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Summary

Artificial intelligence (Al) methods are changing the sciences and scientific computing, in par-
ticular also in the field of inverse problems. In inverse problems, for example in imaging Al
based methods seemingly achieve higher reconstruction accuracy than standard methods, such
as compressed sensing. However, trustworthiness has become a serious issue as there is em-
pirical evidence that deep learning (DL) may lead to unstable methods in inverse problems.
Recently, in inverse problems in imaging, another phenomenon of DL decoders yielding false
yet realistic looking artefacts, coined Al generated hallucinations, has been reported on. This
thesis explores the use of DL in inverse problems and aims at providing a theoretical basis for as-
sessing the stability and accuracy of such methods. In the second chapter, a fully learned neural
network approach for image reconstruction, which was introduced in [192] and coined ’auto-
mated transform by manifold approximation’, is examined. In particular, its potential benefits
with respect to accuracy and disadvantages with respect to stability and robustness compared
to standard methods for image reconstruction are investigated. We show that without further
conditions on the sampling operator, such fully learned approaches to solving inverse prob-
lems become unstable. In the third chapter, we present a comprehensive mathematical analysis
explaining different causes of Al generated hallucinations and the links to instabilities. Our
results establish four crucial issues for Al methods in inverse problems. Firstly, overly accurate
Al methods will wrongly transfer details from one image to another reconstructed image creat-
ing a hallucination. Secondly, there is an accuracy-hallucination trade-off. Thirdly, there is an
accuracy-stability trade-off, and optimising these trade-offs through standard training processes
is difficult. And lastly, hallucinations can occur due to any kind of noise model and probab-
ility distribution used on the training set. In the last chapter, we investigate how DL based
methods for solving inverse problems can perform better than standard methods. Thus, we es-
tablish fundamental accuracy bounds for solving ill-posed inverse problems. This is achieved
by obtaining upper and lower bounds on a universal optimality constant, that includes the best
worst-case noise, the average and the statistical reconstruction error for the reconstruction of an
ill-posed inverse problem. This framework encompasses non-linear and linear inverse problems
with different noise models and allows to assess stability, accuracy and learning of approximate
decoders for ill-posed inverse problems.
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Chapter 1

Introduction

In the last years, the importance and impact of deep learning (DL), neural networks (NNs) and
artificial intelligence (Al) have risen in many areas. These methods have entered our daily lives,
impacting computer vision, driving assistance and natural language processing and translations.
For example, DeepL is claimed to be "[the] world’s most accurate translator"” on its website,
in 2022. However, findings suggest that DL and Al methods in various areas are prone to
instabilities and artefacts, for example, in image reconstruction and natural language processing
[6,14,16,43,45,97,99, 157]. These findings give rise to the need for foundations of Al that
describe its methodological limitations. This realisation is now becoming increasingly apparent:

“2021 was the year in which the wonders of artificial intelligence stopped being a
story [...] Many of this year’s top articles grappled with the limits of deep learning

(today’s dominant strand of Al) and spotlighted researchers seeking new paths.”

— From "7 Revealing Ways Als Fail: Neural Networks can be Disastrously Brittle,
Forgetful, and Surprisingly Bad at Math" (Dec. 2021) [43].

The large impact of Al and DL in various areas has sparked concern within legal frameworks

for the use of Al in the European sphere:

“In the light of the recent advances in artificial intelligence (Al), the serious negat-
ive consequences of its use for EU citizens and organisations have led to multiple
initiatives from the European Commission to set up the principles of a trustworthy
and secure Al. Among the identified requirements, the concepts of robustness and
explainability of Al systems have emerged as key elements for a future regulation
of this technology.” — Europ. Comm. JCR Tech. Rep. (Jan. 2020).

The European Commission has stated that AI methods should provide high levels of robustness,
security and accuracy, in a statement concerning the outline for legal Al (April -21). DL and

Al based methods not only impact our daily lives, but also current research. This has led to

9
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Observations from the fastMRI Hallucinations with zero-mean
challenge Gaussian noise
Original image |x| Original image || Noisy image |z + v| Noisy image |z + v
(cropped) (cropped) (full size) (cropped)

XPDNet |U(Az)| RIM-net ¥(Azx) DeepMRI DeepMRI |V (Az)|

(cropped) (cropped) |W(A(x +v))| (cropped) (cropped)

Figure 1.1: DL methods for image reconstruction may hallucinate or exhibit instabilities. The
figure shows how two high performing neural networks [125, 155] from the fastMRI challenge [138]
hallucinate by adding realistic-looking features (not present in the original image) into the reconstructed
image. The same effect can be seen when adding zero-mean random Gaussian noise v in the image
x, which yields Gaussian noise in the measurements. Here the DeepMRI network [161] introduces a

hallucination due to instability, and the hallucination is not present without the added noise.

empirical evidence [43,97] that modern Al is often not robust, as in unstable and produces Al
generated hallucinations, and can thus produce nonsensical output with high prediction confid-
ence. The most tangible examples of Al generated instabilities and hallucinations can be seen in
image reconstruction and natural language processing. In computational linguistics that is con-
cerned with translating information, which may only be machine understandable, to information

that 1s understandable for humans:

“[...] state-of-art neural models include misleading statements - usually called
hallucinations - in their outputs.” — From "Controlling hallucinations at word level
in data-to-text generation" (2022) [157].

In image reconstruction, Al generated hallucinations are generally regarded as:

“[...] hallucinatory features [that] are not acceptable and especially problematic

if they mimic normal structures that are either not present or actually abnormal.
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Neural network models can be unstable as demonstrated via adversarial perturba-
tion studies [6].” — Evaluation of the Facebook fastMRI challenge (2020) [138].

Fig. 1.1, shows examples of Al hallucinations and instabilities in DL methods for image recon-
struction. Despite these pitfalls Al and DL based methods have appeal. There is a vast potential
of DL and Al in scientific computing which is emphasized by many classical approximation
theorems. In [54], it is shown that any continuous function can be approximated arbitrarily well
by a NN. However, scientific computing is based on stability and accuracy [98], and often there
is a trade-off between the two [46]. In particular, there may be barriers preventing the existence
of simultaneously very accurate and very stable algorithms. These issues lead to the list of

Smale’s mathematical problems for the 21st century. Namely,

Smale’s 18th problem: “Limits of intelligence. What are the limits of intelligence,
both artificial and human?” — From the list of mathematical problems for the 21st
century (1998) [168].

In Smale’s 18th problem, the question is posed what role learning and problem-solving play
together with the role of mathematics. In this thesis we only consider a fraction of the first part
of the problem. Namely, the limits of Al used to solve inverse problems. More specifically,
the aim of this thesis is to assess the limits of accuracy and stability of Al and DL applied to
ill-posed inverse problems and investigate the potential benefits and difficulties these methods
present.

1.1 Overview of ill-posed inverse problems

In the following section, we give define the main problem investigated in this thesis with intro-
duction to ill-posed inverse problems. Generally an inverse problem is formalized as solving an
equation of the form

y=Ax) +e, (1.1)

where y € Y is the measurement data, which are assumed to be given by noisy measurements
obtained by a map A : X — Y, from the object that is to be recovered x € X. The map A
is typically referred to as the forward operator, and in the following we will mainly consider
linear forward operators, hence, linear inverse problems. Moreover, e € Y is the measurement
noise that can be modelled as a random variable or deterministic noise. For example, Y and X

can be infinite dimensional spaces or also finite dimensional metric spaces.

There are various areas in which inverse problems arise, such as MRI, parallel MRI [53], some
instances of fluorescence microscopy [117], structured illumination in temporal compressive

microscopy [187], computer tomography (CT) [166] and positron emission tomography (PET)
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scans [160]. Further details are outlined in Section 1.5. Of particular interest to ongoing re-

search are ill-posed inverse problems, which are by definition difficult to solve.

We follow the notion of ill-posedness postulated by Hadamard [90,91]. An inverse problem, as
in 1.1, is ill-posed if one of the following criteria is not satisfied. Otherwise it is referred to as

well-posed.

(1) Existence: foy y € Y and e € Y/, there exists a solution x € X such that y = Ax + e.
(2) Uniqueness: the solution in (1) is unique.

(3) Stability: the solution in (1) depends continuously on y.

According to Hadamard ill-posed problems should be modelled differently in order to make
them well-posed. Concerning well-posed inverse problems, depending on the forward operator
A, there also exist methods of direct inversion, in the case of infinite dimensional spaces X
and Y. Yet, when discretizing and subsampling the data obtained by a discretized version of
the inverse problem, it often becomes ill-posed. Such ill-posed problems do arise in relevant
mathematical problems, as shown by Calderon and Zygmund [26,27]. Moreover, in 1955 and
1985 it was shown that there exists a numerical solution to specific ill-posed problems [107,
108].

An approach to describing an ill-posed inverse problem with noise, as in (1.1) where (X, dy)
and (Y, dy) are metric spaces, is with respect to the set Fy := {z € X : dy(A(z),y) <
dy(e,0)} giveny, e € Y. This is an unbounded set, for A linear with a non-trivial null space and
a X linear unbounded vector space or for A a continuous operator with non-closed range [8].
With respect to point (2), this means that there exists a solution, yet it may not be unique and

there might be an unbounded set of different possible solutions to (1.1).

The aim of solving the inverse problem is to obtain a accurate, stable and robust decoder
p:Y = X.

For simplicity we assume that the noise level is bounded by € > 0, meaning that d,(e,0) < e.
If (1.1) is ill-posed, in the sense that the set {z € X : dy(A(z),y) < €} giveny € Y is un-
bounded [8], then, it may not be possible to achieve exact reconstruction. Hence, one may try
to to minimise the reconstruction error dx (¢(y), z) for a subset of elements (y,z) of Y x X in

order to solve (1.1). This distance also determines the accuracy of the decoder.

Accuracy of a decoder
A decoder p : Y — X is considered to be accurate, if dx(o(y), x) is zero or relatively small.

With stable, we refer to the decoder ¢ yielding a continuous approximation to a vector in X

from perturbed measurements y € Y. Note that the definition of stability varies depending on
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the context. For example, in [74] stability is defined as the decoder yielding a reconstruction
that has an error controlled by the distance to sparse vectors. This notion of stability is also

referred to as instance optimality, [44]. In the following, we use the notion of stability below.

Stability of a decoder

A decoder ¢ : Y — X is considered to be stable, if its Lipschitz constant is relatively small
and bounded.

The robustness is determined by the continuity of the decoder ¢ and thus closely related to
its stability. This is determined by the distance dx(¢(y), x), where ¢(y) € X for y € Y and
x € X. More, specifically in [74] robustness is defined by the distance d x (¢ (y), =) being bound

from above by the noise level, which in [74] is referred to as the measurement error d,(Ax, y).

For choosing a specific solution to (1.1) from or near the set F?, there exist different approaches
which will be summarised in the following subsections. These include variational methods
1.3.2, Tikhonov regularization 1.3.2, Bayesian formulation 1.3.2, iterative reconstruction 1.3.2
and sparsity based reconstruction 1.3.3. Of course different methods choose a solution with
different properties to (1.1) from the set F;7. These properties of the different solutions will
be outlined with respect to the main topic of this thesis. Namely, can learned reconstruction
methods for ill-posed inverse problems perform in some sense better than the above mentioned
classical methods, and, if so, to what extent? For example, better performance with respect to
accuracy, in many recent publications learning based methods have shown to obtain superior
accuracy compared to standard methods. Examples, where DL is currently used in research,
include numerical PDEs [60, 185], discovering PDE dynamics [158], uncertainty quantifica-
tion and high-dimensional approximation [162]. However, as mentioned a concern regarding
learning based methods is the lack of a theoretical framework with precise error bounds such as
they exist for standard methods [8]. Moreover, learning based methods have shown to produce
severe artefacts, and Al hallucinations, that appear realistic in the absence of contradicting in-
formation. Such hallucinations and instabilities have become a serious issue, for example, in
the fastMRI challenge [68, 138, 188] and in other applications [14, 16,99]. The necessity for
further research for DL used in MRI is outlined in [41].

1.2 Structure of the thesis

The first chapter of this thesis gives a short summary of standard methods for solving ill-posed
inverse problems with a focus on image reconstruction. The second chapter is concerned with
a specific learning based approach for image reconstruction, which was introduced in [192]
and coined "automated transform by manifold approximation’. This approach is a fully learned
neural network and we highlight its potential benefits and potential disadvantages compared to

standard methods for image reconstruction. The third chapter of this thesis is concerned with
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finding sufficient mathematical conditions for AI hallucinations to occur and how to protect
against them. The fourth chapter, then, presents a more extensive analysis of both linear and
non-linear inverse problems, equipped with any kind of noise model, including multiplicative
noise. It relies on an approximation theoretic framework and aims at finding the solution to
(1.1) in the set £ or an approximation to it that obtains the smallest reconstruction error. For
example, the decoders that obtain the pointwise best worst-case noise reconstruction error and
the best average reconstruction error are derived. Furthermore, we provide lower and upper
bounds to these errors in order to provide a possible theoretical guideline as to what and how
much learned methods can improve standard methods. Lastly, each chapter is written to be
self-contained and, hence, the necessary notation is introduced at the beginning of each chapter.

1.3 Classical image reconstruction as an inverse problem

In the subsequent sections, we consider linear forward operators A : X — Y. Concerning
classical image reconstruction, there are two main approaches. Firstly, direct methods that are
derived in the continuous domain, where X and Y are function spaces. An example is the
filtered back projection (FBP) algorithm for X-ray computed tomography (CT), which is stated
in Section 1.3.1. Secondly, there are variational methods, Section 1.3.2, which obtain a decoder
for (1.1) by minimizing an objective functional. These methods can also be referred to as
functional analytic inversion [8]. Examples of variational methods include regularized methods
such as Tikhonov regularization, Section 1.3.2, and iterative methods, Section 1.3.2. Variational
methods are often more robust than direct methods, according to [132].

1.3.1 Direct inversion

Different imaging models, such as magnetic resonance imaging, Brightfield microscopy or X-
ray computed tomography can be formalized for X and Y being infinite dimensional vector
spaces and by defining A as a composition of linear operators, as nicely summarised in [132].
Then, without the presence of noise, which means letting e = 0 in (1.1), these can be directly
and analytically inverted. An example of such a direct inversion is the FBP algorithm for X-
ray CT, initially formalized in 1971 [154], for further details see for instance Example 7 [132].
Many of these direct inversion theorems are based on the Fourier transform being invertible:

In the case that X = Y = L?(R?) where R? is equipped with the Lebesgue measure £ and that
A L*(R?) — L%(RY) is the Fourier transform, it is formally given by

A(f)(w) = / £(2) exp= ) du(z),

where (-,-) denotes the usual scalar product and 7 the imaginary unit. Note that initially
the Fourier transform can be defined on L!(R?) and then uniquely extended to L?(R?) by
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Plancherel’s Theorem, Theorem 5.3 [124]. The inverse Fourier transform, Theorem 5.5 [124],
is then given by, A~! : L2(R?) — L2(RY),

A 9)e) = g [ ) exp™ di(o)

Evidently, the inverse Fourier transform involves an integral over a function. In practice this
would correspond to taking infinitely many samples. Yet, in most cases this is often not even
approximately possible due to various constraints, a good example is medical imaging. Usually,
there are only a finite amount of measurement points available. Thus, the continuous case is
discretized. The integral is replaced by sums either already in the forward model or in the direct
analytic inversion if it exists. For the discretization of the analytic inversion, the integral is
replaced by sums over the obtained samples. If there are not enough samples available, one

approach is to use interpolation to approximate a quantity between known samples [121].

1.3.2 Discretized variational methods

Instead of obtaining a solution to (1.1) by direct inversion of an infinite dimensional model,
the linear forward operator A can be discretized such that it can be represented by a matrix. As
mentioned, many practical scenarios will only have a limited amount of measurements available
while the object we wish to reconstruct has more components. This can be formalized by
assuming that A € C™%, with m < N. Yet, even if A is full-rank and we consider the
noiseless case, m < N means that the inverse problem (1.1) is ill-posed. An approach to solve
this ill-posed inverse problem is to reformulate it as an optimization problem of the form, for
yey

argmin, . y dy (Az,y).

Such approaches are also referred to as variational methods. Unfortunately, the above minim-
ization problem does not have a unique minimizer in many cases. A classical example, as also
presented in [132], of this setting is for X = RY, Y = R™ being equipped with the /,-norm,
|- Ml

argmin, gv || Az — y||%. (1.2)

For fixed y € R™, in this example there exist infinitely many solutions, which are an affine
subspace of RY, F, = N(A) + {z}. Where N(A) = {z € RY : Az = 0} is the null space
of A and z € RY such that Az = y. Thus, the optimization problem is still ill-posed. Adding
a regularization term to this initial variational formulation may yield a well-posed problem.

Examples of such regularization terms will be presented in the following subsections.

Tikhonov regularization

A prominent example in order to obtain a well-posed problem, as mentioned in [132], is Tikonov
regularization. It was first introduced by Tikhonov in 1943 [175] and [176], Phillips [147], and
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Tikhonov and Arsenin [177] for solving ill-posed inverse problems. A common variational

approach with a regularization term R (x) for z € RY and A > 0 is the following
argming g [|Ar — y||72 + AR(z), (1.3)

for fixed y = A7 + e, with & € RY and e € R™ with ||e||;2 < ¢, where € > 0 is the noise level.
Where for Tikhonov regularization R(z) = || Lz||% and L € RY*¥ is either the identity matrix
or a discrete approximation to some derivative operator [95]. The overall aim of variational
methods is to choose A > 0 and the regulaization R such that when letting the noise level
e — 0 the solution obtained by (1.3) converges in some sense to a solution of the noiseless
problem. An example of a theorem with such a result, is Theorem 2.4 [64]. Under certain
assumptions it can be proved, that a so called minimum norm least-squares solution, where
R(z) = ||x||%, for the noisy case, converges to the same notion of solution in the noiseless case

when the noise level € — 0.

Iterative reconstruction

In iterative reconstruction methods, often algorithms based on gradient descent for the term
| Az —y/|% are used [8]. Based on (1.2), the minimizer is approximated and the iterative method
is stopped after a certain number of iterations which prevents the reconstruction error from
diverging. Hence, the stopping serves as some kind of regularization. There are many different
iteration schemes, well known example can be found in [113, 141]. For further reference see
[25,28,75,93,94,164].

An example of an iterative approach to solving (1.3) in the case of Tikhonov regularization is
the following. For fixed y € R™ let f(z) = || Az — y||% + A|| Lz||2, for z € RN and L € RV*V
and using the gradient V f(z) = —2A*y + 2(A*A + AL*L)z. Here L* denotes the transpose of
the matrix L and in the complex case the adjoint. Then for £ € N a solution can be iteratively
approached by,

P = gk BT F (Y,

where 7(*) € R is chosen to obtain a convergent algorithm, see [132] and for a more in
depth treatment [22]. Moreover, note that additional assumptions are necessary for iterative
approaches such that the obtained solution is in the set F.

Bayesian formulation

Opposed to the deterministic model in (1.1) considered so far, on can consider a statistical
measurement model [8, 132]. For simplicity consider the setting that X = RY and Y = R™
being equipped with the /,-norm. Here the sampling operator A € R™*¥ is still a deterministic
matrix, yet x and e, hence the measurements y, are now considered to be random variables.

Assuming that the distribution of the noise e is given and omitting further details, one can
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for example aim at obtaining a solution to the inverse problem by determining the probability
density function of the measurements y of a fixed input = given by p(y|z). A more rigorous
definition is given in Definition 3.1. [8]. Formally, then one can determine the conditional

probability density of inputs x given a measurement y by Bayes rule,

p(y|z)p(x) ‘

p(rly) = ()

With this statistical model one can seek a solition which obtaines the minimum mean square
error (MMSE), also coined MMSE solution. This can be formally written as,

argming By, (||Z(y) — z]72) = argmin; / 12(y) — @l[f2p(z, y)dwdy. (1.4)

here Z(y) is the attained reconstruction and z is the ground truth and p(z, y) is the joint probab-
ility density function [86]. A possible interpretation, offered by [132], of the MMSE solution is
that it obtains the lowest average reconstruction error, under the assumption that all the model
assumptions are correct. Formally, the MMSE solution of (1.4) is given by the condtional ex-
pectation Z(y) = E,y)(2zly) = [ ap(z|y)dz. The conditional probability densities p(z|y)
can be obtained by Bayes rule, under sufficiently strong assumptions for existence. However, a
prior distribution p(z) is necessary and unless all random variables are multivariate Gaussians

constructing algorithms obtaining the MMSE solution is hard [132].

Instead of aiming to solve (1.1) by the MMSE solution, another approach is to find the solution
that in some sense most likely has yielded the measurements. This is referred to as the maximum
a posteriori (MAP) solution and is obtained by

argmax, p(zly) = argmax, p(y|z)p(x) (1.5)

These two approaches are related. In the case that we only consider Gaussian random variables,
the MAP and MMSE solutions are the same. However, in general the solution obtained by (1.5)
and (1.4) are not the same, see [86, 143] for an in depth discussion.

1.3.3 Sparsity based reconstruction

Another approach using the variational framework to regularize an ill-posed inverse problem is
sparsity based reconstruction. The main idea is that a high-dimensional image can be repres-
ented by a small number of non-zero coefficients in an appropriate basis. This approach was
introduced in [29,30,57]. The corresponding optimization problem can be stated as (1.3), with
R(z) = ||z||,» being the ¢;-norm, for x € RY. Under sufficient conditions on the sampling
matrix A € R™*¥ the solution to the optimization problem is stable and accurate in a specific
sense [57]. Moreover, for general A and under some additional assumptions, there exists an

explicit characterization of solutions, as stated in the following theorem.
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Theorem 1.3.1 (Theorem 6 (Convex Problem With ¢; Minimization) [180]). Let A € R™*¥,
m < N, C C R™ be closed and convex, such that A~'(C) C RY is non-empty, which is the
feasibility hypothesis. Then,

V = argminggn ||z||p, suchthat Az e€C

is a non-empty, convex, compact subset of RY with extreme points Tgparse of the form

K

Lsparse — E ApEn,

k=1

with K < m, {e,}N_, the canonical basis of RN, ny, € {1,..., N} fork=1,..., K and a € R¥

are suitable coefficients.

Note that the ill-posedness of the inverse problem is apparent in the above theorem, as there
is a set of possible solutions, in particular the solution must not be unique. However, for the
standard Tikhonov regularization, with L = 1 and A\ = 1, the solution is unique as stated in the
following theorem. This is related to the fact that the /5 norm is strictly convex, whereas the

{{-norm is not.

Theorem 1.3.2 (Theorem 5 (Convex Problem With ¢, Minimization) [180]). Let A € R™*¥,
m < N, C C R™ be closed and convex, such that A~(C) C RY is non-empty, which is the
feasibility hypothesis. Then,

V = argmin, gn ||z]|2, suchthat Az eC

has a unique extreme point of the form

m

TLs = E ara® = ATa

k=1

with a € R™ a suitable coefficient and (a*)7, € RY are the row vectors of A.

More details on sparsity based reconstruction methods are given in the following chapters. For
example, Section 2.3.1 presents an overview of compressive imaging and undersampled acquis-
ition. Section 2.3.2 presents standard methods used for image reconstruction, with a focus on

methods used in this thesis.

1.4 Possible advantages through learning

In the following section we give a brief overview of some DL techniques with a specific focus
on methods used for solving inverse problems, see [132,156] for a more detailed overview. The
main difference from classical schemes presented above to learning schemes, is that for learn-
ing training data 7 = {yx, 7 }1_;, € R™ x RY with y, = Azy + e, for k € {1,---T} and
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T € N is used in order to obtain a decoder for (1.1). There is a range of learned approaches,
where given an initial structure of a neural network, with is a specific kind of non-linear func-
tion, this function is fitted to the training data. These are referred to as fully learned approaches.
Moreover, these can be divided into different classes, according to [156]. Firstly, there is super-
vised learning, where the training data pairs 7 = {y, ) }7_, are given. Supervised learning
includes image domain learning [42, 92, 106, 111], hybrid domain learning [89, 173] and, for
example, "automated transform by manifold approximation” short AUTOMAP [192]. As a spe-
cific example of a fully learned supervised approach for solving (1.1), AUTOMAP will be more
closely investigated with respect to stability and robustness in Chapter 2. Secondly, there is
semi-supervised learning [49, 144] and unsupervised learning [34]. However, various disad-
vantages of such fully learned methods have been observed, for instance, the lack of sufficient

training data for learned methods:

“However, in many scientific applications, the solution method needs to be robust
and there is insufficient training data to support an entirely data-driven approach.
This seriously limits the use of entirely data-driven approaches for solving problems
in the natural and engineering sciences, in particular for inverse problems.” —

From "Solving inverse problems using data-driven models" (2019) [8].

Thus, opposed to fully learned approaches, there also exist semi-learned methods, where the
training data is for example used for learning the regularizer, as in [47, 115,127, 139]. Other
numerous different semi-learned approaches are mentioned in [8]. Yet, there are also various
possible advantages of learned methods. Firstly, the design of the network can be conducted
rather decoupled from the problem at hand and possibly re-used for other applications. One
such example, are convolutional neural networks (CNNs), as indicated in [131]. Moreover, the
main time demand is used when training learning based methods. Once the training is finished
this means that compared to state of the art methods running time and computational costs
are far less [131]. Moreover, learned methods have demonstrated higher accuracy in ill-posed
settings and in some cases it is claimed that performance surpasses standard methods in many
different settings [52,171, 183, 192].

1.4.1 Deep learning for linear inverse problems

In the following we outline the application of deep learning methods to inverse problems. In
general, the objective of DL is to construct a neural network that approximates a map f : C™ —
CN, with m, N € N, from samples, i.e. pairs (y, f(y)), where y = Az + e. In the following,
consider the vanilla case of feedforward neural networks, although many of the results presented
in this thesis also apply to more exotic setups. Now let L, m/, N’ € N and consider the reals.
An L-layer feedforward neural network is a function ¥ : R™ — R’ of the form

U(y) = Vi(p(Vii(p(-.. p(Vi(y))))), y€R™,
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where each Vj; : R"-t — R™ is an affine map
V(™) = Wiyt + by, W; € RW*™%-1 ph; € R,

and

y =p(Vi(y'™) €R™,
and p : R — R is a non-linear function, which is applied pointwise to y by p(y) = (p(y;)) for
y = (y;), and nyg = m’/, n, = N'. The W;’s are referred to as weights and the b,’s as biases.
The number L is the depth of the network, and n; is the width of its [th layer. The function
p is the activation function. Typical choices for p are the Rectified Linear Unit (ReLU), for

z € R defined by p(z) = max{0, z}, or the sigmoid, defined by p(z) = where e is

the exponential function. The architecture of a neural network refers to choice of the depth L,
widths ny,...,n_; and activation function p. Let n = (ng,n1,...,n;) € NE+L Then, the
class of neural networks with a given architecture is denoted as NN or NN ,,. An adaptive
neural network is a map ¥ : C™ — C that depending on the input y € C™ yields a neural

network ¥’ : C"™ — CV.

Remark 1.4.1. In inverse problems, it is common to deal with complex input y € C™ and
output z € CV. A standard procedure is to associate y € C™ with a vector ¢’ € R?*™ consisting
of the real and imaginary parts of y and, then, apply a real-valued network ¥ : R?>™ — R2V,
Similarly, 2’ = ¥ (/) is associated with a complex image z € C¥. In the above this corresponds
to letting m’ = 2m and N’ = 2/N. We assume the complex case is treated in this way throughout
this paper. We simply write
v:Cm—CV
for a network or decoder taking complex inputs and outputs, with the assumption that it has this

form.

In inverse problems, the goal is to construct a mapping that takes the noisy measurements y =
Ax+ e of some unknown image x as input and returns z (or some approximation to it) as output.

In DL for inverse problems (see, e.g. [8, 106, 131]) this is achieved using a training set
T={(, ")y =Az7 +¢e, j=1,... K},

consisting of pairs of the form (Ax + e, z), where z is a training image and y = Az + e are
its noisy measurements. Compared to the initial statement, this means that x = f(y) where f
is the mapping that is sought to be approximated by the NN. In practice, this means that the
training set consists of measurements y and vectors x, which are for example images obtained
by a standard methods. With a fixed architecture, i.e. a class NN, training a neural network
is the process of computing an approximation ¥ € NN from the data 7. The training set is
defined as 7 = {(A2? + e, 29) e C" x CV : j =1,--- K} CcC C™ x CV. This is typically
achieved by computing a minimiser of a certain optimization problem

K
1 - o
U € argmin — E Cost(V, Az’ + €7, 27), (1.6)
VeNN Kj:1
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where Cost is an appropriate cost function. This procedure is referred to as standard training.

A popular choice is the /2-loss, given by
~ . S 1 . ~ . .
Cost(V, Az’ + ¢/, 27) = 5”1‘] — U (A7 +€) ||

However, there is a myriad of other possibilities. The optimization problem (1.6) is generally
non-convex, and devising effective numerical methods for computing minima is a substantial
topic in its own right. This topic is not the concern of this thesis. Instead, simply observe that
the result of a such a procedure is, in general, a neural network ¥ € NN with a small fraining
error. That is,

1U(y) =zl <6, Y(y,2) €T, (L.7)

for some 6 > 0. In practice, 6 will depend on the cost function and the algorithm used for
approximately solving (1.6). This makes main question this that thesis aims to answer is more
precise. Namely, if theoretical limits of § > 0 exist and if so, what these limits are? A related
and common issue in DL is overfitting. This refers to a network W with small training error,
but poor generalization: that is, the trained network performs poorly on new images z that are
not in the training set. Typically, generalization performance is measured using a second set
of data, the test set, not used in the training process. The corresponding error is the fest error.
Regularization is a standard method to attempt to cure the tendency of trained NNs to overfit.

Instead of (1.6), one computes

K

U e a\il;grvnjivn % ; %sz — U (Ax; + ¢;) |2 + AT (D), (1.8)
where A > 0 and J : NN — R is a regularization function. Often J may be chosen to penalize
large weight matrices. Note that this procedure in general still yields a small training error. The
standard training for neural networks used to solve inverse problems, however yields risks for
producing networks that become unstable, hallucinate and display additional or removed ele-
ments in the reconstruction. There are a variety of effects occurring which we aim at explaining

in the following chapters.

1.5 Applications

There is a wide range of applications and imaging modalities that can be directly related to (1.1).
In the following a short summary of methods, such as MRI, parallel MRI, some instances of
fluorescence microscopy, computer tomography (CT) and positron emission tomography (PET)
scans, is given and related to the inverse problem as in (3.1). Thus, these applications yield a
decoder for (1.1) for a specific sampling operator A.

In general, compressive imaging pertains to the accurate and stable reconstruction of images

from undersampled measurements. Typically, one models this problem as the discrete linear
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problem (1.1). For undersampled acquisitions, an overall goal is to not sample more data than
necessary. One possibility to explicitly model the degree of undersampling one uses a mask
(projection) operator P, defined as follows. For a given sampling mask (set) Q C {1,..., N},
of cardinality Q2] = m < N, we let P, € C™*, denote the projection which extracts the ele-
ments of a vector, indexed by (2. That is, for z € CV, we have (Poz); = o) fori =1,...,m,
where €)(i), denotes the i’th element in (2, using the natural ordering. Another possibility for
undersampling arising is in fluorescence microscopy where due to phototoxicity or other ef-
fects [117], such as interactions of the samples with photons, the number of photons is limited.

This indirectly yields undersampling and, hence, the kernel of the sampling matrix satisfies
N(A) # {0}.

Concerning MRI, there are two main modalities - single coil and multi-coil or also parallel MRI.
Firstly, in single-coil MRI, e.g. used for AUTOMAP [192], the standard model for the sensing

matrix A is
A= PoF, (1.9)

where F' € CV*¥ is a 2-dimensional discrete Fourier transform (DFT) matrix. We highlight
that in this model one always has m < N measurements, since it is assumed that € is a strict
subset of {1, ..., N}. Thus, (1.9) yields a undetermined inverse problem and when adding noise
can be directly written as in (1.1). Secondly, in multi-coil (parallel) MRI, multiple receiver coils
simultaneously acquire k-space data. To acquire as much information as possible, each of the
receiver coils is adjusted to be sensitive to a limited spatial region [53]. For an MRI scanner
with ¢ coils, one models this by introducing a diagonal matrix S; € CY*V i = 1,..., ¢ for
each coil. This matrix is usually called the sensitivity matrix or sensitivity profile of the coil.

Given these sensitivity profiles, the full model for the acquisition matrix A € C™*¥ is

PQFSl
A= : (1.10)
PoF'S.

where |Q] = m/, Py € C™*N and m = m/ec. Depending on the choice of m’ and ¢, the total
number of measurements m can exceed the number of pixels NV in the image, i.e., m > N.
Furthermore, notice that since |2] = m’ < N and A in (1.10) is rank deficient, this is a form
of undersampled acquisition. Thus, (1.10) yields an undetermined inverse problem and when
adding noise it can be directly written as in (1.1).

Concerning fluorescence microscopy, there are different methods of data acquisition. For once,
there is structured illumination in temporal compressive microscopy, as for example described
in [187]. Here, the aim is to obtain a compressive video microscope based on structured il-
lumination with an incoherent light source. One main functionality of structured illumination
is to induce a frequency shift in the Fourier domain through a periodic illumination pattern
and, hence, transforming the high spatial frequency components into the detectable range. Let

(x,y,t) denote position and time, f(z,y,t) the fluorescence signal from the object and h(z, y)
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the point spread function. The structured illumination imposed on the sample is S(x,y,t).

Then, the measurement at the detector coordinates (2’,y’) and time point ¢ is,

ti+dt
g(z', Y, 1) :/ {//h(ﬂ?—ﬂf’,y—y’)S(%y,t)f(w,y,t)dﬂcdy dt.

t

In order to obtain an inverse problem of the form (3.1), we need to discretize the above sampling

scheme. The sampling can be discretized as

N1
g:H{Slsg...SNT 5 (111)

Iy

where S; is the structured illumination matrix of i-th illumination pattern, and H is the PSF
matrix of the objective served as a blur kernel. Now, with A = H.S we can write (1.11) as
g = Af. Thus, this directly yields (1.1). Yet, whether this yields an undersampled aqcuisition
and thus an undetermined inverse problem, depends on the blur kernel A and the illumination
pattern S. Concerning CT, the transformation of the data acquisition to (1.1) is outlined in
[166]. Another related application is fluorescence molecular tomography, for example, outlined
in [104]. The PET inverse problem is, for instance, outlined in [160].
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Chapter 2

Deep learning through domain-transform
manifold learning for image
reconstruction is not robust

The following chapter is concerned with a fully learned neural network approach for image
reconstruction, which was introduced in [192] and coined ’automated transform by manifold
approximation’. In particular, its potential benefits and disadvantages compared to standard
methods for image reconstruction are highlighted. This chapter is based on joint work with
Vegard Antun, University of Oslo, who provided the code and figures, and Francesco Renna,
University of Porto, and was supervised by Anders C. Hansen, University of Cambridge, and

Ben Adock, Simon Fraser University.

2.1 Introduction and related work

In the last several years, artificial intelligence (AI), driven by deep learning (DL), has shown
great potential for enhancing the performance of image reconstruction across a range of medical,
scientific and industrial imaging modalities. However, recent studies have raised grave concerns
regarding the trustworthiness of DL for image reconstruction [6, 16,99, 138]. Existing methods
based on DL are often non-robust. They may be unstable to perturbations or generalize in un-
predictable or inconsistent ways, both of which can lead to undesirable artefacts. This chapter
discusses and explains mathematically why these phenomena may occur in general for fully-
learned Al-based methods for solving inverse problems. To highlight these issues, we focus on
a recent work by Zhu et al. [192], which was also featured in [171]. In [192] a new Al-based
framework termed AUTOMAP was introduced as an alternative to current standard techniques.
This framework, termed ’automated transform by manifold approximation’ (AUTOMAP), was
introduced as an alternative to current standard techniques. The AUTOMAP framework prom-

ises “superior immunity to noise and a reduction in reconstruction artefacts compared with

25
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conventional handcrafted reconstruction methods” [192] for a range of different imaging scen-
arios. Notably, this includes undersampled acquisition in medical imaging, one of the major
areas of modern image reconstruction research, due to its potential to significantly reduce scan
times in modalities such as Magnetic Resonance Imaging (MRI), and therefore ultimately re-

duce healthcare costs.

Based on [182], the AUTOMAP framework remodels image reconstruction as a learning prob-
lem, where a reconstruction map is learned from an appropriate amount of training data which
models the relation between the image and the corresponding sampling data [192]. Precisely, a
deep neural network reconstruction map is learned in a manner that is agnostic to the physical
and mathematical principles underlying the specific acquisition device at hand. It therefore con-
stitutes a significant and interesting departure from classical approaches. In these approaches,
properties of the sampling process and the underlying data are used in order to obtain a recon-
struction, for a general overview see for example [8, 132]. Moreover, the physical acquisition
device of the imaging modality needs to be modelled in most classical approaches. Examples of
such modalities, as listed in [192], include magnetic resonance imaging, X-ray computed tomo-
graphy, positron emission tomography, ultrasound imaging and radio astronomy [84, 88, 189].
The AUTOMAP methodology obviates the need to mathematically model the physical acquis-
ition device in each different imaging modality. It does so by exploiting the low-dimensional
structure of medical images and the ability of convolutional layers to capture such a structure,

in combination with several fully connected layers to ‘learn the physics’. Indeed,

“AUTOMAP provides a new paradigm for image reconstruction that learns a re-
construction function for arbitrary acquisition strategies conditioned upon low-
dimensional features of real-world data to improve artefact reduction and recon-
struction accuracy for noisy and undersampled acquisitions.” — From "Image re-

construction by domain-transform manifold learning" (2018) [192].

Therefore, the AUTOMAP methodology is an interesting contribution to the research com-
munity’s understanding of the potential and limitations of learning for image reconstruction in
many practical scenarios where the acquisition device cannot be modelled accurately, or when
it is undesirable to do so. For example, in the case that the acquisition device is known only
through training data, a first theoretical result on convergence and stability of regularized solu-
tions is presented in [9]. However, we show, both empirically and theoretically, that methods
such as AUTOMAP are bound to produce reconstruction methods that are not robust. In partic-
ular, such methods are unstable to perturbations and may suffer from inconsistent performance

and unpredictable generalization.

