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Abstract

The active Brownian particle (ABP) model exemplifies a wide class of active matter particles. In this
work, we demonstrate how this model can be cast into a field theory in both two and three
dimensions. Our aim is manifold: we wish both to extract useful features of the system, as well as to
build a framework which can be used to study more complex systems involving ABPs, such as those
involving interaction. Using the two-dimensional model as a template, we calculate the mean
squared displacement exactly, and the one-point density in an external potential perturbatively. We
show how the effective diffusion constant appears in the barometric density formula to leading
order, and determine the corrections to it. We repeat the calculation in three dimensions, clearly a
more challenging setup. Comparing different ways to capture the self-propulsion, we find that its
perturbative treatment results in more tractable derivations without loss of exactness, where this is
accessible.

1. Introduction

Active Brownian particles (ABPs) [1] are one of the paradigmatic models of active matter [2]. Such particles
move with a constant self-propulsion speed wy, in a time-varying direction, represented by a vector subject to
rotational diffusion with constant D,. At the same time, the particles are subject to thermal diffusion with
constant D; [3, 4]. As opposed to run-and-tumble (RnT) motion [3], both degrees of freedom, the vectorial
velocity w(t) as well as the position r(t), are continuous functions of time ¢. ABPs approximate so-called
Janus particles particularly well [1, 2]. Similarly, monotrichous bacteria vary their orientation more smoothly
and are much more reliant on rotational diffusion [5]. In contrast, the motion of the much-studied E. coli is
closer to RnT [6, 7].

The motion of ABPs is most directly described by a pair of Langevin equations for their position r(f) as a
function of time ¢,

dr(t) =w(t)+£(1) with ()€ (') =2D,04 (t' — 1) (1a)
8,w(t) - Clw(t) (t) with <CLw(z) (t) ’ CLw(t’) (tl)> =2 (d - 1) WgDra (t/ - t) (1b)

where the angular brackets () indicate an ensemble average. Both £(#) and | ,,(,) (#) represent white noise
with vanishing mean and correlators as stated, where (& (€' (¢ )) denotes the outer product and 1, the
d-dimensional identity matrix. The translational noise &(¢) is the commonly used Gaussian displacement in
d dimensions. As there are no cross-correlations, the dot-product of the noise produces the characteristic
(&(t) - &(t")) = 2dD,6(t' — t). The rotational noise ¢ | ;) (#) is confined to the (d — 1)-dimensional
tangential plane orthogonal to w(#) at any time [8], so that w(¢) stays on the surface of a sphere of radius wy
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at any time. This is guaranteed by demanding (w(t) - ¢ | ;) (¢)) = 0 and by specifying that equation (10) is
subject to an Ito interpretation, in order to make the definition of the rotational noise precise. In section 1.1
we cast the above in Fokker—Planck form, avoiding any such issues of stochastic calculus.

The motion of ABPs in two dimensions has been analysed in various ways using classical methods [2—4,
9, 10], while ABPs in three dimensions have received much less attention. This might be related to the
complications arising from the curvature of the surface the rotational diffusion takes place on. The aim of the
present work is to develop the mathematical toolkit that will allow us to study ABPs using field theory. Some
of us have studied ABPs in two dimensions before [11]. We will now study ABPs in two dimensions from a
different perspective, primarily to provide us with a template for the treatment in three dimensions.

Studying ABPs in two and three dimensions through field theory will not only give direct insight about
ABPs—developing and verifying this framework will also open the door to add interaction. We take a first
step in this work by considering external potentials. Adding to this, say, pair-interaction equation (10), is
solely a matter of adding a further term to this action [12—14], and similarly for adding reactions [15-17] or
an external potential [11, 18]. The purpose of the present work is to characterise the basic framework which
can serve as the foundation for more complicated systems, such as the Vicsek Model [12, 13, 19-21].
Similarly, replacing diffusive particles in well-understood particle systems by ABPs, is solely a matter of
replacing, in a suitable representation, the bare propagators by those discussed in the following.

In the present work, we use Doi—Peliti field theory [15, 22-25] as the tool to characterise particle
dynamics. Doi—Peliti field theory allows Fokker—Planck-equations and master equations [12] to be cast in a
field theory without compromising particle entity [18]. This is a built-in feature, that has to be enforced ‘by
hand’ by a Dean-term [26] in the more commonly used the response-field formalism [25, 27-29].

There are, in principle, always two ways of describing single-particle dynamics using Doi—Peliti field
theory. Either, one can use a suitable eigensystem in which to expand the fields, or proceed by considering
the motion as a perturbation about pure diffusion. The former approach is, in theory, more powerful, as the
particle dynamics is fully contained in a set of eigenfunctions, whose eigenvalues determine the ‘decay’ rates.
However, a combination of the two approaches is sometimes called for, particularly when there are multiple
intertwined degrees of freedom, not all of which can be included in an appropriate eigensystem. The motion
of RnT particles in a harmonic potential is an example of such a system [30] and similarly boundary
tumbling [31]. In the present case of ABPs, the choice seems obvious in two dimensions, as, after suitable
simplifications and without the need of any approximations, we encounter the Mathieu equation, whose
eigenfunctions [32, 33] are well-known and have featured in related models, such as the worm-like chain
model [34, 35]. However, in three dimensions, no such simplifications are available and the eigenfunctions
not commonly used. This necessitates exploring new methods, in particular determining the eigenfunctions
themselves perturbatively, or treating self-propulsion as a perturbation about pure diffusion. This latter
method is first tried out in the easier case of two dimensions.

The complexity of the methods increases further when we allow for an external potential, which must be
treated perturbatively. As a test bed for the methods, we return to ABPs in two dimensions [11], before
moving on to three dimensions. In both cases, we determine the mean squared displacement (MSD) in
closed form, as well as the stationary density in the presence of an external potential. These two observables
are related: the MSD naturally gives rise to the notion of an effective diffusion constant, which may or may not
feature as the effective temperature in a Boltzmann-like distribution of particles in the stationary state. ABPs
have been studied in a range of setups [36, 37], including a harmonic trap [38]. In the present work, we aim
to provide a general, but perturbative expression for the particle density.

The density of ABPs in potentials thus provides some new, original insight into their dynamics and
statistics, whereas the calculation of the well-known MSD (3, 4, 11, 39] serves mainly the purpose of a sanity
check of our framework. Calculating both observables gives us an opportunity to validate and assess the
advantages and disadvantages of the different methods considered.

In the following, we introduce the ABP model, first through a Fokker—Planck description, and
subsequently in the form of an action. In section 2, we proceed to characterise the MSD and stationary
distribution in two dimensions. We do this first using Mathieu functions, and then perturbatively. These
methods and results serve as the template for the treatment of ABPs in three dimensions in section 3.

1.1. ABPs

ABPs are particles that move by self-propulsion by a constant speed wy as well as due to thermal noise
characterised by translational diffusion constant D;. The direction of the self-propulsion is itself subject to
diffusion. In the following, we will generally denote this direction by (2, and more specifically in the plane the
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polar angle by ¢ € [0,27) and in spherical coordinates the azimuthal angle by ¢ € [0,27) and the polar angle
by 0 € [0, 7). The direction of the self-propulsion is then

w cos Wy sinf cos
w(Q) = ( Wx > =Wo< sin(p ) and w(Q)=| w, | =wo| sinfsingp (2)
g 4 w;, cosf

in two and three dimensions respectively. The rotational diffusion is parameterised by the constant D,,
specifically by a Fokker-Planck equation of the form 8;P((2,t) = D,V P(€2,t) with

V=92 and V3= L@g sinf Oy + Laz (3)
R © 7 sing sin’f ¥

in two and three dimensions respectively.

The Fokker—Planck equation of ABPs is
OP(r,Q,t) = LP(r,Q,t) with L£=D,V2—w(Q) -V,+ V- (V.Y (r))+D,V}§ (4)

where P(r, (2, ) is the probability to find a particle after some initialization at time ¢ at position r with the
director pointing to €2 and V, the usual spatial gradient as opposed to Vg, acting on the director,

equation (3). The self-propulsion is implemented by the term w - V, which is the only term mixing the
degrees of freedom 2 and r. The effect of an additional external potential Y'(r) which acts equally on
particles without orientation is implemented by V, - (V,Y), which is structurally identical to that of a drift w
and reduces to that term when V, T is constant in space. We write T’ for V, T in the following. When the
operator V, - T/ acts on P in equation (4), only the leftmost spatial gradient V, acts on the product of T’
and P, whereas V, Y results solely in Y. For ease of notation below, we further introduce

L, =D,;VZ—w(Q) -V, +D,V§ (5a)
L, =D,V:+D, Vg . (5b)

From the single-particle Fokker—Planck equation (4) the multiple, non-interacting particle action

At = / dtr / a0 / 45 (6,9, 6) (~0,+ £ — 1) x (1,2, 1) (6)

follows immediately [12], with an additional mass y | 0 as a regulator and where X and Y are annihilation
field and Doi-shifted creation fields respectively [15, 22]. The integrals over r and ¢ are taken over the entire
space R? and time R respectively, e.g. [d*r = [[_“"d’r and [dt = [ dt unless specified differently, and
similarly for the solid angle €2, the integral [d{2 runs over a d-dimensional unit sphere. At this stage, we leave
the dimension d € {2,3} and the integral [d§) unspecified. Expectations of the annihilator field x(r,2,?)
and the creator field x(r, (2, ) can be calculated in a path integral [12]

(o) = /DXDX o AKX — <. eAp[X,x]>0 with  (e), = /DXDX o colix] (7)

which allows for a perturbative treatment by splitting the action A = A, + Ap into a harmonic part Ay,
whose path-integral is readily taken, and a perturbative part .Ap, whose exponential is expanded,

<.>:/DXD)~<eA0[)~<1X].ZJf:<.ZJ:!?)> , (8)
0

n=0 n=0

where we have introduced (e) as an average on the basis of the harmonic part of the action only. As the
radius of convergence of an exponential is infinite, smallness of Ap is in principle not required. However, the
power series ) (e.A}), /n! that arises from equation (8) after exchanging expectation and summation
generally does not have an infinite radius of convergence in the parameters. Below we will find that the
resulting series for the MSD has only a finite number of non-vanishing terms, so that convergence is obvious.
When we calculate the density in the presence of an external field, we will be content with the leading order
corrections, i.e. the first few terms in the expansion.

Which part of the action equation (6) is treated perturbatively depends crucially on the eigensystem the
fields x and ¥ are written in, as it determines which part of the operator becomes diagonal. Because the
external potential is arbitrary, it cannot be diagonalised in its present generality.
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We may thus consider two schemes: In the first, the fields are written in eigenfunctions of £;,
equation (5), with the harmonic and perturbative part of the action

Am:/ddr/dsz /dt}Z(r,Q,t)(—az—Fﬁl—M)X(LQJ) (9a)

Ap = / dér / dn / dtx (£, 0) Ve - [(VeYX (1) x (1,92, 1)] (9b)

which is more efficiently dealt with using Gauss’ theorem in Ap; to make V, act on ¥ rather than YT '¥.

The benefit of including the self-propulsion in the harmonic part of the action Ay, equation (9a), via
L4, equation (5a), at the expense of having to find suitable eigenfunctions, is to have only one perturbative
vertex to worry about, namely that representing the external potential.

The major disadvantage is that eigenfunctions that diagonalise £, may render terms in the action that
contain products beyond the bilinear Y, such as an external potential in the form YV, - (V,Y)x,
significantly messier. In the case of Fourier-eigenfunctions, this is due to an external potential breaking
momentum-conservation. A related problem would be encountered if we were to allow for pair interaction,
say [12, 13]

Aimer:/ddr/dQ /dt)Z(r,Q,t)/ddr' /dﬁlx(r',Q',t)(l+)Z(r’,Q’,t))Vr(VrU(r—r’))X(r,Q,t)
(10)

with pair-force V, U(r — r’).

The eigenfunctions of the angular part of £, in two spatial dimensions, after some manipulation, are the
m-periodic Mathieu functions [33], as discussed further below. Compared to other orthonormal systems,
they are far less well studied [32]. In three dimensions, we shall call them ‘three-dimensional Mathieu
functions), but as far as we are aware, they have not been introduced in the literature of orthonormal
functions in their own right. We have characterised them to some extent in appendix A using similar tools as
outlined in [33]. Of course, the complete framework of Sturm-Liouville theory provides broad theoretical
backing.

Once the existence of the eigenfunctions is established, they need to be determined only to the extent
required by the observables.

In the second scheme, the fields are written in terms of eigenfunctions of the simpler £, in equation (5),
with the harmonic and perturbative part of the action

A02:/ddr/d§2 /dt)Z(r,Q,t)(f&+Ez*M)X(LQJ) (11a)

Apzz/ddr/dQ /dtf((r,Q,t)Vr-(VrT(r)—w(Q))X(r,Q,t). (11b)

This results in simpler expressions overall, but suffers from the significant disadvantage of an additional
vertex mediating the self-propulsion. One may expect a significantly enlarged number of diagrams to be
considered in any interesting observable, but this is not the case for the observables considered here.

We proceed by determining the MSD and the stationary density for ABPs in two dimensions. In the
course, we will discuss the details of the action, the diagrammatics and the eigenfunctions.

