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equation that closes, we show how to obtain it by an irrelevant deformation from a CFT
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1 Introduction

1.1 The unity of physics

When you start learning about physics, there seem to be a large number of subfields that all
seem quite different from each other. Later on, you begin to notice the same mathematics
popping up in different places. In particular, there is a very deep structural analogy in
physics, which relates mechanics, thermodynamics, and field theory [1, 2]. One possible
presentation of this analogy is displayed in the table below:

Mechanics Thermodynamics Field Theory

(~x, ~p) e.g. (V , P ) (J , O)

positions, momenta extensive, intensive sources, operators

on-shell action I free energy F effective action S

dI = pi dx
i dF = P dV + . . . dS =

∫
O dJ

QM: state Ψ(x) Stat.Mech: Z(V . . .) QFT: Z[J ]

space at time t space, in equilibrium spacetime

In this analogy, the top row represents a 2N dimensional phase space on which there is
a naturally defined symplectic structure ω. Such a phase space naturally arises as the
cotangent space of some configuration space of variables, whenever you have a quantity
which is extremized (second row). The variation of this quantity gives a canonical 1-form
(from which ω may be derived by taking the exterior derivative). After “quantization” (or its
analogue “thermalization”), one ends up with a function on an N -dimensional configuration
space on which ω vanishes, which includes just one half of the phase space (although
there are rules for transforming Ψ or Z if you wish to change your basis to a different
N -dimensional configuration space).1

1In the case of statistical mechanics, the entity playing the role of the amplitude is the probability, which
is constrained to be positive, unlike the other two columns where the amplitude may be complex. This is
the one truly distinctive feature of Statistical Field Theory, as compared to QFT, which is instead usually
constrained to be unitary (or reflection-positive in Euclidean signature). However, the T 2 deformed field
theories considered in this paper are not unitary!

– 1 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

The bottom row indicates the geometrical domain on which the symplectic structure
is defined. Strangely, this means that the relation between sources and operators in a d
dimensional spacetime field theory, are analogous to concepts that involve space alone in
Thermodynamics or Mechanics.2 Hence, if we take this analogy seriously as a full-fledged
duality, it seems that there is a possibility of an emergent time dimension!

This emergent time dimension is somewhat uninteresting in the case of Thermodynamics,
because in that case we normally assume the system is in thermal equilibrium, so all
expectation values remain the same as time passes. On the other hand, if we reinterpret
the (J , O)’s in a field theory as the (~x, ~p)’s of a mechanical phase space, then it seems
that there is the possibility of a duality which implies an emergent time dimension with
nontrivial dynamics.

In the quantum form of this duality, the partition function of a field theory in d

spatial dimensions would be dual to the wavefunction of a QM system which is defined
in d + 1 dimensions. Such a theory would therefore obey a generalized form of the
holographic principle:

Ψ[J ] = Z[J ], (1.1)

where on the left side of the equation J plays the role of a configuration-space variable x.
The existence of an emergent time dimension is very reminiscent of the AdS/CFT

correspondence, in which a d-dimensional CFT is dual to a d+ 1-dimension asymptotically
AdS quantum gravity theory [3–5]. In this paper, we will attempt to make this connection
more precise.

As we shall see, in a class of field theories known as T 2-deformed theories, this emergent
dynamics is naturally described by a Hamiltonian constraint H(x)Ψ = 0, satisfied at each
point x. Thus, the d + 1 dimensional theory is a gravitational theory, even though Z[J ]
was defined on a fixed background (the metric gab being one of the field theory sources).
This local constraint equation is inherited from the conformal symmetry of the original,
undeformed CFT.3 Hence, we are able to reformulate the holographic principle in the
language of Wheeler-DeWitt canonical quantum gravity.

As usual in AdS/CFT, in order to have a good semiclassical regime, it is necessary to
assume that the field theory has a large number N of color degrees of freedom. Furthermore,
the theory must be in an ‘t Hooft-like regime [6], in which there exists a subset of “single-
particle” operators which are weakly coupled (i.e. approximately generalized free fields).
The analogy to a bulk phase space works best if we restrict our phase space to linear
combinations of single-particle sources Js.p. and single-particle operators Os.p..4 Higher-
particle operators like Jns.p.Oms.p. are then analogous to nonlinear product operators of the
form xnpm. Such operators obviously have to exist in the theory if the phase space is to

2It is of course also possible to treat a relativistic field theory as a mechanical system, by moving to a
phase space over field variables, but this is not the same as the third column.

3More generally, in any field theory, the existence of a scalar constraint equation acting on Z may be
expected if there is a nontrivial action of a local renormalization group flow on the field theory sources, so long
as a CFT lies anywhere in the RG space of the theory. Assuming the number of local constraint equations
cannot change discontinuously, this would imply that any QFT which can be continuously deformed to a CFT
is dual to a quantum gravitational theory, although not necessarily one with a good semiclassical regime.

4We do not here use the more common term “single-trace” since our T 2 deformation is double-trace (at
leading order) and as a result the single-particle states of the T 2 theory correspond to multi-trace operators
in the original CFT.
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µ

∂B∂B(µ)

Figure 1. Illustration of the usual finite-cutoff AdS/CFT duality. The T 2 deformed theory lives on
a finite radius brick wall, labelled by ∂B(µ).

have an approximately classical limit. For reasons described in [7–9], writing the beta
functions in terms of single-trace operators is equivalent to allowing quantum fluctuations
over the bulk fields.5

The most important source in the field theory is the background metric gab, and its dual
operator is the stress-tensor T ab, which is a single-particle operator in the weak-coupling
regime. In the dual bulk interpretation, these correspond to the spatial metric and its
canonically conjugate ADM momentum Πab respectively.

1.2 Holography at finite cutoff

In the context of AdS3/CFT2, it was observed that by deforming the CFT by an irrelevant
operator called T T̄ which is quadratic in stress tensor, we get a dual gravitational theory
satisfying Dirichlet boundary conditions for the metric, on a boundary ∂M which is now at
finite distance from the center of AdS [11]. In the case relevant to the AdS bulk being pure
gravity, Zamolodchikov showed that the T T̄ operator has a factorization property, which
makes the spectrum of the theory on a cylinder S1 × R exactly solvable [12, 13].6

Later this deformation was generalized to d > 2 dimensions [14–17], in which case it is
called a T 2 deformation. In this case, the theory is exactly solvable at leading order in a
large N expansion.7

In the usual way of thinking about the T 2 theory, one starts with a Lorentzian boundary
CFT. Turning on a finite value of the deformation parameter µ makes it so the field theory

5If one includes all operators on equal footing, there is still an analogy between renormalization and
symplectic mechanics [10], but the Hamiltonian is linear in the momenta so there are no fluctuation terms.

6This exact solubility is presumably related to the fact that D = 3 pure gravity has no local degrees of
freedom, since adding matter, e.g. a scalar field, to the D = 3 bulk requires additional double trace operators
(Os.t.Os.t.) in the deformation, which do not have this factorization property. In this case we must still
resort to large N . Also the factorization property fails to hold for a curved background metric.

7Interestingly, the entanglement entropy in the T 2 deformed theory appears to be finite when calculated
by the replica trick [18, 19], although the factorization of the theory across spatial boundaries is not
well understood.
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lives on a cylinder at finite sized bulk radius. On this cylinder, the metric satisfies Dirichlet
boundary conditions, so it is a “brick wall” on which quantum fluctuations are suppressed,
enclosing a finite volume interior (see figure 1).

AdS/CFT is usually thought of as involving an emergent space dimension.8 The usual
approach here is to consider “sideways” evolution in the bulk and treat evolution with respect
to z as an analogue of the time direction [20, 21]. Despite the fact that this corresponds
to a nonstandard Cauchy problem, one can still make sense of the radial Wheeler-DeWitt
evolution [15, 22, 23]. But how might this relate to an emergent real time dimension?

1.3 Cauchy slice holography

In this paper we will make a different choice and adopt a point of view where the signature
of the d-dimensional field theory remains Euclidean throughout. Our perspective is similar
to that of Caputa, Kruthoff, and Parrikar [24]; however these authors end their deformation
on the t = 0 symmetric slice,9 while we wish to continue it all the way to generic Lorentzian
Cauchy slices.

Starting with a Euclidean holographic CFT (living at the infinite Euclidean boundary),
and then doing a T 2 deformation, we can move the slice Σ inward along the imaginary time
direction.10 After a large enough deformation, Σ may end up embedded in a Lorentzian
signature spacetime (depending on the choice of metric gab on Σ). So in the end the dual
holographic theory lives not at spatial infinity, but rather it becomes a field theory living on
a Cauchy slice of a Lorentzian AdS spacetime.11 (Alternatively, we can hold the deformation
parameter µ fixed, in which case the transition to Lorentzian signature occurs when the
spatial metric gab is chosen suitably.) See figure 2.12

As we shall see, the T 2 deformed partition function can be used to define a quantum
gravity state on Σ. Since the Cauchy slice Σ has a boundary at infinity, its partition

8In the best understood versions of the AdS/CFT duality, there are also some number of emergent
compact (but large) Kaluza-Klein dimensions that appear in the bulk theory, in order to bring the total
number of bulk dimensions to the D = 10 of string theory or D = 11 of M-theory. In this article we
ignore such extra dimensions, and treat the bulk theory as a KK reduced d+ 1 dimensional theory. This
means that, if we consider the case of a pure gravitational theory in AdSd+1 (or a theory with a single
scalar field as in section 2.4), we are considering a model that does not, strictly speaking, have a known
CFT dual, although many properties of such field theories are known. Although such CFTs probably do
exist, most likely they require fine-tuning to get a small cosmological constant, especially in the absence of
supersymmetry. We expect that with matter fields included, the tower of KK fields appearing in realistic
models can be consistently included using our general approach to the deformation given in section 2.3.
Alternatively, in regimes where it is self-consistent to restrict to the stress-energy sector of the CFT, it may
be possible to apply these methods to the gravitational field only.

9Although these authors did suggest extending the flow further, into Lorentzian signature, in their
discussion section. See also [25] where a spatial tensor network is introduced in a somewhat different way to
describe the T 2 deformation itself.

10Since the T 2 deformation is irrelevant, the result depends on the choice of conformal frame for the
original CFT metric.

11In asymptotically AdS spacetimes, Σ is a Cauchy slice iff every complete timelike curve that does not go
to the timelike boundary passes through Σ exactly once.

12A different way to try to extend to Lorentzian signature metrics, involving constant mean curvature
slices, was sketched by [23]. However if our proposal is correct this transition already happens in the
gab basis.
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µ

0

1

0

Figure 2. The evolution of the embedding of the slice Σ, with a given fixed metric, under
the deformation parametrised by µ, in a saddle-point approximation. The illustration shows a
(complexified) AdS2 cross-section of the AdSd+1 vacuum geometry. The Euclidean CFT boundary
is labelled by 0, in a conformal frame where its geometry is hyperbolic. Three different stages (0, 1
and 2/2*) of the deformation are shown. Stage 0 corresponds to no deformation of the CFT. As
we perform the T 2 deformation the slice moves inwards along the imaginary time direction, while
still being embedded in a Euclidean bulk space (stage 1). For a sufficiently large deformation there
is a phase transition to a Lorentzian saddle-point bulk geometry. By time-reversal symmetry, the
slice Σ can be embedded in two different ways in the same bulk geometry (with the same intrinsic
metric). This corresponds to stages 2 and 2*. From the perspective of the field theory, this phase
spontaneously breaks time-reversal (and therefore CPT ).

function Z[Σ] also defines a state in the usual holographic Lorentzian CFT (the one that
lives at timelike spatial infinity). This gives us an (in principle, complete) map between the
geometrodynamical degrees of freedom in the bulk, and the CFT degrees of freedom on
the boundary.

In other words, this form of the duality can be thought of a specification of the AdS/CFT
dictionary involving arbitrary canonical gravity states in the bulk, including degrees of
freedom that lie arbitrarily deep in the bulk. This includes behind horizons, inside bags of
gold [26], etc. Obviously, this is useful information for purposes of studying the black hole
information puzzle [27–32], which we will discuss further in section 7.4. This picture makes
it quite manifest how all degrees of freedom in the bulk must “flow” outwards in a spacelike
direction, so as to be encoded in the boundary.

These time slices Σ satisfy Dirichlet boundary conditions, not because there is a physical
end-of-time brane on them, but merely to represent the quantum gravity wavefunction in
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a “position basis” in which the metric on Σ has a definite value g1. By picking two such
definite metrics, we will show that one can calculate the gravitational inner product 〈g2|g1〉
either by means of a bulk gravitational path integral, or by a field theory calculation as a
partition function.

1.4 WDW states

For some researchers, one of the attractions of defining quantum gravity by means of a
holographic duality, is that they don’t have to get their hands dirty playing around with
quantizing the metric. Even after much work, geometrodynamics has had limited success
resolving fundamental questions such as the information paradox, or what happens at the
Planck scale.

That being said, there is no way to express the equivalence between geometrodynamics
and holography, without defining both sides of the equation. Thus, in this article, we cannot
avoid quantizing gravity directly. In this paper we will mention both canonical and path
integral techniques, pointing out potential difficulties and pitfalls as they arise.

In a canonical theory of Quantum Gravity [33], the state is described by a superposition
of metrics, Ψ[g], which satisfies the Hamiltonian and momentum constraints. In the case of
pure GR these are given by:

H(x)Ψ[g] :=
{

16πGN√
g

:
(

ΠabΠab − 1
d− 1Π2

)
: −

√
g

16πGN
(R− 2Λ)

}
Ψ[g] = 0, (1.2)

Da(x)Ψ[g] := −2(∇bΠab)Ψ[g] = 0, (1.3)

where gab(x) is the metric on a d-dimensional Cauchy slice Σ, Πab(x) is the canonical
momentum conjugate to it:

Πab(x) = −i δ

δgab(x) , (1.4)

and : : is the normal ordering symbol, meaning that we need to subtract off some
divergences—we will discuss this in more detail in section 2.5. We will henceforth re-
fer to solutions of the above constraints as WDW-states. From (1.4) we can deduce
the commutator:

[Πab(x), gcd(y)] = −iδabcd δ(x− y), (1.5)

where δabcd = 1
2(δac δbd + δadδ

b
c).

Since both WDW-states Ψ[g] and partition functions Z[g] are functionals of a metric,
there is a natural analogy between the two concepts, as explained in section 1.1. We will
therefore set about to define a field theory whose partition function Z naturally defines a
WDW-state:

Z[g] = Ψ[g]. (1.6)

In this field theory, Πab plays the role of the stress-tensor operator, while the metric gab
plays the role of the conjugate source.

1.5 Relation to tensor network models

Like [24], this project was conceptually inspired by the goal of coming up with a tensor
network model for AdS/CFT states. A number of holography researchers have constructed
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various kinds of tensor network models, whose geometry is thought of as being a discrete
analogue of hyperbolic space; see e.g. [34–44]. A significant motivator of this line of research
has been to construct a model which naturally explains the Ryu-Takayagi formula [45] in
the bulk:

SCFT[R] = min
γ

Area[γ]/4GN , (1.7)

where γ is a codimension-2 bulk surface anchored to the boundary of the CFT region R.
Since this formula is only valid on Cauchy slices Σ with a time-reversal symmetry (e.g. the
t = 0 slice of AdS), much of the work on tensor networks is intended as a model only of
such slices.

Unfortunately, building a tensor network on a time-reversal symmetric slice Σ0 is
conceptually untenable as an accurate model of quantum gravity, since it violates the
Heisenberg uncertainty principle between gab and Πab. The characteristic feature of a
moment-of-time symmetric slice is that the extrinsic curvature Kab vanishes, and hence
Πab = √g(Kab − gabK)/8πGN = 0. But if we wish for generic surfaces γ ∈ Σ0 to have well-
defined areas, we also need to have a well-defined metric gab on Σ0. By the commutator (1.5),
this is too much information!

It follows that, if we wish to take tensor networks seriously as a model of quantum
space, we necessarily have to be able to use them to describe a generic dynamical Cauchy
slice Σ. Even if you start with an initial state which is tightly peaked around Kab = 0,
performing a quantum measurement can take you to another state with large Kab. Even
classically, the Kab = 0 slice must still satisfy the Hamiltonian constraint. So even to
describe a moment-of-time symmetric slice, we need a formalism in which dynamics is
already implicitly present.13

In this article we will show how the T 2 deformation provides such a model of holographic
space, in which dynamics arises naturally. Unlike tensor networks, this is a continuum
model.14 This is technically convenient as it allows us to define a local stress-tensor, and to
explore sub-AdS scales. However, for reasons we shall discuss in sections 2.5 and 8.3, the
T 2 deformed theory still requires a UV completion in order to describe physics at finite
N . (Otherwise we would have just solved an even more famous problem: to provide a
nonperturbative definition of quantum gravity!) It is therefore still possible that space may
still be discrete at the Planck scale, in which case the fundamental model of space might be
literally a tensor network.15

13This fact may explain the paradoxical no-go result of [42] in which it was impossible to construct a
certain tensor network with crossing RT surfaces, using approximate isometries.

14Another example of a continuum approach to holography on a spatial slice is cMERA holography [46–48].
However, this approach is not rotationally-invariant, and is nonlocal at sub-AdS scales.

15There is a dynamical version of the holographic entropy, given by [49]: SHRT[R] = min extγArea[γ]/4GN .
In the past it has proven difficult to accommodate this formula in a tensor network model for a Cauchy slice
Σ′ that does not pass through the HRT surface, as the minimal area of Σ′ is always less than the area of
the HRT surface [50], which gives the boundary CFT entropy. The resolution of this paradox in the T 2

deformed model will be described in more detail in a forthcoming article [51], but an important clue will
be provided in section 2.6 where it is observed that the entropy of T 2 in Lorentzian signature sometimes
exceeds Area/4GN due to the presence of extra states in the spectrum. In order to be compatible with the
HRT formula, a valid dynamical tensor network model must have bond dimensions large enough to include
these extra states. This happens whenever the codimension-2 extrinsic curvature is timelike.
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Since a field theory partition function gives a sum over states whenever it is cut open in
the middle, we expect that Cauchy slice holography will implement some form of the surface-
state correspondence in which information is attributed to codimension 2 surfaces [38, 52]
(see also [53–55] for precursors of this holographic idea). But in this article we focus on
the use of the T 2 theory to construct a new form of the holographic AdS/CFT dictionary,
which maps bulk WDW states to boundary CFT states.

1.6 Plan of paper

In section 2, we study how the constraints of bulk gravity translate into constraints on the
holographic field theory meant to describe bulk states. We provide a general prescription
for obtaining the correct deformation away from the boundary CFT,16 which also provides
us with a constraint on the CFT anomaly, in the cases in which such an anomaly exists.
We also work through the explicit example of a bulk scalar field coupled to gravity in
3 + 1-dimensions with a negative cosmological constant.

In section 3 we propose a generalized version of the holographic principle we are used to
from AdS/CFT, taking into account the presence of boundaries at finite distances and times.

Section 4 is dedicated to a discussion of the bulk gravitational path integral as defining
a bulk inner product. To the extent that this bulk prescription is ambiguous, we propose
that the T 2 theory could in principle resolve such ambiguities. In section 5 we present
a construction of the Hilbert space of solutions to the constraint equations in quantum
gravity, based on viewing the path integral method as a linear map from kinematic states
to WDW-states.

In section 6, we use the T 2 partition function to construct linear maps between the
bulk and boundary Hilbert spaces. That is, given a bulk kinematic Cauchy slice metric gab,
we can define the dual CFT state. Conversely, we can also define a map from the boundary
states to solutions of the constraint equations. (These two maps are not inverses; rather
the composition of these two maps—assuming the validity of the generalized holographic
principle—is equivalent to the bulk-to-bulk path integral map defined in section 5.)

In section 7 we show the consistency of boundary and bulk time evolution, given the
generalized holographic principle. We also show an equality between the boundary and
bulk Hamiltonians, to leading order in large N. We explain why our dynamics should be
compatible with standard approaches to bulk reconstruction. Finally we discuss the way in
which bulk unitarity emerges naturally from the field theory, despite the fact that the T 2

spectrum is nonunitary.
Finally, in the discussion 8 we review our results, and discuss the prospects of UV

completing the T 2 boundary theory into an ultraviolet finite theory—a task which, if
completed, might then serve as a satisfactory definition of quantum gravity. We suggest
that it does not actually matter much how the theory is UV completed, as different choices
are likely to provide dual descriptions of the same physics.17

16We will generically refer to this deformation as the T 2-deformation, as a reference to the usual deformation
corresponding to pure Einstein gravity in the bulk.

17For readers who wish to get to the main AdS/CFT results as quickly as possible, we suggest the following
reading plan: start with 2.1–2.2 and 3.1 for an overview of T 2 holography, followed by 4.1, 5.1 to get the
gist of our approach to quantum gravity in the bulk. At this point the key AdS/CFT dictionary results
described in sections 6–8 should be accessible.
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2 The T 2 deformation

2.1 Preliminaries

Consider a holographic CFT which is dual to quantum gravity in an asymptotically-AdS
bulk B. We assume the low energy bulk corresponds to pure gravity with matter fields,
collectively denoted by {Φ}, or in other words that the only low-dimension single-trace
primary operators in the CFT are the stress tensor Tab and the set {O} which are in
correspondence with the bulk matter fields. The leading order Fefferman-Graham expansion
of the metric near the boundary is:

ds2 = gµν dx
µdxν = gbdy

ab dxadxb + dz2

z2 + . . . , (2.1)

where µ, ν are indices of the D = d+ 1 dimensional AdS bulk spacetime B. A Cauchy slice
in this bulk is a noncompact manifold Σ with ∂Σ ⊂ ∂B.

We will now evaluate the CFT partition function, not on the usual boundary at infinity
∂B, but rather on the Cauchy slice Σ. After we deform this CFT partition function by a
T 2 deformation, it will describe quantum gravity in the bulk. We will choose a convention
in which the coupling constant µ (corresponding to the direction in theory space of this T 2

operator) is the only scale in the theory. This is particularly nice when thinking in terms of
a Wilsonian picture of RG. Also, any bulk gravity scales will be written in terms of this µ
and a set of dimensionless field theory parameters, collectively denoted by {αi}, to fix the
ratio between bulk scales.

We pick a complete commuting set of operators {χ} acting on the CFT Hilbert space
of ∂Σ|∂B, i.e. on the boundary side of ∂Σ. Importantly, this is not necessarily the same
as evaluating the same operators {χ} at ∂Σ|Σ, because the sharp corner between the two
geometries can cause certain operators, such as the stress-tensor, to discontinuously jump
across the boundary (as will be discussed explicitly in section 7.2). In order to keep our
notation clean, without writing junction conditions everywhere, we choose to always think
of the Cauchy slice Σ as making this transition to ∂B before we evaluate {χ}—even in
situations where two Cauchy slices Σ and Σ′ meet at the same boundary time on ∂B, with
no lapse between them,18 as will happen later.

This defines a basis of states labelled by the set of eigenvalues of {χ},19 while a
general state on ∂Σ will be a superposition thereof: ψ[{χ}].20 The partition function
ZCFT[{Ji}, {χ}] is thus a functional of any field theory sources {Ji} and of the boundary
conditions {χ}. The sources include the metric and any other sources which are mapped to
bulk matter fields in the low-energy limit. So {Ji} = (g, {φ}), where φ is the field theory

18In other words we are implicitly identifying the Hilbert space of ∂Σ with that of ∂B|∂Σ. Otherwise we
would need to explicitly include junction maps H∂B|∂Σ → H∂Σ everywhere.

