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Magnetic Field Evolution in Black Hole Accretion Disks

and Relativistic Jets

Payton Elyce Rodman

Supermassive black holes (SMBHs) catalyse change in their host galaxies, mediated through
the inflow and subsequent outflow of material through the massive body. While an SMBH
does not—indeed, cannot—hold its own magnetic field, the material it interacts with, feeds
upon, and expels outwards is naturally magnetic, and this embedded magnetic field is
expected to have a complex effect upon these processes. Due to the inherent difficulties
in studying magnetic fields there is still much to learn about their role around SMBHs
generally, and in accretion and the launching of relativistic jets in particular. This thesis aims
to tackle both topics using three-dimensional magnetohydrodynamics (MHD) and relativistic
magnetohydrodynamics (RMHD) simulations.

In the first half (Chapters 2 and 3), I focus on the role of magnetic fields in simulations
of thick accretion disks. At stake is a core question within the field of disk simulations:
can a simulated accretion disk self-generate the strong, large-scale poloidal field needed
to launch relativistic jets? To assess this question, I simulate disks with initially toroidal
fields of both high (plasma beta B = Pyas/Pmag = 5) and low (B = 200) field strength
and at high and moderate resolution, using the code Athena++. I find that both weak and
strong initially toroidal field disks can generate a poloidal field, with the initially strong case
producing a more ordered and large-scale field. These findings are tempered by caution
on the resolution, as an m = 1 mode overdensity is created at the crossroads of a weak
field, moderate resolution, and resolution step-change. I additionally perform a minor study
of the disk dynamo, covered in Chapter 3. Using mean-field dynamo theory, I calculate
the diagonal, symmetric Qj; components under both a global azimuthal average and a local
Gaussian filter average, finding that local averaging returns more robust numerical signals.
We retrieve a northern hemisphere 0 sign that is consistent with previous works and is in
line with expectations of an 0Q-type dynamo. The mean-field formalism returns a better fit
later in the disk evolution, suggesting that additional dynamo factors are present in the early
phases of field evolution and growth.

In the second half of the thesis, in Chapter 4, I move my focus to relativistic jets
and investigate whether magnetised head-tail (HT) jets launched in a realistic turbulent
magnetised background can form magnetic linkages between the lobes as have been observed

in recent high-resolution radio images. To assess this, I simulate a suite of low density



vi

(density ratio N = Pjet/Pamb = 10~%), pressure-matched jets at both low (vj = 0.24c) and
high (0.94c) velocity into pre-evolved turbulent backgrounds generated using the PLUTO
code and subject them to strong, transonic crosswinds. I find that magnetic linkages do occur,
but are between the jet lobes and the ambient medium, with the region between lobes being
too turbulent to support long filaments. I additionally find that the location and direction of
the existing filaments depend on the particular turbulent background realisation, implying

that observations of filaments could be used to constrain the ICM field.
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Chapter 1

Introduction

1.1 Introduction to Active Galactic Nuclel

In most galaxies the majority of observed light is starlight, contributed from the millions to
trillions of individual stars within. But in a select few cases (a few per cent of galaxies in the
local Universe), the majority of light does not come from stars but from something else: a
highly compact region less than one light day across at the centre of the galaxy, producing
radiation across all wavelengths.

These galaxies are termed Active Galaxies, and their nucleus is an Active Galactic
Nucleus (AGN). At their heart is a supermassive black hole (SMBH) which exists within
a local system composed of the black hole itself, a rotating circumnuclear disk of material
which feeds it (or may starve it), and, occasionally, jets which emerge from near the poles
of the black hole (BH) and deposit energy far from the nucleus. In this way, the AGN is
connected both to its galaxy and the wider environment through the intake and discharge of
material and energy. Hence, the classi cation of AGN as galaxies with bright, non-stellar
emission is the manifestation of a growing supermassive black hole. As with any complex
system, what affects one portion is likely to generate knock-on effects throughout the rest. It
is for these reasons (and others we will see later) that AGN are sometimes referred to as a
galactic "thermostat'.

Supermassive black hole mass is closely correlated with host galaxy bulge mass in the
nearby Universe through thégy—Mpyge relation (Haring & Rix, 2004; Magorrian et al.,
1998) along with relations to bulge luminosity4. (Magorrian et al., 1998) and stellar
velocity dispersion within the bulge (the Mgy— relation; Ferrarese & Merritt, 2000;
Gebhardt et al., 2000), strongly suggesting that supermassive black holes evolve alongside
their host galaxies. Such correlations are not surprising; despite the hole's comparatively
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tiny mass, it punches far above its weight in terms of energy liberated. If the binding energy
of the galaxy bulge goes &, Mg 2 and the energy liberated by mass growth of the
black hole isEgy = M guc?, then for a typical galaxy maddg 14 10 M and
dispersion < 400 knmrs and a typical accretion radiative ef ciency 10% this gives

(Fabian, 2012)
Egn

Egal
Only a small fraction of this energy coupled to the cold gas is needed to impact the host
galaxy signi cantly.

There are two main historical classes of AGN, the Seyfert galaxies ( rst described by
Carl Seyfert in 1943) and the quasars ( rst described in a series of papers by Hazard et al.,
Schmidt, Oke, and Greenstein & Matthews in 1963 'hey can be broadly distinguished by
their luminosity, with Seyfert galaxies emitting visible light at a luminosity comparable to the
stars in the galaxy ( 10''L ) and quasars being much more luminous(00+ times larger
than galactic starlight). Roughly 10-20 per cent of quasars are radiodlgug,( 107°—

10?” WHz 1) and are associated with collimated out ows known as “jets' (Fabian, 2012;
Urry & Padovani, 1995), with the remainder being radio-quigfsf, 10°*-1022 WHz 1),

with their radio emission attributed to starbursts within the host galaxy. When they were rst
discovered and described, it was not immediately apparent that Seyfert galaxies and quasars
were different presentations of the same object. Seyfert galaxies, being lower luminosity,
were observed in the nearby Universe and hence were more readily associated with galaxies.
On the contrary, quasars are more common in the early Universe (high redshift), and this,
mixed with their high luminosity, obscured the existence of a host galaxy, making them
appear as point sources and leading to the name "quasi-stellar radio source'. It was not until
observations with the Hubble Space Telescope in the 1990s that quasars could be de nitively
linked to galaxies (e.g. Bahcall et al., 1996; Boyce et al., 1996, and references therein).

A great diversity is observed within the AGN population, with individual objects separated
into groups de ned by the presence or absence of radio emission, the luminosity, and the
existence and strength of various broad and narrow lines. Figure 1.2 shows a subset of the
most common classi cations, namely (for review, see e.g. Carroll & Ostlie, 2017; Padovani
etal., 2017),

& 80 (1.1)

There are previous mentions of such “quasi-stellar radio sources', although they were incorrectly assumed
to be weird stars within our own Galaxy. The measurement of large redshifts for sources 8€ 8837) and
3C 273 ¢ =0:16) in 1963 was the rst con rmation that quasars were associated with distant galaxies, and
hence being AGN.
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Fig. 1.1 The relation between black hole mdfs; and stellar velocity dispersionfor a

range of sources. Brightest Cluster Galaxies (BCGs) are plotted in green, non-BCG elliptical
and SO galaxies are in red, and spiral galaxies are in blue. Symbol type denotes the method
of measurement d¥l g, : stellar dynamics (star), gas dynamics (circle), or maser (triangle).
From McConnell & Ma (2013) with permission.



6 Introduction

» Seyfert galaxies: quasars whose host galaxy (usually spiral) is also clearly visible,
further classi ed as either type 1 or 2 depending on the presence of broad emission
lines, notably H . The Seyferts typically have a lower luminosity than quasars and are
observed at lower redshift (per the requirement to resolve the host galaxy).

