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1 | INTRODUCTION
1.1 | Overview

The Schramm-Loewner evolution (SLE) was introduced by Schramm in 1999 [52] as a candidate
to describe the scaling limits of the interfaces in statistical mechanics models on two-dimensional
lattices at criticality. It has since been proved to arise as a scaling limit in several cases [35, 53, 57,
58]. SLE has also been the subject of intensive study as it has deep connections to the Gaussian
free field (GFF) [10, 41, 54] and Liouville quantum gravity (LQG) [11, 56].

Recall that (chordal) SLE is a family of probability measures indexed by a parameter x¥ > 0
(SLE,) on curves that connect two boundary points x, y in a simply connected domain D. In the
case that D = H, x = 0, y = o0, SLE, is defined by considering the random family of conformal
maps (g;) that solve the chordal Loewner equation

2

W= W,

gO(Z) =2z, (11)

where W = \/EB and B is a standard Brownian motion. For each ¢t > 0, we let H; be the domain
of g;. For x > 0 with x # 8, it was shown by Rohde and Schramm [50] that there exists a curve 7
in H from 0 to oo, the so-called SLE trace, so that H; is the unbounded component of H \ 5([0, ]).
The result in the case that ¥ = 8 was proved by Lawler, Schramm, and Werner in [35]. The time
parameterization for 7 that is induced by (1.1) is the so-called half-plane capacity parameterization
since the half-plane capacity of the hull K, = H \ H; associated with ([0, t]) is equal to 2¢ for
each t > 0. SLE, in a simply connected domain D connecting boundary points x, y is defined as
the image of the SLE, in H from 0 to oo under a conformal map H — D that takes 0 to x and
oo to y. The parameter x > 0 determines the roughness of the curve. SLE, curves are simple for
x € (0,4], self-intersecting but not space-filling for x € (4, 8), and space-filling for x > 8 [50]. We
sometimes omit the word trace and instead refer to the curve as an SLE,.

A number of works have been focused on the fractal properties of SLE,. Let us mention two
examples: the regularity of the associated uniformizing conformal map and the regularity of the
trace. Suppose that D is a simply connected domain and x,y € D are distinct. Let 7 be an SLE,
in D from x to y.

» If D is bounded and has smooth boundary and x # 4, then the components of D \ 7 are Holder
domains [50]. This means that a conformal map from D to any component of D \ 7 is Holder
continuous up to dD. Moreover, the optimal Hélder exponent was determined in [18]. When
x = 4, a conformal map from D to a component of D \ # is not Holder continuous and there
was previously no bound on its modulus of continuity. As we will explain in more detail just
below, this is important for various applications.

* The continuity of ¢t — 7n(t) was proved in [50] for k¥ # 8 and for xk = 8 in [35]. If D = H, x = 0,
Yy = o0, and 7 is given the standard (half-plane capacity) time parameterization, then t — 7(t)is
locally Holder continuous if ¥ # 8 and is not locally Holder continuous when x = 8. Moreover,
the optimal Holder exponent was derived in [24, 38] and the related tip multifractal spectrum
in [25]. The exact modulus of continuity of SLEg with the half-plane capacity parameterization
was previously unknown, though it was conjectured by Alvisio and Lawler [2] that there should
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exist § > 0 so that on any compact time interval, there a.s. exists a constant ¢ > 0 so that it is at
most c(log 1) for § > 0 sufficiently small.

As mentioned above, the value ¥ = 4 is special because it is the critical value at or below which
SLE, curves are simple and above which they are not. In particular, SLE, curves are almost self-
intersecting in the sense that the harmonic measure of a ball of radius € centered at a point on the
curve can decay to 0 as € — O faster than any power of €. This is what leads to the uniformizing
map not being Holder continuous. Also, the value ¥ = 8 is special because it is the critical value
at or above which SLE, is space-filling while for x < 8 it is not. This is reflected by the fact that
the left and right sides of the outer boundary of 7([0, t]) (i.e., the parts of H, to the left and right
of n(t)) are almost intersecting in the sense that the harmonic measure of a ball of radius € cen-
tered at n(¢) can decay to 0 as € — 0 faster than any power of . Our main results on the modulus
of continuity of the SLE, uniformizing map and the SLE; trace with the capacity time parame-
terization will in a sense amount to estimating precisely the decay of the harmonic measure as
€ — 0in these two cases. In particular, we will show in the former case that the harmonic measure
in the complement of 7 can decay as quickly as exp(—e~>+°(1)) and in the latter case can decay
as quickly as exp(—e~4t°M) in H, as ¢ — 0. Although we will not carry this out here, we more
generally believe that the techniques of this paper can be used to show that the following are true.

* The dimension of the set of points z on an SLE, curve 7 with the property that the harmonic
measure of B(z, €) in the complement of ) decays like exp(—e~¢*°()) as ¢ — 0is 3/2 — a/2 for
a €[0,3].

* The dimension of the set of points z € H so that the harmonic measure of B(z, €) in H., where
7, the first time that 7 ~ SLE; hits z, decays like exp(—e~***M) as ¢ — 0is 2 —a/2 for a €
[0,4].

The strategy taken in the works [1, 7, 18, 24, 25, 38, 50, 51] is based on estimating the derivatives of
either the solution to (1.1) or its time-reversal. The main results we will establish in this article will
be based on a completely different method, in particular making use of the relationship between
certain types of SLE, curves and LQG [11, 56].

1.2 | Main results
Our first main result is focused on the modulus of continuity for the uniformizing map for SLE,.
Theorem 1.1. Suppose that 1 is an SLE, in D from —i to i and let D; be the component of D \ n

which is to the left of n. Let ¢ be the unique conformal transformation from D to D; that fixes —i, —1,
and i. For every ¢ > 0 and & > 0, there a.s. exists a constant ¢ > 0 so that

1 -1/34¢
lp(2) — p(w)| < c(log <1 + >> (1.2)
|z —wl

forallz,w € D\ (B(—i, &) U B(i, £)). Moreover, for every ¢ > 0, we a.s. have that

1/3+¢
) :z,wGD,z;éw}:oo.

One important application for estimating the modulus of continuity of the SLE, uniformizing
map is whether existing methods can be used to determine if SLE, is conformally removable.

Sup{ lp(z) — <p(w)|<10g

|z —wi
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Recall that a compact set K C C is conformally removable if every homeomorphism ¢ : C —» C
that is conformal on C \ K is conformal on C. The article [26] by Jones and Smirnov gives var-
ious sufficient conditions for a set to be conformally removable (collectively referred to as the
Jones-Smirnov conditions). One commonly used condition from [26] is that if K is the bound-
ary of a Holder domain, then it is conformally removable. This condition can be used to show
that SLE, curves for x < 4 are conformally removable as it was shown in [50] that they arise as
boundaries of Holder domains. [26, Corollary 4] shows that, in fact, a modulus of continuity of
exp(—+/(log 6-1)(loglog §-1)/0(1)) as § — 0 for the uniformizing map suffices for the boundary
to be conformally removable (see also the refinement [31]), which is a much weaker condition
than Hoélder continuity. Theorem 1.1, however, shows that the modulus of continuity of the SLE,
uniformizing map decays to 0 as § — 0 much more slowly.

All of the conditions for conformal removability for boundaries of domains given in [26] are
a consequence of a general condition which we will briefly describe. Suppose that D C C is a
domain and z;, € D. Let T be a family of paths in D from z, to 0D whose accumulation sets cover
0D. Let W be a Whitney cube decomposition of D. For each Q € W, we call the set SH(Q) of those
points in 0D that are the endpoint of a path in I' that passes through Q the shadow of Q. We let
5(Q) = diam(SH(Q)). Then, the sufficient condition given in [26] is

Y 5QF < . 13)

Qew

In practice, one takes I to be the family of quasihyperbolic geodesics from z, to dD. Recall that
these are geodesics with respect to the length metric where the length of a path y : [0,1] — D is
given by /01 dist(y(t), D)~ |y’ (¢)|dt. Let distgy, (-, z) be the quasihyperbolic distance to z,,. It is fur-
ther explained in [26] that a necessary condition for (1.3) to hold (with quasihyperbolic geodesics)
is that distqh(o, z,) is an L! function. In particular, if /D distqh(w,zo)dw = oo (Where dw denotes
Lebesgue measure on D), then (1.3) does not hold.

Theorem 1.2. Suppose that 1) is an SLE, in D from —i to i and let D; be the component of D \ 1)
that is to the left of ). Almost surely, for any fixed z, € D;, we have that

/ distqh(w, Zg)dw = oo.
D,

In particular, (1.3) (with quasihyperbolic geodesics) does not hold for SLE,.

We now provide some additional context related to the importance of the question of whether
SLE, is conformally removable. Sheffield proved in [56] that the SLE, curves for x < 4 arise as
conformal weldings of certain types of LQG surfaces that have boundary. Recall that if D;, D,
are two copies of the unit disk and ¢ : 0D; — 0D, is a homeomorphism, then a conformal weld-
ing with welding homeomorphism ¢ consists of a simple curve 7 on S? and a pair of conformal
transformations ;, i € {1, 2}, from D, to the two components of $? \ 7 so that ¢ = 1y Lo, If
is removable, then it is the only curve that can arise from the welding homeomorphism ¢. Since
the domains that form the complement of an SLE,, curve with x < 4 are Holder domains [50], it
follows from [26] that one has uniqueness of the welding when the interface is an SLE, curve.
This is not known, however, for ¥ = 4 and Theorem 1.2 implies that one cannot use the results
of [26] (with quasihyperbolic geodesics) to establish this uniqueness. (See for a weaker form of
uniqueness of the welding [39] in the case ¥ = 4.)
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Update: In [29], the present authors proved that SLE, is, in fact, conformally removable.
Moreover, in [30], we further proved that nonsimple SLE, curves, where x is chosen so that the
adjacency graph of SLE, bubbles is almost surely connected (which holds at least for x € (4, 8)
sufficiently close to 4, see [19]), are conformally removable as well.

Our next main result is focused on the modulus of continuity for SLEg with the capacity
parameterization.

Theorem 1.3. Suppose that 7 is an SLEg in H from 0 to co parameterized by half-plane capacity.
Forevery{ > 0and T > 0, there a.s. exists a constant ¢ > 0 so that

1
s —t]

-1/4+¢
[n(s) —n(t)] < c(log <1 + )) forall 0<s,t<T.

Moreover, for every ¢ > 0and T > 0, we a.s. have that

1/44¢
> 0<s<t<T p =o0.

Sup{ In(s) — n(t)l<10g

|s — ¢]

As we mentioned above, Theorem 1.3 proves a more precise form of [2, Conjecture 1].

We remark that the half-plane capacity parameterization is only one of a number of ways of
parameterizing SLE, . Another possibility is the so-called natural parameterization [34, 36], which
is the parameterization that conjecturally describes the scaling limit of discrete lattice models
where the interfaces are parameterized according to the number of edges they traverse (see [37]
for an example of this). For x < 8, it is shown in [60] that the optimal Holder exponent in this
case is equal to 1/d, where d,, = 1 + x/8 is the dimension of SLE, [6, 50]. For x > 8, the natural
parameterization is equivalent to parameterizing the curve according to Lebesgue measure and it
is known [16] that the optimal Holder exponent in this case is 1/2.

1.3 | Outline and proof strategy

The remainder of this article is structured as follows. We will collect a number of preliminaries in
Section 2. In Section 3, we establish a version of one of the welding results from [11] in the critical
case that ¥ = 4, and in Section 4, we prove bounds for exit times for SLE when it is parameterized
by quantum length. We will prove the main estimates that will be used to prove our results in
Section 5. In Section 6, we will establish a lower bound for the mean density of the LQG area
measure in a certain setting. We then deduce our main result on SLE; (Theorem 1.3) in Section 7.
Finally, we will prove our results on SLE, (Theorems 1.1 and 1.2) in Section 8. For an illustration
of how the sections fit together, see Figure 1.

We will now give an overview of the strategy to prove our main theorems. The description
that follows assumes the reader has some basic familiarity with the welding results of [11, 56]; we
describe these results in more detail in Section 2.

We begin with the case ¥ = 4. Suppose that 7 is an SLE, in D from —i to i and D; is the compo-
nent of D \ # that is to the left of #. Fix e > 0. Suppose that 7 passes through a point z and w € D;
has distance of order ¢ to z. Let ¢ be the conformal transformation D; — D which fixes —i, —1,
and i. Then
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FIGURE 1 Schematic illustration of how the sections of the paper fit together.

2

Uit

FIGURE 2 Illustration of the setup to prove Theorems 1.1 and 1.2.

« the derivative of ¢ at w is up to constants given by e~'diam(¢(B(w, €))) and
 diam(¢(B(w, €))) is proportional to the probability that a Brownian motion starting from ¢(w)
first exits dD in the clockwise arc from —i to i.

By the conformal invariance of Brownian motion, this probability is equal to the probability that
a Brownian motion starting from w first exits D; in the clockwise arc of 0D; from —i to i. The
local behavior of 7 near z is described by a two-sided whole-plane SLE,. This is a pair of paths 7,
7, in C where the marginal law of 7, is a whole-plane SLE,(2) from 0 to oo and the conditional
law of 9, given 7, is an SLE, in C \ 7, from 0 to o. It therefore suffices to bound (for each a > 0)
the conditional probability given 7,, 1, of the event that

(A) There exists w in the component of C \ (n; U 1,) that is to the left of , with distance propor-
tional to € to 0 and 5, U 7,, the harmonic measure of each of ; and 7, is at least 1/4, and
so that the probability that a Brownian motion starting from w makes it macroscopically far
away from 7),, 1, before hitting , U 7, is at most exp(—¢~%).

We will show that P[A] = 0(e%/2+°(D) as ¢ — 0. As the dimension of SLE, is 3/2 [6, 50], it takes
0(e=3/2t°M) palls of radius ¢ to cover it, which will lead to the choice a = 3. (We will also prove
a lower bound for the probability of a variant of A with some additional conditions.)

We will determine the asymptotic behavior for P[A] using the relation between SLE and LQG.
See Figure 2 for an illustration of the setup. Namely, if one draws the pair of paths (7, 7,) on top of
an independent LQG surface called a weight-4 quantum cone, then the quantum surfaces param-
eterized by the two components of C \ (3, U 7,) are independent quantum wedges of weight 2.
This result was proved for k¥ < 4 previously in [11]; the purpose of Section 3 is to establish the



REGULARITY OF THE SLE, UNIFORMIZING MAP AND THE SLE; TRACE 7 0of 106

B(w,e€)

ce

P(B(w,e))

FIGURE 3 [Illustration of the setup to prove Theorem 1.3.

case ¥ = 4. If we let 1 be a conformal transformation that takes the component of C \ (; U#,)
which is to the left of 7, to the strip & = R X (0, ) sending 0 to —o0, oo to +o0, then there is an
explicit description for the field that describes the surface parameterized by §'. Moment estimates
for the LQG area measure will imply that B(w, €) must contain a certain amount of LQG mass
that, combined with the explicit description of the field on &, allows us to bound the probability
that Re(y(B(w, €))) is too small. The event E is roughly equivalent to the event that a Brownian
motion starting from (w) first exits & to the right of the y-axis.

We now describe the strategy in the case x = 8. Suppose that 7’ is an SLEg in H from 0 to co and
let (g,) be its associated Loewner flow. Let also f, = g, — W, be the centered Loewner flow. Fix

€[0,1], ¢ > 1, and € > 0. It follows from [16] that if we let 7, = inf{s > ¢ : |n/(s) —n'(t)| = €},
then the event that there exists w with B(w, e) C n/([t, 7.]) occurs with overwhelming proba-
bility as € — 0 (with ¢ > 1 fixed). To prove the upper bound in Theorem 1.3, we want to get a
lower bound on diam(f,(B(w, ¢))) as the half-plane capacity of f (' ([t, 7.])) (roughly speaking)
behaves like diam(f,(n'([¢,7.)))? > diam(f,(B(w, €$)))2. If t is before n' first leaves D, = DN H,
then giving a lower bound to diam(f,(n’([t, .]))) is equivalent to bounding the probability that a
Brownian motion starting from f,(w) first exits H in f,(6H \ [—2, 2]). This probability is compa-
rable to the probability that a Brownian motion starting from f,(w) first exits Hin 0H \ I for some
fixed compact interval I. This, in turn, is equivalent to bounding the probability that a Brownian
motion starting from w first exits H \ 5’([0, t]) in dH \ [—2, 2]. We will estimate this probability
in a manner similar to in the argument for SLE, described above. See Figure 3 for an illustration
of the setup. Namely, suppose that 7’ is drawn on top of a certain type of LQG surface called a
weight-1 quantum wedge and that we have reparameterized #’ by quantum area. Then, for each
time ¢, the quantum surface parameterized by H \ 5’([0, t]) has the law of a weight-1 quantum
wedge. Fix £ > 1. We will then estimate (for each a > 0) the probability of the event that

(A) there exists w so that B(w, %) is contained in the unbounded component of H \ ’([0, t]) with
distance proportional to ¢ to 7/(t) so that the probability that a Brownian motion starting from
w exits H \ ([0, t]) in H \ [—2, 2] is at most exp(—¢™2).

Using the explicit description of the field that describes the surface parameterized by H \ 1/([0, t])
(after mapping to &), we will show that P[A] = 0(e%/2+°() as ¢ — 0 (this will be proved simulta-
neously with the statement we described for SLE, above). Since SLE; is space-filling, a segment
of it is covered by of order €2 balls of radius ¢, which leads us to consider a = 4. (We will also
prove a lower bound for the probability of a variant of A with some additional conditions.)

As the event A is phrased in terms of SLEg when parameterized by quantum area and the
quantum measure behaves very differently from Lebesgue measure, it takes some care to deduce
Theorem 1.3 from the bound for P[A] mentioned just above. We will now explain how this works
in more detail. In order to emphasize the dependence on ¢, we now write A, for A as above and
make the choice a = 4 + 28 for § > 0fixed. Let 7/ be ' parameterized by capacity, for z € Hwe let
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7, = inf{t > 0 : ;(¢) = z}, and let B, be the event defined in the same way as A, but with (|, - |
in place of #'|jy . Fix § € (0,1) small and M > 0 large. On the event E = E; N E, where E; =
{n’([0,8]) Ce~'D,} and E, = {u;,(D,) < M} (where h is the field which describes the quantum
surface on which 7. is drawn and y, is the associated LQG measure), we have that

M
/ 1, dt > / g 1oepr (10,61 dMR(2).
0 e~ 1D

+

By Fubini’s theorem, the expectation of the left-hand side is O(¢2+#) and therefore so is

El / 1321Elzen;.qo,aj)duh(z>] - / P[B,, By, z € 7/([0,8D(2)dz,
e”lD, e”1D,

where f(z) = E[1p, u;,(dz)] (i.e., the density with respect to Lebesgue measure of the measure
X E[lE2 1, (X)]) and dz denotes Lebesgue measure. We will prove in Section 6 that f(z) is
bounded from below by a constant ¢ > 0 in e"'D,. (The argument in Section 6 is somewhat
involved because although it is not difficult to control E[u,(dz)], lower bounding E[1y, u,(dz)] is
much less straightforward.) In the end, we obtain that the above expectation is at least ¢ times

El / 15,1, 1zenc<to,6J>dZ] :
e”lD,

It was shown in [16] that for { > 1 fixed in each interval of time that an SLEg travels distance
¢ it with overwhelming probability fills in a ball of radius €. Therefore, if B, occurs for some
z € D, then the Lebesgue measure for z € D, for which B, occurs is very likely to be at least
¢%¢. Combining the various bounds gives Theorem 1.3.

We remark that the same strategy can be used for  ~ SLE, with x > 8, but it does not give the
optimal regularity, as in this case, 7 is more regular.

1.4 | Notation

Let a, b be some quantities. We write a < b if there is a constant, C, independent of any parameters
of interest, such that a < Cb and a > b if b < a. Moreover, we write a < b if a < b and a > b.
Often, we will write explicitly what the implicit constants may depend on. Furthermore, if a and
b depend on some parameter x, then we write a = o,(b) if a/b — 0, as x — 0 or oo (which will
be clear from context). Lastly, we write a = 0$°(b) if a = 0,(b") foreach t > 0asx — 0 (ort <0
as x — o).

We will also allow the constants to vary between different occasions. More precisely, we may
denote two different constants in the same way, between lines, or even between inequalities on the
same line. We shall often write the dependence of the parameter as a subscript, that is, we often
write, say, C), to emphasize that the constant depends on p. We allow the constants to depend on
y without explicitly writing it out. In Section 3, however, we will be explicit with the dependence
on y as well, as we will consider limits in the parameter y.

We let Z denote the set of integers, N the set of positive integers, R the real numbers, C the
complex plane, H the upper half-plane, D the unit disk, D, = DN H,S! = 4D, N, = N U {0} and
§ = R x (0, 7). Moreover, we let € denote the infinite cylinder R X [0, 27], where foreach t € R,
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we identify the points {t} x {0} and {¢t} X {27}. For a set of points A in the complex plane, we denote
by A + b, sometimes (A + b) for clarity, the set{z + b : z € A}. In the same way, we denote by bA
the set of points {bz : z € A}.

When we write P?, we mean the probability measure given by the probability measure P
together with a Brownian motion, independent of everything else, started at z. The exact definition
of P will be clear from the context.

2 | PRELIMINARIES
2.1 | Bessel processes

Recall that a d-dimensional Bessel process, denoted by BES?, is a solution to the stochastic
differential equation (SDE)
dx, = )%dt +dB,, X,=x30, 1)
t

where a = (d — 1)/2 and B is a standard Brownian motion. If d € (0, 2), then X, will a.s. hit and
be instantaneously reflected at 0; if d = 2, then X, will a.s. not hit 0, but inf 150 Xj‘ =0 for all
X > 0 (where the superscript x denotes the starting value); and if d > 2, then a.s. lim,_, ., X; = .
Moreover, X, satisfies Brownian scaling: if (X,) is a BES?, then so is the process (r~'X,2,).

Fixd, leta = (d —1)/2, and let X be a BESH. Then, the law of X can be obtained as follows.
Start with a Brownian motion B and denote by N, the local martingale

B, \* - t
NZ=<B—;> exp(—a(aTl)/o %) (2.2)

Let (F,) be the o-algebra generated by (B;) and for € > 0, we let 7, be the first time ¢ that B, hits
€. We define the probability measure ﬁa,e’t on ¥y, by

dPa,e,t
dP = AT

Note that (N,) solves the SDE

a
AT, = B_l{[<TE}N[/\‘L'6dBt'
tAT

€

We can easily see that if s < ¢, then f’a’e,t restricted to F,,_is f’a,e’s. Hence, we can write f’aﬁ and
so Girsanov’s theorem implies that under the measure f’a,e, (B;) solves (2.1) up until time 7. Note
that this equation does not depend on ¢ except in the specification of the values of t. Therefore, we
can write P, and let ¢ — 0 and state that (B,) solves (2.1) up until time 7, where 7, = lim__, 7, is
the first time ¢ that B, hits 0.

Another related process is the radial Bessel process with parameter a € R, which is defined to
be the solution (Y,),-, to the SDE

dY, =acot(Y,)+dB;,, Y,=ye€(0,mn). (2.3)
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In the case that a > —1/2, this process has an invariant measure with density ¥,(y) = c, sin®?(y)
with respect to Lebesgue measure on (0, 77), where c, is a normalizing constant. We note that
(wr —Y,) is also a radial Bessel process with parameter a and locally, around 0, both (Y,) and
(r —Y,) behave like a BES? (where d = 2a + 1). We shall make this a bit more precise.

For a Brownian motion B, we define

sinB, \ ¢ - ! 2
Mt=<, ‘) exp( — 2= ds %) (2.4)
sin B, 2 0 sin’(B,) 2

Set t, = inf{t : B, < eor B, > w — €}. Then, M, is a local martingale for t < 7, satisfying

dM, = acot(B;)M,dB;, M,=1.

We define a measure f’e such that if V' is a random variable depending only on B,,0 < s < t A 7,
then

Ep [V] = E[M,,. VI.
Then, the Girsanov theorem implies that

dB, = acot(B,)dt + dB,, t<t,,
where B, is a standard Brownian motion with respect to P.. We also note that if Y, solves (2.3),
then Y, hits {0, 7} a.s. when a € (—1/2,1/2), while it does not hit {0, 7} a.s. when a > 1/2.

Finally, we note the following about the relationship between ordinary and radial Bessel pro-
cesses. Let (X) and (Y) be solutions to (2.1) and (2.3), respectively, with X, = Y, = x € (0, %). Let
My x (resp. fi, ) denote the law of (X, )o<;<iar, (T€SP. (Y )o<i<iar,), Where Ty = inf{t > 0 : X, = %}
andT, =inf{t >0:Y, = E} Then, letting B be a Brownian motion and T = inf{t 0:B,= %},
there is a constant ¢ > 1, dependlng only on a, such that ¢ < M, /N, <cfor0<t<1AT,and
consequently, i; , and i, , are mutually absolutely continuous.

2.2 | Chordal SLE and SLE, (p) processes

Chordal SLE, processes, or more generally, SLE, (o) processes are random fractal curves growing
in a simply connected domain, between two marked boundary points. We recall their defini-
tions. Fixsome x > 0,letx, = (x;1,...,X; ) and x, = (x; g, ..., X, g), Where x; ; < -+ <x; 7 <0<
X) g <+ < X,p,and let P, = (p11>-+>P1) and Py = (P1,g> -+ Prr)» Where p; . € R for j €N,
q €L, R} Let (g;) denote t the solution to (1.1) Where W solves the following system of SDEs:

I}
dw, = Z Ll Ldt+2 — —dt + \/xdB, 2.5)
j=1 W VJ j=1 W V
avl=—=_dt, v%=x,, j=1,..,N, q€{L,R}
t Vi’q —Wl 0 J.q q
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where B is a Brownian motion and N; = [ and Ny =r. For each ¢ > 0, ¢, defines a conformal
map from the simply connected domain H, = H\ K, onto H, where K, ={z € H : T, < t} and

=inf{t >0 : ¢,(z) — W, = 0}. The solution to (2.5) exists until the continuation threshold, that
is, the first time ¢ > 0 such that i<k Pjq < —2 for some k> 0,q € {L,R}. Geometrically, this
means that the solution exists until the first time ¢ > 0 such that the hull K, has swallowed force
points whose total weight is at most —2. Almost surely, there is a continuous curve s : [0, ) — H
such that H, is the unbounded connected of H \ 5([0, t]) [41,50] and the curven isan SLEK(EL; ER)
process with force points (x, ; x,). The number p; , is called the weight of the force point x; ; and
it is often convenient to write p= (p Py ). The famﬂy of conformal maps (g,) is called the SLE (p)
Loewner chain and (K, ) its hulls. An SLE (p) process in a general simply connected domain D ¢
C is defined as the conformal image of an SLE, (p) taking H to D and the start and endpoints,
as well as the force points, to their corresponding points in dD. An SLE, process is an SLE, (0)
process (where 0 is the zero vector), that is, the curve generating K, when W, = \/EBt. The laws
of SLE, and SLE, (p) processes are mutually absolutely continuous away from the boundary of
the domain. B

Let n ~ SLE,. We now recall the phases of SLE, [50]. If 0 < x < 4, then 7 is a.s. a simple curve
that does not intersect the boundary away from its start and endpoints; if 4 < x < 8, then 7 a.s.
intersects; but never traverses, itself as well as the boundary and if x > 8, then 7 is a.s. space-filling.
Moreover, the Hausdorff dimension of 7 is d,, = min(2,1 + x/8) [6, 50], and the d, -dimensional
Minkowski content exists [34].

2.3 | Whole-plane SLE, (o)

Whole-plane SLE, (o) is a variant of SLE that describes a random growth process K; where, for
eacht € R, K; C Cis compact with C; = C \ K, simply connected (viewed as a subset of the Rie-
mann sphere). For each t, welet g, : C; » C\ D be the unique conformal transformation with
g;(00) = o0 and g/(c0) > 0. Then, g, solves the whole-plane Loewner equation

t+gt()

0,9,(2) = gz(z) t( )

90(2) = z, (2.6)

where the pair (O,, W,),cg is the unique stationary solution taking values in S' x S! that solves
the system of equations

dW, = —5w,dt + i7vxW,dB, + 2w(0,, w,)dt,
2 2
2.7
do, =¥(W,,0,)dt,
where ¥(w, z) = —zz+—w and B, is a two-sided standard Brownian motion with B, = 0. We will be
interested in the case When p = 2and x € (0,4]. The following proposition is a special case of [43,
Proposition 2.1] and guarantees that whole-plane SLE, (o) processes can be constructed.

Proposition 2.1. Forallx > 0and p > —2, there exists a unique stationary solution to (2.7) indexed
by R.
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2.4 | Radial SLE_(p)

Aradial SLE, (o) in D, targeted at 0 is a random growth process that locally looks like an SLE, and
grows from some point on dD toward 0. We denote the hull of the process at time ¢ by K, and let
g : D\ K; — D be the unique conformal map fixing 0 with g/(0) > 0. If we parameterize time so
that log g/(0) = ¢ for all ¢ > 0, then (g,) solves the SDE (2.6) with W given by the solution to (2.7).
Whole-plane SLE, (o) can be seen as a bi-infinite time version of the radial SLE, (o).

2.5 | Gaussian free fields

Let D C C be a simply connected domain with harmonically nontrivial boundary, let C;°(D)
denote the set of smooth functions, compactly supported in D, and let H,(D) denote the Hilbert
space closure of C;°(D) with respect to the Dirichlet inner product (f, g)y = % /D Vf(z)-
Vg(z)dz. The zero-boundary GFF h is the random distribution defined by h = 3, ., «,,¢,, where
(¢1)ns1 is a (-, -)y-orthogonal basis of Hy(D) and («,,),; is a sequence of independent N(0, 1)-
distributed random variables. Equivalently, one can define the zero-boundary GFF as the centered
Gaussian process h : Hy(D) — L*(P) with covariance kernel given by the Green’s function GDD
with Dirichlet boundary conditions on D, that is, E[(k, f)(h, g)] = /DxD f(z)g(w)GDD(z, w)dzdw.
By the conformal invariance of the Green’s function, it is clear that h is conformally invariant
as well.

An important property of the GFF is the domain Markov property, that is, if & is a zero-boundary
GFF and U C D is open, then the law of & restricted to U, given the values of h at U is that of
a zero-boundary GFF h; on U plus the harmonic extension of its values on dU to U. Moreover,
the zero-boundary part and the harmonic part are independent. In the same way, a GFF with
boundary data f is defined as the sum of a zero-boundary GFF on D and the harmonic extension
of f toD.

A GFF on D is not a function but rather a random variable in the space of distributions H~1(D),
the dual space of H,(D). Recall that there exists an orthonormal basis (f,),,5, of L*(D) consisting
of eigenfunctions of the operator —%A with Dirichlet boundary conditions, which we can (and
choose) to order so that the eigenvalues (4,,),,5, form a nondecreasing sequence of positive num-
bers. Then, H™! is the space of distributions 4 on D such that ;. A, (h, f,,)* is finite. Moreover,

the functions (¢,,),,»,, defined by ¢,, = /1;1/ 2 S, form an orthonormal basis of H,(D).

A free boundary GFF is defined in the same way, replacing H,(D) by the closure H(D) with
respect to (-, -)y of the space of functions f € C*(D) such that fD fdz = 0. As the free boundary
GFF is only defined on test functions with mean zero, it is not canonically defined in a space of
distributions, but rather in a space of distributions modulo additive constant. This can be reme-
died by fixing the value of the field acting on a specific test function hence fixing the value of
the additive constant. Equivalently, one can define the free boundary GFF in terms of its correla-
tions. We denote by Gg the Green’s function with Neumann boundary data on D and note that as
Gg(z, w) = —log|z — w| — log |z — w|. Then, the free boundary GFF in H is the centered Gaus-
sian process with covariance kernel given by GPNI. We define the free boundary GFF in any other
simply connected domain D as the conformal image of the one in H.

Remark 2.2 (Radial/lateral decomposition of a free boundary GFF). Let H,(H) (resp. H,(H)) be
the subspace of functions in H(H) that are constant (resp. have mean zero) on each semicircle
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centered at zero. Then, H(H) = H,(H) @ H,(H). The projection of a free boundary GFF & onto
H,(H) is given by the function h,(z) = h;(0) which takes the average value of h on the semicircle
of radius |z|, centered at zero, and is called the radial part of h. The function h, =h —h; = h —
h,.,(0) is the projection of h onto H,(H) and is called the lateral part of h. It holds that h; and h, are
independent and while h, is only defined modulo additive constant, h, has well-defined values.

Remark2.3. 1t will often be convenient to consider a distribution on the strip & = {z : 0 < Im(z) <
7}. In this case, we let H; (&) (resp. H,(&)) denote the subspace of functions in H(S$’) that are con-
stant (resp. have zero average) on each vertical line {x} X (0, 7). Then, H(S) = H,(S8) & H,(S).
Note also that if f € Hj(H), then f(z) = f(e?) belongs to HJ-(CS’), j=12.

Finally, we introduce the whole-plane GFF. Let H,(C) denote the Hilbert space closure with
respect to (-, -)y of the set of f € C{°(C) satisfying | fdz = 0. The whole-plane GFF is defined in
the same way as the zero-boundary or the free boundary GFF, but with the orthonormal basis in
the sum being that of H,(C). This defines a random distribution on C and as in the case of the free
boundary GFF, it is only defined modulo additive constant, until we fix a normalization.

Remark 2.4 (Radial/lateral decomposition of a whole-plane GFF). Just like in the case of a free
boundary GFF, we can naturally decompose a whole-plane GFF h into its radial and lateral parts.
Let H,(C) (resp. H,(C)) be the subspace of functions in H,(C) that are constant (resp. have mean
zero) on circles centered at zero. Then, H,(C) = H,(C) & H,(C) and the projection of h on H,(C)
is given by the function h,(z) = h,,|(0) that takes the average value of h on the circle of radius
|z| centered at zero. The projection h, = h — h;,(0) of h onto H,(C) is independent of h|(0). As
in the free boundary case, h; and h, are called the radial and lateral parts of h, respectively, and
while A, is only defined modulo additive constant, h, is well defined.

If h is a free boundary or whole-plane GFF and U is an open subset of its domain of definition,
then the restriction of h to U, conditional on the values of h on dU, can be decomposed as the
sum of a zero-boundary GFF on U and the harmonic extension to U of the values of 4 on dU.
This is the domain Markov property of the free boundary and whole-plane GFFs. Consequently,
we have that in the interior of the domain of definition, the laws of zero-boundary, free boundary,
and whole-plane GFF are absolutely continuous with respect to each other.

2.6 | Liouville quantum gravity

We now introduce LQG surfaces and their related measures. For more details, we refer the reader
to [11, 14, 21, 49]. Fix y € (0,2]. A y-LQG surface is an equivalence class of pairs (D, h), consisting
of a domain D C C and a distribution h € H i(D)T on D, where two pairs (D, h) and (D, h) are
equivalent if there is a conformal map 3 : D — D such that

h = hoy + Qlog |¢'], (2.8)

where Q =Q, =y/2+2/y.

" Recall that h € H;;1(D) if and only if h|y; € H™'(U) for each U cC D and that b, — h in H,_(D) if and only if h,,|;; —
h|y in H=Y(D) for each U cC D.
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One can also consider LQG surfaces with marked points (D, h, x4, ..., X,,), (D, h, X1, ..., X%,) and
consider them equivalent if they satisfy (2.8) and ¥(x;) = X, forall j = 1,..., n.

The surfaces of interest are those where the distribution & locally looks like a GFF. Consider
y €(0,2). For z € D and 0 < ¢ < dist(z,dD), we denote by h.(z) the average value of h on the
circle of radius €. The y-LQG area (or quantum area) measure with respect to 4 on D is defined as
the weak limit

u,(dz) = lg% ¢ /2erh@ gy, (2.9)

where dz denotes the two-dimensional Lebesgue measure. Similarly, if x € 0D and h_(x) denotes
the average value of 7 on 0B(x, €) N D, then on a linear segment of D, we define the y-LQG length
(or quantum length) measure with respect to & as the weak limit

v (dx) = lime””/ 4e5he() gy (2.10)

where dx denotes Lebesgue measure on 0D. (One can also associate with y-LQG a canonical
metric [9, 17, 44, 45], but we will not need this in the present paper.)

If (D, h) and (D, h) are related by 3 as in (2.8), then for all A C D, uz(A) = u,($(A)), that is,
My, is the push-forward uj; by 9. Similarly, v, is the push-forward of vj; by . This justifies the
definition of a quantum surface as an equivalence class. Note that this gives a way of measuring
the quantum length of boundary segments that are not linear by mapping the domain to, say, H
and measuring the quantum length of the image set. More generally, one can define the boundary
length of a curve in D by mapping the complement of the curve to, say, H and measuring the
quantum length of the image of the curve. It turns out that chordal SLE, (o) with x = y? curves
have well-defined quantum length [56] and by absolute continuity, so do SLE, -type curves started
in the interior of the domain, such as whole-plane SLE, and interior flow lines of GFFs.

The case y = 2 is critical, in the sense that the limiting measures produced from the above
renormalization procedure are trivial. Instead, one can, for example, define the critical LQG area
measure u? as the limit (2 — y)~'u” where (u”) are the subcritical LQG measures; as the derivative
of a certain martingale, subject to a limit; or as the limit of the exponential of field approximations
with the additional factor 4/log(1/¢). Each of the above examples give the same measure, modulo
multiplicative constant (see [4, 12, 13, 23, 27, 47]). Analogously to the last example of critical LQG
measure, we define the critical LQG boundary measure as the weak limit (see [21])

h(x)
2 13 _ e
o) =time -5

+ log(1/ e))ehe(x)dx. (21)
As in the case of area measures, we have that (2 — y)‘lvz - 2va weakly in probability, for
suitable h.

Remark 2.5. Throughout the paper, we will estimate moments of u;,(A) for various fields h and
sets A and we will repeatedly use [49, Propositions 3.5, 3.6 and 3.7] when h is a zero-boundary
GFF. However, these results concern fields with covariance kernel of the form K(z,w) = f(z —
w) for some positive definite function f, which is not the case for the zero-boundary GFF. A
zero-boundary GFF in a domain D has covariance kernel given by Gp(z,w) = —log|z —w| +
gp(z, w), where gp, (-, w) is the harmonic extension of the function ¢ ~ log [{ — w| from 8D to D.
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This presents no issue, as each set that will be considered when using the mentioned results will
be such that its distance to the boundary is at least a constant times its diameter, so that g is
bounded from above and below on said set. Then, by the Kahane convexity inequality (see [28,
Lemma 1] or [3, Proposition 6.1]), the analogous moment bounds follow.

Next, we define two classes of random surfaces that will be crucial in our analysis. Here, we
consider y € (0, 2].

