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Abstract 11 

Computational modelling of complex timber-metal connections undergoing large deformations is 12 

crucial for the design of safe and robust multi-storey timber structures. Accurate simulation through 13 

large deformations requires constitutive models that suitably capture the full post-elastic behaviour 14 

of materials. Post-elastic behaviour of timber is particularly challenging to model due to strong 15 

anisotropy and material non-linearity in the post-elastic regime. Efficient simulation of complex 16 

connections requires advanced numerical modelling techniques to expedite explicit solution in the 17 

finite element domain. In this study, a suitable constitutive model for ductile metal components 18 

through large deformations, including consideration of stress localisation and triaxiality post-19 

necking, is described. Some existing constitutive models for timber are discussed, and new 20 

constitutive models capturing both ductile and brittle failure modes are presented. A new formulation 21 

of the Hoffmann yield criterion with isotropic hardening for explicit solution is presented, and new 22 

VUMAT user subroutines for explicit solution in ABAQUS for Hoffmann, Sandhaas, Gharib, Hill-23 

Gharib and Hoffmann-Gharib models are developed and made available for the benefit of other 24 

researchers. A benchmarked numerical model incorporating advanced modelling techniques to 25 

improve computational efficiency without compromising accuracy is presented for a complex timber, 26 

aluminium and steel dowelled beam-column connection tested shear and moment dominated testing. 27 

The simulation results compare favourably with experimental results in the literature, demonstrate 28 

that the proposed constitutive models and numerical modelling techniques provide realistic 29 

predictions of behaviour, including failure mode, and thus have the potential to support the design of 30 

complex timber-metal connections through large deformations under quasi-static and dynamic 31 

loading. 32 

Keywords: Timber-metal connections, Large deformation, Constitutive modelling, Continuum 33 

damage modelling, Explicit finite element analysis 34 
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1 Introduction 35 

Computational modelling of complex timber-metal connection behaviour is vital for the design of 36 

reliable and efficient timber structures. The strongly anisotropic nature of timber, with differing 37 

stiffness, strength and failure mode in different material directions, present challenges for 38 

constitutive modelling [1]. The design of alternative load paths necessary to ensure robustness in the 39 

event of element removal requires accurate post-elastic modelling through large deformations [2]. 40 

The ongoing development of increasingly sophisticated timber connections – typically multi-material 41 

assemblages incorporating metals such as steel and aluminium, in addition to one or more timber or 42 

engineered timber materials – further increases the complexity and computational cost of detailed 43 

numerical models. 44 

Modelling of timber connections is often simplified by considering: elastic-plastic behaviour without 45 

consideration of failure [3], [4]; simple dowel-type connectors [5], [6], [7]; one material or 46 

performance parameter of a connection [8], [9], [10], [11]; or predefined failure modes [12], [13]. 47 

Most prior studies employ numerical solution by backward Euler approximation. Use of the forward 48 

Euler approximation method for simulating complex, non-linear or dynamic behaviour of timber 49 

connections is limited and require further development [4], [14], [15].  50 

Well-established numerical methods based on the Von Mises criterion exist to model the failure of 51 

metal components in bolted assemblies [16], [17]. Failure theories for timber under compression and 52 

tension exist for 1D, 2D and 3D simulations [18], [19]. Commonly used single-surface 3D elastic-53 

plastic yield criteria such as Hill [20], Hoffman [21] and Tsai-Wu [22] can incorporate the 54 

anisotropic yielding of timber under compression but are unable to accommodate the brittle tensile 55 

failure of timber. The Hill criterion assumes that only deviatoric stresses contribute to yielding and 56 

applications in the literature suggest promising results [3], [4], [13], [23]. The Hoffman criterion is 57 

an extension of the Hill criterion that also considers hydrostatic stresses and differences in 58 

compressive and tensile strengths in each material direction. Some studies report better results using 59 
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the Hoffman criterion in comparison to the Hill criterion, while others indicate the opposite [24], 60 

[25], [26], [27], [28]. These conflicting results may be attributable to the contribution of hydrostatic 61 

stresses towards yielding varying for different timber specimens [29]. The use of the more general 62 

Tsai-Wu criterion is typically limited by the requirement for empirical stress interaction coefficients 63 

that are difficult to obtain experimentally.  64 

Complex multi-surface failure theories [30], [31] and micro-mechanical modelling techniques [32] 65 

have been developed for timber but have found limited application due to the sophistication of the 66 

material laws, difficulties in implementation and numerical instability. A simpler multi-surface 67 

criterion is proposed by Hashin based on unidirectional fibre composites considering four failure 68 

modes [15], [33]. Sandhaas et al [34] propose a constitutive model combining a three-dimensional 69 

(3D) failure criterion, incorporating eight distinct failure modes based on maximum principal stress 70 

theory, with continuum damage mechanics. The Sandhaas model is relatively easy to implement and 71 

has shown promising results [14], [35] but may suffer from rapid artificial softening, producing 72 

spurious energies and inaccurate results [34]. Gharib et al [36] propose a modified version of the 73 

Sandhaas model including a well-defined softening response with residual stiffness, improving 74 

numerical stability [37]. Others have proposed using plastic yield criteria with continuum damage 75 

modelling to initiate brittle failure [38], [39]. However, these approaches include isotropic damage 76 

and are unable to consider differences in tensile and compressive strength. Eslami et al [29] and 77 

Wang et al [40] employ composite failure criteria, combining plastic yield criteria for compression 78 

with the Sandhaas maximum principal stress based criterion for brittle tensile failure, through 79 

backward-Euler approximations. However, due to the numerical procedures adopted, compression 80 

behaviour is primarily governed by the maximum principal stress-based criterion rather than plastic 81 

yield criterion. All these models have been applied mostly in simple dowel-type connections or 82 

simple beam-bending simulations using backward Euler methods, and their performance in 83 

modelling complex assemblages under various stress states is unknown. 84 
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This study presents constitutive models and numerical modelling for complex multi-material metal-85 

timber connections through large deformations, as required for robust design of timber buildings. 86 

Section 2 explores suitable constitutive models for metals and timber, and proposes new timber 87 

failure criteria. These criteria and their implementation in the finite element (FE) method, combining 88 

the explicit solving capability of the commercially available ABAQUS FE software with new 89 

VUMAT user subroutines developed in this study are also explained. These subroutines are made 90 

available for the benefit of other researchers. Section 3 provides a benchmarked numerical example, 91 

applying the models developed in Section 2 to a complex multi-material steel, aluminium and 92 

Laminated Veneer Lumber (LVL) post-and-beam timber connection. Modelling considerations 93 

affecting accuracy and efficiency are discussed, and model performance under different loading 94 

configurations is assessed. The conclusions of the study are presented in Section 4. 95 

2 Constitutive models  96 

Constitutive models suitable for detailed numerical modelling of complex metal-timber connections 97 

are discussed in this Section and the approach adopted in this study to the implementation of these 98 

models for explicit solution in the finite element domain is detailed. Explicit solution of equations of 99 

motion to advance the kinematic state, rather than implicit solution through the enforcement of 100 

equilibrium by Newton-Raphson iteration, allows for more computationally efficient treatment of 101 

non-linear problems involving complex arrangements of components and contacts particularly in 102 

conjunction with large deformations and/or dynamic analyses. 103 

Stresses 𝝈𝝈 and strains 𝜺𝜺 at a point can be represented on a three-dimensional cube. Material 104 

directions for the components of these stress and strain vectors are defined in Fig. 1(a). 105 
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 106 

Figure 1. (a) 3D stress directions, (b) corresponding orthotropic material directions for timber 107 

2.1 Ductile metals  108 

Elastic behaviour of metals can be adequately modelled using the engineering constants of an 109 

isotropic elastic stiffness matrix. The Von Mises yield criterion given in Eq. (1) is commonly used to 110 

define the end of the elastic regime [16], [17] for most crystalline metals [41]. Yielding occurs when 111 