19We will be using the same symbol {χ} to denote both the complete set of operators and the set
of eigenvalues used as boundary conditions for the partition function. The context should make this
distinction clear.

20These operators are not necessarily local fundamental fields, since those are not usually good operators
on a Hilbert space in a strongly coupled theory. The set {χ} can include eigenvalues of nonlocal operators
e.g. the total energy or angular momentum.
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source which is just a rescaled version of the bulk field Φ (which is always to be understood
as the value of the bulk field induced on the Cauchy slice Σ). The correct rescaling depends
on the nature of the bulk field.

The stress-tensor T ab in any field theory is defined as a variation of the metric:

T ab(x) := −2
√
g

δ

δgab(x) = −2i
√
g

Πab(x). (2.2)

If other sources, collectively denoted by {φ}, are switched on in the field theory the
corresponding operators, collectively denoted by {O}, will be given by linear variation:

O(x) = 1
√
g

δ

δφ
= i
√
g

Πφ(x). (2.3)

Given any set of CFT sources {Ji}, the generator of diffeomorphism symmetry is

Da :=
∑
J

δ

δξa

[
Lξ(J)Oi

]
=
∑
J

∂aJ ·ΠJ +
∑

upper J index
∂b(Jb ·ΠJa) −

∑
lower J index

∂b(Ja ·ΠJ
b)

 ,
(2.4)

where Lξ(J) is the Lie derivative of the tensor J , while the generator of Weyl transforma-
tions is

W := −
∑
J

∆JJ ·ΠJ , (2.5)

where Oi is the operator conjugate to Ji and ∆Ji is the conformal weight of the source in
the boundary CFT.21 A generic CFT is Weyl invariant up to the usual Weyl anomaly A:(

W(x)− iA(x)
)
Z

(ε)
CFT [{Ji}, {χ}] = 0, (2.6)

where ε is a regulator necessary to regulate the logarithmic divergences (which cannot be
eliminated by counterterms) arising from the anomaly. However, this expression does not
look like the ADM Hamiltonian constraint, which we need in order to interpret Z as a
Wheeler-DeWitt state on Σ. Relatedly, the closure relation of the conformal constraint
W̃ :=W − iA is trivial: [

W̃(x), W̃(y)
]

= 0, (2.7)

due to the Wess-Zumino consistency condition, whereas the commutator of the Hamiltonian
constraint on itself is proportional to the momentum constraint:[

H(x),H(y)
]

= i
(
Da(x)∂(x)

a −Da(y)∂(y)
a

)
δ(x− y). (2.8)

This encodes the principle of local Lorentz invariance in the bulk, since it implies that when
there is a nonzero H gradient (locally a boost) the generator of time translations is shifted
by the generator of space translations.22

21In this expression, we are assuming the sources transform as primaries under a Weyl transformation.
22The action of the Lorentz boost on spatial translations is fixed by the analogous commutator:

[H(x),Da(y)] = i∂
(x)
a (H(x)δ(x−y)). But this closure relation is an automatic consequence of diffeomorphism

symmetry, given that H(x) is a scalar density on Σ.
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Hence, to obtain the ADM constraint algebra, we need to deform the theory on the
Cauchy slice so that W̃(x) becomes H(x) and (2.7) deforms to (2.8). (The formula for Da
is unaffected so long as the flow is covariant.) In other words, local Lorentz symmetry
in the bulk emerges from local conformal invariance in the boundary, as a deformed WZ
consistency condition [9, 56]:

Conformal Invariance =⇒
µ

Local Lorentz Invariance. (2.9)

2.2 Asymptotics of the flow

Freidel [22] showed that any radial WDW state of an asymptotically-AdS quantum gravity
theory tends to the following form in the superspace region corresponding to an infinite
uniform rescaling of the boundary metric g̃ = g/µ2/d:

lim
µ→0

Ψ [g̃] = A+e
iS[g̃]Z+[g̃] +A−e

−iS[g̃]Z−[g̃], (2.10)

where g is the Lorentzian metric on the Dirichlet wall ∂B, Z± look like CFTs23 with
opposite anomalies, and S[g] is an explicit real local action consisting of only relevant terms
(i.e. terms of dimension at most d) which we note to be the holographic counterterms.
Furthermore, this local action is the same for all WDW states. In the µ → 0 limit, the
Dirichlet boundary ∂B goes to spatial infinity, due to imposing Dirichlet boundary conditions
with infinite volume.

The presence of two solutions is a consequence of the radial WDW equation HΨ =
0 being of second order.24 Any of the two is independently a solution and so is any
linear combination.

If we Wick rotate Z+ and Z− to Euclidean signature, one of these partition functions
(say Z−) corresponds to a state Ψ in which the graviton fluctuations are unnormalizable.
As we wish to define our Lorentzian Cauchy slice theory by analytic continuation from the
Euclidean regime, we are therefore forced to restrict our attention to the other one (Z+).
We believe this choice is closely related to the question of the quantum gravity contour,
which we will discuss in section 3.2.

The same behaviour also follows if we add matter fields or higher curvature corrections,
since sending the volume of ∂B to infinity guarantees that we are in the IR limit of the bulk
theory (at least in the neighbourhood the boundary) and so the higher-order corrections
to the WDW equation become suppressed in an MPl expansion. After picking the branch
with good Euclidean continuation, we have:

lim
µ→0

Ψ[g̃, Φ̃] = eiS[g̃,Φ̃]Z+[g̃, Φ̃], (2.11)

where Φ̃ = µ∆φ/dΦ is an appropriately rescaled version of the matter field.
23At least to the extent that they are conformally invariant functionals of the metric, up to the anomaly

term. Holography asserts that, in a UV complete theory of quantum gravity, they should also satisfy the
axioms of local QFT.

24Since H(x) = 0 is a second order differential equation defined at each point x, one might think there
would be more than 2 solutions if we choose the sign differently for different values of x. However, in the
asymptotic limit, such wavefunctions would always violate the diffeomorphism constraint DaΨ = 0 and so
are unphysical. (Here we are assuming that ∂B is connected, otherwise we could pick a separate sign for
each connected component).
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Also it is common knowledge in the literature [57] that taking the boundary to infinity
is equivalent to a renormalization group flow of the field theory into the IR. So away from
the fixed point, the radial WDW state must be given by a deformation of the CFT by
irrelevant (or at most marginal) operators, up to relevant counterterms S[g,Φ]. Hence
we can reverse the direction of argument and get a quantum gravity state from the CFT
partition function by the following flow:

Ψ(µ)[g,Φ] = eCT(µ)
(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
Z

(ε)
CFT[g, φ, {χ}], (2.12)

lim
µ→ε

Ψ(µ)[g,Φ] = eCT(ε)Z
(ε)
CFT[g, φ, {χ}], (2.13)

where O(λ) is a spatial integral of local irrelevant and marginal operators, and CT(µ) is a
counterterm, which is needed for the Hamiltonian constraint equation to take the standard
ADM form.25 In section 2.3 we will calculate which O(λ) we need so that the Hamiltonian
constraint equation is satisfied:

H(x)Ψ(1)[g,Φ] = 0, (2.14)

with H(x) an arbitrary constraint that closes properly.
In a T 2 deformation, the irrelevant operators in O(λ) always includes a term quadratic

in the stress tensor. The fact that the exponential is path ordered incorporates the usual
rule that, at a given coupling λ, the definition of the stress-tensor is used is that of the
deformed theory with coupling λ, rather than the stress-tensor of the original CFT. In other
words, if the path ordered exponential is expanded out as a product, then the differential
operator Πab ∼ δ/δgab(x) acts on all structures appearing to its right. (This is equivalent
to the more standard T 2 notation, in which the deformation to the action is written as a
differential equation in λ.) A similar remark applies to any other field theory operators
O ∼ δ/δJ appearing in O(λ).

The existence of marginal operators in O(λ) produces log divergences, which require
regulation by the lower cutoff ε. We take this to be the same quantity as the UV cutoff
ε used to regulate the log divergences in the field theory partition function Z

(ε)
CFT, which

are associated with the trace anomaly. These log divergences cancel, so that the overall
solution Ψ(µ)[g,Φ] is ultimately independent of the regulator ε.

As the simplest example (basically the original TT deformation), if you want to obtain
pure GR in AdS3 from a d = 2 CFT with central charge c, O(λ) will look like this:

O(λ) = 1
2

∫
d2x

[
c

24π
√
gR− 24π

c

λ
√
g

(
:ΠabΠab : − :Π2 :

)]
, (2.15)

and the counterterm is just a d = 2 cosmological constant (not to be confused with Λ, the
bulk 2 + 1 cosmological constant):

CT(µ) = − c

12πµ
−1
∫
d2x
√
g, (2.16)

25The solution corresponding to the other Freidel branch, at least formally, be obtained by flipping the
sign of the CFT trace anomaly, in which case the sign of the relevant part of the counterterms also flips,
akin to Freidel, and the deforming operator O(λ) will itself be different.
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and at the end we obtain a theory satisfying the 2+1 dimensional constraint equations (1.2)
and (1.3) with

Λ = − 1
µ

= − 1
(LAdS)2 . (2.17)

Furthermore, cancellation of log divergences requires that the central charge of the original
CFT satisfy the standard holographic relation:

c = 3LAdS
2GN

. (2.18)

However, this deformation will not work in d > 2 because R looks like a relevant term. So
next we will, extending [14, 15], describe a general procedure for defining the T 2 deformation
in arbitrary dimension, with general matter fields.

2.3 The general deformation

Let us start with a Hamiltonian and momentum constraint system describing gravity plus
matter, in general bulk dimensions D = d+ 1. The form of the momentum constraint Da is
determined by spatial covariance. We allow for a general Hamiltonian constraint H which
could be any scalar density satisfying the standard ADM closure condition (2.8), which is
important enough to type again:26

[H(x),H(y)] = i
(
Da(x)∂(x)

a −Da(y)∂(y)
a

)
δ(x− y). (2.19)

It is reasonable not to try to modify the standard closure condition as (modulo redefinitions
of the fields and constraints) this must necessarily be satisfied by any locally Lorentz
invariant bulk theory with a Hamiltonian description.27

Irrelevant terms and anomalies. Not every choice of H will be compatible with a
given holographic CFT, for as we shall see there are some anomaly matching conditions
that need to be satisfied, analogous to (2.18). In order to show that H is compatible, we
need to find a canonical transformation:28

H̃(x) := e−CTH(x)eCT, (2.20)

26It should be noted that the standard closure conditions very strongly constrain the form of the theory. For
example, if the only phase space variables are gab(x) and Πab(x), a series of rigidity theorems [58–62] suggest
that (modulo field redefinitions, and subject to the constraint that the kinetic term is quadratic) general
relativity may be the only allowed theory (but see [63] for an attempt to deform the constraint algebra).
These theorems require an exact solution to the closure relation. Presumably higher curvature corrections,
such as Lovelock gravity, are allowed in the canonical formulation if one treats them as perturbatively small,
and only requires the closure relations to be satisfied order-by-order.

27It is difficult to slightly deform special relativity while preserving locality. One family of attempts, called
“doubly special relativity”, has been studied in detail (see [64] for a review); however it is not known how to
implement this proposal in a local field theory.

28We define any similarity transformation of the operators to be a canonical transformation, because in the
classical limit (~→ 0) this becomes a standard canonical transformation, albeit with complex coefficients.
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such that H̃(x) has no relevant terms and it contains the CFT trace equation as its marginal
part (we will elaborate on how to achieve this at the end of this subsection).29 That is,

iµ1/dH̃(µ)(x)marg = W̃(x) =W(x)− iA(x). (2.21)

The requirement of the above equation will allow us to relate the free parameters in the
bulk to the free parameters of the field theory (this will be clear in an example shown in
the following section).

Besides the above marginal couplings, in general H̃(x) will also have dimensionful
coupling constants in it. Following [15], we adopt a convention in which the T 2 coupling µ
is the only dimensionful parameter in the flow,30 which implies that the flow follows an RG
trajectory (we will show this more explicitly below). Hence we absorb all other dimensionful
couplings into µ, so as to get a 1-parameter family of Hamiltonian constraints: H̃(µ)(x),
which differ only by a rescaling of length. As the deformation parameter µ is varied, the
bulk scales will therefore flow, with the ratios between them being determined by some
dimensionless parameters in the T 2 theory.31

We define the following local operator X(µ) (which will turn out to be the operator
needed to deform the CFT by an amount µ):

− idX(µ)(x) := iµ1/dH̃(µ)(x)−W(x). (2.22)

Canonical transformation on the algebra. As the canonical transformation preserves
the commutators, we get the following relation:

e−CT(µ)
[
iµ1/dH(µ)(x), iµ1/dH(µ)(y)

]
eCT(µ)

=
[
iµ1/dH̃(µ)(x), iµ1/dH̃(µ)(y)

]
(2.23)

=
[
W(x)− idX(µ)(x),W(y)− idX(µ)(y)

]
(2.24)

= −id
([
W(x), X(µ)(y)

]
−
[
W(y), X(µ)(x)

])
+ (id)2

[
X(µ)(x), X(µ)(y)

]
. (2.25)

We define the covariant operator:

O(µ) :=
∫
ddxX(µ)(x). (2.26)

Conformal classes. We split X(µ)(x) into conformal classes, with each of the terms in
the sum having a particular scaling qn with µ (determined by dimensional analysis):

X(µ)(x) =
∑
n

µqnXn(x), (2.27)

29This canonical transformation can introduce delta function divergences from the reordering of the terms
in H̃ (to put everything in a normal ordered form). These divergences can be eliminated by point-splitting.

30This is tantamount to adopting a very convenient choice of RG scheme, in which the form of the beta
functions is fixed in an entire neighborhood of the IR fixed point to exactly equal the leading-order result.
This convention is extremely useful for simplifying the algebra, as without it a path ordered exponential will
usually produce infinitely many terms.

31For an explicit example see the powers of λ appearing in (2.67)–(2.73) in section 2.4, which are fixed by
dimensional analysis.
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where Xn(x) is a sum of terms with conformal weight ωn (i.e. −2 for every power of gab
and ∆φ for every power of φ, counting gab or Πab as +2 and Πφ as −∆φ) such that:[∫

ddyW(y), Xn(x)
]

= +iωnXn(x). (2.28)

Because Xn(x) is a scalar density (as can be seen from (2.22)) its mass and conformal
dimensions differ by d: [Xn] = ωn + d, and so we obtain the following universal relation by
dimensional analysis:

ωn = qn d. (2.29)

Note that the operator X(µ)(x) can be written in terms of its marginal (ωn = 0) and
irrelevant (ωn > 0) parts:

X(µ) = A
d

+X
(µ)
irrel. (2.30)

The power of demanding bulk algebra closure. Now we integrate (2.25) with respect
to y to get:

∫
ddy e−CT(µ)

[
iλ1/dH(λ)(x), iλ1/dH(λ)(y)

]
eCT(µ) =−id

(
[W(x),O(λ)]−

∑
n

iωnλ
qnXn(x)

)
+(id)2

[
X(λ)(x),O(λ)

]
. (2.31)

Next we integrate the above equation with respect to log(λ). However, this integral(∫ µ
0
dλ
λ λ

qn
)
diverges for qn = 0. So we need to regulate the lower bound of the integral by

a cutoff parameter ε. By rearranging the terms, we get:∫ µ

ε

dλ

λ
[W(x), O(λ)] = 1

2
(
µ2/d − ε2/d

)
e−CT(µ)∂aDa(x)eCT(µ) + idX(µ)(x)− idX(ε)(x)

+ id

∫ µ

ε

dλ

λ

[
X(λ)(x), O(λ)

]
, (2.32)

where we used
∫
ddy

[
H(λ)(x),H(λ)(y)

]
= i∂aDa(x), which comes from integrating (2.19).

We now further define a covariant operator from O(λ) which is path-ordered in the
scale λ: (

P exp
∫ µ

ε

dλ

λ
O(λ)

)
:= lim

δ→0

n=µ/δ∏
n=ε

(
1 + 1

n
O(nδ)

)
. (2.33)

We will eventually be interested in the following “sandwiched” local operator for the purposes
of obtaining WDW states:(

P exp
∫ µ

ε

dλ

λ
O(λ)

)
W(x)

(
P exp−

∫ µ

ε

dλ

λ
O(λ)

)

=W(x)−
∫ µ

ε

dλ

λ
[W(x), O(λ)] +

∫ µ

ε

dλ

λ

∫ λ

ε

dλ′

λ′
[[
W(x), O(λ′)

]
, O(λ)

]
+ . . . , (2.34)

where the r.h.s. follows from the Baker-Campbell-Hausdorff formula.

– 15 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

We observe that relation (2.32) generates a neat cascade of cancellations in the infinite
series emerging from the closure relation of the Hamiltonian constraint:

W(x) −
∫ µ

ε

dλ

λ
[W(x), O(λ)] +

∫ µ

ε

dλ

λ

∫ λ

ε

dλ′

λ′
[[
W(x), O(λ′)

]
, O(λ)

]
+ . . .

=W(x)− idX(µ)(x)− 1
2µ

2/de−CT(µ)∂aDa(x)eCT(µ)

+
(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
idX(ε)(x)

(
P exp−

∫ µ

ε

dλ

λ
O(λ)

)
, (2.35)

where the commutator ∂a[Da(x), O(λ)] = 0 by covariance of O(λ). Therefore we get:

(
P exp

∫ µ

ε

dλ

λ
O(λ)

){
W(x)− idX(ε)(x)

}

=
{
W(x)− idX(µ)(x)− 1

2
(
µ2/d − ε2/d

)
e−CT(µ)∂aDa(x)eCT(µ)

}(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
,

(2.36)

=
{
W(x)− idX(µ)(x)

}(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
, (2.37)

where we have used the momentum constraints in throwing out the ∂aDa(x) term.32

The resulting solution. So now we can obtain a solution to an arbitrary Hamiltonian
and momentum constraints of gravity arbitrarily coupled with arbitrary matter fields, in
arbitrary dimensions d+ 1 by deforming an arbitrary d-dimensional CFT:

Z(µ)[g, φ, {χ}] := eCT(µ)
(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
Z

(ε)
CFT[g, φ, {χ}], (2.38)

where O(λ) is defined in (2.26) and is determined by the choice of starting Hamiltonian
constraint H(µ)(x) and the choice of canonical transformation CT(µ) in (2.20). This is then

32The closure constraints form an important consistency property on the allowed deformations O(λ). For
example, if we replace the standard ADM kinetic term inside X with

ΠabΠab − αΠ2

with α 6= 1
d−1 , and plug that into (2.38), then these cancellations will no longer occur. The resulting

constraint H(µ)(x) at finite µ will have an infinite series of total derivative terms in it, and in fact the
coefficients of these terms fall off slowly enough with the number of derivatives, that it resums to a spatially
nonlocal answer! (The nonlocality of the resulting expression is a consequence of the fact that integrating
with respect to λ is equivalent to dynamically evolving a finite conformal distance into the bulk.) Such
nonlocal terms are excluded on the hypothesis that the T 2 deformed theory has a UV completion which is
local down to very short length scales. A similar argument shows that, if we do not throw away the Da

terms, we would get a nonlocal integral over those as well. This is a necessary consequence of the fact that
the algebra of conformal transformations (Weyl plus spatial diffeos) is not locally isomorphic to the ADM
constraint algebra.
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easily shown to be a WDW state:

H(µ)(x)Z(µ)[g, φ, {χ}]

= H(µ)(x)eCT(µ)
(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
Z

(ε)
CFT[g, φ, {χ}] (2.39)

= −iµ−1/deCT(µ)
(
W(x)− idX(µ)(x)

)(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
Z

(ε)
CFT[g, φ, {χ}] (2.40)

= −iµ−1/deCT(µ)
(
P exp

∫ µ

ε

dλ

λ
O(λ)

)(
W(x)− iA(x)− idX(ε)

irrel(x)
)
Z

(ε)
CFT[g, φ, {χ}].

(2.41)

Now taking the limit ε→ 0 we have that X(ε)
irrel(x)→ 0 as a power law and so we learn that

the Hamiltonian constraint is satisfied:

H(µ)(x)Z(µ)[g,φ,{χ}] =−iµ−1/deCT(µ)
(
Pexp

∫ µ

ε

dλ

λ
O(λ)

)
(W(x)−iA(x))Z(ε)

CFT[g,φ,{χ}],

(2.42)
= 0, (2.43)

where at the end, we used the trace anomaly equation of the CFT. This can be viewed
as a derivation of what CFT anomaly A(x) is required if a holographic correspondence is
to hold.

RG flow. We can now convince ourselves explicitly that the deformation defined by O(λ)
is really along an RG flow line. Equations (2.40) and (2.43) together show that, modulo
the counterterms, the deformed partition function satisfies a Callan-Symanzik equation:(∫

ddxW(x)− id µ ∂

∂µ

)(
P exp

∫ µ

ε

dλ

λ
O(λ)

)
Z

(ε)
CFT[g, φ, {χ}] = 0, (2.44)

for any finite value of µ along the flow, where in the first bracket of (2.44) the integral of W
is just a scale transform (i.e. RG flow). Hence the entire second bracket of (2.44) is nothing
other than an integrated RG flow.33

Fixing the counterterms. We now give a systematic procedure to fix the counterterms
CT(µ). First we pick a canonical transformation to exactly generate W , since otherwise we
will not obtain the trace anomaly equation at the end. Next we choose a relevant term,
say Y (x), that we want to get rid of and perform a further canonical transformation of the
form ∼

∫
ddxY (x). This works because:

e−
∫
ddyY (y)W(x)e

∫
ddyY (y) =W(x) +

[
W(x),

∫
ddyY (y)

]
(2.45)

=W(x)+ ∼ Y (x)+ ∼ total derivatives. (2.46)
33Except for the initial deformation away from the CFT near λ = ε, to which (2.44) doesn’t apply, since

its derivation is valid only up to terms which vanish as ε → 0. This is because flowing all the way to an
exact CFT requires an infinite amount of RG flow.
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However, if such a counterterm has already been used to generate the correct form of W,
then it might not be possible to eliminate such a relevant term without also modifying W .
This leaves us with only one possibility to eliminate such relevant terms and that is by fixing
certain relations between bulk and field theory parameters. This is crucial, since if we do
not do this then our starting CFT will not satisfy a well-defined trace anomaly equation, as
it would include left-over relevant terms. Therefore, these parameter relations are a direct
consequence of the trace anomaly equation of the CFT. Having done that, we proceed with
the next relevant terms in an iterative process until we only have marginal and irrelevant
terms left, at which point we are in a position to define X(µ)(x) as in equation (2.22).34

As long as we restrict attention to CFT sources and fields in the range strictly within
the interval 0 < ∆ < d (corresponding to m2 < 0) there should be only a finite number
of possible relevant terms, equal to the number of possible counterterms, and the process
is guaranteed to terminate. This is what happens in the case of pure Einstein gravity in
any dimension.

However, outside this range it could also happen that the newly generated terms are
either more relevant or of equal relevancy to the term we were trying to eliminate. This
is in fact what will happen for the case of a bulk scalar with m2 > 0. In such cases we
would need an infinite series of counterterms to get rid of all the relevant terms. However,
this happens in the regime where we turn on nonrenormalizable sources in the original
undeformed holographic QFT.35 and hence the original QFT (which is no longer conformal)
has to be regarded as an effective field theory valid only at low coupling. Hence, the
deformed theory will also only be defined perturbatively in the massive bulk matter fields.
Defining the bulk theory nonperturbatively would presumably require UV completion of
the T 2 theory.

