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Magnetic Field Evolution in Black Hole Accretion Disks
and Relativistic Jets

Payton Elyce Rodman

Supermassive black holes (SMBHs) catalyse change in their host galaxies, mediated through
the inflow and subsequent outflow of material through the massive body. While an SMBH
does not—indeed, cannot—hold its own magnetic field, the material it interacts with, feeds
upon, and expels outwards is naturally magnetic, and this embedded magnetic field is
expected to have a complex effect upon these processes. Due to the inherent difficulties
in studying magnetic fields there is still much to learn about their role around SMBHs
generally, and in accretion and the launching of relativistic jets in particular. This thesis aims
to tackle both topics using three-dimensional magnetohydrodynamics (MHD) and relativistic
magnetohydrodynamics (RMHD) simulations.

In the first half (Chapters 2 and 3), I focus on the role of magnetic fields in simulations
of thick accretion disks. At stake is a core question within the field of disk simulations:
can a simulated accretion disk self-generate the strong, large-scale poloidal field needed
to launch relativistic jets? To assess this question, I simulate disks with initially toroidal
fields of both high (plasma beta β = Pgas/Pmag = 5) and low (β = 200) field strength
and at high and moderate resolution, using the code Athena++. I find that both weak and
strong initially toroidal field disks can generate a poloidal field, with the initially strong case
producing a more ordered and large-scale field. These findings are tempered by caution
on the resolution, as an m = 1 mode overdensity is created at the crossroads of a weak
field, moderate resolution, and resolution step-change. I additionally perform a minor study
of the disk dynamo, covered in Chapter 3. Using mean-field dynamo theory, I calculate
the diagonal, symmetric αij components under both a global azimuthal average and a local
Gaussian filter average, finding that local averaging returns more robust numerical signals.
We retrieve a northern hemisphere αϕϕ sign that is consistent with previous works and is in
line with expectations of an αΩ-type dynamo. The mean-field formalism returns a better fit
later in the disk evolution, suggesting that additional dynamo factors are present in the early
phases of field evolution and growth.

In the second half of the thesis, in Chapter 4, I move my focus to relativistic jets
and investigate whether magnetised head-tail (HT) jets launched in a realistic turbulent
magnetised background can form magnetic linkages between the lobes as have been observed
in recent high-resolution radio images. To assess this, I simulate a suite of low density
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(density ratio η = ρjet/ρamb = 10−3), pressure-matched jets at both low (vj = 0.24c) and
high (0.94c) velocity into pre-evolved turbulent backgrounds generated using the PLUTO

code and subject them to strong, transonic crosswinds. I find that magnetic linkages do occur,
but are between the jet lobes and the ambient medium, with the region between lobes being
too turbulent to support long filaments. I additionally find that the location and direction of
the existing filaments depend on the particular turbulent background realisation, implying
that observations of filaments could be used to constrain the ICM field.
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Chapter 1

Introduction

1.1 Introduction to Active Galactic Nuclei

In most galaxies the majority of observed light is starlight, contributed from the millions to
trillions of individual stars within. But in a select few cases (a few per cent of galaxies in the
local Universe), the majority of light does not come from stars but from something else: a
highly compact region less than one light day across at the centre of the galaxy, producing
radiation across all wavelengths.

These galaxies are termed Active Galaxies, and their nucleus is an Active Galactic
Nucleus (AGN). At their heart is a supermassive black hole (SMBH) which exists within
a local system composed of the black hole itself, a rotating circumnuclear disk of material
which feeds it (or may starve it), and, occasionally, jets which emerge from near the poles
of the black hole (BH) and deposit energy far from the nucleus. In this way, the AGN is
connected both to its galaxy and the wider environment through the intake and discharge of
material and energy. Hence, the classification of AGN as galaxies with bright, non-stellar
emission is the manifestation of a growing supermassive black hole. As with any complex
system, what affects one portion is likely to generate knock-on effects throughout the rest. It
is for these reasons (and others we will see later) that AGN are sometimes referred to as a
galactic ‘thermostat’.

Supermassive black hole mass is closely correlated with host galaxy bulge mass in the
nearby Universe through the MBH–Mbulge relation (Häring & Rix, 2004; Magorrian et al.,
1998) along with relations to bulge luminosity Lbulge (Magorrian et al., 1998) and stellar
velocity dispersion within the bulge σ (the MBH–σ relation; Ferrarese & Merritt, 2000;
Gebhardt et al., 2000), strongly suggesting that supermassive black holes evolve alongside
their host galaxies. Such correlations are not surprising; despite the hole’s comparatively
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tiny mass, it punches far above its weight in terms of energy liberated. If the binding energy
of the galaxy bulge goes as Egal ∼ Mgalσ

2 and the energy liberated by mass growth of the
black hole is EBH = ηMBHc2, then for a typical galaxy mass Mgal ∼ 1.4 × 10−3M⊙ and
dispersion σ < 400 km/s and a typical accretion radiative efficiency η ∼ 10%, this gives
(Fabian, 2012)

EBH

Egal
≳ 80. (1.1)

Only a small fraction of this energy coupled to the cold gas is needed to impact the host
galaxy significantly.

There are two main historical classes of AGN, the Seyfert galaxies (first described by
Carl Seyfert in 1943) and the quasars (first described in a series of papers by Hazard et al.,
Schmidt, Oke, and Greenstein & Matthews in 19631). They can be broadly distinguished by
their luminosity, with Seyfert galaxies emitting visible light at a luminosity comparable to the
stars in the galaxy (∼ 1011L⊙) and quasars being much more luminous (∼ 100+ times larger
than galactic starlight). Roughly 10–20 per cent of quasars are radio-loud (L6GHz ∼ 1023–
1027 WHz−1) and are associated with collimated outflows known as ‘jets’ (Fabian, 2012;
Urry & Padovani, 1995), with the remainder being radio-quiet (L6GHz ∼ 1021–1023 WHz−1),
with their radio emission attributed to starbursts within the host galaxy. When they were first
discovered and described, it was not immediately apparent that Seyfert galaxies and quasars
were different presentations of the same object. Seyfert galaxies, being lower luminosity,
were observed in the nearby Universe and hence were more readily associated with galaxies.
On the contrary, quasars are more common in the early Universe (high redshift), and this,
mixed with their high luminosity, obscured the existence of a host galaxy, making them
appear as point sources and leading to the name ‘quasi-stellar radio source’. It was not until
observations with the Hubble Space Telescope in the 1990s that quasars could be definitively
linked to galaxies (e.g. Bahcall et al., 1996; Boyce et al., 1996, and references therein).

A great diversity is observed within the AGN population, with individual objects separated
into groups defined by the presence or absence of radio emission, the luminosity, and the
existence and strength of various broad and narrow lines. Figure 1.2 shows a subset of the
most common classifications, namely (for review, see e.g. Carroll & Ostlie, 2017; Padovani
et al., 2017),

1There are previous mentions of such ‘quasi-stellar radio sources’, although they were incorrectly assumed
to be weird stars within our own Galaxy. The measurement of large redshifts for sources 3C 48 (z = 0.37) and
3C 273 (z = 0.16) in 1963 was the first confirmation that quasars were associated with distant galaxies, and
hence being AGN.
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Fig. 1.1 The relation between black hole mass MBH and stellar velocity dispersion σ for a
range of sources. Brightest Cluster Galaxies (BCGs) are plotted in green, non-BCG elliptical
and S0 galaxies are in red, and spiral galaxies are in blue. Symbol type denotes the method
of measurement of MBH: stellar dynamics (star), gas dynamics (circle), or maser (triangle).
From McConnell & Ma (2013) with permission.
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• Seyfert galaxies: quasars whose host galaxy (usually spiral) is also clearly visible,
further classified as either type 1 or 2 depending on the presence of broad emission
lines, notably Hα. The Seyferts typically have a lower luminosity than quasars and are
observed at lower redshift (per the requirement to resolve the host galaxy).

• Radio galaxies: galaxies with measurable radio emission, including a radio nucleus
coincident with the galaxy core and commonly observed with extended radio features
associated with relativistic jets (see Section 1.4 for discussion on jets). As with Seyferts,
radio galaxies can be further classified according to the presence of both broad and
narrow emission lines (Broad Line radio galaxies), or of narrow only (Narrow Line
radio galaxies).

• Quasars: extremely luminous, point-like AGN, generally observed at high redshift.
They may be further classified according to radio loudness, measured either by radio
flux density/luminosity or by the ratio of radio-to-optical flux density/luminosity.
Radio-loud quasars are thought to host relativistic jets, albeit viewed at a smaller
angle than those seen in radio-loud galaxies, making the jets appear shorter in quasars
compared to radio-loud galaxies.

• Blazars: galaxies featuring relativistic jets aligned close to the line of sight, as a result
often associated with fast variability and high energy γ-radiation.

Later unification schemes (e.g. Antonucci, 1993; Urry & Padovani, 1995) proposed that
observational differences between some of these classes may come from the observing angle
on the source, although this argument does not appear sufficient on its own to distinguish
between different classes of Seyfert galaxies (e.g. Ricci et al., 2011). Further, as many of the
classifications covered here have their basis in early observational studies at comparatively
low resolution (and, in some cases, before the existence of black holes was widely accepted),
there is significant overlap between classes, and the definition of these terms is continually
evolving.

1.1.1 Active Galactic Nuclei feedback

The process through which an AGN liberates energy and modulates galaxy evolution is by
AGN feedback, and while the topic remains highly contentious, it can be broadly categorised
into two streams: the radiative or quasar mode, in which radiation or wide-angle outflows
from the process of accretion directly heat the gas surrounding the BH, and the maintenance

or kinetic mode, characterised by the presence of relativistic jets launched near the poles of
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Fig. 1.2 The unified model of AGN, visualised with observational descriptors on the right
and components labelled on the left. Figure credit: ©Emma Alexander / CC-BY-SA-4.0

https://creativecommons.org/licenses/by-sa/4.0/
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the BH which expand into the interstellar and intracluster media (ISM and ICM) and heat the
external gas through weak shocks (Fabian, 2012).

Regardless of terminology, feedback is rather simply conceptualised: activity from the
AGN somehow heats the gas, preventing it from cooling and forming stars. As a result,
we observe galaxies with less cool gas than expected and older star populations. As such,
feedback is a convenient concept to explain why galaxy evolution appears to deviate from
prediction. What remains disputed is the numerous processes by which feedback may occur,
their strength, timescales, and the area or location of impact.

A full review of the many proposed forms of feedback, their evidence, and their detractors
would take a whole thesis in its own right and has been covered in numerous lengthy reviews
(e.g. Alexander & Hickox, 2012; Fabian, 2012; King & Pounds, 2015; Kormendy & Ho,
2013; McNamara & Nulsen, 2007, 2012) and in many individual studies. For the sake of
brevity, we will focus our attention on feedback as it relates to disk and jet activity.

Disks, while of central importance to the supermassive black hole, are minuscule com-
pared to the scale of the host galaxy, posing immediate difficulty when considering possible
feedback processes. Additionally, the rate at which the disk can process material should,
in theory, greatly limit how much energy can be output. However, the disk is not entirely
isolated. Accretion disks are themselves fed material from a much larger reservoir of galaxy
gas, and if a large surplus of material and new, more efficient modes of accretion were to
suddenly become available, the theoretical energy output of the disk could be amplified.

In the simplest conception, energy output is capped at the Eddington luminosity,

LEdd = 4πGMBHmpc

σT

(1.2)

where mp is the proton mass, σT is the Thomson cross-section of an electron, and the rest
having their usual meaning. A corresponding Eddington mass accretion rate ṀEdd can also
be derived assuming LEdd = ϵṀEddc2 for efficiency ϵ (generally taken as ϵ ∼ 0.1). When the
bolometric luminosity of the AGN Lbol exceeds LEdd, it indicates that the outward pressure
from radiation exceeds the inward force of gravity, and all accreting gas would be blown away.
Whilst some AGN can maintain a high Lbol/LEdd ratio, the process should be self-limiting
above Lbol/LEdd ≈ 1 and such ‘super-Eddington’ accretion was previously thought to be
rare and short-lived (Alexander & Hickox, 2012).

This picture is made more complicated by the recent JWST observations of so-called
Little Red Dots (LRDs), a newly discovered population of z ∼ 5 Broad-Line (BL) AGN
with red JWST/NIRCam colour and which exhibit a paucity of X-ray emission expected
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from accretion processes (Lambrides et al., 2024). Many of these LRDs, over 70 per cent,
have inferred BH masses at least an order of magnitude higher than expected from the local
MBH–M⋆ relation, where M⋆ is the stellar mass of the host galaxy (Lambrides et al., 2024;
Maiolino et al., 2023; Pacucci et al., 2023). Some sources even approach MBH ∼ M⋆, in line
with theoretical predictions for the evolution of Direct Collapse Black Holes (DCBHs), a kind
of ‘heavy seed’ (e.g. Visbal & Haiman, 2018). Although estimating the BH mass at such high
redshift is a difficult task, Pacucci & Loeb (2024) found that regardless of seed size, central
BHs at z ∼ 5 must accrete at or near the Eddington rate for much of the age of the Universe,
suggesting that new modes of accretion—particularly super-Eddington accretion—may be
needed. General Relativistic Radiative Magnetohydrodynamical (GRRMHD) simulations by
Pacucci & Narayan (2024) have additionally found that mildly super-Eddington accretion
onto a slowly spinning BH viewed from > 30 deg to the poles could explain ∼ 50 per cent
of observed LRDs if the masses are overestimated by a factor of 3, which is the approximate
reported error at 1σ (e.g. Maiolino et al., 2023). Extrapolating from data at z ∼ 1–2,
Begelman & Volonteri (2017) place the fraction of z ≳ 5 AGN accreting at super-Eddington
rates above 50 per cent. Additionally, there may be evidence of past super-Eddington
accretion in the BH spin, with GRRMHD simulations by Ricarte et al. (2023) finding that
super-Eddington accretion in the range 1.4 < Ṁ/ṀEdd < 13.4 would lead to a relatively
rapid spin down over 3–30 Myrs. A limited sample of ∼20 high-z sources with reliable spin
measurements (Reynolds, 2019; Vasudevan et al., 2016) suggests higher mass BHs have
lower spins (a ∼ 0.5–0.7), further supporting the possibility of significant super-Eddington
accretion at earlier times.

At moderate-to-high redshift z ≳ 2, the merging of gas-rich halos leads to the rapid
growth of the SMBH and the bulge (Kormendy & Ho, 2013). At some point in this process,
accretion becomes radiatively efficient, and ‘radiative’ or ‘quasar’ mode feedback is triggered.
Outflows—perhaps winds driven by radiation pressure (King & Pounds, 2015)—expel the
cold gas that would otherwise have formed stars, leading to a suppression of star formation
and causing galaxies to begin moving from being blue and star-forming to ‘old, red, and
dead’, with the majority of AGN appearing in the in-between ‘green valley’ (Alexander &
Hickox, 2012; Nandra et al., 2007). However, some contention remains concerning the spatial
range of this effect. Analytic models (e.g. King et al., 2011) suggest that such outflows can
act over tens of kpc (galaxy scales) and produce the desired results. Observations, however,
are more mixed, with some (e.g. Harrison et al., 2014, 2012; Liu et al., 2013) finding evidence
of outflows out to ∼ 10 kpc, while others (e.g. Fischer et al., 2018; Husemann et al., 2016;
Villar-Martín et al., 2016) find no evidence of outflows beyond 1–2 kpc.
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At low redshift (z < 2), feedback operates primarily through a different mechanism,
the ‘maintenance’ or ‘kinetic’ mode. In this process, relativistic jets impart energy onto the
incident medium through which they travel and impact. As the jet moves out, it excavates
a ‘bubble’ or ‘cavity’ in the X-ray emitting media close to the AGN, which buoyantly rises
through the intracluster or intragroup medium, bounded by a high-pressure region and a weak
shock (Fabian, 2012). In most known cases, the X-ray cavity coincides with a Fanaroff-Riley
Type I jet (Section 1.4, Fabian, 2012), although in some cases there is no jet visible due to
spectral ageing of electrons—so-called ‘ghost’ bubbles.

To estimate the energy available for feedback through the cavity, it makes sense to first
consider the energy required to form and maintain it, which can be expressed through the
enthalpy H of the radio lobe which forms the cavity. H is the sum of the work required
to displace the ambient X-ray emitting gas (pV ) plus the thermal energy (E) of the lobe
contents itself,

H = pV + E (1.3)

where p is the pressure in the radio lobe and V is the radio lobe volume.
In the case of a constant ratio of specific heats, Γ, the above can be expressed as (McNa-

mara & Nulsen, 2007, 2012)

H = Γ
Γ − 1pV =

2.5pV if Γ = 5/3

4pV if Γ = 4/3
(1.4)

or, if magnetically dominated, H = 2pV . Values may be lower limits if strong shocks are
also present. Estimates of the thermal energy liberated within the weak shock boundaries of
bubbles in the Perseus cluster are 3.5 times pV (Graham et al., 2008), close to the Γ = 4/3
estimates. Cavity measurements by Rafferty et al. (2006), assuming H = 4pV , find a
mean cavity power of 1.01 × 1045 erg s−1, enough to offset the mean cooling power of
6.45 × 1044 erg s−1.

The time-averaged jet power required to inflate a pair of cavities is (Rafferty et al., 2006)

Pcav = Ecav

t
(1.5)

where t is the average time between outbursts and Ecav is the energy required to create the
cavity. t is difficult to estimate since many observed cavities appear as singletons, although
measurements from Perseus and Abell 2597 give t = 60–100 Myr (McNamara & Nulsen,
2007). It is not yet clear how representative this value is.
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As the cavity rises, ambient material will be entrained in its wake, effectively converting
gravitational potential energy into kinetic energy, which can then be dissipated as heat into
the local ICM. Energy may also be thermalised from shocks. As cavities have a high sound
speed, shocks will travel through them faster than they travel around them, forming a vortex
ring that allows for greater transfer of shock energy to kinetic energy. Relatedly, energy may
be dissipated through sound waves. However, its importance is less clear as it depends on
unknown transport coefficients and the nature of both viscosity and magnetic fields in the
surrounding medium (McNamara & Nulsen, 2007).

The energy liberated from weak shocks and sound dissipation will likely be most impor-
tant close to the AGN. At the same time, cavity heating through wake entrainment will be
more significant where radio lobes are formed.

Buoyant cavities should be Rayleigh-Taylor and shear unstable; however, most observed
cavities appear regular, implying greater stability than simulations suggest. One possible
stabilising force is magnetic fields, which, when draped across the active cavity surface,
suppress hydrodynamic instabilities (Dursi & Pfrommer, 2008; Lyutikov, 2006). Such a
magnetic sheath likely also suppresses the formation of wake turbulence (Bambic et al.,
2018a), through reducing the amount of AGN energy that can be thermalised.

Altogether, we have a series of mechanisms or structures which, in theory, contain the
necessary energy to offset cooling and create the galaxies we see across cosmic time. How-
ever, many questions remain about how this energy is liberated and transmitted throughout a
galaxy. Answering such questions is particularly difficult in light of observational constraints,
like the lack of strong shocks or steep temperature gradients that would be associated with
highly efficient heating. To make the issue even more complex, AGN feedback is not always
necessarily negative. Positive AGN feedback may occur when a powerful wind or relativistic
jet impacts on the surrounding ambient medium, producing shocks and turbulence which
can locally induce the gravitational collapse of the material into stars (e.g. Feain et al., 2007;
Silk, 2013; Silk & Norman, 2009; Zinn et al., 2013).

To improve our understanding of AGN feedback and galaxy evolution, we must look at
the fundamental components in greater detail: the inflow and outflow of material and energy
around the central engine. Inflow covers the movement of gas from large galactic radii down
to the critical inner accretion radius, while outflows are generally split into collimated jets and
uncollimated winds of various origins. Accretion disks and collimated jets are intrinsically
linked through the BH, and so we begin first with a review of disks in Section 1.2 before
moving on to a review of jets in Section 1.4. We close with a discussion of the numerical
challenges in simulating BH processes such as disks and jets.
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1.2 Accretion disks

As material flows towards a black hole, it naturally circularises and forms into a rotating
disk termed the accretion disk. Accretion of material from this disk is the primary method
through which an SMBH gains mass outside of infrequent BH-BH merger events and is
the likely fuel for the production of relativistic jets. As such, understanding BH accretion
is central to any discussion of AGN energetics or SMBH growth, and so we are naturally
motivated to understand this component of the BH system. In doing so, we are forced to
confront cutting-edge issues in plasma turbulence and computational fluid dynamics.

The field of accretion disk study found its footing in the 1970s with the seminal works of
Shakura & Sunyaev (1973) and Lynden-Bell & Pringle (1974), authors whose names would
go on to define foundational concepts and terms within the field decades later. These early
studies were primarily limited to analytical and 1D models due to the limited computer power
available, and as a consequence, the first distinct disk morphology was created and named
the Shakura-Sunyaev thin disk, based on the work of Shakura & Sunyaev (1973). In the thin
disk model, which is generally defined to have a height-to-radius ratio of H/R ≲ 0.1, the
radial and vertical behaviour can be cleanly separated, and hence, the vertical dimension can
be safely integrated over with little loss of information, reducing the problem to simple 1D:
properties as a function of radius alone.

Shakura & Sunyaev (1973) treat accretion using viscous fluid hydrodynamics (HD). In a
non-magnetised disk, the flow of material within the disk can be described by the Navier-
Stokes equations of classical fluid hydrodynamics (e.g. Papaloizou & Lin, 1995), expressed
here in Eulerian form,

∂ρ

∂t
+ ∇ · (ρu) = 0, (1.6)

ρ
∂u

∂t
+ (ρu · ∇)u = −1

ρ
∇P − ∇Φ + η

ρ

[
∇2u + 1

3∇(∇ · u)
]

, (1.7)

∂ρϵ

∂t
+ ∇ · (ρϵu) = −P∇ · u, (1.8)

namely the continuity (mass conservation), momentum, and energy equations, for mass
density ρ, fluid velocity u, gas pressure P , gravitational potential Φ, coefficient of shear
viscosity η, and total specific internal energy ϵ. When combined with an Equation of State
(EOS) P = P (ρ, ϵ) and an equation to describe the gravitational potential Φ, the system
of equations is closed and can be solved for a given time t. It is important to note that the
above equations can be written in many different forms to suit the particular problem. The
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equations can be expressed in the mathematically equivalent Lagrangian form using the
convective derivative D/Dt. Expanding the above equations by adding external source terms
and magnetic fields (leading to magnetohydrodynamics, MHD, shown in detail later) is also
possible.

We naturally expect an accretion disk to accrete material onto the central body. However,
the process is more complicated than it might first appear. To move material from the disk’s
outer regions to the inner regions, we must transport angular momentum in the opposite
direction. In assessing this problem, we return to our disk in cylindrical coordinates under
the thin disk assumption.

To assess the flow of material, we focus on Equations (1.6) and (1.7), the mass continuity
and momentum equations (for a similar derivation, see e.g. Papaloizou & Lin, 1995). Given
the natural azimuthal symmetry of the problem, it is useful to recast these in cylindrical polar
coordinates (R, ϕ, z). Assuming axial symmetry (∂/∂ϕ = 0), hydrostatic equilibrium in the
z-direction (uz = 0), and integrating over z yields a new form of the continuity equation,

∂Σ
∂t

+ 1
R

∂

∂R
(RΣuR) = 0, (1.9)

where Σ(R, t) ≡
´∞

∞ ρ(R, z, t)dz is the surface density. We can similarly express the
ϕ-component of the momentum equation (1.7) as

∂

∂t
(RΣuϕ) = − 1

R

∂

∂R

(
ΣR2uϕuR

)
+ 1

R

∂

∂R

(
νΣR3 dΩ

dR

)
. (1.10)

If the flow is approximately Keplerian then ∂uϕ/∂t = 0, and one can combine and rearrange
Equations (1.9) and (1.10) to get the radial velocity

uR =
∂

∂R

(
νΣR3 dΩ

dR

)
RΣ ∂

∂R
(RΩ2)

(1.11)

which, when substituted back into the continuity equation (1.9) gives a single diffusion
equation (Lin & Papaloizou, 1985; Papaloizou & Lin, 1995),

∂Σ
∂t

= 1
R

∂

∂R

[
3R1/2 ∂

∂R

(
νΣR1/2

)]
. (1.12)

Hence, an initial ring of matter will broaden over time, with most material moving to lower
radii while an extended tail carries angular momentum to higher radii (Fig. 1.3).
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Fig. 1.3 Viscous broadening of an initial ring of matter of mass m at initial radius R0. Lines
are labelled for dimensionless times τ = 12νt/R2

0, as a function of dimensionless radius
x = R/R0. Reproduced from Pringle (1981) with permission.

1.2.1 Angular momentum transport in hydrodynamics

In the absence of any source terms in the HD equations, the bracketed section of Equa-
tion (1.12) ascribes angular momentum transport to the viscosity ν. Shakura & Sunyaev
(1973) recognised that this viscosity term could include contributions from magnetic fields,
turbulence, molecular viscosity, and radiative viscosity, although assessing their relative
importance would not be an easy task.

Random molecular motion can be dismissed as a significant contributor as it acts over a
distance l on timescales τmol ∼ l/νmol for molecular viscosity νmol. For a molecular viscosity
νmol ∼ 105 cm2 s−1, it would take ∼ 3×107 years for a disturbance to propagate l ∼ 1010 cm
by viscous diffusion alone, far too slow to account for observed variability in AGN accretion
disks (Balbus, 2003), and would lead to an accretion rate far too low to explain their observed
luminosity. Radiative viscosity can be similarly dismissed as thin Keplerian disks cannot
maintain the high temperatures needed for steady accretion driven by this form of viscosity
(Loeb & Laor, 1992).

With molecular and radiative viscosity ruled out, only magnetic fields and fluid turbulence
remain as possible contributions to angular momentum transport. Unfortunately for Shakura
& Sunyaev (1973), the computational resources available at the time did not allow for
the simulations needed to measure these contributions (having access to neither magnetic
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fields nor 2/3D), and while the existence of magnetic fields could be reasonably assumed
throughout the Universe, the presence of turbulence within disks and its nature was an
unresolved question. Shakura & Sunyaev (1973) avoided this issue by parameterising away
the unknowns under a new non-dimensional constant α. This ‘α-prescription’ was based on
dimensional arguments. Viscous processes introduce stress to the system of form

trϕ ∼ −ρc2
s

(
uturb

cs

)
− ρc2

s

(
B2

4πρc2
s

)
= αρc2

s (1.13)

for density ρ, sound speed cs, turbulent velocity uturb, and magnetic field strength B. The first
component of trϕ above is the contribution from turbulent eddies; the latter is the contribution
from magnetic fields within the disk.

The presence of turbulence within the disk did have some basis by appealing to the same
arguments that ruled out molecular viscosity: a predicted high Reynolds number of the flow.
The Reynolds number, Re, is the ratio of fluid inertia to viscous dissipation,

Re = vL

ν
, (1.14)

where v and L are the characteristic flow speed and length. A dimensionless value, the
Reynolds number is often associated with a transition from laminar to turbulent flow around
some critical value ∼ 1000 in laboratory flows. If we take ν to be the molecular viscosity
νmol—a value so small we previously justified dismissing it—we are left with a very high
Reynolds number, meaning accretion flows may be unstable to turbulent eddies, and such
motions could contribute to the viscous stress tensor in the form of anomalous turbulent
viscosity (Balbus & Hawley, 1998), which Lynden-Bell & Pringle (1974) expressed as

trϕ = ρνturb
dΩ
dR

. (1.15)

Pringle (1981) found that (1.13) and (1.15) can be made equivalent by appropriately defining
the turbulent viscosity νturb ∼ lturbuturb, where lturb is an appropriate turbulent length scale
and uturb an appropriate turbulent velocity. The largest eddies can be no larger than the height
of the disk H and the motion of turbulence is assumed to be subsonic (as any eddies with
uturb > cs would develop shocks and fall back below cs), so we can express the kinematic
(turbulent) viscosity as νturb ∼ csH ≡ αcsH where 0 < α < 1, making (1.13) and (1.15)
equivalent.
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Although it is now widely accepted that Reynolds numbers are high within accretion
disks, earlier authors were right to be sceptical of these arguments, as an analysis of disk
stability raises issues with the purely HD turbulence model. The assumption of turbulence
within a high Reynolds number accretion flow is primarily based on the study of classical
planar Couette flow, in which a fluid is sheared against a rigid boundary layer. Balbus
et al. (1996) noted that this assumption was invalid as the dynamics of planar sheared and
differentially rotating flows are fundamentally different and that local approximations to
Cartesian geometry within the disk do not lead to the emergence of Cartesian dynamics
on the same scale. Through a Navier-Stokes code, the authors found that hydrodynamical
Keplerian disks were both linearly and nonlinearly stable. Even when turbulence is forced,
the Reynolds stress decays rapidly and oscillates around zero.