𝑓𝑓(𝝈𝝈) ≥ 0, where 𝜎𝜎𝑒𝑒𝑒𝑒 is the equivalent stress and 𝜎𝜎𝑦𝑦 is yield stress. 112 

𝑓𝑓(𝝈𝝈) = �
1
2
�
(𝜎𝜎11 − 𝜎𝜎22)2 + (𝜎𝜎22 − 𝜎𝜎33)2 + (𝜎𝜎33 − 𝜎𝜎11)2

+6(𝜎𝜎232 + 𝜎𝜎312 + 𝜎𝜎122 ) � − 𝜎𝜎𝑦𝑦 =  𝜎𝜎𝑒𝑒𝑒𝑒 − 𝜎𝜎𝑦𝑦 (1) 

To simulate post-elastic response in ductile metals using damage, an equivalent stress–plastic strain 113 

relationship must be defined up to fracture. Engineering stress-strain relations can be determined 114 

based on uniaxial tensile testing in each material direction and may be converted to true stress 𝜎𝜎𝑇𝑇 and 115 

true strain 𝜀𝜀𝑇𝑇 up to the onset of necking. After the onset of necking, both strain localisation and stress 116 

triaxiality must be accounted for.  117 

Holloman extrapolation (Eq. (2)) is commonly used to account for strain localisation in the 118 

modelling of metallic materials [42] from the onset of necking until fracture.  119 

𝜎𝜎𝑇𝑇 =  𝑘𝑘1(𝜀𝜀𝑇𝑇𝑛𝑛)𝜀𝜀𝑇𝑇
𝑛𝑛
 (2) 
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The coefficient 𝑘𝑘1 is calculated by substituting known values at the necking point and the superscript 120 

“n” denotes necking. The equivalent stress 𝜎𝜎𝑒𝑒𝑒𝑒 and equivalent strain 𝜀𝜀𝑒𝑒𝑒𝑒 are equal to 𝜎𝜎𝑇𝑇 and 𝜀𝜀𝑇𝑇 121 

determined by uniaxial tensile testing, and from these an equivalent plastic strain component 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝   can 122 

be obtained using Eq. (3), where 𝐸𝐸 is the Young’s modulus.  123 

𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 =  𝜀𝜀𝑒𝑒𝑒𝑒 −  

𝜎𝜎𝑒𝑒𝑒𝑒
𝐸𝐸

 (3) 

To account for stress triaxiality after necking for round bar specimens, the Gromada correction factor 124 

may be applied to equivalent stress values after necking [43] with coefficients 𝛼𝛼 = 0.5 and 𝛽𝛽 = 0.5 125 

as proposed in [42].  126 

Material softening observed in ductile metals after necking can be simulated using continuum 127 

damage modelling techniques. Damage is assumed to be initiated at the onset of necking and then 128 

evolves until stiffness reduces to zero. Damage initiation for ductile damage, due to the coalescence, 129 

nucleation and growth of voids, can be defined using an equivalent plastic strain at the onset of 130 

damage 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝. This 𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝𝑝𝑝 can be presented as a function of stress triaxiality 𝜂𝜂 using Eq. (4) proposed by 131 

Pavlovic et al [17], where 𝜀𝜀𝑇𝑇
𝑝𝑝𝑝𝑝 is the true plastic strain at necking. 132 

𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝(𝜂𝜂) =  𝜀𝜀𝑇𝑇

𝑝𝑝𝑝𝑝 𝑒𝑒𝑒𝑒𝑒𝑒 �−1.5 �𝜂𝜂 −
1
3
�� (4) 

The evolution of stiffness degradation following damage initiation can be described by a scalar 133 

damage variable 𝐷𝐷. This 𝐷𝐷 is formulated in Eq. (5) in terms of equivalent stress 𝜎𝜎𝑒𝑒𝑒𝑒 and of an 134 

equivalent undamaged stress 𝜎𝜎𝑒𝑒𝑒𝑒���� considering strain hardening behaviour without necking or 135 

softening, and then calculated for each 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 . 136 

𝐷𝐷 = �1 −
𝜎𝜎𝑒𝑒𝑒𝑒
𝜎𝜎𝑒𝑒𝑒𝑒����

� (5) 



6 

The crack band method [44] can be used to avoid mesh dependent strain localisation during 137 

numerical implementation by setting the fracture energy 𝑔𝑔𝑓𝑓 equal to 𝐺𝐺𝑓𝑓/𝑤𝑤. The quantity 𝐺𝐺𝑓𝑓, 138 

calculated using Eq. (6), is the fracture energy needed to open a unit area of crack – a mesh-139 

independent material parameter – and 𝑤𝑤 is the element thickness. The total failure of an element 140 

occurs once all fracture energy is dissipated. 141 

𝐺𝐺𝑓𝑓 =  � 𝐿𝐿𝜎𝜎𝑦𝑦𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝

𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝

𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝

=  � 𝜎𝜎𝑦𝑦𝑑𝑑𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝

𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝

0
 (6) 

where 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝 is the equivalent plastic strain at fracture and 𝑢𝑢𝑒𝑒𝑒𝑒

𝑝𝑝𝑝𝑝 is the equivalent plastic displacement at 142 

fracture. Equivalent plastic displacement 𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝  can be obtained using Eq. (7).  143 

𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝 = 𝐿𝐿(𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝 −  𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝) (7) 

where 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝  ≥  𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝𝑝𝑝. Characteristic element length 𝐿𝐿 is discussed further in Section 3.8 but can be 144 

taken as the typical element length for linear elements. 145 

Shear damage initiation due to shear band localisation is represented by equivalent plastic strain at 146 

the onset of shear damage 𝜀𝜀𝑒𝑒𝑒𝑒,𝑠𝑠
𝑝𝑝𝑝𝑝 , defined as a function of shear stress ratio 𝜃𝜃𝑠𝑠. Exponential softening 147 

can be used to model shear damage evolution, with multiplicative degradation simulating both 148 

ductile and shear damage simultaneously [17], [45]. 149 

2.2 Timber  150 

The distinction between wood, timber and engineered timber is typically scale-based and relates to 151 

the hierarchical structure of the materials. Wood refers to natural material with properties 152 

characterised exclusive of larger defects such as knots. Timber refers to selected material inclusive of 153 

some larger defects. Engineered timber refers to industrially homogenised material. [46]. For the 154 

purposes of single-scale modelling; wood, timber or engineered timber as appropriate, may be 155 

idealised as homogeneous orthotropic materials. The term timber is used in the remainder of this 156 
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section for consistency but can be understood to apply similarly to wood and engineered timber 157 

when similarly modelled as homogenous orthotropic materials with appropriately specified 158 

mechanical properties.  159 

The elastic behaviour of timber can be adequately modelled using the engineering constants of an 160 

orthotropic elastic stiffness matrix. However, the modelling of the post-elastic behaviour is not a 161 

subject of broad agreement. 162 

2.2.1 Hill criterion  163 

An extended version of the Von Mises yield criterion was proposed by Hill [20] for ductile 164 

anisotropic materials. The Hill criterion is given in Eq. (8), where 𝜎𝜎𝑦𝑦,0 is the reference yield stress, 165 

𝜏𝜏0 = 𝜎𝜎𝑦𝑦,0/√3 , and 𝑓𝑓c and 𝑓𝑓𝑣𝑣 are the compressive and shear strengths in the directions indicated by 166 

the subscripts. For materials such as timber that lack a distinct yield point, a suitable proof stress or 167 

similar reference value determined by uniaxial testing is commonly adopted for 𝜎𝜎𝑦𝑦,0. 168 

𝑓𝑓(𝝈𝝈) = ��
𝐹𝐹(𝜎𝜎22 − 𝜎𝜎33)2 + 𝐺𝐺(𝜎𝜎33 − 𝜎𝜎11)2 + 𝐻𝐻(𝜎𝜎11 − 𝜎𝜎22)2

+2𝐿𝐿𝜎𝜎232 + 2𝑀𝑀𝜎𝜎132 + 2𝑁𝑁𝜎𝜎122
� − 𝜎𝜎𝑦𝑦,Hill,0 (8) 

