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Characterisation of the spatial variability of underconsolidated Singapore Marine 
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ABSTRACT  
This paper characterised the spatial variability of Singapore Kallang Formation Marine Clays using 
piezocone penetration test (CPT) data from the Marina South area. Both vertical and horizontal 
scales of fluctuation in undrained shear strength for two distinct clay units, Upper Marine Clay 
(UMC) and Lower Marine Clay (LMC), are calibrated for autocorrelation and semi-variogram 
functions. The Marina South area was reclaimed from the sea using fills placed in three phases 
from 1970s to 1990s and remains underconsolidated up to date. This study identified variations 
in the degree of consolidation across the area, which has led to variations in the undrained 
shear strength in this area. However, the variations in the degree of consolidation were found 
to have no noticeable influence on the vertical and horizontal scales of fluctuation of either 
UMC or LMC unit. The vertical scales of fluctuation of UMC and LMC units are 0.57 + 0.3 m and 
0.48 + 0.17 m, respectively, while the horizontal scales of fluctuations are 148 + 26 m and 
138 + 28 m, respectively. The present study contributes to the database of the statistical and 
spatial variability of marine clays and can provide useful guidance for assessing reliability of 
excavations and foundations in Marina South as well as other areas with similar geological settings.
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1. Introduction

As highlighted in Phoon and Kulhawy (1999), the three 
primary sources of uncertainties in geotechnical analysis 
include inherent variability, measurement error, and 
transformation uncertainty. The inherent variability is 
usually regarded as a type of aleatory uncertainty, result
ing primarily from the random natural geologic pro
cesses that continually modify the soil mass in situ. 
The importance of accurately characterising this varia
bility and understanding its impact on geosystems 
have been demonstrated in numerous existing studies 
(Guo et al. 2023, Jaksa 1995; Phoon and Kulhawy 
1999; Pieczyńska-Kozłowska, Chwała, and Puła 2022; 
Stuedlein et al. 2012; Wang et al. 2019; Xu et al. 2023). 
In addition, measurement error and transformation 
uncertainty are also critical uncertainty sources that 
can influence geotechnical design and analysis. 
Measurement error could contain both aleatory and 
epistemic components. Epistemic measurement errors 
may arise due to equipment calibration issues or 
human errors, among others, which can be minimised 
through more accurate equipment and better 

measurement procedures. The aleatory component is 
typically caused by random testing effects and variations 
in instrument precision. Furthermore, the transform
ation uncertainty is incurred when field or laboratory 
measurements are transformed into design soil proper
ties using empirical or other correlation models. For 
example, Ching and Phoon (2012) characterised generic 
transformation uncertainties and compared the analyses 
of a global database with results mentioned in previous 
studies. They further recommended a sufficiently large 
database to achieve stable estimates of the transform
ation uncertainties. Furthermore, Wang et al. (2017) 
employed a Bayesian method to calibrate a transform
ation model and explicitly considered measurement 
errors and multiple other epistemic uncertainties. Over
all, these three uncertainty sources can significantly 
influence the design and analysis of geotechnical pro
blems and should be duly accounted for in geotechnical 
engineering. This paper focuses on quantifying the 
inherent spatial variability in soil properties.

In existing literature, a large part of studies on spatial 
variability has been founded on random field theory (Li 
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et al. 2024; Phoon et al. 2022; Vanmarcke 1977; Zhao et 
al. 2023). Random Field Finite Element Method (RF- 
FEM) has, therefore, become an increasingly popular 
tool due to its capability for simulating the effects of 
spatial variability of soils (Fenton and Griffiths 2002; 
Griffiths, Huang, and Fenton 2009; Sujawat and 
Kumar 2023). The generation of random fields typically 
relies on an autocorrelation function that quantifies the 
spatial correlation between two spatial points separated 
by a specific distance. A typical two-dimensional (2D) 
Gaussian random field can then be simulated based on 
the following parameters: (i) mean, μ; (ii) standard devi
ation, σ; (iii) vertical scale of fluctuation, dv; and (iv) 
horizontal scale of fluctuation, dh, for each soil property 
of interest.

Here the term “scale of fluctuation” is used to describe 
the spatial variability of a geomaterial. Correlation 
length, correlation distance, autocorrelation length and 
autocorrelation distance are other terms used by the geo
technical literature to refer to a similar meaning. All 
these terms, including scale of fluctuation, have been 
generally defined as the distance within which soil prop
erty values show relatively strong correlation (Phoon and 
Kulhawy 1999). However, the mathematical definitions 
of all these terms are not the same. Correlation length 
was first defined by Diaz Padilla and Vanmarcke 
(1974) as the distance at which the autocorrelation coeffi
cient, for a single exponential function, decays to [1/e]. 
Correlation distance, autocorrelation length and auto
correlation distance have since been defined in a similar 
manner (Baecher et al. 1980; DeGroot and Baecher 1993; 
Qi and Liu 2019). In contrast, scale of fluctuation, intro
duced by Vanmarcke (1977), was defined mathematically 
as twice the area under the positive part of the autocor
relation function (Fenton 1999; Huber 2013; Jaksa 1995; 
Vanmarcke 1977). As a result, taking a single exponential 
autocorrelation function as an example, the scale of 
fluctuation is twice the magnitude of the correlation dis
tance. This issue can be particularly important in practi
cal implementation. For example, Optum G2 
(Krabbenhoft, Lyamin, and Krabbenhoft 2015), a con
ventional FE program, requires the user to input 

correlation length for a single exponential autocorrela
tion function. A literature survey revealed that both 
terms have been commonly reported. Papers by Jaksa 
(1995); Jaksa, Brooker, and Kaggwa (1997); Jaksa, 
Kaggwa, and Brooker (1999); Phoon and Kulhawy 
(1999); Uzielli, Vannucchi, and Phoon (2005); Liu and 
Chen (2010); Dasaka and Zhang (2012); Firouzianband
pey et al. (2014); Oguz, Huvaj, and Griffiths (2019) all 
referred to scale of fluctuation while Baecher et al. 
(1980); Honjo (1982); DeGroot and Baecher (1993); 
Navin (2005); Qi and Liu (2019) referred to correlation 
length. In this study, conventional scale of fluctuation 
recommended by Vanmarcke (1977) is adopted as the 
parameter to describe spatial variability.