Concerning the application of AUTOMAP to medical imaging, there are fundamental issues
with the method’s reliability and robustness. These issues are rooted in the fact that medical
imaging relies on reconstruction algorithms that are robust to random noise and other effects

that corrupt the data, and produce reliable images without unpredictable artefacts. In the last
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Original |z + 71| |z + r3]

Figure 2.1: (AUTOMAP is unstable). This figure shows the performance of the AUTOMAP recon-
struction map ¥: C™ — C» when applied to the undersampled discrete MRI reconstruction problem,
in which the measurement matrix A € C™ % is a subsampled discrete Fourier transform with 60%
subsampling. Upper row: Tiny perturbations 1,72, 73 € CV are added to the image x € CV (written
as a vector) to simulate worst-case effects. Lower row: Reconstruction from the perturbed measure-
ments A(x + ;). Note that the condition number cond(AA*) = 1. In particular, these instabilities are
caused by the methodology, not by the nature of the image reconstruction problem itself. Other non-Al
based methods are perfectly stable for this problem to simulated worst-case perturbations ( Fig. 2.6). See

Section 2.3.4 for details on the measurement model and the computation of the 7.

several years, DL has shown great potential to improve the fidelity of medical image reconstruc-
tion. Yet there is growing concern, as indicated in the 2019 and 2020 fastMRI challenges, that
Al-based reconstruction methods suffer from a lack of robustness [114, 138]. In particular, Al
generated ‘hallucinations’ related to instability [114] have been reported to produce unaccept-
able false negatives and false positives. Viewed in the broader context of Al, where DL is known
to produce unstable methods for problems such as image classification [67,116,135,174], audio
and speech recognition [32, 33, 190] and natural language processing [123], this fact is unsur-
prising. Yet it is a serious cause for concern in medical imaging and medicine in general [73],
where robustness and reliability are critical. However, it should be noted that there has also been
a significant corpus of research dedicated towards improving the stability and robustness of DL
generated methods for various applications [80, 102, 153, 159]. Moreover, most approaches in
imaging proposed to improve stability and robustness of DL generated image reconstruction

rely on the underlying data acquisition procedure.



28 2.2. MAIN RESULTS

2.1.1 Overview

In the following section we present a summary of our main results. This is followed by an exam-
ination of robustness of the AUTOMAP method, Section 2.2.1, and of the performance-stability
trade-off, Section 2.2.2 in which our main Theorem 2.2.1 is presented. Moreover, in Section
2.2.4, we provide an explanation for why the theoretical premise for AUTOMAP, presented
in [192], is not satisfied in undersampled acquisitions. This is followed by a comparison of
fully learned neural networks and AUTOMAP, Section 2.2.5, and an explanation of why the
training process of AUTOMAP typically yields a small training error, Section 2.2.7. Conclud-
ing this section, Theorem 2.2.1, its consequences for AUTOMAP, and its consequences in a
broader context are presented. We also explain the assumptions which make standard methods
stable for these problems. This chapter is then finished with a general conclusion followed by
the methods section, providing greater detail on the applied methods. The Section 2.3.1 in-
cludes an overview on compressive imaging and undersampled acquisition. The Section 2.3.2
describes standard methods used for image reconstruction. Moreover, details on computational
aspects, Section 2.3.3, computing worst-case perturbations, Section 2.3.4, and the standard re-

construction method used for comparison, Section 2.3.6, are presented.

2.2 Main results

Our key findings are summarised as follows:

(M1) Instabilities due to generalization behaviour of fully learned methods (Summary The-
orem 2.2.1). The generalization behaviour of fully learned neural networks for image re-
construction for undersampled data acquisition can lead to instabilities. Our results demon-
strate that there is a fundamental performance-stability trade-off, which is illustrated in Fig.
2.5, for image reconstruction methods, in which over-performance or inconsistent perform-
ance on certain images necessarily leads to instability. Theorem 2.2.1 shows that any stable
method must have mechanisms built-in to prohibit the conditions described therein that ne-
cessarily lead to instability. In particular, 2.2.1 also shows that the learning methodology
that lies at the heart of AUTOMAP, namely, a methodology that seeks to learn a recon-
struction map directly from training data without any restrictions based on the acquisition
process, will in general yield non-robust methods as there is no mechanism to control this
trade-off. Moreover, empirically, AUTOMAP can also be shown to satisfy the conditions of
Theorem 2.2.1. In other words, this theoretical result is a cause of its instability, see Table
2.1. AUTOMAP does not have mechanisms built-in to prohibit the conditions described in
Theorem 2.2.1 that necessarily lead to instability. In fact, its methodology encourages such
conditions to occur. In contrast, standard “handcrafted” approaches do have such mech-
anisms, and under the right conditions lead to robust methods, see Fig. 2.6 and Section
2.2.3.
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(M2) AUTOMAP is not robust (Summary Section 2.2.1 and Figs. 2.1,2.2,2.3). AUTOMAP is
not robust in undersampled acquisitions, both with respect to worst-case perturbations Fig.
2.1 and to random Gaussian noise Fig. 2.2 centered around image-independent worst-case
perturbations. Moreover, it performs inconsistently and, hence, generalizes unpredictably.
Specifically, measurements corresponding to similar images, for example images within, or
close to, the training and test set, can result in substantial variability in the reconstruction
quality, see Fig. 2.2 and Fig. 2.3. In Section 2.2.1 we provide a discussion concerning our
experimental results indicating that AUTOMAP is not robust.

(M3) Absence of the theoretical premise for the AUTOMAP methodology (Summary Sec-
tion 2.2.4). The theoretical premise underlying AUTOMAP that guarantees the method’s
robustness, namely, the existence of a smooth homeomorphism between image space and
sample space, is typically absent in the case of undersampled acquisitions, see Section 2.2.4.

This is, for example, the case in both parallel and single coil MRI.

2.2.1 Examination of robustness

In order to experimentally examine the robustness of the fully learned method, we investigate
the quality of reconstruction of an image from its corresponding measurements compared to the
reconstruction from measurements perturbed by noise. These perturbations e in the input

data can come from several sources, and can be modelled as
_ 1 2
Epert = C€pert + Cpert- (21)

Here eéert is the non-generic part of the perturbation — potentially caused by motion changes,
2

per
modelled as a mean-zero random variable (e.g. Gaussian white noise), whose distribution de-

anatomic differences, malfunctioning apparatus etc. — and eZ_, is the generic part, typically

pends on the acquisition process.

While a model for egert is often known, it is difficult to model ell)ert to account for all possible
perturbations. Since there is empirical evidence that DL produces unstable methods, it is im-
portant that comprehensive stability examinations consider both mean-zero random noise and
worst-case scenarios, to account for potentially hard-to-model non-generic perturbations. In or-
der to account for worst-case scenarios, in Figs. 2.2 and 2.9, e, is chosen to be an adversarial

perturbation with respect to a different image.

In Fig. 2.1 we demonstrate the non-robustness of AUTOMAP with respect to worst-case per-

turbations. In Fig. 2.2 the experiment is repeated with Gaussian random noise, where epere =

2 1 2
per per per

zero Gaussian random variable. Thus, e,e 1S @ non-zero mean Gaussian random variable. We

elljert +es. asin (2.1) is such that e}, is the fixed perturbation from Fig. 2.1 and ez, is a mean-

conclude that AUTOMAP is unstable to both image-dependent, worst-case perturbations and

image-independent Gaussian random noise. As image-independent Gaussian random noise is
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AUTOMAP: AUTOMAP: AUTOMAP: AUTOMAP:
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AUTOMAP: AUTOMAP: AUTOMAP: AUTOMAP:
U(Az?) +eg)  W(Az?) 1)  T(Az?) +ey)  T(Az?) 4 e3)

AUTOMAP: AUTOMAP: AUTOMAP: AUTOMAP:
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Standard method : Standard method: Standard Method: Standard Method:
D(Az®) +eg) DAz tey) B(AO) fey) B(A®) fe3)

Figure 2.2: (AUTOMAP is unstable to image-independent random Gaussian noise). This experi-

2 . 1 2
;T €pert j» Where j = 0,1,2,3, e,y ; is constant and e ;

are different types of mean-zero Gaussian noise. The noise is generated as follows. Let 79 = 0 and

r; € CN, j = 1,2,3, denote the worst-case perturbations computed for AUTOMAP in Fig. 2.1. This
3)

ment considers noise of the form e; = ell)ert

perturbation is independent of the images 21, 2(?), () considered in this figure. The real and imagin-

ary components of the sampled perturbations €; = Ar; are denoted by éf = R(é;) and éjl- = 3(¢),

respectively. We draw new random perturbations ef ~ N (éf,O.OlQ) and eJI- ~ N (éjf- ,0.012) from

normal distributions with means ef* and e]I- , respectively, and standard deviation 0.01. The non-mean

J
zero random Gaussian noise is computed by e; = ef + e]I-

third row show AUTOMAP’s reconstruction of z(?, i = 1,2, 3 from measurements Yy = Az + €j,

i, were i is the imaginary unit. The first to

j = 0,1,2,3. The fourth row shows reconstructions of z(3) from measurements y = Az + €j,
7 =0,1,2,3 using a standard method based on a LASSO decoder with a wavelet transform, see Section
2.3.1. In this experiment [|éo[l;2 < --- < [|€3]|2, and {||&; —e;lle2/[I€]l2}5—, = {0.708,0.473,0.338}.
Here U: C™ — CV and ® : C™ — C! are the reconstruction maps of AUTOMAP and the standard
method, respectively, and A € C™*¥ is a subsampled discrete Fourier transform (60% subsampling).
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Original images

Image |z(®)| Image (4|

Error map for AUTOMAP’s image reconstruction
Error AUTOMAP from Error AUTOMAP from Error AUTOMAP from Error AUTOMAP from

RMSE: 0.0238 RMSE: 0.0639 RMSE: 0.0373
B T |
T
e S
0

b . 3 - r'-l?--‘ e el < Sl et
P 43 % v B e s Y ¥ ' o

Error map for standard method (SM) based on a LASSO decoder

Error SM from Error SM from Error SM from Error SM from
y = Az y = Az y = Az® y = Az®
RMSE: 0.0097 RMSE: 0.0114 RMSE: 0.0141 RMSE: 0.0129

Figure 2.3: (AUTOMAP generalizes unpredictability). We examine AUTOMAP’s performance on
four different images 2@, = 1,...,4. x(2), 23) and 2™ are from the MGH-USC dataset [69] used
for training and/or testing of AUTOMAP. Image (1) is identical to x(?), except for a small, visu-
ally imperceivable perturbation, which has been added to it in order to increase AUTOMAP’s per-
formance. The first row shows the original images, the second row shows the error maps for the
AUTOMAP reconstructions, and the third row shows the error maps for the reconstructions obtained
by the standard method used in Fig. 2.2. In this experiment all the images (¥ € CV are normal-
ized to lie in the interval [0,1] and the data is given by y = Az(® . To visualize the error map,
L= max{|az§-i) - i§1)| ci=1,2,3,4and j € {1,..., N}} denotes the maximum pixel-wise absolute
error between the true and reconstructed images Z(*) from both methods, and we show I—; 1 |:1c(") —i® l,
where I € CV is a vector of ones. AUTOMAP is trained to reconstruct images where the mean is sub-
tracted. To make a fair comparison all images reconstructed by AUTOMAP are scaled to the interval
[0, 1].
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in general not a rare event, the corresponding occurence of substantial artefacts is also not rare

event. See Fig. 2.2.

In Fig. 2.3 we demonstrate AUTOMAP’s inconsistent performance and unpredictable gener-
alization. The four images considered are very similar, yet the reconstruction errors exhibit
substantial variation. Notably, a small, imperceptible change in the data can cause the RMSE
to change by over 250%. Note that in all the above experiments, AUTOMAP is compared to
a standard ‘“‘handcrafted” method. This comparison demonstrates that robustness (stability to
perturbations and consistent performance) can be achieved in all the cases where AUTOMAP
exhibits non-robustness. This comparison also demonstrates that AUTOMAP does not lead
to “a reduction in reconstruction artefacts compared with conventional reconstruction meth-
ods” [192], neither for images within the training and test set (Fig. 2.3) nor outside of these sets
(Fig. 2.4).

2.2.2 The performance-stability trade-off

We now theoretically examine the robustness of AUTOMAP. Before presenting the main the-
orem, we make a few comments on the notation. From now on, || - || denotes an arbitrary norm
on C™ and CV, B(v, €) denotes the open ball centred at v with radius € > 0 (with respect to the
norm || - ||), and I € C™*™ denotes the identity matrix. In the following result, A € C™*¥ is

the mathematical model of a given imaging modality.

Theorem 2.2.1 (The performance-stability trade-off). Let A € C™ ¥, and let ¥ : C™ — CV
be a continuous reconstruction map. Suppose there are x,x', z" € CV, n; > 0 and n, > 0, with
|z — 2"|| >> 2ny, such that

|V (Az) — z|| <m (2.2)

and
|U(Az") —2"|| <m  and || Az — Az'|| < . (2.3)

(1) Then there is a é € C™ with ||é|| < ny and a € > 0 such that for all e € B(é, <) we have
that

|V (Az + e) — U(Ax)|| > ||z — 2"|| — 2. (2.4)

(2) If e = {e1,...,en} is an absolutely continuous random vector, with a strictly positive
probability density function, then there is a ¢ > 0 such that (2.4) holds with probability

greater than c.

(3) Moreover, for any € > 0, there is a Gaussian distribution on e such that (2.4) holds with
probability greater than 1 — e.

Theorem 2.2.1 has three main conclusions:
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AUTOMAP: ¥ (Ax) Standard Method: ®(Ax)
(cropped) (cropped)

Error AUTOMAP from Error Standard Method from
y= Az y = Ax
RMSE: 0.0922 RMSE: 0.0447 (full size)

. I N ]
3,51 b e <

Noiseless image x

Figure 2.4: (AUTOMAP produces serious reconstruction artefacts on images outside the training
dataset). In this experiment we have chosen an image x with higher contrast and more details than
the images from the training set. In the upper row we see zoomed in versions of AUTOMAP’s and a
standard method’s reconstruction from measurements y = Ax. As we see from the figure, AUTOMAP
shows no “reduction in reconstruction artefacts compared with conventional handcrafted reconstruction
methods” reconstruction has striking reconstruction artefacts. The standard method in this example is
based on a LASSO decoder with wavelet reconstruction. In the lower row we visualize the error map
of AUTOMAP and the standard methods reconstruction, along with the true image x. The error maps
are computed by taking the largest pixel wise absolute difference between (all) the reconstructed images
and the true image z. Let ¢ denote this difference. The error maps are then normalized by the same ¢ for
all reconstructed imaged, as T — :~!|z — Z|, where I € C" is a vector of ones and 7 is a reconstructed

image.
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(A) (Overperformance causes instability) Let " = z’. Then, Theorem 2.2.1 states that a re-
construction map W that overperforms — it recovers two images x and x’ well (i.e. (2.2))
from measurements that are close (i.e. (2.3)) — must be unstable (i.e. (2.4)). A stable re-
construction map can therefore recover either = accurately or x’ accurately, but not both.
Thus, there is a trade-off between how accurately = and 2’ can be recovered and how stable
the reconstruction map can be. Note that the situation described can possibly occur with
learning, e.g. when x and x’ are elements of the training set and at the same time Az ~ Ax’.
The latter condition is not encouraged through learning, but if A has a non-trivial kernel and

the training set is not chosen accordingly, it can occur.

(B) (Inconsistent performance causes instability) Now let z” = W(Az’). Theorem 2.2.1
states that a map W that recovers x well (i.e. (2.2)), but reconstructs some x’ having similar
measurements (i.e. (2.3)) poorly, i.e. ||z — 2”|| = ||x — W (Az')|| > n;, must be unstable.
Hence, inconsistent performance — recovering x well but some nearby z’ poorly — causes
instability. This situation can easily occur with learning, e.g. when z is in the training set
and 2’ is close to this set, but not in it. Precise numerical values are shown in Table 2.1,
thus verifying that Theorem 2.2.1 predicts AUTOMAP’s instability.

(C) (Probability of instability can become arbitrarily large) As shown in part (2) of Theorem
2.2.1, the probability of instabilities occurring can get arbitrarily close to 1 while the noise
level stays bounded. Recall Fig. 2.2.

Remark 2.2.2 (The lower bound in (2.4) related to instability). For ¢ > 0 and y € C™, we
define the local e-Lipschitz constant of a mapping ® : C™ — CV as

oy~ wp 12G) 2@

zeCm Iz = yli
0<flz—yll<e

Given this definition, part (1) can be reformulated as the local Lipschitz constant being unboun-
ded: There is a closed non-empty ball B C C™ centred at y = Ax such that, for all € > 7, the

local e-Lipschitz constant at any y € B is bounded from below:

1
LV, g) > " (llz = 2"|| = 2m).

Proof of Theorem 2.2.1. Statement (1): We start by applying the reverse triangle inequality

twice and get
1V (Az) = W(AZ)|| = [Jo" — 2| = |W(Az) — 2| — W (A") — 2" (2.5)
By assumptions (2.2) and (2.3) it follows that
IV (Az") = U(Az)[| > [l2" — 2] — 2. (2.6)

Using that the inequality in (2.6) is strict, and that W is continuous function, for example a

neural network, we can find an € > 0, such that for ¢ := Az’ — Az, we have that

|U(Az + e) — U(Ax)|| > ||z — 2"|| — 21, foralle € B(e,¢). (2.7)
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Moreover, by assumption (2.3) we have ||é|| < 7.

Statement (2): Let {Q2, [P, 7} be a probability space and e : 2 — C™ be an absolutely con-
tinuous random vector with a strictly positive probability density function g: C™ — R(. Let

1 denote the Lebesgue measure on C™. Now denote z := é. It then follows that

c:P(eeB(z,s)):/ gdp >0,
B(z,)

by the assumption that g is strictly positive. Note that the noise level for the constant c is
bounded, as for e € B(z, ) we have that |le|| < & + 72. Then, by (2.7),

P([[W(Az +e) — V(Az)|| > [z — 2"|| = 2m) = c,

proving the second part of the theorem.

Statement (3): Let ¢ > 0 be fixed and let e¢: @ — C™ be a Gaussian vector centered at
2 = Az’ — Ax, with covariance matrix X = o2] € C?™*?™_ where o > 0 is a scalar. As the joint
probability density function of a (multivariate) Gaussian distribution is a real valued function,
we identify a complex vector ¢t € C™, with it’s real counterpart t = (Re(t),Im(t))T € R?>™,
where Re(t) and Im(¢) denote the real and imaginary component of ¢, respectively. Similarly,
we write Z € R?*™ for 2 € C™. We then have that

P(e € B(z,¢)) =

1 1 )
- /B Lo (—@Hﬂm) ().

This yields, again by using (2.7), that

c=P([|U(Az + ) — W(Az)|| =[x — 2"|| — 2m)
(2.8)

1 1
> [, e (- 55372 dutt

We observe that as ¢ — 0, the lower bound in (2.8) tends to 1. Thus, if we choose ¢ > 0 small

enough we get thatc > 1 —e. [

The above theorem demonstrates that stable neural networks can only be obtained by training in
ways that prohibit conditions (2.2) and (2.3) from occurring for small ; when z and z” are far
apart. The AUTOMAP methodology, for example, does not do this. In fact its training process
— which, in particular, is completely independent of A — can encourage such conditions to occur.
As we show in Table 2.1, the trained AUTOMAP reconstruction map does indeed satisfy (2.2)
and (2.3) for a triple {z, 2’, 2"}, where ||z — 2”|| > n,, and is therefore unstable in Fig. 2.1.
By contrast, “handcrafted” methods have mechanisms for balancing the performance-stability
trade-off when the matrix A satisfies particular conditions. Fig. 2.2 and Fig. 2.6 demonstrate

the robustness of such methods, which is described in more detail in Section 2.2.3.



36 2.2. MAIN RESULTS

Condition Quantity j=1 53=2 7=3
1; 4.9 4.9 4.9
(2) [W(Ax) — x| + [[U(A)) — 2F[l2 4.8 4.8 4.8
3) | Az — Azl[ 2.0 3.0 4.2

|V (Az 4 ej) — ¥(Ax) || 13.7 239 357

4) |z — 2"z — 7 125 226 343
Sharpness ratio .11  1.06 1.04

Other ||| o2 255 251 249
quantities || Az’||s2 121 119 119

Table 2.1: Verifying that Theorem 2.2.1 predicts AUTOMAP’s instability. The instabilities of
AUTOMAP shown in Fig. 2.1 are explained by Theorem 2.2.1. To see this, consider the image x, meas-

urement matrix A and perturbations e; = Arj, j = 1,2, 3, from Fig. 2.1, and let ¥: C™ — C" be the
/
j’
A a;}’ and ) = n); to verify conditions (2.2)—(2.4). We set these as follows: mé =x+rj, :c;{ = \Il(Aa:S)
and n; = ||V (Ax) — z||,2. We also define Sharpness ratio = ||\I}(A|T;_e;/),ﬁf(j]xm2
jlle

the table. Note that a sharpness ratio > 1 means that condition (2.4) holds. This table confirm conditions

AUTOMAP reconstruction map. To apply Theorem 2.2.1, we now choose suitable values for 2’ = z

, and report its value in

(2.2)~(2.4) of Theorem 2.2.1 for these choices of 2, 2/ and 7; and with e; chosen as above. Further,
the sharpness ratio is close to one in all cases, meaning that the estimate instability estimate of Theorem

2.2.1, given by the right-hand side of (2.4), very precisely describes the true instability seen in Fig. 2.1.

Theorem 2.2.1 provides conditions for instability, regardless of the imaging model

Theorem 2.2.1 provides sufficient conditions for instabilities, along with various probabilistic
statements quantifying how likely these instabilities are. In particular, the theorem states that
if a neural network W (which is, by definition, a continuous map) satisfies conditions (2.2) and
(2.3), and additionally, ||z — z”|| > 7, then ¥ must be unstable. Moreover, even if m > N
and A is well-conditioned, neither of the conditions (2.2) and (2.3) necessitate that ||z — z”||
be small. Thus, Theorem 2.2.1 provides sufficient conditions for instabilities regardless of the

imaging modality, and, in particular, regardless of whether or not A has a non-trivial null space.

On the other hand, instabilities are more likely to arise when A has a non-trivial null space.
Indeed, suppose that A € C™*¥ has a non-trivial null space N'(A) C C" and let  be an image
satisfying (2.2). Since A has a non-trivial null space, there are many, in fact, infinitely-many,
vectors z’ of the from 2z’ = = + v for which || Az — A2’|| = ||Av|| < 2. In other words, there
are many ways in which the condition ||Az — Ax’|| < 7y can be achieved. If just one of those
vectors 2’ yields |V (Ax") — 2" || < m; for some z” not too close to = (i.e. ||z — x”|| > ny), then
by Theorem 2.2.1 instabilities arise. The key point is that these conditions are extremely weak
ones. If there is a non-trivial null space, there are many ways in which (2.2)—(2.3) can occur. In

particular, the existence of a single triple {z, 2, 2"} satisfying (2.2)—(2.3) implies the existence
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of infinitely-many other triples for which these conditions also hold. In other words, there are
infinitely-many images for which instability occurs. In fact, item (3) of Theorem 2.2.1 shows
that the probability of instabilities occurring can become arbitrarily close to 1, even while the

noise level of the corresponding perturbations stays bounded.

AUTOMAP is susceptible to the instability phenomenon of Theorem 2.2.1

As demonstrated in Table 2.1, AUTOMAP satisfies the conditions of the theorem for the ex-
ample shown in Fig. 2.1. A key point here, as indicated by (2.3), is that AUTOMAP yields many
‘candidate’ images 27 for which (2.2) may hold. However, AUTOMAP has no mechanism to
simultaneously prevent (2.3) and the condition ||z” — || > n; from occurring. As consequence,

one observes the instabilities and inconsistent generalization seen in our experiments.

2.2.3 Theorem 2.2.1 in the broader context — The performance stability
trade-off

Theorem 2.2.1 is true for any reconstruction method that is continuous, and it is therefore rel-
evant to all methods that construct neural network reconstruction maps (which are continuous
by definition). In this section, we discuss the consequences of this theorem, focusing on item
(A), the performance stability trade-off and the need for conditions on the matrix A € C™*¥,

We start by recalling this trade-off.

Balancing the trade-off between stability and performance for undersampled acquisitions

requires conditions on A

Let ' = 2” in Theorem 2.2.1 and observe that the conditions (2.2) and (2.3) imply that ¥ very
accurately recovers x and 2. If at the same time ||z —2a'|| > 21, and || Az —Ax'|| < 72, it follows
from (2.4) that W is unstable. Thus if U overperforms on two samples = and x’ (potentially in
the training set), it is susceptible to instabilities if these images are mapped to roughly the same

measurements.

A pertinent question is under which conditions will there exist images x and z’ causing in-
stabilities. We shall see that this relates to the sampling matrix A. For simplicity we suppose
throughout that n = 7, = 27, and recall that ¥ is unstable whenever || Az — Ax’|| < 7 and

|z — || > n. That is, we need two images z and 2/, such that
[A(z — 2| < [l — 2] (2.9)

It is important to note that there are scenarios where no such pair z and 2/, satisfying (2.9),
exist. Indeed, let m > N, || - || = || - ||,z and suppose that the singular values of A are centered

around 1. Then ||A(z — /)2 = ||x — 2/||;= for all z, 2/ € C¥ and, as a result, no method which
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A trade-off between performance and stability
Original x Original Original + detail (x + A1)

(full size) (cropped, blue frame) (cropped, red frame)

Orig. + worst-case noise ~ Rec. from worst-case noise Rec. of detail

Network trained
without noise

accuracy

Network trained with
random noise

Figure 2.5: Finding the right balance between performance and stability is delicate. Theorem 2.2.1
sheds light on a universal trade-off between performance and stability for undersampled image acquisi-
tions. This figure (from [46], Fig. 4) tries to elucidate this phenomenon by testing the performance and
stability of two trained neural networks. The first network, whose reconstructions can be seen in the
middle row, is trained on noiseless measurements of ellipses images. This makes the neural network
susceptible to tiny perturbations, either in the form of a worst-case perturbation (middle column) or in
the form of a tiny detail (right column) in the image. As we can see from the figure, this network can
reconstruct the tiny “can u see it?” detail h with high accuracy (it has high performance), but it is also un-
stable with respect to worst-case perturbations. The second network, whose reconstructions can be seen
in the last row, is trained with Gaussian noise added to the measurements during the training process.
This makes the network fairly stable with respect to worst-case perturbations, but also less accurate, as
it is insensitive to the tiny detail s, and washes this detail out in its reconstruction (low performance).
Thus, finding the right balance between performance and stability for undersampled image acquisitions

is key.
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accurately recover = and 2/, are susceptible to instabilities due to overperformance. This is one

of the reason methods such as SENSE [151], works so well for moderate acceleration factors.

On the other hand, if A is ill-conditioned, or does not have full rank, it is trivial to find two
vectors x and &', satisfying | A(x — 2')|| < ||x — 2'||. Moreover, (as discussed previously) these
scenarios must also be considered to attain the acceleration factors of standard imaging setups.
Thus, to have any possibility of successful recovery when A satisfies (2.9) it is necessary to

restrict the set of images one wants to recover well to some class M; C C" for which
|z — 2’| < C||A(x — 2)|| forall z,2’ € M; C CV, (2.10)

for some constant C' > 0 that is not too small. When this holds, one avoids the scenario (2.9)
that leads to instabilities. Notice that for a not unreasonably small constant C, the condition
(2.10), avoids the flaw in (2.9) leading to the potential unstable reconstruction of the elements
x and 2. In particular, it is also clear that for a fixed set M1, (2.10) cannot hold for arbitrary A.

Therefore, conditions on A are needed to ensure stable recovery.

Such conditions have been established in [21]. The lower and upper RIP directly relate to (2.10),
for the lower RIP, and the upper RIP probihits (2.9) from occurring. Assuming the lower and
upper RIP yields a robust and instance optimal decoder, as proven in [Theorem 9, [21]].

This conclusion stands in stark contrast to the AUTOMAP methodology. As discussed in Sec-
tion 2.2.4, AUTOMAP strives to learn from “arbitrary acquisition strategies” whenever the data
have “low-dimensional features”. It, therefore, actively seeks to avoid any conditions on the

acquisition matrix, but in doing so, becomes highly susceptible to instabilities.

Sparse regularization achieves stability and performance through compressed sensing the-
ory

Having shown the need for such conditions, we now illustrate through the example of sparse
regularization how suitable conditions on the acquisition matrix A can be successfully exploited
to guarantee both performance and stability. This is achieved via the theory of compressed
sensing (see [74] for an in-depth introduction).

The relevant condition on A in this case is the following:

Definition 2.2.3 (Robust Null Space Property). A matrix A € C™*V satisfies the robust Null
Space Property (rNSP) of order 1 < s < N with constants 0 < v < 1 and v > 0 if

v
NG
forallz € CY andany Q C {1,..., N} with |Q] < s. Here Q¢ = {1,..., N} \ Q.

||PQ.T”£2 S ||PQc.fE

e + [ Azl 2,

Recall that a vector # € C¥ is s-sparse if it has at most s nonzero components. A consequence

of the rNSP is that the difference between two s-sparse vectors cannot be close to the null space
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of A. Indeed, the rNSP implies that
|z — 2’|z < D||Ax — A2'||2, for all s-sparse vectors x and . (2.11)

where the constant D = (3 4+ v)7v/(1 — v) (see [74, Thm. 4.25]).

An implication of the rNSP is that compressed achieves stable and accurate recovery for vec-
tors that are approximately s-sparse in some unitary (sparsifying) transform V' € CV*¥_ The
following is a typical result in the literature. For convenience we consider the QCBP and SR-
LASSO decoders only, see Section 2.3.1. Other decoders can also be addressed (see [5, Chpt.

6]):

Theorem 2.2.4 (rNSP implies a balance between stability and performance). Suppose that the
matrix AV* € C™N satisfies the robust null space property of order s, with constants vy > 0
and 0 < v < 1. Then for any x € CV and y = Az + e, with e € C™ we have that

¢ € argmin, on||z||ln  subjectto ||AV*z — vyl <6, (2.12)

satisfies
C
|z — V*ct|2 < 71503(1/:1:)1 + D40,
if|lelle <9, and
¢ € argmin,con Al 2| + |AV 2 — yl| ez, (2.13)

satisfies
C C
|z — V*el|p < 272503(1/35)1 + <f—; + DQ) le]|

if A < Cy/(Dyy/s), where o4(x); = inf{||x — z||pn : z is s-sparse} denotes the (*-distance to
an s-sparse vector, and where the constants C'y, D1, Cs, Dy > 0 only depend on ~y and v.

Theorem 2.2.5 (Theorem 4.22 [74], p = 2). Suppose that the matrix A € C™*N satisfies the
robust null space property of order s with constants 0 < v < 1 and v > 0. Then, for any
x € CN a solution ¢* to (2.12) withy = Az + e, and ||e||;= < § approximates the vector x with

C
|z — V*Cﬁ”p < 71503(‘/@1 + D16,

for some constants Cy, Dy > 0 depending only on v and .

Theorem 2.2.6 (Theorem 6.5 [5]). Suppose that the matrix A € C™*N satisfies the robust null
space property of order s with constants 0 < v < 1 and vy > 0. Then, for any x € C" a solution
cto (2.13) withy = Az + e, and ||e]|,2 < O

C. C.
|z — V*E|e < 272503(‘/@1 + (f—; T D2) e/

if \ < Cy/(D2av/s), and where the constants Cy, Dy > 0 only depend on ~y and v.
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Proof of Theorem 2.2.4. The statement for the minimizer ¢* can be found as Theorem 4.22 in

[74], while the statement for the minimizer ¢ can be found as Theorem 6.5 in [5]. O

The key point is that all vectors that are (approximately) s-sparse in some transform V' — as
is the case for natural images in, say, a wavelet transform — have guaranteed reconstruction
performance, as measured through the o,(Vx), /4/s term. Further, one also has stability, as
indicated by the term D¢ in the error bound. Notably, the method only yields stable and
accurate recovery of vectors that are (approximately) s-sparse under the assumption that A has
the rNSP. This highlights an important example of how conditions on A can be used to ensure

performance.

2.2.4 The theoretical premise for AUTOMAP is not satisfied in under-

sampled acquisitions

In this section we explain that the main premise for the theoretical analysis of a robust and
stable fully learned decoder according to the AUTOMAP methodology [192], is not satisfied
in undersampled acquisitions. Hence, any further derivations and conclusions, for example,
stability and robustness, based on this assumption do not hold. Furthermore, we explain why
the training process in the AUTOMAP methodology cannot protect against these instabilities.
However, well-known classical methods, such as compressed sensing methods under certain
conditions on the sampling matrix, remain stable and accurate and avoid the pitfalls of Theorem
2.2.1. The essence of the AUTOMAP methodology is best summarised by a quote from [192]:

“AUTOMAP provides a new paradigm for image reconstruction that learns a re-
construction function for arbitrary acquisition strategies conditioned upon low-
dimensional features of real-world data to improve artefact reduction and recon-

struction accuracy for noisy and undersampled acquisitions.”

The two keywords here are arbitrary acquisition strategies and undersampled acquisitions.
These keywords are important when examining the theoretical premise for the AUTOMAP

methodology, which is the following:

(The theoretical premise of AUTOMAP) “We denote the data {x;,y;}!" |, where
for the ith observation y; indicates a n X n set of input parameters, and x; indicates
the n X n real, underlying images. We assume that (1) there exists a unknown

smooth and homeomorphic function
R 5 R™, such that v = f(y), (2.14)

and (2) {y; Y, {x;} lie on unknown smooth manifolds Y and X, respectively.”
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Original |x + r3]

Original z

Figure 2.6: (Standard method is stable to worst-case perturbations). We compute worst-case perturb-
ations for a standard method ®: C™ — C" based on a LASSO decoder with wavelet reconstruction. In
this experiment A € C™ " is the same sampling operator as used in Fig. 2.1. Top row: The perturb-
ations 71, 9,73 € CV used to simulate worst-case effect for AUTOMAP in Fig. 2.1, are added to the
image € C". Second row: The standard method ®’s reconstruction of the images x + r;,j=0,1,2,3
with rg = 0 € CV, from the data A(x +rj), j = 0,1,2,3. Third row: We compute perturbations
V1, V9, Vg € CN meant to simulate worst-case effect for the standard method ®. All v;’s are computed
so that || Avj||,2 > ||Arj| e for j = 1,2, 3. Bottom row: The standard method ®’s reconstruction of the
images x +vj, j = 0,1,2,3 withvg = 0 € CV, from the data A(x + vj), 7 = 0,1,2,3. See Section

2.3.4 for details on how the v;’s are computed.
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Remark 2.2.7. In the above quote, we have swapped the letters = and y to make it consistent
with our notation, in which y denotes measurements and = denotes an image. In [192] these
letters have the opposite meaning. Note also that the use of the letter n in both R™ and the

collections {x;}! ;, {y;}I, is not a misprint, but a clash of notation in [192].

The crucial assumption in the quote above is that the function f is a homeomorphism, and this
is the function one tries to learn. However, this assumption fails to hold in all undersampled
acquisition scenarios. Indeed, if f is a homeomorphism it has a smooth inverse function g :
R™ — R" (that is g o f(y) = y), and hence the noise-free forward acquisition process in the
apparatus, for example the MRI machine, is given by ¢, since y = g(x) when z = f(y). The
function ¢ is also bijective and it has an inverse map given by f. However, as we now explain,
this fails to be the case in general, thus defying the whole principle of “arbitrary acquisition

strategies” and “undersampled acquisitions”.

Indeed, for the single-coil MRI model in the AUTOMARP paper [192], the noiseless forward
model is given by
y = PoFx, (2.15)

where Py, € R"*"* is the projection

Zi 1€
(Poz)i = ,
0 otherwise

with |Q| = m < n? and F € C"*"" is the two-dimensional discrete Fourier transform. Now,
since |Q| = m < n? the matrix P F has a non-trivial null space. Hence, the map g(z) = PoFx
does not have an inverse and consequently the assumption above pertaining to the existence of

the homeomorphism f fails.

Extension to parallel MRI

It is clear from the above quote that the dimensions of the images and measurements are n X n.
Hence, the intended model in the AUTOMAP methodology does not allow for parallel MRI. In-
deed, in parallel MRI we can have more measurements m than pixels /V in the image. However,
we will show that even if we alter the setup in the AUTOMAP methodology to accommodate
parallel MRI, the underlying assumption on the existence of the homeomorphism f cannot be
satisfied when the sampling matrix A is rank deficient. Note that rank deficiency of A is typical

in accelerated acquisition, as we highlight below.

Remark 2.2.8. The homeomorphism [ in the AUTOMAP framework cannot exist when
A is rank deficient. Suppose first that A € R™*¥ is a rank deficient sampling matrix and that
m > N. Thus, the measurements are given by y = Ax, where x denotes the image of interest.

To fit this into the AUTOMAP framework we let n?> = m (we assume for convenience that m
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is a square number). Given arbitrary data {y;} and {z;}, where y; = Ax;, we interpret the x;s
(that originally have dimension N < m = n?) as embedded in the larger space R™. Hence, the
existence of a homeomorphism f : R™ — R™ such that f(y;) = x; for all i means that there is
a bijection g : R™ — R™ such that g(z;) = y; for all 4. Since this holds for arbitrary data, the
matrix A must have full rank, and we have reached a contradiction.

With this in hand, we now demonstrate numerically that standard matrices in parallel MRI
can have non-trivial numerical' null spaces. This means that for many of the most interesting

imaging scenarios in undersampled parallel MRI, the homeomorphism f will not exist.

To demonstrate that A in (2.20) is rank deficient when using state-of-the-art acceleration factors,
we have generated multiple matrices A given by (2.20) and computed their rank. The matrices
were generated using the acceleration factors and sampling patterns from the fastMRI challenge
[188] and using a different number of coils c. For each of the matrices, the sensitivity profiles S;
were generated using code from [87], where the coils are arranged in a circle with centres that
are equidistant to the origin. As we can see from Table 2.2 the numerical rank of A is always
not full. As mentioned above, this implies that the homeomorphism f will cease to exist when

using standard floating-point precision.