Linear stability arises from the Rayleigh criterion,

d(R2Ω)2

dR
> 0 [STABILITY] (1.16)

and is trivially satisfied for astrophysical disks, while Coriolis and tidal forces in differentially-
rotating Keplerian flows stabilise the nonlinear instabilities seen in planar shear flows (Hawley
et al., 1999). Hence, simple HD accretion flows should be both linearly and nonlinearly
stable and cannot produce the necessary turbulence or other effective viscosity needed for
accretion.

Convectively unstable vertical stratification in disks of finite height is destabilising but
would lead to angular momentum transport in the wrong direction (Lesur & Longaretti,
2005). More recent work by Ghosh & Mukhopadhyay (2020) found that hydrodynamical
flows could theoretically be made nonlinearly unstable despite the Coriolis force if subjected
to sufficiently strong perturbations; however, previous simulations done by Hawley (1990)
found that large-amplitude perturbations on the order of 10 per cent or more can act like an
artificial viscosity in the form of numerical diffusion (i.e. an error term). In addition, Lesur
& Longaretti (2005) found that while a sufficiently high Re flow can transition to turbulence,
the resolution and time required is prohibitive and the subsequent turbulent transport too
inefficient for Keplerian disks, a finding supported by Ji et al. (2006) in laboratory flows for
Reynolds numbers up to Re∼ 106.

1.2.2 Adding magnetic fields to the mix

With hydrodynamical turbulence ruled out, we are left only with magnetic fields. For this,
we must now extend our fluid equations to include contributions from the magnetic field B,
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yielding magnetohydrodynamics (MHD; additions in magenta),

∂ρ

∂t
+ ∇ · (ρu) = 0,

ρ
∂u

∂t
+ (ρu · ∇)u = −1

ρ
∇
(

P + B2

8π

)
− ∇Φ +

(
B

4π
· ∇

)
B

+ ηV

ρ

[
∇2u + 1

3∇(∇ · u)
]

, (1.17)

∂ρϵ

∂t
= −∇ · [(ρϵ + P )u − (u · B)B − ηB(J × B)] , (1.18)

along with the addition of the induction equation,

∂B

∂t
= ∇ × [u × B − ηB∇ × B] , (1.19)

where ηB = c2/(4πσ) is the magnetic diffusivity and σ the electrical conductivity. If ηB is
spatially-constant, then the above simplifies to

∂B

∂t
= ∇ × [u × B] + ηB∇2B. (1.20)

We are also beholden to the solenoidal constraint,

∇ · B = 0, (1.21)

which excludes the existence of monopoles. This requirement does not factor into the
evolution of the system of equations but constrains the choices of initial B.

In ideal MHD, we assume ηB = ηV = 0. Extending the MHD equations to include other
non-ideal effects like ambipolar diffusion and the Hall effect is also possible. In the context
of this thesis, ideal MHD will mostly suffice.

It is also useful at this point to introduce the magnetic plasma β, which is simply the ratio
of magnetic pressure to gas pressure,

β = Pgas

Pmag
= nkBT

B2/2µ0
(1.22)

where n is the number density of the gas/fluid, kB is Boltzmann’s constant, T is the tempera-
ture of the gas/fluid, and µ0 is the vacuum permeability.
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In the spirit of Shakura & Sunyaev (1973), the vertically-averaged stress tensor Trϕ =´
trϕdz can alternatively be expressed as the sum of magnetic and non-magnetic terms

Trϕ = ⟨Rrϕ + Mrϕ⟩ (1.23)

where Rrϕ = ρurδuϕ is the turbulent Reynolds stress and Mrϕ = −(BrBϕ)/4π is the mag-
netic Maxwell stress. Here, δuϕ is the difference between the local azimuthal velocity uϕ and
the Keplerian velocity RΩK . As we have already seen that the Reynolds (i.e. hydrodynamic)
stress alone is insufficient to drive transport angular momentum outwards, we will consider
the magnetic stresses in greater detail.

Velikhov (1959) and Chandrasekhar (1960) noted that the Rayleigh stability criterion
(1.16) could not be recovered in the limit that the magnetic field strength went to zero in an
incompressible Couette flow threaded by a vertical magnetic field, indicating that magnetic
fields played an essential role in destabiliting fluid flow and that this role did not scale simply
with the strength of the field. Fricke (1969) derived a form of this criterion in the local
Boussinesq approximation2 for differentially rotating stars threaded by poloidal magnetic
fields, but it wasn’t until the work of Balbus & Hawley (1991) that the nature of this magnetic
instability was explored for differentially-rotating astrophysical disks. It has subsequently
come to be known as the magnetorotational instability (MRI), although some works from
the 1990s (e.g. Brandenburg et al., 1995; Curry et al., 1994) alternatively refer to it as the
Velikhov-Chandrasekhar or Balbus-Hawley instability, per the usual naming conventions.
For consistency here, I will refer to it solely as the MRI.

1.2.3 The Magnetorotational Instability

The MRI can be intuitively understood via analogy by imagining two point masses embedded
in a differentially rotating flow, connected via a weak spring (representing a weak vertical
magnetic field; Fig. 1.4). If one of the masses is displaced, it will stretch the spring and
generate tension, transferring angular momentum L from the innermost mass min to the
outermost mout. With a lower angular momentum, min falls to a lower radius as L ∝

√
r,

generating more tension which leads to further inwards movement. At the same time, mout

moves continuously in the other direction, gaining more angular momentum as it moves
outwards. Hence, small perturbations within a magnetised accretion disk lead to runaway

2The Boussinesq approximation is one in which the velocity field is nearly incompressible over all scales of
interest, where the inverse characteristic timescale (tchar)−1 ≡ ∇ · u is long compared to the characteristic
turnover time of turbulence, but not necessarily long compared to other timescales in the flow (Balbus &
Hawley, 1998).
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MBH

min

min

min

mout

mout

mout

Fig. 1.4 The spring analogue of the magnetorotational instability (MRI) for equal point
masses min and mout within the gravitational potential of a central mass MBH.

radial movement of material through the outwards transport of angular momentum—an
instability.

Expressed mathematically, the local equations of motion for this toy model for which
R is the radius, x̂ points radially outwards, and ŷ points in the azimuthal direction, read
(Balbus & Hawley, 1998):

ẍ − 2Ωẏ = −x
dΩ2

d ln R
− Kx (1.24)

ÿ + 2Ωẋ = −Ky, (1.25)

where 2Ω is the contribution from the Coriolis force, dΩ2/d ln R is the tidal force, and Kx

and Ky are external restoring forces with spring constant K.
Equations (1.24) and (1.25) will only have solutions with a time dependence of the form

e−iωt provided that the angular frequency ω satisfies the dispersion relation

ω4 − ω2
[
κ2 + 2K

]
+ K

[
K + dΩ2

d ln R

]
= 0. (1.26)

More formally, Balbus & Hawley (1991) derive the stability conditions of a magnetised
accretion disk via the dispersion relation for the angular frequency ω of perturbations of the
form ei(krr+kzz−ωt), which in the case of a Keplerian disk can be expressed as (Balbus, 2003;
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Balbus & Hawley, 1998)

ω4 − ω2
[
κ2 + 2 (k · vA)2

]
+ (k · vA)2

[
(k · vA)2 + dΩ2

d ln R

]
= 0, (1.27)

with wavenumber k ≡ krr̂ + kzẑ, Alfvén velocity

vA = B√
4πρ

, (1.28)

and epicyclic frequency κ

κ2 = 4Ω2 + dΩ2

d ln R
. (1.29)

It should be noted that Equation (1.27) above is functionally identical to the spring-like case
of (1.26) with a spring constant K = (k · vA)2.

The dispersion relation (1.27) is quadratic in ω2, and so it will have unstable roots if the
discriminant is negative, i.e.

[
κ2 + (k · vA)2

]
− 4(k · vA)2

[
(k · vA)2 + dΩ2

d ln R

]
< 0. (1.30)

There are no unstable roots for (1.27) so long as

dΩ2

d ln R
≥ 0, (1.31)

but this is almost universally violated in accretion disks. This may be recognised as being
similar to the Rayleigh stability criterion (1.16), but with angular velocity in place of angular
momentum. If (1.31) is not satisfied, and the field is sufficiently weak, then an unstable
mode exists where ω is both positive and imaginary. For wave solutions of the form e−iωt,
the unstable mode leads to an exponential growth of small perturbations—the MRI. From
(1.30), this will occur for wavenumbers below

kcrit = 1
vA

∣∣∣∣∣∣ dΩ2

d ln R

∣∣∣∣∣∣
1/2

, (1.32)

or equivalently, for wavelengths above

λMRI = 2π
vA

Ω , (1.33)
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while the fastest-growing mode occurs nearby at (Balbus, 2003)

(k · vA)2
max =

(
1
4 + κ2

16Ω2

) ∣∣∣∣∣∣ dΩ2

d ln R

∣∣∣∣∣∣. (1.34)

It should be noted that the new stability criterion, which replaces the Rayleigh criterion
(1.31), is still not a function of magnetic field strength, indicating that the MRI should be
present even for arbitrarily weak fields. This can also be seen in (1.27): the magnetic field
strength (through the Aflvén velocity vA) is always multiplied by the wavenumber k, which
grows as the field shrinks.

From this point, there are a few possible limiting cases for the MRI. Firstly, the instability
will saturate when λMRI exceeds the height of the disk (2H), which occurs for vA,z ∼ cs or
when the plasma β falls below ∼ 3 (Balbus & Hawley, 1991). Alternatively, the MRI may be
regulated by the growth of ‘parasitic modes’ which feed off of the extra energy generated by
the MRI (Goodman & Xu, 1994). Finally, the instability may be regulated by the process of
turbulent cascade, in which energy ‘cascades’ from the largest turbulent structures down to
the smallest, at which point it is dissipated via molecular viscosity (Fig. 1.5). The transition
from energy cascade to viscous dissipation occurs at the Kolmogorov length scale,

η =
(

ν3
turb
ϵ

)1/4

, (1.35)

where νturb is the kinematic turbulent viscosity, and ϵ is the rate of turbulent energy dissipation
per unit mass.

The MRI is considered a local linear instability as it does not care for the global behaviour
of the disk nor its boundary conditions and arises from small-scale dynamics. The global
mode structure is still of interest, though. The inner radius of an accretion disk may be
subject to a different magnetic environment as in young stellar objects (e.g. Königl, 1991),
while large vertical wavelengths define the saturation limit of the MRI.

1.2.4 Summary

To summarise, accretion disks are the primary method by which the SMBH accretes material
and grows mass outside of merger events, and so is likely the dominant process within
galaxies most of the time. The process of accretion is now known to be governed by an
instability that arises from the interaction of weak magnetic fields and differential rotation of
the disk called the magnetorotational instability, or MRI. However, there are still many open
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Fig. 1.5 (Top) Schematic representation of the turbulent cascade, with energy injected at
the largest scales and transferred through subsequent smaller scales until it is ultimately
dissipated at the viscous scale. (Bottom) The associated Kolmogorov energy spectrum of the
turbulent cascade.

questions remaining. Upon saturation the MRI is highly non-linear and not easily amenable
to analytic study, especially in its complex interactions with turbulence in the disk. In a literal
sense, an ‘accretion’ disk does not exist without its magnetic field, and so our understanding
of accretion processes and how they link to large-scale dynamics (e.g. jets, AGN feedback)
is dependent upon our understanding of magnetic field evolution within the disk.
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1.3 Characterising the large-scale dynamo

Accretion disks are expected to be initially weakly magnetised; however, without some
sustaining dynamics this field should eventually decay away via Ohmic dissipation through
the modified MHD induction equation (1.20),

∂B

∂t
= ∇ × (u × B) + η∇2B.

The first term on the right-hand side is the inductive term, which acts as a source term. The
final term is a sink term for magnetic energy through microphysical Ohmic dissipation. The
balance between induction and Ohmic dissipation—and hence the growth or decay of the
field—is captured by the magnetic Reynolds number,

Rm = ul

η
, (1.36)

where u is the characteristic flow speed and l is a typical length over which the magnetic
field varies, akin to that of (1.14). The ratio of Rm and Re is the magnetic Prandtl number,

Pm = Rm
Re

= ν

η
, (1.37)

which indicates the relative strength of kinematic viscosity to magnetic diffusivity. In a
direct turbulent cascade, Pm dictates whether the cascade hits the viscous dissipation scale
(Pm > 1) or the magnetic diffusivity scale (Pm < 1) first.

Without some external driving mechanism to act as a source term, the magnetic field will
naturally decay away via Ohmic dissipation. To sustain and amplify the field, we need a
viable dynamo model.

The classical dynamo finds its basis in Faraday’s law: when a conductor moves through a
magnetic field B with velocity u, it induces an electromotive force (EMF) (u × B) which
drives a current density J—the dynamo. By Ampere’s law (J = µ−1∇ × B′), this current
density then induces a magnetic field B′. If B and B′ are the same, then the dynamo is said
to be self-excited. A more liberal definition of a dynamo follows from Moffatt (1978): a
given velocity field u is said to act as a dynamo if the total magnetic energy remains above
zero as t → ∞.
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1.3.1 Mean-field theory

The dynamo, as we have defined it, is a vague concept open to many different forms of
study and methods of characterisation. In general, to characterise a dynamo we must look
for solutions to the MHD equations, including the induction equation (1.20) describing the
evolution of the magnetic field B in response to a velocity u, and the momentum equation
(1.17) which includes the back-reaction of the magnetic field onto the fluid flow via the
Lorentz force

J × B = (B · ∇)B
4π

− ∇
(

B2

8π

)
, (1.38)

along with the rest of the MHD equations.
In practice, this means solving a set of coupled, nonlinear partial differential equations—a

process that is both mathematically and computationally intensive, if not intractable.
To make the problem more amenable to analysis, a number of simplifying assumptions

can be made. The most widespread of these assumptions is that of the kinematic model. In
kinematic dynamo theory, we assume that the magnetic field has no back-reaction on the
fluid flow; that is, we assume no Lorentz force is acting. If the velocity field is prescribed,
then the induction equation can be solved by itself. Still, the problem is not simple. Early
work by Cowling (1933) showed that axisymmetric fields could not be sustained by dynamo
action, while Zel’dovich (1957) showed that dynamos could not operate in anything less than
3D. The kinds of simple flows that would make the induction equation analytically solvable
are not those that generate or sustain dynamo action.

Another further simplifying assumption may be made: we may assume that our magnetic
field and fluid flow can be separated into large-scale and small-scale components. This
method of analysis is known as mean-field electrodynamics and was first formulated by
Steenbeck et al. (1966) (although see also Charbonneau, 2010; Gilbert, 2002; Hughes &
Tobias, 2010; Krause & Rädler, 1980; Moffatt, 1978; Parker, 1955; Roberts & Soward,
1992, for discussion and review). Here we additionally rely on the kinematic assumption,
so the theory is sometimes referred to as the kinematic mean-field theory. Whilst the theory
is widely applied, it is not always applicable. In particular, mean-field theory relies on a
separation of scale between small-scale (characteristic length l) and large-scale (L ≫ l),
and so cannot be applied if such a separation does not exist (L ∼ l). Further, the theory
technically only applies for flows with magnetic Reynolds numbers Rm ≫ 1 or Strouhal
number S ≪ 1, neither of which is typically satisfied in an accretion disk and leads to
consequences which we will explore later. Despite these setbacks, kinematic mean-field
theory remains dominant in astrophysical fluid dynamics.
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The kinematic mean-field theory begins by expressing B and u as a sum of mean
components B, u and small-scale fluctuations b′, u′:

B = B + b′

u = u + u′,
(1.39)

where we assume that ⟨b′⟩ = ⟨u′⟩ = 0. In the accretion disk setting, the mean-field
components are often taken to be axisymmetric while b′ and u′ are likely to be asymmetric.

This decomposition method can also be applied to the MHD induction equation (1.20),

∂B

∂t
= ∇ × (u × B) + (∇ × ε) + η∇2B (1.40)

∂b′

∂t
= ∇ × (u × b′) + ∇ × (u′ × B) + ∇ × G + η∇2b′, (1.41)

where ε = ⟨u′ × b′⟩ is the EMF generated by fluctuating fields, and G = u′ × b′ − ⟨u′ × b′⟩
(Moffatt, 1978).

In an accretion disk setting, it is more natural to consider the magnetic field as the sum of
poloidal and toroidal components, making use of the system’s natural symmetries. With this
in mind, the axisymmetric mean field (B) can be expressed as a linear sum of toroidal (T )
and poloidal (P ) components:

B = BT + BP , (1.42)

with

BP = ∇ × (A(r, θ, t)êϕ)

BT = B(r, θ, t)êϕ,
(1.43)

for toroidal vector potential A(r, θ, t)êϕ. The same method can be used for u.
If we consider a fully axisymmetric field as in Equation (1.40), then, applying the rules

from Equation (1.42) yields:

∂Aϕ

∂t
+ r−1uP · ∇(rAϕ) = η∆Aϕ + εϕ (1.44)

∂Bϕ

∂t
+ ruP · ∇(r−1Bϕ) = η∆Bϕ + rBP · ∇Ω + (∇ × ε)ϕ. (1.45)
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If there is no active EMF, i.e. ε = 0, then by Equation (1.44) A → 0 as t → ∞. For
Equation (1.45), the only source term is rBP · ∇Ω, which also goes to zero since BP =
∇ × AT . Hence, BP can feed BT , but there is no path to closure on which BT can feed BP .

Even in the absence of a driving EMF, the poloidal field can feed a toroidal field through
rBP · ∇Ω; this is known as the Ω-effect after the symbol commonly used for shear. The
Ω-effect, however, does not provide a path to closure in which the toroidal field can feed
back to the poloidal, and hence, the magnetic field will die away without some additional
mechanism. This is Cowling’s anti-dynamo theorem (Cowling, 1933):

No purely axisymmetric magnetic field can be sustained by a self-exciting dy-

namo.

For the dynamo to be sustained, we must find a source for ε. This can be achieved as
long as ∇ × (u′ × B) ̸= 0; this can act as a source for B′ in Equation (1.41) and hence a
source for ε.

1.3.2 First-Order Smoothing Approximation

Equation (1.41) contains a rather awkward expression in G = u′ × b′ − ⟨u′ × b′⟩ which it
would be convenient to ignore, as its presence makes calculating b′ (and hence ε) difficult.
The neglect of this term is known as the First-Order Smoothing Approximation (FOSA) and
is valid so long as the system satisfies the condition

min(Rm, S) ≪ 1 (1.46)

where Rm = u0l0/η is the magnetic Reynolds number and S = u0τ0/l0 is the Strouhal
number, with u0 the rms velocity fluctuation, and τ0 and l0 being the characteristic time scale
and length scale of the velocity field (Hughes & Tobias, 2010; Krause & Rädler, 1980).

Under FOSA, it is also customary to assume u = 0, removing the u × b′ term from
Equation (1.41) and leaving us with,

∂b′

∂t
= ∇ × (u′ × B) + η∇2b′. (1.47)

The above argument technically only applies so long as u ∼ 0, however equivalent expres-
sions can be derived in the case of a dominant azimuthal flow u = uϕ (see, e.g. Moffatt,
1978, Chapter 8) using the Braginskiǐ method (Braginskiǐ, 1965), which yields functionally
equivalent solutions. We will follow the more straightforward case u ∼ 0 for brevity.
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In the case of small Rm, dissipative effects are so strong that b′ is effectively stationary
and so (Brandenburg & Subramanian, 2005; Krause & Rädler, 1980)

η∇2b′ = −∇ × (u′ × B) (1.48)

while in the case of Rm ≫ 1 and/or S < 1 (more applicable to astrophysical systems),

∂b′

∂t
= ∇ × (u′ × B). (1.49)

In Equation (1.49) above, solutions b′ are linearly related to B by some relation

b′ = b′
ss + L(B) (1.50)

where b′
ss is a small-scale fluctuating dynamo field that exists independently of B and L(B)

is a linear operator over the average field B. We include b′
ss for mathematical completeness,

however, as it is defined to exist for B = 0, it should not influence the EMF ε, and hence we
may ignore it anyway (Tobias, 2021).

Within the kinematic regime, we assume that u′ is independent of B, hence ε = ⟨u′ ×b′⟩
is also a linear scaling with B, and can be Taylor expanded as (e.g. Krause & Rädler, 1980;
Moffatt, 1978)

εi = αijBj + βijk∂kBj + . . . (1.51)

where αij and βijk are pseudo-tensors3 which depend on the statistical properties of the
flow, primarily the stratification, angular velocity, and mean magnetic field, although the
small-scale magnetic field may also play a role (Brandenburg & Subramanian, 2005). These
pseudo-tensors are collectively referred to as the turbulent transport coefficients. The dots
(. . . ) represent higher-order derivatives in Bj that are smaller and hence generally ignored.

The core aim of kinematic mean-field theory under FOSA is, therefore, to solve for the
turbulent transport coefficients αij and βijk which define the EMF ε and thus describe the
dynamo.

3Here, a ‘pseudo-tensor’ refers to a tensor which is dependent on right-handedness, i.e. those which change
sign under reflection
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The αij tensor

Considering first the αij tensor in isolation, Equation (1.51) above reduces to

εi = αijBj. (1.52)

Under the assumption of homogeneous, isotropic turbulence, and within the regimes covered
by FOSA, the αij coefficient can be reduced to a pseudo-scalar α by

αij = αδij, (1.53)

where δij is the Kronecker tensor,

δij =

1 if i = j

0 if i ̸= j
(1.54)

If S ≪ 1 (i.e. Equation 1.49 applies) then the scalar α takes the form (Charbonneau, 2010;
Moffatt, 1978)

α = −τc

3 ⟨u′ · ∇ × u′⟩, (1.55)

where τc is the correlation time of the turbulent eddies. Here, α is proportional to the mean
flow helicity H = ⟨u′ · ∇ × u′⟩, a point which will become important in later discussion.

If we instead want to consider more complex flows, we may split the αij tensor into
symmetric and antisymmetric parts

αij = αS
ij + αA

ij (1.56)

where the symmetric part may be referred to by its principal axis (in spherical polar coordi-
nates) (Hughes & Tobias, 2010)

αS
ij =


αrr

αθθ

αϕϕ

 (1.57)
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and the antisymmetric part given as αA
ij = −ϵijkγk, where ϵijk is the Levi-Civita skew-

symmetric tensor,

ϵijk =


1 if (i, j, k) is (1, 2, 3), (3, 1, 2) or (2, 3, 1)

0 if i = j or i = k or j = k

−1 if (i, j, k) is (2, 1, 3), (3, 2, 1) or (1, 3, 2)

(1.58)

When expressed in this way, the EMF equation (1.52) becomes

εi = αS
ijBj + [γ × B]i, (1.59)

and the antisymmetric component of the αij tensor contributes an additional mean velocity
component to Equation (1.40). γk and, to a lesser degree, the off-diagonal components of αS

ij

constitute turbulent pumping, which is responsible for expelling mean magnetic field from
regions of strong turbulence and is the main transport of magnetic fields out of bulk motions
(Brandenburg & Subramanian, 2005). The non-diagonal components of αS

ij are generally
ignored in accretion studies as they are considered less important in the dynamo process
(Bardou et al., 2001; Brandenburg & Donner, 1997).

The diagonal elements of the symmetric component αS
ij (or, in the case of isotropic

turbulence, α) are known as the α-effect (not to be confused with the Shakura & Sunyaev
viscosity term αvisc). Of the three components (αrr, αθθ, αϕϕ), the latter is of most interest in
accretion disks as it is responsible for replenishing the poloidal field from the toroidal.

The relative strength of the α- and Ω-effects is measured by the ratio of their contributions
to (1.45),

rBP · ∇Ω
(∇ × ε)ϕ

= rBP · ∇Ω
êϕ · ∇ × (αBP ) . (1.60)

Where the α contribution dominates over Ω, the α-effect can be considered the primary
source of the toroidal field for (1.45). As α is also the primary source for the poloidal field
(1.44), this is termed the α2-dynamo. Conversely, if Ω dominates over α for toroidal field
generation, it is known as the αΩ-dynamo.

Both dynamos can act in accretion disks; however, the presence of significant shear
through differential rotation means that the αΩ-dynamo model is typically used as the basis
for study.
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The βijk tensor

Looking instead briefly at the second tensor in Equation (1.51), we have

εi = βijk∂kBj. (1.61)

Similarly to before, under homogeneous, isotropic turbulence, the tensor βijk can be ex-
pressed as a pure scalar via

βijk = βϵijk, (1.62)

which, under FOSA, can be calculated as

β = τc

3 ⟨(u′)2⟩. (1.63)

When Equation (1.62) is resubstituted into the EMF, it yields

εi = −β∇ × Bj (1.64)

and hence ∇ × ε in Equation (1.40) becomes β∇2B. Like terms can then be collected,

∂B

∂t
= ∇ × (u × B) + (η + β)∇2B (1.65)

showing that the scalar β acts as a turbulent diffusivity (often re-termed ηT ) enhancing the
molecular diffusivity η.

Quenching α

Early work by Vainshtein & Cattaneo (1992) and Gruzinov & Diamond (1994) suggested
that αij would be catastrophically quenched (and hence the dynamo effectively shut down)
once the large-scale field generated by the EMF was sufficiently strong that the Lorentz force
back-reaction suppressed the EMF itself. It was initially assumed that the Lorentz force
would become significant once the mean magnetic energy B

2 = B · B was in equipartition
with the flow kinetic energy, leading the αij tensor to have a B dependence which was
expressed ad hoc as (Hughes & Tobias, 2010; Tobias, 2021)

α(B) = αK

1 + B
2
/B2

eq
(1.66)
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where αK is the kinematic scalar determined by Equation (1.55) and Beq is the equipartition
value of the magnetic field strength.

However, at high Rm, the energy contained within the small-scale field b′ could potentially
be more significant than that of the large-scale field, and so the equations may be adjusted
assuming b

2 = b′ · b′ ∼ RmqB2
0 with the exponent 0 ≤ q ≤ 2 (often taken as q = 1) being

flow and geometry dependent (Tobias, 2021):

α(B) = αK

1 + Rmq B
2
/B2

eq
(1.67)

In most astrophysical systems, Rm ≫ 1, and the resulting saturation |⟨B⟩| suggested by
Equation (1.67) is far too low (Charbonneau, 2010). A solution to this issue was found in
dynamical quenching, whereby the cascade of turbulence to smaller scales leads to a growth
in current helicity, adding a new term to Equation (1.55) (Pouquet et al., 1976),

α = −τc

3 (⟨u′ · ∇ × u′⟩ − ρ−1⟨j ′ · b′⟩) ≡ αK + αM (1.68)

Here, we define the first term in the brackets as the original kinematic contribution αK . The
second term is the addition due to current helicity (closely related to the magnetic helicity)
αM . Under the assumption that αK = const and q = 1, Equation (1.67) is modified to
(Brandenburg & Subramanian, 2005; Gruzinov & Diamond, 1994)

α(B) =
αK + β Rm ⟨J · B⟩/B2

eq

1 + Rm B
2
/B2

eq
. (1.69)

We note here the inclusion of our turbulent diffusivity scalar β, although its role is uncertain.
It may be assumed to be constant, with a value set by Equation (1.62), or assumed to vary
proportionally to α(B) and hence take on a similar relationship to Equation (1.67).

The impact of α-quenching is uncertain in accretion disks, and in αΩ-type dynamos
generally, as in these cases, a toroidal field can be generated by shear without generating
much ⟨J · B⟩.

In context of the MRI

The MRI complicates the image of the kinematic dynamo presented above. Since the MRI
can amplify and sustain the magnetic energy of the disk over time (e.g. Brandenburg et al.,
1995; Hawley et al., 1995, 1996; Stone et al., 1996), it is considered to act as a dynamo, but
not in a kinematic sense.
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The core of the issue is the back-reaction of B onto u, particularly from b′ (e.g. Kulsrud
& Anderson, 1992). In the classical kinematic dynamo theory of Moffatt (1978), u can
act upon B, but the latter is assumed to be too weak to impact the former significantly,
and so Lorentz forces can be ignored. In the context of the MRI, the Lorentz forces are
never insignificant; hence the relationship u → B appears to be wrong, and there is instead
u ↔ B (Balbus & Hawley, 1998).

Fast and slow, large and small

If the growth rate of the dynamo remains above zero as Rm → ∞, then the dynamo is said
to be fast; otherwise, it is slow. Dynamos are additionally classified by the length scale over
which they act, with small-scale dynamos arising from similarly small-scale dynamics (e.g.
turbulence, random stretching of field lines) and large-scale dynamos being those concerned
with larger scale features like density stratification and boundary conditions, often with a
dependence on helicity or vorticity (Brandenburg et al., 2012), and which generate fields on
scales larger than turbulent eddies.

Herzenberg (Herzenberg, 1958) and Roberts flow (Roberts, 1970, 1972) are two examples
of slow dynamos; however, in accretion disks, the microphysical resistivity η tends to be
small (Rm large), favouring fast dynamo models. For this reason, slow dynamos will not be
covered here, and the reader is directed to Brandenburg & Subramanian (2005) for a review.

