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Abstract

We consider a two-species simple exclusion process on a periodic lat-
tice. We use the method of matched asymptotics to derive evolution
equations for the two population densities in the dilute regime, namely
a cross-diffusion system of partial differential equations for the two
species densities. First, our result captures non-trivial interaction terms
neglected in the mean-field approach, including a non-diagonal mobility
matrix with explicit density dependence. Second, it generalises the rigor-
ous hydrodynamic limit of Quastel [Commun. Pure Appl. Math. 45(6),
623-679 (1992)], valid for species with equal jump rates and given in
terms of a non-explicit self-diffusion coefficient, to the case of unequal
rates in the dilute regime. In the equal-rates case, by combining matched
asymptotic approximations in the low- and high-density limits, we
obtain a cubic polynomial approximation of the self-diffusion coefficient
that is numerically accurate for all densities. This cubic approxima-
tion agrees extremely well with numerical simulations. It also coincides
with the Taylor expansion up to the second-order in the density of
the self-diffusion coefficient obtained using a rigorous recursive method.

Keywords: Stochastic lattice gases, Simple exclusion process, Self-diffusion,
Cross-diffusion system, Method of matched asymptotics
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1 Introduction

Stochastic models describing systems of interacting particles are widely used
across many disciplines [1-3]. A particular class of models concerns excluded-
volume or steric interactions, which are local and remain strong regardless of
the number of particles in the system. This is in stark contrast with weak
or mean-field interactions, which are long-range and weaker as the number of
particles increases. Excluded-volume interactions arise from non-overlapping
constraints and, as a result, are particularly relevant in biological applications
with crowding, such as transport of tumour cells [4], wound healing [5], and
predator-prey systems [6]. Models for diffusive systems with excluded-volume
interactions can be broadly split into continuous and discrete depending on the
stochastic process employed to describe the motion of particles. The continuous
approach considers correlated Brownian motions, with correlations appearing
either through soft short-ranged interaction potentials or hard-core potentials
representing particle shapes. The discrete approach consists of random walks
on discrete spaces (e.g. a regular lattice) with exclusion rules that constrain the
number of particles allowed in each lattice site. This paper focuses on one such
model, namely a simple exclusion process (SEP) whereby only one particle is
allowed per site. In particular, we study a SEP with two species of particles
on a d-dimensional lattice, for d > 2.1

We focus on systems with many particles, in a limit where the number
of particles N — oo and the lattice spacing h — 0. The central object of
interest is the macroscopic density, whose evolution can be described by partial
differential equations (PDEs). For a single-species SEP, the continuum model
for the particle density p(z,t) takes the form [7]

dp ="V -[DVp+p(1 - p)VV], (1)

where the diffusivity D and the potential force V' are determined from the
underlying asymmetric hopping rates of the process. The first approach to
obtain the drift-diffusion equation (1) is through a hydrodynamic limit, where
the (random) empirical density converges in probability to the (deterministic)
solution of the PDE [8-10], taking the number of particles N — oo and the lat-
tice spacing h — 0 together, keeping the occupied volume fraction ¢ = [ pdz
fixed. An alternative method for deriving macroscopic evolution PDEs such
as (1) is to analyse the average density directly [11], thus sidestepping the
technical challenges associated with the convergence of random variables. The
starting point of this approach is to consider the master equation for the joint
density of the N particle system [12], from which a hierarchy of equations for
the moments can be obtained (analogously to the BBGKY hierarchy [13]).
The macroscopic behaviour is determined by the first moment (mean den-
sity) equation, which in general (for interacting processes) depends on the

'In the case d = 1 the system is a reducible Markov chain, as particles cannot jump past one
another. This leads to drastically different sub-diffusive behaviour [8]. The lattice spacing is h and
the total number of particles is N.
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second moment. A standard route to obtain a closed equation is to use a
moment closure approximation such as a mean-field closure [14, 15]. Finally,
the corresponding PDE description is found by performing a simple perturba-
tion approach (taking the continuous limit assuming the density to be slowly
varying [16]).

The case of a single species of SEP (including asymmetric rates) is well
understood: the macroscopic limit obtained formally via a mean-field closure,
coincides with the rigorous hydrodynamic limit (1) studied in [7]. In [17] and
[18] , Quastel derived the hydrodynamic limit and large deviations respectively,
for finitely many coloured species undergoing a symmetric SEP (SSEP), corre-
sponding to equal diffusivity D amongst species and setting V =0 in (1). The
hydrodynamic equations in this case take the form of a cross-diffusion system
of PDEs for the two species densities p,., pp,

o)s s @D o

where M is a mobility matrix and J,E denotes the functional derivative of
a suitable free-energy functional E. The form (2) can be indentified as a 2-
Wasserstein gradient flow [19, 20]. The mobility matrix M in [17] is full and
depends on the self-diffusion coefficent Ds(p) of a tagged particle in a SSEP at
uniform density p = p, + pp. This Ds(p) € C°([0,1]) [21], but its dependence
on p is not known, although it can be determined from a variational formula
[22]. In contrast to the single-species SEP, analysis of this hydrodynamic limit
is challenging for multi-species systems, because they are not of gradient type
[9], this technical distinction will be discussed below. Quastel’s approach has
been generalised to study an active SEP (where the orientation of the particle
governs the asymmetry in the hopping rates) in [23]. The hydrodynamic limit
has also been rigorously derived for similar multi-species systems [24] and [25],
for the zero-range process and interacting Brownian motions in one dimension,
respectively. In both of these models the limiting macroscopic PDE is known
explicitly.

For the two-species SEP, the master equation and mean-field closure
approach [14, 19] yields a result of the form (2) with an explicit diagonal
mobility matrix. Clearly, this result is not consistent with the rigorous hydro-
dynamic limit whose mobility matrix is full: this situation may be contrasted
with the single-species case where the result of the mean-field closure is exact.

In this work, we derive a cross-diffusion system of the form (2) from the
master equation using the method of matched asymptotics [26] in the low-
density limit, ¢ < 1. In contrast to the mean-field closure, our approach has the
advantages of being systematic and consistent with the rigorous hydrodynamic
limit [17]. In particular, we show that our mobility matrix M agrees up to the
expected order in ¢ with the result by Quastel [17]. Moreover, our approach
provides an explicit mobility matrix, which makes the analysis of the PDE
more amenable, and extends the result of Quastel [17] to handle the general
case of different rates amongst species. This is the first result for two species



4 Two-species exclusion process via matched asymptotics

with unequal rates that does not rely on a mean-field approximation to the
authors’ knowledge.

The method of matched asymptotics also yields predictions for the motion
of a single (tracer) particle in these mixtures via its self-diffusion constant. For
the case where the species have equal diffusivity, this yields the same result as
the (rigorous) recursive computation of the self-diffusion constant of Landim
et al. [21]. In this case, we also consider an expansion around the high-density
limit, which we combine with the low-density expansion to obtain a cubic
approximation of the self-diffusion coefficient that performs well for the whole
range of densities. This leads to an explicit PDE for the density, which agrees
well with numerical data.

The remainder of the paper is organised as follows. In Sec. 2 we define
the model, discuss existing results for the coloured case, and summarise our
main results. The derivation of a cross-diffusion system of the form (2) for the
general case via mean-field and the method of matched asymptotic is given in
Sec. 3. Then, Sec. 4 concerns the analysis of the self-diffusion coefficient Dy,
and Sec. 5 compares numerical simulations of the PDE systems with stochastic
simulations of the microscopic model. We draw together our conclusions in
Sec. 6.

2 Model definitions and summary of main
results

2.1 Microscopic model

Consider N particles on a d-dimensional (hyper)-cubic lattice Q with L% sites
and d > 2. We embed € in the unit d-dimensional torus T? by setting the
lattice spacing h = (1/L). We impose a simple exclusion constraint so each
site contains at most one particle. Hence the lattice spacing, h, can be thought
of as the particle diameter, and the lattice sites are points z € Q C T? such
that (x/h) € {1,2,...,L}%

We consider a system with two types (species) of particles, where the hop-
ping rates depend on the species. We denote the species as ‘red’ and ‘blue’.
The total number of particles is N, of which N, are red, and N, are blue.
Throughout, we use o € {r, b} to label a species and & for the opposite species.

The (random) configuration of species o at time t is denoted by n? €
{1,0}2, where n?(x) = 1 if the site # € Q is occupied by a o-particle and
1 (z) = 0 otherwise. The configuration of the whole system at time ¢ is denoted
by n: = (77{777?) € X, where ¥ = {(07 0), (1,0), (0, 1)}9'

The system evolves as a simple exclusion process (SEP), which is a Markov
jump process on X: a particle of species ¢ at site x attempts to jump to an
adjacent site y with rate A, (z, y); if the destination site is empty then the jump
is executed; otherwise, the particle remains at x. The microscopic hopping
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rates A\, are given by

D, <Vo($) —Vs(y)
h2

Ao (,y) = -5 exp 5 ) Lija—y|=h}s (3)

where D,, is a diffusion constant and V,, is a smooth potential, and |- | denotes
the standard Euclidean norm. Since these rates respect detailed balance, the
process is reversible with stationary measure

w(m) x exp (= Vol (@), )

where the constant of proportionality is fixed by normalisation.

The choice of lattice spacing h and rate of order h~2 corresponds to
parabolic scaling; this ensures that, when taking h — 0, a single o-particle’s
motion converges to a drift-diffusion process with drift —D,VV,.? (Note that
particle jumps have always |x —y| = h so V;(z) — V;(y) will be of order h.) For
a system with configuration n = (777',77b), a particle at site  jumps to site y
with rate

c(n,z,y) = [1=1"(y) =" W)] [0 (@A (2, 9) + 1" (@) Mo (z, )] . (5)

The discrete density of particles of species o is described by

Po(@,t) = E[n{ ()] (6)

The value of P,(x) gives the probability that a lattice site  is occupied by
a o particle, so that )° P,(x) = N,. It is also convenient to define the total
density

P =P+ P (7)
In the hydrodynamic limit, N — oo and h — 0 at fixed volume fractions
by = Noh? we assume in the following that

Ps = po P — p=pr+pp, (8)

where p, and p are the continuous densities in T that appear in equations
such as (2).
2.2 Existing results for D, = D,

Hydrodynamic limits of simple exclusion processes for mixtures were first anal-
ysed by Quastel in [17], with a recent extension by Erignoux in [23]. Both

2We take the convention that a diffusion process, X, with diffusion coefficient D has the SDE
dX¢ = vV/2DdB; where B is a standard Brownian motion. The probability density for X; evolves
according to the PDE 0;p = DV?2p.
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these works consider the case where the diffusivity D, is independent of 0. We
briefly review their main results.

Consider the process described in Section 2.1 with D, = D, and V, =
0 =V, that is, two ‘coloured’ species undergoing a symmetric simple exclu-
sion process (SSEP). Without loss of generality, we choose D, = D, = 1.
The hydrodynamic limit of this process was analysed by [17], who proved
convergence of the (random) empirical densities of = h®Y> o 77 (2)d, to
deterministic densities p, (z,t) solving a cross-diffusion system of PDEs of the
form (2). In particular, the free energy is

Eolpr, pp] = /d [prlog pr + pplog py + (1 — p)log(1 = p)|dz, (%)
T

and the mobility matrix is

L—p( p? pm;) PrPb ( 1 —1)
M (p,., py) = i +22p : 9b
(pT Pb) P (p'r‘pb pg p S(p) -1 1 ( )

where Dg(p) is the self-diffusion constant of a single tagged particle in a sym-
metric simple exclusion process at density p. (The dependence of Dg on p is
not known in general, but it does have a variational characterisation [21], we
return to this object in later sections.)