Quantum cones: Fix some o € (—o0, Q) and define the process A; : R > Ras A, = B; + at,
where B, is a standard two-sided Brownian motion, conditioned so that B, — (Q — )t > 0 for all
t < 0 and unconditioned for t > 0 (so that B| [0,00) 18 @ standard Brownian motion). An ¢-quantum
cone is a doubly marked y-LQG surface (C, h, 0, o0) such that if 4 (0) denotes the average value
of h on 0B(0, s), then the radial part, that is, the process t — h,—(0) has the same law as A; and
the lateral part, h, = h — h,(0), has the law of the lateral part of a whole-plane GFF. We denote
the law of an a-quantum cone by QCone;’fjff. We note that if the marked points for a quantum
cone parameterized by C are taken to be 0 and oo, then the law of the field that defines the surface
is specified up to a global rescaling. The particular embedding that we have just defined is the
so-called circle-average embedding.

Sometimes, it is convenient to parameterize a quantum cone by the infinite cylinder €. An
a-quantum cone h with o < Q can be defined such that if X, denotes the average value of h on
the vertical line {t + iy : y € (0,2m)}, then (X_,), has the law of B, -(Q- a)t)s>o conditional
on E, —(Q—a)t <0 for all t > 0 for some standard Brownian motion B, (X t)>0 has the law of
(B; + (Q — a)t), for some standard Brownian motion B independent of B, and the law of h, =
h — Xge(.) is that of the projection of a free boundary GFF onto the space of functions in H(%) that
have mean zero on vertical lines. When we parameterize a quantum cone by € with the marked
points at Foo, the law of the field that defines the surface is specified up to a horizontal translation
of €. The particular choice of horizontal translation we have just described is called the first exit
parameterization for a quantum cone.

One might also embed the c-quantum cone so that the last time its projection onto H, (%) hits
the value O is at t = 0. This is the so-called circle-average embedding or last exit parameterization.
One obtains it by performing the coordinate change z — log z to an a-quantum cone parameter-
ized by C and it can be sampled as follows. As above, let X, denote the average value of the field
on the line {t + iy : y € [0,2x]}. Then, for ¢ > 0, (X;) has the law of (B, + (Q — a)t),,, where B
is a standard Brownian motion with B, = 0, conditioned so that B, + (Q — a)t > 0 for all t > 0.
Moreover, (X_,),( has the law of (I’B\I —(Q — a)t),5o where Bisastandard Brownian motion, inde-
pendent of B, with LA?O = 0. Furthermore, the projection of h onto H,(%) is sampled independently
of X from the law of the projection of a free boundary GFF on H,(%). The additive constant is then
chosen so that the average on [0, 27i] is 0.

Quantum wedges: Fix a € (-0, Q), and let A, be as above, but with B, replaced by B,,. An
a-quantum wedge is the doubly marked y-LQG surface (H, h, 0, o) such that if 4 (0) denotes the
average value of i on dB(0, s) N H, then the radial part t = h,—(0) has the same law as A, and
the lateral part h, = h — h|,(0) has the same law as the lateral part of a free boundary GFF on
H. We denote the law of an a-quantum wedge by QWedge;’f;‘f. We note that if the marked points
for a quantum wedge parameterized by H are taken to be 0 and oo, then the law of the field that
defines the surface is specified up to a global rescaling. The particular embedding that we have
just defined is the so-called circle-average embedding.

Again, an a-quantum wedge h with a < Q can be defined on the strip & such that if X; denotes
the average of h on the vertical line {t + iy : y € (0, 1)}, then X; is defined as in the case of
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quantum cones but with B, and B, replaced by B,, and B,;,and h, = h — X Re() has the law of the
projection of a free boundary GFF onto the space of functions in H($) that have mean zero on ver-
tical lines. When we parameterize a quantum wedge by & with the marked points at +o0, the law
of the field that defines the surface is specified up to a horizontal translation of &. The particular
choice of horizontal translation we have just described is called the first exit parameterization for
a quantum wedge.

Just as in the case of a quantum cone, we may parameterize the quantum wedge so that its
average on vertical lines process hits the value O for the last time at time ¢ = 0. In this case, the
projection onto H, (&) is defined as in the case of the quantum cone, but with B; and B\t replaced
by B,, and B,, and the projection onto H,(<&). Again, this is called the circle-average embedding
or the last exit parameterization of the quantum wedge.

We note that it is also possible to define a-quantum wedges for a € [Q,Q + y/2). The case
a € (Q,Q + y/2) was explained in [11, Definition 4.15]. The case a = Q is a bit special and will be
used extensively and it will be convenient to parameterize it by the strip & = {z : 0 < Im(z) < 7}.

A Q-quantum wedge is the doubly marked y-LQG surface (&, h, —o0, +00), the first exit param-
eterization of which is such that if X, denotes the average value of h on the vertical line {t + iy :
y € (0, 7)}, then (—X_; »)50 has the law of a BES?® with X, = 0, (X;/2)i>0 is a standard Brownian
motion, and the law of h, = h — Xy is that of the projection of a free boundary GFF onto the
space of functions in H(&) that have mean zero on vertical lines. We remark that in [20], the above
parameterization of a Q-quantum wedge is called the circle-average embedding.

Another way to parameterize the space of quantum wedges or cones is by a number called its
weight. The weight of an a-quantum wedge is defined as W = y(Q + y/2 — o) and the weight
of an a-quantum cone is defined as W = 2y(Q — «). This becomes convenient when cutting or
gluing quantum surfaces. The following was proven in [11] and states that one can cut a quantum
wedge W with an independent SLE, (o ; o) process into two quantum wedges W; and Wy, that
are independent and such that the sum of their weights is that of the weight of W. The law of a
quantum cone (resp. wedge) with weight W is denoted by QConeW—W (resp. QWedge )~ W) In

particular, we note that QWedge“‘Q QWedgeW 2,

Theorem 2.6 [11, Theorems 1.2 and 1.4]. Let y € (0, 2). Fix p;, pg > —2 and write qu 2+ pg
q €{L,R}, and W = W + Wp. Assume that W > y*/2 and let (H, h,0, ) ~ QWedge, W have
the circle-average embedding. Let 1) be an SLE, (o5 ; og) process from 0 to co in H with force points
at 0=, 0% and where x = y?, sampled independently of h. Let H; (resp. Hy) denote the union of
the components of H \ 7 that lie to the left (resp. right) of n and let W, be the quantum surface
defined by (Hq, thq,O, ) for q € {L,R}. Then, W; ~ QWedgew Wi , Wi ~ QWedge Wr , they
are independent of each other, and for each t > 0, the quantum length of the left side of 7([0,t])
coincides with that of the right side. Moreover, the pair (h,n) is a.s. determined by W; and Wy

Similarly, the following theorem on cutting a quantum cone with a whole-plane SLE, (o) was
proved in [11].

Theorem 2.7 [11, Theorem 1.5]. Let y € (0, 2). Fix p > —2 and write W = 2 + p. Let (C, h, 0, 00) ~
QCone;";:yW have the circle-average embedding and let n) be a whole-plane SLE, (o) process from

0 to oo in C, with x = y?, sampled independently of h. Then, the quantum surface W = (C\
1, hlg\y,, 0,00) ~ QWedgeyS,W and for each t > 0, the quantum lengths of the two sides of n([0, t])
coincide. Moreover, W a.s. determines (h,n), modulo rotation about 0.
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Next, we mention a result on cutting a critical LQG surface with an SLE, process.

Theorem 2.8 [21, Theorem 1.2]. Let (H, h, 0, c0) ~ QWedge;’,‘S4 and let n) be an SLE, process from
0 to o0 in H and independent of h. Let H; (resp. Hy) denote the component of H \ 7 to the left (vesp.
right) of n and let VW, be the quantum surface defined by (H, thq, 0, ) for q € {L,R}. Then, W;
and Wy, are independent, and have the law QWedge;’V:Z2 and their boundary lengths along 7 agree.

Finally, we record the following result on exploring a certain quantum wedge by an SLEg
process.

Theorem 2.9 [11, Theorems 1.5,1.9 and 1.11]. Let (H, h, 0, 00) ~ QWedgeWzl2 and letn’ be an SLEg
y:
process from 0 to oo in H sampled independently of h and then reparameterized by quantum area

(so that w,(n'([0,t])) = t for all t > 0). For each t > 0, the quantum surface parameterized by H
h
7'([0, t]) and marked by n'(t) and oo has law QWedgeW:\}E. Moreover, if we let L, (resp. R;) denote
y:

the difference of the quantum length of the part of n’ ([0, t]) N H to the left (resp. right) of ' (t) and the
part of ' ([0, t]) N 8H to the left (resp. right) of 0, then L and R are independent standard Brownian
motions. Finally, (L, R) a.s. determine (h,n’).

2.7 | Imaginary geometry

We will often use the so-called imaginary geometry coupling of SLE and a GFF. In doing this, we
consider the formal vector field e/, where h is some GFF with deterministic boundary data and
x=2/ \/_ - \/E /2 and view SLE, (o) processes, for x € (0, 4), as its flow lines, where the weights
and locations of the force points depend on the boundary data of A. In this coupling, the flow lines
are a.s. determined by /4 and they satisfy some convenient rules of interaction.

Similarly, one can couple SLE,(p) curves with h, in which case we call them level lines. They
follow similar interaction rules, but this case is easier to handle, since there is no winding term
(since y — 0asx — 4).

The imaginary geometry coupling was developed mainly in [41, 43, 56] and the level line cou-
pling in [54] as well as in [59]. We will not review the imaginary geometry or level line coupling
in any detail, but rather refer to [42, Section 2.2] or [46, Section 2.2] for an introduction.

We will often refer to SLE, (o) processes, x € (0,4) (resp. x = 4) as flow lines (resp. level lines)
and define flow lines (resp. level lines) of other angles (resp. heights) with the previous ones in
mind, without explicitly stating the boundary data, as it will be clear from the context.

3 | CRITICAL WELDING FOR QUANTUM CONES

In this section, we prove the following theorem. In order to read the remainder of the article, one
only needs the statement of the theorem, so the proof can be skipped on a first reading.

Theorem 3.1. Suppose that (€, h, —oc0,+00) ~ QCone},"f4 has the first exit parameterization. Let
11,71, be a pair of curves, independent of h, such that n, is a whole-plane SLE,(2) process in €,
from —o to +o0, and the conditional law of 1, given n, is that of an SLE, process in € \ 1, from
—oo to +o0. Furthermore, let D,, D, denote the two connected components of € \ (n, Un,). Then,



18 of 106 | KAVVADIAS ET AL.

the quantum surfaces (D, h|D1 ,—00, +00) and (D,, thz, —00, +00) are independent and have law
QWedgeX‘SZ.

We are going to deduce Theorem 3.1 from Theorem 2.7 by taking a limit as x T 4. There are
two sources of subtlety involved in taking this limit. First, while it is obvious that one has the
Carathéodory convergence of a whole-plane SLE, (2) run up to a fixed and finite time to a whole-
plane SLE,(2) asx T 4 due to the local uniform convergence of the corresponding Loewner driving
function, there is some work involved in ruling out pathological behavior of the curve near oo
in order to take a limit when the curve has been run for the full amount of time. Addressing
this issue is the main focus of Section 3.1. Second, while it is not difficult to see that the field
which describes the first exit parameterization using & of the two quantum surfaces to the left
and right of n; U, converges to that of QWedge},V:zz, one has to rule out degenerate behavior for
the horizontal translation that could come as one takes a limit of the conformal maps as above.
Addressing this issue is the main focus of Section 3.2.

3.1 | Carathéodory convergence
This subsection is dedicated to proving the following proposition.

Proposition 3.2. For x € (0,4], let n* be a whole-plane SLE, (2) process in C from 0 to co. Let ¢*
be the unique conformal transformation mapping C \ n* to H fixing the origin and oo and such
that Im(¢*(i)) = 1. Then, the law of (¢*)~! converges weakly to the law of (¢*)~! with respect to the
topology of local uniform convergence of conformal mapson Hasx 1 4.

As we mentioned above, the challenge in proving Proposition 3.2 is that ¢* is the uniformizing
map for the whole curve rather than just the curve drawn up to a finite time. In particular, it
does not immediately follow from the local uniform convergence of the driving function. In order
to circumvent this issue, we will use the fact that a radial SLE, (2) curve (which is defined on an
infinite time interval using the capacity parameterization) can be realized as a chordal SLE, (x — 8)
curve with an interior force point run up to a finite time that, in turn, can be realized as a reverse
SLE, (x) with force point located at 0 (see Lemma 3.7). We emphasize that the reason for doing
this is to transfer the problem into a matter analyzing an SLE-type curve at a finite time.

We now recall the definition of a reverse SLE, (x) process with force point at 0. Consider the
reverse Loewner differential equation

~ 2 ~
a ==, = Z. .
A== W=z (31)

For each t > 0, g, is the unique conformal map from H to H \ K, satisfying §,(z) —z > 0as z —

oo, for some family of compact H-hulls (K;). A reverse SLE, (k) process with force point at 0 is the
random curve generating the growth process K, when we solve (3.1) with (W,, V/,) given by

— X
aw, = xdB, — R - t,
= VxdB, {w—m>
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v, = _%dt’ Vo =0,
Vi-W,

where B is a standard Brownian motion. The centered reverse Loewner flow of the point z € H
is given by ﬁ(z) = §,(z) — W,. Much of the following discussion is carried out in the proof of 11,
Proposition 3.8]. We let Q, = V', — W, denote the reverse SLE, (k) flow of the force point and set
é\t =arg(Q,) and J, = logIm(Q,). Note that é\t and J, determine Q,. Then, making the random
time change ds(t) = |Q,|~2dt, we have that dJ, = dft(s) = 2dsand 6, = éz(s) satisfies

d6, = v/xsin(6,)dB, + 2 sin(26,)ds. (3.2)

That is, under this time change, the only randomness of (5 that remains is that of 6 which we
shall hence study. Moreover, as described in the proof of [11, Proposition 3.8], (3.2) has a reversible,
invariant measure u(du) = ¢, sin®(u)du, where a,, = 8/x — 2 > —1 and ¢, is a normalizing con-
stant. If we define the time change d3(s) = x sinz(es)ds, then (65_1@))90 solves (2.3) with a = 4/x,
that is, (85-1(5))s50 is a radial Bessel process. Consequently, in order to understand 0, it is natu-
ral to study the convergence of radial Bessel processes. This is done in Lemma 3.3. Moreover,
we shall also relate the driving pair of whole-plane SLE, (2) processes to radial Bessel processes,
and deduce its convergence as ¥ — 4 from that of the radial Bessel process. This is the content of
Proposition 3.4.

After proving Lemma 3.3 and Proposition 3.4, we turn to analyzing the stationary solution
to (3.2), in Lemma 3.5. This is then used together with Lemma 3.3 to deduce the convergence
of reverse SLE, (x) as x — 4, in Lemma 3.6. Next, we recall [11, Proposition 3.10], which describes
the relationship between reverse SLE, (x) and SLE, (x — 8). With this at hand, we describe how
to relate the convergence results from reverse SLE, (x) (and hence SLE, (x — 8)) to radial SLE, (2),
before finally proving Proposition 3.2.

Lemma 3.3. Foreachx € (0,4], let Y* be a solution to (2.3) with a = 4/x and denote by u* the law
of Y*, when Y[ is sampled from the invariant distribution of Y*. Then, as x T 4, u* converges to ut
weakly with respect to the topology of local uniform convergence on C([0, c0)).

Proof. Fix T > 0. We let uy. (resp. ,u;’T) denote the law of (Y[ )<y, Where Y| is sampled from
the invariant distribution of Y* (resp. Y§ =y € (0,7)). We shall begin by proving the weak
convergence of the measures (/,t;T) and then deduce the result for the measures (u7).

Assume for now that Y = y for all x. We couple the processes Y* as follows. Let B be a Brown-
ian motion with B, = y and let M* be given by (2.4) with a = 4 /x. Let also 7 be the first time that
B exits the interval (0, 7). Then, under the measure P,t defined by Pz [A] = E[1,M7] M], the law of
(Bost<r 18 ,u;T. Note that M7~ — M; .\ 8. asx — 4 and that E[M}.__] = 1for all x. By Fatou’s
lemma,

+ M?

4
+M TAT

2= Elliminf M}, + M}, — M5, — M}, || <liminf E[M

TAT - |M¥/\r _MTAT”

=2—1lim Sllp E“M;c“/\r - M';‘"/\Tl]’
K—

that is, lim sup,_, E[|[Mf, _— M3 |]<0and hence M¥, — M. _inL'(P).
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Let F : C([0,T]) — [0, 00) be continuous and bounded. Then,

[ PO = BB )M ) = BIFBdocrerM ] = |
c([o,T]) c(o,T

i),

proving the weak convergence of the measures (,u; )

Recalling that the invariant density of the process Y* is given by ¢, ,(y) = ¢4, sin®/*(y), we
have

aexn= [ i ;
/C([O,T]) Fda(f) /0 </C([0,T]) F() ’uy,T(f))l’bMK(y) Yy

and noting that ¢, /. < ¢, for all x € [1,4], we have that

‘( / F(f)d#;j<f>>¢4/x<y>
c([o,1])

uniformly in x € [1, 4]. By the weak convergence of ,u§ rto ,u‘y‘ > and the dominated convergence

2

theorem, we have that w7 converges weakly to /,t;. Since this holds for each T > 0, the result
follows. O

The next result is concerned with the convergence of the driving pair of a whole-plane SLE, (2)
asx T 4andrelies on Lemma 3.3. This is one of the main ingredients in the proof of Proposition 3.2.

Proposition 3.4. For x € (0,4], let (O, W*) be the unique stationary solution to (2.7) with p =
2 (recall Proposition 2.1). Then as x 1T 4, we have that the law of (O*, W*) converges to the law of
(0%, W*) weakly with respect to the topology of local uniform convergence on continuous functions
R — Sl xSL.

Before proving Proposition 3.4, we note the following. Assume that ¥ € (0,4], p = 2 and let
9, = arg(W,) — arg(0,), where (O,, W,) is the driving pair of a whole-plane SLE, (2) process. Then
9 solves the SDE

9
ds, = \/xdB, + 2cot<?[>dt, 9, € [0,27). (3.3)

We note that a solution to (3.3) can be obtained by starting with a solution Y to (2.3) with a = 4/x
and then setting 9; = 2Y,,; ,. Consequently, Lemma 3.3 implies that if $* is a solution to (3.3),
started from its invariant distribution (which has density ¢, /K(y /2),y € (0,27)),thenasx 1 4, the
law of 9% converges to that of 94 weakly with respect to the topology of local uniform convergence
on C([0, 0)).

We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. Let (O, W*) be the unique stationary solution to (2.7) indexed by R
with p = 2 and x € (0,4]. Let also v, be its unique invariant measure. One can find v, explicitly
as follows. Let (O;, W), be a solution to (2.7), with (Oy, W,) sampled from v,.. For any fixed
u € [0, 2r), the process (0,e™*, W[e"“)tzo is also a stationary solution to (2.7) and by uniqueness,
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(09, W) 4 (0ge'™, Wye). In particular, the laws of W, and We' are the same for allu € [0, 27),
and consequently, W, is uniformly distributed on the circle S'. Noting also that §, = arg(W,) —
arg(0,) is the unique stationary solution to (3.3), we can sample a pair (O, W,,) from v, by first
sampling W, from the uniform distribution on dD and then sampling §, independently of W,
from the invariant measure of (3.3) and setting O, = W e ™.

By the above construction, together with Lemma 3.3, it is clear that v, converges weakly to v,
as x 1 4. Note that if (O, WF),, is started from (e”,e'*) for some fixed x,y € R with x —y €
[0, 277), then the law of (OF, WF),,, on C([0, 00) — S! x S') converges to the law of (OF, W}, as
x 1 4. This can be seen by combining the weak convergence of the law of 3; = arg(W}) — arg(O})
as x T 4 with the way that (Of, W[),., can be obtained from §* as already explained. Thus, the
weak convergence of v, to v, as x T 4 implies that (Of, W), , converges weakly to (Of, W), as
x T 4 when (Og, W) has law given by v,. Since the processes (0%, W¥ ), and (Of, W), have
the same law on C([0, c0) — S' X S'), we obtain that the law of (OF, W[),cg on C(R — S' x S')
converges weakly to the law of (OF, W}),cg asx 1 4. O

Next, we analyze the stationary solution to (3.2).

Lemma 3.5. Let (6,),cg be a solution to (3.2) for x € [1,4], started from its invariant distribution.
Then there exists a universal constant ¢; € (0,1), uniform in x € [1, 4], such that for all ¢ € (0,1]
with probability at least 1 — ¢, c it holds that

_ 3|s| 3ls|
O, €lce 2, m—ce 2], forall seR.

Proof. The strategy of this proof is rather standard: we note that a time-changed version of 6
behaves like a Bessel process of dimension 1 + 8/x when close to the endpoints 0 and 7 and then
deduce the necessary inequalities using the Brownian scaling of the Bessel process.

Fix ¢ € (0,1). We let (X,) = (X*) be a BES'*®/* with X, =1 and define the random times
T,=inf{t >0:X,<e'}and T, =inf{t >0 : X, > e}and T = T, A T,. We recall that (X,) can
be obtained by weighting the law of a Brownian motion started at 1 with the local martingale
N, defined in (2.2) and that this induces a coupling of Bessel processes with different dimen-
sions corresponding to different x. We will omit x in the notation throughout, but keep in mind
that it is a central parameter for the processes. For a Brownian motion B with B, =1, and
analogously defined times T%, T%, and T, the event {8¢? < TJ < T%} has positive probability
and since Ng, r5 > e—4—a8et uniformly in x € [1,4], and hence, there is a 0 < p < 1 such that
P[8e? < T, < T,] = p for all x € [1,4]. Since (X;) and (r~'X,.,) have the same law, this implies
that if X starts at ce™", then with probability at least p, X hits ce™"*! before ce™"~! and after at
least 8ce~2("~1) ynits of time.

Let 8 be the time-change above and let @u = 55_1(u). Fix some n €N and let ny =n+
[log(r/2c)]. By the absolute continuity of 6 and X, there is a constant ¢,, uniform in x €
[1,4], such that if 8 starts at ce~"*/, then with probability at least ¢, p, it hits ce™*/*1 before
ce~"*J=1 and does so after at least 8c2e?(1+J=") units of time. Assume that we are working on this
event and let 8, = ce™"J, T;=inf{t >0 : 6, & [ce™"t~1 ce~mti+1]} and r;=p(T;). Thenr; <
T jxcsin®(ce 1) < T;2xc?e?U+1=") and r; > 8¢2e?U*1=m, which together imply that T; > 1.
Thus, there is some constant g > 0, uniform in x € [1, 4], such that if 50 = ce"tJ, then with prob-
ability at least g, 8 hits ce~"*+/*! before ce="*/~! and after at least 1 unit of time and by the Markov
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property of 6, with probability at least 1 — (1 — q)", there is at least one j € {0, 1, ..., n,} such that
this occurs. Moreover, by absolute continuity, there is a constant c¢; > 0, independent of ¥ and

n, such that P[0 hits ce™ 3 before it hits % |8, = ce™"] < c;P[X hits ce™ 3 before it hits% | X, =
ce ™ S e_g, where the implicit constant can be taken independent of n, x, c.

From the previous paragraph and Markov property of 6, if o is a stopping time such that
6, =e"ando* = inf{t > 0 : §, = e "%}, thenPlo + 1 < o+ <o~ | F,] > q. Applying this
result to 0 = o, =inf{t >0 : 51 efe S e S 0<s < L |, we obtain that there is some
constant p € (0, 1), independent of ¢ and «, such that for each n €N,

~ 3n 3n ~
P[GS € [ce_T,ﬂ _ ce_T] forall s € [0,1] |8, = ce—”] >1-p", (3.4)

so by the Markov property and the fact that (6,) and (7 — 5,) have the same law, (3.4) holds uni-
formly in 6, € [ce™,m — ce™"]. Comparing with the invariant density of (3.2), we have for all

—_~ 8
s> 0thatP[6; € [ce™S,r —ce S]] =1 — clce_(Z_l)S, where c; isindependent of c and x and by the

~ ~ 3n 3n
above, this implies that the probability that8,, € [ce™, 7 —ce™"]and 6, ,, € [ce” 2,7 —e 2 | for
all s € [0,1] is at least 1 — ¢p" for some p € (0, 1). Summing over n gives the result for s > 0. For
< 0, the claim follows since (es)s>0 and (GS)KO have the same law. O

We now turn to proving the convergence of reverse SLE, (x). The discussion in the beginning
of the section gives that if 6 is a stationary solution to (3.2), then letting Q¥ = e25(cot(6 )+1i)
and making the random time change §(t) = inf{r € R : /’_ |Q*|>du > t}, the process Q" = Qﬁt)
has the law of the flow of the force point of a centered reverse SLE, (k) with force point 0. Let

also VV\’; be the driving function of the latter reverse SLE, (x) process. (Note that on the event
_ 3ls| 3lsl
that 6, € [ce_T, T — ce__] for all s € R, which has probability at least 1 — c;c, we have that

f |Q"|2du < oo and / |Q | |2du = 0. Consequently, sending c to 0, the process QK =
well defined.)

s
QSU) is

Lemma 3.6. Forx € (0,4], let 0" be the stationary solution to (3.2), let Q%, O*, and W* be as above
and define /T\"A= [_OOO/LQZPdu =inf{t >0 : Im(@;‘) = 1}. Then the law of (T*, %, W*) converges
to the law of (T*, Q*, W*), weakly on R x C([0, o)) X C([0, )) asx T 4.

Proof. Recall that under the time-change 5*(r) = x for sinz(gu)du, (5(@{)_1@),}0 solves (2.3) and
is started from the invariant distribution of (3.2). By the argument at the end of the proof of
Lemma 3.3, we obtain that the law of GKﬁK) 1) COVErges to the law of 6* (8910 weakly with respect
to the topology of local uniform convergence as x 1 4 and by the form of 8, the law of 6~ converges
to the law of 8% in the same way.

For n €N, x € [1,4], we let F,, be the event that gﬁn € e, 7 —e "] and that afn_t S
3n 3n
[e"2,m—e 2], for all t € [0,1]. The proof of Lemma 3.5 implies that there exists a universal

n=N" n,x
all N € N. We observe that there exists a finite universal constant A, independent of N and «, such

that if % F, . holds, then we have that / |Q¥|2ds < Ae™™ and |Q¥| < Ae®, for all s < —N.
Together with the weak convergence of the laws of 6, we obtain that the law of (T*, 5%, Q, 5")
on R x C([0, 0)) X M x C(R) converges weakly to the law of (T%,5*, Q*, 6%) as x 1 4, where M is

N
constant p € (0, 1) independent of n and x such that P[Ffl K] < p"andsoP [U°° F¢ ] < fi—p, for
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the space of functions f € C(R) such that lim,_,__ f(x) = 0, endowed with the norm || f]||,; =
sup,o |f (O] + 2;":0 27" min(1, sup;g(p n41] [/ (1), making M a complete metric space. By com-
bining the above observations, we obtain that the law of (T*, 0%, W) on R x C([0, )) X C(]0, ))
converges weakly to the law of (7%, 3%, W*) as « 1 4. O

The next lemma was proven in [11] and gives us a way to compare SLE, (x — 8) and reverse
SLE, (x) processes.

Lemma 3.7 [11, Proposition 3.10]. Fix x € (0,4], r > 0 and sample z, = x + ir so that arg(z,) is
given by the stationary solution to (3.2) and then sample a forward SLE, (x — 8) process with force
point located at z, and let (f;) denote its centered Loewner chain. Then, the evolution of f,(z,)
considered in the time-interval from 0 to inf{t > 0 : Im(f,(z,)) = 0} has the same law as Q\fr—t for

t €|o, T\r], where Q\t is the evolution of the force point of a reverse SLE, (x) with force point located
at 0 and T‘r =inf{t >0 : Im(@) =r}

Now, fixing x € (0,4], Lemma 3.7 gives us another way of sampling a quadruple
(z,.,T*, Z*,W™), consisting of a point z, = cot(6*) + i, where 6* is sampled from the invari-
ant measure of (3.2), the centered flow Z* of the force point of an SLE,(x — 8) with force
point z,, the driving function of said SLE,(x — 8), and the time T* at which the flow of force
point hits the real line. The new way to do it is by sampling a pair (Q¥, W*) consisting of
the evolution of 0 and the driving function of a reverse SLE,(x) with force point at 0, let-
ting T = inf{t > 0 : Im(@‘) = 1} and then writing Q\’;’" = é%_t, ﬁ/\f’° = W/ﬁﬁ_[ - V/V’TiK for 0 <
t < T*. Then, (@’5"’,?",@"@,17[/\"@) has the same law as (z,, T*, Z*¥, W¥), and since the former
converges weakly to (63"’, T‘“, @4’°, fV\“"’), as ¥ 17 4, we have that the latter converges weakly to
(24, T4, Z4, WH).

We now turn to the convergence of radial SLE, (2). Suppose that we have the above setup and
fix a sequence (x,,),en in (0,4) such that x,, T 4 as n — oo. By the Skorokhod representation the-
orem, we can find a coupling such that (z, ,T*, Z*, W ) converges to (z,, T*,Z*, W*) as. Let
(Kf" Jo<t<Trn and (g[x "o<t<rn b€ the family of compact H-hulls and the Loewner chain, respec-
tively, corresponding to the driving function W:{ ". We also consider the conformal transformation

% : H — Dsuch that *2(0) = —i and (2, ) = 0. In particular, we have that " (z) = —Zx" Z;Lll

where G, = i sin?(6%n) — sin(6%) cos(6%) and d,{n = sin?(6%») — i sin(6%) cos(6%). For 0 < t <

T*n, we let ¢f" : H — D be the conformal transformation such that Ff" = f” o g[K” o (Prn)~L

D\ ¢ (Kf”) — D satisfies (F:(" )'(0) > 0 and Ff" (0) = 0. Set zf” = gf "(z,,), yf" = Im(zf” ), and

Xn
Z—Z . .

—+—. We consider the time
Z—Z

t

note that there exists a unique Af" € 0D such that ¢f”(z) = Af”

3 t*n(s) 4(y;<n )2 p
S = —Kn T S
0 |z," — W

N

change, t*», as the solution to

and we set §SK "=F :{K’; ) ﬁ/f" = ¢f,:‘n (S)<W:<K’; (S)> and ff" =y (K;"n (S)). Then, by [55], we know

that (K. )s>0 has the law of the hulls of a radial SLE, (2) process, 7, in D starting from —i
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and targeted at 0 with the force point located at *»(c0), and we parameterize #*» by log of the
conformal radius as seen from 0. The driving pair is given by (1", W." )ss0 Where I = /lf,?n )

With probability 1, W* converges to W* locally uniformly as n — oo, and thus, by the argument
used to prove [33, Proposition 4.47], we obtain that a.s.,

sup (g5 (2) = (¢) 7' (2)| = O,

0<s<t, zeK

asn — oo, for all 0 < t < T* and every compact set K C H. By the choice of the coupling and the
above transformation formulas, we also a.s. have that

sup (@)@ - GH@)| -0,

0<s<t, zeK

asn — oo for each compact subset K C Dand all ¢ > 0. For all s > 0, let f:" : D\ 7*([0,s]) > D
be the conformal transformation such that f;{” (0) =0 and f;‘" (7n(s)) = —i. We fix e!® €D\
{—i} and set

S¥n =1 Ainf{s >0 : If"(W";")_l = ¢l(®+7/2)y,

Note that P[S*» < 1] > 0, for each n € N and that conditional on the event {S*» < 1}, 7% =

f;fzn (ﬁ%n |[§Kn’oo)> has the law of a radial SLE, (2) in D starting from —i and targeted at 0 with

the force point located at e’. Combining with the above convergences, we obtain that for each
compact set K C D, it a.s. holds that

sup| (75, ) 7@ = ()@ » 0 as - oo

For x € (0,4], let a* be the square root in H of —i(1%*)~! € dD with 1* = 1*(c0) and consider
the conformal transformations B* : H — D with B*(z) = A* 2:2‘: and ¢* = B* o f%, o ()7,
where f7.(z) = g;.(z) — WF,. Note that ¢* maps D\ 7* bijectively onto D with ¢*(0) = —i,
P*(¥*(o0)) = P*(c0). We also consider the conformal transformation F* : D \ #* — D with F* =
¢* o (fs’ik)‘l. Then, F*(0) = —i and F¥(e!¥) = ¢*(c0) on the event {S* < 1}. The above also implies
that (F*»)~! converges locally uniformly to (F*)~! asn — oo a.s.

With the above in mind, we prove Proposition 3.2.

Proof of Proposition 3.2. Suppose that we have the above setup and let (x,),c be a sequence as
above. Fix t € R, let (O*, W) be the driving pair and (¢*) be the Loewner chain corresponding
to n*. We construct a coupling of the curves n*» as follows. By Proposition 3.4 and the Skorokhod
representation theorem, we can find a coupling such that a.s. (O*», W*n) converges to (0%, W*)
uniformly on compact subsets of (—oo, t].

Letnn | _ ¢ be the curves with driving pair (O*n | _g, 1, W*n|(_c ¢))- Let S* be defined as above,
but with e’® replaced by —i(O¥)~'W*. Note that since (O;", W;") — (0, W#) as n > oo a.s., each
convergence above remains valid in the case when restricting to (—oo, t]. Then we set n*»(t +

iw

5) = (gtk ny~1 (— C ) for s > 0 where #*» is independent of #*» [(—co,]- The conformal Markov

7n(s)
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property of whole-plane SLE, (2) implies that 7%, conditioned on the event {S*» < 1}, has the law
of a whole-plane SLE, | (2) from 0 to oo conditioned on the event {S*» < 1}.

Let Gf : D — D be the unique conformal transformation such that G} (p*(c0)) = —in(Of)‘l,
G/(i) = iand G} (—i) = —i. The above observations imply that (F*» )y lo (Gf” )~! converges locally
uniformly to (F*)~! o (G;‘)‘1 as n — oo a.s. We also consider the conformal transformation ¥y :
C\ (B(0,e") U fr(m*li1,00))) = C\ B(0,e"), where

—ie'Wy

(G;‘oF’f)(—ietW;{ >

z

Pi(2) =

and f¥ : C\7*((—o0,t]) > C\ B(0,e') is the conformal transformation given by f}(z) =
e' gf(z). Moreover, we set 6% = —arg(Of(W;‘)‘l)/Z and we consider the conformal map wy :

C\ B(0,¢!) — H given by

_igk igk
ele 191 ezel

z
x —
wi(z) = =

Since (O*n, W*n) converges locally uniformly on (—c0, t] to (0%, W*) as n — oo a.s., deterministic
estimates for the whole-plane Loewner equation imply that (f f”)‘l converges to (f{)~! locally
uniformly as n — oo. Therefore, we obtain that the inverse of cof" o gb:‘" of :{" converges to the
inverse of w} o 3 o f7 locally uniformly as n — oo a.s.

Since n*((—oo, t]) has conformal radius e’, by applying [11, Proposition 9.11], we obtain that
7*((—o0, t]) C B(0, 4e"). Also, 7*l(t,00) has the law of a radial SLE, (2) in C \ n*((—oo0, t]) and since
radial SLE,(2) does not hit fixed points for x € (0,4], we obtain that i ¢ (|J,,cn 7" ((—00,t])) U
7*((—oo,t]), a.s. for all t sufficiently small. Therefore, the maps ¢* are well defined and
Im((w;" o 3" o f;")(i)) = Im((w} o P? o f1)(i)) asn — co. Finally, we observe that

» (wf o Pf o f{)(2)
¢ (2) = PR
Im((wf o ¢f o fI)D)
and so (¢*)~! converges to (¢*)~! locally uniformly as n — oo a.s. Since the sequence (x,,) was
arbitrary, the proof is done. O
3.2 | Convergence of quantum surfaces

Most of this subsection is dedicated to proving the following.

Proposition 3.8. Suppose that (€, h, —c0, +00) ~ QCone:,’V;Z4 has the first exit parameterization
and let 1) be an independent whole-plane SLE,(2) in €, from —oo to +oc0. Then the quantum surface
parameterized by € \ 1 has law QWedge:’N:Z“.

Proposition 3.8 is the key result needed in proving Theorem 3.1, and before proving it, we show
how to use it to deduce Theorem 3.1.
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Proof of Theorem 31. Let ¢,: € \n — & be a conformal map with ¢,(—o0) = —o0,
¢.(+00) = +o00 and set h* = h o ¢, +2log|(¢,")'| and T* = inf{t € R : hj(t) = 0}, where h}
is the projection of h* on H,(&). Then, writing h* = h*(- + T*), Proposition 3.8 implies that
(S, h*, —c0, +00) ~ QWedge}N::;‘. We note that conditional on 7,, 7 = ¢,(n,) has the law of an
SLE, from —oo to +oo in &'. Moreover, by the scale invariance of SLE,, the law of 77+ T* is that of
an SLE, process as well.

For j=1,2, we set ﬁj =¢.(D;)+T" and let y; : ﬁj — & be a conformal transforma-
tion such that 1;(—o0) = —co and %;(+c0) = +co. By Theorem 2.8, (ﬁl,fﬂﬁl, —00, +00)
and (D,, I/fz\*| by~ +o00) are independent quantum surfaces, and hence, the same is
true for (Dl,h|D1,—oo,+oo) and (Dz,hIDZ,—oo,+oo) as well. Furthermore, if we for j =
1,2 parameterize h* o 1/)}71 + 2log |(¢j—1)’ | to have the first exit parameterization, then
(S, h* o 1,[)]._1 + 2log |(z,bj_1)’|, —00,400) ~ QWedgey’:zz. Finally, letting ¢; : D; — & be the con-
formal map defined by ¢;(z) =9;(¢.(z) —T*), we have that h* o z,bj_l + 2log |(1,bj_1)’| =
ho qaj‘l +2log |(goj_1)’ |. Thus, the proof is complete. O

We now turn to the proof of Proposition 3.8. Fory € (0, 2], welet (%, h’, —c0, +00) ~ QConeXV:y4
and 7’ be a whole-plane SLE,(2) from —oo to +oo in €, where x = y2. For each y € (0, 2), we
know that the surface parameterized by € \ #” has law QWedge;V:y“. In proving Proposition 3.8,
we shall take a limit as y — 2 and show that the limiting object has law QWedgey’;},“. The main
hurdle in proving it is to make sure that the conformal maps embedding the quantum surfaces
into & do not degenerate as y — 2. We shall be more precise. Let ¢, be the unique conformal map
from € \ n” to &, fixing +00 and such that Re(qb},(%”)) = 0. Then, by the Skorokhod representation
theorem and Proposition 3.2 (as well as composing and precomposing with log z), one can find
a coupling in which ¢, — ¢, locally uniformly as y — 2. However, the maps ¢, do not specify a
certain embedding of the resulting quantum surfaces. So, if we want each of them to have the first
exit parameterization, we need to translate them properly. Here is where the problem can arise:
we must prove that the first hitting time of 0 for the average on vertical lines process does not go
to infinity as y — 2.