2.2.5 Fully learned neural networks and AUTOMAP

Recall the standard definition of a neural network. A function ¥: R™ — RP taking input u is

said to be an L-layer neural network if it has the form

a® =ueR"
ad=p W+ eR™, 1=1,...L,
U(u) = a”,

where n = ng, p = ng, WH € Rw*-1 pb € R™, and pl: R — R is a continuous function
acting component-wise on a vector. Here the vectors b! are the biases, the W's are called
the weights, and n;’s are called the widths of the networks. A specific choice of dimensions
n = (ng,...,n) and activation functions p = (p', ..., pL) is called the architecture of the
network. We let N\ ,, , denote the set of all neural networks with a given architecture.

We note that if we let p* = --- = p=~1 all be the same, and let p~ = Id be the identity mapping,
then we recover the definition often used by mathematicians [148]. However, such a definition
would exclude the AUTOMAP architecture, introduced below, and many other architectures
used in practice. The continuity assumption on p! is used by the AUTOMAP architecture (and
most other neural networks used in practice), and is necessary to get the probabilistic statement
in Theorem 2.2.1. However, if this is relaxed, the neural network could be discontinuous and

IThe word “numerical” here means that if one computes the rank of these matrices in the standard way (by

counting the number of singular values above a threshold based on machine precision), they are rank-deficient.
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Computed rank of matrices used in parallel MRI for different acceleration factors

Number of coil 4 x acceleration 8 X acceleration
sensitivity profiles Numerical rank m N Numerical rank m N
2 7533 8192 16384 4224 4352 16384
4 12942 16384 16384 7281 8704 16384
6 14746 24576 16384 8641 13056 16384
8 14892 32768 16384 8701 17408 16384
10 13552 40960 16384 9443 21760 16384
12 13793 49152 16384 9242 26112 16384
16 13543 65536 16384 8983 34816 16384
20 13471 81920 16384 9000 43520 16384

Table 2.2: In parallel MRI, the acquisition matrix A € C™*¥ is modeled as the block matrix in (2.20).
We compute the rank of this matrix in single precision for the two equidistant sampling patterns from
the fastMRI challenge [188] with 4 and 8 times acquisition speed-up (see Fig. 2.10) and for a different
number of receiver coils ¢. For each receiver coil, we generate the sensitivity profiles .S; using code
from [87]. These sensitivity profiles correspond to a scanner where the coils are arranged in a circle
with centres that are equidistant to the origin. As can be seen from the table, A is rank deficient even
when we use as many as 20 coils. For completeness, we recall that the rank of a matrix A € C"™*V
is upper bounded by rank(A) < min{m, N}, and that the dimension of A’s null space is given by
dim(N(A)) = N — rank(A). For details on how the rank is computed, we refer to Section 2.3.7.

hence make sudden jumps. This would imply instability; hence the continuity assumption is

crucial if one seeks stable reconstruction.

2.2.6 Description of AUTOMAP’s architecture

The AUTOMAP methodology allows for learning image reconstructions from Radon projec-
tions, spiral non-Cartesian Fourier measurements, misaligned Fourier measurements and un-
dersampled Fourier measurements [192]. In Fig. 2.7 we report the architecture used in the latter
experiments, see also Fig. 2 in [192]. This architecture along with weights and biases for a
pretrained network were obtained through communicating with the authors of [192]. Using the

fact that the operations “subtract mean”, “reshape”, and “convolution” are all linear mappings,
from Fig. 2.7 one can see that AUTOMAP’s architecture is given by

n = [2m, 25000,64N? 64N* N?] and p = [tanh, tanh, ReLU, Id].

Thus, all networks in the set NN a,p have the AUTOMAP architecture.
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1 +— Number of channels

1 1 64

Dense 4+ tanh

Dense + Subtract mean

Ll

Reshape
—p | —p | —

Conv. (3 x 53) 4 tanh

2m

Conv. (5 x 5) + ReLU

K‘Q
KxK
KxK

Tansp. Conv. (T xT)

25000

Figure 2.7: (AUTOMAP’s architecture). The numbers written vertically indicate the dimension of the
tensors in one (or two) of the dimensions, whereas the numbers on top refer to the last dimension (often
called channel dimension). The arrows indicate which operations are used to map between the tensors.
Here N = K2 = (128)? and m = 9855. The input dimension is 2m as a complex vector y € C™ is
mapped to a vector in R?™, by splitting y into its real and imaginary components. The parenthesis after
the “Conv.” is meant to indicate the size of the kernel. All the convolutions are zero-padded in order to

not reduce the dimension.

2.2.7 The training process of AUTOMAP typically yields a small training

error

The training process of AUTOMAP for undersampled acquisitions is as follows. Given a set
of medical training images {x’ }?:1 C CV, and noisy measurements 3/ = Azl +¢e’, j €
{1,...,T}, the neural network obtained via domain-transform manifold learning is obtained

by minimizing the following objective function

T
~ =1, . ~ . -
Ve argmin — Y <2’ — W) + NJ(T,y), (2.16)
FeNNa, L 5 2
n,p j:1

using the RMSProp optimization algorithm. Note that A’ = 0.0001 in (2.16) and J: NN, , X
C™ — Rs( computes the ¢*-norm of the output from U’s ReLU activation function, when
applied to the input 3//. This training procedure results in a neural network ¥ (the AUTOMAP
network) with a very small mean-squared-error (MSE) of the reconstructed images, both for
the images in the training set and the validation set, (as documented in Extended Data Fig. 3c
in [192]). In other words, the training procedure in AUTOMAP produces a network W that
satisfies

() —a'||p<0;,  6;>0, j=1,....T, (2.17)

for small values ¢;.



CHAPTER 2. DOMAIN-TRANSFORM MANIFOLD LEARNING IS NOT ROBUST 47

2.3 Methods

The methods section contains the information needed to state our theoretical results, explain
why standard non-Al based methods are stable and document the numerical tests. In Section
2.3.1 we introduce basic concepts used in undersampled acquisition and compressive imaging
and standard methods for solving these problems. In Section 2.3.3 we consider computational

aspects, needed to reproduce our results.

2.3.1 Compressive imaging and undersampled acquisition - Modeling the

measurement process

Compressive imaging pertains to the accurate and stable reconstruction of images from under-

sampled measurements. Typically, one models this problem as the discrete linear problem:

Given the measurements y = Ax + e, recover . (2.18)

C™*N is a model of the measure-

Here y € C™ is the data acquired by the sensing device, A €
ment process (known as the measurement matrix), v € C is a vectorized version of the image,
and e € C™ is a (unknown) noise term, accounting for inaccuracies in the measurement model,

measurement noise and other artefacts.

For undersampled acquisitions, an overall goal is to not sample more data than necessary. To
model the degree of undersampling one uses a mask (projection) operator P, defined as follows.
For a given sampling mask (set)  C {1,..., N}, of cardinality || = m < N, we let P, €
C™*N _ denote the projection which extracts the elements of a vector, indexed by ). That is, for
x € CN, we have (Poz); = T for i = 1,...,m, where (i), denotes the 7’th element in 2,

using the natural ordering. In Fig. 2.8, we show the sampling mask (2 used in [192].

In single-coil MRI (which is the model used in [192]) the standard model for the sensing matrix
Ais
A= PyF, (2.19)

where F' € CV*¥ is a 2-dimensional discrete Fourier transform (DFT) matrix. We highlight
that in this model one always has m < N measurements, since it is assumed that €2 is a strict
subset of {1,..., N}.

In multi-coil (parallel) MRI, multiple receiver coils simultaneously acquire k-space data. To
acquire as much information as possible, each of the receiver coils is adjusted to be sensitive to
a limited spatial region [53]. For an MRI scanner with ¢ coils, one models this by introducing
a diagonal matrix S; € C¥*¥, 4 = 1,..., ¢ for each coil. This matrix is usually called the

sensitivity matrix or sensitivity profile of the coil. Given these sensitivity profiles, the full model
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Figure 2.8: The sampling pattern 2 C {1,..., N}, where N = K x K,
and K = 128. The white dots, corresponds to the frequencies we sample,

whereas the black dots are the non-sampled frequencies.

for the acquisition matrix A € C™*V is

PoF Sy
A= : (2.20)
PoFS.

where [Q)] = m/, P, € C™*N and m = m’c. Depending on the choice of m’ and ¢, the total
number of measurements m can exceed the number of pixels N in the image, i.e., m > N.
Furthermore, notice that since |Q2| = m’ < N, this is still a form of undersampled acquisition,

as the acquisition process is involves less than full sampling in each coil.

2.3.2 Standard methods used for image reconstruction in this thesis

If m > N and the matrix A in (2.20) is well-conditioned, then it is natural to reconstruct the
image z in (2.18), using a least-squares estimator. That is, using y — (A*A)~1A*y as our
reconstruction map. This approach has had tremendous empirical success and forms the basis
for the classical SENSE reconstruction algorithm [151].

If, on the other hand, A is ill-conditioned or has m < N rows, e.g. as in (2.19), then the least-
squares estimator mentioned above leads to poor performance. In such cases, it is customary to
employ sparse regularization to achieve higher-quality reconstructions [71, 156]. Note that A
being ill-conditioned or having m < N rows is often the most interesting acquisition model to
consider, as it arises when one seeks to reduce the number of measurements taken, and thereby

save acquisition time. Reducing acquisition times is one of the key goals of imaging research.

In this setting, standard methods for image reconstruction typically exploit the inherent sparsity
of images in fixed transformed domains, such as wavelets or discrete gradients [79, 156]. These
are sometimes referred to as “handcrafted” methods.

In this exposition, we focus on handcrafted methods using orthogonal wavelets, but other
choices are certainly possible, see, e.g. [71, 156] for an overview. Let V' € CN*N denote a
discrete wavelet transform with an orthogonal wavelet. Since we consider orthogonal wave-

lets, the matrix V' is unitary, i.e. its inverse V! = V* equals its adjoint. Sparse regularization
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methods involve solving certain optimization problems — often termed decoders — that exploit

sparsity in the given transform.
There are many ways to formulate these optimization problems, but typical examples include
the quadratically-constrained basis pursuit (QCBP) problem
min ||z]|x subjectto [[AV ™z — yl[2 < 0, d € [0, 00),
zeC
the unconstrained LASSO (U-LASSO) decoder
min [[AV*2 =yl + Allzle, A € (0,00),
2eCN
the constrained LASSO (C-LASSO) decoder
min [[AV"z — y||% subject to ||z]|x < 7, 7 € (0, 00),
zeC
or the square-root LASSO (SR-LASSO) decoder,

m([l:% AV 2 — yllez + M|z ||er, A€ (0,00). (2.21)
z€

Given a solution 2 to one of these problems one computes an approximation to x as V' *Z.

2.3.3 Computational aspects

The purpose of this section is to document the many computational aspects of the paper, mak-
ing this work reproducible. We document how the worst-case perturbations, seen in Fig. 2.1
and Fig. 2.6, are computed. We next show that the mean value that is used to produce the
image-independent random Gaussian noise in Fig. 2.2 can be comprehensively changed, yet
AUTOMAP still produces images with severe reconstruction artefacts. Next, we discuss how
the standard method we use is designed and implemented. Finally, we explain how one can

compute the rank of sampling matrices in imaging problems.

2.3.4 Computing worst-case perturbations

The worst-case perturbations shown in Fig. 2.1 and Fig. 2.6 are computed using the method
developed in [6]. Given an almost everywhere differentiable function f: C™ — C¥, this

method is based on maximizing the objective function

1 A ~
Qu) = 51/ (Alw +u) =@l = Sllulzz, A>0, (2.22)

where A € C"™*¥ as usual, denotes the model of the sampling process.

To maximize (2.22) we use a gradient-based method. We start by drawing the real and imaginary

components of an initial perturbation vy € C" from a uniform distribution on [0, 1]. We then
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multiply the resulting uq by a scalar 7 > 0, to adjust its magnitude to an appropriate size. Given

the rescaled u, we perform the following iteration, known as gradient ascent with momentum,

§ir1 = V& + NVuQ(us)

U1 = Wi + &g

to find a u maximizing (2.22). Here {;, = 0 and the scalars ¥ > 0 and 7 > 0 are known
as the momentum and learning rate, respectively. The number of iterations, n € N, required
to find a perturbation simulating worst-case effect is very dependent on the parameters and
function involved, and is fine tuned for each image. In Table 2.3 we report the parameters used
to produce the perturbations r; and v; in Fig. 2.1 and Fig. 2.6. These perturbations then are
given by r;,v; = u;, for given j € {1, 2, 3}. Where the norm of the perturbation increases as j

increases.

Algorithm A y n T

LASSO 0.01 09 0.01 Ie3
AUTOMAP 0.1 09 0.001 1le-5

Table 2.3: Parameters used to compute the perturbations r; and v;, meant to illustrate worst-case effect
in Fig. 2.1 and Fig. 2.6.

2.3.5 Computing image-independent perturbations

In Fig. 2.2, we demonstrate that the worst-case perturbations are image-independent and lies in

ball with a certain magnitude. That is, we compute perturbations

1 2 :
€ = €pertj T Cpert,js 7=0,1,2,3,4
where e;ert,j, ( = 1,2,3) denote the worst-case perturbations computed in Fig. 2.1, and egem j

is random Gaussian noise. From the figure, we can see that these perturbations cause severe
artefacts to AUTOMAP’s reconstruction of the three brain images 2", 2(® and 2. In this

experiment we have used the brain image from Fig. 2.1 to generate the worst-case perturbations

1
pert,j*

independent, since e

e Thus, a pressing question is, therefore, whether the perturbations ey ; are truly image-

1

new set of perturbations

is generated from a brain image. To check this, we have generated a

NS | ~9 .
€5 = €pertj T Epert j» j=0,1,2,3,4

1
pert,j

turbations computed for AUTOMAP from a knee MR image that is shown in the lower right

in Fig. 2.9, where ééert,O = 0 and the perturbations € for j = 1,2,3 are worst-case per-

corner of Fig. 2.9. As we can see from Fig. 2.9, AUTOMAP is also unstable with respect to the

perturbations €. j, where the perturbations have been generated without any knowledge of the
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image one wants to recover. We conclude from this that AUTOMAP is also highly susceptible
to truly image-independent perturbations. To compute the perturbations érl,ert’j, 73 =123, we
used the algorithm described in Section 2.3.4, with the parameters for AUTOMAP as described

in Table 2.3.

2.3.6 Details of the standard reconstruction method used for comparison

We now describe the standard method used in this work. A requirement for testing the stabil-
ity of a reconstruction method with the algorithm described in Section 2.3.4 is the ability to
compute the gradient of the reconstruction method efficiently. To this end, we implemented a
standard reconstruction method based on sparse regularization in Tensorflow, thereby allowing
efficient computation of the gradient. Our reconstruction method solves the SR-LASSO op-
timization problem using the Chambolle & Pock primal-dual iteration [36], with the additional
shift updates introduced in [37,96]. We describe this method in detail in the following.

We write H = AV*, where A € C™*¥ is a model of the sampling device and V* € RV*V is
the inverse discrete wavelet transform corresponding to an orthogonal wavelet. In this work, we
consider the DB2 wavelet. For an image x € CV, with wavelet coefficients ¢ = Vz, we then
consider noisy measurements y = Hc + e, and seek to solve the optimization problem

min A||z||a + [[Hz — yl|e. (2.23)
zeCN

where A > 0 is a regularization parameter.

iter. A T o Wavelet DWT-levels

1000 0.0001 3/5 3/5 DB2 3

Table 2.4: Parameters for the unrolled neural network used in Fig. 2.3.

To define the primal dual iterations for (2.23), we introduce the functions g(z) := A||z||,» and
f(&) = [|§ — yll and write (2.23) as min,ccv g(z) + f(Hz). Next note that the convex
conjugate (sometimes called the Fenchel dual) of f is f*(£) := x,(0) + Re(&, y), where x is
the indicator function for a set S, taking the value 0 on S and +oco outside, and B;(0) denotes
the closed unit £2-ball centered in 0, and Re(-, -) denotes the real part of the inner product. Given
initial starting values v° € CV and £° € C™, and parameters o, 7 € R, satisfying o7||H|| < 1

where || - || is the operator norm, the primal-dual iterations are then computed as

1
oFt = argmin,ccn g(v) + Re(Hv,§k> + ZHU — vk||§z

: 1 .
= argmin ey g(v) + o—[lv — (v = THE)|[,
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AUTOMAP: ¥(Az() 4 é5) AUTOMAP: ¥(Az(") 4 ¢;) AUTOMAP: ¥(Az() 4 ¢é5) AUTOMAP: ¥(Az™) + ¢é3)

Standard method : Standard method: Standard Method: Standard Method:
Az + &) O(Az® +¢é;) O(Az®) + éy) O(Az®) + é3)

Figure 2.9: (AUTOMAP is unstable to image-independent random Gaus-
sian generated using a knee image). In this experiment we consider noise of

1 .
pert,j 1S constant

and égert ; are different types of mean-zero Gaussian noise. The noise is gen-
2

erated as follows. Let wg = 0 € CV. We compute wort-case perturbations
wj € CVN, j = 1,2,3, for AUTOMAP with respcet to the knee image seen

the form é; = é!

A9 . ~
pert,j T €pert,j» Where j = 0,1,2,3. Here é

below, and let é%)ert,j = Awj, where A € C™*¥ is the matrix from Fig. 2.1.
~1 1 . 1 .
We ensure that [|€5e jlle2 < lleper jllez for j = 1,2,3, where e, ; is the

perturbation from Fig. 2.2. The remaining construction of é; is identical to

Fig. 2.2 and the reconstruction maps ¥ and & are the same. In this experiment
{lle; — ejll/llejll e} 32, = {0.752,0.485,0.368}.
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where
) . 1
€ — argmingecn f*(€) — Re(H(20*! — o), €) + 5-1€ — &

= argmingeen £*(€) + 5 l€ — (€ — oH (20 — o)

k41

. 1
= argMilecom XB,(0) + %Hf — (§"+oH(2v o*) — oyl

where all the /2 norms should be interpreted as norms over the reals, and the vectors inside the
norms lying in C¥ or C™ must be identified with vectors in R*Y and R?™, respectively, and
likewise for the matrices H and H*. We recognize that the final versions of the argmins are

proximal maps, and that the iterations can be written as

oM = W (08 — TH*E)

k+1 _ k k+1 _ ky (2.24)
0 = o8 +oH(20™ = ") —oy)

where V., : C — C is applied component-wise to a vector and is defined as

Uoa(z) = % max{0, |z| —7A}, forzeC

and ¢: C™ — C™ is defined as ¢(z) = zmin{1, 1/||z||¢}.

We note that for the experiments in Fig. 2.3 the matrix A = Py F, is a subsampled Fourier
transform. This implies that || H || = ||PoF'V*|| = || PoF|| = 1, since both F" and V' are unitary
matrices. Here || - || denotes the standard matrix norm induced by the ¢2-norm. This gives the

condition o7 < 1. The complete set of parameters for the experiment can be found in Table 2.4.

2.3.7 Computing the rank of a matrix using MATLAB

In Table 2.2 we numerically compute the rank of the matrix A in (2.20), to determine the
dimension of A’s numerical null space. In this section we elaborate on how we computed the
rank A in this table.

In imaging problems, such as (parallel) MRI, computing the rank can be challenging as the
dimensions of the matrices under consideration easily exceeds the memory capacity of standard
workstations. In particular, it is not feasible to use MATLAB’s rank function naively for such

matrices.

Though storing the matrices used in imaging is challenging, one can compute matrix-vector
multiplications with such matrices efficiently using fast transforms, such as the Fast Fourier
Transform (FFT). Thus by using algorithms relying solely on matrix-vector multiplications, it
is still possible to determine the rank of such matrices. One way of doing this is by comput-
ing their singular values, using, for example, MATLAB’s svds function, and then counting
the number of singular values above a certain threshold. Below, we describe in detail how
MATLAB chooses this threshold.
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4 x acceleration 8 x acceleration

Figure 2.10: (Sampling patterns generated using code from the fastMRI challenge [188]) Two dif-

ferent sampling patterns 2 C {1,..., N}. Each white dot in the images represents an element in {2,
whereas the black pixels denote the elements in {1,..., N} \ Q. On the left we have |2|/N = 1/4 and
on the right we have |Q2|/N = 1/8. The sampling patterns {2 simulate the equidistant sampling patterns
used in the fastMRI challenge for the brain dataset [188]. Here 8% and 4% of all k-space lines are fully

sampled from the centre for 4 and 8 times acceleration, respectively.

For completeness, recall that the rank of a matrix A € C™*¥ is equal to its number of non-zero
singular values. That is, if we denote the singular values of A by o; € R, and order them by
size 01 = +++ 2 Omin{m,n} = 0, then the rank of A is the largest r, such that o, > 0.

In practice, the singular values of a matrix A can be very small without being zero. When doing
computations with such matrices, it is no longer useful to consider the rank of A. Instead one
considers the numerical rank of A. That is the largest  such that o, > €,,; > 0, where €,,; > 0,
is a threshold parameter used to discard all singular values below a certain threshold. When

MATLAB computes the rank of a matrix numerically, it uses the following tolerance criterion:

tol = max(size(d) ) »ps (norm(d) )

Here the norm (A) is the matrix norm induced by the ¢/2-vector norm and is equal to the largest
singular value of A. The function eps (. . .) is defined as follows:

“[...] returns the positive distance from abs(x) to the next larger floating-point

number of the same precision as x.”

— From MATLAB’s documentation of the eps function’.

To compute the rank of the matrices A considered in Table 2.2, we computed their singular
values using MATLAB’s svds function and used the threshold rule described above in single-
precision to determine their rank. Our use of single precision is based on the fact that the

majority of neural networks are trained on GPUs in single precision.

’See https://se.mathworks.com/help/matlab/ref/rank.html
3See https://se.mathworks.com/help/matlab/ref/eps.html
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2.3.8 Data availability

The raw data used for Fig. 2.1, Fig. 2.2, Fig. 2.3 and Fig. 2.6 are form the publicly available
dataset [69]. The raw data used for Fig. 2.4 is provided by GE Healthcare and is available from
https://www.gehealthcare.in/products/magnetic-resonance-imaging/
1-5t/optima-mr450w-with-gem. Network weights, sampling pattern and edited data is
available from https://www.mn.uio.no/math/english/people/aca/vegarant/
data/storage_automap_final.zip . The knee image used in Fig. 2.9 is provided by
GE Healthcare and is available from https://www.gehealthcare.in/products/

magnetic—-resonance—imaging/l1-5t/optima-mr450w-with—-gem.

Code used to generate all the figures are available at https://github.com/vegarant/

automap_not_robust.

2.4 Conclusion

The importance of AUTOMAP and future work. The AUTOMAP methodology radically
departs from current standard “handcrafted” reconstruction methods and differs significantly
from recent DL-based methods for image reconstruction. Letting the learning process be dic-
tated by the data only, and circumventing any connection to physical and mathematical mod-
elling, is new. This attempt is to be welcomed. On the one hand, imprecise modelling of the
physics is an ongoing topic of research in image reconstruction. But on the other hand, the
ensuing instability shows the importance of balancing the reconstruction methodology between
physical modelling and physics-independent learning. As shown, AUTOMAP is not robust as
it has no mechanism to balance the necessary performance-stability trade-off described in The-
orem 2.2.1. However, it should be emphasized that this is not exclusive to AUTOMAP, and Al
generated hallucinations, instabilities and unpredictability are a serious concern regarding the
new generation of Al-based reconstruction methods [6]. Naturally, there are various ways one
might strive to stabilize a DL method by modifying its setup. One may, for example, perform
adversarial training with perturbations added to the measurements in the training process. In
Fig. 2.5 we show the effect of this and display the performance-stability trade-off demonstrated
in Theorem 2.2.1 in practice. As is clear from the figure, one can increase the robustness, but at
the cost of losing details in the recovered image. This work has highlighted and provided insight
into these critical issues. Yet, the question of how to achieve high performance and robustness

with Al-based methods remains open.
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Chapter 3

The troublesome kernel: hallucinations
and instabilities in deep learning for

inverse problems

Al methods are fundamentally changing the sciences and scientific computing, however, the
issue of trustworthiness has become a serious issue given the overwhelming empirical evidence
that deep learning leads to unstable methods in a variety of applications. Recently, another phe-
nomenon of Al generated hallucinations providing false yet realistic looking artefacts has been
reported on — adding to the list of fascinating yet trust reducing Al phenomena. In this chapter,
we present a comprehensive mathematical analysis explaining the many facets of Al generated
hallucinations, the links to instabilities, but also how stable AI methods can hallucinate. Our
results establish four crucial issues for Al methods in inverse problems that can be interpreted

as 'no free-lunch’ phenomena:

(1) overly accurate Al methods will wrongly transfer details from one image to another re-

constructed image creating a hallucination.
(2) there is an accuracy-hallucination trade-off.

(3) there is an accuracy-stability trade-off, and optimising these trade-offs is difficult through

standard training processes.

(4) hallucinations can occur due to any kind of noise model and probability distribution on
the data used, and standard training typically encourages the conditions leading to Al

generated hallucinations.

Finally, our results show that accurate and hallucination-free methods can only be achieved by
having information about the kernel of the sampling operator encoded in the recovery algorithm.

Based on this, we initiate a program for reducing hallucinations in DL in inverse problems.
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This chapter is based on joint work with Vegard Antun, University of Oslo, who provided the
code and figures, and Ben Adcock, Simon Fraser University, and was supervised by Anders C.

Hansen, University of Cambridge.

3.1 Introduction

The impact that deep learning has had in recent years in machine learning (ML) applications
such as image classification, speech recognition and natural language processing can hardly be
overstated. Perhaps unsurprisingly, the development and use of DL for challenging problems
in the computational sciences has recently become an active area of inquiry. Areas of partic-
ular notice include numerical PDEs [60, 185], discovering PDE dynamics [158], Uncertainty

Quantification and high-dimensional approximation [162].

ML, especially DL, may be the future of computational imaging, as there has been an unpre-
cedented trend of work in this direction. However, ML is also famous for fundamental 'no
free-lunch’ results, and thus it should not be a surprise that such phenomena may also happen
for ML methods in inverse problems. Image reconstruction from measurements is an import-
ant task in a wide range of scientific, industrial and medical applications, including, but by no
means limited to, electron and fluorescence microscopy, seismic imaging, nuclear magnetic res-
onance (NMR), magnetic resonance imaging (MRI) and X-Ray CT. The last several years have
witnessed the emergence of a variety of different trained Neural Networks (NNs) for image
reconstruction which claim to achieve competitive, and sometimes even superior, performance
to current state-of-the-art techniques [8]. Notably, their potential has been described by Nature
as ‘transformative’ [171]." Our results follow the tradition in ML on 'no free-lunch’ theorems
and establish these in connection with Al generated hallucinations and instabilities in inverse

problems and image reconstruction.

In many fields, the perils and limitations of deep learning used in inverse problems have become
an issue of concern. In particular, instabilities and Al generated hallucinations — as documented
in Figures 3.1-3.2, across many image modalities — have become a serious issue, for example
in the fastMRI challenge 2020 [138]. This problem seems to be universal across many imaging

modalities.

“The potential lack of generalization of deep learning-based reconstruction meth-
ods as well as their innate unstable nature may cause false structures to appear in
the reconstructed image that are absent in the object being imaged.” — From "On

hallucinations in tomographic image reconstruction" (2020) [138].

The potential lack of generalization of deep learning-based reconstruction methods as well as
their innate unstable nature may cause false structures to appear in the reconstructed image that

!"To be specific, [171] is titled ‘Al transforms image reconstruction’ and features a new DL approach [192]

which ‘improves speed, accuracy and robustness of biomedical image reconstruction’.
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Figure 3.1: (AI generated hallucinations in different imaging modalities). Different neural networks
U: C™ — R are shown to hallucinate, i.e. create realistic artifacts, when evaluated on test data. Note
that m, N and A vary between the experiments. In the first three rows we consider networks from the
cited publications. In row four, we have trained a network ¥ on data from [152]. Here the network ¥
is given by y — @(Ly) where ¢: RN — R is a learnable Tiramisunet [105] and L € RV is a

learnable pseudoinverse.
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are absent in the object being imaged. The Facebook fastMRI challenge focuses on medical

imaging, yet Al generated hallucinations are apparent in microscopy as well.

“The most serious issue when applying deep learning for discovery is that of hal-
lucination. [...] These hallucinations are deceptive artifacts that appear highly
plausible in the absence of contradictory information and can be challenging, if
not impossible, to detect.” — From "Applications, promises, and pitfalls of deep

learning for fluorescence image reconstruction", Nature Methods (2019) [14].

DL in super resolution techniques, which can be viewed as an undersampled inverse problem,

may be problematic as additional or removed elements in the reconstruction can occur.

“However, if the neural network encounters unknown specimens, or known speci-
mens imaged with unknown microscopes, it can produce nonsensical results.” —
From "The promise and peril of deep learning in microscopy", Nature Methods
(2021) [99].

As mentioned in Chapter 1, it should be noted that non-robustness and untrustworthiness of DL
systems is not just an issue in the sciences, as these issues may have legal implications. The

European Commission is in the process of outlining a legal framework for the use of Al.

“On Al trust is a must, not a nice to have. [...] The new Al regulation will make
sure that Europeans can trust what Al has to offer. [...] High-risk Al systems will be
subject to strict obligations before they can be put on the market: [requiring] High
level of robustness, security and accuracy.” — Europ. Comm. outline for legal Al
(April 2021) [66].

Thus, trustworthiness, stability and accuracy of neural networks used in inverse problems is a
fundamental issue that must be resolved. By studying and mathematically understanding why
instabilities and Al generated hallucinations can occur, we shed light on how these issues may

be overcome in order to safely incorporate DL into inverse problems.

3.1.1 Outline

In the following sections, we present a summary of our main results in non-technical terms, Sec-
tion 3.2 and a review of related work, Section 3.3. Then, we present our main theorems, Section
3.4. In Section 3.6 we discuss the main results and provide insights into their relevance in vari-
ous applications. Finally, in Sections 3.4.4 and 3.4.5, we consider training and regularization in
DL. Section 3.7 contains further implementation details for the numerical experiments. Code
accompanying this work can be found at https://github.com/vegarant/troub_

ker.
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T+ TDet T+ TDet T

Sampling pattern {2
A= PyU

Figure 3.2: (Detail transfer) We consider the setup from Theorem 3.4.2, with two images x + xpet and
x, seen in the top row. Here xpey is the Mickey and thumb detail seen in the upper left image. The detail
ZDet 18 constructed so Mickey is in the null space of A and the thumb is very close to the null space of
A. The neural network W is trained to high accuracy on the pair (A(x + Zpet), Z + ZDet ), and 1200
other images from the fastMRI dataset. As we can see from the lower right image, the neural network
U transfers the detail 2pe; onto the image . In this example A = PoF, where F' € CV*¥ is a two-
dimensional Fourier transform, and |Q|/N = 1/16, N = 5122

3.1.2 Problem outline

We consider the following discrete finite-dimensional linear inverse problem:
Given measurements y = Ax + e, recover . (3.1

Here A € C™, with 1 < rank(A) < N is the sampling operator (also called measurement
matrix), y € C™ is a vector of measurements, e € C™ is noise and x € C" is the (unknown)

object to recover (typically a discrete image). Moreover we denote the kernel of A by
N(A) = {zeC": Ax = 0}.

While seemingly simple, the model (3.1) is sufficient to model many applications, including all

of those mentioned above. See Section 1.5 for more details on applications of (3.1). Moreover,
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Figure 3.3: (AI generated hallucinations due to Gaussian noise). Different neural networks ¥: C™ —
CV are shown to hallucinate by adding Gaussian noise to measurements. The Deep MRI network (DM)
U : C™ — CY [161] is unstable with respect to Gaussian noise. We compute 100 Gaussian noise vectors
w; € CV and pick (using the eyeball metric) the w; for which W(A(z + w;)) gives the larges artefact,
and label it v1. Here A € C™*¥ is a subsampled Fourier transform. Repeating the experiment with 20
(and 1) new noise vectors yields a perturbation v (and vs). W introduces a false dark area, indicated
by the red arrows. The sparse regularization decoder (SRD) ® : C™ — C¥ is applied to the same
measurements A(x +v;),j = 1,2,3.

since rank(A) < N in all of these applications, solving (3.1) is a challenging even in the
noiseless case (e = 0). Since the kernel of A is non-trivial, as a result, there exist infinitely

many x’s mapping to the same measurements y, making (3.1) ill-posed.

Methods for recovering x from measurements ¥, therefore, have to rely on an underlying as-
sumption that = belongs to some set M; C CV, to make the problem tractable. Thus, rather

than solving the problem (3.1), one solves
Given measurements y = Ax + e, of x € M/ recover z, (3.2)

where

M is referred to as the initial domain.
In many practical scenarios the sampling matrix A € C™* is of the form PnU, where U €
CN*N is an isometry and P, is the linear operator choosing rows of U according to the index

set Q C {1,..., N} with |Q] = m. We will refer to such an A as a subsampled isometry.
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As summarised in Chapter 1, there are different methods for solving inverse problems. In this
chapter we focus on the distinction of these methods into two types: model based and learning
based methods.

(i) For model based methods, one makes explicit assumptions about M, and designs the
reconstruction method based on the choice of M ;. Common choices for M includes s-
sparse vectors, unions of subspaces, sparsity in wavelet, curvelets or shearlets, or sparse
gradient etc. The corresponding reconstruction methods are typically based on solving a
regularised least squares problem, with the predominant choice being ¢!-regularization.

(i1) Learning based methods, on the other hand, make few or no explicit assumptions about

M, . For these methods, one is typically given a large training dataset
T = {(Al’l, 1’1)7 RN (AQTK, ZIZ’K)} cC™x (CN,

where the z;s often are assumed to be a subset of M;. Using this set 7 one learns a
mapping ¥: C™ — C" by solving an optimization problem. A common choice is to let

U be the minimizer of

U € argmin cry Y o(Az) — 2> + J(p)
€T

for an appropriate function class N\ of functions ¢: C™ — C¥, for example neural
networks, and regularization term J: NN — R>g. See Section 1.4.1 for a more detailed

overview of DL used in inverse problems.

3.2 Summary of main results

Following up on the introduction, we define hallucinations in solutions to inverse problems, as
realistically looking artefacts that appear in the reconstruction, which are not present in the
ground truth image. Moreover, these artefacts would not be present in solutions obtained by
most other methods given the same measurement and, hence, are only detectable with contra-
dicting information. Various examples of such hallucinations are given in Fig. 3.1. This paper
presents a comprehensive mathematical analysis explaining the many facets of the instability

phenomenon and Al generated hallucinations in DL for inverse problems.

3.2.1 Hallucinations and instabilities

In this section we summarise — in non-technical terms — our results on how and why hallucina-

tions and instabilities occur.
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Figure 3.4: (Al is not robust). Different neural networks W: C™ — C" are shown to be unstable with

respect to worst-case noise.

(M1) Detail transfer and hallucinations (summary of Theorem 3.4.2). Suppose that the null
space of A satisfies N'(A) # {0}, then we have the following.

(1) A reconstruction mapping that recovers a detail in an image, where the detail is close
to or in the kernel NV'(A) of the sampling matrix A, will wrongly transfer this detail

to another reconstructed image yielding a hallucination created by the reconstruction
mapping.
(2) There will always exist NNs that can recover elements close to or in A/(A). Thus,

trained NNs with great approximation qualities and small error on the training data

may be bound to hallucinate.

Consequence: There is an accuracy-hallucination trade-off. If the reconstruction is too
good on a certain image, a detail will be wrongly transferred to another
reconstructed image. Figure 3.2 illustrates detail transfer in practice.

Note: A reconstruction mapping does not have to be unstable in order to hallucinate. In-
stabilities are sufficient (see Theorem 3.4.7) for the hallucination phenomenon, but not ne-
cessary. The hallucinating reconstruction map in Theorem 3.4.2 can be completely stable,
in the sense that it is Lipschitz continuous.
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(M2)

(M3)

No free lunch I: Accuracy on certain inputs imply hallucinations on others — regardless
of probability distribution (summary of Theorem 3.4.4). Suppose that N (A) # {0}.
Then, NNs that are accurate on certain inputs are bound to hallucinate on others inputs.
This can happen despite the existence of reconstruction algorithms that do not hallucinate
on the same data. This happens also if the input data is drawn randomly from a probability
distribution, and it happens regardless of the distribution.

Consequence: Hallucinations can only be prevented — while keeping accuracy — by adding

extra information to the reconstruction algorithm that encodes information
about the initial domain M, and the kernel of the sampling operator A.
In particular, the difference between the hallucinating NN and the non-
hallucinating algorithm in Theorem 3.4.4 is that the non-hallucinating al-
gorithm has encoded information about the initial domain M and the ker-

nel of the sampling operator A.

No free lunch II: Hallucinations and instabilities — Overperformance yields both (summ-
ary of Theorem 3.4.7). Suppose that N'(A) # {0}. If a reconstruction map recovers an
image well, there is a limit on how well it can perform on other inputs. In particular, there
are other inputs, such that if the reconstruction mapping performs too well on these inputs

we have the following.
(1) The reconstruction map becomes unstable, and the instability becomes worse the
smaller the reconstruction error is on these other inputs.

(2) The reconstruction map will hallucinate and either provide false positive or negatives

(add or remove details).

(3) The hallucinations do not just happen in worst-case scenarios but also for random

noise.

(4) The instabilities do not just happen in worst-case scenarios but also for random noise.

Consequence: There is an accuracy-stability trade-off. If the reconstruction is too good

on two particular inputs the reconstruction map becomes unstable. The in-

stability also implies hallucinations.

Note: To avoid instabilities one must control the accuracy-stability trade-off and sacrifice
some accuracy on certain inputs to ensure stability. The big problem is to figure out which
images the accuracy — stability trade-off applies to. Current training approaches of NNs do
not have a way of determining and optimising the accuracy-stability trade-off. Thus, one
may end up with either poor performance and too good stability or too strong performance
at the cost of severe instability. Figure 3.3 and Figure 3.6 demonstrate Theorem 3.4.7 in
practice.
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3.2.2 Optimal maps that optimise the accuracy-stability trade-off

As we pointed out above there is an accuracy-stability trade-off when constructing recovery

mappings in inverse problems. In this section we provide a non-technical summary of our

results on the difficulty of optimising the accuracy-stability trade-off through training.

