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Abstract

Methods for Constructing and Exploiting Information Measures
for Neural Networks

Paris Dominic Louis Flood

Gregory Chaitin, the noted mathematician and co-founder of algorithmic information
theory, once put forth the claim that “compression is comprehension” [28|. This hypothesis,
which echoes similar sentiments found in principles and theories such as Occam’s Razor
and Solomonoff induction, underscores the duality of information and learning. In this
thesis we put forth a selection of methods studying and leveraging this duality under the
context of neural networks.

The first subject of discussion is the description length of deep neural networks
(DNNs) and the various methodologies for estimating minimum description length (MDL)
codelengths. The symbiotic relationship between neural networks and compression research
has produced profound work in both fields. For example, many state-of-the-art compression
algorithms are driven by neural networks; in the other direction, variational inference for
neural networks has important roots in the MDL principle and its compression perspective.
However, DNNs appear to violate MDL tenants and the compression-comprehension
hypothesis as they achieve excellent generalisation on a variety of complex tasks, yet have
exceedingly large parameter counts. In an important paper which studied this apparent
contradiction, Blier and Ollivier [16] found that the description lengths of DNNs could
be significantly reduced using a coding technique derived from the prequential approach
to statistics. Prequential coding outperformed all other algorithms, including two-part
and variational methods, and has endured as the standard, even powering the benchmark-
topping NNCP compression algorithm [12, 13]. Our research asks the following question:
are there better alternatives to prequential coding for obtaining description lengths of
DNNs? We start our investigation by generalising the prequential method into a broad
framework we call instructional coding and find that other compression algorithms also
fall under this paradigm. We proceed to describe a particular instance of instructional
coding based on intermediate datasets which allow false labelling. This approach, which

we term prechastic coding, achieves promising results and is competitive with prequential



coding under select scenarios.

In the subsequent chapter we progress to the topic of diffusion and conditional generation
and present our paper on importance-guided diffusion. Diffusion models are a class
of generative models inspired by non-equilibrium thermodynamics which have become
extremely popular in recent years for image synthesis and other related tasks. The
generative process involves an extensive sequence of latent variables which iteratively
refine Gaussian noise into an image that resembles the images in the training set. This
process has a clear information-theoretic interpretation and in our research we harness this
perspective to design a principled conditional generative algorithm which does not require
any retraining of the original neural network. This is accomplished using techniques from
relative entropy coding, a subject which was also employed in our research on prequential
coding, and achieves visually compelling results.

Our final setting is the algorithmic notion of information (Kolmogorov complexity) along
with related topics such as algorithmic probability which, together, have laid important
theoretical foundations for machine learning. While practical results are elusive due to the
uncomputability of Kolmogorov complexity, recent work on subjects such as simplicity bias
and generalization in deep neural networks have brought algorithmic information theory
back into the applied spotlight. We present our paper on regularising link prediction for
graphs with potentially simple generating mechanisms. Specifically, we detail a regularised
loss function for link prediction with graph neural networks utilising machinery which claims
to estimate the Kolmogorov complexity of graphs. Although the loss function demonstrates
improved link prediction on a selection of real-world networks, this performance is roughly
equivalent to that of a control version which does not directly estimate Kolmogorov
complexity. Consequently, we conclude that the successful regularisation results were not
due to any actual approximation of the Kolmogorov complexity and frame our findings
within the context of an ongoing debate about such estimation methods.

The algorithms presented in this thesis offer a glance into the rich intersection of
information theory, description lengths and neural networks. Furthermore, they advance
the current understanding of methods for gauging and manipulating notions of information
pertaining to neural networks for both compressive and generative purposes. The resulting
insights represent stepping stones towards future research into neural network performance

from an information-theoretic and MDL perspective.
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Abbreviations

ANS Asymmetric Numeral Systems.

AP Average Precision.
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DNN Deep Neural Network.

ELBO Evidence Lower Bound.
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GAE Graph Autoencoder.

GCN Graph Convolutional Network.

GNN Graph Neural Network.

IGD Importance-Guided Diffusion.

LIFO Last In, First Out.

LTCB Large Text Compression Benchmark.
MDL Minimum Description Length.

MLP Multilayer Perceptron.

NELBO Negative Evidence Lower Bound.
ORC Ordered Random Coding.

REC Relative Entropy Coding.

VAE Variational Autoencoder.
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Chapter 1

Introduction

Learning is most intense and effective
when it has an emotional, not just an
intellectual, component, when there

are no explicit rules and the organism
is thrown upon its basic resources for

survival.

Heinz Pagels [124]

The story of life is a story of information - information generation, information storage,
information destruction and, of course, information transfer. This relationship is well
conveyed by the major evolutionary transitions as theorised by Maynard Smith and
Szathmary [118]. The earliest objects to display the essential characteristics of life were
replicating molecules which progressed to populations of molecules cooperating in a
protocell. From there, independent molecular replicators, i.e. genes, formed chains known
as chromosomes which replicated together and consequently fostered further cooperation
between the molecules. Eventually the RNA world gave rise to DNA and protein enzymes
which marked a separation between information storage and the catalysis of chemical
reactions. The next four transitions nearly bridged the gap to the current state of
affairs: prokaryote to eukaryote, asexual to sexual, protists to multicellular organisms, and
individuals to colonies. Yet it was the final transition, the development of language, which
marked the shift from primate societies to human societies and enabled the creation of
science and advanced technologies.

These eight major transitions are not necessarily authoritative; for example, May-
nard Smith and Szathmary themselves suggested that the exclusion of the development of
the nervous system was a mistake [118|. However, they paint a milestone-based picture
of evolution where information is acquired, processed and transmitted in increasingly

sophisticated and cooperative ways. Many of the resulting improvements in efficiency
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are both patently obvious and, in some cases, mathematically demonstrable. For exam-
ple, one can easily show that on a toy model of evolution, sexual reproduction obtains
information /increases fitness significantly faster than asexual reproduction [112].

The story of life is also a story of learning, especially if one adopts an expansive
definition of learning based on adaptation and information retention. In this broad sense,
the very nature of evolution could be construed as form of generational learning. Even
under a stronger, non-inherited definition restricted to an organism’s lifespan, learning
can speed up the evolutionary process, a phenomenon which has been demonstrated in
rudimentary computer simulations |73].

While the connections between information and learning are readily manifested in the
biological world, these connections are even more apparent when both concepts are imbued
with formalism. Rigorous definitions of information have a long history with origins in
classical philosophy and Plato’s theory of forms [1]. In the mid-20™ century, Shannon
[142] introduced a theory of communication which advanced a notion of information based
on probabilistic uncertainty. In his landmark paper, Shannon defined information entropy
as a property of a random variable which measures that variable’s inherent uncertainty
and parallels the concept of entropy in statistical mechanics.

Shannon’s work served as the foundation of the field of information theory and endures
as one of the most widely used approaches to quantitatively addressing the concept of
information. Unsurprisingly, information theory has had a widespread impact on the
fields of artificial intelligence and machine learning, the magnitude of which is difficult
to overstate. Standard information theory concepts such as entropy or Kullback-Leibler
divergence are ubiquitous tools for developing and analysing learning algorithms. This
utility extends to the most important research questions in machine learning today; for
example, the information bottleneck method [158| has been shown to be an important
tool for studying generalisation in deep learning [157].

In contrast to Shannon’s approach, in the 1960s, Solomonoff, Kolmogorov, and Chaitin
independently discovered an alternative definition of information rooted in computation
[25, 96, 148-150]. Informally, the algorithmic or Kolmogorov complexity of an object is the
length of the shortest computer program which produces that object. Intuitively, as a gauge
of information content, Kolmogorov complexity assigns higher values to objects with more
‘randomness’ (in fact, randomness can be formally defined using Kolmogorov complexity
[108]). This stands as a philosophical divergence to classic information theory which views
information content as a measure of surprise, however there are deep equivalences between
Kolmogorov complexity and Shannon entropy (see Section 2.3.2.2).

Kolmogorov complexity is at the heart of many of the attempts to answer the deepest
questions in learning theory. For example, Solomonoff’s theory of inductive inference

[149, 150] is a formal theory of induction based on Occam’s razor and Epicurus’ principle
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of multiple explanations. Marcus Hutter’s AIXI formalism expands many of these ideas to

a reinforcement learning setting and is a universal theory of sequential decision making

82].

1.1 Themes, Publications and Outline

This thesis addresses a set of questions and ideas which are situated at the fruitful
intersection of information and learning. Broadly these topics can be organized along
the three themes: information measures for the creation, existence, and usage of learning
models. To further clarify, we investigate the utility of information measures during the
creation of learning models, the intrinsic information contained within an existing learning
model, and the extrinsic information generated by a trained learning model. In keeping
with the current machine learning zeitgeist, our primary choice of learning modality is the
neural network and, in particular, the deep neural network. DNNs have been pivotal to
recent successes in several branches of machine learning [101, 139], however there is still
no comprehensive theoretical consensus as to why deep learning works as well as it does
[187|. In fact, at a high level such networks appear to contradict Occam’s razor as they
have massive amount of tunable parameters yet generalise extremely effectively.
Motivated by this discrepancy we first begin with the theme of existence and study
the description length of deep neural networks. There is a large body of existing literature
exploring the relationship between the amount of information contained by a network and
its performance and, furthermore, contributing algorithms for measuring this information
content [16, 74]. If one ignored the data, one might consider the true lower bound to be
the Kolmogorov complexity of the trained network; however, the Kolmogorov complexity
is uncomputable. In this thesis we will adopt an MDL approach (which, informally, is
concerned with the cost of transmitting a model and the data encoded with the model,
sometimes in a somewhat simultaneous manner) and examine these procedures in detail.
Specifically, we study the question “Can shorter description lengths than the prevailing
prequential codes be generated for neural networks?” To this end we design a novel deep
neural network description length methodology which achieves levels of performance close
to the state-of-the-art in specific contexts and has a large capacity for improvement.
Subsequently, we progress our discourse from the construction of intrinsic measures of
neural network information to the exploitation of information measures for generative and
predictive purposes, i.e. the theme of usage. More precisely, we study how some of the
underlying machinery in our previous discussion of description lengths can be repurposed
to alter the generative process of an important class of models. We explicitly answer the
question “Can we alter the flow of information in diffusion models to generate conditional

images using principals from relative entropy coding?”
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Finally, we end with the theme of measuring information during the creation of learning
models and switch our working definition of information from the Shannon approach to
algorithmic complexity and ask if Kolmogorov approximation methods can improve link
prediction in GNNs. Precisely, we ask the question “Can a measure of algorithmic
complexity be used to regularize link prediction in graph neural networks?” We will
expand upon these research directions in the following paragraphs, however a high-level

visual summary can be found in Figure 1.1.

B SEEE
Train Ms with yii-1.] [ Train My with yrr ] ‘“H’"‘
S ==
u ~[Encode y; with Ms ~Decode y; with My.|—— ' ¥ © ‘ z ‘
il Bl (=] e 1 m (k)
o Gam = m 2km1 VEEpou ()]
oizh
:7£’ar n Ms with g,
:*Z’ B T 5’
@ v -Suk'\q ’U:'J 5
Sample and encode g ~ Qs via P /Q‘&) é:;
035
Ne N} &
tyy, Y
01-& Qf
Sery,,
ptjolz
)
S,
° Kolmogorov

© EREEEEAR

Figure 1.1: Visualisation of the research undertaken in this thesis. We consider definitions
of information rooted in both classic information theory (Shannon) and algorithmic
(Kolmogorov) complexity. Chapter 3 studies the description lengths of neural networks
and introduces a new estimation paradigm called prechastic coding which engenders a
greedy algorithm that is competitive with the state-of-the-art. Chapter 4 repurposes
tools underlying prechastic coding for principled conditional image generation using
diffusion models. Chapter 5 investigates whether an algorithm which claims to be a useful
approximater of Kolmogorov complexity in graphs can be used to regularise link prediction
in graph neural networks.

Throughout the course of my doctoral studies, I authored three papers whose contents

16



are presented within this thesis:

1. Flood, Paris DL, Vinas, Ramon, and Lio, Pietro (2020). "Investigating Estimated
Kolmogorov Complexity as a Means of Regularization for Link Prediction." 2020
NeurIPS Causal Discovery € Causality-Inspired Machine Learning Workshop. [52]

2. Flood, Paris and Lio, Pietro (2023). "Importance-Guided Diffusion." NeurlPS 2023
Workshop on Diffusion Models. [51]

3. Flood, Paris Dominic Louis and Lio, Pietro (2024). "Prechastic Coding: An Alter-
native Approach to Neural Network Description Lengths." Workshop on Machine
Learning and Compression, NeurIPS 2024. [53]

Additionally, I co-authored three papers on various topics in machine learning which,
although not directly related to the contents in this thesis, were engaging research endeav-

ours:

1. Flood, Ian and Flood, Paris DL (2022). "Intelligent Control of Construction Manu-
facturing Processes using Deep Reinforcement Learning." SIMULTECH, pp. 112-122.
[50]

2. Jensen, Andrew J, Flood, Paris DL, Palm-Vlasak, Lindsey S, Burton, William S,
Chevalier, Amélie, Rullkoetter, Paul J, and Banks, Scott A (2023). "Joint track
machine learning: an autonomous method of measuring total knee arthroplasty

kinematics from single-plane X-ray images." The Journal of Arthroplasty, 38(10), pp.
2068-2074. Elsevier. [84]

3. Yeh, King Fai, Flood, Paris, Redman, William, and Lio, Pietro (2023). "Learning
Linear Embeddings for Non-Linear Network Dynamics with Koopman Message
Passing." arXiv:2305.09060. [179]

We will now outline the structure of thesis and introduce the three research directions
which we present in Chapters 3-5. Each of these chapters investigates a question linked
with the previously discussed themes and culminates with novel findings. The thesis
content is arranged in the reverse chronological order of when the research was performed,
as this was pedagogically superior. Chapter 2 contains both notation and background
information; to the qualified reader, this chapter can be safely skipped and used simply as
a reference. Because these works were undertaken in collaboration with my advisor Pietro
Lio and, in one instance, Ramon Vinas (another doctoral student at the department), each
of the following synopses will also include a detailed explanation of my contribution to the
project. To briefly summarise my contributions, in all three cases I was the lead researcher

and I was always listed as the first author on the corresponding papers.
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Chapter 3 The first content-based chapter focuses on the description lengths of deep
neural networks and related topics in lossless compression. Deep neural networks are
renowned for both their exceptional performance on a wide range of tasks as well as their
extensive parameter counts. Under a naive coding scheme where each parameter is stored
as a floating point number, the resulting size of a trained DNN is of the same order as
the parameter count. This large size seemingly contrasts with the ability of DNNs to
generalise as one might expect such models to over-fit.

The minimum description length principle is a model selection principle which has had
a significant impact on the field of machine learning and neural networks in particular.
Early MDL work on neural networks by Hinton and van Camp [74] introduced well-known
topics such as the bits-back argument and paved the way for future variational methods
[63]. In 2018, Blier and Ollivier [16] discovered that previous MDL /network compression
techniques for estimating the description lengths of deep neural networks were subpar.
Instead, they found that a simple scheme known as prequential or online coding produced
state-of-the-art results. These results were the best evidence that DNNs can be represented
along with their datasets using far less information than would be suggested by their large
parameter counts, thereby resolving the earlier contradiction.

Prequential coding stems from the prequential approach to statistics pioneered by
Dawid [35]. The prequential approach essentially operates by coding a data unit or batch,
then improving the model using the coded data in order to reduce the cost of sending
future data. This is repeated iteratively and in sequential order until the entire dataset
has been transmitted, thus translating the ability of the model to generalise into coding
efficiency. Although prequential coding has achieved state-of-the-art results, in this chapter
we ask, “is it possible to create a better method of determining description lengths of deep
neural networks?” We start our investigation by generalising prequential coding into a
paradigm we call instructional coding. We demonstrate that other existing compression
techniques also fall under this framework, but note the difficulties associated with designing
instructional coding schemes.

In order to challenge prequential coding, we develop an alternative, general-purpose
instructional coding algorithm called prechastic coding. This approach views intermediate
data as inherently stochastic and progressively lowers the levels of noise using the given
learning model and some external information. Eventually all noise is completely eliminated
and the original dataset is recovered. Our experiments demonstrate that under certain
circumstances, prequential coding can achieve compression levels close to that of prequential
coding; we also note that prechastic coding has a large margin for improvement and is
a promising topic for future research. The corresponding paper that I authored with
my advisor Pietro Lio, “Prechastic Coding: An Alternative Approach to Neural Network

Description Lengths” was accepted at the Workshop on Machine Learning and Compression
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at the 2024 edition of Neural Information Processing Systems. We were honoured to have
the paper selected for an oral presentation at the workshop (which I gave virtually) - one
of only a handful of papers to achieve this recognition out of a highly competitive pool of

submissions.

Chapter 4 After our detailed investigation into the description lengths of deep neural
networks we shift our focus to generative networks and the flow of information throughout
the generative process. More specifically, we study deep diffusion models - a relatively
new class of generative modelling strongly influenced by non-equilibrium thermodynamics.
Introduced by Sohl-Dickstein et al. [145], diffusion essentially works by adding varying
levels of Gaussian noise to objects of interest, e.¢g. images, from a training set. A model,
typically a deep neural network, then learns to denoise each object using the noisy object
and an indication of the noise level as inputs and the original object as the ground truth.
Then, during the generative process, the model is supplied with pure Gaussian noise which
it iteratively denoises until some final object is produced, e.g. an image similar to the
images from the training set.

The diffusion methodology has a direct information-theoretic interpretation and, fur-
thermore, can be recast as a codec-style coding procedure which broadly fits into the
instructional coding paradigm. We draw from this insight and leverage the earlier relative
entropy coding machinery in order to design a conditional generative algorithm which
hijacks the original trained network and steers it towards objects of interest which can be
completely different from the training set. This is all accomplished without retraining the
original network. We call our algorithm Importance-Guided Diffusion and demonstrate
its ability to achieve blended image styles based on a hyper-parameter which controls the
degree of conditioning.

This project stemmed from discussions with Pietro Lio, where he suggested I chan-
nel various research questions I was pursuing (pertaining to deep neural networks and
information theory) towards the burgeoning class of generative models based on the
diffusion process. After a few months I developed the aforementioned algorithm based
on relative entropy coding techniques and established the proof of concept by designing
and conducting the experiments. As the first author, I wrote the method up as the paper
“Importance-Guided Diffusion” with Pietro Lio as the second author. This paper was
accepted as a poster at the peer-reviewed Workshop on Diffusion Models at the 2023
edition of Neural Information Processing Systems. In December of 2023 I presented the

corresponding poster in-person at the workshop in New Orleans.

Chapter 5 In general, machine learning techniques that explicitly appeal to the concept
of information do so under the Shannon-style variant based on probability theory and

statistics. As previously mentioned, algorithmic or Kolmogorov complexity is rooted in
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computing and is in some sense a more fundamental notion of information. Unfortunately,
it is uncomputable and, as a result, in machine learning research it is typically relegated
to theoretical work. However, attempts to integrate Kolmogorov complexity into applied
machine learning research have been made through the use of approximation methods.
While these methods often rely on crude techniques such as adapting general purpose
compressors, there is evidence that some of these approaches can achieve meaningful
results.

The research presented in this chapter originated from questions concerning whether
or not such approximation methods were powerful enough to train neural networks using
a controllable level of inductive bias towards algorithmically simple objects. Further
discussions with Pietro Lio refined our focus to graph neural networks (GNNs) and,
consequently, I spent a large portion of my first year working on simplicity regularisation
techniques for link prediction problems using GNNs. I had recently come across research
that promised meaningful approximations of Kolmogorov complexity for graphs, and was
eager to see if these could be baked into GNN training. My colleague Ramon Vinas, was
interested in causality and thought that were important connections to be made between
causality and biasing the link prediction problem towards algorithmically simple graphs.
Spurred on, we wrote the paper “Investigating Estimated Kolmogorov Complexity as a
Means of Regularization for Link Prediction.”

To clarify our contributions, I developed the regularisation algorithm and was first
author, Ramon and I both wrote the paper, and Pietro provided guidance and supervision.
During this process I realised that, although the technique presented in the paper appeared
to work well, if we controlled for the Kolmogorov complexity estimation procedure we
used, the results were the same. The results of this experiment led to the conclusion that
the regularisation technique worked for reasons other than any actual direct estimation of
the Kolmogorov complexity. The final paper was accepted at the peer-reviewed Causal
Discovery € Causality-Inspired Machine Learning Workshop at the 2020 edition of Neural
Information Processing Systems. Due to the Covid-19 pandemic, in December of 2020 I

presented the corresponding poster online at the virtual-only workshop.
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Chapter 2

Background

The limits of my language mean the

limits of my world.

Ludwig Wittgenstein [171]

In this chapter we will establish common terminology, outline a mathematical notation
system, and concisely present a selection of prerequisite topics. Knowledge of these topics
will generally be assumed in later expositions, therefore it is important to establish some
level of familiarity before proceeding. Specifically, we will review some core tenants of

information theory, learning models, and algorithmic information theory.

2.1 Terminology and Notation

This section introduces much of the general terminology and notation used throughout the
thesis and at points we will use alternative notations local to the relevant topics. Naturally,
as we progress through the chapters, new definitions will arise. However, the following

paragraphs implement a comprehensive baseline from which we later build upon.

Linear Algebraic Objects Scalars are represented with italic, lowercase Latin or Hel-
lenic letters: x,y, 2, u,7y, etc. Vectors use the same set of symbols but have an
additional boldface formatting: x, vy, z, @, v, etc. Matrices retain the use of boldface
but change the case from lower to upper and do not use Hellenic letters: X,Y , Z, etc.
Hellenic letters are not permitted for matrices in order to avoid potential confusion
with various identical uppercase letters in the Latin alphabet as well as to avoid
conflicts with common operators such as > which, while not boldfaced, are still

uppercase.

Probability and Random Variables Random variables are denoted by uppercase italic

Latin letters regardless of the dimension of the variable. Outcomes of random

21



variables use the corresponding lowercase letters and are boldfaced if the variable is
multidimensional. The probability that a random variable Y takes on a particular
value z is expressed as P(y = x) or equivalently Py (x). In scenarios where it is
obvious which random variable is under consideration, brevity is preferred and P(x)
is used. We will often refer to probability distributions as P or @); in these cases the
probability the distribution assigns to a particular value x is given by P(x) or Q(x),

respectively.

Binary Strings and Computation When referring to binary strings, algorithms, Tur-
ing machines, and general entities which perform computations we make use of the
typewriter font. We let B* = {A,0,1,00,01,10,11,000, ... } be the set of finite bi-
nary strings, where A is the empty string. The infinite sequence A, 0, 1,00, 01, 10, ...
is known as the length-increasing lexicographic order for finite binary strings and, in
a slight abuse of notation, we define B} as the zero-indexed i® value in the sequence
(e.g. B} :=01).

Datasets When a dataset D is finite, we represent the cardinality as |D| = N. If
the dataset is ordered, each unit of data identifies its place in the ordering via
subscript (e.g. x1,x9,...xy). In accordance with our vector notation, if each
datum is multidimensional we use the boldfaced font ;. If it is unclear or purposely
ambiguous whether each datum is multidimensional or not, the non-boldfaced font
is used. Following common machine learning conventions, when referring to objects
which are interpreted as units of data we retain the lowercase even if the underlying
object is a matrix. The notation x;.;, denotes the contiguous subsequence of data
iy Tit1,-- -, T If the data is discrete we use K to denote the number of classes;
the set of all data classes, A, is referred to as the alphabet and the data classes

ai,as, ...ax are known as the symbols.

Note that insufficient descriptions can lead to ambiguity over what is considered
data and what is not considered data. For example, in an ordered collection of text,
the data type has many common specifications (e.g. word-level, character-level, etc.).
In such cases, great care will be given to further clarification; however, the guiding

principle will be to follow the resolution of the model predictions.