As discussed in [23] the method can be extended to include a weak species-
dependent drift. The expected generalisation to V,.,V}, # 0 is that M remains
the same, while E is replaced by [19]

Elpr ) = Eolpr.pil + [ [p:V+ poVi) (10)
T
The corresponding thermodynamic force is:

SE .,
voE _Vre Ve gy (11)
5100 Po 1 - P

[This thermodynamic force is the object V(,, E) that appears in (2).]

In contrast to the hydrodynamic limit of a single species SEP, the limit for
mixtures [17, 23] is much more challenging. This is because they are nongra-
dient systems, meaning that the instantaneous particle currents along an edge
cannot be written as a discrete gradient. The core tool to obtain hydrodynamic
limits in gradient systems, namely an integration by parts, is unavailable for
nongradient systems. Thus terms of O(h~!) need to be controlled by other
means [9, 17]. A key advantage of the method of matched asymptotics used
here is that it can deal with both gradient and nongradient systems in a rela-
tively straightforward way, including the case of a mixture with unequal and
space-dependent rates, which is not covered by the existing hydrodynamic
limits literature.



Two-species exclusion process via matched asymptotics 7

2.3 Summary of results of this work

This work uses the method of matched asymptotics to analyse the time evo-
lution of the mean density, including the general case with D, # D, and
Vi, Vi, # 0. We apply the method of matched asymptotics in the limit of low
but finite volume fraction, corresponding to p < 1 (but with arbitrary values
of p./p and py/p). We emphasise that the method yields an equation for the
average density, but it does not establish that the (random) empirical density
converges to this average value in the hydrodynamic limit.

Cross-diffusion system for D, # D, in the dilute regime

We derive the following cross-diffusion system for the average densities p;, py
through a systematic asymptotic expansion as p = p, + pp < 1, valid up to

O(p?)
) (Z) -Vv. [Mlow(pr’pb)v <§Zbg>} , (12a)

with free energy
E= /d [pr1og pr + pylog py + (1 — p)log(1 = p) + pr Vi + pp V] dz,  (12b)
T

and mobility

D, 0\[1l—p ( P2 p pz;) PrPb < tr(p) —Nb(P))}
Mlow _ r - F r r + — r s 12¢
( 0 Db) [ p \prpv P} p \=he(p) (p) 120
where

2D,

=277 1
Do+ D (13)

/‘LU(p) = (1 - p) [1 - CWU,E;P] 3 Yo,o!
o,0’ € {r,b} and 7 represents the opposite species to o. The constant « is
defined by the relationship

o 1 sin? ¢;
l+a (27) /[m,]d 237, sin?(r/2) 6. (14)

Note that, although not immediately apparent in its form above, MV is
symmetric

. Dypr 0 20(1 — p) D2 —D,D
Jlow o rPr o P)PrPb r rb =
M =0 m( 0 Dbpb> D, 1 Dy (—DrDb pz ) (1)

The value of o depends on the dimension d of the underlying lattice. One

obtains
a=(r/2)—1 for d=2, (16)
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while a ~ 0.265569 for d = 3. From a physical perspective, the coefficient «
accounts for the fact that a particle diffusing in a particular direction tends to
acquire an excess of particles in front of it, which acts to slow down its self-
diffusion. A similar effect is observed in the continuous counterpart, namely
Brownian hard spheres (see [27] or Eq. (7.9) in [28]).

It is instructive to contrast (12c) with the result one obtains after a simple
mean-field closure of the equation of motion [14] (see Subsect. 3.2), which fails
to capture some cross-diffusion terms arising from the non-diagonal terms of
the mobility matrix,

o) == ) (N ) ). (a7)
This corresponds to (12c) with j,(p) replaced by u™f(p) = 1 — p. In Section 5
we show numerical results comparing the matched asymptotics and mean-field
models, showing that the former significantly outperforms the latter.

The mean-field cross-diffusion system (system (12) with the mobility
matrix replaced by (17)) was analysed in [19]. Their global-in-time existence
of weak solutions relies on the positive definiteness of the mobility matrix
M™ and exploits the convexity and structure of the energy E (12b), which
yields suitable bounds for p,. The method has been coined the boundedness-
by-entropy method [29] and has since been used to show the existence of a
variety of cross-diffusion systems [31]. In [19] they are also able to show the
uniqueness of the solution for initial data close to equilibrium. Our system
(12) has the same energy (which should ensure that p, > 0 and p < 1) and
a symmetric mobility matrix M'°%. The matrix is always positive definite for
d = 3, while for d = 2 it is only positive definite if the two diffusion coefficients
are not too dissimilar.? Provided that one can derive suitable a priori esti-
mates (hypothesis H2’ in [29]), we would therefore expect a similar existence
result to [19] for our system (12). To the best of our knowledge, the unique-
ness of solutions of the cross-diffusion system (12) in a general sense (far from
equilibrium) remains a delicate topic and is still an open problem [30].

Expansion of the self-diffusion coefficient for D, = D,

Finally, returning to the case D, = D;, = 1, one sees that (12¢) would coincide
with the exact result (9b) if u,(p) = Ds(p). Using the variational representa-
tion of Dy and applying a recursive approach proposed in [21], in Section 4 we
obtain the following polynomial expansion

(18)

Da(p) = 1—(1+a)p+0(p?) as p — 0,
T s =)+ 0((1=p)?) asp— L.

3The exact condition for (12c) to be semi-positive definite for d = 2 is that 7 — 3 < Dy /D, <
1/(m — 3). In fact, it is possible to remove the condition on the ratio of diffusivities by setting
po(p) = (1—=p)[1 —a(l — p)ys,sp]. This only changes O(pS) terms, and therefore, the underlying
asymptotic equation remains unchanged at O(pz).
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Therefore, comparing (18) and (13), one does indeed have that the matched
asymptotics result u, agrees with the rigorous behaviour of Dy near p = 0
to first order in p, as expected (since the asymptotic expansion is computed
to that order). By contrast, the mean-field result 2 (p) = 1 — p already gets
the first-order term in p wrong. We show additionally in Appendix D that
extending the matched asymptotic analysis to second order in p yields an
improved formula for p that, again, agrees with the expansion of D,(p) to
that order. This suggests that the (formal) method of matched asymptotics
recovers the correct asymptotic behaviour of the hydrodynamic equation for
p < 1. Subsection 4.2 further shows (for D, = D) that a polynomial ansatz
for Ds(p) provides numerically accurate predictions for the behaviour of the
one-particle density in the whole range p € [0, 1).

3 Analysis by method of matched asymptotics

3.1 Preliminaries

Asin [9, 17, 19, 23, 32, 33|, we seek a low dimensional PDE to describe the
system. Here we derive a set of coupled ODEs for the one-particle densities,
obtained from summation over the master equation of the simple exclusion

process. These can then be interpreted as discretising a PDE system defined
in T?.

3.1.1 Equation of motion for the one-particle probability
density

The model defined in Subsection 2.1 has generator £ whose action on a generic
function f: ¥ — R is

Lfm) = > ey 2)[f0") = F()], (19)

Y,2EQ

where 7Y% denotes the configuration after the states of sites y and z have been
swapped, that is

n(x) ifx#uy,z,
' (x) = dnly) ifz=z, (20)
n(z) ifx=uy.

4RE[f] = E[Lf], with

Now take f(n) = n°(x) and use the evolution equation, %

(6) to obtain

Po(x,t) = Y Ele(n, y, )07 (y) — c(mi, =, y)nf ()], (21)
yeQ

where the dot denotes the time derivative. The only jump rates that contribute
to this expectation are those involving the movement of o particles (because
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any jump of the other species between sites x,y would require that there is no
o particle on either site). Then by (5):

Pola,t) =Y Aoy, 2)P[n7 (y) = 1,7 (x) = 07 (x) = 0]

yeQ

=D Aol y)Pf (@) = 1,17 (y) = 17 (y) = 0]
yeN

(22)

Consider the marginal probability densities for the position of a single particle
and for two particles, described by the functions

E[n? (z)]
Folet) ==
E[ng (x)nf (v)]
Pa,ﬁ'(x7y7t) = W? fOI X 7& Y, (23)
E[ng (x)n7 (y)]
Py o(z,y,t) = (N, — )N, h2" for z # y,
and P, 5(z,z,t) = P,(z,2,t) = 0. The densities are normalised so that

P,(z,t), P, (z,y,t) converge (as h — 0) to probability densities in T and
T2? respectively. Note that the volume density (6) is related to the probability
density as
P, (x,t) = Noh@ P, (x,t). (24)
The discrete density P, is a natural object when considering matched
asymptotics because it remains O(1) with respect to both h < 1 and Nh¢ < 1.
Combining (23) and (22) implies:

Pa(m7t) = Z Ao (y, ) [Pa(y) - thg—Pg,(—,(y,x) - hd(Na - 1)Pcf,o(y7x)]
yen

- Z Ao(-rvy) [Pa(x) - thfTPU,E(x?y) - hd<N0' - l)PO',U(:Evy)] )
yeN
(25)

where we have omitted the time variable on the right-hand side for ease of
presentation. As usual, this equation of motion for the one-particle (marginal)
density involves the two-particle density, so the system is not closed. We
could go back to (26) and obtain equations for the two-particle densities,
but these in turn would depend on the three-particle densities. This is anal-
ogous to the BBGKY hierarchy [13] that one obtains when integrating the
Liouville equation for continuous processes. In the following, we present two
approaches to close (25), namely the mean-field closure or the method of
matched asymptotics to approximate the terms involving the two-particle
densities.
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To facilitate the following derivation, it is useful to consider the motion of
a single particle, without any interactions. The single o-particle model has a
generator, denoted by L, with adjoint

L;Q(z) = Y Moy 2)Qy) = Ao (2,9)Q(2)] (26)

yeQ
defined for generic functions @ : @ — R. Combining (26) and (25), one obtains
Py(z,t) = L:Py(x,t) + EP(x, 1), (27a)

where the interaction term £ includes the effects of the exclusion process
and is given by

ENt(z,t) = hY(N, — )&y o(x,t) + hINsEy 5 (2, 1), (27b)

where &, , corresponds to the effect of a pairwise interaction between same-
species particles, and £, corresponds to the effect on the evolution of P,
of a pairwise interaction with a particle of the opposite species. Note that
the prefactors in these two terms account for the number of such pairwise
interactions present in the system. The pairwise interaction terms are given in
terms of the two-particle probability densities,

ga,a’ (xa t) = Z [)\U (J), y)Pa,a'(ﬂf, Y, t) - /\U (yv x)Pa,a’(ya Zz, t)] ) (28)
ye

where 0,0’ € {r,b}. The task in the following will be to estimate the two-
body interaction term £, to obtain a closed equation for P,. We first discuss
the mean-field approach in Subsection 3.2 and then consider the method of
matched asymptotic expansions in Subsection 3.3.

3.2 Mean-field approximation

A simple ad-hoc closure to the one-body equation is obtained by assuming
that the occupancies of sites x,y by species 0,0’ are independent, that is,

Po‘,o’ (.T, Y, t) = Pa(xa t)Pa’ (ya t)a T 7é Y. (29)

This is called the mean-field closure [34-36] . Substituting this into (28) and
using (27a) yields a closed system for P,., P, namely

Py (z,t) = LEP,(x,t) + EP(x, 1), (30a)
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with
EMf(z,t) = Ny Y [ (2, ) Ps(y,t) — Ao (y, 2) Py (y, ) Py (2, 1)]
yeN
+hH Ny = 1) Y Mo (2, 9) P (2, 6) Po(y, 1) — Ao (y, @) Po (y, 1) Py (2, 1)]
yeN

(30D)
for o € {r,b} and & the opposite species.