M)

M2)

Training a NN that optimises the accuracy-hallucination/stability trade-off is hard
(summary of Theorem 3.4.12). Suppose that N'(A) # {0}. Then, forany 6 € (0,1/5)
there are uncountably many initial domains M and training sets such there exists a
NN with training error (error on the training set) less than ¢, but no such NN can be an

optimal mapping — regardless of training procedure.

Consequence: Optimising the accuracy-hallucination/stability trade-off with training
can only be done by controlling the training error. In particular, any op-
timal map will satisfy a particular training error, and a smaller training

error will yield a non-optimal reconstruction map.

Note: In specific cases one can construct NNs that are optimal maps, in the sense that
they optimise the accuracy-hallucination/stability trade-off. Yet, these cases require

specific knowledge about the initial domain M and the kernel of the sampling operator

A.

The optimal map can sometimes be trained, but training is itself unstable (sum-
mary of Theorem 3.4.15). Given any invertible matrix U € CN*¥_ Then, there are
exponentially (in V) many sampling patterns {2 such that when considering A = PpU,
there are uncountably many domains M and uncountably many different training sets,
such that the minimisers of basic regularised cost functions will yield an optimal recon-
struction map. However, all such training procedures are unstable in the following
way: By adding an element to the training set, the minimisers of the cost function are

not optimal anymore.

Consequence: Optimising the accuracy-hallucination/stability trade-off is hard to do in
practice as slight changes in the training data may change the optimality
of the trained NN.

3.3 Related work

Our focus in this work is on the underdetermined setting where A € C™* is rank defi-

cient, as is now common in practice. In many applications, the number of measurements is

severely limited, due to time, cost, power or other constraints, hence one commonly faces

the situation where m < N. An overview of different applications can be found in Section
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List of networks use in the numerical experiments

NN name Authors Title Journal Year

Image reconstruction by domain-transform

AUTOMAFP [192] B. Zhu et al. R . Nature 2018
manifold learning
Evaluation and development of deep neural
DFGAN-SISR [152] C. Qiao et al. networks for image super-resolution in optical Nature Methods 2021
microscopy
. Results of the 2020 fastMRI challenge for IEEE Trans. Med.
Baseline FastMRI [138] M. J. Muckley et al. . . . . . 2021
machine learning MR image reconstruction Imaging
. Deep convolutional neural network for inverse IEEE Trans. Image
FBPConvNet [106] K. H. Jin et al. o . 2017
problems in imaging Process.
A deep cascade of convolutional neural networks  Int. Conf. Inf. Proc.
Deep MRI [161] J. Schlemper et al. 2017

for MR image reconstruction Med. Imaging

. XPDNet for MRI reconstruction: An application .
XPDNet [155] 7. Ramzi et al. ISMRM annual meeting 2021
to the 2020 fastMRI challenge
Can stable and accurate neural networks be
FIRENET [46] M. Colbrook et al. computed? — On the barriers of deep learning and PNAS 2022

Smale’s 18th problem

Table 3.1: List of networks use in the numerical experiments

1.5. To design a good reconstruction mapping, one generally requires additional informa-
tion on the images to be reconstructed. An example is sparse regularization, which rose to
prominence in the imaging community with the introduction of compressed sensing in the
2000’s by Candes, Romberg & Tao [29] and Donoho [57]. Sparse regularization techniques,
asin [2,3,13,29,31,44,57,74,122,150], are typically untrained: they exploit the inherent
sparsity of natural images in fixed transform domains (e.g. wavelets or discrete gradient).
Note that conditions such as the Restricted Isometry Property [31] and robust Null Space
Property [74], which ensure stable and accurate recovery with compressed sensing, are
precisely statements about the sampling operators null space. Over the last fifteen years,
such techniques, supported by the theory of compressed sensing, have become the state-of-
the-art for many different image reconstruction tasks. On the other hand, more recent DL
techniques are data-driven: they seek to implicitly learn a suitable image structure from a

training database of existing images.

Instabilities in DL for classification problems were first discovered in [174]. A significant
development was the DeepFool package of Moosavi—Dezfooli, Fawzi & Frossard [135],
which was followed by the construction of so-called universal adversarial perturbations
[134]. The construction of and mitigation against adversarial attacks is an active area of
research. To the best of our knowledge [6] and [102] were the first works to demonstrate
the instability phenomenon for inverse problems in imaging. An example of this is the in-
ability of convolutional neural networks to provide a stable and accurate reconstruction for
CT inverse problems [166]. Generally, instabilities and especially Al generated hallucin-

ations, have become a serious issue, in the fastMRI challenge [68, 138, 188] and in other
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applications [14, 16,99]. The necessity for further research for DL used in MRI is outlined
in [41]. Yet, to date, there is little theoretical assessment of why and when additional or
removed elements in the reconstruction and Al generated hallucinations occur in DL used
for inverse problems. An approach to theoretically describe Al generated hallucinations is

given in [166].

The work of Jin, McCann, Froustey & Unser [106] was influential in highlighting the prom-
ise of DL for inverse problems in imaging. This is now a rapidly evolving area of research,
which we will not attempt to summarise. See [4, 8, 131] for overviews of current tech-
niques. Note that sparse regularization has been used as the basis for some DL techniques,
e.g. by using DL to recover the parts of an image that sparse regularization cannot, such
as in [24], or by designing NN architectures through the process of unrolling an optim-
ization algorithm (see e.g. [8]). Finally, let us note that this work considers deterministic
approaches to inverse problems. For an in-depth treatment of Bayesian approaches, see, for
instance, the work of Stuart [172] and Dashti & Stuart [50], as well as references therein
and [8]. Al generated hallucinations also occur in such applications [45]. It has been high-
lighted that statistical methods in DL also suffer from the above outlined pitfalls [99, 129].

3.4 Main results

Our objective in this work is to elucidate the many reasons for instabilities and hallucina-
tions in linear inverse problems. We do so by providing a number of sufficient conditions
for the two phenomena to occur. Only by establishing such sufficient conditions (and even-
tually also necessary conditions), can we establish the methodological barriers associated
with these phenomena, and guide the design of safe and secure reconstruction methods for
(3.2).

Notation: Given a set M; C C" and a matrix A € C™V, we let
MQIAMlz{ACEZl’GMl}

denote the range of A with domain M;. We assume throughout that the rank of A is
bounded by 1 < rank(A) < N, and we denote null space of A by N'(A) C CV. For a set
Q cC{1,...,N}, P, € CM*¥ is the projection onto the canonical basis index by 2, i.e.,
for x € CV,

(Pox)i = 2

if i € Q and 0 otherwise. We sometimes abuse notation slightly and assume P, € C™*¥,
where m = |Q|, by ignoring the zero entries. Similarly for a subspace V C CV, we let P,

denote the projection onto . Throughout we let || - || denote a norm on C" and

| - || denote
anorm on C™. We let
B(z,r)={z¢€ chN . |z —z]| < r}
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denote the closed ball centered at z € CV with radius » > 0. If x € C™, then B(z,r)

denotes a ball with the norm || - ||. For a set M; C C", we use the notation
MY ={z€C": 3z € M suchthat ||z — z| < v}

to denote the v-neighborhood of M; in CV. Both of these notations are extended in the
natural way for balls and sets in C™. Finally, whenever use the phrase “algorithm”, this is
always meant it in the sense of a Blum-Shub-Smale (BSS) machine [19], see [18] for an
introduction. In particular, this means that the algorithm can perform arithmetic operations

with real numbers, and check if two real numbers are equal.

In the following, consider the vanilla case of feedforward neural networks, although many
of the results also apply to more exotic setups. Following remark 1.4.1, we identify y € C™
with § € C™, where m’ = 2m. An L-layer feedforward neural network is a function
¥ R™ — RY of the form

U(y) = Vilp(Vioilp(. .. p(Vi(»)))), y€R™,

where each V;; : R"~-t — R" is an affine map
Vi) =Wt b, W e R b € R,

and
y =p(Vi(y’~1)) e R™,

and p : R — R is anon-linear function, p(y) = (p(y;)) fory = (y;),and ng = m/,ny, = N'.
The W;’s are referred to as weights and the b;’s as biases. The number L is the depth of
the network, and n; is the width of its [th layer. The function p is the activation function.

Typical choices for p are the Rectified Linear Unit (ReLU), defined by p(y) = max{0,y}, or
1
14+e~¥"
of the depth L, widths n4, ..., n_; and activation function p. Write n = (ng, n1,...,nr).

The architecture of a neural network refers to choice

the sigmoid, defined by p(y) =

The class of neural networks with a given architecture is denoted as NN or NN . Going
back to the complex case, using Remark 1.4.1, we call amap ¥ : C™ — C¥ that depending

on the input y € C™ yields a neural network ¥’ : C™ — C¥, an adaptive neural network.

In inverse problems, the goal is to construct a mapping that takes the noisy measurements
y = Az + e of some unknown image x as input and returns x (or some approximation to
it) as output. In DL for inverse problems (see, e.g. [8, 106, 131]) this is achieved using a

training set

T:{(y]7xj):y‘]:A‘/L‘]+e‘]7]:]‘7"'7K}7

consisting of pairs of the form (Ax + e, ), where z is a training image and y = Ax + e are

its noisy measurements. For more details on DL for inverse problems, see Section 1.4.1.
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3.4.1 Al generated hallucinations — detail transfer

One cause of Al generated hallucinations in DL for solving inverse problems is detail trans-
fer. As shown in Fig. 3.2 a detail from one image in the training set can easily be transferred
to another image in the training or test set. In the following we use the formal definition of
a detail.

Definition 3.4.1 (Detail). Let A € C™*" with 1 < rank(A) < N, H € CN*¥ be unitary,
§ > 0and x € CV. Then, zpC" is a detail relative to the vector x and the sampling
matrix A, if

[Azpet|| <6,

and ||z|| >> ||zpet||. Moreover, the detail is localised and satisfies,
H{ie{l,.N}: (Hapet): # 0} << [{i € {1,..N}: (Hzx); # 0}].

An underlying mathematical mechanism for this behaviour is explained in the following

theorem.

Theorem 3.4.2 (Al Hallucinations - Detail Transfer). Let A € C™N with 1 < rank(A) <
N and ¥ : C™ — C¥ be Lipschitz continuous with constant L. Let § > 0 and x, tpe, € CV,
where xpe is a detail that satisfies || Axpet|| < 0 and ||xpet]| >> (1 + 2L)0.

(1) Suppose that
W (A(z + zpet)) — (@ + Tpet)|| < 6. (3.3)

Then for every e € 13(0,0), there exists a z € C™ with ||z|| < (1 + 2L)6, such that
V(Az +€) = = + Tpe + 2.

(2) If the activation function p is Lipschitz continuous and not a polynomial, then there
exists a neural network W: C™ — CV such that that (3.3) is satisfied.

The above theorem states that for an image x, with a detail zpe; lying close to the kernel
of A, a Lipschitz continuous decoder hallucinates in the following sense. If the decoder
reconstructs © + xpe; to a certain precision ¢, then it will hallucinate as it transfers the
detail zpe; to any noisy measurements of x. Note that if ||Azpe| < 9, the condition
|zpet|| >> (1 + 2L)6 can easily be satisfied at the same time if zpe lies close to or in
the kernel of the sampling matrix A. This is exemplified in Figure 3.2. This is problematic
as such hallucinations, for instance in medical applications, may not be recognizable as

unrealistic artefacts to the practitioner’s eye.

In order to prove part (2) of Theorem 3.4.2, we will use a classical and well-known result

of Pinkus [148], concerning the uniform approximation of continuous functions by neural
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networks. Denote the set of functions implementable by a network with n € N hidden units

and one hidden layer and one output unit by,
NN? ={¢:R™ = R: ¢(z) = Zﬂip(o/:c — 6"), for some n € N},
i=1

where f° € R, o' € R™, 6 € Rfori = 1,..n and o'z = Z;”Zl aéwj and, moreover,
p : R — R denotes a common activation function. With this definition at hand we can state

Pinkus’ result.
Theorem 3.4.3 (Theorem 3.1. [148]). Let p € C(R). Then, NN? is dense in C(X) with

respect to the uniform convergence on compact sets if and only if p is not a polynomial.

Proof of Theorem 3.4.2. Part (1); let e € B(0, ). We have that
V(Azx +e) = V(A(x + zpet) + (6 — Azper)) = V(A(x + 2pey)) + 2,

where

12] = W (A(z + zpet) + (e — Azper)) — V(A(z + zper)) |
< Llle — Axpe|| < L26.

Furthermore, by assumption we have that
V(A(z + 2pet)) = T + Tpet + Z,

where
1]l = [[W(A(x + Zpet)) — (7 + @pet) || < 0.

Combining the above, we get that
U(Ax +€) = T + Tpet + Ze,

where ||z|| = ||zel| = |2 + Z|| < (14 2L)6.

Part (2) is an application of Theorem 3.1 [148] using Remark 1.4.1, for the activation
function p being Lipschitz continuous and not a polynomial. [

3.4.2 Inevitable hallucinations — Despite existence of non-hallucinating
algorithm

As the previous theorem is very general in its assumptions, the question arises how this is
related to DL used for solving inverse problems. The following Theorem 3.4.4 puts this into
a precise relation. In the following theorem the set 7; can be considered to be the projection

onto the second component of the training set II5(7) = 7;.
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Theorem 3.4.4 (No free-lunch in inverse problems). Let A € C™¥ with 1 < rank(A) <
N and T; C CV be non-empty. Suppose that there is a § > 0 and a Lipshitz continuous
U : C™ — CV such that

max ||V (Az) — z|| < 6.

z€Th

Then, for any e,C' > 0 there is a family C of sets M, C CN with T, C M, and AM, C
(AT1)¢. Moreover, for each M € C the following happens simultaneously.

(1) (In-distribution hallucination). For any probability distribution D on M, with the prop-
erty that P(X € Ty) < q for X drawn according to D, it holds that

IF’(‘I/(AX) = X + 2 € M for some z with || z|| > C(5,> >1—q.

(2) (¥ will hallucinate, yet there exists an algorithm producing an accurate NN). Assume
that V is a neural network. Then, there exists an algorithm 1 taking inputs in AM such
that for eachy = Az we have I'(y) = ®, is an adaptive neural network ®,, : C™ — CN
such that

D, (y) — x|| <6, forall z € My, withy = Ax.

Remark 3.4.5. A possible consequence of Theorem 3.4.4 is that in certain settings hallucin-
ations may not be rare events. In part (1), a hallucination z is present in the reconstruction
of X, drawn according to D, from measurements AX with a high probability. Specifically,
this probability is 1 minus the probability that X € 7; and, hence, is close to 1 when the
probability that X is in the training set 7; is very small. There may exist algorithms that
prevent hallucinations, but they will have built in extra information about the problem. Typ-
ically, minimising a cost function in the training process of the NN will not be sufficient to

prevent hallucinations.

The above theorem is an extension of Theorem 3.4.2 to DL in inverse problems. Hallucina-
tions in DL decoders occur due to conditions easily established with standard training. We
are given a training set and Lipschitz continuous decoder that satisfies max,c7, ||V (Az) —
x|| < 4. To be specific, on the reals this decoder can without loss of generality be assumed
to be a neural network by Theorem 3.1 [148]. Yet for Theorem 3.4.4 to hold we merely
need to assume that the decoder is Lipschitz continuous. Then, there are uncountably many
test sets M on which the decoder will hallucinate. Moreover, the test sets will have similar
measurements to those of the original set depending on the noise level AM; C (A7T;)¢ and,
thus, be sufficiently realistic looking measurements. The hallucination z is added by the
decoder to the measured vector X drawn from a test set M ;. The hallucination can become
arbitrarily large, as the theorem holds with ||z|| > C§ for any C' > 0. However, the recon-
struction satisfies W(AX) € M%‘S and, thus, may look sufficiently realistic as is still close
to the original set M;. Moreover, this occurs with probability greater than 1 — ¢ for any
X drawn according to any probability distribution D. Where the probability distribution
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has to satisfy P(X € 7;) < ¢ for X drawn according to D and, hence, relates this to the
likelihood ¢ that X is in the training set. Moreover, under the same conditions there exists

an algorithm producing an accurate neural network on each test set.

Remark 3.4.6. Part (1) of Theorem 3.4.4 can easily be extended to consider noisy meas-
urements. However, this is omitted in order to emphasize the existence of an accurate neural

network in the case that the trained network hallucinates.

Proof of Theorem 3.4.4. Part (1); Let L > 0 denote the Lipschitz constant of ¥. We start
by constructing M. Since rank(A) > 1, there is at least one Cartesian coordinate vector
v such that Av # 0. Now, let 7 be a multiple of v such that ||An| = € where € <
min{e,d/L}. Let £ € N(A) be such that ||n + &|| > (C' + 2)d. Fix 2’ € T; and let

My =Tiu{ad +e"(n+¢) el

Observe that AM; C (AT;)% as Ty C M and ||Az’ — A(2' +e™(n+€))|| = ||An]|| < efor
any n € N. To create an uncountable family C, pick any € € (0, min{e, §/L}| and repeat

the construction.

Next let n € N and notice that
V(A +e"(n+€))) = V(A +e™n)) = U(Az') + 2,
where || Z|| < . Indeed,
12l = [ (A(2" + €™n) — U(A(2)]| < LIA@ + ™) — Ax')|| < 6.

Note that, since — by assumption — max,c7; |V (Az) — z|| < 9, we have that U(Az") =
x' + z, with ||Z|| < 6. Hence,

V(A +e(n+€)=V(Az) +2=a"+2+2
=2+ e+ + i+ 7" (n+).

‘We have that

1242 ="+ = lIn+&ll -2+ 2] = Co.

Moreover, we have that || U (A(z" + e™(n + £))) — 2’| < 20, which implies that ¥(Az) €
M2 for any v € M.

Moreover, by assumption, we have that P(X € 7;) < ¢ for X drawn according to D. It
follows, by the definition of M, that

P(X =2’ +€"(n+¢) forsomen € N) > 1 —g.

By the observations above,
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IP’(\I/(AX) = X + 2 € M% for some z with ||z]| > C5,> >1—gq,
follows.

Part (2); will be shown for our choice of M; € C. Recall that by “algorithm” we mean a
BSS machine. In particular, this means that the algorithm can perform arithmetic operations
with real numbers, and check if two real numbers are equal. We describe the algorithm

informally as follows:

The algorithm takes input y € AM; and starts by checking if y = Ax for some = € T7. If
it is the case, it outputs a neural network I'(y) = ® whose weights and biases are all zero,

except the bias in the final layer, which is x. Otherwise, it continues as follows.

Lett = (Az');, s = (An); and y; denote the first entries of Ax’, An and y, respectively (if
s is zero, consider the algorithm which chooses a different index). The algorithm computes
r = (y1 — t)/s which equals e™ for some n € N. Next the algorithm computes 7 =
2’ 4+ 7(n+ £), and outputs a neural network ®,: C™ — C», whose weights and biases are
all zero, except the bias in the final layer, which equals . Moreover, the neural network
satisfies,

|y (Az) — z|| <9, forall x € M, withy = Ax.

Then, the network we obtain is given by,

d:Cm —CN
y —=0(y) = ¥(y) for ye AT,
d(y) = P/\L/(A)xj + exp(in(l))(n + &) else.

The above algorithm can be phrased in pseudo-code as follows,

(1) Fori € {1,...k}: if y = Az, then ¢, = U, else continue.
(2) Set! = 1and ¢(l) = 0. While ¢(I) = 0, if (An)(l) # 0, then

c(l) = (y(1) = (Az")(1)/(An)(D),
elsel =1+ 1.
(3) If pi € {1,...k} with y = Ax,;. Set n(l) = 1. While c¢(I) # exp(in(l)), set n(l) =
n(l) + 1. Output n(l) € N.
(4) Let @ be a neural network such that ®(y) = & = 2’ + exp(in(l))(n + &).

The neural network ®,: C™ — CV is such that its weights and biases are all zero, except
the bias in the final layer, which equals Z. Note that the choice of n(l) € N is unique, as
the sequence (e™)°, has distinct values. This can be proven by a simple trigonometric

argument.
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3.4.3 Instabilities and AI generated hallucinations - additional or re-

moved elements in the reconstruction

The following Theorem 3.4.7, is an application and extension of Theorem 2.2.1, Chapter 2.
It states that any neural network that recovers images in the training set whose difference
lies either in or close to NV (A), admits a lower bound on its noisy measurements around a
certain vector that is reconstructed with small error. Under certain conditions, which are
easily satisfied in the case of DL using standard training, this lower bound can become ar-
bitrarily large. Hence, a small perturbation can cause large artefacts in the reconstructed
image. In addition, Theorem 3.4.7 also guarantees the existence of both additional or re-
moved elements in the reconstruction under the same conditions. Thus, it also explains the
vulnerability of DL to small structural changes in the input. However, the general result be-
low sheds additional light on how it may be challenging to protect even against nearly mean
zero Gaussian noise, a noise model that is very common in imaging apparatuses across the

sciences, for example in MRI.

Theorem 3.4.7 (Hallucinations and instabilities due to training). Let A € C™¥ and
m,ne > 0. Further, let U : C™ — CV be a neural network and T = {(y*,2%) : y* =
Azk + ek 2k e My, e € B(0,e),k = 1,...,K/{j}}U{(v/,77)} € C™ x CN be a
training set. Suppose that there is i € {1,...K}/{j}, with ||z" — Z7|| >> 2, such that

@) =2l <m, W) =&l <m, (3.4)
and that

ly" =4I| < 72. (3.5)

Then the following hold:

(1) (Instability). There is a v € C™ with ||v|| < 1y and a closed non-empty ball B, C C™

centered at v, such that,
U (y' +e) — U (y)|| > ||o° —#|| — 291, Ve € B,. (3.6)

(2) (AI hallucinations — additional or removed elements in the reconstruction). There exists
z € CN andv € C™, with ||z|| > ||z* — 77| and ||v|| < 0y, and closed non-empty balls

B., B. and B, centred at *, z and v, respectively, such that
|V (Au+e) — (u+Q)|| <m, Yu€DBu, (€B,, echb,. (3.7)

(3) (AI hallucinations are not rare events). If £ = {F, ..., E,,} is an absolutely continuous
random vector, with a strictly positive probability density function, then there is a ¢ > 0
and z € CV such that

P(||[¥(Au+E) — (u+ Q)| <m) > ¢, (3.8)

forall u € B,i, ( € B,. Moreover, for any 0 < § < 1, there is a Gaussian distribution
on E, such that (3.8) holds withc = 1 — 0.
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Figure 3.5: (Instability through overperformance.) In all experiments A € C™*¥ is a subsampled
Fourier transform. Left: (top) Original image |z| and (bottom) perturbed image |« + r|. Middle: Recon-
struction of the original and perturbed images, = and = + r from measurements Ax (top) and A(x + )
(bottom) using the deep MRI network W: C™ — C¥ with m/N = 0.33. Right: (bottom) reconstruction
from A(x + r) with m/N = 0.33 using the reconstruction map ®: C™ — C¥ obtained using standard
¢*'-minimization with wavelets. In the top right image we plot PSNR-values against subsampling rate for
the two reconstruction maps W and ®. We choose different sampling rates /N in the interval [1—14, %]
and preform reconstruction of the image = from measurements Axz. The red dashed line indicates at

which sampling rate the network is trained.

(4) (Instabilities are not rare events). If E = {FE\, ..., E,,} is an absolutely continuous ran-
dom vector, with a strictly positive probability density function, then there is a ¢ > 0 such
that

P(lW(y' + ) = U () = [l2" = &[] — 2m) > c. (3.9)

Moreover, for any 0 < § < 1, there is a Gaussian distribution on E such that (3.9) holds
withc=1— 6.

Theorem 3.4.7 states that a continuous decoder which reconstructs two elements whose
measurements lie close sufficiently well, will become unstable and produce false negatives
and positives. The conditions in the theorem are very general, yet Proposition 3.4.8 states
that there exists a neural network, defined on closed and bounded subsets of R™, with
bounded width and depth satisfying these conditions.
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Proposition 3.4.8 ( [163], Theorem 1). Let A € R™¥, with 1 < rank(A) < N. Let
M; C RY be closed and bounded, M5 = (AM;)* C RN, Let ¥ : M5 — RY be
continuous. Then, for any § > 0 there exists a neural network ¢ : M5 — RY with L = 11
layers and width W = N36m/(2m + 1) that satisfies,

sup ||V(Az +e) — p(Az +€)| < 6.

zEMy

e€B(0,¢)
Furthermore, training typically encourages a small reconstruction error, as in (3.4) regard-
less of (3.5). Precisely, if the training set has at least two elements (i, z*) and (37, 27) for
which [|y* —|| is small and that are reconstructed sufficiently well, then instabilities neces-
sarily occur. This effect is exemplified in Fig. 3.5. Further, note that as 27 # 77 or 27 = 77,
the conditions in the theorem include two cases. Firstly, if 27 # 77 the neural network ¥
already has a hallucination, as in not reconstructing 7 but some other element 7/ and, then,
this leads to further hallucinations and instabilities. Secondly, if x) = 77, U reconstructs
two elements well and, then, this leads to hallucinations and instabilities. In both cases W
is necessarily unstable (3.6), both to worst-case perturbations and random noise. Further-
more, the latter occurs for a large class of different noise models, such as Gaussian noise, as
these perturbations can be in a ball 3,. The hallucinations are due to false positives Z € B,
in the reconstruction that look sufficiently realistic. In general, the additional or removed
elements in the reconstruction for measurements of © € B,: with respect to random noise
E' can occur with a high probability (3.8). These effects are exemplified in Figs. 3.6 and
3.3.

Remark 3.4.9. Note that Theorem 3.4.7 is an applictaion and extension of Theorem 2.2.1,

Chapter 2. However, we state the proofs for the sake of completeness.

Proof of Theorem 3.4.7. The proof of Theorem 3.4.7 follows directly from the proof of
Theorem 2.2.1. [

The results of Theorem 3.4.7 are exemplified in Fig. 3.6. Further, Fig. 3.8 shows that
recovering elements close to the null space of A causes hallucinations. Here the null space
of the sampling operator A is larger for higher subsampling rates and worse hallucinations

are occurring with larger subsampling rates.

In order to demonstrate the ease with which a method can become unstable, Theorem 3.4.7
is deliberately formulated with the very weak conditions (3.4) and (3.5). Although the
instabilities always happen in a ball, Theorem 3.4.7 does not indicate the size of these balls.
Here one needs slightly stronger assumptions on the decoder W and the following definition.
For @ : C™ — C" be a reconstruction map, we define the local e-Lipschitz constant of ®
aty € C™ as

Ly () — 2(w)]]

sup
0<||z—yl|<e ||Z - y”
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|z 4+ 71 + vq]

|z 4 7o + vg] |z + r3 + vs]

U(A(z+7r1 +v1))

Figure 3.6: (The instabilities are ''stable'). Adding a random perturbation to a *bad’ perturbation

yields a ’bad’ perturbation. In [6] the effect of small worst-case perturbations 7;, ¢ = 1,2,3, on
the AUTOMAP network [192] for recovering an image x from its measurements y = Ax, is stud-
ied. Here A € C™*N s a subsampled discrete Fourier transform, which is the standard mathematical
model for MRI. Here perturbations |[vg|l2 = ||v1]l2 < [Jvz]|2 < ||vs||2 are constructed with magnitude
llvill2/|7il]2 = 1/2 for i = 1,2,3. The v;s are constructed as v; = A*e; where the real and imaginary
components of e; € C™ are drawn independently from a normal distribution N (0, 1) and then rescaled
to get the desired norm. Top row: The magnitude of the sampled images |z + r; 4+ v;], fori = 0,1,2,3,
with 79 = 0. Middle row: The reconstruction obtained by the AUTOMAP network ¥ : C™ — CV,
given measurements A(x + r; + v;), ¢ = 0,1,2,3. Third row: Reconstruction from A(x + r; + v;),

i = 0,1,2, 3 using a sparse regularization decoder ®: C™ — C.
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With this definition, we can obtain a Corollary of Theorem 3.4.7 that provides a potential

explanation of instabilities in larger sets.

Corollary 3.4.10 (Instabilities in larger sets). Let A € C™" be full rank, m < N,
U : C™ — CV be continuous and let n > 0. Consider C™ and CV equipped with their
respective (*-norms, denoted || - ||;2. Suppose that there exists v € N'(A)L, o' € CN and
r1 > 0 such that

lo" = U(Az )l <, [z = W(A2)lle <m, (A" = 2)le <, VzE€B,

where B, = By ,(x,1) is the open ball of radius 1, centred at x. Then there exists a
closed ball B, = B ,(y,m2) C C™ of radius ro > owin(A)r1 centred at y = Az such that
the following holds. For every y € B,, the local e-Lipschitz constant satisfies

1
(diSt($,, Bx) - 277) ) € Z 7,

LU, ) > =
(,y)_g

where dist(2', B,) = inf{||2' — 2|2 : 2 € B.} and 0,in(A) is the smallest singular value
of A.

Proof of Corollary 3.4.10. Let § with ||y — ||,z < omin(A)r (this gives the closed ball ;)
and write Z = A'f, where 1 denotes the pseudoinverse. Since + € N (A)* and A is full

rank, we have # = Afy. In particular, |7 — 2|2 < 1/0mn(A)||7 — y||z < r1. Hence

T € B,. Sete = A(2’ — ) and observe that ||e||,2 < n < . Then, since Az = ¢,

|V (AZ +e) — U(AZ) ||

Lﬁ(qjag) 2
€]l
o 19(A) — B(AD) e
- €
o N2 =2l — 2" = V(AL )|l — ||& = V(AT)[|e
- €
> dist(2', B,) — 277.
€
This completes the proof. L]

3.4.4 Optimal maps are hard to train

Now we proceed to defining optimal decoders for (3.2). Recall that a multivalued mapping

is traditionally noted with double arrows as
QO . Mz :§ CN,

where in the following cases (M, dy) and (CV,d,) are metric spaces. Note that in the
following results the metrics dy, ds are induced by norms. Yet, in Chapter 4 the same

setting is considered and we provide results for metric spaces. We assume that the set ¢(x)
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is bounded for all z € M,. Thus, to measure the distance between X, Z C CV we use
the Hausdorff metric d’ on bounded subsets of C". For bounded sets X, 7 C CV, the
Hausdorff metric is defined by
d(Z,X) = max{sup inf d;(z,z), sup inf dy(z,7) }.
zeX z2€Z 27 TEX
With slight misuse of notation we will denote a singleton {z} C C" by z, and we notice

that df (Z, x) is an upper bound on the largest possible distance between x and any point in
Z.

In this setting, the set of all possible noisy measurements y is
5 ={y € C": Iy € My, da(y,y') < e}, (3.10)

where My = AM; and M; C C¥ is the initial domain. The above definition can be
generalized to any subset X C X of a metric space (X, d) to obtain its e-neighbourhood
X CAX.

A reconstruction mapping that optimises the accuracy-stability trade-off should satisfy the
following definition. Moreover, this definition is consistent with the tradition in approxim-

ation theory and the seminal work by Cohen, Dahmen and DeVore [44].

Definition 3.4.11 (Optimal map). Let A : C¥ — C™ be linear, M; C C¥» and C™ be
equipped with metrics dy, respectively da, My = A(M;) and € > 0. Define the optimality

constant
¢ (A M) = inf sup  d(o(Az +e),z). (3.11)
WAM) = inf s d(p(Ar ) )
Since the infimum may not be attained we define an approximate optimal map as follows.
We say that ¢5 : M5 = CV, § € (0,1] is a family of approximate optimal maps for
(A, M) if
sup  di (ps(Az + €),x) < (A, My) +6, (3.12)

rEM1,e€EB

and that ) is an optimal map if p, satisfies (3.12) with 6 = 0.

With this definition in hand, the question is now whether or not DL provides a reconstruc-

tion mapping that is either optimal or approximately optimal.

Theorem 3.4.12. Let A € C™N with rank(A) > 1, where m < N, K € {2,...,00}, 6 <
1/5and B C CN be the closed unit ball. Let dy, ds be induced by norms on CV, respectively
C™, denoted || - || and let ¢ > 0 be sufficiently small. Then, there exist uncountably many
My C B, such that for each M, there exist uncountably many sets T C M§ x M with
|T| = K, where M§ = (AM,)S, satisfying the following. There always exist a neural
network V such that

1U(y) — 2| <6,  V(y,2) €T (3.13)
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However, any training process yielding a map V with training error as in (3.13) fails to
produce an optimal map as V satisfying (3.13) cannot be optimal (even if it is multivalued
with the norm replaced by the Hausdorff metric). Moreover, the collection of such mappings
satisfying (3.13) does not contain a family of approximate optimal maps. If K is finite, one
can choose |IM| = K + 1.

We stress that Theorem 3.4.12 is not a statement about overfitting. Overfitting occurs when
a network performs well on the training set, but poorly on the test set. This phenomenon
is caused by the fact that the architecture of the network is fixed, and hence its ability to fit
data is limited (it can fit the training set, but not the test set). Indeed, it is a classical result in
approximation theory that any set of data points (e.g. the union of the training and test sets)
can be interpolated by a neural network of sufficient size [148]. Similarly, any continuous
function can be approximated by a large enough network. So even if the trained network
would suffer from overfitting, and hence lack performance on the test set, there will exist
another neural network that interpolates all data points in the training set as well as the test
set. What Theorem 3.4.12 describes is a phenomenon that happens for all mappings. Thus,
no restriction on the network architecture is used. Moreover, according to Theorem 3.4.12,
the size of M can be K + 1 and therefore, finite. Hence the phenomenon arises regardless
of the interpolation power guaranteed by classical results. More directly, one could simply
let 7 contain both the training sets and test sets in (1). Theorem 3.4.12 then says that one

can have excellent performance on both the training and test sets, but still be a suboptimal

mapping.

Remark 3.4.13. The condition that 6 < 1/5 is related to the assumption that M; is a
subset of the unit ball B. The theorem holds for arbitrary 6 > 0, provided this ball is
suitably enlarged.

Proof of Theorem 3.4.12. First, let {x1,...,zx} be K distinct elements in N'(A))* such
that ||z1]] = 1/2 and 0 < ||z;]| < 1 and such that ||Azx; — Az;|| > 2eforall i # j €
{1,..., K}, which is possible for ¢ > 0 chosen to be sufficiently small. Thus, define

S ={Az,+e:ee€ B(0,¢),i=1,..., K}, where B(0,¢) C C™ is the open ball around
0 with radius € > 0 and all 3,3’ € M are such that y # 1. Note that we can do this since,
by assumption, rank(A) > 1. Choose, by the assumption that m < N, z; € N (A) with
|z1]] = 1/2. Let My = {x1 + 2z1,21,..., 2k} and observe that M; C B. We argue by

contradiction and suppose that there exists a map ¥ : M§ — CV with
|V (Az +e) — x| <9, Vo e My, Ve € B(0,¢). (3.14)

In particular for e; € B(0,¢), ||V(Az; + e1) — z1|| < 5. However, since z; € N (A), we
have W(A(zy + 2z1) + e1) = V(Ax; + e;) and therefore ||W(A(z + 21) +e1) — (1 +
z1)|| = ||zl =0 > 1/2 — 1/5 > 4, which contradicts (3.14). Since K is arbitrary, we get

the result. Moreover the same argument works for multivalued maps using the Hausdorff
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distance. In order to get uncountably many different M;’s, as mentioned in the statement
of the theorem, one can simply multiply the original choice of M; by complex numbers of

modulus 1.

Let M be as defined previously, and set 7 = {x1, ..., 2 }. Define the map vy : M§ —
C» by
x1+ 32 ify=Az +e Ve € By (0,¢€)
Yo(y) = Qa1+ 221 ify=A(z1+21) +e Ve € By(0,€) - (3.15)

x; otherwise

This is well defined by the assumption that | Az; — Az;|| > 2eforalli # j € {1,..., K}.
Then, by (3.15),

Copt(A, My) = inf sup sup d?(p(Az +¢€),2) < sup sup ||Yo(Az +e) — z
P MEZCN e My eeB(0,¢) €M e€B(0,¢)

1
<sup sup |yo(Az; +e) — a4 V[[¢o(Alz1 + 21) +e) = (21 + 21| =
Jj=1 eeB(0,€)

(3.16)

where a V b denotes the standard maximum of real numbers a, b. However, for any mapping
U M5 = CV with

di'(V(Az; +e),z;) <6, Vj=1,..., K, (3.17)
for all e € B(0, €), we have that for e; € 5(0, ¢)

sup sup dF(U(Az +e),2) > dT(V(A(x, + 2)), 21 + 21)
reEMi e€B(0,¢)

3 1

1 1
:d{I(\I](AZCl—Fel),CCl—l-Zl) > Hle —dfl(\II(Axl—i—el),:cl) > - — - = > —.

2 5 10 4
Thus, by (3.16), it follows that ¥ is not an optimal map. Furthermore, it is clear that no

family of maps satisfying (3.17) can be approximately optimal. [

3.4.5 Stability versus performance: Setting the regularization para-

meter is challenging

Creating a stable neural network for inverse problems is not hard. Indeed, one may simply
consider the zero network, a highly stable, yet not entirely useful network. The challenge is
combining stability with performance. Note that Theorem 3.4.7 reveals that it is the current

training process that causes the instabilities. Indeed, solving, for example,

K
1 ~ .
U € argmin — E Cost(W, ¢/, 27), (3.18)
TeNN j=1
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where Cost is an appropriate cost function, for example
Cost(U, 1, 2') = ||z — ¥ (v') 17
produces a network with small training error
1(y) — 2l <6, Y(y,2) €T, (3.19)

for some § > 0, where 7 denotes the training set. One may attempt to overcome overfitting
or instabilities in a similar way by adding a regularization term to the objective function.

Specifically, one solves

1 . .
U € argmin — Z Sle =T () 12 + \J (D) (3.20)
where A € R, := [0,00), and J : /\/ — R is a function from a class of neural networks

to the reals. This raises the question: how does one set the regularisation parameter \ in

(3.20)? In this section, we investigate. To do so, we need the following:

Definition 3.4.14 (Optimal \). Given a pair (A4, M), a class N of neural networks and a
training set 7 we say that A € R is optimal for { (A, M), NN, T}, if there is a minimiser
of (3.20) that is an optimal map for (A, M;).