Furthermore, Phoon and Kulhawy (1999) compiled a 
database of random field model parameters from an 
extensive literature review. However, the compiled 
parametric data corresponds to a limited set of geologi
cal environments and the obtained parametric intervals 
might be difficult to generalize in other geological set
tings. Further statistics have also been reported by 
Nishimura et al. (2017), Bong and Stuedlein (2018), 
and De Gast, Vardon, and Hicks (2021). A series of 
studies has also been carried out to determine the 
specific soil random field parameters for local-scale geo
logical conditions. Various types of soil investigation 
data (standard penetration test SPT, field vane shear 
test VST and piezocone penetration test CPT) have 
been used to characterise spatial variability. Among 
different types of in situ test data, CPT data has been 
preferred over other types of soil investigation data 
(e.g. SPT, VST) for determining the random field par
ameters of soils mainly because it provides the finest 
vertical resolution. For example, DeGroot and Baecher 
(1993) conducted a characterisation study of undrained 
shear strength in a Holocene clay in Canada using VST 
data. However, they only reported the horizontal scale 
of fluctuation. Jaksa (1995), Jaksa, Brooker, and Kaggwa 
(1997) and Jaksa, Kaggwa, and Brooker (1999) reported 
studies of a stiff and overconsolidated Pleistocene clay at 
low water content, known as Keswick Clay, from Ade
laide. Both the vertical and horizontal scales of fluctu
ation were reported based on a dense array of CPTs 
that is atypical in practice. Stuedlein et al. (2012) carried 
out a spatial variability study (dv and dh) for a desiccated 
Beaumont Clay (in Texas) using CPT data. Bong and 
Stuedlein (2017) investigated the spatial variability (dv 
and dh) for a beach sand in Hollywood in South 
California.

Nowadays, many coastal metropolises, e.g. Singa
pore, have completed or are planning mega reclamation 
projects due to the urgent need of expanding the urban 
area. For example, the Marina South area in Singapore 

Table 1. Typical autocorrelation functions.
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was reclaimed on marine clay materials. Clear under
standing of the spatial variability of the strength and 
compressibility of marine clays is important. However, 
in the literature, studies reporting the spatial variability 
of soft marine clays based on real field data have been 
rather limited. In this regard, a geotechnical characteris
ation study of the spatial variability of Singapore 

Kallang Formation Marine Clays using CPT data was 
conducted in the present study.

The estimation of scale of fluctuation can be achieved 
using a number of existing methods. The methods 
adopted in the present study include (i) Bartlett’s 
approximation (Jaksa 1995; Jaksa, Brooker, and Kaggwa 
1997; Jaksa, Kaggwa, and Brooker 1999); (ii) 

Table 2. Typical semi-variogram functions.
Model Name Semi-variogram Function Scale of Fluctuation d
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Figure 1. Overall information about the test site. (a) Location of test site in Singapore, (b) Overview of reclamation history of Marina 
Bay area and locations of CPTs, (c) Stratigraphy along Thomson-East Coast MRT Line.
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autocorrelation or autocovariance function fitting 
(DeGroot and Baecher 1993; Stuedlein et al. 2012); 
and (iii) semi-variogram function fitting (Bong and 
Stuedlein 2017; Dasaka and Zhang 2012; Larsson, Stille, 
and Olsson 2005). Tables 1 and 2 present typical auto
correlation and semi-variogram functions reported in 
the literature. The single exponential (SNX), squared 
exponential (SQX) and second-order Markov (SOM) 
autocorrelation functions; and the exponential, spheri
cal and Gaussian semi-variograms functions are con
sidered. Some important considerations of the curve 
fitting exercise will be elaborated in subsequent parts 
of this paper.

The CPT data used in the present study were collected 
from different areas of Marina South in Singapore. The 
geological setting of this area was first described, followed 
by separate evaluations of the undrained shear strength, 
vertical scale of fluctuation and horizontal scale of fluctu
ation of two critical geological units in this area. The 
results of this study add to the database of spatial varia
bility of natural soils and can provide useful information 

for reliability assessments of foundations and excavations 
in Marina South as well as other areas with similar geo
logical settings.

2. Geological setting of Marina South

Figure 1(a) shows that Marina South is on central south 
coast of Singapore. Reclamation works at Marina South 
took place in three phases from 1970s to 1990s and 
therefore, the underlying Marine Clays have since 
been loaded by the reclamation fills. Figure 1(b) shows 
the history of the reclamation works in this area. 
Phase VB (1974-1977) and Phase VII (1979-1985) are 
of primary concern in the present study based on site 
investigation data obtained in these two reclaimed 
areas. Since the reclamation works were carried out 
over different period of time, the degree of consolida
tion of the underlying Marine Clays is believed to vary 
across the area.

The underlying sediments consist of the Kallang For
mation and the Old Alluvium. The Kallang Formation 

Figure 2. Undrained shear strength calculated from all 20 sets of CPT data with Nkt  =  13.
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that covers most of the coastal plains and immediate 
offshore zones in Singapore is a recent Holocene deposit 
and contains soils of marine, alluvial, littoral and estuar
ine origins (Tan et al. 2003). Marine Clay is the most 
dominant geological member of the Kallang Formation 
and was laid down in two separate phases: the upper 
member known as the Upper Marine Clay (UMC) 
and the lower member known as the Lower Marine 
Clay (LMC). The LMC can be dated from approxi
mately 12,000 years ago and the UMC was formed less 
than 10,000 years ago (Pitts 1992; Tan et al. 2003). 
These two members are often distinguished by a stiffer 
intermediate layer, which is considered to be the desic
cated crust of the LMC when the sea level dropped 
approximately 10,000 years ago during the Small Ice 
Age.

Twenty piezocone profiles were obtained in this area 
as part of the site investigations for a new Mass Rapid 
Transit (MRT) project. Figure 1(c) shows the stratigra
phy along the Thomson-East Coast MRT line. The over
all thickness of the Marine Clay ranges from 10 m to 
30 m. UMC unit is detected by all 20 CPTs, and LMC 

unit is absent from the profiles of CPTs 6 to 13. The 
thickness of the UMC unit varies from 10 m to 20 m 
while the thickness of the LMC unit ranges from 2 m 
to 10 m. The intermediate layer, sandwiched between 
UMC and LMC units, is approximately 3 m in thickness 
throughout the area. Old Alluvium is the dominant geo
logical member underlying the Kallang Formation.

3. In-situ testing and characterisation of 
undrained shear strength

The undrained shear strength can be characterised from 
the net penetration resistance measurements, qt − svo, 
where qt is the corrected cone tip resistance and svo is 
the total vertical overburden stress. This is generally 
accomplished by assuming a cone resistance factor, Nkt:

Su =
qt − svo

Nkt
(1) 

The choice of Nkt has been well studied for Singapore 
Marine Clay, with typical Nkt values ranging from 
12 to 14 (Tan et al. 2003; Whittle and Davies 2006). 

Figure 3. Undrained shear strength ratios back calculated from CPT data.

Table 3. Summary of the statistics of undrained shear strength ratio.
Statistics of undrained shear strength ratio

Group 1 (Clusters 1 & 3) Group 2 (Clusters 2 & 4) Group 3 (Cluster 5)

UMC LMC LMC LMC LMC LMC

Statistics Mean 0.31 0.31 0.19 0.21 0.13 0.12
COV(%) 9 20 26 9 22 28

Remarks – Overconsolidated Lightly 
underconsolidated

Underconsolidated

GEORISK: ASSESSMENT AND MANAGEMENT OF RISK FOR ENGINEERED SYSTEMS AND GEOHAZARDS 5



Nkt =  13 was chosen in the present study, and this 
choice is in line with the parameter adopted for exca
vation projects carried out in this area.

