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Abstract
We show that the modulus of continuity of the SLE4

uniformizing map is given by (log 𝛿−1)−1∕3+𝑜(1) as 𝛿 →

0. As a consequence of our analysis, we show that
the Jones–Smirnov conditions for conformal removabil-
ity (with quasihyperbolic geodesics) do not hold for
SLE4. We also show that the modulus of continuity for
SLE8 with the capacity time parameterization is given
by (log 𝛿−1)−1∕4+𝑜(1) as 𝛿 → 0, proving a conjecture of
Alvisio and Lawler.
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1 INTRODUCTION

1.1 Overview

The Schramm-Loewner evolution (SLE) was introduced by Schramm in 1999 [52] as a candidate
to describe the scaling limits of the interfaces in statistical mechanics models on two-dimensional
lattices at criticality. It has since been proved to arise as a scaling limit in several cases [35, 53, 57,
58]. SLE has also been the subject of intensive study as it has deep connections to the Gaussian
free field (GFF) [10, 41, 54] and Liouville quantum gravity (LQG) [11, 56].
Recall that (chordal) SLE is a family of probability measures indexed by a parameter 𝜅 > 0

(SLE𝜅) on curves that connect two boundary points 𝑥, 𝑦 in a simply connected domain 𝐷. In the
case that 𝐷 = 𝐇, 𝑥 = 0, 𝑦 = ∞, SLE𝜅 is defined by considering the random family of conformal
maps (g𝑡) that solve the chordal Loewner equation

𝜕𝑡g𝑡(𝑧) =
2

g𝑡(𝑧) − 𝑊𝑡

, g0(𝑧) = 𝑧, (1.1)

where 𝑊 =
√

𝜅𝐵 and 𝐵 is a standard Brownian motion. For each 𝑡 ⩾ 0, we let 𝐇𝑡 be the domain
of g𝑡. For 𝜅 > 0 with 𝜅 ≠ 8, it was shown by Rohde and Schramm [50] that there exists a curve 𝜂

in𝐇 from 0 to∞, the so-called SLE trace, so that𝐇𝑡 is the unbounded component of𝐇 ⧵ 𝜂([0, 𝑡]).
The result in the case that 𝜅 = 8 was proved by Lawler, Schramm, and Werner in [35]. The time
parameterization for 𝜂 that is induced by (1.1) is the so-called half-plane capacity parameterization
since the half-plane capacity of the hull 𝐾𝑡 = 𝐇 ⧵ 𝐇𝑡 associated with 𝜂([0, 𝑡]) is equal to 2𝑡 for
each 𝑡 ⩾ 0. SLE𝜅 in a simply connected domain 𝐷 connecting boundary points 𝑥, 𝑦 is defined as
the image of the SLE𝜅 in 𝐇 from 0 to ∞ under a conformal map 𝐇 → 𝐷 that takes 0 to 𝑥 and
∞ to 𝑦. The parameter 𝜅 > 0 determines the roughness of the curve. SLE𝜅 curves are simple for
𝜅 ∈ (0, 4], self-intersecting but not space-filling for 𝜅 ∈ (4, 8), and space-filling for 𝜅 ⩾ 8 [50]. We
sometimes omit the word trace and instead refer to the curve as an SLE𝜅.
A number of works have been focused on the fractal properties of SLE𝜅. Let us mention two

examples: the regularity of the associated uniformizing conformal map and the regularity of the
trace. Suppose that 𝐷 is a simply connected domain and 𝑥, 𝑦 ∈ 𝜕𝐷 are distinct. Let 𝜂 be an SLE𝜅

in 𝐷 from 𝑥 to 𝑦.

∙ If 𝐷 is bounded and has smooth boundary and 𝜅 ≠ 4, then the components of 𝐷 ⧵ 𝜂 are Hölder
domains [50]. This means that a conformal map from 𝐃 to any component of 𝐷 ⧵ 𝜂 is Hölder
continuous up to 𝜕𝐃. Moreover, the optimal Hölder exponent was determined in [18]. When
𝜅 = 4, a conformal map from 𝐃 to a component of 𝐷 ⧵ 𝜂 is not Hölder continuous and there
was previously no bound on its modulus of continuity. As we will explain in more detail just
below, this is important for various applications.

∙ The continuity of 𝑡 ↦ 𝜂(𝑡) was proved in [50] for 𝜅 ≠ 8 and for 𝜅 = 8 in [35]. If 𝐷 = 𝐇, 𝑥 = 0,
𝑦 = ∞, and 𝜂 is given the standard (half-plane capacity) time parameterization, then 𝑡 ↦ 𝜂(𝑡) is
locally Hölder continuous if 𝜅 ≠ 8 and is not locally Hölder continuous when 𝜅 = 8. Moreover,
the optimal Hölder exponent was derived in [24, 38] and the related tip multifractal spectrum
in [25]. The exact modulus of continuity of SLE8 with the half-plane capacity parameterization
was previously unknown, though it was conjectured by Alvisio and Lawler [2] that there should
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exist 𝛽 > 0 so that on any compact time interval, there a.s. exists a constant 𝑐 > 0 so that it is at
most 𝑐(log 𝛿−1)−𝛽 for 𝛿 > 0 sufficiently small.

As mentioned above, the value 𝜅 = 4 is special because it is the critical value at or below which
SLE𝜅 curves are simple and above which they are not. In particular, SLE4 curves are almost self-
intersecting in the sense that the harmonic measure of a ball of radius 𝜖 centered at a point on the
curve can decay to 0 as 𝜖 → 0 faster than any power of 𝜖. This is what leads to the uniformizing
map not being Hölder continuous. Also, the value 𝜅 = 8 is special because it is the critical value
at or above which SLE𝜅 is space-filling while for 𝜅 < 8 it is not. This is reflected by the fact that
the left and right sides of the outer boundary of 𝜂([0, 𝑡]) (i.e., the parts of 𝜕𝐇𝑡 to the left and right
of 𝜂(𝑡)) are almost intersecting in the sense that the harmonic measure of a ball of radius 𝜖 cen-
tered at 𝜂(𝑡) can decay to 0 as 𝜖 → 0 faster than any power of 𝜖. Our main results on the modulus
of continuity of the SLE4 uniformizing map and the SLE8 trace with the capacity time parame-
terization will in a sense amount to estimating precisely the decay of the harmonic measure as
𝜖 → 0 in these two cases. In particular, wewill show in the former case that the harmonicmeasure
in the complement of 𝜂 can decay as quickly as exp(−𝜖−3+𝑜(1)) and in the latter case can decay
as quickly as exp(−𝜖−4+𝑜(1)) in 𝐇𝑡 as 𝜖 → 0. Although we will not carry this out here, we more
generally believe that the techniques of this paper can be used to show that the following are true.

∙ The dimension of the set of points 𝑧 on an SLE4 curve 𝜂 with the property that the harmonic
measure of 𝐵(𝑧, 𝜖) in the complement of 𝜂 decays like exp(−𝜖−𝑎+𝑜(1)) as 𝜖 → 0 is 3∕2 − 𝑎∕2 for
𝑎 ∈ [0, 3].

∙ The dimension of the set of points 𝑧 ∈ 𝐇 so that the harmonic measure of 𝐵(𝑧, 𝜖) in𝐇𝜏𝑧
, where

𝜏𝑧 the first time that 𝜂 ∼ SLE8 hits 𝑧, decays like exp(−𝜖−𝑎+𝑜(1)) as 𝜖 → 0 is 2 − 𝑎∕2 for 𝑎 ∈

[0, 4].

The strategy taken in theworks [1, 7, 18, 24, 25, 38, 50, 51] is based on estimating the derivatives of
either the solution to (1.1) or its time-reversal. Themain results wewill establish in this article will
be based on a completely different method, in particular making use of the relationship between
certain types of SLE𝜅 curves and LQG [11, 56].

1.2 Main results

Our first main result is focused on the modulus of continuity for the uniformizing map for SLE4.

Theorem 1.1. Suppose that 𝜂 is an SLE4 in 𝐃 from −𝑖 to 𝑖 and let 𝐃𝐿 be the component of 𝐃 ⧵ 𝜂

which is to the left of 𝜂. Let 𝜑 be the unique conformal transformation from𝐃 to𝐃𝐿 that fixes−𝑖,−1,
and 𝑖. For every 𝜁 > 0 and 𝜉 > 0, there a.s. exists a constant 𝑐 > 0 so that

|𝜑(𝑧) − 𝜑(𝑤)| ⩽ 𝑐

(
log

(
1 +

1|𝑧 − 𝑤|
))−1∕3+𝜁

(1.2)

for all 𝑧, 𝑤 ∈ 𝐃 ⧵ (𝐵(−𝑖, 𝜉) ∪ 𝐵(𝑖, 𝜉)). Moreover, for every 𝜁 > 0, we a.s. have that

sup

{|𝜑(𝑧) − 𝜑(𝑤)|(log
1|𝑧 − 𝑤|

)1∕3+𝜁

∶ 𝑧, 𝑤 ∈ 𝐃, 𝑧 ≠ 𝑤

}
= ∞.

One important application for estimating the modulus of continuity of the SLE4 uniformizing
map is whether existing methods can be used to determine if SLE4 is conformally removable.
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Recall that a compact set 𝐾 ⊆ 𝐂 is conformally removable if every homeomorphism 𝜑∶ 𝐂 → 𝐂

that is conformal on 𝐂 ⧵ 𝐾 is conformal on 𝐂. The article [26] by Jones and Smirnov gives var-
ious sufficient conditions for a set to be conformally removable (collectively referred to as the
Jones–Smirnov conditions). One commonly used condition from [26] is that if 𝐾 is the bound-
ary of a Hölder domain, then it is conformally removable. This condition can be used to show
that SLE𝜅 curves for 𝜅 < 4 are conformally removable as it was shown in [50] that they arise as
boundaries of Hölder domains. [26, Corollary 4] shows that, in fact, a modulus of continuity of
exp(−

√
(log 𝛿−1)(log log 𝛿−1)∕𝑜(1)) as 𝛿 → 0 for the uniformizing map suffices for the boundary

to be conformally removable (see also the refinement [31]), which is a much weaker condition
than Hölder continuity. Theorem 1.1, however, shows that the modulus of continuity of the SLE4

uniformizing map decays to 0 as 𝛿 → 0 much more slowly.
All of the conditions for conformal removability for boundaries of domains given in [26] are

a consequence of a general condition which we will briefly describe. Suppose that 𝐷 ⊆ 𝐂 is a
domain and 𝑧0 ∈ 𝐷. Let Γ be a family of paths in 𝐷 from 𝑧0 to 𝜕𝐷 whose accumulation sets cover
𝜕𝐷. Let be aWhitney cube decomposition of𝐷. For each𝑄 ∈  , we call the set SH(𝑄) of those
points in 𝜕𝐷 that are the endpoint of a path in Γ that passes through 𝑄 the shadow of 𝑄. We let
𝑠(𝑄) = diam(SH(𝑄)). Then, the sufficient condition given in [26] is∑

𝑄∈
𝑠(𝑄)2 < ∞. (1.3)

In practice, one takes Γ to be the family of quasihyperbolic geodesics from 𝑧0 to 𝜕𝐷. Recall that
these are geodesics with respect to the length metric where the length of a path 𝛾∶ [0, 1] → 𝐷 is
given by ∫ 1

0 dist(𝛾(𝑡), 𝜕𝐷)−1|𝛾′(𝑡)|𝑑𝑡. Let distqh(⋅, 𝑧0) be the quasihyperbolic distance to 𝑧0. It is fur-
ther explained in [26] that a necessary condition for (1.3) to hold (with quasihyperbolic geodesics)
is that distqh(⋅, 𝑧0) is an 𝐿1 function. In particular, if ∫𝐷 distqh(𝑤, 𝑧0)𝑑𝑤 = ∞ (where 𝑑𝑤 denotes
Lebesgue measure on 𝐷), then (1.3) does not hold.

Theorem 1.2. Suppose that 𝜂 is an SLE4 in 𝐃 from −𝑖 to 𝑖 and let 𝐃𝐿 be the component of 𝐃 ⧵ 𝜂

that is to the left of 𝜂. Almost surely, for any fixed 𝑧0 ∈ 𝐃𝐿, we have that

∫𝐃𝐿

distqh(𝑤, 𝑧0)𝑑𝑤 = ∞.

In particular, (1.3) (with quasihyperbolic geodesics) does not hold for SLE4.

We now provide some additional context related to the importance of the question of whether
SLE4 is conformally removable. Sheffield proved in [56] that the SLE𝜅 curves for 𝜅 < 4 arise as
conformal weldings of certain types of LQG surfaces that have boundary. Recall that if 𝐃1, 𝐃2

are two copies of the unit disk and 𝜙∶ 𝜕𝐃1 → 𝜕𝐃2 is a homeomorphism, then a conformal weld-
ing with welding homeomorphism 𝜙 consists of a simple curve 𝜂 on 𝐒2 and a pair of conformal
transformations 𝜓𝑖 , 𝑖 ∈ {1, 2}, from 𝐃𝑖 to the two components of 𝐒2 ⧵ 𝜂 so that 𝜙 = 𝜓−1

2
◦ 𝜓1. If 𝜂

is removable, then it is the only curve that can arise from the welding homeomorphism 𝜙. Since
the domains that form the complement of an SLE𝜅 curve with 𝜅 < 4 are Hölder domains [50], it
follows from [26] that one has uniqueness of the welding when the interface is an SLE𝜅 curve.
This is not known, however, for 𝜅 = 4 and Theorem 1.2 implies that one cannot use the results
of [26] (with quasihyperbolic geodesics) to establish this uniqueness. (See for a weaker form of
uniqueness of the welding [39] in the case 𝜅 = 4.)
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Update: In [29], the present authors proved that SLE4 is, in fact, conformally removable.
Moreover, in [30], we further proved that nonsimple SLE𝜅 curves, where 𝜅 is chosen so that the
adjacency graph of SLE𝜅 bubbles is almost surely connected (which holds at least for 𝜅 ∈ (4, 8)

sufficiently close to 4, see [19]), are conformally removable as well.
Our next main result is focused on the modulus of continuity for SLE8 with the capacity

parameterization.

Theorem 1.3. Suppose that 𝜂 is an SLE8 in 𝐇 from 0 to ∞ parameterized by half-plane capacity.
For every 𝜁 > 0 and 𝑇 > 0, there a.s. exists a constant 𝑐 > 0 so that

|𝜂(𝑠) − 𝜂(𝑡)| ⩽ 𝑐

(
log

(
1 +

1|𝑠 − 𝑡|
))−1∕4+𝜁

for all 0 ⩽ 𝑠, 𝑡 ⩽ 𝑇.

Moreover, for every 𝜁 > 0 and 𝑇 > 0, we a.s. have that

sup

{|𝜂(𝑠) − 𝜂(𝑡)|(log
1|𝑠 − 𝑡|

)1∕4+𝜁

∶ 0 ⩽ 𝑠 < 𝑡 ⩽ 𝑇

}
= ∞.

As we mentioned above, Theorem 1.3 proves a more precise form of [2, Conjecture 1].
We remark that the half-plane capacity parameterization is only one of a number of ways of

parameterizing SLE𝜅. Another possibility is the so-called natural parameterization [34, 36], which
is the parameterization that conjecturally describes the scaling limit of discrete lattice models
where the interfaces are parameterized according to the number of edges they traverse (see [37]
for an example of this). For 𝜅 < 8, it is shown in [60] that the optimal Hölder exponent in this
case is equal to 1∕𝑑𝜅 where 𝑑𝜅 = 1 + 𝜅∕8 is the dimension of SLE𝜅 [6, 50]. For 𝜅 ⩾ 8, the natural
parameterization is equivalent to parameterizing the curve according to Lebesgue measure and it
is known [16] that the optimal Hölder exponent in this case is 1∕2.

1.3 Outline and proof strategy

The remainder of this article is structured as follows. We will collect a number of preliminaries in
Section 2. In Section 3, we establish a version of one of the welding results from [11] in the critical
case that 𝜅 = 4, and in Section 4, we prove bounds for exit times for SLEwhen it is parameterized
by quantum length. We will prove the main estimates that will be used to prove our results in
Section 5. In Section 6, we will establish a lower bound for the mean density of the LQG area
measure in a certain setting. We then deduce our main result on SLE8 (Theorem 1.3) in Section 7.
Finally, we will prove our results on SLE4 (Theorems 1.1 and 1.2) in Section 8. For an illustration
of how the sections fit together, see Figure 1.
We will now give an overview of the strategy to prove our main theorems. The description

that follows assumes the reader has some basic familiarity with the welding results of [11, 56]; we
describe these results in more detail in Section 2.
We begin with the case 𝜅 = 4. Suppose that 𝜂 is an SLE4 in𝐃 from−𝑖 to 𝑖 and𝐃𝐿 is the compo-

nent of𝐃 ⧵ 𝜂 that is to the left of 𝜂. Fix 𝜖 > 0. Suppose that 𝜂 passes through a point 𝑧 and𝑤 ∈ 𝐃𝐿

has distance of order 𝜖 to 𝑧. Let 𝜙 be the conformal transformation 𝐃𝐿 → 𝐃 which fixes −𝑖, −1,
and 𝑖. Then



6 of 106 KAVVADIAS et al.

F IGURE 1 Schematic illustration of how the sections of the paper fit together.

F IGURE 2 Illustration of the setup to prove Theorems 1.1 and 1.2.

∙ the derivative of 𝜙 at 𝑤 is up to constants given by 𝜖−1diam(𝜙(𝐵(𝑤, 𝜖))) and
∙ diam(𝜙(𝐵(𝑤, 𝜖))) is proportional to the probability that a Brownian motion starting from 𝜙(𝑤)

first exits 𝜕𝐃 in the clockwise arc from −𝑖 to 𝑖.

By the conformal invariance of Brownian motion, this probability is equal to the probability that
a Brownian motion starting from 𝑤 first exits 𝐃𝐿 in the clockwise arc of 𝜕𝐃𝐿 from −𝑖 to 𝑖. The
local behavior of 𝜂 near 𝑧 is described by a two-sided whole-plane SLE4. This is a pair of paths 𝜂1,
𝜂2 in 𝐂 where the marginal law of 𝜂1 is a whole-plane SLE4(2) from 0 to ∞ and the conditional
law of 𝜂2 given 𝜂1 is an SLE4 in 𝐂 ⧵ 𝜂1 from 0 to ∞. It therefore suffices to bound (for each 𝑎 > 0)
the conditional probability given 𝜂1, 𝜂2 of the event that

(𝐴) There exists𝑤 in the component of 𝐂 ⧵ (𝜂1 ∪ 𝜂2) that is to the left of 𝜂2 with distance propor-
tional to 𝜖 to 0 and 𝜂1 ∪ 𝜂2, the harmonic measure of each of 𝜂1 and 𝜂2 is at least 1∕4, and
so that the probability that a Brownian motion starting from 𝑤 makes it macroscopically far
away from 𝜂1, 𝜂2 before hitting 𝜂1 ∪ 𝜂2 is at most exp(−𝜖−𝑎).

We will show that 𝐏[𝐴] = 𝑂(𝜖𝑎∕2+𝑜(1)) as 𝜖 → 0. As the dimension of SLE4 is 3∕2 [6, 50], it takes
𝑂(𝜖−3∕2+𝑜(1)) balls of radius 𝜖 to cover it, which will lead to the choice 𝑎 = 3. (We will also prove
a lower bound for the probability of a variant of 𝐴 with some additional conditions.)
We will determine the asymptotic behavior for 𝐏[𝐴] using the relation between SLE and LQG.

See Figure 2 for an illustration of the setup. Namely, if one draws the pair of paths (𝜂1, 𝜂2) on top of
an independent LQG surface called a weight-4 quantum cone, then the quantum surfaces param-
eterized by the two components of 𝐂 ⧵ (𝜂1 ∪ 𝜂2) are independent quantum wedges of weight 2.
This result was proved for 𝜅 < 4 previously in [11]; the purpose of Section 3 is to establish the
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F IGURE 3 Illustration of the setup to prove Theorem 1.3.

case 𝜅 = 4. If we let 𝜓 be a conformal transformation that takes the component of 𝐂 ⧵ (𝜂1 ∪ 𝜂2)

which is to the left of 𝜂2 to the strip 𝒮 = 𝐑 × (0, 𝜋) sending 0 to −∞, ∞ to +∞, then there is an
explicit description for the field that describes the surface parameterized by𝒮. Moment estimates
for the LQG area measure will imply that 𝐵(𝑤, 𝜖) must contain a certain amount of LQG mass
that, combined with the explicit description of the field on 𝒮, allows us to bound the probability
that Re(𝜓(𝐵(𝑤, 𝜖))) is too small. The event 𝐸 is roughly equivalent to the event that a Brownian
motion starting from 𝜓(𝑤) first exits 𝒮 to the right of the 𝑦-axis.
We now describe the strategy in the case 𝜅 = 8. Suppose that 𝜂′ is an SLE8 in𝐇 from 0 to∞ and

let (g𝑡) be its associated Loewner flow. Let also 𝑓𝑡 = g𝑡 − 𝑊𝑡 be the centered Loewner flow. Fix
𝑡 ∈ [0, 1], 𝜁 > 1, and 𝜖 > 0. It follows from [16] that if we let 𝜏𝜖 = inf {𝑠 ⩾ 𝑡 ∶ |𝜂′(𝑠) − 𝜂′(𝑡)| = 𝜖},
then the event that there exists 𝑤 with 𝐵(𝑤, 𝜖𝜁) ⊆ 𝜂′([𝑡, 𝜏𝜖]) occurs with overwhelming proba-
bility as 𝜖 → 0 (with 𝜁 > 1 fixed). To prove the upper bound in Theorem 1.3, we want to get a
lower bound on diam(𝑓𝑡(𝐵(𝑤, 𝜖𝜁))) as the half-plane capacity of 𝑓𝑡(𝜂

′([𝑡, 𝜏𝜖])) (roughly speaking)
behaves like diam(𝑓𝑡(𝜂

′([𝑡, 𝜏𝜖)))
2 ⩾ diam(𝑓𝑡(𝐵(𝑤, 𝜖𝜁)))2. If 𝑡 is before 𝜂′ first leaves 𝐃+ = 𝐃 ∩ 𝐇,

then giving a lower bound to diam(𝑓𝑡(𝜂
′([𝑡, 𝜏𝜖]))) is equivalent to bounding the probability that a

Brownian motion starting from 𝑓𝑡(𝑤) first exits 𝐇 in 𝑓𝑡(𝜕𝐇 ⧵ [−2, 2]). This probability is compa-
rable to the probability that a Brownianmotion starting from 𝑓𝑡(𝑤) first exits𝐇 in 𝜕𝐇 ⧵ 𝐼 for some
fixed compact interval 𝐼. This, in turn, is equivalent to bounding the probability that a Brownian
motion starting from 𝑤 first exits 𝐇 ⧵ 𝜂′([0, 𝑡]) in 𝜕𝐇 ⧵ [−2, 2]. We will estimate this probability
in a manner similar to in the argument for SLE4 described above. See Figure 3 for an illustration
of the setup. Namely, suppose that 𝜂′ is drawn on top of a certain type of LQG surface called a
weight-1 quantum wedge and that we have reparameterized 𝜂′ by quantum area. Then, for each
time 𝑡, the quantum surface parameterized by 𝐇 ⧵ 𝜂′([0, 𝑡]) has the law of a weight-1 quantum
wedge. Fix 𝜉 > 1. We will then estimate (for each 𝑎 > 0) the probability of the event that

(𝐴) there exists𝑤 so that𝐵(𝑤, 𝜖𝜉) is contained in the unbounded component of𝐇 ⧵ 𝜂′([0, 𝑡])with
distance proportional to 𝜖 to 𝜂′(𝑡) so that the probability that a Brownianmotion starting from
𝑤 exits 𝐇 ⧵ 𝜂′([0, 𝑡]) in 𝜕𝐇 ⧵ [−2, 2] is at most exp(−𝜖−𝑎).

Using the explicit description of the field that describes the surface parameterized by𝐇 ⧵ 𝜂′([0, 𝑡])

(after mapping to𝒮), we will show that 𝐏[𝐴] = 𝑂(𝜖𝑎∕2+𝑜(1)) as 𝜖 → 0 (this will be proved simulta-
neously with the statement we described for SLE4 above). Since SLE8 is space-filling, a segment
of it is covered by of order 𝜖−2 balls of radius 𝜖, which leads us to consider 𝑎 = 4. (We will also
prove a lower bound for the probability of a variant of 𝐴 with some additional conditions.)
As the event 𝐴 is phrased in terms of SLE8 when parameterized by quantum area and the

quantum measure behaves very differently from Lebesgue measure, it takes some care to deduce
Theorem 1.3 from the bound for 𝐏[𝐴]mentioned just above. We will now explain how this works
in more detail. In order to emphasize the dependence on 𝑡, we now write 𝐴𝑡 for 𝐴 as above and
make the choice𝑎 = 4 + 2𝛽 for𝛽 > 0 fixed. Let 𝜂′

𝑐 be 𝜂′ parameterized by capacity, for 𝑧 ∈ 𝐇we let
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𝜏𝑧 = inf {𝑡 ⩾ 0 ∶ 𝜂′
𝑐(𝑡) = 𝑧}, and let 𝐵𝑧 be the event defined in the same way as𝐴𝑡 but with 𝜂′

𝑐|[0,𝜏𝑧]

in place of 𝜂′|[0,𝑡]. Fix 𝛿 ∈ (0, 1) small and 𝑀 > 0 large. On the event 𝐸 = 𝐸1 ∩ 𝐸2 where 𝐸1 =

{𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+} and 𝐸2 = {𝜇ℎ(𝐃+) ⩽ 𝑀} (where ℎ is the field which describes the quantum

surface on which 𝜂′
𝑐 is drawn and 𝜇ℎ is the associated LQG measure), we have that

∫
𝑀

0
𝟏𝐴𝑡

𝑑𝑡 ⩾ ∫𝑒−1𝐃+

𝟏𝐵𝑧
𝟏𝑧∈𝜂′

𝑐([0,𝛿])𝑑𝜇ℎ(𝑧).

By Fubini’s theorem, the expectation of the left-hand side is 𝑂(𝜖2+𝛽) and therefore so is

𝐄

[
∫𝑒−1𝐃+

𝟏𝐵𝑧
𝟏𝐸𝟏𝑧∈𝜂′

𝑐([0,𝛿])𝑑𝜇ℎ(𝑧)

]
= ∫𝑒−1𝐃+

𝐏[𝐵𝑧, 𝐸1, 𝑧 ∈ 𝜂′
𝑐([0, 𝛿])]𝑓(𝑧)𝑑𝑧,

where 𝑓(𝑧) = 𝐄[𝟏𝐸2
𝜇ℎ(𝑑𝑧)] (i.e., the density with respect to Lebesgue measure of the measure

𝑋 ↦ 𝐄[𝟏𝐸2
𝜇ℎ(𝑋)]) and 𝑑𝑧 denotes Lebesgue measure. We will prove in Section 6 that 𝑓(𝑧) is

bounded from below by a constant 𝑐 > 0 in 𝑒−1𝐃+. (The argument in Section 6 is somewhat
involved because although it is not difficult to control 𝐄[𝜇ℎ(𝑑𝑧)], lower bounding 𝐄[𝟏𝐸2

𝜇ℎ(𝑑𝑧)] is
much less straightforward.) In the end, we obtain that the above expectation is at least 𝑐 times

𝐄

[
∫𝑒−1𝐃+

𝟏𝐵𝑧
𝟏𝐸1

𝟏𝑧∈𝜂𝑐([0,𝛿])𝑑𝑧

]
.

It was shown in [16] that for 𝜁 > 1 fixed in each interval of time that an SLE8 travels distance
𝜖 it with overwhelming probability fills in a ball of radius 𝜖𝜁 . Therefore, if 𝐵𝑧 occurs for some
𝑧 ∈ 𝐃+, then the Lebesgue measure for 𝑧 ∈ 𝐃+ for which 𝐵𝑧 occurs is very likely to be at least
𝜖2𝜁 . Combining the various bounds gives Theorem 1.3.
We remark that the same strategy can be used for 𝜂 ∼ SLE𝜅 with 𝜅 > 8, but it does not give the

optimal regularity, as in this case, 𝜂 is more regular.

1.4 Notation

Let 𝑎, 𝑏 be some quantities.Wewrite 𝑎 ≲ 𝑏 if there is a constant,𝐶, independent of any parameters
of interest, such that 𝑎 ⩽ 𝐶𝑏 and 𝑎 ≳ 𝑏 if 𝑏 ≲ 𝑎. Moreover, we write 𝑎 ≍ 𝑏 if 𝑎 ≲ 𝑏 and 𝑎 ≳ 𝑏.
Often, we will write explicitly what the implicit constants may depend on. Furthermore, if 𝑎 and
𝑏 depend on some parameter 𝑥, then we write 𝑎 = 𝑜𝑥(𝑏) if 𝑎∕𝑏 → 0, as 𝑥 → 0 or ∞ (which will
be clear from context). Lastly, we write 𝑎 = 𝑜∞

𝑥 (𝑏) if 𝑎 = 𝑜𝑥(𝑏𝑡) for each 𝑡 > 0 as 𝑥 → 0 (or 𝑡 < 0

as 𝑥 → ∞).
We will also allow the constants to vary between different occasions. More precisely, we may

denote two different constants in the sameway, between lines, or even between inequalities on the
same line. We shall often write the dependence of the parameter as a subscript, that is, we often
write, say, 𝐶𝑝 to emphasize that the constant depends on 𝑝. We allow the constants to depend on
𝛾 without explicitly writing it out. In Section 3, however, we will be explicit with the dependence
on 𝛾 as well, as we will consider limits in the parameter 𝛾.
We let 𝐙 denote the set of integers, 𝐍 the set of positive integers, 𝐑 the real numbers, 𝐂 the

complex plane,𝐇 the upper half-plane,𝐃 the unit disk,𝐃+ = 𝐃 ∩ 𝐇, 𝐒1 = 𝜕𝐃,𝐍0 = 𝐍 ∪ {0} and
𝒮 = 𝐑 × (0, 𝜋). Moreover, we let𝒞 denote the infinite cylinder𝐑 × [0, 2𝜋], where for each 𝑡 ∈ 𝐑,
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we identify the points {𝑡} × {0} and {𝑡} × {2𝜋}. For a set of points𝐴 in the complex plane, we denote
by𝐴 + 𝑏, sometimes (𝐴 + 𝑏) for clarity, the set {𝑧 + 𝑏 ∶ 𝑧 ∈ 𝐴}. In the same way, we denote by 𝑏𝐴

the set of points {𝑏𝑧 ∶ 𝑧 ∈ 𝐴}.
When we write 𝐏𝑧, we mean the probability measure given by the probability measure 𝐏

togetherwith aBrownianmotion, independent of everything else, started at 𝑧. The exact definition
of 𝐏 will be clear from the context.

2 PRELIMINARIES

2.1 Bessel processes

Recall that a 𝑑-dimensional Bessel process, denoted by BES𝑑, is a solution to the stochastic
differential equation (SDE)

𝑑𝑋𝑡 =
𝑎

𝑋𝑡

𝑑𝑡 + 𝑑𝐵𝑡, 𝑋0 = 𝑥 ⩾ 0, (2.1)

where 𝑎 = (𝑑 − 1)∕2 and 𝐵 is a standard Brownian motion. If 𝑑 ∈ (0, 2), then 𝑋𝑡 will a.s. hit and
be instantaneously reflected at 0; if 𝑑 = 2, then 𝑋𝑡 will a.s. not hit 0, but inf 𝑡⩾0 𝑋𝑥

𝑡 = 0 for all
𝑥 ⩾ 0 (where the superscript 𝑥 denotes the starting value); and if 𝑑 > 2, then a.s. lim𝑡→∞ 𝑋𝑡 = ∞.
Moreover, 𝑋𝑡 satisfies Brownian scaling: if (𝑋𝑡) is a BES𝑑, then so is the process (𝑟−1𝑋𝑟2𝑡).
Fix 𝑑, let 𝑎 = (𝑑 − 1)∕2, and let 𝑋 be a BES𝑑. Then, the law of 𝑋 can be obtained as follows.

Start with a Brownian motion 𝐵 and denote by 𝑁𝑡 the local martingale

𝑁𝑡 =

(
𝐵𝑡

𝐵0

)𝑎

exp

(
−

𝑎(𝑎 − 1)

2 ∫
𝑡

0

𝑑𝑠

𝐵2
𝑠

)
. (2.2)

Let (𝑡) be the 𝜎-algebra generated by (𝐵𝑡) and for 𝜖 > 0, we let 𝜏𝜖 be the first time 𝑡 that 𝐵𝑡 hits
𝜖. We define the probability measure 𝐏̂𝑎,𝜖,𝑡 on 𝑡∧𝜏𝜖

by

𝑑𝐏𝑎,𝜖,𝑡

𝑑𝐏
= 𝑁𝑡∧𝜏𝜖

.

Note that (𝑁𝑡) solves the SDE

𝑑𝑁𝑡∧𝜏𝜖
=

𝑎

𝐵𝑡∧𝜏𝜖

𝟏{𝑡<𝜏𝜖}𝑁𝑡∧𝜏𝜖
𝑑𝐵𝑡.

We can easily see that if 𝑠 < 𝑡, then 𝐏̂𝑎,𝜖,𝑡 restricted to 𝑠∧𝜏𝜖
is 𝐏̂𝑎,𝜖,𝑠. Hence, we can write 𝐏̂𝑎,𝜖 and

so Girsanov’s theorem implies that under the measure 𝐏̂𝑎,𝜖, (𝐵𝑡) solves (2.1) up until time 𝜏𝜖. Note
that this equation does not depend on 𝜖 except in the specification of the values of 𝑡. Therefore, we
can write 𝐏̂𝑎, and let 𝜖 → 0 and state that (𝐵𝑡) solves (2.1) up until time 𝜏0 where 𝜏0 = lim𝜖→0 𝜏𝜖 is
the first time 𝑡 that 𝐵𝑡 hits 0.
Another related process is the radial Bessel process with parameter 𝑎 ∈ 𝐑, which is defined to

be the solution (𝑌𝑡)𝑡⩾0 to the SDE

𝑑𝑌𝑡 = 𝑎 cot(𝑌𝑡) + 𝑑𝐵𝑡, 𝑌0 = 𝑦 ∈ (0, 𝜋). (2.3)
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In the case that 𝑎 > −1∕2, this process has an invariant measure with density 𝜓𝑎(𝑦) = 𝑐𝑎 sin2𝑎(𝑦)

with respect to Lebesgue measure on (0, 𝜋), where 𝑐𝑎 is a normalizing constant. We note that
(𝜋 − 𝑌𝑡) is also a radial Bessel process with parameter 𝑎 and locally, around 0, both (𝑌𝑡) and
(𝜋 − 𝑌𝑡) behave like a BES𝑑 (where 𝑑 = 2𝑎 + 1). We shall make this a bit more precise.
For a Brownian motion 𝐵, we define

𝑀𝑡 =

(
sin 𝐵𝑡

sin 𝐵0

)𝑎

exp

(
−

𝑎(𝑎 − 1)

2 ∫
𝑡

0

𝑑𝑠

sin2(𝐵𝑠)
+

𝑎2

2
𝑡

)
. (2.4)

Set 𝜏𝜖 = inf {𝑡 ∶ 𝐵𝑡 ⩽ 𝜖 or𝐵𝑡 ⩾ 𝜋 − 𝜖}. Then, 𝑀𝑡 is a local martingale for 𝑡 < 𝜏𝜖 satisfying

𝑑𝑀𝑡 = 𝑎 cot(𝐵𝑡)𝑀𝑡𝑑𝐵𝑡, 𝑀0 = 1.

We define a measure 𝐏̂𝜖 such that if 𝑉 is a random variable depending only on 𝐵𝑠, 0 ⩽ 𝑠 ⩽ 𝑡 ∧ 𝜏𝜖,
then

𝐄𝐏̂𝜖
[𝑉] = 𝐄[𝑀𝑡∧𝜏𝜖

𝑉].

Then, the Girsanov theorem implies that

𝑑𝐵𝑡 = 𝑎 cot(𝐵𝑡)𝑑𝑡 + 𝑑𝐵𝑡, 𝑡 < 𝜏𝜖,

where 𝐵𝑡 is a standard Brownian motion with respect to 𝐏̂𝜖. We also note that if 𝑌𝑡 solves (2.3),
then 𝑌𝑡 hits {0, 𝜋} a.s. when 𝑎 ∈ (−1∕2, 1∕2), while it does not hit {0, 𝜋} a.s. when 𝑎 ⩾ 1∕2.
Finally, we note the following about the relationship between ordinary and radial Bessel pro-

cesses. Let (𝑋) and (𝑌) be solutions to (2.1) and (2.3), respectively, with 𝑋0 = 𝑌0 = 𝑥 ∈ (0, 𝜋

2
). Let

𝜇1,𝑥 (resp. 𝜇2,𝑥) denote the law of (𝑋𝑡)0⩽𝑡⩽1∧𝑇1
(resp. (𝑌𝑡)0⩽𝑡⩽1∧𝑇2

), where𝑇1 = inf {𝑡 ⩾ 0 ∶ 𝑋𝑡 = 𝜋

2
}

and 𝑇2 = inf {𝑡 ⩾ 0 ∶ 𝑌𝑡 = 𝜋

2
}. Then, letting 𝐵 be a Brownianmotion and 𝑇 = inf {𝑡 ⩾ 0 ∶ 𝐵𝑡 = 𝜋

2
},

there is a constant 𝑐 ⩾ 1, depending only on 𝑎, such that 𝑐−1 ⩽ 𝑀𝑡∕𝑁𝑡 ⩽ 𝑐 for 0 ⩽ 𝑡 ⩽ 1 ∧ 𝑇, and
consequently, 𝜇1,𝑥 and 𝜇2,𝑥 are mutually absolutely continuous.

2.2 Chordal 𝐒𝐋𝐄 and 𝐒𝐋𝐄𝜿(𝝆) processes

Chordal SLE𝜅 processes, or more generally, SLE𝜅(𝜌) processes are random fractal curves growing
in a simply connected domain, between two marked boundary points. We recall their defini-
tions. Fix some 𝜅 > 0, let𝑥

𝐿
= (𝑥𝑙,𝐿, … , 𝑥1,𝐿) and𝑥

𝑅
= (𝑥1,𝑅, … , 𝑥𝑟,𝑅), where𝑥𝑙,𝐿 < ⋯ < 𝑥1,𝐿 ⩽ 0 ⩽

𝑥1,𝑅 < ⋯ < 𝑥𝑟,𝑅, and let 𝜌
𝐿

= (𝜌1,𝐿, … , 𝜌𝑙,𝐿) and 𝜌
𝑅

= (𝜌1,𝑅, … , 𝜌𝑟,𝑅), where 𝜌𝑗,𝑞 ∈ 𝐑 for 𝑗 ∈ 𝐍,
𝑞 ∈ {𝐿, 𝑅}. Let (g𝑡) denote the solution to (1.1) where 𝑊 solves the following system of SDEs:

𝑑𝑊𝑡 =

𝑙∑
𝑗=1

𝜌𝑗,𝐿

𝑊𝑡 − 𝑉
𝑗,𝐿
𝑡

𝑑𝑡 +

𝑟∑
𝑗=1

𝜌𝑗,𝑅

𝑊𝑡 − 𝑉
𝑗,𝑅
𝑡

𝑑𝑡 +
√

𝜅𝑑𝐵𝑡, (2.5)

𝑑𝑉
𝑗,𝑞
𝑡 =

2

𝑉
𝑗,𝑞
𝑡 − 𝑊𝑡

𝑑𝑡, 𝑉
𝑗,𝑞
0

= 𝑥𝑗,𝑞, 𝑗 = 1, … , 𝑁𝑞, 𝑞 ∈ {𝐿, 𝑅},
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where 𝐵 is a Brownian motion and 𝑁𝐿 = 𝑙 and 𝑁𝑅 = 𝑟. For each 𝑡 ⩾ 0, g𝑡 defines a conformal
map from the simply connected domain 𝐇𝑡 = 𝐇 ⧵ 𝐾𝑡 onto 𝐇, where 𝐾𝑡 = {𝑧 ∈ 𝐇 ∶ 𝑇𝑧 ⩽ 𝑡} and
𝑇𝑧 = inf {𝑡 ⩾ 0 ∶ g𝑡(𝑧) − 𝑊𝑡 = 0}. The solution to (2.5) exists until the continuation threshold, that
is, the first time 𝑡 > 0 such that

∑
𝑗⩽𝑘 𝜌𝑗,𝑞 ⩽ −2 for some 𝑘 > 0, 𝑞 ∈ {𝐿, 𝑅}. Geometrically, this

means that the solution exists until the first time 𝑡 > 0 such that the hull 𝐾𝑡 has swallowed force
points whose total weight is atmost−2. Almost surely, there is a continuous curve 𝜂 ∶ [0, ∞) → 𝐇

such that𝐇𝑡 is the unbounded connected of𝐇 ⧵ 𝜂([0, 𝑡]) [41, 50] and the curve 𝜂 is an SLE𝜅(𝜌
𝐿
; 𝜌

𝑅
)

process with force points (𝑥
𝐿
; 𝑥

𝑅
). The number 𝜌𝑗,𝑞 is called the weight of the force point 𝑥𝑗,𝑞 and

it is often convenient towrite 𝜌 = (𝜌
𝐿
; 𝜌

𝑅
). The family of conformalmaps (g𝑡) is called the SLE𝜅(𝜌)

Loewner chain and (𝐾𝑡) its hulls. An SLE𝜅(𝜌) process in a general simply connected domain 𝐷 ⊊

𝐂 is defined as the conformal image of an SLE𝜅(𝜌) taking 𝐇 to 𝐷 and the start and endpoints,
as well as the force points, to their corresponding points in 𝜕𝐷. An SLE𝜅 process is an SLE𝜅(0)

process (where 0 is the zero vector), that is, the curve generating 𝐾𝑡 when 𝑊𝑡 =
√

𝜅𝐵𝑡. The laws
of SLE𝜅 and SLE𝜅(𝜌) processes are mutually absolutely continuous away from the boundary of
the domain.
Let 𝜂 ∼ SLE𝜅. We now recall the phases of SLE𝜅 [50]. If 0 < 𝜅 ⩽ 4, then 𝜂 is a.s. a simple curve

that does not intersect the boundary away from its start and endpoints; if 4 < 𝜅 < 8, then 𝜂 a.s.
intersects; but never traverses, itself as well as the boundary and if 𝜅 ⩾ 8, then 𝜂 is a.s. space-filling.
Moreover, the Hausdorff dimension of 𝜂 is 𝑑𝜅 = min(2, 1 + 𝜅∕8) [6, 50], and the 𝑑𝜅-dimensional
Minkowski content exists [34].

2.3 Whole-plane 𝐒𝐋𝐄𝜿(𝝆)

Whole-plane SLE𝜅(𝜌) is a variant of SLE that describes a random growth process 𝐾𝑡 where, for
each 𝑡 ∈ 𝐑, 𝐾𝑡 ⊆ 𝐂 is compact with 𝐂𝑡 = 𝐂 ⧵ 𝐾𝑡 simply connected (viewed as a subset of the Rie-
mann sphere). For each 𝑡, we let g𝑡 ∶ 𝐂𝑡 ↦ 𝐂 ⧵ 𝐃 be the unique conformal transformation with
g𝑡(∞) = ∞ and g ′

𝑡 (∞) > 0. Then, g𝑡 solves the whole-plane Loewner equation

𝜕𝑡g𝑡(𝑧) = g𝑡(𝑧)
𝑊𝑡 + g𝑡(𝑧)

𝑊𝑡 − g𝑡(𝑧)
, g0(𝑧) = 𝑧, (2.6)

where the pair (𝑂𝑡, 𝑊𝑡)𝑡∈𝐑 is the unique stationary solution taking values in 𝐒1 × 𝐒1 that solves
the system of equations

𝑑𝑊𝑡 = −
𝜅

2
𝑊𝑡𝑑𝑡 + 𝑖

√
𝜅𝑊𝑡𝑑𝐵𝑡 +

𝜌

2
Ψ(𝑂𝑡, 𝑊𝑡)𝑑𝑡,

𝑑𝑂𝑡 = Ψ(𝑊𝑡, 𝑂𝑡)𝑑𝑡,

(2.7)

whereΨ(𝑤, 𝑧) = −𝑧 𝑧+𝑤

𝑧−𝑤
and 𝐵𝑡 is a two-sided standard Brownian motion with 𝐵0 = 0. We will be

interested in the case when 𝜌 = 2 and 𝜅 ∈ (0, 4]. The following proposition is a special case of [43,
Proposition 2.1] and guarantees that whole-plane SLE𝜅(𝜌) processes can be constructed.

Proposition 2.1. For all 𝜅 > 0 and 𝜌 > −2, there exists a unique stationary solution to (2.7) indexed
by 𝐑.
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2.4 Radial 𝐒𝐋𝐄𝜿(𝝆)

A radial SLE𝜅(𝜌) in𝐃, targeted at 0 is a random growth process that locally looks like an SLE𝜅 and
grows from some point on 𝜕𝐃 toward 0. We denote the hull of the process at time 𝑡 by 𝐾𝑡 and let
g𝑡 ∶ 𝐃 ⧵ 𝐾𝑡 → 𝐃 be the unique conformal map fixing 0 with g ′

𝑡 (0) > 0. If we parameterize time so
that log g ′

𝑡 (0) = 𝑡 for all 𝑡 ⩾ 0, then (g𝑡) solves the SDE (2.6) with 𝑊 given by the solution to (2.7).
Whole-plane SLE𝜅(𝜌) can be seen as a bi-infinite time version of the radial SLE𝜅(𝜌).

2.5 Gaussian free fields

Let 𝐷 ⊆ 𝐂 be a simply connected domain with harmonically nontrivial boundary, let 𝐶∞
0

(𝐷)

denote the set of smooth functions, compactly supported in 𝐷, and let 𝐻0(𝐷) denote the Hilbert
space closure of 𝐶∞

0
(𝐷) with respect to the Dirichlet inner product (𝑓, g)∇ = 1

2𝜋
∫𝐷 ∇𝑓(𝑧) ⋅

∇g(𝑧)𝑑𝑧. The zero-boundary GFF ℎ is the random distribution defined by ℎ =
∑

𝑛⩾1 𝛼𝑛𝜙𝑛 where
(𝜙𝑛)𝑛⩾1 is a (⋅, ⋅)∇-orthogonal basis of 𝐻0(𝐷) and (𝛼𝑛)𝑛⩾1 is a sequence of independent 𝑁(0, 1)-
distributed randomvariables. Equivalently, one can define the zero-boundaryGFF as the centered
Gaussian process ℎ ∶ 𝐻0(𝐷) → 𝐿2(𝐏) with covariance kernel given by the Green’s function 𝐺D

𝐷
with Dirichlet boundary conditions on 𝐷, that is, 𝐄[(ℎ, 𝑓)(ℎ, g)] = ∫𝐷×𝐷 𝑓(𝑧)g(𝑤)𝐺D

𝐷
(𝑧, 𝑤)𝑑𝑧𝑑𝑤.

By the conformal invariance of the Green’s function, it is clear that ℎ is conformally invariant
as well.
An important property of theGFF is the domainMarkov property, that is, ifℎ is a zero-boundary

GFF and 𝑈 ⊆ 𝐷 is open, then the law of ℎ restricted to 𝑈, given the values of ℎ at 𝜕𝑈 is that of
a zero-boundary GFF ℎ𝑈 on 𝑈 plus the harmonic extension of its values on 𝜕𝑈 to 𝑈. Moreover,
the zero-boundary part and the harmonic part are independent. In the same way, a GFF with
boundary data 𝑓 is defined as the sum of a zero-boundary GFF on 𝐷 and the harmonic extension
of 𝑓 to 𝐷.
A GFF on𝐷 is not a function but rather a random variable in the space of distributions𝐻−1(𝐷),

the dual space of𝐻0(𝐷). Recall that there exists an orthonormal basis (𝑓𝑛)𝑛⩾1 of 𝐿2(𝐷) consisting
of eigenfunctions of the operator − 1

2𝜋
Δ with Dirichlet boundary conditions, which we can (and

choose) to order so that the eigenvalues (𝜆𝑛)𝑛⩾1 form a nondecreasing sequence of positive num-
bers. Then,𝐻−1 is the space of distributions ℎ on𝐷 such that

∑
𝑛⩾1 𝜆−1

𝑛 (ℎ, 𝑓𝑛)2 is finite. Moreover,
the functions (𝜙𝑛)𝑛⩾1, defined by 𝜙𝑛 = 𝜆

−1∕2
𝑛 𝑓𝑛, form an orthonormal basis of 𝐻0(𝐷).

A free boundary GFF is defined in the same way, replacing 𝐻0(𝐷) by the closure 𝐻(𝐷) with
respect to (⋅, ⋅)∇ of the space of functions 𝑓 ∈ 𝐶∞(𝐷) such that ∫𝐷 𝑓𝑑𝑧 = 0. As the free boundary
GFF is only defined on test functions with mean zero, it is not canonically defined in a space of
distributions, but rather in a space of distributions modulo additive constant. This can be reme-
died by fixing the value of the field acting on a specific test function hence fixing the value of
the additive constant. Equivalently, one can define the free boundary GFF in terms of its correla-
tions. We denote by 𝐺N

𝐷
the Green’s function with Neumann boundary data on 𝐷 and note that as

𝐺N
𝐇

(𝑧, 𝑤) = − log |𝑧 − 𝑤| − log |𝑧 − 𝑤|. Then, the free boundary GFF in 𝐇 is the centered Gaus-
sian process with covariance kernel given by 𝐺N

𝐇
. We define the free boundary GFF in any other

simply connected domain 𝐷 as the conformal image of the one in 𝐇.

Remark 2.2 (Radial/lateral decomposition of a free boundary GFF). Let 𝐻1(𝐇) (resp. 𝐻2(𝐇)) be
the subspace of functions in 𝐻(𝐇) that are constant (resp. have mean zero) on each semicircle
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centered at zero. Then, 𝐻(𝐇) = 𝐻1(𝐇) ⊕ 𝐻2(𝐇). The projection of a free boundary GFF ℎ onto
𝐻1(𝐇) is given by the function ℎ1(𝑧) = ℎ|𝑧|(0)which takes the average value of ℎ on the semicircle
of radius |𝑧|, centered at zero, and is called the radial part of ℎ. The function ℎ2 = ℎ − ℎ1 = ℎ −

ℎ|⋅|(0) is the projection of ℎ onto𝐻2(𝐇) and is called the lateral part of ℎ. It holds that ℎ1 and ℎ2 are
independent and while ℎ1 is only defined modulo additive constant, ℎ2 has well-defined values.

Remark 2.3. Itwill often be convenient to consider a distribution on the strip𝒮 = {𝑧 ∶ 0 < Im(𝑧) <

𝜋}. In this case, we let𝐻1(𝒮) (resp.𝐻2(𝒮)) denote the subspace of functions in𝐻(𝒮) that are con-
stant (resp. have zero average) on each vertical line {𝑥} × (0, 𝜋). Then, 𝐻(𝒮) = 𝐻1(𝒮) ⊕ 𝐻2(𝒮).
Note also that if 𝑓 ∈ 𝐻𝑗(𝐇), then 𝑓(𝑧) = 𝑓(𝑒𝑧) belongs to 𝐻𝑗(𝒮), 𝑗 = 1, 2.

Finally, we introduce the whole-plane GFF. Let 𝐻0(𝐂) denote the Hilbert space closure with
respect to (⋅, ⋅)∇ of the set of 𝑓 ∈ 𝐶∞

0
(𝐂) satisfying ∫ 𝑓𝑑𝑧 = 0. The whole-plane GFF is defined in

the same way as the zero-boundary or the free boundary GFF, but with the orthonormal basis in
the sum being that of𝐻0(𝐂). This defines a random distribution on𝐂 and as in the case of the free
boundary GFF, it is only defined modulo additive constant, until we fix a normalization.

Remark 2.4 (Radial/lateral decomposition of a whole-plane GFF). Just like in the case of a free
boundary GFF, we can naturally decompose a whole-plane GFF ℎ into its radial and lateral parts.
Let 𝐻1(𝐂) (resp. 𝐻2(𝐂)) be the subspace of functions in 𝐻0(𝐂) that are constant (resp. have mean
zero) on circles centered at zero. Then,𝐻0(𝐂) = 𝐻1(𝐂) ⊕ 𝐻2(𝐂) and the projection of ℎ on𝐻1(𝐂)

is given by the function ℎ1(𝑧) = ℎ|𝑧|(0) that takes the average value of ℎ on the circle of radius|𝑧| centered at zero. The projection ℎ2 = ℎ − ℎ|⋅|(0) of ℎ onto 𝐻2(𝐂) is independent of ℎ|⋅|(0). As
in the free boundary case, ℎ1 and ℎ2 are called the radial and lateral parts of ℎ, respectively, and
while ℎ1 is only defined modulo additive constant, ℎ2 is well defined.

If ℎ is a free boundary or whole-plane GFF and𝑈 is an open subset of its domain of definition,
then the restriction of ℎ to 𝑈, conditional on the values of ℎ on 𝜕𝑈, can be decomposed as the
sum of a zero-boundary GFF on 𝑈 and the harmonic extension to 𝑈 of the values of ℎ on 𝜕𝑈.
This is the domain Markov property of the free boundary and whole-plane GFFs. Consequently,
we have that in the interior of the domain of definition, the laws of zero-boundary, free boundary,
and whole-plane GFF are absolutely continuous with respect to each other.

2.6 Liouville quantum gravity

We now introduce LQG surfaces and their related measures. For more details, we refer the reader
to [11, 14, 21, 49]. Fix 𝛾 ∈ (0, 2]. A 𝛾-LQG surface is an equivalence class of pairs (𝐷, ℎ), consisting
of a domain 𝐷 ⊆ 𝐂 and a distribution ℎ ∈ 𝐻−1

loc
(𝐷)† on 𝐷, where two pairs (𝐷, ℎ) and (𝐷̃, ℎ̃) are

equivalent if there is a conformal map 𝜓 ∶ 𝐷̃ → 𝐷 such that

ℎ̃ = ℎ◦𝜓 + 𝑄 log |𝜓′|, (2.8)

where 𝑄 = 𝑄𝛾 = 𝛾∕2 + 2∕𝛾.

†Recall that ℎ ∈ 𝐻−1
loc

(𝐷) if and only if ℎ|𝑈 ∈ 𝐻−1(𝑈) for each 𝑈 ⊂⊂ 𝐷 and that ℎ𝑛 → ℎ in 𝐻−1
loc

(𝐷) if and only if ℎ𝑛|𝑈 →

ℎ|𝑈 in 𝐻−1(𝐷) for each 𝑈 ⊂⊂ 𝐷.
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One can also consider LQG surfaces with marked points (𝐷, ℎ, 𝑥1, … , 𝑥𝑛), (𝐷̃, ℎ̃, 𝑥1, … , 𝑥𝑛) and
consider them equivalent if they satisfy (2.8) and 𝜓(𝑥𝑗) = 𝑥𝑗 for all 𝑗 = 1, … , 𝑛.
The surfaces of interest are those where the distribution ℎ locally looks like a GFF. Consider

𝛾 ∈ (0, 2). For 𝑧 ∈ 𝐷 and 0 < 𝜖 < dist(𝑧, 𝜕𝐷), we denote by ℎ𝜖(𝑧) the average value of ℎ on the
circle of radius 𝜖. The 𝛾-LQG area (or quantum area) measure with respect to ℎ on 𝐷 is defined as
the weak limit

𝜇ℎ(𝑑𝑧) = lim
𝜖→0

𝜖𝛾2∕2𝑒𝛾ℎ𝜖(𝑧)𝑑𝑧, (2.9)

where 𝑑𝑧 denotes the two-dimensional Lebesguemeasure. Similarly, if 𝑥 ∈ 𝜕𝐷 and ℎ𝜖(𝑥) denotes
the average value of ℎ on 𝜕𝐵(𝑥, 𝜖) ∩ 𝐷, then on a linear segment of 𝜕𝐷, we define the 𝛾-LQG length
(or quantum length) measure with respect to ℎ as the weak limit

𝜈ℎ(𝑑𝑥) = lim
𝜖→0

𝜖𝛾2∕4𝑒
𝛾
2

ℎ𝜖(𝑥)𝑑𝑥, (2.10)

where 𝑑𝑥 denotes Lebesgue measure on 𝜕𝐷. (One can also associate with 𝛾-LQG a canonical
metric [9, 17, 44, 45], but we will not need this in the present paper.)
If (𝐷, ℎ) and (𝐷̃, ℎ̃) are related by 𝜓 as in (2.8), then for all 𝐴 ⊆ 𝐷̃, 𝜇ℎ̃(𝐴) = 𝜇ℎ(𝜓(𝐴)), that is,

𝜇ℎ is the push-forward 𝜇ℎ̃ by 𝜓. Similarly, 𝜈ℎ is the push-forward of 𝜈ℎ̃ by 𝜓. This justifies the
definition of a quantum surface as an equivalence class. Note that this gives a way of measuring
the quantum length of boundary segments that are not linear by mapping the domain to, say, 𝐇

andmeasuring the quantum length of the image set. More generally, one can define the boundary
length of a curve in 𝐷 by mapping the complement of the curve to, say, 𝐇 and measuring the
quantum length of the image of the curve. It turns out that chordal SLE𝜅(𝜌) with 𝜅 = 𝛾2 curves
have well-defined quantum length [56] and by absolute continuity, so do SLE𝜅-type curves started
in the interior of the domain, such as whole-plane SLE𝜅 and interior flow lines of GFFs.
The case 𝛾 = 2 is critical, in the sense that the limiting measures produced from the above

renormalization procedure are trivial. Instead, one can, for example, define the critical LQG area
measure𝜇2 as the limit (2 − 𝛾)−1𝜇𝛾 where (𝜇𝛾) are the subcritical LQGmeasures; as the derivative
of a certainmartingale, subject to a limit; or as the limit of the exponential of field approximations
with the additional factor

√
log(1∕𝜖). Each of the above examples give the samemeasure, modulo

multiplicative constant (see [4, 12, 13, 23, 27, 47]). Analogously to the last example of critical LQG
measure, we define the critical LQG boundary measure as the weak limit (see [21])

𝜈2
ℎ
(𝑑𝑥) = lim

𝜖→0
𝜖

(
−

ℎ𝜖(𝑥)

2
+ log(1∕𝜖)

)
𝑒ℎ𝜖(𝑥)𝑑𝑥. (2.11)

As in the case of area measures, we have that (2 − 𝛾)−1𝜈
𝛾

ℎ
→ 2𝜈2

ℎ
weakly in probability, for

suitable ℎ.

Remark 2.5. Throughout the paper, we will estimate moments of 𝜇ℎ(𝐴) for various fields ℎ and
sets 𝐴 and we will repeatedly use [49, Propositions 3.5, 3.6 and 3.7] when ℎ is a zero-boundary
GFF. However, these results concern fields with covariance kernel of the form 𝐾(𝑧, 𝑤) = 𝑓(𝑧 −

𝑤) for some positive definite function 𝑓, which is not the case for the zero-boundary GFF. A
zero-boundary GFF in a domain 𝐷 has covariance kernel given by 𝐺𝐷(𝑧, 𝑤) = − log |𝑧 − 𝑤| +

g𝐷(𝑧, 𝑤), where g𝐷(⋅, 𝑤) is the harmonic extension of the function 𝜁 ↦ log |𝜁 − 𝑤| from 𝜕𝐷 to 𝐷.
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This presents no issue, as each set that will be considered when using the mentioned results will
be such that its distance to the boundary is at least a constant times its diameter, so that g𝐷 is
bounded from above and below on said set. Then, by the Kahane convexity inequality (see [28,
Lemma 1] or [3, Proposition 6.1]), the analogous moment bounds follow.

Next, we define two classes of random surfaces that will be crucial in our analysis. Here, we
consider 𝛾 ∈ (0, 2].
Quantum cones: Fix some 𝛼 ∈ (−∞, 𝑄) and define the process 𝐴𝑡 ∶ 𝐑 → 𝐑 as 𝐴𝑡 = 𝐵𝑡 + 𝛼𝑡,

where 𝐵𝑡 is a standard two-sided Brownian motion, conditioned so that 𝐵𝑡 − (𝑄 − 𝛼)𝑡 > 0 for all
𝑡 < 0 and unconditioned for 𝑡 > 0 (so that 𝐵|[0,∞) is a standard Brownianmotion). An 𝛼-quantum
cone is a doubly marked 𝛾-LQG surface (𝐂, ℎ, 0, ∞) such that if ℎ𝑠(0) denotes the average value
of ℎ on 𝜕𝐵(0, 𝑠), then the radial part, that is, the process 𝑡 ↦ ℎ𝑒−𝑡 (0) has the same law as 𝐴𝑡 and
the lateral part, ℎ2 = ℎ − ℎ|⋅|(0), has the law of the lateral part of a whole-plane GFF. We denote
the law of an 𝛼-quantum cone by 𝖰𝖢𝗈𝗇𝖾𝜶=𝛼

𝜸=𝛾 . We note that if the marked points for a quantum
cone parameterized by𝐂 are taken to be 0 and∞, then the law of the field that defines the surface
is specified up to a global rescaling. The particular embedding that we have just defined is the
so-called circle-average embedding.
Sometimes, it is convenient to parameterize a quantum cone by the infinite cylinder 𝒞. An

𝛼-quantum cone ℎ with 𝛼 < 𝑄 can be defined such that if 𝑋𝑡 denotes the average value of ℎ on
the vertical line {𝑡 + 𝑖𝑦 ∶ 𝑦 ∈ (0, 2𝜋)}, then (𝑋−𝑡)𝑡⩾0 has the law of (𝐵𝑡 − (𝑄 − 𝛼)𝑡)𝑡⩾0 conditional
on 𝐵𝑡 − (𝑄 − 𝛼)𝑡 < 0 for all 𝑡 > 0 for some standard Brownian motion 𝐵, (𝑋𝑡)𝑡⩾0 has the law of
(𝐵𝑡 + (𝑄 − 𝛼)𝑡)𝑡⩾0 for some standard Brownian motion 𝐵 independent of 𝐵, and the law of ℎ2 =

ℎ − 𝑋Re(⋅) is that of the projection of a free boundary GFF onto the space of functions in𝐻(𝒞) that
have mean zero on vertical lines. When we parameterize a quantum cone by 𝒞 with the marked
points at∓∞, the law of the field that defines the surface is specified up to a horizontal translation
of𝒞. The particular choice of horizontal translation we have just described is called the first exit
parameterization for a quantum cone.
One might also embed the 𝛼-quantum cone so that the last time its projection onto 𝐻1(𝒞) hits

the value 0 is at 𝑡 = 0. This is the so-called circle-average embedding or last exit parameterization.
One obtains it by performing the coordinate change 𝑧 ↦ log 𝑧 to an 𝛼-quantum cone parameter-
ized by 𝐂 and it can be sampled as follows. As above, let 𝑋𝑡 denote the average value of the field
on the line {𝑡 + 𝑖𝑦 ∶ 𝑦 ∈ [0, 2𝜋]}. Then, for 𝑡 > 0, (𝑋𝑡) has the law of (𝐵𝑡 + (𝑄 − 𝛼)𝑡)𝑡⩾0 where 𝐵

is a standard Brownian motion with 𝐵0 = 0, conditioned so that 𝐵𝑡 + (𝑄 − 𝛼)𝑡 > 0 for all 𝑡 > 0.
Moreover, (𝑋−𝑡)𝑡⩾0 has the law of (𝐵𝑡 − (𝑄 − 𝛼)𝑡)𝑡⩾0 where𝐵 is a standard Brownianmotion, inde-
pendent of𝐵, with𝐵0 = 0. Furthermore, the projection of ℎ onto𝐻2(𝒞) is sampled independently
of𝑋 from the law of the projection of a free boundaryGFF on𝐻2(𝒞). The additive constant is then
chosen so that the average on [0, 2𝜋𝑖] is 0.
Quantum wedges: Fix 𝛼 ∈ (−∞, 𝑄), and let 𝐴𝑡 be as above, but with 𝐵𝑡 replaced by 𝐵2𝑡. An

𝛼-quantum wedge is the doubly marked 𝛾-LQG surface (𝐇, ℎ, 0, ∞) such that if ℎ𝑠(0) denotes the
average value of ℎ on 𝜕𝐵(0, 𝑠) ∩ 𝐇, then the radial part 𝑡 ↦ ℎ𝑒−𝑡 (0) has the same law as 𝐴𝑡 and
the lateral part ℎ2 = ℎ − ℎ|⋅|(0) has the same law as the lateral part of a free boundary GFF on
𝐇. We denote the law of an 𝛼-quantum wedge by 𝖰𝖶𝖾𝖽𝗀𝖾𝜶=𝛼

𝜸=𝛾 . We note that if the marked points
for a quantum wedge parameterized by 𝐇 are taken to be 0 and ∞, then the law of the field that
defines the surface is specified up to a global rescaling. The particular embedding that we have
just defined is the so-called circle-average embedding.
Again, an 𝛼-quantumwedge ℎ with 𝛼 < 𝑄 can be defined on the strip𝒮 such that if𝑋𝑡 denotes

the average of ℎ on the vertical line {𝑡 + 𝑖𝑦 ∶ 𝑦 ∈ (0, 𝜋)}, then 𝑋𝑡 is defined as in the case of
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quantum cones but with 𝐵𝑡 and 𝐵𝑡 replaced by 𝐵2𝑡 and 𝐵2𝑡, and ℎ2 = ℎ − 𝑋Re(⋅) has the law of the
projection of a free boundary GFF onto the space of functions in𝐻(𝒮) that havemean zero on ver-
tical lines. When we parameterize a quantumwedge by𝒮 with the marked points at ±∞, the law
of the field that defines the surface is specified up to a horizontal translation of 𝒮. The particular
choice of horizontal translation we have just described is called the first exit parameterization for
a quantum wedge.
Just as in the case of a quantum cone, we may parameterize the quantum wedge so that its

average on vertical lines process hits the value 0 for the last time at time 𝑡 = 0. In this case, the
projection onto 𝐻1(𝒮) is defined as in the case of the quantum cone, but with 𝐵𝑡 and 𝐵𝑡 replaced
by 𝐵2𝑡 and 𝐵2𝑡 and the projection onto 𝐻2(𝒮). Again, this is called the circle-average embedding
or the last exit parameterization of the quantum wedge.
We note that it is also possible to define 𝛼-quantum wedges for 𝛼 ∈ [𝑄, 𝑄 + 𝛾∕2). The case

𝛼 ∈ (𝑄, 𝑄 + 𝛾∕2) was explained in [11, Definition 4.15]. The case 𝛼 = 𝑄 is a bit special and will be
used extensively and it will be convenient to parameterize it by the strip𝒮 = {𝑧 ∶ 0 < Im(𝑧) < 𝜋}.
A𝑄-quantumwedge is the doublymarked 𝛾-LQG surface (𝒮, ℎ, −∞, +∞), the first exit param-

eterization of which is such that if 𝑋𝑡 denotes the average value of ℎ on the vertical line {𝑡 + 𝑖𝑦 ∶

𝑦 ∈ (0, 𝜋)}, then (−𝑋−𝑡∕2)𝑡⩾0 has the law of a BES3 with 𝑋0 = 0, (𝑋𝑡∕2)𝑡⩾0 is a standard Brownian
motion, and the law of ℎ2 = ℎ − 𝑋Re(⋅) is that of the projection of a free boundary GFF onto the
space of functions in𝐻(𝒮) that havemean zero on vertical lines.We remark that in [20], the above
parameterization of a 𝑄-quantum wedge is called the circle-average embedding.
Another way to parameterize the space of quantum wedges or cones is by a number called its

weight. The weight of an 𝛼-quantum wedge is defined as 𝑊 = 𝛾(𝑄 + 𝛾∕2 − 𝛼) and the weight
of an 𝛼-quantum cone is defined as 𝑊 = 2𝛾(𝑄 − 𝛼). This becomes convenient when cutting or
gluing quantum surfaces. The following was proven in [11] and states that one can cut a quantum
wedge with an independent SLE𝜅(𝜌𝐿; 𝜌𝑅) process into two quantum wedges𝐿 and𝑅 that
are independent and such that the sum of their weights is that of the weight of . The law of a
quantum cone (resp. wedge) with weight 𝑊 is denoted by 𝖰𝖢𝗈𝗇𝖾𝐖=𝑊

𝜸=𝛾 (resp. 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=𝑊
𝜸=𝛾 ). In

particular, we note that 𝖰𝖶𝖾𝖽𝗀𝖾𝜶=𝑄
𝜸=𝛾 = 𝖰𝖶𝖾𝖽𝗀𝖾

𝐖=𝛾2∕2
𝜸=𝛾 .