As Theorem 3.4.15 reveals setting the right A is a highly delicate, and ironically, highly
unstable problem:

Theorem 3.4.15 (Setting )\ is delicate). Let U € CV*V be an invertible matrix with N > 4.
Let dy,dy be induced by by the (*>-norm on CV, respectively C™, denoted || - ||;2. There
exist 2N — 2N — 2 sampling patterns Q and for each of them a sampling pattern (), that
is not full sampling, such that if A = PoU and A = PyU we have the following. Let
K € {2,...,00}, NN = NN, be any class of ReLU neural networks with at least one
hidden layer, where n. = (m,ny,...,n_1,N), m = max{|Q|,|Q|} (see Remark 3.4.16),
n; > 2m, (n; > 4m, if we consider it as a real-valued network, see Remark 1.4.1) and
J : NN — R. Then, there is a \ope € R, and uncountably many domains M, of size
K such that for each M there are uncountably many training sets T C A(Mj) x My,
T C A(My) x My, such that

Aopt i optimal for {(121, M), NN, 7~’} and {(A, M), NN, T}.
However, there exists an uncountable collection S C CY such that the following holds:
(1) (The sampling pattern O makes Aopt unstable with respect to S). If (A, x),x € S, is

either added to the training set T, or replaces a specific element in T, then either there

is no element of

1 1 X .
argmin — Y —[|& — U () | + AJ(D), (3.21)
wenw |T1 5202

for any \ € R that is an optimal map for (fl, My), or there is another :\Opt # Aopt that
is optimal for {(A, My), NN, T} whereas \p; is not.
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(2) (The sampling pattern €2 makes )\, stable with respect to S). Yet, given any subset
V C S such that if {(Az,x) |z € V} is either added to T or replaces elements in T,
then Aoy is still optimal for {(A, M), NN, T}.

Remark 3.4.16. Note that in the case || # || and m = max{|Q|, ||} we interpret the
action of ¥ € NN, on y denoted, with slight abuse of notation, as ¥(y) as ¥ acting on

y @ 0 if y has dimension less than m.

Theorem 3.4.15 says that given an invertible matrix U, there is an abundance of sampling
patterns €2 and Q, as well as training sets 7 and T plus a large set S, such that setting the
optimal parameter \ is highly unstable with respect to changes in the training set 7 from
elements in S when considering the sampling pattern Q). However, at the same time, setting
the optimal parameter A is highly stable with respect to changes in the training set 7 from
the same elements in S when considering the sampling pattern 2. Hence, changes in the
training sets from the same collection S can give vastly different results. The conclusion is
therefore that unless one has prior information about the training data, or a potential way
of learning this information, setting the \ parameter is a delicate affair. Ironically, one ends
up with a potentially unstable problem in order to cure the instability issue in the original
problem.

Proof Theorem 3.4.15. Let Q C {1,..., N} such that 2 < |Q| < N — 2. Note that there
are 2V — 2N — 2 different choices of €.

Moreover, let Q = Q U {j} where j ¢ Q, so Q # {1,...,N} by the fact that |Q| <
N — 2. Choose M; C N(A)* of size K. If K is infinite, choose M to be countable. By

multiplying M by any real number we clearly get uncountably many different choices of
M. For simplicity of notation let My = A(M;) and M,y = fl(/\/ll)

Choose i € €. Let T C Mg X M be any finite non-zero collection such that there is
exactly one pair (jj = AZ,%) € T such that

where P; denotes the projection onto the i-th coordinate. Note that such a choice is possible
since 2 < |2|. Choose any non-empty 7 C My X M. As both 7 and 7 can be multiplied
by any real number that would not change any of the properties outlined above, we clearly

have uncountably many different choices of 7 and T . Note that
Aly =z ify = Az, =€ My, (3.23)
where A denotes the pseudoinverse. This fact will be crucial later in the argument.

Next we write all networks as complex valued for clarity, yet it should implicitly be un-
derstood that they can be written as real-valued, by doubling all dimensions. Consider the
L-layer ReLU neural network ¥ : CIl — CV defined by

U(z) = ATWap(. .. p(WiWap(W1Wap(Wiz)))),
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Wi=[1,-1"@lg, Wo=I[1,-1]Ig, (3.24)

where we use the notation /; for the d-dimensional identity matrix and ® denotes the Kro-

necker product.

Observe that for any pair (j = A%, &) € My x M we have

V() = AWap(. .. f(WiWap(W1Wap(WA§))))
= AtWap(. .. p(WiWap(Wi([1, =1] @ Ig))p(([1, =1]" @ 1,6))7)))) (325)
= AtWap(.... p(WaiWap(Wi([1, =1] @ L) [p(8), p(=0)]")))
= AWap(.... (Wi Wap(Wi(p() — p(=0))))) = AT = &,

which follows from (3.24), (3.23) and the easy observation that, since p is the ReLU func-
tion, p(§) — p(—7) = 7. Also, recalling that n. = (m, ny,...,n,_1, N), m = max{|Q|, |Q}
and the assumption that n; > 2m, it is clear that by replacing W; with W; © 0 we can
without loss of generality assume that U € A’A/;. Hence, by setting Aopt O zero, and using
(3.25) we have that

> %H:ﬁ — U () |72 + Aoprd (¥) = 0. (3.26)

(9,2)eT

We will continue with this choice of A, throughout the argument. We claim that A\, is
optimal for {(A, M1), NN, T}. Indeed, (3.26) implies that ¥ is a minimiser of (3.21) for
A = Aopt- Thus, we only need to show that T is an optimal mapping. To see this we observe
that by (3.25) it follows that

Copt(A7M1): inf sup dH( (Ax>7x)

@:Mo=CN zeM;

< sup d(¥(Aw),2) =0,
reMy

(3.27)

and hence our claim that \.p; is optimal for {(fl, M), NN, T } is true. That Ao also is
optimal for {(A, M;), NN, T}, will be shown when we consider part (2).

We will now establish the collection S as described in the statement of the theorem. Note
that N'(A) N N (A)*, is non-zero by our choice of 2. We choose a non-zero = € N (A) N
N(A)* and let 2 = &+ where 7 is from (3.22), and let S denote any non-zero uncountable

collection of multiples of z.

To show (1), we note that it is enough to show that A, is no longer optimal if we add
or replace a specific element of T with an element from S. First, suppose we replace
(4, %) € T by (), & + x), and define the neural network ® € AN’ by

®(x) = Tp(... ((WiWap(W1Wop(Whz)))), (3.28)
where W, and W, are defined in (3.24) and

@>|H



86

3.4. MAIN RESULTS

We observe that for (7, #) € T with P;j = 0 we have ®(§) = U(§) = %, and for (9, % +
z) € T we have by (3.22) that

. ~ 1. o
®(y) = (ATPQ\{Z'} + (E(x +1)® 6?)) Y=+ .
Hence, the objective function in (3.21) is zero at ® whenever A = .. Thus, any

- 1 1 A .
® € argmin — E —|7 = U (§) |12 + Aopt J (V) (3.29)

will satisfy ®(§) = & + x, which means that sup,¢ ,,, d (®(Az),z) # 0 which by (3.27)
means that ® is not an optimal map. Hence Aopt 18 N0 longer optimal for {(A, My, NN, T)}.

Now let us consider the case where z is added to 7. Consider the neural net ® defined by
(3.28) with

| =

. 1
T=D([1,-1]® Ig), D = ATPg iy + ( (x+§x)®e?).

%

<>

For (§, %) € T with P,jj = 0 we have ®(j) = &, and for (i}, + z), (1, %) € T we have by
(3.22) that

= A "‘.I. 1 ~ 1 T ~ ~ ].

(I)<y) =4 PQ\{1}+<§($+§$)®€Z-) y:x+§$.
PAIence, I_’lf\ D GaeT HE =@ (@) |2 + AopeJ () = |—}rl\|%x||§2, and therefore any minimiser
U of (3.29) will satisty

1 1, )

= > ST =T @) 22 + Aope T (V) <

7 |22 (3.30)
(§,8)eT

However, by (3.27), any optimal map ¢ for (A, M) will satisfy

sup di (p(Az), ) = 0.
reEM;y
Thus, I_’lfl YanersllE—v @) 2 = ﬁ |z||%, and therefore, by (3.30), noninimiser \iJNOf
(3.29) can be an optimal map for (A, M ). Hence Aoy is not optimal for { (A, M1, NN, T)}.

Consider part (2). Let D C M; U S be any finite non-empty set, and let 7 = {(Az, z) :
x € D}. We shall prove that A,y is optimal for {(A, N'(A)*), NN, T} for any such 7.
Note that this is a stronger statement than in the theorem, as M; US C N(A)L. From
(3.27) it is clear that y — ATy is an optimal map for (4, N'(A)1). Using the network ¥
from (3.25), where A" is replaced by A" in the last layer, it is clear that ¥ is an optimal

map, and a minimiser of (3.29) for A,,, when we sum over 7. Thus A, is optimal for

{(ALN(A)), NN, T}. O
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3.5 Outlook and potential remedies for Al generated hal-

lucinations

If as in current research, one applies methods in DL for solving (3.1) in different meth-
ods, summarised in Section 1.5 and [14, 68,99, 102, 166], the conditions for our theoretical
results are met. All of the modalities, in Section 1.5, can be written as (3.1) and as the cor-
responding inverse problem is generally undetermined, our theoretical results apply. Thus
our main results provide insight on the difficulties of protecting against hallucinations and
optimising the accuracy-stability trade-off for DL used to solve many different inverse prob-
lems. Below follows a discussion and examples of the challenges of training NNs that avoid

hallucinations while keeping performance and stability.

3.5.1 Remedies for causes of Al generated hallucinations and instabil-

ities

In the following subsections possible remedies for causes of Al generated hallucinations
and instabilities are indicated. When discussing possible remedies it is necessary for as-
sessment to determine how these should be evaluated. NN algorithms for solving inverse
problems can be examined through the traditional pillars of numerical analysis, namely,
accuracy and stability. Naturally, these issues are tied to the conditioning of the sampling
procedure and for ill-conditioned problems there exist theoretical limitations. There is a
growing awareness that such techniques have not yet been subject to the same rigorous
standards as more well-established methods in scientific computing [11]. Moreover, there is
evidence that such techniques, in their current guise at least, do not yet meet these standards.
For instance in image reconstruction, recently it has been demonstrated that existing DL al-
gorithms, despite offering purportedly ‘superior immunity to noise’ [171], are often highly
unstable [6,102] and often suffer from Al generated hallucinations [14,16,68,99,138,188].
The instability phenomenon in DL for inverse problems is on the one hand similar, but on
the other hand different, to the better-known phenomenon of adversarial attacks in DL for
classification problems [35]. In both cases such susceptibilities potentially have serious
consequences. Firstly, areas where DL techniques are designed to perform tasks hereto per-
formed by humans. For example, automatic diagnosis in medicine, as has already been
approved for commercial use in April 2018 by the US Food and Drug Administration
(FDA) [70]. Similarly, a recent publication in Science [73], for example, warns about
the potentially severe consequences in insurance fraud. Secondly, as noted above, areas
where DL techniques replace well-established algorithms in the computational sciences.
Instabilities therein may lead to incorrect scientific predictions, with serious downstream
consequences. A serious concern in medical imaging are Al generated hallucinations

yielding artefacts that are not recognizable as such and, hence, hard to detect in applica-
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Figure 3.7: (Detail transfer) We consider the setup from Theorem 3.4.2, with two images x + xrpet and
x, seen in the top row. Here xp.t is the Mickey and thumb detail seen in the upper left image. The
detail zpet 1S constructed so that HPN( AL ZDet|| is small, and the neural network W is trained to high
accuracy on the pair (A(z + Zpet), T + Tpet ), and 1200 other images from the fastMRI dataset. As we
can see from the lower right image, the neural network ¥ transfers the detail xpe onto the image . In
this example A = PoF, where F' € CV*¥ is a two-dimensional Fourier transform, and |Q2|/N = 1/16,
N =512.

tions [14,16, 138, 166]. This establishes the need to assess the accuracy and stability of NN
algorithms for solving inverse problems. However, this leads to the following question.

Remark 3.5.1. Why are Al generated hallucinations an issue if DL has shown to be
more accurate than state of the art methods in image reconstruction?

This question arises, for example in Fig. 3.7, the neural network W reconstructs the Mickey-
Mouse feature and the Facebook thumb from x, yet the CS reconstruction washes out the
Mickey-Mouse feature in the reconstruction. The key point here is, that for state of the
art methods, such as CS, when a detail is present in the reconstruction it usually exists.
However, details may be washed out due to subsampling. With a given time and cost
budget, for example in MRI, one uses subsampling from a higher resolution as it encaptures

more details than full sampling from a lower resolution. Even though full sampling would
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give all the information of the data one may still obtain artefacts in the reconstruction. A
well-known example is the Gibbs ringing phenomenon. Hence, state of the art methods
when using subsampling from a higher resolution may miss a detail. Yet, except for known
artefacts, which are also quantifiable due to error bounds on the reconstruction accuracy,
these methods do not add seemingly realistic details. An example of such quantifiable error
bounds is given by Theorem 2.2.4, in Chapter 2. On the contrary, for DL methods there may
be details apparent in the reconstruction that do not exist- thus the network may hallucinate.
Yet, the DL reconstruction may be more accurate in certain cases and reconstruct details
that are washed out by state of the art methods. As Fig. 3.7 exemplifies and Theorems
3.4.4 and 3.4.2 show, this comes at the cost of hallucinations. Hence, there is an accuracy

hallucination trade-off.

Concerning possible remedies for Al generated hallucinations, note that stable recovery
methods can still hallucinate through detail transfer. There has been a wide variety of
attempts to make NNs in inverse problems more stable. However, this does not mean that
one can automatically cure the detail-transfer hallucination phenomenon. Indeed, stabilisa-
tion techniques during training may help improve the stability-accuracy trade-off but may
still provide hallucinating NNs. In Figure 3.7 we demonstrate how a stabilisation technique,
known as "Jittering" and presented in [80], still yields hallucinations through detail transfer.
Note that stabilising neural nets through training on noisy data has also been investigated
for the classification problem [167].

If stability does not protect against Al hallucinations, the question arises how these hallucin-
ations are caused and if the cause can be protected against. Figs. 3.3 and 3.2 give examples
of such hallucinatory features, which may be caused by a combination of the above outlined
explanations: a detail transferred from another image in the training set or an imperceptible
change in the image causes an artefact in the reconstruction that cannot easily be dismissed
as unphysical. These features occur with non-zero probability, for the first case due to de-
tail transfer with respect to any kind of noise and for the latter, due to mean-zero, random
perturbations of the measurements. These effects, the NN decoder becoming unstable and
producing hallucinations, are not related to a particular network architecture. As shown in
Table 3.1 these effects occur for various architectures trained using various methods. Fur-
thermore, this is undermined by our theoretical results: the conditions do not specify any
architecture. The only conditions on the decoders are continuity or Lipshitz continuity and
sufficiently good reconstruction of specific elements in the training set. As outlined training
typically encourages these conditions. Yet, for example, in sparse regularization methods
conditions on the sampling operator protect from these. See Section 2.2.3 in Chapter 2. Our
results indicate that a reason for instabilities and hallucinations is of lack of knowledge of
the null-space of the sampling operator A built into the decoder ¥ and the data M. This
automatically also sheds light on possible remedies. For instance, the sampling operator,
this also includes the sampling pattern, the training data and all test sets should be chosen to

prohibit the above outlined conditions from occurring. This could be improved by choos-
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Subsamp. rate 1% Subsamp. rate 5% Subsamp. rate 10% Subsamp. rate 20 %
Uy (Pq, Fx) Uy (Pq, Fx) U3(Pq,Fx) Uy (P, Fx)

Figure 3.8: (Trained NNs produce realistic looking images irrespectively of the sampling rate). We
train four neural networks ¥; on 1200 images of size N = 256 x 256 from the fastMRI challenge using
Fourier sampling with the sampling patterns 2; C {1,..., N} seen in the last row. Here each VU is
trained on samples from the matrix Pq, F', where F' € CN*N s the two-dimensional Fourier matrix. We
can see that as the sampling rate decreases the CS reconstruction produces more and more artifacts and
for 1% subsampling, the image quality of the reconstructed image is too poor to provide any details about
the underlying brain. The trained neural network, on the other hand, reconstructs realistic looking images
at all sampling rates, however, the reconstructed image is not necessarily an accurate representation of
the underlying brain, as the upper left image shows. In this experiment we used the neural network
architecture y — @(F*Pﬁjy), where ¢;: CV — C¥ is a U-net.
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ing an appropriate regularization that enhances awareness of the method of the null space
N (A) and the data M. The precise implementation of these potential remedies is highly
dependent on the application considered and, hence, a topic for future research. The upper
and lower bounds of reconstruction accuracy based on the null space N'(A) and the data

M, are examined in more detail in Chapter 4.

3.6 Discussion of existing remedies against instability

We provide an overview how despite standard attempts to protect against instabilities, Al
generated hallucinations and instabilities still occur. This includes methods such as enfor-
cing data consistency, training with random sampling patterns, adversarial training, aug-

menting the training set and adding random noise - also referred to as jittering.

3.6.1 Do bad perturbations occur in practice?

In the following, we discuss different noise models which may be relevant in practice.
Based on Section 2.2.1, Chapter 2, recall the following. In practice, perturbations often
arise as random noise on the measurements, i.e. realizations of a mean-zero random variable
epert : §2 — E, where (£, F,P) is a probability space and £ = C™ equipped with a
norm || - || and the Borel measure. The fact that (3.6) and (3.7) in Theorem 3.4.7 hold
for all perturbations within a ball implies lower bounds on the probability of having ‘bad’
perturbations realized by ey, as shown in the last two parts of Theorem 3.4.7. In the
following sections we consider 17 = 1; = 1y. This discussion pertains to generic noise, i.e.
realizations of mean-zero, random variables. Yet in many applications, the measurement
are corrupted not only by generic noise, but also by other phenomena. This is the case for
instance in MRI, where factors such as small patient motion or small anatomic differences
cause specific corruptions in the measurements. In such settings, a more suitable model of
the random perturbation is

_ 1 2 .
€pert = €pert T Epert - QO — F,

where eéert is a random variable that accounts for the non-generic part of the perturbation

and egert is a mean-zero random variable accounting for the generic part. While it is typic-

2

ally straightforward in applications to identify a reasonable model for e

1
pert-

lishing stability guarantees that address worst-case perturbations. If a realization of e

(e.g. Gaussian,

This, motivates estab-

1
pert

Poisson, etc), it is usually much less straightforward to model e

results in a damaging perturbation, then we obtain

P([[%(y + epert) = (x+2)[| <0 | epery =€) > 1 €. (3.31)

pert

Since e will typically be small, this represents a high probability event: generic noise added

to a damaging perturbation cannot counteract the damage. Such a phenomenon is shown
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empirically in Fig. 3.6. This argument also demonstrates how difficult it may be to guaran-
tee robustness to physical perturbations. In view of (3.31), doing so would involve ensuring

that elljert rarely gives damaging perturbations and that 1 — € is small.

3.6.2 The instability phenomenon is not easy to remedy

Having established the presence of instabilities, the next question to ask is: how might one
make DL more robust? There are many strategies, yet proceeding in an ad-hoc fashion is
both time- and resource-consuming. By establishing processes that lead to instabilities and
Al generated hallucinations, Theorems 3.4.7, 3.4.4 and 3.4.2 are useful tools for exclud-
ing approaches that are unlikely to succeed in preventing instabilities. We now highlight
three such strategies. The key idea is that any remedy which does not enforce awareness
of the null space N'(A) and the data M, will remain susceptible to instabilities and Al

hallucinations.

Enforcing consistency

Consistency of the reconstruction with the measured data is often desirable in practice, and
many emerging DL strategies for inverse problems seek to enforce this property [89, 101].
However, this does not prohibit instabilities. Indeed, let ¥ : C™ — C¥ be an arbitrary
reconstruction map (¥ need not be a NN). Then, consistency of W, i.e.

AV(y) =y, Vy=Az+e,x € My, ecB(0,e). (3.32)

does nothing to help one avoid the conclusions of Theorems 3.4.7 and 3.4.2. Indeed, the

corresponding conditions
[W(Az+e) —a| <n, [U(A2"+€) =2/ <n, [Az+e—(Ad"+€)]| <n, (3.33)

pertain to the quality of W as an approximation, and are unrelated to its consistency. In fact,
if U(Az) = v and U(Az') = 2/, where e = ¢ = 0, i.e. U recovers x and 2’ perfectly,
then clearly W is also consistent for = and z’. A rather general approach to approximate
consistency, as suggested in [89, 101], is to consider a set S C C" which either contains
the images of interest, or approximates these images well. Then, for the /?-norm one defines

the reconstruction mapping ® : C™ — C¥ as

1
y > ®(y) € argmin §\|A£ —y||%. (3.34)
zeS

However, if = and ' satisfy || Az — Az’||% < 1 and additionally, z, 2’ € S, then (3.33) still

holds, and, thus, instabilities occur.
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Training with random sampling patterns

As noted, in applications such as MRI, the measurement matrix takes the form A = Py F),
where 2 C {1,..., N},

onto these indices. Another approach to improve the robustness of DL, suggested in [170],

Q| = m is the set of frequencies sampled and P, is the projection

is to train with many different sampling patterns at once. Specifically, one now considers
the decoder ¥ as a map from C¥ — C¥ and the measurement vector y as an element of CY,
where the components in y that correspond to the unsampled indices are set to zero. The
mapping ¥ is then found by training on the data {(y*,27) : j =1,...,K,i=1,...,L},
where y/* = Pqo,x; and (), is the ith sampling pattern. For instance, one may define

K,L
1 = 1,. - ,
U €argmin — Y o2’ — ¥ (Po, Fa') [|2. (3.35)
VENN KL]‘:LZ':lZ

Once V is trained, it is used to reconstruct an image = from measurements y = PoF
acquired from a given sampling pattern €2 of size |2| = m (which may or may not be equal
to §2; for some 7). In particular, even though it is trained using €24, ..., {);, when used as a
reconstruction map one only has access to data from one sampling pattern of size m, and not
all L sampling patterns used in the training. This type of training does nothing to obviate
instabilities, and in fact, may make them more likely. Training on more data, as in (3.35),
is likely to improve the quality of the reconstruction map ¥, making it easier to achieve the

conditions
|(PoFa) — ol <n, [0(PoFa)) — ' <n, Iz —a/|l% > n.

Yet, the amount and variety of the training data is completely unrelated to the null space of
P F, thus it does nothing to mitigate against the condition

|PoFz — PoFa'||% <.

Note that the network used in Figs. 3.3 and 3.5 is trained with random sampling as dis-
cussed above, yet it is highly unstable. Moreover, concerning Al hallucinations Fig. 3.8
indicates a rather cumbersome finding. Namely, trained NNs produce realistic looking im-
ages irrespectively of the sampling rate. Usually, the performance of standard methods
tends to decline with lowes sampling rates. Yet, as shown in Fig. 3.8 this is not necessarily
the case for learned methods. This may be an indication that such methods are more prone
to satisfying the conditions for additional or removed elements in the reconstruction arising
in Theorem 3.4.7.

Adpversarial training/augmenting the training set

In image classification, a common strategy to enhance robustness to perturbations is to

perform adversarial training [82, 135, 174]. One may view this as a way of increasing the
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size of the training set. Other strategies for example include data augmentation. There is
no reason why an increase in the amount of training data will mitigate against instabilities
and hallucinations in inverse problems. As long as the class NN of neural networks is
rich enough to ensure a small training error, then the trained network W will satisfy the

following. Firstly, the conditions of Theorem 3.4.7 are encouraged,
|(Az+ )z <n, WA +¢) -2’ <, (3.36)

for some small 7 > 0 and all (Ax + e, z), (Az’ + €/, 2’) in the training set. The size of the

training set is irrelevant. If
[Az +e— (A2 + )| <n, o —2a"| >n, (3.37)

for any two such pairs (Az + e, z), (Az’ + €/, 2'), then Theorem 3.4.7 applies. Secondly,

the conditions of Theorem 3.4.4 are encouraged as well. We have that
I (A(z + 2pet)) = (2 + e )| <71 (3.38)
and if at the same time this element satisfies

[Azpec|| < m, (3.39)

then Theorem 3.4.4 applies. Thus, U will hallucinate on measurements of = uncountably
many other objects with any kind of noise added. Moreover, (3.37) and (3.38) may even be
encouraged by more training data. Firstly, since there are simply more pairs of (Az + e, x),
(Az’ 4 €, 2') available that satisfy (3.36) and, secondly, as there are more elements in the
training set that satisfy (3.39).

Adding random noise

In [8, p.138] and [80], the prospect of adding additional random noise to the measurements
has been raised as a potential way to combat instabilities. This is also referred to as jitter-
ing [80]. This is a tempting idea, and it would have succeeded had the collection of ‘bad’
perturbations belonged to a set of measure zero. However, as Theorem 3.4.7 reveals this is
not the case: the ‘bad’ perturbations have balls around them containing further ‘bad’ per-
turbations. Recall also the discussion in §3.6.1 on probabilistic aspects of instabilities. This
phenomenon is illustrated in Fig. 3.6, where small random noise is added to the perturbation
without having any mitigating effect. Moreover, in the case of hallucinations due to detail
transfer, Theorem 3.4.4 states that these occur regardless of the noise added, one could also

add no noise, e = 0. Thus, jittering is no remedy for hallucinations due to detail transfer.

3.7 Methods

In this section, we describe the methods used to generate the various numerical results.
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Parameters for (3.40) Parameters for (3.41)
Wavelet n noooq o

Fig. 3.5.  DB4  0.001

Table 3.2: Parameters for the sparse regularization decoders.

3.7.1 Sparse regularization decoders
The sparse regularization decoder used in Figure 3.5, is
minié%ize ||| subject to |AH 2z —y||Z < 7, (3.40)
zZe

RN*N s a discrete wavelet transform with a

where 17 > 0 is a noise parameter and H €
Daubechies orthonormal wavelet. The sampling operator A is a subsampled discrete Fourier
transform in all of these experiments. To search for a minimiser of the above optimization
problem, we used the SPGL1 [181] software package. The chosen parameters in each figure

can be found in Table 3.2.

For Fig. 3.3, we used the sparse regularization decoder introduced in [128]. This is a more
advanced decoder, supporting different types of regularizes and also non-Fourier sampling

operators, such as Radon sampling.
The decoder proposed in [128] tries to iteratively solve the optimization problem

J
minirgize Z MNIWiH;z|| o + TGVZ(2) subjectto Az =y (3.41)
zE
j=1

using n iterations. Here the 1W;’s are diagonal weighting matrices, A; € R, are weighting
parameters, and H; is the j’th subband in a shearlet transform. The weights WW; and ;
are updated iteratively between each iteration. The TGV?(z) term is a second order Total
Generalised Variation operator depending on two parameters o = (a1, a2), where the first

order term (TV) is weighted by o, and a second order (generalised) term weighted by a.

In all experiments we used shearlets with 4 scales and directional parameters [0, 0, 1, 1].

The complete set of parameters can be found in Table 3.2.

3.7.2 Creating Gaussian noise in A/(A4)*

In Fig. 3.3 and 3.6 we construct Gaussian vectors v € C of a fixed magnitude, all lying in
N (A)*. This is done as follows. We draw the real and imaginary components of a vector
e € C™ form a Normal distribution A/ (0, 10) and compute v as «A*e = v, where o € R,

is a scalar. The « is chosen so that v gets the desired norm. A Gaussian random variable
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is still Gaussian after a linear map, so the vector v is Gaussian. Furthermore, since since

AA* = T for the special case where A = P F' is a subsampled discrete Fourier transform,
it follows that v € N(A)*.

3.8 Conclusion

The purpose of this paper is to initiate a programme into the rigorous foundations of NNs
and DL from the dual pillars of numerical analysis, accuracy and stability. While much of
the focus on DL in the machine learning community has been on discrete problems such as
classification, this paper aims to highlight both the challenges and potential when applying
DL to continuous problems in computational mathematics. Due to both their ubiquity in
the computational sciences and the recent activity on data-driven approaches for them, we
have chosen to focus on inverse problems. For inverse problems, the conclusions from our
findings are decidedly mixed: current approaches to training cannot ensure stable methods;
even if they do, the resulting methods may not offer state-of-the-art performance; regulariz-
ation strategies may not fix these issues. Furthermore, instabilities and Al generated hallu-
cinations are not rare events, able to be dismissed by all bar a small group of theoreticians
(recall Fig. 3.3). Should one therefore give up on the DL approach to inverse problems? Of
course not. The rich approximation theory — dating back to the classical Universal Approx-
imation Theorem (see, e.g. [148]) but including many recent advances such as [162, 186] —
says that NNs have the potential to give rise to powerful methods for inverse problems in
imaging. Our hope is that these findings, in particular the crucial role of awareness of the
reconstruction method of the null space N/ (A) and the data M, spur new research into de-
vising better ways to design and train stable and accurate DL algorithms. Moreover, as we
have shown there is an accuracy-stability and an accuracy-hallucination trade-off. Yet, the
results also provide insights into increasing stability of DL for solving inverse problems and

avoiding hallucinations by preventing the conditions in our main results from occurring.



Chapter 4

On existence, accuracy, stability and
learning of approximate decoders for
ill-posed inverse problems

The following chapter is concerned with universal accuracy bounds for ill-posed inverse
problems and the existence, stability and robustness of decoders for such problems. Moreover,
it aims to provide insight into the application and possibilities of DL applied to solve ill-
posed inverse problems. This chapter is based on joint work with Paolo Campodonico,
University of Cambridge, who contributed with discussions and comments, Vegard An-
tun, University of Oslo, who proofread this chapter and was supervised Anders C. Hansen,
University of Cambridge.

4.1 Introduction

Solving ill-posed inverse problems is an ongoing area of active research. In this chapter,
we investigate the existence, stability and learning of solutions for ill-posed, possibly non-

linear, inverse problems.

In the previous chapters we considered to problem of recovering a vector € C" given a

measurement y € C™ of the form
y=Ar+e 4.1)

where A : CV — C™ is a linear operator, called a sampling operator, and e € C™ is

additive noise.

The above model, (4.1), is standard for most medical imaging modalities, including mag-
netic resonance imaging (MRI), computed tomography (CT) [65] and compressive fluores-

cence microscopy [187]. Details on applications are given in Section 1.5. In this chapter,

97
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we will consider the case in which the system in (4.1) is ill-posed, possibly non-linear, and,
thus, obtaining a stable, accurate and robust decoder is challenging. For instance, this is
the case in compressive imaging, which pertains to accurate and stable reconstruction of

images from undersampled measurements.

Comapred to (4.1) there are, however, many other possible models for inverse problems:
for example, the operator A might be non-linear, and the noise e might be multiplicative
instead of additive, or a combination of both. These inverse problems can be represented as

y=Ax)+e (nonlinear operator, additive noise)
y=Ax)®e (multiplicative noise)
y=-¢e ©Ax)+ ey (mixture of additive and multiplicative noise)

where A : C¥ — C™ is non-linear, and ® represents the entrywise multiplication of

vectors.

When formalising an inverse problem, it is fundamental to specify a noise model, and
similarly the class of vectors = that we wish to reconstruct. This is a crucial point that
will be highlighted throughout this chapter and was introduced in the previous chapters. In
particular, we assume that the noise e belongs to a set £ C C™. In the case of a mixture of
additive and multiplicative noise one can assume that (e, e;) belongs toaset € C C™ xC™.
We will use the first case for notational ease in the following. We assume the unknown x
belongs to a class M; C C¥, which is sometimes referred to as a “'manifold’.

In the following, we consider a general version of inverse problems that encompasses the

representations presented above. Namely, a general measurement model of the form
y=F(z,e), x€EMp, ecé& 4.2)

where ' @ M; x & — C™, M; C CV, and &€ C C™. The set of all possible noisy

measurements ¥ is

M ={yeCm: 3z e My,Jec&,y=F(z,e)}

which is the image of the measurement model F. By definition F is surjective onto M.

The aim of solving the inverse problem (4.2) is to obtain a solution map, more commonly
referred to as a decoder,

0 : M5 —CN
that is accurate, stable, and robust.

If (4.2) is ill-posed, in the sense that the set m (F~(y)) = {r € M, : Je € €,y = F(z,¢)}
given y € M§ (where 7, denotes projection on the first component) contains more than
one element or is unbounded [8], then it may not be possible to achieve exact reconstruc-

tion. Thus one needs to choose a specific element from 7, (F~!(y)) given y € M§ in
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order to obtain a solution to (4.2). We measure the quality of the reconstruction and of
the measurements by equipping CV and C™ with metrics d; and d, respectively. Possib-
ilities for obtaining a solution include minimising the reconstruction error d;(¢(y), x) for
all z € 7 (F~'(y)) or the average reconstruction error when considering a probabilistic

model.

The decoder ¢ is accurate, if it faithfully reconstructs = given a measurement y = F'(x,0).
In particular this means, that the distance d; (¢(F'(x,0)), z) is small. The decoder is stable,
if it reconstructs x sufficiently well given a measurement y = F'(Z, 0) where 7 is a perturbed
version of z. This means that the distance d;(¢(F(Z,0)), z) is small, for d;(Z,x) small.
This definition is also used in [21,74]. The decoder is robust, if it reconstructs x sufficiently
well given a noisy measurement y = F'(x, e). In particular, the distance d;(p(F(x,¢)), x)
is small. As the presence of noise and the perturbation of x are closely related, robustness
and stability are related. For example, the modulus of continuity determines the decoders
stability, as in [166]. Overall, an accurate, stable and robust decoder will be able to recover

a vector x given a potentially noisy measurement y = F'(z, ¢) for T ~ x.

A key point in finding a stable, accurate and robust decoder is choosing the set M; C CV
of vectors to reconstruct and determine conditions on the noisy measurement model F'. In
particular, there also have to be conditions on the noise model £. The notation M; C CcN
is guided by the current trend in research to describe the set which is to be reconstructed as
a ’manifold’. Since in many applications M, is not a manifold in the usual mathematical
definition, we will simply assume M to be a subset of C*V. This also encompasses previous
methods for solving inverse problems. Traditionally these methods are based on a particular
structure of the set M, such as unions of linear subspaces [20] (and in particular sparse
vectors, which are central in compressed sensing [74]), but also point clouds [1, 109] and
smooth manifolds [12, 61] have been considered.

In order to encompass probabilistic models, in which we aim to minimise the average re-
construction error, we will equip the sets M; and £ with measures p; and v. Then, (4.2)

can model many possible settings for inverse problems:

(1) For the set M; C CV, this includes: M; = 3, = {z € CV : |[{i : 2; # 0}| < s}, the
set of s-sparse vectors, M; being a union of subspaces, a point cloud, a manifold or a
general set, equipped with a probability measure 11. In the atter case y can represent
a prior, in the Bayesian setting, on M.

(2) For the noise model £ C C™ this includes: £ = By, (0, ¢) for some ¢ > 0 or £ = R™,
v € { Gaussian distribution, Poisson distribution,... }.

Opposed to this a-priori approach, in which the structure of M; is assumed in advance,
more recent data-driven methods are trying to learn the decoder on the set M by using
a finite set of data {(y1,71),..., (Yn,Zn)} C M$§ x M, for some n € N. We aim at

providing a theoretical basis for understanding the performance limitations of both state of
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the art methods and recent data-driven approaches in underdetermined and ill-posed inverse

problems.

4.1.1 Problem outline and related work

As an ongoing topic of research ill-posed inverse problems have been studied in different
areas. They have been studied from a statistical perspective [145], using iterative deep
neural networks [4], by using regularization [48] and even in fields, such as radio tomo-
graphy of the ionosphere [77], and also as a textbook topic [62]. Despite this extensive
amount of research, there is little to be found on fundamental accuracy bounds of approx-
imate solutions to ill-posed inverse problems. Considering the Bayesian approach to inverse
problems, there exist some a posteriori accuracy estimation bounds under specific condi-
tions on normed spaces [119,120, 184]. Accuracy and error bounds for non-linear ill-posed
inverse problems under certain restrictions have been studied in [112]. Non-linear and
possibly ill-posed inverse problems have a wide range of theoretical and industrial applic-
ations [63]. In some iterative reconstruction approaches, trade-offs between convergence
speed and reconstruction accuracy have been established [81]. Moreover, most mentioned
approaches consider additive noise, however often multiplicative noise models are of in-
terest for studying inverse problems [10, 103, 165, 191]. To the best of our knowledge
there are no fundamental accuracy bounds for ill-posed inverse problems with multiplicat-

ive noise. Yet, our framework also encompasses the additive noise model [15, 100, 110].

Compared to standard methods, data-driven approaches using deep learning for solving in-
verse problems (4.2) have reported superior accuracy in different applications [14,171,192].
As established in the previous chapters, this can potentially lead to instabilities, which is
also highlighted in [6,83]. In fact, there is a variety of research that has established that arti-
ficial intelligence techniques based on deep learning are universally unstable, in image clas-
sification [67,116, 135,142, 174], and later in applications ranging from audio and speech
recognition [32, 33, 190] to natural language processing [123] and automatic diagnosis in
medicine [73]. Instabilities, such as false positives, false negatives and especially Al hallu-
cinations, have also been an issue in the fastMRI challenge [138] and in microscopy [14,99].
An example of this is the inability of convolutional neural networks to provide a stable and
accurate reconstruction for CT inverse problems [166]. As highlighted in the previous
chapters, stability and robustness of neural networks in inverse problems are now an act-
ive area of machine learning research. There exist numerous empirical studies with a wide
variety of results [80,138,166], on additional or removed elements in the reconstruction and
Al hallucinations in DL used for inverse problems. However, to the best of our knowledge
there are no fundamental performance and accuracy limits for data-driven approaches using
deep learning for solving inverse problems. Yet, for solving underdetermined and ill-posed
inverse problems, there exist several approaches involving neural networks. For example,

invertible neural networks aim at learning the inverse process implicitly and use so-called
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additional latent output variables in order to ,,capture the information otherwise lost* [7].
Another approach is distributional learning, which aims to circrumvent these problems by
sampling enough data. As mentioned in Chapter 1 in fully-learned Bayes estimation, due to
the lack of training data, this ,,is inapplicable to cases when data are acquired using novel
instrumentation* [8]. Another novel approach, coined AUTOMAP [192], claims to achieve
superior immunity to noise and high performance, was highlighted in [171] and does not
employ any knowledge of (F, M;). There exist numerous extensions of this framework,
yet in [8] it is argued that these fully learned generic approaches are infeasible as they
would involve learning a practical not attainable large amount of weights from supervised
data. Moreover, as established in Chapter 2 AUTOMAP and other fully learned approaches
suffer from instabilities and lack of robustness. For a detailed overview of deep learning
in inverse problems and stability of robustness for deep learning we refer to [8, 126, 131].
Furthermore, it is not clear if these learned approaches solve the problem at hand. As for
ill-posed inverse problems the set {r € M, : Je € £,y = F(x,e)} given y € M§ has
a strictly positive diameter, there is a fundamental accuracy limit. Moreover, conditions
on M and the measurement model F’ have to be satisfied in order for a stable and robust

reconstruction to exist.

