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Abstract

Partial differential equations (PDE) are ubiquitous in describing real-world phenomena. In
many statistical models, PDE are used to encode complex relationships between unknown
quantities and the observed data. We investigate statistical and computational questions
arising in such models, adopting an infinite-dimensional ‘nonparametric’ framework and
assuming the observed data are subject to random noise. The main PDE examples are of

elliptic or parabolic type.

In Chapter 2, we investigate the problem of sampling from high-dimensional Bayesian
posterior distributions. The main results consist of non-asymptotic computational guarantees
for Langevin-type Markov chain Monte Carlo (MCMC) algorithms which scale polynomially
in key quantities such as the dimension of the model, the desired precision level, and the
number of available statistical measurements. The bounds hold with high probability under
the distribution of the data, assuming that certain ‘local geometric’ assumptions are fulfilled
and that a good initialiser of the algorithm is available. We study a representative non-linear
PDE example where the unknown is a coefficient function in a steady-state Schrodinger

equation, and the solution to a corresponding boundary value problem is observed.

Chapter 3 investigates statistical convergence rates for nonparametric Tikhonov-type
estimators, which can be interpreted also as Bayesian maximum a posteriori (MAP) estimators
arising from certain Gaussian process priors. The theory is derived in a general setting for
non-linear inverse problems and then applied to two examples, the steady-state Schrodinger
equation studied in Chapter 2 and a model for the steady-state heat equation. It is shown

that the rates obtained are minimax-optimal in prediction loss.

The final Chapter 4 considers a model for scalar diffusion processes (X; : ¢ > 0) with
an unknown drift function which is modelled nonparametrically. It is shown that in the
low frequency sampling case, when the sample consists of (Xo, Xa, ..., X,a) for some fixed
sampling distance A > 0, under mild regularity assumptions, the model satisfies the local
asymptotic normality (LAN) property. The key tools used are regularity estimates and
spectral properties for certain parabolic and elliptic PDE related to (X; : ¢ > 0).
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Sind es nicht die kiihnen, phantasievollen
Hypothesen, zu denen nur der phantastische Geist
findet — und die dann vom logischen Denker

bewiesen werden konnen?

Nikolaus Harnoncourt, Musik als Klangrede



Chapter 1

Introduction

Partial differential equations (PDE) are powerful tools to describe real-world phenomena.
Hence, there is an abundance of applications in the sciences and engineering in which the
collected measurement data follows the pattern of some PDE, and statistical procedures that
draw inferences from these data have to account for this PDE structure. Two prominent types
of such models are inverse regression models, where the relationship between the unknown
parameter of interest and the observed data are described by some PDE-governed ‘forward
map’ [91, 155, 10, 94, 159] and diffusion or data assimilation models in which the data-
generating mechanism is governed by stochastic differential equations (SDE) [103, 147, 119, 16];

these models will be introduced in further detail below.

For the inference tasks arising in these settings, a range of methodologies have emerged
in the last decades, including classical regularisation methods [63, 17], Bayesian methods
[155, 147] and various recent machine-learning based schemes, see, e.g., [8]. Moreover, often
it is desired not just to provide point reconstructions, but to quantify the uncertainty in the
reconstruction. The Bayesian paradigm offers an elegant way of achieving the latter — via
regions of high posterior probability, so-called ‘credible sets’ — and has been adopted widely
in the PDE context at least since influential work by A. Stuart [155, 53].

To understand whether such methodologies can be trusted in their conclusions, it is
key to understand their theoretical convergence properties. In many PDE models, it is
natural to assume that the unknown model parameter is a function and hence infinite-
dimensional. Thus in practice, the above-mentioned statistical procedures typically rely on
algorithms being able to solve challenging computational tasks on high- or infinite-dimensional
spaces, usually optimisation problems [28] or sampling problems [150]. Therefore, in giving
theoretical performance guarantees, one would ideally like to understand both (1) whether a
given procedure is in principle able to guarantee satisfactory recovery, assuming it can be
numerically evaluated, and (2) whether, and by what algorithm, the (approximate) numerical

computation of the procedure can be guaranteed with a feasible computational cost.
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Both of these problem areas have been investigated intensely in the literature for the
past decades. The first of them has been studied in the nonparametric statistics literature,
see [72, 167] for an overview, and has notably led to the minimax theory of estimation
[167, 72, 169] and the frequentist analysis of Bayes procedures [69]. Many results were first
derived for the nonparametric regression model and variants thereof, where the function of
interest is observed directly, corrupted by additive noise. Only recently, significant advances
have also been made in extending such results to PDE models, in particular a number of
non-linear inverse problems [177, 131, 136, 126, 135, 132, 2| and diffusion models [134, 1].

The theoretical study of high-dimensional computation likewise is a vast field — in this
thesis, we shall mainly be concerned with the computation of Bayesian posterior distributions
using Markov chain Monte Carlo (MCMC) [150]. The methodological design of MCMC
schemes in high- and infinite-dimensional spaces has recently attracted a lot of attention,
and it would not be possible to name all relevant articles here; we refer to [44, 18, 47, 43|
where many more references can be found. There has also been a surge in activity in
computational statistics, probability and machine learning to theoretically examine the
convergence behaviour of such MCMC schemes, see for instance [48, 57, 58, 80, 26]. Such
computational guarantees typically aim to quantify the number of required MCMC iterations
(and thus the computational complexity) required in order to numerically evaluate the
quantity of interest up to a desired precision level. However, there are very few results of this
kind which apply to even basic PDE models — the few notable exceptions will be discussed
below. A major hurdle is that many quantitative ‘non-asymptotic’ computational guarantees
in the literature depend on strong geometric assumptions like log-concavity of the target
measure, which can be hard or impossible to verify in non-linear settings. Without such
assumptions, the computational cost may scale exponentially as the model dimension and

sample size increase, see Sections 1.3 and 2.1 for more discussion.

In this thesis, we will study three theoretical problems which directly emanate from the
above discussion. Chapter 2 aims to develop mathematical theory which allows to assert the
‘polynomial-time’ feasibility of Bayesian posterior computation even in certain non-linear
settings, Chapter 3 studies the convergence rates of penalised least squares estimators in
non-linear statistical inverse problems and finally, Chapter 4 investigates the so-called local
asymptotic normality property for a nonparametric diffusion model. In the rest of this
introduction, we review the relevant mathematical context for those topics and thereafter
give a brief summary of the Chapters 2—4 to follow. These chapters may also be read

independently.
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1.1 Inverse regression models with PDE

Suppose that @ C R¢, d € N is some open, bounded subset with smooth boundary 90O and
that the parameter space F is a collection of functions f : O — R. Then, a prototypical
statistical model! is the nonparametric regression model, where point evaluations of f are
observed across the domain O, corrupted by Gaussian noise. Concretely, our data consist of
N independent and identically (i.i.d.) distributed pairs (Y1, X1),..., (Yn, Xn) given by

YZ:f(XZ)—f-SZ, t1=1,..,N, (11)

where the X; € O are called the design points and are g; ~**% N(0,1) are i.i.d. noise
variables. The unknown is the regression function f € F itself. This model is ubiquitous
in nonparametric statistics, see for instance [167, 72, 69]. For much of this thesis, we shall
assume that the X; are themselves i.i.d. random variables which are uniformly distributed
across O (independently of the g;’s) — this is known as the random design regression model

and provides a natural randomised way of modelling ‘equally spaced’ measurements on O.

However, often the model parameter f cannot be directly observed and it is customary
to instead consider an inverse regression model. Here we have a collection of functions
{uf : f € F} C L*(0) indexed by some parameter space F, where L*(O) denotes the
usual Lebesgue space of square integrable functions. The relationship between f and the

corresponding regression function u; may also be expressed by a ‘forward map’
G:F— L}0), fw uy, (1.2)
and in analogy to (1.1) the data are then given by
Yi=G(f)(Xi)+ei, i=1,..,N, (1.3)

where again ; ~**% N(0,1) and X; ~%*¢ Uniform(0O), independently of the ¢;’s. In what
follows, we will also write shorthand Z(N) = ((V;, X;) :i =1,..N) € (R x O)" for the full
data vector. The law of Z(N) will be denoted by Py, with associated expectation operator Ef.
Since the measurement noise is assumed to be random, the recovery of f from the indirect

measurements (1.3) of G(f) constitutes a statistical inverse problem.

As elaborated above, in a variety of applications the map G is implicitly given through
the solution of some PDE or a system of PDE [155, 91, 45]. Concrete examples are, for

instance, the famous Calderén problem [31, 157, 128], linear and non-linear X-ray transforms

When we speak of a statistical model, we generally mean a family {P; : f € F} of probability distributions
indexed by some set F (called the parameter space), each of which is a candidate for having generated the
observed data. When F is a subset of finite-dimensional Euclidean space R” for some p > 1, we speak of a
parametric model, and when F is infinite-dimensional, we will use the standard terminology of saying that
{P; : f € F} is ‘nonparametric’
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[143, 125, 126], time-evolution PDE from fluid dynamics [45, 155] or coefficient-to-solution
maps for various elliptic PDE [155, 131, 149], just to name a few. In most of the above cases,
the forward map is non-linear.

In Chapters 2 and 3 of this thesis, we will study two representative example problems
arising from elliptic PDE. In both cases f is a non-negative coefficient function of a partial
differential operator and G is a non-linear coefficient-to-solution map for a corresponding
boundary value problem. In the first example, suppose g : 90 — (0,00) is some smooth
function representing known ‘boundary temperatures’ on 0O. Then, for every sufficiently
regular f: O — [0,00), G(f) is given as the unique solution u = uy of the time-independent
Schrodinger equation

{Au—2fu:0 on O,
(1.4)

u=g¢g on 00,

where A = Y4, 0?/82? denotes the standard Laplace operator. Equations of this kind
appear for instance in photoacoustics [10] and scattering problems [11, 88], where the function
f > 0 may be interpreted as an unknown ‘attenuation potential’ which one would like to
infer from the data, see also [131].

In the second example, for some known ‘source function’ g : O — (0,00) and any
sufficiently smooth f : O — (0,00), G(f) is given by the unique solution to the following
divergence form Dirichlet boundary value problem (for V and V- respectively denoting

gradient and divergence)

{V (fVu)=g on O, (1.5)

u=0 on 00,

The equation (1.5) may be viewed as a steady-state heat equation, where f is a spatially
varying heat diffusivity coefficient, and uy describes the temperatures of an equilibrium state.
This equation has applications for instance in groundwater flow [182] and has been studied
frequently in the mathematical literature [155, 149, 53, 102, 24].

In both models, the constraint f > 0 has a clear physical interpretation, and whenever f
lies in some Sobolev space H*(O) for a large enough, unique solutions G(f) exist by means
of classical elliptic PDE theory (see, e.g., Chapter 6 of [71]), see Chapter 3 for more details.

Therefore, to be concrete, in both problems we may for instance choose
F={f:0— R|l}g(f9f(x) > Kpin and || f|l ge(0) < R}

as the parameter space, for some 0 < K,,,;, < R and large enough o € N.

Given a forward map G, a natural initial question which one may pose is whether G is
injective — this is a necessary condition to permit the identification of f even if one were to

observe G(f) in a ‘noiseless’ manner. Such injectivity properties for non-linear PDE inverse
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problems can be very challenging to prove and require a case-by-case analysis, see, e.g., the
seminal papers [157, 128] where this is established for the Calderén problem [31]. More
quantitative statements about the injectivity of G are often referred to as ‘stability estimates’,
where one studies, very broadly speaking, the continuity properties of the inverse operator
us — f, between suitable function spaces. For instance, in the divergence form problem (1.5),
such stability properties were first examined by Richter [149] by considering the hyperbolic
problem
Vf-Vu+ fAu=g on O

subject to appropriate boundary conditions (indeed the above equation is just (1.5) re-written
as a PDE for f with known u), where the author also demonstrates that injectivity can be
guaranteed so long as the ‘heat source function’ g is positive, inf,co g(x) > 0. Later these
results were refined and extended by various authors, see, e.g., [24, 102], and such stability

estimates will play an important role in Chapter 3.

Let us now return to the situation with noisy and discretised measurements Z®) from (1.3):
Here an exact reconstruction of f is typically infeasible, and instead one seeks reconstruction
rules which can grant an approximate answer f ~ =~ f. In statistical terminology, we seek
estimators, i.e., measurable functions fN = fN(Z(N)) of the data Z() taking values in the
parameter space F. A principled way to study the quality of estimators are convergence rates
of fN towards f in a frequentist statistical sense. Here, for each possible hypothetical ‘ground
truth’ value fy generating the data, one evaluates the performance of fN in recovering fj in
the large sample limit N — oo. Specifically, if d : F x F — [0,00) is some metric (called the
‘loss function’) on F, we wish to derive upper bounds oy M=% () for the expected loss

Ep[d(fn, fo)] <on. fo € F. (1.6)

In the minimax paradigm (cf. [72, 167]), one further considers the worst-case risk over f € F,
given by sup e Ey[d( n, f )]. The best such attainable risk for any estimator is called the
minimaz risk vy, and we say that fy converges at the minimax rate if for some constant
C>0andall N > 1,

sup E¢[d(fn, f)] < COry.
feF

For statistical inverse problems with linear forward operator GG, the minimax theory of
estimation is fairly well-understood — roughly speaking, the minimax convergence rate depends
on the degree of ill-posedness of the forward map [which can for instance be encapsulated by
the action of G on different (e.g., Sobolev or Besov) regularity scales of functions [56, 77|, or
by the rate of decay of the singular values of G [37]]. In the linear case, a variety of methods
have been proven to achieve the minimax rate, notably spectral/SVD-based methods and

wavelet shrinkage procedures, see [92, 56, 118, 37, 36] and references therein.
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In the non-linear setting, however, such methods are unavailable since they rely crucially
on the linearity of G. Hence, in the present thesis we will focus our study on likelihood-based
methods. Recalling (1.3), we see that up to an additive constant the log-likelihood function

of the data Z\N) equals the least squares criterion

l\.')\}—t

N
In(f) = en(f, 2N) = Z Xi)P*. (1.7)
For instance, the Bayesian approach to be discussed in the subsequent section is likelihood-
based. Another classical example is Tikhonov regularisation [164, 63], where one minimises a

penalised least squares functional J : F — R U {400} of the form

N
=5 -GN +X°8(f), i argmin (), (1.8)

=1

[\D\H

where A > 0 is a regularisation parameter and S : F — R U {400} is a suitable penalty
functional. Heuristically, the first term in (1.8) quantifies the ‘data misfit’ and the second term
penalises the ‘complexity’ of any candidate solution f. Convergence rates of the form (1.6)
for Tikhonov regularised estimators have been studied extensively both in linear [46, 120, 36]
and non-linear statistical inverse problems [141, 20, 87, 112, 180]. In Chapter 3 we will derive
further convergence rate results for the elliptic PDE examples (1.5) and (1.4) in || - || 2()-loss,
where the relation to those existing references will also be discussed.

Lastly, we mention that iterative regularisation methods [81, 95, 96, 22, 23, 179] are also

commonly used in non-linear inverse problems.

1.2 The Bayesian approach

The Bayesian approach to inverse problems for PDE was advocated for in a number of
important papers in the last decade [155, 53]. Since then, significant advances were also
made in investigating the performance of Bayes methods in a statistical setting with random
measurement noise, see, e.g., [131, 125, 126, 177] and the references below. In this section we
briefly review basic definitions and some of those results.

Let us consider again the inverse regression setting of the previous section with forward
map G : F — L*(0) and data Z(M) from (1.3), we also recall the log-likelihood function £
from (1.7).2 The principle underlying the Bayesian approach is to model the unknown f
itself as a random variable, distributed according to some prior probability distribution II
on F — together with the model (1.3) which specifies the law of Z (N) given f, this yields a
joint probability law for the pair (f, Z o )). In the Bayesian paradigm, rather than ‘explicitly’

2We tacitly assume that F is endowed with a o-algebra, making it a measurable space, and that G is
measurable.
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devising reconstruction methods f = f (Z (N )) € F, statistical inference is based on the
posterior distribution on the parameter space J, which is the conditional distribution of f
given the observed data Z(V).

Under very mild regularity assumptions, the posterior distribution is given by the well-
known Bayes’ formula — see for instance p.7 in [69]. In our case, it suffices to note that the

(V) has a common dominating measure (e.g., the Lebesgue measure on

family of laws Py of Z
(Rx ©)N) and to assume that the log-likelihood (f, Z")) — £x(f, ZN)) is jointly measurable.

Then, Bayes’ formula states that the posterior distribution II(-|Z()) is given by

_ JpeDdil(f)

(B|ZzM) = [ Tl )’

B C F measurable. (1.9)

Colloquially, one may paraphrase the above equation as

posterior o< prior X likelihood.

Of course, an appropriate choice of the prior distribution is key to ensure that the
Bayesian approach can succeed. For instance, if the prior distribution puts no mass on
a neighbourhood of the true parameter, then the posterior will neither, and in this case
posterior-based inference will not be able to recover the true parameter. In the (for this
thesis) prototypical case where F C L?(0O) is some function space on O, e.g. of Sobolev or
Hoélder type, one would like to devise infinite-dimensional prior distributions which reflect
the regularity properties of the statistical parameter f appropriately. Various possible ways
of constructing such priors are discussed, e.g., in the monograph [69] and in [105, 155, 49].
Frequently, priors for functions f : O — R arise as the laws of a random sequence or ‘basis

expansion’

F=>" grex, (1.10)
k=1

where (ej, : k > 1) C L?(O) are the ‘basis functions’ and g, € R are random coefficients. A
plethora of choices for e, are possible, including polynomials, wavelets, trigonometric series
and more. For g there are likewise many possibilities, for instance Gaussian random series
(see Chapter 11 of [69]), uniform wavelet priors [131] or Besov-type wavelet priors where the
gr are exponentially distributed [105, 49, 6] — the regularity of typical prior draws is then
reflected by decay properties of the coefficients gj.

In fact, by means of the Karhunen-Loéve expansion, any Gaussian random field taking
values in L?(O) may be written as a sequence (1.10) with normally distributed coefficients gz,
see, e.g., Example 11.16 in [69]. Later in Chapter 2, we will employ such priors of ‘Whittle-
Matérn’ type, where the basis functions (ey : k > 1) are given as the L?(QO)-orthonormal

system of eigenfunctions of the Dirichlet-Laplacian A on O, see Chapter 2. In numerical
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practice, priors of the form (1.10) are often discretised by choosing a suitable high-dimensional

truncation of the sequence.

1.2.1 Bayesian posterior contraction rates

When the data stem from a ground truth parameter fy, it is a natural question whether
infinite-dimensional Bayes procedures are capable of recovering fy as the number of samples
N increases, in analogy to convergence rates for point estimates from (1.6). When this
‘frequentist’ perspective is taken, rather than reflecting any ‘subjective beliefs’ of the scientist,
the Bayes approach is treated as yet another statistical inference procedure whose performance
we can evaluate within a framework which does not depend on the prior at all.

For the posterior distribution II(-|Z o )), a central notion of convergence towards fy are
posterior contraction rates, which quantify the size of neighbourhoods of fy on which most of

the posterior mass concentrates. As before, let d : F x F — [0, 00) denote some metric on F.

Definition 1.2.1 (Contraction rate). Let II = Il be a sequence of prior distributions on
F and recall the definition of Tn(-|ZMN) from (1.9). We say that a sequence (6 : N € N),

0n > 0, is a posterior contraction rate at the parameter fo with respect to d if for all M — oo,
N
Iy ({f 2 d(f, fo) = Myon}ZW)) === 0, (1.11)

in Py, -probability.

In general nonparametric i.i.d. sampling models, the seminal paper [67] first devised
general conditions under which contraction rates for nonparametric Bayes procedures can be
established. Since then, the theory has been extended and further developed for a variety
of settings, including for Gaussian process priors [173], non-i.i.d. sampling models (such as
the Markov chain models considered in Section 1.4 below) [68] and recently exponential
Besov-type priors [6]. The study of posterior contraction rates in various statistical models is
an active field of research and we refer to Chapters 8-9 of [69] for an excellent overview.

In inverse problems, the investigation of posterior contraction rates began relatively
recently and with the linear case. A conjugate setting with the Gaussian white noise model,
where both prior and posterior are Gaussian, is considered in [99, 7]. These results were then
extended by [144] to the non-conjugate setting and in [100] to obtain adaptive contraction
rates; we further mention the recent references [98, 77]. The above references all require
some ‘compatibility’ assumption between the forward map and prior distribution in one
form or another: The papers [99, 100] achieve this by assuming that one may simultaneously
diagonalise the prior covariance and forward map, while [7, 77] achieve this, very roughly
speaking, by assuming that smoothness properties of the prior and of the forward map can

be measured on the same regularity scale of functions.
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Recently, significant progress was also made in obtaining contraction rates for a number
of non-linear inverse problems of the form (1.3) (or closely related measurement models),
including the Schrodinger model (1.4) [131], statistical Calderén problems [2] and non-Abelian
X-ray transforms [126]. The divergence form PDE problem (1.5) was treated in [177, 132],
where the latter paper achieves minimax optimal convergence rates in prediction loss. On a
high level, a unifying feature in the above references is that the proofs proceed by addressing

the following two main challenges. First, one proves a contraction rate on the ‘forward level’
In(f : [G(f) = GUfo)l 2oy = on1Z™)) X220 in - Py,-probability,

for some sequence oy > 0, and second, one needs to establish a suitable (or use an existing)
stability estimate for the inverse map G(f) — f. [As discussed earlier in Section 1.1, the
latter needs to be studied case-by-case for most non-linear inverse problems.] In our proofs
for the Schrédinger problem (1.4) and the divergence form problem (1.5) in Chapters 2 and 3

to follow, we will employ a similar proof principle.

1.2.2 MAP and mean estimates

Bayes methods can also be used to achieve point reconstruction via estimators f for fy which
are based on the posterior distribution (1.9). A natural candidate is the posterior mean
f = f(ZW), which is defined by the Bochner integral

fz/ FATI(f|Z), (1.12)
F

whenever the latter is well-defined. Widely used are also maximum a posteriori (MAP)
estimators fM Ap, which one may think of as elements f € F that are ‘most likely’ relative
to the posterior distribution (1.9). In infinite-dimensional models, this concept requires a
careful definition since one cannot simply define fM Ap as a maximiser of a Lebesgue density
on RP (as is possible in finite-dimensional models). Instead, it has been proposed to resort
to a more abstract notion where MAP estimators are defined via a property that small balls
centred around fM Ap carry maximal probability in an asymptotic sense, see [51, 84, 5].

If F is a separable Hilbert space and II a Gaussian process prior on F, then under mild
regularity conditions, such ‘generalised’” MAP estimators fM Ap can in fact be shown to
coincide with minimisers of Tikhonov-type penalised least squares functionals from (1.8) with
appropriate penalty norm. Specifically, if || - [y denotes the reproducing kernel Hilbert space
(RKHS) norm of II (see, e.g., Chapter 11 of [69]), the relevant functional is given by

— Ly r112 i
J:F = RU{+oc}, J(f):{ U F Il LS eH and gy

~+00, else,
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see Corollary 3.10 in [51] for a precise statement.

This variational characterisation is not just of theoretical appeal; it also asserts that MAP
estimates may be computed by means of optimisation methods. In contrast, the evaluation of
the posterior mean from (1.12) constitutes a completely different computational task — namely
that of high-dimensional numerical integration — and is typically achieved by averaging over

sufficiently many (approximate) draws (Jy : 1 < k < J) from the posterior distribution,
_ 1Y
f ~ — Z 19k.
J k=1

Both the optimisation problem of minimising J as well as the sampling problem of generating
(approximate) draws from II(-|Z(™) can be challenging. The latter will be further discussed
in Section 1.3 and forms the primary subject of study in Chapter 2 below.

For MAP estimators with Gaussian process priors, by virtue of (1.13) the convergence
behaviour can be understood in the same manner as for the Tikhonov-estimators discussed
in Section 1.1, see, e.g., [141, 20, 87, 112, 180], and by using our results derived in Chapter
3 below. Convergence rates for f were only recently asserted in some non-linear inverse
problems [132, 126] by very different proof techniques from Bayesian nonparametrics, namely
by combining posterior contraction rates of the form (1.11) with a uniform control over higher

moments of the posterior distribution, see for instance Section 3.1 in [132].

1.2.3 Credible and confidence sets

In many applications, one of the main attractions of the Bayesian approach is that it not only
yields point reconstructions, but also provides a natural way of quantifying the uncertainty
in the reconstruction. Heuristically, for the Bayesian, the more the posterior distribution
from (1.9) is ‘concentrated’ on some region (for instance centred around the mean or the
MAP), the more precise the estimate is. This is formalized in the following notion: for any
v € (0,1), we say that a set A= A(ZWN)) C Fis a level 1 — v credible set if

TN (AZN)) > 1 — . (1.14)

Of course, a trivial way to devise a credible set would be to choose A = F, but this choice is
entirely uninformative. Hence, in practice, we should be preferably interested in constructing
credible sets which are ‘small’ by a suitable criterion (such as L?(0)-diameter) and whose
posterior probability is in fact close to 1 — ~.

From the frequentist perspective, one of the central goals of statistical inference is to

devise confidence sets, i.e., sets A = A(Z(N)) C F which satisfy the asymptotic property

Py (fo € AZM)) X221 — o, foe F, (1.15)
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again for some prescribed level v € (0,1).3 One says that A has asymptotic coverage 1 — 7.

Of course, for the practicioner, it is tempting to utilise a credible set arising from the
posterior distribution as an ‘off-the-shelf’ candidate for a confidence set. However, whether
this approach is theoretically justified is an intricate question, and the previously discussed
results do not yet provide a satisfactory answer. One way to rigorously assert that Bayesian
credible sets indeed constitute confidence sets in the sense of (1.15) is to study the precise
limiting shape of the posterior distribution via so-called Bernstein-von-Mises (or, in short,
BvM) theorems. In the parametric case where f is a finite-dimensional parameter, the BvM
theorem asserts that if the data Z(V) arise from some true parameter fy, then the law of
the rescaled parameter v N(f — f ) under the posterior distribution tends in total variation
distance to the normal distribution N (0, IJ?OI), where f is suitable centring estimator and I o
denotes the Fisher information matrix, see for instance, Chapter 10 in [172].

While the parametric BvM theorem holds under mild conditions which are satisfied by
most ‘regular’ statistical models and prior distributions, the situation is far more subtle
in infinite dimensions, and a full discussion of this topic goes beyond the scope of this
thesis. Nonparametric BvM theorems which assert the convergence of the rescaled posterior
VN(f — f )1Z™N) to a limiting infinite-dimensional Gaussian process have been established
for the standard nonparametric regression model [33, 34, 145] and thereafter also in some
linear [125, 73] and non-linear inverse problems [131, 135], see also Chapter 12 of [69] for an
overview. In numerous PDE problems including (1.5), it remains a challenging open problem
to establish such a BvM theorem.

1.3 Bayesian computation by MCMC

The computational tasks arising from the posterior-based methods discussed in the previous
section can be challenging to solve numerically. One of the key methodologies for Bayesian
computation is Markov chain Monte Carlo (MCMC) [150], and in this section we shall discuss
some basic examples as well as some relevant theoretical convergence guarantees.

While the statistical models introduced in the previous sections were generally indexed by
an infinite-dimensional parameter f € F, in practice it is common to employ a D-dimensional
Euclidean parameter (D > 1) which we shall denote by § € RP. Usually R” can be viewed
as an ‘approximation subspace’ of the parameter space F via some suitable one-to-one
parametrisation § — fy € F. Since D may grow as the sample size N increases, we speak of
0 as a ‘high-dimensional’ parameter. In this section, suppose that II is some prior probability
distribution on R” with Lebesgue density m and that 6 — £x(6) is a likelihood function
arising from some statistical model (not necessarily of inverse regression type). Then, the

posterior probability distribution II(-|Z(™)) from which we wish to sample also possesses a

3 Alternative definitions, for instance where uniformity inf fe Py (f € A(Z™Y))) is required, are also common.
However, we shall not discuss this further.



12 Introduction

Lebesgue density, of the form
(0] ZM)) x N7 (6), 6 € RP. (1.16)

Sampling from a measure of the form (1.16) is relevant not just in the statistical inverse
problem setting discussed above, but also a variety of other contexts, for instance conditioned

diffusions or data assimilation, as illustrated for instance in [44].

1.3.1 Examples of MCMC algorithms

The literature on MCMC in high-dimensional and function spaces has grown rapidly in
recent years and it would not be possible here to recall all the schemes which have been
proposed; see for instance [44, 18, 43, 47| for a range of methodologies. Let us discuss two
representative examples of MCMC algorithms which are used regularly in the context of
high-dimensional statistical models. The first example is a gradient-based algorithm which

arises as the Euler-Maruyama discretisation of the Langevin SDE
dL; = [Viogn(-|ZWN](Ly)dt + V2dW;, L; e RP, >0, (1.17)

where (W; : ¢ > 0) is a D-dimensional Brownian motion. It is well-known that under standard
regularity assumptions, (1.17) possesses a unique strong solution and that II(-|Z(N)) is the
unique invariant measure for (L; : ¢t > 0), see, e.g., [48]. The MCMC scheme requires choice of
a step size v > 0 as well as an initialisation point 6;,;+ and is stated precisely in Algorithm 1
below. Due to the discretisation step, the invariant distribution of the resulting Markov chain
is biased, which is not being corrected for — hence the algorithm is often called Unadjusted

Langevin algorithm [152].

Algorithm 1 Unadjusted Langevin algorithm

Input: Initialiser 0;,;; € R, step size v > 0, i.i.d. sequence & ~ N(0,Ipxp).

initialise Yy = O,y
: for k=0,1,... do

Dp1 = O + 7V log m(9k| Z0N)) + /27611
return (9 : k > 1)

L

The second example is the preconditioned Crank-Nicolson (pCN) algorithm, which was
first proposed in [44]. The pCN algorithm is an instance of a Metropolis-Hastings Markov
chain [123, 83], where each iteration of the Markov chain consists of two steps: (1) a proposal
step and (2) an accept-reject step. The advantage of such methods is that it allows to choose

from a broad class of proposal distributions. It can be shown under very general conditions
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that the accept-reject mechanism ensures that the resulting Markov chain has the correct
stationary distribution [163]. For a general overview of Metropolis-Hastings methods, see
[150].

The pCN algorithm is designed specifically to take advantage of Gaussian prior distribu-
tions. Suppose IT is an N(0,C) distribution with some D x D positive definite covariance

matrix C, such that the posterior density is given by
1
m(012M) o exp (£x(0) §6TC*19), 9 e RD,

The pCN proposal distribution is then based on a semi-explicit Euler discretisation of the
Ornstein-Uhlenbeck type SDE

dL; = —Ldt +V2CdW,, L, e RP, t>0, (1.18)

where (W; : t > 0) again is a D-dimensional Brownian motion, see [44] for the construction.
The dynamics (1.18) are chosen to leave the prior distribution /N (0, C) invariant; as a result, the
acceptance probabilities for each proposal step only depend on likelihood ratios, see Algorithm
2. One of the premier advantages of the pCN algorithm is that it can be formulated in an
infinite dimensional setting with essentially no modifications, see, e.g., [44, 80]. Therefore,
its ergodicity properties may be analysed in a manner that is dimension-independent — this

done in the paper [80] which will be discussed further below.

Algorithm 2 preconditioned Crank-Nicolson algorithm

Input: Initialiser 6;,;; € RP, step size 5 € (0,1), i.i.d. sequence & ~ N(0,C).

—_

initialise Y9 = 0,4

: for k=0,1,... do

set 2p411 = V1 — Bk + VBEkt1-

4 set Uy = {Zk+1 with probability min {1, e ()=t}

w N

9y else
5: return (9 : k> 1)

As mentioned above, the ULA and pCN algorithms are just two representatives of a
larger class of MCMC schemes based on time-discretisations of SDEs. Other commonly used
algorithms of this type include the Metropolis-adjusted Langevin algorithm (MALA) [151, 44]
and Hamiltonian Monte Carlo (HMC) [18].
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1.3.2 Computational cost of MCMC

A main topic of this thesis is to study the computational cost of MCMC in high-dimensional
models. In the context here, we shall use this term synonymously with the number of MCMC
iterations required to perform some given computational task up to a prescribed precision

level.4 Specifically, we will consider the following two central aims of posterior computation:

(1) To synthesize a random variable whose law on R” (approximately) equals II(-|Z(V)).

(2) To (approximately) compute integrals against the posterior distribution
ENH|ZM)] = /Dﬂ(e)dn(.|Z<N>)(9), (1.19)
R

for suitable test functions H : RP — R.

For a given MCMC scheme (¥ : k > 1), studying the computational cost to address
these tasks typically boils down to a detailed understanding of the ergodicity properties of
(Jg : k > 1). Firstly, given a prescribed precision level € > 0 and some metric d on the space
of probability distributions on R”, how long does the Markov chain (J : k > 1) take to mix

up to precision €7 In other words, one seeks to bound the mizing time
Fmia(2) = inf {k € N: d(L(0y), p) <}, (1.20)

Computation of the integral (1.19) is most commonly addressed by taking an ergodic average

over J > 1 elements of the Markov chain after some ‘burn-in time’ J;,, > 1,

Jin+J

w7 (H) == > H(W). (1.21)
k=Jin+1

Thus the second relevant question is as follows. Given € > 0, how large do J, J;, > 1 need to

be chosen in (1.21) to ensure
|77, (H) — E"[H|ZM]| <, (1.22)

with high probability under the law of (95 : k > 1)?

Somewhat ‘non-explicit’ convergence properties for various MCMC schemes including
Langevin-type algorithms were studied in a line of important early work, see, e.g., [151, 152,
124]. However, in our setting, it is particularly important to understand the explicit scaling
of the mixing properties of (¥ : £ > 1) both in dimension D and sample size N, since this

is the asymptotic regime in which consistent statistical recovery can be achieved. Recently,

4We note that in practice, computational challenges of different nature may also arise, for instance when
evaluation of the likelihood function £y requires numerical solution of complicated PDE forward maps.
However this will not be discussed further in the present thesis.
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there have been significant research efforts to obtain such explicit, non-asymptotic guarantees

suited for the high-dimensional setting, which we shall discuss in the rest of this section.

Mixing of Langevin-type algorithms under log-concavity assumptions

For ULA from Algorithm 1 targeting strongly log-concave distributions, the first explicit
convergence guarantees suited for the high-dimensional setting were proved by Dalalyan [48]
as well as Durmus and Moulines [57, 58]. The papers [48, 57] considered mixing times in
total variation whereas [58] extends these results to the Wasserstein distance.

To illustrate, and since those results will play an important role in Chapter 2, let us
briefly state a simplified version of Theorem 5 in [58]. For any Borel probability measures

p1, pi2 on RP with finite second moments we define the Wasserstein distance

2 :-f/ _ 9|2 1.2
W3 (k1 p2) %&&M)R%@JW Vo dv(0,9), (1.23)

where T'(pu1, p2) is the set of all ‘couplings’ of p; and us (see, e.g., [176]).

Proposition 1.3.1 (Wasserstein mixing of ULA). Suppose that 7(0|ZN)) from (1.16)
is positive throughout RP and write U(0) := —logm(d|Z™). Assume U : RP — R is
continuously differentiable and that there exist constants 0 < m < A < oo such that for all

6,0 c RP,
IVU () — VU(B)||gp < Al|@ —0||gp,  (A-gradient Lipschitz),

U@) —U(B) — (VU(0),0 — 0)gp > %HQ —0|2p,  (m-strongly convez).

Then, if Oy denotes the unique minimiser of U and (9 : k > 1) is given by Algorithm 1 for
some v < 1/A and 0;n;y € RP, then the laws L(9}) of Ux on RP satisfy

WRL(0),1612) < 0((1 = m9/2)* (163~ 60 + ] +

yDA? N 72DA4>

m?2 m3
for some universal constant C > 0 and all k > 0.

The derivation of this result can be found in Section 2.5.1. An important implication
of the preceding proposition is that in the strongly log-concave setting, the mixing times
(1.20) of ULA in Wasserstein distance depends polynomially on the dimension D and the
desired precision level. In fact, the paper [58] also asserts the polynomial-time feasibility of
Monte Carlo integration by ergodic averages ﬁin(H ) from (1.21) by proving non-asymptotic
concentration inequalities akin to (1.22), see also Section 2.5.1. The proofs in [58] are based on
a rather ‘explicit’ analysis of both the continuous-time and discretised Langevin dynamics. For
both cases one can construct explicit (synchronous) couplings, where Wasserstein contractivity

follows relatively directly from strong log-concavity (see the proofs of Proposition 1 and 3
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in [58]). Similarly, explicit arguments are used to prove concentration bounds for ﬁin (H) -
here the authors exploit the fact that the transition kernel for the ULA chain, conditional
on the current state 9, is a Gaussian distribution ¥ 1|0 ~ N (9 — yVU (%), 27IpxD)-
The quantitative bounds are then obtained using martingale arguments and concentration
inequalities for Gaussian distributions, see the proof of Theorem 15 in [58]. Such concrete
arguments seem harder to conduct for MCMC schemes like pCN or MALA which involve a

Metropolis-Hastings correction, see, e.g., [80, 59].

In the past years, the results from [48, 57, 58] for the ULA were extended to various
other settings, asserting non-asymptotic mixing bounds under closely related ‘geometric’
conditions such as log-Sobolev inequalities, or log-concavity outside of some Euclidean ball
[40, 175, 117]. We conclude by mentioning some results for related Langevin-type algorithms.
For continuous-time diffusions, mixing times are obtained in [61, 62] by means of so-called
reflection couplings. Again in the strongly log-concave setting, the papers [27, 60, 59] derive
convergence results for MALA; HMC algorithms are considered in [26, 110, 39, 38].

Beyond log-concavity

When the posterior distribution TI(-|Z(®¥)) from (1.16) is non-log-concave, the situation is far
less clear and and polynomial-time mixing bounds seem more challenging to obtain. The
elliptic PDE inverse problems (1.4) and (1.5) fall into this setting. Here, the nonlinearity of
the forward map G causes the negative log-likelihood from (1.7) to be non-convex in general.
To illustrate the difficulties which can arise, note that non-log-concave target densities may
in principle be multi-modal. That this leads to a deterioration of the mixing time can already
be shown in the one-dimensional D = 1 case — as elaborated in Example 1 in [61], one can see
from a basic double-well example that the ezit time of the continuous time Langevin-dynamics
(1.17) from local optima of the log-posterior density log7(-|Z(")) can scale exponentially in

the height of the local optimum.

However, there do exist a number of papers which analyse the computational complexity of
MCMC in high dimensions under different structural assumptions than the above-mentioned
ones. The first such article is [80] by Hairer, Stuart and Vollmer, where the pCN scheme from
Algorithm 2 is studied in a setting with Gaussian process priors. There, under general local
Lipschitz assumptions on the likelihood function as well as a lower bound assumption on the
acceptance probabilities 1 Aexp(£x(0) —£n(0)) (for suitable 6,0 € RP) from Algorithm 2, the
authors first obtain a contractivity property in a Wasserstein-type distance (using probabilistic
results from [79]), which is then shown to yield an L?(yu)-spectral gap. An important aspect
is that the spectral gap is shown to be dimension-independent, thus demonstrating that it is
possible in principle to devise MCMC schemes whose mixing properties are invariant with
respect to the dimension D at which an infinite-dimensional model is discretized. However,

the results derived in [80] remain implicit in other important manners, which makes it
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non-obvious how to obtain non-asymptotic mixing guarantees for our setting in Chapter 2

below — see Section 2.1.2 for more discussion.

The paper [14] discusses the computational cost of MCMC in a frequentist setting with
high-dimensional statistical models where the model dimension D and sample size N tend to
infinity simultaneously. The starting point of their analysis is a ‘Bernstein-von-Mises’ type
assumption that the posterior distribution, when suitably rescaled and recentred, converges
to a Gaussian measure in a strong enough sense (cf. Section 1.2.3). Lastly, we mention [181]
where the computational complexity of Bayesian variable selection in a high-dimensional
linear regression model is analysed. Here the non-log-concavity of the sampling task arises

from sparsity assumptions on the parameter.

1.4 Nonparametric models for scalar SDE

We now discuss another class of statistical models in which the data is governed by a
differential equation and which will be studied in Chapter 4 of this thesis, namely models for
stochastic diffusion processes. Specifically, for some drift function b : R — R and diffusion
coefficient o : R — (0,00), consider the one-dimensional time-homogeneous It6 stochastic
differential equation (SDE)

dX, = b(Xy)dt + V20 (X,)dW;,  t>0, (1.24)

where (W; : t > 0) is a standard Brownian motion. Whenever b and o are Lipschitz continuous,

there exists a unique pathwise solution to (1.24), see, e.g., Theorem 24.3 in [13].

In the statistical setting, at least one of the two coefficients b and ¢ are unknown and the
goal is to infer b and/or ¢ from successive observations from one realisation of the stochastic
process (X; : t > 0). Hence, in order for consistent statistical recovery to be possible in the
large sample limit, one typically needs additional assumptions ensuring that (X; : ¢ > 0) has
sufficiently strong ‘recurrence’ properties. For instance, [75, 134] consider a modification of
(1.24) where the diffusion is constrained to [0,1] C R and reflected at the boundary points
{0,1}. Alternatively one may assume a periodic setting [133, 111, 1] or that b satisfies a
drift condition at oo [4]. For the sake of this introduction, we shall ignore this important
technical point and refer to [75, 134, 1] and Chapter 4 below for further discussion.

In contrast to the i.i.d. inverse regression setting from Section 1.1, the randomness in the
observations stems from the inherent stochasticity of the dynamics (1.24). The literature on
statistical inference for diffusions has considered various different observation schemes. For
instance, the references [103, 174, 4, 3, 133] assume the continuous observation scheme in
which the data are given by a continuous path X() = (X, : 0 <t < T) with asymptotics

T — oo. In the high frequency observation scheme, one instead observes discrete states
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X)) — (Xo0,XA,,s---,Xna,) where the time steps A,, between observations tend to 0 as
n — 00, see, e.g., [1, 74].
In the present thesis, we will be concerned with the low frequency observation scheme,

where the data are given by
XM = (X0, X, ..., X0n), (1.25)

for some fized time difference A > 0 between measurements. In this setting, both upper and
lower bounds for the minimax rate of estimation were first obtained by Gobet, Hoffmann
and Reiss in the seminal paper [75]. More specifically, they considered reflected diffusions
(X; : t > 0) taking values in [0, 1], and assumed the pair (o,b) to belong to the Sobolev

regularity class

0= {(o20) € H*((0.1)) x HH(0.1) ¢ ol < C. by < C.._inf (@) > c}
’ (1.26)
for some integer s > 1 and constants C' > ¢ > 0. In this case the Markov chain (X;a : 7 > 0)
possesses a unique invariant measure p. The estimation method proposed in [75] then
proceeds in two steps. First, one estimates p by a standard wavelet projection estimator ji as

well as the transition operator Pa .3, which is defined via the action
Paoph(z) = Eqp[h(Xa)| Xo = 7]

on appropriate test functions A, by a high-dimensional matrix estimator Pa. [Here we have
denoted expectation w.r.t. the law of (1.25) under (o,b) by E,;.] Second, by exploiting
explicit reconstruction formulas for one-dimensional diffusions (see Section 3 of [75]) one
obtains simple ‘plug-in’ estimates 6n,3n from f’A,ﬂ. For any 0 < a9 < a1 < 1, and , the

spectral method is then shown to achieve the convergence rates

Ea,b[H&i - O-ZHLZ([ao,al})] n—s/(25+3),

<
b < (1.27)
Eop [lbn = bll 12(fag.arp)] S 07D/ 543,

which are proved to be minimaz-optimal — see Theorem 2.4 in [75] for the precise statement.

Interestingly, these spectral methods circumvent the explicit use of the likelihood structure
of the low frequency diffusion model. Only recently, it was proved by Nickl and S6hl [134]
that (likelihood-based) nonparametric Bayes methods are able to achieve recovery at the

same minimax convergence rate (1.27) over ©, from (1.26), up to log-factors.

1.5 Contributions

In this thesis, we study three problems related to the PDE/SDE models discussed above.
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1.5.1 On polynomial-time posterior computation

In Chapter 2, we consider sampling from high-dimensional posterior distributions I1(:|Z (v ))
by means of MCMC algorithms. As in Section 1.3, II(-|Z(M)) is assumed to have a density of
the form

7(|ZM)) = v O7(6), 6 € RP, (1.28)

where ¢ () is some log-likelihood function, N denotes sample size, and 7 is the density of the
prior distribution. Specifically, we will study (1) the computation of posterior characteristics
(such as its mean) by ergodic averages as well as (2) global mixing times in Wasserstein
distance, as defined by (1.20). As discussed already in Section 1.3.2, without further
geometric assumptions on the target density (such as log-concavity) it can be challenging
to give polynomial-time convergence guarantees, and the aim of Chapter 2 is to develop
mathematical techniques which allow to overcome such hardness barriers in certain non-linear

and high-dimensional settings.

The particular MCMC scheme considered will be a Langevin-type Markov chain (J :
k > 1) which is closely related to the Unadjusted Langevin algorithm from Algorithm 1 and
which is described in detail in Section 2.2. Our theory is developed in general non-linear
inverse regression models (1.3) with random design and a ‘high-dimensional’ parameter space
RP. The main PDE example studied is the inverse problem for the Schrédinger equation
described in (1.4) — in the terminology of Section 1.1, the forward map G : RP — L?(0)

then arises via solutions u = G(#) of the boundary value problem

Au—2fpu=0 on O,
u=g on 00,

where 0 — fy > 0 is a suitable parameterisation. We will assume the prior distributions to
be Gaussian — thus the main difficulty arises from the non-log-concavity of the log-likelihood

function /.

Our main results in the Schrédinger model can be summarised as follows. First, in
Proposition 2.2.4 we obtain non-asymptotic concentration inequalities for ergodic averages of
the Langevin-type algorithm. As as consequence, with high probability under the distribution
of the data, the posterior mean vector can be computed up to prescribed precision level € > 0
using polynomially many (in D, N and £) MCMC iterations, see Theorem 2.2.5. In Theorem
2.2.7, we obtain similar polynomial-time bounds for the mixing time of (¥ : kK > 1) in the

Wasserstein distance from (1.23) — specifically, we have

Wa(L(05), 1| ZON) < & for all k> kmin(), Kmio(€) = O(D™ N22705)
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for some exponents aj,as,a3 > 0. A further consequence of the proofs is that maxi-
mum a posteriori (MAP) estimators are computable by a gradient descent method within
O(DP N®22783) by by, by > 0, iterations (cf. Theorem 2.2.8) and that the ‘ground truth’

parameter 6y can be computed within the statistical estimation error in polynomial time.

Our approach is to study in detail the local geometry of the posterior distribution
II(-|ZM). The first key step lies in showing that even when II(-|Z(")) is not globally log-
concave, the posterior density satisfies a local log-concavity property which is satisfied on
some region around the ground truth parameter, with high probability under the law of the
data. This can be proven using concentration of measure arguments and assuming that the
derivative vector field VoG(0) : O — RP satisfies a suitable stability estimate for all § which
are sufficiently close to 0y (see Lemma 2.3.4 below). We verify such stability estimates in the
Schrodinger model using techniques from elliptic PDE (see Lemma 2.4.7).

