ has a univariant density function of ὪὈȟɲ . The function ὪὈȟɲ  is determined 

via the data and or model assumptions. Typical functions include the Normal or Poison 

distribution. The likelihood function is a product of the data given the parameters of the 

density functions. 

ὖὈȿɲ  ὪὈȟɲ  
Eq 42 

 

The maximisation of Eq 42 therefore, produces the MLE, given formally as: 

ᶮ Ὀ ὥὶὫÍÁØ
ᶮ
ὖὈȿɲ  Eq 43 

 

Where ɲ  is the set of most likely parameters. It is often mathematically more convenient 

to transform the likelihood function with the natural logarithm. Since the logarithm is a 

monotonic function, the maximisation of ὖὈȿɲ  occurs at the exact locations as the log of 

the function.  A necessary condition of the location of maximisation is for the likelihood 

function derivatives concerning the parameters to be zero. From this, the location, or 

locations, of maximisation can be found. 

Further fundamental tools of Frequentist inference are p-values and null hypothesis testing. 

Null hypothesis testing determines whether sufficient evidence from the data supports a 

hypothesis. Often the measure of such a test is selected from the p-value, a measure from 0-1. 
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The p-value is the probability of obtaining a test result as extreme or more extreme than the 

given null hypothesis.  

Researchers commonly use p-values to conclude statistically significant results. Calculating 

the p-value implies statistical significance when a p-value is sufficiently small compared to 

some predefined value ‌ = 0.05, 0.1. Using an alpha value is a fictitious limit on a rejection 

policy. Using 0.05 results in a 1-in-20 chance that the result is a false positive. The historic 

dictation of the significance being 0.05 is not founded on mathematical rigour but on human 

decisions[233]. This highlights the main downfall of the p-value, if a value is above or below 

the limit, they are immediately deemed opposite in result and provide concurring findings. 

Cowles and Davis [233] offers a historical overview of Fishers' decision to select p = 0.05 as 

the standard practice.  

Using a metric like the p-value has created controversy in recent years [234]. The p-value 

does not establish a probability of a hypothesis. It is a tool for the user to determine if they 

should reject or accept the null hypothesis. It has been criticised that authors often 

categorically state statistical significance merely by having a p-value less than a particular 

alpha value provided. Over the past century, since its inception by Ronald Fisher, the 

scientific community has used it as a definitive metric of significance. 

Finally, results are often misrepresented due to the weight the p-value holds within the 

academic community for statistically significant results. Simonsohn et al.[235] analysed 

several p-values from published psychology papers. They concluded that a suspicious 

proportion of published p-values are clustered around 0.05. It has been long conjectured that 

such p-hacking practices have occurred throughout the research. p-hacking is the process of 

curating the data in such a way that it reinforces the authors' hypothesis.  

As the training set of walking frequencies and DLF values confirms that the linear model 

produces a representative model, the held-out set is concatenated to provide the complete 

dataset of 672 examples and used for inference on the selected model. The underlying 

classical assumptions of linear regression must be assessed to ensure the linear regression 

model is an appropriate estimator of the walking frequency and DLF relationship. The 

assessment is performed in the context of the ordinary least squares (OLS) and, coincidently, 
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the Maximum Likelihood Estimation (MLE) approach to parameter estimation first. The 

classical assumptions of the OLS are: 

¶ The regression model is linear in the coefficients and the error term. 

¶ The error term has a population mean of zero. 

¶ All independent variables are uncorrelated with the error term. 

¶ Observations of the error term are uncorrelated with each other. 

¶ The error term has a constant variance (no heteroscedasticity). 

¶ The error term is normally distributed. 

As presented in Figure 3.18, the data is visually linear in the walking frequency, validating 

the linearity requirement of the linear model. The normal distribution of the errors is assessed 

through the one-sample Kolmogorov-Smirnov test using the standard normal curve as a 

reference, i.e., Ůi ~ N (0,1) [225]. First, a pre-processing step is performed on the raw 

residuals of each DLF. The Z-score of each residual is taken to normalise the data into the 

same length scale as the standard distribution, Eq 39. As the actual population mean and 

standard deviation are unknown, the sample mean ‘Ӷ  and standard deviation „  is used 

instead. The null hypothesis for each DLF is stated as the normalised errors of each DLF 

model come from a standard normal distribution. Four out of eight DLF errors provide strong 

evidence to fail to reject the null hypothesis, coming from a DLF2, DLF3, DLF7, and DLF8 

coming from a standard normally distributed. Therefore, for a random process such as 

walking, a linear model approximates the data well. The mean error values for each of the 

harmonics: are 0.0008, 0.0032, 0.0014, 0.00006, 0.0001, 0.0004, 0.0008 and 0.0011, 

respectively. Whilst the mean values are not exactly zero, the magnitude of the mean is 

negligible compared to the magnitude of the DLFs they represent. Therefore, the residuals 

can be assumed to be sampled from a zero mean Gaussian function. Figure 3.17 presents the 

cumulative distribution functions of the normalised data for each DLF compared to the 

standard normal distribution.  



96 Fourier series approximation of vertical walking forces 

 

 

 

Figure 3.17 Cumulative density function of the residuals of DLF1 to DLF8 compared to the standard normal 

distribution. 