2.4 Example: scalar field coupled to gravity

Consider a scalar field Φ in d + 1 dimensions coupled to gravity with the Hamiltonian
constraint:

H(x)Ψ[g,Φ] :=
{

16πGN√
g

:
(
ΠabΠab − 1

d− 1Π2
)

: −
√
g

16πGN
(R− 2Λ) (2.47)

+ 1
2

(
1
√
g

:Π2
Φ : +√g

(
gab∇aΦ∇bΦ +m2Φ2 + 2V (Φ, R)

))}
Ψ[g,Φ] = 0,

(2.48)
34It is worth noting that there exists another formalism in which one allows relevant terms in X, e.g. in

pure GR X might for example look identical to the ADM Hamiltonian H, even in d > 2. However, the price
of doing this is that one must also include a second set of counterterms eCT2(ε) on the right hand side of the
path ordered exponential in (2.38). (Or equivalently, one must agree to throw out all power law divergences
in ε when evaluating the

∫ µ
ε

integral.) This formalism has the charm of making the formula for X less
dependent on specific dimensions, but it obscures the nature of the RG flow near the CFT. Since it does
not allow for any distinct theories beyond those mentioned in the main text, we do not need to consider
it further.

35This should not be confused with the question of whether the T 2 deformation is itself renormalizable.
Since the T 2 deformation consists of irrelevant terms, it is always at least superficially nonrenormalizable.
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where V (Φ, R) is an even potential with arbitrary non-minimal coupling (excluding terms
already explicitly in the action).

By dimensional analysis, the bulk matter field is related to the field theory source via
(by dimensional analysis):

Φ = µ(1/d)(∆φ−(d−1)/2)φ, (2.49)

where ∆φ is the conformal dimension of the field theory source φ. The Weyl and Diff
generators in the CFT are then determined by (2.4) and (2.5) to be:

Da=−2∇bΠb
a + ∂aφΠφ, (2.50)

W= 2Π − ∆φφΠφ. (2.51)

Explicit counterterms. The correct choice of canonical transformation to remove all
relevant terms depends on the dimensions d and ∆φ. In order to keep things simple we
will consider the following canonical transformation—which is valid for a certain range of
parameters to be discussed below:

CT :=
∫
ddy
√
g
(
a+ b R+ c Φ2

)
. (2.52)

Under the above canonical transformation, we have:

Πab → e−CTΠabeCT = Πab − i

2
√
g
(
a+ c Φ2

)
gab + i

√
g b Gab, (2.53)

ΠΦ → e−CTΠΦe
CT = ΠΦ − 2i√g c Φ. (2.54)

By performing the canonical transformation of H(x), we obtain a marginal term of the form:

16πGN
ia

d− 1Π(x)− 2icΦΠΦ(x). (2.55)

By demanding this to be equal to −iµ−1/dW(x), we fix a and c:

a = −2 d− 1
16πGN

µ−1/d, (2.56)

c = −∆φ

2 µ−1/d. (2.57)

Now because the cosmological constant term is relevant and we have already used the
counterterm

∫
ddx
√
g, we need to impose the following relation between the cosmological

scale and the deformation coupling:

Λ = −d(d− 1)
2 µ−2/d, (2.58)

which identifies the scale µ1/d with LAdS. Similarly, given that for the range of ∆φ in which
the counterterm (2.52) is valid (as explained below), the mass term is relevant we need to
impose the usual holographic mass relation for consistency:

m2 = ∆φ(∆φ − d)µ−2/d. (2.59)
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In order to eliminate the only left-over relevant term, √gR, in H we need to fix b:

b = − 1
(d− 2)16πGN

µ1/d. (2.60)

The choice of complex sign for µ determines whether our deformed partition function
satisfies the Wheeler-DeWitt equation with positive or negative cosmological constant.
In particular,

Λ < 0 −→ µ1/d ∈ R+, (2.61)
Λ > 0 −→ µ1/d ∈ iR+. (2.62)

Also notice that m2 goes to minus itself in the dS case. In this paper, we will proceed with
the case of Λ < 0, corresponding to AdS/CFT. However it appears that one might also
use the same approach to deform the dS/CFT duality [65, 66] to finite time Cauchy slices;
although in the dS case, the Euclidean CFT cannot be reflection-positive even prior to the
T 2 deformation. (We plan a followup paper to discuss this case [67].)

One significant difference between the two cases is that for dS deformations, one can
probe Lorentzian spacetime even when the parameter µ is small (measured relative to other
length scales set by the choice of metric gab). But for the AdS case, it is necessary for µ
to be sufficiently large in order to cross a phase transition into Lorentzian signature (see
section 2.6).

Bulk scales. As explained earlier, all the bulk scales of the gravity theory can be
expressed in terms of the only dimensionful coupling in the T 2 theory, µ, alongside a set
of dimensionless parameters. We already saw how two of these bulk scales (the AdS scale
and the mass of the scalar field) are fixed in this way, in (2.58) and (2.59), where ∆φ is
the appropriate dimensionless parameter. Similarly we can define another dimensionless
parameter, α, that fixes the Planck scale relative to the AdS scale:

α = Ld−1
AdS

16πGN
, (2.63)

=⇒ 16πGN = 1
α
µ
d−1
d . (2.64)

From the field theory perspective α will be related to things like the anomaly coefficient,
the stress tensor two-point function coefficient or the coefficient of the divergence in the
entanglement entropy. If we are in even dimensions and our theory has a nonzero central
charge, then we can fix this ratio of scales at the current level of analysis, by comparing the
anomaly term A directly with the CFT result.

In odd dimensions, we need to work harder. This ratio can also be calculated from
the holographic CFT from e.g. relating the stress-tensor 2-point function to gravitons in
the bulk. So if our Cauchy slice theory is to describe a consistent theory of gravity with
a holographic dual, we must fix the parameter α to get a consistent local bulk theory. If
we pick the wrong value of α, all of the above equations will still hold (unless we fail to
satisfy an anomaly matching condition associated with another field theory source), but we
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Terms in X(µ) Conformal Weight ω Condition for ω > 0

1√
g

(
ΠabΠab − 1

d−1Π2
)

d d > 0

GabΠab − 1
d−1GΠ 2 2 > 0

√
g
(
GabGab − 1

d−1G
2
)

4− d d < 4

1√
gΠ2

Φ d− 2∆φ ∆φ <
d
2

√
ggab∇aΦ∇bΦ 2− d+ 2∆φ ∆φ >

d−2
2

√
gΦ2 −d+ 2∆φ ∆φ >

d
2

Φ2Π 2∆φ ∆φ > 0
√
gΦ2G 2− d+ 2∆φ ∆φ >

d−2
2

√
gΦ4 4∆φ − d ∆φ >

d
4

Table 1. “Relevancy” of the terms in X(µ) for the counterterms chosen in (2.52).

expect that the higher n-point functions of the stress-tensor will not agree with a normal
semiclassical gravitational bulk with Dirichlet boundary conditions.36

Regime of validity. We now discuss the regime of parameters in which the counterterms
above are valid. This requires that X(µ) contain only irrelevant terms, and that the marginal
terms match with anomalies.

The remaining terms in iµ1/dH̃(µ) −W = −idX(µ) group into conformal classes which
are listed in table 1 along with their conformal weights ω. For a term to be irrelevant, it
must have positive conformal weight.

Notice that the conditions for 1√
gΠ2

Φ and √gΦ2 to be irrelevant are incompatible. That
means that depending on the value of ∆φ we will need a different counterterm to cancel
whichever one of the two is the relevant term.

The term √g
(
GabGab − 1

d−1G
2
)
will be relevant for d > 4, in which case we must

include additional counterterms to get rid of it. But it is irrelevant for d = 3, so we make
this choice for the sake of illustration. Now we can read from the table the allowed range
for ∆φ such that all the terms in X(µ) are irrelevant:

∆φ ∈
(3

4 ,
3
2

)
. (2.65)

Notice that for this range, the mass of the bulk scalar field will be negative but this is
allowed in AdS by boundary unitarity:

m2 ∈
(
−9

4 ,−
27
16

)
L−2

AdS. (2.66)
36This question is related to the “fake bulk” of [23, 68, 69].
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Explicit deformation. As a result we have the deformation operator for d = 3 and the
above range of ∆φ to be:37

X(λ)(x) = − λ

3α
1
√
g

:
(

ΠabΠab −
1
2Π2

)
: (2.67)

+ i
2
3λ

2/3
(
GabΠab − 1

2GΠ
)

(2.68)

+ α

3 λ
1/3√g

(
GabGab −

1
2G

2
)

(2.69)

− 1
3λ

1−2∆φ/3 1
2√gΠ2

φ (2.70)

− 1
3λ

(2∆φ−1)/3
√
g

2

(
gab∇aφ∇bφ+ ∆φ

4 Rφ2
)

(2.71)

− 1
3λ

1/3√gV
(
λ(∆φ−1)/3φ,R

)
(2.72)

+ i
∆φ

12αλ
2∆φ/3φ2Π−

∆2
φ

32αλ
4∆φ/3−1√gφ4. (2.73)

As shown in section 2.3, the deformed field theory partition function:

Z(µ)[g, φ, {χ}] := eCT(µ)
(
P exp

∫ µ

0

dλ

λ
O(λ)

)
ZCFT[g, φ, {χ}], (2.74)

with the CT(µ) defined in (2.52) and O(λ) defined in (2.26) will satisfy the Hamiltonian
constraint (2.48):

H(µ)(x) Z(µ)[g, φ, {χ}] = 0. (2.75)

Note that here we did not need the ε regulator simply because in the range of ∆φ for which
this deformation is valid there are no anomalies.

Addressing other ranges. If we wish to consider a ∆φ outside the range (3
4 ,

3
2), or

d 6= 3, we need to adjust our deformation accordingly. For generic values of 0 < ∆φ <
d+2

2
(corresponding to relevant sources in a unitary CFT), it should suffice to simply choose a
different set of relevant counterterms. This will change the set of terms needed in X(µ).38

For example, for an “alternative” boundary condition scalar with d
2 < ∆φ <

d+2
2 , Π2

Φ is
relevant and needs a counterterm, while Φ2 is irrelevant and can appear in X(µ). Under a
canonical transformation of the form ∼

∫
ddx 1√

gΠ2
Φ the source field Φ gets shifted by:

Φ(x)→ e
−
∫
ddy 1√

g
Π2

ΦΦ(x)e
∫
ddy 1√

g
Π2

Φ = Φ(x) + 2i 1
√
g

ΠΦ(x). (2.76)

Notice that in this case, when we take the limit µ → ε, our field theory flows to a
different IR fixed-point from Z

(ε)
CFT[g, φ] due to the presence of this operator-dependent

relevant counterterm.
37The need to include the Π2

Φ term was emphasized in [70].
38We should also be careful about terms in the potential V becoming relevant as we change ∆φ. We deal

with such terms as described for any relevant term.
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On the other hand, for a measure zero subset of values of ∆φ (e.g. when any of the
inequalities in table 1 are saturated, or any of the similar conditions that arise after doing
additional canonical transformations) there will be additional marginal terms in X(µ),
which result in additional anomaly matching conditions to A in the CFT. For example,
when ∆φ = d/2 exactly, there might be an anomaly in the CFT proportional to φ2. Or
when d = 4, it is necessary for √g

(
GabGab − 1

2G
2
)
to match with the anomalies in the

CFT—which implies that the 4d CFT has equal “central” charges a = c = L3
AdS

8GN , as expected
in AdS5/CFT4 duality [71].39

As ∆φ → 0, an increasingly large number of counterterms are necessary, but they all
take the form f(φ) times a finite number of relevant expressions. On the other hand, for
∆φ < 0, there will be an uncontrolled proliferation of counterterms needed, since every
expression becomes relevant when multiplied by a high enough power of φ. (This is related
to the fact that the CFT becomes nonrenormalizable when perturbed by the source φ). It
should still be possible to work out the deformation order-by-order in perturbation theory
in φ, but we leave the details to future work.

2.5 Normal ordering prescription

In order to explain why we need to consider a large N theory, first let us give a more
complete description of the normal ordering symbol : : in e.g. (1.2) or (2.47)–(2.48). For us
this symbol actually performs a double duty:

1. It moves all factors of Πab (with both indices raised) to the right of arbitrary functions
of the metric gcd, thus removing unpleasant divergences of the form [Πab(x), gcd(x)] =
−iδabcdδ(0) which arise due to the commutator.40 (This is the same result one would
obtain if the divergence is regulated by point-splitting.)

2. It also subtracts off field theory divergences associated with the coincident limit of
the two Πab operators as they approach each other in the field theory. The way this
works depends on whether we are at infinite or finite N .

Infinite N . In the N →∞ limit of an ’t Hooftian field theory, correlation functions of
stress-tensors Tab are dominated by Wick contractions. It follows that the OPE of two
stress-tensors is, up to terms subleading in 1/N , given by

Πab(x)Πcd(y) = Cabcd(x,y) + :ΠabΠcd : (x) + . . . , (2.77)

where Cabcd(x,y) is a c-number which can depend on the background metric and which
diverges as y→ x, while the second term is an operator of dimension 2d which is independent
of the separation. Hence, we can define the normal-ordering symbol as:

:ΠabΠcd : (x) := lim
y→x

[
Πab(x)Πcd(y)− Cabcd(x,y)

]
. (2.78)

This defines :ΠabΠcd: (up to a possible curvature ambiguity of weight 2d).
39These charges are not to be confused with the counterterm coefficients of the rest of the section, which

are labelled by the same letters.
40Note that Πab = gacgbdΠcd has hidden factors of the metric, as does Π = gabΠab.
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This property holds even after doing a T 2 deformation with finite µ, since in the
semiclassical approximation to gravity, fluctuations of the metric are Gaussian. (Even
though the T 2-deformed stress-tensor would be multi-trace if written in terms of the original
CFT fields.) Although the theory is no longer conformal, (2.77) still picks out a unique
definition of the : ΠabΠcd: operator, up to a c-number correction which can be absorbed
into other terms in H.

A similar analysis would apply to the kinetic terms associated with matter fields, e.g.
:Π2

Φ :, but for simplicity we consider only the metric in the remainder of this section.

Finite N , µ = 0. The above definition works only at N =∞. To see why, first consider
the case of N = finite, µ = 0. In such a CFT, there will be additional interaction terms
in the stress-tensor OPE, but more importantly, in a generic d > 2 CFT, there will be no
operator with dimension exactly 2d. Instead the dimension of this operator is shifted by
some anomalous dimension η(N), which would require us to take a limit of the form

:ΠabΠcd : (x) := lim
y→x

[ 1
|x− y|η

Πab(x)Πcd(y)− Ĉabcd(x,y)
]
, (2.79)

where now Ĉabcd(x,y) can depend, not just on c-numbers, but also on operators of dimension
up to 2d+ η.

The anomalous power η means that the operator can no longer be specified without
introducing an extra length scale into the problem, and we cannot use µ for this purpose as
it vanishes. Because of this, it will be more convenient to proceed directly to the case of
finite µ. This is acceptable since our deformation is defined in (2.38) as an integral over
finite values of µ.

Finite N , finite µ. Unfortunately, we cannot directly apply the CFT definition of normal
ordering at finite values of µ, because at finite µ the theory is not a CFT in the ultraviolet,
and so we do not have access to a well-defined OPE if we take the limit y → x in a
careless manner.

We would like to still be able to have a well-defined kinetic operator Gabcd :ΠabΠcd : (x)
operator at finite N and finite µ; otherwise our theory would not be probing bulk quantum
gravity. We will attempt to do this directly for finite value of the deformation parameter
µ, using a point-splitting prescription. However, we cannot take the point separation
close to the Planck length, as this regime is not understood. The Planck length scales as
lPl ∼ µ1/d/Np for some power p (which depends on the particular AdS/CFT duality). So
we define a dimensionless parameter ε, such that the proper distance |x− y| = µ1/dε and

1
Np � ε � 1. In this way, the separation is much smaller than the AdS scale but much
larger than the Planck scale. Of course this is only possible when N � 1.

We now consider an OPE expansion of Πab(x)Πcd(y), in order to rewrite it in terms of
local operators in the deformed theory. This OPE will in general have relevant, marginal
and irrelevant terms. Since µ is the only scale, the relevancy is entirely determined by the
power of µ. Any relevant terms must be cancelled by the addition of counterterms. The
remainder can then be carried through into the definition of H(µ) or (after substituting
µ → λ) into the definition of O(λ), which will then be a well-defined operator at each
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value of λ > 0.41 We can then perform the path-ordered exponential (2.38) in order to
define Z(µ).42

In order to ensure that the momentum constraint Da = 0 is satisfied, it is necessary
to ensure that the point-splitting prescription is done in a fully covariant manner. One
possible way to do this, if gab is sufficiently smooth, is to average over all possible geodesic
segments of length µ1/dε emanating from x:

Gabcd(x)Πab(x)
∫
dΩ Π̃cd(y(Ω)), (2.80)

where dΩ is the rotationally-invariant measure, y(Ω) is the point which is a unit proper
distance along a geodesic of length µ1/dε at angle Ω, and Π̃cd is obtained by parallel
transporting Πcd along the geodesic.43 An alternative, smoother regulator would be to use
the heat kernel, in which case the point-split operator would be

Gabcd(x)Πab(x)
∫
ddy√g Kcd

ef (s,x,y)Πef (y),
√
s = µ1/dε, (2.81)

where Kab
cd (s,x,y) is the heat kernel coefficient at Schwinger time s associated with some

wave equation which propagates symmetric rank-2 tensors.
There can also be UV divergences in the theory associated with the limit as two or

more distinct deformation operators (like :ΠabΠcd: or GabΠcd) approach one another. These
divergences can appear at various powers of µ and with various curvature couplings. We
assume that any such divergences are also regulated using a cutoff of length µ1/dε, in order
to ensure that 1) the deformation retains the correct dimensional scaling with µ, and 2) the
theory is allowed to exhibit locality at sub-AdS scales.

2.6 Exotic properties of the deformed theory

The T 2 theory exhibits some exotic phenomena which violate the usual axioms of QFT:
nonunitarity and (relatedly) spontaneous CPT violation. These phenomena should be
welcomed as they are crucial for describing the regime in which the Cauchy slice Σ is
embedded in Lorentzian signature.44

41This definition of :ΠabΠcd: becomes singular at λ = 0, but the elimination of relevant terms ensures
that the integral over λ values is convergent (up to a possible log divergence, which would cancel with the
CFT anomaly as usual).

42In the above procedure it is not manifest that the closure relation (2.19) for the Hamiltonian constraint
(and hence deformation flow) continues to hold. Most likely it is necessary to add additional counterterms
to eliminate all failures of closure order-by-order in ε. Presumably this is always possible if the bulk theory
has no gravitational anomaly.

43Recall that our normal ordering prescription takes all metric dependence in the covariant derivative to
the left of Πab(x). This means that the geometry used to define the covariant point-splitting procedures is
done using the background metric, prior to the variations associated with Πab.

44Another exotic property of the Lorentzian signature T 2-deformed field theory is that it allows superlu-
minal signalling. However, we do not analyze this property here since we are primarily interested in the
Euclidean signature T 2-deformed theory, where this issue does not arise.

– 25 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

Nonunitarity. The Euclidean Wick rotation of a unitary QFT is reflection positive [72].
However, the T 2 theory is not reflection positive.

One way to see the violation of unitarity is to calculate the energy levels of the T 2-
deformed theory on a stationary spacetime e.g. a cylinder Sd−1 × R, where the sphere has
radius R and volume Ωd−1R

d−1. Hartman, Kruthoff, Shaghoulian and Tajdini [15] did this
calculation for states of zero angular momentum, obtaining (in our notation):

E(µ;R) = −2(d− 1)αΩd−1
Rd−1

µ

√
1− Eµ

(d− 1)αΩd−1Rd
+ (d− 2)µ2/d

R2 , (2.82)

where the µ = 0 boundary condition is E(µ = 0;R) = E/R, with E being the energy
quantum number of the undeformed CFT. This result is only valid in the large-N limit of
the theory. The expression above is the result after shifting by the counterterm CT(µ),
corresponding to the case of pure gravity bulk.

One can see that there is a branch cut when the energy E = 0, at some critical value
of E . At this critical value, the microcanonical density of states ρ is given by

ln ρ(E = 0) = SBH = A

4GN
, (2.83)

the black hole entropy. Higher E states of the CFT are mapped to imaginary eigenvalues
of E, for which S > SBH. [11] argued that these imaginary eigenstates should simply be
truncated from the spectrum. However, this approach is incompatible with the continuation
to Lorentzian signature, since it would forbid a timelike sign for the extrinsic curvature
Kab. Hence, in order to describe holography on Cauchy slices, it is important to keep these
states in the spectrum [51]. It follows that the theory that lives on the Cauchy slices is
inherently nonunitary.45

In our conventions, the field theory always lives on a Euclidean slice Σ, and the branch
cut is associated with changing the signature of the bulk spacetime that Σ is embedded in.
(Imaginary E gives a Lorentzian bulk.)46 See figure 2 for an example of this transition (but
for a more general Σ geometry).

This non-unitarity may seem surprising, but it was argued in [73] that the theory
of gravitational subregions is necessarily nonunitary, due to the spontaneous breaking of
CPT symmetry that is associated with Cauchy slices in Lorentzian spacetime. Further-
more, dS/CFT dualities, which also have an emergent time direction, are known to be
nonunitary [65, 66]. So we have to learn to live with this.

Fortunately, it turns out that the nonunitarity of the boundary T 2 field theory is
compatible with unitarity of the bulk theory 7.4. Actually, bulk unitarity emerges in a

45This type of nonunitarity, associated with a complex Hamiltonian, should not be confused with the
totally distinct idea that pure states might evolve to mixed states! Hence, our holographic model of Cauchy
slices cannot be used to argue that information is lost inside black holes, as Hawking originally argued [28].
In fact our model implies the exact opposite: all the information on any Cauchy slice Σ “flows” outward to
the boundary at infinity. See section 7.4.

46There is an alternative picture, associated with the radial T 2 deformation, in which the bulk spacetime
is always Lorentzian. In this picture, the imaginary values of E correspond to going inside the horizon of a
bulk black hole [11]. In this picture it is the signature of Σ that changes since radial slices inside the black
hole are Euclidean.
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natural way from the unitarity of the starting CFT, together with the fact that CPT
symmetry is not explicitly broken.

Spontaneous CPT breaking. CPT is however, spontaneously broken in the boundary
theory! Another way of looking at the branch cut in (2.82), is that it corresponds to a
transition between two phases with different symmetry properties. When Σ is embedded in
a Euclidean bulk, this corresponds to a time-reversal symmetric phase of the gravitational
path integral, while a Lorentzian signature bulk corresponds to a time-reversal violating
phase of the gravitational path integral [73].

In fact even the combined CPT symmetry is broken. In pure gravity, C acts trivially,
while P is unbroken by the above construction. Hence the T -violating phase also breaks
CPT .47 If we include both possible signs for the imaginary energy eigenvalues (as advocated
in [51]), this can be regarded as a form of spontaneous symmetry breaking. This is of course
not possible in a unitary, rotationally-symmetric theory, by the CPT theorem. But since
the energy eigenvalues are imaginary, it is clear the T 2 theory is not unitary, so this is no
contradiction.

The boundary between the two phases is given by a moment-of-time symmetric slice
(sometimes called a “t = 0” slice), which lies on both the Euclidean and Lorentzian
contours.48

Similar phase transitions ought to occur for non-stationary backgrounds as well, in
order to match the dual gravitational path integral, although in such cases it is no longer
expedient to analyze them using energy eigenvalues. Let us be very explicit about the
following point:

In order for our proposed AdS/CFT dictionary in this paper to make sense, it is
necessary to assume that the T 2-deformed theory continues to make sense on the Lorentzian
side of this phase transition!

