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Abstract

The observation of the first gravitational-wave (GW) event almost a decade ago opened a
new promising window to our scientific endeavours in understanding the deepest mysteries
of our Universe and its history. Using the foundations of general relativity (GR), we are now
in the position of being able to model coalescence and merger of binary black holes and
neutron stars, and understand how their modelled data fit within the manifold of our GW
observations. A key ingredient in source modelling of binary systems is numerical relativity
(NR), allowing us to resolve the merger regime and forming the foundation of this thesis.

Despite the success of GR, many proposals of modified theories gravity and exotic com-
pact objects have been put forward to address experimental data, theoretical inconsistencies
of the theory of general relativity, and merely human curiosity of ‘what if?’. In the pursuit
of addressing all of the open questions, we now find ourselves presented with an elaborate
list of possible extensions to GR and the Standard Model of particle physics. Whilst we
have not found any modification to gravity to be statistically preferred, with the rise of
future GW detectors and increased number of events, we may be in position to even further
constrain and test our theoretical proposals. However, in order to achieve this, we require
accurate modelling of the phenomena we wish to study and understand its implications for
GW observations. The goal of this thesis is to pave the path towards achieving this goal, by
bringing together numerical relativity and GW analysis for certain modified theories of grav-
ity and classes of exotic compact objects. We assume that the reader has some introductory
knowledge about the theory of general relativity, numerical and statistical methods. However,
we do review the key theoretical points and tools that have facilitated our studies.

We start our discussion with the numerical study of binary black holes in Einstein-scalar-
Gauss-Bonnet (EsGB) theory of gravity in the decoupling limit. An interesting feature of this
theory is that black holes can posses scalar hair and the resulting gravitational-wave signals
– scalar polarisation. By focusing on the ringdown and modelling the scalar content of the
theory, we forecast the ability of present and future GW detectors to measure it. We find
that the ringdown scalar polarisation is undetectable with the current GW detectors, but that
scalar ringdown of a limited number of binary configurations could be in principle measured
with the design sensitivity of the next generation detectors.
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We next move to the discussion of a specific class of exotic compact objects – boson stars
(BSs). We first devise the numerical methods required to construct these objects as single
spacetimes in spherical symmetry in GR. We then extend their study to massless and massive
scalar-tensor (ST) theories of gravity. We perform a systematic study of the whole parameter
space and study their stability. Overall, we find that similar to neutron stars, boson stars in
ST theory can undergo spontaneous scalarisation, which may result in smoking-gun effects
for future observations. However, BSs turn out to be less susceptible to scalarisation than
neutron stars.

By focusing on GR and moving away from the study of single boson-star spacetimes,
we then consider them in the binary context. By focusing on head-on collisions, we devise
a suitable method for constructing initial data for boson-star binaries of arbitrary mass
ratio, allowing us to circumvent spurious and unphysical effects that arise from methods
commonly employed in the literature. We explore the parameter space of head-on boson-star
collisions and find that in certain regimes their GW signals exhibit conspicuous features of
tidal deformation, posing a direct way of differentiating them from black holes.

Finally, we apply our numerical infrastructure to inspiralling quasi-circular boson-star
systems. We construct for the first time high-precision numerical relativity waveforms that
we make publicly available. Further, we use our numerically simulated signals as injections
into detector noise and assess the ability of standard binary black hole and neutron star
waveform approximants to recover them. We find strong biases in the parameter estimation
and show that even with the sensitivity of present GW detectors, certain binary boson-star
systems, if present in the detector band, are likely to leave non-Gaussian residuals, signalling
the presence of ‘new’ physics.

Given applications of gravitational wave analysis to numerical relativity presented in this
thesis, we also include a brief guide on how to prepare numerical relativity waveforms as
injections into detector noise. Our tools and methods may be applied to any theory of gravity
and/or exotic compact objects, as long as one is able to model their resulting GW signals.
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Units and conventions

The biggest fear of every physicist is probably sorting out units and converting between
various conventions. In every Chapter we will specify what units we are using; generally
we will either use geometric, G = c = 1, or natural, c = ℏ= 1, units. We remind the reader
that in geometric units L = M = T , where L denotes the length scale, M – the mass scale and
T – the time scale; whilst in natural units we have that E = T−1 = M = L−1, where E is the
energy scale. It is therefore convenient to measure everything in units of mass in geometric
units and in units of energy (or mass) in natural units.

We use a plus signature (−+++) and the Riemann tensor is Rα

µβν
= ∂β Γα

µν − ....
We use Greek letters µ,ν , ... running from 0,1,2,3 for spacetime indices and Latin letters
i, j, ... running from 1,2,3 for spatial indices. We sometimes denote vectors and tensors
in index-free notation using bold symbols such as βββ and T. Purely spatial tensors will be
denoted with the superscript (3) in front of them, e.g. (3)Ri j.





Chapter 1

The bigger picture: The quest towards
understanding gravity

I consider the theory of relativity to be an example showing how a fundamental
scientific discovery, sometimes even against the resistance of its creator, gives
birth to further fruitful developments, following its own autonomous course.

Wolfgang Pauli

1.1 Theory of general relativity

In 1915, Einstein published his famous theory of general relativity (GR) [4], which is now
regarded as one of the main pillars of modern physics. Einstein’s theory presented a radical
new conception of space and time and how gravity couples to matter. The space-time is
described as a 4D Lorentzian manifold1 M , equipped with a metric gµν mediating gravity.
The theory can be elegantly formulated in terms of the Einstein-Hilbert action,

S =
∫ √

−g
1

2κ
(R−2Λ)d4x+SM, (1.1)

where
√
−g is the volume form, κ = 8πG/c4, R is the Ricci scalar, Λ is the cosmological

constant and SM is the matter action. Varying the action with respect to the metric, results in

1A Lorentzian manifold is a pair (M ,g) where M is an N-dimensional smooth manifold and g is a
Lorentzian metric. The metric associates to each point p ∈ M a scalar product gp on the tangent space TpM .
Here gp is a non-degenerate symmetric bilinear form (·, ·) such that ∃ basis e1,e2, ... with (ei,e j) = −1 if
i = j = 1, (ei,e j) = 1 if i = j ≥ 2 and (ei,e j) = 0 otherwise.
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the Einstein field equations,

Rµν −
1
2

gµνR+Λgµν = κTµν , (1.2)

where Rµν is the Ricci tensor and Tµν is the energy-momentum tensor,

Tµν =− 2√
−g

δSM

δgµν
. (1.3)

We will assume that Λ = 0 for the rest of this thesis and in this Chapter we will employ
geometric units G = c = 1, so that the Einstein-Hilbert action and the equations of motion
reduce to

S =
∫ √

−g
1

16π
Rd4x+SM =⇒ Rµν −

1
2

gµνR = 8πTµν . (1.4)

The formulation of the Einstein’s equations led to an array of predictions, including
black holes and gravitational waves, and resulted in more profound understanding of the
history of our cosmos, including modelling of the early universe and the Big Bang. At the
beginning the opinions on the framework of general relativity separated into two distinct
groups [5]. One the one hand, it was widely referred to as ‘one of the greatest examples of
the power of speculative thought’ – a model with ‘logical simplicity’ of its axioms. On the
other hand, the theory faced a lot of criticism as many found its Riemannian and nonlinear
character ‘incomprehensible’. Due to a lack of observational evidence supporting the validity
of GR, many critics emphasized why would anyone even try finding solutions to such an
‘ephemeral set’ of equations. As even harshly pointed out by the French physicist Bouasse:
‘the experimental physicists will have the last word: we accept the theories that we find
convenient; we reject those which we cannot understand and that are for this reason useless’.
Despite all the criticism, many remained optimistic about Einstein’s ideas. Four years
later British missions to Sobral, led by Davidson and Crommelin, and to Principe, led by
Eddington, confirmed Einstein’s prediction of light deflection [6, 7]. This marked the first
step for devising a programme for testing the validity of GR and its subsequent success.

1.2 History of tests of GR

In his original work, Einstein proposed three classical tests: (i) the perihelion advance of
Mercury’s orbit, (ii) the deflection of light by the Sun, and (iii) the gravitational redshift of
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light. Later on further modern tests have been devised, including the Shapiro time delay [8, 9],
gravitational lensing [10] and Post-Newtonian tests of gravity [11]. More recently, in 2015
(precisely one century after Einstein’s theoretical prediction) the international collaboration
consisting of the Laser Interferometer Gravitational-Wave Observatory (LIGO), Virgo and
Kamioka gravitational wave detectors (KAGRA) reported the first direct observation of
gravitational waves (GWs) [12]. The signal GW150914 was detected independently by the
two LIGO detectors, capturing the gravitational waves from a coalescence of two stellar
black holes (BHs) of masses ∼ 36M⊙ and ∼ 29M⊙. To the present date, LIGO and Virgo
have detected over 100 GW events from merging BHs and neutron stars (NSs) [13, 14]. With
current sensitivity of GW detectors no deviations from GR have been found so far [15–19].

Even though GR had impressive success in passing all of these tests, we cannot fully
rule out that in strong-field tests, such as observations of GWs, we simply have not yet
detected deviations from GR, which if they exist may be small. With the future generation
of GW detectors we will be in a position to even more accurately constrain our alternative
hypotheses to Einstein’s theory of gravity. It is important to highlight however that Einstein’s
theory never disproved the Newton’s law of gravity, but rather showed it to be incomplete.
Presently, GR is undergoing similar tests, as many believe that even Einstein’s theory may
be incomplete, especially in the strong-field, high curvature regimes. This is motivated by a
plethora of theoretical dilemmas we discuss in the following Sections.

1.3 Challenging our understanding

Before beginning the discussion of the current challenges encountered in the formulation
of GR, let us travel back in time to one of the proposed classical tests of Einstein – the
perihelion advance of Mercury’s orbit. This first test dates back to the observations of the
19th century by Urbain Le Verrier, who remarked that Mercury’s precessing orbit does not
behave as predicted by Newton’s gravity. Back in 1846, Neptune was the first planet to be
discovered mathematically as an explanation for Uranus’ deviation from its predicted orbit.
Inspired by this hypothesis Le Verrirer suggested that the anomalous orbit of Mercury could
be due to a hypothetical planet nearby that he named Vulcan. Unfortunately, his hypothesis
was proved to be incorrect once Einstein formulated his theory of general relativity and tests
have been carried out to verify Mercury’s precessing orbit. However, this history lesson
serves as a great example of revolutionary theory – a truly modified theory of gravity, an
alternative to Newtonian thinking – superseding our classical understanding of physics. In
the present world, we find ourselves in the same position: now general relativity is regarded
as one of the most important classical field theories, yet for the reasons we will discuss below,



6 The bigger picture: The quest towards understanding gravity

we are not fully satisfied with it and are in fact on the search for a complete theory of gravity,
where GR is one of its limits. So why is the theory of general relativity not enough?

One of the fundamental theoretical reasons to believe that the range of validity of GR
may be restricted is its inconsistency with quantum field theory, which does not describe
gravitational attraction on microscopic scales. GR is furthermore non-renormalisable in a
quantum-field theory sense [20]. The as yet unknown theory that unites the two is usually
called quantum gravity, example candidates of which include string theory and loop quantum
gravity [21]. Additionally, cosmological and astrophysical observations suggest the existence
of dark matter and dark energy [22, 23]. Dark matter makes up as much as ∼ 27% of
the mass of the Universe, and its gravity affects everything around it, whilst dark energy
constitutes ∼ 68% of the Universe’s energy and causes the rate of expansion of our universe
to accelerate over time. On the one hand, it still remains unclear what is the particle nature
of dark matter [24]. On the other hand, despite numerous suggested candidates2, there is
a well-known approach to model dark energy within GR and it is achieved by adding a
cosmological constant Λ, which we already encountered in Eq. (1.1). The cosmological
constant forms the basis of the widely accepted standard cosmological model – the ΛCDM
model, where ‘CDM’ stands for cold dark matter. However, many researchers find the
inclusion of Λ unsatisfactory as in order to fit the data one needs such fine-tuning that Λ is
very small with respect to the Planck length (l2

pΛ ∼ 10−122, where lp ≈ 10−35m is the Planck
length). Further, theoretical estimates of the vacuum energy density in quantum field theory
predict Λ values of at least 40 orders of magnitude larger than what is observed [28] – this is
known to be the largest discrepancy in physics. The above considerations and inconsistencies
led scientists to look for modifications of GR – modified theories of gravity, which we discuss
in Section 1.3.1 – and modifications to the Standard Model (SM) of particle physics – new
matter, discussed in Section 1.3.2.

1.3.1 Modifying gravity

There are systematic ways in which one may arrive at a modified theory of gravity, and
they usually originate from violating one the conditions of Lovelock’s theorem [29]. His
theorem proves the uniqueness of the Einstein tensor, Gµν

..= Rµν − 1/2gµνR, assuming
it is symmetric and divergence-free and given: (i) the equations of motions are of second
order, (ii) the metric gµν is the only geometric field and there are no extra degrees of freedom
(iii) theory is local, Lorentz invariant and limited to 4 dimensions. Modifications of gravity

2We note however that many modified theories of gravity proposed as dark energy candidates have been ruled
out following the detection of the binary neutron star merger GW170817 and its associated electromagnetic
counterpart [25–27].
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therefore typically lead to at least one violation of the above assumptions. As you can
imagine the ways of violating the above assumptions open many possibilities of how one
may modify GR, leading to a whole zoo of modified theories of gravity. Generally, we can
break these theories into different classes by (see Refs. [30, 31] for complete reviews):

1. Introducing extra degrees of freedom: The simplest modification one can make to a
gravity theory is to add a scalar field. Examples of the most widely studied theories
include scalar-tensor theories [32, 33]. A popular class of such theories is the Hordenski
gravity [34], representing the most general four dimensional scalar–tensor theory with
second-order field equations and one scalar field. Furthermore, theories to include
vector, tensor and even higher rank fields have also been formulated [35, 36].

2. Formulating theories with higher-derivative equations: Having higher than second
order equations of motion may be undesirable as they are prone to Ostrogradsky insta-
bilities [37], manifested through ghost fields admitting physical states with negative
energy. In some cases it is possible to formulate theories that do exhibit some basic
stability properties, such as f (R) theories of gravity [38]. These theories have attracted
interest as alternatives to the ΛCDM model and have been proposed as explanations
for the late-time accelerating expansion of the Universe [39–41]. They have also been
devised to model inflation, with the Starobinsky cosmological model [42] being one of
the famous proposals. f (R) theories divide in many sub-classes, depending on which
variational approach one adopts, for example one may have metric variation, assuming
the Levi-Civita connection, or even the Palatini approach, where the action is varied
with respect to the metric and connection Γ

ρ

µν independently [43]. Gravity theories
with higher order curvature invariants (e.g. with terms like R3,R3

µν ) tend to also lead
to higher order equations of motion prone to Ostrogradsky instability. Field redefini-
tions are necessary to circumvent the instability, however its remedy does not always
guarantee well-posedness3; methods of fixing the equations have been developed to
tackle this problem (see Refs. [44, 45] for more details). Recently, Ref. [46] proposed
a novel way to reformulate higher-derivative theories in vacuum so that they admit
a well-posed initial value formulation. By introducing regularising terms from field
redefinitions, the authors show how one may rewrite the resulting equations of motion
as a system of second-order nonlinear wave equations for a wide class of theories of
gravity with higher order curvature invariants.

3. Introducing extra dimensions: Classically, we study GR in D = 4 dimensions. Theories
introducing extra spatial or even temporal directions have also been proposed. One

3We will briefly discuss the notion of well-posedness in Section 1.3.3.
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of the first such examples is Kaluza–Klein theory initially formulated in the attempt
to unify gravity with electrodynamics [47]. String theory is another candidate, which
requires, at least 10 dimensions. However, a few phenomenological issues arise: we
clearly observe gravity effects in three spatial and one temporal dimensions, so where
do all other dimensions go? Despite a few interpretations in the literature proposing
that extra dimensions must be small and compact [48] or adopting the braneworld
paradigm [49], it is still not clear how these proposals would fit within the experimental
missions of testing the nature of gravity.

4. Stepping away from Riemannian geometry: An even more exotic way of modifying
gravity is to consider non-Riemannian geometries. Examples include teleparallel [50]
and non-commutative gravity [51].

Examples of modified theories of gravity

In GR, the gravitational force is mediated by a massless spin-2 field, the metric tensor gµν .
As we previously suggested, the most common and simplest way to modify GR is to add a
scalar field, φ , thus resulting in so-called scalar-tensor theories. A typical example of such a
theory is given by the action

Sst =
∫

d4x
√
−g

[
F(φ)

16π
R− 1

2
1

M2
pl

gµν
∂µφ∂νφ −U(φ)

]
+SM[gµν ,Ψ], (1.5)

where Mpl denotes the Planck mass, U(φ) the potential of the scalar field and Ψ the matter
fields. Note that the scalar field φ is non-minimally coupled to the Ricci scalar, such a
coupling corresponds to the Jordan frame. As we will see in Chapter 6, it is possible with
the use of appropriate transformations to reduce this action so that scalar field is minimally
coupled. After such a transformation, the action is said to be in the Einstein frame. Despite
numerous discussions in the literature on the meaning of Jordan and Einstein frames [52, 53],
we will refer to the Jordan frame as the physical frame (for example, that of a GW detector),
since the matter content moves according to the geometry of the Jordan (physical) metric,
gµν , as clearly seen from the SM[gµν ,Ψ] term.

It is also possible to couple a scalar field to higher order curvature invariants. Adding
higher-order curvature invariants (such as R2, RµνRµν ,R3,R2R and so on) has become a
popular choice in modified theories of gravity since it has been shown by Stelle that adding
quadratic curvature invariants leads to renormalisability [54]. In this discussion, for simplicity
we will focus only on quadratic terms, however we note that one may also go to higher orders
(see e.g. Ref. [55] for sixth order and Ref. [56, 57] for eighth order curvature terms). Let us
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now discuss what are these quadratic curvature invariants and then show why it is necessary
to couple a scalar field to them.

Curvature modifications to GR are typically treated with the effective-field theory (EFT)
approach [58], where one defines an energy scale referred to as a cutoff, beyond which
the EFT loses its validity4. The EFT approach therefore focuses on observables within the
low-energy approximation. In the framework of gravity, we regard the Einstein-Hilbert term
as the leading term in the expansions containing higher order curvature invariants suppressed
by some scale. At second order, there are only four independent curvature invariants, so that
an even-parity alternative theory of gravity with all possible quadratic algebraic curvature
invariants can be then written as follows [31, 59]

Sq = 1
16π

∫ √
−gd4x[R+X −V (φ)+g2(φ)X2 +β1(φ)R2 +β2(φ)RµνRµν

+β3(φ)Rµνρσ Rµνρσ +β4(φ)
∗RR]+SM, (1.6)

where X = −(1/2)∇µφ∇µφ , V (φ) is the scalar-field potential, βi(φ), i ∈ {1,2,3,4} and
g2(φ) are the coupling constants. Here ∗RR ..= 1

2Rµνρσ ενµλκRρσ

λκ
, where ενµλκ is the 4D

Levi-Civita tensor, is the Pontryagin scalar originating from loop quantum gravity and forms
the basis of Chern-Simons gravity theories [60]. Another scalar hidden in this action is the
Gauss-Bonnet scalar R2

GB = R2−4R2
µν +R2

µνρσ . With the choice β1 = φ , β2 =−4φ =−4φ ,
β4 = 0 and g2 = 0, action (1.6) reduces to Einstein-scalar-Gauss-Bonnet (EsGB) gravity that
we will encounter in Chapter 4. Addition of Pontryagin and the Gauss-Bonnet scalars with
no scalar field couplings to the Einstein-Hilbert action does not yield any modifications to
the field equations, as both scalars are topological invariants and therefore can be absorbed in
the boundary term. The coupling to a scalar field in this case is therefore necessary to obtain
a modified theory of gravity. Generally, the action (1.6) yields higher order field equations
likely to cause Ostrogradsky instability. Luckily this is not the case for the EsGB gravity,
which in fact falls under the umbrella of Horndeski gravity theories.

1.3.2 Modifying the nature of compact objects

In the classical picture, we always assume that ordinary matter cannot form a massive and
ultracompact object (e.g. object containing a light ring), so BH formation past a certain limit
is inevitable. For example, NSs with compactness M/R ∼ 1/3, where M is the mass and
R is the radius of the star, cannot sustain masses larger than ∼ 3M⊙ [61]. A lack of direct
observations of the event (or apparent) horizon led many to theorise about the existence
of ultracompact and horizonless objects – exotic compact objects (ECOs), also referred to

4As past this cutoff one starts to encounter ultraviolet divergences from loop integrals.
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as BH mimickers as they are proposed as replacements to the BH paradigm. The lack of a
horizon implies that these ECOs are expected to leave distinct GW imprints that could be
differentiated from BH signatures. Examples of exotic compact objects include boson stars
[62], which will be the main characters of our Chapters 5-8, Proca stars [63], gravastars
[64, 65] and many more (see Ref. [19] for a complete review). It is important to note that
typically the construction of exotic compact objects, e.g. boson stars, entails assumption of
‘new’ particles prevalent in theories beyond the Standard Model of particle physics. As we
will see later, these objects can co-exist with GR, in the sense that no additional curvature
terms or scalar fields mediating the gravity sector will be necessary. However, the mere
addition of a scalar field to the Einstein-Hilbert action modelling a new bosonic particle will
be enough to construct a compact object with a different anatomy to that of a BH. Therefore,
we do not necessarily associate exotic compact objects with modified theories of gravity,
but rather regard them as a manifestation of theories beyond the Standard Model of particle
physics.

Similar to the Lovelock theorem used as a recipe for modifying gravity, there is a theorem
by Buchdhal placing restrictions on the compactness of exotic compact objects [66, 67]. The
theorem states that the maximum compactness of a self-gravitating object is M/R = 4/9. We
note that this threshold is lower than that of a BH, e.g. for a spherically symmetric BH, we
commonly define its compactness by 1/2, which is the ratio of the Schwarzschild mass to
the Schwarzschild radius. The statement however holds under the following assumptions: (i)
the object is spherically symmetric, (ii) GR is the ultimate theory of gravity, (iii) the matter
sector is described by a perfect fluid, which is either isotropic or mildly anisotropic (i.e. the
tangential pressure is allowed to be smaller than the radial pressure), (iv) the radial pressure
and energy density are non-negative, (v) the energy density decreases as one moves away
from the centre of the object. In the case of gravastars and fuzzballs it is possible to get to
compactness values arbitrarily close to the BH case5, whilst for perfect fluids and boson stars
it is harder to evade the Buchdhal’s limit [19, 71].

1.3.3 How to test gravity theories beyond the GR and SM paradigm?

Having introduced ample varieties of how one may modify the nature of gravity and challenge
our classical beliefs, it may seem rather overwhelming. How do we navigate in this zoo of
modified theories of gravity and exotic compact objects, and synergise our, most likely, wild
theoretical ideas with the real GW data that we observe?

5Gravastars are modelled with an anisotropic internal effective fluid [68] and are supported by a negative
pressure, whilst fuzzballs arise from the description of the BH interior in string theory and are not spherically
symmetric [69, 70]. Both objects therefore evade the Buchdhal’s limit.
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To answer the first part of the question we have to define a few simple criteria for deeming
a given modified theory of gravity or exotic compact object as viable and worthy of studying.
We require that the alternative theory in question:

1. Satisfies current observational constraints: The theory must be consistent with all
the predictions from the solar system and binary pulsars tests [72, 73]. There must
therefore be a limit in which the theory would reduce to that of general relativity.

2. Has well-posed formulation6: Classical field theories described by a set of partial
differential equations (PDEs) and requiring prescription of boundary and initial condi-
tions, rely on the notion of well-posedness to guarantee mathematical consistency. The
meaning of the well-posedness translates to the solutions of the system of equations in
question being unique and continuously dependent on the initial data. Formally, the
latter condition translates into the following inequality for the solution u

||u(t,xi)|| ≤ Aekt ||u(0,xi)||, (1.7)

where A and k are some constants and || · || denotes a suitable norm. Well-posedness
of the initial value problem in GR was proved in the late 90s by Choquet Bruhat
[74, 75] and later proved in several modified theories of gravity [76–78]. Proof of the
well-posedness relies on the principal part of the governing PDEs: when the principal
symbol is diagonalisable (i.e. contains a complete set of independent eigenvectors)
and has real eigenvalues, the equations are referred to as strongly hyperbolic. Strong
hyperbolicity in turn implies well-posedness (see Ref. [79] for a review).

3. Has stable solutions: The theory must possess solutions that are stable to small
perturbations. We refer to the solution u(t) as stable if every other solution v(t)
close enough to u(t) at t = 0 remains close to it during the evolution. Formally, this
translates to the following definition: ∀ε > 0, ∃δ > 0 such that |v(t)−u(t)|< ε when
|v(0)−u(0)|< δ .

Finally, to answer the second part of the question, we will focus on GW-inspired tests that
are most relevant to this thesis. Examples of tests include searches for violations of the ‘no-
hair’ theorem, stating that the mass and spin are the only two properties of astrophysical black
holes in general relativity, extra polarisation content, deviation of the speed of gravity from the
speed of light (see Refs. [17, 80] for the full list of LIGO-Virgo-KAGRA analyses). However,
in order to devise the above mentioned tests, we need to model GWs and understand the

6Well-posed initial value formulation is required in order to solve the resulting field equations numerically.
Whilst some effective field theories of gravity may be ill-posed, the full theory may not.
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key dynamical parts of a binary merger. In the limits of large separation and slow velocities
(v/c ≪ 1) (i.e. the early inspiral), the gravitational waveforms are typically provided by
the perturbative post-Newtonian (PN) expansion [81, 82]. For the last orbits and merger,
where the fields are particularly strong and the distances between the bodies are small, the
PN expansion breaks down. The late inspiral and merger parts can realistically only be
resolved through numerical relativity (NR) simulations, which will form the base of this
thesis. After the two objects eventually merge and settle down to a single compact object,
one may describe the system using the linearised (perturbation) theory. This end-part of the
signal is what we call the ringdown. For binary systems, where one of the objects is much
more massive than the other, self-force calculations may be used [83] (with second-order
calculations being still under development [84]) and are expected to supersede the numerical
relativity simulations in accuracy and speed.

All of the above methods may be combined to construct GW signals consisting of the
inspiral, merger and ringdown, thereby allowing us to construct appropriate tests that separate
into two distinct groups: theory agnostic or bottom-up approach and theory dependent or top-
down approach. The former group introduces generic parameters that may represent a typical
deviation from GR, a great example of such a test is the parameterised post-Einsteinian
approach (for details see Section 5.3.4 of Ref. [85]). The latter group focuses on a specific
gravity theory and then makes predictions that are tested using observations. The main
drawback of such an approach is that one has to choose a theory – given the lack of a
particular alternative to GR and many proposed modifications, this choice is highly non-
trivial. Having said that, theory dependent modelling can inform theory independent tests
and the possible parametrised modification one may wish to look for. If, say, we observe a
deviation from GR using generic parametrisations, a top-down approach would be necessary
to weed out the theories leading to such an observed deviation.



Chapter 2

Numerical Relativity

2.1 Introduction

To date, numerical relativity (NR) is the only tool capable of solving the Einstein field
equations in the merger regime. Therefore, our understanding of gravity and physics relies
on the robustness and accuracy of our numerical simulations. Numerical relativity plays an
important role in GW analysis and in particular in the construction of hybrid waveforms [86],
matching Post-Newtonian calculations to the merger of NR simulations. NR is a relatively
young field in physics, as only recently it has become possible to evolve complex binary
systems for a long duration and with high accuracy. However, its roots date back to the 1960s
and the work by Hahn and Lindquist [87], who performed short numerical simulations of
two mouths of a wormhole. Numerous attempts to evolve a binary system had been carried
out by various groups for almost 50 years, until 2005, when Frans Pretorius evolved the
very first orbiting black hole binary through merger [88], followed by the moving puncture
breakthrough a year later [89, 90]. Since then binary evolutions of merging black holes
and neutron stars (NSs) became a day-to-day task with the largest number of simulations
being produced by the Simulating eXtreme Spacetimes (SXS) Collaboration, e.g. with one
of their longer GW signals having ∼ 350 wave cycles [91]. Nowadays applications of NR
in fact extend beyond modelling GWs from BHs and NSs in GR and 4 dimensions; active
research is ongoing in the fields of modified theories of gravity [92–95], exotic compact
objects [96], higher dimensional BHs [97–100] and cosmic strings [101]. With computer
hardware undergoing major developments and improvements, we are in the firm position
of leveraging the computational power to modelling the strong field regime and resolving
physics of interest. As an example, take the recent general-relativistic neutrino-radiation
magneto-hydrodynamic simulation of a binary neutron star system of Ref. [102], consuming
85 million CPU hours.
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By now you are probably very impressed with the recent advances in numerical relativity,
but how do we make this possible? Reviewing the basics of NR and common pitfalls will be
the primary aims of this Chapter. We will start by reviewing the Arnowitt–Deser–Misner
(ADM) evolution equations [103, 104] arising in the 3+ 1 decomposition in Section 2.2.
We note that an alternative to the 3+1 decomposition is the generalised harmonic formu-
lation (see e.g. Ref. [105]), utilising generalised harmonic coordinates, as first suggested
in Ref. [106], and used in the breakthrough simulation of Pretorius. Next, in Section 2.3
we will review necessary modifications to the ADM formulation making it well-posed and
stable. In Section 2.4 we will describe the numerical scheme that is usually employed for
damping constraint violations that may arise during time evolution. In Sections 2.5 and 2.6
we will present the common recipes for choosing a suitable gauge and prescribing constraint
satisfying initial data. Finally, in Section 2.7 we will review the numerical relativity code
GRCHOMBO which will be used in the subsequent Chapters of this thesis.

2.2 3+1 decomposition of spacetime and ADM formalism

Let us assume that the spacetime (M ,gµν) can be foliated into a family of non-intersecting
space-like hypersurfaces Σt with time-like unit normal nnn so that M =

⋃
Σt . To avoid

ambiguity in our definitions we use Greek letters {α,β , ...} for indices of 4-dimensional
quantities, extending from 0 to 3, whilst Latin letters {a,b, ...} for indices running from 1
to 3. We therefore additionally introduce spatial coordinates xi(t) that label the points on a
spatial slice Σt at some coordinate time t and refer to the coordinate system (t,xi) as adapted
coordinates (i.e. adapted to the spacetime split). Within the slices, the proper distance is
given by a 3-dimensional spatial metric γi j

dl2 = γi jdxidx j. (2.1)

Further, we define the lapse function α and a shift vector βββ

α :=
√
−||dddt||2

−1
> 0, (2.2)

βββ := ∂∂∂ t −αnnn, (2.3)

where nnn =−αdddt > 0 is the time-like unit normal to spatial hypersurfaces and is therefore
the 4-velocity of the normal observers. We note that the lapse function α relates the proper
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time τ measured by normal observers to the coordinate time t as

dτ = αdt. (2.4)

The lapse encodes our freedom to slice the time-evolution as we want, while the shift vector
tells us how to propagate the coordinate system (xi) from Σt to Σt+dt (see Fig. 2.1). We now
use the space projection operator

⊥µ

ν≡ δ
µ

ν +nµnν , (2.5)

to obtain the spatial projection of the spacetime metric

γµν ≡ (⊥ g)µν =⊥α
µ⊥

β

ν gαβ = gµν +nµnν . (2.6)

With our definitions of the lapse (2.2), the shift vector (2.3) and the spatial metric (2.6), we
find that the spacetime metric in adapted coordinates can be written as

ds2 =−α
2dt2 + γi j(dxi +β

idt)(dx j +β
jdt). (2.7)

We also define the projections of the energy-momentum tensor Tµν , which can be decomposed
into the energy density ρ = nαnβ Tαβ , the momentum density jµ = − ⊥α

µ nνTαν and the

stress tensor Sµν =⊥α
µ ⊥β

ν Tαβ so that

Tµν = ρnµnν +nµ jν +nν jµ +Sµν . (2.8)

The remaining ingredient we require is a way of describing the embedding of slices Σt in the
spacetime M . This is because on each slice Σt , the 3-dimensional Riemann tensor (3)Rm

i jk

only contains information about the intrinsic geometry. For this purpose we introduce the
extrinsic curvature Ki j [107]

Kαβ =−⊥µ

α ∇µnβ . (2.9)

By combining the Gauss-Codazzi-Ricci relations [108] with the Einstein equations (1.4),
we arrive at the decomposed 3+1 equations of Arnowitt, Deser and Misner (ADM) [103],
as reformulated by York [104]; cf. also [108]. The formulation consists of two evolution
equations

∂tγi j = Lβ γi j −2αKi j, (2.10)

∂tKi j = Lβ Ki j −DiD jα +α

(
(3)Ri j −2KikKk

j +KKi j

)
+4πα

[
γi j (S−ρ)−2Si j

]
, (2.11)
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xt

xt+δt xt

αdtn

βdt

t

Σt

Σt+δt

Fig. 2.1 Foliation of a 4-dimensional spacetime into 3-dimensional spatial hypersurfaces
Σt , and a time-like normal nnn. Note that each spatial hypersurface is in fact a 3-dimensional
volume, which is represented here as a 2-dimensional surface for illustrative purposes.

where S = γ i jSi j and Di is the Levi-Civita connection associated with the metric γγγ , and two
constraint equations

(3)R+K2 −Ki jKi j −16πρ = 0, (2.12)

Di(Ki
j −K)−8π ji = 0. (2.13)

Here L denotes a Lie derivative and therefore Lβ corresponds to the Lie derivative with
respect to βββ . The constraint equations in Eqs. (2.12) and (2.13) are referred to as the
Hamiltonian and momentum constraints respectively and have to be satisfied throughout the
evolution. We note that in Eq. (2.12) (3)R denotes the trace part of the spatial Ricci tensor
(3)Ri j, i.e. (3)R = γ i j(3)Ri j. The gravitational fields (γi j,Ki j) are not free data and have to
be specified on some initial hypersurface Σ0 so that they satisfy the constraint equations
(2.12)-(2.13). We will discuss initial data construction in more detail in Section 2.6. In fact,
by the Cauchy-Kovalevskaya theorem, at later times the constraints are preserved by the
dynamical evolution equations. Of course, in numerical evolutions this is not exactly the case
due to numerical errors.

2.3 BSSN formulation

The ADM evolution equations introduced in the previous Section are unfortunately ill-posed
[109], as the equations can be shown to be only weakly hyperbolic. Further modifications
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can be applied to the ADM formalism in order to obtain well-posed equations and stability.
This was first achieved in Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation [110–
112]. Let us now briefly outline the key differences between BSSN and ADM formulations.
First, note that the evolution equations are in fact non-unique: one can always add arbitrary
multiples of the constraints equations (which are zeros) to obtain new evolution equations that
are just as valid. The BSSN formalism utilises this freedom, thereby changing the principal
part of the equations. Additionally, BSSN applies conformal decomposition, allowing for
improved stability, and introduces an additional dynamical variable, Γ̃i defined in Eq. (2.19),
also contributing to the overall hyperbolicity of the formulation [113, 114]. The resulting
BSSN equations have the same physical solutions as in the ADM formalism, but different
mathematical properties, including well-posedness. Let us now discuss the BSSN variables
in more detail below.

From now on, for clarity, all conformal quantities will be marked by a tilde. We start by
conformally rescaling the spatial metric using

γ̃i j = χγi j, where χ = det(γi j)
− 1

3 and detγ̃i j = 1. (2.14)

Here χ is called the conformal factor1 and its advantage is that near most singularities
χ → 0, whilst det(γij) → ∞, thereby keeping γ̃i j regular. For example, in the case of the
Schwarzschild spacetime, the definition for the conformal factor follows directly from its
line-element in isotropic coordinates

ds2 =−

(
1− M

2R

1+ M
2R

)
dt2 +

(
1+

M
2R

)4 (
dR2 +R2dΩ

2) , (2.15)

where χ = [1+M/(2R)]−4 → 0 when R → 0. The covariant derivative associated with the
conformal metric γ̃i j will be denoted by D̃. We impose the metric compatibility condition (in
the same way as for the 4D Riemannian connection in GR)

D̃iγ̃ jk = 0. (2.16)

Given a tensor TTT , the covariant derivative Di is therefore related to the conformal covariant
derivative D̃i the following way,

DkT i1...ip
j1... jq = D̃kT i1...ip

j1... jq +
p

∑
r=1

Cir
kl T

i1...l...ip
j1... jq −

q

∑
r=1

Cl
k jr T i1...ip

j1...l... jq
, (2.17)

1Note that some texts also use γ̃i j = χ2γi j, or γ̃i j = ψ−4γi j, or γ̃i j = e−φ γi j.
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where Ck
i j

..= Γk
i j − Γ̃k

i j and Γ̃k
i j is the Christoffel symbol associated with the conformal metric,

γ̃γγ .
Next, we decompose the extrinsic curvature into its trace K and a traceless part Ãi j = χAi j

Ki j =
1
χ

(
Ãi j +

1
3

γ̃i jK
)
, (2.18)

so that K = γ i jKi j and γ̃ i jÃi j = 0. We also introduce an auxiliary variable in the form of a
conformal connection Γ̃i,

Γ̃
i ..= γ̃

jk
Γ̃

i
jk, (2.19)

where Γ̃i
jk are the Christoffel symbols associated with the conformal metric γ̃i j. The evolution

equations can then be derived from the ADM evolution equations (2.10)-(2.11) and we
present them in Appendix 2.A.

2.4 CCZ4 formulation

The covariant and conformal Z4 (CCZ4) formulation inherits features from the strongly
hyperbolic BSSN formulation, however additionally introduces constraint damping terms,
controlled by coefficients κ1 and κ2, and a four-vector Zµ to the Einstein field equations
[115, 116]

Rµν +2∇(µZν)−κ1
[
2n(µZν)− (1+κ2)gµνnαZα

]
=−8π

(
Tµν −

1
2

T gµν

)
, (2.20)

where T = gµνTµν is the trace of the stress-energy tensor. Solutions satisfying Zµ = 0
therefore correspond to solutions of the Einstein field equations, whilst Zµ ̸= 0 measures the
deviations from them. The constraint-propagation of the system can be derived by taking the
divergence of (2.20) and applying the conservation of the energy-momentum tensor and the
Bianchi identities, which leads to

∇
ν
∇νZµ +RµνZν =−κ1∇

ν
(
2n(µZν)+κ2gµνnαZα

)
. (2.21)

We note that the Zµ vector obeys a wave equation, which is inherently hyperbolic and
guarantees that any deviation from the Einstein field equations, if present, can propagate
away from the computational domain (or even may fall into the BH). It has been shown
in Ref. [117] that as long as κ1 > 0, κ2 > −1, constraint violations are damped. This is a
very desirable effect for numerics as throughout evolution, we can accumulate constraint
violations from various channels, such as finite discretisation, inaccurate boundary conditions
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and initial data. Having said that, it is important to emphasise that one should always aim to
have accurate enough initial data to guarantee a physical evolution, as initially constraint-
violating data might never reach the space of constraint-satisfying data. Checking physical
quantities throughout the evolution is therefore crucial to ensuring that the system being
evolved is what we intended it to be initially.

For the newly defined vector Zµ , we further define the following time and spatial projec-
tions of Zµ

Θ ..=−nµZµ and Θµ
..=⊥Zµ

..=⊥α
µZα . (2.22)

A 3+1 decomposition of the tensorial equation (2.20) and a lengthy calculation results in
evolution equations summarised in Appendix 2.B. In this work we set, κ2 = 0, κ3 = 1 and
following Ref. [118], ακ1 = 0.1.

2.5 Gauge conditions

In order to determine the foliation of our spacetime, we have to define appropriate gauge
conditions, i.e. suitable equations for the lapse α and shift β . The choice of gauge plays a
crucial role in numerical simulations as it affects the stability and accuracy of the evolution.
In particular, the gauge choice becomes important in evolutions of black hole spacetimes,
where one has a singularity and therefore has to navigate through all the pathologies that may
arise because of it. Below we will briefly describe some of the issues that one may encounter
and motivate the gauge choice that will be employed in the subsequent Chapters.

The simplest gauge choice is to impose α = 1, also referred to as geodesic slicing, and a
vanishing shift, β i = 0. With β i = 0 coordinate observers coincide with normal observers,
whilst with α = 1 coordinate time coincides with the proper time. Unfortunately, such a
choice of gauge is inappropriate, as for instance in a Schwarzschild spacetime, the geodesic
slices eventually fall into a singularity (cf. the left panel of Fig. 2.2). We therefore, need a
gauge with singularity avoiding properties. Additionally, β i = 0 can cause slice stretching,
depicted in the right panel of Fig. 2.2. This pathology is manifested in the coordinate lines in
the neighbourhood of the singularity falling inside the BH horizon. We therefore, want to
impose a shift condition that minimises the hypersurface stretching and shearing.
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τ = πM

r = 0

r = 2M

V

τ = 0 U

αndt

βdt

Fig. 2.2 Illustrations adapted from Smarr and York [1]. Left panel: Kruskal–Szekeres
diagram representing the evolution of a Schwarzschild spacetime with an event horizon
at r = 2M and a singularity at r = 0. The axes correspond to transformed time and radial
coordinates of the Schwarzschild spacetime such that U =−1/2exp(−t̃ + r)exp(−4M) and
V = 1/2exp(t̄ + r)exp(−4M), where t̄ = t +2Mln|r−2M| and t̃ = t −2Mln|r−2M|. Time
evolution using geodesic slicing, depicted by the curves transitioning from blue to red, shows
that hypersurfaces hit the BH singularity in finite proper time, τ = πM. Right panel: A sketch
of coordinate shearing and stretching. On the one hand, a small sphere being transported
along a normal vector is transformed into an ellipsoid. On the other hand, introducing a
non-trivial shift vector helps to reduce the distortion of its shape and excessive coordinate
shearing.

2.5.1 Lapse condition

The most famous choice for the lapse slicing condition widely used in 3+1 NR codes belongs
to the Bona-Maso family of slicing conditions [119],

∂tα −β
i
∂iα =−α

2 f (α)K, (2.23)

where f (α) is some positive function of the lapse. In this work, we will be using the
choice f (α) = 2/α corresponding to the 1+log slicing, which has been shown to posses
singularity avoidance properties and guarantee the stability of BH spacetime evolutions. An
alternative method would be to excise the computational region containing a BH singularity
(see e.g. Ref.[120]).

In the CCZ4 formulation, 1+log slicing takes a slightly modified version of [116],

∂tα = β
i
∂iα −2α(K −2Θ). (2.24)
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2.5.2 Shift condition

In order to circumvent the spurious effects of slice stretching, we employ a Gamma driver
shift condition given by2

∂tβ
i = b1β

j
∂ jβ

i +b2Bi, (2.25)

∂tBi = b1

(
β

j
∂ jBi −β

k
∂kΓ̂

i
)
+∂t Γ̂

i −ηBi, (2.26)

where Γ̂i is the CCZ4 modified conformal connection function defined in Eq. (2.76) and b1,
b2, and η are freely specifiable constants. In this work we set b1 = 1, b2 = 3/4 and η = 1.
The name of this shift condition stems from the fact that this gauge “freezes Gamma”, i.e.
drives ∂t Γ̂

i to zero as the physics of the spacetime evolve towards quiescence.
Together, 1+log slicing and Gamma driver conditions, are often referred to as a moving

puncture gauge, which allows BHs to move through the computational without contaminating
the numerical evolution. Before the moving puncture gauge, static puncture evolution
methods were commonly used to handle infinities associated with puncture initial data.
However, the gauge kept BHs fixed, limiting the success of such methods modelling the
dynamics of binary black holes. The idea of evolving the two punctures was arrived at
independently by the two groups, Brownsville [89] and Goddard [90]. A non-zero shift at
the positions of the punctures is precisely what allows them to move and their positions xi

p

can be found by the integrating the following equation out

dxi
p

dt
=−β

i(x j
p). (2.27)

2.6 Initial Data

Let us recall that in our 3+1 decomposition we also obtained constraint equations given
by Eqs. (2.12)–(2.13). These constraints have to be satisfied initially for a given physical
system, which requires prescription of constraint satisfying initial data for the spatial metric
γi j and the extrinsic curvature K (and any additional dynamical fields if present in the theory).
The initial data may be constructed analytically for systems with symmetries, e.g. Brill-
Lindquist initial data for N BHs at the moment of time symmetry, or with the use of initial
condition solvers [121–123]. The key challenge of computing initial data is the fact that we
have 12 degrees of freedom from the spatial metric and the extrinsic curvature, but only 4
differential equations to solve. This means that one must fix 8 degrees of freedom as free-data

2Note that for BSSN formulation, we would replace Γ̂i with Γ̃i in Eq. (2.26).
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(to be chosen initially at the start of the simulation), and solve only for the remaining 4
variables. There is no direct recipe for identifying what is physical to assume to be free
data, however a common way of dealing with this issue is to use the York–Lichnerowicz
conformal decomposition that we review in more detail in Appendix 2.C.

2.6.1 Brill-Lindquist initial data

The Brill-Lindquist initial data construction relies on the York–Lichnerowicz conformal
decomposition (see Section 3.2 of Ref. [124] for more details or Appendix 2.C), which
conformally rescales the spatial metric

γi j = ψ
4
γ̃i j. (2.28)

We assume BH spacetime at the moment of time symmetry, which corresponds to imposing
Ki j = 0, as well as ρ = 0 and ji = 0. The momentum constraint in Eq. (2.13) is then trivially
satisfied. Simplifying the problem further by assuming conformal flatness, i.e. γ̃i j = ηi j,
where ηi j is the flat metric, we find that the Hamiltonian constraint reduces to a simple wave
equation in Laplace spacetime

D2
ηψ = 0, (2.29)

where by D2
η we denote the flat-spacetime Laplacian operator. Asymptotic flatness requires

ψ = 1 at infinity, which implies that the conformal factor solution to Eq. (2.29) takes the
following form

ψ̃BL = 1+
C
r
, (2.30)

where C is a constant and r is the coordinate radius. The physical metric in spherical
coordinates therefore reduces to

ds2 =

(
1+

C
r

)4 [
dr2 + r2dΩ

2] . (2.31)

From the form of the metric it is clear that by choosing M = 2C, where M denotes the mass
of the BH corresponds to the Schwarzschild solution in isotropic coordinates. The solution
(2.30) can be generalised to N static BHs with bare masses mi, located at points rrri, via

ψBL = 1+
N

∑
i=1

mi

2 |rrr− rrri|
. (2.32)
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2.6.2 Puncture initial data

It is also possible to apply the York–Lichnerowicz conformal decomposition to more as-
trophysically motivated initial data, such as BHs that have angular and linear momenta.
Imposing maximal slicing condition (i.e K = 0), we find that the momentum constraint
equation can be shown to reduce to the wave-like equation

D̃ j
(
L̃Ṽ
)i j

= 0, (2.33)

where L̃ and Ṽ i are defined in Appendix 2.C. The above equation has analytic solution for Ṽ i

and subsequently Ãi j (see Ref.[107] and Section 3.4.2 of Ref.[124] for more details) and is
known as the Bowen-York solution.

Solving the Hamiltonian constraint is harder and we have to do that numerically. We
start with the ansatz that the solution should be a modification of the previously discussed
Brill-Lindquist solution of Section 2.6.1,

ψ = ψBL +u, (2.34)

where D2
ηψBL = 0 in the punctured domain, i.e. R3\{rrri}. The Hamiltonian constraint

equation we now have to solve is

∆u+(ψBL +u)−7 Ãi jÃi j = 0, (2.35)

where asymptotic flatness implies that u−1 = O(r−1) for large distances from the punctures.
The existence and uniqueness of solutions to Eq. (2.35) has been established in Ref. [125].
Solving for u can be done using a variety of methods, see e.g. Ref. [126] for spectral
implementation. Solving for the Hamiltonian equation (2.35) is what we refer to as puncture
initial data. We are typically used to thinking of a Kerr solution when working under
stationary and axisymmetric assumptions, however we note that this initial data corresponds
to a distorted Kerr BH [127, 128]. Numerical evolution of puncture initial data relaxes to an
approximately Kerr form and produces an initial burst of GW radiation, also known as junk
radiation.
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2.7 GRChombo code

2.7.1 Overview

GRCHOMBO is a numerical relativity code written in C++, facilitating fully non-linear
studies of various single and binary spacetimes relevant to gravitational wave physics and
cosmology. The code is built on CHOMBO [129], which is an adapative mesh refinement
(AMR) library, allowing for resolving the physical elements of the system of interest with
higher resolution. The code was originally developed by Katy Clough, Pau Figueras, Hal
Finkel, Markus Kunesch, Eugene A. Lim and Saran Tunyasuvunakool [130] and many
additional features that are now available in the public release have been implemented
since (see e.g. Refs. [131, 132]). Use of templating and classes allows the users to create
their own examples, targeting their own physical systems of interest, e.g. binary black
holes [133, 134, 134–137], oscillatons [138, 139], axion stars [140], boson stars [141–143],
Proca stars [144], superradiance [145], inflationary scenarios [146–148], cosmic strings
[101, 149, 150], warp drives [151] and many more. For a comprehensive review of the
code structure see Refs. [152, 153]. Since the original development of GRCHOMBO, a few
standalone extensions have been developed and made open-source, like TWOPUNCTURES

initial data solver, GRFOLRES enabling evolutions of binary black holes in modified theories
of gravity [154] and GRDZHADZHA allowing for time evolutions on fixed backgrounds
[155]. The GRCHOMBO code was compared to the LEAN code3 in Ref. [153], where both
codes demonstrated excellent agreement in the context of long and high-precision binary
black hole evolutions in GR.