The assumption of data homoscedasticity is central to linear regression models and entails the 

errors having a constant variance, being independent of the input variable and non-

autoregressive [236]. To determine if the data is autoregressive and conditionally 

heteroscedastic, the Engle test [237] is performed. The null hypothesis is that the residual 

errors come from a heteroscedastic series. The test fails to reject the null hypothesis. The 

Engle test provides strong evidence (P = 0.34, compared to the significance value of 0.05) 

that the data is heteroscedastic. 

The consequence of heteroscedasticity means the OLS estimator is not the best linear 

unbiased estimator, and the variance of the errors is not the lowest of all the unbiased 

estimators. The presence of heteroscedasticity does not cause the parameters, but instead the 

error variance, to be biased. Weighted least square regressions are employed to address 

heteroscedasticity [238]. Each observation is weighted using a diagonalised matrix to bias 

results closer to the mean and penalise results far from the mean before the normal equation, 
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or maximum likelihood estimation is performed [238]. The weight is taken as the reciprocal 

of the variance of each measurement to the mean value, thus providing a penalty for results 

that are not well represented by the mean. 

Figure 3.18 presents the weighted linear regression through the lens of Frequentist statistics. 

Each DLF is mapped to the various integer walking harmonics from 1 to 8, along with the 

associated equations for each DLF.  
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DLF1 (fp) = 0.41212 fp ï 0.5331 + N (0.0008, 0.0055)    

Eq 44 

 

DLF2 (fp) = 0.0508 fp ï 0.0471 + N (0.0032, 0.00077) 

Eq 45 

 

  

DLF3 (fp) = -0.0135 fp + 0.0704 + N (0.0014, 0.00077)  

Eq 46 

 

 

DLF4 (fp) = 0.0264 fp ï 0.0056 + N (0.00006, 

0.00016) Eq 47 
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DLF5 (fp) = 0.0355 fp ï 0.0370 + N (0.00001, 0.0001)    

Eq 48 

 

DLF6 (fp) = 0.0324 fp ï 0.0416 + N (0.0003, 0.0001) 

Eq 49 

 

  

DLF7 (fp) = 0.0238 fp ï 0.0314 + N (0.0008, 0.00006)    

Eq 50 

 

DLF8 (fp) = 0.0152 fp ï 0.0187 + N (0.0011, 0.00004) 

Eq 51 

Figure 3.18 Frequentist representation of the functional mapping of each DLF1-8 given the average walking 

frequency presented through a linear function and the error estimation. Confidence intervals show the 95%, N 

(mean, std)  
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3.3.2.1.2 Bayesian representation of DLF inter-subject variation 

In Bayesian inference, the parameter value is defined through a probability distribution, even 

though the parameter's actual value is fixed and static [239]. Moreover, Bayesian inference 

provides a framework to interpolate the parameter given prior belief and knowledge of the 

parameters. As more data becomes available, the probability distribution over the parameter 

estimation changes and alters the prior belief. Thus, the posterior distribution is gained via 

[109]: 

ὖ ȿɲὈ  
ὖὈȿɲ ὖᶮ

ὖὈ
 

Eq 52 

 

Where ὖᶮ is the prior probability estimate of the model parameters  ɲbefore any data D is 

observed. P(D|ɲ ) is the likelihood function. It represents the likelihood of the data given the 

parameters. Finally, P(D) is the marginal likelihood and is the distribution of the observed 

data marginalised over the parameters. This denominator ensures the posterior distribution 

integrand integrates to 1, giving a complete probability distribution. Often the proportionate 

relationship between the likelihood and prior probabilities is used instead of the entire 

posterior probability distribution.  

ὖ ȿɲὈ  θ  ὖὈȿɲ ὖᶮ Eq 53 

Firstly, the prior belief of the parameters ὖᶮ must be established. This can be done by two 

methods: either using an informative or noninformative prior [226]. The latter is considered 

uniform over the entire parameter space and provides no insight into the current problem. 

Providing a uniform prior reduces the posterior distribution to wholly dictated by the 

likelihood function. Thus, the intuition of previous data or a priori knowledge is ignored. The 

assignment of a prior distribution is a difficult task as the process is entirely subjective, and 

no correct answer is the actual prior of the data; the prior distribution reflects an author's 

belief in the problem a priori. The formal distribution of the informative prior can take any 

form, be it Normal, Poison or uniform. As priors can fall within any range of an infinite set, it 

is dictated by the researcher where the unknown value is assumed to lay. A subset of the data 

can be used to form a preliminary analysis for the priors to facilitate Bayesian reasoning 
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when no prior knowledge is known. However, such subsets should not be used in calculating 

the final likelihood function or marginal likelihood as this results in double dipping of data. 

The marginal likelihood arises to ensure the posterior distribution is complete, with integral 

sums to 1. For continuous random variables, Bayes theorem is written as: 

ὖ ȿɲὈ  
ὖὈȿɲ ὖᶮ

ὖ᷿Ὀȿɲ ὖᶮὨɲ
 

Eq 54 

 

The integration of the marginal distribution can provide challenges the function is high 

dimensional, and various known or unknown distributions are used to describe either the 

prior or likelihood function. Due to the unknown nature of some distributions or the 

intractability of closed-form solutions, numerical integration techniques must be employed.  

Due to the often-multi-dimensional nature of marginal distributions and sparsity of the 

probability density functions, Monte-Carlo integration methods are employed. More 

specifically, a class of Monte Carlo integration methods has prevailed, known as Markov 

chain Monte Carlo (MCMC) algorithms [226,227]. Several commonly used algorithms 

include: Metropolis-Hastings[240,241], Hamiltonian Monte Carlo[242] and Gibbs 

Sampler[243].  