2. ABPs in two dimensions
2.1. Mathieu functions

The starting point of the present derivation is the operator £, in equation (5a) and the action equation (9a),
restated here with the explicit parameterisation of the director

27
Ao b&x]=/d2r/ de /dtfc(r?so,t)(—am%l—u)x(rﬁp,t) (12)
0

for convenience. The key difficulty here is to find eigenfunctions of the operator —w - V, + V§,. This is
greatly helped by measuring the azimuthal angle relative to the reciprocal vector k, as we will discuss in the
following. Using the completeness of the relevant orthogonal systems, we first introduce
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e —o(k

g = [aua kY e e (LT g0 ) e (130)
£=0
o —o(=k

R S S e N )R (13b)
£=0

where d k =d?k /(27)? and & w =dw /(27) and correspondingly, further down, 6~ (k) = (27)?5(k) and
§ (w) =27 §(w) The functions ug(7y,q(k)) and ue(~y,q(k)) are suitably normalised 7-periodic Mathieu
functions [11, 32, 33], depending on the dimensionless, purely imaginary parameter

o ZiWQk

D, (14)

q(k)
which is a function of the (absolute) magnitude k = |[k| = | — k| of the k vector. The function o (k), hitherto
undetermined, allows a crucial simplification of the action further below. The Mathieu functions are defined
as the solutions of the eigenfunction equation (19) to be used below. For the time being it suffices to state
orthogonality even in the presence of the shift by o,

5 1) [ apur (E 8 a0 )i (2L g -k)) =5 Gtk as)

as the § (k+k’) forces this shift to be identical, o (k) = o(—k’), which can therefore be absorbed into the
dummy variable and subsequently into a change of the integration limits, from where it disappears, because
of the periodicity of the integrand. The orthogonality relation equation (15) together with the orthogonality
of the Fourier modes

/dte_i“teiw/t =0 (w—w') and /d‘ire_’zk'reikl'r =6 (k—k') (16)

determines the reparameterised fields x,(k,w) and x,(k,w) in equation (13) uniquely from x(r, p, ) and
X(r, p, 1) respectively.
Using equation (13) in the action equation (12) produces

Ao fin] =[S [d ot (e k)

00

27
X /o depiig (%‘T(k),q(ko (—iw + Dik? + iwpkcos (p — ) — D,ai,) 1y (50 _;(k) 7q(k)> ,
(17)

where « is the polar angle of k = k(cosa, sin)T, so that k- w(p) = kw(cosacosp + sinassinp) =
kwcos(¢ — ). Choosing (k) = « allows a change of variables and a change of integration limits, so that the
last integral in equation (17) reads

21
dpiig, (M,q(k)) (—iw + DI +iwpkcos (¢ — a) — Drﬁi + u) Up <¢M‘(k)7q(k)) (18a)

o 2 2
s B . 1
= 2/ dvyier (7,9) (zw +DK+ ZD, (2gcos (27) — ny) + u) ug (7,9) (18b)
0
1
:6{/’4 <_%W+D1k2—~—4Dr}\Z (q)—‘,—/,l,) (ISC)

where in the last equality we have used that the Mathieu functions obey

(82 —2qcos(27)) ue (7v,9) = —Xe (q) ue (v.9) (19)

and the orthonormality equation (15).
With this simplification the action equation (12) becomes diagonal

Ao [X,x] = — / Y / d wxe (—k, —w) xe (k,w) (—iw + DK + DA (q (k) /4+ 1) (20)
0
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and the (bare) propagator can immediately be read off

6@750& (k+k0) & (w + OJQ)
—iw + DX+ DA (q(k)) /4+ p

(xe (k,w) Xe, (ko,wo)) = =00,0,0 (k+ko)d (w+wp)Ge(k,w) (21a)

A k,w ko,wo
= YA , (21b)
14 Lo

where we have introduced Gy (k,w) as a shorthand, as well as the diagrammatic representation to be used in
section 2.1.2.

2.1.1. MSD

The MSD r2(t) of a two-dimensional ABP (2DABP) can be calculated on the basis of a few algebraic
properties of the (7, q). The probability of finding a 2DABP with director ¢ at position r at time , after
being placed at ry with director p at time t, is (x(r, , )X (r0, ©o, %)), which is easily determined from
equation (21) as

(vl ) =0 (o) S (=) g0 ) (07 g ) oo
£=0

(22)

up to an inverse of Fourier-transform of k. Making use of the Fourier transform, the MSD of a 2DABP
irrespective of the final director is

2T 0
PO ==Vil, [ 4> u (SD = ,q<k>) z (SOO ik ,q<k>> e ORI (23)
=0

2

Having integrated over , it is obvious that the MSD cannot depend on the initial orientation of the director,
o, as changing it, amounts to a rotation of the isotropic plane. This is indeed trivial to show when wy = 0, in
which case g(k) = 0 and the Mathieu functions degenerate into trigonometric functions. However,
demonstrating this when wy # 0 is far from trivial. We proceed by rewriting the MSD as an average

f dipg (27) 7! of equation (23) over the initial angle (y, so that both Mathieu functions, u and i, reduce to a
single coefficient via

/0 “dpue(9/2.q(K) = 2mAco (q(K)) . (24)

which vanishes in fact for all odd indices ¢. We thus arrive at

o0

(1) = = Vi, o267 (Ar(gq(k)))? e P elalbr, (25)
=0

The uy(7y,q) are in fact the even 7-periodic Mathieu functions for even £ and odd 7-periodic Mathieu
functions for odd /¢ [33].
The u,(7,q) differ from the uy(-y,q) only by a factor 1/7 [11],

g (v,9) =7 "ue(v,9) (26)

which is a convenient way to meet the orthogonality relation equation (15) while maintaining that the
non-tilde (7, q) are standard Mathieu functions. At this stage, all we need to know about the Mathieu
functions is [33]

1 2
Ao (@) = = = 16‘1 o) (27a)
Az (q) = % +0(q) (27b)
Azjo(q) = O(q) (27¢)
Asjr1,0(9) =0 (27d)
X =0(q) (27¢)
A =4+0(q%) (27f)

6
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for j € Ny, which means that only two of the Ay ¢ in the sum equation (25) contribute, namely ¢ = 0 and
¢ =2, as all other Ay o vanish at g(k = 0) = 0 even when differentiated twice. With equation (27) the MSD
becomes [11]

4{)f4Dr+Z§(‘$”fl+Dﬁ, (28)

identical to that of RnT particles, equation (49) of [11], if the tumble rate « is D,. In asymptotically large ¢,
the MSD of a 2DABP is equivalent to that of conventional diffusion with effective diffusion constant

2
Wo

D2 =Dt op
)

(29)

and RnT motion with tumbling rate « = D, [3, 4, 11].

We will use the above as a template for the derivation of the MSD of 3DABP. There, we will make use
again of the isotropy of the initial condition ¢, and further of the isotropy of the displacement in any of the
three spatial directions. In fact, picking a ‘preferred direction’ can greatly reduce the difficulty of the present
calculation.

2.1.2. External potential
Next, we place the 2DABP in a (two-dimensional) potential T (r). Without self-propulsion, the density py(r)
at stationarity is given by the barometric formula py(r) o< exp(—Y(r)/D;). As a sanity check for the present
field-theoretic framework, we derive it in appendix C. In the present section we want to determine the effect
of the self-propulsion, which we expect is partially covered by D; in the Boltzmann distribution being
replaced by D22, equation (29).

As the external potential is treated perturbatively, stationarity even at vanishing potential requires a finite
volume, which we assume is a periodic square, i.e. a torus, with linear extent L. This requires a small
adjustment of the Fourier representation introduced in equation (13), which now reads

X (r,,1) —/cTw—ZZe wteiknty, (‘pz(k“),qqm) Xt (Kn,w) (30a)

nez? =0

r,¢,0) /M 3 Y e e, (“"‘"2(‘1“”7q<|—kn|>)>ze<kn,w> (30b)

neZ? =0

where L2 . has replaced the integration over k in equation (13), with the couple n = (n,n,)" running
over the entire Z? and k, = nL/(27). The bare propagator equation (21) is adjusted simply by replacing the
Dirac ¢-function in k by a Kronecker ¢-function in the Fourier mode number, say 6 (k + k) by, say,
L?641p 0. With the introduction of Fourier sums, we implement periodic boundary conditions, effectively
implementing periodic observables and, below, a periodic potential.

As far as the Mathieu functions are concerned this adjustment to a finite domain has no significant
consequences. Due to the Mathieu functions, however, the perturbative part of the action .Ap; equation (9b)
gets significantly more difficult, as the functions are orthogonal only if the k-modes match,

Ap = /ddr /dQ /dtf( (r,0,1) V- (VX (r)) x (r,Q,7) (31a)
/d—w Z L 6n1+nz+ﬂ% OZ kﬂl knz 4 knl’ )Tan& (kﬂww) (31b)
n;,ny,n; £y,45

o @70(1(113) ~ 9070(71(111)
[ (F25E g ) (F a0 ) 610
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where each n;, n, and nj runs over all Z? in the sum and the Kronecker §-function Ony+n,+ns,0 enforces
n; +n; +n3 = 0. Similarly, ¢; and /5 run over all non-negative integers indexing the Mathieu functions. The
potential Y (r) now enters via its modes Y, more explicitly

1 ik T
T(r)= i Z T,e (32a)
nez?
L

Th= // d*rY (r)e et (32b)

0

rendering the potential effectively periodic.

Of course, a non-trivial Y'(r) spoils translational invariance and correspondingly T, provides a source of
momentum in equation (31b), so that ky, is generally not equal to —ky,, with the sole exception of n, = 0.
As a result, generally o (kp,) # 0(—ky, ) and g(|kn,|) # q(|kn,|), equation (14). The integral

27 _ kn _ _ _kn
Byl ) = [ g (£278 g ) (E2TE R gma)) o)

0

however, is generally diagonal in ¢;, /3 only when k;,,, = —k,, referred to above as ‘matching k-modes’. It is
this projection, equation (33), that is at the heart of the complications to come. It is notably absent in the
case of purely diffusive particles, appendix C.4. With the help of equation (33), the perturbative action
equation (31b) can be written as

1 -
API = /d—wﬁ Z L26n1+nz+n3,02(km 'kllz)Xﬁ (kma_w) Tanéa (kn3’w) Aél,& (_knl’_kn3) . (34)

n;,ny,n; 41,85

The perturbative part of the action, equation (31b), may diagrammatically be written as

k7 w k07 wo
NN , (35)

where a dash across any line serves as a reminder that the vertex carries a factor of k carried by the leg. Unless
there are further singularities in k, any such line vanishes at k = 0. The two factors of k are multiplied in an
inner product. The dangling bauble in equation (35) represents the external potential, which is a source of
momentum.

We will determine in the following the stationary density

2T
pole) = lim [ di ( (1000 X (1o, 0. 0) G6)
to—— 00 0
at position r, starting with a single particle placed at ry with orientation ¢, at time #,. We will determine this
density to first order in the potential and second order in g = 2iwyk/D,, equation (14), starting from the
diagrammatic representation in inverse space,

- A ky, w kp, wo kp,w kp,wo
(X(kn, £, w)x(kp, Lo, wo)) = ZYY‘-(—\A.AZ + NM +..., (37)
0 0
e}

where the first diagram represents the bare propagator as introduced in equation (21) and the second
diagram the contribution to first order due to the external potential equation (35). The limit t, — —oo needs
to be taken after an inverse Fourier transform in w and wy. The structure of the propagator equation (21),
essentially of the form (—iw + A + ) ! with some non-negative A > 0 dependent on the spatial and
angular modes, means that every such Fourier transform results in an expression proportional to

exp(—(\+ ) (¢t — tp)). Removing the mass by p | 0 and taking #; — —oo results in the expression vanishing,
except when Jt(\) < 0 [40], which is the case, by inspection of equation (21), only when k = 0 and
R(Ae(q(k))) < 0, which requires £ = 0, as

Xe(q) =42 +0(q) (384)
Met1(q) =4(L+1)7+0(q) . (38b)

8
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Equation (38) is easily verified as the periodic solutions of the Mathieu equation (19) are trigonometric
functions. Any propagator carrying a factor of k therefore vanishes under this operation. The only pole of
the propagator to be considered is the one at w = —iu. Because only the rightmost, incoming leg in any of
the diagrams is undashed, taking the inverse Fourier transform followed by the limit #p — —oo thus amounts
to replacing the incoming legs by d, o and every occurrence of w in the diagram by 0. This is equivalent to an
amputation of the incoming leg [40]. At this point, the inverse Fourier transforms from k to r and the
transforms of azimuthal degree of freedom from £ to ¢ are still to be taken.