Theorem 2.6 [11, Theorems 1.2 and 1.4]. Let 𝛾 ∈ (0, 2). Fix 𝜌𝐿, 𝜌𝑅 > −2 and write 𝑊𝑞 = 2 + 𝜌𝑞 ,
𝑞 ∈ {𝐿, 𝑅}, and 𝑊 = 𝑊𝐿 + 𝑊𝑅 . Assume that 𝑊 ⩾ 𝛾2∕2 and let (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=𝑊

𝜸=𝛾 have
the circle-average embedding. Let 𝜂 be an SLE𝜅(𝜌𝐿; 𝜌𝑅) process from 0 to ∞ in 𝐇 with force points
at 0−, 0+ and where 𝜅 = 𝛾2, sampled independently of ℎ. Let 𝐇𝐿 (resp. 𝐇𝑅) denote the union of
the components of 𝐇 ⧵ 𝜂 that lie to the left (resp. right) of 𝜂 and let 𝑞 be the quantum surface
defined by (𝐇𝑞, ℎ|𝐇𝑞

, 0, ∞) for 𝑞 ∈ {𝐿, 𝑅}. Then, 𝐿 ∼ 𝖰𝖶𝖾𝖽𝗀𝖾
𝐖=𝑊𝐿
𝜸=𝛾 , 𝑅 ∼ 𝖰𝖶𝖾𝖽𝗀𝖾

𝐖=𝑊𝑅
𝜸=𝛾 , they

are independent of each other, and for each 𝑡 > 0, the quantum length of the left side of 𝜂([0, 𝑡])

coincides with that of the right side. Moreover, the pair (ℎ, 𝜂) is a.s. determined by𝐿 and𝑅 .

Similarly, the following theorem on cutting a quantum cone with a whole-plane SLE𝜅(𝜌) was
proved in [11].

Theorem 2.7 [11, Theorem 1.5]. Let 𝛾 ∈ (0, 2). Fix 𝜌 > −2 and write 𝑊 = 2 + 𝜌. Let (𝐂, ℎ, 0, ∞) ∼

𝖰𝖢𝗈𝗇𝖾𝐖=𝑊
𝜸=𝛾 have the circle-average embedding and let 𝜂 be a whole-plane SLE𝜅(𝜌) process from

0 to ∞ in 𝐂, with 𝜅 = 𝛾2, sampled independently of ℎ. Then, the quantum surface  = (𝐂 ⧵

𝜂, ℎ|𝐂⧵𝜂, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=𝑊
𝜸=𝛾 and for each 𝑡 > 0, the quantum lengths of the two sides of 𝜂([0, 𝑡])

coincide. Moreover, a.s. determines (ℎ, 𝜂), modulo rotation about 0.



REGULARITY OF THE SLE4 UNIFORMIZINGMAP AND THE SLE8 TRACE 17 of 106

Next, we mention a result on cutting a critical LQG surface with an SLE4 process.

Theorem 2.8 [21, Theorem 1.2]. Let (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4
𝜸=2 and let 𝜂 be an SLE4 process from

0 to∞ in𝐇 and independent of ℎ. Let𝐇𝐿 (resp.𝐇𝑅) denote the component of𝐇 ⧵ 𝜂 to the left (resp.
right) of 𝜂 and let𝑞 be the quantum surface defined by (𝐇, ℎ|𝐇𝑞

, 0, ∞) for 𝑞 ∈ {𝐿, 𝑅}. Then,𝐿

and𝑅 are independent, and have the law 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=2
𝜸=2 and their boundary lengths along 𝜂 agree.

Finally, we record the following result on exploring a certain quantum wedge by an SLE8

process.

Theorem2.9 [11, Theorems 1.5, 1.9 and 1.11]. Let (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
and let 𝜂′ be an SLE8

process from 0 to ∞ in 𝐇 sampled independently of ℎ and then reparameterized by quantum area
(so that 𝜇ℎ(𝜂′([0, 𝑡])) = 𝑡 for all 𝑡 ⩾ 0). For each 𝑡 ⩾ 0, the quantum surface parameterized by 𝐇 ⧵

𝜂′([0, 𝑡]) and marked by 𝜂′(𝑡) and ∞ has law 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
. Moreover, if we let 𝐿𝑡 (resp. 𝑅𝑡) denote

the difference of the quantum length of the part of 𝜂′([0, 𝑡]) ∩ 𝐇 to the left (resp. right) of 𝜂′(𝑡) and the
part of 𝜂′([0, 𝑡]) ∩ 𝜕𝐇 to the left (resp. right) of 0, then 𝐿 and 𝑅 are independent standard Brownian
motions. Finally, (𝐿, 𝑅) a.s. determine (ℎ, 𝜂′).

2.7 Imaginary geometry

We will often use the so-called imaginary geometry coupling of SLE and a GFF. In doing this, we
consider the formal vector field 𝑒𝑖ℎ∕𝜒 , where ℎ is some GFFwith deterministic boundary data and
𝜒 = 2∕

√
𝜅 −

√
𝜅∕2 and view SLE𝜅(𝜌) processes, for 𝜅 ∈ (0, 4), as its flow lines, where the weights

and locations of the force points depend on the boundary data of ℎ. In this coupling, the flow lines
are a.s. determined by ℎ and they satisfy some convenient rules of interaction.
Similarly, one can couple SLE4(𝜌) curves with ℎ, in which case we call them level lines. They

follow similar interaction rules, but this case is easier to handle, since there is no winding term
(since 𝜒 → 0 as 𝜅 → 4).
The imaginary geometry coupling was developed mainly in [41, 43, 56] and the level line cou-

pling in [54] as well as in [59]. We will not review the imaginary geometry or level line coupling
in any detail, but rather refer to [42, Section 2.2] or [46, Section 2.2] for an introduction.
We will often refer to SLE𝜅(𝜌) processes, 𝜅 ∈ (0, 4) (resp. 𝜅 = 4) as flow lines (resp. level lines)

and define flow lines (resp. level lines) of other angles (resp. heights) with the previous ones in
mind, without explicitly stating the boundary data, as it will be clear from the context.

3 CRITICALWELDING FOR QUANTUM CONES

In this section, we prove the following theorem. In order to read the remainder of the article, one
only needs the statement of the theorem, so the proof can be skipped on a first reading.

Theorem 3.1. Suppose that (𝒞, ℎ, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=2 has the first exit parameterization. Let

𝜂1, 𝜂2 be a pair of curves, independent of ℎ, such that 𝜂1 is a whole-plane SLE4(2) process in 𝒞,
from −∞ to +∞, and the conditional law of 𝜂2 given 𝜂1 is that of an SLE4 process in 𝒞 ⧵ 𝜂1, from
−∞ to +∞. Furthermore, let 𝐷1, 𝐷2 denote the two connected components of 𝒞 ⧵ (𝜂1 ∪ 𝜂2). Then,
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the quantum surfaces (𝐷1, ℎ|𝐷1
, −∞, +∞) and (𝐷2, ℎ|𝐷2

, −∞, +∞) are independent and have law
𝖰𝖶𝖾𝖽𝗀𝖾𝐖=2

𝜸=2 .

We are going to deduce Theorem 3.1 from Theorem 2.7 by taking a limit as 𝜅 ↑ 4. There are
two sources of subtlety involved in taking this limit. First, while it is obvious that one has the
Carathéodory convergence of a whole-plane SLE𝜅(2) run up to a fixed and finite time to a whole-
plane SLE4(2) as 𝜅 ↑ 4 due to the local uniform convergence of the corresponding Loewner driving
function, there is some work involved in ruling out pathological behavior of the curve near ∞

in order to take a limit when the curve has been run for the full amount of time. Addressing
this issue is the main focus of Section 3.1. Second, while it is not difficult to see that the field
which describes the first exit parameterization using 𝒮 of the two quantum surfaces to the left
and right of 𝜂1 ∪ 𝜂2 converges to that of 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=2

𝜸=2 , one has to rule out degenerate behavior for
the horizontal translation that could come as one takes a limit of the conformal maps as above.
Addressing this issue is the main focus of Section 3.2.

3.1 Carathéodory convergence

This subsection is dedicated to proving the following proposition.

Proposition 3.2. For 𝜅 ∈ (0, 4], let 𝜂𝜅 be a whole-plane SLE𝜅(2) process in 𝐂 from 0 to ∞. Let 𝜙𝜅

be the unique conformal transformation mapping 𝐂 ⧵ 𝜂𝜅 to 𝐇 fixing the origin and ∞ and such
that Im(𝜙𝜅(𝑖)) = 1. Then, the law of (𝜙𝜅)−1 converges weakly to the law of (𝜙4)−1 with respect to the
topology of local uniform convergence of conformal maps on 𝐇 as 𝜅 ↑ 4.

As we mentioned above, the challenge in proving Proposition 3.2 is that 𝜙𝜅 is the uniformizing
map for the whole curve rather than just the curve drawn up to a finite time. In particular, it
does not immediately follow from the local uniform convergence of the driving function. In order
to circumvent this issue, we will use the fact that a radial SLE𝜅(2) curve (which is defined on an
infinite time interval using the capacity parameterization) can be realized as a chordal SLE𝜅(𝜅 − 8)

curve with an interior force point run up to a finite time that, in turn, can be realized as a reverse
SLE𝜅(𝜅) with force point located at 0 (see Lemma 3.7). We emphasize that the reason for doing
this is to transfer the problem into a matter analyzing an SLE-type curve at a finite time.
We now recall the definition of a reverse SLE𝜅(𝜅) process with force point at 0. Consider the

reverse Loewner differential equation

𝜕𝑡 ĝ𝑡(𝑧) = −
2

ĝ𝑡(𝑧) − 𝑊𝑡

, ĝ0(𝑧) = 𝑧. (3.1)

For each 𝑡 ⩾ 0, ĝ𝑡 is the unique conformal map from 𝐇 to 𝐇 ⧵ 𝐾𝑡, satisfying ĝ𝑡(𝑧) − 𝑧 → 0 as 𝑧 →

∞, for some family of compact𝐇-hulls (𝐾𝑡). A reverse SLE𝜅(𝜅) process with force point at 0 is the
random curve generating the growth process 𝐾𝑡 when we solve (3.1) with (𝑊𝑡, 𝑉𝑡) given by

𝑑𝑊𝑡 =
√

𝜅𝑑𝐵𝑡 − Re

(
𝜅

𝑉𝑡 − 𝑊𝑡

)
𝑑𝑡,
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𝑑𝑉𝑡 = −
2

𝑉𝑡 − 𝑊𝑡

𝑑𝑡, 𝑉0 = 0,

where 𝐵 is a standard Brownian motion. The centered reverse Loewner flow of the point 𝑧 ∈ 𝐇

is given by 𝑓𝑡(𝑧) = ĝ𝑡(𝑧) − 𝑊𝑡. Much of the following discussion is carried out in the proof of [11,
Proposition 3.8]. We let 𝑄𝑡 = 𝑉𝑡 − 𝑊𝑡 denote the reverse SLE𝜅(𝜅) flow of the force point and set
𝜃𝑡 = arg(𝑄𝑡) and 𝐽𝑡 = log Im(𝑄𝑡). Note that 𝜃𝑡 and 𝐽𝑡 determine 𝑄𝑡. Then, making the random
time change 𝑑𝑠(𝑡) = |𝑄𝑡|−2𝑑𝑡, we have that 𝑑𝐽𝑠 = 𝑑𝐽𝑡(𝑠) = 2𝑑𝑠 and 𝜃𝑠 = 𝜃𝑡(𝑠) satisfies

𝑑𝜃𝑠 =
√

𝜅 sin(𝜃𝑠)𝑑𝐵𝑠 + 2 sin(2𝜃𝑠)𝑑𝑠. (3.2)

That is, under this time change, the only randomness of 𝑄 that remains is that of 𝜃 which we
shall hence study.Moreover, as described in the proof of [11, Proposition 3.8], (3.2) has a reversible,
invariant measure 𝜇(𝑑𝑢) = 𝑐𝜅 sin𝛼𝜅 (𝑢)𝑑𝑢, where 𝛼𝜅 = 8∕𝜅 − 2 > −1 and 𝑐𝜅 is a normalizing con-
stant. If we define the time change𝑑𝛽(𝑠) = 𝜅 sin2(𝜃𝑠)𝑑𝑠, then (𝜃𝛽−1(𝑠))𝑠⩾0 solves (2.3)with𝑎 = 4∕𝜅,
that is, (𝜃𝛽−1(𝑠))𝑠⩾0 is a radial Bessel process. Consequently, in order to understand 𝑄, it is natu-
ral to study the convergence of radial Bessel processes. This is done in Lemma 3.3. Moreover,
we shall also relate the driving pair of whole-plane SLE𝜅(2) processes to radial Bessel processes,
and deduce its convergence as 𝜅 → 4 from that of the radial Bessel process. This is the content of
Proposition 3.4.
After proving Lemma 3.3 and Proposition 3.4, we turn to analyzing the stationary solution

to (3.2), in Lemma 3.5. This is then used together with Lemma 3.3 to deduce the convergence
of reverse SLE𝜅(𝜅) as 𝜅 → 4, in Lemma 3.6. Next, we recall [11, Proposition 3.10], which describes
the relationship between reverse SLE𝜅(𝜅) and SLE𝜅(𝜅 − 8). With this at hand, we describe how
to relate the convergence results from reverse SLE𝜅(𝜅) (and hence SLE𝜅(𝜅 − 8)) to radial SLE𝜅(2),
before finally proving Proposition 3.2.

Lemma 3.3. For each 𝜅 ∈ (0, 4], let𝑌𝜅 be a solution to (2.3) with 𝑎 = 4∕𝜅 and denote by 𝜇𝜅 the law
of 𝑌𝜅, when 𝑌𝜅

0
is sampled from the invariant distribution of 𝑌𝜅. Then, as 𝜅 ↑ 4, 𝜇𝜅 converges to 𝜇4

weakly with respect to the topology of local uniform convergence on 𝐶([0, ∞)).

Proof. Fix 𝑇 > 0. We let 𝜇𝜅
𝑇
(resp. 𝜇𝜅

𝑦,𝑇
) denote the law of (𝑌𝜅

𝑡 )0⩽𝑡⩽𝑇 , where 𝑌𝜅
0
is sampled from

the invariant distribution of 𝑌𝜅 (resp. 𝑌𝜅
0

= 𝑦 ∈ (0, 𝜋)). We shall begin by proving the weak
convergence of the measures (𝜇𝜅

𝑦,𝑇
) and then deduce the result for the measures (𝜇𝜅

𝑇
).

Assume for now that𝑌𝜅
0

= 𝑦 for all 𝜅. We couple the processes𝑌𝜅 as follows. Let 𝐵 be a Brown-
ian motion with 𝐵0 = 𝑦 and let𝑀𝜅 be given by (2.4) with 𝑎 = 4∕𝜅. Let also 𝜏 be the first time that
𝐵 exits the interval (0, 𝜋). Then, under the measure 𝐏†

𝜅 defined by 𝐏†
𝜅[𝐴] = 𝐄[𝟏𝐴𝑀𝜅

𝑇∧𝜏
], the law of

(𝐵𝑡)0⩽𝑡⩽𝑇 is 𝜇𝜅
𝑦,𝑇
. Note that 𝑀𝜅

𝑇∧𝜏
→ 𝑀4

𝑇∧𝜏
a.s. as 𝜅 → 4 and that 𝐄[𝑀𝜅

𝑇∧𝜏
] = 1 for all 𝜅. By Fatou’s

lemma,

2 = 𝐄
[
lim inf

𝜅→4
𝑀𝜅

𝑇∧𝜏 + 𝑀4
𝑇∧𝜏 − |𝑀𝜅

𝑇∧𝜏 − 𝑀4
𝑇∧𝜏|] ⩽ lim inf

𝜅→4
𝐄[𝑀𝜅

𝑇∧𝜏 + 𝑀4
𝑇∧𝜏 − |𝑀𝜅

𝑇∧𝜏 − 𝑀𝑇∧𝜏|]
= 2 − lim sup

𝜅→4
𝐄[|𝑀𝜅

𝑇∧𝜏 − 𝑀4
𝑇∧𝜏|],

that is, lim sup𝜅→4 𝐄[|𝑀𝜅
𝑇∧𝜏

− 𝑀4
𝑇∧𝜏

|] ⩽ 0 and hence 𝑀𝜅
𝑇∧𝜏

→ 𝑀4
𝑇∧𝜏

in 𝐿1(𝐏).
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Let 𝐹 ∶ 𝐶([0, 𝑇]) → [0, ∞) be continuous and bounded. Then,

∫𝐶([0,𝑇])
𝐹(𝑓)𝑑𝜇𝜅

𝑦,𝑇(𝑓) = 𝐄[𝐹((𝐵𝑡)0⩽𝑡⩽𝑇)𝑀𝜅
𝑇∧𝜏] → 𝐄[𝐹((𝐵𝑡)0⩽𝑡⩽𝑇)𝑀4

𝑇∧𝜏] = ∫𝐶([0,𝑇])
𝐹(𝑓)𝑑𝜇4

𝑦,𝑇(𝑓),

proving the weak convergence of the measures (𝜇𝜅
𝑦,𝑇

).
Recalling that the invariant density of the process 𝑌𝜅 is given by 𝜓4∕𝜅(𝑦) = 𝑐4∕𝜅 sin8∕𝜅(𝑦), we

have

∫𝐶([0,𝑇])
𝐹(𝑓)𝑑𝜇𝜅

𝑇(𝑓) = ∫
𝜋

0

(
∫𝐶([0,𝑇])

𝐹(𝑓)𝑑𝜇𝜅
𝑦,𝑇(𝑓)

)
𝜓4∕𝜅(𝑦)𝑑𝑦

and noting that 𝑐4∕𝜅 ⩽ 𝑐4 for all 𝜅 ∈ [1, 4], we have that

|||||
(
∫𝐶([0,𝑇])

𝐹(𝑓)𝑑𝜇𝜅
𝑦,𝑇(𝑓)

)
𝜓4∕𝜅(𝑦)

||||| ⩽ 𝑐4‖𝐹‖∞,

uniformly in 𝜅 ∈ [1, 4]. By the weak convergence of 𝜇𝜅
𝑦,𝑇

to 𝜇4
𝑦,𝑇
, and the dominated convergence

theorem, we have that 𝜇𝜅
𝑇
converges weakly to 𝜇4

𝑇
. Since this holds for each 𝑇 > 0, the result

follows. □

The next result is concerned with the convergence of the driving pair of a whole-plane SLE𝜅(2)

as 𝜅 ↑ 4 and relies on Lemma 3.3. This is one of themain ingredients in the proof of Proposition 3.2.

Proposition 3.4. For 𝜅 ∈ (0, 4], let (𝑂𝜅, 𝑊𝜅) be the unique stationary solution to (2.7) with 𝜌 =

2 (recall Proposition 2.1). Then as 𝜅 ↑ 4, we have that the law of (𝑂𝜅, 𝑊𝜅) converges to the law of
(𝑂4, 𝑊4) weakly with respect to the topology of local uniform convergence on continuous functions
𝐑 → 𝐒1 × 𝐒1.

Before proving Proposition 3.4, we note the following. Assume that 𝜅 ∈ (0, 4], 𝜌 = 2 and let
𝜗𝑡 = arg(𝑊𝑡) − arg(𝑂𝑡), where (𝑂𝑡, 𝑊𝑡) is the driving pair of a whole-plane SLE𝜅(2) process. Then
𝜗 solves the SDE

𝑑𝜗𝑡 =
√

𝜅𝑑𝐵𝑡 + 2 cot

(
𝜗𝑡

2

)
𝑑𝑡, 𝜗0 ∈ [0, 2𝜋). (3.3)

We note that a solution to (3.3) can be obtained by starting with a solution 𝑌 to (2.3) with 𝑎 = 4∕𝜅

and then setting 𝜗𝑡 = 2𝑌𝜅𝑡∕4. Consequently, Lemma 3.3 implies that if 𝜗𝜅 is a solution to (3.3),
started from its invariant distribution (which has density𝜓4∕𝜅(𝑦∕2), 𝑦 ∈ (0, 2𝜋)), then as 𝜅 ↑ 4, the
law of 𝜗𝜅 converges to that of 𝜗4 weakly with respect to the topology of local uniform convergence
on 𝐶([0, ∞)).
We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. Let (𝑂𝜅, 𝑊𝜅) be the unique stationary solution to (2.7) indexed by 𝐑

with 𝜌 = 2 and 𝜅 ∈ (0, 4]. Let also 𝜈𝜅 be its unique invariant measure. One can find 𝜈𝜅 explicitly
as follows. Let (𝑂𝑡, 𝑊𝑡)𝑡⩾0 be a solution to (2.7), with (𝑂0, 𝑊0) sampled from 𝜈𝜅. For any fixed
𝑢 ∈ [0, 2𝜋), the process (𝑂𝑡𝑒

𝑖𝑢, 𝑊𝑡𝑒
𝑖𝑢)𝑡⩾0 is also a stationary solution to (2.7) and by uniqueness,
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(𝑂0, 𝑊0)
𝑑
= (𝑂0𝑒𝑖𝑢, 𝑊0𝑒𝑖𝑢). In particular, the laws of𝑊0 and𝑊0𝑒𝑖𝑢 are the same for all 𝑢 ∈ [0, 2𝜋),

and consequently, 𝑊0 is uniformly distributed on the circle 𝐒1. Noting also that 𝜗𝑡 = arg(𝑊𝑡) −

arg(𝑂𝑡) is the unique stationary solution to (3.3), we can sample a pair (𝑂0, 𝑊0) from 𝜈𝜅 by first
sampling 𝑊0 from the uniform distribution on 𝜕𝐃 and then sampling 𝜗0 independently of 𝑊0

from the invariant measure of (3.3) and setting 𝑂0 = 𝑊0𝑒−𝑖𝜗0 .
By the above construction, together with Lemma 3.3, it is clear that 𝜈𝜅 converges weakly to 𝜈4

as 𝜅 ↑ 4. Note that if (𝑂𝜅
𝑡 , 𝑊𝜅

𝑡 )𝑡⩾0 is started from (𝑒𝑖𝑦, 𝑒𝑖𝑥) for some fixed 𝑥, 𝑦 ∈ 𝐑 with 𝑥 − 𝑦 ∈

[0, 2𝜋), then the law of (𝑂𝜅
𝑡 , 𝑊𝜅

𝑡 )𝑡⩾0 on 𝐶([0, ∞) → 𝐒1 × 𝐒1) converges to the law of (𝑂4
𝑡 , 𝑊4

𝑡 )𝑡⩾0 as
𝜅 ↑ 4. This can be seen by combining the weak convergence of the law of 𝜗𝜅

𝑡 = arg(𝑊𝜅
𝑡 ) − arg(𝑂𝜅

𝑡 )

as 𝜅 ↑ 4 with the way that (𝑂𝜅
𝑡 , 𝑊𝜅

𝑡 )𝑡⩾0 can be obtained from 𝜗𝜅 as already explained. Thus, the
weak convergence of 𝜈𝜅 to 𝜈4 as 𝜅 ↑ 4 implies that (𝑂𝜅

𝑡 , 𝑊𝜅
𝑡 )𝑡⩾0 converges weakly to (𝑂𝜅

𝑡 , 𝑊𝜅
𝑡 )𝑡⩾0 as

𝜅 ↑ 4when (𝑂𝜅
0
, 𝑊𝜅

0
) has law given by 𝜈𝜅. Since the processes (𝑂𝜅

−𝑡, 𝑊𝜅
−𝑡)𝑡⩾0 and (𝑂𝜅

𝑡 , 𝑊𝜅
𝑡 )𝑡⩾0 have

the same law on 𝐶([0, ∞) → 𝐒1 × 𝐒1), we obtain that the law of (𝑂𝜅
𝑡 , 𝑊𝜅

𝑡 )𝑡∈𝐑 on 𝐶(𝐑 → 𝐒1 × 𝐒1)

converges weakly to the law of (𝑂4
𝑡 , 𝑊4

𝑡 )𝑡∈𝐑 as 𝜅 ↑ 4. □

Next, we analyze the stationary solution to (3.2).

Lemma 3.5. Let (𝜃𝑠)𝑠∈𝐑 be a solution to (3.2) for 𝜅 ∈ [1, 4], started from its invariant distribution.
Then there exists a universal constant 𝑐1 ∈ (0, 1), uniform in 𝜅 ∈ [1, 4], such that for all 𝑐 ∈ (0, 1]

with probability at least 1 − 𝑐1𝑐 it holds that

𝜃𝑠 ∈ [𝑐𝑒− 3|𝑠|
2 , 𝜋 − 𝑐𝑒− 3|𝑠|

2 ], for all 𝑠 ∈ 𝐑.

Proof. The strategy of this proof is rather standard: we note that a time-changed version of 𝜃

behaves like a Bessel process of dimension 1 + 8∕𝜅 when close to the endpoints 0 and 𝜋 and then
deduce the necessary inequalities using the Brownian scaling of the Bessel process.
Fix 𝑐 ∈ (0, 1). We let (𝑋𝑠) = (𝑋𝜅

𝑠 ) be a BES1+8∕𝜅 with 𝑋0 = 1 and define the random times
𝑇1 = inf {𝑡 ⩾ 0 ∶ 𝑋𝑡 ⩽ 𝑒−1} and 𝑇2 = inf {𝑡 ⩾ 0 ∶ 𝑋𝑡 ⩾ 𝑒} and 𝑇 = 𝑇1 ∧ 𝑇2. We recall that (𝑋𝑠) can
be obtained by weighting the law of a Brownian motion started at 1 with the local martingale
𝑁, defined in (2.2) and that this induces a coupling of Bessel processes with different dimen-
sions corresponding to different 𝜅. We will omit 𝜅 in the notation throughout, but keep in mind
that it is a central parameter for the processes. For a Brownian motion 𝐵 with 𝐵0 = 1, and
analogously defined times 𝑇𝐵

1
, 𝑇𝐵

2
, and 𝑇𝐵, the event {8𝑒2 ⩽ 𝑇𝐵

2
< 𝑇𝐵

1
} has positive probability

and since 𝑁8𝑒2∧𝑇𝐵 ⩾ 𝑒−4−48𝑒4 , uniformly in 𝜅 ∈ [1, 4], and hence, there is a 0 < 𝑝 ⩽ 1 such that
𝐏[8𝑒2 ⩽ 𝑇2 < 𝑇1] ⩾ 𝑝 for all 𝜅 ∈ [1, 4]. Since (𝑋𝑠) and (𝑟−1𝑋𝑟2𝑠) have the same law, this implies
that if 𝑋 starts at 𝑐𝑒−𝑛, then with probability at least 𝑝, 𝑋 hits 𝑐𝑒−𝑛+1 before 𝑐𝑒−𝑛−1 and after at
least 8𝑐2𝑒−2(𝑛−1) units of time.
Let 𝛽 be the time-change above and let 𝜃𝑢 = 𝜃𝛽−1(𝑢). Fix some 𝑛 ∈ 𝐍 and let 𝑛0 = 𝑛 +⌈log(𝜋∕2𝑐)⌉. By the absolute continuity of 𝜃 and 𝑋, there is a constant 𝑐2, uniform in 𝜅 ∈

[1, 4], such that if 𝜃 starts at 𝑐𝑒−𝑛+𝑗, then with probability at least 𝑐2𝑝, it hits 𝑐𝑒−𝑛+𝑗+1 before
𝑐𝑒−𝑛+𝑗−1 and does so after at least 8𝑐2𝑒2(1+𝑗−𝑛) units of time. Assume that we are working on this
event and let 𝜃0 = 𝑐𝑒−𝑛+𝑗, 𝑇𝑗 = inf {𝑡 ⩾ 0 ∶ 𝜃𝑡 ∉ [𝑐𝑒−𝑛+𝑗−1, 𝑐𝑒−𝑛+𝑗+1]} and 𝑟𝑗 = 𝛽(𝑇𝑗). Then 𝑟𝑗 ⩽

𝑇𝑗𝜅 sin2(𝑐𝑒−𝑛+𝑗+1) ⩽ 𝑇𝑗2𝜅𝑐2𝑒2(𝑗+1−𝑛) and 𝑟𝑗 ⩾ 8𝑐2𝑒2(𝑗+1−𝑛), which together imply that 𝑇𝑗 ⩾ 1.
Thus, there is some constant 𝑞 > 0, uniform in 𝜅 ∈ [1, 4], such that if 𝜃0 = 𝑐𝑒−𝑛+𝑗, thenwith prob-
ability at least 𝑞, 𝜃 hits 𝑐𝑒−𝑛+𝑗+1 before 𝑐𝑒−𝑛+𝑗−1 and after at least 1 unit of time and by theMarkov
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property of 𝜃, with probability at least 1 − (1 − 𝑞)𝑛, there is at least one 𝑗 ∈ {0, 1, … , 𝑛0} such that
this occurs. Moreover, by absolute continuity, there is a constant 𝑐3 > 0, independent of 𝜅 and
𝑛, such that 𝐏[𝜃 hits 𝑐𝑒− 3𝑛

2 before it hits 𝜋

2
| 𝜃0 = 𝑐𝑒−𝑛] ⩽ 𝑐3𝐏[𝑋 hits 𝑐𝑒− 3𝑛

2 before it hits 𝜋

2
|𝑋0 =

𝑐𝑒−𝑛] ≲ 𝑒− 𝑛
2 , where the implicit constant can be taken independent of 𝑛, 𝜅, 𝑐.

From the previous paragraph and Markov property of 𝜃, if 𝜎 is a stopping time such that
𝜃𝜎 = 𝑒−𝑛+𝑗 and 𝜎± = inf {𝑡 ⩾ 𝜎 ∶ 𝜃𝑡 = 𝑒−𝑛+𝑗±1}, then𝐏[𝜎 + 1 ⩽ 𝜎+ < 𝜎− | 𝜎] ⩾ 𝑞. Applying this
result to 𝜎 = 𝜎𝑠 = inf {𝑡 ⩾ 0 ∶ 𝜃𝑡 ∈ {𝑒−𝑛+𝑠, 𝑒−𝑛−𝑠}}, 0 ⩽ 𝑠 ⩽ ⌊𝑛

2
⌋, we obtain that there is some

constant 𝑝 ∈ (0, 1), independent of 𝑐 and 𝜅, such that for each 𝑛 ∈ 𝐍,

𝐏
[
𝜃𝑠 ∈

[
𝑐𝑒− 3𝑛

2 , 𝜋 − 𝑐𝑒− 3𝑛
2

]
for all 𝑠 ∈ [0, 1] | 𝜃0 = 𝑐𝑒−𝑛

]
⩾ 1 − 𝑝𝑛, (3.4)

so by the Markov property and the fact that (𝜃𝑡) and (𝜋 − 𝜃𝑡) have the same law, (3.4) holds uni-
formly in 𝜃0 ∈ [𝑐𝑒−𝑛, 𝜋 − 𝑐𝑒−𝑛]. Comparing with the invariant density of (3.2), we have for all
𝑠 ⩾ 0 that𝐏[𝜃𝑠 ∈ [𝑐𝑒−𝑠, 𝜋 − 𝑐𝑒−𝑠]] ⩾ 1 − 𝑐1𝑐𝑒−( 8

𝜅
−1)𝑠, where 𝑐1 is independent of 𝑐 and 𝜅 and by the

above, this implies that the probability that 𝜃𝑛 ∈ [𝑐𝑒−𝑛, 𝜋 − 𝑐𝑒−𝑛] and 𝜃𝑛+𝑠 ∈ [𝑐𝑒− 3𝑛
2 , 𝜋 − 𝑒− 3𝑛

2 ] for
all 𝑠 ∈ [0, 1] is at least 1 − 𝑐𝑝𝑛 for some 𝑝 ∈ (0, 1). Summing over 𝑛 gives the result for 𝑠 ⩾ 0. For
𝑠 ⩽ 0, the claim follows since (𝜃𝑠)𝑠⩾0 and (𝜃𝑠)𝑠⩽0 have the same law. □

We now turn to proving the convergence of reverse SLE𝜅(𝜅). The discussion in the beginning
of the section gives that if 𝜃𝑠 is a stationary solution to (3.2), then letting 𝑄𝜅

𝑠 = 𝑒2𝑠(cot(𝜃𝑠) + 𝑖)

and making the random time change 𝑠̂(𝑡) = inf {𝑟 ∈ 𝐑 ∶ ∫ 𝑟
−∞ |𝑄𝜅

𝑢|2𝑑𝑢 ⩾ 𝑡}, the process 𝑄𝜅
𝑡 = 𝑄𝜅

𝑠̂(𝑡)

has the law of the flow of the force point of a centered reverse SLE𝜅(𝜅) with force point 0. Let
also 𝑊𝜅

𝑡 be the driving function of the latter reverse SLE𝜅(𝜅) process. (Note that on the event

that 𝜃𝑠 ∈
[
𝑐𝑒−

3|𝑠|
2 , 𝜋 − 𝑐𝑒−

3|𝑠|
2
]
for all 𝑠 ∈ 𝐑, which has probability at least 1 − 𝑐1𝑐, we have that

∫ 0
−∞ |𝑄𝜅

𝑢|2𝑑𝑢 < ∞ and ∫ ∞
−∞ |𝑄𝜅

𝑢|2𝑑𝑢 = ∞. Consequently, sending 𝑐 to 0, the process 𝑄𝜅
𝑡 = 𝑄𝜅

𝑠̂(𝑡)
is

well defined.)

Lemma 3.6. For 𝜅 ∈ (0, 4], let 𝜃𝜅 be the stationary solution to (3.2), let 𝑄𝜅, 𝑄𝜅, and𝑊𝜅 be as above
and define 𝑇𝜅 = ∫ 0

−∞ |𝑄𝜅
𝑢|2𝑑𝑢 = inf {𝑡 ⩾ 0 ∶ Im(𝑄𝜅

𝑡 ) = 1}. Then the law of (𝑇𝜅, 𝑄𝜅, 𝑊𝜅) converges
to the law of (𝑇4, 𝑄4, 𝑊4), weakly on 𝐑 × 𝐶([0, ∞)) × 𝐶([0, ∞)) as 𝜅 ↑ 4.

Proof. Recall that under the time-change 𝛽𝜅(𝑟) = 𝜅 ∫ 𝑟
0 sin2(𝜃𝑢)𝑑𝑢, (𝜃(𝛽𝜅)−1(𝑟))𝑟⩾0 solves (2.3) and

is started from the invariant distribution of (3.2). By the argument at the end of the proof of
Lemma 3.3, we obtain that the law of 𝜃𝜅

(𝛽𝜅)−1(𝑟)
converges to the law of 𝜃4

(𝛽4)−1(𝑟)
weaklywith respect

to the topology of local uniform convergence as 𝜅 ↑ 4 and by the formof 𝛽𝜅, the law of 𝜃𝜅 converges
to the law of 𝜃4 in the same way.
For 𝑛 ∈ 𝐍, 𝜅 ∈ [1, 4], we let 𝐹𝑛,𝜅 be the event that 𝜃𝜅

−𝑛 ∈ [𝑒−𝑛, 𝜋 − 𝑒−𝑛] and that 𝜃𝜅
−𝑛−𝑡 ∈

[𝑒− 3𝑛
2 , 𝜋 − 𝑒− 3𝑛

2 ], for all 𝑡 ∈ [0, 1]. The proof of Lemma 3.5 implies that there exists a universal
constant 𝑝 ∈ (0, 1) independent of 𝑛 and 𝜅 such that 𝐏

[
𝐹𝑐

𝑛,𝜅

]
⩽ 𝑝𝑛 and so 𝐏

[
∪∞

𝑛=𝑁
𝐹𝑐

𝑛,𝜅

]
⩽

𝑝𝑁

1−𝑝
, for

all𝑁 ∈ 𝐍.We observe that there exists a finite universal constant𝐴, independent of𝑁 and 𝜅, such
that if ∩∞

𝑛=𝑁
𝐹𝑛,𝜅 holds, then we have that ∫ −𝑁

−∞ |𝑄𝜅
𝑠 |2𝑑𝑠 ⩽ 𝐴𝑒−𝑁 and |𝑄𝜅

𝑠 |2 ⩽ 𝐴𝑒𝑠, for all 𝑠 ⩽ −𝑁.
Together with the weak convergence of the laws of 𝜃𝜅, we obtain that the law of (𝑇𝜅, 𝑠̂𝜅, 𝑄𝜅, 𝜃𝜅)

on 𝐑 × 𝐶([0, ∞)) × 𝑀 × 𝐶(𝐑) converges weakly to the law of (𝑇4, 𝑠̂4, 𝑄4, 𝜃4) as 𝜅 ↑ 4, where 𝑀 is
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the space of functions 𝑓 ∈ 𝐶(𝐑) such that lim𝑥→−∞ 𝑓(𝑥) = 0, endowed with the norm ||𝑓||𝑀 =

sup𝑡⩽0 |𝑓(𝑡)| +
∑∞

𝑛=0 2−𝑛 min(1, sup𝑡∈[𝑛,𝑛+1] |𝑓(𝑡)|), making 𝑀 a complete metric space. By com-
bining the above observations,we obtain that the lawof (𝑇𝜅, 𝑄𝜅, 𝑊𝜅) on𝐑 × 𝐶([0, ∞)) × 𝐶([0, ∞))

converges weakly to the law of (𝑇4, 𝑄4, 𝑊4) as 𝜅 ↑ 4. □

The next lemma was proven in [11] and gives us a way to compare SLE𝜅(𝜅 − 8) and reverse
SLE𝜅(𝜅) processes.

Lemma 3.7 [11, Proposition 3.10]. Fix 𝜅 ∈ (0, 4], 𝑟 > 0 and sample 𝑧𝑟 = 𝑥 + 𝑖𝑟 so that arg(𝑧𝑟) is
given by the stationary solution to (3.2) and then sample a forward SLE𝜅(𝜅 − 8) process with force
point located at 𝑧𝑟 and let (𝑓𝑡) denote its centered Loewner chain. Then, the evolution of 𝑓𝑡(𝑧𝑟)

considered in the time-interval from 0 to inf {𝑡 ⩾ 0 ∶ Im(𝑓𝑡(𝑧𝑟)) = 0} has the same law as 𝑄𝑇𝑟−𝑡 for
𝑡 ∈ [0, 𝑇𝑟], where 𝑄𝑡 is the evolution of the force point of a reverse SLE𝜅(𝜅) with force point located
at 0 and 𝑇𝑟 = inf {𝑡 ⩾ 0 ∶ Im(𝑄𝑡) = 𝑟}.

Now, fixing 𝜅 ∈ (0, 4], Lemma 3.7 gives us another way of sampling a quadruple
(𝑧𝜅, 𝑇𝜅, 𝑍𝜅, 𝑊𝜅), consisting of a point 𝑧𝜅 = cot(𝜃𝜅) + 𝑖, where 𝜃𝜅 is sampled from the invari-
ant measure of (3.2), the centered flow 𝑍𝜅 of the force point of an SLE𝜅(𝜅 − 8) with force
point 𝑧𝜅, the driving function of said SLE𝜅(𝜅 − 8), and the time 𝑇𝜅 at which the flow of force
point hits the real line. The new way to do it is by sampling a pair (𝑄𝜅, 𝑊𝜅) consisting of
the evolution of 0 and the driving function of a reverse SLE𝜅(𝜅) with force point at 0, let-
ting 𝑇𝜅 = inf {𝑡 ⩾ 0 ∶ Im(𝑄𝜅

𝑡 ) = 1} and then writing 𝑄𝜅,◦
𝑡 = 𝑄𝜅

𝑇𝜅−𝑡
, 𝑊𝜅,◦

𝑡 = 𝑊𝜅

𝑇𝜅−𝑡
− 𝑊𝜅

𝑇𝜅
for 0 ⩽

𝑡 ⩽ 𝑇𝜅. Then, (𝑄𝜅,◦
0

, 𝑇𝜅, 𝑄𝜅,◦, 𝑊𝜅,◦) has the same law as (𝑧𝜅, 𝑇𝜅, 𝑍𝜅, 𝑊𝜅), and since the former
converges weakly to (𝑄4,◦

0
, 𝑇4, 𝑄4,◦, 𝑊4,◦), as 𝜅 ↑ 4, we have that the latter converges weakly to

(𝑧4, 𝑇4, 𝑍4, 𝑊4).
We now turn to the convergence of radial SLE𝜅(2). Suppose that we have the above setup and

fix a sequence (𝜅𝑛)𝑛∈𝐍 in (0,4) such that 𝜅𝑛 ↑ 4 as 𝑛 → ∞. By the Skorokhod representation the-
orem, we can find a coupling such that (𝑧𝜅𝑛

, 𝑇𝜅𝑛 , 𝑍𝜅𝑛 , 𝑊𝜅𝑛 ) converges to (𝑧4, 𝑇4, 𝑍4, 𝑊4) a.s. Let
(𝐾

𝜅𝑛
𝑡 )0⩽𝑡⩽𝑇𝜅𝑛 and (g

𝜅𝑛
𝑡 )0⩽𝑡⩽𝑇𝜅𝑛 be the family of compact 𝐇-hulls and the Loewner chain, respec-

tively, corresponding to the driving function𝑊
𝜅𝑛
𝑡 . We also consider the conformal transformation

𝜓𝜅𝑛 ∶ 𝐇 → 𝐃 such that 𝜓𝜅𝑛 (0) = −𝑖 and 𝜓𝜅𝑛 (𝑧𝜅𝑛
) = 0. In particular, we have that 𝜓𝜅𝑛 (𝑧) =

𝑐𝜅𝑛
𝑧+1

𝑑𝜅𝑛
𝑧+𝑖

where 𝑐𝜅𝑛
= 𝑖 sin2(𝜃𝜅𝑛 ) − sin(𝜃𝜅𝑛 ) cos(𝜃𝜅𝑛 ) and 𝑑𝜅𝑛

= sin2(𝜃𝜅𝑛 ) − 𝑖 sin(𝜃𝜅𝑛 ) cos(𝜃𝜅𝑛 ). For 0 ⩽ 𝑡 ⩽

𝑇𝜅𝑛 , we let 𝜙
𝜅𝑛
𝑡 ∶ 𝐇 → 𝐃 be the conformal transformation such that 𝐹

𝜅𝑛
𝑡 = 𝜙

𝜅𝑛
𝑡 ◦ g

𝜅𝑛
𝑡 ◦ (𝜓𝜅𝑛 )−1 ∶

𝐃 ⧵ 𝜓𝜅𝑛 (𝐾
𝜅𝑛
𝑡 ) → 𝐃 satisfies (𝐹

𝜅𝑛
𝑡 )′(0) > 0 and 𝐹

𝜅𝑛
𝑡 (0) = 0. Set 𝑧

𝜅𝑛
𝑡 = g

𝜅𝑛
𝑡 (𝑧𝜅𝑛

), 𝑦
𝜅𝑛
𝑡 = Im(𝑧

𝜅𝑛
𝑡 ), and

note that there exists a unique 𝜆
𝜅𝑛
𝑡 ∈ 𝜕𝐃 such that 𝜙

𝜅𝑛
𝑡 (𝑧) = 𝜆

𝜅𝑛
𝑡

𝑧−𝑧
𝜅𝑛
𝑡

𝑧−𝑧̄
𝜅𝑛
𝑡

. We consider the time

change, 𝑡𝜅𝑛 , as the solution to

𝑠 = ∫
𝑡𝜅𝑛 (𝑠)

0

4(𝑦
𝜅𝑛
𝑠 )2

|𝑧𝜅𝑛
𝑠 − 𝑊

𝜅𝑛
𝑠 |4 𝑑𝑠,

and we set g̃𝜅𝑛
𝑠 = 𝐹

𝜅𝑛

𝑡𝜅𝑛 (𝑠)
, 𝑊𝜅𝑛

𝑠 = 𝜙
𝜅𝑛

𝑡𝜅𝑛 (𝑠)

(
𝑊

𝜅𝑛

𝑡𝜅𝑛 (𝑠)

)
and 𝐾

𝜅𝑛
𝑠 = 𝜓𝜅𝑛

(
𝐾

𝜅𝑛

𝑡𝜅𝑛 (𝑠)

)
. Then, by [55], we know

that (𝐾
𝜅𝑛
𝑠 )𝑠⩾0 has the law of the hulls of a radial SLE𝜅𝑛

(2) process, 𝜂𝜅𝑛 , in 𝐃 starting from −𝑖
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and targeted at 0 with the force point located at 𝜓𝜅𝑛 (∞), and we parameterize 𝜂𝜅𝑛 by log of the
conformal radius as seen from 0. The driving pair is given by (𝜆

𝜅𝑛
𝑠 , 𝑊

𝜅𝑛
𝑠 )𝑠⩾0 where 𝜆

𝜅𝑛
𝑠 = 𝜆

𝜅𝑛

𝑡𝜅𝑛 (𝑠)
.

With probability 1,𝑊𝜅𝑛 converges to𝑊4 locally uniformly as𝑛 → ∞, and thus, by the argument
used to prove [33, Proposition 4.47], we obtain that a.s.,

sup
0⩽𝑠⩽𝑡, 𝑧∈𝐾

|||(g𝜅𝑛
𝑠 )−1(𝑧) − (g4

𝑠 )−1(𝑧)
||| → 0,

as 𝑛 → ∞, for all 0 ⩽ 𝑡 < 𝑇4 and every compact set 𝐾 ⊆ 𝐇. By the choice of the coupling and the
above transformation formulas, we also a.s. have that

sup
0⩽𝑠⩽𝑡, 𝑧∈𝐾

|||(g̃𝜅𝑛
𝑠 )−1(𝑧) − (g̃4

𝑠 )−1(𝑧)
||| → 0,

as 𝑛 → ∞ for each compact subset𝐾 ⊆ 𝐃 and all 𝑡 ⩾ 0. For all 𝑠 ⩾ 0, let 𝑓
𝜅𝑛
𝑠 ∶ 𝐃 ⧵ 𝜂𝜅𝑛 ([0, 𝑠]) → 𝐃

be the conformal transformation such that 𝑓
𝜅𝑛
𝑠 (0) = 0 and 𝑓

𝜅𝑛
𝑠 (𝜂𝜅𝑛 (𝑠)) = −𝑖. We fix 𝑒𝑖𝜗 ∈ 𝜕𝐃 ⧵

{−𝑖} and set

𝑆𝜅𝑛 = 1 ∧ inf {𝑠 ⩾ 0 ∶ 𝜆
𝜅𝑛
𝑠 (𝑊

𝜅𝑛
𝑠 )−1 = 𝑒𝑖(𝜗+𝜋∕2)}.

Note that 𝐏[𝑆𝜅𝑛 < 1] > 0, for each 𝑛 ∈ 𝐍 and that conditional on the event {𝑆𝜅𝑛 < 1}, 𝜂𝜅𝑛 =

𝑓
𝜅𝑛

𝑆𝜅𝑛

(
𝜂𝜅𝑛 |[𝑆𝜅𝑛 ,∞)

)
has the law of a radial SLE𝜅𝑛

(2) in 𝐃 starting from −𝑖 and targeted at 0 with
the force point located at 𝑒𝑖𝜗 . Combining with the above convergences, we obtain that for each
compact set 𝐾 ⊆ 𝐃, it a.s. holds that

sup
𝑧∈𝐾

|||(𝑓𝜅𝑛

𝑆𝜅𝑛
)−1(𝑧) − (𝑓4

𝑆4
)−1(𝑧)

||| → 0 as 𝑛 → ∞.

For 𝜅 ∈ (0, 4], let 𝛼𝜅 be the square root in 𝐇 of −𝑖(𝜆𝜅)−1 ∈ 𝜕𝐃 with 𝜆𝜅 = 𝜓𝜅(∞) and consider
the conformal transformations 𝐵𝜅 ∶ 𝐇 → 𝐃 with 𝐵𝜅(𝑧) = 𝜆𝜅 𝑧−𝛼𝜅

𝑧−𝛼̄𝜅 and 𝜙𝜅 = 𝐵𝜅 ◦ 𝑓𝜅
𝑇𝜅 ◦ (𝜓𝜅)−1,

where 𝑓𝜅
𝑇𝜅 (𝑧) = g𝜅

𝑇𝜅 (𝑧) − 𝑊𝜅
𝑇𝜅 . Note that 𝜙𝜅 maps 𝐃 ⧵ 𝜂𝜅 bijectively onto 𝐃 with 𝜙𝜅(0) = −𝑖,

𝜙𝜅(𝜓𝜅(∞)) = 𝜓𝜅(∞). We also consider the conformal transformation 𝐹𝜅 ∶ 𝐃 ⧵ 𝜂𝜅 → 𝐃with 𝐹𝜅 =

𝜙𝜅 ◦ (𝑓𝜅

𝑆𝜅
)−1. Then,𝐹𝜅(0) = −𝑖 and𝐹𝜅(𝑒𝑖𝜗) = 𝜓𝜅(∞) on the event {𝑆𝜅 < 1}. The above also implies

that (𝐹𝜅𝑛 )−1 converges locally uniformly to (𝐹4)−1 as 𝑛 → ∞ a.s.
With the above in mind, we prove Proposition 3.2.

Proof of Proposition 3.2. Suppose that we have the above setup and let (𝜅𝑛)𝑛∈𝐍 be a sequence as
above. Fix 𝑡 ∈ 𝐑, let (𝑂𝜅, 𝑊𝜅) be the driving pair and (g𝜅) be the Loewner chain corresponding
to 𝜂𝜅. We construct a coupling of the curves 𝜂𝜅𝑛 as follows. By Proposition 3.4 and the Skorokhod
representation theorem, we can find a coupling such that a.s. (𝑂𝜅𝑛 , 𝑊𝜅𝑛 ) converges to (𝑂4, 𝑊4)

uniformly on compact subsets of (−∞, 𝑡].
Let 𝜂𝜅𝑛 |(−∞,𝑡] be the curveswith driving pair (𝑂𝜅𝑛 |(−∞,𝑡], 𝑊𝜅𝑛 |(−∞,𝑡]). Let 𝑆𝜅 be defined as above,

but with 𝑒𝑖𝜗 replaced by−𝑖(𝑂𝜅
𝑡 )−1𝑊𝜅

𝑡 . Note that since (𝑂
𝜅𝑛
𝑡 , 𝑊

𝜅𝑛
𝑡 ) → (𝑂4

𝑡 , 𝑊4
𝑡 ) as 𝑛 → ∞ a.s., each

convergence above remains valid in the case when restricting to (−∞, 𝑡]. Then we set 𝜂𝜅𝑛 (𝑡 +

𝑠) = (g
𝜅𝑛
𝑡 )−1

(
−

𝑖𝑊
𝜅𝑛
𝑡

𝜂𝜅𝑛 (𝑠)

)
for 𝑠 ⩾ 0 where 𝜂𝜅𝑛 is independent of 𝜂𝜅𝑛 |(−∞,𝑡]. The conformal Markov
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property of whole-plane SLE𝜅(2) implies that 𝜂𝜅𝑛 , conditioned on the event {𝑆𝜅𝑛 < 1}, has the law
of a whole-plane SLE𝜅𝑛

(2) from 0 to ∞ conditioned on the event {𝑆𝜅𝑛 < 1}.
Let𝐺𝜅

𝑡 ∶ 𝐃 → 𝐃 be the unique conformal transformation such that𝐺𝜅
𝑡 (𝜓𝜅(∞)) = −𝑖𝑊𝜅

𝑡 (𝑂𝜅
𝑡 )−1,

𝐺𝜅
𝑡 (𝑖) = 𝑖 and𝐺𝜅

𝑡 (−𝑖) = −𝑖. The above observations imply that (𝐹𝜅𝑛 )−1 ◦ (𝐺
𝜅𝑛
𝑡 )−1 converges locally

uniformly to (𝐹4)−1 ◦ (𝐺4
𝑡 )−1 as 𝑛 → ∞ a.s. We also consider the conformal transformation 𝜓𝜅

𝑡 ∶

𝐂 ⧵ (𝐵(0, 𝑒𝑡) ∪ 𝑓𝜅
𝑡 (𝜂𝜅|[𝑡,∞))) → 𝐂 ⧵ 𝐵(0, 𝑒𝑡), where

𝜓𝜅
𝑡 (𝑧) =

−𝑖𝑒𝑡𝑊𝜅
𝑡

(𝐺𝜅
𝑡 ◦𝐹𝜅)

(
−

𝑖𝑒𝑡𝑊𝜅
𝑡

𝑧

) ,

and 𝑓𝜅
𝑡 ∶ 𝐂 ⧵ 𝜂𝜅((−∞, 𝑡]) → 𝐂 ⧵ 𝐵(0, 𝑒𝑡) is the conformal transformation given by 𝑓𝜅

𝑡 (𝑧) =

𝑒𝑡g𝜅
𝑡 (𝑧). Moreover, we set 𝜃𝜅 = − arg(𝑂𝜅

𝑡 (𝑊𝜅
𝑡 )−1)∕2 and we consider the conformal map 𝜔𝜅

𝑡 ∶

𝐂 ⧵ 𝐵(0, 𝑒𝑡) → 𝐇 given by

𝜔𝜅
𝑡 (𝑧) =

𝑒𝑡𝑒
−𝑖𝜃𝜅

𝑡

𝑧
− 𝑒

𝑖𝜃𝜅
𝑡

𝑊𝜅
𝑡

𝑒𝑡

𝑧
− 1

𝑊𝜅
𝑡

.

Since (𝑂𝜅𝑛 , 𝑊𝜅𝑛 ) converges locally uniformly on (−∞, 𝑡] to (𝑂4, 𝑊4) as 𝑛 → ∞ a.s., deterministic
estimates for the whole-plane Loewner equation imply that (𝑓

𝜅𝑛
𝑡 )−1 converges to (𝑓4

𝑡 )−1 locally
uniformly as 𝑛 → ∞. Therefore, we obtain that the inverse of 𝜔

𝜅𝑛
𝑡 ◦ 𝜓

𝜅𝑛
𝑡 ◦ 𝑓

𝜅𝑛
𝑡 converges to the

inverse of 𝜔4
𝑡 ◦ 𝜓4

𝑡 ◦ 𝑓4
𝑡 locally uniformly as 𝑛 → ∞ a.s.

Since 𝜂𝜅((−∞, 𝑡]) has conformal radius 𝑒𝑡, by applying [11, Proposition 9.11], we obtain that
𝜂𝜅((−∞, 𝑡]) ⊆ 𝐵(0, 4𝑒𝑡). Also, 𝜂𝜅|[𝑡,∞) has the law of a radial SLE𝜅(2) in 𝐂 ⧵ 𝜂𝜅((−∞, 𝑡]) and since
radial SLE𝜅(2) does not hit fixed points for 𝜅 ∈ (0, 4], we obtain that 𝑖 ∉ (

⋃
𝑛∈𝐍 𝜂𝜅𝑛 ((−∞, 𝑡])) ∪

𝜂4((−∞, 𝑡]), a.s. for all 𝑡 sufficiently small. Therefore, the maps 𝜙𝜅 are well defined and
Im((𝜔

𝜅𝑛
𝑡 ◦ 𝜓

𝜅𝑛
𝑡 ◦ 𝑓

𝜅𝑛
𝑡 )(𝑖)) → Im((𝜔4

𝑡 ◦ 𝜓4
𝑡 ◦ 𝑓4

𝑡 )(𝑖)) as 𝑛 → ∞. Finally, we observe that

𝜙𝜅(𝑧) =
(𝜔𝜅

𝑡 ◦ 𝜓𝜅
𝑡 ◦ 𝑓𝜅

𝑡 )(𝑧)

Im((𝜔𝜅
𝑡 ◦ 𝜓𝜅

𝑡 ◦ 𝑓𝜅
𝑡 )(𝑖))

,

and so (𝜙𝜅𝑛 )−1 converges to (𝜙4)−1 locally uniformly as 𝑛 → ∞ a.s. Since the sequence (𝜅𝑛) was
arbitrary, the proof is done. □

3.2 Convergence of quantum surfaces

Most of this subsection is dedicated to proving the following.

Proposition 3.8. Suppose that (𝒞, ℎ, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=2 has the first exit parameterization

and let 𝜂 be an independent whole-plane SLE4(2) in𝒞, from−∞ to+∞. Then the quantum surface
parameterized by𝒞 ⧵ 𝜂 has law 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=2 .

Proposition 3.8 is the key result needed in proving Theorem 3.1, and before proving it, we show
how to use it to deduce Theorem 3.1.
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Proof of Theorem 3.1. Let 𝜙∗ ∶ 𝒞 ⧵ 𝜂1 → 𝒮 be a conformal map with 𝜙∗(−∞) = −∞,
𝜙∗(+∞) = +∞ and set ℎ∗ = ℎ ◦ 𝜙−1

∗ + 2 log |(𝜙−1
∗ )′| and 𝑇∗ = inf {𝑡 ∈ 𝐑 ∶ ℎ∗

1
(𝑡) = 0}, where ℎ∗

1

is the projection of ℎ∗ on 𝐻1(𝒮). Then, writing ℎ̂∗ = ℎ∗(⋅ + 𝑇∗), Proposition 3.8 implies that
(𝒮, ℎ̂∗, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=2 . We note that conditional on 𝜂1, 𝜂 = 𝜙∗(𝜂2) has the law of an
SLE4 from−∞ to+∞ in𝒮. Moreover, by the scale invariance of SLE4, the law of 𝜂 + 𝑇∗ is that of
an SLE4 process as well.
For 𝑗 = 1, 2, we set 𝐷̂𝑗 = 𝜙∗(𝐷𝑗) + 𝑇∗ and let 𝜓𝑗 ∶ 𝐷̂𝑗 → 𝒮 be a conformal transforma-

tion such that 𝜓𝑗(−∞) = −∞ and 𝜓𝑗(+∞) = +∞. By Theorem 2.8, (𝐷̂1, ℎ̂∗|𝐷̂1
, −∞, +∞)

and (𝐷̂2, ℎ̂∗|𝐷̂2
, −∞, +∞) are independent quantum surfaces, and hence, the same is

true for (𝐷1, ℎ|𝐷1
, −∞, +∞) and (𝐷2, ℎ|𝐷2

, −∞, +∞) as well. Furthermore, if we for 𝑗 =

1, 2 parameterize ℎ̂∗ ◦ 𝜓−1
𝑗

+ 2 log |(𝜓−1
𝑗

)′| to have the first exit parameterization, then
(𝒮, ℎ̂∗ ◦ 𝜓−1

𝑗
+ 2 log |(𝜓−1

𝑗
)′|, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=2

𝜸=2 . Finally, letting 𝜑𝑗 ∶ 𝐷𝑗 → 𝒮 be the con-
formal map defined by 𝜑𝑗(𝑧) = 𝜓𝑗(𝜙∗(𝑧) − 𝑇∗), we have that ℎ̂∗ ◦ 𝜓−1

𝑗
+ 2 log |(𝜓−1

𝑗
)′| =

ℎ ◦ 𝜑−1
𝑗

+ 2 log |(𝜑−1
𝑗

)′|. Thus, the proof is complete. □

Wenow turn to the proof of Proposition 3.8. For 𝛾 ∈ (0, 2], we let (𝒞, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=𝛾

and 𝜂𝛾 be a whole-plane SLE𝜅(2) from −∞ to +∞ in 𝒞, where 𝜅 = 𝛾2. For each 𝛾 ∈ (0, 2), we
know that the surface parameterized by 𝒞 ⧵ 𝜂𝛾 has law 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=𝛾 . In proving Proposition 3.8,
we shall take a limit as 𝛾 → 2 and show that the limiting object has law 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=𝛾 . The main
hurdle in proving it is to make sure that the conformal maps embedding the quantum surfaces
into𝒮 do not degenerate as 𝛾 → 2. We shall be more precise. Let 𝜙𝛾 be the unique conformal map
from𝒞 ⧵ 𝜂𝛾 to𝒮, fixing±∞ and such thatRe(𝜙𝛾( 𝑖𝜋

2
)) = 0. Then, by the Skorokhod representation

theorem and Proposition 3.2 (as well as composing and precomposing with log 𝑧), one can find
a coupling in which 𝜙𝛾 → 𝜙2 locally uniformly as 𝛾 → 2. However, the maps 𝜙𝛾 do not specify a
certain embedding of the resulting quantum surfaces. So, if we want each of them to have the first
exit parameterization, we need to translate them properly. Here is where the problem can arise:
we must prove that the first hitting time of 0 for the average on vertical lines process does not go
to infinity as 𝛾 → 2.
Throughout this section, we fix some 𝜙 ∈ 𝐶∞

0
(𝒮) with ∫𝒮 𝜙(𝑧)𝑑𝑧 = 1. One of the key ingre-

dients in the proof of Proposition 3.8 is that for fixed 𝑐0, we can find 𝑐1 > 0 such that with
sufficiently high probability, {𝑥 ∈ 𝐑 ∶ |(ℎ𝛾(⋅ + 𝑥), 𝜙)| ∈ [−𝑐0, 𝑐0]} ⊆ [−𝑐1, 𝑐1], see Lemma 3.12.
This gives the tightness of the law of the first hitting time of 0 for the average on vertical lines
processes corresponding to the surfaces embedded into 𝒮 by the maps 𝜙𝛾 above and ensures that
the conformal maps embedding the surfaces according to the first exit parameterization do not
degenerate.
We begin by proving a variance bound for a free boundary GFF ℎ (Lemma 3.9), which we will

use to prove that |(ℎ2, 𝜙(⋅ − 𝑥))| and |(ℎ𝛾
1
, 𝜙(⋅ − 𝑥)) − 𝛼𝛾𝑥| (where 𝛼𝛾 = 4∕𝛾 − 𝛾∕2) do not grow

too quickly in 𝑥 (Lemmas 3.10 and 3.11). This immediately gives Lemma 3.12.

Lemma 3.9. Let ℎ be a free boundary GFF on the strip𝒮 with the additive constant fixed so that its
average over {0} × [0, 𝜋] is equal to 0. Then there exists a finite constant 𝐶𝜙 > 0, depending only on
𝜙, such that

var[(ℎ, 𝜙(⋅ + 𝑥)) − (ℎ, 𝜙(⋅ + 𝑦))] ⩽ 𝐶𝜙|𝑥 − 𝑦|, for all 𝑥, 𝑦 ∈ 𝐑.



REGULARITY OF THE SLE4 UNIFORMIZINGMAP AND THE SLE8 TRACE 27 of 106

Proof. Set 𝐾 = supp(𝜙), 𝑟 = dist(𝐾, 𝜕𝒮)∕2 > 0, and 𝐾1 = {𝑧 ∈ 𝒮 ∶ dist(𝑧, 𝐾) ⩽ 𝑟}. Fix 𝑥, 𝑦 ∈ 𝐑

and suppose first that |𝑥 − 𝑦| ⩾ 𝑟. Let ℎ1 (resp. ℎ2) be the projection of ℎ to 𝐻1(𝒮) (resp. 𝐻2(𝒮))
and note that var[(ℎ, 𝜙)] < ∞. Note also that (ℎ1( 𝑢

2
))𝑢∈𝐑 has the law of a two-sided standard

Brownian motion with ℎ1(0) = 0. Then, we have that var[(ℎ, 𝜙(⋅ + 𝑥)) − (ℎ, 𝜙(⋅ + 𝑦))] is at most

3(var[(ℎ, 𝜙(⋅ + 𝑥)) − ℎ1(𝑥)] + var[ℎ1(𝑥) − ℎ1(𝑦)] + var[(ℎ, 𝜙(⋅ + 𝑦)) − ℎ1(𝑦)]).

Note that, sinceℎ2 is translation invariant, the first and third terms of the above sumare both equal
to var[(ℎ, 𝜙)]. Moreover, var[ℎ1(𝑥) − ℎ1(𝑦)] = 2|𝑥 − 𝑦|, and thus, setting 𝐶 = 2 + 2var[(ℎ, 𝜙)]∕𝑟,
we have

var[(ℎ, 𝜙(⋅ + 𝑥)) − (ℎ, 𝜙(⋅ + 𝑦))] ⩽ 𝐶|𝑥 − 𝑦|.
Now suppose that |𝑥 − 𝑦| ⩽ 𝑟. Then, by doing a change of variables and using that for 𝑢 ∈ 𝐑,
𝐺N

𝐇
(𝑒𝑧−𝑢, 𝑒𝑤−𝑢) = 2𝑢 + 𝐺N

𝐇
(𝑒𝑧, 𝑒𝑤), we have that

var[(ℎ, 𝜙(⋅ + 𝑥)) − (ℎ, 𝜙(⋅ + 𝑦))]

= ∫𝒮 ∫𝒮 𝐺N
𝐇(𝑒𝑧, 𝑒𝑤)(𝜙(𝑧 + 𝑥) − 𝜙(𝑧 + 𝑦))(𝜙(𝑤 + 𝑥) − 𝜙(𝑤 + 𝑦))𝑑𝑧𝑑𝑤

= 2(𝑥 − 𝑦)∫𝐾1
∫𝐾1

𝜙(𝑧)(𝜙(𝑤) − 𝜙(𝑤 + 𝑦 − 𝑥))𝑑𝑧𝑑𝑤

+ ∫𝐾1
∫𝐾1

𝐺N
𝐇(𝑒𝑧, 𝑒𝑤)𝜙(𝑧)(2𝜙(𝑤) − 𝜙(𝑤 + 𝑦 − 𝑥) − 𝜙(𝑤 + 𝑥 − 𝑦))𝑑𝑧𝑑𝑤.

Then, the result follows by noting that ∫𝐾1
∫𝐾1

|𝐺N
𝐇

(𝑒𝑧, 𝑒𝑤)|𝑑𝑧𝑑𝑤 < ∞ and that |𝜙(𝑧) − 𝜙(𝑤)| ⩽‖𝜙′‖∞|𝑧 − 𝑤| for any 𝑧, 𝑤 ∈ 𝒮. □

We now prove the bound on the growth rate of |(ℎ2, 𝜙(⋅ + 𝑥))|.
Lemma 3.10. Let ℎ be a free boundary GFF on 𝒮 with additive constant fixed as in the previous
lemmaand letℎ = ℎ1 + ℎ2 be its decomposition as above. Fix 𝛿 > 0. Then there a.s. exists a (random)
constant 𝐶 > 0 such that

|(ℎ2, 𝜙(⋅ + 𝑥))| ⩽ 𝐶(|𝑥| 1
2

+𝛿 + 1), for all 𝑥 ∈ 𝐑.

Proof. We begin by noting that if we let 𝑌𝑥 = (ℎ, 𝜙(⋅ + 𝑥)), then by Lemma 3.9 and the Sudakov–
Fernique inequality,

𝐄

[
sup

0⩽𝑡⩽𝑇
𝑌𝑡

]
⩽ 𝐶𝐄

[
sup

0⩽𝑡⩽𝑇
𝐵𝑡

]
⩽ 𝐶

√
𝑇,

where 𝐵𝑡 is a Brownian motion, where the last inequality follows by Brownian scaling and since
𝐄[sup0⩽𝑡⩽1 𝐵𝑡] is finite. By applying the same argument to the Gaussian process (−𝑌𝑡)0⩽𝑡⩽𝑇 , we
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obtain the same upper bound but with𝑌 replaced by−𝑌. Consequently, byMarkov’s inequality,

𝐏

[
sup

0⩽𝑡⩽𝑇
|𝑌𝑡| > 𝑇

1
2

+𝛿

]
⩽ 𝐶𝑇−𝛿. (3.5)

By the Borel–Cantelli lemma, applied to the sequence of events {sup0⩽𝑡⩽2𝑘 |𝑌𝑡| > 2𝑘( 1
2

+𝛿)}

(since (3.5) implies that the sum of the probabilities of those events is finite), we have that there
a.s. exists a random 𝑛0 ∈ 𝐍 such that for all 𝑛 ⩾ 𝑛0, sup0⩽𝑡⩽2𝑛 |𝑌𝑡| ⩽ 2𝑛( 1

2
+𝛿). Thus, we see that

there exists some random, a.s. finite constant 𝐶 > 0 such that

|𝑌𝑡| ⩽ 𝐶(|𝑡| 1
2

+𝛿 + 1), for all 𝑡 ∈ 𝐑.

Finally, the law of the iterated logarithm implies that there exists a finite random constant 𝐶1 > 0

such that

|ℎ1(𝑡)| ⩽ 𝐶1(|𝑡| 1
2

+𝛿 + 1), for all 𝑡 ∈ 𝐑,

and since |(ℎ2, 𝜙(⋅ + 𝑥))| ⩽ |(ℎ, 𝜙(⋅ + 𝑥))| + |(ℎ1, 𝜙(⋅ + 𝑥))| for each𝑥 ∈ 𝐑, the claimof the lemma
follows. □

Next is the corresponding bound for ℎ
𝛾
1
rather than ℎ

𝛾
2
.

