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It is now widely accepted that the antiferromagnetic coupling within high temperature supercon-
ductors strongly exhibits a profound correlation with the upper limit of superconducting transition
temperature these materials can reach. Thus, accurately calculating the positive and negative
mechanisms that influence magnetic coupling in specific materials is crucial for the exploration of
superconductivity at higher temperatures. Nevertheless, it is notoriously difficult to establish a
complete description of electron correlations employing ab initio theories because of the large num-
ber of orbitals involved. In this study, we tackle the challenge of achieving high-level ab initio wave
function theory calculations, which allow an explicit treatment of electron correlations associated
with a large number of high-energy orbitals. We elucidate the atomic-shell-wise contributions to
the superexchange coupling in the lanthanum cuprate, including individual effects of high-energy
orbitals (Cu 4d, 5d, 4f, 5p) and cooperative effects between the core and these high-energy orbitals.
Specifically, the prominent contributions from Cu 4d, 5d, 4f and 5p give rise to a rich collection of
previously unexamined superexchange channels. We propose a p-d-f model to universally account
for the contributions of high-energy orbitals at copper sites. Our calculations and physical rational-
izations offer a more robust theoretical foundation for investigating cuprate-type high-temperature
superconductors.

Cuprate unconventional superconductors have received
widespread attention in fields of condensed matter
physics due to their unique role as the first systems dis-
playing superconductivity above liquid nitrogen tempera-
ture [1–3]. Despite extensive research and significant pro-
gresses in the past four decades, the precise microscopic
mechanisms, including material-specific factors, which
underlie the superconductivity have not been fully clari-
fied. The general consensus is that the necessary pairing
mechanism in unconventional superconductivity is medi-
ated by strong spin fluctuations in the anti-ferromagnetic
correlations of these systems, which provide an effective
“glue” for pairing. In this regard, the very large observed
superexchange interaction of cuprate materials is highly
relevant, and understanding the factors which leads to
unusually large superexchange is an important question.
Ab initio calculations based on wavefunction methods
can play a key role in this regard, partly because they are

∗ n.bogdanov@fkf.mpg.de
† a.alavi@fkf.mpg.de
‡ ji.chen@pku.edu.cn

material-specific, and partly because the description of
electronic correlations can systematically controlled and
analysed at various levels of theory. This allows both pre-
dictive calculations on real systems, as well as obtaining
insights into competing effects which give rise to the su-
perexchange, which are very difficult to obtain otherwise
[4–13].
Cuprates crystals are formed of copper-oxygen CuO2

planes and an intercalated ionic bath (Fig. 1a), which
serves mainly as charge reservoirs. In undoped CuO2
planes, Cu and O formally have +2 and −2 valence, re-
spectively. Each Cu2+ has a 3d9 configuration, with one
hole occupying the 3dx2−y2 orbital to form a spin-1/2
site, forming an antiferromagnetic (AFM) ground state
(Fig. 1b)[1, 2]. In the doped case, long-range AFM or-
der breaks down quickly, yet the extra charges from the
ion bath lead to Cooper pair formation in CuO2 planes,
in which spin-fluctuations are nevertheless believed to
play a key role. [1–3]. Recently Wang et al. proposed
an empirical linear dependence between critical temper-
ature (Tc) and AFM coupling in a family of Hg-based
cuprates, where a 1 meV enhancement of AFM coupling
is accompanied by several Kelvins of Tc increase [14].
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FIG. 1. Computational and theoretical models. (a) Crystal structure of La2CuO4. (b) Key aspects of the electronic structure
of cuprates. The leading electron configuration of parent compound’s ground state is shown, where Cu2+ and O2− have 3d9 and
O2− 2p6 configurations, respectively. The pink box highlights the orbitals considered in the 3-band model. (c) Effective low-
energy models derived on key orbitals in cuprates, i.e., Cu 3dx2−y2 and O 2pσ, including the 3-band model and the t-J model.
(d) The Cu2O11La4 cluster containing two nearest-neighbor Cu sites and 3 types of oxygen (bridge, apical and peripheral). (e)
The three-layer embedding scheme adopted in this work. The correlated WFT calculations are performed on the Cu2O11La4
cluster (A, white background), and the environment is split into two layers: the inner quantum projection embedding part (B,
yellow shade), and the outer classical point-charge embedding part (C, cyan shade).

The empirical linear relationship has been further sup-
ported by the theoretical work of Qin et al. [15], which
demonstrated that the maximum superconducting tran-
sition temperature (Tc) of unconventional superconduc-
tors cannot exceed 0.04 to 0.07 times the pairing inter-
action strength. Given the correlation between exchange
interaction J and the upper limit of Tc, in the pursuit
of higher temperature superconducting materials, it is
of utmost importance to accurately compute, with meV-
precision, the mechanisms that either enhance or impede
J .

