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Abstract

In regression we measure covariate samples Xi and response variables Yi and seek to estimate
the conditional mean, or regression function, f(x) = E(Yi ∣Xi = x) within some hypothesis
class F of possible regression functions. Estimation of a nonparametric regression function
f ∶ [0, 1]d → R becomes increasingly difficult as the dimension of the covariate space increases.
Specifically, the number of samples n required to ensure that supf∈F E(∥f̂ − f∥22) ≤ η for a
fixed η > 0 grows exponentially in d for all estimators f̂ in many usual problem contexts. To
overcome this, we often seek to find structure within the function f we can exploit. The two
main structures that have been previously studied are Sparsity, where f depends only on
s < d of the covariates’ coordinates, and Additivity, where f is a sum of functions on each of
the covariates’ coordinates independently. In this thesis we present a new framework for lower
dimensional structures that can capture much of the same benefits but now in non-linear
situations.

This framework exploits the structure of the level sets of the regression function. If we
know the level set [x]f = {u ∈ [0, 1]d ∶ f(x) = f(u)} then we can average any sufficiently local
estimator fn over this level set to obtain an estimator with a pointwise risk that is bounded
in terms of d − dim[x]f rather than d. In general it is hard to learn [x]f ; however, even
a simple plug in estimator (i.e., that uses the level sets of some estimate pn of f) can be
shown to achieve these faster rates (up to log factors) under some strong conditions on f

and demonstrate remarkable performance improvements in some finite sample experiments.
Instead of placing conditions on f , this thesis gives sufficient conditions on structured hypothe-
sis classes for the level sets [x]f under which we can achieve the same fast rates of convergence.

This key idea is to generalise sparsity, multi-index models, and other non-linear lower
dimensional patterns in f in terms of transformations of the covariate space:

Ψf ⊆ {Bijections ψ ∶ X → X} (1)

for which f ○ ψ = f for all ψ ∈ Ψf . Functions that satisfy this property have Symmetry: in
the same way that we can translate a sparse function along the unimportant axes we can
transform f using Ψf without effect. Any such f must have level sets [x]f that contain the



sets {ψ(x) ∶ ψ ∈ Ψf}, which we can seek to exploit.

We show that an oracle that knows any symmetry group Ψf of f performs with worst
case L2 risk decay that depends on a smaller dimension s ≤ d, rather than the dimension d of
the original covariate space. The regression function f can have many possible symmetry
groups, but when f is continuous there is always a unique maximal symmetry group Ψf

within the classes considered. We then show that we can use an M -estimator of this maximal
Ψf in order to achieve the dimension reduction adaptively under some technical conditions
on Ψf and the hypothesis class of symmetries considered.

We then show that we can give an inferential framework for this maximal Ψf , giving
both hypothesis tests for:

H0(Ψ) ∶ f ○ ψ = f for all ψ ∈ Ψ (2)

for any transformation group Ψ, as well as confidence regions for the maximal Ψf in the
hypothesis class of possible Ψ we consider. This also leads to another estimator of Ψf that has
the computational advantage of not estimating f directly. We demonstrate the performance
of these tools both on synthetic datasets and on real data from both the Earth’s magnetic
field and temporospatial locations of sunspots.

vi
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Ĝ
,

and in red for f̂S
Ĝ
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Chapter 1

Introduction

Regression, where we seek to understand the relationship between measured independent
variables X = (X1, . . . ,Xd) in some space X and response variables Y ∈ R given finite samples
{(X(i), Yi)}ni=1, is a core task in statistics. In its simplest form we might seek to find straight
lines of best fit through our samples (X(i), Yi) when X(i) ∈ R. This is fundamentally a search
for a pattern in the data: if we know how much we expect Yi to increase with each unit of X(i)

and the expected value at some chosen base point x, then we can extrapolate out to any new
point u using this pattern and give a useful prediction of our expected response. If we expand
the relationships beyond linear ones, many other patterns are possible: we see periodicity in
sound waves or ripple heights, or we see that image classifications can stay constant when we
rotate or reflect an image. In this thesis we will show how methods in nonparametric regression
can be improved by explicitly learning these patterns and can provide dimension reduction
by compressing the covariate space to a region that we can extrapolate from using the pattern.

The usual approach to regression is to assume an additive noise model of the form:

Yi = f(X(i)) + ϵi (1.1)

for functions f that are contained in some hypothesis class F , such as: the class of linear
functions f(x) = xTβ, the class of polynomial functions of the covariates, or the class of
all L-Lipschitz functions. Here all X(i) and ϵi are independent and follow some known
distributions. We can then estimate f , which will be the conditional mean of Yi ∣X(i) when
E(ϵi) = 0, by using least squares (for example) over the class F :

f̂ = argmin
ϕ∈F

n

∑
i=1
(Yi − ϕ(X(i)))2 (1.2)

When F can be described with a finite number of parameters, as with the class of linear
functions f(x) = xTβ for some β ∈ Rd, this usually has an explicit closed form solution
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that converges to f in expected L2-norm at a rate of n−1. When this class becomes infinite
dimensional (as with the L-Lipschitz class), we typically focus on methods that are inherently
local rather than global such as local polynomial estimators or wavelet projection estimators,
all defined in Section 2.1. The locality of these methods means that the data used to estimate
the function at each point is much more limited than in the parametric case. This leads to
slower rates of convergence in this more general setting, and in particular these rates become
much slower as dimension increases.

In the statistics literature there are three main methods for overcoming this problem that all
seek to find more efficient representations of the covariate space. The first is to ignore the
response values and represent the covariates on some lower dimensional submanifold of X , in
essence performing a non-linear analogue to principal component analysis. This approach
is sensible if the covariates are highly concentrated around this manifold as in Bickel and
Li [2007] but struggles when the covariate space is sampled from more uniformly and will
completely miss any behaviour of the regression function off of this submanifold. The second
approach is to assume that the regression function has an additive structure: where it is
a sum of functions of each of the covariates separately. This speeds up the convergence of
these estimators significantly but leads to asymptotic bias for functions that are not additive.
The last main approach is to assume that the regression function depends only on some,
rather than all, of the covariates. When this sparsity assumption is true it will lead to faster
rates (even adaptively, see Lafferty and Wasserman [2008]) but many regression functions do
depend on all of the covariates and so this approach fails for them.

In this thesis, we present a new method for achieving dimension reduction and speeding up
non-parametric regression. This approach considers the level sets of the regression function
[x]f = {u ∈ X ∶ f(u) = f(x)}, which usually1 form (d − 1)- or d-dimensional sub-manifolds of
the covariate space. Knowledge of these level sets allows us to construct a Manifold AVeraged
Estimator (MAVE):

fMAV E
n (x) = 1

m

m

∑
j=1

fn(xj) (1.3)

that averages a base estimator fn (e.g. a local polynomial estimator, or a neural network
etc.) over some chosen points xj ∈ [x]f . If the base estimator is sufficiently local2 (which is
guaranteed for local polynomials), this significantly reduces the variance of the MAVE relative
to the base estimator. This allows us to re-optimise the bias-variance trade off and achieve
dimension reduction. The dimensions reduced are precisely those of the level set, which

1This is made precise in chapter 3, where we give sufficient conditions for this to be an almost sure
statement.

2Here sufficiently local means that fn(x) is independent of fn(y) for points x, y that are sufficiently
separated for large n, and is defined precisely in assumption set (E) later.
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brings convergence to the same rate as for additive hypothesis classes or even parametric
rates (if x is an interior point of a d-dimensional level set).

When the level sets are unknown, one might hope that they can be estimated sufficiently
quickly to achieve this dimension reduction adaptively. In complete generality this is unlikely
to be true because estimating the level sets requires information about the derivatives of f ,
which are slower to estimate than the rate we seek to improve on. Thus, in this thesis we focus
on specific structures for submanifolds contained in the level sets of f . For example, we can
ask if we can estimate the largest hyperplane contained in [x]f . If these submanifolds can be
estimated sufficiently quickly, then we can hope that we can improve the rate of our estimator
by the dimension of these structures. Our estimation strategy is then straight forward: es-
timate the largest appropriate structure within the level sets and then use these for the MAVE.

This idea of estimating the largest hyperplane is in fact well studied from a different perspec-
tive: this is precisely the idea of sparsity (or more generally multi-index models). To see this,
simply note that if f does not depend on the coordinate xi, then the line {x + aei ∶ a ∈ R}
must be completely contained inside [x]f . The benefit of the submanifold perspective is that
we can think to expand to classes of non-linear structures too. By doing so we might lose
the speed at which we can estimate these level sets, and it is not immediately clear how
general we can make the class of submanifolds before we lose the ability to adaptively achieve
dimension reduction. In this thesis, we present the framework of symmetry, where we show
that considering the orbits of smooth proper actions3 of locally compact groups leads to a
set of possible level set sub-manifolds that is sufficiently constrained to achieve dimension
reduction adaptively.

We say that a function f is invariant under the action of a group G if f(x) = f(g ⋅ x)
for all x ∈ X and g ∈ G. If f is G-invariant, then the orbit [x]G = {g ⋅ x ∶ g ∈ G} must be
completely contained inside the level set [x]f . If G is acting smoothly and properly, then
these orbits are smoothly embedded submanifolds and we can apply the MAVE. This provides
a natural extension to sparsity and multi-index models, as the hyperplanes used to reduce the
dimension are really just orbits under a translation action on the covariate space. However,
we can easily consider other group actions such as rotations, or all rigid transformations (i.e.,
the group generated by all translations and rotations), which can now capture nonlinearity
in the level sets. These group actions are patterns in the function f and they tell us how to
borrow strength between estimates at different regions of the covariate space. Functions that
fit into each of these classes are shown in Figure 1.1. The level sets of these functions are

3A proper action is one for which the set of g ∈ G such that K ∩(g ⋅K′) ≠ ∅ is compact for any two compact
subsets K,K ′ ⊆ X . Further definitions can be found in section 2.3.
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(a) Sparse function (b) Symmetric Function (c) SLS Function

Fig. 1.1 Examples of functions exhibiting the different classes of level sets. The first
is the function f1(x) = sin(x2) which is 1-sparse because it does not depend on the
first coordinate. The second is f2(x) = sin(∥x∥2) which is symmetric because it is
invariant to the set of rotations around the origin. The third is f3(x) = x2

1+x1x2−x2
2

with smooth level sets (SLS). Blue colours represent the minimum value and yellow
the maximum for each function on [0,1]2.

shown in Figure 1.2.

x

[x]f1

x

[x]f2

x

[x]f3

(a) Sparse function (b) Symmetric Function (c) SLS Function

Fig. 1.2 Example level sets (bold lines) for the functions in Figure 1.1, at the point
x = (0.5,0.5).

Thus, we have three set of structures within the level set [x]f , in increasing generality:

{Hyperplanes through x} ⊆ {Orbits of x} ⊆ {Submanifolds containing x} (1.4)

Sparsity (and the generalisation to multi-index models, see the introduction in Chapter
4) asks the question: “what is the largest hyperplane through x contained in [x]f?”. This
question is known to be answerable sufficiently quickly to be useful for estimating f , allowing
for adaptive removal of the dimension of the true largest hyperplane. In Chapter 3 of this
thesis, we ask whether this is true of the question: “what is the largest submanifold through x
contained in [x]f?”? We show that it can have a positive answer under some relatively strong
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conditions. In Chapter 4 of this thesis, we consider the intermediate case: “what is the largest
orbit of some subgroup of G through x contained in [x]f?”. We show that estimating this
largest symmetry of [x]f improves performance both asymptotically and in finite samples,
and can achieve adaptive dimension reduction without the strong assumptions of Chapter
3. Lastly in Chapter 5, we consider inference for these symmetries of the level sets, giving
both hypothesis tests for the invariance to particular symmetries and a method for piecing
these tests together to estimate the largest applicable symmetry. In the following sections we
describe briefly the content in each chapter and how we achieve these results.

Chapter 2: Background

We start with a summary of: the nonparametric regression problem; the curse of dimen-
sionality; and classical methods, such as local polynomial regression and smoothing splines,
and their properties. We cover the mathematical background from differential geometry
including the definition of manifolds and how these become metric spaces. We then present
some group theory material to give us the language we will use to describe the symmetries of
regression functions. We give several examples of how this group theory is used in statistics
both implicitly through permutation tests through to explicitly in functional data registration.
We then cover some functional analysis of functions that obey symmetries; in particular, we
introduce the symmetrisation operator that projects functions in L2(X) to the closed linear
subspace of invariant functions. We describe how this operator (among other techniques) is
being used in regression to improve estimators in the machine learning literature and cover
some methods that attempt to discover symmetries from training data. Lastly, we mention
some methods used to estimate the sub-level sets of regression functions.

Chapter 3: Regression using Level Sets

In this chapter, we give a formal treatment of the manifold averaged estimator (MAVE).
We show how to deterministically construct points on the level set for smoothing the base
estimator and that this construction leads to faster pointwise mean squared error decay. We
consider the robustness of this estimator to misspecification of the level set and show that
any introduced bias is related to a local Hausdorff distance between the true level set and the
manifold used. We then show that even a naive estimate of the level set can lead to adaptive
dimension reduction, though only under some strong assumptions on the regression function.
We demonstrate this performance on some synthetic data.

5



Introduction

Chapter 4: M-Estimation of Maximal Symmetries

We then move to consider estimating only the largest orbit of a subgroup of some search group
G contained within the level set [x]f . We strengthen the pointwise convergence of the MAVE
from the previous chapter to give rates for the L2-risk of the MAVE when averaging over the
orbits [x]G in random design contexts. We give a metric structure on the space of subgroups
of a locally compact search group G and show that this space is totally bounded. This allows
us to define an M -estimator of the maximal symmetry of the regression function f over
finite δ-covers of this subgroups space. We then show that using the orbits of this estimated
symmetry leads to adaptive dimension reduction on the order of the highest dimensional
orbits contained in the level sets [x]f . This is then demonstrated on synthetic data for both
rotation symmetries and translation symmetries.

Chapter 5: Estimation of Maximal Symmetries via Subgroup
Lattices

The last chapter constructs an alternative estimator of the maximal symmetry of f that is
based on hypothesis tests for H0(G) ∶ f is G-invariant. The idea is that we can consider
the space of subgroups as a lattice, a kind of directed acyclic graph that has additional
structure. This structure allows us to reduce the problem to conducting tests along a lattice
base from which we can extrapolate to the rest of the lattice. We show that the tests of
H0(G) for the G in this lattice base lead to a confidence region within this lattice for the
maximal symmetry of f , and that the unique largest element in this region gives a consistent
estimate of the maximal symmetry (within the lattice considered, when the test is consistent).
We present two options for hypothesis tests: one that is shown to be consistent but that
requires knowledge of the noise distribution and one that does not require this at the cost
of computational power and guaranteed consistency. We demonstrate these tests and the
performance of the maximal symmetry estimator on synthetic data and on two collections of
real data. The first examines the Earth’s magnetic field and is able to reject the hypothesis
that it obeys the same symmetries as an idealised bar magnet.4 The second considers the
symmetries of the distribution of sunspots. We are able to show that whilst the distribution
of these sunspots appears rotationally symmetric when averaged over an entire solar cycle,
the distributions conditioned on time often do not exhibit the same symmetry.

4This agrees broadly with the geophysical literature, which hypothesizes that this is due to a combination
of non-uniform distribution of iron in the Earth’s crust and solar winds.
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Chapter 2

Background

In this chapter, we give the required background material for the content of this thesis. This
covers four main topics: statistics; geometry; group theory; and functional analysis, as well as
the connections between them. We assume that the reader has an understanding of topology,
including notions of neighbourhoods and homeomorphisms, and knowledge of the adjectives:
Hausdorff; second countable; compact; and locally compact. All other mathematical notation
used is covered in the list of symbols before the introduction.

2.1 Nonparametric Regression

Let X be the closure of any open subset of Rd or any other orientable smooth d-dimensional
manifold (defined in Section 2.2) such as the unit sphere Sd = {x ∈ Rd+1 ∶ ∥x∥2 = 1}. Let µ
be any Borelian probability measure (with respect to the topology on X ) that has support
supp(µ) = X . Suppose we collect data {(Xi, Yi)}ni=1 where Xi ∈ X and Yi ∈ R, and where:

Yi = f(Xi) + ϵi (2.1)

where ϵi are mean zero finite variance random variables that are independent of each other
and of all Xi, and f is an unknown regression function. The question in regression prob-
lems is to estimate f with some f̂ and to do so with minimal pointwise mean square error
MSE(f̂(x)) = E((f̂(x)−f(x))2) or minimal squared L2 risk E(∥f − f̂∥22). We usually assume
that we have a hypothesis class F ⊆ L2(X) of functions that f can belong to. This allows us
to use the information common to functions in F to design better estimators of f .

One simple class is that of linear functions on, for example, X = [0,1]d:

FLinear = {x↦ xT θ ∶ θ ∈ Rd} (2.2)
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Estimation of functions in this class can be done with a straightforward least squares estimator:

f̂(x) = xT (XTX)−1XTY (2.3)

where X = [X1, . . . ,Xn]T is the design matrix. Undergraduate statisticians learn that when
ϵi
iid∼ N(0, σ2) this estimator will have:

E(∥f − f̂∥22) ≤ Cn−1 (2.4)

for some positive constant C ∈ R>0 under appropriate design conditions and for sufficiently
large n. The next simplest class is to consider higher order polynomials, up to some degree k:

FPolynomial(k) = {x↦ ∑
α∶∣α∣≤k

θαx
α ∶ θα ∈ R} (2.5)

where α is a multi-index α = (α1, . . . , αd) ∈ Z≥0 with ∣α∣ = ∑ ∣αi∣, and xα = xα1
1 ⋯x

αd

d . We can
estimate f ∈ FPolynomial(k) using least squares again, but this time we have to embed our design
matrix in a higher dimensional space. We do this by picking a basis {ei}ℓi=1 for the polynomial
space FPolynomial(k) (usually the monomial basis given by {1, x1, . . . , xd, x

2
1, x1x2, . . .}) and

embedding X in the Vandermonde matrix:

Uk(X) =

⎡⎢⎢⎢⎢⎢⎢⎣

e1(X1) ⋯ eℓ(X1)
⋮ ⋱ ⋮

e1(Xn) ⋯ eℓ(Xn)

⎤⎥⎥⎥⎥⎥⎥⎦

(2.6)

We can then estimate f again using least squares:

f̂(x) = Uk(x)(Uk(X)TUk(X))−1
Uk(X)TY (2.7)

which has the same rate convergence as in equation (2.4) (in terms of n).

These classes are called parametric because they can be completely described by a fi-
nite number of parameters in the vectors θ. For such classes one can prove1 that this is the
best attainable rate, in the sense that:

inf̂
f

sup
f∈FPolynomial(k)

E(∥f − f̂∥22) ≥ inf̂
f

sup
f∈FLinear(k)

E(∥f − f̂∥22) ≥ cn−1 (2.8)

1Essentially as a consequence of the Cramér-Rao lower bound, adapted to cover biased estimators.
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for some c > 0. We can broaden these classes significantly to include all functions that are
Lipschitz, for example,

FLipschitz(L) = {f ∈ L2(X) ∶ ∣f(x) − f(y)∣ ≤ dX (x, y)} (2.9)

This class contains subsets of the polynomial (and linear class) that have derivatives bounded
by L. However, it also contains many other non-polynomial functions such as x↦ L sin(∥x∥2).
Because of these extra functions, this class cannot be identified with a finite number of
parameters and so we call them nonparametric. Computing least squares estimators is
much more computationally challenging for these classes. Moreover, one can establish a
similar lower bound to equation (2.8):

inf̂
f

sup
f∈FLipschitz(L)

E(∥f − f̂∥22) ≥ cn−
2

2+d (2.10)

for some positive constant c ∈ R≥0 (using Fano’s Lemma, see Tsybakov [2008]). This rate is
slower than the parametric rate for d > 0, representing the difficulty of estimating within this
broader class. Another family of classes we will consider are the Hölder Classes:

FHölder(L,β) = {f ∈ L2(X) ∩Ck(X) ∶ ∑
α∶0≤∣α∣≤k

∥∂αf∥∞ + ∑
α∶∣α∣=k

sup
x≠y∈X

∣(∂αf)(x)−(∂αf)(y)∣
d(x,y)β−k ≤ L}

(2.11)
for each L,β ∈ R>0 and where k = ⌈β⌉ − 1. This class has a similar lower bound:

inf̂
f

sup
f∈F

E(∥f − f̂∥22) ≥ cn
− 2β

2β+d (2.12)

where F = FHölder(L,β). When β = 1 this is just the Lipschitz class but when β > 1 the
derivatives of f allow us to better estimate f , and as β →∞ (for fixed d) this rate exponent
converges to the parametric rate of n−1. Other classes include the Sobolev classes and Besov
classes. These classes all have slower rates than the parametric classes, and all exhibit the
same dependence on dimension in these lower bounds. We will soon describe estimators that
achieve this worst case risk decay with this rate when X = [0, 1]d, which show that these are
so called minimax rates of estimation for the problem of estimating over these classes.

This dependence on dimension means that we suffer from a curse of dimensionality, which
means that the number of samples required to bring the worst case risk below a specified ε > 0
grows exponentially in d. This is markedly different from the classical parametric situation
where there is no dependence on dimension and represents the main problem we seek to
address in this thesis.
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2.1.1 Local Polynomial Estimators

The first technique we will examine adapts the polynomial regression above to non parametric
hypothesis classes. The key idea is that if we want to estimate f(x) then we should try to
estimate a Taylor series for f at the point x. We can do this by centering our polynomial
estimator above and excluding all data points outside some local ball of radius h, called the
bandwidth, denoted BX (x,h) = {u ∈ X ∶ dX (x,u) < h}. The degree of this approximation
should be the number of derivatives of f , which we take from the properties of our hypothesis
class F . This reasoning leads to an estimator of the form:

f̂k,h(x) = Ukx,h(x)(Ukx,h(X)TWx,hU
k
x,h(X))

−1
Ukx,h(X)TWx,hY (2.13)

where Ukx,h(X) = Uk((X − x)/h) and W is a diagonal matrix with Wii = h−11Xi∈BX (x,h). We
typically use the monomial basis here for ease of applying Taylor’s theorem to control the
bias. Also note that we could, of course, weight the contributions by factors that depend on
a distance from x, but this is not necessary for this thesis.

This estimator has attractive properties: it is linear in Y , which aids in the theoretical
analysis of this estimator; it is highly interpretable because we can say precisely how the
data affects the estimates; and it is strongly local, in the sense that for points that have
dX (x, y) ≥ 2h, their estimates are independent after conditioning on the covariates.

The theoretical analysis of this estimator is due to Stone [1977]. There it is shown that this
estimator has:

Bias(f̂k,h(x)) ≤ Bhβ (2.14)

Var(f̂k,h(x)) ≤
V

nhd
(2.15)

for some positive constants B and V , when f ∈ FHölder(L,β) under appropriate conditions
on the design regime. The bias bound comes from the fact that the approximation error
of the Taylor polynomial of f at the point x is controlled on the order of hβ for regression
functions in the Hölder class. The variance bound comes from the fact that the expected
number of data points with Xi ∈ BX (x,h) is on the order of n × Vol(BX (x,h)) ≍ (nhd)−1

when Xi
iid∼ U([0,1]d) or under many other design regimes.

Now the pointwise mean squared error of f̂k,h(x) is the sum of the variance and the squared
bias, so we can use the bounds above to see:

E((f̂k,h(x) − f(x))2) ≤ B2h2β + V

nhd
(2.16)
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for all f ∈ FHölder(L,β) and sufficiently large n under some conditions on the design regime.
We can then optimise this bound over our choice of h ∈ R>0, leading to an optimal bandwidth
selection of h = an−1/(2β+d), and thus we get the bound:

sup
f∈F

E((f̂(x) − f(x))2) ≤ Cn−
2β

2β+d (2.17)

for sufficiently large n, where F = FHölder(L,β) and C is a positive constant that depends
only on L, β, and d. Thus, this estimator achieves the minimax rate of equation (2.12). This
strategy does require us to know β, both for the computation of the optimal bandwidth and
for the selection of the degree of the polynomials that we fit.

We will later also need to understand the convergence of the polynomial coefficients. Suppose
for now that the noise is Gaussian and homoskedastic with variance σ2, and that X = [0, 1]d.
Let f(X) = [f(X1), . . . , f(Xn)]. If we define the estimate:

θ̂ = (Ukx,h(X)TWx,hU
k
x,h(X))

−1
Ukx,h(X)TWx,hY (2.18)

then we have:
θ̂ ∼ N(An,x,hf(X), σ2(Ukx,h(X)TWx,hUx,h(X))−1) (2.19)

where An,x,h = (Ukx,h(X)TWx,hU
k
x,h(X))−1Ukx,h(X)TWx,h. Asymptotically, if:

1
nhd (Ukx,h(X)TWx,hU

k
x,h(X)) → Q (2.20)

for some positive definite matrix Q, then the distribution above allows us to show that:

E(∥θ̂ −An,x,hf(X)∥22) ≤ C
nhd (2.21)

for sufficiently large n. This also holds for many other choices of noise distribution, including
all sub-Gaussian distributions because this MSE depends only on the first two moments of θ̂.
Note that the constant depends on the minimal eigenvalue of Q which depends on the design
regime, but it does not depend on f . This assumption is usually ensured by conditions on
the design regime and is satisfied by most regimes that are “sufficiently uniform”, such as a
rectangular design with points X(i) spaced evenly along each coordinate axis. If f restricted
to B(x,h) is equal to a polynomial p(u) = Ukx,h(u)θp,x,h on this ball, then:

An,x,hf(X) = (Ukx,h(X)TWx,hU
k
x,h(X))−1Ukx,h(X)TWx,hU

k
x,h(X)θp,x,h = θp,x,h (2.22)

This is a property known as the “reproducing polynomial effect”. This is the analysis that
leads to the bias above above; f is equal to its Taylor series plus a term that decays on the

11



Background

required order of hβ. For such functions f , we would thus have:

E(∥θ̂ − θp,x,h∥22) ≤ C
nhd (2.23)

Note that the coefficients in θp,x,h depend on the center x and scale h of Ukx,h even if the
polynomial p does not.

2.1.2 Projection Estimators

Another approach utilises Fourier analysis, noting that L2(X) is a separable Hilbert space.
This allows us to chose an orthonormal basis {ϕi}∞i=1 for L2(X), in which we can express our
regression function as:

f(x) =
∞
∑
i=1
⟨f, ϕi⟩ϕi(x) (2.24)

if the sum of the squares of the coefficients θj = ⟨f, ϕj⟩ is convergent. Each coefficient θj in
this expansion then has a natural estimator:

θ̂j = 1
n

n

∑
i=1
Yiϕj(Xi) ≈ ∫X f(x)ϕj(x)µ(dx) = θj (2.25)

when the covariates are sampled iid from the integrating measure in our L2 space or follow
an appropriate fixed design regime. Each estimate can be very simply analysed:

E(θ̂j ∣ DX) = 1
n

n

∑
i=1
f(Xi)ϕj(Xi) (2.26)

Var(θ̂j ∣ DX) = Var( 1
n

n

∑
i=1
ϵiϕj(Xi)) =

σ2

n2

n

∑
i=1
ϕj(Xi)2 (2.27)

Thus, the conditional bias is just the error from having finite data rather than integrating
over the space, and the conditional variance is just σ2n−1 but scaled by the approximation
of ∥ϕj∥22 = 1 using the discrete integral over the finite data. When Xi

iid∼ µ, we can take
expectations further and find:

E(θ̂j) = ⟨f, ϕj⟩ (2.28)

Var(θ̂j) = E(Var(θ̂j ∣ DX)) +Var(E(θ̂j ∣ DX)) (2.29)

= 1
n
(σ2 + ⟨f2, ϕ2

j ⟩ − ⟨f, ϕj⟩2) (2.30)

Thus, each estimator is unbiased and converges in distribution to the true value. We can
then use these estimators to form an order N projection estimator of f :

f̂N(x) =
N

∑
j=1

θ̂jϕj(x) (2.31)
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2.1 Nonparametric Regression

The integrated mean squared error of this estimator then can be decomposed using the
orthogonality of the basis into the sum of the errors of the N coefficients used and the bias
from the remaining coefficients:

E(∥f̂N − f∥22) =
N

∑
j=1

E((θ̂j − θj)2) +
∞
∑

j=N+1
θ2
j = 1

n

N

∑
j=1
(σ2 + ⟨f2, ϕ2

j ⟩ − θ2
j )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Variance term

+
∞
∑

j=N+1
θ2
j

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
Bias2 term

(2.32)

(note that these terms are not precisely the variance and squared bias of this estimator, but
they do behave much like the are in the analysis that follows). If we make a concrete choice
and consider the trigonometric basis for the space L2([0,1]):

ϕ1(x) = 1 (2.33)
ϕ2j =

√
2 cos(2πjx) (2.34)

ϕ2j+1(x) =
√

2 sin(2πjx) (2.35)

then we can describe a functional class for integer β and positive real L given by:

FPeriodic(L,β) = {
∞
∑
j=1

θjϕj ∈ L2(X) ∶
∞
∑
j=1

a2
jθ

2
j ≤ L} (2.36)

where aj = jβ if j is even and aj = (j − 1)β if j is odd. This class can be shown to be
precisely identified with the periodic Sobolev class (Tsybakov [2008], Proposition 1.14). When
considering this functional class, we can bound the squared bias term using the monotonicity
of the a terms: ∞

∑
j=N+1

θ2
j ≤ a−2

N+1

∞
∑
j=1

a2
jθ

2
j ≤ La−2

N+1 ∈ O(N−2β) (2.37)

Thus, we have a very similar situation to the case of local polynomial regression, where the
squared bias is controlled on the order (1/N)2β . The variance term can similarly bounded if
we assume that supj∈Z>0⟨f

2, ϕ2
j ⟩ − θ2

j ≤ A, in which case:

1
n

N

∑
j=1
(σ2 + ⟨f2, ϕ2

j ⟩ − θ2
j ) ≤

(σ2 +A)N
n

∈ O(1/(nN−1)) (2.38)

again showing that N−1 behaves like the choice of h for local polynomials. Thus, an optimal
choice of N in this case would be

N = ⌊an
1

2β+d ⌋ (2.39)

note that here d = 1 only, and extensions to higher dimensional analogues take some work.
Note that many other choices of basis functions are possible, including polynomial bases or
wavelet bases.
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One can also show that the estimator of the coefficients (θ1, . . . , θN) (at least in the trigono-
metric basis) is the solution to the minimisation problem:

θ̂ = argmin
θ∈RN

n

∑
i=1
(Yi −

N

∑
j=1
(θTj ϕj(Xi)))

2
(2.40)

This approach generalises quite broadly, and other solutions are called nonparametric least
squares estimators. It also allows for regularisation approaches, where we can penalise the
minimisation function with ∑Nj=1 λjθ2

j or ∑Nj=1 λj ∣θj ∣, much akin to parametric alternatives of
ridge regression [Hoerl and Kennard, 1970] and the Lasso [Tibshirani, 1996].

2.1.3 Cubic Smoothing Splines

The last major technique in nonparametric regression is to fit a smoothing spline, which
we again consider in the one dimensional case here, where X = [a, b] ⊆ R. We say that a
function m ∶ X → R is a natural cubic spline with knots x1, . . . , xn if: (1) the restriction
to each interval [xi, xi+1] is a cubic polynomial; (2) m has a continuous second derivative
on (a, b); and (3) m is linear on the intervals [a, x1] and [xn, b]. Note that (2) completely
determines the linear components. It can be shown that a natural cubic spline minimises
∫X m′′(x)2dx over all absolutely continuous functions. This leads to a very natural estimator
of a non-parametric regression function with data {(Xi, Yi)}ni=1:

fn = argmin
m∈S2([a,b])

m

∑
i=1
(Yi −m(Xi))2 + λ∫

b

a
m′′(x)2 dx (2.41)

where S2([a, b]) is the space of functions with absolutely continuous first derivatives. It can
be shown that this minimiser exists for all λ ∈ R>0 and is a natural cubic smoothing spline with
knots at X1, . . . ,Xn. The parameter λ controls the balance between fitting the data and the
smoothness of fn. Smaller λ leads to a closer fit but higher variance, and larger λ smooths out
the estimate. This hyper-parameter can be fitted automatically with cross-validation. This
approach, as with projection estimators, has a computational benefit over local polynomial
fitting because it finds a global solution in one step rather than computing fn(x) at each
point x separately. This approach can be extended to higher dimensions, as with thin plate
splines [Duchon, 1977] where the second derivative term is replaced by the Laplacian of m.

2.1.4 Sparsity

When the dimension of the covariate space is high, the slow convergence of minimax estimators
can be problematic. One way to improve on this is to exploit lower dimensional structure
in the regression function f . The primary way to do this has been through the notion of
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2.1 Nonparametric Regression

(covariate) sparsity. We say that a function f ∶ X → R (for a d-dimensional subset X ⊆ Rd) is
s-sparse if there is a set of indices J ⊆ {1, . . . d} of size s such that f(x) = f(x + aej) for all
x ∈ X , for all a ∈ R with x + aej ∈ X , for all j ∉ J .

Any oracle that knows the set J would be expected to perform with a rate that depends
on the dimension s rather than d. This can be achieved by projecting the covariate vectors
Xi to the lower dimensional space of X ∩ Span(ej ∶ j ∈ J ) and doing the regression of Yi
against these projections. The performance of this estimator would thus depend only on the
dimension of this smaller space.

When the set of important variables is unknown we might hope that estimating the set J
can be done sufficiently quickly to recoup this performance benefit. One estimator that
succeeds in this is the RODEO [Lafferty and Wasserman, 2008], which replaces the bandwidth
parameter in a local polynomial estimator fn with a bandwidth vector h = (h1, . . . , hd), so the
local ball would be a local ellipsoid with radii determined by these bandwidths. The key idea
is to shrink the bandwidth in the directions that correspond to important directions and leave
bandwidth in the other directions large. This is achieved by a careful consideration of the
derivatives of fn(x;h) with respect to each bandwidth component—unimportant directions
might be expected to have ∂fn(x;h)/∂hj smaller in magnitude than for the directions that
are important. In the RODEO, directions that have this derivative larger than some well
chosen threshold are excluded from the estimate of J . It is shown that using the projection
determined by this threshold almost achieves the same rate as the oracle (i.e., the exponent
differs by a small negative ϵ).

Other notions of sparsity exist: for example, the function f may be sparse in a Fourier basis,
where it may be equal to a finite sum ∑j∈J θjϕj as would be encouraged by a Lasso type
penalty of on a nonparametric least squares estimator. To differentiate these ideas, we often
refer to the notion above as covariate sparsity instead of just sparsity.

2.1.5 Additive Models

Another classical approach to improving on the curse of dimensionality is to assume that the
regression function f has an additive structure:

f(x1, . . . , xd) =
d

∑
j=1

fj(xj) (2.42)

where each term in the sum is a function fj ∶ R → R in a smoothness class, for example
fj ∈ FHölder(L,β). If we knew the other functions fj , then it would be easier to learn with a
rate of L2 risk decay of n−2β/(2β+1) rather than n−2β/(2β+d) for the overall function. Of course
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in practice we do not know the other functions, and so we would implement an iterative
approach that fits each fi in sequence, removing the estimates from the observations at each
step until we reach some convergence criterion. This approach is very attractive for statistical
reasons: the class of Hölder additive functions FAdditive ⊆ FHölder(L,β) is very broad in the
sense that most functions in the general class can be well approximated by additive functions,
and the convergence to this best additive approximation is fast [Stone, 1985]. However, this
approximation error will introduce bias for functions that are not additive. Estimation of
additive functions can be done through backfitting [Breiman and Friedman, 1985] or after
projection pursuit [Friedman and Stuetzle, 1981].

2.1.6 Other Dimension Reduction Techniques

As a final note, “dimension reduction” also sometimes refers to the problem of reducing
X to a submanifold on which µ is concentrated [Bickel and Li, 2007]. This problem bears
a resemblance to the problems we will tackle later in that all seek to find an optimal
representation of the covariates in a simpler space, but we will not require that the sampling
measure µ is concentrated. Instead, we will seek to find representations that reduce dimension
based on the structure of the regression function rather than covariates. This distinction is
paralleled by the difference between doing Principal Component Analysis (PCA) then linear
regression on the principal components compared to Partial Least Squares (PLS) [Wold, 1966].
In the first case, only the covariate distribution is considered in the dimension reduction, and
it is argued in Abdi [2003] that this causes problems if dimensions in which f varies highly
are ignored.

2.2 Manifolds and Differential Geometry

In statistics, we typically deal with points in linear spaces: real numbers, vectors in Rd, or
functions in Lp spaces. Sometimes the objects we wish to describe live in non-linear sets,
for example the set of probability density functions on R cannot be added because their
sum would integrate to 2, and we certainly cannot scale these densities by any real number
other than one. Similarly the space of compass bearings, [0○,360○), cannot simply be added
because we can go out of this interval. Another problem is that we would also like ϵ○ to be
“close” to (360 − ϵ)○ for small ϵ > 0 because these directions would be close on the compass,
but the Euclidean metric on the interval would mark these as very different.

Instead, these more complicated spaces require us to consider the field of differential geometry.
The common piece of these spaces we will describe is that look locally (i.e., on a small
enough neighbourhood of each point) like a vector space but can globally take on much
more complicated structures. We call such spaces manifolds, which we will briefly define and
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explore some properties of. This field has numerous applications in statistics, particularly
in directional statistics [Mardia and Jupp, 2009], object oriented data analysis [Marron and
Dryden, 2021], shape analysis [Huckemann et al., 2010], and many more.

A d-dimensional smooth manifold is a Hausdorff and second countable topological
space that is covered by a collection of open sets Ua with homeomorphisms ϕa ∶ Ua → Rd

such that the transition maps ϕb ○ ϕ−1
a are infinitely differentiable for all a, b. Examples are

Rd itself, the open subset (0,1)d, or the sphere Sd = {x ∈ Rd+1 ∶ ∥x∥2 = 1}, well known in
directional statistics [Mardia and Jupp, 2009]. The first two examples only require one open
set (themselves) and homeomorphism (the identity map). The sphere requires two open
sets (for which there are many choices) and so in this we must ensure that the transition
maps for the chosen sets and maps are indeed smooth. Some topological spaces cannot
be given a manifold structure: for example {(a,0) ∶ a ∈ R} ∪ {(0, b) ∶ b ∈ R≥0}, which has a
singularity at the point (0, 0) that cannot be mapped smoothly to an open subset of Rd. We
will also sometimes consider manifolds with boundaries, such as the (closed) unit hypercube
[0, 1]d, though only the interior is a smooth manifold. When referring to such manifolds with
boundary as smooth manifolds, we will typically mean their interior unless otherwise stated.