We may summarise by writing

ky,0

WJm (£ X (p: £0,10)) 2 61.,80,.0L0nspofp0 + My < {8 0p0f o (39)
l e}
Using equations (21) and (34), the last diagram evaluates to
Kkn, 0
Ay x {00,000 f = (K Ko rp) T oG (ks 0) 80,005,000, (i, ep) (40)

o]

The projection Ay 4, (kn, kp) needs to be known only for £y = 0 and k, = 0, and because
ug—o(7,q = 0) = 1/+/2, equations (24) and (33) give

Ao (kn,0) = V247, (q(|kal))- (41)

To carry out the integral over ¢ in equation (36), we have to transform equation (39) from ¢, ¢y to ¢, ¢
using equation (13) first,

lim (X (kn, 2, ) X (kps 00, 10) )

to——00

=%O’j“%ﬂm@%(ﬁ‘?””ﬂwmﬂﬁ%mm»

+Z K Kini) Tt . 0) Sy B ke ( E=502 ))

—o(-k
X Uy <W,q(|k},|)> +.. (42)

In the first term, k, =k, = 0, so that the product of the two Mathieu functions degenerates to 1/(27),
cancelling with the integration over ¢ still to be performed. In the second term, integration over ¢ can again
be done with the help of equation (24), while the final Mathieu function ﬁo(w ,q(kp|)) is in fact

1/(V/27), once k,, = 0 is taken into account,

tp——00

21
/ de lim (x (kn,,1) X (Kp, 0, 10))
0

= L0ntp00po+ O (—kn knip) TnipGe (kn,0) 002 (Aro (q(kal)))* + .. . (43)
=0

Since Ay o(q), equation (27), vanish for odd £ and otherwise behave to leading order like q*/?, equation (27),
expanding these coefficients to second order means to retain only £ = 0,2 in the sum, so that with explicit
G¢(ky,0), equation (21), we arrive at

2T
/ d(p lim <X (kna 2 t) >~( (kpv 2 t0)> = L25n+p,05p,0 + <_kn : kn+p) Tn+p5Zn,05p,0
0

to——00

x{(Dtkf,+D,)\o(Q)/4+u)_l (1—’12) + (Dikh + DX (q) /A + 1)~ 'L }+0( N+, (44

16
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where ¢ = —4wk2D; % and k, = |Kky|. The limit 2 | 0 is yet to be taken and ... on the right of equation (44)
refers to the higher orders in the external potential. Expanding the eigenvalues \¢ beyond equation (27),

Yo =—4"/2+0(q") =250, + O(q") (45a)
AN =4+0(7) , (45b)

suggests that ky, - kn4pdp o can be cancelled with k% in the denominator when ¢ = 0. However, for n = 0 the
denominator does not vanish as 1 > 0. Performing the inverse Fourier transform to return real space gives
after i | 0,

L e .
Po (r) = erl(kn'r-‘rkp-ro)/o dQD lim <X (kmSO,l‘)X(kp,sOmto»
n,p

4
1 S (0 0)+ 0(a!) )+ 58 [0 49/ 20+ 0(4'))
n#0 r
—(D,k§+D,+D,O(q2))’1]}+(’)(q4)+..., (46)

where n = 0 is explicitly omitted from the sum and the first term in the curly brackets shows the expected

D2R = D+ w§/(2D,), equation (29), amended, however, by a correction of order g* /kZ. To identify the lowest

order correction in k, and weak potentials, we expand further than equation (45),

74 7
M) =-2+ % +0(4°) = 2wkeD; 7 + TuikiD;t + O (q°) (47)

in the first (of three terms, in the curly bracket) correction term in the sum in equation (46), which gives

51 ic.r Tn wik? 7 w
vomi T B (T o} o)
n#o e r re

by dropping the last term in equation (46), as it is O(k}), and not expanding the second term any further, as
itis O (kfl) as it stands. The expression above it to be compared to the first order term in the barometric
formula, equation (C20), which produces only — Y, /D; as the first-order summand when setting wo = 0.
The corrections beyond that, wiki(1 —7/16...) /(2D?), are generically due to the stochastic self-propulsion
and amount to more than replacing D, by DZP.

While the unity as the first term in the curly brackets of equation (48) reproduces the external potential
except for the 0-mode, equation (32a), the higher orders in k2 and k% correspond to even derivatives,
suggesting that a linear potential such as equation (113), does not acquire any corrections, except at a jump
due to the imposed periodicity. This, however, is an artefact of equation (48) being an expansion in small k.

Equation (48) completes the derivation in the present section. In the next section, we will re-derive MSD
r2(t) and density po(r) of ABPs in two dimensions at stationarity, in an attempt to recover equations (28)
and (46) or (48) in a perturbation theory in small wy and small potential.

2.2. Perturbation in small w,
The starting point of the present derivation is the operator £, in equation (5b) and the harmonic part of the
action equation (11a),

27
A [%,x] = / & / dy / 45 (60.0) (0 + D2 + V2, — ) x (£ 0.1 (49)
0

which becomes diagonal with

X(r,go,t):/d'wd' ’k Z e~ wielkreiloy ) (k,w) (50a)
f=—o0

X (r,p0,t) = / & wd ’k i e*fweik'fﬂ~ (k,w) (50b)

X\, @,1) = = e Xe (K, .

10
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Compared to equation (13), in equation (50) the Mathieu functions have been replaced by exponentials,

" (@,q(kl)) > €l (51a)
_ (o—0o(k —ite
i (W,q(k|)) s ezﬁ (51b)

which are orthonormal irrespective of k. The bare propagator of equation (49) can immediately be read off,

0040 (k+ko)5(w+wp) s KW ko, wo
= Crpg e rp et (kb (bt eo)H (hw) = g W - 52

<X€ (k7 W)S(Ko (k07 WO))O

The perturbative part of the action equation (115) includes the self-propulsion, but its precise form
depends on whether the system is finite or infinite and thus left to be stated in the sections ahead.

2.2.1. MSD
It is instructive to derive the MSD with harmonic action equation (49), orthogonal system equation (50) and
perturbative action equation (11b), rewritten as

Apzzfcrzkazk'crw 3 Xz(k,w);@,(k/,—w)%ﬁ (k+k)

Ll =—c0

X [—ikx (5@/754_1 + 6@/7g_1) + ky ((5[/_[_1 — 5@/7£+1):| (53)
in the absence of an external potential. To ease notation, we may introduce the coupling

ef'ZZ'Lp

Wi o (k) = —wy /d<p (ikycos p + ik, singp) e'“? (54a)
W, o
= 70 [—ike (87 o1+ 0er0—1) + Ky (Ser 01 — 07 041)] (54b)

with k = (ky,k,)" and r = (x,y)". The expression ik, cos p + ik, sin¢ is due to w - V, of the self-propulsion
hitting e’*", equation (2). For the diagrammatics we introduce the self-propulsion vertex

We/,e(k)é £+i’ ) (55)

so that the full propagator reads

k,w ko,wo  k,w ko,wo  k,w ko, wo
— + —e—te—
l ly l ly l ly

[I>

(xe(k, w)Xe, (ko,wo))

25 (K ko) (w + wo) (Hy (ko) Sy + Hy (k) We g, () H, (k)

7 H (I6,0) Wi, () Hy, (I,0) W, 4 () Hy, (lw) + .. ) (56)
4y

using the notation of equation (52). A marginalisation over ¢ amounts to evaluating equation (56) at { =0,
equation (50). The MSD can be determined by double differentiation with respect to k as done in

equations (23) and (28). This calculation is simplified by calculating the MSD in x only, i.e. taking 8,%( rather
than 07 + 8,3. This ‘trick’, however also requires uniform initialisation in ¢ to avoid any bias. In summary

r2(t—ty) =2x2(t—ty) = —2 O}

2T 1 27 _
o [ dos [ da [ 0kt Uhognn)) 67
k=0Jo T Jo

where the integral over kg is the inverse Fourier transform with x; = 0 and is trivially taken by using
§ (k+ko) due to translational invariance.

The two integrals over ¢ and ¢, in equation (57) amount to setting £ = 0 and ¢, = 0, with all factors of
27 cancelling. Of the three terms in equation (56), the second one, which is the first order correction in the
self-propulsion carrying a single factor of the coupling vertex Wy 4, (k), equation (54a), is odd in k.
Differentiating twice with respect to k. and evaluating at k, = k, = 0 will thus make it vanish. The third term

11
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is quadratic in ky in the numerator and not singular in k, in the denominator. The only way for the third
term not to vanish at k, = k, = 0 is when Wy 4, (k)Wy, 4, (k) is differentiated twice with respect to k,,

—wd
o, =0 Wo.e, (k) Wy, o (k) = TO (61,6, +0-1,8,] - (58)
0

=

No higher order terms in wy can contribute, as they all carry higher powers of k, as a pre-factor. We thus
arrive at

_ ) 4D wh 2
2 (t—1) = /d’we_w(t_t“) — L — (59)
(miw+p)”  (—iw+p)” —w+ Dt p

where the term 2/(—iw + D, + p) originates from Hy, (k,w) at ¢; = —1,1 according to equation (58). Taking
the inverse Fourier transform from w to ¢ — #; then indeed reproduces equation (28) in the limit x | 0 with
the repeated poles producing the desired factors of t — fy. This confirms that even when the self-propulsion is
dealt with perturbatively, observables can be derived in closed form. This is not a triviality, as wjt/D, is a
dimensionless quantity and thus might enter to all orders. We proceed in the present framework by allowing
for an external potential.

2.2.2. External potential

In this section, we aim to re-derive the density po(r) of ABPs in an external potential, as initially determined
in section 2.1.2. As the self-propulsion is a perturbation, the full perturbative action equations (11b)

and (53) reads

1 - _
APZ = ‘/d =y Z Z Xe, (klll 7&]) Xe, (kn27 7w)L25n1+n270W€2751 (klll)

4
L n;,m ¢, lh=—o00
1 ~
+E Z L25n1+n2+n3,0 Z (knl ! knz) X (km ) _w) Tnz Xt (kn3,LU) (60)
n;,n;,n;3 01,03

using the notation Ky, = (ky,,, ky, )7 The action equation (60) is based on discrete Fourier modes similar to

equation (30) as the system’s volume is finite. It deviates from equation (30) but using Fourier modes for the
director as in equation (50)

1 > .
X(r,,1) = / dwm Y D e e ey (kn,w) (61a)
nezZ2f=—oc
- 1 Tt iker® P
g = [awp 3o 3 e (aw) (616)

nezZ2 f=—o0

Compared to equation (31b), equation (60) has the great benefit of the diagonality of the angular modes
in the potential term.

To calculate the particle density po(r) in the stationary state, equation (36), we expand the full propagator
diagrammatically,

k,w ko,DJO k,w ko,UJO k7UJ koﬂ;.)o

k, p,w)x(ko, po,wo)) = + b + ——4o—t0— +... 62a
(x(k, ¢, w)x(ko, o, wo)) / T ; 7 7 7 ( )
k,w ko, w
AN (62b)
l T Y
o
n k,w ko, wo k,w ko, wo (62C)
lo T lo
o o
k,w ko, wo k,w ko, wo k,w ko, wo
* l T l T 14 ‘¢ T 14
0 0 0
o o
(62d)
k,w ko,wo k,w k(),LUo k,w ko wo
0 0 0
o o o o o o
(62e)

12
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As in section 2.1.2, taking the limit #;, — —oo amounts to an amputation upon which any diagram
vanishes that carries a dashed propagator before (i.e. to the right of) a source of momentum. As a result, only
the five leftmost diagrams in equation (62) contribute at stationarity. In the following, we will restrict
ourselves to diagrams with at most one bauble, i.e. to first order in the potential. Further, we will incorporate
the self-propulsion to second order, leaving us with the four leftmost diagrams in equations (62a) and (62b).

As seen in section 2.1.2, equation (62a) contributes to the density merely with 1/L*. The other three
diagrams require more detailed attention. Firstly, equation (62b) gives

kn,w kp7 wo
——

Db(kn,&w;kpyfowo) £ / /
T bo
e}

£ 80,600 (w + wo) Hy (kn, w) (—kn - kn+p)Tn+pHZn (=kp,w) (63)

using equation (52) for Hy(ky,w). Upon taking the inverse Fourier transform in w and wy, the limit
to — —oo can be taken, replacing the incoming leg Hy, (kp, wy) effectively by &p 00y, 0. After transforming
from ¢, ¢y to ¢, and taking the integral over ¢ all factors of 27 have cancelled, leaving of equation (63)

2w 1

1 lk -r /LJ,O ik,.-r Tn
lim dp Dy (r, 0,110,400, t0) = Ze Ho (kn,0) (—kn -kn) T = —*Ze o (64)

fo—> —00 L4
0 n#0 t

as Hy(ky,0) = (D,k% + 1) ~1, whose factor k, % cancels with k,, - k,, unless k,, = 0, in which case the
expression vanishes. Equation (64) is the lowest order correction in both T and wj to the density.

Of the remaining two diagrams, the leftmost in equations (62¢) and (62d), only the latter contributes
once ) — —oo forces £y = 0 and [dy forces £ = 0, because the single coupling vertex, equation (544),
requires the angular modes to be offset by 1. The only diagram left to consider is thus

A kn,w kp,wo
Dy(kn,l,w;kp, by, wp) & ——+O——0—F——
! 5 Lo

(Z W, 21 Hh (kn,w) Wi, o (kn )) Hy, (kn,w) (=kn - kn+p)Tn+pHZD (—kp,w)§ (w+wo) - (65)

After taking ty) — —oo and f dy, the only two contributions from the sum are ¢; = —1, 1, so that
27 .
: iky T 2 2 2 -
r(,ll»Too i dp Dy (r, ¢, 110, 00, to) 2L4 E e (Deka + 1) (Dtkn + D, + 1) (66)

using

W

wo ro o
Wo, 41 (k) = —70 [ike k)] and  Wio(k) = 70 [—ike £ k)] (67)

from equation (54a), so that Wy ; (k)W) o (k) = Wy —1 (K)W_; o (k) = —wk? /4. After taking the limit 42 | 0
in equation (66) the factor k% cancels with the same factor in (D,k% + ;1) ~* whenever n # 0, so that finally

27
po(r)=L"%+lim lim dp Dy (r, 0,110, 0, o) + Da (x, 0, t; ¥, 0o, to) (68a)
ud0tr——o0 [,
1 — wh
=L — thnr “B 0 0 (D k2 4D Owd)+... 68b
L4n¢oe Dt{ 2Dt(t + ) * (W0)+ (685)

to be compared to the purely drift-diffusive equation (C20) and to equations (46) or (48), derived using
Mathieu functions, rather than the perturbative approach to self-propulsion here. By inspection of the two
expressions, equations (46) and (68b), the two are equivalent provided

128 (0,6 10,) "+ 0(wi) =, { (b1 + w3/ (20) + O(g") /)

kaw
202

-1

+

[(0-+0382/ (D) +0(¢") " - 0+, +0,0(¢)) ]}
(69)

13
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which can indeed be shown by expanding all terms on the right hand side to order w2 only, absorbing all
other terms into O(wj), for example

_ wg
D, (D +wg/ (2D) +O(q") /)~ =1~ 2D:|)),

+0(wp) . (70)

The term generically due to the activity in equation (68b) is w3 /(2D,(D,k% + D,)), by comparison to
equation (C20).