3 Towards a generalized holographic principle

From this point onwards we will be dealing with a pure gravity bulk for simplicity of
notation. Matter fields can be added everywhere with minimal modifications.

47Note that on a given Cauchy slice Σ, CPT means the same thing for the bulk and boundary theories,
even if we add matter. For P this is obvious. In Euclidean signature, T acts as complex conjugation, which
reverses the sign of Πab due to the imaginary sign in (1.4); so this looks just like time reversal in the bulk.
And C acts trivially if we write the fields in a real basis.

48However, because of the branch cut, the boundary between the two phases is not a standard second
order phase transition corresponding to a CFT. (In fact it is even less smooth than a normal 1st order
phase transition.) The theory on the boundary is highly non-Gaussian, which is related to the fact that, in
the gravitational dual, the semiclassical approximation breaks down there, due to the absence of an elliptic
boundary condition for the gravitons [74]. In a minisuperspace approximation, the region near the t = 0
slice looks like an Airy function Ai(x), and semiclassical approximation is just the WKB approximation.
This approximation diverges at the transition between the exponential and oscillatory phases, although
Ai(x) itself is perfectly well-defined there. This may have significant implications for tensor network models
of AdS/CFT constructed on the t = 0 slice (cf. section 1.5).
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= Bulk metric
g

Boundary metric g

Partition function
of the field theory

Gravitational path integral
with Dirichlet boundary conditions

g|∂M = g

∂M M

Figure 3. The figure on the left represents the partition function of the T 2-deformed field theory
living on ∂M (the closed curve) with a background metric g. The shaded figure on the right
represents the gravitational path integral over the space filling manifold M. The bulk metric g
satisfies the Dirichlet boundary conditions (i.e g|∂M = g).

3.1 Form of the duality

Motivated by the AdS/CFT correspondence [3–5], holography at finite cutoff [11] and the
realization that deformed field theories define WDW-states [15, 23, 24], including on Cauchy
slices, we now postulate a generalized form of the holographic duality for partition functions
with arbitrary boundaries:

The Generalized Holographic Principle (GHP). This hypothesis states that the
T 2-deformed partition function of this boundary theory is equal to the gravitational path
integral over space-filling manifolds (M,g) with Dirichlet boundary conditions on ∂M, as
shown in figure 3. (A more precise definition of the right-hand side will be provided in
section 4.)

Z
(∂M)
T 2 [g] =

∑
M

∫
g|∂M=g

Dg
Diff(M) e

iIgrav[g] (3.1)

Here, on the l.h.s., we have a T 2-deformed field theory living on ∂M with metric g. This
could potentially be a complex metric (e.g. it could be Lorentzian in some parts of ∂M
and Euclidean in some other parts of ∂M).

On the r.h.s., we sum over possible manifoldsM and bulk metrics g that are compatible
with our boundary conditions—albeit with the usual caveats and controversies associated
with the gravitational path integral, which are discussed in the remainder of this section.

An initial reason to believe this hypothesis is that we have already shown that the T 2

theory obeys the constraint equations of general relativity. So morally speaking, we are
simply requiring that this duality also hold at the level of gravitational path integrals with
a single boundary. However, we do not in this paper claim to show the equivalence between
the canonical and path-integral approaches to quantum gravity—particularly since the
path-integral does more than just project onto states satisfying the constraint equations
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HΨ = DaΨ = 0; it also provides a dynamical definition of the inner product between two
states, which will be constructed more explicitly in section 4.49

3.2 The need for a contour prescription

What we have said does not quite suffice to fully specify the Generalized Holographic
Principle. For one thing, there are controversies about the correct choice of contour of
the integral over metrics in quantum gravity. As indicated above, we sometimes want to
use complex contours, for example those associated with Euclidean signature saddles. But
in the literature, there are (at least!) two divergent philosophies for dealing with these
Euclidean saddles:

1. Hartle and Hawking [75] assume that, in cases where a Euclidean saddle is necessary,
we always rotate the contour in the direction of the standard Wick rotation τ = it,
even in cases where the resulting saddle is exponentially enhanced. This has the
advantage that the horizon entropy is always S = A/4G, but sometimes the connection
to the Lorentzian picture is unclear.

Fluctuations around such Euclidean saddles are not bounded below, because of the
‘conformal mode problem’, where conformal modes have negative action. So to
calculate the quantum determinant ∆1-loop one must also deal with this, perhaps by
rotating the contour of the conformal mode to imaginary values [76].

2. Other authors, including Vilenkin [77, 78] and Feldbrugge, Lehners, & Turok [79],
have argued that one should instead take the Lorentzian definition of the path integral
as fundamental. In this approach, the contour may be taken to be complex only
when, using Picard-Lefschetz theory, one can show that the resulting saddle is a
resummation of oscillatory Lorentzian contributions.

Invariably, the saddles that resum an oscillatory path integral are exponentially
suppressed, rather than exponentially large. In some cases, this forces you to take the
opposite sign of imaginary time, corresponding to τ = −it. In such anti-Euclidean
saddles, while the conformal modes have positive action, the transverse-traceless
modes (corresponding to gravitational waves) and ordinary matter fluctuations would
have negative action, leading to inverse Gaussian, unsuppressed fluctuations in the
resulting state [80].50 Furthermore, this choice leads to an unphysical value of the
Gibbons-Hawking entropy in AdS or dS (corresponding to −A/4G instead of +A/4G).

49A careful analysis of the relationship between the T 2 deformation and the path integral was done in [23],
but in their analysis the manifoldM lies in between ∂M and the usual CFT boundary, so it is the “inverse”
of the usual path integral. This could be taken as an argument for the GHP, starting with the original form
of the AdS/CFT equivalence.

50Cf. [81] for a proposed solution to this problem. On the other hand, [82] argued that, in the context of
dS cosmology, there is no choice of contour that leads to physically good results! But even if this no-go
result is valid, it would not necessarily rule out a holographic cosmology theory defined on Cauchy slices,
since the holographic theory only needs to agree with a semiclassical calculation in the neighborhood of
some particular saddle—whichever one it agrees with—and could be quite different from any semiclassical
calculation in the far off-shell regime.
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In our opinion, the Hartle-Hawking approach gives results that seem more physically
reasonable for defining a ground state. Since the conformal mode corresponds to a non-
propagating degree of freedom, it can always be gauge fixed by a suitable choice of the time
variable. On the other hand, having unnormalizable fluctuations for the physical modes
around a supposedly dominant saddle, in vacuum dS or AdS, would be disastrous, and of
course most of us will want the horizon entropy to have the correct sign.

Of course, the µ → 0 limit of the T 2 field theory corresponds to going back to the
original CFT. And it is generally accepted that in AdS/CFT, a Euclidean CFT is dual to
the Hartle-Hawking saddle, since this is the saddle that gives rise to the correct boundary
entropy and free energy. So by continuity, it appears that the T 2 field theory must force us
to pick the Hartle-Hawking saddle.

For a discussion of the related contour question in the context of T 2 deformed cosmology,
see [83].

3.3 Challenges to the validity of the GHP

Having said all this, there are also a few potential reasons to doubt the GHP as we’ve stated
it. Here are some of them:

1. Nonrenormalizability (and other technical problems). Obviously, the gravita-
tional path integral is subject to all the usual ambiguities of quantum gravity, including
nonrenormalizability of the UV divergences, among other technical issues. These issues
should be resolvable by taking the bulk theory to be a UV complete model, such as
(presumably) string theory.

Other potential technical problems include the oscillatory nature of the path integral
in Lorentzian signature, the fact that the Euclidean action is unbounded below; questions
concerning singularities and topology change, and possible IR issues due to the unrestricted
range of time integration. To define a precise duality at the nonperturbative level, we would
obviously need to assume that such issues can be resolved.

2. Factorization problem. If ∂M contains 2 disconnected boundary components (i.e.
∂M = B1 tB2), then any local field theory partition function must factorize:

Z[∂M] := Z[B1 tB2] = Z1[B1]Z2[B2]. (3.2)

In the usual way of doing holography one runs into the problem that it is not at all
manifest that the gravitational path integral has this factorization property, since it would
appear to include sums over geometries in which the bulkM contains a single connected
component, because one or more “baby universes” connect the two sides. For the analogous
problem of disconnected CFT boundaries, in some cases one can use curvature conditions
to argue [84] that there are no on-shell saddles violating factorizability (3.2), but even then
one might worry about the contributions from off-shell metrics.51

However, it has also been argued that the sole effect of such baby universes is to shift
the value of the allowed counterterms in the local gravitational action [87, 88]. In a bulk

51See [85, 86] for further discussion of Euclidean AdS wormholes solutions.
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theory such as string theory which has no free parameters, this means that baby universes
processes cannot really affect anything at all! Indeed, if one accepts the GHP stated in (3.1)
in complete generality, a baby universe—or more generally any closed universe—would
correspond to a closed partition field theory function Z, which can always be evaluated to
get a complex number. This would imply that baby universes cannot in fact transmit any
information; in other words any connected geometry in the path integral should be gauge-
equivalent to some process in which the two sides are disconnected. (It might be, however,
that the equivalent disconnected geometry requires using some type of end-of-the-world
brane, or other structures, which only appear in string theory.).52

3. Information paradox. Every field theory partition function generates a state of the
boundary. We will define this bulk-to-boundary map more explicitly in section 6.

Because of this map, the T 2-deformed theory makes it manifest that any information
which falls across the horizon of a one-sided black hole (because it lies on a Cauchy slice
which is connected to the boundary) is still holographically encoded in the boundary theory.

In this respect it is opposed to the usual geometrodynamics perspective, which in
an evaporating black hole regime makes this information escape seem unlikely [95], but
see [96–99]. One way that the information can nevertheless escape, is if the T 2 partition
function implements additional constraint equations on the spacetime (associated with the
finite dimensionality of its Hilbert space at fixed energy) [51] which the purely Lorentzian
geometrodynamics theory knows nothing about.53 If this is true, and if we take the GHP
to be valid, then this imposes restrictions on the regime of validity for a semiclassical
approximation of the gravitational path integral. For example, this tells us that for an
evaporating black hole after the Page time, the semiclassical approximation becomes
invalid, and we should instead use the T 2 theory to study how the information escapes to
the boundary.

3.4 T 2 as the definition of the bulk theory?

In order to deal with all of these problems, we shall adopt the following point of view: we
assume that as long as we evaluate (3.1) semiclassically, using metrics that are close to
dominant classical saddles, that both sides of the duality are well-defined. In the field theory,
this corresponds to a large N expansion. In that semiclassical regime, this duality could
potentially be falsified, or require modifications, if the two sides were found to disagree.

As an even more ambitious proposal, we suggest that the GHP is likely to be valid at
all orders in a 1/N expansion. This corresponds to an ~G expansion in the bulk.

52Recently there has been interest in relating the gravitational path integral to ensembles of theories with
varying coupling constants, because that allows disconnected partition functions not to factorize. This is of
no use with classic forms of AdS/CFT where the CFT coupling constants take definite values. But if e.g.
the pure gravity path integral does not factorize, this could be because it represents a nontrivial ensemble
over holographic theories [89–92]. This is probably why baby universes can play a nontrivial role in the
replica wormhole calculations of the Page curve [29, 93, 94].

53Although it has been argued that Euclidean path integrals implement some nontrivial additional
constraints [100].
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On the other hand, whenever we go beyond the regime in which geometrodynamics is
likely to be valid, we can take the T 2 boundary theory as a definition of the gravitational
amplitude.54 Of course, this attitude raises the question of whether the T 2-deformed theory
itself makes sense non-perturbatively. The fact that the T 2 couplings are irrelevant strongly
suggests that it may not be, except in those special cases (d = 2 or N = ∞) where it is
exactly solvable.55

If it is not fully well-defined, then the theory would need to be UV completed somehow,
just like its associated bulk quantum gravity theory. However, it is probably much easier
to UV complete a field theory defined on a fixed Euclidean background spacetime, than
it is to UV complete a background-independent model of quantum gravity in Lorentizan
signature! We will say more about this issue in the Discussion.

4 QG inner product from the path integral

In section 4.1, we start by defining the Lorentzian path integral from a purely gravitational
perspective, without making use of the GHP proposed in (3.1).

Section 4.2 describes the importance of integrating over both signs of the Lorentzian
lapse N in order to preserve gauge-invariance. At the end we make a few comments
about the possibility of non-Lorentzian contours. In section 4.3 we discuss the example of
maximally symmetric metrics g to illustrate how both Euclidean and Lorentzian contours
can arise.

Finally, in section 4.4, we discuss some additional important properties of the amplitude.
It is quite easy to show that the amplitude is linear and hermitian. We also present an
argument that the path integral is positive, at least in a saddle-point approximation, when
Λ < 0. We also discuss the issue of when the amplitude is finite. (These properties will all
be important in section 5, when we construct the Hilbert space.)

4.1 Lorentzian transition amplitude

We will start by defining the Lorentzian transition amplitude (but we will later discuss how
things generalize if the contour becomes complex).

We can formally define the Lorentzian transition amplitude as:

〈g2 | g1〉I =
∑
M

∫ g|Σ2=g2

g|Σ1=g1

Dg
Diff(M) e

±iIgrav[g], (4.1)

where g is anyD = d+1 dimensional Lorentzian metric, on a globally-hyperbolic submanifold
M⊂ B of a possible asymptotically-AdS bulk geometry on B. Note that the metric gbdy

ab

54A similar attitude has sometimes been proposed towards the standard AdS/CFT duality, that the CFT
should simply be regarded as the definition of quantum gravity. This is unsatisfying because it gives no way,
even in principle, to answer any of the most perplexing questions about quantum gravity, like what happens
behind horizons or near singularities. On the other hand, taking the T 2-deformed theory as the definition of
quantum gravity seems potentially more fruitful, since the T 2-deformed theory is already embedded inside
the AdS bulk—so it doesn’t require you to give up on the idea of having a physical picture which is valid
deep inside event horizons!

55Another potential problem is that the Π2
ab terms look like inverse diffusion, which is not always well-

defined after a finite amount of flow. It might be that analytically continuing around such obstructions
is the origin of the branch cuts in the T 2 spectrum. It would be helpful if someone could do an explicit
calculation to confirm or deny this hypothesis.
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on ∂B is fixed, so the asymptotic behavior of B is given by a Fefferman-Graham expansion,
whose leading order behavior is given by (2.1).
M is the manifold connecting Σ1 to Σ2. We require that Σ1 and Σ2 are anchored to the

same boundary Cauchy slice Σbdy ⊆ ∂B (i.e. a Cauchy slice of the usual boundary CFT).
Diff(M) is the group of spacetime diffeomorphisms acting in the interior ofM.56,57

The gravitational action is:

Igrav = 1
16πGN

∫
M
dDx
√
−g (R − 2Λ) − 1

8πGN

∫
∂M

ddx
√
g K

+
∫
M
LRG +

∫
∂M
Lbdy

RG +
∫

Σbdy
Llapse, (4.2)

where ∂M = Σ1 ∪ Σ2, LRG and Lbdy
RG refer to RG counterterms needed to cancel UV

divergences of bulk fluctuations.
Llapse refers to counterterms needed to deal with IR divergences of the action associated

with the corner terms between the Cauchy slices Σ1 and Σ2 as one approaches the asymptotic
AdS boundary ∂B. In Fefferman-Graham coordinates (2.1), we may define a conformally-
rescaled relative lapse as Ñ = zN , where N is the proper time difference between Σ1 and
Σ2. There is then a divergence in the spacetime volume (and hence the action) if Ñ ∼ zd,
or any lower power of z. If we consider the class of Cauchy slices which are conformally
smooth at z = 0, dimensional analysis indicates that only a finite number of IR counterterms
will be required.58 An alternative, somewhat more convenient approach (which we will
use in section 7.2) is to take ∂Σ to be a small distance z = ε away from the conformal
boundary ∂B.

Dg is a local covariant measure on the space of metrics, which can be defined formally
as the volume induced by the following metric on the space of metrics:59

ds2 = C

∫
M
dDx
√
−g δgµν δgστ gµσgντ , (4.3)

where C is a dimensionful parameter needed to define the path integral.60 This measure
Dg is well-defined when considering a finite-dimensional space of metric variations, so it is

56For purposes of doing explicit calculations it is often convenient to gauge-fix in order to remove the
(noncompact) volume integral over the diff group Diff(M) in the denominator, which necessitates the
introduction of Faddeev-Popov ghosts. Since our present concern is not to manipulate the amplitude into a
convenient form for calculation, we will retain the current form, sometimes called “unitary gauge”.

57If the topologies of Σ1 and Σ2 are different in eq. (4.1), then this must be interpreted as transition
amplitude between different topologies of bulk Cauchy slices, as well as different metrics.

58We could also restrict attention only to a subset of Cauchy slices whose relative lapse falls off quickly
enough that there are no divergences.

59There is one other possible derivative-free covariant integrand,
√
−g δgµν δgστ gµνgστ , which would

change the measure of the conformal mode. But since all we care about is the overall volume, this parameter
can be absorbed into a rescaling of C.

60C is not actually an independent variable, since rescaling it to a new value C′ is equivalent to adding an
imaginary counterterm to the action I which is proportional to i ln(C′/C) times a (regulator-dependent)
local integral. Such imaginary terms in the action are not arbitrary, but must be fixed to whatever value
is required for unitarity to hold. (This is one reason why it is simpler to regulate in Euclidean signature,
where such measure-dependent counterterms are instead real. More generally, as discussed in section 7.4,
imposing CPT symmetry fixes the signs of terms in the action, in a way that guarantees that bulk unitarity
cannot be spoiled by local counterterms).
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reasonable to think that the measure can be defined in effective field theory after imposing
a UV regulator which cuts off short distance modes.

4.2 Why we use both signs for the lapse

The reason for the ± sign in front of the gravitational action, is that we are including both
signs of the lapse in our gravitational path integral.

A famous paper by Claudio Bunster (formerly Teitelboim) [101] argues that one ought
to restrict the quantum gravitational path integral only to histories that have positive
values of the lapse, which is equivalent to saying that Σ2 lies to the future of Σ1. Bunster
frames this question as a choice between “causality” and “gauge-invariance”, however we
respectfully disagree with his interpretation.

Bunster correctly observes that if we restrict the path integral only to positive values
of the lapse, that the resulting final state will no longer obey the Hamiltonian constraint
equation H(x)Ψ = 0, violating gauge-invariance. Normally, the Hamiltonian constraint is
guaranteed because it is the Euler-Lagrange equation associated with the variation of the
lapse N(x). But if we integrate over the domain N(x) ≥ 0, then at the boundary of this
domain (where N(x) = 0 for some x, i.e. Σ1 and Σ2 touch), we no longer have the ability
to freely vary the lapse, hence H(x) = 0 no longer follows. (Additionally, the resulting
transition amplitude would no longer be Hermitian.) In our opinion, this is an excellent
reason to include both signs of N(x) in the variation. Such a contour over the whole real
line (with a small deformation away from the essential singularity at N = 0) has in fact
already been proposed in [102].

Bunster resists this conclusion by arguing that if we do include both signs of the lapse
in the path integral, the theory will no longer be causal. We do not share this opinion.
Causality has to do with the propagation of physical signals within the manifoldM (which
is why we demand thatM is globally hyperbolic). It does not have anything to do with
the statement that, for two abstractly defined Cauchy slices, Σ2 lies to the future of Σ1
(a statement that is false in general). We are merely trying to define a physical quantum
gravity inner product 〈g2 | g1〉I with nice properties, and nothing about this task requires
the bra state 〈g2 | to necessarily be to the future of the ket state | g1〉.61 In fact, if we
restrict to positive lapse solutions, the resulting inner product will no longer be hermitian.

Hence, to obtain a gauge-invariant inner product, we must allow all possible time
relationships between the two Cauchy slices. Since N(x) is a function of spatial position,
there are actually three possible cases to consider:62

1. Σ2 lies entirely to the future of Σ1,
61If a supernatural being created a whole universe, with some particular initial condition at time t0, and

if causality holds in the sense that this being’s action at t0 only affects times to the future t ≥ t0 of that
Cauchy slice, then the use of Bunster’s “causal” propagator might be appropriate. But this is not the sort
of scenario we normally consider in physics. Usually we assume that there was a past era, prior to the time
of whatever experiment is being performed. For example, in most discussions of AdS/CFT, it is assumed
that the AdS spacetime has existed forever. Even in cosmology, it is usually assumed that the beginning of
time was an initial singularity, rather than a Cauchy slice.

62This classification ignores degenerate cases where Σ1 and Σ2 entirely coincide in some open region.
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Σ2

Σ2

∂Σ∂R

Σ1

Σ1

Figure 4. The third case, in which Σ2 straddles Σ1, is shown. We are using the convention that we
fix the time orientation of M to always be upward so that the time-ordering of the two slices is
opposite in the two regions.

2. Σ2 lies entirely to the past of Σ1,

3. Σ2 straddles Σ1 so that it lies partly to the future (in some open spatial region R

of Σ1) and partly to the past (in the complementary open region R of Σ1). (See
figure 4.)

In portions of M where Σ2 is to the future of Σ1, one should use the +i sign for
the exponential of the action, while where Σ2 is to the past, one should use the opposite
sign −i.63

What happens to this argument if we consider quantum gravity along a complex contour
which takes us away from Lorentzian signature? In this case, the lapse N(x) becomes
complex. If the Hartle-Hawking prescription is correct, then we must allow spacetimes
with N(x) having sign +i but not −i. However, so long as the integration contour through
the space of metrics g is chosen to have no endpoints, the constraint equations will still
be satisfied.64

4.3 Example: maximally symmetric slices

As a simple example, suppose that we choose the slices Σ1 and Σ2 such that their metrics
g1 and g2 are homogeneous and isotropic, with (spatial) scalar curvature R. It is important
to note that we are not considering a minisuperspace cosmology here, as the history M
between the two slices not constrained to be isotropic, and thus there will be quantum

63It is possible to verify that these are the correct sign rules by considering simple toy models in which
one takes a direct sum of n non-interacting QM systems, each with its own time variable tn generated by a
Hamiltonian Hn, and then imposing the Hamiltonian constraint HnΨ(x) = 0 on each system separately
by defining

〈x2 |x1〉 =
∏
n

∫ +∞

−∞
dtn 〈x2 |e

∑
n
iHntn |x1〉,

and then switching to the Lagrangian formulation. Additionally, [103] checked that these are the correct
rules in a discrete (but not holographic) model of spacetime that allows for causal propagation.

64In the Hartle-Hawking no boundary proposal, the sign of the Euclidean imaginary-time lapse ∆τ is
restricted to be always positive. This is sort of like a contour endpoint. However, taking τ → 0 corresponds
to space disappearing entirely (this is the “no boundary” part of the no-boundary proposal) so we never
violate the Hamiltonian constraint on any given nondegenerate spatial metric g.

– 35 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

fluctuations of the anisotropic modes.65 We assume that this isotropy symmetry is not
spontaneously broken by the dominant saddle. Then the ADM momentum is a pure trace:
Πab = gabΠ/d. Plugging this relation into the Hamiltonian constraint (1.2) we obtain
(R− 2Λ) ∝ −Π2. The imposition of this constraint on the slices Σ1 or Σ2 will determine if
the classical geometry that interpolates between them is Euclidean or Lorentzian.