At each point x in a smooth manifold M we can attach a copy of Rd called the tan-
gent space, written TxM, where each element corresponds to an equivalence class of smooth
curves γ ∶ [−1,1] →M with γ(0) = x and with equal derivatives at 0. Each curve γ can be
given a length by L(γ) = ∫ 1

−1 ∥γ′(t)∥2 dt, where the norms are taken in the tangent space at
γ(t). This in turn gives a metric space structure on M, where dM(x, y) = infγ L(γ) where
the infimum is taken over all piecewise smooth curves γ with γ(−1) = x ∈ M and γ(1) = y ∈ M.

We call a subset M′ ⊆ M an immersed submanifold if the inclusion map ϕ ∶ M′ →
M ∶ x↦ x has an everywhere injective derivative. An immersed submanifold is called embed-
ded if ϕ is also a homeomorphism (i.e., it preserves topology). Every smooth manifold M
can be isometrically embedded in Rk for some k > d, a result known as the Nash Embedding
Theorem [Nash, 1956]. This means that curves through M have the same length as they
would when integrated in the embedding space, and so the distance between points in the
manifold is bounded from below by the distance in the embedding Euclidean space. When
we embed a manifoldM into Rk in this way we also have a natural embedding of the tangent
spaces TxM each as an affine hyperplane through the point x. We can then also define the
normal space of M at x as the orthogonal complement of this affine space at the point x.
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2.3 Symmetries and Group Theory

We now cover the mathematical background of symmetries. These are best described using
the language of group theory, a field that was born out of the study of the symmetries of
polynomial equations [Lang, 2012]. It has since found applications broadly across mathemat-
ics, including in number theory, differential equations, particle physics, and within statistics
in the examples in the next section [Kleiner, 1986]. This field abstracts the notion of the sets
of transformations Ψ from the introduction to study the properties of these sets because they
often have similar structure. This abstraction will be important because it opens up some of
the techniques we will exploit in our methods later.

A group is a set G with an associative binary operation (or multiplication) (a, b) ↦ ab ∈ G
such that: there is an identity element e ∈ G with eg = ge = g for all g ∈ G; and there are
inverses g−1 with g−1g = gg−1 = e for all g ∈ G. We call a group with one element, {e}, the
trivial group and denote2 it by I.

Example 1. Consider the set of matrices that rotate vectors in R2 around the origin:

SO(2) = {Rθ ∶ θ ∈ [0,2π)} where Rθ =
⎡⎢⎢⎢⎢⎣

cos θ − sin θ
sin θ cos θ

⎤⎥⎥⎥⎥⎦
(2.43)

and the usual matrix-multiplication product as the group multiplication. We know that this
set has an identity element, given by the rotation matrix R0 which is the identity matrix on
R2, and thus has RθR0 = R0Rθ = Rθ for all Rθ ∈ SO(2). We also know that every rotation
Rθ has an inverse given by R2π−θ ∈ SO(2), because the composition of these rotations will
leave any vector unchanged. Therefore, this set with matrix multiplication does indeed form a
group.

Example 2. Consider the subset of SO(2) given by rotations of angles with magnitude at
most π/2. This set does not form a group under matrix multiplication because the product of
Rπ/2Rπ/2 is not in this set. We could however choose an alternative multiplication, for example
(Rθ,Rϕ) ↦ Rψ where ψ = (θ+ψ)/2 mod 2π. Now the set is closed under compositions because
the angle of any composition will have magnitude at most π/2. Moreover, it clearly contains
the identity and all inverses and so does indeed form a group. This illustrates that the choice
of multiplication matters.

If A is a subset of a group G, then we say that it is a subgroup of G if it is closed under the
multiplication of G; i.e. ab ∈ A for all a, b ∈ A. If A is any subset of G, then the intersection
of all subgroups of G that contains A is called the group generated by A. We write ⟨A⟩ for

2Note that we also sometimes use I to mean the identity matrix, but usually mark these with subscripts of
the dimension of the matrix.
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this group, or ⟨a1, a2, . . . ⟩ for elements ai ∈ G, or ⟨A1,A2, . . . ⟩ for the group generated by the
union of subsets Ai of G.

A group G acts on a domain X via a map ⋅ ∶ G × X → X with the properties that e ⋅ x = x
and g ⋅ (h ⋅ x) = (gh) ⋅ x for all g, h ∈ G and x ∈ X . This means that the maps g⋅ ∶ X → X are
the bijections ψ from the introduction. We will usually assume that all group actions are
faithful, which means that if g ⋅ x = x for all x ∈ X then g = e. A group action partitions
the domain X into orbits of the form [x]G = {g ⋅ x ∶ g ∈ G}. We call the set of orbits the
quotient space of the action and write it as X/G.

Example 3. Consider the group SO(2) of 2D-rotations from Example 1, and consider the
domain R2. This group has a very natural action on these two vectors—we can just multiply
them by the group elements. This would just mean Rθ ⋅ x = Rθx, which clearly has all of the
desired properties of a group action. In fact, matrix multiplication forms the prototypical
example of a group action. This action is faithful, because if Rθx = x for x = (1,0)T , then
Rθ = I2. The orbits of this action are circles centered at the origin, because we can rotate
any vectors of the same length onto each other. Therefore, the quotient space of this action
can be described by the ray {(a,0)T ∶ a ∈ [0,∞)} because each circle can be uniquely defined
by its intersection with this ray.

Example 4. Again consider the group SO(2) but now let the domain X be R3. We can let
this group act on this domain in many different ways. A classical choice is to pick a unit
vector u ∈ R3 and then set:

Rθ ⋅ x = (cos θ)x + (sin θ)(u × x) + (1 − cos θ)(u ⋅ x)u (2.44)

This is known as Rodrigues’ rotation formula [Rodrigues, 1840]. In this case, the group action
rotates x around the chosen axis u by the angle θ. In this case the orbits are still circles but
now with centres along the line through u, i.e., [x]SO(2) is the circle of radius

√
∥x∥22 − ⟨x,u⟩2

centred at ⟨x,u⟩u. Thus, the quotient space is identified with a set of rays orthogonal to u

with roots along u.

Example 5. Lastly, again consider the group SO(2) but now let the action be given by
Rθ ⋅ x = x ∈ R2 for all Rθ ∈ SO(2). In this case, the action is called trivial and is clearly not
faithful.

If the group G has a topology that agrees with the group multiplication, in the sense that
(g, h) ↦ g−1h is continuous, then we say that G is a topological group. When we use
topological adjectives (e.g. compact, Hausdorff, etc.) for a group, we assume that the group
and topology agree. We consider only locally compact groups in this paper, which means
that every element g ∈ G has a compact neighbourhood g ∈ U ⊆ N for some open U .
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Example 6. Consider two topologies on the group SO(2). The first we take as the topology
induced by the Frobenius metric on the matrices:

dFrob(Rθ,Rϕ) = 2(cos θ − cosϕ)2 + 2(sin θ − sinϕ)2 (2.45)

In this topology it is straightforward to check that the map Rθ,Rϕ ↦ R−1
θ Rϕ is indeed con-

tinuous and so forms a topological group. This topological group is compact, Hausdorff, and
second countable.

The second topology to consider is very coarse, just generated by the single proper non
trivial open set {R0}. In this case, the inverse image of this open set under (g, h) ↦ g−1h is
the diagonal set {(Rθ,Rθ) ∶ Rθ ∈ SO(2)}, but this is not open in the product topology. Thus,
this map is not continuous and so SO(2) with this topology is not a topological group.

A stronger condition is that G (as a set) also admits a differential manifold structure, which
must also agree in that the map above is smooth. We call such a group a Lie group. When
we use the notion of dimension of a group we are referring to a Lie group G. As a manifold,
it must necessarily be Hausdorff and second countable, and admit a metric (in the sense of
distance) dG ∶ G ×G→ [0,∞).

Example 7. As shown in the previous section the set S1 = {x ∈ R2 ∶ ∥x∥2 = 1} is a smooth
manifold. If we identify rotations Rθ with points (cos θ, sin θ) ∈ S1, we can give the group
SO(2) the same smooth structure as the circle S1. With this manifold structure one can
check that the map (g, h) ↦ g−1h is smooth and so SO(2) forms a Lie group. From now when
we consider this group we will consider it as a Lie group with this manifold structure.

If G is a locally compact group, then there exists a Borel measure Γ on G such that
Γ(A) = Γ({ga ∶ a ∈ A}) for all measurable A and all g ∈ G. Moreover, this measure is unique
up to scaling, and we call such Γ a (left) Haar measure on G [Haar, 1933]. When G is
compact, we can normalise any left Haar measure to give a uniform distribution on the group,
U(G).

Example 8. In the case of SO(2) as a Lie group, we can construct a left Haar measure Γ
by taking:

Γ(A) = λ({θ ∶ Rθ ∈ A}) (2.46)

where λ is the Lebesgue measure on [0,2π), for any open set A ⊆ SO(2). When normalised
by 1/2π, this is precisely the uniform distribution on the unit circle. It is left shift invariant,
because

Γ({RθRϕ ∶ Rϕ ∈ A}) = λ({θ + ϕ mod 2π ∶ Rϕ ∈ A}) = λ({ϕ mod 2π ∶ Rϕ ∈ A}) (2.47)

This is a consequence of the shift invariance of the Lebesgue measure.
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If a topological group acts on X , we will usually assume that the action is continuous (in
the product topology on G ×X ), and when a Lie group acts we will usually assume that the
action is smooth. In the case of a locally compact Lie group acting smoothly and faithfully
on X , the orbits [x]G are themselves immersed sub-manifolds of X . If the action is also
proper, i.e., inverse images of compact sets under the map (g,m) ↦ (m,g ⋅m) are compact,
then the orbits are in fact smoothly embedded submanifolds [Lee, 2013].

Example 9. In the example of SO(2) acting on R2 by matrix multiplication, we have a
smooth proper faithful action of a compact (and thus locally compact) group and so must have
smoothly embedded orbits. Indeed, these are each circles centred at the origin in Rd which are
indeed smooth embedded submanifolds of R2.

The Principal Orbit Type Theorem [Dieck, 1987] says that there is a “generic” topology for
orbits of a smooth proper action of a compact group G, i.e., that there is an open dense
subset U ⊆ X with orbits [x]G that are pairwise diffeomorphic for all x ∈ U , and such x are
called regular points of the action. In particular, the dimension of these principal orbits
is the reduction we can achieve by symmetrising the estimator, which we denote dG with a
superscript to distinguish from a metric on the group with a subscript dG. For non-compact
groups we may lose this guarantee of almost sure regularity, but because we will only consider
proper actions there is still a maximal dimension orbit type (as all orbits are embedded
submanifolds) and we call all points x ∈ X with this maximal dimensional orbit a regular
point of the action too. All non-compact group actions considered (usually just translations
of linear spaces) will have their set of regular points form a dense subset of X so we will refer
to these orbits as principal type orbits too.

Example 10. Continuing the same example of SO(2) acting naturally on R2, we have a
smooth proper action of a compact group. Thus, this theorem says that almost all of the orbits
will have the same dimension; in this case it is the dimension of the circles that most of the
orbits take. The singular exception to this is the circle of radius 0, which is a 0 dimensional
submanifold instead.

When the base space X has a metric dX it descends to the quotient space of a group action
if the action is proper. This has a simple form:

dX/G([x]G, [y]G) = inf
g,h∈G

dX (g ⋅ x,h ⋅ y) (2.48)

When the action is not proper, this infimum can be 0 for all points x, y even if they are in
distinct orbits so this no longer forms a strict metric. As an example, consider the action of
R>0 by scaling on Rd: all orbits meet at the origin and so the right hand side above is 0. In
these cases it is often possible to construct alternative metrics on the quotient space, in this
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case an option would be:

dRd/R>0([x]R>0 , [y]R>0) = arccos ( ⟨x,y⟩
∥x∥2∥y∥2 ) (2.49)

This comes from picking a unique representative of each orbit (in this case on the unit sphere)
and using a distance between these.

2.3.1 Important Examples of Groups

We now consider several other important groups that will be used in the examples in this
thesis. These fall into three main categories: discrete symmetries that we often describe as
permutations; continuous symmetries that are described by matrices; and a few other exotic
examples.

Discrete Symmetries

One of the most common groups encountered are permutation groups, defined as follows. Let
A be any set and consider the set of bijections ϕ ∶ X → X which we denote Sym(A). This
set of bijections, with the multiplication of function composition, form a group because: it
contains the identity e ∶ x↦ x as this is bijective; the composition of two bijections is bijective;
and the inverse of any bijection is bijective. When A is finite these permutations groups are
given the discrete topology and have order ∣A∣!. Permutation groups are interesting because
of their subgroups; Cayley’s theorem says that every group can be expressed as a subgroup
of Sym(A) for some set A. Usually we are interested in subgroups that preserve specific
structures.

One example of this is the dihedral group of the square embedded in R2, given by
D4 = {I,Rπ/2,Rπ,R3π/2,Rh,Rv,R/,R/} where:

I =
⎡⎢⎢⎢⎢⎣

1 0
0 1

⎤⎥⎥⎥⎥⎦
Rπ/2 =

⎡⎢⎢⎢⎢⎣

0 −1
1 0

⎤⎥⎥⎥⎥⎦
Rπ =

⎡⎢⎢⎢⎢⎣

−1 0
0 −1

⎤⎥⎥⎥⎥⎦
R3π/2 =

⎡⎢⎢⎢⎢⎣

0 1
−1 0

⎤⎥⎥⎥⎥⎦

Rh =
⎡⎢⎢⎢⎢⎣

−1 0
0 1

⎤⎥⎥⎥⎥⎦
Rv =

⎡⎢⎢⎢⎢⎣

1 0
0 −1

⎤⎥⎥⎥⎥⎦
R/ =

⎡⎢⎢⎢⎢⎣

0 1
1 0

⎤⎥⎥⎥⎥⎦
R/ =

⎡⎢⎢⎢⎢⎣

0 −1
−1 0

⎤⎥⎥⎥⎥⎦

This group of matrices has the property that if A = {a1, a2, a3, a4} ⊆ R2 form the vertices of a
square centred at the origin then g ⋅A = {g ⋅ ai ∶ ai ∈ A} = A, thus preserving the square. This
group can be expressed as a subgroup of the permutation group Sym(A) by considering the
reordering of the vertices after the reflections and rotations above, e.g., Rh swaps the position
of a1 with a2 and of a3 with a4. Dihedral groups of other regular polygons are described
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2.3 Symmetries and Group Theory

very similarly, as are the symmetry groups of the five platonic solids (the only regular 3D
polyhedra).

Continuous Symmetries

This thesis will later focus primarily on continuous groups because these offer orbits with
positive dimension, which leads to improvements on the curse of dimensionality. Most of
these groups will be described as subgroups of the general linear group GL(X) = {T ∶
T is an invertible linear operator X → X} when X is a linear space such as Rd. These groups
all act by applying the transformation to the points unless specified otherwise. When X
is a d-dimensional vector space over R we sometimes write GL(d), and identify the linear
operators in GL(d) with their matrix representations A = (Te1, T e2, . . . , T ed) in some chosen
basis {ej}dj=1.

The special linear group written SL(d) is the subgroup of GL(d) consisting of all A
with det(A) = 1. The orthogonal group written O(d) consists of all A such that ATA = I.
The special orthogonal group written SO(d) consists of the intersection of the special
linear and orthogonal groups on X and is the prototypical example of a compact group in
this paper. It has appeared in statistics in nearly all of the cited work so far [Mardia and
Jupp, 2009, Kendall, 1984]. The group SO(2) is homeomorphic (i.e., topologically equivalent)
to the complex unit circle S1 = {z ∈ C ∶ ∣z∣ = 1}, and in fact this circle forms a group under
complex multiplication that is also algebraically equivalent3 to SO(2). We frequently use
these notations interchangeably. There are infinitely many subgroups of SO(3) that are
equivalent to S1, corresponding to rotations of the hyperplane orthogonal to a unit vector u.
To distinguish these as subgroups of SO(3) we write S1

u.

The group of affine transformations of Rd consists of all invertible transformations for
which the image of a line is also a line. This group contains all inveritble linear transforma-
tions, and so is a supergroup of GL(d) that also contains translations x↦ x+ v. Every affine
transformation can be represented by a matrix A ∈ GL(d) and a translation v ∈ Rd and takes
x↦ Ax+v. The affine group is not a proper action because of the scalings—the inverse image
of a neighbourhood of 0 is the whole space. It does have a subgroup, the Euclidean Group,
consisting of all rotations, translations, and reflections of Rd (i.e., all isometries of this space)
which does have a proper action. Within this there is also the Special Euclidean Group
of translations and rotations, i.e., the group of all rigid motions of Euclidean space.

3i.e., isomorphic, which means that there is a bijection ψ ∶ SO(R2
) → S1 with ψ(R1R2) = ψ(R1)ϕ(R2) for

all R1,R2 ∈ SO(2).
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Other Groups

There are many other groups of interest in particular situations. Importantly, it is sometimes
worth changing the multiplication from the standard one to a more exotic one to allow
us to access other properties of groups for their study. One example of this is the set of
(non-degenerate) covariance matrices, i.e., positive definite (PD) matrices in the set Sym>0(d).
This set have an obvious group multiplication given by matrix multiplication: any product of
PD matrices is also PD and so is the matrix inverse of any PD matrix. However, this is not
the only possible multiplication. Consider the multiplication ⊕ defined by:

A⊕B = expId
(logId

A + logId
B) (2.50)

where expId
and logId

denote the matrix exponential map expI(X) = I +∑∞k=1Xk/k! and the
logarithm map (given by the inverse of expI), each based at the identity matrix Id ∈ Sym>0(d).
It is straightforward to check that this operation is associative from the properties of these
maps, and we are guaranteed that A⊕B ∈ Sym>0(d) because this contains the range of expId

.
For inverses, note that

A⊕A−1 = expId
(logId

A + logId
A−1) (2.51)

= expId
(logId

A − logId
A) (2.52)

= Id (2.53)

where A−1 is the usual inverse in the matrix sense. Thus, Sym>0(d) forms a group with the
multiplication ⊕, which has the additional property of being commutative, A⊕B = B ⊕A,
unlike the usual matrix multiplication. This is useful because it allows us to explore additive
models for a covariance matrix Σ given covariates X1, . . . ,Xd ∈ R:

Σ =M ⊕m1(X1) ⊕⋯⊕md(Xd) ⊕ ξx (2.54)

where M is a mean covariance matrix (in the Fréchet sense), each function mi ∶ R→ Sym>0(d),
and ξx iid∼ ν is a noise term taking values in Sym>0(d) too. Estimation of these functions can
then be done analogously to the case of additive models in regression (see Section 2.1.5). This
is precisely the approach of Lin et al. [2023] where this is applied to a problem in diffusion
tensor imaging.

2.4 Invariant Functions

We now describe the structure of the functions we will exploit for faster regression. This
comes from an invariance to a group acting on the covariant space. We will start by describing
the space of such functions here and give important tools for analysis later.
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2.4 Invariant Functions

Let G be any group acting on X . We say that a function f ∈ L2(X) is G-invariant if
there is a function f0 with ∥f0 − f∥2 = 0 and:

f0(x) = f0(g ⋅ x) (2.55)

for all g ∈ G and x ∈ X . If F is a set of functions in L2(X), we let FG be the subset of
G-invariant functions in F . For any group G the space L2

G(X) is a linear subspace of L2(X).
This subspace is also closed in the topology of L2(X). It also forms an algebra as the
pointwise product of any two G-invariant functions must also be G-invariant.

If G is acting continuously on X , then we also have the following equivalence between
G- and G-invariant functions (with the bar indicating the topological closure of G).

Lemma 11. Suppose that G is a locally compact group acting continuously on X . Any
continuous f ∈ L2(X) is G-invariant if and only if f is G-invariant, for all G ≤ G.

Proof of Lemma 11. Since G ⊆ G the forwards direction is clear. Suppose that f is either
weakly or strongly G-invariant. Take g ∈ G and a net g● in G converging to g, and note that

f(g ⋅X) = f((lim g●) ⋅X) = f(lim g● ⋅X) = lim f(g● ⋅X) = lim f(X) = f(X) (2.56)

almost surely, giving the result.

Let G be any group acting on X and f be any regression function. We say that G is a
maximal invariant subgroup of G if f is G0-invariant, and every subgroup of G that f is
invariant to is a subgroup of G0. We will show that pair of f and G determines a unique
maximal invariant subgroup. This will be done using the following rules for invariance the
proofs are found in the proofs section of Chapter 5.

Proposition 12 (Rules for Invariance). Suppose that G is a group acting measurably on X ,
and let f ∶ X → R be a regression function. Suppose that G,G′ and H are subgroups of G.
Then:

1. If f is G-invariant, then f is H-invariant for any H ≤ G;

2. If f is not G-invariant , then f is not H-invariant for any H ≥ G;

3. If f is both G- and H-invariant, then f is ⟨G,H⟩-invariant; and

4. If f is G-invariant but not H-invariant, then f is not G′ invariant for any G′ ≤ G
where ⟨G,H⟩ = ⟨G,G′⟩.

Moreover, if G is a closed group acting continuously and f is continuous then the groups
⟨G,H⟩ and ⟨G,G′⟩ can be replaced by their topological closures above.
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These rules will be used extensively in Chapter 5. They all essentially follow from the
definition of invariance. Using these rules we can prove the following result that guarantees
the existence and uniqueness of a maximal invariant subgroup, and we can utilise them in
the estimation algorithm in Section 5.3.

Proposition 13. For any group G acting on X , every function f ∶ X → R has a unique
maximal invariant subgroup Gmax(f,G). If f is continuous and G acts continuously on X
then Gmax(f,G) is closed.

The proof is to essentially consider the closure of the group generated by all of the subgroups
that f is invariant to (i.e., ⟨Gi ≤ G ∶ f is G-invariant⟩.

2.4.1 Compact Symmetries

When G is compact and µ is a G-invariant probability measure, L2(X) admits an orthogonal
decomposition:

L2(X) = L2
G(X) ⊕AG(X) (2.57)

See Elesedy and Zaidi [2021] for a proof. We term the functions in AG(X) G-anti-symmetric.
There also exists an orthogonal projection onto L2

G(X), denoted SG ∶ L2(X) → L2
G(X). This

projection has an explicit form:

(SGf)(x) = E(f(g ⋅ x)) (2.58)

where g ∼ U(G). The orthogonal decomposition in equation (2.57) can therefore be expressed
as:

f = SGf + f⊥G, where f⊥G = f − SGf ∈ AG(X). (2.59)

Note that by definition SGf = 0 for any f ∈ AG(X). When µ is not G-invariant, this operator
is no longer an orthogonal projection, but it is still idempotent and its image is still L2

G(X).

Example 14. Consider the case of G = {z ∈ C ∶ ∣z∣ = 1} acting by rotations on R2 with µ a
standard Gaussian measure. The function f on this disc given by:

f(x) = sin(∥x∥2) cos(2arctan(x2/x1))2 = sin(r) cos(2θ)2 (2.60)

in Euclidean and polar coordinates respectively, has an orthogonal decomposition shown in
Figure 2.1.

2.4.2 Non-Compact Symmetries

When G is not compact, we can no longer use the operator in equation (2.58) because a
Haar measure may not be normalisable (as with the Lebesgue measure on Rd). We can
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= +

f = SGf + f⊥G

= 1
2 sin(r) + sin(r)(cos(2θ)2 − 1

2)

Fig. 2.1 The orthogonal decomposition of f = sin(r) cos(2θ)2 into a G symmetric
piece and a G-anti-symmetric piece, as described in Example 14.

however pick any other distribution ρ on G, and generalise to the Partial Symmetrisation
Operator Sρ ∶ L2(X) → L2(X) given by

Sρf(x) = E(f(g ⋅ x)) (2.61)

where g ∼ ρ. This operator is not a projection, because it is not idempotent, but it is still a
contraction in the L2 norm when the integrating measure µ is G-invariant4, and in the L∞

norm for all measures µ. It is also trivially the identity on L2
G(X).

2.5 Examples of Symmetry in Statistics

Symmetry has a long history in statistics, though sometimes implicitly. The obvious examples
are examining the symmetry of distributions, as this is sometimes a feasible way to test
normality hypothesis, and in shape statistics. In this section, we now present a number of
examples both of these explicit forms and of the implicit occurrences too. Some show that
traditional problems can be expressed in the language of symmetries, and some show that
symmetries can be exploited for some statistical or computational gain. We also describe
the current efforts to test for symmetries and to estimate symmetries of objects, including
regression functions.

2.5.1 Symmetry in Distributions

The main examination of symmetry in statistics is as a property of distributions. One
original focus of this idea was to distinguish Gaussians from non-Gaussians. If we consider
only the first two moments of a real valued random variable X, then we can always fit
a Gaussian with the same moments. If we also consider the standardised third moment
E((X −E(X))3)/(E((X −E(X))2)3/2 (called the skew), then we can distinguish a Gaussian

4This is usually impossible for finite measures with non-compact symmetries but in other contexts it is
possible, as with the Lebesgue measure on Rd being translation invariant.
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X from a non-Gaussian. Any Gaussian must have no skew because of the symmetry around
its mean, and so the asymmetry quantified by the skew can be used to construct tests for
normality (

√
b1 test of Shapiro et al. [1968]). There are also myriad ways in which we examine

symmetry of distributions.

A prime example of this is in time series, where we often consider the property of sta-
tionarity. Let {Xt}t∈T be a stochastic process indexed by times t ∈ T which is either R or Z.
We say that X is strictly stationary if:

(Xt1 ,Xt2 , . . . ,Xtn)
D= (Xt1+a,Xt2+a, . . . ,Xtn+a) (2.62)

for all times a, t1, . . . , tn ∈ T and all n ∈ Z>0. This is precisely a statement about translation
invariance on the time domain. Let G be the group T under addition and let νt1,...,tn be the
distribution of (Xt1 ,Xt2 , . . . ,Xtn). We can define an action of G on the stochastic process
{Xt}t∈T by:

g ⋅ {Xt}t∈T = {Xt+g}t∈T (2.63)

With this group action we have the equivalence: Xt is strictly stationary if and only if the
law of every finite coordinates {Xt}t∈T is G-invariant.

This is closely related to the notion of seasonality in time series, where the distribu-
tion is equal when shifted by integer multiples of a specific period a ∈ T. In this case, the
distributions above are no longer invariant to all translations T but instead they are invariant
to the subgroup Ta = {ak ∶ k ∈ Z}.

Another example is in spatial distributions where we might examine the distribution of
locations of events such as sunspots as in García-Portugués et al. [2020]. In this example, we
consider distributions on the unit sphere S2 = {x ∈ R3 ∶ ∥x∥2} and note that the observations
of sunspots often occur evenly around longitudinal circles even if unevenly in the north-south
direction. Consider the group SO(2) acting on S2 by matrix multiplication. A natural ques-
tion is: "can we identify if the distribution µ on S2 is invariant to this action?". This question
has been studied by many authors, particularly Baringhaus [1991] and García-Portugués
et al. [2020] who each construct tests based on U -statistics. In the simplest form, if Xi

iid∼ µ
on the sphere S2, then to test for the rotational symmetry of µ around some axis θ ∈ S2 we
can decompose each Xi as:

Xi = (XT
i θ)θ + (I − θθT )Xi (2.64)

the second component measures the distribution of Xi around the axis θ, and if µ is rotational
invariant this component (after normalisation) would be uniformly distribution around the
hypersphere S1 that is orthogonal to θ. Thus, a test that detects a deviance from uniformity
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of the data (I−θθT )Xi/∥(I−θθT )Xi∥2 can reject the rotation invariance of µ about the axis θ.
Other recent tests have also been proposed, one based on optimal transport [Huang and Sen,
2023] and another based on an energy distance5 statistic between the original distribution
and its symmetrisation [Chiu and Bloem-Reddy, 2023].

2.5.2 Symmetry in Hypothesis Tests

Permutation tests [Good, 2005] are based on a symmetry that exists under a null hypothesis
and does not under the alternative. Specifically, suppose that we have collected independent
equal sized two datasets D1 = {Xi}ni=1 and D2 = {Yi}ni=1 with Xi, Yi ∈ X and consider the
hypotheses H0 ∶ D1

D= D2 vs the alternative H1 ∶ D1
D
≠ D2. Suppose that we have a statistic

T (D1,D2) that converges to a finite constant E in probability under the null distribution
and diverges to ∞ in probability under the alternative (e.g. if Xi, Yi ∈ R, the energy distance5

between D1 and D2).

Under the null hypothesis, we can interchange the datapoints between the distributions
without affecting the distribution, i.e. the permuted datasets D(j)1 = {Z(j)i }ni=1 where Z(j)i is
Xi with probability 1/2 and Yi otherwise and D(j)2 = {Xi + Yi −Z(j)i }ni=1 will have the same
distributions as D1 and D2. Therefore, we can estimate the p-value of the null hypothesis by:

p = 1
B
∣{j ∈ {1, . . . ,B} ∶ T (D1,D2) ≤ T (D(j)1 ,D(j)2 )}∣ (2.65)

for some choice of permutations B ≥ 100. The permuted datasets will have T (D(j)1 ,D(j)2 )
P→ E

for each j under both hypotheses because the permuted datasets are each drawn from the
same mixture distribution. Under the null hypothesis, these will be roughly evenly spaced
around T (D1,D2) which can be shown to control the size of the test exactly. However, under
the alternative hypothesis T (D1,D2) will be much larger than the T (D(j)1 ,D(j)2 ), so p will be
small and the test will have power.

This permutation test relies on a permutation symmetry that exists under the null hy-
pothesis only. Let G be the group {0,1}n of binary vectors under addition mod 2 and let G
act on the space X n × X n as:

⎡⎢⎢⎢⎢⎢⎢⎣

a1

⋮
an

⎤⎥⎥⎥⎥⎥⎥⎦

⋅
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

X1

⋮
Xn

⎤⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎣

Y1

⋮
Yn

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

a1X1 + (1 − a1)Y1

⋮
anXn + (1 − an)Yn

⎤⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎣

(1 − a1)X1 + a1Y1

⋮
(1 − an)Xn + anYn

⎤⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟
⎠

(2.66)

This precisely describes the permutations between the datasets above, where the group
element (a1, . . . an) is sampled uniformly. Now with this group action we can rephrase the

5 See Székely et al. [2004] for a definition of energy distances.
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Fig. 2.2 Examples of three mice vertebrae landmarks measured at varying orien-
tations, and an overlay of the three sets of landmarks after rotational alignment.
All drawn from the R-package shapes [Dryden and Mardia, 2016] using data from
Mardia and Dryden [1989].

null hypothesis in terms of invariance: D1
D= D2 if and only if the distribution of (D1,D2)

is G-invariant. This means that permutation tests are a test of G-invariance of this joint
distribution.

2.5.3 Symmetry in Spaces

Symmetries are often invoked explicitly when we want to describe the shape of an object.
The idea is that we should separate the information about the object from the way in which
we observe it; if we look at the same object from different angles (as with protein samples
in Cryo-EM imaging, as well as in many other contexts) we would introduce variance into
the observations that do not exist in the samples. To overcome this, we decompose the
observation X into its orbit [X]Ψ, which captures the underlying information in the object,
and its position ψX ∈ Ψ. To make sense of the position, we pick a representative element
X̃ ∈ [X]Ψ in some deterministic way that depends only on the orbit6 and then pick ψX ∈ Ψ
such that X = ψX(X̃). This means that we can decompose the variance of X into the variance
of its orbit and variance of its position, which often leads to better estimators and inferential
methods as in the following examples.

Example 15 (Shape Spaces). Consider the problem of identifying the average shape of an
2D-object described by a collection of k landmark points collected in a 2 × k matrix. An
example of these landmarks is shown in Figure 2.2 where six landmarks are observed for the
T2-vertebrae of three different mice.

If we merely averaged these objects as matrices, we would often include the information in the
orientation, scale, and position of the landmarks rather than identifying the true “shape” of
the object. As pioneered by Kendall [1984], we thus want to remove this extra information by
considering these objects equivalent if they can be transformed into each other using bijections

6I.e., X̃ = Ỹ whenever [Y ]Ψ = [X]Ψ.
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2.5 Examples of Symmetry in Statistics

in an accepted class Ψ such as:

ΨAffine(R2) = {All rotations, reflections, positive scalings and translations of R2} (2.67)
ΨRigid(R2) = {All rotations, reflections, and translations of R2} (2.68)

These transformation groups can act on the landmark space by applying the transformations
to the columns of X:

ψ ⋅ [X1 X2 ⋯ Xk] = [ψ(X1) ψ(X2) ⋯ ψ(Xk)] (2.69)

for any ψ ∈ ΨRigid(R2) ⊆ ΨAffine(R2).Using the transformations in ΨAffine(R2) results in Affine
Shape Space, which is defined as:

R2×k/ΨAffine(R2) = {[X]ΨAffine(R2) ∶X ∈ R2×k} (2.70)

Using the rigid transformation results in Kendall’s Reflection-Size-and-Shape Space:

R2×k/ΨRigid(R2) = {[X]ΨRigid(R2) ∶X ∈ R2×k} (2.71)

These differ in that the size-and-shape space retains the scaling of the landmarks. Both of
these spaces are useful in many downstream tasks. For example, consider a classification
problem: given data {(X(i), Yi)}ni=1 with Xi ∈ R2×k and Yi ∈ {0,1} how should we predict a
label Y0 on a new landmark collection X(0)? A fully general model might assume:

Yi ∼ Bernoulli(f(X(i))) (2.72)

for some function f ∶ R2×k → [0,1], for all i ∈ Z≥0. Sometimes we are very confident that the
orientation and position of the object will not affect the classification, so we could instead
assume the simpler model:

Yi ∼ Bernoulli(f̃([X(i)]ΨRigid(R2))) (2.73)

for some function f̃ ∶ R2×k/ΨRigid(R2) → [0,1], for all i ∈ Z≥0. This model is simpler in the
sense that f̃ can vary less than f could; if f is assumed to be in some hypothesis class F then
the function f̃ ○ [⋅]ΨRigid(R2) lives in the subspace of ΨRigid(R2)-invariant functions within F .

Example 16 (Functional Data Registration). Consider the situation of functional data anal-
ysis [Ramsay and Silverman, 2005], where our data objects f now live in infinite dimensional
function spaces such as L2(R). Suppose that we have collected a number of function samples
{f (i)}ni=1 which each follow roughly the same form f (i)(x) = a exp(−(aix − ti)2) + ϵi(x) for
some small magnitude noise process ϵi(x), some fixed shift times ti ∈ R and scales ai ∈ R>0,
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and a common scale term a ∈ R>0.
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Fig. 2.3 An example of 6 curves f (i) = exp(−(x − ti)2) + ϵi(x) as described in
Example 16. The top left plot shows the original curves are measured, the top right
shows the curves after alignment by translations of the time axis. The lower plots
show the pointwise sample standard deviation of the original curves (left) and the
aligned curves (right). This shows how the amplitude variation is masked by the
phase variation if we were to deal only with the unaligned curves.

If we want to describe the variation of these functions, it makes little sense to use the direct
mean if the central locations ti are spaced out more than the bump around them spreads.
Instead, we can decompose f (i) into a phase ϕi(x) and amplitude f̃i:

f (i)(x) = f̃i(ϕi(x)) (2.74)

and then think about the mean and variance of these components instead. In this case, we
would have:

ϕi(x) = x − ti (2.75)
f̃i(x) = exp(−x2) + ϵi(x) (2.76)

and so we can give more meaningful descriptors of the mean phase shift n−1∑ni=1 ti and the
variance around this mean and correctly identify that the amplitude variance comes only from
the noise.

In practice, we assume that the phase transformations belong to restricted class of transforma-
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tions of the functional object’s domain. Typical choices include the set of translations, strictly
increasing linear transformations, and strictly increasing diffeomorphisms. These are all
groups that are acting on the domain. The amplitude component can then be identified with
the orbit of the function under the action of the phase transformations Ψ under composition,
which lives in the quotient space L2(R)/Ψ. This identification comes from noting that f̃i
is the unique representative from the orbit [f (i)]Ψ with f̃i = ϕ−1

i ⋅ f (i). Often this amplitude
component is the component of importance, we are typically more interested in the shape of
a COVID case number curve rather than which date it starts on, for example. This means
that as with shape spaces we register the functions using the functions in Ψ and consider the
amplitudes in the quotient space L2(R)/Ψ.

2.5.4 Symmetries in Density Estimation

Much like nonparametric regression, nonparametric density estimation problems suffer from
a curse of dimensionality. In these problems we have a sample {Xi}ni=1 drawn independently
from a distribution with density f ∶ Rp → [0,∞) and we seek to estimate f within some class
of possible densities which we will denote F . When F is the space of log-concave density
functions and d ≥ 2 the lower bound on the rate of estimation of f under squared Hellinger
loss is:

inf̂
f

sup
f∈F

E(∫
Rd
(f1/2 − f̂1/2)2) ≥ cdn−

2
d+1 (2.77)

for some positive constants cd, as shown in Kim and Samworth [2016]. One approach to
overcome this curse of dimensionality is to assume that the super-level sets Kf(a;µ) = {u ∈
Rd ∶ f(u − µ) ≥ f(a − µ)} of the density f centered at µ are homothetical: that they are all
scaled versions of some fixed convex K ⊆ Rd: there exists a µ such that for all a ∈ range(f)
there exists an α with Kf(a;µ) = αKf . If Kf is known then Xu and Samworth [2021] give
an estimator f̂n that has convergence:

E(∫
Rd
(f1/2 − f̂1/2

n )2) ≤ Cn−4/5 (2.78)

for some positive constant C independently of the dimension d, and then give consideration of
the behaviour for unknown Kf and for other divergences between densities. This homothetical
super-level set condition imposes a non-trivial symmetry on the density function f . The
authors take this as an invariance of the level sets under the action of scaling, however
it also imposes an invariance condition on the density function f . Assume that Kf has
interior containing 0 in the topology of Rd. Define a bijection ψ ∶ Rd → Rd by setting
ψ(u) = (inf{t ∈ [0,∞) ∶ u ∈ tK})u for all u ∈ Sd, and enforcing positive homogeneity
ψ(au) = aψ(u) for all a ∈ R≥0 and u ∈ Sd. This ensures that ψ(Kf) is the unit ball in Rd.
Let SO(d) act on Rd via:

g ⋅ψ x = ψ−1(g ⋅ ψ(x)) (2.79)
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where ⋅ denotes the usual action of SO(d). Then f (after centering around µ) is invariant to
this new ⋅ψ action of SO(d). Note that this action is not necessarily smooth, but will be if ψ
is a diffeomorphism. With this reframing we see that homotheticity is another example of
using symmetry as a dimension reduction technique.