Throughout this section, we fix some ¢ € C°($) with /. s $(2)dz = 1. One of the key ingre-
dients in the proof of Proposition 3.8 is that for fixed c,, we can find c¢; > 0 such that with
sufficiently high probability, {x € R : |(h"(- + x),$)| € [—cy, o)} C [—c;,¢1], see Lemma 3.12.
This gives the tightness of the law of the first hitting time of 0 for the average on vertical lines
processes corresponding to the surfaces embedded into & by the maps ¢, above and ensures that
the conformal maps embedding the surfaces according to the first exit parameterization do not
degenerate.

We begin by proving a variance bound for a free boundary GFF h (Lemma 3.9), which we will
use to prove that |(h,, ¢(- — x))| and |(h!, ¢(- — X)) — a,x| (where a, = 4/y —y/2) do not grow
too quickly in x (Lemmas 3.10 and 3.11). This immediately gives Lemma 3.12.

Lemma 3.9. Let h be a free boundary GFF on the strip § with the additive constant fixed so that its

average over {0} X [0, 7] is equal to 0. Then there exists a finite constant Cy, > 0, depending only on
¢, such that

var[(h, ¢(- + x)) — (h,¢(- + YD < Cy4lx —y|, forall x,y €R.
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Proof. Set K = supp(¢), r = dist(K,88)/2> 0, and K; ={z € & : dist(z,K) <r}. Fix x,y € R
and suppose first that |[x — y| > r. Let h; (resp. h,) be the projection of i to H,(S§) (resp. H,($))
and note that var[(h, ¢)] < co. Note also that (hl(g))ueR has the law of a two-sided standard
Brownian motion with h;(0) = 0. Then, we have that var[(h, ¢(- + x)) — (h, $(- + ¥))] is at most

3(var[(h, ¢(- + x)) — hy(x)] + var[hy(x) — iy ()] + var[(h, ¢(- + y)) — by (Y)D).
Note that, since h, is translation invariant, the first and third terms of the above sum are both equal

to var[(h, ¢)]. Moreover, var[h,(x) — h;(y)] = 2|x — y|, and thus, setting C = 2 + 2var[(h, ¢)]/r,
we have

var[(h, ¢(- + x)) = (h, ¢(- + )] < C|x — y|.

Now suppose that |[x —y| < r. Then, by doing a change of variables and using that for u € R,
Gh(e* ™", e ") = 2u + Glj(e%, "), we have that

varl(h, (- + %)) — (¢ + )]
- / / N, )z + x) — $(z + PG + x) — (w + y))dzdw
SIS

—2(x—y) /K /K SD)(G(W) — $w + y — x))dzdw
/ / GN VA w _ _ _ _
; N (e, e )B(D)2(w) — $(w + y — x) — $(w + x — y))dzduw.
K, Jk,

Then, the result follows by noting that le le |GIN{(€Z,ew)|dzdw < o and that |$(z) — $(w)| <
19/l oz — w| forany z,w € §. -

We now prove the bound on the growth rate of |(h,, ¢(- + x))|.

Lemma 3.10. Let h be a free boundary GFF on & with additive constant fixed as in the previous
lemmaandleth = h, + h, be its decomposition as above. Fix § > 0. Then there a.s. exists a (random)
constant C > 0 such that

(hy, (- + )| < C(x|3*8 +1), forall x €R.

Proof. We begin by noting that if we let Y, = (h, ¢(- + x)), then by Lemma 3.9 and the Sudakov-
Fernique inequality,

E[ sup Y[] < CE[ sup Bt] < CVT,

0<t<T 0<t<T

where B, is a Brownian motion, where the last inequality follows by Brownian scaling and since
E[sup,<; B;] is finite. By applying the same argument to the Gaussian process (=Y )o</<1> W€
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obtain the same upper bound but with Y replaced by —Y. Consequently, by Markov’s inequality,

1 ~
P[ sup |Y,| > Tz+5] < CT%. (3.5)

0<t<T

1
By the Borel-Cantelli lemma, applied to the sequence of events {supy, .« |Y;| > 2kG oy
(since (3.5) implies that the sum of the probabilities of those events is finite), we have that there

1
a.s. exists a random n, € N such that for all n > n,, supgg;on |Y,] < 2"3*9)_ Thus, we see that
there exists some random, a.s. finite constant C > 0 such that

~ 1
IY,| < C(Jt12*° +1), forall teR.

Finally, the law of the iterated logarithm implies that there exists a finite random constant C; > 0
such that

1
I ()] < C,(11]12%° +1), forall te€eR,

andsince |(h,, ¢(- + x))| < |(h, ¢(- + x))| + |(hy, ¢(- + x))| for each x € R, the claim of the lemma
follows. O

Next is the corresponding bound for hi’ rather than h;’.

Lemma 3.11. Fixy € [1,2] and let (§,h?,—o0,+0) ~ QWedge}‘,"S4 have the first exit param-
eterization and set a, = ;1: - % Let h}l' be the projection of h” to H,(S). Then for all € € (0,1)

and & € (0,1), there exists a finite deterministic constant C > 0 independent of y such that with
probability at least 1 — €, we have that

L
I(h], (- = x)) —a, x| <C(|x|2"° +1), forall x€R.

Proof. Note that h}ll can be sampled as follows: Let B, B be two independent standard Brownian
motions starting from 0 and set

T? =sup{t >0 : B,, — a,t =0}

T7 is well defined since a,, > 0 and hence B,, — a,t — —oo ast — +oo, a.s. We consider the pro-
cess Y/ = By — @, (t + T7) for ¢ > 0. Then we set b/ (¢) to be equal to By, + a,t for t > 0 and
equal to YL for t £ 0. We also let h, be given by the projection to H,(S) of a free boundary GFF
on & that is independent of B and B.

We have thus constructed a coupling of (h), [, 5 by setting h” = h)1/ + h,. We claim that under
this coupling, a.s. there exists a random finite constant C > 0 such that

1
sup |R](u) — aul < C(Jul2*° +1), forall ueR.
7€[1,2]

Indeed, we note that the law of the iterated logarithm implies that a.s. we can find a random finite
constant C; > 0 such that

— 1
max(|By, |, |By ) < C; (2% + 1), forall ¢ 3 0.
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Note also that 1 = a, < a, <ay =7/2 for all y € [1,2] and so T? > T” > T'. By enlarging C, if

necessary, we can assume that a, T" < 4T? < Cy, forally € [1,2] and since h{(u) —a,u = B,, for
u > 0and hi’(u) —au= Ez(Ty_u) —a, T7 for u < 0, there exists a finite random constant C, > 0
such that

|h (W) — a,ul < <C(julz* +1), forall ueR.

Since o, u = / s ayud(z —u)dz for u € R, we obtain that we can find C > 0 independent of y €
[1, 2] such that with probability at least 1 — €, we have that

1
sup [(h],¢( —w) —a,ul < C(|ul2*° +1), forall u€eR,
7€(1,2]

under the coupling we have constructed. Thus, the proof is done. [

We now deduce the key to the tightness needed in the proof of Proposition 3.8.

Lemma 3.12. Fix € € (0,1) and c, > 0. Then there exists a constant c; > 0 such that the fol-
lowing is true for all y € [1,2]. Suppose that (§,h",—o0,+00) ~ QWedgeW * has the first exit
parameterization, where o, is asin Lemma 3.11. Then,

Pl{xeR: (W(+x),¢) € [—coscol} C [—cp,01]1 > 1 —e.

Proof. Fixe € (0,1) and 6§ € (0, %). Then by Lemma 3.10 and Lemma 3.11, we obtain that there
exists a finite constant C; > 0 independent of y € [1, 2] such that with probability at least 1 — ¢,

(7 (- + ), ) — aul < |(R] (- +u), §) — atyul + (R +w), )| < <Cy(lul 7 + 1),

Hence, by the reverse triangle inequality

1 (- +
|u|2 °< 4C; + M <4C, + (W (- +u),¢)|, forall |ul>1
ful=*
1
1
By setting ¢; = max{ 1,(4C; +¢g)27° } the result follows. I

Before finally proving Proposition 3.8, we prove that the distributions of the corresponding
quantum surfaces converge weakly in law.

Lemma 3.13. Let € be the infinite cylinder and fory € (0,2], let (€,h?,—o0, +00) ~ QConej‘,’V y4

have the first exit parameterization. Then the law of h” on H|_ 1(%”) converges weakly as y 1 2 to
the law of h®. The same holds if we instead consider (§,h?, —c0, +00) ~ QWedgeW =4 with the first
exit parameterization.

Proof. We prove the claim only in the case of quantum cones, and the proof of the other case is
similar. We will construct a coupling of (hy)ye(O,Z] such that i — h?asy 1 2in H i(%) a.s. and
that will complete the proof of the lemma.
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Let h, be the projection of a free boundary GFF on & (with the additive constant fixed so that
its average over {0} X [0, 2] is equal to zero) to the space of distributions that have mean zero on
vertical lines. Let also B, B be two independent standard Brownian motions with B, = B, = 0 and
such that they are both independent of h,. Set &, = 2/y and T7 = sup{t > 0 : B, - a,t =0} < oo
and consider the process Y,}; =By u— ocy(u + T7) for u > 0. We also consider the process X7
indexed by R given by X}, = B, + a,u for u > 0 and X}, = Y’ for u <0.

We sample h? by setting its projection to H, (%) to be equal to X” and its projection to H,(%) to
be equal to h,. Note that in the coupling we have constructed, T? — T2 a.s.,as y 1 2 and thus a.s.
X7 — X? uniformly on compact subsets of R, as y 1 2. Therefore, we obtain that a.s., i¥ — h?in
ngi(%”) asy 1 2. O

Finally, we can prove Proposition 3.8, which will be used to deduce Theorem 3.1. Here, we will
need Proposition 3.2.

Proof of Proposition 3.8. Step 1. Setup. For y € (0, 2], we let (¢,h?, —00, +0) ~ QCone},’V::y4 have
the first exit parameterization and let 7" be a whole-plane SLE, (2) from —oo to +o00 where ¥ =
7% €(0,4]. Let ¢, be the unique conformal map from & \ 7" to the strip & fixing —co and +oo
and such that Re(¢, (i /2)) = 0. We set

Ty — —1 -1
h}’ - hy0¢y + Qy log |(¢V ),|5
and we let }71' (resp. E;) be the projection of W to H 1(8) (resp. H,(8)). We also set
X' =inf{x eR : (W(-+x),$)=0}, Y’ =infly eR: k() =0}

We note that (77, ¢,) can be sampled as follows. Let 77" be a whole-plane SLE, (2) in C from 0
to oo and let ¢, be the unique conformal map from C\ 7 to H that fixes 0 and oo and satisfies
Im(¢, (i)) = 1. We also consider the conformal map 1(z) = log z from C to the cylinder €. Then
n? = ¥(#") has the law of a whole-plane SLE, (2) in % from —oo to +0o0 and

$,(2) = (Yo, 09" )(2) — Re((Pog, o9~ )(im/2))

is the unique conformal map from € \ 7" to & fixing —co and +oco and such that Re(¢, (i7 /2)) = 0.

Step 2. Convergence of h" and ¢,,. Fix a sequence (y,,) in (0,2) such that y, - 2 as n — oo.
Then the Skorokhod representation theorem combined with Proposition 3.2 implies that we
can find a coupling of (") such that 5}," - 52 as n — oo locally uniformly a.s. This implies
that ¢ o 5}," ol 59o $2 o 3~! locally uniformly and cﬁ,n @) - 52(i) as n — oo a.s. Hence,
¢, — ¢, locally uniformly as n — oo a.s. under this coupling. By Lemma 3.13, we can find a
coupling of (h”») and h?* such that h’» — h* as n — oo in H, (%) a.s. By the Skorokhod repre-
sentation theorem, we can find a coupling of (h”»,7"n) and (h?,7?) such that a.s., h’» — h? in
H i(%”) and ¢, — ¢, locally uniformly as n — co.

Step 3. Tightness of (X"n) and (Y"»). Next, we claim that (X7») and (Y”») are tight sequences.
Indeed, we first observe that under the above coupling, we have that h'n — h? as distributions
as n — oo, that is, (', g) > (h2, g)asn — oo for all g € C°($) a.s. Consider the random dis-
tribution A7 = R’ (- + ¥7) with y € (0, 2). By Theorem 2.7, (S, h?, —c0, +00) ~ QWedge;,’V::y4 with
the first exit parameterization.
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For M € (0, ),y € (0,2), we set
d, = diam{x € R : (W (- + x),¢) € [-M,M]} = diam{x € R : (W (- + x),¢) € [-M, M]}.

Fix ¢ € (0,1). The a.s. convergence of (1", $) as n — oo under the specific coupling implies that
its law is tight, and so, there exists M € (0, o) such that P[(h'»,¢) € [-M,M]] > 1 — ¢ for all
n € N. Lemma 3.12 implies that there exists N € (0, o) such that

P[{x eR : (W(-+x),¢) € [-M,M]} C [-N,N]] > 1—¢,

foralln € N. Note that if the above event holds, we have thatd, ,; <2N andsoP[d, , <2N]>
1 — ¢, for all n € N. Moreover, we observe that if d},mM < 2N and (1717", $) € [-M, M], then X"» €
[—2N, 2N]since (h’»(- + X77), $) = 0. Hence, X/» € [-2N, 2N with probability at least 1 — 2¢ for
all n € N. This shows that (X”») is tight. Also, if X’ =inf{xeR : (IfAzV(- +x),$) =0} and {x €
R : (W(- +x),¢) € [-M,M]} C [-N, N], then X € [-N, N], so P[X"» € [-N,N]] > 1 —¢, for
alln € N. Since X” = X” — Y7, we have that (X”» — ¥7») is tight and so (Y7») is also tight.

Step 4. Tightness of (h”n). Next, we show that (h7) is tight in H, i(of). Suppose that we have
the above coupling. Lemma 3.13 and the fact that H|_ i(é’) is separable and complete imply

that (il\?’n) is tight, and so, for fixed € € (0, 1), we can find a compact subset K of H i(& ) such

that P[fz}’n €K]>1—g¢, for all n € N. We can also find M > 0 such that P[Y"» € [-M,M]] >
1 —¢. We consider K to be the set of h € lei(cS’) such that & = (- + x) for some 3 € K and
x € [-M, M]. We show that K is sequentially compact and hence a compact set. Fix (h,) in K
with h, = ¢,(- + x,) for ,, € K, x,, € [-M, M]. By passing to subsequences if necessary, we can
assume that ), — ¥ in lei(é’) and x,, - x as n — oo for some ¢ € K and x € [-M,M]. Let D
be a simply connected set that is compactly contained in §. Let also (f,) and (4,,) be the eigen-
functions and eigenvalues of the Laplace operator on D as in Section 2.5, and let g,, = /1,_11/ 2 fnbe
the orthonormal basis of Hy(D). Then, it is easy to see that ||k, — hllg-1p) < 1, — Pl g-1p) +
1%(- + x,) — (- + X))l g-1(p), where h = P(- + x). Note that we have that 3 = (g, -)y, where g =
me(h’ Im)9m € Hy(D) and the convergence is taken with respect to Hy(D). This follows from
the fact that Zm>1(h’fm)2/1;11 < o0. Hence, we have that (- + x,,) = (g(- + x,,), -)y and (- +
x) = (g(- + x), -)y for all n. It follows that [|(- + x,,) — P(- + x)|ly = llg(: + x,,) — g(- + x)||y for
all n. It is not hard to see that ||g(- + x,,) — g(- + x)||y converges to 0 as n — oo by the continuity
of the Dirichlet inner product with respect to translations.

Hence, we obtain that h,, — hin Hlj)i(é’) asn — oo and clearly h € K,soKis compact. We also
observe thatif /= € K and ¥7» € [-M, M], then h”» € K and so this proves the claim of tightness.

Step 5. Convergence of quantum wedges. The above imply that (h?»,X7n, Y7») is tight, so by
passing to a subsequence if necessary, we can assume that we can find a coupling such that
(h'n, X0, Y7n) > (0, X,Y)as.inH - (1:(05) ) X R x R. By applying similar arguments, we obtain that
R'n(-+Y") > h(-+Y) in H (8)asn — oo as. and so (S, h(-+Y),—00, +00) ~ QWedge;j"jz4
with the first exit parameterization. Note also that Y = inf{y € R : Hl(y) = 0}, where ifl is the
projection of honH 1(&8). Tt is also easy to see that h has the same law as h? in H, l(cS’). There-
fore, by combining everything, we obtain that (h”») converges in law to 42 as n — oo and that
(S, h2(- + ¥2), —00, +00) ~ QWedgeX‘S4 with the first exit parameterization. This completes the
proof of the proposition. O
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4 | EXIT TIMES FOR SLE WITH THE QUANTUM
PARAMETERIZATION

This section is dedicated to proving bounds on exit times for SLE curves parameterized by quan-
tum length. They will be important for comparing different normalizations of quantum cones
and will be used in the proof of the main estimate in Section 5 that we need to prove the
regularity results.

Before moving on to proving the first bound, we recall the following about hitting times of
Brownian motion with drift. Fix b,a > 0, let (B,) be a standard Brownian motion with B, = 0
and set rg =supit > 0 : B, + at = b}. Then the probability density function of 1'2 is given by

o  _b—an?
e for t>0,

fa()=

2rt

see [8, IV.31]. Moreover, if X, = B,, + at is conditioned so that B,;, + at > 0 for all ¢t > 0, then a
sample from the law of X, can be produced by first sampling a standard Brownian motion B, and
then setting X, = By, + a(t + 7) where 7 = sup{t > 0 : By, + at = O}

We begin by providing an upper bound on the exit times from D and B(0, €) for a whole-plane
SLE, (p).

Proposition 4.1. Fixy € (0,2], W > y?/2, and let C = (C, h,0, c0) ~ QConeXV:yW have the circle-
average embedding. Let ) be a whole-plane SLE, (W — 2) in C from 0 to co sampled independently of
h and then parameterized by quantum length with respect to h. Ifwe set T = inf{t > 0 : n(t) € oD},
then there exists some p > 0 such that

P[T >R]=0RP) as R - . (4.1)

Moreover, if we let T, = inf{t > 0 : n(¢t) € 6B(0,¢)} for € € (0,1), then there exist constants { €
(0,1),c > 0 such that

P[T. > E€1=0@) as e— 0. (4.2)

Proof. The proofs of (4.1) and (4.2) are similar, so we will only prove the former.

Letyp : C\ n — & be the unique conformal transformation with ¢(0) = —o0, p(0) = +00 and
such that if 1 = h o ¢~ + Qlog (¢~ 1), then (8, h*, —c0, +00) ~ QWedge:,”:yW has the circle-
average embedding.

Let hy(z) = Xge(z) (resp. hy) be the projection of h* to H,(S) (resp. Hy(S)). Then X, =
B, + at for t > 0, where a = % - % > 0 and B, is a standard Brownian motion with B, = 0 and
conditioned so that B,, + at > 0, forallt > 0. We fix 8 €(1/y,2/y) and for R > 2 we set

Sg =inf{t >0 : X, = flogR}.

Note that S, < oo a.s.sincea > 0and that <X ¢/ \/5 ) has the law of a standard Brownian motion
120

with drift a/ \/5 > 0 (conditioned to stay positive). Moreover, Sy, is stochastically dominated from
above by ¥ _ (defined above) with b = M’TiR. Fix § > 0. By comparing S to 7> _, we obtain
a

a/V2 V2



REGULARITY OF THE SLE, UNIFORMIZING MAP AND THE SLE; TRACE 33 of 106

that for ¢ > 0 sufficiently large
P[S; > clogR] = O(R™®) as R — c.

Set zg = Sg + iz /2 and note that (X, 5, )0 has the same law as (B, + at),,, where B is a stan-
dard Brownian motion starting from §log R and conditioned on the event Ey that B,, + at > 0
forall ¢ > 0. Note also that P[E;] — 1 and so P[Eg] > 1/2 for all R sufficiently large. We also have
that

exp(y min Xt>ﬂh2(3+<zR,n/4)> < b (B (@, e/ 4))
Sp<t<Sp+m/4

where Bt (w,7/4) = {z € B(w,7/4) : Re(z) > Re(w)}. Let g > 0 be such that g(fy — 1) = 6.
Then we have that

Pluy0(B* (2, m/4)) < R] < 2R7° E[eXp<—Vq min Bzz)] E[uh2(3+(iﬂ/ 2,m/4)™1| SRS,

0<t<m/4

since X and h, are independent, h, is translation invariant and the expectations are finite.
Next, we set

Tp = inf{t € R : v (=00, t] X {0}) = R or vu((—o0, ] x {}) = R},

and we note that there exists p € (0,1) such that both of the expectations
E[vj,u((—00,0] X {0, 7})P] and E[vhz([—l,O]x{O, n})P] are finite. We also observe that if
Sg < clogR and Ty < Sg, then

clogR
RP < vpu((=00, S5 ] X 0, 7P < v (=00,01 X 0.7 + R Y vy, ([mom + 1] x {0, 7))
n=0

and since 1 — 8y /2 > 0, we obtain that for some g > 0, we have that
P[7z < Sg, Sg <clogR] =0(R™?) as R — oo.

Therefore, we have that Sy < clogR, T; > Sk and uy,w(B(zg, 7/4)) > tw(Bt(zg, 7/4)) > Roff an
event with probability O(R™7) as R — oo for some fixed q > 0. Let A be the event such that the
above occur. From now on, we assume that we work on that event.

We note that there exists a universal constant d > 0 such that for every z € B(zy, 7/4), the
probability that a Brownian motion starting from z exits & on (—o0, Sg] X {0, 77} is at least d. We
fix M > 0 sufficiently large to be chosen later and suppose that there exists w € ¢~}(B(zg, 7/4)) \
B(0, M). Since n([0,T]) C D, the Beurling estimate implies that the probability that a Brownian
motion starting from w exits C \ n on ([0, T]) is at most CM -3 for some finite universal constant

C > 0.Butif T > R, then ¢~ !((—o0, Sg] % {0, 7}) C n([0, T]) and so the latter probability is at least
d, hence M < C?/d>.
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Thus, for M > C?/d?, we have that p~!(B(zg, 7 /4)) C B(0, M), and soon, Ag N{T > R} we have
that

pp(B(0,M)) > w;, (¢ ' (B(zg, /4))) > R.

By Lemma A.9, we obtain that the latter occurs with probability O(R~P) for some fixed p > 0, and
so, this completes the proof of the proposition. O

The next lemma is the analog of Proposition 4.1, replacing the first exit time of B(0, €) with the

last exit time. More precisely, we prove that it is highly unlikely that the last exit time of B(0, €) is
greater than a certain positive power of €.
Lemma 4.2. Fixy € (0,2] and let C = (C, h,0,00) ~ QCone;',‘S,y2 have the circle-average embed-
ding. Let 1) be a whole-plane SLE, (x — 2) with x = y? from 0 to co sampled independently of h and
then parameterized by quantum length with respect to h and set S, = sup{t > 0 : n(t) € B(0,¢)}.
Then there exist § € (0,1) and b > 0 such that

P[S, > €1=0@" as e—o.
Proof. Fix a € (0,1) and note that by (4.2), there exist { € (0,a) and ¢ > 0 such that P[T.. >
5] = O(e®) as € — 0. Let A(¢) be the event that 7 intersects B(0, €) after it has left B(0, €%) for the
first time and A*(¢) be the event that 7 intersects B(0, €) after it has left D for the first time. The

scale invariance of the law of 77 implies that P[A(¢)] = P[A*(e!~9)]. Finally, noting that P[A*(¢)] =
0(e?) for some d > 0 by Lemma B.4, we have that

P[S. > €] < P[T.a > 5] + P[A(e) N {T.a < €¢}] = O(D),
where b = min{c,d(1 — a)} > 0. O

Finally, we conclude this section with a lower bound on the quantum mass of small ball with
respect to a quantum cone with the circle-average embedding.

—2
Lemma 4.3. Fixy € (0,2]. Let C = (C, h,0,c0) ~ QConeXVZ_yy have the circle-average embedding
and fix o > 0. There exists a constant a > 0 such that for each w € B(0,1/2),

Pl (Bw, ) > €] = 1 - 0(e7/2).

Proof. Consider first a zero-boundary GFF hOD on D. By Markov’s inequality and [49,
Proposition 3.7] (recall Remark 2.5),

P10 (B(w, €)) < €] = Pltyo (Bw, ) > €] < el (Bw, )] $ 27",

Next, we shall transfer this into the result for the quantum cone. In order to do so, we con-
sider a whole-plane GFF h". We choose the normalization so that the average of A" on dD is
0. Then, we may write h"¥ = h% + hp where conditionally on h4p, hp is the harmonic extension
of the values of h* on 0D to D. Borrowing the terminology of [40], we say that D is M-good if
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SUpP,ep(0,15/16) 1p(2)| < M. Denote the event that D is M-good by E),. By [40, Lemma 4.4], there
exist constants c;, ¢, > 0 such that for each M > 0,

Hence, there exists a constant ¢, > 0 such that if we let M? = —¢, loge, then P[E,;] = 1 — 0(e%/2).
Henceforth, assume that M is such. By [40, Remark 4.2 and equation (4.3)], we have that for
p,q> lsuchthat% + % =1,

" a2t
P11 (B(w, €)) < ] < P[Eg,] + eV Py (B(w, ) < /0 5 /2 4 P77,

(4.3)

for some constants ¢, ¢ > 0. Thus, choosing a > 0 large enough, we have that P[u,.(B(w,€)) >
€?] =1 — 0(e°/?). Since the field that describes the quantum cone restricted to D is obtained by
adding a positive function to the field 1", it follows that

Pl (B(w, ) > €] > Pluyu (Bw, ) > €] = 1 — 0(e7/?), 0

5 | MAIN ESTIMATES

This section is dedicated to the proofs of the main estimates that we will need in order to prove
Theorems1.1,1.2, and 1.3. They are contained in Lemmas 5.1, 5.2, 5.10, and 5.12. Lemmas 5.1 and 5.2
contain the estimate needed to prove the second part of Theorem 1.3, as well as an estimate related
to whole-plane SLE that serves as the model on which we base the main estimates, Lemmas 5.10
and 5.12, which will give us the modulus of continuity for SLEg and the uniformizing map of SLE,,
respectively. How these are used is explained in Sections 7 and 8.

5.1 | Upper bound

Lemma 5.1. Fix y € (0,2) and let x = y2. Let C = (C, h,0, ) ~ QConeX‘S,y2 have the circle-
average embedding. Let 1;,7, be a pair of paths independent of h such that 1, is a whole-plane
SLE, (x — 2) process in C from 0 to oo and the conditional law of 1, given n, is that of a chordal
SLEK(g -2 g —2) from 0 to oo in C \ n,. We then parameterize 1,1, by quantum length. Let U,
(resp. U,) be the component of C \ (1; U n,) that lies to the left (resp. right) of ;. For each R > 0, we

let Agp = 91([R, 0)) Un,([R, 0)) (so that A, = 1, Un,). Then, for fixed R, > 0,

P| sup P?[Bfirsthits Ay in Ag | 1,,7,] < exp(—e~°)| = 0(e/>°W), (5.1)
z€B(0,e)nNU;

where B is a Brownian motion.

The main idea in the proof of Lemma 5.1 is to prove that we can find a small ball contained in
U, N B(0, ), which when mapped to & (with a conformal map that embeds the quantum wedge
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W, parameterized by U, in a certain way) is not too close to & and has real part comparable
to where the vertical line average process X} for the embedding of W) into & first hits b loge for
some b > 0. Controlling the location of the image of the ball is accomplished by lower bounding
its quantum mass (using Lemma 4.3) and upper bounding the quantum mass of the region of &
that is very far to the left (with Lemma A.1 and a comparison with X tl) to see that the image of
the ball cannot be contained in that region. By the conformal invariance of Brownian motion, the
probability that B first exits A, in Ay is then comparable to the probability that a Brownian motion
in & starting from where X} first hits b loge first exits & to the right of where X} first hits 0.

General setup for the proof of Lemma 5.1. We begin by fixing some notation. Let C = (C, k, 0, o0)
have law QCone},"S}'2 with the circle-average embedding and we let 5, 1, be as in the statement
of Lemma 5.1. We note that by [43], we can view 7, 7, as arising as the flow lines of a whole-
plane GFF independent of & with angle difference 7x /(4 — x). The pair »,, 1, divides C into two
independent wedges W, and W, with law QWedge:,":,yz/ ? (Theorems 2.6 and 2.7) and respectively
parameterized by U; and U,. We assume that 7, and 7, are parameterized by quantum length.
Next, for j = 1,2, we let (&, h/, —c0, +00) be the first exit parameterization of W; by &, and let
X t] denote the average on vertical lines process and hé the projection of h/ on H,(&). Moreover,
weletp; : U; - S be the conformal map embedding W; into § as above and define the random
time ué’e =inf{t eR : X[j = aloge}.

Fix £ > 1. We emphasize that C has the circle-average embedding. Let w be the leftmost point
inU, . = U; n B(0, ¢) such that B(w, ef) C U, . breaking ties by taking the point with the smallest
imaginary part. If there is no such point, we take w = 0. By Lemma B.1, we have that w # 0 with
probability 1 — 02°(e).

Proof of Lemma 5.1. Step 1. ¢,(B(w, €%)) is not too far to the left. We will prove that with probability
1 — 0(e°/2) at least part of »,(B(w, €%)) lies to the right of the line {Re(z) = —e~9} but not too far
to the right and not too close to the boundary, then prove that this is sufficient for a Brownian
motion started from some point in ¢, (B(w, %)) to hit ¢,(Ag) with sufficiently high probability.
The result then follows by the conformal invariance of Brownian motion.

We note that w is independent of C, and therefore, we can apply Lemma 4.3 to w. Note that the
event B(w, €§) CU,is equivalent to the event w # 0. Thus, by Lemma 4.3, there existsan a > 1
such that

P, (B(w, €%)) > € | B(w,e*) C U, ] = 1 - 0(%/?). (52)
Moreover, by Lemma A.1,
Plu (S_ +ul ) > €] < € PE [y (S_ +ul )P] = ¢, P77,
and hence, if ¢ > (6/(2p) + a)/y, we have that
Pl (B(w,e%)) & (S_ +ul )| Bw,e) CU, ] =1-0(?). (53)

Thus, outside of an event of probability O(¢°/2), @, (B(w, ¢%)) will be no farther to the left than the
line {Re(z) = u;’e}. Next, we shall argue that the line cannot be too far to the left.
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Recall that the process (—X! )., is a BES® with X = 0. Therefore, if —s > 0 is the last

—t/)2
time that X', hits some fixed negative value, then the process (X/, )5 has the law of a one-
dimensional Brownian motion run at twice the speed [48, Chapter VI, Proposition 3.10 and

Theorem 3.11]. In particular, (th+ . )iso has the law of a Brownian motion started from X!, =
ua,e -

uOt,f

o log € run at twice the speed. We know that ¢ = 0 is the first hitting time of 0 for X' and hence to
bound the probability that uolc’ . lies far to the left, we just have to bound the probability that the
first-passage time of 0 of a Brownian motion started at « log € is large. Recall that the first-passage
time 7 of level 0 of a Brownian motion started at the point —b (b > 0) has density [5, Section 3.6],

0= en(-E)
273 2

Thus, if b = —a loge, we have that

¢S] 2 2
Plr> ¢ 9] = alog(1/¢) exp(_rx (loge) )dt _ Lo

1 /27t3/2 2t

Hence, Plu!l < — 9] =P[r>274] = O(e%w(l)). Consequently, by (5.3) with g = o, we have

a,e
that
Plp,(Bw,e5)) & (S_ — ™) | B(w,e") C Uy ] = 1 — 0(e?/>W), (5.4)
Step 2. ¢,(B(w, %)) is not too close to the boundary. By Lemma A.7, we have that

Plu, ({z € S_ : Re(z) > —¢ 9, dist(z,08) < €}) > %]

<ePYE[pu(z € S_ : Re(z) > —e 79, dist(z,5) < e})?]

< €Mc—o—pa§‘

Thus, choosing c sufficiently large, we have that it follows from (5.2) that with probability at least
1 —0(e°/?), ¢1(B(w,e§)) Z(S_—e)ufze S : Re(z) = —e9,dist(z,08) < e}

Step 3. The images of ;(R) under ¢, are not too far to the right. Now we prove that with high
probability, the images of 7;(R) under ¢, are not mapped too far to the right. Set T, 4 = inf{t >
0:X [1 = —d loge} for some large fixed d > 0 to be chosen later and recall that (X ,1 )i>0 has the law
of a one-dimensional Brownian motion B run at twice the speed, with B, = 0. We note that

Vit ([Te g, Te g + 11 x{0}) > e exp <)§/ Tg,dgtng%t,d"'l By — BzTe,d>”h;([Te,d’ T q +1]x{0}),
and that minteng,d’Te,d +1]Bar = Bor_, has the same law as min, [ 1] B,;, which has finite exponen-
tial moments. Moreover, since h; is translation invariant and vhé([o, 1] x {0}) has finite negative
moments, the above together with Markov’s inequality imply that off an event with probability
0(c°/%), we have that v, ((—0, T, 4 + 1] X {0}) > R, and similarly vj,:1((—c0, T 4 + 1] X {7}) > R,
by picking d > 0 large enough. In particular, off an event with probability O(¢°/2), we have
that Re(p,(n;(R))), Re(p;(1,(R))) € (=00, T, 4 + 1]. Also, for k € Z, we set A, = [k —1,k] X
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([0,eJu [z — €, z]) and A, = [0,e77] X ([0,e] U [ — €, 7r]). Then, if p € (0,1 A }%),

[e7]
B[k (40°1 < Y, Bl (Ac,)?] = [ B[y (4, 7]

n=1

by the invariance of h% under horizontal translations. From the proof of Lemma A.7, we have that
there is a constant M = M, > 0 such that

Blp (4.1)7] S €1, (5.5)
where the implicit constant is independent of € and ¢, and thus,

E[u,1 (A)P] 5 €M7, (5.6)
Also, we have that

i (AL) < e_yd,uh; (A.) where A, =0, T. 4] x ([0,e] U [7 — €, ]). (5.7)

Moreover, since w1 ([T 4, Te 4 +2]) X [0,€°] U [ — €, 7])) has the same law as e7%,1([0,2]) x
[0,e°] U [ — €, 7])) and the exponential moments of sup; ¢ 4 B; are finite, it follows from (5.5)
that for p € (0,1 A 7%),

Elu ([Te g, Te g +20) X [0,6°T U [ — €, m]))F] < eMemPre, (5.8)

By combining (5.6)—-(5.8) and Markov’s inequality applied to Ml together with the fact that

P[T.;>¢7/2] = 0(e°/2), we obtain that the quantum mass of [0, T.q+2]x([0,e]U [ -
€, 7]) is at most €*¢ with probability 1 — O(¢°/2) for ¢ > Osufficiently large. Therefore, off an event
with probability O(¢°/2), we have that Re(p,(n;(R)) € (=00, T, 4 + 1] for j = 1,2, ¢, (B(w, %)) o
(S_—eDufzes : =7 <Re(z) < T4 +2,dist(z,08) <e}and T, ; < €77/2.

Step 4. Conclusion of the proof. Suppose now that we work on the above event. If ¢, (B(w, %)) C
S +T.4+2, then there exists a universal constant § € (0,1) such that with probability at
least §, a Brownian motion starting from z € ¢1(B(w,e§)) exits & on [T, 4+ 1,00) X {0, 7}. If
¢I(B(w,e§)) ¢S, +T.4+2, then there exists z € ¢;(B(w, €%)) such that —e=7 < Re(z) <2+
€~9/2 and Im(z) € [, w — €°]. We also note that if B is a planar Brownian motion, started from
apointzyef{ze s : —7 <Re(z) <2+¢79/2,dist(z,08) > €}, then by Gambler’s ruin, we
know that

~ C
P[Bhits{z : Re(z) > —¢ 7, Im(z) = 7/2} before S > % (5.9)

By the Markov property of Brownian motion, the probability that B hits {Re(z) = ¢~} before
exiting  is bounded from below by the probability that B hits {z : Re(z) > —¢ 7, Im(z) = 7/2}
before exiting & times the probability that a Brownian motion started from —e~? + iz /2 hits
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{Re(z) = €9} before exiting §. Thus, (5.9) and [15, Lemma IV.5.1] imply that
~ ¢ -0 -0
P[Bhits{Re(z) = ¢ ?}before 48] > ;—ﬂe_k >e ¢, (5.10)

for sufficiently small €. Hence, with probability at least e3¢, a Brownian motion starting from

z exits & in [€77, 00) X {0, r}. The result is deduced by observing that [T 4 + 2, 00) X {0, 7} C
®1(Ag). O

5.2 | Lower bound

Lemma 5.2. Fix x € (0,4]. Let 1,7, be a pair of paths where 1, is a whole-plane SLE, (x — 2)
processin C from 0 to co and the conditional law of 1, given 1, is that of a chordal SLEK(g -2 g -2)
fromOtoocoinC\ n;.Fix{ € [0,1)ande > 0. Lett; = inf{t > 0 : n;(t) & B(0, eg)},?i =inf{t >0 :
7;(t) & B(0, €$/2)}. Fix C > 1 large and D > 0 small. Let E be the event that

(1) sup,ep(o,e)nu, PZ[B hits 0B(0, ¢%) before v, ([0, 7; D) |y ljo.2,1 M21[0,c,1] < exp(—€™),
(ii) », and n, do not return to B(0, C”_leg) after leaving B(0, C”e{)for n=12,3,
(iii) let ¢ =inf{t > 0 : 7;(t) & B(0,C3€}. Then dist(n, ([T, 1), n,([%,, 75 1)) > DeS.

Then, we can find C > 1 and D > 0 such that
P[E] > /2t g5 ¢ 0. (5.11)

Conditions (ii), (iii) are technical conditions in the definition of E that we will need for the
proof of the lower bound in Theorem 1.1 as well as in Theorem 1.2. Condition (i) determines the
exponent in (5.11). The proof of Lemma 5.2 is much more involved than that of Lemma 5.1. The
reason for this is that it is a statement purely about 7, %, and does not involve LQG. In particular,
we have to argue that conditioning the process that gives the average on vertical lines for the
quantum wedge parameterized by U; (in the context of Lemma 5.1) taking a very long time to hit
0 after first hitting b loge (an event with polynomial probability in € as € — 0) does not lead to
degenerate behavior in 7, 7, away from 0.

We note that Lemma 5.1 does not hold for y = 2 because in this case, the amount of mass in §_
that is close to d&§ does not decay to 0 as € — 0 as a power of €. This property for y < 2 is important
for ruling out the possibility that the aforementioned small ball is mapped too close to d&. On the
other hand, we emphasize that Lemma 5.2 does hold for y = 2.

Recall the notation in the proof of Lemma 5.1. In order to prove Lemma 5.2, we introduce a
different embedding of C that is similar to the circle-average embedding but is more amenable to
“cutting” and “gluing” operations. We let ¢ be a radially symmetric C° function that is supported
in B(0,1) \ B(0,99/100) such that ¢ >0 and / ¢(x)dx = 1. Consider the process R; = (h(-s) +
Qlogs, $). We say that h scaled so that sup{s > 0 : R; = 0} = 1 is a smooth canonical description
of the surface C. We note that the embedding associated with the smooth canonical description
is defined a way that is analogous to the circle-average embedding except instead of integrating
the field against the uniform measure on the boundary of a circle centered at the origin we are
considering the field integrated a radially symmetric smooth bump function.