Lemma 3.11. Fix 𝛾 ∈ [1, 2] and let (𝒮, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4
𝜸=𝛾 have the first exit param-

eterization and set 𝛼𝛾 = 4

𝛾
−

𝛾

2
. Let ℎ

𝛾
1
be the projection of ℎ𝛾 to 𝐻1(𝒮). Then for all 𝜖 ∈ (0, 1)

and 𝛿 ∈ (0, 1), there exists a finite deterministic constant 𝐶 > 0 independent of 𝛾 such that with
probability at least 1 − 𝜖, we have that

|(ℎ𝛾
1
, 𝜙(⋅ − 𝑥)) − 𝛼𝛾𝑥| ⩽ 𝐶(|𝑥| 1

2
+𝛿 + 1), for all 𝑥 ∈ 𝐑.

Proof. Note that ℎ
𝛾
1
can be sampled as follows: Let 𝐵, 𝐵 be two independent standard Brownian

motions starting from 0 and set

𝑇𝛾 = sup{𝑡 ⩾ 0 ∶ 𝐵2𝑡 − 𝛼𝛾𝑡 = 0}.

𝑇𝛾 is well defined since 𝛼𝛾 > 0 and hence 𝐵2𝑡 − 𝛼𝛾𝑡 → −∞ as 𝑡 → +∞, a.s. We consider the pro-
cess 𝑌

𝛾
𝑡 = 𝐵2(𝑇𝛾+𝑡) − 𝛼𝛾(𝑡 + 𝑇𝛾) for 𝑡 ⩾ 0. Then we set ℎ

𝛾
1
(𝑡) to be equal to 𝐵2𝑡 + 𝛼𝛾𝑡 for 𝑡 ⩾ 0 and

equal to 𝑌
𝛾
−𝑡 for 𝑡 ⩽ 0. We also let ℎ2 be given by the projection to 𝐻2(𝒮) of a free boundary GFF

on 𝒮 that is independent of 𝐵 and 𝐵.
We have thus constructed a coupling of (ℎ𝛾)𝛾∈[1,2] by setting ℎ𝛾 = ℎ

𝛾
1

+ ℎ2. We claim that under
this coupling, a.s. there exists a random finite constant 𝐶 > 0 such that

sup
𝛾∈[1,2]

|ℎ𝛾
1
(𝑢) − 𝛼𝛾𝑢| ⩽ 𝐶(|𝑢| 1

2
+𝛿 + 1), for all 𝑢 ∈ 𝐑.

Indeed, we note that the law of the iterated logarithm implies that a.s. we can find a random finite
constant 𝐶1 > 0 such that

max(|𝐵2𝑡|, |𝐵2𝑡|) ⩽ 𝐶1(|𝑡| 1
2

+𝛿 + 1), for all 𝑡 ⩾ 0.
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Note also that 1 = 𝛼2 ⩽ 𝛼𝛾 ⩽ 𝛼1 = 7∕2 for all 𝛾 ∈ [1, 2] and so 𝑇2 ⩾ 𝑇𝛾 ⩾ 𝑇1. By enlarging 𝐶1 if
necessary, we can assume that 𝛼𝛾𝑇𝛾 < 4𝑇2 ⩽ 𝐶1, for all 𝛾 ∈ [1, 2] and since ℎ

𝛾
1
(𝑢) − 𝛼𝛾𝑢 = 𝐵2𝑢 for

𝑢 ⩾ 0 and ℎ
𝛾
1
(𝑢) − 𝛼𝛾𝑢 = 𝐵2(𝑇𝛾−𝑢) − 𝛼𝛾𝑇𝛾 for 𝑢 ⩽ 0, there exists a finite random constant 𝐶2 > 0

such that

|ℎ𝛾
1
(𝑢) − 𝛼𝛾𝑢| ⩽ 𝐶2(|𝑢| 1

2
+𝛿 + 1), for all 𝑢 ∈ 𝐑.

Since 𝛼𝛾𝑢 = ∫𝒮 𝛼𝛾𝑢𝜙(𝑧 − 𝑢)𝑑𝑧 for 𝑢 ∈ 𝐑, we obtain that we can find 𝐶 > 0 independent of 𝛾 ∈

[1, 2] such that with probability at least 1 − 𝜖, we have that

sup
𝛾∈[1,2]

|(ℎ𝛾
1
, 𝜙(⋅ − 𝑢)) − 𝛼𝛾𝑢| ⩽ 𝐶(|𝑢| 1

2
+𝛿 + 1), for all 𝑢 ∈ 𝐑,

under the coupling we have constructed. Thus, the proof is done. □

We now deduce the key to the tightness needed in the proof of Proposition 3.8.

Lemma 3.12. Fix 𝜖 ∈ (0, 1) and 𝑐0 > 0. Then there exists a constant 𝑐1 > 0 such that the fol-
lowing is true for all 𝛾 ∈ [1, 2]. Suppose that (𝒮, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=𝛾 has the first exit
parameterization, where 𝛼𝛾 is as in Lemma 3.11. Then,

𝐏[{𝑥 ∈ 𝐑 ∶ (ℎ𝛾(⋅ + 𝑥), 𝜙) ∈ [−𝑐0, 𝑐0]} ⊆ [−𝑐1, 𝑐1]] ⩾ 1 − 𝜖.

Proof. Fix 𝜖 ∈ (0, 1) and 𝛿 ∈ (0, 1

2
). Then by Lemma 3.10 and Lemma 3.11, we obtain that there

exists a finite constant 𝐶1 > 0 independent of 𝛾 ∈ [1, 2] such that with probability at least 1 − 𝜖,

|(ℎ𝛾(⋅ + 𝑢), 𝜙) − 𝛼𝛾𝑢| ⩽ |(ℎ𝛾
1
(⋅ + 𝑢), 𝜙) − 𝛼𝛾𝑢| + |(ℎ𝛾

2
(⋅ + 𝑢), 𝜙)| ⩽ 𝐶1(|𝑢| 1

2
+𝛿 + 1).

Hence, by the reverse triangle inequality

|𝑢| 1
2

−𝛿
⩽ 4𝐶1 +

|(ℎ𝛾(⋅ + 𝑢), 𝜙)||𝑢| 1
2

+𝛿
⩽ 4𝐶1 + |(ℎ𝛾(⋅ + 𝑢), 𝜙)|, for all |𝑢| ⩾ 1.

By setting 𝑐1 = max
{

1, (4𝐶1 + 𝑐0)

1
1
2

−𝛿
}
, the result follows. □

Before finally proving Proposition 3.8, we prove that the distributions of the corresponding
quantum surfaces converge weakly in law.

Lemma 3.13. Let 𝒞 be the infinite cylinder and for 𝛾 ∈ (0, 2], let (𝒞, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=𝛾

have the first exit parameterization. Then the law of ℎ𝛾 on 𝐻−1
loc(𝒞) converges weakly as 𝛾 ↑ 2 to

the law of ℎ2. The same holds if we instead consider (𝒮, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4
𝜸=𝛾 with the first

exit parameterization.

Proof. We prove the claim only in the case of quantum cones, and the proof of the other case is
similar. We will construct a coupling of (ℎ𝛾)𝛾∈(0,2] such that ℎ𝛾 → ℎ2 as 𝛾 ↑ 2 in 𝐻−1

loc(𝒞) a.s. and
that will complete the proof of the lemma.
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Let ℎ2 be the projection of a free boundary GFF on 𝒞 (with the additive constant fixed so that
its average over {0} × [0, 2𝜋] is equal to zero) to the space of distributions that have mean zero on
vertical lines. Let also 𝐵, 𝐵 be two independent standard Brownianmotions with 𝐵0 = 𝐵0 = 0 and
such that they are both independent of ℎ2. Set 𝛼𝛾 = 2∕𝛾 and 𝑇𝛾 = sup{𝑡 ⩾ 0 ∶ 𝐵𝑡 − 𝛼𝛾𝑡 = 0} < ∞

and consider the process 𝑌
𝛾
𝑢 = 𝐵𝑇𝛾+𝑢 − 𝛼𝛾(𝑢 + 𝑇𝛾) for 𝑢 ⩾ 0. We also consider the process 𝑋𝛾

indexed by 𝐑 given by 𝑋
𝛾
𝑢 = 𝐵𝑢 + 𝛼𝛾𝑢 for 𝑢 ⩾ 0 and 𝑋

𝛾
𝑢 = 𝑌

𝛾
−𝑢 for 𝑢 ⩽ 0.

We sample ℎ𝛾 by setting its projection to𝐻1(𝒞) to be equal to 𝑋𝛾 and its projection to𝐻2(𝒞) to
be equal to ℎ2. Note that in the coupling we have constructed, 𝑇𝛾 → 𝑇2 a.s., as 𝛾 ↑ 2 and thus a.s.
𝑋𝛾 → 𝑋2 uniformly on compact subsets of 𝐑, as 𝛾 ↑ 2. Therefore, we obtain that a.s., ℎ𝛾 → ℎ2 in
𝐻−1
loc(𝒞) as 𝛾 ↑ 2. □

Finally, we can prove Proposition 3.8, which will be used to deduce Theorem 3.1. Here, we will
need Proposition 3.2.

Proof of Proposition 3.8. Step 1. Setup. For 𝛾 ∈ (0, 2], we let (𝒞, ℎ𝛾, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=𝛾 have

the first exit parameterization and let 𝜂𝛾 be a whole-plane SLE𝜅(2) from −∞ to +∞ where 𝜅 =

𝛾2 ∈ (0, 4]. Let 𝜙𝛾 be the unique conformal map from 𝒞 ⧵ 𝜂𝛾 to the strip 𝒮 fixing −∞ and +∞

and such that Re(𝜙𝛾(𝑖𝜋∕2)) = 0. We set

ℎ̃𝛾 = ℎ𝛾◦𝜙−1
𝛾 + 𝑄𝛾 log |(𝜙−1

𝛾 )′|,
and we let ℎ̃

𝛾
1
(resp. ℎ̃𝛾

2
) be the projection of ℎ̃𝛾 to 𝐻1(𝒮) (resp. 𝐻2(𝒮)). We also set

𝑋𝛾 = inf {𝑥 ∈ 𝐑 ∶ (ℎ̃𝛾(⋅ + 𝑥), 𝜙) = 0}, 𝑌𝛾 = inf {𝑦 ∈ 𝐑 ∶ ℎ̃
𝛾
1
(𝑦) = 0}.

We note that (𝜂𝛾, 𝜙𝛾) can be sampled as follows. Let 𝜂𝛾 be a whole-plane SLE𝜅(2) in 𝐂 from 0
to ∞ and let 𝜙𝛾 be the unique conformal map from 𝐂 ⧵ 𝜂𝛾 to 𝐇 that fixes 0 and ∞ and satisfies
Im(𝜙𝛾(𝑖)) = 1. We also consider the conformal map 𝜓(𝑧) = log 𝑧 from 𝐂 to the cylinder 𝒞. Then
𝜂𝛾 = 𝜓(𝜂𝛾) has the law of a whole-plane SLE𝜅(2) in𝒞 from −∞ to +∞ and

𝜙𝛾(𝑧) = (𝜓◦𝜙𝛾◦𝜓−1)(𝑧) − Re((𝜓◦𝜙𝛾◦𝜓−1)(𝑖𝜋∕2))

is the unique conformalmap from𝒞 ⧵ 𝜂𝛾 to𝒮 fixing−∞ and+∞ and such thatRe(𝜙𝛾(𝑖𝜋∕2)) = 0.
Step 2. Convergence of ℎ𝛾 and 𝜙𝛾. Fix a sequence (𝛾𝑛) in (0,2) such that 𝛾𝑛 → 2 as 𝑛 → ∞.

Then the Skorokhod representation theorem combined with Proposition 3.2 implies that we
can find a coupling of (𝜂𝛾𝑛 ) such that 𝜙𝛾𝑛

→ 𝜙2 as 𝑛 → ∞ locally uniformly a.s. This implies
that 𝜓 ◦ 𝜙𝛾𝑛

◦ 𝜓−1 → 𝜓 ◦ 𝜙2 ◦ 𝜓−1 locally uniformly and 𝜙𝛾𝑛
(𝑖) → 𝜙2(𝑖) as 𝑛 → ∞ a.s. Hence,

𝜙𝛾𝑛
→ 𝜙2 locally uniformly as 𝑛 → ∞ a.s. under this coupling. By Lemma 3.13, we can find a

coupling of (ℎ𝛾𝑛 ) and ℎ2 such that ℎ𝛾𝑛 → ℎ2 as 𝑛 → ∞ in 𝐻−1
loc(𝒞) a.s. By the Skorokhod repre-

sentation theorem, we can find a coupling of (ℎ𝛾𝑛 , 𝜂𝛾𝑛 ) and (ℎ2, 𝜂2) such that a.s., ℎ𝛾𝑛 → ℎ2 in
𝐻−1
loc(𝒞) and 𝜙𝛾𝑛

→ 𝜙2 locally uniformly as 𝑛 → ∞.
Step 3. Tightness of (𝑋𝛾𝑛 ) and (𝑌𝛾𝑛 ). Next, we claim that (𝑋𝛾𝑛 ) and (𝑌𝛾𝑛 ) are tight sequences.

Indeed, we first observe that under the above coupling, we have that ℎ̃𝛾𝑛 → ℎ̃2 as distributions
as 𝑛 → ∞, that is, (ℎ̃𝛾𝑛 , g) → (ℎ̃2, g) as 𝑛 → ∞ for all g ∈ 𝐶∞

0
(𝒮) a.s. Consider the random dis-

tribution ℎ̂𝛾 = ℎ̃𝛾(⋅ + 𝑌𝛾) with 𝛾 ∈ (0, 2). By Theorem 2.7, (𝒮, ℎ̂𝛾, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4
𝜸=𝛾 with

the first exit parameterization.
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For 𝑀 ∈ (0, ∞), 𝛾 ∈ (0, 2), we set

𝑑𝛾,𝑀 = diam{𝑥 ∈ 𝐑 ∶ (ℎ̃𝛾(⋅ + 𝑥), 𝜙) ∈ [−𝑀, 𝑀]} = diam{𝑥 ∈ 𝐑 ∶ (ℎ̂𝛾(⋅ + 𝑥), 𝜙) ∈ [−𝑀, 𝑀]}.

Fix 𝜖 ∈ (0, 1). The a.s. convergence of (ℎ̃𝛾𝑛 , 𝜙) as 𝑛 → ∞ under the specific coupling implies that
its law is tight, and so, there exists 𝑀 ∈ (0, ∞) such that 𝐏[(ℎ̃𝛾𝑛 , 𝜙) ∈ [−𝑀, 𝑀]] ⩾ 1 − 𝜖 for all
𝑛 ∈ 𝐍. Lemma 3.12 implies that there exists 𝑁 ∈ (0, ∞) such that

𝐏[{𝑥 ∈ 𝐑 ∶ (ℎ̂𝛾𝑛 (⋅ + 𝑥), 𝜙) ∈ [−𝑀, 𝑀]} ⊆ [−𝑁, 𝑁]] ⩾ 1 − 𝜖,

for all 𝑛 ∈ 𝐍. Note that if the above event holds, we have that 𝑑𝛾𝑛,𝑀 ⩽ 2𝑁 and so 𝐏[𝑑𝛾𝑛,𝑀 ⩽ 2𝑁] ⩾

1 − 𝜖, for all 𝑛 ∈ 𝐍. Moreover, we observe that if 𝑑𝛾𝑛,𝑀 ⩽ 2𝑁 and (ℎ̃𝛾𝑛 , 𝜙) ∈ [−𝑀, 𝑀], then 𝑋𝛾𝑛 ∈

[−2𝑁, 2𝑁] since (ℎ̃𝛾𝑛 (⋅ + 𝑋𝛾𝑛 ), 𝜙) = 0. Hence,𝑋𝛾𝑛 ∈ [−2𝑁, 2𝑁]with probability at least 1 − 2𝜖 for
all 𝑛 ∈ 𝐍. This shows that (𝑋𝛾𝑛 ) is tight. Also, if 𝑋𝛾 = inf {𝑥 ∈ 𝐑 ∶ (ℎ̂𝛾(⋅ + 𝑥), 𝜙) = 0} and {𝑥 ∈

𝐑 ∶ (ℎ̂𝛾(⋅ + 𝑥), 𝜙) ∈ [−𝑀, 𝑀]} ⊆ [−𝑁, 𝑁], then 𝑋𝛾 ∈ [−𝑁, 𝑁], so 𝐏[𝑋𝛾𝑛 ∈ [−𝑁, 𝑁]] ⩾ 1 − 𝜖, for
all 𝑛 ∈ 𝐍. Since 𝑋𝛾 = 𝑋𝛾 − 𝑌𝛾, we have that (𝑋𝛾𝑛 − 𝑌𝛾𝑛 ) is tight and so (𝑌𝛾𝑛 ) is also tight.
Step 4. Tightness of (ℎ̃𝛾𝑛 ). Next, we show that (ℎ̃𝛾𝑛 ) is tight in 𝐻−1

loc(𝒮). Suppose that we have
the above coupling. Lemma 3.13 and the fact that 𝐻−1

loc(𝒮) is separable and complete imply
that (ℎ̂𝛾𝑛 ) is tight, and so, for fixed 𝜖 ∈ (0, 1), we can find a compact subset 𝐾 of 𝐻−1

loc(𝒮) such
that 𝐏[ℎ̂𝛾𝑛 ∈ 𝐾] ⩾ 1 − 𝜖, for all 𝑛 ∈ 𝐍. We can also find 𝑀 > 0 such that 𝐏[𝑌𝛾𝑛 ∈ [−𝑀, 𝑀]] ⩾

1 − 𝜖. We consider 𝐾 to be the set of ℎ ∈ 𝐻−1
loc(𝒮) such that ℎ = 𝜓(⋅ + 𝑥) for some 𝜓 ∈ 𝐾 and

𝑥 ∈ [−𝑀, 𝑀]. We show that 𝐾 is sequentially compact and hence a compact set. Fix (ℎ𝑛) in 𝐾

with ℎ𝑛 = 𝜓𝑛(⋅ + 𝑥𝑛) for 𝜓𝑛 ∈ 𝐾, 𝑥𝑛 ∈ [−𝑀, 𝑀]. By passing to subsequences if necessary, we can
assume that 𝜓𝑛 → 𝜓 in 𝐻−1

loc(𝒮) and 𝑥𝑛 → 𝑥 as 𝑛 → ∞ for some 𝜓 ∈ 𝐾 and 𝑥 ∈ [−𝑀, 𝑀]. Let 𝐷

be a simply connected set that is compactly contained in 𝒮. Let also (𝑓𝑛) and (𝜆𝑛) be the eigen-
functions and eigenvalues of the Laplace operator on 𝐷 as in Section 2.5, and let g𝑛 = 𝜆

−1∕2
𝑛 𝑓𝑛 be

the orthonormal basis of 𝐻0(𝐷). Then, it is easy to see that ‖ℎ𝑛 − ℎ‖𝐻−1(𝐷) ⩽ ‖𝜓𝑛 − 𝜓‖𝐻−1(𝐷) +‖𝜓(⋅ + 𝑥𝑛) − 𝜓(⋅ + 𝑥)‖𝐻−1(𝐷), where ℎ = 𝜓(⋅ + 𝑥). Note that we have that 𝜓 = (g , ⋅)∇, where g =∑
𝑚⩾1(ℎ, g𝑚)g𝑚 ∈ 𝐻0(𝐷) and the convergence is taken with respect to 𝐻0(𝐷). This follows from

the fact that
∑

𝑚⩾1(ℎ, 𝑓𝑚)2𝜆−1
𝑚 < ∞. Hence, we have that 𝜓(⋅ + 𝑥𝑛) = (g(⋅ + 𝑥𝑛), ⋅)∇ and 𝜓(⋅ +

𝑥) = (g(⋅ + 𝑥), ⋅)∇ for all 𝑛. It follows that ‖𝜓(⋅ + 𝑥𝑛) − 𝜓(⋅ + 𝑥)‖∇ = ‖g(⋅ + 𝑥𝑛) − g(⋅ + 𝑥)‖∇ for
all 𝑛. It is not hard to see that ‖g(⋅ + 𝑥𝑛) − g(⋅ + 𝑥)‖∇ converges to 0 as 𝑛 → ∞ by the continuity
of the Dirichlet inner product with respect to translations.
Hence, we obtain that ℎ𝑛 → ℎ in𝐻−1

loc(𝒮) as 𝑛 → ∞ and clearly ℎ ∈ 𝐾, so𝐾 is compact. We also
observe that if ℎ̂𝛾𝑛 ∈ 𝐾 and𝑌𝛾𝑛 ∈ [−𝑀, 𝑀], then ℎ̃𝛾𝑛 ∈ 𝐾 and so this proves the claimof tightness.
Step 5. Convergence of quantum wedges. The above imply that (ℎ̃𝛾𝑛 , 𝑋𝛾𝑛 , 𝑌𝛾𝑛 ) is tight, so by

passing to a subsequence if necessary, we can assume that we can find a coupling such that
(ℎ̃𝛾𝑛 , 𝑋𝛾𝑛 , 𝑌𝛾𝑛 ) → (ℎ̃, 𝑋, 𝑌) a.s. in𝐻−1

loc(𝒮) × 𝐑 × 𝐑. By applying similar arguments, we obtain that
ℎ̃𝛾𝑛 (⋅ + 𝑌𝛾𝑛 ) → ℎ̃(⋅ + 𝑌) in 𝐻−1

loc(𝒮) as 𝑛 → ∞ a.s. and so (𝒮, ℎ̃(⋅ + 𝑌), −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4
𝜸=2

with the first exit parameterization. Note also that 𝑌 = inf {𝑦 ∈ 𝐑 ∶ ℎ̃1(𝑦) = 0}, where ℎ̃1 is the
projection of ℎ̃ on 𝐻1(𝒮). It is also easy to see that ℎ̃ has the same law as ℎ̃2 in 𝐻−1

loc(𝒮). There-
fore, by combining everything, we obtain that (ℎ̃𝛾𝑛 ) converges in law to ℎ̃2 as 𝑛 → ∞ and that
(𝒮, ℎ̃2(⋅ + 𝑌2), −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=2 with the first exit parameterization. This completes the
proof of the proposition. □
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4 EXIT TIMES FOR 𝐒𝐋𝐄 WITH THE QUANTUM
PARAMETERIZATION

This section is dedicated to proving bounds on exit times for SLE curves parameterized by quan-
tum length. They will be important for comparing different normalizations of quantum cones
and will be used in the proof of the main estimate in Section 5 that we need to prove the
regularity results.
Before moving on to proving the first bound, we recall the following about hitting times of

Brownian motion with drift. Fix 𝑏, 𝛼 > 0, let (𝐵𝑡) be a standard Brownian motion with 𝐵0 = 0

and set 𝜏𝑏
𝛼 = sup{𝑡 ⩾ 0 ∶ 𝐵𝑡 + 𝛼𝑡 = 𝑏}. Then the probability density function of 𝜏𝑏

𝛼 is given by

𝑓𝜏𝑏
𝛼
(𝑡) =

𝛼√
2𝜋𝑡

𝑒− (𝑏−𝛼𝑡)2

2𝑡 for 𝑡 > 0,

see [8, IV.31]. Moreover, if 𝑋𝑡 = 𝐵2𝑡 + 𝛼𝑡 is conditioned so that 𝐵2𝑡 + 𝛼𝑡 > 0 for all 𝑡 > 0, then a
sample from the law of 𝑋𝑡 can be produced by first sampling a standard Brownian motion 𝐵𝑡 and
then setting 𝑋𝑡 = 𝐵2(𝑡+𝜏) + 𝛼(𝑡 + 𝜏) where 𝜏 = sup{𝑡 ⩾ 0 ∶ 𝐵2𝑡 + 𝛼𝑡 = 0}.
We begin by providing an upper bound on the exit times from 𝐃 and 𝐵(0, 𝜖) for a whole-plane

SLE𝜅(𝜌).

Proposition 4.1. Fix 𝛾 ∈ (0, 2], 𝑊 > 𝛾2∕2, and let  = (𝐂, ℎ, 0, ∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=𝑊
𝜸=𝛾 have the circle-

average embedding. Let 𝜂 be a whole-plane SLE𝜅(𝑊 − 2) in𝐂 from 0 to∞ sampled independently of
ℎ and then parameterized by quantum length with respect to ℎ. If we set 𝑇 = inf {𝑡 ⩾ 0 ∶ 𝜂(𝑡) ∈ 𝜕𝐃},
then there exists some 𝑝 > 0 such that

𝐏[𝑇 ⩾ 𝑅] = 𝑂(𝑅−𝑝) as 𝑅 → ∞. (4.1)

Moreover, if we let 𝑇𝜖 = inf {𝑡 ⩾ 0 ∶ 𝜂(𝑡) ∈ 𝜕𝐵(0, 𝜖)} for 𝜖 ∈ (0, 1), then there exist constants 𝜁 ∈

(0, 1), 𝑐 > 0 such that

𝐏[𝑇𝜖 ⩾ 𝜖𝜁] = 𝑂(𝜖𝑐) as 𝜖 → 0. (4.2)

Proof. The proofs of (4.1) and (4.2) are similar, so we will only prove the former.
Let 𝜑 ∶ 𝐂 ⧵ 𝜂 → 𝒮 be the unique conformal transformation with 𝜑(0) = −∞, 𝜑(∞) = +∞ and

such that if ℎ𝑤 = ℎ ◦ 𝜑−1 + 𝑄 log |(𝜑−1)′|, then (𝒮, ℎ𝑤, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=𝑊
𝜸=𝛾 has the circle-

average embedding.
Let ℎ1(𝑧) = 𝑋Re(𝑧) (resp. ℎ2) be the projection of ℎ𝑤 to 𝐻1(𝒮) (resp. 𝐻2(𝒮)). Then 𝑋𝑡 =

𝐵2𝑡 + 𝛼𝑡 for 𝑡 > 0, where 𝑎 = 𝑊

𝛾
−

𝛾

2
> 0 and 𝐵𝑡 is a standard Brownian motion with 𝐵0 = 0 and

conditioned so that 𝐵2𝑡 + 𝑎𝑡 > 0, for all 𝑡 > 0. We fix 𝛽 ∈(1∕𝛾, 2∕𝛾) and for 𝑅 > 2 we set

𝑆𝑅 = inf {𝑡 ⩾ 0 ∶ 𝑋𝑡 = 𝛽 log 𝑅}.

Note that 𝑆𝑅 < ∞ a.s. since 𝑎 > 0 and that
(

𝑋𝑡∕
√

2
)

𝑡⩾0
has the law of a standard Brownianmotion

with drift 𝛼∕
√

2 > 0 (conditioned to stay positive). Moreover, 𝑆𝑅 is stochastically dominated from
above by 𝜏𝑏

𝑎∕
√

2
(defined above) with 𝑏 =

𝛽 log 𝑅√
2
. Fix 𝛿 > 0. By comparing 𝑆𝑅 to 𝜏𝑏

𝛼∕
√

2
, we obtain
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that for 𝑐 > 0 sufficiently large

𝐏[𝑆𝑅 ⩾ 𝑐 log 𝑅] = 𝑂(𝑅−𝛿) as 𝑅 → ∞.

Set 𝑧𝑅 = 𝑆𝑅 + 𝑖𝜋∕2 and note that (𝑋𝑡+𝑆𝑅
)𝑡⩾0 has the same law as (𝐵2𝑡 + 𝑎𝑡)𝑡⩾0, where 𝐵 is a stan-

dard Brownian motion starting from 𝛽 log 𝑅 and conditioned on the event 𝐸𝑅 that 𝐵2𝑡 + 𝑎𝑡 > 0

for all 𝑡 > 0. Note also that 𝐏[𝐸𝑅] → 1 and so 𝐏[𝐸𝑅] ⩾ 1∕2 for all 𝑅 sufficiently large. We also have
that

exp

(
𝛾 min

𝑆𝑅⩽𝑡⩽𝑆𝑅+𝜋∕4
𝑋𝑡

)
𝜇ℎ2

(𝐵+(𝑧𝑅, 𝜋∕4)) ⩽ 𝜇ℎ𝑤 (𝐵+(𝑧𝑅, 𝜋∕4)).

where 𝐵+(𝑤, 𝜋∕4) = {𝑧 ∈ 𝐵(𝑤, 𝜋∕4) ∶ Re(𝑧) ⩾ Re(𝑤)}. Let 𝑞 > 0 be such that 𝑞(𝛽𝛾 − 1) = 𝛿.
Then we have that

𝐏[𝜇ℎ𝑤 (𝐵+(𝑧𝑅, 𝜋∕4)) ⩽ 𝑅] ⩽ 2𝑅−𝛿𝐄

[
exp

(
−𝛾𝑞 min

0⩽𝑡⩽𝜋∕4
𝐵2𝑡

)]
𝐄
[
𝜇ℎ2

(𝐵+(𝑖𝜋∕2, 𝜋∕4))−𝑞
]

≲ 𝑅−𝛿,

since 𝑋 and ℎ2 are independent, ℎ2 is translation invariant and the expectations are finite.
Next, we set

𝑅 = inf {𝑡 ∈ 𝐑 ∶ 𝜈ℎ𝑤 ((−∞, 𝑡] × {0}) = 𝑅 or 𝜈ℎ𝑤 ((−∞, 𝑡] × {𝜋}) = 𝑅},

and we note that there exists 𝑝 ∈ (0, 1) such that both of the expectations
𝐄[𝜈ℎ𝑤 ((−∞, 0] × {0, 𝜋})𝑝] and 𝐄

[
𝜈ℎ2

([−1, 0] × {0, 𝜋})𝑝
]
are finite. We also observe that if

𝑆𝑅 ⩽ 𝑐 log 𝑅 and 𝑅 ⩽ 𝑆𝑅, then

𝑅𝑝 ⩽ 𝜈ℎ𝑤 ((−∞, 𝑆𝑅] × {0, 𝜋})𝑝 ⩽ 𝜈ℎ𝑤 ((−∞, 0] × {0, 𝜋})𝑝 + 𝑅
𝛽𝛾𝑝

2

𝑐 log 𝑅∑
𝑛=0

𝜈ℎ2
([𝑛, 𝑛 + 1] × {0, 𝜋})𝑝

and since 1 − 𝛽𝛾∕2 > 0, we obtain that for some 𝑞 > 0, we have that

𝐏[𝑅 ⩽ 𝑆𝑅, 𝑆𝑅 ⩽ 𝑐 log 𝑅] = 𝑂(𝑅−𝑞) as 𝑅 → ∞.

Therefore, we have that 𝑆𝑅 ⩽ 𝑐 log 𝑅, 𝑅 ⩾ 𝑆𝑅 and 𝜇ℎ𝑤 (𝐵(𝑧𝑅, 𝜋∕4)) ⩾ 𝜇ℎ𝑤 (𝐵+(𝑧𝑅, 𝜋∕4)) ⩾ 𝑅 off an
event with probability 𝑂(𝑅−𝑞) as 𝑅 → ∞ for some fixed 𝑞 > 0. Let 𝐴𝑅 be the event such that the
above occur. From now on, we assume that we work on that event.
We note that there exists a universal constant 𝑑 > 0 such that for every 𝑧 ∈ 𝐵(𝑧𝑅, 𝜋∕4), the

probability that a Brownian motion starting from 𝑧 exits 𝒮 on (−∞, 𝑆𝑅] × {0, 𝜋} is at least 𝑑. We
fix𝑀 > 0 sufficiently large to be chosen later and suppose that there exists𝑤 ∈ 𝜑−1(𝐵(𝑧𝑅, 𝜋∕4)) ⧵

𝐵(0, 𝑀). Since 𝜂([0, 𝑇]) ⊆ 𝐃, the Beurling estimate implies that the probability that a Brownian
motion starting from𝑤 exits𝐂 ⧵ 𝜂 on 𝜂([0, 𝑇]) is at most 𝐶𝑀− 1

2 for some finite universal constant
𝐶 > 0. But if 𝑇 ⩾ 𝑅, then 𝜑−1((−∞, 𝑆𝑅] × {0, 𝜋}) ⊆ 𝜂([0, 𝑇]) and so the latter probability is at least
𝑑, hence 𝑀 ⩽ 𝐶2∕𝑑2.
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Thus, for𝑀 > 𝐶2∕𝑑2, we have that𝜑−1(𝐵(𝑧𝑅, 𝜋∕4)) ⊆ 𝐵(0, 𝑀), and so on,𝐴𝑅 ∩ {𝑇 ⩾ 𝑅}wehave
that

𝜇ℎ(𝐵(0, 𝑀)) ⩾ 𝜇ℎ(𝜑−1(𝐵(𝑧𝑅, 𝜋∕4))) ⩾ 𝑅.

By LemmaA.9, we obtain that the latter occurs with probability𝑂(𝑅−𝑝) for some fixed 𝑝 > 0, and
so, this completes the proof of the proposition. □

The next lemma is the analog of Proposition 4.1, replacing the first exit time of 𝐵(0, 𝜖) with the
last exit time. More precisely, we prove that it is highly unlikely that the last exit time of 𝐵(0, 𝜖) is
greater than a certain positive power of 𝜖.

Lemma 4.2. Fix 𝛾 ∈ (0, 2] and let  = (𝐂, ℎ, 0, ∞) ∼ 𝖰𝖢𝗈𝗇𝖾
𝐖=𝛾2

𝜸=𝛾 have the circle-average embed-
ding. Let 𝜂 be a whole-plane SLE𝜅(𝜅 − 2) with 𝜅 = 𝛾2 from 0 to ∞ sampled independently of ℎ and
then parameterized by quantum length with respect to ℎ and set 𝑆𝜖 = sup{𝑡 ⩾ 0 ∶ 𝜂(𝑡) ∈ 𝐵(0, 𝜖)}.
Then there exist 𝜁 ∈ (0, 1) and 𝑏 > 0 such that

𝐏[𝑆𝜖 ⩾ 𝜖𝜁] = 𝑂(𝜖𝑏) as 𝜖 → 0.

Proof. Fix 𝑎 ∈ (0, 1) and note that by (4.2), there exist 𝜁 ∈ (0, 𝑎) and 𝑐 > 0 such that 𝐏[𝑇𝜖𝑎 ⩾

𝜖𝜁] = 𝑂(𝜖𝑐) as 𝜖 → 0. Let 𝐴(𝜖) be the event that 𝜂 intersects 𝐵(0, 𝜖) after it has left 𝐵(0, 𝜖𝑎) for the
first time and 𝐴∗(𝜖) be the event that 𝜂 intersects 𝐵(0, 𝜖) after it has left 𝐃 for the first time. The
scale invariance of the law of 𝜂 implies that𝐏[𝐴(𝜖)] = 𝐏[𝐴∗(𝜖1−𝑎)]. Finally, noting that𝐏[𝐴∗(𝜖)] =

𝑂(𝜖𝑑) for some 𝑑 > 0 by Lemma B.4, we have that

𝐏[𝑆𝜖 ⩾ 𝜖𝜁] ⩽ 𝐏[𝑇𝜖𝑎 ⩾ 𝜖𝜁] + 𝐏[𝐴(𝜖) ∩ {𝑇𝜖𝑎 < 𝜖𝜁}] = 𝑂(𝜖𝑏),

where 𝑏 = min{𝑐, 𝑑(1 − 𝑎)} > 0. □

Finally, we conclude this section with a lower bound on the quantum mass of small ball with
respect to a quantum cone with the circle-average embedding.

Lemma 4.3. Fix 𝛾 ∈ (0, 2]. Let  = (𝐂, ℎ, 0, ∞) ∼ 𝖰𝖢𝗈𝗇𝖾
𝐖=𝛾2

𝜸=𝛾 have the circle-average embedding
and fix 𝜎 > 0. There exists a constant 𝑎 > 0 such that for each 𝑤 ∈ 𝐵(0, 1∕2),

𝐏[𝜇ℎ(𝐵(𝑤, 𝜖)) ⩾ 𝜖𝑎] = 1 − 𝑂(𝜖𝜎∕2).

Proof. Consider first a zero-boundary GFF ℎ0
𝐃

on 𝐃. By Markov’s inequality and [49,
Proposition 3.7] (recall Remark 2.5),

𝐏[𝜇ℎ0
𝐃

(𝐵(𝑤, 𝜖)) ⩽ 𝜖𝑎] = 𝐏[𝜇ℎ0
𝐃

(𝐵(𝑤, 𝜖))−1 ⩾ 𝜖−𝑎] ⩽ 𝜖𝑎𝐄[𝜇ℎ0
𝐃

(𝐵(𝑤, 𝜖))−1] ≲ 𝜖𝑎−2−𝛾2
.

Next, we shall transfer this into the result for the quantum cone. In order to do so, we con-
sider a whole-plane GFF ℎ𝑤. We choose the normalization so that the average of ℎ𝑤 on 𝜕𝐃 is
0. Then, we may write ℎ𝑤 = ℎ0

𝐃
+ 𝔥𝐃 where conditionally on ℎ|𝜕𝐃, 𝔥𝐃 is the harmonic extension

of the values of ℎ𝑤 on 𝜕𝐃 to 𝐃. Borrowing the terminology of [40], we say that 𝐃 is 𝑀-good if
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sup𝑧∈𝐵(0,15∕16) |𝔥𝐃(𝑧)| ⩽ 𝑀. Denote the event that 𝐃 is 𝑀-good by 𝐸𝑀 . By [40, Lemma 4.4], there
exist constants 𝑐1, 𝑐2 > 0 such that for each 𝑀 > 0,

𝐏[𝐸𝑐
𝑀] ⩽ 𝑐1𝑒−𝑐2𝑀2

.

Hence, there exists a constant 𝑐0 > 0 such that if we let𝑀2 = −𝑐0 log 𝜖, then𝐏[𝐸𝑀] = 1 − 𝑂(𝜖𝜎∕2).
Henceforth, assume that 𝑀 is such. By [40, Remark 4.2 and equation (4.3)], we have that for
𝑝, 𝑞 > 1 such that 1

𝑝
+ 1

𝑞
= 1,

𝐏[𝜇ℎ𝑤 (𝐵(𝑤, 𝜖)) ⩽ 𝜖𝑎] ⩽ 𝐏[𝐸𝑐
𝑀] + 𝑒(𝑝−1)𝑐𝑀2

𝐏[𝜇ℎ0
𝐃

(𝐵(𝑤, 𝜖)) ⩽ 𝜖𝑎]1∕𝑞 ≲ 𝜖𝜎∕2 + 𝜖
(𝑝−1)(

𝑎−2−𝛾2

𝑝
−𝑐)

,

(4.3)

for some constants 𝑐, 𝑐 > 0. Thus, choosing 𝑎 > 0 large enough, we have that 𝐏[𝜇ℎ𝑤 (𝐵(𝑤, 𝜖)) ⩾

𝜖𝑎] = 1 − 𝑂(𝜖𝜎∕2). Since the field that describes the quantum cone restricted to 𝐃 is obtained by
adding a positive function to the field ℎ𝑤, it follows that

𝐏[𝜇ℎ(𝐵(𝑤, 𝜖)) ⩾ 𝜖𝑎] ⩾ 𝐏[𝜇ℎ𝑤 (𝐵(𝑤, 𝜖)) ⩾ 𝜖𝑎] = 1 − 𝑂(𝜖𝜎∕2). □

5 MAIN ESTIMATES

This section is dedicated to the proofs of the main estimates that we will need in order to prove
Theorems 1.1, 1.2, and 1.3. They are contained in Lemmas 5.1, 5.2, 5.10, and 5.12. Lemmas 5.1 and 5.2
contain the estimate needed to prove the second part of Theorem 1.3, as well as an estimate related
to whole-plane SLE that serves as the model on which we base the main estimates, Lemmas 5.10
and 5.12, whichwill give us themodulus of continuity for SLE8 and the uniformizingmap of SLE4,
respectively. How these are used is explained in Sections 7 and 8.

5.1 Upper bound

Lemma 5.1. Fix 𝛾 ∈ (0, 2) and let 𝜅 = 𝛾2. Let  = (𝐂, ℎ, 0, ∞) ∼ 𝖰𝖢𝗈𝗇𝖾
𝐖=𝛾2

𝜸=𝛾 have the circle-
average embedding. Let 𝜂1, 𝜂2 be a pair of paths independent of ℎ such that 𝜂1 is a whole-plane
SLE𝜅(𝜅 − 2) process in 𝐂 from 0 to ∞ and the conditional law of 𝜂2 given 𝜂1 is that of a chordal
SLE𝜅( 𝜅

2
− 2; 𝜅

2
− 2) from 0 to ∞ in 𝐂 ⧵ 𝜂1. We then parameterize 𝜂1, 𝜂2 by quantum length. Let 𝑈1

(resp. 𝑈2) be the component of 𝐂 ⧵ (𝜂1 ∪ 𝜂2) that lies to the left (resp. right) of 𝜂1. For each 𝑅 ⩾ 0, we
let 𝐴𝑅 = 𝜂1([𝑅, ∞)) ∪ 𝜂2([𝑅, ∞)) (so that 𝐴0 = 𝜂1 ∪ 𝜂2). Then, for fixed 𝑅, 𝜎 > 0,

𝐏

[
sup

𝑧∈𝐵(0,𝜖)∩𝑈1

𝐏𝑧[𝐵 first hits 𝐴0 in 𝐴𝑅 | 𝜂1, 𝜂2] ⩽ exp(−𝜖−𝜎)

]
= 𝑂(𝜖𝜎∕2+𝑜(1)), (5.1)

where 𝐵 is a Brownian motion.

The main idea in the proof of Lemma 5.1 is to prove that we can find a small ball contained in
𝑈1 ∩ 𝐵(0, 𝜖), which when mapped to 𝒮 (with a conformal map that embeds the quantum wedge
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1 parameterized by 𝑈1 in a certain way) is not too close to 𝜕𝒮 and has real part comparable
to where the vertical line average process 𝑋1

𝑡 for the embedding of1 into 𝒮 first hits 𝑏 log 𝜖 for
some 𝑏 > 0. Controlling the location of the image of the ball is accomplished by lower bounding
its quantum mass (using Lemma 4.3) and upper bounding the quantum mass of the region of 𝒮
that is very far to the left (with Lemma A.1 and a comparison with 𝑋1

𝑡 ) to see that the image of
the ball cannot be contained in that region. By the conformal invariance of Brownian motion, the
probability that𝐵 first exits𝐴0 in𝐴𝑅 is then comparable to the probability that a Brownianmotion
in 𝒮 starting from where 𝑋1

𝑡 first hits 𝑏 log 𝜖 first exits 𝒮 to the right of where 𝑋1
𝑡 first hits 0.

General setup for the proof of Lemma 5.1. We begin by fixing some notation. Let  = (𝐂, ℎ, 0, ∞)

have law 𝖰𝖢𝗈𝗇𝖾
𝐖=𝛾2

𝜸=𝛾 with the circle-average embedding and we let 𝜂1, 𝜂2 be as in the statement
of Lemma 5.1. We note that by [43], we can view 𝜂1, 𝜂2 as arising as the flow lines of a whole-
plane GFF independent of ℎ with angle difference 𝜋𝜅∕(4 − 𝜅). The pair 𝜂1, 𝜂2 divides  into two
independent wedges1 and2 with law𝖰𝖶𝖾𝖽𝗀𝖾

𝐖=𝛾2∕2
𝜸=𝛾 (Theorems 2.6 and 2.7) and respectively

parameterized by 𝑈1 and 𝑈2. We assume that 𝜂1 and 𝜂2 are parameterized by quantum length.
Next, for 𝑗 = 1, 2, we let (𝒮, ℎ𝑗, −∞, +∞) be the first exit parameterization of 𝑗 by 𝒮, and let
𝑋

𝑗
𝑡 denote the average on vertical lines process and ℎ

𝑗
2
the projection of ℎ𝑗 on 𝐻2(𝒮). Moreover,

we let 𝜑𝑗 ∶ 𝑈𝑗 → 𝒮 be the conformal map embedding𝑗 into𝒮 as above and define the random
time 𝑢

𝑗
𝛼,𝜖 = inf {𝑡 ∈ 𝐑 ∶ 𝑋

𝑗
𝑡 = 𝛼 log 𝜖}.

Fix 𝜉 > 1. We emphasize that  has the circle-average embedding. Let 𝑤 be the leftmost point
in𝑈1,𝜖 = 𝑈1 ∩ 𝐵(0, 𝜖) such that 𝐵(𝑤, 𝜖𝜉) ⊆ 𝑈1,𝜖 breaking ties by taking the point with the smallest
imaginary part. If there is no such point, we take 𝑤 = 0. By Lemma B.1, we have that 𝑤 ≠ 0 with
probability 1 − 𝑜∞

𝜖 (𝜖).

Proof of Lemma 5.1. Step 1. 𝜑1(𝐵(𝑤, 𝜖𝜉)) is not too far to the left.Wewill prove that with probability
1 − 𝑂(𝜖𝜎∕2) at least part of 𝜑1(𝐵(𝑤, 𝜖𝜉)) lies to the right of the line {Re(𝑧) = −𝜖−𝜎} but not too far
to the right and not too close to the boundary, then prove that this is sufficient for a Brownian
motion started from some point in 𝜑1(𝐵(𝑤, 𝜖𝜉)) to hit 𝜑1(𝐴𝑅) with sufficiently high probability.
The result then follows by the conformal invariance of Brownian motion.
We note that𝑤 is independent of , and therefore, we can apply Lemma 4.3 to𝑤. Note that the

event 𝐵(𝑤, 𝜖𝜉) ⊆ 𝑈1,𝜖 is equivalent to the event 𝑤 ≠ 0. Thus, by Lemma 4.3, there exists an 𝑎 > 1

such that

𝐏[𝜇ℎ(𝐵(𝑤, 𝜖𝜉)) ⩾ 𝜖𝑎𝜉 |𝐵(𝑤, 𝜖𝜉) ⊆ 𝑈1,𝜖] = 1 − 𝑂(𝜖𝜎∕2). (5.2)

Moreover, by Lemma A.1,

𝐏[𝜇ℎ1(𝒮− + 𝑢1
𝛼,𝜖) ⩾ 𝜖𝑎𝜉] ⩽ 𝜖−𝑎𝜉𝑝𝐄[𝜇ℎ1(𝒮− + 𝑢1

𝛼,𝜖)
𝑝] = 𝑐𝑝𝜖𝑝(𝛼𝛾−𝑎𝜉),

and hence, if 𝛼 ⩾ (𝜎∕(2𝑝) + 𝑎𝜉)∕𝛾, we have that

𝐏[𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊈ (𝒮− + 𝑢1
𝛼,𝜖) |𝐵(𝑤, 𝜖𝜉) ⊆ 𝑈1,𝜖] = 1 − 𝑂(𝜖𝜎∕2). (5.3)

Thus, outside of an event of probability𝑂(𝜖𝜎∕2), 𝜑1(𝐵(𝑤, 𝜖𝜉))will be no farther to the left than the
line {Re(𝑧) = 𝑢1

𝛼,𝜖}. Next, we shall argue that the line cannot be too far to the left.
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Recall that the process (−𝑋1
−𝑡∕2

)𝑡⩾0 is a BES3 with 𝑋1
0

= 0. Therefore, if −𝑠 > 0 is the last
time that 𝑋1

−𝑡 hits some fixed negative value, then the process (𝑋1
𝑡+𝑠)𝑡⩾0 has the law of a one-

dimensional Brownian motion run at twice the speed [48, Chapter VI, Proposition 3.10 and
Theorem 3.11]. In particular, (𝑋1

𝑡+𝑢1
𝛼,𝜖

)𝑡⩾0 has the law of a Brownian motion started from 𝑋1
𝑢1

𝛼,𝜖

=

𝛼 log 𝜖 run at twice the speed. We know that 𝑡 = 0 is the first hitting time of 0 for 𝑋1 and hence to
bound the probability that 𝑢1

𝛼,𝜖 lies far to the left, we just have to bound the probability that the
first-passage time of 0 of a Brownianmotion started at 𝛼 log 𝜖 is large. Recall that the first-passage
time 𝜏 of level 0 of a Brownianmotion started at the point−𝑏 (𝑏 > 0) has density [5, Section 3.6],

𝑓𝜏(𝑡) =
𝑏√
2𝜋𝑡3

exp

(
−

𝑏2

2𝑡

)
.

Thus, if 𝑏 = −𝛼 log 𝜖, we have that

𝐏[𝜏 > 𝜖−𝑞] = ∫
∞

𝜖−𝑞

𝛼 log(1∕𝜖)√
2𝜋𝑡3∕2

exp

(
−

𝛼2(log 𝜖)2

2𝑡

)
𝑑𝑡 = 𝜖

𝑞

2
+𝑜(1).

Hence, 𝐏[𝑢1
𝛼,𝜖 < −𝜖−𝑞] = 𝐏[𝜏 > 2𝜖−𝑞] = 𝑂(𝜖

𝑞

2
+𝑜(1)). Consequently, by (5.3) with 𝑞 = 𝜎, we have

that

𝐏[𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊈ (𝒮− − 𝜖−𝜎) |𝐵(𝑤, 𝜖𝜉) ⊆ 𝑈1,𝜖] = 1 − 𝑂(𝜖𝜎∕2+𝑜(1)). (5.4)

Step 2. 𝜑1(𝐵(𝑤, 𝜖𝜉)) is not too close to the boundary. By Lemma A.7, we have that

𝐏[𝜇ℎ1({𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −𝜖−𝜎, dist(𝑧, 𝜕𝒮) < 𝜖𝑐}) > 𝜖𝑎𝜉]

⩽ 𝜖−𝑝𝑎𝜉𝐄[𝜇ℎ1({𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −𝜖−𝜎, dist(𝑧, 𝜕𝒮) < 𝜖𝑐})𝑝]

≲ 𝜖𝑀𝑐−𝜎−𝑝𝑎𝜉.

Thus, choosing 𝑐 sufficiently large, we have that it follows from (5.2) that with probability at least
1 − 𝑂(𝜖𝜎∕2), 𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊈ (𝒮− − 𝜖−𝜎) ∪ {𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −𝜖−𝜎, dist(𝑧, 𝜕𝒮) < 𝜖𝑐}.
Step 3. The images of 𝜂𝑗(𝑅) under 𝜑1 are not too far to the right. Now we prove that with high

probability, the images of 𝜂𝑗(𝑅) under 𝜑1 are not mapped too far to the right. Set 𝑇𝜖,𝑑 = inf {𝑡 ⩾

0 ∶ 𝑋1
𝑡 = −𝑑 log 𝜖} for some large fixed 𝑑 > 0 to be chosen later and recall that (𝑋1

𝑡 )𝑡⩾0 has the law
of a one-dimensional Brownian motion 𝐵 run at twice the speed, with 𝐵0 = 0. We note that

𝜈ℎ1([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 1] × {0}) ⩾ 𝜖−
𝛾𝑑
2 exp

(
𝛾

2
min

𝑇𝜖,𝑑⩽𝑡⩽𝑇𝜖,𝑑+1
𝐵2𝑡 − 𝐵2𝑇𝜖,𝑑

)
𝜈ℎ1

2
([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 1] × {0}),

and thatmin𝑡∈[𝑇𝜖,𝑑,𝑇𝜖,𝑑+1] 𝐵2𝑡 − 𝐵2𝑇𝜖,𝑑
has the same law asmin𝑡∈[0,1] 𝐵2𝑡, which has finite exponen-

tial moments. Moreover, since ℎ1
2
is translation invariant and 𝜈ℎ1

2
([0, 1] × {0}) has finite negative

moments, the above together with Markov’s inequality imply that off an event with probability
𝑂(𝜖𝜎∕2), we have that 𝜈ℎ1((−∞, 𝑇𝜖,𝑑 + 1] × {0}) ⩾ 𝑅, and similarly 𝜈ℎ1((−∞, 𝑇𝜖,𝑑 + 1] × {𝜋}) ⩾ 𝑅,
by picking 𝑑 > 0 large enough. In particular, off an event with probability 𝑂(𝜖𝜎∕2), we have
that Re(𝜑1(𝜂1(𝑅))), Re(𝜑1(𝜂2(𝑅))) ∈ (−∞, 𝑇𝜖,𝑑 + 1]. Also, for 𝑘 ∈ 𝐙, we set 𝐴𝜖,𝑘 = [𝑘 − 1, 𝑘] ×
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([0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋]) and 𝐴𝜖 = [0, 𝜖−𝜎] × ([0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋]). Then, if 𝑝 ∈ (0, 1 ∧ 2

𝛾2 ),

𝐄[𝜇ℎ1
2
(𝐴𝜖)

𝑝] ⩽

⌈𝜖−𝜎⌉∑
𝑛=1

𝐄[𝜇ℎ1
2
(𝐴𝜖,𝑛)𝑝] = ⌈𝜖−𝜎⌉𝐄[𝜇ℎ1

2
(𝐴𝜖,1)𝑝]

by the invariance of ℎ1
2
under horizontal translations. From the proof of Lemma A.7, we have that

there is a constant 𝑀 = 𝑀𝑝 > 0 such that

𝐄[𝜇ℎ1
2
(𝐴𝜖,1)𝑝] ≲ 𝜖𝑀𝑐, (5.5)

where the implicit constant is independent of 𝜖 and 𝑐, and thus,

𝐄[𝜇ℎ1
2
(𝐴𝜖)

𝑝] ≲ 𝜖𝑀𝑐−𝜎. (5.6)

Also, we have that

𝜇ℎ1(𝐴𝜖) ⩽ 𝜖−𝛾𝑑𝜇ℎ1
2
(𝐴𝜖) where 𝐴𝜖 = [0, 𝑇𝜖,𝑑] × ([0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋]). (5.7)

Moreover, since 𝜇ℎ1([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 2]) × [0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋])) has the same law as 𝜖−𝛾𝑑𝜇ℎ1([0, 2]) ×

[0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋])) and the exponential moments of sup𝑡∈[0,4] 𝐵𝑡 are finite, it follows from (5.5)
that for 𝑝 ∈ (0, 1 ∧ 2

𝛾2 ),

𝐄[𝜇ℎ1([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 2]) × [0, 𝜖𝑐] ∪ [𝜋 − 𝜖𝑐, 𝜋]))𝑝] ⩽ 𝜖𝑀𝑐−𝑝𝛾𝑑. (5.8)

By combining (5.6)–(5.8) and Markov’s inequality applied to 𝜇ℎ1
2
together with the fact that

𝐏[𝑇𝜖,𝑑 ⩾ 𝜖−𝜎∕2] = 𝑂(𝜖𝜎∕2), we obtain that the quantum mass of [0, 𝑇𝜖,𝑑 + 2] × ([0, 𝜖𝑐] ∪ [𝜋 −

𝜖𝑐, 𝜋]) is atmost 𝜖𝛼𝜉 with probability 1 − 𝑂(𝜖𝜎∕2) for 𝑐 > 0 sufficiently large. Therefore, off an event
with probability𝑂(𝜖𝜎∕2), we have that Re(𝜑1(𝜂𝑗(𝑅))) ∈ (−∞, 𝑇𝜖,𝑑 + 1] for 𝑗 = 1, 2, 𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊈

(𝒮− − 𝜖−𝜎) ∪ {𝑧 ∈ 𝒮 ∶ −𝜖−𝜎 ⩽ Re(𝑧) ⩽ 𝑇𝜖,𝑑 + 2, dist(𝑧, 𝜕𝒮) < 𝜖𝑐} and 𝑇𝜖,𝑑 ⩽ 𝜖−𝜎∕2.
Step 4. Conclusion of the proof. Suppose now that we work on the above event. If 𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊆

𝒮+ + 𝑇𝜖,𝑑 + 2, then there exists a universal constant 𝛿 ∈ (0, 1) such that with probability at
least 𝛿, a Brownian motion starting from 𝑧 ∈ 𝜑1(𝐵(𝑤, 𝜖𝜉)) exits 𝒮 on [𝑇𝜖,𝑑 + 1, ∞) × {0, 𝜋}. If
𝜑1(𝐵(𝑤, 𝜖𝜉)) ⊈ 𝒮+ + 𝑇𝜖,𝑑 + 2, then there exists 𝑧 ∈ 𝜑1(𝐵(𝑤, 𝜖𝜉)) such that −𝜖−𝜎 ⩽ Re(𝑧) ⩽ 2 +

𝜖−𝜎∕2 and Im(𝑧) ∈ [𝜖𝑐, 𝜋 − 𝜖𝑐]. We also note that if 𝐵 is a planar Brownian motion, started from
a point 𝑧0 ∈ {𝑧 ∈ 𝒮 ∶ −𝜖−𝜎 ⩽ Re(𝑧) ⩽ 2 + 𝜖−𝜎∕2, dist(𝑧, 𝜕𝒮) ⩾ 𝜖𝑐}, then by Gambler’s ruin, we
know that

𝐏[𝐵 hits {𝑧 ∶ Re(𝑧) ⩾ −𝜖−𝜎, Im(𝑧) = 𝜋∕2} before 𝜕𝒮] ⩾
𝜖𝑐

𝜋
. (5.9)

By the Markov property of Brownian motion, the probability that 𝐵 hits {Re(𝑧) = 𝜖−𝜎} before
exiting 𝒮 is bounded from below by the probability that 𝐵 hits {𝑧 ∶ Re(𝑧) ⩾ −𝜖−𝜎, Im(𝑧) = 𝜋∕2}

before exiting 𝒮 times the probability that a Brownian motion started from −𝜖−𝜎 + 𝑖𝜋∕2 hits
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{Re(𝑧) = 𝜖−𝜎} before exiting 𝒮. Thus, (5.9) and [15, Lemma IV.5.1] imply that

𝐏[𝐵 hits {Re(𝑧) = 𝜖−𝜎} before 𝜕𝒮] ⩾
𝜖𝑐

2𝜋
𝑒−2𝜖−𝜎

⩾ 𝑒−3𝜖−𝜎
, (5.10)

for sufficiently small 𝜖. Hence, with probability at least 𝑒−3𝜖−𝜎 , a Brownian motion starting from
𝑧 exits 𝒮 in [𝜖−𝜎, ∞) × {0, 𝜋}. The result is deduced by observing that [𝑇𝜖,𝑑 + 2, ∞) × {0, 𝜋} ⊆

𝜑1(𝐴𝑅). □

5.2 Lower bound

Lemma 5.2. Fix 𝜅 ∈ (0, 4]. Let 𝜂1, 𝜂2 be a pair of paths where 𝜂1 is a whole-plane SLE𝜅(𝜅 − 2)

process in𝐂 from0 to∞ and the conditional law of 𝜂2 given 𝜂1 is that of a chordal SLE𝜅( 𝜅

2
− 2; 𝜅

2
− 2)

from0 to∞ in𝐂 ⧵ 𝜂1. Fix 𝜁 ∈ [0, 1) and 𝜖 > 0. Let 𝜏𝑖 = inf {𝑡 ⩾ 0 ∶ 𝜂𝑖(𝑡) ∉ 𝐵(0, 𝜖𝜁)}, 𝜏̃𝑖 = inf {𝑡 ⩾ 0 ∶

𝜂𝑖(𝑡) ∉ 𝐵(0, 𝜖𝜁∕2)}. Fix 𝐶 > 1 large and 𝐷 > 0 small. Let 𝐸 be the event that

(i) sup𝑧∈𝐵(0,𝜖)∩𝑈1
𝐏𝑧[𝐵 hits 𝜕𝐵(0, 𝜖𝜁) before ∪2

𝑖=1
𝜂𝑖([0, 𝜏𝑖]) | 𝜂1|[0,𝜏1], 𝜂2|[0,𝜏2]] ⩽ exp(−𝜖−𝜎),

(ii) 𝜂1 and 𝜂2 do not return to 𝐵(0, 𝐶𝑛−1𝜖𝜁) after leaving 𝐵(0, 𝐶𝑛𝜖𝜁) for 𝑛 = 1, 2, 3,
(iii) let 𝜏𝐶

𝑖
= inf {𝑡 ⩾ 0 ∶ 𝜂𝑖(𝑡) ∉ 𝐵(0, 𝐶3𝜖𝜁}. Then dist(𝜂1([𝜏̃1, 𝜏𝐶

1
]), 𝜂2([𝜏̃2, 𝜏𝐶

2
])) ⩾ 𝐷𝜖𝜁 .

Then, we can find 𝐶 > 1 and 𝐷 > 0 such that

𝐏[𝐸] ⩾ 𝜖𝜎∕2+𝑜(1) as 𝜖 → 0. (5.11)

Conditions (ii), (iii) are technical conditions in the definition of 𝐸 that we will need for the
proof of the lower bound in Theorem 1.1 as well as in Theorem 1.2. Condition (i) determines the
exponent in (5.11). The proof of Lemma 5.2 is much more involved than that of Lemma 5.1. The
reason for this is that it is a statement purely about 𝜂1, 𝜂2 and does not involve LQG. In particular,
we have to argue that conditioning the process that gives the average on vertical lines for the
quantum wedge parameterized by 𝑈1 (in the context of Lemma 5.1) taking a very long time to hit
0 after first hitting 𝑏 log 𝜖 (an event with polynomial probability in 𝜖 as 𝜖 → 0) does not lead to
degenerate behavior in 𝜂1, 𝜂2 away from 0.
We note that Lemma 5.1 does not hold for 𝛾 = 2 because in this case, the amount of mass in𝒮−

that is close to 𝜕𝒮 does not decay to 0 as 𝜖 → 0 as a power of 𝜖. This property for 𝛾 < 2 is important
for ruling out the possibility that the aforementioned small ball is mapped too close to 𝜕𝒮. On the
other hand, we emphasize that Lemma 5.2 does hold for 𝛾 = 2.
Recall the notation in the proof of Lemma 5.1. In order to prove Lemma 5.2, we introduce a

different embedding of  that is similar to the circle-average embedding but is more amenable to
“cutting” and “gluing” operations. We let 𝜙 be a radially symmetric 𝐶∞

0
function that is supported

in 𝐵(0, 1) ⧵ 𝐵(0, 99∕100) such that 𝜙 ⩾ 0 and ∫ 𝜙(𝑥)𝑑𝑥 = 1. Consider the process 𝑅𝑠 = (ℎ(⋅𝑠) +

𝑄 log 𝑠, 𝜙). We say that ℎ scaled so that sup{𝑠 ⩾ 0 ∶ 𝑅𝑠 = 0} = 1 is a smooth canonical description
of the surface . We note that the embedding associated with the smooth canonical description
is defined a way that is analogous to the circle-average embedding except instead of integrating
the field against the uniform measure on the boundary of a circle centered at the origin we are
considering the field integrated a radially symmetric smooth bump function.
Now, let  be embedded as the smooth canonical description and (recalling the notation in Sec-

tion 5.1) let 𝜑𝑗 ∶ 𝑈𝑗 → 𝒮 be the conformal maps which for which ℎ𝑗 are embedded with the first
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exit parameterization. Let ℎ1
𝑅
be the restriction of ℎ1 to [1, ∞) × (0, 𝜋),𝐴 be the quantum length of

(−∞, 1] × {0}, and 𝐵 be the quantum length of (−∞, 1] × {𝜋}, both with respect to ℎ1. Let 𝑥2 (resp.
𝑦2) be the point on 𝐑 (resp. 𝐑 + 𝑖𝜋) such that the quantum length of (−∞, 𝑥2] (resp. (−∞, 𝑦2]) is
equal to𝐵 (resp.𝐴). Let be the surface that is formed by gluing according to quantum length the
quantum surface described by ℎ1

𝑅
with the quantum surface described by the restriction of ℎ2 to

the part of 𝒮 that is to the right of the line 𝐿 that connects 𝑥2 to 𝑦2. The gluing is defined by look-
ing at the part of  that corresponds to the parts of1,2 described just above. In particular, an
embedding of is given by (𝐀, ℎ|𝐀), where𝐀 = 𝐂 ⧵ 𝐴 and𝐴 is the domain bounded by 𝜂1([0, 𝐴]),
𝜂2([0, 𝐵]), 𝜑−1

1
({1} × (0, 𝜋) and 𝜑−1

2
(𝐿). This embedding will be considered when working with

parameterized by 𝐀. We note that 𝐀 is homeomorphic to 𝐂 ⧵ 𝐃.
Denote by 𝜂1 and 𝜂2 the curves formed when gluing the boundaries of the part of 1 corre-

sponding to ℎ1
𝑅
and the part of2 to the right of the straight line from 𝑥2 to 𝑦2 when parameterized

by 𝒮 as above, together according to quantum length. We assume that 𝜂1 and 𝜂2 are parameter-
ized by quantum length with the normalization that 𝜂1(0) (resp. 𝜂2(0)) corresponds to the image
of (1,0) (resp. (1, 𝜋)) under the welding homeomorphism, where they are considered as boundary
points of1.
Fix 0 < 𝑟 < 𝑠, 0 < 𝑢 < 𝑣, and some large constant 𝐶 > 1 and small constant 𝐷 > 0. We say that

 is (𝑟, 𝑠, 𝑢, 𝑣, 𝐶, 𝐷)-stable if the following are true.

(i) 𝐂 ⧵ 𝐀 intersects 𝐂 ⧵ 𝐵(0, 𝑟) and is contained in 𝐵(0, 𝑠∕2).
(ii) After time𝐶, neither 𝜂1 nor 𝜂2 enters 𝐵(0, 𝑢) andmoreover, 𝜂1 and 𝜂2 do not enter𝐂 ⧵ 𝐵(0, 𝑣)

until after time 𝐶.
(iii) 𝜂1 and 𝜂2 do not return to 𝐵(0, 𝑠𝐶𝑛−1) after leaving 𝐵(0, 𝑠𝐶𝑛) for 𝑛 = 1, 2, 3.
(iv) Let 𝜎𝐶

𝑖
= inf {𝑡 ⩾ 0 ∶ 𝜂𝑖(𝑡) ∉ 𝐵(0, 𝑠𝐶3)} and 𝜎𝑖 = inf {𝑡 ⩾ 0 ∶ 𝜂𝑖(𝑡) ∉ 𝐵(0, 𝑠∕2)} for 𝑖 = 1, 2.

Then dist(𝜂1([𝜎1, 𝜎𝐶
1

]), 𝜂2([𝜎2, 𝜎𝐶
2

])) ⩾ 𝐷𝑠.
(v) The above items remain true if we consider the following situation. Let 𝐾 be a compact hull

scaled so that if we let 𝜓 be the unique conformal map from 𝐀 to 𝐂 ⧵ 𝐾 that fixes and has
positive real derivative at ∞, then the field ℎ ◦ 𝜓−1 + 𝑄 log |(𝜓−1)′| is a smooth canonical
description.

Let 𝐺 be the event that  is (𝑟, 𝑠, 𝑢, 𝑣, 𝐶, 𝐷)-stable. We expand a bit on what we mean by (v).
Let 𝐾 be a compact hull, 𝜓 the conformal map as in (v), ℎ̂ = ℎ ◦ 𝜓−1 + 𝑄 log |(𝜓′)−1| and we
write 𝑅𝑠 = (ℎ̂(⋅𝑠) + 𝑄 log 𝑠, 𝜙), where 𝜙 is the radially symmetric text function in the definition of
the smooth canonical embedding above. Then,𝐾 ⊆ 𝐵(0, 99∕100) and sup{𝑠 ⩾ 0 ∶ 𝑅𝑠 = 0} = 1 and
condition (i) is satisfiedwith𝐂 ⧵ 𝐾 in place of𝐂 ⧵ 𝐀. Moreover, setting 𝜂𝑗 = 𝜓(𝜂𝑗), conditions (ii)–
(iv) are satisfied with 𝜂1 and 𝜂2 in place of 𝜂1 and 𝜂2. We note that 𝐺 is measurable with respect
to (𝐴, 𝐵, ℎ1

𝑅
) and ℎ2, as (𝐴, 𝐵, ℎ1

𝑅
) and ℎ2 determine (see Lemma 5.4 below), which is the reason

that we have defined the event in this way.

Lemma5.3. For each𝛿 ∈ (0, 1), there exists 𝑐1, 𝑐2 > 0 so that𝐏[𝐺] ⩾ 1 − 𝛿 provided 𝑟, 𝑢, 𝐷 ∈ (0, 𝑐1)

and 𝑠, 𝑣, 𝐶 ∈ (𝑐2, ∞).

The proof of Lemma 5.3 is essentially the same as that of [11, Proposition 9.17]. We will thus
not give all of the details but instead describe the main ideas together with precise references to
[11]. We begin by noting that it is clear that we can make the part of 𝐺 that corresponds to (i)–(iv)
occur with probability as close to 1 as we want by adjusting the parameters in the definition of 𝐺.
This is because 𝐂 ⧵ 𝐀 is a bounded set whose interior is homeomorphic to𝐃 and 𝜂1, 𝜂2 are simple
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curves that both tend to ∞ as 𝑡 → ∞ and have positive distance from 0. It should be noted that
the event (iii) is not increasing in 𝐶 on its own, but rather that the conditional probability of (iii),
given the event (i), is increasing in 𝐶. The reason being that the corresponding event is increasing
if we replace 𝜂1, 𝜂2 with 𝜂1, 𝜂2 and that on the event (i), 𝜂1, 𝜂2 consist only of the parts of 𝜂1, 𝜂2

that are concerned with the event (iii). The nontrivial part of Lemma 5.3 is showing that we can
make part (v) occur with probability as close to 1 as we want by adjusting the parameters in the
definition, and this part follows from the same argument used to prove [11, Proposition 9.20]. The
essential point is that one can consider the family of test functions that can arise to construct the
smooth canonical description after applying the function 𝜓 as in (v) and see that it is a compact
subset of the space of test functions. This, in particular, implies that the value of ℎ integrated
against any such test function is comparable to the integral of ℎ against the test function that
defines the smooth canonical description for the original surface ℎ (see [11, Proposition 9.18, 9.19]
and the discussion immediately after).
Fix 𝛼 > 0. We now want to show that the statement of Lemma 5.3 occurs even if we condition

on the event that the average process takes a long time to hit 0 for the first time after first hitting
𝛼 log 𝛿. Let

𝑍 = {𝐏[𝐺 |𝐴, 𝐵, ℎ1
𝑅] ⩾ 1∕4}.