An example of a fast dynamo is the Vainshtein & Zel’dovich (1972) folding loop dynamo.
In the high-Rm limit (Rm ≫ 1), field lines are frozen into the fluid flow, and the stretching
of these lines leads to exponential growth in field magnitude. The authors suggested that
these loops could be formed via convective motions in stars and then rotated and folded by
the action of the Coriolis force. A similar process might proceed in accretion disks via shear
and turbulent motions.

To see this in more detail, we consider a closed magnetic flux tube with flux

ΦB,0 =
ˆ

S

B · ndS (1.70)

and cross-sectional area S (Fig 1.6). If the loop is stretched to be twice its length, then the
total loop magnetic flux doubles, and the cross-sectional area halves as, for an incompressible
flow, the volume of the tube is conserved. The stretched loop is then twisted into a figure-
8 and folded back onto itself. This folded structure coalesces to the same volume as
the initial loop with minimal diffusive effects, but the magnetic flux remains double its
initial value. Differential rotation then shears the resultant loop, and the process starts
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Fig. 1.6 A schematic representation of the Stretch-Twist-Fold (STF) method of field ampli-
fication, with appropriate cross-section given by the blue oval. Adapted from Roberts &
Soward (1992) and Vainshtein & Zel’dovich (1972).

over. After n repetitions, the flux has grown to ΦB,n = 2nΦB,0 with a growth rate of
Λ = n−1 ln (ΦB,n/ΦB,0) = ln 2 (Roberts & Soward, 1992). This is known as the Stretch-

Twist-Fold (STF) method.
The STF method does have its limitations. Most notably, it describes a possible pathway

to amplify the field but does not propose a cause for the STF motion. Differential rotation
is sufficient to perform the ‘stretch’ action through shear, but it cannot perform the ‘twist’
and ‘fold’ actions, which require movement in the vertical direction. For these steps, Tout &
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Fig. 1.7 Schematic of the two pathways of the Parker instability (a), which can either connect
at their base (b) or through their top (c). Adapted from Parker (1992).

Pringle (1992) suggested that the Parker instability (PI; Parker, 1966, 1992) would play a key
role in converting radial and azimuthal field to vertical.

In this instability, shown in Fig. 1.7, magnetic field lines buoyantly rise into arcs, recon-
necting and separating from the flow. The vertical fields produced in this process can feed the
MRI whilst the PI generates an additional large-scale radial field through loop reconnections,
as shown in Keplerian simulations by Johansen & Levin (2008). However, the PI grows at a
maximum rate of order (vA/cs)Ω, while the MRI grows at ∼ Ω, meaning the MRI dominates
unless the magnetic field is initially very strong (vA ∼ cs).

The STF method also introduces helicity to the flow. Writhe helicity Hwr is related to the
number of crossings in the tube (curve C) and is assigned either W = +1 or −1 depending
on the direction of the underlying flow (Gilbert, 2002).
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There is a compensatory twist helicity Htw associated with the field lines inside the tube
which takes the opposite sign to the writhe contribution, such that an individual STF cycle
has H = Hwr + Htw = 0. However, over many cycles, the STF method accumulates strong
helicity on the largest scales with one dominant sign and the opposite signed helicity on the
smallest.

Repeated STF cycles produce twist helicity at ever smaller scales, which acts to resist
further bending. The ultimate result is that helicity collects at the smallest scales, severely
limiting the growth of the large-scale field and potentially leading to magnetic field decay
(e.g. Shukurov et al., 2006; Sur et al., 2007). The large-scale dynamo can be protected if the
small-scale magnetic field and its associated helicity are sapped away through some outflow,
but if the outflow is too strong, it will also subtract from the large-scale field.

The presence of flow and magnetic helicity in large-scale dynamos generally, and in the
construction of α specifically (e.g. Equations 1.55,1.68), points to the necessity of helicity in
generating large-scale fields. In a closed system, helicity evolves as (Charbonneau, 2010)

d

dt

ˆ
A · BdV = −2η

ˆ
J · BdV (1.71)

with magnetic vector potential B = ∇ × A, which in the ideal limit (η = 0) says that
helicity must be conserved.

Under an STF-like picture, helicity of opposing signs collects at different length scales,
which we can express by again separating the flow into mean and fluctuating parts (Charbon-
neau, 2010),

d

dt

ˆ
A · B dV = 2

ˆ
ε · B dV − 2η

ˆ
J · B dV (1.72)

d

dt

ˆ
a′ · b′ dV = −2

ˆ
ε · B dV + 2η

ˆ
j ′ · b′ dV (1.73)

Hence, the total helicity (the sum of Equations 1.72 and 1.73) is conserved, and non-zero
helicity can be collected at opposite scales.

Unfortunately, whilst the codes commonly in use for astrophysical applications (e.g.
Athena++, PLUTO) are constructed to conserve specific quantities and satisfy certain con-
straints (including ∇ · B = 0), they very rarely conserve helicity. Thus, helicity can
numerically diffuse or be dissipated. Some work is now being done to correct the issue (e.g.
Zenati & Vishniac, 2023), although no helicity-cleaning or helicity-conserving algorithms
have yet been implemented in accretion disk studies.
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1.3.3 Summary

To summarise, magnetic fields are maintained and grown throughout the Universe via a
so-called dynamo process. Whilst the general concept of a dynamo is broad and only vaguely
defined, we may characterise them by their speed of action and the physical scales they
primarily operate over. To understand the fast, large-scale dynamo operating within accretion
disks, we turn to two major simplifying theories: kinematic dynamo theory, in which Lorentz
forces are ignored, and the mean-field dynamo theory, where we split field and velocity into
mean and fluctuating parts that inhabit different length scales. Through the use of these
simplifying models, we come to understand the fast, large-scale disk dynamo through tensors
αij and βijk. Of primary interest is αij , whose symmetric diagonal components drive the
large-scale dynamo. αij is closely linked to flow and magnetic (or current) helicity within the
disk, although the relationship is complicated. Understanding the role of helicity in dynamo
behaviour is difficult as many simulation codes do not conserve helicity, although increasing
attention is being paid in this area.

1.4 Black hole jets

Approximately 10–20 per cent of AGN are radio-loud (RL), defined as a 5GHz (radio) to
B-band (optical) luminosity ratio ≳ 10 (Kellermann et al., 1989), although the statistics
increase with increasing optical and X-ray luminosity (Urry & Padovani, 1995). In some
radio-loud galaxies we observe large, collimated outflows in the form of relativistic jets,
with simulations suggesting they may be ubiquitous amongst quasars (including those that
are radio-quiet, RQ; Macfarlane et al., 2021), merely unresolved. When resolved, jets may
appear to extend far beyond the bounds of their host galaxy and as such are thought play an
essential role in the form of kinetic feedback onto the galaxy (Figure 1.8).

These structures are thought to be formed close to the central black hole, and two
proposed mechanisms exist to explain their formation: the Blandford-Znajek (BZ; Blandford
& Znajek, 1977) and Blandford-Payne (BP; Blandford & Payne, 1982) mechanisms. Both
concern large-scale poloidal magnetic fields near the black hole and are capable of launching
jets with kinetic power ∼ 1045−47 erg s−1 for reasonable BH mass, spin, and accretion rate,
although each method sources the necessary field (and the energy used to launch the jets)
from a different location.

The BP mechanism sources its magnetic field from within a rotating accretion disk, whilst
the BZ mechanism sources its field from the rotating BH’s ergosphere and horizon and the
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Fig. 1.8 A composite multi-wavelength view of Cygnus A, including optical (yellow), X-ray
(blue), and radio (red). Individual components are shown in the lower panels. Image Credit:
X-ray: NASA/CXC/SAO; Optical: NASA/STScI; Radio: NSF/NRAO/AUI/VLA.
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Fig. 1.9 The basic jet components near the BH (left) and at termination (for FR-II sources,
right). Imaged reproduced with permission from Kaiser & Alexander (1997).

BH spin, giving rise to a jet that is dominated by Poynting flux (instead of a magnetically
driven wind). Of the two proposed mechanisms, the BZ is preferred as it can theoretically
generate more power for an SMBH with maximal spin and retrograde disk motion, however,
it is also possible that both processes co-occur (e.g. Xie et al., 2012).

Once launched, the jets are mass-loaded with charged particles of electron/position
or electron/proton composition. These electrons (and positrons) range in energy from ≲

100 MeV to ≳ 100 TeV (Blandford et al., 2019) and produce radiation with major components
contributed from synchrotron radiation in the radio and inverse Compton scattering in the
X-ray.

Under the BZ mechanism, the initial velocity of the jet, which we may characterise using
the Lorentz factor Γ,

Γ = 1√
1 − v2

c2

, (1.74)

depends on the nature of the mass-loading. Low mass loading can lead to very high velocities
Γ ≳ 2–10 with the exact maximum Lorentz factor dependent on the detailed high-energy
physics of the loading particles (see e.g. McKinney, 2005a,b), although observations suggest
the tail of the distribution may extend as far as Γ ∼ 50 (Lister et al., 2009).

Following launch, jets are expected to take a parabolic shape up to the Bondi radius rB

before being recollimated via a change in the external pressure gradient and transitioning to
a conical shape (e.g. Asada & Nakamura, 2012). In the case of more powerful outflows, the
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Fig. 1.10 Hubble Space Telescope (HST) observations of the main jet of M87, with knots
labelled. Image credit: NASA, ESA, and Z. Levay (STScI/AURA).

Fig. 1.11 Diagram of apparent superluminal motion of an emitting source moving from point
P1 to P2 with velocity v at angle θ to the line of sight.

jets will continue through the ICM/IGM, inflating a bubble of shocked ICM/IGM material,
whilst a backflow of jet material fills a smaller cocoon around the jet (Figure 1.9).

Many jets feature ‘knots’ or blobs of emitting material along their length (Figure 1.10).
These knots move along the jet, and by measuring the distance travelled by a knot between
observations, an estimate can be made of the jet velocity. However, when such calculations
are performed, it is often found that the knots move with apparent velocity v > c; this is
known as apparent superluminal motion and occurs when a source of relativistic photons (in
this case, the knot) is itself moving at a significant fraction of the speed of light close to the
line of sight, causing the source to nearly ‘catch up’ with the photons it emits (Rees, 1966).
The effect can be seen diagrammatically in Figure 1.11.

An emitting source travels from point P1 to P2 with a velocity v at an angle θ to the line
of sight. In a time dt, the source has moved a real distance ∆l = v dt, but in the plane of
the sky, this is reduced to ∆lapp = v dt sin θ. In moving this length, the distance a signal
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must travel to the observer has been decreased by d = v dt cos θ, and hence the observer
observes signals separated by a time ∆tapp = dt − d/c = dt[1 − (v/c) cos θ]. Combined,
these apparent distances and times give an apparent velocity (Rybicki & Lightman, 1979),

vapp = ∆lapp

∆tapp
= v sin θ

1 − v
c

cos θ
, (1.75)

hence if the angle θ is small, and the source velocity v/c large, we may observe vapp > c.
Relativistic effects also impact the emitted photons themselves. Photons emitted isotropi-

cally in the comoving frame are focussed in the direction of movement in the rest (observer)
frame. For a relativistic velocity with a Lorentz factor Γ ≫ 1, radiation is beamed into a
cone with half opening angle θ ∼ 1/Γ, and so jets viewed closer to the line of sight receive a
luminosity boost whilst those pointing away from the line of sight appear much fainter (or
may not be visible at all). For this reason, most observed jets (e.g. Figure 1.14 right) appear
one-sided on the parsec scale even though hotspots and lobes are visible on both sides.

1.4.1 Jet morphology

As jets expand beyond the immediate vicinity of the host and into the ICM, they may take on
one of two forms depending on the external density/pressure profile, the opening angle of
the jet (Krause et al., 2012; Yates-Jones et al., 2021) and jet power (Figure 1.12; Fanaroff
& Riley, 1974; Ghisellini & Celotti, 2001), which leads to differences in how energy is
deposited. In the first class, characterised by a wide half opening angle θj ≥ 25◦ and low jet
power (≲ 1025 W Hz−1 at 1.4 GHz; Fanaroff & Riley, 1974), the jets are quickly decelerated
to moderately relativistic speeds at a recollimation-like shock near the BH radius of influence
Rinf ∼ GM/σ3, while the electromagnetic energy of the constituent particles is carried out
to much higher radii. This early loss of kinetic energy produces jets with a ‘plume-like’
form, and are termed FR-I or Fanaroff-Riley Type I (Figure 1.13; Fanaroff & Riley (1974)).
In the second class, with θj < 25◦ and high jet power (≳ 1025 W Hz−1 at 1.4 GHz), the
electromagnetic energy is deposited early in the jet expansion, while kinetic energy (i.e., jet
velocity) remains highly relativistic until the jet terminates. This second group appear as
tear-drop-shaped lobes, often with a terminating hotspot at their edge, and are termed FR-II
or Fanaroff-Riley Type II. This classification system is often made quantitative by measuring
the location of the brightest part of the jet relative to the jet length through the Fanaroff-Riley
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Index (e.g Krause et al., 2012),

IFR = 2xbright

xlength
+ 1

2 , (1.76)

giving an FR-I classification for 0.5 < IFR < 1.5, and FR-II for 1.5 < IFR < 2.5. This
method works well for the automated classification of straight sources but may struggle with
bent sources and otherwise abnormal morphologies or where projection effects are uncertain.
In light of this classification scheme, the two classes—FR-I and FR-II—may alternatively be
described as edge-darkened or edge-brightened.

As the process of recollimation is thought to depend on external pressure gradients,
the pressure profile of the immediate environment is also very likely to play some role in
determining jet morphology. The typical luminosity separating line of Fanaroff & Riley
(1974) was initially determined based on a severely flux-limited sample. Newer studies
by Mingo et al. (2019, 2022) on Low-Frequency Array (LOFAR) data now find a large
population of FR-IIs with fluxes extending up to 3 magnitudes below the traditional break,
with these ultra-low-luminosity FR-IIs preferentially lying within correspondingly fainter
galaxies. This result suggests that it may be the combination of jet power and external
pressure profile that determines the morphology.

Within a single source, it is possible, although rare, for the opposing jets to be of different
morphology, so-called ‘hybrid morphology’ radio galaxies (Gopal-Krishna & Wiita, 2000;
Harwood et al., 2020). As both jets should be launched with similar initial conditions (e.g. BH
spin, magnetic flux), the existence of hybrid sources points further to an environmental cause
to jet morphology. There may also exist a subset of sources that exhibit morphologies outside
of the two-class FR system, for example, FR-0 sources that show similar core properties to
FR-Is but which lack the extended diffuse radio emission associated with jets (e.g. Baldi et al.,
2019; Ghisellini, 2011). Additionally, while jet power and opening angle appear as crucial
players in determining morphology, it has also been suggested that mass entrainment across
the jet boundary (e.g. Bicknell, 1994), stellar mass loading (e.g. Bowman et al., 1996; Laing
& Bridle, 2002), direct stellar impact on the jet (Perucho, 2020), centrifugal instabilities
(Gourgouliatos & Komissarov, 2018), Kelvin-Helmholtz instabilities(e.g. Perucho et al.,
2010), and more, could play a role.

As the jets expand into the ICM/IGM and decelerate, they perform work on the surround-
ing medium. In the case of FR-IIs, which quite effectively escape the inner galaxy region,
much of this work is done in the ICM or IGM through shocks and direct displacement of
matter, inflating large cavities or ‘bubbles’ visible at X-ray wavelengths. Sanders & Fabian



42 Introduction

Fig. 1.12 Kinetic jet power (here as Ljet, right axis) vs host galaxy optical magnitude MR

(bottom axis), with FR-I sources as red circles and FR-II sources as blue triangles. The data
can alternatively be expressed in terms of the radio luminosity at 1.4 GHz L1.4 GHz (left axis)
and central black hole mass MBH (top axis), with scaling factors given in Ghisellini & Celotti
(2001). The dashed line from Ledlow & Owen (1996) separates the two populations and lies
near Ljet = 0.015LEdd. Reproduced with permission from Ghisellini & Celotti (2001).

(2007) suggest that 20–40 per cent of the available cavity power may be converted to sound
waves which carry energy out into and heat the ICM, although the value may be even higher
for the highest power FR-IIs (Perucho et al., 2014).

In addition, the surrounding medium performs work on the jets, too. Correlations
between FR-II jet length/luminosity and ambient medium density have been measured both
observationally (e.g. Rodman et al., 2019) and in simulations (e.g. Hardcastle & Krause, 2014;
Yates-Jones et al., 2021). FR-I sources are generally more symmetric, but environmental
impacts cannot be ruled out since FR-I morphology is produced as the jet decelerates
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Fig. 1.13 Examples of FR-I (left) and FR-II (right) type radio jets. Radio images are taken
from the online ‘Atlas of DRAGNS’ at http://www.jb.man.ac.uk/atlas/.

and entrains material near Rinf . Additionally, FR-I sources have a diffuse structure with
luminosity decreasing along the jet length, making extended features hard to observe and
highly dependent on telescope sensitivity.

Head-Tail Radio Galaxies

In some cases, sources appear in the sky as having a jet ‘tail’ (in a ‘U’, ‘V’, or ‘C’ shape)
instead of diametric plumes/lobes and are historically termed ‘head-tail’ (HT) radio galaxies.
Head-tail sources have jet powers that straddle the canonical power line between FR-I and
FR-II (e.g. Mingo et al., 2019), and the origin of their peculiar shape is widely accepted to
be bending by relative movement, i.e. a strong ICM wind or movement of a field galaxy
through the cluster. Within this exclusive group, there are two sub-groupings: wide-angle
tails (WATs) and narrow-angle tails (NATs), which are defined by the angle between jets
(examples in Figure 1.14). The distinction, however, can be murky. Jets with a wide angle
may appear narrower when observed at a too-low resolution, and projection effects may also
narrow the observed angle between jets artificially.

WATs are are typically associated with dominant, bright D or cD type galaxies within
clusters, however, they may also present in groups and filaments and some field WATs are
known (O’Dea & Baum, 2023). Many WATs present with thin, well-defined jets in the inner
region, which then are disrupted and transition to a more FR-I, plume-like structure, which
Sakelliou & Merrifield (1999) suggest could be caused when the jets cross the transition
between ISM and ICM. Relative movement of the galaxy to the ICM then provides ram
pressure to which the plumes are sensitive, producing the bending observed.

http://www.jb.man.ac.uk/atlas/
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Fig. 1.14 Examples of Wide Angle Tail (WAT) and Narrow Angle Tail (NAT) jets. (Left)
Archetypal WAT source 3C 465, adapted from Gendron-Marsolais et al. (2020) with permis-
sion. (Right) Archetypal NAT source NGC 1265, reproduced from Bempong-Manful et al.
(2020) with permission.

NATs are also preferentially found in clusters, but their host galaxies are typically not the
brightest in the cluster. As they do not reside at the bottom of the potential well, NATs tend
to have much higher relative velocities to the cluster centre (Gan et al., 2017), which may
account for their more extreme bending.

Where bending is caused by ram pressure from a crosswind, it produces jets bent through
90 degrees at a characteristic bending scale (Jones et al., 2017; O’Neill et al., 2019a),

lb ∼ rjTjvj

ρwv2
w

, (1.77)

for jet radius rj , momentum density Tj , and velocity vj and wind density ρw and perpendicular
velocity vw.

In the non-relativistic limit, Tj = ρjvj , and the above simplifies to

lb ∼ rj

ρjv
2
j

ρwv2
w

, (1.78)

and in the further case of a pressure-matched (pj = pw) supersonic jet, can be expressed in
terms of the internal jet and wind Mach numbers (O’Neill et al., 2019a)

lb ∼ rj

(
Mj,int

Mw

)2
. (1.79)
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Equation (1.79) also applies for pressure-matched relativistic jets as long as the proper
relativistic Mach number is used for the jet.

For a relativistic mass-loaded jet, Tj = wjΓ2
jvj/c2 for jet enthalpy density wj and Lorentz

factor Γj , while a Poynting-flux dominated jet would have Tj = Sj/c2 for Poynting energy
flux Sj (O’Neill et al., 2019a). When lb is significantly larger than the jet width, this will give
rise to a WAT, while smaller lb/rj ratios will produce a source visually similar to a NAT.

1.4.2 Jet magnetic field structure

The two most often proposed launching mechanisms for jets (Blandford-Payne and Blandford-
Znajek) both centre around strong, ordered magnetic fields, making this an essential feature
in jet formation. Indeed, magnetic fields are not only crucial in the initial launching of the jet
but also appear to play an important role in the jet’s expansion, confinement, and collimation.
As magnetic fields themselves are not luminous, to determine the magnetic structure in and
around jets we must instead focus on the interactions between light and magnetic fields
through studies of polarisation and Rotation Measure.

The synchrotron radiation produced by a single electron accelerating around a magnetic
field line is linearly polarised when viewed edge-on and circularly polarised when viewed
face-on; however, due to relativistic beaming, the radiation is focussed into a narrow cone of
emission with a half-opening angle ∼ 1/Γ and so in practice is seen neither fully edge-on
nor fully face-on, but is instead elliptically polarised. Radiation from the inner side of the
emission cone spirals in a right-handed sense (to the observer), and that from the outer side
spirals in a left-handed sense. When an ensemble average is taken over many electrons, the
opposite-handed elliptical components cancel out, leaving highly linearly polarised light
behind (Rybicki & Lightman, 1979).

We can describe polarisation through the Stokes parameters Q, U, V, and I (Stokes,
1851). Q and U measure the linear polarisation at 90 and 45 degrees, V measures circular
polarisation, and I is the total intensity. While I is always positive, Q, U, and V are signed
depending on the direction or handedness of the polarisation. For coherent radiation over
a narrow frequency range, I2 = Q2 + U2 + V 2, otherwise I2 < Q2 + U2 + V 2 and we
additionally define the polarised intensity I2

p = Q2 +U2 +V 2 and the fraction of polarisation,
p = Ip/I .

Many lobes contain features which show linear polarisation fractions approaching ∼40–
60 per cent (Bridle et al., 1994; Bridle & Perley, 1984), close to the theoretical maximum
(75 per cent) for well-ordered fields and a random electron pitch angle. In contrast, the rest
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of the lobe sits closer to 5–15 per cent, suggesting significant disordered components to the
field as well (Gabuzda, 2021).

The emitted photons are additionally susceptible to changes in their polarisation from the
intervening medium they pass through on their way to the observer. Magnetised plasmas are
birefringent, and so the dielectric constant ϵ varies for right and left-handed polarisations:

ϵ = 1 − ωp

ωr(ωr ± ωB) (1.80)

where ωp is the plasma frequency, ωr is the radiation frequency, and ωB is the cyclotron
frequency, ωB = e|B|/mec for electron charge e and mass me, and magnetic field strength
|B|. The sign in Equation (1.80) above corresponds to right circular polarised light for
positive and left circular for negative. Although synchrotron radiation is highly linear (or
extremely elliptical), it can be thought of as the combination of a left-circular and a right-
circular wave. In the magnetised ICM/IGM, one of these components will travel faster than
the other, leading to a rotation of the plane of polarisation χ (Burn, 1966),

χ = χ0 + ∆χ = χ0 + RMλ2 (1.81)

where λ is the wavelength and RM is the Rotation Measure, defined in physical units as

RM = e3

8π2ϵ0m2
ec

3

ˆ
neB · dl, (1.82)

for electron charge e, mass me, and number density ne, permittivity of free space ϵ0, and
magnetic field B along the line of sight l. The above is often alternatively expressed in cgs
units with

RM = 812
ˆ [

ne

cm−3

] [
B

µG

]
·
[

dl

kpc

]
rad m−2. (1.83)

Whilst the initial polarisation angle χ0 cannot be known, the rate of change as a function
of wavelength—the RM—can be. Typical RM values for AGN jets vary from ∼ 100–104,
whilst their cores are largely unpolarised (e.g. Zavala & Taylor, 2004).

Early models for the jet magnetic field included the spine and sheath structure of Laing
(1980), which features a spine of poloidal field sheathed by an outer toroidal field. However,
radio observations by Asada et al. (2002) found transverse gradients in RM across the jet
of 3C 273, which the authors interpreted as evidence for a helical magnetic field. Similar
gradients have since been found in more than 50 AGN jets at parsec and kiloparsec scales
(Gabuzda et al., 2018; Hovatta et al., 2012; Wardle, 2018). Such a consistent, fine-structured
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RM signal is unlikely to occur due to chance orientations of the ICM/IGM/ISM, suggesting
that the primary source of RM is a thin screen of toroidal field encapsulating the jet material.
Within Equation (1.82) only B can change sign and cause a change in sign of RM, a signature
that is observed in approximately 50 per cent of transverse RM gradients. However, Carilli &
Taylor (2002) argue that extreme RMs in both FR-I and FR-II sources indicate an external
Faraday screen associated with large-scale fields in the cluster environment. Additionally,
large RMs are observed for background sources viewed through an intervening cluster,
further suggesting that the high RM values may come from the cluster, not the source.

The direction of the helical/toroidal field supplied by the launching mechanism should be
smooth and continuous, otherwise the jets would be disrupted if the launched field exhibited
sudden reversals. However, we instead observe apparent reversals in the field direction—both
temporally and spatially—in some sources (e.g. Asada et al., 2008; Gabuzda et al., 2018;
Mahmud et al., 2009). These reversals can be explained by nesting helical fields of opposite
direction. When combined, their effects on the RM partially cancel out; however, as the jet
moves and the disturbed, magnetised plasma surrounding the jet changes, a different helical
‘shell’ can dominate the RM signature, leading to a change in the gradient direction that
varies with space and time (Gabuzda, 2021).

Calculating the strength of B and its spatial distribution from the RM is difficult, as Equa-
tion (1.82) gives only the cumulative effect, and we must account for additional contributions
from the intervening ICM, IGM, and ISM.

Within radio lobes themselves, equipartition arguments give field strength estimates of
20–100 µG (Brunetti et al., 1997) with 100–600 µG in hotspots (Hardcastle, 2001; Hardcastle
et al., 2002, 2001), although these values may be underestimates as they do not account for a
contribution from relativistic protons (Beck & Krause, 2005).

Outside of the jet itself, if an estimate of the electron density is known, for example,
through Hα observations in the ultraviolet (UV) and far-UV (e.g. McClure-Griffiths et al.,
2010), then an average B along the line-of-sight can be determined simply by inverting the
equation,

⟨B⟩ = 8π2ϵ0m
2
ec

3

e3
⟨RM⟩´

nedl
. (1.84)

However, the intervening magnetic field is turbulent and highly disordered, featuring reversals
and large- and small-scale structure, which a simple line-of-sight average fails to capture. The
next level of complexity is to split the magnetic field into cells along the line of sight, with
the field having the same strength in all cells but a random orientation. Such a distribution
will lead to an RM ∼ 0 but a dispersion σRM that goes as the square root of the number of



48 Introduction

cells along the line of sight. Visual analysis of the variation in RM across a lobe suggests the
magnetic field in clusters may have coherence lengths on the order of 5–10 kpc, providing
cluster field strength estimates within a typical range 5–20 µG (Carilli & Taylor, 2002).

Simulations of jets within a magnetised medium generally rely on this kind of description
for the external field (e.g. Huarte-Espinosa et al., 2011a,b; Jerrim et al., 2024; Murgia et al.,
2004). However, by randomly selecting amplitudes and directions, the resulting field will
lack the kind of coherent, large-scale structure that may arise from natural turbulence. If the
modelled intervening field is not appropriately modelled, its contribution to the RM may not
be accounted for properly, leading to further confusion in measuring the intrinsic jet field.

1.4.3 Radio filaments and threads

Filamentary or ‘thread-like’ structures are considered to be a natural consequence of MHD
turbulence and both HD and MHD fluid instabilities (e.g. Das & Gronke, 2024; Lazarian &
Vishniac, 1999; Porter et al., 2015), and have been long been observed within radio lobes
(e.g. Dreher & Feigelson, 1984; Fomalont et al., 1989; Owen et al., 2000; Perley et al., 1984;
Swain et al., 1998). With the advent of increasingly sensitive low-frequency radio arrays—in
particular, the LOw-Frequency ARray (LOFAR; van Haarlem et al., 2013) and MeerKAT

(Jonas & MeerKAT Team, 2016)–such filamentary structure is now being observed more
widely, including in the galactic centre (Heywood et al., 2019, 2022) and in radio phoenixes
previously thought to be diffuse (e.g. Knowles et al., 2022; Raja et al., 2023). Additionally, a
new population of filaments is being unearthed which connect to and extend beyond radio
jets/lobes, including Abell 194 (Figure 1.15; Govoni et al., 2017; Knowles et al., 2022;
Rudnick et al., 2022; Sakelliou et al., 2008), ESO 137-006 (Ramatsoku et al., 2020), Abel
1314 (van Weeren et al., 2021; Wilber et al., 2019), IC 4296 (Figure 1.15; Condon et al.,
2021), 3C 34 and 3C 320 (Mahatma et al., 2023), and Abell 3528S and Abell 3532 (Di
Gennaro et al., 2024). Previous observations of some sources at lower resolution showed
diffuse ‘bumps’ in emission where well-defined filaments are now seen; as a result, there are
additionally several candidates which would benefit greatly from further imaging, including
Abell 2034 (Shimwell et al., 2016), Abell 2255 (Pizzo et al., 2011), NGC 6086 (Candini
et al., 2023), Abell 3562 (Giacintucci et al., 2022), and NGC 1272 (Gendron-Marsolais et al.,
2021). In the discussion that follows, we will refer primarily to filaments connecting to and
extending beyond jets, although some aspects of the discussion may be relevant to other
filament populations, particularly those in the galactic centre.
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Fig. 1.15 Examples of jet filaments. (Left) 3C 40B in Abell 194, featuring a pair of clearly
distinct filaments connecting to the upper lobe and extending to the left. Further filamentary
structure can be seen within the outer regions of the radio lobes. Reproduced from Knowles
et al. (2022) with permission. (Right) IC 4296, with a faint bundle of wispy filaments seen to
extend from the right jet into the region below the central source, reproduced from Condon
et al. (2021) with permission.
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Despite their increasing frequency, remarkably little is known of these filaments. As radio
emission is synchrotron, we may be reasonably sure that filaments reflect highly energetic
electrons gyrating about magnetic field lines, although the source for either component is
still hotly debated. Still, as the number of sources with radio filaments increases, several
common features can be identified.