2.5.5 Symmetries of Regression Functions

Symmetry has recently gain significant traction in the machine learning community, where the
symmetries of image analysis are often obvious and exploitable. For example, the classification
of an image of a handwritten digit in the MNIST dataset [LeCun et al., 1998] should not
depend on the precise position of the digit in the pixel grid. This is equivalent to the statement
that the classification function of any particular digit is invariant to the group of translations
at the pixels (that loop around the edges to preserve the information). This idea was for
a long time implicitly captured by convolutional neural networks, and recent efforts have
moved to make this framing more explicit [Kondor and Trivedi, 2018, Bronstein et al., 2021]
which we will discuss in the next section. Here we will consider cases where the symmetries
are considered implicitly, examples of which have a long history in statistics.

Example 17 (Sparsity in Linear Regression). Consider the normal linear model Yi =Xiβ + ϵi
where Xi ∼ µi are row vectors in Rp valued and ϵi

iid∼ N(0, σ2) independently of all the Xi.
When the dimension of the β is large but many entries are 0, we often get estimators that
perform better when we make use of this information. This comes from a shift from the
variance in these coordinates to the bias we experience if we make errant assumptions about
which entries are 0. Specifically, we say that β ∈ Rp is s-sparse if there exists a set of indices
J ⊆ {1, . . . , p} with ∣J ∣ = p − s and βj = 0 for all j /∈ J .

This condition on β is an invariance condition of the regression function f(x) = xTβ.
Consider the action of Rs on Rp given by:

(a1, . . . , as) ⋅ (x1, . . . , xp) = (x1 +
s

∑
j=1

aj1J c
j =1,⋯, xp +

s

∑
j=1

aj1J c
j =p) (2.80)

where J c are the indices in {1, . . . , p} but not in J , ordered in a vector with s-components.
This action shifts the vector x along the basis vectors with indices not in J . In this case:

f(a ⋅ x) = (x1 +
s

∑
j=1

ai1J c
i =1,⋯, xp +

s

∑
j=1

ai1J c
j =p)β (2.81)

=
p

∑
k=1
(xk +

s

∑
j=1

aj1J c
j =k)βk (2.82)

= xβ +
p

∑
k=1

s

∑
j=1

aj1J c
j =kβj (2.83)
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Now the terms in the final sum all vanish because 1J c
j =kβk = 0 by definition—if the indication

function is not 0 then βk = 0. Thus, the regression function in this case is invariant to this
group action.

Example 18 (Sparsity in Nonparametric Regression). Consider now the nonparametric
version of the linear regression example above. We say that a (continuously differentiable)
regression function f ∶ Rd → R is s sparse if it depends only on the covariate indices in
J ⊆ {1, . . . , p} with ∣J ∣ = p − s. This can be formulated as ∂f

∂xj
(x) = 0 for all points x ∈ Rd.

It can equally be framed as a translation invariance as above, where the action is given
in Example 17. In this case, the sparsity means that we know that f(x + ajej) = f(x) (a
consequence of the mean value theorem; as otherwise there would have to be a point with
non-zero partial derivative) for all j ∈ J c. Thus, again we have that f is s-sparse if and only
if f is invariant to the action of Rs determined by J c.

Example 19 (Multi-index Models). In the same context as Example 18, the notion of
sparsity can be generalised to sparsity in some new choice of basis for Rd; the idea is that the
function itself can be sparse even if we have chosen the wrong measurement frame. In this
case we consider the class of multi-index models [Hristache et al., 2001] where:

f(x) = h(Rx) (2.84)

for some rank d − s orthogonal projection matrix R ∶ Rd → Rd−s, and some link function
h ∶ Rd−s → R. In this case the invariance of f is described by any translation in the null space
of R as:

f(x + u) = h(Rx +Ru) = h(Rx + 0) = f(x) (2.85)

for all u ∈ kerR. This kernel forms a group under addition (as all linear spaces do) that
acts on Rd by translation u ⋅ x = x + u. Therefore, in this case f obeys a multi-index model
parametrised by R if and only if f is (kerR)-invariant.

Example 20 (Regression on Graphs). A graph is a (finite) set of nodes N and a set of
edges E ⊆ N ×N that capture relationships between nodes. These nodes and edges are of-
ten given weights that measure the intensity of these relationships, captured by a function
w ∶ N ×N → [0,1] with w(a, b) = w(b, a) and w(a, b) = 0 if and only if (a, b) ∉ E. Graphs
are frequently used to model causal relationships [Pearl, 2009], social networks [Otte and
Rousseau, 2002], and molecules [Gaudelet et al., 2021] among many other use cases. In the
case of molecules the nodes are individual atoms, edges denote covalent bonds, and weights
might contain information such as the distance between the atoms. Graphs are usually stored
as an adjacency matrix with entries Aij = w(ai, aj) for ai, aj ∈ N .

Often we are interested in predicting the value of a response from a covariate graph; for
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example, the toxicity or efficacy of a candidate drug molecule given a large library of previous
measurements. We know that the regression function f ∶ A↦ f(A) must obey a permutation
symmetry as follows. Let Sym(∣N ∣) be the group of permutations σ of the integers 1, . . . , ∣N ∣
(i.e., σ is a bijection of this set) and let it act on the space of adjacency matrices by permuting
the rows and columns:

σ ⋅

⎡⎢⎢⎢⎢⎢⎢⎣

A11 ⋯ Ak1

⋮ ⋱ ⋮
Ak1 ⋯ Akk

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣

Aσ(1)σ(1) ⋯ Aσ(k)σ(1)
⋮ ⋱ ⋮

Aσ(k)σ(1) ⋯ Aσ(k)σ(k)

⎤⎥⎥⎥⎥⎥⎥⎦

(2.86)

Then f must be Sym(∣N ∣)-invariant because this action is simply a relabelling of the nodes; it
cannot change the physical properties of the molecule.

2.6 How to Use Symmetry in Regression

Given all of these examples of symmetries in regression, the obvious question to ask is:
“how can we exploit a known symmetry to improve our estimators?”. There are four main
approaches that have been used to exploit a known symmetry in regression in the recent
literature. Suppose that f is known to be G-invariant for some group G acting on the
covariate space X . We can improve our estimate of f by using:

1. (Data Augmentation) where we add samples of the form (gij ⋅Xi, Yi) for some chosen
number of samples gij ∈ G;

2. (Data Projection) where we explicitly consider the quotient space X/G and do-
ing regression either using the dataset {([Xi]G, Yi)}ni=1 or {(X̃i, Yi)}ni=1 where X̃i are
representatives of each Xi in a specified fundamental domain;

3. (Kernel Symmetrisation) where we replace a kernel K used in kernel ridge regression
or local polynomial estimation with a G-invariant kernel KG; and

4. (Feature Averaging) where we estimate f using the original dataset and then smooth
this estimate over the orbits using a (partial) symmetrisation operator, giving an
estimate of the form Sρfn.

Each of these methods comes with various advantages and disadvantages both statistical
and computational. For example, data augmentation can be useful in a large neural network
where we can now bring n up to the order of the number of parameters; however, it can
be harmful when considering confidence intervals in a linear regression setting because the
apparent larger sample size can lead to liberal confidence intervals for the parameters [Huang
et al., 2022]. It is attractive because of its simplicity; it only requires sampling from the
group and avoids computation of quotient spaces.
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Data projection is the tool most often used in sparse and multi-index models because
the fundamental domains are particularly easy to describe as hyperplanes spanned by the
important directions with projections as simple as forgetting variables or an orthogonal
projection matrix. In these cases analysis of the resulting estimator can be tackled because
the quotient space has a known form with similar properties to the original space (i.e., it
is still a vector space). Thus, usual theorems can be readily applied to show that we can
achieve appropriate dimension reduced rates. However, in general the quotient space can have
complicated topological structure—at best it might look like a manifold with singularities (a
space known as an orbifold or V -manifold [Satake, 1956]) and at worst it can lose all sense
of the original structure of X . This means that the fundamental domains and projections
to them are sometimes difficult to construct in general and the resulting estimators can be
difficult to analyse, which means that this method is not well studied in full generality.

Kernel Symmetrisation benefits because there is only one extra step relative to the original
estimator; you need to take K and compute KG = SGK (where the integration is with respect
to the first coordinate). This is usually easier than constructing the quotient space for data
projection. Analysis of kernel symmetrised ridge regression has been recently undertaken.
Elesedy [2021] showed that the performance improvement over the unsymmetrised estimator
is strictly positive almost surely, but their bound decays as O(n−1) so does not guarantee
dimension reduction. This is done by examining the specific closed form solution of the
kernel ridge regressor. Bietti et al. [2021] showed that if G is finite then the risk of a
kernel symmetrised ridge regressor converges to 1/∣G∣ of the risk of the original estimator.
Their analysis centres on the proportion of spherical harmonics that are G-invariant, which
can be enumerated combinatorially when G is finite. They note in their paper that this
technique seems difficult to extend to the case of continuous groups where we can achieve
dimension reduction. Tahmasebi and Jegelka [2023] has even more recently shown that
if G is a positive dimensional compact Lie group acting isometrically and the orbits have
positive dimension then a kernel symmetrised ridge regressor will achieve dimension reduction,
with worst risk that decays with a rate that depends on d − dim[x]G rather than d. This
result considers the spectral behaviour of the Laplace-Beltrami operator ∆f (which is a
generalisation of the usual Laplacian of f on Rd to a function f on a smooth manifold).
The key is that the projection of these eigenspaces onto L2

G(X) have measurably smaller
entropy than the original spaces when f is G-invariant, which translates to faster learning of f .

Feature averaging can also be shown to give an almost sure performance improvement,
as originally done in Lyle et al. [2020]. This essentially follows from the fact that SG is an
orthogonal projection when G is compact and the sampling distribution of the covariates is
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G-invariant. In this case, we have:

∥SGfn − f∥2 = ∥SGfn − SGf∥2 ≤ ∥SG∥Op∥fn − f∥2 = ∥fn − f∥2 (2.87)

almost surely for any estimator fn. The fact that SG is an orthogonal projection ensures that
its operator norm is 1 (as it is self-adjoint and all eigenvalues are either 1 or 0). This also
leads to a neat characterisation of the asymptotic bias when f is not G-invariant, as it must
be equal to the anti-symmetric part of f . One problem of this and the kernel symmetrisation
approach is that the symmetrisation operator SG is only defined for compact groups with a
uniform distribution. Extensions using a partial symmetrisation operator for non-compact G
have not been well studied.

2.7 Symmetry Discovery

Because of the interest in G-invariant and G-equivariant models in the machine learning
community, there have been a few efforts to find the symmetries that f is invariant to. In the
machine learning literature this is called symmetry discovery. Suppose that G is a group
that acts continuously on the covariate space. The following three methods, as well a couple
of slight variants, are the only known methods at the time of writing. These algorithmic
approaches suffer for our problem later in three key ways: they only consider parametric
classes of subsets of G rather than all subgroups of G; they do not have easily accessible
statistical properties; and they have a much higher tolerance for symmetries that only hold
locally (which can lead to asymptotic bias).

2.7.1 Auto-Augment

Auto-augment [Cubuk et al., 2019] represented a shift in the data augmentation world from
finding some extra data that probably has the same labels in an image classification task (as
is done with generative adversarial models, for example) to searching for transformations
of the image space that can be applied to the data set to give new data. In this approach,
only a finite set of transformations in pythons image library (PIL) were considered, and
the transformations to include are found by training a large recurrent neural network. This
makes statistical properties of the method hard to access, though it is validated empirically
on several well known test datasets in the machine learning community (CIFAR-10 and
CIFAR-100 [Alex, 2009], and SVHN [Netzer et al., 2011]). This strategy was later extended
to other tools such as Fast-Auto-Augment [Lim et al., 2019].
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2.7.2 Augerino

The next step to learn data-augmentations was Augerino [Benton et al., 2020]. This approach
considers searching over a parametric class of subsets of G. Let θ ∈ RdimG define a box in the
tangent space of G at the identity e (this space is sometimes called the Lie Algebra) with
orthonormal basis vectors ti:

Aθ = {a ∈ TeG ∶ a = ∑aiti, ∣ai∣ ≤ θi} (2.88)

These boxes define subsets of G through the exponential map:

Gθ = { expe(a) ∶ a ∈ Aθ} (2.89)

The optimal subset is then estimated by minimising the regularised loss:

L(θ,w) = E(Eg∈U(Gθ)(fn(gX;w))) +R(θ) (2.90)

where X ∼ µ is the measure on our covariate space and w contains the weights for the
neural network fn. One suggested choice of the regularisation component is R(θ) = −λ∥θ∥2
to encourage more symmetry. This technique can only lead to a estimated subset rather than
a subgroup. The only lower dimensional subgroups available to estimate are of the form:

Gi = ⟨ expe(αiti) ∶ αi ∈ R⟩ (2.91)

or the compositions ⟨Gi ∶ i ∈ I⟩ for some index set I. Since these groups are highly dependent
on the original choice of the ti, we miss many of the possible subgroups of G that f may be
invariant to. For example, if f ∶ R2 → R is invariant to translations along the axis (1, 1) only,
then these would be missed if we picked the usual orthonormal basis vectors for T0R2 ≃ R2.

2.7.3 SCALE

The latest effort to learn the appropriate transformation is SCALE [Chatzipantazis et al.,
2023]. This method largely resembles Augerino but it adapts the distribution of the random
variable g. Augerino uses the uniform distribution on the subsets Gθ, but SCALE instead
samples g using a compositional approach as follows:

1. Fix a K-vector of probabilities (πi, . . . , πK) ∈ (0,1)K and K different distributions Ui
on the group G;

2. Sample gi ∼ Ui for i = 1, . . . ,;

3. Sample a K-vector Ii = 1 with probability πi and 0 with probability 1 − πi; and

4. Compute g = ∏Ki=1 gIi
i .
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The probabilities πi and the distributions Ui can then be treated as learnable parameters.
If we constrain Ui to the form Ui = U(expe(−θiti), expe(θiti)) (where θi and ti are as in the
Augerino section), then we can optimise the loss function above in terms of π and θ. This
offers some more flexibility in the way in which the data would get augmented, in particular
it utilises the compositional structure of the group G. It still encounters the same problem
if missing diagonal subgroups that are not contained in the distributions Ui. This can be
alleviated somewhat by increasing K and including more of them, but there will still usually
be infinitely many that we cannot access in this method for any fixed K.

2.8 Estimation of Level Sets

In regression, there has been some interest in the estimation of superlevel sets A(f, τ) =
{u ∈ X ∶ f(u) > τ} for regression functions f [Cavalier, 1997, Cuevas et al., 2006, Reeve et al.,
2023, Müller et al., 2023]. This problem is closely related to the problem of identifying the
superlevel sets of an unknown density function [Tsybakov, 1997]. This has many applications
for clustering the samples into bands with similar response values, such as in precision
medicine where we might seek to separate a population based on likely treatment outcomes.

In the following chapter we will examine another related problem: the estimation of the
level set [x]f = {u ∈ X ∶ f(u) = f(x)}. Note that some of the earlier literature [Tsybakov,
1997, Cavalier, 1997] uses the term level set to refer to a superlevel set, but this is largely
inconsistent with the mathematical literature and the more recent approaches. This mainly
differs from the estimation of superlevel sets in the loss function used to judge the estimate.
In the case of superlevel sets, two common measures are the symmetric difference:

d∆(A,B) = µ({x ∈ A ∶ x ∉ B} ∪ {x ∈ B ∶ x ∉ A}) (2.92)

and the Hausdorff metric:

dHaus(A,B) =max ( sup
a∈A

inf
b∈B

dX (a, b), sup
a∈A

inf
b∈B

dX (a, b)) (2.93)

used in Cavalier [1997], Tsybakov [1997]. Recent approaches [Müller et al., 2023] focus on
one sided error µ({x ∈ A ∶ x ∉ B}) (where A will be the true level set and B the estimate
usually) along with probabilistic guarantees on the event {B ⊆ A}.

For estimating level sets, we must shift focus from the entire sets to only their bound-
ary. We will later use the Hausdorff metric on these boundaries. Estimates of the superlevel
set with low error in any of these metrics will likely have a boundary that is close to the
boundary of the true level set, but this is not guaranteed in the worst case for any of these
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metrics without strong conditions on the smoothness and curvature of the boundary. Indeed
as the boundary forms a measure 0 subset it can deviate significantly without creating large
changes under theses metrics. This is partly the reason for the assumptions made in Cavalier
[1997] on the shape of the level sets. As of writing there has been no work that studies the
performance of level set estimators in regression under this Hausdorff loss.

It is worth examining Müller et al. [2023] from a methodological perspective because of some
parallels with the work in Chapter 5. In this paper the superlevel sets are estimated by testing
whether each sampled covariate point Xi is contained in the true superlevel set A(f, τ) for
the fixed τ ∈ R. This is done with a supermartingale test that exploits the isotonicity, i.e.,
non-decreasing with respect to the partial ordering x ⪯ y if and only if xi ≤ yi for all i, of the
regression functions considered.

This isotonic property also allows for a clever combination of the p-values of the hypotheses
H
(i)
0 ∶Xi ∈ A(f, τ) because if Xi ⪯Xj then H

(j)
0 is true whenever H(i)0 is, or conversely H(i)0

is false whenever H(j)0 is. This is done by constructing an appropriate directed acyclic graph
(DAG) with nodes Xi and edges from Xj to Xi if Xi ⪯Xj with no Xk distinct from Xi and
Xj such that Xi ⪯Xk ⪯Xj . They then apply a testing procedure that takes advantage of the
logical structure of the hypotheses. Specifically, rejection at a node automatically informs
rejection of later nodes (in the direction of the edges). This means that the we do not need to
test all nodes for their inclusion in A(f, τ); we can test the roots first and only move forward
if we do not reject at the significance level αi for the hypothesis H(i)0 . The estimated level set
is taken as the upper hull of points Â = {x ⪰Xi ∶H(i)0 is not rejected}, where the rejections
are given by this nested testing procedure. By careful consideration of the family wise error
rate the significance levels αi can be chosen to maximise the risk E(µ(A(f, τ) ∖ Â)) while
ensuring that P(Â ⊆ A(f, τ)) ≥ 1 − α for the chosen significance level α ∈ (0,1). This nested
testing approach bears some similarity to the approach we will use in Chapter 5 later.
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Chapter 3

Regression Using Level Sets

In this chapter, we will show that knowledge of a regression function’s level set [x]f = {u ∈
X ∶ f(u) = f(x)} allows for faster estimation of f(x) than the global minimax rate for the
Hölder hypothesis class for f considered. We show that a naive plug-in estimator for the
level set can also achieve faster rates, but this requires some strong conditions. This then
leads to the natural question of whether we can construct meaningful hypothesis classes for
the level sets that allow for fast rates without such strong assumptions on the regression
function. The later chapters will give an answer to this question.

3.1 Introduction

In nonparametric regression, we collect data {(X(i), Yi)}ni=1 and seek to estimate the regression
function f in the model Yi = f(X(i)) + ϵi for independent and identically distributed noise
variables ϵi with mean 0 and finite homoskedastic variance σ2. In this chapter, the covariates
X(i) will be deterministically chosen points in the unit hypercube X = [0, 1]d and the response
variables Yi are real valued. The regression functions considered will be constrained to the
Hölder hypothesis class F(L,β) defined in section 2.1. As noted there, the minimax rate for
the estimation of f under L2 loss is known to be determined by the lower bound:

inf̂
f

sup
f∈F(L,β)

E(∥f̂ − f∥22) ≥ cn
− 2β

2β+d (3.1)

which is achieved by local polynomial estimators (among others) as shown in Stone [1982].
The dependence on dimension causes this rate to slow dramatically for higher d, a curse well
known in the non-parametric statistical literature.

As discussed in section 2.1, the main routes to improve on this curse (when µ is not
concentrated around a lower dimensional manifold) are consideration of additive models for
f and sparse models for f . In this section we develop a new route that considers the level
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sets of f , denoted by [x]f = {u ∈ X ∶ f(u) = f(x)}. Knowledge of the level set [x]f should
clearly help with the estimation of f(x). In particular, it is clear that knowledge of [x]f tells
us about the directions that ∇f must vanish in: at all of the directions tangent to [x]f at x
(assuming that the level set is a smooth submanifold of X ).

In Section 3.3, we quantify how much this knowledge can improve the estimation of f(x).
We do this by providing upper bounds on the worst case risk of the Manifold Averaged
Estimator (MAVE) denoted fMAVE

n . This estimator uses a base estimator fn of f (e.g., a
local polynomial estimator) and constructs points in a local neighbourhood of x intersected
with [x]f . The estimate of f(x) is then taken as the average of the base estimator’s values
on this collection of points. If the level set is well specified, this does not inflate the bias of
the MAVE at x. If the base estimator is sufficiently local (see assumption E1 later), as with
local polynomial estimators, then this can cut the variance of the estimate dramatically. This
allows us to re-optimise any hyper-parameter choices in the base estimator. We show that
under these new optimal choices that:

sup
f∈F(L,β)

E((fMAVE
n (x; [x]f) − f(x))2)n

2β
2β+d−dim[x]f (logn)d−dim[x]f ≤ C1 (3.2)

where C1 is a positive constant. Note that the powers of the terms containing n depend
on f so these must occur inside of the supremum on the left. Thus, the MAVE achieves
the desired dimension reduction—it removes all dimensions in the level set of f at x (up to
log-factors). Usually1 level sets are dimension d−1 sub manifolds of X , which brings this rate
down to the rate (up to log factors) for well specified additive models. At other points we
might have dimension d level sets where f is constant, where we achieve the parametric rate
(up to log factors). When the function is s-sparse, the true level sets contain a dimension
d − s hyperplane and so the MAVE achieves the best possible rate for such sparse functions.
More importantly, it also allows for non-linear level sets that go far beyond just the case of
sparse functions.

This analysis requires an oracle with knowledge of the true level set of the unknown regression
function. In the same section we examine the robustness of this process to misspecification of
the level set, and bound the risk in terms of a local Hausdorff distance between the true level
set and the submanifold used. This leads to the natural question: if we estimate the level set
[x]f and use this in the MAVE, does it lead to a dimension adaptive estimator of f?

Previous efforts to estimate the level sets of regression functions [Cavalier, 1997, Reeve
et al., 2023, Müller et al., 2023] have usually come from the problem of estimating super-level

1See section 3.2.1: in many cases this is an almost sure statement.
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sets, i.e., sets A(f, τ) = {x ∈ X ∶ f(x) ≥ τ} for which [x]f is the boundary of A(f, f(x)). As
such, little is known about the performance of these estimators in terms of the local Hausdorff
loss we consider, and it is unclear how to use their loss functions to achieve a similar result.
Because of this, we consider in section 3.4 perhaps the most naive estimator of [x]f , the
plug in estimator [x]pn where pn is an independent local polynomial estimator of f . Under a
strong assumption on the regression function f—that it is equal to a polynomial on some
neighbourhood of x—we can show that we achieve the oracle’s rate (up to log factors) using
fMAV E(x, [x]pn). We then show this in some numerical experiments both in situations that
satisfy this strong condition and others.

3.1.1 Main Contributions

We now state the results of this chapter in more technical language. All terms defined later
are italicised. Let f be a regression function in the Holder class F = F(L,β) for β > d. Let
fn be a minimax optimal estimator of f over this hypothesis class that satisfies assumption
set (E) under an appropriate design regime.

1) We define the Manifold Averaged Estimator (MAVE) for f(x) as the average of the
estimate fn(vi) for points vi constructed from the level set [x]f = {v ∈ X ∶ f(v) = f(x)}
that are evenly rectangularly spaced in the tangent space Tx[x]f ;

2) We show that if this level set is well specified and a smooth submanifold of X then
this estimator achieves asymptotic dimension reduction—that supf∈F E((fMAV E

n (x) −

f(x))2) ≤ Cn−
2β

2β+d−dim[x]f ;

3) We show that this estimator has some robustness to misspecification of the level set, and
give the bound MSE(fMAV E

n (x,M)) ≤ 2Bh2β + V
nhdE(m−1) + 2L2E(dx,hO

(M, [x]f)2);

4) We consider the behaviour of the MAVE when using estimated level sets of the form
[x]pn for a local polynomial estimate pn of f(x). When these estimates are independent
(e.g., from data splitting) and when f agrees with a polynomial on some neighbourhood
of a regular point x, we show that MSE(fMAV E

n (x, [x]pn)) ≤ C∗n
− 2β

2β+1 (logn)(d−1)/α.

3.2 Background

The results in this chapter rely on understanding the material in the differential geometry
section of Chapter 2, and the estimating level sets section of Chapter 2 is helpful for the
context of later parts in section 3.4. Alongside this, we need some specific definitions and
results from the field of differential topology that consider the geometry of level sets of
functions.
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3.2.1 Geometry of Level Sets

If f ∶ [0,1]d → R is a sufficiently smooth function, in this case at least d-times continuously
differentiable, then many of the level sets are forced to take a specific structure of a d −
1 dimensional submanifold of [0,1]d. This is formalised in the following two theorems.
Intuitively, these relate the behaviour of the gradient ∂f/∂x = [∂f/∂x1, . . . , ∂f/∂xd] to the
behaviour of the level set. Clearly this gradient when viewed as a linear operator can only
have rank 1 or 0, and so at least d− 1 directions appear in its null space. If it is rank 1 for all
u ∈ [x]f , for any x ∈ [0, 1]d then we say that the level set is regular and that the value f(x)
is a regular value of f . This property means that the kernel of ∂f/∂x can be identified with
the tangent space of [x]f which gives the dimension in the following theorem. We say that
other values of f(x) are critical values, and the level sets with critical values are critical
level sets.

Theorem 21 (Regular Level Set Theorem). Suppose that f ∶ [0,1]d → R is a differentiable
function and suppose that c is a regular value of f . Then the level set [x]f = {u ∈ [0,1]d ∶
f(u) = c} is a smooth embedded submanifold of [0,1]d of dimension d − 1.

A proof can be found in Lee [2013], essentially as a consequence of the implicit function
theorem. The name regular comes from the following theorem due to Morse [1939] (in the
one dimensional codomain case) and later Sard [1942] (in the higher dimensional codomain
case). This result states that almost all values f can take are regular.

Theorem 22 (Morse–Sard Theorem). Suppose that f ∶ [0, 1]d → R is a k-times continuously
differentiable function for k ≥ d. Then the set of critical values has Lebesgue measure 0.

Note that this does not imply that almost all input values lie in regular orbits: if f is constant
on a set U ⊆ [0,1]d of positive Lebesgue measure, then these points fall into a critical level
set of dimension d. Other critical level sets can take any dimension between 0 and d. This
theorem does restrict the measure of the lower dimensional critical level sets—there will
usually only be a countable number of these critical values (except in some pathological cases
of uncountable but Lebesgue measurable sets of critical values) and so the countable union
of the lower dimensional manifolds must also be µ-negligible.

3.3 Manifold AVeraged Estimator (MAVE)

Let f be any regression function and take any point x ∈ X = [0, 1]d such that the level set [x]f
is a smooth submanifold of X . Suppose that we have collected data {(Xi, Yi)}ni=1 according
to the nonparametric regression model:

Yi = f(Xi) + ϵi (3.3)
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where ϵi iid∼ N(0, σ2). We suppose in this section that we know the smooth level set [x]f .
Our goal in this section is to construct an estimator that uses this known level set to better
estimate f(x).

Suppose that we have an estimator fn of f that we will call the base estimator. This could
be anything from a local polynomial regressor to a nonparametric least squares estimator,
to a neural network. Local polynomial estimators satisfy the assumption set (E) used to
derive theoretical properties later, so this is a good choice and what we will use in simulations
later. We will for this chapter consider only the Hölder class with β > d as suggested by the
Morse-Sard theorem, with a brief discussion of other classes in section 3.6.

Given this base estimator, we will give a deterministic construction of averaging points
{vi}mi=1 ⊆ [x]f . The number of points m will depend on two bandwidths: h,hO ∈ R>0 and we
will give optimal choices for these later. With these averaging points we can then define our
Manifold AVeraged Estimator (MAVE) as:

fMAVE
n (x; [x]f) =

1
m

m

∑
i=1
fn(vi) (3.4)

The bandwidth h will control the locality of the base estimator and the bandwidth hO will
control for much of the level set we average over.

3.3.1 Constructing Spaced Points

To construct the set {vi} we need to examine the geometry of the level set [x]f . Let W [x]f
x be

the largest hypercube2 in Tx[x]f that is contained in the orthogonal projection of [x]f onto
Tx[x]f , where this projection is taken in the ambient space X = [0, 1]d. Let r(x, [x]f) be the
the minimum of: (1) half of the side length of the hypercube W [x]f

x ; or (2) the bandwidth
hO. If the orbit is 0-dimensional, then we take r(x, [x]f) = 1. We call r(x, [x]f) the shadow
radius of [x]f at x. We construct the averaging points {vi}mi=1 with η spacing as follows:

(i) Pick any rectangular grid3 {ai}mi=1 in W
[x]f
x such that d(ai, aj) ≥ η whenever i ≠ j; and

(ii) Orthogonally (with respect to Tx[x]f ) project this grid onto [x]f , giving a set {vi}mi=1 ⊆
[x]f .

This is shown in Figure 3.1. The rectangular grid is usually easy to specify, with points
ai = x +∑αiηwi where wi are the basis vectors of Tx[x]f and αi are integers in the range:

{ − ⌊r(x, [x]f)/η⌋}, . . . ,0, . . . , ⌊r(x, [x]f)/η⌋} (3.5)
2Note that this is well defined as one must exist, as a consequence of being in the interior of the level set,

and the side lengths here are bounded above by the domain X .
3i.e., there is a coordinate basis in which the points are evenly spaced along each dimension.
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Tx[x]f
a1

a2

a3

a4

a5

η

2r(x, [x]f)

v1

v2

v3 = x

v4

v5

[x]f

Fig. 3.1 The level of x ∈ R2 for a function f(x) = f0(∥x∥2), along with the points
{ai} and {vi = gix,h ⋅x} that will be used to manifold-average the estimator fn. Note
that these need not be spaced evenly around the level set, nor cover it completely.

The projection is also usually easy because it is the solution to f(ai + z) = f(x) for
z ∈ ker(∂f/∂x)⊥, and in practice we will only have to solve this for polynomial f . Note that
the kernel is either rank 1 or 0 and so z is in at most a one dimensional space. In this case,
the kernel and its normal space is easy to compute and the equation can be solve exactly for
low degrees (k ≤ 5, as the differentiation removes one degree) and numerically with arbitrary
precision for higher degrees.

We now give a lower bound on m when the points are required to be 2h separated to
ensure the independence of the samples fn(vi) under the strict locality assumption later. We
will later relax this but show that this bound also captures the proportion of samples that
contribute to variance reduction even as we take η → 0.

Proposition 23. For all x ∈ X and h,hO > 0 pick {vi}mi=1 with 2h spacing as above. Then we
have m ≥ max(1, (r(x, [x]f)(2h)−1)dim[x]f ), and dX (vi, vj) ≥ 2h whenever i ≠ j. Moreover,
for sufficiently small hO, i.e. hO ≤ r(x, [x]f), this reduces to:

m ≥max (1, (hO

h )
dim[x]U

) (3.6)

Proof. This is simply the bound that results from counting the possibilities of the αi above
when η = 2h.

3.3.2 Theoretical Properties

We now derive rates of convergence of the MAVE under some assumptions on the base
estimator. Suppose that our base estimator satisfies the following properties:
Assumption set (E):
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(E1) (Strict Locality) Conditioned on DX , fn(x) and fn(y) are independent whenever
d(x, y) ≥ 2h;

(E2) (Default Value) If the ball BX (x,h) contains no Xi, then fn(x) = 0;

(E3) (Optimality) There exist positive constants B,V ∈ R>0, such that for all f ∈ F , for
µ-almost all x, and for all sufficiently large n:

(a) (Bias) If BX (x,h) ∩ DX is non-empty, then ∣E(fn(x)) − f(x)∣ ≤ Bhβ; and
(b) (Variance) If BX (x,h) ∩ DX is non-empty, then Var(fn(x)) ≤ V

∣BX (x,h)∩DX ∣ .

These assumptions on the base estimator are natural. (E1) is somewhat restrictive but is
satisfied by local polynomial estimators using a kernel K supported only on the interior of
the unit ball that is scaled by a bandwidth h, and with a deterministic value for the case
where there is no data in the h-ball around x. When the deterministic default value is 0,
the local polynomial estimator satisfies (E2) trivially. Any other estimator can be made to
satisfy this too by multiplication by the indicator function 1∣DX∩BX (x,h)∣>0. Condition (E3)
is required to ensure that the derived estimators are also rate optimal and essentially says
that the estimator fn performs well when there is data in the h-ball and that the sampling
regime ensures that this happens frequently. These assumptions are satisfied even for simple
estimators such as the Nadaraya–Watson estimator when β ≤ 2 in the context of our statistical
problem, and more generally by local polynomial estimators for higher order β as shown in
section 2.1.

Remark 24. Assumption (E1) could be weakened to allow for sufficiently quickly decaying
covariance which would allow for Gaussian kernels or k-nearest neighbour estimators. Such a
weakening is offered with condition (E1’), which is satisfied for a Gaussian kernel in local
polynomial estimation, or when the bandwidths are chosen adaptively. An interesting question
would be whether such a condition also applies to kernel ridge regressors or neural networks.

(E1’) (Weak Locality) Cov(fn(x), fn(y) ∣ DX) ≤ exp(c − an) for some positive constants
a, c ∈ R>0.

Under these conditions, we know that the estimates fn(vi) are independent, which gives:

Var(fMAVE
n (x; [x]f)) =m−1Var(fn(vi)) (3.7)

but since f(vi) = f(x) by definition of the level set, we also know that

Bias(fMAVE
n (x; [x]f)) = ∣m−1

m

∑
i=1
fn(vi) − f(x)∣ (3.8)

≤m−1
m

∑
i=1

Bias(fn(vi)) (3.9)

≤ Bhβ (3.10)
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This reduction in variance means that we can take h much smaller than we could normally,
which would be with a rate h∝ n−1/(2β+d). The following theorem gives one such option for
faster bandwidths. Note that this is true for any choice of level set [x]f whether regular or
critical.

Theorem 25. Suppose n is large enough that the base estimator satisfies assumption set
(E), and set

h = an−
1

2β+d−dim[x]f (3.11)

Then for any hO which satisfies

hO ≥ aO(logn)−d (3.12)

for a chosen positive constant aO the manifold averaged estimator satisfies:

sup
f∈F

E((fMAVE
n (x; [x]f) − f(x))2)n

2β
2β+d−dim[x]f (logn)dim[x]f−d ≤ C1 (3.13)

for a positive constant C1.

Proof. We have the usual bias-variance decomposition of the MSE:

E((fMAVE
n (x; [x]f) − f(x))2) = Bias(fMAVE

n (x; [x]f))2 +Var(fMAVE
n (x; [x]f)) (3.14)

Now we can use the independence of the estimates fn(vi) (which follows from the strict
locality of fn and the 2h-spacing from the construction of the vi) to bound the variance:

Var(fMAVE
n (x; [x]f)) = Var(m−1

m

∑
i=1
fn(vi)) (3.15)

=m−2Var(
m

∑
i=1
fn(vi)) (3.16)

=m−1 sup
v∈B(x,hO)

Var(fn(v)) (3.17)

≤m−1 V

nhd
(3.18)

As for the bias term, we have:

Bias(fMAVE
n (x; [x]f)) = ∣m−1

m

∑
i=1
fn(vi) − f(x)∣ (3.19)

≤m−1
m

∑
i=1

Bias(fn(vi)) (3.20)

≤ Bhβ (3.21)
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For n large enough that hO ≤ r(x, [x]f), we can then use the bound on m given in Proposition
31 to find:

E((fMAVE
n (x; [x]f) − f(x))2) ≤ B2h2β + V

nhd
min (1, ( hhO

)dim[x]f ) (3.22)

≤ B2h2β + V

nhd−dim[x]fh
dim[x]f
O

(3.23)

When h = an−
1

2β+d−dim[x]f the first term decays at the rate n−
2β

2β+d−dim[x]f , and the second
decays at the rate n−

2β
2β+d−dim[x]f h

−dim[x]f
O for any choice of hO. When hO ≥ aO(logn)−d, and

since these bounds are uniform in f , we get the desired result.

3.3.3 Robustness to the Choice of Manifold

The previous result relies heavily on the fact that we pick points that are precisely on the level
set [x]f . In practice, we do not know this level set and so we now consider the performance
of this estimator over other choices of manifold to estimate over. Suppose that M is any
submanifold of [0, 1]d and suppose that {vi} are points in M picked via the method in Section
3.3.1. We allow M to be a random variable so long as it is independent of the data used to
estimate each fn(vi). Then the bias of the MAVE has:

∣E( 1
m

m

∑
i=1
fn,h(vi) ∣ {vi}) − f(x)∣ = ∣ 1m

m

∑
i=1
(E(fn,h(vi) ∣ vi) − f(vi) + f(vi) − f(x))∣ (3.24)

≤ 1
m

m

∑
i=1
∣E(fn,h(vi) ∣ vi) − f(vi)∣

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Average Bias of LPE

+ 1
m

m

∑
i=1
∣f(vi) − f(x)∣

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Average Bias of Level Set Est.