3.2.1 Cross-diffusion system in continuous space

In the next step we assume that the hydrodynamic limit exists, and that P,
converge to smooth densities p, on T¢,

P,(z,t) = py(x,t) + O(h), for x € Q. (31)

This is based on the physical intuition that small-scale fluctuations in the
particle density are quickly smoothed out by rapid local mixing of the system.
Therefore the discrete densities P, (z,t) on 2 C (hZ)¢ should not vary rapidly
across lattice sites. We also expand the rate (3) for |z — y| = h and small h:

D, D,z— Y+
Ao(e,y) = 55 + 15 A . )+00). (32)

Inserting (32) into (30) and letting h — 0 while keeping the volume fractions
¢, fixed, one finds

0tpo(z,t) = DoV - [Vp, + paVV,] — ¢, D,V - [p2VV,]

(33)

+ 65DV - [psVPs — P5VDs — popsVVs].
The first divergence on the right-hand side corresponds to linear drift-diffusion
of a free o-particle, and the second and third terms (premultiplied by ¢, and
¢s respectively) arise from the simple exclusion rule. Multiplying (33) by ¢,
the average particle density p, [the continuous analogue of (24)] solves the
hydrodynamic PDE

Dpo = DoV - (1= )V + psVp + (1= p)poVVs |, (34)

which was obtained previously in [14, 19]. The system of equations (34) for
prs pb can be written in gradient-flow form (2) with mobility (17) and energy
(10).

3.3 Low-density approximation via matched asymptotics

Deviations from the ad-hoc mean-field closure (29) are due to particle corre-
lations, which are maximised when particles occupy adjacent sites. Since the
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interaction term 1% in (27b) is evaluated exactly at these configurations, one
may expect significant correlation effects. Here we approximate the interaction
term using the method of matched asymptotics. This is a systematic asymp-
totic method, well-suited to study problems with boundary layers governed
by a small parameter, and previously used to study systems of interacting
Brownian hard spheres [27, 37]. In contrast to the mean-field approach, this
systematic procedure does not require a closure assumption and leads to a con-
trolled approximation of £ as an asymptotic series in ¢ and h. Here we adopt
this procedure for the discrete simple exclusion process: consistently with the
hydrodynamic limit, the asymptotic expansions at small h take place at fixed
$o, = N,h?. But additionally (in this Section), we assume that the total occu-
pied fraction ¢ = Nh? = ¢, + ¢y is also small, such that we can asymptotically
expand the equation for the two-particle density in powers of ¢.

The interaction term (28) depends on the two-particle density P, ,/, so in
order to approximate it we consider the evolution equation of P, ,/. To this
end, we set f(n) = n7(z)n” (y) in (19) and follow a similar calculation to
Section 3.1 to obtain (expanding asymptotically in ¢)

Po’,o" (1‘, Y, t) = E [)‘0(27 x)Po,a’ (Z, Y, t) - )\0(337 Z)Pa,o" (1‘, Y, t)]
zi@
ZFY

+ 37 Dot (2,9) Povor (2, 2,1) = Agr (4, 2) P (2,9, )] + O(6), (35)
zEQN
z#x

where the higher-order terms contain particle interactions. This is because,
when particles are dilute (¢ < 1), the probability of configurations with three
or more particles nearby is much less than that of configurations with only
two particles close by. We exploit the fact that, to leading-order in ¢, (35) is a
closed equation for P, 5, so that we can effectively focus on the N = 2 problem,
while deriving a consistent approximation of &;,. Extension to higher orders
in ¢ is discussed in Appendix D.

3.3.1 Inner and outer regions

At leading order, (35) can be interpreted as a master equation for a two particle
system (of types o,0’) where (z,y) € Q2 \ {z = y} are the particle positions.
We expect the solution to (35) to display a boundary layer near the excluded
diagonal z = y due to strong correlations arising from the simple exclusion
rule. These correlations decay as the separation distance |z — y| grows. This
motivates the use of matched asymptotic expansions, with an outer region in
which the two particles are well-separated (|z — y| > h) and an inner region
in which the particles are close to each other (|Jz — y| ~ h). Here, in contrast
to the standard approach [27, 37], the inner or boundary layer variable will
be discrete, and only the outer variable will be continuous. This enables an
accurate characterisation of P, , as h — 0; in particular it allows us to keep
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the exact geometry of the interaction between two particles and accurately
evaluate the interaction term &;,;. With this in mind, we assume that there
exist functions Py : T2 x Ry - Rand Py, : T x 7% x R, — R such that P,
can be written for small h as

-Pcr,a"(‘rv Y, t) = (36)

Pout(xvyat)? ‘l‘—y| > h’
P (Z‘,%,t), ‘l‘—y|Nh,
where the dependence of Py, P, on o,0’ is left implicit for compactness
of notation. We establish asymptotic approximations for P, and P, valid
in the outer and inner regions respectively. We enforce that they agree in
the crossover between the two regions by imposing a matching condition as
explained below.
By assumption, the size-exclusion rule appearing as the condition z # y or
z # x in (35) does not appear in the outer region. Recalling P, ,/ (z,y,t) =
Pyut(z,y,t) in the outer region, we obtain

Pout(xvyat) = Z [/\a(zyx)Pout(Zvyat) - )\0(1'7 Z)Pout(l“,y,t)]
ZEQ

+ Z Mo (2,9) Pout (T, 2, 1) — Ao (Y, 2) Poue(, y, )] + O() (37)
zeQ

= ['::'POUt('a yvt) + [’:-’ Out(xv 7t) + O(¢)7

using the independent walk or single particle adjoint generator (26) (we write
LY Pout(+,y,t) to denote the operator acting on Pou(z,y,t) as if it was a
function of = only for y and t fixed). Therefore, at leading order in ¢, the
evolution of P,,; corresponds to two independent o and o’ particles. That
is, Pout(2,y,t) = Qu(z,t)Qu (y,t) + O(¢) for some functions Q, satisfying
Qo = L Q. Using the normalisation condition, Zzy h*P, , =1, and (31)

P (2, 9,t) = po (2, )por (4, 1) + hPS (2, y,1) + O(h?, §). (38)

The correction term at O(h) comes from approximating discrete densities by
continuous densities for h < 1. As expected, particles are independent to
leading order in the outer region (so the outer solution ‘does not see’ the
interaction rule).

In the inner region (|z — y| ~ h), we introduce inner variables &,y satis-
fying x = & and y = & + hy. Then the inner density Py (&,7,t) is equal to
P, o(x,y,t), by (36). As discussed above, the inner density is taken to be con-
tinuous with respect to its first argument Z, while keeping its second argument
i € Z4 discrete, to parameterise the boundary layer.

To understand the qualitative dependence of P, on its second argument
¥, consider Fig. 1, which displays the auxiliary function ; that solves (43),
below. (It will be shown that the dependence of P, on ¢ is similar to that of
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Fig. 1 Solution of the auxiliary function v satisfying (43), shown for d = 2 and § €
{~10,-9,...,10}?, and evaluated using (BS8).

this function.) The correlation between particles, neglected by the mean-field
approximation, is captured at first order by 1. For ¢ close to the origin, ¥ (9)
differs significantly between adjacent sites, it describes a boundary layer that is
directly affected by the structure of the lattice. For larger g, the function decays
in modulus, and the relative differences between adjacent sites also decay. This
latter property is required because P, must obey a matching condition with
a function Py, that depends smoothly on its second argument, as |g| — oo,
recall (36).

We note that, in the inner region, the summations over the auxiliary vari-
able z in (35) only lead to nonzero terms if z is at a distance h from either z
or y. Therefore, introducing the set By = {e € Z¢ : |e| = 1,e # §}, the first
summation {z € Q,z # y} reduces to z = & + he and the second summation
{z € Q,z# 1z} to z=12+ h(y — e), with e € By. Changing to inner variables
in (35) gives, to order ¢,

P (#,9,t) =Z Ao (& + he, &) P (2 + he, § — e,t) — Ao (£, & + he) Pin(2, 9, 1)]
e€By
+ 3" [Nor(@ + h(i) — €), & + hi)) P&, 3 — e, 1)
e€By

— Ao (& + hg, & + h(§ — €))Pun(@, 9, 1)], (39a)

for & € Q C (hZ)? and § € Z¢ with Z< = Z4\ {0}. In the first line above, we
have used that P, (& + he,§ —e,t) = Py, 5/(Z + he, & + he + h(y — €),t), which
is equal to the desired P, ,/(z,y,t) converting back to the original variables.
The inner solution P, must match with the outer solution Py as |§| — oo.
Writing P,y in (38) in terms of the inner variables and expanding gives

Py ~ Po (@, )por (& + hil, t) + WP (&, 2 + i, t) (39b)
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~ Do (&, 8)Por (&, 8) + hpo (2, 1) - Vo (2, 1) + hPSY (2, 2,1)  as [§] — oo
Next, we seek a solution to the inner problem (39) of the form
Pu(#,9,t) = P\ (2,9,0) + hP (&, §,8) + -+ .
Using (32) and expanding P,, with respect to its first argument (which we
recall is continuous), the leading-order inner problem (which comes at order

h=2) is

0= (D, + Do) [P (@5 - e.t) = PV (@,9.0)] . gezs,  (40a)
€€Bg

together with the condition at infinity
P (,5,8) ~ po (@, )por (21)  as || = oo, (40D)

It is straightforward to see that a function constant in ¢ satisfies (40a). Thus,
using (40b) we find that the (trivial) solution for the inner problem (40) is

P (@,9,1) = po(i, )par (1), (41)
In what follows we simply write p, for p,(2,t). At O(h™1), (39) reads, using
(41) and (32),

0= 3" [PV 5-et) = PP (@,9.6)] 955 Do, § € ZL, (42a)
CGB@

1

= m [Dav (papa’) + (DUVVO' - DU’VVU’)pUpa’] 5 (42b)

together with the matching condition

PV(#,9,t) ~ B(#,t) - g+ C(#,t)  as || — oo, (42¢)

m

where B(Z,t) = ps(Z,t)Vpy (2,t), C(Z,t) = Pgig(fc,i',t). In order to solve
(42), we first define the auxiliary problem

Al = §ilgg=1y, § € ZE, (43a)
¥j ~ 0, 9] — oo. (43b)

where A! is the standard discrete Laplacian (with unit grid spacing). We
remark that for d > 3, the auxiliary function v; can be related to the discrete
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Green’s function. Its properties are discussed in Appendix B, see also Fig. 1.
In particular

¥;(0) = 0, Yi(Eer) = B0, (44)

where . ) 2(
- e S 45
b (2)d /[m]d 25", sin?(¢/2) ¢ (45)

is a d-dependent constant with 8 € (—1,0) for d > 2. It is related to the
constant o of (14,16) as

a=——"—c (0,00). (46)
Using (43,44), we find that

> =€) — ()] = Al + [t () — 5 (0)] Lyjg=1

eEBQ
=1+ B)1(g=1}- (47)

Therefore, the solution to (42) can be identified as

1
PY = — _(k-—B) %@ +B-§+C

1+8
AP +B-g+C, (48)

where

1 D,
A(z,t) = 1575 { <Da +DU,) Do (VDo + 0o VVy)

D ’
— =5 o o’ ol Va’ .
<DU+D0/>p (Vpor + o'V Vo)

Hence, combining (41) and (48) we arrive at
Pun(#,9,t) = po (@, )por (2,8) + h[A - 4(§) + B-§+ Cl + O(h*,¢).  (49)

3.3.2 Systems of equations for P,

The final step of this computation is to evaluate the interaction terms &, o/ in
(28), to obtain a closed set of equations for P,. The summands in (28) are zero
unless y is adjacent to x, so in particular, they are zero in the outer region.
Therefore we use the inner solution P, to evaluate them. In inner variables

(28) reads,
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D, h? i ) o
Err(0t) = 35 3 |14 50 TVld)| (Pnd) ~ Pale + 1. -9)
jez?
=
D, N O LY s X _
_% Yy VVU($)+§?J D Vo(x)y [Rn(ﬂf,y)+er($+hZ/7—y)]
gez?
=

Combining with (49) yields:
Eso0 = DoV - [26A + 2B — V(pops') — VVeDopor]| + O(h, @). (51)

By evaluating A and B and taking the limit h — 0 it follows that

ga,o" = DO'V . |:(1 + CWa/,a)pono' - (1 + AYg,0! )pa’vpa
- (1 + a’YU,a/)papa’VVa' + O['Ya",opa'pa"vva’ + O(¢)7 (52)

with
2D,
Yo,0! = Dg +Da./’
noting that v, , = 1. Finally, taking the limit » — 0 in (27) yields

(53)

atpa(% t) = DUV : [Vpa + pUVVO'] + d)agmU + ¢6’EU,5' + O(¢2) (54)

where the & factors are given by (52), resulting in a closed set of equations for
the p,.