Now, let C be embedded as the smooth canonical description and (recalling the notation in Sec-
tion5.1)letyp; : U; — & be the conformal maps which for which h/ are embedded with the first
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exit parameterization. Let h}e be the restriction of h! to [1, 00) X (0, ), A be the quantum length of
(—0,1] x {0}, and B be the quantum length of (—oo, 1] X {7}, both with respect to h'. Let x, (resp.
¥,) be the point on R (resp. R + i) such that the quantum length of (— o0, x,] (resp. (—o0, ¥,]) is
equal to B (resp. A). Let A be the surface that is formed by gluing according to quantum length the
quantum surface described by hll{ with the quantum surface described by the restriction of h? to
the part of & that is to the right of the line L that connects x, to y,. The gluing is defined by look-
ing at the part of C that corresponds to the parts of W,;, W, described just above. In particular, an
embedding of A is given by (A, |, ), where A = C\ A and A is the domain bounded by 7,([0, A]),
1,([0, B]), ;' ({1} X (0, 7) and ¢; ' (L). This embedding will be considered when working with .A
parameterized by A. We note that A is homeomorphic to C \ D.

Denote by 7, and 7, the curves formed when gluing the boundaries of the part of W), corre-
sponding to hll2 and the part of W, to the right of the straight line from x, to y, when parameterized
by & as above, together according to quantum length. We assume that #; and 7, are parameter-
ized by quantum length with the normalization that 7; (0) (resp. 7,(0)) corresponds to the image
of (1,0) (resp. (1, 7)) under the welding homeomorphism, where they are considered as boundary
points of W;.

Fix0 <r < 5,0 < u < v, and some large constant C > 1 and small constant D > 0. We say that
A is (r,s,u,v,C, D)-stable if the following are true.

(i) C\ A intersects C\ B(0,r) and is contained in B(0, s/2).

(ii) After time C, neither 7; nor 7, enters B(0, u) and moreover, 7; and 7}, do not enter C \ B(0, v)
until after time C.

(iii) 7; and 7, do not return to B(0, sC"~!) after leaving B(0, sC") for n = 1,2, 3.
(iv) Let c:l.c = inf{t > 0 : 7;(t) &€ B(0,sC3)} and G; = inf{t > 0 : 7;(¢t) € B(0,s/2)} for i =1,2.
Then dist(7; ([5,, 1), 7,(5,, S 1)) > Ds.

(v) The above items remain true if we consider the following situation. Let K be a compact hull
scaled so that if we let ¢ be the unique conformal map from A to C \ K that fixes and has
positive real derivative at oo, then the field h o p~! + Qlog |(3~!)’| is a smooth canonical
description.

Let G be the event that A is (r,s,u, v, C, D)-stable. We expand a bit on what we mean by (V).
Let K be a compact hull, 3 the conformal map as in (v), h = h o =1 + Qlog|(®'")~'| and we
write ffs = (]/’l\(-S) + Qlogs, ¢), where ¢ is the radially symmetric text function in the definition of
the smooth canonical embedding above. Then, K C B(0,99/100) and sup{s > O : I’Q\S =0} =1and
condition (i) is satisfied with C \ K in place of C \ A. Moreover, setting ﬁj = 11)(77]), conditions (ii)-
(iv) are satisfied with #; and #, in place of 7; and 7,. We note that G is measurable with respect
to (A, B, hy) and h?, as (A, B, hy) and h? determine A (see Lemma 5.4 below), which is the reason
that we have defined the event in this way.

Lemma5.3. Foreach§ € (0, 1), thereexistscy,c, > 0sothatP[G] > 1 — & providedr,u,D € (0,c;)
and s,v,C € (c,, ).

The proof of Lemma 5.3 is essentially the same as that of [11, Proposition 9.17]. We will thus
not give all of the details but instead describe the main ideas together with precise references to
[11]. We begin by noting that it is clear that we can make the part of G that corresponds to (i)—(iv)
occur with probability as close to 1 as we want by adjusting the parameters in the definition of G.
This is because C \ A is a bounded set whose interior is homeomorphic to D and 7, 7, are simple
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curves that both tend to oo as t — oo and have positive distance from 0. It should be noted that
the event (iii) is not increasing in C on its own, but rather that the conditional probability of (iii),
given the event (i), is increasing in C. The reason being that the corresponding event is increasing
if we replace 7, 7, with n;, 1, and that on the event (i), #;, 7, consist only of the parts of 5;, 7,
that are concerned with the event (iii). The nontrivial part of Lemma 5.3 is showing that we can
make part (v) occur with probability as close to 1 as we want by adjusting the parameters in the
definition, and this part follows from the same argument used to prove [11, Proposition 9.20]. The
essential point is that one can consider the family of test functions that can arise to construct the
smooth canonical description after applying the function ¢ as in (v) and see that it is a compact
subset of the space of test functions. This, in particular, implies that the value of & integrated
against any such test function is comparable to the integral of h against the test function that
defines the smooth canonical description for the original surface & (see [11, Proposition 9.18, 9.19]
and the discussion immediately after).

Fix o > 0. We now want to show that the statement of Lemma 5.3 occurs even if we condition
on the event that the average process takes a long time to hit 0 for the first time after first hitting
alogé. Let

Z ={P[G|A,B,h}] > 1/4}.

Then, Lemma 5.3 implies that by adjusting the parameters in the definition of G, we can make
P[Z] as close to 1 as we want. Fix ¢ > 0. For each §,¢ > 0, we let E s be the event that the average
process for h'! takes time at least ¢~ to first hit 0 after first hitting a log §. Our aim is to obtain a
lower bound on P[Z | E 5] that is uniform in § € (0,1) and € as € — 0. The basic idea of the proof
is to obtain uniform (in €, §) control on the Radon-Nikodym derivative between the joint law of
(A, B, hll{) and the joint law of (A, B, h}z) conditioned on E_ 5. This is carried out in Lemmas 5.5-
5.7. In particular, in Lemma 5.5, we will show that the law of (A, B) given E_ ;s is tight uniformly
ind € (0,1) as € — 0; in Lemma 5.6, we will obtain a lower bound on the conditional density of
(A, B) given hl; and in Lemma 5.7, we will combine everything to obtain the desired lower bound
onP[Z | E_;].
We begin by proving that (A, 7;,75) is a.s. determined by A, B, h}g and h?.

Lemma 5.4. The surface A decorated by 1; and 1),, is a.s. determined by A, B, h}e, and h?.

Proof. Let h] be the part of h' that is to the left of the vertical line with real part 1. Then hj, h},
together determine h', so it follows that hi, h}e, A, B, and h? determine A and 7;, 7},. In particular,
the results of [11] imply that there exists a measurable function F defined on the product space
corresponding to (h}, hy, A, B, h?) such that F(h}, hy, A, B, h?) = (A, 7, 17,).

Let h! be sampled from the conditional law of h' given (h}, A, B) and let (./T, 71,1,) be the
path decorated surface that corresponds to }/1\112 (part of h! to the right of the vertical line with real
part 1) and h?. Note that the marginal law of hlis also a y-quantum wedge of weight ﬁ, and so,
(/T, 71,1,) can be defined by (ff, N.0) = F(}’z}, }?}Q,A,B, h?). Let U, (resp. U,) be the part of A
that corresponds to hllz (resp. the part of h? to the right of the line from x, to y,) and define U,
(resp. U,) in the same way but in terms of A, ', and h2. Let also ¢; : Uj = & be the conformal
transformation such that cpj(oo) = +o00, goj(ﬁl(o)) =(1,0) and (pj(ﬁz(o)) =(1,7), for j =1,2. We
define g”o?j : ﬁj — & analogously. Sety; : U; — ﬁj with; = qo“jl o ; for j = 1,2 and note that
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P;(c0) = o0, P(7,(0)) = 7,(0) and ¥;(7,(0)) = 7,(0). Moreover, we have that v;,1((—o0, ¢;(x)] X
10]) = j2((— 00, 9,(x)] X {0]) for each x € 7 and vy (00,9, (M) X {7}) = ja((—00, 9,(N)] X
{r}) for each y € 7. Similarly, vz, ((—o0, $;(x)] X {0}) = vj2((—00, $,(x)] X {0}) for each x € 7;
and vp; (=00, &1 (V)] X {7}) = v2((—00, P, ()] X {}) for each y € 7),. Hence, the mapping 3 :
A = A defined by ¥(z) = ,(2) for z € Ul \ (1 U), ¥(2) = P,(z) for z € 52 \ (i U7,) and
P(z) = @71 o ¢;(z) for z € 7; UT),, is a well-defined homeomorphism mapping .A onto A that is
conformal in A \ (7}; U 7,). We claim that ¢ is conformal in A. Indeed, note that 7, has the law
of a chordal SLEK(g; g) curve in C \ ), conditioned on #,. Similarly, 7, has the law of a chordal
SLEK(g; g) curve in C \ 7, conditioned on ;. By [39, Lemma 4.1, Proposition 4.2 and Lemma 4.3],
we have that a chordal SLE, 7 satisfies the following two conditions if x € (0, 8).

(I) For any compact rectangle K C H and any 3 € (0, 1), there exist M > 0 and ¢, > 0 such that
for all € € (0,¢;) and for all z € K, the number of excursions of 7 between 0B(z, €f) and
0B(z,¢) is at most M.

(II) For any compact rectangle K C H and any a > & > 1, there exists §, > 0 such that for any
§ €(0,9,), for any t > 0 such that (t) € K, one can find a point y such that
(@) B(y,8%) € B((1),8) \ nand B(y,26%) N7 # 0.
(b) Let O be the connected component of B(n(t), d) \ n that contains y and denote by #(¢; §)
the excursion of 7 in B((t), &) that contains 7(¢). For any point a € 40 \ 5(¢; §), any path
contained in O U {a} that connects y to a must exit the ball B(y, §%).

Moreover, chordal SLEK(g; g) restricted to any interval of time [s, t] for 0 < s < t < oo is abso-
lutely continuous with respect to a chordal SLE, on the same interval. Furthermore, such a
process is a.s. transient, so it is easy to see that (I) and (II) are satisfied for 7, given 7, and vice
versa. Thus, both of 7; and 7, satisfy (I) and (II). Let ¢ : A \ 7, — H be the conformal transforma-
tion mapping A \ 7, onto H and such that ¢(#;(0)) = 0, $(c0) = oo. Similarly, let ¢ A\ 7, —H
be the conformal transformation mapping A \ 7, onto H and such that $(1’7}(0)) =0, $(oo) = oo0.
Then, g = $ o9 o ¢~! is a homeomorphism mapping H onto H that is conformal in H \ ¢(77;)
and fixes 0 and oo. Clearly, both of #; and #; satisfy (I) and (II) when viewed as paths in A \ 7,
and A \ 7,, respectively, since they are both parts of chordal SLEK(E; g) in certain domains. Since
the property of satisfying (I) and (II) is preserved under conformal transformations, we obtain
that they are both satisfied by ¢(7;) and g(¢(;)) = $(ﬁ1). Therefore [39, Theorem 1.2] implies
that ¢ is conformal in H. Since ¢ = $—1 o g o ¢ when restricted to A \ 7, it follows that 1 is
conformal in A \ 7, and a similar argument shows that ¢ is conformal in .A. Therefore, .4 and
A are equivalent as path-decorated quantum surfaces. In particular, we have F(h?, hzle’ A,B, h?) =
F(fz}, hy,, A,B,h*)as.andso f(F(h;,h}, A, B, h?)) = f(F(If’l\i, h}, A, B, h?)) for each bounded and
measurable function f. This implies that the conditional variance of f(F(h!, h}g,A, B, h?)) given
(hl, A, B, h?) is zero. Therefore,

f(E(h}, hy, A,B,h?) = E[f(F(h;, h}, A,B,h*)) | hy, A,B,h*] as.

Since f was arbitrary, it follows that F(h;, h},, A, B, h*) does not depend on h; . Hence, (A, 7;,7,)
is determined by (hl, A, B, h?) a.s. This completes the proof. O

We now turn to the tightness of law of (A, B) given E_ 5.
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Lemma 5.5. For every q € (0, 1), there exists ¢ > 0 such that for every § € (0, 1), we have that
P[max(v),1((—o0,0] X {0}), v1((—00,0] X {7})) < c| E. 5] > 1 —¢q
for all e sufficiently small.

Proof. For each t € R, we let X| be the average of h' on the vertical line ¢ + (0, ix). Let T 5 =
inf{t > ul ;1 X} = —Ce9/?} and A5 = {T. 5 < 0}, where €> 0 is a fixed constant to be deter-

mined later and depending only on g. Then, by Gambler’s ruin, P[A_s] = ac®/?log(1/6)/c. By
the form of the density of the first passage time of a Brownian motion, we have that P[E_ 5] <
ae?/?log(1/8) and P[E_ 5| A, 5] < 1 uniformly in 6 and € small enough and the implicit constants
are universal. In particular, there exists d > 0 depending only on ¢'such that P[E, 5 | A 5] > d for
all e sufficiently small. Furthermore, we have that

E[vja (=00, uy 51X {ODP | A, 5 N E, 5] = E[vju (=00, ug 51 {0)?]

since A 5 N E, s is determined by (X, 1)t>u1 and independent of (X}),,1 and h}, and the latter
S8
two determine v,1 ((—oo, u ] x {0}). Consequently, for0< p<1,

E[v1((=00,0] X {0D)P | A s N E, 5]
< E[vj((—oo,u 5] x {0hP] + E[Vhl((uag,o] x{0PP | A s NE, 5]

= 2,077/ + Elv ((ul 5,01 x{0})P | A, s N E, 1.

foled

Moreover, the conditional law of (—th)|[u; S Tes] given A_ s is that of a BES® process started

from the point clog(1/8) run at twice the speed until hitting the value ¢e—°/2. Thus, the
law of Vhl([ua 5,T€’5] x {0}) conditioned on A, s is the same as the (unconditional) law of

Vp1 ([—T;a, Tl] x {0}) where
Ty =inf{t >0 : X!, = alog(é)},

2 _ 1.yl _ _~-c/2
T s = inf{t > Ty : X_, = —ce 9/2,

Furthermore, since 0 < T < T€2 5 < oo as., it follows that v ([-T?2 ;, =T ;] x {0}) is stochastically
dominated from above by v;,: (-0, 0] x {0}). Hence, since P[E 5 | A€ 5] < 1, we obtain that

[Vhl((ua o Tes] X{0DP | A s NE, 5] S E[vp1((—0,0] x {0})7],
where the implicit constant is independent of € and 6. Thus, we obtain that

E[vj, ((u} 5,01 X {0)? | A, 5 N E, 5]

a,d’
<E[vp ((Ua 5 Tes] X{0DP [ A s NE, 5]+ E[vjn (T, 5,0] X {0)P | A, 5 N E 5]
E[v)1((—00,0] X {0)P] + E[v;1 (T, 5,0] X {0})? | A, 5 N E, 5]

< Ep + E[Vh1 ((Te,c% 0] X {0})p | Ae,5 N Ee,é]-
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Note that the conditional law of v1((T s,0] X {0}) given A_ s is the same as that of v}, ((z,, 0] X
{0}), where 7, = inf{t e R : th = —Cc¢~9/2}. Consequently, since P[E s | A. 5] < 1, we have that

E[vj1((Te 5,01 X {0)P | A 5 N E 5] S E[vj1((—00,0] X {0})P] S

where the implicit constant is uniform in € small enough. Therefore,

E[v1((=00,0] X {0)P | Ac s NE 5] < C,

where C is independent of ¢, § and depends only on ¢. The same holds with v;,1((—o0, 0] X {0})
replaced by v;,1((—o0, 0] X {7r}). Note that

P[maX(Vhl ((_007 0] X {O})a Vpt ((_007 0] X {ﬂ})) <c I Ee,é]

> P[maX(Vhl ((—00, 0] X {0})’ Vp1 ((—00, 0] X {ﬂ})) <c | Ee,5 N Ae,a]P[Aej | Ee,5]’
and so Markov’s inequality implies that
P[max (v, ((—o0, 0] X {0}), v ((—00,0] X {7}) < ¢ | E. ] > (1 — 2Cc P)P[A 5 | E. 5], (5.12)

for sufficiently small ¢ > 0. Hence, we need to find a lower bound on P[A_ s | E s]. To do this,
we start the average process at u;’ 5 and run it until the first time it hits 0. Then, it is a Brownian
motion run at twice the speed and stopped the first time it hits 0. Let E; 5 be theevent that X ! takes
time at least %€~ to hit O for the first time. Then P[E. ! 5] isof order ¢ 'e9/?log 67! and E.sC E

when € (0,1). Then P[A{ ,, E_ 5] = PIA ;. E 5 |E15]P[E1 ]. Also, we note that if we start tlme
at ¢%¢~7 (so we again have a Browman motion), then for E_ 5, we have another (1 — ®)e~° units
of time to finish. We can break this into of order ¢~2 rounds of length €79, In each such round,

the Brownian motion has a positive probability of exiting the interval [—¢e—°/2,0]. Therefore,

)
PAS B 5 | EL ] <em@/°

€0’

for some constant c¢; > 0. So, altogether
_ ~2
P[A ;| E. 5] = PIAC 1, B, 5]/PIE 5] < e™%/° (5.13)

for some universal constant ¢, > 0. Therefore, by (5.12) and (5. 13) if we first pick ¢ € (0, 1) such
that1 —e~2/@ » /I — q and then pick ¢ > 0 such that (1 — 2Cc~P) > 1/1 — g, we complete the
proof. ]

With Lemma 5.5 at hand, we can lower bound the conditional density of (A, B) given E 5 and
h,.
R

Lemma 5.6. Let f. s(a,b]| h;a) be the conditional density of (A, B) given E_ s, h}e. Then for each
& €(0,1), there exist finite constants ¢ > 0 and 0 < a; < a,, 0 < b; < b, depending only on & and
y such that for all § € (0,1) and all € > 0 sufficiently small, with probability at least 1 — &, we have
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that
fes(a,b] h >c forall (a,b) €lay,a,] X [by,b,].

We remark that the conditional law of hzle given E_ 5 is equal to its unconditioned law. The state-
ment of Lemma 5.6 is a statement about the conditional density f. s5(a, b | hy) of (A, B) given E,
and h1 which is a function of h1 The probability that we have in mind for h}le is the unconditioned
law of h1 however, there is actually no distinction.

Proof of Lemma 5.6. Let ¢;, ¢, be C*® with ||¢;|ly = ||¢,]ly = 1, which have disjoint support con-
tained in [0, 1] X [0, 7r]. We further assume that ¢; > 0 on [0, 1] X {0}, ¢; > O on [1/4,3/4] x {0},
and ¢; has mean zero on vertical lines, that is, ¢; € H,(S8). We assume that the same holds
for ¢, but with [0,1] x {0} and [1/4, 3/4 % {0} replaced by [0, 1] X {7} and [1/4,3/4] X {r}. Note
that we can write h! = a;¢; + a,¢, + h where a;, a, are independent N(0,1) (since we have
(¢1,¢,)v = 0) and h is independent of a,, a,. Moreover, hllz and E_ 5 are determined by h. Then
we have that

1
A = vp((=00, 1] X{0}) = vj1((—00,0] X {0}) + / 791D/ 2dy(x).
0
In particular, the conditional law of A given h is given by applying the function

1
Fy(a0) = vj1((—0,0] x {0}) + /0 e rH /2 dy(x)

to an N(0, 1) random variable (independent of h). We note that
Yy
Fi@= [ Lo ety
0

The law of B admits a similar expression, say in terms of the function F,. Note that given h, we have
that A, B are independent with conditional densities given by p; (- | h) and p,(- | h), respectively,
where p,(x | h) = 0if x < v,,1((—o0,0] X {0}) and

_E-l(y)2
p1(x| h) = (Fl‘l)’(x)exp( F /) for x = v,1((—o0,0] x{0}).

Vor

We define p,(- | h) similarly but with F; and v;,1((—o0, 0] X {0}) replaced by F, and v;,1((—o0, 0] X
{7}). By the conditional independence of A, B given h, we have that the conditional density of
(A,B) given his p(x,y | h) = p1(x | W)p,(¥ | h).

Next, we fix § € (0,1) and for ¢,d, M > 0 (to be determined) depending only on &, we consider
theevents V =V, NV, and F = {E[1y | E_ 5, h}] > 1 — £}, where

V, = {max(v,1((—o0, 0] X{0}), vj,1((—0,0] X {7})) < d} and

vV, ={ld,2d] C F;([-M, M]), F'I (_ma < cfor j=1,2}.
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Note that since max(vj1((—o0,0] X {0}),v1((—0,0] X {7})) <o, F; is continuous and
limy_,_ o, F1(x) = vj1((—00,0] X {0}), lim,_, _, F5(x) = vj((—00,0] x {m}) and lim,_, , , F;(x) =
+oo for j = 1,2 a.s., we obtain that P[V] can be made to be sufficiently close to 1 by choosing
¢, d, M appropriately. Therefore,

P[F‘] = P[E[1y | E 5, hi] < 1= &1 = P[E[1ye | E 5, hg] > €]

< E[E[lvc |E5’5’ hllg]] _ P[Vc |E€,5]

N § §

In the final equality above, we have used that law of h]le is equal to the law of h]le conditioned on
E, ;5. Lemma 5.5 then implies that the right-hand side can be made to be at most & by choosing
¢,d,M > 0 sufficiently large. Altogether, for this choice, we obtain that P[F] > 1 — £ uniformly
in 6 € (0,1) and as € — 0. Observe that on V, we have that pj(x | h) > e‘MZ/z/(C\/E) for all
x € [d,2d] and j = 1,2, hence p(x,y | k) > e’ /(c?27) for all x,y € [d,2d]. Note also that
fes(a,b|hy) =E[p(a,b| h)| E. s, hy]forall a,b > 0 as. Thus, we obtain that on F,

fes(a b|h1)>E[ (a bli{)l |E h1]>e—M2E[1 B h1]>(1—§)e—M2
e,s\d, r) Z Elpla, vIZes MplZ 5o v IEcs,Npl 2 oy
for all a, b € [d, 2d]. This completes the proof. g

Lemma 5.7. There exists p, € (0,1) and 0<r<s, 0<u<v and C>1>D>0 so that
P[Z | E.s] > poforall € (0,1) and all € > 0 sufficiently small.

Proof. Let Z be the Radon-Nikodym derivative between the joint law of (A, B, h}Q) given E_ 5 with
respect to the unconditioned law of (A, B, hzle)' Then, we have that

PIZ|E.s] = ElLp(G| 4 p 121742 (A, B, hp)l.
Moreover,

fe,S(A’B | hllg)

Z(A,B,hy) = :
R g(A,B|hY)

where f_ 5(- | hllz) is as in Lemma 5.6 and g(- | hllz) is the conditional density of the law of (A, B)
given hy. Let H be the event that

fes(a,b] I’l}g) >c forall (a,b) € [ay,a,]x[by,b,],

where a;, a,, by, b,, ¢ are as in Lemma 5.6 for £ = % Note that H is determined by hzle‘ FixM >0
large such that M~! < (a, — a;)(b, — b;)/2 and set

X ={(a,b) € [a;,a,] X [by,b,] : g(a,b|hy) < M}.
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Then,
1 c
P[Z|E 5] > ME[IZIHI{(A,B)EX}fe,:S(A’B | hp)l > A_,IE[IZIHI{(A,B)GX}]’

so it suffices to give a lower bound on E[1;1;1y 4 g)ex}]- Fix £ € (0,1) independent of &, ¢ (to
be chosen later) and assume that we have chosen the parameters for G so that, by Lemma 5.3,
P[Z] > 1 — £. Then we have

E[1,1,14 pexi] = Elylya pexy] — §-

Since X is determined by h}, we have

X

Note that Y = /X g(a,b| hlle)dadb does not depend on € and Y > 0 a.s. since Leb(X) > (a, —
a;)(b, — b;)/2and g(a,b | hzle) > Ofora.e.a,ba.s.onH.Fixq > OandletZ, = {Y > g}. Bymaking
g > 0 sufficiently small, we can assume that P[Zq] > 3/4. Hence,

E[Y1,]-§>qP[Z,nH]-§>q/4—§>q/8

for & > 0 sufficiently small. Note that g > 0 is independent of &, ¢, and so, this completes the
proof. O

Remark 5.8. We note that Lemmas 4.2 and 4.3 hold with the smooth canonical description in place
of the circle-average embedding. This will be used in what follows.

Lemma 5.9. For any C > 1 (as in the definition of the (r, s, u, v, C, D)-stability of the surface A),
there exists b > 0 such that the following holds. Fix § € (0, 1). Then there exist §, € (0,1) and C >0
depending only on & such that the following holds. Let W denote the surface parameterized by the
part of h' that is to the left of the line {z : Re(z) = u, s} and by W,. For 6 € (0,6,), let Hec, b5 be
the event that with probability at least exp(—Cgbz(log 8)?), a Brownian motion starting from 0 exits
W in the part of the boundary of W, that has boundary length distance at least C from either 1);(0)
or 7j,(0). Then P[Hc,cg,b,a] >1-¢.

Proof. The claim will be deduced in three main steps. In Step 1, we show that with high probability,
a Brownian motion starting from 0 exits the part contained in W of a ball of radius some fixed
power of § with positive probability that is uniform in 8. In Step 2, we show that the ball of Step 1
is contained in W and that its image under ¢; is not mapped too far to the right in the strip. In Step
3, we conclude the proof by showing that conditioned on the above, the Brownian motion hits a
point in W with positive probability that is uniform in § whose image under ¢, is not mapped too
far either to the left or right in the strip. Then the claim is deduced since the images of 7, ([C, o))
and 7,([C, o)) under ¢, are not mapped too far to the right in the strip.

Step 1. Fix £ € (0,1) and a > 0. For § € (0, 1], we let I5 be the unique arc of dB(0, §) contained
in the boundary of the unbounded connected component of U, \ B(0, §) that separates 0 from oo
in U, and let x5 be the center of I5. Let also J5 be the subarc of I5 centered at x5 and having half
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of the length of I5. Then we can find constants g € (0,1),1,d > 0 such that with probability at
least 1 — & /3, we have that dist(J;,0U,) > d, the length of I, is at least I, and for each z € J;, the
harmonic measure of both of 7, and 7, as seen from z is at least gq. Hence, by scale invariance of
the joint law of (3,7, ), we obtain that for each § € (0, 1) and for some c;, ¢, > 0, with probability
at least 1 — & /3, the following hold.

* The length of I is at least S1.

dist(J5,0U,) > dd.

* For each z € J5, the harmonic measure of both of ; and 7, as seen from z is at least q.
Re.(gDZ(ﬁj(C))) € [-c;, ] for j =1,2.

|u;’5| < ¢;(log§)* for j = 1,2.

Let F, be the event that the above hold.

Step 2. We let 8 > 0, ¢, € (0,1) be such that 8 € (0,a/y) and gﬁ > o, where @ > 2 is such that
0

P[u,(B(w, 8)) > 6% for eachw € B(0,1/2)] =1—0(8%*) as & — 0, (5.14)

where the implicit constant depends only on y. (The existence of such an @ follows by apply-
ing Lemma 4.3 to each point in a grid in B(0,1/2) and taking a union bound.) Fix 0 < {; <
E<l< o <1and set Sz ; = sup{t >0 : 7;(t) € B(0,6)} and S5 = S5 V S5,. Then Lemma 4.2
implies that P[Sy, > §61P] = 0(86%19) as 8 — 0, for some constants p,q > 0. We fix ¢, € (0,¢;p).
Next, we let 7%/ = inf{t € R : v, ((—o0,t] X {0}) = 8% or Vi (=00, t] X {7}) = 8%} and note that
since vp,j((—o0, 0] X {0, 7}) has negative moments of all orders, Markov’s inequality implies that
P[T%/ > ”21,6] = 0(8P¢27bV) for some fixed b, € (0,¢,). Moreover, 2(uil/2 5= ”él,a) has the law
of the first hitting time of (b, /2)1log(1/5) for a Brownian motion starting from 0. Thus, a short
calculation yields that P[Z(ué1 25~ u{)l, 5) < 2log(1/6)] = O(8°) for some fixed ¢ > 0. Combining
everything, we obtain that for some ¢ > 0, off an event with probability O(&¢), the following hold:

&b 6. J
Ssey <61P, T <ub1’5, b5

ul - uélﬁ > 2log(1/6),

with b = b; /2. Note that on the above event, ¢ ;(1; ([0, S5, 1) U7,([0, S, 1)) € (—oo, T%J] x {0, 7}

Suppose that there exists z € ¢;(U; N B(0, SENN(S L+ ul]) 5). Then there exists a universal con-
stant r > 0 such that with probability at least r > 0 a Brownian motion starting from z exits &

on [ulj7 5»©) X {0, }. Hence, a Brownian motion starting from goj?l(z) exits U; on 7y ([Sgt,, 00)) U
1s

1,([Ss¢, » 00)) with probability at least . The Beurling estimate implies that the latter occurs with
probability at most O(6 % ), and so, we get a contradiction for § sufficiently small. Hence,
9,(U;NBO,6) C S_+u) .
Also, we have that B(0, 5%1) C W. Moreover, by (5.14),
P[u,(B(w, %)) < 5% for some w € B0, 1/2)] = 06%) as 6§—0

and by Proposition A.1 and Markov’s inequality, it follows that

Py ((—oo,ui 51%(0,m)) > 8P < sP@r=h),
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By combining everything, we obtain that we can find constants b, ¢ > 0 such that off an event with
probability O(5°), the following hold:

» 9;(U;NBO,6) CS_+u
BO,8)CW,

pp(B(w, 8%)) > 8% for allw € B(0,1/2),
* wpi((=o0,ul, ;1% (0,7)) < &°

Let F, be the event that the above hold and set F = F; N F,.

Step 3. By choosing & sufficiently small, we have that P[F] > 1 — £. Note that if F occurs, then a
Brownian motion that is independent of (h, 1, ,) and starts from 0 has probability at least p* > 0
to exit B(0, 8%) on some point z € J s¢ and then make a loop around B(z, d5° /(2A)) before exiting
B(z,ds¢/A). Here p* depends only on the implicit constants and A > 0 is large but fixed (to be
chosen). Since the harmonic measure of both of 7; and 7, as seen from z is at least g, there exists
aconstant x € (0, 7/2) such that dist(p,(z),08") > x. Hence, for A > 0 sufficiently large, we have
dist(p,(B(z,d5° /A)),d8) > x/2. Since 85 < d&¢ /(2A) and z € B(0,1/2) for sufficiently small &,
we have that

un(B(z,d&° /(20) > wy(B(z,8)) » 65 > &F,

for sufficiently small § (recall that § > g” o) and together with the fact that u>((—o0, ua 5] X
(0,7)) < 88, this implies that @,(B(z, dsS/2A) ¢ S_ + ua s- Note that by making the loop
around B(z,d5° /(2A)), the Brownian motion hits a point Wﬁose image under ¢, lies in (&, +
ui, 5) Nn(S_ + ui’ 5) and has distance from 0§ at least x/2. Note also that the above point w
lies in [—c; logé~',0) X (x/2, 7 — x/2). Hence, there exists a constant c¢; > 0 independent of
d such that with probability at least e—c3a’(l0gd)” 3 Brownian motion starting from w exits &
on [c,, ) X {0, 7r}. Therefore, since B(0, 8) C W and M([C, ) UM, ([C, )) C cpz‘1 [cy, 20) X
{0, }), and since %,8 < a, we obtain that there exists a constant C; > 0 depending only on 13

and y (but which can be taken to be uniform in y € [a, 2] for each a > 0) such that with probabil-
ity at least exp(—Cgbz(log §)?), a Brownian motion starting from 0 exits W on the part of 7; U,
with boundary length distance at least C from either #; (0) or #,(0). This completes the proof. []

Proof of Lemma 5.2. Fixo > 0,a > 0and forr > 0, j = 1,2, we set
=inf{t > 0 : n;(¢) & B(0,r)}

and write 77; = 77]-([0, Tg]) for j =1,2. Let py,r,s,u,0,C,D be as in the proof of Lemma 5.7
such that P[Z | E, 5] > p, for each § € (0,1) and ¢ > 0 sufficiently small. Then we let b be as in
Lemma 5.9, and let Eb be the event defined in the same way as E, s but with « replaced by b.
Here, b is chosen w1th respect to the constant C > 1 fixed in accordance with Lemma 5.7. Note that
for all § € (0, 1), we have that ot log(d,) = blog(d) with 6, = 8b/% and so, there exists 5, € (0,1)
depending only on « and b such that P[Z |E£” 5] > p, for all 5 € (0,8;) and all € > 0 sufficiently

small. Since G is (4, B, hl, h?)-measurable and Ef 5 is independent of h?, we obtain that

P[G | A, B, hl,Eba]_P[G|AB hil,
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and hence,

1
PG| E ] = E[PIG| A, B, hg] | El;] > JPIPIG | A, B, h] > 1/4| B 5] = ZPIZ| B ;1 > po/4.

NI

Fix & € (0, py/8). Then, by Lemma 5.9, there exists § € (0,1) such that
P[GNHcc, ps E&;] > po/8
forall € > Osulfficiently small since Heepns isalso independent of E ? 5- Therefore, we obtain that
P[GNHee,ps NELIR /20 a5 ¢ 0.

Suppose now that we work on the event G N HC’Cé,,b’a N Ef 5- Then, the Beurling estimate implies

that there exists a constant d > 0 depending only on b,u, 8, £ such that dist(0, 67\7) >d. Fix0 <
¢ < {* < 1. Let F be the event that

(i) SUP, ¢ p(0,6* U, PZ[B hits dB(0, s) before n] Un3 | 9] Un3] < exp(—e~°),
(ii) n, and 7, do not return to B(0,sC"!) after leaving B(0,sC") for n = 1,2, 3,
(111) dlSt(nl([T;/za T:C3])7 772([T52/2, T32C3])) Z DS
Note that the definition of G implies that (ii) and (iii) of the definition of F hold. Also
B(0,¢6"%) C B(0, d) forall ¢ > 0sufficiently small and so @, (B(0, <N Upcs_+ u}) 5- More-
over, ¢, '({z : Re(z) = 0}) € B(0,s) and {z € 8 : Re(2) < 1} C ¢;(n} Un3) and since |”11> 51>
€9 foreachze §_+ ull) 5 the probability that a Brownian motion starting from z hits {z :

Re(z) = 0} before exiting & is at most e *¢° for some constant x > 0. Thus (possibly by varying
¢*), we obtain that

P[F] > /20 a5 ¢ 0. (5.15)

Since € /s > ¢ for all ¢ sufficiently small, by combining the scale invariance of the joint law of
(n1,1,) (by scaling with el /s) with (5.15), the proof of (5.11) is complete. O

5.3 | Other versions of the main estimates

In this subsection, we state and prove versions of Lemma 5.1 in the case of chordal SLEg and two-
sided whole-plane SLE,. The first estimate is the following that is the analog of Lemma 5.1 but
with the pair of paths 7, 7, replaced by the left and right sides of the outer boundary of an SLE;g.

Lemma 5.10. Fix & > 1, let W = (H, h,0, 00) ~ QWedgeW:\}E have the first exit parameterization
y:

and let )/ be an SLEg in H from 0 to co sampled independently of h and then parameterized by
quantum area with respect to h. Fixt > 0 and let xtL (resp. xf) be the point on 0H,, to the left (resp.
right) of n'(t) such that the boundary segment fromn' (t) to xtL (resp. xf ) has quantum length log(e ')
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and let I, C 9H, denote the boundary arc from x* to xK. Fix o > 0. Then we have that

P inf P?[B exits H, in 0H, \ I, | ([0, ¢])] < exp(—e ), 5'([0,t]) C D,
B(z,4ef)gB(7]’(t),e)ﬂHI

— O(GU/2+O(1)).

The proof of the Lemma 5.10 is similar to that of Lemma 5.1, so we shall be rather brief. First,
we will need the following lemma, which is the chordal version of [16, Lemma 3.6]. This plays a
role similar to Lemma B.1 in the proof of Lemma 5.1 in the sense that with high probability, the
SLEg process, #, fills a ball of radius €® (£ > 1) before traveling distance ¢, and hence there is a
ball of radius € contained in H, n B(n(t),€).

Lemma 5.11. Letn’ be an SLEg process in H from 0 to co. Let T, be first hitting time of the point z by
n' and let 7,(€) be the first time after T, that n’ leaves B(z, €). Then, there exist constants by, b; > 0
such that for all § > 1 and all € > 0 small enough,

P[n/([z,,7,(€)]) does not contain a ball of radius at leaste‘f] < by exp<—ble(1_§)/5).

Proof. If z is in the interior of the domain, at distance at least, say, d > 0 from the boundary, then
the result follows by absolute continuity from the whole-plane case in [16, Lemma 3.6]. Indeed,
for z € H and r = Im(z), we let h° be a zero-boundary GFF and }Alz,, =h% — h;‘jr(o) where h% is
a whole-plane GFF and h}’,(0) its average on dB(z, r). Then, by copying the proof of [41, Proposi-
tion 3.4] and arguing as in the proof of [40, Lemma 4.4] for h (when handling its harmonic part)
and using scale invariance of h* and [16, Lemma 3.11], one sees that the Radon-Nikodym deriva-
tive of the law of h|p(; , /5) (resp. I/fz\z’, |B(z,r /2)) With respect to the law of h° |B(z,r/2) has pth moment
bounded above and below by constants depending only on p, for some p > 1 close to 1. Hence,
the lemma holds for B(z, €) with € € (0,r/2). For € € [r/2,r), the result follows by applying the
method of the boundary case, which we treat below.

We now prove the boundary case. Fix some a € (1,£), and let L = {z : Im(z) = €%} and 7; =
inf{t > 7, : n'([r,,t]) N L # @}. We shall show that there is a constant ¢, > 0 such that if x € R,
then P[r; > 7,(e/2)] < exp(—coe(l‘“)/ 4). With this at hand, we conclude the proof as follows.
Assume that x = z € R and that " does intersect L before exiting B(z,¢/2) and let w = #/(z;).
Then, upon hitting L, we consider the event that »’ swallows a ball of radius €5 before exiting
B = B(w,€%/2). Since the size of the ball B is comparable to the distance to the boundary, we
have that the probability of the event that n’([z,,, 7,,(€%/2)]) does not contain a ball of radius et
is comparable to that of the corresponding event when 7’ is replaced by a whole-plane SLEg, and
that the implicit constant is independent of €. Thus, by [16, Lemma 3.6] (and the discussion in the
previous paragraph), there exist constants a,, a; > 0 such that

P[n’([t,,, 7, (%/2)]) does not contain a ball of radius at leaste*| < a, exp(—a1 €a=¢ )

Hence, letting a = (4£ + 1)/5, the result follows.