* Radio galaxies: galaxies with measurable radio emission, including a radio nucleus
coincident with the galaxy core and commonly observed with extended radio features
associated with relativistic jets (see Section 1.4 for discussion on jets). As with Seyferts,
radio galaxies can be further classi ed according to the presence of both broad and
narrow emission lines (Broad Line radio galaxies), or of narrow only (Narrow Line
radio galaxies).

» Quasars: extremely luminous, point-like AGN, generally observed at high redshift.
They may be further classi ed according to radio loudness, measured either by radio
ux density/luminosity or by the ratio of radio-to-optical ux density/luminosity.
Radio-loud quasars are thought to host relativistic jets, albeit viewed at a smaller
angle than those seen in radio-loud galaxies, making the jets appear shorter in quasars
compared to radio-loud galaxies.

 Blazars: galaxies featuring relativistic jets aligned close to the line of sight, as a result
often associated with fast variability and high energsadiation.

Later uni cation schemes (e.g. Antonucci, 1993; Urry & Padovani, 1995) proposed that
observational differences between some of these classes may come from the observing angle
on the source, although this argument does not appear suf cient on its own to distinguish
between different classes of Seyfert galaxies (e.g. Ricci et al., 2011). Further, as many of the
classi cations covered here have their basis in early observational studies at comparatively
low resolution (and, in some cases, before the existence of black holes was widely accepted),
there is signi cant overlap between classes, and the de nition of these terms is continually
evolving.

1.1.1 Active Galactic Nuclei feedback

The process through which an AGN liberates energy and modulates galaxy evolution is by
AGN feedbackand while the topic remains highly contentious, it can be broadly categorised
into two streams: theadiative or quasarmode, in which radiation or wide-angle out ows

from the process of accretion directly heat the gas surrounding the BH, anththe&enance

or kineticmode, characterised by the presence of relativistic jets launched near the poles of
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Fig. 1.2 The uni ed model of AGN, visualised with observational descriptors on the right
and components labelled on the left. Figure credit: ©Emma Alexander / CC-BY-SA-4.0
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the BH which expand into the interstellar and intracluster media (ISM and ICM) and heat the
external gas through weak shocks (Fabian, 2012).

Regardless of terminology, feedback is rather simply conceptualised: activity from the
AGN somehow heats the gas, preventing it from cooling and forming stars. As a result,
we observe galaxies with less cool gas than expected and older star populations. As such,
feedback is a convenient concept to explain why galaxy evolution appears to deviate from
prediction. What remains disputed is the numerous processes by which feedback may occur,
their strength, timescales, and the area or location of impact.

A full review of the many proposed forms of feedback, their evidence, and their detractors
would take a whole thesis in its own right and has been covered in numerous lengthy reviews
(e.g. Alexander & Hickox, 2012; Fabian, 2012; King & Pounds, 2015; Kormendy & Ho,
2013; McNamara & Nulsen, 2007, 2012) and in many individual studies. For the sake of
brevity, we will focus our attention on feedback as it relates to disk and jet activity.

Disks, while of central importance to the supermassive black hole, are minuscule com-
pared to the scale of the host galaxy, posing immediate dif culty when considering possible
feedback processes. Additionally, the rate at which the disk can process material should,
in theory, greatly limit how much energy can be output. However, the disk is not entirely
isolated. Accretion disks are themselves fed material from a much larger reservoir of galaxy
gas, and if a large surplus of material and new, more ef cient modes of accretion were to
suddenly become available, the theoretical energy output of the disk could be ampli ed.

In the simplest conception, energy output is capped at the Eddington luminosity,

4 GM gy mpC

T

Ledd = (1.2)
wherem,, is the proton mass,r is the Thomson cross-section of an electron, and the rest
having their usual meaning. A corresponding Eddington mass accretiod gggecan also
be derived assumingeqq = MgqqC for ef ciency (generally taken as  0:1). When the
bolometric luminosity of the AGNL,, exceedd gqq, it indicates that the outward pressure
from radiation exceeds the inward force of gravity, and all accreting gas would be blown away.
Whilst some AGN can maintain a hidh,o=Lgqq ratio, the process should be self-limiting
abovelLo=Legqq¢ 1 and such “super-Eddington' accretion was previously thought to be
rare and short-lived (Alexander & Hickox, 2012).

This picture is made more complicated by the recMuSTobservations of so-called
Little Red Dots (LRDs), a newly discovered populationzof 5 Broad-Line (BL) AGN
with red JWSTNIRCam colour and which exhibit a paucity of X-ray emission expected
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from accretion processes (Lambrides et al., 2024). Many of these LRDs, over 70 per cent,
have inferred BH masses at least an order of magnitude higher than expected from the local
Mgy —M - relation, whereM ; is the stellar mass of the host galaxy (Lambrides et al., 2024;
Maiolino et al., 2023; Pacucci et al., 2023). Some sources even apgvbach M-, in line

with theoretical predictions for the evolution of Direct Collapse Black Holes (DCBHSs), a kind

of "heavy seed' (e.g. Visbal & Haiman, 2018). Although estimating the BH mass at such high
redshift is a dif cult task, Pacucci & Loeb (2024) found that regardless of seed size, central
BHs atz 5 must accrete at or near the Eddington rate for much of the age of the Universe,
suggesting that new modes of accretion—patrticularly super-Eddington accretion—may be
needed. General Relativistic Radiative Magnetohydrodynamical (GRRMHD) simulations by
Pacucci & Narayan (2024) have additionally found that mildly super-Eddington accretion
onto a slowly spinning BH viewed from 30deg to the poles could explain 50 per cent

of observed LRDs if the masses are overestimated by a factor of 3, which is the approximate
reported error al. (e.g. Maiolino et al., 2023). Extrapolating from datazat 1-2,
Begelman & Volonteri (2017) place the fractiono®& 5 AGN accreting at super-Eddington
rates above 50 per cent. Additionally, there may be evidence of past super-Eddington
accretion in the BH spin, with GRRMHD simulations by Ricarte et al. (2023) nding that
super-Eddington accretion in the ranhd < M=Mgyq < 134 would lead to a relatively

rapid spin down ove8-30Myrs. A limited sample of 20 high-z sources with reliable spin
measurements (Reynolds, 2019; Vasudevan et al., 2016) suggests higher mass BHs have
lower spins@  0:5-0:7), further supporting the possibility of signi cant super-Eddington
accretion at earlier times.

At moderate-to-high redshift & 2, the merging of gas-rich halos leads to the rapid
growth of the SMBH and the bulge (Kormendy & Ho, 2013). At some point in this process,
accretion becomes radiatively ef cient, and “radiative' or ‘quasar' mode feedback is triggered.
Out ows—perhaps winds driven by radiation pressure (King & Pounds, 2015)—expel the
cold gas that would otherwise have formed stars, leading to a suppression of star formation
and causing galaxies to begin moving from being blue and star-forming to “old, red, and
dead', with the majority of AGN appearing in the in-between “green valley' (Alexander &
Hickox, 2012; Nandra et al., 2007). However, some contention remains concerning the spatial
range of this effect. Analytic models (e.g. King et al., 2011) suggest that such out ows can
act over tens of kpc (galaxy scales) and produce the desired results. Observations, however,
are more mixed, with some (e.g. Harrison et al., 2014, 2012; Liu et al., 2013) nding evidence
of out ows outto 10kpc, while others (e.g. Fischer et al., 2018; Husemann et al., 2016;
Villar-Martin et al., 2016) nd no evidence of out ows beyorid2 kpc.
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At low redshift z < 2), feedback operates primarily through a different mechanism,
the "'maintenance’ or "kinetic' mode. In this process, relativistic jets impart energy onto the
incident medium through which they travel and impact. As the jet moves out, it excavates
a "bubble' or “cavity' in the X-ray emitting media close to the AGN, which buoyantly rises
through the intracluster or intragroup medium, bounded by a high-pressure region and a weak
shock (Fabian, 2012). In most known cases, the X-ray cavity coincides with a Fanaroff-Riley
Type | jet (Section 1.4, Fabian, 2012), although in some cases there is no jet visible due to
spectral ageing of electrons—so-called "ghost' bubbles.