In recent years, ab initio wave function theories (WFT)
have been developed rapidly, providing new opportunities
to accurately tackle complex materials with strong elec-
tron correlations [16–23]. Such calculations are used to
obtain quantitatively accurate descriptions, to check the
validity of existing models of cuprates, and to provide
better theoretical models to fit experimental measure-
ments [6, 7, 24–30]. The calculations on cuprate super-
conductivity (Tc ∼ 40 K) usually require a meV accu-
racy on their magnetic coupling in their undoped phase,
rather than traditional chemical accuracy (1 kcal/mol ≈
500 K) [1, 2]. Effective models of cuprates, such as the
3-band Hubbard model and the t-J model, consider ef-
fective renormalized interactions within Cu 3dx2−y2 and
O 2pσ orbitals (Fig. 1c) [1, 31]. Some studies would
include Cu 4s and O 2pz orbitals, but recent WFT anal-
yses suggested a more complex picture, such that simpli-

fications could lead to a severe underestimation of the
AFM superexchange, highlighting an essential role of
both static and dynamic correlations from high-energy
bands [2, 6, 24, 25, 27, 32, 33]. For instance, a new su-
perexchange channel due to orbital breathing within the
Cu d shell can bring J up to one half of the experimental
value in Sr2CuO3 and two thirds in La2CuO4 [6]. How-
ever, a considerable portion of J (≈ 35% in La2CuO4,
and ≈ 48% in Sr2CuO3) remains unexplained, indicat-
ing the existence of uncovered channels in superexchange.
Moreover, it is desirable to scrutinize the real interactions
behind the simplified effective models and parameters.

In this work, we devise a computational framework
utilizing three-layer quantum embedding and high-level
WFT to achieve an accurate ab initio calculation of
the nearest-neighbor AFM coupling in the prototypi-
cal cuprate parent compound, La2CuO4. Specifically,
a Cu2O11La4 cluster (Fig. 1d) is selected out of the
La2CuO4 crystal for correlated WFT computations. The
embedding scheme is illustrated in Fig. 1e. The
Cu2O11La4 cluster (A) is surrounded by a 2-layer en-
vironment, the quantum projection embedding (B) [34]
and classical point charge bath (C) , which describe the
short-range and long-range environment interaction, re-
spectively. A new spin-averaged Hartree-Fock scheme
is designed to describe the antiferromagnetic environ-
ment within the mean-field level. The WFT methods
used include complete active space self-consistent field
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(CASSCF) [35], full-configuration interaction quantum
Monte Carlo (FCIQMC) [16, 36], the density matrix
renormalization group (DMRG) [17, 18] and the strongly
contracted second-order n-electron valence state pertur-
bation theory (SC-NEVPT2) [19, 20, 37]. See the Meth-
ods Section for further computational details.
In order to determine the AFM coupling J , we per-

form a calculation of states of different spin multiplic-
ity within the cluster containing two magnetic centers
[38]. J is calculated by the energy difference between
the lowest spin-singlet state and the lowest spin-triplet
state. This method was successfully applied to com-
pute magnetic couplings in various transition-metal ox-
ides [6, 25, 26, 39, 40]. The use of WFT methods al-
lowed us to systematically examine the atomic-orbital
characters of the AFM coupling. This is done by com-
puting J including different sets of high-energy atomic
orbitals in the correlated WFT calculations, and com-
paring their contribution. We find that the contribution
of high-energy orbitals includes two parts, the individ-
ual effect and the cooperative effect, both having promi-
nent impacts on AFM coupling of cuprates. Within the
high-energy orbitals, Cu 4d, 5d, 4f and 5p were found to
contribute the most. Based on the ab initio results, we
establish a theoretical model to describe the previously
unexplored superexchange mechanisms in cuprates.

RESULTS

Superexchange enhancement

Previous ab initio works have already demonstrated
the possibility of superexchange enhancement due to elec-
tron correlation effects [6, 25, 28]. These works pointed
to the collective effects of large numbers of high-energy
orbitals, often referred to as dynamic correlations [41].
Here, in order to lay a solid foundation for further dis-
cussion on orbital contributions, it is necessary to revisit
and clarify the concept of superexchange enhancement
using different orbital settings to calculate J . To achieve
reliable conclusions, we have employed various wave func-
tion methods, the results are summarized in Table I.

First, CASSCF calculations were performed on a small
active space, CAS(4e,3o), including only the essential or-
bitals that correspond the 3-band Hubbard model, i.e.
Cu 3dx2−y2 and bridging O 2pσ. Magnetic coupling
obtained from these calculations turns out to be only
J = 35.5 meV. In line with previous studies, such a cal-
culation results in a significant underestimate of superex-
change fitted from experimental measurements, which is
≈ 138 meV[6, 42, 43]. When the entire Cu 3d, 4d and
the bridging O 2p, 3p shells are included in the active
space, forming CAS(24e,26o), J is enhanced to 92.2 meV
or 92.9 meV using DMRG or FCIQMC solvers respec-
tively. These results further support the orbital breathing
effect, in which the spatial expansion of the effective Cu
3d orbitals due to the correlation with Cu 4d increases

the effective dd-hopping (t) and reduces on-site Coulomb
repulsion (U), eventually enhancing J ≈ 4t2/U [6].
Although the orbital breathing captures the leading

contribution, the calculated J is still 30 - 50 meV away
from the reference values [42, 43]. Once we consider the
effect of the whole orbital space using NEVPT2 on top of
the CAS(24e,26o) reference wave function, we find that
J increases to 143.8 meV, which is close to the experi-
ment value, manifesting the significant enhancement due
to correlations with higher-energy orbitals [6, 42, 43].
To further support the validity of embedding treat-

ment, we demonstrate the weak influence of the environ-
ment by excluding the empty orbitals of region B from
the perturbation space. Since all the occupied orbitals
in region B have been projected out in the embedding
scheme [34], the remaining environment orbital space
consists of only B virtual orbitals. The exclusion of B
virtual orbitals reduces the number of the correlated vir-
tual orbitals from 368 to 180, yet AFM J is decreased by
only 2 meV (143.8 meV to 141.7 meV). The result con-
taining correlation effects of environment empty orbitals
is also consistent with the literature where the environ-
ment is treated with classical Coulomb potential of point
charges and effective core potentials (ECP) [6, 25, 26].
This confirms that the environment effects on AFM cou-
pling are negligible.
Having reproduced all the known correlation effects for