This concludes the discussion of ABPs in two dimensions. In the following sections, we will calculate
MSD and density in an external potential for ABPs in three dimensions, using the above as a template.

3. ABPs in three dimensions

In three spatial dimensions, the diffusion of the director takes place on a curved manifold, which renders the
Laplacian rather unwieldy, equation (3). The spherical harmonics provide a suitable eigensystem for this
operator, but the self-propulsion term spoils the diagonalisation. As in the two-dimensional case, section 2,
there are two possible ways ahead: Either find suitable special functions or deal with the self-propulsion term
perturbatively. In the following subsection, we focus on the former, in section 3.2 on the latter.

3.1. ‘Three-dimensional Mathieu functions’
The harmonic part of the action is equation (9) with equations (2) and (3) in equation (5a), more explicitly

T 27
Aot [X, x] = /d3x/ dé / de sinf /dtf( (r,0,0,1) (—81 +D:VZ — wy (sinf cosyp Ox + sinf sing 9y, + cosb I;)

D (S—ﬁg sinf (99 + oai) - ,LL> X(r797§07t) (71)

using the notation r = (x,y,z)".
The eigensystem that we will use now is modelled along the two-dimensional Mathieu functions,
equation (13). Specifically, it is

(b0 = [dwd’ £33 e e (0 7 () — o (K),q (1) (ko) (720)

=0 m

X(r,0,0,1 :/crwcr kZZe “iekry (0 — 7 (=k) ¢ — 0 (—k),q(=k)) X7 (k,w) (72b)

=0 m

with

7 (0.0.a(K) = 47 (0 0,q(K) 73)

defined as eigenfunctions via equation (76), similar to equation (19). These functions are orthonormal,
similar to equation (15),

5 k) [an [ ap 0 0.0 10,00 07 ()5~ (H).a(K)
=4 k+k,)5gg/5m m’ (74)
with q(|k|) of the two-dimensional case, equation (14), replaced by

all) =i 75)
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and two instead of one arbitrary functions o (k) and 7(k), ¢f equation (15). The benefit of those, however, is
rather limited compared to the two-dimensional case, where k - w was rewritten as kwg cos(y — «r). We
therefore choose 0 = 7 = 0 and demand

1 m
sin’ 96“20) ui' (6,¢.9)

==A7(Quf' (0,¢,9) - (76)

1
(—igo (kxsinﬁcosgo +ky, sinfsin ¢ + kzcose) + mae sinf0y +

These eigenfunctions are characterised in some detail in appendix A. For now, it suffices to know that they
exist and that the eigenvalues \}'(q) are indeed discrete and indexed in both £ and m. Having relegated the
details of the eigensystem to the appendix, the bare propagator can now be determined without much ado,

_ 00,60mm 0 (k+ko) 6 (w+wp)
—iw+Dk?+ DN (q(k)) + p

<X?(k,w)>~<2" (ko,w0)>0 = 00,000m,my0 (k+ko)d (w+wo)Gy (k,w)

(77a)

A k,w ko,bdo

= , (77b)
6, m 603 mo

and we proceed with the MSD.

3.1.1. MSD

The MSD derives from the propagator equation (77a) via a double derivative. As in the two-dimensional
case, the derivation simplifies considerably with uniform initialisation. Further, because the
eigenequation (76) is particularly simple whenever k. = k, = 0, we may write the MSD in terms of
derivatives with respect to k, only,

. ™ 2 1 T 21
() =-30; |k=0/ dé dy sinf . / dé, dyy sin b,
0 0 T Jo 0

XY N U (0,¢,q(keez)) W (00,00, q (ke,)) e~ (OF 0N (alke)r (78)

{=0 m

Similar to equation (24), we use coefficients

T 27
/ do dp sinfuj' (0,¢,q(ke,))) = 477A2j8(qez)6m’0 (79)
0 0 i

as derived in more detail in equation (A27). These coefficients we need to determine at most up to order 7
in order to express r?(¢) in closed form. Using the notation g = iwgk,/D, in q(k,e,) = ge,, equation (78)
produces with equation (79)

. 2\ 2 2
(1) = -3 |, { (1 - ;14> o~ (OR+D N (ge)n) | <2\q/§) e—(Drkﬁ-&-Dr)\?(qez)} (50)

from the expansion ongzg(qez), equation (A22a), and A?:g(qez), equation (A23a), with Ag:g(qez) €0(q%)
for £ > 2, equation (A24). The two eigenvalues \)(qe,) = —¢°/6+...and X(ge,) =2+ ...,

equations (A18) and (A20), need to be known only to leading order in q. Performing the derivative and
re-arranging terms then produces the final result

2

P (1) = 6Dyt + o (7 —1+2D,1) (81)

structurally similar to the result in two dimensions, equation (28), and indeed identical to the MSD of RnT
particles in three dimensions, equation (49) of [11], if the tumble rate « is replaced by 2D, [3, 4]. The
effective diffusion constant in three dimensions [39] is

D —p, + ¥ (82)
eff — Yt 6Dr )

to be compared to equation (29).
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3.1.2. External potential
Allowing for an external potential and confining the particles to a finite space means that the fields are now
written as

r,0,0,t) /d'wL3 Z ZZe_M ey (6, 0,q(k)) xe (k,w) (83a)

neZ3 =0 m

o= [dw LS S ey (0,0,(-k0) (k) (830)

nezZ3 f=0 m

similar to equations (30) and (72) and any expectation needs to be taken with the perturbative action

1 ~ Amm
-API :/Jwﬁ Z L36n1+nz+n3702 Z (klll 'knz)xel,ml (klllvfw) Tan&,m; (knmw) 0,0 3( kﬂl? kﬂa) 5

n;,n;,n3 £y 05 my,m3
(84)
similar to equation (34) with integral
T 21
A (e k) = [ a0 [ dgsingu? (0. 00060 (0. 0q (k) (55)
similar to equation (33).
The resulting diagrammatics of the full propagator to leading order in the potential is
~ A knyw kp7w0 kn,w kp?‘UO
(X(kn, £, m,w)X(kp, Lo, M0, wp)) = YA+ AV INYYAL o, (86)
€,m Eo,mo E,m T go,mo

as in equation (37) but with the index /¢ replaced by the couple ¢, m. The arguments that follow to extract the
stationary density are similar to those in section 2.1.2. Yet, to be able to draw on the results in appendix A, all
k-vectors featuring in the three-dimensional Mathieu functions need to be parallel to e,. Because amputated
diagrams draw all k-dependence from spatial variation of the potential, we thus demand Y (r) = Y(z),

i.e. that the potential depends only on the z-component of r = (x, ,z)". Its Fourier transform can therefore

be written in the form
L
= ///dSrT (r)e T = L?65,00m,0 Y, (87)
0

where n = (n,,n,,n,). The notation of equation (87) is slightly ambiguous, as T, on the right is a Fourier
transform in the z-direction only, while T, on the left is a Fourier transform in all space, yet the alternatives
seem to obfuscate even more.

Just like in section 2.1.2, the stationary limit enforces k, = 0, as well as £, = 0, as otherwise
A7'(q(0)) # 0, equation (A5b), in the propagator equation (77a).

Turning our attention to the projection A'Zl_’b’m (kn, kp) for p = 0, this vanishes whenever m3 # 0 as
up o (0,0,q=0) = VATYIH 0, p) = dm,0» equation (A6), because the spherical harmonics that the
three-dimensional Mathieu functions are written in with ¢ = 0 allow only for m = 0, so that
Y2 (0,0) = Om.o/V/4m. It follows that

0 2T
Ame() (kmO) = 5m0’0‘/0 d@ /(; d(p sin@u;g” (07 gﬁ,q(kn)) = 5m0,05m,0A2:8 (q (kn)) ) (88)
for all k, || e,. Equation (88) corresponds to equation (41). This produces

lim <X (knvev 2 t) X (kpa907 ®o, t0)> = ug (91 »,0) ag (907 @070) L26H+P’06P10

ty——

+ZZ —ka - kn+P Tn+PG€ (kn’0)619 00m OAeo(Q(kn))”? (67907q(kn>)a8(907(p070) +.... (89)

=0 m
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similar to equation (42), with GJ}'(ky,0) denoting the bare propagator equation (774) and again assuming
ky || e;. This is guaranteed by equation (87), which means that Y, vanishes for all k,, [ e,, so that the second
term in equation (89) only ever contributes when ky, || e,.

Since %) (6, ©0,0) = 1/(47), it cancels the 47 of the integral over the final angles 6 and ¢ of both terms
on the right hand side of equation (89), the second one by equation (79),

T 21T
[ a0 [ dpsing tim (0,00 (b))

> 2
— Luipodpo+ D (~Kn Knip) TurpGy (Kn,0)dpoduo (A5 (a(ka))) ... (90)
=0
similar to equation (43). Expanding to order g*> = —wjk2 /D2, equation (75), means to keep only £ = 0,1 in

the sum in equation (90), as Ag’g(qez) S O(qe), equation (A24). This produces an expression similar to

equation (44), and using equations (A22a) and (A23a) for Ag’g, as well as equations (A18) and (A20) for \),
finally gives

i) =17~ £ 5 r, L (o0 (00 + o) )+ B [ (08w /60 + o))
1,70 r
,(Dtkf,erZDmLDrO(qz))_l}}+O<q4)+... , (91)

using r = (x, y,z)" for the position, k,, = 27 n,/L for the mode, and equation (87), which cancels L%.
Equation (91) corresponds to equation (46) in two dimension. Expanding rather in small k,,_, similar to
equation (48), produces

T wak? 11 w?

-3 izk,, — Nz 0™n, _ 0 4 2

po(r)=L7— =) e o {1+ 1202 (1 % Dm?) +O(k,,)} +0(7?) (92)
n, 70 ¢ e

which has non-trivial corrections in the form wgk;, /(12D})(...), compared to the purely drift-diffusive
equation (C20), beyond setting in the latter wy = 0 and replacing the diffusion constant D, by D3 of
equation (82). The difference in L™* compared to L~ in equation (C20) is solely due to the definition of
T,, in equation (87).

This concludes the calculation of properties of three-dimensional ABPs on the basis of
‘three-dimensional Mathieu functions’. In the next two sections, we will reproduce the results above on the
basis of a perturbation theory in the drift.

3.2. Perturbation in small w,
Along the lines of section 2.2, we return now to calculate the MSD and the stationary density while treating
the self-propulsion as a perturbation over diffusion, so that we can use the eigensystem

S 14
X (r,0,0,t) = / Twd kY > e e (am) 2y (0,0) X7 (kow) (93a)
£=0 m=—~
S L
X (r,0,0,1) = / FTwd kY Y e e (am) V2 (v7 (0,0)" X7 (kw) - (93b)
£=0 m=—~
where
_ (2€+ 1) (f— m)' m imy
Y/ (0,p) = yr— T m)!Pe (cost) e (94)

denote the well-known spherical harmonics with P}’ denoting the standard associated Legendre polynomials

which carry a factor (—1)™ in their definition, so that, for example Y}(0,¢) = —11/5= sinfe’?. Our

definition of Y}’ conforms to SphericalHarmonicsY [¢,m,0, ] [41]. The spherical harmonics Y}’ are
orthonormal

T 2T «
[ a0 [ asingve 0.0 (v 0.0)) =600 (95)
0 0
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and obey the eigenvalue equation

1 . 1
VEY! (0,0) = (mea" sinf dp + Maﬁ,) Y (0,0) = —L(L+1)Y7(0,0) . (96)
The harmonic part of the action equation (11a) now reads
s [e's) 4
Aw [%,X] = — / dwd kD> > X (—k,—w) (—iw + Dk’ + Dyl (€4 1) + pu) X' (K,w) (97)

=0 m=—¢

so that the bare propagators are

5 80,00 0m,mo0 (kK + ko)d (w + wo) . A kw ko, wo

7k o (k, = =2 & = 00.000m.m,0 (k+Kkg)d H" (kw) & —m————
<Xl ( 7W)XKU ( ()7W0)>0 7iw+Dtk2+Dr€(£+ 1)+m/ £,Lo 9m,mo ( + 0) ("‘H'WU) ¢ ( ‘*’) tm lo.mo
(98)

differing from equation (52) only by the additional factor d,, ,,, and by the eigenvalue of the spherical
Laplacian being £(¢ + 1) rather than £2. In the absence of an external potential the perturbative part of the
action reads

e’} ¢ VA
A= / ChRdw D D D A w) X (K —w) 8 (kKW (k) (99)
L' =0m=—Lm'=—1L"'
similar to equation (53) with coupling vertex
U 21 , .
Wy, (k) = —Wo/ de de sind (YZ”, (8, <p)) (ikysinf cose + ik, sinf sin o + ik, cosh) Yy (6, ) .
0 0
(100)

In principle, any product like sinf cos ¢ Y} (6, ) can be written in terms of a sum of spherical harmonics

(see appendix B),
. 2041
sinfcosp V7' (0,0) =) mcig,e,oyy (0,¢) (—Cf,’fe,m + Cilgl,[,m) ; (101a)
LM
s . 2041
sindsing ¥ (0,0) =) _y | 7oy rneott (6:) (o) (101b)
LM
2041
cost¥ (0,0) = 3\ 3 oottt (0:9) (101c)
LM

where cﬁ’,lvfn, ¢.m are the Clebsch—Gordan coefficients, further detailed [42] in appendix B.