Then, Lemma 5.3 implies that by adjusting the parameters in the definition of 𝐺, we can make
𝐏[𝑍] as close to 1 as we want. Fix 𝜎 > 0. For each 𝛿, 𝜖 > 0, we let 𝐸𝜖,𝛿 be the event that the average
process for ℎ1 takes time at least 𝜖−𝜎 to first hit 0 after first hitting 𝛼 log 𝛿. Our aim is to obtain a
lower bound on 𝐏[𝑍 |𝐸𝜖,𝛿] that is uniform in 𝛿 ∈ (0, 1) and 𝜖 as 𝜖 → 0. The basic idea of the proof
is to obtain uniform (in 𝜖, 𝛿) control on the Radon–Nikodym derivative between the joint law of
(𝐴, 𝐵, ℎ1

𝑅
) and the joint law of (𝐴, 𝐵, ℎ1

𝑅
) conditioned on 𝐸𝜖,𝛿. This is carried out in Lemmas 5.5–

5.7. In particular, in Lemma 5.5, we will show that the law of (𝐴, 𝐵) given 𝐸𝜖,𝛿 is tight uniformly
in 𝛿 ∈ (0, 1) as 𝜖 → 0; in Lemma 5.6, we will obtain a lower bound on the conditional density of
(𝐴, 𝐵) given ℎ1

𝑅
; and in Lemma 5.7, we will combine everything to obtain the desired lower bound

on 𝐏[𝑍 |𝐸𝜖,𝛿].
We begin by proving that (, 𝜂1, 𝜂2) is a.s. determined by 𝐴, 𝐵, ℎ1

𝑅
and ℎ2.

Lemma 5.4. The surface decorated by 𝜂1 and 𝜂2, is a.s. determined by 𝐴, 𝐵, ℎ1
𝑅
, and ℎ2.

Proof. Let ℎ1
𝐿
be the part of ℎ1 that is to the left of the vertical line with real part 1. Then ℎ1

𝐿
, ℎ1

𝑅
together determine ℎ1, so it follows that ℎ1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, and ℎ2 determine and 𝜂1, 𝜂2. In particular,

the results of [11] imply that there exists a measurable function 𝐹 defined on the product space
corresponding to (ℎ1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2) such that 𝐹(ℎ1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2) = (, 𝜂1, 𝜂2).

Let ℎ̂1 be sampled from the conditional law of ℎ1 given (ℎ1
𝑅
, 𝐴, 𝐵) and let (̂, 𝜂1, 𝜂2) be the

path decorated surface that corresponds to ℎ̂1
𝑅
(part of ℎ̂1 to the right of the vertical line with real

part 1) and ℎ2. Note that the marginal law of ℎ̂1 is also a 𝛾-quantum wedge of weight 𝛾2

2
, and so,

(̂, 𝜂1, 𝜂2) can be defined by (̂, 𝜂1, 𝜂2) = 𝐹(ℎ̂1
𝐿
, ℎ̂1

𝑅
, 𝐴, 𝐵, ℎ2). Let 𝑈1 (resp. 𝑈2) be the part of 

that corresponds to ℎ1
𝑅
(resp. the part of ℎ2 to the right of the line from 𝑥2 to 𝑦2) and define 𝑈1

(resp. 𝑈2) in the same way but in terms of ̂, ℎ̂1, and ℎ2. Let also 𝜑𝑗 ∶ 𝑈𝑗 → 𝒮 be the conformal
transformation such that 𝜑𝑗(∞) = +∞, 𝜑𝑗(𝜂1(0)) = (1, 0) and 𝜑𝑗(𝜂2(0)) = (1, 𝜋), for 𝑗 = 1, 2. We
define 𝜑𝑗 ∶ 𝑈𝑗 → 𝒮 analogously. Set 𝜓𝑗 ∶ 𝑈𝑗 → 𝑈𝑗 with 𝜓𝑗 = 𝜑−1

𝑗
◦ 𝜑𝑗 for 𝑗 = 1, 2 and note that
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𝜓𝑗(∞) = ∞, 𝜓(𝜂1(0)) = 𝜂1(0) and 𝜓𝑗(𝜂2(0)) = 𝜂2(0). Moreover, we have that 𝜈ℎ1((−∞, 𝜑1(𝑥)] ×

{0}) = 𝜈ℎ2((−∞, 𝜑2(𝑥)] × {0}) for each 𝑥 ∈ 𝜂1 and 𝜈ℎ1((−∞, 𝜑1(𝑦)] × {𝜋}) = 𝜈ℎ2((−∞, 𝜑2(𝑦)] ×

{𝜋}) for each 𝑦 ∈ 𝜂2. Similarly, 𝜈ℎ̂1((−∞, 𝜑1(𝑥)] × {0}) = 𝜈ℎ2((−∞, 𝜑2(𝑥)] × {0}) for each 𝑥 ∈ 𝜂1

and 𝜈ℎ̂1((−∞, 𝜑1(𝑦)] × {𝜋}) = 𝜈ℎ2((−∞, 𝜑2(𝑦)] × {𝜋}) for each 𝑦 ∈ 𝜂2. Hence, the mapping 𝜓 ∶

 → ̂ defined by 𝜓(𝑧) = 𝜓1(𝑧) for 𝑧 ∈ 𝑈1 ⧵ (𝜂1 ∪ 𝜂2), 𝜓(𝑧) = 𝜓2(𝑧) for 𝑧 ∈ 𝑈2 ⧵ (𝜂1 ∪ 𝜂2) and
𝜓(𝑧) = 𝜑−1

𝑗
◦ 𝜑𝑗(𝑧) for 𝑧 ∈ 𝜂1 ∪ 𝜂2, is a well-defined homeomorphism mapping onto ̂ that is

conformal in  ⧵ (𝜂1 ∪ 𝜂2). We claim that 𝜓 is conformal in . Indeed, note that 𝜂1 has the law
of a chordal SLE𝜅( 𝜅

2
; 𝜅

2
) curve in 𝐂 ⧵ 𝜂2 conditioned on 𝜂2. Similarly, 𝜂2 has the law of a chordal

SLE𝜅( 𝜅

2
; 𝜅

2
) curve in𝐂 ⧵ 𝜂1 conditioned on 𝜂1. By [39, Lemma 4.1, Proposition 4.2 and Lemma 4.3],

we have that a chordal SLE𝜅 𝜂 satisfies the following two conditions if 𝜅 ∈ (0, 8).

(I) For any compact rectangle 𝐾 ⊆ 𝐇 and any 𝛽 ∈ (0, 1), there exist 𝑀 > 0 and 𝜖0 > 0 such that
for all 𝜖 ∈ (0, 𝜖0) and for all 𝑧 ∈ 𝐾, the number of excursions of 𝜂 between 𝜕𝐵(𝑧, 𝜖𝛽) and
𝜕𝐵(𝑧, 𝜖) is at most 𝑀.

(II) For any compact rectangle 𝐾 ⊆ 𝐇 and any 𝛼 > 𝜉 > 1, there exists 𝛿0 > 0 such that for any
𝛿 ∈ (0, 𝛿0), for any 𝑡 > 0 such that 𝜂(𝑡) ∈ 𝐾, one can find a point 𝑦 such that
(a) 𝐵(𝑦, 𝛿𝛼) ⊆ 𝐵(𝜂(𝑡), 𝛿) ⧵ 𝜂 and 𝐵(𝑦, 2𝛿𝛼) ∩ 𝜂 ≠ ∅.
(b) Let 𝑂 be the connected component of 𝐵(𝜂(𝑡), 𝛿) ⧵ 𝜂 that contains 𝑦 and denote by 𝜂(𝑡; 𝛿)

the excursion of 𝜂 in𝐵(𝜂(𝑡), 𝛿) that contains 𝜂(𝑡). For any point 𝑎 ∈ 𝜕𝑂 ⧵ 𝜂(𝑡; 𝛿), any path
contained in 𝑂 ∪ {𝑎} that connects 𝑦 to 𝑎 must exit the ball 𝐵(𝑦, 𝛿𝜉).

Moreover, chordal SLE𝜅( 𝜅

2
; 𝜅

2
) restricted to any interval of time [𝑠, 𝑡] for 0 < 𝑠 < 𝑡 < ∞ is abso-

lutely continuous with respect to a chordal SLE𝜅 on the same interval. Furthermore, such a
process is a.s. transient, so it is easy to see that (I) and (II) are satisfied for 𝜂1 given 𝜂2 and vice
versa. Thus, both of 𝜂1 and 𝜂2 satisfy (I) and (II). Let𝜙 ∶  ⧵ 𝜂2 → 𝐇 be the conformal transforma-
tionmapping ⧵ 𝜂2 onto𝐇 and such that 𝜙(𝜂1(0)) = 0, 𝜙(∞) = ∞. Similarly, let 𝜙 ∶ ̂ ⧵ 𝜂2 → 𝐇

be the conformal transformation mapping ̂ ⧵ 𝜂2 onto 𝐇 and such that 𝜙(𝜂1(0)) = 0, 𝜙(∞) = ∞.
Then, g = 𝜙 ◦ 𝜓 ◦ 𝜙−1 is a homeomorphism mapping 𝐇 onto 𝐇 that is conformal in 𝐇 ⧵ 𝜙(𝜂1)

and fixes 0 and ∞. Clearly, both of 𝜂1 and 𝜂1 satisfy (I) and (II) when viewed as paths in  ⧵ 𝜂2

and ̂ ⧵ 𝜂2, respectively, since they are both parts of chordal SLE𝜅( 𝜅

2
; 𝜅

2
) in certain domains. Since

the property of satisfying (I) and (II) is preserved under conformal transformations, we obtain
that they are both satisfied by 𝜙(𝜂1) and g(𝜙(𝜂1)) = 𝜙(𝜂1). Therefore [39, Theorem 1.2] implies
that g is conformal in 𝐇. Since 𝜓 = 𝜙−1 ◦ g ◦ 𝜙 when restricted to  ⧵ 𝜂2, it follows that 𝜓 is
conformal in  ⧵ 𝜂2 and a similar argument shows that 𝜓 is conformal in . Therefore,  and
̂ are equivalent as path-decorated quantum surfaces. In particular, we have 𝐹(ℎ1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2) =

𝐹(ℎ̂1
𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2) a.s. and so 𝑓(𝐹(ℎ1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2)) = 𝑓(𝐹(ℎ̂1

𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2)) for each bounded and

measurable function 𝑓. This implies that the conditional variance of 𝑓(𝐹(ℎ1
𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2)) given

(ℎ1
𝑅
, 𝐴, 𝐵, ℎ2) is zero. Therefore,

𝑓(𝐹(ℎ1
𝐿, ℎ1

𝑅, 𝐴, 𝐵, ℎ2)) = 𝐄[𝑓(𝐹(ℎ1
𝐿, ℎ1

𝑅, 𝐴, 𝐵, ℎ2)) |ℎ1
𝑅, 𝐴, 𝐵, ℎ2] a.s.

Since 𝑓 was arbitrary, it follows that 𝐹(ℎ1
𝐿
, ℎ1

𝑅
, 𝐴, 𝐵, ℎ2) does not depend on ℎ1

𝐿
. Hence, (, 𝜂1, 𝜂2)

is determined by (ℎ1
𝑅
, 𝐴, 𝐵, ℎ2) a.s. This completes the proof. □

We now turn to the tightness of law of (𝐴, 𝐵) given 𝐸𝜖,𝛿.
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Lemma 5.5. For every 𝑞 ∈ (0, 1), there exists 𝑐 > 0 such that for every 𝛿 ∈ (0, 1), we have that

𝐏[max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) ⩽ 𝑐 |𝐸𝜖,𝛿] ⩾ 1 − 𝑞

for all 𝜖 sufficiently small.

Proof. For each 𝑡 ∈ 𝐑, we let 𝑋1
𝑡 be the average of ℎ1 on the vertical line 𝑡 + (0, 𝑖𝜋). Let 𝑇𝜖,𝛿 =

inf {𝑡 ⩾ 𝑢1
𝛼,𝛿

∶ 𝑋1
𝑡 = −𝑐𝜖−𝜎∕2} and 𝐴𝜖,𝛿 = {𝑇𝜖,𝛿 < 0}, where 𝑐 > 0 is a fixed constant to be deter-

mined later and depending only on 𝑞. Then, by Gambler’s ruin, 𝐏[𝐴𝜖,𝛿] = 𝛼𝜖𝜎∕2 log(1∕𝛿)∕𝑐. By
the form of the density of the first passage time of a Brownian motion, we have that 𝐏[𝐸𝜖,𝛿] ≍

𝛼𝜖𝜎∕2 log(1∕𝛿) and𝐏[𝐸𝜖,𝛿 |𝐴𝜖,𝛿] ≍ 1 uniformly in 𝛿 and 𝜖 small enough and the implicit constants
are universal. In particular, there exists 𝑑 > 0 depending only on 𝑐 such that 𝐏[𝐸𝜖,𝛿 |𝐴𝜖,𝛿] ⩾ 𝑑 for
all 𝜖 sufficiently small. Furthermore, we have that

𝐄[𝜈ℎ1((−∞, 𝑢1
𝛼,𝛿

] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿] = 𝐄[𝜈ℎ1((−∞, 𝑢1
𝛼,𝛿

] × {0})𝑝]

since 𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿 is determined by (𝑋1
𝑡 )𝑡>𝑢1

𝛼,𝛿
and independent of (𝑋1

𝑡 )𝑡⩽𝑢1
𝛼,𝛿
and ℎ1

2
, and the latter

two determine 𝜈ℎ1((−∞, 𝑢1
𝛼,𝛿

] × {0}). Consequently, for 0 < 𝑝 < 1,

𝐄[𝜈ℎ1((−∞, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿]

⩽ 𝐄[𝜈ℎ1((−∞, 𝑢1
𝛼,𝛿

] × {0})𝑝] + 𝐄[𝜈ℎ1((𝑢1
𝛼,𝛿

, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿]

= 𝑐𝑝𝛿𝛼𝑝𝛾∕2 + 𝐄[𝜈ℎ1((𝑢1
𝛼,𝛿

, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿].

Moreover, the conditional law of (−𝑋1
𝑡 )|[𝑢1

𝛼,𝛿
,𝑇𝜖,𝛿] given 𝐴𝜖,𝛿 is that of a BES3 process started

from the point 𝛼 log(1∕𝛿) run at twice the speed until hitting the value 𝑐𝜖−𝜎∕2. Thus, the
law of 𝜈ℎ1([𝑢1

𝛼,𝛿
, 𝑇𝜖,𝛿] × {0}) conditioned on 𝐴𝜖,𝛿 is the same as the (unconditional) law of

𝜈ℎ1([−𝑇2
𝜖,𝛿

, −𝑇1
𝛿
] × {0}) where

𝑇1
𝛿

= inf {𝑡 ⩾ 0 ∶ 𝑋1
−𝑡 = 𝛼 log(𝛿)},

𝑇2
𝜖,𝛿

= inf {𝑡 ⩾ 𝑇1
𝛿

∶ 𝑋1
−𝑡 = −𝑐𝜖−𝜎∕2}.

Furthermore, since 0 < 𝑇1
𝛿

< 𝑇2
𝜖,𝛿

< ∞ a.s., it follows that 𝜈ℎ1([−𝑇2
𝜖,𝛿

, −𝑇1
𝛿
] × {0}) is stochastically

dominated from above by 𝜈ℎ1((−∞, 0] × {0}). Hence, since 𝐏[𝐸𝜖,𝛿 |𝐴𝜖,𝛿] ≍ 1, we obtain that

𝐄[𝜈ℎ1((𝑢1
𝛼,𝜖, 𝑇𝜖,𝛿] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿] ≲ 𝐄[𝜈ℎ1((−∞, 0] × {0})𝑝],

where the implicit constant is independent of 𝜖 and 𝛿. Thus, we obtain that

𝐄[𝜈ℎ1((𝑢1
𝛼,𝛿

, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿]

⩽ 𝐄[𝜈ℎ1((𝑢1
𝛼,𝛿

, 𝑇𝜖,𝛿] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿] + 𝐄[𝜈ℎ1((𝑇𝜖,𝛿, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿]

≲ 𝐄[𝜈ℎ1((−∞, 0] × {0})𝑝] + 𝐄[𝜈ℎ1((𝑇𝜖,𝛿, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿]

⩽ 𝑐𝑝 + 𝐄[𝜈ℎ1((𝑇𝜖,𝛿, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿].
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Note that the conditional law of 𝜈ℎ1((𝑇𝜖,𝛿, 0] × {0}) given 𝐴𝜖,𝛿 is the same as that of 𝜈ℎ1((𝜏𝜖, 0] ×

{0}), where 𝜏𝜖 = inf {𝑡 ∈ 𝐑 ∶ 𝑋1
𝑡 = −𝑐𝜖−𝜎∕2}. Consequently, since 𝐏[𝐸𝜖,𝛿 |𝐴𝜖,𝛿] ≍ 1, we have that

𝐄[𝜈ℎ1((𝑇𝜖,𝛿, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿] ≲ 𝐄[𝜈ℎ1((−∞, 0] × {0})𝑝] ≲ 1,

where the implicit constant is uniform in 𝜖 small enough. Therefore,

𝐄[𝜈ℎ1((−∞, 0] × {0})𝑝 |𝐴𝜖,𝛿 ∩ 𝐸𝜖,𝛿] ⩽ 𝐶,

where 𝐶 is independent of 𝜖, 𝛿 and depends only on 𝑐. The same holds with 𝜈ℎ1((−∞, 0] × {0})

replaced by 𝜈ℎ1((−∞, 0] × {𝜋}). Note that

𝐏[max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) ⩽ 𝑐 |𝐸𝜖,𝛿]

⩾ 𝐏[max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) ⩽ 𝑐 |𝐸𝜖,𝛿 ∩ 𝐴𝜖,𝛿]𝐏[𝐴𝜖,𝛿 |𝐸𝜖,𝛿],

and so Markov’s inequality implies that

𝐏[max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) ⩽ 𝑐 |𝐸𝜖,𝛿] ⩾ (1 − 2𝐶𝑐−𝑝)𝐏[𝐴𝜖,𝛿 |𝐸𝜖,𝛿], (5.12)

for sufficiently small 𝜖 > 0. Hence, we need to find a lower bound on 𝐏[𝐴𝜖,𝛿 |𝐸𝜖,𝛿]. To do this,
we start the average process at 𝑢1

𝛼,𝛿
and run it until the first time it hits 0. Then, it is a Brownian

motion run at twice the speed and stopped the first time it hits 0. Let𝐸1
𝜖,𝛿
be the event that𝑋1 takes

time at least 𝑐2𝜖−𝜎 to hit 0 for the first time. Then 𝐏[𝐸1
𝜖,𝛿

] is of order 𝑐−1𝜖𝜎∕2 log 𝛿−1 and 𝐸𝜖,𝛿 ⊆ 𝐸1
𝜖,𝛿

when 𝑐 ∈ (0, 1). Then 𝐏[𝐴𝑐
𝜖,𝛿

, 𝐸𝜖,𝛿] = 𝐏[𝐴𝑐
𝜖,𝛿

, 𝐸𝜖,𝛿 |𝐸1
𝜖,𝛿

]𝐏[𝐸1
𝜖,𝛿

]. Also, we note that if we start time
at 𝑐2𝜖−𝜎 (so we again have a Brownian motion), then for 𝐸𝜖,𝛿, we have another (1 − 𝑐2)𝜖−𝜎 units
of time to finish. We can break this into of order 𝑐−2 rounds of length 𝑐2𝜖−𝜎. In each such round,
the Brownian motion has a positive probability of exiting the interval [−𝑐𝜖−𝜎∕2, 0]. Therefore,

𝐏[𝐴𝑐
𝜖,𝛿

, 𝐸𝜖,𝛿 |𝐸1
𝜖,𝛿

] ⩽ 𝑒−𝑐1∕𝑐2

for some constant 𝑐1 > 0. So, altogether

𝐏[𝐴𝑐
𝜖,𝛿

|𝐸𝜖,𝛿] = 𝐏[𝐴𝑐
𝜖,𝛿

, 𝐸𝜖,𝛿]∕𝐏[𝐸𝜖,𝛿] ⩽ 𝑒−𝑐2∕𝑐2 (5.13)

for some universal constant 𝑐2 > 0. Therefore, by (5.12) and (5.13), if we first pick 𝑐 ∈ (0, 1) such
that 1 − 𝑒−𝑐2∕𝑐2

⩾
√

1 − 𝑞 and then pick 𝑐 > 0 such that (1 − 2𝐶𝑐−𝑝) ⩾
√

1 − 𝑞, we complete the
proof. □

With Lemma 5.5 at hand, we can lower bound the conditional density of (𝐴, 𝐵) given 𝐸𝜖,𝛿 and
ℎ1

𝑅
.

Lemma 5.6. Let 𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅
) be the conditional density of (𝐴, 𝐵) given 𝐸𝜖,𝛿, ℎ1

𝑅
. Then for each

𝜉 ∈ (0, 1), there exist finite constants 𝑐 > 0 and 0 < 𝑎1 < 𝑎2, 0 < 𝑏1 < 𝑏2 depending only on 𝜉 and
𝛾 such that for all 𝛿 ∈ (0, 1) and all 𝜖 > 0 sufficiently small, with probability at least 1 − 𝜉, we have
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that

𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅) ⩾ 𝑐 for all (𝑎, 𝑏) ∈ [𝑎1, 𝑎2] × [𝑏1, 𝑏2].

We remark that the conditional law of ℎ1
𝑅
given 𝐸𝜖,𝛿 is equal to its unconditioned law. The state-

ment of Lemma 5.6 is a statement about the conditional density 𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅
) of (𝐴, 𝐵) given 𝐸𝜖,𝛿

and ℎ1
𝑅
, which is a function of ℎ1

𝑅
. The probability that we have inmind for ℎ1

𝑅
is the unconditioned

law of ℎ1
𝑅
; however, there is actually no distinction.

Proof of Lemma 5.6. Let 𝜙1, 𝜙2 be 𝐶∞ with ‖𝜙1‖∇ = ‖𝜙2‖∇ = 1, which have disjoint support con-
tained in [0, 1] × [0, 𝜋]. We further assume that 𝜙1 ⩾ 0 on [0, 1] × {0}, 𝜙1 > 0 on [1∕4, 3∕4] × {0},
and 𝜙1 has mean zero on vertical lines, that is, 𝜙1 ∈ 𝐻2(𝒮). We assume that the same holds
for 𝜙2 but with [0, 1] × {0} and [1∕4, 3∕4] × {0} replaced by [0, 1] × {𝜋} and [1∕4, 3∕4] × {𝜋}. Note
that we can write ℎ1 = 𝛼1𝜙1 + 𝛼2𝜙2 + ℎ̃ where 𝛼1, 𝛼2 are independent 𝑁(0, 1) (since we have
(𝜙1, 𝜙2)∇ = 0) and ℎ̃ is independent of 𝛼1, 𝛼2. Moreover, ℎ1

𝑅
and 𝐸𝜖,𝛿 are determined by ℎ̃. Then

we have that

𝐴 = 𝜈ℎ1((−∞, 1] × {0}) = 𝜈ℎ1((−∞, 0] × {0}) + ∫
1

0
𝑒𝛼1𝛾𝜙1(𝑥)∕2𝑑𝜈ℎ̃(𝑥).

In particular, the conditional law of 𝐴 given ℎ̃ is given by applying the function

𝐹1(𝛼) = 𝜈ℎ1((−∞, 0] × {0}) + ∫
1

0
𝑒𝛼𝛾𝜙1(𝑥)∕2𝑑𝜈ℎ̃(𝑥)

to an 𝑁(0, 1) random variable (independent of ℎ̃). We note that

𝐹′
1(𝛼) = ∫

1

0

𝛾

2
𝜙1(𝑥)𝑒𝛼𝛾𝜙1(𝑥)∕2𝑑𝜈ℎ̃(𝑥).

The lawof𝐵 admits a similar expression, say in terms of the function𝐹2. Note that given ℎ̃, we have
that 𝐴, 𝐵 are independent with conditional densities given by 𝜌1(⋅ | ℎ̃) and 𝜌2(⋅ | ℎ̃), respectively,
where 𝜌1(𝑥 | ℎ̃) = 0 if 𝑥 < 𝜈ℎ1((−∞, 0] × {0}) and

𝜌1(𝑥 | ℎ̃) = (𝐹−1
1 )′(𝑥)

exp(−𝐹−1
1

(𝑥)2∕2)√
2𝜋

for 𝑥 ⩾ 𝜈ℎ1((−∞, 0] × {0}).

We define 𝜌2(⋅ | ℎ̃) similarly but with 𝐹1 and 𝜈ℎ1((−∞, 0] × {0}) replaced by 𝐹2 and 𝜈ℎ1((−∞, 0] ×

{𝜋}). By the conditional independence of 𝐴, 𝐵 given ℎ̃, we have that the conditional density of
(𝐴, 𝐵) given ℎ̃ is 𝜌(𝑥, 𝑦 | ℎ̃) = 𝜌1(𝑥 | ℎ̃)𝜌2(𝑦 | ℎ̃).
Next, we fix 𝜉 ∈ (0, 1) and for 𝑐, 𝑑, 𝑀 > 0 (to be determined) depending only on 𝜉, we consider

the events 𝑉 = 𝑉1 ∩ 𝑉2 and 𝐹 = {𝐄[𝟏𝑉 |𝐸𝜖,𝛿, ℎ1
𝑅
] ⩾ 1 − 𝜉}, where

𝑉1 = {max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) ⩽ 𝑑} and

𝑉2 = {[𝑑, 2𝑑] ⊆ 𝐹𝑗([−𝑀, 𝑀]), 𝐹′
𝑗|[−𝑀,𝑀] ⩽ 𝑐 for 𝑗 = 1, 2}.
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Note that since max(𝜈ℎ1((−∞, 0] × {0}), 𝜈ℎ1((−∞, 0] × {𝜋})) < ∞, 𝐹𝑗 is continuous and
lim𝑥→−∞ 𝐹1(𝑥) = 𝜈ℎ1((−∞, 0] × {0}), lim𝑥→−∞ 𝐹2(𝑥) = 𝜈ℎ1((−∞, 0] × {𝜋}) and lim𝑥→+∞ 𝐹𝑗(𝑥) =

+∞ for 𝑗 = 1, 2 a.s., we obtain that 𝐏[𝑉] can be made to be sufficiently close to 1 by choosing
𝑐, 𝑑, 𝑀 appropriately. Therefore,

𝐏[𝐹𝑐] = 𝐏[𝐄[𝟏𝑉 |𝐸𝜖,𝛿, ℎ1
𝑅] ⩽ 1 − 𝜉] = 𝐏[𝐄[𝟏𝑉𝑐 |𝐸𝜖,𝛿, ℎ1

𝑅] ⩾ 𝜉]

⩽
𝐄[𝐄[𝟏𝑉𝑐 |𝐸𝜖,𝛿, ℎ1

𝑅
]]

𝜉
=

𝐏[𝑉𝑐 |𝐸𝜖,𝛿]

𝜉
.

In the final equality above, we have used that law of ℎ1
𝑅
is equal to the law of ℎ1

𝑅
conditioned on

𝐸𝜖,𝛿. Lemma 5.5 then implies that the right-hand side can be made to be at most 𝜉 by choosing
𝑐, 𝑑, 𝑀 > 0 sufficiently large. Altogether, for this choice, we obtain that 𝐏[𝐹] ⩾ 1 − 𝜉 uniformly
in 𝛿 ∈ (0, 1) and as 𝜖 → 0. Observe that on 𝑉, we have that 𝜌𝑗(𝑥 | ℎ̃) ⩾ 𝑒−𝑀2∕2∕(𝑐

√
2𝜋) for all

𝑥 ∈ [𝑑, 2𝑑] and 𝑗 = 1, 2, hence 𝜌(𝑥, 𝑦 | ℎ̃) ⩾ 𝑒−𝑀2
∕(𝑐22𝜋) for all 𝑥, 𝑦 ∈ [𝑑, 2𝑑]. Note also that

𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅
) = 𝐄[𝜌(𝑎, 𝑏 | ℎ̃) |𝐸𝜖,𝛿, ℎ1

𝑅
] for all 𝑎, 𝑏 > 0 a.s. Thus, we obtain that on 𝐹,

𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅) ⩾ 𝐄[𝜌(𝑎, 𝑏 | ℎ̃)𝟏𝑉 |𝐸𝜖,𝛿, ℎ1

𝑅] ⩾
𝑒−𝑀2

𝑐22𝜋
𝐄[𝟏𝑉 |𝐸𝜖,𝛿, ℎ1

𝑅] ⩾
(1 − 𝜉)𝑒−𝑀2

𝑐22𝜋

for all 𝑎, 𝑏 ∈ [𝑑, 2𝑑]. This completes the proof. □

Lemma 5.7. There exists 𝑝0 ∈ (0, 1) and 0 < 𝑟 < 𝑠, 0 < 𝑢 < 𝑣 and 𝐶 > 1 > 𝐷 > 0 so that
𝐏[𝑍 |𝐸𝜖,𝛿] ⩾ 𝑝0 for all 𝛿 ∈ (0, 1) and all 𝜖 > 0 sufficiently small.

Proof. Let be the Radon–Nikodym derivative between the joint law of (𝐴, 𝐵, ℎ1
𝑅
) given 𝐸𝜖,𝛿 with

respect to the unconditioned law of (𝐴, 𝐵, ℎ1
𝑅
). Then, we have that

𝐏[𝑍 |𝐸𝜖,𝛿] = 𝐄[𝟏{𝐏[𝐺 |𝐴,𝐵,ℎ1
𝑅

]⩾1∕4}(𝐴, 𝐵, ℎ1
𝑅)].

Moreover,

(𝐴, 𝐵, ℎ1
𝑅) =

𝑓𝜖,𝛿(𝐴, 𝐵 |ℎ1
𝑅
)

g(𝐴, 𝐵 |ℎ1
𝑅
)

,

where 𝑓𝜖,𝛿(⋅ |ℎ1
𝑅
) is as in Lemma 5.6 and g(⋅ |ℎ1

𝑅
) is the conditional density of the law of (𝐴, 𝐵)

given ℎ1
𝑅
. Let 𝐻 be the event that

𝑓𝜖,𝛿(𝑎, 𝑏 |ℎ1
𝑅) ⩾ 𝑐 for all (𝑎, 𝑏) ∈ [𝑎1, 𝑎2] × [𝑏1, 𝑏2],

where 𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑐 are as in Lemma 5.6 for 𝜉 = 1

2
. Note that 𝐻 is determined by ℎ1

𝑅
. Fix 𝑀 > 0

large such that 𝑀−1 ⩽ (𝑎2 − 𝑎1)(𝑏2 − 𝑏1)∕2 and set

𝑋 = {(𝑎, 𝑏) ∈ [𝑎1, 𝑎2] × [𝑏1, 𝑏2] ∶ g(𝑎, 𝑏 |ℎ1
𝑅) ⩽ 𝑀}.
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Then,

𝐏[𝑍 |𝐸𝜖,𝛿] ⩾
1

𝑀
𝐄[𝟏𝑍𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}𝑓𝜖,𝛿(𝐴, 𝐵 |ℎ1

𝑅)] ⩾
𝑐

𝑀
𝐄[𝟏𝑍𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}],

so it suffices to give a lower bound on 𝐄[𝟏𝑍𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}]. Fix 𝜉 ∈ (0, 1) independent of 𝛿, 𝜖 (to
be chosen later) and assume that we have chosen the parameters for 𝐺 so that, by Lemma 5.3,
𝐏[𝑍] ⩾ 1 − 𝜉. Then we have

𝐄[𝟏𝑍𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}] ⩾ 𝐄[𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}] − 𝜉.

Since 𝑋 is determined by ℎ1
𝑅
, we have

𝐄[𝟏𝐻𝟏{(𝐴,𝐵)∈𝑋}] = 𝐄

[
𝟏𝐻 ∫𝑋

g(𝑎, 𝑏 |ℎ1
𝑅)𝑑𝑎𝑑𝑏

]
.

Note that 𝑌 = ∫𝑋 g(𝑎, 𝑏 |ℎ1
𝑅
)𝑑𝑎𝑑𝑏 does not depend on 𝜖 and 𝑌 > 0 a.s. since Leb(𝑋) ⩾ (𝑎2 −

𝑎1)(𝑏2 − 𝑏1)∕2 and g(𝑎, 𝑏 |ℎ1
𝑅
) > 0 for a.e.𝑎, 𝑏 a.s. on𝐻. Fix 𝑞 > 0 and let𝑍𝑞 = {𝑌 > 𝑞}. Bymaking

𝑞 > 0 sufficiently small, we can assume that 𝐏[𝑍𝑞] ⩾ 3∕4. Hence,

𝐄[𝑌𝟏𝐻] − 𝜉 ⩾ 𝑞𝐏[𝑍𝑞 ∩ 𝐻] − 𝜉 ⩾ 𝑞∕4 − 𝜉 ⩾ 𝑞∕8

for 𝜉 > 0 sufficiently small. Note that 𝑞 > 0 is independent of 𝛿, 𝜖, and so, this completes the
proof. □

Remark 5.8. We note that Lemmas 4.2 and 4.3 holdwith the smooth canonical description in place
of the circle-average embedding. This will be used in what follows.

Lemma 5.9. For any 𝐶 > 1 (as in the definition of the (𝑟, 𝑠, 𝑢, 𝑣, 𝐶, 𝐷)-stability of the surface ),
there exists 𝑏 > 0 such that the following holds. Fix 𝜉 ∈ (0, 1). Then there exist 𝛿0 ∈ (0, 1) and𝐶𝜉 > 0

depending only on 𝜉 such that the following holds. Let ̂ denote the surface parameterized by the
part of ℎ1 that is to the left of the line {𝑧 ∶ Re(𝑧) = 𝑢1

𝑏,𝛿
} and by2. For 𝛿 ∈ (0, 𝛿0), let 𝐻𝐶,𝐶𝜉,𝑏,𝛿 be

the event that with probability at least exp(−𝐶𝜉𝑏2(log 𝛿)2), a Brownian motion starting from 0 exits
̂ in the part of the boundary of2 that has boundary length distance at least 𝐶 from either 𝜂1(0)

or 𝜂2(0). Then 𝐏[𝐻𝐶,𝐶𝜉,𝑏,𝛿] ⩾ 1 − 𝜉.

Proof. The claimwill be deduced in threemain steps. In Step 1,we show that with high probability,
a Brownian motion starting from 0 exits the part contained in ̂ of a ball of radius some fixed
power of 𝛿 with positive probability that is uniform in 𝛿. In Step 2, we show that the ball of Step 1
is contained in ̂ and that its image under 𝜑𝑗 is notmapped too far to the right in the strip. In Step
3, we conclude the proof by showing that conditioned on the above, the Brownian motion hits a
point in ̂ with positive probability that is uniform in 𝛿 whose image under 𝜑2 is not mapped too
far either to the left or right in the strip. Then the claim is deduced since the images of 𝜂1([𝐶, ∞))

and 𝜂2([𝐶, ∞)) under 𝜑2 are not mapped too far to the right in the strip.
Step 1. Fix 𝜉 ∈ (0, 1) and 𝛼 > 0. For 𝛿 ∈ (0, 1], we let 𝐼𝛿 be the unique arc of 𝜕𝐵(0, 𝛿) contained

in the boundary of the unbounded connected component of 𝑈2 ⧵ 𝐵(0, 𝛿) that separates 0 from ∞

in 𝑈2 and let 𝑥𝛿 be the center of 𝐼𝛿. Let also 𝐽𝛿 be the subarc of 𝐼𝛿 centered at 𝑥𝛿 and having half



48 of 106 KAVVADIAS et al.

of the length of 𝐼𝛿. Then we can find constants 𝑞 ∈ (0, 1), 𝑙, 𝑑 > 0 such that with probability at
least 1 − 𝜉∕3, we have that dist(𝐽1, 𝜕𝑈2) ⩾ 𝑑, the length of 𝐼1 is at least 𝑙, and for each 𝑧 ∈ 𝐽1, the
harmonic measure of both of 𝜂1 and 𝜂2 as seen from 𝑧 is at least 𝑞. Hence, by scale invariance of
the joint law of (𝜂1, 𝜂2), we obtain that for each 𝛿 ∈ (0, 1) and for some 𝑐1, 𝑐2 > 0, with probability
at least 1 − 𝜉∕3, the following hold.

∙ The length of 𝐼𝛿 is at least 𝛿𝑙.
∙ dist(𝐽𝛿, 𝜕𝑈2) ⩾ 𝑑𝛿.
∙ For each 𝑧 ∈ 𝐽𝛿, the harmonic measure of both of 𝜂1 and 𝜂2 as seen from 𝑧 is at least 𝑞.
∙ Re(𝜑2(𝜂𝑗(𝐶))) ∈ [−𝑐2, 𝑐2] for 𝑗 = 1, 2.
∙ |𝑢𝑗

𝛼,𝛿
| ⩽ 𝑐1(log 𝛿)2 for 𝑗 = 1, 2.

Let 𝐹1 be the event that the above hold.
Step 2.We let 𝛽 > 0, 𝜁0 ∈ (0, 1) be such that 𝛽 ∈ (0, 𝛼∕𝛾) and 𝛽

𝜁0
> 𝛼̃, where 𝛼̃ > 2 is such that

𝐏[𝜇ℎ(𝐵(𝑤, 𝛿)) ⩾ 𝛿𝛼̃ for each𝑤 ∈ 𝐵(0, 1∕2)] = 1 − 𝑂(𝛿2) as 𝛿 → 0, (5.14)

where the implicit constant depends only on 𝛾. (The existence of such an 𝛼̃ follows by apply-
ing Lemma 4.3 to each point in a grid in 𝐵(0, 1∕2) and taking a union bound.) Fix 0 < 𝜁1 <

𝜁 < 𝜁 < 𝜁0 < 1 and set 𝑆𝛿,𝑗 = sup{𝑡 ⩾ 0 ∶ 𝜂𝑗(𝑡) ∈ 𝐵(0, 𝛿)} and 𝑆𝛿 = 𝑆𝛿,1 ∨ 𝑆𝛿,2. Then Lemma 4.2
implies that 𝐏[𝑆𝛿𝜁1 ⩾ 𝛿𝜁1𝑝] = 𝑂(𝛿𝜁1𝑞) as 𝛿 → 0, for some constants 𝑝, 𝑞 > 0. We fix 𝜁2 ∈ (0, 𝜁1𝑝).
Next, we let 𝑇𝛿,𝑗 = inf {𝑡 ∈ 𝐑 ∶ 𝜈ℎ𝑗 ((−∞, 𝑡] × {0}) = 𝛿𝜁2 or 𝜈ℎ𝑗 ((−∞, 𝑡] × {𝜋}) = 𝛿𝜁2} and note that
since 𝜈ℎ𝑗 ((−∞, 0] × {0, 𝜋}) has negative moments of all orders, Markov’s inequality implies that
𝐏[𝑇𝛿,𝑗 ⩾ 𝑢

𝑗

𝑏1,𝛿
] = 𝑂(𝛿𝑝(𝜁2−𝑏1)) for some fixed 𝑏1 ∈ (0, 𝜁2). Moreover, 2(𝑢

𝑗

𝑏1∕2,𝛿
− 𝑢

𝑗

𝑏1,𝛿
) has the law

of the first hitting time of (𝑏1∕2) log(1∕𝛿) for a Brownian motion starting from 0. Thus, a short
calculation yields that 𝐏[2(𝑢

𝑗

𝑏1∕2,𝛿
− 𝑢

𝑗

𝑏1,𝛿
) ⩽ 2 log(1∕𝛿)] = 𝑂(𝛿𝑐) for some fixed 𝑐 > 0. Combining

everything, we obtain that for some 𝑐 > 0, off an event with probability𝑂(𝛿𝑐), the following hold:

𝑆𝛿𝜁1 < 𝛿𝜁1𝑝, 𝑇𝛿,𝑗 < 𝑢
𝑗

𝑏1,𝛿
, 𝑢

𝑗

𝑏,𝛿
− 𝑢

𝑗

𝑏1,𝛿
⩾ 2 log(1∕𝛿),

with 𝑏 = 𝑏1∕2. Note that on the above event, 𝜑𝑗(𝜂1([0, 𝑆𝛿𝜁1 ]) ∪ 𝜂2([0, 𝑆𝛿𝜁1 ])) ⊆ (−∞, 𝑇𝛿,𝑗] × {0, 𝜋}.
Suppose that there exists 𝑧 ∈ 𝜑𝑗(𝑈𝑗 ∩ 𝐵(0, 𝛿𝜁)) ∩ (𝒮+ + 𝑢

𝑗

𝑏,𝛿
). Then there exists a universal con-

stant 𝑟 > 0 such that with probability at least 𝑟 > 0 a Brownian motion starting from 𝑧 exits 𝒮
on [𝑢

𝑗

𝑏1,𝛿
, ∞) × {0, 𝜋}. Hence, a Brownian motion starting from 𝜑−1

𝑗
(𝑧) exits𝑈𝑗 on 𝜂1([𝑆𝛿𝜁1 , ∞)) ∪

𝜂2([𝑆𝛿𝜁1 , ∞)) with probability at least 𝑟. The Beurling estimate implies that the latter occurs with

probability at most 𝑂(𝛿
𝜁−𝜁1

2 ), and so, we get a contradiction for 𝛿 sufficiently small. Hence,

𝜑𝑗(𝑈𝑗 ∩ 𝐵(0, 𝛿𝜁)) ⊆ 𝒮− + 𝑢
𝑗

𝑏,𝛿
.

Also, we have that 𝐵(0, 𝛿𝜁1) ⊆ ̂ . Moreover, by (5.14),

𝐏[𝜇ℎ(𝐵(𝑤, 𝛿𝜁)) ⩽ 𝛿𝜁𝛼̃ for some𝑤 ∈ 𝐵(0, 1∕2)] = 𝑂(𝛿2𝜁) as 𝛿 → 0

and by Proposition A.1 and Markov’s inequality, it follows that

𝐏[𝜇ℎ𝑗 ((−∞, 𝑢
𝑗

𝛼,𝛿
] × (0, 𝜋)) ⩾ 𝛿𝛽] ≲ 𝛿𝑝(𝛼𝛾−𝛽).
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By combining everything, we obtain that we can find constants 𝑏, 𝑐 > 0 such that off an event with
probability 𝑂(𝛿𝑐), the following hold:

∙ 𝜑𝑗(𝑈𝑗 ∩ 𝐵(0, 𝛿𝜁)) ⊆ 𝒮− + 𝑢
𝑗

𝑏,𝛿
,

∙ 𝐵(0, 𝛿𝜁1) ⊆ ̂ ,
∙ 𝜇ℎ(𝐵(𝑤, 𝛿𝜁)) ⩾ 𝛿𝜁𝛼̃ for all𝑤 ∈ 𝐵(0, 1∕2),
∙ 𝜇ℎ𝑗 ((−∞, 𝑢

𝑗

𝛼,𝛿
] × (0, 𝜋)) ⩽ 𝛿𝛽 .

Let 𝐹2 be the event that the above hold and set 𝐹 = 𝐹1 ∩ 𝐹2.
Step 3. By choosing 𝛿 sufficiently small, we have that 𝐏[𝐹] ⩾ 1 − 𝜉. Note that if 𝐹 occurs, then a

Brownianmotion that is independent of (ℎ, 𝜂1, 𝜂2) and starts from 0 has probability at least 𝑝∗ > 0

to exit 𝐵(0, 𝛿𝜁) on some point 𝑧 ∈ 𝐽𝛿𝜁 and then make a loop around 𝐵(𝑧, 𝑑𝛿𝜁∕(2Λ)) before exiting
𝐵(𝑧, 𝑑𝛿𝜁∕Λ). Here 𝑝∗ depends only on the implicit constants and Λ > 0 is large but fixed (to be
chosen). Since the harmonic measure of both of 𝜂1 and 𝜂2 as seen from 𝑧 is at least 𝑞, there exists
a constant 𝑥 ∈ (0, 𝜋∕2) such that dist(𝜑2(𝑧), 𝜕𝒮) ⩾ 𝑥. Hence, forΛ > 0 sufficiently large, we have
dist(𝜑2(𝐵(𝑧, 𝑑𝛿𝜁∕Λ)), 𝜕𝒮) ⩾ 𝑥∕2. Since 𝛿𝜁 ⩽ 𝑑𝛿𝜁∕(2Λ) and 𝑧 ∈ 𝐵(0, 1∕2) for sufficiently small 𝛿,
we have that

𝜇ℎ(𝐵(𝑧, 𝑑𝛿𝜁∕(2Λ))) ⩾ 𝜇ℎ(𝐵(𝑧, 𝛿𝜁)) ⩾ 𝛿𝜁𝛼̃ > 𝛿𝛽,

for sufficiently small 𝛿 (recall that 𝛽 > 𝜁𝛼̃) and together with the fact that 𝜇ℎ2((−∞, 𝑢2
𝛼,𝛿

] ×

(0, 𝜋)) < 𝛿𝛽 , this implies that 𝜑2(𝐵(𝑧, 𝑑𝛿𝜁∕(2Λ))) ⊈ 𝒮− + 𝑢2
𝛼,𝛿
. Note that by making the loop

around 𝐵(𝑧, 𝑑𝛿𝜁∕(2Λ)), the Brownian motion hits a point whose image under 𝜑2 lies in (𝒮+ +

𝑢2
𝛼,𝛿

) ∩ (𝒮− + 𝑢2
𝑏,𝛿

) and has distance from 𝜕𝒮 at least 𝑥∕2. Note also that the above point 𝑤

lies in [−𝑐1 log 𝛿−1, 0) × (𝑥∕2, 𝜋 − 𝑥∕2). Hence, there exists a constant 𝑐3 > 0 independent of
𝛿 such that with probability at least 𝑒−𝑐3𝛼2(log 𝛿)2 a Brownian motion starting from 𝑤 exits 𝒮
on [𝑐2, ∞) × {0, 𝜋}. Therefore, since 𝐵(0, 𝛿𝜁) ⊆ ̂ and 𝜂1([𝐶, ∞)) ∪ 𝜂2([𝐶, ∞)) ⊆ 𝜑−1

2
([𝑐2, ∞) ×

{0, 𝜋}), and since 𝛼̃𝛾

𝑝
𝛽 < 𝛼, we obtain that there exists a constant 𝐶𝜉 > 0 depending only on 𝜉

and 𝛾 (but which can be taken to be uniform in 𝛾 ∈ [𝑎, 2] for each 𝑎 > 0) such that with probabil-
ity at least exp(−𝐶𝜉𝑏2(log 𝛿)2), a Brownian motion starting from 0 exits ̂ on the part of 𝜂1 ∪ 𝜂2

with boundary length distance at least 𝐶 from either 𝜂1(0) or 𝜂2(0). This completes the proof. □

Proof of Lemma 5.2. Fix 𝜎 > 0, 𝛼 > 0 and for 𝑟 > 0, 𝑗 = 1, 2, we set

𝑇
𝑗
𝑟 = inf {𝑡 ⩾ 0 ∶ 𝜂𝑗(𝑡) ∉ 𝐵(0, 𝑟)}

and write 𝜂𝑠
𝑗

= 𝜂𝑗([0, 𝑇
𝑗
𝑠 ]) for 𝑗 = 1, 2. Let 𝑝0, 𝑟, 𝑠, 𝑢, 𝑣, 𝐶, 𝐷 be as in the proof of Lemma 5.7

such that 𝐏[𝑍 |𝐸𝜖,𝛿] ⩾ 𝑝0 for each 𝛿 ∈ (0, 1) and 𝜖 > 0 sufficiently small. Then we let 𝑏 be as in
Lemma 5.9, and let 𝐸𝑏

𝜖,𝛿
be the event defined in the same way as 𝐸𝜖,𝛿 but with 𝛼 replaced by 𝑏.

Here, 𝑏 is chosenwith respect to the constant𝐶 > 1 fixed in accordancewith Lemma 5.7. Note that
for all 𝛿 ∈ (0, 1), we have that 𝛼 log(𝛿1) = 𝑏 log(𝛿) with 𝛿1 = 𝛿𝑏∕𝛼, and so, there exists 𝛿0 ∈ (0, 1)

depending only on 𝛼 and 𝑏 such that 𝐏[𝑍 |𝐸𝑏
𝜖,𝛿

] ⩾ 𝑝0 for all 𝛿 ∈ (0, 𝛿0) and all 𝜖 > 0 sufficiently
small. Since 𝐺 is (𝐴, 𝐵, ℎ1

𝑅
, ℎ2)-measurable and 𝐸𝑏

𝜖,𝛿
is independent of ℎ2, we obtain that

𝐏[𝐺 |𝐴, 𝐵, ℎ1
𝑅, 𝐸𝑏

𝜖,𝛿
] = 𝐏[𝐺 |𝐴, 𝐵, ℎ1

𝑅],
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and hence,

𝐏[𝐺 |𝐸𝑏
𝜖,𝛿

] = 𝐄[𝐏[𝐺 |𝐴, 𝐵, ℎ1
𝑅] |𝐸𝑏

𝜖,𝛿
] ⩾

1

4
𝐏[𝐏[𝐺 |𝐴, 𝐵, ℎ1

𝑅] ⩾ 1∕4 |𝐸𝑏
𝜖,𝛿

] =
1

4
𝐏[𝑍 |𝐸𝑏

𝜖,𝛿
] ⩾ 𝑝0∕4.

Fix 𝜉 ∈ (0, 𝑝0∕8). Then, by Lemma 5.9, there exists 𝛿 ∈ (0, 1) such that

𝐏[𝐺 ∩ 𝐻𝐶,𝐶𝜉,𝑏,𝛿 |𝐸𝑏
𝜖,𝛿

] ⩾ 𝑝0∕8

for all 𝜖 > 0 sufficiently small since𝐻𝐶,𝐶𝜉,𝑏,𝛿 is also independent of𝐸𝑏
𝜖,𝛿
. Therefore, we obtain that

𝐏[𝐺 ∩ 𝐻𝐶,𝐶𝜉,𝑏,𝛿 ∩ 𝐸𝑏
𝜖,𝛿

] ≳ 𝜖𝜎∕2+𝑜(1) as 𝜖 → 0.

Suppose now that we work on the event 𝐺 ∩ 𝐻𝐶,𝐶𝜉,𝑏,𝛿 ∩ 𝐸𝑏
𝜖,𝛿
. Then, the Beurling estimate implies

that there exists a constant 𝑑 > 0 depending only on 𝑏, 𝑢, 𝛿, 𝜉 such that dist(0, 𝜕̂) ⩾ 𝑑. Fix 0 <

𝜁 < 𝜁∗ < 1. Let 𝐹 be the event that

(i) sup𝑧∈𝐵(0,𝜖𝜁∗−𝜁)∩𝑈1
𝐏𝑧[𝐵 hits 𝜕𝐵(0, 𝑠) before 𝜂𝑠

1
∪ 𝜂𝑠

2
| 𝜂𝑠

1
∪ 𝜂𝑠

2
] ⩽ exp(−𝜖−𝜎),

(ii) 𝜂1 and 𝜂2 do not return to 𝐵(0, 𝑠𝐶𝑛−1) after leaving 𝐵(0, 𝑠𝐶𝑛) for 𝑛 = 1, 2, 3,
(iii) dist(𝜂1([𝑇1

𝑠∕2
, 𝑇1

𝑠𝐶3]), 𝜂2([𝑇2
𝑠∕2

, 𝑇2
𝑠𝐶3])) ⩾ 𝐷𝑠.

Note that the definition of 𝐺 implies that (ii) and (iii) of the definition of 𝐹 hold. Also
𝐵(0, 𝜖𝜁∗−𝜁) ⊆ 𝐵(0, 𝑑) for all 𝜖 > 0 sufficiently small and so𝜑1(𝐵(0, 𝜖𝜁∗−𝜁) ∩ 𝑈1) ⊆ 𝒮− + 𝑢1

𝑏,𝛿
.More-

over, 𝜑−1
1

({𝑧 ∶ Re(𝑧) = 0}) ⊆ 𝐵(0, 𝑠) and {𝑧 ∈ 𝜕𝒮 ∶ Re(𝑧) ⩽ 1} ⊆ 𝜑1(𝜂𝑠
1

∪ 𝜂𝑠
2
) and since |𝑢1

𝑏,𝛿
| ⩾

𝜖−𝜎, for each 𝑧 ∈ 𝒮− + 𝑢1
𝑏,𝛿

the probability that a Brownian motion starting from 𝑧 hits {𝑧 ∶

Re(𝑧) = 0} before exiting 𝒮 is at most 𝑒−𝜇𝜖−𝜎 for some constant 𝜇 > 0. Thus (possibly by varying
𝜁∗), we obtain that

𝐏[𝐹] ⩾ 𝜖𝜎∕2+𝑜(1) as 𝜖 → 0. (5.15)

Since 𝜖𝜁∗
∕𝑠 > 𝜖 for all 𝜖 sufficiently small, by combining the scale invariance of the joint law of

(𝜂1, 𝜂2) (by scaling with 𝜖𝜁∕𝑠) with (5.15), the proof of (5.11) is complete. □

5.3 Other versions of the main estimates

In this subsection, we state and prove versions of Lemma 5.1 in the case of chordal SLE8 and two-
sided whole-plane SLE4. The first estimate is the following that is the analog of Lemma 5.1 but
with the pair of paths 𝜂1, 𝜂2 replaced by the left and right sides of the outer boundary of an SLE8.

Lemma 5.10. Fix 𝜉 > 1, let = (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
have the first exit parameterization

and let 𝜂′ be an SLE8 in 𝐇 from 0 to ∞ sampled independently of ℎ and then parameterized by
quantum area with respect to ℎ. Fix 𝑡 ⩾ 0 and let 𝑥𝐿

𝑡 (resp. 𝑥
𝑅
𝑡 ) be the point on 𝜕𝐇𝑡 , to the left (resp.

right) of 𝜂′(𝑡) such that the boundary segment from 𝜂′(𝑡) to𝑥𝐿
𝑡 (resp.𝑥

𝑅
𝑡 ) has quantum length log(𝜖−1)
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and let 𝐼𝑡 ⊆ 𝜕𝐇𝑡 denote the boundary arc from 𝑥𝐿
𝑡 to 𝑥𝑅

𝑡 . Fix 𝜎 > 0. Then we have that

𝐏

[
inf

𝐵(𝑧,4𝜖𝜉)⊆𝐵(𝜂′(𝑡),𝜖)∩𝐇𝑡

𝐏𝑧[𝐵 exits 𝐇𝑡 in 𝜕𝐇𝑡 ⧵ 𝐼𝑡 | 𝜂′([0, 𝑡])] ⩽ exp(−𝜖−𝜎), 𝜂′([0, 𝑡]) ⊆ 𝐃+

]
= 𝑂(𝜖𝜎∕2+𝑜(1)).

The proof of the Lemma 5.10 is similar to that of Lemma 5.1, so we shall be rather brief. First,
we will need the following lemma, which is the chordal version of [16, Lemma 3.6]. This plays a
role similar to Lemma B.1 in the proof of Lemma 5.1 in the sense that with high probability, the
SLE8 process, 𝜂, fills a ball of radius 𝜖𝜉 (𝜉 > 1) before traveling distance 𝜖, and hence there is a
ball of radius 𝜖𝜉 contained in 𝐇𝑡 ∩ 𝐵(𝜂(𝑡), 𝜖).

Lemma 5.11. Let 𝜂′ be an SLE8 process in𝐇 from 0 to∞. Let 𝜏𝑧 be first hitting time of the point 𝑧 by
𝜂′ and let 𝜏𝑧(𝜖) be the first time after 𝜏𝑧 that 𝜂′ leaves 𝐵(𝑧, 𝜖). Then, there exist constants 𝑏0, 𝑏1 > 0

such that for all 𝜉 > 1 and all 𝜖 > 0 small enough,

𝐏[𝜂′([𝜏𝑧, 𝜏𝑧(𝜖)]) does not contain a ball of radius at least 𝜖𝜉] ⩽ 𝑏0 exp
(

−𝑏1𝜖(1−𝜉)∕5
)

.

Proof. If 𝑧 is in the interior of the domain, at distance at least, say, 𝑑 > 0 from the boundary, then
the result follows by absolute continuity from the whole-plane case in [16, Lemma 3.6]. Indeed,
for 𝑧 ∈ 𝐇 and 𝑟 = Im(𝑧), we let ℎ0 be a zero-boundary GFF and ℎ̂𝑧,𝑟 = ℎ𝑤 − ℎ𝑤

𝑧,𝑟(0) where ℎ𝑤 is
a whole-plane GFF and ℎ𝑤

𝑧,𝑟(0) its average on 𝜕𝐵(𝑧, 𝑟). Then, by copying the proof of [41, Proposi-
tion 3.4] and arguing as in the proof of [40, Lemma 4.4] for ℎ (when handling its harmonic part)
and using scale invariance of ℎ𝑤 and [16, Lemma 3.11], one sees that the Radon–Nikodym deriva-
tive of the law of ℎ|𝐵(𝑧,𝑟∕2) (resp. ℎ̂𝑧,𝑟|𝐵(𝑧,𝑟∕2)) with respect to the law of ℎ0|𝐵(𝑧,𝑟∕2) has 𝑝thmoment
bounded above and below by constants depending only on 𝑝, for some 𝑝 > 1 close to 1. Hence,
the lemma holds for 𝐵(𝑧, 𝜖) with 𝜖 ∈ (0, 𝑟∕2). For 𝜖 ∈ [𝑟∕2, 𝑟), the result follows by applying the
method of the boundary case, which we treat below.
We now prove the boundary case. Fix some 𝑎 ∈ (1, 𝜉), and let 𝐿 = {𝑧 ∶ Im(𝑧) = 𝜖𝑎} and 𝜏𝐿 =

inf {𝑡 > 𝜏𝑧 ∶ 𝜂′([𝜏𝑧, 𝑡]) ∩ 𝐿 ≠ ∅}. We shall show that there is a constant 𝑐0 > 0 such that if 𝑥 ∈ 𝐑,
then 𝐏[𝜏𝐿 ⩾ 𝜏𝑥(𝜖∕2)] ⩽ exp(−𝑐0𝜖(1−𝑎)∕4). With this at hand, we conclude the proof as follows.
Assume that 𝑥 = 𝑧 ∈ 𝐑 and that 𝜂′ does intersect 𝐿 before exiting 𝐵(𝑧, 𝜖∕2) and let 𝑤 = 𝜂′(𝜏𝐿).
Then, upon hitting 𝐿, we consider the event that 𝜂′ swallows a ball of radius 𝜖𝜉 before exiting
𝐵 = 𝐵(𝑤, 𝜖𝑎∕2). Since the size of the ball 𝐵 is comparable to the distance to the boundary, we
have that the probability of the event that 𝜂′([𝜏𝑤, 𝜏𝑤(𝜖𝑎∕2)]) does not contain a ball of radius 𝜖𝜉

is comparable to that of the corresponding event when 𝜂′ is replaced by a whole-plane SLE8, and
that the implicit constant is independent of 𝜖. Thus, by [16, Lemma 3.6] (and the discussion in the
previous paragraph), there exist constants 𝑎0, 𝑎1 > 0 such that

𝐏[𝜂′([𝜏𝑤, 𝜏𝑤(𝜖𝑎∕2)]) does not contain a ball of radius at least 𝜖𝜉] ⩽ 𝑎0 exp
(

−𝑎1𝜖𝑎−𝜉
)

.

Hence, letting 𝑎 = (4𝜉 + 1)∕5, the result follows.
We now turn to proving that the probability that 𝜂′ makes it distance 𝜖∕2 away from a boundary

point 𝑥 without intersecting 𝐿 is very small. Let ℎ be the GFF on𝐇 such that 𝜂′ is the counterflow
line of ℎ starting from 0 and targeted at ∞. Then ℎ has boundary values given by 𝜋∕

√
8 on 𝐑−
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and −𝜋∕
√

8 on 𝐑+. Assume without loss of generality that 𝑥 ∈ 𝐑+. For positive integers 𝑗, let
𝑥𝑗 = 𝑥 + (2𝑗 − 1)𝜖(3+𝑎)∕4 for 𝑗 ⩽ 𝜖(1−𝑎)∕4∕4 and let 𝜂𝑗 be the flow line of angle+𝜋∕2, started from
𝑥𝑗 , targeting 0. Then, the range of 𝜂𝑗 will be the outer boundary of 𝜂′([0, 𝜏𝑥𝑗

]). Thus, if any of
the flow lines 𝜂𝑗 hits 𝐿 before going too far to the left, it follows that 𝜂′ does so without traveling
too far.
Consider first 𝜂1, stopped upon first exiting the square 𝑆1 with side length 𝜖𝑎, with 𝑥1 as the

center of the base and let 𝜏1 be the first exit time. With positive probability, 𝜂1 exits 𝑆1 in the
top boundary. Next, let g1 ∶ 𝐇 ⧵ 𝜂1([0, 𝜏1]) → 𝐇 be the mapping out function for 𝜂1([0, 𝜏1]). For
simplicity of notation in what follows, we also write 𝜂1 = 𝜂1. Let 𝜂2 be the image of 𝜂2 under g1,
that is, the flow line of angle+𝜋∕2, from g1(𝑥2) in the field ℎ1 = ℎ ◦ (g1)−1 − 𝜒 arg(((g1)−1)′). We
write 𝑥1

𝑘
= g1(𝑥𝑘). Next, let 𝑆2 be the square with side length 𝜖𝑎 and base with center 𝑥1

2
. Let 𝜏2 be

the first time that 𝜂2 exits 𝑆2 and stop 𝜂2 when doing so. Again, there is a positive probability that
𝜂2 exits 𝑆2 in the top boundary. We proceed iteratively, letting g𝑗 be the mapping out function of
𝜂𝑗([0, 𝜏𝑗]) and define ℎ𝑗 = ℎ𝑗−1 ◦ (g𝑗)−1 − 𝜒 arg(((g𝑗)−1)′), as well as letting 𝑥

𝑗

𝑘
= g𝑗(𝑥

𝑗−1

𝑘
), 𝜂𝑗+1

be the flow line of angle +𝜋∕2 of the field ℎ𝑗 , started from 𝑥
𝑗
𝑗+1

, 𝑆𝑗 be the square of side length

𝜖𝑎 and base centered at 𝑥
𝑗
𝑗+1

and 𝜏𝑗 the first exit time of 𝑆𝑗 for 𝜂𝑗 . Note that the distance between
each pair of marked points is always of order 𝜖(3+𝑎)∕4. Indeed, each map g𝑗 contracts the points
𝑥

𝑗−1

𝑘
and 𝑥

𝑗−1

𝑘+1
by a distance of 𝑂(𝜖𝑎) (since that is the order of the diameter of 𝜂𝑗([0, 𝜏𝑗])). Doing

this for each 𝑗, the distance will shrink at most by𝑂(𝜖(1−𝑎)∕4 ⋅ 𝜖𝑎) = 𝑂(𝜖(1+3𝑎)∕4) and hence (since
𝑎 > 1) the distance will always be of order𝑂(𝜖(3+𝑎)∕4). Hence, the each square 𝑆𝑗 will be separated
from g𝑗(𝑆𝑗−1), with distance uniform in 𝑗. In particular, we have that dist(𝑆𝑗, g𝑗(𝑆𝑗−1)) ⩾ 𝜖(3+𝑎)∕4

for all 𝜖 ∈ (0, 1) sufficiently small and all 𝑗.
Next, we note that there is a deterministic constant𝐶 > 0 such that the boundary data of ℎ𝑗 is in

[−𝐶, 𝐶] for every 𝑗. Let 𝑗 be the Radon–Nikodym derivative between the laws of ℎ|𝑆𝑗
and ℎ𝑗|𝑆𝑗

.

Then, since dist(𝑆𝑗, g𝑗(𝑆𝑗−1)) ⩾ 𝜖(3+𝑎)∕4 and 𝑆𝑗 ⊆ 𝐵(𝑥
𝑗
𝑗+1

, 2𝜖𝑎), it follows from the argument used
to prove [43, Lemma 4.15] that there exist 𝑝 > 1, 𝐶𝑝 > 0 depending only on 𝐶 such that 𝐄[𝑝

𝑗
] ⩽

𝐶𝑝. It then follows that the probability that 𝜂𝑗 exits 𝑆𝑗 on the top boundary is uniformly bounded
from below in 𝑗 by a constant 𝑝0 > 0, and so,

𝐏[Im(𝜂𝑗(𝜏𝑗)) ≠ 𝜖𝑎 for all 1 ⩽ 𝑗 ⩽ 𝜖(1−𝑎)∕4∕4] ⩽ (1 − 𝑝0)𝜖(1−𝑎)∕4∕4 = exp(−𝑐0𝜖(1−𝑎)∕4),

where 𝑐0 = − 1

4
log(1 − 𝑝0). Suppose that 𝑥 ⩾ 𝜖∕4. Then we set 𝑦𝑗 = 𝑥 − (2𝑗 − 1)𝜖(3+𝑎)∕4∕8, for

1 ⩽ 𝑗 ⩽ 𝜖(1−𝑎)∕4∕8, and let 𝜂𝑗 be the flow line of ℎ of angle 𝜋

2
started from 𝑦𝑗 and targeted at 0.

Then, applying a similar argument as before and possibly taking 𝑝0 > 0 to be smaller, we obtain
that

𝐏[Im(𝜂𝑗(𝜏̂𝑗)) < 𝜖𝑎 for all 1 ⩽ 𝑗 ⩽ 𝜖(1−𝑎)∕4] ⩽ exp(−𝑐0𝜖(1−𝑎)∕4),

where 𝜏̂𝑗 is the first time that 𝜂𝑗 exits the square with side length 𝜖𝑎 and base at 𝑦𝑗 . It follows
that off an event with probability at most 2 exp(−𝑐0𝜖(1−𝑎)∕4), there exist 1 ⩽ 𝑗1 ⩽ 𝜖(1−𝑎)∕4, 1 ⩽ 𝑗2 ⩽

𝜖(1−𝑎)∕4∕8 such that Im(𝜂𝑗1
(𝜏𝑗1)) > 𝜖𝑎 and Im(𝜂𝑗2

(𝜏̂𝑗2 )) > 𝜖𝑎. But if the above occur, we have that
𝜂′ hits 𝐿 before hitting 𝑥 for the first time, and so, 𝜂′([𝜏𝑥, 𝜏𝑥(𝜖∕2)]) has to exit the square [𝑥 −

𝜖∕2, 𝑥 + 𝜖∕2] × [0, 𝜖𝑎] either to its right side or to 𝐿. Since Im(𝜂𝑗1
(𝜏𝑗1)) > 𝜖𝑎, we obtain that it has
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to exit it via 𝐿. Thus, we deduce that

𝐏[𝜂′([𝜏𝑥, 𝜏𝑥(𝜖∕2)]) ∩ 𝐿 = ∅] ⩽ 2 exp(−𝑐0𝜖(1−𝑎)∕4)

if 𝑥 ⩾ 𝜖∕4. Suppose that 𝑥 < 𝜖∕4. Then we set 𝑦𝑗 = −(2𝑗 − 1)𝜖(3+𝑎)∕4 for 1 ⩽ 𝑗 ⩽ 𝜖(1−𝑎)∕4∕4 and let
𝜂𝑗 be the flow line of ℎ of angle − 𝜋

2
starting from 𝑦𝑗 and targeted at 0. Then, arguing as before

and possibly taking 𝑝0 > 0 to be smaller, we obtain that off an event with probability at most
2 exp(−𝑐0𝜖(1−𝑎)∕4), we have that there exist 1 ⩽ 𝑗1, 𝑗2 ⩽ 𝜖(1−𝑎)∕4 such that Im(𝜂𝑗1

(𝜏𝑗1)) > 𝜖𝑎 and
Im(𝜂𝑗2(𝜏̂𝑗2

)) > 𝜖𝑎, where 𝜏̂𝑗2
is the first time that 𝜂𝑗2 exits the square with side length 𝜖𝑎 and base

with center 𝑦𝑗2
. Similarly, since 𝜂𝑗2 is the outer boundary of the range of 𝜂′([0, 𝜏̂𝑗2 ]), we obtain

that 𝜂′([𝜏𝑥, 𝜏𝑥(𝜖∕2)]) ∩ 𝐿 ≠ ∅ if the above occur. Therefore, we have that

𝐏[𝜂′([𝜏𝑥, 𝜏𝑥(𝜖∕2)]) ∩ 𝐿 = ∅] ⩽ 2 exp(−𝑐0𝜖(1−𝑎)∕4)

in every case. This completes the proof. □

We are now ready to prove Lemma 5.10.