superexchange enhancement in cuprates, we are ready to
further disentangle the contributions of core and virtual
orbitals. We can conceptually divide the correlation ef-
fects of the core and virtual orbitals into three parts (Fig.
2a). (i) The part that only involves the virtual orbitals
and is unrelated to the core. This refers to the contribu-
tion resulting from the correlation of active electrons in
virtual orbitals, abbreviated as “individual virtual con-
tribution” (IVC). It is mainly related to the excitation of
active electrons to specific virtual orbitals, such as inter-
site hopping paths or radial diffusion of Cu 3d electrons.
(ii) The part that only involves the core orbitals and is

TABLE I. AFM coupling J with different WFT calculations.
“PT” stands for “perturbation”. The (mc,nv) in “PT size”
column means that m core orbitals and n virtual orbitals are
correlated in NEVPT2 calculations. Experimental values are
taken from spin wave measurements. The “ED” refers to ex-
act diagonalization using Davidson algorithm as the eigen-
value solver.
CAS size CAS solver PT space PT size J (meV)
(4e,3o) ED None None 35.51

(24e,26o) DMRG None None 92.24
(24e,26o) FCIQMC None None 92.9(8)
(24e,26o) DMRG Full WFT space (86c,368v) 143.78
(24e,26o) DMRG Frozen env (86c,180v) 141.73
(24e,26o) DMRG Frozen core (0c,180v) 123.74
(24e,26o) DMRG Frozen virt (86c,0v) 91.82

Exp. 120 [42]
138 [43]
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FIG. 2. Diagrams displaying atomic-shell-wise contributions to superexchange enhancement. (a) Scheme showing different
contributions. Orbital contributions beyond CAS can be divided into 3 parts according to the nature of their electronic
configuration: ICC, where electrons are excited from core shells to active space; IVC, where electrons are excited from active
space to virtual shells; and CV-CC, where both core excitations and virtual excitations occur. (b) The weight of different
sources of AFM enhancement shown as a pie chart. The multi-reference CAS wave function involving Cu 3d, 4d, and bridging
O 2p, 3p adds ∼92 meV to AFM coupling. The remaining substantial orbitals contributions are IVC (∼31 meV) and CV-CC
(∼18 meV), while ICC (< 1 meV) and environment orbitals beyond Cu2O7 unit (4 ∼ 2 meV) are negligible. (c) The contribution
of different core shells to CV-CC. “Deep core” denotes atomic shells Cu 1s, Cu 2s, Cu 2p and O 1s. The combined contribution
of all core shells equals CV-CC (18.0 meV) and is set as 100%. The summed contribution of all non-intersecting core shells is
16.7 meV. (d) The contribution of different virtual shells to IVC and CV-CC. The perturbation space in core orbitals is fixed
to the Core-CuO space (see the main text for details). The combined contribution equals IVC + CV-CC (48.8 meV) and is set
as 100%. The summed contribution of all non-intersecting virtual shells is 53.5 meV. The reference space (B) for atomic shell
contributions shown in (c) and (d) is discussed in SI Section I.

unrelated to the virtual orbitals. This defines the cor-
relation between core and active electrons, abbreviated
as “individual core contribution” (ICC), and is mainly
related to hole excitations from active space to core or-
bitals. (iii) The part that involves core and virtual or-
bitals simultaneously, abbreviated as “core-virtual coop-
erative contribution” (CV-CC).

Let us define AFM J from CAS(24e,26o) be JCAS =
92.2 meV, and IVC, ICC, and CV-CC to AFM J be
∆IVC, ∆ICC, and ∆CV-CC, respectively. Then J corre-
lating different PT orbital sets can be written as

Jv = JCAS +∆IVC,

Jc = JCAS +∆ICC,

Jcv = JCAS +∆ICC +∆IVC +∆CV-CC,

(1)

where Jc, Jv, Jcv denote AFM J obtained in three dif-

ferent perturbation settings respectively: core space only
(Jc), virtual space only (Jv), and core and virtual both
(Jcv). In other words, CV-CC represents the part of the
correlation effect that arises only when both core and
virtual correlations are present.

To evaluate sources of different contributions,
NEVPT2 calculations on top of the CAS(24e,26o)
reference are conducted with different perturbation
space selections. We observe that removing virtual
orbitals from the perturbation treatment causes J to
fall from Jcv = 141.7 meV to Jc = 91.8 meV, while
removing core orbitals leads to a much smaller re-
duction, Jv = 123.7 meV. In this way, one can see
that the correlation effects consist mainly from two
parts, IVC (∼ 31 meV) and CV-CC (∼ 18 meV). The
individual core contribution, ICC, is in fact negligible
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(|∆ICC| < 1 meV). Hence, core orbitals only have
an influence on J when treated together with virtual
orbitals, while virtual orbitals lead to an enhancement of
J by ∼ 31 meV even when they are present alone (Fig.
2b).

In this subsection, we have considered orbitals outside
the CAS(24e,26o) space, investigating the effects of both
the cluster’s additional orbitals and the environmental
orbitals on the AFM coupling between the Cu sites. Fur-
thermore, the core and virtual orbitals within the cluster
can be subdivided into separate atomic shells. In the
next two subsections, we will further elucidate the con-
tributions from these atomic shells, identify the crucial
shells, and thereby uncover potential new superexchange
pathways.