𝐹𝐹 =  
𝜎𝜎𝑦𝑦,0
2

2
�

1
𝑓𝑓𝑐𝑐,22
2 +

1
𝑓𝑓𝑐𝑐,33
2 −

1
𝑓𝑓𝑐𝑐,11
2 � , 𝐺𝐺 =  

𝜎𝜎𝑦𝑦,0
2

2
�

1
𝑓𝑓𝑐𝑐,33
2 +

1
𝑓𝑓𝑐𝑐,11
2 −

1
𝑓𝑓𝑐𝑐,22
2 �,  

𝐻𝐻 =  
𝜎𝜎𝑦𝑦,0
2

2
�

1
𝑓𝑓𝑐𝑐,11
2 +

1
𝑓𝑓𝑐𝑐,22
2 −

1
𝑓𝑓𝑐𝑐,33
2 � , 𝐿𝐿 =  

3
2
�
𝜏𝜏0

𝑓𝑓𝑣𝑣,23
�
2

, 𝑀𝑀 =  
3
2
�
𝜏𝜏0

𝑓𝑓𝑣𝑣,13
�
2

, 𝑁𝑁 =  
3
2
�
𝜏𝜏0

𝑓𝑓𝑣𝑣,12
�
2

 

 

Yielding is defined when 𝑓𝑓(𝝈𝝈) ≥ 0. The Hill yield surface is represented in 𝜎𝜎11-𝜎𝜎22 space in 169 

Fig. 2(a), using material property values from the benchmarked numerical model in Section 3.4. 170 

Tension is denoted as positive. Differences in tensile and compressive strength are not 171 

accommodated. Brittle failure is not considered. The yield criterion is usually applied to an elastic-172 

plastic stress-strain model including isotropic hardening. The Hill failure criterion is commonly 173 

included in commercial finite element software.  174 
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 175 

Figure 2. Yield and failure surfaces of: (a) Hill and Sandhaas/Gharib; (b) Hoffman and Sandhaas/Gharib; (c) 176 

proposed Hill-Gharib Case I; (d) proposed Hoffman-Gharib Case I; (e) proposed Hill-Gharib Case II; and (f) 177 

proposed Hoffman-Gharib Case II. 178 

2.2.2 Hoffman criterion 179 

The Hoffman [21] criterion (Eq. (9)) is an extension of the Hill criterion that accommodates 180 

differences in tensile 𝑓𝑓𝑡𝑡 and compressive 𝑓𝑓𝑐𝑐 material strength. 181 
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𝑓𝑓(𝝈𝝈) = �
𝛼𝛼23(𝜎𝜎22 −  𝜎𝜎33)2 + 𝛼𝛼13(𝜎𝜎33 −  𝜎𝜎11)2 + 𝛼𝛼12(𝜎𝜎11 −  𝜎𝜎22)2

+𝛼𝛼11𝜎𝜎11 + 𝛼𝛼22𝜎𝜎22 + 𝛼𝛼33𝜎𝜎33
+3𝛼𝛼44𝜎𝜎122 + 3𝛼𝛼55𝜎𝜎132 + 3𝛼𝛼66𝜎𝜎232

� −  𝜎𝜎𝑦𝑦,Hoff,0
2   (9) 

𝛼𝛼12 =  
𝜎𝜎𝑦𝑦,0
2

2
� 1
𝑓𝑓𝑐𝑐,11𝑓𝑓𝑡𝑡,11

+ 1
𝑓𝑓𝑐𝑐,22𝑓𝑓𝑡𝑡,22

− 1
𝑓𝑓𝑐𝑐,33𝑓𝑓𝑡𝑡,33

�,  

𝛼𝛼23 =  
𝜎𝜎𝑦𝑦,0
2

2
�− 1

𝑓𝑓𝑐𝑐,11𝑓𝑓𝑡𝑡,11
+ 1

𝑓𝑓𝑐𝑐,22𝑓𝑓𝑡𝑡,22
+ 1

𝑓𝑓𝑐𝑐,33𝑓𝑓𝑡𝑡,33
�,  

𝛼𝛼13 =  
𝜎𝜎𝑦𝑦,0
2

2
� 1
𝑓𝑓𝑐𝑐,11𝑓𝑓𝑡𝑡,11

− 1
𝑓𝑓𝑐𝑐,22𝑓𝑓𝑡𝑡,22

+ 1
𝑓𝑓𝑐𝑐,33𝑓𝑓𝑡𝑡,33

�,  

𝛼𝛼11 =  𝜎𝜎𝑦𝑦,0
2 �𝑓𝑓𝑐𝑐,11−𝑓𝑓𝑡𝑡,11

𝑓𝑓𝑐𝑐,11𝑓𝑓𝑡𝑡,11
�, 𝛼𝛼22 =  𝜎𝜎𝑦𝑦,0

2 �𝑓𝑓𝑐𝑐,22−𝑓𝑓𝑡𝑡,22
𝑓𝑓𝑐𝑐,22𝑓𝑓𝑡𝑡,22

�, 𝛼𝛼33 =  𝜎𝜎𝑦𝑦,0
2 �𝑓𝑓𝑐𝑐,33−𝑓𝑓𝑡𝑡,33

𝑓𝑓𝑐𝑐,33𝑓𝑓𝑡𝑡,33
�,  

𝛼𝛼44 =  
𝜎𝜎𝑦𝑦,0
2

3𝑓𝑓𝑣𝑣,12
2 , 𝛼𝛼55 =  

𝜎𝜎𝑦𝑦,0
2

3𝑓𝑓𝑣𝑣,13
2 , 𝛼𝛼66 =  

𝜎𝜎𝑦𝑦,0
2

3𝑓𝑓𝑣𝑣,23
2    

 

Yielding is defined when 𝑓𝑓(𝝈𝝈) ≥ 0. The Hoffmann yield surface is represented in 𝜎𝜎11-𝜎𝜎22 space in 182 

Fig. 2(b). Unlike Hill, the influence of hydrostatic stresses is considered, although the actual 183 

contribution of hydrostatic stresses to timber failure is unclear [29]. The yield criterion is usually 184 

applied to an elastic-plastic model including isotropic hardening. The Hoffmann criterion is not 185 

commonly included in commercial finite element software. 186 

2.2.2.1 Formulation for explicit solution in finite element domain 187 

Subroutines implementing the Hoffman criterion for implicit solution in the finite element domain 188 

have been presented previously [25], [26]. A new user subroutine was developed in Fortran language 189 

as part of this study in order to use the explicit solver function of ABAQUS/Explicit that is better 190 

suited to analysing complex problems including interactions, softening and dynamic effects.  191 

Implicit solution in the finite element domain typically applies load in small time increments Δ𝑡𝑡 and 192 

uses the backward Euler method to approximate the solution at time 𝑡𝑡 + ∆𝑡𝑡 iteratively, based on 193 

values at 𝑡𝑡 and 𝑡𝑡 + ∆𝑡𝑡. Explicit solution requires the forward Euler method, whereby quantities at 194 

time 𝑡𝑡 + ∆𝑡𝑡 are approximated using values at 𝑡𝑡 explicitly. The numerical formulation developed in 195 
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this study for explicit solution is discussed in detail below. All calculations are performed at each 196 

integration point.  197 

At the beginning of an increment, at time 𝑡𝑡, variables 𝜺𝜺𝑡𝑡, 𝜺𝜺∆𝑡𝑡, 𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,𝑡𝑡
𝑝𝑝 , 𝜎𝜎𝑦𝑦,0,𝑡𝑡 and 𝝈𝝈𝑡𝑡 are known. 198 

Strains and stresses at 𝑡𝑡 + ∆𝑡𝑡 can be expressed as given in Eq. (10) and Eq. (11) respectively. 199 

𝜺𝜺𝑡𝑡+∆𝑡𝑡 =  𝜺𝜺𝑡𝑡 +  𝜺𝜺∆𝑡𝑡 (10) 

𝝈𝝈𝑡𝑡+∆𝑡𝑡 =  𝝈𝝈𝑡𝑡 +  𝝈𝝈∆𝑡𝑡 (11) 