The filaments are thin, with typical widths on the order of 1–2 kpc (e.g. Condon et al.,
2021; Ramatsoku et al., 2020; Rudnick et al., 2022), and preferentially appear in multiples,
bundles, or with significant sub-filamentation. The magnetic field within the filaments is
highly linearly polarised, 50–70 per cent, suggesting a highly ordered field, and has a typical
strength of a few µG (Yusef-Zadeh et al., 2022). The magnetic energy density is less than
or comparable to that of the surrounding ICM (e.g. Condon et al., 2021), and the magnetic
pressure may be sufficient to expel X-ray emitting gas from around the filaments in some
cases (e.g. Rudnick et al., 2022).

The radio spectral index of jet filaments is typically steep, between 1–2, although higher
indices have also been recorded. The spectral index in the filament matches that of the jet
or lobe at the apparent intersection point, strongly suggesting that it is a true intersection
and not a chance line-of-sight alignment. For those filaments which appear disconnected
on one end (e.g. 3C 40B; Rudnick et al., 2022), the spectral index tends to increase with
distance from the lobe, reflecting an older and less energetic electron population, although
some filaments have been observed with relatively flat spectral index (Condon et al., 2021).
The current ‘endpoint’ of such disconnected filaments is almost certainly sensitivity-limited,
with more diffuse LOFAR observations suggesting that filaments continue for some distance
further (Rudnick et al., 2022).

Concerning the radio jets/lobes themselves, many sources appear disrupted, bent, or
otherwise of complex morphology and are primarily hosted in BCGs, although selection
effects will play a role. As a result, the presence of filaments may suggest recent merger
activity, the relative motion of a galaxy through a cluster, or other sources of turbulent ICM
‘weather’ (Brunetti & Jones, 2014). It is unknown if these are preconditions for the formation
of all filaments or merely highly luminous filaments.

The source of the filament electrons and magnetic field is an open question. Electrons
may be sourced directly from the jet, or they may be ‘fossil’ ICM electrons that have
been reaccelerated through interaction with the passing jet. Diffuse radio relics and radio
halos are thought to involve the reacceleration of ICM electrons through turbulence or by
passing shocks (e.g. ZuHone et al., 2021a,b), although it is not clear that such processes
can produce filamentation as finely structured as now observed. The source of the magnetic
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field is additionally unknown, although the high degree of coherence has been interpreted
as indicative of a large-scale ICM field (e.g. Condon et al., 2021). The expected typical
field strength in the ICM is much lower than the inferred field strength in the filaments
(Yusef-Zadeh et al., 2022), however, it may be amplified through a turbulent dynamo, a
condition likely met in many of the recorded cases. If the field is sourced from the ICM
and the electrons from the jet, then there must be magnetic reconnection between the jet
magnetic field and the ICM magnetic field, potentially providing another pathway through
which relativistic jets can interact with the nearby environment.

1.4.4 Summary

To summarise, jets are a striking feature of many radio-loud AGN which can extend far
beyond the boundaries of the AGN host galaxy and likely play an essential role in AGN
feedback. Launched by twisted magnetic fields and loaded with charged particles, the jet
quickly collimates and generally takes on one of two main shapes—the wispy, meandering
FR-I or the powerful FR-II—although exceptions exist. When exposed to a strong external
wind, these jets may bend to an extreme degree and appear as head-tail sources, further
defined by the angle between the jets as WAT or NAT. The magnetic field within the jet is
challenging to study, although some is known due to observations of polarised light and its
depolarisation to the intervening magnetised plasma, measured through the Rotation Measure,
or RM. From these studies, we may be reasonably sure that the jet contains a significant
ordered toroidal or helical component with equipartition field strengths of order 20–100µG.
Estimating the RM contribution from the foreground medium is more complicated and
relies on substantial simplifying assumptions for the magnetic field distribution, potentially
leading to greater confusion in interpreting jet RM values and variance. With the newest
generation of radio observatories, LOFAR and MeerKAT, a new population of radio filaments
has been discovered linking to radio lobes, characterised by steep radio spectral indices.
While little is known for certain of how these filaments form, or from where they source their
relativistic electrons and magnetic fields, they promise to play an important role in furthering
our understanding ICM fields and of ICM-jet interactions.

1.5 Numerical Challenges

Just as observational facilities must deal with issues of sensitivity and resolution of their
telescopes, simulations must also contend with a number of inherent challenges.
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The use of any grid-based method first requires discretisation of the physics equations, in
this case the Navier-Stokes equations. This discretisation occurs in two spaces—physical
space and time—and each has consequences.

In physical space, an appropriate finite domain must be defined and then subdivided
into smaller units—the cell. The cell size dictates the finest detail and structure that can be
resolved by the simulation, and as such the ideal resolution is problem-dependent. Too-low
resolution often has resounding effects on the subsequent evolution of the system being
studied. In the case of accretion disks in particular, a too-low resolution risks under-resolving
the MRI modes, with Sano et al. (2004) finding that MHD turbulence would decay under grid
diffusion if the fastest growing MRI mode were resolved with less than six cells, leading the
magnetic field to saturate far below prediction. Energy saturation levels in driven turbulence
also vary with resolution, with higher resolutions saturating at higher energy, most likely due
to a complex interplay between shock dynamics and the dissipation of small-scale turbulence
at the grid scale (e.g. Stone et al., 1998)

Discretizing in time also introduces a new minimal requirement–the Courant–Friedrichs–
Lewy (CFL) condition. In essence, the CFL condition requires that the timestep at step n,
δt = tn+1 − tn, of computation be small enough such that the fastest wave in the system
crosses less than one cell distance in that time, characterised under the CFL number C0 < 1.
In 1D, this requirement is given as (Stone et al., 2008),

δt = C0δx

max(|vn+1
x,i | + Cn+1

fx,i )
(1.85)

where δx is the cell size in the x-direction, vn+1
x,i is the x-direction, cell-centred velocity at

cell location i and timestep n + 1, and Cn+1
fx,i is the fast magnetosonic velocity in the same

direction, location, and time. In the accretion system and non-relativistic MHD, the fastest
wave is the fast magnetosonic wave. For relativistic jets and special relativistic MHD, it is
the speed of light c = 1 and so the requirement simplifies to δt = δx/2 (Qamar & Warnecke,
2005). Different combinations of time-stepping and reconstruction algorithms will, however,
place more stringent requirements on the CFL number, most commonly C0 ≲ 1/Ndim.

Further problems are introduced as information is passed from one cell to another. Codes
like Athena++ and PLUTO employ finite volume methods, in which the quantities under
consideration are defined at the centre of each grid cell and are updated according to the
flux through the boundaries of the cell. As a result, the method used to reconstruct the
fluxes is of critical importance, and, much like using the Trapezoidal rule for integration,
the fewer steps used in the reconstruction of the flux, the less accurate the solution. More
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accurate methods can involve more steps or take advantage of characteristics in the MHD
equations (so-called ‘upwind’ methods). In practice, ‘lower order’ schemes have the effect
of smearing the simulation data (i.e. are inaccurate), while ‘higher order’ schemes tend
to produce oscillations, particularly near discontinuities and shocks (i.e. are unstable). In
this setting, we introduce the concept of a limiter, which allows one to switch between a
high-accuracy, low-stability method and a low-accuracy, high-stability method where needed.
This is a useful tool in simulating relativistic jets, where shocks are expected, with test cases
by Beckwith & Stone (2011) finding that highly magnetised (β ≲ 10−2), fast (ΓAlfvén ≳ 5)
flows suffer from grid-scale artefacts under the most accurate solvers.

Within a standard cubical simulation domain, for any astrophysical object there will be
regions in the domain of high activity (for example, high density) and regions of low activity
(low density), and hence the minimum resolution requirement may differ greatly over the
domain. If a uniform grid is used in these situations, much computational time and energy
are wasted on unimportant regions. To address this issue, we turn to static or adaptive mesh
refinement (SMR and AMR, respectively). In static mesh refinement, levels of increased
resolution are defined ahead of time and the grid remains static for the duration of the
simulation. This method is useful for systems with well-defined and consistent geometry, for
instance, a standard accretion disk. It also finds value in grids with problematic geometries,
such as spherical polar coordinates. In Chapter 2, we use SMR to de-resolve the grid in the
polar region, as in spherical polar coordinates the cells in this region would otherwise become
very small and the corresponding CFL condition prohibitive. In adaptive mesh refinement,
on the other hand, one sets a per-cell refinement condition, which, when triggered, increases
the resolution locally. While considerably more expensive than SMR, AMR is useful in
situations where the geometry of a system is changing and not easily predicted, for example,
in the case of a tilted disk. Regardless of the method used, care must be taken in refining the
grid as a step-change in resolution can introduce artefacts to the fluid flow and so generate
spurious signals—an issue we will see demonstrated in Chapter 2.

Grid refinement as a tool exists to address one issue that arises due to the vast dynamical
range of many astrophysical systems, namely the varying resolution requirements. There
are, however, other ways in which dynamical range can impact simulations. In particular,
discretization leads to rounding errors in arithmetic. In extreme cases, where densities
or energies are very low or velocities very high (∼ c), these rounding errors can lead to
unphysical values, usually in the form of negative pressures or energies, or velocities |v|2 > c.
Several techniques exist to address these issues. For negative pressures, the pressure can
instead be calculated from the entropy, guaranteeing a positive value although breaking
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energy conservation in the process and potentially leading to unphysical velocities (Noble
et al., 2009). Negative densities and pressures can also be solved by setting floor values ρfloor

and Pfloor such that any ρ < ρfloor (P < Pfloor) is replaced by the floor value (e.g. Beckwith
& Stone, 2011), however, this process also violates conservation laws by effectively creating
new matter at the grid scale. The appropriate method/s used to handle such errors depends on
the flexibility of the code, the frequency of errors, and the amount of matter or energy which
is added to the grid; as such, it must be determined on a case-by-case basis and by trial.

On a practical level, issues also arise in data management and processing. To study
natural phenomena, multiple variables (e.g. density, pressure, magnetic field vectors, velocity
vectors, and more) must be saved to file at appropriately regular intervals to capture the
physics of interest. In the case of a simulation that is run in batches, as opposed to being run
continuously, then outputs must include all evolving variables in order to necessitate a restart.
As the resolution increases, though, and additional physics beyond ideal hydrodynamics
is considered, the size of the resulting files can become quite large. For long-time-scale
simulations with many outputs like those presented in Chapter 2, this quickly leads to an
enormous amount of data (in our case, ≈80 TB) that must be stored somewhere at significant
cost. Processing such large amounts of data also introduces its own problems: as memory is
limited, analysis must be parallelised and the overhead associated with opening and reading
files becomes limiting.

In combination, the abovementioned issues lead to a complex situation in which the
ideal physics setup for a given problem is often at odds with the computational resources
available, and concessions must be made, either in the resolution or in the amount of non-
ideal physics included. The true difficulty in simulation is the art of knowing when and where
simplifying assumptions can be made and their resulting impact on the physics. However,
while individual algorithms (e.g. solvers and limiters) have been well-tested on a suite of
simple test problems, their performance in more complex problems and with more complex
initial conditions is more challenging to measure. Regardless, the impact of simulation
methods on the final simulation result cannot be overstated, a fact that becomes clear in our
studies of accretion disks (Chapters 2 and 3) and jets (Chapter 4).

1.6 Thesis outline

The rest of the thesis is structured as follows. Chapter 2 is a reproduction of a published
work describing magnetic field evolution within simulated thick accretion disks, specifically
looking at large-scale poloidal magnetic field generation from an initially toroidal morphology.
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A small extension of this work is presented in Chapter 3, analysing the dynamo coefficient
αij terms of our simulated disks. We reorient in Chapter 4, turning to look at simulations
of bent jets and the complex interactions between jet and ICM magnetic fields. Finally, we
draw these results together for our conclusion in Chapter 5.
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Chapter 2

Evolution of the magnetic field in high-
and low-β disks with initially toroidal
fields

As appeared in Evolution of the Magnetic Field in High- and Low-β Disks with Initially

Toroidal Fields, Rodman, P. E., Reynolds, C. S., 2024, ApJ, 960, 97

2.1 Introduction

Accretion disks are highly turbulent and complex astrophysical systems formed by infalling
gas circularising around a massive central body such as a young star, a white dwarf, a neutron
star, or a black hole. In the case of accretion onto a supermassive black hole, the disk physics
governs both the growth of the black hole and the form of the resulting energy output and thus
has wide-reaching implications not just for the immediate environment but on galaxy scales
(e.g. the M–σ relation; King, 2003). The strong gravitational forces, relativistic velocities,
and magnetic fields present make these accreting black hole systems an invaluable laboratory
for studying a wide range of extreme physical processes, including the properties of strong
gravitational fields, particle acceleration, and the interaction of magnetic fields and fluid
turbulence, the last of which forms the primary focus of this paper.

For an accretion disk to actually accrete it must find a way to remove angular momentum
from orbiting fluid elements. This could, in theory, occur through local exchanges between
gas parcels within the disk and/or through a wholesale loss of angular momentum from
the system via, for example, magnetic braking from a disk wind. Given the extremely
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high Reynolds numbers of most astrophysical disks, intrinsic microscopic viscosity can
be immediately ruled out as an angular momentum transport mechanism as it would drive
accretion over timescales that are far too long to explain the observed luminosity of disks (see
Balbus, 2003, for derivation). The seminal work of Shakura & Sunyaev (1973) acknowledged
that a form of anomalous viscosity could exist as a result of turbulence, potentially related to
the presence of magnetic fields, but the mechanism for generating this turbulence was then
unable to be specified. Simply invoking a very high Reynolds number as a driver of turbulence
is not sufficient as Keplerian disks are linearly and non-linearly stable to shearing instabilities
even at very high Reynolds numbers (Balbus et al., 1996; Hawley et al., 1995, 1996). Later
work by Balbus & Hawley (1991, 1998) identified a powerful magnetohydrodynamic (MHD)
instability which can drive the necessary turbulence. This magneto-rotational instability
(MRI) has since become the paradigm for accretion disk theory.

Magnetohydrodynamic (MHD) and (more recently) General Relativistic Magnetohydro-
dynamic (GRMHD) simulations are now common tools for studying the internal dynamics
of the disk due to the highly non-linear nature of the MRI-driven turbulence (see e.g. Balbus,
2003; Davis & Tchekhovskoy, 2020, for review). In spite of much attention in recent years,
however, many questions still remain about the evolution of magnetic fields within accretion
disks and the nature of the turbulence that is formed. Equally importantly, uncertainties
remain about the influence of computational realities (finite spatial resolution, memory of
initial conditions in a limited temporal span, and non-helicity preserving MHD algorithms)
on the outcome of accretion disk simulations.

Choices in the initial vertical magnetic field were shown to have important implications
for turbulence and overall disk evolution even in early simulations (Hawley et al., 1995), with
turbulent stresses increasing with increasing net vertical field. Later studies of both shearing
box (e.g. Bai & Stone, 2013; Salvesen et al., 2016) and global (e.g. Mishra et al., 2020)
simulations showed that the presence of an initially vertical field affects the structure of the
simulated accretion flow. If the vertical field in the inner regions of the disk is sufficiently
strong, it may cause the disk to enter a Magnetically Arrested Disk (MAD; Narayan et al.,
2003) state in which mass accretion is suppressed or even temporarily halted due to magnetic
pressure and, if the central black hole is spinning, jets are launched via the Blandford-Znajek
mechanism (Blandford & Znajek, 1977; Tchekhovskoy et al., 2011). MADs have been
invoked to explain the low-luminosity and powerful jet in M87 and GRMHD models of
MADs can quantitatively match the horizon-scale mm-band image obtained by the Event
Horizon Telescope (Event Horizon Telescope Collaboration et al., 2019). The counterpart to
MAD is the Standard And Normal Evolution (SANE) state, which is effectively characterised
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by the absence of a MAD state. Recent work by Begelman et al. (2022), however, suggests
that while the presence of a net vertical field is important, it plays a secondary role to that of
the toroidal field, with the toroidal component being critically important in the saturation of
magnetic flux. To add further complexity to this discussion, the net vertical magnetic flux may
be zero on a global scale but non-zero locally (Sorathia et al., 2010). A zero-net-vertical-flux
(ZNVF) global disk may well be composed of many net-vertical-flux (NVF) local ‘shearing
box’ patches, magnetically connected at high altitudes through the low-density corona of the
disk.

In addition to questions on the role of vertical fields and fluxes, the final state of a
simulation appears to depend significantly on the particular initial field morphology used,
even where the initial net vertical field is kept constant. Early work by Machida et al. (2001)
suggested that the initial magnetic field configuration could affect the mass outflow rate
in Radiatively-Inefficient Accretion Flows (RIAFs), disks in which the radiative cooling is
negligible and local cooling driven by advection—such disks are generally geometrically-
thick and have low-accretion rate. Such flows lack a large separation of scales between their
inflow/viscous times, thermal times, and dynamical times and so seem to retain memory
of their initial conditions during the inflow (White et al., 2020). Further, since they lack
radiative cooling, the sign of the Bernoulli parameter (and hence the degree to which regions
of the disk are unbound) is sensitive to both the feeding prescription and the detailed internal
energetics associated with the initial field. Later simulations by Narayan et al. (2012) found
that a MAD state could be produced by varying the number and direction of poloidal loops in
the initial magnetic field, with a single-loop configuration being most conducive to building
up vertical field necessary for the MAD state. White et al. (2020) then built upon this work,
showing that within SANE models variations in initial magnetic field configuration have
strong effects on the energetics and structure of RIAFs, with smaller initial poloidal loops
generating a less coherent radial field (leading to less horizon-penetrating magnetic flux) and
producing polar inflows while larger poloidal loops showed the opposite. Similar work by
Jiang et al. (2019) on thin, radiation-dominated disks also found factors of three differences
in accretion rate and vertical disk structure depending on whether the initial poloidal field
was dipolar or quadrupolar, while Mishra et al. (2022) found that thin RIAFs initialised
with dipolar poloidal fields were thermally unstable and those with quadrupolar oscillated
between stable and unstable states.

These combined results clearly demonstrate that the properties of simulated accretion
disks are dependent on the artificial and somewhat arbitrary initial magnetic conditions used
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in their construction, and such a dependence raises serious questions as to the validity of
simulations as emulations of real astrophysical disks.

Magnetic fields with net vertical flux or with significant large-scale vertical/polar com-
ponents play an important role not only for the emergence of MAD states, but also for the
production of astrophysical jets through the Blandford-Znajek (Blandford & Znajek, 1977)
and Blandford-Payne (Blandford & Payne, 1982) processes. An open question remains
whether, and under what conditions, a disk can eventually forget the details of the initial
field configuration and grow a self-consistent large-scale field via dynamo action given
sufficient time. Fragile & Sądowski (2017) found that initially strongly magnetised disks
(where the ratio of thermal-to-magnetic pressure is only β = Pgas/Pmag ∼ 10) with purely
toroidal fields were not locally self-sustaining, albeit the simulations were run over a short
timescale (700 GM/c3) that may not have allowed enough time for poloidal growth. Global
simulations by Liska et al. (2020) run for much longer times (1.3 × 105 GM/c3) successfully
generated a strong enough poloidal field in situ to enter the MAD regime, but only from an
initially strong field (β = 5), which is likely not reflective of initial conditions in nature.

Given the long times needed for a disk with an initially weak toroidal magnetic field to
reach equilibrium out to reasonable radii, most simulations with initially toroidal fields are
initialised with a low magnetic plasma β (i.e. a ‘strong’ magnetic field), meaning little is
known of the amplification process for β > 100 and few simulations cover the intersection
of weak and toroidal initial field configurations.

In this work, we study the ability of simulated disks initialised with a purely toroidal field
to grow a large-scale poloidal field. We agree with and extend the previous findings of Liska
et al. (2020), finding large-scale field growth for disks initialised with either a strong (β = 5)
or a weak (β = 200) magnetic field. The core of this work is based on two long-duration
simulations with initially toroidal fields, a strong-field (β = 5) and a weak-field (β = 200)
case. Our longest simulation (the weak-field case) is run out to t ∼ 4×105 GM/c3 in order to
capture the long-term evolution of the magnetic field. Given our focus on understanding the
influence of numerics on results, we also run two additional simulations that have identical
setups except for higher resolution. We see evidence of poloidal flux generation in all cases,
with the weaker initial field case saturating with weaker and more disorganised poloidal
field. All of our model disks display dynamo-cycles in the toroidal field even though the
disks are geometrically thick. We also identify the subtle ability of internal mesh-refinement
boundaries to drive vorticity-induced density asymmetries.

The basic equations of the problem and computational setup are given in Section 2.2.
The analysis of our four simulations, with special emphasis on the growth of large-scale
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poloidal field, are presented in Section 2.3. We discuss and summarise our findings with our
conclusions in Section 2.4.

We make use of the scale-free nature of accretion systems, with quantities scaled by the
gravitational radius rg = GM/c2 and the speed of light c. As a result, physical units can be
derived and a physical distance set by defining a specific black hole mass M and the units
for c.
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2.2 Numerical model

2.2.1 Foundational equations

Our accretion disk models are evolved using the MHD code Athena++ v21.0 (Stone et al.,
2020) on a spherical polar grid (r, θ, ϕ), with the piecewise linear method (PLM) for spatial
reconstruction, second-order (VL2) time-stepping, a Harten-Lax-van Leer discontinuities
(HLLD) Riemann solver, and a Courant, Friedrichs, & Lewy (CFL) number of 0.3. The
code is parallelized over 1008 Cascade Lake cores on the Cambridge Service for Data
Driven Discovery (CSD3) system Peta4, achieving a full-node performance of ∼ 21–22
MZone-cycles/core-second.

Athena++ solves the equations of ideal MHD, given in conservative form as (Stone et al.,
2008)

∂ρ

∂t
+ ∇ · (ρv) = 0, (2.1)

∂ρv

∂t
+ ∇ · (ρvv − BB + P ∗) = −ρ∇ΦPW, (2.2)

∂E

∂t
+ ∇ · [(E + P ∗) v − B (B · v)] = 0, (2.3)

∂B

∂t
− ∇ × (v × B) = 0, (2.4)

where P ∗ = (P + B2/2)I , I is the diagonal unit tensor, B2 = B · B, and all other variables
having their usual meaning. The total energy density is given by

E = P

γ − 1 + 1
2ρv2 + B2

2 + ρΦPW, (2.5)

where we have imposed a γ-law equation of state relating the internal energy density E to
the pressure, P = (γ − 1)E . We use the pseudo-Newtonian Paczyński–Wiita gravitational
potential, ΦPW,

ΦPW(r) = − GM

r − 2rg

, rg ≡ GM/c2, (2.6)

which features an innermost stable circular orbit (ISCO) at rISCO = 6rg and is an adequate
approximation (within Newtonian physics) of the gravitational field around a non-rotating
black hole. The solenoidal condition on the magnetic field,

∇ · B = 0, (2.7)
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is enforced by upwind constrained transport (CT; Evans & Hawley, 1988).
The system of equations 2.1–2.7 is closed and may be solved numerically. During

the numerical solution, we enforce density and pressure floors at ρfloor = 3 × 10−5 and
Pfloor = 1 × 10−10. Due to the high Alfvén speeds that arise in the low-density regions of
our b5_hi run, we increased the density floor in this simulation to ρfloor = 3 × 10−4 at
t ∼ 2 × 104 GM/c3, representing a 0.16% increase in the total mass at that moment which
does not appreciably affect our results.

2.2.2 Mesh, boundary, and initial conditions

Mesh and boundary construction

Our computational domain spans r ∈ [5rg, 290rg], θ ∈ [0, π], and ϕ ∈ [0, 2π). Our fiducial
pair of simulations have a base resolution of (Nr, Nθ, Nϕ) = (112×32×32) and 3 additional
levels of static mesh refinement (SMR), with each level double the resolution of the one
below (Figure 2.1). This gives us a maximum effective resolution of (Nr, Nθ, Nϕ) =
(896 × 256 × 256) for r < 100rg and height ≲ 2H , resulting in 20 cells per scale height
H . Using SMR in this way, our resulting mesh (Figure 2.1) is de-resolved near the poles,
increasing cell sizes in this region and avoiding untenably small timesteps that would arise
from the CFL condition. As a result of this mesh construction we are able to simulate the full
spherical domain including the poles. Our two high-resolution runs use a base resolution
of (Nr, Nθ, Nϕ) = (112 × 64 × 64), i.e. double the resolution in θ and ϕ, but are otherwise
identical. This gives a maximum effective resolution of (Nr, Nθ, Nϕ) = (896 × 512 × 512)
and 40 cells per scale height H .

The base grid is logarithmically spaced in r and linearly spaced in θ and ϕ. We use ‘polar’
boundary conditions (BCs) at the poles (see Stone et al., 2020, for details), periodic BCs in
the ϕ-direction, and outflow BCs on the inner and outer r boundaries. Our polar boundary
condition allows magnetic field lines to correctly pass through the coordinate singularity and
allows a polar flux bundle to stay in place without (unphysically) being destroyed by the
boundary.

Initial conditions

To contrast with previous work and further explore robustness to initial conditions, we
initialise our disks with an approximate disk-like configuration following that of Hogg &
Reynolds (2018a), rather than the commonly-used Fishbone-Moncrief torus (Fishbone &
Moncrief, 1976).
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Fig. 2.1 Visualisation of the fiducial-resolution simulation mesh in 3D, with a cutout to show
internal zones.

We initialise our disks with a power-law density profile

ρ(R) = ρ0R
−3/2e−(z2)/(2c2

sR3) Fs(R), (2.8)

where R is the cylindrical radius, Fs(R) is a function motivated by the zero-torque inner
boundary condition of Shakura & Sunyaev (1973),

Fs(R) = 1 −
(

rISCO

R

)1/2
. (2.9)

ρ0 = 100 is a scaling factor set to give max{ρ(r)} ∼ 1, and cs is the isothermal sound speed
in a thin disk. The resulting density scale height of the initial disk Hi is given by,

cs = vKHi (2.10)

for Keplerian rotational velocity vK .
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To this density profile, we add a non-axisymmetric perturbation of the form sin(10ϕ) at
the 1% level. Breaking the formal axisymmetry of the initial conditions lessens the impact of
(transitory) channel modes and hastens the development of saturated turbulence.

The initial velocity profile is that of a test particle on a circular orbit (i.e. ‘Keplerian’) in
the Pseudo-Newtonian potential,

vϕ =
√

R

R − 2 , (2.11)

with the other components of velocity set initially to zero (vr = vθ = 0). This initialises the
disk close to, but not exactly matching, its natural equilibrium state, reducing the time needed
for the disk to settle into a quasi-steady state and the simulation data to become useful.

The initial magnetic field is a purely toroidal field, set by

Bϕ =
√

2P

β0
, (2.12)

with all other components equal to zero, i.e. the magnetic pressure is set to be a constant
fraction 1/β0 of the gas pressure P . We calculate P from the density before the introduction
of the non-axisymmetric perturbations. Thus the corresponding magnetic field is axisymmet-
ric and, being toroidal, is hence divergence free everywhere. We explore two cases of field
strength: a stronger field scenario (β0 = 5) and a weaker field scenario (β0 = 200). Com-
bined with the two resolutions that we explore, this defines the four simulations presented in
this paper and summarised in Table 2.1.