Simulating physical systems in GR and beyond is a computationally expensive task
so that parallelisation becomes of paramount importance. The computational domain is
therefore split into many boxes (or more precisely cuboids) of typically 8, 16, 32 or 64
gridpoints in length. These boxes are shared between a number of processes across multiple
nodes using Message Passing Interface (MPI). Additionally, GRCHOMBO makes use of
OpenMP threading over the y and z direction of the boxes within each MPI process. The
x-direction on the other hand supports ‘Single instruction, multiple data’ (SIMD) vector
intrinsics.

3LEAN is based on the CACTUS computational toolkit [156] and employs mesh refinement in the form of
moving boxes as provided by CARPET [157].
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2.7.2 Basics of Adaptive Mesh Refinement

The grid in GRCHOMBO comprises a hierarchy of cell-centered Cartesian meshes comprising
L+1 refinement levels, where the grid spacing on level l, ∆xl , is half of the resolution of the
next outer one, ∆xl−1, so that

∆xl =
∆x0

2l , (2.36)

where l = 0,1, ...,L. In order to devise how big or small the refinement levels are and where
they are placed, we use a tagging criterion. On a given refinement level l, for each cell with
indices I = (i, j,k) and Cartesian coordinates

(
xi,y j,zk

)
, we evaluate a tagging criterion, C(I)

(examples of which we will consider in Section 2.7.3)4, and define a user-specified threshold
τ . If C(I)> τ then the cell I is tagged for refinement. The evaluation of the tagging criterion
happens at the initial grid generation and then subsequently at every regridding, the frequency
of which is user-specifiable on every refinement level l < L. A regridding on some level
l = l′ triggers regridding on all finer levels l′ ≤ l < L. In simulations that we will present in
the next Chapters, we enforce regridding only every few timesteps on the coarser levels (e.g.
l = 0 or l = 1), as having less frequent regridding not only reduces the computational cost of
the simulation, but also avoids introducing numerical errors and noise due to interpolation.

We have mentioned before that our computational domain is split into boxes, however
we have not been very specific on how this is done. Partitioning into boxes requires an
efficient algorithm, as poorly split computational domain can significantly increase the wall
time of the simulation. In GRCHOMBO we utilise the Berger-Rigoutsos grid generation
algorithm [158], discussed in more detail in Section 2.2.2. of Ref. [153]. To ensure proper
load-balancing, the algorithm requires that:

• the size of the boxes does not exceed the maximum allowed box size that is specified
by the user (we usually set the maximum size of the box to be 16, although other values
are also possible and depend on the nature of the simulation),

• the partition is efficient in the sense that the proportion of tagged cells to all cells in a
given box does not exceed a fill-ratio, εFR ≤ 1, which is user-specifiable (we usually
set εFR = 0.7). A higher fill ratio will require a larger quantity of smaller boxes to
cover the whole grid, which may be computationally expensive to handle. The effect
of a larger fill-ratio (e.g εFR = 1) is a more box-like structure of the AMR grids, which
we juxtapose with the εFR = 0.7 choice in Fig. 2.3.

A fairly common issue of AMR is when the refinement levels end up clustering nearby
each other. This often introduces undesired noise upon interpolation and even reflections off

4The choice of the tagging criterion is often motivated by the physics we are simulating.
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Fig. 2.3 2D snapshots in the x−y plane. The finer AMR grids are shown around two compact
objects (boson stars that we will encounter later in Chapters 5–8) and a conformal factor χ is
illustrated via the colour gradient. Left: A fill-ratio of εFR = 0.7 is used. The inner refinement
levels have sharper edges and a less box-like structure. Right: A fill-ratio of εFR = 1 is now
used. Unlike the εFR = 0.7, the inner refinement levels now have a distinct box-like structure.

the refinement levels that do not fully dissipate and as a result contaminate the numerical
evolution. For this purpose, GRCHOMBO uses a parameter that controls the size of buffer
regions between AMR levels, denoted by nB, and specifies the number of cells between
the levels. Typically the parameter uses the buffer of nB = 8 cells, however in some of our
simulations (e.g. Chapter 8) we set it to nB = 64. We note that nB does not shrink the size of
the finer levels, but rather expands the coarser ones.

2.7.3 Tagging criteria

Grid variable type of tagging

A classical way to tag cells in GRCHOMBO is to use grid variables or their derived quantities,
e.g. their first or second derivatives as they are likely to be changing rapidly. Let us denote
an arbitrary grid variable by F; an easy example for F would be to choose the conformal
factor χ , previously defined in Eq. (2.14). Near the BH the gradients of the conformal factor
are likely to grow and these are the regions we need to spend most resolution on. A suitable
criterion for any grid variable F may then be defined via

C =
√

∑
i j

(
∂i∂ jF

)(
∂i∂ jF

)
∆xl. (2.37)
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We note that it is necessary to scale the gradients of the variables with the spatial resolution
on the given level, ∆xl , as otherwise the criterion may be continuously triggered and cause
unlimited regridding. A more sophisticated version of Eq. (2.37), incorporating second and
first derivatives of some variable F is to use their ratio,

C =

√
∑i, j

(
∂i∂ jF

)(
∂i∂ jF

)
∑k (∂kF)(∂kF)+ ε

∆xl, (2.38)

where ε is a small constant, specified by the user, as to avoid divisions by zero.
Depending on the numerical simulation of interest, it may be useful to define tagging

criterion (2.37) for several evolution or diagnostic variables. For example, if the physical
problem has the conformal factor χ and a real scalar field ϕ in the evolution, we may define
two tagging criteria using Eq. (2.37) or Eq. (2.38): Cχ with F = χ and Cϕ with F = ϕ . Then,
the final tagging criterion may defined by taking the maximum, i.e. C = max

(
Cχ ,Cϕ

)
.

Tagging for extraction zones

In numerical simulations, we typically extract a physical quantity on a spherical shell (e.g.
gravitational radiation). This is usually done at a fixed extraction radius, Rext, far away from
the center of the domain. Therefore, it can happen that in the extraction zone, the quantity
of interest is not well resolved. We can ensure that sufficient resolution is used around the
extraction sphere labelled by i, by choosing the desired extraction level lext,i for each of the
extraction radii Rext,i and using the following criteria

Cext,i =

100, if r < 1.2Rext,i and l < lext,i,

0, otherwise.
(2.39)

Here we use a fudge number of 100 in the criterion near the extraction zones; this is just
some arbitrary large number to ensure that the cells are tagged in that region. The combined
criterion can then be found via a maximum measure of all criteria for each of the spherical
shells, Cext = maxi(Cext,i).

A là moving boxes tagging

Grid variable tagging often results in tagged regions, which are ‘LEGO’ spheres, rather than
boxes. As we are dealing with a Cartesian cuboid domain, it may be more natural to impose
the tagging to be box-like. In this Section, we follow the discussion of Ref. [153] and review
how this can be achieved for binary systems, whose components’ positions, xxx(1)p and xxx(2)p ,
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can be tracked throughout the evolution. The tagging criterion is split into 3 parts and is
defined via C = max

(
Cχ ,Cex,Cpos

)
. The first part, Cχ , tags the cells based on Eq. (2.37)

with F = χ , whilst the second one, Cext, is the criterion ensuring sufficient resolution near
the extraction zones as previously discussed in Section 2.7.3. Finally, the most non-trivial
component of the tagging Cpos is split into two parts – the inspiral Cinsp and the merger Cmerg

tagging criteria, defined as

Cpos =

Cinsp, if d ≥ M+b,

Cmerg, if d < M+b,
(2.40)

where d =

√∣∣∣xxx(1)p − xxx(2)p

∣∣∣ denotes the separation between the two objects, M = m1 +m2 is

the total mass of the binary and b is a buffer parameter we typically set to b = 1.2. The
individual ‘inspiral’ and ‘merger’ components are defined as follows

Cinsp =

100, if R1 < (m1 +b)2min(L−l−1,2) or R2 < (m2 +b)2min(L−l−1,2),

0 otherwise,
(2.41)

Cmerg =

100, if Rcom < (M+b)2min(L−l−1,2),

0 otherwise,
(2.42)

where Ri =max(|x−x(i)p |, |y−y(i)p |, |z−z(i)p |) and Rcom =max(|x−xcom|, |y−ycom|, |z−zcom|)
with (xcom,ycom,zcom) denoting the coordinates in the centre-of-mass frame. The factors
of powers of 2 in Eqs. (2.41)-(2.42) enable us to ensure that coarser refinement levels
are twice the size of the finer levels, therefore replicating the structure of moving boxes
style of refinement. The factors may look daunting, but all they do is provide proper box-
like refinement around the binary objects; we break-down their effects in Fig. 2.4. Most
importantly, we note that Cinsp tags the cells so that the refinement boxes are positioned
around the binary objects individually, whilst boxes in Cmerg are centered around the centre
of mass coordinates.

2.7.4 Boundary Conditions

Our numerical relativity simulations are limited to a finite domain, which is truncated at some
artificial boundary, typically far away from the binary evolution. Prescription of appropriate
boundary conditions becomes necessary in this case, such that the initial value problem is
well-posed and any spurious ingoing reflections arising at the boundary are minimised. In
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m1 + b

2 (m1 + b)

4 (m1 + b)

Assume L = 7, then tag the cells on each level, when :
l = 7 : R1 < (m1 + b)2min(−1,2) = 1

2 (m1 + b)
l = 6 : R1 <  (m1 + b)
l = 5 : R1 <  2(m1 + b)
. . .x

y

l = 7
l = 6

l = 5

Fig. 2.4 Illustration of the tagging criterion Cpos of Eq. (2.40) in the x−y plane being triggered
around a compact object of mass m1 (orange blob) . Assuming we have 7 additional AMR
levels on top of the base level l = 0, we show how the grids are likely to be resolved around
the compact object in question.

the generalised harmonic formulation absorbing boundary conditions have been proposed
for this purpose (see Refs. [159, 160]). In finite differencing codes, like GRCHOMBO, using
BSSN and CCZ4 evolution formulations, we impose Sommerfeld (i.e. outgoing radiation)
boundary conditions. For some evolution variable v we assume a O(r−n) fall-off, where n
is an integer. Mathematically, we can write this as v = v∞ +u(t − r)/rn, where v∞ is some
background constant value that the evolution variable reaches at large enough radii. The
outgoing radiation boundary can then be written as

∂tu+∂ru = 0 =⇒ ∂tv+n
v− v∞

r
+

xi

r
∂iv = 0. (2.43)

The outgoing radiation boundary condition is non-exact and may introduce spurious reflec-
tions at the boundary, thanks to the non-linearity of our evolution equations. However, having
a computational boundary far away from the evolution domain usually ensures that physical
quantities are not significantly affected by the spurious modes.

2.7.5 Gravitational waves

Overview

In this Section we will briefly recap the main results of most GR courses, concerning GWs
in GR. The reader may be already aware that GWs are derived from linearised theory of
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GR in vacuum using the transverse-traceless gauge (see Refs. [161–163] for a complete
introduction to this field). GWs correspond to small perturbations of O(ε) around Minkowski
background, denoted by hi j and satisfying the wave equation(

∂ 2

∂ t2 +∇
2
)

hi j = 0. (2.44)

Now let us have a closer look at the physical effect of such a GW, hi j, passing by the array of
some test particles. The relative motion of the test particles is well described by the geodesic
deviation equation

D2

dτ2 ξ
µ = Rµ

νρσUνUρ
ξ

σ , (2.45)

where U µ is the 4-velocity of the particles, ξ µ is their separation vector and D/dτ denotes
the covariant differentiation with respect to U µ . Working in a local inertial (i.e. freely falling)
frame5, we find that the Christoffel symbols vanish. Furthermore, assuming that the test
particles are slowly moving6 and noting that both the Riemann tensor and the change in
the separation vector are O(ε), the 4-velocity can be taken as U µ = (1,0,0,0) [164] and
Eq. (2.45) reduces to

d2

dt2
ξ

i =
1
2

ξ
j d2

dt2
hi

j, (2.46)

where we have used the fact that τ = t to leading order, and that R0i0 j = 1/2∂0∂0hi j in the
transverse-traceless gauge. Assuming hi j is small, we integrate Eq. (2.46) and to leading
order find

ξ
j(t) = ξ

j(0)+
1
2

h jk (t − kkk · rrr)ξk(0). (2.47)

It follows that the displacement vector ξ j(t) is driven by h jk – the metric perturbation.
This metric perturbation can be decomposed into plus and cross polarisations, h+ and h×
respectively, via hi j = h+e+i j +h×e×i j , where e+i j and e×i j are the polarisation matrices we will
discuss in more detail in Chapter 3.

Gravitational waves in numerical relativity

As we have seen in the previous Section 2.7.5, the relative, tidal acceleration between the
test particles as a GW passes by is determined by the geodesic deviation equation, which
is sourced by the Riemann tensor. If we were to measure a plane, null wave propagating to
us on Earth, it would be characterised by the linearised Riemann components as functions
of retarded time. The properties of these waves would depend on the symmetries of the

5We choose such coordinates that gµν = ηµν = diag(−1,1,1,1) and ∂ρ gµν = 0.
6Meaning we can express U µ as a vector in the time direction plus corrections of O(ε).
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Riemann tensor. For example, in vacuum there are six algebraically independent components
of the Riemann tensor, corresponding to six polarisations [165]. One of these components
corresponds to the modes we will be extracting in our simulations – the plus h+ and cross h×
polarisations.

We start by splitting the Riemann tensor into its irreducible parts, consisting of the
combinations of the Ricci tensor, Ricci scalar and the Weyl tensor, defined as follows in
4-dimensions

Cµνρσ = Rµνρσ −
(
gµ[ρRσ ]ν −gν [ρRσ ]µ

)
+

1
3

gµ[ρgσ ]νR. (2.48)

We then construct an orthonormal basis {eµ

(0),e
µ

(1),e
µ

(2),e
µ

(3)} in NR (typically using Gram-

Schmidt orthonormalisation), satisfying gαβ eα

(a)e
β

(b) = η(a)(b) and the null tetrad consisting
of ingoing and outgoing null vectors, kµ and lµ respectively, a complex null vector mµ and
its conjugate m̄µ . The null tetrad (lµ ,kµ ,mµ , m̄µ) is then related to the {eµ

(0),e
µ

(1),e
µ

(2),e
µ

(3)}
tetrad the following way

lµ =
1√
2

(
eµ

(0)+ eµ

(1)

)
, (2.49)

kµ =
1√
2

(
eµ

(0)− eµ

(1)

)
, (2.50)

mµ =
1√
2

(
eµ

(2)+ ieµ

(3)

)
, (2.51)

m̄µ =
1√
2

(
eµ

(2)− ieµ

(3)

)
. (2.52)

The outgoing gravitational radiation is captured by one of the Weyl Newman Penrose scalars,
defined by the projection of the Weyl tensor Cαβγσ onto the null tetrad

Ψ4
..=Cαβγσ kαm̄β kγm̄σ . (2.53)

In order to compute Ψ4 we have to choose the null tetrad. In GRCHOMBO we use the
quasi-Kinnersley tetrad proposed in Ref. [166] (see Section 2.4.4 of Ref. [131] for more
details on the implementation).

Far away from the source, the GW is a plane wave and the metric perturbations are
directly related to Ψ4 defined in Eq. (2.53)

Ψ4 = ∂
2
t (h+− ih×) . (2.54)
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By the peeling theorem, in an asymptotically flat spacetime we have that Ψ4 ∼ O(r−1) at
future null infinity [167, 168]. The gravitational radiation is therefore described by rΨ4,
ideally evaluated in the limit r → ∞ or at some large extraction radius Rext.

Extraction techniques

In our simulations we often decompose Ψ4 into its respective spherical harmonic modes. We
use spin weighted s =−2 spherical harmonics −2Y lm defined by [124, 169]

sY lm(θ ,φ) = (−1)s

√
2l +1

4π
dl

m(−s)(θ)e
imφ , (2.55)

where dl
ms are the Wigner functions defined as

dl
ms(θ) =

min(l+m,l−s)

∑
t=max(0,m−s)

(−1)t
√
(l +m)!(l −m)!(l + s)!(l − s)!

(l +m− t)!(l − s− t)!t!(t + s−m)!

(
cosθ

2

)N(sinθ

2

)M

,

(2.56)
where N = 2l+m− s−2t and M = 2t + s−m. The multipolar modes of Ψ4 on a two-sphere
S2 are then given by

Ψlm(t,r) =
∮

S2
Ψ4(t,r,θ ,φ)−2Y ∗lm(θ ,φ)dΩ, (2.57)

so that the original scalar may be retrieved via

Ψ4(t,r,θ ,φ) =
∞

∑
l=2

m=l

∑
m=−l

Ψlm(t,r)−2Y lm(θ ,φ). (2.58)

The computation of the strain modes hlm, according to Eq. (2.54), requires double
integration in time, i.e.

hlm(t) = hlm
+ − ihlm

× (t) =
∫ t

dt ′
∫ t ′

dt ′′Ψlm. (2.59)

Whilst such integration may look easy to perform, in practice it can be challenging: it has
been found that random noise present in the Ψlm modes can lead to drifts in the waveform
and consequent accuracy issues [170]. A remedy for this is to perform the integration in the
frequency domain, which reduces the time integration to division by the frequency ω

h̃lm
+ (ω)− ih̃lm

× (ω) =−Ψ̃lm(ω)

ω2 . (2.60)
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It is clear to see that when ω is small, the division by ω2 becomes problematic in a numerical
sense and we run into a problem of growing modes. In our approach we choose a frequency
cut-off, ω0, so that [170]

h̃lm
+ (ω)− ih̃lm

× (ω) =

− Ψ̃lm(ω)
ω2 , for w ≥ ω0

− Ψ̃lm(ω)

ω2
0

, for w < ω0.
(2.61)

The choice of ω0 is rather arbitrary and requires some form of fine-tuning. In practice we
pick a set of ω0 values for comparison: when ω0 is too high, the physical low-frequency
modes are significantly suppressed, whilst for very low values of ω0 we start to see drifts.
Finding the middle, ‘golden’ value of ω0 therefore requires some experimentation. For other
possible filters for computing the strain in the frequency domain, see Refs. [171, 172].
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Appendix 2.A BSSN equations

Baumgarte-Shapiro-Shibata-Nakamura (BSSN) equations

∂t χ = β
m

∂mχ +
2
3

χ(αK −∂mβ
m) , (2.62)

∂t γ̃i j = β
m

∂mγ̃i j +2γ̃m( j∂i)β
m − 2

3
γ̃i j∂mβ

m −2αÃi j , (2.63)

∂tK = β
m

∂mK −χγ̃
mlDmDlα +α

[
ÃmnÃmn +

1
3

K2 +4π (S+ρ)

]
, (2.64)

∂t Ãi j = β
m

∂mÃi j +2Ãm( j∂i)β
m − 2

3
Ãi j∂mβ

m −2αÃimÃm
j +αÃi jK

+χ

[
−DiD jα +α(R̃i j +Rχ

i j −8πSi j)
]TF

, (2.65)
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where [..]TF denotes the trace-free part, and R̃i j and Rχ

i j are parts of the spatial Ricci
tensor (3)Ri j so that

(3)Ri j = R̃i j +Rχ

i j,
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Finally, we note that in Eqs. (2.65)-(2.66) we have

DiD jα = ∂i∂ jα − Γ̃
k
i j∂kα +

1
2χ

(
∂(iα∂ j)χ − γ̃i jγ̃

kl
∂kα∂lχ

)
. (2.68)

Appendix 2.B CCZ4 equations

Covariant and conformal Z4 (CCZ4) equations

∂t χ = β
m

∂mχ +
2
3

χ(αK −∂mβ
m) , (2.69)

∂t γ̃i j = β
m

∂mγ̃i j +2γ̃m(i∂ j)β
m − 2

3
γ̃i j∂mβ

m −2αÃi j , (2.70)
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m

∂mK −DmDmα +α

[
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, (2.71)
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mn −3αÃim ∂mχ

χ
−2

α

χ
κ1Θ

i

− 4
3

α

χ
KΘ

i +2αγ̃
im
(

∂mΘ− 2
3

∂mK
)
−2κ3

Θm

χ
∂mβ

i −16παγ̃
im jm , (2.73)
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In Eq. (2.73), we have defined a modified conformal connection function, Γ̂i defined by

Γ̂
i ..= Γ̃

i +2
Θi

χ
. (2.76)

Furthermore, in Eq. (2.72), we have utilised a modified version of the Ricci tensor

(3)Ri j +2D(iΘ j) = R̂i j +Rχ
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γ̃ jm∂iχ + γ̃im∂ jχ − γ̃i j∂mχ

]
, (2.77)

where R̂i j is essentially R̃i j but with Γ̃i in Eq. (2.67) replaced by Γ̂i. Note the additional
constraint parameter κ3 in Eq. (2.73) – this term proved to be necessary for stable numerical
evolutions of BHs [116]. In this work we set, κ3 = 1. We remark that the elliptic constraint
equations previously seen in the BSSN formalism are now replaced by the hyperbolic
equations for Θ and Θi. This poses a great advantage for numerics, whereby we avoid
solving the computationally expensive constraint equations at every time-step.

Appendix 2.C York–Lichnerowicz conformal decomposi-
tion

In the same spirit as the BSSN formalism, the York–Lichnerowicz conformal decomposition
begins with a conformal rescaling of the spatial metric

γi j = ψ
4
γ̃i j, (2.78)

and a split of the extrinsic curvature into its trace and trace-free components, K and Ai j,
respectively

Ki j = Ai j − 1
3

γ
i jK. (2.79)

Upon such a decomposition, the constraint equations become

8D̃2
ψ − R̃ψ +ψ

5
(

Ai jAi j − 2
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K2
)
+16πψ

5
ρ = 0, (2.80)

D jAi j − 2
3

DiK −8π ji = 0. (2.81)
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Next, in order to transform the momentum constraint equation into 3 equations with
3 unknowns, we will use the fact that any symmetric traceless tensor X i j can be split into
transverse and longitudinal parts.

B̃i j = B̃i j
∗ +(L̃W̃ )i j, (2.82)

where B̃i j
∗ is transverse so that D jB̃

i j
∗ = 0, W̃ i is a vector to be determined and L̃ is a linear

operator associated with the conformal metric γ̃i j,

(
L̃W̃
)i j ..= D̃iW̃ j + D̃ jW̃ i − 2

3
γ̃

i jD̃kW̃ k. (2.83)

A natural trace-free symmetric quantity to apply decomposition (2.83) on is Ãi j. However,
we first need to define the conformal version of Ai j, which we achieve in the following way,

Ãi j = ψ
10Ai j. (2.84)

We then split Ãi j into transverse and longitudinal parts,

Ãi j = Ãi j
∗ +(L̃W̃ )i j. (2.85)

Now, we use a little‘trick’, which may seem unnatural at first however it will eventually help
us in simplifying the momentum constraint equation. First, we start by rearranging Eq. (2.85)
but for now replace Ãi j with some arbitrary symmetric and trace-free tensor M̃i j that we will
be able to choose freely

M̃i j
∗ = M̃i j −

(
L̃Ỹ
)i j

, (2.86)

where Ỹ i is the vector ultimately to be determined. Taking into account that M̃∗
i j is transverse,

Ỹ i then satisfies the following relation

D̃ jM̃i j = D̃ j
(
L̃Ỹ .
)i j (2.87)

Now, defining Ṽ i ..= W̃ i − Ỹ i and taking Ãi j
∗ = M̃i j

∗ , we arrive at

Ãi j = M̃i j +
(
L̃Ṽ
)i j

, (2.88)
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so that the Hamiltonian and momentum equation become

8D̃2
ψ − R̃ψ +ψ

−7Ãi jÃi j − 2
3

ψ
5K2 +16πψ

5
ρ = 0, (2.89)

D̃ j
(
L̃Ṽ
)i j

+ D̃ jM̃i j − 2
3

ψ
6D̃iK −8πψ

10 ji = 0. (2.90)

Provided free-data γ̃i j, M̃i j, K, ρ and j, equations (2.89)–(2.90) are solved for ψ and Ṽ i. We
now have a system of 4 constraint equations and 4 unknowns. For puncture initial data, we
choose M̃i j = 0, therefore significantly simplifying the momentum constraint to Eq. (2.33) –
this is where our trick of Eq. (2.86) comes in handy.





Chapter 3

Gravitational wave data analysis for
numerical relativists in fundamental
physics

3.1 Introduction

In this Chapter we would like to bring together the tools used for GW analysis with numerical
relativity waveforms, and present the basic introductory material required for a numerical
relativist to be able to prepare and inject their simulation data into GW analysis pipelines.
This may be of particular interest to groups who study the effects of modified theories of
gravity and/or exotic compact objects on GW observations and would like to understand the
response of parameter estimation pipelines to their simulated GW signals as well as potential
modelling biases related to their theories of interest. In Section 3.2, we start with a status
review of current and future GW detectors and describe the principles of matched filtering
techniques used for GW detection. In Section 3.3 we discuss the fundamentals of Bayesian
inference and methods involved in inferring the source parameters following a GW detection
(or NR injection). Finally, in Section 3.4 we review the steps of data preparation required to
perform numerical relativity injections into detector noise. Our discussion covers injections
of conventional plus and cross GW polarisations of GR, as well as scalar polarisation modes.
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3.2 Gravitational wave detectors

3.2.1 Present and future GW detectors

The network of first GW detectors consisted of 2 LIGO detectors in the US, the Virgo
detector in Italy, the GEO600 detector in Germany and the TAMA300 detector in Japan.
After some hardware upgrades the Advanced LIGO detectors made the observation of the
first binary black hole (BBH) event GW150914 in engineering mode of their first observing
run [12]. In 2016 LIGO-Virgo entered their second observing run (O2), followed by the
O3 run in 2019 and just recently by the O4 run in 2024. In the second observing run,
LIGO-Virgo detected the first binary neutron star signal GW170817. By the end of the
third observing run, during which the first two binary black hole neutron star mergers were
detected (GW200115 and GW200105) [173], LIGO and Virgo were joined by the Japanese
KAGRA interferometer. Current GW detectors are able to detect gravitational waves in the
frequency range of 10−104Hz; lower frequency signals are harder to probe due to seismic
and Newtonian noise1 [174], whilst the higher frequency band is limited by shot noise (i.e.
fluctuations in the photon number) [175]. The present detectors are L-shaped and use laser
interferometry to sense the motion of test masses at the ends of the arms as the GW passes
through. Gravitational waves change the relative displacement of the interferometers’ arms,
resulting in the strain

h =
∆L
L

∼ 10−21, (3.1)

where L is the length of the detector arm and ∆L is the length change.
In the next years, the ensemble of GW detectors awaits new additions. For example,

by 2030, the LIGO India interferometer [176] is expected to become operational. The next
generation detectors are also planned to be built, including the Cosmic Explorer [177, 178]
(CE) with longer arm lengths increasing its sensitivity and the Einstein Telescope (ET) [179].
Last but not least, GW science is going to space: the Laser Interferometer Space Antenna
(LISA) [180–182] detector, adopted by the European Space Agency (ESA) and the National
Aeronautics and Space Administration (NASA) is expected to begin its construction in 2025,
promising to extend our detection range into lower frequency band of 10−4 −10−1Hz. The
LISA Pathfinder mission was completed in 2017, testing the in-flight technologies required
for GW detection in space and demonstrating its feasibility [183]. On the other hand, another
space-based detector DECIGO [184] proposed for 2030s by Japan will be sensitive in the

1Seismic noise is generated by the ground vibrations that can happen anywhere on the Earth, whilst
Newtonian noise – by the small fluctuations of the Earth’s gravitational field.
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frequency band of 0.1−10Hz, therefore filling in the gap between the sensitivity bands of
LIGO and LISA.

3.2.2 Gravitational wave polarisations

At large distances, a GW coming from a source can be interpreted as a plane wave travelling
along a unit vector kkk, which points from the source to the observer. Let us fix our coordinate
axes so that

kkk =

0
0
1

 , (3.2)

and the components of the GW – i.e. the metric perturbation – are

hi j = h+e+i j +h×e×i j , (3.3)

where h+ and h× are the plus and cross polarisations, both functions of (t − kkk · rrr), and

(e+)i j
..= eee+ =

1 0 0
0 −1 0
0 0 0

 , (e×)i j
..= eee× =

0 1 0
1 0 0
0 0 0

 (3.4)

are the polarisation matrices. In this case, when the wave is propagating in the z-direction, we
can see from Eq. (2.47) that only displacement in ξ 1 and ξ 2 directions of the test particles is
triggered (but not in ξ 3). In a general setting, we can always construct polarisation matrices
(e+)i j and (e×)i j as long as we are provided with the orthonormal basis (ℓℓℓ,mmm,kkk), where ℓℓℓ,mmm
lie in the plane perpendicular to kkk

eee+ = ℓℓℓℓℓℓT −mmmmmmT , (3.5)

eee× = ℓℓℓmmmT +mmmℓℓℓT . (3.6)

In modified theories of gravity, additional polarisation content may be encoded in the
forms of vector-x, vector-y, breathing and longitudinal modes (cf. Fig. 4.2.1) whose respective
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polarisation matrices are

eeex = ℓℓℓkkkT + kkkℓℓℓT , (3.7)

eeey = mmmkkkT + kkkmmmT , (3.8)

eeeb = ℓℓℓℓℓℓT +mmmmmmT , (3.9)

eeel = kkkkkkT . (3.10)

As we will see in Chapter 4, the polarisation content can be classified in terms of Newman-
Penrose scalars, one of which is Ψ4, we already encountered in Section 2.7.5 of Chapter 2.
For a comprehensive discussion on testing GR via GW polarisations see Refs. [185–188].

3.2.3 Antenna response functions

Note that hi j describes GWs as a tensor on a Minkowski background, whilst the inputs and
outputs of the GW detector are in fact scalar quantities. When a gravitational wave travels to
the detector, it records a time series of the following form

h(t) = Di jhi j(t) = ∑
A

Di jeA
i jhA(t), (3.11)

where A denotes the polarisation symbol, e.g. + and × in GR, and Di j is a constant tensor
depending on the geometry of the detector. For LIGO-Virgo-KAGRA that are differential
arm detectors, the detector tensor is given by

Di j =
1
2
(
di

xd j
x −di

yd j
y
)
, (3.12)

where di
x and di

y are the unit spatial vectors along each of detector arms. By defining the
detector pattern or antenna response functions via

FA = Di jeA
i j, (3.13)

the strain of Eq. (3.11) in the detector frame can then be written as

h(t) = h+(t)F+(θ ,φ ,ψ)+h×(t)F×(θ ,φ ,ψ), (3.14)

where (θ ,φ) define the direction of the propagation and ψ is the polarisation angle that we
define below. We typically choose ℓℓℓ to lie on the intersection of the equatorial plane of the
source with the plane of sky. Different orientation of ℓℓℓ, obtained through the rotation of
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x-arm y-arm

̂dz

̂dŷdx

k
l

m

ψ

θ

ϕ

Fig. 3.2.1 Definition of the propagation angles (θ ,φ ) and the polarisation angle ψ in the
detector frame. Note that {d̂ddx, d̂ddy, d̂ddz} denote the Cartesian basis in the detector frame, whilst
{ℓℓℓ,mmm,kkk} is the basis at the source, where kkk is taken to be in the direction of propagation.

the unit vectors around the direction of propagation, can be incorporated by including the
polarisation angle ψ (see Fig. 3.2.1). We will see an example of defining the (ℓℓℓ,mmm,kkk) basis
in Section 3.4.2, which will constitute what we call a wave frame. The antenna response
function are then written as follows

F+ =
1
2
(
1+ cos2

θ
)

cos2φcos2ψ − cosθsin2φsin2ψ, (3.15)

F× =
1
2
(
1+ cos2

θ
)

cos2φsin2ψ + cosθsin2φcos2ψ, (3.16)

Fx =−sinθ (cosθcos2φcosψ − sin2φsinψ) , (3.17)

Fy =−sinθ (cosθsin2φcosψ + sin2φcosψ) , (3.18)

Fb =−1
2

sin2
θcos2φ , (3.19)

Fs =
1
2

sin2
θcos2φ . (3.20)

3.2.4 Detector noise and matched filtering

The GW detectors are not perfect machines that can just register any GW signal. Often, noise
effects and artifacts from the surroundings contaminate our GW measurements and therefore
have to be taken into account, when searching for GW signatures. The GW detector output
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can be assumed as2

d(t) = h(t)+n(t), (3.21)

where h(t) is the pure GW signal and n(t) is the noise. We assume the noise is stationary so
that the average over many of its possible realisations is given by

⟨ñ∗( f )ñ( f ′)⟩= 1
2

δ ( f − f ′)Sn( f ), (3.22)

where ñ( f ) is the noise in the frequency domain, ñ∗( f ) its conjugate and Sn( f ) is the
single-sided noise or power spectral density (PSD). Note that here Sn( f ) has dimensions
Hz−1.

The problem of GW detection is that the noise is often louder than the incoming GW
signal and we are confronted with the task of somehow ‘filtering out’ h(t). This becomes
possible if we know the form of the strain h(t) as well as the typical magnitude of variations of
the noise. Typically h(t) is either given by one of the parametrised waveform approximants
(see Table 12 of Ref. [180] for a representative set of frequency and time domain BBH
approximants) or a numerically simulated signal.

In our quest for filtering through the noise, we define a filter function K(t) so that

d̂ =
∫

∞

−∞

dtd(t)K(t). (3.23)

We then look for K(t) such that it maximises the signal-to-noise ratio (SNR), defined as the
ratio of the expected values of d̂ when the GW signal is present and the root mean squared
value of d̂ when there is no signal. Such filter function in the Fourier domain can be found to
be [161]

K̃( f )∼ h̃( f )
Sn( f )

. (3.24)

The signal-to-noise-ratio, ρ , then takes the following form

ρ
2 = 4

∫
∞

0
d f

|h̃( f )|2

|Sn( f )|
. (3.25)

The technique of maximising the SNR is referred to as matched filtering, as the filter K is
chosen to ‘match’ the GW signal. Matched filtering is one of the methods used to search
for GW signals in the data. An alternative unmodelled method is to use wavelets in the

2Note that here we are ignoring the calibration error function.
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reconstruction of the GW signal, as done in the Coherent Wave Burst (CWB) pipeline
[189, 190] which detected the first BBH event GW150914.

3.3 Bayesian inference and parameter estimation

3.3.1 Bayes theorem

When a signal has been triggered as detected either by the matched filtering or CWB pipelines,
we can study the ‘morphology’ of the signal in more detail. In particular, using Bayesian
inference, we can infer the parameters of the sources, θ = {θi}, the signal is coming from.
The central equation of this Section is Bayes theorem

p(θ |d) = L (d|θ)π(θ)
Z

, Z =
∫

dθL (d|θ)π(θ), (3.26)

where L (d|θ) is the likelihood function, π(θ) is the prior, encoding our knowledge about
the possible distribution of the parameters θ , and Z is the evidence. Formally, the evidence
is a completely marginalised3 likelihood function and is simply a normalisation factor of
Eq. (3.26).
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Fig. 3.3.1 Shapes (from left to right) of uniform, uniform in cosmological comoving volume,
uniform in cosine and sine priors for an arbitrary variable X .

Let us now provide an example of suitable prior functions. The GW signal coming from
a black hole binary is characterized by 15 source parameters. They can be separated into

3Marginalisation is a powerful technique in the context of high-dimensional posterior distributions. By
marginalising, i.e. by integrating over the ‘nuisance’ parameters, we can isolate the probability distribution for
a single parameter we are interested in.
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intrinsic {m1,m2,φc,a1,a2,θ1,θ2,φ12,φJL} and extrinsic {tc,α,δ , ι ,dL,ψ} parameters that
we describe in more detail in Table 3.3.1. Typical prior choices include: uniform, uniform in
sine, uniform in cosine and uniform in comoving volume (see Fig. 3.3.1). One the one hand, a
simple uniform prior usually highlights our ignorance about how a certain source parameter
should be distributed. For example, the individual component masses, m1 and m2, are often
characterised by such priors under the constraint that m1 ≥ m2. On the other hand, if we have
some astrophysically motivated knowledge that a parameter is isotropically distributed, we
may revert to using uniform priors in sine or cosine. For example, it is expected that binaries
formed via dynamical interactions in stellar clusters are expected to have spin directions
isotropically distributed [191]. However, this is not the only available choice and the impact
of the spin prior choice on the parameter estimation is, in fact, a hot topic in gravitational
wave astronomy, see Refs. [192, 193] for further discussions. Finally, uniform in comoving
volume prior is typically used for the luminosity distance, dL, allowing us to capture the
effect of an increasing distribution of BBHs events, as we move further away. We report
typical prior choices employed in gravitational wave analysis in Table 3.3.1.

Table 3.3.1 includes the individual component masses, m1 and m2, and imposes a uniform
prior on them. Realistically, most analyses would sample the chirp mass, M , defined via

M =
(m1m2)

3/5

(m1 +m2)1/5 , (3.27)

as it is the leading term in the frequency evolution in the Post-Newtonian (PN) expansion
and so is much better constrained. The second parameter we typically choose to sample is
the mass ratio, q ..= m2/m1 ≤ 1.

Likelihood

The likelihood function is in principle a freely specifiable function. As the likelihood portrays
the probability of the data given the source parameters, it therefore encodes the description
of the measurement. A typical choice for a single GW detector is a Gaussian likelihood
function, which also allows us to implicitly introduce the noise parameter related to our
measurements and impose the assumption of Gaussian detector noise

L (d|θ) = 1
2πσ2 exp

(
−1

2
|d −µ(θ)|2

σ2

)
. (3.28)

Above σ denotes the detector noise and µ(θ) a waveform template. The analysis usually
takes place in the Fourier domain and the noise is represented by the PSD Sn( f ), which we
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Symbol Description Units Prior
m1,m2 Individual component masses M⊙ Uniform[Mmin,Mmax]
φc Reference phase of the binary rad Uniform[0,2π]
a1,a2 Dimensionless spin magnitudes – Uniform[0,0.99]
θ1,θ2 Tilt angles, corresponding to θi = ai cos(αi),

where i ∈ {1,2} and αi is the angle between
the spin and orbital angular momentum

rad Sin[0,π]

φ12 Difference between the azimuthal angles of
the individual spin projections onto the orbital
plane

rad Uniform[0,2π]

φJL Difference between total and orbital momen-
tum azimuthal angles

rad Uniform[0,2π]

ι Inclination angle defined as the angle between
the line of sight and the orbital angular mo-
mentum. When ι = 0◦, the binary is face-on,
and when ι = 90◦, it is edge-on

rad Sin[0,π]

tc Time of coalescence at geocenter s Uniform[tc,min, tc,max]
α Right ascension (sky position) rad Uniform[0,2π]
δ Declination (sky position) rad Cos[−π/2,π/2]
dL Luminosity distance of the source Mpc Comoving[dL,min,dL,max]
ψ Polarisation angle rad Uniform[0,2π]

Table 3.3.1 Binary black hole source parameters and their priors typically employed in
parameter estimations pipelines. Here ‘Sin’ and ‘Cos’ denote uniform priors in cosine and
sine correspondingly (note the order here!), whilst ‘Comoving’ refers to the uniform prior
in cosmological comoving volume. The ‘max’ and ‘min’ subscripts are used to denote the
lower and upper bounds on the priors.

have previously seen in Eq. (3.22). The likelihood function for a frequency bin i can be
written as

L̂ (di|θ) =
1

2πSn,i( f )
exp

(
−2δ f

|d̂i − µ̂i(θ)|2

Sn,i( f )

)
, (3.29)

where δ f is the frequency resolution. As the signal is usually spread over N bins4, the total
likelihood is merely a product of all individual likelihood functions in each of the frequency
bins

L (d|θ) =
N

∏
i=1

L (di|θ). (3.30)

4Here we work under the assumption that the noise in each frequency bin is a collection of independent and
identically distributed random variables.
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For multiple independent detectors, denoted by j, the likelihood function is given via

L (d|θ) = ∏
j

N

∏
i=1

L (di, j|θ). (3.31)

Evidence

Equation (3.28) has a freedom in specifying the waveform template µ(θ). Therefore depend-
ing on the choice of the waveform approximant, we will obtain different likelihood estimates
and subsequently different evidence factors Z . In fact, the evidence is a useful diagnostic
when (i) comparing two competing models, referred to as model selection, or (ii) inferring
whether provided data stream actually contains a GW signal or is pure noise. In the latter
case, we denote the noise evidence by ZN and the signal evidence by ZS, where

ZN = L (d|0), (3.32)

ZS =
∫

dθL (d|θ)π(θ). (3.33)

Computing the ratio between the two evidence factors gives us the Bayes factor

BS
N

..=
ZS

ZN
. (3.34)

In reality we often work with the log-Bayes factor, logBS
N. A positive (negative) log-Bayes

factor would indicate that the signal (noise) model is preferred. In model selection, the
correct statistic for comparison to use is the odds

OY
X =

ZX

ZY

πX

πY
, (3.35)

where X and Y denote two competing models and πX/πY encode the prior odds. Typically,
the relative likelihood of models A and B is taken to be equal and so the prior odds are set to
unity, therefore reducing the odds in Eq. (3.35) to the Bayes factor in Eq. (3.34).

3.3.2 Parameter Estimation

The problem of computing the posterior, p(θ |d) – i.e. the probability density of source
parameters θ given some data stream – is an inverse problem. In the context of GWs, this is a
high-dimensional and computationally complex problem – recall that our typical BBH signal
in Section 3.3.1 was described by 15 parameters. A typical way to estimate p(θ |d) is to use
stochastic samplers, either utilising Markov chain Monte Carlo sampling (MCMC) [194]
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Fig. 3.3.2 Example of individual mass posterior distributions from a parameter estimation
run in BILBY.

or nested sampling [195] (see Refs. [196, 197] for detailed reviews). Parameter estimation
pipelines widely used in the analysis of GW events from LIGO-Virgo-KAGRA observing
runs include LALINFERENCE [198] and BILBY [199].

A typical result of a parameter estimation pipeline is presented in the form of a corner plot
in Fig. 3.3.2, where for simplicity we focus only on the mass parameters. The plot illustrates
the posterior distributions for the two component masses m1 and m2, where the skewness of
the posterior contours relative to the m1 = m2 line underlines that an unequal-mass system
is inferred. The central values presented on the plot correspond to median values, whilst
the dashed lines represent 90% credible intervals, defined as regions of the parameter space
containing 90% of the posterior probability. Formally, symmetric credible intervals are
constructed from a cumulative distribution function P(x) =

∫
dx′p(x′) and the X% credible

interval is defined as the set of X for which the following inequalities hold,

1
2

(
1− X

100

)
< P(X)<

1
2

(
1+

X
100

)
. (3.36)

MCMC

The goal of MCMC is to draw independent samples from the posterior distribution by using
particles or walkers undergoing a random walk through the parameter space. Once a number
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N of walkers is randomly initialised from the prior π(θ), the samples are produced iteratively
so that the current sample, θ , determines the next sample, θ ′. Such an iteration when repeated
many times produces a Markov chain. One of the most widely used algorithms for generating
the Markov chain is the Metropolis–Hastings algorithm [200], which utilises a proposal
distribution for generating a proposed sample θ ′ and some criterion for either accepting or
rejecting the proposed moves. The algorithm terminates after some user-specifiable condition
is met, typically corresponding to some number of samples representative enough of the
posterior distribution. In the context of GW analysis, we sample from L (d|θ)π(θ), which
is proportional to the posterior. Therefore, in most classical MCMC implementations, we
are only able to draw samples proportional to the posterior; otherwise, the computation of
the normalisation factor, the evidence, would be required. Having said that, there are some
proposed methods of computing the evidence within the MCMC algorithm (see Refs. [201,
202]).

Whilst MCMC is a powerful tool for approximating high-dimensional posterior distribu-
tions, there are some subtleties that should be taken into account:

• The early-time behaviour of the walkers depends on the way they are initialised,
especially if the walkers have been initialised in the regions of low-probability density.
A burn-in, when a certain number of initial samples are not included, is required to
ensure that the walkers have settled into a stable state.

• The set of nearby samples in the Markov chain are correlated, often leading to mislead-
ing estimation of the posterior width. In order to reflect the posterior accurately, we
usually select samples separated by the autocorrelation length of the chain, a method
we refer to as thinning.

• Sometimes MCMC algorithms may fail to approximate very complex multimodal
distributions, where high probability regions are separated by very low probabilities.
Initialising the sampling with many walkers usually allows us to circumvent this
problem.

Examples of implementations of MCMC algorithms include EMCEE [203], BILBY-MCMC

[204] and PTEMCEE [205].

Nested sampling

Unlike MCMC algorithms, nested sampling calculates the evidence. The calculation of the
evidence relies on the fact that its multidimensional integral in Eq. (3.26) can be transformed
into a 1D integral over the prior volume. Computation of the evidence then becomes possible
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with the use of standard numerical methods, like the trapezium rule. The algorithm starts by
first drawing a number of points from the prior, nlive, in a similar manner as we initialised our
‘walkers’ in the MCMC method, and evaluating the likelihood at those points. The points
with the lowest likelihood value are removed and added to a set of so-called dead points,
which are then replaced with new samples of higher likelihood. Repetition of these steps
therefore leads to a sequence of nested (or possibly disjoint) samples of increasing likelihood.
The process is repeated until a termination criterion, e.g. until the evidence estimate does
not change by more than ∼ 0.1 (or some other plausible threshold). The posterior samples
are then produced by resampling the sets of dead and current live points and weighing the
samples used to compute the evidence by their posterior probabilities.

We list some of the limitations of nested sampling below:

• The computation of the evidence is sensitive to the size of the prior volume that we
need to integrate over. Therefore, broad or poorly informed priors can significantly
increase the run time of the algorithm.

• In classical implementations of nested samplers, the sampling is static, i.e the number
of live point, nlive is usually constant. Increasing nlive on the one hand improves the
accuracy of the evidence and posterior estimations, yet on the other hand significantly
slows down the sampling. The workaround is the so-called dynamic nested sampling,
where the number of live points is allowed to vary during the run-time [206].

Examples of nested samplers used in GW parameter estimation include DYNESTY [207],
CPNEST [208] and MULTINEST [209].

Other approaches

In the era of rapid developments in machine learning (ML) techniques, ML has also found its
place in GW analysis. Samplers based on normalising flows [210–212] have been introduced
to speed up the sampling provided by conventional samplers, using solely MCMC or nested
sampling, see e.g. NESSAI [213, 214] and FLOWMC [215]. In the algorithms described in
the previous Sections you may have noticed that at each position of either the walkers or
the live points, evaluation of the likelihood is required. In the context of GW analysis,
O(104) samples would entail millions of evaluations of the likelihood function. This is
often computationally challenging, and depending on the signal duration and the waveform
model µ(θ) of interest, the typical inference time can take up to a month, if not more.
ML algorithms relaxing the need of Gaussian likelihood evaluations therefore demonstrate
superiority to standard techniques. Several independent parameter estimation pipelines have
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been developed to facilitate rapid and real time parameter estimation of GW signals; examples
include DINGO [216], approximating the posterior distribution by means of normalising flows,
and PEREGRINE [217], allowing for simulation-based inference where the Bayes theorem is
reduced to a classification problem.

3.4 Numerical relativity injections

Say you have simulated your favourite binary system and have extracted the GW strain as per
our discussion in Section 2.7.5. You therefore now have the multipoles hlm

+/×(t) extracted at
different radii, Rext. How can we inject a numerically simulated signal into the GW detector
and register its response? A comprehensive guide on NR injections can be found in Ref. [2]
(also see Ref. [218]). However, here we review a few steps in more detail and explain how
the preparation of NR data can be done via the LIGO Scientific Collaboration Algorithm
Library (LALSuite).

3.4.1 Preparing your NR data

The first, perhaps the most trivial step, is to appropriately scale your data with the total
mass (M = m1 +m2, where m1 and m2 are the individual mass components)5 so that it is
independent of the mass scale, and cut the junk radiation at the beginning of the waveform.
It will be convenient to work with the amplitude A and phase φ of the strain where

Rexthlm
+ (t)− iRexthlm

× (t) = A lm(t)eiφ lm(t) ..= Hlm(t), (3.37)

where one chooses an extraction radius with sufficiently small error as, for example, de-
termined in Section 4.A.1. Be aware that higher harmonic modes may be more strongly
contaminated with numerical noise and/or errors from reflections off the boundaries and as
such they must be checked before performing the injections.

3.4.2 Disentangling the frames

Most data analysis pipelines rely on the strain given in a wave frame, which establishes the
relationship between the binary and the observer. The goal of this Section will be to define
this wave frame and relate it to the NR frame, which is specific to our simulations. This
means that when we extract the strain from our NR simulations, we will need to perform
appropriate transformations on it in order to have the data ready to be used in the wave frame.

5One may also use the ADM mass.
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The process is two-stage and involves: (i) establishing the relation between the wave frame
and the properties of the binary at a reference time, and (ii) devising the relation between the
NR frame and the wave frame.

The NR frame is usually just a generic coordinate system, with Cartesian basis-vectors

x̂xx, ŷyy, ẑzz. (3.38)

As, we extract the strain on spherical shells, the Cartesian basis translates to the spherical
basis-vectors (r̂rr, θ̂θθ , φ̂φφ), where θ̂θθ and φ̂φφ are the unit vectors of the polar and azimuthal
directions respectively. Using this basis in the polarisation matrices definitions of Eq. (3.5)
and Eq. (3.3), we find that the NR strain can be decomposed the following way

h+(t) =
(

θ̂θθ iθ̂θθ j − φ̂φφ iφ̂φφ j

)
hi j(t), (3.39)

h×(t) =
(

θ̂θθ iφ̂φφ j + φ̂φφ iθ̂θθ j

)
hi j(t). (3.40)

The wave frame on the other hand consists of the basis vectors (XXX ,YYY ,ZZZ) and relies on
defining several quantities6 describing the binary system (cf. also Fig. 3.4.1):

1. n̂nn12 – a unit vector pointing from the second body to the first one in the binary,

2. L̂LL – unit direction of the orbital angular momentum of the binary,

3. ι – the angle between the line of sight and the orbital angular momentum.