Note that we have focused throughout on the limit where h — 0 and
N, — oo at fixed ¢,, but (54) is still valid if N, = 1 for some species o. In
this case ¢, = h? tends to zero in the limit, and the terms corresponding to
interactions with this species vanish in (54). (Physically, the single particle of
species ¢ has a negligible effect on the collective motion of the other particles
in the system.) Multiplying (54) by ¢, the average particle density p, [the
continuous analogue of (24)] solves the hydrodynamic PDE

ps = DoV - | (L= p)Vpo + poVp+ (1= p)psVVs

— 5,505 (Vo + poVVs) + aVs.0p0 (Vs + P&V‘/&)] +0(p?). (55)

Upon factorisation this equation takes the form (2): it is a gradient flow with
energy (10) and mobility (12c), as anticipated in Section 2.1. This is the main
result of the matched asymptotic computation.

In the two-species system, one of the main mathematical difficulty is the
existence and uniqueness of the limiting PDE. The system of PDEs de- scrib-
ing the evolution of two density profiles is not parabolic in the sense that the
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diffusion matrix is neither symmetric nor positive definite (even after sym-
metrized) and therefore there is no general global existece and uniqueness
result. If one attacks this problem with the hydrodynamic limit theory as in
[1, 4], the existence is guaranteed, while the uniqueness is still a serious issue.

4 Self-diffusion coefficient: asymptotics and
connection to rigorous results

The self-diffusion coefficient measures the effective diffusion coefficient of a sin-
gle tagged particle in an interacting environment with many other particles.
The standard definition of a self-diffusion coefficient assumes that the environ-
ment is in a homogeneous equilibrium state. In our context, this corresponds
to setting Vs = 0 in the microscopic hopping rates (3) (so that particles evolve
according to a SSEP) and stationary densities P, (z,t) = ¢, where we recall
that ¢, = N,h? is the fraction of sites occupied by particles of the o-species.

Because the self-diffusion is a macroscopic property of an individual par-
ticle, its analysis in the current framework requires tagging a single particle
in the population-level model. Here we see one big advantage of the matched
asymptotic approach: Eq. (54) is still applicable if we take o to be the ‘species’
of a tagged particle; then the evolution equation for this species yields the
self-diffusion constant. Usually, all the particles in the environment are taken
to be identical (same species) [21, 38|, and the tagged particle is simply a
‘coloured’ particle, leading to a self-diffusion coefficient depending on the occu-
pied fraction ¢. However, within our framework, it is possible to consider an
environment consisting of a mixture of particles (say red and blue particles),
leading to a self-diffusion coefficient depending on ¢ = (¢, ¢). To this end,
we consider the system (54) with three species o = {r,b, g} corresponding to
red, blue, and green particles, where N, = 1 so that the green species is the
tagged particle.

The self-diffusion coefficient of a o-particle is given by the limit*

D, o (¢p) = lim g ('thdXO'Q) , (56)

where X; € (hZ)? for d > 1 denotes the position of the tagged particle at
time ¢. The physical effect that controls Ds . is that when the tagged particle
makes a hop in a given direction, it leaves an empty site behind it. For ¢ > 0,
this means that the particle’s next jump is more likely to return to its original
location, compared to other adjacent sites. Over many jumps, this generates a
‘density wave’ in front of the tagged particle, which tends to suppress further
motion in the same direction. Hence one expects D; , < D, . (In one dimension,
this is effect is so strong that the tagged particle is subdiffusive, Dy = 0.)

4In the case D, = Dy, the limit is proven to exist [39]. In the case D, # D, formally we can
infer the limit exists via the limiting PDE (58).
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Note also that the definition (56) applies to the model defined on the infinite
lattice, (hZ)%, and in this case, the scaling of the hopping rates A\, with h
means that the right-hand side of (56) is independent of h. On the other hand,
to estimate Dy, using a periodic lattice, we approximate this same quantity
as DQU, by taking X; — X as the relative displacement (i.e., the sum of jumps

taken up until time ¢). We expect that D}, — Dy, as h — 0 °.

4.1 Self-diffusion for D, # D,

The result (54) can be used to compute the self-diffusion coefficient for small
¢. As described above, we consider three species and take the tagged particle
to be the only member of the green species g. Setting V,, = 0 (for all species)
and N, = 1, the generalised form of (54) is

Oipg = DyV2py + Z $o€q0 + O(¢?). (57)
o'e{r,b}

where &, , is given by (52). Combining with that equation yields

Opg = DygV - { |:1 - Zae{r,b}(l + O"Yg,a)poj| Vg
t Py Zae{r b}(l + a7079)VpU} + O(¢2)7 (58)

where p, = ¢,p, are concentrations. The self-diffusion coefficent can be iden-
tified from the pre-factor of Vp,. Using that the environment is stationary
(ps = ¢¢), the self-diffusion of the tagged particle for ¢ < 1 is

Do@) =D, 1= % 0+ aua)sa] 406 (69)

Physically, the self-diffusion coefficient decreases with increasing excluded vol-
ume ¢, and increasing diffusivity ratio -, .. Looking at the expression for
Vg,0 in (53), this means that diffusion in a slow (or even fixed, if D, = 0)
environment is harder than in a fast environment.

Choosing the tagged particle to be coloured red (so that it evolves like any
other particle in the red species), we define the truncation of the asymptotic
series (59) as

DY ($) = D, [(1 St amn)d]. (60)

oe{r,b}

5To understand how Di"a differs from D; ,, note that the density wave that forms in front
of the diffusing particle can loop round the periodic boundaries and interact with the other side
of the particle. This tends to cause D:"yﬂ > D; ,. However, for h < 1 (i.e L = 1/h > 1) this

difference will be small. (For a single species, it is proven that DQ,U — Ds,, [40].)
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Fig. 2 Dependence of the self-diffusion coefficient Ds ,(¢r, ¢p) (56) on the particle concen-
tration ¢ and 7, 3, up to the concentration ¢ = 0.2. Results from stochastic simulation on a
103 x 103 periodic lattice, h = 0.001, ¢ = ¢, Do = 1, averaged over K = 10 realisations,
with varying N and 7, ;. Measured values from stochastic simulations (56) (red circles) and
theoretical predictions, D}::ﬁ" (60) (solid line) and D?}ﬁ (61) (dashed line).

Performing the analogous computation on the mean-field discrete PDE
(33), we find that the mean-field approximation of the self-diffusion coefficient,
for a tagged red particle is

D™ (¢) = D, (1 - ¢), (61)

so it only depends on the total volume fraction ¢ = ¢, + ¢p.

We perform numerical simulations to test these two approximations for
D, (). At the beginning of each simulation, we randomly populate the lattice
of size L x L, where h = 1/L, with N, red particles and N, blue particles such
that the probability that a site is occupied by a red particle is ¢, and a blue
particle is ¢p. Our stochastic model is the multi-species SSEP with jump rates
(5) and V, = 0. A Gillespie algorithm is used to advance the simulation until
we reach some predetermined time ¢ = T'. Our algorithm first considers all 2Nd
possible jumps, including those that would break the particle exclusion rule.
Based on these jump rates, a random jump time is generated, and a jump is
sampled. The time elapsed, ¢, is increased to the next jump time. If the chosen
jump is to an empty site, the particle jump is executed, and if occupied, no
jump is executed. This repeats until ¢ > T.

We calculate Ds ,-(¢) numerically by averaging |X; — Xo|?/(2dt) over all
the red particles, over K = 10 realisations, and over sufficiently large inspec-
tion times, T € [250,300]. We estimate Ds,(¢) numerically following this
procedure for varying total occupied fraction ¢ € [0,0.2] and diffusivities ratio
~rp (Whilst keeping D, + D = 2 and ¢, = ¢y fixed). The results are shown
as red circles in Fig. 2. The truncation DY (), shown as a black line, com-
pares well with the measured values for low volume fractions and performs far
batter than the mean-field curve D™ shown as a black dashed-line.

s,19
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4.2 Self-diffusion for D, = D,

In contrast to the case D, # Dy, the general behaviour of the self-diffusion
coefficient for the uniform environment (D, = D;) has been widely studied
[21, 22]. Without loss of generality, we set D, = D, = 1 and denote the self-
diffusion in this case simply by D4(¢), dropping the ¢ index. While D(¢) €
C*([0,1)) for ¢ € [0, 1] [21], its dependence on ¢ is not known explicitly, it is
given instead by a variational formula [9]. However, Remark 5.3 in [21] provides
a method for computing D(¢) as a Taylor expansion about either ¢ = 0 or
¢ = 1. We show in Appendix C that application of this method yields the
expansions (18), whose first-order truncations in ¢ and 1 — ¢ respectively are
given by

DIV(g) =1 (1+a)g, phigh(g) =

— (1m0 (@

In order to validate our asymptotic results, we now combine the method
of [21] with the hydrodynamic PDE system obtained by Quastel [17], given
by the gradient-flow structure (2) with mobility and energy (9). In particular,
we substitute in the low-volume approximation D'°¥(¢) (62) into the mobility
matrix (9b). The result is

Ops =V - |(1=p)Vps +psVp+ apsVps — apana} +0(p%).  (63)

which agrees with the matched asymptotics result (55) with D, = D,. In
other words, our asymptotic derivation predicts the correct behaviour of the
rigorous hydrodynamic limit [17] up to the expected order. As discussed in
Subsection C.4, the agreement between the two methods can be explained by
the connection between the inner problem of the matched asymptotic analysis
and the recursive problems arising in the variational characterisation of Dy [21].