The second main step consists in proving that most of the mass of the posterior distribution
concentrates on the region of log-concavity. To show this, we use techniques in Bayesian
nonparametric inference which were recently developed to tackle non-linear inverse problems
with Gaussian priors [126, 131, 173]; see also the discussion in Section 1.2 above. The
importance of this step is that it allows to deduce that the posterior distribution can be
approximated in Wasserstein distance by a globally log-concave measure (this is stated in
Theorem 2.4.14 for the Schrodinger model). As auxiliary results, convergence rates for MAP
estimators and contraction rate results for the posterior akin to (1.11) are proved.

The previous two steps can then be used to conclude that when sufficiently good initiali-
sation (into the region of log-concavity) is feasible, polynomial-time mixing bounds can be
derived from the recent non-asymptotic convergence results for Langevin algorithms [48, 58]

discussed above in Section 1.3.2.

1.5.2 Convergence rates of Tikhonov regularised estimators

In Chapter 3, we study convergence rates for Tikhonov-regularised estimators introduced
in (1.8) where the penalty norms considered are of squared Sobolev-norm type || - || o (0),
a € N. As discussed in Section 1.1, these estimators can also be interpreted as Bayesian
maximum a posteriori estimates for Gaussian process priors with reproducing kernel Hilbert
space H = H*(O).

The two primary examples are the non-linear PDE models (1.5) for the divergence form
equation and (1.4) for the Schrodinger equation. The measurement model considered is the
Gaussian white noise which is intimately related to the random design regression model (1.3).

Here one observes a realisation of the ‘continuum’ stochastic process

Y = G(f) + W, (1.29)
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where € > 0 is the noise level and W = (W(%) : ¢ € L*(O)) denotes a Gaussian white noise
process in the Hilbert space L?(Q) — see Chapter 3 for details. Indeed, under standard
smoothness assumptions on the regression functions G(f) and with scaling € ~ N~1/2 of the
noise level it can be shown that (1.29) and (1.3) are asymptotically equivalent in the sense of
Le Cam equivalence [148, 30] and in the literature it is standard to consider the white noise
model in place of (1.3), see, e.g., [72, 167, 99, 144, 131, 125, 136].

The final objective function is a version of (1.8) adapted to the white noise setting and
to incorporate the constraint f > 0 required from the PDE models. Thus, for some smooth

one-to-one link function ® : R — (0, 00), the criterion takes the form

J(f) = =2(Y O, G(f)) r2(0) + HG(JC)H%2(O) + e o f”?{a(@), A>0,

for a suitably chosen scalar A > 0, see Section 3.3.

Our main results can be summarised as follows. First, we prove that minimisers f of
J exist almost surely under the law of V() from (1.29). We then obtain the following

convergence rates for f towards f and for the ‘plug-in’ estimator G( f) towards G(f):

A 2a+2 A 2a—2 .
Es|G(f) = G(fo)ll 20y < Cezorzd, Ep || f — follr2(0) < Ce2e+2+d (Div. form), (1.30)

~ 2044 S _ 2a 1.
EplG(f) = G(fo)llz2o) < Ce?wd, Eg||f — follr2(0) < Ce2e¥4%d  (Schrodinger).
(1.31)

Here, C' > 0 is a constant which can be chosen over suitable positivity-constrained a-regular
Sobolev classes, for the precise statements we refer to the main Theorems 3.3.3-3.3.7. Note
that the respective convergence rates for ||G(f) — G(fo)||12 correspond to the minimax rate
(with direct observations) for estimating an (a + 1)-smooth function in the divergence form
problem and an (« 4 2)-smooth function in the Schrodinger problem. By proving a lower
bound for the convergence rate in divergence form problem which matches the upper bound
(1.30), both convergence rates for ||G(f) — G(fo)||z2 are shown to be minimax optimal — in

this sense, one may think of the forward maps as 1- and 2- smoothing respectively.

Let us briefly discuss the proof ideas. First, we establish a convergence rate result (
Theorem 3.2.2 below) on the level of the regression functions ||G(f) — G(fo)||z2 in general
non-linear inverse problems — this result is shown under a local Lipschitz condition on the
forward map (see (3.8) below) between L?(O) and (H®)*, k € N, where (H")* denotes the
topological dual space of H"(QO). One may think of x as the ‘level of smoothing’ of G. In the
proofs, we crucially use metric entropy and Gaussian process arguments from M-estimation,
which were previously used to obtain convergence rates for ‘direct’ nonparametric regression
[170, 169]. Thereafter, the convergence rates for ||f — fo| 2 are proved by use of suitable
stability estimates of the inverse problem, that is, local Lipschitz estimates for the inverse map

G~'. In the divergence form model, such stability estimates had previously been considered
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in the literature, e.g., [149, 24, 102], and in Lemma 3.5.5 we prove a new quantitative
L?(0)-H?(0) stability estimate building on ideas from [102].

Note that our approach circumvents source conditions which existing results for general
non-linear inverse problems frequently rely on see, e.g., [64, 20, 21] and also the discussion in
Section 3.1. For papers which have employed a similar high-level strategy of first solving the
‘regression problem’ and thereafter employing stability estimates, see, e.g., [177, 131].

We conclude by mentioning an interesting unresolved question, namely to determine
whether the convergence rate Ey || f=follrz < eTatatd in (1.30) is minimax-optimal. In
fact, the latter is the minimax rate for a 2-ill posed problem with (« + 1)-regular ‘forward’
regression functions. In our case this rate arises due to the use of a ‘1-smoothing’ L-(H')*
Lipschitz estimate for G' and a ‘2-degenerate’ L?-H? stability estimate for G~'. Whether an

improved L2-H' stability estimate can be obtained is a question for future research.

1.5.3 Local asymptotic normality of low frequency diffusion models

In the fourth and final chapter of this thesis, we consider nonparametric models for diffusion
processes (X; : t > 0) which were introduced in Section 1.4, where we will make the simplifying
assumption that ¢ = 1 is constant and known. Hence the goal is to recover the unknown drift

function b from low-frequency samples X = (X, Xa, ..., X, ) of the diffusion process
dX; = b(Xy)dt +V2dW;, t>0, (1.32)

where (W; : t > 0) is a standard Brownian motion and A > 0 is the fized distance between
measurement times. Specifically, we will follow [75, 134] in studying a version of the model

with reflection at the boundary points {0, 1}, see Section 4.2.1 for the precise definition.

The main aim of the chapter is to establish a local asymptotic normality (in short, LAN)
property for the low frequency diffusion model. The primary motivation to study the LAN
property is that it constitutes a first step towards understanding the ‘efficiency’ of inference
procedures in diffusion models, beyond the minimax estimation [75] and Bayesian contraction
rate results [134] discussed in Section 1.4. Specifically, the potential statistical applications
in mind are to study semiparametric efficiency bounds (see, e.g., Chapter 25 in [172] for
a general exposition) as well as infinite-dimensional Bernstein-von Mises theorems akin to
[33, 34, 133], which we briefly discussed in Section 1.2.3. However, in order to prove the
latter, there remain highly non-trivial challenges which have not yet been overcome, see also
Section 4.2.4.

Suppose that du;n;; denotes the Lebesgue density of some initial distribution such that
Xo ~ pinit (independently of (W; : ¢ > 0)), and let pa p(-,-) denote the transition densities of
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(Xt :t>0) at time A. Then, the log-likelihood function of the sample X (") is given by

n
U (b) = log dpsinit (Xo) + Y log pap(X(i—1)a, Xia)-
i=1
The LAN property asserts that the log-likelihood ratios satisfy a quadratic expansion of

a specific form — in our setting this will mean that for all sufficiently regular functions
b,h:[0,1] — R,

1
bn(b+h) = £ (b) = App — iHh!\%ANJFOPb(l)? (1.33)
where P, denotes the law of X (™ under some drift function b, A, are random vectors
satisfying A, “—= N(0, |h||3 1) in distribution (under P,) and || - |an is a suitable

norm, see Section 4.2.

In parametric models with i.i.d. data, one can establish a LAN expansion of the form (1.33)
under simple differentiability assumptions, see Chapter 7 of [172]. In the diffusion setting,
the LAN expansion has to be proven by different means, due to the non-i.i.d. nature of the
Markov chain data. In parametric models for diffusion processes observed at high frequency
(cf. Section 1.4) the LAN property was shown by Gobet [74] by use of Malliavin calculus.
For the low-frequency setting here, our two main proof ingredients are as follows. Firstly, we
require differentiability properties of the transition densities b +— pa (2, y) allowing to form a
second-order Taylor expansion of £, (b) with suitable control over remainder terms. Secondly,
we require limit theorems for Markov chains which ensure that the first and second order
terms in the Taylor expansion respectively converge to the desired expressions in (1.33). Such
limit theorems have been established previously, see, e.g., [29] — the main work of Chapter
4 thus lies in establishing the differentiability properties. Since pa (-, ) does not admit a
closed-form expression in terms of b, we resort to an implicit characterisation of pa (-, )
as fundamental solutions for a natural parabolic PDE corresponding to (X; : ¢ > 0). The
regularity properties of pa p(-,-) are then obtained by means of perturbation arguments and

using regularity theory for parabolic equations [116].






Chapter 2

On polynomial-time computation
of high-dimensional posterior

measures

This chapter studies the problem of generating random samples from high-dimensional
posterior distributions. The main results consist of non-asymptotic computational guarantees
for Langevin-type MCMC algorithms which scale polynomially in key quantities such as the
dimension of the model, the desired precision level, and the number of available statistical
measurements. As a direct consequence, it is shown that posterior mean vectors as well as
optimisation based maximum a posteriori (MAP) estimates are computable in polynomial
time, with high probability under the distribution of the data. These results are complemented
by statistical guarantees for recovery of the ground truth parameter generating the data.
The theory is first developed in a general high-dimensional non-linear regression setting
(with Gaussian process priors) where posterior measures are not necessarily log-concave,
employing a set of local ‘geometric’ assumptions on the parameter space, and assuming that
a good initialiser of the algorithm is available. Thereafter we derive mixing bounds for the
non-linear PDE model with the steady-state Schrodinger equation which we encountered

already in Section 1.1.

2.1 Introduction

Markov chain Monte Carlo (MCMC) type algorithms are a key methodology in computational
mathematics and statistics. The main idea is to generate a Markov chain (J : k € N) whose
laws £(¥U;) on R approximate its invariant measure. In Bayesian inference the relevant

invariant measure has a probability density of the form

7(0)ZM) o N7 (), 6 € RP. (2.1)
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Here 7 is a prior density function for a parameter # € RP and the map £y : RP? — R is
the ‘data-log-likelihood’ based on N observations Z(N) from some statistical model, so that
w(-|Z (N )) is the density of the Bayesian posterior probability distribution on R arising from

the observations.

It can be challenging to give performance guarantees for MCMC algorithms in the
increasingly complex and high-dimensional statistical models relevant in contemporary data
science. By ‘high-dimensional’ we mean that the model dimension D may be large (e.g.,
proportional to a power of N). Without any further assumptions accurate sampling from
7(-|ZM)) in high dimensions can then be expected to be intractable (see below for more
discussion). For MCMC methods the computational hardness typically manifests itself in
an exponential dependence in D or N of the ‘mixing time’ of the Markov chain (Jj : k € N)

towards its equilibrium measure (2.1).

In this work we develop mathematical techniques which allow to overcome such com-
putational hardness barriers. We consider diffusion-based MCMC algorithms targeting the
Gibbs-type measure with density 7(-|Z(N)) from (2.1) in a non-linear and high-dimensional
setting. The prior 7 will be assumed to be Gaussian — the main challenge thus arises from the
non-convexity of —¢. We will show how local geometric properties of the statistical model
can be combined with recent developments in Bayesian nonparametric statistics [131, 126]
and the non-asymptotic theory of Langevin algorithms [48, 57, 58] to justify the ‘polynomial

time’ feasibility of such sampling methods.

While the approach is general, it crucially takes advantage of the particular geometric
structure of the statistical model at hand. In a large class of high-dimensional non-linear
inference problems arising throughout applied mathematics, such structure is described by
partial differential equations (PDEs). Examples that come to mind are inverse and data
assimilation problems, and in particular since influential work by A. Stuart [155], MCMC-
based Bayesian methodology is frequently used in such settings, especially for the task of
uncertainty quantification. We refer the reader to [93], [94], [78], [32], [105], [45], [155],
[119], [44], [147], [53], [8] and the references therein. A main contribution of this work is to
demonstrate the feasibility of our proof strategy in a (for such PDE problems) prototypical
non-linear example where the parameter # models the potential in a steady-state Schrodinger
equation. This PDE arises in various applications such as photo-acoustics, e.g., [10], and
provides a suitable framework to lay out the main mathematical ideas underpinning our

proofs.

2.1.1 Basic setting and contributions

To summarise our key results we now introduce a more concrete setting. For O a bounded
subset of R? d € N, and © some parameter space, consider a family of ‘regression’ functions
{G(9) : 0 € ©} C L?(0), where L?(O) denotes the usual Lebesgue space L?(0O) of square-



2.1 Introduction 27

integrable functions. This induces a ‘forward map’
G:0 - L*0), (2.2)
and we suppose that N observations Z(N) = (Y;, X;:i=1,...N) arising via
Y, =G(0)(X;) 4+, i=1,..,N, (2.3)

are given, where ¢; ~ N(0,1) are independent noise variables, and design variables X;
are drawn uniformly at random from the domain O (independently of ¢;). While natural
parameter spaces © can be infinite-dimensional, in numerical practice a D-dimensional
discretisation of © is employed, where D can possibly be large. The log-likelihood function
of the data (Y;, X;) then equals, up to additive constants, the usual least squares criterion
1Y 2
()= =5 L[~ GOX]", 6 R, (2.4)

The aim is to recover 8 from ZWN). A wide-spread practice in statistical science is to employ
Gaussian (process) priors II with multivariate normal probability densities 7 on R”; from a
numerical point of view the Bayesian approach to inference in such problems is then precisely
concerned with (approximate) evaluation of the posterior measure (2.1).

As discussed above, in important physical applications the forward map G is described
implicitly by a partial differential equation. For example suppose that G(0) = uy, arises as the
solution u = uy, to the following elliptic boundary value problem for a Schrodinger equation

{5Au — fou=0o0n O, (2.5)

u = g on 00,

with a suitable parameterisation 6 — fp > 0, § € RP (see (2.17) below for details). In such
cases, the map G is non-linear and —¢x(#) is not convex. The probability measure with
density 7(-|Z(N)) given in (2.1) may then be highly complex to evaluate in a high-dimensional
setting, with computational cost scaling exponentially as D — oo. For instance, complexity
theory for high-dimensional numerical integration (see [139, 140] for general references)
implies that computing the integral of a D-dimensional real-valued Lipschitz function — such
as the normalising factor implicit in (2.1) — by a deterministic algorithm has worst case
cost scaling as DP /5 [156, 85]. Relaxing a worst case analysis, Monte Carlo methods can in
principle obtain dimension-free guarantees (with high probability under the randomisation
scheme). However, a curse of dimensionality may persist as one typically is only able to
sample approximately from the target measure, and since the approximation error incurred,

e.g., by the mixing time of a Markov chain, could scale exponentially in dimension. The
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references [15, 19], [14], [146], [181, 117] discuss this issue in a variety of contexts. In addition,
since the distribution becomes increasingly ‘spiked’ as the statistical information increases
(i.e., N — 00), commonly used iterative algorithms can take an exponential in N time to exit
neighbourhoods of local optima of the posterior surface 7(-|Z(")) (e.g., [61], Example 4).
In light of the preceding discussion one may ask whether the approximate calculation of
basic aspects of 7(-|Z(M)) — such as its mean vector (expected value), real-valued functionals
Jep H(@)7(8]ZMN))dh, or mode — is feasible at a computational cost which grows at most
polynomially in D, N and the desired (inverse) precision level. Very few rigorous results
providing even just partial such guarantees appear to be available. The notable exception
Hairer, Stuart and Vollmer [80] along with some other important references will be discussed

below.

Let us describe the scope of the methods to be developed in this article in the problem of
approximate computation of the high-dimensional posterior mean vector in the PDE model
(2.5) with the Schrodinger equation. We will require mild regularity assumptions on D, IT and
on the ground truth 6y generating the data (2.3) — full details can be found in Section 2.2.
If II is a D-dimensional Gaussian process prior with covariance equal to a rescaled inverse
Laplacian raised to some large enough power a € N, if the model dimension grows at most as
D<N d/Q2atd) and if 6, is sufficiently well-approximated by its ‘discretisation’ in R” (see

(2.28)), we obtain the following main result.

Theorem 2.1.1. Suppose that data ZWN) = (Y;, X; i =1,...,N) arise through (2.3) in the
Schrodinger model (2.5) and let P > 0. Then, for any precision level ¢ > N—F there exists a

(randomised) algorithm whose output 6. € RP can be computed with computational cost
O(Nb1 D278 (by, by, b3 > 0), (2.6)

and such that with high probability (under the joint law of ZW) and the randomisation

mechanism),
16 = BM012]|gp <,

where BN ZMN)] = [op 0m(0|ZN))dO denotes the mean vector of the posterior distribution
(- | ZMN)Y with density (2.1).

We further show in Theorem 2.2.6 that ée also recovers the ground truth 6y, within
precision €. The method underlying Theorem 2.1.1 consists of an initialisation step which
requires solving a standard convex optimisation problem, followed by iterations (%) of a
discretised gradient based Langevin-type MCMC algorithm, at each step requiring a single
evaluation of V/y (which itself amounts to solving a standard linear elliptic boundary value
problem). In particular our results will imply that the posterior mean can be computed
by ergodic averages (1/J) ;< V% along the MCMC chain (after some burn-in time), see
Theorem 2.2.5 (which implies Theorem 2.1.1). The laws L£(J}) of the iterates (J%) in fact
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provide a global approximation
WQ(E(ﬁk)7H(|Z(N))) <e, k> kniz,

of the high-dimensional posterior measure on R, in Wasserstein-distance Wa. Our explicit
convergence guarantees will ensure that both the ‘mixing time’ k,;, and the number of

required iterations J to reach precision level ¢ scales polynomially in D, N, e~ 1.

Similar
statements hold true for the computation of real-valued functionals [pp H(0)7(0|ZY)d6 for
Lipschitz maps H : RP — R and of maximum a posteriori (MAP) estimates. See Theorems

2.2.7, 2.2.8 as well as Proposition 2.2.4 for precise statements.

The key idea underlying our proofs is to demonstrate first that, with high probability
under the law generating the data Z(N) the target measure II(-|Z(N)) from (2.1) is locally
log-concave on a region in R” where most of its mass concentrates. Then we show that a
‘localised’ Langevin-type algorithm, when initialised into the region of log-concavity, possesses
polynomial time convergence guarantees in ‘moderately’ high-dimensional models. That
sufficiently precise initialisation is possible has to be shown in each problem individually (for
the Schrodinger model, see Section 2.5.4). Our proofs provide a template (outlined in Section
2.3) that can be used in principle also in general settings as long as the linearisation VyG(6y)
of G at the ground truth parameter 6y satisfies a suitable stability estimate (i.e., a quantitative
injectivity property related to the ‘Fisher information’ operator of the statistical model).
We verify this stability property for the Schrodinger equation using elliptic PDE techniques
(see Lemma 2.4.7) but our approach may succeed in a variety of other non-linear forward
models arising in inverse problems [97, 168, 155, 127], integral X-ray geometry [143, 126, 90],
and also in the context of data assimilation and filtering [119, 147]. Further advancing our
understanding of the computational complexity of such PDE-constrained high-dimensional

inference problems poses a formidable challenge for future research.

2.1.2 Discussion of related literature

Both the statistical and computational aspects of high-dimensional Bayes procedures have
been subject of great interest in recent years. Frequentist convergence properties of high-
and infinite-dimensional Bayes procedures were intensely studied in the last two decades. For
‘direct’ statistical models we refer to the recent monograph [69] (and references therein), and
in the non-linear (PDE) setting relevant here to [134, 126, 132, 2, 131, 135, 136].

We now discuss some representative papers studying mixing properties of MCMC algo-
rithms in high-dimensional settings, and refer to the references cited in these articles for

various further important results.
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2.1.2.1 Mixing times for pCN-type algorithms

The important contribution [80] by Hairer, Stuart and Vollmer derives dimension-independent
convergence guarantees for the preconditioned Crank-Nicolson (pCN) algorithm, using ergod-
icity results for infinite-dimensional Markov chains from Hairer, Mattingly and Scheutzow
[79]. The task of sampling from a general measure arising from a Gaussian process prior
and a general likelihood function exp(—®(#)) is considered there. Their results are hence
naturally compatible with the setting considered in this thesis, where ® is given by (2.4), i.e.
® = & = { and it is natural to ask (a) whether the bounds from [80] apply to this class of
problems and (b) if they apply, how they quantitatively depend on N and model dimension.

The key Assumptions 2.10, 2.11, and 2.13 made in [80] can be summarised as (A)
a global lower bound on the acceptance probability of the pCN as well as (B) a (local)
Lipschitz continuity requirement on ®. In non-linear PDE problems, part (B) can usually
be verified (e.g., [136]), while part (A) is more challenging: due to the global nature of the
assumption, it seems that verification of (A) will typically require bounds for likelihood ratios
exp(®(0) — ®(0)) with 6,0 arbitrarily far apart. Of course, in some specific problems an
initial bound may be obtained by invoking inequalities like (2.18). However the resulting
lower bounds on the acceptance probabilities in the pCN scheme will decrease exponentially
in N. We also note that though dimension-independent, the main Theorems 2.12 and 2.14
from [80] remain implicit (non-quantitative) in the relevant quantities from Assumptions (A)
and (B); this seems to stem both from the utilised proof techniques, such as considerations
regarding level sets of Lyapunov functions (cf. [80], p.2474), as well as the qualitative nature
of the key underlying probabilistic weak Harris theorem proved by [79]. Summarising, while
it would be very exciting to see the results [80] be extended to yield quantitative bounds
which are polynomial in both N, D, serious technical and conceptual innovations seem to be
required. In the present context, when exploiting local average curvature of the likelihood
surface arising from PDE structure, it appears more promising to investigate gradient based
MCMC schemes.

2.1.2.2 Computational guarantees for Langevin-type algorithms

For the important gradient-based class of Langevin Monte Carlo (LMC) algorithms, the
first nonasymptotic convergence guarantees which are suited for high-dimensional settings
were obtained by Dalalyan [48] for log-concave densities, shortly after to be extended by
Durmus and Moulines [57, 58] to closely related cases. Our proofs rely substantially on these
convergence results for the strongly log-concave case (see Section 2.5.1 for a review).

Very recently further extensions have emerged, notably [117] and [175], which estabish
convergence guarantees assuming that either the density to be sampled from is convex outside
of some region, or that the target measure satisfies functional inequalities of log-Sobolev

and Poincaré type. However, it appears that both of these results, when applied to (2.4)
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without any further substantial work, yield bounds that scale exponentially in N. Indeed,
the bound in Theorem 1 of [117] evidently depends exponentially on the Lipschitz constant
of the gradient V/y; and ad hoc verification of assumptions from [175] would utilise the
Holley-Stroock perturbation principle [89] (and (2.18)), exhibiting the same exponential
dependence. Alternative, more elaborate ways of verifying functional inequalities in this

context would be highly interesting, but this is not the approach we take in this thesis.

2.1.2.3 Relationship to Bernstein-von Mises theorems

A key idea in our proofs is to use approximate curvature of £y () ‘near’ the ground truth 6.
On a deeper level this idea is related to the possibility of a Bernstein-von Mises theorem which
would establish precise Gaussian (‘Laplace-type’) approximations to posterior distributions,
see [104, 106, 172] for the classical versions of such results in ‘low-dimensional’ statistical
models, and [66, 33-35] for high- or infinite-dimensional versions thereof.

Such an approach is taken by [14] who attempt to exploit the asymptotic ‘normality’
of the posterior measure to establish bounds on the computation time of MCMC-based
posterior sampling, building on seminal work by Lovasz, Simonovits and Vempala [113, 114]
on the complexity of general Metropolis-Hastings schemes. While [14] allow potentially for
moderately high-dimensional situations (by appealing to high-dimensional Bernstein-von
Mises theorems from [66]), their sampling guarantees hold for rescaled posterior measures
arising as laws of VN (0—0)|Z(N) where § = 6(ZN)) is an initial ‘semi-parametrically efficient
centring’ of the posterior draws 6| Z(N) (cf. also Remark 2.2.10 below). In our setting such
a centring is not generally available (in fact that one can compute such centrings, such as
the posterior mode or mean, in polynomial time, is a main aim of our analysis). The setting
in [14] thus appears somewhat unnatural for the problems studied here, also because the
conditions there do not appear to permit Gaussian priors.

For the Schrodinger equation example considered in this thesis, Bernstein-von Mises
theorems were obtained in the recent paper [131] (in a slightly different but closely related
measurement setting). While we follow [131] in using elliptic PDE theory to quantify
the amount of curvature expressed in the ‘limiting information operator’ arising from the
Schrodinger model, our proofs are in fact not based on an asymptotic Gaussian approximation
of the posterior distribution. Rather we use tools from high-dimensional probability to deduce
local curvature bounds directly for the likelihood surface, and then show that the posterior
measure is approximated, in Wasserstein distance, by a globally log-concave measure that
concentrates around the posterior mode (see Theorem 2.4.14). While one can think of this as
a ‘non-asymptotic’ version of a Bernstein-von Mises theorem, the underlying techniques do
not require the full inversion of the information operator (as in [131] or also in [125, 135]),
but solely rely on a ‘stability estimate’ for the local linearisation of the forward map, and

hence are likely to apply to a larger class of PDEs. A further key advantage of our approach
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is that we do not require the initialiser for the algorithm to be a ‘semi-parametrically efficient’
estimator (as [14] do), instead only a sufficiently fast ‘nonparametric’ convergence rate is

required, which substantially increases the class of admissible initialisation strategies.

2.1.2.4 Regularisation/optimisation literature

Regularisation-driven optimisation methods have been studied for a long time in applied
mathematics, see for instance the monographs [63, 95]. In the setting of non-linear operator
equations in Hilbert spaces and with deterministic noise, ‘local’ convergence guarantees for
iterative (gradient or ‘Landweber’) methods have been obtained in [81, 95], assuming that
optimisation is performed over a (sufficiently small) neighbourhood of a maximum. The proof
techniques underlying our main results allow as well to derive guarantees for gradient descent
algorithms targeting, for instance, maximum a posteriori (MAP) estimates, see Section
2.2.2.5. Specifically, in Theorem 2.2.8, global convergence guarantees for the computation
of MAP estimates over a high-dimensional discretisation space are given, in our genuine
statistical framework, paralleling our main results for Langevin sampling methods, which
can be regarded as randomised versions of classical gradient methods. A main attraction of
studying such randomised algorithms, and more generally of solving the problem of Bayesian
computation, is of course that one can access entire posterior distributions, which is required
for quantifying the statistical uncertainty in the reconstruction provided by point estimates

such as posterior mean or mode.

2.1.3 Notations and conventions

Throughout, N will denote the number of observations in (2.3) and D will denote the
dimension of the model from (2.4). For a real-valued function f :RP — R, its gradient and
Hessian are denoted by Vf and VZ2f, respectively, while A = V7V denotes the Laplace

operator. For any matrix A € RP*P we denote the operator norm by

[Allop = sup || A9|[go.
Vil ellgp <1

If A is positive definite and symmetric, then we denote the minimal and maximal eigenvalues
of A by Apnin(A) and \ez(A) respectively, with condition number £(A) := Aoz (A) / Amin(A).
The Euclidean norm on R” will be denoted by || - ||gp. The space £2(N) denotes the usual
sequence space of square-summable sequence (a,, : n € N), normed by || - ||s,. For any a € R,
we write a4 = min{a,0}. Throughout, <, >, ~ will denote (in-)equalities up to multiplicative
constants.

For a Borel subset O C R d € N, let LP = LP(O) be the usual spaces of functions
endowed with the norm | - ||}, = [, |h(z)[Pdz, where dz is Lebesgue measure. The usual

L?(O) inner product is denoted by (-, ) r2(0)- If O is a smooth domain in R9, then C(O)
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denotes the space of bounded continuous functions i : O — R equipped with the supremum
norm || - ||oc and C*(O), a € N, denote the usual spaces of a-times continuously differentiable
functions on O with bounded derivatives. Likewise we denote by H*(O) the usual order-«
Sobolev spaces of weakly differentiable functions with square integrable partial derivatives
up to order @ € N, and this definition extends to positive a ¢ N by interpolation [161]. We
also define (HZ(0))* as the topological dual space of

(H3(0) = {h € H*(O) : tr(h) = 0}, || - | m2(0)),

where tr(-) denotes the usual trace operator on O. We will repeatedly use the inequalities

gkl e < clc, O)|gllmalbllga, o> d/2, (2.7)
IRl s < ¢(B, 0, Q)RS PR3, 0<B<a (2.8)

for g,h € H?, see, e.g., [109]. For Borel probability measures 1, 12 on RP with finite second

moments we define the Wasserstein distance

W3 (1, p2) =  inf / 0 — V||zpdv(0,9), 2.9
Fn) = it 0= 0Eodv(o.9) (29)
where T'(uq1, u2) is the set of all ‘couplings’ of uy and g, i.e., probability measures v on
RP x RP satisfying v(A x RP) = 1 (RP) and v(RP x A) = pa(RP) for all Borel sets A C R”
(cf. [176]). Finally we say that a map H : RP — R is Lipschitz if it has finite Lipschitz norm

|y = sup &= HG)

(2.10)
r#y,z,yERP ||:E - yHRD

2.2 Main results for the Schrodinger model

Our object of study in this section is a nonlinear forward model arising with a (steady state)
Schrédinger equation. Throughout, let @ € R? be a bounded domain with smooth boundary
00. For convenience we will restrict to d < 3, dimensions d > 4 could be considered as
well at the expense of further technicalities. Moreover, without loss of generality we assume
vol(0) = 1.

Suppose that g € C*°(00) is a given function prescribing boundary values g > gpmin > 0
on 0O. For an ‘attenuation potential’ f € H*(O), consider solutions u = uy of the PDE

{éAu — fu=0 on O, (2.11)

u=g¢g on 00.
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If « > d/2 and f > 0 then standard theory for elliptic PDEs (see Chapter 6 of [71] or Chapter
4 in [42]) implies that a unique classical solution uy € C%(O) N C(O) to the Schrodinger
equation (2.11) exists. The non-linearity of the map f — u; becomes apparent from the

classical Feynman-Kac formula (e.g., Theorem 4.7 in [42])
— _ T - fTO J(Xs)ds
Uf($) - uf,g(w) =F g(XT(D)e 0 y & S Oa (212)

where (X5 : s > 0) is a d-dimensional Brownian motion started at = with exit time 7o from
O. This PDE appears in various settings in applied mathematics; for example an application

to photo-acoustics is discussed in Section 3 in [10].

2.2.1 Bayesian inference with Gaussian process priors
2.2.1.1 The Dirichlet-Laplacian and Gaussian random fields

In Bayesian statistics popular choices of prior probability measures arise from Gaussian
random fields whose covariance kernels are related to the Laplace operator A, see, e.g.,
Section 2.4 in [155] and also Example 11.8 in [69] (where the closely related ‘Whittle-Matérn’
processes are considered).

Let go denote the symmetric Green kernel of the Dirichlet Laplacian on O, which for
¢ € L*(O) describes the unique solution v = V[¢)] = [, go(-,y)¢(y)dy € HE(O) of the
Poisson equation Av/2 =1 on O. By standard results (Section 5.A in [161]) the compact
(, ) L2(0)-self-adjoint operator V has eigenfunctions (e, : k € N) forming an orthonormal basis
of L?(O) such that V[y] = 322 up{ex, V) 12(0)ek, With (negative) eigenvalues py satisfying
the Weyl asymptotics (e.g., Corollary 8.3.5 in [162])

1

— o~ g2 as k — 00, 0< A <Apy1, k€N (2.13)

A =
| 11|

The ‘spectrally defined’” Sobolev-type spaces Ho = {F € L*(O) : Y72, AY(F, ek>%2(o) < o0}

are isomorphic to corresponding Hilbert sequence spaces

00
h* = {0 € Lo(N) : [|0]7a = > Apb; < oo}, h®=:l(N).
k=1

One shows that H, is a closed subspace of H*(O) and that the sequence norm || - ||pe is
equivalent to [| - [| a(0) on Ha. For o even, this follows from the usual isomorphism theorems
for the «/2-fold application of the inverse Dirichlet-Laplacian, and extends to general «
by interpolation, see Section 5.A in [161]. One also shows that any F' € H*(O) supported
strictly inside of O belongs to H,,.
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A centred Gaussian random field M, on O can be defined by the infinite random series
Ma(w) = Y- N gren(w), © € O, gi ~* N(0,1). (2.14)
k=1

For a« > d/2 one shows that M, defines a Gaussian Borel random variable in C(O) N
{h uniformly continuous : h = 0 on 0O} with reproducing kernel Hilbert space equal to H,
(see Example 2.6.15 in [72]), thus providing natural priors for a-regular functions vanishing
at 0O. Such Dirichlet boundary conditions could be replaced by Neumann conditions at the
expense of minor changes (see p.473 in [161]). We finally note that our techniques in principle
may extend to other classes of priors such as exponential Besov-type priors considered in
[105], but we focus our development here on the most commonly used class of a-regular

Gaussian process priors.

2.2.1.2 Re-parameterisation, regular link functions, and forward map

To use Gaussian random fields such as M, to model a potential f > 0 featuring in the
Schrodinger equation (2.11), we need to enforce positivity by use of a ‘link function” ®. While
® = exp would appear natural, it will be convenient (following [136]) to choose a function

that does not grow exponentially towards oc.

Definition 2.2.1 (Regular link function). Let K, € [0,00). We say that ® : R —
(K min, ) is a regqular link function if it is bijective, smooth, strictly increasing (i.e. ®' >0
on R) and if for any k > 1, the k-th derivative of ® satisfies sup,cp |<I>(k) (z)] < .

For a simple example of a regular link function ®, see e.g. Example 3.2 of [136]. To ease

notation, we denote the composition operator associated to ® by
d*: L?(0) —» L*(0), F i doF =d*(F). (2.15)

Now to describe a natural parameter space for f, we will first expand functions F' € L?(O)

in the orthonormal basis from Section 2.2.1.1,

F=Fy=> Oer, (Op:k=12,...)€l(N), (2.16)
k=1

and denote by ¥(0) = Fp the map ¥ : /5(N) — L?(O) that associates to the vector § the
‘Fourier’ series of Fy. We then apply a regular link function ® to Fy and set fy := ® o Fy.
For a > d/2, one shows (see (2.178) below) that Fy € H*(O) implies fyp € H*(O) and hence
solutions of the Schrédinger equation (2.11) exist for such f. If we denote the solution map
f = uy from (2.11) by G, then the overall forward map describing our parametrisation is
given by

G:h* — L*(0), G(0) = uy, = [G o ®* o U|(6). (2.17)
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We shall frequently regard G as a map on the closed linear subspace R” of h® consisting
of the first D coefficients (61, ...,0p) of § € h®. Moreover it will be tacitly assumed that a
regular link function ® : R — (Knipn, 00), Kpmin > 0, has been chosen. We also note that the
solutions of (2.11) are uniformly bounded by a constant independent of 6 € h®, specifically

1G(O)lloo = Tlusylloo < [lglloo, (2.18)

as follows from (2.12) and fp > 0. This ‘bounded range’ property of G is relative to the norm
employed; for instance the ||uy, || ga-norms are not uniformly bounded in § € h® for general

Q.

2.2.1.3 Measurement model, prior, likelihood and posterior

For the forward map G from (2.17), we now consider the measurement model
Yi=G(0)(X;) +e, i=1,...,N, g~ N(0,1), X;~"4 Uniform(O0).  (2.19)

The i.i.d. random vectors
7N = (zZ)X, = (vi, X)X, (2.20)

are drawn from a product measure on (R x O)Y that we denote by P)¥ = @Y Py. The
coordinate (Lebesgue) densities py of the joint probability density pév = Hij\;l pg of PGN are of

the form
po(y, z) = \/127 exp{ - é[y — g(@)(x)]Q}’ yeR,z e O, (2.21)

(recalling vol(O) = 1) and we can define the log-likelihood function as
1 2
In(8) = logpl + Nlog V2 = 5 > (Y- G(0)(X)”. (2.22)
i=1

When using Gaussian process prior models in Bayesian statistics, a common discretisation
approach is to truncate the (‘Karhunen-Loéve’ type) expansion of the prior in a suitable
basis, cf. [105, 155, 80, 52]. In our context this will mean that we truncate the series defining
the random field M, in (2.14) at some finite dimension D to be specified. For integer « to
be chosen, and recalling the eigenvalues (\; : k € N) of the Dirichlet Laplacian from (2.13),

we thus consider priors
0~ T =Ty ~ N0, N~ VDN A = diag(AF, ..., \D), (2.23)

supported in the subspace R” of h® consisting of its first D coordinates. The Lebesgue
density dIT of IT on R? will be denoted by m. The posterior measure II(-|Z(")) on R” then
arises from data Z(N) in (2.19) via Bayes’ formula. Writing ||]|pe = || Fpl|ne, its probability
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density function of II(-|ZY)) is given by

7(0]ZM)) x N7 (9) (2.24)
1 N , Nd/(2atd)
o exp {—2 Y (Yi—G0)(X)" - f!\ellﬁa , 0 €RP.
i=1

2.2.2 Polynomial time guarantees for Bayesian posterior computation
2.2.2.1 Description of the algorithm

We now describe the Langevin-type algorithm targeting the posterior measure II(-|Z (N )). It
requires the choice of an initialiser 0;,;; and of constants €, K,~. Throughout, we use the
initialiser O, = Oinit(ZN)) € RP constructed in Theorem 2.5.10 in Section 2.5.4 (computable
in O(N%) polynomially many steps, for some by > 0). For € > 0 to be chosen we define the

high-dimensional region
B={0eRP: |0 —Oiillgp < eD9/2}. (2.25)

We then construct a proxy function fx : RP? — R which agrees on B with the log-likelihood
function £ from (2.22). Specifically, take the cut-off function a = o, from (2.53) and the
convex function g = g, from (2.52) with choice n = eD™%? and |- |; = || - [|[gp. Note that a
is compactly supported and identically one on B and that g vanishes on B. Then for K to be

chosen, /y takes the form
In(0) :== a(0)ln(0) — Kg(0), 6ecRP. (2.26)

This induces a proxy probability measure, correspondingly denoted by II(-|Z(")), with
log-density

d

log (0| Z™)) = I (0) — N2a+a||f]||?a /2 + const., 6 € RP. (2.27)

Note that 7(-|Z®)) coincides with the posterior density m(-|Z™)) on the set B up to a
(random) normalising constant. The MCMC scheme we consider is then given in Algorithm
3 and the law of the resulting Markov chain (9J;) € RP will be denoted by Py, ..

While the algorithm is related to stochastic optimisation methods based on gradient
descent, the diffusivity term is of constant order in k, allowing (%) to explore the entire
support of the target measure. It coincides with the unadjusted Langevin algorithm (see
Section 2.5.1) targeting m(-|Z(N)) as long as the iterates (9;) stay within the region B ¢ RP
we have initialised to. When (%) exits B, the Markov chain is forced by the ‘proxy’ function
{n to eventually return to B. This procedure is justified since most of the posterior mass will
be shown to concentrate on B with high probability under the law of Z(V), [In fact a key

step of our proofs is to control the Wasserstein-distance between the measures induced by the
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Algorithm 3

Input: Initialiser 6;,; € R, convexification parameters €, K > 0, step size v > 0, i.i.d.
sequence & ~ N(0,Ipxp).

Output: Markov chain 91, ..., 9, -- € RP.

1: initialise Y9 = 0,4t

2: for k=0,1,... do

3 g1 = +yVieg#(05| ZM)) + 29614
4: return (U :k=1,...)

densities 7(:|ZM), 7 (-] Z(N)), cf. Theorem 2.4.14.] Note that while the ball in (2.25) shrinks
as dimension D — oo, relative to the step-sizes v permitted below, B has asymptotically
growing diameter. The results that follow show that the Markov chain (J;) nevertheless
mixes sufficiently fast to reconstruct the posterior surface on B with arbitrary precision after

a polynomial runtime.

To demonstrate the performance of Algorithm 3 in a large N, D scenario, we now make

the following specific choices of the key algorithm parameters €, K, .

Condition 2.2.2. Let 0;,;: be the initialiser from Theorem 2.5.10 and suppose that

1

i=——, K:=ND%logN)?
= g N (log N)*,

1
< .
7= ND8/(log N)?
2.2.2.2 Conditions involving 6

The convergence guarantees obtained below hold for moderately high-dimensional models
where D is permitted to grow polynomially in N, and under the frequentist assumption
that the data Z(Y) from (2.19) is generated from a fixed ground truth 6y inducing the law
Pég . Note that we do not assume that 6y € R?, but rather that 6y € h® is sufficiently well
approximated by its ¢5(N)-projection 6y p onto RP. The precise condition, which is discussed

in more detail in Remark 2.2.9 below, reads as follows.

Condition 2.2.3. For integers d < 3 and o > 6, suppose data ZW) from (2.20) arise in the
Schrodinger model (2.19) for some fized 0y € h*. Moreover, suppose that D € N is such that
for some constants co > 0,0 < ¢ < 1/2, and 6y p = ((60)1, ---, (60)D)

D < N+, 1G(8y,p) — G(0o) | 2oy < chN /G, (2.28)

Though it will be left implicit, the results we obtain in this section depend on 6y only

through ¢, and an upper bound S > ||6||pe .
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2.2.2.3 Computational guarantees for ergodic MCMC averages

We first present a concentration inequality for ergodic averages along the Markov chain
(9%). Proposition 2.2.4 is non-asymptotic in nature; hence its statement necessarily involves
various constants whose dependence on D and N is tracked. Theorems 2.2.5 and 2.2.6 then
demonstrate how the desired polynomial time computation guarantees, including Theorem
2.1.1, can be deduced from it.

For ‘burn-in’ time J;;, € N and MCMC samples (Jy : k = Jip, + 1,..., Jin + J) from

Algorithm 3, define
1 Jin+J

> H(W), H:RP R
k:Jin+1

7, (H) =

<

We also set, for ¢; > 0 to be chosen,
B(y) ==« [7D<d+24)/d(log N)® 42N D@4/ (10 N)m} + exp(—Nﬁﬁid). (2.29)

The quantity B(+) is an upper bound for the error incurred by the Euler discretisation of
the Langevin dynamics (see (2.163) below) and by the ‘proxy’ construction (2.27).

Proposition 2.2.4. Assume Condition 2.2.8 is satisfied and consider iterates 9y of the
Markov chain from Algorithm 8 with O;n:t, €, K, v satisfying Condition 2.2.2. Then there exist
constants cy,ca, ...,c5 > 0 such that for all N € N, any Lipschitz function H : RP = R, any

burn-in period
log N

"= AyND—4/d

any J €N, any t > 2||H| Lip\/B(Y) and on events Ex (measurable subsets of (R x O)N) of
probability PéX(gN) > 1 — ¢y exp(—cz N Catd)y,

Ji x log (D + B(y)™Y), (2.30)

. t2N2Jy )
DS, (1+ DT/ (NTy)))

Panzt(’ﬁ-in - EH(H|Z(N))| > t) < ¢5 €xp ( -

The next result concerns computation of the posterior mean vector
EMg|ZzV)] = / om(6]2N))df
R

by ergodic averages

- 1
J
07, = 5 > Yk Jin,J €N,
k:Jzn+1
within prescribed precision level €. For convenience we assume € > N~F which is natural in

view of the statistical error to be considered in Theorem 2.2.6 below. To this end, we make
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an explicit choice for the step size parameter

’ £2 € 1
Y =7 = min ( D(d+24)/d> /N D(22+d/2)/d” N D8/d

) x (log N)™". (2.31)

Theorem 2.2.5. Assume Condition 2.2.3 is satisfied. Fiz P > 0 and let ¢ > N~F. Consider
iterates Uy, of the Markov chain from Algorithm 3 with 0;n, €, K satisfying Condition 2.2.2
and with v = 7. as in (2.31). Then there exist cg, c7,cg > 0 and at most polynomially growing

constants
gp,Ne = O(D"N"2e7%) by, by, by > 0, (2.32)

such that for all N € N, Ji, > gp ne, J € N and on events Ex of probability PGJX(SN) >
1 — 7 exp(—cg N (2otd)),

Po,,.. (1107, — EM01Z)|gp > ¢) < esDexp (- Ty, (2.33)
9D,Ne

Theorem 2.2.5 implies that for J;, A J > gp ne X log D, one can compute the posterior
mean vector within precision € > 0 with probability as close to one as desired. Using this
and Theorem 2.5.10 (whose hypotheses are implied by those of Theorem 2.2.5), we have in
particular also proven Theorem 2.1.1. Similar bounds for computation of E(H|ZM)) can

be obtained as long as ||H||1i, grows at most polynomially in D.
We conclude this subsection with a result concerning recovery of the actual target of
statistical inference, that is, the ground truth 6y. It combines Theorem 2.2.5 with a statistical
rate of convergence of E'[0|Z™] to 6y, obtained by adapting recent results from [126] to the

present situation.

Theorem 2.2.6. Consider the setting of Theorem 2.2.5 with P = o2 /((2a+d)(a+2)). There
exist further constants cg, c10,C11,c12 > 0 such that for all N € N, all ¢ > an_ﬁa%?,
with gp N from (2.32) and on events En of probability PéOV(EN) >1—cg exp(—cloNd/(2a+d)),

Pos (1, ol > <) < enesn (- -2, (2.34)

While the statistical minimax-optimal rate towards 6y € h® in this problem can be

expected to be faster than N~ (see [131]), it appears unclear how to obtain this rate

when Fy is discretised by means of the (for the purposes of the theory developed in this

chapter essential) spectral decomposition of the Dirichlet-Laplacian from Section 2.2.1.1. The

difficulty arises with the approximation theory of the space H¥(O) (equal to the completion
of C(0) in H*(0)) and is not discussed further here.
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2.2.2.4 Global bounds for posterior approximation in Wasserstein distance

The previous theorems concern the computation of specific posterior characteristics; one may
also be interested in global mixing properties of the laws £(v;) induced by the Markov chain
(¥ : k € N) towards the target II(-|Z(N)), for instance in the Wasserstein distance from (2.9).

Theorem 2.2.7. Assume Condition 2.2.3 is satisfied, let L(V}) denote the law of the k-th
iterate ¥y, of the Markov chain from Algorithm 3 with O, €, K,y satisfying Condition 2.2.2,
and let B(),c1 be as in (2.29). For any P > 0 there exist constants c1,c13, c14, C15, 16 > 0
such that on events En of probability PGIX(SN) > 1—ci3exp(—ciy N¥ 2oty and for all N € N,
the following holds.

i) For any k > 1,

W3 (L(W0k), [ Z2MN]) < e15D?/4(1 — e;eND™* )k + B(y). (2.35)

ii) For any ‘precision level’ e > N~ and for v = ~. from (2.31), there exists
iz = O(N"' D7), by, by, by > 0, (2.36)
such that for any k > kmiz,

Wa(L(04), 1T Z2V)) < e.