Modelling A model, M, is a set of functions which share the same functional form and
differ only in the values of a parameter set © . Although we will leave the functional
forms unrestricted for now, models that are compatible with a given dataset will
typically assign a probability distribution, either over each symbol in the alphabet
or over all possible strings of symbols of a pre-determined size. The notation M;

denotes the i*" model in a pool of candidate models.
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The cardinality of the parameter set is known as the dimension of the model.
Parameters are typically real-valued, but can take other forms as well such as binary
or complex numbers. When referring to an instance of a model M with specific
parameter values @ € O ,, we use the notation My. The notation M is not associated
with a specific set of parameters, but instead serves as a variable which represents
a model instance. We will sometimes use the phrase “model” to refer to a “model

instance”, however it should be clear from the context what the precise meaning is.

Learning A learning regimen, R, is an algorithm that selects a particular model instance

My« when given a model M and a dataset D. The dataset must be compatible
with the model and, in turn, the the model must be compatible with the learning
regimen. Additionally, the algorithm is associated with a potentially empty set of
hyper-parameters, $. We denote a set of learning regimens as R and when referring
to a regimen with specific hyper-parameter values ¢, we use the notation Rg. The
goal of the learning process is to step through the parameter space of the model in

search of an instance which performs well on some criteria for the given dataset.

Coding L is used as a base notation to represent functions which measure the size of the

aforementioned digital objects (e.g. data, models, parameter values, etc.) in bits
under a given coding scheme. Although there will be a variety of different coding
schemes presented in this chapter, the notation L(z; | Mp) is used to represent
—log,y(pa (1)), the Shannon information content of x; given the model instance.
When discussing coding schemes, we will often frame the central problem as a

transmission between two parties: a sender, S, and a receiver, R.

2.2 Information Theory and Learning

Consider the following two finite strings:

sn,.=0000111100001111..0000111100001111
ssk=1010001110010101...0001011101001011

The above representations are truncated in the interest of saving space, but if we were

to examine the full strings we could observe the following details:
e s and sg are both binary with identical lengths of one million bits.

e s, is composed entirely of a repeated pattern of four Os followed by four 1s.

e sp has no readily discernible pattern, but it does have a roughly even split of 0s and

1s.
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We will not imbue these strings with any particular meaning, nor will we discuss their
intended usage. Despite this absence, both strings are clear examples of an intuitive notion
of information. However, one would naturally prefer a precise and useful definition of
information that allows for rigorous quantification of the level of information present.
In this chapter we shall discuss two important means of accomplishing this, beginning
with the widespread definition advanced by Claude Shannon in his classic 1948 paper “A
Mathematical Theory of Communication” [142].

The essence of Shannon’s approach is to interpret a given discrete object x as an
outcome of a random variable X and define the information content of the object as
—logy(P(x)). In this manner, unlikely outcomes convey high amounts of information while
likely ones convey low amounts. Additionally, the entropy or average information content
of a random variable is set as H(X) = — ) P(z) - logy(P(z)). This definition fulfils an
axiomatic rationale based on desirable characteristics of an information measure.

Paramount to the usefulness of Shannon information are valuable properties such as
the convexity of the negative logarithm as well as the natural integration with statistical
modelling techniques. Consider a simple probabilistic model of the earlier strings sa
and sg which sets the probability of each bit at 0.5. In this scenario both strings have a
Shannon information content of one megabit. However, if we allow our model to learn on
the job we quickly find that we can do much better on the first string s5. For example,
say that our model processes each string one bit at a time and predicts the next bit by
assigning the probability 0.75 to the value of the previous bit and 0.25 to the alternate
outcome. Under this scheme the information content of s is approximately .811 megabits,
nearly 200 kilobits less than before, while sg balloons to approximately 1.208 megabits.

This simple example illustrates the importance of the prediction model when measuring
the Shannon information. Furthermore, Shannon’s source coding theorem, which essentially
states that entropy is the fundamental limit to the lossless data compression rate in the
limit, underscores the close relationship between compression and learning. The field
of data compression is often concerned with finding improved data models in order to
reduce the compression size. As a result, advanced learning algorithms such as deep neural
networks hold an important role in many highly efficient compression schemes [177]. In
Chapter 3 we explore a slight twist on this topic where, instead of trying to improve the
quality of the learning algorithm, we study the coding schemes oriented towards a specific

class of learning algorithms (neural networks).

2.3 Algorithmic Information Theory

In the field of algorithmic information theory, the concept of information is made precise

through the use of computer programs. This stands in contrast to the approach of Shannon
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where information is defined within the frameworks of probability and stochastic variables.
Recall the two strings sp and sg from Section 2.2 and note that sp can be generated
by a rather short algorithm, i.e. print ¢00001111° x 125000. On the other hand, the
simplest program that prints sg is likely print followed by the full, million bit transcription
of sg.

In this section we shall discuss fundamental definitions and results from algorithmic
information theory. As this subject tends to be less familiar than the field of information
theory, we will include substantially more detail than in the previous section. The primary
aim of this review is to inform later discussions about applied algorithmic complexity and
to cover the requisite material needed to follow the paper presented in Chapter 5. However,
we will briefly delve into a few advanced topics of interest (specifically the subsections
on randomness and Chaitin’s ) purely for the sake of completeness as they underscore
the rich variety of research in the field and add context to the motivations underlying
Chapter 3. Most of the content in this section is derived from either Chaitin [27], Li et al.
[108] or Cover and Thomas [34], and we would highly encourage the interested reader
to consult these texts for a more comprehensive introduction to algorithmic information

theory and Kolmogorov complexity.

2.3.1 Computation

In 1936, Alan Turing created a model of computation which was simple to understand, yet
rich enough to perform any calculation that could be completed by a mechanical method
[161]. Although Turing machines can be defined in many ways, we will use the following
construction: consider a two-way infinite tape comprised of squares which are filled with
exactly one symbol from the set I' = {0, 1, ,}, where |, represents a blank. The input to
the Turing machine is some finite binary string = € B which is written on |x| contiguous
squares in the tape. All other tape squares start off as blanks. The machine has a head
which points to exactly one square at a time and is initially located at the first square in
the input sequence (this is arbitrary if the initial input is the empty string).

At each time step the machine can either move the head to the left, move the head to
the right, or write a symbol from I' at the current location of the head. These five choices
constitute the set of actions A = {L, R, Wy, Wy, W_}. Additionally, the machine is always
in exactly one state from a finite set of possible states ). One of these states is designated
as the initial state ggart-

Computation is carried out according to a fixed set of rules which can be represented
as a partial function ¢ : Q x I' = @ x A. The machine deterministically chooses the next
state and action as the value of ¢ for the current state and the symbol pointed to by
the head. Note that because ¢ is a partial function, there may not be a corresponding

procedure for a given state and symbol. In this case the machine is said to halt. A Turing
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machine is deemed universal if it can simulate any other Turing machine given the correct
input program.

In algorithmic information theory we make considerable use of a special type of Turing
machine known as a prefix Turing machine. As with Turing machines, prefix Turing
machines can be defined in many ways. We will mostly follow the construction used in
[27]: consider a two-way infinite work tape and a finite program tape. Both tapes are
comprised of squares filled with exactly one symbol from I'. The work tape allows both
read and write operations, while the program tape is read-only.

The program tape always begins with an initial blank square known as the dummy
square. Subsequent squares constitute the program and must be either 0 or 1. The
program-head is initially placed at the dummy square and can only move to the right.
The work tape is initially filled with blanks except for a finite binary string x € B which
is written on |x| contiguous squares in the tape. The work-head is initially placed at the
beginning of this string and can move in either direction as well as write any symbol in I'.

We will use the shortened notation T(p) when referring to computations which start
with a blank work tape (i.e. ¢ = A). We are specifically interested in optimal universal

prefix-free computers, which are defined in the following existential lemma.

Lemma 2.3.1. There exists a universal, prefiz-free computer U such that for every prefiz-

free computer T and p,q € B*, if T(p | q) is defined, then there exists a p' € B* where

up' |q)=T(p|q),
10| <|p| +cr

for come constant cy which does not depend on Any such computer U that satisfies this

property is deemed an optimal universal prefiz-free computer.

2.3.2 Kolmogorov Complexity

Discovered independently by Solomonoff [148, 149] Kolmogorov [96] and Chaitin [25, 26|,
Kolmogorov or algorithmic complexity is the cornerstone of algorithmic information
theory. At a high level, the Kolmogorov complexity of a binary string is the length of the
shortest computer program that outputs the string. As we shall see, this seemingly simple
characterisation of complexity provides a fundamental basis for definitions of information
and randomness. However, first we must provide a technically precise definition; although
multiple variants exist, we will present the prefix definition introduced by Levin [105],
Gécs |56, and Chaitin [27].

The Kolmogorov complexity of a finite binary string x € B* with respect to an optimal,
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prefix-free universal computer U is

Ky(x) = min
u() P U(p)=z |p|
where p € B* is a program and the notation U(p) = x implies that p outputs = and halts.
At first this might seem to be an arbitrary definition based on the choice of machine. One
might correctly note that identical algorithms can have vastly differing implementation
lengths based on the choice of programming language. However, this issue is resolved by

the following invariance/universality result.

Theorem 2.3.2 (Invariance/Universality of Kolmogorov Complexity). Given two optimal

universal prefiz-free computers U and U’, there exists a constant ¢ such that for all x € B*
|KU([E) — K[]:(x)| <c

The constant c is essentially equivalent to the length of an interpreter and, crucially,
does not depend on the choice of x. This is an incredibly important result as it establishes
Kolmogorov complexity as a language independent measure, up to an additive constant.
As such, we shall fix an arbitrary optimal prefix-free universal computer U throughout the
remaining text and simplify the notation Ky to K. Unfortunately, although Kolmogorov
complexity is, in the sense of Theorem 2.3.2, a universal measure, it is also an incomputable

one:

Theorem 2.3.3 (Incomputability of Kolmogorov Complexity). There is no program which

takes any string x € B* and returns the Kolmogorov complexity K (x).

The incomputability result is directly related to the undecidability of the halting
problem [161]. A simple informal proof that Kolmogorov complexity is incomputable can
be developed by first assuming by contradiction that there exists a program getKC such
that getKC(x) returns the Kolmogorov complexity of z. Note that getKC will have a finite
program length |getKC|. Now consider the getComplex program (see Algorithm 1) which
iterates through each B} until it finds a string that has larger Kolmogorov complexity than
the sum of |getKC| and ¢, the number of extra bits to wrap getKC and obtain getComplex.
It follows from a simple counting argument that the number of iterations before such a
string appears is O(2") where N is the size of the sum. However, there is a contradiction
- the returned string has Kolmogorov complexity greater than N but has been computed
by a program of size IV; therefore, getKC cannot exist.

Now consider the following theorem about the frequency of low Kolmogorov complexity

strings, already alluded to in the informal proof of incomputability.

Theorem 2.3.4 (Rarity of Low Kolmogorov Complexity Strings). For a given constant c

there are less than 2° finite binary strings with Kolmogorov complexity less than c.
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for ¢ := 0 to oo {

x = Bf

if getKC(x) > |getKC| + ¢ {
return v

}

b

Algorithm 1: The getComplex program.

This result stems from a simple counting argument about the number of short programs
and emphasises how rare low Kolmogorov complexity strings are. Amongst all strings of
length n > ¢, the proportion of these strings which will have a Kolmogorov complexity of
less than c is less than 2¢7". In addition to these theorems, there are a handful of useful

definitions directly related to the Kolmogorov complexity which we will briefly review:

Canonical Program Intuitively, the canonical program for x is the program which
realises the Kolmogorov complexity of x. However, this formulation could lead to ambiguity
if there are multiple programs of length K (x) which output x. Therefore, the canonical
program is defined as the first program x* in the length-increasing lexicographic ordering
of the finite binary strings such that U(z*) = x. Note that, trivially, the length of x* is
still K (z).

Conditional Kolmogorov Complexity In our model of a computer, there is a clear
distinction between the program tape and the work tape. The most straightforward
definition of the conditional Kolmogorov complexity of € B* given y € B* is K(z | y)
is the length of the smallest program to output x given y as input (i.e. the work tape
is initialised to y). This definition is satisfactory and for the remainder of this thesis
we shall employ it. However, it is important to note that there is a version which
defines conditioning on y as providing the canonical program y*, a change which improves
information symmetry properties. In order to maintain consistency with our earlier policy,
when denoting the Kolmogorov complexity of x conditioned on the canonical program of y

we shall explicitly write K (x | y*) rather than K(z | y).

2.3.2.1 Important Inequalities and Relations

In this section we shall establish essential properties of Kolmogorov complexity beyond
the aforementioned theorems. Before beginning our enumeration of important inequalities
and relations, we will establish notation for the concepts of additive relativity and equality
based on the notation in [67]. Consider two functions f, g which both map B* to N. If

there exists a constant ¢ such that for all € B* we have f(x) < g(x) + ¢, then we can

write f(x) % g(x).
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+
Similarly, if the opposite direction is true we can use the expression f(x) > g(x). If

+ +
both directions hold, i.e. f(z) < g(z) and f(z) > g(z), then we denote the relationship
between the two functions as f(x) = g(x). We will now proceed with basic inequalities and
relations, some of which have clear analogues with similar results in classical information

theory.

Theorem 2.3.5 (Kolmogorov Complexity Bounds Conditioned on Length). For any
x € B*,
+
K(z | |z]) < x|

Theorem 2.3.6 (Kolmogorov Complexity Bounds). Define log™ r as the sum of iterated
logarithms logr + loglogr + logloglogr ... continued until all positive terms have been

exhausted. For any x € B*,

+
K(x) < K(z | [x]) +log" ||

+ *
< [z] +log™ ||
Theorem 2.3.7 (Kolmogorov Complexity of Integers). For any integer n,
+
K(n) <log*n

Theorem 2.3.8 (Relationship of Conditional, Unconditional, and Joint Kolmogorov

Complexity). For any x,y € B*,

K(x|y) < K@) < K(,y)
Theorem 2.3.9 (Subadditivity of Kolmogorov Complexity). For any =,y € B*,

K(z.y) < K(x)+ Ky | 2) < K(x) + K(y)

Theorem 2.3.10 (Canonical Equivalence). For any x,y € B*,

K(y|z) = K(y |z K(z))
Theorem 2.3.11 (Chain Rule for Kolmogorov Complexity). For any x,y € B,

K(y)+ K(x|y") £ K(z,y) £ K(z) + K(y | =)

Theorem 2.3.12 (Symmetry of Algorithmic Mutual Information). If we define the

algorithmic mutual information in x € B* about y € B* as [(x :y) = K(y) — K(y | %)
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then
Iw:y) = I(y: o)

Note that the algorithmic entropy of y conditioned on z is additively greater than or
equal to the difference between the joint algorithmic entropy K(z,y) and K(x), while
the algorithmic entropy of y conditioned on the canonical program x* is additively equal.
Similarly, if we were to define algorithmic mutual information without the canonical
program, we would find that the additive equality would no longer hold. Additive equality
is desirable as these relations hold with perfect equality in classical information theory. As
a point of interest, it is possible to derive equality statements that hold to a logarithmic

accuracy when not conditioning on canonical programs.

2.3.2.2 Relationship to Entropy and Randomness

Although the inequalities and relations presented in Section 2.3.2.1 mimic many of the
results found in classical information theory, the extent of the relationship goes much
further. In fact, the expected Kolmogorov complexity of a sequence of i.i.d. samples, given
the length of the sequence, is close in value per sample to the entropy of the random

variable for longer sequence samples. More formally, we have the following theorem:

Theorem 2.3.13 (Kolmogorov Complexity and Shannon Entropy). Consider a stochastic
process {Xi},on where each X, is drawn independently from some discrete probability
distribution. If Xi., denotes the random variable corresponding to a sequential sample of

length n, then there exist constants cq, co such that for all n

H(X)< %E[K(le | n)] < H(X) JrCllogn Co

n

This result is perhaps rather unsurprising, considering both concepts stem from notions
of information, uncertainty, and compression. However, the depth of the relationship
between Kolmogorov complexity and randomness goes even further as it turns out the
former can be leveraged to define a powerful notion of randomness. In fact a bit sequence

Z1.n 18 algorithmically random if it satisfies the following inequality:
K(zip, | n)>n

This intuitive definition satisfies many philosophical considerations about what it means
to be random and is an important concept in the larger field of algorithmic randomness
initiated by Martin-Lof [116].
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2.3.3 Algorithmic Probability

In the mid 1960s Ray Solomonoff, who had long been interested in induction [151],
published his landmark theory of formal induction [149, 150] based on four philosophical

pillars of modern science:

1. Epicurus’ Principle of Multiple Explanations Keep all hypotheses which are

consistent with the observed data.

2. Occam’s Razor Entities should not be multiplied beyond necessity. In a certain
sense this advocates for the simplest hypothesis from the set of all hypotheses which
are consistent with the observed data. Note though that the concept of simplicity,

while intuitive, can be hard to define.

3. Bayes’ Rule The probability of a hypothesis given the observed data is proportional
to the probability of the observed data given the hypothesis multiplied by the prior
probability of the hypothesis.

4. Church-Turing Thesis and Universality Any real-world computation can be
effectively carried out by a Turing machine; furthermore, there exist universal Turing

machines which are capable of simulating any Turing machine.

At the core of Solomonoft’s theory lies algorithmic probability, which assigns a prior to

each finite binary string. This prior is known as the universal probability and is defined as

Py(z) = Y 27

p:U(p)=z

Because the collection of all valid programs for U form a prefix-free set, Kraft’s inequality
implies that > Fy(z) < 1. As we shall in Section 2.3.3.1, > Fy(z) is a special value
known as the halting probability or €2 and is, in fact, strictly less than one. The universal
probability has a few special properties which make it an appropriate prior for a formal
theory of induction.

First, note that hypotheses, i.e. programs that halt, formalise Occam’s Razor by
contributing more weight if they are shorter and less weight if they are longer. The
explicit probabilities assigned can be derived from the following scenario: say that U is fed
completely random bits. For a given output x, we would expect that a shorter program
which outputs x is more likely to have generated x than a longer program which also
outputs x. This is because the shorter sequence is more likely to appear as a prefix than
the longer program. For example half of the random sequences will start with 0 but only
one eighth will start with 111.

Second, up to a multiplicative constant, the universal probability dominates any other

probability distributions induced by a prefix-free Turing machine T. More formally, it
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follows from the definition of an optimal universal prefix-free Turing machine that there
exists some constant ¢ such that Py(x) > c¢Pr(zr), where ¢ does not depend on z. An
important takeaway from this bound is that if both U and T are universal, then there exists
c1, o such that for all x, ¢; < % < ¢9. In other words, the likelihood ratio between
competing hypotheses that a string was drawn according to Py(x) or Pr(zx) is bounded.
The final property that we will discuss is the connection between universal probability
and Kolmogorov complexity. From inspection we can see that 2~5@ < Py(z) since U(z*) =
x. However, rather surprisingly, it turns out that there exists a constant ¢ such that for all
values of z, Py(x) < ¢275®@_ This theorem, restated below in terms of additive equality,
demonstrates the equivalence between universal probability and Kolmogorov complexity.
The contribution of the smallest program dominates and essentially characterises the
universal probability, despite the fact that there are an infinite number of programs which

generate a given string.

Theorem 2.3.14 (Coding Theorem). For any x € B*,
—log Pylz) £ K (x)

2.3.3.1 Chaitin’s Q2

Informally, Chaitin’s €2 represents an extremely condensed form of knowledge encapsulated

within a single real number. As mentioned in the previous section, €2 is simply the halting

Q= Z il

p:U(p) halts

probability or, more precisely:

Although the exact value of €2 is dependent on the choice of optimal prefix-free universal
Turing machine, we shall refer to {2 assuming a fixed U. Naturally, for reasons evident from
the halting problem, 2 is non-computable and strictly less than one.

Q2 has a rather powerful property which makes it of interest: if given €;.,, the first n
bits of €2, one can decide the truth of any provable theorem which can be stated in no
more than n bits. The proof of this is rather straightforward. First, assuming that all
terminating binary rational numbers are represented with an infinite number of trailing
zeros instead of an infinite number of trailing ones, we have Q0 < 1., +27". Now, using the
length increasing lexicographic ordering, we can run all programs in parallel by dovetailing
the computation in the following manner: at time ¢ run the first ¢ programs for one
cycle (assuming they haven’t halted). Eventually, the universal probability of all the
programs that have halted will be greater than or equal to €2;.,. At this point, no program
with length less than or equal to n bits can halt; if it did, then the sum of the halting
probabilities would exceed (2.

Even knowledge of 2., up to a small precision of a few thousand bits would likely
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be sufficient to express programs evaluating many statements of interest; for example,
consider some concise program which attempts to generate a counter example to a classic
problem from number theory. Truncated values for particular halting probabilities have
been calculated by Calude and Dinneen [22], albeit to highly limited precisions. However,
even if one were to calculate 2., to a large enough value of n so that interesting programs

could be expressed, the amount of time to run the dovetailed halting check would be

unfeasibly large.
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Chapter 3

Prechastic Coding and Deep Neural
Network Description Lengths

Why unify information theory and
machine learning? Because they are

two sides of the same coin.

Sir David MacKay [112]

At a high level, in this chapter we will study and present techniques for gauging the
amount of information present in deep neural networks (DNN), mainly from an minimum
description length principle (MDL) perspective. DNNs are an important class of learning
algorithms which, in recent years, have shot to the forefront of machine learning research
due to their dominant performance on a large variety of learning tasks [101]. For the
most part we will gloss over the specific details of how these networks are constructed as
they are largely irrelevant to the research presented in this chapter. Nevertheless, it is
important to note that DNNs are characterised by extremely large parameter counts.

The large size of DNNs initially appears to create a contradiction as their excellent
performance seemingly violates the spirit of Solomonoft’s research and formalised notions
of Occam’s Razor. However, this contradiction relies on a naive coding scheme where
parameters are encoded in full as floating points. The more sophisticated coding schemes
which we shall discuss throughout this chapter are able to greatly reduce the estimated
MDL codelengths for DNNs. In fact, there is a large body of research studying the
realisable information of DNNs from an MDL perspective and in the coming sections we
will perform critical analyses of this research covering a variety of perspectives.

The chapter is structured as follows: in Section 3.1 we discuss various direct and
indirect motivations surrounding topics in the related fields of compression and the
minimum description length principle, all under the context of neural networks. Section 3.2

presents the variational approach to description lengths which is of historical importance
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and also ties in to later discussions about relative entropy coding. In Section 3.3 we
review prequential coding which is a simple, state-of-the-art technique for obtaining
description lengths of deep learning models. We then proceed in Section 3.4 to describe a
generalisation of prequential coding and detail other existing algorithms which fall under
this paradigm. Section 3.4, and the sections that follow, present our novel contributions
whereas previous sections largely contain background information. In Section 3.5 we
present a promising novel method called prechastic coding which is derived from this
generalisation, is competitive with the state-of-the-art in select instances, and is amenable
to further improvement. Finally, we discuss these results and conclude the chapter in
Section 3.6. Portions of this chapter, and in particular Sections 3.5 and 3.6, were presented
in the paper “Prechastic Coding: An Alternative Approach to Neural Network Description
Lengths” with myself as the first author and Pietro Lio as the second author. This paper
was accepted at the Workshop on Machine Learning and Compression at the 2024 edition
of Neural Information Processing Systems where it was awarded with a workshop oral
presentation. Much of the text, figures, tables, etc. in the paper appear largely as they do

in this chapter with minor edits and modifications.

3.1 Compression and MDL Motivations

Without additional details, notions of compression and ‘information measurement’ in the
context of neural networks/DNNs can have different meanings depending on the motivation.
In many situations we are interested in bounds on the compressed size of a trained DNN
indirectly through the efficient communication of some dataset. Before training, a DNN can
be succinctly expressed using a description of its architecture and initialisation procedure,
the latter of which might be considered part of the training regimen. In the case of a
stochastic initialisation, identical initial parameters can be transmitted through the use of
pseudorandom seeds (also considered part of the regimen). After/during training on a
dataset of interest, the neural network parameters have meaning endowed by the training
data and learning regimen.