𝝈𝝈∆𝑡𝑡 = 𝑲𝑲𝐸𝐸𝜺𝜺∆𝑡𝑡𝑒𝑒  (12) 

where 𝑲𝑲𝐸𝐸 is the elastic stiffness matrix. The strain increment 𝜺𝜺∆𝑡𝑡 can be decomposed into elastic 𝜺𝜺∆𝑡𝑡𝑒𝑒  200 

and plastic 𝜺𝜺∆𝑡𝑡
𝑝𝑝  components as shown in Eq. (13). 201 

𝜺𝜺∆𝑡𝑡 =  𝜺𝜺∆𝑡𝑡𝑒𝑒 + 𝜺𝜺∆𝑡𝑡
𝑝𝑝  (13) 

Substituting Eq. (13) into Eq. (11) and rearranging provides: 202 

𝝈𝝈𝑡𝑡+∆𝑡𝑡 =  𝝈𝝈𝑡𝑡 + 𝑲𝑲𝐸𝐸(𝜺𝜺∆𝑡𝑡 − 𝜺𝜺∆𝑡𝑡
𝑝𝑝 ) (14) 

A trial stress considering no plastic behaviour can be obtained using Eq. (15). 203 

𝝈𝝈𝑡𝑡+∆𝑡𝑡𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 = 𝝈𝝈𝑡𝑡 + 𝑲𝑲𝐸𝐸𝜺𝜺∆𝑡𝑡    (15) 

Substituting Eq. (15) into Eq. (14) gives: 204 

𝝈𝝈𝑡𝑡+∆𝑡𝑡 =  𝝈𝝈𝑡𝑡+∆𝑡𝑡𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 − 𝑲𝑲𝐸𝐸𝜺𝜺∆𝑡𝑡
𝑝𝑝  (16) 

Trial stresses are first determined to check whether yielding has occurred based on Eq. (9). If no 205 

yielding exists, then 𝜺𝜺∆𝑡𝑡
𝑝𝑝 = 0 and 𝝈𝝈𝑡𝑡+∆𝑡𝑡 = 𝝈𝝈𝑡𝑡+∆𝑡𝑡𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇. Therefore, the stresses at time 𝑡𝑡 + ∆𝑡𝑡 can be 206 

directly found from the trial stresses. If yielding occurs, the 𝝈𝝈𝑡𝑡+∆𝑡𝑡𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 needs to be corrected as shown in 207 

Eq. (16). This process is the return mapping algorithm. Accordingly, 𝜺𝜺∆𝑡𝑡
𝑝𝑝  is estimated from the 208 
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associated flow rule (Eq. (17)), which postulates that 𝜺𝜺∆𝑡𝑡
𝑝𝑝  and the normal to the yield surface have the 209 

same direction. 210 

𝜺𝜺∆𝑡𝑡
𝑝𝑝 =  𝜆𝜆∆𝑡𝑡 �

𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

� (17) 

The parameter 𝜆𝜆 is a hardening parameter and is greater than zero. This 𝜆𝜆 and 𝑓𝑓(𝝈𝝈) must conform to 211 

the Karush-Kuhn-Tucker (KKT) conditions. The first condition requires that, during loading and 212 

unloading, plastic strain increment is equal to or greater than zero. The second requires that the stress 213 

state must lie on, or within, the yield surface. These KKT conditions are given in Eq. (18). 214 

𝜆𝜆∆𝑡𝑡 ≥ 0, 𝑓𝑓(𝝈𝝈𝑡𝑡+∆𝑡𝑡) ≤ 0, 𝜆𝜆∆𝑡𝑡𝑓𝑓(𝝈𝝈𝑡𝑡+∆𝑡𝑡) = 0  (18) 

A consequence of the third condition is Prager’s consistency condition, which can be utilized to 215 

eliminate the unknown parameter, 𝜆𝜆∆𝑡𝑡. This condition asserts that the stresses must lie on the yield 216 

surface during plastic deformations and is formulated as: 217 

𝑓𝑓(𝝈𝝈𝑡𝑡+∆𝑡𝑡) =  𝑓𝑓(𝝈𝝈𝑡𝑡) + 𝑑𝑑𝑑𝑑 (19) 

where 𝑓𝑓(𝝈𝝈𝑡𝑡+∆𝑡𝑡) = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓(𝝈𝝈𝑡𝑡) = 0. This leads to Eq. (20),  218 

𝑑𝑑𝑑𝑑 =  �
𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

�
𝑇𝑇

𝝈𝝈∆𝑡𝑡 + �
𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)

𝜕𝜕𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,𝑡𝑡
𝑝𝑝 �  𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,∆𝑡𝑡

𝑝𝑝 = 0 (20) 

A reference yield stress, considering hardening behaviour, can be expressed as: 219 

𝜎𝜎𝑦𝑦,0,𝑡𝑡+∆𝑡𝑡 =  𝜎𝜎𝑦𝑦,0,𝑡𝑡 + 𝐻𝐻𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,∆𝑡𝑡
𝑝𝑝 , 𝐻𝐻 =

∆𝜎𝜎𝑦𝑦
∆𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻

𝑝𝑝  (21) 

with 𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,∆𝑡𝑡
𝑝𝑝  defined following [25], [47], [48], [49] as given in Eq. (22): 220 

𝜀𝜀𝑒𝑒𝑒𝑒,Hoff,∆𝑡𝑡
𝑝𝑝 =  𝜆𝜆∆𝑡𝑡ℎ, ℎ = �2

3
�
𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

�
𝑇𝑇

�
𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

�   (22) 
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Solving Eq. (20) using Eq. (21) and Eq. (22) gives Eq. (23), a solution to 𝜆𝜆∆𝑡𝑡: 221 

𝜆𝜆∆𝑡𝑡 =  
�𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

�
𝑇𝑇
𝑲𝑲𝐸𝐸  𝜺𝜺∆𝑡𝑡

�𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

�
𝑇𝑇
𝑲𝑲𝐸𝐸 �

𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

� + 2𝜎𝜎𝑦𝑦,0,𝑡𝑡𝐻𝐻ℎ
 (23) 

A solution to the stress vector at time 𝑡𝑡 + ∆𝑡𝑡 can then be found using Eq. (16) and 𝜺𝜺𝑡𝑡+∆𝑡𝑡, 222 

𝜀𝜀𝑒𝑒𝑒𝑒,𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻,𝑡𝑡+∆𝑡𝑡
𝑝𝑝 , and 𝝈𝝈𝑡𝑡+∆𝑡𝑡 are updated at the end of the increment for each integration point. The 223 

specific internal energy 𝐼𝐼𝑡𝑡+∆𝑡𝑡 and the specific plastic work 𝑊𝑊𝑡𝑡+∆𝑡𝑡
𝑝𝑝   can be estimated as presented in 224 

Eq. (24) and Eq. (25), where 𝜌𝜌 is material density: 225 

𝐼𝐼𝑡𝑡+∆𝑡𝑡 =  𝐼𝐼𝑡𝑡 +  
∑0.5(𝝈𝝈𝑡𝑡 +𝝈𝝈𝑡𝑡+∆𝑡𝑡)𝜺𝜺∆𝑡𝑡

𝜌𝜌
 (24) 

𝑊𝑊𝑡𝑡+∆𝑡𝑡
𝑝𝑝 =  𝑊𝑊𝑡𝑡

𝑝𝑝 +  
0.5(𝜎𝜎𝑦𝑦,0,𝑡𝑡 + 𝜎𝜎𝑦𝑦,0,𝑡𝑡+∆𝑡𝑡)𝜀𝜀𝑒𝑒𝑒𝑒,Hoff,∆𝑡𝑡

𝑝𝑝

𝜌𝜌
 (25) 

2.2.3 Sandhaas model  226 

A constitutive model including a multi-surface failure criterion considering both compressive and 227 

tensile behaviour of timber is proposed by Sandhaas et al [34]. A detailed discussion of this model 228 

and the constituent formulae can be found in [34]. The failure criterion has eight different failure 229 

regions based on maximum principal stress theory as given in Eqs. (26)-(33). Yielding occurs when 230 

𝐹𝐹𝑐𝑐(𝜎𝜎)  ≥ 1 and brittle failure occurs when 𝐹𝐹𝑡𝑡(𝜎𝜎) ≥ 1 or 𝐹𝐹𝑣𝑣(𝜎𝜎) ≥ 1. 231 

𝐹𝐹𝑡𝑡,11(𝜎𝜎) =  
𝜎𝜎11
𝑓𝑓𝑡𝑡,11

;  𝜎𝜎11 ≥ 0 (26) 