The first term on the right hand side of (2.35) characterises the rate of geometric
convergence towards equilibrium of (9); the factor ND~%%y can be thought of as a spectral
gap of the Markov chain (related to the ‘average local curvature’ of ¢y (-) near 6y in the
Schrodinger model). Choosing v = 4. as in (2.31), part ii) further establishes ‘polynomial-time’

mixing of the MCMC scheme towards the posterior measure.

2.2.2.5 Computation of the MAP estimate

Our techniques also imply the following guarantees for the computation of mazimum a
posteriori (MAP) estimates

9 € arg max (0] ZN)

MAP gaeRD (0] )

by a classical gradient descent method applied to the ‘proxy’ posterior surface (2.27).

Theorem 2.2.8. Assume Condition 2.2.3 is satisfied and let O;n;: denote the initialiser from

Theorem 2.5.10. For k =0,1,2,..., consider the gradient descent algorithm

1

Yo = ezmtv ﬁk+1 =+ /Yv 10g7['(”(91€|Z )7 T NDS/d(IOg N)4
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There exist constants cy7, c18, C19, C20, co1 > 0 such that for all N € N and on events En of
probability at least PéX(EN) >1—ci7 exp(—clgNd/(2a+d)) we have the following:

i) A unique mazimiser Oyrap of m(0]ZW) over RP ewists.
i) For all k > 1, we have the geometric convergence

o il c0
9% — Onmaplpp < cr9D (1 DlQ/d(logN)ll)Jf'

iii) Finally, we can choose k = O(D'*/?(log N)®) such that

19 — Oollg, < coy N~ Zardats,

2.2.2.6 Remarks

Remark 2.2.9 (About Condition 2.2.3). In principle the upper bound for D required in
Condition 2.2.3 could be replaced by general conditions on D (alike those from Lemma 2.3.4)
which do not become more stringent as « increases. From a statistical point of view, however,
a choice D < ¢ N/ (2a+d) ig natural as it corresponds to the optimal ‘bias-variance’ tradeoff
underpinning the convergence rate towards 6y € h* from Theorem 2.2.6. [In fact, the second
requirement in (2.28) can be checked for fy € h* and D ~ N%(22+d) since G is £o(N) — L?(O)
Lipschitz.] Moreover, combined with o > 6, such a choice of D provides a convenient sufficient
condition throughout our proofs: It is used critically when showing (in Theorem 2.4.14) that
the proxy posterior measure II(-| Z(V)) contracts about a || - |gp-neighbourhood of @y of radius
D~*? on which the Fisher information in the Schrédinger model has a stable behaviour (see
(2.116)). It is also required for our initialiser €;,;; to lie in this neighbourhood (Theorem
2.5.10). While it is conceivable that the condition on « could be weakened (as discussed, e.g.,
in the next remark), it would come at the expense of considerable further technicalities that

we wish to avoid here.

Remark 2.2.10 (Preconditioning and rescaling). Given the ‘local’ nature of Algorithm 3, one
may be interested in sampling from the distribution of 6|2 (N) by first running an appropriate
modification of Algorithm 3 generating samples (¢ : k£ > 0) of the rescaled and recentred law
vy of AJ_V1 (0—0;1i¢) with probability density propotional dvy (¢) o< m(0init+AN1|Z (v )), where
An € RP*P ig a sequence of ‘preconditioning’ matrices, and then setting 9r = 0init + ANUy,
see, e.g., Section 4.2 in [48]. The techniques underlying our proofs also apply to such
preconditioned algorithms by obvious modifications of the surrogate construction (using
also that Wa(L(V), II(:|ZM)) < Wo(L(1r),vN), where the constant in < depends only
polynomially on the eigenvalues of Ax). This may speed up the algorithm (e.g., in terms of
explicit constants b;, b, b; in Theorems 2.1.1, 2.2.5 and 2.2.7 respectively), for instance, in the

Schrédinger equation it would be natural to choose for Ay the action of the Laplace operator
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A on RP to ‘stablise’ the curvature bounds in Lemma 2.4.7. However, when investigating the
question of existence of polynomial time sampling algorithms, such preconditioning arguments
appear less relevant. For instance, for the pCN algorithm discussed in Section 2.1.2, the
global likelihood ratios determining the mixing time of the Markov chain obtained in [80]
still grow exponentially in N after rescaling. Likewise, for rescaled Langevin algorithms,
the ‘qualitative’ picture of computational hardness (in the context of this thesis) remains

unchanged.

2.3 General theory for random design regression

In proving the results from Section 2.2, we will first develop some theory which applies to
general nonlinear regression models. We thus consider in this section the measurement model
(2.3) for a general forward model G that satisfies a set of analytic conditions to be detailed
below. Let © be a (measurable) linear subspace of ¢3(N) which itself admits a subspace
RP C O for some D € N. Let O be a Borel subset of R? d > 1, and consider a model of
regression functions {G(0) : § € O} via a Borel-measurable forward map G : © — C(O).
While we regard each G(6) as a continuous real-valued function, the results of this section
readily extend to vector or matrix fields over manifolds O, see Remark 2.3.11. Our data is

given by Z; = (i, X;) arising from
Y, =60)(X;)+e, i=1,..,N, (2.37)

where X; ~#d pX  PX 5 Borel probability measure on O, and where ¢; ~id-d- N(0,1),
independently of the X;’s. We write ZWV) = (Zy, ..., Zy) for the full data vector with joint
distribution P)¥ = @Y Py on (R x O)", with expectation operator E)Y = @~ | Ey. Then the
log-likelihood functions of the data Z(") and of a single observation Z = (Y, X) ~ Py are
given by

In(0) =ty (0, 20)) = - [Y—G(0)(X)]?, (2.38)

1
2

DN |

N
Y [Yi—GO)(Xo)?, £(0)=1(0,2) =
=1

respectively. If we regard these maps as being defined on RP C ©, and if II is a Gaussian
prior II supported in RP, then we obtain the posterior measure II(-|Z(N)) with probability
density 7(-|ZM)) on RP as in (2.24).

The main results of this section are Theorems 2.3.7 and 2.3.8, providing convergence
guarantees for a Langevin sampling method for the posterior distribution that depend
polynomially on model dimension D and number N of measurements, and which hold on an
event (i.e., a measurable subset &€ of the sample space (R x @)Y supporting the data Z())
of the form

E = Eeonv N Einit N Ewass-
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On Econy the negative log-likelihood —¢x () will be strongly convex in some region B C RP,
while &t is the event that allows one to initialise the method at some (data-driven)
Oinit = Oinit(Z 4 )) in that set B. Finally, intersection with &,ss further guarantees that the
posterior measure I1(-|Z(N)) is close in Wasserstein distance to a globally log-concave surrogate
probability measure II(-|Z)) which locally coincides with II(-|Z()) up to proportionality
factors. In applying the results of this section to a concrete sampling problem, one needs to
show that all the events &.onv, Einit, Ewass have sufficiently high frequentist Pég -probability,
where 6 is the ground truth parameter generating data (2.37). For the event E.opn, we provide
a generic method in Lemma 2.3.4, based on a stability estimate for the linearisation of the
map G combined with high-dimensional concentration of measure techniques. The events
Einit and Eyqss are somewhat more specific to a given problem, see Remark 2.3.10 for more

discussion.

We will assume the set B C R” of local convexity to be of ellipsoidal form.

Definition 2.3.1. A norm |- | on RP is called ellipsoidal if there exists a positive definite,
symmetric matriz M € RP*P such that |0]?> = 67 M6 for any 6 € RP.

Throughout this section, for some centring §* € RP, scalar n > 0 and ellipsoidal norm

| - |1 with associated matrix M, let B denote the open subset of R” given by
B:={0cR” 106" <n}. (2.39)

One may think of #* as the projection of 6y onto R”, but at this stage this is not necessary.
While for the Schrédinger model with d < 3 we can choose |-|1 = |- ||gp, in general (e.g., when
d > 4 or in other non-linear problems) it may be convenient to consider other (ellipsoidal)

localisation regions.

2.3.1 Local curvature bounds for the likelihood function

In what follows, 6y € © is an arbitrary ‘ground truth’ and the gradient operator V = Vg will
always act on G viewed as a map on the subspace R” C ©. Specifically we shall write VG (#)
and V2G(0) for the following vector and matrix fields

VG@#): 0 -RP,  V3GH): O - RP*P,

respectively. The following condition summarises some quantitative regularity conditions on
the map G. These have to hold locally on the set B (and are satisfied, for instance, for any
smooth G). To formulate them we equip R” and RP*? with the Euclidean norm || - ||gp and
the operator norm || - [|op = || - [[gp_gp (for linear maps from RP — RP) respectively, and

RDXD

the functional norms of RP- or -valued fields are understood relative to these norms.
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[So for instance, in (2.40), one requires a bound ks for sup,co [|[V2G(0)(7)||gp_gp that is

uniform in 6 € B.]

Assumption 2.3.2 (Local regularity). Let B be given in (2.39).

i) For any x € O, the map 0 — G(0)(x) is twice continuously differentiable on B.

i) For some ko, k1,ke > 0,
sup [|G(0) — G(60) oo < ko,
0eB
sup [|[VG(0)|| Lo (o,rr) < ki, (2.40)
oeB

sup [[V2G(0)[| L (o pxp) < k2.
0B

iii) For some mgy, mi,ma > 0 and any 6,0 € B, we have

1G(8) = G(0)lloe < mol6 — b1,
IVG(0) — VG(0) . (orp) < malf — 01,
IV2G(0) — V?G(0) || (o g0y < malf — 01

We now turn to the central condition underlying the results in this section in terms of a
local curvature bound on Ey [-V2((6, Z)], with £(0) : RP? — R from (2.38). To motivate it,

notice that
= V20, 7) = [VG(O)(X)VG(O)(X)]" + [G(0)(X) — YIVZG(0)(X)]. (2.41)

If the design distribution PX is uniform on a bounded domain O then at 6§ = 6, the

Eé\g -expectation of the last expression can be represented as
T Ego[-V2€(00, Z)]v = [IVG(00) 0] 72(0), v € R”, (2.42)

Therefore, if a suitable ‘LQ(O)—stability estimate’ for the linearisation VG of G at 6y is
available, the key condition (2.43) below holds at 6y; by regularity of G this should extend to
0 sufficiently close to 6y. In the example with the Schréodinger equation studied in Section
2.2, such a stability estimate indeed follows from elliptic PDE theory, see Lemma 2.4.7.
Note that the Hessian Ey,[—V2£(0, Z)] is symmetric (by (2.41) and Assumption 2.3.2i)),

and recall that A, (A) denotes the smallest eigenvalue of a symmetric matrix A.

Assumption 2.3.3 (Local curvature). Let B be given in (2.39) and let £ : RP — R be as in
(2.38).
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i) For some cpin > 0, we have

; . _\2 .
inf Amin (Eao[=V20(0, Z)]) > Cmin: (2.43)

i) For some Cmaz > Cmin > 0, we have

zlelg [’E@OE(Q, Z)| + ”E90 [Vﬁ(@, Z)]HRD + ”E90 [V2€(9, Z)]HOP} < Cmaz- (2'44)

The following lemma, which is based on concentration of measure arguments, shows that
the local ‘average’ curvature bound in (2.43) carries over to the ‘observed’ log-likelihood
function, with high frequentist Pejg -probability, and whenever D < Ry, where the dimension
constraint is explicitly quantified in terms of the constants featuring in the previous hypotheses.
The expression for Ry substantially simplifies in concrete settings but, in this general form,
reflects the various non-asymptotic stochastic regimes of the log-likelihood function and its

derivatives.

Lemma 2.3.4. Suppose that data arises from (2.87) with {n : RP — R given by (2.38).
Suppose Assumptions 2.3.2, 2.5.3 are satisfied. There exists a universal constant C' > 0 such
that if

2

2 2 2
. Crin  ©min Chpin Cmin C Cmazx C Cmazx
R = CN mln{ min min mazx 7 mazx } 245
N 05772 ana g ko ) 0527727 C/g,n Cg/z ’ ko + k1 ) ( )

where

Cg = kogmo + kymq + kamg + ma, Cé = k‘% + koko + ko,

(2.46)
C/g/ = kgmq 4+ kimo + m1 + kgmg + mg, Cg, = kok1 + k1 + k(Q) + ko,
then for any D, N > 1 satisfying D < Ry, we have
1
N{ . R v (V) - . < —RnN
By (522 Amin [ — V2 (6, ZM)] < 2Nc,m) < 8¢ Rw, (2.47)

as well as
Py (sup [[ex(0, Z™)| + [ Ven (0, 2N [z + V2 (0, Z9)lop] > N(5emac +1))
0eB

< 24e RN 4 o= N/8,
(2.48)

Inspection of the proof shows that for the first inequality (2.47), the terms involving ¢;qz

can be removed from the definition of Ry. In the sequel we will restrict considerations to



2.3 General theory for random design regression 47

the event

gcom} = { olng )\mzn[ - v2€N(0)} > Ncmzn/Q}
S
(2.49)
N {sup [1ex (O] + IVEn O)llzo + V2 Ex(0)lop] < N(Gema + 1)},
€

whose Pég -probability is controlled by Lemma 2.3.4.

2.3.2 Construction of the likelihood surrogate function

For Bayesian computation via Langevin-type algorithms one needs to ensure recurrence of the
underlying diffusion process, a sufficient condition for which is global log-concavity (on RP)
of the target measure to be sampled from, see Section 2.5.1. To this end we now construct a
‘surrogate log-likelihood function’ / ~N : RP = R for the log-likelihood ¢ such that / N =£{N
identically on the subset {# € R” : |§ — 6*|; < 3n/8} of B from (2.39), and which will be

shown to be globally log-concave on the event £ from (2.60) below.

In order to perform the convexification of —¢p, one needs to identify the region B up to
sufficient precision. In what follows, we denote by it = Oini(ZM)) € RP a (data-driven)
point estimator where the sampling algorithm is initialised; and we define the event &y
(measurable subset of (R x O)V) by

Einit = {|Oimie — 0711 < n/8}, (2.50)

where 60;,,;; belongs to the region B. That such initialisation is possible (i.e., that &, has
sufficiently high Pég -probability for appropriate n > 0) is proved for the Schrédinger model
in Theorem 2.5.10.

We require two auxiliary functions, g, (globally convex) and o, (cut-off function): For
some smooth and symmetric (about 0) function ¢ : R — [0, c0) satisfying supp(y) C [—1, 1]
and [p p(z)dz = 1, let us define the mollifiers ¢y (z) := h™'¢(x/h),h > 0. Then, we define
the functions 7;,v, : R — R by

; 0 if t<5n/8,
T (£) 3:{ ]

(t—>5n/8)% if t>5n/8, (2.51)
Y(t) = [9017/8 * 3] (1),

where * denotes convolution, and

gy i RD = [0,00),  g(60) = (10 — Oinith). (2.52)
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Finally, for some smooth « : [0,00) — [0,1] which satisfies a(t) = 1 for t € [0,3/4] and
a(t) =0 for t € [7/8,00), we define the ‘cut-off” function

ay : RP —[0,1], an(0) = a(|0 — Oinit|1/n). (2.53)

Definition 2.3.5. For the auziliary functions g, oy, from (2.52), (2.53) and K > 0, we
define the surrogate likelihood function (y by

In:RP SR, In() := ay(0)ln(0) — Kg,(6). (2.54)

When the choice of the constant K > 0 is large enough relative to ¢4 from Assumption
2.3.2, the following global convexity property can be proved for £y (see Section 2.5 for a
proof).

Proposition 2.3.6. On the event Econy N Einit (cf- (2.49), (2.50)), when ln from (2.54) is
defined with any constant K satisfying

) 1+ )‘ma:c(M)/UQ

K > CN(cmas + 1) WG (2.55)
(C > 1 depending only on the function o above), we have
In(0) =In(0)  forall@ € RP st |6 — 6% < 3n/8,
and
o Amin (= V2N (0)) > Nemin/2, (2.56)
as well as
IVIN(0) = VIN(O)|rp < TK Amaa(M)|0 = O]lgp, 6,0 € RP. (2.57)

2.3.3 Non-asymptotic bounds for Bayesian posterior computation

We now consider the problem of generating random samples from the posterior measure

Jpe dIi(6) B C RP measurable,

(N =
H[B|Z ] - fRD eéN(G,Z(N))dH(e)’ -

arising from data (2.37) with log-likelihood (2.38) and Gaussian N (0, %) prior II of density =
on RP, with positive definite covariance matrix ¥ € RP*P,
We use the stochastic gradient method obtained from an Fuler discretisation of the

D-dimensional Langevin diffusion (see Section 2.5.1) with drift vector field V(£ + log )
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based on the surrogate likelihood function. More precisely, for stepsize v > 0 and auxiliary

variables &, ~*#4 N(0,Ipxp), define a Markov chain as

Yo = Oinit,

i (2.58)
D1 = 9% + 7 [VINWE) — S M9] + V29€k41, k=0,1,...

Probabilities and expectations with respect to the law of this Markov chain (random only
through the &, conditional on the data Z o )) will be denoted by Py. ., Eg

The invariant measure of the underlying continuous time Langevin diffusion equals the

inies 10, Tespectively.

surrogate posterior distribution given by

Sy €502 q11(0)

. (N)] .
HB|Z) = Jrp N (0.2 q11(6)

B C R” measurable.

In the following results we assume that the Wasserstein distance Wa between II(-|Z(N))

and II(-|Z (N )) can be controlled, specifically, for any p > 0, let us define the event
Euass(p) = {WR(II[-|Z], T1[ | Z]) < py2}, (259

For the Schrédinger model this is achieved in Theorem 2.4.14, for p decaying exponentially
in N, using that most of the posterior mass (and its mode) concentrate on the set B from
(2.39).

Our first result consists of a global Wasserstein-approximation of II(-|Z(")) by the law
L(9;,) on RP of the k-th iterate 9, arising from (2.58).

Theorem 2.3.7 (Non-asymptotic Wasserstein mixing). Suppose that the model given by
(2.37)-(2.38) fulfills the Assumptions 2.5.2, 2.8.3 for some 0 < n <1, that D, N € N are such
that D < Ry with Ry from (2.45) and let K be as in (2.55). Further define the constants

m = Nemin/2 + Amin(E7H, A= TE A ae(M) + Apae(570).

Then for any 0 < v < 1/A and any p > 0 the algorithm (9 : k > 0) from (2.58) satisfies, on
the event (i.e., measurable subset of (R x O)N)

E 1= Econv N Einit N Ewass (P), (260)

(with Econv, Einits Ewass(p) defined in (2.49), (2.50), (2.59), respectively), and all k > 0,

W2(LW), [ ZM])) < p+b(7) + 4(7(S, M, R) + g) (1 - %)k (2.61)
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where, for some universal constants ci,ca > 0, any R > ||6*||grp and £(X) = Mgz (E)/ Amin (),

b(v) = c1 [VDAQ + 72DA4}, (S, M, R) = con(3) 1 + Am’f(M) + R?). (2.62)

m?2 m3

From the previous theorem we can obtain the following bound on the computation of
posterior functionals by ergodic averages of 9 collected after some burn-in time J;, € N.
Specifically, if we define, for any H : RP? — R integrable with respect to II(-|Z()), the

random variable

L
w7, (H) = = H(0y), (2.63)
. J k=J;in+1

we obtain the following non-asymptotic concentration bound.

Theorem 2.3.8 (Lipschitz functionals). In the setting of the previous theorem, there exist

further constants cs,cq > 0 such that for any p > 0, any burn-in period

+7(E, M, R) + 9), (2.64)

c3
Jin > —— xlog (14+ ———
Og( p+b(v) m

my

any J € N, any Lipschitz function H : RP — R, any

t > V8| H|Lip\/p + b(7) (2.65)

and on the event £ from (2.60), we have

t2m?J~y )

(I, () = E"#| 2] 2 ) < 2exp (~ “HIZ, 1+ 1/(m7))

(2.66)

Oinit

From the last theorem one can obtain as a direct consequence the following guarantee
for computation of the posterior mean E'[0|Z o )] by the ergodic average accrued along the

Markov chain.

Corollary 2.3.9. In the setting of Theorem 2.3.8, if we define

1 ']in+J
77 _ 1
0Jin - J Z ﬁk’
k=Jin+1

then on the event £ and for t > \/8y/p + b(Y), we have for some constant cs > 0 that

(2.67)

t2m?2Jy )

Po,,., (167, — E"612)|po > t) < 2Dexp (- DA+ 1/(mJv)
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The two previous results imply that one can compute the posterior mean (or EV[H|ZN)]

with ||H||zsp < 1) within precision € > 0 as long as € 2 /p: For instance if y is chosen as

52m2 €m3/2

v ~ min {W’ W}’
then the overall number of required MCMC iterations J;;, + J depends polynomially on the
quantities N, D,m~' A, e~'. When the latter three constants exhibit at most polynomial
growth in N, D (as is the case for the Schrodinger equation treated in Section 2.2), we can
deduce that polynomial-time computation of such posterior characteristics is feasible, on
the event £ from (2.60) at computational cost Ji,, +J = O(N? D?2e78) by by, b3 > 0, with
Py. -probability as close to 1 as desired.

init

Remark 2.3.10 (About the events Epit, Ewass). Controlling the probability of the events
Einits Ewass (featuring in the definition of £ in (2.60)) on which the preceding bounds hold
may pose a formidable challenge in its own right when considering a concrete ‘forward map’ G.
For our prototypical example of the Schrodinger equation from Section 2.2, this is achieved
in Sections 2.4.2 and 2.5.4. The proofs there give some guidance for how to proceed in other
settings, too. In essence one can expect that in bounding the Pég -probability of the events
Einit, Ewass, global ‘stability’ and ‘range’ properties of the map G will play a role, whereas the
Assumptions 2.3.2, 2.3.3 employed in this section are ‘local’ in the sense that they concern
properties of G on B from (2.39) only. Discerning local from global requirements on G in
this way appears helpful both in the proofs and in the exposition of the main ideas of this

chapter.

Remark 2.3.11 (Extensions to vector-valued data). The key results of this section apply to
other settings where the ‘forward’ map G(0) defines an element of the space of continuous
maps C'(M — V) from a d-dimensional compact Riemannian manifold M (possibly with
boundary) into a finite-dimensional vector space V' of fixed finite dimension dim(V') < oo. If
we assume that the statistical errors (¢; : ¢ = 1,..., N) in equation (2.37) are i.i.d. N (0, Idy)
in V, then the log-likelihood function of the model is not given by (2.38) but instead of the

form

1Y 1
= §ZIIY GO (X)ly, 5(9)=—§HY—G(9)(X)HQV,
=1

where the X;, X are drawn i.i.d. from a Borel measure PX on M. Imposing Assumption
2.3.2 with the obvious modification of the norms there for V-valued maps, and if Assumption
2.3.3 holds for the preceding definition of ¢(6), then the conclusion of Lemma 2.3.4 remains

valid as stated, after basic notational adjustments in its proof.
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2.3.4 Proof of Lemma 2.3.4

It suffices to prove the assertion for Ry > 1. We first need some more notation: For any

x € O, we denote the point evaluation map by
G*: ©—=R, 60— GO)(z).

For Z = (Y, X) ~ Py,, we will frequently use the following identities in the proofs below

(where we recall that V and V2 act on the §-variable).

~10,2) = 5[V = G¥(0) = 5[G¥(680) + = - ¥ )"
—VU0,Z) = [G¥(0) — G(0o) — €] VGX(0), (2.68)
V20, 2) = vGX (0)VGX(0)T + [GX(0) — G(6o) — €] V3G (0), '
By, [0, 2)] = § + 5 E¥ (6% (60) - G¥ O

where we note that by Assumption 2.3.2, the Hessian V2£(6, Z) is a symmetric D x D matrix
field. When no confusion can arise, we will suppress the second argument Z and write £(6)
for £(0, Z).

Throughout, Py := N1 Zﬁ\il 0z, denotes the empirical measure induced by Z (N) | which

acts on measurable functions A : R x O — R via

1 N
Py(h) = /RXO hdPy = > h(Z
=1

2.3.4.1 Proof of (2.47)
Let us write £ := £x/N. Then, by a standard inequality due to Weyl as well as Assumption
2.3.3, we have for any 6 € B that
Amin [ = V2N (0)] = Amin (Egy [ — V2(0)]) — Ve (6) — Eo, [V2(0)]],,,
. ) (2.69)
= Crin — HV EN(Q) - E90 [v 6(0)} H

op’
Hence we deduce
(mf Amin [V2Ux (0, 2)] < Nemin/2)
HVQEN — Ey, [VQK(H)] Hop > Cpmin/2 for some 6 € B)

il
Piy(sup  sup o7 (V22 (6) = B [240)] )0 = omin2) (2.70)
(

EB vi||v|lpp <1

PQ sup  sup ’PN(QU70)|ZCmin/2)a
0€B v:|jv||pp <1
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where
guo () =07 (V20(0,) — By [V2(0)])v, v eRP.

The next step is to reduce the supremum over {v : ||v|[gp < 1} to a suitable finite
maximum over grid points v; by a contraction argument (commonly used in high-dimensional
probability). For p > 0, let N(p) denote the minimal number of balls of || - ||gp —radius p
required to cover {v : ||v|][gp < 1}, and let v;, ||v;||gp < 1, be the centre points of a minimal
covering. Thus for any v € R there exists an index i such that ||v — v;||gp < p. Hence,
writing shorthand

My = V2In(0) — Ep,[V?(0)], 0 € B,

we have by the Cauchy-Schwarz inequality and the symmetry of the matrix My,
vl Myv = v;‘ngvi +(v— vi)TMgv + UZ-TMQ(’U — ;)

= v My + [[v = villro | Mv|lgo + [[v = villgo | Movil|zo

< viTMgvi +2p sup vTMgv.

viflv]|pp <1
Choosing p = i and taking suprema it follows that for any 6 € B,

T T
sup v Mypv <2 max v; Myv;. (2.71)
vilollpp <1 i=1,..,N(1/4) * !

Since the covering (v;) is independent of 0, we can further estimate the right hand side of
(2.70) by a union bound to the effect that

Pég(sup sup 'UTMQ'U’ > Cmin/2)
0€B v:||v||pp <1

< N(1/4)- sup P£<Sup ’UTMQU‘ > Cmin/4)

viflv]lpp <1 oeB
< N(1/4 Py P — > Cmin/8) + P (| P > Cnin/8
=~ ( / ) sup 9, \ Sup N(gvﬁ 90,9*) _cmzn/ + 0o (’ N(gvﬂ*) _szn/ ) s
v:fv]|pp <1 0eB
(2.72)

where we recall that 0* is the centrepoint of the set B from (2.39). For the rest of the proof,

we fix any v € RP with ||v||gp = 1. Next, we use (2.68) to decompose the ‘uncentred’ part of

Gv,6 as
—oTV20(0, Z)0 = T [GX(0)VGE(0)T + [0 (0) — G¥(00)]V2G¥ (0) v — 20" V2G¥ (0w
= Gy,0(X) +g,,0(X),

such that

900(2) = g19(x) + egyp(@),

)
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where we have defined the centred version of §£ g as

9bo(x) = Ghg(x) — Egoldh o(X)], =€ O.

We can therefore bound the right hand side of (2.72) by

L N 1 . I I Cmin N/ 1 N I Cmin
N(4> U:”j};gg [P90(222|N;1:(9v,0 Gy0)(Xi)| > 16 >+PHO(|N,§1 gl e (X3)] > v )

1 & Cimi 1Y .
N - (LA 11 . min N (| = II ) min
+P90 (222‘1\7 izzlgl(gv,O gv,@*)(Xz)| > 16 ) + P90 (|N i:ZlEzgu,Q* (Xz)| > 16 ):|

—=:N(1/4) - (i + i + idi + ).

We now use empirical process techniques (Lemma 2.3.12 and also Hoeffding’s inequality) to
bound the preceding probabilities.

Terms ¢ and . In order to apply Lemma 2.3.12 to term ¢, we require some preparations.
By the definition of g;ig and of the operator norm || - ||op, using the elementary identity
v (aaT — bbT)v = vT(a + b)(a — b)Tv for any v,a,b € RP and Assumption 2.3.2, we have
that for any 0,0 € B,

1850 — 3 gllse < || [VG0)VG®) + [6(6) — G(00)¥*G(6)]
= VOGO +[60) ~ GOV, o o,
< (ve(®) - v6(0)][v6(0) + v6(@

I

NN Ave 2.73
+[l9@) - 6@nv*6@)|, . 0 oo, (2.73)
+[160) - 660 [v*6(6) - VGO . o
< 2m1k1|9 — 0_‘1 + mok’g‘e — 9_’1 + mgkom — 5’1
< 2Cgl6 — 6.
In particular, by (2.39) we obtain the uniform bound
sup [|g5.9 — 95 9+ lloo < 25up (|35 9(X) = G4 g |00 < 4Cg|0 — 6%[1 < 4Cgn. (2.74)
0eB 0B

We introduce the rescaled function class

I I
I._ gv,H - g’v,@*

hy : I'—1thl.0enB
0 16Cg7] ’ H {9 € }7
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which has envelope and variance proxy bounded as

sup ||hplloo < 1/4=U, sup (Ep, [hé(X)Q])% <l/4=o0. (2.75)

0eB 0eB
Next, if

d3(0,0) = B, [(hy(X) — hg(X))?], doc(8,8) = |hf — hgllee, 6,0 € B,
then using (2.73) we have that
d2(0,0) < doo(0,0) < 10 —0)1/n, 6,0 € B.

Thus for any p € (0,1), using Proposition 4.3.34 in [72], we obtain that

N(H!dy, p) < N(H',doo, p) < N(B,|- |1/, p) < (3/p)" (2.76)

For any A > 2 we have

/0 og(A/z)dx = log(A) + 1, / Jlog(A/x)de 21°g‘4 ~—flog(4),

[see p.190 of [72] for the latter inequality], and hence, using this for A = 3, we can respectively
bound the L>® and L? metric entropy integrals of #! by

4U
Too(H!) = / log N(H!, doo, p)dp < D,
0

40
B < [\ log NHT . d, p)dp 5 VD.
0

Now, an application of Lemma 2.3.12 below implies that for any x > 1 and some universal
constant L' > 0, we have that

PQO (sup ‘ Z hh(X

96.’3

[\F+\f+(D+x)/\/>D§26_$- (2.77)

We also have by the definition of 9579* that

00 < Q(k% + kOkQ)a

I ~1
Hgvﬁ* HOO < 2”91},0*

and hence by Hoeffding’s inequality (Theorem 3.1.2 in [72]) that

2N . N2 .
1 < 2 — mn <2 — ) 2.78
it < 2exp (= g A0k + kzokz)2> < 2exp 51203> (278)
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Now if we define

R2 . ON min{ Crnin Cmin c%un} (2.79)
M Cgn*’ Can’ CG I '

then for any D < R?\}I and choosing x = 4R?\}I we have

cmm\/N 4R21 < Ncm'm
= 256Cgn N = 51208

LIVD+ &+ (D+2)/VN| <

whenever C' > 0 is small enough. Therefore, combining (2.77) and (2.78), and using the

definitions of the term ¢ and of hl, we obtain

C"“”‘/N) < 4o~ 1RV (2.80)

i +1i<2e” 4Ry +P90<supf‘2h9

Terms ii¢ and iv. Let us now treat the empirical process indexed by the functions
{91[;,19 : 0 € B}. Since ||v|]|gp < 1, we have for any 6,60 € B,

190t — gyglloe < IV2G(0) = V2G(0) || e (0 moxpy < ma2l6 — O,

which also yields the envelope bound

sup gl — gbloe Il < ma sup 160 — 6%]1 < man.

Now the rescaled function class

gl _gIIG
hII = 2% v,0* 7 _ hII -0eB
0 4m277 ’ H { 0 }7

admits envelopes
sup [hlflle < 1/4 =0, sup (B, [p5(X)"])F < 1/4 =0
Thus defining
d3(0,0) := Eg, [(hylp(X) = h5(X))°],  do(6,0) = llhiy — hglloc, 6,0 € B

we have

d2(9>§) Sdoo(evé) < ‘9_9’1/777 HaéEB-



2.3 General theory for random design regression 57

Therefore, just as with the bounds obtained for term 4, we have N (H!L, da, p) < (3/p)P
thus, by Lemma 2.3.12 below,

Pég(sgp\/lﬁ‘iszhn( )>L/[\/>—|—f+(D+x)/\/>D§26_m, x>1. (2.81)

Moreover, by the hypotheses, ||gZL ‘9+|loc < k2, and hence, invoking the Bernstein inequality
(2.96) with U = 0 = ko, we obtain that

kox _
2@ + <27 x>0. 2.82
VoIt ﬁN) (2.82)

90 (‘ \F Zfzgu o+ (

We can now set

2 2
Ry .—C’Nmm{ e 2 T [
m277 mam 5 2

and choosing z = 47%?\}1[ in the preceding displays, we obtain that for C' > 0 small enough

and any D < R?VH,

CminV' N CminV'N

1+ < PGO (21612 ’Z hII ;nénTQn) 90 (’\/7 25191; 0* > %)
S 4 _4R2 II

(2.83)

Combining the terms. By combining the bounds (2.70), (2.72), (2.80), (2.83) and
using that N(1/4) < 9P < e3P (cf. Proposition 4.3.34 in [72]) we obtain that since
D<Ry< mln(’RN ,R?VH) from (2.45),

Pég(éngg Amin (= V2 (0, 2)) < Newin/2) < N(1/4) - (i + i + idi + iv)

< 463D—4Ri;1 +4€3D—4R?\’,H < 8RN,
completing the proof of (2.47). O

2.3.4.2 Proof of (2.48)

We derive probability bounds for each of the three terms in (2.48) separately. The general
scheme of proof for each of the three bounds is similar to the proof of (2.47), and we condense

some of the steps to follow.

Second order term. Using that ¢ae > Cmin, we can replace (2.70) by

PQJX(SUP Amaz [ - v2€N(97 Z)] > 3Ncmax/2) < ngg(sup sup |PN(gv,9)| > Cmm/2>
oeB 0€B v:||v||,p <1
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From here onwards, this term can be treated exactly as in the proof of (2.47) and thus, for
D <R, from (2.45), we deduce

Py (zuIB) Amaz| = V2N (0, Z)] > 3Nemay/2) < 8eRN. (2.84)
S

First order term. First, let us denote
foo(z) =" (VU0 2) = Eg [V0(0, 2)]), |[vllpo < 1,0 € B,

and let (v; : 4 =1,...,N(1/2)) be the centre points of a || - ||gp-covering with balls of radius 1/2,
of the unit ball {6 : ||0||gp < 1}. Then for any v there exists v; such that ||[v — v;||gp < 1/2
so that by the Cauchy-Schwarz inequality,

|PN(fo,0)l < [PN(fo,0 = for0)l + PN (for0)]
< v = villep VN (8) — Egy [VEO)][[go + |PN (fur,0)]
< IV N () B, [VEO) o +1PxFuro)]

Therefore, since ||u|lgp = SUD,: |y, p <1 |vTu| for any u € RP, we deduce for any 6 € B,

sup  |[Pn(foe)| <2 max |[Pn(fy0)l 2.85
”:H”HRDQ' (up) 1§i§N(1/2)| (Foio)l (2.85)

We can hence estimate

P (sup [ VEn(O)l|zp > Bemas/2) < By (sup  sup  [oT [Vx(0) = Egy[VE(O)]]| > cmar/2)
0eB 0eB vi||v||pp <1

< N(1/2)- sup Pég(zug |PN(fo.0)] = cmaz/4)-
€

v:||v||RD§1

(2.86)

We fix v € RP with |[v||gp < 1. Using (2.68), by decomposing the ‘uncentred’ part of f, g

into
VIV, Z) = vV GX(0)[G7 () — G(00)] — v VGF(0) =: [, 5(X) — ey (X)),

we can then write
foo(2) = flo(@) +efiy(a),
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where we have further defined fl{ﬂ(:z:) = 19(3}) — Ep, [fga(X)] We then estimate the
probability on the right hand side of (2.86) as follows,

Pé]g(sup |PN(fv,6)| > Cmaz/4)
0eB

< Péov(sup |Px(fi0— fao)

> Cmaz/16> + P£(|PN(f1{,9*)

> Cma:v/16)
(2.87)

+P90(Sup’PN 1)9_ 1)9*) >Cma1-/16)+P90(’PN ,Ug*) >Cmax/16)

=:1 4 4t + 291 + 2.

We first treat the terms ¢ and 4¢. By the definition of fia and Assumption 2.3.2, we have
that for any 0,0 € B,

1Fi0 = Lol < IIVG(0) = VG(0)][G(6) = G(00)] + VG(O)[G(0) — GO 1 (0 ey
< (k‘oml + k:lmo)w — §|1

Again using Assumption 2.3.2, we have likewise

sup 1 Fao = Fioll. < (koma + kimo)n.

Moreover, using that || qu’e* 0o < 2koky, Hoeffding’s inequality yields that

Ncma:v )
512k3k3/"

iiSQeXp(

Therefore, by using Lemma 2.3.12 in the same manner as in (2.77), we obtain that the

rescaled process

) g
fv,& - fv,@*

hI 0 =
s 8(kom1 + kimo)n

satisfies

Pgo (sup ‘ Z he

> L[VD+ o+ (D+2)/VN]) <277, o>1. (288

Thus, setting

2 2

c c ¢
RI’I _. CN . max ’ max , max ,
N e { (ko1 + kimo)2n?” (koma + kimo)n” kgk? }
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and choosing x = 3R]1\}I in (2.88), we obtain that for C' > 0 small enough and any D < RJl\}I,

mar VIV ) <4V (2.89)

N
1,1 1

i L5 <92 3Ry 1 pN(|__

1+ < Ze + Fa, (‘\/»E 128(kom1+/€1m0)

We now treat the terms 4ii and iv. As ||v[|gp < 1, we have that for any 0,6 € B,

H v,0 _fi{ﬁ”oo < mlw_éh? H v0_ UH*HOO < min, ” UG*HOO < k1.

Therefore, by utilising the Lemma 2.3.12 below as well as Bernstein’s inequality (2.96) in
precisely the same manner as in the derivations of (2.81) and (2.82) respectively, we obtain

the two inequalities

Th(Xi) = [1h(X3)
Pf)o (bup \/—‘ Z dmn

{\/B-F\/E—F(D—I—m)/\/ﬁ}) <27 oz >1,

and

k
Var+ 5 ) <2e7, 2> 0.

(’ Zﬁz 1;9* 3V/N

Thus, if we set

2 2
1,11 . Cmaz  Cmaz Cmaz Cmax
Ry .—CNHIIII{ 7 5 T2 R )
min® min ki 1

then for C' > 0 small enough, for any D < 372}\,H and choosing x = SR}VH

in the preceding
displays, we obtain

iii + v < de RN (2.90)

By combining (2.86), (2.87), (2.89), (2.90), using that N(1/2) < e2” (cf. Proposition
4.3.34 in [72]) and since D < Ry < min(R}\}I, RJI\}H), we conclude that

PR (sup [VEN(O)l|zp > Bemar/2) < N(1/2) - (i + i + iii + iv)
veB (2.91)
< 4e2D-3RY | 4 2D-3RyT g Ry

Order zero term. As with the previous terms, we introduce a decomposition

2

—100,2) = 516%(00) — G¥ (0))" — <[ (00) ~ ¥ (0)) + 5
2

= 50 + e () + 5,
and therefore, defining
lg(x) =: lj(2) — Eg,[lj(X)], z €0,
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we have that )

€
—0(0,Z) + Ep,[£(0)] = 15(X) + el (X) + 7
Then, using Assumption 2.3.3, we can estimate
Py (sup|fn (8, Z)| > 2¢maz + 1)
0eB

< PN (sup |in(0,Z) — Eg [£(0, 2)]| > Cmaz + 1)

0eB
c c
< PY (sup | Py (i — 1)) > £292) + P (sup | Pa(ih.)] > £2e)
veB 4 0B 4
¢ c
+ Py (sup | Py (Ig" — 1§1)] > —=*5) + Py (sup [Py (Igh)| = =)
0eB 4 0cB 4

N
1
"'P@o(ﬁ Elgi 21) =11+ + 11 + 10 + 0.
1=

To bound the preceding terms, we use Assumption 2.3.2 to deduce that for all 6,0 € B,

15 — Illoo < 211l — Illoo = || - 29(90)[9(9) G(0)] +6(0 0%l

=[G G(60)) + (G(0) — 9(90))] [5(9) -G0)]|.,
< 2]6077%0’9 - 0|17

as well as

sup [1f = 1 oo < 2Homon, 15 < .
S

Moreover, again by Assumption 2.3.2 we have that for all 6,6 € B,

5" 15" lo < 2mo|0 — G5, sup 156" = 1§¥ oo < 2mom, |15
S

Next, similarly as for the second and first order terms, in order to control the terms ¢ and iz

we now apply Lemma 2.3.12 to the empirical processes indexed by the rescaled empirical

processes
I g1 I Il
hl::l()—l 11:19 — ly~
O Skomon’ o 8mon

and in order to control the terms ¢ and v, we respectively apply Hoeffding’s inequality and

Bernstein’s inequality (2.96) in the same manner as before. Overall, if we set

RO,I C'N mi C’?na:c Cmax C?naa;
N mln{kQ 2 2’k ’ k4 }’
0MoN” Komon Ky

ROJI C'N mi { c’%nax Cmax C?’nal‘ Cmazx } (292)
= min , ,
N man?’ mon’ ki ko
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then for C' > 0 small enough, we obtain that for any D < Ry < min(R?\}I, R?\’,H),

cmaz\/N Nc?
< P ) _ max
1411+ 121 + v Bo Sup Z 32k0m0n) + 2exp ( Skf)l )
vN ,
+ Piy (sup — Z (0] 2 et + 2T

0,1 0,1
< 4e” RN +4e Rn §867RN.

Finally, we estimate the term v by a standard tail inequality (see Theorem 3.1.9 in [72]),

N

v=Pp (D (2 -1)> N) <V
=1
and thus obtain
Pl (sup |In (0, Z)| > 2¢maz + 1) < i+ i + i +iv +v < 8 *N 4 e N5, (2.93)
oeB

Conclusion. By combining (2.84), (2.91) and (2.93), the proof of (2.48) is completed. [

2.3.5 A chaining lemma for empirical processes

The following key technical lemma is based on a chaining argument for stochastic processes
with a mixed tail (cf. Theorem 2.2.28 in Talagrand [158] and Theorem 3.5 in Dirksen [55]).
For us it will be sufficient to control the ‘generic chaining’ functionals employed in these
references by suitable metric entropy integrals. For any (semi-)metric d on a metric space T,
we denote by N = N(T,d, p) the minimal cardinality of a covering of T' by balls with centres
(t;:i=1,...,N) C T such that for all t € T there exists i such that d(¢,t;) < p. Below we
require the index set © to be countable (to avoid measurability issues). Whenever we apply
Lemma 2.3.12 in this article with an uncountable set ©, one can show that the supremum

can be realised as one over a countable subset of it.

Lemma 2.3.12. Let O be a countable set. Suppose a class of real-valued measurable functions
H={hg: X =R, 00O}

defined on a probability space (X, A, PX) is uniformly bounded by U > supy ||hg||cc and has

variance envelope 02 > sup, Eth(X) where X ~ PX. Define metric entropy integrals

4o
/ 1og N(H, da, p)dp, da(6,8) = \/ EX[hg(X) — hor (X)]2,
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4U
Joc(#) = [ log N(H,docs p)dp, doc(0,6) 1= 1o = b

For X1,..., Xy drawn i.i.d. from PX and e; ~"¢ N(0,1) independent of all the X;’s, consider

empirical processes arising either as

N
\/1N ;hg El, 0 e 0o,
or as N
Zn(0) = \}Z} o(X:) — Bhy(X)), 0€0.
i=1

We then have for some universal constant L > 0 and all x > 1,

Pr <sup 1Zn(0)] > L|Jo(H) + 0v/& + (Joo(H) + Uz) /W}) <27
0cO

Proof. We only prove the case where Zx(0) = 3, ho(X;)e;/v/'N, the simpler case without

Gaussian multipliers is proved in the same way. We will apply Theorem 3.5 in [55], whose

condition (3.8) we need to verify. First notice that for |A\| < 1/||hg — h¢r||oo, and E denoting

the expectation with respect to €,

|FEe|e|FEX |hg — ho [F(X)

Eexp {)\E(hg - hg/)(X)} <1+ i |)\

k!
2 Ele|k _
<14+ NEX[h(X) — he(X)]? ) ;lv | (IAlllhe — herlloc)
k=2 :
A242(0,0)
< .
_exp{1_|)\|doo(979)} (2.94)

where we have used the basic fact E%|¢|¥/k! < 1. By the i.i.d. hypothesis we then also have

Bexp {)\(ZN(G) 3 ZN(H’))} - exp{ N2d3(0,0") } .

1 — |Adso(6,6") /N

An application of the exponential Chebyshev inequality (and optimisation in A, as in the proof
of Proposition 3.1.8 in [72]) then implies that condition (3.8) in [55] holds for the stochastic
process Zy (6) with metrics dy = 2dy and d; = ds /v/N. In particular, the do-diameter Ao(H)
of H is at most 40 and the di-diameter A1(H) of H is bounded by 4U/v/N. [These bounds
are chosen so that they remain valid for the process without Gaussian multipliers as well.]

Theorem 3.5 in [55] now gives, for some universal constant M, and any ¢; € © that

Pr (228 1Z5(8) — Zn(0)] = M(9a(H) + 1 (H) + 0/ + <U/¢N>x>> <o
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where the ‘generic chaining’ functionals 1,2 are upper bounded by the respective metric
entropy integrals of the metric spaces (H,d;),i = 1,2, up to universal constants (see (2.3) in

[55]). For ~; also notice that a simple substitution p’ = pv/N implies that

4U/VN
/ log N(H,d1, p)dp log N(H, dso, p')dp,
0

“wh

and we hence deduce that

Pr(sup|ZN(9)—ZN(9T)’ f,[ 2(H) + ovx + (Joo(H )—i—Ua:)/\/NDSex (2.95)

0cO

for some universal constant L.

Now what precedes also implies the classical Bernstein-inequality

Uz .
Pr (1Zn(0)] > ov2z + m) <277 1> 0, (2.96)

for any fixed 6§ € ©,U > ||hg||oo and o2 > EXh2(X), proved as (3.24) in [72], using (2.94).
Applying this with ; and using (2.95), the final result follows now from

Pr (;telp Zn(0)| > 27(x)) < Pr (Sgg 125 (0) = Zn (07)] > () + Pr (|Zn(60;)] > 7(2))) < 2e7,

for any z > 1, where 7(x) = L[J2(H) + o/T + (Joo(H) + Ux)/v/N] and L > 2L > 0 is large
enough. O

2.3.6 Proofs for Section 2.3.3

We apply the results from Section 2.5.1 to u = II(-| Z(V)).
Proof of Theorem 2.3.7. For any 6,6 € RP, we have for the log-prior density that

IV logm(8) — Viogm(8)[lxp = 5710 = 0)[lzp < Amaz (X710 = 0o,
)\min(_v2 logw(e)) 2 )\min(zil)a

and for the likelihood surrogate In, by Proposition 2.3.6 and on the event £, that

IVIN(0) = VIN(O) gD < TK Amaa(M)|10 — 0o,
)\m'm(_VQZN(G)) > ]\]szn/2

Combining the last two displays, and on the event &£, we can verify Assumption 2.5.1 below
for —log dII(-|ZN)) with constants

m = Nemin/2 + Anin(571), A = TE X paz (M) + Apae(Z71).
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We may thus apply Proposition 2.5.4 to obtain,

W3 (L(0x),T(-| 20N))) < 2W(IL(| 20, T 20) + 2W3 (L(0%), T1(-| 2N))
D
< p+b(y) + 41 = my/2) [0inie — Omasllfo + ]
where 0,4, denotes the unique maximiser of log dﬁ(-|Z W )) over RP (which exists on the
event Econy, by virtue of strong concavity).