Finally, by combining the low- and high-volume asymptotics of D, (¢) (62),
we obtain the following (minimal) cubic polynomial approximation Dj(¢) that
matches D% and DM#P at both ends ¢ = 0, 1 respectively:

(2a—1)

Di(6) = (1=9) |L-as + 26| (64)

We call this the composite approximation to emphasise that it interpolates
between the low and high density asymptotic expansions (62). We numerically
estimate Dg(¢) using the same procedure as in Subsection 4.1, now with D, =
Dy =1 and for ¢ € [0,1). We find that the composite approximation D, agrees
extremely well with the simulated data (see Fig. 3). This contrasts with the
mean-field approximation D™,
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Fig. 3 Dependence of the self-diffusion coefficient Ds(¢) (56) on the occupied fraction ¢.
Values shown are: simulated values (red circles) measured with (56), composite approxima-
tion Ds (64) (solid line), mean-field approximation D™ (61) (dashed line), and low- and

high-density approximations D% and phish (62) (dot-dashed lines). Stochastic simulations
performed on a 103 x 103 periodic lattice, for h = 0.001 fixed while varying N such that
Nh? = ¢.

5 Numerical simulations of collective dynamics

In this section, we perform numerical simulations of the cross-diffusion PDE
system (2) for the concentrations p, and pp, with the mobility matrix M
obtained either via matched asymptotics (12¢), mean-field (17) or the compos-
ite approximation of (9b) obtained via (64). The microscopic model (simple
exclusion process) described in Section 2.1 is used to benchmark and test the
validity of such PDE models.

As in the previous section, the microscopic model is simulated using the
Gillespie algorithm [1], while the PDE models are solved using a discretisation
of the gradient flow (2). The scheme is chosen so that in the cases that a
discretised equation already exists ((27) and (30a)), the equations will match to
O(h, ¢, At). For a small time step At ~ h%, we consider the numerical scheme

() = () 3 S0 S,
’ ’ k

with periodic boundary conditions and

Fo(xz 4+ tey)
J:v he = M(prapb) _ 2 5
rhew/? Fy(z + Fer)
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Fig. 4 Visualisation of particle positions, for D, = Dy, = 1, V, = =V}, = sin(2nz), h

0.05 and ¢, = ¢ = 0.25 (N, = N, = 100). Snapshots of the process are taken at ¢
0.0, 0.04, 0.08, 0.12

where the discretised thermodynamic force is,

po(x +her) — po(x) | plz+ her) — p(z)

Fy(z+te,) =
2 hpo(o+ Ber)  h[L—plz + Bey)]

+VV, (z+L2ey), (67)

where p(z + kex) = [pla + hey) + p(@))/2.

We present simulations in two dimensions, with Q = {(hZ)? N [0,1)?} and
periodic boundary conditions. Initially red particles are distributed uniformly
on {x € Q:x; <1/2}, pr(-,0) = ¢-1(g,1/2 and blue particles on {z € Q: z; >
1/2}, py(-,0) = ¢-1(1/2,1). We set the potentials to D, V; = —DyV;, = sin(27z),
and have a lattice spacing h = 0.01. Due to the vertical symmetry of the
system p,. and pp, are constant in the xy direction. At a given time ¢, we
construct the average density profiles, (n7(x)) and (n’(z)), by averaging over
the x5 coordinates and over K realisations. We plot histograms of (n} (z)),
(n?(x)) with bin width w (red/blue circles).

5.1 Case D, = D,

In the case D, = D, we benchmark two PDE models against the numerical
simulations. In the case D, = D, we can still use the mobility M*™ from the
rigorous hydrodynamic limit. It is noted in [23] that the nongradient method
of [17, 23] is compatible with a smooth potential. Hence we obtain a hydrody-
namic equation by replacing (9a) with the general hydrodynamic force (67).
However, the density-dependent self-diffusion coefficient D that appears in
M=Y™ (9b) is not known explicitly, so it must be approximated to obtain an
equation that can be solved numerically. This is achieved by replacing D; in
the mobility M*¥™ by the composite approximation D, (64). We compare the
performance of (65) with the mobility M*™ and approximate diffusion coef-
ficient with solutions denoted, (5, fp), to the solutions with the mean field
mobility M™f denoted, (pf, pinf).

To test D, furthest from its asymptotic derivation, we set ¢ = 0.5. We
have performed simulations of the two-species model with D, = D, = 1.
Snapshots of a reduced system (h = 0.05) are shown in Fig. 4. In Figure 5 we
plot histograms of (nf (z)), (nb(z)) from K = 30 realisations, with bin width
w = 0.08, (red/blue circles).
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Fig. 5 Particle densities at times ¢ = 0.02,0.08, 0.3 with initial data p,(-,0) = %]1(0’1/2],
pp(+,0) = %]1(1/2’1] and parameters D = Dy = 1, V, = =V}, = sin(27z), h = 0.01 and
ér = ¢p = 0.25 (N, = N, = 2500). Solutions of (2), , pr,pp (solid line) and p™f, pif
(dashed line), and histograms of (n} (z)), (n®(z)) (data points) averaged over z2 and K =
30 realisations, where the density of each specie is shown in its respective colour. Error bars
indicate twice the standard error.

The averaged discrete densities, (n!'(z)), (n%(z)) compare well with the
approximate solutions p.., pp using the composite approximation D, (¢) for the
self-diffusion coefficient (Fig. 5). The diffusive nature of the particles causes
the initial blocks of red and blue particles to spread out over time, and fur-
thermore the potential V,. = sin(27z) (V;, = —sin(27z)) pushes the red (blue)
particles over to the right (left). These factors act together to transport parti-
cles and later balance in the steady state. The mean-field equation (34) has a
higher mobility than the composite prediction (D (¢) < D™ (¢)) so it appears
the mean-field solution (pf, pinf) is significantly ahead of 5y, g, and (1} (z)),
(n?(z)) (t = 0.02 and t = 0.08). At later times however both solutions, p™*, pim?
and p,, pp converge to the same steady state (¢ = 0.3) because they have the
same free energy (10).

The free energy functional E (10) has a unique minimiser (p2°, pp°) [19],
which corresponds to the steady state of the cross-diffusion system (note that
all PDE models we discuss share the same steady state as they have the same
free energy). We consider the relative free energy

E(t) = Elpr, po](t) — Elpr, pp](0), (68)

in Figure 6, with (p,., pp) taken from either the composite approximation model,
mean field or stochastic simulations.

Furthermore, the free energy (10) can be calculated using the density pro-
files. As the concentration of opposite particles decreases, the mobility of a
particle increases. Hence in Fig. 6, instead of a straight line, we see a curve
with varying gradient. In Fig. 5 we can see that initially, particles are required
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Fig. 6 Relative free energy (10) for 0.00 < t < 0.20 and parameters D, = D, = 1,
Vi = =V}, = sin(27z), h = 0.01 and ¢, = ¢p = 0.25 (N, = N = 2500). Comparison between

the free energy evaluated with solutions of (2), gr, p (solid line) and p™f, pInf (dashed line),

or via simulated data, (n](z)), (n%(z)), averaged over w2 and K = 60 realisations (data
points). Error bars indicate twice the standard error, and are initially covered by the data
points.

to move through a high density of the opposing species to reach the steady-
state as the red (blue) must travel from left (right) to the right (left). However,
transport through the opposing species is reduced for later times when the
system is closer to equilibrium. This leads to a steeper slope in Fig. 6 at longer
times.

We remark that the estimation of the time-dependent free energy (68) from
Do is biased, because fluctuations in g, = (n{(x)), lead to a systematic increase
in E at O(Var(n? (z))). However, by ensuring the variance of the free energy
is low, we see excellent agreement between the free energy of the asymptotic
solution and the free energy evaluated using the average density profiles. On
the other hand, the mean-field solution has greater mobility and moves faster
towards equilibrium.

5.2 Collective dynamics: D, # D,

In the general setting (D, # D), we lack a rigorous proof of the probabilistic
convergence of paths as o — 0 and furthermore, lack not only a a global
approximation of Dy ,(¢) but also rigorous proof of its existence and regularity.
Therefore to model particle density we turn to the asymptotic PDE (54) and
use stochastic simulations as a benchmark. We denote the solutions to (65)
with asymptotic mobility M by plow, p}f’w and solutions with the mean field
mobility M™f by pmf, pi“f.

Figure 7 shows the results of simulations with D, = 1.5, D,, = 0.5 and ¢, =
¢ = 0.05. We plot histograms of (n7(x)), (n’(z)) from K = 60 realisations,
with bin width w = 0.08 (red/blue circles). The averaged discrete densities,

(nr(x)), (n?(x)) compare well with the asymptotic solutions pi°%, pi°* (Fig. 7).
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Fig. 7 Particle densities at times ¢ = 0.01, 0.02, 0.04 with initial data pr(-,0) = 0.11(q,1 /2],
op(+,0) = 0.11(1/2,1) and parameters D, = 1.5, D, = 0.5, DV = —DpV} = sin(2wz),
h = 0.01 and ¢ = ¢, = 0.05 (N, = N, = 500). Solution of (54) pl°¥, plo¥(solid line),
solution of (34) p™f, pf (dashed line) and histograms of (n](z)), (n?(x)) averaged over
z2 and K = 60 realisations (data points), where the density of each specie is shown in its
respective colour. Error bars indicate twice the standard error.

Initially, red particles are placed uniformly on the left half of the periodic
lattice and blue on the right. The diffusive nature of the particles causes the
block of red (blue) particles to spread out over time, and furthermore the
potential D,.V,. = sin(2rz) (DpV, = —sin(2mz)) pushes the red (blue) particles
over to the right (left). Initially these factors act together to transport particles
and later balance out in the steady state. In the blue particles, we see an
additional local minimum form (¢ = 0.1,0.2) as the potential is strong enough
compared to the diffusion constant. In contrast, this bump is spread out by
stronger diffusion in the red particles. The mean field equation (34) has a
higher mobility than the asymptotic equation (54) so it appears the mean-field

m mf

solution p™f, pinf is ahead of plo%, pl°V and (ny(x)), (n?(x)). This difference

r
m mf

only appears at intermediate times however as both solutions, p™, ppt and
plov p})ow converge to the same steady state because they have the same free

energy (10).

6 Discussion

We have considered a two-species SEP on a periodic lattice: this is a discrete
model for the diffusion of particle mixtures in the presence of an external
potential. Our analysis uses the method of matched asymptotics, which yields
a set of coupled ODEs for the (lattice-based) probability distribution den-
sity of the particle positions P,(x,t) for each species. We interpret this as
a discrete cross-diffusion PDE system, from which we identify corresponding
macroscopic PDEs. These can then be factorised into the gradient-flow struc-
ture (2). Within this description, a non-trivial mobility matrix M captures the
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effect of microscopic interactions on the collective dynamics, which manifest
as coupled nonlinear cross-diffusion terms.

We compare the predictions of this PDE system with numerical simulations
of the discrete stochastic model. Specifically, we consider self-diffusion and the
collective dynamics of the particle densities. For small volume fractions ¢, the
predictions of the PDE show excellent agreement with the microscopic model,
confirming that it captures the macroscopic behaviour accurately. This quan-
titative agreement can be attributed to the systematic nature of the method
of matched asymptotics, which relies on an expansion for small lattice param-
eter h and small occupied volume fraction ¢. As ¢ — 0, particle exclusion
interactions are negligible; the expansion over ¢ enables these interactions to
be characterised, order by order.

We have focused on the first non-trivial order in this expansion, which yields
(55). (The generalisation to higher order is discussed in Appendix D.) The
dominant effect of interactions — illustrated by the numerical results of Sec. 5
— is that the presence of the blue species slows down the collective diffusion
of the red species (and vice versa). Physically, this is natural because the blue
particles act to block the motion of red ones via the exclusion constraint.
This effect is underestimated by theories that rely on mean-field closure of the
equations of motion [14, 19].