𝐹𝐹𝑐𝑐,11(𝜎𝜎) =  
−𝜎𝜎11
𝑓𝑓𝑐𝑐,11

;   𝜎𝜎11 < 0 (27) 

𝐹𝐹𝑡𝑡,22(𝜎𝜎) =  
𝜎𝜎222

𝑓𝑓𝑡𝑡,22
2 +

𝜎𝜎122

𝑓𝑓𝑣𝑣,12
2 +

𝜎𝜎232

𝑓𝑓𝑣𝑣,23
2 ;  𝜎𝜎22 ≥ 0 (28) 
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𝐹𝐹𝑐𝑐,22(𝜎𝜎) =  
−𝜎𝜎22
𝑓𝑓𝑐𝑐,22

;𝜎𝜎22 < 0 (29) 

𝐹𝐹𝑣𝑣,12(𝜎𝜎) =  
𝜎𝜎122

𝑓𝑓𝑣𝑣,12
2 +

𝜎𝜎232

𝑓𝑓𝑣𝑣,23
2 ;   𝜎𝜎22 < 0 (30) 

𝐹𝐹𝑡𝑡,33(𝜎𝜎) =  
𝜎𝜎332

𝑓𝑓𝑡𝑡,33
2 +

𝜎𝜎132

𝑓𝑓𝑣𝑣,13
2 +

𝜎𝜎232

𝑓𝑓𝑣𝑣,23
2 ;  𝜎𝜎33 ≥ 0 (31) 

𝐹𝐹𝑐𝑐,33(𝜎𝜎) =  
−𝜎𝜎33
𝑓𝑓𝑐𝑐,22

;  𝜎𝜎33 < 0 (32) 

𝐹𝐹𝑣𝑣,13(𝜎𝜎) =  
𝜎𝜎132

𝑓𝑓𝑣𝑣,13
2 +

𝜎𝜎232

𝑓𝑓𝑣𝑣,23
2 ;  𝜎𝜎33 < 0 (33) 

The Sandhaas failure surface is represented in 𝜎𝜎11-𝜎𝜎22 space in Fig. 2(a) and (b) for comparison with 232 

the Hill and Hoffmann yield surfaces respectively. The criterion is used to specify the initiation of 233 

yielding and damage, with continuum damage modelling techniques then used to simulate the 234 

damage evolution. Bilinear stress-strain relationships adopted by Sandhaas are presented in Fig. 3(a) 235 

and (b) for compression and tension respectively.  236 

 237 

Figure 3. (a) Elastic-perfectly plastic and (b) elastic-softening stress-strain relationships adopted by Sandhaas  238 

Damage variables are embedded in the compliance matrix to derive a damaged stiffness matrix 239 

𝑲𝑲𝑑𝑑𝑑𝑑𝑑𝑑, with Eq. (34) used to obtain stresses [34]. The fracture energy-based crack band method is 240 

used to avoid mesh dependency due to softening during brittle damage. 241 
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𝝈𝝈𝒕𝒕+∆𝒕𝒕 =  𝑲𝑲𝑑𝑑𝑑𝑑𝑑𝑑𝜺𝜺𝑡𝑡+∆𝑡𝑡 (34) 

The Sandhaas model has previously been implemented for implicit solution using the backward-242 

Euler method. A new subroutine implementing this model for explicit solution using the forward 243 

Euler method, was developed for this study. The formulae of the failure criterion and damage 244 

variables remain unchanged, but the iterative process and the requirement of a Jacobian matrix for 245 

tangent stiffness are circumvented by employing a two-state architecture that incorporates old and 246 

new arrays. A summary of the numerical procedure adopted is presented in Fig. 4. 247 

Element deletion is added in the new subroutine, with the deletion parameter set to active when 248 

damage variables reach a value of 0.99995, i.e., closely approaching a value of unity, in order to 249 

avoid numerical instability. Viscous regularisation, which is often used to improve the convergence 250 

of implicit solution, is not required for explicit solution. 251 
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 252 

Figure 4. Numerical approach adopted for implementation of the Sandhaas and Gharib constitutive models 253 

2.2.4 Gharib model 254 

A constitutive model adopting the Sandhaas failure criterion supplemented with well-defined 255 

hardening, softening and brittle damage responses for timber has been proposed by Gharib et al. [36]. 256 

The Sandhaas failure criterion is used to specify the initiation of yielding and damage, with 257 

continuum damage modelling techniques used to simulate the damage evolution. The general form of 258 

the multi-linear stress-strain relationship adopted in the Gharib model is presented in Fig. 5. This 259 
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model is able to represent more varied stress-strain responses than that adopted by Sandhaas, 260 

including plastic hardening and bi-linear softening. The introduction of the residual region to the 261 

bilinear-softening branch improves numerical stability.  262 

 263 

Figure 5. Reference stress-strain relationship adopted for timber in the Gharib model 264 

Damage variables that account for hardening, softening and residual regimes are different to those of 265 

Sandhaas, but similarly embedded in the compliance matrix. A detailed discussion of this model 266 

including damage variables can be found in [36]. The fracture energy-based crack band method is 267 

employed to simulate brittle damage. The Gharib model has previously been implemented for 268 

implicit solution using the backward-Euler method. A new subroutine implementing this model for 269 

explicit solution, using the forward Euler method, was developed in this study. This subroutine 270 

incorporates element deletion as described in Section 2.2.3. A summary of the numerical procedure 271 

adopted is shown in Fig. 4.  272 

2.2.5 Proposed composite failure criteria 273 

Constitutive models adopting maximum principal stress theory based failure criteria may not 274 

adequately represent ductile failure behaviour, particularly under bi-axial or tri-axial stress states, as 275 

has been observed experimentally [18]. Conversely, constitutive models adopting elliptical yield 276 

surfaces have been shown to adequately represent ductile behaviour [27], but are not capable of 277 

modelling brittle failure. Therefore, two new constitutive models adopting composite failure criteria 278 
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that combine maximum principal stress theory piecewise with an elliptical yield surface, are 279 

considered.  280 

2.2.5.1 Hill-Gharib model 281 

A composite Hill-Gharib model is proposed whereby yielding is defined by the Hill yield criterion 282 

followed by isotropic hardening; and brittle failure is defined by maximum principal stress criterion 283 

followed by continuum damage modelling after Gharib. The Gharib model is selected over the 284 

Sandhaas model for its well-defined hardening, softening and damage responses, and numerical 285 

stability. A new subroutine implementing the proposed Hill-Gharib model for explicit solution using 286 

the forward-Euler method was developed for this study. A flowchart for the implementation of the 287 

proposed criterion is depicted in Fig. 6, combining the numerical procedures set out in Section 2.2.2 288 

and Section 2.2.4. However,  𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

 and associated calculations differ somewhat from those described 289 

in Section 2.2.2 with 𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

 determined following Eq. (35). The stress-strain relationship for 290 

compression is an elastic-plastic model with isotropic hardening, while the relationship for tension is 291 

an elastic-softening-residual model. 292 

𝜕𝜕𝜕𝜕(𝝈𝝈𝑡𝑡)
𝜕𝜕𝝈𝝈𝑡𝑡

=  
1

𝑓𝑓(𝝈𝝈𝑡𝑡)

⎩
⎪⎪
⎨

⎪⎪
⎧−𝐺𝐺�𝜎𝜎33,𝑡𝑡 − 𝜎𝜎11,𝑡𝑡� + 𝐻𝐻�𝜎𝜎11,𝑡𝑡 − 𝜎𝜎22𝑡𝑡�
𝐹𝐹�𝜎𝜎22,𝑡𝑡 − 𝜎𝜎33,𝑡𝑡� − 𝐻𝐻�𝜎𝜎11,𝑡𝑡 − 𝜎𝜎22,𝑡𝑡�
−𝐹𝐹�𝜎𝜎22,𝑡𝑡 − 𝜎𝜎33,𝑡𝑡� + 𝐺𝐺�𝜎𝜎33,𝑡𝑡 − 𝜎𝜎11,𝑡𝑡�

2𝑁𝑁𝜎𝜎12,𝑡𝑡
2𝐿𝐿𝜎𝜎23,𝑡𝑡
2𝑀𝑀𝜎𝜎13,𝑡𝑡 ⎭

⎪⎪
⎬

⎪⎪
⎫

 (35) 

Two separate cases were defined following the conditions given in Box “A” in Fig. 6. Case I allows 293 

tensile or shear failure if at least one normal stress component is in tension. However, the crack band 294 

model is effective when only one failure band is dominant at a time [34], [36]. Abrupt artificial 295 

softening and energy generation can occur when failing elements are unable to adequately 296 

redistribute load to adjacent elements, resulting in the formation of multiple failure bands in 297 

neighbouring regions. To limit the occurrence of multiple failure bands, a stricter condition was 298 
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defined for Case II, permitting tensile failure only if all three normal stress components are in 299 

tension. The Case II condition is unrealistic when applied to macro-level situations, but when the 300 

condition is applied at the micro- (i.e., element) level in the finite element analysis, the macro-level 301 

response may remain realistic. Other techniques such as non-local formulations [50] can alternatively 302 

be used at the expense of high computational effort and complex formulations. The two cases lead to 303 

two distinct failure surfaces and thus result in two different constitutive models. The cases do not 304 

interact and analyses are conducted separately for each case. The failure surface of the proposed 305 

composite failure criterion is represented in 𝜎𝜎11-𝜎𝜎22 space in Fig. 2(c) and (e) for Case I and Case II 306 

respectively. The solid line indicates the portion of the surface governed by yielding while the 307 

dashed line indicates that governed by brittle failure. Note that when the yield surface expands with 308 

isotropic hardening, failure modes in quadrants I and III may transition from yielding to brittle 309 

failure. 310 
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 311 

Figure 6. Numerical approach adopted for implementation of the proposed Hill-Gharib and Hoffman-Gharib 312 

failure criteria 313 

2.2.5.2 Hoffman-Gharib model 314 

A composite Hoffman-Gharib model is similarly proposed whereby yielding is defined by the 315 

Hoffmann yield criterion followed by isotropic hardening; and brittle failure is defined by maximum 316 

principal stress criterion followed by continuum damage modelling after Gharib. Separate Case I and 317 

Case II tension failure conditions are defined in an analogous manner to the Hoffmann-Gharib 318 

criterion described in Section 2.2.5.1.  The failure surface of the proposed composite model is 319 
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presented in Fig. 2(d) and (f) for Case I and Case II respectively. A new subroutine implementing the 320 

proposed Hill-Gharib model for explicit solution using the forward-Euler method was developed for 321 

this study. The numerical procedure for implementation is similar to that described in Section 2.2.5.1 322 

except that the Hill criterion is replaced by the Hoffman criterion for 𝑓𝑓(𝝈𝝈) in circle “B” in Figure 6. 323 

3 Numerical modelling of a bolted T-section beam-column connection 324 

This Section presents detailed numerical modelling of a multi-material steel, aluminium and LVL 325 

timber beam-column connection under large deformations in shear and moment dominated tests. The 326 

detailed numerical modelling synthesises key techniques and provides detailed guidance on their 327 

application to the simulation of complex timber-metal connections through large deformations. The 328 

numerical model is benchmarked against empirical results reported in the literature. The numerical 329 

model is then used to compare the different constitutive models for timber detailed in Section 2. 330 

3.1 Modelled connection 331 

A concealed T-shaped aluminium beam-column connector with steel bolts and dowels tested by 332 

Masaeli et al [51] was chosen as an empirical benchmark for the numerical model based on the 333 

complexity of the tested arrangement, the high quality of the experimental investigation and the 334 

detailed reporting of the test parameters and results. Detailed design of the tested connection and full 335 

experimental results are given in [51]; necessary properties and results are reproduced in this paper.  336 

The tested T-connector was fabricated from AW 6005-A aluminium alloy extruded sections and the 337 

beams and columns from Douglas fir LVL timber. Beam and column sections were 600×252 mm2 338 

and 360×360 mm2 respectively. A schematic of the full two-sided connection concept is depicted in 339 

Fig. 7. Each beam is connected to a T-connector using one row of ten 16 mm S355 steel dowels. T-340 

connectors are located flush to the column face on each side and connected by two rows of six 341 

16 mm diameter grade 8.8 M16 bolts through the flange. Representative single-sided connection 342 

arrangements were tested in moment and shear dominated arrangements by Masaeli et al [51]. 343 
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 344 

Figure 7. Details of the "T-connector", redrawn after Masaeli et al. [51] 345 

The tested moment and shear arrangements are modelled numerically here in the commercially 346 

available finite element (FE) software package ABAQUS [45]. Each part was drawn individually and 347 

subsequently assembled to form the complete timber beam-column connection. Two modifications to 348 

the geometry reported in [51] were adopted to improve model performance.  349 

1. Corners were modelled with 8 mm chamfers to avoid stress singularities during contact 350 

which may reach infinity [45] and adversely influence stress-based failure criteria.  351 

2. Timber stiffness near a slot or hole made in timber has been observed to be weaker than the 352 

bulk stiffness [52], [53]. The tested connection [51] includes a recess cut to conceal the 353 

flange of the T-connection at the beam end.  Numerical modelling of the resulting contact 354 

conditions, where both timber-timber and timber-metal contacts exist within the same 355 

surface, can produce spurious results. Therefore, a 4 mm gap between the column face and 356 

the beam end was modelled as a convenient alternative representation of the locally reduced 357 

timber cross-section. This gap also provides clearance between the bolt nut and the beam end, 358 

helping avoid initial mesh penetrations. A preliminary study investigating the effect of 359 

including such a gap for the purposes of modelling is presented in [54]. 360 
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3.2 Mesh 361 

Despite high accuracy, full integration elements are computationally expensive and may suffer from 362 

shear locking when subjected to bending. Therefore, an 8-node linear hexahedral element with 363 

reduced integration (C3D8R) was chosen for all the parts in the assembly. C3D8R elements have 364 

only one integration point at the centre, so are unable to capture certain deformation modes, 365 

especially near the edges of the element under bending. This leads to zero energy deformation modes 366 

or hour-glassing, where elements distort without any strains calculated at the integration point. To 367 

overcome hour-glassing, an artificial stiffness can be provided by an inbuilt relax-stiffness hourglass 368 

option. However, in order that this artificial stiffness not adversely affect the model overall, the 369 

artificial energy of the system should be maintained at less than 5% of the internal energy through 370 

mesh refinements [45]. Since C3D8R has only one integration point, a minimum of four through-371 

thickness elements in a part are required to produce reasonably accurate results. Partitions were made 372 

for each component in the assembly to guide the meshing algorithm in obtaining an undistorted 373 

compatible mesh. A mesh sensitivity analysis for each part was also performed to obtain an optimum 374 

number of elements whilst maintaining suitable accuracy.  375 

3.3 Contacts  376 

Element-based surfaces were manually selected and paired using the general contact algorithm. A 377 

balanced main-secondary surface weighting with penalty contact enforcement was employed. Sliding 378 

behaviour of contacts was defined employing a common friction coefficient of 0.3, considering all 379 

the surfaces and numerical stability [55], [56], [57], [58]. To simulate large deformations, a finite 380 

sliding formulation was also applied. Normal behaviour of bolt-timber and dowel-timber contacts 381 

was defined using a generalised Lamé function (Eq. (36)) proposed by Dorn [59], [35] to account for 382 

material softening observed near timber holes. This function characterises the pressure-overclosure 383 

relationship or resistance to penetration adopting a non-linear softening model. 384 
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where 𝑈𝑈 is the contact overclosure, 𝑈𝑈0 is the maximum contact overclosure, 𝜎𝜎0 is the maximum 385 

compressive strength of timber and 𝜎𝜎𝑐𝑐𝑐𝑐 is the contact pressure. The Lamé parameters adopted here 386 

are shown in Table 1. 387 

Table 1. Lamé parameters for steel-timber normal contact [35] 388 

𝜎𝜎0 𝑛𝑛𝜎𝜎 𝑈𝑈0 𝑛𝑛𝑢𝑢 
46.4 N mm-2 3.9 0.45 mm 1.1 

 389 

3.4 Material properties 390 

The constitutive and damage modelling approaches used in this study are set out in detail for metals 391 

in Section 2.1 and for timber in Section 2.2. The values adopted for the benchmarked numerical 392 

model are summarised in Table 2, Table 3, Table 4 and Table 5, and are described in this Section. 393 