To estimate the energy available for feedback through the cavity, it makes sense to rst
consider the energy required to form and maintain it, which can be expressed through the
enthalpyH of the radio lobe which forms the caviti is the sum of the work required
to displace the ambient X-ray emitting gaw/() plus the thermal energ¥( of the lobe
contents itself,

H=pV+E (1.3)

wherep is the pressure in the radio lobe avids the radio lobe volume.
In the case of a constant ratio of speci ¢ heatsthe above can be expressed as (McNa-
mara & Nulsen, 2007, 2012)
8
22:5pVif =5 =3
H= pVv = (1.4)
1 T 4pVif =4 =3

or, if magnetically dominatedy = 2pV. Values may be lower limits if strong shocks are
also present. Estimates of the thermal energy liberated within the weak shock boundaries of
bubbles in the Perseus cluster @8rgtimespV (Graham et al., 2008), close to the 4 =3
estimates. Cavity measurements by Rafferty et al. (2006), assuthirg4pV, nd a
mean cavity power 0o1:01 10* erg s !, enough to offset the mean cooling power of
6:45 10%ergs?.

The time-averaged jet power required to in ate a pair of cavities is (Rafferty et al., 2006)

_ Ecav

PC&V - t (1 . 5)

wheret is the average time between outbursts Bgg is the energy required to create the
cavity. t is dif cult to estimate since many observed cavities appear as singletons, although
measurements from Perseus and Abell 2597 giwé&0-100Myr (McNamara & Nulsen,
2007). Itis not yet clear how representative this value is.
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As the cavity rises, ambient material will be entrained in its wake, effectively converting
gravitational potential energy into kinetic energy, which can then be dissipated as heat into
the local ICM. Energy may also be thermalised from shocks. As cavities have a high sound
speed, shocks will travel through them faster than they travel around them, forming a vortex
ring that allows for greater transfer of shock energy to kinetic energy. Relatedly, energy may
be dissipated through sound waves. However, its importance is less clear as it depends on
unknown transport coef cients and the nature of both viscosity and magnetic elds in the
surrounding medium (McNamara & Nulsen, 2007).

The energy liberated from weak shocks and sound dissipation will likely be most impor-
tant close to the AGN. At the same time, cavity heating through wake entrainment will be
more signi cant where radio lobes are formed.

Buoyant cavities should be Rayleigh-Taylor and shear unstable; however, most observed
cavities appear regular, implying greater stability than simulations suggest. One possible
stabilising force is magnetic elds, which, when draped across the active cavity surface,
suppress hydrodynamic instabilities (Dursi & Pfrommer, 2008; Lyutikov, 2006). Such a
magnetic sheath likely also suppresses the formation of wake turbulence (Bambic et al.,
2018a), through reducing the amount of AGN energy that can be thermalised.

Altogether, we have a series of mechanisms or structures which, in theory, contain the
necessary energy to offset cooling and create the galaxies we see across cosmic time. How-
ever, many questions remain about how this energy is liberated and transmitted throughout a
galaxy. Answering such questions is particularly dif cult in light of observational constraints,
like the lack of strong shocks or steep temperature gradients that would be associated with
highly ef cient heating. To make the issue even more complex, AGN feedback is not always
necessarilynegative Positive AGN feedback may occur when a powerful wind or relativistic
jet impacts on the surrounding ambient medium, producing shocks and turbulence which
can locally induce the gravitational collapse of the material into stars (e.g. Feain et al., 2007,
Silk, 2013; Silk & Norman, 2009; Zinn et al., 2013).

To improve our understanding of AGN feedback and galaxy evolution, we must look at
the fundamental components in greater detail: the in ow and out ow of material and energy
around the central engine. In ow covers the movement of gas from large galactic radii down
to the critical inner accretion radius, while out ows are generally split into collimated jets and
uncollimated winds of various origins. Accretion disks and collimated jets are intrinsically
linked through the BH, and so we begin rst with a review of disks in Section 1.2 before
moving on to a review of jets in Section 1.4. We close with a discussion of the numerical
challenges in simulating BH processes such as disks and jets.



12 Introduction

1.2 Accretion disks

As material ows towards a black hole, it naturally circularises and forms into a rotating
disk termed theccretion disk Accretion of material from this disk is the primary method
through which an SMBH gains mass outside of infrequent BH-BH merger events and is
the likely fuel for the production of relativistic jets. As such, understanding BH accretion
is central to any discussion of AGN energetics or SMBH growth, and so we are naturally
motivated to understand this component of the BH system. In doing so, we are forced to
confront cutting-edge issues in plasma turbulence and computational uid dynamics.

The eld of accretion disk study found its footing in the 1970s with the seminal works of
Shakura & Sunyaev (1973) and Lynden-Bell & Pringle (1974), authors whose names would
go on to de ne foundational concepts and terms within the eld decades later. These early
studies were primarily limited to analytical and 1D models due to the limited computer power
available, and as a consequence, the rst distinct disk morphology was created and named
the Shakura-Sunyaev thin disk, based on the work of Shakura & Sunyaev (1973). In the thin
disk model, which is generally de ned to have a height-to-radius ratid=<RR . 0:1, the
radial and vertical behaviour can be cleanly separated, and hence, the vertical dimension can
be safely integrated over with little loss of information, reducing the problem to simple 1D:
properties as a function of radius alone.

Shakura & Sunyaev (1973) treat accretion using viscous uid hydrodynamics (HD). In a
non-magnetised disk, the ow of material within the disk can be described by the Navier-
Stokes equations of classical uid hydrodynamics (e.g. Papaloizou & Lin, 1995), expressed
here in Eulerian form,

gt-‘- r (u)=0; (1.6)
%t+( urus= }r Pr + —r?u+ ;r (r u); (1.7)
%t+r (uy= Pr u; (1.8)

namely the continuity (mass conservation), momentum, and energy equations, for mass
density , uid velocity u, gas pressurf, gravitational potential , coef cient of shear
viscosity , and total speci c internal energy When combined with an Equation of State
(EOS)P = P(; ) and an equation to describe the gravitational potentjahe system

of equations is closed and can be solved for a given tiniieis important to note that the
above equations can be written in many different forms to suit the particular problem. The
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equations can be expressed in the mathematically equivalent Lagrangian form using the
convective derivativ®=Dt. Expanding the above equations by adding external source terms
and magnetic elds (leading to magnetohydrodynamics, MHD, shown in detail later) is also
possible.

We naturally expect an accretion disk to accrete material onto the central body. However,
the process is more complicated than it might rst appear. To move material from the disk's
outer regions to the inner regions, we must transport angular momentum in the opposite
direction. In assessing this problem, we return to our disk in cylindrical coordinates under
the thin disk assumption.