Simulation ID Max. Resolution Duration ISCO orbits β0 ⟨⟨β⟩⟩ ⟨⟨Qθ⟩⟩ ⟨⟨Qϕ⟩⟩ ⟨⟨θB⟩⟩
(r × θ × ϕ) (GM/c3)

b5 896 × 256 × 256 1.67 × 105 2704 5 9.39 20.56 63.22 11.85
b200 896 × 256 × 256 4.02 × 105 6535 200 23.22 9.22 27.38 10.62
b5_hi 896 × 512 × 512 3.15 × 104 511 5 7.87 39.89 106.56 11.14
b200_hi 896 × 512 × 512 1.54 × 105 2502 200 20.90 10.75 47.82 10.75

Table 2.1 Simulation parameters. NOTE: Averages denoted by ⟨⟨X⟩⟩ are taken over r ∈
[5, 100], ϕ, and three scale heights in θ, at late times in the disk as defined in Section 2.2.3.

2.2.3 Diagnostics and convergence

MHD accretion disks are highly turbulent systems and thus, even when they have reached a
‘quasi steady state’, will be characterised by strong spatial and temporal fluctuations in all
quantities. Useful diagnostics of disk structure necessarily require some averaging process.
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In this paper, spatial averages are denoted by ⟨X⟩; by default, this means averaging over
r < 100rg, all ϕ, and across θ = constant shells within ±3 scale heights of the mid-plane.
Quantities denoted by ⟨⟨X⟩⟩ are additionally averaged over time; by default, we average our
weak field simulations (b200 and b200_hi) for t ≳ 2000TISCO (t > 1.2 × 105 GM/c3)
and our strong-field simulations (b5 and b5_hi) for t ≳ 500TISCO (t > 3.0 × 104 GM/c3).
Any deviations from these defaults are indicated by ⟨X⟩⋆ or ⟨⟨X⟩⟩⋆ and details specified
within the text.

In addition to looking at the evolution of quantities already described (β, ρ, vr), we
calculate and track several additional standard quantities. The mass accretion rate across
some closed surface S is

Ṁ =
¨

S

ρv · dS, (2.13)

which we calculate across the sphere r = 6, namely the innermost circular stable orbit (ISCO)
of this potential.

The geometrical scale height h(r) is calculated as in Hogg & Reynolds (2018b), with the
scale height at each radius given by

h(r)
r

=
〈´

[θ(r) − θ̄(r)]2ρdΩ´
ρdΩ

〉
(2.14)

for solid angle dΩ = sin θ dθ dϕ and

θ̄(r) =
´

θ(r)ρdΩ´
ρdΩ . (2.15)

The radial bins from equation 2.14 are then averaged by weighting them according to the
radial width at each shell (as cells are logarithmically spaced in r), giving a disk-averaged
scale height H . To prevent confusion with other parameters within the text, we use H to
refer to the disk-averaged geometrical scale height rather than ⟨h(r)

r
⟩.

With the focus of this paper on the magnetic evolution of the disk, a parameter of key
interest is the horizon penetrating magnetic flux,

ΦBH =
√

4π

2

¨
SH

B · dS, (2.16)

where SH is the upper half-sphere near the inner boundary of our domain (r = 6, θ > 0). This
is then re-normalised by the late-time-averaged accretion rate to ϕ = ΦBH/(⟨⟨Ṁ⟩⟩rgc2)−1/2

(Tchekhovskoy et al., 2011). For a disk scale height H ∼ 0.3 and BH spin a = 0, the
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transition from SANE to MAD states is expected to occur for ϕ ∼ 50 (Tchekhovskoy et al.,
2012)1.

We also calculate the Shakura-Sunyaev alpha (Shakura & Sunyaev, 1973),

αvisc =
Tr̂ϕ̂

P
=

TMax,r̂ϕ̂ + TRey,r̂ϕ̂

P
(2.17)

where Tr̂ϕ̂ is the fluid frame stress, and TMax,r̂ϕ̂ = −BrBϕ and TRey,r̂ϕ̂ = ρurδuϕ are the
Maxwell and Reynolds components of that stress, where δuϕ ≡ uϕ − rΩKep is the fluctuating
component of the ϕ-velocity. For thin disks, αvisc ∼ 0.1, however, this value is known to
vary with disk thickness, initial magnetic field morphology/strength, and radius within the
disk (e.g. Penna et al., 2013).

A key question is the degree to which a numerical model of an accretion disk is converged.
There are two distinct senses in which we must consider convergence. Firstly, since our
disks are initialised in a laminar state that is close to hydrodynamic equilibrium but strongly
unstable to the MRI, they must first undergo evolution before settling into a (turbulent)
statistical steady state. Only then can the simulation data be considered physically meaningful
(out to the radius where we achieve inflow equilibrium). Diagnosing this state informs the
times on which we focus our analysis. Secondly, as we are interested in studying the
behaviour of the magnetic field we need to be sure that the underlying physical mechanisms
that govern its evolution are spatially well-resolved within the disk. To assess these criteria,
we turn to two measures of convergence: the quality factors Qθ and Qϕ, and the magnetic tilt
angle θB. Additionally, we are able to do a very limited resolution study by comparing our
low and high resolution simulations.

The quality factors, Q, defined by Noble et al. (2010) as

Qθ = λMRI,θ

r∆θ
(2.18)

Qϕ = λMRI,ϕ

R∆ϕ
, (2.19)

are a direct measure of the resolvability of the linear MRI modes via a comparison of the
characteristic wavelength of the MRI modes λMRI = 2πvA/Ω, where vA is the Alfvén
velocity, with the size of the basic simulation voxel. The Q’s are simply a measure of the
number of resolution elements that span one wavelength of the fastest growing MRI mode.

1We note that ϕ ∼ 50 is the saturation value in code or Gaussian units. When using Lorentz-Heaviside units
the factor of

√
4π in equation 2.16 disappears, giving ϕ ∼ 15 instead.
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Values as low as Qθ = 6–8 are sufficient to capture the linear MRI (Flock et al., 2010) in
low-spatial order methods, but must rise to Qθ > 10 with Qϕ > 20 to capture the non-linear
interactions between MRI modes (Hawley et al., 2011, 2013; Sorathia et al., 2012), although
a higher Qϕ or Qz (when in cylindrical coordinates) may offset a slightly lower Qθ.

Our second diagnostic tool is the magnetic tilt angle, θB . First used by Guan et al. (2009),
θB is a measure of the correlations between the radial and toroidal fields,

θB = − arctan
〈

Br

Bϕ

〉
. (2.20)

Guan et al. (2009) originally found this to have a characteristic value of θB ∼ 15◦ for a
well-resolved saturated MRI-driven turbulence with later works on local (Hawley et al.,
2011) and global (Hawley et al., 2013; Hogg & Reynolds, 2016, 2018a; Sorathia et al., 2012)
simulations revising this number down to 11–13◦. The physics dictating the saturation of
MRI-driven turbulence and hence the value of the tilt angle is still not clear, although Pessah
(2010) describe such behaviour with a model in which saturation corresponds to disruption
of linear-MRI modes by the parasitic instabilities of Goodman & Xu (1994). Our primary
focus with θB is not the final value itself, as this is not a direct measure of resolution and
so may be affected by other factors in the disk, but we instead look for a stabilisation in the
value of this parameter.

The time-evolution of these convergence metrics for all of our runs is shown in Figure 2.2,
and the late-time average is reported in Table 2.1. Through these metrics we find that our
strong-field simulation b5 is well-resolved with Qθ ∼ 16, Qϕ ∼ 38, and a tilt angle that
stabilises at θB ≈ 12◦. The numbers are less comfortable for b200 (Figure 2.2). The lower
values of Qθ ∼ 9 indicates that b200 only marginally resolves the dominant linear MRI
modes, although θB does eventually stabilise for t ≳ 2 × 105 GM/c3, albeit at a notably
lower value (θB ∼ 10) than the stronger field case.

A more direct way to assess the effects of resolution is to compare our standard resolution
runs (b200 and b5) with their high-resolution counterparts (b200_hi and b5_hi). As
expected, these high-resolution runs achieve much higher Qθ and Qϕ values, well above the
fiducial levels needed. The magnetic tilt angle θB takes longer to stabilise than in the lower-
resolution counterparts but eventually stabilises at comparable levels to the low-resolution
runs.

We conclude that all simulations have achieved a converged state by the end of their
respective runs, although b200 may be only marginally resolving both the linear and non-
linear evolution of the MRI.
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Fig. 2.2 Convergence metrics: (top and middle) quality factors in the θ- and ϕ-directions, and
(bottom) magnetic tilt angle, θB. The dotted line indicates the minimum value required to
resolve the linear MRI, while the dashed lines represent the requirements for resolving the
non-linear MRI. The b5 simulation along with the high resolution b5_hi and b200_hi
resolve both the linear and non-linear MRI modes, while b200 only marginally resolves the
non-linear MRI in Qθ. Both b5 and b200 show a plateauing in θB, indicating convergence.
The high resolution runs b5_hi and b200_hi largely follow the trends of their fiducial
counterparts, although late-time evolution cannot be ruled out.
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Fig. 2.3 Three-dimensional side-on volume rendering of the simulation domain for one of
our fiducial runs, b200, at a late time in the disk. Colour denotes relative number density, ρ.

2.3 Results

2.3.1 Disk structure and evolution

Starting from the initial state described in Section 2.2.2, the disks undergo rapid evolution
driven principally by the growth and eventual saturation of MRI-driven turbulence. The
outer parts of the simulated disks never achieve a state of inflow equilibrium; we focus
our analysis on the inner (and most highly resolved) regions of the disks within r = 100rg.
Figure 2.3 shows a late-time three-dimensional volume rendering of run b200, and Figure 2.4
shows the evolution of mass accretion rate across the ISCO as well as the disk-averaged
plasma-β, geometric scale height H , and Shakura-Sunyaev αvisc. Both b5 and b200 show a
characteristic early peak and slow drop-off in mass accretion rate Ṁ , as expected for disks
with finite mass (Figure 2.4). b200 stabilises to a higher mass accretion rate of Ṁ ∼ 0.25,
possibly related to the presence of a density lump that inhibits early-time accretion. In all
models, we find that ⟨β⟩ reaches an approximately steady value relatively quickly. The
memory of the strength of the initial magnetic field is retained, with run b200 stabilising
at ⟨β⟩ ∼ 20 and run b5 stabilising at ⟨β⟩ ∼ 10. The initial magnetisation also makes a
difference to the disk thickness, with stabilisation at ⟨H⟩ ∼ 0.27 and ⟨H⟩ ∼ 0.32 for b200
and b5 respectively. The dominant pressure dictating the disk thickness in all cases is gas
pressure, with a modest amount of additional magnetic support thickening the disk in the
stronger initial field case b5. The spatially-averaged ⟨αvisc⟩ (lower panel) remains relatively
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stable around 10−2–10−1, as is expected for accretion disks, with a small jump in b5 at late
times which coincides with a thinning of the disk (i.e. lower H).

For the stronger field case, doubling the θ- and ϕ-resolution (going from b5 to b5_hi)
makes very little difference to the overall evolution of the disk, with Ṁ , ⟨β⟩ and ⟨H⟩
following very similar time-traces. In the case of the weaker field model, the early-to-
intermediate timescale evolution is very similar for the high-resolution models, whereas the
late-time magnetisation is a little higher (⟨β⟩ marginally smaller), leading to a slightly thicker
disk. This further suggests that the fiducial resolution weaker field run b200 only marginally
resolves the non-linear evolution of the MRI.

The radial profiles of density ⟨⟨ρ⟩⟩∗, radial velocity ⟨⟨vr⟩⟩∗, temperature ⟨⟨P/ρc2⟩⟩∗,
and effective Shakura-Sunyaev ⟨⟨αvisc⟩⟩∗ are shown for all four runs in Figure 2.5. These
are time-averaged from the point where the run is deemed to have stabilised (as laid out
in Section 2.2.3) out to the end of the simulation. Given that the different runs have quite
different end-times, some caution must be exercised in making direct comparisons between
profiles from different runs. To aid in this comparison, we also provide the profiles for
the low-resolution runs (b200 and b5) averaged over the same time range as the high-
resolution counterparts shown as dashed lines. For example, the large difference in the
overall normalisation of density between b5 and b5_hi is almost all due to the fact that the
lower-resolution run was evolved much longer and hence drained much more of its mass;
when the average is calculated over the same time range, this difference largely disappears.
However, the comparison of b200_hi and b5 is particularly interesting. Both runs well-
resolve the MRI and have evolved for a similar time, with the principal difference being the
initial magnetic field strength. We find that both runs have very similar radial velocity profiles
during these late-time averages, although b5 experienced high-accretion rate transients at
early times that suppresses its density. This early-time behaviour is clearly seen in the profiles
for b5_hi which clearly shows significantly higher radial inflow within the central 30rg.

The density profile of b200 shows a broad hump around r = 100rg. This signposts a
particularly interesting feature of this disk that, we argue, is a subtle and pernicious imprint of
the SMR de-refinement boundaries. The overdensity, or m = 1 mode, develops at a relatively
early time of t ∼ 1 × 105 GM/c3 and is then sustained throughout the subsequent evolution.
This structure is most apparent in the mid-plane density map shown in Figure 2.6 (left panel).
The time-dependence of this lump can be seen by forming space-time plots of the density
along a midplane line that cuts through the centre, (θ = π/2, ϕ = 0, π); see Figure 2.7 (top
panel). The sloshing motion of this lump as it orbits the central body is seen as the long-lived
‘see-saw’ feature, causing an excavation of material from the central region and creating
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the density maximum at r ∼ 100rg (Figure 2.5). An examination of the mid-plane velocity
field reveals this lump to be a large-scale vortex. It has been argued that such features might
arise from a Rossby Wave Instability (RWI; Lovelace et al., 1999) or generalised form of
the Papaloizou-Pringle Instability (PPI; Papaloizou & Pringle, 1984). The presence of the
RWI within disks has already been argued in the case of Tidal Disruption Events (TDEs) and
the spirals it produces may explain the observed flaring behaviours in Sgr A* (Falanga et al.,
2007; Mignon-Risse et al., 2021). A similar feature was also reported in an MHD simulation
by Mishra et al. (2020), who observed spiral-like inhomogeneities in the density of disks
with initially weak poloidal fields, however, these simulations were only run for 23 orbits
(versus our ∼ 6500 for b200) and so the late-time evolution of the effect was not noted.

As seen in Mishra et al. (2020), the lump creates a kind of anomalous accretion where
material preferentially accretes from the atmosphere or ceiling of the disk rather than in
the midplane. This is clearly seen in Figure 2.8 which shows the poloidal velocity field
on a vertical cross-sectional slice for late-time snapshots from b200 and b5. Run b200’s
velocity streamlines (Figure 2.8, left panel) show strong inflows in the jet regions of the
b200 simulation and eddies along the disk-jet boundary which take material out of the
disk and deposit it in the jet streams, while the radial velocity within the disk is reduced
(Figure 2.5).

The b5 disk, by comparison, does not develop such an overdensity and so retains a
significant amount of its mass below its ρmax at 20rg (Figures 2.5 and 2.6, right panel). This
smoother disk is also accompanied by a greater inflow velocity vr and a higher temperature
P/ρc2. Thus stronger magnetic fields suppress the formation of the vortex. More importantly,
an examination of the corresponding space-time diagram (Figure 2.7, bottom panel) shows
that the lump is not observed in the high-resolution simulation b200_hi. This fact, together
with the location of the b200 lump, strongly suggests that the lump is an artefact caused by
vorticity generation at the SMR refinement boundary, which affects only the weaker-field
case. This is a cautionary note for any long-duration accretion disk models that employ SMR.

2.3.2 Magnetic field strength, morphology, and evolution

A primary motivation for our study is to understand the evolution of the magnetic field,
particularly the growth and morphology of the poloidal field, in these disks that start with
purely toroidal configurations. Furthermore, we wish to understand whether the strength of
the initial toroidal field has any long-lasting imprint on the magnetic evolution of the disks.
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Our initially weak-field simulation, b200, shows rapid growth of the magnetic field at
early times, settling to ⟨β⟩ ∼ 20 (Figure 2.4), compared to ⟨β⟩ ∼ 10 for the initially strong-
field case b5. Interestingly, we see the development of large-scale poloidal field in both
cases. Figure 2.9 shows the horizon-threading (hence necessarily poloidal) flux as defined
in equation 2.16. While there is clearly non-zero poloidal flux in all cases, b200 shows a
consistently low flux ϕ ∼ 5–15 with little sustained growth, whereas b5 exceeds ϕ = 40 and
nears the transitional value for a MAD state of ϕ = 50 (Liska et al., 2020; Tchekhovskoy
et al., 2012) for a non-spinning BH, although fails to cross. The high-resolution simulations
b5_hi and b200_hi again match their lower-resolution analogues remarkably well.

It is not merely the net horizon-crossing flux that matters, though, when considering
features like jet launching. The degree of order of this field as it crosses the inner boundary is
also important to questions such as whether the jet is ‘striped’ (Giannios & Uzdensky, 2019).
Most disk models that start with initially poloidal field configurations end up with a well-
organized (unidirectional) horizon-threading flux bundle. However, that is not necessarily the
case for our models, which begin with an initially toroidal field. To examine this, we calculate
the ratio of signed to unsigned fluxes threading the inner boundary of our simulation,

ϕ∥ =
˜

S
B · dS˜

S
|B| · dS

, (2.21)

where S is a hemisphere surface at r = 6rg and the final value given is the average of the
two hemispheres. A value of ϕ∥ = 1 indicates agreement in the direction of the field, while a
value ϕ∥ = 0 indicates that (for example) for every positive Br there is an equal negative,
cancelling the flux everywhere on the surface integrated.

With this new measure, we see that b5 has a high degree of field order with ϕ∥ ∼ 1 at
late times, while b200 barely reaches ϕ∥ ∼ 0.8 at t ∼ 2.5 × 105 before decreasing again
and spending much of its time with ϕ∥ < 0.6. Again, we see a high degree of agreement
between the high- and low-resolution runs.

The nature of these differences is seen more clearly in renderings of the poloidal magnetic
field morphology at late times in Figure 2.10. In b200, close to the black hole, we see
a well-defined field direction dominating the polar regions and then a strong region of
oppositely directed field along a lower-latitude boundary funnel. The mid-plane field is weak
and disorganised, existing within small magnetic loops distributed seemingly at random.
Recalling that this region is flowing inwards, some of this magnetic topology may be due to
large-scale circulations between the disk atmosphere and the polar regions. By contrast, b5
displays noticeably stronger fields in the midplane of the disk, and where there are magnetic
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loops these are larger than in b200. The polar region contains an organised and sustained
flux bundle along which there is outflowing material. It must be recognised, though, that
while ϕ∥ ∼ 1 for this case, the flux bundle still contains interesting structure (field loops
and current sheets) downstream, possibly due to Kelvin-Helmholtz modes excited at the
jet-disk boundary. Such large magnetic field loops, particularly those on the right side of
the upper jet region and the left side of the lower jet region of Figure 2.10, are reminiscent
of the large-scale poloidal field loops identified by Liska et al. (2020), and so leads us to
tentatively conclude that simulation b5 is capable of generating a large-scale poloidal field
from an initially-strong toroidal field, however, evidence is much weaker for the weak-field
case b200.

Our discussion of magnetic evolution so far has focused on the poloidal field, but we
note that there are also interesting dynamics in the toroidal field. We recover the well-known
butterfly patterns—a ‘feathering’ pattern in the space-time diagram for the azimuthally-
averaged Bϕ at a particular radius (Figure 2.11). These are interpreted as dynamo-cycles, an
emergent phenomenon that arises from the non-linear MRI physics (Gressel & Pessah, 2015;
Hogg & Reynolds, 2018b; Rincon et al., 2007). In b200 (Figure 2.11, top panel), the butterfly
pattern is rapidly established and is then sustained for the full duration of the simulation. This
plot also explicitly shows that (after azimuthal averaging) a non-zero but weak toroidal flux
exists within the polar region. These findings completely track over into the higher-resolution
version of this model b200_hi. By contrast, b5 establishes a dominant toroidal field sign
in the polar regions at a relatively early time (t ∼ 5 × 104 GM/c3), coincident with the
creation of the strong and organised poloidal flux bundle (Figure 2.9). From this time onward
the butterfly pattern is significantly weakened, showing that the magnetic configuration in
the polar region is affecting the operation of the dynamo cycle.

While we have attributed its presence to the (artificial) SMR refinement boundary, it
is still interesting to consider the effect of the m = 1 lump found in b200 and discussed
in Section 2.3.1. As the inflow of material from large radius is impeded by the lump, a
lower-density cavity forms within the inner regions of the disk (Figure 2.5). This increases
the magnetisation of the region (decreases the plasma-β) which may be responsible for
weakening the amplitude of the dynamo cycles in b200 from t ≈ 1.0 × 105 GM/c3 onward.
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Fig. 2.4 (Top) Mass flux Ṁ through the surface at r = 6rg, (top middle) spatially-averaged
magnetic plasma ⟨β⟩, (bottom middle) spatially-averaged geometric scale height ⟨H⟩, and
(bottom) spatially-averaged Shakura-Sunyaev alpha ⟨αvisc⟩. Of note, we find that the plasma
β values of b200 and b5 do not converge. Although b200_hi’s scale height shows a
late-time trend towards the b5 results, a similar trend is not observed in other variables
plotted.
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Fig. 2.5 Late-time-averaged profiles for the density (top), radial velocity (top middle), tem-
perature (bottom middle), and Shakura-Sunyaev alpha (bottom) as a function of disk radius.
Dashed lines for b200 and b5 are averaged over the same time windows as b200_hi and
b5_hi respectively. We find the main differences between b5 and b5_hi are resolved
when averages are taken over like times (purple vs orange dashed), but differences remain
in the b200 and b200_hi cases (red vs blue dashed). Note: Spatial averages are taken
azimuthally and within 3H .
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Fig. 2.6 Late-time snapshots of midplane density for b200 (left) and b5 (right), taken at
t = 4.05 × 105 GM/c3 and t = 1.25 × 105 GM/c3 respectively. Significant differences in
the density profile are apparent, most notably the presence of a large co-orbiting ‘lump’ in
b200, leading to a relative evacuation of material in the inner part of the disk compared to
b5.
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Fig. 2.7 Density along a midplane slice (θ = π/2, ϕ = {0, π}) over time, for b200 (top)
and b200_hi (bottom). The overdensity, or m = 1 mode, is clearly visible in b200 as
striations between radii 100–200rg. No comparable pattern is observed in b200_hi.
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Fig. 2.8 Velocity streamlines for the whole domain (top) and zoom-in on the r < 100rg

region (bottom) overlaid onto density for b200 (left) and b5 (right). Relative velocity
magnitude is indicated by the linewidth of streamlines. Stills are taken from late times:
t = 4.05 × 105 GM/c3 for b200 and t = 1.25 × 105 GM/c3 for b5. Simulation b200
features a well-ordered inwards polar velocity field with large circulations along the jet/disk
boundary. b5, in contrast, displays a less ordered polar velocity field and significantly more
small-scale turbulent structure within the disk.
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Fig. 2.9 (Top) Magnetic flux, ΦB =
´

Br · dS, through the ISCO (r = 6rg). The signed flux
is calculated for each hemisphere individually before the absolute value is taken, and the
two hemispheres are averaged to give |⟨ΦB⟩|. The values are re-normalised according to
Tchekhovskoy et al. (2011) (Section 2.2.3). While b5 approaches the critical MAD value
of ϕ ∼ 50, it fails to cross. (Bottom) The ratio of signed and unsigned magnetic fluxes,
indicating how much of the flux is aligned in a common direction. The initially stronger field
simulations b5 and b5_hi exhibit a significantly higher degree of flux alignment.
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Fig. 2.10 As in Figure 2.8, but with magnetic field streamlines. b5 displays stronger magnetic
field along the disk midplane and within the polar regions, while for b200 field is amplified
in the circulation regions between the disk and the poles.
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Fig. 2.11 Butterfly diagrams of the azimuthally-averaged Bϕ at r = 25rg showing signs of a
sporadic butterfly pattern. Dashed lines mark ±3H . Note there is a change in output cadence
for b5_hi (bottom) for t > 1.25 × 104 GM/c3. All simulations show signs of disordered
field reversal, characterised by patterns of alternating field. The pattern is significantly
weaker in b200 and b200_hi perhaps indicating the saturation of the MRI. The strong-
field simulations (b5, b5_hi) establish a dominant polar sign easily, while the process is
weaker and more sporadic in the weak-field simulations (b200, b200_hi).
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2.4 Discussion and conclusion

In this work we have presented the results of two 3D MHD accretion disk simulations with
initially toroidal fields. These simulations were identical in all respects bar their initial field
strength, defined through the initial magnetic plasma beta, β = Pgas/Pmag. One simulation,
b200, was initialised with β = 200, while the other, b5, was initialised with β = 5.
Additionally, two more high-resolution runs were done with double the θ and ϕ resolution
for comparison (b200_hi and b5_hi; for details, see Section 2.2).

We find that our two fiducial simulations diverge early in their evolution and remain
on separate paths throughout each run, with notable differences in both hydrodynamic and
magnetic quantities. We show that these differences (with one exception) are not sensitive to
resolution for the values studied. As the only difference between these two simulations is
the initial field strength, we conclude that it is this initial magnetisation that determines the
long-term growth (or lack thereof) of the magnetic field. We produce only a weak large-scale
poloidal field in b200 despite evolving for a very long time (4.0 × 105 GM/c3). We do,
qualitatively, produce a large-scale poloidal field in b5, and broadly reproduce the results
of Liska et al. (2020) whose simulation features a comparable strong toroidal field. This
finding shows that the results of Liska et al. (2020) can be reproduced in a pseudo-Newtonian
framework and do not rely on the inclusion of General Relativistic physics or the peculiarities
of spinning black holes.

All simulations produced clear—although disordered—butterfly patterns in the sign of
⟨Bϕ⟩, indicating quasi-periodic cycles of the MRI dynamo. We additionally find that all

simulations, both weak and strong fields, establish a dominant signed field in the jet region,
however, in b200 and b200_hi this field is much weaker than that of the disk, and so may
be easily missed if quantities are not plotted with care.

Additionally, although neither simulation produces sufficient horizon-crossing magnetic
flux to exceed the MAD transitional value of ϕ = 50 for a non-spinning BH, our initially-
strong-field case b5 comes close at ϕ ∼ 40, much higher than is typically seen in SANE
disks. In disks such as those considered here where the magnetic flux (and magnetic field
strength through the magnetic plasma-β) appears saturated but the MRI simultaneously
appears active, the question of SANE vs MAD relies heavily on the definition of a MAD
state, for which there is still heated debate (e.g. Begelman et al., 2022).

Our fiducial high β simulation b200 produced an overdensity at early times that per-
sisted throughout the run. No comparable overdensity was observed in the high-resolution
counterpart b200_hi. The impact of the overdensity on disk evolution is mixed: while
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there are clear changes in the disk scale height, there are no clearly observable differences
in the magnetic field strength or structure according to the metrics used (magnetic plasma
β and magnetic flux Φ). Nonetheless, this finding highlights the need for great care when
choosing a simulation mesh, even at high resolutions.

Our results suggest that disk metrics like the magnetic plasma β and magnetic flux Φ are
not inherent to our disks but are instead influenced by the initial magnetic conditions—in our
case, the initial strength of the toroidal field—supporting the conclusions made by White
et al. (2020). Such a finding has implications for both simulated and real accretion disks. It
has been previously hoped that, given enough time, a simulated accretion disk eventually
forgets its initial conditions and settles to a common stable state. Previous work with NVF
and ZNVF poloidal fields has suggested that this is not the case, and our results now also
extend this to the purely toroidal case for RIAFs. It is also possible that different modes of
material inflow (e.g. feeding via a binary companion vs the ambient medium) could lead
to different final states in real accretion disks. Further work utilising more realistic initial
conditions and environments may help to quantify whether, and under what conditions, real
RIAFs are sensitive to these changes.

Taken at face value, the results of models presented in this work suggest that initial
magnetic field conditions can drive highly dissimilar evolution in AGN with otherwise
identical physical properties, e.g. BH spin, BH mass, and size of the disk matter reservoir. If
this is the case, then significant variations should be observed across AGN with similar non-
magnetic properties, with a possible dependence on the method of disk feeding. Additionally,
although some poloidal field is naturally generated over the duration of our simulations,
neither b200 nor b5 or any of the high resolution counterparts achieve a MAD state. If these
findings are replicated at higher resolution, it may suggest that disks fed by material with a
predominantly toroidal configuration (e.g. in TDEs) are less likely to enter the MAD regime.