We now turn to proving that the probability that " makes it distance ¢ /2 away from a boundary
point x without intersecting L is very small. Let h be the GFF on H such that %’ is the counterflow
line of h starting from 0 and targeted at co. Then h has boundary values given by 7/ \/§ on R_
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and -7/ \/§ on R, . Assume without loss of generality that x € R_.. For positive integers j, let
x; = x+(2j — 1)eC+/4 for j < 1=9/% /4 and let n; be the flow line of angle +7 /2, started from
x;, targeting 0. Then, the range of 7; will be the outer boundary of 7' ([0, ij]). Thus, if any of
the flow lines 7; hits L before going too far to the left, it follows that 7’ does so without traveling
too far.

Consider first 7, stopped upon first exiting the square S; with side length €%, with x; as the
center of the base and let 7! be the first exit time. With positive probability, 7, exits S; in the
top boundary. Next, let ¢! : H \ ,([0,7']) — H be the mapping out function for 7,([0,7']). For
simplicity of notation in what follows, we also write 7; = 7;. Let 7, be the image of 7, under ¢!,
that is, the flow line of angle +77 /2, from g'(x,) in the field h! = h o (¢1)~! — y arg(((¢*)~')). We
write X, = g'(x,). Next, let S, be the square with side length * and base with center x}. Let 7* be
the first time that 7, exits S, and stop 7, when doing so. Again, there is a positive probability that
7}, exits S, in the top boundary. We proceed iteratively, letting ¢/ be the mapping out function of
77;([0,7/]) and define b/ = h/™" o (¢))™! — y arg(((g/)™")'), as well as letting x]]{ = gf(xi_l), i1
be the flow line of angle +7/2 of the field h/, started from xj: 1 S/ be the square of side length
€? and base centered at xj.' 4 and 7/ the first exit time of S ; for 77;. Note that the distance between

each pair of marked points is always of order ¢G+a/4 Indeed, each map ¢/ contracts the points
xi_l and xiﬁ by a distance of O(e?) (since that is the order of the diameter of ﬁ‘j([O, 7/1)). Doing
this for each j, the distance will shrink at most by O(¢(1=®/4 . ¢¢) = 0(¢(1+3%)/4) and hence (since
a > 1) the distance will always be of order O(¢**%)/#). Hence, the each square S will be separated
from ¢/(S;_,), with distance uniform in j. In particular, we have that dist(S;, ¢/(S;_,)) > ¢*+@/*
for all € € (0, 1) sufficiently small and all j.

Next, we note that there is a deterministic constant C > 0 such that the boundary data of h/isin

[-C,C] for every j. Let Z j be the Radon-Nikodym derivative between the laws of h| s; and h/| s
Then, since dist(S:, ¢/(S j—l)) > eBGta/4and S ;i C B(xj: 1 2¢%), it follows from the argument used

to prove [43, Lemma 4.15] that there exist p > 1,C,, > 0 depending only on C such that E[ZP] <
C,. It then follows that the probability that 7); exits S; on the top boundary is uniformly bounded
from below in j by a constant p, > 0, and so,

P[Im(7;(z;)) # ¢ forall 1 < j < e1™/4/4] < (1 = p)*"*/* = exp(—coe1=0/),

where ¢, = —i log(1 — py). Suppose that x > ¢/4. Then we set y; = x — (2j — 1)eB+a/4/8, for
1< j <e'=®/4/8, and let 77; be the flow line of h of angle Z started from y; and targeted at 0.
Then, applying a similar argument as before and possibly taking p, > 0 to be smaller, we obtain
that

P[Im(7;(/)) < ¢ forall 1< j < e1=0/4] < exp(—cye1=/4),

where 77 is the first time that ﬁj exits the square with side length ¢ and base at y;. It follows
that off an event with probability at most 2 exp(—c,e!~%/4), there exist 1 < j; < e1=9/4,1 < j, <
¢(1-a)/4 /8 such that Im( ;, (@) > € and Im(7;,(772)) > €“. But if the above occur, we have that
7’ hits L before hitting x for the first time, and so, #’([z,,7,(¢/2)]) has to exit the square [x —
€/2,x +€/2] x [0,e?] either to its right side or to L. Since Im(# i (/1)) > €%, we obtain that it has
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to exit it via L. Thus, we deduce that
P/ ([t,, T(e/2)]) N L = B] < 2 exp(—coe! /%)

if x > ¢/4. Suppose that x < ¢/4. Then we set §; = —(2j — 1)eCG+D/4 for1 < j < e1=9/4 /4 and let
77 be the flow line of h of angle —g starting from y; and targeted at 0. Then, arguing as before
and possibly taking p, > 0 to be smaller, we obtain that off an event with probability at most
2 exp(—c,e1=®/%), we have that there exist 1 < j;, j, < €1=%/% such that Im(z j,(T/1)) > € and

~

Im(772(%))) > €%, where 7, is the first time that 7’2 exits the square with side length ¢ and base

with center J; . Similarly, since 72 is the outer boundary of the range of 7’([0,772]), we obtain
that n’([z,, 7,,(€/2)]) N L # @ if the above occur. Therefore, we have that

Pl ([7,, 7,(e/2)]) N L = B] < 2exp(—cyel~9/%)

in every case. This completes the proof. O
‘We are now ready to prove Lemma 5.10.

Proof of Lemma 5.10. Fix t > 0 and observe that the restriction W, of W to H, has the law of a
weight y—; = 1 quantum wedge (Theorem 2.9). Let ¢ : H, — & be the conformal transformation
such that p(5/(t)) = —o0, p(c0) = +o0 and it = h o o1 + Qlog(|(p~1)’|) has the first exit param-
eterization on &'. Note that Lemma A.10 implies that we can find a finite constant & > 0 such that
with probability 1 — O(¢?/2), we have that Uy (B(z, %)) > €% for every ball B(z, 4¢5) CHN B(0,2),
where & > 1 is fixed. Arguing as in the proof of Lemma 5.1 but with Lemma 4.3 replaced by
Lemma A.10, we can find constants c,d > 0 independent of ¢ such that with probability 1 —
0(e9/?), we have that

P(B(z,e) ¢ (S_ - )Ufz€ S : — 7 <Re(z) < T, g +2, dist(z,08) < €}
for every ball B(z, 4e¥) C H, n B(0,2), and on that event, there exists w € p(B(z, €%)) such that
with probability at least e~ a Brownian motion starting from w exits § on 0S, + T.q+ 1. Also
we note that Lemma 5.11 implies that with probability 1 — 02°(e), 7’ ([0, t]) contains a ball of radius
¢ whenever it travels distance ¢, on the event n'([0,t]) C D,. Therefore, in order to complete the
proof, it suffices to prove that with probability 1 — 0(¢°/2), ¢(I,) C dS_ + T, 4 + 1. To prove this,
we note that as in the proof of Lemma 5.1, we have that
E[Vil\ [Te,d9 Te,d + 1] X {0})_1] 5 eyd/Z’
and so, Markov’s inequality implies that

P[v;([Teg, Teq + 11X 0]) < log(e )] S log(e e’/ 5 ¢/

for d > 0 sufficiently large and similarly for vy ([T 4, T, 4 + 1] X {z}). Hence, with probability 1 —
0(e%/?),

min(v;((=o0, T g + 11 X {0}, v((=00, T g + 1] X {rr})) > log(e ™),

and so, ¢(I;) € d§_ + T, 4 + 1. This completes the proof. 1
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Our final result of this section will be the version of Lemma 5.1 that will be used to deduce
the continuity results related to SLE,, that is, Theorems 1.1 and 1.2. We shall be rather brief when
proving it, as the ideas are the same as in the proof of Lemma 5.1, the only difference being that
we will not consider the quantum length of the curves 7, and 7, as its tail behavior is different
(since this is the critical case, y = 2).

Lemma 5.12. Suppose that we have the setup of Lemma 5.1 withy = 2 (x = 4). Let E(c) = E_(0) be
the event that there exists z € B(0, 2¢) with dist(z, 7, U1,) > € and such that the harmonic measure
of each of n, and 1, as seen from z is at least i and that the probability that a Brownian motion
starting from z hits 0D before exiting C \ (n; U 1,) is at most exp(—e~?). Then

P[E(0)] = O(c°/?*°) g5 ¢ — 0.

Proof. Suppose that we have the setup of the proof of Lemma 5.1 and fix £ > 1. Note that Theo-
rems 2.8 and 3.1 imply that », and 7, cut (C, h, 0, c0) into two independent weight-(}'z—2 = 2) wedges
parameterized by U, and U,.

Arguing as in the proof of Lemma 5.1, we obtain that with probability 1 — O(¢°/?), we have
that ¢,(B(z,€%)) ¢ &_ — ¢~ /4 for every ball B(z,¢%) C B(0, 2¢). Moreover, Lemma A.9 implies
that there exists p > 0 such that E[u,(D)?] < o0, and so, we can find constants ¢,d > 0 such
that with probability 1 — O(e9/#+°()), we have that 41,(D) < €, T, g < €7 /4and ujn ([T, 4, Te g +
1] x [0,7]) > €7¢. Suppose that we work on the above event and let z € B(0, 2¢) \ B(0, €) be such
that dist(z,n; U7,) > € and such that the harmonic measure of each of 7, and ), as seen from z
is at least i. We assume without loss of generality that z € U;. Note that for some universal con-
stant g > 0, with probability at least g, a Brownian motion starting from z makes a loop around
B(z, %) before exiting C \ (1, U1,). Hence, if ¢,(z) € &_ — €79 /2, then with probability at least
q a Brownian motion starting from ¢,(z) hits {—e79/4} x (0, 7r) before & since ¢,(B(z, e))n
(8, —€79/4) # 0. But for ¢ sufficiently small, this occurs with probability less than g by the Beurl-
ing estimate, and so, we have a contradiction. Note also that ¢,(U; ndD) € &, + T, ; + 1 since
M (S + T, g) > €€ > up(D). Hence, if ¢,(2) € &, +€77/2, then there exists a connected path
P of ¢,(U; N dD) connecting {T 4 + 1} X {0, 7} with {Re(p;(2))} x (0, r) and with probability at
least § > 0 a Brownian motion starting from ¢, (z) hits P before 0§ since the harmonic measure
of the upper and lower boundary of § as seen from ¢, (z) is at least 1/4 (& is a universal constant).
By conformal invariance of Brownian motion, we obtain that with probability at least §, a Brow-
nian motion starting from z hits 0D before 7, U 7,. But that is a contradiction for ¢ sufficiently
small by applying the Beurling estimate again. Therefore, ¢,(z) € [-€77/2,¢79/2] X (0, 7) and
since ¢, (U; N dD) € &, + €7 9/2, by arguing as in the proof of Lemma 5.1, we obtain that a Brow-
nian motion starting from ¢, (z) hits ¢, (U, N dD) before 6§ with probability > exp(—3¢~7). This
completes the proof. O

6 | DENSITY LOWER BOUND FOR THE LQG MEASURE

In this section, we prove a few results that we need on the density of the intensity of the LQG area
measures. Recall that Gg is the Green’s function with Neumann boundary condition in D. The key
bound of this section is Proposition 6.1 that is stated just below. It will be important for the proof
of the upper bound in Theorem 1.3, since it tells us that we do not lose too much information
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when we consider the regularity assumption that (D, ) < M. This condition, in particular, is
convenient to control the behaviour and geometry of the SLEg process, in particular how far it
escapes, when parameterized by quantum area and to derive from this, the same control of the
curve parameterized by capacity, for small times. In order to understand the proof of Theorem 1.3
that comes in Section 7, one need only understand the statement of Proposition 6.1 and can skip
the details on a first reading. In what follows, we assume that y = \/5

Proposition 6.1. Suppose that (H, h,0, c0) ~ QWedgeW‘\}_ has the first exit parameterization and
Y
fix B > 1/8. Then there exist constants M, c > 0 such that if E = {u, (D, ) < M}, then

E[1;u,(d2)] > cIm(z)ﬁ 2|z| -k forall z€e1D+.

We emphasize that in the statement of Proposition 6.1, we are using the notation E[1;u,(dz)] to
denote the density with respect to Lebesgue measure of the measure X — E[1;u;(X)]. As we will
see below, the reason that Proposition 6.1 takes some work to prove is because we are considering
E[1;u;(dz)] and notsimply E[u;,(dz)] (i.e., the density of the measure X — E[u;,(X)] with respect
to Lebesgue measure) and we need a lower bound on the former in Section 7. Establishing this
lower bound will amount to establishing a lower bound on the probability of E under the measure
whose formal Radon-Nikodym derivative with respect to P is given by e?"(?).

The proof of Proposition 6.1 consists of three main steps. First, we show how to compare
E[1;u;,(dz)] to the density of the intensity of the area measure corresponding to h, that is,
E[u,(dz)]. This is the content of the next proposition. Next, in Lemma 6.9, we derive the form
of E[u,w(dz)] when considering an a-quantum wedge with « < Q. Finally, we show how to
compare the densities of the intensities of the area measures for QWedgeW 4 (1 e., a =0) and

g \/—

Proposition 6.2. Suppose that (H, h,0, c0) ~ QWedgeWzl2 has the first exit parameterization and
y:
fix B > 1/8. Then we can find finite constants M, c > 0 such that if E = {u,(D,) < M}, then

E[1pu,(d2)] 2 cIm(z)5|z|_ﬁf(z) forall ze e_1D+,
where f(z) = E [u,(dz)].

Let (&, h,—00,+0) ~ QWedge y }/2 with y € (0, 2] (recall the definition in Section 2.6). Sup-
pose that we have z € §_. We let P denote the law whose (formal) Radon-Nikodym derivative
with respect to h is given by e”?). The law of h under P, can be sampled from using the following
two steps.

* Taking the projection onto H; (&) to be given by X; where (—X_; ,);5, has the law of a BES?
weighted by the Radon-Nikodym derivative

e}’X Re(z)

E[eyXRe(z) ] )
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» Taking the projection onto H,(S) to be given by the corresponding projection for a free
boundary GFF plus the corresponding projection of ng (z,-), independent of X.

The main step in the proof of Proposition 6.2 is the following.

Proposition 6.3. Fix 8 > 1/8. Then, we can find M, c > 0 such that if E = {u1,($_) < M}, then
P,[E] > cdist(z, 8S8)P forall ze S_ with Re(z) < -1.

We begin by giving the asymptotics of the Laplace transform of a BES® process.

Lemma 6.4. Suppose that Z ~ BES>. For any s > 0, there exist constants 0 < ¢, < ¢; < oo such
that

cot ™ <E[e™] eyt ™? forall t>1.

Proof. We begin by noting that if we let p,(x, y) be the transition density for Z, then

2
p[(oa y) = \/zt—3/2yze_);_t ’
Vs
see [48, Chapter XI]. Then,

o 2 oo
Ele—%] = \/2[—3/2/ yze—sy—yz—tdy < \/zt—3/2/ yleVdy = 212 302,
T 0 7 0 s3y/7

For the lower bound, we set m = 2 max(s, 1) and note that for t > 1/2,

1 o
E[E_SZ‘] > \/gt—3/2</ yZe—mydy +/ yze—myzdy> — Cst—3/2’
0 1

since the sum of the integrals is positive and depends only on s. Thus, the result follows. O

In order to bound the moments of u;, under the measure P,, it is convenient to bound the
moments of uj; 6Nz, where h is a free boundary GFF on H. We will then show that the former
e

moments are upper bounded by the latter.
Lemma 6.5. Let h be a free boundary GFF on H with the additive constant fixed so that its average

onH N dDisequal to 0. Then there exists p, € (0, 1) such that forall p € (0, py), wecanfindC, < oo
depending only on p such that

EI:IJ}TH_}/GN(Z _)(D+)p] < CpIm(z)yp(Q_ZV)JrO(PZ) forall zeD,\e?D,,
hie
where the implicit constants of the term O(p?) are uniform in z.

Proof. We write D = H n B(0,2) and suppose first that & is normalized so that the average on
H N 0B(0,2)isequal to 0. Then h = hOD + b where hOD isa zero-boundary GFF on D and b, is har-
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monic on D and independent of ). Wefixz € D, \ e~>D, andset A, = B(z, r27%)\ B(z,r27%1)
for k € N, where r = Im(z). By [49, Proposition 3.7] (recalling Remark 2.5),

E[,uho (B(z, rz—k))P] < Cr1PR2
D

where C,, depends only on p € (0,4/y*) and ¢, = (2 +y?/2)p —y*p*/2, and by Lemma A 2,
there are constants C, Cp > 0 such that

Elexp| yp sup Hp(w) <Cpr_cyzp2.
weB(z,r/2)

Thus, we have that

E[(B(z,r27))P] < C,p7PQ=Cripip=k,,

Moreover, since GI}‘II(Z, w) = —log|z —w| —log|z —w| < (k+1)log2 —2logrforallw € A;,we

have that if we pick p € (0,1) such that{,, —y*p = (2 —y*/2)p — y*p*/2 > 0, then

~ N2 2
E[umycg(z,.)(B(z, r/2))"] < Z E[#mycg(z,_)(Ak)P] < CrrPQ=2n=Crp, (6.1)
k=1

Next, we let p, denote the uniform measure on the semicircle H N dB(—x, 2) where x = Re(2).
Then we have that u;(B(z,r)) and e 7?2 uz(B(ir,r)) have the same law, and so, by Holder’s
inequality,

Elus (B )] < Be~Pe)| B (BGir. 2] (6.2)

Furthermore, var[(h, p,)] is uniformly bounded in x and E|uj;(B(ir,r)*P| < r2rPQ-0(P*) where
the implicit constant depends only on p and the constant of the term O(p?) is independent of
r, p for all p sufficiently small, and so, we can find 5p < oo depending only on p such that
E [uj;(B(ir,r))?P] < C,, for p sufficiently small. Hence, by (6.2), we obtain that

Bk e (40| < Cpr7 PO, (63)
and so, (6.1) and (6.3) imply that
Bt 03 B@ | < Bt o (B /2P| + Blatg o e (A0
(Q-27)+0(p?)
< C,r1PQ-m+00?), (6.4)

where the implicit constant in the term O(p?) is universal.
We now consider D, \ B(z,r). For k € N, we set A, = Hn B(z,725) \ B(z,r2¢"1) and k, =

L%J + 1. We observe that var[(ﬁ,pJr )] < —2log(r2¥) + 0(1), where the O(1) term is

x,r2k+1
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+

uniform in x and [ is the uniform measure on H N dB(x, r2¥*1) and

o <~p+ >(H N B(x, r2)P | < €, (r24yPe, (6.5)

P r2k+1

. V(fl,p‘f )
where Cp depends only on p. Thus, since e x okl u

h— h’PX,,2k+1

>(H N B(x,r2k+1)), and
ui(H N B(x, r2K+1)) have the same law, (6.5) and Holder’s inequality imply that
E[(H 0 B(x, r2¥*1))P] < €, (r2kyre-2r°r”,

Since Gg(z, w) < —2log(r2k—Y) forallw e ﬁk, it follows that
E[MEHGEI(Z;)(A\k)p] <SCplr 2%

for a, =yp(Q—2y) - 2y?p?. By picking p € (0,1) such that a, <0 (since Q <2y when y >

2/ \/5), summing over k, we have (since the function x — xP is concave)

Bl 54y (H 0 B D\ Bz, )P | < Cprs, (66)
where C,, > 0 depends only on p.

We now deal with D, \ B(z,1). Since Gg(z, w) < Oforallw € D, \ B(z,1) and E[u;(D,)P] <
oo for p € (0, 1), we have that

E[Mmycg(z,.)(m \ B(z, 1))P] <Cp. 6.7)

By combining (6.4), (6.6), and (6.7), we obtain that for all p € (0, 1) sufficiently small, we can find
C, > 0 depending only on p such that

—2y)+0(p?
E[ﬂﬁ+ycg(z,-)(D+)p] < CprVP(Q 1+0(p7) (6.8)
where the implicit constant in the term O(p?) depends only on p.
Finally, we set h = h — (h, p) where p is the uniform measure on H n 6D. Then & is normalized

as in the statement of the lemma. Then, for all p € (0, 1) sufficiently small, Holder’s inequality
together with (6.8) imply that

p 2| gl g-2rpipn)|
E[,umycg(z")(DJr) ] < E[[.LE+YG11:JI(Z,_)(D+) ] E[e ’ ]

c (Q-2y)+0(p?)
< Cp(Im(z))rPHem=rm=ip

forallz € D, \ e 2D, where C » < oo depends only on p and the constants of the term O( p?) are
uniform in z. This completes the proof. O
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We now use Lemma 6.5 to bound the moments under P, of the quantum area of (Re(z) —
1,Re(z) + 1) X (0, ) with respect to h.

Lemma 6.6. Let (8, h,—oc0,+00) ~ QWedgeW‘ and consider P, as above for z € & such that

Re(z) < —1. Then, there exists p, € (0,1) such that forall p € (0, py), thereexists C,, < oo depending
only on p such that

E, [14(A)P] < C,r/PQ-2+00?),
where A = (Re(z) — 1,Re(z) + 1) X (0, ) and r = dist(z,3S).

Proof. We consider the conformal transformation 3 : & — H with {(w) = e?Re@~1 and let h
be a free boundary GFF on H as in the statement of Lemma 6.5. Then % o ¢ has the law of a
free boundary GFF on & normalized so that its average on {Re(z) + 1} X [0, 7] is zero. Note that
Gg (z,w) = G}NI(eZ ,eW) for w € §. Fix z € &_ as in the statement of the lemma and without loss
of generality, we can assume that Im(z) < 7/2 and set g(w) = Gg(z, w) — % /Oﬂ Gg(z, Re(w) +
i9)d6. Then, g is the projection of Gg(z, -)onto H,(&). Moreover, there exists a universal constant
C > 0 such that g(w) < Gg(z, w) + C for all w € A. Hence, it holds on A that

h < hoyp +yGN(z,-) + yC — inf h(t 6.9
o +yGy(z,)+y Re(z)—llstsRe(z)+1 1) (6.9

since X is negative on &_, where fll is the projection of & o ¢ onto H,(&). Furthermore,
infre(z)—1<t<re(z)+1 M (t) and infy o, By, have the same law where B is a standard Brownian
motion; note that the latter has finite exponential moments of all orders. Thus, Holder’s inequality
combined with (6.9) imply that

E,[1,(A)P] < C,E[u;(A)P]'/?, (6.10)

where i =h o ¢ +yGN(z -) and C,, depends only on p. Moreover, (2.8) together with the
observation that e < |¢'(w)| < 1 for w € A, implies that

-2 2 2 2
E :“E+yag(zp(z),.)(D+ \e"Dy,) p] = E[/‘ﬁmlog |¢'|(A) p] > CpE[/"ﬁ(A) 7],

where C,, depends only on p. Since Im(y(z)) = e~!sin(r) and sin(y) > % y for y € (0,7/2), the
result follows from (6.10) and Lemma 6.5. O

Next, we bound the moments under P, of the mass in the rest of the half-strip §_.

Lemma 6.7. Suppose that we have the setup of the previous lemmas. Then there exists p, € (0,1)
such that for all p € (0, p,), we can find a constant Cp < oo such that

E,[1,(S_\ AP] < C

Proof. Let E, (resp. E) be the expectation with respect to P, (resp. P) and let X = (X,);cg be the
projection of h onto H,(&). For k < 0, we set X" = sup,¢x_ 1 X and set t = Re(z) < —1. Note
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that under P, we have for s < 0 that X; = —Y_,, where Y ~ BES?. Moreover, Y can be coupled
with a Brownian motion B such that Y = 2S; — B, for all s > 0 where S; = sup <, By ([48, The-
orem V1.3.3.5]). Hence, X — X for k < 0is stochastically dominated from above by sup,c(q 1] Bas-
We recall that there exists a constant Cllj depending only on p and y such that,

E[e)’p Supse[O,l]st] < CIIJ' (6.11)
SetB, = B,_,, —B_,, and Y,, = 2sup,, B, — B, for allu > 0. Then, we have that Y has the
law of a BES® process starting from 0 that is independent of Y_,,. Moreover, we have that Y, >
Yys4r) — Y_y forall s > —t. It follows that
E[e}’PXke}’Xt] = E[e_ypy—zke_}’y—ﬂ] < E[e—}’PYz(—kH)e—}’(l—P)Yfzz]
— E[e—VPYz(fkm]E[e—}’(l—P)Yfzz]
<C(=k +1)732(=t)*/?> (Lemma 6.4) (6.12)
for some constant C > 0 depending only on y and p. Moreover, since E[e’? (X;_Xk)lX = Xx] is

stochastically dominated by e”?S"Pseion] B2s for each x < 0, we have (with B a Brownian motion,
independent of X) by the Markov property of X, (6.11) and (6.12) that forall k < t — 1,

E[eprZ e’ Xt ] =E lE leyp@;j X1

(Xu)ue[k,O]] eprketh] = ElEleyp(X;_Xk)

Xk] eV PXk eth]

< E[e}’P SuPse|0,1132se}’PXke)’Xz] - E[e}’P SuPse|0,1]32s]E[e}’PXke}’Xz]

<Ch(—k + 7=, (6.13)
for some constant Cllj depending on p and y. Moreover, we observe that the projection g of Gg(z, 2)
onto H,(&) is bounded from above on &_ \ A uniformly in z and since the law of h, under P is

invariant under horizontal translations and E [/,%([—1, 0] x [0, ﬂ])P] < oo for p > 0 sufficiently
small, we have that

Ez[,uhz([k — 1,k %[0, n])P] <c. (6.14)

Therefore, by (6.13) and (6.14), we obtain for p € (0, 1) sufficiently small that
t—1 , p
E Juy (=00, — 1] X [0, w])P] < EZK > e, (k- 1,k]x [0, ﬂ])) ]
k=—00

t—1
< El > P, (k- 1,k] x[o, n])P]
k=—00
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t—1

= 3 B[P B, 0k~ 1,k x [0, 71|

k=—oc0

Clc2( t) 3/2

eyXl Z k= 3/2

By combining the above inequality with Lemma 6.4, we obtain that
Efup((—co,t = 1] x [0,7])’] < C,
and proceeding similarly,
Eu, ([t +1,0]x[0,7])P] < C,
for all p € (0, 1) sufficiently small. Thus, the result follows for small enough p > 0. [l

We will now construct an H,(C) approximation $Z,r to the log function centered at z and equal
to log |z — x| for x ¢ B(z,r) that is going to be useful in what follows. Let ¢ be a smooth function
on R which is nondecreasing and such that ¢(x) = 0 for all x <0 and ¥(x) =1 for all x >
We also consider the continuous function f on R with f(s) = %z,b(%(s —)) forog<s<r and

f(s)= 1 for s > r. Then, we set ¢, ,(x) = F(|x — z|) where F(x) = logr + /r' ! f(s)ds for x € C.
We then have that 52’,(x) = log |x — z| for x & B(z,r) and $Z’,(x) =logr + O(1) for x € B(z,r),
fB(ZJ) |V$Z,r(x)|2dx = O(1) where the O(1) is uniform in x, r.

With the above lemmas at hand, we prove the following lemma, which is the main ingredient
in the proof of Proposition 6.3.

Lemma 6.8. There exists p, € (0, 1) such that for each p € (0, p,), there exists a constant ¢, > 0
dependlng only on p so that for each z € §_ with Re(z) < —1 and r = dist(z,98), the followmg is
true. Let ¢Z » be as above and let ¢, , be the projection of ¢Z . onto H,(S) (i.e., obtained by start-

ing with ¢Z’, and then subtracting its mean on vertical lines) and let a > 1/ \/_ 2. Then, we have
that

E,[fniag, (SP1<c)

Proof. First, we assume that Re(z) = —1 and suppose that we have the same setup as in Lem-
mas 6.5 and 6.6. We let ¢(w) = e® and set z, = ¢(z) € dB(0,e ') and r, = Im(z,) € (0,1). We
consider the field h = h + J/Gg(zo, )+ alog|z, — -|. We observe that alog |z, — w| < alogr, —
aklog2forallw € Ay = B(zo,ry27) \ B(zy,ry27%1) and a log |z, — w| < alogr, + ak log 2 for
all w € A, = H N B(zy,7,2") \ B(zy,7o2*""). Hence, by summing over k € N as in the proof
of Lemma 6.5, we obtain that E[/xh(B(zo,ro))P] < C, and by summing over k = 1,. k , We
have that E [,u (H N B(zy,1) \ B(z,, ro))P] C,.Alsoalog|z, —w| < alog2inD, \ B(zo, 1) and
thus, asin Lemma 6.5, we obtain that E [,uﬁ(D " )P] < C,, for p sufficiently small, where C, depends
only on p. Moreover, we have that |log |z, — w| —log|logw — z|| is bounded for all w € D, \
e?D,, uniformly in z, and since log|z — logw| = $Z’,(log w) for all w € ¢(A \ B(z,71)), (2.8)
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implies that
Hup(A\ Bz )] < Cp,

where h! = h o ¢ + )/Ggf(z, D+ oc$z,r. Proceeding similarly to Lemma 6.6 and using the above,
we get that

1/2

Bk, o, (A\ Bz 1| <GBl (a\ Bz, < (615)

p!
where C,, depends only on p. It is easy to see that /0” $Z,F(Re(w) + it)dt > —1 and hence that

¢, (W) = $Z’r(w) - %fon gﬁgz,r(Re(w) +it)dt < $Z,r(w) + % for all w € &. Thus, combining this
with the fact that h; < 0on §_, we have by (6.15) that

Bfhap,, (A\ BE P | € Bt e, (A\BGD)| < C,p (6.16)
We note that by invariance of the law under horizontal translation, the bound (6.16) is independent
of Re(z). Moreover, ¢, (w) < logr + O(1) on B(z, r) and thus Lemma 6.6 and the above reasoning
imply that

Ez[“h+a¢z,r(B(Z’ r))"] <Cp, (6.17)

for p > 0 sufficiently small since Q + a — 2y > 0. Thus, by (6.16) and (6.17),

Eo{#usas,, (4] <€, (6.18)

for all p € (0,1) sufficiently small and z such that Re(z) < —1. Furthermore, we have that
¢, (W) = O(1) uniformly for w € §_ \ A and so Lemma 6.7 implies that

Ez[thm(s_ \A)P] <C,. (6.19)
Thus, the result follows from (6.18) and (6.19), since p € (0, 1) and since C D dependsonlyon p. []
We now prove Proposition 6.3.

Proof of Proposition 6.3. We fix o > 1/\/5 such that 8 = a?/4. Fix also z € (§_ — 1) and setr =

dist(z,0S_) and suppose that we have the setup of Lemma 6.8. First, we observe that we can find
a finite universal constant C > 0 such that

1 —
162,115 < € + = log(r™), (6.20)
where the Dirichlet energy is considered on &. We note that the law of &, under P, is given by

hg + yg(-) where hg (resp. g) is the projection onto H,(&8) of a free boundary GFF on & (resp.
GI;). Hence, the law of h under P, can be obtained by weighting the law of h + a¢, . under P,
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by

aZ
G L (6.21)

Note that (hg ,—a¢, )y is a mean zero Gaussian random variable with variance a? | ||2V. More-
over, by Lemma 6.8, we have for sufficiently small p € (0,1) that we can find a finite constant
C, > 0 depending only on p such that

Ez[:uh+aqbz’r(cs)—)p] <Cp

uniformly in z and r. Hence, Markov’s inequality together with the fact that Pz[(hg —ad, )y =

0] = % implies that we can find a finite M > 0, sufficiently large, and a universal constant q €
(0,1), such that

P,|Uniap,, (S-) <M, (hf ,—ad, )y = 0] >q. (6.22)

Moreover, if the event in (6.22) occurs, then the Radon-Nikodym derivative in (6.21) is at least

2
e_aT”‘PZ”HZV. This, together with (6.20) and (6.22) implies that we can find a constant ¢ > 0 such
that

¥}

a

PJE]|>cr+.
This completes the proof. O
With Proposition 6.3 at our disposal, we are now ready to prove Proposition 6.2.

Proof of Proposition 6.2. Suppose that (H, h, 0, o0) ~ QWedgeW:l2 and fix e > 0. First, we consider
y:
the probability measure defined on distributions given by

E[1,41,(B(z,€))]

Pl A= B

By applying a similar method to [11, Lemma A.7], we obtain that a sample from P,  can be
obtained as follows.

* We sample w € B(z, ¢) from the probability measure on B(z, €) whose density with respect to
the Lebesgue measure is given by:

E, [un(dw)]
Z 9’
where Z is a normalizing constant.
* Next given w, we sample the law of the field from P,,,.

Hence, P, . converges weakly to P, as € — 0. Let M > 0 be the constant of Proposition 6.3 and
seth =ho ¢+ Qlog(|(¢~1)|), where ¢ : H — & with ¢(w) = log w. Then (S, h, —c0, +00) ~
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QWedgeW=!_ has the first exit parameterization, and thus, Proposition 6.3 implies that there exist
y=v2
constants M, ¢ > 0 such that

P

Zo

[E] > cdist(z,, 88 )P,

where z, = logz and E= {u;(S_) < M}. Suppose that Im(z,) < 7/2. Then, dist(zy, d8') = arg(z)
and so the coordinate change formula for quantum surfaces implies that

P,[E] = P, [E] > carg(2)’.
Also note that sin(arg(z)) = Im(z)/|z| < arg(z) and hence
P,[E] > cIm(2)?|z| 2. (6.23)

If Im(z,) > 7 /2, then (6.23) holds by an analogous argument. Note also that

. E[1pu,(B(z,€))] .. E[1pu,(B(z,¢))] ¢’ E[15u,(dz)]
A Bl T @ EmGeol | Bedal O
Thus, the result follows from (6.23) and (6.24). O

We mentioned above that in order to prove Proposition 6.1, we compare the density of the inten-
sity measure of a Q-quantum wedge with that of an a-quantum wedge conditioned on some event
with high probability, where a < Q. In order to do this, we need to examine the density of the
intensity of the latter.

Lemma 6.9. Fixy € (0,2)anda < Q. Let W = (H, h,0, 00) ~ QWedge‘;’fj}C/‘ have the circle-average
embedding and let f,(z) := E[u;,(dz)]/dz be the Radon-Nikodym derivative between the intensity
of u, and two-dimensional Lebesgue measure. Then

_ _v2
fo(@) = |2I™Im(z) " /? for ze€D,.

Proof. We note that when restricted to D, h = h/ — alog| - |, where h/ is a free boundary GFF
normalized so that its average on HnN dD is 0. Letting 6 denote the uniform probability mea-
sure on H N 4D, we can write (hf, p) = (Ef, p — 6), where k! is a free boundary GFF without
normalization. Letting p, 5 denote the uniform probability measure on dB(z, §), we have that

Eluy,s (d2)] = %%5722E[ey(hf'sz5)] dz = <1§i_r)r(1)5722E[e”(F‘f"’2~5_6)] dz

;,2 ~
= }sin%aﬂeTV“[(hf’Pz»é—@)]dz. (6.25)

Here, we have that

var((i;, p, 5 — 0)] = // N (w1 wy)(ps 5 — O)(dwy)ps 5 — O)(duwy),
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where GINJ(wl, w,) = —log|w; — w,| —log |w; —w,| is the Green’s function with Neumann
boundary data on H. We note that there exists a universal constant C < oo such that / |log |x —
y116(dy) < C and [ |log|x —y||6(dy) < C, for all x € B(0, 5). It follows that

/ / |G (wy, wy)lp, s(dw,)6(dw,) < 2C, / / IGN(w;, wy)6(dw,)(dw,) < 2C,

whenever |z| < 1 — &, which implies that
—ac+ [ [ GNwiwe,s(dw)p, sdw) < vy, s - O)
<4C + / / Gg(wl, w,)p, s(dwy)p, s(dw,).

Moreover, whenever 0 < § < %(Im(z) A (1 = |z])), we have that

2w 2w
/ / log |x — ylp, 5(dx)0, 5(dy) = logd + — / / log |e'® — e'?|d¢d9,
’ ’ an? Jo  Jo

and

2 2
[ [ 1osix=3le. stdxp.stan = L [ [ roglz =24 606 — e lagas
’ ’ ar? Jo 0
=log|z —z| + O(1).
Overall, we obtain that there exists a universal constant M > 0 such that
—M —logé —log|z —z| < Var[(rlf,pzﬁ —-0)]<M—1logé—logl|z —z|

forallze D,,0<d < %(Im(z) A (1 — |z])), which implies that

jars 5 .
E iy (d2)] = lim 87°/2¢ 3 ¥4 < GIm(2))y 7/

Finally, since h = h/ —« log|:|inD_,wehaveinD,_,
E[(d2)] = 2| E [y (d2)] < 2|7 (Im(z)) 7 /dz.
This completes the proof of the lemma. I
‘We are now ready to prove Proposition 6.1.

E |u,(d
Proof of Proposition 6.1. The main idea of the proof is to bound from below the density w

on D, by the corresponding density for an a-quantum wedge conditioned on a positive proba-
bility event with o < Q. Then, we will use Lemma 6.9 to bound the latter density from below.
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Consider (H, h"0,0, 00) ~ QW"'dzge;V::yyz+2

eral part equal to that of h and radial part independent of that of . Then, for ¢ > 0, hZ;O(O) -
he-1(0) = By, + Z,, — Qt, where B is a Brownian motion and Z is a BES®, which are chosen to
be independent of each other. Fix § > 0 small. Hence, letting C; = sup,,((B,, — (Q — 6)t) and
C, = sup;5((Z, — 8t), we have that w,wo < €1+ )y, on D, . Fix some large M > 0 and write
E; ={C; < M}LE, ={C, < M}and E, , = E; N E,. Then, forany A C D,

El/ 1, du,wo(2) EI] = El/ 1,du,wo(z) ELZ]
< EleY(C1+C2)/1Aduh(z) El,zl < eZMVEl/ 1,duy,

where the implicit constants can be taken to be independent of M (provided that M is chosen
sufficiently large).

In order to compare the expectations of integrals with respect to y;, and u,wo, we need to
lower bound the conditional expectation of an integral with respect to u,wo, given E;, with the
corresponding unconditional expectation. We let h! denote the lateral part of the field. Then,

(i.e., a = 0) with the circle average embedding, lat-

EZ] SeZMVE[ / 1 Ad,uh], (6.26)

E[:th’O(dz)|E1] =E eyB“"g(l/'Z‘)/.thz (dz)|E1] = E[eVBZIogu/\zD

El] E[u;,(dz)]

= E| e?B210g01/12))

51] E[e”B21060/120 ] VB[ w0 (d )]

=E e}’leog(l/lzD El] |Z|y2f0(Z)dZ.