As the binary is dynamically changing, some of the above quantities will be defined only
at some particular reference time-point, which we denote by

(re f)
= . It then can be shown that

the wave frame basis in terms of the binary quantities is given by [2]

XXX
(re f)
= −cosι L̂LL× n̂nn12 + sinι L̂LL, (3.41)

YYY
(re f)
= n̂nn12, (3.42)

ZZZ
(re f)
= sinι L̂LL× n̂nn12 + cosι L̂LL, (3.43)

where quantities like L̂LL and n̂nn12 are extracted directly from NR simulations. From Fig. 3.4.1,
we can clearly see that ZZZ = r̂rr is the direction of the propagation, whilst the remaining NR

6Note that an additional angle, Φ, between the line of ascending node (the intersection of the orbital plane
with the XY axes) and n̂12, is often introduced. This angle denotes the reference orbital phase, and for simplicity
in this work we take it as Φ = 0, meaning that the line of ascending node coincides with n̂12.
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Z =
L̂

X

ι

plane of sky

orbital plane Y

̂x
̂y

̂z

̂θ
̂ϕ

̂r

Fig. 3.4.1 Definition of the wave frame defined by the basis vectors (XXX ,YYY ,ZZZ) and the NR
frame (x̂xx, ŷyy, ẑzz) in Cartesian coordinates (dark blue) and (r̂rr, θ̂θθ , φ̂φφ) in spherical coordinates
(light blue). Note that the spherical basis (r̂rr, θ̂θθ , φ̂φφ) is related to the (ℓℓℓ,mmm,kkk) basis we defined
in Section 3.2.3 via the polarisation angle. The Figure is partly adapted from Ref. [2].

basis angles (θ̂θθ , φ̂φφ) have to be rotated into (XXX ,YYY ) using7

XXX = cosαθ̂θθ − sinαφ̂φφ , (3.44)

YYY = sinαθ̂θθ + cosαφ̂φφ , (3.45)

where, by taking the product of Eq. (3.42) with θ̂θθ , the angle α can be found via

sinα = n̂nn12 · θ̂θθ . (3.46)

As we obtain spherical data from our NR simulations, we need to convert them into strain
by using spin-weighted spherical harmonics, sYlm with weight s =−2. In particular, given a
source with total mass of Mtot and at luminosity distance dL, the strain is given by

h+− ih× =
Mtot

dL

∞

∑
l=2

l

∑
m=−l

Hlm(t)−2Ylm(θ ,φ). (3.47)

7Here angle α is equivalent to the polarisation angle ψ we discussed earlier in Section 3.2.3.
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Finds the angles  required in 
the spherical decomposition of 

Eq. (3.47).
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time series and the strain. 
Mtot dL

XLALSimInspiralChooseTDScalarWaveform
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θ ϕ

Fig. 3.4.2 Implementation of scalar polarisation reconstruction in LALSUITE. Similar
approach can be taken for vector-x and vector-y polarisations.

Using Eq. (3.39)-(3.40), the strain polarisations in the wave frame are then found according
to

hW
+ (t) = cos(2α)h+(t)− sin(2α)h×(t), (3.48)

hW
× (t) = sin(2α)h+(t)+ cos(2α)h×(t). (3.49)

3.4.3 Using LALSUITE to transform NR data

If you are feeling brave enough, you can create your own programme translating the strain in
the NR frame to the wave frame as per the prescription in Section 3.4.2. Alternatively, you
can use built-in functions inside of LALSUITE. Whether you are injecting the conventional
plus and cross polarisations or any additional polarisation content from a modified theory of
gravity, the logic of using LALSUITE is the same.

For plus and cross polarisations one can directly call XLALSIMINSPIRALCHOOSETD-
WAVEFORM function, which (i) performs the rotation of the NR frame into the wave frame (ii)
scales the strain as per Eq. (3.47) and the time series by tMtot. However, for any additional,
beyond-GR polarisations, the functions have to be tailored to your needs. As this is what we
in fact end up doing for the purposes of the next Chapter 4, here we briefly outline the steps
required to handle scalar polarisation reconstruction.

The task of reconstructing the scalar polarised modes simplifies significantly, as in the
absence of plus and cross polarisations, we no longer need to apply a rotation of the strain
as in Eq. (3.47) and this directly follows from the polarisation matrices’ definition of the
breathing and/or longitudinal modes in Eqs. (3.9)-(3.10). Therefore, our only remaining task
is the scaling of the strain with Mtot and dL, and multiplication by the spin-weighted spherical
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harmonics as in Eq. (3.47), but with the harmonics being now of spin weight s = 0 nature. In
Fig. 3.4.2 we show a summary of our implementation.



Chapter 4

Binary black hole mergers in
Einstein-scalar-Gauss-Bonnet gravity

The content presented in this Chapter contains material that appears in the co-authored
publication Ref. [219] with M.Agathos and J.L.Ripley. I have implemented the Einstein-
scalar-Gauss-Bonnet evolution in the decoupling limit and performed all of the numerical
relativity and data analysis runs. The goals, the content of the study and the interpretation of
the results were devised in collaboration with the co-authors of the paper.

4.1 Introduction

General relativity (GR) has passed all observational tests to date [220, 221] and so far
observations of gravitational wave signals in LIGO [222] and Virgo [223] data have been
consistent with its predictions [15–19, 80]. Nevertheless, there has been an increasing amount
of work that tests the predictions of non-GR theories of gravity (modified theories of gravity)
with gravitational wave measurements of binary black hole (BH) and neutron star (NS)
mergers [224–228]. These model-dependent tests of GR have allowed for remarkably strong
constraints to be placed on a wide array of modified gravity theories.

Here we focus on the gravitational wave implications for black hole binaries in Einstein
scalar Gauss-Bonnet (EsGB) gravity. EsGB gravity can be motivated from effective field
theory (EFT)-styled arguments [59, 229], and has been shown to appear in the low-energy
limits of heterotic string theories [230–232]. What makes EsGB interesting from a phe-
nomenological point of view is that black holes in the theory can have scalar hair [233, 234]
(for a review, see Ref. [235]). Because of this, binary black hole (BBH) systems can emit
scalar radiation [236]. From a theoretical point of view, EsGB gravity is a Horndeski the-
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ory [237], and as such, has second order equations of motion, circumventing the Ostrogradsky
instability. In addition, the theory has been shown to have a well-posed initial value problem
in the weak coupling limit [229] which allows for numerical relativity simulations of the full
theory [78, 92, 238, 239]. 1

In this Chapter, we focus on the leading order effects of EsGB on the gravitational
waveform emitted during the ringdown stage of BBH mergers. It is expected that the
strongest constraints on most modified theories of gravity will come from the inspiral,
due to the cumulative dephasing of the signal from the GR predicted waveform, over a
large number of observed cycles [85, 243]. Nevertheless, correctly modeling the ringdown
is crucial to understanding the properties of the remnant black hole formed from binary
coalescence, and to performing consistency tests with theory-specific estimates of the final
black hole properties inferred from the inspiral and merger [244]. While the dephasing of
the inspiral can be a common feature of many different theories of modified gravity and
the theory-specific details can be difficult to model at high accuracy (see Ref. [226, 245]
for perturbative approaches in EsGB), a spectroscopic analysis of the ringdown signal may
reveal characteristic features that will help narrow down the origin of an observed deviation
from GR.

Working in the decoupling limit of EsGB gravity, we extract first-order tensorial and
scalar waveforms and focus on the ringdown portion of the signal. We study the quasi-normal
mode (QNM) spectrum of the resulting scalar and tensor waveforms and numerically compute
the amplitudes of the excited modes. Unlike most previous studies on EsGB gravity, we study
the impact of the radiated scalar field on the scalar polarisation measured by the gravitational
wave detectors through the presence of a non-minimal scalar field coupling to the metric
tensor in the matter field action (without such a coupling, gravitational waves would not
have a scalar polarisation component in EsGB gravity [246]). While there has been work on
model-independent tests of the polarisation of gravitational waveforms [185, 186, 247, 248],
we present the first model-dependent analysis of the feasibility of measuring a non-tensor
polarisation from black hole binaries with current and future gravitational wave detectors (we
note though that Ref. [249] considers model-dependent tests with stochastic gravitational
wave backgrounds). Ultimately, we find the scalar polarisation – given current constraints on
the EsGB gravity and weak-field tests of general relativity – is unobservable with current
gravitational wave detectors, although there is a higher chance that it could be measured with
next-generation detectors.

1It is, however, not guaranteed that dynamical spacetimes will preserve the weak coupling of their initial
data during their evolution, and local pathologies may form [240–242].
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This Chapter is organized as follows. In Section 4.2.1 we present the theoretical frame-
work of EsGB gravity in the Einstein frame. In Section 4.2.2, we review how to extract
the polarisation content of gravitational waves (GWs), and show how the conformal scalar
field coupling can give rise to a scalar polarisation in gravitational waves. Next, we review
and justify the application of the decoupling limit for solving the equations of motion of
EsGB gravity in Section 4.2.3. For reference, we present a summary of current observational
and theoretical constraints on the couplings of the theory we consider in Section 4.2.4. In
Sections 4.3.1–4.3.3 we review our numerical set-up and the diagnostics we use to extract
physical quantities from our simulations. In Section 4.3.4, we present the scalar waveforms
measured from our numerical relativity (NR) simulations. We analyse the QNM spectrum
of our resulting scalar waveforms in Section 4.4 and compute their signal-to-noise ratio
(SNR) in Section 4.5.1 to assess the measurability of the scalar signal. We then move on to
a full Bayesian data analysis of our simulated signals by performing NR injections of the
scalar waveform into simulated current and future-generation detector noise using a tailored
ringdown pipeline in Section 4.6. We finish with concluding remarks in Section 4.7.

4.2 Theoretical background

4.2.1 Formulation of 4-derivative scalar-tensor (4∂ST) gravity

The general action for Einstein scalar Gauss-Bonnet gravity is

S =
c4

16πG

∫
d4x

√
−g
[
R+X −V (ϕ)+ ᾱ (ϕ)X2 +αGBβ (ϕ)RGB

]
+SM[ψM,A2(ϕ)gµν ],

(4.1)

where V (ϕ) is the scalar field potential, αGB is a coupling constant, ᾱ(ϕ), β (ϕ) are arbitrary
coupling functions of the scalar field, X ≡ −1

2(∇ϕ)2, SM is the action functional for the
matter fields (which we denote schematically with ψM), A2(ϕ) is the conformal coupling of
matter to the metric, and RGB is the Gauss-Bonnet scalar

RGB ≡ 1
4

ε
µναβ

ε
ρσγδ Rµνρσ Rαβγδ . (4.2)

If A ̸= 1, the scalar field couples directly to matter. This coupling generally leads to violations
of the strong-equivalence principle (barring the presence of screening mechanisms [250]), as
the effective gravitational field felt by matter fields will depend on the value of the scalar field
ϕ . Weak field tests of gravity have strongly constrained violations of the strong-equivalence
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principle, which can be translated to constraints on the strength of the coupling A [220, 251].
In geometric units, the coupling parameter αGB has dimensions length squared, L2. It is then
natural to expect strong constraints on the scalar Gauss-Bonnet coupling will come from
regions of high spacetime curvature [31, 85, 243].

In this work we examine a subset of theories for which V = ᾱ = 0. We assume the
beyond-GR corrections give only relatively small deviations to the background GR solution.
Therefore, we impose that |ϕ|, |αGB|, |β | ≪ 1 and to leading order we have

S =
c4

16πG

∫
d4x

√
−g
[

R− 1
2
(∇ϕ)2 +β0ϕRGB

]
+SM

[
ψM,(1+a0ϕ)gµν

]
, (4.3)

where we have Taylor expanded β and A in ϕ , set A(0)= 1, A′(0)≡ a0/2, and β0 ≡αGBβ ′(0).
We have discarded the term β (0) as the Gauss-Bonnet scalar is a total derivative in four
spacetime dimensions, so it does not contribute to the equations of motion.

4.2.2 Polarisation content

In alternative metric theories of gravity, there may exist up to six polarisations associated
with additional degrees of freedom: tensorial (plus and cross), vector (x and y) and scalar
(breathing and longitudinal) [165]. Because of their symmetries, the breathing and longi-
tudinal modes are fully degenerate to networks of quadrupolar antennas [252], so we will
refer to them jointly as the scalar polarisation. The scalar polarisation state is generally a
mixture of the transverse breathing and longitudinal polarisations. In the massless limit, the
longitudinal polarisation disappears, while the breathing one persists [253]. Since the scalar
field we consider is massless, we only study the breathing polarisation in this work.

The six polarisation states are encoded in six “electric” components of the Riemann
tensor, Ri0 j0 (i, j spatial), which can be written in terms of the following Newman-Penrose
scalars [165]

Ψ2 =
1
6

Rz0z0, (4.4)

Ψ3 =
1
2
(
−Rx0z0 + iRy0z0

)
, (4.5)

Ψ4 = Ry0y0 −Rx0x0 +2iRx0y0, (4.6)

Φ22 =−(Rx0x0 +Ry0y0). (4.7)

In Fig. 4.2.1 we illustrate the form of the different polarisation states. Perturbing the metric
and scalar field, the Jordan frame metric ĝµν = (1+a0ϕ)gµν that couples to the matter fields



4.2 Theoretical background 63

Fig. 4.2.1 The classification of the six polarisations encoded in the four Newman-Penrose
scalars. The shapes represent displacement that each mode induces on a sphere of test
particles. The wave is assumed to propagate in the z-direction indicated by the icons/arrows
in the right corners.

(such as a gravitational wave detector) in the wave zone is

ĝµν = ηµν +hµν +a0ηµνϕ + ..., (4.8)

where ηµν is the Minkowski metric. The tensorial perturbation hµν gives the plus and cross
polarisations, while the coupling constant a0, along with a nonzero value of ϕ , gives a new
scalar breathing-mode polarisation to gravitational waves2 [249, 254].

4.2.3 Perturbative equations of motion

Unless otherwise stated, in this section we work in geometric units G = c = 1. Our discussion
roughly follows that of Refs. [255, 256]. We start with the full equations of motion derived
from the action (4.3)

Gµν = Tµν −β0CGB
µν , (4.9)

2ϕ =−β0RGB, (4.10)

2We note that if a0 = 0, then gravitational waves have no scalar polarisation in EsGB gravity [246].
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where

Tµν = ∇µϕ∇νϕ − 1
2

gµν∇ρϕ∇
ρ

ϕ, (4.11)

CGB
µν = 2gρ(µgν)αε

κατη
∇λ (

∗Rρλ

τη∇κϕ). (4.12)

Note that above ∗Rρλ

τη denotes the dual Riemann tensor defined via

∗Rρλ

τη = ε
ρλ µνRµνλτ . (4.13)

We expand the metric and the scalar field as

ϕ =
∞

∑
k=0

1
k!

δ
k
ϕ
(k), (4.14)

gµν = g(0)µν +
∞

∑
k=1

1
k!

δ
kh(k)µν , (4.15)

where δ is a book-keeping parameter for our perturbative expansion. By considering the
equations of motion order by order in δ , one finds that up to O(δ ) [256]

ϕ
(0) = 0, g(0)µν = gGR

µν , (4.16)

ϕ
(1) = ϕ

(1), h(1)µν = 0. (4.17)

We note that the zeroth-order equations of motion are the Einstein field equations minimally
coupled to a massless scalar field. The choice of ϕ(0) = 0 in the zeroth order solution of
Eq. (4.16) is therefore motivated by the fact that asymptotically flat black holes cannot carry
scalar hair [257], which if initially present would be radiated away at late times, and that
a cosmological value of ϕ for EsGB gravity has been constrained by measurements of the
speed of gravitational waves [225, 258]. Using Eqs. (4.16) and (4.17), the equations of
motion to O(δ ) reduce to

G(0)
µν = 0, (4.18)

2(0)
ϕ
(1) =−R

(0)
GBβ0. (4.19)

We note that there is no back-reaction of the scalar field on the background geometry, however
at O(δ 2) the metric will be corrected by the backreaction of the scalar field ϕ(0) on the
spacetime [259, 260].



4.2 Theoretical background 65

We reintroduce dimensions by choosing the characteristic length scale of the system to
be L, and introduce a dimensionless coordinate x̂ = Lx. By redefining x → x̂, we acquire a
factor of L−2 in front of the wave operator and a factor of L−4 in front of the Gauss-Bonnet
scalar, leading to

2̂(0)
ϕ
(1) =−β0L−2R̂

(0)
GB. (4.20)

We then may re-scale the scalar field

ϕ
(1) =

(
β0

L2

)
ϕ̂, (4.21)

so that
2̂(0)

ϕ̂ =−R̂
(0)
GB. (4.22)

This implies that a solution with a given β0/L2 parametrises a family of solutions with
different L and β0. Further, Eq. (4.21) naturally introduces the choice for the dimensionless
parameter δ , that we use to parametrize the weak-coupling of our solutions. Since we are
interested in binary black hole systems and the corrections become larger for smaller masses,
we choose L = m1, which is the mass of the smaller black hole in our binary black hole
configuration. We then define

δ ≡ β0

m2
1
≪ 1. (4.23)

By combining Eqs. (4.21) and (4.8), we note that the scalar GW amplitude is then controlled
by the couplings of our theory via a0β0/m2

1. The dimensionless EsGB parameter δ plays
an important role in EsGB gravity. Depending on the coupling β0 chosen in the theory, a
stationary BH solution of mass m1 cannot exist above a certain threshold max

(
β0/m2

1
)
=

δthr > δ . This threshold is controlled by the regularity of the scalar field on the horizon and
the finite radius singularity being hidden behind it for sufficiently small β0. If the coupling
becomes too large, a naked singularity emerges from within the horizon in solutions to
the full theory. For instance, in the spherically-symmetric case of shift-symmetric EsGB,
δthr ∼ 0.3 [234]. Hyperbolicity constraints on the theory suggest a somewhat more stringent
bound of δthr ∼ 0.2 [261]. In Fig. 4.2.2, we outline schematically the range of validity
of our EsGB theory in the parameter space of a0 × β0/m2

1, taking into consideration the
observational constraints on a0 from Table 4.2.1 and theoretical constraints on β0/m2

1. The
contour lines therefore represent possible scalar GW amplitude values.
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Fig. 4.2.2 Range of validity of our EsGB theory, taking into account theoretical constraints
on the dimensionless coupling β0/m2

1 and experimental constraint on the conformal factor
a0. The vertical dashed line separates the maximally allowed value of a0 (to the left) from
the observationally ruled out values (shaded grey region to the right). The two horizontal
lines indicate the two theoretical constraints on the value of β0/m2

1. The upper line at
β0/m2

1 = 0.3 represents the maximum coupling allowed before naked singularities appear
in static solutions to the theory, while the line at β0/m2

1 = 0.2 represents the upper bound
before the theory suffers a breakdown in hyperbolicity. See Sections 4.2.3 and 4.2.4 for more
discussion.

4.2.4 Current observational constraints

Here we discuss current experimental tests and observational bounds on the parameters a0

and β0. The EsGB coupling β0 has been most strongly constrained through the analysis
of inspiral and merger of binary systems of compact objects using GW data released by
the LIGO-Virgo-KAGRA (LVK) Collaboration [226]. Weak-field tests of GR also place a
constraint on the coupling, but do not constrain it as significantly [262], as the Gauss-Bonnet
coupling does not lead to much scalarisation of stellar solutions [236]. This being said, as we
are considering a0 ̸= 0, stars can scalarise in the theory we consider. In this work, we use the
first constraint on a0, obtained from the Viking relativity experiment on verification of signal
retardation by solar gravity [263]3, a2

0 ≲ 10−3. Table 4.2.1 references the studies constraining

3We note however that the most stringent constraint of a2
0 ≲ 10−5 is known to be from the Cassini measure-

ments of the Shapiro time delay [220, 264]. Here we use a weaker constraint from the Viking experiment to see
how well in principle the scalar polarisation could be measured by present GW detectors.
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Coupling
√

β0

Study References Constraint
Solar system constraints [262] O(107) km

GW150914 ppE [266] ≲ 72.85 km
EsGB constraints from LIGO/Virgo events and ParSpec formalism [267] ≲ 35 km

EsGB constraints from EOB waveform model and ParSpec formalism [268] ≲ 35 km
X-ray binary orbital decay [269] ≲ 14.1 km

LIGO SNR 30 detections (projection) [270] O(1−10) km
Second order EdGB simulations for GW150914 [259] ≲ 15.6 km

Compact star stability [271] ≲ 7.6 km
First order EdGB scalar simulations for GW151226 [272] ≲ 3.8 km

EsGB constraints from BHBH GW events [227] ≲ 1.7 km
EsGB constraints from BHNS GW events (GW200105, GW200115 and GW190814) [226] ≲ 1.18 km

Coupling aaa000

Viking relativity experiment on signal retardation [263, 273]
√

10−3

VBLI measurement of solar gravitational deflection [274]
√

10−4

Cassini Shapiro time delay [220, 264]
√

10−5

Theoretical constraints on βββ 000///mmm222
111

Shift-symmetric EsGB in spherical symmetry [234] ≲ 0.3
Scalarised black holes in the full dynamical EdGB gravity [261] ≲ 0.2

Table 4.2.1 Summary of current constraints on the EsGB coupling parameter β0, the dimen-
sionless parameter β0/m2

1 and the conformal coupling a0. Our conventions for β0 and a0 are
given in Eq. (4.3).

the EsGB coupling4 β0 and the conformal coupling a0. We additionally summarize theoretical
constraints on the dimensionless coupling β0/m2

1 as discussed in Section 4.2.3.

4.3 Numerical set-up

4.3.1 Numerical Relativity code and evolution equations

Here we describe our numerical set-up to solve Eqs. (4.18)–(4.19). For our simulations, we
use a modified version of GRCHOMBO [130, 275, 276]. The metric and the scalar field are
evolved with the method of lines using fourth order finite difference stencils and Runge Kutta
time integration. We use the covariant and conformal Z4 (CCZ4) formulation [116] with the
moving puncture gauge [89, 90] for evolving the Einstein equations (4.18) (cf. Sections 2.5

4If one assumes that both objects in GW190814 are BHs, then an even more stringent constraint on the
EsGB coupling can be found [265]. However, in this work we take a conservative approach, by quoting the
constraints from GW190814 that assume the secondary object is a neutron star.
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and 2.4). The evolution equations for the scalar field (4.19) read

∂tϕ = αΠ+β
i
∂iϕ, (4.24)

∂tΠ = αKΠ+β
i
∂iΠ

+γ̃
km
(

χα∂k∂mϕ +χ∂mα∂kϕ − 1
2

α∂mχ∂kϕ

)
−χαγ̃

i j
Γ̃

k
i j∂kϕ +α (β0RGB) , (4.25)

where Π ≡ 1/α(∂tϕ −β m∂mϕ), α is the lapse function, β i is the shift vector, γ̃i j ≡ χγi j is
the conformally re-scaled metric constituent of the conformal factor χ = det(γi j)

−1/3 and
physical spatial metric γi j. We rewrite the Gauss-Bonnet scalar in terms of the gravito-electric,
Ei j, and gravito-magnetic, Bi j, counterparts [256]

RGB = 8(EklEkl −BklBkl), (4.26)

which in CCZ4 variables take the form of [276]

Ei j =
[
(3)Ri j −Ks

i K js +Ki j(K −Θ)+D(iΘ j)

]T F
,

Bkl = εks(i D
sK k

j) .
(4.27)

Here (3)Ri j is the 3D Ricci tensor, Ki j is the extrinsic curvature, Θ =−nµZµ is the projection
of the CCZ4 vector Zµ onto the time-like unit normal nµ , [..]TF denotes the trace-free part
and Di is the covariant derivative compatible with the physical metric γi j. In the case of
Θ = 0, we recover the Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima (BSSNOK)
formulation [111, 112, 277].

4.3.2 Grid setup and initial data

For the results presented in this Chapter we set up a computational domain of size L= 1024M,
where M = m1 +m2 is the sum of the individual mass components. We use a grid spacing of
∆x = 2M in the outermost refinement level with 8 additional refinement levels. In this set-up
we roughly have 64 points covering the smallest BH in the most asymmetric run (mass ratio
1:2). At the outer boundary, we use Sommerfeld boundary conditions and we take advantage
of the bitant symmetry to evolve only half of the grid. We estimate the discretisation error for
the amplitudes of Ψ4 and ϕ to be ≲ 2% and for the phase of Ψ4 to be ≲ 0.15 radians. We
further estimate the finite radius extraction error to be ≲ 2% and thus a total error budget
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Run q m1 m2 P1 P2 Mfin jfin jfin/Mfin

BBH-11 1 0.5 0.5 (-0.0013 -0.11 0.0) (0.0013 0.11 0.0) 0.9511 0.69 0.7255
BBH-23 2/3 0.4 0.6 (-0.0012 -0.108 0.0) (0.0012 0.108 0.0) 0.9549 0.67 0.7016
BBH-12 1/2 0.33 0.67 (-0.0011 -0.1001 0.0) (0.0011 0.1001 0.0) 0.9611 0.62 0.6451

Table 4.3.1 Two puncture initial data used for three binary BH configurations considered
in this Chapter. Here Mfin and jfin denote the final mass and final spin of the remnant BHs
respectively, which were calculated from balance arguments given in Eqs. (4.30) and (4.31).
Assuming the validity of the balance arguments, we estimate 0.01% error in the final mass
and 0.05% error in the final spin when compared to their Richardson-extrapolated values. In
Appendix 4.A.2 we present convergence plots for the radiated energy and angular momentum.

of ≲ 4%. See Figs. 4.A.1–4.A.3 of Appendix 4.A.1 for a quantitative illustration of the
convergence of the code.

For our initial data, we consider two non-spinning black holes with initial masses m1 and
m2 (we assume m2 > m1), initial linear momenta P1 and P2 and initial separation D. We
prescribe quasi-circular initial data for a black hole binary by using puncture initial data [125]
of Bowen-York [107] type provided by the spectral initial data solver TWOPUNCTURES [126,
133] (cf. also Section 2.6.2).

We have investigated the effects of different initial separations (as well as initial momenta)
on the eccentricity and found that D = 8M (resulting in 4 orbits) gave us an eccentricity
estimator of no more than 0.012 for all of the configurations considered here (we used
Eq. (20) of Ref. [278] to calculate the eccentricity).

The initial data for the scalar field is chosen to be ϕ = 0 and ∂tϕ = 0. The authors in
Ref. [256] found that using an initially vanishing scalar or superposing two hairy solutions
gave indistinguishable scalar waveforms after sufficiently long evolution (see Fig. 4 of
Ref. [256]). Moreover, this choice of initial data solves the exact constraint equations of
EsGB gravity [92, 239]. We therefore do not investigate any other forms of initial data for
the scalar field. We further pick three configurations for black holes of different mass ratios
q = m1/m2, (q ≤ 1) summarized in Table 4.3.1.

4.3.3 Extraction of physical quantities

To order O(δ ), the metric sector of our spacetime is determined by the Einstein equations of
GR (see Eq. (4.18)), so that the gravitational waveform, h+ and h×, will be no different from
GR. To calculate gravitational radiation we use the Newman-Penrose formalism [279, 280],
and determine the outgoing gravitational radiation by computing the complex scalar Ψ4. By
interpolating the real and imaginary parts of Ψ4 onto a sphere of fixed radius Rext = 110M, we
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decompose them in terms of spin-weighted spherical harmonics Y s
lm with s =−2 [281, 282]

Ψ4,lm(t,R) =
∫

S2
Ψ4(t,R,θ ,φ)−2Y ∗

lm(θ ,φ)dΩ, (4.28)

where dΩ = sinθdθdφ . By a similar decomposition into spherical harmonics Ylm and
integrating over the sphere, we construct the scalar waveform

ϕlm(t,R) =
∫

S2
ϕ(t,R,θ ,φ)Y ∗

lm(θ ,φ)dΩ. (4.29)

In what follows, we use the subscript “rad” to denote quantities calculated from the
start of our simulation, which includes spurious “junk” radiation. Otherwise, we consider
quantities from t = Rext+50M. The mass and spin of the final BH are estimated from balance
arguments [283]

Mfin = MADM −EGW
rad , (4.30)

jfin =
L− Jz

rad

M2
fin

, (4.31)

where EGW
rad denotes the total radiated energy of GWs, Jz

rad is the radiated angular momentum
in the z-direction (by symmetry) and L = PyD. In the above balance arguments the radiated
energy and angular momentum are determined through [284, 285]

EGW
rad (t) = lim

r→∞

r2

16π

∫ t

t0
dt ′
∮

S2
dΩ

∣∣∣∣∫ t ′

−∞

dt ′′Ψ4

∣∣∣∣2 , (4.32)

Jrad(t) =− lim
r→∞

r2

16π
Re
{∫ t′

t0
dt′
[∮

S2

(∫ t′

−∞

dt′′Ψ∗
4

)
J
(∫ t′

−∞

dt′′
∫ t′′

−∞

dt′′′Ψ4

)
dΩ

]}
, (4.33)

where J is the angular momentum operator for spin weight s =−2

J =

(
ReJ+, ImJ+,

∂

∂φ

)
, (4.34)

J+ = eiφ
(

i
∂

∂θ
− cotθ

∂

∂φ
+2icosecθ

)
. (4.35)

Apart from tensor energy, we expect some of the scalar field energy to be emitted too.
Since the scalar field is of order ϕ ∼ δ , the radiated energy must be of order Eϕ ∼ δ 2. The
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energy flux of the scalar field through a 2-sphere of radius R is given via

dEϕ

dt
=
∫

S2
R

T (ϕ)
ab nadSb, (4.36)

where na is the time-like unit normal and T (ϕ)
ab = Tab −β0CGB

ab represents the RHS of the
modified Einstein’s equations (4.9). Assuming that a spherical surface is located in the
radiation zone of an asymptotically flat spacetime and ϕ behaves as outgoing radiation in the
radiation zone, to leading order we find that T (ϕ)

ab = Tab. Then, to leading order Eq. (4.36)
reads

dEϕ

0
dt

=−
∫

S2
r2T r

t dΩ =
∫

S2
[ϕ̇(t − r)]2dΩ, (4.37)

where the dot denotes time differentiation. We therefore integrate Eq. (4.37) to find the total
radiated scalar energy to leading order.

4.3.4 Numerical results: scalar waveforms

In this section we present our numerical results. The initial data for the simulations are listed
in Table 4.3.1. We find good agreement with numerical results of Ref. [272], which made use
of the same decoupling approximation as we do. We show scalar waveforms for l ≥ 1 modes
in Fig. 4.3.1 and for the l = 0 mode in Fig. 4.3.2, where we align the waveforms so that the
amplitude peaks of the scalar field coincide at t̂ = 0 and choose β0/m2

1 = 1 for convenience.
For equal-mass binaries we have only even l-modes present in the waveform, as equal-

mass non-spinning binaries are symmetric under parity transformations (⃗r → −⃗r). Since
Y m

l=odd (ϑ ,ϕ) is antisymmetric and the EsGB coupling is invariant under parity, there must
be no emission from odd l-modes for equal-mass binaries. On the other hand, in the unequal-
mass case, odd l-modes are present and the dipole emission dominates all other higher
modes of the scalar waveform for EsGB gravity (it enters at −1PN order) [236, 245, 286]. In
Fig. 4.3.2, we see that the l = 0 mode looks unlike the other modes and is roughly constant
before merger time (this is consistent with leading order PN theory [236, 272]). After merger
it settles to almost the same value for all the mass ratios, since the remnant BHs formed
have quite similar final masses and spins, and thus the same amount of remnant scalar hair.
Overall, from Figs. 4.3.1 and 4.3.2, at fixed β0/m2

1, the scalar field radiation becomes stronger
for more extreme unequal-mass binaries, especially in the inspiral and merger portions of the
signal. End state BHs with smaller spin (i.e. BHs formed from more extreme mass ratios)
have faster damping times than BHs with higher spin. As a result, the scalar waves in the
ringdown of the (22) mode are more pronounced at late times for black holes produced
from more symmetric-mass-ratio (q ∼ 1) progenitors. To illustrate this point, we align the
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Fig. 4.3.1 Scalar waveforms for l ≥ 1 for mass ratios of q= 1/2,2/3,1 extracted at Rext = 110.
For unequal mass cases, the scalar field amplitude is more pronounced. The waveforms
have been aligned so that the amplitude peaks of the scalar field coincide at t̂ = 0, and we
set β0/m2

1 = 1 for convenience (recall that since we are using an order-reduction scheme,
there is no restriction on the value of β0/m2

1 in our evolution). In our analysis, we choose a
physically allowed value of β0/m2

1 and re-scale the scalar waveforms using Eq. (4.21).
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Fig. 4.3.2 Scalar l = 0 mode for binary mass ratios of q = 1,2/3,1/2, extracted at Rext = 110.
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Fig. 4.3.3 Scalar l = 2,m = 2 mode for mass ratios of q = 1,2/3,1/2. The inset shows the
zoom-in on the ringdown portion of the signal. Within the inset, the blue dotted line indicates
the time where the amplitudes of the q = 2/3 and q = 1/2 waveforms become smaller in
amplitude than the q = 1 waveform.

(22) modes in the amplitude peak of the scalar field for different mass ratios in Fig. 4.3.3,
and zoom-in on the ringdown, where the amplitude for more symmetric-mass-ratio binaries
becomes larger than for more asymmetric systems later in time.

Finally, the scalar energy flux, as computed from Eq. (4.37), is shown in Fig. 4.3.4.
We see that it is dominated by the contribution from l = 0 mode, which is larger for more
unequal-mass-ratio binaries, as expected from PN theory [236, 272]. This is unlike the
tensorial gravitational energy flux, where the strongest flux comes from the equal-mass
binary. This can be explained by the fact that to leading order the total radiated gravitational
energy EGW

rad ∼ η2, where η = q/(1+q)2 is the symmetric mass ratio [287]. We note that
the scalar energy flux measured here using Eq. (4.37) is a second-order effect and so is
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Fig. 4.3.4 Left: Scalar energy flux computed using Eq. (4.37). Here we set β0/m2
1 = 0.01.

Right: Gravitational wave energy flux computed using Eq. (4.32).

significantly suppressed—at merger, it accounts for much less than 1% of the gravitational
energy flux.

4.4 Modelling the Scalar Ringdown Waveform

When exploring the GW phenomenology of astrophysical systems in modified gravity, a key
aim is to obtain an accurate waveform model for the signal (here the scalar ringdown) and to
be in a position to observe the effects in question and infer information on the underlying
theory from the observed GW data. In this section we model the scalar ringdown based on
the NR data of Section 4.3.4. The gravitational waves emitted by the remnant BH formed by
a merger, known as the ringdown signal, can be approximated as a superposition of damped
sinusoids [288]. In GR, each mode of the tensorial ringdown signals can then be written as

hlm =
N

∑
J=1

HJe−i(ωGR
J (t−t0)+pJ), (4.38)

where t0 is the start time of the ringdown, J = (lmn) is the mode number, HJ and pJ are real
amplitude and phase of mode J at t = t0, (which depend on the binary configuration and
dynamics near merger), and ωJ are the complex frequencies of the N most dominant QNMs.
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In a similar fashion, the scalar ringdown signal can be written as,

ϕlm =
N

∑
J=1

AJe−i(ωϕ

J (t−t0)+pJ), (4.39)

where AJ now denote scalar real amplitudes and ω
ϕ

J – the complex frequencies of the scalar
mode. For a mode J corresponding to a given set of QNM indices (lmn), we write the real
and imaginary parts as

ωQNM = ωlmn −
i

τlmn
. (4.40)

The integers (lm) describe the angular properties of the emission, while n is the overtone
number [289]. Modes with n = 0 are referred to as the fundamental modes, while those with
n ≥ 1 as overtones, which (at least in GR) have lower frequencies and damping times than
their corresponding fundamental modes. We have denoted the total number of quasinormal
modes with which we model the ringdown signal by N.

The no-hair theorem of GR states that the damping times, τ lmn, and frequencies, ω lmn,
for gravitational wave perturbations around astrophysical (non-charged) BHs in GR, are
uniquely determined by the mass and spin of the final black hole. The excitation coefficients
also depend on the initial conditions of the perturbation [289], in our case the progenitor
parameters. For modified theories of gravity, the QNM spectrum of BH spacetimes generally
depends on the theory in question, and so observations of the ringdown signal can provide a
way to discriminate between GR and possible modified theories of gravity. Unlike GR [290],
for alternative theories of gravity there is typically no set of separable master equations for
linearised perturbations of black holes. Instead, the calculation of QNMs has relied on either
the assumption of spherical symmetry [291, 292], the slow spin approximation [293, 294]5,
or on numerical fits of time-domain waveforms computed from NR simulations [256, 296].
In this work we focus on the last method by performing numerical fits to the scalar and tensor
waveforms.

In our analysis, we take a similar approach of modeling the scalar ringdown as a super-
position of damped sinusoids given by Eq. (4.39), except our QNM frequencies no longer
correspond to just scalar QNMs of GR. We note that the operator acting on ϕ in its equation
of motion consists of the background GR metric in the decoupling approximation we use
(see Eq. (4.19)). Therefore, the homogeneous solution of the beyond-GR scalar perturbation
equation around a BH spacetime should contain the same scalar QNMs as the corresponding
Kerr BH in GR, ω

Kerr,scalar
lmn . However, our equation is non-homogeneous as we also have

5Although there has been recent work on extending the Teukolsky formalism to modified gravity theories to
compute their quasinormal modes for fast-rotating black hole solutions [295].
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the Gauss-Bonnet scalar evaluated on the background GR metric, acting as a source term.
Particular solutions to the scalar equation introduce additional frequencies into the ringdown
QNM spectrum [256, 296]. The spectrum of these “driven” modes by the source term for
l ≥ 2 has been shown to coincide with the quasinormal modes for tensor perturbations for
Kerr, ω

Kerr,grav
lmn ; while for l = 1 the “driven” mode has been fitted empirically [256].

Can our scalar ringdown waveforms be modeled by the gravitational and/or scalar QNMs
of a Kerr black hole in GR as the above findings suggest? To address this question we
perform one-mode (N = 1) and two-mode (N = 2) fits, whilst keeping the QNMs fixed to
their values in GR. These fixed values employed in our analysis can be found in Table 4.C.1
of Appendix 4.C. For one-mode fits, we utilize Eq. (4.41), where we check whether just one
QNM fixed to either ω

Kerr,scalar
lmn or ω

Kerr,grav
lmn describes the data well. Next, we perform a

two-mode fit using Eq. (4.42), where we fix ω
Kerr,scalar
lmn and ω

Kerr,grav
lmn simultaneously. We

note that for the l = 1 ringdown modes fitted with the N = 2 mode fit we take a conservative
approach and only use a fundamental scalar QNM and its first overtone.

Re(ϕ lm
N=1) =

Alm0
1 e−(t−t0)/τlm0cos[ωlm0(t − t0)+ plm0

1 ], ωQNM ∈
{

ω
Kerr,scalar
QNM ,ω

Kerr,grav
QNM

}
l,m > 1

Alm0
1 e−(t−t0)/τ

Kerr, scalar
lm0 cos[ωKerr, scalar

lm0 (t − t0)+ plm0
1 ] l = m = 1,

(4.41)

Re(ϕ lm
N=2) =


Alm0

1 e−(t−t0)/τ
Kerr,scalar
lm0 cos[ωKerr,scalar

lm0 (t − t0)+ plm0
1 ]

+Alm0
2 e−(t−t0)/τ

Kerr,grav
lm0 cos[ωKerr,grav

lm0 (t − t0)+ plm0
2 ] l,m > 1

Alm0
1 e−(t−t0)/τ

Kerr,scalar
lm0 cos[ωKerr,scalar

lm0 (t − t0)+ plm0
1 ]+

Alm0
2 e−(t−t0)/τ

Kerr,scalar
lm1 cos[ωKerr,scalar

lm1 (t − t0)+ plm1
2 ] l = m = 1.

(4.42)

Equations (4.41)–(4.42) fit to the real parts of the scalar multipoles, as their imagi-
nary parts will have the same amplitudes and phases. We make use of all scalar mode
waveforms presented in Section 4.3.4, and therefore perform the fitting on the (lm) =

(11),(22),(33),(44) modes.
We sample the parameter space using emcee [203]. Dropping the (lmn) indices in

Eqs. (4.41)–(4.42) and keeping just the mode number N ∈ [1,2], we use uniform priors in our
inference, namely logAi ∈ [−3,1] and pi ∈ [0,2π] for i ∈ [1,N]. We compute the frequencies
ωlmn with the qnm package [297] using our final spin calculations from Table 4.3.1.

There is an ongoing debate around when is the optimal time to begin fitting quasinormal
ringdown (see e.g. Ref. [298]), as different start times can give different answers for the mode
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fits, and have also caused some controversy regarding the confidence of a subdominant QNM
observation in GW data [299]. While overtones are typically quick to decay, they can play
an important role as we approach the time of merger [300–305]. To avoid the intricacies of
having to account for overtones, as well as nonlinear effects in the early ringdown [306, 307],
we take a conservative approach and start the ringdown analysis t0 = 16M after the time of
the peak amplitude of the scalar mode6. By starting too early we risk including nonlinear
effects from the merger and by starting too late the SNR of the signal may be significantly
lower. In our analysis, the damped sinusoid model is most accurate as an approximation
in the late ringdown and so we sacrifice on the strength of the signal. The end time of our
analysis is determined by the point in the late ringdown when the signal becomes very faint
and the numerical noise becomes more significant. The point when this happens varies on the
mode by mode basis, with higher modes being prone to numerical noise earlier than others.
However, the typical length of our ringdown varies in the range of ∼ 15−30M.

In the optimization process, we use a least-squares likelihood in the time domain, with a
flat noise spectral density

L(d;θθθ) ∝ ∑
i

exp

{
−
[ϕ

θ⃗
(ti)−d(ti)]2

2σ2

}
, (4.43)

where d(ti) is the time sequence of numerical data, σ2 is the variance and θθθ = {Ai, pi}. We
estimate the variance by taking our total error budget percentage (i.e. 4%) from the peak
of the amplitude for each mode. As such, the error we account for through the variance
parameter varies on a mode by mode basis. This choice for error estimation in our analysis
assumes that the total NR error is not correlated in time. In reality, this is not likely to be
an accurate assumption to make as in certain regions of the waveform we may in fact be
over- or under-estimating the allowed deviation of the data from the true values. Ideally, our
likelihood function should contain some sort of correction to account for such correlation of
the data with time. However, this is out of scope of this work and we leave this for future
study. We have verified the robustness of our choice of variance in the likelihood function of
Eq. (4.43) by gradually decreasing its value and assessing its effect on the estimation of the
modes’ amplitudes. As expected, with decreasing variance, the amplitudes converge to some
fixed values with smaller error bars, representing an ideal scenario where our NR error is
very small. These idealised values provide the relative error we make in our fitting procedure
when estimating amplitudes using our actual total NR error budget percentage to calculate a
fixed variance. Fig. 4.4.1 shows this convergence of Ai for i ∈ [1,2] of the (22) mode of the

6We have investigated the choice of other start times ranging from 10M to 16M and found similar results on
the estimated parameters.
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Fig. 4.4.1 Convergence of the estimated amplitudes with decreasing variance σ2 =
{0.005,0.004,0.003,0.002,0.001,0.0008,0.0005} of Eq. (4.43) for the (22) mode of
BBH-12 run. The variance value estimated as 4% from the peak amplitude takes the value
of σ2 = 0.003 in our fit for this configuration. We have verified that the same convergence
holds qualitatively for the N = 1 mode fit too.

BBH-12 configuration, where the fixed variance of σ2 = 0.003 used in the fitting procedure
results in median amplitudes lying within the error bars of the smallest variance.

In Table 4.4.1 we summarize the results of our fits. We note that we fixed the dimension-
less coupling β0/m2

1 to unity for convenience there. Therefore, when choosing a different
value for the coupling, appropriate rescaling to the amplitudes has to be done according to
Eq. (4.21). We find that that the ratio of amplitudes of scalar Kerr QNMs to gravitational
Kerr QNMs varies on a mode-by-mode basis for l > 1 modes. In the case of the l = 1 mode
fit, the amplitude of the overtone n = 1 dominates the amplitude of its fundamental mode as
also found in the analysis of gravitational ringdown in Ref. [301]. Unless indicated by a dash
in Table 4.4.1, we find that for certain modes a N = 1 mode fit is able to describe the data
accurately enough. This happens in the cases where the amplitude of one of the modes in the
N = 2 mode fit is dominant, or when the frequencies of the N = 2 mode fit lie close to each
other.

We additionally fit the amplitudes of our gravitational waveforms in Table 4.4.2, where
we use (lm) = (11),(22),(33),(44),(55),(66) modes in the fitting procedure. We find that
the N = 1 mode fit of Eq. (4.38) is sufficient to describe the data. Since the Einstein equations
to leading order remain unchanged (see Eq. (4.18)), we have fixed the frequency of the N = 1
mode fit to the fundamental gravitational Kerr QNM of GR.

In summary, the leading order QNMs of the scalar and tensor components of the ringdown
waveform in EsGB gravity are accurately described by QNMs of GR. The next correction
in δ to the scalar QNM spectrum would depend on the nature of the coupling to the Gauss-
Bonnet term, while the correction to the gravitational QNM spectrum would happen at
O(δ 2). In the case of sub-leading corrections to the scalar QNMs, for EdGB gravity with
exponential coupling, β (ϕ) = eϕ , the next correction will come from second order in δ ,
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Run (lm) mode N = 2 N = 1, ω
Kerr,grav
lm fixed N = 1, ω

Kerr,scalar
lm fixed

log10 A1 log10 A2 log10 A1 log10 A1

BBH-11 22 −0.81+0.26
−0.02 −0.67+0.01

−0.09 – –
44 −1.62+0.04

−0.48 −2.41+0.77
−0.39 – −1.58+0.01

−0.34
BBH-23 11 −0.50+0.01

−0.02 0.07+0.08
−0.04 – –

22 −0.89+0.03
−0.03 −0.61+0.01

−0.02 – –
33 −1.34+0.03

−0.09 −1.39+0.03
−0.07 – –

44 −1.76+0.04
−0.16 −2.59+0.46

−0.28 – −1.72+0.01
−0.58

BBH-12 11 −0.10+0.01
−0.01 0.69+0.18

−0.12 – –
22 −1.23+0.05

−0.05 −0.47+0.01
−0.01 −0.48+0.01

−0.01 –
33 −1.30+0.17

−0.05 −1.29+0.04
−0.07 −1.09+0.01

−0.13 −1.03+0.01
−0.01

44 −1.90+0.46
−0.12 −1.40+0.03

−0.11 −1.40+0.01
−0.32 –

Table 4.4.1 Estimated amplitudes from the N = 1 mode and N = 2 mode fits summarized by
Eqs. (4.41)-(4.42). As in Fig. 4.3.1, we set β0/m2

1 = 1 for convenience. The dash indicates
that a specific fit could not describe the data accurately. In all cases with an N = 2 mode
fit, A1 represents the amplitude of the scalar Kerr QNM. For the (11) mode, A2 is the
amplitude of the scalar Kerr overtone, while for all other modes, A2 represents the amplitude
of gravitational Kerr QNM. The upper and lower limits on the estimated parameters lie within
the 90% confidence interval and the central value is the median.

while for shift-symmetric Gauss-Bonnet gravity with coupling β (ϕ) = ϕ , at the third order
in δ [260]. Given the smallness of δ , we expect any kind of deviation from GR in the scalar
QNM spectrum in Gauss-Bonnet gravity to be very small.