We conclude by an estimate for ||6;nit — Omaz||gp- To start, notice that for any 6 € RP

we have
10 = Oinit| = (0 — Oinit) " M (0 — Oinit) > Nnin(M)]|0 — Oinit|| 20 (2.97)

Thus, for any 6 € R? with [|6 — einitH%KD > 4n% /Apin (M), we have that |6 — 6;,5¢[1 > 21, and
therefore also that g, (6) > (|0 — initl1 — 77)2 > 110 — Oinit|3. Thus, for C from (2.55) and any
6 € RP satisfying

20 4

0 — Omitllgp > = + ——,

|| t”RD = C + )\mzn(M)

using (2.97), (2.55) as well as the upper bound for |¢x(#)| in the definition of £.y,,, we obtain

14+ /\mam(M)/nz ) ’0 - eznzt‘%

~In(8) = Kgy(0) = CN(cmaz +1) Amin (M) 4

Q

> N (emas + VIO — Oiniell0

> 5N(cmaz + 1) > _ZN(Ginit)-

This implies that necessarily the unique maximiser 6; of the (on Eony) strongly concave
map /n over RP satisfies 167 — sz‘tHf@ < 20/C + 4n%/ Appin(M). Moreover, in view of the
definition of B and the hypotheses on 8* we have that

|@init — 0%|1 L R< n

Oini < |[|0init — 0%[|gp + (|0 = = onin (M)
10initl|lrp < ||Oinit lre + (|07 |rp Norsirs (M) Nomin (M)

+ R,

which also allows us to deduce

3n
10llre < 1107 — Oinitllro + [[Oinitllrp < 1/20/C + D) + R.

We further have that 67

max

log dI1(-|ZN))) and thus, for (%) the condition number of 3,

Y100 < 9%2_192 (otherwise 0;,,4,; would not be a maximiser of

1 1
2 T -1 Ty—1 2
HemazL’HRD < ‘)\mm(z_l)emaxz Hma;r < )\mm(z_il)ag b 0{7 < K(E)HHZHRD'
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Combining the preceding displays, the proof is now completed as follows:

||6max - emth[%&D S ||0max||[%gD + Hezth%@D

772

772

< k(D))10;0130 + + R?

S () [1+ + R?.

Proof of Theorem 2.3.8. For any ¢t > 0 and any Lipschitz function H : R” — R we
have
Py, (|77, (H) — EM[H|ZM)| > )
< P‘ginit (‘frin (H) - Eeinit [frjm (H)H >t— |E9 [ﬁi (H)} - EH[H’Z(N)”)
(2.98)

init

To further estimate the right side, note that for any k > Jj,, by (2.64) and Theorem 2.3.7,
we have

W3 (L), T1(-|ZM)) < 2(p + b())-
Noting that (2.167) below in fact holds for any probability measure p and thus in particular
for = TI(-|ZM)), it follows that for any Lipschitz function H : RP — R,

(Eq

init [

3, ()] = BNH|ZMN])? < 2| H7,,(p + b(7))-

Thus if ¢ > 0 satisfies (2.65), then applying Proposition 2.5.3 to both H and —H yields that
the r.h.s. in (2.98) is further bounded by

t2m2.J~y )
[H||7,(1+1/(mJy))/”

Py, (|77, (H) = Eo,,, [, (H)]| = t/2) < 2exp (—c

Proof of Corollary 2.3.9. We first estimate the probability to be bounded by

Peinit (Héjm - Eeinit [éin] ||RD >t HE9mit [é:}m] - EH[G‘Z(N)] HRD>‘
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Next, for any k > 1, let v, denote an optimal coupling between £(19;,) and TI[-|Z(V)]
(cf. Theorem 4.1 in [176]). Then by Jensen’s inequality and the definition of W from (2.9),

Jint+J

> / (6 — edyk(ee)
RDXRD

k=Jin+1

| Eq

init [

2
J- B0z, < |5

RD

Z_j( mij /]RDXJRD (0, — 0)du (0, 9’))

k=Jin+1
Zn+‘]
DY / Ze—e’ 21,6, 0')
k Tin+1 RDP xRDP

Zn+‘]

5 2 WL 1[z™)).

k»' Jin+1

IA

Thus we obtain from (2.61), (2.64) (as after (2.98)) that

100, 09,1 = E"01Z][p < V20/p + (7).

Now for any j = 1, ..., d, let us write H; : RP SR, 0 6, for the j-the coordinate projection

map, of Lipschitz constant 1. Then in the notation (2.63) we can write

For t > \/8(p + b(7)) and applying Proposition 2.5.3 as in the proof of Theorem 2.3.8 as well

as a union bound gives

SN J 2t
= Pu (3 [#, () ~ Ba 7, ()] = )

completing the proof of the corollary.

2.4 Proofs for the Schrodinger model

In this section, we will show how the results from Section 2.3 can be applied to the nonlinear
problem for the Schrodinger equation (2.17). Recalling the notation of Sections 2.2 and 2.3,
we will set 6* = 6y p, the norm |- |; := || - ||[gp as well as 7 := eD~4/? (for € to be chosen),



68 On polynomial-time computation of high-dimensional posterior measures

such that the region B from (2.39) equals the Euclidean ball
Be:={0 €RP 1|0 — 6y pllzo < D™}, (2.99)

The first key observation is the following result on the local log-concavity of the likelihood
function on B, which will be proved by a combination of the concentration result Lemma
2.3.4 with the PDE estimates below, notably the ‘average curvature’ bound from Lemma
2.4.7.

Proposition 2.4.1. Let 0y € h? satisfy ||6o|lp2 < S for some S > 0 and consider {x
from (2.22) with forward map G : RP? — R from (2.17). Then there exist constants 0 <
es = €5(0,9,P) <1 and c1,ca,c3,¢c4 > 0 such that for any € < e€g and all D, N satisfying
D< czNﬁdl? as well as |G(00) — G(0o,p)lL2(0) < iD= the event

gconv(e) = { inf Amzn( - Vng(e)) > C?,J\T_Diét/d7

0eB.

sup (| (0)] + | Ven(0) [z + | V2n (0)]lop] < eaN'}

0eB.

satisfies

_d__
P (Econu(e)) > 1 — 33e7e2N T, (2.100)

Proof. For any § € RP, Fy as in (2.16), by a Sobolev embedding and (2.13), we have
1Fplloo < 110]ln2 < D?4)|0)|gp. This and the Lemmas 2.4.4, 2.4.5, 2.4.6 verify Assumption

~

2.3.2 in the present setting, with constants

ko ~ ki ~ const., ko~ mg~my ~ D%  my~ DY
whence the constants from (2.46) satisfy

Cg ~ D%, CG ~ D2/, Cg ~ D24, C¢' ~ const..
Moreover, Lemmas 2.4.7 and 2.4.8 verify Assumption 2.3.3 for our choice of 1 with

Crmin =~ D_4/d, Crmaz == const. (2.101)
Then the minimum (2.45) is dominated by the third term, yielding that
RN = RND = €2y /CE ~ ND712/4,

Therefore, we can choose ¢ > 0 small enough such that for any D, N € N satisfying
D < eNUd+12) e also have D < RnN,p. Lemma 2.3.4 then implies that for all such D, N,
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we have p
PR (ES ) < 32e RN 4 e7N/8 < 337N, (2.102)

conv

O]

Next, if 6;,;: is the estimator from Theorem 2.5.10, then in the present setting with
e = 1/log N, the event (2.50) equals

1
Einit = | ||Oinit — 0 S il

Proposition 2.4.2. Assuming Condition 2.2.3, there exist constants cs,cg > 0 such that for
all N € N,

N —ca N4/ (204d)
Py (Einit) = 1 — cse™ :

Proof. Using Theorem 2.5.10 and « > 6, we obtain that with sufficiently high probability,
10iniz — 0o, pllzp S N™(@=2/Cetd) = o((log N)~' D=4/4).

O]

Next, denoting by II(-|Z(™)) the ‘surrogate’ posterior measure with density (2.27), and if
Euase = {WET(|Z0), I1(]Z)) < exp(~ N o) ),

is given by (2.59) with p = exp(—N%(2a+d)) then Theorem 2.4.14 implies the following

approximation result in Wasserstein distance.

Proposition 2.4.3. Assume Conditions 2.2.2 and 2.2.3. Then there exist constants c¢7,cg > 0
such that for all N € N,

N —ce N4/ (2a+d)
PQO (gwass) >1- cre s .

The preceding propositions imply that the events
EN = Econv N Einit N Ewass (2103)

satisfy the probability bound Pég (En) > 1— e "N ¥t In what follows, the events
En will be tacitly further intersected with events which have probability 1 for all N large
enough, ensuring that the non-asymptotic conditions required in the results of Section 2.3

are eventually verified.

Proof of Theorem 2.2.7. We will prove Theorem 2.2.7 by applying Theorem 2.3.7 with
the choices B = B from (2.99), € = 1/log N and K from Condition 2.2.2, p = exp(—N% (2a+d))
and M = Ipxp generating the ellipsoidal norm || - ||gp. Using (2.13), the prior covariance X
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from (2.23) satisfies
Anin(E7Y) = N3, Moo (S71) = Nzra 2/,
Then using Condition 2.2.2, we first have that
K > ND¥(log N)? ~ Nepas - (14172,
verifying the lower bound (2.55), and then also that m, A > 0 from Theorem 2.3.7 satisfy
m~ND Y1y Nzva, A~ ND¥4(log N)® + N%raDF

The dimension condition (2.28) and the condition on « further imply

ND %4> Nmsa, NmmDF <N,
whence we further obtain

m~ND™ 4 A~ ND¥log N)?. (2.104)

Noting that also v = o(A™!) with our choices, Theorem 2.3.7 yields that on the event &x
from (2.103), the Markov chain (¥J;) satisfies the Wasserstein bound (2.61) with

A% A2DA
L7

4
b(7) < ’YD2 < ’yD(d”“)/d(log N)G + 72ND(d+44)/d(10g N)12, (2.105)

m

m3

as well as
(2, M, [|60,pllzp) S () = D>/,

Using also that D/m < const., the first part of Theorem 2.2.7 follows.
For the choice of v = 7. from (2.31), straightforward calculation yields that (for N large
enough)
B(7:) = o(e® + N72P), (2.106)

which proves the second part of Theorem 2.2.7.

Proof of Proposition 2.2.4 and of Theorems 2.2.5, 2.2.6. The proof of Proposition
2.2.4 now follows directly from Theorem 2.3.8 and the preceding computations. Noting that
for all N large enough we have B(y) < N~F, Theorem 2.2.5 follows from Corollary 2.3.9,
(2.106) as well as (2.67), for Ji, > (log N)3/(7.ND~*4). Finally, intersecting further with
the event

Emean = {I|IEN[0] 2N — plp, < LN Zaraaiz}, L >0,

Theorem 2.2.6 now follows from the triangle inequality and (2.153).
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Proof of Theorem 2.2.8. In the proof we intersect &y from (2.103) further with the
event on which the conclusion of Theorem 3.14 holds. Part iii) then follows from part ii)
and straightforward calculations. Part i) follows from the arguments following (2.159) below,
where it is proved in particular that Orrap is the unique maximiser of the proxy posterior
density 7(-|Z(N)) over RP. We can now apply Proposition 2.5.2 with m, A from (2.104),

using also that

110g 7 (Oinit| ZN)) — log 7 (Oprap| 20|

S sup [N (O)]+ NYCFDasap|fa + NYCAD0 |
0E€B1 /810g N

SJ N+Nd/(2a+d)(1+D2a/d) SJ ]\f7
in view of ¢y = {y on Bi/810g v, the definition of Eny, (2.13) and since p € he.

2.4.1 Analytical properties of the Schrodinger forward map

This section is devoted to proving the four auxiliary Lemmas 2.4.5-2.4.8 used in the proof of
Proposition 2.4.1. Throughout we consider forward map G : RP? — L2(0), G =G o d* o ¥
given by (2.17) and assume the hypotheses of Proposition 2.4.1, where the set B, was defined
in (2.99).

For any f € C(O) with f > 0, by standard theory for elliptic PDEs (see e.g. Chapter
6.3 of [65]) there exists a linear, continuous operator Vy : L*(O) — HZ(O) describing (weak)
solutions V¢[1)] = w € HE of the (inhomogeneous) Schrédinger equation

(2.107)

%w—fw:dj on O,
w=0 on00.

Lemma 2.4.4. For any x € O, the map 0 — G(0)(x) is twice continuously differentiable on
RP. The vector field VGg : O — RP is given by

vV Gp(x) = Vi, [ug, (¥ 0 F)¥(v)](z), z€0, veR”,
Moreover, for any vi,va € RP and x € O, the matriz field V2Gy : O — RP*P s given by

vi V2Gy(x)va =V, [ug, ¥ (v1) ¥ (v2)(@" 0 Fp)] ()
+ Vi, [((I)/ o Fy)W(v1)Vy, [ufe (@0 Fp) ¥ (v2)]] ()
+ Vi, [(" 0 Fp)W(v2) Vi, [ug, (B 0 Fy)W(v1)]] ().
Proof. In the notation from (2.17), the map 6 — G(0)(x) can be represented as the composition

dz 0 G o ®* o U, where §, : w — w(x) denotes point evaluation. We first show that each of

these four operators is twice differentiable. The continuous linear maps ¥ : R — C(0O)
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and d, : C(O) — R are infinitely differentiable (in the Frechét sense). Moreover, the maps
G:CO)N{f >0} = C(O)and *: C(O) — C(O)N{f > 0} are twice Frechet differentiable
with derivatives DG, DG? and D®*, D?®* given by Lemma 2.5.6 and (2.177) respectively.
We deduce overall by the chain rule for Fréchet derivates (cf. Lemma 2.5.7), that x — G(0)(z)
is twice differentiable, with the desired expressions for the vector and matrix fields. The
continuity of the second partial derivatives follows from inspection of the expression for the

matrix field, and by applying the regularity results for V;, G and ®* from Section 2.5. [J

Now since ||6p]|p2 < S and by the definition (2.99) of the set B1, we have from (2.13) that

2
sup [|6][52 < (|60, 052 + sup [|6 — o,pllp2 S S+ D4 sup [|§ — bo.pllrp <S5+ 1.
0eBy 0eBy 0eBy

It follows further from the Sobolev embedding and regularity of the link function ® (Section
2.5.2.1) that there exists a constant B = B(S, ®,0) < oo, such that

sup [ Foll + [ Folle + [ olle + ol < B- (2.108)
€b1

In particular, this estimate implies that the constants appearing in the inequalities from

Lemma 2.5.5 can be chosen independently of 6 € BB, which we use frequently below.

For notational convenience we also introduce spaces
Ep = span(ey, ...,ep) C L*(O0), D €N, (2.109)

spanned by the first D eigenfunctions of A on O (cf. Section 2.2.1.1).
We first verify the boundedness property required in Assumption 2.3.2 ii).

Lemma 2.4.5. There exists a constant C > 0 such that

sup [|G(0) || < C,  sup [VG(0)|piorny < C,  sup [V2G(0)[| po (o roxny < CDY4.
0eB; 0eB; 0eB;

Proof. The estimate for [|G(6)||o follows immediately from (2.18). To estimate || VG(0)|| 00 (0rD),
we first note that by Lemma 2.4.4,

IVGO)llLommy = sup [T VG(B)||1 < sup ||V, [u, (@ 0 Fp) H|

00"
UZHUHRDSI HGEDZHHHLQSI

Thus by the Sobolev embedding || - ||co < || - ||772, Lemma 2.5.5 and boundedness of @', we

~

have that for any 6 € By and any H € Ep,

||Vf9 [ufe(q)/ © FG)H]HOO < vae [ufe ((I), ° FG)H]HH?
< Jlugy (2" 0 Fp)H||
S Mlugy llol|®” 0 Folloo || H | 2 S I H | 22
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Again using Lemma 2.4.4, we can similarly estimate HVQQ(H)HLoo(QRD) by

IV?G(0)l L~ 0mrry < sup [ VZG(0)v] 1

v:HvH]Rpgl

< sup 2HVf@ [H(q)/OF@)er [H((I)/OFG)ufe)HHoo"i_ vae [Hz((I)I/OFG)ufG]HOO
HGED:HHHLQSI

=: sup I+11.
HEED:”H”LgSl
(2.110)

Arguing as in the estimate for [|[VG(0)| (o rp), we have that for any 6 € By and H € Ep,

I S||H(® o Fp)Vy, [H(® o Fp)ug,]]| 12
SIH| 22119 0 Flloo[VF[H (@ 0 Fug]llo
SN H| 2| H(® o Fug|ze S 1H72,

as well as
1T S|[H*(®" 0 Fy)ug,lire S gy llooll®” 0 Fyllool [ H |2l H lloo S I1H]| 2| Hll 2 S DY H|25,

where we used the basic norm estimate on Ep C L?(0) from Lemma 2.4.9. By combining

the last three displays, the proof is completed. ]
Next, we verify the increment bound needed in Assumption 2.3.2 iii).

Lemma 2.4.6. There exists a constant C' > 0 such that for any D € N and any 0,6’ € RP,
1G(8) = G(O)loc < CllFp — Fylloos  1G(0) = G(0)|2 < Cl|Fp — Fyll 2, (2.111)
as well as, for any 0,0' € By,

IVG(0) = VG(0)| (o rr) < ClFs — Flloo, (2.112)
IV2G(0) — V?G(0)| (o rpxD) < CD¥4||Fy — Fj||o- (2.113)

Proof. The estimate (2.111) follows immediately from (2.173) and (2.179). Now fix any
0,0 € By. To ease notation, in what follows we write F = ¥ (), F = ¥(f), f = ® o F and
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f=®oF. For (2.112), arguing as in the proof of Lemma 2.4.5, we first have

HVQ(@) B vg(‘g)HLoo(QRD)
< sup  [0T(VG(0) - VG(0))|

vil|v]lpp <1

< sup [V [H(® o F)us] — Vi[H(® o F)ugl||
HGED:”H”LQSl
= sup[[(Vy = VR[H(® o Fugll|  + |VFH(® o F — & o Fug]||

HeEp:||H| ;2<1
+ |VFH (@ o F)(uy —up)l|l

=: sup I,+ I+ I..
HeEp:||H| 2<1

Now, we fix H € Ep for the rest of the proof. The term I, can further be estimated by
repeatedly using the Sobolev embedding || - oo < || - || g2, Lemma 2.5.5 as well as (2.108) and
(2.179):

Io = |IV[(f = F)Vlup(2" o F)H]|l
SIVI(f = HVilup(® o F)H])| g2
SI(f = FIVilup(® o F)H]|| 2 (2.114)
SIS = Flloollup(®" o F)H|| 2
SIF = Fllool Hll2-

Similarly, I is estimated as follows:
I SIIH(® o F = & o Flugllz S 1|90 F — @' o Fllos|lufllocl| H| 2 S |F = Flloo| Hl 2
Finally, we can similarly estimate
Ie S l(up = up)(® o F)H| 2 < llup — ufllocl|® 0 Flloo | Hll 2 S IF = Fllol Hll 2,

where we have also used (2.111). By combining the estimates for I, I, and I., we have
completed the proof of (2.112).

It remains to prove (2.113). In analogy to (2.110), we may fix any v € R” and it suffices to
derive a bound for v7(V2G(0) —V?G())v. To ease notation, let us write H = Vv € Ep = RP,
as well as h = H(®' o F) and h = H(® o F). Then by Lemma 2.4.4, we have the following
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decomposition into eight terms:

v (V2G(0) — V2G(0))v
= 2Vi[hVi{hufl] — 2V [WVy[hug]] + VilupH?(®" 0 F)] — Vi[uy H*(®" o F)]
= 2(Vy = V) [WVilhugl] + 2Vi [(h — )V [hug]]
+ 2V [M(V = Vi) lhuf] + 2Vy [V [(h — h)ug)] + 2V [hVi[h(uf —up)]]
+ (Vi = V) lupH*(®" 0 F)] + Vyl(uf —ug) H(®" 0 F)] + Vi[us H*(@" o F — @" o F)]
= [l + 11y + Il + I1g+ I1. + IIp + 11, + 11,
(2.115)

To estimate these terms, we will again repeatedly use (2.108), the regularity estimates
from Lemmas 2.5.5- 2.5.6 below, the estimates ||A| 2, [|h] 2 < | H| 12 as well as || f — flloo <
|F' — F||oo, which all hold uniformly in 6 € B;.

Using Lemma 2.5.5, including the estimate (2.171) with ¢ = fLVJz[BUf], we obtain

HIalloo S 1 = FllscllhVlhuglll 2 S 1 = Fllssllhll 2| ViThu gl
SIF = FllocllH N z2llhuglize S 1f = Fllooll H I llugll oo
S IF — Flloo| HIIZ2-

Similarly, we have

HTolloo S (A = R)Vilhuglll 2 S [1H (@' 0 F — @ o F)| 2| Vilhug]
S lluglloo | Hll 21 F = Fllooll g 2
SIH|Z2F = Fll,

and, again using (2.171),

HIelloo < 17(Vs = Ve)lhuglllze S IIhlle2 (Ve = V)lhugllso S I1H 22 1f = Fllsollhaegllz2
SIHIZNF = Flo.

For 11, by following similar steps as for I, we see that
I alloo S 1H 1221V [(h = R)ugllo S IH[Z2I1F = Flloo,
and similarly, using also (2.111), we obtain

HIelloo S 11|22 | Vi[h(up = up)lloo S 1H |Z2lluf = uglloo S IHIZalIF — Flloo-
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For the term I1;, we note that by the Sobolev embedding,

[wll(z)- < sup I/wwISIIwHLl sup[[lloe < wllpr, w e LYO),
vl 2<1 /O Uil 2 <1

and consequently by Lemma 2.5.5,

1flloc = IVFI(F = F)Vi{upH*(@" 0 F)]]]loc
SIF = FllocllVilupH? (2" 0 F)]|| 2
SIF = FlloollupH?(@" 0 F)l| 112
SIF = FlloollupH?(@" 0 F)| 1
SIF = Flloo| HI[Z2-

For terms I1, and 1}, by similar steps and additionally using that by Lemma 2.4.9, || H|| o S
|H|| g2 < D4 H| 12 for any H € Ep, we obtain

1 glloo S lup = ugllocllH2[|2112" 0 Flloo S If = flloollHllz2 [ Hlloo S D|IF = Flloo| H |72,

~

as well as
1 Inlloe < [ugH*(@" 0 F — @" 0 F)|| 2 < |H| 2| Hl ool F = Flloo < D¥|F = Flloo| H| -

By combining (2.115) with the estimates for the terms 11, — I}, the proof of (2.113) is
complete. ]

We now turn to the key ‘geometric’ bound from the first part of Assumption 2.3.3, which
quantifies the average curvature of the likelihood function ¢ near 6y p in a high-dimensional
setting (when P¥ is uniform on ©). The curvature deteriorates with rate D=%/¢ as D — oo,
which is in line with the (local) ill-posedness of the Schrodinger model, and the related fact
that the associated ‘Fisher information operator’ is of the form I?, with I being the inverse

of a second order (elliptic Schrédinger-type) operator (cf. also Section 4 in [131]).

Lemma 2.4.7. Let () be as in (2.38) with G : RP? — R from (2.17), and let B. be as
in (2.99). Let 0y € h? satisfy ||0olpz < S for some S > 0. Then there exist constants
0 <es <1,c1,c2 >0 such that if also [|G(00) — G(0o,0)|l12(0) < c1D~%4, then for all D € N
and all € < eg,

jnf Amin (Egy [ — V2£(0)]) > coD~4/4. (2.116)
Ser

Proof. We begin by noting that for any Z = (Y, X) € R x O, we have

—V2(9,2) = VGX(0)VGE (0)T — (v — GX(0))VGX(9).
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Using this and Lemma 2.4.4, we obtain that for any v € R?, with the previous notation
H =Y(v) and h = (9 o Fp)H,

UTEeo[_VQE(Qv Z)v = Vi, lug, (@0 Fy)H] H%Q(O) - <uf90 —uf,, 2Vy, [hVy, [hufa]]>L2((9)

— (ugy, —ugy, Viylugy H(@" 0 Fy)]) 12(0)
— [+ 11+ III
(2.117)

We next derive a lower bound on the term I and upper bounds for the terms 11 and 111, for
any fixed v € RP.

Lower bound for I. Writing ap := uy,(®' o Fp), using the elliptic L2-(HE)* coercivity
estimate (2.170) from Lemma 2.5.5 below as well as (2.108), we have

_ llaoH sy

VI = ||V}, [agH
H fo[ 0 ”|L2((’))N 1+Hf9”oo

pe HagHH(Hg)*, 0 e B;. (2.118)
The next step is to lower bound ay. By Theorem 1.17 in [42], the expected exit time 70
featuring in the Feynman-Kac formula (2.12) satisfies the uniform estimate sup,co E“10 <
K(vol(0),d) < oo. Therefore, using also Jensen’s inequality and g > gpmin > 0, we have that,
with B from (2.108),

inf inf ug, () > gmmefBK(UOI(O)’d) = Umin > 0. (2.119)

0eBy z€O

Also, since ® is a regular link function, for some k = k(B) > 0 we have

inf inf [® o F, > inf ®'(¢t) >0
elenBlaggO[ ° 0](x)_t€[1£1k,k] ()> ’

and therefore for some amin, = Amin (P, B, O, gmin) > 0,

e - ‘ ‘

9161151 ég(f) ag(z) > amin >0 (2.120)
We thus obtain, by definition of (HZ)* and the multiplication inequality (2.7) that for some
¢ = c(amin) >0,

1l g2y = llaoag Hllgszy- < llag* s llaoH | sz < (1 + lagll3po)lao H | rzye,  (2121)

where in the last inequality we used (2.178) for the function x — 1/z. Using again (2.108),
regularity of @', the chain rule as well as the elliptic regularity estimate (2.175), we obtain
that
sup lagll g2 < sup [ug, |2 sup |9 0 Fy 2 < C(g, S, 0, ) < 0. (2.122)
0eB; 0eB; 0eB;
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Therefore, combining the displays (2.118), (2.121), (2.122), we have proved that, uniformly

in 0 € By,
IH ||

2

2\ %

12 |lagH ||y 2 o) > D H|? 2.123
~ HCL@ ”(Hg) ~ 02 SupeeBl(l + HCLGH?T{2)2 ~ || HL27 ( )

where we have used Lemma 2.4.9 below in the last inequality.

Upper bound for II and III. Using the self-adjointness of Vj, on L*(O), a Sobolev
embedding, Lemma 2.5.5, (2.108), the Lipschitz estimate (2.173) as well as (2.18), we have
uniformly in 6 € By,

11 £ | [ (g, = u)Va Vs gl = | [ Vilug,, = ug )bV, g,

S Her[ufeo — uf,lllool|RVg [P, || Lo (2.124)
S Muga, = wpelle2 10l L2V, [hug, ] 2

S Mgy = wpy 2|l H 7.
Similarly, for the term IT1, using also ||®"||» < 0o, we estimate

(11| = Mufeo — gy, Vi, [ufGHZ((I)// © FG)DL?(O)‘
= ‘<Vf9 [ufeo —ug,; quHZ((I)” ° F9)>L2(O)‘

} , (2.125)
< Vs [ugay = wpllloclltiss lloo [ 7 © Folloo|[H7|[ 11

5 Hufeo - uf9HL2 HI{HQL2

Combining the displays (2.117), (2.123), (2.124) and (2.125), we have proved that for any

6 € By, any v € RP and some constants ¢, ¢’ > 0,
0" Egy[=V2U(0, Z)]v = [ D7 = lugy, — g, || 12] [ H |72
Using (2.111) and the hypotheses, we obtain that for some ¢, > 0,
gy, = wpyllze < 1G(80) = G(00,0) |12 + collf0.0 — Ollgp < (c1 + cges) D™

Thus for all ¢;,e5 > 0 small enough and taking the infimum over v € R? with |[v|gp =
U (v)||z2 = |H||z2 = 1, we obtain that for any 6 € B., and some ¢ > 0,

Amin (Eo,[-V20(0, Z)]) > ¢"D~4/4,

which completes the proof. O

Finally, we prove the upper bound required for Assumption 2.3.3 ii).
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Lemma 2.4.8 (Upper bound). For every S > 0, there exists a constant ¢paz > 0 such that
for ||6olln2 < S and all D € N, we have

sup [| gy [0, Z)]| + | Eay [V (6. Z)] 0 + 1 E6o [T, 2)]lp] <
1

Proof. For the zeroeth order term, using Lemma 2.4.5, we have that for some Ky > 0 and
any 0 € By,

| Ego[€0)]] = 1/2+1/2/|G(6) — G(00)lI7> S 1+ GO)IZ, + llug % < Ko.

For the first order term, similarly by Lemma 2.4.5 there exists some K7 > 0 such that for
any 0 € By,

1o [ = VO |[zp < [(G(00) — G(0),VG(0)) 12(0) | gp
S» HG(QO) - g(Q)Hoova(Q)HLoc(o,RD) < Kj.

For the second order term, we recall the decomposition

Amaz (Egy [ — V2(0)]) =  sup v Eg [~ V2(0)]v= sup [I+II+III],

v:||v||RD§1 v:HvHRpgl

where the terms I — II] were defined in (2.117). Suitable uniform upper bounds for the
terms I] and II] have already been shown in (2.124) and (2.125) respectively, whence it
suffices to upper bound the term I. We do this by using (2.108) and Lemma 2.5.5: for any
0 € By and any H = ¥(v), v € RP,

VI = || Vi, [ug, (2 0 Fo)H]|l 12 S llug, (' 0 Fo) Hl|2 S llug, llool| @ 0 Fyllocll Hl 22 S [[0]lgp-

O]

We conclude with the following basic comparison lemma for Sobolev norms on the
subspaces Ep C L?(0) from (2.109).

Lemma 2.4.9. There exists C > 0 such that for any D € N and any H € Ep,
1H|| 2 < CD* || H]|| 2, [|H]|z2 < CDY | H|| (2. (2.126)

Proof. Fix D € N. By the isomorphism property of A between the spaces HZ and L? (see

e.g. Theorem I1.5.4 in [109]), we first have the norm equivalence

[AH| 2 S H| gz S 1AH| 2, H € Ep.
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It follows by Weyl’s law (2.13) that
D 2
1H %2 S D0 1(H, en) 2| AF < DY H[Z..
k=1

Thus, combining the above display with the following duality argument completes the proof:

[ H|| 2 = sup |(H, ) 2| < D/ sup |(H, ) 2| < D2/d||HH(H§)*-
YEED:|[Y| 2 <1 wGEDi\WHHgﬁl

2.4.2 'Wasserstein approximation of the posterior measure

The main purpose of this section is to prove Theorem 2.4.14, which provides a bound on the
Wasserstein distance between the posterior measure II(-| Z(V)) from (2.24) and the surrogate
posterior II(-|ZM)) from (2.27) in the Schrodinger model. The idea behind the proof of
this theorem is to show that both II(:|Z(N)) and II(:|Z(N)) concentrate most of their mass
on the region (2.99) where the log-likelihood function ¢y is strongly concave (with high
Pég -probability, cf. Proposition 2.4.1). This involves initially a careful study of the mode

(maximiser) of the posterior density, given in Theorem 3.14.

2.4.2.1 Convergence rate of MAP estimates
For (Y;, X;)N | arising from (2.19) with G : R — R from (2.17), we now study maximisers

N

) 1 2 512\] 2 __a
Orap € arg max |~ 5N ; (Yi = G(0)(Xi))" - 5 NOlhe| s On = N7ZFa, (2.127)

of the posterior density (2.24). For A, from (2.23) we will write I(0) := %||9||%a = %OTAQO
for € RP. We denote the empirical measure on R x O induced by the Z; = (X;,Y;)’s as
1 1
Py =+ ;a%xi), so that /thN =% ;h(Yi,Xi) (2.128)
for any measurable map h : R x O — R. Recall also that py : R x O — [0, 00) denotes the
marginal probability densities of P}V defined in (2.21).
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Lemma 2.4.10. Let éMAp be any mazimiser in (2.127), and denote by 0y p the projection
of 0o onto RP. We have (P} -a.s.)

1 . .
§”g(9MAP) = G(00)|172 + 6% 1(Orrap)

1
< [0 Az d(Py — Pay) + 031 (00.0) + 519(00.0) = G160)
Doo,p 2

Proof. By the definitions
(n(BOrrap) — In(60.p) — N3 I(Oprap) > —~N&6%1(60.p)
which is the same as

N/log D0mar q(py — Py,) + N6%1(8o.p) > N6 1(Barap) — N/log Sovar gp, - (2.129)
Py, p Doy, p

The last term can be decomposed as

p/\
/log TOnar dPy, /log ZOmap dPy, + /log Po.p dPy,
pao p90

Doy p

1, . 4 1
= 5160rap) = G(00)l[720) — 519(00.0) = G(00)72(0)

where we have used a standard computation of likelihood ratios (see also Lemma 23 in [132]).

The result follows from the last two displays after dividing by N. O

The following result can be proved by adapting techniques from M-estimation [170] (see
also [169], [136]) to the present situation. We will make crucial use of the concentration
Lemma 2.3.12.

Proposition 2.4.11. Let a > d. Suppose ||6p||ne < co and that D is such that ||G(6y) —
G(0o,p)|lL2 < c1dn for some co,c1 > 0. Then, for any ¢ > 1 we can choose C' = C(c, ¢y, c1)
large enough so that every Orrap mazximising (2.127) satisfies

1 A ~
N (2||Q(9MAP) ~G(00)22 + 6% I(Orrap) > 06]2\,> S e N, (2.130)
Proof. We define functionals
1
7(6,0") = 516(0) - G072 + 63 1(0), 6 €RP, 0" €n,

and empirical processes

Wy / logp d(Px — Py,), Wno(0 / log d(Py — Py,), 0 € RP,
00,D
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so that
Wi (0) = Wao(0) — Wi o(bop), 0¢€RP.

Using the previous lemma it suffices to bound
By (7(Oarap,00) > C8%, W (6ar.ap) = T(Barap, 60) — 63 1(60,0) = |G(60.0) — G(00)|I72/2)
Since
1(60.0) = 100,03 /2 < ll60l7 /2 < ¢§/2 and [|G(b0,p) — G(6o)II7> < T
by hypothesis, we can choose C large enough so that the last probability is bounded by

Py (7 ( (Orrap,00) > C3%, Wy (Oriap)| > (9MAP,90)/2>

< Z py ( sup Wi o(0)] > 230512\,/8) + Py ([Wn0(60.0)| > C3%/8)
s=1 HeRP:25-1C62 <7(6,00)<2°CH2,
< 2ZP9 (sup |WNO( )’ > 250(512\7/8> , (2.131)
)

where, for s € N,

Qs := {0 c R : 7(0,0p) <2°C6%} = {0 € RP - ||G(6) — G(00)||22 + 0% [10]|7 < 2°F1C6% Y,
(2.132)
and where we have used that 0y p € ©1 for C large enough by the hypotheses. To proceed,

notice that
NWno(0) = En(0) — £n(00) — Egy[¢n(0) — €N (60)]

and that, for (Y, X;) ~¥4 Py |

In(0) — En(0o) = [(G(60)(Xs) — G(0)(X;) + &)* — €]

[\D\)—‘

1

N
(G(00)(Xi) — G(0)(X))ei — %Z(gwo)(xi) — G(0)(X:))%, (2.133)

1 =1

H
'Mz <

(2

so that we have to deal with two empirical processes separately. We first bound
ZP% <sup 1 Zn(0)] > \/N2505]2V/16) (2.134)
06

where

> ho(Xi)ei, ho=G(60) —G(0), 6 €0 =06,s€N,
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is as in Lemma 2.3.12. We will apply that lemma with bounds (recalling vol(O) = 1)

E¥hj(X) = 11G(0) — G(00) 172 < 22108} =: 02, |l < 25up [|G(0) oo < U < 00
(2.135)
uniformly in all 8 € Oy, for some fixed constant U = U(g, O) (cf. (2.18)). For the entropy
bounds, we use that on each slice supyee, ||Fy||ge < C'2%/2, which for a > d implies (using
(4.184) in [72] and standard extension properties of Sobolev norms)

95/2
1OgN({F9 10 ¢ 83}, H : ||oo;p)

<K( )d/a, p >0,

for some constant K = K («,d,C"). Since the map Fp — G(6) is Lipschitz for the || - ||o-norm
(Lemma 2.4.6) we deduce that also

925/2 d/o
)

log N ({hg = G(6) — G(60) : 0 € O}, || - e p) < K’ , p>0, (2.136)

and as a consequence, for a > d and Jo(H), Joo (H) defined in Lemma 2.3.12,

dos ,95/2 d/2a _d 4U
s [(E) s ziea i ons [
0 P 0

95/2
p

d/a
) / dp g 2sd/2aU17g.

(2.137)
The sum in (2.134) can now be bounded by Lemma 2.3.12 with x = ¢2N2°6%; and the choices
of 05, U in (2.135) for C'= C(c) > 0 large enough,

S py <sup | Zn(0)] > \/Nag/w) <2 e FENR g NG (2.138)

seN USSH seN

since then, by definition of dy, for a > d and C large enough, the quantities

To(H) < 204140 (95/2\ /053 )1 =36 < é\/ﬁag, o\/T < \%C\/Nag, (2.139)

~ (O(4atd)/4a

and

\ﬁ Nziﬁawcfs, \/m—» afa (2.140)

are all of the correct order of magnitude compared to v No2.

=T (H)

We now turn to the process corresponding to the second term in (2.133), which is bounded
by

Sopy <sup | Z (0)] > JN280512V/16> (2.141)

seEN 0O,
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where Z); is now the centred empirical process

1
Zn (0 —

ﬂ

N
Z (hg — EXhg(X)), with H = {hg=(G(0) —G(0))*: 60 c Oy}
z:l

to which we will again apply Lemma 2.3.12. Just as in (2.135) the envelopes of this process
are uniformly bounded by a fixed constant, again denoted by U, which implies in particular

that the bounds (2.137) also apply to ‘H as then, for some constant ¢y > 0,
1ho — herlloe < cullG(0) — G(0')]]co-
Moreover on each slice ©4 the weak variances are bounded by
EX3(X) < dyy[hll3 < o2

with o, as in (2.135) and some ¢;; > 0. We see that all bounds required to obtain (2.134)
apply to the process Z}, as well, and hence the series in (2.131) is indeed bounded as required
in the proposition, completing the proof. O

From a stability estimate for § — G(6) we now obtain the following convergence rate for

HéMAP — 6pl|¢, which in turn also bounds HéMAP — 00.p||rD-

Theorem 2.4.12. Let Z(N) ~ ngg be as in (2.20) where 6y € h* « > d,d < 3. Define

on = N7 where r(a) = 2040; 75 j_ 5

Suppose ||0o||ne < co and that D is such that ||G(0o) —G(0o.p)| 2 < c10n, for some constants
co,c1 > 0. Then given ¢ > 0 we can choose C, ¢ large enough (depending on c,co,c1,a, O) so

that for all N and any mazximiser Oriap satisfying (2.127), one has
~ - ~ — 28782
Pel(\)f (HQMAP — Oolle, < Con, ||Orrap||pe < C) >1—ce ° Noy (2.142)
Proof. By Proposition 2.4.11 we can restrict to events

Ty = {[|G(Orrar) — G(00) |32 < 2C6%,, e = 100rap|ne < V2C} (2.143)

” Orrap

of sufficiently high Pé(\)’ -probability. If we write f = ® o F; ., for @ from (2.17) then by
(2.178), on the events Ty we also have ||f|ze < C’ and || fs < C’, for some C’ > 0. We
write u; = g (é map) for the unique solution of the Schrédinger equation (2.11) corresponding
to f. We then necessarily have f = Auy/(2us) both for f = f and f = fy, where we
also use that denominator uy is bounded away from zero by a constant depending only on

C" > || flloo, O, g, see (2.119). Then using the multiplication and interpolation inequalities
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(2.7), (2.8), the regularity estimate from (2.176) and (2.178), we have for t = o/(a + 2),

1f = Jollze S lluj — gl
~ 1—
SNG(Orap) — GO0 lluf — ug |l atse

S S e + [l follmre) < 0k (2.144)

on the event T. From a Sobolev imbedding (some x > 0) and applying (2.8) again we
further deduce Hf— folloo < (5§\?_d/2_'€)/(a+2) — 0 as N — oo, hence using inf, fo(z) > Kpin

we also have inf, f () > Kpin + k for some k > 0 (on Ty, for all N large enough). We

deduce

10arap — Oolle, < |1 Fy — Fyollpz =@ o f =@ o foll e SIIf = follze S dly

MAP
on the events Tn, where in the last inequality we have used regularity of the inverse link
function ® =1 : [K i + k,00) and (2.179). This completes the proof. O
2.4.2.2 Posterior contraction rates

We now study the full posterior distribution (2.24) arising from the Gaussian prior II for 6
from (2.23). The result we shall prove parallels Theorem 3.14 but holds for most of the ‘mass’
of the posterior measure instead of just for its ‘mode’ éM Ap. This requires very different
techniques and we rely on ideas from Bayesian nonparametrics [173, 69], specifically recent
progress [126] that allows one to deal with non-linear settings (see also [132]).

In the proof of Theorem 2.4.14 to follow we will require control of the posterior ‘normalising

factors’, expressed via sets
Cn = Cng = { [, O Oari(e) > 1(B(Gx)) exp{ (1 + K)N(S]QV}} L (2.145)
R
for some K > 0, where y = N~¢/(2a+d) and

B(ox) = {0 € R : [ G(6) — G(60)l|12(0) < In'}-

This is achieved in the course of the proof of our next result. We denote by ¢, the global
Lipschitz constant of the map 0 + G(6) from ¢3(N) — L2(O), see (2.111).

Theorem 2.4.13. Let Z(N) 0y, o, d,dn be as in Theorem 3.14 and let TI(-|Z(N)) denote the
posterior distribution from (2.24). Suppose ||0o|lna < co and that D < caN&%; is such that

1G(00) — G(60,0)||2(0) < 10N (2.146)
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for some finite constants co,co > 0,0 < ¢1 < 1/2. Then for any a > 0 there exist ¢, ¢ such

that for K, L = L(a, co, c2, cq, ¢, O) large enough,

PQJX({H(G : ”9 - GO,DHRD < LSN, ”9||h0‘ < L|Z(N)) >1-— e—aNcSIQV}’CNJ{) >1- C/e_c//N(;?\f‘
(2.147)

Proof. We initially establish some auxiliary results that will allow us to apply a standard
contraction theorem from Bayesian non-parametrics, specifically in a form given in Theorem
13 in [132]. By Lemma 23 in [132] and (2.18) we can lower bound IIx(By) in (35) in [132]
by our IIx(B(dn)) (after adjusting the choice of d in [132] by a multiplicative constant).
Then using (2.146), Corollary 2.6.18 in [72], and ultimately Theorem 1.2 in [107] combined
with (4.184) in [72], we have for ' ~ N(0,AZ1),
I (1G(6) = G(00)ll 2 (0) < n) =
>

~N(1G(0) = G(0o,.p)ll L2(0) < IN/2)

N(|0 = 0o, pllrp < On/2¢q)

e NN 00015 /2 Pr(||6'||gp < VNS /2¢,) > e NN
(2.148)

o e

Y

for some d > 0. From this we deduce further from Borell’s Gaussian iso-perimetric inequality
[25] (in the form of Theorem 2.6.12 in [72]), arguing just as in Lemma 17 in [132] (and
invoking the remark after that lemma with x = 0 there), that given B > 0 we can find M
large enough (depending on d, B) such that

Iy (0 =01 + 65 € R : [|6]|pp < M, |[62]lpe < M) >1— 2 BN,

Next the eigenvalue growth A¢ < k2/ from (2.13) and the hypothesis on D imply that for

L large enough we have

18111k S D61 o < (eaNO3)™AMby < L/2 (2.149)

and then also
Iy (A%) < 2¢7 BN where Ay = {0 € R : ||6][pe < L}. (2.150)
The || - || co-covering numbers of the implied set of regression functions G(#) satisfy the bounds

log N({G(0) : 6 € A}, || - llso, 6) S log N({Ep : 0 € Ax}, |- oo, @)
Slog N({F ¢ | Fllga(0) < eL}. | - lloos @) S N6%,

for some ¢, ¢ > 0, using that the map Fy — G(0) is globally Lipschitz for the || - ||s-norm
(Lemma 2.4.6) and also the bound (4.184) in [72]. By (2.18) and Lemma 22 in [132] the
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previous metric entropy inequality also holds for the Hellinger distance replacing || - ||co-
distance on the L.h.s. in the last display. Theorem 13 and again Lemma 22 in [132] now imply
that for any a > 0 and L large enough,

Py (TI({0 : |G(8) — G(60)l|> > Lon} U AG|ZN)) < em®No%) — 0 (2.151)

as N — o0o. The convergence in probability to zero obtained in the proof of Theorem 13 in
[132] is in fact exponentially fast, as required in (2.147): This is true by virtue of the bound
to follow in the next display (which forms part of the proof in [132] as well), and since the
type-one testing errors in (39) in [132] are controlled at the required exponential rate (via
Theorem 7.1.4 in [72]). The inequality

Pé;/(/ efN(G)—éN(é'o)dH(e) > H(B((SN)) exp{—(l —+ K)N(SJQV}) < CIS_C//N§I2V,
B(on)

bounding Pég (C{ i) as required in the theorem follows from Lemma 2.4.15 below for large
enough K and C = 1/2.

Now to conclude, we can define subsets of R” as
On = {0:1G(0)~G () > < LonINAN = {0 : [|G(0)=G(00)l| > < LN, [|Foll e = [|6]lne < L}

paralleling the events Ty from (2.143) above. Then arguing as in and after (2.144), one
shows that
On COn ={0:]10—bollgp < LN ||0]|pe < L}, (2.152)

increasing also the constant L if necessary, and hence the posterior probability of this event is
also lower bounded by II(Oy|Z(N)) > 1 — e~V 0%, with the desired Pég -probability, proving
the theorem. O

Moreover, a quantitative uniform integrability argument from Section 5.4.5 in [126] (see
the proof of Theorem 2.4.14, term III, below) then also gives a convergence rate for the
posterior mean E[A|ZM)] towards 6y, namely that for L large enough there exist &, > 0
such that

PY (|1 ER[0)1 2™ = bo|, > Lon) < &e NN, (2.153)

2.4.2.3 Globally log-concave approximation of the posterior in Wasserstein dis-
tance

Recall the surrogate posterior measure II(-|Z(V)) from (2.27) with log-density

N3,
2

log Tn(0) = const. + {n(6) — 16]7«, 6 € RP (2.154)
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with ;i and parameters €, K chosen as in Condition 2.2.2, and with dy = N~%/(2a+d) e

now prove the main result of this section.