Since E[eyBZlog(l/ Iz El] = E[emeg(l/\leEl] /P[E;] and P[E;] can be made arbitrarily close to 1

by choosing M sufficiently large, we just have to bound E [eyBZlog(l/ D1 ] from below. We denote

by P} the measure obtained by weighting the measure P with the martingale exp(yB;og(1/|) —
y?log(1/|z|)). Sometimes, we write P; = P} for t = log(1/|z]) out of convenience. We have

B —y? B —y?log(1 —y2
E[ey Zlog(l/lzl)lEl] = |z|™ E[ey 210g(1/1z)) =7 10&( /Izl)lEl] = |z| V" PiE, ],

and thus, we must find a lower bound on P}[E, | = P{[E;|. By the Girsanov theorem, we have
that under P}, B evolves like a Brownian motion with drift y until time 2¢ and thereafter like
an ordinary Brownian motion with no drift. That is, B; = W + y min(s, 2t) where W is a P}-
Brownian motion. We note that if we define the events /3, and 3, by

Blz{sup <WS+MS> gM}’ and

s<2t 2 2

B, ={sup <Ws - W, — (Q_a)(s—Zt)> < M},
s>2t 2 2
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and let E, = B; N B,, then E, C E,. Moreover, B, and B, are independent, and hence P/[E] >
P/[B,]P;[B,]. Since W is a P;-Brownian motion, we have by [8, Part II, Section 2.1] that

B0 = sup (W~ 525 ) < | =1 —exp (14520,

We note further that since y = \/5 we have that K := 2y —Q +8)/2 > 0, and hence, the
drift in the event 3 is positive. By the Girsanov theorem and optional stopping (see, e.g., [5,
Chapter 13.2]), we have that

2t M/2 MK K2s M2
———e 2 2 ssds.
0 4/27s3/2

Since K is positive, we have that supg, (W, + Ks) > M /2 a.s., that is, the value of the above
integral, with oo in place of 2t as the upper limit, is 1. Consequently,

Pi[5] =

M M
oo 2 2 =K =K 2
M/2 Mk K’ M2 Me2" _k+o,) 5 Me2" 4
— > ——

—_— 2 e 8 ,
2 ams? ar N

for large t, since K2 =1/8+ 0O(8) = y%/16 + O(6) < y*/8. Consequently, recalling that ¢t =
log(1/|z]), we have that

P;k[Bl] =

7.2
E[e)’leog(1/|z|) El] > |Z|—§}’ ,

and hence,

Elwwo(d2)|E] 2 1215 fo(2)dz = |2|'F Eluywo(dz)]. (6.27)

By combining (6.26) and (6.27) with Lemma 6.9, we obtain that

2 2

E[u,(dz)] 2 |Z|%Im(z)_y7 forall zeD,.

The claim then follows by applying Proposition 6.2. [

7 | MODULUS OF CONTINUITY OF SLE,

In this section, we prove Theorem 1.3. Let 7’ be an SLEg process in H from 0 to co parameter-
ized by capacity. We first explain why the event of Lemma 5.1 locally determines the modulus
of continuity. Let 7, denote the first hitting time of w € H for »’. Fix £ > 1 and ¢ > 0 and
let € > 0. For w € H, assume that z, is such that B(z,e*) C B(w,€) N H_ gets swallowed by
7 (t) :=1n'(r, + t) before hitting dB(w, €) and the probability that a Brownian motion B% started
at z, exits H \ #’([0,7,,]) in R\ [-M, M] for some M > 0 is at least exp(—e~7). By the conformal
invariance of Brownian motion and that g, (Hn 3n'([0,7 w]) U[—M,M]))) is a.s. bounded (and
we emphasize that this is all we need, since the constant in Theorem 1.3 is random and depends



68 0f 106 | KAVVADIAS ET AL.

on the realization of 7’), we have that the probability that B[ZO exits the domain in R \ [-M, M] is
comparable to the probability that a Brownian motion started at 9z, (2y) hits the line {Im(z) = 1}
before R. Since the former probability is at least exp(—e~7), we necessarily have that

Im(g, (20)) 2 exp(—€~°).

By [32, Lemma 1], we have that for any compact H-hull A, hcap(A) > (sup{Im(z) : z € A}?/2.
Thus, if 7 is the first time after 7, that '’ hits dB(w, €), then hcap( 9z, (' ([ty,, 7)) 2 exp(—2¢79).
Consequently, when 7 travels distance €, it accumulates at least a constant times exp(—2¢~7) units
of half-plane capacity. Or, equivalently, when n’ grows for time §, it travels a distance of at most a
constant times | log § |~1/9. That is, locally (i.e., for s, t close to t,,), we have that

-1/c
In' (&) =1’ ()| < C<10g <1 — >> . (7.1

|t = s

It is clear that if this bound does not hold for a constant C, then the escape probability of the
Brownian motion is necessarily smaller than exp(—e~?), proving the equivalence of the escape
probability and the modulus of continuity of #’.

The proof of the first part of Theorem 1.3 relies on the observation that if there is some ball
B(z,, ) in H. n B(n'(z,,),€) such that the escape probability of a Brownian motion is at most
exp(—e~7), then for each z sufficiently close to z, the corresponding event (with a different, deter-
ministic, constant C;, as in the above remark) occurs. In order to use this, we need to know that
7'([z,, 7,(€)]) contains a ball of radius €8, simultaneously, for all z in a fixed bounded set with high
probability as € — 0. Lemma 5.11 states that for any fixed z, n'([z,, 7,(€)]) contains a ball of radius
€5, which is not quite enough. The next lemma shows that with high probability as € — 0, it is
indeed true simultaneously forz € D.

Lemma 7.1. Let ' be an SLEg process in H, from 0 to co and fix & > 1. Let %f be the event that for
allz € D, n'([r,, 7,(€)]) contains a ball of radius ¢t. Then P[%f] =1-02(e).

Proof. Fix some z, € H and let S be the square centered at z, with side length I(S) = Im(z,)/2.
Moreover, let S', S? and S* be the squares with center z, and side lengths I(S!) = %l(S), I(S?) =
%l(S), and [(S3) = %l(S), respectively. For any set A C C, let A, = A N €Z2. Denote by ns theinte-
rior flow line emanating from z with angle i%. Forr € (0,1)andz € Sel, let E ’(z) denote the event
that there is some w # z in Se2 such that »_ hits 7, on the left side and »/ hits »; on the right side
before leaving the ball B(z,¢'~"/8) and let 5‘€V = nzesgﬁg (z). Then, by [43, Proposition 4.14] (see
also the proof of [16, Lemma 3.8]), we have that P[g'g ] =1-02(¢). Let also 5‘6’ be the event that
forallz € Sf \ S;, we have that if »F enters S, then there exists w € S; \ S so that n> merges with
77 before the paths enter S. Then, we similarly have that P[f‘er I=1-0%(e).

On E!(z), the flow lines nF and n7; form a pocket that consists of the set P, of those points in the
component of H \ (nF U %) whose boundary contains z, w and part of the right side of 7. On
the complement of E/(z), we define P, to be the set of those points in the component of H \ n
whose boundary contains z and part of the right side of 7. By the proof of [16, Lemma 3.8], we

T Indeed, it is easy to see thatif S < T, —S < Re(w) < S and 0 < Im(w) < 1, then P(BY exits Hin R \ [-T,T]) < Im(w) =
P(BY hits {Im(z) = 1} before R), where the implicit constants depend only on S and T.
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have that diam P, < ¢!~ foreach z € S;. On E‘g , we also claim that S is contained in U, 1 P,. To
see this, we first note that H = U, S€2PZ‘ Suppose that z € Se2 \ S;. For P, to intersect S, it must be

that 7} or#_ enters S that is ruled out in the definition of é\'g .
For each z, let E/(z) be the event that " swallows a ball of radius ¢!*7 in the time interval

between first hitting z and the next time it leaves the ball B(z, €) and let E: = N,c2El(2). Let also

&= 5‘; N é\'er N E:. Then by [16, Lemma 3.6], we have that P[£]] = 1 — 02 (¢).

On the event £7, we have that if n’ travels distance €'~ it has to leave some pocket (since each
pocket has diameter at most €!~") and thus whenever 7’ travels distance €'~ + ¢, it has to fill in
a ball of radius €!*7 (since traveling distance €'~ forces it to leave a pocket and hit a point in the
grid, and from this point, it will fill in a ball when traveling distance €).

The above implies that if we fix some a € (r,1) and let £ denote the event §£ with D N {Im(z) >
€!79} in place of S, then P[£]] =1—02(e), and on &, we have that whenever 7’ travels dis-
tance €'~" + ¢ in DN {Im(z) > €' 74}, it fills in a ball of radius €'*", where the grid in question
covers, say D N {Im(z) > ¢'7%/2}. Fix b € (0, a). By the proof of Lemma 5.11, we have that divid-
ing [-1,1] % [0,€!79) into rectangles R ; of base length ¢!~b and letting flow lines of angle /2
(resp. —/2) if they are on the left (resp. right) side of 0, grow at spacing 2¢!~(¢+30)/4 we have that
if A, ((j) is the event that at least one flow line in the rectangle R j hits the line {Im(z) = €179},
then P[4, .(j)°] = 02°(¢). Consequently, letting Ale’ = N;A,(j), we have that P[A?] =1-02(¢)
and hence P[] N Af ] =1-02(e). Moreover, on £/ N A’e’, we have that whenever 7’ travels dis-
tance 2¢!~? + ¢, starting from any point in D N {Im(z) < €!~9}, it fills a ball of radius !*". This is
because when traveling distance 2¢'?, it will hit D n {Im(z) > €'~} and enter a pocket at some
point in the grid and from there fill a ball when traveling the further e distance. Thus, the proof
is done. O

We also state and prove the following before we prove Theorem 1.3.

Lemma 7.2. Let W= (H,h,0,00) ~ QWedgeW\}_ Suppose that it is embedded such that
v,([—1/2,0]) = 1. Then there exist finite constants c;,c, > 0 such that

P[uy(D,) <el < e
foralle > 0.

Proof. Letn' be an SLEg in H from 0 to co sampled independently of W. We subsequently parame-
terize n’ by quantum area with respectto handsett = inf{t > 0 : n'(¢t) ¢ D, }and o = inf{t >

-1 / 2,0] € 1/([0, t])}. Note that the event {o < 7} depends only on the capacity parameterlzatlon
of 7’ and thus it is independent of h. Thus

Plo < 7]P[w;,(D,) < €] = Plo < 7, 1, (D,) < €] < P, ('([0,0])) < 6,0 < 7],
and so,

Plu,(n'([0,0])) < €l

Plu,(D,) < €] <Pw,(n'([0,0]) <¢€lo < 7] < Plo <1l
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Since P[o < 7] > 0isindependent of ¢, it suffices to give an upper bound for P[w,(5’([0, o])) < €].
Fort > 0,let L, be the quantum length of the arc on dH, connecting 7’ (t) with the leftmost point x[L
of R N '([0, t]) minus the quantum length of [x{‘, 0]. By Theorem 2.9, (L, ), evolves as a standard
Brownian motion and if T = inf{t > 0 : L, = —1}, then

Plu,(n'([0.0])) < €] = PLinf L, < ~1] = P[T <] S e/,
<t<e

This completes the proof. O

Remark 7.3. Suppose that we have the same setup as in Lemma 7.2 but & has the first exit param-
eterization instead. For ¢ € (0, 1), we set M, = (log(e 1))?, X = vh([—%, 0D and Y = u,(D,). Fix
k € Zandlet x > 0be such that v, ([—x,0]) = 2. Letalso ¢;,c, > 0 be the constants of Lemma 7.2
and let Y(x) = u;,(H n B(0, 2x)). We claim that

P[2F > log(e ) VY (x)] < ¢ e c2(los™)), (7.2)
Indeed, consider the conformal transformation ¢ : H — H with (z) = z/2x and set h =
ho~! +Qlog(2x) + C, where C = —% log(2). Then (H,h,0,00) ~ QWedgeWz\}z and it is
]/:
parameterized as in Lemma 7.2. Also Y(x) = ZZkyE(D ) that implies that
P[2¢ > log(e )VY(x)] = P[1 > log(e ™)1/ (D,)],
and so, the claim is deduced by Lemma 7.2.
Next, we have that
M,
P[X >loge VY] < Y PX>loge HVY, 2F<X <21+ PX < 27M] + P[X > 2M]
k=—M,
ME
< )0 P2 > loge HVY(x)] + PIX < 27M6] + P[X > 2Me]. (7.3)
k=—M,

Moreover, Lemma A.1 implies that E[X], E[X~!] < co since y = \/5, and hence,
PIX <27M] < E[X']27Me, P[X > 2Me] < E[X]|27M-. (7.4)

By combining (7.2), (7.3), and (7.4), we obtain that there exist finite universal constants ¢;,¢, > 0
such that

PIX > log(e VY] <& e 208 forall ¢ e (0,1).

We now turn to proving the first part of Theorem 1.3. Lemma 5.1 provides us with a bound on
the probability of the bad event in the case when the SLE is away from the boundary. In the proof,
we shall show that one does not need to consider the boundary case as well. There are two main
steps to the proof. The first is to bound the expected area of bad points, that is, points from which
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the Brownian motion is very unlikely to escape. The second step is then to prove that if there exists
such a bad point, then there exists a small ball, in which each point is a bad point. This implies that
if the probability that there exists a bad point is positive, then the lower bound on the expected
number of bad points exceeds the upper bound provided, which causes a contradiction, proving
that with probability 1, there are no such bad points.

Proof of the first part of Theorem 1.3. Step 1. Setup. Let W = (H, h,0, c0) ~ QWedgeWzl2 (ie.a=
Y=

Q) and let ’ be an independent SLEg in H from 0 to oo that is subsequently parameterized by
quantum mass. For each t > 0, the quantum surface parameterized by H, = H \ 7’([0, t]) has law
QWedgeW:l2 (Theorem 2.9).

y:

For t > 0, we let Af = Af(e) be the event that 7’([0,¢]) C D, and that there exists some
z € B(n/(t),¢) such that B(z, e$) C H, nB(n'(t),¢) and such that the probability that a Brow-
nian motion starting from z exits H, in 0H, \ I, (where I, is as in Lemma 5.10) is at most
e=<"* Recall that by Lemma 5.10, P[Af] = O(e?*eto), Set R = log(e~!) and let Ex be the
event that the boundary length of each of the segments of dH, N7’ from 7/(¢) to the leftmost
and rightmost point of R n#%/([0, t]) is at most R for all 0 < t < M, where M is the constant of
Proposition 6.1.

Step 2. Bound on boundary length distance of tip of curve to real line. We claim that there exist
constants c¢;, ¢, > 0 such that, for all € > 0,

P[E;] < C1 e—cz(log 5)2 ]

Indeed, let L, be as in Lemma 7.2 and R, be defined as L, but with the rightmost point of R N
7'([0, t]) instead. Then, since

¢ = — i > — i >
i={ (g ) 2 efof o (R gmt) 20,

and (L;),(R;) evolve as standard Brownian motions (Theorem 2.9), the claim follows by
the tail probabilities of the supremum and the infimum processes of a standard Brownian
motion.

Step 3. Upper bound on the expected area of bad points. We let né denote the curve 7’ param-
eterized by capacity, write Hf = H \ 7/([0,¢]), and let oy = inf{t > 0 : w,(1/([0,])) > M}. We
further fix § > 0 and let E be the event that u,(D,) < M and 772([0, §]) C e7'D, and recall the
definitions of 7, and 7,(¢) of Lemma 5.11. Moreover, we let va the event that there is some z
such that B(z, e%) C 772( [Tw> Tw(€)]) and such that the probability that a Brownian motion starting

from z exits HS on R\ [-1/2,1/2] is at most e=<**. Note that we are done if we prove that

P[Bli occurs for some w € 7/([0,8])] converges to 0 as € — 0 for some & > 1. Let also F be the
event that v, ([—1/2,0]) < I?g(e_l) and v;,([0,1/2]) < log(¢™!) and note that Remark 7.3 implies
that P[F¢ N E] < ¢;e~%2(1°2¢)” for some constants ¢;,c, > 0. Note that

M M
/(; lAfdt > /(; lAflERlet > /1351E1{wené([0,6])}d:uh(w) _MIEIL% _M]'ERIE]'FC’
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and so by taking expectations, noting that P[Af] = O(e?***+°()) by Lemma 5.10 and applying
Proposition 6.1 with 8 € (1/4, 1), we obtain that

O(€2+a+o(1)) =E /135 lEl{wenZ([OﬁJ)}dlul’l(w)]

_ N B
2 Bl Ly (o.snce'p,) / 1e Liweytqosplwl 7 /P Im(w)’7/ zdw]

R Bl 1y1q08hce1p, } / Ly l{wené(lOﬁJ)}dw]

= P[né([O, s < e_1D+]El/ 135 l{wevé([O,S])}dw 772([0’ Cl)je e_lD+] .

Note that P[5/([0,8]) € e™'D, ] > 0, and that by choosing § sufficiently small, we can make this
probability as close to 1 as we want. In particular, the important part of this step is the conclusion
that

El / 1ot Lueyqosnydw | 710,61 € e‘1D+] = O(e*tetol)), (7.5)

and the point of the next step is to show that the existence of a bad point leads to a contradiction
to (7.5).

Finally, wefix1 < §; < & < &, andlet E; = E;(¢) be the event that forall z € D, /([,, 7,(¢)])
contains some ball of radius €é1. Then, by Lemma 7.1, P[E; | = 1 — 0%°(¢). Moreover, we let E, =
E,(¢) be the event that for all z € D, 1/([z,, Tz(c-:ér )]) contains some ball of radius €52 and note
that Lemma 7.1 implies that P[E,] = 1 — 02°(¢). Moreover, we note that the order O(e**%) does
not change if one changes § > 1.

Step 4. Lower bound on the area of bad points given one exists. Assume that the event
Bil N E, NnE, occurs for some w € 772([0, 8/2]), and that B(z,, €%1) is the ball in the event Bg}.
Then, for sufficiently small ¢, the event Bi, occurs for all w’ € B(wo,egz), for some w, with
B(wo,e§2) C 7/([0,6]). The reason this holds is the following. We have that dist(zo,Hiw) >

¢é1 > 2¢¢ for small € and then né([rw,rw(ef D nB(zO,c-:5 ) = @J. Moreover, there exists a ball
B(w,, €2) C né([rw,fw(ef)]) and clearly B(z,,€¢) C e[ty Ty (€)]) for all w’ € B(wy, €2). Fur-
thermore, H¢ ,C ng for all w’ € B(w,, 652) and hence the probability that a Brownian motion
starting at zowexits ng, in R\ [-1/2,1/2] is less than or equal to the probability that it exits

Hiw inR \ [-1/2,1/2], which is at most exp(¢~#~2%). Consequently, if P[Bf:1 occurs for somew €
1n.([0,8/2]) | 7.([0,6]) Ce™'D,] 2 1as€ — 0, then

7.([0,8]) € e‘1D+] > &%,

El / 15¢ Lwen (0,513

Since £, &, £, can be taken to be arbitrarily close to 1, so that 2§, < 2 + a, this contradicts (7.5).
Thus, we must have that P[Bful occurs for some w € 7/([0,5/2]) | .([0,6]) Ce™'D,] - 0ase —
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0. Thus, by the argument in the beginning of the section, it follows that on the event that
7n.([0,8]) € e"'D,, we have

-1/4+¢
) , (7.6)

forall0 <s<t<dand ¢ > 8a/(1—4a). Hence, (7.6) holds for any ¢ > 0, by choosing a small
enough. Finally, rescaling by 45~2, we have by the scale invariance of 1. that, conditional on the
event that né([O, 1)) C 62e7'D,,(7.6) as. holds for 0 < s < t < 1 (possibly by taking C larger). By
letting 8 — 0, the result follows. O

=01 < (1410 L

For the second part of Theorem 1.3, we shall upper bound the half-plane capacity that n’
accumulates upon traveling a small distance. We have that for a compact H-hull A,

hcap(A) < diam(A) sup Im(z).

zZEA

Thus, if the escape probability from B(w, €?) is at most exp(—€~7), then

sup  Im(g, (2) S exp(—e ™).
z€H, NB(w,e®) v

Since the image of 1/([0,7,]) under 9, Is as. bounded, we have (roughly) that hcap(wa N
B(w,e")) S exp(—e~).

Proof of the second part of Theorem 1.3. Fix ¢ > 0 and let u > 0 be such that (4 — 2u)~! < 1/4 +¢.
We are done if we manage to show that ase — 0, the probability that at some time the curve travels
distance € but accumulates at most exp(—e~*4*?*) units of half-plane capacity converges to 1. The
proof relies on the observation that we can couple the curve n’ with a GFF h on H with boundary
conditions given by 2’ on R_ and —1’ on R_ where 1’ = 77/4/8 such that if we let two flow lines
71,7, of angles +77 /2, emanating from a point z € H run until they hit R, then 5, U 7, is equal to
the outer boundary of ([0, 7,]) [43, Theorem 1.13]. The idea of the proof is to consider a fine grid
of points (z; ) and look at the local geometry of ' ([0, Ty, ]) in a neighborhood of each z,. This local
picture can be seen by considering two flow lines of angles +7 /2 from z;, and we will show that
it looks roughly the same for each k. The proof is done once we have shown that as the grid gets
finer, the probability that there is a point z; so that the escape probability for a Brownian motion
started very close to z, is small decays slower than the number of points in the grid increases.

We may consider the part of ' that lies in a compact subset K C H at a positive distance from
R. Thus, for the remainder of the proof, we assume that we are working on the event that K C
7'([0, 1]). The advantage being that in the interior, the law of the field 4 is absolutely continuous
with respect to the law of a whole-plane GFF h".

Fix some a € (0, 1) to be chosen later and let (z;) be points in a grid in K, spaced at distance
2¢“ apart, say, Up{z,} = (2¢“Z) N K. Let F¢ be the o-algebra generated by the values of h outside
of U, B(z, €%). By the Markov property of the GFF, we have that the restriction of & to each of the
balls B(z, €) is conditionally independent of the others given 7¢. Following [40, Section 4.1], for
z € Candr > 0, we say that B(z, r) is M-good for h if the following is true. Let §, . be the harmonic
extension of the values of h from 8B(z, r) to B(z,r). Then sup,cp(; 15, /16) 192, (W) — b, (2)| < M.
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Foreach j € N, welets; = €927/ and for each k, we let r, = sj, Where j is the smallest j € N so
that B(zy, s;) is M-good. Fix q > 2a. By the proof of [40, Proposition 4.3], we have that for fixed
b € (a,1), we can choose M > 0 large enough, so that uniformly in € < ¢, (for some ¢, > 0) the
probability that we do not discover an M-good scale before reaching the concentric ball with radius
%eb is at most €4. Then the probability that there is a point z, in the grid around which we do not
discover an M-good scale as above is O(¢9-2%). For each k, let A, ) be the event r, € (%eb, eh).
Then P[NA ] =1~ 0(e97%%) > lase — 0.

Let h* be a whole-plane GFF independent of h. As B(z,, 7)) is M-good, we know by [40,
Lemma 4.1] that the laws of hlg, 7, /5) and h®|p, 7., /5) (Viewed modulo 27y where y =
2/ \/— — ﬁ/z and x = 2) are mutually absolutely continuous. Moreover, for each p € R, the
Radon-Nikodym derivative has a finite moment of order p that is at most c¢(p, M) where c(p, M)
is a constant that depends only on p and M. We emphasize that this holAds for each k and the
constants ¢(p, M) do not depend on k. For a field h and k, we denote by nﬁ . for j = 1,2 the flow
lines of angles +7/2 starting from z; and stopped upon exiting B(z;, 7r)/8). We also let E‘E”k (h)
be the event that

sup P?[BhitsdB(z, e?) before nlﬁk U nzﬁk | nlﬁk, nzﬁk] < exp(—e~9).
zE€B(zy,€) ’ ’ ’ ’

Fix p > 1. For each k, let Z; be the Radon-Nikodym derivative of the law of h|p,, 7, /s) With
respect to the law of h*|p,, 7, /s) (With both fields viewed modulo 27 ). We have that

PLET(h), Acje| 721 = Ell o L, 2| 7]

1 —-(p—1)
> E[lAe’ka Pt FE‘I] P[Eg'k(hw)]l’ (Holder’s inequality)

> c(p,M)E[l Al T‘G‘I]P[Eg’k(hw)]p > E[l Al Pg]el’“/2+0<1) (Lemma 5.2).
Therefore, we obtain that
BEC (), Ay | 2] < 1 - eb?/2 oW1, |72],

where A, = N A, . Let 0 = 4 — 2u and assume that p > 1 is such that p(1-u/2) <land a €
(p(1 —u/2),1). Fix ¢ > 0so that |(z;)| > ce~2% and note that

P[E[l " |F€“] < 1/2] — 0(e?729),

By the conditional independence of the restrictions of & to the balls B(zy, ) given FZ, the above

implies that

k

() (B 2*k(h) n AE,,()] = Elplﬂ (EX 25 n Agy)
k
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rg”

a

< 0(e9720) 4 (1 — PCwroyee™ g a5 ¢ 0.

= ElH P[E?_Z“’k(h)c N A
k

Here, we have used that 2a > p(2 — u). Thus, recalling (4 — 2u)~! < 1/4 + ¢, we have that

0<s<t<1

1/4+¢
Pl sup {In(t) —7(s)| 10g< T i SI> } < ’K c7'([o, 1])] S li_I)%P[nkE?_zu’k(h)c] =0.

Since this holds for any compact K C H, the result follows. O

8 | REGULARITY RESULTS FOR SLE,

This section is dedicated to proving Theorems 1.1 and 1.2. We begin by stating some facts about
two-sided whole-plane SLE, processes. For a more detailed treatment, see [60, 61].

A two-sided whole-plane SLE, process 7 from oo to oo through 0 is the curve that can be
sampled by first sampling a whole-plane SLE,(2) process 7, from oo to 0 and then sampling a
chordal SLE, curve from 0 to oo in C\ 7, (i.e., it is the concatenation of the curves 7, and 7,
in Lemma 5.1, with ¥ = 4). By [61, Corollary 4.7],  can be parameterized by its %-dimensional
Minkowski content and upon doing so, it becomes a self-similar process of index 2/3 with sta-
tionary increments. That is, if we assume that 7 is parameterized by its %-dimensional Minkowski
content and 7(0) = 0, then for each a > 0, (n(at)),cg and (a? 37(1)),er have the same law and for
each b € R, ((b + t) — n(b)),cgr has the same law as (9(t)),cg. We call such a curve an sssi SLE,
process. By [60, Theorems 1.2 and 1.4],  is a.s. locally Holder continuous of order « forall a < 2/3
but not locally Holder continuous of order 2/3 on any open interval.

Below, we shall consider the regularity of a conformal map ¢; : D — C; with ¢,(—i) = n(0) =
0, ¢, (i) = o0, and say, ¢,(—1) = n(—100) where C; is the component of C \ 7 that is on the left
side of 7. This is out of convenience since this setting is the one that is the most straightforward,
given the form of Lemmas 5.2 and 5.12. Theorem 1.1 is concerned with a chordal SLE, process
from —i to i in D, but this raises no problem, as such a curve can be obtained as follows. Sample
a two-sided whole-plane SLE, process from oo to oo through 0 and let ¢, : C\ #((—0,0]) — D,
be the unique conformal transformation with ¢,(0) = —i, ¢,(c0) = i and which takes the prime
end corresponding to 7(—100) on the left side of 7 to —1. Then, 7 = ¢,() is a chordal SLE, from
—i toiin D and the map ¢ = ¢, o ¢; : D — D; (where D; is the left connected component of
D\ 7) is the uniformizing map in the statement of Theorem 1.1. Moreover, the ¢, is smooth away
from 7((—o0,0]), and hence, the regularity of ¢ away from the points —i and i is determined by
the regularity of ¢;.

Next, we explain the relationship between the escape probability of Brownian motion and the
modulus of continuity of the uniformizing map. We begin with the simpler direction. Fix d > 0
and letr € (0, 1) be such that dist(¢, (B(0,7)),n) > d (we emphasize that we are allowed to choose
these parameters to depend on 7, as the constant in Theorem 1.1 is random). Assume that z, €
C; is a point such that dist(z,7) € [¢, 2¢] and such that the probability that a Brownian motion
escapes to distance d from 7 before hitting 7 is at most exp(—e~?) (as in Lemma 5.12). Then, writing
wy = gol_l(zo), we have by the conformal invariance of Brownian motion that the probability that
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a Brownian motion started from w, hits dB(0, ) before dD is upper bounded by exp(—e~7). The
log |w|
r

former probability is given by Tog

. This implies that

dist(w,, 6D) = 1 — |wy| < exp(—e™),

and since dist(z,, ) < €, the Koebe-1/4 theorem implies that

€

¢ (w)| 2 e~ = =1+, (8.1)
Thus, if for each € > 0, we can a.s. find a point w, = w,(¢) as above, then (1.2) does not hold a.s.

The other direction follows the same principle, but is slightly more technical. Fix £ > 0 and
compactintervals K; C K, C (0, 0)andd > Osuch thatif U’ = 7' ({z € C;, : dist(z,n(K})) < d}
for j = 1,2, then

{z € D : Re(z) > 0,dist(z,{—i,i}) > £} C U},
{z € 3D : Re(2) > 0,dist(z, {—i,i}) < /24N U} = 0,
oD\ {z € D : Re(z) > 0,dist(z, {—i,i}) > £/4} C U2, and

{z € 6D : Re(z) > 0,dist(z,{—i,i}) < £/3}n U; = 0.

In particular, dist(n(K;), n(R \ K,)) > 2d. Suppose that z, € ¢;(D \ (B(—i,2£/3) U B(i,2£/3)) is
such that dist(z,, ) = dist(zy, n(K;)) € [¢,2¢] and such that the probability that a Brownian
motion started from z; escapes to distance d from 7 before hitting # is at least exp(—€~7). Again,
write w, = (pl_l(z —0). Let r > 0 be such that

o,({|z] =r}n{z € D : Re(z) > 0,dist(z, {—i,i}) > £/2}) C {w € C; : dist(w,n) < d}.

In particular, escaping to 0B(0,r) is at least as easy for a Brownian motion from z, as escap-
ing to distance d from 7, at least to the parts of those sets in D\ (B(—i,&/2) UB(i,§/2))
and ¢,(D \ (B(—i, £/2) U B(i, £ /2))), respectively. Moreover, since we can decrease r to be a&
for some a € (0, 1) if necessary, and since dist(w, gol‘l({z e L : dist(z,n) =d)n(B(—i,&/2)u
B(i,£/2)) > £/6, it follows that the probability that a Brownian motion from wj, hits B(0, ) before
9D is at least a constant (depending only on d, r and &) times exp(—e~7). (The importance of the
last part of this argument lies in making sure that it is not only that likely to hit some part of ¢, ({z :
dist(z,n) = d}) thatis of distance much smaller than 1 — r from dD.) Then, arguing similarly to the
discussion above, using the Koebe-1/4 theorem, it follows that go;(wo) < exp(e~o(+o()) Thus, if
that escape probability holds for all w, € D \ (B(—i, §) U B(i, §)), then (1.2) holds.

With the above discussion in mind, in order to prove that (1.2) holds, we show thata.s.,ase — 0,
we can find no point w, = w,(¢) within distance Ce from dD, for some C > 0, such that (8.1) holds.
This is done using a covering and union bound argument and proves (1.2) for points z, w € dD.
Then, we prove the interior regularity in two steps. The first is the regularity in the part of D that
is at uniformly positive distance from 0D and this follows easily from the Koebe-1/4 theorem.
The intermediate case requires a little more work, but boils down to controlling the regularity of
the real and imaginary parts of ¢, both of which are harmonic, and using the boundary regularity
together with Brownian motion estimates.
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In proving (1.2) on the boundary, we pick a sequence of points ¢, € R and check whether the
escape probability of a Brownian motion started close to 7(¢; ) is large enough. For this to actually
cover a neighborhood of the boundary, we need to pick the sequence in such a way that for suf-
ficiently small ¢, any point z, such that dist(z,, dD) € [cy¢, c;€] (for some constants 0 < ¢, < ¢;)
will be sufficiently close to 7(t; ) for some k. In what follows, for a domain D, aset E C D and a
point z € D, we let w(z, E, D) denote the harmonic measure of the set E in D seen from z.

8.1 | Proof of Theorem 1.1, upper bound

Step 1. Regularity at the boundary. Fix ¢ > 0. We first show that for sufficiently small € > 0, there
is no point z;, as in Lemma 512 witho = 3/(1 - 3{) =3 + 5.

Fix compact intervals K; C K, C K5 C (0,00). For each ¢ >0 and k €N, let t; =t;(¢) =
ke3/>t0 so that ty,, —t, = ¢/** and let n = maxik : t; € K;}. Since 7 is locally (2/3—
6 /3)-Holder continuous, there a.s. exists a random constant C such that

In(s) — n(t)] < Cls — t¥/39/3

for all 5,t € K;. Fix d € (0,1) and let F; be the event that dist(n(K;),n(R\K;)) >d and C €
(d,d™1). Since 7 is a simple curve with lim;|_, o, 7(t) = oo, we have that P[F;] - 1asd — 0. For
each k, write 1, (t) :=n(t + t;) — n(t;). We fix 5 > 0and let E(z,d) be the event that

P[B hits 8B(z, d/2) before | n] < exp(—e~>72).

We let D, = {z € C; : dist(z,n) = dist(z,n(K,)) € [€, 2¢]} and note that for each z € C, f,(t) =
w(z,n((—o0,t]),C;) is a continuous and increasing function with lim,___ f,(t) =0 and
lim,_, ., f,(t) = 1. It follows that there exists T, > 0 such that f,(T,) = w(z,n([T,, »)),C;) =
1/2. Then, on the event F 4, the Beurling estimate implies that for sufficiently small ¢, T, € K, for
allz € D_. Fix C; > 2large (to be chosen independently of d). Suppose that n(T,) € B(z,C,¢) and
note that there exists t € K, such that 7(t) € B(z, 2¢) \ B(z, €). Without loss of generality, we can
assume thatt < T, andsetS, = sup{t € K, : t < T,, n(t) € B(z, Cy¢)}. Since dist(z, n([S,, T,])) =
Ci¢, the Beurling estimate implies that w(z, 7([S,, T,]),C;) = O(C} 1 2) where the implicit con-
stants are universal, and so, for C; sufficiently large, we have that w(z,n((—,S,]),C;) > 3/8.
Also, there exists k = k(z) € {1, ..., n} such that t;, < S, < ;. Then, if we pick § € (0,1/10),
we have that on the event Fy, diam(y([t;, S,])) < d~'e'*/10. Thus, by applying Beurling’s esti-
mate again, we obtain that w(z, n([t;,S,]),C;) < 1/8 for all € sufficiently small and so f(t;) €
[1/4,3/4]. Similarly, if #(T,) € B(z, C;€), we have that f(t,) € [1/4,3/4] and n(t;) € B(z,2C¢)
for some k = k(z) € {1, ..., n}. The above imply that if E(z, d) and F,; occur, then Eg"(3 + S) occurs
for some 1 < k < n, where we denote by E?" (o) the event in Lemma 5.12, but with 7, in place of
1, Un, and B(0,2C;¢) in place of B(0, 2¢). Fix r > 0 and recall that we want to show that for
small enough ¢ and properly chosen 8, there exists no point z € D, such that E(z, 2r) occurs. By
Lemma 5.12, we have that for all € sufficiently small,

P[3z € D, : E(z,2r) occurs, F,]

n—1
< P[3z € D, such that E(z, d) occurs, F] < Z P[E’*(3 + 8)] = 0(¢°/%79),
k=0
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provided that we choose d small enough. Assume that § < 5 /2 so that the exponent of € in the
above expression is positive. It therefore follows from the Borel-Cantelli lemma that there a.s.
exists €, > 0 so that forall e € (0, ¢,), there does not exist a point z with dist(z, (K;)) < 2¢ so that
E(z,2r) occurs.

We will now prove that (1.2) holds on the boundary. Fix £ > 0 and let I be a boundary arc of the
counterclockwise segment of D from —i to i which is disjoint from B(—i, £ /2), B(i, £ /2) and has
length A > 0. Let A = diam ¢(I). Fix a > 1. By the nonself-tracing property of SLE (see [39]), we
have for small enough A > 0 that there exists a ball B(w, A% C D; such that w(w, (I),D;) > 1/2.
Combining this with the above, we have that

A 2 diam ¢~ }(B(w, AY)) > exp(—Z_”(Hg)),
and rearranging, this implies that A < log(1/ A)_%Jr;,, that is,

Ip() — eI S (log(1 + [x —y[™) 5% forall x,y € 3D\ (B(~i,£/2) UB(, £/2))

for §' = % - % + aig By taking a sufficiently close to 1 such that ¢’ is positive and close to ¢,
we obtain that (1.2) holds on the boundary. We shall now use this to deduce the regularity in
the interior.

Step 2. Regularity in the interior. Fix £ > 0 and note that the bound proven above for the
boundary is valid for 6D \ (B(—i, £/2) U B(i, §/2)). We will take £ to be very close to 0. Next,
write ¢(z) = u(z) + iv(z) where u and v are real. Since u and v are harmonic, we can write
u(z) = E[u(sz) | n] (and likewise for v) where BZ is a two-dimensional Brownian motion started
from z, 7, is the first exit time of D, and the expectation is only over the Brownian motion, while
the SLE, is fixed. In the remainder of this step, all probabilities and expectations should be under-
stood as having the SLE, fixed and will only be over the relevant Brownian motion. In order to
estimate |u(z) — u(w)|, we couple the Brownian motions B and B" by letting B = z + B, and
B}’ = w + B;, where B, is a two-dimensional Brownian motion with B, = 0.

Step 2a. z,w are close to the boundary. We first consider points z,w € D; = {z € D \ (B(—i,§) U
B(i, £)) : dist(z,0D) < £2}. We begin with the case where |z — w| > dist(z, dD)/2. Assume that
27 <z —w| < 27%* and 27 < dist(z,8D) < 27/*!, where j > k. Let E; be the event that
B? and BY exit D before hitting B(i, £/2) U B(—i, £/2). Then, P[Eg] =0(¢ 127 4+ £71270) =
O(£7127%). Let A}, (resp. A7) be the event that 27! < dist(z, BZ ) < 27" form < j(resp. 271 g
dist(BZ ,BY ) < 27! for 1 < k). Moreover, we let F, be the event that dist(BZ ,BY ) < 27k,
Then,

lu(2) — u(w)| < Ef[fu(B; ) —u(B; )]
= ElJu(B?)) ~ u(BY ) Lpgr, 1 + BIuBZ ) — u(B Iy, o5, ] + Ellu(B ) — u(BY )15,
Since u is bounded, we have that

E[lu(B?) — w(By, )I1z] S PLEg] = 0(6™'279). (8.2)
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Moreover, on the event Fy, |[BZ — B | < |z — w|/2 and thus by the boundary regularity estimate
in Step 1, we have that

E[u@gz)_u@;vw)

—134¢

lemE§ SE||log|1+ lenE§

BZ —BY

T, Tw

1 —13+¢
< <log <1+ |z—w|>> . (8.3)

Finally, we have that

M»

J
E[|u(BZ) — w(BY )l 1pe ] = )

m=0 [

E[|u(BZ) — u(BY)| | E¢ N AL NATIP[E: N A, N A7l

Il
o

Note that the bounds (8.2) and (8.3) are sufficient. Hence, it remains to show that the double sum
is at most of order k—1/3*¢. We begin by noting on E:nAl N AIZ, we have that [u(BZ ) — u(BY )| <
|go(sz) — qo(B;"w)l < (14 1)71/3+¢ since the bound (1.2) is proven at boundary points. Next, note
that P[A} ] < 2"~/ and P[Alz] = 2l=k with implicit constants independent of m and I. Moreover,
in fact, P[E; N Al n Alz] = 2m=J+l=k (a5 is easily seen by considering the “worst case” where z, w
are roughly at distance £ from i or —i, that is, roughly £ /2 from B(i, £ /2) U B(—i, £ /2) since they
are at distance at most £ from the boundary). Consequently,

ik j k
> D E[u(BZ) — u(BY )| | Ex n A}, n ATIP[E; n AL n A7) S ) 27T Y (1 4+ 1)7/3+H 2k

m=0 1=0 m=0 1=0
J [k/2] k K
S Z 2m—j Z 2—k/2 + Z 21—kk—1/3+§ S _2—k/2 + k—1/3+§ — O(k_1/3+{).
m=0 1=0 I=Tk/2]+1 2

Doing the same for v, we note that |p(z) — p(w)| < k~/3*¢ for z,w € D¢ such that 27k <z -
w| < 27%+1 and dist(z, D) < 2|z — w].