Atomic-shell-wise correlation effects

First, we discuss how each core and virtual shell con-
tribute to superexchange (Fig. 2c-d), and identify the
shells having significant impact on AFM J . The contri-
bution of a set of core orbitals X can be evaluated by
comparing the AFM coupling calculation with and with-
out X included in the correlation treatment.

∆B[X] = J [B]− J [B \X] (2)

where the contribution of X, ∆B[X], is the difference
of J brought by the inclusion of X in the correlated
WFT solver, with B being the corresponding reference
space. This way, the contribution of X depends on the
reference space B. Therefore, to ensure the validity of
comparison, the contributions of different shells are cal-
culated using the same reference space. More detailed
description of reference space selection can be seen in
SI Section I. After calculating the contribution of sev-
eral atomic shells {X1, ..., XN}, we also check the differ-
ence between the summed contribution

∑N
i=1 ∆B[Xi] and

the combined one ∆B

[⋃N
i=1 Xi

]
. This difference denotes

the non-additive cooperative effects between the selected
shells {X1, ..., XN}. As discussed in the previous section,
significant core contributions occur only if both core and
virtual shells are correlated, therefore the core contribu-
tions listed below belong to CV-CC.

The contributions of each core atomic shell are shown
in Fig. 2c. Core orbital contribution to J are mainly
concentrated in a set of shallow orbitals, termed “Core-
CuO”, which consists of Cu 3s, 3p, Ob 2s and O(a,p) 2s,
2p. The subscript in O(b,a,p) denotes the bridging, apical
and peripheral oxygens, respectively, as illustrated in Fig.
1d. The rest of core orbitals, i.e. deep-core orbitals (O
K, Cu K and L shells), and La orbitals (5s 5p), all exhibit
very small contributions to J , less than 0.7 meV in total.
Therefore, Core-CuO encompasses the dominant electron
correlation effects within the core shell, and thus is used
as the perturbative core space in subsequent calculations

TABLE II. The cooperative effects (∆coop.[C, X]) between
core and virtual orbitals, evaluated as the difference between
calculations with and without core. C stands for “Core-CuO”
described in the text. Details of the reference PT space are
presented in Tables SI and SV in the SI.

virtual shell X with core w/o core ∆coop.[C, X]
∆C [X] ∆[X]

Cu 4f 5p 5d 34.6 35.5 −0.8
Ob 3s Op 3s 3p Cu 4p 2.5 2.4 0.1

La 5d 4.1 0.8 3.3
Cu 4s 5s −0.1 0.3 −0.5
Oa 3s 3p 0.5 0.2 0.3
La 6s 6p 1.5 0.3 1.2
Cu 6s 6p 3.1 0.2 2.9
Ob 3d 0.6 −8.6 9.1

O(a,p) 3d 2.1 0.5 1.6
Total 48.8 31.5 17.3

on virtual shells. Among all the core orbital contribu-
tions, the peripheral O 2s and 2p shells are the most im-
portant ones, contributing 11.5 meV. We also find that
this contribution can be further divided into two parts:
5.8 meV individual effect of 2p, and 5.3 meV cooperative
effect between 2s and 2p. Note that the found cooper-
ative effect is a justification for the well known O 2p-
Cu 3d correlation. It is also worth mentioning that the
cooperative effects within core shells, measured by the
difference between the combined and the summed con-
tributions (Fig. 2c), is negligible (1.3 meV). This ensures
the validity of discussion about the individual contribu-
tions of each atomic orbital shell.

The contributions of virtual atomic shells are investi-
gated the same way, with the only difference being that
virtual orbitals are subject to both IVC and CV-CC (Fig.
2d). The perturbative core space is set to Core-CuO,
such that both the individual and the cooperative vir-
tual orbitals contributions are included. Interestingly,
unlike the core space, high-energy orbitals in the virtual
space do make important contributions. For example,
the largest contributions of virtual orbitals come from
high-energy shells, namely from Cu 5d (16.7 meV), Cu 5p
(11.6 meV), and Cu 4f (8.2 meV) orbitals. These shells
together make up approximately 70% of the remaining
unexplained AFM coupling. The effect of Cu 5d is the
orbital breathing, similar to the effect of Cu 4d. These
high-energy Cu d orbitals are relatively diffuse, promot-
ing hopping between neighboring sites (increasing t) and
weakening the on-site repulsion of effective 3d orbitals
(reducing U). Strikingly, our calculations indicate that
orbitals with other symmetries, namely Cu 4f and 5p,
also contribute to the AFM coupling enhancement. This
will be discussed later in the subsection .
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Cooperative effects between core and virtual orbitals

Once we have identified core and virtual shells cru-
cial for exchange, we can further differentiate the indi-
vidual effects of virtual shells (IVC) from the cooper-
ative effects between core and virtual shells (CV-CC)
establishing the basis for an integrated theoretical pic-
ture of AFM exchange. To achieve this, we calculate the
contribution of each virtual shell X with and without
core orbitals (C) being correlated, denoted as ∆B∪C [X]
and ∆B[X], respectively. The cooperative effect be-
tween core shell C and a virtual shell X, referred to as
∆coop.

B [C, X] = ∆B∪C [X] − ∆B[X], is listed in Table II.
One can observe that the virtual shells Cu 4f, 5p, and 5d
do not exhibit cooperative effects with the core, despite
their large individual effects on J . The shells with signif-
icant cooperative effects are oxygen 3d and highly-diffuse
orbitals, e.g. Cu 6s 6p, La 5d 6s 6p. Although pertur-
bation theory usually suggests that orbitals with higher
energies play less important role in low-energy physics,
our calculations demonstrate that their contributions are
not trivial.