Notably, the results obtained for the SEP lattice-based model differ signif-
icantly from off-lattice models [27], where the collective diffusion is enhanced
by interactions between particles of the same species. To understand this, note
that the invariant measure of the off-lattice system incorporates non-trivial
correlations between particles, due to their packing in space. Such effects enter
the free energy through the virial expansion [13]. These packing constraints
become increasingly important at high volume fractions, increasing the pres-
sure and accelerating diffusion away from high-density regions. There are no
such packing effects in the SEP: the invariant measure has a product structure
and the free energy (10) is exact for all ¢. In this case, the interaction terms
from the matched asymptotic expansion only appear in the mobility matrix
M, which act to suppress diffusive spreading.

Compared with previous results for hydrodynamic limits, our model
extends previous work [9, 17, 23] by allowing the two-particle species to have
different diffusion constants, D, # D; (as well as different drifts). For the
particular case D, = Dy, our macroscopic PDEs match the ones derived rigor-
ously in [17, 23], up to the expected order in ¢. We also showed (for D,. = Dy)
that the matched asymptotics approach can be used to derive the self-diffusion
constant that agrees with the expansion in ¢ that was derived rigorously
in [21]. To the best of our knowledge, our results for multi-species SEP with
D, # D, are the first to give a consistent picture of the collective dynamics
and self-diffusion.

Rigorous analysis of the hydrodynamic limit is technically challenging in
these multi-species systems because they are of non-gradient type [9, 17, 23].
In particular, one requires a sharp estimate of the spectral gap to establish the
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system’s fast-mixing properties. We note that recent results for the spectral
gap are available for multi-species exclusion processes [41], which might enable
a rigorous analysis of the hydrodynamic limit for D, # D;.

In this context, the role of the matched asymptotic method is to provide a
simple and physically intuitive route to the hydrodynamic PDEs: the method
avoids the technical difficulties in proving fast mixing, and hence convergence
in probability of the particle densities. It also allows lattice-based and off-
lattice systems [27, 33, 37] to be considered on an equal footing. Given this
versatility, it will be interesting to explore future applications to other lattice
systems of non-gradient type, including those for which spectral gap estimates
are not available. This might include lattice models that incorporate packing
effects, in order to make contact with off-lattice results such as [27].
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Appendix A Outer Solution

In this appendix we prove the relationship (38). Recall we established,
Pout(z,y,t) = Qolz,t)Qs (y,t) + O(¢) for some functions @, satisfying
Q, = L5Q,. Hence (40) implies P, (Z,§,t) = Qq(Z,t)Qor (Z,t) + O(h, @).

Although there is no definite boundary between the inner and outer region,
here it is useful to fix some radius, ¢, so that h < ¢ < 1 and

Q ={yeQ:|lx—y|>¢
oit {y ‘ y| } (Al)
QF ={ye:0<jz—y| <e}
By definition, the two particle density must sum to h~2% over its domain.
Splitting the sum over y into the inner and outer region yields

1= Z thPO',O" — Z h2dP0ut+ Z thI_)il17 (AQ)

z,y€eN €N €
yeQy ye,

out
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where it its implict that P, is evaluated using the respective inner variables.
Now we substitute expressions for the inner and outer solutions,

1= Zh%( > WQew) + Y hdczg/<x>+0<hsd>>

€N yeQr ¢ yeQy

= > hQ, ( S hQe )+ Y 1 Qe () ~ Qo (v)) + O(hsd)>
€N yeQ yeQy

=3 h'Qs Y Qo (y) + O(he?),
€N yeN

where we use that > q. h? is O(e?). Therefore without loss of generality we

can take Y. o h'Q, =1+ O(he?).

By definition, summing over y € 2 the two particle density must sum to
h=?P,(x,t). Splitting the sum over y into the inner and outer region, one
obtains

= Zthg,a/ (z,y,t) = Z thout(x,y,t) Z thin(J:,;&,t).

yeN yeQ . yeQ
(A3)
Now we substitute expressions for the inner and outer solutions,
Py(,t) = Qaa:t<2h@o + > hQu(x +O<hs>>
yerut yGQlJ’n
<Z hQq(y) + Y h? (Qa ng(y)) + O<hsd)>
yen yens

in

= Qo (,t) + O(he).

Finally fixing ¢ = h“7", it follows that Poy(z,y,t) = Py(z,t) Py (y,t) + O(¢)
as required.

Appendix B Properties of the auxiliary
function v

The d-vectorial function 1 has components 1; satisfying (43), which we recall
here for convenience

Ay = gilyg=y, G €27, (B4a)
Pj ~ 0, 9] — oo. (B4b)
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This appendix derives some of its properties. To this end, we consider its
semidiscrete Fourier transform 1, defined for ¢ € [—7,7]¢ as

Q) = Y PGP (B5)

g€z

We recall that the semidiscrete Fourier transform takes an unbounded and
discrete spatial domain (§ € Z% in our case) to a bounded and continuous
frequency domain (¢ € [—7, 7]?). Taking the Fourier transform of (B4a) yields

d
— 4"(/~Jj ©) Zsin2 %k = % — i, (B6)
k=1

where @Zj is the jth component of 't,~b Then 1; can be recovered from @Zj via
the inverse semidiscrete Fourier transform

. ()i
"/)(y) - (271—)d /[_71—771—]11 "/)(C)e dC7 <B7)
yielding
N 1 eigj — eiiCj g
. = — —— A d .
’l/)] (y) (27T)d /[ﬂ-’ﬂ-]d 4 Zk Sin2 (Ck/2) € ( (BS)

We note the following properties:

e For j = 0, the integrand in (B8) is odd in {; and so ;(§) = 0.
e For ) = e, (a member of the standard basis for R?) the the imaginary part
of the integrand in (B8) is odd in (7, which implies

Vj(ex) = B, (B9)

where 8 was defined in (45).
e For § = —ey, we have ¢;(—ey) = —;(er) = —Bdjk.

Appendix C Self-diffusion coefficient of SSEP

In this appendix, we review some of the results of [21] and apply them to
compute the behaviour of the self-diffusion coefficient D4(¢) as ¢ — 0 and
¢ — 1 in the symmetric and coloured case. In particular, [21] considers the
evolution of a single tagged particle in the symmetric simple exclusion process
(SSEP) in Z< that is in equilibrium at density ¢. They prove that D,(¢) €
C*(]0,1]) and provide a recursive method of compute its Taylor expansion at
the boundaries ¢ = 0, 1. It is this method that is of most relevance to us here.
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C.1 Setup

The microscopic problem studied in [21] is defined similarly to Sec. 2.1 but
on an infinite lattice Z¢ with unit spacing. (It is related to the process in the
inner region presented in Subsec. 3.3, as we will see below.) In particular, it
corresponds to a two-species SSEP (A, = A\, = 1|,_,) with a (say) red tagged
particle (N, = 1) at X; € Z¢ and an enviroment of blue particles (at a density
by = P).

The red particle is initialised at the origin, Xy = 0. The other sites (Z¢ =
74\ {0}) are initialised with blue particles (with probability ¢) or vacancies
(with probability 1 — ¢). The self-diffusion of the red particle (56) coincides
with the self-diffusion coefficient D4(¢) in the single-species SSEP at density
¢ [Dsr(¢) = Dy(¢), where ¢ = (0, ¢)]. Note that Dy can be more generally
defined by the tensor [21, 22],

D (6) = Jim SE[(X, ~ Xo)-ex)(X, —~ Xo)-e)]. (C10)

from which it is clear, by the symmetry of the process, that ﬁfl (¢) = Ds(¢)0ki-

It is convenient to define the configuration of the environmental (blue)
particles 17 in the reference frame of the tagged particle [21]. The resulting
environmental configuration is denoted & € {0, I}Zf, and its corresponding
site variables are related to those of the original SEP by & (y) = nb(y — X;) for
y € Z<. The environmental configuration &; evolves by a Markov jump process
with generator £' = Ly + L., where the action of Lo, £, on a generic cylinder
function f is

Lof(€)= D @M —EWIIE™) ~f©OI=5 D FE) - Q)
z,yEZ‘i’ z,yEZf’
|z—y|=1 |lz—y|=1

Lf(&) =Y [1—&@)(f(r8) - £(£),
e€By

where Ly corresponds to jumps of blue particles, while £, describes the effect
of a jump of the red (tagged) particle to the enviroment. Here By = {) € Z :
|§] = 1} and 7.£ stands for the configuration after the tagged particle jumps
by e and the enviroment is shifted by —e:

ey = JEyTe) iy F —e
£(y) {5(6) iy = e

(Note that £(e) = 0 before the jump as, otherwise, the tagged particle would
have violated the size-exclusion rule.) We also introduce (4 as a Bernoulli
product measure on {0, I}Zf, such that £(z) = 1 with probability ¢ and zero
otherwise. These measures are invariant for the £ process, for all ¢ € [0, 1].
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C.2 Variational formulation of Dy

The self-diffusion coefficient has a variational characerisation in terms of the
€ process [22]. In the current notation, it is expressed as

DE(9) = 5By, | 311l + £(6) ~ )
e€eBy
v3 X e - f@P|, (o
m,yGZf
lz—y|=1

where the infimum is over cylinder functions f. For any two such cylinder
functions f1, f2, define the inner product

()= Y. [(©f9). (C12)

£e{0,1}%

Then a computation shows that®
Di(9) = (L= 9) = 6(1 = g)sup[2f.gu) + (L1 N)L] - (C13)
where gj, is a cylinder function given by

gk(g) \/17_62320 e ek 1_ ()]
1

= m [5(—%) - f(ek)] :

(C14)

C.3 A basis for the space of cylinder functions, and the
corresponding generator

We consider a basis for these functions to perform the supremum over cylinder
functions f. A similar approach was taken [21], but this differs in the details.
Noting that, by definition, f depends on £ through a finite number of sites, it
is possible to represent a generic cylinder function as

§=ao+ Yy a(@)é(x)+ Y axnyé@)é(y)+---,  (C15)

€S (z,y)€S2

SEquation (C13) corresponds to equation (5.1) of [21]. We note two key differences. The first
one is to do with the convention used for the diffusion coefficient: in [21] they define Dy such that
the limiting Brownian motion is /DsdW and the jump rates A\, via a generic symmetric law p(v)
with finite range. Instead we have v2DsdW and rates p(v) = 1|,|=1. Second, we note there is a
missing factor of two in front of the (1 — «) term in equation (5.1) of [21] (where « corresponds
to our ¢), cf. equation (2.7) of [40] for the corrected version.
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where each S,, C (Z)" is finite, a,, : S,, — R, and every f has a representation
with a finite number & > 0 of sums on the right-hand side. The function f
is said to have degree k. [For example, the one-particle density P,(z) is the
expectation of a degree one function, while the two-particle density Py, o (z,y)
is the expectation of a degree two function, see (23).]