There are three possibilities:

• (R− 2Λ) < 0. This allows for a real solution for Πab, and as such the slice geometry
can be embedded in a Lorentzian spacetime.

• (R − 2Λ) > 0. In this case we get a purely imaginary solution for Πab, which
corresponds to an embedding in an Euclidean classical spacetime.

• (R − 2Λ) = 0. This is the transition point between Lorentzian and Euclidean
embeddings. In the case of AdS (Λ < 0) this transition occurs at negative spatial
curvature, when the radius of Σ equals that of the bulk spacetime B.

So we see that the particular state |g〉 determines whether the saddle-point is Euclidean
or Lorentzian in the neighbourhood of the slice. If we get opposite answers for Σ1 and
Σ2, then the signature of the spacetime must change somewhere in between.66 Whenever
there are Lorentzian saddles, we have a choice about whether to take the lapse N to be
positive or negative, as argued in 4.2. This choice spontaneously breaks CPT symmetry,
as discussed in section 2.6. The two contributions are complex conjugates. Both of these
saddles have to be included together and so they contribute with a real but oscillatory
functional to the transition amplitude [73].

Now if both the slices are consistent with a Lorentzian embedding, then we will have
four saddles occurring in two complex conjugate pairs, as shown in figure 5, arising from all
the possible time orientations relative to the time-symmetric slice.

The sum over all 4 saddles gives the amplitude:

〈g2|g1〉I =
∑
±

∆gibbouse
±i(I1+I2) + ∆crescente

±i(I1−I2), (4.4)

where In is the action for a positive lapse history from the slice gn to the K = 0 slice, and
∆ is the quantum determinant associated with the two possible geometries for M shown in
figure 5, which could be calculated by e.g. heat kernel methods.67

However, if only one of the slices is consistent with Lorentzian embedding, while the
other is embedded in an Euclidean geometry, then there are only two contributing saddles,

65The reason we can impose isotropy on g1 and g2, is simply that these metrics are whatever we want
them to be. We are merely evaluating the full wavefunction on special values of g.

66Although there are many equivalent complex contours that would give such a result, it is nicest to chose
a contour in which the metric is everywhere either Euclidean or Lorentzian.

67As stated in section 4.1, these amplitudes are IR divergent and require regulation by moving ∂Σ to a
finite value of z. In evaluating I1 and I2, we have also ignored in (4.4) the Gibbons-Hawking contribution
coming from the Euclidean iπ-rotation at ∂Σ. This contributes a thermodynamically suggestive (but IR
divergent) factor of eArea[∂Σ]/4GN to the inner product 〈g2|g1〉I . Since this factor is the same regardless of
the initial and final metrics, it may be ignored when constructing the Hilbert space.
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Σ1, g1

Σ2, g2

∂ΣK = 0

Σ1, g1

Σ2, g2

∂ΣK = 0

Σ1, g1

Σ2, g2

∂ΣK = 0

Σ1, g1

Σ2, g2

∂ΣK = 0

Figure 5. For the case of the slices consistent with Lorentzian embedding, we get 4 saddles. The top
two “gibbous” saddles are time reversals of each other and so they together contribute as a complex
conjugate pair to the transition amplitude. Similarly for the bottom two “crescent” saddles. In this
figure the time orientation is directed upwards and the K = 0 dashed line is the time symmetric
slice. It can be seen that when g1 = g2, the crescent saddles go to zero lapse, leading to divergences
of the 1-loop quantum determinant ∆crescent, which will be discussed in section 4.4.

arising from flipping the time orientation of the Lorentzian piece:

〈g2|g1〉I =
∑
±

∆mixede
−IE±iIL , (4.5)

where IE is the Euclidean part of the action and IL is the Lorentzian part. Lastly, if both
slices are consistent with an Euclidean embedding, then there is only one dominant saddle,68

contributing with a real and positive functional:

〈g2|g1〉I = ∆Euclideane
−(I1+I2), (4.6)

where the In are now Euclidean signature actions from gn to the K = 0 slice.69

We leave further analysis of this symmetric case to future work.
68The dominant Euclidean saddle is the one where both slices are on opposite sides of the K = 0 surface,

similar to the top row of figure 5 but in Euclidean signature. In addition to having a larger amplitude (not
necessarily a decisive point since not every saddle necessarily lies on the physically correct contour) once
the Gibbons-Hawking term is taken into account, this saddle is clearly the one which limits to the usual
AdS/CFT saddles in the limit that µ→ 0.

69It can be seen that if we neglect the quantum determinants by setting ∆ = 1, the resulting norm is
nonnegative for arbitrary superpositions of maximally-symmetric metrics. In fact it is highly degenerate,
with the dynamical state space being 1-dimensional. A more careful check of positivity would therefore
require knowing something about the ∆ factors.
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4.4 Properties of the amplitude

In order for our construction of the Hilbert space in section 5 to succeed, we will need for
our inner product (the previously defined transition amplitude) to satisfy the following four
conditions: (a) linearity, (b) conjugate symmetry and (c) positive semi-definiteness, and (d)
a subspace on which the inner product is finite.70

Below we prove the first two properties, and make some arguments concerning positivity
and finiteness, leaving more convincing proofs for future work.

Linear. Equation (4.1) defines the inner product on the basis elements of the dual space
of distributions on functionals of the metric. This space will be later properly defined and
called K∗. Its action on a general element in K∗ is defined from this in a linear fashion.
The map is thus linear by construction.

Hermitian. We are using a convention in which the time orientation of the space-filling
manifold M is fixed. For the inner product 〈g2 | g1〉I we have the straddle expansion
described above, each diagram coming with a specific sign for the exponential of the action.
Now consider 〈g1 | g2〉I . This is equivalent to flipping the time orientation ofM. The effect
is to flip the sign of the exponent for each component of the path integral. So we see that
〈g2 | g1〉I = 〈g1 | g2〉∗I .

Positive semi-definite. The inner product cannot be positive definite, because it projects
onto states obeying the constraint equations H(x) = 0 and Da(x) = 0, so there ought to be
lots of null states. This is good because it implements the gauge-invariance of the theory.
So at best, the path integral can be positive semi-definite, so that for any superposition Ψ
of spatial metrics g:

〈Ψ |Ψ〉I ≥ 0. (4.7)

In what follows we will be assuming that this positivity property holds, at least in the
context of complete Cauchy slices Σ in asymptotically locally AdS spacetimes.71

This property is difficult to show in general, due to the fact that I includes in its
definition arbitrary dynamical spacetimes. In order to prove it, we need to somehow factor
out the role of time evolution.

However, an argument for (4.7) can be made that positivity is at least true within the
semiclassical regime. We adopt an argument based on the conformal method of solving the
Einstein constraint equations [104–106], in which one switches to an alternative quantum
gravity basis (γab,K) where γab = g−1/dgab is the conformal part of the metric, and K is
the trace of the extrinsic curvature (below we will choose K = 0).

This argument for the equivalence of this basis is only valid for the case of negative
cosmological constant (Λ < 0).72 More precisely, we need to assume that gravity is attractive

70See [103] for discussion of these four requirements in a discrete model of quantum gravity.
71See [73] for an argument that positivity fails for partial Cauchy slices which have boundaries in the

interior of black holes.
72Perhaps this is related to the fact that the CFTs which appear in dS/CFT are not unitary?
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in all classical saddles relevant for the computation of (4.7), which would follow if the
generic Strong Energy Condition is satisfied:

Tt̂t̂ + 1
D−2T >

Λ
8πGN

, (4.8)

for all unit timelike vectors t̂.73

At the classical level, consider the domain of dependence D[Σ] of a given Cauchy slice
Σ. Assuming a plausible form of cosmic censorship, within this domain there always exists
a Cauchy slice ΣK=0 of maximal spatial volume V . This slice has zero mean extrinsic
curvature: K = Π = 0. By solving the Raychaudhuri focussing equation for timelike
geodesics shot out normal to ΣK=0, one can show using the SEC that all other slices Σ′
have decreasing volume moving away from ΣK=0, and thus the ΣK=0 slice is also unique
within each history of D[Σ].

Furthermore, the conformal factor of the metric (defined by gab = ϕ4/(d−2)γab) is
determined on-shell by solving the Hamiltonian constraint equation (1.2). This equation
reduces to the Lichnerowicz equation:

4(d−1)
d−2 ∇

2ϕ−R[γ]ϕ = −|K|2γϕ(2−3d)/(d−2) − 2Λϕ(d+2)(d−2)), (4.9)

where |K|2γ := KabKcdγacγbd, with Kab traceless and satisfying the diffeomorphism con-
straint ∇aKab = 0. It turns out that classically, solutions to (4.9) (with ϕ > 0) exist and
are unique if Λ < 0. Hence the Hamiltonian constraint can be eliminated from the phase
space together with the conformal part of the metric. All of this implies that, at the classical
level, (γij ,Kij) is a well-posed set of Cauchy data (modulo the spatial diffeomorphism gauge
symmetry and constraint).

We now suppose that (at least semiclassically) the quantum analogue of these properties
also holds. Because every semiclassical saddle of D[Σ] has a K = 0 slice in it, it should
be possible to use the path integral to write any |g〉 state as an arbitrary superposition of
|γab,K = 0〉 states, modulo spatial diffeomorphisms.

Furthermore, at least semiclassically, any two such states |γab,K = 0〉 would have
positive inner product. This follows from the uniqueness of K = 0 Cauchy slices in the
spacetime history. The only possible amplitudes connecting such K = 0 states would
therefore be trivial histories with zero lapse. The sum over such histories are not quite
trivial, since there can still be a nonzero shift vector Na relating the two slices. So in this
case, the inner product should reduce to a canonical inner product in which we impose only
spatial diffeomorphisms. The norm of the inner product should look something like this:

〈Ψ |Ψ〉spatial =
∫
DG

∫
DγΨ∗[γ]Ψ[G(γ)] ≥ 0, (4.10)

73It might be possible to violate this equation if we turn on an inflating scalar field Φ deep in the bulk, or
by means of a quantum fluctuation. However, when Λ < 0, it requires a finite stress-tensor excursion to
violate (4.8) and so this requires a very large quantum fluctuation. We can neglect this possibility in the
semiclassical limit where GN → 0 and quantum fluctuations are linearized. (This does not preclude us from
taking quantum superpositions of different geometries, as long as the inner product (4.7) is dominated by a
sum over SEC-satisfying classical saddles).
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where G = Diff(Σ), DG is the Haar measure, and Dγ is some (positive) covariant path
integral measure on conformal metrics.74

The inner product (4.10) is manifestly nonnegative, since the contribution coming from
each leaf of Diff(G) is nonnegative. Since every | g〉 state is a superposition of | γ〉 states,
positive semi-definiteness must also hold for linear combinations of | g〉 states.

Finite subspace. Obviously, all of the above derivations are in vain if the path integral
amplitude fails to converge to a well-defined and finite norm for at least some vectors.
Assuming positivity, we are looking for a seminormed subspace of states in which

〈Ψ |Ψ〉I <∞. (4.11)

What obstacles might there be to constructing such a state?
First of all, in Lorentzian signature, the path integral is oscillatory, and thus extracting

well-defined answers may require some prescription for resumming such integrals, perhaps
by slightly deforming the complex contour away from the Lorentzian regime (cf. section 3.2).

In general, there might be IR problems coming from the fact that we are summing over
histories with arbitrarily large lapse N . However, general relativistic spacetimes have a
strong tendency to be unstable, rather than cyclical. For example, in asymptotically AdS
spacetimes we expect (again by the strong energy condition (4.8)) that in any domain of
dependence D[Σ] the volume of the universe contracts indefinitely as one departs from the
maximal volume slice. This suggests that for large values of N , the wavefunction disperses
away from any given metric g, resulting a damping of contributions from |N | → ∞.

There could also be UV problems when the lapse N is small. Our expectation is that
the amplitude 〈g2 | g1〉 is probably finite for generic pairs of metrics g1 and g2, but that in
certain coincident limits there are UV problems that arise. (This is reminiscent of the 2
point function in QFT which is defined at spacelike or timelike separation, but which blows
up at null separation.)

For example, if g1 = g2 in an open region R ⊆ Σ,75 then there may exist a classical
saddle connecting the two manifolds which has N = 0 in R. The quantum determinant
∆1-loop of such a history is likely to diverge badly in this case. To see this divergence,
suppose that the lapse were instead taken to be a small constant N = ε. When quantizing
a field with Dirichlet boundary conditions on a narrow strip with width N = ε, one expects
a Casimir energy contribution to ∆1-loop, which by dimensional analysis scales in its most
divergent term like:

ln ∆1-loop ∼
Volume[R]

εd
+ subleading. (4.12)

74We assume that conformal invariance is not spoiled by any anomaly coming from the path integral
measures Dγ and DG. If we extend our holographic Cauchy slice hypothesis to this conformal basis, the
partition function Z[γ] defines a CFT, but in this CFT there is a Liouville-like scalar field corresponding to
the conformal mode √g. Presumably this Liouville mode cancels the conformal anomaly.

75If there is a matter field Φ, its value will also need to agree on the two slices in order to allow a zero
lapse history with small action.
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This will produce an essential singularity as g1 → g2.76 The nature of this singularity
in Lorentzian signature (oscillatory, exponentially suppressed, or exponentially enhanced)
depends on the dimension d and the matter content of the theory. Presumably it may be
dealt with by smearing out the metrics g1 and/or g2 slightly, with suitable distributions
centered around the chosen metric, using an appropriate choice of contour.77

Even when N = 0 only on a measure zero set (e.g. the straddling history shown in
figure 4), there may be unique divergences appearing at the corners of the slices. We
assume all such divergences can be dealt with by some combination of renormalization
and smearing.

Assuming these properties of the transition amplitude hold, we are now in a position
to construct the gravitational Hilbert space. This construction is purely gravitational, but
will be dual by the GHP to the amplitude found by the partition function.

5 Construction of the bulk Hilbert space

First in 5.1 we give an informal statement of how the Hilbert space may be constructed,
omitting some of the more annoying technical details. Then in 5.2 we will provide somewhat
more rigor for those who desire such things.

Our approach is similar in spirit to previous work constructing the Hilbert space from
the gravitational path integral in loop quantum gravity and other diffeomorphism-invariant
models [107–112].

A reader tempted to skip this section altogether should note that the linear algebra we
use in 5.1 to construct the Hilbert space will be an important prerequisite for defining the
holographic AdS/CFT dictionary in the following sections.

5.1 Quick and dirty version

Let K be the kinematic quantum gravity state space. We will take K to be a space of
functions over spatial metrics g:

K := {Ψ[g]}. (5.1)
To solve canonical quantum gravity, we identify a smaller dynamical subspace C ⊂ K of
WDW-states, which are annihilated by the constraint equations H and Da:

C := {Ψ ∈ K | HΨ = DaΨ = 0}. (5.2)
76Given GHP, one might wonder how it is possible for the holographic dual partition function to exhibits

a divergence as g1 → g2. It could be that the T 2 deformed theory regulates this divergence. But more likely,
the T 2-theory is also divergent in such cases, due to a sum over energy eigenvalues with large imaginary
energy (cf. section 2.6).

77In QFT, a sufficient condition for (operator-ordered) N point functions to be finite is that all insertions
are smeared over time. This is because the time smearing suppresses all contributions coming from large
values of the energy E. Given this fact, one might wonder how it is possible for there to be UV divergences in
the WDW amplitude, when they are (by construction) integrated over all possible lapse times N , an extreme
form of time smearing! It seems that the ultimate reason for this divergence is that (prior to imposing the
constraint) in GR the Hamiltonian is unbounded below due to the conformal mode sign problem. This
makes it so the integral over solutions with H = 0 is a noncompact manifold due to the possibility of Π
being large. This suggests that, at least along a Lorentzian contour, slightly smearing the Weyl mode √g
should be sufficient to render the amplitude finite.
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This of course requires that C is within the subspace of K on which H and Da have a
well-defined (albeit possibly distributional) action.

In order to interpret C as a Hilbert space (and thus define probabilities), we also need
to define an inner product. States in C are typically not normalized with respect to natural
inner products on K,78 and thus it is necessary to somehow obtain an inner product from
the dynamical evolution itself.

One of the advantages of the path integral formulation of quantum gravity is that this
can be done in a very natural way. The Lorentzian path integral (defined in section 4) defines
a transition amplitude between two metrics g1 and g2. However, the (infinite-dimensional)
delta functions δ∞(g − g1) and δ∞(g − g2) are examples of distributions on the space of
metrics, i.e. they cannot be regarded as vectors in K, but rather they span a dual vector
space of distributions over spatial metrics:79

K∗ := {d : K → C}. (5.3)

From the discussion in the previous section 4.4, the path integral formulation of quantum
gravity (assuming it is well-defined) should give us a Hermitian sesquilinear form on K∗,
inherited from the path integral:

I : K∗×K∗ → C, (5.4)
(δ∞[g − g1], δ∞[g − g2]) 7→ 〈g2 | g1〉I , (5.5)

where the bar represents complex conjugation. From this we can derive an antilinear map
from the space of distributions to the space of functions:

I : K∗ → K, (5.6)
d 7→ I(d) = I(d, ·), (5.7)

where I(d, ·) is a linear functional on K∗,80 and so it belongs to the original vector space
K.81 Its action on K∗ is defined by

(I(d))(v) = I(d, v), ∀v ∈ K∗. (5.8)

Actually, we can make a stronger statement than this, because a diffeomorphism-invariant
path integral has the property that its outputs automatically satisfy the constraint equations,
hence we can actually assert the stronger relation ImI(K∗) ⊆ C.

78For example, in minisuperspace cosmology, there is typically a continuous spectrum of H prior to
imposing the Hamiltonian constraint. But then if we view a solution with HΨ = 0 as a wavefunction in the
energy representation, it looks like a delta function, which is nonnormalizable with respect to the usual QM
inner product.

79If we define a functional integration measure over d-metrics Dg, we might be able to use it to convert
between functions and distributions, and define an inner product on K in this manner. However, this inner
product would not be the physically relevant one, so it is better not to introduce this extra structure.

80When I appears with one argument it should be thought of as the map in (5.6), whereas when it appears
with two arguments it refers to the map in (5.4).

81In this (less rigorous) version of the construction, we are conflating K with its double dual K∗∗, even
though this is not generally the case for infinite dimensional vector spaces. We will do better in the
next section.
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From these constraint equations, it also follows (by vector space duality) that there
exist some elements of K∗ which are “pure gauge” and have zero inner product with all
other vectors. Hence, it is also natural to replace K∗ with a quotient vector space Q, defined
by modding out by all such null vectors:

Q = K∗

K∗0
, (5.9)

where K∗0 is the null subspace, consisting of all vectors v0 in K∗ such that
∀w ∈ K∗ : I(v0, w) = 0.

Putting these facts together, we actually have a stronger relation:

I : Q→ C, (5.10)
δ∞[g − g1] 7→ Ψ[g] = 〈g | g1〉I . (5.11)

Now assuming that the map to C is surjective—in other words, that there are no
additional constraint equations imposed by the path integral besides H and Da—then
ImI(K∗) = C and thus K∗0 can also be characterized as the set of vectors d ∈ K∗ such
that d : C → {0}.82 From the same assumption, it also follows that there also exists an
inverse map:

I−1 : C → Q, (5.12)

and a non-degenerate inverse inner product:

I−1 : C × C → C, (5.13)
(c1, c2) 7→(I−1(c2))(c1) = I(I−1(c1), I−1(c2)). (5.14)

At this point, there is a canonical isomorphism C ∼= Q, and it is therefore possible to get
away with identifying the two spaces.

The inner product on Q or C is automatically positive-definite (since any nonzero null
vectors are included in K∗0 and hence are modded out). Hence, either Q or C may be
regarded as defining the physical Hilbert space of the theory.

Nevertheless, there are some practical advantages to defining states as vectors in Q,
rather than as vectors in C. Although the two Hilbert spaces are canonically isomorphic,
in order to relate them we have to first solve the entire theory, something which is very
difficult to do in any realistic model.83 Furthermore, until the theory is solved, it is not
even possible to write down an explicit formula for any vector in C. On the other hand,
it is very easy to write down explicit vectors in Q! Just name any vector in K∗, and this
is automatically also a vector in Q. (Although if you are very unlucky, it might be the
null vector.)

82If there are any additional constraints coming from the gravitational path integral, as argued in [100],
then there exists some element d of K∗0 for which d(C) 6= 0. These additional constraints would need to be
incorporated into the definition of C in order to proceed further.

83If your model is exactly solvable, it’s too simple to be our Universe!
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5.2 Technical details for those who want more rigor

The construction in the previous section played fast-and-loose with several features of
infinite-dimensional vector spaces. In this section we will tentatively attempt to fill in some
of these details, as would be required in a more rigorous description. In the process we will
make a few slightly arbitrary choices, and it is quite possible that the construction sketched
below still requires technical improvements in order to be adequate.

We started out by defining the kinematic quantum gravity state space K as the space
of functions Ψ[g] over spatial metrics g. However, if we do not restrict the space of functions
in some way, the only allowed elements of K∗ will be finite superpositions of delta functions.
This is insufficient since we need continuous functions in K∗ to allow for smearing.

To proceed, it is convenient to require the functions in K to be bounded,84 and also
continuous with respect to some topology Tg on the space of metrics g. In a minisuperspace
model, Tg should look like the usual Rn topology locally near each point of g. (Most of the
technicalities below are required even in this simpler case, if one wishes to avoid assuming
any measure a priori on the space of metrics.) In full quantum gravity, the space of metrics
is infinite-dimensional, and more thought is probably required to determine the most useful
choice for Tg. We leave this choice open for the present.

K has a natural norm given by the uniform topology:

∀Ψ ∈ K, ||Ψ|| = sup
g
|Ψ(g)|. (5.15)

We can now define K∗ as the continuous dual of K. However, in general K∗ will be extremely
large, mostly because of bizarre nonconstructable distributions, which have no physical
relevance.85 To cut K∗ down to manageable size, we will allow only those distributions that
can be written in the form of Riemann sums, i.e. limits of countable sums of delta functions.
That is, we accept only distributions of the form:

d = lim
m→∞

∞∑
n=0

cn,m δ
∞(g − gn,m), n,m ∈ Z, (5.16)

where the coefficients cn,m and metrics gn,m must always be chosen to ensure that the
limiting distribution d[K] exists (given the continuity and boundedness of functions in K).
Let us call this smaller vector space, the space of Riemannian distributions K∗R. Since

84If boundedness is too strong—and it might well be if physically realistic metrics wavefunctions fail to
get damped out along certain directions of configuration space—we could instead choose a function f ∈ K
with 0 < f <∞ and require Ψ/f to be bounded. This should lead to a similar theory as below.