Data Availability: Raw data were generated at the Cambridge Service for Data Driven
Discovery. Derived data supporting the findings of this study are available from the corre-
sponding author P.E.R. on request. The problem generator and input scripts associated
with the simulations are archived in Zenodo (Rodman, 2023a). The software used to
analyze data and generate plots is available on GitHub (athena-analysis codebase:
https://github.com/paytonrodman/athena-analysis) under a 3-Clause BSD License and ver-
sion 1.0 is archived in Zenodo (Rodman, 2023b).

https://github.com/paytonrodman/athena-analysis
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Software: Athena++ (Stone et al., 2020), NumPy (Harris et al., 2020), pandas (McKinney,
2010), SciPy (Virtanen et al., 2020), VisIt (Childs et al., 2012).
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Chapter 3

Mean-field dynamo coefficients in thick
accretion disks with initially toroidal
fields

3.1 Introduction

The launching of relativistic jets via the Blandford-Znajek (e.g. Blandford & Znajek, 1977)
mechanism requires an ergosphere magnetic field with a significant poloidal or vertical com-
ponent, however, the magnetic field contributed to the accretion disk through accumulation
of passive IGM gas does not meet these requirements, and so the disk field must be first am-
plified and reoriented through a so-called dynamo process. The most well-described dynamo
process in the accretion disk is that of the αΩ dynamo, in which differential rotation shears
poloidal fields into toroidal (the Ω-effect) and a secondary action, most likely analogous to
magnetic buoyancy, transforms the toroidal back to poloidal (the α-effect). As jet driving
is most sensitive to poloidal field, the α-effect is of significant interest and much effort has
been made to characterise and quantify this effect, both in shearing box (e.g. Brandenburg &
Donner, 1997; Brandenburg et al., 1995; Davis et al., 2010; Gressel, 2010; Gressel & Pessah,
2015; Ziegler & Rüdiger, 2001) and global (e.g. Dhang et al., 2020; Flock et al., 2012; Hogg
& Reynolds, 2018a) simulations. However, due to computational constraints, many disk
simulations are initialised with fields already containing a significant poloidal component.
There is increasing concern that such initial conditions (ICs) are unrealistic and may lead to
biased results. Very little is known of the evolution of the α-effect from a purely toroidal IC.
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There are many ways to measure the dynamo α, including, as we saw in Chapter 1
Section 1.3, the First Order Smoothing Approximation (FOSA), also sometimes referred
to as the Second Order Correlation Approximation (SOCA), under which we make use of
Mean-Field Electrodynamics and an assumption of kinematics to arrive at a relationship
between the electromotive force (EMF, ε) and the mean magnetic field (B):

εi = αijBj + βijk∂kBj + . . .

Here, the pseudo-tensor αij is the embodiment of the α-effect, while βijk acts as an additional
effective viscosity term which is generally considered subdominant to the α-effect.

To make analysis simpler, the αij term can be split into symmetric and antisymmetric
parts

αij = αS
ij + αA

ij.

Of these components, the symmetric αS
ij , and in particular its diagonal components diag(αS

ij),

diag(αS
ij) =


αrr

αθθ

αϕϕ

 ,

are the most important for determining large-scale field growth, with the αϕϕ term being
responsible for replenishing the poloidal field from the toroidal field.

There are numerous methods in employment for measuring the dynamo coefficients,
and in particular the αij coefficient, including the minimal τ approximation (MTA; e.g.
Brandenburg & Subramanian, 2005), the test-field method (TF; e.g. Brandenburg et al.,
2009; Schrinner et al., 2007), and measurement from Direct Numerical Simulation (DNS;
e.g. Dhang et al., 2020; Hogg & Reynolds, 2018a). Each method has associated costs and
benefits. The minimal τ approximation and test-field method both require one to impose
a simple external magnetic field from which a response can then be measured and the α

coefficient derived. DNS methods instead employ post-processing of existing disk simulation
data, and for that reason are the more flexible approach and the one taken in this work. In the
DNS method, one directly measures the turbulent EMF ε′ from the fluctuating velocity u′

and fluctuating magnetic field b′ as

ε′ = ⟨u′ × b′⟩, (3.1)

which then allows one to calculate the associated αij via Equation (3.1).
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Shearing box simulations by Brandenburg et al. (1995) were the first to verify such a
correlation between ⟨εϕ⟩ and ⟨Bϕ⟩, on the order of

⟨εϕ⟩ = (−2, 4) × 10−3⟨Bϕ⟩⟨u2⟩1/2 (3.2)

where the brackets indicate average values above (the Northern Hemisphere, NH) and below
(the Southern Hemisphere, SH) the midplane.

As suggested by the Brandenburg et al. (1995) results, the diag(αS
ij) terms are known to

flip sign across hemispheres, however there is disagreement on what the ‘correct’ polarity
should be. Local shearing box studies (e.g. Brandenburg et al., 1995; Davis et al., 2010)
found negative αϕϕ in the upper hemisphere and positive in the lower hemisphere. Global
simulations are more mixed, with Flock et al. (2012) finding positive αϕϕ in the upper
hemisphere, Hogg & Reynolds (2018a) finding weakly negative, and the thicker disks of
Dhang & Sharma (2019) having no clear dominant sign. The precise reasons for this
asymmetry are not yet known, however, some hints may be found in early work on the solar
dynamo.

Arguments first applied to explain latitudinal migration of Btor in the solar dynamo (see,
e.g. Brandenburg et al., 1995; Stix, 1976; Yoshimura, 1975, and references therein) tell us that
the combination αϕϕ∂uϕ/∂r > 0. For Keplerian rotation, ∂uϕ/∂r < 0, and so there must be
αϕϕ < 0 in the NH and positive in the SH in an accretion disk. However, the picture is more
complicated than it first appears. The sign of αϕϕ should additionally be opposite to the sign
of the helicity ⟨u · ∇ × u⟩ in a given hemisphere (c.f. Equation (1.55)). Early applications
of this theory to accretion disks by Brandenburg et al. (1995) produced the expected sign of
αϕϕ (negative) but the wrong sign for helicity (also negative), perhaps indicating that more
parameters set hemisphere sign. In particular, they identified that the current helicity ⟨j ′ · b′⟩
had a positive sign in the NH, so by Equation (1.68) could affect the sign of α if the current
helicity had greater magnitude than the flow helicity.

Further evidence comes from another aspect of solar physics–the equatorward migration
of sunspots, itself thought to be a sign of latitudinally-travelling dynamo waves (Charbonneau,
2010). A similar analysis of wave solutions can be performed for accretion disks. Per
Brandenburg & Subramanian (2005), within the context of the αΩ dynamo for a disk, in
cylindrical coordinates (r, θ, z), with mean velocity u = (0, rS, 0) and shear S = −3/2Ω,
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we can find wave solutions to the induction equation of the form

Br = B0 sin[kz(z − ct)] (3.3)

Bθ =
√

2B0

∣∣∣∣ cα
∣∣∣∣ sin[kz(z − ct) + φ] (3.4)

for an unknown amplitude B0, phase shift φ = −3π/4, and phase speed c,

c = ωcyc

kz

= αS

|2αSkz|1/2 = sign(αS)ηT kz. (3.5)

For a Keplerian disk S < 0 and, hence, if α < 0 then c > 0, indicating wave propagation
away from the midplane. These wave solutions are thought to be the origin of the so-called
‘butterfly’ patterns seen in the movement of sunspots (e.g. Charbonneau, 2010) and the
toroidal field component in accretion disks (Figure 2.11), and hence a negative αNH

ϕϕ is
considered indicative of an αΩ dynamo at work. αij becomes noisier with increasing disk
thickness (e.g. Hogg & Reynolds, 2018b), which may partly explain why butterfly patterns
also become irregular in thicker disks.

In this work, we perform a direct numerical calculation of the diagonal, symmetric
components of the αij tensor under mean-field dynamo theory, using data from the fiducial
simulations of Chapter 2. These simulations are of thick (H/R ∼ 0.3–0.4) accretion disks
initialised with a purely toroidal magnetic field with plasma beta of β = 5 or β = 200
(termed b5 and b200 respectively), and as such provide a valuable test for the evolution of
αij in the absence of an initial poloidal field.

Section 3.2 describes the calculation of the dynamo coefficients under mean-field theory
and introduces the two spatial averaging methods used to define the ‘mean’ in ‘mean’-field
theory. In Section 3.3, we review the calculated αii and associated offsets Ci, comparing
their magnitude, sign, and symmetry to those in the literature, and discuss their implications.
We conclude in Section 3.4.

3.2 Calculating the mean-field dynamo coefficients

In Chapter 2, we performed long-timescale MHD simulations of thick disks, which we can
now study under mean-field dynamo theory.
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As we have seen previously, the fluctuating EMF ε′ can be expressed as a simple linear
expansion around B in the form of (3.1),

ε′
i = αijBj + βijk∂kBj + . . .

where αij and βijk are pseudo-tensors. If the scale of B is sufficiently large compared to the
scale of fluctuations (typically characterised by the eddy scale), then higher order derivatives
are expected to be smaller than that of βijk and so are frequently ignored (Brandenburg &
Subramanian, 2005; Moffatt, 1978). Our primary area of interest is the growth of a large-
scale poloidal field from an initial toroidal field, so we will focus on calculating the diagonal
components of the symmetric part of αij (Equation 1.57), namely αrr, αθθ, and αϕϕ. Hence
Equation (3.1) becomes

ε′
i = αiiBi (3.6)

for components i = (r, θ, ϕ).
By calculating both ε′

i and Bi within our accretion disks, we can, therefore, retrieve an
estimate for the associated αii.

The fluctuating EMF ε′
i of the flow can be determined using the fluctuating components

of the velocity u′ and magnetic field b′ as ε′ = ⟨u′ × b′⟩. For our three components, this
comes to

ε′
r = u′

θb
′
ϕ − u′

ϕb′
θ,

ε′
θ = −(u′

rb
′
ϕ − u′

ϕb′
r),

ε′
ϕ = u′

rb
′
θ − u′

θb
′
r.

(3.7)

3.2.1 Fluid variable averaging

The fluctuating component X ′ of some fluid flow variable X can be calculated directly by
subtracting the flow average,

X ′ = X − ⟨X⟩, (3.8)

where ⟨X⟩ is some suitable average. In accretion studies, the average quantity ⟨X⟩ is
generally taken over one or two coordinate directions. For 3D simulations, the average is
typically taken over the azimuthal direction, ⟨X⟩ = 1/2π

´ 2π

0 Xdϕ. Following Hogg &
Reynolds (2018a), we perform azimuthal averages over the full azimuthal range (ϕ ∈ [0, 2π]
in our case), radially between r ∈ [15rg, 15rg + 15H], and vertically from θ ∈ [H, 2H]
above and θ ∈ [−H, −2H] below the disk midplane.
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Fig. 3.1 The effect of different azimuthal averaging methods upon the variable Bϕ in the
upper hemisphere of b200 at late time. Data is taken for r ∈ [15rg, 15rg + 15H], θ = 1.5H ,
and ϕ ∈ [0, 2π] A 1D Gaussian filter with standard deviation σ = 5 (left) preserves more of
the local structure than simple azimuthal averaging (right).

This method is helpful as it uses the system’s natural azimuthal symmetry; however, if
the flow has significantly different values within different regions in ϕ, a simple azimuthal
average may destroy this information and the resulting derived αii would be excessively
noisy. To account for this possibility, we additionally calculate averages by a 1D Gaussian
filter in the ϕ-direction with a standard deviation σ = 5 cells. Values are wrapped in ϕ, and
the filter is truncated at 4σ = 20 cells. The Gaussian filter has the effect of ‘blurring’ the
underlying dataset, turning ⟨X⟩ into a local average (Figure 3.1). As such, Gaussian filtering
may be helpful in the analysis of b200, which features a ϕ variation in the form of a large
lump that is expected to cause uϕ to deviate significantly from Keplerian in the region, hence
affecting ⟨u⟩ and u′. It bears noting that Gaussian filtering does not obey ⟨X⟩ = ⟨⟨X⟩⟩
under Reynolds averaging rules; however, it is known that the tenets of mean-field theory
are not strictly held in accretion disks generally—for example, u′ and b′ are not statistically
independent—and are even less applicable in the case of significant azimuthal variations as
seen in b200. By using an averaging method that acknowledges the deviations from ΩK , we
may recover the underlying correlations in the kinematic, mean-field theory (and hence αii)
better.

With ⟨u⟩ and ⟨B⟩ determined using either averaging method described above, the
turbulent EMF components are then calculated as in Equation (3.7) for every point within
r ∈ [15rg, 15rg + 15H], θ ∈ [±H, ±2H], and ϕ ∈ [0, 2π]. This range returns 360 spatial
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Fig. 3.2 Sampling in α (left) and tan(θα) (right) space, with Ci = 0. Uniform sampling in α
leads to large gaps in ε′, B-space as the slope range m = α is unbounded at ∞.

data points per timestep under azimuthal averaging as cells in the ϕ direction are averaged
over, but 92,160 under Gaussian filtering. For ease of plotting, a random selection of 500
points is taken from the Gaussian-averaged datasets, although the calculation of αii and Ci

proceeds on the full dataset.

3.2.2 Fitting for αii

Once the EMF ε′
i has been calculated for each cell in the range specified for a given timestep,

they are similarly averaged (azimuthally, or via Gaussian filtering) and the correlation
between ⟨ε′

i⟩ and ⟨Bi⟩ is determined for each timestep.
We assess two methods of fitting: (1) simple linear least-squares fitting on the form

⟨ε′
i⟩ = αii⟨Bi⟩ + Ci, (3.9)

where C is some vertical offset, and (2) fitting via a Bayesian Markov Chain Monte Carlo
(MCMC) method on the form

⟨ε′
i⟩ = tan(θα)⟨Bi⟩ + Ci. (3.10)

with flat (uniform) priors on θα and Ci. By fitting for θα rather than α directly, we can sample
the space more uniformly (Figure 3.2).
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We find that the more expensive MCMC fitting does not return a superior, or even
different, fit to that of simple linear least-squares. For this reason, we revert to using linear
least-squares to determine αii (Equation 3.9).

An example distribution for ⟨ε′
ϕ⟩ and ⟨Bϕ⟩ under both azimuthal averaging and Gaussian

filter averaging, along with the best linear fit, are shown for a single timestep for b5 in
Figures 3.3.

We note that there is a significant scatter in the distribution of ⟨ε′
i⟩ and ⟨Bi⟩, with the

resulting linear fit often lying close to horizontal. When averages are taken via Gaussian
filtering, the centroid of the data lies closer to the origin and with greater variation in ⟨Bi⟩.
In some cases, the different averaging methods lead to an opposite signed slope.

With these fits, we calculate αii and Ci for our fiducial b200 and b5 simulations, in both
hemispheres (upper and lower), for all times T > 50 TISCO to allow for disk settling. The
resulting αii and Ci are shown in Figures 3.4 (azimuthal) and 3.6 (Gaussian) for b200 and
Figures 3.5 (azimuthal) and 3.7 (Gaussian) for b5. We see that, over time, the distribution
for αii and Ci narrow, with values in the NH often mirroring that of the SH, indicating a
change in sign of αii across hemispheres.

3.3 Results and discussion

The estimated values for αii and Ci are given in Table 3.1 for azimuthal averaging, and
Table 3.2 for Gaussian filtering. Previous values for αii in shearing box and global accretion
disk simulations are given in Table 3.3 for comparison and reference.

We retrieve αii magnitudes (∼ 1–50 × 10−4) that are in broad agreement with previous
works, with offset Cϕ comparable to that found by Hogg & Reynolds (2018a) who performed
a similar fit to αϕϕ for disk thickness up to H/R = 0.4.

Under azimuthal averaging, αθθ has the greatest magnitude of the three components,
although its value decreases under Gaussian filtering. Dhang et al. (2020) found a similarly
higher (relative to αrr and αϕϕ) absolute magnitude for αθθ under the Singular Value Decom-
position (SVD) method, although it is highly disordered and incoherent. αθθ and αrr relate to
the generation of toroidal field from poloidal under the α-effect, but this process is expected
to be subdominant to the Ω-effect (shear) in accretion disks, and so the interpretation of these
two coefficients—both their magnitude and sign—is uncertain. Notably, both b200 and
b5 return similar αij magnitudes under Gaussian filter averaging, suggesting that the local
strength of the α-effect is largely insensitive to magnetic field strength.
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Simulation ID Component Value Ci

(upper, lower) [×10−4] (upper, lower) [×10−8]

b5 αrr (22.9±2.49, −23.0±2.59) (105±22.7, −45.6±22.8)

αθθ (56.1±5.26, −39.6±5.15) (15.2±28.4, −36.8±26.9)

αϕϕ (−3.6±0.392, 2.61±0.393) (11.6±9.41, 9.81±9.33)

b200 αrr (5.88±1.96, −4.25±2.02) (6.58±5.57, −22.6±5.74)

αθθ (−37.0±4.74, 41.5±4.83) (−24.7±8.27, −4.92±8.84)

αϕϕ (1.3±0.23, −1.39±0.24) (−0.135±2.06, 0.484±2.29)
Table 3.1 Mean values of αii and Ci with 95 per cent CI, for given simulation and dimension,
using azimuthal averaging.

Simulation ID Component Value Ci

(upper, lower) [×10−4] (upper, lower) [×10−8]

b5 αrr (18.5±0.34, −19.0±0.33) (36.0±4.60, −10.9±4.57)

αθθ (1.56±0.61, −4.4±0.61) (7.46±5.61, −7.71±5.80)

αϕϕ (−2.54±0.044, 2.55±0.045) (−1.19±1.66, 3.38±1.70)

b200 αrr (18.0±0.28, −17.1±0.28) (−0.57±1.4, −3.80±1.4)

αθθ (8.23±0.51, −7.58±0.51) (−5.2±1.8, 0.012±1.9)

αϕϕ (−2.03±0.03, 1.95±0.03) (0.28±0.44, 1.2±0.45)
Table 3.2 Mean values of αij and Ci with 95 per cent CI, for given simulation and dimension,
using the Gaussian filter method.

We include results for all three components here for completeness, but we will focus
primarily on αϕϕ whose impact, while not at all clear, is clearer still than that of αrr and αθθ.
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Reference Study type Component Magnitude Sign in NH
[×10−4]

Brandenburg et al. (1995) Shearing box α†
yy 20 − 40 −ve

Brandenburg & Donner (1997) Shearing box αϕϕ 1 − 10 −ve
Ziegler & Rüdiger (2001) Shearing box α†

yy 5 − 40 −ve
Davis et al. (2010) Shearing box α†

yy 30 − 50 −ve
Gressel (2010) Shearing box α†

yy ∼ 100‡ +ve
α†

xx ∼ 100 − 200‡ −ve
Gressel & Pessah (2015) Shearing box α†

yy ∼ 50‡ +ve
α†

xx ∼ 50‡ +ve
Hogg & Reynolds (2018a) Global αϕϕ 1 − 2 −ve
Flock et al. (2012) Global αϕϕ 20 − 30 +ve
Dhang et al. (2020) Global αϕϕ ∼ 10 − 100‡ −ve

αrr ∼ 10 − 250‡ +ve
αθθ ≲ 300‡ +ve

Table 3.3 Values of αii from literature. † Where Cartesian coordinates are used, xx ≡ rr and
yy ≡ ϕϕ.‡ Visual estimate, value not stated in the text.

We find that all three components are antisymmetric under both averaging methods,
although the direction of this antisymmetry changes for b200 αθθ and αϕϕ depending on
the averaging method. For b200 under azimuthal averaging, αNH

θθ < 0 and αNH
ϕϕ > 0, while

for Gaussian filtering αNH
θθ > 0 and αNH

ϕϕ < 0. For b5, the sign of αNH
θθ and αNH

ϕϕ is consistent
under either averaging method. Due to the known irregularities of the b200 simulation,
these differences support the idea that azimuthal averaging is inappropriate for significant
azimuthal variations in the flow.

Under Gaussian filter averaging, we find negative αϕϕ in the NH and positive in the
SH. This is in agreement with most previous shearing box (Brandenburg & Donner, 1997;
Brandenburg et al., 1995; Davis et al., 2010; Ziegler & Rüdiger, 2001) and global (Dhang
et al., 2020; Hogg & Reynolds, 2018a) simulations, with the exception of Gressel & Pessah
(2015) and Gressel (2010) (shearing box) and Flock et al. (2012) (global). The expected sign
of αϕϕ remains a debated topic, and the reason for the discrepancy is unknown.
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A change in the sign of αϕϕ, either in space or time, could be caused by a change in the
relative importance of kinetic and magnetic α, where in Chapter 1 Equation (1.68) we saw,

α = αK + αM

where

αK = −τc

3 (⟨u′ · ∇ × u′⟩)

αM = τc

3
(
ρ−1⟨j ′ · b′⟩

)
are the kinematic and magnetic α. The kinematic αK ignores the Lorentz back-reaction
of the magnetic field on fluid flow and is concerned only with the helicity of the velocity
field. The magnetic αM , on the other hand, relies on the current helicity density. Analysis
of these components by Gressel (2010) found that αM took on a positive value in the NH,
with a fit matching closely to that predicted by Rüdiger & Kichatinov (1993) for stratified,
rotating turbulence, indicating that a positive NH α-effect may be related to a Parker-type
instability. They additionally found that when analysed during the linear growth phase of
the MRI, αM instead took on a negative value in the NH. In both cases |αM | > |αK |. Hence,
the sign of αM determines the combined α sign. Positive αNH may indicate saturated MRI
or α-quenching or represent nonlinear and inhomogeneous effects not accounted for in the
predictions for αK .

The value of offsets Ci is heterogeneous, varying significantly between hemispheres,
components, and averaging methods. As we only fit for the components of diag(αS

ij), an
increased Ci could be interpreted as a greater contribution from the un-fitted components,
namely the off-axis αS

ij , the antisymmetric αA
ij , and the diffusive term βijk, along with higher

order components.
In Figures (3.4–3.7), we plot the 95 per cent point density contours for data within

equally-spaced Norb bins. By comparing these contours, we can gain some insight into the
variation of αii over the lifetime of the simulation. In most cases, the contours are broader
for earlier times, corresponding to a greater scatter in the offset Ci. Under the interpretation
above, this may suggest that nonlinear, inhomogeneous, or diffusive components dominate
the early-time dynamo.

We can see the time evolution of the spatially-averaged ⟨αii⟩ and ⟨Ci⟩ in greater detail in
Figures (3.8–3.9). The evolution of ⟨αii⟩ is dominated by noise, although we can see some
slight signed preferences which become clearer under Gaussian filtering—in particular, we
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note that ⟨αrr⟩ shows a clear preference for positive NH, ⟨αϕϕ⟩ shows a clear preference
for negative NH, and ⟨αθθ⟩ is disordered. In most cases, the noise level in ⟨αii⟩ remains
consistent with time, whereas the variation in ⟨Ci⟩ decreases in time—in other words, as
the simulation progresses, the correlation between ⟨ε′

i⟩ and ⟨Bi⟩ is better described by the
simple linear relationship ⟨ε′

i⟩ = αii⟨Bi⟩. The only exception to this trend is b200 under
azimuthal averaging, which is not unexpected.

Given the long timescale over which the scatter in Ci decreases (> 2000 Norb), this is
unlikely to be due to initial disk settling and turbulence generation. It is also unlikely to be an
artefact of the averaging method, as the same trend can be seen for b5 under both azimuthal
averaging and Gaussian filtering. Instead, the early dynamo is inherently less well-described
by the kinematic mean-field theory. Under the constraints of our current fitting method, it is
not possible to know which of the unfitted components (e.g. αA

ij , βijk) controls this behaviour.
The trend is much weaker in the b200 simulation under Gaussian filtering and absent under
azimuthal averaging. It is unclear if this results from the abnormal azimuthal variation of
b200 or if the weaker magnetic field suppresses the behaviour.

3.4 Conclusion

In this short chapter, I have presented the results of mean-field dynamo analysis on the
fiducial simulated accretion disks of Chapter 2, b200 and b5.

We applied the mean-field dynamo theory under the simple closure

⟨ε′
i⟩ = αii⟨Bi⟩ + Ci

and solved for the diagonal dynamo coefficients (αrr, αθθ, αϕϕ) and offsets (Cr, Cθ, Cϕ)
using two different averaging schemes: (1) simple azimuthal averaging and (2) 1D Gaussian
filtering.

Both methods are able to yield αϕϕ magnitudes of |αϕϕ| ∼ (1–4) × 10−4, tightening
to |αϕϕ| ∼ 2 × 10−4 under Gaussian filtering, matching values previously found by Bran-
denburg & Donner (1997); Hogg & Reynolds (2018a), and slightly lower than those of e.g.
Brandenburg et al. (1995); Davis et al. (2010); Dhang et al. (2020); Ziegler & Rüdiger (2001).
Our results additionally confirm that all αii are antisymmetric across the midplane, although
αθθ is highly disordered.

For the b5 simulation, we consistently find:
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• αNH
ϕϕ < 0 matching previous shearing box (Brandenburg & Donner, 1997; Brandenburg

et al., 1995; Davis et al., 2010; Ziegler & Rüdiger, 2001) and global (Dhang et al.,
2020; Hogg & Reynolds, 2018a) simulations, and matching that expected from an
αΩ-type dynamo,

• αNH
rr > 0, matching that of Gressel & Pessah (2015) and Dhang et al. (2020), and

• αNH
θθ > 0, matching that of Dhang et al. (2020).

Simulation b200 also returns a consistent αNH
rr > 0, however its αϕϕ and αθθ are sensitive

to the averaging method, with αNH
ϕϕ > 0 and αNH

θθ < 0 under azimuthal averaging, and the
opposite under Gaussian filtering. b200 features a large density lump within the disk, and
this azimuthal variation is expected to cause ⟨uϕ⟩ and ⟨u′

ϕ⟩ to deviate from their expected
mean-field theory values (ΩK and zero, respectively). For this reason, a more local average—
1D Gaussian filtering—appears appropriate.

The signs and magnitudes of the spatially-averaged αii components are roughly stable in
time, but the scatter in the offset Ci appears to decrease with increased simulation time for
b5. Since we have fitted a simple linear equation of the form ⟨ε′

i⟩ = αii⟨Bi⟩ + Ci, the offset
Ci will contain information on the unfitted dynamo components: the off-axis symmetric
αS

ij , the antisymmetric αA
ij , the diffusive tensor βijk, and higher order terms in ⟨Bi⟩. As

we have only calculated diag(αS
ij), it is not possible to know which unfitted component is

ultimately responsible for the decreasing scatter in Ci. The signal is weaker or absent in
b200; it is unclear if this is due to the known abnormalities of this simulation or to the
weaker magnetic field. Future simulations of disks with initially weak, initially toroidal
magnetic fields could help to tease apart these effects. Still, only a complete calculation of
all mean-field components will determine the cause of the Ci variation within this model.

Our results support the notion that local averages (e.g. Gaussian filtering) can be used
in place of azimuthal averaging to retrieve stable and consistent values for the diagonal,
symmetric αij components; however, further work is needed to determine the ideal kernel or
window size.

The work presented in this chapter is purely theoretical in nature, driven by the need to
understand the behaviour of our simulated MHD disks at a deeper level. Direct observational
probes of dynamo processes in black hole accretion disks require the ability to image
magnetic field structures on sub-horizon scales, and, at minimum, require the ability to
separate the magnetic field structure into separate hemispheres in order to observe the
expected asymmetry in the αij coefficients. Such high resolution is not yet possible even
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with the EHT observations of M87 and Sgr A, however, such observational data may become
available in the future when space-based EHT capabilities are deployed.

Further theoretical progress in this field is limited both in the mathematical approach and
computational resources required. Many methods used to measure the dynamo coefficients
are unwieldy, impractical, and computationally expensive. Further, the fundamental theory on
which such measurements rests depends on a number of assumptions that remain technically
invalid in accretion disks, making it more difficult to interpret the calculated values in a
physical sense. This is exemplified by the ongoing disagreement in hemisphere sign, and the
corresponding disagreements over how such sign is determined in the disk.

As the dynamo processes at play are highly non-linear and turbulent, it is likely that
future progress in this field will require analysis of simulated data over more dimensions
than is currently achievable, although it may soon be within reach on the most powerful
supercomputers. AI may additionally find some use, in particular dimensionality reduction
through Principal Component Analysis (PCA) or similar methods, however any machine
learning techniques must be used with care given the difficulty in verifying results.

Software: Athena++ (Stone et al., 2020), numpy (Harris et al., 2020), pandas (McKinney,
2010), scipy (Virtanen et al., 2020), seaborn (Waskom, 2021), emcee (Foreman-Mackey
et al., 2013)
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Fig. 3.3 Instantaneous ⟨ε′
ϕ⟩-⟨Bϕ⟩ fit in the upper hemisphere (left) and the lower hemisphere

(right), calculated via azimuthal averaging (top) and Gaussian filter averaging (bottom), for
the b5 simulation at T = 2704 TISCO. Data (black dots) is taken from the final output of
the b5 simulation, while the black line shows the best linear fit to the data. The underlying
colour contours represent the point density, calculated via a kernel density estimator. The
scatter in ⟨ε′

ϕ⟩ decreases under Gaussian filter averaging, while the scatter in ⟨Bϕ⟩ increases.
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Fig. 3.4 Fitted αii and associated offset Ci values in r (top), θ (middle) and ϕ (bottom), for
the b200 simulation, upper (left) and lower (right) hemispheres, under azimuthal averaging.
Colour denotes time, with dark points corresponding to early times and light points to late
times. Contours encapsulate 95 per cent of the point density for the given time bin. In general,
the scatter in αii decreases with time.