MCMC simulations are preferred over Monte Carlo Integration methods, as MCMC produce 

successive autocorrelated samples based only on the previous sample. As the number of 

samples increase in a MCMC chain the more the distribution will converge to the stationary 

distribution of the target distribution or some unnormalized version of the distribution 

ή ȿɲὈ .  

ὖ ȿɲὈ  
ή ȿɲὈ

ή᷿ ȿɲὈὨɲ
 

Eq 55 

 

Practically the MCMC chain starts at a set of arbitrarily chosen points and seeks to move and 

sample the parameter ɲ, such that each successive sample of  ɲcontributes a high proportion 

of the posterior distribution. Traditional Monte Carlo methods tend to become increasingly 

inaccurate at higher dimensions [244], therefore the various algorithms of MCMC are 
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preferred to the increase in speed and efficiency required to obtain the stationary target 

distribution or a unnormalized variant. Further details of MCMC algorithms are given in 

Gelmann et al. [244]. 

A different approach to performing inference of a dataset is through conjugate distributions. 

A conjugate distribution occurs when the prior and the posterior distributions arise from the 

same parametric probability family. A parametric probability family is a set of distributions 

with the same functional form. As such, closed-form solutions of the posterior can be directly 

inferred from the prior distribution and data, and thus the posterior distribution is from a 

known PDF that can be easily sampled. The use of conjugate distributions provides 

computational and mathematical simplicity. Schoot et al. [226] and Gelman et al. [244] 

provide a broad overview of Bayesian inference topics and give an exhaustive list of 

conjugate pairs of distributions. 

First, to provide a Bayesian estimation of the linear regression parameters, the prior 

distribution of the parameters must be assigned, namely the gradient term ᶮ, intercept term 

ᶮ and variance term „ . As with the Frequentist model, the ordinary linear regression 

problem is formed as the conditional probability: 

ὖὣȿὼȟ—Ḑὔὼ—ȟὍ„ Eq 56 

 

Where Y is the target variable, in this instance the DLF, and x is the independent variable, 

walking frequency. — represents the set of parameters that define the model, namely in the 

thesis the gradient and intercept terms. The standard deviation of the error is conditionally 

zero mean homoscedastic and multiplied by the identity matrix, I. Gelman et al. [244] 

provides an overview of the topic of Bayesian inference and the estimation of the linear 

regression. The procedure outlined in [244] is used throughout the proceeding section. The 

complexity of the procedure is found in the estimation of marginal likelihood: 

ὖὣ  ὖὣȿὼȟ—ȟ„ὖ—ȟ„ Ὠ—Ὠ„ 
Eq 57 
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The prior distribution of the gradient and intercept terms are taken from the multivariant 

Gaussian distribution. The prior distribution will be taken as the average estimate from 

Concrete society estimate of the linear model of each DLF, where the upper harmonics are 

not given, a mean value of zero for both parameters is chosen. The variance is described 

through the identity matrix times 0.1. Thus, it is assumed that the parameters' distribution is 

initially uncorrelated. The inverse gamma function is used for the prior distribution of the 

standard deviation of the error, the inverse gamma function is described through the shape 

and scale factors (a,b). The values of a and b are set such that the mean value of the 

distribution is the MLE of the variance from the frequentist representation, with the mean 

value of the inverse gamma distribution given by  

‘  
ὦ

ὥ ρ
 

Eq 58 

 

Whilst conjugate pairs can be used for performing inference as the conjugate pair of the 

multivariant Gaussian distribution is a conditional student-t distribution, numerical methods 

described earlier utilising MCMC methods, specifically Gibbs sampling are used to 

demonstrate the generality of the method.  

Figure 3.19 presents the trace plots of each chain of the MCMC for the intercept, gradient and 

standard deviation of the error for DLF1 only. A burn in of 400 samples was used to thus 

ensure that distribution of the posterior was indeed stationary, and that the stationary target 

distribution had been reached. 
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Figure 3.19 Trace plot of MCMC chains using Gibbs sampler with a 400 sample burn in (not shown) for all 

parameters of the linear regression model, only shown for DLF1 model 
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Figure 3.20 Marginalised posterior distribution for all parameters of the linear regression model, only shown 

for DLF1 model 

Figure 3.20 presents the univariant distribution of each parameter, as demonstrated the 

distributions appear well conditioned with clear and defined peaks at the mean values. Figure 

3.20 was constructed marginalising over the other parameters, to integrate out the other 

distributions. This can be represented as: 

ὖ—ȿὣ  ὖ—ȿὣ Ὠ—Ὠ„  
Eq 59 

 

ὖ—ȿὣ  ὖ—ȿὣ Ὠ—Ὠ„  
Eq 60 

 

ὖ„ȿὣ  ὖ—ȿὣ Ὠ—Ὠ— 
Eq 61 
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 Figure 3.21 presents the moving average of each parameter over a 500-sample period, the 

results indicate a stable and stationary distribution of the mean results.  

 

Figure 3.21 Moving average for all parameters of the linear regression model, only shown for DLF1 model, 

averaging over 500 sample period 

The posterior distribution of the parameters is given in Table 3.4.  The covariance matrix 

values indicate that the gradient and intercept terms exhibit co-dependent behaviours.  