The coupling matrix Wy, ;" (k) can therefore be written as

W (k) = Wi (keew) + Wi (kyey) + Wi " (kees) - (102)

) s

the simplest among the three terms is

' . 20+1
Wzn,yzm (kee,) = —zwokzz \/ mcf,’g,z,oci’g{e,m&n',M&@HL (103a)
LM

. (L+1+m)(l+1—m) (£ +m) (£ —m)
_—ZWka5m,m'{\/ (2041)(20+3) Oerenr (2€+1)(2£—1)5"’f‘1}’ (1035)

with the other two stated in appendix B. With this framework in place, we proceed to calculate the MSD and
the density at stationarity.
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3.2.1. MSD
We follow section 2.2.1 to calculate the MSD of ABPs in three dimensions, which is

12 (t—ty) = 322 (t — to)

™ 27 ) 1 T 2 ] 3 ~
=-3 E),i!kzo/o d9/0 dy smﬂﬂ/o d90/0 deg sinfy /d’ ko {x (k,8,¢,t) X (ko,60,%0,%0))
(104)

corresponding to equation (57). With the help of the diagrammatics equation (56) and the reasoning before
equation (58), this can essentially be done by inspection. The derivative of the bare propagator will
contribute —3(—2D,t) to the MSD. The only non-trivial contribution is due to —+0——+® , which has
a very simple structure because the integration over § and ¢, forces £ = 0 and m = 0, given that Y} are
orthogonal and Y9 = 1//47 and so integrals over Y}’ vanish unless £ = m = 0. The same reasoning applies
to ¢y = mg = 0. The summation that appears in the last term of equation (56) therefore becomes

1

- 1
ml H™ 1,0 212
Z Z k ez A (kzez7(.d) WZ,O (kzez) = WOkZ m

0L =0m=—4¥,

(105)

because only /; = 1 contributes, resulting in a factor ¢, (¢; + 1) = 2 in front of D, in the propagator.
Differentiating twice with respect to k, and taking the inverse Fourier transform of the expression with the
bare propagators attached,

2, . 1 1 2 (-t 1 1
——wgl d wt — 22 _ 0.t 106
3W°,ilf&/ Y Do)} —iw 2D, + 3W0{2D,+4D$ a2© (106)
finally reproduces equation (81) exactly.

3.2.2. External potential

Calculating the stationary density po(r) in the presence of an external potential perturbatively in the
self-propulsion and the potential follows the pattern outlined in section 2.2.2. Because the volume is finite,
the representation we choose for the fields is

oo L
1 —iwt 1ky-T m
(gt = [dwgs S5 3 e e 4m) 17 (0,0 (k) (107a)

neZ’ (=0 m=—~{

X (x,0,1) —/dw— ZZ Z e ietha (4m) V2 (1 (9, ) X (Knyw) - (107b)

nezZ? {=0 m=—~£

rather than equation (93), with the sums over n € Z° replacing the integrals over k.
Given the orthogonality of the spherical harmonics, the perturbative part of the action now reads

Apzz/ 62 Z Z Z Xz (kn,,w) X7 (kn27 )5n1+nza0WZ1’/,’lm(k“1)

n,mll'=0m=—~—Lm'=—

43
Z Doniminod. 3 Z (Kn, - Kny) 02 (Kny s —2) Ty X2 (K, 0) (108)

nl»ﬂz n;3 O lsm=—Llym' =—

corresponding to equation (60) in two dimensions, but with the coupling vertex Wml (k) given by
equation (100).

In principle, T, is arbitrary, but in order to stay with the simple form of Wem,:’ém (kze;), equation (103D),
we restrict Y (r) to vary only with z, making again use of the notation equation (87). The sole contribution
that needs our attention is due to the single term equation (65), which draws on equation (105): If the modes
of the external potential T, vanish for k, }f e, in the diagram equation (65), the x and the y components of
k, and k;, have to cancel. As t) — —oo effectively enforces k, = 0, this means that equation (65) vanishes in
this limit for any k, { e, so that WZ",/’Z” (ky) is only ever evaluated in the simplest case WZ”,:’[" (k.e,),
equation (103b). 7
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Using Wg(l) (kzez)W(l):g (k.e,) = —wik? /3, the density can be read off equation (68b)

1 o, T wl -
po (r) = L3 = 2 :eanZZTT {1 — 37D0 (Dtkiz + 2Dr) 1} + C’)(Wg) +... (109)
n,#0 '

with the denominator of the fraction w3 /(3D,) changed from w3 /(2D,) in equation (68b), and the internal
propagator changed to (D;k;_ +2D,)~" from (D;kj + D,)~'. Comparing to equations (C20) and (109) reveals
corrections to order wj in the form w§/(3D,(D:k%_+ 2D,)) and higher beyond replacing D; at wy = 0 in
equation (C20) by Dig equation (82).

Equation (109) correctly reproduces the result based on the expansion in ‘three-dimensional Mathieu
functions), equation (91), as

2
_ "

3D,

4

_ o1 Kwd
(m@ﬁﬂm)1+0@®:D{(&+%/@&ﬂ4ﬂfﬂ@)1+»m°{@¢i+%ﬁJmm)

1
12D2

+(’)(q4))71 — (D¢k;, +2D, + Dr(’)(cf))l} } ) (110)

4, Discussion and conclusion

There are two main perspectives on the present results, first about the concrete observables calculated and
second about the formalism.

4.1. Observables

In this work we calculated the MSD and the stationary density of ABPs in two and three dimensions using
two distinct methods. The MSD calculations were performed primarily for methodological purposes, and
the field-theoretic derivation of the full time-dependence of the MSD of a free ABP in three dimensions, but
not in two [11], is a new result, whereas the MSD itself is well-known [2, 3, 9, 11].

In two dimensions, we determined the exact MSD of ABPs using Mathieu functions with full time
dependence in equation (28) as well as using the perturbative approach leading to equation (59). In three
dimensions, similarly to the two-dimensional case, we used ‘three-dimensional Mathieu functions’ for
computation of the exact full time-dependent MSD in equation (81) and spherical harmonics in
equation (106). The effective diffusion constants for both, the two and three-dimensional case in
equations (29) and (82) respectively, are identical to the RnT motion case using appropriate conversion
(3, 11].

The MSD was calculated irrespective of the final orientation of the ABP and integrated about the initial
angle without loss of generality. This leads to a significant reduction in the number of terms in the final MSD
expression as discussed after equation (23) in two dimensions. The same method was used in the
three-dimensional case with ‘three-dimensional Mathieu functions’ in section 3.1.1. For the self-propulsion
perturbative case, it is a matter of convenience to determine the MSD in only one spatial direction, which
however requires uniform initialisation in order to avoid bias, as discussed in two dimensions after
equation (61). The same approach was taken in three dimensions in section 3.2.1. Generalising to d > 3
dimensions using the perturbative approach and so-called hyperspherical harmonics [43, 44], the expression
for the MSD of ABPs is [44]

2w

(1) = 2dDt + — 0
(d—-1)"D7

(e*(dfl)D”fl+(df l)Drt) . (111)

with the details to be found in [45]. The effective diffusion constant

o

dD __
Dot =P+ G0 1)1,

for d>2 (112)
is consistent with [3].

The calculation of the stationary density in the presence of the external potential is, to our knowledge, a
new result with the present generality. The stationary density in two dimensions was computed
perturbatively in presence of small potentials in equations (46), (48) and (68) to first order in the potential.
These expressions differ only in that they are expanded in different parameters, i.e. the parameter q of the
Mathieu function in (46), the spatial momentum k,, in (48) and k, w; in (68). We further assumed a finite
volume L4, to guarantee a stationary state in the absence of a potential, similar to drift-diffusive case
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discussed in appendix C. As a result of using Fourier sums, the potentials and the resulting observables are
periodic. The two-dimensional MSD is in agreement with experimental results [1, 46].

In three dimensions, the stationary density calculation with the ‘three-dimensional Mathieu-functions’
in the external potential was simplified by allowing the potential to vary in only one direction, equation (87),
appendix A. Although the calculations without this assumption are much richer and much messier, we do
not believe that they produce results that are qualitatively much different from those presented here. In two
dimensions, this assumption was avoided by the re-orientation of the coordinate system in section 2.1. In the
perturbative approach, section 3.2, the above-mentioned assumption helped avoid having to compute
general Clebsch—Gordan coefficients in equation (100), but determined nevertheless in appendix B.

The stationary density in three dimensions in equation (91) is calculated to first order in the potential
and expanded to second order in q. The perturbative calculation in the self-propulsion results in
equation (109). The restriction on the potential in three dimensions is more easily lifted in the perturbation
theory using spherical harmonics, since the Clebsch-Gordan coefficients can be derived without much ado.
On the other hand, characterising the ‘three-dimensional Mathieu functions’ requires at the very least a
careful analysis of the completeness of the eigensystem, more easily done for q | e,.

Despite the restrictions on the potential, the perturbation theory covers a wide class of potentials. As is
analysed in detail for drift-diffusive systems in appendix C, the resummed pertubation theory recovers
known closed form expressions, including a confining potential. The most interesting case of ‘active
sedimentation’ in a gravitational potential in a finite vessel can be realised within the restrictions mentioned
above by long-stretched, periodic ratchet in the z-direction with period L,

T (r) = ppmgr-e; (113)

with particle mass m, gravitational acceleration g and mobility jz,. With r confined to [0, L)“ by periodicity,
r-e, = —eL with € € [0,1) is mapped to Y((1 — €)Le,) by periodicity in equation (32), so that the potential
‘energy’ equation (113) jumps to the maximum right after reaching the minimum for decreasing z,
implementing a sharp potential wall at z =0, the bottom of the vessel. The corresponding modes of the
potential are T,,, = iL/k,, for n, # 0, and L/2 for n, = 0, to be used in equation (91) or (109), but not in the
expansion in small ky, equation (92), as discussed after equation (48).

The ‘barometric formulas’ in equations (48) and (92) show the corrections to the density that are
generically due to the activity. Those cannot possibly affect the 0-mode, which is explicitly excluded from the
summation. To leading order the density of ABPs behaves like that of an equilibrium system with no
self-propulsion, wy = 0 and the translational diffusion constant D;, equation (C20), replaced by the effective
diffusion constant D g, equations (29) and (82). Terms beyond that are generically due to the
non-equilibrium nature of active matter. The lowest order correction is quadratic in k,, namely wjk2 /(2D?)
in two dimensions and w3k /(12D?) in three dimensions. It might be interesting to investigate how this can
be measured in slowly varying potentials where contributions in large n are suppressed because T, vanishes
there. The experimental studies and data known to us [1, 39, 46-51] confirm the presence of the effective
diffusion constant, but are not detailed enough to reveal the k,-dependent corrections that we have
determined here.

4.2. Methodology

We have introduced all ingredients to set up a field theory of ABPs, in particular: the action, the propagators,
the projections of the special functions such as Ay, g, (—kn,, —kn, ), equations (33) and (85)), and the
coupling vertices (such as Wy ¢ (k), equations (54a) and (100). As well as providing the concrete
mathematical framework, our derivations above highlight the advantages and disadvantages of using special
functions rather than a perturbation theory. We will briefly summarise these here.

Using special functions, i.e. the Mathieu functions, sections 2.1 and 3.1, has the benefit that the bare
propagator already contains the self-propulsion. As long as space r and its boundary conditions can be
implemented through a Fourier-transform, this is the most efficient way to deal with free problems,
wrapping the self-propulsion in the properties of certain special functions. The resulting bare propagator is
the exact and complete characterisation of the free stochastic particle movement. When the special functions
are well-known, literature provides the relevant properties of functions and eigenvalues. When they are not
well-known, they can be determined perturbatively in (hyper-)spherical harmonics, effectively performing
the perturbation theory that would otherwise be done explicitly at the level of diagrams. In return, the wealth
of literature on Sturm—Liouville problems is readily applicable, as touched on in equation (A8).

We were able to avoid having to determine the ‘three-dimensional Mathieu functions’ in greater detail by
using a preferred direction, which generally requires integration of final and/or initial orientation. Thanks to
the arbitrary function o (k) in equation (13), this was avoided two dimensions, where we could use the
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well-known Mathieu functions. This may be related to the metric of a d-dimensional sphere to be curved
only in d > 2. In three dimensions, despite having two arbitrary functions o (k) and 7(k) in equation (72), an
elegant simplification of the eigenproblem does not seem to be available.

Using a perturbation theory, i.e. expanding diagrams in wy, sections 2.2 and 3.2, means that even the free
particle has to be treated explicitly perturbatively. Although the full propagator now contains infinitely many
terms, this does necessarily translate to infinitely many terms for every observable, as seen, for example, in
the fully time-dependent MSD calculated exactly using perturbation theory in two and three dimensions,
sections 2.2.1 and 3.2.1 respectively. The big advantage of using a perturbation theory is that orthogonality is
not spoiled by a lack of momentum conservation, as is caused by an external potential or interaction. Such a
lack of momentum conservation is what necessitates the introduction of the projection Ay, ¢, (—kn,, —ky,) in
the case of special functions, equation (34) and similarly (84), but this does not happen when using a
perturbation theory, equations (60) and (108).

It is striking that the perturbation theory in weak potentials recovers the barometric formula for a
binding potential (appendix C). The calculation of such stationary features is facilitated by the amputation
mechanism as discussed in section 2.1.2 and similarly used in [11].

4.3. Outlook

We are currently working on a field theory of interacting ABPs displaying features of the Vicsek Model [12,
13, 19-21]. As the upper critical dimension there is d. = 4, we aim to generalise the spherical harmonics to
higher dimensions. This would also allow the use of dimensional regularisation in a renormalised field
theory. While some characteristics of such hyperspherical functions follow a systematic pattern, allowing the
spatial dimension to vary continuously like d = 4 — € represents a significant challenge.
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Appendix A. Three-dimensional Mathieu functions

In the following, we want to characterise the ‘three-dimensional Mathieu functions’, which we call that only
because the eigenfunctions of the equations below in two dimensions are the well-known Mathieu-functions
[32, 33].