This chapter exclusively uses the practical Shannon-style of information quantification;
however, the ultimate description of information quantity in a trained model is still the
Kolmogorov complexity. Note that, using notation introduced in Chapter 2, K(My-) %
K(M) + K(R) + K(D). In this chapter the methods we are interested in estimate MDL
codelengths, however in many other contexts, often concerning bits-back coding and
occasionally relative entropy coding, information content is defined relative to future data
and the neural network is assumed to be trained and given. This is a markedly different
task to estimating an MDL codelength, however it is of great theoretical and practical

importance and we shall discuss it first.
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3.1.1 Data Compression

One of the most straightforward and self-evident reasons for studying neural networks
through an information-theoretic perspective is data compression. Numerous state-of-the-
art coding methods leverage neural networks to compress commonly used data forms such

as text and images far below their original sizes [13, 177].

3.1.1.1 Codecs

A fairly common paradigm in the neural compression literature is to pair a trained neural
network with an entropy coder and treat the two as a codec for some data stream of interest.
For example, consider a variational autoencoder trained to minimise the Negative Evidence
Lower Bound (NELBO) for a dataset of images [91|. Together with an asymmetric numeral
systems coder [44], the trained neural network can be used as a codec for future images
which are similar to the training set [160]. This codec operates at the NELBO under the
vanilla bits-back scheme (see Section 3.2.1), assuming there are enough images to amortise
an initial cost.

The codec scenario often disregards the cost of transmitting the trained model when
evaluating compression levels. There are several reasons why this could be an acceptable
practice. It may be the case that the amount of data one would like to compress is so
large that the savings from using a trained neural network render the contribution of the
model transmission negligible. There may also be a timing factor where the real-time cost
of communicating data is not always constant. For example, the neural codec might be
installed before a period of streaming usage where bandwidth is at a premium. For some

further discussion, please see Townsend et al. [160].

3.1.1.2 Fixed Datasets

Under the data compression umbrella, but distinct from the codec motivation is the
task of compressing a fixed dataset. This is tantamount to developing upper bounds on
the Kolmogorov complexity of a given dataset D. Neural networks are a powerful tool
for stationary compression and currently form the basis for state-of-the art methods for
compressing fixed text datasets [13, 177]. Unlike codecs, in this setting one does not
assume that the model has already been transmitted; the cost of compression includes, in
some form, a communication of the model.

We will discuss this topic in further detail in Section 3.3, however model communi-
cation, if done efficiently, can often come with considerable time costs. For example,
the prequential coding strategy requires multiple network training sessions throughout
the coding process. As a consequence of the potentially high time costs, interest in the

fixed dataset motivation is more academic than practical. In fact, two of the best known
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competitions for compressing a fixed dataset, the Large Text Compression Benchmark
(LTCB) [115] and its offshoot the Hutter prize [83], either do not restrict time (LTCB)
or give a fairly generous amount of time (Hutter)!. Accordingly, these competitions use
compression sizes to gauge and motivate advances in artificial intelligence, not to encourage

the development of better algorithms for the sake of solely compressing fixed datasets.

3.1.2 Model Selection and Overfitting

A good deal of interest around measuring the information content of neural networks stems
from the relationship between simplicity and generalisation |16, 74, 140]. Underpinning
much of this research is the minimum description length principle, which advocates
an inductive philosophy rooted in notions of compression [64]. At a high level, MDL
requires model selection to be based on both model performance and complexity. For
example, if two models M, and M, perform equally well on the data, MDL prefers the
model which is simpler - a term which we shall soon make precise. The inclusion of
information-based model complexity as either an implicit or explicit selection criterion can
also be cast as a compromise with goodness-of-fit. As made clear by both classical and
algorithmic information theory, both complexity and description length can be equated
in a fundamental manner. Thus, model selection is clearly a motivating factor for the
analysis of the information content of neural networks.

Highly complex models can easily memorize their training sets and become poor
predictors of future data. In a similar spirit to model selection, complexity avoidance can
also be deployed as a safeguard against overfitting [16]. Under this objective, the MDL
philosophy extends into the learning process via the minimization of MDL loss functions
[63]. The result is a learning procedure which, by incorporating MDL tenets, avoids overly

complex model instances during the search for an optimal parameter set.

3.1.2.1 The MDL Principle

Because of the profound relevance of the MDL principle, we shall give an overview of the
principle and its applications to the study of neural networks. For a thorough introduction
to MDL, please consult Griinwald |[66]. Pioneered by Jorma Rissanen [132-135|, the
MDL principle, much like Solomonoft’s approach, draws upon a form of Occam’s razor to
perform inductive reasoning. The general concept of practical MDL is to descend from
the abstract realm of the universal Turing machine and instead turn to useful but less
powerful description methods. For historical reasons there are many versions of the MDL

[66]; we will begin with arguably the simplest of these versions, the crude two-part MDL.

"Both competitions use one gigabyte of data for the compression task. The Hutter prize allows 70000/7
hours of compute, where T is the computer’s Geekbench score. On a 2.4 GHz i9 MacBook Pro this
translates to about 52 hours of single-core processing.
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Let M = |J, M, represent a pool of candidate models My, My, ... from which we
must select some model instance My € M to explain the dataset D. The crude two-part
version of the MDL principle advocates that the best model instance for the data minimises
L(Mjy) + L(D | Mp). If there are multiple model instances which achieve this minimal
value, the model instance with the smallest L(Mj) is chosen; there is no preference beyond
this criterion.

Information theory suggests that the natural choice for the code L(D | Mpy) is one where
the size of the data given the model instance is —log,(pa, (D)). A code which achieves
this length is optimal for the given model instance and can be implemented with minimal
overhead for multiple predictions using arithmetic codes or asymmetric numeral systems
(see Section 3.3.2 or Section 3.2.1). Unfortunately, while the choice of code for L(D | My)
is relatively straightforward, the situation is quite different for L(Mj).

Under the crude MDL framework, the only restriction on the code design for L(My)
is that it cannot depend on N, the size of the dataset [65]. Although this grants great
flexibility, it also creates an arbitrariness as the code length for a given model instance
can be large under one coding scheme and small under another. This issue is a blight on
the crude variant and we would prefer a more thoughtful methodology for model coding.
Early work by Barron and Cover [11]| proposed principles for model coding that would
anticipate the modern version of the MDL known as refined MDL.

While crude MDL is based on coding data using model instances, refined MDL uses a
different approach built around the model and a one-part code with length L'(D | M).
Central to the refined MDL is the concept of universal codes which satisfy the property
that if there exists a My € M such that L(D | Mp) is small, then L'(D | M) is small
[10, 66]. Examples of universal codes include the normalised maximum likelihood code
and the prequential code, the latter of which is based on the prequential approach to
statistics [35] and turns out to highly useful for gauging the information content of deep
neural networks (see Section 3.3).

In fact, the minimum description length principle has had a profound impact on the
development of neural networks. In a seminal paper, Hinton and van Camp |74] framed the
MDL approach as a form of network regularisation and introduced the bits-back argument
(see Section 3.2.1). This work was the genesis of variational inference for neural networks
which has, in turn, led to an influential practical variational implementation by Graves
[63]. Furthermore, the bits-back method has been repurposed into a chain-like compression
scheme [54] which, due to recent advances by Townsend et al. [160], can realise the negative
evidence lower bound for variational autoencoders. Unsurprisingly, autoencoder training
has long been associated with the MDL framework [75].
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3.2 Variational Coding

Before we discuss the state-of-the-art, we will review the variational approach to description
lengths as some of the underlying problem structure will be of importance to our later
work on prechastic coding in Section 3.5. Although variational coding has been found
to be inferior to the prequential approach when it comes to the description lengths of
deep neural networks (see Section 3.3.5), variational methods in general are profoundly
useful for codec-style compression [92, 160| and variational approaches to training have
demonstrated truly revolutionary generative capabilities [91, 145, 152]. In this section we
shall present variational coding through a description of the bits-back method, a thought
experiment turned important practical class of algorithms for lossless compression. Later in
Section 3.5.2 we will discuss how an alternate sample communication tool, relative entropy
coding (REC), avoids an important drawback to bits-back methods. This motivates the
usage of relative entropy coding in the prechastic coding process to great practical effect.
We again revisit relative entropy coding in Chapter 4 where it guides us in the creation of

a principled conditional generative algorithm.

3.2.1 The Bits-Back Method

Originally introduced by Wallace [165] under the context of the Minimum Message Length
method, the bits-back method was later rediscovered by Hinton and van Camp [74], who
were interested in improving neural network generalisation through an MDL approach.
The latter has endured as a seminal work on variational methods for neural networks
[63], and for this reason we shall first review the bits-back method under the variational
inference setting presented in the paper.

Consider a neural network, parameterised by 8 € R™, an input vector € RV, and
an output vector y € RY. We are interested in sending the output vector to a receiver
R who has access to the input vector and a description of the neural network, but not
the specific weights. If R did have access to 6, the cost of sending the correct values
for a uniformly quantised y is —log, (p(y | x, 8)) where p(y | «, 0) is the product of the
probabilities that the neural network assigns to the intervals containing each element of y.
However, this raises the question of how one should interpret the network’s predictions as
interval assignments? A naive approach is to bound each element y; above and below (i.e.
y € [I,h]" for some [ < h), and, given an interval width of ¢, output probabilities for each
of the [?1 intervals; however, increasing the precision increases the number of intervals
and, consequently, the size of the network.

Instead we set the network to output ¢ € RY and define Ay; := y; — 7; as the difference
between the true value and the predicted value at index 7. Say that R assigns the prior

N(0, ;) for each Ay; and quantises each distribution into intervals of width ¢. If ¢ < o3, the
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portion of probability assigned by the prior to the interval containing Ay; is approximately

¢ —(vi=7:)°
oV 2T

In order to minimise the expected code length for the output, the optimal value of o; is set

p(Ayi) ~

to o* = \/ % > (i — gj,-)2. The resulting expected code length can be concisely expressed
as % log (% Yoy — ﬂi)2) + c¢N where c is a constant that depends solely on ¢.

This is the cost in nats to send the correct output vector if the receiver already had
access to the trained parameters 8. However, in reality R’s neural network is untrained and
the sender S will have to transmit 8. One might decide to encode these weights in a similar
manner to the output vector, by assuming a Gaussian prior and then encoding the true
value through quantisation. More specifically, assign the prior A'(0, 03,) to each weight,
and note that the lowering the parameter description length is equivalent to minimising
the sum of the squares of the weights.

Ideally we would like to get rid of the inefficient quantisation term in the MDL code
length. To do this, we will change the concept of a weight from a learnable scalar to a
Gaussian distribution with learnable parameters. Now assume that S and R have agreed
to a Gaussian prior p over the weights. Once the neural network has been trained, the
resulting distribution will be termed ¢q. We will now describe the essence of the bits-back
argument which, in this context, is a thought experiment about the allocated cost of
communicating the posterior distribution and the true output vector.

First the sender samples ¢ and obtains a precise value @ for the weights of the
network. Using a sufficiently fine quantisation ¢, these weights are transmitted at a cost
of C(0) = —M logt — log p(@) nats. The sender S can now send over the aforementioned
output vector code, as both S and R have the same set of weights. The receiver R can now
perfectly recover the true output vector and, after training its network using this data,
R can also learn the trained distribution q. With this knowledge of the posterior, R can
determine the random bits used to collapse ¢ to the weights @ that were transmitted.

In some sense, the transmission of the specific weights 8 and corresponding output
vector code was actually a communication of the true model posterior ¢, the true output
vector y, and the random bits to collapse the posterior. Since we are only interested in the
cost of transmitting the model (i.e. the posterior) and the data, we need to subtract the
cost of the random bits to obtain the MDL code length. The cost of collapsing the posterior
q to a particular sample 0 for a sufficiently fine quantisation ¢ is R(0) = —M logt — log q(8)
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nats. Therefore, the expected cost of transmitting the model is

Ef)wq[ﬁq,p] = EBNq[C(O) - R(Q)]
= Egq[log q(8) — log p(6)]

- / 4(8) log ZE?; 0

= KLl[g [ pl.

Although this formulation of the bits-back argument is of relevance to the study of the
MDL of neural networks [16], subsequent works have often taken an interest in bits-back
from a latent variable perspective |55, 75, 160|. In this version of the method, the sender
S is only attempting to communicate a realisation gy of the output random variable y
to the receiver R. Both S and R have access to a generative model, which takes the latent
random variable z and outputs p(y | z), as well as a prior over the latents p(z) and an
approximate posterior ¢(z | ). To simplify our exposition, we assume that all random
variables are discrete; however, this is not strictly necessary.

Using entropy coding, S can leverage the prior and generative model to transmit
some zo ~ q(z | Yyo) at a cost of —logp(zo) and yo at a cost of —log p(yo | z0). However,
just as before, the sender has actually transmitted more information than just the bits
needed to obtain z, from p(z) and yo from p(yo | zo). The receiver R can now recover
the bits required to encode 2z, from ¢(z | yo) as R has access to zg, Yo, and ¢(z | y). After

subtracting the recovered bits, the expected total transmission cost is

Eq(zlyo) [L£(Y0)] = Ezng(ziyo) [~ log p(2) — log p(yo | 2) +logq(z | yo)]
M]

p(z)p(yo | 2)

q(z | y )}

= Ezvq(zlyo) {Og (Yo, 2)
= KL[q(z | yo) || p(yo,2)]-

= EZNQ(Z\?JO |:10g

Now say that we are interested in transmitting a sequence of outputs yq.,. The bits-back
with feedback trick [54] cleverly notes that after encoding the first value in the sequence,
we can effectively use the auxiliary bits in the sequence to sample the posterior conditioned
on the next value in the sequence. This process can be repeated for each sample, effectively
reducing the average cost per sample to approximately Ey.,)[KL[¢(z | y) || p(y, 2)]] for
large values of n.

To give a better understanding of how the process works at a high-level, let us step
through the i*" encoding iteration of the bit-back with feedback method based on BB-
ANS [160]. At this point in the process, the sender S has created a stack of bits B(~Y
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which contains the information the receiver will need to decode yg.;_1. S draws a sample

(=1 and using these bits to

z; ~ q(z | y;) by popping the top —logq(z; | y;) bits from B
“decode” z; from ¢(z | y;). As the auxiliary bits have essentially been discarded, S is now
left with a new, shorter bit stack B#~1. S now encodes y; and z; at costs of — log p(y; | z)
and — log p(z;), respectively. These two codes are pushed onto the bit stack B~ yielding
a new bit stack B® which is —logp(z;) — logp(y; | z;) + log q(2; | y;) bits longer than
BE-Y.

If, at this point, S transmits B®, R can recover y; and B¢~V in the following manner:
first, R pops — log p(z;) bits to decode z;, then pops —log p(y; | z;) bits to decode y;. In
order to transform the resulting bit stack B¢~ back to BV, R encodes z; using ¢(z | ¥;)
then pushes the resulting — log ¢(2; | ;) bits onto B,

The BB-ANS approach developed by Townsend et al. [160] uses a combination of
bits-back and Asymmetric Numeral Systems (ANS) [44] to create a lossless compression
pipeline and performs well with Variational Autoencoder (VAE) [91] latent models. ANS
is a form of entropy coding which operates as a stack on a LIFO basis as opposed to
arithmetic coding (see Section 3.3.2) which behaves like a queue and is FIFO. This solved
an existing difficulty in the implementation of bits-back with feedback which had relied
on an inefficient hack to arithmetic coding [54]. Townsend et al. [160] also describe how
their method can be adapted for continuous variables, using arguments that are similar to
those found in [74].

The bits-back method is of historical importance to variational learning [63, 81| and,
more recently, has found a variety of use cases including compression with flow models
[77, 188] which have achieved impressive results on image datasets. Follow-ups to BB-ANS
have extended the original method to produce results better than the NELBO [137]
and take advantage of multiset structure in datasets [141]. The clean bits problem (i.e.
sampling from the bit stack is not truly random) that existed in the original formulation
has been solved using a clever encryption scheme [88| (see Appendix N in the paper).
However, bits-back methods do suffer from a fundamental flaw - they only achieve optimal
compression rates asymptotically. This drawback can be important in one-shot or few-shot

tasks; in such scenarios one might prefer to use REC methodology (see Section 3.5.2).

3.3 The Prequential Approach

The prequential approach to statistics is a framework for analysing forecasting systems
based on the principle that any assessment of such systems should be derived from the
validity of their sequential predictions [35, 36]. This motivation is reflected in the etymology

of “prequential” as a portmanteau of “predictive” and “sequential” [37] . In prequential

"Dawid’s original paper implies that the word “prequential” is also derived from “probability” [35].
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statistics, data is assumed to be ordered and is often, although not necessarily, part of
a time series. Data is processed in sequence and can subsequently be used to update
the forecast for the next, unseen item of data. This unseen data is not revealed to the
forecaster until after it has formed its prediction. In the following section we will present
an overview of a coding process based on prequential statistics known as prequential or
online coding. After building up a prequential toolkit, we will delve into the relationship

between prequential coding and the information content of deep neural networks.

3.3.1 Overview

Imagine a communication scenario where we have a sender S and a receiver R, both of
which have access to their own set of computing resources. S would like to send R a trained
model which is a member of the model class M and has been trained on the dataset D.
We might alternatively say that S would like to send the dataset D to R and is constrained
to the model class M. For simplicity, we will assume that each data point belongs to one
of K classes and that the model, based on some corresponding input, forms a probability
prediction over the classes.

To initiate the prequential scheme, S first sends R a description of the model class M.
The size of the description will typically be inconsequentially small as it can be specified
in a high-level programming language. S and R then initialise identical models according
to the agreed-upon training protocol. If any portion of the initialisation or training is
stochastic, S must also send a random seed so that S and R use identical pseudorandom
numbers.

Next, S sends over the first piece of data, x;, using equal probabilities for each of the
K possible data classes. The cost of this transmission (i.e. the length of the code) is
log,(K) bits which is simply the Shannon entropy of a uniform distribution over K classes.
We will discuss the specifics of how this is encoded and why it is perfectly acceptable to
specify transmission costs in ideal terms in Section 3.3.2. The uniform distribution is used
for the first transmission as neither model has been trained due to the receiver’s lack of
data. It is generally assumed that as this stage neither model is better at predicting than
a random guess.

Once R has received the data, it trains its model on z; according to the agreed-upon
training regimen. S trains an identical model by using the same training regimen and
restricting its training data to x1. S uses this new model to encode and send the next piece
of data, x5, to R. As before, this prediction process may not use any data other than x;.
The cost of this transmission is — logy(pas(z2 | 1)) where py(zo | 1) is the probability
that the model assigns to x5 when provided with x; for training and prediction.

R decodes the transmission with its model and then uses the expanded, ordered dataset

(1, x2) to train an improved model. The entire process repeats itself in this manner until

44



every piece of data has been transmitted (see Algorithm 2 for a high-level overview). The

overall prequential code length is simply the sum of all the transmission costs:

N-1

Lpreq(pMap) = = Z 10g2<pM<x’i+1 ’ DZ))

=0

where py(x;41 | D;) is the probability that the model assigns to z; 11 when provided with
the ordered dataset D; = (x1, 3, ... ;). In this notation Dy represents an empty dataset
and, as the initial transmission uses the uniform distribution, py(z1 | Do) is defined as +.
The specific details of how the model uses a given dataset are provided by its high-level
description; critically, this is the only dataset available for both training and prediction.

When using prequential coding, there is an expectation that the model will improve
with the expanding dataset, allowing S to send progressively shorter codes and consequently
reducing the overall code length. Note that the size of the model description is not included
in the calculation of Lyeq(M, D). As mentioned, such high-level information is typically
considerably smaller than the cost of transmitting the data and is therefore omitted.

The prequential template presented readily admits modifications to suit a variety of
settings. For example, consider a model which has some a priori bias towards the data.
In this scenario it makes sense to replace the initial uniform prior with the actual model
prediction. In fact, in general it could be argued that this change creates a more natural
definition of the prequential code length. Beyond model-based priors, any prior can be
used as long as it has a low communication cost - a fact that is implicit in the uniform
choice.

In Section 3.3.4 we will present a common modification known as block transmission.
The only difference between the original algorithm and the block transmission variant
is that data is sent in sequential bundles rather than individually. As we shall see, this
change is vital for the practical usage of prequential coding.

We can also utilise prequential coding in a variety of learning settings. For example,
it might seem best suited for autoregressive sequential prediction (e.g. a transformer
performing text prediction), but it can easily be programmed for tasks such as supervised
learning where each item of data consists of both a set of features and a label. In this
latter case we might assume, as in [16], that the receiver already has access to a dataset of
features in an identical order to the sender’s dataset. Under this assumption the sender
transmits label data. Therefore, a logical alteration to the prediction process is to condition

on the corresponding feature data in addition to the available label data.
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S initialises a model Ms.
R initialises an identical model Mj.
for i := 0 to N—1 A
My is trained on D;.
My is trained on D; in an identical manner.
My generates a probability for x; ;.
S encodes z;,1 according to this prediction.
S transmits the code for x;,1 to R.
My generates an identical probability for z;, .
R uses this prediction to decode the transmission for z;, .

3

Algorithm 2: High-level overview of the non-batched prequential coding process.

3.3.2 Implementation

The overview given in Section 3.3.1 provides a pedagogically focused account of the
prequential approach. However, the coding process differs subtly from this description
when it is implemented in practice. To understand why, first note that if S actually
transmitted each item of data incrementally using Huffman codes, there would be up to a
one bit overhead per transmission. This extra cost is incurred because the Huffman code
must have a positive integer length. The immediate communication of data between S
and R is also antithetical to the reasonable desire to send the entire compressed dataset in
one go.

To solve theses issues, practical implementations of prequential coding do not send
data to a receiver as soon as the data has been assigned a probability by a model. Instead,
each time a prediction is made by the sender’s model, the output pys(x;11 | D;) is stored
locally in a special format known as an arithmetic code. In this encoding stage, there are
no transmissions to the receiver and all computation is performed by the sender. Once the
final piece of data has been encoded, the arithmetic code and the high-level information
(model description, minor schematic details, etc.) are combined to form a self-extracting
archive. This archive is then passed to the receiver which recovers the original data in a
manner similar to Section 3.3.1. The essential difference between this decoding stage and
the previous exposition is that the receiver queries the arithmetic code for information as
the sender has finished all computation.

In order to further explain why this approach is used in practice, we will briefly delve
into arithmetic codes and their inherent suitability for the prequential scheme. Arithmetic
coding arose from the cumulative effort of multiple researchers broadly studying the
compression of message streams |99, 125, 130, 131]. Unlike Huffman coding, arithmetic
coding does not require at least one bit of information for each item of data. Conceptually,
this is accomplished by first assigning a subinterval [I, h) C [0, 1) to the dataset as specified

in Algorithm 3. Note that a finite binary string b;bs . . . by can be interpreted as a subinterval
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of [0,1) in the following manner:
e The lower bound is the string prefaced by a decimal (e.g. .biby ... bg).

o If at least one bit in the string is a zero, the upper bound is the subsequent string in

the length-increasing lexicographic ordering, also prefaced by a decimal.
e If every bit is a one, the upper bound is one.

The dataset is encoded with a binary string which, using the above interpretation, lies
within the interval determined by Algorithm 3. There is always a binary string that meets

this criterion and whose length is within two bits of —log,(h — 1) [112].

[ :=0.0
h :=1.0
for ¢ :=1 to N {
u := 0.0
for j :=1tox; - 11
u = u+ py(j|Dii)
}
r :=h -1
[l =1l +7r-u
h =1+ v py(x; | Dioy)
}

return [l,h)

Algorithm 3: Method to assign an interval [I,h) to the ordered dataset D during the
arithmetic coding process (adapted from [112]).