Table 3.4  Mean, covariance and variance of the error distributions for Bayesian linear models DLF1-8 

DLF Mean values (Intercept, 

Gradient) ‘ 

Covariance (Intercept, 

Gradient) ɫ 

The variance of 

error (a, b)„  

1 πȢυσφπ
πȢτρτπ
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2  
πȢπυωψ
πȢπςωυ

  
πȢπψππ πȢπςπσ
πȢπςπσπȢππυς

 ρσσφπȢχωφπ 

3  
πȢπφπω
πȢππςφ

  
πȢπψπυ πȢπρσφ
πȢπρσφπȢππςσ

 ρσσφπȢωπψς 

4  
πȢππυπ
πȢππφυ

  
πȢπψπφ πȢπρπς
πȢπρπςπȢππρσ

 ρσσφπȢωτψυ 

5 πȢπσφχ
πȢππχρ

  
πȢπψπχ πȢππψς
πȢππψςπȢπππψ

 ρσσφπȢωυσσ 

6  
πȢπτςω
πȢππυυ

 
πȢπψπχ πȢππφψ
πȢππφψπȢπππφ

 ρσσφπȢωφφφ 

7 πȢπστψ
πȢππσχ

 
πȢπψπψ πȢππυψ
πȢππυψπȢπππτ

 ρσσφπȢωχψω 

8  
πȢπςτς
πȢππςσ

 
πȢπψπψ πȢππυρ
πȢππυρπȢπππσ

 ρσσφπȢωψχπ 

 

Figure 3.22 presents the joint PDF of DLF1. As demonstrated, the relationship exhibits a high 

degree of correlation. Figure 3.22 presents the typical multivariant distribution of the gradient 

and intercept term for DLF1, the figure presents the degree of conditional probability each 

parameter has unto each other.  Rather than the typical frequentist assumption of a single 

point estimate of inference for new data points, Bayesian methods allow the quantification of 

the uncertainty in the inference of new data points to the linear regression ὢ   is given 

through the conditional probability ὖὣ ȿὣȟὢ  by marginalising over the parameters. 

The posterior predictive distribution is written as: 

ὖὣ ȿὢȟὣȟὢ  ὖὣ ȿ—ȟὢ ὖ—ȿὢȟὣ Ὠ— 
Eq 62 

 

 

Where ὖ—ȿὣȟὢ  is the posterior distribution of the parameters given the inputs X and targets 

Y Eq 46 inferred through Gibbs sampling, and ὖὣ ȿ—ȟὢ  is the likelihood estimation 

of the new inputs given the parameters and new inputs. Thus, integrating over the parameters 
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marginalises the distribution to allow the uncertainty in the new outputs given the training 

inputs, targets and new inputs. 

 

Figure 3.22 Joint PDF of the intercept and gradient term of DLF1 

3.3.2.1.3 Comparison of Bayesian and frequentist DLF models 

This section presents a retrospection of the outputs from the regression inference from the 

previous sections for the Frequentist and Bayesian perspectives. The Frequentist philosophy 

of statistics does not provide a probability distribution over the parameters but instead the 

data. Therefore, only a single estimation is given. Conversely, the Bayesian analysis assumes 

the data is fixed, and there is uncertainty over the parameters. The maximum a posteriori 

(MAP) can be used to determine the most likely singular parameter value for the Bayesian 

perspective. The MAP is obtained by maximising the posterior distribution of the parameters. 

The maximisation procedure can be further simplified as the marginal likelihood is always 
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positive, has no bearing or dependency on the parameter set  ɲ, and can be ignored in the 

optimisation of obtaining the MAP. The marginal likelihood is achieved by integrating out 

the parameters ɲ of the likelihood and prior function. Such integration is only known for a 

few conjugate prior functions, and numerical integration is often required. The MAP of the 

parameters ɲ  is given as the maximisation of the likelihood and prior functions [109]: 

ᶮ Ὀ ὥὶὫÍÁØ
ᶮ
ὖὈȿɲ ὖᶮ Eq 63 

 

The MLE and MAP values of the model parameters for DLF1 -DLF8 are shown 

comparatively in Table 3.5. The values coincide well, with only a few varying by 10-4 in most 

scenarios. Such a variation is negligible compared to the values they represent and can 

therefore be considered approximately similar. When sampling the Bayesian approach 100 

times and comparing it to the Frequentist model of DLF1 (Figure 3.23), the model estimates 

align and represent the data similarly.  

 

Figure 3.23 Frequentist value of the parameters (single dashed) vs the sampled (100 times) Bayesian 

approximation of the parameters (solid line) for walking frequency vs DLF1 

Visually the MLE and MAP converge to similar estimates as exhibited for the parameters of 

DLF1 in Figure 3.24. The MAP, MLE, and posterior distribution all provide plausible 

solutions to parameters and a consistent range of results. 



110 Fourier series approximation of vertical walking forces 

 

 

a)Marginalised posterior distribution of variance of errors compared to MAP and MLE estimations for DLF1 

 

 

b) Marginalised posterior distribution of gradient parameter compared to MAP and MLE estimations for 

DLF1 
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c) Marginalised posterior distribution of intercept parameter compared to MAP and MLE estimations for 

DLF1 

Figure 3.24 Marginalised posterior distribution of parameters compared to MAP and MLE estimations for 

DLF1 

The MLE and Bayesian estimate converges when larger amounts of data are available. 