4.5 Observational Prospects

4.5.1 Measurability of the scalar ringdown

Having formulated a model for the scalar polarisation component of the EsGB ringdown
waveform, we now make a first attempt to assess the measurability of its presence in compact
binary coalescence observations by the current and future networks of GW detectors. Re-
turning to Eq. (4.8), we recall that the second term predicts an additional scalar contribution,
whose strength is controlled by the magnitude of the conformal coupling a0 defined in
Section 4.2.2 and the amplitude of the scalar field ϕ , which may be re-scaled using the di-
mensionless parameter β0/m2

1 according to Eq. (4.21). Therefore, the choice of the re-scaling
applied to the amplitude of the scalar field will affect the strength of the scalar polarisation,
and our choices of the re-scaling will be detailed in the following Sections. However, before
making predictions on the strength of the scalar signal, it is necessary to make the conversion
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Run (lm) mode log10 A1

BBH-11 22 −0.81+0.01
−0.01

44 −1.62+0.01
−0.01

66 −2.36+0.01
−0.01

BBH-23 22 −1.04+0.01
−0.01

33 −1.58+0.003
−0.003

44 −1.75+0.01
−0.01

55 −1.93+0.01
−0.25

66 −2.51+0.01
−0.02

BBH-12 22 −1.03+0.01
−0.01

33 −1.34+0.01
−0.01

44 −1.74+0.002
−0.001

55 −1.91+0.01
−0.01

66 −2.29+0.02
−0.03

Table 4.4.2 Estimated gravitational amplitudes of the N = 1 mode fit of Eq. (4.38), where the
fundamental gravitational QNMs are kept fixed. The upper and lower limits on the estimated
parameters lie within the 90% confidence interval.

to physical units. The scalar polarisation now takes the form of

hS =
Mfin

DL
a0ϕ, (4.44)

where Mfin is the final BH mass and DL is its luminosity distance from the Earth. We note
that ϕ is the sum of all (lm)-modes and is dependent on the inclination angle ι , which is
defined as the angle between orbital angular momentum and the line-of-sight

ϕ = ∑
lm

ϕ
lmYlm(ι). (4.45)

In our analysis we set ι = 60◦. As we discussed in Section 4.2.2, each polarisation has a
distinct geometrical imprint on a GW detector. We therefore begin with projecting the scalar
strain, hS, onto the detector D located at xD

hD(t) = hS(t,xD)FS. (4.46)

Here FS is the response, or antenna pattern, of a detector D to scalar polarisation. It can be
given in terms of the polar angle θ and the azimuthal angle φ in the detector frame (i.e. θ
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Fig. 4.5.1 Scalar antenna pattern for various choices of polar and azimuthal angles. Yellow
regions indicate the maximum response from the detector from the incoming scalar-polarised
GW.

and φ measured with respect to detector arms along the x and y-axes) in the following form

FS(θ ,φ) =−1
2

sin2
θ cos2φ . (4.47)

Note the absence of dependence on the polarisation angle ψ that defines the orientation
of the source projected on the celestial sphere; this is a direct consequence of the spin-0
nature of the scalar field, in contrast with the tensorial GWs that behave as a spin-2 field. The
response to scalar polarisation depends on the polar and azimuthal angles at which the GW
comes in with respect to the detector frame. Figure 4.5.1 illustrates the change of the antenna
pattern for various angles. We position the source at an optimal sky location for one of the
detectors (LIGO Hanford in particular), that is straight down one of its arms, i.e. θ = π

2 ,
φ = 0. For a given GW detector, we then compute the squared SNR of the scalar signal
defined via

ρ
2 =

∫
∞

0

4|h̃D( f )|2

Sn( f )
d f , (4.48)

where h̃D is the signal in the Fourier domain and Sn( f ) is the noise power spectral density
(PSD) of the detector, which we set to the predicted noise curve of (i) the current network
of LIGO (Hanford and Livingston) and Virgo detectors at design sensitivity [308, 309] and
(ii) the Einstein Telescope (ET) [310] in the ET-D configuration [311]. We list luminosity
distance and the range of masses chosen for each of the detectors in Table 4.5.1.

In the computation of the SNR from Eq. (4.48), the signal is weighted by the noise PSD
curve in the frequency domain. Having a frequency of the scalar waveform close to the
minima of the PSD would therefore increase the integrand of SNR for a fixed amplitude of
the waveform. However, for varying mass, the amplitude is not fixed but scales according
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Detector DL/Gpc Mfin/M⊙

LIGO/Virgo 1 [100, 1000]
ET 1 [10, 1000]

Table 4.5.1 Distance and final BH mass range targeted with each of the detectors considered
in this study.

to Eq. (4.44). Further, the amplitude of the scalar signal is affected by the mass ratio: as
suggested by our NR simulations from Section 4.3.4, the amplitude increases for more
asymmetric binaries (recall that the scalar amplitude scales with β0/m2

1, where the scaling is
the largest for asymmetric binaries, where the mass of one of the progenitors is smaller).

We now move on to estimate the actual signal strength for two different scenarios with
respect to the values of the coupling parameters in EsGB.

Maximally allowed couplings

Our prior for the range allowed for the couplings a0 and β0/m2
1 is controlled by the theoretical

and observational constraints described in Section 4.2.4. In this Section we make the
‘optimistic’ choice of max(β0/m2

1) = εthr ≈ 0.2 and amax
0 =

√
10−3 ≈ 0.0316 to be maximally

allowed values for our couplings (i.e. the blue region of Fig. 4.2.2 is where the theory can be
said to be no longer predictive) and investigate in more detail the dependence of the SNR
of the scalar ringdown signal on the total mass Mfin and mass ratio q of the progenitors.
Following common practice [312, 313], we assume SNR ≥ 8 is required for a detection.

Figure 4.5.2 shows the network SNR for the current LIGO (Livingston and Hanford) and
Virgo detector network, calculated via quadrature, ρnetwork =

√
∑ j ρ2

j , where ρ j represents
the SNR in a single detector. Here the values of numerically calculated SNR span three
horizontal lines of constant q = {1/2,2/3,1} and are interpolated on the parameter space of
Mfin ×q. The typical scalar signal is weaker than its tensorial counterpart by at least three
orders of magnitude, and the choice of maximally allowed couplings results in increased SNR
for larger masses. The largest network SNR of 1.8 is produced from for the smallest mass
ratio of q = 1/2 and the final BH mass of Mfin = 1000M⊙. We note, however, that our choice
of t0 = 16M to be the ringdown start-time reduces the strength of the signal. As seen in
Section 4.4, the amplitudes for highly asymmetric mass ratios become significantly damped
at later times. Therefore, one may expect larger SNR, if an earlier ringdown start-time was
chosen.

The strength of the signal significantly improves in the ET, which we illustrate in
Fig. 4.5.3. Here we further disentangle contributions of each mode to the total SNR by
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Fig. 4.5.2 Contour plot of network SNR in the Mfin×q plane for the scalar ringdown of a BBH
at 1 Gpc as observed by the Virgo, Livingston and Hanford network of detectors at design
sensitivity. Here the couplings a0,β0/m2

1 are fixed to their maximally allowed values as
described in Section 4.5.1. NR data are available along horizontal lines of q = {1/2,2/3,1},
based on which SNR values are estimated by interpolation on the plane.

plotting SNR for the strongest individual modes, i.e. (lm) = (11),(22),(33). We observe
that some cross-terms between modes may contribute destructively in the integrand of SNR
(see Eq. (4.48)) and as such, the total SNR is not simply a sum in quadrature of the individual
modes’ contributions. We find that the strongest total SNR calculated from all modes is
recovered from the most extreme mass ratio considered in our simulations, q = 1/2. This
is as expected since its modes’ amplitudes are significantly larger than for milder mass
ratios. Assuming a luminosity distance of DL = 1Gpc for the BBH-12 configuration, the total
SNR of the scalar ringdown is weak for BHs with masses Mfin ≲ 50M⊙ and falls below
the detectability threshold. However, taking the parameters of the GW151226 event with
q ∼ 1/2, DL = 440Mpc and Mfin ∼ 20.8M⊙ [314], we find the SNR in ET to be around 7.15.
Interestingly, the SNR of individual modes has a more complicated structure and there are
several competing factors contributing to their strength. First, the final BH mass determines
where the QNM frequencies lie in relation to the high-sensitivity region of the detector’s
noise curve. Second, the hierarchy and relative amplitudes of the scalar modes are determined
by the mass ratio of the progenitor (e.g. with odd-m modes vanishing for symmetric binaries).
Third, higher modes are less long-lived for more extreme mass ratios, meaning that at later
ringdown start times these modes become significantly damped. Finally, the inclination angle
contributes an additional l-dependent geometric factor to the relative mode amplitudes as
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seen by the observer. As such, in our simulated analysis, the SNR of the (22) mode is the
strongest for q = 2/3 and (11) and (33) modes are the strongest for the q = 1/2 one.
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Fig. 4.5.3 Contour plot of the SNR in the Mfin ×q plane for the scalar ringdown of a BBH
at 1 Gpc as observed by the Einstein Telescope. The couplings a0,β0/m2

1 are fixed to their
maximally allowed values as described in Section 4.5.1. The top left panel shows the total
SNR, while the individual scalar mode SNRs are shown in the remaining three panels. NR
data are available along horizontal lines of q = {1/2,2/3,1}, based on which SNR values
are estimated by interpolation on the plane.

Imposing the most pessimistic constraint,
√

β0 = 1.18km

So far we have explored the strength of the signal in the optimistic scenario, where the
strength of the EsGB dimensionless parameter is set at the limit of the theoretical bound
and appears to be strong enough for certain binary configurations. Constraints on the EsGB
coupling β0 coming from data analyses of astrophysical observations (see Table 4.2.1) further
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limit the range of the coupling and therefore are expected to significantly lower the strength
of the scalar signal. We now follow the analysis of Ref. [226] on GW signals from the
inspiral of BBH and BH-NS binaries and set the value of the EsGB coupling to their quoted
90% combined upper bound, i.e.

√
β0 = 1.18km. This result is based on an analytically

approximated inspiral model, where the leading-order correction to the waveform at -1PN
(i.e. δΨ ∝ (β 2

0 /M4)v−7) is inferred7 and mapped to a bound on β0. Higher-order corrections
to an incomplete 2PN level can vary the resulting bounds by more than 10%, depending on
the binary parameters, therefore this value should not be considered as a robust upper bound
at 90% confidence. Nevertheless, we expect that the upcoming fourth observing run (O4) of
the LVK Collaboration [309] will probe this value range with much higher confidence.

In this scenario the SNR of the scalar ringdown becomes significantly suppressed, which
we demonstrate in Fig. 4.5.4 on a logarithmic scale. Unlike the previous case, where we
bounded a0 and β0/m2

1, here, smaller values of the final BH mass and more asymmetric mass
ratios yield a stronger scalar polarisation signal, as expected. In particular, the largest SNR
of 0.42 is observed for a binary of mass ratio q = 1/2 with the smallest final mass of Mfin =

10M⊙. Unless the source is observed at very small luminosity distance of DL ∼ 52.5Mpc,
the scalar ringdown signal of this binary configuration will not be detectable even with third
generation detectors. Our predictions are less pessimistic for lower-mass binaries at even
higher mass-ratios, however, in this work we do not consider BH-NS binaries or BHs with
masses lower than 5M⊙.

4.6 Bayesian Inference on the Scalar Ringdown Signal

We now perform full Bayesian inference on a hypothetical scalar signal present in the bands
of the LVK detector network and ET. We model the data stream in each detector as

d(t) = h(t)+n(t), (4.49)

where h(t) is the signal as described in Section 4.4 and n(t) is a realisation of detector
noise. Although we use continuum-appropriate notation, in practice the above are realized as
discrete time series with a sampling rate of 4096 Hz, which is sufficient for our purposes in
this work.

7Here v = (πM f )1/3 is the relative velocity of the binary constituents (cf. Ref. [226] and references therein).
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Fig. 4.5.4 Same as Fig. 4.5.3, except here the Gauss-Bonnet coupling
√

β0 = 1.18km is
fixed and the plot is given on a logarithmic scale. For more discussion see Section 4.5.1.

4.6.1 Analysis Set-up

Before delving into the details of our analysis, let us first describe the simplifications
performed here. First, we assume that the GR part of the signal is well-modeled and has been
successfully reconstructed and removed from the data, without being particularly interested in
the details of that part of the analysis. In practice this means that we have reduced the problem
of performing an apples-to-apples comparison between GR and EsGB to the problem of
searching for the presence of our EsGB scalar-ringdown signal in the residual data. This,
in turn, makes use of the decoupling-limit assumption, that is, GW generation is driven by
GR dynamics and therefore the tensorial ringdown signals in GR and EsGB are identical.
Furthermore, we factorise the analysis of multiple QNMs into individual analyses for each
(lm) pair, here performed using N = 1 or N = 2 modes for each pair that can capture the
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presence of a “gravity-led” mode (or even an unusually strong overtone). This simplification
assumes that the frequency content of e.g. the l = m = 1 and l = m = 2 modes that are studied
here can be separated into disjoint regions in the frequency domain, as was done in recent
searches for subdominant modes [299]. Although this latter assumption may not always hold,
prior information on the final BH parameters, and hence on the expected scalar spectrum,
will always be available from the analysis of the much louder tensorial signal (“+” and “×”
polarisations), thus allowing for the scalar analysis set-up to be adapted accordingly. Details
related to the above considerations will not be discussed here, but are left to be explored in
future work.

We thus define our two competing hypotheses as follows:

1. H0: is our null hypothesis, corresponding to the data consisting of pure Gaussian
noise, according to the PSD of each detector in our network.

2. H1: is our scalar-ringdown signal hypothesis, corresponding to the presence of a
scalar signal in addition to noise in our data, where the scalar model is described in
Section 4.4 and is parametrized by the real QNM amplitudes and phases (Alm

k , plm
k ),

while the complex mode frequencies are fixed to their expected values (see details in
Eqs. (4.41)–(4.42)).

Our first task is then to infer whether our hypothetical scalar signal could be identified
as being present in the data – according to Eq. (4.49), where h(t) = hS(t; θ⃗) is consistent
with our scalar signal model – or the data is consistent with pure noise, i.e. h(t) = 0. For
scalar signals that are detected with confidence against the noise hypothesis, our analysis
will also estimate the parameters θ⃗ of our scalar ringdown model as posterior probability
distributions on the model parameter space p(⃗θ |d,H1). To accomplish this, we inject our
NR scalar waveforms hS(t) into data streams of simulated Gaussian noise and perform
time-domain ringdown analysis using the pyring pipeline [315–317], which relies on a
PYTHON implementation of the nested sampling algorithm [195] called cpnest [208]. The
built-in calculation of the evidences P(d|Hi) in nested sampling, by statistically integrating
each likelihood function p(d |⃗θ ,Hi) over the respective parameter space Σi, enables model
selection between the signal and noise hypotheses, by means of the Bayes factor,

BS
N =

P(d|H1)

P(d|H0)
=

∫
Σ1

p(d|θ⃗1,H1)p(θ⃗1|H1)dθ⃗1∫
Σ0

p(d|θ⃗0,H0)p(θ⃗0|H0)dθ⃗0
. (4.50)

Since H0 here is the noise hypothesis, its parameter space is the empty set and the integral in
the denominator reduces to a product of noise likelihoods p(d|H0) ∝ exp{−1

2 ∑
i, j

diC−1
i j d j},
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one for each detector, where Ci j is the two-point autocovariance matrix that characterizes
the detector noise in the time domain as a discrete stochastic process that is assumed to be
Gaussian and stationary [316]. Similarly, the point-wise likelihood for H1 is computed using
the same expression, where we replace d → d−hS(t; θ⃗). That is, the signal hypothesis states
that the residual is pure noise.

We adopt two approaches in the injection of the scalar signal. First, we perform a
zero-noise injection by setting n(t) = 0 in (4.49), in order to isolate possible biases due to
realisation-specific effects of the noise in our analysis and disentangle them from potential
systematic biases inherent to our model. Note, however, that since the likelihood is weighted
by the noise PSDs of our GW detectors, the overall effect of the noise on the uncertainty of
our measurements is still incorporated in our method. Second, we inject the scalar waveform
into simulated noise and assess its effects on the parameter estimation. We have followed
the standards of the LSC Algorithm Library (LAL) [2] to perform NR scalar waveform
injections, for which we have used a modified version of LALsuite [318] to accommodate
the construction of the scalar waveform (cf. Section 3.4).

We present results for the injection of the BBH-12 binary configuration, which gives us
the strongest scalar wave signal. We place the source along one of the arms of the detector, as
described in Section 4.5.1, at a luminosity distance of DL = 100Mpc, and choose a final mass
of Mfin = 500M⊙. We choose to inject the two loudest modes (lm) = (11) and (lm) = (22)
and further take maximally allowed values for the theory couplings β0/m2

1 and a0 as described
in Section 4.5.1, i.e. max(β0/m2

1) = 0.2 and amax
0 =

√
10−3 ≈ 0.0316. The SNR value for

the configuration involving the (11) mode is roughly 700 and for the (22) is around 100.
We use Table 4.4.1 of Section 4.4 to determine which recovery model of Eqs. (4.41)–(4.42)
to use for each of our injections. As such, for the (11) mode, we use the N = 2 fit with
frequencies fixed to the fundamental and first overtone scalar Kerr QNMs, while for the (22)
mode we use the N = 1 mode fit with the frequency fixed to the fundamental gravitational
Kerr QNM.

4.6.2 Results

Using the two hypotheses, H0 and H1, as defined in Section 4.6.1, in Fig. 4.6.1, we present
the results of the recovery of the (11) and (22) modes with zero-noise and coloured Gaussian
noise injections in ET. The results suggest that the scalar-ringdown signal hypothesis
H1 is favoured for both injections, i.e. the data contains a scalar-polarised GW present
at the expected frequencies within the detector’s sensitivity band. The Bayes factors for
the zero-noise and Gaussian noise injections are logBS

N ∼ 16771 and logBS
N ∼ 16127, and

logBS
N ∼ 47 and logBS

N ∼ 15 for the (11) and (22) modes respectively. Finally, in Fig. 4.6.2,
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Fig. 4.6.1 Reconstructed waveforms for (11) (top) and (22) (bottom) modes for the scalar
field for an injection into the Einstein Telescope. The left panel illustrates zero-noise
injections and the right panel Gaussian-noise injections. The yellow line shows the recovered
damped sinusoid model for each of the modes (see the main text for the details), the dashed
purple and pink lines show the trigger-time (defined as the reference time in the reference
detector) and ringdown start time respectively. For more discussion see Section 4.6.2.

we demonstrate the effect of Gaussian noise on the estimation of the modes’ amplitudes and
phases. Overall, with the source parameters of our choice we conclude that Gaussian noise
does not compromise our ability to measure scalar polarisation, neither does it introduce
significant biases in recovering the modes.

As we have seen in Section 4.5.1, for a fixed set of coupling parameters a0 and β0/m2
1,

larger total masses or more extreme mass ratios are needed to achieve higher SNRs at a
given distance. From the observational point of view, the astrophysical population statistics
for BBH systems allow for a rather faint probability of either placing stringent bounds
on EsGB or making a direct detection, based on the scalar ringdown signal of a single
BBH source, even with a 3G/XG detector. Having multiple detectors in the network and
combining information from multiple BBH events across a wide mass range will improve our
overall sensitivity to the consistent presence of such signals. As the rate of BBH events with
SNR > 100 in the next-generation network is expected to reach O(102−103) per year [319],
joint information from multiple events, even if they may be weak, will statistically improve
the confidence of detecting a scalar signal as well as the precision of the inference by roughly
a factor of ∼

√
n, n being the number of detected scalar signals [320]. While the presence of

scalar polarisation in the ringdown spectrum will be a smoking gun effect (unlike the inspiral
dephasing), indicating the existence of a fundamental scalar field, more care will be needed
in disentangling this weak effect from noise artifacts and other systematics.
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Fig. 4.6.2 Joint posterior distributions for the amplitudes and phases recovered for the
(11) and (22) modes. The upper panel shows the parameters for the zero-noise injections
and the lower panel for the Gaussian noise injections. The upper and lower limits on the
estimated parameters lie within the 90% confidence interval. Parameter estimation from both
injections clearly demonstrates that noise does not bias the recovered amplitudes and phases
significantly. For more discussion see Section 4.6.2.
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4.7 Conclusion

Through the presence of a conformal coupling to matter, black hole binaries in EsGB gravity
emit gravitational waves that have a scalar polarisation. The family of theories we consider
in this work is controlled by two coupling parameters: the Gauss-Bonnet coupling β0 and the
conformal coupling a0, which both impact the strength of the scalar-polarised gravitational
wave. We have studied the extent to which these couplings could be constrained through
gravitational wave observations of the scalar polarisation during binary black hole ringdown.
By exploring the parameter space in the range of validity of our couplings, and calculating
respective signal-to-noise ratios, we conclude that the scalar polarisation has a low chance of
being detected. There is a stronger possibility of detection with next generation detectors like
the Einstein Telescope, targeting more asymmetric binary progenitors, given the observed
amplification in the scalar polarisation amplitude for those systems in our NR simulations.
Furthermore, future observations with LISA [321] may allow for more precise measurements
of ringdown from extreme mass-ratio inspirals, although the much higher mass range that
LISA will probe may not be favourable for sourcing sufficiently strong scalar modes in
theories like the ones studied here. The SNR is greatly dependent on the value of the
dimensionless EsGB parameter, β0/m2

1. Even at the largest allowed theoretical value for
the dimensionless coupling (β0/m2

1 ∼ 0.2), one would need to have a total mass of roughly
≳ 50M⊙ and a fairly asymmetric mass ratio (q ∼ 1/2) in order for there to be a detection
with a future generation GW detector. For smaller values of β0/m2

1, the strength of the signal
drops below the detectability threshold for any inspiral scenario we have considered, even
for the Einstein Telescope. Given the present observational constraint of

√
β0 ≲ 1.18km,

and that M⊙ ∼ 1.5km in geometrised units, detecting a scalar polarisation in a 50M⊙ event
requires the smaller mass black hole to have a mass of ∼ 2.5M⊙ in order for a competitive
constraint on β0 to be possible from a ringdown measurement with the Einstein Telescope.

The most stringent constraint on most modified theories of gravity comes from the
inspiral, through measurements of the phase of the gravitational wave signal [226, 227]. This
being said, a measurement of the inspiral phase does not completely determine the nature of
a potential deviation from GR, as the dephasing could come from the emission of energy in
other energy channels beyond (for example) that of a gravitational scalar field. Measuring
the ringdown signal provides a complementary test to the measurement of the inspiral phase.

Apart from performing a targeted test on the GW data for signs of our EsGB model,
the method that we propose here can be applied to a more general setting. EsGB with a
conformal scalar coupling in its decoupling limit [322, 323] is a prime example of a well-
motivated theory, in which the spin-0 QNMs of the Kerr metric are excited and observed
via radiation of scalar GWs. Since back-reaction can be neglected in the limit of a small
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coupling β0/m2
1, part of the scalar quasinormal mode spectrum is identical to that of the

spectrum of a (massless) scalar around a Kerr black hole [256, 289]. More generally, any
alternative theory featuring an additional scalar field that couples to the physical metric will
also radiate spin-0 QNM frequencies, provided that the theory respects the “no-back-reaction”
property (i.e. to leading order, the GR sector determines the background metric and is driving
the dynamics). In short, the general strategy amounts to using the information from the
observed tensorial QNM frequencies to measure the remnant BH parameters, fixing the
spin-0 QNM frequencies, and subsequently searching for the presence of any residual scalar
GW signal on those frequencies, while being agnostic about the amplitude of each mode.
The mode amplitudes are sensitive to the details of a given theory, since the field equations
will determine how strongly each mode is sourced from the initial perturbation. Therefore,
following the detection of a scalar signal, measurements of the relative mode amplitudes,
combined with measurements of the progenitor parameters, will narrow down the specifics
of the theory and its couplings. A similar approach could also cover theories featuring a
gravitational vector field. A thorough analysis of this strategy is beyond the scope of this
thesis.

There are several more directions for future work. We have only considered the impact of
the scalar polarisation on the ringdown; it would be interesting to see if stronger constraints
could be placed on β0 and a0 from polarisation measurements of the inspiral waveform. We
have solved for the equations of motion of EsGB gravity in the decoupling limit. While this
approximation has been shown to be accurate for modeling the scalar waveform in EsGB
gravity, at least at leading order and during the inspiral phase of evolution (and ignoring the
effects of dephasing) [256], it would be interesting to compare it to full solutions to EsGB
gravity [78, 92, 260]. It will also be important to extend our study to spinning progenitors
and see whether the scalar mode amplitudes’ dependence on spins follows a functional form
similar to that of the tensorial modes [324, 325]. Finally, while we have argued that EsGB
gravity with a conformal scalar coupling to the metric may give the largest scalar polarisation
signal for black hole binaries among scalar-tensor gravity theories, it would be interesting
to numerically model other modified theories of gravity featuring scalar or vector-polarised
gravitational waves and devise similar targeted tests.



Appendix

Appendix 4.A Convergence testing and error estimation

4.A.1 Gravitational and scalar waveforms

In this Section we follow the methodology of Ref. [276]. We start with our results on the
convergence of the code and the discretisation error due to finite resolution for simulation
configuration BBH-11. We use ∆xhigh = 1/128M, ∆xmed = 1/96M and ∆xlow = 1/80M on
the finest level of high, medium and low resolution runs respectively. We note that that
the results presented in the main text were obtained from evolving the higher resolution
configuration. The order of convergence is estimated for the amplitude and the phase of Ψ4

Ψ4,lm = Ψ
A
4,lmeiΨφ

4,lm . (4.51)

In Fig. 4.A.1, where we have already multiplied the difference between medium and high
resolutions by an appropriate factor, we plot the convergence order for the amplitude and the
phase of Ψ4. The convergence factor of order n for a given quantity τ is calculated by its
difference at low/medium and medium/high resolutions

Qn =
τlow − τmed

τmed − τhigh
. (4.52)

In the continuum limit the truncation error typically approaches zero as a power of the
discretisation parameter ∆x, that is for a given approximation error of order n

lim
∆x→0

τ∆x = ∆xn × const. (4.53)

Therefore, in the continuum limit the convergence factor reduces to

Qn =
∆xn

low −∆xn
med

∆xn
med −∆xn

high
. (4.54)
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Fig. 4.A.1 Convergence of Ψ4,22 extracted at Rext = 110M for the BBH-11 configuration. Top:
Convergence of the amplitude, ΨA

4,lm. The difference for medium/high resolutions is rescaled
according to second and third orders of convergence. The inset shows an interval around
the merger. Bottom: Convergence of the phase, Ψ

φ

4,lm. The difference for medium/high
resolutions is rescaled according to second, third and fourth orders of convergence.

For the amplitude of Ψ4 we find the convergence order to be between second and third
order in the inspiral, which then increases to between third and fourth in the late inspiral
and merger. For the phase of Ψ4 we find convergence consistent with fourth order dropping
to third around merger. We perform a similar analysis for the amplitude of the scalar field
amplitude and find the order of convergence fluctuating between second and third as indicated
in the left panel of Fig. 4.A.2.
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Fig. 4.A.2 Left: Convergence of the amplitude of ϕ22 extracted at Rext = 110M for the
BBH-11 configuration. The difference for medium/high resolutions is rescaled from second
to fourth orders of convergence. Right: Same as left but for the BBH-12 configuration.
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To estimate the discretisation error for the amplitude eA, we measure the relative percent-
age error between the finest resolution result and Richardson extrapolation, while for the
phase error eφ we simply give it as the difference

eA =
|ΨA

4,lm −Ψ
A,Richardson
4,lm |

Ψ
A,Richardson
4,lm

×100%, (4.55)

eφ = |Ψφ

4,lm −Ψ
φ ,Richardson
4,lm |. (4.56)

Finally, to estimate the error due to finite-radius extraction we compute a given radiated
quantity at several finite extraction radii and extrapolate to infinity by fitting a polynomial in
1/r. We use first order extrapolation of polynomial order n = 1

Ψ
i,n=1
4,lm = Ψ

i
4,lm +

const
r

. (4.57)

We then compute the corresponding errors for the amplitude and phase as given in Eqs. (4.55)
and (4.56), where Richardson extrapolated quantities are now replaced by the extrapolated
quantities prescribed by Eq. (4.57).
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Fig. 4.A.3 Convergence of Ψ4,22 extracted at Rext = 110M for the BBH-12 configuration. Top:
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Additionally, we present convergence results for the BBH-12 configuration, where we
now use ∆xhigh = 1/128M, ∆xmed = 1/112M and ∆xlow = 1/96M on the finest level of high,
medium and low resolution runs respectively. We present our results in Fig. 4.A.3 and the
right panel of Fig. 4.A.2 for the gravitational (22) mode of Ψ4 and the scalar field amplitude,
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Fig. 4.A.4 Left: Convergence of the energy flux extracted at Rext = 110M for BBH-11. The
difference for medium/high resolutions is rescaled according to third and forth orders of
convergence. Right: Same as left but the diagnostic quantity is the angular momentum flux
in the z-direction extracted at Rext = 110M for BBH-11.

respectively. We find similar results as for the BBH-11 configuration. We observe between
second and third order of convergence in the amplitude and between third and fourth order of
convergence for the phase. The convergence order for the scalar field amplitude is second
order in the inspiral and fourth order in the merger and ringdown.

4.A.2 GW Energy and angular momentum flux convergence

Finally, we present convergence plots for BBH-11 of the GW energy flux and GW angular
momentum flux computed with the use of Eqs. (4.32) and (4.33), respectively. We employ
the same set of resolutions as in Section 4.A.1 and compute the total radiated energy and the
total angular momentum flux, as described in Section 4.3.3 of the main text.

From Fig. 4.A.4, we conclude that both the energy flux and angular momentum flux
have an order of convergence between third and fourth. By using third order Richardson
extrapolation, we estimate the error of the final mass and spin to be 0.01% and 0.05%,
respectively.

Appendix 4.B Code Validation

In this Section we address the tests on the implemented Gauss-Bonnet term in GRCHOMBO.
First of all, we perform a self-convergence test by evolving a scalar field on a Schwarzschild
background. We use ∆xhigh = 1/48M, ∆xmed = 1/40M and ∆xlow = 1/32M on the coarsest
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Fig. 4.B.2 Comparison of the L1-norm of the scalar field profile normalised over total volume
for numeric and analytic solutions.

level of high, medium and low resolution runs, respectively. Figure 4.B.1 demonstrates our
results and overall we find second-order convergence.

Finally, we compare our numerical result for a scalar field evolved on a Schwarzschild
background to the analytic solution in Painlevè-Gullstrand (PG) coordinates. By starting
with the scalar field equation

2ϕ +β0RGB = 0, (4.58)

we impose regularity of ∂rφ at the horizon r = 2M and the fall-off of the scalar field at
infinity, limr→∞ φ = 0. We find an analytic solution given in terms of PG coordinates by

ϕ(x) =
2β0

M

(
1
x
+

1
x2 +

4
3x3

)
, where x =

r
M
. (4.59)
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We then calculate the L1-norm for the analytic and numerical solutions and normalise it over
the total volume. Figure 4.B.2 shows good agreement between solutions after t ∼ 100M,
when the scalar has grown and settled to a constant value.

Appendix 4.C Quasi-normal modes of a Kerr black hole in
GR

In Section 4.4 and in particular Eqs. (4.41)-(4.42), we utilize QNMs of a Kerr black hole
in GR to perform numerical fits to our data. In Table 4.C.1 we present the values of the
frequencies (ωlmn) and damping times (τlmn), of the gravitational quasinormal modes of the
remnant black hole. These modes were computed using the QNM package [297].

Run (lmn) mode ω
Kerr,scalar
lmn τ

Kerr,scalar
lmn ω

Kerr,grav
lmn τ

Kerr,grav
lmn

BBH-11 (220) 0.6526 11.3627 0.5291 12.3320
(440) 1.2083 11.4250 1.1356 11.8200

BBH-23 (110) 0.3730 11.1043 – –
(111) 0.3570 3.6328 – –
(220) 0.6434 11.2444 0.5197 12.2165
(330) 0.9159 11.2855 0.8246 11.8901
(440) 1.1892 11.3026 1.11690 11.6904

BBH-12 (110) 0.3654 10.9405 – –
(111) 0.3485 3.5715 – –
(220) 0.6279 11.0667 0.5043 12.0431
(330) 0.8923 11.10375 0.8016 11.6951
(440) 1.1574 11.1192 1.0858 11.4945

Table 4.C.1 QNMs of the remnant Kerr BH in GR, used in the fitting procedure described in
Section 4.4.



Chapter 5

Boson stars in general relativity

5.1 Introduction

Perhaps no concept is more central to modern physics than that of the field. Fields are
building blocks of our universe and they play a key role in most paradigms of modern
cosmology and theories that extend the Standard Model of particle physics. In recent years,
in light of the discovery of the Higgs Boson, inflationary [326–328] and dark matter (DM)
models [329, 330] have given an important role to scalar fields, which also naturally arise
from string theory [331]. If given mass, scalar fields coupled to the gravitational field can
theoretically form astrophysical, compact, star-like objects. One of the examples of such
stars are boson stars (BSs) described by a complex, massive scalar field; see Refs. [96, 332]
for a review. The constituents of a BS are bosonic particles, or bosons (hence, the name),
whose mass in the range of 10−22 − 10−3eV has been considered in cosmological and
astrophysical settings1[333, 334]. The formation channel of boson stars has been discussed
in Ref. [335] through a mechanism referred as gravitational cooling, where starting from
initial Gaussian distributions, the scalar field collapses and settles down to a bound state.
Similar formation mechanisms have been discussed in the non-relativistic regime for Bose
stars (packets of Bose-Einstein condensates bound by self-gravity) in Refs. [336–338], where
the presence of dark matter bosons in the dark matter halos of the early Universe can lead to
their condensation into self-gravitating compact objects. Finally, BSs may be seeded at early
times due to large field fluctuations [339]. While the existence of fermionic compact objects
– such as neutron stars or white dwarfs – is supported by a plethora of observational evidence
(e.g. [173, 340, 341]), the search for localized solitons2 made of bosons is still ongoing.

1Although bosonic fields with the mass ≤ 10−22eV may account only for some portion of the dark matter of
the Universe [333].

2A soliton describes a wave packet solution that maintains its shape during propagation.
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Due to their (potentially) very high compactness, BSs belong to the category of exotic
compact objects, which we have reviewed in Section 1.3.2, and are even regarded as can-
didates for ultracompact BH mimickers in the sense of possessing a light ring [342, 343].
Despite BSs being called BH mimickers, it is important to note that they also have several
distinct features, therefore presenting direct ways through which one may distinguish them
from BHs. In particular, BSs (i) do not have a horizon; (ii) have a non-zero tidal deformability
[344, 345]; and (iii) can have spins exceeding the Kerr bound [346]. The lack of the horizon
may lead one to believe that BSs must be similar to neutron stars. However, this is not entirely
true. Common to most stellar structures, like NSs, BSs have a maximum mass, however they
do not have a surface; instead the scalar field extends to infinity and falls off exponentially.
Furthermore, in a recent study [347], rotating BSs have been shown to possess a different
universal relation between the moment of inertia, the dimensionless angular momentum and
the quadrupole moment, than that of NSs. Therefore, thanks to their comparatively simple
and mathematically regular nature but rich phenomenology, BSs are ideal proxies to study
fundamental properties of compact objects and challenge our understanding of their nature.
In this spirit, BSs are also intriguing probes in our search for evidence of extra degrees
of freedom in theories of gravity extending general relativity (GR). From an observational
viewpoint, BSs have been suggested as alternatives to primordial BHs [348] and supermas-
sive BHs in the centres of galaxies [349]. Last but not least, BSs may contribute to the
dark-matter sector of the universe and are an important target for gravitational-wave (GW)
observations with the LIGO-Virgo-KAGRA (LVK) network [243, 344, 350–352], as well
as future detectors like the Einstein Telescope and the Laser Interferometer Space Antenna
[353, 354].

This Chapter is structured as follows. In Section 5.2 we review the recent progress made
in the BS literature and in Section 5.3 we present their formulation. Next, we describe
the methods used to construct spherically symmetric BS solutions in Section 5.4.1 and
discuss various diagnostics we utilise to study these models in Section 5.5. We present some
examples of BS solutions in Section 5.6 and finally in Section 5.7, we review the required
conversion from areal to isotropic radius, which we employ later in binary simulations of
boson-star mergers.

5.2 History of boson stars

In the absence of gravity, the closest cousins to BSs are the so-called Q-ball solutions [355]
that can form in the early Universe and contribute to dark matter [356]. The first attempt at
adding gravity and constructing self-gravitating fields was done by Wheeler, who proposed
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the existence of gravitational electromagnetic entities or geons [357]; unfortunately they
were soon found to be unstable. Only a decade later, Kaup’s pioneering work [62] showed
the existence of equilibrium solutions to the Einstein-Klein-Gordon equations. Instead of
focusing on the electromagnetic field, Kaup proposed to minimally couple a massive complex
scalar field to gravity, thus forming self-gravitating configurations, dubbed Klein-Gordon
geons. Originally these configurations were devised for fundamental scalar (spin 0) fields
[358, 359] and later on extended to vector (spin 1) fields (aka Proca stars) [63, 360–370] and
high-spin fields [371, 372]. The nature of the scalar field can be real – resulting in potentially
long lived but not strictly stable compact objects commonly referred to as oscillatons (OSs)
[140, 373–375] – or complex for BSs. The first calculations of BSs employed non-interacting
massive scalar fields, resulting in the so-called mini boson-stars. Extensive studies over the
years, however, have uncovered a rich variety of other BS models, most notably through more
elaborate scalar potential functions: self-interacting [376, 377], solitonic [71, 378], axionic
potentials [334, 375, 379] and many more. The self-interaction terms lead to significantly
more compact BSs, comfortably exceeding the compactness of neutron stars, and also
increase the maximum mass BSs may acquire in dynamic scenarios without forming a black
hole (BH) [376, 380]. Further BS models include charged stars [381, 382], BSs comprised
of multi-fields [383, 384] and rotating models [385, 386] where the nature of the spin is
quantised. The stability of various bosonic configurations has been addressed in Refs. [387–
391] and confirmed by numerous numerical relativity (NR) simulations [142, 374, 392, 393].

5.3 Formulation

Mathematically, boson stars (BSs) are localized, soliton-like solutions of the coupled system
of the Einstein and general relativistic Klein-Gordon equations for a complex scalar field ϕ . In
this Chapter from now on, we set ℏ= c = 1. The action is then given by the Einstein-Hilbert
term for four-dimensional gravity and a minimally coupled complex scalar field,

S =
∫ √

−g
{

1
16πG

R− 1
2
[
gµν

∇µ ϕ̄∇νϕ +V (ϕ)
]}

d4x, (5.1)

where V (ϕ) is the scalar potential. Varying this action, we recover the Einstein and matter
evolution equations

Gαβ = 8πGTαβ , (5.2)

∇
µ

∇µϕ =
dV

d|ϕ|2
ϕ, (5.3)
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and the energy-momentum tensor reads

Tαβ = ∂(α ϕ̄∂β )ϕ − 1
2

gαβ

[
gµν

∂µ ϕ̄∂νϕ +V (ϕ)
]
. (5.4)

The simplest potential one can consider, and the one that has been studied in the original
work by Kaup, is that of a mini BS

Vmini(|ϕ|) = µ
2|ϕ|2, (5.5)

where µ is the mass of the bosonic scalar field. One can then proceed to add higher order
terms with powers of |ϕ|2. Following this logic we arrive at repulsive [394] and solitonic
[380] potentials respectively

Vrep(|ϕ|) = µ
2|ϕ|2 +λ4|ϕ|4 , (5.6)

Vsol(|ϕ|) = µ
2|ϕ|2

(
1−2

|ϕ|2

σ2
0

)2

, (5.7)

where λ4 and σ0 are self-interaction terms of the two individual potentials3. The name of
the repulsive potential requires further explanations. Typically repulsive potentials are those
with a positive first correction beyond the mass-term, which in the context of a binary system
means that increasing nonlinear self-interactions increases the potential energy. This effect
is the opposite for attractive potentials, such as the solitonic one. Note that both repulsive
and solitonic potential functions include the case of mini BSs in the respective limits λ4 → 0
and σ0 → ∞. Furthermore, note that the solitonic potential has multiple roots in |ϕ|: |ϕ|= 0,
which corresponds to the true vacuum state and |ϕ|= σ0/

√
2, which represents a “false” or

“degenerate” vacuum state. We graphically illustrate the features of these three potentials
in Fig. 5.3.1 for two solitonic potentials with σ0 = 0.2 and σ0 = 0.4, the case of mini BSs
and a repulsive potential with λ4 = 50 over the range A ..= |ϕ| ∈ [0, 0.2]. We clearly see the
false vacuum states for σ0 = 0.2 and also note that in this range of |ϕ|, the potential values
systematically increase in the order σ0 = 0.2, σ0 = 0.4, the mini BS limit and λ4 = 50.

The solitonic potential in Eq. (5.7) can result in highly compact stars and produces
some particularly interesting solutions; for example, in the case of ϕ ∼ σ0/

√
2 thin-wall

configurations have been found for sufficiently small σ0, where the scalar field profile
acquires a shape almost like a Heaviside function [395]. The resulting soliton profile is then
split into three different regions: the interior solution where ϕ ∼ σ0/

√
2 (i.e. a false vacuum

3In natural units, λ4 is dimensionless, whilst σ0 has units of the Planck mass, Mpl.
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state), a transition region with a sharp drop from ϕ ∼ σ0/
√

2 to ϕ = 0 and the exterior true
vacuum state ϕ = 0.
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0.00

0.02
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V

(A
)

σ0 = 0.2

σ0 = 0.4

mini

λ4 = 50

Fig. 5.3.1 Four example cases of the BS scalar potential function V (A), where A ..= |ϕ|,
defined in Eqs. (5.5–5.7). Here we set µ = 1 for simplicity, however the BS solution can
be rescaled appropriately for any value of µ following scaling arguments of Eqs. (5.17)
and (5.20). The non-interacting potential for mini BSs is recovered for σ0 → ∞ or λ4 = 0.
Note the false vacuum state for solitonic potentials and the systematic increase of V (A) from
small σ0 to the mini-BS limit and larger λ4.

5.4 Equilibrium, Spherically Symmetric Solutions

5.4.1 Equations of motions

In this Section we describe how we model single BSs as stationary solutions in spherical
symmetry. First, we decompose the scalar field into its amplitude A(r) and constant frequency
ω , so that

ϕ = A(r)eiωt . (5.8)

Using polar slicing and radial gauge, we write the line element as

ds2 =−α
2dt2 +X2dr2 + r2dΩ

2, (5.9)
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where α and X are both functions of r. Plugging the line-element into Eq. (5.3), we arrive at
the following equations

∂rα

α
=

X2 −1
2r

+2πGr
[
(∂rA)2 +

X2

α2 ω
2A2 −X2V

]
, (5.10)

∂rX
X

=−X2 −1
2r

+2πGr
[
(∂rA)2 +

X2

α2 ω
2A2 +X2V

]
, (5.11)

∂
2
r A =−X2ω2

α2 A+
∂rX
X

∂rA− ∂rα

α
∂rA−2

∂rA
r

+X2 dV
d|ϕ|2

A. (5.12)

Now let us introduce the following auxiliary variables

m ..=
r
2

(
1− 1

X2

)
, Φ ..= ln(α) and η ..=

∂rA
X

, (5.13)

where m is the mass function as X2 = (1− 2m/r)−1 (reminiscent of the Schwarzschild
solution). The equations for the auxiliary variables are then found to be

∂rΦ =
X2 −1

2r
+2πGr

[
(∂rA)2 +

X2

α2 ω
2A2 −X2V

]
, (5.14)

∂rm = 2πGr2
[
(∂rA)2

X2 +
ω2A2

α2 +V
]
, (5.15)

∂rη =−2
η

r
−η

∂rα

α
+X

(
dV

d|ϕ|2
− ω2

α2

)
A. (5.16)

Note that two scales are present in our equations of motion: the scalar field mass µ and the
gravitational constant G. Using these constants, we rescale all our dimensional variables
using

t̂ ..= µt r̂ ..= µr, m̂ ..= µm, Â ..=
√

GA, ω̂ ..=
ω

µ
, η̂ =

√
G

µ
η . (5.17)

These dimensionless variables can be converted back into SI units using

ℏc = 1.97327×10−10 eVkm , (5.18)

so that
µ

ℏc
=

µ

1.97327×10−10 eVkm
. (5.19)



5.4 Equilibrium, Spherically Symmetric Solutions 105

Hence, if we set ℏ= 1 = c, a rescaled radius r̂ = µr and frequency ω̂ = ω/µ translate into
SI units according to

r =
r̂
µ
=
(

µ

ℏc

)−1
r̂ = r̂

(
µ

1.97327×10−10 eV

)−1

km ,

ω =
µ

ℏ
ω̂ = ω̂

µ

6.58212×10−16 eV
s−1 , (5.20)

and likewise for the mass m and other dimensional quantities. In words, for a BS scalar mass
µ = 1.97327×10−10 eV, the numerical value of our radial coordinate gives the BS radius
in km. For other scalar masses, the radius scales accordingly, becoming larger for smaller
scalar masses and vice versa. The scalar field amplitude, in turn, is measured in units of the
Planck mass, A = ÂMPl. From now on, we will work with dimensionless variables only and
we will drop the caret in their notation for simplicity.

Our final equations of motion then become

∂rΦ =
X2 −1

2r
+2πrX2 [

η
2 +ω

2e−2ΦA2 −V
]
, (5.21)

∂rX
X

=−X2 −1
2r

+2πrX2 [
η

2 +ω
2e−2ΦA2 +V

]
, (5.22)

∂rA = Xη , (5.23)

∂rη =−2
η

r
−η∂rΦ+X

(
dV

d|ϕ|2
−ω

2e−2Φ

)
A. (5.24)

5.4.2 Boundary conditions

To complete the system of equations given in Eqs. (5.21)–(5.24), we impose the following
boundary conditions

A(0) = Actr, X(0) = 1, η(0) = 0, A(∞) = 0, Φ(∞) = 0, (5.25)

where Actr is the central amplitude of the scalar field at the origin, X(0) = 1 ensures the
spacetime has no conical singularity, η(0) = 0 – a finite density at the origin, A(∞) = 0 – a
regular solution and finally Φ(∞) = 0 compatible with asymptotic flatness. No boundary
condition is imposed on the frequency ω , as in fact it remains constant and so our task
simplifies to solving an eigenvalue problem given by Eqs. (5.21)–(5.24) with boundary
conditions (5.25).
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5.4.3 Asymptotic behaviour

The first step in our analysis of the asymptotic behaviour of the BS solutions is to translate
all of the equations of motion into the compactified radial variable y = 1/r. This means that
now the spatial infinity at r = ∞ will be represented by y = 0, around which we will be able
to perform a series expansion. In the BS literature, the following asymptotic behaviour is
usually quoted

A ∼ e−
√

1−ω2r

r
, (5.26)

which, however, is only valid in the flat-field regime. In this Section we will step-away from
the flat-field limit and consider general curved spacetimes. Inspired by the flat-field form in
Eq. (5.26), we propose to extend it to the following relation

A ∼ yε+1e−k/y, (5.27)

where ε,k are as yet unspecified parameters and our goal will be to determine them. It is then
convenient to re-scale our amplitude and its derivative so that the exponential behaviour is
separated out in the following way

σ ..=
ek/y

yε
A , λ ..=−ek/y

yε
η . (5.28)

Our equations of motions in the newly re-scaled variables are

∂yΦ =−X2 −1
2y

−2π
X2

y3−2εe2k/y

[
λ

2 +σ
2 (

ω
2e−2Φ −V

)]
, (5.29)

∂yX
X

=
X2 −1

2y
−2π

X2

y3−2εe2k/y

[
λ

2 +σ
2 (

ω
2e−2Φ +V

)]
, (5.30)

∂yσ =
Xλ −σ (k+ εy)

y2 , (5.31)

∂yλ =
(2− ε)y− k

y2 λ −λ∂yΦ+
Xσ

y2

(
dV

d|φ |2
−ω

2e−2Φ

)
. (5.32)

This also translates into the following ordinary differential equation for the mass function

∂ym =−2π
1

y4−2εe2k/y

[
λ

2 +σ
2 (

ω
2e−2Φ +V

)]
. (5.33)

Note that the factor in Eq. (5.33) for ∂ym contains an exponential term. This term will go
to infinity faster than any other polynomial, therefore any term in the expansion such that
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yn,n > 1 will vanish, leaving a series expansion of the mass containing only a constant,

m = M. (5.34)

Now recalling that X = (1−2m/r)−1/2 and imposing the condition αX = 1 at infinity as for
the Schwarzschild metric, we find that the series expansions for X ,α,Φ are as follows

X(y) = 1+My+
3
2

M2y2 +
5
2

M3y3 + ..., (5.35)

α(y) = 1−My− 1
2

M2y2 − 1
2

M3y3 + ..., (5.36)

Φ(y) =−My−M2y2 − 4
3

M3y3 + .... (5.37)

In similar fashion, we consider the following series expansions for other variables in
Eqs. (5.29)–(5.32),

σ(y) = σ1y+σ2y2 + ..., (5.38)

λ (y) = λ1y+λ2y2 + .... (5.39)

Considering the first order, O(y−1), from Eq. (5.31) for ∂yσ and from Eq. (5.32) for ∂yλ , we
find

−σ1k+λ1 = 0, (5.40)

−σ1ω
2 −λ1k+σ1 = 0. (5.41)

From above, we directly conclude that

k2 = 1−ω
2. (5.42)

Next, we consider the next leading order of y0, where again from Eqs. (5.31) and (5.32), we
find

(1+ ε)σ1 = Mλ1 +λ2 − kσ2, (5.43)

(1− ε)λ1 = kλ2 −σ2(1−ω
2)+3Mω

2
σ1 −Mσ1. (5.44)
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Rearranging, we arrive at

ε =
M(1−2ω2)√

1−ω2
. (5.45)

In summary, we find the following asymptotic behaviour of the BS amplitude,

A ∼ e−kr

r1+ε
, where k =

√
1−ω2, ε =

M(1−2ω2)√
1−ω2

. (5.46)

Finally, let us illustrate where and how the flat-field asymptotics of Eq. (5.26) go wrong, when
used in the presence of gravity. Using the flat-field asymptotic behaviour (or, equivalently,
setting ε = 0) leads to the following rescaled scalar variables

σ
flat ..= ek/yA , λ

flat ..=−ek/y
η . (5.47)

At O(y−1), the equation for ∂yσflat then gives the first ingredient of our result in Eq. (5.46),
i.e. k2 = 1−ω2. However, as we proceed to consider the next leading contributions at O(y0)

in the equations for ∂yσflat and ∂yλ flat, we arrive at

2Mσ
flat
1 (1−2ω

2) = 0, (5.48)

which can only be satisfied when M = 0 or when ω2 = 1/2 with M ̸= 0. This analysis
evidently results in a contradiction, as it postulates that BSs do not exist for frequencies
ω2 ̸= 1/2. The inclusion of the non-trivial parameter ε in Eqs. (5.28) avoids this contradiction.