The encoding process is simple: the sender processes the data one unit at a time, only
adding a bit to the code when the corresponding interval still contains the entire data
stream interval. On the final piece of data, the minimum number of bits are appended to
ensure that the data stream interval contains the code interval. The decoding process is
also relatively straightforward: the receiver extracts the data sequentially by comparing
the current model’s predictions with the code. When enough bits have been read from
the start of the code to unambiguously decipher the subsequent class (i.e. when the
corresponding interval is contained by the data stream interval), this item of data is added
to the data stream and the prediction model is updated. Note that this process behaves in
a First In, First Out (FIFO) queue-like manner. This is desirable for prequential coding,
however this stands in contrast to the bits-back method which needs a Last In, First Out
(LIFO) stack-like behaviour for which arithmetic coding is not suitable (see Section 3.2.1).

Both the ability to process data incrementally and the roughly ideal code length make
arithmetic coding a natural fit for the prequential approach. However, the conceptual

outline of arithmetic codes that we have presented contains a fatal flaw - if implemented
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as described, it will rely on floating-point arithmetic. Common floating-point standards
are only able to encode small messages as they quickly run out of the precision required to
specify narrow intervals. Fortunately, this issue can be resolved through the clever use of

finite-precision integer arithmetic which, in practice, gives very good performance [170].

3.3.3 Information Theoretic Perspective

In order to study prequential coding from an information theoretic perspective, we will
view a given dataset D = (x1,%s,...2y) as a stochastic sample. Each xz; is itself an
outcome of a discrete random variable X; which represents the i** data member and
assigns probabilities over the alphabet A = {aj,as,...ax}. No assumptions are made
about the dependencies between X, Xs,... Xy, and their joint distribution defines the
dataset random variable D over AY. Note that every actual dataset D is an outcome of D.

In classic information theory the expected information content of such a stochas-
tic variable is the Shannon entropy H(D) or, equivalently, the joint Shannon entropy
H(X1, X5, ... Xyn). We can easily see from the proof of Theorem 3.3.1 that the expected
information content of a dataset variable is the same value as the expected prequential code
length of that dataset if the predictions use the true distribution. This proof purposely uses
the chain rule for entropy, as it demonstrates that the expected size of each transmission
in the prequential coding scheme for the true model can be interpreted as the relative

entropy of the data to be transmitted given all of the data that has already been sent.

Theorem 3.3.1. The entropy of a stochastic dataset is equal to the expected prequential

code length when encoded with the true model.

Proof.
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Of course, when computing prequential codes in practice, we rarely have access to the
true model for the necessary marginal or conditional probabilities. Instead we rely on an
alternative model that supplies theorised values for the requisite prequential probabilities.
These predictions define a joint probability distribution over KV which we will refer to as
q; the true probability distribution will be denoted as p. As demonstrated in the proof of
Theorem 3.3.2, the penalty added to the expected prequential code length for using an
alternative model is KL[p || ¢].

Theorem 3.3.2. The expected prequential code length of a stochastic dataset encoded with
a hypothesised model is equal to sum of the entropy of that dataset and the Kullback—Leibler

divergence between the true distribution and the hypothesised distribution.

Proof.
BlLeola D)) =~ 32 p(D)- 3" logala(rics | D)
== 3 (D) logg(a(D))
DekN
. (e e
-~ X o) (1oea(p(2) + 1o, (221 )

= H(p) + KL[p || q]

]

Theorem 3.3.2 should have a familiar feel to those with a background in machine
learning. The sum of the entropy of the true distribution and KL divergence between the
true distribution and the theorised distribution is commonly known as the cross entropy.
The cross entropy of ¢ relative to p represents the expected code length of an outcome
when encoded with ¢, but drawn according to p. In machine learning, cross entropy is often
used as a loss function in classification problems where p is fixed, as the minimum value
can only be reached when ¢ is equal to p. In this scenario, the cross entropy minimisation

problem is equivalent to using the KL divergence as a loss function.

3.3.4 Block Transmissions

At each iteration of the prequential coding process the model trains on the available data
and then predicts the subsequent data. This computation incurs a time cost that can
become quite significant, especially when using high-parameter learning models such as
deep neural networks. Additionally, as the coding procedure progresses the time burden
per iteration can increase; for example, consider a training regimen that specifies its

termination criterion in epochs.
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In order to reduce lengthy coding times, data can be sent in blocks rather than as a
single unit. These blocks maintain the order of the data internally and are transmitted
sequentially. More formally, consider a sequence of W + 1 integers 0 =ty < t; < t5 <
-+ < tw = N which we will refer to as the transmission indices. The transmission blocks
are simply the contiguous data sequences demarcated by the transmission indices (i.e.
Ttg+1itys Tty tlitas - - - Tty +1:ty ). Under the block model, the prequential code length is

defined as:
w-1

LpreQ(M7D> = - Z 10g2 (pM (xti+1iti+1 ‘ th))

i=0

To understand why block transmission can markedly reduce coding times for certain
learning schemes, consider the following scenario: say that at each iteration in the coding
process the model is trained exactly once on each item of data in the available dataset. In
order to avoid a bias towards the early data, the model is reset to its initial state after each
transmission. There are, of course, many ways to avoid such a bias - this is simply one of
the more straightforward techniques. Such a reset also ensures that we are evaluating the
original training regimen and not a prequential, transfer learning mashup. By the end of
the standard prequential process the model will have processed O(N?) units of data.

Now say that the sender chooses to use block transmissions with exponentially increasing
block sizes. More precisely, let W = [log,(N +1)] and for j = 1,2,... W — 1 set
t; = g;é 2!, Under this setting, the total amount of data processed by the prequential
coding scheme is O(N). Considering the enormous size of many datasets, without the
drop from quadratic to linear time, computing a prequential code for sophisticated models
would often be practically infeasible. Many recent papers on prequential coding and neural
networks have used block sizes that follow some sort of exponential increase [16, 18, 86].

Sending data in blocks instead of one at a time will generally lead to an increase in
prequential code length. Transmitting incrementally gives the model the opportunity to
extract information from as much data as possible in the prequential sense. Under the
block model, earlier data within a block does not have the chance to inform the model
before later data within that same block is encoded. This drop in performance is often
mitigated by the diminishing returns that increased dataset sizes provide to a model.
Still, the trade-off between computation time and prequential code length is an important
area of research for practical concerns. Recently, in a paper that studied the prequential
approach to the minimum description length principle, Bornschein et al. [19] found that
time efficient methods based on continuous learning produced better code lengths in many

scenarios.
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3.3.5 Prequential Success

Why the fuss over prequential coding, especially in comparison to other methods of model
and data transmission? As we shall see, the same feature of deep learning that has led
to its widespread success across a variety of domains also begets incredible prequential
efficiency - the ability of deep neural networks to generalise well to unseen data. This
connection between deep learning and prequential coding has a largely recent history.

In a landmark 2018 paper, Blier and Ollivier determined that prequential coding was
an extremely effective method for generating short description lengths of deep neural
networks [16]. More specifically, they studied the description lengths of deep neural
networks performing image classification on the well-known MNIST [100] and CIFAR-
10 [98] datasets. Prequential coding outperformed every alternative technique tested,
including network compression strategies [68, 175] and variational coding [63, 74]. Network
compression strategies are essentially two-part codes where the network parameters are
transmitted separately from the encoding of the data according to the model. In the naive
case the parameters are simply passed on as floating points typically at a cost of four
bytes per parameter. The network compression strategies tested by Blier and Ollivier were
significantly more complex and efficient than the naive strategy, yet still produced code
lengths that were up to several orders of magnitude more than the prequential length.
Variational inference fared better, but was still inferior by approximate factors of two
to five. This result was especially surprising as the variational inference approach was
purpose-built to minimise description lengths.

In the years since Blier and Ollivier’s work, many researchers have used prequential
coding as their preferred tool for generating minimal description lengths when employing
complex models and, in particular, deep neural networks. Yogatama et al. leveraged
prequential code length as an evaluation metric to gauge the ability of a model to
generalise rapidly [180]. As part of an investigation into the inductive biases of pre-trained
neural networks, Lovering et al. studied the extractibility of linguistic features through
experiments that measured prequential code lengths [111]. Perez et al. used prequential
coding in the MDL estimation component of their novel dataset probing method, “Rissanen
Data Analysis” [127]. Because Perez et al. were primarily interested in the data itself,
they made use of an ensemble of models in order to generate shorter codes. Work by
Bornschein et al. [19], which we previously mentioned in Section 3.3.4, found that the
block transmission approach taken by [16] in order to mitigate computational costs, could
be improved upon using inspiration from continuous learning.

While the popularity of the prequential coding paradigm is certainly a testament to its
usefulness, its achievements in premiere data compression competitions arguably provide
even more compelling evidence of its ability. In an earlier section (see Section 3.1.1.2)

we introduced the Large Text Compression Benchmark run by Matt Mahoney [115]. In
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more detail, the LTCB is a competition to compress one gigabyte of text from the English
language version of Wikipedia as it appeared on March 3, 2006. The dataset, which
is known as enwik9, is formatted as UTF-8 encoded XML and contains nearly 250,000
articles, of which approximately one-third are merely redirects to fix broken links. Entries
to the competition are ranked by the combined size of the compressed enwik9 file and a
zipped folder containing the decompressor and any accessories.

As of early 2024, the best total size submitted to the competition is 106,632,363 bytes,
achieved by version 3.2 of Fabrice Bellard’s nncp algorithm [12, 13]. nncp is essentially a
prequential approach with extra trimmings: given a neural network, the receiver learns on
some already transmitted text, the sender transmits the true text at the canonical cost,
then the process repeats itself using the updated dataset. Early iterations of nncp use a
deep neural network (either an LSTM [79] or a transformer [163]) and an arithmetic coder
to form a prequential code over a preprocessed version of the dataset [12]. Documented later
versions exclusively use transformers and employ minor implementation tweaks to improve
performance’ [13]. The LTCB is the gold-standard for text compression benchmarks with
no restrictions on compute; the fact that nncp outperforms the competition, including many
highly engineered task-specific algorithms, is an important vindication of the prequential

approach.

3.4 Generalising Prequential Coding

Despite the success of prequential coding, it is not the be-all and end-all approach to
compression with neural networks. Many common network architectures do not have the
requisite structure to form prequential predictions. Additionally, the datasets themselves
might not be ordered in a manner particularly conducive to learning. Intuitively, the
learning process is progressive, not prequential. If a piano student were to learn to play
a concerto from zero-knowledge, it would be highly ineffective to teach them from the
concerto itself, starting with the early notes and moving on sequentially. Rather, they
would be better served if they were first taught basic music theory, then a few easier pieces,

before eventually progressing to the concerto.

3.4.1 An Instructional Approach

We will capture this intuition by creating a generalisation of the block-transmission
approach to prequential coding, using the same setting that was described in Section 3.3.1.
A sender, S, would like to send a model M € M trained on a dataset D to a receiver, R,

or alternatively S would like to send D to R and is constrained to the model class M. As

tUp-to-date information about nncp is available at https://bellard.org/nncp/ along with source
code.
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before, the dataset is finite with size N and each unit of data belongs to a finite set
compromised of K unique classes.

S first transmits a description of the model and a batch of data of length ¢; to R.
This data is the output of some function, f; : KY¥ — K whose input is the original
dataset. If we assume this initial prediction is equivalent to a standard uniform encoding
the transmission costs t; log, K bits along with the size of the model description.

Subsequently, the transmitted data, fi(D), is used by R to train the model. S trains
an identical model by using the same training regimen and restricting the training data to
the batch sent to R. Note that fi(D) is not necessarily a subset of the original dataset;
there are no restrictions placed on f; other than the domain and range.

S uses the freshly trained model to encode and transmit a new batch of data (potentially
via an arithmetic code) which is then decoded by R using its identical model. This new batch
of data consists of ¢, individual units and is the output of some function, f, : KV — K2,
whose input is also the original dataset. The trained model has developed its predictions
for the new batch of data, fo(D), using only the original batch of data given by fi(D) (via
training or possibly even directly).

Now both R and S can continue to train identical models, but with access to an
expanded dataset that includes the outputs of both f; and f, over D. This process of
training identical models to predict subsequent outputs of functions whose inputs are
the original dataset carries on for W iterations, until the following dataset has been

transmitted:

Fp ={fi(D), [2(D),... fw(D)}.
We will refer to fi, fo, ... fir as the instruction functions, fi1(D), fo(D),... fw(D) as

the instruction data, and Fp as the instruction dataset. The original dataset D must be
recoverable from the instruction dataset Fp (i.e. there exists some recovery function 7
such that n(Fp) = D). Furthermore, n must have a known, short description length.

In general, this function should be fairly trivial; for instance, one might require that
fw (D) = D, and therefore the recovery function simply observes the final transmission.
As with the description length of the model, the description length of the recovery function
is considered negligible and the instructional code length for the given instruction dataset

is defined as:
w-1

Linst(M7 D) = - Z lOgQ pri(D)(fi—H(D))
=0

where pys 1,(m) Tepresents a model trained according to a given regimen on some subset of
the first ¢ transmissions, fi(D) through fi(D), and pa, ., denotes the untrained model.
A full high-level overview of the instructional process is given in Algorithm 4.

At first it may seem counter-intuitive to transmit data that might not belong to the

original dataset, D. In the prequential scheme, all of the data sent is unaltered and the
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S initialises a model Ms.
R initialises an identical model Mj.
for i :=0 to W—-1{
Ms is trained on some subset of {fi(D),... fi(D)}.
My is identically trained on the same subset of {fi(D),... fi(D)}.
Ms generates a prediction for f; (D).
S encodes f;,1(D) according to this prediction.
S transmits the code for f; (D) to R.
My generates an identical prediction for f; (D).
R uses this prediction to decode the transmission for f;i1(D).
}

R recovers D using 1 and Fp.

Algorithm 4: High-level overview of the generic instructional coding process.

model is trained solely on subsets of D. However, the cost of the seemingly extraneous
instructional data can be outweighed by the improvement in performance granted by
controlling the data which the model sees and predicts.

In some sense, the instructional coding process is analogous to a teacher leading a
student to understand a complex topic or concept. At first, the teacher might oversimplify
the original topic, then ask the student to make the next conceptual leap that is within
their grasp. If the lessons or instructions provided by the teacher are suitable, the student
should be able to eventually arrive at the full complex form with relative ease.

Instructional coding can be viewed as a generalisation of prequential coding by letting
the instructional functions represent progressive views on D. More specifically, if we define
fi+1(D) = @441, and set the recovery function to concatenate the transmitted data, we
have perfectly described the batched prequential scheme (batch sizes can be set to one in
order to recover the non-batched version). Therefore, all prequential coding schemes are
instructional coding schemes, and the prequential code length is never better than the

minimal instructional code length.

Image Super-Resolution Example The methodology of instructional coding and its
benefits over prequential coding are perhaps best conveyed by a simple real-world example.
Consider a dataset, D, which consists of a single image, X, with a total size of N pixels.
Each pixel belongs to one of K classes, and we denote the i** pixel in raster order as z;.
In our demonstration, we will use this form of dataset in conjunction with deep neural
networks in order to increase the resolution of the given image - a challenging problem
known as super resolution [3]. In order to avoid any immaterial complexities, we will
select an image that is 8-bit grayscale (K = 256) with a dimension of 512 x 512 pixels
(N = 512?) (see Figure 3.1). Additionally, we will assume that our super resolution neural

network doubles both the width and the height of any image it processes. For the runs
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discussed below we use a simple neural network comprised of four convolutional layers

with a middle upscaling interpolation layer.

16x16
32x32
64x64
128x128
256x256
Remainder

Figure 3.1: (Left) The baseline grayscale image of the Shepp-Logan phantom rendered
with a high contrast [143, 159]. (Right) An exponentially increasing batched prequential
division of the original image in raster order.

Initially, S sends R two down-scaled versions of the original image: one at 16 x 16
pixels and the other at 32 x 32 pixels. In other words, our initial instruction function is
defined as f1(D) = (Xi6, X32) where X} is a k X k version of the original image, resized
according to a standard interpolation method. The cost of this initial transmission is
(162 + 322) -8 = 10, 240 bits, as we use a basic uniform encoding over the K = 256 different
possibilities for each pixel.

S now trains its copy of the neural network using X4 as the input and X3, as the
output. The model is validated after each epoch by feeding X3, as the input and calculating
the code length to encode Xg4 using the model’s output. After training for 50 epochs
using the standard Adam optimiser [89], the epoch index with the lowest code length is
sent to R at a small cost of a byte along with the corresponding code for Xjs.

This is conceptually equivalent to defining our second instruction function as fo(D) =
X3. The cost of this transmission is —log, py, ,, (f2(D)) which, assuming our neural
network is learning, should come at a cheaper per pixel cost than the first transmission.
We have not included the cost of encoding the best epoch index as this is negligible.

R can now train its copy of the neural network in an identical manner using Xg, X4
and the stopping index. Once training is complete, R can decode the transmission from S
and recover X3o. Note that at this point in the process, R has access to Xy, X6, and Xss.

We now define three more instruction functions for the instructional coding scheme:
f3(D) = Xeg4, f2(D) = Xio8, and f5(D) = X. As before, S encodes each image by training

its neural network on the two largest images that R currently possesses, then validates on
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the next image that will be sent, saving the best epoch index. This information is sent
over, R trains an identical network, and then decodes the new, larger image. The final

image sent over is the original image, thus completing the process.

Training Pred. Input Pred. Output Truth Cost

Input: 16 x 16
Label: 32 x 32

~ 10.7 kilobits

64 x 64

Input: 32 x 32
Label: 64 x 64

~ 18.3 kilobits

64 64

128 x 128 128 x 128

Input: 64 x 64
Label: 128 x 128

~ 34 kilobits

128 % 128 256 x 256 256 x 256

Input: 128 x 128
Label: 256 x 256

~ 69.3 kilobits

256 x 256 512 x 512 512 x 512

Table 3.1: Instructional coding example for an image compression task where the interme-
diate tasks are to sequentially upscale the image.

For pedagogical purposes, an overview of the process for a specific run can be found in
Table 3.1. The total cost of transmitting the 512 x 512 Shepp-Logan image in this run,
without including small overheads, is 142,479 bits - over one order of magnitude smaller
than the original image and comparable to the size of the PNG version, despite using an
extremely simplistic neural network. Now let us compare this result to batch prequential
coding using the raster order to arrange the pixels in a sequence (see Fig. 3.1 for an
image of the prequential division). We will use identical batch sizes to the instructional
transmissions, although the final transmission will have to be padded with zeros in order
to reach a dimension of 512 x 512 pixels and remain compatible with a 256 x 256 input
image. We will not include the transmission cost of the padding in the prequential code
length as it has a small description complexity.

Note that even though we are now assuming the data is sequentially ordered, each
transmission will have to be rearranged back into a square in order to maintain compatibility
with our neural network - these ‘images’ will be referred to as Yig, Y32, Y54, Yi2s, Ya56, and

Y512. The transmission cost of Y and Y3y remains the same at 10, 240 bits as we continue
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to use a uniform encoding for the initial transmission. However, in a single demonstration
run, we observed the following costs: Yg4 & 0 kilobits (the images were blank at this stage),
Yios & 111.2 kilobits, Yo56 & 341.2 kilobits, and Y312 ~ 303 kilobits (this final cost is for the
non-padded pixels in Y515). The total cost of the prequential-style transmission is 765, 648
bits, substantially larger than the instructional code length. This huge discrepancy is
because the neural network cannot infer much about subsequent batches of information
(visually they appear very different). Note of course that as these were single runs these
results do not constitute a proper experiment but rather serve to hone intuition about
scenarios where basic prequential coding is clearly a flawed methodology.

Although we have described instructional coding and shown it to be a generalisation
of prequential coding, the literature is filled with compression algorithms which one might
consider instances of instructional coding. The instructional approach outlined in the
image super resolution example is similar in spirit to a simplified version of the super
resolution compression algorithm SReC [23]. Beyond super resolution, algorithms such as
generative diffusion [145], though not directly instructional coding schemes, also work on
the concept of incremental clarity and recent work by Theis et al. [156] has investigated
diffusion as a viable compression model. We will explore diffusion further in Chapter 4 as

the setting for our paper ‘Importance-Guided Diffusion’.

3.5 Prechastic Coding

In Section 3.4 we introduced instructional coding as a generalisation of batched prequential
coding and noted that instructional coding can outperform prequential coding in select
scenarios. However, in general the problem of determining instruction functions is highly
non-trivial and, at first glance, seems to require bespoke solution methods based on the
learning model and the structure of the data.

In this section we ask the following question: is it possible to create a generic instruc-
tional coding scheme that works well on a variety of architectures and can compete with
prequential coding on rudimentary supervised learning tasks? As it turns out this question
can be answered in the affirmative by adjusting what conceptually constitutes training
data. Rather than defining intermediate datasets as cumulative, sequential partitions (as in
the prequential approach) or even as general subsets of the original dataset, highly efficient
codes can be generated by allowing fake labels at progressively diminishing rates. In this
setting the given learning model is used to iteratively denoise the stochastic intermediate
data under guidance until the original dataset is recovered. We shall refer to this approach
as prechastic coding, named, in the spirit of prequential, as a portmanteau of predictive
and stochastic. The contents of this section present the paper “Prechastic Coding: An

Alternative Approach to Neural Network Description Lengths” by myself and Pietro Lio
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which appeared at the Workshop on Machine Learning and Compression at the 2024
edition of Neural Information Processing Systems. Much of the content remains either
similar to or as it appears in the paper, with modifications and edits largely made to

conform to the thesis framework.

3.5.1 Overview

Although the preceding description should give an intuitive understanding of the prechastic
approach, we shall now provide a more formal definition and tie up some loose ambiguities.
Although by no means a requirement, for pedagogical purposes (and in line with Blier and
Ollivier [16]) we shall use the following standard supervised learning scenario: a sender and
a receiver both have access to a sequence of N inputs x1.n and their own identical copies
of some agreed upon learning model. The ordering for the input data is random, but fixed
and identical for both entities; for example, x1.5 could be a shuffled set of images. Each
z; has a corresponding label y; € K = {1,2,... K} which, initially, only the sender has
access to. The sender would like to transmit y;.y using as little information as possible.

With the supervised learning scenario established, now consider a sequence of distribu-
tions @1, Qs, . . . Q7 over the product space K. Each ; assigns probabilities to all K
possible permutations of labels, true or false, for the dataset xi.. Note of course that
y1.n is the only completely true permutation. Samples from these distributions constitute
intermediate datasets for the selected model to learn from and, consequently, we shall refer
to Q1, Qa, ... Q7 as the guiding distributions. As the sender also knows the true labels y;.xy
it uses this information to compute efficient guiding distributions. We shall discuss the
specifics of selecting @1, Qa, ... Q7 in Section 3.5.3; for now, simply note that the receiver
does not have access to the guiding distributions throughout the coding process.

To initialize the prechastic approach, the receiver uses its untrained model to create
predictions for each input from xq.. The receiver then compiles the resulting outputs into
a probability distribution P, over the product space K. Due to the lack of training, P, is
likely to be roughly equivalent to a uniform distribution over all KV possible permutations.
The sender, who has also computed an identical copy of P, subsequently transmits a sample
q1 ~ Q1 using O(KL[Q; || P1]) bits (the machinery of this is discussed in Section 3.5.2).
The sample g7 is an n-length vector of noisy labels which correspond to the input data
x1.n. The receiver uses these noisy labels to train the model and compute an updated set
of predictions P for the true labels.

This entire process is repeated for a further T' — 1 iterations. At each step the sender
transmits some sample g; ~ @; at a cost of O(KL[Q; || P;]) bits which the receiver uses
to train their model and form an updated set of predictions P;; for the original data
labels. Figure 3.2 illustrates the prechastic process for a given iteration and contrasts

it with a prequential iteration. After the final set of predictions Pr,; is computed, the
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1 — W N —

T2 — Y2 Y2 — T2

Train Mg with y1.;_1. Train My with y1,_1.

ffffff

i — Yi | —|Encode y; with Mg.|——|Decode y; with Mg.|— i Yi — T
SENDER RECEIVER
T1 —qi-1,1 Gi—1,1— 1
T2 —qi-1,2 Gi—12— X2

Train Mg with q;_1. Train My with q;_1.