Taking the log of Eq 63 does not affect the properties of the maximisation but allows the 

separation of the terms. As the log function is monotonic, the maximisation of  ɲoccurs at the 

exact location as the non-log function. The MLE arises plus a regularisation term,  

ÌÏÇ ὖᶮ  (log of the prior distribution): 

ᶮ Ὀ ὥὶὫÍÁØ
Ᵽ
ÌÏÇὖὈȿɲ ÌÏÇ ὖᶮ  Eq 64 

 

Thus, the MLE and MAP will eventually coincide when more data is present, and the prior is 

not biased. Moreover, the Bayesian MAP will become a more data-centric estimation of the 

parameter rather than the prior when sufficient data is collected [66]. The covariance of the 

gradient and intercept term increases resulting in a slender joint probability density function 

and less variance of the sampled function of the posterior distribution of DLF1. 

Table 3.5 Comparison of MLE and MAP estimates of DLF1-DLF8 for gradient and intercept terms 

DLF MLE MAP  

1  
πȢυσσρ
πȢτρςρ

  
πȢυσφπ
πȢτρτπ
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2 πȢπτχρ
πȢπςυτ

 
πȢπυωψ
πȢπςωυ

 

3 πȢπχπτ
πȢππτυ

 
πȢπφπω
πȢππςφ

 

4 πȢππυφ
πȢππφφ

 
πȢππυπ
πȢππφυ

 

5 πȢπσχπ
πȢππχρ

 
πȢπσφχ
πȢππχρ

 

6  
πȢπτρφ
πȢππυτ

  
πȢπτςω
πȢππυυ

 

7  
πȢπσρτ
πȢππστ

  
πȢπστψ
πȢππσχ

 

8  
πȢπρψχ
πȢππρω

  
πȢπςτς
πȢππςσ

 

 

 
 

a)Posterior Distribution after 10 data points           b) 100 samples of the linear relationship after 10 datapoints 

 



113 Fourier series approximation of vertical walking forces 

 

 

 
 

c) Posterior Distribution after 50 data points          d) 100 samples of the linear relationship after 50 datapoints 

 

 

  

g) Posterior Distribution after 250 data points    h) 100 samples of the linear relationship after 250 datapoints 
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e) Posterior Distribution after 100 data points    f) 100 samples of the linear relationship after 100 datapoints 

 

 

  

i) Posterior Distribution after all data points j) 100 samples of the linear relationship after all data 

points 

Figure 3.25 Informative prior used to infer posterior distribution for 0,10,50,100,250 and all data points for 

DLF1, each posterior distribution is then sampled 100 times. 

The error variance is the only inconsistency between both methodologies, as illustrated in 

Figure 3.24 and Table 3.5. In DLF1, the variance of the error of the Bayesian model is 

estimated to be about half as much as the Frequentist approach. This result arises due to the 

variance of the models being heteroskedastic. The preferred use of one model over the other 
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is, therefore, down to the discretion of the user and their philosophical view of statistics, as 

both models provide comparatively similar representations of the data, with each statistical 

viewpoint providing almost identical mean values of each parameter. 

3.3.2.1.4 Comparison of historic DLF models 

The formulated models previously seen in sections 3.3.2.1.1 and 3.3.2.1.2 are compared in 

Figure 3.26 to the existing Fourier series models [4,19,21,45,46,63,64] deemed state-of-the-

art [5,31]. Table 3.6 present the limiting walking frequency ranges of each Fourier-based 

model.  

 Table 3.6  Limits on walking frequency ranges for each Fourier series model 

Model Walking 

frequency 

limits (Hz) 

AISC Design Guide 11 

[16] 

1.6-2.2 

ISO 10137 [21] 1.2-2.4 

Technical report 43 

appendix G [28] 

1-2.8 

CCIP Mean value [20] 1-2.8 

CCIP design value [20] 1-2.8 

SCI P35[19] 1.6-2.2 

SETRA [55] 1.6-2.4 

Varela et al. [64] 1.4-2.6 

Numerous industrial vertical load models provide a range of feasible walking frequencies; 

however, researchers have continually provided evidence that walking occurs through a 

normal distribution centred at 1.8-2Hz and can exhibit 1 ï 3Hz [53,70,71]. It is seen in Figure 

3.26 that the greatest DLF values are seen at 2.5Hz. Thus the models of AISC Design Guide 
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11 [16], ISO 10137 [21], SCI P35[19] and SETRA [55] all do not consider the highest values 

of DLF. The curtailment of walking frequency is concerning since the data used to model the 

DLFs of the limited models are derived from the data of Kerr [45], where walking 

frequencies from 1-3Hz are monitored. It is further exhibited in Figure 3.26 that the limited 

models provide, on average, a poor estimation of the DLF values producing continually 

higher results of DLF values for the limited number of harmonics they model compared to 

the data and this thesis. 