(3.25)

If M = [x]f , we would have the second term vanish and the results of the previous section
would hold. As for the variance, we still have:

Var( 1
m

m

∑
i=1
fn,h(vi) ∣ {vi}) =m−2

m

∑
i,j=1

Cov(fn,h(vi), fn,h(vj) ∣ {vi}) (3.26)

=m−2
m

∑
i=1

Var(fn,h(vi) ∣ {vi}) (3.27)

≤m−1 sup
x∈X

Var(fn,h(x)) (3.28)

because of the 2h-spacing of vi and vj and the independence condition on the base estimator
regardless of M—its only affect is through the number of points m. Now using the pointwise
bounds on the bias and variance from assumption set (E), we see that the pointwise risk of
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the MAVE is:

E(( 1
m

m

∑
i=1
fn,h(vi) − f(x))

2) = E(E(( 1
m

m

∑
i=1
fn,h(vi) − f(x))2 ∣ {vi}mi=1)) (3.29)

= E(Bias( 1
m

m

∑
i=1
fn,h(vi) ∣ {vi}mi=1)2 +Var(m−1

m

∑
i=1
fn,h(vi) ∣ {vi}mi=1))

(3.30)

≤ E((Bhβ +m−1
m

∑
i=1
∣f(vi) − f(x)∣)

2
+ V
nhdm

) (3.31)

= 2B2h2β + V
nhdE(m−1) + 2E(( 1

m

m

∑
i=1
∣f(vi) − f(x)∣)

2
) (3.32)

using the sum of squares inequality. Thus, understanding the pointwise risk requires control
of the first two moments of the error term

Z = 1
m

m

∑
i=1
∣f(vi) − f(x)∣ (3.33)

that depends on M . When β ≥ 1 we can use the Lipschitz bound for each term in the sum, but
this would be far from optimal. First replace x with the nearest point ui = arginfu∈[x]fd(vi, u)
in the level set [x]f , for which by definition f(x) = f(ui). This gives:

Z ≤ 1
m

m

∑
i=1
Ld(vi, ui) ≤ L sup

v∈M∩B(x,hO)
d(v, [x]f) (3.34)

where M ∩ B(x,hO) is the estimated level set we average over, and dhO
. For notational

convenience we define: dx,hO
(M, [x]f) = sup

v∈M∩B(x,hO) d(v, [x]f). See Figure 3.2 for a
visualisation of this distance between these manifolds.

Therefore, if we use the assumptions set (E), we have the following bound on the MSE:

MSE(fMAV E
n (x,M)) ≤ 2Bh2β + V

nhdE(m−1) + 2L2E(dx,hO
(M, [x]f)2) (3.35)

If M is of the same dimension as [x]f (usually d−1 for regular level sets of sufficiently smooth
f), then E(m−1) is usually unaffected by the choice of M ; if hO → 0 and h/hO → 0 then
E(m−1) ≍ (hO/h)dimM because M ∩B(x,hO) will converge its tangent space on this ball.
Therefore, the robustness to the choice of M depends almost entirely on E(dx,hO

(M, [x]f)2).

3.3.4 Increasing the Number of Averaging Points

So far we have ensured that the averaging points {vi} are 2h-separated so that we can use
the independence of the estimates fn(vi). We now examine what happens if we reduce the
spacing of these points so that we average over more of them. This of course introduces
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hO
x

[x]f

u

M

vdx,hO
(M, [x]f) = d(u, v) dx,hO

(M, [x]f) = d(u, v)

Fig. 3.2 A visualisation of the distance function dx,hO
(M, [x]f) for a circular [x]f

and elliptical M in red that meet at x. The distance between these manifolds is
given by the distance d(u, v) where the supremums are achieved, shown in blue.

correlation that we have to quantify.

Suppose that {vi} is now constructed with η spacing, but the independence radius of
assumption (E2) is still 2h. Then

Var(m−1
m

∑
i=1
fn(vi)) =m−2

m

∑
i,j=1

Cov(fn(vi), fn(vj)) ≤m−2
m

∑
i,j=1

ρijV
′ (3.36)

using the Cauchy-Schwarz inequality and the bound Var(fn(v)) ≤ supv∈X V /∣B(v, h) ∩ DX ∣ =
V ′ from assumption (E3) (note that all such balls will contain O(nhd) = O(n2β/(2β+1)) points
with a rectangular design regime when β ≥ d). Here ρij is the correlation between fn(vi) and
fn(vj), which is clearly bounded above by 1 for all i and j, and is equal to 0 if d(vi, vj) > 2h.
Thus, we can bound:

m−2
m

∑
i,j=1

ρij ≤m−1
m

∑
i=1
m−1

m

∑
j=1

1d(vi,vj)≤2h =m
−1

m

∑
i=1
∣{vj ∶ vj ∈ B(vi,2h)}∣ (3.37)

As η → 0, the number of points vj in the ball B(vi,2h) is bounded above by the number of
points aj in the ball B(ai,2h), which has:

∣{aj ∶ aj ∈ B(ai,2h)}∣ →
VolTx[x]f (B(ai,2h)∩B(x,hO))

VolTx[x]f (B(x,hO)) (3.38)
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where the volume is the volume of the intersection with tangent space (measured with respect
to Lebesgue measure on this linear tangent space). This gives the bound:

m−2
m

∑
i,j=1

ρij ≤ c0m
−1

m

∑
i=1

Vol[x]f (B(vi,2h)∩B(x,hO))
Vol[x]f (B(x,hO)) ≤ c1m

−1
m

∑
i=1
( h
hO
)dim[x]f ≤ c1( hhO

)dim[x]f

(3.39)
for positive constants c0 and c1. This bound means that we can take the spacing η → 0 and
maintain the same rates as Theorem 25: the variance term will still decay at the rate of
n−1hd−dim[x]fh

dim[x]f
O even if the averaging points are not 2h spaced. This result says that the

locality of fn allows for dimension reduction as long as the averaging points are sufficiently
evenly spaced out.

3.4 Estimation of the Level Sets

We now seek to answer the question: under what conditions can we estimate [x]f fast enough
to ensure that MSE(fMAV E

n (x, [̂x]f)) is faster than the minimax rate for the Hölder class
F(L,β)? We can answer this question for a particularly simple plug in estimator of [x]f ,
and achieve the rates of the oracle that knows [x]f up to a poly-logarithmic factor. This does
rely on a particularly strong condition, but one that is natural for the Hölder class F(L,β).

3.4.1 Local Polynomial Level Set Estimation

Perhaps the simplest estimator of [x]f is the plug in estimator [x]fn for an estimator fn of
f . In our case we will use a local polynomial estimator with bandwidth hO, denoted pn to
distinguish it from the estimator fn used in the averaging. Suppose that f agrees with a
polynomial p(v) = Ux,hO

(v)θp,x,hO
on a ball B(x,H) for some positive H, i.e. f(v) = p(v)

for all v ∈ B(x,H). By definition, we know that if hO <H then for all v ∈ B(x,hO) :

∣pn(v) − p(v)∣ = ∣Ux,hO
(v)(θp,x,hO

− θ̂p,x,hO
)∣ ≤
√
ℓ∥θp,x,hO

− θ̂p,x,hO
∥2 (3.40)

Set ui = arg infu∈[x]p∩B(x,hO) d(vi, u). Then

∣p(vi) − p(ui)∣ ≤ ∣p(vi) − pn(vi)∣ + ∣pn(vi) − p(ui)∣ (3.41)
≤ ∣p(vi) − pn(vi)∣ + ∣pn(x) − p(x)∣ (3.42)
≤ 2
√
ℓ∥θp,x,hO

− θ̂p,x,hO
∥2 (3.43)

because vi ∈ [x]pn and ui ∈ [x]p. Now since vi − ui is orthogonal to the tangent space of [x]p
at ui (a necessary condition to be a minimum of the distance), and assuming that the level
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set is regular, we know that ∂p
∂x
∣
ui
(vi − ui) is non-zero, and that:

∣p(vi) − p(ui)∣ ≈ ∣ ∂p∂x ∣ui
(vi − ui)∣ × d(vi, ui) (3.44)

by considering the first order Taylor expansion of p around ui. As ∥vi − ui∥2 → 0 this
approximation will be the dominant term, and so we must have d(vi, ui) ≤ C ∣p(vi) − p(ui)∣ ≤
C∥βx,hO

− β̂x,hO
∥2 for some positive constant C (that will depend on f and p) for sufficiently

small distances. Therefore we have:

E(dx,hO
([x]pn , [x]f)2) = E(dx,hO

([x]pn , [x]p)2) ≤ C2E(∥θp,x,hO
− θ̂p,x,hO

∥2) ≤
C0

nhdO
(3.45)

using the result of convergence of the polynomial coefficients in section 2.1. Thus, we have
the following result for the pointwise mean squared error of the MAVE using this estimate of
the level set [x]f .

Theorem 26. Suppose that f agrees with a polynomial p on some ball B(x,H) for some
positive H. Suppose that x ∈ (0,1)d is a point on a regular level set of f . Let fn be a local
polynomial estimator of degree k = ⌈β⌉ − 1 that uses a rectangular kernel and the bandwidth
h = an−

2β
2β+1 , and let pn be a local polynomial estimator of degree k and that uses the bandwidth

hO = aO(logn)−α for positive a, aO, α. Suppose that fn and pn are independent, using iid
copies of D. Then for sufficiently large n such that assumption set (E) holds and than hO <H
we have:

MSE(fMAV E
n (x, [x]pn)) ≤ C∗n

− 2β
2β+1 (logn)(d−1)/α (3.46)

for a positive constant C∗.

Proof. We know from the previous analysis that:

MSE(fMAV E
n (x, [x]pn)) ≤ 2Bh2β + V

nhdE(m−1) + 2L2E(dx,hO
([x]pn , [x]f)2) (3.47)

Recall that r(x,M) is the shadow radius of M at the points x. From Proposition 31, we
know:

m =m(x,h,M) ≥max (1, ( r(x,[x]pn)
2h )dim[x]pn) (3.48)

Thus, we have the upper bound:

E(m−1) ≤ E(min (1, ( 2h
r(x,[x]pn)

)dim[x]pn)) (3.49)
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Regression Using Level Sets

Since dx,hO
([x]pn , [x]p) → 0, h/hO → 0, and hO → 0, we know that r(x,M) will eventually

scale with hO exactly and the minimum will be the second term. Thus we would have:

E(m−1) ≤ ( 2h
hO
)dim[x]p (3.50)

Since [x]p is a regular level set of an infinitely differentiable function, we know that it has di-
mension d−1 by the regular level set theorem. This, plus the bound on E(dx,hO

([x]pn , [x]f)2) ≤
C0
nhd

O

gives:

MSE(fMAV E
n (x, [x]pn)) ≤ C1h

2β + C2
nhhd−1

O

+ C3

nhdO
(3.51)

≤ C1n
− 2β

2β+1 +C2n
− 2β

2β+1 (logn)(d−1)/α +C3n
−1(logn)d/α (3.52)

The middle term will dominate the rate, giving the result.

The condition that f agrees with a polynomial is quite strong. If we knew that this were true,
then we would simply use a polynomial regressor with the data in BX (x,H) and achieve the
optimal parametric rate of n−1. This result says that we will come much closer to this rate
using the MAVE with a plug in estimator of the level set, relative to a minimax optimal
nonparametric LPE which would only converge at the rate n−2β/(2β+d). Methods that improve
on this by adaption to the true maximal smoothness of f will eventually take bandwidths
with the same behaviour and achieve nearly parametric rates. It is interesting to see that
focusing on the dimension via the level sets of f leads to nearly the same rates in this case.
This assumption is natural for the Hölder class—these are functions that look locally very
much like their Taylor series of degree k. We will examine the robustness of this estimator to
violations of this assumption in the numerical experiments.

3.5 Numerical Experiments

We will consider the same setup for three examples of functions all within the Hölder class
F(L,3). This allows us to examine the pointswise MSE under the conditions of Theorem
26 as well as a mild violation and a major violation of these assumptions. We examine the
performance of the MAVE using the optimal choice of bandwidth against a baseline LPE
with optimal choice of bandwidth. All fitted polynomials are degree 2 as determined by the
class. We generated data from the model:

Yi = fj(Xi) + ϵi (3.53)
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(a) MSE for f1 (b) MSE for f2 (c) MSE for f3

Fig. 3.3 The pointwise Mean Squared Error (MSE) for the estimator
fMAV E
n (x, [x]pn) at the point x0 = (0.5,0.5).

with Xi chosen on the rectangular grid and ϵi iid∼ N(0, σ2). The three functions examined are
fj ∶ R2 → R:

f1(x) = sin (2π∥x∥2) (3.54)

f2(x) = sin (2π
√
(x2

1 + 0.8x2
2)) (3.55)

f3(x) = sin (2π∥x∥2) + 0.4 cos(x1) (3.56)

These exhibit differing behaviours: f1 has level sets that are described by circles; f2 also has
varietal level sets but now they are elliptical; and f3 has level sets that deviate from this
structure. The performance is judged by the MSE at the point x0 = (0.5,0.5), i.e.:

Ri(fMAV E
n , xO) = Efi

((fMAV E
n (x0, [x0]pn) − fi(x0))2) (3.57)

where the subscript fi corresponds to data generated using this regression function in the
non-parametric regression model. The sample sizes used range are n = 200,500,1000,2000.
The noise standard deviation is σ = 0.1. The MSE at x0 for these estimators are plotted in
Figure 3.3, on a log / log scale. We see that the MAVE using the estimated level set is nearly
always an improvement on the baseline. It performs best when the level sets are most easily
estimated.

3.6 Discussion

This method opens up new ways to reduce the dimension of the regression problem in many
nonparametric contexts. It can achieve dimension reduction for sparse functions as well as
for many functions with non-linear level sets. The key now is to find the optimal way to
estimate [x]f with respect to the loss function dx,hO

([x]f , Â). The plug-in estimator could be
improved in many ways, one of which we suggest below. This problem is likely very difficult
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Regression Using Level Sets

in full generality because derivatives are statistically harder to estimate that the original
function4, so we can instead focus on specific hypothesis classes that impose more structure
on [x]f explicitly rather than on f (as we have done in this chapter). Some natural classes
to consider are:

• functions with level sets that are described by the zero-set of a polynomial equation,
i.e. [x]f = {u ∈ X ∶ p(u) = 0} for some polynomial p;

• functions with level sets that have bounded curvature;

• functions with level sets that described by the orbits of a group G acting on X ;

This last example is the focus of the rest of this thesis. In the following chapters we will
show that this class is simple enough to estimate the true level sets using a straight forward
M -estimator, and that this leads to adaptive dimension reduction.

It is important to note that this idea cannot lead to an improvement in the rate of estimation
uniformly over our functional hypothesis class; it cannot contradict the well established
minimax rates. The analysis presented in this chapter avoids this because it only applies
pointwise to regular points of the regression function—if we try to estimate at an isolated
critical point then the level set is 0 dimensional and we have no improvement in the rate. This
means that the worst case risk of the MAVE, i.e., supf∈FMSE(fMAV E

n (x, [x]f)), is still on
the order of n−

2β
2β+d (which is why the rates depend on f in the statement of Theorem 25).

Even in these cases the process of estimating level sets and using the MAVE on these level
sets is a novel method of re-balancing the bias-variance tradeoff in nonparametric regression.
In the same way that not all functions are additive but additive models are still useful for
generic nonparametric regression, level set based models can be useful in general even when
the level sets of the regression function are not precisely in a hypothesis class of level sets
considered.

This method also demonstrates an interesting relationship between the smoothness of the
functional class and the dimension of its domain: having enough derivatives allows for the
dimension reduction to work. As mentioned in section 3 we have so far considered only
classes with many derivatives, but it also holds for some other classes with minor adaption.
The main roadblocks are:

1) we lose the guarantee of regular level sets; and

2) the number of datapoints in the balls B(vi, h) can decrease with n rather than increase.
4See Stone [1982], the minimax rate of estimating the kth derivative of a function in the Hölder class is

n−
2(β−k)

2β+d .
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The first is only a minor issue—we would only consider removing the dimensions of the level
set rather than assuming that there are d−1 of them. This would make the search for unknown
level sets computationally harder but not statistically harder as there are only finitely many
possible dimensions to consider. This is part of the analysis required in the following chapter.
The second is more of a problem: if β ≤ dim[x]f /2 and h ≍ n−1/(2β+d−dim[x]f ) then nhd → 0,
and so the assumptions in set (E) would fail for most standard estimators and most design
regimes. This can be solved for specific estimators such as a local constant estimator when
β = 1 by averaging only over the estimates fn(vi) for which B(vi, h) contains at least one
datapoint Xj . For most design regimes (e.g., rectangular grids or U([0,1]d)) we would then
still expect that we are averaging over mnhd ≍ n−2β/(2β+d−dim[x]f ) datapoints leading to the
fast rate for this case even when β ≤ dim[x]f .
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Chapter 4

M-Estimation of Maximal
Symmetries

This chapter is based on the paper Christie and Aston [2024a]. We consider structured classes
of level sets where they all obey the same global structure: [x]f = {g ⋅ u ∶ g ∈ G,u ∈ U} for
some closed set U ⊆ X . The class of level set structures is thus indexed by the groups G
considered, and so the level set estimation problem is one of symmetry estimation. We show
that estimation in this class is fast enough to achieve adaptive dimension reduction under
much weaker assumptions on f than the previous chapter.

Fully generic estimation of level sets as in the previous chapter may be too slow to achieve
dimension adaptive estimation, so we now focus in on specific class of level sets where
estimation is sufficiently fast. This is exactly what is done with methods that utilise covariate
sparsity. If f depends only on some subset of the covariates then it must have a level set
that contains the hyperplane spanned by the remaining basis vectors. The dimensions of
this hyperplane are the dimensions removed from the rate of estimation of f . However this
is far from the broadest class of possible level sets. In particular the MAVE allows us to
consider non-linear level sets, so in this chapter we generalise the notion of covariate sparsity
to that of symmetry. The level sets will now contain the orbits of group actions, and the
class of possible level sets will be the set of subgroups of a search group G. Thus the level set
estimation becomes one of symmetry estimation.

4.1 Introduction

Symmetries are ubiquitous across statistics in fields ranging from time series obeying season-
ality to rotation invariant protein volume estimation [Jiang and Tang, 2017]. In regression,
symmetry is taking hold across literature in neural networks [Kondor and Trivedi, 2018, Bron-
stein et al., 2021], and generalises several structures that are well studied such as covariate
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sparsity and multi-index models (see Examples 27 and 28 below). Lie groups were initially
conceived to study the properties of differential equations [Hawkins, 2012]; now in statistics
we have an opportunity to use these mathematical tools to better understand problems in
regression and beyond.

The key idea is that if G is a set of differentiable bijections ϕ ∶ X → X of the d-dimensional
covariate space X , and the regression function f ∶ X → R is G-invariant, i.e., it obeys the
invariance rule f(x) = f(ϕ(x)) for all ϕ ∈ G and x ∈ X , then we can use estimates of each
f(ϕ(x)) for ϕ ∈ G to construct a lower variance estimator of f(x) without introducing bias.
We call the set {ϕ(x) ∶ ϕ ∈ G} the orbit of x under G, written [x]G, and when this set is
smooth and has positive dimension1 dG we might hope that the new estimate has a worst
case risk decay with d replaced by d − dG. This is a special case of the structure in the
previous section, as the orbits are contained in the level sets of any G-invariant f .

To construct an estimator with the rate corresponding to the lower dimensional space,
we apply a symmetrisation operator to any existing estimator fn satisfying some optimality
conditions akin to local polynomial regressors. These operators average fn over the orbits
[x]G using some chosen distribution on the set G. For example, f̃n(x) =m−1∑mi=1 fn(ϕi(x))
is an estimator that averages using the uniform distribution on a set of transformations
{ϕi}mi=1 ⊆ G for a chosen m. This set could be chosen deterministically, as in Section 4.2.1 (a
slightly modified MAVE), or could be sampled uniformly from G (or a compact neighbourhood
of e ∈ G) as in Section 4.2.4.

In an ideal world, where each estimate fn(ϕi(x)) is guaranteed to be independent, this would
cut the variance by a factor of m. When f is G-invariant, it does so without introducing bias.
This is the situation in Figure 4.1. The first results of this chapter show that this is true
even when dependence considerations are taken into account, and quantifies the asymptotic
bias introduced when f is not G-invariant. This allows us to re-optimise the bias-variance
trade-off and achieve faster convergence to f , if it is G-invariant.

However, if the symmetry G is not known, we must instead seek to estimate it from the data.
Specifically, if G is a large set of possible transformations, then can we estimate the maximal
subset G0 ⊆ G for which f is G0-invariant? If G0 can be estimated sufficiently quickly, then
an estimate that uses this symmetry could adapt to the symmetry of f , and provide rates of
the form:

sup
f∈F(L,β)

E(∥fn,Ĝ − f∥
2
2)n

2β
2β+d−dG0 ≤ C (4.1)

1the principal orbit theorem ensures that almost all orbits [x]G have the same dimension in many of the
cases we consider, see Section 2.3.
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x

ϕ1(x)
ϕ2(x)

x

ϕ3(x)
ϕ4(x)

[x]G

(a) Regression Function (b) Local Polynomial
Estimation (c) Symmetrised LPE

Fig. 4.1 Sub-figure (a) shows a heatmap of a regression function f ∶ R2 → R.
Sub-figure (b) depicts the dashed closed ball of radius h around the point x ∈ X
and locations of some covariates, the data inside which (filled blue circles) are used
to estimate f(x) with a local polynomial estimator fn with a kernel with support
contained in this ball. The data outside this ball (red squares) are not used to
estimate f(x). Sub-figure (c) depicts our estimator which symmetrises with respect
to G = {Rotations around 0}, using multiple balls of smaller radius with centres
ϕi(x) spaced around the orbit [x]G, chosen using the method descried in Section
4.2.1. Note that these need not be evenly spaced, nor cover the entire orbit. The
symmetrised estimator uses more of the data points to estimate f(x), and excludes
one point that was previously used, shown by the colour changes.

where fn,Ĝ is an estimator symmetrised with the estimated transformations. This situation
is the focus of this chapter: we give a (two-step) M -estimator2 of G0 and show that using
this estimated symmetry can achieve adaptive rates of the form of equation (4.1).

This is done through understanding the set G as a group, the mathematical objects used
to describe symmetries. We can do this because if f is G-invariant in the sense above then
f is also invariant to the sets of inverses {ϕ−1 ∶ ϕ ∈ G} and compositions {ϕ ○ ψ ∶ ϕ,ψ ∈ G}.
This description is used to reduce the search space from the set of subsets of G to the much
smaller set of closed, connected subgroups of G, and to keep the language in this chapter
consistent with the machine learning and mathematical literature. We have aimed to keep
the level of group theory background required to a minimum in this chapter, introducing
any concepts needed. Most of the proofs rely only on elementary probability theory and
linear analysis, and on the geometric properties of the orbits. We now demonstrate how this
generalises many usual structures in nonparametric regression across several examples.

Example 27 (Covariate Sparsity). Suppose that X = Rp and let G be the set of translations
{ϕg ∶ x ↦ x + g}. Suppose that the regression function f ∶ X → R is s-sparse, i.e., there are
(p−s) coordinate positions i that f does not depend on, so f(x+aei) = f(x) for all a ∈ R and

2In the sense of Van der Vaart [2000], chapter 5.

63



M-Estimation of Maximal Symmetries

standard basis vectors ei for these positions i. This is precisely the definition of invariance to
the subgroups of G given by the R-span of ϕei.

Example 28 (Multi-Index Models). In the context of the previous example, there are of
course many other subgroups of G that f could be invariant to, for example translations by the
hyperplane orthogonal to the vector 1d = (1, . . . , 1). A function invariant to this subgroup must
be of the form f(x1, . . . , xd) = fA(x1 +⋯ + xd), as the function’s value at off diagonal inputs
are completely determined by value at the projection to the line through 1d. Thus functions
that are invariant to such subgroups are examples of the multi-index structure f(x) = h(Tx)
for a orthogonal projection T ∶ Rd → Rm as described in Hristache et al. [2001], in this case
with T = 1Td .

Example 29 (Compact Sparsity). The previous example is not an example of a compact
group action, but is very related to this example where we consider the compact domain
[0, 1]d rather than Rd. Now consider the action of the d-torus Td = {ϕg ∶ g ∈ [0, 1)d} given by
translations modulo the integer grid:

ϕg(x) = (g1 + x1 − ⌊g1 + x1⌋, . . . , gd + xd − ⌊gd + xd⌋) (4.2)

for all x ∈ [0,1)d, and ϕg(x) = x for all other x. In this case continuous functions that
are invariant to the span of ϕei are also sparse, in the sense that they do not depend on
the variable in the ith position. The only difference to the previous examples is now the
group Td is compact (note that the topology on this set identifies the boundaries, so it is
homeomorphic to a product of two circles), which can make the search for the maximal
subgroup computationally easier.

Example 30 (3D Rotations). Suppose that X = BR3(0,1), the closed unit ball in R3. Let
G = SO(3) = {rotations around 0}. Any function f that is invariant to G depends only on
∥x∥2, such a function is not covariate sparse but does only depend on a lower dimensional
projection—a non-linear one in this case. If f is invariant to the subgroup of rotations
around the x axis, denoted S1

x, then f depends only on x1 and
√
x2

2 + x2
3, a two dimensional

non-linear projection. This also generalises to higher dimensions, where the groups SO(d)
refer to rotations around the origin in d-dimensions.

4.1.1 Main Contributions

We now state the results in this chapter in technical language. All terms with definitions
contained in the background material are italicised here. Suppose that X is a closed subset
of Rd with non-trivial Lebesgue volume, or any d-dimensional manifold, and let G be a
locally compact Lie group acting smoothly, faithfully, and properly on X . Let F(L,β) be the
Hölder class of functions on X . Suppose that we have collected independent and identically
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distributed (iid) data D = {(Xi, Yi)}ni=1 with Yi = f(Xi) + ϵi where E(ϵi) = 0 and Var(ϵi) = σ2,
and with Xi and ϵi independent. Suppose that fn is a rate optimal estimator over the
hypothesis class F(L,β), such as a local polynomial regressor of degree ℓ = ⌈β⌉ − 1. Let
Sρ ∶ L2(X) → L2(X) be the partial symmetrisation operator given by the orbit average
Sρf = E(f(g ⋅ x)) when g ∼ ρ for any distribution ρ on the group G. For each f ∈ F , let
Gmax(f,G) be the unique maximal invariant subgroup of f . In this chapter:

1) we construct Partially Symmetrised Estimators Sρ(G)fn using specific deterministic
discrete distributions ρ(G) on each closed subgroup G ≤ G for which we obtain pointwise
bounds for all x ∈ X :

sup
f∈F(L,β)

E((Sρ(G)fn(x) − Sρ(G)f(x))2) ≤ CG,xn
− 2β

2β+d−dG (4.3)

for positive constants CG,x that do not depend on f or n, and where dG is the dimension
of a principal orbit of G;

2) we show that when Ω ⊆ X is compact and µ-measurable we also obtain the integrated
risk bound

sup
f∈F(L,β)

E((Sρ(G)fn(X) − Sρ(G)f(X))2 ∣X ∈ Ω) ≤ CG,Ωn
− 2β

2β+d−dG (4.4)

where CG,Ω = E(CG,X ∣X ∈ Ω) < ∞ for X ∼ µ;

3) we show that equation (4.3) holds when ρ(G) is replaced by the uniform distribution
U(G) for compact groups G, and with a the Monte-Carlo estimate with {gi}ni=1 sampled
uniformly from the group, when µ is G-invariant. This means in practice we do not need
the explicit distributions ρG for these groups. As a special case, when f is G-invariant
this recovers the rates of Tahmasebi and Jegelka [2023] as a corollary, though in a slightly
different context;

4) we develop a metric structure on the set of closed subgroups K(G) = {G ∶ G ≤ G}, and
show that the asymptotic bias of the partially symmetrised estimators Sρ(G)fn is locally
Hölder continuous in this metric, when the distributions ρ(G) each has compact support
contained in G;

5) we show that when Ω ⊆ X is compact closure of an open subset we can compute an Error
Minimising Symmetry Ĝ, an estimator of Gmax(f,G), and that the Best Symmetric
Estimator Sρ(Ĝ)fn achieves the adaption property:

sup
f∈F(L,β)

E((Sρ(Ĝ)fn(X)−f(X))
2 ∣X ∈ Ω)n

2β

2β+d−dGmax(f,G) ≤ sup
G∈K(G)

2CG,Ω+2+ 2β(2CG,Ω+4L)
µ(Ω)(2β+d)

(4.5)
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achieving the goal described in equation (4.1). This requires that the action of G is
Lipschitz with respect to the chosen distance on the group.

Each result here assumes mild and standard conditions on the base estimator fn and on
the group action, which are given explicitly in the assumption sets (E) and (Q) later. The
key assumptions of the problem are that the distribution µ is not concentrated around the
singularities of the action, that β is at least dim[x]G/2, and that we have a baseline estimator
fn that is sufficiently local, in the same way local polynomial estimators using kernels with
compact support are, and minimax optimal for the class F(L,β).

4.2 Estimation using a Particular Symmetry

We now turn to the statistical problem of estimating f from within the Hölder function
class F(L,β) ⊆ L2(X) using an iid sample {(Xi, Yi)}ni=1 with E(Yi ∣ Xi) = f(Xi) and
Var(Yi ∣Xi) = σ2 < ∞. This will be done using the same idea as the MAVE from the previous
chapter, but the results here are extended to the random design regime and to integrated
risk using the additional structure of the orbital level sets.

Let G be any locally compact Lie group acting smoothly, properly, and faithfully on X
and let U ⊆ G be a compact set with nonempty interior containing the identity. Suppose that
fn is an estimator for f that is minimax optimal for the class F(L,β), that we will call the
base estimator. We will first, for each point x ∈ X , construct a discrete distribution ρxm
with support contained in U and consider the Partially Symmetric Estimator Sρx

m
fn(x). We

will establish point-wise bounds:

sup
f∈F(L,β)

E((Sρx
m
fn(x) − Sρx

m
f(x))2) ≤ CG,xϕβ,d−d

G

n (4.6)

where ϕβ,d−d
G

n = n−
2β

2β+d−dG and dG = dim[x]G for any principal orbit [x]G. We will then show
that these can be integrated under some conditions on the group action. Note that this estima-
tor will not converge to f unless f is G-invariant so these are not always true risk bounds, but
they are useful for understanding the convergence of these estimators to their asymptotic bias.

For G-invariant f , this is perhaps the expected rate that would be achieved by project-
ing the covariates to the quotient space X/G and regressing the response against these orbits
(of course, proving this would require a mild treatment of the topological conditions of the
quotient space X/G and then applications of standard theorems). For the non G-invariant f ,
it is non-obvious that we can apply usual results because we do not observe iid data with
conditional mean Sρx

m
f - the distribution is very much affected by the averaging over the

orbits.

66



4.2 Estimation using a Particular Symmetry

4.2.1 Defining Partially Symmetrised Estimators

In this section, we give an explicit construction for Partially3 Symmetrised Estimators, as
described above. The main choice to make is the distribution ρ to be used to partially
symmetrise the base estimator fn. We will do this by constructing a set of m points gi ∈ G
and take ρ = U({gi}). This must balance two goals: we want as many points as possible
around [x]G in order to maximise the variance reduction, but would like the estimators
fn(gi ⋅ x) to be independent for theoretical tractability. In order to achieve this, we pick
the a large number of points m such that we can guarantee that BX (gi ⋅ x,h) are pairwise
disjoint for all i, j for a chosen bandwidth h > 0. This is done by examining the geometry of
the orbit [x]G, which is a smoothly embedded sub-manifold of X under our conditions on
the group action. These gi depend on x and h, so we add subscripts to remind us of this choice.

To construct the set {gix,h}, first isometrically embed X in Rq for some q ∈ N, and consider all
points in X and Tx[x]G via this embedding. Since U ⊆ G is a compact neighbourhood of the
identity, [x]U = {g ⋅ x ∈ X ∶ g ∈ U} is a compact sub-manifold of [x]G of the same dimension.
Let W [x]U

x be the largest hypercube in Tx[x]U that is contained in the orthogonal projection
of [x]U onto Tx[x]U . Let R[x]Ux be the side length of the hypercube W [x]U

x . If the orbit is
0-dimensional, as with the trivial group I = {e}, then we take R[x]Ux = 1. We construct the
group elements gix,h as follows:

(i) Pick a maximal grid {ai}mi=1 in W
[x]U
x such that d(ai, aj) ≥ 2h whenever i ≠ j;

(ii) Orthogonally (with respect to Tx[x]U ) project this grid onto [x]U , giving a set {ui}mi=1 ⊆
[x]U ; and

(iii) Pick any4 gix,h ∈ U such that gix,h ⋅ x = ui.

This allows us to define the symmetrising distribution ρxm as the uniform distribution on
the set {gix,h}, which has size m (which depends on x, h, and U implicitly). This process is
depicted in Figure 4.2 for an example with G the special orthogonal group of 2D rotations,
SO(2). We use this choice of ρ to construct the partial symmetrisation operator Sρx

m
, and

apply this to the chosen base estimator fn to construct the Partially Symmetrised Esti-
mator Sρmfn. This is only a slight modification of the MAVE from the previous chapter,
where the level set [x]f is replaced with the orbit [x]G.

The first step to analysing the partially symmetrised estimator requires us to prove the
following lower bound on m and confirm that the points are sufficiently spaced around [x]U .

3The name partial comes from the fact that Sρx
m

may not project fn to the space of G-invariant functions,
as noted in Section 2.4.

4Note that there can be more than one option if the stabiliser Gx = {g ∈ G ∶ g ⋅ x = x} is non trivial.
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Fig. 4.2 The orbit of x ∈ R2 under the action of G = SO(2), along with the points
{ai} and {ui = gix,h ⋅ x} that will be used to partially symmetrise the estimator fn.
This is the same picture as Figure 3.1 but relabelled for the case of symmetry.

Proposition 31. For all x ∈ X and h > 0 we have m ≥ max(1, (R[x]Ux (2h)−1)dim[x]U ), and
dX (gix,h ⋅ x, g

j
x,h ⋅ x) ≥ 2h whenever i ≠ j.

4.2.2 Pointwise Convergence Rates of Partially Symmetrised Estimators

Symmetrised estimators improve convergence because symmetrisation operators can have
minimal effect on the bias (even none when f is G-invariant), but the variance can be
dramatically reduced. This allows for a re-optimisation of the bias-variance trade-off for a
faster converging estimator. This is formalised in this section, which requires us to make
some assumptions on the base estimator fn, the bandwidth hn, and later on the group action.
Recall from Section 3.3 assumption set (E):

Assumption set (E):

(E1) (Strict Locality) Conditioned on DX , fn(x) and fn(y) are independent whenever
d(x, y) ≥ 2h;

(E2) (Default Value) If the ball BX (x,h) contains no Xi, then fn(x) = 0;

(E3) (Optimality) There exist positive constants B,V ∈ R>0, such that for all f ∈ F , for
µ-almost all x, and for all n:

(a) (Bias) If BX (x,h) ∩ DX is non-empty, then ∣E(fn(x) ∣ DX) − f(x)∣ ≤ Bhβ; and

(b) (Variance) If BX (x,h) ∩ DX is non-empty, then Var(fn(x) ∣ DX) ≤ V
∣BX (x,h)∩DX ∣ .

Alongside these we introduce the further condition on optimality to ensure that the random
deign regime we now also consider are amenable.
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4.2 Estimation using a Particular Symmetry

(E3) (Optimality) There exists a positive constant C ∈ R>0, such that for all f ∈ F , for
µ-almost all x, and for all n:

(c) (Risk) E((fn(x) − f(x))2) ≤ C(B2h2β + V (nµ(BX (x,h)))−1)

This is clearly satisfied by fixed design regimes and estimators that satisfy (E3a) and (E3b)
and so this is just a statement that the random design regimes do not introduce too much
variance to the estimator.

We will also require the following conditions that relate the geometry of the (partial)-
orbits [x]U to the measure µ and to the smoothness of the regression function.

Assumption set (Q):

(Q1) E((R[X]UX )−dG) < ∞, where X ∼ µ; and

(Q2) dG < 2β.

Condition (Q1) says that the distribution µ is not overly concentrated around any singularities
of the action. This is satisfied in many normal situations, as shown in the example below. We
also show that in some cases this is not satisfied. The second condition, (Q2), ensures that
the new optimal bandwidth selection rule does not cause the variance of fn to increase too
rapidly. When dG ≥ 2β the bound on the variance of the original estimator fn in (E2) can in
fact increase with n. This is balanced by averaging over O(h−dG) more points, resulting in
the overall reduction in variance. However, if dG ≥ 2β then we are saying that the number
of points in each local ball B(x,h) will not increase with n when h = an−1/(2β+d−dG) for
some a > 0, which causes many estimators to fail assumption set (E) (for example, a local
polynomial estimator might fail to even exist without local data). This assumption is a slight
weakening of the assumption that β ≥ d from the previous chapter, and we will discuss the
effect of low β in Section 4.5.

Example 32 (Example of Assumption (Q1)). Consider the action of G = SO(3) on X = R3

by rotations, and since G is compact we take U = G. The orbit of x ∈ X is the sphere of
radius ∥x∥2, which means that R[x]Gx =

√
2∥x∥2 for all x ∈ R3. We will consider three possible

distributions of X all centered at the singularity of this action, the origin. If µ is a standard
Gaussian distribution on X , i.e., X ∼ N(0, I3), then ∥X∥22 ∼ χ2

3. The regular points of the
action are the non-zero points of X , and dG = 2. Thus

E((R[X]GX )−dG) = E((
√

2∥X∥2)−2) = 1/2 < ∞ (4.7)

using the fact that if Y ∼ χ2
ν then E(1/Y ) = 1/(ν − 2). If µ is the uniform distribution on

the unit ball then ∥X∥2 D= z1/3 when z ∼ U([0,1]) and ∥X∥−2
2 = 3 < ∞ too. If instead the law
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of X has ∥X2∥22 ∼ Cauchy+(0,1), where Y ∼ Cauchy+(0,1) if it is the absolute value of a
Cauchy(0,1) variable, and is uniform in direction, then the expectation above is infinite.

These assumptions allow us to prove the following proposition bounding the point-wise
convergence rate of the partially symmetrised estimator Sρm

x
fn(x). This is done by separate

analysis of the point-wise bias and variance of this estimator, and the results for each of these
can be found in Lemmas 45 and 46 in Section 4.6 along with the proof of this Proposition.

Proposition 33 (Point-wise MSPE of Sρx
m
fn). Under assumption sets (E) and (Q), in the

random design context, with the bandwidth choice hn = an−1/(2β+d−dG) for any positive a, we
have:

sup
f∈F(L,β)

E((Sρx
m
fn(x) − Sρx

m
f(x))2) ≤ CG,xϕβ,d−d

G

n (4.8)

for all n ∈ Z>0, where CG,x is given by:

CG,x = (2(B2a2β + 2dG
V

c⋆(x)(R[x]Ux )dG
) + (L + V )( c⋆(x)a

d(2β−dG)
16β )

2β
d ) (4.9)

where c⋆(x) = infg∈U cg⋅x. In the fixed design regime these bounds hold for all sufficiently large
n such that ∣BX (x,h) ∩ DX ∣ > nµ(BX (x,h))/2.