5.4.4 Computing solutions

We use a shooting algorithm to compute single spherically-symmetric BS solutions. We
will fix our central amplitude Actr and ‘shoot’ for ω until we obtain a regular solution4. Our
algorithm is based on the observation that typically by starting with almost any ansatz on
ω , our numerical integration soon leads to a diverging solution, i.e. A → ∞ at a fixed radius.
However, only for a countable number of eigenvalues ωn, where n = 0,1,2, ...∞, the BS
solution is regular and the scalar amplitude satisfies the required condition A(∞) = 0. The BS
frequencies in fact satisfy the following monotonically increasing relation ω1 <ω2 < ... <ωn.
The number n also marks the number of zero crossings in the amplitude A(r). When n = 0,

4Note that an implementation where one fixes ω and shoots for the amplitude, Actr, is also possible.
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the solution is referred to as the ground state, while all solutions with n > 1 are excited states.
Below we describe our recipe for finding either of these states of the BS model:

1. Let us denote the true BS frequency by ω . We start by fixing the central amplitude Actr

and initialising the frequency to some number, e.g. ω̂0 = 1.

2. We use the 4th order Runge-Kutta method to compute the solution and our initial
ansatz almost inevitably results in a diverging solution. However, we inspect how
many zero crossings the amplitude A(r) has. If there are more zero crossings than
expected, from the monotonicity condition on ωn we conclude that the frequency must
be smaller and change our frequency ansatz to ω̂1 = ω̂0/2. Otherwise, we double our
frequency ansatz, ω̂1 = 2ω̂0. We repeat this procedure, generating a sequence of {ω̂i}
values. This allows us to construct the interval [ω̂i−1, ω̂i] containing the frequency for
which the solution has the desired number of zero-crossings.

3. Once we have the desired interval, we start to narrow it down by applying a bisection
algorithm, i.e. we define ω̂i+1 = (ω̂i + ω̂i−1)/2. If the BS solution has the desired
number of zero-crossings, we pick the minimum bound of the new interval to be ω̂i+1;
if there are more zero-crossings than expected we set ω̂i+1 to be the maximum of the
new interval. We repeat this until the difference between the maximum and minimum
frequencies in the interval is O(10−15) and denote the found BS frequency by ω̂ .

4. We now recompute our solution with ω̂ . Unfortunately, even with this improved BS
frequency we will find that the amplitude diverges at large radii. To remedy this
behaviour, we first search for the radius before which the amplitude starts to diverge
and we find it convenient to use the radius at which A(r) has a local minimum; we
denote this radius by rmin. We then match the integrated solution to the asymptotic
behaviour given in Eq. (5.46), by defining our matching radius as 90% of rmin.

5. The only boundary condition that is not satisfied in our shooting scheme is Φ(∞) = 0,
as our grid does not extend to spatial infinity. Instead, we impose α2X2 = 1, a condition
of the Schwarzschild spacetime in radial gauge and polar slicing, which we regard
as accurate enough approximation. Inspecting Eqs. (5.10)–(5.12), we can see that α

appears in a fraction with either its derivative or frequency ω . This means that if we
rescale α , in order to preserve the equations, we must also rescale ω . Therefore, upon
rescaling we must satisfy ωoriginal/αoriginal = ωnew/αnew. Now, condition α2X2 = 1
implies ΦSchw = −ln(Xend), where Xend

..= X(rend) and rend is the end point of the
grid (i.e. its total length). Imposing this condition necessitates a rescaling of the BS
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frequency, so that ω = ω̂exp(ΦSchw −Φend), where Φend
..= Φ(rend). This completes

our algorithm for finding the desired frequency ω as well as the BS solution.

5.5 Diagnostics

The mass of the BS directly follows from the definition of the mass function in Eq. (5.13) at
infinite radius

MBS = lim
r→∞

m(r). (5.49)

In practice, we never reach spatial infinity, so we usually approximate MBS = m(rend). Unlike
neutron stars, BSs do not have a surface and therefore a well-defined notion of the radius
– the scalar field instead extends to infinity and, as we already seen, falls off exponentially
(cf. Eq.(5.46)). However, we can approximate the definition of the radius as the areal radius
r99, containing 99% of the BS’s total mass. We also define the compactness, as the maximum
ratio of the BS mass to its radius, C = max(m(r)/r). Note there exist many other ways of
defining BS radius and compactness (see e.g. Ref.[395] for at least 5 alternative definitions
of a BS radius). For thin-shell solutions, poorly defined radius of a BS can give misleading
results, for example, allowing for very large compactness values in the absence of light
rings [395]. However, the BS solutions we study in this work are outside of the thin-wall
regime and we generally find our radius and compactness definitions sufficient and robust.
Finally, we note that thanks to the U(1) symmetry (ϕ → eiεϕ and ϕ∗ → e−iεϕ∗) of the
Einstein-Hilbert action and a minimally coupled complex scalar field, BS solutions have a
conserved Noether charge

QBS =
∫ √

−gJ0d3x =
∫

r2 4π|ϕ|2ωX
α

dr, (5.50)

where Jµ = i/2gµν(ϕ∗∇νϕ −ϕ∇νϕ∗) is the Noether current. Noether charge in quantum
sense denotes the number of bosonic particles comprising the star.

5.6 Examples of boson-star solutions

In this Section, we discuss the properties of mini and solitonic boson-stars, using some
examples illustrated in Fig. 5.6.1. In the Figure we present families of BS models for these
potentials and consider ground and excited states. For most BS models computed in this
thesis, we find it is sufficient to have a grid of length rend = 1000−1200 with around 106

points.
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First, we note that excited states result in models of larger BS mass and frequencies
(although the latter is not illustrated in the Figure). Excited states have been found to be
unstable in Refs. [396, 397], and therefore in our subsequent investigations we will be
focusing on the ground states only.
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Fig. 5.6.1 Behaviour of BS models with the mini BS potential of Eq. (5.5) (top) and a solitonic
potential (5.7) with

√
Gσ0 = 0.2 (bottom). In the left (right) figures we show families of

BS models of ground (n = 0) and excited (n = 1 and n = 2) states in the mass-radius (mass-
central-amplitude) planes.
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A common feature of mass-over-radius plots, depicted in the left panels of Fig. 5.6.1, is
the existence of a maximum mass. For the mini potential the maximum mass of the ground
state, MBS = 0.633, is known as the Kaup limit. For BS models with the mini potential the
maximum possible compactness of stable stars is therefore of C ∼ 0.12. By incorporating
self-interaction terms, like in the case of a solitonic potential, we are able to construct more
massive models and the maximum allowed compactness almost doubles to C ∼ 0.2.

The mass-over-central-amplitude plots in the right panels of Fig. 5.6.1 contain important
information about the stability of the BS solutions. Let us focus on solutions with

√
GActr ∈

[0.02,0.3], which correspond to stars of low to moderate compactness values. In this case,
spherically symmetric ground state configurations are known to typically consist of a stable
and an unstable branch divided by the maximum mass [398]. This holds true for mini and
repulsive potentials. However, the shape of the solitonic families of solutions is characterised
by the two maxima, e.g for

√
Gσ0 = 0.2 we have the first maxima at the

√
GActr ∼ 0.237

and the second at
√

GActr ∼ 0.172. A typical way to judge the stability of these models is to
consider the sign of the derivative of the mass as a function of the central amplitude: when
dMBS/dActr > 0, the solutions are generally linearly stable, whilst when dMBS/dActr < 0 –
they are unstable. For more details on the analyses of radial stability of BSs using perturbation
and catastrophe theories we refer the interested readers to Refs. [387–389]. Taking the
example of the ground state with

√
Gσ0 = 0.2 again, this means that up to

√
GActr ≲ 0.237,

BS models are stable against radial perturbations (these stars have low masses and large radii,
and therefore comparatively low compactness values). Next, they are followed by unstable
models up to the local minimum at

√
GActr ∼ 0.09, where the derivative of dMBS/dActr

changes its sign again and BSs become stable. The stability continues from
√

GActr ∼ 0.09
up to the maximum at

√
GActr ∼ 0.174; after that all the models are unstable again.

5.7 Conversion to isotropic coordinates

In the binary evolutions of BSs, we will construct initial data using isotropic coordinates.
In fact, it is possible to construct single BS solutions in isotropic coordinates from the start
(see e.g. Section 2.2.2 of Ref. [399]). Here, however, we demonstrate how our areal radius r,
defined in Eq. (5.9), is transformed into the isotropic radius R of the following line element

ds2 = α
2dt2 +ψ

4 (dR2 +R2dΩ
2) , (5.51)

where ψ is the inverse of the conformal factor we have previously encountered in Section 2.3
(i.e. here ψ4 = χ−1). In the far region away from the BS, we have ψ = 1 + m/(2R).
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Directly comparing the areal line-element of Eq. (5.9) with the one in isotropic coordinates
in Eq. (5.51), we find the following relation

dP
dr

=
P
r
(X −1) , (5.52)

where we have introduced a new variable denoting the ratio between the areal and isotropic
radii, P(r) ..= R

r . From the definition of X in Eq. (5.13), it follows that X = 1+O(r2) near
the origin, so for sufficiently small r, dP/dr = 0 =⇒ R ∝ r. Assuming a linear relation at
the origin, where we use P = 1 as a preliminary boundary condition, we integrate Eq. (5.52)
using 4th order Runge-Kutta method. We then correct the P = 1 condition through a linear
scaling of r by requiring that it agrees with R at infinity. Assuming vacuum at infinity, we
find the following relation

R ≈ r−m− m2

4(r−m)
. (5.53)





Chapter 6

Boson stars in massless and massive
scalar-tensor gravity

The content presented in this Chapter contains material that appears in the co-authored
publication Ref. [400] with R.Rosca-Mead, U.Sperhake and B.Brugmann. I implemented the
code based on the shooting algorithm described in Appendix 6.B and used for the majority
of the BS models in this Chapter. When the scalar-tensor theory parameters are set to zero,
we recover the calculation of boson stars in general relativity, as described in Chapter 5. The
exploration of the whole parameter space of boson star solutions in scalar-tensor theory was
done jointly with the co-authors of the paper.

6.1 Introduction

BSs have been widely studied in the context of general relativity (GR), both as single
BS spacetimes [332, 376, 377, 386, 391, 392, 396, 401–406], in terms of their formation
[346, 390, 407] and as binary systems [141–143, 393, 408–414]; see also Refs. [96, 415–
417] for reviews. Their understanding in modified theories of gravity, however, remains
scarce. BSs in Brans-Dicke type theories with various couplings inspired from cosmology
have been considered in Refs. [418–420], in Palatini f (R) gravity in Refs. [421, 422] and in
f (T ) extended theory of gravity in Ref. [423].

Scalar-tensor (ST) theories of gravity are one of the most natural and simplest extensions
of GR that preserve the universality of a free fall [424]. The key ingredient of ST gravity
is the presence of a scalar field non-minimally coupled to the metric such that gravity is
not only mediated by a spin-2 graviton but also by the spin-0 scalar field. The inclusion
of the scalar field is a common by-product of the compactification of higher dimensional
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Kaluza-Klein type theories, like string theory, [425–427], making ST theories well-motivated
gravity theories to study.

The theoretical implications of ST theories of gravity in various areas of fundamental
physics are vast. For instance, on cosmological scales, ST theories have been proposed
as models for dark energy, replacing the role of the cosmological constant [428, 429].
Furthermore, the additional scalar degree of freedom introduces a new channel of radiation
emission in the form of scalar gravitational waves (GWs) also known as a “breathing mode”.
The perfect laboratories for tests and searches of these scalar waves are compact objects and
binary systems composed thereof. In particular, it has been conjectured that in the process
of spontaneous scalarisation, the scalar radiation can be detected with future gravitational
wave detectors [31]. The phenomenon of spontaneous scalarisation is caused by a linear
tachyonic instability inside the star that triggers the growth of the scalar field around it. Once
the instability is quenched, the star becomes endowed with “scalar hair”; see Ref. [430] for a
comprehensive review. This remarkable feature was first identified in the pioneering work
of Damour and Esposito-Farèse [273, 431, 432], who studied spontaneous scalarisation of
neutron stars in massless ST theory with a pair of parameters (α0,β0), inspired by Post-
Newtonian (PN) theory and controlling the onset of scalarisation.

However, stringent constraints have been placed on massless ST theories by numerous
observations, including the Cassini bound α0 < 3.4×10−3 [433] and pulsar–white dwarf
binaries that rule out models with β0 ≲−5 [434, 435]; for a summary of constraints on a broad
range of modified theories of gravity obtained from gravitational-wave (GW) observations
see also Ref. [224]. As a consequence, massive ST theories have acquired a great deal of
attention, mainly for two reasons. First, the screening of the massive field maintains its
compatibility with current observations and leaves a significant portion of the parameter
space unconstrained. Second, because the mass term endows the scalar GW signal with a
highly conspicuous long-lived, inverse chirp character [436–446]; see also Refs. [447–449]
for studies of massive ST theory with self-interacting fields.

So far NSs have been extensively explored as ideal compact matter objects, in whose
environment scalarisation can occur in this class of ST theories [93, 450, 451] (see also
Ref. [452] on NSs in ST theory with quadratic conformal coupling). An intriguing extension
is to investigate how the presence of a non-minimally coupled scalar field affects the phe-
nomenology of other compact matter objects, such as BSs. The phenomena of spontaneous
and induced scalarisation of BSs have been previously considered in Refs. [453–457]. In
this Chapter we extend the study of BSs in scalar-tensor theories of gravity with Damour-
Esposito-Farèse coupling [458] by focusing on the scalarisation of ground-state equilibrium
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BSs for both massless and massive gravitational scalar fields as well as the stars’ stability for
various BS potentials.

This Chapter is structured as follows. In Section. 6.2, we present an overview of ST
gravity with the specific Damour-Esposito-Farèse coupling function employed in our work,
and formulate the system of first-order differential equations with the bosonic field in the
matter sector. In Section 6.3, we present the results of our exploration of the parameter space
and describe the main features of BS models in ST theory of gravity. We span the solution
space for different parameters of the coupling function, mass values of the gravitational scalar
field and BS potentials. In Section 6.4, we assess the stability of these models. Finally, we
summarize our results together with an outlook on future research directions in Section 6.5.
Unless specified otherwise, we employ units where the speed of light and Planck’s constant
satisfy c = 1 = ℏ, so that the Planck mass is given by MPl = 1/

√
G.

6.2 Theory and formulation

6.2.1 Scalar-tensor action

We start by considering a general class of ST theories of gravity with a single, real-valued
gravitational scalar field ϕ with potential W (ϕ), whose action in the Einstein frame is given
by [459],

S =
∫

d4x
√
−ḡ

16π

[
R̄
G
−2ḡµν

∂µϕ ∂νϕ −4W (ϕ)

]
+SM ,

SM =
∫

d4x
√
−g
{
−1

2
[gµν

∇µψ
∗
∇νψ +V (ψ)]

}
. (6.1)

Here, ḡµν is a conformal metric, with corresponding Ricci scalar R̄, related to the physical or
Jordan-frame metric gµν by1

ḡµν = F(ϕ)gµν , (6.2)

where F(ϕ) is the coupling function, which needs to be positive to ensure that the graviton
carries positive energy [431]. For the matter sources, represented in Eq. (6.1) by the term
SM, we consider a relativistic boson condensate, modelled as a massive complex scalar
field ψ = ψR + iψI with complex conjugate ψ∗ and potential V (ψ). Note that by Eq. (6.1)
the matter moves according to the geometry of the physical metric gµν ; this is the price

1In our notation for the conformal factor we follow Salgado [459]; a common and equivalent alternative is
to write Eq. (6.2) as gµν = a2(ϕ)ḡµν where a2 = 1/F .
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tag for achieving the minimal coupling between the gravitational scalar and the conformal
metric ḡµν of the Einstein frame. Although the scalar field does not directly interact with the
ordinary matter (which guarantees the weak equivalence principle), it affects the motion of
test particles through its presence in Eq. (6.2). The appearance of two distinct scalar fields
in our physical setup inevitably holds potential for confusion; whenever the meaning is not
self-evident, we will therefore explicitly refer to the two fields as the gravitational scalar ϕ

and the BS scalar ψ with amplitude A ..= |ψ|.
The covariant field equations are obtained from varying the action (6.1) with respect to

ḡµν , ϕ and ψ . This leads to

Ḡαβ

G
= 2∂αϕ∂β ϕ − ḡαβ ḡµν

∂µϕ ∂νϕ −2Wḡαβ +8πT̄αβ ,

∇̄
µ

∇̄µϕ = 2π
F,ϕ
F

T̄ +W,ϕ ,

∇̄
µ

∇̄µψ =
1

2F

(
∂V
∂ψR

+ i
∂V
∂ψI

)
+ ḡµν

∂µF
F

∂νψ , (6.3)

where an overbar denotes tensors and operators in the Einstein frame; in particular, the
energy-momentum tensor is given by

T̄αβ =
2√
−ḡ

δSm

δ ḡαβ
=

1
F

Tαβ (6.4)

=
1
F

{
∂(αψ

∗
∂β )ψ − 1

2F
ḡαβ [Fḡµν

∂µψ
∗
∂νψ +V (ψ)]

}
.

6.2.2 Spherically symmetric solutions

In this Chapter, we consider stationary, spherically symmetric BS models and employ a
metric ansatz using radial gauge and polar slicing. Specifically, we write

ds̄2 = ḡµνdxµdxν

= −F(ϕ)α2dt2 +F(ϕ)X2dr2 + r2dΩ
2 , (6.5)

where r is the areal radius in the Einstein frame and dΩ2 ..= dθ 2 + sin2
θdφ 2 is the standard

angular line element. In spherical symmetry, it is convenient to express the complex BS
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scalar field in terms of amplitude A and frequency ω

ψ = Aeiωt . (6.6)

At this point, we have three mass scales in our problem: the two scalar masses, µϕ

and µ for ϕ and ψ respectively, and the Planck mass Mpl =
√

1/G that appears in the
Einstein equation (6.3). All dimensional quantities have units of some power of µ or MPl or
a combination thereof. To see this explicitly, we still need to specify the potential functions
V (ψ) and W (ϕ). The particular choices for these functions will be detailed in Section 6.2.4
below, but we note already at this stage that they will take the form V (A) ∼ µ2A2 and
W (ϕ)∼ µ2

ϕϕ2, hence acquiring units of µ2M2
Pl. In similar spirit to Eq. (5.17), one can now

eliminate all dimensional factors in the covariant equations (6.3) by introducing dimensionless
variables according to

t̂ = µt, r̂ = µr, m̂ = µm, ω̂ =
ω

µ
, (6.7)

µ̂ϕ =
µϕ

µ
, ϕ̂ =

ϕ

MPl
, Â =

A
MPl

. (6.8)

These dimensionless variables can be converted back into SI units in the same way as
in Section 5.4.1 and additionally noting that ϕ = ϕ̂MPl. From now on, we will work with
dimensionless variables only and we will drop the caret in their notation for simplicity.

6.2.3 The field equations in spherical symmetry

Our physical system is completely described by ϕ , A, α and X , which are all functions of
radius r. It is sometimes convenient to express the metric functions α and X in terms of the
alternative variables

Φ ..= ln(F
√

α) , m ..=
r
2

(
1− 1

FX2

)
, (6.9)
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which, when combined with Eqs. (6.3)-(6.5), results in a set of ordinary differential equations
(ODEs) that can be written as

∂rΦ =
FX2 −1

2r
− rFX2W +

r
2

X2

α2 κ
2 +

2πrX2

Fα2

(
ω

2A2 −α
2V +F2

θ
2) ,

∂rX
X

= −FX2 −1
2r

+ rFX2W − X
2α

F ′

F
κ +

r
2

X2

α2 κ
2 +

2πrX2

Fα2

(
ω

2A2 +α
2V +F2

θ
2) ,

∂rϕ =
X
α

κ ,

∂rκ = −2
κ

r
+2αXFW,ϕ2ϕ +2π

XF ′

αF2

(
ω

2A2 −2α
2V −F2

θ
2) ,

∂rA =
XF
α

θ ,

∂rθ = −2
θ

r
+

X
αF

A
(
α

2V,A2 −ω
2) . (6.10)

Here, we have introduced the auxiliary variables κ and θ in order to write the two scalar-field
equations in first-order form and used the notation

W,ϕ2
..=

dW
d(ϕ2)

, V,A2
..=

dV
d(A2)

. (6.11)

The system (6.10) is complemented by the boundary conditions

X(0) =
1√
F
, A(0) = Actr , ϕ(0) = ϕctr , κ(0) = 0 ,

θ(0) = 0 , Φ(∞) = Φ0 , A(∞) = 0 , ϕ(∞) = 0 . (6.12)

The vanishing of the scalar fields at infinity can only be achieved for specific values of ω ,
Actr and ϕctr which characterises Eq. (6.10) as an eigenvalue problem. More specifically,
following a similar prescription to Section 5.4.3, one can show that the asymptotic behaviour
with gravity is (cf. Appendix 6.A)

ϕ ∼ e±hr

r1+δ
, A ∼ e±kr

r1+ε
, (6.13)

where h, k, δ and ε are given in Eqs. (6.27) and (6.28) for a massive and massless ϕ ,
respectively.
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The ground-state BS models, that we focus on in this study, are furthermore characterized
by monotonic profiles A(r) with no zero crossings except for their vanishing at infinity.

6.2.4 Choice of model

The field equations derived in the previous section hold for arbitrary potentials W (ϕ), V (ψ)

and conformal function F(ϕ). We now discuss the specific choices made in our work,
starting with the conformal factor F(ϕ). We consider the class of ST theories given by the
Damour-Esposito-Farèse function [273],

F(ϕ) = e−2α0ϕ−β0ϕ2
, (6.14)

with constants α0 ≥ 0 and β0. The choice of Damour and Esposito-Farèse is in part motivated
by the fact that the modifications of gravity at first post-Newtonian order are completely
determined by the asymptotic values of the first and second derivatives of lnF in the far-field
limit [431, 432, 460]. In our notation, these derivatives are

α0 =−1
2

dlnF
dϕ

∣∣∣∣
ϕ=0

, β0 =−1
2

d2 lnF
dϕ2

∣∣∣∣
ϕ=0

. (6.15)

In particular, this implies an effective Newtonian gravitational constant G̃ = G(1+α2
0 ).

The parameters α0, β0 furthermore completely determine the Eddington parametrized post-
Newtonian parameters β PPN and γPPN [424, 461]; see also Eq. (3.7) and the surrounding
discussion in Ref. [462]. For β0 = 0, we recover Brans-Dicke theory [32], whereas Damour
and Esposito-Farèse’s inclusion of the quadratic term leads to the spontaneous-scalarisation
phenomenon for sufficiently negative β0.

The pioneering work on spontaneous scalarisation focused on massless ST gravity, which,
however, has been constrained significantly by the Cassini mission and binary pulsar obser-
vations, not least because of the dramatic effect of the spontaneous scalarisation mechanism.
This has resulted in an increasing amount of attention devoted to massive ST theories which,
due to the screening effected by the mass term µϕ , largely remain compatible with the
observations. Roughly speaking, the Yukawa fall-off of a massive scalar suppresses the
impact of the scalar sector on the binary pulsar dynamics for sufficiently large separations
of the binary constituents; this leaves ST theories with µϕ ≳ 10−15 eV in agreement with
present observations [436]. We note, however, that µϕ may also be constrained through other
types of observations. Specifically, a recent study on equilibrium neutron stars conjectures
that the GW event 170817 is suggestive of a larger mass µϕ ≳ 10−11 eV [463] while the
observation of highly spinning black holes, combined with their superradiant interaction
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with surrounding massive fields, may exclude the mass range 10−13 eV ≲ µϕ ≲ 10−11 eV
[464, 465]. Our analysis is largely motivated by theoretical considerations and the goal
to obtain a comprehensive understanding of BS scalarisation. While bearing in mind the
possible constraints above, we therefore consider a wide range of mass values µϕ ≥ 0 as well
as coupling parameters α0, β0 with no further prejudice. In our theoretical formalism we
include the gravitational scalar mass through a quadratic potential

W (ϕ) =
1
2

µ
2
ϕϕ

2, (6.16)

where µϕ ≥ 0 measures the gravitational scalar mass in units of the BS scalar mass param-
eter µ . As we will see later both the massless and the massive cases will share common
phenomenological features.

Finally, to describe the bosonic sector, we focus on repulsive and solitonic potentials,

Vrep = A2 +λ4A4 ,

Vsol = A2
(

1−2
A2

σ2
0

)2

, (6.17)

where λ4 and σ0 are self-interaction parameters of the two individual potentials2.

6.2.5 Numerics and Diagnostics

Accurately capturing the exponential behaviour of the scalars and determining the eigenvalues
ϕctr and ω is a non-trivial numerical challenge and we detail in Appendices 6.A and 6.B
how we compute the solutions using shooting and relaxation techniques. The conceptual
summary of our calculations is as follows.

1. Specify the ST theory through the parameters α0, β0 and µϕ .

2. Specify the BS scalar potential by fixing σ0 or λ4.

3. Parametrize the sequence of BS solutions inside this framework by varying a control
parameter, typically Actr, but sometimes also ω or Φctr

..= Φ(0).

4. For each value of this control parameter, we iteratively determine the eigenvalues
ϕctr and ω leading to a physical (i.e. asymptotically flat) BS solution. For some
values of the control parameter, there exist multiple solutions with different degrees

2Note that both potential functions include the case of mini BSs in the respective limits λ4 → 0 and σ0 → ∞.
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of gravitational scalarisation. In order to find all possible solutions, we perform the
iterative procedure using different initial guesses for ω and ϕctr, usually obtained from
neighbouring models with similar degrees of scalarisation.

The typical result of such a calculation for a given ST theory and potential function is
a set of one-parameter branches of strongly and weakly scalarised BS solutions which can
be displayed, for example, as curves in the mass-radius plane. Whereas the mass of a BS
is well defined as the Arnowitt-Deser-Misner [103] or ADM mass, given in our formalism
by m(r → ∞), the radius is not; BSs formally extend to infinity, albeit with exponentially
decaying scalar amplitude A. In this work, we define the radius RJ of a BS as the Jordan
frame radial coordinate r/

√
F where the mass function m reaches 99% of the ADM mass,

i.e. where m(r) = 0.99m(∞).

6.3 Scalarised boson stars

6.3.1 A prototypical example

We begin our discussion of the results with a representative family of BS models that
illustrates the main features of their spontaneous scalarisation. This set of models is obtained
for ST parameters µϕ = 0.05, α0 = 0 and β0 =−11 as well as a solitonic potential Vsol (6.17)
with σ0 = 0.2 for the BS matter. The main diagnostic quantities we display for this family
of models are the ADM mass MADM, the radius RJ, the central and maximal values ϕctr,
ϕmax of the gravitational scalar, the central magnitude of the complex BS scalar Actr and the
frequency ω .

The resulting BS models are graphically illustrated in the form of mass-radius diagrams
in Fig. 6.3.1 with the other diagnostic quantities encoded in colour. We note in this context
that for α0 = 0 the BS models are invariant under the change ϕ(r)→−ϕ(r) and the profile
ϕ(r) has no zero crossings. Unless stated otherwise, we display in this Section the solutions
with positive ϕ = |ϕ|. The breaking of this degeneracy for non-zero α0 will be explored in
Section 6.3.4 below. The main features visible in this Figure are as follows.

1. The BS models of GR are recovered as a one-parameter family with vanishing gravi-
tational scalar ϕ; this set of models is conspicuous as the dark blue branch in the top
right panel of Fig. 6.3.1. For the vanishing α0 of our example, this branch exactly
equals the BS models computed in GR as shown, for example, in the lower panel of
Fig. 5.6.1 of Section 5 or Fig. 1 of Ref. [141] for the same σ0.
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Fig. 6.3.1 BS models in ST gravity with µϕ = 0.05, α0 = 0 and β0 = −11 for a solitonic
potential with σ0 = 0.2. Each point in these mass-radius diagrams represents a BS model.
The location of the point represents the star’s mass MADM and radius RJ, and the colour
coding in the respective panels displays the central gravitational scalar |ϕ|ctr, the maximum
(over radius) gravitational scalar magnitude |ϕ|max, the central BS scalar amplitude Actr and
the frequency ω . The four circles labeled 1 to 4 mark the models displayed in more detail in
Fig. 6.3.2.

2. Scalarised models appear most prominently in the form of a second branch forming a
loop starting from about a radius RJ ≈ 5 towards larger radii and masses and eventually
reconnecting with the GR branch at RJ ≈ 3. As can be seen in the inset of the top right
panel of Fig. 6.3.1, there exists a second segment of the scalarised branch extending to
the right, a bit further down. As we will see in Section 6.3.2, the fine structure of the
high-compactness (upper) end of the scalarised branch can change with β0.

3. Bearing in mind our sign convention for ϕ , the upper two panels in Fig. 6.3.1 demon-
strate that for many of the scalarised models, the gravitational scalar ϕ reaches its
maximum away from the origin: |ϕ|ctr is typically smaller than |ϕ|max.

4. As also observed for neutron stars [273, 466], the scalarised models can reach signifi-
cantly larger masses and radii3.

3Alternative definitions of BS radii exhibit the same qualitative behaviour in spite of quantitative differences.
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Fig. 6.3.2 Radial profiles of the BS scalar amplitude A, the gravitational scalar ϕ , the mass
function m and the trace T of the energy momentum tensor for four selected models marked
1 to 4 in Fig. 6.3.1. The pair of models 1,2 represents one scalarised and one GR star with
equal compactness C = 0.117 and amplitudes Actr as indicated in the legend. Likewise, 3,4
represent a scalarised and GR model with C = 0.240 each. As indicated by the dashed curves
for GR and the solid lines for scalarised models, the scalarisation tends to push the BS scalar
A(r) towards larger radii and results in larger masses. In the region of strongest scalarisation
in ϕ , the energy momentum tensor has negative trace T .

5. As the central BS scalar amplitude increases, the BS models become increasingly
compact, as illustrated in the bottom left panel of Fig. 6.3.1.

6. As the BS compactness increases, the frequency ω generally decreases from limActr→0 ω =

1. This trend is only mildly reversed at the extreme end for highly compact models;
cf. the inset in the bottom right panel. The smallest frequencies are obtained in the
high-mass regime of the scalarised branch.

In Fig. 6.3.2, we plot the BS scalar amplitude A, the gravitational scalar ϕ , the mass
aspect m as well as the trace T of the physical energy momentum tensor as functions of
radius r for four selected models marked by circles in Fig. 6.3.1. Here, models 1 and
3 are located on the scalarised branch with compactness C ..= maxr∈R

m(r)
r = 0.117 and

C = 0.240, respectively. The BSs marked 2 and 4 represent GR stars with respectively equal



126 Boson stars in massless and massive scalar-tensor gravity

compactness for comparison. The models exhibit quite similar main features despite their
different locations in the mass-radius plane: (i) Whereas the BS scalar amplitude A is a
monotonically decreasing function of r for all cases, the gravitational scalar of models 1
and 3 reaches its extremal value away from the origin. (ii) The mass function increases
monotonically with radius, but levels off at relatively small radius due to the exponential
decrease of A. (iii) The scalarisation tends to push the BS scalar profile A(r) towards
larger radii and results in larger total mass MADM. (iv) The region of strongest scalarisation
coincides with the region of a negative trace of the energy momentum tensor as expected for
the onset of a tachyonic instability [436].

In the following Sections, we will explore in more detail the phenomenology of scalarised
BS models in ST theory and will highlight how and when the main features illustrated by
this prototype can alter for different potentials V (A) and ST parameters.

6.3.2 Scalar mass and the onset of scalarisation

Having seen the main features of scalarised BSs in the previous Section, we next study
how the mass µϕ of the gravitational scalar affects the scalarisation phenomenon and, in
particular, at which values of β0 scalarisation sets in. For this purpose, we keep the BS
potential function V (A) fixed at its solitonic shape with σ0 = 0.2; the effect of alternative
potentials will be explored in Section 6.3.3 below.

The majority of spontaneously scalarised neutron-star models have been found below
a threshold for β0 ≲ β0,thr = −4.35 where β0,thr turns out to be remarkably robust against
variations of other parameters such as the equation of state [436, 466–469]. One striking
exception to this rule are the strongly scalarised solutions found by Mendes and collaborators
[470–472] for positive β0 provided the trace of the energy momentum tensor is positive in the
GR limit; see also Ref. [436] where this effect is explained in terms of a tachyonic instability.
For the BS models considered in this study, we focus on negative β0, but we will see that
the threshold value β0,thr can differ from that for NSs and also depends more sensitively on
the BS parameters. As a general observation we find that increasing the mass µϕ weakens
the effect of scalarisation. This is illustrated in Fig. 6.3.3 where we display solitonic BS
families for α0 = 0, β0 =−12 and σ0 = 0.2, but varying µϕ from 0 to 0.15. The top panel
of this Figure demonstrates that the scalarised branches significantly reduce in terms of the
BS radius and mass, getting closer to the GR branch for larger µϕ . We note in this context
that the rather large BS radii found for µϕ = 0 are a consequence of a slightly slower fall-off
of A(r), likely caused by its coupling to the now long-ranging ϕ . We investigate this effect
in more detail in Section 6.3.5 below, but note that the outer regions even of BSs of radius
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Fig. 6.3.3 Top: Mass radius diagram for four values of the scalar mass. The scalarised
branches decrease in size for larger µϕ . Bottom: The maximal value of the gravitational
scalar, |ϕ|max, is shown as a function of the central BS scalar amplitude Actr for the same BS
families. Note that for α0 = 0, the models for positive and negative ϕ are degenerate and we
plot both extrema, ±|ϕ|max, to illustrate the loop structure. Again the loops shrink for larger
µϕ , but we also notice a split into two separate loops at µϕ = 0.1. For µϕ = 0.15, the second
loop containing highly compact models with large Actr is no longer present.

RJ ≈ 100 are tenuous with the small energy density merely amplified by the r2 effect of the
volume element.

The decrease in scalarisation becomes even more evident in the bottom panel of Fig. 6.3.3
where the same BS families are represented in the plane spanned by the central BS scalar
amplitude Actr and the maximal value of |ϕ(r)|. Recalling that the BS models are identical
under ϕ →−ϕ , we display each BS in this Figure in terms of its two extrema ±|ϕ|max in
order to illustrate more clearly the loop like structure of the branches. Clearly, the maximal
scalarisation decreases for larger µϕ , but we also notice two qualitative changes occurring
between 0.05 < µϕ < 0.1 and 0.1 < µϕ < 0.15, respectively. First, the single loop (long-
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Fig. 6.3.4 The threshold value of β0 for the onset of scalarisation; for β0 ≤ β0,thr, scalarised
BS models exist.

dashed blue and dotted green) splits into two separate loops (dashed orange) leaving a finite
range 0.25 ≲ Actr ≲ 0.31 where only GR models exist. For µϕ = 0.15, the second loop
of highly compact (large Actr) models has disappeared; we cannot entirely rule out that it
is shifted to very large Actr, but all our searches for scalarised models in this regime for
µϕ ≥ 0.15 have yielded no solutions. This behaviour is also reflected in the mass-radius
diagram of the left panel, where for µϕ = 0 or 0.05 the scalarised branch connects to the
GR branch only at the low mass end, but remains separate at the high-mass end as shown
in the inset. For µϕ = 0.1, instead, we have two separate scalarised branch segments, both
connected to GR models: note the small dashed orange branch in the inset near the end of
the black GR branch. For µϕ = 0.15 (solid magenta), this small extra branch is no longer
present.

The right panel of Fig. 6.3.3 resembles Fig. 3 of Ramanazoğlu and Pretorius [473]
which shows |ϕ|max obtained for scalarised neutron-stars. Their analysis of spontaneous
scalarisation in terms of a tachyonic instability leads to an approximate criterion λϕ >

λeff,star ∼ RJ/
√

C|β0| – their Eq. (6) – where C is an estimate of the star’s compactness and
λϕ is the Compton wavelength associated with µϕ . Translated into our variables, this relation
becomes

|β0|≳
R2

J
4π2C

µ
2
ϕ , (6.18)

and suggests an approximately quadratic relation between the threshold for scalarisation
β0,thr and the scalar mass µϕ .

We have numerically computed the onset of scalarisation for the families of BS models
with α0 = 0, σ0 = 0.2 by starting for each fixed µϕ with a sufficiently negative β0 that admits
scalarised models and then iteratively increasing β0 towards 0 until scalarisation disappears.
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Fig. 6.3.5 Upper panels: Radial profiles of the BS scalar amplitude A, the gravitational scalar
ϕ and the trace of the energy-momentum tensor T for the BS Models 1 and 2 indicated by a
circle and a triangle, respectively, in the panels below. The models with λ4 = 0 (left) have
frequencies ω1 = 0.8518 and ω2 = 0.7729, whilst for models 1 and 2 with λ4 = 50 (right)
we have ω1 = 0.8303 and ω2 = 0.7572. Note that the trace of the energy-momentum tensor
has been scaled for presentation purposes. As supported by the analysis in the main text, T
becomes negative at small radii for models with a gravitational scalar peaking at the origin.
Lower panels: Mass-radius plots with the colour bar indicating the central amplitude of the
BS scalar field. The star marks the threshold at which the gravitational scalar starts to peak
off centre; we ubiquitously observe that ϕ peaks at r = 0 for less compact stars (Actr is lower
than for the threshold case, i.e. dark blue colour) and ϕ peaks off centre for more compact
stars (large Actr, i.e. cyan colour). We exemplify this with models 1 (less compact with ϕ

peaking at r = 0) and 2 (more compact with ϕ peaking off-center) for each of the potentials
(left with λ4 = 0 and right with λ4 = 50).

In practice, we have stopped this search at 4 significant digits in β0 and verified that the
result remains unchanged under a doubling or halving of the number of grid points. The
resulting threshold β0,thr is plotted as a function of µϕ in Fig. 6.3.4 together with a quadratic
fit. Typical values for radius and compactness of the BS models on the verge of scalarisation
are RJ ∼ 5 and C ∼ 0.2, resulting in a coefficient R2

J/(4π2C)∼ 3 in Eq. (6.18). Bearing in
mind its approximate character, the tachyonic analysis captures the quadratic contribution of
our fit rather well. The constant and linear contributions to our fit, in turn, are likely a direct
consequence of a finite threshold for scalarisation in massless ST theory: using a series of
self-gravity contributions, Damour and Esposito-Farèse conclude that the non-perturbative
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amplification effect of spontaneous scalarisation can set in when β0 ≲−4. For the massless
case considered in their analysis, this remains a remarkably good estimate for BSs.

6.3.3 Dependence on the bosonic potential

In this Section, we consider the structure of BS solutions in ST theory of gravity for other
potentials of the BS scalar field. We focus on models governed by the potentials given in
Eq. (6.17), namely a solitonic one with σ0 ≥ 0.2 and a repulsive potential with λ4 ≥ 0. We
find that the specific choices we consider here affect the structure of scalarised BS models,
resulting in several differences to the prototypical example studied in Section 6.3.1. In
particular, we find that the gravitational scalar changes its shape with stellar compactness
and that strongly scalarised solutions may no longer have larger masses and radii than their
GR counterparts. Similar to Alcubierre et. al. [456] we do not find self-interaction terms in
the bosonic potential to be necessary for obtaining strong scalarisation. We analyse these
features in more detail below.

Massless gravitational scalar field

Gravitational scalar profiles: Previously we noted that a solitonic potential with σ0 = 0.2
leads to the distinct feature of a gravitational scalar field ϕ(r) peaking off-centre; cf. Fig. 6.3.2.
For repulsive (λ4 > 0) and mini (λ4 = 0) BS models, in contrast, the gravitational scalar
more commonly reaches its global extremum exactly at the centre. We illustrate this in
Fig. 6.3.5, where ϕ(r) gradually changes its behaviour from peaking at r = 0 to peaking
off-centre, as one moves to models with higher central amplitudes Actr of the BS scalar. The
same behaviour has been observed for neutron stars of increasing compactness; cf. Fig. 7
in Ref. [466]. In Fig. 6.3.5 we mark by a star the threshold, where this transition occurs.
We additionally plot in each of the upper panels the profiles A(r) and ϕ(r) for two models
marked 1 and 2 in the mass-radius diagram. These models are located on either side of the
threshold: for model 1 (less compact, i.e. smaller Actr than the threshold model) ϕ peaks at
the centre r = 0 and for model 2 (more compact with larger Actr) it peaks off centre.

We can qualitatively understand this behaviour as follows: the shape of the gravitational
scalar field near the origin is controlled by Eq. (6.10) for κ , which denotes a re-scaled version
of the radial derivative for the gravitational scalar field ∂rϕ . The overall sign of ∂rκ at small
radii determines the concavity of ϕ near the origin, and, thus, whether it peaks off or at
the centre. Without loss of generality, we assume that ϕctr > 0, then the sign of ∂rκ will
be determined by the two terms: 2αXFW,ϕ2ϕ and

(
ω2A2 −2α2V −F2θ 2). The former is

always positive or zero, whilst the latter can be negative, provided the magnitudes of the
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potential and the lapse (i.e. 2α2V ) are large enough to counteract the positive contribution of
ω2A2. The last term F2θ 2 is negligible near the origin since θ(0) = 0 by Eq. (6.12). The
ingredients required to make ∂rκ negative, and thus cause the gravitational scalar ϕ to peak
at the origin, are as follows:

1. Large potential values V : for typical values of Actr ∈ [0.1,0.2] in the regime of
scalarisation, the non-interacting and the repulsive potentials take on larger values
compared to a solitonic potential with small σ0; cf. Fig. 5.3.1.

2. Small central amplitudes of the BS scalar: models with small Actr result in less
compact (or fluffy) stars. These fluffy configurations have shallower gravitational wells
which manifest themselves in larger values of the lapse α near the origin4. Small Actr

and the ensuing large α therefore are more likely to make the overall contribution
to ∂rκ negative. Empirically, we find that mini and repulsive potentials, but rarely
solitonic with σ0 ≈ 0.2, allow for scalarised BSs with small Actr, i.e. low compactness;
cf. Fig. 6.3.6.

This behaviour of the gravitational scalar can also be explained using the trace of the
energy-momentum tensor which is obtained from Eq. (6.4)

T = gαβ Tαβ =
1

Fα2

(
ω

2A2 −2α
2V −F2

θ
2) . (6.19)

Up to an overall factor, this expression equals the second source term of our above analysis
that drives ∂rκ via Eq. (6.10). The sign of T can therefore be directly translated to the
concavity of ϕ . Recalling that the tachyonic instability requires negative T , we expect strong
scalarisation to occur in the region where T < 0. Fig. 6.3.5 illustrates exactly this effect: for
less compact models with T ≲ 0 at small r, ϕ peaks at the origin, and for compact models
with a central T ≳ 0, ϕ peaks away from the origin; cf. also Fig. 6.3.2. The ϕ(r) profile of
particularly compact scalarised models is therefore more shell-like.

The onset and degree of scalarisation: The nature of the potential further determines the
degree of scalarisation of BS solutions and the global properties of such models. Figure 6.3.5
illustrates one example of this for mini and repulsive potentials in the mass-radius plane,
where all of the scalarised branch falls underneath the GR one for λ4 = 0, but only part of
it for λ4 = 50. Similarly, we see in Fig. 6.C.1 in Appendix 6.C that many scalarised BSs
for solitonic potentials with σ ≳ 0.3 have smaller masses than their GR counterparts with
equal radius, very much in contrast to the solitonic σ0 = 0.2 case of the prototypical example
studied in Section 6.3.1.

4In our gauge, the lapse function α asymptotes to 1 at infinity and smaller values of the lapse function
correspond to deeper gravitational wells and vice versa.
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Table 6.3.1 Summary of threshold values of β0 for the onset of scalarisation for different
potentials in the massless case.

Potential Coupling β0,thr
Solitonic σ0 = 0.2 -6.079
Solitonic σ0 = 0.3 -7.282
Solitonic σ0 = 0.5 -6.641
Solitonic σ0 = 1 -6.219
Solitonic σ0 = 2 -6.128

Mini λ4 = 0 -6.098
Repulsive λ4 = 50 -5.272
Repulsive λ4 = 100 -4.961

Furthermore, the threshold for β0 at which scalarisation starts to occur varies with the
potential; we summarize this dependence in Table 6.3.1. Overall, we find that the repulsive
potential requires less negative β0 values for solutions to scalarise, which is then followed
by the mini and solitonic potentials. For massless ST theory, the thresholds fall into a range
−7.5 ≲ β0,thr ≲−4.96, a bit below the threshold of −4.35 typically found for neutron stars.

Even though solutions are less strongly scalarised for the solitonic potential with σ0 ≳ 0.3,
there are some subtle features in the dependence of scalarisation on the self-interaction term
as illustrated in Fig. 6.3.6. First, the degree of scalarisation varies non-monotonically with σ0.
Typically smaller values of σ0 ≈ 0.2 result in more strongly scalarised solutions than models
with σ0 ≈ 1. On the other hand, larger σ0 lead to a wider range of Actr for which scalarised
solutions exist: in Fig. 6.3.6 the support of |ϕ|max(Actr) significantly increases for models
with σ0 ≳ 0.35. As σ0 increases, the scalarised branches slowly converge to the scalarised
solutions of mini BSs, which can be seen by a close overlap of the σ0 = 2 and λ4 = 0 curves.
We present a more detailed illustration of this transition in Appendix 6.C, where we compute
families of solutions for a wider range of potentials. Finally, we find that for a fixed value of
β0, the strongest scalarisation occurs in the case of the repulsive potential with our largest
λ4 = 100.

Massive gravitational scalar field

Gravitational scalar profiles: We next turn to analysing the features of scalarised BS solutions
with other bosonic potentials in the massive case. A systematic investigation of the global
maximum of |ϕ| across the parameter space confirms that for µϕ > 0, certain choices of the
potential V (A) still result in the gravitational scalar profiles peaking at the origin. However,
we find that an increasing mass µϕ tends to push the extremum of ϕ away from the origin.
This effect can be explained using the same reasoning as in the massless case of Section 6.3.3



6.3 Scalarised boson stars 133

0.05 0.10 0.15 0.20 0.25 0.30
Actr

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

|ϕ
| m

a
x

σ0 = 0.2

σ0 = 0.35

σ0 = 0.5

σ0 = 1

σ0 = 2

λ4 = 0 (σ0 →∞)

λ4 = 50

λ4 = 100

µϕ = 0, α0 = 0, β0 = −10

Fig. 6.3.6 Maximum of the gravitational scalar field as a function of the central bosonic
amplitude for various potentials considered in this work. We remark that repulsive potentials
result in more strongly scalarised solutions than any other potential considered here.

by assessing the sign of the right-hand-side of Eq. (6.10) for ∂rκ . Assuming that ϕctr > 0, we
conclude that µϕ > 0 increases the overall positive contribution from the 2αXFW,ϕ2ϕ term
and empirically we find it also increases ω . Therefore, larger values of the gravitational mass
push ∂rκ towards positive values and the gravitational scalar ϕ tends to peak away from the
origin.

It is possible however to push the gravitational scalar field maximum towards r = 0 by
making β0 negative enough. The impact of a more negative β0 parameter is two-fold:

1. BS frequencies ω decrease,

2. The overall magnitude of 2πXF ′

αF2 (ω2A2 − 2α2V ) increases due to the larger F ′/F2

factor.

Table 6.3.2 The minimum value of σ0 where we find BS models with a gravitational scalar
peaking at r = 0 is listed for solitonic BS families with α0 = 0 as well as the specified values
of µϕ and β0. A gravitational scalar ϕ reaching its global extremum at the origin is easier to
obtain for smaller µϕ and for larger β0.

µϕ β0 σ0,min
0 -10 0.25

0.1 -10 0.34
0.1 -14 0.24
0.3 -14 0.55
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Fig. 6.3.7 Flow-chart showing the dependence of the gravitational scalar profile ϕ on the BS
parameters, Actr and V (A), and the ST parameters, µϕ and β0. As discussed in the main text,
the sign of ∂rκ determines the behaviour of ϕ at the origin. If ∂rκ > 0, ϕ peaks away from
r = 0, whilst for ∂rκ < 0, ϕ peaks at r = 0. The two source terms, denoted by I and II in the
diagram, play the leading role in determining the sign of ∂rκ at r = 0. By the boxes’ colours
we mark how the ST and BS parameters tend to impact the ϕ profiles – blue for peaking at
the origin and pink for peaking off centre.

The combined effect of a more negative β0 is therefore to make the final term of the ∂rκ

equation negative and large enough to counteract the non-zero positive contribution from
2αXFW,ϕ2ϕ term. The sign of ∂rκ becomes negative and ϕ peaks at r = 0.