Data from 20 CPTs were considered in the present 
study. As indicated in Figure 1(b), these CPTs were clus
tered at five discrete locations in the Marina South area. 
Cluster 1 (CPTs 4 and 5) is located outside the reclaimed 
area. Clusters 2–4 (CPTs 6-15) are primarily located 
along south of the shoreline where the reclamation 
works were carried out in the 1970s while Cluster 5 
(CPTs 16-23) is near to north of the shoreline where 
the reclamation works were completed in the 1980s.

With Nkt = 13, the undrained shear strength profiles 
calculated from all 20 sets of CPT data are illustrated 
in Figure 2. The five clusters are indicated in the 
figure. Reference Su profiles deduced based on 
Su = 0.21s′vo, a well-known undrained shear strength 
ratio of normally consolidated Singapore Marine Clay 
(Tan et al. 2003; Whittle and Davies 2006), are plotted 
in the figure for comparison purposes. The undrained 

shear strength profiles pertaining to UMC and LMC 
units are also separately highlighted along the Su trace 
of the full profile from the CPTs. Data of CPTs 4 and 
5, which are located outside the reclaimed area, show 
that the undrained shear strength profiles of UMC exhi
bit noticeable variations with depth (or effective over
burden stress), and both UMC and LMC units from 
these two CPTs are observed to be lightly overconsoli
dated. Data of Cluster 2 (CPTs 6-8), Cluster 4 (CPTs 
12-15) and Cluster 5 (CPTs 16-23) show that the 
undrained shear strengths of both UMC and LMC 
units are largely lower than the reference strength 
(Su , 0.21s′vo). Assuming that the choice of Nkt is 
reasonable, the lower undrained shear strengths suggest 
that both units are underconsolidated under more than 
10 m of reclaimed fills. However, the degrees of conso
lidation in Clusters 2 and 4 are slightly higher compared 
to Cluster 5. Data of Cluster 3 (CPTs 9-11) show that 
both clay units are overconsolidated although these 
CPTs are located in the reclaimed area. This is likely 
due to the presence of structures at this location prior 
to the reclamation works (Fan 2015).

Figure 4. Examples of fitting CPT profiles with a linear trend function.

Table 4. Results of Kendall’s tau test and modified Bartlett test 
of all 20 sets of CPT data of UMC.
CPT 
ID

Kendall’s τ 
test p-value

Modified 
Bartlett test

CPT 
ID

Kendall’s τ 
test p-value

Modified 
Bartlett test

41 0.93(Pass) Pass *144 0.49(Pass) Fail
51 0.91(Pass) Fail 154 0.76(Pass) Pass
62 0.97(Pass) Pass 165 0.85(Pass) Pass
72 0.70(Pass) Pass *175 0.98(Pass) Pass
82 0.91(Pass) Fail 185 0.91(Pass) Pass
*93 0.92(Pass) Fail 195 0.69(Pass) Fail
103 0.85(Pass) Pass 205 0.98(Pass) Pass
113 0.66(Pass) Pass *215 0.89(Pass) Pass
*124 0.73(Pass) Fail *225 0.93(Pass) Pass
*134 0.68(Pass) Pass 235 0.55(Pass) Fail

Superscript indicates cluster ID in Figure 1(b). *with quadratic polynomial 
trend removed.

Table 5. Results of Kendall’s tau test and modified Bartlett test 
of all 12 sets of CPT data of LMC.
CPT 
ID

Kendall’s τ 
test p-value

Modified 
Bartlett test

CPT 
ID

Kendall’s τ test 
p-value

Modified 
Bartlett test

41 0.39(Pass) Pass 185 0.26(Pass) Pass
51 0.58(Pass) Fail 195 0.74(Pass) Pass
*144 0.96(Pass) Pass 205 0.90(Pass) Pass
*154 0.94(Pass) Pass 215 0.00001(Fail) Fail
*165 0.54(Pass) Fail 225 0.96(Pass) Pass
*175 0.85(Pass) Pass 235 0.59(Pass) Pass

Superscript indicates cluster ID in Figure 1(b). *with quadratic polynomial 
trend removed.
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The drainage behaviour in both clay units can be 
inferred from the shape of the undrained shear strength 
profiles shown in Figure 2. The dissipation of excessive 
pore water pressure closer to drainage boundaries has 
caused an increase in effective stress and undrained 

shear strength compared to soil bodies near to the 
middle of the clay layers, which have experienced less 
dissipations due to longer drainage paths. This behav
iour has consequently led to the curvatures observed in 
most of the undrained shear strength profiles in Figure 2. 

Figure 5. Results of autocorrelation model fitting (Vertical direction of UMC). Only results up to a lag distance of 3 m are shown for 
better visualisation.

Figure 6. Results of semi-variogram model fitting (Vertical direction of UMC). Only results up to a lag distance of 3 m are shown for 
better visualisation.
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While dissipation of the excessive pore water pressure to 
the overlying fills has been confirmed by almost all CPT 
profiles (Clusters 2, 4 and 5), the drainage behaviour to 
the underlying intermediate layer and Old Alluvium 
layer varies. Data of CPT 14, for example, strongly 
suggests 2-way drainage in both UMC and LMC units. 
In contrast, Data CPTs 20, 22 and 23, for example, 
strongly suggest that the intermediate layer and the 
Old Alluvium layer were particularly impermeable and 
therefore, 1-way drainage to the overlying fill layer has 
been the dominant behaviour at these locations. These 
observations suggest the complexity of drainage behav
iour in these geological settings and underscore the criti
cal needs for careful site investigations.

Figure 3 shows the back-calculated undrained shear 

strength ratios, 
Su

s′vo 
(Tan et al. 2003; Whittle and Davies 

2006). The scatters represent the mean values while the 
error bars indicate one standard deviation. CPTs 8 and 
11 were excluded for the study of UMC units due to the 
large variations. According to Figure 1(c), thin crusts of 
LMC are surveyed by CPTs 16, 18 and 19. The insertion 
of a piezocone, which creates a stress bulk that may 
extend beyond the LMC unit, may not produce tip 
resistances that are representative of the LMC units at 
these locations. Therefore, CPTs 16, 18 and 19 were 
excluded for the study of LMC units.

Results of CPTs 4 and 5 indicate that the undrained 
shear strength ratios are similar between UMC and 

LMC units. Based on 
Su
s′vo
= 0.21× OCRm, a well- 

known undrained shear strength ratio of overconsoli
dated Singapore Marine Clay, an undrained shear 

strength ratio (
Su
s′vo

) of 0.3 corresponds to an 

overconsolidation ratio of approximately 1.56 with a 
typical power coefficient m of 0.8 (D’Ignazio et al. 
2016). CPTs 6 and 7 (Cluster 2) and CPTs 12-15 (Clus
ter 4) show similar values of undrained shear strength 
ratio although more significant variations are observed 
in CPTs 13-15 (Cluster 4). Cluster 5 that consists of 
CPTs 16-23 shows relatively lower values of undrained 
shear strength ratio as compared to Clusters 2 and 4 
for both UMC and LMC units.