In particular, the contribution of bridging oxygen 3d
orbitals (Ob 3d) to AFM coupling shows a peculiar fea-
ture. Without the correlation of core orbitals, the in-
clusion of Ob 3d results in a significant reduction of J
(−8.6 meV), indicating that the inclusion of Ob 3d alone
introduces an extra hopping pathway between nearest-
neighbor copper sites. Due to the even parity of O 3d
orbitals, the contribution from this two-step hopping has
the opposite sign compared to the original dd-hopping,
thereby weakening AFM coupling. However, with the
core orbitals correlated, the aforementioned weakening
of AFM coupling is counterbalanced.

Computational results of two subsections above are
summarized in a schematic diagram presented in Fig. 2b,
illustrating the contributions of various atomic orbitals to
the AFM coupling. This includes a ∼ 92 meV contribu-
tion from CAS(24e,26o), ∼ 31 meV from the individual
contributions of virtual orbitals, ∼18 meV from the coop-
erative contributions between virtual and core orbitals,
and approximately ∼ 2 meV from the environmental ef-
fects. Within the individual contributions of virtual or-
bitals, the prominent correlation effects from Cu high-
energy orbitals (4f, 5d and 5p) are found, demonstrating
their relevance for the exchange process. Among the co-
operative contributions between virtual and core orbitals,
most significant effects arise from virtual La, high-energy
Cu (6s, 6p), and O 3d orbitals.

Extended theoretical models for cuprates

Following numerical evidence of prominent contribu-
tions of high-energy orbitals, it is instructive to establish
an effective model beyond minimal that can faithfully
capture elemental exchange mechanisms behind the large
AFM coupling in cuprates, providing new foundations to
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FIG. 3. Diagram of the p-d-f model showing Cu 4f and
5p contributions to AFM coupling. (a) The periodic version
of 4-band p-d-f model. Each Cu2+ ion contains a 3dx2−y2

orbital (labelled as d) and another high-energy orbital which
can be either 4f or 5p (labelled as f). Each O2− ion has its
2pσ labelled as p. (b) The 2-site local version of p-d-f model.
The 5 orbitals in the model is shown in their energy ordering,
along with all the inter-orbital integrals in the model. Among
these orbitals, the two integrals involving f -levels, Kdf (blue)
and tpf (red), are the main source of f participation in AFM
coupling enhancement. Other integrals belong to a revision
of 3-band model with inter-site exchange integrals, Kpd, and
direct dd-hopping, tdd, and a more complicated form of dp-
hopping (SI Section III).

study their emergent physics. We start with the orbital
breathing model [6] proposed for Cu 4d, but also valid
for Cu 5d, where the on-site exchange integrals serve as
a driving force, formulated as

K =
∫

dr1dr2
φ∗
3d(r1)φ3d(r1)φ∗

3d(r2)φ5d(r2)
|r1 − r2|

. (3)

The correlation of diffuse Cu d orbitals promotes the ef-
fective dd-hopping and reduces the on-site Coulomb re-
pulsion, and thus enhances J . However, a substitution
of 5d orbital with 4f or 5p in the integral above yields a
vanishing K due to the odd parity of 4f or 5p orbitals.
Therefore, the contribution coming from Cu 4f and 5p
cannot be explained within the orbital breathing mecha-
nism. To this end, we propose a further extension of the
effective model, termed “p-d-f model”.
The 2-site p-d-f model contains 3 types of orbitals, Cu

3dx2−y2 (d), O 2pσ (p), and an additional orbital which
can be either Cu 4f or 5p, denoted as f (see Fig. 3).
The Hamiltonian then includes terms corresponding to
the integrals found to be important in ab initio calcu-
lations. Those are on-site (Up, Ud) and nearest-neighbor
Upd Coulomb repulsion terms, nearest-neighbor hoppings
tpd, tpf and tdd, and exchange integrals Kpd and Kdf .
Kdf (colored in blue in Fig. 3) and tpf (colored in red in
Fig. 3) are the only two integrals that involve interaction
with high-energy f -levels. They represent two different
superexchange channels that play important role for Cu
4f and 5p contributions, respectively, termed as “df an-
gular exchange” and “pf direct hopping”. The integrals
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are defined as follows.

Kdf =
∫

dr1dr2
φ∗
d(r1)φf (r1)φ∗

d(r2)φf (r2)
|r1 − r2|

tpf =
∫

dr1dr2φ∗
p(r1)Ĥ1-body(r1, r2)φf (r2)

(4)

We can split the Hamiltonian for the 2-site p-d-f model
into an unperturbed Ĥ0 and a perturbation Ĥ1. Ĥ0 in-
cludes orbital energy and Coulomb repulsion terms:

Ĥ0 = ϵd

2∑
L=1

n̂Ld + ϵpn̂p + ϵf

2∑
L=1

n̂Lf + Ud

2∑
L=1

n̂Ld↑n̂Ld↓

+ Upd

2∑
L=1

n̂Ldn̂p + Upn̂p↑n̂p↓ + Uddn̂d1n̂d2.