To assess the ow of material, we focus on Equati¢h$)and(1.7), the mass continuity
and momentum equations (for a similar derivation, see e.g. Papaloizou & Lin, 1995). Given
the natural azimuthal symmetry of the problem, it is useful to recast these in cylindrical polar
coordinategR; ;z ). Assuming axial symmetry@=@= 0), hydrostatic equilibrium in the
z-direction (4, = 0), and integrating ovez yields a new form of the continuity equation,

@ 1@
—+ ——(R uRr)=0; 1.9
ot RarR W (1.9
where ( R;t) 11 (R; z;t)dz is the surface density. We can similarly express the
-component of the momentum equation (1.7) as
|
—(RU)= —— RUUWpR +=-— R°— 1.10
at )= R@R R " R@R drR (1.10)
If the ow is approximately Keplerian the@u=@t 0, and one can combine and rearrange
Equations (1.9) and (1.10) to get the radial velocity
d
o = ok R
= 8R ____dR_
R &R ?)
which, when substituted back into the continuity equatib®) gives a single diffusion
equation (Lin & Papaloizou, 1985; Papaloizou & Lin, 1995),

(1.11)

#

@ _ 1 @ 3R1:2Q Rl=2 : (112)

@t R@R @R

Hence, an initial ring of matter will broaden over time, with most material moving to lower
radii while an extended tail carries angular momentum to higher radii (Fig. 1.3).
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Fig. 1.3 Viscous broadening of an initial ring of matter of masat initial radiusR. Lines
are labelled for dimensionless times= 12 t=R 2, as a function of dimensionless radius
X = R=Ry. Reproduced from Pringle (1981) with permission.

1.2.1 Angular momentum transport in hydrodynamics

In the absence of any source terms in the HD equations, the bracketed section of Equa-
tion (1.12)ascribes angular momentum transport to the viscositghakura & Sunyaev
(1973) recognised that this viscosity term could include contributions from magnetic elds,
turbulence, molecular viscosity, and radiative viscosity, although assessing their relative
importance would not be an easy task.

Random molecular motion can be dismissed as a signi cant contributor as it acts over a
distancd on timescalesn,, |= mo for molecular viscosity . For a molecular viscosity

mol 1Pcm?s ! itwouldtake 3 10 years for a disturbance to propaghte 10° cm
by viscous diffusion alone, far too slow to account for observed variability in AGN accretion
disks (Balbus, 2003), and would lead to an accretion rate far too low to explain their observed
luminosity. Radiative viscosity can be similarly dismissed as thin Keplerian disks cannot
maintain the high temperatures needed for steady accretion driven by this form of viscosity
(Loeb & Laor, 1992).

With molecular and radiative viscosity ruled out, only magnetic elds and uid turbulence
remain as possible contributions to angular momentum transport. Unfortunately for Shakura
& Sunyaev (1973), the computational resources available at the time did not allow for
the simulations needed to measure these contributions (having access to neither magnetic
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elds nor 2/3D), and while the existence of magnetic elds could be reasonably assumed

throughout the Universe, the presence of turbulence within disks and its nature was an

unresolved question. Shakura & Sunyaev (1973) avoided this issue by parameterising away

the unknowns under a new non-dimensional constafithis = -prescription’ was based on

dimensional arguments. Viscous processes introduce stress to the system of form

Uturb , B? | )
S

c
Cs S 4c?

2

(1.13)

for density , sound speed;, turbulent velocityu,, , and magnetic eld strengtB. The rst
component of, above is the contribution from turbulent eddies; the latter is the contribution
from magnetic elds within the disk.

The presence of turbulence within the disk did have some basis by appealing to the same
arguments that ruled out molecular viscosity: a predicted high Reynolds number of the ow.
The Reynolds number, Re, is the ratio of uid inertia to viscous dissipation,

Re= —; (1.14)

wherev andL are the characteristic ow speed and length. A dimensionless value, the
Reynolds number is often associated with a transition from laminar to turbulent ow around
some critical value 1000in laboratory ows. If we take to be the molecular viscosity
mol—a value so small we previously justi ed dismissing it—we are left with a very high
Reynolds number, meaning accretion ows may be unstable to turbulent eddies, and such
motions could contribute to the viscous stress tensor in the form of anomalous turbulent
viscosity (Balbus & Hawley, 1998), which Lynden-Bell & Pringle (1974) expressed as

d

t; turb ﬁ:

(1.15)

Pringle (1981) found thatl.13)and(1.15)can be made equivalent by appropriately de ning

the turbulent viscosityww b Uwrb » Wherely, IS an appropriate turbulent length scale
anduy,, an appropriate turbulent velocity. The largest eddies can be no larger than the height
of the diskH and the motion of turbulence is assumed to be subsonic (as any eddies with
Uwry > Cs Would develop shocks and fall back belayy, so we can express the kinematic
(turbulent) viscosity asy,  GH c sH whereO < < 1, making(1.13)and(1.15)
equivalent.
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Although it is now widely accepted that Reynolds numbers are high within accretion
disks, earlier authors were right to be sceptical of these arguments, as an analysis of disk
stability raises issues with the purely HD turbulence model. The assumption of turbulence
within a high Reynolds number accretion ow is primarily based on the study of classical
planar Couette ow, in which a uid is sheared against a rigid boundary layer. Balbus
et al. (1996) noted that this assumption was invalid as the dynamics of planar sheared and
differentially rotating ows are fundamentally different and that local approximations to
Cartesian geometry within the disk do not lead to the emergence of Cartesian dynamics
on the same scale. Through a Navier-Stokes code, the authors found that hydrodynamical
Keplerian disks were both linearly and nonlinearly stable. Even when turbulence is forced,
the Reynolds stress decays rapidly and oscillates around zero.

Linear stability arises from the Rayleigh criterion,

d(RZ) 2

Gr— > 0 [STABILITY] (1.16)

and is trivially satis ed for astrophysical disks, while Coriolis and tidal forces in differentially-
rotating Keplerian ows stabilise the nonlinear instabilities seen in planar shear ows (Hawley
et al., 1999). Hence, simple HD accretion ows should be both linearly and nonlinearly
stableand cannot produce the necessary turbulence or other effective viscosity needed for
accretion.

Convectively unstable vertical strati cation in disks of nite height is destabilising but
would lead to angular momentum transport in the wrong direction (Lesur & Longaretti,
2005). More recent work by Ghosh & Mukhopadhyay (2020) found that hydrodynamical
ows could theoretically be made nonlinearly unstable despite the Coriolis force if subjected
to suf ciently strong perturbations; however, previous simulations done by Hawley (1990)
found that large-amplitude perturbations on the order of 10 per cent or more can act like an
arti cial viscosity in the form of numerical diffusion (i.e. an error term). In addition, Lesur
& Longaretti (2005) found that while a suf ciently high Re ow can transition to turbulence,
the resolution and time required is prohibitive and the subsequent turbulent transport too
inef cient for Keplerian disks, a nding supported by Ji et al. (2006) in laboratory ows for
Reynolds numbers up to Rel(’.

1.2.2 Adding magnetic elds to the mix

With hydrodynamical turbulence ruled out, we are left only with magnetic elds. For this,
we must now extend our uid equations to include contributions from the magnetidBeld
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yielding magnetohydrodynamics (MHD; additions in magenta),

@
—+r u)=0;
ot (u) | !
%t+(ur)u: }r P+2 r+ Er B
+ 2 r2y+ ;r (r u); (1.17)
@ _ :
@t r [( +P)u (u B)B s(J B)]; (1.18)
along with the addition of the induction equation,
@B
@~ [l B er B (1.19)

where g = =4 ) is the magnetic diffusivity and the electrical conductivity. Ifg is
spatially-constant, then the above simpli es to

@ _
@t

We are also beholden to the solenoidal constraint,

r [u BJ]+ &r ?B: (1.20)

r B =0; (1.21)

which excludes the existence of monopoles. This requirement does not factor into the
evolution of the system of equations but constrains the choices of iBitial

In ideal MHD, we assumeg = = 0. Extending the MHD equations to include other
non-ideal effects like ambipolar diffusion and the Hall effect is also possible. In the context
of this thesis, ideal MHD will mostly suf ce.