Based on the results shown in Figures 2 and 3, it is 
possible to broadly classify the data into three groups. 
The first group contains CPTs in Clusters 1 and 
3. This group pertains to clay units that are overconso
lidated. CPTs in Clusters 2 and 4 belong to Group 2 
while CPTs in Cluster 5 are in Group 3 because a rela
tively higher degree of consolidation was observed in 
Clusters 2 and 4. This grouping is also in line with the 
reclamation history shown in Figure 1(b), where Clus
ters 2 and 4 are largely within Phase VB (1970s) and 
Cluster 5 is within Phase VII (1980s). Based on this 
grouping, the statistics of the undrained shear strength 
ratio are tabulated in Table 3. It is worth noting that 
the statistics of the undrained shear strength ratio 
involve both aleatory and epistemic components. The 
inherent variability in the undrained shear strength 
ratio along the depth, captured by the standard devi
ation, primarily reflects aleatory uncertainty due to the 
natural randomness in soil properties. However, the 
process of estimating this variability from a finite num
ber of samples introduces epistemic uncertainty, as the 
precision of the estimate depends on the sample size. 
In the present study, there is a relatively large amount 
of data for estimating the standard deviation of the 
undrained shear strength ratio, given the small vertical 
interval of CPT measurements (0.1 m). Therefore, the 
uncertainty addressed here is mainly aleatory but 

Figure 7. Results of autocorrelation model fitting (Vertical direction of LMC). Only results up to a lag distance of 3 m are shown for 
better visualisation.
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contains a small component of epistemic uncertainty. 
Results show that the undrained shear strength ratios 
are largely similar between UMC and LMC units across 
the three groups, and the mean ratios of group 2 are sig
nificantly larger than those of group 3. The COVs, 9– 
28%, suggest that moderate uncertainties are associated 
with the undrained shear strength ratios of the two 
soil units.

4. Vertical scale of fluctuation

A prerequisite for the characterisation of spatial varia
bility is the conditioning of data to achieve weak statio
narity (Hu and Wang 2024; Jaksa, Kaggwa, and Brooker 
1999; Phoon, Quek, and An 2003). A profile of measure
ment of interest is said to be weakly stationary if: (i) the 
mean is constant; and (ii) the autocovariance is only a 
function of the distance between observations 
(Phoon, Quek, and An 2003). The first condition can 

be approximately achieved by removing the trend func
tion. A linear trend function is often sufficient although 
the use of a quadratic polynomial trend function has 
also been reported in the literature (Jaksa 1995; Jaksa, 
Brooker, and Kaggwa 1997; Jaksa, Kaggwa, and Brooker 
1999). It is worth mentioning that a trend function with 
a minimum order is preferred as over-fitting may result 
in inaccurate estimation of scale of fluctuation. Figure 4
shows selected CPT profiles and the corresponding 
residual profiles with a linear trend function. Although 
a linear trend function appears to be sufficient, further 
statistical assessments are needed to test the adequacy 
of the trend function and the quality of the residuals. 
Various techniques can be used to assess stationarity. 
Kendall’s tau test (Jaksa 1995; Jaksa, Brooker, and 
Kaggwa 1997; Jaksa, Kaggwa, and Brooker 1999; Sen 
1968) and modified Bartlett test (MBS) (Phoon, Quek, 
and An 2003; Phoon, Quek, and An 2004) were adopted 
in the present study.

Figure 8. Results of semi-variogram model fitting (Vertical direction of LMC). Only results up to a lag distance of 3 m are shown for 
better visualisation.

Table 6. Summary of vertical scale of fluctuation of UMC using CPT data.
Scale of Fluctuation (m)

Autocorrelation 
Function Semi-variogram Function -

CPT ID State of Consolidation Number of Data SNX SQX SOM Exponential Spherical Gaussian Bartlett’s distance

41 Overconsolidated 61 0.33 0.22 0.27 0.35 0.2 0.21 0.31
62 Lightly Underconsosolidated 71 0.6 0.74 0.68 2.89 0.93 1.29 0.53
72 Lightly Underconsosolidated 61 0.3 0.27 0.29 0.61 0.35 0.46 0.26
103 Overconsolidated 71 0.4 0.41 0.41 0.75 0.55 0.68 0.38
113 Overconsolidated 71 0.62 0.7 0.67 0.83 0.69 0.95 0.51
134 Lightly Underconsosolidated 81 0.5 0.45 0.48 0.87 0.33 0.48 0.45
154 Lightly Underconsosolidated 61 0.4 0.44 0.39 0.66 0.51 0.69 0.44
165 Underconsosolidated 81 0.61 0.67 0.65 2.36 1.02 1.34 0.49
205 Underconsosolidated 61 0.32 0.35 0.34 0.36 0.27 0.37 0.35
225 Underconsosolidated 81 0.41 0.42 0.42 0.33 0.26 0.35 0.47
Mean (m) 0.45 0.47 0.46 0.99 0.51 0.68 0.42
Standard Deviation (m) 0.12 0.18 0.16 0.89 0.29 0.39 0.09
COV(%) 28 38 34 89 57 57 21

Superscript indicates cluster ID in Figure 1(b)
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Tables 4 and 5 present the results of the statistical 
assessments for UMC and LMC respectively. UMC is 
detected by all 20 sets of CPTs while LMC is only 
observed in 12 sets of CPTs. Superscripts in both tables 
indicate the cluster ID shown in Figure 1(b). A linear 
trend is not always sufficient and therefore, a quadratic 
polynomial trend was used for some CPTs, which are 
labelled in both tables. Results show that 13 sets of 
CPTs pertaining to UMC passed both statistical assess
ments and therefore, they are deemed sufficiently 
homogeneous for subsequent characterisation exercises. 
Pertaining to LMC, 9 out of 12 sets of CPTs passed both 
statistical assessments. As a result, the subsequent ana
lyses are carried out based on these CPTs that passed 
both tests.

Autocorrelation function fitting, semi-variogram 
function fitting and Bartlett’s approximation were 
adopted to characterise the vertical scale of fluctuation. 
All data points of the CPTs that passed the statistical 
assessments were sampled with a vertical interval of 
0.1 m. The analysis starts from evaluating sample auto
correlation coefficient rDz and sample semi-variogram 
value gDz of all lag distances. At a lag distance Dz, the 
corresponding sample autocorrelation coefficient rDz 
and sample semi-variogram value gDz can be evaluated 
as follows:

rDz =

􏽐N(Dz)
i = 1

(qt, i + Dz − mqt, i + Dz
)

sqt, i + Dz

(qt, i − mqt, i
)

sqt, i

N(Dz)-1
(2) 

gDz =

􏽐N(Dz)
i = 1 (qt, i + Dz − qt, i)

2

2N(Dz)
(3) 

where rDz and gDz are the autocorrelation coefficient 
and semi-variogram value respectively at lag distance 
Dz; qt, i + Dz and qt, i are the corrected cone tip resist
ance pairs separated by the lag distance Dz; 
mqt, i + Dz

, sqt, i + Dz
, mqt, i 

and sqt, i 
are the mean and 

standard deviation of qt, i + Dz and qt, i; and N(Dz) is 

the total number of data pairs separated by a lag dis
tance Dz.