(5)
Here n̂x denotes the electron number operator of spatial
orbital x, and nLd and nLd↑ denote the spin-summed and
spin-up electron number operator on d orbital of Cu atom
L, respectively. The perturbative part Ĥ1 is formulated
as

Ĥ1 =
(
ĥd1,p(−tpd1(n̂d1 −

1
2) + tpd2(n̂p −

1
2) + tpd3n̂d2)

−ĥd2,p(−tpd1(n̂d2 −
1
2) + tpd2(n̂p −

1
2) + tpd3n̂d1)

)
+ (h.c.) + tpf (ĥf1,p + ĥf2,p) + tddĥd1,d2

+ 1
2Kpd

2∑
L=1

(
ĥ2
dL,p − n̂dL − n̂p

)
+ 1

2Kdf

2∑
L=1

(
ĥ2
dL,fL − n̂dL − n̂fL

)
,

(6)
where ĥxy =

∑
σ (x̂

†
σ ŷσ + ŷ†σx̂σ) denotes the hopping be-

tween two spatial orbitals x and y. tpd1, tpd2 and tpd3
denote dp-hopping related to different integrals. The val-
ues of all parameters can be estimated from the ab initio
Hamiltonian with only the five orbitals corresponding to
the model levels being active. The full table of param-
eters is presented in SI Table SVI. It turns out that df
angular exchange channel, represented by Kdf , plays the
dominant role for the Cu 4f contribution to J . For Cu
5p orbitals contribution, however, the pf direct hopping
surpasses the df channel and becomes the leading force.
In the following text, the contributions of Kdf and tpf
to AFM J will be considered separately. The rest of the
Hamiltonian is a variant of 3-band model, which contains
direct dd hopping tdd and dp-exchange Kpd. We perform
analysis of the 2-site p-d-f model using the downfolding
and perturbation method, which are explained in detail
in SI Section II.

Setting |d1↑d2↓p2⟩ and |d1↓d2↑p2⟩ to be the reference
states, one can obtain the effective Hamiltonian on these
states, and then the AFM coupling as the spin gap within
the effective Hamiltonian. First, we constrain ourselves

to the lowest order contribution to AFM coupling, the
second-order with respect to (H1) ((H1)2-order) pertur-
bation; magnetic coupling obtained this way is denoted
as J (2). It resembles the known result J (2) = 4t2dd/Ueff,
where Ueff is calculated as Ueff = Ud − Udd = E[d21p2] −
E[d1↑d2↓p2], and does not contain any f -level contribu-
tion to AFM coupling.
Moving to higher-order perturbations one by one,

we find that Kdf contribution shows up only at the
(H1)4(ϵf −ϵd)−1 order. If we adopt J (m,n) notation for J
obtained using the (H1)m(ϵf − ϵd)−n-order perturbation,
the leading contribution of Kdf to J is J (4,1)

K :

J
(4,1)
K =

2K2
df t

2
dd

(ϵf − ϵd)U2
eff
. (7)

J
(4,1)
K is always positive, which indicates the AFM con-

tribution of Cu 4f to magnetic coupling.
The lowest-order occurrence of tpf is at (H1)4(ϵf −

ϵd)−2 and (H1)5(ϵf − ϵd)−1 order. The former reads

J
(4,2)
t =

16t2pf t2dd
(ϵf − ϵd)2Ueff

, (8)

while the latter is

J
(5,1)
t =

16t2pf t2
(ϵf − ϵd)U3

1CT

(
tddt1U1CT

Ueff
+ tpd2(Kpd − tdd)

)
,

(9)
where U1CT = ϵd−ϵp+Ud−Upd+Udd+Up = E[d21d2↓p↑]−
E[d1↑d2↓p2], t1 = ⟨d1↓d22p↑|Ĥ|d22p2⟩ = 2tpd3 + tpd2, and
t2 = ⟨d1↓d2↑p2|Ĥ|d1↓d22p↑⟩ = tpd1 − tpd2 − tpd3. Our nu-
merical results show Kpd > tdd, hence both J

(4,2)
t and

J
(5,1)
t are positive contributions to J . This demonstrates

the AFM contribution to J arising from the Cu 5p or-
bitals.
In summary, based on the extended model, we find

the increase of AFM J due to the introduction of Cu
4f and 5p have different sources. Cu 4f orbitals are
involved with df angular exchange channel of superex-
change characterized with Kdf , which reduces the effec-
tive 3d on-site Hubbard repulsion by accepting electron-
pair hopping from 3d to 4f. Among the Cu 4f shell, the
x(x2 − y2), y(x2 − y2) and z(x2 − y2) components have
the largest Kdf integrals (∼ 0.1 Eh) and contribute the
most to the df angular exchange channel. Cu 5p or-
bitals, however, do not have such large Kdf integrals,
and participate in AFM coupling via pf direct hopping
characterized with tpf . The presented p-d-f model can
be further employed in future theoretical research to en-
code electron correlations within high-energy bands, im-
proving the low-energy models and our understanding of
high-temperature superconductivity.
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DISCUSSION

By leveraging accurate correlated WFT calcula-
tions, we have comprensensively elucidated the orbtial-
resolved contributions to the superexchange mechanism
in cuprates. The exceptionally strong AFM coupling
prevalent in these materials has been demonstrated
to predominantly originate from electronic correlations
within the high-energy copper bands. This correlation-
driven enhancement comprises three synergistic compo-
nents: (i) The radial breathing effect, manifested in high-
energy Cu d orbitals such as 4d and 5d, arises from ra-
dial hybridization between Cu 3d orbitals. (ii) The an-
gular exchange effect, prominent in Cu 4f orbitals, stems
from exchange interactions between d-orbitals and those
with distinct angular momentum symmetries; (iii) The
direct hopping effect, observed in Cu 5p orbitals, emerges
from oxygen-mediated hopping processes involving high-
energy Cu orbitals. Collectively, these mechanisms mag-
nify the Cu-centered AFM exchange interaction from an
unrenormalized value of ∼ 35 meV to ∼ 127 meV, es-
tablishing the microscopic foundation for the extraordi-
nary spin-fluctuation-mediated high-temperature super-
conductivity.