3.4 Conclusion 105

Fig. 3.5 Fitted αii, Ci values for the b5 simulation with azimuthal averaging. Symbols as in
Figure 3.4.
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Fig. 3.6 Fitted αii, Ci values for the b200 simulation with Gaussian filter averaging. Symbols
as in Figure 3.4. Under Gaussian filter averaging, the hemisphere asymmetries in αii are
more apparent, with the exception of αθθ, which remains disordered.
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Fig. 3.7 Fitted αii, Ci values for the b5 simulation with Gaussian filter smoothing. Symbols
as in Figure 3.4.
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Fig. 3.8 (Top) Variation of ⟨αii⟩ (blue/light blue) and ⟨Ci⟩ (red/pink) with time for the
rr (left), θθ (middle), and ϕϕ (right) components in the upper hemisphere for the b200
simulation. Light colours correspond to measurements under azimuthal averaging, while
the dark-coloured lines correspond to the Gaussian filtering method. The data has been
smoothed with a Savitzky-Golay filter with window size 1/10th Tend to aid in visualisation.
A clear sign for ⟨αii⟩ is more readily observed under Gaussian filter averaging. (Bottom)
The variation in the standard deviation of ⟨αii⟩ and ⟨Ci⟩ with time. Under both averaging
methods, the variance in ⟨Ci⟩ decreases with time, with certain features coincident with the
appearance of the overdensity/lump shortly after ∼ 105 GM/c3. Under azimuthal averaging,
the variance of ⟨αii⟩ increases with time.
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Fig. 3.9 As in Figure 3.8, but for simulation b5. Again, the variance in ⟨Ci⟩ decreases with
time, while in the absence of b200’s overdensity/lump, the variance in ⟨αii⟩ is now relatively
consistent over the duration of the simulation.
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Chapter 4

3D RMHD simulations of
magnetically-linked relativistic jets

4.1 Introduction

Approximately 10–20 per cent of AGN are radio-loud (RL) and thought to play host to
bipolar relativistic jets. Within this population exists a group of powerful radio sources with
jets bent in a common direction away from the galaxy axis. Such sources are associated with
both dominant Brightest Cluster Galaxies (BCGs) and field galaxies in groups, and their bent
morphology is thought to relate to the bulk motion of the host galaxy through the intra-cluster
or intra-group environment, which provides a crosswind that bends the jets via ram pressure.
These bent or head-tail sources are classified as either Narrow Angle Tail (NAT) or Wide
Angle Tail (WAT) (for review of NATs, see e.g. O’Dea & Baum, 2023) depending on the
opening angle between the opposing jets, although the distinctions between them are murky
due to resolution and projection effects in observation.

One such bent source is that of ESO 137-006, a WAT. Recent MeerKAT observations at
1030MHz by Ramatsoku et al. (2020) (Figure 4.1) show a series of highly collimated threads
of synchrotron-emitting material; one filament (CS1) appears to pass through the external
medium to connect the two lobes, another (CS3) appears to connect the inner part of one
lobe with its outer part, and others still appear to extend from the lobe edges outwards into
the external medium where they terminate or otherwise become undetectable. The authors
suggest that these filaments may be magnetic in their nature and reflect either an interaction
between the jet and environment magnetic field or, in the case of CS3, reconnection of the
lobe field with the jet tail field. In either case, the filaments result from highly relativistic
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Fig. 4.1 Source ESO 137-006 imaged at 1030 MHz using MeerKAT. Filamentary structure
is observed around the lobes at a radio brightness of < 10 mJy. The beam size of the
observations is indicated by the circle in the lower left. A number of prominent filaments
or threads appear to connect the two lobes. Reproduced from Ramatsoku et al. (2020) with
permission.

synchrotron-emitting electrons that have escaped the main lobes and are flowing along (but
are otherwise confined by) magnetic field lines.

Whilst filaments are well-known within radio lobes, a new class of low-frequency radio
telescopes with increased sensitivity are now unearthing a collection of similar threads that
appear to link to and extend beyond radio lobes, for example, as in radio galaxy 3C40B
(Rudnick et al., 2022), BCG IC 711 (van Weeren et al., 2021), and radio galaxy IC 4296
(Condon et al., 2021), in addition to that of ESO 137-006 described above. As these filaments
extend into the ICM, they provide a unique opportunity to explore ICM gas properties and
magnetic fields and may act as a site for cosmic ray acceleration.
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Previous simulations have attempted to capture the dynamics of head-tail sources, with
jets that are both magnetised (e.g. Gan et al., 2017; Jones et al., 2017; Mendygral et al.,
2012; Nolting et al., 2022; Ohmura et al., 2023; O’Neill et al., 2019a,b) and non-magnetised
(e.g. Balsara & Norman, 1992; Loken et al., 1995; Morsony et al., 2013; Soker et al.,
1988), however most simulations do not include an initial ICM field. One exception is
Mendygral et al. (2012), whose ICM contains volume-averaged magnetic fields derived
from the smoothed particle hydrodynamics (SPH) cluster simulations of Dolag et al. (2009).
However, their derived magnetic field does not retain its filamentary structure—a feature that
is likely important in producing the observed magnetic filaments. No head-tail simulation
has yet included an ICM magnetic field generated self-consistently via MHD turbulence
forcing, meaning the interaction between jet magnetic field and, for example, filaments in the
ICM field is unexplored.

We carry out a series of (special) relativistic MHD (RMHD) simulations of light (density
contrast ρj/ρa = 10−3) jets with initially helical fields launched into a magnetised envi-
ronment generated via forced turbulence and subjected to a strong transverse crosswind
vw = 0.3–1cs to investigate the interaction between jet and ICM magnetic fields and the
production of collimated synchrotron threads (CSTs). The principal goal of this work is
to determine whether magnetic connections can be made between the magnetic field in the
radio lobes, and that in the ambient background medium. In essence, whether magnetic fields
breach the ‘contact discontinuity’ that delineates the jet-injected matter and ambient matter.
If so, the ‘particle escape’ hypothesis for the formation of the synchrotron filaments is viable.

In Section 4.2 we describe the numerical methods and simulation setup, including the
generation of the turbulent background (Section 4.2.3) and jet launching (Section 4.2.3), and
the main visualisation techniques employed (Section 4.2.5). We discuss the results of our
simulations in Section 4.3, and summarise in Section 4.4.

Throughout this work, we adopt the standard convention S ∝ ν−α for the spectral index
α. This is not to be confused with the αvisc of accretion disk theory (Chapter 2) or the αij’s
of dynamo theory (Chapter 3).
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Unit Value
ρ0 mp ≈ 1.673 × 10−27 [g/cm3]
L0 1 kpc ≈ 3.086 × 1021 [cm]
v0 c ≈ 2.998 × 1010 [cm/s]
t†
0 1.029 × 1011 [sec]

p†
0 1.503 × 10−6 [dyne/cm2]

B†
0 4.346 × 10−3 [Gauss]

Table 4.1 Code units for the jet simulation. † Value is derived from other units.

4.2 Numerical model

4.2.1 Foundational equations

Simulations are run using the astrophysical fluid dynamics code PLUTO v4.4-patch21

(Mignone et al., 2007) with an additional turbulence module (FORCED_TURB, see Sec-
tion 4.2.3 for details) on a regular Cartesian grid with axes (x, y, z). Our setup utilises
2nd-order Runge Kutta (RK2) time-stepping and a Harten–Lax–van Leer contact (HLLC)
Riemann solver with linear reconstruction using the van Leer harmonic mean limiter. For
this combination of reconstruction and time-stepping, the CFL number is stable up to
≲ 1/Ndim ≈ 0.3. As the stability of the simulation can vary in time, we vary the CFL
number from 0.05 to 0.3 depending on need. To further improve the robustness of the code,
we enable the multi-dimensional SHOCK_FLATTENING feature, which reverts the limiter
from van Leer to the more diffusive MINMOD in the presence of strong shocks. The code is
parallelised using the message passing interface (MPI) library over 228 Cascade Lake cores
on the Cambridge Service for Data Driven Discovery (CSD3) system.

For our given setup, PLUTO solves the ideal relativistic MHD (RMHD) equations. In
what follows, ρ, p, and E are the density, thermal pressure, and energy density, respectively.
Vectors m, v, and B represent the momentum density, velocity, and magnetic field. As
we are working within the relativistic regime, we must also define the Lorentz factor Γ =
(1 − v2/c2)−1/2 and laboratory frame density D = Γρ. For simplicity, all velocities are
normalised to the speed of light c. The complete list of code units (defined and derived) is
given in Table 4.1. Unless otherwise specified, all values are shown in code units.

1http://plutocode.ph.unito.it
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PLUTO solves the following system of conservation laws on conservative variables
U = (D, m, B, E) (Mignone et al., 2007),

∂

∂t


D

m

B

E

+ ∇ ·


Dv

wtΓ2vv − bb + Ipt

vB − Bv

m



T

=


0
fg

0
v · fg

 , (4.1)

with wt = ρh + b2
m for a specific enthalpy h ≡ h(P, ρ) that is dependent on the equation of

state (EOS) and b2
m = |B|2/Γ2 + (v · B)2, and additionally where b = B/Γ + Γ(v · B)v,

I is the identity matrix, pt = p + b2
m/2 is the total pressure, and fg = ρΓ2 [Γ2v(v · a) + a]

is the acceleration term associated with acceleration vector a. a represents the acceleration
of the frame of reference, which, in the non-relativistic limit, reduces to a = −∇Φ + g.

In this work, it will often be simpler to reference instead the primitive variables V =
(ρ, v, p, B), which can be calculated from conservative via (Mignone et al., 2007)

D = ρΓ, (4.2)

m = (ρhΓ2 + |B|2)v − (v · B)B, (4.3)

E = ρhΓ2 − p + |B|2

2 + |v|2|B|2 − (v · B)2

2 . (4.4)

We note that there is an asymmetry in the difficulty of converting between primitive and
conserved variables. For a given set of primitive variables, the conserved variables are trivially
calculated via Equations 4.2–4.4. To proceed in the other direction, from conserved variables
to primitive variables, requires these equations to be inverted and requires a numerical
solution. This is the principal reason why relativistic fluid dynamics is more computationally
expensive compared with Newtonian fluid dynamics.

As our simulation domain contains both non-relativistic ambient gas and highly relativistic
jet plasma, we use the Taub-Mathews (TM) EOS for a relativistic perfect gas, initialised with
a ratio of specific heats γ = 5/3. The PLUTO code employs a quadratic approximation to
the Synge gas (Synge, 1957) expression that gives γ → 5/3 in the limit of low temperature
plasma, and γ → 4/3 for high temperature (see Mignone & McKinney, 2007; Mignone et al.,
2005, for details), (

h − p

ρ

)(
h − 4p

ρ

)
= 1 (4.5)
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where the specific enthalpy h is related to the internal energy e and pressure p as

h = 1 + e + p

ρ
. (4.6)

The ∇ · B = 0 condition is maintained through Powell’s Eight Wave method (Powell,
1994; Powell et al., 1999), which introduces additional divergence source terms to the MHD
equations to destroy monopoles to truncation error.

4.2.2 Mesh and boundary construction

Our simulation domain is rectangular cuboid extended over x ∈ [−100, 200], y ∈ [−100, 100]
and z ∈ [−100, 100] with a uniform resolution of 0.39 code units per cell.

We employ periodic boundary conditions in the x direction and outflowing in the y- and
z directions. Utilising a periodic x allows us to extend the simulation time by sourcing new
turbulent ICM material from the outgoing end of the domain, however, the total simulation
runtime is still limited by growth in the x- and y-directions.

4.2.3 Initial conditions

Turbulent background

The ICM is composed of magnetised plasma and is subjected to strong perturbative events
in the form of AGN feedback and galaxy mergers. As such, the ICM is expected to be
turbulent, with the existence of such turbulence important for heating the ICM and offsetting
the cluster cooling problem (Zhuravleva et al. 2014, although see also Bambic et al. 2018b).
X-ray observations and measurements of the Sunyaev-Zeldovich (SZ) effect in the central
region of clusters show turbulent density and pressure fluctuations (Khatri & Gaspari, 2016;
Zhuravleva et al., 2014), however, the precise details of this turbulence are hard to pin
down, with current observational constraints subject to low spectral resolution, statistical
uncertainties and sampling variance (Cucchetti et al., 2019).

Faraday Rotation measurements of polarised sources lying behind galaxy clusters exhibit
a ‘patchiness’ on scales of 5–10 kpc and up to ∼50 kpc, suggesting tangled magnetic fields
with coherence lengths of the same order (Bonafede et al., 2010; Carilli & Taylor, 2002;
Murgia et al., 2004; Vogt & Enßlin, 2005). Further, large-scale RM trends in, for example,
Hydra A points to a large-scale ordered field component on the scale of ∼100 kpc (Carilli &
Taylor, 2002). Hence it is apparent that the ICM magnetic field must contain components at
both small (∼5 kpc) and large (∼100 kpc) scales.
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For simulations where an ICM field is necessary, for example in generating simulated RM
or polarisation maps, the ICM field is typically generated following the method of Tribble
(1991) and Murgia et al. (2004) (e.g. Hardcastle & Krause, 2014; Huarte-Espinosa et al.,
2011b; Jerrim et al., 2024; Rodman, P. E., 2018). In this method, the magnetic field vector
potential A is first generated in Fourier space as Ã(k), with amplitudes A drawn from a
Rayleigh distribution with scale parameter |Ak|2 ∝ k−ζ for some slope ζ , and phases θ drawn
from a random uniform distribution between 0 and 2π (Murgia et al., 2004)

P (A, θ)dAdθ = A

2π|Ak|2
exp

[(
− A2

2|Ak|2

)]
dAdθ. (4.7)

The magnetic field in the Fourier domain can then be retrieved as

B̃(k) = ik × Ã(k) (4.8)

and converted back to real space by the inverse Fast Fourier Transform (Press et al., 1992).
This method produces a divergence-free, multi-scale magnetic field whose components

follow a power-spectrum |Bk|2 ∝ k−ζ+2 = kn. For ζ = −11/3, a Kolmogorov-like
spectrum with index n = −5/3 is recovered. The strength of the individual components of
the magnetic field Bi follow a Gaussian distribution with ⟨Bi⟩ = 0 and σ2

Bi
= ⟨B2

i ⟩, while
the total magnitude B is Maxwellian with ⟨B⟩ = 2

√
2/πσBi

and σB =
√

(3π − 8)/πσBi

(Bonafede et al., 2010; Murgia et al., 2004).
The magnetic field generated by the Tribble (1991) method is Gaussian in each component

and so, in a statistical sense, appears to match well to RM and inverse-Compton (IC)
observations. As a result, this method of field generation has found much use in generating
simulated RM maps. However, it falls far short for the purposes of the study of dynamical
evolution in general and for any study of filamentary structures in particular. Real MHD
turbulence is, in reality, poorly described by a Gaussian random field as the latter lacks
intermittency and filament formation. In order to study the interaction between the jet
magnetic field and possible ICM filaments, we must go beyond the approach of Tribble
(1991) and others and instead turn to turbulence forcing.

Our jets are launched into a pre-evolved turbulent background that is separately generated
via PLUTO’s FORCED_TURB module2. The underlying mesh is identical to Section 4.2.1.
This portion of the study features only non-relativistic gas, relatively weak magnetic fields,
and only weak shocks; hence, we use less diffusive, more restrictive computational methods

2With thanks to Bhargav Vaidya and Kazim Hussain for sharing the module and providing support during
set-up.
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here. The background setup again utilises 2nd-order Runge Kutta (RK2) time-stepping,
this time with the Harten-Lax-van Leer discontinuities (HLLD) Riemann solver and linear
reconstruction and a constant CFL number 0.3. We use an ideal EOS and maintain the
∇ · B = 0 condition to machine precision with Constrained Transport (CT).

The initial density profile is uniform and defined as ρa = 1 in code units, with a unit
density of ρ0 = 1mp cm−3 where mp is the proton mass. The initial pressure is also uniform
and recovered from the ideal gas law pa = nakBTa/ρ0v

2
0 for a number density na = 1 cm−3,

Boltzmann constant kB, and gas temperature Ta = 108 K, and normalised to code units via
the unit density ρ0 and unit velocity v0 = c (Table 4.1).

The initial background magnetic field is purely vertical and is defined through the
magnetic vector potential A in cylindrical coordinates (R, θ, Z),

AR = 0 (4.9)

Aθ = 0.5RB0,a (4.10)

AZ = 0 (4.11)

where B0 is the initial maximum field strength set by the magnetic plasma beta, B0,a =√
2Pa/βa for an initial βa = 100. When defined in this way, the magnetic field is divergence-

free everywhere and, using Constrained Transport, is maintained divergence-free to machine
precision at all times.

This uniform setup then develops turbulence under forcing. In the FORCED_TURB
module, a time- and space-varying driving force F turb(x, t) is added as a source term to the
equations for momentum and energy, i.e.

∂m

∂t
+ ∇ ·

[
wtΓ2vv − bb + Ipt

]T
= ρF turb (4.12)

∂E

∂t
+ ∇ · [m]T = m · ρF turb. (4.13)

The forcing term is decomposed into Fourier components in order to control the spatial
dependence of the forcing. The magnitude of each component is then evolved according
to the Ornstein-Uhlenbeck (OU) process (Uhlenbeck & Ornstein, 1930), a well-defined
stochastic process featuring mean-reverting and stationary effects. The OU process is a
stochastic differential equation (SDE) of the form (Karatzas, 1988)

dX(t) = κ(θ − X(t))dt + σdW(t), (4.14)
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where κ > 0 is the rate at which the process reverts to its mean, θ is the long-term mean,
and σ > 0 is the volatility associated with the random fluctuations modelled by the Weiner
process W(t). In the FORCED_TURB module, the SDE describing the evolution of the force
F turb in Fourier space takes the form

dF turb(k, t) = F turb
0 Pζ(k)dW(t) − F turb(k, t)dt

T
. (4.15)

where Pζ(k) is the projection tensor, given in Fourier space as

Pζ
ij(k) = ζP⊥

ij (k) + (1 − ζ)P∥
ij(k) (4.16)

where P⊥
ij (k) = δij − kikj/k2 is the solenoidal projection operator and P∥

ij(k) = kikj/k2

is the compressive projection operator, with Kronecker delta function δij . Hence, the value
of the parameter 0 ≤ ζ ≤ 1 defines the nature of the forcing, from compressive (ζ = 0) to
solenoidal (ζ = 1).

The first term on the RHS of Equation (4.15) models diffusion of the magnitude of the
Fourier component of the forcing term via the random Weiner process W(t), while the second
term models the drift (decay) in the correlation of F turb with itself, with the autocorrelation
timescale given by T . This method of forcing models well the process of energy injection at
large scale, breaking up into small-scale turbulence (Federrath et al., 2010).

Within the FORCED_TURB module we enable amplitude adjustment with a desired
velocity of 0.001 (approximately 30 per cent of the initial sound speed in the ambient medium)
and a solenoidal weight ζ = 0.5 corresponding to a mix of solenoidal and compressive
turbulence. Solenoidal and compressive turbulent motions naturally generate each other over
time, and so a mix of solenoidal and compressive components would be expected in the ICM
even when turbulence is assumed to be subsonic (Porter et al., 2015), although the exact
weighting of solenoidal/compressive modes is not currently known for ICM turbulence. We
caution that the choice of ζ has a significant effect on the nature of filaments that are formed,
with more compressive forcing leading to more prominent filaments.

Turbulence is driven until the simulation reaches an approximate steady state, charac-
terised by a plateauing in both Emag and Ekin. Once this state is reached, we add a sideways
velocity vw = fcs,a = f

√
γpa/ρa where cs,a is the sound speed in the ambient medium,

defined by the adiabatic index γ = 5/3 and the ambient pressure pa and density ρa, and f is
some multiplying factor.

Brightest Cluster Galaxies (BCGs)—common hosts for WAT jets—have been found with
relative velocities on the order of 20 to 40 per cent the ICM sound speed (∼ 200–400 km s−1



120 3D RMHD simulations of magnetically-linked relativistic jets

O’Dea & Baum, 2023). However, they are also commonly associated with merging clusters,
for which simulations suggest transonic wind velocities of up to ∼ 1000–2000 km s−1

(Roettiger et al., 1993, 1998).
In determining the ideal vw setting, we must also consider the pre-existing turbulent

motions. Our turbulence is forced with a desired RMS velocity of 30 per cent of cs,a and
results in regions with velocities up to 50 per cent of the local sound speed. We therefore
set vw = 0.3cs for simulation v0.24. As the speed of jet v0.94 is much more significant,
transonic relative motions are too slow to have any noticeable effect while supersonic
relative motions could introduce unrealistic effects. Instead, we opt in simulation v0.94
to artificially increase the ambient pressure by some factor k such that the resulting sound
speed is cs,a =

√
kγpa/ρa. In this way, we can achieve a significantly higher relative motion

while still keeping the motion transonic. The crosswind fraction f and pressure enhancement
factor k are given Table 4.3 for each of the jet simulations.

This is the final state then used as the initial background for the jet launching.
Final snapshots of the turbulent background (prior to the addition of the crosswind)

are shown in Figure 4.2 for variables ρ, |v|/cs, |B|, and the magnetic plasma β. The
resulting flow is clearly turbulent with large-scale filamentary structures caused by the mixed
solenoidal/compressive forcing. The density remains in the neighbourhood of its initial value
(unity) over most of the domain, with regions of lower density corresponding to higher |B|
and to lower β.

The evolution of the kinetic and magnetic energies, along with the volume-averaged
magnetic plasma β is shown in Figure 4.3. The simulation displays a plateauing of Emag,
Ekin, and β for t > 2.5 × 105. The magnetic field strength increases as a result of dynamo
action in the turbulent fluid, with the plasma β decreasing from its initial value of 100 to
∼25. The power spectrum of the kinetic and magnetic energy is shown in Figure 4.4. We
find an inertial range slope that is similar to that of Kolmogorov turbulence (k−5/3). Slight
deviations from the Kolmogorov spectrum are not unexpected, as the theory of Kolmogorov
(1941) assumes turbulence is isotropic, homogeneous, and hydrodynamic, all of which will
be violated for MHD turbulence.

We also show the distribution of one component of the magnetic field (By) in Figure 4.4.
At first glance, the distribution appears Gaussian, with a mean and standard deviation
consistent with expectations for a Gaussian distribution, namely,

⟨Bi⟩ = 0, (4.17)

σ2
Bi

= ⟨B2
i ⟩. (4.18)
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Fig. 4.2 Final snapshots of one realisation of the turbulent background: (top left) The gas
density ρ, (top right) the velocity magnitude |v| in units of the local sound speed cs, (bottom
left) the magnetic field strength |B|, and (bottom right) the magnetic plasma β. The turbulent
fluid features both small and large scale structure.

However, we can observe non-Gaussianity in the distribution if we look at higher-order
moments, in particular, the skewness S and kurtosis K of the variable (Federrath et al., 2010),

SBi
= ⟨(Bi − ⟨Bi⟩)3⟩

σ3
Bi

, (4.19)

KBi
= ⟨(Bi − ⟨Bi⟩)4⟩

σ4
Bi

. (4.20)

For a Gaussian distribution, we would expect a skewness S = 0 and kurtosis K = 3,
instead we find SBy = −0.11 and KBy = 3.56. Such deviations are considered a sign of
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Fig. 4.3 Evolution of the turbulent background simulation in time. (Left) The evolution of
magnetic energy Emag and kinetic energy Ekin as a function of simulation time. (Right) The
evolution of the volume-averaged magnetic plasma β, ⟨β⟩, as a function of simulation time.

Fig. 4.4 (Left) The power spectrum P (k) as a function of wavenumber k, for the kinetic
energy EK (red) and magnetic energy EM (blue). The dashed line indicates the Kolmogorov
slope k−5/3. (Right) The distribution of By values, with the mean (solid black line) and
standard deviation (dashed black lines) indicated. At first glance, the distribution appears
Gaussian, but it features significant degrees of skewness and kurtosis.

intermittency (Federrath et al., 2010), which in the context of fluid turbulence generally
refers to the tendency of a probability distribution to develop long tails with increasingly
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extreme events for higher Reynolds numbers. Amplification of the turbulent field occurs
primarily through stretching via solenoidal motions, which occurs most effectively if the
scale of solenoidal motions ls is much smaller than that of the largest turbulent eddies Ld, i.e.
the hydrodynamical turbulent Reynolds number ReH ∼ Ld/ls is large (Porter et al., 2015).
The hot ICM is thought to have ReH ≫ 100 (Porter et al., 2015), and so deviations away
from perfect Gaussianity are expected.

Jet launching

The jet is launched via a cylindrical internal boundary zone centred on (0,0,0), with length
lj = 3 units above and below the origin and radius rj = 3 units. Within this region, we set
the primitive hydrodynamic variables in code units as

ρj = 0.001 (4.21)

vj,x = vj,y =

0.001, if |z| = lj

0, otherwise
(4.22)

vj,z = (sign z)
√

1 − 1
Γ2 (4.23)

pj = pa. (4.24)

The small outward velocity of vx,j and vy,j is added at the injection zone caps to prevent the
jet from forming a ‘pencil beam’ shape and to allow for physical recollimation of the jet.

In addition, we include a fluid tracer Tr which takes the value of 1 within the jet injection
region and zero elsewhere. The tracer takes the form of a passive scalar that is advected
according to (in conservative form)

∂(ρTr)
∂t

+ ∇ · (ρTrv) = 0. (4.25)

The magnetic field of the jet is initially defined in cylindrical coordinates (R, θ, Z)
through the magnetic vector potential A following the ‘force-balance setup’ of Gaibler
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Fig. 4.5 Profile of the added jet magnetic field in the poloidal (blue line) and toroidal (orange
line) components, for y = 0 and z = 0. Values are normalised to the maximum strength in
the respective component.

(2008)

AR =

bt

(
R
rj

)
Z, if R ≤ rj

bt

(
2 − R

rj

)
Z, otherwise

(4.26)

Aθ = 1
2bpR

1
1 + σ3 (4.27)

AZ = 0 (4.28)

where σ =
√

(R/a)2 + (Z/a)2, a = 3rj/2 is a magnetisation radius, and bp (bt) is the
maximum magnetic field value in the poloidal (toroidal) direction, determined as a fraction η

(1 − η) of the total field strength Bmag =
√

2pj/βj for jet plasma beta βj = 10.
This field is then converted to Cartesian coordinates through

Ax = (AR cos(θ) − Aθ sin(θ)) (4.29)

Ay = (AR sin(θ) + Aθ cos(θ)) (4.30)

Az = AZ (4.31)

and the subsequent B = ∇ × A (Figure 4.5) is set within the nozzle region and added to the
background everywhere. When defined this way, the field is continuous and divergence-free.
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Parameter Value
[code units]

ρa 1
pa 9.184 × 10−6

βa 100
ρj 0.01 → 0.001
lj 3
rj 3
βj 10

Table 4.2 Initial parameter values for the jet and turbulent background.

As we launch our jets from an internal boundary zone, the above fluid and magnetic
variables are fixed within the injection region, while the rest of the simulation domain evolves
as normal.

With this jet launching system, we perform two main simulations:
1. A highly relativistic jet (vj = 0.94c) launched into an elevated pressure background

and with a resulting crosswind speed vw = cs,a, and

2. A mildly relativistic jet (vj = 0.24c) launched into an unenhanced pressure background
with a crosswind speed vw = 0.3cs,a.

These simulations are termed v0.94 and v0.24 respectively. The parameters which
uniquely define these simulations are given in Table 4.3. We additionally repeat v0.24
without any crosswind (v0.24w0) and with a second turbulent background initialisation
(v0.24r2) for comparison.

The one-sided kinetic RMHD jet power Qj can be calculated in SI units as (English et al.,
2016; Stimpson et al., 2023; Yates-Jones et al., 2021)

Qj = πr2
j vj

[
Γ(Γ − 1)ρjc

2 + γ

γ − 1Γ2pj + Γ2 B2
mag

1µ0

]
(4.32)

where µ0 is the permittivity of free space and the rest take values derived in Tables 4.3 and
4.2, converted from code units using the conversion factors of Table 4.1. This calculation
yields one-sided kinetic jet powers of Qj = 7.105 × 1039 W for simulation v0.94 and
Qj = 1.680 × 1037 W for simulation v0.24. As such, we expect simulation v0.94 to
produce a high-powered FR-II type source, while simulation v0.24 will form a low-power
FR-I.
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Simulation ID Γj cs,j Mint,j Mext,j k f Γa cs,a Mw

v0.94 3 0.11 24.75 69.99 100 1 1 0.04 1
v0.24 1.03 0.12 1.98 62.71 1 0.3 1 0.004 0.3

Table 4.3 Initial parameter values for the v0.94 and v0.24 jet simulations, from left: the
simulation name, jet Lorentz factor Γj , sound speed in jet cs,j , internal jet Mach number
Mint,j , external jet Mach number Mext,j , pressure enhancement factor k, crosswind sound
speed fraction f , ambient Lorentz factor Γa, ambient sound speed cs,a, and wind Mach
number Mw.