Density 𝜌𝜌, Young’s modulus 𝐸𝐸, Poisson’s ratio 𝜐𝜐, shear modulus 𝐺𝐺, engineering stress at necking 𝜎𝜎𝐸𝐸𝑛𝑛 394 

and strength 𝑓𝑓 values are reported by Masaeli et al [51], and engineering strains at necking 𝜀𝜀𝐸𝐸𝑛𝑛 for 395 

metals were obtained from the wider literature [16], [60]. 396 

3.4.1 Metals 397 

Equivalent stress-strain relationships, accounting for strain localisation and stress triaxiality, are used 398 

to define plastic yielding, strain hardening and ductile damage. Necessary isotropic material 399 

properties are summarised in Table 2. The true fracture strain 𝜀𝜀𝑇𝑇𝑇𝑇 values were calculated from 400 

experimental data in [51]. Engineering stress-strain relations were determined for each material up to 401 

the necking point. These engineering relations were then converted to true stress-strain relations and 402 

extrapolated up to 𝜀𝜀𝑇𝑇𝑇𝑇 using the Holloman model. 403 

Table 2. Material properties of metals [22], [51], [61] 404 
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Parameter Unit Grade 8.8 S355 AW 6005-A 
ρ kg m-3 8050 8050 2710 
E GPa 207 209 70 
𝜐𝜐  0.3 0.3 0.3 
𝜎𝜎𝑦𝑦 MPa 861 556 187 
𝜎𝜎𝐸𝐸𝑛𝑛  MPa 956 597 221 
𝜀𝜀𝐸𝐸𝑛𝑛  0.090 0.100 0.055 
𝜀𝜀𝑇𝑇𝑇𝑇  1.030 0.900 1.100 

 405 

The relationships applied for the damage initiation (Eq. (4)) and damage evolution are plotted in 406 

Fig. 8. The damaged and undamaged equivalent stress-strain relationships are shown in Fig. 9 and 407 

were employed as inputs to define the yielding, necking and damage evolution. A constant 𝜃𝜃𝑠𝑠= 1.732 408 

and 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 = 0.095 at failure zones of grade 8.8 metals is assumed following [17]. Damage evolution is 409 

characterised by an exponential softening law parameter of 0.7 [17] and 𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝𝑓𝑓 of 0.19 mm (Eq. (7)). 410 

Shear damage was not included for aluminium and S355 steel due to lack of data. 411 

 412 

Figure 8. (a) Damage initiation, (b) damage evolution 413 
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 414 

Figure 9. Equivalent stress vs equivalent plastic strain 415 

3.4.2 LVL Timber 416 

Material properties for LVL timber are given in Table 3 and Table 4, where 𝑓𝑓𝑐𝑐, 𝑓𝑓𝑡𝑡 and 𝑓𝑓𝑣𝑣 are 417 

strengths in compression, tension and shear respectively. Orthotropic material models with 418 

homogeneous behaviour were considered. Orthotropic material directions aligned with the stress 419 

tensor are depicted in Fig. 1(b).  420 

Table 3. LVL stiffness properties [12], [51] 421 

Density [kgm-3]  Elastic modulus [N mm-2]  Poisson’s ratio  Shear modulus [N mm-2] 
ρ  𝐸𝐸11 𝐸𝐸22 𝐸𝐸33  𝜈𝜈12 𝜈𝜈13 𝜈𝜈23  𝐺𝐺12 𝐺𝐺13 𝐺𝐺23 
592.5  15500 470 470  0.37 0.37 0.38  660 660 132 

 422 

Table 4. LVL strength properties [12], [51] 423 

Compressive strength [N mm-2]  Tensile strength [N mm-2]  Shear strength [N mm-2] 
𝑓𝑓c,11 𝑓𝑓c,22 𝑓𝑓c,33  𝑓𝑓t,11 𝑓𝑓t,22 𝑓𝑓t,33  𝑓𝑓𝑣𝑣,12 𝑓𝑓𝑣𝑣,13 𝑓𝑓𝑣𝑣,23 
46.4 8.8 8.8  46.4 1.7 1.7  7 7 1.4 

 424 

The 𝐺𝐺𝑓𝑓 values applied in this study are presented in Table 5 and were taken from experimental 425 

studies in the literature [34], [61], [62]. An elastic-plastic hardening stress-strain relationship for 426 
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compression and a linear elastic-softening relationship for tension were applied based on these 427 

material properties, including a residual stress 𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 = 0.25 𝑓𝑓𝑢𝑢𝑢𝑢𝑢𝑢 for the Gharib model.  428 

Table 5. LVL fracture energies [34], [61], [62] 429 

Fracture energy [N mm-1] 
𝐺𝐺𝑓𝑓,t,11 𝐺𝐺𝑓𝑓,t,22 𝐺𝐺𝑓𝑓,t,33 𝐺𝐺𝑓𝑓, 𝑣𝑣,12 𝐺𝐺𝑓𝑓,𝑣𝑣,13 𝐺𝐺𝑓𝑓,𝑣𝑣,23 
116 1.17 1.17 6.4 6.4 5.07 

3.5 Boundary Conditions 430 

Boundary conditions simulating the support and loading conditions reported in [51] for moment and 431 

shear tests of a one-sided T-connection are shown in Fig. 10(a) and (b) respectively, in addition to 432 

those taking advantage of symmetry.  433 

 434 

Figure 10. Boundary conditions of the (a) moment and (b) shear tests 435 

Continuity of columns is simulated by fixed boundary conditions top and bottom at 250 mm from the 436 

beam faces. Nodes already involved in contacts and constraint definitions were excluded from the 437 

symmetric boundary conditions. Loading is applied to a reference point attached to the beam using 438 

coupling constraints with continuum distribution as presented in Fig. 10. This coupling technique 439 

constrains the degrees of freedom of the connecting surface to the degrees of freedom of the 440 
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reference point by distributing the applied load on the reference point in an average sense to the 441 

connecting surface, maintaining continuum behaviour. Loading was applied under displacement 442 

control. 443 

3.6 Loading 444 

Explicit solution requires very small time increments to directly simulate quasi-static loading while 445 

maintaining acceptably low kinetic energy in the modelled system. This is often computationally 446 

impractical, even with high-performance computing. One method to reduce computational effort is to 447 

increase the load-rate of the problem while maintaining acceptably low kinetic energy, typically by 448 

trial-and-error, following an initial estimate that loading time is >300% the natural period of the 449 

system and the load-rate is <1% of the wave speeds of the materials [45]. Another method is to use 450 

mass-scaling to artificially increase the time increment size, thereby reducing the total number of 451 

increments. An initial sensitivity analysis was performed to determine suitable values of mass-452 

scaling and load-rate to achieve a kinetic energy <5% of total energy whilst minimising 453 

computational effort. A load-rate of 0.25 m s-1 and a mass scaling factor of 10, corresponding to a 454 

time increment of 6.208e-07 seconds, were selected and adopted throughout.  Details of the sensitivity 455 

analysis are reported in [54]. 456 

3.7 Analyses and Discussion  457 

3.7.1 Moment Simulation  458 

Fig. 11 compares the modelled moment-rotation responses with the experimental moment test results 459 

in [51]. The moment-rotation curve from the numerical model with the Hill criterion for timber 460 

accurately captures the experimental curve including the failure mode. The Hoffman criterion, on the 461 

other hand, over-predicts the average peak moment by approximately 8% and under-predicts the 462 

average rotation prior to softening by 19%, but accurately captures the failure mode. This increased 463 

resistance may be due to the larger yield surface of the Hoffman criterion in the compression 464 
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quadrants. Both Sandhaas and Gharib models greatly under-predict the peak moment and rotation 465 

values. This is primarily because rapid damage progression occurs once element failure due to tensile 466 

fracture starts to develop, producing kinetic energy and hence inaccurate results. Simulated failure 467 

modes exhibited shear fracture due to compression for both criteria, leading to premature failure in 468 

the computational model. 469 

 470 

Figure 11. Moment vs rotation plots of FE models with different failure criteria for LVL 471 