Our quantitative analysis further elucidates the col-
lective effects of high-energy atomic shells on mag-
netic coupling. The collective effects can be catego-
rized into individual virtual contributions (IVC, 31 meV),
core-virtual cooperative contributions (CV-CC, 18 meV),
and environmental contributions (2 meV), according to
the orbitals excitations involved. The aforementioned
mechanisms driven by copper orbitals primarily operate
through individual orbital channels, while cooperative ef-
fects are manifested primarily in O 3d orbitals and highly
delocalized Cu/La states. These computational insights
reveal the atomic-scale origins of dominant electronic cor-
relation effects on magnetic coupling, offering a refined
perspective on the physics of cuprates.

Significantly, this work uncovers a more comprehen-
sive picture of high-energy orbital correlation effects on
enhancing the nearest neighbor AFM coupling. This
achievement not only provides guidance to design appro-
priate active spaces for subsequent theoretical calcula-
tions, but also identifies the physically most crucial chan-
nels in superexchange formation. Our study accentuates
the significance of high-energy Cu orbitals within the low-
energy physics of cuprates, paving the way for improving
commonly used theoretical models. The rectification of
high-energy copper bands in low-energy models may en-
compass the following facets: (i) amendments to effective
parameters in existing 3-band models; (ii) expansions of
the model to incorporate p-d bands; (iii) extensions of
the model to account for high-energy bands. All these
aspects can potentially tailor the model phase diagram
behavior in a quantitative or qualitative way. This study
also lay a solid foundation to further explore the dynamic
correlation effects beyond AFM coupling in cuprates. Re-
solving the correlation effects on doped states or longer-

range magnetic coupling will further advance our under-
standing of relationship between chemical composition
and physical properties of high-temperature supercon-
ductors.

METHODS

The crystal structure of La2CuO4 is taken from Crys-
tallography Open Database No. 2002183 [44, 45], with
an orthorhombic Abma symmetry and crystal constants
a = 5.406Å, b = 5.370Å, c = 13.15Å (Fig. 1a). In
our embedding computation scheme, the La2CuO4 crys-
tal is divided into 3 layers (Fig. 1e): core layer (A)
(Cu2O11La4) handled with high-order wave function the-
ories, middle layer (B) (Cu6O16La12) handled with spin-
averaged Hartree-Fock, and outermost layer (C) handled
as an array of point charges.

Point charge embedding

As the first step of our embedding procedure, an array
of point charges located outside of A+B (quantum clus-
ter) is generated to reproduce the electrostatic potential
within the quantum cluster with the chargedel tool, us-
ing the extended Evjen scheme [46, 47]. The Cu8O27La16
quantum cluster is centered at two nearest neighbor cop-
per sites and contains all atoms adjacent to these sites
(Fig. 1e). The electrostatic potential within the quantum
region is approximated to reproduce the Madelung po-
tential, assuming that La, Cu and O have formal charges
of +3, +2, −2 valence. The point charges are further
divided into 2 parts, the normal charges and the scaled
charges. The normal charges are point charges placed
at the atom sites close to the quantum cluster with the
formal charge values. The scaled charges are placed at
the atom sites farther away from quantum cluster with
charges scaled according to [46] to ensure fast conver-
gence to the Madelung potential.

Projection embedding calculation

A smaller cluster, Cu2O11La4, is selected out of the
center of quantum cluster as WFT cluster (A) to host the
correlation treatment (Fig. 1e). The cluster A consists of
a Cu-O-Cu structure, along with its 6 peripheral oxygen,
4 apical oxygen and 4 shoulder lanthanum atoms (Fig.
1d). All Cu and O atoms within A are treated with cc-
pVDZ basis set (Cu: 6s5p3d1f; O: 3s2p1d) [48, 49], while
La atoms are treated with a 2s2p1d basis set selected
out of ECP46MWB with ECP [50]. B layer atoms are
treated with smaller basis sets where more core electrons
are represented with ECP [51, 52], whose details can be
found in SI. The entire basis set of A+B has 590 basis
functions and 410 electrons (Fig. 4a step 1).
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FIG. 4. Computational workflow and settings. (a) Quantum embedding scheme. A 3-layer spin-averaged Hartree-Fock
calculation partitions the entire orbital space into 3 parts: empty, singly occupied and doubly occupied orbitals. Pipek-
Mezey (PM) localization method is then used to partition singly and doubly occupied orbitals into those localized in region
A (blue rectangle) and those localized in region B (red rectangle), from which RDMs of A and B (γA and γB) are obtained.
γA and γB are then used to construct embedding potential Vemb and Eemb. B occupied orbitals are projected out of WFT
calculation by shifting their energy by a large positive value µ, while the remaining orbital space (blue polygon) is considered for
subsequent WFT calculations. (b) Correlated WFT calculations using CASSCF(4e,3o), DMRG+CASSCF(24e,26o), NEVPT2
and FCIQMC. Dark grey color with red boundary shows the projected occupied orbitals of region B. The “core”, “active” and
“virtual” denote the doubly occupied, correlated and empty orbitals, respectively. In NEVPT2 calculations, these terms mean
perturbative core orbitals, multi-reference wave function space and perturbative virtual orbitals, respectively. Light grey shades
indicate the frozen virtual/core orbitals in NEVPT2 and FCIQMC calculations.