Proof of Lemma 5.10. Fix 𝑡 ⩾ 0 and observe that the restriction 𝑡 of  to 𝐇𝑡 has the law of a
weight 𝛾2

2
= 1 quantum wedge (Theorem 2.9). Let 𝜑 ∶ 𝐇𝑡 → 𝒮 be the conformal transformation

such that 𝜑(𝜂′(𝑡)) = −∞, 𝜑(∞) = +∞ and ℎ̂ = ℎ ◦ 𝜑−1 + 𝑄 log(|(𝜑−1)′|) has the first exit param-
eterization on𝒮. Note that Lemma A.10 implies that we can find a finite constant 𝛼 > 0 such that
with probability 1 − 𝑂(𝜖𝜎∕2), we have that𝜇ℎ(𝐵(𝑧, 𝜖𝜉)) ⩾ 𝜖𝛼𝜉 for every ball𝐵(𝑧, 4𝜖𝜉) ⊆ 𝐇 ∩ 𝐵(0, 2),
where 𝜉 > 1 is fixed. Arguing as in the proof of Lemma 5.1 but with Lemma 4.3 replaced by
Lemma A.10, we can find constants 𝑐, 𝑑 > 0 independent of 𝑡 such that with probability 1 −

𝑂(𝜖𝜎∕2), we have that

𝜑(𝐵(𝑧, 𝜖𝜉)) ⊈ (𝒮− − 𝜖−𝜎) ∪ {𝑧 ∈ 𝒮 ∶ −𝜖−𝜎 ⩽ Re(𝑧) ⩽ 𝑇𝜖,𝑑 + 2, dist(𝑧, 𝜕𝒮) < 𝜖𝑐}

for every ball 𝐵(𝑧, 4𝜖𝜉) ⊆ 𝐇𝑡 ∩ 𝐵(0, 2), and on that event, there exists 𝑤 ∈ 𝜑(𝐵(𝑧, 𝜖𝜉)) such that
with probability at least 𝑒−𝜖−𝜎 a Brownian motion starting from𝑤 exits𝒮 on 𝜕𝒮+ + 𝑇𝜖,𝑑 + 1. Also
we note that Lemma 5.11 implies that with probability 1 − 𝑜∞

𝜖 (𝜖), 𝜂′([0, 𝑡]) contains a ball of radius
𝜖𝜉 whenever it travels distance 𝜖, on the event 𝜂′([0, 𝑡]) ⊆ 𝐃+. Therefore, in order to complete the
proof, it suffices to prove that with probability 1 − 𝑂(𝜖𝜎∕2), 𝜑(𝐼𝑡) ⊆ 𝜕𝒮− + 𝑇𝜖,𝑑 + 1. To prove this,
we note that as in the proof of Lemma 5.1, we have that

𝐄[𝜈
ℎ̂
([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 1] × {0})−1] ≲ 𝜖𝛾𝑑∕2,

and so, Markov’s inequality implies that

𝐏[𝜈
ℎ̂
([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 1] × {0}) ⩽ log(𝜖−1)] ≲ log(𝜖−1)𝜖𝛾𝑑∕2 ≲ 𝜖𝜎∕2

for 𝑑 > 0 sufficiently large and similarly for 𝜈
ℎ̂
([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 + 1] × {𝜋}). Hence, with probability 1 −

𝑂(𝜖𝜎∕2),

min(𝜈ℎ̂((−∞, 𝑇𝜖,𝑑 + 1] × {0}), 𝜈ℎ̂((−∞, 𝑇𝜖,𝑑 + 1] × {𝜋})) ⩾ log(𝜖−1),

and so, 𝜑(𝐼𝑡) ⊆ 𝜕𝒮− + 𝑇𝜖,𝑑 + 1. This completes the proof. □
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Our final result of this section will be the version of Lemma 5.1 that will be used to deduce
the continuity results related to SLE4, that is, Theorems 1.1 and 1.2. We shall be rather brief when
proving it, as the ideas are the same as in the proof of Lemma 5.1, the only difference being that
we will not consider the quantum length of the curves 𝜂1 and 𝜂2 as its tail behavior is different
(since this is the critical case, 𝛾 = 2).

Lemma 5.12. Suppose that we have the setup of Lemma 5.1 with 𝛾 = 2 (𝜅 = 4). Let 𝐸(𝜎) = 𝐸𝜖(𝜎) be
the event that there exists 𝑧 ∈ 𝐵(0, 2𝜖) with dist(𝑧, 𝜂1 ∪ 𝜂2) ⩾ 𝜖 and such that the harmonic measure
of each of 𝜂1 and 𝜂2 as seen from 𝑧 is at least 1

4
and that the probability that a Brownian motion

starting from 𝑧 hits 𝜕𝐃 before exiting 𝐂 ⧵ (𝜂1 ∪ 𝜂2) is at most exp(−𝜖−𝜎). Then

𝐏[𝐸(𝜎)] = 𝑂(𝜖𝜎∕2+𝑜(1)) as 𝜖 → 0.

Proof. Suppose that we have the setup of the proof of Lemma 5.1 and fix 𝜉 > 1. Note that Theo-
rems 2.8 and 3.1 imply that 𝜂1 and 𝜂2 cut (𝐂, ℎ, 0, ∞) into two independentweight-( 𝛾2

2
= 2)wedges

parameterized by 𝑈1 and 𝑈2.
Arguing as in the proof of Lemma 5.1, we obtain that with probability 1 − 𝑂(𝜖𝜎∕2), we have

that 𝜑1(𝐵(𝑧, 𝜖𝜉)) ⊈ 𝒮− − 𝜖−𝜎∕4 for every ball 𝐵(𝑧, 𝜖𝜉) ⊆ 𝐵(0, 2𝜖). Moreover, Lemma A.9 implies
that there exists 𝑝 > 0 such that 𝐄[𝜇ℎ(𝐃)𝑝] < ∞, and so, we can find constants 𝑐, 𝑑 > 0 such
thatwith probability 1 − 𝑂(𝜖𝜎∕2+𝑜(1)), we have that𝜇ℎ(𝐃) ⩽ 𝜖−𝑐,𝑇𝜖,𝑑 ⩽ 𝜖−𝜎∕4 and𝜇ℎ1([𝑇𝜖,𝑑, 𝑇𝜖,𝑑 +

1] × [0, 𝜋]) > 𝜖−𝑐. Suppose that we work on the above event and let 𝑧 ∈ 𝐵(0, 2𝜖) ⧵ 𝐵(0, 𝜖) be such
that dist(𝑧, 𝜂1 ∪ 𝜂2) ⩾ 𝜖 and such that the harmonic measure of each of 𝜂1 and 𝜂2 as seen from 𝑧

is at least 1

4
. We assume without loss of generality that 𝑧 ∈ 𝑈1. Note that for some universal con-

stant 𝑞 > 0, with probability at least 𝑞, a Brownian motion starting from 𝑧 makes a loop around
𝐵(𝑧, 𝜖𝜉) before exiting 𝐂 ⧵ (𝜂1 ∪ 𝜂2). Hence, if 𝜑1(𝑧) ∈ 𝒮− − 𝜖−𝜎∕2, then with probability at least
𝑞 a Brownian motion starting from 𝜑1(𝑧) hits {−𝜖−𝜎∕4} × (0, 𝜋) before 𝜕𝒮 since 𝜑1(𝐵(𝑧, 𝜖𝜉)) ∩

(𝒮+ − 𝜖−𝜎∕4) ≠ ∅. But for 𝜖 sufficiently small, this occurswith probability less than 𝑞 by the Beurl-
ing estimate, and so, we have a contradiction. Note also that 𝜑1(𝑈1 ∩ 𝜕𝐃) ⊈ 𝒮+ + 𝑇𝜖,𝑑 + 1 since
𝜇ℎ1(𝒮+ + 𝑇𝜖,𝑑) ⩾ 𝜖−𝑐 ⩾ 𝜇ℎ(𝐃). Hence, if 𝜑1(𝑧) ∈ 𝒮+ + 𝜖−𝜎∕2, then there exists a connected path
𝑃 of 𝜑1(𝑈1 ∩ 𝜕𝐃) connecting {𝑇𝜖,𝑑 + 1} × {0, 𝜋} with {Re(𝜑1(𝑧))} × (0, 𝜋) and with probability at
least 𝛿 > 0 a Brownian motion starting from 𝜑1(𝑧) hits 𝑃 before 𝜕𝒮 since the harmonic measure
of the upper and lower boundary of𝒮 as seen from 𝜑1(𝑧) is at least 1∕4 (𝛿 is a universal constant).
By conformal invariance of Brownian motion, we obtain that with probability at least 𝛿, a Brow-
nian motion starting from 𝑧 hits 𝜕𝐃 before 𝜂1 ∪ 𝜂2. But that is a contradiction for 𝜖 sufficiently
small by applying the Beurling estimate again. Therefore, 𝜑1(𝑧) ∈ [−𝜖−𝜎∕2, 𝜖−𝜎∕2] × (0, 𝜋) and
since 𝜑1(𝑈1 ∩ 𝜕𝐃) ⊈ 𝒮+ + 𝜖−𝜎∕2, by arguing as in the proof of Lemma 5.1, we obtain that a Brow-
nian motion starting from 𝜑1(𝑧) hits 𝜑1(𝑈1 ∩ 𝜕𝐃) before 𝜕𝒮 with probability ≳ exp(−3𝜖−𝜎). This
completes the proof. □

6 DENSITY LOWER BOUND FOR THE LQGMEASURE

In this section, we prove a few results that we need on the density of the intensity of the LQG area
measures. Recall that𝐺N

𝐷
is theGreen’s functionwithNeumann boundary condition in𝐷. The key

bound of this section is Proposition 6.1 that is stated just below. It will be important for the proof
of the upper bound in Theorem 1.3, since it tells us that we do not lose too much information
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when we consider the regularity assumption that 𝜇ℎ(𝐃+) ⩽ 𝑀. This condition, in particular, is
convenient to control the behaviour and geometry of the SLE8 process, in particular how far it
escapes, when parameterized by quantum area and to derive from this, the same control of the
curve parameterized by capacity, for small times. In order to understand the proof of Theorem 1.3
that comes in Section 7, one need only understand the statement of Proposition 6.1 and can skip
the details on a first reading. In what follows, we assume that 𝛾 =

√
2.

Proposition 6.1. Suppose that (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
has the first exit parameterization and

fix 𝛽 > 1∕8. Then there exist constants 𝑀, 𝑐 > 0 such that if 𝐸 = {𝜇ℎ(𝐃+) ⩽ 𝑀}, then

𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)] ⩾ 𝑐Im(𝑧)𝛽−
𝛾2

2 |𝑧| 𝛾2

8
−𝛽 for all 𝑧 ∈ 𝑒−1𝐃+.

Weemphasize that in the statement of Proposition 6.1, we are using the notation𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)] to
denote the density with respect to Lebesguemeasure of the measure𝑋 ↦ 𝐄[𝟏𝐸𝜇ℎ(𝑋)]. As we will
see below, the reason that Proposition 6.1 takes some work to prove is because we are considering
𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)] andnot simply𝐄[𝜇ℎ(𝑑𝑧)] (i.e., the density of themeasure𝑋 ↦ 𝐄[𝜇ℎ(𝑋)]with respect
to Lebesgue measure) and we need a lower bound on the former in Section 7. Establishing this
lower boundwill amount to establishing a lower bound on the probability of 𝐸 under themeasure
whose formal Radon–Nikodym derivative with respect to 𝐏 is given by 𝑒𝛾ℎ(𝑧).
The proof of Proposition 6.1 consists of three main steps. First, we show how to compare

𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)] to the density of the intensity of the area measure corresponding to ℎ, that is,
𝐄[𝜇ℎ(𝑑𝑧)]. This is the content of the next proposition. Next, in Lemma 6.9, we derive the form
of 𝐄[𝜇ℎ𝑊 (𝑑𝑧)] when considering an 𝛼-quantum wedge with 𝛼 < 𝑄. Finally, we show how to
compare the densities of the intensities of the area measures for 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=4

𝜸=
√

2
(i.e., 𝛼 = 0) and

𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
.

Proposition 6.2. Suppose that (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
has the first exit parameterization and

fix 𝛽 > 1∕8. Then we can find finite constants 𝑀, 𝑐 > 0 such that if 𝐸 = {𝜇ℎ(𝐃+) ⩽ 𝑀}, then

𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)] ⩾ 𝑐Im(𝑧)𝛽|𝑧|−𝛽𝑓(𝑧) for all 𝑧 ∈ 𝑒−1𝐃+,

where 𝑓(𝑧) = 𝐄 [𝜇ℎ(𝑑𝑧)].

Let (𝒮, ℎ, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾
𝐖=𝛾2∕2
𝜸=𝛾 with 𝛾 ∈ (0, 2] (recall the definition in Section 2.6). Sup-

pose that we have 𝑧 ∈ 𝒮−. We let 𝐏𝑧 denote the law whose (formal) Radon–Nikodym derivative
with respect to ℎ is given by 𝑒𝛾ℎ(𝑧). The law of ℎ under 𝐏𝑧 can be sampled from using the following
two steps.

∙ Taking the projection onto 𝐻1(𝒮) to be given by 𝑋𝑡 where (−𝑋−𝑡∕2)𝑡⩾0 has the law of a BES3

weighted by the Radon–Nikodym derivative

𝑒𝛾𝑋Re(𝑧)

𝐄[𝑒𝛾𝑋Re(𝑧) ]
.
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∙ Taking the projection onto 𝐻2(𝒮) to be given by the corresponding projection for a free
boundary GFF plus the corresponding projection of 𝛾𝐺N

𝒮(𝑧, ⋅), independent of 𝑋.

The main step in the proof of Proposition 6.2 is the following.

Proposition 6.3. Fix 𝛽 > 1∕8. Then, we can find 𝑀, 𝑐 > 0 such that if 𝐸 = {𝜇ℎ(𝒮−) ⩽ 𝑀}, then

𝐏𝑧[𝐸] ⩾ 𝑐dist(𝑧, 𝜕𝒮)𝛽 for all 𝑧 ∈ 𝒮− with Re(𝑧) ⩽ −1.

We begin by giving the asymptotics of the Laplace transform of a BES3 process.

Lemma 6.4. Suppose that 𝑍 ∼ BES3. For any 𝑠 > 0, there exist constants 0 < 𝑐0 < 𝑐1 < ∞ such
that

𝑐0𝑡−3∕2 ⩽ 𝐄[𝑒−𝑠𝑍𝑡 ] ⩽ 𝑐1𝑡−3∕2 for all 𝑡 ⩾ 1.

Proof. We begin by noting that if we let 𝑝𝑡(𝑥, 𝑦) be the transition density for 𝑍, then

𝑝𝑡(0, 𝑦) =

√
2

𝜋
𝑡−3∕2𝑦2𝑒−

𝑦2

2𝑡 ,

see [48, Chapter XI]. Then,

𝐄[𝑒−𝑠𝑍𝑡 ] =

√
2

𝜋
𝑡−3∕2 ∫

∞

0
𝑦2𝑒−𝑠𝑦−

𝑦2

2𝑡 𝑑𝑦 ⩽

√
2

𝜋
𝑡−3∕2 ∫

∞

0
𝑦2𝑒−𝑠𝑦𝑑𝑦 =

2
√

2

𝑠3
√

𝜋
𝑡−3∕2.

For the lower bound, we set 𝑚 = 2 max(𝑠, 1) and note that for 𝑡 ⩾ 1∕2,

𝐄[𝑒−𝑠𝑍𝑡 ] ⩾

√
2

𝜋
𝑡−3∕2

(
∫

1

0
𝑦2𝑒−𝑚𝑦𝑑𝑦 + ∫

∞

1
𝑦2𝑒−𝑚𝑦2

𝑑𝑦

)
= 𝐶𝑠𝑡

−3∕2,

since the sum of the integrals is positive and depends only on 𝑠. Thus, the result follows. □

In order to bound the moments of 𝜇ℎ under the measure 𝐏𝑧, it is convenient to bound the
moments of 𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅) where ℎ̃ is a free boundary GFF on 𝐇. We will then show that the former

moments are upper bounded by the latter.

Lemma 6.5. Let ℎ̃ be a free boundary GFF on𝐇 with the additive constant fixed so that its average
on𝐇 ∩ 𝜕𝐃 is equal to 0. Then there exists𝑝0 ∈ (0, 1) such that for all𝑝 ∈ (0, 𝑝0), we can find𝐶𝑝 < ∞

depending only on 𝑝 such that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐃+)𝑝

]
⩽ 𝐶𝑝Im(𝑧)𝛾𝑝(𝑄−2𝛾)+𝑂(𝑝2) for all 𝑧 ∈ 𝐃+ ⧵ 𝑒−2𝐃+,

where the implicit constants of the term 𝑂(𝑝2) are uniform in 𝑧.

Proof. We write 𝐷 = 𝐇 ∩ 𝐵(0, 2) and suppose first that ℎ̃ is normalized so that the average on
𝐇 ∩ 𝜕𝐵(0, 2) is equal to 0. Then ℎ̃ = ℎ0

𝐷
+ 𝔥𝐷 where ℎ0

𝐷
is a zero-boundaryGFF on𝐷 and 𝔥𝐷 is har-
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monic on𝐷 and independent ofℎ0
𝐷
.We fix 𝑧 ∈ 𝐃+ ⧵ 𝑒−2𝐃+ and set𝐴𝑘 = 𝐵(𝑧, 𝑟2−𝑘) ⧵ 𝐵(𝑧, 𝑟2−𝑘−1)

for 𝑘 ∈ 𝐍0 where 𝑟 = Im(𝑧). By [49, Proposition 3.7] (recalling Remark 2.5),

𝐄
[
𝜇ℎ0

𝐷
(𝐵(𝑧, 𝑟2−𝑘))𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝𝑄2−𝑘𝜁𝑝 ,

where 𝐶𝑝 depends only on 𝑝 ∈ (0, 4∕𝛾2) and 𝜁𝑝 = (2 + 𝛾2∕2)𝑝 − 𝛾2𝑝2∕2, and by Lemma A.2,
there are constants 𝐶, 𝐶𝑝 > 0 such that

𝐄

[
exp

(
𝛾𝑝 sup

𝑤∈𝐵(𝑧,𝑟∕2)
𝔥𝐷(𝑤)

)]
⩽ 𝐶𝑝𝑟−𝐶𝛾2𝑝2

.

Thus, we have that

𝐄
[
𝜇ℎ̃(𝐵(𝑧, 𝑟2−𝑘))𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝𝑄−𝐶𝛾2𝑝2

2−𝑘𝜁𝑝 .

Moreover, since𝐺N
𝐇

(𝑧, 𝑤) = − log |𝑧 − 𝑤| − log |𝑧 − 𝑤| ⩽ (𝑘 + 1) log 2 − 2 log 𝑟 for all𝑤 ∈ 𝐴𝑘, we
have that if we pick 𝑝 ∈ (0, 1) such that 𝜁𝑝 − 𝛾2𝑝 = (2 − 𝛾2∕2)𝑝 − 𝛾2𝑝2∕2 > 0, then

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐵(𝑧, 𝑟∕2))𝑝

]
⩽

∞∑
𝑘=1

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐴𝑘)𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝(𝑄−2𝛾)−𝐶𝛾2𝑝2

. (6.1)

Next, we let 𝜌𝑧 denote the uniform measure on the semicircle 𝐇 ∩ 𝜕𝐵(−𝑥, 2) where 𝑥 = Re(𝑧).
Then we have that 𝜇ℎ̃(𝐵(𝑧, 𝑟)) and 𝑒−𝛾(ℎ̃,𝜌𝑧)𝜇ℎ̃(𝐵(𝑖𝑟, 𝑟)) have the same law, and so, by Hölder’s
inequality,

𝐄
[
𝜇ℎ̃(𝐵(𝑧, 𝑟))𝑝

]
⩽ 𝐄

[
𝑒−2𝛾𝑝(ℎ̃,𝜌𝑧)

]1∕2
𝐄
[
𝜇ℎ̃(𝐵(𝑖𝑟, 𝑟))2𝑝

]1∕2
. (6.2)

Furthermore, var[(ℎ̃, 𝜌𝑧)] is uniformly bounded in 𝑥 and 𝐄
[
𝜇ℎ̃(𝐵(𝑖𝑟, 𝑟))2𝑝

]
≲ 𝑟2𝛾𝑝𝑄−𝑂(𝑝2) where

the implicit constant depends only on 𝑝 and the constant of the term 𝑂(𝑝2) is independent of
𝑟, 𝑝 for all 𝑝 sufficiently small, and so, we can find 𝐶𝑝 < ∞ depending only on 𝑝 such that
𝐄
[
𝜇ℎ̃(𝐵(𝑖𝑟, 𝑟))2𝑝

]
⩽ 𝐶𝑝 for 𝑝 sufficiently small. Hence, by (6.2), we obtain that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐴0)𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝(𝑄−2𝛾), (6.3)

and so, (6.1) and (6.3) imply that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐵(𝑧, 𝑟))𝑝

]
⩽ 𝐄

[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐵(𝑧, 𝑟∕2))𝑝

]
+ 𝐄

[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐴0)𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝(𝑄−2𝛾)+𝑂(𝑝2), (6.4)

where the implicit constant in the term 𝑂(𝑝2) is universal.
We now consider 𝐃+ ⧵ 𝐵(𝑧, 𝑟). For 𝑘 ∈ 𝐍, we set 𝐴𝑘 = 𝐇 ∩ 𝐵(𝑧, 𝑟2𝑘) ⧵ 𝐵(𝑧, 𝑟2𝑘−1) and 𝑘𝑟 =⌊ log(𝑟−1)

log 2
⌋ + 1. We observe that var[(ℎ̃, 𝜌+

𝑥,𝑟2𝑘+1
)] ⩽ −2 log(𝑟2𝑘) + 𝑂(1), where the 𝑂(1) term is
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uniform in 𝑥 and 𝜌+
𝑥,𝑟2𝑘+1

is the uniform measure on 𝐇 ∩ 𝜕𝐵(𝑥, 𝑟2𝑘+1) and

𝐄
⎡⎢⎢⎣𝜇ℎ̃−

(
ℎ̃,𝜌+

𝑥,𝑟2𝑘+1

)(𝐇 ∩ 𝐵(𝑥, 𝑟2𝑘+1))𝑝
⎤⎥⎥⎦ ⩽ 𝐶𝑝(𝑟2𝑘)𝛾𝑝𝑄, (6.5)

where 𝐶𝑝 depends only on 𝑝. Thus, since 𝑒
𝛾

(
ℎ̃,𝜌+

𝑥,𝑟2𝑘+1

)
𝜇

ℎ̃−

(
ℎ̃,𝜌+

𝑥,𝑟2𝑘+1

)(𝐇 ∩ 𝐵(𝑥, 𝑟2𝑘+1)), and

𝜇ℎ̃(𝐇 ∩ 𝐵(𝑥, 𝑟2𝑘+1)) have the same law, (6.5) and Hölder’s inequality imply that

𝐄
[
𝜇ℎ̃(𝐇 ∩ 𝐵(𝑥, 𝑟2𝑘+1))𝑝

]
⩽ 𝐶𝑝(𝑟2𝑘)𝛾𝑝𝑄−2𝛾2𝑝2

.

Since 𝐺N
𝐇

(𝑧, 𝑤) ⩽ −2 log(𝑟2𝑘−1) for all 𝑤 ∈ 𝐴𝑘, it follows that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐴𝑘)𝑝

]
⩽ 𝐶𝑝(𝑟2𝑘)𝑎𝑝

for 𝑎𝑝 = 𝛾𝑝(𝑄 − 2𝛾) − 2𝛾2𝑝2. By picking 𝑝 ∈ (0, 1) such that 𝑎𝑝 < 0 (since 𝑄 < 2𝛾 when 𝛾 >

2∕
√

3), summing over 𝑘, we have (since the function 𝑥 ↦ 𝑥𝑝 is concave)

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐇 ∩ 𝐵(𝑧, 1) ⧵ 𝐵(𝑧, 𝑟))𝑝

]
⩽ 𝐶𝑝𝑟𝑎𝑝 , (6.6)

where 𝐶𝑝 > 0 depends only on 𝑝.
We now deal with 𝐃+ ⧵ 𝐵(𝑧, 1). Since 𝐺N

𝐇
(𝑧, 𝑤) ⩽ 0 for all 𝑤 ∈ 𝐃+ ⧵ 𝐵(𝑧, 1) and 𝐄[𝜇ℎ̃(𝐃+)𝑝] <

∞ for 𝑝 ∈ (0, 1), we have that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐃+ ⧵ 𝐵(𝑧, 1))𝑝

]
⩽ 𝐶𝑝. (6.7)

By combining (6.4), (6.6), and (6.7), we obtain that for all 𝑝 ∈ (0, 1) sufficiently small, we can find
𝐶𝑝 > 0 depending only on 𝑝 such that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐃+)𝑝

]
⩽ 𝐶𝑝𝑟𝛾𝑝(𝑄−2𝛾)+𝑂(𝑝2), (6.8)

where the implicit constant in the term 𝑂(𝑝2) depends only on 𝑝.
Finally, we set ℎ̂ = ℎ̃ − (ℎ̃, 𝜌)where 𝜌 is the uniformmeasure on𝐇 ∩ 𝜕𝐃. Then ℎ̂ is normalized

as in the statement of the lemma. Then, for all 𝑝 ∈ (0, 1) sufficiently small, Holder’s inequality
together with (6.8) imply that

𝐄
[
𝜇ℎ̂+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐃+)𝑝

]
⩽ 𝐄

[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝑧,⋅)(𝐃+)2𝑝

]1∕2
𝐄
[
𝑒−2𝛾𝑝(ℎ̃,𝜌0)

]1∕2

⩽ 𝐶𝑝(Im(𝑧))𝛾𝑝(𝑄−2𝛾)+𝑂(𝑝2)

for all 𝑧 ∈ 𝐃+ ⧵ 𝑒−2𝐃+, where 𝐶𝑝 < ∞ depends only on 𝑝 and the constants of the term𝑂(𝑝2) are
uniform in 𝑧. This completes the proof. □
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We now use Lemma 6.5 to bound the moments under 𝐏𝑧 of the quantum area of (Re(𝑧) −

1, Re(𝑧) + 1) × (0, 𝜋) with respect to ℎ.

Lemma 6.6. Let (𝒮, ℎ, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
and consider 𝐏𝑧 as above for 𝑧 ∈ 𝒮 such that

Re(𝑧) ⩽ −1. Then, there exists𝑝0 ∈ (0, 1) such that for all𝑝 ∈ (0, 𝑝0), there exists𝐶𝑝 < ∞depending
only on 𝑝 such that

𝐄𝑧[𝜇ℎ(𝐴)𝑝] ⩽ 𝐶𝑝𝑟𝛾𝑝(𝑄−2𝛾)+𝑂(𝑝2),

where 𝐴 = (Re(𝑧) − 1, Re(𝑧) + 1) × (0, 𝜋) and 𝑟 = dist(𝑧, 𝜕𝒮).

Proof. We consider the conformal transformation 𝜓 ∶ 𝒮 → 𝐇 with 𝜓(𝑤) = 𝑒𝑤−Re(𝑧)−1 and let ℎ̃

be a free boundary GFF on 𝐇 as in the statement of Lemma 6.5. Then ℎ̃ ◦ 𝜓 has the law of a
free boundary GFF on 𝒮 normalized so that its average on {Re(𝑧) + 1} × [0, 𝜋] is zero. Note that
𝐺N
𝒮(𝑧, 𝑤) = 𝐺N

𝐇
(𝑒𝑧, 𝑒𝑤) for 𝑤 ∈ 𝒮. Fix 𝑧 ∈ 𝒮− as in the statement of the lemma and without loss

of generality, we can assume that Im(𝑧) ⩽ 𝜋∕2 and set g(𝑤) = 𝐺N
𝒮(𝑧, 𝑤) − 1

𝜋
∫ 𝜋

0 𝐺N
𝒮(𝑧, Re(𝑤) +

𝑖𝜃)𝑑𝜃. Then, g is the projection of𝐺N
𝒮(𝑧, ⋅) onto𝐻2(𝒮). Moreover, there exists a universal constant

𝐶 > 0 such that g(𝑤) ⩽ 𝐺N
𝒮(𝑧, 𝑤) + 𝐶 for all 𝑤 ∈ 𝐴. Hence, it holds on 𝐴 that

ℎ ⩽ ℎ̃◦𝜓 + 𝛾𝐺N
𝒮(𝑧, ⋅) + 𝛾𝐶 − inf

Re(𝑧)−1⩽𝑡⩽Re(𝑧)+1
ℎ̃1(𝑡) (6.9)

since 𝑋 is negative on 𝒮−, where ℎ̃1 is the projection of ℎ̃ ◦ 𝜓 onto 𝐻1(𝒮). Furthermore,
infRe(𝑧)−1⩽𝑡⩽Re(𝑧)+1 ℎ̃1(𝑡) and inf 0⩽𝑡⩽2 𝐵2𝑡 have the same law where 𝐵 is a standard Brownian
motion; note that the latter has finite exponentialmoments of all orders. Thus, Hölder’s inequality
combined with (6.9) imply that

𝐄𝑧[𝜇ℎ(𝐴)𝑝] ⩽ 𝐶𝑝𝐄[𝜇ℎ̂(𝐴)2𝑝]1∕2, (6.10)

where ℎ̂ = ℎ̃ ◦ 𝜓 + 𝛾𝐺N
𝒮(𝑧, ⋅) and 𝐶𝑝 depends only on 𝑝. Moreover, (2.8) together with the

observation that 𝑒−2 ⩽ |𝜓′(𝑤)| ⩽ 1 for 𝑤 ∈ 𝐴, implies that

𝐄
[
𝜇ℎ̃+𝛾𝐺N

𝐇
(𝜓(𝑧),⋅)(𝐃+ ⧵ 𝑒−2𝐃+)2𝑝

]
= 𝐄

[
𝜇

ℎ̂+𝑄 log |𝜓′|(𝐴)2𝑝
]

⩾ 𝐶𝑝𝐄
[
𝜇

ℎ̂
(𝐴)2𝑝

]
,

where 𝐶𝑝 depends only on 𝑝. Since Im(𝜓(𝑧)) = 𝑒−1 sin(𝑟) and sin(𝑦) ⩾
2

𝜋
𝑦 for 𝑦 ∈ (0, 𝜋∕2), the

result follows from (6.10) and Lemma 6.5. □

Next, we bound the moments under 𝐏𝑧 of the mass in the rest of the half-strip 𝒮−.

Lemma 6.7. Suppose that we have the setup of the previous lemmas. Then there exists 𝑝0 ∈ (0, 1)

such that for all 𝑝 ∈ (0, 𝑝0), we can find a constant 𝐶𝑝 < ∞ such that

𝐄𝑧[𝜇ℎ(𝒮− ⧵ 𝐴)𝑝] ⩽ 𝐶𝑝.

Proof. Let 𝐄𝑧 (resp. 𝐄) be the expectation with respect to 𝐏𝑧 (resp. 𝐏) and let 𝑋 = (𝑋𝑡)𝑡∈𝐑 be the
projection of ℎ onto 𝐻1(𝒮). For 𝑘 ⩽ 0, we set 𝑋∗

𝑘
= sup𝑠∈[𝑘−1,𝑘] 𝑋𝑠 and set 𝑡 = Re(𝑧) ⩽ −1. Note
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that under 𝐏, we have for 𝑠 ⩽ 0 that 𝑋𝑠 = −𝑌−2𝑠 where 𝑌 ∼ BES3. Moreover, 𝑌 can be coupled
with a Brownianmotion 𝐵 such that𝑌𝑠 = 2𝑆𝑠 − 𝐵𝑠 for all 𝑠 ⩾ 0where 𝑆𝑠 = sup0⩽𝑥⩽𝑠 𝐵𝑥 ([48, The-
oremVI.3.3.5]). Hence,𝑋∗

𝑘
− 𝑋𝑘 for 𝑘 ⩽ 0 is stochastically dominated from above by sup𝑠∈[0,1] 𝐵2𝑠.

We recall that there exists a constant 𝐶1
𝑝 depending only on 𝑝 and 𝛾 such that,

𝐄
[
𝑒𝛾𝑝 sup𝑠∈[0,1] 𝐵2𝑠

]
⩽ 𝐶1

𝑝. (6.11)

Set 𝐵𝑢 = 𝐵𝑢−2𝑡 − 𝐵−2𝑡 and 𝑌𝑢 = 2 sup0⩽𝑟⩽𝑢 𝐵𝑟 − 𝐵𝑢 for all 𝑢 ⩾ 0. Then, we have that 𝑌 has the
law of a BES3 process starting from 0 that is independent of 𝑌−2𝑡. Moreover, we have that 𝑌2𝑠 ⩾

𝑌2(𝑠+𝑡) − 𝑌−2𝑡 for all 𝑠 ⩾ −𝑡. It follows that

𝐄
[
𝑒𝛾𝑝𝑋𝑘 𝑒𝛾𝑋𝑡

]
= 𝐄

[
𝑒−𝛾𝑝𝑌−2𝑘 𝑒−𝛾𝑌−2𝑡

]
⩽ 𝐄

[
𝑒−𝛾𝑝𝑌2(−𝑘+𝑡)𝑒−𝛾(1−𝑝)𝑌−2𝑡

]
= 𝐄

[
𝑒−𝛾𝑝𝑌2(−𝑘+𝑡)

]
𝐄
[
𝑒−𝛾(1−𝑝)𝑌−2𝑡

]
⩽ 𝐶(−𝑘 + 𝑡)−3∕2(−𝑡)−3∕2 (Lemma 6.4) (6.12)

for some constant 𝐶 > 0 depending only on 𝛾 and 𝑝. Moreover, since 𝐄[𝑒𝛾𝑝(𝑋∗
𝑘
−𝑋𝑘)|𝑋𝑘 = 𝑥] is

stochastically dominated by 𝑒𝛾𝑝 sup𝑠∈[0,1] 𝐵2𝑠 for each 𝑥 ⩽ 0, we have (with 𝐵 a Brownian motion,
independent of 𝑋) by the Markov property of 𝑋, (6.11) and (6.12) that for all 𝑘 ⩽ 𝑡 − 1,

𝐄
[
𝑒𝛾𝑝𝑋∗

𝑘 𝑒𝛾𝑋𝑡

]
= 𝐄

[
𝐄

[
𝑒𝛾𝑝(𝑋∗

𝑘
−𝑋𝑘)

||||| (𝑋𝑢)𝑢∈[𝑘,0]

]
𝑒𝛾𝑝𝑋𝑘 𝑒𝛾𝑋𝑡

]
= 𝐄

[
𝐄

[
𝑒𝛾𝑝(𝑋∗

𝑘
−𝑋𝑘)

|||||𝑋𝑘

]
𝑒𝛾𝑝𝑋𝑘 𝑒𝛾𝑋𝑡

]
⩽ 𝐄

[
𝑒𝛾𝑝 sup𝑠∈[0,1] 𝐵2𝑠 𝑒𝛾𝑝𝑋𝑘 𝑒𝛾𝑋𝑡

]
= 𝐄

[
𝑒𝛾𝑝 sup𝑠∈[0,1] 𝐵2𝑠

]
𝐄
[
𝑒𝛾𝑝𝑋𝑘 𝑒𝛾𝑋𝑡

]
⩽ 𝐶1

𝑝(−𝑘 + 𝑡)−3∕2(−𝑡)−3∕2, (6.13)

for some constant𝐶1
𝑝 depending on 𝑝 and 𝛾. Moreover, we observe that the projection g of𝐺N

𝒮(𝑧, ⋅)
onto 𝐻2(𝒮) is bounded from above on 𝒮− ⧵ 𝐴 uniformly in 𝑧 and since the law of ℎ2 under 𝐏 is
invariant under horizontal translations and 𝐄

[
𝜇ℎ2

([−1, 0] × [0, 𝜋])𝑝
]

< ∞ for 𝑝 > 0 sufficiently
small, we have that

𝐄𝑧

[
𝜇ℎ2

([𝑘 − 1, 𝑘] × [0, 𝜋])𝑝
]

⩽ 𝐶2
𝑝. (6.14)

Therefore, by (6.13) and (6.14), we obtain for 𝑝 ∈ (0, 1) sufficiently small that

𝐄𝑧[𝜇ℎ((−∞, 𝑡 − 1] × [0, 𝜋])𝑝] ⩽ 𝐄𝑧

[(
𝑡−1∑

𝑘=−∞

𝑒𝛾𝑋∗
𝑘 𝜇ℎ2

([𝑘 − 1, 𝑘] × [0, 𝜋])

)𝑝]

⩽ 𝐄𝑧

[
𝑡−1∑

𝑘=−∞

𝑒𝛾𝑝𝑋∗
𝑘 𝜇ℎ2

([𝑘 − 1, 𝑘] × [0, 𝜋])𝑝

]
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=

𝑡−1∑
𝑘=−∞

𝐄𝑧

[
𝑒𝛾𝑝𝑋∗

𝑘

]
𝐄𝑧

[
𝜇ℎ2

([𝑘 − 1, 𝑘] × [0, 𝜋])𝑝
]

⩽
𝐶1

𝑝𝐶2
𝑝(−𝑡)−3∕2

𝐄
[
𝑒𝛾𝑋𝑡

] ∞∑
𝑘=1

𝑘−3∕2.

By combining the above inequality with Lemma 6.4, we obtain that

𝐄𝑧[𝜇ℎ((−∞, 𝑡 − 1] × [0, 𝜋])𝑝] ⩽ 𝐶𝑝

and proceeding similarly,

𝐄𝑧[𝜇ℎ([𝑡 + 1, 0] × [0, 𝜋])𝑝] ⩽ 𝐶𝑝

for all 𝑝 ∈ (0, 1) sufficiently small. Thus, the result follows for small enough 𝑝 > 0. □

Wewill now construct an𝐻1(𝐂) approximation 𝜙𝑧,𝑟 to the log function centered at 𝑧 and equal
to log |𝑧 − 𝑥| for 𝑥 ∉ 𝐵(𝑧, 𝑟) that is going to be useful in what follows. Let 𝜓 be a smooth function
on 𝐑 which is nondecreasing and such that 𝜓(𝑥) = 0 for all 𝑥 ⩽ 0 and 𝜓(𝑥) = 1 for all 𝑥 ⩾ 1.
We also consider the continuous function 𝑓 on 𝐑 with 𝑓(𝑠) = 1

𝑟
𝜓( 2

𝑟
(𝑠 − 𝑟

2
)) for 0 ⩽ 𝑠 ⩽ 𝑟 and

𝑓(𝑠) = 1

𝑠
for 𝑠 ⩾ 𝑟. Then, we set 𝜙𝑧,𝑟(𝑥) = 𝐹(|𝑥 − 𝑧|) where 𝐹(𝑥) = log 𝑟 + ∫ |𝑥|

𝑟 𝑓(𝑠)𝑑𝑠 for 𝑥 ∈ 𝐂.
We then have that 𝜙𝑧,𝑟(𝑥) = log |𝑥 − 𝑧| for 𝑥 ∉ 𝐵(𝑧, 𝑟) and 𝜙𝑧,𝑟(𝑥) = log 𝑟 + 𝑂(1) for 𝑥 ∈ 𝐵(𝑧, 𝑟),
∫𝐵(𝑧,𝑟) |∇𝜙𝑧,𝑟(𝑥)|2𝑑𝑥 = 𝑂(1) where the 𝑂(1) is uniform in 𝑥, 𝑟.
With the above lemmas at hand, we prove the following lemma, which is the main ingredient

in the proof of Proposition 6.3.

Lemma 6.8. There exists 𝑝0 ∈ (0, 1) such that for each 𝑝 ∈ (0, 𝑝0), there exists a constant 𝑐𝑝 > 0

depending only on 𝑝 so that for each 𝑧 ∈ 𝒮− with Re(𝑧) ⩽ −1 and 𝑟 = dist(𝑧, 𝜕𝒮), the following is
true. Let 𝜙𝑧,𝑟 be as above and let 𝜙𝑧,𝑟 be the projection of 𝜙𝑧,𝑟 onto 𝐻2(𝒮) (i.e., obtained by start-
ing with 𝜙𝑧,𝑟 and then subtracting its mean on vertical lines) and let 𝛼 > 1∕

√
2. Then, we have

that

𝐄𝑧[𝜇ℎ+𝛼𝜙𝑧,𝑟
(𝒮−)𝑝] ⩽ 𝑐𝑝.

Proof. First, we assume that Re(𝑧) = −1 and suppose that we have the same setup as in Lem-
mas 6.5 and 6.6. We let 𝜙(𝑤) = 𝑒𝑤 and set 𝑧0 = 𝜙(𝑧) ∈ 𝜕𝐵(0, 𝑒−1) and 𝑟0 = Im(𝑧0) ∈ (0, 1). We
consider the field ℎ̂ = ℎ̃ + 𝛾𝐺N

𝐇
(𝑧0, ⋅) + 𝛼 log |𝑧0 − ⋅|. We observe that 𝛼 log |𝑧0 − 𝑤| ⩽ 𝛼 log 𝑟0 −

𝛼𝑘 log 2 for all 𝑤 ∈ 𝐴𝑘 = 𝐵(𝑧0, 𝑟02−𝑘) ⧵ 𝐵(𝑧0, 𝑟02−𝑘−1) and 𝛼 log |𝑧0 − 𝑤| ⩽ 𝛼 log 𝑟0 + 𝛼𝑘 log 2 for
all 𝑤 ∈ 𝐴𝑘 = 𝐇 ∩ 𝐵(𝑧0, 𝑟02𝑘) ⧵ 𝐵(𝑧0, 𝑟02𝑘−1). Hence, by summing over 𝑘 ∈ 𝐍 as in the proof
of Lemma 6.5, we obtain that 𝐄

[
𝜇

ℎ̂
(𝐵(𝑧0, 𝑟0))𝑝

]
⩽ 𝐶𝑝 and by summing over 𝑘 = 1, … , 𝑘𝑟0

, we
have that𝐄

[
𝜇ℎ̂(𝐇 ∩ 𝐵(𝑧0, 1) ⧵ 𝐵(𝑧0, 𝑟0))𝑝

]
⩽ 𝐶𝑝. Also𝛼 log |𝑧0 − 𝑤| ⩽ 𝛼 log 2 in𝐃+ ⧵ 𝐵(𝑧0, 1), and

thus, as in Lemma 6.5, we obtain that𝐄
[
𝜇ℎ̂(𝐃+)𝑝

]
⩽ 𝐶𝑝 for𝑝 sufficiently small, where𝐶𝑝 depends

only on 𝑝. Moreover, we have that | log |𝑧0 − 𝑤| − log | log 𝑤 − 𝑧|| is bounded for all 𝑤 ∈ 𝐃+ ⧵

𝑒−2𝐃+, uniformly in 𝑧0 and since log |𝑧 − log 𝑤| = 𝜙𝑧,𝑟(log 𝑤) for all 𝑤 ∈ 𝜙(𝐴 ⧵ 𝐵(𝑧, 𝑟)), (2.8)



62 of 106 KAVVADIAS et al.

implies that

𝐄[𝜇ℎ1(𝐴 ⧵ 𝐵(𝑧, 𝑟))𝑝] ⩽ 𝐶𝑝,

where ℎ1 = ℎ̃ ◦ 𝜙 + 𝛾𝐺N
𝒮(𝑧, ⋅) + 𝛼𝜙𝑧,𝑟. Proceeding similarly to Lemma 6.6 and using the above,

we get that

𝐄𝑧

[
𝜇ℎ2+𝛼𝜙𝑧,𝑟

(𝐴 ⧵ 𝐵(𝑧, 𝑟))𝑝
]

⩽ 𝐶𝑝𝐄
[
𝜇ℎ1(𝐴 ⧵ 𝐵(𝑧, 𝑟))2𝑝

]1∕2
⩽ 𝐶𝑝, (6.15)

where 𝐶𝑝 depends only on 𝑝. It is easy to see that ∫ 𝜋
0 𝜙𝑧,𝑟(Re(𝑤) + 𝑖𝑡)𝑑𝑡 ⩾ −1 and hence that

𝜙𝑧,𝑟(𝑤) = 𝜙𝑧,𝑟(𝑤) − 1

𝜋
∫ 𝜋

0 𝜙𝑧,𝑟(Re(𝑤) + 𝑖𝑡)𝑑𝑡 ⩽ 𝜙𝑧,𝑟(𝑤) + 1

𝜋
for all 𝑤 ∈ 𝒮. Thus, combining this

with the fact that ℎ1 ⩽ 0 on 𝒮−, we have by (6.15) that

𝐄𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝐴 ⧵ 𝐵(𝑧, 𝑟))𝑝
]

⩽ 𝐄𝑧

[
𝜇ℎ2+𝛼𝜙𝑧,𝑟

(𝐴 ⧵ 𝐵(𝑧, 𝑟))𝑝
]

⩽ 𝐶𝑝. (6.16)

Wenote that by invariance of the lawunder horizontal translation, the bound (6.16) is independent
ofRe(𝑧). Moreover, 𝜙𝑧,𝑟(𝑤) ⩽ log 𝑟 + 𝑂(1) on𝐵(𝑧, 𝑟) and thus Lemma 6.6 and the above reasoning
imply that

𝐄𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝐵(𝑧, 𝑟))𝑝
]

⩽ 𝐶𝑝, (6.17)

for 𝑝 > 0 sufficiently small since 𝑄 + 𝛼 − 2𝛾 > 0. Thus, by (6.16) and (6.17),

𝐄𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝐴)𝑝
]

⩽ 𝐶𝑝 (6.18)

for all 𝑝 ∈ (0, 1) sufficiently small and 𝑧 such that Re(𝑧) ⩽ −1. Furthermore, we have that
𝜙𝑧,𝑟(𝑤) = 𝑂(1) uniformly for 𝑤 ∈ 𝒮− ⧵ 𝐴 and so Lemma 6.7 implies that

𝐄𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝒮− ⧵ 𝐴)𝑝
]

⩽ 𝐶𝑝. (6.19)

Thus, the result follows from (6.18) and (6.19), since𝑝 ∈ (0, 1) and since𝐶𝑝 depends only on𝑝. □

We now prove Proposition 6.3.

Proof of Proposition 6.3. We fix 𝛼 > 1∕
√

2 such that 𝛽 = 𝛼2∕4. Fix also 𝑧 ∈ (𝒮− − 1) and set 𝑟 =

dist(𝑧, 𝜕𝒮−) and suppose that we have the setup of Lemma 6.8. First, we observe that we can find
a finite universal constant 𝐶 > 0 such that

‖𝜙𝑧,𝑟‖2
∇

⩽ 𝐶 +
1

2
log(𝑟−1), (6.20)

where the Dirichlet energy is considered on 𝒮. We note that the law of ℎ2 under 𝐏𝑧 is given by
ℎ

𝑓
2

+ 𝛾g(⋅) where ℎ
𝑓
2
(resp. g) is the projection onto 𝐻2(𝒮) of a free boundary GFF on 𝒮 (resp.

𝐺N
𝒮). Hence, the law of ℎ under 𝐏𝑧 can be obtained by weighting the law of ℎ + 𝛼𝜙𝑧,𝑟 under 𝐏𝑧
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by

𝑒(ℎ
𝑓
2

,−𝛼𝜙𝑧,𝑟)∇− 𝛼2

2
‖𝜙𝑧,𝑟‖2

∇ . (6.21)

Note that (ℎ
𝑓
2
, −𝛼𝜙𝑧,𝑟)∇ is a mean zero Gaussian random variable with variance 𝛼2‖𝜙𝑧,𝑟‖2

∇
. More-

over, by Lemma 6.8, we have for sufficiently small 𝑝 ∈ (0, 1) that we can find a finite constant
𝐶𝑝 > 0 depending only on 𝑝 such that

𝐄𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝒮−)𝑝
]

⩽ 𝐶𝑝,

uniformly in 𝑧 and 𝑟. Hence, Markov’s inequality together with the fact that 𝐏𝑧[(ℎ
𝑓
2
, −𝛼𝜙𝑧,𝑟)∇ ⩾

0] = 1

2
implies that we can find a finite 𝑀 > 0, sufficiently large, and a universal constant 𝑞 ∈

(0, 1), such that

𝐏𝑧

[
𝜇ℎ+𝛼𝜙𝑧,𝑟

(𝒮−) ⩽ 𝑀, (ℎ
𝑓
2
, −𝛼𝜙𝑧,𝑟)∇ ⩾ 0

]
⩾ 𝑞. (6.22)

Moreover, if the event in (6.22) occurs, then the Radon–Nikodym derivative in (6.21) is at least

𝑒− 𝛼2

2
‖𝜙𝑧,𝑟‖2

∇ . This, together with (6.20) and (6.22) implies that we can find a constant 𝑐 > 0 such
that

𝐏𝑧[𝐸] ⩾ 𝑐𝑟
𝛼2

4 .

This completes the proof. □

With Proposition 6.3 at our disposal, we are now ready to prove Proposition 6.2.

Proof of Proposition 6.2. Suppose that (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
and fix 𝜖 > 0. First, we consider

the probability measure defined on distributions given by

𝐏𝑧,𝜖[𝐴] =
𝐄[𝟏𝐴𝜇ℎ(𝐵(𝑧, 𝜖))]

𝐄[𝜇ℎ(𝐵(𝑧, 𝜖))]
.

By applying a similar method to [11, Lemma A.7], we obtain that a sample from 𝐏𝑧,𝜖 can be
obtained as follows.

∙ We sample 𝑤 ∈ 𝐵(𝑧, 𝜖) from the probability measure on 𝐵(𝑧, 𝜖) whose density with respect to
the Lebesgue measure is given by:

𝐄𝑤[𝜇ℎ(𝑑𝑤)]

𝑍
,

where 𝑍 is a normalizing constant.
∙ Next given w, we sample the law of the field from 𝐏𝑤.

Hence, 𝐏𝑧,𝜖 converges weakly to 𝐏𝑧 as 𝜖 → 0. Let 𝑀 > 0 be the constant of Proposition 6.3 and
set ℎ̂ = ℎ ◦ 𝜙−1 + 𝑄 log(|(𝜙−1)′|), where 𝜙 ∶ 𝐇 ↦ 𝒮 with 𝜙(𝑤) = log 𝑤. Then (𝒮, ℎ̂, −∞, +∞) ∼
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𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
has the first exit parameterization, and thus, Proposition 6.3 implies that there exist

constants 𝑀, 𝑐 > 0 such that

𝐏𝑧0
[𝐸] ⩾ 𝑐dist(𝑧0, 𝜕𝒮)𝛽,

where 𝑧0 = log 𝑧 and 𝐸 = {𝜇ℎ̂(𝒮−) ⩽ 𝑀}. Suppose that Im(𝑧0) ⩽ 𝜋∕2. Then, dist(𝑧0, 𝜕𝒮) = arg(𝑧)

and so the coordinate change formula for quantum surfaces implies that

𝐏𝑧[𝐸] = 𝐏𝑧0
[𝐸] ⩾ 𝑐 arg(𝑧)𝛽.

Also note that sin(arg(𝑧)) = Im(𝑧)∕|𝑧| ⩽ arg(𝑧) and hence

𝐏𝑧[𝐸] ⩾ 𝑐Im(𝑧)𝛽|𝑧|−𝛽. (6.23)

If Im(𝑧0) ⩾ 𝜋∕2, then (6.23) holds by an analogous argument. Note also that

𝐏𝑧[𝐸] = lim
𝜖→0

𝐄[𝟏𝐸𝜇ℎ(𝐵(𝑧, 𝜖))]

𝐄[𝜇ℎ(𝐵(𝑧, 𝜖))]
= lim

𝜖→0

𝐄[𝟏𝐸𝜇ℎ(𝐵(𝑧, 𝜖))]

𝜖2

𝜖2

𝐄[𝜇ℎ(𝐵(𝑧, 𝜖))]
=

𝐄[𝟏𝐸𝜇ℎ(𝑑𝑧)]

𝐄[𝜇ℎ(𝑑𝑧)]
. (6.24)

Thus, the result follows from (6.23) and (6.24). □

Wementioned above that in order to prove Proposition 6.1, we compare the density of the inten-
sity measure of a𝑄-quantumwedge with that of an 𝛼-quantumwedge conditioned on some event
with high probability, where 𝛼 < 𝑄. In order to do this, we need to examine the density of the
intensity of the latter.

Lemma 6.9. Fix 𝛾 ∈ (0, 2) and 𝛼 < 𝑄. Let = (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝜶=𝛼
𝜸=𝛾 have the circle-average

embedding and let 𝑓𝛼(𝑧) ∶= 𝐄[𝜇ℎ(𝑑𝑧)]∕𝑑𝑧 be the Radon–Nikodym derivative between the intensity
of 𝜇ℎ and two-dimensional Lebesgue measure. Then

𝑓𝛼(𝑧) ≍ |𝑧|−𝛼𝛾Im(𝑧)−𝛾2∕2 for 𝑧 ∈ 𝐃+.

Proof. We note that when restricted to 𝐃+, ℎ = ℎ𝑓 − 𝛼 log | ⋅ |, where ℎ𝑓 is a free boundary GFF
normalized so that its average on 𝐇 ∩ 𝜕𝐃 is 0. Letting 𝜃 denote the uniform probability mea-
sure on 𝐇 ∩ 𝜕𝐃, we can write (ℎ𝑓, 𝜌) = (ℎ̃𝑓, 𝜌 − 𝜃), where ℎ̃𝑓 is a free boundary GFF without
normalization. Letting 𝜌𝑧,𝛿 denote the uniform probability measure on 𝜕𝐵(𝑧, 𝛿), we have that

𝐄[𝜇ℎ𝑓 (dz)] = lim
𝛿→0

𝛿𝛾22𝐄
[
𝑒𝛾(ℎ𝑓,𝜌𝑧,𝛿)

]
dz = lim

𝛿→0
𝛿𝛾22𝐄

[
𝑒𝛾(ℎ̃𝑓,𝜌𝑧,𝛿−𝜃)

]
dz

= lim
𝛿→0

𝛿𝛾22𝑒
𝛾2

2
var[(ℎ̃𝑓,𝜌𝑧,𝛿−𝜃)]dz. (6.25)

Here, we have that

var[(ℎ̃𝑓, 𝜌𝑧,𝛿 − 𝜃)] = ∬ 𝐺N
𝐇(𝑤1, 𝑤2)(𝜌𝑧,𝛿 − 𝜃)(𝑑𝑤1)(𝜌𝑧,𝛿 − 𝜃)(𝑑𝑤2),
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where 𝐺N
𝐇

(𝑤1, 𝑤2) = − log |𝑤1 − 𝑤2| − log |𝑤1 − 𝑤2| is the Green’s function with Neumann
boundary data on 𝐇. We note that there exists a universal constant 𝐶 < ∞ such that ∫ | log |𝑥 −

𝑦||𝜃(𝑑𝑦) ⩽ 𝐶 and ∫ | log |𝑥 − 𝑦||𝜃(𝑑𝑦) ⩽ 𝐶, for all 𝑥 ∈ 𝐵(0, 5). It follows that

∫ ∫ |𝐺N
𝐇(𝑤1, 𝑤2)|𝜌𝑧,𝛿(𝑑𝑤1)𝜃(𝑑𝑤2) ⩽ 2𝐶, ∫ ∫ |𝐺N

𝐇(𝑤1, 𝑤2)|𝜃(𝑑𝑤1)𝜃(𝑑𝑤2) ⩽ 2𝐶,

whenever |𝑧| ⩽ 1 − 𝛿, which implies that

−4𝐶 + ∫ ∫ 𝐺N
𝐇(𝑤1, 𝑤2)𝜌𝑧,𝛿(𝑑𝑤1)𝜌𝑧,𝛿(𝑑𝑤2) ⩽ var[(ℎ̃𝑓, 𝜌𝑧,𝛿 − 𝜃)]

⩽ 4𝐶 + ∫ ∫ 𝐺N
𝐇(𝑤1, 𝑤2)𝜌𝑧,𝛿(𝑑𝑤1)𝜌𝑧,𝛿(𝑑𝑤2).

Moreover, whenever 0 < 𝛿 < 1

2
(Im(𝑧) ∧ (1 − |𝑧|)), we have that

∫ ∫ log |𝑥 − 𝑦|𝜌𝑧,𝛿(𝑑𝑥)𝜌𝑧,𝛿(𝑑𝑦) = log 𝛿 +
1

4𝜋2 ∫
2𝜋

0 ∫
2𝜋

0
log |𝑒𝑖𝜗 − 𝑒𝑖𝜙|𝑑𝜙𝑑𝜗,

and

∫ ∫ log |𝑥 − 𝑦|𝜌𝑧,𝛿(𝑑𝑥)𝜌𝑧,𝛿(𝑑𝑦) =
1

4𝜋2 ∫
2𝜋

0 ∫
2𝜋

0
log |𝑧 − 𝑧 + 𝛿(𝑒𝑖𝜗 − 𝑒𝑖𝜙)|𝑑𝜙𝑑𝜗

= log |𝑧 − 𝑧| + 𝑂(1).

Overall, we obtain that there exists a universal constant 𝑀 > 0 such that

−𝑀 − log 𝛿 − log |𝑧 − 𝑧| ⩽ var[(ℎ̃𝑓, 𝜌𝑧,𝛿 − 𝜃)] ⩽ 𝑀 − log 𝛿 − log |𝑧 − 𝑧|
for all 𝑧 ∈ 𝐃+, 0 < 𝛿 < 1

4
(Im(𝑧) ∧ (1 − |𝑧|)), which implies that

𝐄
[
𝜇ℎ𝑓 (𝑑𝑧)

]
≍ lim

𝛿→0
𝛿𝛾2∕2𝑒

𝛾2

2
(− log 𝛿−log(|𝑧−𝑧|))

= (2Im(𝑧))−𝛾2∕2𝑑𝑧.

Finally, since ℎ = ℎ𝑓 − 𝛼 log | ⋅ | in 𝐃+, we have in 𝐃+,

𝐄[𝜇ℎ(𝑑𝑧)] = |𝑧|−𝛼𝛾𝐄
[
𝜇ℎ𝑓 (𝑑𝑧)

]
≍ |𝑧|−𝛼𝛾(Im(𝑧))−𝛾2∕2𝑑𝑧.

This completes the proof of the lemma. □

We are now ready to prove Proposition 6.1.

Proof of Proposition 6.1. The main idea of the proof is to bound from below the density
𝐄
[
𝜇ℎ(𝑑𝑧)

]
𝑑𝑧

on 𝐃+ by the corresponding density for an 𝛼-quantum wedge conditioned on a positive proba-
bility event with 𝛼 < 𝑄. Then, we will use Lemma 6.9 to bound the latter density from below.
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Consider (𝐇, ℎ𝑊,0, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾
𝐖=𝛾2+2
𝜸=𝛾 (i.e., 𝛼 = 0) with the circle average embedding, lat-

eral part equal to that of ℎ and radial part independent of that of ℎ. Then, for 𝑡 ⩾ 0, ℎ𝑊,0
𝑒−𝑡 (0) −

ℎ𝑒−𝑡 (0) = 𝐵2𝑡 + 𝑍2𝑡 − 𝑄𝑡, where 𝐵 is a Brownian motion and 𝑍 is a BES3, which are chosen to
be independent of each other. Fix 𝛿 > 0 small. Hence, letting 𝐶1 = sup𝑡⩾0(𝐵2𝑡 − (𝑄 − 𝛿)𝑡) and
𝐶2 = sup𝑡⩾0(𝑍2𝑡 − 𝛿𝑡), we have that 𝜇ℎ𝑊,0 ⩽ 𝑒𝛾(𝐶1+𝐶2)𝜇ℎ on 𝐃+. Fix some large 𝑀 > 0 and write
𝐸1 = {𝐶1 ⩽ 𝑀}, 𝐸2 = {𝐶2 ⩽ 𝑀} and 𝐸1,2 = 𝐸1 ∩ 𝐸2. Then, for any 𝐴 ⊆ 𝐃+,

𝐄

[
∫ 𝟏𝐴𝑑𝜇ℎ𝑊,0(𝑧)

|||||𝐸1

]
= 𝐄

[
∫ 𝟏𝐴𝑑𝜇ℎ𝑊,0(𝑧)

|||||𝐸1,2

]

⩽ 𝐄

[
𝑒𝛾(𝐶1+𝐶2) ∫ 𝟏𝐴𝑑𝜇ℎ(𝑧)

|||||𝐸1,2

]
⩽ 𝑒2𝑀𝛾𝐄

[
∫ 𝟏𝐴𝑑𝜇ℎ

|||||𝐸2

]
≲ 𝑒2𝑀𝛾𝐄

[
∫ 𝟏𝐴𝑑𝜇ℎ

]
, (6.26)

where the implicit constants can be taken to be independent of 𝑀 (provided that 𝑀 is chosen
sufficiently large).
In order to compare the expectations of integrals with respect to 𝜇ℎ and 𝜇ℎ𝑊,0 , we need to

lower bound the conditional expectation of an integral with respect to 𝜇ℎ𝑊,0 , given 𝐸1, with the
corresponding unconditional expectation. We let ℎ𝑙 denote the lateral part of the field. Then,

𝐄
[
𝜇ℎ𝑊,0(𝑑𝑧)

|||𝐸1

]
= 𝐄

[
𝑒𝛾𝐵2 log(1∕|𝑧|)𝜇ℎ𝑙 (𝑑𝑧)

|||𝐸1

]
= 𝐄

[
𝑒𝛾𝐵2 log(1∕|𝑧|) |||𝐸1

]
𝐄[𝜇ℎ𝑙 (𝑑𝑧)]

= 𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|) |||𝐸1

]
𝐄[𝑒𝛾𝐵2 log(1∕|𝑧|) ]−1𝐄[𝜇ℎ𝑊,0(𝑑𝑧)]

= 𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|) |||𝐸1

]|𝑧|𝛾2
𝑓0(𝑧)𝑑𝑧.

Since 𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|) |||𝐸1

]
= 𝐄

[
𝑒𝛾𝐵2 log(1∕|𝑧|)𝟏𝐸1

]
∕𝐏[𝐸1] and 𝐏[𝐸1] can be made arbitrarily close to 1

by choosing 𝑀 sufficiently large, we just have to bound 𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|)𝟏𝐸1

]
from below. We denote

by 𝐏∗
𝑧 the measure obtained by weighting the measure 𝐏 with the martingale exp(𝛾𝐵2 log(1∕|𝑧|) −

𝛾2 log(1∕|𝑧|)). Sometimes, we write 𝐏∗
𝑡 = 𝐏∗

𝑧 for 𝑡 = log(1∕|𝑧|) out of convenience. We have
𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|)𝟏𝐸1

]
= |𝑧|−𝛾2

𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|)−𝛾2 log(1∕|𝑧|)𝟏𝐸1

]
= |𝑧|−𝛾2

𝐏∗
𝑧[𝐸1],

and thus, we must find a lower bound on 𝐏∗
𝑧[𝐸1] = 𝐏∗

𝑡 [𝐸1]. By the Girsanov theorem, we have
that under 𝐏∗

𝑡 , 𝐵 evolves like a Brownian motion with drift 𝛾 until time 2𝑡 and thereafter like
an ordinary Brownian motion with no drift. That is, 𝐵𝑠 = 𝑊𝑠 + 𝛾 min(𝑠, 2𝑡) where 𝑊𝑠 is a 𝐏∗

𝑡 -
Brownian motion. We note that if we define the events 1 and 2 by

1 =

{
sup
𝑠⩽2𝑡

(
𝑊𝑠 +

(2𝛾 − 𝑄 + 𝛿)

2
𝑠

)
⩽

𝑀

2

}
, and

2 =

{
sup
𝑠>2𝑡

(
𝑊𝑠 − 𝑊2𝑡 −

(𝑄 − 𝛿)

2
(𝑠 − 2𝑡)

)
⩽

𝑀

2

}
,
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and let 𝐸1 = 1 ∩ 2, then 𝐸1 ⊆ 𝐸1. Moreover, 1 and 2 are independent, and hence 𝐏∗
𝑡 [𝐸1] ⩾

𝐏∗
𝑡 [1]𝐏∗

𝑡 [2]. Since 𝑊𝑠 is a 𝐏∗
𝑡 -Brownian motion, we have by [8, Part II, Section 2.1] that

𝐏∗
𝑡 [2] = 𝐏∗

𝑡

[
sup
𝑠>0

(
𝑊𝑠 −

(𝑄 − 𝛿)

2
𝑠

)
⩽

𝑀

2

]
= 1 − exp

(
−

(𝑄 − 𝛿)𝑀

2

)
.

We note further that since 𝛾 =
√

2, we have that 𝐾 ∶= (2𝛾 − 𝑄 + 𝛿)∕2 > 0, and hence, the
drift in the event 1 is positive. By the Girsanov theorem and optional stopping (see, e.g., [5,
Chapter 13.2]), we have that

𝐏∗
𝑡 [𝑐

1] = ∫
2𝑡

0

𝑀∕2√
2𝜋𝑠3∕2

𝑒
𝑀𝐾

2
− 𝐾2𝑠

2
− 𝑀2

8𝑠 𝑑𝑠.

Since 𝐾 is positive, we have that sup𝑠>0(𝑊𝑠 + 𝐾𝑠) > 𝑀∕2 a.s., that is, the value of the above
integral, with ∞ in place of 2𝑡 as the upper limit, is 1. Consequently,

𝐏∗
𝑡 [1] = ∫

∞

2𝑡

𝑀∕2√
2𝜋𝑠3∕2

𝑒
𝑀𝐾

2
− 𝐾2𝑠

2
− 𝑀2

8𝑠 𝑑𝑠 ≳
𝑀𝑒

𝑀
2

𝐾

2
√

2𝜋
𝑒−(𝐾2+𝑜𝑡(1))𝑡 ⩾

𝑀𝑒
𝑀
2

𝐾

2
√

2𝜋
𝑒−

𝛾2

8
𝑡,

for large 𝑡, since 𝐾2 = 1∕8 + 𝑂(𝛿) = 𝛾2∕16 + 𝑂(𝛿) < 𝛾2∕8. Consequently, recalling that 𝑡 =

log(1∕|𝑧|), we have that
𝐄
[
𝑒𝛾𝐵2 log(1∕|𝑧|) |||𝐸1

]
≳ |𝑧|− 7

8
𝛾2

,

and hence,

𝐄[𝜇ℎ𝑊,0(𝑑𝑧)|𝐸1] ≳ |𝑧| 𝛾2

8 𝑓0(𝑧)𝑑𝑧 = |𝑧| 𝛾2

8 𝐄[𝜇ℎ𝑊,0(𝑑𝑧)]. (6.27)

By combining (6.26) and (6.27) with Lemma 6.9, we obtain that

𝐄[𝜇ℎ(𝑑𝑧)] ≳ |𝑧| 𝛾2

8 Im(𝑧)−
𝛾2

2 for all 𝑧 ∈ 𝐃+.

The claim then follows by applying Proposition 6.2. □

7 MODULUS OF CONTINUITY OF 𝐒𝐋𝐄𝟖

In this section, we prove Theorem 1.3. Let 𝜂′ be an SLE8 process in 𝐇 from 0 to ∞ parameter-
ized by capacity. We first explain why the event of Lemma 5.1 locally determines the modulus
of continuity. Let 𝜏𝑤 denote the first hitting time of 𝑤 ∈ 𝐇 for 𝜂′. Fix 𝜉 > 1 and 𝜎 > 0 and
let 𝜖 > 0. For 𝑤 ∈ 𝐇, assume that 𝑧0 is such that 𝐵(𝑧0, 𝜖𝜉) ⊆ 𝐵(𝑤, 𝜖) ∩ 𝐇𝜏𝑤

gets swallowed by
𝜂′(𝑡) ∶= 𝜂′(𝜏𝑤 + 𝑡) before hitting 𝜕𝐵(𝑤, 𝜖) and the probability that a Brownian motion 𝐵𝑧0 started
at 𝑧0 exits 𝐇 ⧵ 𝜂′([0, 𝜏𝑤]) in 𝐑 ⧵ [−𝑀, 𝑀] for some 𝑀 > 0 is at least exp(−𝜖−𝜎). By the conformal
invariance of Brownian motion and that g𝜏𝑤

(𝐇 ∩ (𝜕𝜂′([0, 𝜏𝑤]) ∪ [−𝑀, 𝑀])) is a.s. bounded (and
we emphasize that this is all we need, since the constant in Theorem 1.3 is random and depends
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on the realization of 𝜂′), we have that the probability that 𝐵
𝑧0
𝑡 exits the domain in 𝐑 ⧵ [−𝑀, 𝑀] is

comparable to the probability that a Brownian motion started at g𝜏𝑤
(𝑧0) hits the line {Im(𝑧) = 1}

before 𝐑†. Since the former probability is at least exp(−𝜖−𝜎), we necessarily have that

Im(g𝜏𝑤
(𝑧0)) ≳ exp(−𝜖−𝜎).