In general, when sampling a large amount of data, if the underlying set M; C C¥ that one
wants to reconstruct from data obtained through the measurement model F', is not known,
then conditions are needed in order to guarantee estimates on the reconstruction error. An
example of reconstruction errors, are the average error on the data, referred to as empirical
error and the average error on M, referred to as generalization error, in statistical learn-
ing [133]. However, the conditions on M, are often too restrictive for severely ill-posed
settings to guarantee accurate and robust reconstruction. Some examples of such choices
are to be found in [38,51, 58,72, 85]. In the case that the measurement model is given by
a linear A and additive noise, the condition (M; — M;) N N (A) = {0} is assumed to
guarantee accurate and robust reconstruction, as in [21,44, 178]. This establishes the need
for conditions on (A, M;) and the measurement model F' in order to provide theoretical
guarantees for stability, robustness and accuracy in ill-posed settings. Ideally, then, these
conditions should be applicable to deep learning in inverse problems and cases, where the
assumptions for state of the art methods are not satisfied anymore.

4.1.2 Contribution

In this chapter, our main contribution is to establish an extensive framework that highlights
the importance of knowledge of the measurement model F' and M; when attempting to
solve (4.2). This framework provides accuracy bounds for solutions of ill-posed inverse
problems in terms of M, and the measurement model F. In particular, in the case of
a linear A these bounds can be stated in terms of its kernel A'(A). These concepts are

established by extending assumptions and concepts previously used in standard methods
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for inverse problems and applied to prove our main Theorem 4.2.9. In the following, we

summarise our main results.

M1)

M2)

(M3)

Upper and lower bounds on reconstruction accuracy for ill-posed inverse prob-
lems (Summary Theorem 4.2.9). Theorem 4.2.9 contributes to assessing ill-posed
inverse problems, by establishing a universal optimality constant, that includes the best
worst-case noise, the average and the statistical reconstruction error for the reconstruc-
tion of (4.2). Under general assumptions, Theorem 4.2.9 provides upper and lower
bounds on the optimality constant. Thereby it yields theoretical limits of a decoder’s
accuracy in all above mentioned settings. Moreover, in parts (2), (3) explicit optimiza-

tion problems yielding the decoders that attain the optimality constant are derived.

Key points: A key point in the proof is the use of the Measurable Maximum The-
orem [40], to prove that the optimal map is measurable. Moreover, a
disintegration of measure is used [39], as assumption on (F, M) in or-
der to obtain upper and lower bounds on the optimality constant. These
bounds then, hold for any data distribution or measure ; on M; and
general noise models (€, v). Another, key point is the compactness as-
sumption on M; to obtain a bounded set {x € M; : Je € £,y =
F(z,e)} given y € M$. This assumption is needed for ill-posed in-
verse problems to obtain a well-defined optimal decoder.

Best worst-case noise reconstruction error (Summary Theorem 4.2.3). In the spe-
cial case of the best worst-case noise reconstruction error, we can show that the upper
and lower bounds on the optimality constant relate to well-known concepts if A is
linear. Namely, to the condition (M; — M;) N N (A) = {0}, which is commonly
necessary for exact recovery or also directly implied by assuming the robust null space
property. This condition is obviated and the diameter of the intersecting sets determines
the best worst-case reconstruction error. In this setting, we define the decoder, which
obtains the smallest possible worst-case reconstruction error that can appear in (4.2).

We call this decoder the optimal map with worst-case noise.

Key points: The optimal map with worst-case noise is the mapping that optimises
the accuracy-hallucination trade-off, as established in Chapter 3.

Approximability by neural networks (Summary Theorem 4.2.21). We show that
under certain conditions the optimal decoder for (4.1) can be approximated by a neural
network and that it is accurate and robust given general conditions on (A, M;). Fur-
thermore, in this ill-posed setting, we identify sufficient and necessary conditions on

(A, M) such that an optimal decoder can be approximated by a neural network.

Key points: Key points in the proof are the use of set-valued analysis and the /5

norm and that M, satisfies regularity properties. In a general setting,
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we provide sufficient and necessary conditions for continuity of optimal
map with worst-case noise, and hence, its robustness. Furthermore, as
the optimal decoder may be set-valued we provide error bounds on the
reconstruction as shown in Theorem 4.2.30. Together with the universal
instability theorem [5, 83], which provides a theoretical explanation for
additional or removed elements in the reconstruction, Theorem 4.2.30
possibly gives insight into why Al hallucinations occur. Moreover, the
stability result of Theorem 4.2.30 and accuracy bounds of Theorem
4.2.9, as well as the general conditions established on general (A, M,)
are a generalization of the theory established by [21] and [44]. Thus,
these conditions provide valuable means of theoretically assessing ex-
istence and stability of approximate decoders for underdetermined sys-

tems.

(M4) Learnability of optimal maps (Summary Corollary 4.2.28). Lastly, we relate these
results to learned methods for reconstruction and asssess whether training may yield an

optimal map with worst-case noise for (4.1) in Corollary 4.2.28 and Figure 4.1.

Key points: Our results are closely related to foundational aspects in approximation
theory and the theory of fundamental decoders [21], which is a gener-
alisation of the sparsity based approach. In particular, the well-known
framework for fundamental decoders as presented in [21] is extended.
Here the robust instance optimal (rlOP) decoder is related to the optimal
map with worst-case noise. Thus, the optimal map framework allows
for assessing stability and accuracy of approximate decoders for under-
determined inverse problems on arbitrary bounded sets M. This can
be applied to a large variety of applications, including deep learning, for

inverse problems. This is shown in Corollary 4.2.28 and Figure 4.1.

4.1.3 Outline

In Section 4.2, we present a framework - the optimality constant - that provides upper and
lower bounds on reconstruction accuracy for a wide range of considered errors, including
statistical, average and worst-case reconstruction errors for (4.2). Moreover, necessary and
sufficient conditions are presented that allow approximating the decoder that achieves the
best worst-case reconstruction error for (4.1) given a set M; and a sampling operator A
by neural networks. This is followed by a detailed discussion of our main results related
to the use of DL for solving (4.2) and (4.1), in Section 4.2.5. Moreover, stability results
based on this approach are presented. This framework is compared to fundamental results
in approximation theory, Section 4.3.1, and in Section 4.4, to the fundamental decoder

framework, as introduced in [21].



104 4.2. MAIN RESULTS

NN ¥ with best worst-
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case reconstruction error?

if kersize (A, T;) < else kersize®(A, T1) >
SUPecsoe ||V (Az+e)—a| [—| Compute kersize™(A, T1) | qup, po o | U(Az+e)— 2|
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yes
NN can be optimal. NN cannot be optimal.

Figure 4.1: (Illustration of Corollary 4.2.28) The figure illustrates Corollary 4.2.28, where € > 0 is the
noise level and the sampling operator A € C™*¥ is linear. The projection onto the second component
of the training set is denoted m2(7) = 71 € M. Moreover, we consider the optimality constant
with worst-case noise for (4.1) and the kernel size, as introduced in Defnition 4.2.8, is abbreviated by
kersize(A, T1, Ba, (0, €), 00) = kersize®(A, T1).

4.2 Main results

In the following, we provide the necessary preliminaries for the main results.

4.2.1 Notation

Given a set M; C CV. For & C C™, the set of noisy measurements is denoted by
ME={yecCm:Ire M,Fec & y=F(r,e)}.

In the case that A € C™¥ is linear, we assume that the rank of A is bounded by 1 <
rank(A) < N, and denote null space of A by N'(A) C CV. Moreover, in this case we let

My =AM, ={Ax .z € My}
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denote the range of A with domain M. For a subspace V C C™ x C¥, we let m, denote
the projection onto )V and the projection onto the first component of the product space
is abbreviated by ;. d; denotes a metric on CV and d, denote a metric on C™, unless

specified otherwise. We let
By (z,7) = {2 € C" . dy(2,2) <r}

denote the closed ball centered at x € CV with radius r > 0. If x € C™, then By, (z,r)
denotes a ball with respect to d,. Moreover, recall the definition of the e-neighbourhood
X C X, for asubset X C X of a metric space (X, d) in (3.10):

X :={z e X :3' € X,d(z,2') < e}.

Generally, decoders for an inverse problem as in (4.2) are obtained by an optimization prob-
lem. Usually, non-convex or convex optimization problems without sufficient constraints
do not have a unique solution and, thus, this may yield a set-valued decoder. Hence, we
consider multivalued maps denoted by ¢ : C™ = CV, where ¢(y) C C" is non-empty and
bounded for y € C™. In this case, it is common to consider the Hausdorff metric between
bounded subsets of CV. For two bounded subsets Z, X C C" we denote Hausdorff dis-
tance by

d?(Z, X) = max{sup inf d,(z, ), sup inf d;(z, ) }.

zeX 2€Z zez v€X

With slight misuse of notation we denote a singleton {x} C M, by z. Note that d¥ (7, z)

is an upper bound on the largest possible distance between x and any point in Z, i.e.

d{I(Zv .T) = Supd1<Z,l’)-

z€Z

4.2.2 Optimality bounds with worst-case noise

In order to present our main results, we will consider the following definitions. Recall
the definition of the optimal map 3.4.11, from Chapter 3. This definition is extended to
the concept of the optimality constant for arbitrary measure spaces and noise models. The
optimality constant can be applied to a wide range of settings, for example, to determine
bounds for the mean reconstruction error of (4.2).

Given an inverse problem of the form (4.2), one important question is the following: what
is the smallest reconstruction error that I can get? The answer is the optimality constant,
defined below. Note that this topic was discussed in a less general setting in Chapter 3,
Definition 3.4.11. As stated before, this definition aligns with the tradition in approximation
theory and the seminal work by Cohen, Dahmen and DeVore [44].
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Definition 4.2.1. Let M; C CY, £ C C™and F : M; x & — M5 C C™ be surjective.
Define the optimality constant with worst-case noise of the problem (4.2) as

Copt(F, My, €,00) = inf sup sup di (z, p(F(z,¢))). (4.3)
WngﬁCN rEM; e€f

A function ¢ : M§ = CV that attains such an infimum is called an optimal map with

worst-case noise.

In other words, the optimality constant with worst-case noise gives the best worst-case

reconstruction error.

Note the similarity of this definition and the definition of a compressive m-width in Foucart
& Rauhut’s book Definition 10.2 [74]. Here, in particular norms are used rather than the
metric d;, and the infimum is merely taken over linear maps from C" to C™. A more com-
prenhensive comparison is given in section 4.3.1. The above Definition 4.2.1 constitutes
an error estimate or loss functional for a conservative reconstruction method, as suggested
in [4].

In order to analyse ill-posed inverse problems, we now define the notion of the kernel size.
This is a generalization of the well-known condition (M; — M) N N(A) = {0}, which
is often assumed when solving ill-posed inverse problems. This relation is elaborated on in

Section 4.4, precisely in Remark 4.4.9.

Definition 4.2.2 (Kernel size with worst-case noise). Let M; C CV, & C C™ and F :
M x & = M$§ C C™ be surjective. Define the kernel size of the problem (4.2) as

kersize(F, M, E, 00) = sup dyi(z,2"). 4.4)
z,x' e Mi,Je,e’ €E s.t.
F(z,e)=F (a2’ e)

The kernel size gives the maximum distance between any two points x, 2" € M; which can
lead to the same measurement y = F'(z,e) = F(2/,¢) fore, e’ € £ ..

Our initial result gives an upper and lower bound on the optimality constant in terms of the

kernel size. Moreover, it provides a variational expression for the optimal map with noise.

Theorem 4.2.3 (Optimality bounds with worst-case noise). Let M; C CV, £ C C™ and
F: My x & — M§ C C™ be surjective. Assume that M, is compact and that all closed

balls in CN with respect to d, are compact.
(1) (Worst and best case reconstruction error bounds). We have the bounds
kersize(F, M1, E,00)/2 < copt(F, M1, E,00) < kersize(F, M;,E,00).  (4.5)

(2) (Explicit form of the optimal map with worst-case noise). Moreover, the optimal map

with the noise is given by

U(y) =argmin_cnv  sup  di(z, 2) (4.6)
(z,e)€F~1(y)

and has non-empty values.
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The proof of Theorem 4.2.3 follows a similar structure to the more involved proof of our

main result, Theorem 4.2.9.

Proof of Theorem 4.2.3. Part (1), we first prove the lower bound

kersize(F, M1, E,00) < 2¢opt(F, My, E, 00).

Let o : M§ = CV. Lety € M$§. Let (z,¢),(2/,¢/) € My x & such that F(z,e) =
F(a',¢’) =y, then by the triangle inequality

di(z,2") < di (z, o(F(,€))) + di' (¢, p(F (2, €))).
Taking the supremum,

sup  di(z,2') < sup  dy(,p(F(a,e) + sup Ay (2, p(F(€))).
(z,e)€F~(y) (z,e)€F~1(y) (2, YEF~1(y)
(@) eF~1(y)

Taking the supremum with respect to y € M§ and the infimum over ¢ € C gives

kersize(F, M1, E,00) < 2¢opt(F, My, E, 00).

Part (2), and the upper bound. W has non-empty values, since the minimum in (4.13) is
attained. Fix y € ./\/1‘29 For z € CV, let

fy(z) = sup di(z,2).

(z,e)eF~1(y)

f, is continuous. Since f, : (CV,d;) — [0, 0) is a function between metric spaces, con-
tinuity is equivalent to showing that for every sequence z,, — z there exists a subsequence
(21, )k Of (25,)n such that fy(2,,) — f,(2). Let 2, — 2 wrt. dy. Then, for (z,¢e) € F~(y),

since the function d(z, -) is continuous, there exists a subsequence (z,, )xen such that
di(z,2) = 1/k < dy(x, z,) < dy(z,2) + 1/k.
The supremum with respect to (z,e) € F~!(y) satisfies

sup  di(z,2) —1/E < sup di(z,z,) < sup di(x,z)+ 1/k.
(z,e)eF~1(y) (z,e)€F~1(y) (z,e)eF~1(y)

Taking the limit k£ — oo yields, f,(2,,) = f,(2). Thus, f, is continuous. Now define

ry = sup di(z,2"),
(z,e)eF~t(y)
(z/,e)eF~1(y)

which satisfies 7, < oo as M is compact. For (z,¢e) € F~1(y),

VU(y) = argmin_cn sup  di(z,2") = Argmin.cp, (z.r,) fy(2). 4.7)
("¢ )EF~1(y)
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In fact, if z € CN \ By, (x,r,), then

fy(z)= sup d(z,2) >d(z,z) >r, > f,(z).
(z'e/)EF~1(y)
Therefore, inf e f,(2) > r, > inf,cp oy (@) fy(2), which proves (4.7). By assumption
By, (z,m,) C C¥ is compact, since it is a closed ball with respect to the metric d;. There-
fore, the minimum in (4.7) can be attained by the Extreme Value Theorem. This shows that
the argmin is non-empty, and hence that ¥ has non-empty values on M.

Claim 1: U is an optimal map. Let ¢ : M5 = CV. Fix y € M. By the definition of W,
di' (U(y), ) < di(z,x) forevery (z,e) € F~(y)

for every z € ¢(y). In particular, taking the supremum with respect to z € ¢(y), which
coincides with the Hausdorff distance

dif (V(y),z) < sup di(z,x)
2€p(y)

= d{'(¢(y),z) forevery (z,e) € F~'(y).
Hence,

essup  di (¥(y)),z) < essup di (p(y), ).
(z,e)€F~1(y) (z,e)€F~1(y)

By considering the supremum with respect to y € M$, we obtain
essup  sup i (U(y)),z) < sup sup  dy (p(y), ).
yeMs (z,.e)eF~1(y) yeMs (z.e)eF~1(y)

This can be rewritten as

sup i (U(F(z,¢))),2) < sup  di' (p(F(z,¢))), ).
(z,e)EM1XE (z,e)EM1XE

Now, as ¢ : M5 = CV was arbitrary, we obtain

sup  dI(U(F(z,e))),2) < copt(F, My, E,00).
(z,e)eM1xE
The opposite inequality holds trivially since ¢ : M5 = C¥. Therefore, ¥ is an optimal
map. Claim 2; finally, we prove the upper bound. By the minimisation property of W, for
every (v/,¢') € F~l(y),
sup  di (2, ¥(y)) < sup  da(x, 7).
(z.e)eF~1(y) (z.e)eF~1(y)
Thus, taking the supremum with respect to (2/,¢') € F~(y) and with respect to y € M§,
yields
sip Az, W(F(r,) < sup  sup  dy(z, )

(z,e)eEM1xE yeM§ (z,e)eF(y)
(x’,e’)GFil (y)

= kersize(F, M1, E, ).
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As o : M5 = CV, we deduce that

Copt (F, My, E,00) < kersize(F, My, E, 00).
[

The previous theorem gives upper and lower bounds when considering the best worst-case
reconstruction error. In many applications, however, it is interesting to evaluate the average
reconstruction error. Since "average" is simply another word for "integral”, in the following

we will consider j; and v to be finite measures on M, and £ respectively.

4.2.3 General optimality bounds

In order to present our main result, we will consider the following definitions which gener-
alise the optimality constant and kernel size to the case when M and £ are equipped with

measures j1; and . Before, we introduce the definition of a disintegration of a measure.

Definition 4.2.4 (Disintegration of measure). Let M; C CV, £ C C™ be equipped with
finite positive measures i, respectively v. Let F' : M; x & — MS$ be surjective and
p = F.(111 ® v) be the pushforward measure defined on M$. We will say that 1, ® v
admits a disintegration of measure with respect to F' if there exists a p-almost everywhere
uniquely determined family of probability measures {(11 ® )"}, c e on My X &, such
that

(a) The function M§ > y — (1 ® v)Y(B) € R is Borel measurable for every Borel
measurable subset B C X.
(b) (11 ® v)¥ is concentrated on F~!(y) for p-almost every y € MS§, i.e. for every
measurable B C M; x £
(11 @v)Y(B) = (1 @ v)¥(BN F~'(y)) for p-almost every y € M5.

(c) for every positive Borel-measurable function f : M; x & — [0, o0]
| twodmeneo= [ [ fwedm o do)
MixE M§ JF(y)

Note that, as the definition of a disintegration of measure requires Borel measurable sets, in
the following M and £ are equipped with the corresponding Borel sigma algebras.

Remark 4.2.5. We call the sets F'~'(y) feasible sets. Moreover, Theorem 2 [39], states that
the measures (111 ® v)Y are probability measures if and only if ' is surjective. In this case
(11 ®v)Y can be directly related to the conditional expectation of (z, e) given measurements
y, see [39] for further details.
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Having introduced measures on M; and £ and a disintegration of measure, we can now

generalise the optimality constant with worst-case noise.

Definition 4.2.6 (Optimality constant). Let M; C CV, £ C C™ and F : M; x £ —
M$E C C™ be surjective. Let ju; and v be finite measures on M and & respectively, and
assume that ;; ® v admits a disintegration of measure with respect to F'. Let

C:={p: M5=CV: (x,e) — d¥(z, o(F(x,e))is measurable}.

The optimality constant is defined, for p € [1,00) , as

3=

Copt (Fy, My, E,p) = inf <//vz gd{{(x,gp(F(x,e)))p d(p @ v)(x, e)) , (4.8)

peC
and for p = oo,

Copt(F, My, E,00) = inf essup  dy' (w, p(F (2, ¢))) (4.9)
pel (z,e)eM1XE
where the essential supremum is taken with respect to 11 ® v. A map ¥ € C attaining the
infimum in (4.8) or (4.9) is called an optimal map.

Remark 4.2.7. The optimality constant can be related to many well-known settings. For
p = 2, the optimality constant is the minimal squared reconstruction error. For p = 1 and
141, v probability measures, the optimality constant is the (mean) statistical reconstruction
error and for p = 2 the mean squared error (MSE). Moreover, for p = oo, if the essential
supremum coincides with the supremum, the optimality constant is the best worst-case

noise reconstruction error defined in Definition 4.2.2.

Definition 4.2.8 (Kernel size). Let M; C CY, £ C C™and F : M; x £ — M5 C C™
be surjective. Let 1y and v be finite measures on M; and £ respectively, and assume that
11 @ v admits a disintegration of measure with respect to F'. The kernel size of the inverse
problem (4.2) is defined, for p € [1,00), as

kersize(F, My, &, p)

:< / / / Az, 'Y d(un ® V)(x,¢) d(m © (2, €) dp<y>>
ME JF-1(y) JF-1(y)

and for p = oo as

3=

kersize(F, M,E,00) = essup  essup  dy(z,2),
yeME (,e)€F—1(y)
(z',e)eF~ (y)

where the essential suprema are taken with respect to (3 ® v)Y.
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Intuitively, the kernel size gives the average distance between the z-components of (x, ¢), (z/,€’) €
M x & that have the same measurement F'(x,e) = F'(2/,¢’) = y in the case of p € [1, 00),

and the maximum of such distances when p = oo.

Our first result states existence and explicit form of the decoders obtaining the optimality

constant and the kernel size gives upper and lower bounds on the optimality constant.

Theorem 4.2.9 (Optimality bounds). Assume that ;11 Qv admits a disintegration of measure
with respect to F. Let M, be compact and d, be such that all closed balls in CV are
compact. Then, the following holds for every p € [1, ¢,

(1) (Worst and best case reconstruction error bounds). We have the bounds
kersize(F, M1,E,p)/2 < copt(F, M1, E,p) < kersize(F, My, E,p).

(2) (Explicit form of the optimal map with a.e. worst-case noise).

The minimizer ¥ : M5 = C¥ for copi(F, My, E,00) in (4.9) exists and is given by

U(y) = argmin,ccn  essup  dy(x, 2). (4.10)
(z,e)€F~1(y)

Moreover, V has compact values.

(3) (Explicit form of the optimal map with any noise model). For p € [1,00) the minim-
izer U : M§ = CN for copi(F, My, E, p) in (4.8) exists and is given by

U(y) = argmin, cn / di(z, 2)P d(p @ v)Y(z,e). 4.11)
F=1(y)

Moreover, ¥ has compact values.

Remark 4.2.10. Note that Theorem 4.2.3 could be seen as a special case of Theorem 4.2.9
in the case when the measures 11, v and the function F' are such that the essential supremum
(with respect to j; ® v and with respect to (p; ® v)¥for every y € M$) coincides with
the supremum. We decided to keep the two definitions distinct, because it may be hard to
ensure such a condition, while Theorem 4.2.3 still holds without requiring any assumptions

on the measures.

Unfortunately if M is not bounded, the kernel size can be infinity and, hence, is not
useful anymore. However, the compactness assumption is only needed in order to obtain
an explicit form of the optimal map and prove its existence. Moreover, the condition that
d; is such that all closed balls in CV are compact, is need in order for the argmin to exist
by the Extreme Value Theorem. Thus, for the lower and upper bounds compactness is not

necessary. The sparse case can be treated but only for bounded sparse vectors.

In order to prove Theorem 4.2.9, we will make use of Theorem 18.19 [40].



112 4.2. MAIN RESULTS

Theorem 4.2.11 (Measurable Maximum Theorem, Theorem 18.19 [40]). Let X be a sep-
arable metrisable space and (S,Y) a measurable space. Let ¢ : S = X be a weakly
measurable correspondence with non-empty compact values, and suppose f: S x X — R

is a Caratheodory function. Define the value function m : S — R by

m(s) = max f (s, )

and the correspondence | : S = X of maximisers by
p(s) =A{z € @(s) = f(s,2) = m(s)}.

Then, m is measurable, |1 has non-empty and compact values, and | is measurable and

admits a measurable selector.

Moreover, the following Propositions, 4.2.13 and 4.2.15, and Corollary, 4.2.14, are needed
for the proof of Theorem 4.2.9.

Theorem 4.2.12 ((iii), Theorem 2 [39]). Let u have a (F, p)-disintegration {u¥}, with i
and p each sigma-finite. Then, the measures { ¥} are probabilities for p-almost all y € Y
if and only if p = Fip.

Proposition 4.2.13. Let X be a Radon space and px be a probability measure. Let F :
X — Y be a surjective, Borel measurable function. Let vy = F,ux be the pushforward
measure of j1x onto Y. Assume jix admits a disintegration with respect to F. Then, for
A C X measurable,

px(A) =0 < u%(A) = 0for uy-almost every y € Y

Proof of Proposition 4.2.13. As there exists a disintegration of ;1x with respect to F, this
is a py-almost everywhere uniquely determined family of probability measures {u% }yey

on i x by Theorem 4.2.12. Now taking f = 14 we have

X vy JE-1(y)

The integral of a positive function with respect to a positive measure is zero if and only if

the integrand function is zero almost-everywhere, so we continue:

= / L1adu% =0 for py-almostevery y € Y.
F=1(y)

And since dy% is supported on F~!(y) for py-almost every y € Y, we continue

— / Ladu% =0 for uy-almostevery y € Y
Y

<= 1% (A) = 0 for py-almost every y € Y.
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Under the same assumptions as in Proposition 4.2.13 as a corollary, we can split the es-
sential supremum with respect to px in a "double" essential supremum with respect to
{1% }yey and py. In particular, for any measurable function f : X — [0, +oo], define

fy(@) == f(x)Lp-14)(z). We will denote by || - ||« the essential supremum of a function.

Corollary 4.2.14. Let X be a Radon space and |1 x be a probability measure. Let F' : X —
Y be a surjective, Borel measurable function. Let |y := F.jux be the pushforward measure
of px onto Y. Assume iy admits a disintegration with respect to F. Let f : X — [0, +00]

be a measurable function. Then

[flloe = essup | fyl|o-
yey

Proof of Corollary 4.2.14. For >: By definition of essential supremum, |f(z)| < ||f|~
for px-almost every z € X. This means that ux({z € X : |f(z)| > ||fll«}) = 0. By
Proposition 4.2.13 and using the fact that 1% is concentrated on F'~'y, we deduce that for

py-almost every y € Y we have

0

px({r e X [f(@)] > [Ifll})
px(r e X f (@) > [Iflle, F2) = })
px{z € X |fy(@)] > [[flloc})-

Hence, we have || f,||oc < [|f||o for py-almostevery y € Y. This means that essup,cy || fy[|oc <

f
f

| flloo- For <: By definition of essential supremum of the function y — || f,||, we know

that for yy-every y € Y we have || f,[|oc < essup,cy || fyl/oo- This means that for py-every

y € Y, for pc-every v € X we have | f,(7)] < essup,cy || fyl|oo. Equivalently,

i ({x € X o |f,(x)] > essup || fyllc}) =0 for py-almostevery y € Y <=
yey

i ({z e X o |f(x)] > essup || fylloo, F(z) =y}) =0 for uy-almostevery y € Y <=
yey

pk({xr € X o |f(x)] > essup || fyllw}) =0 for py-almostevery y € ¥ <=
yey

px({z € X [f(2)] > essup [ fyllc}) = 0,
ye

where in the last step we have used Proposition 4.2.13. This means that | f(z)| < essup,cy || fylloo

for yux-almost every x € X. Equivalently, || f||oc < essup,cy || fylloo- O

Proposition 4.2.15. Let X be a Radon space and jix be a probability measure. Let F :
X — Y be a surjective, Borel measurable function. Let |1y ‘= F,ux be the pushforward
measure of px onto Y. Assume [ x admits a disintegration with respect to F. Let g : X —
R be Borel measurable. Then the function

m:Y - R, m(y)= essup g(z)
z€F~1(y)

where each essential supremum is taken with respect to 1Y, is Borel measurable.
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Proof of Proposition 4.2.15. Let a € R. Then showing following set is measurable

m*((a,+0)) ={y € Y : m(y) > a}
={yeY : p({zx e X:g(x)>a}) >0}

= {y eyY: /X]lg_l((a’oo)) dﬂy > O}

—{y €Y : ha(y) >0}
= hy ' ((0, +00)),

where h,(y) = [ x Lg-1((a,00)) d4¥, is equivalent to showing that mn is measurable. In partic-
ular, since g is Borel measurable, g~*((a, o)) is a measurable subset of X, and 1,-1((4 00
is a measurable function on X. By the disintegration theorem, Theorem 1 [39], the function
y — [ f dp? is measurable for every measurable f. Hence, ho(y) = [y 1g-1((a,00)) dit”
is a measurable function and so i, '((0, +00)) = m~!((a, +00)) is a measurable subset of

Y. As a € R was arbitrary, this proves that m is Borel-measurable. [

Now in order to prove Theorem 4.2.9, we split it up into two theorems, Theorem 4.2.16 and
Theorem 4.2.17. In order to prove these theorems, we will use the above propositions and

corollary. Moreover, as mentioned above we will make use of Theorem 18.19 [40].

Theorem 4.2.16 (Lower bound of part (1), Theorem 4.2.9). Assume that (1, ® v admits
a disintegration of measure with respect to F and that M is compact. Then, the following

holds for every p € [1, o0]:
kersize(F, M1, E,p) < 2¢opt(F, M1, E, p).
Proof of Theorem 4.2.16. Let p : M5 = CV. Lety € M§. Let (z,¢), (2/,¢/) € My x &
such that F'(x,e) = F(x',€’) = y, then by the triangle inequality
di(z,2') < dy' (z,0(F(x,e))) + df' (', o(F (', €))). (4.12)
Part (1); for the case p = oo, the essential supremum satisfies

essup  di(w,a) < essup i (z,¢(F(z,¢) + essup i (2, p(F (2, ¢))).
(z,e)EF1(y) (z,)eF—1(y) (z' e eF—1(y)
(=", e)eF~(y)

Applying Proposition 4.2.13, taking the essential supremum with respect to y € M$ and
the infimum over ¢ € C gives

kersize(F, M1, E,00) < 2copt(F, My, E, 00).
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Part (2); for the case p € [1,00), integrating (4.12) twice with respect to (x; ® v)¥ and
using that (a + b)? < 2P(a” 4 OP) for a, b > 0, we obtain

/ / (e, ) (i ® V) (2, ) d(jn ® V)V(e, ) <
oy o P o) 4 a0 o ) At 0 s @ 9 )
- / e E e s 070

F=1(y)
where in the last step we used the fact that (7 ® v)? is a probability measure. Now,

integrating the above inequality with respect to p on M$ and raising to the power é gives
that

Sl

kersize(F, M1, &, p) <2” /Mf/ " dH (F(z,e)))? d(pn @ v)¥(x,e) dp(y))

= 2(/ di! (z, p(F(z,¢))) d(m @ v)(z, 6))
My xE

Since ¢ € C was arbitrary, by taking the infimum over ¢ € C we obtain that

p

kersize(F, M1, E,p) < 2¢opt(F, M1, E, D).
OJ

Theorem 4.2.17 (Upper bound of part (1), Theorem 4.2.9 and parts (2), (3)). Assume
that 1y ® v admits a disintegration of measure with respect to F, that M is compact,
and that with respect to d; closed balls are compact. Then, the following holds for every
p € [1,00]:

Copt(F, M1, E,p) < kersize(F, My, E,p)

and the optimal map V : M5 = CV is given by,

U(y) = argmin,.cn essup di(z, 2) (p=00) (4.13)
(z.e)eF~1(y)

V) —amgmin.con [ e dperP(ne  (pello)  @14)
F=(y)

for every y € MS. Moreover, the optimal map has non-empty compact values.

Proof of Theorem 4.2.17. We distinguish the cases p = oo and p € [1,00). First, we
consider the case p = co.

Part (1); W has non-empty values, since the minimum in (4.13) is attained. Fix y € /\/1‘2g .
For z € CV, let

fy(2) = essup di(z,2).
(z,0)eF~1(y)
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f, is continuous. Since f, : (CV,d;) — [0, 00) is a function between metric spaces, con-
tinuity is equivalent to showing that for every sequence z,, — z there exists a subsequence
(2, )k Of (2,)n such that fy(z,,) — f,(2). Let z, — z wrt. dy. Then, for (z,e) € F~(y),

since the function d(z, -) is continuous, there exists a subsequence (z,, )xen such that
di(z,2) = 1/k < dy(x, z,) < di(z,2) + 1/k.
The essential supremum with respect to (z,e) € F~1(y) satisfies

essup dy(z,2) —1/k < essup di(z,2n,) < essup di(z,z)+ 1/k.
(z,e)€F~1(y) (z,e)eF~1(y) (z,e)eF~1(y)

Taking the limit k — oo yields, f,(z,,) — f,(2). Thus, f, is continuous. Now define

ry,= essup di(z,2).
(z,e)eF 1 (y)
(2’ )EF(y)
In particular, this implies that d(z,2’) < r, for (1 ® v)¥-almost every (z/,¢') € F~1(y).
More precisely, define for (z,¢) € F~1(y) the set

E,.={(¢)e F'(y):d(z,2') >r,}.
Then, (u; @ v)¥({(z,e) € F~(y) : (11 ® v)(Ey.) # 0}) = 0. Define
Gy = {(r.¢) € F(y) - (1 ® )Y(Ea.) #0).

If (z,e) € G, then the z-projection of the feasible set 71 (F ' (y)) is contained within the
ball By, (z,7,) = {z € CV : dy(z,2) < r,}, up to a measure zero set. More precisely,
(1 @ v)Y(F~(y) N (CN \ (By, (z,1y) x €))) = 0. This is immediate, since F~*(y) N
(CV\ (Bg, (z,1y) X &)) C E(y,). For (z,e) € Gy,

U(y) = argmin,ecn  essup  dy(z,2") = argmin,cp, () fy(2)- (4.15)
(a' e )EF~(y) '

In fact, if 2 € CN \ By, (z,1,), then

fy(2) = essup di(z,2") > di(z,2) > 1, > fy(x).
(z'e")eF~1(y)
Therefore inf.ccn fy(2) > 7, > inf.ep, (2, fy(2), Which proves (4.15). By assumption
By, (z,1,) C C¥ is compact, since it is a closed ball with respect to the metric d;. There-
fore, the minimum in (4.15) can be attained by the Extreme Value Theorem. This shows

that the argmin is non-empty, and hence that ¥ has non-empty values on M.

Part (2); let us show that ¥ is measurable and that is has non-empty, compact values. We

apply the maximum measurable theorem. Note that this theorem works with minimsers
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instead of maximisers, since min f = — max(—f) for any function f. Theorem 4.2.11 is
applied with S = M$§, X = CV,

o : M5 = CV, o(y) = My + By, (0, 2diam(M;))
f: M§ x CN = R, fly,z) = fy,(2) = essup di(x,2).

(z.e)eF~1(y)

In order to apply the theorem, we need to prove the following claims:

Claim 1: ¢ is weakly-measurable with non-empty compact values. ¢ is weakly measur-
able and has non-empty values since it is constant. Moreover, M; + By, (0, 2diam(M,)) is
compact, as closed bounded balls with respect to the metric d; are compact, M is compact,
and the sum of two compact sets is compact. Claim 2: f is Caratheodory. In particular,
f(y,-) = f, is continuous for every fixed y € M$ and f(-, z) is measurable for every fixed
z € M. For every fixed y € MS$, the function f, is continuous on CV as proven above.
For every fixed z, the function f(-,2) : y = essup, .ep-1(y) d1(, 2) is Borel measurable
thanks to the disintegration theorem by Proposition 4.2.15.

Then, by Theorem 4.2.11, the possibly multivalued function i : M§ = CV,

pu(y) = argmin,c vg, 15, (026am(ry))  €SSUp - di(z, 2) (4.16)
(z.e)eF~1(y)

is measurable. As for any (x,¢e) € F~(y), By, (z,7,) C My + By, (0, 2diam(M,)) and by
(4.15), we get that ¥ = p. Hence, W is measurable and has non-empty, compact values.

Part (3); let us prove that ¥ € C, i.e. that the function

rg My x E =R, ry(z,e) =d?(z, U(F(x,e)) = sup di(z,2)

zeW(F(x,e))
is measurable. This claim follows from the Measurable Maximum Theorem 4.2.11 with
S=M;x& X =CV,and
w=VoF: M;xE=CV, o(x,e) =V(F(x,e))
f=do(m,id): (M; x &) x CN = R, f((x,e),2) =di(x, 2).
We can apply the theorem since the function ¢ is weakly measurable (since it is the compos-
ition of the continuous function F' and the measurable function V), and has compact values

as proven above. The function f is continuous and hence Caratheodory. Then, Theorem
4.2.11 implies that

= d
my) = nax 1(z, 2)

is measurable. It is immediate to notice that m = ry, so we conclude that ry is measurable.
Hence ¥ € C.

Part (4); VU is an optimal map. Let ¢ € C. Fix y € M$. By the definition of ¥,

d? (U (y),z) < di(z,2) for (pu; ® v)’-almost every (x,e) € F'(y)



118 4.2. MAIN RESULTS

for every z € ¢(y). In particular, taking the supremum with respect to z € ¢(y), which
coincides with the Hausdorff distance

di' (U(y),x) < sup di(z,7)

2€p(y)

= df(o(y),z) for (p1 ® v)Y-almost every (z,¢) € F~(y).

Hence,

essup  dif (U(y)),z) < essup di (¢(y),z).
(z,e)eF—1(y) (z.0)€F~1(y)

By considering the essential supremum with respect to y € M$, we obtain

essup essup dP (U(y)),z) <essup essup d7(p(y),x).
yeM§ (ze)eF~1(y) yeME (z,0)€F~1(y)

Due to Corollary 4.2.14, this can be rewritten as

essup d{{(\II(F(x,e))),x)S essup d{{(gp(F(:p,e))),:v).
(z,e)eEM1XE (z,e)EM 1 XE

Now, as ¢ € C was arbitrary, we obtain

essup  dif (W(F(x,¢€))),z) < copt(F, My, E, 00).
(z,e)eMxE

The opposite inequality holds trivially since ¥ € C. Therefore, W is an optimal map.