Tpn —4i—1n J l i L qi—-1n— Tp

P, := Ms(- | z1.n)- P, := My(- | z1.n)
i q; i Y1 |—|Select Q;. Decode g; via P;.| — i q; i
T } I
Sample and encode g; ~ Q); via P;.

Figure 3.2: High level illustrations of an iteration of prequential coding process (top) and
prechastic coding (bottom). In later descriptions of the general prechastic algorithm, (such
as Algorithm 5) training is considered to occur at the end of the previous iteration. Note
that the models are trained identically, i.e. Mg = Mj.
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true labels y;1.nv are losslessly communicated using an entropy coding technique such as
arithmetic coding [170] or asymmetric numeral systems [44]. Thus, the total amount of
external data delivered by the sender, i.e. length of the prechastic code, is approximately
—logy(Pri1(y1:n)) + Zszl KL[Q; || P;] bits. For a high-level overview of the prechastic
coding routine, please see Algorithm 5; experimental results on real datasets for various

prechastic flavours will be given in Section 3.5.4

S initialises a model Ms.
R initialises an identical model Mj.
for ¢ :=1 to T {
P, := M(-| z1.n) where M = My = Ms.
S generates a sample gq; ~ Q;.
S transmits O(KL[Q; || P;]) bits which enable R to recreate g;.
My is trained on gq;.
My is trained on @; in an identical manner.
}
S encodes yy.y using Ms(y1.n | z1.8)-
S transmits the code for y;.y to R.
R decodes y;.y using Mg(y1.n | Z1.57).

Algorithm 5: High-level overview of the basic prechastic coding process. In practice, the
sender simulates the entire process in order to send one single transmission.

Note that while most deep learning models have the capacity to train to very low levels
of error on the noisy label set, training regimens are typically designed for performance on
unseen data. Assuming the goal of training is generalisation (e.g. through regularisation
techniques such as early stopping) then, in general, as long as the guiding distributions

are selected appropriately, each P;,; should improve on P; in expectation over @);.

Relation to Instructional Paradigm It is relatively straightforward to show that the
general prechastic coding scheme as described in Algorithm 5 is a form of instructional cod-
ing. Each intermediate datasets is given by the original inputs x;., and the corresponding
labels in the sample g;. Furthermore, the prediction for the subsequent dataset is simply
P;.

3.5.2 Relative Entropy Coding

In order to create a practical prechastic coding algorithm, we must take a detour to discuss
the necessary machinery for the following scenario: say that a sender S would like to
communicate a sample from the distribution ¢ to a receiver R; importantly, S does not
care which particular sample is communicated. Additionally, both S and R have agreed to
a prior distribution p, which R can use to decode the information transmitted by S into a

sample from gq.
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Recall that the relative entropy or Kullback-Leibler (KL) divergence between two

KLig || p] = Eaey {bg %} |

In this subsection, the relative entropy is given in nats; however, in later sections we

distributions ¢ and p is

shall return to bits. The relative entropy coding problem [48, 49| asks, “How can one
communicate a sample from ¢ through a uniquely decodable code with an expected code
length O(KL[q || p])?” There are a few assumptions concerning the setting of this question,
namely that KL[q || p] is finite and that both the sender and receiver have access to a
public source of randomness (typically implemented through a mutually agreed seed for a
pseudo-random number generator). Early work in this area was done by Harsha et al. [69]
who proposed a computationally intractable rejection sampling algorithm.

Later on, Havasi et al. [70] developed an improved approach based on importance
sampling which does not require managing acceptance probabilities across the entire domain.
The procedure works by first generating M = [exp(KL|q || p])] samples x1, xo, ... 2 from

the prior distribution p. Then each x; is assigned a weight w; = Zg?; and an index j is

randomly selected based on a categorical distribution of size M, where the probability p(j)

w

is given by Z-]@ -. This sample index is encoded at a cost of log M =~ KL[q || p] nats and is

subsequently transmitted to the receiver.

The receiver then uses an identical source of randomness to perfectly recreate the
samples x1, xg, ... 2. In the final step, the index j is decoded and the corresponding x;
is selected. Although this approach is promising, it comes with two caveats: M grows
exponentially with the relative entropy, and «; is actually a sample from an approximation
of q. Havasi et al. [70] addressed the latter concern by leveraging a result from Chatterjee
and Diaconis [29] to show that M = [exp(KL|q || p])] is a large enough sample size to
keep the bias low.

The exponential growth issue was tackled in a paper by Flamich et al. [48] who split the
process of transmitting over a sequence of intermediate auxiliary steps. Their technique,
which they called index coding, essentially takes advantage of the fact that for some fixed
integer K > 1, Ke® grows exponentially slower than eX%. More precisely, index coding
splits the random variable of interest x into a sequence of K auxiliary random variables
ay, asg, . .. ax with corresponding prior distributions p(aq), p(az), . .. p(ax). There must exist
some function f such that x is recoverable from the auxiliary variables, i.e. f(ai.x) = x.
For a chosen set of prior distributions, one must determine target distributions q(a | a1.5—1)
for each auxiliary variable a; which will subsequently be used to obtain auxiliary samples
and recover a sample from the original q.

When choosing a reconstruction function, set of priors, and set of targets, one must
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satisfy the marginalisation properties

(lk dCLl K

ak|a1k 1 da1K

i EN i EN

where ¢ is the Dirac delta function. Additionally, in order to avoid adding an overhead cost,
these choices should be made so that the relative entropy of the total auxiliary process
matches the relative entropy of the original transmission.

Flamich et al. [48] go on to develop auxiliary forms for the multivariate Gaussian prior
N(0,1), specifically choosing auxiliary priors p(ax) = N'(0, 021) such that S | 02 = o>
and the ratio of each o7 to o2 — Y.¥~ 02 roughly follows the power law (K +1 — k).
The reconstruction function is simply f(ay.x) = Zle aj, and the corresponding auxiliary
target distributions are determined to also be Gaussians. Several additional techniques
are incorporated into the algorithm to enhance its practical performance, including the
specification of a tolerance parameter for intermediate relative entropy values and the
reduction of bias through a type of beam search.

Our in-depth review of importance sample and index coding was included as they will
be of relevance to prechastic coding and our later work in diffusion methods in Chapter 4
(although without much of the trimmings presented after the initial description of the split
into auxiliary variables). It is also worth briefly mentioning some more of the expansive
literature on topics concerning and related to the relative entropy coding problem. Recent
work by Flamich et al. [49] introduced algorithms based on A* sampling [113| that provably
achieved an expected code length of O(KLIq || p]). Critically, they proved that one of their
algorithms reaches this code length in O(D]q || p]) runtime, where Dy [q || p] is the limit
of the Rényi divergence as v — oo (they show experimentally that their other algorithms
have a similar runtime). This is an important result as the only additional assumption
placed on ¢ and p is that they are continuous with unimodal density ratio. In the general
case without this assumption, Agustsson and Theis [2| proved that given RP # NPT,
REC algorithms have an expected runtime that is non-polynomial in KL[q || p].

Work by Li and Gamal [106] introduced a type of REC algorithm known as Poisson
functional representation (PFR) and bounded the expected code length of PFR between
KL[q || pl2* and KL[q || pl2 + log, (KL[q || p]2 + 1) + O(1); unfortunately, the expected
runtime is bounded below by Dy [q || p]. Theis and Ahmed [154] proposed Ordered Random
Coding (ORC) in the context of the related reverse channel coding problem [14], however

fRP is the randomised polynomial time complexity class and NP is the nondeterministic polynomial
time complexity class. The question of their equivalence is an open problem.
IThis notation signifies that the KL divergence is given in bits.
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similar to [70], ORC only provides an approximate sample and also has a runtime that is
an exponential function of the relative entropy.

Many approaches to compression with neural networks follow the transform coding
paradigm [59], mapping the data to a latent space, quantising these latents, and then
performing entropy coding [4, 85, 155|. However, these approaches are inherently difficult
to train due to the non-differentiable quantisation which can be awkward to overcome [48].
Augmented varieties using techniques such as dithering [2, 5|, but as a result introduce
new constraints to the process [49]. For further detailed discussion of the full set of
options available for the relative entropy coding/reverse channel coding problems, please
see [49, 154].

3.5.3 Implementation

With our detour into relative entropy coding complete, we can now discuss the imple-
mentation of a complete prechastic coding scheme. Assuming we have a method for
selecting the guiding distribution, fitting the importance sampling REC approach of |70]
into Algorithm 5 is straightforward. Both the receiver and sender generate the requisite
number of samples from P; identical to each other using a pre-agreed random seed and
protocol. Then the sender communicates the index of one of these samples which has
(@)

been chosen proportionally to the importance ratio Qi(PEj))/ P,(p{) for each sample p;”’ (see
Algorithm 6). However, we must still consider the principle drawback of the importance
sampling method which is the exponential runtime. As we shall see in the following
discussion about guiding distributions, it is reasonable to set the information gap between

Q; and P; to small increments, diminishing the computational impact from sampling.

3.5.3.1 Convex First Approach

It should be clear from the earlier description of the prechastic approach that the selection
of the guiding distributions is a critical determinant of the resulting code length. However,
choosing efficient )1, Q», ... Q1 is a complex problem that, as in the general instructional
case, essentially requires one to design an appropriately challenging curriculum for highly

non-trivial learning models. Nevertheless, as a first-pass consider the following convex
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S initialises a model Ms.

R initialises an identical model Mj.

for ¢ :=1 to T {
P, := M(- | z1.n) where M = My = Ms.
J = [QKL[Qi I Pz‘})—l

R and S generate identical sets of J samples pgl),pgz), e ,pEJ) ~ P;.

Qi) ()
pYmey for each p;

S samples an index k € {1,2,...J} according to the importance weights.

S transmits k to R at a cost of O(KL|[Q; || P;]) bits.

My is trained on pgk).

(k)

i

S computes importance weights

Ms is trained on p;"’ in an identical manner.

+

S encodes yy1.n using Ms(y1.n | T1.5)-
S transmits the code for y;.y to R.

R decodes y;.y using My (y1.n | z1.8)-

Algorithm 6: High-level overview of the prechastic coding process using the method of
Havasi et al. [70] to pass samples from sender to receiver. Note the relative entropy is
given in bits.

optimisation problem at iteration ¢ of the prechastic algorithm:

N
min i — lo ( il )
sy ; B[O,

s.t.

M-

KL{[Qil; || [Pi];] < 6i

1

J

]~

[Qi]j,k = 17 Vj

S =~
IA L

[Qi]ﬁk S 17 Vj,k

In this notation [@;] is an N x K matrix which represents N independent categorical
distributions across the K label classes for each of the inputs xy.n. For each input z;, the
model prediction is also a distribution [P;] ; across the K label classes independently from
other inputs. Naturally, (); and P; are simply the joint distributions of their respective
sets of probabilities. The implicitly non-negative budget variable f3; constrains KL[Q; || P}]
via the additive property of relative entropy for independent distributions.

The objective function measures the approximate amount of information 3; that the
sender would have to transmit in order for the receiver to draw a sample from (); summed
with the cost of encoding the true labels if the receiver were to form predictions equivalent

to @); after training on the sample. Of course, the true cost of encoding the labels is
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determined by P, ; however, using P;;; would inject training cycles into the optimisation
problem. Instead, by minimising the objective function over f3; and [Q;], a direct trade-off
is struck at iteration ¢ between the quality of the guiding distribution and the overhead to
communicate a sample from it.

Although iteratively using this convex optimisation problem to select each @); seems
like a promising approach, it also entails a potentially large source of inefficiency. Because
the optimisation is only occurring within a given iteration, the optimal budget 5, can
often be reapportioned to achieve better results by splitting the iteration into multiple
subproblems. Fortunately, we can use insights from this issue with the first-pass attempt
as well as our earlier discussions about the computational efficiency of relative entropy
coding to design a method of selecting guiding distributions which works very well in
practice. Instead of allowing ; to be an optimisation parameter, we can instead fix it
to some pre-determined value (3. For the remainder of this thesis we will refer to this
approach as beta prechastic coding. If 3 is set sufficiently low, we can avoid intractably
high computation costs from the importance sampling REC procedure. Additionally, lower
values hedge against the first-pass concerns about overshooting the size of the relative
entropy gap between (); and P;. Note of course that lower 3 values can increase the overall
amount of iterations needed in the prechastic scheme; balancing the trade-off in overall

computation cost is explored further in Section 3.5.4.

3.5.3.2 Greedy Approach

Previously we avoided including potential P;;; values in our optimisation scheme, however
we shall now describe a greedy approach which makes use of them, naturally incurring a
cost of increased network calls. Instead of framing the process of choosing @); as a convex
optimisation problem with a specific relative entropy budget 3, we instead generate a fixed
number of samples G from P; then individually train the learning model on each of these
samples. We select the sample which produces the best results, 7.e. minimizes the cost of
encoding the true values after training. In this manner, the greedy approach is a slight
deviation from the general prechastic scheme as we are not directly creating a guiding
distribution @);. Algorithm 7 presents a full high-level overview of the greedy prechastic

scheme.

3.5.4 Experiments

We will now experimentally evaluate the various prechastic schemes, compare them to the
prequential approach, and test the effects of the relevant hyper-parameters. Broadly we
undertake supervised learning classification tasks on the MNIST [100] and Fashion-MNIST
[173| datasets. Learning is performed on a multilayer perceptron (MLP) with two hidden
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S initialises a model Ms.
R initialises an identical model Mj.
for i :=1to T {
P, := M(- | 1.n) where M = My = Ms.
R and S generate identical sets of G samples pgl),pz@, e ,pEG) ~ P;.
S initializes a model M’.
V=00, g" :=1
for j := 1 to G {
S creates a clone of M’ and trains it on pz(j ), obtaining M.
if —logy(Mj(yrn | 71n)) <V £
V= —logy(Mi(yun | 21.v))
g =]
}

by

S transmits ¢* to R at a cost of O(log(G)) bits.
(g™)
Ms is trained on pgg*)

My is trained on p
in an identical manner.
}

S encodes ;. using Ms(y1.n | Z1.n)-

S transmits the code for y;.y to R.

R decodes y;.x using Mg (y1.n | z1.3)-

Algorithm 7: High-level overview of the greedy prechastic coding algorithm.

layers (128 neurons each) and a more powerful LeNet-style network [100]. Note that
the unbatched prequential coding scheme requires O(N?) items of data to be processed
per epoch of training. The greedy prechastic coding scheme processes O(T'NG) whilst,
ignoring any potential contributions from guiding distribution computation, the general
prechastic coding scheme processes O(T'N). Based on the values of 7" and G used to achieve
efficient results, in addition to the computational cost of computing a full prequential code,
our experiments restrict both datasets to smaller sizes of N = 128,256, and 512. Although
the prequential computational burden could be offset through the use of exponentially
increasing batch sizes (as in Blier and Ollivier [16]), we leave the reduction of prechastic
computation as a topic for future work. The implications of the dataset restrictions are

discussed further in Section 3.6.

Prequential Baseline Prequential results were obtained for each model and dataset
combination over a total of ten trials each, the results of which can be found in Table 3.2.
Training was performed using batch sizes of 32 over five epochs. Predictions formed at
the end of the last epoch were used to compute test code lengths as transmitting the
best value across all epochs for each step of the prequential process would require the

transmission of the epoch index and thus incur a large penalty to the total cost.
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Prechastic Experiments Prechastic experiments were conducted for the greedy ap-
proach from Section 3.5.3.2 as well as the first-pass convex approach from Section 3.5.3.1.
A total of 25 trials were conducted for each experiment setting with random training sets
of the specified size chosen from the training sets of the corresponding datasets (MNIST or
FashionMNIST). The convex approach was conducted under two settings: in one version Q);
was directly sampled (FPC-Q) whilst the other version (FPC-R) used the REC importance
sampling procedure to indirectly sample ); through P;. Clearly, the former is not a valid
compression scheme as the receiver cannot know );, however we include it in our results
in order to show the impact of the bias in the importance sampling relative entropy coding
procedure on the compressed sizes.

@; was determined by solving the aforementioned convex optimisation problem via
the CVX software framework [61, 62]. In order to improve stability we maintain a
running average of the (up to) five previously transmitted samples as a training signal.
Furthermore we used g = 7 for all experiments; we computed the cost of each iteration as
log,([2%]), where 3} is the optimized value of 3;. Across all models and both MNIST and
FashionMNIST, we used maximum iteration counts of 25,50, and 100 for the dataset sizes
of 128,256, and 512, respectively. In our experiments we also included the approximate
cost of transmitting the best index (i.e. log, of the best index).

All greedy experiments were performed with a G value of 128, thus transmitting 7
bits of information per iteration. In order to mitigate the instability of small dataset
training, instead of generating one sample from P; for each of the G trials, multiple
samples were generated and then the average was used as a training signal. Note that
no additional information needed to be transmitted per iteration i as we still chose from
exactly G options. Larger numbers of multiple samples drive the training signal towards
P; therefore great care was chosen to find multiple samples values which offset the small
dataset effects, but were not too large. For the dataset sizes of 128,256, and 512 we used
multiple sample values of 25,5, and 2, respectively (across all models and both MNIST
and FashionMNIST).

Naturally, larger datasets required more training iterations to compress to their minimal
prechastic sizes. For the dataset sizes of 128,256, and 512 we used maximum iteration
counts of 20,40, and 60, respectively (again, across all models and both MNIST and
FashionMNIST). As with the convex experiments, we included the approximate cost of
transmitting the best index (i.e. log, of the best index). All results from the prequential

and prechastic experiments are presented in Table 3.2 and discussed in detail in Section 3.6.
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MNIST

Size CODING
MLp LENET
PREQ. 0.896 £ 0.008 (380.8 + 3.2) 0.895 4+ 0.005 (380.6 + 2.1)
198 FPC-Q 0.981 £ 0.006 (417.0 £ 2.5) 0.997 + 0.008 (424.1 + 3.3)
FPC-R 1.002 £ 0.005 (425.9 + 2.1) 1.014 + 0.004 (431.3 + 2.1)
GREEDY  0.948 + 0.006 (402.9 + 2.4) 0.933 £ 0.006 (396.5 + 2.4)
PREQ. 0.726 4+ 0.006 (617.7 &+ 5.0) 0.710 £+ 0.004 (603.6 + 3.8)
9256 FPC-Q 0.879 + 0.012 (747.3 +£ 10.3)  0.805 + 0.012 (684.6 + 10.1)
FPC-R 0.971 £ 0.006 (826.2 + 4.9) 0.935 + 0.010 (795.2 + 8.6)
GREEDY  0.744 + 0.010 (632.6 + 7.7) 0.696 £+ 0.006 (592.0 £+ 5.3)
PRrREQ. 0.540 4 0.006 (917.9 4+ 9.4) 0.512 4+ 0.005 (870.0 £+ 7.8)
519 FPC-Q 0.762 £+ 0.013 (1296.9 £+ 22.1) 0.622 £ 0.007 (1057.8 £+ 11.1)
FPC-R  0.919 + 0.006 (1563.2 + 9.3)  0.770 £ 0.008 (1309.0 + 13.9)
GREEDY  0.620 4+ 0.006 (1055.3 £ 9.8) 0.517 4+ 0.004 (878.7 & 6.0)
SIZE  CODING FASHION-MNIST
MLp LENET
PREQ. 0.718 £ 0.011 (305.2 £ 4.7) 0.836 £ 0.008 (355.4 + 3.2)
198 FPC-Q 0.909 £ 0.013 (386.5 &+ 5.4) 0.980 £+ 0.009 (416.5 £+ 3.9)
FPC-R 0.994 4+ 0.013 (422.6 £+ 5.3) 1.018 £ 0.007 (433.1 £ 3.1)
GREEDY  0.851 + 0.007 (361.7 + 3.0) 0.926 4+ 0.007 (393.7 £+ 2.9)
PREQ. 0.555 4+ 0.010 (472.4 + 8.3) 0.715 4+ 0.004 (608.3 + 3.3)
956 FPC-Q 0.746 £ 0.010 (634.3 £+ 8.9) 0.869 + 0.008 (739.3 £+ 7.0)
FPC-R 0.897 £+ 0.011 (763.1 £+ 9.5) 0.952 + 0.009 (809.5 + 7.4)
GREEDY  0.619 + 0.007 (526.7 + 6.0) 0.743 £+ 0.007 (631.6 &+ 5.6)
PRrREQ. 0.447 4+ 0.005 (761.0 & 8.4) 0.577 4+ 0.004 (980.8 £+ 7.2)
512 FPC-Q 0.688 £+ 0.008 (1170.5 + 13.2) 0.756 + 0.007 (1285.5 + 11.2)

FPC-R  0.815 + 0.008 (1386.1 & 12.9)
GREEDY  0.494 £ 0.004 (840.8 £ 7.6)

0.868 + 0.007 (1476.6 + 12.1)
0.619 = 0.004 (1053.5 =+ 6.4)

Table 3.2: Experimental results from prequential and prechastic tests; three prechastic
approaches were tested, the greedy algorithm from Algorithm 7 as well as two first
pass convex approaches FPC-(QQ and FPC-R. Both the average compression ratio and the
corresponding average size in bits are reported along with standard error values. The greedy
algorithm demonstrates competitive compression values with the prequential approach,
especially on the LeNet/MNIST tests. As mentioned in Section 3.5.4 FPC-Q directly
samples (); and is not a feasible compression scheme, but does illustrate the degradation in
performance from the REC importance sampling procedure of [70]. Relative performance
differences between the prequential and the greedy algorithms vary with dataset size
although no definitive trend appears.
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3.6 Conclusion

In our experiments, summarised in Table 3.2, the greedy prechastic approach performs well
and approaches the prequential performance in several settings. For the LeNet /MNIST
experiments, the greedy results are roughly equivalent to the prequential results; further-
more, across the size 512 datasets the absolute compression rate of the greedy approach
never exceeds that of the prequential approach by more than eight percent (approximately
fifteen percent in terms of relative performance).

Naturally, as a first-pass attempt the convex results were not as impressive as the
greedy results; nevertheless, there were still several interesting findings from FPC-Q and
FPC-R experiments. First, FPC-R required larger datasets (i.e. the 256 and 512 sizes) in
order to demonstrate any significant compression. Second, although overall performance
was decreased, relative performance roughly mirrored that of the prequential and greedy
with respect to the choice of dataset (MNIST or FashionMNIST) and model. Finally,
there was a substantial difference between FPC-Q and FPC-R which indicated that the REC
importance sampling method of Havasi et al. [70] can introduce noticeable bias in this
setting.

These experiments, although promising, contained limitations which, to varying de-
grees, hampered their ability to fully evaluate the prechastic method. Notably, current
experiments were limited to small restrictions of the full datasets for computational reasons
(see Section 3.5.4). Fortunately this limitation is likely a minor concern as recent research
has found that model selection based on small dataset restrictions may give similar results
to model selection based on the entire dataset [17|. Additionally, the prechastic method
was only evaluated on two relatively simple architectures. This decision was also made with
respect to computational considerations, but in order to further establish the relevance of
prechastic coding to cutting edge compression schemes more complicated architectures
should be taken into account.