Theorem 2.4.14. Assume Condition 2.2.3 and let T1(-|ZN)) be the probability measure of
density given in (2.27) with K, > 0 chosen as in Condition 2.2.2. Then for some ai,as >0
and all N € N,

PY(W2(TA(|ZM), (| ZMN)) > e N /2) < aye2Nk,
Proof. In the proof we will require a new sequence
Iy = NerREd Viog N (2.155)

describing the ‘rate of contraction’ of the surrogate posterior obtained below. We first
notice that the definitions of 65 (from Theorem 3.14) and of 6 imply by straightforward

calculations and using D < N 5]2\,, a > 6, the asymptotic relations as N — oo,

- - = 1
SnD¥1\/log N = O(8x), Oy < oy < oy < @D’%, (2.156)
which we shall use in the proof. We will prove the bound for all N large enough, which is
sufficient to prove the desired inequality after adjusting the constant in < (since probabilities

are always bounded by one).

Geometry of the surrogate posterior. To set things up, consider MAP estimates
Orrap from (2.127). In view of (2.18), the function gy to be maximised over RY in (2.127)
satisfies gy (0) < gn(0) for all € such that |6/ exceeds some positive constant k. Then on
the compact set M = {§ € RP : ||0||« < k} the function gy is continuous (as G is continuous
from RP — L*®(0), Lemma 2.4.6), and hence attains its maximum at some 0y; € M, which
must be a global maximiser of gy since gn (far) > qn(0) > infgepse gv(f). Conclude that a
maximiser éM Ap exists (one shows that it can be taken to be measurable, Exercise 7.2.3 in
[72]).

In view of Proposition 2.4.1, Theorem 3.14, Theorem 2.5.10 (and the remark before it),

a > 6 as well as Proposition 2.3.6, we may restrict the rest of the proof to the following event

! il Ain(~ V27 (6)) = eND /1)

SN = 1 ||Oinit — 0 S SDdloe N
N {H t O,D”RD 8D4/d logN 0681/ log N

- . 5 . 1 =z
N {any Orrap satisfies ||0prap — 0o, p|lgp < min {W,C&V}},
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where B, was defined in (2.99), where C is from (2.142) and where ¢ = ¢ from Proposition

2.4.1. On Sy we have the following properties of /. First, from (2.26),

- 3

Un(0) = In(0) for any 6 s.t. ||0 — Oy p|lrp < SDValog N (2.157)
Moreover, by Proposition 2.3.6, log 7(-|Z()) is strongly concave in view of
sup IV (log 7y (0))]9 < sup IT (V2N (0)]9 < —eND™4. (2.158)
0,0€RD||9], p=1 0,9€RD [[9],p=1
Finally, any Oriap necessarily satisfies
0= Viogm(Orap|ZWN)) = Vieg 7#(0arap), (2.159)

from which we conclude that fy4p necessarily equals the unique global maximiser of the

strongly concave function log 7(-|Z(")) over RP.

Decomposition of the Wasserstein distance. Now let us write
B(r) = {0 € RP : |0 — Oprap|lpo <7},

for the Euclidean ball of radius r > 0 centred at Oy 4p. Then using Theorem 6.15 in [176]
with xg = éMAp, we obtain for any m > 0 that

WEIL(IZ™),10C120) <2 [ 10 = OaraplBodiTI(1207) = TI(|Z))6)
<2 [ 0= Baaplodlii|Z™) —1(1Z)](6)
B(mon)
w2 0= OaraplBodlTI(1Z) ~ (| Z))0)
RD\B(méy)

g2m2S?V/ AT 2™ —T1(-|2M)|d6
B

(mon

+2 116 = Orraplgodi(|2™))

10—0rrapllzp>méN

+2 10 = Orraplfodi([2M))

10—0n1 ap|lgp >mdN

=]+ II+III,

and we now bound I, I, 11 in separate steps.

Term II. We can write the surrogate posterior density as

In(0)—In(Oarap) 0
/A p— ™0 perp,

- Jp el (0)—ly (éMAP)7T(9) df
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and will first lower bound the normalising factor. From (2.156) we have for any ¢ > 0 the set

inclusion

3
By = {0 — bo,pllgp < cdn} C {H9 —bo.pllrp < W}

whenever N is large enough. Since £y () = £x(#) on the last set we have on an event of

large enough PQJX -probability,

/ eEN(G)—ZN(éMAP)dH(Q) > / eZN(e)—ZN(éMAP)dH(Q)
RD Bn

= eﬁN(G)—EN(éMAP)dV(‘g) x II(By) > o —CN&%,
By

for some ¢ = &(d, c), where we have used Lemma 2.4.15 for our choice of By (permitted for
appropriate choice of ¢ > 0 by (2.28) and since G : R” — L2 is Lipschitz, see Section 2.5)
with v = II(-) /TI(By), C = 1/2; as well as the small ball estimate for IT in (2.148).

Now recall the prior (2.23) and define scaling constants

Vi = (27) P72\ [det(N6% Ay) x e Nox,

Then on the preceding events the term II can be bounded, using a second order Taylor

expansion of log 7 (-|Z)) around its maximum Oy74p combined with (2.158), (2.159), as

/” 10— Barap |07 (0120 do

G*éMAPHIRD >mdn

< 65N512v / A 16— éMAP”%DeZN(Q)*EN(éMAP)W(Q)dQ
10—0rrapllgp >miN

~ N§2 . N&2,
A _ N 2 _ N 2
SVNX/ . 3 ||9_9MAPHI%KD€€N(0) 5 0050 —tn (O ar)+—" 100 ap e g
10—0rr APl >moN
= VN X / R e - QMAPH?R{DelogﬁN(G)*logﬁNWMAP)dg
10=0rrapllgp>moN
) —cND~4/4)9-0 2 /2
< Vy X/ A ~ HQ_HMAPH]%De c 160—0rapll?p/ do
10—0rraPllgD >miN
4 D/2 ~
<2Vy x ( VPP Pr (|1 Z||gp > mdy)

QND_4/d

where we have used z2e~¢” < 2e=*/2 for all x € R, ¢ > 1 (and N such that cND~4/d > 1)

and where
2

ZNN(O, T

IDXD)-

Now by D < ¢oN4% and (2.156),

Bl Zllz» < \JEIZIZ, < 2D/(eD~4N) < (2¢0/)/25y D" < (m/2)5n
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for m large enough, so that
Pr(|Z]lan > mdy) < Pr(|Z]ao — E|Z]zn > (m/2)3y) < e eNPTH0R/0

by a concentration inequality for Lipschitz-functionals of D-dimensional Gaussian random
vectors (e.g., Theorem 2.5.7 in [72] applied to (¢cND~*?/2)1/2Z ~ N(0,Ipxp) and F =
|- lgp). By (2.13) and since D < N§3; we have for some ¢ > 0

Vi < ec’Néjzv log N

so that for m large enough and using (2.156), the last term in the displayed array above, and
hence 11, is bounded by

—m?cD~%IN§2, /16 < o~ m*D~YING /32 < o NO%

4
i )D/2><e

2VN X (giND_ZL/d

oo | =

Term III: We first note that Theorem 2.4.13 and (2.156) imply that for every a > 0 we

can find m large enough such that

(|0 — Orrapllgp > mén|ZM)) <TI(||6 — 8o pllgp > mén — 10aap — b0.0llgr|Z0Y)
< H(HH - GO,DHRD > mSN/Q‘Z(N)) < e—aN(S?V

on events Sy C Sy of sufficiently high probability. Moreover, again by Theorem 2.4.13, we
can further restrict the argument that follows to the event Cy i from (2.145) for some K > 0.
Now using the Cauchy-Schwarz and Markov inequalities as well as Eé\of etn(@)—tn(®0) = 1 and
the small ball estimate for II in (2.148), we have

PéX(CN,K ﬂva»/ N e - éMAP||I%&DdH(-|Z(N)) > 6—N5]2V/8)
10—0rapllzp>mon
2

= P%(CNK NS, (10 = Oarapgo > mdn| ZOVEN[|0 — Oprapllin| 2N > e—2N6N/8)
< B (8&76(1+K+&+2_a)1\f5]2v /RD 16 — Barap|hne™> @O0 g11(g) > 1/8)

S RN [ (144, )ari(o) < eV
RD

whenever m and then a are large enough, since II has uniformly bounded fourth moments
and since ||fy4p||gp is uniformly bounded by a constant depending only on ||||¢, on the
events Sy.

Term I: On the events Sy we have from (2.156) that for fixed m > 0 and all N large
enough
B(mdy) C {0 : /6 — bo.pllgp < 3/(8D*%1og N)}.
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On the latter set, by (2.157), the probability measures TI(-|Z(Y)) and TI(-|Z(\)) coincide up

to a normalising factor, and thus we can represent their Lebesgue densities as
#0120 = pam(012N), 0 € Bmin),

for some 0 < pn < 0o. Moreover, by the preceding estimates for terms IT and III (which hold
just as well without the integrating factors ||6 — GAMAPH%QD), we have both

pNII(B(mdn)|ZM) = TH(B(mén)|Z0) > 1 — e VR /8 = 1—e N /8 < py,

P TI(BmoN)|ZM)) = T(B(mbN)|ZMN) > 1 — e N8 = 1—e N /8 < pl
N

on events of sufficiently high P(,JOV -probability. On these events necessarily

e~ NoX 1 }

) 2
8 1 e_NgN

pNE{l—

and so for N large enough
[ dmez®™) =Tz ) = L= pyl [ w(612%)db < |1 - pu| < VR4
B(mon) B(méy)

which is obvious for py < 1 and follows from the mean value theorem applied to f(z) =
(1 —2)~! near = 0 also for py > 1. Collecting the bounds for I, II,I1II completes the
proof. O

2.4.2.4 An ‘exponential’ small ball lemma

Lemma 2.4.15. Let G be as in (2.17) and let v be a probability measure on some (l3(N)-

measurable) set

By C {0 € l5(N) : |G(0) — G(80)||32 < 2C6%}, for some C > 0. (2.160)

Then for £n from (2.22) we have for every K = K(C) > 0 large enough and some fized
constant b > 0 that

o (/ VOt Orap) 4y, () < 6(1+K)02N6]2V) < ~bN, (2.161)
By

The same conclusion holds true with EN(éMAp) replaced by ¢n(6p).

Proof. We proceed as in Lemma 7.3.2 in [72] to deduce from Jensen’s inequality (applied to
log and [(-)dv) that, for Py the empirical measure from (2.128), the probability in question
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is bounded by

Py ( [ ] o

Now just as in the proof of Lemma 2.4.10 and using Theorem 3.14 we see that

/ log

dv(0)d(Py — Py,) < —(1 + K)0%6% — / /B log du(e)dP90> .

pQMAP Poyap

APy, = / log - Po Py, + / log L% qp,,

Pépsap

= §HQ(9) - g(%)\l%z - §Hg(eMAP) —G(0o)|7, < C*6%

Pépsap

so that using also Fubini’s theorem the last probability can be bounded by
Py (\/N / / log 2% dy(0)d(Py — Py,) > K@Q\/JV6]2V/2)
By Pe
+ By <\/N/1og Possar g py - Py,) > KC*2\/N5]2V/2) .

Doy
For the first probability we decompose as in (2.133) and consider Zy as in Lemma 2.3.12 for
fixed hy equal to either iy or ho, where

m()= [ (G0)w) = G0)()in(®), and ha(e) = [ (G(0)(x) ~ G(60) (x) (o).

To each of these we apply Bernstein’s inequality (2.96) with z = No? and K large enough to
obtain the desired exponential bound, using uniform boundedness [|G(6) — G(6p)||c0 < 2U
from (2.18) and Jensen’s inequality in the variance estimates EXh?(X) < 20262 = o? in the

first case and

EXR2(X) < 40 /B 1G(0) — G(00) | 22du(0) < SU2CS% = o

for the second case. [This already proves the case where Oprap is replaced by 6y.]
For the second probability, restricting to the event in the supremum below, which has

sufficiently high PGJX -probability in view of Proposition 2.4.11, it suffices to bound

PQJX sup VN ‘ / log d(Pn — Py,)
0]l ner <2C,[1G(0)—G(00) 17, <2Co%

> KC*V/N&% /2)

This term corresponds to the empirical process bounded in and after (2.131) for s = 1.
Choosing K large enough the proof there now applies directly, giving the desired exponential
bound. 0
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2.5 Auxiliary results

2.5.1 Review of convergence guarantees for ULA

In this section we collect some key results (that were used in our proofs) about convergence
guarantees for an Unadjusted Langevin Algorithm (ULA) for sampling from strongly log-
concave target measures [48, 57, 58]. Our presentation follows the recent article [58].

Suppose that p is a Borel probability measure on R? which has a Lebesgue density
proportional to e~V for some potential U : RP — R, specifically

_Js e V®dp

= m, B C R measurable. (2.162)
RD e

p(B)
Following [58] (cf. H1 and H2 there) we will assume that the potential U has a A-Lipschitz
gradient and is m-strongly convex.

Assumption 2.5.1. 1. The function U : RP — R is continuously differentiable and there
exists a constant A > 0 such that for all 6,0 € RP,

IVU(8) = VU(O)|lrp < All6 — 0][gp.
2. There exists a constant 0 < m < A such that for all 0,0 € RP, we have
U(6) = U(0) + (VU(6),6 — 6go + 716 — 83

Under Assumption 2.5.1, the potential U has a unique minimiser over R”, which we shall
denote by ;. For the computation of fy; via gradient descent methods, we have the following

standard result from convex optimisation (see Theorem 1 in [48] and (9.18) in [28]).

Proposition 2.5.2. Suppose U : RP — R satisfies Assumption 2.5.1. Then the gradient

descent algorithm given by

1
19]9—&-1 = — QVU(ﬂk)a k= 0,1,2,...,

satisfies that

1-29% k=o01,2,...

19 — 53 < o

2(U(%) = U(f))

The results presented below establish corresponding geometric convergence bounds for
stochastic gradient methods which target the entire probability measure p (instead of just

its mode f7). Define the continuous time Langevin diffusion process as the unique strong
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solution (L; : t > 0) of the stochastic differential equation
dL; = —=NVU(Ly)dt +v2dW,;, t>0, L; € RP, (2.163)

where (W} : ¢t > 0) is a D-dimensional standard Brownian motion. It is well known that the
Markov process (L : t > 0) has p from (2.162) as its invariant measure. The Euler-Maruyama

discretisation of the dynamics (2.163) gives rise to the discrete-time Markov chain (¥ : & > 0),
Vg1 =0 — VVU(ﬁk) + V2911, k>0, (2.164)

where (& : k > 1) form an i.i.d. sequence of D-dimensional standard Gaussian N (0, Ipxp)
vectors, and v > 0 is some fixed step size. We will refer to (Jy) as the unadjusted Langevin
algorithm (ULA) in what follows. We denote by Py, .., Eg
operator, respectively, of the Markov chain (Jy : & > 1) when started at a deterministic point
Yo = Oinit- We also write L() for the (marginal) distribution of the k-th iterate 9.

For any measurable function H : RP — R and any J;,,.JJ > 0, let us define the average of

s Eo,,,, the law and expectation

H along an ULA trajectory after ‘burn-in’ period J;, by

1 Jin+J
pLH) =5 > HL).
k:Jin+1
Proposition 2.5.3. Suppose that U satisfies Assumption 2.5.1 and suppose v < 2/(m + A).
Then for all J,Ji, > 1,2 > 0 and any Lipschitz function H : RP — R, we have the

concentration inequality

Jyx®m? ) .

16]|H [[2,,(1 +2/(mJ7))

Po,,.. (717, (H) = Bo,,, 1], (H)] > @) < exp (—
Lip

Proof. The statement follows directly from Theorem 17 of [58], noting that k = 2mA/(m +

A) € [m,2m] and that the constant vy, (y) from (28) of [58] can be upper bounded by

m~+2/(m+ A)
~vJ

1+ <1+2/(m~J).

O]

Proposition 2.5.4. Suppose that U satisfies Assumption 2.5.1 and let vy, Jin, J and H be as
in Proposition 2.5.3. Then we have for v as in (2.162) that

WE(L(Wg), 1) <2(1 — m'y/2)k [H@-mt — Oyllzo + % +0(v)/2, k>0, (2.165)
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where DA2 2 Al
Y Y
b(y) = 36 - +12 - (2.166)
as well as
2 9 Jin"rJ 9
(Boltd, (D] = BuH) < IHIE, 5 Y. WRE@w).  (2167)
k:J1n+1

Proof. The display (2.167) is derived in (27) of [58]. The bound (2.165) follows from an

application of Theorem 5 in [58] with fixed step size v > 0, where in our Case noting again that

K € [m,2m], the expression ull )( ) there is upper bounded by 2(1—m-~/ 2) and the expression
%2)( ) there is upper bounded by (using that v < min{2/A,1/m} < min{2/A,2/k})

A2 A2 2
ADP (7t +9) (24 =1 +

k
)Z (1 — ky/2)k~
2 2
< A2D2 (k71 Jrv)(2+M LA )
Ky

6
< A2Dy(n72+ 1) (6+ 21;37)

6A2’y>’

m

s

< A’Dym™? (18 +
which equals (2.166). O

2.5.2 Analytical properties of Schrodinger operators and link functions

Recall the inverse Schrédinger operators Vy from (2.107).

Lemma 2.5.5. There ezists a constant C > 0 such that for any f € C(O) with f >0, the
following holds.

i) We have the estimates

IV llz < Cllvllz, v € L2(0),

(2.168)
Vi[¥]lloo < CllYlloo, ¥ € C(O).
ii) For any v € L*(O), we have that
V[l 2 < O+ [| flloo) 1] 22 (2.169)
as well as
WHW(H@* <NVeldlllrz < CQA A (| flloc) 190l (2)-- (2.170)
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i) If also d < 3, then for any ¥ € L*(O) and any f, f € C(O) with f, f > 0, we have that

Vi) = Vildllloo S (14 [1f o) 10 22 1Lf = Flloo- (2.171)

Proof. Part i) is a direct consequence of the Feynman-Kac formula for V¢[¢] from [42] (see
also Lemma 25 in [136]). The upper bounds in part ii) likewise are proved by standard
arguments for elliptic PDEs (see, e.g., Lemma 26 in [136]). In order to prove the lower bound
in (2.170), let us denote the Schrodinger operator by Syw] = %Aw — fw. Since Sy : HS — L?
satisfies S¢Vy[y] = 1, it suffices to show that

ISswllzzye S A+ [ fllso) w2, w € HE.

Using the divergence theorem we have that for such w,

[Srwll g2y = sup / PSyw
’ wenglllbngSl’ o ‘

= s | [wSp< el s 1Sl
wengnwqug o wengnwqug

and the term on the right hand side is further estimated by

1S5l S NAY[ Lz + 1 fllz S 1+ flleolllizz < 14 [flloo,

which proves (2.170). Finally, (2.171) is proved by using a Sobolev embedding as well as
(2.168), (2.169):

Vi) = Vilellloo S VAL = AV S 1+ £l I = V[ 22
S A+ 1flo)llf = Fllsolll 2

O]

For any normed vector spaces (V, || - ||v) and (W, | - |lw) let L(V, W), denote the space
of bounded linear operators V' — W, equipped with the operator norm. For g € C*°(90)
and any f € C(O) with f > 0, there exists a unique (weak) solution G(f) € C(O) of
(2.11), see Theorem 4.7 in [42]. We define the operators DGy € L(C(0),C(0O)) and
D2Gy € L(C(0), L(C(0),C(0))) as

DGy[h) = Vi[hauy), (D*Gglha))[ho] = Vi[hiDGylha]] + Vi[haDGy[hi]), ha,hg € C(O).
(2.172)

The next lemma establishes that these operators are suitable Fréchet derivatives of G on the
open subset {f € C(O), f > 0} of C(O).
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Lemma 2.5.6. i) For any f € C(O) with f >0, we have G(f) € C(O). Moreover there
exists C' > 0 such that for any f, f € C(O) with f, f >0,

1G(f) = G(f)lloo < CIIf = flloos (2.173)
as well as

IG(f) = G(f) = DGy(f = flll=s < CIf — Fll3.

DG:— DGy — D2G[f — <C|f - fI? (2.174)
|1DG f Llf = Allco),co)n <CIf = flis-

it) For any integer a > d /2 there exists a constant C > 0 such that for all f € H* with
infyeo f(z) > 0, we have

|Gz < CUIfll2 + ll9lle200)), (2.175)
|G etz < C(1 + Hf||0£1/3+1)||9||ca+2(30)~ (2.176)

Proof. The estimate (2.173) follows from the identity G(f) — G(f) = V;[(f — f)G(f)], (2.168)
and (2.18). Arguing similarly and using (2.173), we further obtain

IG(f) = G(f) = DGy[f = fllloe = IVFI(f = FIG(F) = Gl
S = HGE) = G()llo S IIF = FIIZ,

which proves the first part of (2.174). For the second part of (2.174), we have for any h € C(O)
that

DGJz[h] — DGy[h] = V*[huf] — Vyl[hug]
= Vilh(ug —up)] + (V5 — V) [huy]
= Vi[hDG[f — fl] + Ri + V;[(f = f)Vy[hug]] + R
= (D*Gy[f — f)Ih] + Ry + R,

with remainder terms Rj, Ry given by

Ry = Vi = Vi][h(us — uy)] + Vi[h(uf — up — DG[h])],
Ry = [V = Vil(hug) = VE[(f = f)Vi[hug]).

Using the identity (V; — V)¢ = Vi[(f — HVi¥l] with ¢ = h(uf — uy), Lemma 2.5.5 as well
as the first part of (2.174), we have

IRilloc S I1f = FlloollP(ug = up)lloc + Ihllcollssn — up — DGlA]lloo S I = fliZlBlloo,
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and arguing similarly,

1R2lloc = IVFI(F = N) (V7 = Vi)[huglllloe S 1F = Fllcll(VF = V) lhugllloo S I1F = FllZ N loo-

This completes the proof of (2.174).
To prove (2.175), we use that (A,tr) : H2(O) — L? x H%?(d0) [where tr denotes the

boundary trace operator for the domain Q] is a topological isomorphism, see Theorem I11.5.4

in [109], such that in particular

NGz S N fugllze + lgllez0y < 1z + l9llc200)-

where we also used (2.18). Finally, (2.176) is proved in Lemma 27 in [136]. O

2.5.2.1 Properties of the map ®*

We summarise some properties of ‘regular’ link functions from Definition 2.2.1. We recall the
notation ®* for the associated composition operator from (2.15). For any F' € C(O), define
the operators D®%. € L(C(0),C(0)), D*®% € L(C(0), L(C(0),C(0))) by

D®%L[H]| = HY o F, (D*®%[H|)[J] = HJ®" oF, H,J e C(O). (2.177)

Then for any F, H,J € C(O) and = € O, a Taylor expansion immediately implies that, with
(s, o denoting intermediate points between F(x) and (F + H)(z),

(@*(F + H) = ®*(F) = DOp[H])(x)| = [H*(2)®"(¢a) /2] < ”anoigﬂg |27 (t)],
[(D®foy gy — DO — D*S[H]) [J](2)| = | () H? ()2 (C) /2] < [T [loo | H 1% sup 2" (t)],

whence D®*, D2®* are the Fréchet derivatives of ®* : C(O) — C(0O).

We also need the basic fact that for any integer aw > d/2 there exists C' > 0 such that for
all FF € H¥(O),
|Po Fllge <C(1+||PoF|%a), (2.178)

see Lemma 29 in [136]. Finally, note that by the definition of ®, there exists C’ > 0 such
that for any F,F € C(O),

[P0 F —®0Flloo <C||F = Flloo, [|[®PoF —®o0F|2<C|F—F|. (2.179)

2.5.2.2 Chain rule for Fréchet derivatives

Let U,V be normed vector spaces and D C U an open subset. For amap T : D — V
we denote by DTy € L(U,V) and D*Ty € L(U, L(U,V)) the first and second order Fréchet
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derivatives at 6 € D, respectively, whenever they exist. The following basic lemma then

follows directly from the chain rule.

Lemma 2.5.7. Suppose U, V,W are (open subsets of) normed vector spaces, and suppose
that A: U —V and B : V — W are both twice differentiable in the Fréchet sense. Then for
any 8 € U and Hy, Hy € U, we have that D(B o A)g = DB yg) o DAg and

(D*(B o A)g[H1])[Ha] = (DB a)[DAg[H]]) [DAg[Hal] + DB agg) [(D* Ag[Hn])[Hz]].

(2.180)

2.5.3 Proof of Proposition 2.3.6

We first record the following basic lemma without proof.

Lemma 2.5.8. Let |-| be an ellipsoidal norm on RP with associated matriz M, 0> = 07 M6
and define the function n : 0 — |0|. Then for any 0 # 0, we have

M MeMe)”

V2n(0) = — (2.181)
A T

as well as the norm estimates

V(8 2> < \/Amas (M), (2.182)

IV21(0)llop < 2Amaa(M)/|0]1. (2.183)

Using Lemma 2.5.8, we prove the following bounds on the cut-off function av,.

Lemma 2.5.9. If | - |1 is an ellipsoidal norm with associated matriz M, |0|? = 0T M6, then
the function o, from (2.53) satisfies that for all § € RP,

o 1 )\mam M 4||cx 2Amax M
[Vay@)llao < ) ”C’Vn D 12y @)p < A ‘CUQ @)

Proof. We may assume w.l.o.g. that ;,;; = 0 and we write n(f) = |f|;. The gradient bound
is obtained by the chain rule and (2.182):

|V (0)|rp = anla'(\@h/n)Vn(H)HRD < 7771H04HC1 \/ Amaz (M).
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For the Hessian, we similarly employ the chain rule, (2.182), (2.183) as well as the fact that
a'(t) =0 when t € (0,3/4):

IV (O)llop < 072l (1811/n) V(@) V(@) ||, + 0~ @' (111/n) V*n(9)]
2 maz (M)
10]1

op
<% llallczl| V) Izo + 1~ lalle, 1ijo>am/4; -
< 47772“@‘|C2)‘ma:v(M)-

O

We now turn to the proof of Proposition 2.3.6. Throughout, we work on the event
Econv N Einir defined by (2.49),(2.50); moreover we assume without loss of generality that
Oinit = 0.

Proof of Proposition 2.3.6. We divide the proof into five steps.

1. Local lower bound for o,/y. For the set
V:={0:10) < 3n/4},

by definition of &, we have that V' C B. Thus using the definitions of £.,n, and of o), we
obtain

Hin‘f/ Amin (= V2[antn](0)) > Nemin/2- (2.184)
S

2. Upper bound for «a,fy. By the chain rule, Lemma 2.5.9, the definition of &.ony
and using that |la|/c2 > 1, we obtain that for any § € R and some ¢ = ¢(a),

I72[enln] O)llop < 103 )92t (0)llop + 2Ty (8) 0 [ Vex (8) 0 + o ()72 (6) lop
< 250 ([la(0)] + [ Vay(@llz> + 1V O)llop] 1w ()] + IVEn (O) 0 + IV (6) o))

< e(1+ Amaa(M)/1) - Nemas + 1). (2.185)

3. Global lower bound for Van. First we note that g, is convex on all of RP: Indeed,
this follows from the the identity v, = 4, * ¢, /3, the convexity of the functions n : 6 — |0]y,
¥, and the fact that convolution with the positive function , 5 preserves convexity. As gy
has C? regularity, it follows that V2 gy = 0 on all of RP.
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We next prove a quantitative lower bound for VQQ,] on the set V¢. By the chain rule and

Lemma 2.5.8, we have that for any § € RP, writing v = Vn(6),

V294(8) =, (1611)Vn(0)Vn(8)" +,(1011)V>n(6)
T (10]1)
_’Yn(w, ) |0| (M_ T)

(2.186)

" Y (1011) Y (10]1)
Z(vn(leh)— "|0|1 )mT+ n\9|1 M
=: A(|6]1)voT + B(|0|1)M

To derive lower bounds for the functions B(-) and A(-), we first observe that by the symmetry
of ;3 around 0, it holds for any ¢ > 3n/4 that

() = /[ s Pq/s(y) - 2(t —y —5n/8) = 2(t — 51/8). (2.187)

Thus the function B(t) = v, (t)/t strictly increases on (31/4, 00), and for any ¢ > 3n/4, we

obtain (3 /1) / /
_ (30 8n/4—5n/8 _ 1
B(t n/4 ” =2 = 2.188
For the term A(-), we note that for any ¢ > 377/4, using that 7, (t) = 2 as well as (2.187), we
have ot 578
A(t) =2 — (t”/) > 0. (2.189)

Combining the displays (2.186), (2.188), (2.189), we have proved the lower bound

Jnf Amin (V2g,(0)) > Ain(M) /3, . (2.190)

4. Global upper bound for V2g,. We note that the functions A(-), B(-) from (2.186)
satisfy

sup [A(t)] < sup |y (8)/t|+ v (t) <4, sup [B(t)| < sup \%7( )/t < 2.
te(0,00) te(0,00) te(0,00) te(0,00)

Hence, by (2.186) and Lemma 2.5.8, we obtain that

V2900 lop < 4llvv" lop + 2[[M [lop < 6Amaz(M), 6 € RP. (2.191)
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5. Combining the bounds. Combining the estimates (2.184), (2.185) and (2.190), we
obtain that

~ Nemi
. o2 > min
ng\f;' /\m'm( \Y% EN(H)) et 9 5

nf, Amin( — V2N (0)) > W — (1 + Mnaz (M) /0*) N (Cmaz + 1).

(2.192)

In particular, there exists C' > 3 such that for any K satisfying (2.55), we have

inf Apin (— VQEN(G)) > min 5 G

0cRD

} = Ncmm/Q,

which completes the proof of (2.56). To prove (2.57), we use (2.185), (2.191) and (2.55) to
obtain that for all § # 6 € R,

Vin(0) — Vin(0 /
IVEn(0) = VEN(O)[ro < sup V2N (0)]lop
|0 — 0|gp geRP
< cllallcz (1 + Amaa(M)/0?) N (maz + 1) + 6K Aaz(M)
< 7K)\ma:v(M>

2.5.4 Initialisation

In this section we prove the existence of polynomial time ‘initialiser’ 0;nis = Oinit(Z W )) e RP
(that lies in the region By /1o v from (2.99) of strong log-concavity of the posterior measure
with high PGJZ -probability, when « > 6), in the Schrodinger model.

Theorem 2.5.10. Suppose 0y € h*(O) for some o > 2+ d/2,d < 3. Then there exists a
measurable function ;i € RP of the data ZWN) from (2.20) and large enough M’ > 0 such
that for all N, D € N and some ¢ > 0,

PR (1Binit — 00, pllzp > M/N—(02)/@atd)) < omeNt/ErD,
Moreover 0, 1s the output of a polynomial time algorithm involving O(Nbo), bo > 0, iterations
of gradient descent (each requiring a multiplication with a fized D' x D' matriz, D' <
N/ (2ectd) ).

Proof. Step I. To start, consider the wavelet frame

{101 <7 < Nj,l €N}, N; <21,
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of L?(O) constructed in Theorem 5.51 in [167]. Then for data arising from (2.19), choosing

27 ~ Nl/(2a+d) _ (]\7512\[)1/d7 SN = N—a/(?a-{—d)’ ny = ZNZ 5 2Jd’

1<J
and for multiscale vectors (\;,) € R™7, define
N 1 Y 2
A=arg min [ = (Yi— > Ao (X)) + XA o IR = D0 229N, (2.193)
GRS | N o I<J;r Lr

Next we set

a=aZM)= 3" Npdir, upg= > NotrBir

<Jr 1<Jr

where the Ao, € h®T? are frame coefficients of uy, = G(6p) € H*? furnished by Theorem
5.51 in [167] and the elliptic regularity estimate (2.176). In particular by the Sobolev
embedding h**? C b2 (d < 4) and again Theorem 5.51 in [167] we can prove

gy — o, rllne S llugy — ugoslloe S 277 < on. (2.194)

We now apply a standard result from M estimation [170, 169], with empirical norms
2 1 2
lulliny = w7 Z;U (Xi),
1=

conditional on the design X1,..., X,, to obtain the following bound.

Proposition 2.5.11. We have for o > d/2, all N and some constant ¢ > 0,
N 3 —cN &3
Py (18 — gy [Ty + 0% AR > gy — wgo,s Ty + 08 Aol (X)) < V8. (2.195)

Proof. We apply Theorem 2.1 in [169]. We can bound the | - || and then also || - | (x)-metric

entropy of the class of functions

{u tu= > Nydus [l < m}, m > 0,
1<Jr

by the metric entropy of a ball of radius m in a H“-Sobolev space, which by (4.184) in [72]
is of order H(7) < (m/7)¥® for every m > 0. Then arguing as in Section 3.1.1 in [169] (the
only notational difference being that here d > 1), the result follows. O
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This implies in particular, using |[u|(n) < [[ullso, (2.194), Ao € AT and Theorem 5.51
in [167], that for some C,C’ > 0,

Py (llal 3 > C) < Py (|A2a > C) < exp{—cN&%}. (2.196)
as well as
Py (12 = wgoallTny > CO%) < exp{—cN&x}. (2.197)

In Step IV below we establish the following restricted isometry type bound

6 — g7
py e LA TG 1‘ >1— e ¢ N (2.198)
Hu_ufo,JH[ﬁ

for some constants ¢/, ¢” > 0 so that in particular

Y P B
¢ ”u_ufoJHL2 2

On the event Ay in the last probability we can write, using again (2.194) and (2.197), for M

large enough,
Py (I8 — g, |72 > MOY) < Py (la — upy sl 72 > (M/2)63)
- 2
uUu—u /
< Py <‘l| o112 18— wgoalTny > (M/2)6]2V,.AN> + e NOK
U= ufoJ”(N)

< Py (Ha — gy glPy > (M/4)5]2V) § e INOR < emeNOY | NG

Overall what precedes implies that we can find M large enough such that for some constants
¢, >0,

P (& — ug |22 < M6% and ||af|3e < M) > 1 —&e N, (2.199)

Step IIL. By definition of the || - ||[,o-norm, the objective function minimised in (2.193)

over R™ is m-strongly convex with convexity bound m > §%;. Moreover, noting that the

sum-of-squares term @y appearing in (2.193) satisfies

8@]\[ 2
3)\1/, /

Mz

Z Alrgblr ¢l’ ’( i)a lnga 1§T,§Nl’,

z:l I<Jyr
we can deduce that the gradient of the objective function is globally Lipschitz with constant
at most of order O(27¢) = O(N§%;), using standard properties of the wavelet frame from

Definition 5.25 in [167]. Using (2.18), (2.96) and a standard tail inequality for y?-random

variables (Theorem 3.1.9 in [72]), one shows further that for some C' > 0 and on events of
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sufficiently high PGJX -probability,

1 Y _
Z e + 2e5uy, X)—I—ufo( ) <C.
2:1

By Proposition 2.5.2 and using the standard sequence norm inequality
Jﬁ < L ng
[vllns <277 ||vlle, S NZ2F2||v]ley, veR™, §2>0,

we deduce that on preceding events and for any fixed p > 0 there exists by > 0 such that the
output Aini; € R™ from O(N™) iterations of gradient descent satisfies ||Ainss — A|[pe < N7P.

In particular we can choose p such that, denoting

Uinit *= Z Amit,l,r¢l,ra

<Jr

we have that [|6 — wiit|| e < ||A — Ainit||ne = 0(6n); hence by virtue of (2.199), we may

restrict the rest of the proof to an event of sufficiently large probability where w;,;; satisfies
[winie = wpoll72 + 6%l [winicl Fra < (2M + 1)6%;. (2.200)

Step III. From the interpolation inequality for Sobolev norms from Section 2.1.3 and
(2.200) we now obtain, with sufficiently high PHJX -probability,

[Winit — wpy || gz < MN—(@72)/Zatd) (2.201)

and the Sobolev imbedding (d < 4) further implies ||uinit — uf,||cc — 0 as N — 0o so that
we deduce from (2.119) @ > uy,/2 > ¢ > 0 with sufficiently high Pég -probability. So on these
events we can define a new estimator

Auim-t AUfO

finit = , noting that fy =

(2.202)

2uimt QUfO '

For Finis = @71 o finit, using also the regularity of the inverse link function (2.179), we then
see

| Finit — Foollz2 S | finit — follz2 S l|winie — uso | g2,

and hence for some M’ > 0,

PQJOV(HEnzt - FOOHLQ < M/Nf(a72)/(2a+d)) > 1— EleféN(;]QV'
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We finally define 0, as
Oinit = ((Fimitsex)r2 - k < D) e RP, D €N,

the vector of the first D ‘Fourier coefficients’ of Fj,;;. Then we obtain from Parseval’s identity
that ||0init — 00, p||rp < || Finit — Fo, |12, which combined with the last probability inequality

establishes convergence rate desired in Theorem 2.5.10.

Step IV. Proof of (2.198). Let us introduce the symmetric nyxny,ny < 274 matrices

f‘( = Z¢lr (bl’ ’ ')7 I‘(l,r),(l’,r’) :/O¢l,r(x)¢l’,r’($)dpx(m)7

and vectors (:\ = /A\l’r), (Ao = o) € R™. Then we can write

~

| — gy s lItny = 18— wgo sl 720y = (A= 20)" (T = T)(A = Xo)

and hence (one minus the) probability relevant in (2.198) can be bounded as

- Q(x ) (- )(AA o) ’>1/2> <Pr< s [T - Tl >1/2>’

()\ — )\Q)TF(A — veER"J wTTw<1

We also note that by the frame property of the {¢;,}, specifically from (5.252) in [167] with

s=0,p=q=2, for any u, = ZKJ’T v @1 We have the norm equivalence

||’UH%M_, ~ HUUHQLQ = Z Vrvr o Ly 0 ) = vITo =: ||’UH%, (2.203)
LU <Jrr!

with the constants implied by ~ independent of J. Next for any x > 0 let

{vm,m=1,..., My}, My, < (3/r)"

denote the centres of balls of || - ||p-radius k covering the unit ball Vr of (R™, || - ||r) (e.g., as

in Prop. 4.3.34 in [72] and using (2.203)). Then using the Cauchy-Schwarz inequality

W (@ =T = [(v = vm + )T (T = T) (v = Uy + )|
< v = vl sup [0 (' = T)o| + 2o = v |0 (T = T)o|r + foi, (€ = T)om|

veVr

< (k% + 2k) sup [T (I — D)v| + [wE (T = T
veVp

so choosing x small enough so that x? + 2k < 1/4 we obtain

sup [vT([' —T)v| < (4/3) max  |Job(I' = Dvy|, Mj= My, (2.204)
veEVP m=1,..,.Mj
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In particular, using also that Mj; < ec02” < N 512\7, the last probability is thus bounded by

Pr ( max 0L (D = T)up,| > 1/4) 1N max Pr (|U (T —TD)vy| > 1/4). (2.205)
m=1,...,Mj

Each of the last probabilities can be bounded by Bernstein’s inequality (Prop. 3.1.7 in [72])

applied to

N
R 1
oI (I = T)vy, = N > Z;— EZ,

with i.i.d. variables Z; = Z; , given by

Zi = Z Um,l,rvm,l/,r’¢l,r( ¢l/ ’ Z Um,l, r¢l T Z Um, 1, ’Qsl’ ’ )
LU <Jrr! <Jr U<Jr!
(2.206)

wit vectors vy, all satisfying ||v,,||r < 1. For these variables we have from the Cauchy-Schwarz
inequality

2
121 < | Y vmartrr ()| < lomllns Y- (@1,())? <2 =U

I<Jr <Jr

where the constant ¢ depends only on the wavelet frame (cf. (2.203) and also Definition 5.25

in [167]). Similarly, using the previous estimate, we can bound

EZZ2 = E[ Z Um,l,r¢l,r( z < U/ Z Um,l,r¢lr } dr = U”UWH% <U.

I<Jr l<Jr

Now Proposition 3.1.7 in [72] implies for some constant ¢y > 0

. N?%/16 2
Pr(N . A o N/4) <92 _ <2 —co/d
r( |vm ( Jom| > /)_ exp{ 2NU—|—(2/12)NU}_ € "

since U = ¢27¢ ~ N§%,. Now since o > d/2 we have 6%, = o(1/v/N) and thus (1/6%) > Né&%,

— N§2

which means that the r.h.s in (2.205) is bounded by a constant multiple of e ~ for some

c > 0, completing the proof. O



Chapter 3

Convergence rates for Penalised

Least Squares estimators

In this chapter we study convergence rates for Tikhonov-type penalised least squares estimators
in inverse regression problems. The main examples are two non-linear models, respectively
arising with an elliptic divergence form PDE and with a steady-state Schrédinger equation,
both of which we previously encountered in Section 1.1. In both cases the parameter f is an
unknown coefficient function of a partial differential operator Ly and the unique solution u s
of an elliptic boundary value problem corresponding to Ly is observed, corrupted by additive
Gaussian white noise.

The penalty terms we consider are of squared Sobolev-norm type, and thus the estimators
f can also be interpreted as Bayesian MAP-estimators corresponding to some Gaussian
process prior. We derive rates of convergence of f and of u j to f,uy, respectively. We prove
that the rates obtained are minimax-optimal in prediction loss. Our bounds are derived from
a general convergence rate result for non-linear inverse problems whose forward map satisfies
a modulus of continuity condition, a result of independent interest that is applicable also to

linear inverse problems, illustrated in an example with the Radon transform.

3.1 Introduction

Observations obeying certain physical laws can often be described by a partial differential
equation (PDE). Real world measurements carry statistical noise and thus do not generally
exactly exhibit the idealised pattern of the PDE, but it is desirable that recovery of parameters
from data is consistent with the PDE structure. In the mathematical literature on inverse
problems several algorithms that incorporate such constraints have been proposed, notably
optimisation based methods such as Tikhonov regularisation [63, 17] and maximum a posteriori
(MAP) estimates related to Bayesian inversion techniques [155, 53]. In statistical terminology

these methods can be viewed as penalised least squares estimators over parameter spaces
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of regression functions that are restricted to lie in the range of some ‘forward operator’ ¢
describing the solution map of the PDE. The case where ¥ is linear is reasonably well studied
in the inverse problems literature, but already in basic elliptic PDE examples, the map ¢ is
non-linear and the analysis is more involved. The observation scheme considered here will be

a natural continuous analogue of the standard Gaussian regression model
Y =ug(z;) + e, i =1,...,N; {&;} ~*4 N(0,1), (3.1)

where (%)fil are ‘equally spaced’ design points on a bounded domain @ C R? with smooth
boundary 0. The function uy : O — R is, in our first example, the solution u = uy of the
elliptic PDE (with V denoting the gradient and V- the divergence operator)

{V -(fVu)=g¢g on O, (3.2)

=0 on 00,

where g > 0 is a given source function defined on O and f : O — (0,00) is an unknown
conductivity (or diffusion) coefficient. The second model example arises with solutions u = uy
of the time-independent Schrodinger equation (with A equal to the standard Laplacian

operator)

(3.3)

Au—2fu=0 on O,
u=g¢g on 00,

corresponding to the unknown attenuation potential (or reaction coefficient) f : O — (0,00),
and given positive ‘boundary temperatures’ g > 0. Both PDEs have a fundamental physical
interpretation and feature in many application areas, see, e.g., [63, 20, 87, 10, 155, 24, 53],
and references therein.

When f > 0 belongs to some Sobolev space H*(Q) for appropriate « > 0, unique solutions
uy of the PDEs (3.2), (3.3) exist, and the ‘forward’ map f ~ uy is non-linear. [In fact, in
(3.3) only f > 0 is required.] A natural method to estimate f is by a penalised least squares

approach: one minimises over f € H*(O) with f > 0 the squared Euclidean distance

Qn(f) = 1Y —uy?

of the observation vector (Y; : ¢ = 1,...,N) to the fitted values (us(x;) : ¢ =1,...,N),
and penalises too complex solutions f by, for instance, an additive Sobolev norm || - || e -
type penalty. The (from a PDE perspective) natural constraint f > 0 can be incorporated
by a smooth one-to-one transformation ® of the penalty function, and a final estimator f

minimises a criterion function of the form

QN (f) + X1 [f]lIZa,
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over f € H*(O) with f > 0, where A is a scalar regularisation parameter to be chosen. Both
Tikhonov regularisers as well as Bayesian maximum a posteriori (MAP) estimates arising
from suitable Gaussian priors fall into this class of estimators. We show in this chapter
that suitable choices of A, a, @ give rise to statistically optimal solutions of the above PDE
constrained regression problems from data (3.1), in prediction loss. The convergence rates
obtained can be combined with ‘stability estimates’ to obtain bounds also for the recovery of
the parameter f itself.

Our main results are based on a general convergence rate theorem for minimisers over

H® of functionals of the form
F Y =4(F)|* + X||F| e

in possibly non-linear inverse problems whose forward map F +— ¥(F') satisfies a certain
modulus of continuity assumption between Hilbert spaces. This result, which adapts M-
estimation techniques [169, 170] to the inverse problems setting, is of independent interest,
and provides novel results also for linear forward maps, see Remark 3.2.5 for an application
to Radon transforms.

For sake of conciseness, our theory is given in the Gaussian white noise model introduced
n (3.4) below — it serves as an asymptotically equivalent (see [30, 148]) continuous analogue
of the discrete model (3.1), and facilitates the application of PDE techniques in our proofs.
Transferring our results to discrete regression models is possible, but the additional difficulties
are mostly of a technical nature and will note be pursued here.

Recovery for non-linear inverse problems such as those mentioned above has been studied
initially in the deterministic regularisation literature [64, 130, 154, 63, 160], and the conver-
gence rate theory developed there has been adapted to the statistical regression model (3.1)
in [20, 21, 87, 112]. These results all assume that a suitable Fréchet derivative D¥ of the
non-linear forward map ¢ exists at the ‘true’ parameter F', and moreover require that F' lies
in the range of the adjoint operator of D¥ — the so called ‘source condition’. Particularly for
the PDE (3.2), such conditions are problematic and do not hold in general for rich enough
classes of F’s (such as Sobolev balls) unless one makes very stringent additional model
assumptions. Our results circumvent such source conditions. Further remarks, including a
discussion of related convergence analysis of estimators obtained from Bayesian inversion
techniques [177, 50, 131] can be found in Section 3.3.4.

The article is organised as follows. The main results are stated in Sections 3.2 and 3.3;
their proofs are contained in Sections 3.4 and 3.7. Some key auxiliary results about the
elliptic PDE (3.2)-(3.3) and the ‘link functions’ ® used below are proved in Section 3.5 and
3.6 respectively.
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3.1.1 Some preliminaries and basic notation

Throughout, @ C R%, d > 1, denotes a bounded non-empty C*°-domain (an open bounded
set with smooth boundary) with closure O. The usual space L?(0) of square integrable

functions carries a norm || - ||z2(¢) induced by the inner product

(1 hadizo) = [ a(a)ha(@)da, hiha € LX(O),

where dx denotes Lebesgue measure. For any multi-index i = (i1, ...,44) of ‘order’ ||, let D°
denote the i-th (weak) partial derivative operator of order |i|. Then for integer a > 0, the

usual Sobolev spaces are defined as
H*(0) := {f € L*(0) ‘ for all |i| < o, D'f exists and D' f € LQ(O)},

normed by || fl|ge0) = Xjij<a | D" f|l12(0)- For non-integer real values v > 0, we define
H*(O) by interpolation, see, e.g., [108] or [165].