 

a) DLF1 data points collected using the methodology outlined in section 3.2.2 compared to models of section 

3.4.2.1.1 and [16,19ï21,45,64] 
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b) DLF2 data points collected using the methodology outlined in section 3.2.2 compared to models of section 

3.4.2.1.1 and [16,19ï21,45,64] 

 

 

c) DLF3 data points collected using the methodology outlined in section 3.2.2 compared to models of section 3.4.2.1.1 

and [16,19ï21,45,64] 

 

d) DLF4 data points collected using the methodology outlined in section 3.2.2 compared to models of section 3.4.2.1.1 

and [16,19ï21,45,64] 
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Figure 3.26 Comparison of DLF1 to DLF4 of the presented models against historical models of [16,19ï21,45,64] against 

the background of the current set of data 

The formulated model of this thesis results in a lower magnitude of DLFs than all the other 

models, barring that of DLF2 above 4.8Hz. Varela et al. [64] demonstrates a close 

representation of the first integer of walking. The model closely resembles that of the 

proposed model for the first integer. The results of Varela et al. [64] start to diverge in the 

successive integers and only represents a limited number of harmonics. Varela et al. [64] 

suggests DLF values be elevated at lower and higher walking frequencies compared to the 

presented model in the first harmonic. However, the data points within the thesis do not 

indicate as such, with the data more accurately represented through a 1st order linear 

regression. As walking frequencies are normally distributed, less information is available at 

the extreme high and low walking frequencies. Coupled with the heteroscedastic nature of 

walking, the precise nature of the DLF at higher walking frequencies is not known with 

confidence. AISC DG 11 [16] model provides a oversimplification and overestimation of the 

first, second, and third harmonic and represents a poor estimation of the dataset. At higher 

harmonics of walking, DLF values of industry models provide a similar magnitude of 

responses to the data points. This results from the relatively low values of the DLF. However, 

there are significant percentage error differences. Figure 3.27 shows a historical trend of 

walking forces having higher DLFs. This could be speculatively attributed to several issues: 

"white coat syndrome", making people walk unnaturally, the short lengths of older force 

plates making participants target footfalls on the force plates, thus creating unnatural force 

waveforms, improper modelling due to heteroscedastic data, improper inference or lack of 

error estimation, test subject population differences, bias population or bias results due to a 

low number of data points recorded by force plates, the bias of results due to replication of 

force-time histories to produce higher resolution results, etc.  
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a) Comparison of results based on 5% error estimation compared to [45] and data points obtained in Section 

3.2.2. 

 

b) Comparison of results based on 90% error estimation compared to [46] and data points obtained in Section 

3.2.2.. 
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c) Comparison of results based on data collected by a treadmill and data points obtained in Section 3.2.2. [29] 

[46] [245] 

 

d) Comparison of results based on 95% error estimation and data points obtained in Section 3.2.2. [46], [45] 

Figure 3.27 Comparison of historical models of DLFs (using the treadmill, force plate and various percentiles 

of parameters) with the current set of data  
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The results of Figure 3.27 indicate that even when differing modelling methodologies are 

used, similar results are found for models derived from treadmill data. All the results coincide 

and produce lower magnitudes of DLF1 than the force plate measurements (Figure 3.27). 

Noting that Brownjohn et al. [29] data is limited to three subjects, the results are not as 

statistically comparable to the present study. The results' consensus indicates that the 

presented models align well with historic treadmill data for similarly obtained results. As 

such, the multiple-step measurement of vertical walking forces allows for a more 

representative representation of the mean properties of walking compared to their single-step 

counterparts.  

In the case of Kerr's models [45], the equation of DLF for the 5% error model appears to fit 

the mean value of the proposed DLF model rather than the 5% error of the data. This again 

shows the historically high DLFs derived from force plate data compared to the current 

treadmill data  [52] (Figure 3.27a and d).  In the case of the 95% model, the equation does not 

represent the shape of the data. As seen in Figure 3.27 the cubic nature of the data 

misrepresents the approximately linear data. Along with the improper use of statistics, the 

DLF values are clearly misrepresented through their statistics. It is noted that the population 

samples are both different in size and people. Therefore, some variation may be a result of 

fundamentally different walking attributes.  

Due to the variance and heteroscedasticity, the error in the present linear models produces 

negative values of DLFs at low values of walking frequency for the 5% error model (Figure 

3.27a). This is not feasible and shows where the proposed model breaks down. Due to the 

data-dependent variance, the overall estimation of the error is varied in regions of the model 

than is presented in the data.  

Nguyen's [46] 90% and 95% confidence interval validates the results of the 90% and 95% of 

the Frequentist and Bayesian models presented in the paper (Figure 3.27c and d). However, 

Nguyen [46] used only single footfall measurements and temporally shifted the wavelet to 

provide a complete force-time history.  

The historic overestimation of vertical walking load models further suggests that the data is 

statistically different from the presented study or that the data acquisition and modelling 
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methodology resulted in differences. Figure 3.9 shows the variation of DLF1 using the 

filtered method in the thesis compared to peak picking. As shown in Figure 3.9, using the 

peak-picking method on the data results in lower magnitudes of DLF than the filtered 

method. Therefore, compared to previous models' peak picking, the resultant DLFs would 

produce a force-time history of even lower magnitude than the proposed model in sections 

3.3.2.1.1 and 3.3.2.1.2. It is posited that the variation of DLFs concerning previous models 

results from the quality of the data and the inclusion of the intra-subject variation of the data. 

Therefore, the intra-subject variation of data plays a crucial role in selecting an appropriate 

DLF value.  

In the statistical inference of a regression model, it is necessary to estimate the error in the 

model. Such an error is not from the incapability of the model but instead, errors arising from 

unobservable differences in the data. Therefore, the error of any model's output is 

independent of the model parameters themselves. As such, the inclusion of any error 

estimation will merely linearly increase or decrease the output value and does not affect the 

actual parameter values. Examples of misuse of the error and confidence bands are exhibited 

in [20,45]. Both models use confidence intervals over parameters, not the error estimation of 

DLF values.  