We will first state the defining equations and then set out to calculate the eigenfunctions. Firstly, we
demand that u}'(6, ¢, q) are eigenfunctions, equation (76)

sinf cosp | ]
—q- | sinfsing | + —dpsind dp + —5-03 | uf' (0,0,9) = =N/ (@) u}' (0,¢,q) . (A1)
sinf) sin“f
cost)
Further, we demand normalisation,
s 2T ,

/ do / dep sinf uy' (0,0,9) uy' (0,0,9) = 0,0/ 0mm’ (A2)

0 0

with equation (73) to maintain close correspondence to the two-dimensional case equation (26),

(0, 0,a() = ' (0., (K) (a3)

and orthogonality following from the self-adjointness of the differential operator equation (A1) under the
scalar product equation (A2). With that, all of Sturm—Liouville theory [52] is at our disposal. We will index
these eigenfunctions with / =0,1,... and m € Z.
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For q = 0 vanishing, equation (A1) is the eigen-equation of the spherical harmonics [32]. We therefore
choose to express the three-dimensional Mathieu functions in spherical harmonics Y]’-‘(H, ),

o0

up' (0,0,q) = Van Z Z A )= Z Y 2”(]2(,()) k(cost) e (A4)

j=0 k=—j j=0 k=—j

with the factor of v/47 solely to ease notation and P}'(z) denoting the associated Legendre polynomials. For
m,k T
q=04," (q) is diagonal, so that

AL (@) = (06mi+ O(@)) (A5a)
(@) =L(t+1)+0(q), (A5b)

where we assume that the coefficients AZ}k(q) and eigenvalues A\}'(q) can be expanded in small q. Explicitly,
forq=0,

Uy (0,,0) = VarY} (6,) (A6a)
ug' (6,¢,0) = (Y7 (6,9)" (A6b)

8-
3

with the asterisk denoting the complex conjugate and indeed

s 2T
/ do / de sinfu) (6,0,0) " (6,0,0) = 840/ Opmm: - (A7)
0 0

We focus henceforth on those q that have no projection in the x and y directions, q = (0,0,4)" = ge,,
which simplifies equation (A1) dramatically, rendering it similar to the expression in two dimensions,
equation (19). Only the §-dependence is affected by the presence of q || e,, so that A'Z]’-k(q) X Opm i is diagonal
in m, k for such q, resulting in a simple structure and indexing of the azimuthal dependence, i.e. on ¢,

uy (0,0,q(kze;))) *em“pZA W " (cost) . (A8)

Because we will integrate u}' (6, ¢, q(k-e;))) over ¢, we can further narrow down the scope of this section to
m = 0, which simplifies the square root in equation (A8) to y/2j+ 1.
Because the Legendre polynomials obey

b—m+1_, €—|—um (A9)

COSQPZ" = W 0+1 + m 0—1 >

the eigen-equation equation (A1) for m =0 and q = ge, with equation (A4) is simply

o0 .+1 .
ZA (qe.) V2j+1 <q5]+1 J(')H(cosﬁ)—l—q%Pp (cosf) + (j(j+1) — A (qez))P]O(cosG)>
j=0

(A10)

Projecting out the Legendre polynomials one by one, the coefficients A (qez) obey

j jt1 . . o
O=ay;i 1q—F——+ay; ——tayiv/2]+1 +1)—A\ All
L. 1q\/2]j ¢,j+19 2j+3 £, ] (](] ) é) ( )
where we have used
NOA (qez) , (A12)

with some normalisation NV} to be used below, and \; = A)(qe;) to ease notation.
Equation (A11) can of course be written in matrix form

4
0 V3 0 Qy o Qg0
% 2 % e Qy 0 Qy 1
0 % 6 ae’z = )\Z (qez) 04[,2 . (A13)
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By demanding that this equation is to be solved to a certain order in g and by assuming a,; € O(gl*~1), only
a finite number of matrix elements and vector elements need to be considered at a time, while also

constraining the order of the eigenvalue. Using equation (A5) as the starting point, the first order equation
for { =01is

0 ( ! ):(0+Vq)( ! >+(’)(q2) (A14)
\% 2 u1q u1q ’

where we have labelled the unknown term of a1 by 114 and the unknown term of A)(ge,) by vq. The 0 in
the eigenvalue on the right hand side of equation (A14) is that of )\2 at £ = 0, equation (A5b). Focussing

solely on terms of order q produces two equations, 0 = vq and q/v/3 + 2u;q = 0, determining both v =0 and
u; = —1/(2+/3). With those in place, the next order equation is

0 % 0 1 1
22 | s tud | = (0+vg) | 55 twd’ | +0(7) | (A15)
0 % 6 g 12q°

determining u;, u, and v, now labelling terms of order g¢°.
The only additional difficulty for £ > 0 is that the number of rows and columns of the matrix to be

considered going from one order to the next may increase by 2 for the first ¢ orders. For example the first
non-trivial order for £ =1 is

1
O 20 toq tog
£ 2 & 1 | =02+w) | 1 |+0(q) . (A16)
0o L 6 q 12q
With this process, we have determined
_ g 7 1
(q) V3 2(21 0 0 9 + llq3
oo 00 £ g B
q q _ 5
DV VR, <6+1080)]1 w g | €O) fort=9,
0 0o =L 12 Z __a
0 0 \/og L \ég? w7
- Ve - 57500
(A17)
which can be improved further by demanding that the term of order ¢® in A is consistent with
02 = ¢*/(18V/5) — 43q*/(9072+/5) in equation (A17), producing
* o114t 474°
A (ge,) = —% + ﬁ - 340(120 o(q) for{=0. (A18)
For ¢ = 1, we found
- - 4 _
0 % 0 0 0 V3 40V3
44 o, 0 1
v 2 v 39 T q 11g° 4
0 Wi 36 5 ? —<2+10)]l T/ 70015 EO(q) for{=1,
o o L 12 L 3¢
o o 0 4 3 ooV
Ve _ @
B Ve N 3150v/3
(A19)
i.e.
7
M (ge,) =2+ i O(q*) for{=1. (A20)

Matrix expressions such as equations (A17) and (A19) are easily verified with a computer algebra system,
simply by determining whether the remainder has the expected order.
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Equations (A2) and (A4) imply
ZZ( qez) =1 (A21)
j=0 k=—j

which determines the normalization N} in equation (A12) and with equation (A17) this produces the
desired coefficients for £ = 0,

2
. q 383q*
Ago(qez) =1— 1T 51810 (1) (A22a)
37
- 35 2 o) (r220)
2
7 q 4q*
A ae) = - w +0(7) (a220
Ay (ge;) = ~ 200 \f +0(q°) (A22d)
0,0 q' 5
Apy (ge;) = 37800 +0(q°) - (A22e)
Similarly, we found for £ = 1 from equation (A19),
3
A% (ge -1 __1 +0(q* A23a
1,0(‘1 2) 3 20V3 (‘1) ( )
A ge) =1- T o(q) (A23))
13q
A% (ge,) = — q +0(q* A23c
1
AV3 (ge:) = 15 \[ 7+0(q") . (A23d)
For general ¢ we observe that in deed
A7o(ge.) € O(q") (A24)

by construction.
Finally, we calculate the integral of u}' (6, ¢, q(qe;)) over ¢ and 6, equation (79). Firstly, taking the
integral over ¢ of the definition equation (A8) enforces m =0,

™ 27 0 ™
/ do / dep sinfuy' (6,,q(k) =27 0,0 Y Ap7 (q(k)) v/2j+ 1 / d6 sinf P (cost)) . (A25)
0 0 i=0 0

Using the orthogonality of the Legendre polynomials,

T 2(j+m)!
do sind P’ (cos®) P (cosh) = —~———=3Jix (A26)
| o o o) =
and P = 1, which means that the integral of Pf is its projection against P} = 1, then gives the desired
™ 2
/ de dep sinfuj’ (0,¢,q(k)) = 4n 6m)0A2:8 (q(k)) . (A27)
0 0
Appendix B. Clebsch—Gordan coefficients
A product of two spherical harmonics can be expanded as
(20+1) (20" +1
Yy (0,0) Yy Z\/ ar 2L+ 1 )Cé’oe,oci’/{\fn/,e,myy(aa@ ) (B1)
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where ch’,Aii, ¢.m are the Clebsch-Gordan coefficients [42]. By rewriting trigonometric functions in
equation (100) as spherical harmonics,

sinf cosp = 4/ 2?71- (=Y (0,9) + Y, (0,9)) (B2a)
sinfsinf) = iy / 2?” (Y] (0,9) + YL, (0,)) (B2b)

cost) = 4/ %Y? 0,0) , (B2¢)

and using equation (B1), we arrive at equation (101).
We list the Clebsch—Gordan coefficients of equation (101),

[1+/4 [/
Cﬁg,é,o = 0r,041 1120 Or,0—1 1520° (B3a)

l4+1—m)({+1+m 1 {—m)({+m
Cféwzm:(sm,M<5L,e+1\/( ) )—5L7£m ——— — 01,01 ()()>7

(14+0)(1+2¢) L(1+2) £(20+1)
(B3b)
LM :5m+17M 5 (1+f+m)(2+€+m)+6 (l—1—m)(l—m)
1,1,4,m \@ L,L+1 (1+£)(1+2€) L,0—1 £(1+2€)
({—m)(1+L+m)
“F(SL,Z\/ (0+0) ) , (B3c¢)
CL’M _6m—l,M 6 (1+€—m)(2+€—m) 5 (E—l—m—l)(é—&—m)
1,—1,.4,m — \/i L,0+1 (1+€)(1+2€) L,¢—1 €(1+2€)
ey \/ (1+€€—1an) X—l—m)) | (B3

By substituting the above Clebsch—Gordan coefficients into equation (101), the first two coupling vertices
W ¢ on the right hand side of equation (102) are

. 20+1
W?',k (kyex) = —iwoks Z 2L+1 1040( Cflyzm“‘cf]\jlzm) Om’ MOe/ 1 (B4a)
. Om’ m+1 (1+0+m)(2+L+m) (—=1—m)(L—m)
= —iwpk,{ ——— | =0y Opr po—
iwo { 2 ( ¢ ’“‘\/ RIS R A eV Te TSy
(B4b)
+5m/,m_1 5 (1+€fm)(2+€fm)_5 (l+m)(l+m—1)
2 R (20+3)(20+1) N T e+ ) 20-1) ’
(B4c)
. 20+1
W?,’ yey —Wok Z 2L+1 1040(411\46,%4'4]\}1“1) Omr mOer 1 (B4d)
ok O’ mt1 5 (1+€—|—m)(2+€+m)_5 (L—1—m)(L—m)
S 2 e (2043)(20+1) N T Re= ) 20+ 1)
(B4e)

St m—1 (1+0—m)(2+L—m) L+m)(l+m—1)
T (5““1\/ (20+3)(20+1) 54'7“\/ (2€+1)(2£—1)>}(B4f)

which together with the third term, WZ”/ y (k.e,) in equation (103) complete the right hand side of
equation (102).
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Appendix C. Field Theory of the drift diffusion in an arbitrary potential

In the following we derive the field theory for a drift-diffusion particle in a finite volume with potential Y (r)
and determine the stationary particle density po(r). Our motivation is two-fold: firstly, we want to reproduce
the barometric formula py(r) o< exp(—Y (r)/D;) in the absence of drift, which is the equilibrium situation of
pure diffusion, where the diffusion constant D, plays the role of the temperature. The barometric formula is
Boltzmann’s factor, which we want to see reproduced by the field theory as a matter of consistency,

section C.4. The derivation will provide us with a template for the more complicated case of a drift. Secondly,
we want to determine precisely those corrections due to a constant drift with velocity wy. We will compare
our field-theoretic, perturbative result with the classical calculation in one dimension in section C.5.

We study this phenomenon in a finite volume with linear extent L, so that the system develops into a
stationary state even in the absence of an external potential, which will be treated perturbatively. In a finite
volume, the Fourier series representation of any reasonable (finite, continuous, more generally fulfilling the
Dirichlet conditions) potential exists. In an infinite volume, we would have to demand that the potential
vanishes at large distances, which may result in the stationary density no longer being normalisable even in
the presence of the potential.

To simplify the calculations, we further demand the domain to be periodic. The annihilation field x (r, )
and the Doi-shifted creation field x(r, ) at position r and time ¢ can then be written as

1 > sop 3
x(r,t) = i Z/ d we etk Ty (ky, w) (Cla)
nezd” ~®
1 > sop 3
x(r1) =3 > / d we™ ey (kn,w) (Clb)
nezd” ~®

with the notation in keeping with the rest of the present work. The finite volume we have chosen to be a cube
with linear extension L, easily generalisable to a cuboid or similar. The Fourier modes are k, = 27rn/L with
n = (ny,n,,...,ny)" a d-dimensional integer in Z“. We further use the notation & =d /(27) and later,
correspondingly, 6 (w) = 27 (w) to cancel that factor of 27.