85As an illustration of the sorts of issues that can arise with the continuous vector space dual in infinite
dimensions, consider the Lebesgue spaces Lp on a line R, which is a norm whenever 1 ≤ p ≤ ∞. Whenever
p lies strictly inside this interval, (Lp)∗ = (Lq) with 1/p = q and hence the double dual is the same as the
original space (Lp)∗∗ = Lp. (For example L2, being a Hilbert space, is its own double dual.) But weird
things happen in the edge cases. (L1)∗ = L∞, where L∞ is the space of bounded functions (modulo measure
zero sets). Assuming the Axiom of Choice, (L∞)∗ is a much larger vector space called ba space. And yet,
since there exist models of set theory which deny Choice, in which (L∞)∗ = L1 [113], it appears that all the
additional elements in the double dual (L1)∗∗ are nonconstructive. Such nonconstructive distributions can
have no real relevance to physics; since the outputs of all respectable physics theories should be computable
(and hence constructable) at least in principle.
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elements in K∗R are defined as limits of delta functions (modulo equivalence in their action
on K) there is a natural topology on K∗R defined by demanding continuity with respect
to all such limiting sequences. This justifies the intuitive statement that the space K∗R is
“spanned” by delta functions δ∞(g− g0), in the sense that any continuous functional on K∗R
which vanishes for all delta functions, vanishes everywhere; more generally, it is determined
by its value on the delta functions.86 It follows that (K∗R)∗ can be identified with a space of
functions Ψ[g], and in fact it is not hard to show that all such functions are bounded and
continuous.87 (The converse statement, that all elements of K are also elements of (K∗R)∗,
is trivial.) So (K∗R)∗ = K.88

Another technical problem is that the gravitational inner product I can only converge
on, at best, a dense subspace of K∗R ×K∗R.89 Because of this, a more candid expression
than (5.4) for the gravitational inner product would be:

I : K∗R ×K∗R → C ∪ {undef}, (5.17)
(δ∞[g − g1], δ∞[g − g2]) 7→ 〈g2 | g1〉I , (5.18)

where the extra value undef covers the cases where the inner product is undefined. In order
to get a well-defined linear map, we need to restrict attention to a subspace of normalizable
states. The positivity of I guarantees a maximal such subspace, which may be defined as:

K∗N = {k ∈ K∗R | I(k, k) <∞}. (5.19)

Any two such vectors k1, k2 ∈ K∗N also have finite inner product with each other, by the
Cauchy-Schwarz inequality; hence the sesquilinear form becomes an actual map:

I : K∗N ×K∗N → C. (5.20)

There may exist some elements k ∈ K∗N such that I(k,K∗R) is either not finite or not
continuous on K∗R. But we may restrict to a smaller subspace which is finite and continuous:

K∗f.c. = {k ∈ K∗N | I(k, ·) ∈ K}. (5.21)

Having done this, we still have antilinear map (5.6) to the constraint space, but now with a
restricted domain:

I : K∗f.c. → K. (5.22)
86As a corollary, if the topology Tg admits a compact subset S of metrics g, the space K∗R(S) of Riemannian

distributions with support on S is itself compact.
87Proof: suppose for contradiction a function f ∈ (K∗R)∗ were not bounded. This means that there is

a countably infinite sequence of increasing points xn ∈ g such that |f(xn+1)| > 2|f(xn)|. It is now always
possible to choose the coefficients of d =

∑
n
cnδ(x− xn) ∈ K∗R such that d[f ] is undefined, e.g. cn = 1/n2.

Next suppose that f is not continuous. This means that there is a convergent sequence of points xn
such that limn→∞ xn = x∞ ∈ g yet limn→∞ f(xn) 6= f(x∞). But limn→∞ δ(xn) converges to δ(x∞) in the
natural topology of K∗R and hence f would not be part of the continuous dual (K∗R)∗.

88Or in other words, K∗R is a predual of K.
89As stated in section 4.4, we are assuming that 〈g2 | g1〉I can be defined so as to converge for generic

pairs (g1, g2), and that any infinities arising from nongeneric choices can be dealt with by smearing, at least
within some subspace of K.
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We define the image of this map as the constraint subspace:

C = ImI(K∗f.c) ⊆ C, (5.23)

where by making this definition, we allow for the possibility that there might be some
solutions to H = Da = 0 which cannot be produced by the path integral.

Next, we can identify a space of null vectors which have zero inner product with any
other vectors:

K∗0 = {k ∈ K∗R | I(k, ·) = 0}. (5.24)

Necessarily, such null vectors are also elements of KN and Kf.c., by the definitions of those
spaces. Hence we can still define a quotient space as:

Q =
K∗f.c.
K∗0

, (5.25)

and thence obtain our physical map:

I : Q→ C. (5.26)

This map is automatically surjective due to the restriction to the image in (5.23). Hence
we obtain an isomorphism between the two vector spaces:

Q ∼= C. (5.27)

In the end, we obtain an inner product space:90

(C, I). (5.28)

From the positivity of the inner product I, we can induce a norm topology on C which
turns it into a topological inner product vector space. (This topology is distinct from any of
the topologies mentioned previously.) We now take the topological closure cl C,91 to finally
get the Hilbert space of bulk quantum gravity:

HQG = (cl C, I) (5.29)

This gives a more precise definition of the bulk quantum gravity Hilbert space.
In the rest of this paper (when discussing holographic maps to the boundary) we will

revert to the lower level of rigor of section 5.1 for simplicity. In other words we do not
check that all of our maps give actual proper vectors in the state spaces in question. This
is because it is convenient to refer to entities like metric ket states |g1〉, even if they are not
really normalizable vectors in the quantum gravity Hilbert space Q. Presumably, everything
becomes finite after an appropriate smearing of |g1〉.

90The whole argument holds for the complex-conjugate vector spaces as well. So we also get the
isomorphism Q ∼= C.

91A closure step is needed, even in the simplest QM examples, due to the fact that e.g. not every element
of L2 is actually a function, for example Ψ(x) = |x|−1/3/(1 + x2) is not a continuous function because it
blows up at x = 0, and yet it is square-integrable.
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∂ΣΣ

∂BB

Figure 6. A Cauchy surface ∂Σ of the boundary spacetime ∂B is shown. The field theory state
ψ[{χ}] lives on ∂Σ. A slice Σ whose boundary is ∂Σ is also shown. The WDW-state Ψ[g], dual to
ψ[{χ}], lives on Σ.

6 An explicit AdS/CFT dictionary

Consider a holographic field theory living on a manifold ∂B with topology R× ∂Σ. The
field theory state ψ[{χ}] lives on ∂Σ (see figure 6). We now explain how to map this state
to a state in the QG Hilbert space. The dual QG state Ψ[g] is to be considered living on
some slice Σ whose boundary is ∂Σ. The argument g in Ψ[g] is the metric on this slice Σ.

Implementing time evolution of the field theory state from ∂Σt to ∂Σt+δt, where t is
the boundary time, corresponds to some unitary operator acting on ψ[{χ}, t]. Mapping this
new state to a QG state on a slice Σt+δt, whose boundary is ∂Σt+δt, we obtain an emergent
bulk description interpolating between the two slices Σt and Σt+δt.

It is crucial not to interpret the slices Σt as being embedded in some prior background
bulk manifold B. Rather, we should interpret B as emerging from the information in the set
{Ψ[g; t], ∀t}.92 The only good notion of time evolution is the boundary time of ∂B, since
time evolution in the bulk is a gauge symmetry (assuming the lapse N falls off fast enough
as one approaches the boundary). Any good notion of bulk time should be considered as
emerging from the WDW state by a semiclassical approximation [114–119].

We now proceed to construct the isomorphism between the two Hilbert spaces ex-
plicitly. By explicit, we mean that the map can be written simply in terms of the T 2

partition function.

6.1 The bulk → boundary map

When the deformed partition function Z(µ)[g, {χ}] (given by (2.38)) is interpreted as a
functional of the boundary set of eigenvalues {χ} (for a fixed g), it gives us a map J from

92We allow the possibility for different topologies of Σ, subject to the restriction that its boundary must
be ∂Σ. Hence the QG state Ψ[g; t] should be interpreted as a superposition of metrics g on Σ and also
(implicitly) a superposition of different topologies on Σ. Henceforth, we will interpret the notion of bulk
Cauchy slice Σ as encoding these topological features.
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Σ1

g1

Σ2
g2

∂Σ

(a) The lines represent d-dimensional Euclidean
manifolds Σi with metric gi. Their boundaries are
glued together at ∂Σ1 = ∂Σ2 = ∂Σ. This diagram
represents the partition function of the field theory
on Σ1 ∪ Σ2.

Σ1

g1

Σ2
g2

∂Σg

(b) The shaded region represents the gravitational
path integral over the space-filling manifolds whose
only boundary is Σ1 ∪ Σ2. The bulk metric g
satisfies Dirichlet boundary condition (i.e. g|Σ1 =
g1 and g|Σ2 = g2).

Figure 7. By the GHP, the partition function of the field theory (represented by the hollow figure
on the left) is equal to the gravitational path integral (represented by the solid figure on the right).

the dual vector space of distributions K∗ to the boundary Hilbert space HCFT:

J : K∗ → HCFT, (6.1)

δ∞[g − g0] 7→ ψ[{χ}] = Z[g0, {χ}] . (6.2)

Using the GHP in equation (3.1), one can show that the map J from K∗ to HCFT is an inner
product preserving map. This is because the bulk path integral is equal to the partition
function of the field theory on two bulk Cauchy slices Σ1 and Σ2 whose boundaries are glued
together (∂Σ1 = ∂Σ2), with the background metric g1 on Σ1 and g2 on Σ2 (see figure 7):93

〈g2 | g1〉I = I(δ∞[g − g1], δ∞[g − g2]) (6.3)

=
∫
d{χ}Z[g2, {χ}]Z[g1, {χ}] (6.4)

=
∫
d{χ} ψ2[{χ}]ψ1[{χ}] (6.5)

= 〈ψ2 | ψ1〉, (6.6)

where the bar stands for complex-conjugation. However, in a time-reversal symmetric theory
(such as a holographic dual to pure gravity) we can omit the bar symbol when the metric g
is Euclidean (since in Euclidean signature, time-reversal is just complex conjugation).

6.2 Invertability of the map

Since the map J in eq. (6.1) preserves the inner product on K∗ and HCFT, it maps all the
elements in the same equivalence class in K∗ to the same element in HCFT and so this

93The symbol d{χ} stands for the measure on the space of eigenvalues {χ}. Since we have not specified
the basis for the CFT, our notation needs to be interpreted flexibly. If the {χ} basis is discrete, the integral
should be replaced with a sum

∑
{χ}. If it is a local field in a path integral formulation of the CFT, then

we need a functional integration measure D{χ}.
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defines a map from Q to HCFT, where Q was defined in (5.9):

J : Q→ HCFT. (6.7)

We can also show that this map is one-to-one. Suppose two different elements q1, q2 ∈ Q
have the same dual ψ ∈ HCFT. Then by finding a third element q0 ∈ Q whose dual is
ψ0 ∈ HCFT such that:

I(q0, q1) 6= I(q0, q2), (6.8)

we get
〈ψ0 | ψ〉 6= 〈ψ0 | ψ〉, (6.9)

which is a contradiction. Hence this map is one-to-one.
It is reasonable to think that the map J is also surjective if we start with a generic

CFT without global symmetries, for which every operator can be generated from OPEs of
the stress-tensor Tab. This property should be inherited by Πab in the deformed field theory,
since the deformation is itself just a function of the metric and Πab. Hence, one would
expect to get every state in HCFT by some superposition of bulk Cauchy-slice metrics g.
The only obvious reason for this to fail, is if the field theory has a global internal symmetry
group G, in which case the metric g, being neutral, cannot generate states charged under
G. However, in such cases, there should also be a bulk gauge symmetry corresponding to
G, and it is clear that in such cases we ought to have considered additional bulk matter
fields besides pure gravity. On general grounds there should also be bulk objects charged
under this symmetry [120]. Then we expect that once such bulk fields are included, the
map would become surjective.

Assuming therefore that J is surjective, we have an isomorphism Q↔ HCFT. Since Q
is also isomorphic to C,94 we have just defined an isomorphism between the boundary CFT
Hilbert space and the bulk quantum gravity Hilbert space:

HQG ←→ HCFT, (6.10)
Ψ[g] = 〈g | g0〉I ←→ ψ[{χ}] = Z[g0, {χ}]. (6.11)

From this point on, we will refer to eq. (6.11) as “state duality”.

6.3 The boundary → bulk map

Unfortunately the map to C is not yet very explicit, since it requires solving the gravitational
path integral in the bulk. Indeed, in the absence of a nonperturbative description of bulk
quantum gravity (and hence a UV completion of the path integral), this map from Q to C
may not even be fully defined outside of the semiclassical saddle-point approximation.

Fortunately, we can also define the map HCFT → C, and hence Q → C, in a purely
field theoretic manner. In this way, the holographic theory determines the dynamics in
the bulk. From this perspective, the T 2 deformation can be taken as the definition of the
nonperturbative quantum gravity theory. Admittedly it is also not yet known how to UV

94It is actually cl C as per the more rigorous subsection 5.2.
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HCFT

HQGQ
Gravitational Path Integral

Boundary→
BulkBu

lk
→

Bo
un
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ry

Figure 8. The GHP implies that this triangle diagram commutes, i.e. the composition of the bulk
→ boundary map and the boundary → bulk map, is equivalent to the gravitational path integral,
which maps states in the quotient kinematic space Q to the constrained state space HQG.

complete the T 2 field theory (except for a flat metric in d = 2), but since it is a theory with
a nondynamical metric g, this unsolved problem may be easier to solve than traditional
quantum gravity.95

Starting from a field theory state |ψ〉 ∈ HCFT, we construct a quantum gravity state
|Ψ〉 ∈ HQG by integrating over the {χ} variables in the field theory:

Ψ[g] =
∫
d{χ}Z[g, {χ}]ψ[{χ}] (6.12)

Since Z[g, {χ}] satisfies the Hamiltonian and momentum constraints, so does Ψ[g].
This defines an explicit map between the Hilbert spaces: HCFT → HQG, using only field
theory concepts.

6.4 Composition of maps

Furthermore, using the GHP, one can show that the map in eq. (6.12) is compatible with
the Hilbert space isomorphism defined by (6.11); or in other words, holography encodes the
same bulk dynamics as the gravitational path integral.

We show this by starting with a field theory state ψ0[{χ}] = Z[g0, {χ}] ∈ HCFT. We

95For example, one might identify the T 2 deformed theory as the IR regime of an RG flow from some UV
field theory, modified by a relevant deformation in the UV. Note that one should not take the strict IR
limit, because that would give you the boundary CFT without the irrelevant deformation. If this one little
thing can be done, then the result of this section gives a nonperturbative definition of both quantum gravity
and the AdS/CFT dictionary.

– 50 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

map it to HQG using (6.12) to get:

Ψ0[g] =
∫
d{χ}Z[g, {χ}]ψ0[{χ}], (6.13)

=
∫
d{χ}Z[g, {χ}]Z[g0, {χ}], (6.14)

=: Z[g, g0], (6.15)

where Z[g, g0] (see figure 7a) is just the partition function of the field theory on Σ1 ∪ Σ2
with ∂Σ1 = ∂Σ2 and the metric g on Σ2 and the metric g0 on Σ1. By the GHP, this equals
the gravitational path integral over space-filling manifoldsM whose boundary is Σ1 ∪ Σ2
(see figure 7b):

Ψ[g] = Z[g, g0] =
∑
M

∫ g|Σ2=g

g|Σ1=g0

Dg
Diff(M) e

±iIgrav[g] = 〈g | g0〉I , (6.16)

which is the same state that one gets from ψ0[{χ}] using the state duality (6.11)
(see figure 8).

Assuming the maps in figure 8 are surjective, the inverse maps (going opposite to the
arrows) are implicitly defined, but we were unable to identify any more explicit expressions.
In particular, we observe that integrating a WDW state Ψ[g] over the spatial metric g does
not provide a valid bulk to boundary map:

ψ[{χ}] 6=
∫
DgΨ[g]Z[g, {χ}] =: 〈Z∗|Ψ〉K (6.17)

where on the right hand side, 〈·|·〉K is a kinematic norm acting on the kinematic state space
K defined in section 5, consisting of path integrating the product over all spatial metrics.
This formula fails to be well-defined, because this kinematic inner product does not take
into account the momentum and Hamiltonian constraint equations. But the CFT inner
product should be dual to the dynamical inner product 〈·|·〉I defined by (5.4) acting on
HQG — since it is not the gauge-symmetries on either side, but rather only the physical
content of the theories, which are dual in AdS/CFT. Therefore (6.17) does not properly
encode the AdS/CFT duality (and indeed there are divergent factors in the r.h.s. of (6.17),
due to spurious integrals over the gauge redundancies.).96

7 Asymptotic dynamics and unitarity

In this section, first 7.1 we will show that the bulk time evolution which is given by the
Lorentzian path integral is consistent with the boundary time evolution using the GHP.
Next 7.2 we will show that the ADM Hamiltonian of the bulk is equal to the Hamiltonian of
the dual boundary field theory, at least in the large N (classical bulk) limit. In section 7.3
we argue that the dynamics defined by this approach is compatible with the usual bulk

96It would be possible to remove the momentum redundancies using the alternative measure Dg/Diff(Σ),
but removing the Hamiltonian constraint redundancies would require inverting the gravitational path integral,
removing the possibility of a simple expression.
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g

∂B|t0

g0

Σt

Σ0

t

t = 0

(a) This hollow figure represents the partition func-
tion Z[g, t; gbdy; g0, 0] (in eq. (7.6)) of the field the-
ory on ∂M = Σt ∪ ∂B|t0 ∪Σ0. The metric on Σ0 is
g0, on Σt is g and on ∂B|t0 is gbdy.

g

∂B|t0

g0

Σt

Σ0

t

t = 0

g

(b) The shaded region represents the gravitational
path integral (in eq. (7.7)) over the space-filling
manifolds whose boundary is ∂M = Σt ∪ ∂B|t0 ∪
Σ0. The bulk metric g satisfies Dirichlet boundary
condition (i.e. g|Σ0 = g0, g|Σt = g and g|∂B|t0 =
gbdy).

Figure 9. By the GHP, the partition function of the field theory (represented by the hollow figure
on the left) is equal to the gravitational path integral (represented by the solid figure on the right).
The two Cauchy slices Σ0 and Σt are separated from each other by the boundary time t.

reconstruction. Finally, in section 7.4 we will argue that the bulk quantum gravity theory
is naturally unitary, both with respect to a kinematic norm and with respect to the
dynamical norm.

7.1 Consistency of time evolution

In section 6 we showed how to map field theory states to quantum gravity states. We
also know how to time evolve the field theory states, using the CFT Hamiltonian. With
these, we can figure out how to time evolve the quantum gravity bulk states with respect
to the asymptotic boundary time t. Let us call this type of bulk evolution the inherited
evolution, because it is inherited from the boundary CFT. For consistency, the inherited
time evolution must be given by the gravitational path integral with an appropriate timelike
boundary. We will show precisely this now.

At time t = 0 let the bulk be in a metric ket state | g0〉, which corresponds to δ∞[g− g0]
in K∗, which we assume corresponds to a nonzero (albeit probably non-normalizable) vector
in the physical Hilbert space Q = HQG. To time evolve this state, we first take its dual in
the boundary Hilbert space (using eq. (6.11)):

ψ0[{χ}] = Z[g0, {χ}]. (7.1)
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Let ZCFT[gbdy, {χ, χ̃}]t0 represent the field theory path integral on the truncated bound-
ary cylinder ∂B|t0 = [0, t]× ∂Σ (see figure 9a) with background metric gbdy and boundary
conditions {χ̃} on ∂Σ0 and {χ} on ∂Σ. Using this cylinder, we can evolve our field theory
state at time 0 to get another state at time t:

ψ[{χ}, t] =
∫
d{χ̃}

〈
{χ}, t

∣∣∣ {χ̃}, 0〉ψ0[{χ̃}], (7.2)

=
∫
d{χ̃}ZCFT

[
gbdy, {χ, χ̃}

]t
0
Z[g0, {χ̃}]. (7.3)

Now we map this field theory state at time t to a quantum gravity state (using
eq. (6.12)):

Ψ[g, t] =
∫
d{χ}Z[g, {χ}]ψ[{χ}, t], (7.4)

=
∫
d{χ}

∫
d{χ̃} Z[g, {χ}]ZCFT

[
gbdy, {χ, χ̃}

]t
0
Z[g0, {χ̃}], (7.5)

= Z∂M
[
g|gbdy|g0

]t
0
, (7.6)

where Z∂M[g|gbdy|g0]t0 is the partition function on the closed cylinder ∂M = Σt∪∂B|t0∪Σ0,
which glues ZCFT on the side to the deformed partition function Z(µ) on the top and
bottom. The metric on Σt is g and the metric on Σ0 is g0.97 It is important to note that
in order for this gluing to be well-defined, we need the Hilbert spaces of the CFT and
T 2-deformed theories to match at the corners. This requires the CFT to be shifted by
infinite counterterms, which is to be understood from now on every time we write ZCFT.
Alternatively, if we regulate the problem by bringing the boundary ∂B|t0 to a small but
finite distance, we would need a T 2-deformed theory on the timelike boundary itself, so
that the whole boundary cylinder ∂M has a smoothly-joining T 2 theory on it, albeit with
a change of signature at the corners. It is only in such a context that the GHP was even
defined. By then taking the limit of the sides of the cylinder going to infinity, we recover
the CFT on the timelike portion of the boundary, up to the counterterms just mentioned.

By the GHP, Z∂M[g|gbdy|g0]t0 is then equal to the gravitational path integral over the
space-filling manifolds, whose boundary is ∂M (see figure 9b), so

Ψ[g, t] =
∑
M

∫ g|Σt=g

g|Σ0=g0

Dg
Diff(M) e

±iIgrav[g],
(
g|∂B|t0 = gbdy

)
. (7.7)

Although eq. (7.7) looks similar to eq. (6.16), the difference is that in eq. (6.16) the two
Cauchy slices have the same boundary (corresponding to the same boundary time), while in
eq. (7.7) the two Cauchy slices Σt and Σ0 are separated from each other by the boundary time
t.98 The inherited time evolved state in eq. (7.7) is the same as the expected gravitational

97Note that in order to continuously glue the components of this manifold we need the background metrics to
match at the gluing points. Thus, we require limz→0(z2g)|∂Σt = gbdy|∂Σt and limz→0(z2g0)|∂Σ0 = gbdy|∂Σ0 ,
where the metric rescaling can be seen from the asymptotic expansion in (2.1).

98Recall that there were straddles in the Lorentzian path integral (4.1) when the boundaries of the two
Cauchy slices matched. But if there is a finite boundary time between ∂Σ0 and ∂Σt, then the straddles will
be restricted to an open subregion of the Cauchy slices away from the boundary (as these Cauchy slices are
always spacelike or at most null hypersurfaces). For a sufficiently large boundary time evolution, there could
be no straddles in the bulk.
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path integral (with the appropriate boundary conditions). Hence consistency is shown
between the bulk and boundary time evolution.

7.2 ADM Hamiltonian = CFT Hamiltonian

In the previous section, we were assuming the GHP in order to prove that the bulk and
boundary time evolution is the same. In this section we demonstrate a key consistency
check: that the CFT Hamiltonian equals the bulk ADM Hamiltonian. Recall that in the
canonical formulation, the ADM Hamiltonian is given by

HADM =
∫

Σ
ddx

(
NH(x) +NaDa(x)

)
+
∫
∂Σ
dd−1xQ, (7.8)

where Q is the ADM flux out at infinity. Since the first term vanishes in the dynamical
Hilbert space, in this section we identify HADM with the boundary term, written in a form
that we will derive in the appendix.

Since the ADM Hamiltonian can be identified as an operator in the T 2 Cauchy slice
field theory, this equality can be derived on the field theory side of the duality, without
recourse to the GHP. Since the ADM Hamiltonian generates bulk evolution in HQG, this
confirms the result of the previous section.

Our derivation below relies on the factorization property of the T 2-operator. Even in
d = 2 this is only known to hold for the case of a flat background metric [12]. For general
curved backgrounds (and higher dimension) we will imagine ourselves to be in a large-N
t’Hooftian limit of the starting CFT, as a means of obtaining factorizability.99 Thus (as
discussed in section 2.5) we work below at leading order in an 1/N expansion, although we
expect that our conclusion continues to hold at all orders in 1/N .