It is also useful at this point to introduce the magnetic plasmahich is simply the ratio
of magnetic pressure to gas pressure,

Pgas nkg T

= = 1.22
Pmag B2=2 0 ( )

wheren is the number density of the gas/ uillg is Boltzmann's constan, is the tempera-
ture of the gas/ uid, and ¢ is the vacuum permeaubility.
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In the spirit of Shakura & Sunyaev (1973), the vertically-averaged stress t€nser
t; dz can alternatively be expressed as the sum of magnetic and non-magnetic terms

T, =R, + M, | (1.23)

whereR, = u, u isthe turbulent Reynolds stressaid = (B,B )=4 isthe mag-
netic Maxwell stress. Hereyl is the difference between the local azimuthal veloaityand

the Keplerian velocityR ¢ . As we have already seen that the Reynolds (i.e. hydrodynamic)
stress alone is insuf cient to drive transport angular momentum outwards, we will consider
the magnetic stresses in greater detail.

Velikhov (1959) and Chandrasekhar (1960) noted that the Rayleigh stability criterion
(1.16)could not be recovered in the limit that the magnetic eld strength went to zero in an
incompressible Couette ow threaded by a vertical magnetic eld, indicating that magnetic
elds played an essential role in destabiliting uid ow and that this role did not scale simply
with the strength of the eld. Fricke (1969) derived a form of this criterion in the local
Boussinesq approximatiéfor differentially rotating stars threaded by poloidal magnetic
elds, but it wasn't until the work of Balbus & Hawley (1991) that the nature of this magnetic
instability was explored for differentially-rotating astrophysical disks. It has subsequently
come to be known as the magnetorotational instability (MRI), although some works from
the 1990s (e.g. Brandenburg et al., 1995; Curry et al., 1994) alternatively refer to it as the
Velikhov-Chandrasekhar or Balbus-Hawley instability, per the usual naming conventions.
For consistency here, | will refer to it solely as the MRI.

1.2.3 The Magnetorotational Instability

The MRI can be intuitively understood via analogy by imagining two point masses embedded
in a differentially rotating ow, connected via a weak spring (representing a weak vertical
magnetic eld; Fig. 1.4). If one of the masses is displaced, it will stretch the spring and
generate tension, transferring angular momentufrom the innermost mass;, to the
outermosim,,.. With a lower angular momenturm;, falls to a lower radius ak / P r,
generating more tension which leads to further inwards movement. At the sametjpe,
moves continuously in the other direction, gaining more angular momentum as it moves
outwards. Hence, small perturbations within a magnetised accretion disk lead to runaway

2The Boussinesq approximation is one in which the velocity eld is nearly incompressible over all scales of
interest, where the inverse characteristic times@ialg:) * r u is long compared to the characteristic
turnover time of turbulence, but not necessarily long compared to other timescales in the ow (Balbus &
Hawley, 1998).
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Fig. 1.4 The spring analogue of the magnetorotational instability (MRI) for equal point
masses;, andmg, within the gravitational potential of a central madg.

radial movement of material through the outwards transport of angular momentum—an
instability.

Expressed mathematically, the local equations of motion for this toy model for which
R is the radius® points radially outwards, anfl points in the azimuthal direction, read
(Balbus & Hawley, 1998):

2

dinR
y+2 x= Ky; (1.25)

X 2y= X Kx (1.24)

where2 is the contribution from the Coriolis forcd, ?=dIn R is the tidal force, andékx
andKy are external restoring forces with spring constant
Equationg1.24)and(1.25)will only have solutions with a time dependence of the form
e "' provided that the angular frequencysatis es thedispersion relation
" L 4

h i
14 12 242K +K K+OIInR =0: (1.26)

More formally, Balbus & Hawley (1991) derive the stability conditions of a magnetised
accretion disk via the dispersion relation for the angular frequénafyperturbations of the
form g(krr+kaz 1) "which in the case of a Keplerian disk can be expressed as (Balbus, 2003;
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Balbus & Hawley, 1998)

: #
|4 !Zh 2+2(k vA)2|+(k va)? (k va)®+ d|n2R =0; (1.27)
with wavenumbek k. + k,2, Alfvén velocity
Va = po—; (1.28)
and epicyclic frequency ,
2-4 24 do|ln = (1.29)

It should be noted that Equatig¢h.27)above is functionally identical to the spring-like case
of (1.26) with a spring constait = (k va)?.
The dispersion relatiolL.27)is quadratic irl 2, and so it will have unstable roots if the
discriminant is negative, i.e.
#

2
SR <O (1.30)

h

2+ (k VA)2i 4k va)® (kK va)?+

There are no unstable roots for (1.27) so long as

d 2
dinR 0

(1.31)

but this is almost universally violated in accretion disks. This may be recognised as being
similar to the Rayleigh stability criterioflL.16) but with angular velocity in place of angular
momentum. If(1.31)is not satis ed, and the eld is suf ciently weak, then an unstable
mode exists wherk is both positive and imaginary. For wave solutions of the ferr |,

the unstable mode leads to an exponential growth of small perturbations—the MRI. From
(1.30), this will occur for wavenumbers below

1d2
Kerit = — ; 1.32
crit VA dln R ’ ( )
or equivalently, for wavelengths above
Va

MRI =2 —; (1.33)
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while the fastest-growing mode occurs nearby at (Balbus, 2003)

2! d2_
16 2 dInR

(K V)iw= 4+ (134)
It should be noted that the new stability criterion, which replaces the Rayleigh criterion
(2.31) is still not a function of magnetic eld strength, indicating that the MRI should be
present even for arbitrarily weak elds. This can also be sedf.2i7} the magnetic eld
strength (through the A vén velocity ») is always multiplied by the wavenumbler which
grows as the eld shrinks.
From this point, there are a few possible limiting cases for the MRI. Firstly, the instability
will saturate when yr, exceeds the height of the diskH ), which occurs fova., ¢ or
when the plasma falls below 3 (Balbus & Hawley, 1991). Alternatively, the MRI may be
regulated by the growth of "parasitic modes' which feed off of the extra energy generated by
the MRI (Goodman & Xu, 1994). Finally, the instability may be regulated by the process of
turbulent cascadan which energy "cascades' from the largest turbulent structures down to
the smallest, at which point it is dissipated via molecular viscosity (Fig. 1.5). The transition
from energy cascade to viscous dissipation occurs at the Kolmogorov length scale,

3 1=

= b (1.35)

where yp IS the kinematic turbulent viscosity, andks the rate of turbulent energy dissipation
per unit mass.

The MRI is considered cal linear instability as it does not care for the global behaviour
of the disk nor its boundary conditions and arises from small-scale dynamics. The global
mode structure is still of interest, though. The inner radius of an accretion disk may be
subject to a different magnetic environment as in young stellar objects (e.g. Konigl, 1991),
while large vertical wavelengths de ne the saturation limit of the MRI.

1.2.4 Summary

To summarise, accretion disks are the primary method by which the SMBH accretes material
and grows mass outside of merger events, and so is likely the dominant process within
galaxies most of the time. The process of accretion is now known to be governed by an
instability that arises from the interaction of weak magnetic elds and differential rotation of
the disk called the magnetorotational instability, or MRI. However, there are still many open
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Fig. 1.5 (Top Schematic representation of the turbulent cascade, with energy injected at
the largest scales and transferred through subsequent smaller scales until it is ultimately
dissipated at the viscous scalBofton) The associated Kolmogorov energy spectrum of the
turbulent cascade.

questions remaining. Upon saturation the MRI is highly non-linear and not easily amenable
to analytic study, especially in its complex interactions with turbulence in the disk. In a literal
sense, an "accretion' disk does not exist without its magnetic eld, and so our understanding
of accretion processes and how they link to large-scale dynamics (e.g. jets, AGN feedback)
is dependent upon our understanding of magnetic eld evolution within the disk.
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1.3 Characterising the large-scale dynamo

Accretion disks are expected to be initially weakly magnetised; however, without some
sustaining dynamics this eld should eventually decay away via Ohmic dissipation through
the modi ed MHD induction equation (1.20),

@ _
@t

The rst term on the right-hand side is the inductive term, which acts as a source term. The

r (u B)+ r?B:

nal term is a sink term for magnetic energy through microphysical Ohmic dissipation. The
balance between induction and Ohmic dissipation—and hence the growth or decay of the
eld—is captured by thenagnetic Reynolds number

rm= Y. (1.36)

whereu is the characteristic ow speed ads a typical length over which the magnetic
eld varies, akin to that of (1.14). The ratio of Rm and Re is the magnetic Prandtl number,
Rm
Pm= Re ~ - (2.37)
which indicates the relative strength of kinematic viscosity to magnetic diffusivity. In a
direct turbulent cascadBmdictates whether the cascade hits the viscous dissipation scale
(Pm> 1) or the magnetic diffusivity scale (Pm 1) rst.