4.2.3 Integrated Risk of Partially Symmetrised Estimators

The pointwise bound is true for almost all x ∈ X , but not uniform because of the R[x]Ux

and c⋆ terms. The inverse moments of R[X]UX can blow up to infinity on neighbourhoods
of singular points of the action. Assumption (Q1) controls this blow up, ensuring that µ
is not too concentrated around the singularities of the action. This allows us to integrate
the pointwise bound to gain integrated rates over some Borel subset Ω ⊆ X . When Ω ⊆ X is
compact, we can take c⋆ to be a constant in x over Ω, because its minimum over X works
in the required bound. Thus we can obtain the integrated risk in the following proposition.
Note that from here we sometimes drop the superscript x on ρxm when considering Sρx

m
ϕ(x)

as a function of x ∈ X .

Theorem 34 (IMSPE of Sρmfn). Suppose that Ω is a compact Borel subset of X such that
(Q2) holds when X is conditioned on X ∈ Ω, and suppose that cx = c > 0 for all x ∈ Ω. Under
assumption sets (E) and (Q), with a bandwidth hn = an−1/(2β+d−dG) we have:

sup
f∈F(L,β)

E((SρX
m
fn(X) − SρX

m
f(X))2 ∣X ∈ Ω) ≤ CG,Ω ϕβ,d−d

G

n (4.10)
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where x is any regular point of the action, and CG,Ω = E(CG,X ∣X ∈ Ω) < ∞ where X ∼ µ. In
particular, when X is compact, we have:

sup
f∈F(L,β)

E(∥Sρmfn − Sρmf∥22) ≤ CG ϕβ,d−d
G

n (4.11)

where CG = E(CG,X) < ∞. These results also hold in the fixed design regime for sufficiently
large n that ∣BX (x,h) ∩ DX ∣ > nµ(BX (x,h))/2

The condition that assumption (Q2) holds when conditioned on X ∈ Ω holds in almost all
interested cases, for example, when Ω is a d-dimensional unit hypercube in Rd when G = Rd

acts by translation.

4.2.4 Computing Partial Symmetrisation Operators

The explicit construction of ρxm is always possible given any point x ∈ X , the bandwidth h,
the group G, and its action on X , however, it requires computational effort in the general
case—especially when the orbits are non-linear. We now show that in some cases we can
compute these averaging operators quickly by using the specific structure of the group action.

Covariate Sparsity - Linear Orbits

Recall Example 27, where we show that covariate sparsity in non-parametric regression is a
special case of a translation symmetry. Specifically, in this case G = Rd acts on X = Rd by
translation and the covariates that f does not depend on can be identified with subgroups of G
of the form {aei ∶ a ∈ R} for the standard basis {ei} of X . When constructing symmetrisation
operators we can instead exploit the uniform structure of the orbits of all subgroups of G.
Let U = [−1,1]d, and see that Tx[x]U can be identified with U precisely (as there are only
trivial stabilisers) for all x ∈ X . Thus a (2h)-grid on [x]U is exactly the easily computable
grid for the linear tangent space. This means that we need only one computation of the
group elements gi for the dataset D.

Compact Groups

In the special case of a compact group G and when µ is G-invariant, we can use the properties
of the full symmetrisation operator SG to improve on the estimator Sρmfn. Specifically, we
can show SGfn(x) = SGSρx

m
fn(x) by the shift invariance of the Haar measure (see the proof

of the corollary below), which gives the result:

∥SGfn(x) − SGf∥2 = ∥SGSρx
m
fn − SGSρx

m
f∥2 ≤ ∥Sρx

m
fn − Sρx

m
f∥2 (4.12)
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because SG is an orthogonal projection with operator norm 1. Thus the fully symmetrised
estimator SGfn will outperform the partially symmetrised Sρmfn, almost surely. Thus as a
corollary to Theorem 34, we obtain:

Corollary 35 (IMSPE of Fully Symmetrised Estimators). Suppose that X and G are both
compact and that µ is G-invariant. Under conditions (E) and (Q), we have that:

sup
f∈F(L,β)

E(∥SGfn − SGf∥22) ≤ CGϕβ,d−d
G

n (4.13)

for the same constant CG as in Theorem 34.

Now we can estimate SGfn with a simple Monte-Carlo estimator, where we average over M
samples of gi iid∼ U(G). This gives the estimator of f :

f̂n,G(x) =
1
M

M

∑
i=1
fn(gi ⋅ x) (4.14)

which is easily computable whenever we can sample uniformly from the group. The analysis
of this estimator is simple when µ is G-invariant, and achieves the same rates as Sρmfn and
SGfn when M = n.

Corollary 36. Suppose X and G are compact, and that µ is G-invariant. Under assumption
sets (E) and (Q), with M ≍ n, the estimator f̂n,G satisfies:

sup
f∈F(L,β)

E(∥f̂n,G − SGf∥22) ≤ (12C + 12L2 + 2CG)ϕβ,d−d
G

n (4.15)

where CG is as in Proposition 34 and C is as in (E3).

4.3 Adaption to Maximal Symmetries

We can now consider the main problem of this chapter: what is the best subset G ⊆ G to
use to (partially) symmetrise fn to best estimate f? The first step is to note that if f is
invariant to the elements of a subset A ⊆ G, then f is also the group generated by A, i.e.,
the intersection of all subgroups of G that contain A, written ⟨A⟩. Moreover Lemma 11
ensures that f will be invariant to the topological closure ⟨A⟩. Thus our best subset will be a
closed subgroup of G—a fact with simplifies our search remarkably to just the question: How
can we estimate the maximal invariant subgroup of f , and can we do this quickly enough to
improve the estimation of f?

Given any estimator fn that satisfies the condition set (E), the rates in the previous section
hold for the distributions ρmx (G) constructed point-wise in x for each closed subgroup G ≤ G.
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So a simple two step M -estimator, where we minimise Ê(Sρx
m(G)fn) over the closed subgroups

G ≤ G, would give an estimate of the unique maximal subgroup of f , and the minimising
estimator might be expected to perform with the rate ϕβ,d−d

Gmax(f,G)
n . In this section we

should that it can be approximated by minimising over a well chosen finite set of subgroups
(that grows with n), and that the minimiser over this set accomplishes the desired property
of a risk that decays with the fast rate ϕβ,d−d

Gmax(f,G)
n , both globally when X is compact and

locally when it is not.

This first requires three key pieces of analysis in order to do statistics when the objects are
subgroups:

1) that we can construct a metric on the set of closed subgroups in the same way that we
must with other object oriented data analysis tasks [Marron and Dryden, 2021];

2) that this set is totally bounded in this metric5; and

3) that we can bound the asymptotic bias of fn,G in terms of the distance between G and
H (for which f is H-invariant).

We denote the set of closed subgroups of G as K(G). Moreover, we will be greedy in our
estimation by further reducing the problem to just connected subgroups. This is justified
because if f is G-invariant, then f is also G′-invariant where G′ is the connected component
of the identity in G, and dG

′ = dim[x′]G′ = dim[x]G for the regular points of each actions.
Therefore partial symmetrisation with respect to each of G′ and G will achieve the same
convergence rate ϕβ,d−d

G

n , though perhaps with differing constants.

With these mathematical results we can define our estimator of Gmax(f,G), the Error
Minimising Symmetry, and then our estimator for f , the Best Symmetric Estimator given
by partial symmetrisation by the error minimising symmetry. We then prove that the Best
Symmetric Estimator achieves the desired adaption to the maximal symmetry of f .

4.3.1 Metrising Subgroup Space

First, recall that if (X,dX) is a metric space then the Hausdorff metric between compact
subsets A,B is given by

dHaus(A,B) =max ( sup
g∈A

inf
h∈B

dX(g, h), sup
h∈B

inf
g∈A

dX(g, h)) (4.16)

If X is a compact space, then the set of closed subsets of X is compact under this Hausdorff
metric [Henrikson, 1999]. This also means that it is totally bounded, i.e., for all ϵ > 0 there

5recall that a subset U of a metric space (X,dX) is totally bounded if it can be covered by a finite
number of open ϵ balls BX(xi, ϵ) for any ϵ > 0.
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are a finite number of subsets A with open balls of radius ϵ in the Hausdorff metric that
cover the set of compact subsets.

Remark 37. Note that this is slightly different to the metric introduced in Section 3.3, which
would here measure the Hausdorff distance between orbits. Instead, here we ignore the action
and consider the distance between the group elements.

All Lie groups G can be given a metric dG(g, h), given by the length of the shortest geodesic
from g to h under any chosen metric6 on G. Since G is locally compact groups we can
take a compact neighbourhood U of the identity e ∈ G. We define a finite metric dHaus(U) ∶
K(G) ×K(G) → [0,∞) given by:

dHaus(U)(G,H) = dHaus(G ∩U,H ∩U) (4.17)

Note that since G is Hausdorff we know G ∩U is compact for all G ∈ K(G), so this is well
defined. Moreover, it inherits all the metric properties of dHaus with base space U , for which
the set of closed subsets, {A ⊆ U}, is compact. The subgroups K(G) can be identified with
the subsets {G ∩U ⊆ U} ⊆ {A ⊆ U}, which means that it is totally bounded (as a subset of a
totally bounded space).

Now we need to consider how a small distance dHaus(U)(G,H) allows us to understand
the behaviour of Sρ (for some distribution ρ on G with supp(ρ) ⊆ U ∩G) over the space
of H invariant functions. This allows us to bound the asymptotic bias when considering
G-invariant estimators for an H invariant regression function f . The main requirements
are bounds on derivatives of f and of the action of G. In particular, we say that G has
a LG-Lipshitz action on X if dX (g ⋅ x,h ⋅ x) ≤ LGdG(g, h) for all x ∈ X and g, h ∈ G (with
dG(g, h) the metric on the group G we use to compute Hausdorff distances). Since the action
of G is smooth this condition only means that the derivative of g ⋅ x with respect to g is
uniformly bounded over x ∈ X . An example of this is the following.

Example 38 (Example of Lipschitz Action). Consider G = SO(3) acting naturally on
the closed unit ball BR3(0,1) ⊆ R3. The Riemannian distance on G is given by dG(g, h) =
2−1/2∥ log(g−1h)∥F , which is equal to the (minimal magnitude) angle of the rotation g−1h

(Example 4.7 in Fletcher [2010]). Thus we have:

d(g ⋅ x,h ⋅ x) = ∥g ⋅ x − h ⋅ x∥2 = ∥(I − g−1h)x∥2 (4.18)

Thinking of g, h ∈ G as matrices here. This expression is maximised when ∥x∥2 attains its
maximum of 1, and this chord length is bounded by the angle between x and g−1h ⋅ x, so we

6When G is isomorphic to the Cartesian product of a compact group and Rk for some k, then there is a
natural choice given by the unique bi-invariant Riemmanian metric, see Milnor [1976], Lemma 7.5.
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have:

d(g ⋅ x,h ⋅ x) = ∥(I − g−1h)x∥2 ≤ 2−1/2∥ log(g−1h)∥2 = dG(g, h) (4.19)

Therefore the action on this space is 1-Lipschitz.

Proposition 39. Let ρxG be distributions on the groups G each with support contained in
a compact neighbourhood of the identity U , and which can be distinct for each point x ∈ X .
Suppose that G has an LG-Lipschitz action on X . Then for all f ∈ F(L,β)∩L2

H(X), we have:

∣(Sρx
G
f)(x) − f(x)∣ ≤ LLαGdHaus(U)(G,H)α (4.20)

for all x ∈ X , where α =min(β,1).

4.3.2 Defining the Error Minimising Symmetries

Our goal now is to construct a finite set of closed subgroups for which the minimiser of
Ê(Sρ(G)fn) over this set obtains the rate of risk decay corresponding to the maximal symmetry
of f . Recall that we need only consider the closed connected subgroups of G, as noted at the
start of section 4.3. Note that for convenience we suppress the scripts on ρ(G) = ρxm(G). To
ensure that we capture examples for each possible rate, we first stratify the space of closed
connected subgroups of G by the dimension of the regular orbits; i.e., we define:

Kℓ(G) = {G ∈K(G) ∶ dim[x]G = ℓ,G is connected}. (4.21)

Since K(G) is totally bounded under the metric dHaus(U) each stratum Kℓ(G) is totally
bounded too (as every subset of a totally bounded set is totally bounded, see Lemma 72). So
take any δ > 0. For each ℓ, pick a finite set {Gℓi}

kℓ
i=1 such that for all G ∈Kℓ(G), there exists

a Gℓi with dU(G,Gi) ≤ δ. We then take our estimate, the (Global) Error Minimising
Symmetry of Gmax(f,G) as:

Ĝδ = argmin
G∈∪ℓ{Gℓ

i}
Ê(Sρ(G)fn) = argmin

G∈∪ℓ{Gℓ
i}

n

∑
i=1
(Y ′i − S

ρ
X′

i
m (G)

fn(X ′i))2 (4.22)

Where the empirical error is taken from an iid copy of the dataset D used in each fn, given
by D′ = {(X ′i , Y ′i )}ni=1. In the random design context this could be from a split of the data
into two iid pieces.

Example 40 (Construction of δ-cover of K(SO(3))). Since dim[x]SO(3) = 2, there are only
three strata to cover. The easiest is K2(SO(3)) = {SO(3)}, which is covered finitely by itself.
The subgroups in K0(SO(3)) are all finite, and the only connected finite group is the trivial
group I. Thus we only need to really consider the stratum K1(SO(3)) which contains only
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subgroups isomorphic to the circle S1, acting rotationally around the axes u in the unit sphere
S2, so K1(SO(3)) = {S1

u ∶ u ∈ S2}.

Consider the distance between subgroups S1
u and S2

v . For all g ∈ S1
u with angle ϕ ∈ [0, π),

set hg ∈ S1
v as the rotation around v with the same angle of rotation. Then consideration

of the real part of the quaternions representing these rotations, we can find dSO(3)(g, hg) =
2−1/2∥ log(g−1hg)∥F = θ where θ is given by:

cos(θ/2) = cos(ϕ/2)2 + ⟨u, v⟩ sin(ϕ/2)2 = 1 − (1 − ⟨u, v⟩) sin(ϕ/2)2 ≥ ⟨u, v⟩ (4.23)

when ⟨u, v⟩ ≥ 0. This implies that θ ≤ 2 arccos(⟨u, v⟩) in this case, i.e., less than twice the
angle between u and v. Thus we have:

sup
g∈S1

u

inf
h∈S1

v

dSO(3)(g, h) ≤ sup
g∈S1

u

dSO(3)(g, hg) ≤ 2 arccos(⟨u, v⟩) (4.24)

Hence the δ-grid of K1(SO(3)) is easily given by {S1
uij
} where {uij} forms a 2δ/π grid of the

unit sphere S2 under the angular metric. These uij can in turn be generated from a δ/π grid of
angles in spherical coordinates (ϕi, θi) ∈ [0, 2π)×[0, π], with uij = (sin θ cosϕ, sin θ sinϕ, cosϕ).
This is depicted in Figure 4.3.

Subsets of SO(3)

Closed Connected Subgroups

K2(SO(3))

K1(SO(3))

K0(SO(3))

SO(3)

S1
u1

S1
u2

S1
u3

S1
u4

S1
u5

I

≤ δ

Fig. 4.3 Example of the search space of the error minimising symmetry when
G = SO(3), as in Example 40. As δ decreases, the middle stratum gains more points
in the δ-cover.
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4.3.3 Global Rates for the Best Symmetric Estimator

We now can study the properties of the Best Symmetric Estimator of f :

f̂ = Sρ(Ĝδn)
fn (4.25)

where fn is any estimator satisfying assumption set (E), the partial symmetrisation operators
are constructed as per section 4.2.1, δn is a deterministically chosen hyperparameter, and
Ĝδn is the global error minimising symmetry as per section 4.3.2. We first consider the case
where X is compact, as with [0,1]d, Sd, and Td. In this case the Best Symmetric Estimator
achieves the desired rates of adaption to the maximal symmetry of f .

Theorem 41. Let X be a compact space. Let δn = L−1
G (

ϕβ,d−dG
n

2L2 )
1/2 min(β,1). Let {Gℓi}

kℓ
i=1 be

a finite δ-cover of the totally bounded sets Kℓ(G) ⊆ K(G) for ℓ = 0, . . . ,dim[x]G. Let Ĝδ be
the minimiser of Ê(fn,G) over ∪ℓ{GDi }. Then under assumptions (E) and (Q), the Best
Symmetric Estimator Sρ(Ĝδn)

fn achieves the rate:

sup
f∈F(L,β)

Ef(∥Sρ(Ĝδn)
fn − f∥22)

ϕβ,d−d
Gmax(f,G)

n

≤ 2(1 + sup
G∈K(G)

CG) (4.26)

Under many circumstances it is possible to bound CG uniformly over the subgroups in K(G)
as in the example below. For this to be true, it is sufficient that c⋆(x) = c for all x ∈ X and
E((R[X]UX )−dG) < A for all G ∈K(G) for some constant A > 0.

Example 42. Consider the case of G = SO(3) acting naturally on the unit sphere S2 with
a uniform µ = U(S2). As shown in Example 32 we know that E((R[x]SO(3)

x )−dim[x]SO(3)) = 2.
The identity group has this expectation equal to 1 because R is constant. The closed connected
subgroups with dimension 1 orbits are the groups S1

u each isomorphic to SO(2). For regular
points x we have RS

1
u
x =

√
1 − ⟨x,u⟩ because the orbits are circles of this radius around u. The

inner product has the same distribution as the first coordinate of X by rotational symmetry,
which is uniform on [−1,1] (a special case for U(S2)). Thus the distribution of RS

1
u
X is

triangular, with P(
√

1 − ⟨x,u⟩ < a) = a2/2 for a ∈ [0,
√

2] and thus has a linear density
function over this region. The reciprocal expectation is thus simply

E((RS
1
u
X )
−1) = ∫

√
2

0
a−1f

R
S1

u
X

(a)da = ∫
√

2

0
da =

√
2 (4.27)

This constant is greater than for the larger action because it has more singularities (i.e., the
line through u rather than just the origin).
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4.3.4 Local Rates for the Best Locally Symmetric Estimator

In the case that X is not compact, we can still establish a similar local integrated rates.
Instead of minimising the empirical risk, we minimise over a local estimate of the integrated
error of SρĜδ

fn over a compact set Ω = Λ ⊆ X for a non-empty open set Λ. This is slightly
more technical than the global case, but only because we have to account for the “no data”
case. Specifically, we define the Local Error Minimising Symmetry as:

Ĝδ(Ω) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

argmin
G∈∪ℓ{Gℓ

i}
ÊΩ(Sρ(G)fn) if ∑ni=1 1X′i∈Ω > 0

I otherwise
(4.28)

for every x ∈ X , where:

ÊΩ(Sρ(G)fn) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∑n
i=1 (Y ′i −Sρ(G)fn(X′i))

2
1X′

i
∈Ω

∑n
i=1 1X′

i
∈Ω

if∑ni=1 1X′i∈Ω > 0

L otherwise
(4.29)

and all other terms are as for the global error minimising symmetry. The conditions on
our covariate design and bandwidth ensure that the number of terms in Ω is expected to
grow with nµ(Ω), so with high probability (i.e., exponentially increasing in n) we will have
an estimate in the first case of equation (4.28). When Ω = BX (x,h) this is effectively a
Nadaraya-Watson estimator of the pointwise risk. This then leads to the Best Locally
Symmetric Estimator, Sρ(Ĝδ(Ω))fn which obtains rates in the following theorem.

Theorem 43. Let Ω be a compact subset that is the closure of an open subset of X . Let

δ = L−1
G (

ϕβ,d−d
G

n

2L2 )
1/2 min(β,1)

(4.30)

Let {Gℓi}
kℓ
i=1 be a finite δ-cover of the totally bounded sets Kℓ(G) ⊆K(G) for ℓ = 0, . . . ,dim[x]G.

Let Ĝδ be the local error minimising symmetry. Under assumptions (E) and (Q), we have
that

sup
f∈F(L,β)

E((Sρ(Ĝδ(Ω))fn(X) − f(X))
2 ∣X ∈ Ω)

ϕβ,d−d
Gmax(f,G)

n

≤ C0 (4.31)

where the constant C0 is given by:

C0 = sup
G∈K(G)

2CG,Ω + 2 + (2CG,Ω + 4L) 2β
µ(Ω)(2β+d) (4.32)

and CG,Ω is as defined in section 4.2.3.
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4.4 Finite Sample Performance

We now examine the finite sample performance of best symmetric estimators using synthetic
data in the contexts of the main examples of this chapter, namely 3D Rotations and
translations. All code can be found in the supplementary material [Christie and Aston,
2024b].

4.4.1 3D Rotations

Suppose that X = BR3(0,1), the closed unit ball in R3. Let G = SO(3) (a well known compact
Lie group) act naturally by matrix multiplication on X as in Example 30. Suppose that µ is
the uniform measure on X , so that cx is the reciprocal of the Lebesgue volume of X for all x.
To estimate the global error minimising symmetry we need:

1. to show that this action is LSO(3)-Lipschitz; and

2. to construct a δ-cover of each Kℓ(SO(3)).

For this group and covariate space these are done in the examples 38 and 40 in the previous
sections.

We have used a local constant estimator (LCE), defined explicitly in 2.1, originally pro-
posed in Nadaraya [1964], Watson [1964]), with a rectangular kernel as our fn. We consider
the Hölder class F(L,β = 1) and simulated draws of datasets with Yi = f(Xi) + ϵi where
ϵi
iid∼ N(0, σ2) and Xi

iid∼ U(X), for sample sizes n ∈ {30, 50, 75, 100, 150, 200, 300}. We sample
two independent copies of the dataset for each simulation, one used to estimate f and the
other used to estimate Gmax(f,G) for the symmetrised estimator. The baseline LCE uses
the union of these datasets to estimate f . We have used a bandwidth hGn = n−1/(2β+d−dG)

for each partially symmetrised estimator depending on G ≤ G = SO(3), and the minimax
optimal h = hIn for the baseline LCE. When sampling from any subgroup of G we use the
uniform distribution, as per the results in section 4.2.4. We have used 3 choices of f , with
varying levels of symmetry:

Regression function Maximal Symmetry
f1(x) = cos(∥x∥2) SO(3)
f2(x) = cos(

√
x2

2 + x3
2) S1

e1

f3(x) = x2
1 + x2 − 0.6x3 I

Note that f1 does have other symmetries (for example it is invariant to the supergroup O(3))
though these are not contained in the search group G = SO(3). We compared an estimated
risk of the baseline LCE, 1

K ∑
K
i=1(fn(X ′i) − f(X ′i))2 for K = 200, against the symmetrised

LCE, 1
K ∑

K
i=1(SĜfn(X

′
i) − f(X ′i))2 for X ′i

iid∼ µ that are independent of both the data used to

79



M-Estimation of Maximal Symmetries

the iid copy used estimate fn and Ĝδ. The average results of 30 trials for each sample size
are plotted on a log-log scale in Figure 4.4.

(a) f1 (b) f2 (c) f3

Fig. 4.4 Estimated risk for a baseline Local Constant Estimator fn in blue against
the symmetrised SρĜδ

fn in orange, as well as 95% Wald confidence intervals for the
true risk. Plots are on a log-log scale.

We see that the true regression function has some level of symmetry, then our estimator does
indeed obtain a faster rate than the baseline LCE. When there is no symmetry within the
search group G our estimator performs slightly worse because of the variance in the estimated
group and the half sized sample for estimation of f , but does obtain the same rate of risk
decay. Note that the slopes slightly increase with n as the boundary effects diminish.

4.4.2 Translational Symmetry

Consider the situation of Example 29, where X = (R/Z)2 is the (flat) 2-torus and G = (R/Z)2

acts by translation. Recall that if f is invariant to subgroups of translation along an axis
then f does not depend on this coordinate of the covariate vector X, so captures sparsity in
the covariates. As in the previous example, we first establish the required Lipschitz bound
and δ-grid:

1) The action is 1-Lipschitz because addition is Lipschitz; and

2) A δ-grid can be constructed by considering the angles of lines through the origin. All
closed one dimensional subgroups have this form with a rational angle θ measured from
the x-axis, and the distance between them (under the natural metric on G), is bounded
as:

dG(G,H) ≤
√

2 sin(θG − θH) ≤
√

2(θG − θH) (4.33)

Thus a δ-grid is given by lines of angle θi where θi = 360○i/I, I = ⌈360/(
√

2δ)⌉ and
i ∈ {0,1, . . . , I}. In practice we would like lines with low denominators so we take the
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union of these grids over J ≤ I, i.e.:

{G1
j}kj=1 =

I

⋃
J=1
{S1

360○i/J ∶ i = 0, . . . , J} (4.34)

where S1
θ is the 1 dimensional group given by the line through the origin in T2 with angle

θ.

We have used the same base estimator as in the previous example, and simulated draws in
the same regression model for three choice of regression functions f :

Regression function Maximal Symmetry
f1(x) = 1 G = T2

f2(x) = sin(2πx1) G2 = S1
θ=0

f3(x) = cos(2π(x1 − x2)) G3 = S1
θ=−π2

The average estimated risks across 100 simulations are plotted in Figure 4.5, where we see that
the symmetrised estimator outperforms the baseline LCE in terms of rate for all scenarios,
and so has lower absolute performance for n ≥ 150. At very low sample sizes the performance
of the Best Symmetric Estimator is reduced by the variability in the estimated group.

(a) f1 (b) f2 (c) f3

Fig. 4.5 Estimated generalisation risk for a baseline Local Constant Estimator fn
in blue against the symmetrised SρĜδ

fn when the same data is used in both steps of
the M -estimation, as well as 95% Wald confidence intervals for the true risk. Plots
are on a log-log scale.

For low sample sizes we sometimes see that the symmetrised estimator performs worse than
the baseline, which is likely due to a sub-optimal choice of bandwidth that creates instances
where DX ∩B(gi ⋅ x,h) is empty.

4.5 Discussion

In this chapter we have given sufficient conditions for the adaption to the symmetries present
in a non-parametric regression function f . This means that we can learn patterns present in
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our non-parametric regression functions and use these patterns to better generalise. This
answers the question posed in the previous chapter in the positive for the class of symmetric
level sets. It has used the manifold averaged estimator but used the additional structure of
this situation to prove stronger results: we can show it works in the random design context
and remove some log factors. We now mention a few avenues for future work, and make a
few remarks.

4.5.1 Low Smoothness Case

We have assumed (Q2), that dG < 2β, so that the optimal bandwidth h decays slowly enough
that each ball BX (gi ⋅x) will contain increasing numbers of Xi. It would be ideal to remove this
assumption by somehow combining the data from all m balls into one, i.e., use the “quotient
space local data” DG = {(gj ⋅Xi, Yi) ∶ gj ∈ Supp(ρxm(G))} and taking the estimate of f(x)
as fn(x;DG). This would ensure that we can use approximately O(mnhd) = (n2β/(2β+d−dG))
datapoints for the local estimation at x giving optimal variance. This is essentially what
happens for a local constant estimator symmetrised by SρG

if we only average over the
points fn(gi ⋅ x) for which BX (gi ⋅ x) ∩ DX is non-empty. This would allow us to achieve
mini-max optimal symmetry adaptive estimation even when β = 1 for any dimension of the
orbit. For β ∈ (1, dG/2) one would hope that we could establish the same result, however
the story becomes more complicated. If f is not G invariant and we use the dataset DG

then the introduced bias will change based on the method of estimation used; we might lose
the fast decay of ∥fn(x;DG) − Sρx

m(G)f(x)∥
2
2 that allows us to construct the M -estimator of

unknown symmetries. We conjecture that there is a class of G-stable base estimators fn that
satisfy both assumption set (E) and ensures this convergence property for these intermediate
smoothness classes.

4.5.2 Local Symmetries

Whilst the requirement that f has a global compact symmetry may be common, it can be
restrictive. A much more general condition is that f obeys a local symmetry, where the
level set of f(x) and the orbit [x]G intersect on a compact connected subset of the orbit
containing x. This captures situations such as digit classification, where we cannot rotate
a 6 arbitrarily before it becomes a 9 but we can make small rotational perturbations. The
theorems in this chapter, even relating to the local error minimising symmetry, require that
the local orbits are the same everywhere, which means that they must be able to be patched
together into a global symmetry. It would be interesting to understand how the best locally
symmetric estimator performs when the requirement of global symmetry is dropped.
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4.5.3 Improvements on the Constants

One problem with the method presented is that it can be wasteful with the split between
data used to estimate f and used to estimate Gmax(f,G), which means we see worse finite
sample performance when f has no symmetries. Alternatively, a leave one out cross-validation
approach could also be examined.

Secondly we have ignored non connected subgroups of G in our search for Gmax(f,G).
Such groups allow for further reduction in variance and potentially increased performance, at
the cost of a much larger search for the error minimising symmetry.

4.5.4 Lower Bounds on the Estimation of Maximal Symmetries

A natural question that arises in this chapter is “does E(dHaus(U)(Ĝ,Gmax(f,G))) converge
uniformly to 0 for all f ∈ F(L,β), and if so, how quickly?”. Unfortunately, this question
has a negative answer because we can have a sequence of non-G-invariant functions that
approximate a G-invariant f arbitrarily well in L2(X), and distinguishing the symmetries
is at least as statistically challenging as distinguishing the functions. This is explicit in the
following example.

Example 44. Suppose that X = BR3(0,1) and µ = U(X). Consider the functions f3(x) =
exp(−(x2

1 + x2
2)) and f2 = exp(−(x2

1 + x3
2)), which are invariant to rotations around the z-axis

(S1
z ) and y-axis (S1

y) respectively, as well as reflections through the x-y plane (R1) and x-z
plane (R2) respectively, giving their maximal symmetries. Both are in the Hölder class
F(L,2) for some L. This is also true for any multiple of these functions by c ∈ (0,1].

Suppose we have normally distributed noise of standard deviation 1, so Yi ∣Xi ∼ N(f(Xi), 1).
Consider that we can create hypotheses P0 ∶ f = cf3 and P1 ∶ f = cf2 with KL(P0, P1) arbi-
trarily small Kullback-Leibler divergence KL(P0, P1) = c2

2 ∥fx − fy∥
2
2. This is can be seen by

using the fact that KL(N(µ1,1),N(µ2,1)) = (µ1 − µ2)2/2 and writing ϕ for the density of a
standard normal. So taking c =

√
n−1∥fx − fy∥−2

2 log(4) ensures KL(P0, P1) ≤ n−1 log 2, and
thus Le Cam’s lemma [Tsybakov, 2008] implies

inf
Ĝ

sup
f∈F(L,2)

Ef(dHaus(SO(3))(Ĝ,Gmax(f))) ≥
1
16
dHaus(SO(3))(Gmax(f0),Gmax(f1)) (4.35)

where the Gmax terms have the second argument SO(3) suppressed. Since this bound is a
positive constant, we see this problem is essentially intractable.

This is not to say that the convergence is not possible for any particular regression function
f , and it would be an interesting question of future study as to how this convergence behaves
for different classes of symmetries.
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4.5.5 A remark on equivariance

In this chapter we have considered only invariant functions, for which f(g ⋅ x) = f(x). In the
machine learning literature there is often consideration of the class of equivariant functions,
for which

f(g ⋅X) = g ⋆ f(X) (4.36)

for some action ⋆ on the domain of Y [Bronstein et al., 2021]. However, in terms of statistical
theory, these functions behave very similarly to invariant functions. This is because the
function f can be decomposed into aG-invariant function f̃ ∶ X /G→ Y/G with f̃(x) = [f(x)]G
(i.e., a function which picks the output’s orbit) and another G-invariant function r ∶ X /G→ G

(that picks “starting” points) such that f(x) = r(x) ⋆ ι⋆(f̃(x)). Both pieces are easier to
learn than the original function, both because the input space is reduced to X/G and the
output space is split into Y/G and G. However, because we are still estimating both pieces
the errors will still combine - obscuring any additional benefit from the quotient on Y.

4.6 Proofs

4.6.1 Proofs in Section 4.2

Proof of Proposition 31. Each side length can afford at least ⌈Rx(2h)−1⌉ points with 2h
spacing, and we can do this in each of the dimensions of TxM. This gives the first inequality
in:

m = ∣{ai}Ni=1∣ ≥ ⌈R[x]Ux (2h)−1⌉dim[x]U ≥ ⌈(R[x]Ux (2h)−1)dim[x]U ⌉ ≥max(1, (R[x]Ux (2h)−1)dim[x]U )
(4.37)

The second then follows as a basic fact about ceiling functions, as if {x} = x − ⌊x⌋ = 0 this is
trivial and otherwise:

⌈xn⌉ = ⌈
n

∑
k=0
(n
k
) × ⌊x⌋k × {x}n−k⌉ ≤

n

∑
k=0
(n
k
) × ⌊x⌋k × ⌈{x}n−k⌉ ≤

n

∑
k=0
(n
k
) × ⌊x⌋k × 1 = ⌈x⌉n (4.38)

Now the points {ui} have dX (ui, uj) ≥ 2h. To see this, let ni be the normal vector for which
ui = ai + ni and ⟨ni, ai − x⟩ = 0 for each i in the embedding space Rq. Then we have (with d

the metric on the embedding space Rq),

d(ui, uj)2 = d(ai, aj)2 + d(ni, nj)2 ≥ d(ai, aj)2 ≥ (2h)2 (4.39)

by the orthogonality conditions. Then the isometry of the embedding of X into Rq ensures
that the minimal path lengths in X connecting ui and uj are at least as long as the euclidean
paths in the ambient space, giving the result.
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We now provide the proof regarding the pointwise risk of partially symmetrised estimators,
which is best analysed by considering the squared bias and the variance of the estimator
separately. We will use the shorthand px,h = µ(BX (x,h)), and gi = gix,h.

Lemma 45 (Point-wise Bias of Sρx
m
fn). Under the conditions of Proposition 33, we have:

∣E(Sρx
m
fn(x)) − Sρx

m
f(x)∣ ≤ Bhβ + sup

i∈[m]
exp(−npgi⋅x,h)∥f∥∞ (4.40)

when h = an−1/(2β+d−dG), for all n in the random design regime. In the fixed deisgn regime
these bounds hold for sufficiently large n.

Proof of Lemma 45. Using the definition of the symmetrisation operator, we see:

∣E(Sρx
m
fn(x)) − Sρx

m
f(x)∣ = ∣E( 1

m

m

∑
i=1
fn(gi ⋅ x) − f(gi ⋅ x))∣ (4.41)

= ∣ 1
m

m

∑
i=1

E(fn(gi ⋅ x) − f(gi ⋅ x))∣ (4.42)

≤ 1
m

m

∑
i=1
∣E(fn(gi ⋅ x) − f(gi ⋅ x))∣ (4.43)

= 1
m

m

∑
i=1
∣E(E(fn(gi ⋅ x) ∣ DX) − f(gi ⋅ x))∣ (4.44)

≤ 1
m

m

∑
i=1

E(∣E(fn(gi ⋅ x) ∣ DX) − f(gi ⋅ x)∣) (4.45)

= 1
m

m

∑
i=1

E(∣E(fn(gi ⋅ x) ∣ DX) − f(gi ⋅ x)∣ ∣ Ngi⋅x,h > 0))P(Ngi⋅x,h > 0)+

(4.46)

E(∣E(fn(gi ⋅ x) ∣ DX) − f(gi ⋅ x)∣ ∣ Ngi⋅x,h = 0))P(Ngi⋅x,h = 0)
(4.47)

≤ 1
m

m

∑
i=1
Bhβ + ∣f(gi ⋅ x)∣ exp(−npgi⋅x,h) (4.48)

where Nx,h = ∣BX (x,h) ∩ DX ∣. This uses assumption (E3c) and Lemma 71. In this fixed
design regime these bounds hold for sufficiently large n.

Lemma 46 (Point-wise Variance of Sρx
m
fn). Under the conditions of Proposition 33, we

have:
Var(Sρx

m
fn(x)) ≤ 1

m sup
i∈[m]

( 2V
npgi ⋅x,h

+ V exp(−npgi⋅x,h/8) +mB2h2β) (4.49)

when h = an−1/(2β+d−dG). This bound holds for all n in the random design regime, and for all
sufficiently large n in the fixed design regime.
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Proof of Lemma 46. First consider expanding the variance by the law of total variance:

Var(Sρx
m
fn(x)) = E(Var(Sρx

m
fn(x) ∣ DX)) +Var(E(Sρx

m
fn(x) ∣ DX)) (4.50)

We now consider each term. Let Nx,h = ∣BX (x,h) ∩ DX ∣.

E(Var(Sρx
m
fn(x) ∣ DX)) = E(Var( 1

m

m

∑
i=1
fn(gi ⋅ x) ∣ DX)) (4.51)

= E( 1
m2 Var(

m

∑
i=1
fn(gi ⋅ x) ∣ DX)) (4.52)

= 1
m2

m

∑
i=1

E(Var(fn(gi ⋅ x) ∣ DX)) (4.53)

because of the strict locality of fn, the construction of {gi}mi=1 which ensures 2h-spacing. Now
we expand each expectation over the DX -events Ξi = {Ngi⋅x,h = 0}.

E(Var(fn(gi ⋅ x) ∣ DX)) = E(Var(fn(gi ⋅ x) ∣ DX) ∣ Ξi)P(Ξi)+ (4.54)
E(Var(fn(gi ⋅ x) ∣ DX) ∣ ΞCi )(1 − P(Ξi)) (4.55)

= 0 × P(Ξi) +E( V
Ngi ⋅x,h

∣ Ngi⋅x,h > 0)(1 − P(Ξi)) (4.56)

≤ E( V
Ngi ⋅x,h

∣ Ngi⋅x,h > 0) (4.57)

= E( V
Ngi ⋅x,h

∣ 0 < Ngi⋅x,h < npgi⋅x,h/2))P(0 < Ngi⋅x,h < npgi⋅x,h/2))+

(4.58)

E( V
Ngi ⋅x,h

∣ Ngi⋅x,h > npgi⋅x,h/2))P(Ngi⋅x,h > npgi⋅x,h/2)) (4.59)

≤ V P(Ngi⋅x,h < npgi⋅x,h/2)) + 2V
npgi ⋅x,h

(4.60)

≤ 2V
npgi ⋅x,h

+ V exp(−npgi⋅x,h/8) (4.61)

which uses the concentration inequality in Lemma 71. Thus we have:

E(Var(Sρx
m
fn(x) ∣ DX)) ≤ 1

m sup
i∈[m]

( 2V
npgi ⋅x,h

+ V exp(−npgi⋅x,h/8)) (4.62)

For the second term, consider:

Var(E(Sρx
m
fn(x) ∣ DX)) = Var(E( 1

m

m

∑
i=1
fn(gi ⋅ x) ∣ DX)) (4.63)

= Var( 1
m

m

∑
i=1

E(fn(gi ⋅ x) ∣ DX)) (4.64)

≤ sup
i∈[m]

Var(E(fn(gi ⋅ x) ∣ DX)) (4.65)
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For ease, let Ti be the random variable E(fn(gi ⋅ x) ∣ DX). Note that if Ngi⋅x,h > 0 then
Ti ∈ [f(x) −B(x)hβ, f(x) −B(x)hβ] by assumption (E3) and otherwise Ti = 0. Thus we can
use assumption (E2) and Popoviciu’s inequality for bounded random variables [Sharma et al.,
2010] to find:

Var(Ti) = E(T 2
i ∣ Ξ)P(Ξi) +E(T 2

i ∣ ΞCi )(1 − P(Ξi)) − (E(Ti ∣ Ξi)P(Ξi) +E(Ti ∣ ΞCi )(1 − P(Ξi)))2

(4.66)

= 0 × P(Ξi) +E(T 2
i ∣ ΞCi )(1 − P(Ξi)) − (0 × P(Ξi) +E(Ti ∣ ΞCi )(1 − P(Ξi)))2 (4.67)

≤ Var(Ti ∣ ΞCi ) (4.68)
≤ B2h2β (4.69)

Therefore we have the variance bound:

Var(Sρx
m
fn(x)) ≤ 1

m sup
i∈[m]

( 2V
npgi ⋅x,h

+ V exp(−npgi⋅x,h/8) +mB2h2β) (4.70)

as required.