Looking beyond these experiments, prechastic coding is a highly flexible coding approach
with significant room for further development and improvement. Since the basic prechastic
coding does not specify a procedure for choosing the guiding distributions, future work
might investigate more advanced selection techniques. The greedy approach could itself
also be expanded upon by potentially considering higher order decisions at each iteration.
Another topic for future research is the reduction of the computational cost of the prechastic
scheme. One possible avenue to reduce the computational cost could be to bootstrap from
smaller datasets up to larger datasets, sharing the total iterations across the spectrum of
sizes. Finally, we note that future work in the more general instructional coding paradigm

is, given its extensive scope, also highly promising.
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Chapter 4

Guided Diffusion from Relative Entropy
Coding Principles

Diffusion probabilistic models are a class of generative algorithms which, inspired by
non-equilibrium statistical physics, iteratively restore structure in data from a known
distribution such as an isotropic unit Gaussian. Introduced by Sohl-Dickstein et al. [145],
diffusion is flexible enough to model arbitrary data distributions yet tractable enough
to allow for straightforward loss minimisation with closed form expressions. We include
diffusion models in our discussion of compression methods as they are the cutting edge
representative of variational learning. Not only are they strongly related to deep variational
auto-encoders with important connections to the ELBO [90], but they have also achieved
state-of-the-art likelihood scores on density estimation tasks, beating autoregressive models
[88].

Diffusion models also have an interpretation as an instructional coding method, where
the increasing levels of complexity are introduced by using decreasing levels of Gaussian
noise. At first this might appear to be a contradiction as less noise seemingly corresponds
to less complexity, however when transmitting information we are not concerned with
specific noisy samples but rather any noisy sample from a given Gaussian. For example, it
is costly to describe an exact @ ~ N(0,1) for some high dimension, however a message of
the form “sample from N(0,1)” is essentially sufficient to communicate some @ ~ N (0,T).

Later in this section we will discuss the suitability of diffusion models as the basis
for a lossless coding scheme. We will also investigate whether some of the insights and
machinery from the compression interpretation can be used to improve diffusion’s generative
capabilities. This line of inquiry culminates in our paper on importance sampling and
guided diffusion.

However, we must first discuss the essentials of diffusion probabilistic models along
with recent improvements which have helped transform diffusion into one of the most

popular and effective generative methods of the current day. This discussion proceeds until
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t=1 t =200 t =400 t =600 t =800 t=1000

Figure 4.1: The forward diffusion process for a single 2D point (red). Blue points represent
samples from the marginal distribution at a given time point.

Section 4.1.1 where we present the relationship between diffusion and the instructional
coding process and then delve into the contents of the paper ‘Importance-Guided Diffusion’
by myself and Pietro Lio. First consider a piece of data xy € RY which is sampled from
some distribution ¢(xy). The forward diffusion process progressively degrades the data by

moving it through a Markov chain defined by the transition

q(xy | @iq) = N(mt; \1— Bt:z:t_l,ﬁtﬂ> (4.1)

where t = 1,2, ..., T is the time step and 3, € (0, 1) is the variance schedule (see Figure 4.1).
Naturally, the full joint distribution is defined as

T
q(x1, @2, ..., T | X)) = HCI(fL’t | Ti-1)
i=1
and, as denoted in Ho et al. [78], if we set oy =1 — 3, and &y = HiT:1 a;, we can obtain

the following useful marginal:

q(x; | o) == N (z4; vVasxo, (1 — a)I). (4.2)

We would like to perform ancestral sampling with ¢(a;—1 | ), i.e. reverse the diffusion
process for some xr ~ N(0,I) and obtain @y ~ ¢(xy). For small enough steps, the
functional form of g(a;—1 | ;) is Gaussian [47], however it is also intractable as it depends

on the entire data distribution. Instead we must approximate g(ax;_1 | ;) using

Po(Ti1 | @) = N(xi_1; po(xe, t), B (x4, 1))

where pg(x;,t) and Xg(xy, t) are learning algorithms designed to predict the mean and
variance, respectively. In order to train the parametrised reverse diffusion process, we will
derive a loss function, closely following the presentations in |78, 145]. The loss function is
directly related to the variational lower bound (i.e. the evidence lower bound or ELBO);
optimising the variational lower bound is a training strategy famously employed by VAEs
[91]. A thorough analysis of the relationship between the ELBO and diffusion model
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objectives can be found in Kingma and Gao [90].
To begin with, first consider the negative log-likelihood — log pg () which represents
the code length to describe @ using the model pg(x() and define

T
pe(xo.r) = p(Tr) H (@11 | ).
The negative log-likelihood can be expanded as

—logpg(aco) = —10g/p0(330:T) dx,.7

.7 | @
= —log/Pe(wo:T)mdwlzT
Q<w1:T | :130)

Xo.
— —10g/Q(331:T | wO)M dml:T
q(x1.r | o)

:_1Og/ (@17 | zo)p(er) dem

q(@; | Tr1)

T
po$t1|fb‘t
t:1q$t|33t1

- log IE‘Q(S'31;T|900) [

It follows from an application of Jensen’s inequality [112], that the negative log-likelihood
can be bounded by

wt|wt1

il? :B

We would like to train the diffusion model to minimise the cross entropy —Eq(z)[log pe ()]
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which is correspondingly bounded by

_]Eq(fco) log pe(xo)]

pe L1 | Iy
< _EQ(CBO:T) [log( r H wt | T, 1 >]

Q(wt | wt—1)

[ nsten + L s 2D

t=1

r T
q(zct | wt,l) Q<w1 | 33(])
= Ey(wor) | —logp(zr) + ) log —————% +log ————=
q(zo:T) gp( T) tZQ gpe(zct,1 | wt) gp0<$0 | 331)

| g(@o_y | @0, @0)g(, | wo>) q(zy | @)
=E; . —lo ) + lo ( + log ———MMMM~
d(eor) | 108 P(@1) Z Po(@i_1 | 2)q(@i_y | 20) & polzo | 1)

| q(@i—1 | T, @o) q(xr | o) q( | zo)
— By | = logp(@r) + > log +log BET 1 T0) 0 4L [ L)
A ; po(xi—1 | 1) ® (@1 | o) po(o | 1)

m Ty, T
(93T fBo +Zl t1| t 0)

|
=E z.|lo
alwor) | OB T ) Do(Tiy | 1)

- logpe(iﬂo ’ wl)] .

t=2

The full bound can be expressed using KL divergence to obtain the standard form for the

loss function:

T
Eqwor) |fr+ Y L1+l
t—2
where ¢ = KL[g(xr | o) || p(x7)] (4.3)

b1 = KL[g(xi—1 | @4, x0) || po(xi1 | )] fOr t =2,3,...T

by = —log pg(xo | x1)

Since we can directly sample ¢(x; | x¢) using Equation (4.2), we can efficiently train a
model using this loss function by randomly selecting a time step t, then generating a
sample at this step and optimising the relevant loss term in Equation (4.3). Furthermore,
if we condition the reverse process q(x;_1 | ;) on the original data xy we can derive the

following expression using Bayes’ theorem:

Q(wt—1 | wt,mo) = N<wt—1§ﬂt75~t1[) (4-4>
T Vo (l — oy
where fi;, = all iﬁt xy + o _at 1)a:t (4.5)
1-— Qi 1-— Qe
~ 1— Oét 1
= 4.6
b=t (4:6)

We can now train a neural network that takes x; and ¢ as inputs and forms a prediction
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ZTg(xy,t) for xg. As discussed in Ho et al. [78|, a reasonable choice for 3g(x;,t) is to
deterministically set its value to either Sl or B,L. Although both choices produce similar
experimental results [78|, for notational consistency we will proceed with B for the
remainder of this thesis. It is worth mentioning that 3g(x¢,t) can also be learnt instead of
set to a fixed value; for example, Nichol and Dhariwal [122] found parametrising Xq(a;, t)
to predict an interpolation of 4, and S,I in the log domain improved results.

Using Xg(x;,t) = B, the corresponding pg(z,_1 | ;) for the neural network that

forms the prediction @g(xy,t) is

p@(mt—l | mt) = N(iﬂt—l; Mi&(%i) + \/Et(l — O_ét_l)mt»BtH)- (4‘7>

1—a 1—a

Recall that the KL divergence between two single variable Gaussian distributions ¢ ~

N (pg,02) and p ~ N (pp, 07) is

q p

(Nq - Hp)Q op 1 02
KL = e ) e %y 2 (Te ),
g || Pl 202 + log o +3 -2

Because q(x;_1 | i, o) and pg(x;_1 | ;) are isotropic with identical variance, we can
easily derive that

KL[g(xi—1 | T, x0) || po(@i—1 | @1)] o< MSE(@g(xs, 1), 20) (4.8)

where MSE is the Mean Squared Error. The basic procedure for each network training

iteration is as follows:
1. Sample g ~ g(xy) and t ~ Uniform({1,2,...7}).
2. Sample x; ~ q(x; | ).

3. Compute the loss wy - ||Zg (@, t) — o||3 where w; is the weighting constant omitted

from Equation (4.8), and perform gradient descent.

Once the network is trained, sampling from g(x) is performed by generating a random
sample 7 ~ N(0,1), then iteratively computing samples x; ~ pg(x;_1 | ;) from t =T
down to t = 1.

Although this is a perfectly acceptable network parametrisation (and we make significant
use of it in our paper on importance-guided diffusion), Ho et al. [78| found that predicting
the noise at each step, rather than the original image, lead to better sample quality. To

re-parametrise the network for noise prediction, we can expand Equation (4.2) into

q(x; | o) = Voo + V1 — ase
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where € ~ N(0,1), and note that for each particular @, there is an associated €, such that

1
Lo — — (wt — 1— O_étﬁt)

7

Therefore, Equation (4.5) can be rewritten as

fu = \/% (a:t - \/%et). (4.9)

and consequently the approximation pg(x;_1 | ;) for the noise prediction network €g(x;,t)
is

po(Ti-1 | @) = N(wt1§ \/% (azt - \/%ée(wt,to , BJ). (4.10)

As we will see in Section 4.1, this alternative formulation has ramifications for the flow
of information throughout the reconstruction process. However it is important to note
that Ho et al. [78] also modified the loss function to drop the weighting terms and simply
compute ||€g(x;,t) — €/|3. This has the effect of down weighting smaller ¢ (see Figure 4.2)
which allows the model to concentrate its efforts on noisier data. Ho et al. [78] found
that because of this shifted emphasis, the simplified loss function produced better quality
images; further motivation was established through connections with generative score

matching algorithms [153].

4.1 Variance Schedule and Code Length Implications

The choice of variance schedule is an important hyper-parameter decision that can signif-
icantly impact the quality of generated images as well as the lossless code length. The
standard functional form for 5; € (0,1) is a linear interpolation between specified values
for 8, and fBr. Ho et al. [78] found that 8, = 1 x 107* and By = 2 x 1072 worked well
for T' = 1000 as those values ensured the incremental diffusion process was sufficiently
small for data that had been scaled to [—1, 1]. Later, Nichol and Dhariwal [122] proposed

a smoother cosine-based variance schedule where

) _(tT+s 7\ Qy
at—m, f(t)—cos( s -§> ,5t—mln(1—atlao-999)-

This formulation was designed to address quality issues for smaller images stemming from

too much noise at the end of the forward diffusion process.

Naturally, the variance schedule significantly influences the overall code length at each
stage of the diffusion process. First, consider the initial transmission cost f7; as most
variance schedules will taper ¢(xr | ©g) down to an approximately unit isotropic Gaussian

distribution, 7 should be relatively negligible. However, as {1 is relevant to our subsequent
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discussions about diffusion-based compression schemes, we present the following detailed

description:

lr = KL[g(xr | x0) || p(27)]
= KL[N (@7; Varzo, (1 — ar)I) || N(0,1)]

ar N B
= 7”%“3 - E(QT +log (1 — ar)).

Note that we selected N(0,1I) as our prior p(zr). Additionally, if we assume that the
distribution of data units in @ roughly forms a unit Gaussian, then the expected per
datum cost E [ZT} is —1log (1 — ar)t.

In order to characterise the impact of the variance schedule on the reconstruction loss
term fy, we must first specify how the final distribution pg(xg | 1) is constructed and
how the subsequent predictions are assigned to discrete outcomes (e.g. pixel intensities).

A straightforward choice is to set

pe(wo | 331) = N(iUOQ He(wh 1)7 5111)

and assign uniform bins for each discrete possibility based on the total number of possible
outcomes. For example, say that we need exactly w bits to enumerate every datum value
(i.e. there are 2 possible discrete options for each element in x). If these values are
normalised to [—1, 1], then for each @ € [—1, 1], the probability that the model predicts &

/ N (1§ (@1, 1), 1) do

2wW—1

at the i*® index of x is

Assuming that the model pg (a1, 1) forms reasonably close predictions for &y, we obtain

the following approximation for the per datum reconstruction cost:

o v () - (Fv))

where @ is the standard normal CDF. It follows from this derivation as well as the
derivation for E [ET} , that for a given dataset the reconstruction and initial transmission
costs are essentially determined by 1 —a; = 51 and ar, respectively. The further the values
of 1 and ar are from zero, the larger the cost for reconstruction and initial transmission,

respectively.

tAlternatively, if we assume that the data falls in the range [—1,1] this value is an upper bound on .
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Figure 4.2: A plot of the weighting constants for intermediate ¢, (measured in bits) for
both €; and x( prediction schemes, overlaid with 5; and a; values. The variance schedule
is linear with 7' = 1000, 8; = 1 x 10~* and 7 ~ 1.36 x 1072 (which gives ar ~ 1 x 1073).

For t =2,3,...T the loss term ¢;_; can be written as

by = KL[Q<"Bt71 ’ wtawO) H pe(wt—l ’ wt)] (4-11)
mHég(mt, t) — el if predicting €, (4.12)
10t

m“ig(wt, t) — thg, if predicting Z.

Unlike ¢y and {7, the intermediate loss terms f1.7_; can hypothetically be completely

mitigated by a trained model for a fixed variance schedule.

4.1.1 Diffusion and Instructional Coding

The vanilla instructional diffusion coding scheme is initiated with the transmission of two
highly noisy pieces of data, 7,1 and xr. Two items of noisy data in successive time steps
are necessary for the chosen neural network to learn sequential denoising no matter the
choice of network parametrisation. Because the variance schedule will typically be chosen
in a manner that brings ¢(ar | o) close to N (0,1I), the sender simply samples @71 from
N(0,1). The transmission cost of @7, is negligible as we can ensure that both entities
use a shared source of randomness such as an identical random seed. Consequently, the
receiver generates an identical @7, to the receiver by also sampling from N(0,T).

As for xp, recall from Section 4.1 that the per datum transmission cost of @ is
approximately —% log (1 — a7). We remark that the scheme could easily be initialised with

the standard constructions for 7 and xr_;. However, by using a dummy x7,; we find
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the presentation to be a bit more refined.

Once both 7., and 1 have been transmitted, the sender and the receiver use the
data to train their own copies of a neural network according to a pre-agreed regimen.
Because every facet of this process (architecture, hyper-parameters, training data, etc.) is
identical on both ends, the sender and receiver will create the same predicted distribution
po(xr_1 | @r) for q(xr_1 | 1, o). As a result, the sender can simulate a sample 74
from q(x7_1 | ©r,xo) then given the prior pg(xr_; | r), communicate the information
to generate such a sample to the receiver, allowing it to also sample from q(x7_1 | 7, T0)
without having access to xy. Under the condition that both entities use a shared source
of randomness, this sample is identical and thus the ideal transmission cost of x4 is
KL[g(@r-1 | 1, 20) || po(@T-1 | 7))

This training-coding cycle is repeated another 7'—2 times until &, has been transmitted.
Note that as the procedure progresses, the receiver will have access to increasing amounts
of training data, all of which it can be used to improve predictions. Once the final

prediction pg(xo | ®1) is made, the sender can communicate the original data at a cost of

— log pg(xo | @1).

S and R sample identical 7, ~ N(0,1)
S samples 1 ~ q(xr | T0).
S transmits @7 to R at a cost of KL[q(z7 | o) || N(0,T)].
fort := T to 2 {
S and R train identical pg using @;.r11.
S samples @;_1 ~ q(x;—1 | T4, o).
S transmits x;_; to R at a cost of KL[q(x;_1 | @, o) || pe(@i_1 | 21)].
+
S and R train identical pg using ®y.741.
S transmits xy to R at a cost of —logpg(xo | 7).

Algorithm 8: High-level overview of the instructional diffusion coding process.

The instruction diffusion coding process is summarised in Algorithm 8. In order to
compress xg, at each iteration ¢ the model pg will need to learn how to approximate the
distribution q(x;_1 | @4, o) solely from x.7,1. However, there is a subtle yet important
difference between the instructional process and the standard training procedure for a
given time step ¢. In the standard process, the network predicts &g or €; and then directly
uses the actual values to compute the MSE. In the instructional process, the receiver will
never have access to the true xg or €.

The most straightforward choice to train pg is to have the network learn from es-
timates of @y or €; derived from the available data x;r;. For example, consider the

network parametrisation &g¢(xs,t) and let :iz(()kfl) represent the estimate of oy derived from
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Equation (4.5) where

_ 1—a 1—ag_
s (v, )
-1 5k 1—ay

and k € {t+1,t +2,...T + 1}. The estimator is unbiased but suffers from high variance

for large k. As with the super-resolution instructional coding example, the instructional
diffusion scheme presented above is an alternative interpretation /formulation of pre-existing

compression algorithms based on diffusion [156].

4.2 Importance-Guided Diffusion

This section presents the paper ‘Importance-Guided Diffusion’ by myself and Pietro Lio
which appeared at the peer-reviewed 2023 NeurIPS Workshop on Diffusion Models as a
poster. As the first author, I conceived of the idea of using relative entropy coding methods
for conditional diffusion and also wrote the paper; my co-author Pietro Lio provided
helpful supervision and guidance. Accordingly, all of the figures and much of the text in
this section and the following section (Section 4.3) remains largely unchanged apart from
modifications and edits made to align with the structure of the thesis.

In the past few years, conditional diffusion-based generative models have emerged
as an indispensable tool for advancing the fidelity and diversity of sample generation,
pushing the boundaries of applications such as image synthesis, style transfer, and adaptive
content generation (see Section 4.2.1). In this paper, we introduce a novel approach
to guide the diffusion process towards a given condition, such as a reference image, by
using importance sampling procedures for efficient sample communication. Our method is
rooted in information theory and can condition without modifying the original diffusion
network or adding additional passes through the network. As a result, this plug-and-
play approach to conditional diffusion integrates seamlessly with existing unconditioned
diffusion architectures.

More specifically, our method is derived from relative entropy coding and the index
coding procedure [48], recasting diffusion as an auxiliary variable importance sampling
procedure. Guided generation is performed by a selection process on random samples
from the Gaussian distribution parametrised to approximate the reverse diffusion process.
Consequently, it is able to influence the generative process without the need for gradient
information or tampering with the network in any manner. Using an approach with a
clear information-theoretic framework offers a principled mechanism to both quantify and
adjust the degree of conditioning, enabling precise navigation across a large spectrum of
generative outputs. Finally, we present experimental results which indicate the technique

produces intuitively meaningful conditional outputs while maintaining a relatively minimal
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increase in computational burden.

4.2.1 Previous Work

Conditional approaches to diffusion often use a static network and alter the sampling process
to achieve the desired guidance [7, 31, 32, 60, 167] One particularly notable example of this
approach was given by Dhariwal and Nichol [39] who proposed a classifier-guided approach
which trained an external classifier on noisy images and used the gradients to alter the
predictions of the diffusion model at each iteration. Alternatively, a classifier-free approach
was adopted by Ho and Salimans [76]; their network was trained on both conditioned
and unconditioned pairs, with the condition dropped out for a specified percentage of
instances, and achieved a good balance between the Fréchet inception distance [72| and
the inception score [138]. The classifier-free diffusion approach was later shown to excel in
image synthesis [123|, markedly surpassing CLIP guidance [128|. The strategy falls within
the larger framework of conditioned diffusion which operates directly on the diffusion
network [6, 166]. Although this framework produces excellent results, such methods are
computationally expensive as the conditioned diffusion models must be trained.
Although our paper is concerned with conditional/guided diffusion, we establish a
theoretical basis for our approach through compression methods for variational learning
from the relative entropy coding literature. As such, we would be remiss not to mention
previous work on diffusion and compression. In their foundational work “Denoising Diffusion
Probabilistic Models” Ho et al. [78] include a study of the rate-distortion behaviour of
the model which assumes access to Havasi et al. [70]’s procedure. In Kingma et al. [88],
diffusion was incorporated into a lossless compression paradigm via bits-back coding. As
discussed in Section 4.1.1, Theis et al. [156] developed a lossy approach and corresponding
theoretical analysis derived from a rate-distortion perspective. Further work on lossy

compression and conditional diffusion can be found in Yang and Mandt [176].

4.2.2 The Importance-Guided Diffusion Algorithm

In order to leverage REC methods for conditional diffusion, we first present a guided gener-
ation algorithm inspired by the importance sampling/index coding approaches discussed in
Section 3.5.2 called Importance-Guided Diffusion (IGD) (see Algorithm 9 for an overview).
Fundamentally, IGD recasts the reverse diffusion process as an auxiliary variable sequence
in the index coding paradigm from a standard multivariate Gaussian to a distribution of
interest and uses this interpretation to push the generative process in a desired direction.
We do not need to derive the auxiliary forms as is required in standard index coding as we
will work directly with the diffusion process corresponding to ¢; through ¢7_1.

More specifically, we define each auxiliary prior conditioned on the previous auxiliary
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T ~ N(O, ]I)
fort:=T—-1to 1 {
k«T—1t
Lty Lty - - Ly, ™ pe(wt | $t+1)
}
for i:=1 to M, {
w; — q(@s;|me,d0)
po (@, |t

}

for j:=1 to N {
p;(i) = % +A- Zu-)zl[)ji][j] where i € {1,2,..., M}
i~ @)
:[j] < @, [J]

¥

Algorithm 9: Pseudocode for the importance-guided diffusion algorithm.

variable, p(ay, | ax_1), as the approximate reverse diffusion pg(x;_1 | x;) where k = T—t+1.
Note that using an auxiliary prior conditioned on the previous auxiliary variable is a
departure from the conventional index coding approach. However, even within the context
of a dynamic coding scheme this alteration is perfectly acceptable as the receiver will
have knowledge of the conditional values at the time when it needs to use the prior. The
auxiliary target distributions are based on q(@;—; | @, @) from the VLB; however, we are
interested in conditional generation, therefore we set q(ay | ar_1) = q(xs_1 | T4, To) where
I is the conditioning term.

Note that our auxiliary prior and target distributions, which were chosen to match
the iterative diffusion process, do not necessarily lead to even jumps in relative entropy
between stages (see Figure 4.2 for graphical intuition as to why this is the case). This is a
change from the standard index coding which sets these jumps approximately equal to
the constant hyperparameter €2 and in this manner our method is more akin to iterative
importance sampling. To adjust our algorithm to adapt to this scenario, we simply make
the number of samples drawn at each stage k£ a dynamic variable M, which we can
determine in advance.

The selection of the dynamic M}, can be approached from an overly cautious perspective
by examining the design of N (x;_1; po(x¢,t), Xo(x¢, t)) and Equations (4.4) to (4.6) or
their reformulations, and subsequently estimating the relative entropies from trivial model
predictions. However, in our experiments we find that such estimates are unnecessary
for good image production and that M} can be set rather simply (see Section 4.3). We
also included a parameter A in order to interpolate between the extremes of sampling
from the importance-derived categorical distribution and sampling without respect to

importance. Experimentally this hyperparameter proved to be an intuitive way to control
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Reference

Figure 4.3: Samples from different values of A given the reference images on the left.

Referencel AX=1.0 A=08 A=06 A=04 A=02 AX=0.0

Figure 4.4: Samples for the Mona Lisa using an increased M) towards the latter iterations.

the level of conditioning. Finally, in a departure from our coding foundations we generated
the categorical distribution at the pixel level rather than at the image level. Although
this change would lead to longer realised codes due to the corresponding overhead if a
compression procedure were to be implemented, it significantly speeds up the conditional
generation process in IGD because the relative entropies are smaller and no longer

dependent on the image size.