Step 2b. |z — w| are close relative to their distance to dD. Next, we consider the case where z, w €
Dy are such that |z — w| < dist(z, dD)/2. By the Koebe-1/4 theorem,

< dist(e(z),0D;)

(@) el s —eo 5y 12wk

By the discussion before the proof, dist(z, 9D) > exp(—dist(¢(z), 6DL)‘3‘3), so rearranging gives
that dist(¢(z), 0D; ) < log(dist(z, dD)~1)~1/3+¢, and hence,

log(dist(z, aD)~1)~1/3+¢
dist(z, D)

lp(2) — p(w)| S |z —wl. (8.4)

We observe that the function f(x) = log(x~")~1/3+¢ /x is decreasing for x sufficiently small, so
by (8.4), (1.2) holds in that case as well.
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Step 2c. General z,w away from 0D. Finally, consider points z, w € 55 ={zeD\(B(-i,é{u
B(i, £)) : dist(z,dD) > £2}. By the Koebe-1/4 theorem, |¢'(z)| < 4dist(¢(z), D, )/dist(z,dD) S
&2, uniformly in z € 55. Consequently, for any points z, w € l~)§, we have that |¢(z) — p(w)| S
¢ ~2|z — w|, and hence, the bound holds in 55. Thus, the proof of the first part is done.

8.2 | Proofof Theorem 1.1, lower bound

The proof of the lower bound has two main steps: first prove that the second assertion of The-
orem 1.1 holds with positive probability, and then use this to show that it holds a.s. In proving
the positive probability statement, we pick a sequence of times ¢, € R and consider the positive
fraction of k where 7(t,) is sufficiently far away from 7n((—oo, t,_; ]) and n([t; ,1, o)) and let two
level lines of different heights construct a pocket around a neighborhood of 7(t; ). With positive
probability, these level lines will succeed in forming such a pocket. If this occurs, the event that
the conditional probability given 7 that the escape probability for a Brownian motion started close
to (t;) from a neighborhood of 7(t; ) is conditionally independent (given the two level lines) of
what happens outside of the pocket. Since there are sufficiently many such pockets with positive
probability, this will lead to establishing that the second assertion of Theorem 1.1 holds with posi-
tive probability. To upgrade the a.s. result, we map 7 to a curve 7 in H and perform another pocket
argument: upon traveling through successive annuli, there is a uniformly positive probability in
each annulus that two level lines (started from the curve in the annulus) form a pocket around 7.
If this happens, then the law of the curve 7, restricted to the times between entering and exiting
the pocket, is that of an SLE,(po;; pg) process. By conformally mapping this pocket to D, we can
use the absolute continuity between SLE,-type processes to deduce that with positive probability,
the second assertion of Theorem 1.1 holds true for the new curve in D. Doing this for each annulus
gives the a.s. statement.

We will now describe the general setup and define the events used in the proof of the lower
bound of Theorem 1.1. Fix 0 <r <a < b <c¢ <1 and u > 0. Let 7 be the sssi SLE, curve from
oo to oo so that the conditional law of 7| ., given 7|(_y o is that of an SLE, in C \ 7((—o0,0])
from 0 to co where we view 7|, . as the level line of a GFF h on C \ 7((—c0, 0]) with boundary
conditions given by —A (resp. 4) on the left (resp. right) side of n((—o0, 0]) where 1 = 7 /2. Fix a
compact interval I C (0, o) and let () = I N (¢3@")/2Z). For each k € N, we let [r}c,ri] be so
that n(r}() (resp. 17(112()) iswhere t = 5(t;, —t) (resp. t = n(t, + t)) first exits B(n(t;), €°). We let Ei
be the event that

sup P?[B exits B(1(ty), ¢°) before hitting 7([z,,7;]) | nl[fi ’Ti]] < exp(—e 324,

2€CNB((1y),2€)\B()(ty).€)

We let o}, be such that (o} ) is equal to the first place that ¢ = 5(t, — t) exits B(5(t;,), €?). Fix
9 > 0 and let 7, ; (resp. 9y ,) be the level line of h starting from 7(c;) with height —§ (resp. §)
stopped upon exiting B(1(t;), 2€”) \ B(5(t;),€?/2). We assume that 9 > 0 is chosen sufficiently
small so that 7, ; and 7). , can intersect each other. We also let Ei be the event that

(i) B(n(ty),¢€) is contained in a bounded component Uy of C \ (1, ; U7y ),
(i) n((—o0,t;_1]) and n([t;,, 00)) do not intersect B(n(t;), %), and
(iii) PLE} | 1520 i) = ¢3/2-u+o(l) where 7), is the part of 7) that is not contained in Uy.
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Lemma 8.1. There exists €, > 0 and p, € (0,1) so that P[Ei] > p, foralle € (0,¢).

In order to read the proof of the lower bound of Theorem 1.1, one can skip the proof of
Lemma 8.1. The first step is the following version of Lemma 5.2 but for two-sided radial SLE,.

Lemma 8.2. There exists &, > 0 so that for all § € (0, §,), the following is true. Suppose that x,y €
9D are distinct with |x — y| > 5¢ and that 7 is a two-sided radial SLE, in D from x to y that passes
through 0. Let B be a Brownian motion that is independent of 1, fix € > 0, and let F be the event
that:

(1) sup,ep(o,c) P?[B hits dD beforen | n] < exp(—e~7) and
(ii) dist(n,0D \ (B(x,2§) U B(y,28))) > §

Uniformly in x,y € 0D with |x — y| > 5¢, we have that P[F] > ¢°/2t°() g5 ¢ — 0 (but with £ > 0
fixed).

The strategy of the proof is to consider a whole-plane SLE, process 7 from oo to co through 0,
where we know from Lemma 5.2 that the exponent of the probability of part (i) of the event F of
the above lemma is the right one. Then, we condition on the part of 7 before first hitting and after
last exiting D. The law of the remaining curve is a two-sided radial SLE, in the complementary
domain, passing through 0. Then, since the exponent of the probability of part (i) of F is the right
one for 7, we know that there has to be some configuration for the two-sided radial SLE, such that
the same holds true. We then conclude by proving that with positive probability, the configuration
of the two-sided radial SLE, process is sufficiently close to that configuration.

Proof. We are going to deduce the result from the conformal Markov property of two-sided radial
SLE, and Lemma 5.2. To begin with, we assume that we have a two-sided whole-plane SLE, pro-
cess 7) in C from oo to oo through 0 as above. Let 77 be the time reversal of %. Let 7 (resp. 7) be
the first time that 7 (resp. 7) hits D. Then we know that the conditional law of 7 given 9| _, -
and 7|(_, 7 is that of a radial two-sided SLE, in C \ (((—o0,7]) Un((—00,7])) from 7(z) to 1(7)
that passes through 0. Let ¢ be the unique conformal map from C \ (n((—o0, 7]) U n((—0o0,7])) to
D which fixes 0 and sends 7(7) to 1. Let 77 be the image of the remainder of 7 under ¢. Then 7'is a
two-sided radial SLE, in D from x = 1to y = ¢((7)) which passes through 0. Let z; (resp. zy) be
the image under ¢ of the prime end corresponding to oo in the component of C \ 7 which is to the
left (resp. right) of 7. Then we note that z; (resp. zg) is on the clockwise (resp. counterclockwise)
arc of D from x to y.

We now suppose that we have fixed C > 1 and D > 0 so that (5.11) holds. Let 7; = 7|}y ) and
72 = Nl[0,c0) SO that the joint law of (1;,7,) is the same as the pair of paths in Lemma 5.1. Suppose
that the event E of Lemma 5.2 holds with { = 0. Then we have that

[n(z) — ()| > dist(n; [y, Tlc])a n([72, Tg])) 2 D.

Consequently, there exists &, > 0 depending only on C, D, so we have that |x — y| > 5&,. By pos-
sibly decreasing the value of &, > 0 further (still only depending on C, D), we can also assume
that the pairwise distances of x, y, z;, and zy are all in fact at least 5,.-We can also assume
that dist(7], z;) > 5§, for g € {L, R}. Indeed, let y; and yy be the arcs of the boundary of B(0, C)
which are on the boundaries of the two unbounded components of (C \ B(0,C)) \ (n((—o0,T]) U
7((—00,7])). Then #(y4) is a curve in D that disconnects z,, for g € {L, R} from 0 which 7 does not
cross. Moreover, the distance of ¢(y) to z, is bounded from below. Indeed, to prove this, first we
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find a point z between y, and B(0, C?) whose distance to 7,,7, is at least D/2 and the harmonic
measure of both of 7, and 7, as seen from z is bounded from below. More precisely, we assume
that D < C is sufficiently small (but fixed) and divide the annulus B(0,C? — 2D) \ B(0,C? — (2 +
1/10)D) using lines from the origin with equally spaced angles so that each region has diameter at
most D /2 and the distance of the center to the boundary is at least ¢; D for a constant ¢; € (0,1/2).
LetRy, ..., R, be those regions. Then each R; can be intersected by at most one of 7, and 7),, but not
both by the definition of E. Moreover, if, say 7, intersects R;, then 7, cannot intersect the adjacent
regions R;_; or R;. Suppose that 7, intersects R; and let j be the smallest integer larger than i so
that 7, intersects R;, where we take the convention that R, ,; = R;. Then ), cannot intersect R;_;
and by definition 7, does not intersect it either. Let z be the center of R;_;. Then z has distance at
least ¢, D from », and 7,. Moreover, if we start with a Brownian motion from z, then it has posi-
tive probability (depending only on C, D) of hitting either 7, or 7,. This is because the Brownian
motion has a positive probability of making either a clockwise or counterclockwise loop around
the origin while staying inside a tube of width D /2. Next, we claim that a Brownian motion start-
ing from z has a positive probability (depending only on C, D) of hitting B(0, 1/2) before hitting
either n,; or 7,. To prove this, we divide C into squares of side length D/10. Then z will be con-
tained inside such a square S and each of the squares that are adjacent to S do not intersect 7,
or 1),, otherwise z would be too close to 7, or 7,. Also, there has to be a path of squares S, ..., Sy
where S; = S and S|, is contained inside of B(0,1/2) none of which intersect 7, U 7,, otherwise
there has to exist a path of squares that connect z; and 7, that disconnect z from B(0,1/2) and
such that each one intersects either 7, or 7,. But the only way that the latter can happen is if there
are adjacent squares, one of which intersects z; and the other which intersects 7,. This cannot
happen because the distance from the relevant parts of , and 7, inside B(0,C?) \ B(0,1/2) is at
least D. Note also that k = O(C?/D?) where the implicit constants are universal. Therefore, since
a Brownian motion starting from any point inside of the square T; with the same center as S;
but half the width has a positive probability of hitting T'; ., before leaving the union of S; and
Sj41, the proof of the claim is complete. Combining with the above, we obtain that there exists
p € (0,1) depending only on C, D such that with probability at least p, a Brownian motion start-
ing from z exits 9D on the clockwise (resp. counterclockwise) arc of 0D starting from z, before
hitting ¢(y,,) for g € {L, R}, and also that dist(¢(z), D) > p. Then, the Beurling estimate implies
that there exists §, > 0 (depending only on C, D) such that dist(7), z;) > dist(¢(y), z,) > 5§, for
g € {L, R} if E occurs. Since

P[E] = E[P[E |y, z;,2z]] = /27D as e -0,

we have that the following is true. Fix v > 0. Then, there exists €, > 0 so that for every € € (0, ¢;),
there exist yy, zy ¢, Zg o in dD so that

P[E | Y =Y0,2 = ZL,O’ZR = ZR,O] > EU/2+U.

In particular, since diam(p(B(0, €))) < ¢, we have that P[G] 3 €/2+", where G is the event that if 7
isa two-sided radial SLE, in D from 1 to y, passing through 0, then dist(1, z, o) > 5§, forq € {L, R}
and sup,¢p(g ) P?[B hits 9D before 7) | ] < exp(—€~7) and the implicit constant is independent of
€, V.

Our goal now is to upgrade this assertion to the assertion in the statement of the lemma. Fix
X,y in 8D with |x — y| > 5. Here, £ > 0 is small (but fixed) to be chosen later in the proof. Let 7
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be the time reversal of 7. Consider the line segments y = [x, 0], ¥ = [y, 0] that, respectively, con-
nect x,y to 0 and such that both of them have the unit speed parameterization. Let H (resp. H)
be (277)~"! times the length of the clockwise (resp. counterclockwise) arc of D from z; , to zg .
In other words, H (resp. H) is the harmonic measure of the clockwise (resp. counterclockwise)
arc of dD from z; , to zg as seen from 0. Assume that H > H (the other case is analogous).
Fix §,¢ > 0 small (depending only on &) and fix 1 — & < t,f <1, so the harmonic measure of
7([0,t]) (resp. ¥([0,t])) in D \ (y([0,t]) U¥([0,])) as seen from O is in [H — ¢ /2, H + ¢ /2] (resp.
[H —¢/2,H + ¢ /2]). We note that this is always possible because for any s € [1 — 8, 1) fixed, the
harmonic measure of y([0,5]) in D \ (y([0, s]) U ¥([0, 5])) as seen from 0 tends to O as s increases
to 1 and likewise when the roles of (y, s) and (7, s) are swapped.

Let 7 (resp. 7) be the first time that 7 (resp. 7)) gets within distance & of y(t) (resp. 7(t)), where 7
(resp. 7)) is parameterized according to log-conformal radius as seen from 0. Let also A (resp.
25) be the §-neighborhood of y([0, t]) (resp. ¥([0,])). Let E; be the event that r and T both
occur before 7 and 7, respectively, leave A5 and Za. Then [46, Lemma 2.3] implies that there
exists p; € (0,1) depending only on &, £ so that P[E;] > p;. We now assume that we are work-
ing on E;. Let ¢ be the unique conformal map from D \ (([0, 7]) U n([0,7])) to D that fixes 0
and takes 7(7) to 1. Let I = ¢(5([0,7])) and I = ¢(3([0,7])). By choosing § > 0 sufficiently small,
the Beurling estimate implies that |I|/27 € [H — ¢, H + ¢] and |I|/27 € [H — ¢, H + ¢] where
| - | denotes Lebesgue measure on dD. Let z; (resp. zg) be the left (resp. right) endpoint of I. We
claim that p(K) C B(z;, £) U B(zg, &) for § > 0 sufficiently small, where K = {z € D \ (n([0,7]) U
7([0,7])) : dist(z,dD) < &}. Indeed, the Beurling estimate implies that the probability that a Brow-
nian motion starting from 0 hits K before exiting D \ (([0, ]) U 7([0,T])) is at most O(5'/2) where
the implicit constants depend only on &. Then the conformal invariance of the Brownian motion
and [33, Exercise 2.7] together imply that diam(K) = O(8'/2) where the implicit constants depend
only on & and so p(K) C B(z;, £/2) U B(zg, £ /2) for § sufficiently small.

Let x; €I be such that the length of the clockwise arc in dD from x; to z; is equal to the
length of the clockwise arc in dD from 1 to z; ,. We also let y; € I be such that the length of the
clockwise arc in 0D from y, to z is equal to the length of the clockwise arc in 0D from y, to zg .
Note that x; and y; are well defined if { € (0, ). Set 7= p(n([7, )) U ([T, ))) and note that
conditional on 7|, ;} and 7|, 7}, the curve 7 has the law of a two-sided radial SLE, in D, from 1
to @(7)(7)), passing through 0. Let o be the first time that 7 gets within distance & of x; (where
again 7 is parameterized according to log-conformal radius as seen from 0). Let E, be the event
that o occurs before the first time 7 leaves the §-neighborhood of the arc of I from 1 to x;. We
note that on E;, the harmonic measure of each side of ([0, 7]), seen from 0, is bounded below
by a positive constant, depending only on £ and 8, and hence, the same is true for the distances
from z; and zy to 1. Then [46, Lemma 2.3] implies that there exists p, > 0 depending only on &
and d so that P[E, | E; ] > p,. We assume that we are working on E, N E;. For each s > 0, we let 1)
be the unique conformal map from D \ (7([0, o]) U 7)([0, 5])) to D with 1.(0) = 0 and /(0) > 0,
where 77 = (7(|7, 00))) and 7 is parameterized according to log-conformal radius as seen from 0.
Let & be the first time s > 0 that the harmonic measure of the clockwise arc of 4D from 1(7(c)) to
1,(7(s)) is equal to the harmonic measure of the clockwise arc of 0D from 1 to y,,, both as seen from
0. Let E; be the event that & occurs before 7 leaves the §-neighborhood of I. Then [46, Lemma 2.3]
(considering the event that 7 stays close to I and travels along the clockwise arc from ¢((7)) to z
if y, lies to the right of ¢(7(7)) and otherwise the counterclockwise arc) implies that there exists
D3 > 0 depending only on 6 so that P[E; | E}, E,] > ps.
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On E; N E, N E3, let x, = Yz(7(0)), ¥, = ¥5(7(5)), z1 , = Y5(21), zg » = P5(zx). Then we have
that the harmonic measure as seen from 0 of the clockwise arc of 0D from x, to y, is equal to
that of the clockwise arc of D from 1 to y,. Moreover, we can find a function p(§) of § such
that p(6) - 0 as § — 0 and the harmonic measure of the clockwise (resp. counterclockwise)
arc of 0D from x, to z; , (resp. zp,) is equal to the harmonic measure of the corresponding
arcs with 1,z , zg o in place of x,, z; ,, zg , up to an error of which is at most p(6). Therefore,
there exists 6 € [0, 27) such that e®x, =1, ey, =y, €2, , — z;| = O(p(8)) and ez, —
zp| = O(p(8)). Note also that for & € (0,1) sufficiently small, we have that (by again apply-
ing [33, Exercise 2.7]) Y5(B(zr,§) U B(zg, £)) C B(z1 0, §/2) U B(2g 9, £y/2) and so ¢z o p(K) C
B(e™9z; o, &) UB(e 9z, &) on E; N E, N E; for & sufficiently small and 6, ¢ sufficiently small
depending only on &. To conclude the proof of the lemma, set y = (7([o, )) U 7j([, o0))) and
let G be the event corresponding to y as before. Then since P[E; N E, N E;] > 0andon E; N E, N
E5, we have that 5 o p(K) C B(e ™z , &) UB(e ™z o, &) and diam(sp5 o (B(0,€))) < € (with
the implicit constants depending only on &, &, {), we obtain that if G holds, then F holds as well
for ¢ sufficiently small. The proof is then complete since the law of a two-sided radial SLE, in D
passing through 0 is invariant under rotation and so P[G] 2 €°/2*? for all ¢ sufficiently small, and
the implicit constant is independent of ¢, v. [l

Proof of Lemma 8.1. We suppose that we have the setup that is described just before the statement
of Lemma 8.1. Let 7) be the time reversal of 7.

Part (i) of Ei Let A, denote the event of part (i) of the definition of Ei Then there existsa p > 0
such that P[A; ] > p for all k. This follows since by scaling and translation invariance of sssi SLE,
curves, we may assume that € = 1 and ¢, = 0, and thus, by [46, Lemmas 2.3 and 2.5], we have
(after conformally mapping C \ n((—o0, 0]) to H) that P[A;. | n] > 0 a.s. The claim then follows
by integrating over the randomness of 7.

Part (ii) of Ei Note that by the translation and scaling invariance of sssi SLE, curves, the prob-
ability that n((—oo, t;,_;]) or n([tx4;, o)) intersects B(n(t,),€?) is equal to the probability that
n((—o0, —73"/2]) or n([e~/2, 20)) intersects D, and this tends to 0 as € — 0. In particular, for
small enough € > 0, we can make the probability of this part of the event as close to 1 as we want.

Part (iii). Let T (resp. T) be the first time that # (resp. %) hits dB(0, €“). Then the conditional
law of the remainder of 7) given G = 0(9|(_s 7], (w0 7)) 18 that of a two-sided radial SLE, in C\
(=00, 7]) U n((—00,7])) from 7n(7) to 7(7) passing through 0.

Let ¢ be the unique conformal map from C \ (n((—e0, 7]) U n((—o0,7])) to D which fixes 0 and
sends 7(7) to 1. We assume that we are working on the event that x = 1 and y = ¢(#(7)) have dis-
tance at least £ > 0. Note that the probability of this event tends to 1 as £ tends to 0. On this event,
Lemma 8.2 and distortion estimates for conformal maps imply that the conditional probability
given G of the intersection E;, of Ei and the event that the intermediate part of 7 does not leave
B(n(t;),€?/4) is at least ¢7/2+0(),

Suppose that F is any event for 7, ;, 1, with P[F | G] > 0 and such that on F the intermediate
part of 7 does not leave B(3(t; ), €?/4). Then we have that

P71 js ok € F 1G] = Py sk € FIG,Ey]  ([46, Lemma 2.8])

B P[E | Mo Mok € F, Gl
P[E; | C]

P11, m €F 1G],
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using Bayes’ rule for the equality. Note that the implicit constants depend only on &. Rearranging
gives that

P[Ek | N M2k € F,Cl = P[Ek | C] > g3/2—u+o(1)
uniformly in the choice of F. We therefore have that
P[E, | Mg Nk Gl 2 g3/2-uto(1)

By decreasing the value of £ > 0 if necessary, we can thus make the probability that this part holds
as close to 1 as we want.

Altogether, we see that we can make each of the events in part (ii) and part (iii) hold with
probability at least 1 — p/4 where p is the constant in part (i). Combining we obtain that for £ > 0
sufficiently small, we have that the events in all three parts hold simultaneously with probability
at least p/2, which completes the proof. O

Proof of Theorem 1.1, lower bound. Step 1. Setup. Suppose that we have the same setup as just
before the statement of Lemma 8.1. Fix ¢ > 0 and pick £ > 1andu > Osuchthat1 < £ < (1/3 +
$)(3 — 2u). Let F; . be the event that there is a ball B(z, ) ¢ B(n(t;),2¢) N C;. Then Lemma 8.1,
Remark B.3, and the scaling and translation invariance properties of the joint law of (3, %,) imply
that there exists p, > 0 so that P[E}] > p, > 0 for all ¢ > 0 sufficiently small, where E} = E} N
Fie

Step 2 The event Ei occurs for a positive fraction of times. Let n(e) = |(¢;)|. Then the fraction

F(e) = = ¥™9 1., of 1, ’s for which the event E3 occurs is a nonnegative random variable with
n(e) ~k=1"E; k

E[F(e)] = p, > 0. Hence, by the Paley-Zygmund inequality, we have for 6 € (0, 1) that

(1-6)°p;

P[F(e) > 6p,] > EIFE)]

> (1-6)°p;.

That is, with positive probability, the events E i occur at a positive fraction of times ¢, with 1 < k <
n). LetT ={1<k<n(e): Ei occurs}. Taking 8 = 1/2, we have shown that with probability at

3
least p3 /4, we have |I| X pe™ 2

Step 3. Lower bound is attained with positive probability. By definition, we have on Ei that

(a-r)

3
P[E, | D15 Mo i) 2 27+ _Conditionally on T and Nk.1» Mk for k € T, we thus have that the
number of k € T for which Ei occurs is stochastically dominated from below by a binomial ran-

3
dom variable with parameters |Z| and 274+ Thys, choosing a close to 1 and r close to 0 so that

3
% —u+ %(r — a) < 0, it follows by binomial concentration that on the event |Z| > pze_i(a_r ), we
have off an event that decays to 0 as € — 0 faster than any power of € that there exists 1 < k < n(e)
so that E; occurs. Let C, be the event that Ei occurs for some 1 < k < n(e), and for d € (0,1), let

A, be the event that the following hold:
(@) dist(n(D), n((=e0,0])) > d,

(ii) d < |p}(z)] < d~* forall z € Cy such that dist(z, n(I)) < d/2,
(iii) dist(p~(p,(2)),J) > d for all z € C; such that dist(z, n(I)) < d/2,
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where J = {¢!° : /2 <6 <371 /2}. Since P[A;] = 1as e — 0, we can find constants p,d € (0,1)
such that P[A; N C,] > p for all € sufficiently small. Suppose that we are working on the event
AgNnC,, fore, = 27" (n sufficiently large) and let B(z, ei) C B(n(t,),2¢,) N C; be the ball consid-
ered in the event F . . Set z; = ¢,(z). Then the Koebe-1/4 theorem implies that dist(z,, 6D, ) >
%ei. Moreover, the probability that a Brownian motion starting from z, exits D on J is at most
e~ ", and so, conformal invariance implies that the probability that a Brownian motion start-
ing from ¢~1(z,) exits D on J is at most e~» % This implies that dist(p~(z,),0D) S e n e
and so, we can find w,, in D such that |p~'(z,) — w,,| S e~ andif z, = ¢(w,,), we have that

-1 1 1/3+¢ E+(Qu—3)(1/3+¢)
(@™ (20)) — p(w,)| ( log ————— 2 e :
|¢’ (ZO) - wnl

where the implicit constant depends only on d. Therefore, letting n — oo, we obtain that with
probability at least p, we have that

1/34¢
sup  |o(2) — ¢(w)|<10g > = o0. (8.5)

z,weD, z#w |Z - wl

We note that by absolute continuity, the same holds for SLE,(p; ; pog) processes with p;, pop >
—2 (here we mean that SLE,(p;; pg) processes from —i to i in D place of the SLE, process in D
in the statement of the theorem). Indeed, if we map out two small segments of the beginning
and at the end of the SLE,(p; ; pg) process n*, that is, map them to the boundary 6D with some
conformal map, say ¢, and denote the resulting curve by 7°, then on the positive probability event
that ° does not intersect D before hitting i, 7° is absolutely continuous with respect to an SLE,
process everywhere. Hence clearly, conditional on the event that 7#° does not hit dD before i, (8.5)
holds with positive probability for this curve. Since g is smooth on 7°, we have that if (8.5) holds
somewhere on 7° (for the map ¢°, taking D to the left side of ° as in Theorem 1.1), then the same
holds somewhere on n*, away from the boundary (for the map ¢*, defined analogously).

Step 3. From positive probability to probability 1. We shall be rather brief, as a similar strategy
is explained in the proof of Lemma B.1. Let 7 be the SLE, in the statement of the theorem and
consider aconformalmap : D — H, with ¢(—i) = 0,%(i) = oo and, say, (—1) = —1. Theimage
of 77 under @ is that of an SLE, process 7 in H from 0 to co. We assume that # is the 0-height
level line of a GFF on H with boundary conditions given by —A on R_ and A on R,.. For j €N,
let A; = B(0,2/) \ B(0,2/7!) and let 7; be the first hitting time of B(0, (1 + %)21‘1) for 7. We
fix some ¢ > 0 and let ﬁ}l (resp. ﬁjz.) be the level line of height —9 (resp. +9) started from #(z s
stopped upon exiting A ;. Then with positive probability, uniform in the realization of 7([0, 7;]), ﬁ}
and 7; form a pocket P;, containing a ball of diameter 2/~! before exiting A;. Welet¢; : D — P,
be the conformal map taking —i (resp. i) to the opening (resp. closing) point of the pocket and
such that gb}(O) > 0. Let P;“ denote part of P; that is to the left of 7. Let 7V be the image under

¢j_1 of the part of 7) that is in P;. Then the law of 7 is that of an SLE,(p; ; pg) process from —i to
i in D, where p;, o depend on 9. We set D) = qb]._l(PjL.) and let ¢/ : D - Dy be the conformal

map fixing —i, i and —1 (so that it is the analog of ¢, but for the SLE,(p; ; pz) process 7). Then
since the laws of 77 and 7’ are mutually absolutely continuous away from dD, we have that with
positive probability (8.5), independent of j, for ¢/ as explained above. Moreover, if we let O i =



REGULARITY OF THE SLE, UNIFORMIZING MAP AND THE SLE; TRACE | 87 0f 106

@ o go)‘l(P]L.) and f; : O; — D be aconformal map taking 0; N 0D to the {z € 9D : Re(z) = 0}.
This leaves one degree of freedom, which can be chosen so that ¢/ o f = (qu_l oo go)|oj. Since
¥, f; and ¢j_1 are smooth on the images and preimages of the curve 7 under the various maps,

we have that if ¢/ satisfies (8.5) for some j, then so does ¢. Consequently, since this occurs with
positive probability, uniform in j, for each ¢/ it occurs a.s. for ¢. This concludes the proof. O

8.3 | Proof of Theorem 1.2

The strategy will be to consider a Whitney square decomposition of D; and note that the quasihy-
perbolic distance between two points is roughly minus log of the probability that a Brownian
motion started from one point reaches the Whitney square containing the other point before
exiting D;. With this in mind, we can consider the escape probabilities of points close to the
boundary and use them to lower bound the quasihyperbolic distance between them and a fixed
interior point.

Let (Q;) be a Whitney square decomposition of D; and denote by x; the center of Q ;. We choose
it so that the side length of Q jis 27" for some n jEZ and diam(Q j) < dist(Q s 0D;) < 4diam(Q j).
We let G = (V, E) be the graph with vertices V = (xj) and edge set E such that {x;, xj} e EifQ
and Q; are share a boundary segment. Let d; denote the graph distance in G, that is, d(x;, ;) is
the minimal number of Whitney squares one can cross when traveling from x; to x; in G. Then

dg(x;, x;) < distg (x;, ),

where the implicit constants depend only on the Whitney square decomposition. Next, we note
thatifz, w € Qj, then distqh(z, w) < 1. Indeed,

1

— diam(Q )
distyy(z,w) = inf / 1 z-wl j
yr(0=2,y(=w J, dist(§,dD)

< <L
dist(Q;,0D,)  dist(Q;,dD;)

|d§] <

In the same way, distqh(z, X j) < 1/2 whenever z € Q e Let @ j denote the square with center x s
but with half the side length of Q j and define x(w) = x f ifand onlyifw € Q i Then,

distqh(w, z) < dg(x(w), x(z))

whenever w € Q ; and z & Q;, where the implicit constant depends only on the Whitney
square decomposition.

‘We now relate the quantities to the hitting probability of Brownian motion. Let B be a Brow-
nian motion with B, = z, € Q j- Assume that Q; shares a boundary segment with Q;. Then
%diam(Q j) < diam(Qy,) < 8diam(Q J-), and hence, there isa p > 0 such that, uniformlyin z, € Q0 js
the probability that B hits @k before exiting the domain is at least p. Moreover, there isa g > 0
such that uniformly for w, € Q; \ 0 ;» the probability that B hits Q ; before exiting Dy is at least g.
Clearly, g is independent of the size of Q;. Consequently,

P[B hits Q, before exiting D; | > qpe i),
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that is,
dg(xj,x;) 2 —log P[B hits Q; before exiting D, |,

where the implicit constant depends only on the Whitney square decomposition. Next, we recall
that for sufficiently small € > 0, there exist points z; with dist(z;, D;) € [c;€,¢,€],0 < ¢; < ¢, < o0,
such that the probability that a Brownian motion started at z; travels macroscopically far away
with probability at most exp(—¢~3). This holds by the conformal invariance of Brownian motion,
since the map ¢, (defined in the beginning of this section) is smooth away from +i, and since there
exist points z € C; of distance [, 2¢] from the two-sided whole-plane SLE, considered above, at
which the escape probability is at most exp(—e~3). Thus, if we fix some square Q,, the probability
that a Brownian motion started at such a point z; has probability at most exp(—¢~3) of hitting
Q. before exiting the domain. Moreover, assuming that dist(z;, Q) > c for some c > 0, we have
that

sup P?[Bhits Q, before exiting D, | < P?[B hits Q,, before exiting D |
z€B(z,€/2)

for some universal implicit constant. Thus,

/ distqh(w, X )dw = / dg(x(w), x; )dw
B(z1,€/2) B(z),€/2)

> / —log P*[B hits Q, before exiting D; |dw > / e3ro gy > =10,
B(z},€/2) B(z),¢/2)

with implicit constants depending only on the Whitney square decomposition. Since the event
that there exists €, > 0 so that for all € € (0, ¢,), there is such a point z; has positive probability, it
follows that P[distg, (-, x;) & LY(D;)] > 0. The a.s. statement follows from the same argument as
in Step 3 of the proof of the lower bound of Theorem 1.1.

APPENDIX A: BOUNDS AND MOMENTS FOR CIRCLE-AVERAGE EMBEDDED
SURFACES

Al | Moment bounds of a quantum wedge
In this section, we our goal is to prove the following.

—2
Lemma A.1. Let (8, h,—c0,+00) ~ QWedgeW_y /2

y=y  havethe first exit parameterization. Then, for
.23
every p € (—oo,mln(}z, 5)),

¢, = Bluy(S_)P] < oo. (A1)

Moreover, ifu, . .= inf{t € R : X, = aloge}, where X, is the average on vertical lines process of h,
then

E[,(S_ + g )] = e, (A2)
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Furthermore, if p € (—oo0, min(}%, 3)), we have that

¢, = E[v),((=00,0] X {0})?] = E[v,((=00,0] X {})"] < o0, (A3)
and
E[v,((—=c0,uy | X {0})P] = E[v, (o0, u, | X {7}P] = 'c“peapy/z. (A4)

In proving Lemma A.l, it is convenient to decompose the strip & into the rectangles 4; =
(k —1,k] X (0,7), for k € Z and use the decomposition h = X + h,, where (=X_; 5);5¢ is a BES?
and h, is the lateral part of a free boundary GFF, independent of X. We then recall that the
Laplace transform of X decays at a sufficient rate (Lemma 6.4) which together with the trans-
lation invariance of h, helps us bound the moments of the quantum area and boundary length
of each square A, for k < 0. With this, it is straightforward to bound the moments of u;,($_) and
v;,((—o0, 0] X {0}). The natural route is to first prove that the quantum area (resp. boundary length)
of A, with respect to a free boundary GFF on & has finite moments of orders between 0 and 2/y?
(resp. 4/y?). This is then used to bound the moments of the lateral part of the free boundary GFF.
Before doing that, however, we shall prove a result on the exponential moments of the supremum
of the harmonic part of a GFF in some sets. This is used in many places throughout the paper,
among other things, it will aid us in proving that the negative moments of the quantum measure
with respect to a free boundary GFF are finite (when not too small sets are considered).

Lemma A.2. Let D C H be a simply connected domain and U C D be a bounded subdomain such
that 8U N dD C R be connected and dist(6U N oD, R \ dD) > 0. Furthermore, we let h be a free
boundary GFF on D and h = h® + ¥ be the Markovian decomposition into a zero-boundary GFF
h° on U and a random distribution Yy that is harmonic on U. Assume that the additive constant for
h has been chosen either of the following items hold:

+ (h,p) = 0, where p is a fixed finite Radon measure on D, with bounded support contained in D U
(6D NR) and such that sup,.cx |f Gg(x, y)p(dy)’ < oo for each compact set K C D U (0D N R).
* b(zy) = 0, for some fixed z, € U.

Fixb > 1 and c € (1,2b). Then, for each z € U such that dist(z,dU) > 2be,

(1254
Elexp(a sup h(w))] =0( %),
weB(z,€)

where the implicit constant depends only on b, ¢, D, U and the way that we have fixed the
additive constant.

Proof. We begin by showing that var[f(w)] < —2loge + O(1), uniformly in € and w € U with
dist(w,0U) > (2b — c)e. Fixz, € U and let ¢ : D — H be the conformal map such that ¢(z,) = i
and ¢/(z,) > 0. Let I be the interior in R of the set 3D N R. Then, by Schwarz reflection, ¢ extends
to a conformal map from D U D* U I to HU H* U ¢(I) where D* (resp. H*) is the reflection of D
(resp. H) across R. We note that, since dist(U, 8D \ I) > 0, there exists a constant M > 1, depend-
ing only on D and U, such that M~! < |¢/(w)| < M for all w € U, and hence, we have by the
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Koebe-1/4 theorem that

A;ce, for all w € U such that dist(w,dU) > (2b — c)e.

dist(¢(w), 6H) > 2b

Weseth =ho ¢, h° =h® o ¢, =Ho¢ !, and U = $(U) and note that it is enough to prove
that var[f(w)] < —2loge + O(1) uniformly in € and {i € H : Im(&) > (4M)~1(2b — c)e}.
Assume, for now, that h is normalized so that (h,p) =0, for some finite Radon mea-
sure p as in the statement of the lemma. Then, setting g = |(¢~')|*(0 o 1), we have that
SUP ek | J GY(W,2)p(dz)| < oo forall K C HU ¢(I) compact. Letting hs() (resp. Eg(w)) denote
the average value of h (resp. %) on 8B(1, §), we have that 1715(@ = Eg(w) + E(w), since E is har-
monic. We shall use this identity to deduce the variance of B(lﬂ), however, we must a bit careful,
as h° and B are not independent when we have fixed the additive constant in this way. Indeed, if
h,, denotes the field without normalization, then (k, p;) = (h,,, p1— p) and we let h =h,o¢ L.
Then, (h, P1) = (hu, p1 — ) and the Markov decomposition of h is given by h° + f)u where hO
and f]u are exactly independent and where the relationship between I)u and f) is that (B, P =

(B, p1 — B) — (h°, ). In particular, cov((h°, p,), (5, p,)) = — [ G (x, y)p,(dx)A(dy). Thus,
var[h(@)] = var[hs(@)] — var[A3(@)] — 2cov(hY(@), H(@))

= var[hs(@)] - var[R(@)] + 2 / GB(x, )P (dX)B(dy), (A5)

where pg s denotes the uniform measure on 0B(w,d). Since supgcx | f Gg(u?, z)p(dz)| < o
for all compact K C HU ¢(I), we have that the third term is bounded by a constant C > 0,
uniformly in @ € H with Im(@) > (4M)~1(2b — c)e and all § € (0, (8M)~'(2b — c)¢). Moreover,
Var[Eg(LB)] = —logd + log CR(W, H) > —log § + log Im(®). Finally, arguing as in Lemma 6.9, we
get that var[fza(w)] = —log 6 — log Im() + O(1) for all § small enough, where the constants in
the O(1)-term depend only on D, U, and p. Consequently, plugging this into (A.5), we have that

var[h()] = —2log Im(&) + O(1) < —2loge + O(1),

where the constant in O(1) depends only on b, ¢, D, U, and p.
Now, instead assume that h is normalized so that §(z,) = 0, or equivalently, & is normalized so

~ —~d

that §(i) = 0. By conformal invariance, we have that § = §® o F where }P is the harmonic part of
afree boundary GFF in D normalized so that §P(0) = 0 and F(z) = —(z — i)/(z + i) is a conformal
map taking H to D with F(i) = 0. By [18, Lemma 2.9], we have that

var[h®(z)] = —2log(1 — |z[*).
Thus,

var[h(@)] = var[§P(F(@))] = —21o |41m<“>\ _2loge +0(1),

uniformly in € > 0 and @ > (4M)~1(2b — ¢)e.
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We now turn to deducing the result. Let z € U be such that dist(z,0U) > 2be. Since } is
harmonic on B(z, 2be), we have for each w € B(z, ) that

o 2.2 2 2

1 0y C€°—|w—2z| c
(w)=— (z + cee! .
b(w) 27 J, b )|w—(z+c€e19)|2 = 2m(c - 1)?