Proof of Proposition 33. The pointwise error of the partially symmetrised estimator has:

E((Sρx
m
fn(x) − Sρx

m
f(x))2) = (E(Sρx

m
fn(x)) − Sρx

m
f(x))2 +Var(Sρx

m
fn(x)) (4.71)

≤ B2h2β + sup
i∈[m]

exp(−npgi⋅x,h)∥f∥∞+ (4.72)

1
m sup
i∈[m]

( 2V
npgi ⋅x,h

+ V exp(−npgi⋅x,h/8) +mB2h2β) (4.73)

Now with the choice of bandwidth h = an−1/(2β+d−dG), the bound on m from Proposition 31,
and the distribution property µ(BX (x,h)) ∈ [cxhd,Cxhd] we have that:

h2β ≤ a2βϕβ,d−d
G

n (4.74)

and

(mnpgi⋅x,h)−1 ≤ (2h)dG

(R[x]Ux )dGncgi ⋅xhd
(4.75)

= 2dG

cgi ⋅x(R
[x]U
x )dG

× ϕβ,d−dG

n (4.76)
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Thus we can substitute these back into equation (4.73) to find:

E(Sρx
m
fn(x) − Sρx

m
f(x))2) ≤ sup

i∈[m]
(2B2a2β + + 21+dG

V

cgi ⋅x(R
[x]U
x )dG

)ϕβ,dimX−dG

n + (4.77)

(∥f∥∞ + V ) exp(−npgi⋅x,h/8) (4.78)

≤ sup
g∈U

2(B(g ⋅ x)2a2β + 2dG
V

cg⋅x(R[x]Ux )dG
)ϕβ,dimX−dG

n + (4.79)

(∥f∥∞ + V ) exp ( − cg⋅xad

8 n
2β−dG

2β+dimX−dG ) (4.80)

≤ sup
g∈U
(2(B2a2β + 2dG

V

cg⋅x(R[x]Ux )dG
)+ (4.81)

(∥f∥∞ + V )( 16β
cg⋅xad(2β−dG))

−2β
d )ϕβ,dimX−dG

n (4.82)

The result follows from noting that supg c−1
g⋅x = 1/ infg cg⋅x and that ∥f∥∞ ≤ L for all f ∈

F(L,β).

Proof of Theorem 34. See that the pointwise bound of Proposition 33 can be used with the
conditional expectation tower law to find:

E((Sρmfn(X) − Sρmf(X))2 ∣X ∈ Ω) = E(E((SρX
m
fn(X) − SρX

m
f(X))2 ∣X) ∣X ∈ Ω) (4.83)

≤ E(CG,X ∣X ∈ Ω)ϕβ,d−dG

n (4.84)

Lastly we check the integrability of CG,X . See that:

E(CG,X ∣X ∈ Ω) = E(2(B2a2β + 2dG
V

c⋆(X)(R[x]UX )dG
) + (L + V )( c⋆(X)a

d(2β−dG)
16β )

2β
d ∣X ∈ Ω)

(4.85)

= 2B2a2β + 2E( 2dG
V

c(R[x]UX )dG
) + (L + V )E(( c⋆(X)a

d(2β−dG)
16β )

2β
d ∣X ∈ Ω) (4.86)

≤ 2B2a2β + 2(2dG
V

c
)E((R[x]UX )−dG ∣X ∈ Ω) + (L + V )(( ca

d(2β−dG)
16β )

2β
d )

(4.87)

Assumption (Q2) and its conditioned hypothesis in this theorem then control the expectation
term, giving the integrability of CX ∣X ∈ Ω.

Proof of Corollary 35. First, note that using the shift invariance of the Haar measure we
have that if g ∼ U(G), then ggi

D= g ∼ U(G) for all gi, so

SGSρx
m
ϕ(y) =m−1

m

∑
i=1

E(ϕ((ggi) ⋅ y) ∣ D) =m−1
m

∑
i=1

E(ϕ(g ⋅ y) ∣ D) = SGϕ(y) (4.88)
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for all ϕ ∈ L2(X). Thus we can say that almost surely:

∥SGfn − SGf∥2 = ∥SGSρmfn − SGSρmf∥2 ≤ ∥Sρmfn − Sρmf∥2 (4.89)

using the fact that SG is a projection with operator norm 1 in the last inequality. Lastly, we
can then take expectations and use Proposition 34 to get the stated result.

Proof of Corollary 36. The estimator f̂n,G is a Monte-Carlo estimate of SGfn, so we have:

E∥f̂n,G − SGf∥22 ≤ 2E∥f̂n,G − SGfn∥22 + 2E∥SGfn − SGf∥22 (4.90)

using the sum of squares inequality (a+ b)2 ≤ 2a2 + 2b2 (Lemma 69). The first term describes
the Monte-Carlo error of the approximation f̂n,G ≈ SGfn, which is bounded:

E∥f̂n,G − SGfn∥22 = E((f̂n,G(X) − SGfn(X))2) (4.91)
= E(E((f̂n,G(X) − SGfn(X))2 ∣ D,X)) (4.92)
= E(Var(f̂n,G(X) ∣ D,X)) (4.93)
= 1
ME(Var(fn(g ⋅X) ∣ D,X)) (4.94)
= 1
ME((fn(g ⋅X) − SGfn(X))2) (4.95)
≤ 3
ME(∥fn ○ (g⋅) − f ○ (g⋅)∥22 + ∥SGfn − SGf∥22 + ∥(SGf) ○ (g⋅) − f ○ (g⋅)∥22)

(4.96)

≤ 6
M (Cϕ

β,d
n + ∥f∥22) (4.97)

≤ 6C+6L2

M (4.98)

using the fact that SGfn = E(f̂n,G(X) ∣ D,X), the independence of the gi samples, the sum
of squares inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), the G-invariance of µ, and lastly the bounds
Assumption (E3) and the Hölder ball bound on ∥f∥22. Thus we have:

E(∥f̂n,G − SGf∥22) ≤ 12
M (C +L

2) + 2CGϕβ,d−d
G

n (4.99)

≤ (12C + 12L2 + 2CG)ϕβ,d−d
G

n (4.100)

when M = n, as required.
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4.6.2 Proof in Section 4.3

Proof of Proposition 39. Since f is continuous, we know that f = f0 in the definition of
invariance. Thus for any such f ∈ F(L,β), x ∈ X , and g ∼ ρxG we have:

((Sρx
G
f)(x) − f(x))2 = E(f(x) − f(g ⋅ x))2 (4.101)

= E( inf
h∈H∩U

f(h ⋅ x) − f(g ⋅ x))2 (4.102)

≤ L2E( inf
h∈H∩U

d(h ⋅ x, g ⋅ x)α)2 (4.103)

≤ L2( sup
g∈G∩U

inf
h∈H∩U

d(h ⋅ x, g ⋅ x)α)2 (4.104)

≤ L2 sup
g∈G∩U

inf
h∈H∩U

(LGdG(g, h))2α (4.105)

≤ L2L2α
G dHaus(U)(G,H)2α (4.106)

giving the required inequality.

Proof of Theorem 41. Suppose that dim[x]Gmax(f,G) =D. Let GDi be any group in KD with
dHaus(Gmax(f,G),GDi ) ≤ δ (of which there must be at least one). Then we have:

∥SρĜδ
fn − f∥22 = Ê(SρĜδ

fn) + (∥SρĜδ
fn − f∥22 − Ê(SρĜδ

fn)) (4.107)

≤ Ê(Sρ
GD

i

fn) + (∥SρĜδ
fn − f∥22 − Ê(SρĜδ

fn,h)) (4.108)

= ∥Sρ
GD

i

fn − f∥22 + (Ê(SρGD
i

fn) − ∥Sρ
GD

i

fn − f∥22) + (∥SρĜδ
fn − f∥22 − Ê(SρĜδ

fn))

(4.109)

Taking expectations (over both the original data used for estimating fn and the independent
copy used for the calculating Ê) then gives:

R(SĜδ
fn) ≤ R(SGD

i
fn) + σ2 − σ2 (4.110)

So we need only consider the properties of the group that best approximates Gmax(f,G). We
have:

R(SGD
i
fn) = E(∥Sρ

GD
i

fn − f∥22) (4.111)

≤ 2E(∥Sρ
GD

i

fn − Sρ
GD

i

f∥22) + 2∥Sρ
GD

i

f − f∥22 (4.112)

≤ 2CGD
i
ϕβ,d−d

GD
i

n + 2∫X (Sρ
x

GD
i

f(x) − f(x))2 dµ(x) (4.113)

≤ 2CGD
i
ϕβ,d−d

GD
i

n + 2∫X L
2L2α
G dU(GDi ,Gmax(f,G)2α)dµ(x) (4.114)

≤ 2CGD
i
ϕβ,d−d

GD
i

n + 2L2L2α
G δ

2α (4.115)
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where α = min(β,1). This comes from the sum of squares inequality (a + b)2 ≤ 2a2 + 2b2

(Lemma 69), Theorem 34, Proposition 39, and lastly the δ-closeness of GDi to Gmax(f,G).
Now we have:

2L2L
2 min(β,1)
G δ2 min(β,1) ≤ 2L2L

2 min(β,1)
G (L−1

G (
ϕGn
2L2 )

1/2 min(β,1))2 min(β,1) (4.116)

≤ ϕβ,d−dGn (4.117)

≤ ϕβ,d−dGmax(f,G)
n (4.118)

Therefore we have:

R(SρĜδ
fn) ≤ 2CGϕβ,d−d

Gmax(f,G)
n + 2ϕβ,d−dGmax(f,G)

n (4.119)

≤ 2( sup
G∈K(G)

CG + 1)ϕβ,d−dGmax(f,G)
n (4.120)

as required.

Proof of Theorem 43. Let GDi be the minimiser of d(GDi ,Gmax(f,D)) over ∪ℓ{Gℓi}. First,
we have the minimisation inequality:

E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) (4.121)

= ÊΩ(SρĜδ(Ω)
fn) +E((SρĜδ(Ω)

fn(X) − f(X))2 ∣ fn,X ∈ Ω) − ÊΩ(SρĜδ(Ω)
fn)

(4.122)

≤ ÊΩ(Sρ
GD

i

fn) +E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) − ÊΩ(SρĜδ(Ω)

fn) (4.123)

= E((Sρ
GD

i

fn(X) − f(X))2 ∣ fn,X ∈ Ω)+ (4.124)

ÊΩ(Sρ
GD

i

fn) −E((Sρ
GD

i

fn(X) − f(X))2 ∣ fn,X ∈ Ω)+ (4.125)

E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) − ÊΩ(SρĜδ(Ω)

fn) (4.126)

Now conditioned on the event Ξ′ that Ω contains at least one X ′i , we have:

E(ÊΩ(SρG
fn) ∣ fn,Ξ′) = σ2 +E((SρG

fn(X) − f(X))2 ∣ fn,X ∈ Ω) (4.127)

for all subgroups G ∈ ∪ℓ{Gℓi}. In the complementary event Ξ′C , we have Ĝδ(Ω) = I and so:

E(ÊΩ(SρG
fn) ∣ fn,Ξ′C) = L (4.128)
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Thus the integrated error splits over these events as:

E((SρĜδ(Ω)
fn(X) − f(X))2 ∣X ∈ Ω) (4.129)

= E(E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω)) (4.130)

= E(E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) ∣ Ξi)P(Ξi)+ (4.131)

E(E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) ∣ ΞCi )P(ΞCi ) (4.132)

≤ (E((Sρ
GD

i

fn(X) − f(X))2 ∣ fn,X ∈ Ω) + σ2 − σ2) (4.133)

(E((SρĜδ(Ω)
fn(X) − f(X))2 ∣ fn,X ∈ Ω) +L −L)P(Ξ′Ci ) (4.134)

≤ 2CGD
i ,Ω

ϕβ,d−Dn + 2E((Sρ
GD

i

f(X) − f(X))2 ∣X ∈ Ω)+ (4.135)

sup
G∈K(G)

(2CG,Ωϕβ,dn + 2E((SρG
f(x) − f(X))2 ∣X ∈ Ω))P(Ξ′C) (4.136)

≤ 2CGD
i ,Ω

ϕβ,d−Dn + 2L2L2α
G δ

2α + sup
G∈K(G)

(2CG,Ωϕβ,dn + 4L)P(Ξ′C) (4.137)

≤ 2CGD
i ,Ω

ϕβ,d−Dn + 2ϕβ,d−dim[x]G
n + sup

G∈K(G)
(2CG,Ω + 4L)P(Ξ′C) (4.138)

using the sum of squares inequality (Lemma 69), the bounds from section 4.2, the fact that
the rates ϕβ,d−ℓn are faster than ϕβ,dn for all ℓ, the bound of Proposition 39, and the choice of
δ. Lastly note that:

P(Ξ′C) = (1 − µ(Ω))n ≤ exp(−nµ(Ω)) (4.139)

thus using Lemma 70 gives the result.
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Chapter 5

Estimation of Maximal Symmetries
via Subgroup Lattices

In this chapter we provide a method for symmetry estimation that utilising the lattice
structure of the closed subgroups of G. This method relies on some hypothesis tests for
symmetry we construct, and so leads to natural inferential properties of the estimate of Gmax.
This is based on the work in the paper Christie and Aston [2023].

5.1 Introduction

In this chapter we present an alternative estimator for the maximal symmetry of f that avoids
estimating f direction. This avoids much of the computational load of the M -estimator in
the previous chapter. This estimator relies on a consideration of an inferential framework
for the symmetries of f . Specifically, we will construct hypothesis tests for H0(G) ∶ f is
G-invariant and then consider how these tests can be used to find a confidence region in the
lattice of subgroups of f .

This framework is an explicit generalisation of some techniques in variable subset selec-
tion [Mallows, 1973, Berk, 1978]. Consider a linear regression function f ∶ Rp → R given
by f(X) = XTβ for which some features i ∈ I have βi = 0, where βi are the regression
coefficients in β. We could estimate I by considering subsets A ⊆ {1, . . . , p} and testing
whether βA = 0 (where the set subscript indicates the vector (βa ∶ a ∈ A)). These subsets
can be structured in a lattice (see Section 5.2.2 and Figure 5.1), a directed graph with a
node for each subset and an edge from A → B if B ⊆ A (though we omit the directions
from the figures as they always point down in this chapter). This is important because
it shows how we can avoid running tests for some of the subsets A. If we test at the
bottom of the lattice first, any rejection immediately tells us about the larger subsets con-
taining the smaller subset so we can avoid testing for invariance to these subsets unnecessarily.
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Estimation of Maximal Symmetries via Subgroup Lattices

This linear example is in fact an explicit special case of the symmetries considered here. In
this case the domain is X = Rp, and the symmetries are translations ΦT = {x↦ x+u ∶ u ∈ Rp}.
If f is invariant to translations along a particular axis (in the standard orthonormal basis
{ei}) then β(X + aei) = βX for all a ∈ R, which is equivalent to βi = 0. This shows that
variable selection in linear regression is precisely a symmetry estimation problem. There
are of course many other sub-symmetries of this translation action, for example translations
along the line from the origin through (1, . . . ,1). This is the idea of sufficient dimension
reduction [Li, 1991], which is also a special case of this symmetry estimation problem.

As in the previous section, the question we seek to answer is “Given a large set of transfor-
mations Φ, what is the largest subset Ψ of transformations Ψ that satisfy f = f ○ ψ for all
ψ ∈ Ψ for our particular regression f?”. In the special cases above, Φ is either finite (as in
variable selection) or linear (as in sufficient dimension reduction), but in our case it can be
infinite and non-linear. To answer this, we will use the lattice structure of these subgroups
to allow for the lattice testing regime as above. A lattice is a partially ordered set such that
every subset has a unique supremum and infimum. The algebraic properties of the lattice of
subgroups (where the ordering is given by subgrouping) allows us to combine the information
in a collection of hypothesis tests for H0(Φi) ∶ f is Φi-invariant for some chosen subgroups
Φi ≤ Φ into an confidence region of possible Φ. We can then take our estimate of the true
maximal symmetry as the unique largest symmetry in this confidence region.

∅

{1} {2} {3}

{1,2} {1,3} {2,3}

{1,2,3}

I

R1 R2 R3

⟨R1,R2⟩ ⟨R1,R3⟩ ⟨R2,R3⟩

R3

⟨(0,1,1)⟩

⟨(0,1/2,1/2)⟩

(a) Lattice of subsets A ⊆ {1,2,3}. (b) Lattice of (some) subgroups of Rp.

Fig. 5.1 Variable subset selection lattice of subsets, and symmetry estimation lattice
of subgroups. The symmetry here is the translation action of ΦT on R3, and we have
taken a finite sub-lattice of the lattice of closed subgroups where Ri is the translation
group along the ith orthonormal basis vector of R3. We have also included grey and
dashed edges to other symmetries such as {x↦ x+ a(e2 + e3) ∶ a ∈ Z} and the larger
symmetry {x↦ x + (a/2)(e2 + e3) ∶ a ∈ Z}.
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5.1 Introduction

Thus in this chapter we construct tests for the hypotheses H(i)0 ∶ f is Φi-invariant for certain
subgroups Φi ≤ Φ, and show how to borrow strength from these tests to make inferences
about other subgroups of Φ. The tests we present require mild technical assumptions and
trade theoretical guarantees, computational time, and statistical power. We show that these
tests lead to a natural estimate of the maximal symmetry of f that can be used as in the
previous chapter to adaptively smooth any regressor.

We describe in Section 5.2 how to structure the subgroups of the search group G into a lattice,
describe confidence regions in this lattice, and give rules for how invariance behaves over this
lattice. In Section 5.3 we then describe the estimation algorithm that searches for Gmax(f,G)
by testing the invariance of f to certain nodes of the lattice, and show how we can borrow
information across tests to improve the estimation. Section 5.4 introduces two tests one
can use in the estimation algorithm, each requiring different assumptions for the statistical
problem. We then demonstrate the performance of the tests used, the symmetry estimator,
and its use in nonparametric regression in simulation in Section 5.5. We then apply these
methods to satellite measurements of the Earth’s magnetic field in Section 5.6. All proofs can
be found in the appendices, along with additional simulated and synthetic numerical results.

5.1.1 Main Contributions

We now summarise the technical contributions of this paper. All terms defined in later
sections are italicized here. Let G be a group acting continuously on X and let f be any
Hölder regression function. We show that:

1) The set of closed subgroups of G forms a lattice with joins given by the closure of the
group generated by the two elements and meets given by intersections, which differs
slightly from the usual subgroup lattice which also contains non-closed subgroups and
has a different join operation;

2) We define confidence regions of lattices and give a loss function that measures the
difference between the correct region of applicable symmetries and the inferred confidence
region;

3) We define lattice bases and show that they allow us to reduce the number of tests
conducted for specific invariances;

4) We develop a method for estimating the maximal invariant subgroup of f and for inferring
the confidence region for the maximal invariant subgroups of the regression function
within the chosen subgroup lattice;

5) We show that under suitable conditions on the hypothesis tests used in this method that
the estimator is consistent; and
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6) We present two hypothesis tests for the hypothesis H0(G) ∶ f is G-invariant. The first, the
Asymmetric Variation Test, is shown to be a consistent hypothesis test. The permutation
variant of this test then allows us to make fewer assumptions on the noise distribution
and the function class that f belongs to.

5.2 Inference for Subgroups

We now describe the structure used to do inference on the subgroups of some group G. The
first step is to structure the subgroups into a lattice. This is a well known mathematical
result, see Schmidt [2011], Sankappanavar and Burris [1981]. We then show that the set of
closed subgroups of G also form a lattice, which is not always a sub-lattice of the lattice of
all subgroups. With this structure we are then able to ask the first statistical question: how
can one do estimation and inference on a lattice of subgroups? We also show that we can
reduce the lattice to the information stored in a particular set of subgroups, which is used to
minimise the number of tests conducted for both statistical and computational benefit.

5.2.1 Lattices

A lattice L is a partially ordered set with unique supremums and infimums. Given two
elements A,B ∈ L the unique supremum is called their join and is written A ∨B, and their
unique infimum, meet, is written A ∧ B. Joins and meets are associative, commutative,
idempotent binary operations that satisfy the absorption laws a∧(a∨b) = a and a∨(a∧b) = a.
We say that a subset of a lattice L is a sub-lattice of L if it is closed under the joins and meets
of the original lattice. Given some set A ⊆ L, we can take ⟪A⟫ as the smallest sub-lattice of
L that contains A and say that A generates ⟪A⟫. We can arrange a lattice L into a Hasse
diagram, a directed graph with nodes given by the elements A,B ∈ L and edges from A to
B if B ≤ A, and there is no C ∈ L with B < C < A. We typically omit the arrows on the edges
in this chapter as they all point down.

Example 47. In the context of variable selection we have a lattice of subsets of the variable
indices, where the index subsets A,B ⊆ {1, . . . , d} have joins A ∨ B = A ∪ B and meets
A ∧B = A ∩B.

5.2.2 Subgroup Lattices

The subgroups of a group G form a lattice with the order given by subgrouping [Schmidt,
2011, Sankappanavar and Burris, 1981]. We write L(G) for this lattice of subgroups. In this
lattice the join is given by the groups generated by unions, i.e., A ∨B = ⟨A,B⟩ and meet
by intersections, i.e., A ∧B = A ∩B, for A,B ∈ L. Note that in the group context we can’t
simply take unions as these are not guaranteed to be groups, but the idea is essentially taking
a union and adding in all the elements needed to form a group.
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Example 48. Consider the dihedral group of symmetries of the square D4 (see section
2.3.1). This group has ten subgroups, including itself and the trivial group I. These are shown
in the table of Figure 5.2 These can be ordered into the lattice in Figure 5.2, represented as a
Hasse diagram.

Subgroup Elements
D4 {I,Rπ/2,Rπ,R3π/2,

Rh,Rv,R/,R/}
⟨Rh,Rπ⟩ {I,Rh,Rv,Rπ}
⟨Rπ/2⟩ {I,Rπ/2,Rπ,R3π/2}
⟨R/,Rπ⟩ {I,R/,R/,Rπ}
⟨Rh⟩ {I,Rh}
⟨Rv⟩ {I,Rv}
⟨Rπ⟩ {I,Rπ}
⟨R/⟩ {I,R/}
⟨R/⟩ {I,R/}
I {I} I

⟨Rh⟩ ⟨Rv⟩ ⟨Rπ⟩ ⟨R/⟩ ⟨R/⟩

⟨Rh,Rπ⟩ ⟨Rπ/2⟩ ⟨R/,Rπ⟩

D4

Fig. 5.2 The list of subgroups and their elements of the dihedral group D4 (see
section 2.3.1), and the Hasse diagram of the subgroup lattice. Each dot represents
a subgroup, with edge from A down to B if A ≤ B and there is no other group that
can be ordered between them.

One important subset of L(G) is the collection of closed subgroups (closed in the topology
of G), which we write K(G) here. These do not necessarily form a sub-lattice of L(G) for
arbitrary G as we can generate non closed subgroups with the original join operator ⟨G,H⟩
(consider two copies of high order finite rotations around distinct axes generating a proper
dense subgroup of SO(3)). It does form a lattice as it still has unique supremums (just
distinct ones from the supremum in L) and infimums, where the join is the topological closure
of the group generated from G and H, i.e., ⟨G,H⟩. This is established in the following
proposition. In some cases (e.g. finite G) this is equivalent to the original join, so the lattice
in Example 48 is both L(D4) and K(D4).

Proposition 49. Let G be a topological group. The closed subgroups K(G) form a lattice
with partial ordering given by subgrouping, meets given by intersection, and joins given by
the topological closure of the group generated by the two subgroups.

Example 50. Consider the circle group S1 = {z ∈ C ∶ ∣z∣ = 1}. The finite subgroups are those
of rational rotations, and are of the form Ca = ⟨exp(2πi/a)⟩ of order a. These have subgroups
corresponding to the factors of a, and so the lowest parts of the subgroup lattice of S1 are
the groups of prime order. Above these you have groups with two (counting with repetition)
prime factors, and so on. There are also subgroups of countable infinite order, for example
⟨exp(i)⟩, and one subgroup of uncountable order - itself. Importantly, all of these infinite
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subgroups are all dense in S1 (under the subset topology from C). Thus the key difference
between L(S1) and K(S1) is that these dense subgroups are missing.

5.2.3 Confidence Regions in Lattices

As statistical objects, groups typically have relationships characterised by inclusions - if a
symmetry G applies in a particular situation then any subgroup H ≤ G surely must also
apply. Therefore we are typically interested in confidence sets that contain all of their sub-
groups. We formalise this below, and give a measure of the optimality of these confidence sets.

Suppose we wish to estimate a group object G0 within some lattice L, and that the lattice
has a measure ν. We say that a region R̂ ⊆ L is a (1−α)-confidence region for G0 if it is a
measurable function of the data, contains all subgroups of all of its elements, and

Pf(G0 ∈ R̂) ≥ 1 − α. (5.1)

The ideal confidence region would be the set of subgroups of G, which we denote A, so we
judge the optimality of the region R̂ by the measure of the groups that are different to A:

E(R̂) = ν({G ∈ R̂ ∶ G ∉ A} ∪ {G ∈ A ∶ G ∉ R̂}) = ν((R̂ ∪A) ∖ (R̂ ∩A)) (5.2)

where we assume that each of these is a measurable set. In our method later each lattice L
will be finite and ν will be the discrete counting measure, so this will be true.

Example 51. Consider the group D4 and its subgroup G0 = ⟨Rh,Rπ⟩. In Figure 5.3, we
show three examples and non-examples of possible samples of confidence regions for G0, and
show the excess over A.

I

⟨Rh,Rπ⟩

D4

I

⟨Rh,Rπ⟩

D4

I

⟨Rh,Rπ⟩

D4

(a) E(R̂1) = 0 (b) E(R̂2) = 1 (c) Not a confidence region

Fig. 5.3 Two examples of confidence regions for the subgroup G0 = ⟨Rh,Rπ⟩ of D4
shown in blue with excess in red. Also shown is an example of a subset that is not
a confidence region, which fails because it does not include all of the subgroups of
its elements. The errors when ν is the counting measure are given underneath each
picture.
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5.2.4 Lattice Bases

Lastly we require a structure theorem for lattices, giving a condition on a set of subgroups
that simplifies the structure of the lattice we will work over. Importantly, it allows us to
extrapolate from ℓ tests to a lattice of size up to 2ℓ. This is a huge benefit of considering the
group structure of the transformations.

We say that a set of closed subgroups {Gi}ℓi=1 of G satisfies the intersection property (I) if
Gi∩Gj ∈ {I,Gi,Gj} whenever i ≠ j. Any set of subgroups satisfying the intersection property
will be called a lattice base.

Proposition 52. Suppose the set of subgroups {Gi}ℓi=1 of G satisfies the intersection property
(I). Then the smallest lattice (in the sub lattice ordering) containing G1, . . . ,Gℓ consists only
of groups of the form Gi1 ∨⋯∨Gim for some distinct ij ∈ [ℓ], as well as the empty product I.

This result allows us to identify the lattice K = ⟪{Gi}ℓi=1⟫ with subsets of {1, . . . ℓ}, but where
some subsets represent the same group in the lattice.

Example 53. In the variable selection lattice of Figure 5.1a, a lattice base is the singletons
set {{i} ∶ i ≤ p}. Equivalently for the translation group framing in Figure 5.1b, a lattice base
is the collection {Ri ∶ i ≤ p}.

Example 54. Consider the group D4. One lattice base that generates the entire lattice
L(D4) is given by:

B = {⟨Rh⟩, ⟨Rv⟩, ⟨Rπ⟩, ⟨R/⟩, ⟨R/⟩, ⟨Rπ/2⟩} (5.3)

It is easy to check that all but one on the pairwise intersections are trivial; the only non-trivial
intersection being ⟨Rπ/2⟩ ∩ ⟨Rπ⟩ = ⟨Rπ⟩.

If we restrict our consideration to a finite sublattice of K(G) we might lose the maximal
symmetry of f from the original lattice. The following result ensures that there is a still a
unique maximal object within this restricted lattice.

Proposition 55. Suppose that G acts faithfully and continuously on X , and that f is
continuous. Let K be a finite sub-lattice of K(G) that contains the trivial group I. Then there
exists a unique node Gmax(f,K) in K that f is invariant to, and for which H ≤ Gmax(f,K)
for all H ∈K where f is H-invariant.

5.3 Estimation of Maximal Invariant Subgroups

In the context of our nonparametric regression problem we seek to estimate the unique
maximal invariant subgroup for f of some search group G acting continuously and faithfully
on the domain X . We assume that f is continuous, so that this maximal subgroup is
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closed. We will estimate Gmax(f,G) by considering a sequence of finite sub lattices Kℓ that
approximate K(G). Each finite sub-lattice Kℓ will be generated by lattice bases {Gi}ℓi=1 such
that {Gi}ℓi=1 ⊆ {Gi}ℓ+1

i=1 . Choices for this base are discussed in section 5.3.4.

Suppose that we have a test for the hypothesis H(i)0 ∶ f is Gi-invariant against the al-
ternative H(i)1 ∶ f is not G-invariant for each of the groups Gi in the lattice base. We will
provide two possibilities for such a test in the next section. We will test these hypotheses
at significance levels αi, such that ∑i∈N αi = α ∈ [0,1]. The choice of αi will depend on how
many terms of the lattice base we wish to test, and could either have finitely many non-zero
terms or infinitely many, as long as the sum converges. Choices for αi are discussed in section
5.3.5.

We then use the information of these tests to infer whether f is G-invariant for each
G ∈ Kℓ using the rules for invariance of Proposition 12. We will first describe the process
when finitely many tests have been conducted, and provide theoretical and computational
results for the algorithm to that point.

5.3.1 Estimating Over a Finite Lattice

Let {Gi}ℓi=1 be a lattice base, and consider the lattice Kℓ = ⟪{Gi}ℓi=1⟫, which by Proposition
52 contains only groups of the form Gi1 ∨⋯ ∨Gim for some distinct ij ∈ [ℓ]. The rules for
invariance (Proposition 12) guarantee that knowledge of invariance of the lattice generators
Gi gives knowledge of invariance at all other groups G in the lattice Kℓ. Therefore after we
test each of the hypotheses H(i)0 , we can then define:

K̂ℓ = {G ∈Kℓ ∶ Testαi(D,Gi) = 1 for all Gi ≤ G}. (5.4)

where Testαi(D,Gi) is the test for the null hypothesis H(i)0 at significance level αi, taking
the value 0 if this hypothesis is rejected and 1 otherwise. This object can be computed (after
testing) as long as we can compute the maps 1{Gi≤G} for each G ∈ Kℓ. We describe this
computation in section 5.3.2.

Proposition 56. The region K̂ℓ is a (1−α)-confidence region for Gmax(f,Kℓ). In particular,
for all f ∈ F we have:

Pf(Gmax(f,Kℓ) ∈ K̂ℓ) ≥ 1 −
ℓ

∑
i=1
αi ≥ 1 − α. (5.5)

From this confidence region K̂ℓ, we can take a point estimate Ĝℓ as any maximal element.
This will usually be unique, but if not then it can be chosen via any distribution on this set
(usually the uniform distribution).
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5.3.2 Computation of K̂ℓ

In Algorithm 1 we provide one possible method for computation of K̂ℓ. The main requirement
for this is the ability to compute the inclusions G ≤H for G,H ∈Kℓ. This algorithm has the
advantage of being iterable; if we wish to compute K̂ℓ+1 then we simply store the TestResults
vector as well as K̂ℓ and add another term to the for loop.

Algorithm 1 Computation of K̂ℓ

1: procedure ComputeKHat(D, {Gi}ℓi=1)
2: Initialise K̂0 = {I}
3: Initialise TestResults = () as the empty tuple
4: for i ∈ {1, . . . ℓ} do
5: Compute Testαi(D,Gi) and append to TestResults
6: Set K̂i = {}.
7: if Testαi(D,Gi) = 1 then
8: Set K̂i = K̂i−1 ∪ {G ∨Gi ∶ G ∈ K̂i−1}
9: for j ∈ {1, . . . , i − 1} do

10: if TestResultsj = 0 then
11: Set K̂i = {G ∈ K̂i ∶ Gj /≤ G}
12: else
13: Set K̂i = {G ∈ K̂i−1 ∶ Gi /≤ G}
14: Return K̂ℓ

The computational complexity of this algorithm will depend on the complexity of the ℓ tests
conducted. For the tests we propose in this paper, see sections 5.4.1 and 5.4.2 for their
complexities. A naive search for Gmax would conduct up 2ℓ tests for every symmetry in Kℓ.
Since the testing is usually the main computation, reducing to O(ℓ) tests saves significant
computational time, and also allows for each test to be conducted at higher significance levels
improving the statistical performance of the estimate.

Aside from this, we require (in the worst case) potentially O(ℓ22ℓ) checks of inclusion
G ≤H (because K̂ℓ can be of size O(2ℓ) and we might have to check inclusion ℓ2 times for
each). This is entirely determined by the choice of lattice base and is independent of n and
the dimension of X .

5.3.3 Computation of Ĝ

Once K̂ℓ has been computed, we need to select a point estimate of Gmax(f,K(G)). This
amounts to filtering out the elements that are not maximal and then sampling uniformly
from the remainder.
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Algorithm 2 Computation of Ĝℓ
1: procedure ComputeGHat(K̂ℓ)
2: Set MaxElems = {I}
3: for G ∈ K̂ℓ do
4: for H ∈MaxElems do
5: if G ≥H then
6: Remove H from MaxElems
7: if G <H then
8: Continue the G for loop
9: Add G to MaxElems

10: Return Ĝ sampled from MaxElems uniformly

Note that it is not a problem to remove H from the maximal element set in line 6, because it
is not maximal and this will not affect whether any maximal elements are added later. The
worst case computational time can be bounded trivially by ∣K̂ℓ∣ × ∣max K̂ℓ∣ ≤ 22ℓ, though it
is likely that the true worst case performance is faster because of the trade off in the sizes
between K̂ℓ and max K̂ℓ.

5.3.4 Choosing the Lattice Base

The choice of the lattice base {Gi}ℓi=1, is fundamental to the method. We want to cover large
portions of K(G) with the lattices Kℓ for minimal numbers of tests conducted. Recall that
the Hausdorff distance dK(G) between compact subgroups G,H ≤ G is given by:

dK(G)(G,H) =max ( sup
g∈G

inf
h∈H

d(g, h), sup
h∈H

inf
g∈G

d(h, g)) (5.6)

when G has a metric d, as with the matrix groups we have used as examples. The choice
will depend on the goals of the lattice base selection. We have optimised for the following
objectives:

(B1) Kℓ contains symmetries of interest to the practitioner;

(B2) Maximise the number of groups, ∣Kℓ∣;

(B3) Maximise the pairwise Hausdorff distances dK(G)(Gi,Gj) for the compact Gi;

(B4) Minimise ∣Gi∣ or dimGi for all Gi in the base; and

(B5) Maximise ∣G∣ or dimG for all G ∈Kℓ.

These goals are roughly in order of importance. If there are no symmetries of interest then the
method described can still proceed, but of course any prior interest should be the top priority.
The second goal speaks to the efficiency of this method: as the ratio ∣K ∣/2ℓ approaches 1 we
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get maximal information about the whole lattice K(G) out of the ℓ tests conducted. The
third spaces the groups around K, which ensures that you don’t waste tests on groups that
the data cannot distinguish. The fourth and fifth mean that we should run the tests on
smaller groups where we can cover with samples more easily, but that they give information
about larger groups.

The following recursive method for selecting the lattice base provides a general solution that
achieves a balance of the goals above. Suppose we are given a metric group G, a desired
number of groups ℓ, and some starting symmetries of interest B0 = {G1, . . . ,Gk} ⊆K(G) that
form a lattice base. Then for i = 1,2, . . . , we pick an element g ∉ ⋁G∈Bi

G such that:

1) ⟨g⟩ ∩G ∈ {I,G, ⟨g⟩} for all G ∈ Bi;

2) If G is finite then ∣g∣ =minh∉⋁G∈Bi
∣h∣;

3) dim ⟨g⟩ ≤ 1; and

4) ∏G∈Bi
dG(g,G) is (roughly) maximised.

Then set Bi+1 = Bi ∪ {⟨g⟩}. The product in (iv) encourages equal spacing between the other
groups for a given sum of the distances. This of course requires the practitioner to know
about various aspects of the group theory of G, which are well known for all of the groups in
Section 2.3.1 among many others.

5.3.5 Choice of αi

There are a few simple choices for the significance levels αi for a finite sample n. The first
is to set αi = α/m for i ≤ m, which is a Bonferroni correction for multiple testing. This is
attractive in its simplicity but allows for only a finite portion of K(G) to be searched.

Another choice is to pick a sequence with positive values for all i, for example α = 1
2i .

This would allow for infinitely many groups to be tested, though with likely very low powers
for the later groups.