The time-independent potential Y (r) follows the convention equation (32), restated here for
convenience in arbitrary dimensions

T(r)= % 3 Tpelker (C2a)

nezd

L L
T, - / / AT (1) e (C2b)
0 0

C.1. Action
The Fokker—Planck equation of the fully time-dependent density p(r, ) of particles at position r and time ¢,
subject to diffusion with constant D, and drift with velocity w, in a potential Y(r) can be written as

ip (r,1) =D, Vip(r,1) = Vi (p(r,1) (W= VT (r))) (C3)

removing all ambiguity about the action of the gradient operators by stating that they act on all objects to
their right.
The action of particles with diffusion constant D; and moving ballistically with velocity wg is [11]

- 1 - . .
Aolion] = =[Gy 3 R () x ) (i + O+ i katm) (O

with k, = |kn| and m | 0 a mass to regularise the infrared and establish causality. An additional external
potential results in an additional space-dependent drift term and thus in the action

Ap = /ddr /dt)z (r,t) Ve (VX (1)) x (1, 1) (C5a)
1 -
= /d w ﬁ Z kn1 : kllz X (knl ’ 7(‘}) Tan (kn37w) Ld5n|+n2+n370 (CSb)

e.g. equations (90) or (31a) to be treated perturbatively, equation (8).
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The bare propagator follows immediately from equation (C4),

§(w+wo)L%nip.o nw p,w

- _ _ d A
(X (kn, W)X (kp, wp)), = Y T 0 (w+ wo)Lntp,0G (kn,w) = (Ceo)
and the perturbative part of the action provides a single vertex with a ‘bauble’
A 1 I3
ky, - k—(n1+ﬂ3)T—(n1+n3) = _|__"__ (C7)
O*(nl + n3)
to be summed over.
C.2. Propagator
With the help of equations (C6) and (C7) the full propagator can be written perturbatively,
nw p,w n,w P, w n,w P, w
{X(kn, )X (kp, o)) £ +—— i ° (C8)
o 6 o
=5 (w+wo) {L%n1p,0G (kn,w) + G (kn,w) K_p - Knp Ly pG (—kp,w) +...} . (C9)
More systematically, the full propagator may be expanded as
o0
(X (kn, ) X (—Kp,wo) ) = 6 (w+wp) Y Ej (kn, Kp,w) (C10)
j=0

where we changed the sign of k;, in the creator field compared to equation (C8) to improve notation below.
The expansion terms E; are defined as follows

Eo(kn, kp,w) = L%y _p oG (kn,w) (Clla)

n,w —p,Wwo

I

A

Ei(kn, kp,w) = —G (kn,w) kn - kn—pTn_pG (kp,w (C11b)
A n,w —P,wo
2 _|--|- ,
o
1
E, (knvkpv“-’) =G (kn,w) d Z (kn'kn—q) ThqG (kq’w) (kq'kq—p) Tq—PG(kaw)
qez4
1
=-G (kna w) d Z (kn : kn—q)Tn—qu (kq7 kpa (.d) (Cllc)
q€eZ
A n,w . Zq . —P,wo
o o
1 n,w q
= Y Bilkg k@),
q€eZ4 d)

with the general recurrence
1
Eit1 (kn kp, w) = =G (kn,) 5 > (kn - kn—q) Tn_qF; (kg kp,w) (C12)
qezd

amounting to a convolution to be analysed further below.
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C.3. Stationary state
The density py(r) in the stationary or steady state is found by taking of the propagator the limit {; — —oo of
the time of the initial deposition,

po(r) = Tim {(x(r,t) X (ro,t)) (C13)

t——00

expected to be independent of ry and t, provided the system is ergodic and possesses a (unique) stationary
state. Provided all internal legs are dashed, i.e. they carry a factor k, the diagrammatic mechanics of this limit
amounts to an amputation of the incoming leg in any composite diagram. This is most easily understood by
taking the inverse Fourier transform from w, wy to t, t;, while leaving the spatial dependence in k, starting
from the propagators that have the form equation (C6). The inverse Fourier transform will result in
exponentials of the form e~"*, where s is the location of the pole of the propagators, here

s = i(D/k% + iwg - ky + m) with S(s) > 0. Only if the imaginary part of s vanishes, the exponential will not
vanish as fy — —oo. This happens only when n = 0 and in the limit of m | 0. The resulting residue is thus
determined by the remainder of the diagram evaluated at the pole w = 0 and with the incoming leg replaced
by 0p.0, so that an inverse Fourier transform in k;, to ro results in a factor 1/L%. As for the individual
propagator equation (C11a) in equation (C10), it contributes indeed only this background, 1/L¢. Writing
therefore E; with only one argument as the desired limit,

: : —iw 1 tkp T
Ei(kn) = lim lim [ dwoe wotto t)ﬁ > e B, (kn, kp, —wo) (C14)
PEZ
a ; ; ;
o) o) o)
i baubles

allows the stationary density to be written in the form
1 o0
po(r) = 75D ey (k) (C15)
nez j=0

via equations (CIO) and (C13) and giVCS
0 ( n) n,0 [d n,0 ( 1 )

from equation (C11a) and

1 2Y,Z(n#0)

- C17
L4 Dthz.‘ + EWO . kn ’ ( )

El (kn) = _G(knvo)kn an(n 7é 0) Tn% =

using equation (C6) and where
Im#0)=1—0dno (C18)

accounts for the subtlety that the right hand side of equation (C11b) strictly vanishes for n = 0, because of
the k,, prefactor and all other terms being finite as m # 0. However, in equation (C14) the limit m | 0 has to
be taken so that t; — —oo produces a finite result, resulting in

k k 0 fork=0
lim ——— = T (n#£0) = o (C19)
mokZ+m K3 k,/k? otherwise ,

using the convention 0co = 0. The indicator function equation (C18) needs to be in place for every prefactor
k that also features in the denominator of a propagator G (k,0) so that the limits 7 | 0 and t — oo can safely
be taken.
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For easier comparison, we state the expansion of the density to first order in the potential for
drift-diffusion particles in a finite volume determined explicitly so far,

KX,

2kp-r
== C20
po (r) Id  2d Z D, kz T iwp - + ( )

using equations (C15)—(C17).

With the indicator function equation (C18) suppressing unwanted singularities, the recurrence
equation (C12) remains essentially unchanged at stationary, as only the outgoing propagator needs to be
adjusted to w =0,

Eit1 () = =G (kn,0) 75 ZI ) (kn - kn—q) Ta—qFj (ko) (C21a)
qezd
z
_Dtkz(j:%ﬁ 3 (kn - Knq) To_qF; (ky) (C21b)
n qez4
2 1 :_;_q A k. (C21¢)
o o o

i+ 1 baubles

using equation (C6). In one dimension we can further simplify,
Eiiy(ky) = ) P . C22
i1 (kn) y k + i L Z akn—qE; (k) (C22)

From equation (C21) it can be gleaned that in real-space E;(r) obeys the recurrence
(D:VE = w- Vi) Ejp (r) = =V, (Ei (r) Vi Y (1)) (C23)

where we have refrained from introducing a separate symbol for the inverse Fourier transform E;(r) of Ej(k).
It is instructive to demonstrate that this implies that equation (C15) therefore solves the Fokker-Planck
equation (C3) at stationarity, i.e. we want to show that using equation (C23) in equation (C15) provides a
solution of equation (C3) with d,p =0,

0=D,V2p0 (1) = Vs (o (1) (w— VT (1)) . (C24)

To see this, we sum both sides of equation (C23) over j = 0.. ., which on the left-hand side produces p, of
equation (C15), including the vanishing term

(D, Vi —w-V;)Ey(r) =0 (C25)

as Eo(r) = L9, equation (C16), so that equation (C23) implies

(DV:=w-Ve) Y E(r) ==V | Y _E@V:Y(r) |, (C26)
j=0 j=0

and thus equation (C24), with the E; in equation (C15) determined by equation (C21).

Equation (C21) is the central result of the present section. By means of equation (C15), it allows the
calculation of the stationary density starting from Ey, equation (C16). Without drift, the density should
produce the Boltzmann factor, which we will recover in the next section. While this result is easy to obtain
from a differential equation approach in real-space r, it is very instructive to perform this calculation in
k-space. With drift, on the other hand, we can compare the density p, resulting from equation (C21) to the
known stationary density in one dimension [53], which is done in section C.5.
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C.4. Barometric formula
In the absence of a drift, w = 0, the density will evolve into the Boltzmann factor

1
po(r) = Nesr(r)/o, (C27)
with normalisation constant

N = / ddre=Y®/0: (C28)

Equation (C27) is the stationary solution of the Fokker-Planck equation (C3) without drift,
0=D,V;po(t) + Vi (po(r) VY (r)) , (C29)

which demands that the probability current is spatially uniform [54]. Provided the potential is bounded
from above and from below and with boundary conditions given, the solution is unique by equation (C27),
including the normalisation constant given by equation (C28).

In the following, we show the equivalence of equation (C27) and the field-theoretic result
equations (C15), (C16) and (C21), by expanding the density p, from equation (C27) in terms of some Bj, to
be characterised next.

C.4.1. Properties of B;(k)
We expand the exponential in equation (C27) order by order in the potential

sl @Y
po(r) =N E - = (C30)
im0 j! ( D: )

and introduce Fourier-modes

L L j
Bj(kn):/0 /0 ddre*“‘n"jl! (TD(;)> (C31)

so that

() =AY % S e (k) (C32)

j=0 nez

similar to equation (C15). The normalisation equation (C28) can therefore be written as a sum over the
0-modes of B; in equation (C31)
N =>"B;(0) . (C33)

j=0

That Ej(r) as used in equation (C15) and defined in equation (C14) solves equation (C29) has been
established in equation (C26) via the recurrence equation (C21). By construction, the Ej, in equation (C15)
provide an expansion of the density order by order in the potential Y. The B;, equation (C32), on the other
hand, are an expansion in orders of the potential of only the exponential, lacking, however, the
normalisation. Both E; and B; are, by construction, of order j in the potential Y. While generally

Ej(ky) # Bj(ky) /N, we will show in the following that

= =B (kn)
ky) =Y Ei(k,) = = ; C34
po(ka) JZ_;]( A NOFROES (C34)
taking the Fourier transform on both sides of equations (C15) and (C32), and using equation (C33).
Equivalently, we show that B;(ky) is the sum of the terms of jth order in T of N'_ i Ei(kn),
j
> Bi(0)Ej_i (kn) = B;(ky) - (C35)
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We will thus show, beyond equation (C26), that the E; are correctly normalised, providing us with an
expansion of the density py order by order in the potential. Showing this, will further provide us with a
useful, non-trivial algebraic identity.

To proceed, we firstly confirm equation (C35) for j = 0, 1 by determining B;(k) directly from
equation (C31)

By (ky) = L% 0 (C36a)
Th
By (ky) = — " (C36b)
Dy
so that equation (C16) indeed confirms
By (0) Ey (k) = L0 = By (kn) (C37)

and equations (C16) and (C17) with w = 0 confirm

_peeI@ZO L Tog o Yn g0 2 0) 4 600) = By (ke) (C38)

By (0) E; (kn) + B1 (0) Ey (kn) = D, 41 D, 7 D;

as ToOn,0 = Ynono and
1=Z(n#0)+dno- (C39)

To characterise B; more generally, we introduce the recursion formula

1 1
Bjy1 (kn) = _Mﬁ(gz:d TnqB; (ko) (C40)

by elementary calculations on the basis of equation (C31) and similar to equation (C21). Starting from
equation (C36a), it can be used to produce for j > 2

~ 4 \ LD,

d /s j
Bj(kn)L( 1) 3 Yoo Tooneo Topn Yo, - (C41)

nj_p,...,

j factors of Y

This expression can be simplified further by substituting dummy variables according to p; = n; — n;_; for
i=j—1,j—2,...,1 with the convention ny = 0. As for

pj=n—n_;=n-p,_;—N_,=...=Nn—pi—1 —Pj—2—---—P1, (C42)

this can be allowed to run in the sum by enforcing equation (C42) via a Kronecker §-function, so that
eventually

Ld -1 j
Bj(k,) = T (Lth) > YT Yoot ipm - (C43)
Pj>---sP1

Even when calculated with a convolution in mind, equation (C43) is valid for j = 1 by direct comparison
with equation (C36b) and, by comparison with equation (C36a), even j= 0 with the convention that the
final dp, ... 1p,n degenerates into dg , for j=0.

In the form equation (C43), we can show easily an important identity, based on the observation

Z kPjTPjTPj—J te TP16P1+~~PJ,H = Z kPiTPjTPj—l e 'TP15P1+~~-P;'7H (C44)
Pjs--P1 Pj>--5P1

forallie {1,2,...,j}, which labels the index of k;,, on the right-hand side as the p; are all equivalent dummy
variables. Summing this sum for i = 1,2,...,j therefore gives j times the same result, while the sum of the kj,
gives kp, + ... +kp, = ky inside the sum, according to the Kronecker d-function. In conclusion for j > 1

j Z kPjTPjTijl "'TP15P1+~-Pj7n =ky Z TPjTijl "'TP15P1+<~~Pj7n ’ (C45)
Pj;---P1 Pjs---5P1
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and thus

kn - Ky, 1
> I(n#0) e Py Yo TpOptopmn == O TpTp oo TpOpsopn s (C46)

Pjs---P1

where the indicator function on the left avoids the divergence of ky, - ky, /kz. Using equation (C46) in
equation (C43) gives

oy ko - Ky,
Z(n#0)Bj(ky) =Z (n#0)— — 1 > o T o T dprtpim (C47a)
. t

d 1\ Kn - Kn_n_,
=T (n+#0)— < Z = Yan o Toionys - Yoo Ty

(j— D!\ LD, K
nj_p,...,0
(C47b)
I(n 75 0) 1 kn 'kn—n;
===, 2 g TeonBri (k) (Ca7)

where the second equality is a matter of labelling the indices again in n and n;._;_, using equation (C42) in
reverse, and thus reverting from the indexing in equation (C43) to that in equation (C41), which does not
carry a Kronecker §-function. In this form the summation can again be written recursively, similarly to
equation (C40), which is done after the third equality, by absorbing the summation over n;_,...,n; into
Bi_, (kn]._l ). Equation (C47c¢) is the key outcome of the present section.