The spaces of bounded and continuous functions on O and O are denoted by C(O) and
C(0), respectively, equipped with the supremum norm || - ||oo. For 7 € N, the space of 7-times
differentiable functions on O with (bounded) uniformly continuous derivatives is denoted
by C"(O). For n > 0,n ¢ N, we say f € C"(0O) if for all multi-indices g with || < |n] (the

integer part of ), DP f exists and is n — |n]-Holder continuous. The norm on C"(0) is

DFf(z) — DPf(y
flenoy= S 1D flle+ S sup D" f (=) n—m( )|
B:1BI<[n] B:|8|=|n) TYED: zFY |z —y|

We also define the set of smooth functions as C*°(O) = N,~0C"(O) and its subspace C°(O)
of functions compactly supported in O.

The previous definitions will be used also for O replaced by 9O or R?. When there is no
ambiguity, we omit O from the notation.

For any normed linear space (X, | - ||x) its topological dual space is
X*:={L:X — Rlinear s.t. 3C >0Vzx € X : |L(x)| < Clz|x},

which is a Banach space for the norm || L[| x+ = sup,ex |L(z)|/| x| x-

We need further Sobolev-type spaces to address routine subtleties of the behaviour of
functions near 9O: denote by HZ(O) the completion of C2°(O) for the H*(O)-norm, and let
H(0O) denote the closed subspace of H*(R?) consisting of functions supported in O. We
have H2(O) = H*(O) unless o = k + 1/2,k € N (Section 4.3.2 in [165]), and one defines
negative order Sobolev spaces H*(0) = (H*(0))*,k > 0, cf. also Theorem 3.30 in [121].
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We use the symbols “<, 2" for inequalities that hold up to multiplicative constants that

are universal, or whose dependence on other constants will be clear from the context. We
also use the standard notation R, := {z|z > 0} and a V b := max{a, b} for a,b € R.

3.2 A convergence rate result for general inverse problems

3.2.1 Forward map and white noise model

Let H be a separable Hilbert space with inner product (-,-)g. Suppose that V C L?(O) and
that
G:V—H  Fe9F),

is a given ‘forward’ map. For some F € V, and for scalar ‘noise level’ ¢ > 0, we observe a
realisation of the equation
YE) =@(F) + W, (3.4)

where (W(¢) : ¢ € H) is a centred Gaussian white noise process indexed by the Hilbert space
H (see p.19-20 in [72]). Let E3, F € V, denote the expectation operator under the law P,
of Y from (3.4). Observing (3.4) means to observe a realisation of the Gaussian process
((Y(®) 4V : 4 € H) with marginal distributions

(YO Yy ~ N(G(F), ¥)m, ¥ ]1f)-

In the case H = L?(O) relevant in Section 3.3 below, (3.4) can be interpreted as a Gaussian
shift experiment in the Sobolev space H%(O),k > d/2 (see, e.g., [33, 131]), and also serves
as a theoretically convenient (and, for ¢ = 1/v/N, as N — oo asymptotically equivalent)
continuous surrogate model for observing (Y;, z;); in the standard fixed design Gaussian

regression model
Yi=9(F)(x;) +¢ei, i=1,...,N, {g} ~" N(0,1), (3.5)

where the z; are ‘equally spaced’ design points in the domain O (see [30, 148]).

In the discrete model (3.5) the least squares criterion can be decomposed as [|Y —%(F)||3~
=[Y|2x —2(Y. 9 (F))pny + |9 (F)|zn- The first term [|Y[|3y is independent of F and can
be neglected when optimising in F. In the continuous model (3.4) we have ||Y||g = co a.s.

(unless dim(H) < o0), which motivates to define a ‘Tikhonov-regularised’” functional

Hre Vo R L (F) =2YE G(F)u — |9E)f — NIF e, (3.6)

where A > 0 is a regularisation parameter to be chosen, and where we set #, .(F) = —oo for
F ¢ H®. Maximising _#) . thus amounts to minimising the natural least squares fit with

a H*(O)-penalty for F', and we note that it also corresponds to maximising the penalised
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log-likehood function arising from (3.4), see, e.g., [131], Section 7.4. In all that follows || - || g
could be replaced by any equivalent norm on H*(O).

We note that when ¢ is non-linear, computation of a global maximiser of the (then non-
convex) functional ¢, . may pose an infeasible computational task in practice. Nevertheless,
the convergence rates we obtain below provide a first rigorous understanding of the statistical
complexity of the PDE inference problems at hand. It is an interesting open question whether
algorithms that are computable in ‘polynomial time’ can attain the same performance
guarantees. This is subject of ongoing research (see, e.g., [126]) and beyond the scope of the

present thesis.

3.2.2 Results

For F; € VN H®, F, € V and X > 0, define the functional
TR(F, B) = |9 (F1) — 9 (F2)|f + N F 7 (3.7)

The main result of this section, Theorem 3.2.2, proves the existence of maximisers F for
P over suitable subsets V C Y N H® and concentration properties for T,\(F, Fy), where
Fp is the ‘true’ function generating the law P% from equation (3.4). Note that bounds
for T\(F', Fy) simultaneously control the ‘prediction error’ |4 (F') — ¥ (Fy)||m as well as the
regularity ||13' ||z of the estimated output E.

Theorem 3.2.2 is proved under a general ‘modulus of continuity’ condition on the map ¢

which reads as follows.

Definition 3.2.1. Let o, v,k € Ry be non-negative real numbers and V C L?(0). Set
H = HYO) if K < 1/2, and H = HX(O) if K > 1/2. A map 4 : V — H is called
(K, 7, @)-reqular if there exists a constant C' > 0 such that for oll F, H € VN H, we have

19(F) ~ 9 (D)l < CU A1 F ooy V 1 H o) IF — Hllgmiope: (38)

This condition is easily checked for ‘k-smoothing’ linear maps ¢ with v = 0, see Remark
3.2.5 for an example. But (3.8) also allows for certain non-linearities of ¢ on unbounded
parameter spaces V that will be seen later on to accommodate the forward maps induced by
the PDEs (3.2), (3.3). See also Remarks 3.2.6, 3.3.10 below.

Theorem 3.2.2. Suppose that 4 : V — H is a (K, 7, a)-reqular map for some integer
a > (d/2 — k) V (yd/2 — k). Let Y(© ~ P, from (3.4) for some fized Fy € V. Then the
following holds.

1. Let Y C VN H be closed for the weak topology of the Hilbert space H. Then for all
A€ >0, almost surely under Py, , there exists a mazimiser F= F,\a eV of Zxe from (5.6)
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over V, satisfying

sup e (F) = Fae(F). (3.9)

Fey

2. Let Y C VNH. There exist constants c1,cz,c3 > 0 such that for alle, \,d > 0 satisfying

I\JP

e 15> (14 A2 (1+ (5/N)%)), s:= (a+k)/d, (3.10)

all R > 6, any mazimiser F = FA,& €V of e overV and any F, € V, we have

U ). (3.11)

o (TA(F, Fo) > 2(3(Fy, Fo) + R?)) < ezexp ( T 22
2

and also
o [TRE, Fo)| < s (3(Fu Fo) + 62+ €2). (3.12)

Various applications of Theorem 3.2.2 for specific choices of k, v, V and V will be
illustrated in the following - besides the main PDE applications from Section 3.3, see Remarks
3.2.4, 3.3.10 and 3.3.11 as well as Example 3.2.5 below.

Theorem 3.2.2 does not necessarily require Fy € V as long as Fy can be suitably approxi-
mated by some F, € V, see Remark 3.2.4 for an instance of when this is relevant. If Fy € V
then we can set F, = Fpy in the above theorem and obtain the following convergence rates,
which are well known to be optimal for k-smoothing linear forward maps ¢, and which will
be seen to be optimal also for the non-linear inverse problems arising from the PDE models
(3.2) and (3.3).

Corollary 3.2.3. Under the conditions of Part 2 of Theorem 3.2.2, for all R > O there
exists ¢ < 0o such that for all e > 0 small enough, \ = e2(@TR)/Rlatm)+d) 4nd any mazimizer

F)\,S of Ixe overV,

~ 2(a+tk)
sup B Hg(FA,a) - g(FO)HH < ceTatotd, (3.13)
FoeVi|Follpa<R

When images of || - || gza-bounded subsets of V under a forward map ¥ : L*(O) — L?(O)
are bounded in H?(©) for some 3 > 0, then the L2-bound (3.13) extends (via interpolation
and bounds for ||F|| = implied by Theorem 3.2.2) to H-norms, 7 € [0, 4], which in turn can
be used to obtain convergence rates also for F—F by using stability estimates. See the

results in Section 3.3 and also Example 3.2.5 below for examples.

Remark 3.2.4 (MAP estimates). Let II be a Gaussian process prior measure for F' with
reproducing kernel Hilbert space (RKHS) H and RKHS-norm M| - || o, A > 0. Taking note
of the form of the likelihood function in the model (3.4) (see, e.g., Section 7.4 in [131]),
maximisers £ of e over V =H with A = e have a formal interpretation as maximum

a posteriori (MAP) estimators for the resulting posterior distributions II(-|Y(®)), see also



116 Convergence rates for Penalised Least Squares estimators

[50, 84]. For instance, let o > d/2,k > 0, and consider a linear inverse problem where
for 8 = a—d/2and V = H}(O), 4 : H?(O) — H is a linear map satisfying (3.8) with
v =0 for all F,H € H?(O). Then, applying Theorem 3.2.2 with A = ¢ (so that A = 1) and
§ ~v £(28+20)/(26+2n+d) vields

swp ES, Hg(ﬁ) - %(FO)HH <65, R>0, (3.14)
FoeHB(Oo):||Foll g8 <R

for any fixed sub-domain Oy such that Oy C O. Indeed, one easily checks (3.10), and
given Fy € HP(Op) set F. = (F (1 <5z F [l € HE(O), where ¢ € C2(0) is
such that ¢ = 1 on Op and # is the Fourier transform. Then [|Fi|ge@o) S 0/\ and
| F™ = Foll(ar0)) S 1 = Follg—+0) S 6 in (3.12) yield (3.14). Similar comments apply to

non-linear ¢, with appropriate choice of \, see Remark 3.3.10.

Example 3.2.5 (Rates for the Radon transform). Let % : V = L?(O) — H be the Radon
transform, where O = {z € R? : |z|| < 1} and H = L*(%),% := (0,27] x R, equipped
with Lebesgue measure, see p.9 in [129] for definitions. Then ¥ = Z satisfies (3.8) with
k=1/2,7=0and any o € N - see p.42 in [129] and note that our |- [[ g1/2())+-norm is the
|- ||H61/2(0)—n0rm used in [129] (cf. Theorem 3.30 in [121]). Applying Corollary 3.2.3 with

a>1,V=H¥0) and A = ¢otD/(+3) implies that for any Fy € HY(0),

7o 12 (F)) — 2 (Fo)||22(s) + A1 Ec S gltot2)/(atd), (3.15)

2
Hoo)) S

Using again the estimates on p.42 in [129] and that Holder’s inequality implies

20/ (2a+1 1/(2a+1
lgllinray < Mgl Vgl gy,

for H*(X) defined as in [129], we deduce from (3.15) and Markov’s inequality that as ¢ — 0,

2

1Ere = Follz2(0) S N2(EF) = Z(Fo)ll11/2(s) = Ops,_ (€777)

in probability [recall that random variables (Z, : n € N) are Op,(ry,) if V6 > 0 IM = M;
s.t. Pr(|Z,| > Mry,) < 6 for all n € N, with constants uniform in || Fp|| ge oy < R for any
R > 0. Similarly, if one chooses A = ¢ instead, then the MAP estimate from Remark 3.2.4
satisfies

HF)\,E - Fo’ = O[p?o (8%), where 8 :=a —1> 0,

L*(0)
uniformly over HFOHHB(OO) < R for R > 0.
Remark 3.2.6 (The effect of nonlinearity). In the proof of Theorem 3.2.2 we follow ideas for

M-estimation from [170, 169], and condition (3.8) is needed to bound the entropy numbers
of images {4 (F) | ||F|lg~ < R},0 < R < 00, of Sobolev balls under ¢, which in turn control
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the modulus of continuity of the Gaussian process that determines the convergence rate of F

to Fy. The at most polynomial growth in ||F'|| g« of the Lipschitz constants
L+ 1F e V [1H [[3a) s v 20, (3.16)

in (3.8) turns out to be essential in the proof of Theorem 3.2.2. But even when only a
‘polynomial nonlinearity’ is present (7 > 0), the last term in the condition (3.10) can become
dominant if the penalisation parameter X is too small. The intuition is that, for non-linear
problems, too little penalisation can mean that the maximisers F over unbounded parameter

spaces behave erratically, yielding sub-optimal convergence rates.

3.3 Results for elliptic PDE models

In this section, we apply Theorem 3.2.2 to the inverse problems induced by the PDEs (3.2)

and (3.3). We also discuss the implied convergence rates for the parameter f.

3.3.1 Basic setup and link functions

For any integer o > d/2 and any constant Ky, € [0, 1), and denoting the outward pointing
normal vector at © € 9O by n = n(x), define the parameter space (boundary derivatives are

understood in the trace sense)

Fi=Fak,., ={f€H*(O): f>KpinonO, f=1on0d0,
99 f (3.17)

%:Oonﬁ(’) for j=1,..,a—1},

and its subclasses
For(R)y:={feF:f>ronO, |fllue <R}, 7> Kpin, R > 0.

We note that the restrictions Ky, < 1 and f = 1 on 00 in (3.17) are made only for
convenience, and could be replaced by any K,,;, > 0 and f = g for fixed § € C*(00)
satisfying § > Kpn. Moreover, for estimation over parameter spaces without prescribed
boundary values for f, see Remark 3.3.11.

We will assume that the coefficient f of the second order linear elliptic partial differential
operators featuring in the boundary value problems (3.2) and (3.3), respectively, belong to

Fao.K,,, forlarge enough o, and denote by

G:F—L*0), [~ G(f):=uy, (3.18)
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the corresponding solution maps. Following (3.4) with H = L?(0), we then observe
YE = G(f) +eW, € >0, (3.19)

whose law will now be denoted by ]P’? for f € F.

We will apply Theorem 3.2.2 to a suitable bijective re-parameterisation of F for which
the set V one optimises over is a linear space. This is natural for implementation purposes
but also necessary to retain the Bayesian interpretation of our estimators from Remark 3.2.4.
To this end, we introduce ‘link functions’ ® — the lowercase and uppercase notation for

corresponding functions f € F and F = ®~! o f will be used throughout.

Definition 3.3.1. 1. A function ® is called a link function if ® is a smooth, strictly
increasing bijective map ® : R — (Kpin, 00) satisfying ®(0) =1 and ® > 0 on R.
2. A function ® : (a,b) > R, —co < a < b < o0, is called regular if all derivatives of ®

of order k > 1 are bounded, i.e.

Vk>1: sup ‘q)(k)(x)’ < 0. (3.20)
z€(a,b)

In the notation of Theorem 3.2.2, throughout this section we set H = L2(0), V =V :=
{® 1o f: fe F} tobe the ‘pulled-back’ parameter space, and

4.V - L*0), 9(F):=G®oF), (3.21)

For F as in (3.17), one easily verifies that

OF
V= {FEHO‘:aj:Oon8(’)f0rj:0,...,a—1} = H}O),
n
where the second equality follows from the characterization of H(O) in Theorem 11.5 of
[108]. Given a realisation of (3.19) and a regular link function ®, we define the generalised

Tikhonov regularised functional Jy . : 7 — R,

Tne(f) =20V, G(f)) 2 = IG()II72 = A9 o flIFa, A>0. (3.22)

Then for all f € F, we have #) .(F) = J).(f) in the notation (3.6), and maximising Jj
over F is equivalent to maximising #,. over HY = V. Any pair of maximisers will be
denoted by

. S N
fe argr}leagh,s(f% F=®"ofe¢ arg max. ne(F), G(f)=9(F).
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The proofs of the theorems which follow are based on an application of Theorem 3.2.2,
after verifying that the map (3.21) satisfies (3.8) with V = H¢ and suitable values of &, 7, a.
The verification of (3.8) is based on PDE estimates that control the modulus of continuity
of the solution map (3.18), and on certain analytic properties of the link function ®. In
practice often the choice ® = exp is made (cf. [155]), but our results suggest that the use
of a regular link function might be preferable. Indeed, the polynomial growth requirement
(3.16) discussed above is not met if one chooses for ® the exponential function. Before we

proceed, let us give an example of a regular link function.

Example 3.3.2. Define the function ¢ : R — (0,00) by ¢(z) = €*1,<0 + (1 + x)1z>0,
let ¢ : R — [0,00) be a smooth, compactly supported function with [p ¢ = 1, and write
¢ x = [p&(- —y)Y(y)dy for their convolution. It follows from elementary calculations that,
for any Kin € R,

1 _Kmin
d:R— Kmin,OO,q)zszin_{'id}*(ba
( ) 5 6(0)

is a regular link function with range (Kpin, 00).

3.3.2 Divergence form equation

For a given source function g € C*°(0O), we consider the Dirichlet boundary value problem

{V (fVu)=g onO, (3.23)

u=0 on 00,

where f € Fy K, (see (3.17)) for some o > d/2 + 1, Kypi, > 0. Then (3.59) implies
f € C1(0O) for some 1 > 0, and the Schauder theory for elliptic PDEs (Theorem 6.14 in
[71]) then gives that (3.23) has a unique classical solution in C(O) N C?*7(©) which we shall
denote by G(f) = uy.

Upper bounds For a link function ® and fi, fo € F, define (cf. (3.7))

pa(fr, f2) = G(f1) = G(f)ll 72 + N[97 o fillfe = Ta(F1, ).

Theorem 3.3.3 (Prediction error). Let F be given by (3.17) for some integer a > (d/2 +
2)V (2d — 1) and Kypin € (0,1). Let G(f) = uy denote the unique solution of (3.23) and let
Y ~ PS, from (3.19) for some fo € F. Moreover, suppose that ® : R — (Kyin,00) is a
reqular link function and that Jy_. is given by (3.22), where

2(a+1)
Ae 1= g2(atDtd,
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Then the following holds.

1. For each fo € F and ¢ > 0, almost surely under P5 , there exists a mazimiser fg e F

of Jx.e over F.

2. For each R > 0, r > Ky, there exist finite constants c1,co > 0 such that for any
maximiser fg € F of e, all0<e <1 andall M > cq,

N 4(a+1) M2)\2
2 2 €
sup 5 (k3. (f2, fo) > M7+ < exp (- . (3.24)
fDe]:oz,'r(R) fO ( € ) ( 6262 )

3. For each R> 0, r > Kyin, and B € [0, + 1], there exists a constant c3 such that for
any mazximiser fs € F of Jy. e with corresponding U, forall0 <e <1,

2(at1-B)
e < cge2ef+d, (3.25)

sup K%
fo€Fan(R)

uj, = g
Lower bounds We now give a minimax lower bound on the rate of estimation for uy
which matches the bound in (3.25). To facilitate the exposition we only consider the unit

ball O = D := {z € R?: ||z|| < 1}, set g = 1 identically on O, and fix HP-loss with 3 = 2.

Theorem 3.3.4. For Kp,in € (0,1),a>d/2+1, O =D and g =1 on O, consider solutions
uf, f € F, to (3.23). Then there exists C < oo such that for all € > 0 small enough,

2(a—1)
inf  sup Ef |4 —up gz > Ce2@tD+d v > Ky, R > 0, (3.26)
e fo€Far(R)

where the infimum ranges over all measurable functions 4. = 4(Y©)) of Y& from (3.19) that

take values in H?.

Observe that (3.26) coincides with the lower bound for estimating uys, as a regression
function without PDE-constraint in H*t! under H?-loss. Note however that unconstrained
‘off the shelf” regression function estimators . for uy will not satisfy the non-linear PDE
constraint @ = G( f) for some f € F, thus providing no recovery of the PDE coefficient fg
itself.

Rates for f via stability estimates For estimators u i that lie in the range of the forward
map G, we can resort to ‘stability estimates’ which allow to control the convergence rate of f.
to fo by the rate of G( fg) =uj towards G(fo) = uy,, in appropriate norms. Injectivity and
global stability estimates for this problem have been studied in several papers since Richter
[149], see the recent contribution [24] and the discussion therein. They require additional
assumptions, a very common choice being that ¢ > 0 throughout ©. The usefulness of these

estimates depends in possibly subtle ways on the class of f’s one constrains the problem to.
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The original stability estimate given in [149] controls || fi — fa|loo in terms of [luf, — uy, | o2
which does not combine well with the H”- convergence rates obtained in Theorem 3.3.3. The
results proved in [24] are designed for ‘low regularity’ cases where o € (0, 1): they give at
best

Hfl - fQ”L2 < C(flan)”ufl _uf2H115{127 Ji, o €F, d>2, (3'27)

which via Theorem 3.3.3 would imply a convergence rate of eT@*Da for | fe = foll 2. For
higher regularity a > 2 relevant here, this can be improved. We prove in Lemma 3.5.5
below a Lipschitz stability estimate for the map uy — f between the spaces H 2 and L?, and
combined with Theorem 3.3.3 this gives the following rate bound for fe — fo-

Theorem 3.3.5. Suppose that o, Kpin, F, G, ®, A\c are as in Theorem 3.5.8 and that in
addition, inf,co g(x) > gmin for some gmin > 0. Let fg € F be any mazimiser of Jy_.. Then,
for each v > Kpin and R < oo, there exists a constant C > 0 such that we have for all

O0<exl,

A 2(a—1)
sup E5 IS — foll e < Ceoroma, (3.28)
fOEfa,r(R

The rate in Theorem 3.3.5 is strictly better than what can be obtained from (3.27), or by
estimating [[u; —ugllo2 by luz —ugllg2+as2en,n > 0, and using Richter’s stability estimate.
A more detailed study of the stability problem, and of the related question of optimal rates

for estimating f, is beyond the scope of the present thesis and will be pursued elsewhere.

3.3.3 Schrodinger equation

We now turn to the Schrédinger equation

Au—2fu=0 on O,
(3.29)

u=g¢g on 00,

with given g € C*°(00). By standard results for elliptic PDEs (Theorem 6.14 in [71]), for
f € Fak,., from (3.17) with K3, > 0, > d/2, a unique classical solution uy = G(f) to
(3.3) exists which lies in C?t7(0) N C°(O) for some n > 0.

The results for this PDE are similar to the previous section, although the convergence

rates are quantitatively different due to the fact that the forward operator is now 2-smoothing.

Theorem 3.3.6 (Prediction error). Let F be given by (3.17) for some integer a > (d/2 +
2) V (2d — 2) and Kyin € [0,1). Let G(f) = uy denote the unique solution to (3.29) and let
Y©) ~ PS, from (3.19) for some fo € F. Moreover, suppose that ® : R — (Kpipn,0) is a
reqular link function and that Jy_. is given by (38.22), where

2(a+2)
)\E = g2(a+2)+d
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Then the following holds.

1. For each fo € F and € > 0, almost surely under P5 , there exists a mazimiser fg e F
of Jx.,e over F.

2. For each R > 0, r > Kun, there exist finite constants c1,co > 0 such that for any
mazimiser fe € F of e, all0<e <1 and all M > c1, we have

2 N 2 4(a+2)
sup  PY (M,\s(fa fo) =M EQ(MQHd) < exp ( B
fOe]:u,’r(R)

MXC ) (3.30)

6282

3. For each R > 0, r > K, and 8 € [0, + 2], there exists a constant c3 > 0 such that
for any mazximiser fg € FofJyeandall0<e <1,

2(a+2-p)
< CeRatarid, (3.31)
HB —

sup [ES
fOe]:a,'r(R) fO

up —uf

For the PDE (3.29) the stability estimate is easier to obtain than the one required in
Theorem 3.3.5, and here is the convergence rate for estimation of f € F. We note that the
rates obtained in Theorems 3.3.6 and 3.3.7 are minimax-optimal in view of Proposition 2 in
[131] (and its proof).

Theorem 3.3.7. Assume that o, Kpin, F,G, P, . are as in Theorem 3.3.6 and that in
addition, inf,ep0 9(x) > Gmin for some gmin > 0. Let f- € F be any mazimiser of I e
Then for all r > K, and R > 0, there exists a constant C' > 0 such that for all € > 0 small

enough, ,
suwp B, || o = o, < e,

fo€Fa,r(R)

3.3.4 Concluding remarks and discussion

Remark 3.3.8. The classical literature on ‘deterministic inverse problems’ deals with
convergence rate questions of Tikhonov and related regularisers, see the monograph [63],
[64, 130, 154, 63, 160, 95] and also [17]. The convergence analysis conducted there is typically
for observations ys = ¢(F) + 0 where ¢ is a fixed perturbation vector in data space, equal
to L2(0) in the present setting. For non-linear problems, rates are obtained as ||§|| — 0
under some invertibility assumptions on a suitable adjoint D%} of the linearisation D¥p[-] of
the forward operator at the ‘true’ parameter F' (‘source conditions’), see, e.g., Section 10 in
[63]. These results are not directly comparable since our noise W models genuine statistical
error and hence is random and, in particular, almost surely not an element of data space
L?(0). As shown in [20, 21, 87, 112], the ‘deterministic’ analysis extends to the Gaussian
regression model (3.4) to a certain degree, but the results obtained there still rely, among

other things, on invertibility properties of D¥7. For the PDE (3.2) such ‘source conditions’
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can be problematic as D%} may not be invertible in general (due to the fact Vu; can vanish
on O unless some further assumptions are made, see, e.g., [102]). Our techniques circumvent
source conditions by first optimally solving the ‘forward problem’, and then feeding this

solution into a suitable stability estimate for ¥ 1.

Remark 3.3.9 (Bayesian inversion). The Bayesian approach [155, 99, 53] to inverse problems
has been very popular recently, but only few theoretical guarantees for such algorithms are
available in non-linear settings: In [177], convergence rates for the PDE (3.23) are obtained
for certain Bayes procedures that arise from priors for f that concentrate on specific bounded
subsets of H*. The main idea to combine regression results with stability estimates is related
to our approach, but the rates obtained in [177] are suboptimal, and for the elliptic PDE
models considered here do not apply to Gaussian priors. Bayesian inference for the PDE
(3.29) has been studied in [131], where it is shown that procedures based on a uniform wavelet
prior do attain minimax optimal convergence rates for f and us (up to log-factors). The paper
[131] also addresses the question of uncertainty quantification via the posterior distribution,
by proving nonparametric Bernstein-von Mises theorems, whereas our results only concern
the convergence rate of the MAP estimate for certain Gaussian priors (see Remarks 3.2.4,
3.3.10). A related recent reference is [125] where the asymptotics for linear functionals of
Gaussian MAP estimates are obtained in linear inverse problems involving Radon and more
general X-ray transforms — see also [99, 144] for earlier results for diagonalisable linear inverse
problems. Finally, convergence rates for posterior distributions of PDE coeflicients in certain

non-linear parabolic (diffusion) settings have been studied in [134, 1].

Remark 3.3.10 (MAP estimates, non-linear ¢). As explained in Remark 3.2.6, Theorem
3.2.2 does not necessarily produce optimal rates for the choice A = ¢ in the non-linear settings
from this section where v > 0. For MAP estimates as discussed in Remark 3.2.4 our results
then imply optimal convergence rates for G(f) only if the Gaussian prior is re-scaled in an
e-dependent way, more specifically if its RKHS norm is A|| - || e with \ = ¢~/ (2a+2+d),
Moreover, positivity of f is enforced by a ‘regular link function’ ®, excluding the exponential
map. Whether these restrictions on admissible priors are artefacts of our proofs remains
a challenging open question, however, to the best of our knowledge, these are the first
convergence rate results for proper MAP-estimators in the non-linear PDE constrained
inverse problems studied here, improving in particular upon the (‘sub-sequential’) consistency
results [50].

Remark 3.3.11. For both PDEs (3.23) and (3.29), one can also consider estimation over

the parameter space

F:={f € HYO): inf f(2) > Kpmin on O}, (3.32)
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without the boundary restrictions on f from (3.17). Note that F C F. Then, with x =
1/2—-nm € (0,1/2), V=V = H*O) in (3.21), a > (d/2 +2) V 2d — k and K,;, as before,
Theorem 3.2.2 applies as in Theorems 3.3.3 and 3.3.6, and

2(a+1/2—n—p4)

sup E?o”“f o ufoHHﬁ(O) S eeZ=mtd e > Ko, R > 0,
fo€Fa,r(R)

where, respectively, 5 € [0,« + 1] (divergence form eq.) and 5 € [0, « + 2] (Schrodinger eq.),
and Fo,(R) :={f € F: f>ronO, ||f|lge < R}. By the stability Lemmas 3.5.5 and 3.5.9
(which apply to F as well) and arguing as in the proofs of Theorems 3.3.5 and 3.3.7, this

yields the respective convergence rates

g2ati/2=m+d oF1 (div. form eq.), e2(e+i/2=n+d a+2 (Schrodinger eq.),

for 5, |f ~ ol 2, uniform over o, (R).

3.4 Proofs of the main results

3.4.1 Convergence rates in M-estimation

For the convenience of the reader we recall here some classical techniques for proving
convergence rates for M-estimators (see [169, 170]) — these will form the basis for the proof
of Theorem 3.2.2. In the following V C L*(0), ¢4 : V — H is a Borel-measurable map, and
the functionals _#y ., 72(-,-) are given by (3.6), (3.7), respectively. Let V C VN H*O) be a

subset over which we aim to maximise #).. For any Fi, € V and A\, R > 0, define sets

V.(\,R) :={F eV :7(F,F.) < R%}, (3.33)
their images under ¢,
D.(\,R) = {94(F): F € V with 7%(F, F.) < R?}, (3.34)
and also R
T.O\R) = R+/0 HY2 (p,D.(\ R), | - ) dp, (3.35)

where the usual metric entropy of A C H is denoted by H(p, A, || - |[|m) (p > 0). The following
theorem is, up to some modifications which adapt it to the continuum sampling scheme (3.4)

and the inverse problem setting considered here, a version of Theorem 2.1 in [169].

Theorem 3.4.1. Let i, € V,A >0, and let PL be the law of Y © from (8.4) for some fized
Fo € V. Suppose W, (\, R) > J.(\, R) is some upper bound such that R — W,(\, R)/R? is

non-increasing. Then there exist universal constants ci,co,c3 such that for all e, A\,;6 > 0



3.4 Proofs of the main results 125

satisfying
62 > c1eW, (N, 0) (3.36)

and any R > §, we have that

T (/)\’5 has a mazimizer F' over V s.t. 72(F, Fy) > 2(72(F,, Fy) + RQ))

RQ
< coexp ( - C%?) (3.37)

Moreover, for any mazimiser F' of e over V we have for some universal constant c3
ES, [2(F, Fo)] < c3(T3(Fy, Fo) + 6% +€2). (3.38)

Proof. 1. Let F' denote any maximiser of Ire- By completing the square, we see that F

also maximises

Qe (F) = 2(eW, 4 (F))u — |9(F) = 9 (Fo)llf — A || F [ -
Rewriting the inequality Q,\ys(ﬁ’) > Qxr(Fy), we obtain
2(eW,9(F) — 4 (F))u = 73(F, Fo) — 73(Fy, Fo).
Elementary calculations as in [169], p.3-4, give that for all R > 0, if

T2(F, Fy) > 2 (Tf(F*, ) + RQ)

holds then we also have the inequalities

It follows that for any R > 0 and for P the law of the centred Gaussian process (W(y) =
<Wa¢>H : d} € H)v
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2. For all A\, R > 0, we have that supy, ,cp,(\r) I — ¢llm < 2R, so that by Dudley’s
theorem (see [72], p.43),

E l sup (W, ¢ — g(F*)>H|]
YED.(\R)

2R
< inf  E|(W.y—9(F. / HY2 (0. DR, || - ) d
~ e (R) (W, — & (F))ul + 0 (0, DA\ R), || - lm) dp

2R
SR+ [ H2 (DR w) dp = OLR) < T\ R).
0

3. Let us write Si(A, R) 1= supyep,(ar) (W, ¥ — 9 (F)))|. By choosing c large enough
and & such that (3.36) holds, we have that for all R > §, &£ R* — W, (), R) > &= R?. Thus by
the preceding display, the Borell-Sudakov-Tsirelson inequality (see Theorem 2.5.8 in [72]),

and possibly making ¢ > 0 larger, we obtain for all R > d and [ = 1,2, ...

1
P <P (55*@, 2'R) — R[S, (A, 2'R)] > @22132 —eW, (), 21R)>

22lR2
<P (S*()\, 2'R) — E[S.(\, 2'R)] > e )

1 /22 Rr2\? P 92l 2
Sexp(‘g(g& SR e =y

where in the penultimate inequality, we have used

(3.39)

sup  E[(W, ¢ — Z(F.))ul’] < 22R*.
YEDL(N2LR)

The inequality (3.37) now follows from summing (3.39), and (3.38) follows from arguing as in
the proof of Lemma 2.2 in [169]. O
3.4.2 Proof of 3.2.2, Part 2

We will apply Theorem 3.4.1 and need the following lemma. For F, € V, define V. (A, R), Di(\, R)
and J.(\, R) by (3.33), (3.34) and (3.35) respectively. We also use the notation H*(O,r) :=
{F € H*(O) | |F||lge < r} and H}(O,r) :={F € H¥(O) | |F|lg> < r},r > 0 and recall
s=(a+k)/d.

Lemma 3.4.2. Suppose that V and 4 are as in Part 2 of Theorem 8.2.2. Then there exists
a positive constant ¢ such that for all \, R > 0 and F, € V,

V.(\,R) == R+ c(RA‘i (1+ (R/)\)v/%))

is an upper bound for J.(\, R).
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Proof. Let us first assume that x > 1/2. We estimate the metric entropy in Ji(\, R). Let
0, A, R > 0 and define
m:=C(1+R'\77),

where C is the constant from (3.8). By definition of 7y, we have V,(\,R) C H*(O, R/\). Fix
some larger, bounded C*®-domain @ > O and some function ¢ € C°(R?) such that 0 < ¢ < 1,
¢ =1 on O and supp(¢) C O. By the main theorem of Section 4.2.2 in [165], there exists
a bounded, linear extension operator £ : H*(0) — H"(R?). Define the map e : ¢ — C&E(¢)
which maps H"(O) continuously into H*(O), and for ¢ € L*(O), let ¢ : R — R denote its
extension by 0 on R¢ \ O. We then have, for some ¢; > 0,

Ol geon =  sup
Iollgrsop- = _sup

qﬁcp’: sup /~gge<p’§c )| 3.40
ooe|= s | [y 060 < clldluney 340

By Theorem 11.4 in [108] and its proof, the zero extension ¢ — ¢ is continuous from H®(O)

to H*(O) with norm 1, so that
W= {F:FeV.(\R)} € HX(O, R/).

By Theorem 4.10.3 of [165], we can pick F1, ..., Fy € W with

N <exp (CQ(RZ;CI)l>

for some universal constant cg, such that the balls

Bi = {Q/)GW : ||1/}_E||H7K(@)§L}7 izl)"'7N7

mcy

form a covering of W. Then it follows from (3.8) and (3.40) that for alli =1,..., N and F
with F € Bi,

19(F) = 9(F) |l < mllF = Eill(a~0)) < meillF = Fill v,
whence the balls
Bli= {p € D.ANR): [0 —F(F)lu < p}, =1, N
form a covering of Dy (A, R). Hence we obtain the bound

Rm)i7

H (p, DB - ) 5 (7 (3.41)
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and hence also

2R 2R =
[ oo R de s [ (52) " de s ARG (RN,
0 0

which proves that W, > J, for the case k > 1/2.
For x < 1/2, by Theorem 11.1 in [108], we have H*(0) = H#(O) = H*(©) and hence

|- l(zr0))« = Il - [l-=(0), Wwhence we can use Theorem 4.10.3 of [165] directly to cover
Vi(R,\) C H*(O, R/X\) by H™"(O)-balls, and using (3.8) as above yields the entropy bound
(3.41). O

By assumption on o we have 1+ Z& < 2 and hence the map R — W, (A, R)/R?, for
U, (A, R) as defined in Lemma 3.4.2, is decreasing. The bounds (3.11) and (3.12) then follow
from Theorem 3.4.1. The proof of existence of maximisers is given in Section 3.7. Finally,
we obtain Corollary 3.2.3 by taking F, = Fy and 6 := ce2(@+#)/(2e+26+d) fo1 which (3.10) is

easily verified for A\ chosen as in the corollary, so that Theorem 3.2.2 applies.

3.4.3 Proof of Theorems 3.3.3, 3.3.4 and 3.3.5

Proof of Theorem 3.3.3. We verify that ¢ given by (3.21) with G the solution map of (3.23),
satisfies (3.8) for V = HY, H = L*(0), v = 4,k = 1, in order to apply Theorem 3.2.2. Let
F,H ¢ H*, and let us write f := ®o F, h:= ® o H. With L, V; introduced in Section 3.5.2
we have by (3.21) and (3.23)

Lil9(F) —9(H)| = Lylus — ]

(3.42)
= Ly[ug] = Ln[un] + (Ln = Ly)[un] =V - ((h = f)Vua),
and then, by Lemma 3.5.2 with H? defined in (3.62), the estimate
G(F)—9H)|2=IVr[V-((h— f)Vu 2
19(F) =9 (H)|[2 = Vs [V - (h = f)Vun)]ll (3.43)

<SCA+[flle) IV - ((h = F)Vun)ll g2y -

By applying the divergence theorem to the vector field ¢(h — f)Vuy,, where ¢ € C3 is any

C?-function that vanishes at the boundary, we have

IV - ((h— f)Vuh)H(Hg)* = sup
PeCY, el g2<y

@V - ((h = f)Vup)
o

= Ve va,
O

= sup
906037 HSO”HQ§1

< Hh_f”(Hl)* sup Vo - Vug|| g
¢€C§7 ”‘PHH2§1

S A= fll -

uhHCQv
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where we used the multiplicative inequality (3.57) in the last step. Combining this with (3.43)
and Lemma 3.5.3 yields that

19 (F) =% (H)llz2 < (1 + | fllen) @+ RIZDIR = Fll ey~

Hence, by (3.94), (3.96) and the Sobolev embedding (3.59), we obtain

19 (F) =G (H) g2 € 1+ [ F e VI H | 5re) 1E = Hl 51y,

~

so 4 indeed fulfills (3.8) for v =4 and x = 1.
The existence of maximisers fg now follows from the first part of Theorem 3.2.2, and we
prove (3.24) by applying Theorem 3.2.2 with F, = Fy. First, we note that for all f. and fo,

n(fe, fo) = Ta(EL, F). (3.44)

2(a+1)

For the choice §; = ce2@FD+d and ¢ large enough, the triple (g, A, d.) satisfies (3.10) and
Theorem 3.2.2 and (3.44) yield that for some ¢ > 0 and any m > d.,

2
e 2 (7 2 2 m
fo (:u)\g(feaf()) 2 2(66 +m )) < exp <_c/82> )

which proves (3.24).
To show (3.25), let now 3 € [0, + 1], R > 0 and r > K;;,. By Lemma 3.5.4, we have
that

M = sup |lwg|| gra+r < oo.
feF:|fllua<h

Now for any fo € For(R), we can use (3.64) to estimate

Dé+115 il
Jup —upllgs S llujp—ugpll 5™ llup —upllpi
atl_p 5 8 (3.45)
Sty =gl (M 4 gl )
Further, Lemma 3.5.4 and (3.95) yield that
aiﬁ-l FljafB ey -1 2 a?p
luslliein ST+IFISE S1+IPIRE S 1+ (A (Fo fo)) (3.46)

2(a+1)
Now set 0. := c1e2(e+D+d for ¢q from the second part of the theorem. We define the events

{A[) = {H)\e(fsa fO) < 65} (347)

AJ = {ﬂ)\s(fe’fO) € (2]'7155?2]'58]}7 j > 1.
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By (3.24) and (3.45)-(3.46), and writing fix. := pa.(f, fo), we then obtain

at+l—03 24 2
Lyl = g5 (1420207577 |

atl—p . atl—8 .
<SoT 4 Y (206 (142727677 ) 5, (4))
j=1 (3.48)
atl-p X, jat1-p) , 22142
S0 (12T (L (@) ) e (- )
= c5€e
at+l—p
S0 (14 0(e)),
where cg is the constant from (3.24). The theorem is proved. O

Proof of Theorem 3.3.5. We apply Lemma 3.5.5 with fo = f and f; = fo € Far(R), so that
lug ller V| fillor is bounded by some fixed B = B(R) (cf. (3.59) and Lemma 3.5.3). Thus,
writing £ := ® ! o f. and using (3.94),

%ol o = foll e S EG, [lluj = wp el follea
(a—1) 2 R
@ a+1
SES, llup, — w57 g = upllfeia U+ [Eeflen)

2(a+1)
We now choose 0. := ¢1e2(e+1)+d where ¢; is the constant from the second part of Theorem

3.3.3. Bounding [ju; — ufy |l ga+1 as in (3.45)-(3.46), splitting the expectation into A;, j > 0
as defined in (3.47) and using the concentration inequality (3.24), we obtain as in (3.48) the
desired inequality

a—1

ES, |1 fe = follzz S 6577 (1 + o(e)).

Proof of Theorem 3.3.4. We only prove the more difficult case d > 2.
1. Let fo = 1. By direct computation, one verifies that the unique classical solution to
(3.23) with g =1,0 =D is

1 T
up (@)= o7 (lel* 1), Vg (@)=~

Thus we have that for some 1/2 <a <b <1,

1
[a, b]d C D, — < O up(x) <

. d
54 forall i=1,...,d and x € [a,b]".

SHN
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2. Now let U : R — R be a 1-dimensional, compactly supported, at least (o + 1)-regular
Daubechies wavelet (see [72], Theorem 4.2.10). Then, for all integers j > 1, for suitable

constants nj, ¢ > 1 and shift vectors oI = (v{"r, e vg’r) to be chosen later, we define the
tensor wavelets V;,., r =1,...,n; by
jd _d-1 ; ] r d 2'] ] r
U (x)=27c¢ 2 U2z +0]") [[ V¥ it
i=2

Note that the ¥;, are ‘steeper’ by a fixed constant ¢ in xq-direction than in any other
direction. Due to the compact support of ¥, there exists a constant ¢y which depends only
on ¢ and V¥ such that for all j > jo large enough, we can set n; = c027% and find suitable
vectors v¥" such that all U, are supported in the interior |a, b]¢ with disjoint support. For

some sufficiently small constant x > 0, we define

n
fm = f[) + 527j(a+d/2) Z ﬁr,m\llj,’m m=1,.., M, (349)

r=1
where B, m = 1,...,M will be chosen later as a suitably separated elements of the
hypercube 3, € {—1,1}".

3. We choose k small enough (independently of ¢ > 1), as follows. By the wavelet
characterisation of Sobolev norms, all f,, of the form (3.49) lie in a fixed H*-ball of radius
Ck, for some universal constant C' > 0, in particular || f,, — fol/cc can be made as small as
desired for s small enough, so that all the f,,, > K. Arguing as in (3.42), using Ly, = A
(the standard Laplacian), (3.79), the multiplicative inequality (3.58), Lemma 3.5.3 and the
Sobolev embedding H* C C**" (for some small 5 > 0), we have (uniformly for all f,,)

s, —upollez = Vi [V - ((fm = fo) Vg, )] ez
SV ((fm = fo)Vug,,) lleo
S (fm = fo)Vug,, [l
S fm = foller l[ug, lle2
S fm = foll e (L4 || frmllZ:)-

Therefore, sup,, ||uy,, [lc2 < 0o and we can pick & so small that for all f,, of the form (3.49),

forall i=1,....d and z € [a,b]°. (3.50)

SHILS

1
1 S Ontg () <
4. Next, we want to apply Theorem 6.3.2 from [72], for which two steps are needed: an
appropriate lower bound on the H?-distance between the u fm s and a suitable upper bound

on the KL-divergence of the laws P% | jco.
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5. We begin with the lower bound. By the isomorphism (3.75), for all u € H2 and f € F,

we have that
lull sz 2 | Aullzz = [f7H(Lpu = V- V)2 2 1 fI I1Lgu = Vu- V |z
For all m,m’ = 1,..., M, using this inequality with f = f,,,
u=uys, —uy , = Vy, V- (for — fm)VUfm,)] (3.51)

in view of (3.42), and sup,,, || fm|lc1 < o0,

lg = s Nl 2 [V - (= for) Fuy,)

>V (fm = fow) - Vg iz = [ (fr = fi)Aug |2 (3.52)
—ug,, —ug Ml fmller = I — 11— II1.

Lo~ IV Qup, =g, )Vl

We will later show that the second and third terms are of smaller order than the first term.

Using (3.50), we see

d
I= Zal’z(fm - fm’)aa:iufm/
=1 12
d
> |0y (fn = fn) Oy s, 2 = D 0w, (fin — fru) sy, |l 2 (3.53)
1=2
1 2 &
2 Gl iz = 5 2100 S

To estimate this further, we calculate that for any i = 2, ...,d,

LG
d 2j 7,r 2j / 2j 7,7
x( H A\II(?mk—ka ))?\I/ ?:ci—i-vi .
Similarly calculating d,, ¥;, and summing over r = 1, ...,n;, we obtain

1 .
10z; (fon = fa )2z = 100, (frn = fru )2, 1=2,....d.
Thus, choosing ¢ large enough and combining this with (3.53), we can ensure that

2(d

1 —1)
12 5100, (o = iz = =100, (fn = )22

1
> @Haﬂﬁl(fm — fm’)||L2'
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Moreover, as the first partial derivatives of the ¥;, still have disjoint support, they are

orthonormal in L? and by Parseval’s identity we have

nj
102, (fm — For )72 = 62272 CFUNTB s — B 2110, V172
= . (3.54)
= ||811 W0,1|’%2K22_2j(a_1+d/2) Z |ﬁ7‘,m - Br,m"Q-

=1

By the Varshamov-Gilbert-bound (Example 3.1.4 in [72]), for constants ¢1, co > 0 independent
of j, we can find a subset M; C {—1, 1}002](1 of cardinality M; = 212’ such that

;5
Z |5r,m - /Br,m’|2 > 022Jd
j=1

whenever m # m’. For such a subset M, by (3.54) we have
L2 00, (Fm = fr)llze 2 277070, (3.55)

6. We next show that IT and I1I in (3.52) are of smaller order as j — oco. With the

above choice of f,,’s, we have from Parseval’s identity and (3.57)

nj
I1? < | fm = fl32 g, |22 = 62272 CFUDN B0 — By [Py, |22

r=1

< 2—2ja _ 0(2—2j(a—1))

9

and for term I11 we have, by (3.51), (3.64), Lemma 3.5.2 and arguing as in the first display
of Step 7 to follow, that

1/2 1/2
g, =g i S g, — gy g g, — w5
1/2 1/2
SV - (= S Vg DB N - (o = Frr) Vg, D2

1/2 1/2 . T
S W = Sl o = F 20 S 279% = o279 D),
where the first factor in the last line is bounded by 277(¢/2-1/2) Ly gimilar arguments as in
(3.54). Combining the last two displayed estimates with (3.52) and (3.55) gives the overall
lower bound
. 2(a—1)
g, —up,, g2 2 2777 ~ gMaiDia

with choice j = j. such that 27 ~ g=2/(a+2+d),

7. Now we show the upper bound. Arguing as in (3.42), using Lemma 3.5.2, integrating

by parts and using the wavelet characterisation of the H~!(R?)-norm (e.g., Section 4.3 in
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[72] with Bj,=H*s¢€ R) as well as the interior support of the ¥;,, we estimate

g = e < UV - (i — o) V) 2.