2
/ 19(z + cee'®)|db.
0

Then, by Jensen’s inequality and the fact that for @ € U with dist(i0, dU) > (2b — c)e, var[§(0)] <
—2loge + O(1), uniformly in € > 0, we have that

27 2 a?ct

1 ac i0 ~ —atc

Elexp{ a sup Bh(w) || < —/ E[ex (— (z + cee! ))]d@sCe e
l p< weB(I;,e)h )] 27 Jo P (C—l)zf)

as was to be proven. O

Remark A.3. We note that the assumptions in the statement of Lemma A.2 are satisfied when
D = H (resp. D = &) and p is the uniform probability measure on H N dB(0, R) (resp. {0} X [0, 7])
for R > 0 fixed.

Lemma A.4. Let h be a free boundary GFF on § with additive constant fixed so that the average of h
on the line {0} x (0, 7r) is equal to zero. Fixy € (0,2]. Then E[u;,(A,)P] < oo forall p € (—0,2/y?)
and E[v,([-1,0] x {0, }))P] < oo forall p € (—oc0,4/y?).

Proof. We begin by proving the analogous statement for a free boundary GFF h’ on H with zero
average on H N dD and with A, replaced by D, = HND.

Let h be a free boundary GFF on H and write h = h° + §j, where h° is a zero-boundary GFF on
H and § is harmonic. Assume that / is normalized so that §(i) = 0. We consider the conformal
transformation F : H — D with F(z) = i—: andseth = h o F~1 + Qlog(|(F~1)|). Then h o F~1
is a free boundary GFF on D having zero average on dD since ) o F~! is the harmonic part of
hoF~and o F1(0) = 0. By [22, Theorem 1] (y < 2) and [23, Theorem 4.2] (y = 2), we have
that

E[uj; , p-1(D)P] < o0 (A.6)

for all p € (0,2/y?) (in fact, for all p € (—oo,1) if y = 2). By (2.8), we have that E[u;(D)P] =
E[u;(F(D,))P], so (A.6) together with the fact that |(F~1)'| is bounded on F(D,), implies that

E [#E(D-{-)p] < o0,

forall p € (0,2/y?). Let p; | denote the uniform measure on H n dD. Since h’ = h—(h, Py, isa

free boundary GFF on H with zero average on HN D, and (h, pg 1) is a zero mean Gaussian with
finite variance, we have by Holder’s inequality that

E[u (D, )P] < o0

for all p € (0,2/y?). Then the claim follows by conformally mapping to & and applying (2.8).
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We now turn to the negative moments. Again, let 7 = h° + ¥ and consider the set S = [—1,0] x
[1,2]. By [49, Proposition 3.6] (and the comments in Remark 2.5), E[u;,0(S)~P] is finite for all
p > 0. Moreover, by the symmetry of j and Lemma A.2, we have that

E[147(S)P] < E[e 7P ™zes SO B 110(S) 7] < oo,

Since u;(Ag) > u;(S) a.s., we have that E[uj;(A,)~P] is finite for all p > 0.
Finally, by applying [49, Proposition 3.5] (keeping Remark 2.5 in mind) instead of [22,
Theorem 1] when y € (0, 2) and [23, Theorem 4.1] when y = 2, we obtain in the same way that

E[v,([-1,0] x{0,7})P] < o0

forall p € (—c0,4/72). O

With this lemma at hand, it is easy to see that the mass of each rectangle A,, with respect to
the lateral part of the field, has finite moments of orders p € (—o0,2/y?) as well.

Lemma A.5. Fixy € (0,2], let h be as in Lemma A.4 and let h, be the projection of h onto H,(S)
(recall Remark 2.3). Then it holds that E[,uhz(Ak)P] < oo forallk € Z and p € (—,2/y%) and
E[v, ([k —1,k] x {0, 7})P] < oo for all k € Z and p € (—c0,4/y?).

Proof. We note that it suffices to prove the claim for k = 0 since the law of h, is invariant under

d
horizontal translations, so that u, (A4y) = w,,(Aj) forall k € Z. We also know that h, () = B, for
all t € R, where (B,),cg is a two-sided Brownian motion with B, = 0.
Let p’ > 1 be such that pp’ € (0, y%), let ¢’ > 1 be such that 1% + i =1 and set h} =

inf,c_1 0] By (x). Then h, < h — h} and thus Holder’s inequality implies that

=

’ L
|1, (40)? | < E|pu (407" | ¥ Elexp(=yq'n})] 7.
Lemma A.4 implies that E[y;, (AO)PP'] < oo and standard facts about one-dimensional Brownian
motion imply that E[exp(—yq'h})] < co. Note that a similar method gives the part of the claim
involving quantum lengths and negative moments and hence the proof is complete. 1

‘We now turn to the proof of Lemma A.1.

Proof of Lemma A.1. We write h as h = hy + h, where h;, j = 1,2, is the projection of h on H;(S)
(recall Remark 2.3) and let Xg(;) = hy(2). Then, (=X_; /,);5( has the law of a BES® with X, = 0
and (X,); has the same law as (B,,),,, Where B is a Brownian motion with B, = 0. Note that for
k < 0, we have that

pr(Ag) < pp, (Ar) eXP<J’P sup X:)a
telk—1,k]

and so

E[#h(Ak)p]<E[/"h2(A0)p]EleXp<7p sup Xt>]-

telk—1,k]
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By the Markov property of Bessel processes, it holds that for each k < 0, sup;fi_y 1 (X; — Xj) is
stochastically dominated by sup, (o, B,, where B, is a Brownian motion with B, = 0. This implies

that
Elexp(yp sup X>] lexp(yp sup B)]E[exp(prk)].
telk—1,k] t€[0,2]

E|exp| yp sup B, < o0, (A7)
tel0,2]

and by the proof of Lemma 6.4, we can find a positive constant C,, , depending only on p and y
such that

Note that

_3
Elexp(ypX,)] < C,,(=2k)"2,

forallk <0.If p € (0,1] N (0, }%), then it follows by Lemma A.5 that

E[u,($_)P] < 2 E[u,(A))F] < oco.
<0

Now suppose that p € (1, %) N (0, }%) and for k < 0, we set

ko j—
Xk = sup X;, pi= ok
telk-1,k] D<o

We note that E[sto eyX;] < oo, so thatas., X "k < coand

pn(S-) < <Z eyX7> D Piktny (Ap).

j<0 k<0

Taking expectation, we have by the independence of X and h, that

E[py(S_)P1 < ) Eluy, (A)P] [pk<2e >V| Elpy,(A40)F] Kz‘,e >,,| (A8)

k<0 Jj<0 J<0

Fix o > 1 such that % —a(p—1)>1 and set N=3,_, (=k)™ < co. Then, by Jensen’s

inequality,
* k)« 4
EK Z eij>V| =NPEK Z "X (—k)* i) > ] (A.9)
jg-1 k<—1 N
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<Ny E[epr,ﬁ](_k)oc(p—l)
k<=1

3
<Cp NPT Y k737007 < oo,
k>1

Thus, by (A.8), (A.9), and (A.7), we have that E[z,($_)P] is finite when p € (1,2) n (0, y% .
Next, we handle the negative moments. For p > 0, we have by Lemma A.5 that

El[u,(S_)7P] < E[u,(A)) Pl < E[exp(—yp inf Xt>]E[;,Lh2(AO)_P] < o0,

—1<t<0

since the supremum of a BES® on the interval [0,2] has finite exponential moments.

Finally, we turn to proving (A.2). We note that, conditionally on u, ., the law of (X_;);»_,,__is
that of (X_, + alog €);0, Where X is an independent copy of X. Consequently, by the translation
invariance of h,, we have that for z € §_, conditionally on Uy s

XRe()+uy, 122 +Ug o) = Xpez) + aloge + hy(z + ug ) d h(z) + aloge,
and thus,
E[up(S_ + iy )] = E[p,(S_)P1e"P*18¢ = ¢ 7.
The bounds for the boundary measure are proven similarly. O

In proving Lemma 5.1, it is important that the image of a ball close to the curves does not get
squeezed too close to the boundary, making it hard for a Brownian motion starting from it, to travel
far. For this very reason, we need to prove that the mass of a set of points close to the boundary
is small. In order to do this, we need to bound moments of the mass close to the boundary, for
which it will be convenient to consider a Whitney square decomposition and bound the quantum
area of each square. The first we need is to be able to bound the moments of mass of balls of
radius ¢, at distance of order € from the boundary, which will give us a way to bound the quantum
area of Whitney squares. This is achieved by combining Lemma A.6 below, which handles the
zero-boundary GFF part and Lemma A.2 that takes care of the harmonic part of a free boundary
GFF.

Lemma A.6. Let D be a simply connected domain and let h be a zero-boundary GFF on D. Fix
y €(0,2)and p € (0, }%). Then there exists a finite constant C , ., depending only on p and y, such
that

p.y’

E [1,(B(z,0))] < C,, e®7° 2P
foralle > 0 and z € D such that 2¢ < dist(z,0D) < 9e.

Proof. By translation invariance, we can assume that z = 0. Fix 3, 8; such that 3 + 2\/5 <Py <P

andsetr, = [gi € (0, 1). Suppose first that §,e < dist(0,0D) < f;e and let ¢ : D — H be a confor-
0
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mal transformation that maps 0 to i. Then, [33, Corollary 3.25] implies that ¢(B(0,¢)) C B(i,r;)
wherer; = (14%)2. The coordinate change formula implies that u,(B(0, €)) = u;(¢(B(0,€))) with
-0

h=ho¢ ' +Qlog(l(¢7")DandQ = > + L.

We note that each w € ¢(B(0, ¢)) satisfies dist(w,dH) > 1 —r; and dist(¢~(w),dD) < (B, +
1)e and hence the Koebe-1/4 theorem implies that |[(¢')'(w)| < 4(B; + 1)e/(1 —r;). Conse-
quently,

rQ
Hn(B(0,€)) < ppog-1(BU, rl))HQ(@) '
1

(It is here the bound 3, > 3 + 24/2 is used, as this guarantees that 4(8; + 1)/(1 — r;) is positive.)
Since h o ¢! is a zero-boundary GFF on H, [49, Proposition 3.5] (see Remark 2.5) implies that
E [uh°¢_1 (B(i,r; ))P] is finite. Thus, there exists a positive constant Cllj’y, depending only on y and
D, such that

E [1,(B(0,6))"] < C}MEVQP. (A.10)

Now suppose that 2¢ < dist(0,3D) < 9¢ and choose 3, 3, such that 25, /8, > 9, and consider
the conformal transformation ¢(z) = %z. Then we have that S,¢ < dist(0, 09(D)) < ;€ and the
result follows from the coordinate change formula together with (A.10). O

We are now ready to bound the moments of the quantum area of a set close to the boundary.

Lemma A.7. Fixy € (0,2) and let (§,h, —0,+00) ~ QWedge;‘:’yz/z

terization. Fix p € (0,1 A }%). Ifc > 0, then fors > 1,

have the first exit parame-

E[u,({z € S_ : Re(z) > —s,dist(z,08) < eDHP] < Cp’},seMC, (A1)
where M = M(p,y) > 0.

Proof. Let N besuch thate® € [27V=1,2"N]andforr > 0,let A, (r) = {z € S : Re(z) € [—k,—k +
1],dist(z,dS8) < r}. Moreover, we let h/ be a free boundary GFF in & and consider A, ().
Note that if $(z) = e® (so that ) : & — H is conformal), then for small €, p(A,(¢°)) CR, :=
([-1,—e71/2] U [e71/2,1]) x [0, 2¢¢]. In order to prove (A.11), we shall bound the quantum mass
of R, with respect to the field h! on H, related to h/ as in (2.8), with 1.

Let (S;) be a Whitney square decomposition of a large domain containing R., say, R =
[—100,100] x [0, 100]. Then, letting D, be the collection of squares of side length 27, intersecting
R., we have that |D; | < 2¥, with implicit constant independent of k, ¢, and ¢. Denote by z ; and

27" the center and side length of S I respectively, and let € = 2~ +%). Then, S ;€ B(z € j) and
2ej < dist(zj,aR) < 9€j.

By the domain Markov property, we can write 7/ = hg + b, where h}g is a zero-boundary GFF
on R, by is a distribution on H that is harmonic on R and independent of hg. Lemma A.6 implies
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that there exists a positive constant C), , depending only on p, and y such that

2
@+L)Hp
By Bz )P | < Cpp e 7
for each j € Z, where p, € (%, y%).
Let f(t) =2+ é)t — t?y? and note that f(t) > 1 whent € (%, },2—2). Hence, we can find 8 >
1 (sufficiently close to 1) such that (2 + g)pl —B*piy*>1. Weleta € (0,1) besucha™! €N

and such that (2 + g) p1 — B*piy? > 1is satisfied with § = (1 — a)~2. We divide S; into squares
SjtseesS ok having pairwise disjoint interiors and sides parallel to the axes, and each one having

side length r; = oc\/iej. Then k; = 1/a?. Let z; , be the center of S;, for n € {1, ..., k;}. Since
Sjn € B(zj ,,a¢;) and B(z; ,, (2 + oc/\/z)ej) C R, we have that by Lemma A.2 with ¢ = 1/a that

kj 2,292 2202
E[exp| p;y sup hr(2) )| < Z E|exp| p;y sup hr(2) )| < akje.ply g < Qe.ply A
Z€S; - J Q2 i

n=1 ZESM

for some universal constant C. The independence of hg and b implies that

Cpry +Lp—p2p2y?
E[uzr(S)P1] < E[#hg(Sj)pl]Elexp<p1Y suSp hR(Z)>] < ;ye. AT (A.12)
ze j

J

2
Moreover, by (A.12),if p; < 1, S € Dy, then E[uz;;(S)P1] < Cpl’},z_k((“%)pl_ﬁzpfyz). Thus, letting
D =y, Dy, we have

2
Elugr (RO < ) Blug (M1 = Y, ' Elug ()]s Y, 27 @ 5nFerD
SeD k>N SED}, k=N

2 2 2
— 2~ N@+5)p1—Bpir*-1) Z 5~ k(@+5)p1=B2pir*—1) < 5=N(@+5)p1—f7piy*~1)

k=0

2
since (2 + 77) p1 — B*piy* — 1 > 0, and hence, the sum on the second line is finite. It is clear that
the implicit constant depends only on p; and y. Thus,

2
El, (A, (€9))P] < Bl (R)P] < @ P—Fpr* =1,

Choosing p, > 1 such that pp, € (1/2,1)0(0,;—2), we have by the same argument as in
Lemma A.4 that

ﬁ _p2,2.2.2
Bl (A1(€))P] S Blytys (Ay ()PP /P 5 e PP =Dlbe = M,
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where M = (2 + y—;)p — B%p*p.y?* —1/p,, and the implicit constants are independent of € and c.
Consequently,

E[u,({z € §_ : Re(z) = —s,dist(z,08) < €})P] < E[u,({z € S_ : Re(z) = —[s],dist(z,9S) < €})?]
[s] [s]
< 3 Bl (A )] < 3 Elp, (A ()] S s,

k=1 k=1

N

where the implicit constant depends only on p and y. Thus, the proof is done. O

We end this section by stating and proving an analogue of Lemma A.1 for quantum cones.

=2
let €_ ={z € € : Re(z) < 0}. Then forevery p € (0, 1),

Lemma A.8. Suppose that (€, h, —co, +00) ~ QConeXVz4 has the first exit parameterization and

El,(6_)°] < co.

Proof. We follow the notation and the method of the proof of Lemma A.1. Let (X;) be the average
of h on the vertical line {t + iy : y € [0,27]}and set h, = h — Xy.(). Then (X,) can be sampled by
setting X, = Y_, fort <0and X, = B, + t for t > 0, where Y, = B, — t conditioned so that Y, < 0
forallt > 0 and B,E are independent standard Brownian motions with B, = EO = 0. Moreover,
X and h, are independent. Note that (X_,),,, can be sampled by setting X_, = By —(@+T)
for t > 0, where Et is a standard Brownian motion, independent of B,and T = sup{t >0 : Et —
t = 0}. We let I be the random distribution on & given by h= ERe(,) +r —(Re(:)+T)+ h,. Then

d
up(6.) = ,ufl([T, +00) X [0, 27]) by the invariance of &, under horizontal translations. Therefore,
writing €, = {z € € : Re(z) > 0}, we have that

E[u,(B_)P] < E[u;:(6,)P] < Z E[u;(A0F1<C, Z E [exp <n) Sup kB} - t>]
k=1 k=1 —1<i<

where C), = E[,uhz(Al)P], which is finite for p < 1 = }%. Hence,

o0
E[u, ()] < Z o~ 7DA-1P/Dk L o
k=1

for p € (0,1). This completes the proof. O

A.2 | Massbounds

In this section, we prove a few bounds on the quantum mass when the surface in question has
the circle-average embedding. These are used in Sections 4 and 5 to bound exit times for SLE
parameterized by quantum mass, as well as the mass of sets with respect to quantum surfaces
with different parameterizations.

Lemma A.9. Fixy € (0,2] and let C = (C,h,0, 00) ~ QCone:,’V::yW have the circle-average embed-
ding. Then there exists p >0 such that for every fixed M >0, we can find Cy, >0 such
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that
P[u,(B(0,M)) > R] < CM,},R_P, forall R>0.

Proof. This proof is similar to that of Lemma 4.3, so we will be rather brief. We recall that h|p =
h|lp — alog| - |, where h is a whole-plane GFF normalized so that h;(0) = 0 (where h (0) denotes
the average value of h on dB(0, 5)). Fix M > 0, let 9 (z) = 2Mz and set k™ = h o oM. Then

UH(B(O.M)) = Mt 10qan (B0, 1/2)) = @M 7 15 (B(0,1/2)).

By translation and scale invariance, hM has the law of a whole-plane GFF modulo additive con-
stant and the circle-average of K™ on D is equal to h,,,(0). Hence the field A = h™ — h,,,(0)
agrees in law with 4 and

w5 (B(0, M) = eVEZM@(zM)“%gM(B(o, 1/2)). (A13)

The Markov property implies that # = h® + § where h° is a zero-boundary GFF on D and §
harmonic on D and independent of h°. Moreover, E[;,0(B(0, 1/2))P] is finite for all p € (0,4/y?).
As in the proof of Lemma 4.3, the probability that D is not R-good for hM is at most cle‘C2R2, for
some universal constants c¢;, ¢,. In particular, E[exp(y p Sup,ep(.1 /2) [5(2)])] is finite for all p €
(0,4/y?%), and consequently, so is E[u;(B(0,1/2))P]. Moreover, since Brownian motion has finite

exponential moments, E[eVPEzm(O)] is finite for all p > 0 and hence Holder’s inequality implies
that

E[u;(B(0,M))P| < 0o, forall p e (0,4/y%). (A14)

We write AM = B(0, M) \ B(0,1/M) and note that [16, Lemma 3.10] implies that

E[exp{q sup |h(z) — E(z)l }] < 00, (A15)

zeAM

for all g > 0 sufficiently small. Moreover, by Holder’s inequality and (A.15) and since

i AM) < pBO M) exp{y sup |h(z) - R},

zEAM

we have that

E[u,(AM)P] < o0
for all p € (0,4/y?) sufficiently small. We now set 8, = (2+y*/2)p—y*p*/2 and Ay =
B(0,M~127%)\ B(0, M~127%=1) for k € N,. Note that since « < Q, there is a p € (0, 1) such that

Bpy —vap > 0and hence

E[#E(Ak)p] < C27 "oy,
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for some constant C independent of k by [16, Lemma 5.2]. Therefore, we obtain that E[1;,(4;)P] <
C27*Bpy=7P) for some (possibly different) constant C, independent of k, and by summing over
k, we obtain that E[u,(B(0,1/M))P] is finite. Combining this with the above, we have that
E[u;,(B(0, M))P] is finite, and so, the claim follows by Markov’s inequality. O

The next result is instrumental in proving the main estimate needed for the proof of the
regularity in the case of chordal SLEg.

—2
Lemma A.10. Fixy € (0, 2] and suppose that W = (H, h, 0, o) ~ QWedge,‘fi}y /2
parameterization. Fix R,c > 0. Then, there is a constant a > 0 such that fore > 0,

has the first exit

Plu,(B(z,¢€)) = €%, for all z such that B(z,4¢) C B(O,R)nH] =1 — 0(/?).

Proof. Let D = B(0,R) N H and let h; (resp. h,) be the projection of h onto H, (H) (resp. H,(H)).
Then (h,-s(0));, has the law of (=Z,; — Qs),5 and (h,s(0));, has the law of (B,; + Qs),,, where
B is a standard Brownian motion starting from zero and Z is a BES® with Z, =0 and B and Z
are independent.

We begin by proving the result for a free boundary GFF in place of the quantum cone. Let hbea
free boundary GFF on H with the additive constant fixed so that its average on H N 0D is equal to
zero. We let i = th + bp, where h%R is a zero-boundary GFF on Dy, and ), is harmonic on Dy.
Fix z € Dy, € € (0,1) such that B(z, 2¢) C Dy. Then, by applying the coordinate change formula
together with [49, Proposition 3.7] (recall Remark 2.5) if y € (0, 2) and [13, Corollary 14] if y = 2,
we have that

E[uhg Bz, e))—Z] = 0.

Moreover, Lemma A.2 implies that

EleXp<2y sup f)DR(w)>] = 0(™"),

weB(z,¢)

for some C > 0, where the implicit constants in both of the inequalities depend only on R, y. Let
r =1—1/4/2 and note that

~(B > B(z, inf )
BT > sy (Bzre)exp <ywe‘§%z,re) f)DR<w>)
By the Cauchy-Schwarz inequality, we have that

-1 _ .
E[uhlo)R(B(z,re)) eXp< Vwegg’re)fm,e(w)ﬂ

12 1/2
<E[MhoD <B<z,re>)—2] Elexp <2y sup hDR(w>)]

weB(z,re)

— 0(6_2_(3+C)y2/2).



100 of 106 | KAVVADIAS ET AL.

Hence, by the Markov inequality, we obtain that for b > 0
Plu;:(B(z, re)) < €”] = O(P~>(C+3r°/2),

Moreover, for all w € Dy such that B(w, 4¢) C Dy, we can find z € (¢Z)? n Dy such that B(z, re) C
B(w, €) and B(z, 2¢) C B(w, 4¢) and since |(¢Z)? N Dg| < €72, we obtain that

Pluz(B(w,€)) > e®, for all w such that B(w, 4¢) C Dy
> Pluz(B(z,re)) > b forall z € (€Z)’n Dy such that B(z,2¢) C Dy]

>1— 0=+ C+3/2) 5 1 — 0(e9/?) (A.16)

for b sufficiently large. Note that all the implicit constants depend only on R, y. Thus, we have
proven the result with a free boundary GFF in place of the quantum cone.

The rest of the proof consists of transferring the result from the free boundary GFF to the
quantum cone. For now, we assume that R = 1, that is, we consider points in D . By [48, The-
orem VI.3.3.5], a BES? Z, can be coupled with a one-dimensional Brownian motion B, such that
Z; = 2S; — B;, where S; = max, B;. Consequently, since Eej (0) = B,,, where B, is a two-sided
Brownian motion, we can couple & and & such that h,(0) = h,(0) + Qt for ¢t > 0 and h,—(0) =
—28,; + Ee—t (0) — Qt (where the maximum S is over the Brownian motion Ee_t,z(o)) and such
that their lateral parts are the same. Thus, we have that h,-.(0) > Ee—z(()) + A, fort € [0,log(e™1)]
where

A.=— sup 25, —Qt,

o<t<log(e~1)

and so u;,(B(z, €)) > e’ u-(B(z,¢€)) where z is as in the statement of the lemma. Note that
Hn My

P’ <e®] <P| sup B, >blogle )/(2y)| < P[T. < 2loge™V)],
0<t<2log(e1)

where T, = inf{t > 0 : B, = blog(¢~!)/(2y)}. Note that the explicit form of the probability den-
sity function of T, given in the proof of Lemma 5.1 implies that P[T, < 2log(e™1)] = O(eb) for b
sufficiently large. Hence, since

Plu,(B(z,¢)) < €?°] < Ple’ < €¥] + P[uz(B(z,¢)) < €]
by applying a method similar to the above, we obtain that (A.16) still holds with & replaced by h.

Finally, we turn to the case R > 1. It is easy to see that we can find a constant C; > 0 depending
only on R such that

P| sup |(h—h)2)|>M|<e M forall M >0,
z€DR\Dy /g
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and so,

Pl sup > M] <e M forall M > 0.

z€DR\Dy g |V

Note here that while k and h are not pointwise defined, their difference is, as they have the same
lateral part and the radial parts are continuous functions. Thus, by setting M = blog(e~!)/y and

v <M and p,(B(z,¢)) < €% then uz(B(z,¢)) < €°, we

noting that if SUPzep,\D,
obtain that

Plu;(B(z,¢)) > €, forallz € Dy \ D, / such that B(z,4¢) C Dg| = 1 — 0(°/?),

for b sufficiently large. Then, the proof is complete by combining this with the R = 1 case. O

APPENDIX B: ESTIMATES FOR WHOLE-PLANE SLE

In this part of the appendix, we shall prove that one can fit small balls between two flow lines of
critical angle difference (i.e., the angle difference is at the critical value for whether they inter-
sect or not) as well as bound the probability that a whole-plane SLE revisits a small ball around
the origin, after exiting D. The proofs are to a large extent modifications of the proof of [43,
Proposition 4.14]. We begin with the former.

Lemma B.1. Fixy € (0,2), x = y> € (0,4) and let h be a field in C such that h =h —a arg(-),
modulo 27t(y + a), where @ > —y and h is a whole-plane GFF on C. Let 71, (resp. m,) be the flow line
of h with angle 0 (resp. 6, = ﬁ) starting from zero and suppose that

(Qr -0 )x +2ma _ x
1 2

Note that the marginal law of 1, is that of a whole-plane SLE, (x — 2) starting from zero and condi-
tional on 7y, n, has the law of a chordal SLEK(E -2; g —2)inC\ n;. Let U, U, be the two connected
components of C \ (n; U 1,). Then with probability 1 — 02°(€), we have that for j = 1,2, we can find
a ball B(z,e) C U; N B(0,1).

For the proof of the above lemma, we need the following, the proof of which is essentially the
same as that of [43, Lemma 4.15] and is omitted.

Lemma B.2. Fix x’ <0 < xR and p%, pR > —2. Suppose that h is a GFF on H with boundary data
such that its flow line 7 starting from 0 is an SLE, (o"; p®) process with x € (0,4) and force points
at x*, xR. Fix © > 0 such that the flow line n, of h starting from 0 with angle 0 a.s. does not hit the
continuation threshold and a.s. intersects ). Let T (vesp. Tg) be the first time that 1) (resp. 1) leaves
B(0,2). Forc;,p € (0,1), we let E = E, p be the event that A = 7([0, T]) U ne([0, Tg]) separates i
from oo, the harmonic measure of the left side of 1 as seen from z € B(i,c;) in H\ A is at least
p € (0,1) and dist(i, A) > ¢;. Then there exist p,,c;, p € (0,1), depending only on x, p*, pR, and 6,
such that P[E] > p,.
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Proof of Lemma B.1. This proof is more or less the same as the proof of [43, Proposition 4.14],
but we write it out for clarity. We fix K > 5 sufficiently large (to be chosen later). For € € (0, 1),
1< n < (Ke) !, let T™€ be the first time that 7, exits B(0, Kne) when it is parameterized by log-
conformal radius. Let also w, . € dB(0, (Kn + 2)¢) be such that |, (T"°) —w, .| = 2¢. Let 6, €
(0,8./2), where 6, = mx /(4 — x) is the critical angle of flow line interaction.

The flow line interaction rules imply that a flow line with angle 8, a.s. hits a flow line of angle
0 started at some point on its left side. We also let y,, . be the flow line of h starting from 7, (T"°)
with angle 6, and let o™ be the first time that y,, . leaves B(0, (Kn + 4)). Let F,, be the o-algebra
generated by 7, |[g rne) as well as ¥ c[[g gie) for j = 1,...,n — 1. We fix ¢, p > 0 (to be determined
later) and define E,, . to be the event that A, . = ,([0, T"**<]) Uy, ([0, 0™<]) separates w,, . from
o0, the harmonic measure of the left side of 7,([0, T"*!¢]) as seen from z € B(w,,(,ce) in the
connected component P, . of C \ A, . which contains w, . is at least p > 0 and dist(w,, ., 0P, .) >
Ce.

Next, let 1, . be the conformal transformation that takes the unbounded component U,, . of
CUfeo}\ (m 0. 7D U UJZ, 7,.00,07D) ) to Hwith , .(7,(T") = 0and ,.(w, ) = i. The
Beurling estimate and the conformal invariance of the Brownian motion imply that for K suffi-
ciently large the images of U’]?;lly j.([0, o/]) and oo under ¥y, lie outside of B(0, 100). Indeed, by
picking K large enough, we can make the harmonic measure of UJ’?;lly ([0, o/€]),in U, ., as seen
from w,, ., be arbitrarily small. (More precisely, by the mapping ¢, .(z) = (z — w, .)/((K — 4)¢),
we have that the image of U;‘;ll y j’e([O, o/¢]) lies outside D, whereas the distance from Ppe(wy, ) =
0ton, ([0, T™¢])is 2/(K — 4), so by the Beurling estimate, the probability that a Brownian motion
exits D before hitting 7, ([0, T™¢]) is at most a universal constant times K12 as K — o0.) Con-
sequently, the law of the field fzn’s =ho zp;é -x arg((lp;i)’ ) restricted to B(0, 50) is mutually
absolutely continuous with respect to the law of a GFF on H restricted to B(0, 50) whose boundary
data are chosen so that its flow line starting from O and targeted at oo is a chordal SLE,, where
the branch cut for the argument is taken to be the vertical line passing through ¢, .(c0). Note that
sincex —2 > g — 2, there is no intersection of z; with itself.

The arguments of the proof of [43, Lemma 4.15] imply that there exists a universal constant
Po € (0,1) that is uniform in the location of the images ¥, (¥;) such that if E, . is the event
of Lemma B.2 corresponding to the flow lines of the field I/fz\nﬁ, then P[E'n,€|7’n] > po- We fix the
constant ¢ € (0, 1) such that (li_:')z < ¢y, wherer = % and c; is the constant in Lemma B.2. Then
[33, Corollary 3.25] implies that ¥, .(B(w, ., ce)) C B(i,¢;) and the conformal invariance of the
harmonic measure implies that if E'n,e occurs, the harmonic measure of 7,([0, T"*1:€]) as seen
from z is at least p > 0, for all z € B(w,,,ce). By combining everything, we obtain that there
exists a universal constant £ > 1 such that with probability at least 1 — e‘efg, we have more than
% Pon. of the events E; . occur, where n, = |Ke|. We observe that if the event E,, . occurs, then a
pocket is formed between 7, and y,, . containing a ball of radius ce. The flow line interaction rules
imply that 7, cannot cross y,, ., and so, the above ball must be contained in one of the connected
components of C \ (1, U n,). This completes the proof. O

Remark B.3. Let (1;,7,) be a pair of random curves in C starting from 0 and targeted at co sam-
pled in the following way: First, we sample 7, to be a whole-plane SLE,(2) starting from 0 and
conditional on 7; we sample 7, to be a chordal SLE, in C\ 7, from 0 to co. We note that the
constants in Lemma B.2 can be chosen to be uniform as ¥ — 4 if p* and pR are bounded from
below away from —2 as ¥ — 4. Also, if we set 6, = 64—0, then y6, is bounded as x — 4, and so, the
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Radon-Nikodym derivatives used in the proof are bounded uniformly on x and the weights of the
processes that Lemma B.2 is applied are bounded away from —2 as ¥ — 4. Observe also that « is
bounded uniformly on k. Therefore, the constant £ in Lemma B.1 can be made uniform in x as
x — 4 and note that the law of the pair (1,,7,) in Lemma B.1 converges to that of (;,7,) when
x = 4 asx — 4in the Carathéodory sense. Therefore, the claim of Lemma B.1 still holds for x = 4.

Finally, we turn our attention to the return probability of whole-plane SLE.

Lemma B.4. Fix x € (0,4] and let 1) be a whole-plane SLE, (x — 2) in C from 0 to co. Let A(¢) be
the event that 1) intersects B(0, €) after it exits D for the first time. Then we claim that we can find a
constant b > 0 uniform on x when x is away from 0, such that P[A(e)] = O(e?) as e — 0.

Proof. First, we assume that k¥ € (0,4). In order to prove the above claim, we follow a method
similar to the one of Lemma B.1. Fix 6 € (0,6,/3) such that —2 + %(K/Z —2)<x/2—2andletn,
(resp. 1,) be the flow line of angle 0 (resp. 36) of h emanating from 0, where h = h — aarg for a
whole-plane GFF h and « chosen to satisfy ¥ — 2 = 2 — x + 27a/A. Note that then 7, and 7 have
the same law. For ¢ € (0,1) let T1 . (resp. T2 o) be the first time that 7, (resp. 7,) exits B(0, 2"¢)

forl<n< 10?5;/ 9 Let o; . (resp. o2 ) be the first time that 7, (resp. 7,) exits B(0,2"/4¢), and

we let y,ll”e (resp. yn’e) be the flow hne of h with angle —6 (resp. 0) starting from 771(%, ) when
the latter is seen as a prime end on the left (resp. right) side of #,. Similarly, we let y,qu (resp.
yn €) be the flow line of h of angle 26 (resp. 46) startmg from 772(0 ) when the latter is seen as a

prime end on the left (resp. rlght) side of 7),. We stop yn e and yn p for Jj = 1,2 at the first time that

they exit B(0, 2"+1/2¢) and let &, 0' be the first time that yn . exits B(0, 2"*+1/2¢) fori, j = 1,2. Then,
for fixed constants ¢, p € (0,1) 1ndependent of n and ¢, we let E, 1 . (resp. Eﬁ .) be the event that

AL = yh(0,551) UE2(10,832) (resp. A2 = y2L([0, 521D Uy22([0,5221) separates 7, (T )
(resp. 772(T,2,, .)) from oo, the harmonic measure of the left and right 81des of y,ﬁ’é and y,ﬁ’j (resp. y,zl’é
and yf;j) as seen from z € 3(771(T,1,, )sce) (resp. z € B(nz(Tfl,e), ce)) in the connected component
P! _(resp.P2 )ofC\ A}l’ . (resp.C\ Ai, .) which contains 771(7%, .) (resp. 772(T,2,, .))isatleast p and
dlSt(?]l(Tl ), 6P1 .) > c2"e (resp. dist(172(T2 ), 6P2 ) >c2"%). WesetE, = E1 N E? e

Let 7, . be the o- algebra generated by 7, and 772 stopped at times T1 and T2 , respectively,
and the flI'St 2n auxiliary flow lines for each of 7, and #,. Then as in the proof of Lemma B.1, we
can find constants c, p and p, > 0 independent of n, ¢ such that P[E, ;. | F, .| > p,. Let U, be

the connected component of C U {oo} \ <771([0, T;,e]) U n,([0, Tfl’e])> containingocoand g, : U, —

H be the conformal map such that gn(m(Ti,e)) =1, gn(nz(Tfl,e)) = —1, and g,(0) = co. We also
consider the field h, = h o g;l — yarg(( gn_l)’ ) where the branch cut for the argument is taken to
be the vertical line passing through g,,(c0).

Note that if E, . occurs, then there exists a universal constant g € (0,1) such that for
all z € 8B(0,2"*1/2¢), the sets [—1,0],[0,1] and R\ [-1,1] all have harmonic measure as
seen from g,(z) at least g. Standard estimates for Brownian motion imply that in that case,
dist([-1, 1], ¢,,(8B(0, 2"+1/2¢))) > d > 0 for some constant d > 0. Note that E,, . occurs with pos-
itive probability uniformly in n, € and let D C H be a fixed simply connected domain such that
[-1,1] € 0D N dH and dist([—1,1], H N dD) < d/2. Again, the law of h,, restricted to D is mutu-
ally absolutely continuous with respect to the law of a GFF h on H restricted to D with boundary
values given by —1 — 36 on (—o0,—1), A — 36 on (-1, g,(x,)), =1 on (g,(x,),1), and 4 on
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(1, ), where x,, is the last intersection of #; and 7, before they exit B(0, 2"¢). Hence, the law of
(9,(11), 9,(n,)) stopped at the first time they exit D is mutually absolutely continuous with respect
to the law of (%, %,), where 7, (resp. %) is the flow line of angle 0 (resp. 36) of h, started from 1
(resp. —1) and stopped at the first time they exit D. Then we have that with positive probability,
uniform in the location of g,(x,) € (—1,1), 7;,7%, intersect before they exit D and so the same
holds for g,(1;) and g,(n,). If that occurs, then 7, and 7, intersect before they exit B(0, 2"+1/2¢).
Therefore, as in the proof of Lemma B.1 and Lemma B.2, we obtain that for some constant p > 0
uniform in n, € and x as x — 4, we have that conditional on 7, ., with probability at least p, 7,
and ), intersect before they exit B(0, 2"*1/2¢). This shows that we can find a constant ¢ > 0 (uni-
form as ¥ — 4) such that off an event with probability O(e?), 5, and 7, intersect before they exit
D for the first time. Note that the same is true for 7; and n;, for all j = 1,..., m, where 7); is the
flow line of h of angle 3(j — 1)8 starting from 0 and m = |27 (1 + o/ x)/(36)|. We can therefore
assume that off an event with probability O(e?), n ; intersects both of n;_; and ), for all j where
b is uniform in x as x — 4 since m is bounded uniformly in x as ¥ — 4 if we pick 6 = 6,./4. But
if the latter occurs, then the flow line interaction rules imply that 7, cannot enter B(0, ) after it
exits D. This completes the proof of the claim since by taking ¥ — 4 and using the Carathéodory
convergence of the pair (7;,7,) to the corresponding pair when x = 4, the claim is also true when

x =4. ]
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