We quantitatively illustrate the effect of µϕ and β0 on the ϕ profile in Table 6.3.2 where
we list for several combinations of (µϕ , β0) the minimal σ0 values at which we find models
with ϕ peaking at r = 0. Below the respective σ0,min, ϕ peaks off center for all scalarised BS
models. As the Table suggests, it is easier to find ϕ profiles peaking at the origin for smaller
gravitational masses µϕ and more negative β0. In Fig. 6.3.7 we summarize the dependence
of the gravitational scalar profile on the BS and ST parameters. The onset and degree of
scalarisation: Finally, we make a few remarks on the effect of µϕ > 0 on the scalarisation
of BS solutions. As already seen in Fig. 6.3.4, the threshold β0,thr for the onset of strong
scalarisation for solitonic BSs with σ0 = 0.2 is well described by a quadratic function of the
mass parameter µϕ for ST gravity with α0 = 0. In the upper panel of Fig. 6.3.8 we plot the
onset of scalarisation for several other potential functions with parameters as listed in the
legend. For all cases, the numerical data are in excellent agreement with a monotonically
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Fig. 6.3.8 Top: The threshold β0,thr for the onset of scalarisation as a function of µϕ for
different BS potentials V (A) as given in Eq. (6.17) with the indicated parameter values σ0 and
λ4. The lines represent quadratic fits with the given coefficients. The case λ4 = 100, µϕ = 1.5
exhibits one minor anomaly: here, the × symbol marks the disappearance of stable scalarised
models, but extremely compact unstable BSs are still found up to the β0 value marked by the
filled circle. Only the former (×) data point is used in the fit. Bottom: The threshold β0,thr
for the onset of strong scalarisation is shown for the different types of potentials and three
values of the gravitational scalar mass µϕ = 0, 0.1 and 0.3. The horizontal axis represents
σ0 for the solitonic potential on the left and λ4 for the repulsive potential on the right.

decreasing quadratic fit, which confirms our general observation that an increasing µϕ

weakens scalarisation. In order to assess in more detail how different potential functions
affect the onset of scalarisation, we display in the bottom panel of Fig. 6.3.8 the threshold
values β0,thr as a function of the parameters σ0 and λ4 for three fixed values of the mass
µϕ = 0, 0.1 and 0.3. We recall that mini BSs are obtained in both limits, σ0 → ∞ and λ4 = 0,
and can be regarded as the link between the solitonic and repulsive potential. The variation of
β0,thr in Fig. 6.3.8 shows that for µϕ ≲ 0.3, similar to the massless case, BSs with a repulsive
potential are more susceptible to scalarisation than solitonic and mini BSs, although not by a
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huge amount. For µϕ ≳ 0.3, however this trend is reversed and solitonic BSs scalarise most
easily.

6.3.4 Dependence on α0

Previously we have considered ST theories with α0 = 0, where the solutions are degenerate
under the transformation ϕ →−ϕ . In the case, of α0 ̸= 0 we acquire additional structure
through the splitting of the scalarised branches. More specifically, we find5:

1. A larger branch (as viewed in the mass-radius plane), mostly with negative gravitational
amplitudes ϕctr. At very high compactness (i.e. large Actr) these models start to have
ϕctr > 0 and the ϕ(r) profiles have a zero-crossing.

2. A smaller closed loop, where we exclusively observe positive ϕctr.

These two branches contain strongly scalarised solutions, as well as weakly scalarised ones,
in which case the BS models have similar mass and radius to their GR counterparts. This is
illustrated in Fig. 6.3.9, where certain BS models of the α0 > 0 sequences closely resemble
the GR solutions obtained for α0 = 0. For mild values of α0, the closed loop intersects itself
and acquires a shape similar to the ∞ symbol as in the case of α0 = 0.01. As we increase α0,
first the ∞-shape and then the entire loop slowly shrink and disappear (see e.g. α0 = 0.1). We
note that certain values of α0 we consider here are above the Cassini measurement constraint.
This choice is made for visualization purposes: for smaller values of α0 the two branches
lie more closely to each other making their splitting less evident. Although here we discuss
solitonic BSs, for other potentials we observe a qualitatively similar splitting of the solution
branches.

The disappearance of one of the solution branches can be traced back to the conformal
coupling function F(ϕ) = exp(−2α0ϕ −β0ϕ2). When α0 = 0, the value F is solely deter-
mined by the magnitude of β0: a more negative β0 leads to stronger scalarisation. A non-zero
α0, on the other hand, leads to a non-zero −2α0ϕ contribution in the exponent of F . For
ϕ > 0, this curbs the effect of β0 and subsequent scalarisation whilst for ϕ < 0 the α0 term
strengthens it: for α0 > 0 we have F(ϕ > 0)< F(ϕ < 0). This effect is further illustrated by
the relative size of the scalarised branches in Fig. 6.3.9: the solution branches for ϕctr > 0 are
systematically smaller in size than their ϕctr < 0 counterparts. For sufficiently large values
of α0 with fixed β0, the solutions with ϕctr > 0 cease to exist and the branch disappears.
Considering the case α0 = 0.1 and β0 =−7, for example, we can easily support this by a
back-of-the-envelope calculation: assuming ϕ ∼ 0.1, the conformal coupling function is

5Recall that in our convention α0 ≥ 0; for the opposite convention α0 ≤ 0 the signs of ϕ would be reversed.
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Fig. 6.3.9 Left: BS models in ST gravity with µϕ = 0, β0 =−7 and varying α0 for a solitonic
potential with σ0 = 0.2. The branches obtained for each value of α0 are presented in different
shades of one colour to differentiate between positive and negative central gravitational field
amplitudes. For α0 = 0.01, for instance, dark green denotes models where ϕctr < 0 and light
green those with ϕctr > 0. For reference, we also plot the solutions for α0 = 0 which are
shown in grey. Right: Dependence of the BS solutions on β0 for α0 = 0.01, µϕ = 0 and a
solitonic potential with σ0 = 0.2. The inset highlights the self-intersecting ϕctr > 0 branch
with ∞ shape for the sequence of models with β0 =−10.

F(ϕ) ∼ exp(0.05), which is equivalent to setting α0 = 0 and β0 = −5. As discussed in
Section 6.3.2 (see also Fig. 6.3.4 and Table 6.3.1), however, the onset of scalarisation for
µϕ = 0 and a solitonic potential with σ0 = 0.2 occurs for β0 ≳−6.1. An effective β0,eff ≈−5
falls out of this range and is therefore compatible with the disappearance of positive solutions
for α0 = 0.1.

Besides the branch splitting, BS solutions with α0 > 0 depend on β0 and µϕ in a way very
similar to the α0 = 0 case discussed previously. In particular, a more negative β0 results in
stronger scalarisation of solutions, with larger mass MADM and radius RJ (cf. the right panel
of Fig. 6.3.9). Increasing the mass parameter µϕ , on the other hand, systematically reduces
the scalarisation effect in the same way we have observed in Section 6.3.2 for α0 = 0.

6.3.5 Thin-shell models

In Ref. [395], Collodel and Doneva computed an intriguing type of BS solutions in GR
dubbed thin-shell models (also see Ref. [71]). The main characteristics of these BSs are (i)
an approximately constant scalar profile A(r) extending out to rather large radius and (ii) a
low frequency ω; see in particular their Fig. 6. As a consequence of these two features, the
derivatives ∂tA and ∂rA become very small at small as well as very large radii, resulting in a
nearly vanishing energy density except for a shell region where the scalar field eventually
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Fig. 6.3.10 Left: Mass-radius diagram for solitonic BS models with µϕ = 0, α0 = 0, β0 =−12
and σ0 = 0.2. Right: Frequency ω as a function of the central BS scalar amplitude Actr for
the same family of models. The colour represents the maximal gravitational scalar in both
panels.

drops to zero. In Fig. 6.3.1 for our prototypical BS family, we can see that the scalarised stars
tend to have lower frequencies than their GR counterparts. We have found this behaviour
systematically in our investigations of the BS and ST parameter space (see Fig. 6.C.4),
suggesting that scalarisation can strengthen the thin-shell character of BSs.

We study this feature in more detail for the specific case of massless ST theory with
α0 = 0 and β0 =−12 for the solitonic potential with σ0 = 0.2. Due to different conventions,
our σ0 is related to the parameter σ used by Collodel and Doneva by σ =

√
2πσ0, so that our

scenario corresponds to σ ≈ 0.5 in Ref. [395], well above the regime where they encounter
thin-shell stars. We likewise find no indication of shell-like structure on the GR branch
of our scenario which yields a minimal frequency of about ω = 0.428 in good agreement
with Ref. [395]; this can be seen by comparing the right panel of our Fig. 6.3.10 with the
left panel of their Fig. 2. Along the scalarised branch, however, we obtain BS models with
much lower frequencies ω < 0.2. As indicated in the left panel of Fig. 6.3.10, we also obtain
significantly larger radii for these models, although we emphasize that this is largely due to
the reduced fall-off of A(r) rather than its behaviour in inner regions of the star. The radial
profiles displayed in Fig. 6.3.11 for the strongly scalarised BS with minimal ω (marked by
circles in Fig. 6.3.10), however, exhibit an approximately constant A(r) out to r ≈ 7. In
contrast, the GR model with minimal ω displays a distinctly “ordinary” profile where A(r)
rapidly drops away from the origin.

A similar investigation of neighbouring models along the GR and scalarised branches
yields very similar profiles and, as evident in Fig. 6.3.10, frequency values, and we observe
qualitatively the same behaviour for other values of σ0. Mathematically, we can explain this
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Fig. 6.3.11 Radial profiles of the scalar functions A(r), ϕ(r) and the mass m(r) for a
scalarised BS with Actr = 0.148 and a GR model with Actr = 0.177, corresponding to the
minimal frequencies ω = 0.1476 and ω = 0.4283 and marked by circles in Fig. 6.3.10. For
presentation purposes, the scalar fields A and ϕ have been amplified by a factor 10.

behaviour by considering Eq. (6.10) for ∂rA and ∂rθ . Thin-shell models can be regarded as a
sequence of BSs that approach a uniformly constant scalar-field solution A = const extending
to larger and larger radii. In Eq. (6.10), this limiting (Minkowski) solution is obtained for a
zero right-hand side of ∂rθ . Ignoring the geometric term −2θ/r, which merely incorporates
the r2 behaviour of a 3D volume, the key mathematical origin of thin-shell stars is a nearly
vanishing

X
αF

(α2V,A2 −ω
2) . (6.20)

For strongly scalarised BSs, F(ϕ) is dominated by the quadratic contribution in the exponen-
tial (6.14) and therefore F > 1 which reduces the term (6.20) relative to its GR value and
hence drives BSs in the direction of thin-shell models.

6.4 Stability

Depending on the ST parameters (µϕ ,α0,β0) and the potential V (A), there may exist up
to seven (or even more for non-zero α0) BS models with the same mass. This raises the
question which of these models is energetically favoured. We assess this by using binding
energy arguments for a wide range of BS solutions. More specifically, we define the binding
energy

Eb
..= MADM −QBS, (6.21)



140 Boson stars in massless and massive scalar-tensor gravity

5 10 15 20 25 30
RJ

0.2

0.4

0.6

0.8

1.0

1.2

M
A

D
M

Stable

Unstable

µϕ = 0.05, α0 = 0, β0 = −11, σ0 = 0.2

Fig. 6.4.1 Mass-radius diagram for BS solutions for µϕ = 0.05, α0 = 0, β0 = −11 and a
solitonic potential with σ0 = 0.2. Stable models are determined by identifying among the
set of all stars with equal Noether charge QBS the BS with the strongest binding energy
Eb = MADM −QBS. These stable models are displayed in light (copper) colour and the
remaining unstable stars in dark (black).

where QBS denotes the conserved Noether charge, i.e. the number of bosonic particles making
up the BS. It is defined as the spatial integral of the time component of the Noether current,

Jα =
i
2

gαβ
(
ψ

∗
∇β ψ −ψ∇β ψ

∗) , (6.22)

so that

QBS =
∫

J0√−gdx3 =
∫ 4πA2ωX

Fα
r2dr. (6.23)

For each set of BSs with equal Noether charge6, the model with the strongest binding energy
Eb, i.e. the smallest mass MADM, is taken as the stable, energetically favoured configuration.
This does not necessarily imply that the other models are perturbatively unstable, but under
sufficiently strong excitations, we expect them to either form a black hole, evaporate or
migrate to a stable BS; we therefore refer to these other models as unstable in the following
discussion.

We first apply this method to the prototypical example discussed in Section 6.3.1. This
set of BS models is obtained for ST parameters µϕ = 0.05, α0 = 0, β0 =−11 and a solitonic
potential with σ0 = 0.2. Figure 6.4.1 shows the same mass-radius diagram as Fig. 6.3.1 but
now colour codes solutions in light (copper) for stable or dark (black) for unstable stars. We

6We remark that QBS in Eq. (6.23) is equal in both, Jordan and Einstein frames, making it a universal
diagnostic.
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Fig. 6.4.2 Stability of other BS models considered in this work. From left to right: (i)
repulsive potential with λ4 = 50, massless ϕ , α0 = 0, β0 =−7; (ii) solitonic potential with
σ0 = 0.2, massive ϕ with µϕ = 0.05, α0 = 0.01, β0 =−10; (iii) mini potential with λ4 = 0,
massless ϕ , α0 = 0, β0 = −7. As in Fig. 6.4.1, light (copper) colour denotes stable BS
models and dark (black) unstable ones. Note that for α0 ̸= 0 (center and right panels) we
always have two separate scalarised branches, either of which may self-intersect: one closed
loop and one open branch with two loose ends. For the mini BS in the right panel, these two
branches almost touch, yet remain separate as shown in the inset.

clearly see that the scalarised branch from the low-mass bifurcation point all the way up to
its maximal mass at about (RJ ≈ 15, MADM ≈ 1.1) contains energetically favoured models.
This set of stable BSs is completed by a small piece of the GR branch around RJ = 5 which
contains low-mass but comparatively compact BSs for whom no scalarised counterparts
exist.

Repeating the same analysis in Fig.6.4.2 for other bosonic potentials and ST parameters,
unravels a very similar pattern. For α0 = 0 scalarised BSs are commonly energetically
favoured relative to their GR cousins with equal Noether charge. For non-zero α0, where we
commonly encounter multiple scalarised branches, we observe that strongly scalarised BSs
with larger radius tend to be stable. We identify some exceptions to these rules, however:
scalarised BSs with relatively small mass or radius may be energetically disfavoured relative
to other scalarised solutions (see the left panel of Fig. 6.4.2) and, in some cases, even relative
to GR models (see Fig. 6.C.5 in Appendix 6.C, where we explore a wider range of potentials
V ). In general, we observe that, similarly to BS models in GR, stable and unstable models in
ST gravity are separated by the maximum-mass model.

6.5 Conclusions

In this Chapter we have performed a systematic study of the structure of strongly and
weakly scalarised boson-star solutions in scalar-tensor theory of gravity with Damour-
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Esposito-Farèse coupling. For this purpose we compute spherically symmetric ground-state
BS models using shooting and relaxation algorithms. In order to control the challenging
exponential behaviour of the scalar field solutions, we perform a comprehensive analysis of
their asymptotic behaviour, identifying incompatibilities that arise from using the flat-field
limit.

Our study suggests that there are many common features in the dependence of scalarised
solutions on the ST parameters (µϕ ,α0,β0) as compared to the neutron star case. In particular,
we observe the following main features:

1. The scalarised solutions form additional branches in the mass-radius plane. These
models can have larger mass and radius compared to their GR counterparts, although
exceptions to this rule exist, depending on the potential and ST parameters.

2. A smaller gravitational scalar mass µϕ and a more negative β0 strengthen scalarisation,
pushing the scalarised branch to larger radii; cf. Fig. 6.3.3 and the right panel of
Fig. 6.3.9.

3. A non-zero α0 splits the scalarised branches by breaking the ϕ →−ϕ degeneracy;
cf. the left panel of Fig. 6.3.9. For sufficiently large values of α0 one of the branches
disappears.

4. Scalarised solutions are often energetically preferred (i.e. stable) when compared to
their GR counterparts with the same Noether charge. We similarly find that a larger
BS radius tends to favour stability.

Further to these main features, we summarize the specific traits inherent to scalarised
BSs and their variation over the parameter space as follows.

Onset of scalarisation: Compared with neutron stars, we require more negative values of
β0 to obtain scalarised BSs. Our analysis suggests that BSs with repulsive potentials with
large λ4 are most susceptible to scalarisation in the massless case: the onset of scalarisation
happens for β0 ≲−4.96, compared to β0 ≲−4.35 for NSs. Mini and solitonic BSs are less
liable to scalarise and typically require more negative β0. This trend also holds in the massive
case up to µϕ ≈ 0.3, beyond which solitonic BSs become more receptive to scalarisation.
For all potentials, the threshold for scalarisation β0,thr takes on a quadratic dependence on
the mass term µϕ ; cf. Fig. 6.3.8.

Degree of scalarisation: The repulsive potential for large λ4 results in the strongest
scalarisation, both in magnitude and range of BS models. For solitonic potentials, in contrast,
we observe a non-monotonic dependence of the degree of scalarisation on the self-interaction
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parameter σ0. In general small σ0 ≈ 0.2 leads to stronger scalarisation albeit over a narrower
range of BS models than larger values σ0 ≳ 1 and the mini BS limit σ0 → ∞; cf. Fig. 6.3.6.

Gravitational scalar behaviour: The potential not only determines the onset and degree
of scalarisation, but also the resulting compactness of the star and the gravitational scalar
behaviour near the origin; cf. Fig. 6.3.7. Generally, we find that less compact stars support a
gravitational scalar whose radial profile peaks at the origin; this is most common for mini
and repulsive potentials that result in less compact stars. As attractive self-interaction terms
are included in the solitonic potential, the scalarised solutions become more compact and the
gravitational scalar’s extremum moves away from the origin. We also relate this behaviour to
the trace of the energy-momentum tensor T , which needs to be negative in the regions of
strong scalarisation. We systematically observe that less compact models achieve negative
values of T near the origin; cf. Fig. 6.3.5. For more compact models, in contrast, T only
becomes negative further away from r = 0 resulting in shell-like gravitational scalar profiles.

Thin-shell like models: Strong self-interactions in the solitonic potential (small σ0) paired
with strong scalarisation (small gravitational scalar mass µϕ and/or very negative β0) result
in BS models akin to the thin-shell BS models found in GR [395]. These models correspond
to highly massive BS solutions in their family and have a bosonic field amplitude A(r)
approximating the shape of a Heaviside function. In GR, typically small values of σ0 ≲ 0.15
are required to obtain such thin-shell like solutions. In ST theory, however, we easily find
such models already for σ0 = 0.2.

Our results demonstrate the rich structure of BSs in ST theory of gravity and open many
opportunities for future work. A natural extension consists in further exploration of more
extreme regions of the parameter space, as for example a thorough study of the onset of
scalarisation for thin-shell models with σ0 < 0.2. Furthermore, dynamical evolutions of our
models would provide a robust picture of their stability complementary to our binding energy
estimates. Finally, it will be intriguing to see how the peculiarities identified in the structure
of single BSs for different ST parameters and/or BS potentials affect the gravitational-wave
emission of binary systems including the scalar (breathing) polarisation mode.





Appendix

Appendix 6.A Asymptotic Behaviour

In this Appendix, we analyse the asymptotic behaviour of the BS and gravitational scalar
fields in ST theory of gravity at infinity. Our discussion follows the asymptotic analysis
of BSs in GR of Section 5.4.3, except we generalise it to the ST theory. We work in the
compactified coordinate y ..= 1/r and define re-scaled variables, separating the exponential
behaviour in the following way,

ζ ..=
ek/y

yε
A , Π ..=−ek/y

yε
θ ,

ρ ..=
eh/y

yδ
ϕ , Λ ..=−eh/y

yδ
κ , (6.24)

where the exponents ε,k,h,δ are as yet unspecified parameters and the goal of this section
will be to determine them. As we will see below, their values will depend on the specifics of
the BS model and ST parameters in question. The field equations for the re-scaled variables
(6.24) are obtained by substituting them into Eqs. (6.10), which leads to

∂yΦ = −FX2 −1
2y

+
y2δ−3

e2h/y
X2
(

FŴρ
2 − Λ2

2α2

)
+2πy2ε−3 X2

Fα2 e−2k/y (
α

2V̂ ζ
2 −ω

2
ζ

2 −F2
Π

2) ,
∂ym = −y2δ−4

e2h/y

(
Ŵρ

2 +
Λ2

2Fα2

)
− 2πy2ε−4

F2α2 e−2k/y (
ω

2
ζ

2 +α
2V̂ ζ

2 +F2
Π

2) ,
∂yρ =

XΛ/α − (yδ +h)ρ
y2 ,

∂yΛ =
(2−δ )y−h

y2 Λ+2
αXF

y2 W,ϕ2ρ +
2π

y2+δ−2ε
e(h−2k)/y X

α

F ′

F2

(
ω

2
ζ

2 −2α
2V̂ ζ

2 −F2
Π

2) ,
∂yζ =

FXΠ/α − (εy+ k)ζ
y2 ,

∂yΠ =
(2− ε)y− k

y2 Π+
Xζ

αFy2

(
α

2V,A2 −ω
2) , (6.25)
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where we denoted Ŵ ..= W/ϕ2 and V̂ ..= V/A2. Note that the equation for ∂yΛ contains
an exponential factor exp[(h−2k)/y] which diverges when h > 2k, resulting in unphysical
spacetimes. We are thus left with two remaining possible scenarios: h < 2k and h = 2k. All
BS families studied in this work comfortably fall into the range h < 2k which is the case we
henceforth focus on.

Assuming that we recover a Schwarzschild metric at infinity, we propose the following
ansätze around y = 0

Φ(y) = Φ0 +Φ1y+Φ2y2 +Φ3y3 +Φ4y4 + . . . ,

m(y) = M+m1y+m2y2 +m3y3 +m4y4 + . . . ,

ρ(y) = ρ1y+ρ2y2 +ρ3y3 +ρ4y4 + . . . ,

Λ(y) = Λ1y+Λ2y2 +Λ3y3 +Λ4y4 + . . . ,

ζ (y) = ζ1y+ζ2y2 +ζ3y3 +ζ4y4 + . . . ,

Π(y) = Π1y+Π2y2 +Π3y3 +Π4y4 + . . . . (6.26)

Plugging these expansions into Eqs. (6.25) and considering terms order by order, we obtain
a set of equations for the coefficients that leave7 Φ0,M,ζ1,ρ1 unspecified but uniquely
determine all other coefficients in terms of the free parameters. The latter are eventually
obtained by matching the exterior solution of Eqs. (6.25) to the interior solution of Eqs. (6.10)
as described in more detail in Appendix 6.B.

Applying the series expansion for a massive gravitational scalar field, we arrive at the
following relations for the free parameters in Eq. (6.24),

k2 = 1− ω2

e2Φ0
, ε = M

2k2 −1
k

, δ = Mh, h2 = µ
2
ϕ . (6.27)

Note that we obtain the asymptotic behaviour of BSs in GR by simply omitting the ρ and Λ

coefficients intrinsic to ST gravity.
In the massless case µϕ = 0, we follow a similar procedure, except now there is no

exponential fall-off for the gravitational scalar field, i.e. h = 0 and δ = 0. Again, applying
the asymptotic ansätze (6.26) and considering terms order by order in Eqs. (6.25), we arrive
at

k2 = 1− ω2

e2Φ0
, ε = M

2k2 −1
k

+
α0ρ1

k
. (6.28)

7The coefficient M turns out to equal the ADM mass, MADM; for simplicity we use M in this discussion.
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In summary, the re-scaled variables in Eq. (6.24) together with the series expansions in
Eq. (6.26) imply that the bosonic and gravitational scalar fields have asymptotic behaviours
given by,

ϕ ∼ e±h/yy1+δ and A ∼ e±k/yy1+ε , (6.29)

where h,k,δ and ε are determined by Eqs. (6.28) and (6.27) for massless and massive ϕ ,
respectively.

All frequencies we report in this work correspond to a unit lapse function at infinity,
i.e. Φ0 = 0; even if a non-zero Φ0 is used in the numerical calculation, this is straightforwardly
achieved by an a-posteriori rescaling of ω . The frequencies thus obtained ubiquitously
fall into the range 0 < ω < 1. The functional behaviour k(ω) =

√
(1−ω2) furthermore

pushes k towards values rather close to unity in exactly the same way the Lorentz factor
γ = 1/

√
1− v2 reduces relativistic effects for all velocities but those close to the speed of

light. This effect avoids extreme values of ε which we typically find to be in the range
−2 ≲ ε ≲ 3. An unscalarised low-density mini BS with M = 0.345 and ω = 0.9785, for
instance, has ε =−1.53 whereas the strongly scalarised thin-shell BS with M = 2.39 and
ω = 0.148 of the (µϕ = 0, α0 = 0, β0 =−12, σ0 = 0.2) family discussed in Section 6.3.5
has ε = 2.31. The exponential factor h for the asymptotic behaviour of the gravitational
scalar, on the other hand, is directly given by the scalar mass µϕ and the exponent δ merely
acquires an extra factor of the BS mass M; δ vanishes in massless ST theory, but can reach
values up to order unity for the BS sequences studied in this work. We similarly obtain values
ρ1 = O(1) for strongly scalarised stars.

Appendix 6.B Numerics

We have written three different codes for the numerical solution of the ODE system (6.10)
with the boundary conditions (6.12). This slightly unusual approach was motivated by two
main considerations. First, it was not entirely clear how the challenging asymptotic behaviour
of the two scalar fields might be best controlled numerically. Second, in the absence of
literature results for comparison, we wished to verify our results with independent means.
Here, we briefly describe our schemes and assess the uncertainty of our results.

Numerical shooting: Our first code operates in a way similar to the BS shooting code
developed for GR in Ref. [141]. Starting with Φ = 0, X = 1/

√
F(ϕ), A = Actr, ϕ = ϕctr,

κ = 0, θ = 0 at r = 0 as well as an initial guess for the frequency eigenvalue ω , the system
(6.10) is integrated outwards using a fourth-order Runge Kutta scheme. At some radius,
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similar to the GR case, the scalar fields start to diverge and we deal with this divergence for
each of the fields individually in the following way:

1. We find the radius where the scalar field modulus starts to exceed its central value by
an order of magnitude (this usually happens sooner for A).

2. We terminate the integration at that point and search for the last local extremum of the
scalar field.

3. As a buffer, we take 90% of the radius where that extremum occurs, which consequently
determines our matching radius, rm.

4. At rm, we match the integrated solution to the asymptotics presented in Appendix 6.A.

In the massless case, we find that the gravitational scalar field can be integrated out, without
any matching, as long as the BS scalar field is matched to its corresponding asymptotic
expansion. In the massive case, in contrast, both fields have to be matched and this is done at
radii rm,A and rm,ϕ which are not necessarily equal. Once the full solution is constructed, we
assess the quality of the matching for both scalar fields. In the massive case, we do so by
computing smoothness conditions at the matching radii:

C(ϕ) =

∣∣∣∣ϕ +
ϕ ′(rm,ϕ)

1+δ + rm,ϕmϕ

rm,ϕ

∣∣∣∣ , (6.30)

C(A) =

∣∣∣∣∣A+
A′(rm,A)

1+ ε + rm,A
√

1−ω2
rm,A

∣∣∣∣∣ , (6.31)

where δ and ε are defined in Eq. (6.27). These conditions are obtained by translating the
asymptotic expressions in Eq. (6.24) into relations between the scalar variables and their
derivatives. In the massless case, we replace the C(ϕ) criterion by an analytic condition that
relates the vacuum solution at the stellar surface (shortly to be defined), ϕs, to its asymptotic
value, ϕ0, at r = ∞ [273],

ϕs = ϕ0 −
Xsηs√

(∂rΦs)2 +Xsηs
artanh

√
(∂rΦs)2 +Xsηs

∂rΦs +1/rs
. (6.32)

Here ηs = κs/αs and, in our convention, ϕ0 = 0. Since BSs do not have a surface, we compute
the gravitational scalar field at the outer edge of the grid, ϕ(rend) (typically rend = 1200),
and evaluate the quality of the solution using a new criterion, C(ϕmassless) = |ϕ(rend)−ϕs|.
Improved guesses for ϕctr and ω are then constructed through a standard Newton-Raphson
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method [474], until the conditions C(ϕ) and C(A) are satisfied at the required threshold level,
chosen to be 10−7 or smaller.

Two-way shooting: The second code operates with an inner region r ∈ [0,2] where
Eqs. (6.10) are integrated outward and an exterior region y ∈ [0, 1

2 ] where y = 1/r and the BS
equations (6.25) for the rescaled variables are integrated inwards from infinity to y = 1/2.
Whereas integrating out of r = 0 is straightforwardly achieved by using the regularity of the
variables, the integration out of y = 0 can result in numerical instabilities at very small y,
likely due to the divisions by positive powers of y in several terms on the right-hand side
of Eq. (6.25). We overcome these instabilities by using the asymptotic expansion (6.26) to
a small but finite y, typically y = 0.01. We can reduce this value to arbitrarily small level
by increasing the number of grid points in the exterior and employ this reduction in the
uncertainty estimate through convergence analysis. A solution is obtained when the interior
and exterior solutions thus obtained satisfy the 6 matching conditions (6.24) and (6.9) at
r = 2 with a relative precision of 10−6 or better. In order to start the integrations at r = 0
and y = 0, we need to specify 7 parameters, ϕctr, Actr and Φctr at the origin, M, ζ1 and ρ1 at
infinity as well as the frequency ω . With 7 free parameters for 6 matching conditions, we
obtain one-parameter families of solutions, as expected. In practice, we choose one of the 7
free parameters to control the specific BS model, initialize the other 6 parameters with initial
guesses typically obtained from neighbouring BSs, and solve the matching conditions with a
Newton-Raphson iteration.

Relaxation: The third code uses a Newton-Raphson based relaxation scheme, imple-
mented according to Chapter 17.3 of Ref. [474]. Here, we again operate with an inner and
an outer region using the ODE system in the forms (6.10) and (6.25), respectively. The
compactified grid and algorithm allows us to impose exact boundary conditions at spatial
infinity. We also have the seven free parameters as in the two-way shooting code which now
impose 6 boundary conditions needed in the relaxation scheme and leave one parameter free
to control the specific model. The initial guess for the iterative procedure is either obtained
from other BS solutions close by in parameter space, from the shooting code discussed at the
start of this subsection or from outward integrated profiles starting with guesses for Actr and
ϕctr to which we append the exponentially decaying behaviour on the outer grid.

We have assessed the numerical uncertainties of our codes by verifying the respective
convergence properties and by comparing the codes’ results directly. For all our diagnostics
this results in a relative error and agreement of 10−4 or better.



150 Boson stars in massless and massive scalar-tensor gravity

Appendix 6.C Boson-star families

In this appendix we illustrate the bulk properties of a wide range of BS solutions in the
form of mass-radius diagrams for various potentials of the BS scalar. For this purpose, we
have chosen a massless gravitational scalar, µϕ = 0, with vanishing α0 (for non-zero α0 the
branches would exhibit the splitting discussed in Section 6.3.4), and β0 =−10 which results
in strongly scalarised models for all potentials considered. In each panel, the potential V (A)
is characterized by the corresponding values of σ0 for solitonic BSs and λ4 for massive BSs.
The results shown in Fig. 6.C.1 demonstrate a rather complex variation of the branches with
σ0 for solitonic BSs, including even one case, σ0 = 0.35, where all scalarised stars have a
lower mass than their GR counterparts with equal radius. The parameter λ4 for massive BSs,
in contrast, has a relatively straightforward impact on the scalarised BSs’ bulk properties,
leading to systematically larger radii and masses as λ4 is increased.

In Figs. 6.C.2-6.C.4, we display the same solutions but with |ϕ|ctr, Actr and ω encoded
in colour. For solitonic potentials, the maximal value |ϕ|max generally exceeds the central
|ϕ|ctr, demonstrating that the gravitational scalar tends to peak away from the origin. For the
mini BS case and repulsive potentials, on the other hand, |ϕ|max and |ϕ|ctr are much closer
which illustrates the trend towards ϕ peaking near the origin. For all potentials, Fig. 6.C.4
exhibits lower frequency values along the scalarised branch as compared to the GR models,
confirming the observation made in the bottom panel of Fig. 6.3.10 for thin-shell models.
As exemplified by the solitonic potentials for σ0 ≈ 0.35, this is not simply a consequence of
scalarised BSs being larger, but a more complex phenomenon.

Finally, we mark in Fig. 6.C.5 the stable and unstable models by light (copper) and dark
(black) colour. The general trend is that scalarised models are energetically favoured as has
also been observed for neutron stars. There are some exceptions to this rule, however. (i)
Scalarised stars need to be sufficiently massive to become the stable member; cf. the cases
σ0 = 0.35 and 0.4 where scalarised BSs are mostly lighter than their GR counterparts and
are not stable. (ii) At the very low-mass end, the GR models with very low compactness are
favoured over their low-mass, high-compactness scalarised cousins. These features can result
in rather chequered stability curves as for example in the case σ0 = 0.5. Along both, GR and
scalarised branches, the transition from stable to unstable BS models often occurs at local
maxima in the mass viewed as a function of radius.
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Fig. 6.C.1 Boson-star families in the mass-radius plane for fixed ST parameters α0 = 0,
β0 =−10, µϕ = 0 and BS potential functions V (A) as given in Eq. (6.17). The parameters
σ0 or λ4 are specified in each panel for the corresponding BS family. The mini-BS case
is recovered in either of the limits σ0 → ∞ or λ4 = 0. The colour bar marks the degree of
scalarisation in terms of the maximum of |ϕ(r)|.



152 Boson stars in massless and massive scalar-tensor gravity

20 40 60
RJ

0.5

1.0

1.5

M
AD

M

0 = 0.20

0.00

0.02

0.04

0.06

0.08

|
| ct

r

20 40
RJ

0.25

0.50

0.75

1.00

1.25

M
AD

M

0 = 0.21

0.00

0.02

0.04

0.06

|
| ct

r

10 20
RJ

0.3

0.4

0.5

0.6

0.7

M
AD

M

0 = 0.25

0.00

0.02

0.04

0.06

0.08

|
| ct

r

10 20
RJ

0.3

0.4

0.5

0.6

M
AD

M

0 = 0.26

0.00

0.02

0.04

0.06

0.08

|
| ct

r

10 20
RJ

0.3

0.4

0.5

M
AD

M

0 = 0.27

0.00

0.02

0.04

0.06

0.08

|
| ct

r
10 20

RJ

0.30

0.35

0.40

0.45

M
AD

M

0 = 0.30

0.000

0.025

0.050

0.075

0.100

|
| ct

r

10 20
RJ

0.30

0.35

0.40

0.45

M
AD

M

0 = 0.35

0.00

0.05

0.10

0.15

|
| ct

r

10 20
RJ

0.30

0.35

0.40

0.45

0.50

M
AD

M

0 = 0.40

0.00

0.05

0.10

0.15

|
| ct

r

10 20
RJ

0.3

0.4

0.5

M
AD

M
0 = 0.50

0.00

0.05

0.10

0.15

|
| ct

r

10 20
RJ

0.4

0.5

M
AD

M

0 = 0.60

0.00

0.05

0.10

0.15

0.20

|
| ct

r

10 20
RJ

0.4

0.5

0.6

M
AD

M

0 = 1.00

0.00

0.05

0.10

0.15

0.20

|
| ct

r

10 20
RJ

0.4

0.5

0.6

M
AD

M

0 = , 4 = 0

0.00

0.05

0.10

0.15

0.20
|

| ct
r

10 20 30
RJ

0.4

0.5

0.6

0.7

M
AD

M

4 = 20

0.0

0.1

0.2

|
| ct

r

20 40
RJ

0.4

0.6

0.8

M
AD

M

4 = 50

0.0

0.1

0.2

0.3

|
| ct

r

20 40 60
RJ

0.4

0.6

0.8

1.0

1.2

M
AD

M

4 = 100

0.0

0.1

0.2

0.3

|
| ct

r

= 0, 0 = 0, 0 = 10

Fig. 6.C.2 Same as Fig. 6.C.1 but with |ϕ|ctr colour coded.
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Fig. 6.C.3 Same as Fig. 6.C.1 but with Actr colour coded.
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Fig. 6.C.4 Same as Fig. 6.C.1 but with ω colour coded.
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Fig. 6.C.5 Same as Fig. 6.C.1 but with the stability coded in colour, light (copper) for stable
BSs and black for unstable models.





Chapter 7

Head-on collisions of boson stars

The content presented in this Chapter contains material that appears in the co-authored
publication Ref. [143] with U.Sperhake, T.Helfer, R.Croft, M.Radia, B.Ge and E.A. Lim.
The initial data construction for boson-star binaries of arbitrary mass ratio is my work. I have
also performed all of the GRCHOMBO runs. The LEAN runs were performed by U.Sperhake.
The analysis of the simulations was done jointly with the co-authors of the paper.

7.1 Introduction

In Chapter 5, we have explored single BS solutions in spherical symmetry and motivated why
one may wish to study them. An important scenario to consider is that of a binary consisting
of such BSs. The numerical modelling of binary systems can inform the searches for BS
signatures with present and future gravitational-wave detectors. However, in order to achieve
this we require accurate waveform models [475, 476] and therefore extensive high-precision
numerical simulations. The numerical exploration of orbiting BS binary systems is still a
relatively young field, but has already demonstrated the potentially rich phenomenology
of the GW signals generated by these systems. To our knowledge, the first investigation
dates back to Palenzuela et al [409] who find that the BSs’ phase offset affects the merger
stage more strongly than the inspiral. The GW signal generated by the merger remnant is
furthermore mainly governed by the fundamental oscillation frequency of the remnant as
it settles down into a non-spinning configuration1 [410]. Quite remarkably, the GW signal
from BS binary mergers can be exceptionally long-lived, resulting in a GW afterglow that
decays at a much slower rate than the remnant’s angular momentum [142]. The inspiral of
unequal-mass BS binaries has been studied in Ref. [393] and can result in large kicks of

1Spinning remnants are also possible by-products of general mergers [346].
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thousands of km/s which, however, is due to the asymmetric ejection of bosonic matter rather
than that of GWs. So-called dark boson-star binaries with purely gravitational interaction
have been found to generate GW signatures distinguishable from other astrophysical objects
like black holes, neutron stars and even “normal” BSs [477]. Further simulations of compact
binaries involving BSs include the piercing of bosonic clouds by a BH [412] and the inspiral
of neutron stars with bosonic dark cores [478].

In spite of the tremendous progress made in these numerical explorations, our under-
standing of the GW emission across the BS binary parameter space remains very limited,
both in terms of coverage and precision. One key ingredient indispensable for the systematic
construction of GW waveforms forms the central focus of this Chapter: the generation of
accurate initial data representing plausible physical configurations with negligible violations
of the Einstein constraint equations. The importance of initial data for binary BS star evo-
lutions in the equal-mass case has been previously addressed by Helfer et al. [139, 141],
who demonstrate how inaccurate initial superposition of boson stars can lead to substantial
spurious features in the resulting gravitational waveforms; to overcome these issues they
further propose a new binary superposition that we dub the equal-mass fix. This binary
initial data is also applied to the case of equal-mass binary neutron star initial data in the
FUKA code [479]. We see here an example how BS studies serve as a valuable proxy well
beyond the immediate scope of BS physics. A key limitation of the above cure, however, is
its restriction to equal-mass binaries. In this work, we develop a generalised version of this
method that achieves the same benefits for binaries with arbitrary mass ratios and contains
the equal-mass fix as a limiting case in the choice of two free parameters. The proposed
methodology can be applied to head-on collisions as well as systems with angular momentum,
as for example in Ref. [142]. Here we employ this improved initial data construction in the
simulation of equal- and unequal-mass BS binary head-on collisions studying systematically
the impact of the BSs’ phase offset on the collision dynamics and resulting GW signals.

The outline of this Chapter is as follows. We start by introducing the theoretical frame-
work and the BS model of interest in Section 7.2. In Section 7.3 we summarise the 3+1 split
of our equations of motion and the code infrastructures used for our simulations. Section 7.5
opens with a brief review of the improved construction of initial data in the equal-mass case
and proceeds with the generalisation to unequal mass ratios. We explore the parameter space
of this initial data construction in Section 7.6. The results from our exploration of the BSs’
phase parameter are presented in Section 7.7 and we conclude in Section 7.8. Throughout
this Chapter, we set ℏ = c = 1 and use M to denote the total mass of the binary. We label
spacetime indices by Greek letters running from 0 to 3 and spatial indices by Latin indices
running from 1 to 3.
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7.2 Theoretical framework

Mathematically, boson stars (BSs) are localised, soliton-like2 solutions of the coupled system
of the Einstein and general relativistic Klein-Gordon equations for a complex scalar field
ϕ . From Chapter 5, we recall that the action is given by the Einstein-Hilbert term for
four-dimensional gravity and a minimally coupled complex scalar field

S =
∫ √

−g
{

1
16πG

R− 1
2
[
gµν

∇µ ϕ̄∇νϕ +V (ϕ)
]}

d4x, (7.1)

where we choose the scalar potential V (ϕ) to be of solitonic nature [480]

Vsol = µ
2|ϕ|2

(
1−2

|ϕ|2

σ2
0

)2

. (7.2)

Here we focus on time evolutions of head-on BS collisions. In general, the outcome of the
collision is a non-spinning boson star or a black hole. However, a scenario where the two
BSs “pass through” each other [481] is also possible. In our head-on collisions, the resulting
remnant is always a BH. We model single BSs as stationary solutions in spherical symmetry,
where our ansatz splits the complex solution into amplitude A(r), constant frequency ω ∈ R
and phase-offset δφ ∈ [0,2π)

ϕ(r, t) = A(r)ei(ωt+δφ). (7.3)

With this ansatz we construct single equilibrium BS solutions using the shooting algorithm
described in Section 5.4.4.

7.3 The 3+1 decomposition and boosted stars

We utilise the 3+1 decomposition, reviewed in Chapter 2, to numerically evolve the BS
binary. We remind the reader that the spacetime metric is decomposed into the spatial metric
γi j, the shift vector β i and the lapse function α in adapted coordinates xα = (t,xi) according
to

ds2 = gµνdxµdxν =−α
2dt2 + γmn(dxm +β

mdt)(dxn +β
ndt) , (7.4)

and the extrinsic curvature is given by the spatial projection of the covariant derivative of
the time like unit normal nα of the foliation, Kαβ =−(δ µ

β +nµnβ )∇µnα . In analogy to the

2A soliton describes a wave packet solution that maintains its shape during propagation.
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extrinsic curvature, we additionally define a time derivative for the scalar field3

Π ..=− 1
2α

(∂tϕ −β
m

∂mϕ) , (7.5)

so that the energy density, momentum density and stress-tensor can be written as

ρ = 2ΠΠ̄+
1
2

∂
m

ϕ̄ ∂mϕ +
1
2

V ,

ji = Π̄∂iϕ +Π∂iϕ̄ ,

Si j = ∂(iϕ̄∂ j)ϕ − 1
2

γi j(γ
mn

∂mϕ̄ ∂nϕ −4Π̄Π+V ) . (7.6)

These sources appear on the right-hand side of the Einstein equations as given in full detail
in Section 2.A (cf. also Eqs. (8)–(12) of Ref. [141]), and the time evolution of the scalar field
is given by the first-order-in-time system of equations

∂tϕ = β
m

∂mϕ −2αΠ, (7.7)

∂tΠ = β
m

∂mΠ+α

[
ΠK +

1
2

V ′
ϕ +

1
4

γ̃
mn (

∂mϕ∂nχ −2χD̃mD̃nϕ
)]

− 1
2

χγ̃
mn

∂mϕ∂nα,

(7.8)
where V ′ = dV/d

(
|ϕ|2

)
. Besides the evolution equations, Einstein’s equations imply the

Hamiltonian, H , and momentum, Mi, constraints given by

H ..= R+K2 −KmnKmn −16πρ = 0, (7.9)

Mi
..= DiK −DmKm

i −8π ji = 0. (7.10)

In order to prescribe linear momentum to the two stars, we boost them towards each
other using a Lorentz transformation following Section 2.3 of Ref. [141]. We now review
the main steps. Our task is to establish the relationship between two frames: a frame of a
single BS at rest, denoted by O with coordinates xα = (t,xk), and a frame Õ with x̃α̃ = (t̃, x̃k)

moving with velocity vi. The latter frame will model our boosted star in the z-direction. The
transformation between the two frames is facilitated by the Lorentz transformation matrix

Λ
α̃

µ =


γ 0 0 −γv
0 1 0 0
0 0 1 0

−γv 0 0 γ

 , (7.11)

3Equation (7.5) is given in the conventions of the LEAN code, whilst in GRCHOMBO the time derivative for
the scalar field is defined via ΠGRChombo = 2Π.
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and its inverse

Λ
µ

α̃
=


γ 0 0 γv
0 1 0 0
0 0 1 0
γv 0 0 γ

 , (7.12)

where γ = (1− v2)−1/2 is the Lorentz factor.
First, the coordinate systems are related via

x̃α̃ = Λ
α̃

µxµ and xµ = Λ
µ

α̃
x̃α . (7.13)

Next, the metric variables of the frames are related by

g̃
α̃β̃

= Λ
µ

α̃
Λ

ν

β̃
gµν , ∂γ̃ g̃

α̃β̃
= Λ

λ
γ̃Λ

µ

α̃
Λ

ν

β̃
∂λ gµν (7.14)

γ̃k̃l̃ = g̃k̃l̃, ∂̃0̃γ̃k̃l̃ = ∂̃0̃g̃k̃l̃, ∂̃m̃γ̃k̃l̃ = ∂̃m̃g̃k̃l̃, (7.15)

K̃k̃l̃ =− 1
2α̃

(
∂̃0γ̃k̃l̃ − β̃

m̃
∂̃m̃γ̃k̃l̃ − γ̃m̃l̃ ∂̃k̃β̃

m̃ − γ̃k̃m̃∂̃l̃β̃
m̃
)
, (7.16)

along with the scalar field transformations

ϕ̃(x̃α) = ϕ(xµ), ∂α̃ ϕ̃ = Λ
µ

α̃
∂µϕ, and Π̃ =− 1

2α̃

(
∂0̃ϕ̃ − β̃

m̃
∂m̃ϕ̃

)
. (7.17)

Finally the lapse and shift directly follow from

β̃k̃ = g̃0̃k̃, α̃ =

√
−g̃0̃0̃

−1
, γ̃k̃l̃ = g̃k̃l̃. (7.18)

7.4 Computational infrastructure

The simulations of BS collisions in this work have been performed with two independent
numerical relativity codes, GRCHOMBO, reviewed in Section 2.7, and LEAN [482]. Both
codes evolve lapse α and shift β i according to the moving puncture gauge [483, 484],
i.e. using 1+log slicing and the Γ driver condition outlined in Sections 2.5.1-2.5.2. Some key
ingredients of the codes differ in evolving the Einstein equations, so we summarise them in
the following Sections and list the grid setups employed for our runs.
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7.4.1 Lean

The LEAN code is based on the CACTUS computational toolkit [156] and employs mesh
refinement in the form of moving boxes as provided by CARPET [157]. The code evolves
the Einstein equations using the Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima
(BSSNOK) formulation [110–112] (cf. Section 2.3 for more details). The computational
domain for all LEAN simulations consists of 7 nested refinement levels: 4 outer levels
centered on the origin and 3 inner levels, each consisting of 2 boxes centered on the two BSs.
The box (edge) size decreases from each outer level inwards by a factor of 2 except for level
4 to 5 where it decreases by a factor of 8. The grid spacing dx decreases by a factor 2 on each
consecutive inner level. We can thus describe a grid in terms of two numbers, the edge L1

and grid spacing dx1 of the outermost level. For the LEAN simulations of this paper we use4

L1 ≈ 1024M, dx1 ≈ 2.67M which implies boxes of size L7 ≈ 4M with spacing dx7 ≈ M/24
on the innermost level.

7.4.2 GRChombo

The GRCHOMBO code evolves the Einstein equations using the covariant and conformal Z4
(CCZ4) formulation [116] (cf. Section 2.4). We set up a grid of length L1 ≈ 512M with 7
additional AMR levels such that on the finest level, the spatial grid spacing is dx7 ≈ M/32.
Finally, we use a tagging criterion based on second derivatives of the complex scalar field
and the conformal factor (see Section 2.7.3 for more details on grid variable tagging).

7.4.3 Convergence testing

The full details of the convergence testing are provided in Appendix 7.C. In summary, the
total error budget, including finite radius extraction and discretisation errors, is 2% for
LEAN and 3.7% for GRCHOMBO. All of the results reported here use extraction radius
RLean

ex ≈ 200M for LEAN and RGRChombo
ex ≈ 120M for GRCHOMBO.

7.5 Boson-star binary initial data construction

The construction of binary initial data is a challenging task in GR, mainly due to the non-
linearity of the Einstein equations and the gauge dependence of the variables describing the
spacetime. For boson stars, we encounter two additional challenges not present for neutron
stars or black holes: (i) exponentially growing modes of single-star solutions and (ii) the lack

4We use approximate equality here, as the total mass in our simulations is roughly one but not exactly.



7.5 Boson-star binary initial data construction 163

of a consistent framework for binary initial data that are conformally flat; cf. for example the
great simplification afforded by Bowen-York data [107, 125]. In this Section, we present an
ansatz for computing BS-binary initial data that significantly reduce constraint violations
relative to the superposition methods used in the literature, and that we also expect to be a
valuable preconditioner reducing unphysical features in a full constraint solving process.

7.5.1 Revisiting the initial data construction for equal-mass binaries

Before describing our proposed methodology, we briefly outline the equal-mass initial data
construction proposed in Ref. [139], which our method then generalises to the unequal mass
case. In the remainder of this Chapter, the initial set-up of our BS binary configurations is as
follows. We start off with two BS stars, star A and star B, initially located at xi

A and xi
B, and

therefore separated by an initial distance d = ||xi
A − xi

B||. We then boost the stars through
Lorentz transformations with initial velocities vi

A and vi
B towards each other. The details of

the 3+1 variables with the Lorentz boost can be found in Ref. [141]. We note that the initial
positions xi

A, xi
B and initial boost velocities vi

A, vi
B are chosen such that the BSs are initially

located in the centre of mass frame; these values will be given in our specification of the
simulations in Table 7.6.2.