= sup
IIwIIH(z)Sl

Vi - vufo(fm - fO)

R4

S = follF-1 (a1 go e

5
~ K22—2j(04+d/2+1) Z 1 < 2—2j(0¢+1).

r=1
By definition of M}, using the results in Section 7.4 in [131] and arguing as in (6.16) in [72]

we thus bound the information distances as

KL(PE, P ) <e2|uyp, —upl2e S e 227 %@ = 914 < log Mj,

Ufm ? Uy ~

so that the overall result now follows from Theorem 6.3.2 in [72]. O

3.4.4 Proof of Theorems 3.3.6 and 3.3.7

The proof of Theorem 3.3.6 follows the same principle as the proof of Theorem 3.3.3. By
arguing exactly as in the first two steps of the proof of Theorem 3.3.3, in order to be able to

apply Theorem 3.2.2, we now verify that the map
¢ :H* - L?  9(F):=G(®oF),

satisfies (3.8) with H= L%,y =4,k =2. Let FFH€ HYand f =®o F,h=®0 H € F. By
(3.29), uy — uy, satisfies

(up —up)loo =0,  Lglup —up] = (Lp — Ly)up] = (f — h)up

where Ly is defined in Section 3.5.3.1 below. Using this, the norm estimate (3.87), Lemma
3.5.8, the embedding H® C C?(0) as well as (3.96), we can then estimate

|9(F) =% ()12 = llug — unll
S (U1l 1S = Bunll gz2)-
< (U 1 lloo) Hunlles 11 = Pllar2)-
(14 [ flloo) (14 1Alloo) ILf = Bl 572)-
(L+IFIZ VIHIZ) 1F = Hllggzy- (14 1FI22 V[ H]Z2)
S (T4 1N ge V1 H [fa ) |F = Hl| g2y -

S
S
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Thus (3.8) is fulfilled for v = 4 and xk = 2. The existence of maximizers now follows from the
first part of Theorem 3.2.2. The proof of the concentration inequality (3.30) is completely
analogous to the proof of (3.24), and the convergence rate (3.31) follows from the same
argument as in the proof of Theorem 3.3.3, utilizing Lemma 3.5.8 in place of Lemma 3.5.4.

Finally, the proof Theorem 3.3.7 is analogous to that of Theorem 3.3.5, but using Lemma
3.5.9 instead of Lemma 3.5.5, and is left to the reader.

3.5 Some PDE facts

In this section, we collect some key PDE facts which are needed to prove the results in
Section 3.3.

3.5.1 Preliminaries

Besides the classical Holder spaces C%(Q), we will also need the Holder-Zygmund spaces
C*(0), see Section 3.4.2 in [166] for definitions. For a > 0, a ¢ N, we have that C* = C* with
equivalent norms, and we have the continuous embeddings CY¥ CO*CCforalla >a>0.

We will repeatedly use the multiplicative inequalities

Ifgllze S N laallgllae,  a>d/2, (3.56)
Ifgllze S I flleallgllmas =0, (3.57)
Ifgllee < I lleallglice,  a=0 (3.58)

for all f, g in the appropriate function spaces, which follow from Remark 1 on p.143 and
Theorem 2.8.3 in [166]. For any o > d/2 and 0 <17 < a — d/2, we also need the continuous
embedding H* C C", with the norm estimate

vieH®, |fllen S IIfllae- (3.59)

Let tr[-] denote the usual trace operator for functions defined on O (for the definition on
Sobolev spaces, see, e.g., Chapter 5.5 in [65]). In this and the next section, we will repeatedly
use the fact that the standard Laplacian A and tr[-] establish topological isomorphisms
between appropriate Sobolev and Hoélder-Zygmund spaces. That is, for each o > 0, we have

the topological isomorphisms

(A, tr) : HYT2(0) = H*(O) x H*P32(00),  uw— (Au,tr[u]), (3.60)
(A tr) : COT2(0) = C*(0O) x C2(0),  u s (Au, tr[u]), (3.61)
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which follow from Theorem II.5.4 in [108] and Theorem 4.3.4 in [166] respectively. Moreover,

for any a > 1, we will use the notation
HG(0) :={f € H*(O) | tr[f] = 0}, CG(O):={f €C*(O) | tr[f] = 0}. (3.62)

We also need the following interpolation inequalities. For all 51,82 > 0 and 6 € [0, 1], there

exists a constant C' < oo such that

Yu e CMNC®: lullosy+a-ns < Cllullgs, lullgs, (3.63)
Vue HANH™: lull yosi+a-0m < Cllullfys, lullys,. (3.64)
see Theorems 1.3.3 and 4.3.1 in [165] (and note C# = BY,  HP = BgQ).

3.5.2 Divergence form equation
3.5.2.1 Estimates for V}

For each f € C1(O) with f > Ky, > 0, we define the differential operator
Ly HAO) = I30), Lyl = (fVu),

By standard theory for elliptic PDEs, Ly has a linear, continuous inverse operator, which we
denote by
Vi L2(0) = H3(0), = Vi[Y],

see [65], Theorem 4 in Chapter 6.3. In other words, for each right hand side ¢ € L?, there
exists a unique function wyy := Vy [¢)] € HZ solving the Dirichlet problem

{Lf[wfm ~v o, -

wyy =0 on dO

weakly, i.e. in the sense that the identity

d
— /O ; fDwwsyDiv = /O v (3.66)

holds for all test functions v € H{(O) (cf. [65], Chapter 6). By the zero boundary conditions
of (3.23) and the divergence theorem, any classical solution (i.e. C? solution) must be equal
to the unique weak solution when interpreted as an Hg function.

Theorem 4 in Chapter 6.3 of [65] implies that there exists a constant C'= C (allowed to
depend on f) such that for all ¢ € L?, we have the norm estimate ||V} [¢] |2 < Cf||9]| L2,

and we need a result that tracks the dependence of C; on f in a quantitative way. We
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first establish that when we only seek an LP — LP-estimate, p € {2,000}, rather than an

L? — H?-estimate, the constant merely depends on the lower bound K,,;, for f.

Lemma 3.5.1. Let K, > 0. Then there exists C = C(d,O, Kpnin) such that for all
f € C*O) with f > Kpin >0 and ¢ € L?, we have

Vi [9] 2 < Clillze (3.67)

and for all ¢ € C"(O),n >0,
Vs [¢] oo < Clleblloo- (3.68)

Proof. Assume first that 1 € C"(O) so that V)] € C(O) N C%(O) (see after (3.23)). Then

we have the Feynman-Kac formula

1

WWN@=—§WL[UMX@%L e (3.69)

where (X/ : s > 0) is a diffusion Markov process started at z € O with infinitesimal generator
L¢/2 and expectation operator E*, and where 7o is the exit time of X éf from O, see, e.g.,
Theorem 1.2 in Section II of [12]. We also record that, by Theorem 4.3 in Section VII of [12]
and inspection of its proof, there exists a constant ¢; only depending on the lower bound
Koin < f and on d, such that the transition densities of (X g s > 0) exist and satisfy the
estimate
—d/2 d
pr(t,z,y) <cit , t>0, zyeR% (3.70)

Then, arguing as in the proof of Theorem 1.17 in [42], with (3.70) replacing the standard heat
kernel estimate for Brownian motion, we obtain that sup,cp E*70 < ¢, with ¢ = ¢(O, d, ¢1),
and hence (3.68) follows from

V[l < sggE’”r@ <ec (3.71)

Using what precedes one further shows that Vy has a representation via a non-negative and

symmetric integral kernel G(,-), such that

Vilvle) =~ [ Grla.p)l)dy. w€ O, ¥ € CNO). (3.72)

Then using (3.71), the Cauchy-Schwarz inequality and the positivity of G we have for all
¥ e C1(0),

Vil < [ [ Grtawdy [ Gota.pu®ayds < |V 0

whence (3.67) follows for 1y € C"(0), and extends to ¢ € L? by approximation since V; is a

continuous operator on L?(Q0) (as established above). O
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Lemma 3.5.1 will be used in the proof of the following stronger elliptic regularity estimate.

Lemma 3.5.2. Let K, > 0. Then there exists a universal constant C' > 0 such that for all
f € C*O) with f > K and 1 € L*(0), the unique weak solution wyy = Vi[i)] to (3.65)

satisfies

Vi [0 Lz < C (L fllen) 1]l 22, (3.73)
Vi [9lle < C L+ fllen) 190y (3.74)

where C' only depends on Ky and O, d.

Proof. Let f € C! and ¢ € L?. By (3.60), there exists a constant C' > 0 depending only on
O, d such that for all u € HZ,

CHAul g2 < |lull g2 < CllAul 2. (3.75)
Moreover we have by the definition of L; that
Au= f"HLpu—Vf-Vu). (3.76)
Writing w = wy,, and utilising (3.75) and (3.76), we can estimate

lwllg= < CllAw] e = C || £ (¢ = V- V)

< CKopi (19022 + |l lwll 1)

L2 (3.77)

By choosing the test function —w € H} in the weak formulation (3.66), we have that

Ko [ IDwf < [ éf(DW: [ v <5 [@reut).

Combining this with (3.77) and Lemma 3.5.1, we finally obtain that for constants C’, C”, C"

only depending on K,,;, and O, we have

lwll e < CKp (1122 + [1f o2 C"(
= C" (L4 [Ifllca) 1]l 2.

[0l 2 + lwll2))

which proves (3.73).
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Next, using the divergence theorem and (3.73), we obtain (3.74) from

/OVfW)]CP‘

[ vitoiLevitel

/O YVy [90]‘

<CA+fller) sup
peHZ, |lelly2<1

IVilglllz = sup
peCe, el 2<1

= sup
9€C(0), ol 2<1

= sup
peCE(0), llellp2<1

[ we] =+ Ifllon) gy

3.5.2.2 Estimates for GG

Now we turn to the forward map G representing the solutions of the PDE (3.23). The
following norm estimate for the C2-Holder-Zygmund norm of G(f) = uy is needed.

Lemma 3.5.3. Suppose that for some Kpip > 0, a > d/2+ 2 and g € C"(O),n > 0,
F is as in (3.92) and u; denotes the unique solution of (3.23). Then there exists C =
C(d, O, Kpmin, l9lloo) such that for all f € F,

luglles < C (14 11£12:) - (3.78)

Proof. The proof is similar to that of Lemma 3.5.2. By (3.61), there exists a constant C' > 0
depending only on O, d such that for all functions u € C3(0), we have

CH|Aufleo < [lullez < ClAul|co. (3.79)

Using this, the PDE (3.23), the multiplicative inequality (3.58) and the interpolation inequality

(3.63), we can estimate as in (3.77)

lugllez S 1F7Hg =V f - Vup)lleo S 1 leo (lglico + 11 ller llugller)

_ 1/2 1/2
S Kot (lglleo + 1 llex g 165 g 166°)

Dividing this inequality by ||u f||(1342 whenever ||uy|| ééQ > 1 and otherwise estimating it by 1,
we obtain that

luglles S 1+ K2, (lglZo + IR lulles ) S 1+ K2, (gl + 171131 lglloc )

where in last step we used || - [[co < || - [[oo and Lemma 3.5.1. O
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We also need that the forward map G maps bounded sets in H* onto bounded sets in
Hort

Lemma 3.5.4. Suppose that o, F are as in Lemma 3.5.3 and for some g € HYY0), let
up =wyg, f € F, be the unique solution of (3.23). Then up € H*M1(O) and there exists a
constant C = C(a,d, O, Kpnin) > 0 such that

1 +1
Jugll e < O+ 1F15) (glgmts v lglle™). (3.80)

Proof. First, suppose f € C®° N F. By (3.60), the standard Laplacian A establishes an
isomorphism between H§™ and H*~!, and by Theorem 8.13 in [71], uy € H{™!. Then (3.76)
and the multiplicative inequality (4.18) give

gl grasr SNFHg = V- Vug)| gra-
SN o= (gl ga—r + | F1 e g me).-

Noting that the map ¥ : (Kpin,00) — R, @+ z7! satisfies (3.20), (3.95) implies that there
exists ¢ > 0 such that for all f € F,

1 a1 < e(L+ I f 1 ats)-
Using this and (3.64), we obtain
lupllrerr S L+ 1 F150 0 Uglla-r + 1 f e gl o)

1
< (A 115 Qlgllazams + Tl ik g 1 527)

When [Juf|| ga+1 <1 we use (3.67) to deduce

gl oer S (14 [[f %) (gl ra—r + Hgll"“),

and when [|uy|| go+1 > 1, then dividing both sides by ||UfHHa+1 and using again (3.67) yields

1 +1 a
sl S (4 118D (gl e + 911 +1)-

Combining the preceding bounds and using || - |[z2 < || - ||ge—1 implies (3.80) for smooth
f € F. Now for any f € F, take f, € C®(0O), fn > Kpmin/2, such that f, — f in H® as
n — oo, and hence by (3.80) the sequence uy, is bounded in H*™!. Then applying (3.42)
to uys, —uy,,m,n € N, and applying (3.80) with g =V - ((fm — fn)Vuy,,), one shows that
uy, is a Cauchy sequence in H o+l converging to u , and taking limits extends the inequality
(3.80) to the general case f € F. O
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3.5.2.3 Stability Estimates for G~!

The following estimate for the inverse map uy + f allows to obtain convergence rates for
If = foll2 via rates for Huf — gy || g2, with choices fo = fi and f = fo. As f is random we

explicitly track the dependence of the constants on fs.

Lemma 3.5.5. Let a > d/2 + 2, gmin, Kmin, B, be given, positive constants and let F be
given by (3.32). For g € C"(O) with infyeo g(x) > gmin, denote by uy the unique solution of
(3.23). Then there exists C = C(gmin, Kmin, B, O,d) < 0o such that for all fi, fo € F with
[filler Vllug lle2 < B, we have

11 = follrz < Cllfellerlug — upllme-
Proof. For fi, fo € F write h = f; — fo. By (3.23), we have

V- (hVup,) =V - (AVup,) = V- (2Vup,) = V- (2V(up —up,))

(3.81)
=V (2V(up, —up)).
We can upper bound the || - || ;2-norm of the right hand side by
IV - (f2V (upy —up))llze <NV Falloollug, —uplla + [l falloollus, — wpllm
<2\ fallerllugy = up g (3.82)
Next, we lower bound the || - || z2-norm of the left side of (3.81). For regular enough v we see
from Green’s identity (p.17 in [71]) that
1 1 1 ou
(Auyp v 2 + §<VUf1,V(U2)>L2 = §<Auh,v2>L2 +3 /8(9 8;:1 v?.
Moreover for v = e~ *%1h with A\ > 0 to be chosen we have
1
f/ V(v?) - Vuy, = —/ A Vay, ||v? +/ ve NN Vh- Vuy,,
2 Jo o o
so that by the Cauchy-Schwarz inequality
1 2,2 1duy, o
[ Gaun + NTug )+ [ S5
1
= |(@u, + AV [P s + 5 (Vun, T07)0s
— |(hAug, + Vh- Tug, he 290) 12| < [V - (Bug, )| e ]2 (3.83)

for 1 = exp(2A[|uf, |« ). [The preceding argument is adapted from the proof of Theorem 4.1
in [102].] We next lower bound the multipliers of v? in the integrands in the first line of the
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last display. First we have
0 < gmin < 9= Lpus = fi(x)Aus, +Vfi-Vug, on O,

so that either Aug () > gmin/2| f1l|oo or |]Vuh(x)|]2 > (gmm/2\|f1||c1)2 on O. Since
|Auy, ||oo < ¢(B) this implies for A = A(gmin, B) large enough that

1
5 Aug (@) + A Vug, (2)[|? > co >0, x€O, (3.84)

for some ¢y = co(gmin, B). Next, for the integral over 0O, we use again L uy, = g > 0 and
apply the Hopf boundary point Lemma 6.4.2 in [65]: We have uy, (x9) = 0 for any zo € 00
but uy, () < 0 for all z € O: Indeed, by g > gmin > 0 and the Feynman-Kac formula (3.69)
(with g = ), it suffices to lower bound E*7¢ which satisfies, by Markov’s inequality

E*70 > P*(10 > 1) > P*( sup [ X, —z| < [z —d0]) >0
0<s<1

in view Theorem V.2.5 in [12] with 4 (s) = z identically for all s. Lemma 6.4.2 in [65] now
gives Ouy, /On > 0 for all x € 0O. Combining this with (3.83) and (3.84) we deduce

IV - (hVug)ll2llhll L2 = ¢ (gmins Kmin, B, O, d)l[v]72 Z [2]1Ze,
which together with (3.82) yields the desired estimate. O

3.5.3 Schrodinger equation
3.5.3.1 Estimates for V; and G

In this section, for each f € C(O) with f > 0, let L; denote the Schrodinger differential
operator
Ly H3(0) — L*(0),  Ls[u] = Au—2fu,

where HZ is given by (3.62). As in the divergence form case, L 7 is a bijection with a linear,

continuous inverse operator which we again denote by
Vi L*0) = H3(0), ¢ Vi[y].

In other words, for any f € C(O) and ¥ € L? the inhomogeneous equation

{Au —2fu=1% on O, (3.85)

u=0 on 00
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has a unique weak solution which we shall denote by wy. := V[t € H3(O), see Theorem 4
in Chapter 6.3 of [65] for this standard result for elliptic PDEs.
As in the divergence form case, we first observe that for p € {2, 00}, the LP — LP operator

norm of V; can be upper bounded uniformly in f.
Lemma 3.5.6. There exists a constant C > 0 such that for all f € C(O) with f > 0 and
Y € L2(O), wry = Vi[Y] satisfies

Vi [W]llzz < Cllllze

and if ¢ € C(O), then also
Vi [¥]loo < Cll#lloo-

Proof. We have the Feynman-Kac representation
1 TO s
wyp(z) = _iEw[/ $(X)e ho I a] 2 e 0,y e C(0),
0

where (X5 : s > 0) is a standard d-dimensional Brownian motion started at z, with exit
time 7o from O, see p.84 and Theorem 3.22 of [42] . [These results are applicable as
C(0O) C J with J defined on p.62 of [42], and C(O) C F(D,q) with F(D,q) defined on
p.80 of [42].] The proof is now similar to that of Lemma 3.5.1, using f > 0 and that
sup,co E*[10] < K(vol(O),d) < co by Theorem 1.17 in [42]. O

Using the above lemma, we now show the following regularity estimate.

Lemma 3.5.7. There exists a constant C such that for all f € CY(O) with f > 0 and
Y € L*(O), we have

Vi [z < O+ [ flloo) 1901l 2, (3.86)
Vi llz2 < CQ A1 Flloo) 19l 212+ (3.87)

Proof. By the norm equivalence (3.75) and (3.85), we have that

Vi W2 S NAVE [l 2 < 1LV 912 + Vi [0 | 2
<Pl + 1 loollVy [0 122 S (T4 [ flloo) 191l 22

which proves (3.73). The second estimate (3.87) now follows from the same duality argument
as in the proof of (3.74). O

Next, we prove some basic boundedness properties of the forward map G : f +— uy.

Lemma 3.5.8. Suppose that for some g € C®(00O), a > d/2 and Kpin > 0, F is as in
(3.32), and let uy be the unique solution of (3.29).
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1. There ezists C > 0 (independent of g) such that for all f € F, we have

lugllezioy < C+ (I flloc)llgllez(0)-

2. There exists C > 0 (possibly depending on g) such that for all f € F,

a/2+4+1

lugllzroszio) < CO+ £,

Proof. By (3.61), (A, tr[]) is a topological isomorphism between the spaces C?(0) and
C%(0) x C%(90), whence we deduce that for all u € C2(0O), we have the norm estimate

lulle=oy < € (|Aulleoio) + [#rldllezo0) ) -

Using this, the PDE (3.29) and the triangle inequality, we have for f € F,

lusllezo) S I1Eruslleoey + IFuslleo) + trfugllles o .

< | fllsslltslloo + llglle20)-

Next, we claim that there exists a constant C' > 0 such that for all f, g as in the hypotheses,
we have
[uflloo < Cliglloo- (3.89)

Indeed, this can be seen immediately from the fact that f > 0 and the Feynman-Kac

representation (see [42], Theorem 4.7)
1 T
up(@) = SE |g(Xrp)e h” TNz e o, (3.90)

where (X5 : s > 0),7p are as in the proof of Lemma 3.5.6. Hence, combining (3.89) with
(3.88) yields the desired estimate

lugllezo) S Nflloollgllzoe (o) + lgllcz00y < (1 + [ flloo)llglle2(00)-

For the second part, we initially assume f € C*(O) so that uy € C°°(O) too (see
Corollary 8.11 in [71]), and then use the topological isomorphism (A, tr) between H*+2(0)
and H®(0O) x H*T3/2(90), which yields

HWHH&H(O) N ||Auf||Ha(<9) + Htr[uf]||Hf¥+3/2 80 S Hfuf||Ha(<9) + Hg”oa+2(80)
(00)
2

S1+ I flmelluplme S 1+ lugll s lugll 77 1|z
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Dividing this by HUfHﬁg when ||u | ga+2 > 1 and otherwise estimating it by 1, and using

(3.89), we have that

o2 = =
lupllgere ST+ llugllell flge ST+ gllooll fllga ST+ 1155 -

The case of general f € F now follows from taking smooth f, > Kynin /2, fn — fin HY,
showing that uy, is Cauchy in H**2 (by using (3.75), (3.64), Lemma 3.5.6), and taking limits
in the last inequality. Details are left to the reader. O

3.5.3.2 Estimates for G}

Lemma 3.5.9. Suppose that for some a > d/2, Kipin > 0, gmin > 0 and g € C*(00) with

inf,co0 g(x) > gmin, F is given by (3.32), and let uy denote the unique solution of (3.29).
Then there exist constants c1,co > 0 such that for all f1, fo € .7:", we have

11 = fallze < er(e@tloe ugp —up, || 4o

+lupllee eVl up —up,||2).

Proof. Applying Jensen’s inequality to the Feynman-Kac representation (3.90), and since

sup, E*7o < ¢ < oo (see the proof of Lemma 3.5.6) yields
inf s (@) = gmin inf e fleBr0 > o eClflle > . (3.91)

Moreover, (3.29) yields that we have f = % on O, for all f € F. Thus, for any f1, fo € F,

we can estimate

1 Auy, B Auy, e

I fi=rfallzz = |l
2 C Uf,

< H(Aufl — Auy,) u;ll (3.92)

po | Bug, (ug! =)

S (;g(g |uf1 (:E)Dil ||uf1 - uf2||H2 + HAuf2HC2Hu;11 - u‘?QIHLQ'

L2

Further, using the mean value theorem and (3.91), we have that
-1 - -2 2 -2 .
‘ufl - uf;‘ < max{uy, up "} up —up,| < g2 eVl g, — up,l.
Combining this with (3.92) and using (3.91) once more, we obtain that
Hfl o f2”L2 S 6c”fl”oo Hufl _ uf2HH2 + €2C||f1\/f2||oo Hufl _ uf2HL2’

which concludes the proof. O
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3.6 Some properties of regular link functions

We define LP-norms, 0 < p < oo, in the usual way. By obvious modifications, the following
lemma holds also for regular functions @ : (a,b) — R with arbitrary —oo < a < b < oo and
suitable F,J : O — (a,b), we restrict to the case (a,b) = R here.

Lemma 3.6.1. Suppose ® : R — R is a smooth and regular function in the sense of (3.20).
1. There exists C' < oo such that for all p € [1, 0],

VE € LP(O), [[®oF|rr <C(+|F|L»). (3.93)
2. For each integer m > 0, there exists C' < oo such that
VF € C"(0), ||®oF|cm <C(1+||F|gm)- (3.94)

3. For each integer m > d/2, there exists C < oo such that for all F' € H™(O), we have
o F e H"(O) and
[@ 0 Fllgm < C(1+[|F|[Fm)- (3.95)

4. There exists C' < oo such that for k € {1,2} and all F,J € C*(O),
[@oF —@oJ||geye < CIEF = Tl ggmye L+ [F[En V(| T][E) - (3.96)

The rest of this section is devoted to proving Lemma 3.6.1. To prove (3.94)-(3.95), we
need Fad di Bruno’s formula (a generalization of the chain rule), which classically holds for
C™ functions, and by the chain rule for Sobolev functions (see e.g. [183], Thm. 2.1.11) also

holds for H™ functions.

Lemma 3.6.2. Let m € N and suppose that F : O — R and ® : R — R are of class H™(O)
and C™(R) respectively. Then for any o € {1,...,d}"™, the m-th order partial derivative of

f = ® o F in direction z,,...x4,, s given by
&(@ — Z (I)(IWI)(F(x)) H ﬂ(gg) (3.97)
0%qy, .--0q,, s s e 0%, )

where w runs through the set 11 of all partitions of {1,...,m}, and the B € w runs over all

‘blocks’ B of each partition .

Proof of (3.93)-(3.94). By (3.20), there exists a constant ¢ > 0 only depending on the values
of ®(0) and ||®’||s such that for all z € R, |®(z)| < ¢(1 + |z|), which yields (3.93). For
(3.94), let a € {1,...,d}*, 1 < |a| < m and let 7 be a partition of {1,...,|a|}. Then the
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corresponding summand on the right side of (3.97) can be estimated by

o\BlF

<|IFI5h < A+ |1F)Zn).
Bern HjGB 81;063' 0o

By summing the above display over all such «, 7 and using (3.93) with p = co, we obtain
(3.94). O

To prove (3.95), we also need the Gagliardo-Nirenberg interpolation inequality (see [138],
p.125) in the special case r = ¢ = 2.

Lemma 3.6.3. Suppose that O C R is a bounded C® domain and that i = 1,...,m,
a € [i/m,1] and p € [1,00) satisfy
1 1 4+ m

5 = 5 + g - ECL. (3'98)

Then for any s > 0, there exist constants C1,Cy depending only on m,d,i,a,O and s
such that for all F € H™, we have that D'F € LP, and

| D'Flls < CL|D™F|[5 ][ F|[15 + Col| .

Proof of (3.95). Let us write f = ® o F'. By (3.93), we have that ||f||;2 < C(1 + ||F|12)
whence we only need to estimate | D™ f||;2. For any o € {1,...,d}™ we have by (3.97) that

2 2

<y Bl F

rell | Ber [ljep 0o,

o f

O0xg,...0%,,,

(z) ()

Similarly to the proof of (3.94), it thus suffices to prove that for all a € {1,...,d}" and

partition 7 of {1,...,m},

oIBIF

= S A+ F|FEm) (3.99)
Bern HjGB 83;(13'

L2

Fix some 7 for the rest of the proof. For i = 1,...,m, define
mi:={Ben||B|=i}, pi = —.
Then we have > /", i|m;| = m, and hence by Hoélder’s inequality

Bl F

m
- |D'F |l
BET( H]EB 8xaj H

i=1

S

<

m
i ||l
12 : 121_11 H|D F| ' Lpi/lmil

L (3.100)

Lpi
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Next, define

/) 1 /) d
= (Le- VY fri=1,..m 101
a (d+2 Qm)m or 1 m (3.101)

To apply Lemma 3.6.3, we verify that for each ¢ = 1,...,m, (i, a;, p;) satisfies the conditions
of Lemma 3.6.3. By definition, (3.98) is satisfied. Moreover, as ¢ < m, it follows that

whence we have % < a;. Finally, we need to verify a; < 1. For this, we note that for
i=1,...,m, choosing m = d/2 in (3.101) yields a; = a;(m) = 1. Moreover, for m > d/2, we

have

da;(m)  2di —2mi — dm < di —dm
om 2m3 - 2m3

<0, (3.102)

so that o; < 1.
Applying Lemma 3.6.3 with s = 2 to (3.100) and using that >/, |m;| € [1,m] yields that

9lBl m o i
oo Ozer. ST (HDmFH%EHFHLzaZ + ”FHL2)
Ber LLjeB¥o g {2 =1
T 1ol
STLIFIG S S 1+ I1F .
i1

Proof of (3.96). 1. Let k € {1,2} and fix F,J € C*(0O). Define the function

Q(F(z)—®(J(2)
WIOSR, w(z) = { HoEoRR AR Uit
)

O (F(x)) if ze{F=J}

Then we have, using also (3.57), that

[@o0F —®oJ|(gny = sup
peC>(0), llellum<1

L= Do

<|IF = J (zwy sup lew|l g
0eC>(0), [l¢llun<1

= sup
p€C™>®(0), [lollun<1

SE = Il

WHCn-
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independent of F' and J. Writing w = % o ¢, where

2. Thus it suffices to prove that ||w||q < C(1 4+ ||F||&x V || J]|¢x) for some C > 0

¢:0 =R 6(2) = (F(2),J(2)),

D(z)—D .
bR (0.00), ¢(x,y):{ (;iy(y) it x#y
P'(x) if x =y,
we see by the multivariate chain rule that it suffices to show that 1 is k-times continuously
differentiable with bounded derivatives, and we achieve this by showing that the partial
derivatives of 1 of order  exist and are continuous throughout R2.

3. We will repeatedly use the following basic fact: Let h : R — R be continuous and
continuously differentiable on R \ {0}. If A’ has a continuous extension g to R with some
value g(0) = £, then h € C*(R) with h/(0) = £.

4. Clearly, 9 is smooth on R?\ {x = y}. For k > 0 and x,y € R, we denote the remainder
of the k-th order Taylor expansion by

O (g .
e .!( )(y—x)J.

k
Ria(y) == ®(y) — > ;
=0

For x # y, we have ¢(x,y) = Ro’f(y) and also, by induction
k'R (v)
k _ k,x
NY(z,y) = (= )k k>0, (3.103)

where 01 denotes the partial derivative with respect to . By the mean value form of the

+1)
remainder, we know that Ry, ,(y) = %

can continuously extend 9§ to {x = y} by

(y — 2)k*! for some ¢ between x and y. Thus we

<I>(k+1)(:zj)

It follows that the partial derivatives with respect to x of all orders exist and are continuous
on R%. The same holds for the partial derivatives with respect to y, by symmetry, concluding
the proof of the case kK = 1. The case xk = 2 follows by adapting the previous arguments for

mixed partial derivative 010y and is left to the reader. ]

3.7 Proof of Theorem 3.2.2, Part 1

Let A\,e > 0 be fixed throughout and let us write ¢ = _#,.. We denote by T, = Ty«
the weak topology on H (recall H = H*(O) if k < 1/2 and H = H}O) if k > 1/2), i.e.

the coarsest topology with respect to which all bounded linear functionals L : H — R are
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continuous. We also denote the subspace topology on subsets of H by 7,. On any closed
ball H(R) := {F € H : ||F||ge < R}, this topology is metrisable by some metric d, see e.g.
Theorem 2.6.23 in [122].

Step 1: Localisation In Lemma 3.4.2, by assumption on «, we have that U, (\, R)/R? fioo,
0 and so there exists 6 > 0 such that for all R > §, we have that R? > c1eW, (), R), where ¢
is the constant from (3.36). Thus, applying Theorem 3.4.1, we have that the events

Aj = {/ has a maximizer ' ¢ V ﬂH(Qj)}
satisfy P(A;) EimtiaN 0, whence choosing j € N large enough ensures that

sup J(F)=sup JZ(F)

FeEVNHe(27) Fev

holds with probability as close to one as desired.

Step 2: Local existence via direct method By the previous step, it suffices to show
that for any j € N, _# almost surely has a maximizer over V N H(27). We fix some j € N.
As V is weakly closed and #H(2’) is weakly sequentially compact by the Banach-Alaoglu
Theorem, it follows that any sequence F,, € V NH(27) has a weakly convergent subsequence
F,, — F with weak limit F' € V N H(27). Moreover, we claim that — ¢ : VN H(27) — R is

lower semicontinuous with respect to 7. To see this, we decompose —_¢ as
~ J(F)= =20, 9(F))m + |9 (F)||& + N ||F||}e = T+ 1T +1I1.

The term [ is, almost surely under P% , continuous w.r.t. 7, by Lemma 3.7.3, II is continuous
w.r.t. Ty by Lemma 3.7.2 and 1117 is lower semicontinuous by a standard fact from functional
analysis. Thus the existence of minimisers follows from the direct method of the calculus of
variations.

The next three lemmas are needed to prove lower semicontinuity of — _#.

Lemma 3.7.1. Let o > 0 and let (F,, :n € N) CH, for H = H" or HY, be a sequence such
that F, — F for Ty. Then also F,, — F in L?.

Proof. Tt suffices to show that for any subsequence (F,, : j € N), there exists a further
subsequence (Fnj, : 7/ € N) such that Fn, — Fin L?. By the uniform boundedness principle,
there exists R > 0 such that for all n € N, ||F},||g« < R. By the Rellich-Kondrashov
compactness theorem, the closed ball #(R) is pre-compact with respect to L? topology, hence
for any subsequence (F7,;) of (Fy,), there exists a further convergent subsequence (F;,,) with

limit ' in L2. In particular, we have F,, — F weakly in L? and Fnj/ — F in L2, so that by
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the uniqueness of weak limits, we have F' = F as elements in L2, and therefore F = F a.e. in
O and F,, — F in L2 ]

Lemma 3.7.2. Let a > 0, k,y € Ry and Vo CV be a bounded subset of H = H* or HS. If

amap ¥ :V — H is (k,7,a)-regular, then it is continuous as a mapping from Vo, d) to H.

Proof. Take any F,, F' € V, such that F,, — F for T, and note that ||F,||ge < R for some
R > 0. By Lemma 3.7.1 we have || F},, — F||;2 — 0 and by (3.8) and the continuous imbedding
L2 C (H")*, k > 0, we obtain

19 (F,) —4(F)||lg < C(+ R ||F, — Fllz2 == 0. (3.104)

O]

We finally establish a continuity result for the Gaussian process Y (€).

Lemma 3.7.3. Suppose that Y©) and 4 are as in Theorem 3.2.2. Then there exists a
version of the Gaussian white noise process W in H such that for all R > 0, the map (between
metric spaces)

U:(VNH(R),d) - R,  Fw (YO G(F))y

is almost surely uniformly continuous.

Proof. For any ¢ > 0, define the modulus of continuity

Mj = sup (Y, 9(F) - 9(H))s
FHeEVNH(R), d(F,H)<6

)

a random variable. Moreover, we define the set

A::{weQ\Méﬂo},

where () is a probability space supporting the law P of W. It is sufficient to show that
P(A) = 1, and noting that M; is decreasing in 4, it hence suffices to prove E [Mj] 229 0. To
see this, similarly to the proof of Lemma 3.4.1, we apply Dudley’s theorem (see [72], Theorem

2.3.7) to the Gaussian process
(W(): v €Dr), Dr:={4(F)[FeVNHR)}.
For any § > 0, define

Rs = sup 19 (F) — 9 (H)||u-
F.HEVNH(R), d(F,H)<s§

By Lemma 3.7.2, we know that ¢ is continuous as a mapping from (V N H(R),d) to H.

As (VWNH(R),d) is a compact metric space, ¢ is in fact uniformly continuous, so we have
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that Rg 920, ), By the same argument as in the proof of Lemma 3.4.2 (but choosing here
m = (14 R")) we can use (3.8) to obtain

d
Rm\ Ga+s)
1. Dn -l < (50) 7L 5o

whence by Dudley’s theorem, the modulus of continuity is controlled by

<L)
0 P

which converges to zero as 6 — 0 since o > d/2 — k. O

E[M;] <E sup (W, 9 — o)ul|
Y, p€EDR, |[Y—pllu<Rs




Chapter 4

The nonparametric LAN expansion

for discretely observed diffusions

This chapter considers scalar reflected diffusion processes (X; : t > 0), where the unknown
drift function b is modelled nonparametrically. We show that in the low frequency sampling
case, when the sample consists of (Xg, Xa, ..., X,a) for some fixed sampling distance A > 0,
the model satisfies the local asymptotic normality (LAN) property, assuming that b satisfies
some mild regularity assumptions. This is established by using the connections of diffusion
processes to elliptic and parabolic PDEs. The key tools used are regularity estimates for
certain parabolic PDEs as well as a detailed analysis of the spectral properties of the elliptic
differential operator related to (X; : ¢t > 0).

4.1 Introduction

Consider a scalar diffusion, described by a stochastic differential equation (SDE)
dX; = b(Xy)dt +V2dW;,  t >0,

where (W; : ¢t > 0) is a standard Brownian motion and b is the unknown drift function that
is to be estimated. We investigate the so-called low frequency observation scheme, where the
data consists of states

XM = (X0, Xy Xnn) (4.1)

of one sample path of (X; : t > 0), where A > 0 is the fized time difference between
measurements. To ensure ergodicity and to limit technical difficulties, we follow [75] and [134]
and consider a version of the model where the diffusion takes values on [0, 1] with reflection
at the boundary points {0, 1}, see Section 4.2.1 for the precise definition.

The nonparametric estimation of the coefficients of a diffusion process has attracted a

great deal of attention in the past. For the low-frequency sampling scheme (4.1), Gobet,
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Hoffmann and Reiss [75] determined the minimax rate of estimation for both the drift and
diffusion coefficient and also devised a spectral estimation method which achieves this rate.
Thereafter, Nickl and Sohl [134] proved that the Bayesian posterior distribution contracts
at the minimax rate, giving a frequentist justification for the use of Bayesian methods. In
other sampling schemes, various methods have been studied, see e.g. [86] for a frequentist
approach, [76, 101, 174, 1, 133] for recent posterior consistency and contraction rate results
for Bayesian methods as well as [142, 171] for MCMC methodology for the computation of
the Bayesian posterior.

However, often one desires a more detailed understanding of the performance of both
frequentist and Bayesian methods, e.g. by establishing semi-parametric efficiency bounds
or by proving a nonparametric Bernstein-von Mises theorem (BvM), which would give a
frequentist justification for the use of Bayesian credible sets as confidence sets (see [72],
Chapter 7.3). Nonparametric BvMs have been explored in the papers [33, 34] and have
recently been proven for a number of statistical inverse problems [131, 135, 125], by Nickl
and co-authors. In a diffusion model with continuous observations (X; : t < T'), Nickl and
Ray [133] recently proved a nonparametric BvM for estimating the drift b.

To order to achieve such a detailed understanding, a key step lies in studying the local
information geometry of the parameter space, which in terms of semiparametric efficiency
theory (see e.g. [172], Chapter 25) involves finding the LAN expansion and the corresponding
(Fisher) information operator. This in turn determines the Cramér-Rao lower bound for
estimating a certain class of functionals of the parameter of interest. While in the Gaussian
white noise model with direct observations, the LAN expansion of the log-likelihood ratio
is exact and given by the Cameron-Martin theorem, in inverse problems proving the LAN
property is often not straightforward.

In a finite-dimensional (parametric) model for multidimensional diffusions which are

sampled at high frequency, where the sample consists of states
XM = (X, Xa, -, Xna,)

with asymptotics such that A, — 0 and nA,, — oo, the LAN property was shown by Gobet
[74] by use of Malliavin calculus.

The main contribution of this paper is to prove that also with low frequency observations,
the reflected diffusion model satisfies the LAN property, under mild regularity assumptions
on the drift b. If the transition densities of the Markov chain (X;a : i € N) are denoted by
PAb, then the log-likelihood of the sample (4.1) is approximately equal to

Eb(X(”)) ~ Z logijb(X(i_l)A; X’iA)a
i=1
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from which one can see the necessity of two ingredients to show the LAN expansion (see also
[153]):

o The first is a result on the differentiability of the transition densities b — pa p(z,y),
which guarantees that we can form the second-order Taylor expansion of the log-
likelihood in certain ‘directions’ h/+/n with sufficiently good control over the remainder.
See Theorem 4.2.1 for the precise statement, where we importantly also obtain an

explicit form for the first derivative Ay, the ‘score operator’.

e The second main ingredient consists of two well known limit theorems, the central limit
theorem for martingale difference sequences [29] and the ergodic theorem, which ensure

the right limits for the first and second order terms in the Taylor expansion respectively.

In view of this, the main work done in this chapter lies in establishing the regularity needed
for pa p(x,y), see Theorem 4.2.1 below. As there is no explicit formula for pa (x,y) in terms
of b, our approach relies on techniques from the theory of parabolic PDE and spectral theory.
We use a PDE perturbation argument, based on the fact that the transition densities of a
diffusion process can naturally be viewed as the fundamental solution to a related parabolic
PDE.

The main difficulty in the proofs lies in the singular behaviour of p;4(x,y) as (t,z)
approaches (0,y), which is why standard PDE results cannot be applied directly, but only in
a regularised setting. Thus the arguments will first be carried out for any fixed regularisation
parameter & > 0, where the analysis needs to be done carefully in order to ensure that the
estimates obtained are uniform in § > 0 and hence still valid in the limit § — 0.

In the context of a statistical inverse problem for the (elliptic) Schrodinger equation
[131, 115], where the above singular behaviour is not present, PDE perturbation arguments
have previously been used to linearize the log-likelihood.

We also remark that the use of more probabilistic proof techniques like in [74] would
have been conceivable, too. However, we found the PDE approach employed here to be more
naturally suited to dealing with boundary conditions, and it avoids dealing with pathwise
properties of the diffusions by working with the transitions densities directly, which are
ultimately the objects of interest for analyzing the likelihood.

Potential applications of the LAN expansion presented in Theorem 4.2.2 include the study
of semiparametric efficiency for a certain class of functionals of b which is implicitly defined
by the range of the ‘information operator’ A;A, (where Ay is the score operator (4.9)), as
well as an infinite-dimensional Bernstein-von-Mises theorem similar to [125, 131, 133, 135].
However, studying the properties of A; Ay needed for this poses a highly non-trivial challenge
which still has to be overcome, see Section 4.2.4 for a more detailed discussion.

In Section 4.2, we state and prove the LAN expansion. Section 4.3 is devoted to proving
Theorem 4.2.1. Finally, in Section 4.4, we derive the spectral properties of the differential
operator L, and the transition semigroup (P : t > 0) needed throughout the proofs.
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4.2 Main results

4.2.1 A reflected diffusion model

We shall work with boundary reflected diffusions on the interval [0, 1], following [75, 134].
Consider the stochastic process (X; : t > 0), whose evolution is described by the stochastic
differential equation (SDE)

dX; = b(X;)dt +V2dW; + dKi(X),  X;€[0,1], t>0. (4.2)

Here (W; : t > 0) is a standard Brownian motion, (K;(X) : ¢t > 0) is a non-anticipative finite

variation process that only changes when X; € {0,1} and
b:[0,1] = R

is the unknown drift function. We note that /& (X ), which accounts for the reflecting boundary
behaviour, is part of a solution to (4.2) and is in fact given by the difference of the local
times of X at 0 and 1.

For any integer s > 0, let C* = C*((0,1)) and H® = H*((0,1)) denote the spaces of
s-times continuously differentiable functions and s-times weakly differentiable functions with

L?-derivatives, respectively, endowed with the usual norms. We also define the subspace
Co = {f e C": f(0) = f(1) = 0}
We assume throughout that for some B < oo, b lies in the C{-ball

0 :={f € Cy : Ifllor := lIflloo + 1 lloc < B} (4.3)

This ensures the existence of a pathwise solution (X; : ¢ > 0) to (4.2) which can be
constructed by a reflection argument, see e.g. Section 1.§23 in [70] or [134]. For some A > 0,
which we assume to be fized throughout the paper, our sample consists of measurements
XM = (Xg, Xa..., X,a) of one sample path, with asymptotics n — co.

The process (X; : t > 0) forms an ergodic Markov process with invariant distribution pp,

whose Lebesgue density (which we also denote by py) is identified by b via

oJo bWy

=, € (0,1}, 4.4
fol edo b0 gy, vl 4

()
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see e.g. Chapter 4 in [12]. Moreover, we denote the Lebesgue transition densities and the

semigroup associated to (X; : ¢ > 0) by pyp and P, respectively:

DPtp - [0’ 1]2 — R? pt,b(xay) = ]P)I(Xt € dy)a t> O) (45)

Pof(x) =E[f(Xe)] = /01 pep(z,2)f(2)dz, t>0, fe€ L2 (4.6)

Here, by Proposition 9 in [134], the transition densities are well-defined as well as bounded
above and below for each t > 0, so that (4.6) is well-defined, too.

Let P, denote the law of (X;a : i > 0) on [0,1]. For ease of exposition, we assume
throughout that Xy ~ u, under Py, a common assumption (cf. [75, 134]) which we make
due to the uniform spectral gap over b € © guaranteed by Lemma 4.4.1 below, which yields
exponentially fast convergence of X; to y;. Then under any Py, b € O, the law of X from
(4.1) on [0, 1]"*! is absolutely continuous with respect to the n + 1 -dimensional Lebesgue
measure, and the log-density, which also constitutes the log-likelihood (when viewed as a

function of b), is given by

n
log dPy(X ™) = log yuy(Xo) + Y log pa (X (i—1)a, Xia)- (4.7)
i=1

We note that some of the above assumptions can be relaxed at the expense of further
technicalities in the proofs: Firstly, the assumption Xy ~ pp could be replaced by Xg ~ m
(under Py), for any measures m, with Lebesgue densities such that for all b € ©, log dm;(Xo) —
log dmy(Xo) = op, (1) as [|b —b|| g1 — 0. Secondly, it is conceivable that the main Theorems
4.2.1 and 4.2.2 below can be generalized to all b€ H' and h € {f € H': f(0) = f(1) =0},

which we shall not pursue further here, however.

4.2.2 Differentiability of the transition densities

In order to prove the LAN property, we need to differentiate the log-likelihood (4.7) at any
drift parameter b € O, and the following theorem shows that for any x,y € [0, 1], maps
of the form b — pa p(x,y) are infinitely differentiable in ‘directions’ h € C¢ (and in fact,
Fréchet differentiable). For b,h € C}, n € R and z,y € [0, 1], for convenience we introduce

the notation

(I)b,h,x,y =®:R =R, ‘1’(77) = pA,b—&-nh(fL‘» y)

Theorem 4.2.1. For all b,h € C} and z,y € [0,1], ® = ®pp, ., is a smooth (in fact, real

analytic) function on R, and we have

¥(0)= [ P plhupsa pl@)ds. (4.8)
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Moreover, for each integer k > 1, we have the following bound on the k-th derivative of ® at
0:

sup sup sup ’<I>(k)(0)‘ < 00.
b€O heCy,||hll 41 <1 =,y€[0,1]

Section 4.3 is devoted to the proof of Theorem 4.2.1.

Heuristically speaking, the right hand side of (4.8) has the form of a solution to an
inhomogeneous parabolic PDE (cf. Proposition 4.3.1), and this PDE perspective will be key
in the proofs. However, one has to be careful with such an interpretation, as the singular
‘source term’ hO1py (-, y) does not fall within the scope of classical PDE theory. Therefore,

the above intuition needs to be made rigorous via a regularisation argument, see Section 4.3.