Figures 5–8 summarize the sample autocorrelation 
coefficients and semi-variogram values as functions of 
lag distances for UMC and LMC units. The cluster (as 
per in Figure 1(b)) that the CPTs belong to has been 
highlighted. The autocorrelation coefficients fluctuate 
around zero with increasing lag distances, while the 
semi-variogram values fluctuate around the sill. These 
patterns confirm weak stationarity in the data (Box 
et al. 2015; Davis and Sampson 1986), and support the 
order of the trend functions used.

The autocorrelation functions and semi-variogram 
functions listed in Tables 1 and 2 are used to fit to 
the samples using the ordinary least square method. 
It should be noted that the curve fitting exercise 
involved truncation of the lag distances due to 
decreasing reliability of widely separated distance 
(Jaksa, Kaggwa, and Brooker 1999; Oguz, Huvaj, and 
Griffiths 2019; Uzielli, Vannucchi, and Phoon 2005). 
In the current study, following the recommendation 
of Lumb (1974) and Spry, Kulhawy, and Grigoriu 
(1988), the first quarter of lag distances, which corre
spond to lag distances up to approximately 1.5 m, 
were used to fit the functions. Pertaining to fitting 
of semi-variogram functions, zero nugget was 
assumed. In the present study, all CPTs were per
formed by an established site investigation contractor 
in Singapore following standardized operation pro
cedures with well-maintained equipment. As a result, 
it is reasonable to assume that the effect of measure
ments error is minor, and it is reasonable to assume 
a zero nugget.

The Bartlett’s approximation, a commonly used tech
nique in the field of time series analysis, is different from 
the fitting of autocorrelation functions in the sense that 
no assumed functions are needed. A Bartlett’s limit is a 
threshold autocorrelation coefficient that can be com
puted using Equation (4). The lag distance correspond
ing to the intersection of the sample autocorrelation 

Table 7. Summary of vertical scale of fluctuation of LMC using CPT data.
Scale of Fluctuation (m)

Autocorrelation Function Semi-variogram Function -
CPT ID State of Consolidation Number of Data SNX SQX SOM Exponential Spherical Gaussian Bartlett’s distance

41 Overconsolidated 71 0.54 0.57 0.57 1.05 0.65 0.82 0.41
144 Lightly Underconsosolidated 81 0.49 0.56 0.53 0.48 0.37 0.55 0.42
154 Lightly Underconsosolidated 81 0.45 0.54 0.51 0.65 0.57 0.74 0.55
175 Underconsosolidated 51 0.60 0.69 0.65 0.67 0.56 0.80 0.55
205 Underconsosolidated 51 0.26 0.21 0.23 0.25 0.16 0.20 0.32
225 Underconsosolidated 81 0.36 0.33 0.36 0.41 0.33 0.42 0.36
235 Underconsosolidated 91 0.30 0.32 0.31 0.68 0.33 0.47 0.29
Mean (m) 0.43 0.46 0.45 0.60 0.42 0.57 0.41
Standard Deviation (m) 0.13 0.17 0.15 0.25 0.17 0.23 0.10
COV(%) 30 37 34 43 41 40 25

Superscript indicates cluster ID in Figure 1(b)
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coefficients and the Bartlett’s limit is, therefore, termed 
as Bartlett’s distance (Jaksa 1995).

rB =
1.96
��
n
√ (4) 

where n is the total number of lag distances.
The results of the curve fitting exercise and the Bar

tlett’s distances are shown in Figures 5–8. It should be 
noted that some CPTs have been removed, although 
these CPTs passed both statistical tests. CPTs 17, 18 
and 21 were removed for the study of UMC, and 
CPTs 18 and 19 were removed for the study of LMC. 
The scales of fluctuation derived from these CPTs 
were of comparable magnitudes of the CPT sampling 
interval (0.1 m) and thus being less meaningful 
(Huber 2013; Oguz, Huvaj, and Griffiths 2019).

Tables 6 and 7 summarise the results of the com
puted vertical scales of fluctuation for UMC and 
LMC units. The cluster that each CPT belongs to is 
indicated by the superscript. It is important to note 

that there is no noticeable trend in the values of dv 
across clusters for both UMC and LMC units. This 
suggests that the degree of consolidation has had lim
ited influence on the values of dv, given that Clusters 1 
and 3 are characterised by overconsolidated soils, 
Clusters 2 and 4 with lightly underconsolidated soils, 
and Cluster 5 with underconsolidated soils. The 
three autocorrelation functions estimate a mean 
value of dv = 0.45 m and a COV of 33% for the 
UMC while the three semi-variogram functions pre
dict a larger mean value of dv = 0.73 m and a larger 
COV of 67%. The vertical scale of fluctuation is simi
lar to LMC. The mean values of dv = 0.45 + 0.15 m 
and dv = 0.73 + 0.52 m for the autocorrelation func
tions and semi-variogram functions respectively. In 
general, the exponential and Gaussian semi-variogram 
functions produce slightly larger values of dv com
pared to the three autocorrelation functions while 
spherical semi-variogram function yield comparable 
results.

Figure 9. Comparison of Bartlett’s distance with scale of fluctuation derived from fitting of autocorrelation functions.

Table 8. Summary of horizontal scale of fluctuation of UMC using CPT data.
Scale of Fluctuation (m)

Autocorrelation Function Semi-variogram Function

Reduced Level, RL (m) SNX SQX SOM Exponential Spherical Gaussian

89.3 113.2 133.5 121.2 135.5 102.2 138.3
88.8 127.2 139.3 130.8 150.6 108.9 145.0
88.3 129.4 134.9 128.8 165.4 114.9 151.0
87.8 114.8 120.7 115.6 160.2 107.5 142.9
87.3 101.0 104.8 101.2 162.7 114.4 139.4
86.8 149.0 145.0 142.0 202.5 159.0 193.3
86.3 157.8 156.9 154.0 189.3 162.2 199.6
85.8 165.0 160.9 158.4 224.2 184.5 236.1
84.3 132.2 137.4 132.0 189.3 189.4 196.6
Mean (m) 132.2 137.0 131.6 175.5 138.1 171.4
Standard Deviation (m) 21.5 17.2 18.1 27.8 35.3 35.6
COV(%) 16 13 14 16 26 21
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The Bartlett’s approximation yields mean values of 
dv = 0.42 m and dv = 0.41 m for UMC and LMC 
units. These values are very similar to the results of 
the three autocorrelation functions. However, the Bar
tlett’s approximation yields smaller values of COVs 
(21% and 25% for UMC and LMC respectively) com
pared to the three autocorrelation and semi-variogram 
functions. Figure 9 compares Bartlett’s distances with 
scales of fluctuation derived from fitting of autocorrela
tion functions. The values of coefficients of determi
nation indicate that there is a moderately strong 
correlation between the two sets of scales of fluctuation. 
This observation is consistent with results reported by 
Jaksa (1995).