4.2.4 Jet termination

It may be interesting to track the evolution of lobes with the source turned off. Additionally,
if the jet is highly relativistic, it may reach the end of the simulation domain before any
significant bending occurs—to prevent this, we may need to terminate the jets.

A relativistic jet produces a significant bow shock as it expands into the ambient medium.
As our jets are initially pressure-matched to the ambient background, they are under-pressured
compared to the surrounding shocked medium. Hence, the injection region will implode if
the jet velocity drops to zero too quickly. Implosions in such a delicate simulation lead to
runaway numerical instabilities and eventual crashes, which must be avoided.

To account for this risk, we terminate our v0.94 jet by linearly decreasing vj,z to zero
over a period of 25 simulation time units. Once vj,z = 0, the injection region is allowed to
evolve with the rest of the simulation domain.

4.2.5 Visualisation

The main analysis of our simulation data will be performed on the basic physical variables
(ρ, p, v, and B). In addition, our jets are injected with a jet tracer fluid with value Tr = 1
within the injection region and zero elsewhere, which can be used to trace the evolution of
jet-injected material.

In real astrophysical jets, synchrotron emission is generated by electrons orbiting about
magnetic field lines. As it would be computationally prohibitive to simulate the movement of
many trillions of electrons, we must instead look to other ways to approximate the emission
profile of our jets. Although we do not have direct particle information, we can access
information about the magnetic field and the jet tracer. With this in mind, we simulate
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emissivity through the Stokes parameters (Hardcastle & Krause, 2014),

jI = p(B2
x + B2

z )0.5(α−1)(B2
x + B2

z ) (4.33)

jQ = µp(B2
x + B2

z )0.5(α−1)(B2
x − B2

z ) (4.34)

jU = µp(B2
x + B2

z )0.5(α−1)(2BxBz) (4.35)

for pressure p, spectral index α, and maximum fractional polarisation µ = (α+1)/(α+5/3).
As in Hardcastle & Krause (2014), we take α = 0.5 for µ = 0.69.

We take all cells with a tracer value Tr > 10−3, multiply them by the calculated Stokes
values, and integrate them through the viewing direction (here, the y-axis), producing a 2D
image at the spatial resolution of the simulation.

We may additionally ‘observe’ our sources using the Rotation Measure, calculated as in
Equation (1.82), and for code units as,

RM =
ˆ

nB · dl, (4.36)

for number density n and magnetic field B projected along the line of sight l.
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Fig. 4.6 A midplane slice of simulation v0.24w0 at time t = 9, 200 with components
annotated. The left half of the image shows the tracer fluid Tr, the right half the pressure p.

4.3 Results

In our analysis of the data, it will be helpful to define a set of terms which describe different
regions within both the wider simulation domain and the source itself. In the literature, the
following terms often have slightly different definitions, and some may be used interchange-
ably. We define the jet as material of high velocity/Lorentz factor, generally with associated
tracer value Tr ∼ 1 that originates from the jet injection nozzle. This jet material slows as
it impacts on the ambient medium, backflowing to fill the lobe, which we typically define
as the region with tracer Tr > 10−3. The expanding jet also produces a shockwave in the
ambient medium which expands with the jet—we term this the (shocked) cocoon, and define
its outer boundary by a pressure gradient exceeding three standard deviations. An annotated
example is shown in Figure 4.6.
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4.3.1 Jet dynamics and evolution

We show the time evolution of the four simulations through midplane slices in density in
Figure 4.7. We also show various flow variables for each simulation at approximately equal
jet length (∼ 30) in Figure 4.8.

As the jets impact onto and move through the ambient medium, they inflate a lobe of
low-density material enveloped by a cocoon of shocked ambient medium. The lobe backfills
towards the jet source, and as this material is compressed in the direction of the wind, it
extends the lobe and cocoon to the right. The relative movement of the low-density jet fluid
against the ambient fluid leads to the development of Kelvin-Helmholtz (KH) instabilities.
Characteristic KH vortices are most clearly seen in the first image of simulation v0.24 in
Figure 4.7, to the immediate left of the jet injection region. The presence of the KH instability
along the boundary of the jet fluid seeds complex, turbulent structures inside the lobe, which
can be seen most clearly at late times.

The difference in speed between the two main simulations leads to different apparent
jet morphology, with v0.94 taking on the early structure of a Fanaroff-Riley (FR) type II
source, and v0.24 (and its variants) taking on the structure of an FR type I source. However,
we caution that without a simulated particle emission model, we cannot identify the location
of the brightest point within each jet, and so a formal calculation of the Fanaroff-Riley
morphological class is not possible.

We see that v0.24 and v0.24r2 are significantly affected by the crosswind, with ap-
parent jet bending from t ∼ 5000 onwards. For this simulation, we have an internal jet Mach
number Mint,j = 1.98 and crosswind velocity vx,w = 0.3cs,a, which, per Equation (1.79),
should yield an approximate bending length of lb ∼ 130. However, we instead observe a
bending length on the order of lb ∼ 75–100. This disparity is because our turbulent back-
ground already features motion in the form of turbulent eddies driven at a velocity ∼ 0.3cs,a.
This pre-existing velocity field combined with the added crosswind gives an actual crosswind
velocity that is transonic (∼ cs,a), similar to the work of Balsara & Norman (1992). The
crosswind velocity is effectively halved inside the shocked cocoon of v0.24 and reduced by
a factor of ∼ 5 in that of v0.94, hence leading to estimated bending lengths of lb ∼ 75 for
simulation v0.24 and lb ∼ 45, 000 for simulation v0.94. We cannot verify the estimate
for v0.94 in the given domain; however, the updated estimate for v0.24 matches the
observations. As the v0.94 jet cannot bend over the range studied, it is terminated at
t = 200 and the remnant lobe is allowed to evolve passively, being swept back by the wind.

Figure 4.9 shows the jet length as a function of time. To determine the jet length, we
locate the centroid of the jet spine (identified as cells with Lorentz factor Γ > 0.95Γj,init) for
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Fig. 4.7 Time evolution of the jet density for, from top to bottom, v0.94, v0.24, v0.24r2,
and v0.24w0. Midplane slices in density are taken for the times indicated on each plot.
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Fig. 4.8 Midplane slices of selected jet variables at the simulation end for, from top to bottom,
v0.94, v0.24, v0.24r2, and v0.24w0. Quantities plotted, from left to right: density,
pressure, jet (z) velocity, and magnetic field strength. Note: the pressure in v0.94 has been
rescaled to 1/100th to match that of v0.24.
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Fig. 4.9 Jet length over time for v0.94 (orange), v0.24 (blue), v0.24r2 (purple), and
v0.24w0 (red). Values are shown for the upper jet (dashed lines), the lower jet (dotted
lines), and the average of the two (thick solid lines). The time (horizontal) axis has been
twinned to better show each simulation, with the lower axis corresponding to v0.24 and its
variants and the top axis corresponding to v0.94.

a given height z, and then sum the distances between centroids for each jet. This method can
tolerate a slight deviation or bend in the jet but still requires the jet axis to be close to vertical.

Simulations v0.24/v0.24r2 grow linearly and track the evolution of v0.24w0 until
t ∼ 5000, when bending from the crosswind becomes apparent. Hence, values for t >

5000 for v0.24/v0.24r2 in effect measure the bending length, not the total jet length.
Simulation v0.94 also grows linearly with time, albeit more rapidly (note the different time
axes). As no jet bending is observed over the time and spatial domain covered here, there is
no deviation from linear.

Simulations v0.24 and v0.24r2 display a characteristic ‘flapping’ near the jet ends,
an effect seen most clearly in the jet tracer (Figure 4.10). This unstable behaviour continues
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Fig. 4.10 Tracer fluid values for simulation v0.24 from t = 9, 000–9, 500. The jet ends
(upper jet shown here) display a chaotic ‘flapping’ behaviour, carving out bulbous lobes and
sometimes becoming disconnected from the inflating lobe.

throughout each simulation and seeds further turbulent structures in the lobes. Similar
movement has been previously seen in head-tail source simulations by O’Neill et al. (2019a)
and Nolting et al. (2022), and may be the process by which a proto-FR-II is disrupted to form
a plume-like FR-I. The jets of simulation v0.24w0 also show some wandering (Figure 4.11).
This behaviour is likely a feature of FR-I-type jets, as their much lower power and velocity
make them more susceptible to destabilising effects like that from KH instabilities and
regions of turbulent motion in the nearby ICM.

4.3.2 Magnetic field interaction

The evolution of the magnetic field strength over time for each simulation is shown in
Figure 4.12. As the jets expand, they compress the ambient magnetic field against the lobe
edge, leading to a ‘sheath’ of increased field strength enveloping the source. For simulations
v0.94, v0.24, and v0.24w0, the initial turbulent background features a region of stronger
magnetic field which hooks over the top of the upper jet and connects into the upper lobe.
This connection is stable and persists over the lifetime of each simulation, providing a
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Fig. 4.11 As in Figure 4.10, but for the upper jet of simulation v0.24w0 between t = 9, 800
and 10, 300.

possible location for electron escape and (theoretical) filament formation. A similar feature is
not visible in the background of v0.24r2, which has a different initial turbulent background
realisation.

3D streamlines are shown in Figure 4.13 for v0.24 at t = 11, 300. For any charged
particle looking to escape from the jet extremity along a potential fieldline, the most influential
magnetic field is within the lobes. Hence, we plot a series of streamlines with starting points
selected to land within each lobe (five per lobe) near the active end of the jet. We see an
internal lobe field which is tanged and turbulent due to the disruption events caused by jet
‘flapping’, with the upper jet having been almost completely severed at x ∼ 30 from one
such event. A significant fraction of the streamlines successfully escape the lobes, with
many extending back past the jet injection region. When looking side-on, we see several
streamlines that may connect the opposing lobes; however, when viewed from behind, this is
instead revealed to be a projection effect, with the streamlines separated from the opposing
lobe by a distance of ∼20–50. A smaller number of streamlines extend a short distance
into the space separating the jets before turning back—the intervening lobe material has
been made turbulent by early KH instabilities along the jet edge, along with the frequent
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discontinuities in the jet flows due to ‘flapping’, hence, there is no organised, large-scale
field connecting the jet extremities in this region.

Filaments between the jet lobes and ambient medium will not be possible unless there is
some degree of magnetic reconnection between the lobe and the shocked cocoon (i.e. the
interface between the jet and ambient magnetic fields). In Figure 4.14 we plot regions of high
magnetic current density J = |∇×B| for simulation v0.24 at t = 11, 300, focussed on the
extremity of the upper jet. We see elevated currents immediately adjacent to the jet (negative
y), where many streamlines in Figure 4.13 exit the lobe. The elevated J values and the
presence of escaping streamlines in this region strongly suggest that magnetic reconnection
has occurred between the lobe magnetic field and that of the shocked ICM.

4.3.3 Synthetic observational signatures

If we assume filaments like those in source ESO 137-006 have a magnetic origin, then it
is worthwhile to study our magnetic fields using the tools available to observers, namely
polarisation and the Rotation Measure.

Polarisation

The Stokes parameters are shown for the final output of each simulation in Figure 4.15, as
calculated in Section 4.2.5. These parameters correspond to the total polarised intensity
(I), linearly polarised light at 90 degrees (Q) and 45 degrees (U), and total linear polarised
intensity (P =

√
Q2 + U2), and have been weighted according to the jet tracer Tr.

The linear polarisations Q and U are patchy and irregular within the lobes, reflecting the
turbulent magnetic field they contain. In the case of v0.24 and v0.24r2, the jet spine is
visible, being bounded by lines of high linear polarisation caused by the increased toroidal
field strength along the jet edge (Figure 4.5). The change in sign of U above and below
the jet injection zone reflects the change in sign of Bx that arises from the initial magnetic
conditions (Equation 4.26). By contrast, the spine is not visible in the unbent v0.24w0—in
the absence of a strong crosswind, the source expands equally in both the x and y directions,
and so the jet spine is hidden behind a larger path length of turbulent lobe material which
obscures it.

Rotation Measure

Simulated rotation measure maps are shown in Figure 4.16 for all simulations. We show
the separate contributions to the RM from the unshocked external medium and the shocked
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cocoon (the Faraday screen), as well as their combination. Simulations with a shared turbulent
ICM (v0.94, v0.24, and v0.24w0) show similar external RM maps, the only significant
difference arising from the shape of the backlighting source (the jet lobes). The screen RMs
are also similar, showing the same tendency for high positive RM on the upper left and low
negative RM on the lower left.

We find approximately equal contributions to the RM from the external medium and the
Faraday screen. However, as the simulation domain size limits the line-of-sight extent, the
path length through the external medium grows shorter as the simulation progresses and the
lobes grow.

The RM screen components feature enhancements along the source edge which develop
as the expanding jet lobe compresses the ICM magnetic field, in the process reordering it
to lie preferentially along the cocoon surface. Along the edges of the observed source, this
realigned magnetic field lies closer to the line of sight and so contributes to RM enhancement
(Jerrim et al., 2024).

Real observations of radio sources have a limited resolution set by the telescope or array
known as the ‘beam size’. To investigate how our sources may appear to telescopes of
different resolution, we additionally blur our raw data using a Gaussian filter with σ scaled
to match a 10” and 30” beam observing a source of ESO 137-006’s size and distance. The
results are shown in Figure 4.17. While the effective 10” beam (σ ∼ 3–4) can still resolve
some details imprinted by the turbulence, including feathering and edge enhancements, all
such details are lost at 30” (σ ∼ 9–13).

We also calculate the Rotation Measure Structure Function (RMSF) (e.g. Jerrim et al.,
2024; Laing et al., 2008; Leahy, 1987; Simonetti et al., 1984),

S(r) = ⟨[RM(r + r′) − RM(r′)]2⟩, (4.37)

where r and r′ are radial vectors in the xz-plane originating at (0, 0) and ⟨⟩ indicates an
average over all r′. In effect, we compute the difference in RM value between every pair of
points [RM(r + r′) − RM(r′)] within the jet region shown in Figure 4.16, along with the
distance between those points r. Distances are then binned, and the average RM difference
for a given distance is plotted as S(r).

Observationally, RM values are typically only known at a low resolution and for certain
parts of the radio lobe. In our simulations, however, we have many unique points of RM data,
even in projection, which would make the calculation computationally tedious. To expedite
the process, we randomly select a subsample of 5000 points within the 2D source outline and
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calculate the structure function for these points only. Distances are binned within 0.1 spatial
units, and the result of this calculation is shown in Figure 4.18.

The RMSF is broadly similar across simulations for correlation lengths r < 60, and
are qualitatively similar to those seen in other simulations (e.g. Jerrim et al., 2024) and in
observation (e.g. Laing et al., 2008). Beyond r = 60, the simulations diverge in part due to
the different run times and corresponding jet lengths.
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Fig. 4.12 Time evolution of the simulation magnetic field strength for, from top to bottom,
v0.94, v0.24, v0.24r2, and v0.24w0. Midplane slices in |B| are taken for the times
indicated on each plot.
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Fig. 4.13 3D magnetic field streamlines for simulation v0.24 at time t = 11, 300, viewed
from the side (top), and from behind (bottom). Volume rendering corresponds to the fluid
tracer with a cutoff below 0.3. A total of ten streamlines have been chosen, five with starting
points in the upper lobe and five in the lower. They are coloured by magnitude with darker
colours indicating a stronger field.
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Fig. 4.14 3D voxels showing regions of elevated magnetic current density (blue) around the
v0.24 upper jet at time t = 11, 300. Areas of high magnetic current density are defined as
regions with |∇ × B| more than half the maximum value. The jet (shown in yellow and
orange) is defined as regions with jet tracer > 0.5 (yellow) and > 0.7 (orange).
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Fig. 4.15 Stokes parameters corresponding to, from left to right, the total polarised intensity
I, linear polarisation at 90 degrees Q, linear polarisation at 45 degrees U, and total linear
polarisation intensity P for simulations, from top to bottom, v0.94 at t = 820, v0.24 at
t = 13, 300, v0.24r2 at t = 13, 100, and v0.24w0 at t = 10, 300. A distinct asymmetry
is visible for v0.24 and v0.24r2 in U, reflecting the change in sign of Br with z. The
same signal is not visible in v0.24w0 due to the obscuration of the jet by the cocoon, nor in
v0.94 as its jet was terminated at t = 200.
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Fig. 4.16 Simulated Rotation Measure (RM) maps for (from top to bottom) v0.94 at t = 820,
v0.24 at t = 13, 300, v0.24r2 at t = 13, 100, and v0.24w0 at t = 10, 300. Maps are
split into separate contributions from the external medium (left) and the Faraday screen
immediately surrounding the jet (middle) and added to give the combined RM signal (right).
The background field realisation has a significant effect on the combined RM signal despite
the amplification of the field within the Faraday screen.
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Fig. 4.17 The effect of beam size on simulated combined rotation measure (right-most column
of Figure 4.16), for (from top to bottom) v0.24 at t = 13, 300, v0.24r2 at t = 13, 100,
and v0.24w0 at t = 10, 300. Columns show the raw simulated data (left), convolution with
an effective 10” beam (middle), and convolution with an effective 30” beam (right). As the
beam size is increased, fine details are lost and edge enhancements become less obvious or
disappear altogether. The effective beam size is shown in the lower left of each plot.
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Fig. 4.18 The Rotation Measure Structure Function S(r) for simulations v0.94 at t = 820
(orange), v0.24 at t = 13, 300 (blue), v0.24r2 at t = 13, 100 (purple), and v0.24w0 at
t = 10, 300 (red).
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4.4 Discussion and conclusion

We have presented results from a suite of light (density contrast ρj/ρa = 10−3), fast (vj =
[0.94, 0.24]), 3D RMHD simulated jets launched into pre-evolved turbulent backgrounds and
subjected to transonic crosswinds.

To aid in our study of filament formation and potential particle escape along field lines, we
use pre-evolved turbulent backgrounds generated using PLUTO’s FORCED_TURB module.
Turbulence is driven to a desired RMS velocity of ∼ 0.3cs and contains a mixture of
solenoidal and compressive modes which form filamentary structures. At first glance, the
distribution of magnetic field components Bi in our turbulent medium appears consistent
with that generated by the Gaussian random field method; however, a more careful analysis
reveals how realistic turbulence deviates from Gaussian, with filaments contributing to more
extreme statistics and causing fatter distribution tails that are visible in the skewness S and
kurtosis K.

We find that our slower jets v0.24 and v0.24r2 bend to the degree predicted by
theory (Jones et al., 2017; O’Neill et al., 2019a), and produce an FR-I WAT morphology,
while v0.94 produces an unbent FR-II. In the absence of a crosswind (v0.24w0), the
source morphology is more ambiguous, supporting the idea that the WAT FR-I morphology
is partly attributed to the presence of the wind and that jet morphology, in general, is affected
by environmental factors. The ends of the slower jets are unstable and exhibit a periodic
‘flapping’ behaviour which carves out large terminating lobes, seeds further turbulent structure
between the jets and, at times, causes the jet spine to become disconnected from the end of
the lobe.

Magnetic reconnection occurs along the edge of the jet lobe and shocked ICM. This
reconnection allows the formation of magnetic streamlines, which, when viewed in projection,
appear to link the opposing jet lobes. However, viewing from other angles makes it clear
that these filaments are displaced away from the lobes along the line of sight. The location
of filaments is likely to change with time as the expanding jet/lobe intersects with different
ambient field features and is different for different initial background magnetic fields. In
v0.24, filaments emerge preferentially from the upper jet/lobe area, while in v0.24r2 the
preference moves to the lower jet/lobe area.

We also produce simulated observational signatures through polarization and Rotation
Measure maps. Polarisation maps show turbulent structure within the lobes, with the back-
swept v0.24 and v0.24r2 having clear jet spines on imaging, with strong Stokes Q and
U (linear polarisation at 90 and 45 degrees, respectively) along the jet spine walls. This
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signature is less apparent in the unbent v0.24w0, and so is likely due to the crosswind
stripping the jet spine of the surrounding turbulent lobe material, leading to a near-direct
observation of the intrinsic jet magnetic field. Hence, polarisation measurements of the inner
jets of WAT and NAT sources may provide the most direct path to probe the jet magnetic
field. Our simulation Rotation Measures indicate an approximately equal contribution to
RM from the external medium and the screen (cocoon), although the domain size limits this
conclusion. We reproduce the common finding of RM enhancement along the source edges
caused by the compression and realignment of the ICM field within the cocoon.

In the absence of fully simulated particle emission, we cannot strictly verify the mor-
phology of our sources nor directly observe filament formation, as the charged electrons
necessary for this process are missing. We can, however, say with high confidence that
magnetic streamlines can form between jet lobes and the surrounding turbulent ICM, with
the exact location of these streamlines dependent on the structure of the ICM magnetic field
and, in particular, the presence of large-scale ICM field structure in the form of filaments.
Further, if the process of mass-loading magnetic streamlines is not too onerous, our results
suggest that radio lobes should be host to many more radio filaments than are currently
detected, although it may be that most are below current detection limits. Our results high-
light the critical importance of using realistic ICM fields in studying jet-ICM interactions
and the need for a greater understanding of the nature of ICM turbulence. The appropriate
solenoidal weighting ζ of turbulence forcing is of particular interest, as this plays a large role
in determining the strength and number of filaments in a turbulent fluid.

Software: PLUTO (Mignone et al., 2007), NumPy (Harris et al., 2020), pandas (McKin-
ney, 2010), SciPy (Virtanen et al., 2020), VisIt (Childs et al., 2012)
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Chapter 5

Conclusion and Outlook

5.1 Conclusion

In this thesis we have investigated the role of magnetic fields in the simulation of two parts
of the Active Galactic Nucleus system—the accretion disk and the jet—finding that subtle
changes in our initialisation or conceptualisation of the field leads to vastly different physical
outcomes. As such, this work not only seeks to unveil the physical behaviour of real-world
systems but also attempts to understand how the art of simulation itself imprints on the
physics being simulated.

In Chapter 2, we sought to understand how simulated accretion disk evolution might
be impacted by the initialisation of a purely toroidal field rather than one containing some
poloidal component. We presented the results of four simulations, one with an initial
magnetic field strength in line with current norms (magnetic plasma β = 5; b5), another with
a much weaker initial magnetic field strength (β = 200; b200), and two higher-resolution
counterparts. In the abstract of this thesis, I posed the question: Can a simulated accretion
disk self-generate the strong, large-scale poloidal field needed to launch relativistic jets? Our
results provide a tentative ‘yes’, but it’s a qualified one, and, as is usual when dealing with
magnetic fields, the situation is complicated. While poloidal fields are undoubtedly generated
and the field near the BH event horizon is well-ordered and strong in the b5 simulation, the
case is less strong for the b200 simulation, whose field growth stalls. Indeed, contrary to
popular thought (and, perhaps, hope) the b200 simulation never converges to match the
stronger b5, despite being run for 4 × 105 GM/c2. Additionally, the initially weak field
simulation b200 is plagued by a strange ‘lump’ that forms early in the disk evolution and
only becomes more prominent in time. This overdensity or m = 1 mode appears at a radius
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associated with a down-step in resolution, meaning its formation may have been seeded or
amplified by the numerics of simulation rather than physics.

We expanded our study of disk magnetic fields in Chapter 3, turning our attention to
mean-field dynamo theory and calculating the αij components which define the major actions
of the αΩ dynamo, with a particular interest in αϕϕ which describes the conversion of the
toroidal field into poloidal. Making the most of the data available, we calculated these
coefficients directly from simulation data. We trialled two different means for our mean-field
theory: (1) the typical full azimuthal average and (2) a more local Gaussian filter average. We
found that these methods returned consistent results for the initially strong-field simulation
b5, retrieving αϕϕ magnitudes and signs broadly consistent with previous works. Results
were more mixed for simulation b200, with its overdensity causing difficulties for the global
averaging method. For this case, the local Gaussian filter comes through and returns αij

signs consistent with those of b5. Further, we find that the goodness-of-fit of our closure
⟨ε′

i⟩ = αii⟨Bi⟩ + Ci improves with time, suggesting that dynamo processes outside of that
captured by the linear mean-field theory play a more important role in early field evolution.
Any direct, physical interpretation of the α components is a dangerous game, however, as the
applicability of mean-field theory to accretion disks is already debatable. In particular, our
findings in relation to the local Gaussian filter method raise the question of what constitutes
the ‘mean’ in ‘mean-field theory’.

In Chapter 4, we moved away from the accretion disk and on to a nearby related phe-
nomenon: AGN jets. Again, simulated magnetic fields sat at the heart of our problem as we
asked ourselves whether relativistic jets launched into a realistically turbulent background and
swept back by a strong crosswind could form the magnetic structures necessary to explain the
synchrotron filaments increasingly observed in radio observations of such objects. We per-
formed a suite of low-density (ρj/ρa = 10−3) jet simulations, testing jet speed (vj = 0.24c

versus 0.94c), wind speed (transonic versus none), and individual turbulent background
realisations. We found that our pre-evolved turbulent backgrounds appear Gaussian through
the first and second statistical moments (the mean and standard deviation) but actually feature
fatter, more extended tails due to filamentation, highlighting the need for such realistic turbu-
lent fields in simulation. Our jet simulations v0.24 and v0.24r2 successfully reproduced
a head-tail morphology, and we were able to identify magnetic streamlines connecting the jet
lobes to the turbulent ICM. The connection point between the lobe and the cocoon was found
to be associated with regions of high magnetic field current density, suggesting magnetic
reconnection. Filament-forming-streamlines were not found to connect the two lobes, as the
intervening material is highly turbulent due both to the KH instability acting along the jet
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edge and also due to a ‘wobbling’ or ‘flapping’ behaviour at the jet ends. We additionally
produced simulated polarisation and Rotation Measure maps, finding (1) that the jet spine of
bent sources is unobscured by turbulent lobe material, and hence the jet magnetic field may
be observed more directly in this region, and (2) that the external ICM and shocked ICM
contribute roughly equally to the RM (although constrained by the domain size), with the
shocked ICM cocoon additionally contributing regions of localised RM enhancement along
the source edges due to compression of the ICM field with the expanding lobes.

5.2 Future Outlook

Within this thesis, we have seen how both further simplifications and greater complexity are
needed where magnetic fields and the art of simulation meet.

The field of accretion disk studies sits at a crossroads. With ever-increasing computing
power available, there is a push to add greater complexity to simulations—higher resolution,
radiation, particles, thermal decoupling, and more. However, some of the foundational
physics remains uncertain, and without simple, standardised test cases, we run the risk of
being increasingly unable to interpret results, understand differences between models, or
even apply simulated work to observations. To tackle these issues, a two-pronged approach
is needed. Firstly, the effect of simulation itself—the computational uncertainties and
inaccuracies—needs to be understood. Of particular interest to magnetic fields is magnetic
helicity and its conservation. No code yet exists that conserves magnetic helicity, but there
is increasing interest, and the results of such future codes will undoubtedly improve our
understanding of the dynamo. Secondly, as our results highlight the importance of initial
conditions in simulated disk evolution, more information is needed about realistic initial
conditions for real disks. Simulation of disk formation through Tidal Disruption Events will
be the most likely path to answer this question, however, it will be a computationally heavy
experiment as high resolution, long timescales, and large simulation domains will all be
needed.

For AGN jets, understanding the interactions between jet magnetic fields and ICM fields
will require a better understanding of the turbulent ICM’s structure. The statistics of the ICM
magnetic field are poorly constrained, and Rotation Measures (the only semi-direct form of
measurement available) are historically under-utilised, with many sources suffering from
sparse RM data and much of the existing RM data being fit from observations at only two
frequencies (Brentjens & de Bruyn, 2005; Taylor et al., 2009; Vanderwoude et al., 2024),
making it potentially unreliable. The upcoming Polarisation Sky Survey of the Universe’s
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Magnetism (POSSUM; Gaensler et al., 2010) from the Australian Square Kilometre Array
Pathfinder (ASKAP; Hotan et al., 2021) promises to alleviate these pains to some degree by
producing RM maps over ∼ 20, 000 degrees of the southern sky at ∼ 1 GHz (Vanderwoude
et al., 2024). The known population of well-resolved radio filaments is also set to expand
greatly as more observations are undertaken with LOFAR and MeerKAT, and later with the
completion of the Square Kilometre Array Observatory (SKAO; Dewdney et al., 2009) with
science verification beginning 2027. The SKAO is an international project and comprises two
parts: SKA-Low, operating between 50–350 MHz to be located in Australia, and SKA-mid,
covering 350 MHz–15.4 GHz and located in South Africa. The steep radio spectral indices of
known filaments imply that filaments are filled with older electrons undergoing synchrotron
and inverse Compton losses, so future high-resolution, low-frequency observations with the
SKAO will be critical in furthering our understanding of such filaments. In addition to more
and better observational data, better modelling is also needed. The current state-of-the-art
in ICM background field generation is that of the Gaussian random field, but this is clearly
inadequate for describing the ICM field structure. With the addition of the FORCED_TURB
module in a future release of PLUTO, more simulations can be performed with realistic
turbulent backgrounds. Further observations of CSTs may then provide critical information
about the ICM field near sources of relativistic electrons.
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