For each integer n > 0, let S,, denote all the subsets of ZZ with n points.
Define S = J,;~( Sn- Then for each A € S define

(C16)

and ¥y = 1. Note that U 4(¢,-) is a cylinder function with the orthonormality
relation

Elw [<\IIA(¢3 )qu(¢a )>] = 6A,B) (017)
where 04 p = 1 if the sets A and B are equal, and zero otherwise. Moreover,
an arbitrary cylinder function can be expressed as

= 3 a6, Of (A), (C18)

Aes

with £ : § — R. This representation is more abstract than (C15) because f is
a function whose domain is a set of sets, but this abstraction makes it more
convenient for later analysis. If f is of degree < k, then f is supported in

U:,:o S, For two functions f1, fo represented as (C18), define

(fifo) = > A(AS(A), (C19)

Aes

so by (C17)
By, [(f1; f2)] = (A1, f2)- (C20)

For any given ¢, the functions f and f are in one-to-one correspondence.
It follows that when the generator L' acts on f to produce a new cylinder
function L' f, there is a corresponding operator £, such that

&) =Y V(¢ Lsf(A). (C21)

AcS

The operator L, can be constructed as follows. First for a finite subset A C Z¢
and z,y € Z¢ define the set operations

(A\{z})U{y} ifzeAygA,
AW = ¢ (A\{y}) U{z} ifyeAxgA,

A otherwise,
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and

_JA-2z ifx & A,
Jad = {(A\{J:})U{—x} ifereA,

where A —z denotes the set {y € Z¢ : y+x € A}. Then £, can be written as,
Ly=Lo+¢L; + (1 =)L+ /o(1 — o) (L) + L), (C22a)

where

(A =5 3 3 A —£(4)],

z,y€Zt x—yE€Bo

> IF(SaA) — £(A)],

x€EANBy

> 1F(S.4) - £(A)], (C22b)

IEAOBO

(LINA) = D (AN {z}) = F(SeAN {=2})],

x€EANBy

(L7 A)(A) = > [f(Au{z}) - f(S:AU{-a})],

IGAOBO
in which A =74\ A.

C.4 Dependence of self-diffusion constant on ¢

So far, our discussion follows [21]. In this subsection we follow the suggestion
of Remark 5.3 of that work, to compute the dependence of the self-diffusion
constant on ¢. Define a variable 6 € [0, 7/2] such that

¢ = sin’ 0, 4¢(1 — ¢) = sin 26, (C23)

and £(0) = Ls. Note that, since g; in (C14) is a cylinder function, it may be
represented as

= 3" W6, )l A), (C24)
AeS
with
a(A) = {y cep A= {y} with |g] = 1, (C25)
0 otherwise.

Note that this gx is of degree one (because gi is supported on sets with only
one element).
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A crucial result of [21] is (see their equation (5.3))

St}pE [20F, 9) + (L' £, )] = lim (e, we), (C26)

where u, = u, (A, 0; A) is defined to be the solution to
Aug(A, 0; A) — L(0)u (N, 6; A) = gi(A). (C27)

Recalling (C13), the behavior of D; close to ¢ = 0 and ¢ = 1 is available by
computing the right-hand side of (C26) at # = 0 and 6 = 7/2, respectively. In
[21] it is shown that the limit A — 0 in (C27) is well-behaved for all 6, including
the end points § = 0, 7/2. Therefore, we are left to compute the solution of

— LO)u(0,05 A) = gi(A). (C28)

The right-hand side has degree one. From (C22b) one sees that for § = 0,7/2
then £(6)f has the same degree as f. Hence, in these cases, u;(0,6; A) is of
degree one, so there is a function y : Z¢ — R such that

j) if A= {j} with g € Z¢
1,(0,0; A) = Xk,0(9) 1 {y} with y € £,
0 otherwise,
and similarly for u(0,7/2; A) with corresponding function xy /2. To solve
(C28), we consider the action of £(t) on these u; functions. Combining (C22)
and (C28) for 0 = 0,7/2 yields

28" X50(9) = [2X0,7/2(0) = 2Xh,m/2(9) + 3 - €x)L{1g/=13

Al AN ~ (C29)
Xke,w/2(0) = X7 /2(0) = Xio,m/2(—0)

_|_
+ 9 er]L{jgi=1},

where we recall that A' is the standard Laplacian with unit spacing. Compar-
ing with the inner problem (42), the factor of two corresponds to D, + D,
which in this section simplifies to two. As in Subsection 3.3.1, these problems
are solved by a multiple of the auxiliary function ¢ solving (43) and satisfying
(44). Recalling from Appendix B that 1;(0) = 0,;(+ex) = £50,; and using
(46), it is easy to verify

Xk,0(9) = ﬁﬂ’k(ﬁ) = H_Tail)k@)
N 1 N 1ta R (C30)
Xie,r/2(9) = W%(y) = m%(y)-

To compute the first order correction to Ds, we evaluate (C13). In
particular (C26) corresponds to the contribution missed by the mean-field
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approximation. Taylor expanding (C26) about # = 0 and combining with (C13)
yields

Ds(¢) = (1= ¢) = ¢(1 = ¢) ({gr, (0, 0)) + 095 (g, we(0,0)) + O(6%)) , (C31)

and similarly for § = 7/2. Combining with (C30), the expansions (18) follows.
The —¢{g, u:(0,0)) = —a¢ term, corresponds to the part of the interaction
term, —ap, Vp,, resulting from the ¥ term in the inner solution Pi,.

C.5 Second-order expansion of D,

Recalling (C31), higher order terms in the expansion of Dy are also available
by computing Taylor expansions of (C26) about § = 0 or § = /2. In [21] they
prove uniform convergence of uy (), t) and its derivatives, and therefore

aom )l\lir%)@kv u (A, 0)) = ;\%@k’ O ug (A, 0)). (C32)

By differentiating (C28), we can recursively solve for Opu, and therefore
compute D; to an arbitrary order.

In order to compare this method with matched asymptotics at O(¢?), we
compute the next coefficient about ¢ = 0. To do this we require the order
6% ~ ¢ terms in the Taylor expansion of u about zero. As D is differentiable in
¢, we do not expect an O(f) contribution from dpu, however its computation
is still required to solve for 97 u. Differentiating (C28) yields

—£(0)0pu(0,0; A) = £'(0)u(0,0; A),
_L(())agu(ov 0; A) = 2L/(0)89u + L//(O)u(oa 0; A)

Evaluating £(6) and its first and second derivatives £'(f) and £"”(0) at § =0
using (C22a) yields:

Opu = —(Lo+ £2) ML + £)u, (C33)
DRu=—2(Lo+ ) (L + £Hu® 4+ (1 - 2a)2u.

These equations fully determine dpu and d3u but we do not solve for these
explicitly. It is notable that £1 increases the degree of a function by one, £~
decreases the degree of a function by one and (£y + £2) does not change the
degree of a function. Hence Ogu will be a degree two function with no degree
one component and 93 u will be degree three with a degree one component. As
gk is a degree one function (g, 9pu(0,0)) = 0, as expected. The next non-zero
term in (C31) will be $¢?(gx, 03(0,0)) = d3u({ex}). Collecting O(¢?) terms
in (C31), the next term in the expansion of D (@) is [07 u({ex}) — 2w, ({ex })] P>
In the following section we show that matched asymptotics gives the same
result.
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Appendix D Second-order matched
asymptotics

In this appendix, we show the calculation via matched asymptotics of the order
$? contribution to equation (54) for ¢ < 1, and how it is consistent with the
second-order expansion of Dy in Subsection C.5 using the rigorous recursive
method. This requires evaluating the O(¢) terms in equation (35), which as
discussed correspond to three-particle interactions. We show the derivation for
the simplest case of equal diffusivities and no drifts, D,, = D, = 1,V,. =V}, =0,
since this is also the case where the recursive method of Appendix C applies.

We recall the starting point: the one-particle density P, satisfies (27)
exactly, with interaction terms &,, and &, 5 in (28) depending on the two-
particle densities P, , and P, 5, respectively. In Subsection 3.3 we have com-
puted the leading-order contributions in &;, and &, 5, which were obtained
by considering the equation satisfied by the two-particle density P, (35) to
leading order and approximating its solution via inner and outer asymptotic
expansions. In order to obtain the next asymptotic term in the equation for
P,, we need to consider (35) to O(¢):

P«T,a’ (Ivyat) = Z [/\U(Z7I)Pa,a’(zvyat) - )\a(l’, Z)Pn,a’ (Iayat)]
z€EQ
2y

+ Z [)\a’ (Z, y)Pa,U’ (37; Z, t) - )\U’ (y7 z)Pcr,a’ (LU, Y, t)] (D34a)
z€Q
z#x

+ 6;‘33/(z, Y, t),

where the three-particle interaction term 5;,“;, is defined analogously to the
two-particle interaction (27b) as

gzifr,l;’ (LE, Y, t) = hd(NJ -1- ]]-a’za)ga,o’,a(xa Y, t)

; (D34b)
+ h (Na — 10’26)50,0’,5(553 Y, t)a

and

go’,o”,a”(x> Y, t) = 75 Z |:P0',0'/,0'” (LL', Y, z, t) - Po’,o",o'”(za Y,x, t):|
z€Q

+ ﬁ Z |:P0',U',U”(xay7z7t) _Po,o"ﬁ”(mazayat)}'
z€QN
z#x

lz—y|=h

(D34c)
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Thus we see that the three-particle interactions in a two-species mixture
involve the three-particle densities P, ,,(®,t), Pro5(®,t) and P,z 5(2,t)
where = (z,y,2) € Q3 and Q3 = B\ {z=y,z =2,y =z}

E[ng (z)ng (y)ng” (2)]
Py i on(@,t) = tNUN;/Ngan?’d , for x € Q3 (D35)

where Ngl = Ng/ — ]].U/:U and Ng// = Ng// —1- ]].g//:g.

Our goal in this Appendix is to obtain an asymptotic approximation for
small ¢ of (D34c) using matched asymptotic expansions. We proceed with the
same method as in Subsection 3.3, namely, to consider the ‘asymptotically
closed’ (for ¢ < 1) equation for the three-particle density P, o (x,t) and
divide its domain of definition into regions depending on whether three, two
or no particles are close to one another.

We make two simplifications specific to the case V;. = V;, = 0, but emphasise
that the method easily extends to the general case. As V. =V, = 0, it follows
by the symmetry of P, , that & , = 0 and therefore we only require Py 5
to evaluate £, As a third particle must be either o or & without loss of
generality we solve for P, 5 5, and by permuting species can evaluate Ej,ng

D.1 Matched asymptotics expansion for P, ; 5

Setting f(n) = n?(x)n? (y)n?" () in (19), it follows by similar calculation to
Section 3.1 that

h2po'.,a",0”($at) = Z [PO',U’,U”(wayazvt) _ P070/7a.//(ﬂj7t)]
weN
WHY,Z
|lw—z|=h
Z [Paﬁ/yg//(x,w,zj) — PU’J/’U//(:c,t)}
weN (D36)

WHT,Z
lw—y|=h

Z [Po',o’,(r” (.’L‘, Yy, w, t) - Pa,a’,o’” ((B, t)] + O(¢)7
we

WHET,Y
|lw—z|=h

for z € Q3. We proceed by introducing three regions of Q3: an inner region
where the three particles are within O(h) of each other; an intermediate region
where two particles are close and the third one is far; and an other region
where the three particles are far from each other. Consequently, we define

15 (.’t y,Z t) |$—y|,|l’—2|,|y—2‘ > ha
Pa,a’,o”(xvt): 15 ( 3 h ,Z t) |$—y|~h,‘$—2‘ > ha (D37)
Pio (0, 555, 555, 1), o= 2|~y o = y[ ~ .
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As before, we omit the dependence on o,0’,c" of Pout, pmid and pin for ease
of notation. Following the procedure in Subsection 3.3, we keep the boundary
layer variables in Z¢ (discrete) while taking the rest to be continuous.