Part (5); by the minimisation property of x, thus of U, for every (2/,¢') € F~!(y),

essup  d(z,¥(y)) < essup dy(z, ).
(z,e)eF~(y) (z,e)eF~(y)

Thus, taking the essential supremum with respect to (z/,¢’) € F~!(y) and with respect to
y € M5, yields

essup d (z, U (F(z,e))) <essup essup d(z,7)
(z,e)eEM1XE yeM§ (ze)eF1(y)
(e )EF~(y)
= kersize(F, M1, E, ).
As ¥ € C, we deduce that
Copt (F, My, E,00) < kersize(F, M, E, 00).

For p € [1, 00).
Part (1); ¥ in (4.11) has non-empty values. Fix y € M$. Define f, : C¥ — [0, oo},

W)= [ dlydon oo
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for z € CV. f, is continuous. Let z, — z with respect to d;. Then for (z,e) € F~'(y),
since the function d;(x, )P is continuous, there exists a subsequence (2, )xen in CV such
that for every k € N,

di(z,2)P — 1/k < dy(x, zn,) < dy(x, 2)" + 1/k.

Integrating over (z,e) € F~'(y) and using that (11 ® )Y is a probability measure, we get

[ dwey dmen@e -1/ [ dim,) dn e
F=1(y)

F=1(y)

s/ d(z, ) d(u ® v)(x, €) + L/
F~1(y)

Taking the limit & — oo yields f(z,,) — f(z). Since f : CV¥ — [0,00) is a function
between metric spaces, f is continuous. Define,
ry= essup dy(z,z’)
(z,0)€F~! (y)
(z',e)eF~1(y)
(@) € F'(y) s dy(a,a') > 7y}
={(xz,e) € F

Ex,e
Gy
For (z,e) € G,

\Ij(y) = argmianCN / dl ([E,7 Z>p d(ll'Ll ® V)y(x/a 6/> = argmianBdl (z,2ry) fy(z>
F=1(y)

4.17)
In fact, if 2 € CN \ By, (z,2r,), then for (y; ® v)Y-almost every (2/,¢') € F 'y,
di(z,2") > di(z,2) — di(z,2") > 2ry, —ry =1y,
Thus,
W= [ ey du o))
F=1(y)
> [ g @ vy =
F=1(y)
The previous inequality holds for any z € CV \ By, (z,2r,). On the other hand,
fla) = [ i) din 90 )
F=1(y)
< / rhd(p @ v)¥(2e) =P
F1(y)

Therefore inf.cen f,(2) > r}) > inf.ep, (22r,) fy(2), which proves (4.17). By assumption

the set By, (x,2r,) C CV is compact, since it is a closed ball with respect to the metric
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dy. Therefore, the minimum in (4.15) can be attained by the Extreme Value Theorem. This

shows that the argmin is non-empty, and hence that ¥ has non-empty values on M.

Part (2); U € C. Again it is sufficient to prove that ¥ is measurable. We will apply the

maximum measurable theorem, 4.2.11, with S = M¢&, X = CV,
0: M5 =CV, ©(y) = My + By, (0, 2diam(M,))

FiMEXCTY SR, f(y,2) = fol2) = / 0y, 2 A ® v)(x¢).

Fl(y)
In order to apply the theorem, we need to prove the following claims: Claim 1: ¢ is
weakly-measurable with non-empty compact values. This was proved for p = oo. Claim
2: f is Caratheodory, i.e. measurable in the first argument and continuous in the second
argument. We need to show that f(y,-) = f, is continuous for every fixed y € M$
and that f(-,z) is measurable for every fixed = € M. For every fixed y € MS§, the
function f, is continuous on C" as proven above. For every fixed z, the function f(-, 2) :
y fF—l(y) di(x,z)P d(p ® v)¥(x,e) is Borel measurable due to the properties of the
disintegrations of measure. Then, by Theorem 4.2.11, the possibly multivalued function

w: M§ = My,

po) =agmin e [ i@y o v
Je'eE:F(z,e)=y JF-1y

is measurable. Moreover, by (4.17) and as for (z, e) € G, By, (x, 2r,) € M1+B4 (0, 2diam(M;)),

i = . Hence, V¥ is measurable.

Part (3); ¥ is an optimal map. Let ¢ € C. By the definition of W,

/ 27 (U (y), 2 d( © ) (z, ¢) < / 0y, 2P d(ju ® v)(z, €)
F=1(y)

F~1(y)

for every z € ¢(y). In particular, taking the supremum with respect to z € ¢(y), which

coincides with considering the Hausdorff distance, and using Fatou’s Lemma yields

[ a@werdmeneo< e [ oy dnere
F-1(y) F=1(y)

2€¢(y)

< / sup di(z,2)" (1 @ v)¥(x,¢)
F~1(y) z€¢(y)
< [ diety) o diu o)),
F=1(y)
By integrating with respect to y € M$, we obtain

/ / (U (y), 2P (s © ) (@, <) dp(y)
yeM§ JF-1(y)

< e o H 02 s @0 .0) )
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Due to the disintegration of measure, this can be rewritten as
/ A (W(F(z,0)), 2) d(p @ v)(, )
(z,)EM1XE
</ dH (p(F(w,€)), 2) djus @ v) (. ).
(z,e)eEM1XE

Now, as € C was arbitray and by raising both sides to the power Il?, we obtain

1
p

</ AT (U (F(z,e)),z)? d(p ® V)(SE,@)) < Copt (Fy My, €, p).
(x,e)eEM1xE

The opposite inequality holds trivially, as U € C. Therefore, ¥ is an optimal map.

Part (4); by the minimisation property of x, hence also of W, for every (2/,¢') € F~(y):

/Fl di' (a, U (y)) d(p @ v)!(z,e) < / dy(z, 2" )" d(p @ v)¥(z,e).  (4.18)

F1ly

Integrating (4.18) with respect to (p1 ® )Y yields,
[ ey don @ e
F=1(y)
< / / di(z,2")P d(pn @ v)Y(z,e) d(uy @ v)¥ (2, €'), (4.19)
F=1(y) JF~1(y)

where we used that (11; ® )Y is a probability measure. Integrating both sides over y € M§
with respect to p we obtain

[ ] e vy deu e ). doty)
ME JF=1(y)
< / / / i (2, @' d(n @ ) (@, €) d(m @ )" (@, ) dp(y).
ME JF=1(y) JF1(y)
Using the disintegration of the measure 111 ® v on the left hand side of the above inequality
/ d? (z, U (F(z,e)))? d(p, @ v)(x,e) < kersize(F, My, &, p)P.
MixE

Then, raising both sides to the %—th power, gives

P

(/ d? (z, U (F(z,e)))? d(pu @ v)(z, e)) < kersize(F, M1, &, p).
My xE

And finally, since ¥ € C, we conclude

Copt(FuMlvgup) S kersize(F,Ml,S,p).
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The following proposition states sufficient conditions for a disintegration of measure to

exist.

Proposition 4.2.18. Let M, C C» be equipped with the Borel c-algebra and a finite
positive measure [11. Let E C C™ be equipped with a finite positive measure v on &, and
such that the completion of the product measure 11, ® v is a complete Radon measure.
Let dy, dy be metrics on M, respectively M, such that (MS,dy) is a separable metric
space. Assume that F is surjective and continuous. Let p = F(uy ® v) be the pushforward
measure defined on MS. Then, there exists disintegration of the measure |1, @ v. Moreover,

for every y € M$ the measure (11, @ v)? is a probability measure.

In order to prove Proposition 4.2.18, we make use of the following theorem.

Theorem 4.2.19 (Theorem 1 [39]). Let n be a sigma-finite Radon measure on a metric
space (X,dx) and let F : X — Y be a measurable map. Let p be a sigma-finite measure
on Y that dominates the pushforeward measure F.u. If Y is countably generated and
contains all the singleton sets {y}, then u has a (F, p)-disintegration. The p¥ measures are

uniquely determined up to an almost sure equivalence: if i is another (F, p)-disintegration
then p({y € Y : g = pi*}) = 0.

Given the setting in Theorem, 4.2.19, one can obtain a slightly stronger result than the one
of Theorem 4.2.12.

Proof of Proposition 4.2.18. As (M5, d,) is a seperable metric space, the Borel sigma al-
grebra is countably generated. Moreover, the mapping F' is also measurable, as it is con-
tinuous. Then, by Theorem 1 and Theorem 2 [39], there exists disintegration of the measure
Ha:

L S@menwa= [ [ e i

for any positive measurable function f. This means that for every y € M§$ we have a
measure (p; ® v)Y on the feasible set F~(y) = {(z,e) € My x £ | F(z,e) = y}.
Moreover, for every y € M$ the measure (1; ® v)Y is a probability measure. [

Note that the assumption that F' is continuous, is the case in most inverse problems where
the sampling operator A is assumed to be continuous.
4.2.4 Approximability of optimal maps by neural networks

As our main aim is to obtain bound for the reconstruction quality of neural networks used

as decoders for (2.18), we define neural networks in the following way.
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Definition 4.2.20 (Neural network). Let L € N. ¢ : R™ — RY is called a neural network,
if it is of the form ¢(x) = Lr oo o Ly 10---0 Ly 00 o Ly(z), for z € R™ and L;
being affine linear transformations for i € {1,---L} and ¢’ : R — R is an activation
function, which is a continuous function that is not a polynomial. For any £ € N\ {0} for
y € R* o(y) = [0’ (y1), -+ 0o'(yx)] " is applied pointwise. Moreover, N’ denotes a family
of neural networks specified by the affine linear transformations and an activation function.

However, note that the family of neural networks A/ can be obtained by various different
architectures. See Section 1.4 for an overview of DL and DL for solving inverse problems.

In the following we will consider specific cases of Definition 4.2.20, as used in Theorem
3.1 [148] and [163]. Our next results state that the optimal map with worst-case noise can be
uniformly approximated on arbitrary balls. Definition 4.2.20 with the activation function
presented in [163], yields Theorem 4.2.21. Note that in the following two theorems, we
consider additive noise and a linear measurement model. In particular, F' : My xE — ME,
is given by F(y) = Ax + e for y € M§ and fixed A € C™*¥,

Theorem 4.2.21 (Existence of neural network approximating the best worst-case de-
coder). Let m < N, e > 0,p >0, A € R™*N be linear and bounded, let = € RN and
My = By, (z,p) CRY andlet £ = By,(0,¢), M§ = My +E. Let dy, dy be induced by the
(2-norm and ¥ : M5 — RY be the optimal map with worst-case noise, which minimises
(4.2.1).

Then:

(1) VU is continuous. Moreover, for any § > 0, there exists a neural network ¢ : M§ —
RN with L = 11 layers and width W = N36m(2m + 1) that satisfies,

sup [|¥(y) — o)l < 0.

yeMS

(2) For €& = {0}, V is Lipschitz continuous.

The following auxiliary results are used in order to prove Theorem 4.2.21. Note that Propos-
ition 4.2.25, is an extension of Proposition 3.4.8, in Chapter 3, for the noisy case. Moreover,
Lemma 4.2.23 and 4.2.24, as well as Corollary 4.2.22 from [136] used in the proof are
presented below. The results presented in the following use the theory of convergence of
convex sets. As we only use the notion of pointwise convergence, we direct the reader

to [136] for the precise definition of such a convergence of convex sets.

Corollary 4.2.22. ( [136], Corollary of Theorem A, with T = Id) Let K and (K,,)n be
nonepmty closed convex subsets of X such that K,, — K. Then there exists for eachn € N

one and only one point u,, such that
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and there exists a unique solution u of inequality
(u, x—u)y >0 (xeK). (4.21)
Moreover, u,, — u.

Lemma 4.2.23 ( [136], Lemma 1.4). Let X be a reflexive Banach space, and let K be a
closed convex subset of X, whose interior is non-empty, and (S,,), is a sequence of closed
convex subsets of X, such that S,, — S'is X. Then KNS, - KN Sin X.

Lemma 4.2.24 ( [136], Lemma 1.6). Let X be a reflexive Banach space. Let (S,,), be a
sequence of subsets of X such that S,, — S, (v,)n a sequence of vectors of X such that
v, >vinX. Then S, +v, =+ S +vin X.

For the proofs of the above results, see [136].

Proposition 4.2.25 ( [163], Theorem 1). Let A € R™, with 1 < rank(A4) < N. Let
M; C RN be closed and bounded, M§ = (AM;)* C RY. Let ¥ : M5 — RY be
continuous. Then, for any § > 0 there exists a neural network ¢ : M§ — RY with [, = 11
layers and width W = N36m/(2m + 1) that satisfies,

sup  ||¥(Az +e) — p(Ax + e)l2 < 4.
zeEMy
eEBH.”Z2 (0,€)

Given the above results, we can now prove Theorem 4.2.21.

Proof of Theorem 4.2.21. Part (1); First note that for any closed and bounded Z C R” and
any z € RY, we have that 7 € R” is the center of the smallest enclosing ball around 7 if
and only if Z + z is the center of the smallest enclosing ball around Z + z. Thus, in the
following we will restrict M to the ball around 0 € R” with radius p = 1. Let us now
prove that for y € M§ the optimal map with worst-case noise, given in (4.6), satisfies

U(y) = argmin, pn d(z, A_l(B”.”lZ2 (y,€)) N M)
= argmin{||z||,z : x € A_I(BH.”/Z2 (y,€)) N My} (4.22)

To see this, notice that equation (4.22) gives the projection of 0 € RY onto the feasible set
’/Tl(F_l(y)) = A_1<BH'||52 (ya 6)) N M17

which is convex because both M, and By, (y, €) are convex. By the classic theorem of
projection onto convex sets in Hilbert spaces (see [23], Theorem 5.2), we have that the
projection is unique. We will call such point proj. z-1(,) (0). Moreover, it satisfies

<0 — projm(F_l(y)) (0), r — projm(F_l(y)) (0)> S 0 (423)
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for every x € AN (B, (y,€)) N M;. We now claim that W(y) = proj,, z-1(,(0). In
order to do so, we need to prove that proj, g-1(,))(0) is the center of the smallest ball

containing 71 (F~!(y)). We claim that

m(F~(y)) € By, (pTOJm(F—l(y))(O)a \/1 — | Pl"ij(F—l(y))(O)||%z> (4.24)
and that this inclusion is minimal. Firstly, note that proj,, p-1(,(0) € N(A)* by the
minimality of its norm.

Let us prove minimality. We will show that, if a ball contains the feasible set, i.e. By, (p,7) 2

71 (F~Y(y)), then necessarily its radius satisfies

P> /1= [ p1i, (-1 (O]

Letv € N(A),

v||z = 1. Consider the points

T1 = Proj, (p-1(y)(0) + U\/l — [ Proj ., (7—14) (0) Iz,

Ty = PrOj, (p—1(y)(0) — U\/1 — || P10y (1)) (0)I -

Then, x1, 25 € m (F~'(y)), since Ax; = Azy = Aproj,, p-1(,)(0) € By, (y,€) and

|21z = ||x2||z = 1. We now have

2\/1 — 1 Pr0jpy (1)) (0) |72 = di(1, 72) < di(1,p) + di(p, x2) < 2r. (4.25)

Hence, r > \/1 — || PrOj, (p-1())(0)[|72 as claimed.

Let us prove the inclusion

F ) € Bl (D0, (-1 (0), /1 = 1 Projs, 1) O)I12).

Let x € m (F~'(y)). Then

|2 = Proj., (r-1()) (0) 1
= llzllZ = | Proje, (-1 ()| + 2(z — Proj, (7-14))(0), = Proj, #-1(4 (0))
<1 — || projy, (r-1(yy) (0) 17

Hence, the inclusion is established.

Thus, ¥(y) = proj,, r-1,)(0), since this is the center of the smallest ball containing
T (FH(y))-

Let us now prove that ¥ is continuous. The main results that we will use are Lemma 4.2.23
and 4.2.24.

Moreover, we will apply Corollary of Theorem A from [136] with 7" = Id being the identity
operator, which is bounded, hemicontinuous and satisfies the required properties. In this

special case, we can use Corollary 4.2.22.



126

4.2. MAIN RESULTS

Let (Y, )nen be a sequence in M$ such that y,, — y for some y € C™. Note that y € M§
since M, is closed. Let us prove that ¥(y,,) — ¥(y). Let us rewrite

m(F ' (y) = MiN A (B, (g, €) = MiN A (y + By, (0,€))
= MiN (Aly + A7 By,(0,6))

where AT denotes the Moore-Penrose inverse. Analogously,
m(F " (yn)) = My N0 (Aly, + A7 By, (0, €)).

Since A is bounded, then AT is continuous. In particular, ATy, — A'y. Applying Lemma
4224 withv, = Aly,,v = Aly, S, =5 = A7'By,.(0,€) forevery n € N, we obtain that
(Ajryn —I—A_lB”.HZ2 (0, 6)) — (ATy—i-A_lBH.”ﬂ (0, 6)) Now, since M = B”'H/ﬂ (0, 1) - RYN
is convex, closed and has a non-empty interior, applying Lemma 4.2.23 with K = M; we
obtain that

Wl(F_l(yn)) =M;N (ATyn + A_lB”.HZQ (0,€))
= Myn (Aly + A7 By, (0,€)) = m(F 7 (y)).

Now, on the one hand, by the characterization of projections into Hilbert spaces, we know

that the points W(y,, ) are characterized by being the unique solutions to
(U(yn), = V(y,)) >0 for x€ F*(y,), n€eN, (4.26)
and similarly W(y) is the unique point satisfying
(U(y), x—V(y)) >0 for x€m(F(y)). (4.27)

On the other hand, applying Corollary 4.2.22 with K,, = F~!(y,), K = m(F'(y)), there
exist unique points (u, ), and u satisfying equations (4.26) and (4.27) such that u,, — u.
By uniqueness of u,, and ¥ (y,, ), and uniqueness of u and ¥ (y), we deduce that u,, = ¥ (y,,)
for every n € N and v = ¥(y). Thus, we can conclude that W(y,,) — W(y). This proves

that ¥ is continuous.

In order to obtain a neural network that approximates the optimal map to arbitrary, precision
we apply the version following theorem from [163]. As the theorem was originally stated
for closed cubes, we extend ¥ continuously by Theorem 4.1 [59], from the convex set M
to a closed cube. Then, we apply Theorem 1 [163], stated in Proposition 4.2.25, and then
restrict the neural network to M$ again.

To prove (2), set € = 0 and let y,4' € Mo, note that ¥(y) € N(A)L. To prove that

— At
Vo= A,

r € M, then

we show that U satisfies the properties of the Moore-Penrose inverse. Let

AV(Azx) =y = Ax.
Then, we have that
1V (y) =W ()l = [ATA(T () =T ()]l < [ATJAV(y) — AV (Y )2 = K|y — /|| 2.

Thus, V¥ is Lipshitz contiuous with K = || AT]|. O
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The following theorem gives necessary and sufficient conditions such that the optimal map
with worst-case noise can be approximated by a neural network. Definition 4.2.20 with
the activation function, which continuous and not a polynomial, from Theorem 3.1 [148],
where L = 1, yields the next theorem.

Theorem 4.2.26 (Necessary and sufficent conditions for approximability by a neural
network of the optimal map). Let A € R"™Y be linear and bounded, M, C RY be
closed and bounded, ¢ > 0, & = By, (0,¢), M§ = (AM,y) + E and ¥ : M§ = RN be
the optimal map with worst-case noise, as in (4.2.1). Moreover, let dy, ds be induced by the

(P-norm for p € (1,00).

Then, the following are equivalent:

(1) W is continuous.

(2) Forall 5 > 0 there exists a neural network ¢ : /\/lg — RY such that

sup [[¥(y) — o(y)lle < 0.

yeM$§
(3) Forall (y,), C M5 such that y,, — y in (M$§,dy),
Zn = 2

in RN, dy, where z,, z are the centers of the smallest enclosing balls of the feasible

sets 1 (F~(y,)), respectively m(F~1(y)).

Proof of Theorem 4.2.26. Firstly, we prove that the optimal map is single-valued. For p €
(1,00), || - ||¢» is strictly convex and let ¥ : M§ = R¥ be the optimal map with worst-
case noise. Let y € M$ and assume for contradiction that z # 2’ € W(y). Then, for
A€ (0,1), Supyrer, (-1 17" = A2+ (1= N)2" )l < ASUDer, (1)) 17— 2w + (1 =
N)SUD e (p1y) 177 = Zller = Sy oy 37 = 2er- Thus, (A2 + (1= A)2') € W(y)
and z, 2z’ ¢ V(y) which is a contradiction. Thus, ¥ is single-valued.

Secondly, to show (2) — (1), assume that there exists a neural network that uniformly
approximates V. Then, by the uniform limit theorem we have that the optimal map with
worst-case noise is continuous. Thirdly, to show (3) — (2) and (1) — (2), assume that for
all (y,), € M such thaty,, — yin (MS, | - [|er),

Zn — 2

in R, d,, where z,, z are the centers of the smallest enclosing balls of the feasible sets
1 (F~(y,)), respectively 71 (F~'(y)). By Theorem, 4.2.30, we have any z € ¥(y) let

T 1= SUD e (p-1(y) 177 — 2[ler. Then

U(y) ={z € CV : m(F(y)) C By (z7)}-
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Thus, as V¥ is single-valued, we have that U is sequentially continuous. By Theorem 3.4.3,
Theorem 3.1 [148], as ./\/l‘; and as d; is induced by the ¢P-norm, for all 6 > 0 there exists a
neural network ¢ : M§ — R such that

sup [|[¥(y) — o)l < 6.

yeMS§

4.2.5 Discussion of main results and relation to deep learning

The next section provides another brief summary of deep learning methods for solving
inverse problems based on the notation and topics considered in this chapter. For a more
extensive summary see Chapter 1. Thereafter, the main results of this chapter are discussed.
Moreover, the accuracy and stability of DL methods for solving ill-posed inverse problems

can be assessed with our main results, as discussed in the following sections.

4.2.6 Summary of deep learning in inverse problems

As mentioned, in typical deep learning approaches to inverse problems, a neural network
U : C™ — CV is trained in order to reconstruct points from an unknown set M, from
measurements obtained as in (4.2). The network belongs to a class NN of neural networks,
for example, specified by a particular architecture. If M is unknown, one only has access
to a finite training set 7 C M$§ x M; C C™ x C¥, with |T| = n € N. Here, assume that
the inputs in the training set 7 are exact, i.e. ™7 C M, (where my : C™ x CN — CV
is the projection on the second coordinate). This is usually not the case in practice, since
most inputs will be perturbed by some approximation error. However, even in the ideal
setting with exact inputs, we will show that it is impossible to assess the quality of the

reconstruction.

The training procedure, which usually contains a regularisation term, can be formalized in

the following way: the goal is to find

1 . .
Ueargmin — > L,V (y) + (T, T), (4.28)
VeNN | | (y,2)ET

where A > 0 is a fixed regularisation hyperparameter, £ : CV x C¥ — RT U {oo} is a
loss function, and J : NN x G — R is a regularisation function, where G C C™ x CcN
is a family of possible training sets. The loss function £ is often chosen to have some
structure. A coomon choice is that it is proper, lower semi-continuous and convex in its
second argument [179]. An example is the loss function given by the distance induced by

the ¢2-norm.
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Considering the example loss function induced by the ¢?-norm, training with regularization
typically yields a small training error. In particular, this means that ||z — WU(y)||s is small
for all (y, x) € T. To illustrate this, consider the following. Let n := |7 | € N and consider
a set of vectorized training images {z7 }iog C C¥, and noisy measurements y/ € C™,
j € {1,...,n}. Then, as mentioned in Chapter 1, the learned neural network is obtained
by minimizing the following objective function
D -
U € argmin — Y =l — U(y))[7 + AT (T, ), (4.29)
Fenn i 2

using an appropriate optimization algorithm, as in [130, 131]. Usually A > 0 is chosen to
be small and, thus, (4.29) yields a very small mean-squared-error on 7. To verify that the
training procedure was successful, the aim is that the MSE is small not only for the images
in the training, but also for those belonging to a validation set V C M§ x M;. In other

words, the training procedure typically gives a network W that satisfies
W(y) =2/l <6j 0,20, j=1....m, (4.30)

or very small §;. e se 1 is not known, there is no guarantee that trainin
fi y small §;. If the set M; C CV tk th g tee that t g
yields an overall small MSE on M. Moreover, the worst-case reconstruction error on a

validation set may be very large, as the following example shows.

Remark 4.2.27. Let d; and do Euclidean metrics on R? and R respectively. Consider a
linear inverse problem with, e = 0, A = (§§), My = {(,0) : @ € [0, 1]} U{(1,A) : A €
[0,100]} and 7 = {(1/k,0) : k € {1,...n}} € M. Then, training on 7 would easily give
d; = 0 forall j € {1,..k}. Analytically we can just choose ¢(A(c,0)) = (a,0) for all
o € [0,1]. However, ¢(A(1,X)) = (1,0) and thus ||¢(A(1, X)) — (1, A)||Z = A? for any
A € [0, 100]. Hence, on M the worst-case reconstruction error can be § = 10000.

4.2.7 Optimality depends on which reconstruction error is minimised

Given the short summary of deep learning methods for solving inverse problems, the fol-
lowing section aims at relating the accuracy and stability of the decoders obtained from
DL methods with our main results, Section 4.2. We roughly and formally relate the error
obtained on the training set to the general error on M;. Note that this relation is still an
active area of research and we do not aim at providing comprehensive statements. As stated
above, the aim of training according to (4.28), is that modulo the regularisation function the
empirical error I,(V,) = ﬁ > et Lz, ¥ (y)) is minimized. This can be compared
to the optimality constant in the following way. Assuming that the training set is sampled

according to a distribution p, and defining the generalization error as

1(¥) = / £z, ¥ (y))du(y, z),
(y,2)EME x My
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where 4 is some measure, which may depend in various ways on the distribution p. The
empirical and generalization error can be related in statistical learning theory. Specifically,
an algorthim is said to generalize if I,,(¥,) — I(¥), as n — oo. For this to be true in
general there must be strong conditions met, some specific examples can be found in [55].
This convergence has been established for the classification problem, see [133]. For inverse
problems [140] have established sufficient and necessary contiditions such that 7,,(¥,,) —
I(W), as n — oo. Now let’s assume that the empirical error converges to the generalization
error. In the limit of using a training set 7 that approximates M$ x M in some sense, the
question remains what properties the decoder obtaining the minimal generalization error
actually has? Does it exist and can it even be approximated by a neural network? Given
the definition of the optimality constant, (4.8), it is evident that this is just the minimal
generalization error for the loss-function induced by the Hausdorff metric d. In this case,
the generalization error is the average accuracy of the reconstruction from (4.2). Thus, the
generalization error, and also the reconstruction accuracy, can be bounded from above and
below by (1), Theorem 4.2.9. Moreover, the decoder obtaining the minimal generalization
error is the optimal map given in (4.11), and, hence has bounded and compact values, by
(3), Theorem 4.2.9. The technical issue here is that the optimal map may be set-valued
and in order for the integrals to be well-defined, it needs to be measurable. Thus, one has
to obtain a mechanism in order to obtain a for example measurable selection. In the proof
of Theorem 4.2.9 we applied the Measurable Maximum Theorem, Theorem 18.19 [40], in
order to obtain such a measurable selection.

The key implications of Theorem 4.2.9 are for once provding fundamental performance
and accuracy bounds on the minimal reconstruction error in various seetings, in terms of

the kernel size in part (1):
kersize(F, M1,E,p)/2 < copt(F, M1, E,p) < kersize(F, My, &, p).

For p = 2, the optimality constant is the minimal squared reconstruction error. For p = 1
and 11, v probability measures, the optimality constant is the mean statistical reconstruction
error and for p = 2 the mean squared error (MSE). Moreover, for p = oo, if the essential
supremum coincides with the supremum, the optimality constant is the best worst-case
noise reconstruction error. The upper and lower bounds are applicable for any noise model,
where e € & is distributed according to v. The only restriction is that ¢; ® v admits a
disintegration of measure with respect to F'; sufficient conditions are stated in Proposition
4.2.18. The second key implication of Theorem 4.2.9, parts (2), (3) is the existence of the
optimal map. The optimal map can be interpreted as returning, for every y € MS$:

(1) p = oo: ¥(y), in (4.10), is the centre of the smallest enclosing ball of 7 (F~1(y)),
ignoring (17 ® v)-null sets,

(2) p € [1,00): ¥(y), in (4.11), is the p-th centroid of a random variable z distributed

according to my,(p; ® v)v.
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For example, for p = 2, the optimal map yields the average of a random variable distributed
according to 7y, (1 ® )Y, as in this case in (4.11) the variance is minimized. For p = 1
and N = 1, the optimal map yields the median of 71, (p; ® v)Y. If 11 and v are probability
measures, y,  and e are random variables and Theorem 4.2.9 can also be applied to the

statistical setting for inverse problems (4.2), see [8].

The best worst-case noise error can provide fundamental accuracy bounds for learning, as
shown in Corollary 4.2.28. Note that in the following Corollary, F' : M; x & — M5, is
given by F(y) = Az + e fory € M§ and fixed A € C™*V,

Corollary 4.2.28. Let A € C™N, M, C CV be bounded, let ¢ > 0, & = By, (0, ¢),
ME =My +E T C M x My suchthat |T| =n € N. Let § > 0and ¥ : C™ — C™
such that

1W(y) — |7, <6, forall (y,z)€T.

Then, if § < kersize(A, M1, E,0)/2,

sup H\Ij(y) - :CH?Q Z COpt<F7M1757 OO)
(y,2)EME X M,

The above Corollary 4.2.28 is a simple application of Theorem 4.2.9, (1). It states that
obtaining a small training error on a finite training set 7, yields a lower bound on the worst-
case reconstruction error. Concerning the approximability of the optimal map by neural
networks, the main difficulty is that it may be set-valued and neural networks usually are
continuous single-valued functions. In order to approximate a function by a neural network
one can choose a single-valued selection or as in the following theorems, use assumptions
such that the optimal map with worst-case noise is single-valued. For instance, Theorem
4.2.21 states that if dy,dy are induced by the ¢*>-norm and M; = By, (z,p) C RY for
any z € RN, p > 0, there exists a neural network with bounded width and depth that
uniformly approximates optimal map with worst-case noise. Moreover, in the noiseless
case the optimal map is Lipshitz continuous. Theorem 4.2.26 states that for any /’-norm
with p € (1, 00), the optimal map with worst-case noise can be uniformly approximated by
a neural network if and only if the centers of the smallest enclosing balls of the feasible sets

converge for converging measurements.

4.2.8 Obstacles to training the optimal map with worst-case noise

As shown in parts (2), (3) of Theorem 4.2.9, the optimal map with worst-case noise may
be set-valued. The following theorem establishes an upper bound on the diameter of the
values of the optimal map with worst-case noise. Further, in Theorems 4.2.21 and 4.2.26 it
is shown that in certain settings the optimal map with worst-case noise can be approximated
by a neural network. However, the conditions in these theorems were sufficient for yielding

a single-valued optimal map with worst-case noise. The following theorem implies that the
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optimal map is not necessarily single-valued. This can lead to instabilities when trying to
approximate it by a neural network, which is a single-valued and continuous function. This
is the case as one can choose each value of the optimal map with worst-case noise from a

set that has a diameter depending on (F, M,).

Remark 4.2.29. Let A € R™*Y be linear and bounded and M; C R” bounded and
equipped with the /*°-norm. Let € > 0, & = By (0,¢), M§ = My + E. Lety € M§. For
k=1,...,N let

ar = min  r,, b,= max I
zem (F~1(y)) zem (F~1(y))
where z;, denotes the k-th coordinate of the vector x = (x,7s,...,zy) € RY. Thus, the

feasible set 71 (F~!(y)) is bounded by 7 (F~*(y)) C [ai,b1] X ... X [an, by], where such
hyper-rectangle is the smallest possible that encloses 71 (F~!(y)). Define

di = max (by —ag), 4 = argmax(by — a)
k=1,....N k=1,..,N
dit1 = max b, —ag), L= argmax b, —a
H ke{lv“'N}/{llw-li}( g r) ! ke{l,...%}/{ll,...li}( ’ )

Then it is immediate to notice that we have dy < ... < dy < dy = diam(m (F~1(y))).

Theorem 4.2.30 (Stability of the optimal map with worst-case noise). Let A € C™*V pe
linear and bounded and M, C CV be bounded and equipped with a metric d,. Let ¢ > 0,
E = By,(0,¢), M5 = My + & be equipped with a metric dy. Let ¥ : M5 = CN be the

optimal map with worst-case noise. Then, for all y € M5,
(1) Forany z € W(y) with r, 1= SUDcp, (p-1(y)) A1 (2, 2),
U(y) = {z € CV:m(F~(y)) C Bay(2,1)}.
In particular, we have

diam(¥(y)) = sup di(z,2'),
2,2'€CN
T (F 1 (y))CBa, (2.7y)
71 (F~1(5))CBa, ()

and
diam (¥(y)) < 3diam(m(F~(y))). (4.31)

(2) Furthermore, we have that
1/2diam (7 (F~(y))) < ry < diam (7 (F~ 1 (y))).
(3) For N > 1, M; C RY be bounded, A € R™N and d,, dy induced by (> norm.

diam (¥ (y)) = diam (7 (F~(y))) — dx. (4.32)
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Remark 4.2.31. Theorem 4.2.30 relates to the results of [ 137], where the number of farthest
points from a set is investigated. A specific example of part (1), Theorem 4.2.30, is the
following. Consider A € RY™2, A(xy,15) = 21 + 9, My = {(0,1),(1,0)} and equipp
R? with the ¢! metric, i.e. d; = ¢*. Lety = 1 € R, ¢ > 0, then m (F~'(y)) = M, and
U(y) = {(x1,22) : 1 = 9,21 € [0,1]}, since these are the centers of the smallest balls
that enclose 7, (£~ (y)) (which are balls of radius 1 taken with respect to the £; norm). In
this case, diam(¥(y)) = diam(m (F~'(y))) = diam(M;) = 2.

Theorem 4.2.30 relates to the stability of the optimal map in the following way. The optimal
map V(y) for given y € M$, implies that for x, 2’ € 7 (F~*(y))

dllr{<\11<y)ax) < COpt(Fthgv 00)7 d{{(\ll(y)wx,) < COpt(FaMlvgﬂ OO)

Here, the reconstruction that ¥ gives for y can yield an approximation to different z, x’ €
71 (F~'(y)) with a similar error. This can be related to the following formal definition of Al
hallucinations, as given in Chapter 3: Al hallucinations are realistically looking artefacts

that appear in the reconstruction, which are not present in the ground truth image.

Based on Chapter 3, formally one could say that decoder ¢ : C™ = CV hallucinates, if for
given § > 0, di(¢(y),2’) < & where 2’ € m(F~'(y)) and x € m(F~'(y)) is the actual
ground truth and z’ contains a realistic looking artefact. Related to the optimal map W, this
can be interpreted as the following. The larger the diameter of W(y) is for given y, the more
different vectors can be approximated by W(y). By Theorem 4.2.30, this relates to that the
larger the feasible set i (£~ (y)) is, ¥(y) approximates more different vectors with given

accuracy.

The above theorem states that even when trying to obtain the best worst-case reconstruction
error, depending on (F, M), there may be a large set of values for the set-valued recon-
struction which obtains the error in (4.2.1). Thus, as illustrated in the introduction when
training a neural network to achieve a small training error for solving an underdetermined
system (4.2), the network which is single-valued may yield a variety of outputs given one
input. This could possibly explain part of the issue of Al hallucinations occurring in ima-
ging, as mentioned for example in [68,99,138,166]. These hallucinations occur, when there
is a very small error in the reconstructed image and there are features apparent that resemble
or are similar to real life scenarios, yet standard methods do not contain these features in
the reconstructed image. This what Theorem 4.2.30 highlights. The approximate decoder,
here the optimal map with worst-case noise, may achieve the best worst-case noise recon-
struction error. However, as the underlying problem (4.2) is ill-posed, the optimal map with
worst-case noise will be set-valued. Hence, in the case of inverse problems in imaging,
there is a wide range of outputs determined by Theorem 4.2.30 and bound from above by
(4.31) and these do not necessarily all correspond to realistic images. Yet, if the diameter of
the feasible sets 7 (F~!(y)) is small, the range of possible outputs and, also, hallucinations

decreases as well.
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Now in order to prove Theorem 4.2.30, we need the following Lemma.

Lemma 4.2.32. Let (M, d) be a metric space, X,Y C M be bounded and non-empty.
Then,
\diam(X) — diam(Y")| < 2d7(X,Y),

where A" denotes the Hausdorff distance.

Proof of Lemma 4.2.32. Let d”(X,Y) = r. The e-version of the Hausdorff distance, which
is equivalent to the definition 4.2.1, is given by

d'(X,)Y)=inf{e>0: X CY* and Y C X}

Recall, that X¢ is the e-noisy set in (3.10). Thus, we have that for all 6 > 0, for i,y € Y,
Jx, 2’ € X such that,
d(y,z) <r—+0,

and

d(y',x') <r+0.

With the above, we get that

d(y,y') < dly,z) + d(z,y') < d(y, ) + d(z, ') + d(«',y') < diam(X) + 2r + 26.
Taking the supremum over all i,y € Y yields,
diam(Y') < diam(X) + 2r + 24.

Letting 0 — 0 yields the first inequality. The second one is obtained analogously. 0
With Lemma 4.2.32 we can now prove Theorem 4.2.30.