4.2.3 LAN expansion

By Lemma 4.4.4, for each b € ©, pa (-, -) is bounded above and below. Hence by Theorem

4.2.1 and the chain rule, the score operator is given by

Ay CY([0,1]) — L2([0,1] x [0,1]), Aph(z,y) = W. (4.9)

For any f,g € L%([0,1] x [0,1]), we also define the corresponding ‘LAN inner product’ and

‘LAN norm’ as follows:

1 r1
G- Depag = [, [ F@ 0o m)ns(apasle. v)dady,

(4.10)
(f,9)pan = (Ao, Abg) 12(p yus) If1Ean = (f. f)ran-
Here is our main result, the proof can be found in Section 4.2.5.
Theorem 4.2.2 (LAN expansion). For any b,h € C§, we have that
APyt /mi o (n 1 & Lo
log pr(X( )) = NG ;Abh(X(i—l)Aa Xin) — §||h||LAN + op, (1) (4.11)
as n — oo and
1 & n—oo d
—= > Ah(X(i_1ya, Xin) === N(0,[|h][Fan)- (4.12)

VS
Note that due to the nature of the non-i.i.d. Markov chain data at hand, A; necessarily

needs to map into a function space of two variables, as the overall log-likelihood cannot be

formed as a sum of functions of single states of the chain, but only of increments of the chain.

4.2.4 Potential statistical applications of Theorem 4.2.2

The LAN expansion can be used to obtain semiparametric lower bounds for the estimation

of certain linear functionals L(b) for which there exists a Riesz representer ¥ € C} such
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that L(-) = (VU,-)ran, and can potentially further be used to prove a non-parametric
Bernstein-von-Mises theorem.

To make this more precise, we define the ‘information operator’ (which generalizes the
Fisher information) by I := A} A, : Cf — L?, where A, from (4.9) is viewed as a densely
defined operator on L? with domain C} and Ay is the adjoint of A with respect to the inner

products (-,-)r2 and (-, ) 12( ) Then, for example, to study semiparametric Cramér-Rao

PA bHb
lower bounds for functionals of the form L(b) = (1,b)2, ¥ € L?, one needs that there is

some ¥ € C§ such that
Vw e Cl: (P, w) e = (U, wypan = (I, T, w) po.

Hence one needs that 1 lies in the range R(I;) of I, (or at least of R(A;})), see p.372-373
in [172] for a detailed discussion. Assuming the injectivity of I, the ‘optimal asymptotic
variance’ for estimators of L(b) is then given by

1N an = (AT, ApP) 12050 ,100)-

which may intuitively be understood as an ‘inverse Fisher information (1, I,~ lzp) 12 , in analogy
to the parametric setting.

When R(1p) is known to contain at least a ‘nice’ subspace of functions, e.g. C2°, I, can be
inverted on that subspace, and if key mapping properties of I~ L are known, then along the lines
of [131, 135, 133, 125], one can further try to prove a nonparametric BvM. This would assert
the convergence of infinite-dimensional posterior distributions to a Gaussian limit measure G
whose covariance is given by the LAN inner product via Cov[G(¢1), G(¢2)] = (Y1, Ya)raN,
cf. (28) in [131].

The identification of R(I}) in the present case of diffusions sampled at low frequency, as

well as the study of mapping properties of I, remain challenging open problems.

4.2.5 Proof of the LAN expansion

We now give the proof of Theorem 4.2.2; assuming the validity of Theorem 4.2.1 which is
proven in Section 4.3 below. Besides Theorem 4.2.1, the other key ingredient for Theorem
4.2.2 is the following CLT for martingale difference sequences. It is due to Brown (building
on ideas of Billingsley and Lévy) and follows immediately from the special case ¢ = 1 in
Theorem 2 of [29].

Proposition 4.2.3 (cf. [29]). Suppose (2, F,(Fy, :n >0),P) is a filtered probability space
and let (M, : n € N) be a F,-martingale with My = 0. For n > 1, define the increments
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Y, .= M, — M,_1 and let

n n

02 :=F [Yf‘fn,l} , V2= zn:af, s2 = RE[V?2.
i=1

n—o0

Suppose that V.2s, 2 "> 1 in probability and that for all € > 0,

1 n
7 21& [Y2L{[Yi] > esn}] "= 0 (4.13)
1=

in probability. Then, as n — oo, we have
M, /sn % N(0,1).

Proof of Theorem 4.2.2. Fix b,h € C}. Due to the spectral gap of the generator L (see
Lemma 4.4.1), the Markov chain (XA : n € N) originating from the diffusion (4.2) with
initial distribution Xg ~ up, is stationary and geometrically ergodic — we will use this fact
repeatedly.

For notational convenience, we write

f(n,z,y) =1og pa pinn(z,y), 9, 2, y) = paptnh(T, ).

By Theorem 4.2.1, f is smooth in 7 on a neighbourhood of 0, and for some C' < oo, the

second order Taylor remainder satisfies

2
Ry(n) := s |f(n,2,y) — f(0,2,9) —ndy f(0,z,y) — %3$f(0,x,y)! < Cln*. (4.14)
x7y€ bl

Thus, Taylor-expanding the log-likelihood (4.7) in direction h/+/n yields that

dP"
b+h/v/n
1og7d%7{f(xo,...,xw)
b

1 n
= (log i1/ vm(Xo) —log up(Xo)) + —= > 9 f(0, X(i_1)a, Xin)
+h/\/n \/ﬁ; ] (i—1) (415)
1 n
+ m Z 872;f(07 Xi-1)A; Xin) + Dy,
i=1

For the remainder term D,,, we immediately see from (4.14) that |D,| < nR;(n"1/2),

whence D,, = op,(1) as n — oo.
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For C},, observe that the function 8% f(0,-,-) is bounded by Theorem 4.2.1, such that the

almost sure ergodic theorem yields that
1
C, =% §Eb[a,3 £(0,X0,Xa)] as.,

where E;, denotes the expectation with respect to P,. Moreover, we have

979(0, X0, Xa)

— (00 £(0, X0, Xp))? =: T + 11,
9(0, Xo, Xa) (9,0, X0, X2))

92f(0, X0, Xa) =

and by interchanging differentiation and integration (which is possible by Theorem 4.2.1), we
see that

1 1
:/0 /0 8%g(0,:c,y)ub(:v)dxdy:(),

and hence Eb[agf(O,Xo, XA)} = *<Abh, Abh>L2(PA,be) = *”hH%AN.
We next treat B,. Let (F, : n > 0) denote the natural filtration of (Xa, : n > 0). In

view of Proposition 4.2.3, let us write
Y, = anf(O7X(n71)A7XnA)v M, = \/ﬁBn = ZYna
0721 =E [Yrg‘X(n—l)A} ) Vn2 - 201'27 3721 - E[VTLQ]

Then, using dominated convergence and the Markov property, we see that My = 0 and that

(M, : n > 0) is a martingale:

1
E[Y,|Fooi] = /0 O F (0, X 1y 2 9P X (1) 2, ¥y
1
=/0 00900, X(n—1ya, y)dy

1
=0y /0 Pabah (Xn-1)a,y)dy ‘n:o =

Moreover, we have that o7 = 62(X(,_1)a) for some bounded measurable function 5 : [0,1] —
[0, 00) and by the stationarity of (X;a : i > 0), we have s2 = nE,[52(X()] = n||h||% 45, Whence
the ergodic theorem yields that Py— a.s.,

Vi = Za (Xumna) "2 A ZANES 0,0, Xo, X0))?] = 1.
LAN

Lastly, as the Y;’s are bounded random variables, the condition (4.13) is fulfilled. Hence
Proposition 4.2.3 yields that B, —¢ N(0, ||h||2 4x)-
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Finally, we observe that the term A, in (4.15) from the invariant measure is of order

op,(1), as it can be bounded uniformly over b, h using (4.4):

Log tty4 1/ (Xo) — 1og e (Xo)| S lttysnyyvm — Holloo
eJo (h/v/m) W)y oJo )y

S Hf01 oo (b+h/VR) W)y g, f oo b(y)dydxHoo

n—>oo\ O

4.3 Local approximation of transition densities

In this section, we study the differentiability properties of p;(z,y) as a function of the
drift b, and the main goal is to prove Theorem 4.2.1. For technical reasons, we first prove
a regularized version of it (Lemma 4.3.5 in Section 4.3.2) and then let the regularization
parameter ¢ > 0 tend to 0 to obtain Theorem 4.2.1 (Section 4.3.3).

4.3.1 Preliminaries and notation

We begin by introducing some notation and important classical results.

4.3.1.1 Some function spaces
For any integer s > 0, we equip the Sobolev space H®* = H*((0,1)) with the inner product

(91, 9201 = (g1, 92) 12 + (917, 057) 12, (4.16)
where L? is the usual space of square integrable functions with respect to Lebesgue measure.
Occasionally it will be convenient to replace the L?~inner product above by the L?(u)-inner
product, where py, is the invariant measure of (X; : ¢ > 0), which by (4.24) induces a norm
which is equivalent to the norm induced by (4.16).

We will also use the fractional Sobolev spaces H® for real s > 0, which are obtained
by interpolation, see [108]. For s > %, the Sobolev embedding (4.19) implies that any
function f € H® extends uniquely to a continuous function on [0, 1]. The following standard
interpolation equalities and embeddings (see [108], p.44-45) will be used throughout. For all
s1,82 > 0 and 0 € (0,1), we have

Vi€ HYNH”: |fllgos+a-0m < C0,s1,52)|f %0 1 £l 77:5 (4.17)
and for each s > 1/2, we have the multiplicative inequality

Vige H*: |[fgllers S C()Ifllasllglas (4.18)
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as well as the continuous embedding
H> C C([0,1]),  [[fllec < C(s)IIf] 2, (4.19)

where C(]0, 1]) denotes the space of continuous functions on [0, 1]. Moreover, for any s > 0,
we define the negative order Sobolev space H™* as the topological dual space of H®, where

for any f € L?, the norm can be written as

1
1Pl = su | [l

YEHS, ||| s <1

For any 7' > 0, any Banach space (X, | - ||) and any integer £ > 0, we denote by
C*([0,T], X) the k-times continuously differentiable functions from [0,7] to X, equipped

with the norm i
di
I1fllex(o.ry,x) = D>, sup H@MH-

i=0 t€[0,T]

For a > 0 with a ¢ N, we denote the space of a-Hoélder continuous functions f : [0,7] — X
by C*(]0,T], X) and equip it with the usual norm

Le) dlel
|45 /() — S5 1)
| flleaqotx) = Il o)+ sup  —AEE—L—dies
5,t€[0,T], s7t |t — s

We will frequently, without further comment, interpret functions f : [0,7] x [0,1] — R as
L%-valued maps f : [0,T] — L%, f(t) = f(¢,-), and vice versa.
4.3.1.2 The differential operator L,
For any drift function b € H', we define the differential operator
Lyf(x) = f"(x) +b(z)f'(x)  for f€D,
D={feH?: f(0) = f(1)=0}.

It is well-known that L is the infinitesimal generator of the semigroup (P : ¢t > 0) defined
in (4.6), so that we get by the usual functional calculus that P, = e for all t > 0 (with the
convention e’ = Id). The fact that the domain D of Ly is equipped with Neumann boundary
conditions corresponds to the diffusion being reflected at the boundary, see [82] for a detailed

discussion. We equip D with the graph norm

1/2
£ Ny = (LS 12y + 11 22) 2
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which by Lemma 4.4.2 is equivalent to the H?-norm on D. Moreover, for h € H', we define

the first order differential operator
Luf(z) = h(@)f(2), [ H. (4.20)

The operator £, has a purely discrete spectrum Spec(Ly) C (—o0, 0] (see [54], Theorem
7.2.2). We will denote by (u;);>0 the L?(up)-normalized orthogonal basis of L?(u;) consisting
of the eigenfunctions u;, € D of Ly, ordered such that the corresponding eigenvalues (A;);j>0
are non-increasing. When there is no ambiguity, we will often simply write A; and u;. We

will use throughout the spectral decomposition

pt,b(x’ y) = Ze)\jtuj(x)uj (y)/‘bb(y)a T,y € [05 1]7 t> 07 (421)
j=0

see e.g. p. 101 in [9], and the spectral representations

Lof =3 Ni(f.uj)r2uyuss f €D, (4.22)
>0

Poof = €Y (f uj)r2q,ui, f€L? t>0. (4.23)
>0

We also note that (4.4) immediately yields that there exist constants 0 < C' < C’ < oo such
that for all b € © and all z € [0, 1],

C < up(x) < C". (4.24)

4.3.1.3 A key PDE result

For any f € C([0,T],L?) and ug € D, consider the inhomogeneous parabolic equation

{gtu(t) = Lyu(t) + f(t)  forallt € [0,T], (4.25)

u(0) = up.

We say that a function u : [0, 7] — L? is a solution to (4.25) if u € C1([0, T, L*)NC(]0,T], D)
and (4.25) holds. The next proposition regarding the existence, uniqueness and regularity
properties of solutions to (4.25) will play a key role for the proofs in the rest of Section 4.3.
To state the result, we need the following interpolation spaces D(a),0 < a < 1, between L?
and D:

D(a):={fe€L?:wt) =t"|Pyuf - f||L2(ub) is bounded on ¢ € [0,1]},

1fllDea) = 1 fllL2(uy) + sup w(?). (4.26)
te€[0,1]
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Proposition 4.3.1. Suppose 0 < a < 1, f € C*([0,T), L?) and ug € D. Then there exists a

unique solution u to (4.25), given by the Bochner integral
¢
u(t) = Py pug +/ P_spf(s)ds, te[0,T]. (4.27)
0

If also £(0) + Lyug € D(a), then we have u € C*+([0,T], L?) NC*([0,T), D) and there exists
C < oo so that for all such f and ug,

ullcreo,ry,2) + [[wllca o,

< O (Iflcaqory 22 + luolle, +11£(0) + Louollp) ) -

Proof. This is a special case of Theorem 4.3.1 (iii) in [116] with X = L?(up) and A = L,
where we note that the integral formula (4.27) is given by Proposition 4.1.2 in the same
reference. We also note that D(«) coincides with the space Da(a,00) from [116] with
equivalent norms, see Proposition 2.2.4 in [116]. It therefore suffices to verify that the general
theory for parabolic PDEs developed in [116] applies to our particular case. For that, we
need to check that (P : ¢t > 0) is an analytic semigroup of operators on L? in the sense of

[116], p.34, which requires the following.

1. For some 6 € (7/2,7) and w € R, the resolvent set p(Lp) of £, contains the sector
Sow C C, where Sy, is defined by

Sow i ={AeC: A #w,|arg(A —w)| < 0}.

2. There exists some M < oo such that we have the resolvent estimate

HR()‘vﬁb)HL?HL? < M|)\ — CU|_1 VA€ 5197“,.

As L, has a discrete spectrum contained in the non-positive half line, both of the above

properties are easily checked with w = 0 and any 6 € (5, 7). ]

-1
Definition 4.3.2 (Solution operator). In what follows, we denote by S = (% — ﬁb) the
linear solution operator which maps any f € C*([0,T], L?), 0 < a < 1, to the unique solution
u=S(f) of the parabolic problem

{(;t _ gb) u(t) = f(t), telo,T], (4.28)

u(0) = 0.
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4.3.2 Approximation of regularized transition densities

The main result of this section is Lemma 4.3.5, which can be viewed as a regularized version
of Theorem 4.2.1. The main tools used to prove it are Proposition 4.3.1 as well as the spectral
analysis of £, and P, from Section 4.4.

In order to apply Proposition 4.3.1, we view the transition densities p;p(x,y) as functions
of the two variables (¢, z) € [0,T] x [0,1] with y € [0, 1] fixed, where T is an arbitrary constant
T > A > 0 (with the convention that pg(-,y) is the point mass at y). Due to the singular
behaviour of p;;(x,y) for (t,2) — (0,y), a regularisation argument is needed. For any § > 0
and d € C}, define the 6- regularized transition densities by

uf - [0,00) x [0,1] = R, ug(t,x) := Pso(pra(z,-)) (),

where (P, :t > 0) denotes the transition semigroup for b = 0, which corresponds to reflected

Brownian motion.

4.3.2.1 Recursive definition of approximations

We now implicitly define the ‘candidate’ local approximations to ug as solutions to certain
parabolic PDEs. To that end, we note that using (4.6), one easily checks that for all ¢ > 0,

uy(t) = Praps, where ©5(x) :=pso(y, z). (4.29)

Hence we can give the following crucial PDE interpretation to ug.

Lemma 4.3.3. For any d € C}, we have that v, € C32([0,T], L?) N C2([0,T), D), and u

is the unique solution to the initial value problem

{(fzit — La)u(t) =0 for allt €[0,T), (4.30)

u(0) = ps.

Proof. We check that Proposition 4.3.1 applies with @ = 1/2. For this, we need that
s € D and that Lgps € D(1/2). Using the spectral decomposition (4.21) and the fact that
wy = Leb([0,1]) for b = 0, we see by differentiating under the sum that @5 € D. This is
possible by Lemma 4.4.1 and the dominated convergence theorem. The same argument yields
that ¢s € H®. Thus, we have that Lyps € H', which is a subset of D(1/2) by the second
part of Lemma 4.4.5. O

We now recursively define the functions R[] and v{[h], k > 0. The norm estimates
in Section 4.3.2.2 justify that they are the correct remainder and approximating terms,

respectively, in the k-th order Taylor expansion of 7 ug b
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Definition 4.3.4. Let b,h € C} and § > 0.
1. For k =0, we define the 0-th order local approximation’ of n— u‘ngnh at 0, and the

remainder of this approximation, by
4 é 4 ) 1 1 6
volh] = vg ==y,  Rglh] = Ry := upyp, — up.

2. Fork > 1, we recursively define the functions Ry[h] = R, v3[h] = v € C3/2([0,T], L*)N
CY*([0,7),D) by

Ry[h) := S(LpRy_y[h),  vi[h] := R4 [h] — Ry[h], (4.31)
where S is the solution operator defined in (4.28) and Ly was defined in (4.20).

We should justify why the definition (4.31) is admissible, and we do so by induction. By
Lemma 4.3.3, we have R)[h] € C3/2([0,T], L?) N C/2([0,T)], D). Hence, using the definition
of R{[h] and Proposition 4.3.1 inductively, we obtain that for all & > 1, L,R} ,[h] €
CV2([0,T), H') as well as L, R_,[h](0) = 0, so that R, v} have the stated regularity. Thus,
(4.31) is well-defined.

By definition of £, and (4.30), we see that R}[h] is the unique solution to

d

(- Ly)RY(t) = Lpuh,,(t) Vt€[0,T] and RY(0) =0, (4.32)

and (4.31) yields that
ub+h—Zv hl+ Ry[h] ¥bheCl, k>0. (4.33)

The regularity estimates for R¢[h] in the next section will justify that (4.33) is in fact the
Taylor approximation for n — u‘g k- Before proceeding to this, we need to check that the

v)[h] are homogeneous of degree k in h, i.e. that

VheClvneR: vlnh] =nrol[n]. (4.34)

This is again seen by induction. For k = 0, we have that v}[nh] = u) = v][h], and if (4.34)

holds for some k£ > 0, then we have that
vpanh] = S(Lynvilnh]) = ¥ S(Lyvp[h]),

where we have used that for each & € NU {0},

d

(% Eb)vkﬂ Lh(Rk 1 Rg):LhUg-
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4.3.2.2 Regularity estimates

We now derive norm estimates for the remainders R[h] from (4.31) and (4.33), using
Propsition 4.3.1 and the results from Section 4.4.

The following Lemma is the main result of Section 4.3. It can be viewed as a regularised
version of Theorem 4.2.1. Crucially, the estimate below is uniform in 4 > 0 such that it can

be preserved in the limit 6 — 0.

Lemma 4.3.5. For each € > 0, there exists C > 0 such that for allb € © from (4.3), h € C}
with ||hlg <1, y €[0,1], k e NU{0} and § > 0,

IR A](A)]|loo < CF[lR|5127.

The rest of this section is concerned with proving Lemma 4.3.5. In what follows, when we
write that an inequality is ‘uniform’ without further comment, or when we use the symbols
<,2,~, we mean that the constants involved can be chosen uniformly over b, h,y, k and ¢§ as
in the statement of Lemma 4.3.5.

The proof of Lemma 4.3.5 consists of two separate lemmas, which establish an L?-estimate
(4.38) and an H '-estimate (4.41) for R)[h](A) respectively. Given these two estimates, Lemma
4.3.5 then immediately follows from interpolating, and taking C' to be the larger of the two

constants from (4.38) and (4.41):
%76 2+5 k k+2 €
[RR[PI(A)]loo S I R[AJ(A), 3 ve S NRE(A)IZ [[Re(A) 70 < CFl[RIG*

The L’-estimate To obtain estimates which are uniform in § > 0, we ‘regularise’ Ri

further by integrating in time. For k > 0, define

QU 0.1 1% QU = [ RS

Here is the L2-estimate.

Lemma 4.3.6. 1. Let byh € C, § > 0 and recall the definition (4.28) of S. Then we have
that

Qbln] = S(Li [ ufin()ds), (1.3)

and for k > 1, we have that
Qulh) = S(LnQi- [h)- (4.36)

2. For all a < 1/4, there exists C < 0o such that for all b, h,y,k,d as in Lemma 4.5.5,

Q4R c1+ao.1,2) + QAR orry,m) < CFIIAYES. (4.37)
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In particular, we have that
IR [Pl o (o,17,22) < CF[IRIIA (4.38)

Proof. We first show (4.35). Using Riemann sums to approximate the integrals below, the
closedness of the operators £, and Lj, as well as (4.32), we obtain that

L )08 = RO / LyR3(s)ds = R3(¢) / LyR3(s)

di . (4.39)
—/ — Ly)RY(s)ds :Lh/o ud p(s)ds.

Moreover, we have Q3(0) = 0 and Qf € C*/2([0, T], L*)NC'/2([0, T], D), so that (4.35) follows
from Proposition 4.3.1. For k > 1, (4.36) is proved in the same manner.
Next, we prove (4.37) for k= 0. Let « < 1/4,5 >0, b € O, ||| € C} with ||h|m <1,

and let us write

56 = 0. [ hn(s)s).

In view of (4.35) and Proposition 4.3.1, and noting that hf(0) = 0, it suffices to show that
| fllce(o,r],2) < C for some uniform constant C. For all ¢ < ¢’ € [0,T], we have by the
definition of ug 45, and Fubini’s theorem that

70) ~ £0] () = | ‘ | (s 2o (2)deds
=0, / / Dspth(T z)ds)g%( )dz.

For convenience, let us for now write p for pip4p, and (A, u;) >0 for the eigenpairs of Lyyp,.
Using the spectral decomposition (4.21) with b + h in place of b and Fubini’s theorem,

integrating each summand separately yields that
! 1 '\ (2%
0 [ 2T =@ (esnhs(40)

where Fubini’s theorem is applicable due to Lemma 4.4.1:

> | (€ = () s paizn | S Ieallie 30 2wyl € 3257024,
i>1 j>1 j>1
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From Lemma 4.4.3 and (4.40), it follows that

F@) = F(&) = 00 (L5 1h (Posen = Proen) @) -

Using this, (4.61), the self-adjointness of P 1, with respect to (-, )2,y and (4.65), we obtain
that

1FE) = F) 2 < 1L525 (P b — Prpsn) @5l
S NP prn(Pr—tprn — Id)@s]| g

S sup ‘<(Pt’—t,b+h — Id)P; p1 15, ¢>L2(u)‘
peH |9l 1 <1

= sup ‘<Pt,b+h905, Py—tprnd — ¢>L2(,u)‘
peHL ||l ;1 <1

S sup HPt,b+h906HL1 sup HPt’ft,b+h¢ - ¢HOO
t>0 peHL||p]| 1 <1

N sup | Py —tp41n® — @0
peHL Bl 1 <1

S —-1)”.

Hence, Proposition 4.3.1 and (4.35) imply (4.37) for kK = 0. Choosing C' large enough and
inductively using Proposition 4.3.1 and (4.36), we also obtain (4.37) for k > 1:

1Q4lcao,11.0) + 1@ o1+ o,71,12) < ClILAQY_1 [l (0,77,12)
< hllsoll Q41 llca (o, m) < CHIRIIEFT

Finally, (4.38) follows upon differentiating (4.37) in t. O

The H! estimate The H!'-estimate reads as follows.

Lemma 4.3.7. Let k > 0 be an integer and A > 0. Then there exists C' < oo such that for
all b, h,y,k,d as in Lemma 4.5.5,

IR(A) e < C¥|[Al[3. (4.41)

To prove Lemma 4.3.7, we express RJ[h] using (4.27) and decompose the integral into
times close to 0 and times bounded away from 0. The following Lemma allows us to control

the respective integrals.

Lemma 4.3.8. Let T > 0 and 0 < n < T. Then there exists C < oo such that for all
b,h,y,k,0 as in Lemma 4.3.5, the following estimates hold.
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1. For all T € [0,T), we have

T C
Pr_.LpR}(s)d <——  _|h R) . 4.42
| [ Protari@as], < =gyl s IR (4.42)
2. For all T € (0,T], we have
T
| [ Proctaris)as], < Cllloe sup 17(5) - (4.43)
T H se[TT)

Proof. We first show (4.43). By Lemma 4.4.2, we can estimate the (—L;)"/?-graph norm

instead of the H! norm. Using Lemma 4.4.1, we have

2

L2 ()

00 T L T 2
= 30 (N, BRY(S) 12 )
j=1

H (—Lp)'? /TT PT—sLhRg(S)dSH

- T . 7cj2(Tfs) ) / 2
S( [ ge |RRY(5)'|| ds )
j=1

(e o]

< 2 1) 2 (T —cj2(T—s) 2
Sl sw IR Y (7 [ e ds)

s€[T,T] j=1

o0
1
1
S sup IR Y. .
SE[T,T] j=1 J

A similar calculation yields that

4 4 2 5 00 1
H/T PTstth(S)dSHB(M) < ”hHgoS:[l%pT] ||Rk(s)H%[1 (Tz +]§:lj4)

Combining the last two displays completes the proof of (4.43).
Next, we prove (4.42). Using (4.66) with a = 1, the boundary condition h(0) = h(1) =0
to integrate by parts and (4.17), we obtain

LhRg(s)H ds

7 5 7 ]
| [ Prectarisas], < [ @ -9 .

~ T 1
-1 [ s | [whyRis)ds
0 peC= ||t /O

)
ST =T 3 |hlm sup_||RY(s)]
s€[0,7

L2’
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Proof of Lemma 4.3.7. The case k = 0 follows from Lemma 4.4.4. For k > 1, we iteratively
apply the estimates (4.42) and (4.43). We first define the points A; at which we will split

the integrals involved below:

1+j/k

A
2 ’ .7 = 07 "'7k7 and Nk = 57 = Ak - Ak_l’

Aj=ATIE -

Then, using (4.31) and (4.27), we can estimate

(AN [

IN

Ap_1 5 A 5
H/O PA_SLth,l(s)dsHHl +H/Ak_1PA_SLth1(s)dsHH1
= I1+1I.

Now let C' be the largest of the constants from (4.38), (4.42) and (4.43). From (4.42) with
T = Aj_; and (4.38), we obtain

1< Co Il sup NR@)] . <

SG[O,Ak 1

k
771.:4HhH +1-

For the second term, we apply (4.43) to obtain

IT<Clhlls sup  [[Rg_y(s) ]

s€[Ag_1,

To further estimate the right hand side, we can repeat the argument for any s € [Ax_1, A]:

AV
IR < || [~ PasaRla)is], +] [

4
- PA,uLth,Q(u)duHH1

< O il + Cllalloo sup [IBE (s) 1.

Se[Ak_Q,A

By iterating this argument k times, we obtain that for some larger constant C' independent

of k,

IR2(A )\|H1<k0k( ) RIS+ CHIRLE, sup (Rl < ¥k,

SE[A/2,A

where we used (4.64) in the last step. This completes the proof. O

4.3.3 Proof of Theorem 4.2.1

We now prove Theorem 4.2.1 by letting 6 > 0 in Lemma 4.3.5 tend to 0. Let us fix b € O,
h € C§ with ||h]|gn < 1 and z,y € [0,1], and recall the notation ®(n) := pa pyn(z,y) for
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n € R. For notational convenience, for any § > 0,7 € R and integer k > 0, define

O (n) = i gn(D,2), ap = [Bl(A @), ph(n) = agn'.

Then by Lemma 4.3.5 and (4.34), there exists C' < oo such that for all § > 0, £ > 0 and
ne [_17 1]7

@ (n) = ph(n)| = | RYInAI(A, 2)| < IRE[AI(A) oo < CH{nl* 111, (4.44)

Hence for all § > 0, on the interval n € [—%, %] N[~1,1], ® is given by the power series

PO (n) = 3220, adn’. We divide the rest of the proof into three steps. The first two steps imply
an analogous power series for ®, and the third proves the integral formula (4.8).

1. Convergence of ®(n). Note that by the definition of u2+nh, we have that

VneR: [®°(n) — )| = |Pso®apign(@, ) ¥) — Papign(z, ).

Moreover, by (4.64) we have for any R > 0 that

sup [lpaa(z,)l[m < oc. (4.45)
$€[0:1]7||d||H1§R

Thus, using (4.65), it follows that for any a < 1/4, there is ¢ < oo such that for all
be©,heC} with ||h||g <1 and |n| <1,

| P50 (P2 5nn () (Y) = P b+ (2, 9)]

) 4.46
< sup 1Psopaa(, ) — paa(@, )|e < €8 <= 0. (4.46)

906[0,1]7”6[“1.11 <B+1
2. Convergence of ai. Fix some n # 0 and some sequence d,, > 0 tending to 0 as n — oo.
Using (4.44), it is easily seen inductively that for all k¥ > 0, the sequence (ai" :n € N) is
bounded. Hence, by a diagonal argument there exists a subsequence (d,, : | € N) and some

671/ . .
sequence aj € R such that for all £, a;" 100, a. Defining the polynomials

k
pr(n) ::Zaini7 neR, £=0,1,2,.., (4.47)
=0

we see that (4.44) still holds with ® and py, in place of ®° and pg. Hence, @ is analytic and
(n) = X3 @’ holds for 1 € [~ 5k, 5| N [-1,1].
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3. Proof of (4.8). It remains to show the integral formula (4.8) for ®'(0). By what

precedes, we know that the constants ag, a; from (4.47) satisfy
Vi€ [1,1): [201) — ao — ar] < ClaP/t, ®(0) =ag, #(0) = a1 = lim ad.
—

Moreover, by definition of v¢[h], we have for all § > 0 that

A
a8 = W[R)(A, ) = S(Lyud)(A, ) = / [Pa s Liuf(s)] (a)ds.
0

Therefore, (4.8) is proven if we can show that the following expression converges to 0 as
d — 0 (recall that ¢s5 was defined in (4.29)):

A A
/0 [Pa—s s LnPs 5] (2)ds — /0 [Pa_s s Lnpss( )] (2)ds

= /OA /01 pA_S’b(w7 Z)h(z)az ( ‘/01 ps,b(z7 U)gog(u)du — pS,b(Z7 y))dzds
A2 1 .
— _/o /0 az[pA—s,b(x,z)h(z)](/O ps,b(z,u)wg(u)du—p57b(z,y))dzd3

+ /AA/z /01 PA—sp(T,2)h(2)0; ( /01 Psp(2,w)ps(u)du — psp(2, y))dZdS

=T+ 1I.

Here we have integrated by parts and used that the boundary terms vanish due to h(0) =
h(1) = 0. For the term I, by arguing as in (4.45)-(4.46) (with s and z in place of A and x),

we have that

1
§
Vs € (0,A/2] Sl[lp} ‘/0 Ps,b(2, u)ps(u)du —ps,b(z,y)‘ 20 0,
z€|0,1

showing that the ds-integrand in I tends to 0 pointwise. By the heat kernel estimate (4.63)
and (4.64), we can also bound the ds-integrand uniformly in 0 by
201 Al g2

2C
—=lpa—sp(z, )|l g £ ——F=— sup [ps,p(x, )| g2 < 00,
Vs " V5 ze(0],s€[A/2,A]

where C' is the constant from (4.63). Hence, we have by the dominated convergence theorem

that || 22% 0.

For 11, we argue similarly. By Lemma 4.4.4, we have that

sup  {|0:ps (2, )2 < 00,
s€[A/2,A],2€[0,1]
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whence (4.65) yields that

0. ( /01 ps,b(za u)@é(u)du - ps,b(z7 y)) ‘

1
= | | 0puaeu)eswdu — 0:pos(z.w)

6—0

< HP5,0 (8zps,b(z7 )) - azps,b(zv )H — 0.

o0

Moreover, the ds-integrand is bounded by (cf. Lemma 4.4.4)

2C] Al sup 15,6025 )l 1
VA =5 se[a/2,A],2€(0,1]

such that by dominated convergence, we have |1/ 920,

4.4 Spectral analysis of £, and (P, : ¢t > 0)

In this section, we collect some properties of the generator £;, the differential equation related

to Lp and the transition semigroup (P : t > 0) which are needed for the proofs of Section

4.3. Although some results can be obtained using well-known, more general theory, our proofs

are based on more or less elementary arguments, using the spectral analysis of £; in Section

4.4.1.

4.4.1 Bounds on eigenvalues and eigenfunctions of £,

The following lemma summarizes some key properties of the eigenparis (uj, Aj) of £,. Note

that the estimate (4.49) is an improvement on the bound in Lemma 6.6 of [75], and that

(4.49) moreover coincides with the intuition from the eigenvalue equation Lyu; = A\ju; that

“two derivatives of u; correspond to one order of growth in A;".
Lemma 4.4.1. Let s > 1 be an integer and B > 0.

1. Suppose b € H* N C}. Then for all j > 0, we have uj € Hst2,

2. There exist 0 < C' < C < 0o such that for all b € C} with ||b]|ec < B,

Vi=0, X e[-Cf% -0
Moreover, we have ug = 1, A\g = 0.

3. There exists C' < oo such that for all0 < a < s+ 2,

¥ji>1: sup sl e < CIA2.

beH*NCL:||b|| s <B

(4.48)

(4.49)
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In particular, we have |u;lloo < [N [Y4F€ for all € > 0.

Proof. Using that u; € D C H? and (4.18), we obtain that for all j > 0, uj = Auj — bu’; €
H'. Differentiating this equation s — 1 times and bootstrapping this argument yields that
u§s+1) € H'.

Next, we prove (4.48) by adapting arguments from Chapter 4 of [54]. The standard
Laplacian £y = A with domain D is a nonpositive operator, self-adjoint with respect to the

L?-inner product, with spectrum {—]'27r2 :7=0,1,2,...} and associated quadratic form

Qo(f) = (f'sf)> forall f € Dom((—Lo)"/?) = H',

where the fact that Dom((—Ly)'/?) = H' is shown in Chapter 7 of [54]. Similarly, using
(4.4) and integrating by parts using f'(0) = f’(1) = 0, we have that £, with domain D, is
self-adjoint with respect to the L?(up)-inner product, and that for any f € D, the associated

quadratic form is given by

1 1 1
Qu(f) = (—Lofs )12y = /0 2y + /0 £ fpda — /0 f' fopupd

(4.50)
= (", ) L2 ()
For any finite-dimensional subspace L. C D, define
MOy = inf — , AO(L) = inf — .

()=, inf Q) (L) oy ot =i (4.51)

Then by Theorem 4.5.3 of [54], the eigenvalues of £y and L, are given by

. b

AV = sup o AO(@) =222 A= swp AO(1) (4.52)

LCD,dim L<j LCD,dim L<j

respectively. This, combined with (4.50) and (4.24), yields (4.48).

We now prove (4.49). Iterating the equation Lyu; = Aju;, we have

)\?uj = Liuj = (uf + buy)"” + b(u + bufy)’
4 "ot /" "m " /7 2 I
=u; +buj+2buj+buj —I—buj +bbuj+buj.

Note that in each summand above, except for the first one, the sum of the orders of all
derivatives is at most 3. This generalizes to n > 3, in that there exist polynomials P, ,, such

that
2n—1

Ny = Lpug =l + 37 P (0,1, 52 2)al™), (4.53)

m=1

for which one can check the following properties by induction:

1. For all n > 1 and m < 2n — 1, P, ,, has degree at most n.
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2. The only summand in (4.53) with factor b3"2) is u;-b(%_z).

For the odd order derivatives of u;, there similarly exist polynomials Pmm of degree at most
n such that

2n—1 ’
u? Y = (Lpu, - Z P (0,10, b2 D)™
(4.54)

where the only summand containing the factor 52"~ ig ug-b(Q”_l).

We now use these facts to show (4.49) by an induction argument, consisting of the base
case and two induction steps.

Base Case a < 2: To show (4.49) for all a < 2, it suffices to prove the case a = 2, as the
case a € (0,2) then follows from ||u;z2(,,) =1 and (4.17). We also note that the estimate
for ||u;|| then follows by the Sobolev embedding (4.19). The case o = 2 follows immediately
from (4.57) and (4.48):

sl Ze = 1CousllTo () + lullEe ) = AF + Dllwgllzag,) = A7 #1525, 5> 1.

Induction step 2n — 2n + 1: Assume that for some integer n, (4.49) holds for all
a < 2n < s+ 2. Then, using (4.54), the Sobolev embedding C?"~2 C H* (note that
s > 2n — 1) and the induction hypothesis, we obtain

2n+1 — 1
" Nz S Iz + 152" D2 e lloo + bl Ean-2 sl S 21" 2.

The non-integer case a € (2n,2n + 1) follows by interpolation.
Induction step 2n — 1 — 2n: Similarly, using (4.53), the embedding C?"~3 C H*® (note
that s > 2n — 2) and the induction hypothesis, we have

2 _
Juf N2 S 1™+ 162 2 oo + Bl Ban-s sl nr S INI
and the non-integer case a € (2n — 1,2n) again follows by interpolation. O

4.4.2 Characterisation of Sobolev norms in terms of (\;, u;)

Using Lemma 4.4.1, we now prove that the graph norms of the non-negative self-adjoint
operators (—L'b) NS {O, 5,1}, on their respective domains, are equivalent to standard
Sobolev norms. Let 2 = ¢2(NU {0}) denote the usual space of square-summable sequences.

For any Banach space (X, || - |[x) and linear operator T : D — X with domain D C X, we
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denote the graph norm of 7" by
lzllr == (=% + | T2|%)"?, =€ D.

Lemma 4.4.2. 1. Let 0 € [0,1]. Then for any f € L?, we have
f € Dom((~L Z (L4 INPOIS 1) 2 [P < 00
and for any f € Dom((—Ly)?), we have

(—Lp)f = Z ) (f 15) L2 () 5

2. There exists 0 < C < oo such that for any 0 € {0,%,1} , we have

’ 2
C M f e < I fll=gpye < Cllf los | € Dom((=L3)").
3. There exists 0 < C < oo such that for all f € L?,

(f,u J> 2(up) |
V1Al

Proof. 1. We first prove (4.55) for § = 1. Define the dense linear subspace

Ol < | 2 0)

o S CIS e

o0

D .= U span{u;j:j=0,..,n} C L% ().
n=0

(4.55)

(4.56)

(4.57)

(4.58)

Then by Lemma 1.2.2 in [54], we know that the restriction of £, to D, which we shall denote

by E{? , is an essentially self-adjoint operator on L?(y). Moreover, under the unitary operator

U:L*(my) = 02, f ((frug) 1200 15 2 0),

E{? is unitarily equivalent to the essentially self-adjoint multiplication operator M? : (aj :

j >0)— (Aja; : j > 0) on ¢? with domain

U(D) ={a € ¢*:a; =0 for all j large enough}.

Thus, the unique self-adjoint extentions of both operators (cf. [54], Theorem 1.2.7), which

we denote by L, and M, are also unitarily equivalent. Hence, for all f € L%(u),

feD = Y (L+AD)fug) r2quyl” < o0
§=0
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(The above condition defines the domain of the self-adjoint extension of MP, see [54],
Lemma 1.3.1), which proves (4.55) for § = 1. To see (4.55) for 6 € [0, 1), we note that the
fractional power (—Lp)? is unitarily equivalent to multiplication with ( |)\j|9 :j > 0), and that
f € Dom ((—£,)") iff

o0

Uf €Dom(M?) ={f e L?:> (1+ NP w5) 2> < o0}
§=0

2. We now show (4.57). For 6 = 0, there is nothing to prove. For § = 1/2, note that by
Theorem 7.2.1 in [54] and (4.50), we have Dom ((—Eb)l/Z) = H'! and

VF € H <R = 1 Wy + (65 F 5 D iy = 13y

The case 6 = 1/2 now follows from (4.24). Finally, let 6 = 1. It is clear that || f[|Z, < [ flI7,
so that it remains to show || f||7,2 < [|f]|Z,. For this, we use Cauchy’s inequality with e to

obtain that for some c1,

1
1Lof 2 = 1172 + 208" f ) 2 + 0F 172 = S 1172 — eall £l

Hence, integrating by parts and using Cauchy’s inequality with € again yields that for some

C2,

1F7172 < 201Lof N7z + 21l f1172 < 20 L0 72 + 2eall £l 2 7|2

1
<2/ Lofl72 + eall fllZe + S 1F7 1172,

proving that Hf||§{2 N Hf”%b
3. For any f € L? and any test function v € H', let us write fi = {f, Uj>L2(ub) and
Vi = (¥, uj)12(y,), J = 0 respectively. Then by (4.56)-(4.57), we have

[e.o]

= sup ‘ > fjwj’

weH [l <1 5

~ sup ‘ij (1+|>\j’)_1/2wj‘

veL? ||v] <1 i

~ (5 T+ DT 5> 0) -

Iflar = sup [(f)rag,)
YEH |l 1 <1

(4.59)
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4.4.3 Basic norm estimates for the one-dimensional Neumann problem

From the preceding Lemma, we can immediately derive some basic properties of the (elliptic)

boundary value problem
Lyu=f on (0,1), /(0)=4/(1)=0 (4.60)

needed in the proof of Lemma 4.3.6. Let us denote the orthogonal complement of the first

eigenfunction ug = 1 of £, in L?(up) by
ué:{feﬁz/fdub:o}.

Lemma 4.4.3. For every f € uol, there exists a unique function u € DN ué- such that
Lyu = f, for which we use the notation u = E;lf. Moreover, for every B > 0 there exists
C < oo such that for all b € C} with ||bljoc < B and f € ug,

llullgs < C| fllgs—2 for s € {0,1,2}. (4.61)

Proof. Tt follows immediately from the domain characterisation (4.55) and the spectral
representation (4.22) that L is a one-to-one map from D N uoL to L? N ué, and that Eb_l

unitarily equivalent to multiplication by ()\j_l]l j>1:J > 0) in the spectral domain, so that
the L? — L? norm of £, ! is finite. Hence, for s = 2, the estimate (4.61) follows from (4.57):

|t = et + e p13 = 1112,

The case s = 0 is obtained by duality. Using that E;l is self-adjoint on uol and the previous

case s = 2, we have that

1 1
1L Fllragy = sup ‘/0 Ly fodus| = sup ]/O FL b

p€uy,||¢ll 2 <1 peug |19l 2<1

S -2

Finally, for s = 1, Lemma 4.4.2 implies that

lerts], ~ S+ |>|<* 2oy Wmewl e
]—1 J j=1 1+ ‘)‘ ’
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4.4.4 Estimates on p;(-,-) and Py,

Using Lemmata 4.4.1 and 4.4.2, we now collect some basic (partially well-known) results about
the Lebesgue transition densities p;p(-,-) (Lemma 4.4.4) and the semigroup P;; (Lemma
4.4.5). Recall that they were defined in (4.5) and (4.6).

Lemma 4.4.4. Let s > 1 be an integer, tg > 0 and B > 0. Then we have the following.

1. There exist constants 0 < C' < C' < oo such that for all t > to, b € C§ with ||bl|cn < B
and x,y € [0,1],
C < pp(z,y) <C'. (4.62)

2. There exists C < oo such that for all t € (0,1] and b € C} with ||b]|o < B,

_1
Ipep(z, Yoo < Ct72, x,y €[0,1]. (4.63)

3. For eachn<s+2, m<sandn',m <s+1,

sup sup sup 1020y P (- )|l 22 < 00
t>to ye[0,1] be CANH:||b|| rs <B

o (4.64)
sup sup sup 107 0y e, )| L2 < 0.
t>to x€[0,1] beCANH=:||b|| grs <B

Proof. For a proof of (4.62), we refer to Proposition 9 in [134] and for a proof of (4.63), we
refer to Theorem 2.12 in [41]. Let us now prove the first part of (4.64); the second is obtained
analogously. Let n < s+ 2, m < s. Then (4.4) yields that

sup ||psl|gs+r < 00.
[bll s <B

Using the multiplicative inequality (4.18), the spectral decomposition (4.21) and Lemma
4.4.1, we have

1020 D ()l 2 < S e ™ | 2] (i)™ ()]
j=0

[ee] [ee]
<3N [l pan) ™ oo S 3 €0 g | grose ot o | ol oo
j=0

=0
< > —Cj2 s s;2+s42—1 < >0 —Cj2 -25+3
Jj=0 J=0

where Lemma 4.4.1 implies that the constants above are uniform in ||b]|gs < B. O

Finally, we collect some properties of (P, : ¢ > 0).
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Lemma 4.4.5. Let B > 0. The following holds.
1. For allb e Cj, p € [1,00] and f € LP, we have || Pyy fll o) < I1f1 ()

2. For every e > 0, there exists C < oo such that for all b € C} with ||b]|oc < B, f € H!
and t >0,

1Prof = fllz < CEPflmr and [[Popf = flloo < O/ fla. (4.65)

In particular, we have that H* C D(1/2), with D(1/2) defined by (4.26).

3. Let s > 1 be an integer. Then for allt >0, b € H*NCL with ||b|gs < B and f € L2,
we have Py f € H*2. Moreover, there exists C < oo such that for all such t,b, f and
all a < s+ 2,

@

P fll e < COLA+ 57 5)| ]l - (4.66)

Proof. 1. For the case p = 1, we have by Fubini’s theorem that

/01 ‘ /Olpt,b(x,z)f(z)dz‘du(x) < /01 /Olpt,b(l', 2)du(z)|f(2)|dz = /01 |£(2)|du(z)

For the case p = 0o, we observe that for all x € [0, 1]

|Prpf ()] < ||f||oo/pt,b($,2)dz = [[flloo-

The case p € (1,00) follows by the Riesz-Thorin interpolation theorem.
2. To prove the first part of (4.65), let f € H' = Dom ((—55)1/2). By the 1/2-Hélder

continuity of x — e* on (—o0,0] and Lemma 4.4.2, we have that for all ¢ > 0,

HMfﬂm%=Z( 1) 10 ) 22 P

S tz NI ) 2 | S LI
j=1

The second estimate in (4.65) now follows from the H' — H! boundedness of P, the
embedding (4.19), the interpolation inequality (4.17) and the first part of (4.65). Indeed, we
have for any € > 0 that

1Pof = Flloo S I Pisf = FIS5 2 Pt = £IGT9? < 642 fll
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3. By Lemma 4.4.1, we have that u; € H s+2 for all j > 0. Using the spectral representation
(4.23), Lemma 4.4.1, Lemma 4.4.2 and Cauchy-Schwarz, we have

L < S . 4 1/2<f’uj>L2(Nb)
1P fll e sz_%]e Il e (1 + [A5]) L+ )2

(Z 1+ b e

1/2
5 ( / —Zszth(oH-l)dw) HfHH*l
1
< (1)
a_ 3
S+l
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