3.3.2.2 DLF intra -subject variation 

The intra-subject variation of the DLF is determined using the same process as Section 3.3.1. 

However, the peak values of the signal are taken as the DLF amplitude on a step-by-step 

basis. The one-sample Kolmogorov-Smirnov test determines if the intra-subject DLF is taken 

from a normal distribution. The z-score of the DLF values is used as a pre-processing step to 

ensure all values are within the same length and scale as the normal distribution. The null 

hypothesis is that the normalised intra-subject data of each walking history comes from a 

standard normal distribution. Performing the one-sample Kolmogorov-Smirnov test on the 

normalised data, the results conclude evidence to fail to reject the null hypothesis, thus 

suggesting that the intra-subject variation of the DLFs comes from a normal distribution. 78% 

of all intra-subject DLFs provide sufficient evidence to indicate they are from a normal 

standard distribution when the data is normalised. Such a high value offers substantial 
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evidence to conclude the intra-subject variation is described primarily through a normal 

distribution.  

 
 

Figure 3.28 Intra-subject variation of DLF1 values for subject 842 along with the histogram of results with 0.1 

bin widths. 

To compare any dependency, the data of the average DLF is compared to the DLF of 

including intra-subject variation cases at each footstep walking frequency. As seen in Figure 

3.29 including the intra-subject variation increases the magnitude of the overall variance of 

the data. Figure 3.29 appears heteroskedastic, with an increased variance and an increase in 

the independent variable. The heteroskedastic nature of the data appears in both the mean and 

intra-subject variation of the data. However, it seems more prominent in the intra-subject 

inclusion. The intra-subject variation of DLF values thus provides a more appropriate 

representation of the walking frequency ï DLF relationship, demonstrating the full spectrum 

of possible DLF values. Of noteworthiness is the DLF values at 2.5Hz walking frequency. 

DLF values are seen in a range of 0 up to 0.9 when the intra-subject variation is included. 

Whilst the probability of such values occurring is small, the figure provides an illustrative 

example of the data's lack of consistency with the historic models presented in Chapter 2 

Section 2.1.2.3. Figure 3.28 and Figure 3.29 only show the information for DLF1, with the 

remaining harmonics presenting similar conclusions. Excluding the intra-subject variation of 

the walking force model limits the natural variation of DLF values, resulting in a narrower 

range of plausible values, thereby underrepresenting the true vertical walking forces. 
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Figure 3.29 DLF1 inclusion of intra-subject variability vs intra subject variation of DLF1 with respect to the 

walking frequency 

As the data appears heteroskedastic, the CoV of the DLF intra-subject variation is examined 

in Figure 3.30. As anticipated, the CoV remains monotonic around a static distribution. It is 

only natural that the variance would increase with increased walking frequency due to the 

CoV remaining a constant value of the mean. This is because the DLF values depend on the 

walking frequency value (e.g., for DLF1, the CoV exhibits a mean value of 0.125). Therefore, 

at 1.5Hz, the mean DLF and standard distribution is 0.0987 and 0.0123, respectively. At 

2.5Hz, the mean and standard distribution of DLF values is 0.512, 0.065. The above further 

demonstrates the heteroscedastic nature of the data. The CoV of walking appears independent 

of the walking frequency. As such, the heteroscedastic nature of the data is a result of the 

constant CoV throughout walking and not the data itself being heteroscedastic. 

Table 3.7 compares CoV of each harmonic of DLF with the mean results from Chen et al.[4] 

and Garcia-Dieguez et al. [63]. The results of this thesis demonstrate an increase in CoV 
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compared to that of Chen et al.[4], with the stark comparison of DLF2 of the former being ten 

times the CoV of the latter.[4]. The results of Chen et al.[4] were obtained by a participant 

walking at the same walking frequency over two force plates multiple times, and the intra-

subject variation was taken over the total number of repeats. In the truest sense of walking, 

the instances were performed separately. They cannot be reliably called intra-subject 

variation. In the author's view, intra-subject variation of DLF values can only be monitored 

through the same act of walking. Repeating the same walking frequency is practically 

impossible due to deviations in results.  

In contrast, Chen et al.[4], the results of Garcia-Dieguez et al. [63] provide a good consensus 

of results within the thesis, sometimes within a few thousand of a decimal place. The data 

collection of Garcia-Dieguez et al. [63] is identical to the thesis with a dual treadmill used 

with multiple individual steps monitored but different populations. Garcia-Dieguez et al. [63] 

however, notes a parabolic relationship between the CoV of intra-subject DLF for DLF1 and 

the pedestrian velocity. This result is not founded in the thesis, with the velocity shown to be 

a linear transformation of the walking frequency Section 3.3.3. The second harmonic of 

walking CoV of the intra-subject DLF is close to double that of Garcia-Dieguez et al. [63] 

which may be attributed to population differences or DLF extraction methods. The similarity 

of results is anticipated due to the use of similar data; however, it is seen that DLF2 possess a 

stark increase in the variance of the DLF over the walking frequencies.  
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a) Distributions of the CoV for DLF1 comparing the emperical relationship to the estimated histogram 

with 0.025 bin widths. 