The most common procedure for constructing binary initial data is to superpose individual
star solutions in a point-wise fashion. In terms of the 3+1 ADM variables this is written as

γi j = γ
A
i j + γ

B
i j −δi j, (7.19)

ϕ = ϕA +ϕB, (7.20)

Π = ΠA +ΠB, (7.21)

Ki j = γm(i

[
KA

j)nγ
mn
A +KB

j)nγ
nm
B

]
. (7.22)

This method and, in particular, Eq. (7.19) will henceforth be referred to as the method of
plain superposition; here the value of Kronecker delta function, δi j, is subtracted from
the two superposed individual metrics to ensure the Minkowski metric is recovered in the
far-field limit. Whilst the asymptotic flatness condition is thus satisfied, it has been shown in
Refs. [139, 141] that plain superposition can induce large deviations from the equilibrium
values of the volume element,

√
det(γ), at the centres of the stars. This effect arises from the

fact that our binary system no longer contains isolated stars and simply superposing metric
solutions induces a change in the volume element near the center of each BS due to the
influence of its companion (see Appendix A1 of Ref. [139] for more details). To account for
such a change in the volume element for the equal-mass binary stars, Ref. [139] proposes to
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modify the plain superposition by replacing Eq. (7.19) with

γi j = γ
A
i j + γ

B
i j − γ

B
i j(x

i
A) = γ

A
i j + γ

B
i j − γ

A
i j (x

i
B). (7.23)

This modification recovers the equilibrium volume element at the centres of stars A and B as
in the case of isolated stars and from now on we will refer to Eq. (7.23) as the equal-mass fix.
The equal-mass fix has been shown to significantly reduce constraint violations at the centres
of the stars relative to the plain superposition procedure and also mitigate spurious physical
features such as premature collapse of the stars to a BH and/or altered GW signals [141]. We
stress, however, that Eq. (7.23) is only applicable for equal-mass binaries, since in that case
γB

i j(x
i
A) = γA

i j (x
i
B). In the unequal-mass case, this no longer holds true: the volume element

change invoked by each star on its companion will no longer be the same for both stars.

7.5.2 Construction of the generalised unequal-mass initial data

Now, the question arises how to generalise the proposed modification in Eq. (7.23) to unequal-
mass BS binaries. In the spirit of Eq. (7.23), we have to meet only two conditions: fix the
volume element at the centres of each of the stars, xi

A and xi
B. One way to do so is to work

with the 3-metric components γi j directly and introduce spatially varying corrections that
recover the required volume element at the centres of the stars. However, this leads to an
under-determined problem, since each metric has 6 components, whilst we have only 2
conditions to satisfy. Instead, we choose to work with the conformal factor, which is a
scalar density and thus makes it possible to satisfy both conditions at xi

A and xi
B using only 2

parameters.
We start with the plainly superposed metric (7.19) and conformally decompose it with a

conformal factor λ defined by

γ̃i j = λ
−1

γi j with λ = γ
1/3, (7.24)

where det γ̃i j = 1 by construction. We note that the conformal factor λ is related to the
standard BSSN/CCZ4 variable χ by λ−1 = χ . Appendix 7.A discusses more general
choices for the conformal factor and illustrates why the exponent of 1/3 in Eq. (7.24) is a
particularly convenient choice. In our procedure, we leave the conformally rescaled metric
γ̃i j unchanged at the values it takes on in the plain superposition. So far this construction
does not remedy the main error inherited from the plain superposition consisting in the
change of the volume element at the centres of the stars and the resulting perturbation in
their central energy densities. However, we can control the volume element by adjusting the
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superposed conformal factor λ with a correction δλ , such that we recover the equilibrium
volume element at both stars’ centres. At the centers of the stars this correction must satisfy

λnew(xi
A) = λ (xi

A)+δλ (xi
A) = λA(xi

A), (7.25)

λnew(xi
B) = λ (xi

B)+δλ (xi
B) = λB(xi

B) , (7.26)

where λA and λB are the unperturbed conformal factors for stars A and B. In contrast to the
equal-mass case, this approach necessitates a spatially varying correction to the conformal
factor. For this purpose, we construct weight functions wA(xi) and wB(xi) around the centres
of the stars, which will be specified later in this Section. We then propose the following
ansatz for the new conformal factor on the entire initial hypersurface

λnew(xi) = λ (xi)+wA(xi)hA +wB(xi)hB . (7.27)

Here hA and hB are determined by imposing our target conditions in Eqs. (7.25)–(7.26),
which reduce to a (2×2) system of linear equations. The required values of hA and hB are
then found to be

hA =
−wB(xi

A)δλ (xi
B)+wB(xi

B)δλ (xi
A)

wA(xi
A)wB(xi

B)−wA(xi
B)wB(xi

A)
, hB =

wA(xi
A)δλ (xi

B)−wA(xi
B)δλ (xi

A)

wA(xi
A)wB(xi

B)−wA(xi
B)wB(xi

A)
.

(7.28)
For these constants hA and hB the newly corrected conformal factor λnew allows us to recover
the desired volume element at the centres of the stars, as if they were isolated. This can be
seen by considering the newly re-scaled metric

γ
new
i j =

(
λnew

λ

)
γi j =

λnew

γ1/3 γi j, (7.29)

where γ−1/3γi j has unit determinant by construction and therefore ensures that γnew(xi
A) =

γA(xi
A) and likewise for star B.

We are now left to choose what weight functions to use around the stars in Eq. (7.27).
Focusing here on asymptotically flat spacetimes, we wish to obtain metric corrections that
fall off ∝ 1/r. To guarantee such behaviour we construct the following weight functions

wJ(xi) =
1√

R2
J + r2

J

, (7.30)

where J ∈ {A,B}, rJ
..= ||xi−xi

J|| and RJ are freely specifiable constants that control the width
of the functions. Our initial data method therefore consists of the following main steps:
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Model
√

GA(0) µMBS ω/µ µr99 max(m(r)/r)
S-170 0.17 0.7134 0.4392 3.97 0.222
S-160 0.16 0.5368 0.5375 4.18 0.166
S-147 0.147 0.3606 0.6784 4.48 0.115
S-100 0.1 0.2701 0.8506 6.21 0.070

Table 7.6.1 Solitonic BS models with
√

Gσ0 = 0.2 considered in this work. A(0) denotes the
central scalar field amplitude, MBS the mass of the BS, ω the frequency of the ground state
solution, r99 the areal radius containing 99% of the BS mass, and max(m(r)/r) our measure
of compactness. Note that for this potential the maximum mass of a BS is µMBS = 0.7212.

1. Construct the plainly superposed metric γi j according to Eq. (7.19).

2. Construct the conformal factor λ from a plainly superposed metric according to
Eq. (7.24).

3. Choose a suitable parameter pair (RA,RB).

4. Compute corrections at the stars’ centres, δλ (xA) and δλ (xB), according to Eqs. (7.25)-
(7.26) required for calculation of constant hA and hB in Eq. (7.28).

5. Correct the conformal factor λ to λnew in Eq. (7.27) to recover the equilibrium volume
element at the stars’ centres.

The choice of the two parameters, RA and RB, in step (2) will be explored in more detail
through our numerical simulations in the next Section.

7.6 Set-up and exploration of the parameter space

In this Section, we start by listing the BS models we study in this work in Table 7.6.1. We
focus on the solitonic BSs, with

√
Gσ0 = 0.2, which allows us to access a variety of mass

ratios, including heavy and relatively compact BSs. To construct binary systems of various
mass ratios q = MA/MB, where MA < MB, we superpose combinations of the BS models
from Table 7.6.1. The resulting binary configurations are detailed in Table 7.6.2.

7.6.1 Equal-mass binaries

For equal-mass binaries, the equal-mass fix (7.23) has been shown to remedy the spurious
effects of plain superposition [141]. It is therefore important to verify that our method
recovers these improvements in the equal-mass limit. First, we recall that our method
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Run
Model
for star

A

Model
for star

B
vA

x (0) vB
x (0) d/M q Code

q1-dX-pX S-170 S-170 −0.1 0.1 11.2,22.3,33.5,44.6 1 both
q075-dX-pX S-160 S-170 −0.1141 0.0859 12.7,25.5,38.2,50.9 0.75 GRCHOMBO
q05-dX-pX S-147 S-170 −0.1328 0.0672 14.8,29.7,44.5,59.3 0.5 LEAN
q038-dX-pX S-100 S-170 −0.1451 0.0549 16.2,32.4,48.6,64.8 0.38 both

Table 7.6.2 Binary initial data configurations considered in this work. Each run has a suffix
dX-pX, where dX is a wildcard for the initial separation and pX is a wildcard for the off-phase
parameter in degrees, 180◦

π
δφ ∈ [0◦,360◦). In our convention, the off-phase parameter, δφ ,

is added to star A, whilst for star B it remains zero. Here vJ
x for J ∈ {A,B} denote the initial

boost velocities with associated Lorentz factors γJ, d = ||xi
A − xi

B|| is the initial separation
and M = γAMA

BS + γBMB
BS is the total mass of the binary.

requires the choice of free parameters (RA,RB). As shown in more detail in Appendix 7.B,
we can recover both, plain superposition and the equal-mass fix, as limiting cases of this
choice. Specifically, in the limit RA,RB → 0, our initial data reconstruction recovers plain
superposition, whilst for the equal-mass case and in the limit RA,RB → ∞, we recover exactly
the equal-mass fix (7.23). Our method thus provides a direct generalization for constructing
BS binary initial data with arbitrary mass ratios that includes plain superposition and the
equal-mass fix as limiting cases. We next verify this claim empirically by evolving in
time the binary configuration q1-d11-p000 using four types of superposition: plain, the
equal-mass fix and our generalised method using very small and very large (RA,RB), namely
RA = RB = 0.1 and 1000. Figure 7.6.1 shows the gravitational waveforms and the central
scalar field value as functions of time obtained for these four cases. The Figure demonstrates
excellent agreement of our proposed method with plain superposition and the equal-mass fix,
respectively, for RA = RB = 0.01 and RA = RB = 1000.

7.6.2 Unequal-mass binaries

In the unequal-mass case, the choice of radial parameters (RA,RB) is more complex. Chang-
ing the profile shape of the radial functions affects the extent to which the corrections are
applied to the conformal factor in Eq. (7.27) around the centres of the stars: very small
(RA,RB) will result in smaller corrections around the stars and vice versa. As such, there
exists a region of suitable radial parameters, which we find numerically by calculating the
L2-norm of the Hamiltonian constraint (7.9) in the parameter space of (RA,RB). Figure 7.6.2
demonstrates the dependence of the L2-norm of the Hamiltonian constraint violations on
the choice of radial parameters for a binary configuration with q = 0.75. We show the
corresponding “heat-maps” for other mass ratios in Appendix 7.D. It is important to note that
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Fig. 7.6.1 Left: Real parts of the (20)-mode of the Newman-Penrose scalar Ψ4 for binary
sequence q1-d11-p000, obtained for plain superposition, the equal-mass fix and our im-
proved method. The waveforms have been shifted by tpeak, the time at which the maximum
GW amplitude is reached. Right: Maximum of the scalar field amplitude for the same
binary configuration. Notably, plain superposition leads to formation of a BH well before the
equal-mass fix, therefore resulting in an altered gravitational waveform. Here we indicate the
merger time by the vertical lines.

there are regions in the parameter space, where the initial constraint violations become very
large – these regions are indicated by the grey shaded area for readability. The diverging
behaviour of the constraints for certain pairs of (RA,RB) can be attributed to a zero crossing
of λnew away from the stars’ centers, which results in a singular 3-metric. Regions in the
parameter space where this happens are evidently not suitable for time evolutions.

In the following, we base our specific choices for radial parameters (RA,RB) on two
criteria. First, the pair has to result in reduced constraint violations relative to plain super-
position, and second, they should remedy spurious oscillations in the time evolutions of
the scalar field profiles that result from plainly superposed initial data5. In this Section we
focus on constraint violations, whilst we discuss the scalar field profiles in more detail in
Section 7.7.3. For unequal-mass BS binaries, we find that radii RA = 10−100 (light BS)
and RB = 1−100 (heavy BS) work generally well. For smaller mass ratios q ≲ 0.5 we find
that (RA,RB) differing by at most one order of magnitude are optimal. We note that different
pairs (RA,RB) can result in small global time-shifts in the GW signals due to gauge effects;
besides this time shift, however, the phase and amplitude of the waveforms remain unaffected.
We summarise our choices of radial parameters in Table 7.6.3 for all unequal-mass binary
configurations studied here.

For the radial parameters thus chosen, we observe a particularly pronounced reduction
in the constraint violations at the centres of the stars relative to plain superposition. This

5Note that these two criteria are not the same; it is for instance possible to choose (RA,RB) that reduce the
constraint violations without satisfactorily reducing scalar field oscillations.
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Fig. 7.6.2 Left: Log plot of the L2-norm of the Hamiltonian constraint violations (normalised
by the central energy density 16πρctr of the heavier star) across the simulation grid for
the binary configuration q075-d12-p000. The grey region indicates the parameter space
of (RA,RB) where constraint violations diverge. The values of constraint violations have
been interpolated onto the full domain using the runs performed indicated by the yellow
circles. Right: A zoom-in on the region (RA,RB) ∈ [(0,100)× (0,100)]. Asymmetries in the
constraint violations are visible across the diagonal RA = RB, demonstrating the non-trivial
dependence of the constraints on the choice of radial parameters. In the equal-mass case,
we have verified that the constraint violations are symmetric under exchange A ↔ B, as
expected. The results for the remaining mass ratios are displayed in Figure 7.D.1.

Run RA RB
q075-dX-pX 100 1
q05-dX-pX 10 100
q038-dX-pX 10 100

Table 7.6.3 Choice of radial parameters (RA,RB) for the unequal-mass binaries considered in
this work.

is as desired by construction of our method, since the correction to the volume element is
imposed exactly at the stars’ centres. As for the equal-mass fix studied in Ref. [141], we find
this effect to be particularly pronounced in the Hamiltonian constraint. This is illustrated in
Figure 7.6.3, which shows the constraint violations along the collision axis (x-axis) for the
binary q05-d15-p000. Other binary configurations result in qualitatively similar constraint
violation profiles.



170 Head-on collisions of boson stars

−10 −5 0 5 10
x/M

10−9

10−7

10−5

10−3

lo
g 1

0
|
H

1
6
π
ρ
ct

r|

plain superposition

RA=10, RB=100

−10 −5 0 5 10
x/M

10−8

10−6

10−4

10−2

lo
g 1

0
|M

x

8
π
j x
,c
tr
|

plain superposition

RA=10, RB=100

7.5 10.0 12.5
10−6

10−4

10−2

Fig. 7.6.3 Log-scaled Hamiltonian constraint H (normalised by the central energy density
16πρctr of the heavier star) and the x-component of the momentum constraint Mx (normalised
by the central momentum density 8π jx,ctr of the heavier star) computed along the collision
axis of the binary of mass ratio q = 0.5 and initial separation d/M = 14.8.

7.7 Results: time evolutions of off-phase BS binaries

7.7.1 Equal-mass collisions

We begin the discussion of our results with the simplest case of equal-mass collisions
simulated using plain superposition and the equal-mass fix. It has been shown in Ref. [141]
that for q = 1 binaries with δφ = 0, plain superposition results in two crucial spurious
features:

1. premature BH formation as indicated by a sudden drop in the scalar-field amplitude
at the BS center and AH formation; i.e. the two BSs collapse to a BH prior to merger
(cf. Figure 9 of Ref. [141]), which can be attributed to the spurious oscillations of the
scalar field’s central amplitude,

2. energy dependence on the initial separation, which was found to be less pronounced
for solitonic BSs.

Extending the argument of Ref. [141] to the case of arbitrary δφ , we span the dephasing
parameter space over the range6 δφ ∈ [0,π]. Similar to Ref. [141], we find that plain
superposition results in premature BH formation regardless of the dephasing parameter
δφ . Therefore, in case of plain superposition, the radiated energy becomes independent of
the dephasing angle, as is demonstrated in the left panel of Figure 7.7.1. In contrast, the
equal-mass fix avoids premature BH formation for all choices of δφ and the radiated energy
takes on a non-trivial dependence on the dephasing parameter as displayed in the right panel
of Fig. 7.7.1. This panel furthermore demonstrates that for large δφ the second observation

6The range δφ ∈ (π,2π] is automatically covered by symmetry.
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Fig. 7.7.1 Radiated energy Erad as a function of the phase off-set parameter δφ for equal-mass
BS binary head-on collisions q1-dX-pX of Table 7.6.2 starting from different separations
d/M using plain superposition (left panel) and the equal-mass fix (right panel). The single
error bar displayed at δφ = π/2 in the right panel indicates our numerical uncertainty which
is very similar for all data points.

in the above list no longer holds: for δφ ≳ 1, the radiated energy does vary significantly
with initial separation. As we will discuss in more detail below, the choice of the dephasing
parameter can significantly affect the dynamics and GW energy emission for equal as well as
for unequal-mass BS binaries.

The role of the phase offset has been studied before in the context of head-on collisions
of Proca stars and was found to significantly affect the GW emission and mode structure of
the stars [485]. Similarly, in Ref. [486] the phase parameter was found to impact the merger
dynamics of real-scalar-field solitons, aka oscillatons (OSs). In particular, over a considerable
range of compactness values they find anti-phase (δφ = π) OS head-on collisions to bounce
whereas equal-phase (δφ = 0) collisions result in dispersal of the scalar field; cf. their
Fig. 1. A similar repulsive effect has been found for δφ = π in BS head-on collisions in
Refs. [408, 487], where in particular Appendix B of Ref. [408] gives an explanation in terms
of an effective interaction potential. This feature may be connected to the fact that anti-phase
collisions produce destructive interference, as shown in the case of Newtonian gravity in
Ref. [488]. Our collision sequences q1-dX-pX involve highly compact solitonic stars, and so
a BH forms post-collision. We therefore do not observe bounces in the anti-phase collisions,
but the scalar field’s repulsive character still manifests itself in a weaker signal and reduced
radiated energy. Equal-phase configurations form a BH most ‘efficiently’ and result in the
largest energy burst.
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The energy dependence on the phase off-set is most naturally modelled as a single
sinusoidal function7; cf. Eq. (16) in Ref. [488]. This is confirmed by our numerical results in
Figure 7.7.1, which are well fitted by

Efit = A1sin( f1δφ + p1)+ s, (7.31)

where amplitude A1, frequency f1, phase p1 and shift s are determined using a least-squares
algorithm. From the right panel of Figure 7.7.1, it is clear that in the evolutions starting from
the equal-mass fix, some energy discrepancy occurs between various separations. Whereas
for δφ ≲ 1 the radiated energy varies only mildly with d/M, it increases significantly with
initial separation for larger dephasing parameters. In all cases, however, we observe a gradual
convergence of the energy for large d/M, albeit at distinct rates for different δφ . These
effects can be attributed to the increase in the collision velocity that results from larger
separations and enhances the merger dynamics. We can likewise attribute the decrease of
Erad for larger δφ to the off-phase scalar fields’ repulsion and a consequential weakening
of the merger dynamics. However, a higher collision velocity (equivalent to larger initial
separation) appears to ‘break down’ the repulsive nature of the scalar field, thus narrowing
the energy discrepancy as d → ∞. For the collisions starting from plain superposition, we
also observe convergence of the radiated energy in the limit of large separations, but here the
energy is a constant function of δφ for each given d.

The increase of energy with separation due to higher collision velocity is a plausible
interpretation, supporting our results. But is it correct? We quantitatively test the hypothesis
as follows. Using the Newtonian approximation, we estimate that in the evolution starting
from initial separation d/M = 22.3 and initial boost velocity v = 0.1, a velocity v = 0.18
is reached at distance d/M = 11.2. BS collisions with d/M = 11.2 and this larger velocity
v = 0.18 would then be expected to result in energy values comparable to those obtained for
the d/M = 22.3, v = 0.1 sequence. Likewise, BS collisions starting with d/M = 11.2 and
v = 0.199 (0.208) should reproduce the coral (purple) curves for d/M = 33.5 (d/M = 44.7)
in Fig. 7.7.1.

In simple terms, we should obtain a transition of the dark blue curve for d/M = 11.2 in
Fig. 7.7.1 into the teal coloured one for d/M = 22.3 by fixing d/M = 11.2 and increasing
the initial velocity from v = 0.1 to v = 0.18. The left panel of Fig. 7.7.2 illustrates this
transition by displaying the energy obtained for equal-mass collisions with initial separation
d/M = 11.2 and varying the initial boost velocity in the range v ∈ [0.1,0.18]. For δφ ≳ 1

7Note that in the equal-mass collisions the two stars oscillate at the same frequency. For δφ = 0 they
therefore have identical phases throughout the entire infall. By perturbing the phase of one of the stars with δφ ,
we change the phase difference at merger δφmerger by the same amount, i.e. δφmerger = δφ .
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Fig. 7.7.2 Left: The radiated energy Erad is shown as a function of the phase offset parameter
δφ as in Fig. 7.7.1, but now for BS binary configurations starting from initial separation
d/M = 11.2 with different velocities. For v = 0.18, the radiated energy closely matches
the teal coloured curve of the d/M = 22.3, v = 0.1 binary as predicted by a Newtonian
calculation of the infall velocity. Right: The radiated energy is shown as a function of time
for BS binaries with a phase offset δφ = π . Again, starting a BS binary from d/M = 11.2
with a larger velocity, as obtained from a Newtonian calculation, the energy functions for
v = 0.1 but larger initial separation are recovered. The initial separation d is given in units of
M, even though this factor has been omitted in the legends for presentation purposes.

we observe a gradual increase in the energy with rising initial boost velocity. This increase
is most pronounced for the anti-phase sequence whereas the velocity change has almost no
effect on the radiated energy for in-phase binaries. Over the entire range δφ ∈ [0,π], however,
we recover with high accuracy the radiated energies of the d/M = 22.3 binaries by starting
from d/M = 11.2 with larger velocity v = 0.18 as predicted by the Newtonian calculation.
We are likewise able to recover comparable energies for separations of d/M = 33.5 and
d/M = 44.7 by starting the sequence with d/M = 11.2 with yet higher initial boost velocities;
see the right panel of Fig. 7.7.2.

7.7.2 Unequal-mass collisions

In the remainder of this Section, we focus on the unequal-mass binary simulations and
present a direct comparison between the results obtained for plain superposition (7.19) and
our improved method for q ̸= 1 binaries developed in Section 7.5.2. There are two limits, in
which we would expect the two methods to give comparable results:

1. With decreasing mass ratio, the metric of the lighter star will approach Minkowski,
hence the volume factor change induced by it on the heavier star will be negligible.
For plainly superposed data, overall constraint violations will be reduced, however, the
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volume factor change induced on the lighter star by its heavier companion would be
inevitable, resulting in spurious star excitations.

2. In the limit of infinite separation (d → ∞), both stars will be isolated and therefore
even start in their ‘equilibrium’ state for plain superposition.

In practice, we are limited to finite mass ratios and initial separations, and as we will see later,
the regimes, where plain superposition can give comparable results to our method require
very large initial separations, often impractical due to the ensuing computational costs.

For this comparison, it is important to realise that in the unequal-mass case, the initial
dephasing parameter δφ no longer represents the dephasing at merger, δφmerger. This is a
consequence of the two stars’ different oscillation frequencies which introduce a “natural”
time-dependent phase offset. Introducing a constant phase offset parameter δφ to one of
the stars adds a constant phase difference to this time dependent dephasing in a controlled
manner. Using multiple values of the initial dephasing parameter δφ for otherwise identical
configurations allows us to cover a complete range of dephasing at merger, δφmerger ∈ [0,2π).

As will be shown in the following analysis, the key effects of varying the off-set parameter
δφ for a given BS binary configuration are as follows:

1. a change in the infall time (Fig. 7.7.5, δφ = 60◦,150◦),

2. a change in the GW amplitude and the radiated energy (Figs. 7.7.4 and 7.7.6),

3. a relative enhancement of higher-order multipoles in the GW signal, indicating signifi-
cant tidal deformation of the lighter star (Fig. 7.7.5, δφ = 60◦,90◦).

First, however, we test our improved initial data construction by exploring the time evolution
of the BSs’ central scalar field amplitude.

7.7.3 Scalar field profiles

The deficiencies of the plain-superposition procedure are diagnosed most directly in the time
evolution of the scalar-field amplitude at the centres of the two BSs. For equal mass head-on
collisions of BSs and OSs, respectively, this has been shown in Fig. 9 of Ref. [141] and Fig. 7
of Ref. [139]. A closer analysis of the scalar-field evolutions we obtain from our equal-mass
BS collisions of Section 7.7.1 confirms this picture for all values of the dephasing parameter
δφ . In this Section, we demonstrate that for sufficiently compact BSs plain superposition
results in the same spurious effects in the unequal-mass BS collisions, namely spurious
oscillations of the two stars’ central scalar amplitudes around their equilibrium values that
subsequently trigger premature collapse to a BH.
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Fig. 7.7.3 Evolution of the central scalar field |ϕc| of the two BSs for the mass ratio q = 0.5
using plain superposition (left) and the improved method (right). The results for the heavy
star B are shown as solid and those for the light star A as dotted curves, and the colour
encodes the initial separation. For each configuration, the phase offset δφ has been chosen
to maximise the GW radiation; cf. Table 7.7.1. The vertical dashed lines mark the time
of formation of a common apparent horizon. The inset shows the early evolution of |ϕc|
for the heavy star B up to the point of divergence; plain superposition results in significant
oscillations of |ϕc|. For d/M = 14.8 and 29.7, these oscillations trigger a premature collapse
of the heavy star into a BH (signalled by the rapid drop of |ϕc| to zero) well before a common
apparent horizon forms.

d/M 14.8 29.7 44.5 59.3
δφ (plain) 330◦ 60◦ 60◦ 30◦

δφ (improved) 240◦ 210◦ 120◦ 0◦

Table 7.7.1 Choices of dephasing parameters δφ maximising the GW energy for q05-dX-pX
binary configuration.

In this analysis of unequal-mass collisions, we encounter one minor difficulty, the a-
priori unknown dephasing at merger. To ensure that our comparison of binaries starting from
different initial separations is not adversely affected by possible variations in the dephasing at
merger, we choose for each separation the initial phase-parameter that maximises the radiated
GW energy (cf. Fig. 7.7.6 below). For the mass ratio q = 0.5 and our two superposition types
the specific values of the dephasing parameter can be found in Table 7.7.1.

The resulting time evolutions |ϕc(t)| are shown for all four initial separations and both
superposition methods in Fig. 7.7.3 and exhibit the same features as mentioned above: plain
superposition (left panel) results in significant unphysical oscillations of |ϕc| which for
d/M = 14.8 and d/M = 29.7 also cause a collapse of the heavier star B into a BH well
before a common horizon forms as marked by the vertical dashed lines. For the larger
separations d/M = 44.5 and d/M = 59.3, the premature BH formation is avoided, but
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plain superposition still results in significant pulsations of the BSs. In contrast, the scalar-
field amplitude of both BSs remains very close to its equilibrium value for our improved
superposition method throughout the infall as demonstrated in the right panel of Fig. 7.7.3.
As expected, significant dynamics in the scalar field, including the eventual collapse to
a single BH, are only encountered around merger: the local maximum in the scalar field
coincides with common horizon formation for small and large initial separations alike.

We have repeated this analysis for different mass ratios and different choices of the
dephasing parameter. As it turns out, the dephasing parameter has no significant effect on the
results shown in Fig. 7.7.3 and our above concern about choosing δφ appropriately has been
unnecessary. The mass ratio, however, does affect the results to some extent. The spurious
effects of plain superposition are even more pronounced for q = 0.75 (where premature BH
formation occurs for all but the largest d/M) and less pronounced for q = 0.38 (where only
the smallest initial separation results in premature BH formation). This q dependence is fully
consistent with the above observation (i) in Section 7.7.2 that plain superposition becomes
viable for q → 0.

7.7.4 Gravitational waveforms

As we have seen in Section 7.7.1 and, in particular, in Fig. 7.7.1, the initial binary separation
d can have a significant effect on the magnitude of the GW signal due to the corresponding
differences in the collision velocity around merger. This variation arises additionally due to
the choice of the initial dephasing parameter δφ . We can still check the consistency of our
evolutions, however, in the limit of large separation d and simultaneously selecting δφ such
that it maximises the GW energy. Specifically, we show the resulting GW signals in Fig. 7.7.4
for the q075-dX-pX binaries with initial separation from d/M = 12.7 to d/M = 50.9 and
the q038-dX-pX binaries with d/M = 16.2 to d/M = 64.8. The dephasing parameters δφ

maximising the GW energy for these configurations are shown in Table 7.7.2.

q = 0.75 q = 0.38
d/M 12.7 25.5 38.2 50.9 16.2 32.4 48.6 64.8

δφ (plain) 300◦ 330◦ 330◦ 270◦ 330◦ 150◦ 180◦ 180◦

δφ (improved) 180◦ 240◦ 270◦ 270◦ 180◦ 330◦ 300◦ 210◦

Table 7.7.2 Choices of dephasing parameters δφ maximising the GW energy for q075-dX-pX
and q038-dX-pX binary configurations.

The Figure clearly demonstrates that for mass ratio q = 0.75 (q = 0.38), our improved su-
perposition method results in comparable GW amplitudes for initial separations d/M ≳ 25.5
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Fig. 7.7.4 20-modes of the Newman-Penrose scalar Ψ4 of binary configurations with q= 0.75
(upper) and q = 0.38 (lower) with varying initial separation, d. For each mass ratio, initial
separation and superposition method, we choose the phase off-set parameter that maximises
the GW energy; cf. Table 7.7.2. The straight line shows the waveform obtained for our
improved method, whilst the dashed line shows that for plain superposition. As we increase
the separation, both superpositions give comparable results. This is most notable in the case
of smaller mass ratio q = 0.38, where good agreement is already reached at smaller distances
d/M ≳ 32.4.

(d/M ≳ 32.4). This convergence in the GW signal (maximised over δφ ) is as expected for
large initial separations. In contrast, plain superposition only achieves this convergence for
much larger initial separations, namely d/M ≳ 50.9 (d/M ≳ 32.4). For small initial separa-
tions, plain superposition systematically results in weaker GW amplitude when compared
to our improved superposition method. In fact, this is a distinct feature of premature BH
formation that occurs precisely for these plainly superposed configurations; cf. Section 7.7.3.
As expected, the agreement in the GW amplitude between the two superposition methods
improves as we increase the separation and/or decrease the mass ratio, i.e. the very limits
described in items (i) and (ii) of Section 7.7.2.

Quite remarkably, we obtain the largest GW amplitudes for the smallest mass ratio
q = 0.38. This mass ratio also exhibits the most interesting waveforms. For a wide range
of the dephasing angle δφ , we find the GW radiation to be quadrupole dominated with a
merger pulse reminiscent of BH head-on collisions; see e.g. Fig. 8 of Ref. [482]. However,
certain phase off-set parameters result in fainter and aberrant GW signals with signatures of
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Fig. 7.7.5 20-modes and 30-modes of the Newman-Penrose scalar Ψ4 for the improved
binary configuration q = 0.38 with initial separation d/M = 64.8 and different phase off-set
parameters δφ . The prominent feature of certain off-set parameters (e.g. δφ = 60◦,90◦) is
that they result in fainter GW signals with more complex structure and ℓ= 3 modes become
comparable in amplitude to the ℓ= 2 ones. This is unlike the head-on BH case of the same
mass ratio, where ℓ= 3 mode is roughly 5 times smaller than the ℓ= 2 mode [3].

tidal deformation of the binary constituents. We attribute this more complex shape of the
fainter signals to the lighter BS in the binary becoming more prone to tidal effects from its
more compact and heavier companion. For a given self-interaction constant σ0 and with
decreasing mass, it has been shown that tidal deformability of the star increases [344], and as
a result the gravitational waveform can significantly depart from the BH-like form [489]. We
illustrate this phenomenon in more detail in Fig. 7.7.5, which shows the q = 0.38 waveforms
for phase off-set parameters δφ = 60◦,90◦,150◦,210◦. The former two give the smallest
GW amplitude and exhibit significant deformation, whilst the latter two show a clear, ‘black
hole’ like signal. In the case of fainter GW signals, the importance of higher modes becomes
more prominent: as indicated in the same Figure, ℓ= 3 modes become almost comparable in
amplitude to the ℓ= 2 modes for binaries with δφ = 60◦,90◦.
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7.7.5 Energy radiated by unequal-mass binaries
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Fig. 7.7.6 Radiated energy as a function of the phase off-set parameter δφ for binary collisions
of q = 0.75,0.5,0.38. The left panels show the results for plain superposition (7.27) and the
right panels those for our improved superposition.

Similar to the equal-mass binaries, in the unequal-mass case we also observe some
discrepancy in the GW energy with varying initial separation and dephasing parameter.
We recall that these effects (see Fig. 7.7.1) have been attributed to the differences in the
collision velocity and the degree of the repulsive nature of the scalar field. However, in the
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unequal-mass case the dependency of the energy on the dephasing parameter and separation
becomes even more complex. This is due to the fact that the phase difference at merger for
unequal-mass binaries is no longer the initial dephasing δφ we apply to one of the BSs and
as we vary the initial separation d we further change the phase difference at merger.

In Fig. 7.7.6, we illustrate this dependence of the radiated energy on the dephasing
parameter, Erad(δφ), for varying initial separations and all the mass ratios considered here.
As shown in the left column, plain superposition results in flat energy profiles for smaller
separations. We see here once again a manifestation of premature BH formation which
largely eliminates the effect of the scalar field’s dephasing on the merger dynamics. This is
unlike the energy profiles of our improved superposition displayed in the right column of
Fig. 7.7.6. Here the energy dependence on the dephasing parameter takes on an approximately
sinusoidal shape for all separations d. The distinct horizontal shift between these profiles can
be attributed to the infall-time dependent contribution to the dephasing δφ . Except for the
smallest separation and modulo the horizontal shift, the energy profiles exhibit comparable
maxima and minima as we change the initial separation. However, similar to the equal-mass
case, the results for the smallest separation differ significantly, presumably due to differing
collision velocity as illustrated in Fig. 7.7.2.

Since the dependence of the radiated energy on δφ is time-dependent in the unequal-mass
case, Erad(δφ) is no longer described by a single sinusoidal fit (7.31). In fact, we find that a
two-mode sinusoidal fit

Efit =
2

∑
i=1

Aisin( fiδφ + pi)+ s (7.32)

well approximates the data. This two-mode fit applies to all configurations using the improved
initial data construction and the data of plain superposition at larger initial separations. Only
in the case of small initial separations, where plain superposition results in premature BH
formation, the energy is well fitted with the one-mode fit (7.31); here the BH formation
eliminates the overall effect of the dephasing as well as any complications arising from its
time dependence during the merger stage. In summary, our results demonstrate that plain
superposition not only results in quantitative changes in the emitted GW signals, but also
leads to a significant over-simplification of the merger dynamics.

7.8 Conclusion

In this Chapter, we have extended previous studies of boson-star (BS) binaries in two principle
directions: (i) we have generalised the initial data construction for equal-mass BS binaries of



7.8 Conclusion 181

Ref. [141] to the unequal-mass case, (ii) we have systematically explored the effect of the
scalar field’s dephasing δφ on the merger dynamics and GW emission.

For all mass ratios and dephasing parameters, we have shown how plainly superposed
initial data can result in spurious physical effects, such as increased constraint violations,
oscillations of the scalar fields’ central amplitudes and premature BH formation. The key
drawback of plain superposition that leads to these spurious effects is its failure to recover
equilibrium values of the volume element at the stars’ centres. By appropriately correcting
the conformal factor of the spatial metric, our method exactly recovers the equilibrium
volume element at the centres of the stars and thus circumvents the spurious features of
plainly superposed data for all mass ratios and δφ . Notably, our improved method explicitly
incorporates the equal-mass fix and plain superposition as limiting cases.

Similar to previous studies (e.g. Refs. [410, 486, 487]), we find that the choice of the
dephasing parameter significantly affects the merger dynamics of BS binaries, most notably
through the repulsive character of merging scalar-field solitons with large phase differences.
Crucially, for unequal-mass binaries, this phase difference is not equal to the initial dephasing
parameter δφ but also acquires a time-dependent contribution due to the individual BSs’
different oscillation frequencies.

To leading order, we find that the radiated energy and, hence, GW amplitude depends
approximately sinusoidally on the dephasing parameter.

More specifically, we find equal-mass collisions to result in the strongest GW signals
(and maximal energy) for δφ = 0, i.e. configurations with equal phase at merger. As the
dephasing δφ is increased towards π , the energy and GW amplitude decrease monotonically.
For unequal-mass binaries, we observe the same behaviour, accompanied, however, by a
constant offset in δφ due to the differing oscillation frequencies and the subsequent additional
phase offset at merger; cf. Figs. 7.7.1 and 7.7.6.

In general, the BSs’ phase offset introduces considerable complexity to the merger
dynamics and GW emission. In the equal-mass case, this manifests itself most prominently in
a significant variation of the GW energy from off-phase BS binaries as we change the initial
separation; cf. Fig. 7.7.1. We attribute this variation to differences in the binaries’ binding
energies and the corresponding differences in the collision velocities as shown in Fig. 7.7.2.
We observe the same phenomenon for unequal-mass binaries but with maximal and minimal
radiation occurring for shifted values of δφ which we ascribe to the time dependent nature
of the dephasing. The extent of the energy discrepancy depends on the dephasing parameter.
This may be connected to complex interactions between the collision velocity and the scalar
fields’ repulsion, which we leave for future study.
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Additionally our unequal-mass collisions exhibit several distinct features which we
summarise as follows.

1. As shown in Fig. 7.7.6, smaller mass ratios produce larger GW energy than the equal-
mass case. This is in contrast to the BH case, where Erad ∼ η2 ..= q2/(1+q)4 [287],
where η is a monotonically decreasing function of q.

2. As shown in Fig. 7.7.5, certain dephasing parameters result in weaker GW signals with
signatures of tidal deformation. For these configurations, higher modes, such as ℓ= 3,
exhibit almost comparable magnitude as their quadrupolar counterparts, especially in
the case of binaries with q = 0.38. This is unlike the black hole case, where the ℓ= 3
mode is 5 times smaller than the ℓ= 2 mode [3].

3. The numerical data of the radiated energy Erad(δφ) in Fig. 7.7.6 displays some devi-
ation from the pure sinusoidal fit of (7.31) and is better described by the two-mode
sinusoidal fit (7.32). We believe this is a feature of the time-dependent phase difference
during the merger.



Appendix

Appendix 7.A Choice of conformal factor

In Eq. (7.24), rewritten here as

γi j = λ γ̃i j ⇔ γ̃i j = λ
−1

γi j with λ = γ
1/3 ,

we have expressed the conformal factor in terms of the variable λ = γ1/3. The exponent
1/3 is, of course, a free choice in this equation and we will now explore the implications
of choosing a different exponent and why 1/3 turns out to work particularly well in our
practical applications. Let us start with the conformal factor motivated by the Schwarzschild
metric in (Cartesian) isotropic coordinates,

ds2 = −
(

2r−M
2r+M

)2

dt2 +

(
1+

M
2r

)4

δi jdxi dx j (7.33)

= −
(

2r−M
2r+M

)2

dt2 +ψ
4
δi jdxi dx j . (7.34)

Note that the spatial metric is now written as

γi j = ψ
4
δi j , (7.35)

which is Eq. (7.24) – for the special case of conformal flatness – written in terms of the
alternative variable ψ and an exponent 4. We generalise this freedom of writing the conformal
factor by introducing the variable

Λ = ψ
n = γ

n/12 with γ ..= detγi j , (7.36)
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Name Variable Relation to γ̃i j
Standard notation for isotropic Schwarzschild ψ γi j = ψ4γ̃i j = ψ4δi j

General conformal function Λ = ψn γi j = Λ4/nγ̃i j
BSSN/CCZ4 conformal factor χ γi j = χ−1γ̃i j
Conformal variable for n = 4 (our preferred choice) λ γi j = λ γ̃i j

Table 7.A.1 A list of the conformal factor functions used in our discussion of binary initial-
data construction. Note that in the main text we fix n = 4 in the newly defined conformal
factor, so that γi j = λnewγ̃i j.

where8 n ∈ Z. For n =−4, for example, we recover the customary BSSN/CCZ4 conformal
function Λ = χ , whilst for the choice of n = 4 we recover the conformal factor Λ = λ = γ1/3

of Eq. (7.24). In the general case, we conformally decompose the spatial metric according to

γi j = γ
1/3

γ̃i j = Λ
4/n

γ̃i j with det γ̃i j = 1 . (7.37)

In our construction of BS binary initial data, we start with the spatial metric γi j obtained from
plain superposition and then conformally rescale this metric in order to correct the volume
element at the individual BSs’ centers. This correction gives us a new spatial metric

γ
new
i j =

(
Λnew

Λ

)4/n

γi j =
Λ

4/n
new

γ1/3 γi j = Λ
4/n
newγ̃i j. (7.38)

By construction, this correction will recover the correct volume element at the centers of
both BSs for any choice of n. The metric corrections thus introduced in the neighbourhood
of the BS centers, however, will differ for different choices of n. And we see in Eq. (7.38)
that the conformal rescaling is a linear function of our conformal variable only for n = 4. If
we Taylor expand the rescaling factor Λnew/Λ around either BS center (where, we recall, it
gives us the exact correction), then any choice n ̸= 4 will result in complicated additional
terms in the Taylor expansion of the factor (Λnew/Λ)4/n. We cannot rigorously prove that
this non-linearity in Eq. (7.38) inevitably leads to a significant deterioration of our initial data
construction, but this is exactly what we observe in all our numerical experiments; choices
n ̸= 4 systematically result in significantly larger constraint violations compared to those of
Fig. 7.6.3 and generally more so the further n deviates from 4.

As a summary, we list in Table 7.A.1 the different variables for the conformal factor
discussed in our initial data construction.

8In principle we could allow for any n ∈ R here, but for practical reasons have performed numerical tests
only for integer n.
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Appendix 7.B Improved superposition in the limits RA,RB →
0 or RA,RB → ∞

In Section 7.6.2 we have demonstrated that in the equal mass case our improved superposition
(7.29) with RA,RB → 0 results in the same gravitational waveform as obtained with plain
superposition, whilst with RA,RB → ∞ we recover the waveform from the equal mass fix of
Refs. [139, 141]. Here we derive analytically that our proposed method indeed reduces to
plain superposition and the equal-mass fix in the respective limits.

7.B.1 The limit RA,RB → 0

In the limit RA,RB → 0, the weight functions of Eq. (7.30) become

wA(xi) =
1
rA

, wB(xi) =
1
rB

, (7.39)

where rA = ||xi − xi
A|| and rB = ||xi − xi

B||. This implies, in particular, that in Eq. (7.28) the
terms wA(xi

A)→ ∞ and wB(xi
B)→ ∞ diverge at the respective stars’ centres, whereas wA(xi

B)

and wB(xi
A) remain finite, so that

hA →
wB(xi

B)δλ (xi
A)

wA(xi
A)wB(xi

B)
=

δλ (xi
A)

wA(xi
A)

, hB →
wA(xi

A)δλ (xi
B)

wA(xi
A)wB(xi

B)
=

δλ (xi
B)

wB(xi
B)

. (7.40)

The correction δλ (xi) applied to the conformal factor in Eq. (7.27) then becomes

δλ (xi) = wA(xi)hA +wB(xi)hB =


δλ (xi

A) for xi = xi
A,

δλ (xi
B) for xi = xi

B,

0 otherwise.

(7.41)

We thus recover δλ = 0, i.e. plain superposition, everywhere except at the isolated points xi
A

and xi
B. The Dirac δ function like correction at xi

A and xi
B is a consequence of our condition

(7.26) but is lost in numerical evolutions due to finite resolution, so that for RA,RB → 0 we
expect to obtain the same results as for plain superposition.
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7.B.2 The limit RA,RB → ∞

For RA,RB → ∞, we can write the weight functions (7.30) as

wJ(xi) =
1√

R2
J + r2

J

=
1
RJ

(
1+

r2
J

R2
J

)−1/2

≈ 1
RJ

(
1−

r2
J

2R2
J

)
, (7.42)

where J = A,B and we have Taylor expanded to first order in r2
J

R2
J
. Bearing in mind that

rA(xi
A) = rB(xi

B) = 0 and rA(xi
B) = ||xi

B − xi
A|| = rB(xi

A) is simply the separation d of the
two BSs, we obtain, again to leading order,

wA(xi
A)wB(xi

B)−wA(xi
B)wB(xi

A)≈
1

RARB
− 1

RARB

(
1− d2

2R2
A

)(
1− d2

2R2
B

)

≈ 1
RARB

(
d2

2R2
A
+

d2

2R2
B

)
. (7.43)

We likewise expand, to leading order in r2
J

R2
J
, the coefficients hA, hB in the form of their linear

combination in Eq. (7.27),

wA(xi)hA +wB(xi)hB

≈

[
− 1

RB

(
1− d2

2R2
B

)
δλ (xi

B)+
1

RB
δλ (xi

A)
]

1
RA

+
[

1
RA

δλ (xi
B)−

1
RA

(
1− d2

2R2
A

)
δλ (xi

A)
]

1
RB

wA(xi
A)wB(xi

B)−wA(xi
B)wB(xi

A)

=
−
(

1− d2

2R2
B

)
δλ (xi

B)+δλ (xi
A)+δλ (xi

B)−
(

1− d2

2R2
A

)
δλ (xi

A)

d2

2R2
A
+ d2

2R2
B

=

d2

2R2
B

δλ (xi
B)+

d2

2R2
A

δλ (xi
A)

d2

2R2
A
+ d2

2R2
B

. (7.44)

In the equal-mass case, the corrections at the BSs’ centers are the same, δλ (xi
A) = δλ (xi

B),
so that

wA(xi)hA +wB(xi)hB = δλ (xi
A) = δλ (xi

B) , (7.45)

which, after multiplication with γ̃i j, is the equal mass fix (7.22).
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Appendix 7.C Gravitational radiation and numerical un-
certainties

In this Section, we calibrate the accuracy of our numerical simulations by studying the
convergence of two BS binary configurations, one obtained with GRCHOMBO and one with
the LEAN code.

7.C.1 Extraction of physical quantities

In our convergence studies for both codes we use the radiated energy. For this purpose, we
extract the GW signal in the form of the Newman-Penrose [279, 280] scalar Ψ4 for outgoing
radiation as described in Section 2.7.5. We then compute the radiated energy via

Erad(t) = lim
r→∞

r2

16π

∫ t

t0
dt ′
∮

S2
dΩ er

∣∣∣∣∫ t ′

−∞

dt ′′Ψ4

∣∣∣∣2 , (7.46)

where er is the unit radial vector of a sphere.

7.C.2 LEAN code

The first case we study is the binary configuration q05_d29_p000 of Table 7.6.2. In terms
of the notation of Section 7.4.1, the grid setup for these runs is given by a domain size
L1 = 1024 with grid spacing (on the innermost refinement level) dx7 = 1/20, 1/24 and 1/32,
respectively, for a total mass M = 1.0787. In Fig. 7.C.1, we show the resulting convergence
analysis for the energy Erad radiated in GWs. We see from the upper panel of the Figure that
the total radiated energy converges at about fourth order. The early part of the signal, which is
dominated by the high-frequency contributions from the spurious “junk” radiation converges
at lower order, approximately first, but does not significantly affect the total radiated energy.
Through comparison with the Richardson extrapolated values, we estimate the discretisation
in the radiated energy to be about 0.6% at medium resolution dx7 = 1/24 which is the
resolution used in our LEAN production runs.

The second main uncertainty in our results arises from the extraction of the GW signal at
finite radius. We determine this error by extrapolating the GW signals computed at seven
equidistant extraction radii in the range Rex = 120 to 240 using a first order fit in 1/Rex

as described in Section 4.13 of Ref. [133] and obtain a numerical uncertainty of 1.4% for
the radiated energy. Combined with the discretisation error, this gives us a numerical error
budget of 2%.
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Fig. 7.C.1 Convergence analysis of the GW energy computed with the LEAN code for the
collision and merger of the BS binary q05_d29_p000 of Table 7.6.2. The upper panel shows
the differences in the energy results obtained for different resolutions, measured here in terms
of the grid spacing on the innermost refinement level. The high-resolution difference has been
rescaled by Q1 = 0.8 and Q4 = 1.57 corresponding to first and fourth-order convergence.
While the small contribution due to noisy junk radiation converges only at first order, the
total radiated energy exhibits convergence close to fourth order. The bottom panel displays
the radiated energy as a function of time for the three resolutions as well as a fourth-order
Richardson extrapolation.

We have analysed in the same way the quadrupole of the Newman-Penrose scalar Ψ4 and
observe the same order of convergence but find a total error about twice as large, 4% in the
GW amplitude.

7.C.3 GRCHOMBO code

Here we study the binary configuration q075_d12_p000 of Table 7.6.2. We use the same grid
set-up as described in the main section with dx= 1/32, dx= 1/40 and dx= 1/48 on the finest
refinement level for low, medium and high resolutions respectively; here the total mass is
M = 1.2558. The results shown in Fig. 7.C.2 demonstrate overall second-order convergence.
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Fig. 7.C.2 Convergence analysis of the GW energy computed with at Rex = 120 for the
GRCHOMBO simulation of BS binary q075_d12_p000 of Table 7.6.2. The difference
between high and medium resolutions has been rescaled by factors Q1 to Q4 corresponding
to convergence of first to fourth order. At early times, the order of convergence fluctuates
between second and third, whilst at later times it settles to just below second order of
convergence.

By comparison with the Richardson extrapolated results, we obtain a discretisation error of
around 1.1% for the low resolution, on which the results of the main text are based on.

We estimate the error due to the finite extraction radius by extrapolating the GW signals
computed at six equidistant radii in the range Rex = 60−120 and find an uncertainty of 2.6%.
This thus gives us a total error budget for GRCHOMBO of 3.7%.