Without some external driving mechanism to act as a source term, the magnetic eld will
naturally decay away via Ohmic dissipation. To sustain and amplify the eld, we need a
viabledynamo model

The classical dynamo nds its basis in Faraday's law: when a conductor moves through a
magnetic eldB with velocity u, it induces an electromotive force (EMR) B ) which
drives a current density—the dynamo. By Ampere's lawd(=  Ir B 9, this current
density then induces a magnetic eBl° If B andB ®are the same, then the dynamo is said
to be self-excited. A more liberal de nition of a dynamo follows from Moffatt (1978): a
given velocity eldu is said to act as a dynamo if the total magnetic energy remains above
zeroag !'1
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1.3.1 Mean- eld theory

The dynamo, as we have de ned it, is a vague concept open to many different forms of
study and methods of characterisation. In general, to characterise a dynamo we must look
for solutions to the MHD equations, including the induction equatio@0)describing the
evolution of the magnetic eld in response to a velocity, and the momentum equation
(2.17)which includes the back-reaction of the magnetic eld onto the uid ow via the

Lorentz force ,!
B r)B B
J B = Q 87

r
4

; (1.38)

along with the rest of the MHD equations.

In practice, this means solving a set of coupled, nonlinear partial differential equations—a
process that is both mathematically and computationally intensive, if not intractable.

To make the problem more amenable to analysis, a number of simplifying assumptions
can be made. The most widespread of these assumptions is thakafehsticmodel. In
kinematic dynamo theory, we assume that the magnetic eld has no back-reaction on the
uid ow; that is, we assume no Lorentz force is acting. If the velocity eld is prescribed,
then the induction equation can be solved by itself. Still, the problem is not simple. Early
work by Cowling (1933) showed that axisymmetric elds could not be sustained by dynamo
action, while Zel'dovich (1957) showed that dynamos could not operate in anything less than
3D. The kinds of simple ows that would make the induction equation analytically solvable
are not those that generate or sustain dynamo action.

Another further simplifying assumption may be made: we may assume that our magnetic
eld and uid ow can be separated into large-scale and small-scale components. This
method of analysis is known asean- eld electrodynamicand was rst formulated by
Steenbeck et al. (1966) (although see also Charbonneau, 2010; Gilbert, 2002; Hughes &
Tobias, 2010; Krause & Radler, 1980; Moffatt, 1978; Parker, 1955; Roberts & Soward,
1992, for discussion and review). Here we additionally rely on the kinematic assumption,
so the theory is sometimes referred to askimematic mean- eld theoryWhilst the theory
is widely applied, it is not always applicable. In particular, mean- eld theory relies on a
separation of scale between small-scale (characteristic Iéphgtid large-scalel(  |),
and so cannot be applied if such a separation does not existl). Further, the theory
technically only applies for ows with magnetic Reynolds numbBma 1 or Strouhal
numberS 1, neither of which is typically satis ed in an accretion disk and leads to
consequences which we will explore later. Despite these setbacks, kinematic mean- eld
theory remains dominant in astrophysical uid dynamics.
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The kinematic mean- eld theory begins by expressBigandu as a sum of mean
component® , o and small-scale uctuationis®, u®

B=B+h°
(1.39)

u=u+u

9

where we assume théab% = hu9 = 0. In the accretion disk setting, the mean- eld
components are often taken to be axisymmetric witfliendu ©are likely to be asymmetric.
This decomposition method can also be applied to the MHD induction equation (1.20),

o= © B)+(r ™+ r?B (1.40)
@@Z))Ot:r w by+r (U° B)+r G+ r2p° (1.41)

where" = hu® bl is the EMF generated by uctuating elds, ar@@l = u® b° h u® b
(Moffatt, 1978).

In an accretion disk setting, it is more natural to consider the magnetic eld as the sum of
poloidal and toroidal components, making use of the system’s natural symmetries. With this
in mind, the axisymmetric mean eld) can be expressed as a linear sum of toroi@ial (
and poloidal P) components:

§:BT+BP; (142)
with

Be
Br

r (A(r, ;t)e)
B(r; ;t)e;

(1.43)

for toroidal vector potential\(r; ;t )@ . The same method can be usedtor
If we consider a fully axisymmetric eld as in Equati¢h.40), then, applying the rules
from Equation (1.42) yields:

@@Atﬂ et (1A )= A 4" (1.44)
@@'iﬂup r(rB)= B +rBpr +(r ") (1.45)
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If there is no active EMF, i.el” = 0, then by Equatiorf1.44)A ! QOast!1 . For
Equation(1.45) the only source termisBp r , which also goes to zero sin@p =
r At.HenceBp canfeed 1, but there is no path to closure on whiBik can feedB ».
Even in the absence of a driving EMF, the poloidal eld can feed a toroidal eld through

rBp r ;thisis known as the -effect after the symbol commonly used for shear. The

-effect, however, does not provide a path to closure in which the toroidal eld can feed
back to the poloidal, and hence, the magnetic eld will die away without some additional
mechanism. This i€owling's anti-dynamo theoreiiCowling, 1933):

No purely axisymmetric magnetic eld can be sustained by a self-exciting dy-
namo.

For the dynamo to be sustained, we must nd a sourcé& fdrhis can be achieved as
long asr (u® B) 6 0; this can act as a source BrPin Equation(1.41)and hence a
source for*.

1.3.2 First-Order Smoothing Approximation

Equation(1.41)contains a rather awkward expressiorGn= u® b° h u® b4 which it
would be convenient to ignore, as its presence makes calcul#t{agd hencé) dif cult.

The neglect of this term is known as the First-Order Smoothing Approximation (FOSA) and
is valid so long as the system satis es the condition

min(Rm;S) 1 (1.46)

whereRm = uglo= is the magnetic Reynolds number aBd= ug ¢=ly is the Strouhal
number, withug the rms velocity uctuation, and, andlg being the characteristic time scale
and length scale of the velocity eld (Hughes & Tobias, 2010; Krause & Radler, 1980).

Under FOSA, it is also customary to assume 0, removing ther  b°term from
Equation (1.41) and leaving us with,

@O

@t
The above argument technically only applies so long as 0, however equivalent expres-
sions can be derived in the case of a dominant azimuthaltow u (see, e.g. Moffatt,
1978, Chapter 8) using the Braginiskiethod (Braginskj 1965), which yields functionally
equivalent solutions. We will follow the more straightforward case O for brevity.

r (u® B)+ r 2% (1.47)
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In the case of smalRm, dissipative effects are so strong théis effectively stationary
and so (Brandenburg & Subramanian, 2005; Krause & Radler, 1980)

r2p’= r  (u® B) (1.48)

while in the case of Rm 1 and/orS < 1 (more applicable to astrophysical systems),

@° 0
— = B): 14
- W B) (1.49)
In Equation (1.49) above, solutiob8are linearly related t8 by some relation

b°= b + L(B) (1.50)

wherebl, is a small-scale uctuating dynamo eld that exists independentl3 oindL (B)
is a linear operator over the average @&d We includeb?, for mathematical completeness,
however, as it is de ned to exist f@ = 0, it should not in uence the EMF, and hence we
may ignore it anyway (Tobias, 2021).