Lastly, we can pick a fixed level α and simply test all groups in the lattice base at this level,
as is done in many practical variable selection problems [Heinze et al., 2018] (although not
necessarily recommended given issues of post model selection inference). This of course can
affect the probability Pf(Gmax(f,Kℓ) ∈ K̂ℓ) but in practice often seems not to increase it
beyond α because the tests run on the same dataset are not independent. See Section 5.9.2
as a continuation of Example 61 for an example of this.
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5.3.6 Theoretical Properties of Ĝℓ and K̂ℓ

We now turn to the understanding how the properties of the hypothesis test used determines
the properties of the estimate Ĝℓ and the confidence region K̂ℓ for a fixed lattice base of size
ℓ.

Theorem 57. Suppose that the hypothesis test used is consistent at every significance level
α ∈ (0,1). For any fixed significance levels αi (that do not depend on n), we have:

(1) Pf(Ĝℓ ≤ Gmax(f,Kℓ)) → 1 when Ĝℓ is sampled uniformly from max K̂ℓ.

Moreover, there exist deterministic sequences of significance levels αi(n) for which:

(2) (Testαi(n)(D,Gi) ∶ i = 1, . . . , ℓ)
PfÐ→ 1 − 2(1Gi≤Gmax(f,Kℓ) ∶ i = 1, . . . , ℓ);

(3) Ĝℓ is a consistent estimator of Gmax(f,Kℓ), when Ĝℓ is sampled uniformly from max K̂ℓ;

(4) K̂ℓ

PfÐ→ {G ∈Kℓ ∶ G ≤ Gmax(f,Kℓ)}; and

(5) E(K̂ℓ)
PfÐ→ 0,

where
PfÐ→ denotes convergence in probability under the measure Pf . The sequence of signifi-

cance values can be calculated if the power of Testα has a known lower bound.

The first statement says that we are probabilistically guaranteed eventually not to over-
estimate the symmetry. This means that the method presented is robust to type I errors of
the tests used, as errors on the true symmetries of f result in missed symmetries but do not
introduce errant ones. The statements (2)-(5) are equivalent formulations of the stronger
statement of consistency.

5.4 Hypothesis Testing for a Particular Symmetry

We now turn to constructing tests for the hypothesis H0 ∶ f is G-invariant against the
alternative H1 ∶ f is not G-invariant for use in the subgroup estimation, where G is any group
acting measurably on X . We present two options that make trade-offs in terms of generality
and guarantees. The first requires stronger assumptions but has a theoretical guarantee of
convergence, whereas the second makes weaker assumptions but has fewer guarantees and
requires more computation.

5.4.1 Asymmetric Variation Test

This test relies on the idea that if we know how quickly f can vary locally (i.e., we have a
relationship between ∣f(x) − f(y)∣ and dX (x, y)) then we can construct a test statistic that
measures the effect of permuting the covariates in Xi under random transformations from
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the symmetry to test G.

If we can assume that the regression function f is in a class F of bounded variation, then
we can define V (x, y) = supf∈F ∣f(x) − f(y)∣. This bound V is used to identify if f varies
more quickly than V (g ⋅ x, y). An example of such a class are β-Hölder continuous functions
F(L,β) (defined in Section 2.1) for which V (x, y) = LdX (x, y)min(β,1). The only real choice
here is L, as the continuous f can be uniformly well approximated by Lipschitz functions
of some steepness, so in practice one would use the bound V (x, y) = LdX (x, y) using an as-
sumed L. If this bound is unknown then it could be estimated using techniques in Section 5.9.1.

Suppose that we also have a bound pt such that P(∣ϵi − ϵj ∣ > t) ≤ pt for the independent mean
zero additive noise ϵi = Yi −f(Xi), for all positive t. One example of this is pt = 2σ

t
exp(−t2/4σ2)√

2π
for independent and identically distributed Gaussian ϵi with variance σ2 (Proposition 2.1 of
Adams [2020]), or in general one can use a Chebyshev inequality. Let µg be any distribution
on the group G, and let g ∼ µg.

We can now define the test statistic based on a resampling procedure. Let m be the number of
resamples. First, for j ∈ {1, . . . ,m} set Dgj

I(j)J(j) = ∣YI(j) − YJ(j)∣ − V (gj ⋅XI(j),XJ(j)), where
gj is sampled independently from µg, I(j) is sampled uniformly from [n] = {1, . . . , n}, and
J(j) is the index of the nearest neighbour to gj ⋅XI(j) in the original data DX = {Xi}ni=1.
Our test statistic is then Ng

t = ∣{D
gj

I(j)J(j) ≥ t}∣, the distribution of which is controlled by the
following lemma.

Lemma 58. Under the null hypothesis of G-invariance, and for any fixed choice of resamples
m, Ng

t is stochastically bounded from above by a binomial random variable Z with m trials
and probability of success pt for sufficiently large sample sizes n. I.e.,

P(Ng
t > c) → p ≤ P(Z > c) (5.7)

for all c ∈ R.

Using this lemma it is straightforward to calculate p-values for this hypothesis via:

pval =
m

∑
k=Ng

t

(m
k
)pkt (1 − pt)m−k (5.8)

which are guaranteed to have asymptotic type I error control at any significance level α ∈ [0, 1],
i.e.,

Pf(pval ≤ α) → a ≤ α (5.9)

for all f that satisfy the null hypothesis of G-invariance.
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Choices of t and of µg

The test presented here works for any choice of t and variable g, though particular choices of
these will affect the power of the test. For example, if we choose t such that pt = 1 then our
p-value will always be 1 (as all the mass of Z will be on Z =m). Similarly if g = e ∈ G almost
surely then we will also only reject with probability at most α.

For the choice of t, we suggest calculating Ng
t from the sample of Dgj

I(j)J(j) at some grid of t
values t0 < t1 < ⋯ < tk with the values of pti spread over the interval (0,1), and then taking
the p-value of H0 as the minimum p-value of each Ng

ti
. This is justified as the information

of the test is entirely contained in the set {Dgj

I(j)J(j)}
m
j=1, i.e., since the p-value is at most

P(Z ≥ Ng
t ∣ N

g
t ) for all t, we can take an infimum over t.

For the choice of µg, we suggest using a uniform distribution only on some set of topo-
logical generators, i.e., a set A with ⟨A⟩ = G. This means that we don’t sample the identity
or other elements that generate only subgroups of G to which f may be invariant, but if
there is an element that breaks the invariance then one of the generators will too (by Lemma
65 in Section 5.8.3) so we should capture that chance.

Computational complexity

The main computational work is finding the nearest neighbour to each resampled point
gj ⋅XI(j). A naive algorithm would search across all n samples to find J(j), which means that
the algorithm would cost O(mn) distance calculations. One improvement would be to store
the feature vectors Xi in a k- d tree [Bentley, 1975]. Building such a tree takes O(n logn)
operations, but can find nearest neighbours to a new point in O(logn) time. This speeds up
the asymmetric variation to O(m logn).

Consistency of this test

Under the conditions above and some mild conditions on the noise distribution, and when
the number of resamples m increases slower than the true sample size n, we can prove that
the asymmetric variation test is consistent. The condition on the support of µX amounts to
restricting X to the closure of the support as a practitioner would usually do. The condition
that the noise admits a density is satisfied in many usual cases in regression (e.g. Gaussian
noise). The condition that we can bound the concentration of the noise tightly is somewhat
restrictive, but reflects the difficulty of the problem - if the asymmetry is obscured by more
noise then it is much more difficult to identify it. The condition on µg ensures that we sample
from enough of G to spot points where f is not G-invariant. A sufficient condition for this is
the sample uniformly from some set of topological generators as suggested above, or from
the uniform distribution on G when this exists.
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Proposition 59 (Consistency of the Asymmetric Variation Test). Set m such that m→∞
and m/n→ 0 and fix t > 0. Suppose that the law of X has a dense support on X . Suppose that
ϵ admits a density fϵ with respect to Lebesgue measure on R that is decreasing in ∣ϵ∣. Suppose
that µg is chosen such that Pf(f(g ⋅X) ≠ f(X)) > 0 for any f that is not G-invariant. Then

the asymmetric variation test is consistent, i.e. pval
Pf→ 0 for all f that are not G-invariant.

5.4.2 Permutation Variant of the Asymmetric Variation Test

The asymmetric variation test (in the previous subsection) relies on both the existence of,
and the knowledge of, the bounds V (x, y) and pt. In this section we show that we can relax
these assumptions and sometimes gain statistical power, but with increased computational
cost and without the theoretical guarantee of consistency.

Suppose for now that µg is a distribution on G such that dX (g1 ⋅X1, g2 ⋅X2) D= dX (X1,X2)
when gi

iid∼ µg and Xi
iid∼ µX . If µX is G-invariant, then any distribution on G suffices. Then

under the null hypothesis H0 ∶ f is G-invariant we have the equality:

∣Yi − Yj ∣
dX (Xi,Xj)

D= ∣f(gi ⋅Xi) + ϵi − f(gj ⋅Xj) − ϵj ∣
dX (gi ⋅Xi, gj ⋅Xj)

= ∣Yi − Yj ∣
dX (gi ⋅Xi, gj ⋅Xj)

(5.10)

for any variation bound V for f . Thus instead of comparing outputs at transformed points
gI(i) ⋅XI(i) to non transformed points XJ(i) as with the asymmetric variation test we now
compare the slopes above for transformed datasets:

D(k) = {(g(k)i ⋅Xi, Yi)}ni=1 (5.11)

where g(k)i
iid∼ µg for all i and k ∈ {1, . . . ,B}. To ensure independence we split in half by

uniform sampling; half gets used for a baseline computation and half gets used for the trans-
formed datasets. For any non G-invariant function f we break the second equality of 5.10, and
when there is a bound V as with the previous test then the right hand side is frequently larger
than the left. This leads to a resampling test with minimal assumptions defined in algorithm 3.

Under the null hypothesis and the assumption that µg preserves the distances, we know
equation 5.10 ensures interchangeability of the variables A(k) and A0, so the type 1 error of
the hypothesis test Testα(D,G) = 1−21pval≤α is controlled exactly at level α in finite samples.
If we drop the assumption that µg preserves pairwise distances then we can in fact show that
this test still has a valid asymptotic size under a modified condition that holds much more
generally.
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Algorithm 3 Permutation Variant of Asymmetric Variation Test
1: procedure PermVarTest(D, µg, B)
2: for k ∈ {1, . . . ,B} do
3: Sample I ⊆ [n] of size ⌊n/2⌋
4: Compute S0 = {∣Yi − Yj ∣/dX (Xi,Xj) ∶ i ≠ j ∈ [n] ∖ I}
5: A0(k) ←maxS0

6: Sample gi iid∼ µg for i ∈ [n]
7: Compute Sk = {∣Yi − Yj ∣/dX (g(k)i ⋅Xi, g

(k)
j ⋅Xj) ∶ i ≠ j ∈ I}

8: AG(k) ←maxSk

9: pval ← ∣{k ∶ AG(k) ≤ A0(k)}∣/B
10: return pval

Proposition 60. Suppose that µg is such that there exists a positive constant T > 0 such
that:

P(d(gi ⋅Xi, gj ⋅Xj) ≤ t) ≤ P(d(Xi,Xj) ≤ t) (5.12)

for all t ≤ T , when i ≠ j and gi, gj
iid∼ µg and Xi,Xj

iid∼ µ. Suppose that f ∈ F(L,1) for some
L ∈ R>0. Then the permutation variant is asymptotically valid at any size α ∈ (0,1/2).

Proof of Proposition 60. We rely on some preliminary facts:

P(maxSk =max
i,j

∣f(g(k)i ⋅Xi)−f(g(k)j ⋅Xj)∣+∣ϵi−ϵj ∣
d(g(k)i ⋅Xi,g

(k)
j ⋅Xj)

) → 1 (5.13)

P(maxS0 =max
i,j

∣f(Xi)−f(Xj)∣+∣ϵi−ϵj ∣
d(Xi,Xj) ) → 1 (5.14)

P(argmaxi,j∈ISk has d(g(k)i ⋅Xi, g
(k)
j ⋅Xj) ≤ T) → 1 (5.15)

P(argmaxi,j∈[n]∖IS0 has d(Xi,Xj) ≤ T) → 1 (5.16)

The first two statements are due to the fact that ∣Yi − Yj ∣ = ∣f(Xi) − f(Xj)∣ + ∣ϵi − ϵj ∣ with
probability 1/2 (and the null hypothesis allows for any transformation of the Xi inside of f)
and otherwise ∣Yi − Yj ∣ is the smaller quantity ∣∣f(Xi) − f(Xj)∣ − ∣ϵi − ϵj ∣∣ with probability 1/2.
Thus as n→∞ the maximum will occur for the larger possibility with probability converging
to 1. The second two statements are due to the fact that

∣f(gi ⋅Xi) − f(gj ⋅Xj)∣ + ∣ϵi − ϵj ∣
d(gi ⋅Xi, gj ⋅Xj)

≤ L + ∣ϵi − ϵj ∣
d(gi ⋅Xi, gj ⋅Xj)

(5.17)

and so the maximum of Sk will eventually occur for small d(gi ⋅Xi, gj ⋅Xj) (rather than for
large ∣ϵi − ϵj ∣, which is has the same distribution independently of the distance term) which
takes the second term to ∞, and of course the same is true for S0.

Now note that each of these four statements must also hold conditional on D with conver-
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gence replaced by convergence in probability, because the statements above guarantee the L1

convergence of these D-random variables.

Lastly note that the condition on the distribution of each gi ensures that

P( ∣ϵi−ϵj ∣d(Xi,Xj) ≤ θ ∣ d(Xi,Xj) ≤ T) ≤ P( ∣ϵi−ϵj ∣
d(gi⋅Xi,gj ⋅Xj) ≤ θ ∣ d(gi ⋅Xi, gj ⋅Xj) ≤ T) (5.18)

for all θ ≥ 1/T (noting that the noise terms are independent of the Xi and gi terms).

Let A denote the intersection of the events considered in equations 5.13. We know that for
sufficiently large n:

P( max
i,j∈[n]∖I

∣ϵi−ϵj ∣
d(Xi,Xj) ≤max

i,j∈I
∣ϵi−ϵj ∣

d(g(k)i ⋅Xi,g
(k)
j ⋅Xj)

∣A,D) ≤ 1/2 (5.19)

as the maximum will occur for large arguments with high probability which then use the
above condition, and using the independence of the samples from the data splitting.

Thus conditioned on D the permutation statistics are independent trials with probabil-
ity of success q > 1/2 and so Algorithm 3 gives valid (though perhaps conservative) p-values
under the null hypothesis (as FpvalB(αB) ≤ FK(αB) ≤ α for K ∼ Binom(B, 1/2), see Lemma
73).

Note that the proof here relies on the Lipschitz bound of f through equation (5.17), but the
algorithm does not require knowledge of the particular Lipschitz constant L. This means
that we can avoid the problems of potentially having to estimate it from the previous test.

Choice of sampling distribution on the group

The practitioner has a full choice of the sampling distribution µg from the group G; any choice
will give a valid test as long as it satisfies the condition of Proposition 60. This condition can
be examined empirically with a Q-Q plot of the empirical quantiles of {d(Xi,Xj) ∶ i ≠ q ∈ [n]}
and {d(gi ⋅Xi, gj ⋅Xj) ∶ i ≠ j ∈ [n], gi iid∼ µg}. If the quantiles of the original data have more
mass for lower values then we assume that the sampling distribution is appropriate. If
we know the sampling distribution of the covariates Xi exactly one can instead verify the
condition theoretically.

This condition holds very broadly, but can be broken for some actions of non-compact
groups. For example, consider the action of R>0 by scaling on Rd (so g ⋅X = gX): if µg
only places mass on the interval (0,1) then it will contract the distances between trans-
formed data points. This can of course be avoided by picking a distribution with mass on
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the values above one, which is why this testing approach can work even for non-proper actions.

Regarding the optimal choice: we want to sample from as much of the group as possi-
ble but still want to maximise the mass of d(gi ⋅Xi, gj ⋅Xj) near 0. As with the previous
test we can achieve both goals by constructing a set of topological generators of G (where
possible) and sampling uniformly from this set. Other good choices are simply to pick the
uniform distribution on G (if it is compact) or on a symmetric1 neighbourhood of the identity
(if it is locally compact).

Computational complexity

This permutation method requires O(nB) samples and transformations of the inputs Xi

and then the computation of O(n2B) distance matrices. The remaining computations (the
computing the maxima and the comparisons) are negligible in comparison. Thus the overall
complexity is O(n2B) which is at least B times more intensive than the Asymmetric Variation
Test (with the choices suggested in its section).

5.5 Numerical Experiments

We now demonstrate the performance of the point estimate Ĝℓ and of the confidence region
K̂ℓ on synthetic datasets. The first simulation is a low dimensional regression estimation
where we can directly quantify the error E(K̂ℓ) directly. The second simulation then considers
the effect of using the estimated group Ĝℓ to symmetrise an estimator f̂ of f and consider
the mean squared prediction error.

In Table 5.1 we summarise the simulations with the proportions of correct point estimates of
the maximal symmetry (i.e., where Ĝℓ = Gmax(f,Kℓ)) when Ĝℓ is sampled uniformly from
max K̂ℓ. Note that almost all of the failures are overestimation of the confidence region, so
these do not indicate type 1 failures. Also note that the permutation variant appears to
reach a plateau in power, particularly in the dimension 2 example of Example 61. This is
due to the density of samples with sample pairwise distances, which makes the test more
susceptible to noise. Where simulations were not run these are marked with a dash.

All tests were conducted locally on a 2020 13” MacBook Pro laptop with a 2 GHz Quad-Core
Intel Core i5 processor and 16GB of RAM. All code is available on GitHub at:
https://github.com/lchristie/estimating_symmetries.

1symmetric here meaning that A ⊆ G has {a−1
∶ a ∈ A} = A.
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5.5 Numerical Experiments

Table 5.1 Proportions of correct symmetry estimation.

Example Scenario Test n = 20 50 100 200 500

61

Dimension 2 AVT 0.18 0.67 0.98 1 1
PV 0.010 0.295 0.545 0.650 0.590

Dimension 4 AVT 0 0.015 0.010 0.180 0.910
PV 0 0.015 0.150 0.755 0.930

Dimension 6 AVT 0 0 0 0 0
PV 0 0 0.005 0.110 0.715

62

Spherically Symmetric PV 1 1 1 1 -
Rotationally Symmetric PV 0 0.6 1 1 -
Totally Asymmetric PV 0 0.02 0.95 1 -
Misspecified Lattice PV 0 0 0.05 0.87 -

Example 61 (Finite Group in Low Dimensions). Consider the regression functions:

fd ∶ (x1, . . . , xd) ↦ exp(−∣x1∣) (5.20)

for each dimension d = 2,3,4, . . . and suppose that Xi
iid∼ N(0,4Id) and ϵi

iid∼ N(0,0.052).
Consider the group D4 acting by rotations and reflections of the x1-x2 plane. We consider
the lattice base:

{Gi}
ℓ

i=1 = {⟨Rh⟩, ⟨Rv⟩, ⟨Rπ⟩, ⟨R/⟩, ⟨R/⟩, ⟨Rπ/2⟩} (5.21)

which has Kℓ = L(D4). Note that Rh reflects through the x2 line in this x1-x2 plane, and Rv
through the x1 line etc. Then the symmetries Rh, Rv, and Rπ all apply to fd as they only
change signs of x1 and x2. However R/, R/, and Rπ/2 do not because they exchange x1 and
x2 (as well as change signs). Therefore the correct object we wish to estimate is:

Gmax(fd,Kℓ) = ⟨Rh,Rπ⟩ (5.22)

for every dimension d, and the correct test result vector would be (1,1,1,0,0,0).

We tested each null hypothesis H(i)0 ∶ f is Gi-invariant at the αi = 0.05 significance level.
This means that K̂ℓ will be a 0.7 confidence region for Gmax(f,Kℓ) per Theorem 57, but
we see that it contains this object much more frequently in section 5.9.2. Each sampling
distribution from the groups are uniform on the group. The asymmetric variation tests had
t = 2, σ = 0.1, pt = 2σ

t
exp(−t2/4σ2)√

2π , and the number of resamples equal to the number of samples.
The permutation variants used B = 100. Both tests assume that f ∈ F(1,1), the class of
1-Lipschitz functions.

The results of these simulations for dimensions 2 and 4 are plotted in Figure 5.4 for the
performance of the confidence region K̂ℓ. Note that if E(K̂ℓ) = 0 then Ĝℓ = Gmax(f,Kℓ).
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These plots show that the Asymmetric Variation Test can detect this asymmetry reliably,
though this performance decays with higher dimension as the Xi become spaced with further
distances. The permutation variant interestingly struggles more in low dimensions, exhibiting
moderate errors even when n = 300, though outperforms the AVT in dimension 4 and above.
Results for the higher dimensional simulations are available in section 5.9.2.

In this example computations of the asymmetric variation test when n = 100 and d = 4
each took 0.004s and computations of the permutation variant each took 0.118s.
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(a) E(K̂ℓ) when d = 2 (b) E(K̂ℓ) when d = 4

Fig. 5.4 This figure describes the results of the simulations in Example 61. Subfig-
ures (a) and (b) track the confidence region excess E(K̂ℓ) for each test used (black
for the asymmetric variation test and red for the permutation variant), in dimension
2 for (a) and dimension 4 for (b). The error bars are Wald 95% Confidence Intervals
for the true expected excess.

Example 62 (Simulation of Symmetrised Estimators). We now consider an example of
estimating continuous symmetries. Suppose that the domain X is R3 and let G = SO(3,R)
act on X by matrix multiplication. Let Kℓ be the sub-lattice of K(SO(3,R)) with lattice base:

{Gi}
ℓ

i=1 = {S
1
e1 , S

1
e2 , S

1
e3 , S

1
u1 , . . . , S

1
u6 , SO(3)}. (5.23)

Here the axes u1, . . . u6 (given explicitly in appendix 5.9.2) correspond to non-parallel unit
vectors through the vertices of a regular icosahedron, rotated such that the distances to the
standard basis vectors are roughly maximised (as with section 5.3.4). We consider three
possible regression functions with differing levels of symmetry:
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5.5 Numerical Experiments

Regression Function Maximal Symmetry
f1(x) = sin(∥x∥2) Gmax(f1,Kℓ) = SO(3) Spherically Symmetric
f2(x) = sin(∣x1∣) + cos(

√
x2

2 + x2
3) Gmax(f2,Kℓ) = S1

e1 Rotationally Symmetric
f3(x) = sin(∣x1∣) + 0.2x2 − cos(x3) Gmax(f3,Kℓ) = I Totally Asymmetric
f4(x) = f2(R0.1,e3x) Gmax(f3,Kℓ) = I Symmetry not in Kℓ

where R0.1,e3 is the rotation matrix of 0.1 radians around the z axis. This means that f4

has symmetries that are isomorphic to those of f2, but are not included in the lattice Kℓ.
This demonstrates the usefulness of these methods even in the case when the lattice Kℓ is
misspecified.

We simulate regression data D = {(Xi, f(Xi) + ϵi}ni=1 and D′ = {(X ′i , f(X ′i) + ϵ′i}ni=1 where
Xi

iid∼ N(0, 2I3), X ′i
iid∼ N(0, 2I3), and ϵi, ϵ′i

iid∼ N(0, 0.012). We again assume that f ∈ F(1, 1),
the class of 1-Lipschitz functions.

We estimate Ĝℓ using the permutation variant of the asymmetric variation test with B = 100
and µg sampled uniformly from each group. We then consider the problem of estimation
of f , using an estimate that has been symmetrised by Ĝℓ. In particular, we consider three
regressors:

(A) A standard local constant estimator (LCE) f̂(x,D) with bandwidths selected by cross-
validation (the default in the R-package NP [Hayfield and Racine, 2008]);

(B) A symmetrised LCE f̂A
Ĝ
(πĜ(x),{(πĜ(Xi), Yi)}ni=1) (utilising data projection); and

(C) A symmetrised LCE that splits D into independent pieces half the size of D, then using
the first half to estimate Ĝℓ only and the second half to estimate f̂ afterwards as with
(B).

Here πG ∶ X → X/G is the natural projection given by πI(x) = x, πSO(3)(x) = ∥x∥2, and
πSL(3)(x) = 1x≠0. The natural projection for the circle groups are given by πS1

u
(x) =

(x ⋅ u,
√
∥x∥2 − (x ⋅ u)2). We have chosen local constant, rather than local linear for ex-

ample, estimators because of computational time and because we do not have boundary effects
with the domain.

The mean squared prediction errors are plotted in Figures 5.5 and 5.6. We see that for
scenarios 1 and 2 the MSPE decays rapidly and is able to correctly generalise once Ĝ is
more likely than not to estimate the correct symmetry. When there is no symmetry present,
as with scenario 3, the we quickly see convergence of f̂A

Ĝ
− f̂

Pf→ 0. Interestingly, we see no
empirical benefit from splitting the data into independent pieces, suggesting that the errors of
the group estimation and the functional estimation are uncorrelated. In the fourth scenario at
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low sample sizes, using the errant symmetry to symmetrise the estimator reduces the variance
more than it increases bias resulting in smaller MSPE. At higher sample sizes it correctly
rejects the S1

e1 symmetry and the estimator converges to the baseline.
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Fig. 5.5 Mean squared prediction errors for the three estimators, under scenarios 1
and 2. The averages over 100 simulations are shown in black for f̂ , in blue for f̂A

Ĝ
,

and in red for f̂S
Ĝ

. The error bars are Wald 95% Confidence Intervals for the true
mean squared predictive error.

5.6 Applications to Real Data

We now demonstrate these methods on two real world datasets. The first is from geophysics,
where we seek to estimate the Earth’s magnetic field. In this example, we show that our
confidence region built from satellite readings contains the identity only. This supports the
practice of modelling an asymmetric magnetic field, as in Thébault et al. [2015]. The second
example explores the spatio-temoral relationship of sunspots. We show that in this example
our estimated maximal symmetry of this relationship is rotational, and consistent with the
phenomenon known as Spörer’s law [Babcock, 1961] for most of the 12 available solar cycles.
The other four cycles have Ĝℓ = I, which indicates that there are longitudinal effects along
with the latitudinal effects in Spörer’s law.

5.6.1 Satellite Based Magnetic Field Data

The European Space Agency (ESA) launched the SWARM mission in 2013 to measure the
Earth’s magnetic field and other related properties. This consists of three satellites orbiting
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Fig. 5.6 Mean squared prediction errors for the three estimators, under scenarios 3
and 4. The averages over 100 simulations are shown in black for f̂ , in blue for f̂A

Ĝ
,

and in red for f̂S
Ĝ

. The error bars are Wald 95% Confidence Intervals for the true
mean squared predicted error.

between 450km and 530km above the Earth’s surface. These measurements complement the
observations at ground based observatories to better model the field for use in navigation and
geospatial modelling. This vector field B ∶ R3 → R3 is generated primarily by the rotation of
the inner core, but is also affected by: magnetised material in the Earth’s crust; electrical
currents in the upper atmosphere caused by solar winds; and the interaction of the sun’s
magnetic field. Without these additional effects it is reasonable to model the field as one
would a bar magnet, with a rotational symmetry through the magnetic poles.

Given these effects can break this symmetry, the vector field B on and above the Earth’s
surface at time t is typically modelled as the gradient of a potential field B = ∇V where:

V (r, θ, ϕ, t) = a
13
∑
n=1

n

∑
m=0
(a
r
)
n+1
(gmn (t) cos(mϕ) + hmn (t) sin(mϕ))Pmn (cos(θ)) (5.24)

in the International Geomagnetic Reference Field (IGRF) [Thébault et al., 2015]. Here
a = 6,371.2km is the Earth’s radius, θ is the geocentric co-latitude, ϕ is the east longitude.
The functions Pmn as the Schmidt quasi-normalised associated Legendre functions of degree
n and order m. The Gauss coefficients gmn and hmn are then fitted using observational data
from ground based stations.
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Using the data of the ESA SWARM satellites, accessed via the VirES client (https://
vires.services/), we can estimate the symmetries of the field. A full description of the data
source is available in appendix 5.9.2. We use 1000 measurements of the field intensity ∥B∥2
as the response variable chosen uniformly at random from the observations on the 25th of
February 2023. These measurements are plotted in Figure 5.7.
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Fig. 5.7 A visualisation of the measurements of the Earth’s magnetic field, using
the 1000 samples on February 25, 2023. In subfigure (a), red dots represent the
high intensity measurements that occur towards the poles, and blue dots the regions
of lowest intensity towards the equator. Red numbers indicate longitude and blue
numbers represent latitude. In subfigure (b) intensity high magnetic field intensity
is displayed in light blue and low intensity in dark blue.

We have used the same symmetry estimation procedure of Example 62, with six additional
symmetries in the lattice base (corresponding to vertices of a further offset icosahedron).
These axes of these S1

u rotational symmetries are given explicitly in Section 5.9.2. We have
used the permutation variant because we do not know the noise distribution explicitly. Unlike
Example 62, the data is not distributed symmetrically around the sphere, but examinations
of the Q-Q plots in Section 5.9.2 show that the condition of Proposition 60 holds empirically
for the uniform distribution on all tested subgroups.

All symmetries were rejected at the α = 0.05 significance level, so the estimated maxi-
mal symmetry is just trivial group I. This supports the modelling approach of the IGRF
and rejects the simpler bar magnet model of the Earth’s magnetic field.
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5.6 Applications to Real Data

5.6.2 Sunspots and Spörer’s Law

The Sun’s photosphere has small regions of low intensity, known as sunspots. These sunspots
occur due to complex interactions between aspects of the inner and outer solar magnetic
fields, as described in Babcock [1961]. As noted in García-Portugués et al. [2020], the distri-
bution of the locations of these spots over each orbit is approximately symmetric around the
rotational axis of the sun. However, this distribution depends on time within each solar cycle
(the period between reversals of the polarity of the magnetic field) - the latitudes decrease
over the course of the period. This phenomenon, known as Spörer’s Law, is explained by
an intensification of the twisting that causes the sunspots that culminates in a polarity reversal.

Records of the sunspots over the last 13 solar cycles (cycles 12 - 24) are readily avail-
able in the R package rotasym [García-Portugués et al., 2020]. This was originally collected
in Debrecen Photoheliographic Data (DPD) sunspot catalogue [Baranyi et al., 2016]. We
have taken a uniform sample of 250 sun spots from the 21st solar cycle and taken a local
average of time of occurrence of sunspots from the entire catalogue of that cycle. This data
is represented as the vector (xi, yi, zi, ti) with x2

i + y2
i + z2

i = 1. The locations of the spots
in this orbit are shown in Figure 5.8. The plot of time vs. latitude shows the Spörer’s law
seems valid—the sunspots closest to the equator do appear later in the cycle than the ones
away from it.
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(a) Helio-spatial Plot (b) Plot of time vs. latitude

Fig. 5.8 Locations of all sunspots during the 21st recorded solar cycle, from the
rotasym R package. The colours represent the time with the cycle, with blue towards
the start and red towards the end. The blue numbers in subfigure (a) indicate
latitude, the red longitude in degrees. Also shown is a marginal of time against
latitude in subfigure (b) for 250 points uniformly sampled from this cycle.
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We can examine the symmetries of this relationship between the locations X = (x, y, z) of the
observed spots and the mean time of occurrence conditioned on locations f(x, y, z) = E(t ∣
x, y, z). Whilst this is not the usual regression situation, where we would predict location
given the time, it is mathematically equivalent. Specifically, if the spatial distribution condi-
tioned on time is invariant to G, then the conditional mean E(t ∣ x, y, z) must be too2, and
so we can use the symmetry testing and estimation techniques to give the largest possible
symmetry of this conditional distribution.

We have conducted tests on the same lattice base as in the previous application, so the lattice
base is:

{Gi}15
i=1 = {Su1 , Su2 , . . . , Sx, Sy, Sz, SO(3)} (5.25)

The vectors ui are given in Section 5.9.2. We used the permutation variant with B = 1000
because we do not know the noise distribution. Sampling from each group was done by
sampling an angle uniformly on [0,2π) and constructing the rotation around the axis by
this angle. As suggested in Section 5.4.2, we checked Q-Q plots between the original and
transformed pairwise distance distributions, which showed that these sampling distributions
are suitable in light of Proposition 60. These are available for cycle 21 in Section 5.9.2.

For this cycle and all others with data available in rotasym, the confidence regions for the
maximal symmetry of E(t ∣ X) are shown in table 5.2. Four of the cycles are consistent
with rotational symmetry of the conditional mean around the z-axis. This is in agreement
with the symmetries of the distributions of García-Portugués et al. [2020], where all cycles
except for the 22 have a symmetric marginal distribution of locations around the z-axis.
Interestingly the rejection of symmetry of the conditional distribution suggests that perhaps
there is a unique conditional mean location that follows a spiral pattern in towards the equator.

5.7 Discussion

We have given methods for finding and using symmetry in regression function estimation.
We have shown that we can generalise the idea of variable subset selection into selection of
non-linear combinations of the variables by placing them within the framework of subgroup
lattices. We have developed methods for testing and used these to estimate the maximal in-
variant symmetry of a regression function. We have demonstrated the power and applicability
of these tests across several numerical experiments, showing that when the symmetry exists
our methods do detect this consistently and that this can significantly improve estimates of

2This is seen by considering first the marginal of the spatial distribution (which must be G-invariant), and
then applying Bayes Law and the invariant of the conditional and the marginal as required.
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5.7 Discussion

Table 5.2 Confidence regions for each solar cycle

Solar Cycle Confidence Region
12 {I}
13 {I,G11,G15}
14 {I}
15 {I}
16 {I,G15}
17 {I}
18 {I}
19 {I}
20 {I,G15}
21 {I}
22 {I}
23 {I}
24 {I,G15}

the regression function. The estimation of the maximal symmetry using this method has two
main advantages over the M -estimation in the previous chapter. It has built in inferential
properties and it is often much faster computationally because it avoids estimating f directly.

A limitation to this method is that by restricting to a finite sub lattice of K(G) we might
miss some true symmetries of f that are not within this lattice. If the sub lattice chosen
is also an δ-cover of K(G) (in the metric of the previous chapter), then we would hope
that the symmetries close to the true maximal symmetry would not be rejected because the
power of the tests would be lower. It would be interesting to bound the power of this test
in terms of the symmetric gap ∥f − SGf∥22 (under the conditions that G is compact and µ

is G-invariant) and then investigate the behaviour of the lattice estimator when the base is
chosen as a δ-cover using the δ from Theorem 41. Increasing the size of the lattice base in
this case worsens the multiple testing problem but could still lead to consistent estimation if
P(pval > α) → 1 under the null hypothesis for appropriate choices of α.

The main limitation of this method is that Ĝℓ is biased towards more symmetry because
it relies on a hypothesis test that does not always have power. This can help alleviate the
sub-lattice problem because we can still end up with an estimate ideally close to the true
symmetry rather than simply rejecting everything because the only true symmetry in the
lattice is the identity. This is observed in the misspecified lattice in Example 62.

This method could be improved by a more thorough treatment of the multiple testing
effects. We have taken perhaps the most conservative approach of just using the Bonferonni
correction, but there are many other methods to control the family wise error rate such as
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Holm’s step-down procedure [Holm, 1979]. We could also look to adapt the DAG testing
approach used in Müller et al. [2023] as mentioned in Section 2.8, noting that the lattice we
use also forms a directed acyclic graph (DAG).

It is also worth considering methods akin to forward selection and backwards elimina-
tion in the variable selection literature. One could, for example, look to minimise residual
sum of squares of the smoothed models f̂G over the lattice K at each level as with forward
selection. This would extend the M -estimation strategy of the previous chapter to make use
of the lattice structure of the subgroups.

One issue with the hypothesis tests used is that the power of the tests depends highly
on sampling data with small distances d(Xi,Xj) for Xi,Xj

iid∼ µ. As the dimension of
the covariate space increases this distribution can shift right—if Xi

iid∼ U([0,1]a) pairwise
distances will be closer with greater probability than if Xi

iid∼ U([0, 1]b) whenever a < b. This
is more a problem with an “effective dimension” of the distribution µ rather than the space
we observe the data in: if µ is concentrated on a low dimensional submanifold then the
pairwise distances can remain small and the tests retain power.

5.8 Proofs and Further Mathematical Details

5.8.1 Proofs in Section 5.2

Proof of Proposition 49. We need only show that K(G) contains supremums and intersections
(with respect to the subgroup ordering) of arbitrary pairs G,H ∈K(G), and that these are
given by the join and meet operations in the statement. If G,H ∈K(G), then consider that
G ∩H is still the infimum as with the subgroup lattice. For the supremum, consider that
G,H ≤ ⟨G,H⟩ by definition, so this is an upper bound. If G,H ≤ A ∈K(G) then ⟨G,H⟩ ≤ A
and so ⟨G,H⟩ ≤ A = A, and so ⟨G,H⟩ is in fact the least upper bound and we are done.

Proof of Proposition 52. First, note that ⟨G1, . . .Gℓ⟩K(G) must contain all groups of the spec-
ified form by the definition of a lattice. Thus we need to show that the set of such groups
forms a lattice. Let G = Gi1 ∨ ⋯ ∨ Gim and H = Gj1 ∨ ⋯ ∨ Gjb be two groups in the set
considered. The supremum G ∨H is also of the form specified because of the commutativity,
associativity, and idempotency of the operation ∨ [Schmidt, 2011].

For the infimum, first define I = {i ∈ [ℓ] ∶ Gi ≤ G∩H}, and let A = ⋁i∈I Gi. See that A ≤ G∩H
by definition. Take any element g ∈ G ∩H, and take sequences {gGn }n∈N ⊆ ⟨Gia ∶ a ∈ [m]⟩
and {gHn }n∈N ⊆ ⟨Gja ∶ a ∈ [a]⟩ both convergent to g. If there is a subsequence of either in
⟨Gi ∶ i ∈ I⟩ then g ∈ A. If not, then by the pigeon hole principle there must exist a subsequence
of {gGn } contained in some Gia for ia ∉ I, and similarly for {gHa } in some Gja′ for ja′ ∉ I.
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But then g ∈ Gia ∩Gja′ as both are closed groups. However, since ia, ja′ ∉ I we know that
Gia ∩Gja′ = I (as if one were contained in the other then the index of the smaller group
would be in I), and so g = e ∈ A. Therefore A = G ∩H and so the set described contains all
infimums and so is a lattice.

Recall from section 2 that Proposition 13 required proof, which we now do here all with a
few supporting lemmas.

Lemma 63. Let G be a group with subgroups G,H ≤ G. Suppose that f ∶ X → R is G-invariant.
If H ≤ G then f is H-invariant. If f is H invariant then f is ⟨G,H⟩-invariant.