Appendix 7.D Constraint violations in the (RA,RB) param-
eter space

In Fig. 7.6.2 of Section 7.6.2, we have shown the behaviour of the L2 norm of Hamiltonian
constraint over the parameter space (RA,RB) for q = 0.75. In this Appendix we attach results
for the other unequal-mass binary configurations with q = 0.5 and q = 0.38.
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Fig. 7.D.1 The logarithm of the L2-norm of the Hamiltonian constraint violations is shown
for the binary configurations q05-d14-p000 (upper) and q038-d16-p000 (lower panels).
For each case, the right panel shows a zoom-in on the region (RA,RB) = [(0,100)× (0,100)].
The grey region indicates the parameter space of (RA,RB), where constraint violations are
too large; note that this region increases in size for smaller mass ratios.



Chapter 8

Gravitational-wave data analysis with
high-precision numerical relativity
simulations of boson star mergers

The content presented in this Chapter contains material that appears in the co-authored
publication Ref. [490] with U.Sperhake, I.Romero-Shaw, M.Agathos. I have performed all
of the GRCHOMBO simulations. Simulations in LEAN were performed by U.Sperhake. I led
the data analysis, the injections and developed the necessary scripts. The interpretation of
the results was performed jointly with the co-authors of the paper.

8.1 Introduction

You may already be wondering where this boson-star saga of Chapters 5-7 leads to... We have
repeatedly motivated how the ever-increasing ensemble of GW events observed by the Laser
Interferometer Gravitational-Wave Observatory (LIGO) and Virgo provides ample opportuni-
ties to explore some of the deepest mysteries of the cosmos and test the nature of compact
objects: black holes (BHs), neutron stars (NSs) and exotic compact objects (ECOs) [19].
In this Chapter we will finally bring together our numerical relativity simulations of binary
boson-star systems with predictions from present GW analysis pipelines and detectors.

A research programme targeting tests of the nature of compact objects1, in general, faces
several crucial challenges: (i) Given a candidate class of ECOs, can we generate gravitational
waveforms of sufficient longevity and accuracy? (ii) Supposing ECO coalescences occur

1The same modelling challenges are faced by tests of GR using modified theories of gravity. Here however
we focus on boson stars.
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in the Universe, can we detect them with our current search pipelines? (iii) If yes, can we
distinguish them from traditional binary BH (BBH) or NS events? (iv) Can we generate
comprehensive GW template banks suitable as alternatives to BH and NS approximants for
parameter estimation (PE)? The main goal of this Chapter is to explore the answers to these
questions for the case of scalar-field boson stars (BSs) – the self-gravitating equilibrium
solutions to the Einstein-Klein-Gordon equations [62, 96, 358] we have extensively reviewed
in Chapter 5. Despite numerical studies of BS binaries making tremendous progress in the
last decade, focusing in particular on the merger remnants [142, 346, 393, 410, 414, 491],
and analytic approximations for performing PE of BS binary signals [492–494] (see also
Refs. [352, 495] for searches of Proca-star head-on collisions in GW data), we are yet to
achieve a modelling of binary BS systems with the precision obtained for BHs. We take
the first steps towards this goal and numerically compute the first high-precision ∼ 20 orbit
inspiral-merger-ringdown (IMR) waveforms for quasi-circular BS binaries and inject them
into LIGO detector noise. We perform PE using Bayesian inference using BILBY [199] and
assess the ability of present BBH and binary NS waveform templates to recover the injected
signals.

We start with a brief review of the theoretical framework in Section 8.2. Next, we outline
the numerical set-up of our simulations in Section 8.3 and the parameter estimation set-up
in Section 8.4. We present our main parameter estimation results in Sections 8.5-8.6 and,
finally, conclude in Section 8.7. Throughout this Chapter, we use natural units c = 1 = ℏ,
i.e. G = M−2

Pl . Our data and animations are publicly available in Refs. [496–498].

8.2 Theory

By now you probably know the action of BSs in general relativity by heart, but for complete-
ness let us re-iterate it below

S =
∫ √

−g
2

{
R

8πG
−
[
gµν

∇µ ϕ̄∇νϕ +V (ϕ)
]}

d4x, (8.1)

where V (ϕ) is the potential, which in this Chapter we choose to be of solitonic type [380, 499]

Vsol = µ
2|ϕ|2

(
1−2

|ϕ|2

σ2
0

)2

, (8.2)

with σ0 = 0.2. Through appropriate re-scaling of the variables as discussed in Section 5.4.1,
the mass of the scalar can be set to µ = 1 which, henceforth, sets the length scale of our
units. Varying the action (8.1) yields the Einstein-Klein-Gordon equations and spherically
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Model
√

GActr µm ω/µ µr99 C
A17 0.17 0.7134 0.4392 3.97 0.222
A147 0.147 0.3606 0.6784 4.48 0.115

Table 8.2.1 Summary of the solitonic BS models considered in this Chapter. We start by
listing the central amplitude Actr, the mass of the BS m, the frequency of the ground state
solution ω , the areal radius containing 99% of the BS mass r99 and the compactness C.

symmetric solutions are obtained by decomposing the scalar field into amplitude A and
frequency ω ,

ϕ(t,r) = A(r)ei(εωt+δφ). (8.3)

Here we introduce the parameter ε = ±1, determining the rotation of the scalar field in
the complex plane, and the phase offset δφ we have previously encountered in Chapter 7.
Our primary BS always has ε = 1, δφ = 0 and we refer to configurations with secondary
parameters (δφ = 0, ε = 1), (δφ = π

2 , ε = 1), (δφ = π, ε = 1), (δφ = 0, ε =−1) as in-
phase, dephased, anti-phase and anti-BS binaries respectively. Given the central amplitude
Actr = A(0), we obtain a BS solution via the shooting algorithm described in Section 5.4.4
and consider two BS models: a compact “A17” star with

√
GActr = 0.17, and a less compact

“A147” star with
√

GActr = 0.147. In Table 8.2.1, we summarise the properties of these
models.

An intriguing property of BSs, distinguishing them from BHs and making them similar to
NSs, is their tidal deformability, which characterises the stars’ tidal interaction – the higher Λ,
the more susceptible the BS is to tidal deformations. When the binary orbital radius becomes
comparable to the radius of BSs, tides lead to a change in the GW phase and an accelerated
late inspiral, therefore posing a potential channel for unique GW signatures. We estimate the
tidal deformability of our BS models using Ref. [344]. We find that the compact model A17
has dimensionless tidal deformability Λ ∼ 10 [344], whilst the less compact model A147 has
Λ ∼ 10002.

8.3 NR Simulations

8.3.1 Numerical set-up

We focus on equal-mass non-spinning BS binaries of total mass M = 2m, listed in Table 8.3.1.
Similar to the spirit of Chapter 7, our simulations have been performed using two codes,

2Depending on the equation of state and the mass, neutron stars can achieve similar tidal deformability
values, see e.g. Fig.1 of Ref. [500].
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Simulation vx,ini b/M d/M El=2/M
A17-d12 0.1671 12.283 0.2243 0.0333

A17-d12-p180 0.1671 12.283 0.2243 0.0353
A17-d12-e1 0.1671 12.283 0.2243 0.0299
A17-d14 0.1533 14.017 0.2102 0.0346
A17-d15 0.14625 15.087 0.2033 0.0367

A17-d15-p090 0.14625 15.087 0.2033 0.0377
A17-d15-p180 0.14625 15.087 0.2033 0.0387
A17-d15-e1 0.14625 15.087 0.2033 0.0352
A147-d17 0.1389 16.639 0.0693 0.0589
A147-d19 0.1256 19.412 0.1109 0.0691

Table 8.3.1 Summary of the BS binaries evolved in the centre-of-mass frame with initial
boost velocity vx,ini in the x-direction, impact parameter b in the y-direction and separation d
in the x-direction. The dephased, anti-phase and anti-BS binaries are labelled as p090, p180,
e1. El=2 is the GW energy contained in the l = 2 modes.

GRCHOMBO [130, 153, 501] and LEAN [482]. In our set-up, both codes evolve the Einstein
equations through fourth-order finite-differencing of the CCZ4 formulation [116] (cf. also
Section 2.4) and employ the moving puncture gauge [483, 484] (cf. Sections 2.5.1-2.5.2
for further details). In GRCHOMBO we utilise the power of adaptive-mesh-refinement:
(i) for A17 configurations we use a tagging criterion based on second derivatives of the
complex scalar field and the conformal factor (cf. Section 2.7.3 for more details on grid
variable tagging), (ii) for A147 configurations we employ a tagging replicating the moving-
boxes approach as prescribed in Section 2.7.3. We find that the binary evolution of a less
compact model is more susceptible to numerical artefacts arising from asymmetric grids and
interpolation errors3 at the refinement boundaries, which can result in unphysical behaviour
if the tagging criterion or AMR parameters are not properly set. Imposing more symmetric
refinement using moving boxes approach for the A147 BBS allows us to circumvent the
eventual accumulation of numerical errors and spoiled inspiral of the binary. We discuss
in more detail the problems that arise in Appendix 8.A, however, here we emphasise that
choosing an appropriate tagging criterion plays a crucial role in this work. The LEAN code
on the other hand utilises mesh refinement using the moving-boxes approach for both BS
configurations.

In both codes we use a computational domain of length L = 1024 with bitant symmetry,
8 nested refinement levels with resolutions ∆x = 1/40 to 1/48 on the innermost level and
extract GWs at Rex ∈ [140,240].

3In GRCHOMBO we interpolate from the finer to coarser levels (i.e. restrict) using simple averaging, which
is only second-order accurate.
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Fig. 8.3.1 Plus polarizations of the 22 IMR mode for the A17-d14 and A147-d19 binaries of
Table 8.3.1.

Our initial data is constructed as in Refs. [141, 143] (cf. Chapter 7). By tuning the
initial velocities, we reduce their orbital eccentricity, estimated according to Eq. (17) of
Ref. [278], as 0.002− 0.005. By verifying convergence of the A17 and A147 BS binaries
and extrapolating GW signals to infinity, we obtain an error budget of (0.1, 4%) for the
GW phase and amplitude for A17 binaries and (0.2, 4%) for A147 binaries, similar to finite
differencing production runs for BH inspirals reported in Ref. [502]; see Appendix 8.B for
more details.

8.3.2 Waveforms

In Fig. 8.3.1 we present the typical GW signals that result from compact A17 and fluffy (less
compact) A147 BS models. In physical terms, the most conspicuous difference between
these binary families is their ultimate fate. The compact A17 coalescences ubiquitously
result in the formation of a BH remnant with dimensionless final spin afin ∼ 0.7, similar
to the end-product of non-spinning equal-mass BH mergers (cf. e.g. Table 4.3.1). By eye,
the resulting GW form looks indistinguishable from a BH signal; cf. Fig. 8.3.1. In contrast,
the “fluffy” A147 binaries merge into a more compact, highly distorted BS remnant with
an oscillating central amplitude 0.156 ≤

√
GActr ≤ 0.164. The GW signal emitted by these
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Fig. 8.3.2 Left: Comparison of the plus polarizations of the 22 IMR mode for the A17-d12,
A17-d12-p180 and A17-d12-e1 binaries of Table 8.3.1. Right: The same as the left panel
but showing the amplitude of the strain. Note the difference in the strength of the chirp across
all of the runs.

fluffy binaries is characterised by a lower-amplitude inspiral followed by an immense GW
burst at merger and a prolonged, rapidly pulsating ringdown.

For the A17 family of stars we consider additional configurations with non-zero phase-
offsets, δφ = π/2,π and anti-BS binaries. All A17 binaries produce identical signals in
the early inspiral, but as the BSs get closer, the scalar-field interaction [408, 485] leads to
delayed mergers for δφ ̸= 0, ε =−1 and, especially, for δφ = π . We illustrate this effect for
the A17-d12 family of runs in Fig. 8.3.2.

A comparison with BH waveforms [153] furthermore suggests that the A17 anti-BS signal
resembles most closely that from a non-spinning, equal-mass BH binary in terms of the
GW amplitude in the late inspiral and its phase evolution close to merger; cf. Fig.8.C.1 in
Appendix 8.C.

8.4 Parameter Estimation

8.4.1 Set-up

Injections

We inject our numerically computed GW signals into Gaussian noise coloured by the O4
design sensitivities of the LIGO Hanford (H1) and Livingston (L1) detectors [13]. We utilise
LALSUITE [318, 503] to perform reconstruction of our NR signals (cf. also Chapter 3). Prior
to injecting, we remove junk radiation at the beginning of our waveforms and prepare the
NR data in line with the Format 1 standards of LIGO Algorithms Library injections [2].
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We focus on the dominant l = 2 modes and consider systems of total masses Minj
tot ∈

[5,105]M⊙ in the source frame4, corresponding to scalar-field masses µ ∈ [10−13,10−12]eV.
We report the mass values in the source frame; quantities in the detector frame will be denoted
by ‘det’. Finally, we choose luminosity distances dL corresponding to (zero-noise) optimal
injected signal-to-noise ratios (SNRs) ρH1 ∈ [15,60], ρL1 ∈ [10,45]. Unless otherwise stated
all of our injections use the same extrinsic parameters. In particular, we use a right ascension
α = 1.375, declination δ =−1.2108, inclination angle ι = π

3 = 60° and polarisation angle
ψ = π

2 = 90°.

Parameter estimation

We perform Bayesian inference using the parameter estimation pipeline BILBY [199, 504].
In all analyses, we use a sampling frequency of 4096 Hz, a reference frequency of 50 Hz and
a minimum frequency set by the starting frequency of our NR waveforms. When the starting
frequency of our injected waveforms drops below 20 Hz, we set the minimum frequency to
20 Hz. The NR signals are injected into the Hanford and Livingston detectors, assuming
noise curves from the 4th observing run (O4) [13]. For all of the PE runs reported here, we
initialise the sampler with 1000 points and marginalise over time and luminosity distance.
For approximants including only the (22)-mode, we additionally marginalise over the phase.
We have used a range of nested samplers, such as dynesty [207], cpnest [208] and nessai
[213, 214, 505], and have found good agreement between them. The sampling space is
determined by BILBY’s default BBH and BNS priors (cf. Tables 1 and 2 of Ref. [199]).
However, we increase the spin magnitude (a1, a2) upper limits to 0.99. When using non-
precessing models, the prior on the spin magnitudes is a uniform distribution χ1,χ2 ∈ [−1,1],
where χ1,χ2 denote the dimensionless spin projections onto the orbital angular momentum.
This range includes binaries with anti-aligned spins. For BNS models, we additionally
increase the upper limits in the prior of the dimensionless tidal deformability parameters (Λ1,
Λ2) to 20000. We find this choice necessary for injections of the less compact A147 family
in order to circumvent one of the tidal deformability numbers railing against the upper prior
bound. We perform our inference using two sets of BBH-like spin priors: (i) we fix the spins
in the recovery templates to their zero injected values; (ii) we explore the complete spin prior
with all parameters being free.

4The source frame takes into account the redshift effects so that the relation between the mass in the source
frame, ms, to the mass in the detector frame, md, is given by: ms = md/(1+ z), where z is the redshift for a
given luminosity distance. The total binary masses Minj

tot ∈ [5,105]M⊙ in the source frame considered in this
Chapter correspond to Mdet

tot ∈ [5,120]M⊙ in the detector frame.
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Fig. 8.4.1 Null distribution of the SNR of Gaussian noise and the residual SNR in the Hanford
(H1) and Livingston (L1) detectors, computed from the IMRPhenomXP approximant evaluated
at the source parameters of the maximum of the joint log-likelihood. Left: Example of a
Gaussian residual for a A147-d19 binary of Minj

tot = 72.4M⊙ at dL = 500Mpc. Right: Example
of a non-Gaussian residual for a A147-d19 binary of Minj

tot = 75.8M⊙ at dL = 250Mpc.

We have also performed parameter estimation using injections from different resolutions
and extraction radii, and have found consistent results.

Waveform approximants

We recover injected BS signals using standard waveform approximants: the aligned-spin
model IMRPhenomD [506, 507]; models including the effects of spin-induced precession,
IMRPhenomPv3 [508] and IMRPhenomXP; one model including spin-precession plus higher-
order modes IMRPhenomXPHM [509]; one inspiral-only aligned-spin tidal model TaylorF2
[510]; one full IMR aligned-spin waveform with tidal effects, TEOBResumS [511] and one
full IMR waveform with precession and tidal effects IMRPhenomPv2_NRTidal [512, 513].
We obtain comparable results for the various approximants, as reviewed in more detail in Ap-
pendix 8.D, and focus the following discussion on IMRPhenomXP and IMRPhenomPv2_NRTidal.

8.4.2 Diagnostics

During our analysis, for each detector we compute the strength of the recovered (injected)
signal using the optimal SNR ρ defined via

ρ
2 = 4

∫
∞

0

|h̃( f )|2

Sn( f )
d f , (8.4)
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where h̃( f ) is a recovered (injected) waveform in the frequency domain and Sn( f ) is the
detector’s noise power-spectral density (PSD). We also compute the network SNR given by
ρnet = ∑ j ρ2

j , where ρ j is the SNR of a single detector. For each recovery we compute the
Bayes factor BS

N, quantifying the evidence ratio between a signal being present in the data
relative to the hypothesis of pure Gaussian noise. To asses the quality of the recovery we
additionally compute the residual r ..= d−hmax from the data stream d and the approximant’s
strain hmax evaluated at the maximum-joint-log-likelihood source parameters across H1/L1.
Specifically, we construct a null distribution of the white-noise optimal SNR for a signal
duration D by generating random noise realizations via

nw
..=

ñ( f )√
Sn( f )

∼ N
(
0, 1

2

√
D
)
, (8.5)

If the residual’s SNR falls above the 99th percentile of the noise SNR, we regard the residual
as incompatible with Gaussian noise. In Fig. 8.4.1 we show a typical result of Gaussian and
non-Gaussian residuals, resulting from injections of A147-d19 binary system and recoveries
with the IMRPhenomXP waveform template.

8.5 Results: A17 families

For the compact A17 binaries, which form a BH post-merger, all waveform approximants
enable confident recovery of the signals with a residual compatible with Gaussian noise,
regardless of the analysis type; see Table 8.5.1 for a representative set of examples and
Figure 8.5.1 for comparison of PE results from different priors. Approximants including
tidal effects furthermore infer tidal deformability parameters consistent with the injected
Λ1,2 ∼ O(10), albeit with poor constraints on Λ2 (cf. the right panel of Fig. 8.5.2). This
corresponds to a well measured tidal deformability δ Λ̃ of the binary, but a poorly constrained
Λ̃ [514]. All waveform approximants, however, fail to correctly infer some other injected
parameters (component masses, spins and/or luminosity distance) within the 90% credible
region; cf. Fig. 8.5.2 for a typical example. Provided the inspiral contributes significantly
to the SNR, i.e. for Minj

tot ≲ 80M⊙ in our case, however, these deviations are not random but
exhibit clear systematics which we illustrate in Fig. 8.5.3 for a wide range of injections and
now discuss in more detail.
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Run log(BS
N) ρ

inj
net ρ rec

net M rec
c /M⊙ qrec

Minj
tot = 72.4M⊙, M inj

c = 31.5M⊙, dinj
L = 500Mpc

A17-d12 717 40.37 38.63 26.60 0.32
A17-d15-p090 1019 45.17 46.74 31.63 0.65
A17-d12-p180 792 43.84 36.62 25.07 0.97
A17-d12-e1 820 41.12 41.91 27.13 0.71
A17-d14 678 41.41 38.26 26.72 0.30
A147-d19 555 57.75 32.16 40.02 1.00

Minj
tot = 9.9M⊙, M inj

c = 4.3M⊙, dinj
L = 62.5Mpc

A17-d12 406 29.69 30.60 3.89 0.39
A17-d15-p090 698 39.15 38.73 4.07 0.93
A17-d12-p180 328 30.91 28.28 3.94 1.00
A17-d12-e1 407 30.13 29.07 4.03 0.92
A17-d14 536 34.13 34.24 3.92 0.40
A147-d19 286 37.73 24.45 4.41 0.13

Table 8.5.1 Recovery results for a range of BS injections from Table 8.3.1 using the
IMRPhenomXP approximant with spins fixed to zero. We contrast the injected (ρ inj

net) and
recovered (ρ rec

net ) network SNRs and report the recovered chirp-masses M rec
c , mass-ratios qrec

at maximum-joint-log-likelihood.

8.5.1 A17 (δφ = 0, ε = 1)

We obtain consistent results for using either of the three waveform lengths employed, d17,
d20 and d21, indicating that they are sufficiently long for the mass range considered. In gen-
eral, the recovered luminosity distance is overestimated, likely compensating for amplitude
effects arising from biases in the other parameters (e.g. like the inclination angle, which has
a well-known degeneracy with the luminosity distance [515, 516]). Next, the posteriors from
BH approximants employed with spins fixed to zero systematically peak at total mass values
within ∼ 10% of the injected Minj

tot . For Minj
tot ≲ 80M⊙, mass ratios are recovered with peaks

in the range 0.3 ≲ q ..= m2/m1 ≲ 0.7, with no posteriors supporting the injected q = 1 at 90%
confidence. This picture changes considerably when we allow the spins to be sampled over in
the prior. Then we obtain more accurate estimates for the primary mass m1, often supporting
the injected mass inside the 90% confidence interval, and larger mass ratios 0.5 ≲ q ≲ 0.85,
albeit still well below the injected q = 1. We furthermore infer significant spin magnitudes
peaking at 0.3 ≤ a1,2 ≤ 0.98 with clear preference for negatively aligned spins, i.e. χeff < 0.



8.5 Results: A17 families 201

0.4 0.5 0.6 0.7 0.8 0.9 1.0
−6

−4

−2

0

2

4

6

W
h

it
en

ed
S

tr
a

in

Data stream

Injection, M inj
tot = 72.4M�, dL = 500Mpc

IMRPhenomXP, fixed spins

0.4 0.5 0.6 0.7 0.8 0.9 1.0

t[s]

−6

−4

−2

0

2

4

6

W
h

it
en

ed
S

tr
a

in

Data stream

Injection, M inj
tot = 72.4M�, dL = 500Mpc

IMRPhenomXP, variable spins

Fig. 8.5.1 Injection of an A17-d12 binary of Mtot
inj = 72.4M⊙ at dL = 500Mpc and its recovery

using the IMRPhenomXP waveform approximant with fixed (variable) spins in the top (bottom)
panels. As expected, the inference with variable spins is able to match the injected GW
signal better, especially in the merger and the ringdown. This is in particular manifested in
the increase of the recovered SNR, e.g. in Hanford we find a SNR of 32.7 for variable spins
and 31.4 for fixed. Note the SNR of the injection in Hanford is 32.9.

8.5.2 A17-p180 (δφ = π , ε = 1)

As for δφ = 0, the recovered luminosity distance is often overestimated. Quite remarkably,
however, these anti-phase binaries result in nearly opposite behaviour in PE results in every
other regard. For Minj

tot ≲ 80M⊙, we obtain good estimates for the primary mass m1 and
large mass ratios q ≥ 0.8 when the spins are fixed to their injected values. Allowing the
spins to vary, now results in significant overestimates of m1 and more unequal mass ratios
0.3 ≤ q ≤ 0.8. We typically obtain large spin magnitudes a1,2 ≥ 0.5 but preferably exhibiting
partial alignment with the orbital angular momentum, 0.1 ≤ χeff ≤ 0.5.

8.5.3 A17-d090 (δφ = π/2, ε = 1)

This family of BS injections yields qualitatively similar behaviour as A17-p180, but with
generally smaller departure from the injected parameters.
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Fig. 8.5.2 Left: Comparison of key PE results for A17-d12 and A17-d12-e1 injections. We
use IMRPhenomXP for recovery of a BS binary with Minj

tot = 72.4M⊙, dL = 500Mpc and allow
all binary parameters to be sampled over. The 1, 1.5, 2-sigma contours are shown. Right: PE
results for an A17-d12 injection with Minj

tot = 4.96M⊙, dL = 31.25Mpc and recovery with
IMRPhenomPv2_NRTidal with all parameters being sampled over. The dotted vertical lines
show the 90% confidence interval. We note that the 90% confidence interval, within which
the recovered tidal deformability Λ2 is contained, is wider than that of the Λ1 parameter.

8.5.4 A17-e1 (δφ = 0, ε =−1)

The anti-BS family is the best recovered of all our injections, supporting our conjecture
that these binaries most closely resemble waveforms from non-spinning BHs. We typically
obtain mass ratios q ≳ 0.75, where the primary mass m1 is either contained inside the 90%
confidence interval or close by, and, for Minj

tot ≳ 20M⊙, spin values close to zero. We illustrate
this behaviour by comparing in Fig. 8.5.2 a representative Minj

tot = 72.4M⊙ example of this
family with its less accurately recovered A17-d12 counterpart.

8.5.5 Interpretation

The most pronounced difference between δφ = 0 BS binary signals, compared to their anti-
phase counterparts, is the steep increase of the GW amplitude in the late inspiral and merger
whereas for δφ = π , this chirp is shallower; cf. the right panel of Fig. 8.3.1 and Fig. 8.C.1
in Appendix 8.C. A closer inspection of GW signals from non-spinning BH binaries in the
frequency domain similarly yields a steeper increase in the GW amplitude close to merger
for unequal masses relative to q = 1. Unequal-mass BH chirps therefore resemble more
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Fig. 8.5.3 PE results obtained for four BS families and injections with total mass Minj
tot ∈

[5,105]M⊙ and luminosity distance dL = (Mdet
tot /80M⊙)500Mpc. For each injection, we

display the median values of the recovered component masses m1, m2 normalised by their
injected values (large and small circles) and the effective spin (crosses with 90% confidence
interval). The recoveries are obtained for fixed (blue) or variable spins (red symbols). The
dashed lines mark the injected values, 1 for the masses and 0 for χeff. The recovered
parameters deviate from these values non-randomly; cf. the main text. By repeating selected
injections with different dL, we have verified that the displayed trends are robust under
variations of the SNR.

closely those from δφ = 0 BS binaries while δφ = π BS chirps are better approximated by
equal-mass BH binaries.

The inclusion of spins allows for an additional adjustment of the chirp’s steepness,
typically boosting log(BS

N) by ∼ 10%. BH binaries with aligned spins have an enhanced
yet shallower inspiral than those with anti-aligned spins; see e.g. Figs. 1 and 3 in Ref. [517].
The shallow inspiral-merger transition of δφ = π binaries, therefore, favours the “hang-up”
of aligned spins whereas the more abrupt transition of δφ = 0 BS binaries favours partially
anti-aligned spins. This effect also sheds light on the mass-ratio drifts when we allow the
spins to vary. For spins fixed at zero, the steep chirp of δφ = 0 BS binaries can only be
reproduced through an unequal mass ratio in the BBH approximant. For variable spins, in
contrast, it can at least partly be accommodated through anti-aligned spins (the anti-hang-up
effect); statistically we then expect a drift towards q = 1. For δφ = π BS binaries, in turn,
the inclusion of spins enables BILBY to reproduce the shallow chirp in the BS signal through
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Fig. 8.5.4 Top: The recovery of a high-mass A147-d19 binary injection using IMRPhenomXP
results in m1 ∼ 70M⊙, m2 ∼ 65M⊙, a1 ∼ 0.98 and a2 ∼ 0.60. Bottom: The recovery of a
low-mass A147-d19 binary injection using IMRPhenomPv2_NRTidal yields maximum-joint-
log-likelihood estimates m1 ∼ 3.7M⊙, m2 ∼ 1.3M⊙, a1 ∼ 0.96, a2 ∼ 0.63, Λ1 ∼ 3000 and
Λ2 ∼ 11000.

aligned spins rather than resorting exclusively to a high (q ≈ 1) mass ratio; this results in a
drift towards smaller q.

8.6 Results: A147 family

As illustrated in Fig. 8.3.1, GW signals from our less compact A147 family of BS binaries
differ more pronouncedly from BH waveforms, especially around merger and ringdown.
These differences manifest themselves not only in the form of PE biases, but also an in-
complete recovery of the injected signals. In particular, for high (low) total mass Minj

tot , the
approximants are able to match the merger (inspiral) part of the signals but never both and
never the ringdown; cf. Fig. 8.5.4. Overall, this leads to a reduction in the recovered optimal
SNR compared to the injection; cf. Table 8.5.1. For injections with ρinj ≲ 30, the residual is
still consistent with noise but for ρinj ≳ 30 we often obtain significant residuals.

Furthermore, the late inspiral of less compact BS binaries occurs at lower frequencies
than that of compact ones, so that BBH approximants systematically overestimate the total
mass; cf. Fig. 8.5.3. The addition of tidal effects improves the approximant’s ability to
capture features in the inspiral portion of the signal for small Minj

tot ; we thus obtain large tidal
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parameters Λ1,2 ∼ 103 to 104 consistent with the BS binary, albeit with large uncertainties
in Λ2. Similar to the compact BS injections, overall the inclusion of tidal effects does not
improve the estimation of other injection parameters.

8.7 Conclusions

By performing high-precision NR simulations of inspiralling and merging BS binaries, we
have investigated the capability of current waveform models to recover BS GW signals with
the following key results. (i) Most BS systems considered here are detectable with current
GW analysis pipelines although current waveform templates systematically infer incorrect
source parameters. (ii) BS binaries can be numerically modelled with accuracy comparable
to BH binaries. (iii) BSs are excellent candidate sources for constructing GW template banks
alternative to BHs and NSs.

Our study suggests that, from the viewpoint of current GW detectors, BS signals exhibit
significant degeneracy with BBH waveforms obstructing the distinction between BS binaries,
especially those forming a BH upon merger, and NS or BH systems. The most notable
exception from this degeneracy consists in the exceptionally strong inspiral-merger transition
and a long-lived ringdown in binaries forming a BS post-merger; both these features are
generally poorly matched by present approximants leaving behind non-Gaussian residuals.

With the improvement of detector sensitivity and the detection of increasingly loud events,
however, we can expect any features pertinent to BS binaries, that cannot be reproduced
within the manifold of BBH signals, to become increasingly pronounced. Such features
may be identified by data analysis methods that are specifically build to search for signs of
deviations from the GR and Kerr-BBH model hypothesis. This will be the subject of future
work.





Appendix

Appendix 8.A Tagging criterion and adaptive-mesh-refinement
parameters

In this Section we will discuss the challenges faced by GRCHOMBO in evolving the ‘fluffy’
A147-d17 binary configuration. We note that the results reported here are specific to the
GRCHOMBO code and are empirical, based on our extended experimentation. Let us,
however, first highlight that following common practice of most AMR codes, we typically
use tagging using grid variables, including second derivatives of the complex scalar field and
the conformal factor. With this tagging we are able to successfully and accurately evolve
BS head-on collisions in Chapter 7 and the compact inspiralling BS binary A17 of this
Chapter (cf. Appendix 8.B below for a convergence analysis). Despite this success, we found
evolution of the fluffy binary A147 with this tagging problematic.

In Fig. 8.A.1 we illustrate the problems we encounter: the left panels show the typical
results we obtain by using grid-variable based tagging for the A147 binary, whilst the right
panels show the results using ‘moving boxes’ tagging approach. We note that here we
use slightly different initial boost and impact parameters (namely the parameters prior to
eccentricity reduction) compared to those in Table 8.3.1. Nevertheless eccentricity is small
here and does not affect the overall unphysical behaviour we observe in this example. In the
following we discuss Fig. 8.A.1 in more detail:

• The GW signal of the run using grid-variable tagging displays significant signatures
of amplitude variations. This is most notable in the inset of the left panel. Direct
comparison of the waveforms obtained for grid-variable tagging and moving-boxes
tagging suggests that in the former case the stars merge later and start to accumulate a
phase difference already at t/M ∼ 800. The spurious artifacts we observe later in the
inspiral are likely to be the by-product of accumulated numerical errors (as discussed
below).
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Fig. 8.A.1 We compare results of A147-d17 binary evolutions with tagging using grid
variables (left) and tagging using a ‘moving-boxes’ approach (right). From top to bottom we
show the real part of the (22)-mode of Ψ4, the positions of the stars and the maximum of the
central amplitude of the scalar field.

• This peculiar effect in the GW signal is in fact a result of the two stars ‘repelling’ each
other. From the second row of the Figure it can be clearly seen that the symmetry of
the system (being an equal-mass binary) is broken. Unlike the run with grid variable
tagging, tagging using moving boxes results in normal behaviour, where the stars
proceed to follow their orbits and inspiral into merger.

• The symmetry breaking can also be traced out through the behaviour of the scalar field
at the centres of the stars (cf. the third row). Tagging using grid variables conspicuously
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results in a sudden oscillation of the central amplitude, Actr, starting at t/M ∼ 1550.
2D visualisation suggests that during inspiral the two stars in fact exchange their scalar
matter with each other. One of the stars becomes more compact than the other, and so
the binary is no longer of strictly equal mass – our symmetry is broken.

Having analysed the key differences in the evolutions using grid variable tagging and
moving boxes approach, let us now comment on why we think the tagging using moving
boxes approach is more suitable and correctly evolves this binary system. Firstly, we note that
the fluffy A147 stars are less compact and therefore may be more susceptible to numerical
noise and/or errors. The behaviour we see in the left panels of Fig. 8.A.1 is likely not
physical, as there are no theoretical considerations under which we may expect that the
symmetry of the binary is broken. Furthermore, a direct comparison with the LEAN code
demonstrates excellent agreement with the results of the right panels, and therefore does
not support a spurious repulsion of the stars. Secondly, we consider several factors that
may lead to numerical noise due to AMR and regridding: (i) insufficient separation between
the refinement levels and subsequent reflection of noise off the refinement boundaries, (ii)
insufficient accuracy of the interpolation at the refinement boundaries, and (iii) insufficient
resolution of the physics using AMR grids5. The latter point is more easily controlled via
a moving boxes approach, where one can specify the size of the AMR grids used in the
tagging. Next, the first two effects can be regarded as equivalent to each other, however we
find that increasing the number of cells in the buffer region to nB = 64 (cf. Section 2.7.2)
does not remedy the spurious behaviour of the run with grid variable tagging. Having said
that, we notice less constraint violations on lower refinement boundaries with larger buffer
regions, and so we always use nB = 64. The interpolation errors also depend on the accuracy
of the used scheme. In GRCHOMBO a particularly relevant source of errors arises from the
interpolation of data from finer to coarser levels, where the implemented method simply
averages the values. The accuracy of this method is only of second order. Robust tests
among different interpolation methods are required to confidently conclude whether this is
the leading issue in the unphysical behaviour. Finally, tagging using grid variables often leads
to AMR grids with many corners and edges (cf. Section 2.7.3 and Fig. 2.3), which, during
the evolution, often become asymmetric due to the Berger-Rigoutsos partitioning algorithm.
These effects together with the noise from interpolation can cause eventual accumulation of
numerical errors and, thus, the spurious evolution of the binary that we observe. The sharp
edges present in the AMR grids and the unphysical behaviour of tagging with grid variables
may be cured by increasing the fill-ratio to εFR = 1, however this significantly increases the

5Frequent regridding can also lead to numerical noise, however by lowering the frequency of our regridding
in evolutions of BS binaries we did not find it leading to much improvement.
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Fig. 8.B.1 Convergence test of the compact configurations A17-d12 and A17-d14 of Ta-
ble 8.3.1. The difference between high and medium resolutions has been re-scaled by factors
Q2 to Q4, corresponding to convergence of second to fourth order.

computational time and resources required for the runs with higher resolutions. Alternatively,
the tagging using moving boxes approach results in a similar ‘fix’, and so we use it for our
subsequent evolutions of the A147 binary system.

Appendix 8.B Convergence tests

To evaluate the numerical error incurred in our simulations, we analyse their convergence
properties for three representative configurations. We start with the GRCHOMBO simulations
of binaries from the compact families A17-d12 and A17-d14. Here we use ∆xlow = 1/28,
∆xmed = 1/32, ∆xhigh = 1/40 for the low, medium and high resolutions, respectively. The
resulting convergence analysis for the GW signals extracted at Rex = 140 is shown in
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Fig. 8.B.2 Convergence test of the configuration A147-d19 of Table II in the main document
for the GW strain (upper) and phase (lower panel). The difference between high and medium
resolutions has been scaled by factors Q4 and Q7, corresponding to fourth- and seventh-order
convergence.

Fig. 8.B.1 and yields convergence between third and fourth order. For the shorter A17-d12
configuration, Richardson extrapolation yields an amplitude error of 2.5% and a phase error
of 0.03 while we obtain 3% in the amplitude and 0.04 in the phase for the longer A17-d14
binary. We quantify the error due to finite radius extraction through extrapolation to infinity
and thus find a phase error of 0.06 and an amplitude error of 1%. Overall, this brings the
total numerical error budget for the A17 family of runs to 4% in the amplitude and 0.1 in the
phase.

For the less compact A147-d19 configuration, we display in Fig. 8.B.2 the convergence
properties obtained with the LEAN code for the GW multipole h22 extracted at Rex = 240
for resolutions ∆xlow = 1/32, ∆xmed = 1/36 and ∆xhigh = 1/40. We obtain fourth-order
convergence for the amplitude and, during most of the inspiral, for the phase. In the late
inspiral and merger, the phase evolution exhibits over convergence up to about seventh order,
likely due to fortuitous cancellations of different error contributions. We conservatively
estimate the numerical uncertainties for this configuration assuming exclusively fourth-order
convergence. For the amplitude, we obtain 0.5% in the early inspiral slowly increasing to
about 3% around merger. The phase error peaks at about 0.09 during the mid inspiral. The
uncertainty due to finite extraction radius is about 0.15 or less in the GW phase and decreases
from 4% (in the early inspiral) to 1% (around merger) in the amplitude. This results in an
overall error budget of 0.2 in the phase and 4% in the amplitude.
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Appendix 8.C Black-hole and boson-star signals

In this Section, we compare the IMR signals of our BS families with those from equal-mass
non-spinning BH binaries and discuss the varying degrees of deviation from the BH case
which we observe. We start this discussion by exploring first what behaviour we would
expect theoretically. For this purpose, we follow the analysis of the scalar-field interaction
outlined in Appendix B of Ref. [408] and in particular consider the energy density of a scalar
field ϕ in the flat-space limit,

ρ =
1
2
[
|Π|2 + |∂iϕ|2 +V (ϕ)

]
. (8.6)

During the plunge and merger phase of a binary the two BSs’ scalar fields overlap and
we can approximate the resulting field and its time derivative as a superposition given by
ϕ = ϕ1 +ϕ2 and Π = Π1 +Π2. This results in a combined energy density

ρ = ρ1 +ρ2 +∆, (8.7)

where ρ1,ρ2 are the individual energy densities of the stars as in Eq. (8.6) and ∆ is the
interaction potential; cf. Eq.(B3) of Ref [408]. This interaction term is composed of mixed
products of the scalar field, such as ϕ1ϕ̄2 or Π1Π̄2, and therefore vanishes in the limit of
large separations. We next recall that the two BS scalar fields’ phase offset and relative
rotation in the complex plane are determined by the parameters δφ and ε , respectively. For
an equal-mass binary system, the scalar field profiles of the two stars forming a binary thus
acquire the following forms,

ϕ1 = A(t,r)eiωt , (8.8)

ϕ2 = A(t,r)ei(εωt+δφ). (8.9)

We assume that the scalar field amplitude is a slowly varying function of time so that the
dynamical part is dominated by the exponential factor eiωt . Evaluating the interaction
potential ∆ for the equal-mass (i) ε = 1, δφ = 0 (in-phase), (ii) ε = 1, δφ = π/2 (dephased),
(iii) ε = 1, δφ = π (anti-phase), and (iv) ε =−1, δφ = 0 (anti-BS) configurations, we then
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Fig. 8.C.1 Comparison of amplitude (left) and phase (right) of the dominant (22)-
modes obtained for the in-phase BS (A17-d15), dephased (A17-d15-p090), anti-phase
(A17-d15-p180), anti-BS (A17-d15-e1) and BH binaries. Both amplitude and phase have
been aligned such that the peak amplitudes coincide in time. The anti-BS signal exhibits the
best agreement with the BH waveform, whereas the in-phase and anti-phase configurations
result in the largest deviations from the BH signal.

find

∆BS = ∆0, (8.10)

∆δφ= π

2
= 0, (8.11)

∆δφ=π =−∆0, (8.12)

∆anti−BS = ∆0cos(2ωt), (8.13)

where ∆0 is strictly non-negative. Note that the anti-BS configuration results in an interaction
potential with explicitly harmonic time dependence that oscillates between the ∆ values
of the in-phase and anti-phase binaries. If the time-scale of the late inspiral and plunge is
much longer than the scalar oscillation period of individual BSs, the interaction contribution
to the energy density averages out to zero. The interaction potential for the δφ = π/2
binary, in turn, vanishes completely without any oscillating behaviour. Therefore, we may
expect that the anti-BS and δφ = π/2 configurations will bear closest resemblance to the
BH case, where scalar self-interactions are absent by construction. As we will see next, this
expectation is largely, but not completely, borne out by the empirical results. For testing this
hypothesis, we compare in Fig. 8.C.1 the aligned GW amplitude and phase obtained for the
different BS configurations with those obtained in Ref. [153] for an equal-mass non-spinning
BH binary. In accordance with our above discussion, the anti-BS binary exhibits excellent
agreement with the BH results and displays an oscillatory pattern in the GW amplitude
commensurate with the expected oscillation of the interaction term ∆anti−BS. Its amplitude
and phase furthermore fall into the range between the in-phase and anti-phase binaries.
The δφ = π/2 binary, however, does not quite fulfil the expectations from our theoretical
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analysis; even though its amplitude and phase match the BH signal better than the in-phase
and anti-phase binaries do, its deviations exceed those of the (averaged) anti-BS signal.
This feature may simply mark the limitations of the above flat-space analysis; and yet there
remains the question why the prediction works so well for the anti-BS configuration but not
for the δφ = π/2 case. At present, we do not have a fully satisfactory answer to this question.
A more comprehensive exploration of the BS model parameter space may shed more light on
this puzzle.

Appendix 8.D Injections

We present in Table 8.D.1 a list of injections of boson-star (BS) waveforms together with the
recovered parameters and consistency checks of the recovered signals. We sort this table by
the different families of non-spinning BS binaries listed in Table 8.3.1 of the main text. The
varying injected parameters, namely the component masses m1, m2 in the source frame and
the luminosity distance dL, are listed along with the resulting injected optimal SNR values
for the Hanford and Livingston detectors, ρH1 and ρL1. Each injection is analysed using a
waveform approximant abbreviated as follows.

D = IMRPhenomD
F2 = TaylorF2

Pv2T = IMRPhenomPv2_NRTidal
Pv3 = IMRPhenomPv3
TEOB = TEOBResumS
XP = IMRPhenomXP

XPHM = IMRPhenomXPHM

The recovery is performed using the listed samplers with Ns points. Next, we report the re-
covered parameters which are obtained from the posterior distributions with 90% confidence
intervals: the component masses m1 and m2, the luminosity distance dL, the dimensionless
spins6 a1 and a2, the effective spin χeff, the precession spin parameter χp and the tidal
deformation parameters Λ1 and Λ2. The recovered SNR is given for the two detectors as ρH1

and ρL1 and calculated from the inferred parameters maximising the joint-log-likelihood.
We flag with ticks or crosses whether the residual is compatible with Gaussian noise and
quantify the significance of a detection with the Bayes factor log(BS

N).

6For non-precessing models, we report projections of the dimensionless spins onto the orbital angular
momentum, χ1, χ2, which are allowed to be negative.
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Chapter 9

Conclusions and outlook

In this thesis we have presented various examples of how numerical relativity can be used for
modelling gravitational waves (GWs) coming from binary black holes (BHs) in modified
theories of gravity and exotic compact objects. Whilst much of this thesis was driven by
numerics, we have demonstrated in many instances how data analysis techniques can be
employed in assessing the measurability of the new physics and translating the features of
the simulated GWs into observable effects that may be constrained by gravitational-wave
detectors. Our conclusions are therefore two-fold and we first discuss our numerical results.

At first, we focused on binary black holes in the so-called Einstein-scalar-Gauss-Bonnet
(EsGB) theory, where using an order reduction scheme, we have simulated their dynamics to
leading order. The resulting GW content contains an additional scalar polarisation that we
have extracted numerically for various multipole modes. Next, we have moved to the study of
boson stars (BSs) in general relativity. The numerical modelling of gravitational waves from
binary BSs is a relatively new field, with constraint satisfying initial data being in particular
challenging to obtain without a robust elliptic solver and a good initial guess. We have studied
the issue of initial data in the context of head-on collisions of boson stars of various mass
ratios and devised an improved initial data superposition that results in reduced constraint
violations and avoids spurious effects that arise from conventional initial data superpositions
used in the literature. By applying our new initial data, we have investigated the effects of the
dephasing of boson stars, uncovering a sinusoidal dependence of the GW energy on the initial
phase offset and even non-BH like signatures in the GW signals. Further, leveraging the
power of our initial data construction and numerical set-up, we have performed the first long
and high-precision evolutions of inspiralling boson stars. By focusing on equal-mass systems,
we were able to extract GW signals of low eccentricity and high accuracy, comparable to the
quality of BH simulations. Finally, we have performed a detailed study of BSs in massless
and massive scalar-tensor theory, finding that BSs are prone to spontaneous scalarasation,
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however less so when compared to neutron stars (NSs). By considering various bosonic
potentials and couplings of the scalar-tensor theory, we have assessed the phenomenological
features of spherically symmetric solutions and found that scalarised BS solutions are often
energetically preferred (i.e. stable) over their GR counterparts.

From the data analysis perspective, we have devised a model-fit of our simulated scalar
ringdown resulting from a binary BH merger in EsGB gravity and inferred its amplitudes
using the Markov chain Monte Carlo sampling. We have also demonstrated the ability of a
time-domain ringdown pipeline to utilise our model-fit in the search for a scalar polarised
signal of EsGB theory. By considering binary BH sources of various total masses and at
different luminosity distances, we have demonstrated that given current stringent constraints
on the theory couplings, the scalar ringdown is highly unlikely to be detected with present
or future GW detectors. Finally, we have also applied data analysis techniques to our
high-precision BS signals, by mainly focusing on injections of our numerically simulated
signals into the detector noise of present GW detectors. By utilising various binary BH and
NS approximants, our aim was to investigate the biases of standard parameter estimation
pipelines if a boson-star signal were present in the detector band. On the one hand, we find
strong degenaracies between BH waveform approximants and BS signals in some regimes
(however with incorrectly inferred source parameters), suggesting that BS mergers can truly
be BH mimickers. On the other hand, GW signals from mergers forming a BS remnant pose
modelling challenges to standard waveform approximants, thereby presenting an example of
exotic physics poorly captured by current waveform templates.

The future avenues and opportunities are ample in this field. Although for EsGB gravity
with a massless scalar field the prospects of detecting scalar polsarisation from binary
black hole mergers of moderate mass ratios (q ≳ 1/2) are very slim, understanding the
deviations in the inspiral, merger and ringdown of tensor polarised waves using full numerical
simulations with backreaction is necessary to draw concrete conclusions on the possibility
of distinguishing EsGB gravity from GR. As the effects from the coupling are the strongest
for systems of lower masses (but high compactness), NSs are likely to be more suitable
laboratories for looking for potential deviations. However, small deviations in the phase and
amplitude of the tensor modes in EsGB gravity [518] are likely to be the main challenges
leading to degeneracies with GR parameters and preventing us from confidently inferring a
deviation from GR. Such degeneracies and small effects are expected to be bottlenecks for
most modified theories of gravity inspired from effective field theory arguments and lacking
observable smoking-gun effects. An important step in understanding this problem would be
construction of several concrete sets of NR waveforms from a modified theory of gravity (or
even exotic compact objects) that results in ‘small’ effects in the GW signals. For example,



221

mergers of compact BSs that form a BH post-merger, resulting in GW waveforms alike to
BH signals, would be intriguing probes for assessing how well in principle present tests of
GR perform, and if they can pick up small effects present in the numerical data. We leave
this investigation to future work. Inspiral-merger-ringdown (IMR) consistency checks would
be particularly interesting in this case, as these tests may uncover inconsistencies across the
source parameters inferred from different parts of the signals and become indispensable in
breaking potential degeneracies.

On the other hand, smoking-gun effects (such as GW signals from BS mergers forming
a BS post-merger) can present more direct ways for testing our theories1, especially in the
high SNR regime. The study of matter fields (e.g. NSs or BSs) in massive scalar-tensor
theory, which has not been as extensively constrained yet, provides another instance where
we may expect to see smoking-gun effects in the form of scalar polarised GWs. Extending
our study of BSs in this theory to numerical simulations of their collapse or binaries therefore
represents intriguing directions for future work.

Numerical modelling of BSs in GR equally poses many possibilities for further explo-
rations, such as extensions of our work to inspiralling unequal-mass and spinning progenitors.
The development of an initial data solver for BSs would constitute an important step towards
more accurate modelling of their dynamics and assessing the magnitude of numerical errors
introduced by employing various initial data superpositions. Expanding the parameter space
spanned by our NR waveforms and solving for initial data would be of paramount importance
for constructing the first phenomenological model for exotic compact objects, which may
be utilised in future analyses of GW signals, complementary to standard binary BH and NS
approximants. Whilst BSs may not exist in nature, they are great proxies for studying new
physics. As we have seen before, they offer a rich phenomenology, where the features of
their GW signals may be reminiscent of binary BH signals in modified theories of gravity
or present smoking-gun effects. Thanks to their amenability to numerical modelling, boson
stars are great candidates for studying concrete deviations from GR and SM paradigm and
informing future agnostic tests.

With future GW detectors and their increased sensitivity, we will enter the next phase of
tests of GR and the BH paradigm and we will have to be prepared together as a community
for the challenges that await us.

1However, there is no evidence for believing that deviations from GR or the BH paradigm should be
smoking-gun effects, they may indeed be just small deviations.
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