Within the kinematic regime, we assume théis independent oB , hence' = hu® b
is also a linear scaling witB , and can be Taylor expanded as (e.g. Krause & Radler, 1980;
Moffatt, 1978)

"= jBj+ ik @B+ (1.51)

where ; and jx are pseudo-tensdrsvhich depend on the statistical properties of the
ow, primarily the strati cation, angular velocity, and mean magnetic eld, although the
small-scale magnetic eld may also play a role (Brandenburg & Subramanian, 2005). These
pseudo-tensors are collectively referred to as the turbulent transport coef cients. The dots
(::1) represent higher-order derivativesBn that are smaller and hence generally ignored.

The core aim of kinematic mean- eld theory under FOSA is, therefore, to solve for the
turbulent transport coef cients; and jc which de ne the EMF' and thus describe the
dynamo.

3Here, a “pseudo-tensor' refers to a tensor which is dependent on right-handedness, i.e. those which change
sign under re ection
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The j tensor

Considering rst the j tensor in isolation, Equation (1.51) above reduces to
"= i Bj: (152)

Under the assumption of homogeneous, isotropic turbulence, and within the regimes covered
by FOSA, the j; coef cient can be reduced to a pseudo-scaldny

Y (1.53)
where j is the Kronecker tensor,
8
21ifi =
ij = S (154)
“0ifi 6 j

If S 1(i.e. Equation 1.49 applies) then the scalaakes the form (Charbonneau, 2010;
Moffatt, 1978)

= §ChJ°r uf; (1.55)

where . is the correlation time of the turbulent eddies. Herés proportional to the mean
ow helicity H = hu® r ~ u9, a point which will become important in later discussion.
If we instead want to consider more complex ows, we may split thetensor into
symmetric and antisymmetric parts
i = f + ﬁ\ (1.56)
where the symmetric part may be referred to by its principal axis (in spherical polar coordi-
nates) (Hughes & Tobias, 2010)

2
P = E ” (1.57)
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and the antisymmetric part given a$ = ik k» where j is the Levi-Civita skew-
symmetric tensor,

0 ifi=jori=korj=Kk (1.58)
1 if(ijk)is(2,13);(3,2,1) or (1,3, 2)

8
%1 if (i;);k)is(1;2;3);(3;1,2)or(2;3;1)
ik = E

When expressed in this way, the EMF equation (1.52) becomes

"= B+ Bl (1.59)

and the antisymmetric component of the tensor contributes an additional mean velocity
component to Equatiofl.40)  and, to a lesser degree, the off-diagonal component§ of
constituteturbulent pumpingwhich is responsible for expelling mean magnetic eld from
regions of strong turbulence and is the main transport of magnetic elds out of bulk motions
(Brandenburg & Subramanian, 2005). The non-diagonal componen% afe generally
ignored in accretion studies as they are considered less important in the dynamo process
(Bardou et al., 2001; Brandenburg & Donner, 1997).

The diagonal elements of the symmetric compone,fm(or, in the case of isotropic
turbulence, ) are known as the-effect (not to be confused with the Shakura & Sunyaev
viscosity term ;s.). Of the three componen{s,,; ; ), the latter is of most interest in
accretion disks as it is responsible for replenishing the poloidal eld from the toroidal.

The relative strength of the- and -effects is measured by the ratio of their contributions

to (1.45),
rBep r _ rBep r

r ") & r (Bp)
Where the contribution dominates over, the -effect can be considered the primary
source of the toroidal eld fof1.45) As is also the primary source for the poloidal eld
(1.44) this is termed the 2-dynamo. Conversely, if dominates over for toroidal eld
generation, it is known as the -dynamo.
Both dynamos can act in accretion disks; however, the presence of signi cant shear
through differential rotation means that the -dynamo model is typically used as the basis

for study.

(1.60)
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The i tensor

Looking instead brie y at the second tensor in Equation (1.51), we have
"i = ik @B (1.61)

Similarly to before, under homogeneous, isotropic turbulence, the tepsaran be ex-
pressed as a pure scalar via
ik = ik (1.62)

which, under FOSA, can be calculated as

= §Cr(u(§2i: (1.63)
When Equation (1.62) is resubstituted into the EMF, it yields
= r B, (1.64)

and hence " in Equation (1.40) becomes 2B . Like terms can then be collected,
@ _
@t
showing that the scalar acts as a turbulent diffusivity (often re-termeg) enhancing the
molecular diffusivity .

r (@ B)+( + )?B (1.65)

Quenching

Early work by Vainshtein & Cattaneo (1992) and Gruzinov & Diamond (1994) suggested
that ; would be catastrophically quenched (and hence the dynamo effectively shut down)
once the large-scale eld generated by the EMF was suf ciently strong that the Lorentz force
back-reaction suppressed the EMF itself. It was initially assumed that the Lorentz force
would become signi cant once the mean magnetic en§92]y= B B was in equipartition

with the ow kinetic energy, leading the; tensor to have 8 dependence which was
expresse@d hocas (Hughes & Tobias, 2010; Tobias, 2021)

B)= —5— (1.66)
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where  is the kinematic scalar determined by Equatjdrb5)andB is the equipartition
value of the magnetic eld strength.

However, at higlRm, the energy contained within the small-scale efttould potentially
be more signi cant than that of the large-scale eld, and so the equations may be adjusted
assuming = b® kP Rm B2 with the exponen® g 2 (often taken ag = 1) being
ow and geometry dependent (Tobias, 2021):

(B) = K (1.67)
1+ Rnf B =B,
In most astrophysical systeniRm 1, and the resulting saturatighB ij suggested by
Equation(1.67)is far too low (Charbonneau, 2010). A solution to this issue was found in
dynamical quenchingvhereby the cascade of turbulence to smaller scales leads to a growth
in current helicity, adding a new term to Equation (1.55) (Pouquet et al., 1976),

= §C(hJ°r ud HObY) okt owm (1.68)

Here, we de ne the rstterm in the brackets as the original kinematic contributionThe
second term is the addition due to current helicity (closely related to the magnetic helicity)

v - Under the assumption thai = constandq = 1, Equation(1.67)is modi ed to
(Brandenburg & Subramanian, 2005; Gruzinov & Diamond, 1994)

« + Rmh Bi=BZ
1+RmB =Bz,

(B) = (1.69)
We note here the inclusion of our turbulent diffusivity scalaalthough its role is uncertain.
It may be assumed to be constant, with a value set by Equ@tiéR) or assumed to vary
proportionally to (B) and hence take on a similar relationship to Equation (1.67).

The impact of -quenching is uncertain in accretion disks, and intype dynamos

generally, as in these cases, a toroidal eld can be generated by shear without generating
muchh] Bi.

In context of the MR

The MRI complicates the image of the kinematic dynamo presented above. Since the MRI
can amplify and sustain the magnetic energy of the disk over time (e.g. Brandenburg et al.,
1995; Hawley et al., 1995, 1996; Stone et al., 1996), it is considered to act as a dynamo, but
not in a kinematic sense.
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The core of the issue is the back-reactioBobntou, particularly fromb°(e.g. Kulsrud
& Anderson, 1992). In the classical kinematic dynamo theory of Moffatt (197&an
act uponB , but the latter is assumed to be too weak to impact the former signi cantly,
and so Lorentz forces can be ignored. In the context of the MRI, the Lorentz forces are
never insigni cant; hence the relationship! B appears to be wrong, and there is instead
u$ B (Balbus & Hawley, 1998).