Outer region

In the outer region, analogously to (37), we have

Pout(wyt) = ACZ-‘Pout(HZh Z,t) + E;’Pout($7 ',Z,t)

' (D38)
+ ﬁg” Out(xv Y,y t) + O(d))a

with solution

Pt (@, 1) = po (@, )por (4, )por (2, ) + WP (@, 1) + - . (D39)

Intermediate region

In the intermediate region in which |x — y| ~ h and |z — z| > h, we introduce
the intermediate coordinates

T =1, y=2+hy, z=2,
and write P(x,t) = Ppia(Z,7, 2,t). By identical calculation to the first-order
inner problem (Subsec. 3.3) and imposing the matching condition to the outer
region, 3 .
Pmid(f%,gaé;t)Npout(i'7£+hg7évt)’ as \'E/| — 00.
it follows that for 2 €

Puia(2,9,2,t) = P (2,9, 1) o (2, 1), (D40)

where Py, (%, 7,t) satisfies the two-particle inner problem (39) and is therefore
given by (49). For symmetric and equal rates, Py;q reduces to

-Pin(i'v ga t) = Ds (i'v t)ps’ (i"a t)pa” (5%7 t) (D4la)
+ h [po”AU,U’ : u({g}) +po”BU,o’ : ZJ + CO’,O”} + O(h27 ¢)a

AU,(T’ (:Ea t) = (pa/vpa - pavpa/)7 Ba,a’ (i’, t) = povpo’a
o (D41b)
Coor(dt) = P

) out(jvi"é?t)'

and as introduced in Sec. C, u({§}) = «(0,0; {§}) = 22’1@3)
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Inner region

As discussed, we now consider the case ¢/, ¢” = &, which is sufficient to deduce
£ in the case of no potential. This will allow us to solve the inner problem in
terms of the function u, from Sec. C.4, therefore making comparison simpler.
Now consider the inner region where we use the coordinates:

T =2, y =2+ hy, z=2Z+ hZz.

As the second two species are of the same species, the ¥,z coordinates are
mterchangeable in Pln We abuse notation and allow Pm(x ¥,Z,t) to also be
denoted Py, (%,{7,2},t), to allow the operators (C22b) to act on Py, in the
{y, 2} argument. In the inner coordinates, (D36) becomes:

P =h7%(Lo + L) Py — b (Glyjgi=1y + Zlqjz=13) - VP + O(h 7', 1).
(D422)

The inner problem is complemented by the matching conditions with the
intermediate densities (D40)

P~ Po(z,2,t)P5(Z + hy,t),  as || — oo, (D42b)
PY ~ Pu(z,5,t)P5(T + hz,t),  as |z — . (D42c)

We look for a solution to (D42) of the form P, (Z,7, Z,t) ~ ]Si(f) (z,9,2,t) +

WP (z,5,2,8) + . At O(h=2) we find
= (Lo + L)Y, (5,2) € 22, (D43a)
PY ~ PO (2,2, t)ps(2.), - o0, (D43b)
PY ~ PO (&5, t)pa(2.1), 2 o0, (D43c)

where Z2¢ = 723\ {§ = 0,z = 0,5 = z} and ESIO) are given in (D41). By
inspection we have that the solution to (D43) is

POz, 5,%,t) = po (T, )ps (T, )ps (T, 1). (D44)
The O(h™1) of (D42) is, using (D44),

0= (zo+ )P - (U1qg/=1y + Z1gz=13) - Va L0 (5,2) e 22,

(D45a)

P ~ (Ao - (2) + Bog - 2] pa(7)
+ B, ip0(2) + P (7,7, 3), 7 — o0, (D45b)

P ~ (Ao - 9(5) + Bo - 7] (@)
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+Bos - 2ps (7) + P (7,7, 7), % o0o. (D45c)
We seek a solution to (D45) of the form:

Pz, 5, 2,t) = U(Z,5,2,1) + [As - u({Z}) + Bos - 2| ps ()

0 (D46)
+ [AU,5 : u({gj}) + BU,5 : ?]] pﬁ(i‘) + Pout('f"fv j:7t)’
A simple computation shows that
(2o + £2) { [Avs - u({2}) + Boys - 2]
+ (A - ul{7}) + Boy - 9lps + P77, 7,0)} (D47)
— (L (gimry + ZFL(zmy) - Vol — poAos - (L7 + L) u({7, 2}).
(D48)
It follows that
(Lo+ £2) W(Z,7,2,1) = po (T, ) A (T,1) - (L7 + L) u({y, 2}), (5, 2) € Z2°,
U (z,y,z,t) — 0, 7,z — 00.

It follows from (C33) that U(Z, 7, 2,t) = —20pu({7, Z}) - p5 (%, t)As 5(Z,t) and
therefore

(#,2,2,t) + (¥ + 2) - Bo5 (7, 1)ps (7, 1)
{o}) +u({z}) — 200u({7,2})] - Ao 5(7,1)ps (T, 1).

Three-particle interaction term

(D49)

Here we evaluate the three particle interaction term, &, 5 5(,y,t), to leading
order in ¢ and h.

Consider the case |t —z| > h. In (D34c), P, 55 is evaluated when  is in the
middle region and therefore we use the middle solution. In middle coordinates
(D34c) becomes

Erao(® 5t) = L | P, 2,8) = Pra(@ + b, =3, 2,8)|, - (D50)
YE€Bo
where the second term dropped because Py sz5(%,y,2) = Prss(x,z,9).

Combining with (D40) and (28) yeilds
50',5,5'(i‘7 27 t) = P& (27 t)£o’,5‘(£7 t) + O(h’a ¢) <D51)

Now consider |z —y| ~ |x — 2| ~ h. In (D34c), P, 55 is evaluated when « is in
the inner region and therefore we use the inner solution. In inner coordinates
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(D34c) becomes

1 - -
Eoo(T T+ 1) = 25 ) [Pm(f, ¥,%,t) — Pu(& + h2,5, -2, t)} , (D52)
ZEBy

where the second term dropped because P,z 5(%,y,2) = Prszz(x,2,y).
Combining with (D49) , (C22b) and (C30) yeilds

Eo5.5(Z, T+ hy,t) = h‘lp(-,Aa’(-, . ((2 —2a)ylgg=13 — 2L;89u({gj})). (D53)

Finally noting & o' o (2, y,t) = &5 6,07 (y,x,t) we can deduce &, 5, from
(D51) and (D53) using &,5.0(2,y,t) = E5,0.0(y,2,t). Hence we now have
explicit expressions in terms of p, and pz for the three particle interaction term
at leading order. In the following section we use this close equation (D34a) to
first order in ¢ and solve for P; 5.

D.2 Equation for the one-particle density

Recall, that to close (27a) we require P, 5 to evaluate £¢. In the calculation in
the main text we computed the first non-zero contribution of &, ,(x, ), which
appears at O(1). Here we want to go one order higher. Usually, the terms of
interest could be the terms of order h¢ or ¢? in the equation for P,. But here,
as we take h — 0 while keeping ¢ fixed, the former vanishes, and we are after
the O(¢?) contribution, coming from the leading-order contribution of an inner
region with three particles. So the structure of &, ,/(x,1) is as follows

Erior (2,8) = £, (2,8) + €00 (w,1) + O(¢*, ).
In the main text, we already computed &, ,/(x,t) to the leading order, which
remains unchanged. We set

0
£, =1+ )V (0o VDo — por Vo). (D54)
As in the main text, we proceed by introducing two regions: the inner region
where two particles are within O(h) and an outer region where the two particles
are far apart. And as before,

Pout(x7yat)a |$_y| > ha

D
P, (x,%,t), | —y| ~ h. (D55)

Pa,ﬁ(xayat) = {

where we omit the dependence on o, ¢’ of Py, and P, for ease of notation. Fol-
lowing the procedure in Subsection 3.3, we keep the boundary layer variables
in Z¢ (discrete) while taking the rest to be continuous. We propose asymptotic
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expansions, but now in both A and ¢

Pous = POD 4 P 4+ ¢POY 4 ho P + 002, 62), (D56)
P =PYY 4 hPUY 4 0PV + hoPY + O(h2,67), (D57)

where terms are allowed to depend on ¢ through p,. We have already solved

the leading order contributions in ¢ and therefore we set Pgﬁgo) = Po(fft) , and

P9 = p™ from the main text. In the following, we solve for Py, to O(hd),
allowing us to evaluate 5((,1;

Outer region

In the outer region (D34a) becomes,

at}:)out = E;Pmlt('a Y, t) + ﬁj’rpout(mv 5 t) (D58)
+ (25017055,0 + ¢6p6£a,& + O(¢27 hd)a hd)v

using the independent walk or single particle adjoint generator (26) (we write
L Pout(,y,t) to denote the operator acting on Pou(z,y,t) as if it was a
function of x only for y and t fixed). Therefore, to first order in ¢, the evo-
lution of P,y corresponds to two independent o and & particles. That is,
Pout (2,9, 1) = Qo (2,1) Qs (y, 1) +O(42, h?, ho) for some functions Q, satisfying
QU = L:Qs + $»5&5,5. Using the normalisation condition, ny h2dPU,a/ =1,
(27a) and (31),

Pout (J?, Y, t) = Po (l‘, t)pé' (97 t) + O(¢27 h) <D59)
Therefore the ¢-dependence of ng;o) (z,y,t) = po(x,t)ps(y,t), contained in

po and ps, is correct to O(¢). Hence no correction is needed at O(¢) and we
set PO — 0.

out

Inner region

In the inner region the interaction term does not contribute at O(h=2) and
therefore it follows by identical calculation to Section 3.3 that at O(¢)

P (@, 4,t) = P3GV (3,3,1) = 0. (D60)

In inner coordinates at O(h~!) (D34a) reads the same as (42a) but with no

contribution from Pég;l) and the addition of the interaction term (D53). The
)

corresponding problem for Pl(n11 reads

0=2 Y [R5 e.t) - B V(@.9.1) (D61)
GEBQ
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T (95D5 A0 — boPoAso)(:8) - (2= 20051 15121y — L7 Doul{7})),

where we exploit the anti-symmetry of u to combine £, 5, and £, 5,5. The
corresponding boundary condition is obtained by matching to the outer
solution,
11, o« L) A 4 N
'Pl(n )(x,y,t) ~ Po(u; )(amx,t) as g — oo. (D62)
The key observation from Sec. C.4 is that the operator 23 . p_(7e +1d) acting

on a function f, is in fact the same as £(0) = (L2 + Ly) acting on the degree
one function of sets f, where f({g}) = f(¢). With this in hand, and using
(C33), it is easily verifiable

mn

P (,9,1) = BOD(@,1) - é@zu({@})) —u({g}h) + CHV (1), (D63)
where

BV (2,1) = (¢5ps + bobo)Ag s (T, 1), CHYD =PIV (2 2 1), (D64)

out

System of equations for p,

Evaluating the two particle interaction term (28), using the inner solution to
O(h¢), and Taylor expanding about z, we find:

Eois = ES + 9EL) + O(h, 07), (D65)
where
£, =(1+a)V - (psVpor — porVps),
5(5712., = (Ol(2) — OZ)V . [(Q_Srpr + Q_prb)(pUVpJ/ — po/VPU)} y
and ¢, = ¢ /¢ and o™ = 29 u(ey,).
Rescaling to particle density and taking the limit h — 0 we find that with

this interaction term, equation (27a) has the gradient flow structure (2), with
free energy (9a) and mobility (9b) where

Dy(¢) =1~ (L+a)p— (o —a)p® + O(¢°).
This agrees with the expansion of Dg(¢) discussed in Appendix C.
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