4.3 Examples and Conclusion

In Figure 4.3 we present images generated using importance-guided diffusion across the
range of A\ values. A U-Net style network with ~ 110 million parameters was trained up
to 30,000 iterations on batch sizes of 32 using the AdamW optimiser[110] (LR =1 x 107%)
on MNIST [100] to predict xq. We found predicting @, rather than €, produced superior
results. With regards to the diffusion hyperparameters and setting, we employed a linear
variance schedule with 8, =1 x 107%, Br ~ 1.4 x 1072, and 7' = 1, 000.

Because the target and prior distributions are presumably different, the minimum
value of Mj must be 2. In fact, we fixed M = 2 at each sampling iteration for the images

in Figure 4.3 as we found that this imparted a pleasing amount of the original MNIST
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style. It is important to keep in mind that this value of M) could be overkill for some

iterations (i.e. when the relative entropy is close to zero) and underkill for others. In

1—0775)(1—0775_1)
which resulted in a heaver emphasis towards the reference image and a re-interpretation of

Figure 4.4 we used a more generous, dynamic Mp_;,; = min{ (exp<(5‘t*—15t>1 , 7500}

the A\ parameter.

Our experiments demonstrated a promising proof of concept that IGD can effectively
span a large range of conditioning bias, generating new images from the reference image with
both small and large amounts of input from the training dataset. This ability was showcased
using conditional reference images markedly different than the MNIST images used to
train the diffusion model. Intermediate images on the interpolation spectrum effectively
imparted high-level training features such as the ‘hand-written” MNIST characteristics.

In subsequent work we would like to investigate the successes and limitations of IGD in
a larger variety of settings and experiments. Such research should assess the robustness of
the conditional interpolation across these settings. Future applications might also explore
alternative modalities such as audio and video generation. Much of the promise of IGD is
in its flexibility, and expansion beyond image generation would present opportunities for
challenging issues such as fine-grained conditioning on sequential video frames. Due in
part to the principled nature by which IGD was derived, we might speculate that further
work in this area could lead to alternative diffusion training methods based on resistance
to the trained network’s ability to generate conditional images from unseen datasets. To
wit, stopping procedures could be designed based on the quality of images generated by

IGD on non-training set data for pre-determined A and M, settings.
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Chapter 5

Algorithmic Complexity and
Regularisation in Graph Neural
Networks

For there you see, friend Sancho Panza, thirty or more enormous
giants with whom I intend to do battle and whose lives I intend to

take, and with the spoils we shall begin to grow rich.

Don Quixote

What giants?

Sancho Panza [24]

5.1 Approximation Methods

In the summer of 2010, Gregory Chaitin and the renowned computer scientist Marvin
Minsky participated in a panel at the World Science Festival. At the end of the discussion,
titled ‘The Limits of Understanding’, Minsky made the following remark:

It seems to me that the most important discovery since Godel was the discovery
by Chaitin, Solomonoff, and Kolmogorov of a concept called algorithmic
probability...this is a beautiful theory, everybody should learn it, but its
got one problem which is that you can’t actually calculate what this theory
predicts....however, it should be possible to make practical approximations to
[this| theory that will make better predictions than anything we have today
and everybody should learn all about that and spend the rest of their lives
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working on it [121].

Minsky’s status as one of the founding fathers of artificial intelligence has likely
contributed to the popularity of this quote within the algorithmic information theory
community. However, the statement extends beyond a simple endorsement into an
expression of optimism about practical research potential. Despite Minsky’s reputation,
one might ask if such optimism is warranted and whether it is possible to make meaningful
progress on approximation methods? Algorithmic probability and Kolmogorov complexity
are incomputable, yet the extent of their utility in a theoretical capacity is considerable.
This potency clearly allows the allure of their computation to endure in the form of
approximation, but are such pursuits merely wild goose chases?

Naturally, any lossless compression algorithm can serve as the basis for an approximation
of the Kolmogorov complexity. Many of the best lossless compression methods work by
pairing an advanced learning algorithm, such as a neural network, with a form of entropy
coding. We discussed this topic in greater detail in Chapter 3; however, as we shall now see,

there are plenty of approximation algorithms that do not use complex learning procedures.

5.1.1 Canonical Compression Methods

Many popular lossless compression approaches are characterised by a lack of advanced
modeling components, relying instead on simple constructions such as the Burrows-Wheeler
transform [21] or Lempel-Ziv dictionaries [189, 190|. However, such broad approaches are,
at their core, simplistic approximations. Re-purposing a quip from John von Neumann,
anyone who believes that general-purpose compression methods, a category of algorithms
which includes programs such as gzip, can form a drop-in replacement for the Kolmogorov
complexity is, of course, living in a state of sin.

Despite the rudimentary nature of these algorithms in comparison to more sophisticated
approaches such as deep learning, serious results in algorithmic information theory have
found that basic compression methods can serve as meaningful complexity estimates. For

example, the normalised information distance between z,y € B*,

max{K(z |y), K(y | )}
max{K (), K(y)}

can be approximated by the normalised compression distance

R(zy) - min{K (2), K ()}
max (K (z), K ()}

which, in turn, has useful applications even when K is supplied by crude estimators such

as bzip2 [33]. Simplicity bias, a result in algorithmic information theory somewhat akin
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to a one-sided coding theorem for computable functions, has also been demonstrated in
natural systems by using a complexity measure related to the general purpose Lempel-Ziv
compression algorithm [41]. The simplicity bias phenomenon turns out to have interesting
implications for deep neural networks, and is explored in further detail in Section 5.2.1.
Lempel-Ziv complexity warrants a more detailed discussion as it has a provably deeper
connection to Kolmogorov complexity and is one of the more popular methods for crude

approximation.

Lempel-Ziv Complexity In 1976, Abraham Lempel and Jacob Ziv proposed a technique
to evaluate the randomness of finite sequences [102|. This complexity measure would
heavily inform the later LZ77 and LZ78 lossless compression algorithms [189, 190| which, in
turn, became the foundation for other lossless compression methods such as the ubiquitous
LZW algorithm [169].

The Lempel-Ziv complexity of a finite string s;.,, where n > 2 is calculated in the
following manner: first, initialise ¢ = s; and r = s, then set the complexity counter ¢ = 1.
Next, determine if 7 is a contiguous substring of gr[: —1], the concatenation of g and r
followed by the deletion of the last digit. In the current initial case this is equivalent to
checking if s; == s,. If r is indeed a contiguous substring of gr[: —1] then » is updated
via concatenation with the next symbol, 7.e. » = rs3. This process continues until r is
no longer a contiguous substring of gr[: —1|. If this occurs, ¢ is incremented, q is set to
r, and 7 is set to the next symbol in the sequence. This entire process is repeated until
immediately before the final symbol s,, is under consideration, at which point ¢ + 1 is
returned.

At its core, the Lempel-Ziv approach progressively collects special types of subsequences

in a given string. For example, consider the following binary string:
s=11010101110001000101000111

If we record the initial g and each r before it is overwritten or the string is finished, we
get the dictionary
{1,10,101011, 100, 0100, 010100, 0111},

thus, ¢ z(s), the Lempel-Ziv complexity of s is seven. A similar Lempel-Ziv style approach
to dictionary construction is to parse the string from left to right and collect substrings
which have not yet appeared. If applied to the previous example, the algorithm would
yield the dictionary

{1,10,101,0,11,100,01,00, 010, 1000, 111}

This method forms the basis for a universal compression algorithm [112], but can give
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strikingly different dictionaries. For example, consider the string 0"; the Lempel-Ziv
complexity cz(0") is two as the corresponding dictionary (constructed in the manner
described above) is {0, 0}. The second approach would lead to a dictionary of incrementally
longer strings of zeros {0, 00, ...} which has size O(y/n).

As the Kolmogorov complexity of 0" is O(logn), one might surmise that ¢z () - log(n)
could form an approximation to the Kolmogorov complexity. In fact, the relationship
between Kolmogorov complexity and Lempel-Ziv complexity bears resemblance to that
of Kolmogorov complexity and the Shannon rate as, for a stationary and ergodic source,
the Kolmogorov and Shannon rates are limit equivalent to the Lempel-Ziv complexity
multiplied by the base-2 logarithm of the sequence size [104, 190]. Despite this equivalence,
one of the more popular versions of Lempel-Ziv complexity makes several alterations to

further improve approximation quality [40, 41] This complexity measure is defined as

log(n), ifx=0"or 1"
CLz(CC) =

log(n)[crz(z122...2,) + cpz(Tp...w021)] /2, otherwise

and brings the trivial strings 0" and 1" in line with their Kolmogorov complexities, whilst

splitting the difference between forward and reverse processing.

5.2 Implications for Neural Networks

Kolmogorov complexity has a long history of relevancy to machine learning far beyond
the bonds of induction and information. Topics from PAC-learning [107] to transfer
learning [114] have all benefited from the Kolmogorov perspective. With regards to neural
networks, pioneering work was carried out by Schmidhuber [140] in the form of a method
for finding algorithmically simple networks in toy settings. Recently Ard Louis’ group
at the University of Oxford have presented a series of papers connecting deep neural
networks with a concept from applied algorithmic information theory called simplicity bias
[119, 120, 162]. Before reviewing their work, it is essential to first discuss the simplicity

bias phenomenon.

5.2.1 Simplicity Bias

Introduced in [41], simplicity bias is, at a high level, a tendency displayed by many input-
output maps for the distribution of outputs formed by providing the map with random
inputs to supply individual object probabilities that are bounded by the complexity of
the output. To reach a more formal definition, first note that for any computable map
f I — O where [ is a set of input sequences of size n and O is a set of discrete outputs,

we have the following theorem:
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Theorem 5.2.1 (Computable Function Coding Upper Bound). For a given x € O, the
probability p(zx) that a random input y € I satisfies f(y) = = is bounded by

p(x) < 27K(z|f,n)+(9(1)'

where K(x | f,n) is the Kolmogorov complezity of x given programs to calculate f and n.

This result can be established via a standard enumeration approach to obtain the
probability, followed by a prefix-free coding at a cost of —log(p(z)) + O(1). Dingle et al.

[41] justify and impose an additional four restrictions:

1. Limited Complexity: Maps must asymptotically satisfy K(f) + K(n) < K(x) +
O(1) for large x. Under this constraint K (x) ~ K(z | f,n) + O(1) and the previous
bound on p(z) becomes p(z) < 2-K@+01),

2. Redundancy: There are significantly more inputs than outputs, i.e. |I| > |O|.
3. Finite Size: In order to mitigate the effects of finite size, |O| > 1.

4. Nonlinearity: Linear functions cannot demonstrate output bias, therefore f must

be nonlinear.

Under these restrictions one can find many real-world systems, given an approximation
K (x), which obey p(z) < 9—ak @)+t where the constants a > 0 and b depend solely on
f- In experiments conducted using the C'p; complexity measure defined in Section 5.1.1,
simplicity bias was demonstrated to occur in, amongst others, RNA sequence to structure
maps and financial trading models. Later work has found evidence of simplicity bias in a
variety of domains including biological settings [87|, and economic and development time
series [42]. Investigations into simplicity bias and neural networks have led to interesting

conjectures about generalisation and are reviewed in further detail in the following section.

5.2.1.1 Simplicity and Inductive Bias in Neural Networks and Deep Learning

This section briefly details a suite of relatively recent papers from Ard Louis’ group at the
University of Oxford. The first of these papers by Valle-Pérez et al. [162] links simplicity
bias with generalisation properties of Deep Neural Networks (DNNs). Valle-Pérez et al.
accomplish this by demonstrating evidence of simplicity bias in the parameter-function map
of a selection of DNNs and then building upon this viewpoint to derive tight PAC-Bayes
generalisation bounds.

Later work by Mingard et al. [119] explores bias towards Boolean functions of low
entropy present in randomly initialised neural networks. Finally in [120], Mingard et al.

take a broader perspective and find that structured data in conjunction with a preference for
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simplicity is important to help explain the generalisation capabilities of DNNs. Collectively,
this body of work makes a compelling case for the relevancy and potency of algorithmic

information theory as a tool to understand neural networks and deep learning.

5.3 Investigating Kolmogorov Complexity Regularisa-

tion in Graph Neural Networks

In this section we shall explore Kolmogorov complexity estimation in the context of network
theory. Specifically, this section is largely comprised of the paper “Investigating Estimated
Kolmogorov Complexity as a Means of Regularization for Link Prediction” written by
myself, Ramon Vinas, and Pietro Lio [52]. All of the tables and much of the text in
this section and the following section (Section 5.4) remains largely unchanged apart from
edits as well as additional discourse in order to fit the context of this thesis. This paper
was accepted and presented at the peer-reviewed Causal Discovery € Causality-Inspired
Machine Learning Workshop at Neural Information Processing Systems 2020. 1 conceived
of the central idea and methodology and wrote the majority of the paper; Ramon Vinas
formed connections with causality and helped write the paper; Pietro Lio provided feedback
and guidance.

The research project was initially inspired by the desire to improve methods for training
graph neural networks for the task of link prediction. The basic premise was this: real-
world networks often have relatively simple generating mechanisms - for instance, citation
networks and social networks are typically scale-free, i.e. the degree distribution is well-
approximated by a power law. Such networks are often well-modelled by concise equations
(see later discussions about preferential attachment). I wanted to inject a preference for
predicting links such that the resulting graphs could also be explained by simple generating
mechanisms.

At the time, creating a GNN regulariser based on estimated Kolmogorov complexity
seemed to be a promising route as I had recently read Hector Zenil’s applied work on
graphs and Kolmogorov complexity [183, 184|. Zenil and his collaborators had created
a Kolmogorov complexity estimator based on a rather creative approach involving small
Turing machines that purportedly achieved a level of algorithmic nuance [38, 147, 183].
This method and its extensions [183, 184] appeared to be ideal estimators for our purposes
and our implementations of these concepts as regularisers achieved excellent results on a
suite of GNN network prediction problems.

However, we proceeded to design a control for our experiments that essentially replaced
the ‘algorithmic complexity influence’ with constant weights. This control performed just
as well and led us to conclude that none of the regularisation improvements could be

attributed to a direct estimation of Kolmogorov complexity. In and of itself our paper
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does not directly refute the validity of these estimation methods. However, our results,
in conjunction with a highly critical theoretical review of the aforementioned estimation
methods by noted expert Paul Vitanyi [164], have led us to a sceptical position on the

usefulness of the approximation approaches examined.

5.3.1 Real-World Networks and GNNs

Network models have become an indispensable tool to study complex systems of discrete
objects and their interactions and network science has been applied with great success to
a variety of scientific disciplines, often resulting in rich data sets that can be studied using
machine learning [8, 9, 103|. An important task in the study of networks is link prediction
between graph nodes based on incomplete instances of data [117]. The importance of
link prediction techniques is underscored by its application to a variety of topics such as
protein function anticipation [80], friendship identification for social network users [43]
and scientific collaboration inference [109].

As previously mentioned, many complex networks have simple causal mechanisms that
underlie their generation. For example, it has been theorised that scale-free networks
such as the World Wide Web are often generated by a system of preferential attachment
whereby new nodes are more likely to attach to nodes that are already well connected [9].
Informally, the small-world property states that any two nodes in a graph can likely reach
each other through a short path. This property is present in many real-world phenomenon
such as social networks, and graphs with this property can be artificially generated by
the simple Watts-Strogatz model [168]. The observation that complex networks can be
characterised by such simple mechanisms raises the possibility of incorporating complexity
biases for network modelling.

In recent years, GNNs have proven to be highly proficient at solving link prediction
problems (94, 172, 174|. By taking advantage of relational inductive biases to obtain
high-level node representations, architectures such as graph auto-encoders can decode
meaningful, unseen links from their latent representations [94, 172]. GNNs can also be
trained in the canonical way by defining a loss function and employing gradient-based
learning methods. This flexible training framework presents an opportunity to incorporate
information about the causal generating mechanisms of networks through a regularisation

term.

5.3.2 Related Work

In this work, we investigate penalising graphs with large estimated Kolmogorov complexity
to encourage the creation of graphs which have been generated through descriptionally

simple mechanisms. We accomplish this by proposing a differentiable regularisation term
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for link prediction based on a popular method to estimate the Kolmogorov complexity of
graphs [183, 184|. By proposing Kolmogorov complexity as a regulariser for graph outputs,
we aim to augment the ability of models such as GNNs to generalise when predicting links.
Through a controlled experiment we learn that although our proposed regularisation term
shows good results, it very likely works for reasons related to an aggregation routine rather
than any direct estimation of the Kolmogorov complexity.

In [71], Kolmogorov complexity was proposed by Hernandez-Orozco et al. as a regulari-
sation term with a weighting parameter in conjunction with a general loss function. Similar
to Schmidhuber’s approach in [140], Hernandez-Orozco et al.’s form of regularisation is
designed to push a model towards a lower algorithmic complexity, thus increasing the
algorithmic probability of the model. In our methodology, we attempt to use algorithmic
complexity to regulate the output of the model, rather than the model. We took this
approach because we wanted to reward the model for learning to generate objects from
simpler rule sets.

In order to approximate the gradient of our estimated Kolmogorov complexity based
regularisation term, we use a method based on perturbing the predicted adjacency matrix.
The study of the algorithmic causality of an object by means of a perturbation calculus on
the object’s estimated Kolmogorov complexity was pioneered by Zenil et al. in [185]. Their
approach was recently used to define an unsupervised learning algorithm for identifying

generating mechanisms in graphs [186].

5.3.3 Selecting an Approximation Method

As discussed in Chapter 2 both Kolmogorov complexity and algorithmic probability are
uncomputable for reasons related to the halting problem, therefore approximations are
required. Established techniques such as Lempel-Ziv have strong theoretical connections,
but might suffer from an inability to capture algorithmic nuances [181, 184]. In light of
this, we turned to the Coding Theorem Method (CTM) which provides a straightforward
approximation to the Kolmogorov complexity of an object that purports to capture
algorithmic features [147]. The CTM directly approximates the algorithmic probability
of small strings by exploring the large space of Turing machines with a fixed number of
symbols and states. In more detail, let (n,2) be the class of all n-state 2-symbol Turing
machines T using the Turing machine formalism outlined in the busy beaver game [129].

The CTM defines the following complexity measure for a binary string s:

_ |{T € (n,2) : T produces s}|
 |{T' € (n,2): T halts}|

Dy,9)(s)

Of course, as dictated by the halting problem it is impossible in general to know if a

machine will halt; however, for the 2 symbol case the largest number of steps taken before
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halting are known up to n = 4 (and theorised for n = 5) [147|. Therefore, D, 2)(s) can
be computed for small n through brute-force. Through an approximate form of Levin’s
Coding Theorem, the CTM estimate of Kolmogorov complexity, denoted by CT' M, 2)(s),
is given as:

CT M2 (s) = —logy Din2y(s)

Unfortunately, it is ultimately not possible to use the CTM approximation on all but a
relatively small finite set of objects due to the rapid growth of the busy beaver function.
To address this limitation, the Block Decomposition Method (BDM) [184] was developed
to extend the CTM via an aggregation rule designed to approximate the Kolmogorov
complexity of a large object from its smaller components. The BDM has been applied to
problems in machine learning and causality |71, 186] and is described as follows: For a
given binary string s, decompose the string into the multiset S5 = {s1, S2, ..., s } where
s; are consecutive slices from s of size r. The value of r is chosen to be small enougrh so that
the CTM can be used to compute an complexity approximation of the slice (we assume
the length of s is divisible by ). Let Us be the set of unique values in S and let ¢, be the
number of times slice u € U appears in Ss. The BDM is built on the following premise: if
the CTM approximates the Kolmogorov complexity for each slice u, then a program with

an estimated complexity of ), CT M, ) (u) can be used to generate all of the unique

u€ls
building blocks of s. The number of times each slice u appears in s can be specified in

log,(¢,) bits, thus the BDM complexity approximation for s is:

BDM(s) = > CT M (u) + logy(cu)

uGMs

The BDM has an extension intended to approximate the Kolmogorov complexity of a
graph by applying a two-dimensional variant of the BDM to the graph’s binary adjacency
matrix A [183, 184]. In this version the CTM component of the BDM approximation is
computed using Turing machines that run on a 2-dimensional tape and produce arrays
rather than strings. The BDM approximation of the graph’s Kolmogorov complexity
BDM(,2)(A) is computed over a partition of A into block matrices small enough to have
a CTM value. Larger values of n allow for CTM estimates of larger arrays, and, if the
CTM is to be trusted, should lead to better BDM approximations [184]|. Therefore, for
the remainder of this chapter we will replace the notation BD M, )y with Kppys where n
is assumed to be the largest number of states for which there are CTM values available.
Additionally, we will only use the function Kgpjys in reference to the two-dimensional
variant of the BDM.
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5.3.4 Kolmogorov Regularisation

As a matter of setting we will consider an unweighted graph G = (V, £) with N = |V| nodes.
The N x N adjacency matrix A of G has elements a;; € {0, 1}. Given a learning algorithm
M that predicts links in the form of an adjacency matrix, we denote the output of M as an
N x N matrix A. In this work M will be driven by different types of GNNs. The elements
of A have been mapped to the open interval (0, 1) by the output activation function of
M. A will be interpreted as a matrix of Bernoulli parameters where a,; represents the
independent probability that there is an edge from node ¢ to node j. The reasoning for
treating A as a matrix of probabilities will be discussed in Section 5.3.4.2. When referring
to the Bernoulli random variable parameterized by a,; we write a;;. Finally, when referring
to the matrix of independent Bernoulli random variables parameterized by the values in

A, we write 2 - this is an important yet subtle distinction.

5.3.4.1 Regularisation Loss Function

The learning algorithm M is trained using Arf,.n, a noisy or restricted view of A, in
conjunction with some loss function £. For example, a reasonable choice of L is the binary
cross entropy loss function with weighting to account for a sparsity of edges. Given a
learning algorithm that predicts links in a graph, we will define Kolmogorov-regularised

functions as the class of loss functions with the form:
L=L+)E[K(®Q) (5.1)

where A € R is a weighting hyperparameter and E[K ()] is the expected Kolmogorov

complexity of 2. As the Kolmogorov complexity of an object is incomputable, we will

use the BDM to produce an approximation E[Kppy ()] of the expected Kolmogorov

complexity of 2. Loss functions that use the BDM approximation will be denoted as:
Lppy =L+ \-E[Kgpy(A)] (5.2)

5.3.4.2 Differentiable Adjustment

Partition the binary adjacency matrix A into blocks of size R x R as follows:

All A12 e AlN’
A — 521 522 : A?N’
AN’l AN’2 e AN’N’
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where N’ = N/r. We have made the mild assumption that N is divisible by R; if this is
not the case we can simply pad A with zeros. We refer to the multiset of all blocks in A
as Aa = {A11, A9, A1, ..., Ay} and the set of unique elements in Ax as Ua. Recall
that the BDM approximation of the Kolmogorov complexity of a binary adjacency matrix
A is:
Kppu(A) = Y CTM(U) + logy(cu)
Uclia

where cy is the number of times a block U € Up appears in Ax. We must alter the BDM
approximation to be differentiable as we would like our regularisation term to be used with
gradient-based training algorithms such as backpropagation. This requirement motivates
our designation of the model output A as an adjacency matrix of edge probabilities. By
treating 2 as a collection of N2 independent Bernoulli random variables paramterized by
A, we have a regularisation term E[Kppy(2)] that is differentiable with respect to the
elements of A. Unfortunately, this decision also introduces an element of computational
intractability. Note that each of the N’ % blocks in 2 has a unique probability mass function

over the 2 possible binary matrices of size R x R. Therefore, there are 2°N* = oN°

unique probabilities to be computed in order to directly determine E[Kpgpys(20)] (this is
also apparent from the fact that there are 2¥° possible realisations of Eil)
To sidestep this issue, we adopt a Monte Carlo approach where we sample m times

from 2. However, instead of approximating E[Kzpy ()] directly we use the samples

to approximate the gradient VE[Kppy (2)]. We can formulate the partial derivative of

E[Kppm ()] with respect to a;; as follows:

OE[Kppn ()] _
Dat, Dat,
0
Da,
~ o ElKpou(B)fa; = 1
0
Da,

= E[KBDM(Q[Maij = 1] - E[KBDM(QNL)@J' = 0]

P(a;; = 1) - E[Kppy (A)]d;; = 1]

+ (1= ayj) - E[Kppar(A)|a;; = 0]

Let AW, A® . A denote m binary matrices sampled from 2. For each sample
A® we can partition the matrix into blocks of size R x R and compute a frequency
table of all the different blocks in O(N?) time. We will use Al(f)zl and Agf):o to denote a
Ef), has element Ezl(-f) set to 1 or 0,
respectively. We also have access to a pre-computed lookup table of CTM values for every

sample A®) that, regardless of the original value of @

possible R x R binary matrix. Note that R < N and is generally set at a fixed value of 4;

therefore, in our analysis it will be treated as a constant. Using both the lookup table
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and the frequency table, the difference Kpp M(Aff)zl) — Kgp M(A‘z(f):0> can be computed

in constant time. This is accomplished by using the binary string of the values in the
(k)
tj
and decrementing BDM values based on the existing frequencies. The average value

R x R block matrix containing a,.’ as the index key for both tables, then incrementing

of K BDM(AS‘C):J — Kpp M(Ag?):o) approaches MKS&—JM as the sample count increases.