5. Horizontal scale of fluctuation

The characterisation of horizontal scale of fluctuation is 
more challenging and has not been reported frequently 
in the literature. In the present study, the horizontal 
scale of fluctuation was characterised by fitting autocor
relation and semi-variogram functions. Following 
the existing literature (Bong and Stuedlein 2017; Jaksa 
1995; Stuedlein et al. 2012), UMC and LMC layers 
were subdivided into a series of horizontal slices, each 
0.5 m in thickness. Tables 8 and 9 show the elevations, 
represented by reduced level (RL), of all slices con
sidered in the present study. The horizontal scale of 
fluctuation was separately characterised for each slice. 
In addition, the horizontal lag distance between any 
two CPT locations was taken as the Euclidean distance 
(i.e. smallest lag distance is approximately 40 m). Such 
a configuration effectively simplifies the 2-D problem 
into a 1-D problem. The omission of directional vari
ations in deriving the horizontal scale of fluctuation is 
believed to align with geological settings in marine 
clays, and similar simplifications have also been 
reported by Stuedlein et al. (2012) and Bong and Stue
dlein (2017). In the present study, there are 20 and 12 
CPT locations for UMC and LMC respectively. As a 
result, there exist 190 and 66 lag distance values 

(190 = C20
2 ; 66 = C12

2 ) for UMC and LMC respect
ively. Weak stationarity is believed to be achieved for 
each slice by removing a linear surface-polynomial 
trend function (DeGroot and Baecher 1993). Residuals 
with respect to this trend were then used to evaluate 
autocorrelation coefficients and semi-variogram values 
following Equations (2) and (3).

It is worth mentioning that a sufficiently large value 
of N(Dz), which corresponds to the number of CPT 
data pair, is desirable and necessary for meaningful 
evaluations of rDz and gDz for each lag distance Dz. 
However, given a slice thickness of 0.5 m and a CPT 
sampling interval of 0.1 m, N = 5 can be obtained for 
each lag distance Dz, which is likely to be insufficient. 
Therefore, it is proposed to group lag distances so that 
there are sufficient CPT data pairs for the evaluation 
of rDz and gDz.

Lag distances are first organised in an ascending 
order. The corrected cone tip resistances of similar lag 
distances are then combined to form a larger data set 
for the evaluation of rDz and gDz of the group. Taking 
the data at RL = 89.3 m as the example (Figure 10), 
the first few ungrouped lag distances available are 40, 
43, 46, 47 and 49 m. Each lag distance contains 5 data 
pairs of corrected cone tip resistances. These five lag dis
tances are then combined to form a larger group that 
contains 25 CPT data pairs. The lag distance of this 
group is represented by the mean of these five lag dis
tance values (45 m), and the value of autocorrelation 
coefficient (r45) is evaluated as −0.08 based on these 
25 CPT data pairs. Therefore, this coordinate, (45, 
−0.08), is then plotted as the second sample autocorre
lation coefficient scatter with the first scatter being (0, 1) 
in the first subplot in Figure 10. The autocorrelation 
coefficients and semi-variogram values at other lag dis
tance groups and reduced levels (elevations) can then be 
computed in a similar manner, and the results are sum
marized in Figures 10–13. Similar technique was 
adopted by DeGroot and Baecher (1993) to smooth 
sparse data, but details were not described in the 
study. The clustering technique used in the present 

Table 9. Summary of horizontal scale of fluctuation of LMC using CPT data.
Scale of Fluctuation (m)

Autocorrelation Function Semi-variogram Function

Reduced Level, RL (m) SNX SQX SOM Exponential Spherical Gaussian

77.4 158.8 142.0 155.6 177.8 129.3 163.3
76.9 121.8 131.2 128.8 201.8 191.2 208.6
76.4 126.0 138.8 136.4 182.1 121.5 174.6
75.9 98.2 123.9 109.2 147.5 95.8 149.0
75.4 90.2 118.4 101.6 110.4 80.9 127.8
Mean (m) 119.0 130.8 126.3 163.9 123.7 164.7
Standard Deviation (m) 26.9 9.9 21.6 35.7 42.4 30.2
COV(%) 23 8 17 22 34 18
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study is believed to be a reasonable interpretation of the 
technique used by DeGroot and Baecher (1993). It is 
worth noting that the estimation of autocorrelation 
coefficients and semi-variogram values in the horizontal 
direction can be a challenging task, especially when 
there are limited site investigation data. Most 

importantly, the determination of scale of fluctuation 
may be sensitive to the smallest lag 
distance. Following the configuration described above, 
there can be a trade-off between the number of CPT 
data pairs and the resolution of lag distance. On the 
one hand, averaging over more lag distances could 

Figure 10. Results of autocorrelation model fitting (Horizontal direction of UMC).

Figure 11. Results of semi-variogram model fitting (Horizontal direction of UMC).
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increase the number of CPT data pairs within a lag dis
tance group. On the other hand, increasing the resol
ution of lag distance would reduce the number of 
CPT data pairs within a lag distance group. In the pre
sent study, the number of CPT data pairs within a lag 
distance group varies. The average number of data 
pairs across all lag distance groups is 40, with a mini
mum of 24 data pairs and very few cases failing under 
30. A trial-and-error exercise was experimented to 
arrive at this configuration, which is believed to be a 
balanced solution for the present study. In addition, 
this configuration essentially meets the 30 data pairs 
suggested by Journel and Huijbregts (1976) and yields 
fairly reliable results.

Figures 10–13 summarise the sample autocorrelation 
coefficients and semi-variogram values as functions of 
lag distances for UMC and LMC units. Globally, the 
data of LMC is sparser than that of UMC. According 
to Figure 1(c), 20 CPTs were used to characterise dh 
of UMC, while 12 CPTs were used for LMC. As a result, 
more information has been available for the study of 
UMC, which contributed to improved data quality. In 
general, the patterns that the autocorrelation coefficients 
fluctuate around zero with increasing lag distances for 
the study of dh at all reduced levels (Figures 10 and 
12) are not as clear as those for the study of dv (Figures 
5 and 7). The autocorrelation coefficients at large lag 
distances in Figures 10 and 12 are consistently of nega
tive values. However, the patterns that the semi-vario
gram values fluctuate around the sill (Figures 11 and 
13) are fairly prominent, which may suggest that the 
patterns shown in Figures 10 and 12 are not necessarily 
signs of non-stationarity, and that the use of linear sur
face-polynomial trend function appears to be adequate.

Tables 8 and 9 summarise the results in the com
puted horizontal scales of fluctuation for UMC and 

LMC units. In general, the exponential and Gaussian 
semi-variogram functions produce slightly larger values 
of dh compared to the three autocorrelation functions 
while spherical semi-variogram function yields compar
able results. The three autocorrelation functions esti
mate a mean value of dh = 134 m and a COV of 14% 
for UMC while the three semi-variogram functions pre
dict a larger mean value of dh = 160 m and a larger 
COV of 21%. The scale of fluctuation is slightly smaller 
for LMC. The mean values of dh = 125 + 20 m and 
dh = 150 + 36 m for the autocorrelation functions 
and semi-variogram functions, respectively.