By [32, Lemma 1], we have that for any compact 𝐇-hull 𝐴, hcap(𝐴) ⩾ (sup{Im(𝑧) ∶ 𝑧 ∈ 𝐴})2∕2.
Thus, if 𝜏̃ is the first time after 𝜏𝑤 that 𝜂′ hits 𝜕𝐵(𝑤, 𝜖), then hcap(g𝜏𝑤

(𝜂′([𝜏𝑤, 𝜏̃]))) ≳ exp(−2𝜖−𝜎).
Consequently, when 𝜂 travels distance 𝜖, it accumulates at least a constant times exp(−2𝜖−𝜎) units
of half-plane capacity. Or, equivalently, when 𝜂′ grows for time 𝛿, it travels a distance of at most a
constant times | log 𝛿|−1∕𝜎. That is, locally (i.e., for 𝑠, 𝑡 close to 𝜏𝑤), we have that

|𝜂′(𝑡) − 𝜂′(𝑠)| ⩽ 𝐶

(
log

(
1 +

1|𝑡 − 𝑠|
))−1∕𝜎

. (7.1)

It is clear that if this bound does not hold for a constant 𝐶, then the escape probability of the
Brownian motion is necessarily smaller than exp(−𝜖−𝜎), proving the equivalence of the escape
probability and the modulus of continuity of 𝜂′.
The proof of the first part of Theorem 1.3 relies on the observation that if there is some ball

𝐵(𝑧0, 𝜖𝜉) in 𝐇𝜏𝑤
∩ 𝐵(𝜂′(𝜏𝑤), 𝜖) such that the escape probability of a Brownian motion is at most

exp(−𝜖−𝜎), then for each 𝑧 sufficiently close to 𝑧0, the corresponding event (with a different, deter-
ministic, constant 𝐶0 as in the above remark) occurs. In order to use this, we need to know that
𝜂′([𝜏𝑧, 𝜏𝑧(𝜖)]) contains a ball of radius 𝜖𝜉 , simultaneously, for all 𝑧 in a fixed bounded set with high
probability as 𝜖 → 0. Lemma 5.11 states that for any fixed 𝑧, 𝜂′([𝜏𝑧, 𝜏𝑧(𝜖)]) contains a ball of radius
𝜖𝜉 , which is not quite enough. The next lemma shows that with high probability as 𝜖 → 0, it is
indeed true simultaneously for 𝑧 ∈ 𝐃+.

Lemma 7.1. Let 𝜂′ be an SLE8 process in𝐇, from 0 to∞ and fix 𝜉 > 1. Letℰ𝜉
𝜖 be the event that for

all 𝑧 ∈ 𝐃+, 𝜂′([𝜏𝑧, 𝜏𝑧(𝜖)]) contains a ball of radius 𝜖𝜉 . Then 𝐏[ℰ𝜉
𝜖 ] = 1 − 𝑜∞

𝜖 (𝜖).

Proof. Fix some 𝑧0 ∈ 𝐇 and let 𝑆 be the square centered at 𝑧0 with side length 𝑙(𝑆) = Im(𝑧0)∕2.
Moreover, let 𝑆1, 𝑆2 and 𝑆3 be the squares with center 𝑧0 and side lengths 𝑙(𝑆1) = 3

2
𝑙(𝑆), 𝑙(𝑆2) =

7

4
𝑙(𝑆), and 𝑙(𝑆3) = 15

8
𝑙(𝑆), respectively. For any set𝐴 ⊆ 𝐂, let𝐴𝜖 = 𝐴 ∩ 𝜖𝐙2. Denote by 𝜂±

𝑧 the inte-
rior flow line emanating from 𝑧with angle± 𝜋

2
. For 𝑟 ∈ (0, 1) and 𝑧 ∈ 𝑆1

𝜖 , let𝐸
𝑟
𝜖 (𝑧) denote the event

that there is some𝑤 ≠ 𝑧 in 𝑆2
𝜖 such that 𝜂−

𝑧 hits 𝜂−
𝑤 on the left side and 𝜂+

𝑧 hits 𝜂+
𝑤 on the right side

before leaving the ball 𝐵(𝑧, 𝜖1−𝑟∕8) and let ̃𝑟
𝜖 = ∩𝑧∈𝑆1

𝜖
𝐸𝑟

𝜖 (𝑧). Then, by [43, Proposition 4.14] (see
also the proof of [16, Lemma 3.8]), we have that 𝐏[̃𝑟

𝜖 ] = 1 − 𝑜∞
𝜖 (𝜖). Let also ̂𝑟

𝜖 be the event that
for all 𝑧 ∈ 𝑆2

𝜖 ⧵ 𝑆1
𝜖 , we have that if 𝜂±

𝑧 enters 𝑆, then there exists𝑤 ∈ 𝑆1
𝜖 ⧵ 𝑆 so that 𝜂±

𝑤 merges with
𝜂±

𝑧 before the paths enter 𝑆. Then, we similarly have that 𝐏[̂𝑟
𝜖 ] = 1 − 𝑜∞

𝜖 (𝜖).
On 𝐸𝑟

𝜖 (𝑧), the flow lines 𝜂±
𝑧 and 𝜂±

𝑤 form a pocket that consists of the set 𝑃𝑧 of those points in the
component of 𝐇 ⧵ (𝜂±

𝑧 ∪ 𝜂±
𝑤) whose boundary contains 𝑧, 𝑤 and part of the right side of 𝜂−

𝑧 . On
the complement of 𝐸𝑟

𝜖 (𝑧), we define 𝑃𝑧 to be the set of those points in the component of 𝐇 ⧵ 𝜂±
𝑧

whose boundary contains 𝑧 and part of the right side of 𝜂−
𝑧 . By the proof of [16, Lemma 3.8], we

† Indeed, it is easy to see that if 𝑆 < 𝑇, −𝑆 ⩽ Re(𝑤) ⩽ 𝑆 and 0 < Im(𝑤) < 1, then 𝐏(𝐵𝑤 exits 𝐇 in 𝐑 ⧵ [−𝑇, 𝑇]) ≍ Im(𝑤) =

𝐏(𝐵𝑤 hits {Im(𝑧) = 1} before 𝐑), where the implicit constants depend only on 𝑆 and 𝑇.
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have that diam 𝑃𝑧 ⩽ 𝜖1−𝑟 for each 𝑧 ∈ 𝑆1
𝜖 . On ̂𝑟

𝜖 , we also claim that 𝑆 is contained in ∪𝑧∈𝑆1
𝜖
𝑃𝑧. To

see this, we first note that𝐇 = ∪𝑧∈𝑆2
𝜖
𝑃𝑧. Suppose that 𝑧 ∈ 𝑆2

𝜖 ⧵ 𝑆1
𝜖 . For 𝑃𝑧 to intersect 𝑆, it must be

that 𝜂+
𝑧 or 𝜂−

𝑧 enters 𝑆 that is ruled out in the definition of ̂𝑟
𝜖 .

For each 𝑧, let 𝐸𝑟
𝜖 (𝑧) be the event that 𝜂′ swallows a ball of radius 𝜖1+𝑟 in the time interval

between first hitting 𝑧 and the next time it leaves the ball 𝐵(𝑧, 𝜖) and let 𝑟

𝜖 = ∩𝑧∈𝑆2
𝜖
𝐸𝑟

𝜖 (𝑧). Let also

𝑟
𝜖

= ̃𝑟
𝜖 ∩ ̂𝑟

𝜖 ∩ 𝑟

𝜖. Then by [16, Lemma 3.6], we have that 𝐏[𝑟
𝜖
] = 1 − 𝑜∞

𝜖 (𝜖).
On the event 𝑟

𝜖
, we have that if 𝜂′ travels distance 𝜖1−𝑟 it has to leave some pocket (since each

pocket has diameter at most 𝜖1−𝑟) and thus whenever 𝜂′ travels distance 𝜖1−𝑟 + 𝜖, it has to fill in
a ball of radius 𝜖1+𝑟 (since traveling distance 𝜖1−𝑟 forces it to leave a pocket and hit a point in the
grid, and from this point, it will fill in a ball when traveling distance 𝜖).
The above implies that if we fix some 𝑎 ∈ (𝑟, 1) and let 𝑟

𝜖 denote the event 𝑟
𝜖
with𝐃 ∩ {Im(𝑧) ⩾

𝜖1−𝑎} in place of 𝑆, then 𝐏[𝑟
𝜖 ] = 1 − 𝑜∞

𝜖 (𝜖), and on 𝑟
𝜖 , we have that whenever 𝜂′ travels dis-

tance 𝜖1−𝑟 + 𝜖 in 𝐃 ∩ {Im(𝑧) ⩾ 𝜖1−𝑎}, it fills in a ball of radius 𝜖1+𝑟, where the grid in question
covers, say 𝐃 ∩ {Im(𝑧) ⩾ 𝜖1−𝑎∕2}. Fix 𝑏 ∈ (0, 𝑎). By the proof of Lemma 5.11, we have that divid-
ing [−1, 1] × [0, 𝜖1−𝑎) into rectangles 𝑅𝑗 of base length 𝜖1−𝑏 and letting flow lines of angle 𝜋∕2

(resp.−𝜋∕2) if they are on the left (resp. right) side of 0, grow at spacing 2𝜖1−(𝑎+3𝑏)∕4, we have that
if 𝐴𝑏,𝜖(𝑗) is the event that at least one flow line in the rectangle 𝑅𝑗 hits the line {Im(𝑧) = 𝜖1−𝑎},
then 𝐏[𝐴𝑏,𝜖(𝑗)𝑐] = 𝑜∞

𝜖 (𝜖). Consequently, letting𝑏
𝜖 = ∩𝑗𝐴𝑏,𝜖(𝑗), we have that 𝐏[𝑏

𝜖 ] = 1 − 𝑜∞
𝜖 (𝜖)

and hence 𝐏[𝑟
𝜖 ∩ 𝑏

𝜖 ] = 1 − 𝑜∞
𝜖 (𝜖). Moreover, on 𝑟

𝜖 ∩ 𝑏
𝜖 , we have that whenever 𝜂′ travels dis-

tance 2𝜖1−𝑏 + 𝜖, starting from any point in 𝐃 ∩ {Im(𝑧) < 𝜖1−𝑎}, it fills a ball of radius 𝜖1+𝑟. This is
because when traveling distance 2𝜖1−𝑏, it will hit 𝐃 ∩ {Im(𝑧) ⩾ 𝜖1−𝑎} and enter a pocket at some
point in the grid and from there fill a ball when traveling the further 𝜖 distance. Thus, the proof
is done. □

We also state and prove the following before we prove Theorem 1.3.

Lemma 7.2. Let  = (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
. Suppose that it is embedded such that

𝜈ℎ([−1∕2, 0]) = 1. Then there exist finite constants 𝑐1, 𝑐2 > 0 such that

𝐏[𝜇ℎ(𝐃+) ⩽ 𝜖] ⩽ 𝑐1𝑒−𝑐2𝜖−1

for all 𝜖 > 0.

Proof. Let 𝜂′ be an SLE8 in𝐇 from 0 to∞ sampled independently of . We subsequently parame-
terize 𝜂′ by quantumareawith respect toℎ and set 𝜏 = inf {𝑡 ⩾ 0 ∶ 𝜂′(𝑡) ∉ 𝐃+} and𝜎 = inf {𝑡 ⩾ 0 ∶

[−1∕2, 0] ⊆ 𝜂′([0, 𝑡])}. Note that the event {𝜎 ⩽ 𝜏} depends only on the capacity parameterization
of 𝜂′ and thus it is independent of ℎ. Thus

𝐏[𝜎 ⩽ 𝜏]𝐏[𝜇ℎ(𝐃+) ⩽ 𝜖] = 𝐏[𝜎 ⩽ 𝜏, 𝜇ℎ(𝐃+) ⩽ 𝜖] ⩽ 𝐏[𝜇ℎ(𝜂′([0, 𝜎])) ⩽ 𝜖, 𝜎 ⩽ 𝜏],

and so,

𝐏[𝜇ℎ(𝐃+) ⩽ 𝜖] ⩽𝐏[𝜇ℎ(𝜂′([0, 𝜎])) ⩽ 𝜖|𝜎 ⩽ 𝜏] ⩽
𝐏[𝜇ℎ(𝜂′([0, 𝜎])) ⩽ 𝜖]

𝐏[𝜎 ⩽ 𝜏]
.
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Since 𝐏[𝜎 ⩽ 𝜏] > 0 is independent of 𝜖, it suffices to give an upper bound for 𝐏[𝜇ℎ(𝜂′([0, 𝜎])) ⩽ 𝜖].
For 𝑡 ⩾ 0, let𝐿𝑡 be the quantum length of the arc on 𝜕𝐇𝑡 connecting 𝜂′(𝑡)with the leftmost point𝑥𝐿

𝑡

of𝐑 ∩ 𝜂′([0, 𝑡])minus the quantum length of [𝑥𝐿
𝑡 , 0]. By Theorem 2.9, (𝐿𝑡)𝑡⩾0 evolves as a standard

Brownian motion and if 𝑇 = inf {𝑡 ⩾ 0 ∶ 𝐿𝑡 = −1}, then

𝐏[𝜇ℎ(𝜂′([0, 𝜎])) ⩽ 𝜖] = 𝐏[ inf
0⩽𝑡⩽𝜖

𝐿𝑡 ⩽ −1] = 𝐏[𝑇 ⩽ 𝜖] ≲ 𝑒−1∕(2𝜖).

This completes the proof. □

Remark 7.3. Suppose that we have the same setup as in Lemma 7.2 but ℎ has the first exit param-
eterization instead. For 𝜖 ∈ (0, 1), we set 𝑀𝜖 = (log(𝜖−1))2, 𝑋 = 𝜈ℎ([− 1

2
, 0]) and 𝑌 = 𝜇ℎ(𝐃+). Fix

𝑘 ∈ 𝐙 and let 𝑥 > 0 be such that 𝜈ℎ([−𝑥, 0]) = 2𝑘. Let also 𝑐1, 𝑐2 > 0 be the constants of Lemma 7.2
and let 𝑌(𝑥) = 𝜇ℎ(𝐇 ∩ 𝐵(0, 2𝑥)). We claim that

𝐏[2𝑘 ⩾ log(𝜖−1)
√

𝑌(𝑥)] ⩽ 𝑐1𝑒−𝑐2(log(𝜖−1))2
. (7.2)

Indeed, consider the conformal transformation 𝜓 ∶ 𝐇 → 𝐇 with 𝜓(𝑧) = 𝑧∕2𝑥 and set ℎ̃ =

ℎ ◦ 𝜓−1 + 𝑄 log(2𝑥) + 𝐶, where 𝐶 = − 2𝑘

𝛾
log(2). Then (𝐇, ℎ̃, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
and it is

parameterized as in Lemma 7.2. Also 𝑌(𝑥) = 22𝑘𝜇ℎ̃(𝐃+) that implies that

𝐏[2𝑘 ⩾ log(𝜖−1)
√

𝑌(𝑥)] = 𝐏[1 ⩾ log(𝜖−1)
√

𝜇ℎ̃(𝐃+)],

and so, the claim is deduced by Lemma 7.2.
Next, we have that

𝐏[𝑋 ⩾ log(𝜖−1)
√

𝑌] ⩽

𝑀𝜖∑
𝑘=−𝑀𝜖

𝐏[𝑋 ⩾ log(𝜖−1)
√

𝑌, 2𝑘 ⩽ 𝑋 < 2𝑘+1] + 𝐏[𝑋 ⩽ 2−𝑀𝜖 ] + 𝐏[𝑋 > 2𝑀𝜖 ]

⩽

𝑀𝜖∑
𝑘=−𝑀𝜖

𝐏[2𝑘+1 ⩾ log(𝜖−1)
√

𝑌(𝑥)] + 𝐏[𝑋 ⩽ 2−𝑀𝜖 ] + 𝐏[𝑋 > 2𝑀𝜖 ]. (7.3)

Moreover, Lemma A.1 implies that 𝐄[𝑋], 𝐄[𝑋−1] < ∞ since 𝛾 =
√

2, and hence,

𝐏[𝑋 ⩽ 2−𝑀𝜖 ] ⩽ 𝐄[𝑋−1]2−𝑀𝜖 , 𝐏[𝑋 > 2𝑀𝜖 ] ⩽ 𝐄[𝑋]2−𝑀𝜖 . (7.4)

By combining (7.2), (7.3), and (7.4), we obtain that there exist finite universal constants 𝑐1, 𝑐2 > 0

such that

𝐏[𝑋 ⩾ log(𝜖−1)
√

𝑌] ⩽ 𝑐1𝑒−𝑐2(log(𝜖−1))2 for all 𝜖 ∈ (0, 1).

We now turn to proving the first part of Theorem 1.3. Lemma 5.1 provides us with a bound on
the probability of the bad event in the case when the SLE is away from the boundary. In the proof,
we shall show that one does not need to consider the boundary case as well. There are two main
steps to the proof. The first is to bound the expected area of bad points, that is, points from which
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the Brownianmotion is very unlikely to escape. The second step is then to prove that if there exists
such a bad point, then there exists a small ball, inwhich each point is a bad point. This implies that
if the probability that there exists a bad point is positive, then the lower bound on the expected
number of bad points exceeds the upper bound provided, which causes a contradiction, proving
that with probability 1, there are no such bad points.

Proof of the first part of Theorem 1.3. Step 1. Setup. Let = (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
(i.e. 𝛼 =

𝑄) and let 𝜂′ be an independent SLE8 in 𝐇 from 0 to ∞ that is subsequently parameterized by
quantummass. For each 𝑡 ⩾ 0, the quantum surface parameterized by𝐇𝑡 = 𝐇 ⧵ 𝜂′([0, 𝑡]) has law
𝖰𝖶𝖾𝖽𝗀𝖾𝐖=1

𝜸=
√

2
(Theorem 2.9).

For 𝑡 > 0, we let 𝐴
𝜉
𝑡 = 𝐴

𝜉
𝑡 (𝜖) be the event that 𝜂′([0, 𝑡]) ⊆ 𝐃+ and that there exists some

𝑧 ∈ 𝐵(𝜂′(𝑡), 𝜖) such that 𝐵(𝑧, 𝜖𝜉) ⊆ 𝐇𝑡 ∩ 𝐵(𝜂′(𝑡), 𝜖) and such that the probability that a Brow-
nian motion starting from 𝑧 exits 𝐇𝑡 in 𝜕𝐇𝑡 ⧵ 𝐼𝑡 (where 𝐼𝑡 is as in Lemma 5.10) is at most
𝑒−𝜖−4−2𝑎 . Recall that by Lemma 5.10, 𝐏[𝐴

𝜉
𝑡 ] = 𝑂(𝜖2+𝑎+𝑜(1)). Set 𝑅 = log(𝜖−1) and let 𝐸𝑅 be the

event that the boundary length of each of the segments of 𝜕𝐇𝑡 ∩ 𝜂′ from 𝜂′(𝑡) to the leftmost
and rightmost point of 𝐑 ∩ 𝜂′([0, 𝑡]) is at most 𝑅 for all 0 ⩽ 𝑡 ⩽ 𝑀, where 𝑀 is the constant of
Proposition 6.1.
Step 2. Bound on boundary length distance of tip of curve to real line.We claim that there exist

constants 𝑐1, 𝑐2 > 0 such that, for all 𝜖 > 0,

𝐏[𝐸𝑐
𝑅] ⩽ 𝑐1𝑒−𝑐2(log 𝜖)2

.

Indeed, let 𝐿𝑡 be as in Lemma 7.2 and 𝑅𝑡 be defined as 𝐿𝑡 but with the rightmost point of 𝐑 ∩

𝜂′([0, 𝑡]) instead. Then, since

𝐸𝑐
𝑅 =

{
sup

0⩽𝑡⩽𝑀

(
𝐿𝑡 − inf

0⩽𝑠⩽𝑡
𝐿𝑠

)
⩾ 𝑅

}
∪

{
sup

0⩽𝑡⩽𝑀

(
𝑅𝑡 − inf

0⩽𝑠⩽𝑡
𝑅𝑠

)
⩾ 𝑅

}
,

and (𝐿𝑡), (𝑅𝑡) evolve as standard Brownian motions (Theorem 2.9), the claim follows by
the tail probabilities of the supremum and the infimum processes of a standard Brownian
motion.
Step 3. Upper bound on the expected area of bad points. We let 𝜂′

𝑐 denote the curve 𝜂′ param-
eterized by capacity, write 𝐇𝑐

𝑡 = 𝐇 ⧵ 𝜂′
𝑐([0, 𝑡]), and let 𝜎1 = inf {𝑡 ⩾ 0 ∶ 𝜇ℎ(𝜂′

𝑐([0, 𝑡])) ⩾ 𝑀}. We
further fix 𝛿 > 0 and let 𝐸 be the event that 𝜇ℎ(𝐃+) ⩽ 𝑀 and 𝜂′

𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+ and recall the
definitions of 𝜏𝑧 and 𝜏𝑧(𝜖) of Lemma 5.11. Moreover, we let 𝐵

𝜉
𝑤 the event that there is some 𝑧

such that 𝐵(𝑧, 𝜖𝜉) ⊆ 𝜂′
𝑐([𝜏𝑤, 𝜏𝑤(𝜖)]) and such that the probability that a Brownian motion starting

from 𝑧 exits 𝐇𝑐
𝜏𝑤
on 𝐑 ⧵ [−1∕2, 1∕2] is at most 𝑒−𝜖−4−2𝑎 . Note that we are done if we prove that

𝐏[𝐵
𝜉
𝑤 occurs for some𝑤 ∈ 𝜂′

𝑐([0, 𝛿])] converges to 0 as 𝜖 → 0 for some 𝜉 > 1. Let also 𝐹 be the
event that 𝜈ℎ([−1∕2, 0]) ⩽ log(𝜖−1) and 𝜈ℎ([0, 1∕2]) ⩽ log(𝜖−1) and note that Remark 7.3 implies
that 𝐏[𝐹𝑐 ∩ 𝐸] ⩽ 𝑐1𝑒−𝑐2(log 𝜖)2 for some constants 𝑐1, 𝑐2 > 0. Note that

∫
𝑀

0
𝟏

𝐴
𝜉
𝑡

𝑑𝑡 ⩾ ∫
𝑀

0
𝟏

𝐴
𝜉
𝑡

𝟏𝐸𝑅
𝟏𝐹𝑑𝑡 ⩾ ∫ 𝟏

𝐵
𝜉
𝑤

𝟏𝐸𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝜇ℎ(𝑤) − 𝑀𝟏𝐸𝑐

𝑅
− 𝑀𝟏𝐸𝑅

𝟏𝐸𝟏𝐹𝑐 ,
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and so by taking expectations, noting that 𝐏[𝐴
𝜉
𝑡 ] = 𝑂(𝜖2+𝑎+𝑜(1)) by Lemma 5.10 and applying

Proposition 6.1 with 𝛽 ∈ (1∕4, 1), we obtain that

𝑂(𝜖2+𝑎+𝑜(1)) = 𝐄

[
∫ 𝟏

𝐵
𝜉
𝑤

𝟏𝐸𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝜇ℎ(𝑤)

]
≳ 𝐄

[
𝟏{𝜂′

𝑐([0,𝛿])⊆𝑒−1𝐃+} ∫ 𝟏
𝐵

𝜉
𝑤

𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}|𝑤|−𝛽+𝛾2∕8Im(𝑤)𝛽−𝛾2∕2𝑑𝑤

]
≳ 𝐄

[
𝟏{𝜂′

𝑐([0,𝛿])⊆𝑒−1𝐃+} ∫ 𝟏
𝐵

𝜉
𝑤

𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝑤

]

= 𝐏[𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+]𝐄

[
∫ 𝟏

𝐵
𝜉
𝑤

𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝑤

||||| 𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+

]
.

Note that 𝐏[𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+] > 0, and that by choosing 𝛿 sufficiently small, we can make this

probability as close to 1 as we want. In particular, the important part of this step is the conclusion
that

𝐄

[
∫ 𝟏

𝐵
𝜉
𝑤

𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝑤

||||| 𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+

]
= 𝑂(𝜖2+𝑎+𝑜(1)), (7.5)

and the point of the next step is to show that the existence of a bad point leads to a contradiction
to (7.5).
Finally, we fix 1 < 𝜉1 < 𝜉 < 𝜉2 and let 𝐸1 = 𝐸1(𝜖) be the event that for all 𝑧 ∈ 𝐃+, 𝜂′

𝑐([𝜏𝑧, 𝜏𝑧(𝜖)])

contains some ball of radius 𝜖𝜉1 . Then, by Lemma 7.1, 𝐏[𝐸1] = 1 − 𝑜∞
𝜖 (𝜖). Moreover, we let 𝐸2 =

𝐸2(𝜖) be the event that for all 𝑧 ∈ 𝐃+, 𝜂′
𝑐([𝜏𝑧, 𝜏𝑧(𝜖𝜉)]) contains some ball of radius 𝜖𝜉2 and note

that Lemma 7.1 implies that 𝐏[𝐸2] = 1 − 𝑜∞
𝜖 (𝜖). Moreover, we note that the order 𝑂(𝜖2+𝑎) does

not change if one changes 𝜉 > 1.
Step 4. Lower bound on the area of bad points given one exists. Assume that the event

𝐵
𝜉1
𝑤 ∩ 𝐸1 ∩ 𝐸2 occurs for some 𝑤 ∈ 𝜂′

𝑐([0, 𝛿∕2]), and that 𝐵(𝑧0, 𝜖𝜉1) is the ball in the event 𝐵
𝜉1
𝑤 .

Then, for sufficiently small 𝜖, the event 𝐵
𝜉

𝑤′ occurs for all 𝑤′ ∈ 𝐵(𝑤0, 𝜖𝜉2), for some 𝑤0 with
𝐵(𝑤0, 𝜖𝜉2) ⊆ 𝜂′

𝑐([0, 𝛿]). The reason this holds is the following. We have that dist(𝑧0, 𝐇𝑐
𝜏𝑤

) ⩾

𝜖𝜉1 > 2𝜖𝜉 for small 𝜖 and then 𝜂′
𝑐([𝜏𝑤, 𝜏𝑤(𝜖𝜉)]) ∩ 𝐵(𝑧0, 𝜖𝜉) = ∅. Moreover, there exists a ball

𝐵(𝑤0, 𝜖𝜉2) ⊆ 𝜂′
𝑐([𝜏𝑤, 𝜏𝑤(𝜖𝜉)]) and clearly 𝐵(𝑧0, 𝜖𝜉) ⊆ 𝜂′

𝑐([𝜏𝑤′ , 𝜏𝑤′(𝜖)]) for all 𝑤′ ∈ 𝐵(𝑤0, 𝜖𝜉2). Fur-
thermore, 𝐇𝑐

𝜏𝑤′
⊆ 𝐇𝑐

𝜏𝑤
for all 𝑤′ ∈ 𝐵(𝑤0, 𝜖𝜉2) and hence the probability that a Brownian motion

starting at 𝑧0 exits 𝐇𝑐
𝜏𝑤′

in 𝐑 ⧵ [−1∕2, 1∕2] is less than or equal to the probability that it exits

𝐇𝑐
𝜏𝑤
in𝐑 ⧵ [−1∕2, 1∕2], which is at most exp(𝜖−4−2𝑎). Consequently, if 𝐏[𝐵

𝜉1
𝑤 occurs for some𝑤 ∈

𝜂′
𝑐([0, 𝛿∕2]) | 𝜂′

𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+] ≳ 1 as 𝜖 → 0, then

𝐄

[
∫ 𝟏

𝐵
𝜉
𝑤

𝟏{𝑤∈𝜂′
𝑐([0,𝛿])}𝑑𝑤

||||| 𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+

]
≳ 𝜖2𝜉2 .

Since 𝜉, 𝜉1, 𝜉2 can be taken to be arbitrarily close to 1, so that 2𝜉2 < 2 + 𝑎, this contradicts (7.5).
Thus, we must have that 𝐏[𝐵

𝜉1
𝑤 occurs for some𝑤 ∈ 𝜂′

𝑐([0, 𝛿∕2]) | 𝜂′
𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+] → 0 as 𝜖 →
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0. Thus, by the argument in the beginning of the section, it follows that on the event that
𝜂′

𝑐([0, 𝛿]) ⊆ 𝑒−1𝐃+, we have

|𝜂′
𝑐(𝑠) − 𝜂′

𝑐(𝑡)| ⩽ 𝐶

(
1 + log

1|𝑠 − 𝑡|
)−1∕4+𝜁

, (7.6)

for all 0 ⩽ 𝑠 < 𝑡 ⩽ 𝛿 and 𝜁 ⩾ 8𝑎∕(1 − 4𝑎). Hence, (7.6) holds for any 𝜁 > 0, by choosing 𝑎 small
enough. Finally, rescaling by 4𝛿−2, we have by the scale invariance of 𝜂′

𝑐 that, conditional on the
event that 𝜂′

𝑐([0, 1]) ⊆ 𝛿−2𝑒−1𝐃+, (7.6) a.s. holds for 0 ⩽ 𝑠 < 𝑡 ⩽ 1 (possibly by taking 𝐶 larger). By
letting 𝛿 → 0, the result follows. □

For the second part of Theorem 1.3, we shall upper bound the half-plane capacity that 𝜂′

accumulates upon traveling a small distance. We have that for a compact 𝐇-hull 𝐴,

hcap(𝐴) ≲ diam(𝐴) sup
𝑧∈𝐴

Im(𝑧).

Thus, if the escape probability from 𝐵(𝑤, 𝜖𝑎) is at most exp(−𝜖−𝜎), then

sup
𝑧∈𝐇𝜏𝑤

∩𝐵(𝑤,𝜖𝑎)
Im(g𝜏𝑤

(𝑧)) ≲ exp(−𝜖−𝜎).

Since the image of 𝜂′([0, 𝜏𝑤]) under g𝜏𝑤
is a.s. bounded, we have (roughly) that hcap(𝐇𝜏𝑤

∩

𝐵(𝑤, 𝜖𝑎)) ≲ exp(−𝜖−𝜎).

Proof of the second part of Theorem 1.3. Fix 𝜁 > 0 and let 𝑢 > 0 be such that (4 − 2𝑢)−1 < 1∕4 + 𝜁.
We are done if wemanage to show that as 𝜖 → 0, the probability that at some time the curve travels
distance 𝜖 but accumulates at most exp(−𝜖−4+2𝑢) units of half-plane capacity converges to 1. The
proof relies on the observation that we can couple the curve 𝜂′ with a GFF ℎ on𝐇with boundary
conditions given by 𝜆′ on 𝐑− and −𝜆′ on 𝐑− where 𝜆′ = 𝜋∕

√
8 such that if we let two flow lines

𝜂1, 𝜂2 of angles ±𝜋∕2, emanating from a point 𝑧 ∈ 𝐇 run until they hit𝐑, then 𝜂1 ∪ 𝜂2 is equal to
the outer boundary of 𝜂′([0, 𝜏𝑧]) [43, Theorem 1.13]. The idea of the proof is to consider a fine grid
of points (𝑧𝑘) and look at the local geometry of 𝜂′([0, 𝜏𝑧𝑘

]) in a neighborhood of each 𝑧𝑘. This local
picture can be seen by considering two flow lines of angles ±𝜋∕2 from 𝑧𝑘 and we will show that
it looks roughly the same for each 𝑘. The proof is done once we have shown that as the grid gets
finer, the probability that there is a point 𝑧𝑘 so that the escape probability for a Brownian motion
started very close to 𝑧𝑘 is small decays slower than the number of points in the grid increases.
We may consider the part of 𝜂′ that lies in a compact subset 𝐾 ⊆ 𝐇 at a positive distance from

𝐑. Thus, for the remainder of the proof, we assume that we are working on the event that 𝐾 ⊆

𝜂′([0, 1]). The advantage being that in the interior, the law of the field ℎ is absolutely continuous
with respect to the law of a whole-plane GFF ℎ𝑤.
Fix some 𝑎 ∈ (0, 1) to be chosen later and let (𝑧𝑘) be points in a grid in 𝐾, spaced at distance

2𝜖𝑎 apart, say, ∪𝑘{𝑧𝑘} = (2𝜖𝑎𝐙) ∩ 𝐾. Let 𝑎
𝜖 be the 𝜎-algebra generated by the values of ℎ outside

of ∪𝑘𝐵(𝑧𝑘, 𝜖𝑎). By the Markov property of the GFF, we have that the restriction of ℎ to each of the
balls 𝐵(𝑧𝑘, 𝜖𝑎) is conditionally independent of the others given 𝑎

𝜖 . Following [40, Section 4.1], for
𝑧 ∈ 𝐂 and 𝑟 > 0, we say that𝐵(𝑧, 𝑟) is𝑀-good forℎ if the following is true. Let 𝔥𝑧,𝑟 be the harmonic
extension of the values of ℎ from 𝜕𝐵(𝑧, 𝑟) to 𝐵(𝑧, 𝑟). Then sup𝑢∈𝐵(𝑧,15𝑟∕16) |𝔥𝑧,𝑟(𝑢) − 𝔥𝑧,𝑟(𝑧)| ⩽ 𝑀.
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For each 𝑗 ∈ 𝐍, we let 𝑠𝑗 = 𝜖𝑎2−𝑗 and for each 𝑘, we let 𝑟𝑘 = 𝑠𝑗0
where 𝑗0 is the smallest 𝑗 ∈ 𝐍 so

that 𝐵(𝑧𝑘, 𝑠𝑗) is 𝑀-good. Fix 𝑞 > 2𝑎. By the proof of [40, Proposition 4.3], we have that for fixed
𝑏 ∈ (𝑎, 1), we can choose 𝑀 > 0 large enough, so that uniformly in 𝜖 < 𝜖0 (for some 𝜖0 > 0) the
probability thatwedonot discover an𝑀-good scale before reaching the concentric ballwith radius
8

7
𝜖𝑏 is at most 𝜖𝑞. Then the probability that there is a point 𝑧𝑘 in the grid around which we do not

discover an 𝑀-good scale as above is 𝑂(𝜖𝑞−2𝑎). For each 𝑘, let 𝐴𝜖,𝑘 be the event 𝑟𝑘 ∈ ( 8

7
𝜖𝑏, 𝜖𝑎).

Then 𝐏[∩𝑘𝐴𝜖,𝑘] = 1 − 𝑂(𝜖𝑞−2𝑎) → 1 as 𝜖 → 0.
Let ℎ𝑤 be a whole-plane GFF independent of ℎ. As 𝐵(𝑧𝑘, 𝑟𝑘) is 𝑀-good, we know by [40,

Lemma 4.1] that the laws of ℎ|𝐵(𝑧𝑘,7𝑟𝑘∕8) and ℎ𝑤|𝐵(𝑧𝑘,7𝑟𝑘∕8) (viewed modulo 2𝜋𝜒 where 𝜒 =

2∕
√

𝜅 −
√

𝜅∕2 and 𝜅 = 2) are mutually absolutely continuous. Moreover, for each 𝑝 ∈ 𝐑, the
Radon–Nikodym derivative has a finite moment of order 𝑝 that is at most 𝑐(𝑝, 𝑀) where 𝑐(𝑝, 𝑀)

is a constant that depends only on 𝑝 and 𝑀. We emphasize that this holds for each 𝑘 and the
constants 𝑐(𝑝, 𝑀) do not depend on 𝑘. For a field ℎ̂ and 𝑘, we denote by 𝜂ℎ̂

𝑗,𝑘
for 𝑗 = 1, 2 the flow

lines of angles ±𝜋∕2 starting from 𝑧𝑘 and stopped upon exiting 𝐵(𝑧𝑘, 7𝑟𝑘∕8). We also let 𝐸𝜎,𝑘
𝜖 (ℎ̂)

be the event that

sup
𝑧∈𝐵(𝑧𝑘,𝜖)

𝐏𝑧[𝐵 hits 𝜕𝐵(𝑧𝑘, 𝜖𝑏) before 𝜂ℎ̂
1,𝑘

∪ 𝜂ℎ̂
2,𝑘

| 𝜂ℎ̂
1,𝑘

, 𝜂ℎ̂
2,𝑘

] ⩽ exp(−𝜖−𝜎).

Fix 𝑝 > 1. For each 𝑘, let 𝑘 be the Radon–Nikodym derivative of the law of ℎ|𝐵(𝑧𝑘,7𝑟𝑘∕8) with
respect to the law of ℎ𝑤|𝐵(𝑧𝑘,7𝑟𝑘∕8) (with both fields viewed modulo 2𝜋𝜒). We have that

𝐏[𝐸𝜎,𝑘
𝜖 (ℎ), 𝐴𝜖,𝑘 |𝑎

𝜖 ] = 𝐄[𝟏
𝐸𝜎,𝑘

𝜖 (ℎ𝑤)
𝟏𝐴𝜖,𝑘

𝑘 |𝑎
𝜖 ]

⩾ 𝐄

[
𝟏𝐴𝜖,𝑘

− 1
𝑝−1

𝑘

|||||𝑎
𝜖

]−(𝑝−1)

𝐏[𝐸𝜎,𝑘
𝜖 (ℎ𝑤)]𝑝 (Hölder’s inequality)

⩾ 𝑐(𝑝, 𝑀)𝐄
[
𝟏𝐴𝜖,𝑘

|𝑎
𝜖

]
𝐏[𝐸𝜎,𝑘

𝜖 (ℎ𝑤)]𝑝 ⩾ 𝐄
[
𝟏𝐴𝜖,𝑘

|𝑎
𝜖

]
𝜖𝑝𝜎∕2+𝑜(1) (Lemma 5.2).

Therefore, we obtain that

𝐏
[
𝐸𝜎,𝑘

𝜖 (ℎ)𝑐, 𝐴𝜖,𝑘 |𝑎
𝜖

]
⩽ 1 − 𝜖𝑝𝜎∕2+𝑜(1)𝐄

[
𝟏𝐴𝜖

|𝑎
𝜖

]
,

where 𝐴𝜖 = ∩𝑘𝐴𝜖,𝑘. Let 𝜎 = 4 − 2𝑢 and assume that 𝑝 > 1 is such that 𝑝(1 − 𝑢∕2) < 1 and 𝑎 ∈

(𝑝(1 − 𝑢∕2), 1). Fix 𝑐 > 0 so that |(𝑧𝑘)| ⩾ 𝑐𝜖−2𝑎 and note that

𝐏
[
𝐄
[
𝟏𝐴𝜖

|𝑎
𝜖

]
⩽ 1∕2

]
= 𝑂(𝜖𝑞−2𝑎).

By the conditional independence of the restrictions of ℎ to the balls 𝐵(𝑧𝑘, 𝜖𝑎) given 𝑎
𝜖 , the above

implies that

𝐏

[⋂
𝑘

(
𝐸4−2𝑢,𝑘

𝜖 (ℎ)𝑐 ∩ 𝐴𝜖,𝑘

)]
= 𝐄

[
𝐏

[⋂
𝑘

(
𝐸4−2𝑢,𝑘

𝜖 (ℎ)𝑐 ∩ 𝐴𝜖,𝑘

) |||||𝑎
𝜖

]]
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= 𝐄

[∏
𝑘

𝐏

[
𝐸4−2𝑢,𝑘

𝜖 (ℎ)𝑐 ∩ 𝐴𝜖,𝑘

||||𝑎
𝜖

]]

⩽ 𝑂(𝜖𝑞−2𝑎) + (1 − 𝜖𝑝(2−𝑢)+𝑜(1))𝑐𝜖−2𝑎
→ 0 as 𝜖 → 0.

Here, we have used that 2𝑎 > 𝑝(2 − 𝑢). Thus, recalling (4 − 2𝑢)−1 < 1∕4 + 𝜁, we have that

𝐏

[
sup

0⩽𝑠<𝑡⩽1

{|𝜂(𝑡) − 𝜂(𝑠)| log

(
1|𝑡 − 𝑠|

)1∕4+𝜁
}

< ∞
|||||𝐾 ⊆ 𝜂′([0, 1])

]
≲ lim

𝜖→0
𝐏
[
∩𝑘𝐸4−2𝑢,𝑘

𝜖 (ℎ)𝑐
]

= 0.

Since this holds for any compact 𝐾 ⊆ 𝐇, the result follows. □

8 REGULARITY RESULTS FOR 𝐒𝐋𝐄𝟒

This section is dedicated to proving Theorems 1.1 and 1.2. We begin by stating some facts about
two-sided whole-plane SLE4 processes. For a more detailed treatment, see [60, 61].
A two-sided whole-plane SLE4 process 𝜂 from ∞ to ∞ through 0 is the curve that can be

sampled by first sampling a whole-plane SLE4(2) process 𝜂1 from ∞ to 0 and then sampling a
chordal SLE4 curve from 0 to ∞ in 𝐂 ⧵ 𝜂1 (i.e., it is the concatenation of the curves 𝜂1 and 𝜂2

in Lemma 5.1, with 𝜅 = 4). By [61, Corollary 4.7], 𝜂 can be parameterized by its 3

2
-dimensional

Minkowski content and upon doing so, it becomes a self-similar process of index 2∕3 with sta-
tionary increments. That is, if we assume that 𝜂 is parameterized by its 3

2
-dimensional Minkowski

content and 𝜂(0) = 0, then for each 𝑎 > 0, (𝜂(𝑎𝑡))𝑡∈𝐑 and (𝑎2∕3𝜂(𝑡))𝑡∈𝐑 have the same law and for
each 𝑏 ∈ 𝐑, (𝜂(𝑏 + 𝑡) − 𝜂(𝑏))𝑡∈𝐑 has the same law as (𝜂(𝑡))𝑡∈𝐑. We call such a curve an sssi SLE4

process. By [60, Theorems 1.2 and 1.4], 𝜂 is a.s. locally Hölder continuous of order 𝛼 for all 𝛼 < 2∕3

but not locally Hölder continuous of order 2∕3 on any open interval.
Below, we shall consider the regularity of a conformal map 𝜑1 ∶ 𝐃 → 𝐂𝐿 with 𝜑1(−𝑖) = 𝜂(0) =

0, 𝜑1(𝑖) = ∞, and say, 𝜑1(−1) = 𝜂(−100) where 𝐂𝐿 is the component of 𝐂 ⧵ 𝜂 that is on the left
side of 𝜂. This is out of convenience since this setting is the one that is the most straightforward,
given the form of Lemmas 5.2 and 5.12. Theorem 1.1 is concerned with a chordal SLE4 process
from −𝑖 to 𝑖 in 𝐃, but this raises no problem, as such a curve can be obtained as follows. Sample
a two-sided whole-plane SLE4 process from ∞ to ∞ through 0 and let 𝜑2 ∶ 𝐂 ⧵ 𝜂((−∞, 0]) → 𝐃,
be the unique conformal transformation with 𝜑2(0) = −𝑖, 𝜑2(∞) = 𝑖 and which takes the prime
end corresponding to 𝜂(−100) on the left side of 𝜂 to −1. Then, 𝜂 = 𝜑2(𝜂) is a chordal SLE4 from
−𝑖 to 𝑖 in 𝐃 and the map 𝜑 = 𝜑2 ◦ 𝜑1 ∶ 𝐃 → 𝐃𝐿 (where 𝐃𝐿 is the left connected component of
𝐃 ⧵ 𝜂) is the uniformizing map in the statement of Theorem 1.1. Moreover, the 𝜑2 is smooth away
from 𝜂((−∞, 0]), and hence, the regularity of 𝜑 away from the points −𝑖 and 𝑖 is determined by
the regularity of 𝜑1.
Next, we explain the relationship between the escape probability of Brownian motion and the

modulus of continuity of the uniformizing map. We begin with the simpler direction. Fix 𝑑 > 0

and let 𝑟 ∈ (0, 1) be such that dist(𝜑1(𝐵(0, 𝑟)), 𝜂) ⩾ 𝑑 (we emphasize that we are allowed to choose
these parameters to depend on 𝜂, as the constant in Theorem 1.1 is random). Assume that 𝑧0 ∈

𝐂𝐿 is a point such that dist(𝑧, 𝜂) ∈ [𝜖, 2𝜖] and such that the probability that a Brownian motion
escapes to distance𝑑 from 𝜂 before hitting 𝜂 is atmost exp(−𝜖−𝜎) (as in Lemma 5.12). Then,writing
𝑤0 = 𝜑−1

1
(𝑧0), we have by the conformal invariance of Brownian motion that the probability that
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a Brownian motion started from 𝑤0 hits 𝜕𝐵(0, 𝑟) before 𝜕𝐃 is upper bounded by exp(−𝜖−𝜎). The
former probability is given by log |𝑤0|

log 𝑟
. This implies that

dist(𝑤0, 𝜕𝐃) = 1 − |𝑤0| ≲ exp(−𝜖−𝜎),

and since dist(𝑧0, 𝜂) ≍ 𝜖, the Koebe-1∕4 theorem implies that

|𝜑′
1(𝑤0)| ≳ 𝜖𝑒−𝜖 = 𝑒𝜖(1+𝑜(1)). (8.1)

Thus, if for each 𝜖 > 0, we can a.s. find a point 𝑤0 = 𝑤0(𝜖) as above, then (1.2) does not hold a.s.
The other direction follows the same principle, but is slightly more technical. Fix 𝜉 > 0 and

compact intervals𝐾1 ⊂ 𝐾2 ⊂ (0, ∞) and𝑑 > 0 such that if𝑈𝑗

𝑑
= 𝜑−1

1
({𝑧 ∈ 𝐂𝐿 ∶ dist(𝑧, 𝜂(𝐾𝑗)) < 𝑑}

for 𝑗 = 1, 2, then

{𝑧 ∈ 𝜕𝐃 ∶ Re(𝑧) > 0, dist(𝑧, {−𝑖, 𝑖}) > 𝜉} ⊆ 𝑈1
𝑑
,

{𝑧 ∈ 𝜕𝐃 ∶ Re(𝑧) > 0, dist(𝑧, {−𝑖, 𝑖}) < 𝜉∕2} ∩ 𝑈1
𝑑

= ∅,

𝜕𝐃 ⧵ {𝑧 ∈ 𝜕𝐃 ∶ Re(𝑧) > 0, dist(𝑧, {−𝑖, 𝑖}) > 𝜉∕4} ⊆ 𝑈2
𝑑
, and

{𝑧 ∈ 𝜕𝐃 ∶ Re(𝑧) > 0, dist(𝑧, {−𝑖, 𝑖}) < 𝜉∕3} ∩ 𝑈2
𝑑

= ∅.

In particular, dist(𝜂(𝐾1), 𝜂(𝐑 ⧵ 𝐾2)) > 2𝑑. Suppose that 𝑧0 ∈ 𝜑1(𝐃 ⧵ (𝐵(−𝑖, 2𝜉∕3) ∪ 𝐵(𝑖, 2𝜉∕3)) is
such that dist(𝑧0, 𝜂) = dist(𝑧0, 𝜂(𝐾1)) ∈ [𝜖, 2𝜖] and such that the probability that a Brownian
motion started from 𝑧0 escapes to distance 𝑑 from 𝜂 before hitting 𝜂 is at least exp(−𝜖−𝜎). Again,
write 𝑤0 = 𝜑−1

1
(𝑧 − 0). Let 𝑟 > 0 be such that

𝜑1({|𝑧| = 𝑟} ∩ {𝑧 ∈ 𝐃 ∶ Re(𝑧) > 0, dist(𝑧, {−𝑖, 𝑖}) > 𝜉∕2}) ⊂ {𝑤 ∈ 𝐂𝐿 ∶ dist(𝑤, 𝜂) < 𝑑}.

In particular, escaping to 𝜕𝐵(0, 𝑟) is at least as easy for a Brownian motion from 𝑧0 as escap-
ing to distance 𝑑 from 𝜂, at least to the parts of those sets in 𝐃 ⧵ (𝐵(−𝑖, 𝜉∕2) ∪ 𝐵(𝑖, 𝜉∕2))

and 𝜑1(𝐃 ⧵ (𝐵(−𝑖, 𝜉∕2) ∪ 𝐵(𝑖, 𝜉∕2))), respectively. Moreover, since we can decrease 𝑟 to be 𝑎𝜉

for some 𝑎 ∈ (0, 1) if necessary, and since dist(𝑤0, 𝜑−1
1

({𝑧 ∈  ∶ dist(𝑧, 𝜂) = 𝑑}) ∩ (𝐵(−𝑖, 𝜉∕2) ∪

𝐵(𝑖, 𝜉∕2)) ⩾ 𝜉∕6, it follows that the probability that a Brownianmotion from𝑤0 hits 𝐵(0, 𝑟) before
𝜕𝐃 is at least a constant (depending only on 𝑑, 𝑟 and 𝜉) times exp(−𝜖−𝜎). (The importance of the
last part of this argument lies inmaking sure that it is not only that likely to hit some part of𝜑1({𝑧 ∶

dist(𝑧, 𝜂) = 𝑑}) that is of distancemuch smaller than 1 − 𝑟 from 𝜕𝐃.) Then, arguing similarly to the
discussion above, using the Koebe-1∕4 theorem, it follows that 𝜑′

1
(𝑤0) ≲ exp(𝜖−𝜎(1+𝑜(1))). Thus, if

that escape probability holds for all 𝑤0 ∈ 𝐃 ⧵ (𝐵(−𝑖, 𝜉) ∪ 𝐵(𝑖, 𝜉)), then (1.2) holds.
With the above discussion inmind, in order to prove that (1.2) holds, we show that a.s., as 𝜖 → 0,

we can find no point𝑤0 = 𝑤0(𝜖)within distance𝐶𝜖 from 𝜕𝐃, for some𝐶 > 0, such that (8.1) holds.
This is done using a covering and union bound argument and proves (1.2) for points 𝑧, 𝑤 ∈ 𝜕𝐃.
Then, we prove the interior regularity in two steps. The first is the regularity in the part of 𝐃 that
is at uniformly positive distance from 𝜕𝐃 and this follows easily from the Koebe-1∕4 theorem.
The intermediate case requires a little more work, but boils down to controlling the regularity of
the real and imaginary parts of 𝜑, both of which are harmonic, and using the boundary regularity
together with Brownian motion estimates.
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In proving (1.2) on the boundary, we pick a sequence of points 𝑡𝑘 ∈ 𝐑 and check whether the
escape probability of a Brownian motion started close to 𝜂(𝑡𝑘) is large enough. For this to actually
cover a neighborhood of the boundary, we need to pick the sequence in such a way that for suf-
ficiently small 𝜖, any point 𝑧0 such that dist(𝑧0, 𝜕𝐃) ∈ [𝑐0𝜖, 𝑐1𝜖] (for some constants 0 < 𝑐0 < 𝑐1)
will be sufficiently close to 𝜂(𝑡𝑘) for some 𝑘. In what follows, for a domain 𝐷, a set 𝐸 ⊆ 𝜕𝐷 and a
point 𝑧 ∈ 𝐷, we let 𝜔(𝑧, 𝐸, 𝐷) denote the harmonic measure of the set 𝐸 in 𝐷 seen from 𝑧.

8.1 Proof of Theorem 1.1, upper bound

Step 1. Regularity at the boundary. Fix 𝜁 > 0. We first show that for sufficiently small 𝜖 > 0, there
is no point 𝑧0 as in Lemma 5.12 with 𝜎 = 3∕(1 − 3𝜁) = 3 + 𝛿.
Fix compact intervals 𝐾1 ⊆ 𝐾2 ⊆ 𝐾3 ⊆ (0, ∞). For each 𝜖 > 0 and 𝑘 ∈ 𝐍, let 𝑡𝑘 = 𝑡𝑘(𝜖) =

𝑘𝜖3∕2+𝛿 so that 𝑡𝑘+1 − 𝑡𝑘 = 𝜖3∕2+𝛿 and let 𝑛 = max{𝑘 ∶ 𝑡𝑘 ∈ 𝐾3}. Since 𝜂 is locally (2∕3 −

𝛿∕3)-Hölder continuous, there a.s. exists a random constant 𝐶 such that

|𝜂(𝑠) − 𝜂(𝑡)| ⩽ 𝐶|𝑠 − 𝑡|2∕3−𝛿∕3

for all 𝑠, 𝑡 ∈ 𝐾3. Fix 𝑑 ∈ (0, 1) and let 𝐹𝑑 be the event that dist(𝜂(𝐾1), 𝜂(𝐑 ⧵ 𝐾2)) ⩾ 𝑑 and 𝐶 ∈

(𝑑, 𝑑−1). Since 𝜂 is a simple curve with lim|𝑡|→∞ 𝜂(𝑡) = ∞, we have that 𝐏[𝐹𝑑] → 1 as 𝑑 → 0. For
each 𝑘, write 𝜂𝑘(𝑡) ∶= 𝜂(𝑡 + 𝑡𝑘) − 𝜂(𝑡𝑘). We fix 𝛿 > 0 and let 𝐸(𝑧, 𝑑) be the event that

𝐏𝑧[𝐵 hits 𝜕𝐵(𝑧, 𝑑∕2) before 𝜂 | 𝜂] ⩽ exp(−𝜖−3−𝛿).

We let 𝐷𝜖 = {𝑧 ∈ 𝐂𝐿 ∶ dist(𝑧, 𝜂) = dist(𝑧, 𝜂(𝐾1)) ∈ [𝜖, 2𝜖]} and note that for each 𝑧 ∈ 𝐂, 𝑓𝑧(𝑡) =

𝜔(𝑧, 𝜂((−∞, 𝑡]), 𝐂𝐿) is a continuous and increasing function with lim𝑡→−∞ 𝑓𝑧(𝑡) = 0 and
lim𝑡→∞ 𝑓𝑧(𝑡) = 1. It follows that there exists 𝑇𝑧 > 0 such that 𝑓𝑧(𝑇𝑧) = 𝜔(𝑧, 𝜂([𝑇𝑧, ∞)), 𝐂𝐿) =

1∕2. Then, on the event 𝐹𝑑, the Beurling estimate implies that for sufficiently small 𝜖, 𝑇𝑧 ∈ 𝐾2 for
all 𝑧 ∈ 𝐷𝜖. Fix 𝐶1 > 2 large (to be chosen independently of 𝑑). Suppose that 𝜂(𝑇𝑧) ∉ 𝐵(𝑧, 𝐶1𝜖) and
note that there exists 𝑡 ∈ 𝐾2 such that 𝜂(𝑡) ∈ 𝐵(𝑧, 2𝜖) ⧵ 𝐵(𝑧, 𝜖). Without loss of generality, we can
assume that 𝑡 ⩽ 𝑇𝑧 and set 𝑆𝑧 = sup{𝑡 ∈ 𝐾2 ∶ 𝑡 ⩽ 𝑇𝑧, 𝜂(𝑡) ∈ 𝐵(𝑧, 𝐶1𝜖)}. Since dist(𝑧, 𝜂([𝑆𝑧, 𝑇𝑧])) ⩾

𝐶1𝜖, the Beurling estimate implies that 𝜔(𝑧, 𝜂([𝑆𝑧, 𝑇𝑧]), 𝐂𝐿) = 𝑂(𝐶
−1∕2
1

) where the implicit con-
stants are universal, and so, for 𝐶1 sufficiently large, we have that 𝜔(𝑧, 𝜂((−∞, 𝑆𝑧]), 𝐂𝐿) ⩾ 3∕8.
Also, there exists 𝑘 = 𝑘(𝑧) ∈ {1, … , 𝑛} such that 𝑡𝑘 ⩽ 𝑆𝑧 ⩽ 𝑡𝑘+1. Then, if we pick 𝛿 ∈ (0, 1∕10),
we have that on the event 𝐹𝑑, diam(𝜂([𝑡𝑘, 𝑆𝑧])) ⩽ 𝑑−1𝜖1+𝛿∕10. Thus, by applying Beurling’s esti-
mate again, we obtain that 𝜔(𝑧, 𝜂([𝑡𝑘, 𝑆𝑧]), 𝐂𝐿) < 1∕8 for all 𝜖 sufficiently small and so 𝑓(𝑡𝑘) ∈

[1∕4, 3∕4]. Similarly, if 𝜂(𝑇𝑧) ∈ 𝐵(𝑧, 𝐶1𝜖), we have that 𝑓(𝑡𝑘) ∈ [1∕4, 3∕4] and 𝜂(𝑡𝑘) ∈ 𝐵(𝑧, 2𝐶1𝜖)

for some 𝑘 = 𝑘(𝑧) ∈ {1, … , 𝑛}. The above imply that if𝐸(𝑧, 𝑑) and𝐹𝑑 occur, then𝐸
𝜂𝑘
𝜖 (3 + 𝛿) occurs

for some 1 ⩽ 𝑘 ⩽ 𝑛, where we denote by 𝐸
𝜂𝑘
𝜖 (𝜎) the event in Lemma 5.12, but with 𝜂𝑘 in place of

𝜂1 ∪ 𝜂2 and 𝐵(0, 2𝐶1𝜖) in place of 𝐵(0, 2𝜖). Fix 𝑟 > 0 and recall that we want to show that for
small enough 𝜖 and properly chosen 𝛿, there exists no point 𝑧 ∈ 𝐷𝜖 such that 𝐸(𝑧, 2𝑟) occurs. By
Lemma 5.12, we have that for all 𝜖 sufficiently small,

𝐏[∃𝑧 ∈ 𝐷𝜖 ∶ 𝐸(𝑧, 2𝑟) occurs, 𝐹𝑑]

⩽ 𝐏[∃𝑧 ∈ 𝐷𝜖 such that 𝐸(𝑧, 𝑑) occurs, 𝐹𝑑] ⩽

𝑛−1∑
𝑘=0

𝐏[𝐸
𝜂𝑘
𝜖 (3 + 𝛿)] = 𝑂(𝜖𝛿∕2−𝛿),
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provided that we choose 𝑑 small enough. Assume that 𝛿 < 𝛿∕2 so that the exponent of 𝜖 in the
above expression is positive. It therefore follows from the Borel–Cantelli lemma that there a.s.
exists 𝜖0 > 0 so that for all 𝜖 ∈ (0, 𝜖0), there does not exist a point 𝑧 with dist(𝑧, 𝜂(𝐾1)) ⩽ 2𝜖 so that
𝐸(𝑧, 2𝑟) occurs.
We will now prove that (1.2) holds on the boundary. Fix 𝜉 > 0 and let 𝐼 be a boundary arc of the

counterclockwise segment of 𝜕𝐃 from −𝑖 to 𝑖 which is disjoint from 𝐵(−𝑖, 𝜉∕2), 𝐵(𝑖, 𝜉∕2) and has
length Δ > 0. Let Δ̃ = diam 𝜑(𝐼). Fix 𝑎 > 1. By the nonself-tracing property of SLE (see [39]), we
have for small enoughΔ > 0 that there exists a ball 𝐵(𝑤, Δ̃𝑎) ⊆ 𝐃𝐿 such that𝜔(𝑤, 𝜑(𝐼), 𝐃𝐿) ⩾ 1∕2.
Combining this with the above, we have that

Δ ≳ diam 𝜑−1(𝐵(𝑤, Δ̃𝑎)) ≳ exp(−Δ̃−𝑎(3+𝛿)),

and rearranging, this implies that Δ̃ ≲ log(1∕Δ)− 1
3

+𝜁′
, that is,

|𝜑(𝑥) − 𝜑(𝑦)| ≲ (log(1 + |𝑥 − 𝑦|−1))− 1
3

+𝜁′
for all 𝑥, 𝑦 ∈ 𝜕𝐃 ⧵ (𝐵(−𝑖, 𝜉∕2) ∪ 𝐵(𝑖, 𝜉∕2))

for 𝜁′ = 1

3
− 1

3𝑎
+ 1

𝑎𝜁
. By taking 𝑎 sufficiently close to 1 such that 𝜁′ is positive and close to 𝜁,

we obtain that (1.2) holds on the boundary. We shall now use this to deduce the regularity in
the interior.
Step 2. Regularity in the interior. Fix 𝜉 > 0 and note that the bound proven above for the

boundary is valid for 𝜕𝐃 ⧵ (𝐵(−𝑖, 𝜉∕2) ∪ 𝐵(𝑖, 𝜉∕2)). We will take 𝜉 to be very close to 0. Next,
write 𝜑(𝑧) = 𝑢(𝑧) + 𝑖𝑣(𝑧) where 𝑢 and 𝑣 are real. Since 𝑢 and 𝑣 are harmonic, we can write
𝑢(𝑧) = 𝐄[𝑢(𝐵𝑧

𝜏𝑧
) | 𝜂] (and likewise for 𝑣) where 𝐵𝑧 is a two-dimensional Brownian motion started

from 𝑧, 𝜏𝑧 is the first exit time of 𝐃, and the expectation is only over the Brownian motion, while
the SLE4 is fixed. In the remainder of this step, all probabilities and expectations should be under-
stood as having the SLE4 fixed and will only be over the relevant Brownian motion. In order to
estimate |𝑢(𝑧) − 𝑢(𝑤)|, we couple the Brownian motions 𝐵𝑧

𝑡 and 𝐵𝑤
𝑡 by letting 𝐵𝑧

𝑡 = 𝑧 + 𝐵𝑡 and
𝐵𝑤

𝑡 = 𝑤 + 𝐵𝑡, where 𝐵𝑡 is a two-dimensional Brownian motion with 𝐵0 = 0.
Step 2a. 𝑧, 𝑤 are close to the boundary.We first consider points 𝑧, 𝑤 ∈ 𝐷𝜉 = {𝑧 ∈ 𝐃 ⧵ (𝐵(−𝑖, 𝜉) ∪

𝐵(𝑖, 𝜉)) ∶ dist(𝑧, 𝜕𝐃) < 𝜉2}. We begin with the case where |𝑧 − 𝑤| ⩾ dist(𝑧, 𝜕𝐃)∕2. Assume that
2−𝑘 ⩽ |𝑧 − 𝑤| < 2−𝑘+1 and 2−𝑗 ⩽ dist(𝑧, 𝜕𝐃) < 2−𝑗+1, where 𝑗 > 𝑘. Let 𝐸𝜉 be the event that
𝐵𝑧 and 𝐵𝑤 exit 𝐃 before hitting 𝐵(𝑖, 𝜉∕2) ∪ 𝐵(−𝑖, 𝜉∕2). Then, 𝐏[𝐸𝑐

𝜉
] = 𝑂(𝜉−12−𝑗 + 𝜉−12−𝑘) =

𝑂(𝜉−12−𝑘). Let𝐴1
𝑚 (resp.𝐴2

𝑙
) be the event that 2−𝑚−1 ⩽ dist(𝑧, 𝐵𝑧

𝜏𝑧
) < 2−𝑚 for𝑚 ⩽ 𝑗 (resp. 2−𝑙−1 ⩽

dist(𝐵𝑧
𝜏𝑧

, 𝐵𝑤
𝜏𝑤

) < 2−𝑙 for 𝑙 ⩽ 𝑘). Moreover, we let 𝐹𝑘 be the event that dist(𝐵𝑧
𝜏𝑧

, 𝐵𝑤
𝜏𝑤

) < 2−𝑘−1.
Then,

|𝑢(𝑧) − 𝑢(𝑤)| ⩽ 𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)|]
= 𝐄[|𝑢(𝐵𝑧

𝜏𝑧
) − 𝑢(𝐵𝑤

𝜏𝑤
)|𝟏𝐹𝑐

𝑘
∩𝐸𝜉

] + 𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)|𝟏𝐹𝑘∩𝐸𝜉
] + 𝐄[|𝑢(𝐵𝑧

𝜏𝑧
) − 𝑢(𝐵𝑤

𝜏𝑤
)|𝟏𝐸𝑐

𝜉
].

Since 𝑢 is bounded, we have that

𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)|𝟏𝐸𝑐
𝜉
] ≲ 𝐏[𝐸𝑐

𝜉
] = 𝑂(𝜉−12−𝑘). (8.2)
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Moreover, on the event 𝐹𝑘, |𝐵𝑧
𝜏𝑧

− 𝐵𝑤
𝜏𝑤

| ⩽ |𝑧 − 𝑤|∕2 and thus by the boundary regularity estimate
in Step 1, we have that

𝐄

[||||𝑢 (
𝐵𝑧

𝜏𝑧

)
− 𝑢

(
𝐵𝑤

𝜏𝑤

)|||| 1𝐹𝑘∩𝐸𝜉

]
≲ 𝐄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝log

⎛⎜⎜⎝1 +
1|||𝐵𝑧

𝜏𝑧
− 𝐵𝑤

𝜏𝑤

|||
⎞⎟⎟⎠
⎞⎟⎟⎠

−13+𝜁

1𝐹𝑘∩𝐸𝜉

⎤⎥⎥⎥⎦
⩽

(
log

(
1 +

1|𝑧 − 𝑤|
))−13+𝜁

. (8.3)

Finally, we have that

𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)|𝟏𝐹𝑐
𝑘
∩𝐸𝜉

] =

𝑗∑
𝑚=0

𝑘∑
𝑙=0

𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)| |𝐸𝜉 ∩ 𝐴1
𝑚 ∩ 𝐴2

𝑙
]𝐏[𝐸𝜉 ∩ 𝐴1

𝑚 ∩ 𝐴2
𝑙
].

Note that the bounds (8.2) and (8.3) are sufficient. Hence, it remains to show that the double sum
is atmost of order 𝑘−1∕3+𝜁 . We begin by noting on𝐸𝜉 ∩ 𝐴1

𝑚 ∩ 𝐴2
𝑙
, we have that |𝑢(𝐵𝑧

𝜏𝑧
) − 𝑢(𝐵𝑤

𝜏𝑤
)| ⩽|𝜑(𝐵𝑧

𝜏𝑧
) − 𝜑(𝐵𝑤

𝜏𝑤
)| ≲ (𝑙 + 1)−1∕3+𝜁 , since the bound (1.2) is proven at boundary points. Next, note

that 𝐏[𝐴1
𝑚] ≍ 2𝑚−𝑗 and 𝐏[𝐴2

𝑙
] ≍ 2𝑙−𝑘, with implicit constants independent of 𝑚 and 𝑙. Moreover,

in fact, 𝐏[𝐸𝜉 ∩ 𝐴1
𝑚 ∩ 𝐴2

𝑙
] ≍ 2𝑚−𝑗+𝑙−𝑘 (as is easily seen by considering the “worst case” where 𝑧, 𝑤

are roughly at distance 𝜉 from 𝑖 or −𝑖, that is, roughly 𝜉∕2 from 𝐵(𝑖, 𝜉∕2) ∪ 𝐵(−𝑖, 𝜉∕2) since they
are at distance at most 𝜉2 from the boundary). Consequently,

𝑗∑
𝑚=0

𝑘∑
𝑙=0

𝐄[|𝑢(𝐵𝑧
𝜏𝑧

) − 𝑢(𝐵𝑤
𝜏𝑤

)| |𝐸𝜉 ∩ 𝐴1
𝑚 ∩ 𝐴2

𝑙
]𝐏[𝐸𝜉 ∩ 𝐴1

𝑚 ∩ 𝐴2
𝑙
] ≲

𝑗∑
𝑚=0

2𝑚−𝑗
𝑘∑

𝑙=0

(𝑙 + 1)−1∕3+𝜁2𝑙−𝑘

≲

𝑗∑
𝑚=0

2𝑚−𝑗
⎛⎜⎜⎝
⌈𝑘∕2⌉∑
𝑙=0

2−𝑘∕2 +

𝑘∑
𝑙=⌈𝑘∕2⌉+1

2𝑙−𝑘𝑘−1∕3+𝜁
⎞⎟⎟⎠ ≲

𝑘

2
2−𝑘∕2 + 𝑘−1∕3+𝜁 = 𝑂(𝑘−1∕3+𝜁).

Doing the same for 𝑣, we note that |𝜑(𝑧) − 𝜑(𝑤)| ≲ 𝑘−1∕3+𝜁 for 𝑧, 𝑤 ∈ 𝐷𝜉 such that 2−𝑘 ⩽ |𝑧 −

𝑤| < 2−𝑘+1 and dist(𝑧, 𝜕𝐃) ⩽ 2|𝑧 − 𝑤|.
Step 2b. |𝑧 − 𝑤| are close relative to their distance to 𝜕𝐃. Next, we consider the case where 𝑧, 𝑤 ∈

𝐷𝜉 are such that |𝑧 − 𝑤| ⩽ dist(𝑧, 𝜕𝐃)∕2. By the Koebe-1∕4 theorem,

|𝜑(𝑧) − 𝜑(𝑤)| ≲
dist(𝜑(𝑧), 𝜕𝐃𝐿)

dist(𝑧, 𝜕𝐃)
|𝑧 − 𝑤|.