Therefore, by computing the value of Kpp M(Agc):l) — Kpp M(Agf)zo) for each element ELE?

we effectively sample from the gradient VE[Kppyr ()] in O(N?) time.
Let VE[KBDM@[)](]C) denote a sample from VE[K zpa ()] and, to simplify notation,

denote the sample mean of the gradient as:

— 1 — ~ (k
Gam=" > VE[K o (20)]"
k=1

In order to incorporate the sample mean of the gradient into the gradient of the loss
function we multiply each element in A with its corresponding element in G A.m and the
weighting hyperparameter A\, then add the total sum of these products to the loss function
L. Note that despite the notation, the elements of G A.m are treated as constants. Our

regularised loss function is summarised below as:

ﬁgDM:£+A-1T<A®GA7m)1 (5.3)

where ® denotes element-wise multiplication and 1 is the column vector of /N ones.

5.3.5 Experiments

In order to assess the performance of our method, we measured the impact of the reg-
ularisation term X - 17 (A oG A,m) 1 on the ability of standard GNNs to predict links.
More specifically, we tested the regularisation term on a graph auto-encoder (GAE) and a
variational graph auto-encoder (VGAE) [94]. For both models we followed the architecture
described in [94] where the encoders are two-layer graph convolutional networks (GCNs)
[95] with 32 and 16 hidden units, respectively. The decoders produce the edge probabilities
by computing the sigmoid of the inner product of the latent node embeddings. The base
loss functions used with the GAE network was the binary cross-entropy loss with weighting
proportional to the ratio of negative to positive labels. The VGAE network used the same
loss as a reconstruction term, but included an additional Kullback-Leibler divergence term
to measure the discrepancy between the approximation of the posterior and the latent
prior, which we defined as an isotropic unit Gaussian. We also tested a different version
of the regularisation term where the weights from the pre-computed CTM lookup table
were replaced by a single constant value (we used the average value of the entire CTM

table for reasons discussed Section 5.3.5.1). This alternate regularisation term, which we

96



Table 5.1: Overview of the networks used in our experiments.

Network Node Count Edge Count Category
Chameleon 2277 31421 Internet
Chicago 1467 1298 Transportation
Cora 2708 5429 Citation
PDZBase 212 244 Protein Interaction
Political Books 105 441 Purchasing

refer to as constant weight (CW) regularisation, served as a control to elucidate whether
improvements in performance stemmed from the CTM (and its purported estimation of

Kolmogorov complexity) or the aggregation rule in the BDM.

5.3.5.1 Link Prediction on Real-World Networks

We performed our experimentation on five diverse real-world networks: a network of links
between Wikipedia pages on chameleons [136], a road transportation network from Chicago
|20, 30, 46], the Cora citation network of scientific publications [178], a protein-protein
interaction network from PDZBase |15, 126], and a network of co-purchases of US political
books [97]. These networks were chosen to represent a broad range of applications with
highly different generating mechanisms. As both our GAE and VGAE models needed a
node feature matrix, we used an appropriately sized identity matrix as a dummy input
to satisfy the requirement. Additionally, each network was cleaned to be undirected and

contain no self-loops.

Experiment Design Our experiment design largely followed that of [93, 94]. We began
by separating each of the five networks into training, validation, and testing data sets.
The training input was the original adjacency matrix with 80% of the edges retained at
random. Because the graph convolutional operator required the adjacency matrix to be
updated with self-loops along the diagonal of the matrix, our training label was simply
the sum of the training input and the identity matrix. The validation set consisted of half
of the 20% of true original edges that were not selected for training along with an equal
number of false edges that did not exist in the original graph. All of the true edges and
false edges were randomly selected. The test set consisted of the remaining true original
edges along with an equal number of random false edges that did not exist in either the
original graph or the set of false validation edges. Note that different random splits would
naturally have slightly different results.

We randomly initialised both the GAE and the VGAE models using the standard
Glorot initialisation procedure [57] and performed multiple trials to account for different

initialisations. We employed two well-known metrics for binary classification: area under
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Table 5.2: Summary of X\ values used for each data set.

Network Chameleon Chicago Cora PDZBase Political Books
AValue 5x1077 1x107° 4x1077 1x10~* 3x107°

Table 5.3: Link prediction results for AUC metric on the GAE architecture.

GAE
Network No Reg. Kol. Reg. CW Reg.
Chameleon 98.22 £0.01 98.904+0.02 98.91 +0.02
Chicago 76.38 £1.21 88.00+0.13 88.23+0.13
Cora 81.85+0.48 82.60+0.24 83.06=+0.30
PDZBase 71514248 83.14+044 83.77+0.56

Political Books 83.70£0.41 88.94+0.43 87.95+0.49

the ROC curve (AUC) and average precision (AP). After splitting the data sets, we
established preliminary results for both models without any regularisation over 10 trials
on each of the five validation sets. All trials described in this paper were run for 1,000
epochs. During each trial, we saved the model weights for both the maximum validation
AUC and AP scores.

After the \ values were determined, we trained on all five data sets using Kolmogorov
regularisation. For both models, we repeated this process for a total of 10 trials per data
set, saving the model weights that gave the maximum validation AUC and AP scores for
each trial and data set. This entire process was repeated for the constant weight version;
however, identical \ values were used to the Kolmogorov regularisation as there was no
validation set search. This meant that the constant weight regularisation values could
have been even better if they had their own tailored A values.

Nevertheless, because we chose the constant weight to be equal to the average value of
the CTM table, we obtained good enough results on the constant weight regularisation
term to fulfil its role, i.e. the results were roughly the same as the performance of
Kolmogorov regularisation. Finally, we tested all the saved validation models (without
regularisation, with Kolmogorov regularisation, and with constant weight regularisation)
on the corresponding network test sets. We report the means and standard errors on the
test sets for both AUC and AP scores in Tables 5.3, 5.4, 5.5, and 5.6. Values in bold
indicate that the highest range of that value according to the given precision of standard
error is at least as good as the lowest range of the other two values in the row.

Model training was performed on an Intel i7-4790k CPU with 8GB of RAM and an
Nvidia GTX 970 GPU. We note that although the computation of the gradient sample for
the regularisation term was done entirely on the CPU, this process should scale well on a

GPU. On this machine, each trial of 1,000 epochs took from approximately 30 seconds
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Table 5.4: Link prediction results for AUC metric on the VGAE architecture.

Network VGAE

No Reg. Kol. Reg. CW Reg.
Chameleon 98.17£0.02 98.824+0.02 98.85 1 0.02
Chicago 82.40 £0.79 88.114+0.08 87.82+0.19
Cora 82.56 +0.28 82.94+0.30 83.54+0.34
PDZBase 7528 +1.64 83.89+0.63 84.79+0.43
Political Books 86.61 +0.43 88.96 +0.33 88.50+ 0.39

Table 5.5: Link prediction results for AP metric on the GAE architecture.

GAE
Network No Reg. Kol. Reg. CW Reg.
Chameleon 98.48 £0.02 98.96 +0.02 98.97 +0.01
Chicago 78.35+1.03 86.17+0.31 86.18+0.21
Cora 86.09+0.23 86.21+0.19 86.65+0.14
PDZBase 75.04+142 73.80+225 7792+ 228
Political Books 80.75+0.45 89.28+0.40 90.67 + 0.32

Table 5.6: Link prediction results for AP metric on the VGAE architecture.

Network VGAE

No Reg. Kol. Reg. CW Reg.
Chameleon 98.52 +£0.02 98.88+0.02 98.91+0.01
Chicago 82.59+1.10 86.22+0.15 85.9440.10
Cora 86.26 £0.25 86.76 +-0.21 86.79 +0.25
PDZBase 76.02+1.20 77.16+252 73.33+2.13
Political Books 85.04 +0.33 91.08 +0.25 90.54 +£0.21
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(Political Books) to approximately 35 minutes (Cora) depending on the size of the network.

5.4 Discussion and Conclusion

In Tables 5.3, 5.4, 5.5, and 5.6, both the Kolmogorov and constant weight regularisation
terms appear to be effective for link prediction tasks on a broad variety of data sets. The
performance gains were particularly impressive on the Chameleon, Chicago and Political
Books networks (relative to the standard errors) when the graph neural networks were
trained with regularisation. Despite already being very high, the results on the Chameleon
data set were significantly superior with regularisation as the standard error ranges for
this network were very small. The Cora data set displayed some marginal increases, but
in comparison to other networks the improvements were not as drastic. Regularisation
did have a notable positive effect on the AUC score of the PDZBase network, but the AP
score did not improve significantly. The volatility shown on the PDZBase network was
likely due to its small edge count.

However, it seems unlikely that any of the gains from the Kolmogorov regularisation
were due to the CTM as the constant weight control regularisation performed essentially
the same, even without tailored A values which would have likely further improved its
performance. The results of the experiments clearly show some form of regularisation
(often both the constant weight regularisation and Kolmogorov regularisation) almost
always improved performance, often significantly. This effect was demonstrated across
all architectures, metrics, and datasets with the sole exception of the PDZBase dataset
measured under the AP metric. This suggests that the chosen data and experimental setup
were highly amenable to demonstrating improved link prediction through regularisation.

Additionally, the constant weight approach directly removed the contribution of the
CTM to the BDM. Because the CTM directly attempts to estimate the Kolmogorov
complexity, it seems safe to conclude that the Kolmogorov regularisation term does not
improve results because of an appeal to Kolmogorov complexity. We can offer a few
possible explanations for the lack of contribution from the CTM, and thus estimation of
Kolmogorov complexity, to the improvements from regularisation. It is possible that the
CTM engages in problematic usage of Levin’s Coding Theorem - a concern highlighted in
an article by Vitanyi [164|. Specifically, Vitanyi noted that the CTM is concerned with
small Kolmogorov complexity values and thus cannot overcome the constant term in the
coding theorem which likely is much higher. Zenil [181] issued a rebuttal to this criticism
which highlighted the extensive testing of the CTM in [146, 182-184|. Independent to
this dialogue, we note that the CTM has been used to demonstrate the simplicity bias
phenomenon (supplementary note 7 in [41]); however, Vitanyi’s criticism is valid and,

furthermore, we were not able to obtain notable increases in performance using the CTM
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weights. The BDM also has limitations that are independent of the CTM and instead
related to its status as an aggregate method. The method of combination dilutes its
inputs as it is expanded; the primary original author, in a follow up collaborative paper
investigating the properties of the BDM, noted that "in the ‘worst case’ [the BDM]|
behaves like Shannon entropy" [184]. It seems reasonable to speculate that such ‘limit’
behaviour readily manifests in real-world datasets of interest and might be responsible for
the comparable performance between regularisation methods.

Another potential explanation is a lack of sensitivity to the differences in estimated
Kolmogorov complexity for the CTM. A linear increase in bit size leads to an exponential
increase in possible programs, however the regularisation term still punishes this increase
in a linear sense. If this latter problem is the true issue, it could be addressed in future
work by redesigning the regularisation term to be more sensitive to different CTM weights
(which range from about 22 to 36 for R = 4). However, as has been suggested, if it is
the case that the CTM cannot be reliably used to estimate Kolmogorov complexity due
to difficulties with the size of the constant term in Levin’s Coding Theorem, then future
research should concentrate on alternative engines for preferring structures with simple
causal mechanisms. More specifically, we would direct future work and testing to retain
the methodological structure but estimate the algorithmic complexity using a different

established form of approximation.

101



102



Chapter 6
Conclusion

Science is a mosaic of partial and

conflicting visions.

Freeman Dyson [45]

As the thesis approaches its finish, one dutifully feels the need to package its contents
into a neat, digestible form - a parting gift of the ideas within. In addition to this
compendium, the impending sense of closure to several years of work demands a reflection
on the value and future of the doctoral research as a whole. The following section presents
content and assessments of both sorts on a chapter by chapter basis. We will aim to directly
address the research questions that were first posed in the introduction and subsequently

answered throughout the body of the thesis.

Chapter 3 The minimum description length principle is a framework for selecting
learning models that advocates for the model which minimises the cost of describing the
model summed with the cost of encoding the data using the model. The MDL viewpoint
has a long history of application to the study of neural networks and was notably used
by Hinton and van Camp [74] in a paper which introduced both variational inference for
neural networks and the bits back method. Hinton and van Camp’s Bayesian approach
was motivated by a desire to improve the ability of the network to generalise.

Neural networks and, in particular deep neural networks, are an incredibly effective
class of learning algorithms which have achieved unprecedented success on a variety of
machine learning tasks [58, 101, 144|. This success seemingly stands in contrast to the
large number of parameters typically found in such models. Intuition built from concepts
such as the minimum description length principle would suggest that deep neural networks
would perform poorly due to over-parametrisation. Blier and Ollivier [16] demonstrated
that the description lengths provided by existing methods such as the variational approach

were inefficient for explaining this discrepancy in a supervised learning setting and were
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outperformed by prequential coding.

Prequential coding, derived from Dawid’s prequential approach to statistics [35], is a
straightforward MDL method which directly improves based on the given model’s ability
to generalise from restrictions of the original dataset. More specifically, a sender and a
receiver agree to an untrained learning model, the sender codes and transmits a piece of
data, then both sender and receiver train their models using this data. This process is
repeated until all the data is sent. Capable models, such as neural networks, will typically
improve with access to more data and equivalently decrease the coding costs for future
data. Prequential coding is particularly well suited to capturing description lengths of
deep neural networks as there is no direct encoding of the parameters and, furthermore,
such models often show rapid improvement as the training dataset increases in size.

The research I conducted in this chapter broadly investigated whether description
lengths of neural networks computed via prequential coding can be improved upon. The
primary research question that I sought to answer in this chapter was, “Is it possible
to create a better method of determining description lengths of deep neural networks
than prequential coding?” Prequential coding is the dominant method in this domain
and serves as the basis for the LTCB topping compression algorithm nncp [12, 13]. To
begin this process we first generalised prequential coding into an approach we called
instructional coding. Instructional coding retains the concept of training on intermediate
datasets; however, unlike prequential coding which, in its unbatched form, only allows for
progressively larger views of the original dataset D, instructional coding allows intermediate
datasets to be outputs of loosely restricted functions of D. We noted that other existing
powerful compression schemes such as SReC [23] can be viewed as instances of instructional
coding.

We then asked the question, “can one develop an instructional coding algorithm which
approaches the efficiency of prequential coding for supervised learning tasks using deep
learning models?” We proceeded to describe an instructional coding algorithm we called
prechastic coding which allows intermediate datasets to have false labels in diminishing
amounts. This work was the subject of the paper “Prechastic Coding: An Alternative
Approach to Neural Network Description Lengths” by myself and Pietro Lio. We traversed
these datasets using a given learning model and showed experimentally that if the false
labels are chosen in a principled manner (i.e. in our experiments a greedy approach),
the resulting code lengths can be competitive with prequential coding in a variety of
scenarios. Underlying the alternative prechastic coding algorithms we discuss are tools
from the compression literature such as relative entropy coding, a topic we revisit in
the following chapter. Therefore, the answer to the primary research question for this
chapter is that it might be possible for prechastic coding to create shorter neural network

description lengths, however further improvements will have to be made if it is to reliably
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beat prequential coding. Having established prechastic coding as a promising method for
gauging neural network description lengths, we believe there are multiple avenues for future
work that focus on increasing efficiency through advanced techniques for the selection of
fake and true labels. For example, one particularly interesting direction would be to expand
investigations beyond the world of vanilla supervised learning. For instance, contrastive
self-supervised learning could serve as an alternative setting for modified versions of coding

strategies discussed in this thesis.

Chapter 4 In the previous chapter we examined methods for capturing the intrinsic
information content of trained neural networks via an MDL perspective where the data is
losslessly communicated. In this chapter we shifted focus and used some of the machinery
of the previous chapter to alter the extrinsic flow of information through a trained deep
neural network. As mentioned in the introduction we asked the research question, “Can
we alter the flow of information in diffusion models to generate conditional images using
principals from relative entropy coding?” The work presented in this chapter answers
that question in the affirmative as we developed a conditional generative algorithm called
Importance-Guided Diffusion which creates images conditioned on a reference through
pre-trained diffusion networks.

Diffusion probabilistic models were introduced by Sohl-Dickstein et al. [145] and have
rapidly become one of the most successful and popular generative methods of the last few
years [39, 78, 152|. Diffusion essentially works by training a network to denoise an object
from a training set injected with some level of Gaussian noise. Once trained, the network
can incrementally and iteratively denoise a random Gaussian sample until the resulting
object resembles a sample from the original training set. Training is performed using a
variant of the variational lower bound, therefore the loss associated with the non-terminal
steps in the reverse diffusion process admit an interpretation as a sample communication
cost.

In the paper ‘Importance-Guided Diffusion’ by myself and Pietro Lio, we leveraged
relative entropy coding methods to steer the reverse diffusion process towards an image
that need not be from the original training set. Specifically we drew from work by Havasi
et al. [70] which described an importance sampling method for sample communication
and Flamich et al. [48] which ameliorated the computational burden of the importance
sampling method through auxiliary variables. At its core, our algorithm worked by
slowly transmitting information from the reference image to the network via a carefully
designed importance sampling method. We adjusted the impact of our guidance using
both an interpolation hyper-parameter and by adjusting the amount of samples taken;
we note, that our algorithm worked at the pixel level for computational purposes and

thus is not itself an efficient coding method. In our experiments the results were visually
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compelling with guidance at varying levels of controlled degrees clearly evident. Because
our algorithm allows for principled conditional generation without retraining, we believe
it holds great promise in the current generative ML landscape. We expect future work
will expand to different modalities/domains and also investigate further fine tuning of the
guidance process. Specifically, we would recommend a more thorough investigation into

the qualitative impacts of the hyper-parameter selection.

Chapter 5 Algorithmic complexity and the related fields of algorithmic information
theory and algorithmic probability provide a fundamental rigour to topics such as infor-
mation, randomness, and induction. Not only do they appeal to deeply held intuitions
and philosophies, e.g. Occam’s razor, but they provide a theoretical ultimacy to the
field of machine learning, somewhat akin to the relationship between computability and
algorithms. Despite the uncomputability of Kolmogorov complexity, there exists a large
body of research investigating practical applications in artificial intelligence and machine
learning.

In the 2020 paper ‘Investigating Estimated Kolmogorov Complexity as a Means of
Regularization for Link Prediction’ by myself, Ramon Vinas, and Pietro Lio, we studied
whether a popular approximation algorithm for Kolmogorov complexity in graphs could be
transformed into a regularisation method for link prediction using graph neural networks.
We were investigating the research question “Can a measure of Kolmogorov/algorithmic
complexity (specifically the BDM) be used to regularize link prediction in graph neural
networks? The Block Decomposition Method (BDM), the Kolmogorov approximation
method we used, was driven by the Coding Theorem Method (CTM) [147] which estimates
the algorithmic probability of short binary strings by examining the frequency of outputs
of small state Turing machines. The BDM [184] has successfully demonstrated the ability
capture the simplicity bias phenomenon [41]. We explicitly used a version designed for
graphs which had been adapted to work on binary adjacency matrices [183, 184].

Link prediction in real-world networks is an active research topic in the fields of network
theory and machine learning and has found a broad array of applications [43, 80, 109, 117].
Many of these networks have simple primary generating mechanisms and can be explained
by succinct concepts such as preferential attachment or the Watts-Strogatz model [9, 168|.
We hypothesised that link prediction algorithms for such real-world networks could benefit
from regularisation towards graphs which are algorithmically simple. Specifically we focused
on graph neural networks which are an important class of models that have demonstrated
great ability for link prediction [94, 172, 174]|. The graph-based version of the BDM was
integrated into the GNN loss functions using a weighting parameter on the expected
Kolmogorov approximation for the prediction. Furthermore, we adopted a standard Monte

Carlo approach to estimate the gradient, thus avoiding potential tractability issues.
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The resulting Kolmogorov loss function was tested on a suite of real world networks
[15, 20, 30, 46, 97, 126, 136, 178] and two GNN models - a GAE and a VGAE [94]. We
also tested a control regularisation function where the CTM values were replaced by
a single constant value, thus removing any actual estimate of Kolmogorov complexity
derived from the CTM. In our experiments the Kolmogorov regularisation performed
better than no regularisation, but just as well as the control regularisation. This result was
initially surprising as the control did not directly estimate Kolmogorov complexity using a
purpose-built method as the CTM version did. This led to the conclusion that any actual
influence from the CTM was negligible, and that the primary driver of regularisation
was the reward for repeated small patterns (which one might expect in a network with
simple generating mechanisms). Consequently, we do not believe the BDM can serve as
a meaningful source of Kolmogorov based regularisation for GNN link prediction on the
type of networks we evaluated.

Furthermore, very close to the time we conducted our research, a paper on the
incomputability of Kolmogorov complexity was published which pointed out methodological
flaws in the CTM based on problematic usage of Levin’s Coding Theorem [164]|. This,
in conjunction with our experimental results, leads us to recommend that future work
on simplicity based regularisation in link prediction consider alternative approximation
methods. In other words, we answer the original research question in the negative for
the BDM, although we remain optimistic about future work which attempts to introduce
a regulatory bias through means which are more specific to the proposed generating
mechanisms.

We would also like to offer a reflection on the field in light of the aforementioned
research results. The appeal of algorithmic complexity to the machine learning scientist
largely lies in its totality - it is a field which offers comprehensive theories of induction,
randomness, and information. Naturally, the promise of what one could accomplish, if they
could only meaningfully estimate the Kolmogorov complexity, is too great a temptation
for some researchers to resist, despite the limits imposed by incomputability. Principled
approaches, results, and frameworks such as simplicity bias [41] or AIXI [82] all offer
insights into their respective domains; however, direct attempts to estimate the Kolmogorov
complexity for downhill purposes are misguided for reasons other than the methodological
flaws mentioned. As pointed out in [164], if we assume data from the natural world
primarily contains “effective regularities” (as opposed to mathematical constants, etc.) the
results from a good compressor are adequate. Perhaps this is the sanity check needed when
embarking on such quests - we are almost always dealing with real-world data generated

by real-world computations.
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Coda The research conducted during my doctoral studies contributed several novel
algorithms for constructing and exploiting various intrinsic and extrinsic measures of
information for neural networks. This work encompassed both the classic Shannon-
style conceptualisation of information as well as the algorithmic notion of Solomonoff,
Kolmogorov, and Chaitin. These contributions have advanced knowledge in fundamental
topics concerning compression and description lengths as well as practical topics in
generative algorithms and link prediction. As discussed in this conclusion, it is my belief
that the frameworks and methodologies presented in this thesis can serve as a fertile ground
for future research for improving and understanding relevant topics in neural networks

and deep learning.
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