In contrast to the results of vertical scale of fluctuation, 
which are of rather significant uncertainties, the uncer
tainties associated with horizontal scales of fluctuation 
are not as significant. The overall values of COVs for 
dh are approximately 18% and 20% for UMC and LMC 
respectively. Moreover, for both UMC and LMC, there 
is no noticeable trend between elevation (RL) and the 
magnitude of horizontal scale of fluctuation.

To further assess the credibility of the values obtained, 
analysis using field vane shear tests data were also carried 
out following the same clustering procedure and consider
ations aforementioned. In contrast to CPT data, VST data 
were sampled much more coarsely in the vertical direction 
and therefore, a group size of nine was used to ensure that 
autocorrelation coefficients and semi-variogram values 
could be reasonably computed. Table 10 summarises the 
results in the computed horizontal scales of fluctuation 
for UMC and LMC units at selected elevations. The 
three autocorrelation functions estimate a mean value of 
dh = 138 m for the UMC while the three semi-variogram 
functions predicted a mean value of dh = 128 m. The 
mean values of dh = 156 m and dh = 146 m for the auto
correlation functions and semi-variogram functions 
respectively were obtained for LMC. The horizontal scales 

Figure 12. Results of autocorrelation model fitting (Horizontal direction of LMC).
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of fluctuation derived using VST data agree reasonably 
well with the results obtained using CPT data for both 
UMC and LMC units.

6. Discussions

As highlighted in Phoon and Kulhawy (1999), the 
measurement error and the transformation uncertainty 
are another two critical sources of geotechnical uncer
tainty, in addition to the inherent variability. In random 
field or geostatistical modelling using semi-variograms, 
the nugget value represents the variogram value at zero 
or near-zero lag distance, which is typically indicative of 
measurement error. In the present study, the semi-var
iograms are computed with the assumption of a zero 
nugget. Tables 11 and 12 tabulate the results obtained 
when the nugget is considered as a fitting parameter 
in the semi-variogram model. The nugget-to-sill ratios, 
which reflect the proportion of measurement uncer
tainty relative to total uncertainty, are also summarised 
in the tables. The additional analyses suggest that that 
the nugget effect is not significant. Moreover, in the cur
rent study, the transformation uncertainty primarily 
arises from the cone factor Nkt =  13 used in Equation 
(1). In Singapore, this cone factor has been well 

calibrated and adopted in engineering practices (Tan 
et al. 2003; Whittle and Davies 2006). Therefore, low 
transformation uncertainty is reasonably assumed.

First, the scale of fluctuation (SoF) values, whether 
calculated with or without considering the nugget, are 
broadly comparable across all cases, with differences 
of approximately 10%. The nugget-to-sill ratios are lar
gely within 10% in most cases, although some instances 
exceed 20%. In general, the nugget-to-sill ratios associ
ated with vertical SoF are lower than those for horizon
tal SoF. This is not unexpected because the readings 
used for calculating vertical SoF are from the same 
profile, while the readings used for calculating horizon
tal SoF span multiple profiles which are likely associated 
with larger measurement errors. Furthermore, it is also 
observed that the Gaussian semi-variogram is more sen
sitive to the nugget effect, as evidenced by the relatively 
higher nugget-to-sill ratios compared to the other two 
semi-variograms. While the nugget-to-sill ratios gener
ally indicate that the nugget effect is not dominating in 
the present study and most total variability is attributed 
to inherent spatial variability, it is recommended in 
practice to closely examine the nugget value to ensure 
that the calculated spatial variability is not masked by 
significant measurement errors.

Figure 13. Results of semi-variogram model fitting (Horizontal direction of LMC).

Table 10. Summary of horizontal scale of fluctuation of UMC and LMC using field vane shear test data.
Scale of Fluctuation (m)

Autocorrelation Function Semi-variogram Function

Reduced Level (m) SNX SQX SOM Exponential Spherical Gaussian

UMC 90.3 168.0 141.3 165.2 - - -
89.8 118.6 102.8 111.2 142.7 125.3 120.8
89.3 149.0 192.8 154.8 146.4 126.9 103.0

Mean (m) 133.8 147.8 133.0 144.6 126.1 111.9
LMC 74.5 155.8 171.0 154.8 150.9 121.9 163.3

73.5 150.0 156.3 149.2 154.0 121.5 169.4
Mean (m) 152.9 163.7 152.0 152.4 121.7 166.4
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7. Conclusion

In the present study, both the vertical and horizontal scale 
of fluctuation of Singapore Marine Clay have been deter
mined using CPT data carried out on a piece of reclaimed 
land. To date, the underlying Upper Marine Clay (UMC) 
and Lower Marine Clay (LMC) are mostly underconsoli
dated with the load of the reclamation fills placed from 
1970s to 1980s. The degree of consolidation varies across 
the area, leading to differentials in the undrained shear 
strength in this area. The current undrained shear strength 
ratios of both UMC and LMC units are similar. The mean 
values of Su/s

′
vo = 0.2 + 0.05 for both UMC and LMC 

units in Clusters 2 and 4 (Figure 1(b)) indicate that (i) 
underconsolidation is the prominent condition, and (ii) 
the clay units near to drainage boundaries show full degree 
of consolidation. The mean values of 
Su/s

′
vo = 0.12 + 0.06 for both UMC and LMC units in 

Cluster 5 (Figure 1(b)) indicate that the clays units are lar
gely underconsolidated. The clay units on the original 
shoreline (cluster 1) and in localised reclaimed area (cluster 
3) are overconsolidated, with mean values of 
Su/s

′
vo = 0.31 + 0.05.

Both vertical and horizontal scales of fluctuation have 
been characterised. Referring to Figures 5–8 and Figure 
10–13, autocorrelation coefficients/semi-variogram 
values in the horizontal direction (i.e. Figures 10–13) 
are more scattered than those in the vertical direction 
(i.e. Figures 5–8). This is due to a practical reason. Unli
kely in the vertical direction, where CPT readings are 
taken every 0.1 m in depth, CPTs do not typically follow 
a fixed spacing in the horizontal direction. In addition, as 
explained in Section 5, each horizontal lag distance con
sidered in deriving autocorrelation coefficients/semi-var
iogram values consists of data spanning across five 
different lag distance values. This is because there are 
not enough CPTs to ensure enough data pairs for each 
individual lag distance in the horizontal direction. In 
fact, this is believed to be a common issue in site investi
gation. The CPT layout following a small and fixed spa
cing in the horizontal direction (e.g. Jakasa, Kaggwa, 
and Brooker 1999), which was usually specifically 
designed to quantify the horizontal scale of fluctuation, 
can hardly be implemented in practical engineering. As 
a result, the combination of data from several lag distance 