By the discussion before the proof, dist(𝑧, 𝜕𝐃) ≳ exp(−dist(𝜑(𝑧), 𝜕𝐃𝐿)−3−𝛿), so rearranging gives
that dist(𝜑(𝑧), 𝜕𝐃𝐿) ≲ log(dist(𝑧, 𝜕𝐃)−1)−1∕3+𝜁 , and hence,

|𝜑(𝑧) − 𝜑(𝑤)| ≲
log(dist(𝑧, 𝜕𝐃)−1)−1∕3+𝜁

dist(𝑧, 𝜕𝐃)
|𝑧 − 𝑤|. (8.4)

We observe that the function 𝑓(𝑥) = log(𝑥−1)−1∕3+𝜁∕𝑥 is decreasing for 𝑥 sufficiently small, so
by (8.4), (1.2) holds in that case as well.



80 of 106 KAVVADIAS et al.

Step 2c. General 𝑧, 𝑤 away from 𝜕𝐃. Finally, consider points 𝑧, 𝑤 ∈ 𝐷̃𝜉 = {𝑧 ∈ 𝐃 ⧵ (𝐵(−𝑖, 𝜉) ∪

𝐵(𝑖, 𝜉)) ∶ dist(𝑧, 𝜕𝐃) ⩾ 𝜉2}. By the Koebe-1∕4 theorem, |𝜑′(𝑧)| ⩽ 4dist(𝜑(𝑧), 𝜕𝐃𝐿)∕dist(𝑧, 𝜕𝐃) ≲

𝜉−2, uniformly in 𝑧 ∈ 𝐷̃𝜉 . Consequently, for any points 𝑧, 𝑤 ∈ 𝐷̃𝜉 , we have that |𝜑(𝑧) − 𝜑(𝑤)| ≲

𝜉−2|𝑧 − 𝑤|, and hence, the bound holds in 𝐷̃𝜉 . Thus, the proof of the first part is done.

8.2 Proof of Theorem 1.1, lower bound

The proof of the lower bound has two main steps: first prove that the second assertion of The-
orem 1.1 holds with positive probability, and then use this to show that it holds a.s. In proving
the positive probability statement, we pick a sequence of times 𝑡𝑘 ∈ 𝐑 and consider the positive
fraction of 𝑘 where 𝜂(𝑡𝑘) is sufficiently far away from 𝜂((−∞, 𝑡𝑘−1]) and 𝜂([𝑡𝑘+1, ∞)) and let two
level lines of different heights construct a pocket around a neighborhood of 𝜂(𝑡𝑘). With positive
probability, these level lines will succeed in forming such a pocket. If this occurs, the event that
the conditional probability given 𝜂 that the escape probability for a Brownianmotion started close
to 𝜂(𝑡𝑘) from a neighborhood of 𝜂(𝑡𝑘) is conditionally independent (given the two level lines) of
what happens outside of the pocket. Since there are sufficiently many such pockets with positive
probability, this will lead to establishing that the second assertion of Theorem 1.1 holds with posi-
tive probability. To upgrade the a.s. result, wemap 𝜂 to a curve 𝜂 in𝐇 and perform another pocket
argument: upon traveling through successive annuli, there is a uniformly positive probability in
each annulus that two level lines (started from the curve in the annulus) form a pocket around 𝜂.
If this happens, then the law of the curve 𝜂, restricted to the times between entering and exiting
the pocket, is that of an SLE4(𝜌𝐿; 𝜌𝑅) process. By conformally mapping this pocket to 𝐃, we can
use the absolute continuity between SLE4-type processes to deduce that with positive probability,
the second assertion of Theorem 1.1 holds true for the new curve in𝐃. Doing this for each annulus
gives the a.s. statement.
We will now describe the general setup and define the events used in the proof of the lower

bound of Theorem 1.1. Fix 0 < 𝑟 < 𝑎 < 𝑏 < 𝑐 < 1 and 𝑢 > 0. Let 𝜂 be the sssi SLE4 curve from
∞ to ∞ so that the conditional law of 𝜂|[0,∞) given 𝜂|(−∞,0] is that of an SLE4 in 𝐂 ⧵ 𝜂((−∞, 0])

from 0 to ∞ where we view 𝜂|[0,∞) as the level line of a GFF ℎ on 𝐂 ⧵ 𝜂((−∞, 0]) with boundary
conditions given by −𝜆 (resp. 𝜆) on the left (resp. right) side of 𝜂((−∞, 0]) where 𝜆 = 𝜋∕2. Fix a
compact interval 𝐼 ⊆ (0, ∞) and let (𝑡𝑘) = 𝐼 ∩ (𝜖3(𝑎−𝑟)∕2𝐙). For each 𝑘 ∈ 𝐍, we let [𝜏1

𝑘
, 𝜏2

𝑘
] be so

that 𝜂(𝜏1
𝑘
) (resp. 𝜂(𝜏2

𝑘
)) is where 𝑡 ↦ 𝜂(𝑡𝑘 − 𝑡) (resp. 𝑡 ↦ 𝜂(𝑡𝑘 + 𝑡)) first exits 𝐵(𝜂(𝑡𝑘), 𝜖𝑐). We let 𝐸1

𝑘
be the event that

sup
𝑧∈𝐂𝐿∩𝐵(𝜂(𝑡𝑘),2𝜖)⧵𝐵(𝜂(𝑡𝑘),𝜖)

𝐏𝑧[𝐵 exits 𝐵(𝜂(𝑡𝑘), 𝜖𝑐) before hitting 𝜂([𝜏1
𝑘
, 𝜏2

𝑘
]) | 𝜂|[𝜏1

𝑘
,𝜏2

𝑘
]] ⩽ exp(−𝜖−3+2𝑢).

We let 𝜎𝑘 be such that 𝜂(𝜎𝑘) is equal to the first place that 𝑡 ↦ 𝜂(𝑡𝑘 − 𝑡) exits 𝐵(𝜂(𝑡𝑘), 𝜖𝑏). Fix
𝜗 > 0 and let 𝜂𝑘,1 (resp. 𝜂𝑘,2) be the level line of ℎ starting from 𝜂(𝜎𝑘) with height −𝜗 (resp. 𝜗)
stopped upon exiting 𝐵(𝜂(𝑡𝑘), 2𝜖𝑏) ⧵ 𝐵(𝜂(𝑡𝑘), 𝜖𝑏∕2). We assume that 𝜗 > 0 is chosen sufficiently
small so that 𝜂𝑘,1 and 𝜂𝑘,2 can intersect each other. We also let 𝐸2

𝑘
be the event that

(i) 𝐵(𝜂(𝑡𝑘), 𝜖𝑐) is contained in a bounded component 𝑈𝑘 of 𝐂 ⧵ (𝜂𝑘,1 ∪ 𝜂𝑘,2),
(ii) 𝜂((−∞, 𝑡𝑘−1]) and 𝜂([𝑡𝑘+1, ∞)) do not intersect 𝐵(𝜂(𝑡𝑘), 𝜖𝑎), and
(iii) 𝐏[𝐸1

𝑘
| 𝜂𝑘,1, 𝜂𝑘,2, 𝜂𝑘] ⩾ 𝜖3∕2−𝑢+𝑜(1) where 𝜂𝑘 is the part of 𝜂 that is not contained in 𝑈𝑘.
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Lemma 8.1. There exists 𝜖0 > 0 and 𝑝2 ∈ (0, 1) so that 𝐏[𝐸2
𝑘
] ⩾ 𝑝2 for all 𝜖 ∈ (0, 𝜖0).

In order to read the proof of the lower bound of Theorem 1.1, one can skip the proof of
Lemma 8.1. The first step is the following version of Lemma 5.2 but for two-sided radial SLE4.

Lemma 8.2. There exists 𝜉0 > 0 so that for all 𝜉 ∈ (0, 𝜉0), the following is true. Suppose that 𝑥, 𝑦 ∈

𝜕𝐃 are distinct with |𝑥 − 𝑦| ⩾ 5𝜉 and that 𝜂 is a two-sided radial SLE4 in 𝐃 from 𝑥 to 𝑦 that passes
through 0. Let 𝐵 be a Brownian motion that is independent of 𝜂, fix 𝜖 > 0, and let 𝐹 be the event
that:

(i) sup𝑧∈𝐵(0,𝜖) 𝐏𝑧[𝐵 hits 𝜕𝐃 before 𝜂 | 𝜂] ⩽ exp(−𝜖−𝜎) and
(ii) dist(𝜂, 𝜕𝐃 ⧵ (𝐵(𝑥, 2𝜉) ∪ 𝐵(𝑦, 2𝜉))) ⩾ 𝜉

Uniformly in 𝑥, 𝑦 ∈ 𝜕𝐃 with |𝑥 − 𝑦| ⩾ 5𝜉, we have that 𝐏[𝐹] ⩾ 𝜖𝜎∕2+𝑜(1) as 𝜖 → 0 (but with 𝜉 > 0

fixed).

The strategy of the proof is to consider a whole-plane SLE4 process 𝜂 from ∞ to ∞ through 0,
where we know from Lemma 5.2 that the exponent of the probability of part (i) of the event 𝐹 of
the above lemma is the right one. Then, we condition on the part of 𝜂 before first hitting and after
last exiting 𝐃. The law of the remaining curve is a two-sided radial SLE4 in the complementary
domain, passing through 0. Then, since the exponent of the probability of part (i) of 𝐹 is the right
one for 𝜂, we know that there has to be some configuration for the two-sided radial SLE4 such that
the same holds true.We then conclude by proving that with positive probability, the configuration
of the two-sided radial SLE4 process is sufficiently close to that configuration.

Proof. We are going to deduce the result from the conformal Markov property of two-sided radial
SLE4 and Lemma 5.2. To begin with, we assume that we have a two-sided whole-plane SLE4 pro-
cess 𝜂 in 𝐂 from ∞ to ∞ through 0 as above. Let 𝜂 be the time reversal of 𝜂. Let 𝜏 (resp. 𝜏) be
the first time that 𝜂 (resp. 𝜂) hits 𝜕𝐃. Then we know that the conditional law of 𝜂 given 𝜂|(−∞,𝜏]

and 𝜂|(−∞,𝜏] is that of a radial two-sided SLE4 in 𝐂 ⧵ (𝜂((−∞, 𝜏]) ∪ 𝜂((−∞, 𝜏])) from 𝜂(𝜏) to 𝜂(𝜏)

that passes through 0. Let 𝜑 be the unique conformal map from 𝐂 ⧵ (𝜂((−∞, 𝜏]) ∪ 𝜂((−∞, 𝜏])) to
𝐃 which fixes 0 and sends 𝜂(𝜏) to 1. Let 𝜂 be the image of the remainder of 𝜂 under 𝜑. Then 𝜂 is a
two-sided radial SLE4 in𝐃 from 𝑥 = 1 to 𝑦 = 𝜑(𝜂(𝜏))which passes through 0. Let 𝑧𝐿 (resp. 𝑧𝑅) be
the image under 𝜑 of the prime end corresponding to∞ in the component of𝐂 ⧵ 𝜂 which is to the
left (resp. right) of 𝜂. Then we note that 𝑧𝐿 (resp. 𝑧𝑅) is on the clockwise (resp. counterclockwise)
arc of 𝜕𝐃 from 𝑥 to 𝑦.
We now suppose that we have fixed 𝐶 > 1 and 𝐷 > 0 so that (5.11) holds. Let 𝜂1 = 𝜂|[0,∞) and

𝜂2 = 𝜂|[0,∞) so that the joint law of (𝜂1, 𝜂2) is the same as the pair of paths in Lemma 5.1. Suppose
that the event 𝐸 of Lemma 5.2 holds with 𝜁 = 0. Then we have that

|𝜂(𝜏) − 𝜂(𝜏)| ⩾ dist(𝜂1([𝜏1, 𝜏𝐶
1 ]), 𝜂2([𝜏2, 𝜏𝐶

2 ])) ⩾ 𝐷.

Consequently, there exists 𝜉0 > 0 depending only on 𝐶, 𝐷, so we have that |𝑥 − 𝑦| ⩾ 5𝜉0. By pos-
sibly decreasing the value of 𝜉0 > 0 further (still only depending on 𝐶, 𝐷), we can also assume
that the pairwise distances of 𝑥, 𝑦, 𝑧𝐿, and 𝑧𝑅 are all in fact at least 5𝜉0.We can also assume
that dist(𝜂, 𝑧𝑞) ⩾ 5𝜉0 for 𝑞 ∈ {𝐿, 𝑅}. Indeed, let 𝛾𝐿 and 𝛾𝑅 be the arcs of the boundary of 𝐵(0, 𝐶)

which are on the boundaries of the two unbounded components of (𝐂 ⧵ 𝐵(0, 𝐶)) ⧵ (𝜂((−∞, 𝜏]) ∪

𝜂((−∞, 𝜏])). Then 𝜑(𝛾𝑞) is a curve in𝐃 that disconnects 𝑧𝑞 for 𝑞 ∈ {𝐿, 𝑅} from 0 which 𝜂 does not
cross. Moreover, the distance of 𝜑(𝛾𝑞) to 𝑧𝑞 is bounded from below. Indeed, to prove this, first we
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find a point 𝑧 between 𝛾𝑞 and 𝐵(0, 𝐶2) whose distance to 𝜂1, 𝜂2 is at least 𝐷∕2 and the harmonic
measure of both of 𝜂1 and 𝜂2 as seen from 𝑧 is bounded from below. More precisely, we assume
that 𝐷 < 𝐶 is sufficiently small (but fixed) and divide the annulus 𝐵(0, 𝐶2 − 2𝐷) ⧵ 𝐵(0, 𝐶2 − (2 +

1∕10)𝐷) using lines from the origin with equally spaced angles so that each region has diameter at
most𝐷∕2 and the distance of the center to the boundary is at least 𝑐1𝐷 for a constant 𝑐1 ∈ (0, 1∕2).
Let𝑅1, … , 𝑅𝑛 be those regions. Then each𝑅𝑗 can be intersected by atmost one of 𝜂1 and 𝜂2, but not
both by the definition of 𝐸. Moreover, if, say 𝜂1 intersects 𝑅𝑗 , then 𝜂2 cannot intersect the adjacent
regions 𝑅𝑗−1 or 𝑅𝑗 . Suppose that 𝜂1 intersects 𝑅𝑖 and let 𝑗 be the smallest integer larger than 𝑖 so
that 𝜂2 intersects 𝑅𝑗 , where we take the convention that 𝑅𝑛+𝑙 = 𝑅𝑙. Then 𝜂1 cannot intersect 𝑅𝑗−1

and by definition 𝜂2 does not intersect it either. Let 𝑧 be the center of 𝑅𝑗−1. Then 𝑧 has distance at
least 𝑐1𝐷 from 𝜂1 and 𝜂2. Moreover, if we start with a Brownian motion from 𝑧, then it has posi-
tive probability (depending only on 𝐶, 𝐷) of hitting either 𝜂1 or 𝜂2. This is because the Brownian
motion has a positive probability of making either a clockwise or counterclockwise loop around
the origin while staying inside a tube of width 𝐷∕2. Next, we claim that a Brownian motion start-
ing from 𝑧 has a positive probability (depending only on 𝐶, 𝐷) of hitting 𝐵(0, 1∕2) before hitting
either 𝜂1 or 𝜂2. To prove this, we divide 𝐂 into squares of side length 𝐷∕10. Then 𝑧 will be con-
tained inside such a square 𝑆 and each of the squares that are adjacent to 𝑆 do not intersect 𝜂1

or 𝜂2, otherwise 𝑧 would be too close to 𝜂1 or 𝜂2. Also, there has to be a path of squares 𝑆1, … , 𝑆𝑘

where 𝑆1 = 𝑆 and 𝑆𝑘 is contained inside of 𝐵(0, 1∕2) none of which intersect 𝜂1 ∪ 𝜂2, otherwise
there has to exist a path of squares that connect 𝜂1 and 𝜂2 that disconnect 𝑧 from 𝐵(0, 1∕2) and
such that each one intersects either 𝜂1 or 𝜂2. But the only way that the latter can happen is if there
are adjacent squares, one of which intersects 𝜂1 and the other which intersects 𝜂2. This cannot
happen because the distance from the relevant parts of 𝜂1 and 𝜂2 inside 𝐵(0, 𝐶2) ⧵ 𝐵(0, 1∕2) is at
least 𝐷. Note also that 𝑘 = 𝑂(𝐶2∕𝐷2)where the implicit constants are universal. Therefore, since
a Brownian motion starting from any point inside of the square 𝑇𝑗 with the same center as 𝑆𝑗

but half the width has a positive probability of hitting 𝑇𝑗+1 before leaving the union of 𝑆𝑗 and
𝑆𝑗+1, the proof of the claim is complete. Combining with the above, we obtain that there exists
𝑝 ∈ (0, 1) depending only on 𝐶, 𝐷 such that with probability at least 𝑝, a Brownian motion start-
ing from 𝑧 exits 𝜕𝐃 on the clockwise (resp. counterclockwise) arc of 𝜕𝐃 starting from 𝑧𝑞 before
hitting 𝜑(𝛾𝑞) for 𝑞 ∈ {𝐿, 𝑅}, and also that dist(𝜑(𝑧), 𝜕𝐃) ⩾ 𝑝. Then, the Beurling estimate implies
that there exists 𝜉0 > 0 (depending only on 𝐶, 𝐷) such that dist(𝜂, 𝑧𝑞) ⩾ dist(𝜑(𝛾𝑞), 𝑧𝑞) ⩾ 5𝜉0 for
𝑞 ∈ {𝐿, 𝑅} if 𝐸 occurs. Since

𝐏[𝐸] = 𝐄[𝐏[𝐸 | 𝑦, 𝑧𝐿, 𝑧𝑅]] ⩾ 𝜖𝜎∕2+𝑜(1) as 𝜖 → 0,

we have that the following is true. Fix 𝑣 > 0. Then, there exists 𝜖0 > 0 so that for every 𝜖 ∈ (0, 𝜖0),
there exist 𝑦0, 𝑧𝐿,0, 𝑧𝑅,0 in 𝜕𝐃 so that

𝐏[𝐸 | 𝑦 = 𝑦0, 𝑧𝐿 = 𝑧𝐿,0, 𝑧𝑅 = 𝑧𝑅,0] ⩾ 𝜖𝜎∕2+𝑣.

In particular, since diam(𝜑(𝐵(0, 𝜖))) ≍ 𝜖, we have that𝐏[𝐺] ≳ 𝜖𝜎∕2+𝑣, where𝐺 is the event that if 𝜂
is a two-sided radial SLE4 in𝐃 from 1 to 𝑦0 passing through 0, then dist(𝜂, 𝑧𝑞,0) ⩾ 5𝜉0 for 𝑞 ∈ {𝐿, 𝑅}

and sup𝑧∈𝐵(0,𝜖) 𝐏𝑧[𝐵 hits 𝜕𝐃 before 𝜂 | 𝜂] ⩽ exp(−𝜖−𝜎) and the implicit constant is independent of
𝜖, 𝑣.
Our goal now is to upgrade this assertion to the assertion in the statement of the lemma. Fix

𝑥, 𝑦 in 𝜕𝐃 with |𝑥 − 𝑦| ⩾ 5𝜉. Here, 𝜉 > 0 is small (but fixed) to be chosen later in the proof. Let 𝜂
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be the time reversal of 𝜂. Consider the line segments 𝛾 = [𝑥, 0], 𝛾 = [𝑦, 0] that, respectively, con-
nect 𝑥, 𝑦 to 0 and such that both of them have the unit speed parameterization. Let 𝐻 (resp. 𝐻)
be (2𝜋)−1 times the length of the clockwise (resp. counterclockwise) arc of 𝜕𝐃 from 𝑧𝐿,0 to 𝑧𝑅,0.
In other words, 𝐻 (resp. 𝐻) is the harmonic measure of the clockwise (resp. counterclockwise)
arc of 𝜕𝐃 from 𝑧𝐿,0 to 𝑧𝑅,0 as seen from 0. Assume that 𝐻 > 𝐻 (the other case is analogous).
Fix 𝛿, 𝜁 > 0 small (depending only on 𝜉) and fix 1 − 𝛿 ⩽ 𝑡, 𝑡 ⩽ 1, so the harmonic measure of
𝛾([0, 𝑡]) (resp. 𝛾([0, 𝑡])) in 𝐃 ⧵ (𝛾([0, 𝑡]) ∪ 𝛾([0, 𝑡])) as seen from 0 is in [𝐻 − 𝜁∕2, 𝐻 + 𝜁∕2] (resp.
[𝐻 − 𝜁∕2, 𝐻 + 𝜁∕2]). We note that this is always possible because for any 𝑠 ∈ [1 − 𝛿, 1) fixed, the
harmonic measure of 𝛾([0, 𝑠]) in 𝐃 ⧵ (𝛾([0, 𝑠]) ∪ 𝛾([0, 𝑠])) as seen from 0 tends to 0 as 𝑠 increases
to 1 and likewise when the roles of (𝛾, 𝑠) and (𝛾, 𝑠) are swapped.
Let 𝜏 (resp. 𝜏) be the first time that 𝜂 (resp. 𝜂) gets within distance 𝛿 of 𝛾(𝑡) (resp. 𝛾(𝑡)), where 𝜂

(resp. 𝜂) is parameterized according to log-conformal radius as seen from 0. Let also 𝐴𝛿 (resp.
𝐴𝛿) be the 𝛿-neighborhood of 𝛾([0, 𝑡]) (resp. 𝛾([0, 𝑡])). Let 𝐸1 be the event that 𝜏 and 𝜏 both
occur before 𝜂 and 𝜂, respectively, leave 𝐴𝛿 and 𝐴𝛿. Then [46, Lemma 2.3] implies that there
exists 𝑝1 ∈ (0, 1) depending only on 𝛿, 𝜉 so that 𝐏[𝐸1] ⩾ 𝑝1. We now assume that we are work-
ing on 𝐸1. Let 𝜑 be the unique conformal map from 𝐃 ⧵ (𝜂([0, 𝜏]) ∪ 𝜂([0, 𝜏])) to 𝐃 that fixes 0
and takes 𝜂(𝜏) to 1. Let 𝐼 = 𝜑(𝜂([0, 𝜏])) and 𝐼 = 𝜑(𝜂([0, 𝜏])). By choosing 𝛿 > 0 sufficiently small,
the Beurling estimate implies that |𝐼|∕2𝜋 ∈ [𝐻 − 𝜁, 𝐻 + 𝜁] and |𝐼|∕2𝜋 ∈ [𝐻 − 𝜁, 𝐻 + 𝜁] where| ⋅ | denotes Lebesgue measure on 𝜕𝐃. Let 𝑧𝐿 (resp. 𝑧𝑅) be the left (resp. right) endpoint of 𝐼. We
claim that 𝜑(𝐾) ⊆ 𝐵(𝑧𝐿, 𝜉) ∪ 𝐵(𝑧𝑅, 𝜉) for 𝛿 > 0 sufficiently small, where𝐾 = {𝑧 ∈ 𝐃 ⧵ (𝜂([0, 𝜏]) ∪

𝜂([0, 𝜏])) ∶ dist(𝑧, 𝜕𝐃) ⩽ 𝜉}. Indeed, theBeurling estimate implies that the probability that aBrow-
nianmotion starting from0hits𝐾 before exiting𝐃 ⧵ (𝜂([0, 𝜏]) ∪ 𝜂([0, 𝜏])) is atmost𝑂(𝛿1∕2)where
the implicit constants depend only on 𝜉. Then the conformal invariance of the Brownian motion
and [33, Exercise 2.7] together imply that diam(𝐾) = 𝑂(𝛿1∕2)where the implicit constants depend
only on 𝜉 and so 𝜑(𝐾) ⊆ 𝐵(𝑧𝐿, 𝜉∕2) ∪ 𝐵(𝑧𝑅, 𝜉∕2) for 𝛿 sufficiently small.
Let 𝑥1 ∈ 𝐼 be such that the length of the clockwise arc in 𝜕𝐃 from 𝑥1 to 𝑧𝐿 is equal to the

length of the clockwise arc in 𝜕𝐃 from 1 to 𝑧𝐿,0. We also let 𝑦1 ∈ 𝐼 be such that the length of the
clockwise arc in 𝜕𝐃 from 𝑦1 to 𝑧𝑅 is equal to the length of the clockwise arc in 𝜕𝐃 from 𝑦0 to 𝑧𝑅,0.
Note that 𝑥1 and 𝑦1 are well defined if 𝜁 ∈ (0, 𝜉). Set 𝜂 = 𝜑(𝜂([𝜏, ∞)) ∪ 𝜂([𝜏, ∞))) and note that
conditional on 𝜂|[0,𝜏] and 𝜂|[0,𝜏], the curve 𝜂 has the law of a two-sided radial SLE4 in 𝐃, from 1
to 𝜑(𝜂(𝜏)), passing through 0. Let 𝜎 be the first time that 𝜂 gets within distance 𝛿 of 𝑥1 (where
again 𝜂 is parameterized according to log-conformal radius as seen from 0). Let 𝐸2 be the event
that 𝜎 occurs before the first time 𝜂 leaves the 𝛿-neighborhood of the arc of 𝐼 from 1 to 𝑥1. We
note that on 𝐸1, the harmonic measure of each side of 𝜂([0, 𝜏]), seen from 0, is bounded below
by a positive constant, depending only on 𝜉 and 𝛿, and hence, the same is true for the distances
from 𝑧𝐿 and 𝑧𝑅 to 1. Then [46, Lemma 2.3] implies that there exists 𝑝2 > 0 depending only on 𝜉

and 𝛿 so that 𝐏[𝐸2 |𝐸1] ⩾ 𝑝2. We assume that we are working on 𝐸2 ∩ 𝐸1. For each 𝑠 ⩾ 0, we let 𝜓𝑠

be the unique conformal map from 𝐃 ⧵ (𝜂([0, 𝜎]) ∪ 𝜂([0, 𝑠])) to 𝐃 with 𝜓𝑠(0) = 0 and 𝜓′
𝑠(0) > 0,

where 𝜂 = 𝜑(𝜂([𝜏, ∞))) and 𝜂 is parameterized according to log-conformal radius as seen from 0.
Let 𝜎 be the first time 𝑠 ⩾ 0 that the harmonicmeasure of the clockwise arc of 𝜕𝐃 from 𝜓𝑠(𝜂(𝜎)) to
𝜓𝑠(𝜂(𝑠)) is equal to the harmonicmeasure of the clockwise arc of 𝜕𝐃 from 1 to 𝑦0, both as seen from
0. Let 𝐸3 be the event that 𝜎 occurs before 𝜂 leaves the 𝛿-neighborhood of 𝐼. Then [46, Lemma 2.3]
(considering the event that 𝜂 stays close to 𝐼 and travels along the clockwise arc from 𝜑(𝜂(𝜏)) to 𝑧𝑅

if 𝑦1 lies to the right of 𝜑(𝜂(𝜏)) and otherwise the counterclockwise arc) implies that there exists
𝑝3 > 0 depending only on 𝛿 so that 𝐏[𝐸3 |𝐸1, 𝐸2] ⩾ 𝑝3.
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On 𝐸1 ∩ 𝐸2 ∩ 𝐸3, let 𝑥2 = 𝜓𝜎(𝜂(𝜎)), 𝑦2 = 𝜓𝜎(𝜂(𝜎)), 𝑧𝐿,2 = 𝜓𝜎(𝑧𝐿), 𝑧𝑅,2 = 𝜓𝜎(𝑧𝑅). Then we have
that the harmonic measure as seen from 0 of the clockwise arc of 𝜕𝐃 from 𝑥2 to 𝑦2 is equal to
that of the clockwise arc of 𝜕𝐃 from 1 to 𝑦0. Moreover, we can find a function 𝑝(𝛿) of 𝛿 such
that 𝑝(𝛿) → 0 as 𝛿 → 0 and the harmonic measure of the clockwise (resp. counterclockwise)
arc of 𝜕𝐃 from 𝑥2 to 𝑧𝐿,2 (resp. 𝑧𝑅,2) is equal to the harmonic measure of the corresponding
arcs with 1, 𝑧𝐿,0, 𝑧𝑅,0 in place of 𝑥2, 𝑧𝐿,2, 𝑧𝑅,2 up to an error of which is at most 𝑝(𝛿). Therefore,
there exists 𝜃 ∈ [0, 2𝜋) such that 𝑒𝑖𝜃𝑥2 = 1, 𝑒𝑖𝜃𝑦2 = 𝑦0, |𝑒𝑖𝜃𝑧𝐿,2 − 𝑧𝐿| = 𝑂(𝑝(𝛿)) and |𝑒𝑖𝜃𝑧𝑅,2 −

𝑧𝑅| = 𝑂(𝑝(𝛿)). Note also that for 𝜉 ∈ (0, 1) sufficiently small, we have that (by again apply-
ing [33, Exercise 2.7]) 𝜓𝜎(𝐵(𝑧𝐿, 𝜉) ∪ 𝐵(𝑧𝑅, 𝜉)) ⊆ 𝐵(𝑧𝐿,0, 𝜉0∕2) ∪ 𝐵(𝑧𝑅,0, 𝜉0∕2) and so 𝜓𝜎 ◦ 𝜑(𝐾) ⊆

𝐵(𝑒−𝑖𝜃𝑧𝐿,0, 𝜉0) ∪ 𝐵(𝑒−𝑖𝜃𝑧𝑅,0, 𝜉0) on 𝐸1 ∩ 𝐸2 ∩ 𝐸3 for 𝜉 sufficiently small and 𝛿, 𝜁 sufficiently small
depending only on 𝜉. To conclude the proof of the lemma, set 𝛾 = 𝜓𝜎(𝜂([𝜎, ∞)) ∪ 𝜂([𝜎, ∞))) and
let 𝐺 be the event corresponding to 𝛾 as before. Then since 𝐏[𝐸1 ∩ 𝐸2 ∩ 𝐸3] > 0 and on 𝐸1 ∩ 𝐸2 ∩

𝐸3, we have that𝜓𝜎 ◦ 𝜑(𝐾) ⊆ 𝐵(𝑒−𝑖𝜃𝑧𝐿,0, 𝜉0) ∪ 𝐵(𝑒−𝑖𝜃𝑧𝑅,0, 𝜉0) and diam(𝜓𝜎 ◦ 𝜑(𝐵(0, 𝜖))) ≍ 𝜖 (with
the implicit constants depending only on 𝜉, 𝛿, 𝜁), we obtain that if 𝐺 holds, then 𝐹 holds as well
for 𝜖 sufficiently small. The proof is then complete since the law of a two-sided radial SLE4 in 𝐃

passing through 0 is invariant under rotation and so 𝐏[𝐺] ≳ 𝜖𝜎∕2+𝑣 for all 𝜖 sufficiently small, and
the implicit constant is independent of 𝜖, 𝑣. □

Proof of Lemma 8.1. We suppose that we have the setup that is described just before the statement
of Lemma 8.1. Let 𝜂 be the time reversal of 𝜂.
Part (i) of 𝐸2

𝑘
. Let𝐴𝑘 denote the event of part (i) of the definition of 𝐸2

𝑘
. Then there exists a 𝑝 > 0

such that 𝐏[𝐴𝑘] ⩾ 𝑝 for all 𝑘. This follows since by scaling and translation invariance of sssi SLE4

curves, we may assume that 𝜖 = 1 and 𝑡𝑘 = 0, and thus, by [46, Lemmas 2.3 and 2.5], we have
(after conformally mapping 𝐂 ⧵ 𝜂((−∞, 0]) to 𝐇) that 𝐏[𝐴𝑘 | 𝜂] > 0 a.s. The claim then follows
by integrating over the randomness of 𝜂.
Part (ii) of 𝐸2

𝑘
. Note that by the translation and scaling invariance of sssi SLE4 curves, the prob-

ability that 𝜂((−∞, 𝑡𝑘−1]) or 𝜂([𝑡𝑘+1, ∞)) intersects 𝐵(𝜂(𝑡𝑘), 𝜖𝑎) is equal to the probability that
𝜂((−∞, −𝜖−3𝑟∕2]) or 𝜂([𝜖−3𝑟∕2, ∞)) intersects 𝐃, and this tends to 0 as 𝜖 → 0. In particular, for
small enough 𝜖 > 0, we can make the probability of this part of the event as close to 1 as we want.
Part (iii). Let 𝜏 (resp. 𝜏) be the first time that 𝜂 (resp. 𝜂) hits 𝜕𝐵(0, 𝜖𝑐). Then the conditional

law of the remainder of 𝜂 given  = 𝜎(𝜂|(−∞,𝜏], 𝜂|(−∞,𝜏]) is that of a two-sided radial SLE4 in 𝐂 ⧵

(𝜂((−∞, 𝜏]) ∪ 𝜂((−∞, 𝜏])) from 𝜂(𝜏) to 𝜂(𝜏) passing through 0.
Let 𝜑 be the unique conformal map from 𝐂 ⧵ (𝜂((−∞, 𝜏]) ∪ 𝜂((−∞, 𝜏])) to 𝐃 which fixes 0 and

sends 𝜂(𝜏) to 1. We assume that we are working on the event that 𝑥 = 1 and 𝑦 = 𝜑(𝜂(𝜏)) have dis-
tance at least 𝜉 > 0. Note that the probability of this event tends to 1 as 𝜉 tends to 0. On this event,
Lemma 8.2 and distortion estimates for conformal maps imply that the conditional probability
given  of the intersection 𝐸𝑘 of 𝐸1

𝑘
and the event that the intermediate part of 𝜂 does not leave

𝐵(𝜂(𝑡𝑘), 𝜖𝑏∕4) is at least 𝜖𝜎∕2+𝑜(1).
Suppose that 𝐹 is any event for 𝜂1,𝑘, 𝜂2,𝑘 with 𝐏[𝐹 |] > 0 and such that on 𝐹 the intermediate

part of 𝜂 does not leave 𝐵(𝜂(𝑡𝑘), 𝜖𝑏∕4). Then we have that

𝐏[𝜂1,𝑘, 𝜂2,𝑘 ∈ 𝐹 |] ≍ 𝐏[𝜂1,𝑘, 𝜂2,𝑘 ∈ 𝐹 |, 𝐸𝑘] ([46, Lemma 2.8])

=
𝐏[𝐸𝑘 | 𝜂1,𝑘, 𝜂2,𝑘 ∈ 𝐹,]

𝐏[𝐸𝑘 |]
𝐏[𝜂1,𝑘, 𝜂2,𝑘 ∈ 𝐹 |],
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using Bayes’ rule for the equality. Note that the implicit constants depend only on 𝜉. Rearranging
gives that

𝐏[𝐸𝑘 | 𝜂1,𝑘, 𝜂2,𝑘 ∈ 𝐹,] ≍ 𝐏[𝐸𝑘 |] ⩾ 𝜖3∕2−𝑢+𝑜(1)

uniformly in the choice of 𝐹. We therefore have that

𝐏[𝐸𝑘 | 𝜂1,𝑘, 𝜂2,𝑘,] ⩾ 𝜖3∕2−𝑢+𝑜(1).

By decreasing the value of 𝜉 > 0 if necessary, we can thusmake the probability that this part holds
as close to 1 as we want.
Altogether, we see that we can make each of the events in part (ii) and part (iii) hold with

probability at least 1 − 𝑝∕4where 𝑝 is the constant in part (i). Combining we obtain that for 𝜉 > 0

sufficiently small, we have that the events in all three parts hold simultaneously with probability
at least 𝑝∕2, which completes the proof. □

Proof of Theorem 1.1, lower bound. Step 1. Setup. Suppose that we have the same setup as just
before the statement of Lemma 8.1. Fix 𝜁 > 0 and pick 𝜉 > 1 and 𝑢 > 0 such that 1 < 𝜉 < (1∕3 +

𝜁)(3 − 2𝑢). Let 𝐹𝑘,𝜖 be the event that there is a ball 𝐵(𝑧, 𝜖𝜉) ⊆ 𝐵(𝜂(𝑡𝑘), 2𝜖) ∩ 𝐂𝐿. Then Lemma 8.1,
Remark B.3, and the scaling and translation invariance properties of the joint law of (𝜂1, 𝜂2) imply
that there exists 𝑝2 > 0 so that 𝐏[𝐸3

𝑘
] ⩾ 𝑝2 > 0 for all 𝜖 > 0 sufficiently small, where 𝐸3

𝑘
= 𝐸2

𝑘
∩

𝐹𝑘,𝜖.
Step 2 The event 𝐸3

𝑘
occurs for a positive fraction of times. Let 𝑛(𝜖) = |(𝑡𝑘)|. Then the fraction

𝐹(𝜖) = 1

𝑛(𝜖)

∑𝑛(𝜖)
𝑘=1

𝟏𝐸3
𝑘
of 𝑡𝑘’s for which the event 𝐸3

𝑘
occurs is a nonnegative random variable with

𝐄[𝐹(𝜖)] ⩾ 𝑝2 > 0. Hence, by the Paley–Zygmund inequality, we have for 𝜃 ∈ (0, 1) that

𝐏[𝐹(𝜖) > 𝜃𝑝2] ⩾
(1 − 𝜃)2𝑝2

2

𝐄[𝐹(𝜖)2]
⩾ (1 − 𝜃)2𝑝2

2.

That is, with positive probability, the events 𝐸3
𝑘
occur at a positive fraction of times 𝑡𝑘 with 1 ⩽ 𝑘 ⩽

𝑛(𝜖). Let  = {1 ⩽ 𝑘 ⩽ 𝑛(𝜖) ∶ 𝐸3
𝑘
occurs}. Taking 𝜃 = 1∕2, we have shown that with probability at

least 𝑝2
2
∕4, we have || ≳ 𝑝2𝜖− 3

2
(𝑎−𝑟).

Step 3. Lower bound is attained with positive probability. By definition, we have on 𝐸3
𝑘
that

𝐏[𝐸1
𝑘
| 𝜂𝑘,1, 𝜂𝑘,2, 𝜂𝑘] ⩾ 𝜖

3
2

−𝑢+𝑜(1). Conditionally on  and 𝜂𝑘,1, 𝜂𝑘,2 for 𝑘 ∈ , we thus have that the
number of 𝑘 ∈  for which 𝐸1

𝑘
occurs is stochastically dominated from below by a binomial ran-

dom variable with parameters || and 𝜖
3
2

−𝑢+𝑜(1). Thus, choosing 𝑎 close to 1 and 𝑟 close to 0 so that
3

2
− 𝑢 + 3

2
(𝑟 − 𝑎) < 0, it follows by binomial concentration that on the event || ≳ 𝑝2𝜖− 3

2
(𝑎−𝑟), we

have off an event that decays to 0 as 𝜖 → 0 faster than any power of 𝜖 that there exists 1 ⩽ 𝑘 ⩽ 𝑛(𝜖)

so that 𝐸1
𝑘
occurs. Let 𝐶𝜖 be the event that 𝐸1

𝑘
occurs for some 1 ⩽ 𝑘 ⩽ 𝑛(𝜖), and for 𝑑 ∈ (0, 1), let

𝐴𝑑 be the event that the following hold:

(i) dist(𝜂(𝐼), 𝜂((−∞, 0])) ⩾ 𝑑,
(ii) 𝑑 ⩽ |𝜑′

2
(𝑧)| ⩽ 𝑑−1 for all 𝑧 ∈ 𝐂𝐿 such that dist(𝑧, 𝜂(𝐼)) ⩽ 𝑑∕2,

(iii) dist(𝜑−1(𝜑2(𝑧)), 𝐽) ⩾ 𝑑 for all 𝑧 ∈ 𝐂𝐿 such that dist(𝑧, 𝜂(𝐼)) ⩽ 𝑑∕2,
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where 𝐽 = {𝑒𝑖𝜃 ∶ 𝜋∕2 ⩽ 𝜃 ⩽ 3𝜋∕2}. Since 𝐏[𝐴𝑑] → 1 as 𝜖 → 0, we can find constants 𝑝, 𝑑 ∈ (0, 1)

such that 𝐏[𝐴𝑑 ∩ 𝐶𝜖] ⩾ 𝑝 for all 𝜖 sufficiently small. Suppose that we are working on the event
𝐴𝑑 ∩ 𝐶𝜖𝑛

for 𝜖𝑛 = 2−𝑛 (𝑛 sufficiently large) and let 𝐵(𝑧, 𝜖
𝜉
𝑛) ⊆ 𝐵(𝜂(𝑡𝑘), 2𝜖𝑛) ∩ 𝐂𝐿 be the ball consid-

ered in the event 𝐹𝑘,𝜖𝑛
. Set 𝑧0 = 𝜑2(𝑧). Then the Koebe-1∕4 theorem implies that dist(𝑧0, 𝜕𝐃𝐿) ⩾

𝑑

4
𝜖

𝜉
𝑛. Moreover, the probability that a Brownian motion starting from 𝑧0 exits 𝐃 on 𝐽 is at most

𝑒−𝜖−3+2𝑢
𝑛 , and so, conformal invariance implies that the probability that a Brownian motion start-

ing from 𝜑−1(𝑧0) exits 𝐃 on 𝐽 is at most 𝑒−𝜖−3+2𝑢
𝑛 . This implies that dist(𝜑−1(𝑧0), 𝜕𝐃) ≲ 𝑒−𝜖−3+2𝑢

𝑛 ,
and so, we can find 𝑤𝑛 in 𝐃 such that |𝜑−1(𝑧0) − 𝑤𝑛| ≲ 𝑒−𝜖−3+2𝑢

𝑛 and if 𝑧𝑛 = 𝜑(𝑤𝑛), we have that

|𝜑(𝜑−1(𝑧0)) − 𝜑(𝑤𝑛)|(log
1|𝜑−1(𝑧0) − 𝑤𝑛|

)1∕3+𝜁

≳ 𝜖
𝜉+(2𝑢−3)(1∕3+𝜁)
𝑛 ,

where the implicit constant depends only on 𝑑. Therefore, letting 𝑛 → ∞, we obtain that with
probability at least 𝑝, we have that

sup
𝑧,𝑤∈𝐃, 𝑧≠𝑤

|𝜑(𝑧) − 𝜑(𝑤)|(log
1|𝑧 − 𝑤|

)1∕3+𝜁

= ∞. (8.5)

We note that by absolute continuity, the same holds for SLE4(𝜌𝐿; 𝜌𝑅) processes with 𝜌𝐿, 𝜌𝑅 >

−2 (here we mean that SLE4(𝜌𝐿; 𝜌𝑅) processes from −𝑖 to 𝑖 in 𝐃 place of the SLE4 process in 𝐃

in the statement of the theorem). Indeed, if we map out two small segments of the beginning
and at the end of the SLE4(𝜌𝐿; 𝜌𝑅) process 𝜂∗, that is, map them to the boundary 𝜕𝐃 with some
conformal map, say g , and denote the resulting curve by 𝜂◦, then on the positive probability event
that 𝜂◦ does not intersect 𝜕𝐃 before hitting 𝑖, 𝜂◦ is absolutely continuous with respect to an SLE4

process everywhere. Hence clearly, conditional on the event that 𝜂◦ does not hit 𝜕𝐃 before 𝑖, (8.5)
holds with positive probability for this curve. Since g is smooth on 𝜂◦, we have that if (8.5) holds
somewhere on 𝜂◦ (for the map 𝜑◦, taking𝐃 to the left side of 𝜂◦ as in Theorem 1.1), then the same
holds somewhere on 𝜂∗, away from the boundary (for the map 𝜑∗, defined analogously).
Step 3. From positive probability to probability 1. We shall be rather brief, as a similar strategy

is explained in the proof of Lemma B.1. Let 𝜂 be the SLE4 in the statement of the theorem and
consider a conformalmap𝜓 ∶ 𝐃 → 𝐇, with𝜓(−𝑖) = 0,𝜓(𝑖) = ∞ and, say,𝜓(−1) = −1. The image
of 𝜂 under 𝜓 is that of an SLE4 process 𝜂 in 𝐇 from 0 to ∞. We assume that 𝜂 is the 0-height
level line of a GFF on 𝐇 with boundary conditions given by −𝜆 on 𝐑− and 𝜆 on 𝐑+. For 𝑗 ∈ 𝐍,
let 𝐴𝑗 = 𝐵(0, 2𝑗) ⧵ 𝐵(0, 2𝑗−1) and let 𝜏𝑗 be the first hitting time of 𝜕𝐵(0, (1 + 1

10
)2𝑗−1) for 𝜂. We

fix some 𝜗 > 0 and let 𝜂1
𝑗
(resp. 𝜂2

𝑗
) be the level line of height −𝜗 (resp. +𝜗) started from 𝜂(𝜏𝑗),

stopped upon exiting𝐴𝑗 . Thenwith positive probability, uniform in the realization of 𝜂([0, 𝜏𝑗]), 𝜂1
𝑗

and 𝜂2
𝑗
form a pocket 𝑃𝑗 , containing a ball of diameter 2𝑗−1 before exiting 𝐴𝑗 . We let 𝜙𝑗 ∶ 𝐃 → 𝑃𝑗

be the conformal map taking −𝑖 (resp. 𝑖) to the opening (resp. closing) point of the pocket and
such that 𝜙′

𝑗
(0) > 0. Let 𝑃𝐿

𝑗
denote part of 𝑃𝑗 that is to the left of 𝜂. Let 𝜂𝑗 be the image under

𝜙−1
𝑗

of the part of 𝜂 that is in 𝑃𝑗 . Then the law of 𝜂𝑗 is that of an SLE4(𝜌𝐿; 𝜌𝑅) process from −𝑖 to

𝑖 in 𝐃, where 𝜌𝐿, 𝜌𝑅 depend on 𝜗. We set 𝐃
𝑗
𝐿

= 𝜙−1
𝑗

(𝑃𝐿
𝑗
) and let 𝜑𝑗 ∶ 𝐃 → 𝐃

𝑗
𝐿
be the conformal

map fixing −𝑖, 𝑖 and −1 (so that it is the analog of 𝜑, but for the SLE4(𝜌𝐿; 𝜌𝑅) process 𝜂𝑗). Then
since the laws of 𝜂 and 𝜂𝑗 are mutually absolutely continuous away from 𝜕𝐃, we have that with
positive probability (8.5), independent of 𝑗, for 𝜑𝑗 as explained above. Moreover, if we let 𝑂𝑗 =
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(𝜓 ◦ 𝜑)−1(𝑃𝐿
𝑗
) and 𝑓𝑗 ∶ 𝑂𝑗 → 𝐃 be a conformalmap taking 𝜕𝑂𝑗 ∩ 𝜕𝐃 to the {𝑧 ∈ 𝜕𝐃 ∶ Re(𝑧) ⩾ 0}.

This leaves one degree of freedom, which can be chosen so that 𝜑𝑗 ◦ 𝑓𝑗 = (𝜙−1
𝑗

◦ 𝜓 ◦ 𝜑)|𝑂𝑗
. Since

𝜓, 𝑓𝑗 and 𝜙−1
𝑗

are smooth on the images and preimages of the curve 𝜂 under the various maps,
we have that if 𝜑𝑗 satisfies (8.5) for some 𝑗, then so does 𝜑. Consequently, since this occurs with
positive probability, uniform in 𝑗, for each 𝜑𝑗 it occurs a.s. for 𝜑. This concludes the proof. □

8.3 Proof of Theorem 1.2

The strategy will be to consider aWhitney square decomposition of𝐃𝐿 and note that the quasihy-
perbolic distance between two points is roughly minus log of the probability that a Brownian
motion started from one point reaches the Whitney square containing the other point before
exiting 𝐃𝐿. With this in mind, we can consider the escape probabilities of points close to the
boundary and use them to lower bound the quasihyperbolic distance between them and a fixed
interior point.
Let (𝑄𝑗) be aWhitney square decomposition of𝐃𝐿 and denote by 𝑥𝑗 the center of𝑄𝑗 . We choose

it so that the side length of𝑄𝑗 is 2−𝑛𝑗 for some 𝑛𝑗 ∈ 𝐙 and diam(𝑄𝑗) ⩽ dist(𝑄𝑗, 𝜕𝐃𝐿) < 4diam(𝑄𝑗).
We let 𝐺 = (𝑉, 𝐸) be the graph with vertices 𝑉 = (𝑥𝑗) and edge set 𝐸 such that {𝑥𝑖, 𝑥𝑗} ∈ 𝐸 if 𝑄𝑖

and 𝑄𝑗 are share a boundary segment. Let 𝑑𝐺 denote the graph distance in 𝐺, that is, 𝑑𝐺(𝑥𝑖, 𝑥𝑗) is
the minimal number of Whitney squares one can cross when traveling from 𝑥𝑖 to 𝑥𝑗 in 𝐺. Then

𝑑𝐺(𝑥𝑖, 𝑥𝑗) ≍ distqh(𝑥𝑖, 𝑥𝑗),

where the implicit constants depend only on the Whitney square decomposition. Next, we note
that if 𝑧, 𝑤 ∈ 𝑄𝑗 , then distqh(𝑧, 𝑤) ⩽ 1. Indeed,

distqh(𝑧, 𝑤) = inf
𝛾∶𝛾(0)=𝑧, 𝛾(1)=𝑤 ∫𝛾

1

dist(𝜉, 𝜕𝐃𝐿)
|𝑑𝜉| ⩽

|𝑧 − 𝑤|
dist(𝑄𝑗, 𝜕𝐃𝐿)

⩽
diam(𝑄𝑗)

dist(𝑄𝑗, 𝜕𝐃𝐿)
⩽ 1.

In the same way, distqh(𝑧, 𝑥𝑗) ⩽ 1∕2 whenever 𝑧 ∈ 𝑄𝑗 . Let 𝑄𝑗 denote the square with center 𝑥𝑗 ,
but with half the side length of 𝑄𝑗 and define 𝑥(𝑤) = 𝑥𝑗 if and only if 𝑤 ∈ 𝑄𝑗 . Then,

distqh(𝑤, 𝑧) ≍ 𝑑𝐺(𝑥(𝑤), 𝑥(𝑧))

whenever 𝑤 ∈ 𝑄𝑗 and 𝑧 ∉ 𝑄𝑗 , where the implicit constant depends only on the Whitney
square decomposition.
We now relate the quantities to the hitting probability of Brownian motion. Let 𝐵 be a Brow-

nian motion with 𝐵0 = 𝑧0 ∈ 𝑄𝑗 . Assume that 𝑄𝑘 shares a boundary segment with 𝑄𝑗 . Then
1

8
diam(𝑄𝑗) ⩽ diam(𝑄𝑘) ⩽ 8diam(𝑄𝑗), and hence, there is a 𝑝 > 0 such that, uniformly in 𝑧0 ∈ 𝑄𝑗 ,

the probability that 𝐵 hits 𝑄𝑘 before exiting the domain is at least 𝑝. Moreover, there is a 𝑞 > 0

such that uniformly for𝑤0 ∈ 𝑄𝑗 ⧵ 𝑄𝑗 , the probability that 𝐵 hits 𝑄𝑗 before exiting𝐃𝐿 is at least 𝑞.
Clearly, 𝑞 is independent of the size of 𝑄𝑗 . Consequently,

𝐏[𝐵 hits𝑄𝑘 before exiting𝐃𝐿] ⩾ 𝑞𝑝𝑑𝐺(𝑥𝑗,𝑥𝑘),
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that is,

𝑑𝐺(𝑥𝑗, 𝑥𝑘) ≳ − log 𝐏[𝐵 hits𝑄𝑘 before exiting𝐃𝐿],

where the implicit constant depends only on the Whitney square decomposition. Next, we recall
that for sufficiently small 𝜖 > 0, there exist points 𝑧𝑙 withdist(𝑧𝑙, 𝐃𝐿) ∈ [𝑐1𝜖, 𝑐2𝜖], 0 < 𝑐1 < 𝑐2 < ∞,
such that the probability that a Brownian motion started at 𝑧𝑙 travels macroscopically far away
with probability at most exp(−𝜖−3). This holds by the conformal invariance of Brownian motion,
since themap𝜑2 (defined in the beginning of this section) is smooth away from±𝑖, and since there
exist points 𝑧 ∈ 𝐂𝐿 of distance [𝜖, 2𝜖] from the two-sided whole-plane SLE4 considered above, at
which the escape probability is at most exp(−𝜖−3). Thus, if we fix some square𝑄𝑘, the probability
that a Brownian motion started at such a point 𝑧𝑙 has probability at most exp(−𝜖−3) of hitting
𝑄𝑘 before exiting the domain. Moreover, assuming that dist(𝑧𝑙, 𝑄𝑘) > 𝑐 for some 𝑐 > 0, we have
that

sup
𝑧∈𝐵(𝑧𝑙,𝜖∕2)

𝐏𝑧[𝐵 hits𝑄𝑘 before exiting𝐃𝐿] ≍ 𝐏𝑧𝑙 [𝐵 hits𝑄𝑘 before exiting𝐃𝐿]

for some universal implicit constant. Thus,

∫𝐵(𝑧𝑙,𝜖∕2)
distqh(𝑤, 𝑥𝑘)𝑑𝑤 ≳ ∫𝐵(𝑧𝑙,𝜖∕2)

𝑑𝐺(𝑥(𝑤), 𝑥𝑘)𝑑𝑤

≳ ∫𝐵(𝑧𝑙,𝜖∕2)
− log 𝐏𝑤[𝐵 hits𝑄𝑘 before exiting𝐃𝐿]𝑑𝑤 ≳ ∫𝐵(𝑧𝑙,𝜖∕2)

𝜖−3+𝑜(1)𝑑𝑤 ≳ 𝜖−1+𝑜(1),

with implicit constants depending only on the Whitney square decomposition. Since the event
that there exists 𝜖0 > 0 so that for all 𝜖 ∈ (0, 𝜖0), there is such a point 𝑧𝑙 has positive probability, it
follows that 𝐏[distqh(⋅, 𝑥𝑘) ∉ 𝐿1(𝐃𝐿)] > 0. The a.s. statement follows from the same argument as
in Step 3 of the proof of the lower bound of Theorem 1.1.

APPENDIX A: BOUNDS ANDMOMENTS FOR CIRCLE-AVERAGE EMBEDDED
SURFACES

A.1 Moment bounds of a quantumwedge
In this section, we our goal is to prove the following.
Lemma A.1. Let (𝒮, ℎ, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾

𝐖=𝛾2∕2
𝜸=𝛾 have the first exit parameterization. Then, for

every 𝑝 ∈ (−∞, min( 2

𝛾2 , 3

2
)),

𝑐𝑝 ∶= 𝐄[𝜇ℎ(𝒮−)𝑝] < ∞. (A.1)

Moreover, if 𝑢𝛼,𝜖 ∶= inf {𝑡 ∈ 𝐑 ∶ 𝑋𝑡 = 𝛼 log 𝜖}, where 𝑋𝑡 is the average on vertical lines process of ℎ,
then

𝐄[𝜇ℎ(𝒮− + 𝑢𝛼,𝜖)
𝑝] = 𝑐𝑝𝜖𝛼𝑝𝛾. (A.2)
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Furthermore, if 𝑝 ∈ (−∞, min( 4

𝛾2 , 3)), we have that

𝑐𝑝 = 𝐄[𝜈ℎ((−∞, 0] × {0})𝑝] = 𝐄[𝜈ℎ((−∞, 0] × {𝜋})𝑝] < ∞, (A.3)

and

𝐄[𝜈ℎ((−∞, 𝑢𝛼,𝜖] × {0})𝑝] = 𝐄[𝜈ℎ((−∞, 𝑢𝛼,𝜖] × {𝜋})𝑝] = 𝑐𝑝𝜖𝛼𝑝𝛾∕2. (A.4)

In proving Lemma A.1, it is convenient to decompose the strip 𝒮 into the rectangles 𝐴𝑘 =

(𝑘 − 1, 𝑘] × (0, 𝜋), for 𝑘 ∈ 𝐙 and use the decomposition ℎ = 𝑋 + ℎ2, where (−𝑋−𝑡∕2)𝑡⩾0 is a BES3

and ℎ2 is the lateral part of a free boundary GFF, independent of 𝑋. We then recall that the
Laplace transform of 𝑋 decays at a sufficient rate (Lemma 6.4) which together with the trans-
lation invariance of ℎ2 helps us bound the moments of the quantum area and boundary length
of each square 𝐴𝑘 for 𝑘 ⩽ 0. With this, it is straightforward to bound the moments of 𝜇ℎ(𝒮−) and
𝜈ℎ((−∞, 0] × {0}). The natural route is to first prove that the quantumarea (resp. boundary length)
of𝐴0 with respect to a free boundary GFF on𝒮 has finite moments of orders between 0 and 2∕𝛾2

(resp. 4∕𝛾2). This is then used to bound the moments of the lateral part of the free boundary GFF.
Before doing that, however, we shall prove a result on the exponential moments of the supremum
of the harmonic part of a GFF in some sets. This is used in many places throughout the paper,
among other things, it will aid us in proving that the negative moments of the quantum measure
with respect to a free boundary GFF are finite (when not too small sets are considered).

Lemma A.2. Let 𝐷 ⊆ 𝐇 be a simply connected domain and 𝑈 ⊆ 𝐷 be a bounded subdomain such
that 𝜕𝑈 ∩ 𝜕𝐷 ⊂ 𝐑 be connected and dist(𝜕𝑈 ∩ 𝜕𝐷, 𝐑 ⧵ 𝜕𝐷) > 0. Furthermore, we let ℎ be a free
boundary GFF on 𝐷 and ℎ = ℎ0 + 𝔥 be the Markovian decomposition into a zero-boundary GFF
ℎ0 on 𝑈 and a random distribution 𝔥 that is harmonic on 𝑈. Assume that the additive constant for
ℎ has been chosen either of the following items hold:

∙ (ℎ, 𝜌) = 0, where 𝜌 is a fixed finite Radon measure on 𝐷, with bounded support contained in 𝐷 ∪

(𝜕𝐷 ∩ 𝐑) and such that sup𝑥∈𝐾
|||∫ 𝐺N

𝐷
(𝑥, 𝑦)𝜌(𝑑𝑦)

||| < ∞ for each compact set 𝐾 ⊂ 𝐷 ∪ (𝜕𝐷 ∩ 𝐑).
∙ 𝔥(𝑧0) = 0, for some fixed 𝑧0 ∈ 𝑈.

Fix 𝑏 ⩾ 1 and 𝑐 ∈ (1, 2𝑏). Then, for each 𝑧 ∈ 𝑈 such that dist(𝑧, 𝜕𝑈) > 2𝑏𝜖,

𝐄

[
exp

(
𝑎 sup

𝑤∈𝐵(𝑧,𝜖)
𝔥(𝑤)

)]
= 𝑂(𝜖

− 𝑎2𝑐4

(𝑐−1)4 ),

where the implicit constant depends only on 𝑏, 𝑐, 𝐷, 𝑈 and the way that we have fixed the
additive constant.

Proof. We begin by showing that var[𝔥(𝑤)] ⩽ −2 log 𝜖 + 𝑂(1), uniformly in 𝜖 and 𝑤 ∈ 𝑈 with
dist(𝑤, 𝜕𝑈) ⩾ (2𝑏 − 𝑐)𝜖. Fix 𝑧0 ∈ 𝑈 and let 𝜙 ∶ 𝐷 → 𝐇 be the conformal map such that 𝜙(𝑧0) = 𝑖

and 𝜙′(𝑧0) > 0. Let 𝐼 be the interior in𝐑 of the set 𝜕𝐷 ∩ 𝐑. Then, by Schwarz reflection, 𝜙 extends
to a conformal map from 𝐷 ∪ 𝐷∗ ∪ 𝐼 to 𝐇 ∪ 𝐇∗ ∪ 𝜙(𝐼) where 𝐷∗ (resp. 𝐇∗) is the reflection of 𝐷

(resp.𝐇) across𝐑. We note that, since dist(𝑈, 𝜕𝐷 ⧵ 𝐼) > 0, there exists a constant𝑀 > 1, depend-
ing only on 𝐷 and 𝑈, such that 𝑀−1 ⩽ |𝜙′(𝑤)| ⩽ 𝑀 for all 𝑤 ∈ 𝑈, and hence, we have by the
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Koebe-1∕4 theorem that

dist(𝜙(𝑤), 𝜕𝐇) ⩾
2𝑏 − 𝑐

4𝑀
𝜖, for all 𝑤 ∈ 𝑈 such that dist(𝑤, 𝜕𝑈) ⩾ (2𝑏 − 𝑐)𝜖.

We set ℎ̃ = ℎ ◦ 𝜙−1, ℎ̃0 = ℎ0 ◦ 𝜙−1, 𝔥̃ = 𝔥 ◦ 𝜙−1, and𝑈 = 𝜙(𝑈) and note that it is enough to prove
that var[𝔥̃(𝑤)] ⩽ −2 log 𝜖 + 𝑂(1) uniformly in 𝜖 and {𝑤 ∈ 𝐇 ∶ Im(𝑤) ⩾ (4𝑀)−1(2𝑏 − 𝑐)𝜖}.
Assume, for now, that ℎ is normalized so that (ℎ, 𝜌) = 0, for some finite Radon mea-

sure 𝜌 as in the statement of the lemma. Then, setting 𝜌 = |(𝜙−1)′|2(𝜌 ◦ 𝜙−1), we have that
sup𝑤∈𝐾

|||∫ 𝐺N
𝐇

(𝑤, 𝑧)𝜌(𝑑𝑧)
||| < ∞ for all 𝐾 ⊆ 𝐇 ∪ 𝜙(𝐼) compact. Letting ℎ̃𝛿(𝑤) (resp. ℎ̃0

𝛿
(𝑤)) denote

the average value of ℎ̃ (resp. ℎ̃0) on 𝜕𝐵(𝑤, 𝛿), we have that ℎ̃𝛿(𝑤) = ℎ̃0
𝛿
(𝑤) + 𝔥̃(𝑤), since 𝔥̃ is har-

monic. We shall use this identity to deduce the variance of 𝔥̃(𝑤), however, we must a bit careful,
as ℎ̃0 and 𝔥̃ are not independent when we have fixed the additive constant in this way. Indeed, if
ℎ𝑢 denotes the field without normalization, then (ℎ, 𝜌1) = (ℎ𝑢, 𝜌1 − 𝜌) and we let ℎ̃𝑢 = ℎ𝑢 ◦ 𝜙−1.
Then, (ℎ̃, 𝜌1) = (ℎ̃𝑢, 𝜌1 − 𝜌) and the Markov decomposition of ℎ̃𝑢 is given by ℎ̃0 + 𝔥̃𝑢 where ℎ̃0

and 𝔥̃𝑢 are exactly independent and where the relationship between 𝔥̃𝑢 and 𝔥̃ is that (𝔥̃, 𝜌1) =

(𝔥̃𝑢, 𝜌1 − 𝜌) − (ℎ̃0, 𝜌). In particular, cov((ℎ̃0, 𝜌1), (𝔥̃, 𝜌2)) = − ∫ 𝐺D
𝐇

(𝑥, 𝑦)𝜌1(𝑑𝑥)𝜌(𝑑𝑦). Thus,

var[𝔥̃(𝑤)] = var[ℎ̃𝛿(𝑤)] − var[ℎ̃0
𝛿
(𝑤)] − 2cov(ℎ̃0

𝛿
(𝑤), 𝔥̃(𝑤))

= var[ℎ̃𝛿(𝑤)] − var[ℎ̃0
𝛿
(𝑤)] + 2∫ 𝐺D

𝐇(𝑥, 𝑦)𝜌𝑤,𝛿(𝑑𝑥)𝜌(𝑑𝑦), (A.5)

where 𝜌𝑤,𝛿 denotes the uniform measure on 𝜕𝐵(𝑤, 𝛿). Since sup𝑤∈𝐾
|||∫ 𝐺N

𝐇
(𝑤, 𝑧)𝜌(𝑑𝑧)

||| < ∞

for all compact 𝐾 ⊆ 𝐇 ∪ 𝜙(𝐼), we have that the third term is bounded by a constant 𝐶 > 0,
uniformly in 𝑤 ∈ 𝐇 with Im(𝑤) ⩾ (4𝑀)−1(2𝑏 − 𝑐)𝜖 and all 𝛿 ∈ (0, (8𝑀)−1(2𝑏 − 𝑐)𝜖). Moreover,
var[ℎ̃0

𝛿
(𝑤)] = − log 𝛿 + log CR(𝑤, 𝐇) ⩾ − log 𝛿 + log Im(𝑤). Finally, arguing as in Lemma 6.9, we

get that var[ℎ̃𝛿(𝑤)] = − log 𝛿 − log Im(𝑤) + 𝑂(1) for all 𝛿 small enough, where the constants in
the 𝑂(1)-term depend only on 𝐷, 𝑈, and 𝜌. Consequently, plugging this into (A.5), we have that

var[𝔥̃(𝑤)] = −2 log Im(𝑤) + 𝑂(1) ⩽ −2 log 𝜖 + 𝑂(1),

where the constant in 𝑂(1) depends only on 𝑏, 𝑐, 𝐷, 𝑈, and 𝜌.
Now, instead assume that ℎ is normalized so that 𝔥(𝑧0) = 0, or equivalently, ℎ̃ is normalized so

that 𝔥̃(𝑖) = 0. By conformal invariance, we have that 𝔥̃
𝑑
= 𝔥𝐃 ◦ 𝐹 where 𝔥𝐃 is the harmonic part of

a free boundaryGFF in𝐃normalized so that 𝔥𝐃(0) = 0 and𝐹(𝑧) = −(𝑧 − 𝑖)∕(𝑧 + 𝑖) is a conformal
map taking 𝐇 to 𝐃 with 𝐹(𝑖) = 0. By [18, Lemma 2.9], we have that

var[𝔥𝐃(𝑧)] = −2 log(1 − |𝑧|2).

Thus,

var[𝔥̃(𝑤)] = var[𝔥𝐃(𝐹(𝑤))] = −2 log
4Im(𝑤)|𝑤 + 𝑖|2 ⩽ −2 log 𝜖 + 𝑂(1),

uniformly in 𝜖 > 0 and 𝑤 ⩾ (4𝑀)−1(2𝑏 − 𝑐)𝜖.
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We now turn to deducing the result. Let 𝑧 ∈ 𝑈 be such that dist(𝑧, 𝜕𝑈) ⩾ 2𝑏𝜖. Since 𝔥 is
harmonic on 𝐵(𝑧, 2𝑏𝜖), we have for each 𝑤 ∈ 𝐵(𝑧, 𝜖) that

𝔥(𝑤) =
1

2𝜋 ∫
2𝜋

0
𝔥(𝑧 + 𝑐𝜖𝑒𝑖𝜃)

𝑐2𝜖2 − |𝑤 − 𝑧|2|𝑤 − (𝑧 + 𝑐𝜖𝑒𝑖𝜃)|2 𝑑𝜃 ⩽
𝑐2

2𝜋(𝑐 − 1)2 ∫
2𝜋

0
|𝔥(𝑧 + 𝑐𝜖𝑒𝑖𝜃)|𝑑𝜃.

Then, by Jensen’s inequality and the fact that for𝑤 ∈ 𝑈 with dist(𝑤, 𝜕𝑈) ⩾ (2𝑏 − 𝑐)𝜖, var[𝔥(𝑤)] ⩽

−2 log 𝜖 + 𝑂(1), uniformly in 𝜖 > 0, we have that

𝐄

[
exp

(
𝑎 sup

𝑤∈𝐵(𝑧,𝜖)
𝔥(𝑤)

)]
⩽

1

2𝜋 ∫
2𝜋

0
𝐄

[
exp

(
𝑎𝑐2

(𝑐 − 1)2
𝔥(𝑧 + 𝑐𝜖𝑒𝑖𝜃)

)]
𝑑𝜃 ⩽ 𝐶𝜖

− 𝑎2𝑐4

(𝑐−1)4 ,

as was to be proven. □

Remark A.3. We note that the assumptions in the statement of Lemma A.2 are satisfied when
𝐷 = 𝐇 (resp.𝐷 = 𝒮) and 𝜌 is the uniform probability measure on𝐇 ∩ 𝜕𝐵(0, 𝑅) (resp. {0} × [0, 𝜋])
for 𝑅 > 0 fixed.

LemmaA.4. Let ℎ be a free boundaryGFF on𝒮 with additive constant fixed so that the average of ℎ
on the line {0} × (0, 𝜋) is equal to zero. Fix 𝛾 ∈ (0, 2]. Then 𝐄[𝜇ℎ(𝐴0)𝑝] < ∞ for all 𝑝 ∈ (−∞, 2∕𝛾2)

and 𝐄[𝜈ℎ([−1, 0] × {0, 𝜋}))𝑝] < ∞ for all 𝑝 ∈ (−∞, 4∕𝛾2).