Proof of Theorem 4.2.30. Part (1); first of all, let us note that r, is well defined. Indeed,
from the definition of ¥ (y) in (4.6), if z, 2’ € ¥(y) are both minimisers, then

sup  di(2',z) = sup  di(2,2).
a'em (F~1(y)) a'em (F~1(y))

Hence r, is well defined. Now, for z € ¥(y), we have for all 2/ € m(F~'(y)) that
di(2',2) < SUDyeq (p-1(yy di(2',2) = 1y Thus, m(F~'(y)) € By, (z,7,). For the
reverse, let z € CV such that m (F~'(y)) € By (z,7,). Then, we have that for any
r' € m(F~(y)),

/

di(z',z) <r,= sup dy(2, 7).
a'em (F~1(y))
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Taking the supremum over all 2/ € m;(F~'(y)) and by definition of 7, we get that z €

U(y). The optimal map with worst-case noise is given by,

\I}(y) = X = argminze@v sup dy (Z,ZE,),
a'em (F~1(y))

where y = Az + e forx € M; and e € C™ with dy(Ax + e, Ax) < eand m (F~1(y)) =
{2/ € My : 3’ € C",dy(Az’ + €', Az’) < €, A’ + ¢ = y}.For z € ¥(y) and for all

2 € CV, we have that

sup di(2',2) < sup di(a',2").
z'em (F~1(y)) z'em (F~1(y))

This gives for all 2/ € 7 (F~'(y)) and z € ¥(y), that

di(2',2) < sup di(2',2") < sup dy(2',2") = diam(m (F ' (y))).
z'em (F~1(y)) z 2'em (F~1(y))

Taking the supremum and infimum in alternating orders over 2’ € 7 (F~'(y)) and z €
U(y) yields,

dy! (11 (F~(y)), ¥(y)) < diam(m (F~(y)))-

Then, with the property of the Hausdorff metric, Lemma 4.2.32, we get that
1 .. _ . . .
gldiam(m (F7 (y))) — diam (¥ (y))] < diamy, (m (F~(y))).

This gives the upper bound in (4.31),

diam (¥ (y)) < 3diam(m(F ' (y))). (4.33)

Part (2); let z € W(y), then by the triangle inequality, we have

sup di(z,2") < sup  dy(a’,z2)+  sup  dy(2",z) = 2r
o’ @ em (F1(y)) a'emi(F~1(y)) aem (F~1(y))
Thus, we get that 1/2diam (7, (F~*(y))) < r. For the upper bound let z € ¥(y) and note
that for all ¢ € CV,

ry,= sup di(2’,2) < sup  di(2,q),
z'em (F~1(y)) w'em (F~1(y))
from the definition (4.6) of ¥(y). Thus taking the supremum over all ¢ € m(F~(y))
yields,
r,= sup di(2,2) < diam(m (F'(y))).

a'em (F~1(y))

Part (3); note that, by definition of d; we have that

dy >dy > ... > dy.
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By (1), Theorem 4.2.30, we have that diam(¥(y)) = sup 2eCN Iz — 2|l co-
mL(F T ) B o (1)
T (F () CB|| 00 (2 7y)

We have that r, = diam(m;(F~'(y)))/2 and, thus,
ry = diam(m (F~'(y)))/2 = (b, — ai,)/2 = du/2.

Denote the closure of 7, (F~*(y)) with repsect to the /*°*-norm by 71 (F~!(y)). Now, we
have as 71 (F~!(y)) is bounded that for every i = {2,...N'} there exist z*, 2" € 71 (F~*(y))
such that

d; = sup sup |z, — xh| = b, — ay,.
za'em (F~1(y)) ke{l,..N}/{l1,..li—1}

Notice that b;, > a;, for all i € {1,...N}. Then, for all = € R" such that
2, = 1/2(ay, + by,)
and forall i € {2,...N},
2, € [by, — d1/2,a, + dy /2],
we claim that
T (F7 () € B (2,7y)-

Furthermore, these are the smallest enclosing balls of 7 (F~!(y)) by the lower bound in
(2), Theorem 4.2.30. Let = € m (F~!(y)), then we have that

[ = 2lloo < 7y
Let k € {1,...N} then we have for k = [; that,
|z, — 2z, = |z, — 1/2(by + ;)] < max ]\xll —1/2(by, + ayy)| = 1/2|by, — ay,| =7
l

x 1€[al,bl

For k € {1,...N} such that k = [; with i € {2,..N}, we have that

|z, — 2z, <  max max |z, — 2z,] <.
@y, €lay,; bi,] 21, €[by; —d1/2,a1,+d1 /2]

As for all z;, € [b;, — dy/2, a;, + dy/2] we have that for all z;, € [a,, b;,] that,
—di/2 =by, —di/2 = by, <z, —xy; < (ag; —byy) +di/2 < dy /2,
as a;, — b;, < 0. Thus, we get that

T (F~(y)) C By (2,7).
With (1), Theorem 4.2.30, we have that
diam(V(y)) = sup 12 = 2lloo
z,2'€CN
T (F7 1 (Y)CB). o0 (2:7y)
T (F7H(Y) B o (2'17y)
= dlam(m(Ffl(y))) — dN-

This follows by the definition of z such that m; (F~*(y)) C Bj...(z,7,) and as d; > dy >
o> dy. O
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X2

€ J11+e

N

Figure 4.2: [An example setting.] For clarity, we consider R" and R™ instead of their complex coun-
terparts. For N = 2, m = 1, d; and dy Euclidean metrics on R? and R respectively, ¢ > 0 and
A= (}8). Consider My = {(z1,22) € R? : 2% + z3 = 1}, the ball around zero (full lines). Identi-
fying R! = R x {0} C R2, we have My = AM; = [-1,1] x {0} and M§ = [-1 — ¢, 1 + €] x {0}
(represented in R? by the full line). As a direct consequence of Theorem 4.2.9, the optimal map with
worst-case noise is ¢(y1) = (y1 — €,0) for y1 > eand ¢(y1) = (y1 +¢,0) for y; < —¢, ¢(y1) = (0,0)
for —e <y < eand copt (A, M1, Bg,(0,€),00) = 1.

4.3 Theoretical background of the optimality constant

In the following sections we consider the optimal map with worst-case noise. Hence,
the underlying assumption is that the essential supremum is equivalent to the supremum.

C™*N and additive

Moreover, the discussion is reduced to linear sampling operators A €
bounded noise e € B, (0, €), whenever noise is considered. In particular, F' : M; x £ —
MSE, is given by F(y) = Az + e for y € M§ and, hence, the problem (4.1) is considered.
Moreover, if £ = {0} the optimality constant will be denoted by copt (A, M1, {0}, 00), as

in this case ' = A.

4.3.1 Comparison of the optimality constant to approximation theory

and n-widths

In the noiseless case, the optimality constant, c.pt (A, M1, {0}, 00), can be related to well-
known quantities from approximation theory. As most results concerning n-widths are
obtained for R, in the following only real vector spaces are regarded. Firstly, under specific
conditions we can bound the optimality constant from below by quantities in non-linear ap-
proximation theory, such as the continuous non-linear m-width and the m-Bernstein width.
Recall the definition of the best approximation error as given in [44].

Definition 4.3.1 (Best approximation error). Let K C RY, where R” is equipped with a
norm || - ||, A € R™%¥ ¢ : R™ — R be continuous. Then, we have the best worst-case

approximation error for K depending on a non-linear approximation ¢,

E(K, A, @) = sup [z — p(Az)|. (4.34)

zeK
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The best worst-case approximation error is the worst-case reconstruction error that is ob-
tained by a given continuous reconstruction map ¢, given linear sampling operator A and
aset K. For K C X, the best possible linear encoder and continuous decoder pair can
achieve the following worst-case error bound, also referred to as continuous non-linear m-
width.

Definition 4.3.2 (m-widths). Let K C RY, where R" is equipped with a norm || - ||.

(1) The best non-linear approximation error or also the continuous non-linear m-width, is
given by
dn(K)x = inﬁE(K, A 0)x,
Lp?

where the infimum is taken over all A € R™*" and continuous ¢ : R™ — R¥,

(2) Define U(K) = {z € K : ||z|| < 1} to be the unit ball in /. The m-Bernstein width

is given by,

b (K)x = sup sup  p,
Xm+1CX p>0
codim(X,t1)=m+1  pU(Xmy1)CK

where the second supremum is taken over all (m + 1)-dimensional linear subspaces
of X.

Secondly, under specific choices of M; and A € R™*¥, we can prove that the well-known
Gelfand width is a lower bound for the optimality constant ¢, (A, My, {0}, 00). Recall the
definition of the Gelfand width

Definition 4.3.3 (Gelfand width). For a normed linear space X and a subset X C X, the
Gelfand width is defined as

d"(K)x = )}Iclg( sup{||z]| : x € KNY},

codim(Y)<m

where the infimum is taken over all subspaces Y of X of codimension less or equal to m.

Adapting the proof of Lemma 2.1 [44], under specific assumptions we can prove that the
Gelfand width and the Bernstein and continuous non-linear m-width are lower bounds for
Copt (A, M1, {0}, 00), (4.2.1).

Lemma 4.3.4. Let m < N,m,N € N, A € R™ and N'(A) denote the null space of A,
M; C X =R be bounded and My = A(M,).

(1) If My = — M, we have

Copt (A, M1, {0}, 00) > d" (M )rn.
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(2) IfC is restricted to continuous maps © : My — C¥, then

Copt(AaMla {O}a OO) > dm(-/\/tl)]RN > bm(Ml)RN'

Proof of Lemma 4.3.4. Part (1); note that the null space Y = N(A) of A is of codimension
less than or equal to m. Conversely, given any space Y C R” of codimension m, we can
associate its orthogonal complement Y, which is of dimension m, and the m x N matrix
A whose rows are formed by any basis for Y. Through this identification, we see that the
Gelfand width is given by

d"(My) = inf su .
(M) AE]WNHGN(A%MHHH

Now, if (A, ¢) is any encoder-decoder pair, i.e. A € R™% and ¢ : My = R", and let
z € ¢(0). For any n € N(A) we also have —n € N (A). With this it follows that either
ln—z|| = |Inl| or || = n — z|| > ||n||- Since M; = —M;, we conclude that

d™(My) < sup  |ln—o(An)].
neN(A)NM;

Now this can be bounded from above,

sup  ||n — o(An)|| < sup ||n — ¢(An)|.
neN (A)NM; neMi

Taking an infimum over all ¢ : R™ = R”, we obtain

dm<./\/l1) S Copt(A7 Ml, {0}, OO)

Part (2); in the case that My C R™, the optimal map constant, restricted to continuous
maps ¢ : My — R¥, can be bounded from below by the continuous non-linear m-width.
Furthermore, by Theorem 3.1 [56], it can be bounded from below by the Bernstein m-width.

Copt (A, M1, {0}, 00) = inf sup [p(Az) — x|

P:Ma—=RN ey
> inf sup ||¢(Azx) — x| = d,,(My).

T e RM RN AERM XN o g

Then, we use the following theorem,
Theorem 4.3.5 (Theorem 3.1 [56]). For a normed space X and K C X we have

dp(K) > by (K).

This directly gives the second lower bound in (2). [l



140 4.4. CONDITIONS FOR ACCURATE AND STABLE RECOVERY

Remark 4.3.6 (The optimal map constant is not necessarily zero). In the following ex-

ample, let » > 0 and we have that
Copt<A7 M17 {0}7 OO) = T/Q > O

This is illustrated in Fig. 2. Let || - ||, denote the £>-norm on CV, C™ respectively and let
d; be induced by the /2-norm. Let r > 0,

My = BY(0) = {z € C" : afle <} ¥,

My = B™(0) x {(0,..0)} = {z € C™ : ||z]|= <r} x {(0,..0)} C c,
and A : M; — My such that A = P,,U where P,, : C¥ — C™ projects onto the first m

components and U is unitary. Then, define A~! : M, — M by the relevant restriction of
the Moore Penrose inverse of A. Then, we have that
Copt(A, M1, {0}, 00) = inf sup di (p(Ax),z) =1,
‘P:ng(CN TEM

as in 4.2.2. Furthermore, the infimum is attained by the set-valued map ¢° = A~!. In this
example, the upper and lower bounds in part (1), Theorem 4.2.9 are illustrated. We have
that (M; — M) NN(A) = {(0,..0)} x {x € CVN"™ : ||z|| < 2r} C CV, and that
kersize(A, My, {0}, 00) = gdiam((M; — M;) NN(A)) = 2r by Proposition 4.4.7.

xs3

, N
1

! } Ho)

\ s

X1

Figure 4.3: Let N = 3, m = 1 and A = P,,U with U the identity matrix in R and P, being the
projection onto x3. Drawing of the sphere M1 = Bj,(0,1) € R? and (M1 — M1) N N(A4) =
{(z1,72) € R?: 2} + 23 = 2}, dashed line, in R>.

4.4 Conditions for accurate and stable recovery

The optimality constant framework can be related to the work from Bourrier et al. [21].
Bourrier et al. introduced general conditions for accurate and stable recovery of decoders in

[21]. Note that remarkably in [112] similar conditions have been established for non-linear
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ill-posed problems. We will summarise the main results from [21] in the following and
show how these are closely related to the optimality constant framework. Firstly, recall two
definitions from [21]. The aim is to measure the performance of a decoder, ®;: C™ — C¥,
by the deviation from the idealized model set M. This is measured with the distance of
apoint z € CV to aset X C CV defined by, di(z, X) = infycx di(x,2’). The same
definition can also be applied to C™ with d, instead of d;. The same definition can be

applied to metrics induced by norms or pseudo-norms.

Definition 4.4.1 (robust instance optimality (rIOP)). Let A € C™*N, M; C C" and let
§>0.Let| - |, and || - ||3 be pseudo-norms on C" and we let || - || be a pseudo-norm on
C™. Let d; denote the pseudo-metric induced by || - ||; for i = 1,2,3. We call a decoder
Ps5: C™ — C¥, robustly instance optimal, if it fulfills the following property:

|2 —®5(Az+e)|l1 < Cids(z, My)+Chle]|2+6, forallz € CY andalle € C™. (4.35)

for some constants C', Cy > 0.

Assuming that a decoder ®; satisfies (4.35) means, that if x € M, or x “lies close” to M,
then the decoder 5 will accurately recover « depending on the noise level. The extra term
d > 0, is present, as there are cases when there does not exist z € {z} + N(A) = {z +w :
w € N(A)}, such that d3(z, z) = ds(x, M;). Following the tradition from [21,44] we call
a pair (A, ®y) satisfying (4.35) robustly instance optimal (rIOP) with constants Cy, Cy > 0
and 6 > 0. A necessary, and almost sufficient, condition for the existence of a robust

instance optimal decoder ®s, is that A satisfies the so called robust null space property.

Remark 4.4.2. In the seminal work by Cohen, Dahmen and DeVore [44], they introduced
the notion of instance optimality for M; = {z € C" : x is s-sparse} being the set of s-
sparse vectors. They derived necessary conditions for accurate recovery of s-sparse vectors.
Later this was extended to the case where M is a union of subspaces in [146]. Finally,

in [21] Bourrier et al. extended this to general sets M, and pseudo-norms.

Definition 4.4.3 (Robust null space property (rNSP)). Let A € C™*N M, Cc CN. We
say that the matrix A, satisfies the robust null space property ({fNSP) with constants D; > 0
and Dy > 0, if

|z]|1 < Dyds(z, My — My) + Do||Azlly, forallz € CV.

Remark 4.4.4 (Relation to the null space property in sparse regularization). Notice that if
x € N(A), this reduces to the usual null space property as in [21]. For example, when
M, =3, ={r e CV :zgisssparse}, C = 2,and || - ||; = | - ||3 is the £! norm, this
condition reduces to

|hlle < 2di(h, M1 — M) :=20945(h); forall h € N(A).

In particular, since oo4(2)1 < 04(x);, this implies the standard null space property we know

from sparse regularization with an ¢'-decoder.
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In [21] the rIOP and rNSP are proven to be almost equivalent. Theorem 3 [21] shows that
the robust null space property is a necessary condition for robust instance optimality. The
converse is shown in Theorem 4 [21], namely that the robust null space property implies

the existence of a robust instance optimal decoder, but with different constants.

Theorem 4.4.5 (Theorems 3 and 4 [21]). Let A € C™" and M, C CV.
(1) Suppose that for all § > 0 there exists a decoder Vs5: C™ — CV satisfying the rIOP,
then A stratifies the rNSP with constants D1 = C and Dy = Cs.

(2) Suppose A stratifies the rNSP, then for all § > 0 there exists a decoder ¥s: C™ — CN
satisfying the rIOP with constants C, = 2D and Cy = 2Ds.

Remark 4.4.6. Initially the decoder defined in the proof of Theorem 3 [21] is set valued
and, then, by the axiom of choice the authors choose a single valued decoder ®; satisfying
the same properties.

4.4.1 Zero kernel size is a necessary condition for the rNSP

The kernel size of (A, M), is a generalization of a condition commonly applied in inverse
problems, as (4.1), to guarantee exact reconstruction.

Recall, that for £ = {0} the kernel size is given by,

kersize(A, M1,{0},00) = sup d(x,a).
z,2' eEMy
Az=Az'

The kernel size for £ = {0} has the following properties.

Proposition 4.4.7 (Properties of the kernel size). Ler A € C™*N, M, C (CV,d,).
(1) Ais injective on M if and only if kersize(A, My, {0}, 00) = 0.
(2) If dy is translation-invariant, then

kersize(A, My, {0}, 00) = d (0, N'(4A) N (M; — M,))

(3) If d; is translation-invariant and satisfies d,(2x,0) = 2d,(x,0) for every x € CV,
then .
kersize(A, My, {0}, 00) = 3 diam (N (A) N (M1 — My))

Proof of proposition 4.4.7. (1)

kersize(A, My, {0},00) =0
< sup{di(z,2") : z,2" € My, Ax = Ax'} =0
< di(z,2") =0Vz, 2’ € M,

s.t. Ar = Az <= x =2a'Va,2’ € My st. Ar = Ax) < A, is injective.
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(2) kersize(A, My, {0}, 00) = sup{d;(z,2’) : x,x € My, Az = Az'} = sup{d;(0,2'—
r):xa € My, Al — ) =0} = d" (0, N(A) N (M; — My)).

(3) The set N'(A) N (M — M) is symmetrical around the origin. For any S C C that
is symmetrical, then d{’ (0, 5) = 3 diam(S), or equivalently diam(S) = 2d*(0, S).
In fact

() s,8 €S = di(s,s) < di(s,0) +d;(0,s) < 2d(0,5), take the supremum
over s, s" € S to obtain diam(S) < 2d%(0, S);

(i) If s € S, then diam(.S) > dy (s, —s) = d1(0,2s) = 2d,(0, s). Take the supremum
over s € S to obtain diam(S) > 2d7(0, 9).

]

For example, as introduced in [44]: Let X5, C C¥ be the set of 2s-sparse vectors and
A € R™¥_ The condition X5, N N(A) = {0} is equivalent to guaranteeing that there

exists a decoder such that for all x € >,
o(Az) =z,

see Lemma 3.1 [44]. Note that this condition is used in many theoretical results in order
to obtain recovery guarantees, such as in [38]. The condition Yo, N N (A) = {0} is equi-
valent to the condition (M; — M) N N(A) = {0} with M; = X, since X, — X, =
Y9s. By Proposition 4.4.7, this is equivalent to kersize(A, My, {0},00) = 0. Further-
more, even when not aiming for exact recovery, but a stable and robust decoder, a neces-
sary and sufficient condition is the robust null space property. However, this implies that
(M; — M;) NN (A) = {0}, as shown in Remark 4.4.9. Yet, as we do not aim for exact
recovery, but the best recovery possible, we choose an arbitrary set M; C C" as opposed
to sparse vectors. This is possible by generalizing this condition to the condition of the
kernel size of (A, M,).

Definition 4.4.8 (Lower Lipshitz continuity). Let M; C CY and A € C™N. (Al )t is

lower Lipshitz continuous, if there exists /' > 0 such that
di(z,2") < Kdo( Az, Ax'), (4.36)

for every x, 2’ € M. The smallest parameter K for which (4.36) holds is called the lower
Lipshitz constant of (A|, )"t

Now, in order to show that lower Lipshitz continuity and the kernel size are more general
than the rNSP and compare these, recall the definition of the rNSP generalized to metrics
from [21].

Remark 4.4.9 (Necessary conditions for the INSP). We have that kersize(A, M, {0}, 00) =

0 and lower Lipshitz continuity are necessary conditions for the rNSP. In particular, the
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rNSP implies that kersize(A, My, {0}, 00) = 0. To see this assume that the rNSP holds.
Then, by the definition of the kernel size and using the rNSP we get kersize( A, M, {0}, o)
SUP,e () —m) 12l S SuDeenaynm, -y Drds(@, My — My) + Dy Azz = 0.
Thus, we have that kersize(A, M1, {0},00) = 0. Let z,2’ € M, then, by the INSP we
have a constant Dy > 0 such that ||z — 2'||; < Ds||Ax — Az'||,. Thus, the (A|rq,) 7" is

lower Lipshitz continuous with constant Dy > 0.

Opposed to the RIP or the rNSP the kernel size allows for (M; — M;)NN(A) # {0}. The
latter assumption is indeed the case in many practical settings, especially in undersampled
acquisitions and/or when considering large sets M. Furthermore, note that (M; — M) N
N (A) # {0} can also easily occur, if the set M is not known. When applying the optimal
map framework to deep learning yielding an approximate decoder for (4.2), a key point is
to account for the assumption that (M; — M;) NN (A) # {0}. This is because, usually
a neural network is trained to achieve a minimal training error on some training set 7 C
MS$§ x My, i.e. it can be seen as trying to approximate an optimal map with noise. Yet,
in practice it is hard to guarantee that the condition (77 — 7;1) N N(A) = {0} or even
(M;—M;)NN(A) = {0} is satisfied. Here 7; is the projection onto the second component
of the training set 7 C M$ x M. For example, this can be the case if the kernel of the

sampling operator A or the set M is not explicitly known.

Proposition 4.4.10 (Optimal map with the lower Lipshitz continuity). Let A € C™*" and
M C CV be bounded. Let dy be translation invariant. Then, the following holds: (A, M)
is lower Lipshitz continuous with constant K > 0 if and only if copt (A, M1, {0},00) =0

and the optimal map is Lipshitz continuous with constant K > (.

The proof of Proposition 4.4.10, is an application of part (1), Theorem 4.2.3, and the defin-
ition of lower Lipshitz continuity. It relates the necessary conditions, zero kernel size and
lower Lipshitz continuity, of the rNSP to the optimal map. An extension of this Proposition

to the optimal map with worst-case noise is provided by Theorem 4.4.15.

4.4.2 On the relation between robust instance optimality and the op-

timal map

The rIOP (4.35) is a property that depends on the parameter d. In the previous section, we
assumed that the rIOP holds for every 6 > 0 and this is equivalent to the INSP. What can be
said if the rIOP holds only for one particular value of §? In this case, one can prove that an
approximation of the rNSP holds, which we will call -’ Approximate Robust Null Space
Property’.

Definition 4.4.11 (6-Approximate Robust Null Space Property). Let 6 > 0 and d; for i =

1,2,3 denote metrics incuded by pseudo-norms. We say that A € C™ satisfies the
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5-Approximate Robust Null Space Property with respect to M; and CV with constants
Kl, Ky > 0if

dl(I, Z) S K1d3($ —Z, Ml - Ml) + KQdQ(A.I‘, AZ) + 5, (437)
forall x,z € CV.
The following theorem shows that the rIOP ¢ and the Approximate rNSP are almost equi-
valent.

Theorem 4.4.12. (1) If there exist a reconstruction map ® : C™ — CN that satisfies
the §-rlOP for some § > 0, then A satisfies the 26-Approximate rNSP with constants
K1 - Cl, K2 == CQ.

(2) If A satisfies the 5-Approximate rNSP , then Vo > 0 there exists a reconstruction map
P, : C™ — CN that satisfies the (§ + «)-rlOP with constants Cy = 2K,,Cy = 2Ko.

We separately prove the two statements in the Theorem 4.4.12.

Theorem 4.4.13 ((1), Theorem 4.4.12). Suppose there exists 6 > 0 such that for all x €
CN,y e C™:
di' (z,@(y)) < Crdy(z, M) + Cada(Az, y) +6 (4.38)
Then A satisfies
dy(z,2) < Kyds(x — 2, My — My) + Kady( Az, A2) +20 Vao,z € CV
with K| = Cl, Ky, = CQ.
Proof of (1), Theorem 4.4.12. Letx,z € CY and h = x — z. Let m € M,. Apply (4.38)

onm + h € CN and Am € C™, so that

dif (m+ h, ®(Am)) < Cids(m + h, My) + Coda(Am + Ah, Am) + 6
S Cld3<m + h, Ml) + CQdQ(Ah, O) + 5

Using the triangle inequality and the remark, we obtain

d3(h,0) = ds(m + h,m) < df (m + h, ®(Am)) + dZ' (®(Am), m)
S Cld3<m + h, Ml) + CQdQ(Ah, 0) + 20

Since m € M is arbitrary
dy(h,0) < inf Crds(m + h, M) + Cada(Ah, 0) + 20
meMiy

= inf Cldg(h, Ml — m) + OQdQ(Ah, O) + 20

meMiy
o . . ! .
= mlen/\f;[l m’lgjf\‘/ll Cldg(h, m m) + CQdQ(Ah, O) + 20

== Cldg(h, Ml - Ml) + ngg(Ah, 0) -+ 25

The claim follows immediately from h = = — 2. 0
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Theorem 4.4.14 ((2), Theorem 4.4.12). If A satisfies
di(7,2) < Kyds(x — 2, My — My) + Kodo(Az, A2) + 6§ Va,z € CN (4.39)
then Yo > 0 there is ®, : C™ = CV such that for all v € CN,y € C™
di (z,®.(y)) < Cids(w, My) + Cada(Az,y) + 6+ a

with Cl = 2K1,CQ = 2K2

Proof of (2), Theorem 4.4.12. Fix a > 0 and define
Daly) i= {2 € CV: Kidy (3, M)+ Iy (A y) < inf, | Kids(z, Mi)+ Kady(Az, )| +a |
ze

Letz € CV,y € C™. Apply (4.39) with z = & € ®,(y) so that

dl(l', i’) S Kldg(l' — i’,Ml - M1> + KQdQ(AZ', AJAZ') + )
< Kids(z, My) + Kids(2, My) 4+ Kado(Az,y) + Kodo(y, AT) +6
Using that d(a—b, c—d) = d(a,c—d+b) < d(a,c)+d(c,c—d+b) = d(a,c)+d(0,b—d) =
d(a,c) + d(b, d), for a metric d induced by a pseudo-norm.
Consider the second and fourth terms together. From the definition of ®,(y), by taking
z = x we get

dl(l', £IAZ'> S 2K1d3(1', Ml) + 2K2d2(Ax7y) + 0 + o

The claim follows by taking the supremum over Z € @, (y). O

In order to compare the rIOP and the optimal map framework, it is necessary to assume that
dy and d, are translation invariant. The next theorem states that any instance optimal map
is an optimal map without noise and assuming the existence of an rIOP map bounds the
optimal map constant with noise from above. Moreover, any robust instance optimal map

is an optimal map with worst-case noise.

Theorem 4.4.15 ((r)IOP implies optimal map (with noise)). Ler A € C™*N, M, c CV
and let || -

it =1,2,3, be non-homogeneous (pseudo) norms. Then we have the following.

(1) Suppose ®y: C™ — CV is an IOP decoder with § = 0, then ® is a single valued
optimal map and copi (A, My, {0}, 00) = 0.

(2) If the rIOP holds for all 6 > 0 with constants C, Cy > 0, then
Copt(Aa Mla {O}a OO) = 0.

(3) Assume that the noise level is bounded by ¢ > 0 and that rIOP holds for fixed 5 > 0
with constants C, Cy > 0, then

Copt (A, M1, Ba,(0,€),00) < Cae + 0.
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Remark 4.4.16. Part (1) and (2) of the above theorem follow directly from [21]. If as in
Theorem 4.4.5 one assumes the rNSP, then there is a decoder satisfying the rIOP for all

d > 0. This means that in the noisy case one assumes copt (A, M1, B4,(0,€),00) < Cse by
(3), Theorem 4.4.15.

Proof of Theorem 4.4.15. Part (1); by assumption we have that |z —®y(Ax)||; < d3(x, My).
We see that the right hand side is zero for all x € M, which proves the claim.

Part (2); if the rIOP holds for some fixed 6 > 0 then by taking the supremum over all
x € M and letting e = 0 in (4.35) gives,

copt(AaMlv {0}700) = Slj}a) H.CL' - (D5(Ax)|‘1 < d.
reMi

As the above inequality is satisfied for all 6 > 0, this copt (A4, My, {0}, 00) = 0.

Part (3); assume that the rIOP holds for some fixed 6 > 0 then by taking the supremum
over all z € M and all e € C™ with ||e||> < e in (4.35) gives
Copt (A, M1, By, (0,€),00) = sup sup ||z — Ps5(Az +e)||; < Cae + 4.

reEM1 ecC™
llell2<e

4.5 Conclusion

In this work, we established a new theoretical framework for determining accuracy bounds
of and solving ill-posed inverse problems. In special cases, we established specific con-
ditions of the sampling operator A and the underlying set to be reconstructed M, which
are fundamental when trying to obtain an accurate, stable and robust decoder. The concept
of an optimal map with worst-case noise was introduced, which is the decoder obtaining
the best possible performance. In particular, this decoder obtains the smallest worst-case
reconstruction error among all vectors in M, granted knowledge of the pair (¥, M,). Up-
per and lower bounds for the optimal reconstruction error are established. In the case of
linear sampling operators A these, are related to properties of the kernel of the operator A.
In a more general setting, the kernel size allows for assessing accuracy bounds for solv-
ing ill-posed inverse problems in terms of M and the measurement model F'. The main
theorem contributes to assessing ill-posed inverse problems, by using the kernel size to
provide upper and lower bounds on the optimality constant. The optimality constant in-
cludes the best worst-case noise, the average and the statistical reconstruction error for the
reconstruction of (4.2). These bounds hold for any data distribution or measure z; on M
and general noise models (£, ) which allow for a disintegration of measure. Moreover,
these bounds are theoretical accuracy limits of a decoder’s accuracy in all above mentioned

settings. Moreover, explicit optimization problems yielding the decoders that attain the
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optimality constant are derived. Furthermore, under specific conditions, despite the op-
timal map being a set-valued map, it is possible to show that it can be approximated by a
neural network. In this ill-posed setting, we identify sufficient and necessary conditions on
(A, M) such that the optimal map with worst-case noise can be approximated by a neural
network. This makes the use of deep learning techniques for inverse problems plausible,
at least in those scenarios where prior knowledge on (A, M) is available. Yet, we also
remark that learning the optimal map can be challenging: obstacles remain when training
a neural network that aims to minimise the best worst-case reconstruction. The proposed
framework can be seen as a generalisation of previous concepts. In fact, the framework of
the optimal map can be related to approximation theory. Moreover, the optimality constant
generalises well-known quantities in approximation theory, the so-called widths, to assess
the worst-case reconstruction error for ill-posed inverse problems. Furthermore, the optimal
map with worst-case noise is related to the concept of fundamental decoders [21].



Chapter 5
Summary and Conclusion

This thesis explores the use of DL in inverse problems and aims at providing a theoretical
basis for assessing the stability and accuracy of such methods. Particularly, fundamental
trade-offs of decoders for inverse problems are investigated. The underlying aim is to
provide a mathematical understanding for the use of deep neural networks relying on train-
ing data and training procedures for solving inverse problems. The approach of this thesis
is twofold, firstly, providing theoretical results highlighting and possibly explaining DL in
inverse problems and, secondly, illustrating these findings by numerical results. Moreover,
these new findings are compared theoretically and numerically with the characteristics of

reconstruction methods that do not involve training.

The first chapter is aimed at providing a brief overview of existing methods and theoret-
ical frameworks for solving ill-posed inverse problems. It highlights the increasing use of
data-driven methods such as deep learning for ill-posed inverse problems and provides an
insight into some existing theoretical results in this area. Moreover, it motivates further by
providing examples of applications where inverse problems arise that could be solved using
learning based methods.

The main research work is presented in Chapters 2,3 and 4 of the thesis. Each chapter is
based on a research paper that at the time of writing is in the process of review or being

prepared for submission.

In the second chapter, a fully learned neural network approach for image reconstruction,
which was introduced in a recent paper by Rosen et. al. and coined "automated transform
by manifold approximation’ (AUTOMAP), is examined. Its potential benefits with respect
to accuracy and disadvantages with respect to stability and robustness compared to standard
methods for image reconstruction are investigated. We show that without further conditions
on the sampling operator, such fully learned approaches to solving inverse problems become
unstable. This result is somewhat interesting as the authors’ claim that their work provides
theoretical stability guarantees for AUTOMAP. With Theorem 2.2.1 and numerous experi-

ments in Chapter 2, however, we can demonstrate that the guarantees provided in [192] only
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hold in a limited context for a limited range of inverse problems and our results provide an
explanation why these do not hold for general inverse problems. The conditions of Theorem
2.2.1 are shown to be satisfied in practical settings and the consequences of the theorem are
demonstrated in various experiments. Thus, this chapter provides sufficient conditions for
instability that also complement classical approaches providing conditions for a decoder
to be stable. Moreover, as a result of this we establish a fundamental accuracy-stability
tradeoff which, in the case of AUTOMAP, has a readily available practical application.

In the third chapter, we present a comprehensive mathematical analysis explaining differ-
ent causes of Al generated hallucinations, commonly regarded as realistic-looking artefacts
in the reconstructed image, and the links to instabilities. The relevance of Al generated
hallucinations is illustrated in numerical experiments and imaging examples obtained from
other publications. Our results establish four crucial issues for AI methods in finite dimen-
sional linear inverse problems. Firstly, overly accurate Al methods will wrongly transfer
details from one image to another reconstructed image creating a hallucination. Secondly,
that there is an accuracy-hallucination trade-off. These two findings are theoretically il-
lustrated by Theorems 3.4.2 and 3.4.4. Theorem 3.4.4 shows that hallucinations can occur
with any probability distribution used on the set. Thirdly, there is an accuracy-stability
trade-off. This relates to the findings presented in the second chapter, which are presen-
ted in numerous experiments and theoretically explained by Theorem 2.2.1. In the third
chapter we extend these findings by establishing that optimising these trade-offs is hard
through standard training processes. This difficulty is illustrated in Theorems 3.4.12 and
3.4.15. However, it should be noted that these results merely illustrate that there exist diffi-
culties in obtaining an optimal map through training and do not provide an explicit solution
as in how training procedures could be designed in order to obtain an optimal map. More
insight into preventing undesirable effects, such as instabilities and hallucinations, can be
gained from the conditions of Theorems 3.4.2, 3.4.4 and 3.4.7. These results show that one
needs to use knowledge of the sampling model in order to avoid the conditions resulting in
hallucinations and instabilities. Designing training procedures and choosing training sets
accordingly could thus be a possibility for mitigating such effects.

Finally, in the fourth chapter, we investigate how DL based methods for solving inverse
problems can perform better than standard methods. Thus, we establish fundamental and
universal accuracy bounds for solving, possibly non-linear, ill-posed inverse problems with
different noise models. To measure the accuracy of the best decoder we establish a uni-
versal optimality constant. The universal optimality constant can be chosen to be the best
worst-case noise, the smallest average and the smallest statistical reconstruction error that a
decoder for an ill-posed inverse problem can obtain. A key point in order for this optimality
framework to be applicable to deep learning used for solving inverse problems, is that we
have a fixed sampling operator F' and set M, which we want to reconstruct, where no con-
dition implying that F is invertible on M is imposed, such as N'(F') N (M, — M;) = {0}.

For example, these could be a fixed image acquisition device on a specific set of data. The
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main result is presented in Theorem 4.2.9, where the optimality constant is bounded from
above and below by the kernel size, which only depends on the sampling operator F’ and set
M, of the ill-posed inverse problem considered. Given this, the kernel size and optimality
constant can provide a mean to assess and compare the accuracy of a decoder obtained by
DL methods to standard methods by providing a lower bound on the accuracy. Moreover,
we provide theoretical conditions for neural networks to approximate the optimal decoder
for a given an ill-posed inverse problem and assess how training could yield an optimal
map. In the last part of the fourth chapter, we provide theoretical motivation and found-
ations for the proposed framework. We establish lower bounds of optimality constant by
well-known quantities from approximation theory, such as n-widths. We also relate the op-
timality constant and optimal map to optimal decoders, also referred to as instance optimal
decoders. Moreover, there exist necessary and sufficient conditions for instance optimal
decoders, such as the INSP and NSP, and we relate these to the kernel size by showing that
having zero kernel size is a necessary condition for the INSP, Remark 4.4.9. Thus, we can
show that the kernel size is in some sense more general than the rNSP. The results of this
chapter provide many opportunities for further research. Especially a numerically feasible
approximation of the kernel size would be useful for practical applications and, thus, this is

discussed in the following.

5.1 Outlook

There are multiple interesting directions based on this thesis for future research. Possible
directions for future work include the use the upper and lower bound on reconstruction
accuracy in Theorem 4.2.9 to derive optimal sampling patterns and measures on M, that

minimize the kernel size and, thus, the reconstruction accuracy.

A further interesting perspective would be to establish a theorem relating the MMSE estim-
ator and the optimal map provided by Theorem 4.2.9 with the relevant metrics induced by
norms and p = 2. Related to this, a more practically relevant extension would be to provide
means and methods to use the lower bounds for the optimality constant in learning prob-
lems. Here M, can be replaced with the first component of the training set 7; in order to
provide a lower bound for the training error. Moreover, for this appropriate algorithms and
approximations for the disintegration of measure need to be established in order to com-
pute the kernel size. Possible methods would be the interpretation of the disintegration of
measure as a conditional probability and approximating the resulting posterior by methods
currently used in Baysian DL, such as Monte Carlo or stochastic regularization techniques.

A nice overview of this topic is given in the thesis [76] and a survey is given in [78].

Another interesting direction for future research is based on the current open problem to
establish a framework for uncertainty quantification, [118]. This would entail extending the

optimal map framework and kernel size, such that they can be applied for estimating errors
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in linear and non-linear regression problems, [17, 149, 169]. If this can be achieved, based
on the kernel size and Theorem 4.2.9, an optimal mean prediction accuracy, given by an
extension of the optimality constant, and upper and lower bounds for this could be derived.
Hence, this could provide a possibility for obtaining a baseline of uncertainty quantification
for neural networks used for inverse problems and regression problems. An interesting
application of this, is to provide uncertainty estimates for decoders of ill-posed inverse

problems on large scales, such as SAR, [193] and other methods in earth observation.

Another interesting pssibility for further research is extending the optimality constant frame-
work to encompass relative error rather than absolute error. Given the definition of the
optimality constant, Definition 4.2.6, this would require further assumptions in order to
maintain a well defined quantity. Possible conditions that could be investigated could entail

that the decoder only outputs values close to zero on a set of measure zero or not at all.
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