  

b) Distributions of the CoV for DLF2 comparing the emperical relationship to the estimated histogram 

with 0.1 bin widths. 
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c) Distributions of the CoV for DLF3 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 

 

  

d) Distributions of the CoV for DLF4 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 
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e) Distributions of the CoV for DLF5 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 

  

f) Distributions of the CoV for DLF6 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 
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g) Distributions of the CoV for DLF7 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 

  

h) Distributions of the CoV for DLF8 comparing the emperical relationship to the estimated histogram 

with 0.05 bin widths. 

Figure 3.30 Distribution of CoV for DLF1-DLF8 concerning the walking frequency and univariant 

distribution of each DLF 
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Table 3.7 Gamma distribution parameters and mean values of CoV of intra subject variation of DLF, compared 

to Chen et al.[4] and Garcia-Dieguez et al. [63] 

DLF Gamma a 

parameter of 

CoV of intra-

subject 

variability 

Gamma b 

parameter of CoV 

of intra-subject 

variability  

Mean 

CoV 

Value 

Mean 

CoV 

Chen et 

al. [4] 

Mean CoV 

Garcia-

Dieguez et al. 

[63] 

1 7.831 0.017 0.135 0.123 0.099-0.297 

2 4.651 0.129 0.601 0.059 0.381 

3 7.925 0.044 0.345 0.101 0.311 

4 9.460 0.026 0.242 0.158 0.269 

5 7.110 0.041 0.290 0.202 0.326 

6 7.233 0.049 0.356 0.296 N/a 

7 9.623 0.042 0.399 0.363 N/a 

8 11.770 0.036 0.428 0.378 N/a 

Finally, the autocorrelation of the DLF values is examined to determine if the successive 

intra-subject DLF values are autoregressive or a random process. The four random subjects 

used in Figure 3.31 are again used for conciseness. The autocorrelation values presented in 

Table 3.8 it is demonstrated that the intra-subject variation of DLFs is a random process and 

little evidence is given that the DLF series is autoregressive. Only 4% of the autocorrelation 

values are above an absolute value of 0.25. The various thresholds demonstrate only a limited 

instance of potential auto-regressive behaviour. There is insufficient probable cause to state 

that the intra-subject DLF values are anything other than a random process.  
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Figure 3.31 Autocorrelation of 4 random samples of intra-subject variation of DLF1 values 

 

Table 3.8 Percentage of auto-correlation values above a specific threshold for all intra-subject DLF values 

Correlation value (Absolute magnitude) Percentage of values of the intra-subjection 

variation of DLFs over correlation value 

(%) 

0.25 4 

0.375 2 

0.5 1 

0.75 0.1 
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The inclusion of the intra-subject nature of the DLF values is modelled through a normal 

distribution. With a mean of the average DLF values and the standard deviation given 

through the CoV, each CoV is taken from sampling the gamma function of the respective 

intra-subject CoV for each DLF from Table 3.7.  

3.3.3 Velocity 

Whilst velocity is not directly involved in the Fourier series representation, the velocity of the 

pedestrian is required to know their exact location as they traverse a structure at any time. As 

seen in Chapter 2 Section 2.1.2.5, the velocity is either inferred through the known walking 

frequency and sampled step length or through a dependent relationship between walking 

frequency and velocity. Figure 3.32 presents the linear relationship between average walking 

frequency and average velocity from the given dataset. The linear approximation produces a 

plausible relationship; however, the relationship only holds for the values of walking 

frequency from 0.9 to 3Hz. Furthermore, various walking velocities can occur due to the 

same walking frequency. To account for such an error in the line regression model, the error 

distribution is sampled from a zero mean normal distribution with a variance of 0.049m/s.  

 Outside the limits of 0.9-3Hz, the relationship between walking frequency and walking 

velocity does not hold, and the physical meaning of the equation breaks down. At walking 

frequencies less than 0.82Hz, the average velocity would be negative. As the velocity was the 

controlled variable, no statistical representation can be inferred regarding velocity. Whilst 

other researchers have used velocity-based inputs for DLF models [63], the mathematical and 

interpretive nature of the models falls short compared to walking frequency-based models. 

Limited research has been published on the velocity of pedestrians on structures, and to use 

velocity-based models, the velocity is often inferred from walking frequencies. As such, the 

walking frequency inevitably dictates the models' use. Furthermore, walking frequency-based 

load models are preferred due to their ease of interpretability in defining scenarios of resonant 

response. However, such information is not readily available from the velocity information. 
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Figure 3.32 Linear relationship of average walking speed to the average walking frequency 

3.3.4 Phase Angle 

The phase angle associated with each harmonic of the Fourier series is often assumed to be a 

fixed value [16,19ï21] or uniformly distributed in the range [- ,́ ́ ] [52,246]. In the case of 

resonance by a singular harmonic, the phase angle does not influence the response 

calculations. However, when the response is composed of multiple modes, phase angles 

possess fundamental properties to determine if the signals can be constructive or destructive 

to each other, resulting in an increase or decrease in magnitudes of the force-time signal.  

Figure 3.34 presents the histograms of the phase angles taken at each of the eight walking 

harmonics derived from the 842 vertical force-time records.   

Figure 3.34 confirms the uniform random nature of the phase angles for each harmonic. 

Figure 3.33 further provides evidence of a lack of correlation between phase angles at each 

harmonic. Therefore, phase angles of each harmonic can be assumed to follow uniform 

random distribution on [- ,́ ́ ] interval independent of each other. 














































































































































































































































































































































































































