Proof. We begin by proving the analogous statement for a free boundary GFF ℎ′ on 𝐇 with zero
average on 𝐇 ∩ 𝜕𝐃 and with 𝐴0 replaced by 𝐃+ = 𝐇 ∩ 𝐃.
Let ℎ̃ be a free boundary GFF on 𝐇 and write ℎ̃ = ℎ0 + 𝔥, where ℎ0 is a zero-boundary GFF on

𝐇 and 𝔥 is harmonic. Assume that ℎ̃ is normalized so that 𝔥(𝑖) = 0. We consider the conformal
transformation 𝐹 ∶ 𝐇 → 𝐃 with 𝐹(𝑧) = 𝑧−𝑖

𝑧+𝑖
and set ℎ̂ = ℎ̃ ◦ 𝐹−1 + 𝑄 log(|(𝐹−1)′|). Then ℎ̃ ◦ 𝐹−1

is a free boundary GFF on 𝐃 having zero average on 𝜕𝐃 since 𝔥 ◦ 𝐹−1 is the harmonic part of
ℎ̃ ◦ 𝐹−1 and 𝔥 ◦ 𝐹−1(0) = 0. By [22, Theorem 1] (𝛾 < 2) and [23, Theorem 4.2] (𝛾 = 2), we have
that

𝐄
[
𝜇ℎ̃ ◦ 𝐹−1(𝐃)𝑝

]
< ∞ (A.6)

for all 𝑝 ∈ (0, 2∕𝛾2) (in fact, for all 𝑝 ∈ (−∞, 1) if 𝛾 = 2). By (2.8), we have that 𝐄[𝜇ℎ̃(𝐃+)𝑝] =

𝐄[𝜇ℎ̂(𝐹(𝐃+))𝑝], so (A.6) together with the fact that |(𝐹−1)′| is bounded on 𝐹(𝐃+), implies that

𝐄
[
𝜇ℎ̃(𝐃+)𝑝

]
< ∞,

for all 𝑝 ∈ (0, 2∕𝛾2). Let 𝜌+
0,1
denote the uniform measure on 𝐇 ∩ 𝜕𝐃. Since ℎ′ = ℎ̃ − (ℎ̃, 𝜌+

0,1
) is a

free boundary GFF on𝐇with zero average on𝐇 ∩ 𝐃+ and (ℎ̃, 𝜌+
0,1

) is a zero mean Gaussian with
finite variance, we have by Hölder’s inequality that

𝐄
[
𝜇ℎ′(𝐃+)𝑝

]
< ∞

for all 𝑝 ∈ (0, 2∕𝛾2). Then the claim follows by conformally mapping to 𝒮 and applying (2.8).
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We now turn to the negative moments. Again, let ℎ̃ = ℎ0 + 𝔥 and consider the set 𝑆 = [−1, 0] ×

[1, 2]. By [49, Proposition 3.6] (and the comments in Remark 2.5), 𝐄[𝜇ℎ0(𝑆)−𝑝] is finite for all
𝑝 > 0. Moreover, by the symmetry of 𝔥 and Lemma A.2, we have that

𝐄[𝜇ℎ̃(𝑆)−𝑝] ⩽ 𝐄[𝑒−𝛾𝑝 inf𝑧∈𝑆 𝔥(𝑧)]𝐄[𝜇ℎ0(𝑆)−𝑝] < ∞.

Since 𝜇ℎ̃(𝐴0) ⩾ 𝜇ℎ̃(𝑆) a.s., we have that 𝐄[𝜇ℎ̃(𝐴0)−𝑝] is finite for all 𝑝 > 0.
Finally, by applying [49, Proposition 3.5] (keeping Remark 2.5 in mind) instead of [22,

Theorem 1] when 𝛾 ∈ (0, 2) and [23, Theorem 4.1] when 𝛾 = 2, we obtain in the same way that

𝐄[𝜈ℎ([−1, 0] × {0, 𝜋})𝑝] < ∞

for all 𝑝 ∈ (−∞, 4∕𝛾2). □

With this lemma at hand, it is easy to see that the mass of each rectangle 𝐴𝑘, with respect to
the lateral part of the field, has finite moments of orders 𝑝 ∈ (−∞, 2∕𝛾2) as well.

Lemma A.5. Fix 𝛾 ∈ (0, 2], let ℎ be as in Lemma A.4 and let ℎ2 be the projection of ℎ onto 𝐻2(𝒮)

(recall Remark 2.3). Then it holds that 𝐄[𝜇ℎ2
(𝐴𝑘)𝑝] < ∞ for all 𝑘 ∈ 𝐙 and 𝑝 ∈ (−∞, 2∕𝛾2) and

𝐄[𝜈ℎ2
([𝑘 − 1, 𝑘] × {0, 𝜋})𝑝] < ∞ for all 𝑘 ∈ 𝐙 and 𝑝 ∈ (−∞, 4∕𝛾2).

Proof. We note that it suffices to prove the claim for 𝑘 = 0 since the law of ℎ2 is invariant under

horizontal translations, so that 𝜇ℎ2
(𝐴0)

𝑑
= 𝜇ℎ2

(𝐴𝑘) for all 𝑘 ∈ 𝐙. We also know that ℎ1(𝑡) = 𝐵2𝑡 for
all 𝑡 ∈ 𝐑, where (𝐵𝑡)𝑡∈𝐑 is a two-sided Brownian motion with 𝐵0 = 0.
Let 𝑝′ > 1 be such that 𝑝𝑝′ ∈ (0, 2

𝛾2 ), let 𝑞′ > 1 be such that 1

𝑝′ + 1

𝑞′ = 1 and set ℎ∗
1

=

inf𝑥∈[−1,0] ℎ1(𝑥). Then ℎ2 ⩽ ℎ − ℎ∗
1
and thus Hölder’s inequality implies that

𝐄
[
𝜇ℎ2

(𝐴0)𝑝
]

⩽ 𝐄
[
𝜇ℎ(𝐴0)𝑝𝑝′

] 1

𝑝′
𝐄
[
exp(−𝛾𝑞′ℎ∗

1)
] 1

𝑞′ .

Lemma A.4 implies that 𝐄[𝜇ℎ(𝐴0)𝑝𝑝′
] < ∞ and standard facts about one-dimensional Brownian

motion imply that 𝐄[exp(−𝛾𝑞′ℎ∗
1
)] < ∞. Note that a similar method gives the part of the claim

involving quantum lengths and negative moments and hence the proof is complete. □

We now turn to the proof of Lemma A.1.

Proof of LemmaA.1. We write ℎ as ℎ = ℎ1 + ℎ2 where ℎ𝑗 , 𝑗 = 1, 2, is the projection of ℎ on𝐻𝑗(𝒮)

(recall Remark 2.3) and let 𝑋Re(𝑧) = ℎ1(𝑧). Then, (−𝑋−𝑡∕2)𝑡⩾0 has the law of a BES3 with 𝑋0 = 0

and (𝑋𝑡)𝑡⩾0 has the same law as (𝐵2𝑡)𝑡⩾0 where 𝐵 is a Brownian motion with 𝐵0 = 0. Note that for
𝑘 ⩽ 0, we have that

𝜇ℎ(𝐴𝑘) ⩽ 𝜇ℎ2
(𝐴𝑘) exp

(
𝛾𝑝 sup

𝑡∈[𝑘−1,𝑘]
𝑋𝑡

)
,

and so

𝐄[𝜇ℎ(𝐴𝑘)𝑝] ⩽ 𝐄[𝜇ℎ2
(𝐴0)𝑝]𝐄

[
exp

(
𝛾𝑝 sup

𝑡∈[𝑘−1,𝑘]
𝑋𝑡

)]
.
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By the Markov property of Bessel processes, it holds that for each 𝑘 ⩽ 0, sup𝑡∈[𝑘−1,𝑘](𝑋𝑡 − 𝑋𝑘) is
stochastically dominated by sup𝑡∈[0,2] 𝐵𝑡, where𝐵𝑡 is a Brownianmotionwith𝐵0 = 0. This implies
that

𝐄

[
exp

(
𝛾𝑝 sup

𝑡∈[𝑘−1,𝑘]
𝑋𝑡

)]
⩽ 𝐄

[
exp

(
𝛾𝑝 sup

𝑡∈[0,2]
𝐵𝑡

)]
𝐄[exp(𝛾𝑝𝑋𝑘)].

Note that

𝐄

[
exp

(
𝛾𝑝 sup

𝑡∈[0,2]
𝐵𝑡

)]
< ∞, (A.7)

and by the proof of Lemma 6.4, we can find a positive constant 𝐶𝑝,𝛾 depending only on 𝑝 and 𝛾

such that

𝐄[exp(𝛾𝑝𝑋𝑘)] ⩽ 𝐶𝑝,𝛾(−2𝑘)− 3
2 ,

for all 𝑘 ⩽ 0. If 𝑝 ∈ (0, 1] ∩ (0, 2

𝛾2 ), then it follows by Lemma A.5 that

𝐄[𝜇ℎ(𝒮−)𝑝] ⩽
∑
𝑘⩽0

𝐄[𝜇ℎ(𝐴𝑘)𝑝] < ∞.

Now suppose that 𝑝 ∈ (1, 3

2
) ∩ (0, 2

𝛾2 ) and for 𝑘 ⩽ 0, we set

𝑋∗
𝑘

= sup
𝑡∈[𝑘−1,𝑘]

𝑋𝑡, 𝑝𝑘 =
𝑒𝛾𝑋∗

𝑘∑
𝑛⩽0 𝑒𝛾𝑋∗

𝑛

.

We note that 𝐄
[∑

𝑘⩽0 𝑒𝛾𝑋∗
𝑘

]
< ∞, so that a.s.,

∑
𝑘⩽0 𝑒𝛾𝑋∗

𝑘 < ∞ and

𝜇ℎ(𝒮−) ⩽

(∑
𝑗⩽0

𝑒
𝛾𝑋∗

𝑗

)∑
𝑘⩽0

𝑝𝑘𝜇ℎ2
(𝐴𝑘).

Taking expectation, we have by the independence of 𝑋 and ℎ2 that

𝐄[𝜇ℎ(𝒮−)𝑝] ⩽
∑
𝑘⩽0

𝐄[𝜇ℎ2
(𝐴𝑘)𝑝]𝐄

[
𝑝𝑘

(∑
𝑗⩽0

𝑒
𝛾𝑋∗

𝑗

)𝑝]
= 𝐄[𝜇ℎ2

(𝐴0)𝑝]𝐄

[(∑
𝑗⩽0

𝑒
𝛾𝑋∗

𝑗

)𝑝]
. (A.8)

Fix 𝛼 > 1 such that 3

2
− 𝛼(𝑝 − 1) > 1 and set 𝑁 =

∑
𝑘∈ℤ−

(−𝑘)−𝛼 < ∞. Then, by Jensen’s
inequality,

𝐄

[( ∑
𝑗⩽−1

𝑒
𝛾𝑋∗

𝑗

)𝑝]
= 𝑁𝑝𝐄

[( ∑
𝑘⩽−1

𝑒𝛾𝑋∗
𝑘 (−𝑘)𝛼 (−𝑘)−𝛼

𝑁

)𝑝]
(A.9)
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⩽ 𝑁𝑝−1
∑

𝑘⩽−1

𝐄
[
𝑒𝛾𝑝𝑋∗

𝑘

]
(−𝑘)𝛼(𝑝−1)

⩽ 𝐶𝑝,𝛾𝑁𝑝−1
∑
𝑘⩾1

𝑘− 3
2

+𝛼(𝑝−1) < ∞.

Thus, by (A.8), (A.9), and (A.7), we have that 𝐄[𝜇ℎ(𝒮−)𝑝] is finite when 𝑝 ∈ (1, 3

2
) ∩ (0, 2

𝛾2 ).
Next, we handle the negative moments. For 𝑝 > 0, we have by Lemma A.5 that

𝐄[𝜇ℎ(𝒮−)−𝑝] ⩽ 𝐄[𝜇ℎ(𝐴0)−𝑝] ⩽ 𝐄

[
exp

(
−𝛾𝑝 inf

−1⩽𝑡⩽0
𝑋𝑡

)]
𝐄[𝜇ℎ2

(𝐴0)−𝑝] < ∞,

since the supremum of a BES3 on the interval [0,2] has finite exponential moments.
Finally, we turn to proving (A.2). We note that, conditionally on 𝑢𝛼,𝜖, the law of (𝑋−𝑡)𝑡⩾−𝑢𝛼,𝜖

is
that of (𝑋−𝑡 + 𝛼 log 𝜖)𝑡⩾0, where 𝑋 is an independent copy of 𝑋. Consequently, by the translation
invariance of ℎ2, we have that for 𝑧 ∈ 𝒮−, conditionally on 𝑢𝛼,𝜖,

𝑋Re(𝑧)+𝑢𝛼,𝜖
+ ℎ2(𝑧 + 𝑢𝛼,𝜖) = 𝑋Re(𝑧) + 𝛼 log 𝜖 + ℎ2(𝑧 + 𝑢𝛼,𝜖)

𝑑
= ℎ(𝑧) + 𝛼 log 𝜖,

and thus,

𝐄[𝜇ℎ(𝒮− + 𝑢𝛼,𝜖)
𝑝] = 𝐄[𝜇ℎ(𝒮−)𝑝]𝑒𝛾𝑝𝛼 log 𝜖 = 𝑐𝑝𝜖𝛼𝑝𝛾.

The bounds for the boundary measure are proven similarly. □

In proving Lemma 5.1, it is important that the image of a ball close to the curves does not get
squeezed too close to the boundary,making it hard for a Brownianmotion starting from it, to travel
far. For this very reason, we need to prove that the mass of a set of points close to the boundary
is small. In order to do this, we need to bound moments of the mass close to the boundary, for
which it will be convenient to consider aWhitney square decomposition and bound the quantum
area of each square. The first we need is to be able to bound the moments of mass of balls of
radius 𝜖, at distance of order 𝜖 from the boundary, which will give us a way to bound the quantum
area of Whitney squares. This is achieved by combining Lemma A.6 below, which handles the
zero-boundary GFF part and Lemma A.2 that takes care of the harmonic part of a free boundary
GFF.

Lemma A.6. Let 𝐷 be a simply connected domain and let ℎ be a zero-boundary GFF on 𝐷. Fix
𝛾 ∈ (0, 2) and 𝑝 ∈ (0, 4

𝛾2 ). Then there exists a finite constant 𝐶𝑝,𝛾, depending only on 𝑝 and 𝛾, such
that

𝐄
[
𝜇ℎ(𝐵(𝑧, 𝜀))𝑝]

⩽ 𝐶𝑝,𝛾𝜀(2+𝛾22)𝑝

for all 𝜖 > 0 and 𝑧 ∈ 𝐷 such that 2𝜖 ⩽ dist(𝑧, 𝜕𝐷) ⩽ 9𝜖.

Proof. By translation invariance,we can assume that 𝑧 = 0. Fix𝛽0, 𝛽1 such that 3 + 2
√

2 < 𝛽0 < 𝛽1

and set 𝑟0 = 1

𝛽0
∈ (0, 1). Suppose first that 𝛽0𝜖 ⩽ dist(0, 𝜕𝐷) ⩽ 𝛽1𝜖 and let 𝜙 ∶ 𝐷 → 𝐇 be a confor-
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mal transformation that maps 0 to 𝑖. Then, [33, Corollary 3.25] implies that 𝜙(𝐵(0, 𝜖)) ⊆ 𝐵(𝑖, 𝑟1)

where 𝑟1 =
4𝑟0

(1−𝑟0)2 . The coordinate change formula implies that 𝜇ℎ(𝐵(0, 𝜖)) = 𝜇ℎ̃(𝜙(𝐵(0, 𝜖))) with

ℎ̃ = ℎ ◦ 𝜙−1 + 𝑄 log(|(𝜙−1)′|) and 𝑄 = 2

𝛾
+

𝛾

2
.

We note that each 𝑤 ∈ 𝜙(𝐵(0, 𝜖)) satisfies dist(𝑤, 𝜕𝐇) ⩾ 1 − 𝑟1 and dist(𝜙−1(𝑤), 𝜕𝐷) ⩽ (𝛽1 +

1)𝜖 and hence the Koebe-1∕4 theorem implies that |(𝜙−1)′(𝑤)| ⩽ 4(𝛽1 + 1)𝜖∕(1 − 𝑟1). Conse-
quently,

𝜇ℎ(𝐵(0, 𝜖)) ⩽ 𝜇ℎ◦𝜙−1(𝐵(𝑖, 𝑟1))𝜖𝛾𝑄

(
4(𝛽1 + 1)

1 − 𝑟1

)𝛾𝑄

.

(It is here the bound 𝛽0 > 3 + 2
√

2 is used, as this guarantees that 4(𝛽1 + 1)∕(1 − 𝑟1) is positive.)
Since ℎ ◦ 𝜙−1 is a zero-boundary GFF on 𝐇, [49, Proposition 3.5] (see Remark 2.5) implies that
𝐄
[
𝜇ℎ◦𝜙−1(𝐵(𝑖, 𝑟1))𝑝

]
is finite. Thus, there exists a positive constant 𝐶1

𝑝,𝛾, depending only on 𝛾 and
𝑝, such that

𝐄
[
𝜇ℎ(𝐵(0, 𝜀))𝑝]

⩽ 𝐶1
𝑝,𝛾𝜀𝛾Qp. (A.10)

Now suppose that 2𝜖 ⩽ dist(0, 𝜕𝐷) ⩽ 9𝜖 and choose 𝛽0, 𝛽1 such that 2𝛽1∕𝛽0 > 9, and consider
the conformal transformation 𝜓(𝑧) =

𝛽0

2
𝑧. Then we have that 𝛽0𝜖 ⩽ dist(0, 𝜕𝜓(𝐷)) ⩽ 𝛽1𝜖 and the

result follows from the coordinate change formula together with (A.10). □

We are now ready to bound the moments of the quantum area of a set close to the boundary.

Lemma A.7. Fix 𝛾 ∈ (0, 2) and let (𝒮, ℎ, −∞, +∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾
𝐖=𝛾2∕2
𝜸=𝛾 have the first exit parame-

terization. Fix 𝑝 ∈ (0, 1 ∧ 2

𝛾2 ). If 𝑐 > 0, then for 𝑠 > 1,

𝐄[𝜇ℎ({𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −𝑠, dist(𝑧, 𝜕𝒮) < 𝜖𝑐})𝑝] ⩽ 𝐶𝑝,𝛾𝑠𝜖𝑀𝑐, (A.11)

where 𝑀 = 𝑀(𝑝, 𝛾) > 0.

Proof. Let𝑁 be such that 𝜖𝑐 ∈ [2−𝑁−1, 2−𝑁] and for 𝑟 > 0, let𝐴𝑘(𝑟) = {𝑧 ∈ 𝒮 ∶ Re(𝑧) ∈ [−𝑘, −𝑘 +

1], dist(𝑧, 𝜕𝒮) < 𝑟}. Moreover, we let ℎ𝑓 be a free boundary GFF in 𝒮 and consider 𝐴1(𝜖𝑐).
Note that if 𝜓(𝑧) = 𝑒𝑧 (so that 𝜓 ∶ 𝒮 → 𝐇 is conformal), then for small 𝜖, 𝜓(𝐴1(𝜖𝑐)) ⊆ 𝑅𝜖 ∶=

([−1, −𝑒−1∕2] ∪ [𝑒−1∕2, 1]) × [0, 2𝜖𝑐]. In order to prove (A.11), we shall bound the quantum mass
of 𝑅𝜖 with respect to the field ℎ̃𝑓 on 𝐇, related to ℎ𝑓 as in (2.8), with 𝜓.
Let (𝑆𝑗) be a Whitney square decomposition of a large domain containing 𝑅𝜖, say, 𝑅 =

[−100, 100] × [0, 100]. Then, letting𝐷𝑘 be the collection of squares of side length 2−𝑘, intersecting
𝑅𝜖, we have that |𝐷𝑘| ≍ 2𝑘, with implicit constant independent of 𝑘, 𝑐, and 𝜖. Denote by 𝑧𝑗 and

2−𝑛𝑗 the center and side length of 𝑆𝑗 , respectively, and let 𝜖𝑗 = 2−(𝑛𝑗+ 1
2

). Then, 𝑆𝑗 ⊆ 𝐵(𝑧𝑗, 𝜖𝑗) and
2𝜖𝑗 ⩽ dist(𝑧𝑗, 𝜕𝑅) ⩽ 9𝜖𝑗 .
By the domainMarkov property, we can write ℎ̃𝑓 = ℎ0

𝑅
+ 𝔥𝑅, where ℎ0

𝑅
is a zero-boundary GFF

on 𝑅, 𝔥𝑅 is a distribution on 𝐇 that is harmonic on 𝑅 and independent of ℎ0
𝑅
. Lemma A.6 implies



96 of 106 KAVVADIAS et al.

that there exists a positive constant 𝐶𝑝1,𝛾 depending only on 𝑝1 and 𝛾 such that

𝐄
[
𝜇ℎ0

𝑅
(𝐵(𝑧𝑗, 𝜖𝑗))𝑝1

]
⩽ 𝐶𝑝1,𝛾𝜖

(2+
𝛾2

2
)𝑝1

𝑗

for each 𝑗 ∈ 𝐙, where 𝑝1 ∈ ( 1

2
, 2

𝛾2 ).

Let 𝑓(𝑡) = (2 +
𝛾2

2
)𝑡 − 𝑡2𝛾2 and note that 𝑓(𝑡) > 1 when 𝑡 ∈ ( 1

2
, 2

𝛾2 ). Hence, we can find 𝛽 >

1 (sufficiently close to 1) such that (2 +
𝛾2

2
)𝑝1 − 𝛽2𝑝2

1
𝛾2 > 1. We let 𝛼 ∈ (0, 1) be such 𝛼−1 ∈ 𝐍

and such that (2 +
𝛾2

2
)𝑝1 − 𝛽2𝑝2

1
𝛾2 > 1 is satisfied with 𝛽 = (1 − 𝛼)−2. We divide 𝑆𝑗 into squares

𝑆𝑗,1, … , 𝑆𝑗,𝑘𝑗
having pairwise disjoint interiors and sides parallel to the axes, and each one having

side length 𝑟𝑗 = 𝛼
√

2𝜖𝑗 . Then 𝑘𝑗 = 1∕𝛼2. Let 𝑧𝑗,𝑛 be the center of 𝑆𝑗,𝑛 for 𝑛 ∈ {1, … , 𝑘𝑗}. Since
𝑆𝑗,𝑛 ⊆ 𝐵(𝑧𝑗,𝑛, 𝛼𝜖𝑗) and 𝐵(𝑧𝑗,𝑛, (2 + 𝛼∕

√
2)𝜖𝑗) ⊆ 𝑅, we have that by Lemma A.2 with 𝑐 = 1∕𝛼 that

𝐄

[
exp

(
𝑝1𝛾 sup

𝑧∈𝑆𝑗

𝔥𝑅(𝑧)

)]
⩽

𝑘𝑗∑
𝑛=1

𝐄

[
exp

(
𝑝1𝛾 sup

𝑧∈𝑆𝑗,𝑛

𝔥𝑅(𝑧)

)]
⩽ 𝐶𝑘𝑗𝜖

−𝑝2
1
𝛾2𝛽2

𝑗
⩽

𝐶

𝛼2
𝜖

−𝑝2
1
𝛾2𝛽2

𝑗

for some universal constant 𝐶. The independence of ℎ0
𝑅
and 𝔥𝑅 implies that

𝐄[𝜇ℎ̃𝑓 (𝑆𝑗)𝑝1] ⩽ 𝐄[𝜇ℎ0
𝑅
(𝑆𝑗)𝑝1]𝐄

[
exp

(
𝑝1𝛾 sup

𝑧∈𝑆𝑗

𝔥𝑅(𝑧)

)]
⩽

𝐶𝑝1,𝛾

𝛼2
𝜖

(2+
𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2

𝑗
. (A.12)

Moreover, by (A.12), if 𝑝1 < 1, 𝑆 ∈ 𝐷𝑘, then 𝐄[𝜇ℎ̃𝑓 (𝑆)𝑝1] ⩽ 𝐶𝑝1,𝛾2−𝑘((2+
𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2). Thus, letting

𝐷 = ∪𝑘𝐷𝑘, we have

𝐄[𝜇ℎ̃𝑓 (𝑅𝜖)
𝑝1] ⩽

∑
𝑆∈𝐷

𝐄[𝜇ℎ̃𝑓 (𝑆)𝑝1] =
∑
𝑘⩾𝑁

∑
𝑆∈𝐷𝑘

𝐄[𝜇ℎ̃𝑓 (𝑆)𝑝1] ≲
∑
𝑘⩾𝑁

2−𝑘((2+
𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2−1)

= 2−𝑁((2+
𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2−1)

∑
𝑘⩾0

2−𝑘((2+
𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2−1) ≲ 2−𝑁((2+

𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2−1),

since (2 +
𝛾2

2
)𝑝1 − 𝛽2𝑝2

1
𝛾2 − 1 > 0, and hence, the sum on the second line is finite. It is clear that

the implicit constant depends only on 𝑝1 and 𝛾. Thus,

𝐄[𝜇ℎ𝑓 (𝐴1(𝜖𝑐))𝑝1] ⩽ 𝐄[𝜇ℎ̃𝑓 (𝑅𝜖)
𝑝1] ≲ 𝜖𝑐((2+

𝛾2

2
)𝑝1−𝛽2𝑝2

1
𝛾2−1).

Choosing 𝑝∗ > 1 such that 𝑝𝑝∗ ∈ (1∕2, 1) ∩ (0, 2

𝛾2 ), we have by the same argument as in
Lemma A.4 that

𝐄[𝜇ℎ2
(𝐴1(𝜖𝑐))𝑝] ≲ 𝐄[𝜇ℎ𝑓 (𝐴1(𝜖𝑐))𝑝𝑝∗]1∕𝑝∗ ≲ 𝜖𝑐((2+

𝛾2

2
)𝑝𝑝∗−𝛽2𝑝2𝑝2

∗𝛾2−1)∕𝑝∗ = 𝜖𝑀𝑐,
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where 𝑀 = (2 +
𝛾2

2
)𝑝 − 𝛽2𝑝2𝑝∗𝛾2 − 1∕𝑝∗, and the implicit constants are independent of 𝜖 and 𝑐.

Consequently,

𝐄[𝜇ℎ({𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −𝑠, dist(𝑧, 𝜕𝒮) < 𝜖𝑐})𝑝] ⩽ 𝐄[𝜇ℎ({𝑧 ∈ 𝒮− ∶ Re(𝑧) ⩾ −⌈𝑠⌉, dist(𝑧, 𝜕𝒮) < 𝜖𝑐})𝑝]

⩽

⌈𝑠⌉∑
𝑘=1

𝐄[𝜇ℎ(𝐴𝑘(𝜖𝑐))𝑝] ⩽

⌈𝑠⌉∑
𝑘=1

𝐄[𝜇ℎ2
(𝐴𝑘(𝜖𝑐))𝑝] ≲ 𝑠𝜖𝑀𝑐,

where the implicit constant depends only on 𝑝 and 𝛾. Thus, the proof is done. □

We end this section by stating and proving an analogue of Lemma A.1 for quantum cones.

Lemma A.8. Suppose that (𝒞, ℎ, −∞, +∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=4
𝜸=2 has the first exit parameterization and

let𝒞− = {𝑧 ∈ 𝒞 ∶ Re(𝑧) ⩽ 0}. Then for every 𝑝 ∈ (0, 1),

𝐄[𝜇ℎ(𝒞−)𝑝] < ∞.

Proof. We follow the notation and the method of the proof of Lemma A.1. Let (𝑋𝑡) be the average
of ℎ on the vertical line {𝑡 + 𝑖𝑦 ∶ 𝑦 ∈ [0, 2𝜋]} and set ℎ2 = ℎ − 𝑋Re(⋅). Then (𝑋𝑡) can be sampled by
setting 𝑋𝑡 = 𝑌−𝑡 for 𝑡 ⩽ 0 and 𝑋𝑡 = 𝐵𝑡 + 𝑡 for 𝑡 ⩾ 0, where 𝑌𝑡 = 𝐵𝑡 − 𝑡 conditioned so that 𝑌𝑡 < 0

for all 𝑡 > 0 and 𝐵, 𝐵 are independent standard Brownian motions with 𝐵0 = 𝐵0 = 0. Moreover,
𝑋 and ℎ2 are independent. Note that (𝑋−𝑡)𝑡⩾0 can be sampled by setting 𝑋−𝑡 = 𝐵𝑡+𝑇 − (𝑡 + 𝑇)

for 𝑡 ⩾ 0, where 𝐵𝑡 is a standard Brownian motion, independent of 𝐵, and 𝑇 = sup{𝑡 ⩾ 0 ∶ 𝐵𝑡 −

𝑡 = 0}. We let ℎ̂ be the random distribution on 𝒞 given by ℎ̂ = 𝐵Re(⋅)+𝑇 − (Re(⋅) + 𝑇) + ℎ2. Then

𝜇ℎ(𝒞−)
𝑑
= 𝜇

ℎ̂
([𝑇, +∞) × [0, 2𝜋]) by the invariance of ℎ2 under horizontal translations. Therefore,

writing𝒞+ = {𝑧 ∈ 𝒞 ∶ Re(𝑧) ⩾ 0}, we have that

𝐄[𝜇ℎ(𝒞−)𝑝] ⩽ 𝐄[𝜇ℎ̂(𝒞+)𝑝] ⩽

∞∑
𝑘=1

𝐄[𝜇ℎ̂(𝐴𝑘)𝑝] ⩽ 𝐶𝑝

∞∑
𝑘=1

𝐄

[
exp

(
𝛾𝑝 sup

𝑘−1⩽𝑡⩽𝑘
𝐵𝑡 − 𝑡

)]
,

where 𝐶𝑝 = 𝐄[𝜇ℎ2
(𝐴1)𝑝], which is finite for 𝑝 < 1 = 4

𝛾2 . Hence,

𝐄[𝜇ℎ(𝒞−)𝑝] ≲

∞∑
𝑘=1

𝑒−𝛾𝑝(1−𝛾𝑝∕2)𝑘 < ∞

for 𝑝 ∈ (0, 1). This completes the proof. □

A.2 Mass bounds
In this section, we prove a few bounds on the quantum mass when the surface in question has
the circle-average embedding. These are used in Sections 4 and 5 to bound exit times for SLE

parameterized by quantum mass, as well as the mass of sets with respect to quantum surfaces
with different parameterizations.
Lemma A.9. Fix 𝛾 ∈ (0, 2] and let  = (𝐂, ℎ, 0, ∞) ∼ 𝖰𝖢𝗈𝗇𝖾𝐖=𝑊

𝜸=𝛾 have the circle-average embed-
ding. Then there exists 𝑝 > 0 such that for every fixed 𝑀 > 0, we can find 𝐶𝑀,𝛾 > 0 such
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that

𝐏[𝜇ℎ(𝐵(0, 𝑀)) ⩾ 𝑅] ⩽ 𝐶𝑀,𝛾𝑅−𝑝, for all 𝑅 > 0.

Proof. This proof is similar to that of Lemma 4.3, so we will be rather brief. We recall that ℎ|𝐃 =

ℎ̃|𝐃 − 𝛼 log | ⋅ |, where ℎ̃ is a whole-plane GFF normalized so that ℎ̃1(0) = 0 (where ℎ̃𝑠(0) denotes
the average value of ℎ̃ on 𝜕𝐵(0, 𝑠)). Fix 𝑀 > 0, let 𝜑𝑀(𝑧) = 2𝑀𝑧 and set ℎ̃𝑀 = ℎ̃ ◦ 𝜑𝑀 . Then

𝜇ℎ̃(𝐵(0, 𝑀)) = 𝜇ℎ̃𝑀+𝑄 log(2𝑀)(𝐵(0, 1∕2)) = (2𝑀)2+
𝛾2

2 𝜇ℎ̃𝑀(𝐵(0, 1∕2)).

By translation and scale invariance, ℎ̃𝑀 has the law of a whole-plane GFF modulo additive con-
stant and the circle-average of ℎ̃𝑀 on 𝜕𝐃 is equal to ℎ̃2𝑀(0). Hence the field ℎ̂𝑀 = ℎ̃𝑀 − ℎ̃2𝑀(0)

agrees in law with ℎ̃ and

𝜇ℎ̃(𝐵(0, 𝑀)) = 𝑒𝛾ℎ̃2𝑀(0)(2𝑀)2+
𝛾2

2 𝜇
ℎ̂𝑀(𝐵(0, 1∕2)). (A.13)

The Markov property implies that ℎ̂𝑀 = ℎ0 + 𝔥 where ℎ0 is a zero-boundary GFF on 𝐃 and 𝔥

harmonic on𝐃 and independent of ℎ0. Moreover,𝐄[𝜇ℎ0(𝐵(0, 1∕2))𝑝] is finite for all 𝑝 ∈ (0, 4∕𝛾2).
As in the proof of Lemma 4.3, the probability that 𝐃 is not 𝑅-good for ℎ̂𝑀 is at most 𝑐1𝑒−𝑐2𝑅2 , for
some universal constants 𝑐1, 𝑐2. In particular, 𝐄[exp(𝛾𝑝 sup𝑧∈𝐵(0,1∕2) |𝔥(𝑧)|)] is finite for all 𝑝 ∈

(0, 4∕𝛾2), and consequently, so is𝐄[𝜇
ℎ̂𝑀 (𝐵(0, 1∕2))𝑝]. Moreover, since Brownianmotion has finite

exponential moments, 𝐄[𝑒𝛾𝑝ℎ̃2𝑀(0)] is finite for all 𝑝 > 0 and hence Hölder’s inequality implies
that

𝐄
[
𝜇ℎ̃(𝐵(0, 𝑀))𝑝

]
< ∞, for all 𝑝 ∈ (0, 4∕𝛾2). (A.14)

We write 𝐴𝑀 = 𝐵(0, 𝑀) ⧵ 𝐵(0, 1∕𝑀) and note that [16, Lemma 3.10] implies that

𝐄

[
exp

{
𝑞 sup

𝑧∈𝐴𝑀

|ℎ(𝑧) − ℎ̃(𝑧)|}]
< ∞, (A.15)

for all 𝑞 > 0 sufficiently small. Moreover, by Hölder’s inequality and (A.15) and since

𝜇ℎ

(
𝐴𝑀

)
⩽ 𝜇ℎ̃(𝐵(0, 𝑀)) exp

{
𝛾 sup

𝑧∈𝐴𝑀

|ℎ(𝑧) − ℎ̃(𝑧)|},

we have that

𝐄
[
𝜇ℎ(𝐴𝑀)𝑝

]
< ∞

for all 𝑝 ∈ (0, 4∕𝛾2) sufficiently small. We now set 𝛽𝑝,𝛾 = (2 + 𝛾2∕2)𝑝 − 𝛾2𝑝2∕2 and 𝐴𝑘 =

𝐵(0, 𝑀−12−𝑘) ⧵ 𝐵(0, 𝑀−12−𝑘−1) for 𝑘 ∈ 𝐍0. Note that since 𝛼 < 𝑄, there is a 𝑝 ∈ (0, 1) such that
𝛽𝑝,𝛾 − 𝛾𝛼𝑝 > 0 and hence

𝐄
[
𝜇ℎ̃(𝐴𝑘)𝑝

]
⩽ 𝐶2−𝑘𝛽𝑝,𝛾 ,
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for some constant𝐶 independent of 𝑘 by [16, Lemma 5.2]. Therefore, we obtain that𝐄[𝜇ℎ(𝐴𝑘)𝑝] ⩽

𝐶2−𝑘(𝛽𝑝,𝛾−𝛼𝛾𝑝) for some (possibly different) constant 𝐶, independent of 𝑘, and by summing over
𝑘, we obtain that 𝐄[𝜇ℎ(𝐵(0, 1∕𝑀))𝑝] is finite. Combining this with the above, we have that
𝐄[𝜇ℎ(𝐵(0, 𝑀))𝑝] is finite, and so, the claim follows by Markov’s inequality. □

The next result is instrumental in proving the main estimate needed for the proof of the
regularity in the case of chordal SLE8.

LemmaA.10. Fix 𝛾 ∈ (0, 2] and suppose that = (𝐇, ℎ, 0, ∞) ∼ 𝖰𝖶𝖾𝖽𝗀𝖾
𝐖=𝛾2∕2
𝜸=𝛾 has the first exit

parameterization. Fix 𝑅, 𝜎 > 0. Then, there is a constant 𝑎 > 0 such that for 𝜖 > 0,

𝐏[𝜇ℎ(𝐵(𝑧, 𝜖)) ⩾ 𝜖𝑎, for all 𝑧 such that 𝐵(𝑧, 4𝜖) ⊆ 𝐵(0, 𝑅) ∩ 𝐇] = 1 − 𝑂(𝜖𝜎∕2).

Proof. Let 𝐷𝑅 = 𝐵(0, 𝑅) ∩ 𝐇 and let ℎ1 (resp. ℎ2) be the projection of ℎ onto𝐻1(𝐇) (resp.𝐻2(𝐇)).
Then (ℎ𝑒−𝑠 (0))𝑠⩾0 has the law of (−𝑍2𝑠 − 𝑄𝑠)𝑠⩾0 and (ℎ𝑒𝑠 (0))𝑠⩾0 has the law of (𝐵2𝑠 + 𝑄𝑠)𝑠⩾0 where
𝐵 is a standard Brownian motion starting from zero and 𝑍 is a BES3 with 𝑍0 = 0 and 𝐵 and 𝑍

are independent.
We begin by proving the result for a free boundary GFF in place of the quantum cone. Let ℎ̃ be a

free boundary GFF on𝐇with the additive constant fixed so that its average on𝐇 ∩ 𝜕𝐃 is equal to
zero. We let ℎ̃ = ℎ0

𝐷𝑅
+ 𝔥𝐷𝑅

where ℎ0
𝐷𝑅

is a zero-boundary GFF on 𝐷𝑅 and 𝔥𝐷𝑅
is harmonic on 𝐷𝑅.

Fix 𝑧 ∈ 𝐷𝑅, 𝜖 ∈ (0, 1) such that 𝐵(𝑧, 2𝜖) ⊆ 𝐷𝑅. Then, by applying the coordinate change formula
together with [49, Proposition 3.7] (recall Remark 2.5) if 𝛾 ∈ (0, 2) and [13, Corollary 14] if 𝛾 = 2,
we have that

𝐄

[
𝜇ℎ0

𝐷𝑅

(𝐵(𝑧, 𝜖))−2

]
= 𝑂(𝜖−4−3𝛾2

).

Moreover, Lemma A.2 implies that

𝐄

[
exp

(
2𝛾 sup

𝑤∈𝐵(𝑧,𝜖)
𝔥𝐷𝑅

(𝑤)

)]
= 𝑂(𝜖−𝐶𝛾2

),

for some 𝐶 > 0, where the implicit constants in both of the inequalities depend only on 𝑅, 𝛾. Let
𝑟 = 1 − 1∕

√
2 and note that

𝜇ℎ̃(𝐵(𝑧, 𝑟𝜖)) ⩾ 𝜇ℎ0
𝐷𝑅

(𝐵(𝑧, 𝑟𝜖)) exp

(
𝛾 inf

𝑤∈𝐵(𝑧,𝑟𝜖)
𝔥𝐷𝑅

(𝑤)

)
.

By the Cauchy–Schwarz inequality, we have that

𝐄

[
𝜇ℎ0

𝐷𝑅

(𝐵(𝑧, 𝑟𝜖))−1 exp

(
−𝛾 inf

𝑤∈𝐵(𝑧,𝑟𝜖)
𝔥𝐷𝑅

(𝑤)

)]

⩽ 𝐄

[
𝜇ℎ0

𝐷𝑅

(𝐵(𝑧, 𝑟𝜖))−2

]1∕2

𝐄

[
exp

(
2𝛾 sup

𝑤∈𝐵(𝑧,𝑟𝜖)
𝔥𝐷𝑅

(𝑤)

)]1∕2

= 𝑂(𝜖−2−(3+𝐶)𝛾2∕2).



100 of 106 KAVVADIAS et al.

Hence, by the Markov inequality, we obtain that for 𝑏 > 0

𝐏[𝜇ℎ̃(𝐵(𝑧, 𝑟𝜖)) ⩽ 𝜖𝑏] = 𝑂(𝜖𝑏−2−(𝐶+3)𝛾2∕2).

Moreover, for all𝑤 ∈ 𝐷𝑅 such that𝐵(𝑤, 4𝜖) ⊆ 𝐷𝑅, we can find 𝑧 ∈ (𝜖𝐙)2 ∩ 𝐷𝑅 such that𝐵(𝑧, 𝑟𝜖) ⊆

𝐵(𝑤, 𝜖) and 𝐵(𝑧, 2𝜖) ⊆ 𝐵(𝑤, 4𝜖) and since |(𝜖𝐙)2 ∩ 𝐷𝑅| ≍ 𝜖−2, we obtain that

𝐏[𝜇ℎ̃(𝐵(𝑤, 𝜖)) ⩾ 𝜖𝑏, for all𝑤 such that𝐵(𝑤, 4𝜖) ⊆ 𝐷𝑅]

⩾ 𝐏[𝜇ℎ̃(𝐵(𝑧, 𝑟𝜖)) ⩾ 𝜖𝑏, for all 𝑧 ∈ (𝜖𝐙)2 ∩ 𝐷𝑅 such that 𝐵(𝑧, 2𝜖) ⊆ 𝐷𝑅]

⩾ 1 − 𝑂(𝜖𝑏−4−(𝐶+3)𝛾2∕2) ⩾ 1 − 𝑂(𝜖𝜎∕2) (A.16)

for 𝑏 sufficiently large. Note that all the implicit constants depend only on 𝑅, 𝛾. Thus, we have
proven the result with a free boundary GFF in place of the quantum cone.
The rest of the proof consists of transferring the result from the free boundary GFF to the

quantum cone. For now, we assume that 𝑅 = 1, that is, we consider points in 𝐃+. By [48, The-
orem VI.3.3.5], a BES3 𝑍, can be coupled with a one-dimensional Brownian motion 𝐵, such that
𝑍𝑡 = 2𝑆𝑡 − 𝐵𝑡, where 𝑆𝑡 = max0⩽𝑠⩽𝑡 𝐵𝑠. Consequently, since ℎ̃𝑒−𝑡 (0) = 𝐵2𝑡, where 𝐵𝑡 is a two-sided
Brownian motion, we can couple ℎ and ℎ̃ such that ℎ𝑒𝑡 (0) = ℎ̃𝑒𝑡 (0) + 𝑄𝑡 for 𝑡 ⩾ 0 and ℎ𝑒−𝑡 (0) =

−2𝑆2𝑡 + ℎ̃𝑒−𝑡 (0) − 𝑄𝑡 (where the maximum 𝑆 is over the Brownian motion ℎ̃𝑒−𝑡∕2 (0)) and such
that their lateral parts are the same. Thus, we have that ℎ𝑒−𝑡 (0) ⩾ ℎ̃𝑒−𝑡 (0) + 𝐴𝜖 for 𝑡 ∈ [0, log(𝜖−1)]

where

𝐴𝜖 = − sup
0⩽𝑡⩽log(𝜖−1)

2𝑆2𝑡 − 𝑄𝑡,

and so 𝜇ℎ(𝐵(𝑧, 𝜖)) ⩾ 𝑒𝛾𝐴𝜖 𝜇ℎ̃(𝐵(𝑧, 𝜖)) where 𝑧 is as in the statement of the lemma. Note that

𝐏
[
𝑒𝛾𝐴𝜖 ⩽ 𝜖𝑏

]
⩽ 𝐏

[
sup

0⩽𝑡⩽2 log(𝜖−1)

𝐵𝑡 ⩾ 𝑏 log(𝜖−1)∕(2𝛾)

]
⩽ 𝐏

[
𝑇𝜖 ⩽ 2 log(𝜖−1)

]
,

where 𝑇𝜖 = inf {𝑡 ⩾ 0 ∶ 𝐵𝑡 = 𝑏 log(𝜖−1)∕(2𝛾)}. Note that the explicit form of the probability den-
sity function of 𝑇𝜖 given in the proof of Lemma 5.1 implies that 𝐏[𝑇𝜖 ⩽ 2 log(𝜖−1)] = 𝑂(𝜖𝑏) for 𝑏

sufficiently large. Hence, since

𝐏[𝜇ℎ(𝐵(𝑧, 𝜖)) ⩽ 𝜖2𝑏] ⩽ 𝐏[𝑒𝛾𝐴𝜖 ⩽ 𝜖𝑏] + 𝐏[𝜇ℎ̃(𝐵(𝑧, 𝜖)) ⩽ 𝜖𝑏]

by applying a method similar to the above, we obtain that (A.16) still holds with ℎ̃ replaced by ℎ.
Finally, we turn to the case 𝑅 > 1. It is easy to see that we can find a constant 𝐶𝑅 > 0 depending

only on 𝑅 such that

𝐏

[
sup

𝑧∈𝐷𝑅⧵𝐷1∕𝑅

|(ℎ − ℎ̃)(𝑧)| > 𝑀

]
⩽ 𝑒−𝐶𝑅𝑀 for all 𝑀 > 0,
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and so,

𝐏

[
sup

𝑧∈𝐷𝑅⧵𝐷1∕𝑅

|||||1

𝛾
log

(
𝑑𝜇ℎ̃

𝑑𝜇ℎ

(𝑧)

)||||| > 𝑀

]
⩽ 𝑒−𝐶𝑅𝑀 for all 𝑀 > 0.

Note here that while ℎ and ℎ̃ are not pointwise defined, their difference is, as they have the same
lateral part and the radial parts are continuous functions. Thus, by setting 𝑀 = 𝑏 log(𝜖−1)∕𝛾 and

noting that if sup𝑧∈𝐷𝑅⧵𝐷1∕𝑅

|||| 1

𝛾
log

(
𝑑𝜇ℎ̃

𝑑𝜇ℎ
(𝑧)

)|||| ⩽ 𝑀 and 𝜇ℎ(𝐵(𝑧, 𝜖)) ⩽ 𝜖2𝑏 then 𝜇ℎ̃(𝐵(𝑧, 𝜖)) ⩽ 𝜖𝑏, we
obtain that

𝐏
[
𝜇ℎ(𝐵(𝑧, 𝜖)) ⩾ 𝜖2𝑏, for all 𝑧 ∈ 𝐷𝑅 ⧵ 𝐷1∕𝑅 such that𝐵(𝑧, 4𝜖) ⊆ 𝐷𝑅

]
= 1 − 𝑂(𝜖𝜎∕2),

for 𝑏 sufficiently large. Then, the proof is complete by combining this with the 𝑅 = 1 case. □

APPENDIX B: ESTIMATES FORWHOLE-PLANE 𝐒𝐋𝐄

In this part of the appendix, we shall prove that one can fit small balls between two flow lines of
critical angle difference (i.e., the angle difference is at the critical value for whether they inter-
sect or not) as well as bound the probability that a whole-plane SLE revisits a small ball around
the origin, after exiting 𝐃. The proofs are to a large extent modifications of the proof of [43,
Proposition 4.14]. We begin with the former.
Lemma B.1. Fix 𝛾 ∈ (0, 2), 𝜅 = 𝛾2 ∈ (0, 4) and let ℎ be a field in 𝐂 such that ℎ = ℎ̃ − 𝛼 arg(⋅),
modulo 2𝜋(𝜒 + 𝛼), where 𝛼 > −𝜒 and ℎ̃ is a whole-plane GFF on𝐂. Let 𝜂1 (resp. 𝜂2) be the flow line
of ℎ with angle 0 (resp. 𝜃𝑐 = 𝜋𝜅

4−𝜅
) starting from zero and suppose that

(2𝜋 − 𝜃𝑐)𝜒 + 2𝜋𝛼

𝜆
=

𝜅

2
.

Note that the marginal law of 𝜂1 is that of a whole-plane SLE𝜅(𝜅 − 2) starting from zero and condi-
tional on 𝜂1, 𝜂2 has the law of a chordal SLE𝜅( 𝜅

2
− 2; 𝜅

2
− 2) in𝐂 ⧵ 𝜂1. Let𝑈1, 𝑈2 be the two connected

components of 𝐂 ⧵ (𝜂1 ∪ 𝜂2). Then with probability 1 − 𝑜∞
𝜖 (𝜖), we have that for 𝑗 = 1, 2, we can find

a ball 𝐵(𝑧, 𝜖) ⊆ 𝑈𝑗 ∩ 𝐵(0, 1).

For the proof of the above lemma, we need the following, the proof of which is essentially the
same as that of [43, Lemma 4.15] and is omitted.

Lemma B.2. Fix 𝑥𝐿 ⩽ 0 ⩽ 𝑥𝑅 and 𝜌𝐿, 𝜌𝑅 > −2. Suppose that ℎ is a GFF on𝐇 with boundary data
such that its flow line 𝜂 starting from 0 is an SLE𝜅(𝜌𝐿; 𝜌𝑅) process with 𝜅 ∈ (0, 4) and force points
at 𝑥𝐿, 𝑥𝑅 . Fix 𝜃 > 0 such that the flow line 𝜂𝜃 of ℎ starting from 0 with angle 𝜃 a.s. does not hit the
continuation threshold and a.s. intersects 𝜂. Let 𝑇 (resp. 𝑇𝜃) be the first time that 𝜂 (resp. 𝜂𝜃) leaves
𝐵(0, 2). For 𝑐1, 𝑝 ∈ (0, 1), we let 𝐸 = 𝐸𝑐1,𝑝 be the event that 𝐴 = 𝜂([0, 𝑇]) ∪ 𝜂𝜃([0, 𝑇𝜃]) separates 𝑖

from ∞, the harmonic measure of the left side of 𝜂 as seen from 𝑧 ∈ 𝐵(𝑖, 𝑐1) in 𝐇 ⧵ 𝐴 is at least
𝑝 ∈ (0, 1) and dist(𝑖, 𝐴) ⩾ 𝑐1. Then there exist 𝑝0, 𝑐1, 𝑝 ∈ (0, 1), depending only on 𝜅, 𝜌𝐿, 𝜌𝑅, and 𝜃,
such that 𝐏[𝐸] ⩾ 𝑝0.
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Proof of Lemma B.1. This proof is more or less the same as the proof of [43, Proposition 4.14],
but we write it out for clarity. We fix 𝐾 ⩾ 5 sufficiently large (to be chosen later). For 𝜖 ∈ (0, 1),
1 ⩽ 𝑛 ⩽ (𝐾𝜖)−1, let 𝑇𝑛,𝜖 be the first time that 𝜂1 exits 𝐵(0, 𝐾𝑛𝜖) when it is parameterized by log-
conformal radius. Let also 𝑤𝑛,𝜖 ∈ 𝜕𝐵(0, (𝐾𝑛 + 2)𝜖) be such that |𝜂1(𝑇𝑛,𝜖) − 𝑤𝑛,𝜖| = 2𝜖. Let 𝜃0 ∈

(0, 𝜃𝑐∕2), where 𝜃𝑐 = 𝜋𝜅∕(4 − 𝜅) is the critical angle of flow line interaction.
The flow line interaction rules imply that a flow line with angle 𝜃0 a.s. hits a flow line of angle

0 started at some point on its left side. We also let 𝛾𝑛,𝜖 be the flow line of ℎ starting from 𝜂1(𝑇𝑛,𝜖)

with angle 𝜃0 and let 𝜎𝑛,𝜖 be the first time that 𝛾𝑛,𝜖 leaves 𝐵(0, (𝐾𝑛 + 4)𝜖). Let 𝑛 be the 𝜎-algebra
generated by 𝜂1|[0,𝑇𝑛,𝜖] as well as 𝛾𝑗,𝜖|[0,𝜎𝑗,𝜖] for 𝑗 = 1, … , 𝑛 − 1. We fix 𝑐, 𝑝 > 0 (to be determined
later) and define 𝐸𝑛,𝜖 to be the event that𝐴𝑛,𝜖 = 𝜂1([0, 𝑇𝑛+1,𝜖]) ∪ 𝛾𝑛,𝜖([0, 𝜎𝑛,𝜖]) separates𝑤𝑛,𝜖 from
∞, the harmonic measure of the left side of 𝜂1([0, 𝑇𝑛+1,𝜖]) as seen from 𝑧 ∈ 𝐵(𝑤𝑛,𝜖, 𝑐𝜖) in the
connected component 𝑃𝑛,𝜖 of 𝐂 ⧵ 𝐴𝑛,𝜖 which contains𝑤𝑛,𝜖 is at least 𝑝 > 0 and dist(𝑤𝑛,𝜖, 𝜕𝑃𝑛,𝜖) ⩾

𝑐𝜖.
Next, let 𝜓𝑛,𝜖 be the conformal transformation that takes the unbounded component 𝑈𝑛,𝜖 of

𝐂 ∪ {∞} ⧵
(

𝜂1([0, 𝑇𝑛,𝜖]) ∪
⋃𝑛−1

𝑗=1 𝛾𝑗,𝜖([0, 𝜎𝑗,𝜖])
)
to𝐇with 𝜓𝑛,𝜖(𝜂1(𝑇𝑛,𝜖)) = 0 and 𝜓𝑛,𝜖(𝑤𝑛,𝜖) = 𝑖. The

Beurling estimate and the conformal invariance of the Brownian motion imply that for 𝐾 suffi-
ciently large the images of ∪𝑛−1

𝑗=1
𝛾𝑗,𝜖([0, 𝜎𝑗,𝜖]) and ∞ under 𝜓𝑛,𝜖 lie outside of 𝐵(0, 100). Indeed, by

picking𝐾 large enough, we canmake the harmonic measure of ∪𝑛−1
𝑗=1

𝛾𝑗,𝜖([0, 𝜎𝑗,𝜖]), in𝑈𝑛,𝜖, as seen
from 𝑤𝑛,𝜖, be arbitrarily small. (More precisely, by the mapping 𝜑𝑛,𝜖(𝑧) = (𝑧 − 𝑤𝑛,𝜖)∕((𝐾 − 4)𝜖),
we have that the image of∪𝑛−1

𝑗=1
𝛾𝑗,𝜖([0, 𝜎𝑗,𝜖]) lies outside𝐃, whereas the distance from 𝜑𝑛,𝜖(𝑤𝑛,𝜖) =

0 to 𝜂1([0, 𝑇𝑛,𝜖]) is 2∕(𝐾 − 4), so by the Beurling estimate, the probability that a Brownian motion
exits 𝐃 before hitting 𝜂1([0, 𝑇𝑛,𝜖]) is at most a universal constant times 𝐾−1∕2, as 𝐾 → ∞.) Con-
sequently, the law of the field ℎ̂𝑛,𝜖 = ℎ ◦ 𝜓−1

𝑛,𝜖 − 𝜒 arg((𝜓−1
𝑛,𝜖)

′) restricted to 𝐵(0, 50) is mutually
absolutely continuouswith respect to the law of a GFF on𝐇 restricted to𝐵(0, 50)whose boundary
data are chosen so that its flow line starting from 0 and targeted at ∞ is a chordal SLE𝜅, where
the branch cut for the argument is taken to be the vertical line passing through 𝜓𝑛,𝜖(∞). Note that
since 𝜅 − 2 ⩾

𝜅

2
− 2, there is no intersection of 𝜂1 with itself.

The arguments of the proof of [43, Lemma 4.15] imply that there exists a universal constant
𝑝0 ∈ (0, 1) that is uniform in the location of the images 𝜓𝑛,𝜖(𝛾𝑗,𝜖) such that if 𝐸𝑛,𝜖 is the event
of Lemma B.2 corresponding to the flow lines of the field ℎ̂𝑛,𝜖, then 𝐏[𝐸𝑛,𝜖|𝑛] ⩾ 𝑝0. We fix the
constant 𝑐 ∈ (0, 1) such that 4𝑟

(1−𝑟)2 < 𝑐1, where 𝑟 = 𝑐

2
and 𝑐1 is the constant in Lemma B.2. Then

[33, Corollary 3.25] implies that 𝜓𝑛,𝜖(𝐵(𝑤𝑛,𝜖, 𝑐𝜖)) ⊆ 𝐵(𝑖, 𝑐1) and the conformal invariance of the
harmonic measure implies that if 𝐸𝑛,𝜖 occurs, the harmonic measure of 𝜂1([0, 𝑇𝑛+1,𝜖]) as seen
from 𝑧 is at least 𝑝 > 0, for all 𝑧 ∈ 𝐵(𝑤𝑛,𝜖, 𝑐𝜖). By combining everything, we obtain that there
exists a universal constant 𝜉 > 1 such that with probability at least 1 − 𝑒−𝜖−𝜉 , we have more than
1

2
𝑝0𝑛𝜖 of the events 𝐸𝑗,𝜖 occur, where 𝑛𝜖 = ⌊𝐾𝜖⌋. We observe that if the event 𝐸𝑛,𝜖 occurs, then a

pocket is formed between 𝜂1 and 𝛾𝑛,𝜖 containing a ball of radius 𝑐𝜖. The flow line interaction rules
imply that 𝜂2 cannot cross 𝛾𝑛,𝜖, and so, the above ball must be contained in one of the connected
components of 𝐂 ⧵ (𝜂1 ∪ 𝜂2). This completes the proof. □

Remark B.3. Let (𝜂1, 𝜂2) be a pair of random curves in 𝐂 starting from 0 and targeted at ∞ sam-
pled in the following way: First, we sample 𝜂1 to be a whole-plane SLE4(2) starting from 0 and
conditional on 𝜂1 we sample 𝜂2 to be a chordal SLE4 in 𝐂 ⧵ 𝜂1 from 0 to ∞. We note that the
constants in Lemma B.2 can be chosen to be uniform as 𝜅 → 4 if 𝜌𝐿 and 𝜌𝑅 are bounded from
below away from −2 as 𝜅 → 4. Also, if we set 𝜃0 =

𝜃𝑐

4
, then 𝜒𝜃0 is bounded as 𝜅 → 4, and so, the
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Radon–Nikodym derivatives used in the proof are bounded uniformly on 𝜅 and the weights of the
processes that Lemma B.2 is applied are bounded away from −2 as 𝜅 → 4. Observe also that 𝛼 is
bounded uniformly on 𝜅. Therefore, the constant 𝜉 in Lemma B.1 can be made uniform in 𝜅 as
𝜅 → 4 and note that the law of the pair (𝜂1, 𝜂2) in Lemma B.1 converges to that of (𝜂1, 𝜂2) when
𝜅 = 4 as 𝜅 → 4 in the Carathéodory sense. Therefore, the claim of Lemma B.1 still holds for 𝜅 = 4.

Finally, we turn our attention to the return probability of whole-plane SLE.

Lemma B.4. Fix 𝜅 ∈ (0, 4] and let 𝜂 be a whole-plane SLE𝜅(𝜅 − 2) in 𝐂 from 0 to ∞. Let 𝐴(𝜖) be
the event that 𝜂 intersects 𝐵(0, 𝜖) after it exits 𝐃 for the first time. Then we claim that we can find a
constant 𝑏 > 0 uniform on 𝜅 when 𝜅 is away from 0, such that 𝐏[𝐴(𝜖)] = 𝑂(𝜖𝑏) as 𝜖 → 0.

Proof. First, we assume that 𝜅 ∈ (0, 4). In order to prove the above claim, we follow a method
similar to the one of Lemma B.1. Fix 𝜃 ∈ (0, 𝜃𝑐∕3) such that−2 + 𝜃

𝜋
(𝜅∕2 − 2) < 𝜅∕2 − 2 and let 𝜂1

(resp. 𝜂2) be the flow line of angle 0 (resp. 3𝜃) of ℎ emanating from 0, where ℎ = ℎ̃ − 𝛼 arg for a
whole-plane GFF ℎ̃ and 𝛼 chosen to satisfy 𝜅 − 2 = 2 − 𝜅 + 2𝜋𝛼∕𝜆. Note that then 𝜂1 and 𝜂 have
the same law. For 𝜖 ∈ (0, 1) let 𝑇1

𝑛,𝜖 (resp. 𝑇2
𝑛,𝜖) be the first time that 𝜂1 (resp. 𝜂2) exits 𝐵(0, 2𝑛𝜖)

for 1 ⩽ 𝑛 ⩽
log(1∕𝜖)

log 2
. Let 𝜎1

𝑛,𝜖 (resp. 𝜎2
𝑛,𝜖) be the first time that 𝜂1 (resp. 𝜂2) exits 𝐵(0, 2𝑛−1∕4𝜖), and

we let 𝛾1,1
𝑛,𝜖 (resp. 𝛾1,2

𝑛,𝜖) be the flow line of ℎ with angle −𝜃 (resp. 𝜃) starting from 𝜂1(𝜎1
𝑛,𝜖) when

the latter is seen as a prime end on the left (resp. right) side of 𝜂1. Similarly, we let 𝛾2,1
𝑛,𝜖 (resp.

𝛾2,2
𝑛,𝜖) be the flow line of ℎ of angle 2𝜃 (resp. 4𝜃) starting from 𝜂2(𝜎2

𝑛,𝜖) when the latter is seen as a
prime end on the left (resp. right) side of 𝜂2. We stop 𝛾

𝑗,1
𝑛,𝜖 and 𝛾

𝑗,2
𝑛,𝜖 for 𝑗 = 1, 2 at the first time that

they exit 𝐵(0, 2𝑛+1∕2𝜖) and let 𝜎
𝑗,𝑖
𝑛,𝜖 be the first time that 𝛾

𝑗,𝑖
𝑛,𝜖 exits 𝐵(0, 2𝑛+1∕2𝜖) for 𝑖, 𝑗 = 1, 2. Then,

for fixed constants 𝑐, 𝑝 ∈ (0, 1) independent of 𝑛 and 𝜖, we let 𝐸1
𝑛,𝜖 (resp. 𝐸2

𝑛,𝜖) be the event that
𝐴1

𝑛,𝜖 = 𝛾1,1
𝑛,𝜖([0, 𝜎1,1

𝑛,𝜖]) ∪ 𝛾1,2
𝑛,𝜖([0, 𝜎1,2

𝑛,𝜖]) (resp. 𝐴2
𝑛,𝜖 = 𝛾2,1

𝑛,𝜖([0, 𝜎2,1
𝑛,𝜖]) ∪ 𝛾2,2

𝑛,𝜖([0, 𝜎2,2
𝑛,𝜖])) separates 𝜂1(𝑇1

𝑛,𝜖)

(resp. 𝜂2(𝑇2
𝑛,𝜖)) from∞, the harmonic measure of the left and right sides of 𝛾1,1

𝑛,𝜖 and 𝛾1,2
𝑛,𝜖 (resp. 𝛾

2,1
𝑛,𝜖

and 𝛾2,2
𝑛,𝜖) as seen from 𝑧 ∈ 𝐵(𝜂1(𝑇1

𝑛,𝜖), 𝑐𝜖) (resp. 𝑧 ∈ 𝐵(𝜂2(𝑇2
𝑛,𝜖), 𝑐𝜖)) in the connected component

𝑃1
𝑛,𝜖 (resp. 𝑃

2
𝑛,𝜖) of 𝐂 ⧵ 𝐴1

𝑛,𝜖 (resp. 𝐂 ⧵ 𝐴2
𝑛,𝜖) which contains 𝜂1(𝑇1

𝑛,𝜖) (resp. 𝜂2(𝑇2
𝑛,𝜖)) is at least 𝑝 and

dist(𝜂1(𝑇1
𝑛,𝜖), 𝜕𝑃1

𝑛,𝜖) ⩾ 𝑐2𝑛𝜖 (resp. dist(𝜂2(𝑇2
𝑛,𝜖), 𝜕𝑃2

𝑛,𝜖) ⩾ 𝑐2𝑛𝜖). We set 𝐸𝑛,𝜖 = 𝐸1
𝑛,𝜖 ∩ 𝐸2

𝑛,𝜖.
Let 𝑛,𝜖 be the 𝜎-algebra generated by 𝜂1 and 𝜂2 stopped at times 𝑇1

𝑛,𝜖 and 𝑇2
𝑛,𝜖, respectively,

and the first 2𝑛 auxiliary flow lines for each of 𝜂1 and 𝜂2. Then as in the proof of Lemma B.1, we
can find constants 𝑐, 𝑝 and 𝑝0 > 0 independent of 𝑛, 𝜖 such that 𝐏[𝐸𝑛+1,𝜖 |𝑛,𝜖] ⩾ 𝑝0. Let 𝑈𝑛 be
the connected component of𝐂 ∪ {∞} ⧵

(
𝜂1([0, 𝑇1

𝑛,𝜖]) ∪ 𝜂2([0, 𝑇2
𝑛,𝜖])

)
containing∞ and g𝑛 ∶ 𝑈𝑛 →

𝐇 be the conformal map such that g𝑛(𝜂1(𝑇1
𝑛,𝜖)) = 1, g𝑛(𝜂2(𝑇2

𝑛,𝜖)) = −1, and g𝑛(0) = ∞. We also
consider the field ℎ𝑛 = ℎ ◦ g−1

𝑛 − 𝜒 arg((g−1
𝑛 )′)where the branch cut for the argument is taken to

be the vertical line passing through g𝑛(∞).
Note that if 𝐸𝑛,𝜖 occurs, then there exists a universal constant 𝑞 ∈ (0, 1) such that for

all 𝑧 ∈ 𝜕𝐵(0, 2𝑛+1∕2𝜖), the sets [−1, 0], [0, 1] and 𝐑 ⧵ [−1, 1] all have harmonic measure as
seen from g𝑛(𝑧) at least 𝑞. Standard estimates for Brownian motion imply that in that case,
dist([−1, 1], g𝑛(𝜕𝐵(0, 2𝑛+1∕2𝜖))) ⩾ 𝑑 > 0 for some constant 𝑑 > 0. Note that 𝐸𝑛,𝜖 occurs with pos-
itive probability uniformly in 𝑛, 𝜖 and let 𝐷 ⊆ 𝐇 be a fixed simply connected domain such that
[−1, 1] ⊆ 𝜕𝐷 ∩ 𝜕𝐇 and dist([−1, 1], 𝐇 ∩ 𝜕𝐷) < 𝑑∕2. Again, the law of ℎ𝑛 restricted to 𝐷 is mutu-
ally absolutely continuous with respect to the law of a GFF ℎ̂ on 𝐇 restricted to 𝐷 with boundary
values given by −𝜆 − 3𝜒𝜃 on (−∞, −1), 𝜆 − 3𝜒𝜃 on (−1, g𝑛(𝑥𝑛)), −𝜆 on (g𝑛(𝑥𝑛), 1), and 𝜆 on
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(1, ∞), where 𝑥𝑛 is the last intersection of 𝜂1 and 𝜂2 before they exit 𝐵(0, 2𝑛𝜖). Hence, the law of
(g𝑛(𝜂1), g𝑛(𝜂2)) stopped at the first time they exit𝐷 is mutually absolutely continuouswith respect
to the law of (𝜂1, 𝜂2), where 𝜂1 (resp. 𝜂2) is the flow line of angle 0 (resp. 3𝜃) of ℎ̂, started from 1
(resp. −1) and stopped at the first time they exit 𝐷. Then we have that with positive probability,
uniform in the location of g𝑛(𝑥𝑛) ∈ (−1, 1), 𝜂1, 𝜂2 intersect before they exit 𝐷 and so the same
holds for g𝑛(𝜂1) and g𝑛(𝜂2). If that occurs, then 𝜂1 and 𝜂2 intersect before they exit 𝐵(0, 2𝑛+1∕2𝜖).
Therefore, as in the proof of Lemma B.1 and Lemma B.2, we obtain that for some constant 𝑝 > 0

uniform in 𝑛, 𝜖 and 𝜅 as 𝜅 → 4, we have that conditional on 𝑛,𝜖, with probability at least 𝑝, 𝜂1

and 𝜂2 intersect before they exit 𝐵(0, 2𝑛+1∕2𝜖). This shows that we can find a constant 𝑐 > 0 (uni-
form as 𝜅 → 4) such that off an event with probability 𝑂(𝜖𝑏), 𝜂1 and 𝜂2 intersect before they exit
𝐃 for the first time. Note that the same is true for 𝜂𝑗 and 𝜂𝑗+1 for all 𝑗 = 1, … , 𝑚, where 𝜂𝑗 is the
flow line of ℎ of angle 3(𝑗 − 1)𝜃 starting from 0 and 𝑚 = ⌊2𝜋(1 + 𝛼∕𝜒)∕(3𝜃)⌋. We can therefore
assume that off an event with probability 𝑂(𝜖𝑏), 𝜂𝑗 intersects both of 𝜂𝑗−1 and 𝜂𝑗+1 for all 𝑗 where
𝑏 is uniform in 𝜅 as 𝜅 → 4 since 𝑚 is bounded uniformly in 𝜅 as 𝜅 → 4 if we pick 𝜃 = 𝜃𝑐∕4. But
if the latter occurs, then the flow line interaction rules imply that 𝜂1 cannot enter 𝐵(0, 𝜖) after it
exits 𝐃. This completes the proof of the claim since by taking 𝜅 → 4 and using the Carathéodory
convergence of the pair (𝜂1, 𝜂2) to the corresponding pair when 𝜅 = 4, the claim is also true when
𝜅 = 4. □
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