C.4.2. Relationship between Ej(ky) and Bj(ky)
We proceed with confirming equation (C35) by induction, using equation (C47c¢) in the course. To access
this identity, we firstly rewrite equation (C35) using equation (C39), so that forj > 0

Bj1 (kn) = Bjy (kn) (Z (n #0) + dn0) = Id Z o = Ta- n; (k ) + Bt (kn) On,0 -
D njezZ4

(C48)

Of the two terms on the right hand side, the first can be rewritten using equation (C35), which is assumed to
hold for j. This allows us to replace B;(ky,) by a sum. In the second term we replace dp ¢ by Eo(k,) according
to equation (C16), resulting in

Bt (ke) = — Ld Z Ky nf’rn H7ZB i (kn) + Bjs1(0) Eq (k) - (C49)

n;eZd
The summation over n; € 7% can now be performed on E;_; using equation (C21) at w = 0,

j j+1
Biri(kn) =Y B;(0)Ej_is1 (kn) +Bjs1 (0 ZB Ejp1-i(kn) for j>0, (C50)

i=0

completing our demonstration that equation (C35) holds for j+ 1 if it holds for j. With the induction basis
equation (C37) or (C38) this concludes our demonstration that the diagrams equation (C14) or
equivalently (C21) produce a normalised expansion of the density py (C15) identical to the Boltzmann
factor, order by order in the external potential. The field-theoretic approach thus determines the stationary
density without the need of an a posteriori normalisation. And while the field theory is an expansion
necessarily in a sufficiently weak potential and necessarily in a finite volume, no such restriction applies to
the resulting Boltzmann factor.

In the next section we will similarly demonstrate the correspondence between classical and field-theoretic
stationary density in the presence of a drift w.
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C.5. Density in one dimension with drift

In this section, we will demonstrate that the expansion equation (C15) in terms of diagrams equation (C14)
produces the correct, normalised, stationary result in the presence of a potential and a drift in one dimension.
The restriction to one dimension is because we are not aware of a closed-form expression beyond.

Following the pattern in section C.4, we want to show that the diagrammatic expansion equation (C15)
order by order in the potential reproduces a known expression once this is written out order by order in
potential. The difficulty here is similar to that in section C.4, namely that it is fairly easy to expand the known
expression for the stationary density without the normalisation. Working in Fourier-space, we will once
again write both the expansion and the normalisation in modes.

The first step is to characterise the expansion terms F and to bring them in a form that lends itself more
naturally to a comparison to the field theory. This characterisation involves some rather involved
manipulations. In a second step, we will then demonstrate that the resulting expansion agrees with the
diagrammatic one.

The classical stationary solution of the Fokker-Planck equation (C3) of a drift-diffusion particle in one
spatial dimension on a periodic domain and subject to a periodic potential defined so that T(x+ L) = T (x)
forx € [0,L) is [53, 54],

x+L _
O =N"Zo ) [z 0) it Ze() = (+-E ) (1)
X t
similar to equation (C27) defined with an explicit normalisation,
L x+L
N = / dxZ_ (x)/ dyZ,(y) . (C52)
0 x

The density
- Z Z e F; (k (C53)
can be written systematically in orders of the potential up to the normalisation to be determined below. If

F;(ky) is the term of order j in Y, expanding Z (x) = e¥**/% 3 (£Y(x)/D,)"/n! in equation (C51),
immediately gives

) i oL ji
E - fii(kn)  with  fj; (ka) / dxe e T eW"x/D’/ dy T0) e M/be
) Dt x Dt

i=0
(C54)

An easy route to perform the Fourier transformation on the right is to split it into two and perform separate
Fourier transformations of (—Y(x)/D;)’ and of the second term, fxxﬂdy ... tying both together again by a
convolution afterwards. While the first term produces essentially equation (C31), the second term involving
the integral is more complicated. Writing however

1 d _.
7e71knx+wox/D, , (CSS)

efiknerwox/D, _
ik, + wo/D; dx

which is well-defined as —ik,, + wy /D, # 0 for all n by virtue of k, and wy being real and wy # 0, allows the
second integral to be removed by an integration by parts. Surface terms then drop out as Y(x) is periodic.
Following at first the pattern of equation (C41) the resulting Fourier series reads

f',i(kn):% Z ( > Z Tog—m - Toymmey T

l—exp(—woL/Dt) 1\

Mj—i—1

This expression has some shortcomings that are mostly down to notation, which can be seen in the first sum
by setting i = 0 or in the second sum by setting i = j. In both cases, the sums are ill-defined, with the first sum
running over indices #,...,#n_; for i =0 and similarly the last sum for i =j. Choosingi=1ori =j—1
causes similar problems. However, equation (C54) allows for all of these choices. The problem is resolved by

34



10P Publishing

New J. Phys. 26 (2024) 013040 Z Zhang et al

changing the indeces similar to equation (C42), first in the individual Fourier-transforms and then after
tying them together in a convolution

1 —exp(—wyL/Dy)

> (C57)
—ikp +...4p,—; + Wo/D:

1
filky) = —— Yp, oo YpLop 4. 4pin
(LDt)] 217]

with the convention of k,, . 4p,_, = 0 for i =}, as can be verified by direct evaluation of the corresponding
Fourier transform. Similarly, we demand 6, 1.1, » = o, for j =0, so that fy o(k,) = Lo (1 — exp
(—woL/D;))D;/wy, confirmed by direct evaluation of equation (C54). We state in passing F; for j = 0, 1 by
direct evaluation of equations (C54) and (C57),

1 —exp(—woL/D;)

Fy (k,) = Ly ,, (C58a)
0( ) 0, WO/Dt
1 1— —woL/D 1— —woL/D
Fl (kn) _ Tn{ eoxp( Wo / t) o exp( Wo / f)} (CSSb)
D, —tky + wo /Dy wo /Dy
tk, Y, 1
= . C58
Wo —ikn + W()/Dt ( C)
We proceed by deriving a recurrence formula for F;.
C.5.1. Properties of Fi(k,)
Equation (C57) is to be used to compile F;(k,) according to equation (C54),
j i
(-1) 1 1 1 —exp(—woL/Dy)
Fi(k,) = . — . Y, ... YLy 1 hpn— (C59)
J( : ; i (]_ l)! (LDt)] Pl;Pj ! R _ZkP1+~~+Pj—i +W0/Df
which we rewrite forj > 1 as
j i j . i
(-1 1 7\ (=1)
Fi(k,) = i (ky) — . — .0 (k, C60
]( ) IZZI ] (]71)['6’( ) o ; i JSO( ) ( )

where the second term is the term for i = 0 which has been removed from the first sum and multiplied by a
clever unity forj > 1,

1= _i: (Jl) (-1 (Cé1)

as (1— 1) =0 forj > 1, so that

j i
-1 1 1 1 —exp(—wyL/Ds) 1 —exp(—wyL/Ds)
F:(k,) = ( : S . Yp, ... Tp.Lop 4. 4p: - - J
i ; it (=9t L,y PI;P]' ! P —ikpi+..4p;— +wo/De  —ikp .. 4p;+wo/D:
(C62)

using (;) /j! = 1/(i!(j — i)!). The square bracket can be simplified further as kp, ...+, = k, by the Kronecker
d-function and

kn — kP1+~--+Pj—i = kP>i+1+--~+Pj = kPj—i+l + kPj—i+2 +.ot kPj (C63)

7

so that

(1 - exp(*WOL/Dt)) (—i (kpj—i+l + kpj—i+2 toeet kﬁj))
(_ikpl+~-»+Pj—i + WO/Df> (_ikn + WO/Dt)

. (Co64)
P1y--5Pj

The last term in the numerator of the square bracket, (—i(ky,_,,, +kp_.,, + - +kp,)), which is (—i) times
equation (C63) can be split into i terms, resulting in i sums over py, ..., p; for each i. But every sum is in fact

equal, as the py,...,p; are dummy variables, so that the sum involving, say p;_;y, in the numerator can be
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turned into the sum involving p;, simply by swapping the dummy variables p;_;;; and p; and then noticing
that all other terms, suchas Y, ... Tp]. or kpl+,,_+pj4 are invariant under such permutations. In fact, the
indeces of the dummy variables divide naturally into two sets, namely {1,...,j —i} asused in ky, + 4, , in
one of the factors in the denominator, at the complement, {j —i+1,...,j} ={1,...,j}\ {1,...,j—i}.In
other words for j > 1

] ) ! i(1—exp(—woL/D;)) (—ikp
Z il > Tp1-~-TpJL5p1+A..+pml( - ( (Zwol/ t))g )

i=1 (- Z) (LD, Prob; —ikp,+..4p,-, + Wo/De) (—iky +wo/D)
(C65a)
| j )it |
=—) —= C65b
LD, ;( ikn -l-Wo/D ,; ]—1) LD,y (Co50)
(1 — exp(—woL/Dy))
X T 1...T}.71L6I+_“+ i 1,1—Dj =
ph%l » pi—1+0p ) P [(_kaﬁmm_i—kwo/Dt)
1 ik, (-1 1 1
=—) ————T, . (C65¢)
LDthj(—zkn+wo/Dt) pJ; i (j—1-i)!p,)y!
(1 —exp(—woL/Dy))
x Yy Ty Lopitipr s | —
Pla%l ! i ! i § [(_kal+<--+lei +W0/DI)
1 iky,
LD, Ep: (—ik, +wo /D) pitj—1 ( P]) ( )

where we have used the equivalence of the i terms in equation (C64) to write equation (C65a) which carries a
factor of i in the numerator in the square bracket, taken the summation over p; and other terms outside the
rest of the expression in equation (C65b), shifted i by unity in equation (C65¢), to finally re-express the sum
as a convolution of a pre-factor with F;_; (k,) using equation (C59). Equation (C654) is the central result of
thise section, providing a simple recurrence formula for Fj(k,) for all j > 1. We will use equation (C654) in
the following section to demonstrate the equivalence of the classical result equation (C53) and the field
theoretic result equation (C15) with equation (C14) in the presence of drift in one dimension.

C.5.2. Relationship between E;(k,) and F;(k,)

Similar to section C.4.2, we will now demonstrate that the density py expanded in F;(k,) according to
equation (C53) with recurrence equation (C65d) and with normalisation equation (C52), is equal to that
expanded in E;(k,) according to equation (C15) and, in one dimension, (C22). We will do so by
demonstrating that the jth order in Y of A py with py according to equation (C15) equals Fj(k,). Expressing
N in terms of Fj(k,) from equations (C52) and (C53), this amounts to the task of showing

S RO B (k) = F k) (coo)
similar to equation (C35), but now allowing for wy # 0 and restricting ourselves to one dimension.
Equation (C66) clearly holds for j =0, as

1 —exp(—woL/D;)
Wo/Dt

FO (0) EO (kn) - L (Sn’() - F() (kn) (C67)

using equations (C16) and (C58a). It also holds for the more complicated j = 1, equation (C58b),

F (0)Ey (k) + Fo (0) Ex (k) = (Ll — exp(—wol/ Df>) (_lknm “”“’)) _ Yy 1= exp(—wol/Dy)

Wo/Dt L Dtkn + EW() Wo —ikn + W()/Dt
(C68)

using equations (C17) and (C58b) at k,, = 0, the former in one dimension and the latter producing
F;(0) = 0. In the last equality of equation (C68) we have dropped the indicator function as k,Z(n # 0) = k,,,
as the denominator has no zero at k, = 0 given that w, # 0.
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As in section C.4.2, we assume equation (C66) to hold for j and use equations (C22) and (C654) to show
in the following that equation (C66) holds for j + 1. Writing therefore for j > 0

Fit1 (k) = (Z(n# 0) +6n0) Fit1 (kn) (C69a)
 I(n#0) kg | |
) Z (Ziky + o /Dy) Y —qFj (kg) + Eo (ku) Fi1 (0) (C69b)

as in equation (C48) using equation (C39) in the first line and in the second line using equation (C65d) with
p; replaced by n — g to rewrite Fi1; (k,) and 6y o replaced by Ey(k,) according to equation (C16). The F;(k,)
can now be replaced by equation (C66),

I(n#0) kg !
B (k) = =7 zq: (—iky + wo/D;) T"”;E OB (k) + B (k) i (0) - (C70)

and the convolution performed on E;(k,), equation (C22), which gives

j j+1
Figy (ke) = Fi(0)Eiiga (kn) + Eo (kn) Fi1 (0) = ZFi (0) Ej1—i (kn) (C71)

i=0

confirming equation (C66) for j+ 1, provided it holds for j. With equation (C71) as the induction step and
equation (C67) or (C68) as the base case, this confirms equation (C15) with (C22) in the case of drift
diffusion in one dimension.

C.6. Summary

In the present appendix, we have introduced a general formula to determine the stationary density po(x)
equation (C15) digrammatically, recursively and perturbatively in the potential, equation (C21). We have
validated this expression for the case of pure diffusion producing the barometric formula, equation (C27), in
section C.4 and for the case of drift-diffusion in one dimension, equation (C51), in section C.5. In both
cases, we have used induction to show the equivalence of the density derived from theory and the density
derived from classical considerations. The key challenge is to compare the field theoretic terms to a certain
order in the potential to the corresponding terms in the classical result, which is straight-forwardly expanded
in powers of the potential only up to a normalisation, which needs to be expanded itself, equations (C34),
(C35) and (C66).

In order to treat the potential perturbatively, we had to allow for vanishing potential, which allows for a
stationary state only if the system is finite. However, the resulting perturbation theory reproducing the
Boltzmann factor in the case of no drift means that it applies equally for confining potentials. This applies
similarly to the case with drift, as the thermodynamic limit L — oo may be taken after resumming the
perturbative result into the integral expression equation (C51).
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