Proof of Lemma 63. The first claim is clear: if f(g ⋅X) = f(X) for all g ∈ G almost surely
then it is true for all g ∈ H ⊆ G. For the second, take x ∈ X and a ∈ ⟨G,H⟩. Express
a = ai11 ⋯a

ik
k , where aj ∈ G or aj ∈H and ij ∈ N for all j ∈ [k]. Then see that

f(a ⋅ x) = f(ai11 ⋅ (a
i2
2 ⋯a

ik
k ⋅X)) = f(a

i2
2 ⋯a

ik
k ⋅X) (5.26)

almost surely so the second claim follows by an induction on k.

Lemma 64. Suppose that f is not G-invariant for some subgroup G ≤ G. Then f is not
H-invariant for any H with G ≤H ≤ G. If f is H invariant then f is not G′ invariant for
any G′ with ⟨G′,H⟩ = ⟨G,H⟩.

Proof of Lemma 64. The first result is just the contraposition of Lemma 63. The second part
also follows as if f were G′ invariant, then it would be G ≤ ⟨G′,H⟩ = ⟨G,H⟩ invariant.

We can now prove Proposition 13.

Proof of Proposition 13. Let Gmax = ⟨H ≤ G ∶ f is H-invariant⟩, noting that f is I-invariant
and so there is at least one such H. Then the previous lemma gives the first condition of
maximal invariance, and the second is trivial and implies also uniqueness.

Proof of Proposition 12. These rules are simply a restating of the Lemmas 63 and 64.

Proof of Proposition 55. This follows from exactly the same reasoning as Proposition 13,
except here we need only consider finitely many groups H and have to take a closure operator:

A = ⟨H ∈K ∶ f is H-invariant⟩ (5.27)

Since I ∈ K, we know A ≥ I. Since K is a finite lattice, A must also be in K. Lastly note
that Lemma 63 implies that f is A-invariant and so A ≤ Gmax(f,G).
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5.8.2 Proofs in Section 5.3

Proof of Proposition 56. We check the conditions (R1) - (R3) in order. The first is trivial
because each test is a measurable function.

For the second condition, suppose that G ∈ K̂ℓ has subgroup H. Then if Gi ≤ H, we
must have Gi ≤ G. Thus we must have Testαi(D,Gi) = 1 for all Gi ≤H ≤ G, so H ∈ K̂ℓ.

Since K̂ℓ always contains the trivial group I we need only consider the case whereGmax(f,K) >
I. Let I = {i ∈ [ℓ] ∶ Gi ≤ Gmax(f,K)}. If Gmax(f,K) is not contained in K̂ℓ, then at least
one of the hypotheses H(i)0 is rejected for some i ∈ I. Thus:

P(Gmax(f,K) /∈ K̂ℓ) = P(Testαi(D,Gi) = −1 for some i ∈ I) (5.28)
≤ ∑
i∈I

P(Testαi(D,Gi) = −1) (5.29)

≤ ∑
i∈I
αai ≤

ℓ

∑
i=1
αi ≤ ∑

i∈N
αi = α (5.30)

which gives condition (R3).

Proof of Theorem 57. First note that Pf(Testαi(D,Gi) = 0) → 1 for all Gi /≤ Gmax(f,Kℓ) by
the assumption of consistency of the test. Thus:

Pf(Ĝℓ /≤ Gmax(f,Kℓ)) ≤ Pf(Testαi(D,Gi) = 1 for some Gi /≤ Gmax(f,Kℓ)) (5.31)
≤ ∑
Gi/≤Gmax(f,Kℓ)

1 − Pf(Testαi(D,Gi) = 0) → 0 (5.32)

giving the first statement. Now let Pα be a lower bound on the power of the consistent test
used, which must be an increasing sequence (with respect to n) for each fixed α converging
to 1. We first construct the sequences of significance levels. Simply take some fixed starting
points αi(1) for i ∈ {1, . . . , ℓ} and set αi(n) = αi(n − 1) until Pαi(n) ≥ 1 − αi(n)/2, then set
αi(n) = αi(n − 1)/2. With this sequence of significance levels, we have the convergences:

Pf(Testαi(n)(D,Gi) = 1) → 1 ∀Gi ≤ Gmax(f,Kℓ) (5.33)
Pf(Testαi(n)(D,Gi) = 0) → 1 ∀Gi /≤ Gmax(f,Kℓ) (5.34)

From these it is clear that TestResults (as defined in algorithm 1) converges in probability to
the vector of subgroups of Gmax(f,Kℓ).

This then implies that Pf(G ∈ K̂ℓ) → 0 for each G ∉ {G ∈ Kℓ ∶ G ≤ Gmax(f,Kℓ)}, so
we have the convergence in probability of K̂ℓ to {G ∈Kℓ ∶ G ≤ Gmax(f,Kℓ)}. Since this set

122



5.8 Proofs and Further Mathematical Details

has only one maximal element, Gmax(f,Kℓ), we know that Ĝℓ converges in probability to
this.

5.8.3 Proofs in Section 5.4

Proof of Lemma 58. Under the null hypothesis of G-invariance, we know that

∣Yi − Yj ∣ = ∣f(Xi) − f(Xj) + ϵi − ϵj ∣ (5.35)
= ∣f(g ⋅Xi) − f(Xj) + ϵi − ϵj ∣ (5.36)
≤ ∣f(g ⋅Xi) − f(Xj)∣ + ∣ϵi − ϵj ∣ (5.37)
≤ V (g ⋅Xi,Xj) + ∣ϵi − ϵj ∣, (5.38)

so we know that Dg
ij = ∣Yi − Yj ∣ − V (g ⋅Xi,Xj) ≤ ∣ϵi − ϵj ∣ for all i, j ∈ {1, . . . , n} and g ∈ G. In

particular, this is true for j chosen such that d(g ⋅Xi,Xj) is minimised. If we then count
how often Dg

ij is larger than some threshold t ∈ R≥0, we can bound the probability using the
concentration of ∣ϵi − ϵj ∣.

For fixed m, the Dgj

I(j)J(j) are asymptotically independent (because it is vanishingly un-
likely that we sample the same gj ⋅XI(j) or that two gj ⋅XI(j) share a nearest neighbour).
Thus under the null hypothesis, Ng

t is eventually stochastically bounded by a Binom(m,pt)
variable.

We require the following result to simplify the sampling distributions when testing for
symmetry in section 5.4.

Lemma 65. Suppose f ∶ X → R is continuous and G acts continuously on X . If G is
topologically generated by a finite set {g1, . . . , gk} and f is not G-invariant, then f is not
invariant to at least one group generated by a topological generator ⟨gi⟩.

Proof of Lemma 65. Let g ∈ G be such that P(f(g ⋅X) = f(X)) < 1, and let {hi}∞i=1 be a
sequence in ⟨g1, . . . , gk⟩ that approximates g. Suppose for the sake of contradiction that f is
invariant to every ⟨gi⟩. Then f(hi ⋅X) = f(X) almost surely (as hi is a finite product of only
gi terms) for every i ∈ N. But then the continuity of f (noting that X is a first countable
metric space) implies

f(X) = lim
i→∞

f(hi ⋅X) = f( lim
i→∞

hi ⋅X) = f(g ⋅X) (5.39)

almost surely - a contradiction.

The proof of proposition 4.1 relies on several supporting Lemmas. In the following we use
the notation X

P→ x to indicate that the random variable X converges in probability to x.
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Lemma 66. In the context of Proposition 59, if the support of µX is dense in X then

dX (g ⋅XI(1),XJ(1))
P→ 0 (5.40)

Proof. For any η ∈ R≥0, the probability that dX (g ⋅XI(1),XJ(1)) ≥ η given I, g is equivalent
to a binomial variable K with n trials and probability of success p = µX(X ∖B(g ⋅XI(1), η))
being 0. Since the support of µX is dense in X , µX(B(g ⋅XI(1), η)) > 0, and so

P(dX (g ⋅XI(1),XJ(1)) ≥ η) ≤ P(K = 0) = (1 − p)n (5.41)

As n→∞, this clearly goes to 0 for all η, and for all I, g.

In the following let FX(x) be the distribution function of the real valued random variable X.

Lemma 67. If X and Y are independent real random variables, and Y is symmetrically
distributed around 0 (so FY (t) = 1−FY (−t) for all t ∈ R) and admits a density fY with respect
to Lebesgue measure on R that is decreasing in ∣y∣. Then P(∣X + Y ∣ ≥ t) > P(∣Y ∣ ≥ t).

Proof. First note P(X + Y ≥ t) = EX(P(Y ≥ t −X ∣X)) = 1 −EX(FY (t −X)). Thus

P(∣X + Y ∣ ≥ t) = P(X + Y ≥ t) + P(X + Y ≤ −t) (5.42)
= 2 −EX(FY (t −X) + FY (t +X)) (5.43)

Let ϕt(x) = FY (t−x)+FY (t+x). Since Y is absolutely continuous (w.r.t. Lebesgue measure)
with density function fY , we can see that ϕt has a critical point at x = 0. Moreover, if x > 0
then

ϕ′t(x) = fY (t + x) − fY (t − x) = fY (t + x) − fY (−t + x) < fY (t + x) − fY (−t − x) = 0 (5.44)

as fY is decreasing in ∣y∣. Similarly ϕ′t(x) > 0 if x < 0. Thus x = 0 is a maximum and so we
have

P(∣X +Y ∣ ≥ t) = 2−EX(FY (t−X) +FY (t+X)) ≥ 2−EX(FY (t) +FY (t)) = P(∣Y ∣ ≥ t). (5.45)

as required.

Lemma 68. If X ∼ Binom(n, p) and Y ∼ Binom(n, q) with p < q , then FX(Y )
p→ 1

Proof. First note that FX(Y ) = FX̃(
Y −np√
np(1−p)

) where X̃ = X−np√
np(1−p)

, which has X̃ D→ N(0,1)
by the de Moivere - Laplace theorem (DLT). Then we also set:

Ỹ = Y − np√
np(1 − p)

=
⎛
⎝

Y − nq√
nq(1 − q)

+
√
n

q − p√
q(1 − q)

⎞
⎠

√
q(1 − q)
√
p(1 − p)

. (5.46)
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Again by DLT, the first term converges to N(0, q(1−q)p(1−p ), but the second term diverges to +∞
(as q > p). Thus Ỹ p→∞ and so clearly FX̃(Ỹ )

p→ 1, as required.

We can now return to the proof of Proposition 59.

Proof of Proposition 59. Since the support of µX is dense in X , Lemma 4 gives dX (g ⋅
XI(j),XJ(j))

p→ 0. Now consider

D
gj

I(j)J(j) = ∣YI(j) − YJ(j)∣ − V (g ⋅XI(j),XJ(j)) (5.47)

= ∣f(XI(j)) + ϵI(j) − f(XJ(j)) − ϵJ(j)∣ − V (g ⋅XI(j),XJ(j)) (5.48)

We have that V (g⋅XI(j),XJ(j)) → 0 as the distance goes to 0, and also f(XJ(j))−f(g⋅XI(j))
p→

0. Thus with X as a variable with the same law as each Xi and g with the same law as each
gj ,

D
gj

I(j)J(j)
D→ ∣(f(X) + ϵℓ) − f(g ⋅X) − ϵk∣ = ∣ϕ(g,X) + η∣ (5.49)

where ϕ(g,X) = f(X) − f(g ⋅X) and η = ϵl − ϵk. Definitionally, this means

P(Dgj

I(j)J(j) ≥ t) → P(∣ϕ(g,X) + η∣ ≥ t) (5.50)

Under H0, ϕ(g,X) = 0 almost surely, so this probability is given by P 0
t = P(∣η∣ ≥ t). Under

H1, ϕ must take non zero values with some positive probability (using the condition on the
distribution µG). Thus we can use Lemma 67 to say that

P 1
t = P(∣ϕ(g,X) + η∣ ≥ t ∣H1) > P 0

t (5.51)

Let N be large enough that P(Dgj

I(j)J(j) ≥ t) > (P
1
t − P 0

t )/2 > P 0
t for all n > N .

Now consider that under the alternative hypothesis, Ng
t

D→ Binom(m,P(Dgj

I(j)J(j) ≥ t)),
which is stochastically bounded from below by A ∼ Binom(m, (P 1

t − P 0
t )/2) for n > N . This

gives, using Lemma 68, with A′ ∼ Binom(m,P 0
t ), that

pval = 1 − FA′(Ng
t ) ≤ 1 − FA(Ng

t )
P→ 0 (5.52)

as required.

5.9 Related Topics

5.9.1 Estimating Lipschitz Constant of f

As noted in section 5.4.1, if the bound V is not assumed then we may need to estimate it
from the data. In the same vein as this test a natural estimate for V is L̂d(x, y), where L̂ is
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the smallest positive L such that N e
t ≤ Qm,pt(α) where N e

t is the same tests statistic before
but where µg only has support on the identity e and Qm,pt(α) is the α-quantile of a binomial
variable with m trials and probability of success pt.

Of course, such an estimate is very much not independent of the asymmetric variation
test so this could be estimated using a data-splitting approach if needed.

5.9.2 Further Details on the Experiments and Applications

High dimensions for Example 61

As in Example 61, we plot the confidence region excess Ê(K̂ℓ) for dimensions 6 and 10 in
Figure 5.9. We see that the asymmetric variation test is unable to reject any symmetries in
these higher dimensional settings, but that the permutation variant can. This is mostly due to
the large spacing between the datapoints in these high dimensions. Note that Xi

iid∼ N(0, 2Id)
so the data points are spaced further in higher dimensions.
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(a) E(K̂ℓ) when d = 6 (b) E(K̂ℓ) when d = 10

Fig. 5.9 A replica of Figure 5.4 for dimensions d = 6 and d = 10.

Effect of using a fixed αi in Example 61

As mentioned in Section 5.3.5 and in the variable selection literature [Heinze et al., 2018],
one might choose to conduct all tests at the same significance level, i.e., αi = a. We can use
the experiments in Example 62 to examine how this choice affects the confidence region. In
Figure 5.10 we plot the proportion of the confidence regions that contain the true maximal
symmetry Gmax(f,Kℓ). Each test was conducted at the significance level αi = 0.05, which
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guarantees that K̂ℓ is a 0.7-confidence region for Gmax (using the Bonferroni correction).
However, we see in all trials the tests were conservative enough to keep the containment
proportions within 1 − αi for all simulations.
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Fig. 5.10 Plot of the frequency with which Gmax(f,Kℓ) ∈ K̂ℓ in the 200 simulations
of Example 61. The black squares represent the results when using the asymmetric
variation test and the red triangles for the permutation variant. The lower and upper
blue lines represent the 0.7 and 0.95 confidence region error thresholds respectively.

Power and size of the hypothesis tests

We now provide the results of each test conducted in Example 61 in order to gauge the
empirical size and power of the asymmetric variation test and the permutation variant. These
are summarised in tables 5.3 and 5.4. Recall that for each dimension d, the function fd

is invariant to the groups G1 = ⟨Rh⟩, G2 = ⟨Rv⟩, and G3 = ⟨Rπ⟩ and is not invariant to
G4 = ⟨R/⟩, G5 = ⟨R/⟩, or G6 = ⟨Rπ/2⟩.

The results show that both tests have the correct size empirically, and are conservative.
The asymmetric variation test is shows its consistency in dimensions 2 and 4, but lacks power
at these sample sizes in dimension 6. The permutation variant never rejects a null hypothesis,
but has interesting behaviour under the alternatives in dimension 2. We see that the power
reaches a plateau at around 0.6 indicating that this approach is potentially not consistent.

Icosahedral vertices

In Example 62 our lattice base consisted of circle groups S1
ui

around axes corresponding to
the vertices of a regular icosahedron. To be precise, these axes are given by the normalisation
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Table 5.3 Proportions of rejections for the asymmetric variation test in Example
6.1.

Dimension Hypothesis Group n = 20 50 100 200 500

2

H0

⟨Rh⟩ 0.005 0 0 0 0
⟨Rv⟩ 0.02 0.01 0 0 0
⟨Rπ⟩ 0.025 0.02 0 0 0

H1

⟨R/⟩ 0.345 0.775 1 1 1
⟨R/⟩ 0.375 0.785 0.985 1 1
⟨Rπ/2⟩ 0.295 0.735 0.980 1 1

4

H0

⟨Rh⟩ 0.005 0 0 0 0
⟨Rv⟩ 0 0 0 0 0
⟨Rπ⟩ 0 0 0 0 0

H1

⟨R/⟩ 0.005 0.04 0.050 0.33 0.930
⟨R/⟩ 0 0.02 0.050 0.29 0.940
⟨Rπ/2⟩ 0 0.02 0.045 0.29 0.915

6

H0

⟨Rh⟩ 0 0 0 0 0
⟨Rv⟩ 0 0 0 0 0
⟨Rπ⟩ 0 0 0 0 0

H1

⟨R/⟩ 0 0 0 0 0
⟨R/⟩ 0 0 0 0 0
⟨Rπ/2⟩ 0 0 0 0 0

Table 5.4 Proportions of rejections for the permutation variant in Example 6.1.

Dimension Hypothesis Group n = 20 50 100 200 500

2

H0

⟨Rh⟩ 0 0 0 0 0
⟨Rv⟩ 0 0 0 0 0
⟨Rπ⟩ 0 0 0 0 0

H1

⟨R/⟩ 0.00 0.300 0.525 0.64 0.590
⟨R/⟩ 0.01 0.295 0.475 0.64 0.580
⟨Rπ/2⟩ 0.00 0.285 0.550 0.63 0.565

4

H0

⟨Rh⟩ 0 0 0 0 0
⟨Rv⟩ 0 0 0 0 0
⟨Rπ⟩ 0 0 0 0 0

H1

⟨R/⟩ 0 0.015 0.155 0.730 0.915
⟨R/⟩ 0 0 0.185 0.675 0.935
⟨Rπ/2⟩ 0 0.020 0.155 0.720 0.920

6

H0

⟨Rh⟩ 0 0 0 0 0
⟨Rv⟩ 0 0 0 0 0
⟨Rπ⟩ 0 0 0 0 0

H1

⟨R/⟩ 0 0 0.010 0.120 0.685
⟨R/⟩ 0 0 0.000 0.155 0.725
⟨Rπ/2⟩ 0 0 0.005 0.095 0.675
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of:

u1 = (0,1, φ) u2 = (0,1,−φ) u3 = (1, φ,0) (5.53)
u4 = (1,−φ,0) u5 = (φ,0,1) u6 = (φ,0,−1) (5.54)

where φ = 1
2(1 +

√
5) is the golden ratio. In the real world data applications (Section 5.6, we

also tested for the circle groups around the additional six axes:

u7 = (1,0, φ) u8 = (1,0,−φ) u9 = (φ,1,0) (5.55)
u10 = −φ,1,0) u11 = (0, φ,1) u12 = (0, φ,−1) (5.56)

Downloading magnetic field data from VirES

The data in the file “SWARM_DATA.CSV” used in section 5.6.1 was downloaded from the
European Space Agency’s VirES client (https://vires.services/). The variable names as in
our csv file correspond to the variable names that can be selected using the custom download
parameters, i.e., FNT is the magnetic field intensity and Ferror is their reported standard
error on this measurement. We have downloaded only the data from satellite “A” on the
25th of February 2023. This data is contained in a csv file in the GitHub reposository linked
above.

Q-Q plots in section 5.6.1

Here we check the appropriateness of the sampling distributions for the real data example
in Section 5.6.1. As suggested in Section 5.4.2, we examine the Q-Q plots of the marginal
distributions of d(gi ⋅Xi, gj ⋅Xj) against the original d(Xi,Xj) where the angle of rotation is
sampled uniformly on [0,2π]. These plots are supplemented by the p-values of Kolmogorov-
Smirnoff tests for the equality of these distributions. We see that the uniform sampling
angles in Figure 5.11 shift the pairwise distances right (i.e. the black line is above over a
neighbourhood of the origin) and so are suitable for use in this case. In these figures the
“Group Number” corresponds to the index of Gi in the lattice base.

Q-Q plots in section 5.6.2

Here we check the appropriateness of the sampling distributions for the real data example
in Section 5.6.2. As suggested in Section 5.4.2, we examine the Q-Q plots of the marginal
distributions of d(gi ⋅Xi, gj ⋅Xj) against the original d(Xi,Xj) where the angle of rotation is
sampled uniformly on [0,2π]. These plots are supplemented by the p-values of Kolmogorov-
Smirnoff tests for the equality of these distributions. We see that the uniform sampling
angles in Figure 5.11 shift the pairwise distances right (i.e. the black line is above over a
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Fig. 5.11 Quantile-Quantile plots of dX (Xi,Xj) vs dX (gi ⋅Xi, gj ⋅Xj) for each of
the groups in Section 5.6.2. Here the sampling of the group elements is from the
uniform angle regime, where gi has an rotational angle sampled from U([0,2π]) in
radians. Also presented are p-values for Kolmogorov-Smirnov tests for equality of
the distributions.

neighbourhood of the origin) and so are suitable for use in this case. In these figures the
“Group Number” corresponds to the index of Gi in the lattice base.
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Fig. 5.12 Quantile-Quantile plots of dX (Xi,Xj) vs dX (gi ⋅Xi, gj ⋅Xj) for each of
the groups in Section 5.6.2. Here the sampling of the group elements is from the
uniform angle regime, where gi has an rotational angle sampled from U([0,2π]) in
radians. Also presented are p-values for Kolmogorov-Smirnov tests for equality of
the distributions.
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Chapter 6

Conclusion

In this thesis we have examined the benefits of estimating the level sets of regression functions,
which can allow us to find adaptive dimension reduction and achieve faster convergence of
our estimators. This allows us to generalise the benefits of searching for sparsity to a natural
non-linear context.

In Chapter 2 we have summarised the relevant background material on nonparametric
regression, differential geometry, and group theory. We also introduced some mathematical
results about G-invariant functions and their maximal invariant subgroups. We explored how
symmetries have been used in statistics and machine learning, both explicitly and implicitly
in many cases. Lastly we briefly covered the previous tools used to estimate sub-level sets of
densities and regression functions.

In Chapter 3 we presented the manifold averaged estimator (MAVE) and showed that
it reduces dimensions from the regression problem when the level sets are known. This works
for every sparse function and can often bring pointwise convergence rates up to the speed
of additive regression but without introducing asymptotic bias. When the level sets are
unknown we explored a simple method for estimating them that can lead to adaptive dimen-
sion reduction in some circumstances. We demonstrated this behaviour in some numerical
experiments where we see an order of magnitude improvement in pointwise MSE relative to
a local polynomial baseline even when estimating the level set.

In Chapter 4 we restricted ourselves to searching for particular structure in the level sets:
orbits of group actions. This is a still a generalisation of covariate sparsity, which is equivalent
to a translation invariance of the regression function. We showed that using the MAVE
for level sets that contain these orbits can be strengthened to give integrated risk with
rates corresponding to (open manifold part of) the lower dimensional quotient space. We
developed a metric structure to the space of closed connected subgroups and use this to show
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that we can construct an M -estimator of the maximal symmetry of the regression function.
This estimator works quickly enough to achieve adaptive dimension reduction, removing
dimensions of the orbits even if we do not know them ahead of time. This is demonstrated
on some numerical simulations where we see these faster rates occur.

Lastly in Chapter 5 we considered an alternative estimator of the maximal symmetry
of a regression function. This approach is based on the lattice structure of the closed sub-
groups of G. We show that we can construct a lattice base and conduct hypothesis tests for
G-invariance along this base in order to build a confidence region of applicable symmetries
of the regression function. We present two options for these tests that trade off theoretical
guarantees for general applicability. These methods are demonstrated on synthetic data and
are applied to two real world data sets: to the strength of the earth’s magnetic field and to
the locations of sunspot occurrences within solar cycles.

This means that symmetry provides a natural non-linear extension of sparsity into a non-linear
framework where we can achieve the same adaptive dimension reduction. However it is still
a relatively rigid framework with restricted class of structures within level sets. We now
give some extensions to this work that: extend this framework by considering coordinate
transformations; consider alternative methods of learning the level set; and use alternative
tests for symmetry.

6.1 Future Work

6.1.1 Coordinate Transformation Invariance

Many symmetries are not invariant to changes in the representation of the data. As an example,
consider the usual action of SO(3) on R3 and the regression function f(x) = x2

1 + x2
2 + 0.25x2

3.
This function is not SO(3) invariant under its usual action, but if we scale the third coordinate
(so we have x̃ = (x1, x2,2x3)) then the function in this rescaled coordinate system is the
SO(3) invariant f̃(x̃) = x̃2

1 + x̃2
2 + x̃2

3. This can be viewed as a problem of the choice of action:
we could simply have said that SO(3) acts by first applying this coordinate transformation,
rotating in this new basis, and inverting the coordinate transform.

To avoid having to make a “good choice” of action we can look to a special case of this
problem in covariate sparsity: if f is sparse in some other basis for the covariate space then
this might be missed if we only consider the basis we receive the data in. This problem is
often solved by considering multi-index models, as considered in Example 28 earlier. In the
same way, we might ask whether f ○R is G-invariant for some coordinate transformation R.
Methodologically, this could mean minimising the loss function in equation (4.22) over R
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in the M estimation. This would add a large computational load (if using the M -estimator
direction) but this could be reduced by only considering symmetries up to equivalence under
the transformation. For example, rotations around differing axes would be equivalent because
we could choose R such that the rotation axes become aligned.

Estimating the level set directly avoids this problem: if the coordinates are transformed then
the level set changes appropriately. This may affect the average performance of the estimator
of the level sets but won’t affect the worst case (for the class of functions with smooth level
sets - any smooth coordinate transform will preserve these).

6.1.2 G-Stable Estimators

In chapter 4 we discussed that the smoothness assumption (Q2), that 2β < dG limits the
ability of symmetrised estimators to achieve optimal dimension reduction in all cases. The
main work that needs to be done to overcome this is to find base estimators that satisfy
both assumption set (E) and have the property that symmetrising the data (rather than the
estimator) leads to the same asymptotic behaviour. We know that local constant estimators
satisfy this for the case that β = 1, but not for higher order β. For local polynomial estimators
it may be the case that we have to change the basis of the polynomial space from the usual
monomial basis to another with G-invariant polynomials and orthogonal ones. This is in fact
what happens with local constant estimators, where the polynomial basis is just the always
invariant e1(x) = 1. However for higher degree polynomial spaces (which are required for
assumption set (E) for β > 1) this basis will be different depending on the symmetry used G.

6.1.3 Other Methods for Estimating the Level Set

As hO → 0, the level-set near x will converge to its tangent space in the metric dx,hO
. Thus

really we could consider only an estimate of the tangent space by looking at the (estimated)
derivatives of f on the ball B(x,hO). The true level set [x]f will have minimal angle between
∇f ∣u and the normal to this tangent hyperplane, which leads to the estimator for this normal
vector:

n̂ = argmin
n∈Sd

∫
u∈B(x,hO)

⟨∇̂f ∣u, n⟩
∥∇̂f ∣u∥2

du (6.1)

and then taking [̂x]f = {x + v ∶ ⟨v, n⟩ = 0}, where ∇̂f ∣u is some appropriate estimator of
the gradient vector of f at the point u. If the direction of this gradient can be estimated
sufficiently quickly we might hope to be able to prove that this estimator achieves dimension
adaptive rates. This is essentially a local single index model, that uses global information
about the derivatives of f to estimate the projection matrix. This estimator of [x]f could be
extended to higher order approximations if needed.
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6.1.4 Other Tests of Invariance

The asymmetric variation test and the permutation variant have two main limitations: they
require many samples with small pairwise distances which is sometimes unlikely in high
dimensional situations, and they can lack power when the noise level is much greater than
the signal. There are two potential solutions to these problems that we discuss here.

Covariate Projections

In order to shorten pairwise distances we could project the data to a chosen submanifold of
X . For example, if we wish to test for invariance to rotations about the x-axis (S1

x) when
X = R3, we could project the covariates to a hyperplane orthogonal to this axis and test for
invariance to the conditional mean of the response given these projections (i.e., we forget
the x-coordinate). If the original regression function were S1

x-invariant then this conditional
mean would also be invariant to the rotations of this hyperplane. In general this would
work for any µ-measurable idempotent map ψ ∶ X → X with ψ(g ⋅ x) = g ⋅ ψ(x), as the
conditional mean E(Yi ∣ ψ(Xi) = x) will be G-invariant whenever E(Yi ∣ Xi = x) is. This
means that we would retain a valid test in these cases, as rejection of the G-invariant of the
the projected conditional mean is sufficient for rejection of the underlying regression function.
However there are some non G-invariant function with G-invariant projected conditional
means (consider f(x, y, z) = (y2+z2)+x sin(y+z) which is not S1

x-invariant but the projection
above creates an S1

x-invariant conditional mean). This means that this idea would remove
power against some alternatives as a price for gaining power in others.

Convex Hull Area

The tests in Chapter 5, particularly the permutation variant, can be heavily affected by pairs
of samples with large noise ∣ϵi − ϵj ∣ and small pairwise distances d(Xi,Xj). This is because
the maximum essentially looks only at such points and ignores all of the rest. Instead of
computing the maximal slopes A0(k) and AG(k) we could instead look to a convex hull of
the points (d(Xi,Xj), ∣Yi − Yj ∣) ∈ R2 (perhaps with a fake point (∞,maxij ∣Yi − Yj ∣) added).
The area of this hull (integrated with respect to some probability measure on the x axis that
might depend on n and the empirical measure of the d(Xi,Xj)) would make more use of
points with larger pairwise distances and so would measure more of the data. This could
help overcome the power plateau observed in Figure 5.4.
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6.2 Open Questions

6.2.1 Which Estimators are Sufficiently Local?

Assumption (E1) that fn(x) and fn(y) are independent conditioned on {Xi}ni=1 for sufficiently
large n, is used heavily in the analysis of the MAVE to reduce the variance. This assumption
is trivially satisfied for local polynomial estimators using a kernel of compact support, but it,
or the variant (E1)’ is also likely to hold for other estimation procedures. It would be an
interesting question to see whether wavelet basis projection estimators, smoothing splines, or
neural networks with appropriate designs have this property as well.

6.2.2 Rates of Estimation of Maximal Symmetries

In the discussion of Chapter 4 we noted that symmetry converge is not bounded uniformly
because of the near invariance of some asymmetric functions. If we instead consider the
non-uniform rate for the specific regression function f we may find that maximal symmetries
can be estimated at a parametric rate (in the local Hausdorff loss function we have considered).
This would mirror the results of Ichimura [1987] showing the parametric rate consistency of
single index models.

6.2.3 Which Symmetries and Distributions Satisfy Proposition 60?

The permutation variant of the permutation test requires the condition that the pairwise
distances “spread out” when the covariate distribution is convolved with the group action,
i.e.,

P(gi ⋅Xi, gj ⋅Xj) ≤ t) ≤ P(d(Xi,Xj) ≤ t) (6.2)

for gi, gj iid∼ µg and Xi,Xj
iid∼ µ for all t ≤ T for some positive constant T . This condition is

likely to hold very broadly because the symmetrisation of the distribution will lessen regions
of high density where these small pairwise distances are most likely to occur. It would be
interesting to have a complete characterisation of the distributions and groups this works for
so that we would not have to judge the suitability from the empirical distributions.
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Appendix A

Other Useful Lemmas

Lemma 69 (Sum of Squares Inequality). For any a ∈ Rm, we have:

(
m

∑
i=1
ai)

2
≤m

m

∑
i=1
a2
i (A.1)

Proof. This is a basic application of the Cauchy-Schwarz inequality: consider

m−1∑ai = ∑aibi ≤ (∑a2
i )

1/2(∑ b2
i )

1/2 = (∑a2
i )

1/2(m−1)1//2 (A.2)

where bi =m−1, then simply square and rearrange.

Lemma 70. For any positive constants A,B, a,α, β we have:

An−β +B exp(−anα) ≤ (A +B( βaα)
β
α−1 )n−β (A.3)

if α ≠ 1, and otherwise:

An−β +B exp(−anα) ≤ (A +B β
a )n

−β (A.4)

Proof. First, note that exp(−anα)nβ is maximised when n = n⋆ = ( βaα)
1
α−1 if α ≠ 1, so

An−β +B exp(−anα) = An−β +B exp(−anα)nβn−β (A.5)
≤ An−β +B exp(−a(n⋆)α)(n⋆)βn−β (A.6)
≤ An−β +B(n⋆)βn−β (A.7)

≤ (A +B( βaα)
β
α−1 )n−β (A.8)

as required. Similarly if α = 1 then the maximum of exp(−anα)nβ occurs at n = β/a giving
the second bound.
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Lemma 71. In the random design context, where Xi
iid∼ µ, we have:

P(∣BX (x,h) ∩ DX ∣ = 0) ≤ exp(−npx,h) (A.9)
P(∣BX (x,h) ∩ DX ∣ ≤ npx,h

2 ) ≤ exp(−npx,h/8) (A.10)

where px,h = µ(BX (x,h)). In the fixed design context these bounds also hold under the
conditions in Chapter 4 for sufficiently large n.

Proof. We can use the Taylor expansion of ln(1 − x) around x = 0 to bound the first term:

P(∣BX (x,h) ∩DX ∣ = 0) = P(Xi /∈ BX (x,h)∀Xi) (A.11)
= (1 − px,h)n (A.12)
= exp(n ln(1 − px,h)) (A.13)

= exp (n( −
∞
∑
k=1

pkx,hk
−1)) (A.14)

≤ exp(−npx,h) (A.15)

For the second, we note that ∣BX (x,h) ∩ DX ∣ ∼ Binom(n, px,h) and take the Chernoff bound:

P(N ≤ np/2) ≤ exp(−npx,h/8) (A.16)

for N ∼ Binom(n, p), a proof of which is in Mitzenmacher and Upfal [2017].

Lemma 72. Let (X,dX) be a totally bounded metric space. Any sub metric space (Y, dY ) of
(X,dX), where Y ⊆X and dY (y1, y2) = dX(y1, y2) for all y1, y2 ∈ Y , is also totally bounded.

Proof. Let ϵ > 0 and let {xi}mi=1 be such that X ⊆ ∪mi=1BX(xi, ϵ/2), which exists by the
definition of total boundedness. Let Y be any subset of X and pick yi ∈ BX(xi, ϵ/2) ∩ Y if
this set is non-empty and pick any other yi ∈ Y otherwise. Then for all y ∈ Y we have:

d(y, yi) ≤ d(y, xi) + d(xi, yi) ≤ ϵ
2 +

ϵ
2 (A.17)

where xi is any such that y ∈ BX(xi, ϵ/2). Thus {yi}mi=1 forms an ϵ-cover of Y as required.

Lemma 73. Let n ≥ 9 be an integer and p ∈ (0, 0.5), and suppose that A ∼ Binom(n, p). The
cumulative distribution function of A satisfies:

FA(k) ≤
k

n
(A.18)

for all 1 ≤ k < ⌊n/2⌋.
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Proof. Consider first the alternative variable Z ∼ Binom(n,1/2). We know that

FZ(k) =
1
2n

k

∑
m=0
(n
m
) (A.19)

so the result reduces to showing that ∑km=0 (nm) ≤
2n

n (k) for all 1 ≤ k < ⌊n/2⌋. Now note that
the left hand side is a convex function in k so it suffices to show that this is true at the
endpoints. See that when n > 5

1
∑
m=0
(n
m
) = (n

0
) + (n

1
) = 1 + n ≤ 2n/n (A.20)

for the first endpoint. For the second, see that if n is even then:

n
2 −1

∑
m=0
(n
m
) = 1

2
((

n

∑
m=0
(n
m
)) − ( n

n/2)
) (A.21)

= 2n−1 − 1
2
( n
n/2) (A.22)

= 2n
n
× (n

2
− n

2n+1(
n

n/2)) (A.23)

So if n
2n+1 ( nn/2) ≥ 1 we have the other end point. This is equivalent to

log2 (
n

n/2) ≥ log2
2n+1

n
(A.24)

which is true for n ≥ 8. If n is odd then ⌊n/2⌋ − 1.

If n is odd then we consider the end point k = ⌊n/2⌋ − 1:

k

∑
m=0
(n
m
) = 1

2
(

n

∑
m=0
(n
m
)) − (n

k
) (A.25)

= 2n−1 − (n
k
) (A.26)

= 2n
n
× (n

2
− n

2n
(n
k
)) (A.27)

See that the bracketed term is less that k for n ≥ 10 giving the result.

Lemma 74. Let n ≥ 8 be an even integer and let k = ⌊n/2⌋ − 1. Then

n

2
− n

2n+1(
n

n/2) ≤ k (A.28)
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Proof. This only requires that n
2n+1 ( nn/2) ≥ 1, which follows from the fact that it is true for

n = 8 and that it is a increasing function of n. Indeed consider that:

n
2n+1 ( nn/2)
n+2
2n+3 ( n+2

n/2+1)
= n

n + 2
× 2n+3

2n+1 ×
( n
n/2)
( n+2
n/2+1)

(A.29)

= 4n
n + 2

n!(n/2 + 1)!(n/2 + 1)!
(n/2)!(n/2)!(n + 2)! (A.30)

= 4n
n + 2

(n/2 + 1)2
(n + 1)(n + 2) (A.31)

= n

n + 2
(n + 2)2

(n + 1)(n + 2) (A.32)

= n

n + 1
≤ 1 (A.33)

Lemma 75. Let n ≥ 9 be an odd integer and let k = ⌊n/2⌋ − 1. Then

n

2
− n

2n
(n
k
) ≤ k (A.34)

Proof. First note that k = (n − 3)/2. Now the statement is equivalent to

3
2
≤ n

2n
( n

(n − 3)/2) (A.35)

Again this is easily verified for n = 9 and the right hand side is an increasing function as the
ration of sequential terms decays:

n
2n ( n
(n−3)/2)

n+2
2n+2 ( n+2

(n−1)/2)
= n

n + 2
2n+2

2n
( n
(n−3)/2)
( n+2
(n−1)/2)

(A.36)

= 4n
(n + 2)

n!((n − 1)/2)!(n − (n − 1)/2)!
(n + 2)!((n − 3)/2)!(n − (n − 3)/2)! (A.37)

= 4n
(n + 2)

((n − 3)/2 + 1)!(n − (n − 1)/2)!
(n + 1)(n + 2)((n − 3)/2)!(n − (n − 1)/2 + 1)! (A.38)

= 4n
(n + 2)

((n − 3)/2 + 1)
(n + 1)(n + 2)(n − (n − 1)/2 + 1) (A.39)

= n

n + 1
2n − 2

(n + 2)2(n/2 + 3/2) (A.40)

≤ n

n + 1
2

n + 2
(A.41)

≤ 1 (A.42)

for all n ≥ 9.
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