Fast and slow, large and small

If the growth rate of the dynamo remains above zerBid 1 |, then the dynamo is said
to befast otherwise, it isslow. Dynamos are additionally classi ed by the length scale over
which they act, witrsmall-scaledynamos arising from similarly small-scale dynamics (e.g.
turbulence, random stretching of eld lines) alaige-scaledynamos being those concerned
with larger scale features like density strati cation and boundary conditions, often with a
dependence on helicity or vorticity (Brandenburg et al., 2012), and which generate elds on
scales larger than turbulent eddies.

Herzenberg (Herzenberg, 1958) and Roberts ow (Roberts, 1970, 1972) are two examples
of slow dynamos; however, in accretion disks, the microphysical resistivigynds to be
small Rmlarge), favouring fast dynamo models. For this reason, slow dynamos will not be
covered here, and the reader is directed to Brandenburg & Subramanian (2005) for a review.

An example of a fast dynamo is the Vainshtein & Zel'dovich (1972) folding loop dynamo.
In the highRmlimit (Rm 1), eld lines are frozen into the uid ow, and the stretching
of these lines leads to exponential growth in eld magnitude. The authors suggested that
these loops could be formed via convective motions in stars and then rotated and folded by
the action of the Coriolis force. A similar process might proceed in accretion disks via shear
and turbulent motions.

To see this in more detail, we consider a closed magnetic ux tube with ux

o= B ndS (2.70)
S

and cross-sectional ar&(Fig 1.6). If the loop is stretched to be twice its length, then the
total loop magnetic ux doubles, and the cross-sectional area halves as, for an incompressible
ow, the volume of the tube is conserved. The stretched loop is then twisted into a gure-
8 and folded back onto itself. This folded structure coalesces to the same volume as
the initial loop with minimal diffusive effects, but the magnetic ux remains double its
initial value. Differential rotation then shears the resultant loop, and the process starts
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Fig. 1.6 A schematic representation of the Stretch-Twist-Fold (STF) method of eld ampli-
cation, with appropriate cross-section given by the blue oval. Adapted from Roberts &
Soward (1992) and Vainshtein & Zel'dovich (1972).

over. Aftern repetitions, the ux has grown tog,, = 2" .o with a growth rate of
= n In( gn= B.0) =In2 (Roberts & Soward, 1992). This is known as ®Sigetch-
Twist-Fold(STF) method.

The STF method does have its limitations. Most notably, it describes a possible pathway
to amplify the eld but does not propose a cause for the STF motion. Differential rotation
is suf cient to perform the “stretch' action through shear, but it cannot perform the “twist'
and “fold' actions, which require movement in the vertical direction. For these steps, Tout &
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Fig. 1.7 Schematic of the two pathways of the Parker instability (a), which can either connect
at their base (b) or through their top (c). Adapted from Parker (1992).

Pringle (1992) suggested that the Parker instability (PI; Parker, 1966, 1992) would play a key
role in converting radial and azimuthal eld to vertical.

In this instability, shown in Fig. 1.7, magnetic eld lines buoyantly rise into arcs, recon-
necting and separating from the ow. The vertical elds produced in this process can feed the
MRI whilst the PI generates an additional large-scale radial eld through loop reconnections,
as shown in Keplerian simulations by Johansen & Levin (2008). However, the Pl grows at a
maximum rate of ordefva=¢) , while the MRI grows at , meaning the MRI dominates
unless the magnetic eld is initially very strongy cg).

The STF method also introduces helicity to the owrithe helicity H,,, is related to the
number of crossings in the tube (cur@¢ and is assigned eith®¥ = +1 or 1depending
on the direction of the underlying ow (Gilbert, 2002).
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There is a compensatotyist helicity Hy, associated with the eld lines inside the tube
which takes the opposite sign to the writhe contribution, such that an individual STF cycle
hasH = H,, + Hy, = 0. However, over many cycles, the STF method accumulates strong
helicity on the largest scales with one dominant sign and the opposite signed helicity on the
smallest.

Repeated STF cycles produce twist helicity at ever smaller scales, which acts to resist
further bending. The ultimate result is that helicity collects at the smallest scales, severely
limiting the growth of the large-scale eld and potentially leading to magnetic eld decay
(e.g. Shukurov et al., 2006; Sur et al., 2007). The large-scale dynamo can be protected if the
small-scale magnetic eld and its associated helicity are sapped away through some out ow,
but if the out ow is too strong, it will also subtract from the large-scale eld.

The presence of ow and magnetic helicity in large-scale dynamos generally, and in the
construction of speci cally (e.g. Equations 1.55,1.68), points to the necessity of helicity in
generating large-scale elds. In a closed system, helicity evolves as (Charbonneau, 2010)

(;jt A Bdv= 2 J BaV (1.71)

with magnetic vector potentidd = r A, which in the ideal limit ( = 0) says that
helicity must be conserved.

Under an STF-like picture, helicity of opposing signs collects at different length scales,
which we can express by again separating the ow into mean and uctuating parts (Charbon-
neau, 2010),

j't ABdv=2 "Bdv 2 T Bav (1.72)
St A PdV= 2 " Bdv+2 O BOdV (1.73)

Hence, the total helicity (the sum of Equations 1.72 and 1.73) is conserved, and non-zero
helicity can be collected at opposite scales.

Unfortunately, whilst the codes commonly in use for astrophysical applications (e.g.
Athena+, PLUTO) are constructed to conserve speci ¢ quantities and satisfy certain con-
straints (includingg B = 0), they very rarely conserve helicity. Thus, helicity can
numerically diffuse or be dissipated. Some work is now being done to correct the issue (e.g.
Zenati & Vishniac, 2023), although no helicity-cleaning or helicity-conserving algorithms
have yet been implemented in accretion disk studies.
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1.3.3 Summary

To summarise, magnetic elds are maintained and grown throughout the Universe via a
so-calleddynamaoprocess. Whilst the general concept of a dynamo is broad and only vaguely
de ned, we may characterise them by their speed of action and the physical scales they
primarily operate over. To understand the fast, large-scale dynamo operating within accretion
disks, we turn to two major simplifying theories: kinematic dynamo theory, in which Lorentz
forces are ignored, and the mean- eld dynamo theory, where we split eld and velocity into
mean and uctuating parts that inhabit different length scales. Through the use of these
simplifying models, we come to understand the fast, large-scale disk dynamo through tensors

j and j . Of primary interest is j; , whose symmetric diagonal components drive the
large-scale dynamo.; is closely linked to ow and magnetic (or current) helicity within the
disk, although the relationship is complicated. Understanding the role of helicity in dynamo
behaviour is dif cult as many simulation codes do not conserve helicity, although increasing
attention is being paid in this area.

1.4 Black hole jets

Approximately 10—20 per cent of AGN are radio-loud (RL), de ned as a 5GHz (radio) to
B-band (optical) luminosity rati& 10 (Kellermann et al., 1989), although the statistics
increase with increasing optical and X-ray luminosity (Urry & Padovani, 1995). In some
radio-loud galaxies we observe large, collimated out ows in the form of relativistic jets,
with simulations suggesting they may be ubiquitous amongst quasars (including those that
are radio-quiet, RQ; Macfarlane et al., 2021), merely unresolved. When resolved, jets may
appear to extend far beyond the bounds of their host galaxy and as such are thought play an
essential role in the form of kinetic feedback onto the galaxy (Figure 1.8).

These structures are thought to be formed close to the central black hole, and two
proposed mechanisms exist to explain their formation: the Blandford-Znajek (BZ; Blandford
& Znajek, 1977) and Blandford-Payne (BP; Blandford & Payne, 1982) mechanisms. Both
concern large-scale poloidal magnetic elds near the black hole and are capable of launching
jets with kinetic power 10% 4" erg s ! for reasonable BH mass, spin, and accretion rate,
although each method sources the necessary eld (and the energy used to launch the jets)
from a different location.

The BP mechanism sources its magnetic eld from within a rotating accretion disk, whilst
the BZ mechanism sources its eld from the rotating BH's ergosphere and horizon and the
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