Table 11. Summary of results of vertical scale of fluctuation of UMC and LMC considering nugget.
Exponential Spherical Gaussian

SoF (m) Nugget/Sill SoF (m) Nugget/Sill SoF (m) Nugget/Sill

CPTID UMC LMC UMC LMC UMC LMC UMC LMC UMC LMC UMC LMC

4 0.23 0.79 10.1% 4.7% 0.21 0.66 10.0% 5.9% 0.21 0.93 3.3% 14.1%
6 2.49 – 11.5% – 0.78 – 7.5% – 1.39 – 13.4% –
7 0.58 – 8.0% – 0.28 – 8.1% – 0.51 – 18.9% –
10 0.76 – 8.3% – 0.43 – 9.9% – 0.78 – 24.1% –
11 0.82 – 1.0% – 0.69 – 1.2% – 1.01 – 11.8% –
13 0.79 – 7.6% – 0.35 – 8.9% – 0.49 – 3.5% –
14 – 0.53 – 5.6% – 0.36 – 8.6% – 0.54 – 6.3%
15 0.72 0.68 7.8% 6.1% 0.43 0.48 9.4% 7.8% 0.77 0.74 20.6% 11.1%
16 2.07 – 15.8% – 0.80 – 10.8% – 1.52 – 28.1% –
17 – 0.77 – 6.8% – 0.54 – 8.8% – 0.89 – 12.7%
20 0.41 0.22 6.3% 5.0% 0.23 0.13 6.5% 5.1% 0.39 0.19 8.8% 1.6%
22 0.40 0.45 5.9% 7.1% 0.26 0.27 7.2% 8.5% 0.35 0.49 0.0% 19.1%
23 – 0.71 – 8.3% – 0.31 – 9.4% – 0.58 – 17.4%

Table 12. Summary of results of horizontal scale of fluctuation of UMC and LMC considering nugget.
Exponential Spherical Gaussian

SoF (m) Nugget/Sill SoF (m) Nugget/Sill SoF (m) Nugget/Sill

Reduced Level| (m) UMC LMC UMC LMC UMC LMC UMC LMC UMC LMC UMC LMC

89.3 145.2 – 10.2% – 111.3 – 14.2% – 152.1 – 14.4% –
88.8 163.6 – 11.2% – 119.1 – 13.6% – 159.9 – 14.8% –
88.3 182.0 – 10.1% – 126.0 – 14.3% – 168.0 – 15.9% –
87.8 172.2 – 7.3% – 119.0 – 14.1% – 158.9 – 18.2% –
87.3 178.6 – 10.1% – 128.5 – 15.6% – 155.3 – 15.9% –
86.8 213.2 – 9.3% – 171.5 – 9.2% – 213.3 – 9.2% –
86.3 197.0 – 6.9% – 172.2 – 6.8% – 215.0 – 6.8% –
85.8 232.1 – 6.3% – 194.6 – 6.2% – 252.4 – 6.2% –
84.3 194.1 – 4.5% – 191.1 – 4.4% – 206.3 – 4.4% –
77.4 – 176.6 – 0.2% – 139.5 – 8.5% – 185.0 – 14.4%
76.9 – 204.2 – 1.0% – 195.5 – 7.6% – 230.9 – 10.1%
76.4 – 177.9 – 0.4% – 119.7 – 0.2% – 174.9 – 0.2%
75.9 – 149.4 – 0.5% – 96.8 – 3.3% – 157.3 – 11.5%
75.4 – 112.9 – 3.2% – 83.5 – 4.4% – 133.0 – 10.3%
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values is a practical compromise, but it inevitably intro
duces uncertainties in the calculated autocorrelation 
coefficients/semi-variogram values and, therefore, the 
derived scale of fluctuation.

Nevertheless, the different techniques considered in the 
present study have generally yielded comparable values of 
scale of fluctuation. The values of vertical scale of fluctu
ation are approximately 0.57 + 0.3 m and 
0.48 + 0.17 m for UMC and LMC, respectively, while 
the values of horizontal scale of fluctuation are approxi
mately 148 + 26 m and 138 + 28 m. Compared to exist
ing geotechnical database of soft marine clay, the derived 
values of horizontal scale of fluctuation appear to be high. 
Further investigations are warranted. Nevertheless, this 
observation is valuable for the reliability analysis of offshore 
geo-structures because it suggests that neglecting horizon
tal spatial variation might be acceptable for local-scale pro
jects. Consequently, simplified reliability analyses can be 
carried out using random fields in 1D instead of 3D.

Furthermore, the degree of consolidation has not been 
observed to have significant influence on vertical scales of 
fluctuation of both UMC and LMC units. In addition, the 
magnitudes of horizontal scale of fluctuation of both 
UMC and LMC have been shown to be fairly indepen
dent of depth. The current study has contributed to the 
database of spatial variability of natural soils in the litera
ture and provided critical information for reliability 
assessment of geotechnical structures on Singapore Mar
ine Clay and areas of similar geological settings.
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Appendix. Modified Bartlett Test

A profile of measurement of interest is said to be weakly 
stationary if: (i) the mean is constant, and (ii) the autocovar
iance is only a function of the distance between observations 
(Phoon, Quek, and An 2003). The second condition is verified 
if the variance remains constant with position. The Bartlett 
test is one of the classical tests used to test the equality of 
two or multiple variances, but this technique assumes that 
the data are independent (Cressie 1992), which is antithetical 
to the known correlation structure in spatially varying soil 
parameters. As a result, Phoon, Quek, and An (2003) pro
posed a new statistical test, modified Bartlett test (MBS), 

and the accompanying rejection criteria to assess stationarity 
for correlated data at 5% significance level.

This technique starts from moving a sampling window 
over a given CPT profile. For each moving step, the sampling 
window is divided into two equal segments and the sample 
variances of the data points lying within each segment can 
be calculated. It is recommended by Phoon, Quek, and An 
(2003) that each segment should at least cover 10 data points 
to ensure that the sample variances can be estimated reason
ably accurately. The classic Bartlett test is then carried out to 
test the difference between these two values of sample var
iances (from the two segments) and the Bartlett test statistic 
is recorded. After the sampling window screens the entire 
CPT profile, a continuous Bartlett test statistic profile can be 
obtained. The peak Bartlett test statistic value is then com
pared with a critical value for rejection or acceptance of the 
stationary hypothesis at 5% significance level. The estimation 
of the critical value was developed by Phoon, Quek, and An 
(2003) numerically through a series of simulations and sum
marised into a convenient form for practical use.

Figure A1 shows an example of the MBS analysis using 
the UMC profile of CPT 4 (e.g. Figure 4a). A continuous 
Bartlett test statistic profile was first obtained using a 
sampling window of size 20, and the peak value was found 
to be approximately 5.4, which is lower than the critical 
value of 7.6. Therefore, this set of data is deemed to pass 
the modified Bartlett test at 5% significance level. Similar 
procedures were followed to obtain the results summarised 
in Tables 4 and 5.

Figure A1. Example of Bartlett test statistic profile.
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