The composite Hill-Gharib and Hoffmann-Gharib models perform similarly to Hill and Hoffmann 472 

respectively, although Hill-Gharib Case I predicts a somewhat premature failure. No brittle fracture 473 

of the timber is reported in [51] for the moment tests, meaning that the similarity between the 474 

performance of the Hill and Hoffman and Hill-Gharib and Hoffman-Gharib models is unsurprising. 475 

3.7.2 Shear Simulation 476 

Fig. 12 compares the modelled force-displacement responses with the experimental shear test results 477 

in [51]. In all cases, the initial stiffness of the connection is significantly underestimated. This may 478 
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be at least partly attributable to an incidental pre-stressing effect imposed during tightening of the 479 

bolts, leading to higher than modelled frictional resistance to deformation. 480 

 481 

Figure 12: Shear force vs displacement plots of FE models with different failure criteria for LVL 482 

The force-displacement curve from the numerical model with the Hill criterion underestimates the 483 

experimental average peak shear force by 4% and overestimates the average displacement at the 484 

onset of complete loss of strength by 14%. The Hoffman criterion shows better agreement with the 485 

shape of the experimental force-displacement curve with the experimental behaviour but 486 

overestimates the experimental average peak shear force by approximately 10%. Neither Hill nor 487 

Hoffman criteria capture the perpendicular-to-grain brittle failure in the timber beam observed in 488 

[51]. The Sandhaas and Gharib models do not capture the experimental shear force-displacement 489 

responses and, as a result of early fracture and rapid damage propagation, significantly underestimate 490 

the peak forces and displacements. However, perpendicular-to-grain failure of the timber beam 491 

observed in [51] is captured well by these models.  492 
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Both cases of the Hill-Gharib models follow a similar force-displacement profile to Hill but Case I 493 

predicts failure at a somewhat lesser displacement, agreeing well with one of the two experimental 494 

results. Perpendicular-to-grain fracture observed in experiments is also well captured. The 495 

discrepancies observed in these FE results, including underestimation of initial stiffness and an 496 

overestimation of displacement at the peak shear force, may be attributable to assumed rather than 497 

measured material properties for 𝜌𝜌, 𝜀𝜀𝐸𝐸𝑛𝑛, 𝐺𝐺, and friction coefficient taken from the wider literature. 498 

The Hoffman-Gharib model does not capture well the experimental force-displacement response, 499 

with the experimental average peak shear force under-predicted by approximately 17% and the 500 

displacement at the onset of complete loss of strength under-predicted by 68%. 501 

3.7.3 Implications for selection of timber constitutive model 502 

The benchmarked numerical example indicates that Sandhaas and Gharib models are unable to 503 

simulate complex timber connection behaviours when used alone. The models using the Hill and 504 

Hoffman criteria on the other hand provide reasonably accurate results for the overall moment-505 

rotation of the connection considered, but these are unable to capture the brittle tensile fracture of 506 

timber observed in the shear tests. While these examples reaffirm the value of the Hill and Hoffman 507 

criteria, they also suggest that complex connection arrangements that may be sensitive to tensile 508 

fracture will not be well modelled using these criteria alone. The proposed Hill-Gharib and Hoffman-509 

Gharib models are shown to be capable of capturing both ductile yielding and brittle fracture 510 

behaviour of timber in a complex multi-material connection arrangement. In this example, the Hill-511 

Gharib Case-II method best models the experimentally observed behaviours reported in [51].  512 

3.8 Characteristic Element Length 513 

An equivalent plastic deformation, 𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝 , dependent on 𝐿𝐿, 𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝𝑝𝑝 and 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 , for simulating ductile damage 514 

of metals was defined in Eq. (7). Although 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝𝑝𝑝  and 𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝  are material properties and independent of 515 

element shape, 𝐿𝐿 depends on the element geometry and formulation. If a part includes different 516 

shapes and dimensions, the resulting mesh can be non-uniform, thus having different 𝐿𝐿 values. When 517 
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the 𝐿𝐿 of an element differs from the 𝐿𝐿 value used to calculate 𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝 , the numerical solution adjusts 518 

𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 of that element to maintain the specified 𝑢𝑢𝑒𝑒𝑒𝑒

𝑝𝑝 . Consequently, the failure response of the model 519 

may change. In this example, the aluminium connector mesh is highly non-uniform because of 520 

different thicknesses and holes having minimum, average and maximum element lengths of 1.70, 521 

2.58 and 3.00 mm respectively. The connection was thus modelled for 𝐿𝐿 equal to 1.70, 2.58, and 3.00 522 

mm for the estimation of 𝑢𝑢𝑒𝑒𝑒𝑒
𝑝𝑝  employing the Hill-Gharib case II and compared with the experimental 523 

results in [51] as shown in Fig. 13. The results indicate that modelled behaviour is sensitive to 𝐿𝐿 at 524 

larger rotations and displacements. The modelled failure mode was also seen to vary with 𝐿𝐿, 525 

indicating that a study on 𝐿𝐿 is generally necessary to ensure that the full range of possible failure 526 

modes and the extent of mesh sensitivity are identified in the case of a non-uniform mesh. While it is 527 

preferable to provide a uniform mesh where possible, where this is not possible, 𝐿𝐿 equal to the 528 

average element size may provide a reasonable compromise and this was the value adopted in 529 

obtaining the results presented in previous sections. 530 

 531 

Figure 13: (a) Moment-rotation response and (b) Shear force–displacement response using Hill-Gharib II model. 532 

4 Conclusions 533 

Constitutive models and numerical modelling for timber-metal connections through large 534 

deformations are presented. A suitable constitutive model for ductile metal components though large 535 

deformations including consideration of stress localisation and triaxiality post-necking is described. 536 

Some existing constitutive models for timber are discussed, and new constitutive models capturing 537 
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both ductile and brittle failure modes are presented. A new formulation of the Hoffmann yield 538 

criterion with isotropic hardening for explicit solution is presented, and new VUMAT user 539 

subroutines for explicit solution in ABAQUS/Explicit for Hoffmann, Sandhaas, Gharib, Hill-Gharib 540 

and Hoffmann-Gharib models are developed and made available for the benefit of other researchers. 541 

A benchmarked numerical model is presented for a complex timber, aluminium and steel dowelled 542 

beam-column connection tested under shear and moment dominated testing. The numerical results 543 

using each of the failure criteria for timber are compared with experimental results [51] and the 544 

modelling implications are discussed. The following conclusions are drawn.  545 

• The existing Hoffman criterion, Sandhaas and Gharib models, and the proposed composite 546 

Hill-Gharib and Hoffman-Gharib models for timber, can be implemented for explicit solution 547 

in the finite element domain using user subroutines developed in this study.  548 

• Numerical modelling using explicit integration methods can capture pre- and post-failure 549 

responses of complex timber-metal connections through large deformations. The approach is 550 

inherently suited to the simulation of dynamic testing, but it is shown that load-rate 551 

modification and mass scaling techniques (Section 3.6) can be applied to allow economical 552 

simulation of quasi-static test conditions. 553 

• For complex connection geometries, a parametric study on the characteristic element length 𝐿𝐿 554 

is needed to ensure the reliability of the results without mesh dependency. However, the use 555 

of an average element length for 𝐿𝐿 was found to produce acceptable results in the 556 

benchmarked numerical example considered. 557 

• Hill-Gharib and Hoffmann-Gharib provide better prediction of failure modes than Hill or 558 

Hoffmann alone. While Hill-Gharib and Hoffman-Gharib provide similar moment rotation 559 

and load deflection profiles to Hill or Hoffman alone for the benchmarked examples 560 

considered, it is anticipated that connection arrangements having a greater dependency on 561 

tensile failure of timber will benefit significantly from the use of composite criteria. For the 562 
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benchmarked numerical model presented in this study, the proposed Hill-Gharib Case-II 563 

criterion produced the most realistic estimations.  564 
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