Consider a T 2-deformed field theory living on a Euclidean manifold on which there
is a crease, i.e. a discontinuous first derivative of the background metric. This curvature
singularity will induce a discontinuous jump in the stress-energy tensor T ab. In a general
field theory, computing this jump may be difficult or even undefined (if there are additional
divergences at the corner). However, the T 2-deformed field theory satisfies a Hamiltonian
constraint equation (as well as the usual conservation equation), which allows us to derive
a finite answer for the junction condition at the crease.

We can imagine embedding this manifold into a one dimension higher flat Euclidean
space, in such a way that the metric induced on it is the background metric of the field
theory. From this perspective, the kink corresponds to an angle between the two sides of
the junction, as shown in the right panel of figure 10.

We can restrict to the following scenario, relevant to AdS/CFT. Take the boundary of
the spacetime ∂B and consider its junction ∂Σ with a bulk Cauchy slice Σ. ∂Σ divides ∂B
into two semi-infinite cylinders which we call ∂B(+) and ∂B(−). Considering the junction
conditions between Σ and either of these (say ∂B(+)) will imply that HQFT = HADM.

99If there are other ways to make the T 2-operator factorize, other than through t’Hooftian field theories,
then such theories could also be good candidates. But we are only aware of the large N method, which has
in addition been explicitly verified to give a dual bulk description in the known AdS/CFT dualities.
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Figure 10. The T 2-deformed field theory lives on the Euclidean manifold ∂B(+) ∪ Σ, as shown
on the right. The angle is taken to be infinitesimal at this point of the analysis. Shown is the
neighbourhood of the junction. The coordinate τ measures proper distance on both sides of ∂Σ and
takes value τ = 0 at the junction. The left figure shows a smooth geometry with a cap ∂Σsmooth
which is an arc of a circle of radius R. The limit R→ 0, while keeping the angle δα fixed, recovers
the final infinitesimal kink.

In order to regulate this problem we bring the AdS boundary ∂B to finite (but very
large) distance, in which case it is known that the dual field theory living on ∂B becomes
the T 2-deformed version of the original CFT on a very large cylinder; in fact it is the same
theory that lives on Σ (but in Lorentzian signature if the boundary is Lorentzian). The dual
gravity theory in B is one with Dirichlet boundary conditions at ∂B. In the end, we will
take the limit of the boundary going to infinite proper distance, in which case the theory
living on ∂B becomes the original CFT, up to a counterterm.

We now derive these junction conditions for the case of a Euclidean boundary ∂B. The
AdS/CFT result will then follow by analytic continuation back to Lorentzian signature.

Let the field theory live on the d-dimensional manifold ∂B(+)∪Σ and let the junction be
a τ = 0 surface. We can perform an ADM foliation in which the metric in the neighbourhood
of the junction is:

ds2 = dτ2 + gijdx
idxj . (7.9)

Consider a T 2-deformed field theory on ∂B(+) ∪Σ which satisfies the following relations
at every point:100

16πGN√
g

(
ΠabΠab − 1

d− 1Π2
)

+
√
g

16πGN
(R− 2Λ) = 0, (7.10)

100Notice the relative sign is positive and this is because we will eventually think of this being embedded
in the euclidean bulk. In this section we are using the convention in which Πab takes real values, although
our result should also apply in Lorentzian signature.
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∇bΠab = 0. (7.11)

We require the metric to be differentiable on either side of the junction, but its derivative
along the τ direction (∂τgij) is discontinuous at the junction. This makes the Christoffel
symbols (Γτij ,Γiτj) have discontinuities across τ = 0. Consequently, the curvature scalar will
diverge like ∼ δ(τ). For the relations to keep holding everywhere we will need compensating
divergences in the stress-tensor. We will denote any weights of Dirac delta divergences by a
superscript: A = A(δ)δ(τ) + finite terms, for any given quantity A.

In order to compute the jump for a finite angle, let us first solve for the situation
of infinitesimal angle δα. In this case, all the weights go as A(δ) ∼ δα, to leading order.
The constraints above lead to the following requirements relating the coefficients of the
divergent terms:

Πi(δ)
i = Πj(δ)

j ∀i, j = 1, . . . , d− 1, (7.12)

2δα Πτ
τ =

√
det(g)

16πGN
R(δ), (7.13)

∆Πτ
τ =

√
det(g)

16πGN
δα

d−1∑
i=1

Γiτi, (7.14)

where the symbol ∆ stands for the jump of a quantity across the crease, ∆A = A(+)−A(−).
We further introduce the notation A(+) := A|τ=0+ and A(−) := A|τ=0− . Also det(g) is the
value of the d-dimensional metric determinant evaluated at τ = 0. The equations (7.13)
and (7.14) are valid only to leading order in δα. To derive them the following argument
was needed to relate the divergence of the “pressure” terms of Πab to the angle δα.

We imagine obtaining the infinitesimal angle kink at ∂Σ by first considering a smooth
interpolating manifold ∂Σsmooth between ∂B(+) and Σ. We take the proper size of this
smooth cap to be infinitesimal. We can imagine embedding this manifold into a bulk
space of one higher dimension, which we can take to be flat in the neighbourhood of this
infinitesimal cap.101 Thus, usual Euclidean geometry applies and we take the bulk metric
to be:

ds2 = dr2 + r2dφ2 + gijdx
idxj , (7.15)

where we have defined the angular variable φ = τ/r and we take R to be the proper radius
of the arc of circle ∂Σsmooth in the bulk geometry. The centre of the circle is at r = 0. The
kinked geometry with folding angle δα is then recovered in the limit of R→ 0, while keeping
the angle spanned by the arc fixed. With this setup one can obtain that the divergence of
the stress-tensor diagonal components is related to the embedding angle via:

Πi(δ)
i =

√
det(g)

16πGN
δα, ∀i. (7.16)

101We take the scale of this smoothing geometry to be much smaller than any curvature scale of the
bulk space.
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Figure 11. This figure shows how to get from an infinitesimal angle to a finite angle via successive
kinks. In the limit that the proper size ε of each segment is taken to 0, we have that α = Nδα,
where N is the number of kinks, which will be taken to ∞ while keeping α fixed. At each kink we
can perform the infinitesimal kink analysis, with the notion of (+) and (−) being updated at each
step. Working to leading order in ε we can equate A(−) with A(+) of each segment.

The trace of the extrinsic curvature of the junction ∂Σ as embedded in Σ (or ∂B(+)) is
K(−) (K(+)). In terms of the intrinsic geometry on Σ (∂B(+)) this can be written as:

K(±) =
d−1∑
i=1

Γi (±)
τi . (7.17)

Because we are taking the angle to be infinitesimal we can write, to leading order in δα,
∆A = A(−)(0)−A(−)(δα) =: −δA.

Up to now everything holds for an infinitesimal kink angle. We now build up the
case of finite angle α0 in the following way. We imagine regulating a finite angle kink by
introducing an interpolating manifold ∂Σrough comprised of many infinitesimal kinks of
angle δα, as shown in figure 11. At each such kink the relations derived above hold. Let the
proper size of each segment be ε, which is also infinitesimal. Working to leading order in ε
we can equate A(−) with A(+) within each segment, where the notions of (+) and (−) keep
being updated along ∂Σrough. From this perspective, equations (7.13) and (7.14) can now
be turned into a system of coupled first order ODEs, which holds at every intermediate
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value of the angle:

d

dα
Πττ =

√
det(g)

16πGN
K, (7.18)

d

dα
K = − 16πGN√

det(g)
Πττ . (7.19)

Integrating these up to the final angle α0 we can obtain the solution for the discontinuous
jump across the finite angle kink of the original setup. The boundary conditions are:

Πττ (α = 0) = Πττ(+), (7.20)
K(α = 0) = K(+). (7.21)

Solving for Πττ(−)(α) and K(−)(α) with the above boundary conditions, we can re-arrange
to get the following junction conditions:102

Πττ(+) = cos (α0)Πττ(−) +
√
det(g)

16πGN
sin(α0)K(−), (7.22)

K(+) = − 16πGN√
det(g)

sin(α0)Πττ(−) + cos (α0)K(−). (7.23)

As the metric on the boundary ∂B(+) is time translation invariant (boundary of asymptoti-
cally AdS spacetime), K(+) = 0, which imposes a constraint on the field theory operators
Πττ(−) and α0 via (7.23).

We conclude that the field theory observable

Πττ :=

√√√√( 16πGN√
det(g)

Πττ

)2

+K2 (7.24)

is constant across the junction, independently of the angle α0.
By equating the values of Πττ on either side of the junction and integrating over the

Sd−1 boundary, we obtain an equality between two field theory operators, one of which is
the boundary generator of time evolution, HQFT (because K(+) = 0), and the other is given
the suggestive symbol HADM:

HQFT = HADM. (7.25)

They are both operators acting on the field theory Hilbert space. If we now take the proper
size of our boundary ∂B to be infinite, this is equivalent to taking the limit of vanishing
deformation in the T 2-deformed field theory. In this limit, the boundary theory looks like a
CFT, up to an infinite counterterm. Thus, HQFT becomes the same as HCFT, up to this
counterterm, which simply carries out an infinite shift in the energy spectrum of the theory.
Hence we find:

HCFT = HADM (7.26)

It is crucially important to realize that the analysis above was purely field-theoretic,
simply making use of properties of T 2-deformed theories.

102These junction conditions were originally derived in [51] as a method for proving a covariant version of
the holographic entropy bound.
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Classically, the observable on the r.h.s. of (7.24) resembles the form of the ADM
Hamiltonian in Einstein gravity. This is shown in the appendix. Upon canonical quantization
we can upgrade it to an operator acting on HQG, expressed in terms of the canonical variables
(gab,Πab) where now Πab = −iδ/δgab. The question remains whether this operator is the
generator of time evolution on HQG. We can now show this easily via our duality map.

On the junction ∂Σ lives a boundary CFT state |ψ, t〉. On the bulk slice Σ ending
on ∂Σ we have the quantum gravity state |Ψ, t〉, as given by the duality map. We now
show that the WDW states satisfy the Schrödinger equation with the ADM Hamiltonian
generating time translations. We start by acting with the ADM Hamiltonian on the WDW
state, which we are allowed to do since it is an operator defined on Σ, and we make use of
our duality map (6.12):

HADMΨ[g, t] =
∫
d{χ} (HADM Z[g, {χ}]) ψ[{χ}, t] (7.27)

=
∫
d{χ} (HCFT Z[g, {χ}]) ψ[{χ}, t] (7.28)

=
∫
d{χ}Z[g, {χ}] (HCFT ψ[{χ}, t]) (7.29)

=
∫
d{χ}Z[g, {χ}] i ∂

∂t
(ψ[{χ}, t]) (7.30)

= i
∂

∂t
Ψ[g, t]. (7.31)

In going to the second line we used the equality of field theory operators that we derived
above. In going to the third line we used the self-adjointness of the CFT Hamiltonian. To
do this we notice that the expression is nothing but an inner product on the boundary
theory. In particular,∫

d{χ} (HCFT Z[g, {χ}]) ψ[{χ}, t] = 〈HCFT φ|ψ(t)〉 = 〈φ|HCFT ψ(t)〉 , (7.32)

where we have defined the state φ[χ] := Z[g, {χ}].
So we see that our duality map maps the boundary and bulk generators of time

evolution to each other. In other words, the dynamics is consistent on both sides of the
duality. Thus, the quantum gravity theory inherits a Schrödinger evolution generated by
the ADM Hamiltonian. This can be seen as a derivation of one of the key aspects of the
AdS/CFT dictionary.

7.3 Compatibility with other bulk reconstruction approaches

A word is necessary about the compatibility of the dynamics defined in this section and
section 6 with the usual approaches to bulk reconstruction. There is a large literature about
how to perturbatively reconstruct AdS fields using CFT data, e.g. [20, 21, 121–135]. The
general approach to reconstruction in these papers rests on two basic premises:

1. The asymptotic value of any bulk field ϕ limits (after a suitable rescaling) to a CFT
primary O,

2. The bulk fields ϕ obey the bulk dynamical equations of motion.
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Here the first premise is necessary for there to be a nontrivial dictionary at the boundary
∂B, while the second premise is required to say anything about fields a finite distance in
the interior of the bulk B. (In Lorentzian signature it is also necessary to impose suitable
initial and final boundary conditions [126–129], which can be derived from the Euclidean
signature dictionary.)

In our approach both of these premises are guaranteed to be satisfied. Premise 1 follows
because the timelike CFT boundary ∂B is described by the µ→ 0 limit of the T 2-deformed
theory; therefore every field which exists at finite distances in the bulk (finite µ) will have
some limiting analogue at µ = 0. Premise 2 follows because, as shown in 2.3, the Cauchy
slice theory obeys the Hamiltonian constraint equation H(x) = 0, which encodes all the
dynamics of the theory and thus implies the bulk equations of motion. (We will also get
the correct boundary conditions at infinity, so long as we obtain the right ADM boundary
term HADM, as argued in 7.1 and 7.2 above).103

Since these assumptions are verified in our approach, anything that follows from them
should also be the case, and hence in the abstract our approach must agree with these
reconstruction approaches, assuming the AdS/CFT duality is itself consistent. However, we
leave detailed checks of this agreement to future work.

There is another family of approaches to bulk reconstruction based on holographic
entropy surfaces [40, 136–147], and information theoretic quantities such as relative entropy
or modular flow in the corresponding entanglement wedges. Checking compatibility with
this approach would probably require the study of gluing rules for the T 2 deformed theory on
curved manifolds [51], which goes beyond the scope of this paper (except for our motivational
remarks about tensor networks in section 1.5). Relatedly, it would be interesting to see if
the bulk/boundary maps defined in section 6 could be extended to obtain the entanglement
wedge subregion form of the duality [36, 50, 140, 148], where only part of the CFT and
bulk is specified.

7.4 Emergence of bulk unitarity

As shown in the previous section, the boundary theory living on Cauchy slices is nonunitary.
One might worry that the dual bulk theory will therefore also be nonunitary. Fortunately,
this will not be the case. In order for the bulk time evolution to be unitary, two basic
properties are needed: (i) positivity of norms, and (ii) preservation of norms under time
evolution, i.e. a self-adjoint Hamiltonian. And we can show that both of these properties
are satisfied.

We can consider unitarity either with respect to a dynamical inner product (after
imposing the constraint equations) or with respect to a kinematic inner product (prior to
imposing the Hamiltonian constraint equations). The theory turns out to be unitary in
both senses, but for different reasons.

103In addition, the proper relation between the Euclidean and Lorentzian signature follows if the T 2 theory
matches onto the correct quantum gravity contour in AdS, an issue raised but not completely addressed in
section 3.2.
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Positive dynamical norm. In the context of AdS/CFT, the violations of reflection
positivity when the Cauchy slice Σ is sewn together from pieces, do not spoil the existence
of a probabilistic interpretation for the AdS spacetime taken as a whole. As long as the
CFT at infinity has a positive inner product, the bulk Hilbert space also does because (as
we showed in section 6) the two Hilbert spaces agree at the dynamical level:

HQG = HCFT. (7.33)

Self-adjointness with the dynamical inner product. The bulk quantum gravity
theory should also be unitary in the sense that the Hamiltonian H is self-adjoint: H = H†.
Now the definition of the dagger symbol depends on the choice of inner product.104 If we
use the inner product on dynamical states which satisfy the WDW constraint equations,
then H(x) = 0 trivially (since time evolution is pure gauge) so we need concern ourselves
only with the ADM boundary term at spatial infinity. As argued above in sections 7.1–7.2,
this boundary term HADM equals the CFT Hamiltonian HCFT, so if we start with a unitary
CFT then HADM is clearly self-adjoint. Thus H = H†I where I is the dynamical inner
product of the theory.

As is well-known, the relation HADM = HCFT already seems to imply that information
is not lost inside of black holes, because the boundary CFT is unitary. (Indeed, Marolf has
argued that, at the quantum level, boundary unitarity follows solely from the existence of a
boundary Hamiltonian HADM, without appealing to the AdS/CFT dictionary [96, 149].)
However, it is difficult to see how the boundary unitarity manifests in the bulk to ensure
that the Hawking radiation is unitary.

The T 2 deformation helps to clarify the issue of what is happening in the bulk. In
addition to the unitary boundary Hamiltonian argument, there is a second reason why it is
obvious that the T 2 deformed theory does not lose information inside of black holes.

The reason is that the partition function of a field theory living on a manifold Σ with
only one boundary ∂Σ always gives rise to a pure state on the boundary. Consider a black
hole that forms from collapse from a star initially in a pure state. If Σ is a Cauchy slice
that goes inside of the horizon, then the collapsing matter that fell into the black hole will
determine the sources J on Σ. (If this matter is in a pure quantum superposition, we will
need to take a coherent superposition of different J values.) By the linearity of the bulk to
boundary map, the resulting boundary CFT state on ∂Σ will necessarily be pure.

Self-adjointness with the kinematic inner product. We would also like to see that
the Hamiltonian constraint H(x)Ψ = 0 is in some sense self-adjoint. But here, we cannot use
the dynamical inner product, as all physical states have H(x)Ψ = 0. We can, however ask if
H(x) is self-adjoint with respect to some kinematic inner product 〈Ψ2|Ψ1〉K , defined on the
kinematic space K of wavefunctions Ψ[g],105 prior to imposing the constraint equations.

104An inner product defines an adjoint as follows: for any operator O, O† is obtained by both raising and
lowering O∗ using the inner product.

105We defined the kinematic space K in section 5 as a preliminary towards constructing the Hilbert space,
which we were able to do without reference to a kinematic inner product.
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This kinematic unitarity property H(x) = H†K(x) is needed to guarantee that the
various terms in the Hamiltonian constraint have the right relative phases so that H(x)
looks real in Lorentzian signature. (The overall phase of H(x) is not very meaningful since
the meaning of H(x)Ψ = 0 is the same regardless, but the phase determines what we mean
by a Lorentzian sign for the lapse N .) Without this, there is no reason to expect that the
bulk theory reduces to a unitary QFT in the weak gravity limit.

(This type of kinematic unitarity should definitely not be confused with unitarity of
the black hole information puzzle, since it refers to unitary evolution from one Cauchy
slice to the next. Indeed, it is in intellectual tension with the unitarity of the black hole
S-matrix [95]. Naïvely, one might think that this would imply that the Hawking radiation
is mixed after tracing out the interior degrees of freedom. But as we have stated above, on
a T 2 Cauchy slice this is not so.)

Note that the bulk adjoint †K we are discussing reverses the order of operators and
sources, so it does not preserve the normal-ordering prescription defined in section 2.5. For
the same reason †K is not the same as the adjoint in the boundary theory. Recall that the
usual Euclidean field theory adjoint depends on a foliation and reverses the direction of
imaginary time, but does not reverse the order of sources and operators. This contrasts
with CPT which means the same thing on both sides of the duality. (That is, after selecting
a particular Cauchy slice Σ on the gravity side. The spontaneous breaking of CPT in the
boundary is dual to the non-CPT invariance of the embedding of Σ in the bulk B; despite
this CPT remains a good symmetry of the bulk dynamics, considered in abstraction of a
particular slice Σ.)

The existence of a kinematic norm, with respect to which H(x) is self-adjoint, follows
as an emergent consequence from the fact that CPT is not explicitly broken in the T 2

deformed theory.106 To illustrate this phenomenon, let us first consider a Hamiltonian
which is quadratic (and derivative-free) in the momenta, such as (2.47)–(2.48). In that
particular example, C acts trivially (all fields are real); P is obviously satisfied (there are no
ε permutation symbols); while time reversal T acts by complex conjugation, which includes
sending Πab → −Πab, ΠΦ → −ΠΦ. Since all terms in this Hamiltonian have an even number
of Π’s, CPT therefore guarantees that their coefficients are real. It follows that, up to
(divergent) operator-ordering ambiguities,107 this Hamiltonian H(x) is self-adjoint using a
standard inner product with respect to which Πab = Π†ab, ΠΦ = Π†Φ, and gab = g†ab.

The construction of such a standard inner product is not entirely trivial. If we write
the kinematic inner product in the obvious path integral manner as108∫

DgDΦ Ψ∗2[g,Φ]Ψ1[g,Φ], (7.34)

106We are ignoring questions related to boundaries of the space of metrics, so self-adjointness of H(x)
really just means that it is Hermitian. A proper treatment of such boundaries would require an analysis of
nonperturbative quantum gravity effects such as singularities.

107Such operator-ordering ambiguities in general involve lower powers of Π, and are therefore be implicitly
dealt with by the arguments below.

108We could have included in our measure an integral over spatial diffeos, as was done in (4.10), in order
to get an intermediate Hilbert space which is invariant under spatial diffeomorphisms but not lapses. But
this would have complicated the discussion of whether H(x) is self-adjoint, because x would no longer have
an invariant meaning.

– 62 –



J
H
E
P
0
3
(
2
0
2
3
)
0
2
6

then it follows that Π†ab = Πab + i(δ/δgab)Dg + i(δ/δgab)DΦ, where the extra terms do not
obviously vanish since covariant path integral measures typically depend on the metric
(cf. (4.3)). We assume that, after a suitable regulation procedure, these extra terms can be
eliminated via counterterms.

Alternatively, we can eliminate such divergences (formally) by defining Πab as the
covariant functional derivative −i∇gab(x) with respect to a Wheeler-De Witt metric GA|B
on superspace:

Gab|cd = 1
√
g

(
gacgbd + gadgbc

2 − 1
d− 1g

abgcd
)
, GΦ|Φ = 1

√
g
, Gab|Φ = 0. (7.35)

By taking our path integral measure to be (again formally, since a UV regulator is required
to make sense of this expression):

DgDΦ =
∏
x

dng dΦ
√

detG, (7.36)

where n = d(d + 1)/2 is the number of components of g. It is now manifest that Πab,
ΠΦ, and all terms in H(x) including the kinetic term GA|BΠAΠB are self-adjoint, since
GA|B is covariantly constant (as is Da(x)). Furthermore, the inner product (7.34) is now
manifestly positive.

(It therefore differs from the inner product introduced by DeWitt on superspace [33],
which is of indefinite sign. The motivation of that (Klein-Gordon-like) inner product
depended on the fact that GA|B(x) has Lorentzian signature at each point x, and therefore
there is a (hyper)-analogue of Cauchy slices in superspace on which this Klein-Gordon norm
is conserved. In a 3rd quantized framework, this Klein-Gordon norm basically counts the
number of universes which expand past a specified scale factor, and is non-positive since it
counts contracting universes negatively. We will have no use for that norm in this article.)

Now if we add additional terms to H(x) that are linear in the Π’s, CPT would imply
these terms have imaginary coefficient. At a first glance, this looks non-Hermitian. However,
as we have seen in section 2.4, such terms can be eliminated by an imaginary canonical
transformation (2.20) of the form H(x) = e−CH̃(x)eC (with C = C†) which shifts the
value of Π’s by a constant. If one Hamiltonian H(x) is self-adjoint with respect to the
inner product 〈Ψ2|Ψ1〉, then the other Hamiltonian H̃(x) is self-adjoint with respect to the
modified inner product

˜〈Ψ2|Ψ1〉 = 〈Ψ2|e−2C |Ψ〉. (7.37)

It follows that for a generic CPT-invariant Hamiltonian of this form, we can define an inner
product with respect to which it is Hermitian. Since e2C is positive, this does not spoil the
positivity of kinematic inner product, so we also have ∀Ψ : 〈Ψ|Ψ〉 ≥ 0.

More generally, consider an arbitrary CPT -invariant Hamiltonian constraint H̃(x)
which satisfies the ADM closure condition (2.19). On standard grounds we expect that
generically there will also exist a bulk spacetime Lagrangian formulation of this theory
with CPT -invariant action Igrav, at least to any finite order in perturbation theory. Since
closure implies local Lorentz invariance (section 2.3), Igrav should also be Lorentz invariant.
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Now in Lorentzian signature, unitarity corresponds to all terms in Igrav being real,109 and
such terms are necessarily CPT -invariant by the usual CPT theorem [150]. Any imaginary
nonunitary terms in the action would therefore be odd under CPT (since i → −i under
T ) and hence (by a sort of converse to the CPT theorem) a CPT invariant action must
necessarily also be unitary in the sense of preserving a norm.110

The above argument is unaffected by the fact that CPT is spontaneously broken when
the slice Σ is embedded in Lorentzian signature. This is because CPT is broken by the
choice of solution to H(x)Ψ = 0. However, the algebraic form of the constraint H(x) is
independent of this choice, and hence remains CPT -invariant. This is all that is needed to
argue for bulk unitarity.

Flowchart. In order to clarify the conceptual foundations of our approach, we have drawn
a chart (figure 12) to show how various bulk properties emerge from the premises of our
holographic model.

8 Discussion

8.1 A new AdS/CFT dictionary

The goal of this paper was to reformulate the holographic principle in terms of a field theory
living on a bulk Cauchy slice Σ. The field theory on Σ is defined by the irrelevant T 2

deformation. Hence, it flows to the usual boundary CFT in the IR, but it looks different at
short distances. Unlike the usual formulation of holography, here it is time rather than space
that is the emergent dimension. This emergent time dimension corresponds to dynamics in
the bulk.

But the distinguishing mark of a holographic theory is not the ability to reconstruct
data from a codimension-1 surface — that’s already true classically — rather, it’s the ability
to reconstruct a spacetime from data on a codimension-2 surface that is surprising! In our
work, this property arises naturally from the fact that (just like any other partition function)
the numerical evaluation of Z[Σ] requires specifying some boundary data {χ} which lives
on ∂Σ. Since ∂Σ is also a slice of the usual boundary CFT (which lives at spatial infinity),
the boundary conditions for the Cauchy slice partition function are naturally identified with
CFT states.

This allowed us to uncover a new entry in the AdS/CFT dictionary: a map between
states in the Hilbert space of the usual holographic CFT, and states of the bulk canonical
quantum gravity theory.

The dictionary entries are as follows: given any (asymptotically hyperbolic) bulk spatial
metric g, eq. (6.2) gives the corresponding CFT boundary state ψ. Conversely, given a
CFT boundary state ψ, eq. (6.12) gives the corresponding bulk state Ψ[g] which satisfies

109Technically this is only true if we stipulate that the measure factors in the gravitational path integral
are chosen correctly, but let us assume this has been done. While reality of the action does not rule out the
kind of non-unitarity associated with negative norm states, we can rule out such negative norm states by
simply checking that the fields appearing in the low-energy bulk action are standard types of matter fields,
which have positive norm.

110For some special cases of this argument, see [59, 151].
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No explicit
CPT

breaking

Bulk local
Lorentz

invariance

Spontaneous
CPT breaking
(for some gab)

Bulk kinematic
unitarity: ∃K:
H(x) =H†K(x)

Boundary
theory not
reflection
positive

Bulk
Lorentzian
signature

Conformal
invariance of
starting CFT

Deformation
closes

nontrivially
(up to Da
terms)

Deformation
quadratic
in Πab

Unitarity of
starting CFT

Bulk dynamical
unitarity:

〈Ψ|Ψ〉I ≥ 0 and
HADM = H†IADM

Figure 12. Chart showing how various properties of the T 2 deformed theory relate to properties of
the gravity theory. The shaded boxes highlight properties that we impose on the field theory as
assumptions. The unshaded boxes correspond to emergent properties of either the field theory or
the gravity theory, which arise as consequences. The arrows show implications. The dashed lines
illustrate the contrast between two subtly distinct properties.

the Wheeler-DeWitt constraint equations. As this is the key result of our paper, we repeat
the formulae below:

ψCFT[{χ}] = Z[g0, {χ}], ΨWDW[g] =
∫
d{χ}Z[g, {χ}]ψCFT[{χ}], (8.1)

where g0 is a specific choice of spatial metric (and topology) on Σ. These maps are
explicit in the sense that, if you know how to calculate T 2-deformed partition functions Z,
the maps almost trivially follow! In previous approaches to the AdS/CFT dictionary, in
order to determine the CFT dual ψ to a given spacetimeM, you first have to figure out
how to constructM by boundary CFT path integral constructions (e.g. Euclidean CFT
constructions, throwing stuff in from the boundary etc.).111 This left it somewhat unclear
whether it is always possible to reconstruct all the data behind an eternal black hole from

111See [152, 153] for attempts to specify Cauchy slice data in the bulk subject to these limitations.
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the dual CFT [154, 155]. But now, using our new entry in the dictionary, one can find the
dual to an arbitrary spatial geometry g. This clarifies the manner in which information is
able to escape from the black hole, since on any given Cauchy slice Σ, the T 2 deformed
theory propagates all information to the boundary (cf. section 7.4).112

If we compose the bulk→boundary and boundary→bulk maps, we get a map which
takes any metric g0 to a wavefunctional Ψ[g]. Assuming our proposed generalization of the
holographic principle (the GHP defined in section 3) is valid, we showed in section 6 that
this bulk→bulk map is equivalent to the usual gravitational path integral. (In other words,
the CFT inner product is mapped to the dynamical inner product in the bulk.) Hence, a
holographic state automatically encodes local gravitational dynamics in the bulk. From
the perspective of the holographic duality, this is not surprising since local gravitational
dynamics is pure gauge, and therefore the boundary CFT state at ∂Σ doesn’t pick out any
specific time slice Σ. Rather it encodes them all.

This means that the CFT state encodes the bulk information in a background-
independent way, since the bulk Cauchy slice Σ is simply to be thought of as a codimension-1
manifold anchored to the Cauchy slice of the holographic theory, and not to be thought of
as being embedded into some bulk spacetime a priori. (Such an interpretation can only
emerge in the semiclassical regime of the bulk theory.)

We also confirmed the duality for nonzero boundary time evolution, by deriving an
equality (7.26) between the ADM Hamiltonian and the CFT Hamiltonian operators:

HCFT[∂B] = HADM[Σ]. (8.2)

We derived this equality in section 7.2 in the large N limit (on the field theory side of the
duality), but we expect it can be shown more generally. We also derived it in section 7.1
using the assumption that the GHP is valid.

8.2 Summary of additional results

In order for the maps above to make sense, it is important for both sides of the dictionary
(boundary and bulk) to be as well-defined as possible. The initial sections of this paper
were devoted to outlining, as precisely as we could, the procedures for constructing both
sides, although there are various points which would benefit from further analysis.

Boundary side. In section 2.3 we gave a prescription to construct a T 2-like deformation
operator which gives rise to an arbitrary Hamiltonian constraint equation H = 0, including
arbitrary matter fields in arbitrary dimension. (We require only that the usual ADM
constraint closure conditions hold.) Our prescription requires the imposition of certain
anomaly matching conditions for the starting CFT, which turn out to encode the usual
bulk-boundary relations, e.g. relations between the central charges and GN , or the relations
between mass m and operator dimensions ∆. The starting CFT cannot be specified beyond
this, at least at this level of analysis. However, the form of the T 2 deformation is strongly

112The maximum entropy capacity of the T 2 deformed theory to transmit information will be discussed
in a forthcoming article [51]. Even if this information capacity is exceeded, the boundary state manifestly
remains pure, but some postselection must happen on bulk data as suggested in [156–158]. Despite this
postselection, the evolution of the entire spacetime remains unitary, because the boundary CFT is unitary.
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constrained; for any given Hamiltonian constraint H there appears to be only one possible
deformation which gives rise to it. As an example, we worked out the case of gravity coupled
to a scalar field in 2.4.

In section 2.5, we also took some steps towards defining the T 2 deformation even away
from the N =∞ limit, by a careful definition of the normal-ordering prescription which
is intended to preserve locality on sub-AdS scales. Although formally we wrote down the
quantum version of our deformation for N large but finite, we were unable to totally remove
a role for a small UV cutoff parameter ε, and hence technically our boundary theory is only
defined perturbatively in a 1/N expansion. It would be good to explore these quantum
renormalization issues further, particularly their role in defining sub-AdS scales, and better
understanding the role of the Planck scale.

T 2 deformed theories have a slew of unusual properties for the field theory, e.g. lack of
reflection-positivity, spontaneous CPT breaking (section 2.6). Nevertheless, in section 7.4,
we explained why the bulk dynamics will nevertheless remain unitary, in several physically
important senses. It would be interesting to explore these effects in concrete Lagrangians
that spontaneously break CPT.

Bulk side. On the other side of the duality, after defining the Lorentzian signature
gravitational path integral in 4.1 we argue that this transition amplitude satisfies some key
properties in 4.4, although further remains to be done to establish positivity and finiteness
(after smearing) of the gravitational inner product. In section 5 we showed how to use the
gravitational path integral to construct the dynamical Hilbert space in quantum gravity.
(Since this construction does not use holography in any way, it may be of broader interest
to the quantum gravity community.)

Along the way, we also reviewed some of the usual problems and issues with the
quantum gravity path integral in sections 3 and 4. In particular, in sections 3.2–3.3 we
discussed the contour, factorization, and nonrenormalizability problems. And in section 4.2
we argued for the importance of including histories with both positive and negative lapse
N in the transition amplitude.

8.3 Towards a UV completion

Since it is not clear that the quantum gravity path integral will make sense nonperturbatively,
we proposed in section 3.4 that in the end it is the T 2 deformed boundary theory that will
ultimately be the definition of quantum gravity. However, for this to work, the boundary
theory must itself be UV completed.

In cases where the T 2-deformation is not exactly solvable, it is not clear that the
deformation is fully defined in the UV. This is for the usual field theory reason that an
irrelevant term becomes dangerous in the deep infrared. (Although the pure TT deformation
in d = 2 is exactly solvable, at least in flat spacetime, this is probably an artifact of the
fact that D = 3 pure gravity has no local degrees of freedom.)

If we think of the irrelevant T 2 coupling in a Wilsonian manner, it is natural to
hypothesize that, at finite N , the IR model may arise from some better-behaved field theory
in the deep UV. One possibility is that it might come from a discrete model, e.g. a literal
tensor network.
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Alternatively, it might come from a (nonunitary, CPT invariant) UV fixed point CFT,
which is perturbed in the UV by some relevant operator. If this theory flows to a (unitary,
large N) CFT in the IR, then the model will be defined everywhere along its renormalization
group flow trajectory. From the perspective of somebody observing the RG flow at low
energies—but not all the way at the IR fixed point!—the theory would look like the IR
large N CFT, deformed by an irrelevant deformation.

If this irrelevant deformation is the T 2-deformation, then one would have a nonper-
turbative definition of this deformation, but now defined by flowing ‘downstream’ from
the UV rather than ‘upstream’ from the IR. One would simply need to check that the
T 2-description of the theory is valid over a sufficiently large range of distance scales to
justify its use as an approximately local bulk description at sub-AdS scales, and one would
have a model of quantum gravity.

Although the UV theory must be nonunitary in order to give rise to the T 2-deformation,
it is critical to assume the UV theory is still CPT invariant. Without this assumption, there
is no good Wilsonian reason to obtain a Hamiltonian constraint in the IR whose parameters
are real, corresponding to a unitary bulk evolution. Note that this property is retained even
when CPT is spontaneously broken (as described in section 2.6), since the Hamiltonian
constraint (1.2) is not itself broken, i.e. it takes the same algebraic form in both sectors of
the broken phase. See section 7.4 for more discussion on this point.

This would be tantamount to defining a nonperturbative quantum gravity model in
the bulk, which is valid at arbitrarily short distances (even below the Planck scale!). Apart
from the specification of boundary conditions at the spatial boundary (which need not
be asymptotically AdS) this holographic quantum gravity model would automatically be
background free, because the background sources of the local field theory (like gab) are
reinterpreted as fields on the quantum gravity side. For this reason, the bulk quantum
gravity theory would necessarily have no undetermined global coupling constants, apart
from dynamically evolving fields; a property already familiar in string theory. Taken
to the extreme, this suggests that there is only a single unique theory of holographic
quantum gravity.113

If the UV is indeed described by a scale-invariant fixed point, the dual gravity model
would presumably also be scale-invariant at short distances. So this would presumably be a
holographic dual of the Asymptotic Safety Scenario [159]. Even more attractively, one could
suppose that the UV model might be constructed to be a trivial theory with Z = 1 (prior
to turning on the relevant coupling). This is conceivable since the theory is nonunitary;
an interesting example of such a theory is Yang-Mills with a U(N |N) supergroup [160], in
which the contributions of the fermionic gluons exactly cancel the contributions from the

113If this perspective is correct, then even if the original CFT were holographically dual to some superficially
non-stringy type of quantum gravity, it should probably be considered a different vacuum sector of the same
overarching unified theory. For whatever differences it has from string theory, might themselves be regarded
as a mere difference of state! In this picture, “Quantum gravity” would then just be the state space of all
possible CPT-invariant (but non-unitary) partition functions, perhaps satisfying some additional axioms yet
to be determined. The dynamical inner product would simply be the natural one coming from sewing open
partition functions to each other, but a probabilistic interpretation (using the Born rule) would be viable
only in regions bounded by a “holographic screen”, which is a codimension-2 surface satisfying whatever
constraints are necessary for this inner product to be positive [51, 73].
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bosonic gluons.114 Since the fields at short distances have no physical effects, this could be
loosely called a “RG flow from Nothing”. This would presumably be a holographic dual to
the Induced Gravity Scenario [161].

An interesting hypothetical scenario to consider is what we should think if we discover
two different UV completions of the T 2 Cauchy slice theory at the Planck scale (with the
same starting CFT) which differ from each other only by highly irrelevant terms in the IR.
How would we decide between them? In fact, we wouldn’t need to. So long as these two
UV models flow to numerically the same partition function Z[g] at large distance scales,
the two models would actually give rise to the same boundary states, and thus should be
regarded as dual descriptions of each other!.115

The usual intuition from particle physics models—that knowledge of the IR physics is
not sufficient to know what physics is like in the deep UV—is not applicable here, because
we are discussing an intrinsically holographic description in which all information flows
to the conformal boundary of AdS. However, it is important to note that the IR theories
must agree at the level of the detailed IR statistical microstates, not merely at the level
of a coarse-grained thermodynamic description. This detailed information might be very
difficult for a low energy bulk observer to obtain. (For example, there are probably lots of
distinct CFTs which are dual to pure gravity at low energies, all of which would correspond
to distinct quantum gravity backgrounds in the bulk.)

That being said, the invariant information in the partition function is characterized
by more information than just the spectrum of light local operators. In particular, the
existence and properties of (suitably smeared) spatially large Wilson loop observables should
be insensitive to the method used to regulate the T 2 deformation at short distances. (Such
Wilson loop observables should appear in any large N gauge theory when the gauge field
is a 1-form.) Since in AdS/CFT, Wilson loop observables are dual to string fields in the
bulk [162–164], we expect that whether or not a particular bulk quantum gravity vacuum
contains stringy excitations is objectively determinable from the Cauchy slice partition
function (or indeed from the starting CFT) irrespective of the precise UV completion of the
T 2 flow. Similarly, higher-dimensional surface operators [165] in the boundary theory should
be associated with higher dimensional membranes in the bulk. So to be clear, our statement
that the UV completion doesn’t matter refers specifically to the irrelevant boundary T 2

deformation — we are not claiming that it is possible to eliminate the phenomena of string
theory/M-theory from the bulk side of the AdS/CFT duality.116

114This model should not be confused with the usual type of local supersymmetry, because the fermionic
symmetries of this model are scalars, not spinors. As a result this theory violates spin-statistics and so is
nonunitary, but we already know from section 2.6 that the T 2 theory is nonunitary, so we are looking for a
nonunitary UV completion.

115Of course, the T 2 theory also has the same IR behavior as the original CFT, so there is a genuine sense
in which the T 2 model is also dual to the original CFT. However, in that case, the “duality” between the two
models involves a nontrivial flow of time evolution into the bulk, which means that the implementation of
the duality is nonlocal and highly nontrivial (since it is equivalent to the bulk dynamics). An approximately
local bulk duality would presumably require, at minimum, that the difference between the two regulators be
more irrelevant than the T 2 deformation itself.

116It would be interesting, but likely extremely difficult, to extend the deformation flow defined in section 2
to the bulk Hamiltonian constraint of string field theory. Finding a UV completion of the T 2 deformation
would sidestep this problem.
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8.4 Holographic cosmology

In this paper we have mostly restricted our attention to Cauchy slices that go to an
asymptotically AdS boundary (or in some cases, a very slightly T 2-regulated timelike
boundary). However, it might be possible to extend the Cauchy slice holography formalism
to other types of spacetimes, e.g. cosmological spacetimes. We plan a follow-up paper
applying this philosophy to the case of asymptotically dS cosmologies. (A very brief
discussion of the dS/CFT case was mentioned in section 2.4.)

If this idea makes sense in cosmological settings, the field theory partition function Z
would have to represent the amplitude to arise from some specific initial condition! This
means we would obtain a unification of the dynamical laws, with the initial conditions of
the universe!

Indeed, if the Cauchy slice Σ has no boundary, our dictionary seems to suggest that
there is only a single quantum gravity state that can be encoded holographically via a
T 2-deformed field theory. This follows from the fact that in this case the field theory Hilbert
space is trivial (i.e. 1-dimensional), since ∂Σ = ∅. The absence of a boundary also implies
the lack of a physical dynamical evolution, which is also consistent with a trivial Hilbert
space. This suggests additional philosophical puzzles in the case of a holographic description
of the quantum gravity of a closed universe. The idea that it does not make sense to have
a Hilbert space for the entire universe and that states must somehow “relational” was
discussed in [55, 166–168].

In this respect, the proposal is similar to the Hartle-Hawking [75, 169] or Vilenkin [77,
78, 170] “no-boundary” proposals, in which the gravitational path integral is closed on one
end, so as to define a unique global no-boundary state ΨNB. We would then seek a relation
of the form:

ΨNB[g] = Z[g], (8.3)
where Z is the partition function of some field theory.117

Similar holographic cosmology models were proposed in [65, 66, 176–181].118 However,
in most of these proposals, the holographic theory is defined to live on the geometry of
future conformal infinity I+ (or the effective I+ at the end of inflation), and one learns
about earlier times via the usual (single-trace) holographic RG. Our approach would instead
suggest turning on a T 2 deformation of the theory, in order to get a holographic model of
cosmology on a finite-time Cauchy slice.119 If this model can be UV completed, then the
UV model may be a description which does not input any particular assumptions about
the late-time fate of the Universe, or the spatial boundary conditions (if any). This would
be a significant step towards constructing a background-independent formulation of the
holographic principle.

117As an early example of such a proposed state, the 3d Chern-Simons partition function was used to
construct the Kodama solution [171] to the Ashtekar form of the 3+1 dimensional constraint equations.
This construction is analogous to Cauchy slice holography in that it relies on a Ψ = Z relation like (1.1).
This Kodama state was, however, shown to be physically unrealistic by Witten [172] due to one helicity of
graviton having negative energy. For modifications of the Kodama construction to address this concern,
see [173–175].

118For a somewhat different construction involving branes to get a re-collapsing cosmology with Λ < 0,
see [182].

119Another approach to obtaining a holographic cosmology using T 2 deformation is dS/dS holography [183].
Here the holographic boundary is timelike, so it is more similar to radial T 2-deformations.
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A ADM Hamiltonian on Cauchy slices

The ADM boundary Hamiltonian is given by a integral over ∂Σ of the time component of
the boundary conjugate momentum:

HADM =
∫
dΩ Πττ(+), (A.1)

where the usual boundary lapse factor is 1 in our coordinate system [184].
Now we express this operator in terms of the extrinsic curvature of the boundary, as

embedded in the bulk space:

Πττ(+) =
√
det(g)

16πGN
1
2g

ij (Lm⊥gij) , (A.2)

where Lm⊥gij is the Lie derivative of the metric induced on ∂Σ, gij , in the direction of the
normal to ∂B, as shown in figure 13. det(g) is the determinant of the boundary metric
evaluated at ∂Σ.

We now consider the vector V living on the tangent space at ∂Σ defined via:

V =
(
Πττ(+)

)
m⊥ + (0)m‖, (A.3)

where the set {m⊥,m‖} is an orthonormal basis of the two-dimensional space orthogonal to
∂Σ. m⊥ is the normal to ∂B and m‖ is the normal to ∂Σ as embedded in ∂B. We see that
the norm of this vector is |V | = Πττ(+). If we express the same vector in a new orthonormal
basis {n⊥, n‖} it will instead have components given by:

V =
√
det(g)

16πGN

{(
cos2 α0

1
2g

ij (Ln⊥gij) + sinα0 cosα0
1
2g

ij
(
Ln‖gij

))
n⊥

+
(

sin2 α0
1
2g

ij
(
Ln‖gij

)
+ sinα0 cosα0

1
2g

ij (Ln⊥gij)
)
n‖

}
, (A.4)

where the new basis is also shown in figure 13. n⊥ is the normal to Σ and n‖ is the normal
to ∂Σ as embedded in Σ. Relating the Lie derivatives to the conjugate momentum on Σ
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∂B(+)

∂Σ

α0

n⊥

n‖

m‖

m⊥

Σ

Figure 13. This shows a bulk Cauchy slice Σ in the neighbourhood of its junction with the
boundary at ∂Σ. The submanifold ∂Σ is a codimension-two surface and so has a two-dimensional
space orthogonal to it. Two different bases of this space are shown.

and to the extrinsic curvature of ∂Σ we get:

V =
(

cos2 α0 Πττ(−) + sinα0 cosα0

√
det(g)

16πGN
K(−)

)
n⊥

+
(

sin2 α0

√
det(g)

16πGN
K(−) + sinα0 cosα0 Πττ(−)

)
n‖, (A.5)

where the (±) convention is the same as in the main text. The norm, as expressed in the
components of the new basis, is:

|V | = Πττ(+) = cosα0 Πττ(−) + sinα0

√
det(g)

16πGN
K(−). (A.6)

Therefore, the ADM Hamiltonian can equally be written as:

HADM =
∫
dΩd−1

(
cosα0 Πττ(−) + sinα0

√
det(g)

16πGN
K(−)

)
. (A.7)

This relation is true in the coordinate system we have picked and with the choice of the
boundary metric, which makes K(+) = 0, but the bulk metric is arbitrary (other than
satisfying the Dirichlet boundary condition).

Equation (A.7) is just a re-expression of the ADM Hamiltonian only using gravity
computations. Although this looks identical to equation (7.22), the difference is that (7.22)
is a quantum field theory result (to be interpreted as operator relation in the field theory)
while equation (A.7) is a gravity result. Upon canonical quantization, equation (A.7)
tells us how to write the quantum operator HADM in terms of the phase-space variables
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of quantum gravity (gab,Πab) on the Cauchy slice Σ. In particular, the r.h.s. involves
functional derivatives with respect to the metric on the Cauchy slice Σ: Πττ(−) = −i δ

δgττ

(where τ runs along Σ radially) and the extrinsic curvature of ∂Σ as embedded in Σ, which
are operators that can act on the WDW states Ψ[g].
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