The projection embedding scheme is followed to obtain
an embedded Hamiltonian of A to describe its local elec-
tronic structure (Fig. 4a), similar to procedure in Ref
[34]. The basic idea of projection embedding, in the case
of WFT in HF, is to freeze the buffer wave function to
the HF result. One starts from a converged HF solution
for the whole quantum cluster (Fig. 4a step 2), parti-
tions it into a direct product of cluster (A) and buffer
(B), and then change A wave function to a correlated
one, but leave B wave function unchanged. The freez-
ing of B wave function is achieved in two steps: (1) by
adding the Coulomb and exchange interaction between A
and B into the external potential experienced by A, and
(2) by increasing the energies of B-occupied orbitals by a
large value, to effectively exclude those from subsequent
calculations.

In cuprates, however, the ground state of parent com-

pounds, even of a local cluster, is an antiferromagnetic
state where spin-1/2 sites of A are entangled with those of
B, such that A+B cannot be approximated by a product
spin-adapted HF wave function. Therefore, in this work,
a modified three-layer HF scheme, termed “spin-averaged
HF”, is used to obtain a spin-averaged open-shell environ-
ment for the cluster A, which preserves the direct prod-
uct separability. In the following sub-sections, we will
introduce the original projection embedding method, its
spin-averaged HF variant, and the localization method
in the presence of the spin-averaged HF.

Original projection embedding method

Let the quantum cluster HF wave function be |Ψ0⟩, and
assume that it can be partitioned into a direct product
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of A and B.

|Ψ0⟩ = Â†
0B̂

†
0|vac⟩ (10)

The correlated methods are used to get a Â† to describe
A better. The embedded Hamiltonian is defined as

⟨Ψ1
A|Ĥemb|Ψ2

A⟩ = ⟨Ψ1
A|B̂0ĤB̂†

0|Ψ
2
A⟩ (11)

In this embedded Hamiltonian, the density matrix of B
subsystem serves as a parameter, which is formulated as

(ρ0B)pq = ⟨vac|B̂0p̂
†q̂B̂†

0|vac⟩ (12)

Then the embedding Hamiltonian can be formulated as

⟨Ψ1
A|Ĥemb|Ψ2

A⟩
= ⟨Ψ1

A|B̂0
[
ĤA + ĤB

+
∑

a1a2b1b2

(
(a1a2|b1b2)− (a1b2|b1a2)

)
â†1b̂

†
1b̂2â2

]
B̂†

0|Ψ
2
A⟩

= ⟨Ψ1
A|
[
ĤA + E0

B

+
∑

a1a2b1b2

(
(a1a2|b1b2)− (a1b2|b1a2)

)
â†1â2(ρ

0
B)b1b2

]
|Ψ2

A⟩

(13)
The 1-body embedding potential is

V̂emb =
∑

a1a2b1b2

(
(a1a2|b1b2)− (a1b2|b1a2)

)
â†1â2(ρ

0
B)b1b2

= (F [ρ0A + ρ0B ]− F [ρ0A])a1a2 â
†
1â2.

(14)
The energy shift is

Eemb = E0
B = E[ρ0A + ρ0B ]− E[ρ0A]

−
∑
a1a2

(F [ρ0A + ρ0B ]− F [ρ0A])a1a2(ρ0A)a1a2 .
(15)

F [·] and E[·] denote Fock matrix and energy functional of
Hartree-Fock type, respectively. These additional terms
are called embedding potential and energy correction, re-
spectively. However, the embedding potential cannot re-
strict A wave function onto A orbitals, since B’s occupied
orbitals are still of low energy. Therefore, an energy shift-
ing term (“projection term”) is added to the embedding
potential to raise the B occupied orbital energy to a pro-
hibitively high level, forbidding A electrons to interact
with them (Fig. 4a step 3 and 4).

P̂B = µ
∑
b

b̂†b̂ (16)

In this work, we set µ = 105Eh.
In this way, we obtain the embedding potential V̂emb+

P̂B and the energy correction Êemb, which describes the
effect of environment B on A with B’s density matrix as
the only requirement.

Spin-averaged HF variant of projection embedding

In cuprates, the AFM ground state cannot be ex-
pressed with conventional RHF or ROHF wave functions,
even approximately. In order to describe AFM envi-
ronment at the mean-field level, we proposed a revised
version of Hartree-Fock theory named spin-averaged HF
to settle this problem. This procedure is similar to
configuration-averaged Hartree–Fock (CAHF) [53, 54].

The spin-1/2 sites form AFM ground state, which can
neither be separated into a direct product of A and B,
nor expressed as a Slater determinant (SD), even in an
approximate way. A direct localization of RHF orbitals
requires ad-mixture between occupied and unoccupied
orbitals, which changes the RDM. However, following
smearing methods of SCF, we can define a Fock matrix
with spinless fractional occupation.

Fpq = hpq+
∑
r

fr

(
(pq|rr)− 1

2(pr|rq)
)
, fr =

 2, r ∈ d;
1, r ∈ s;
0, r ∈ u.

(17)
where p, q and r denote spatial MOs, and fr denote
the occupation number of r, and d, s, u denote doubly-
occupied, singly-occupied and empty orbitals, respec-
tively (Fig. 4a step 2). In our system, the orbital oc-
cupation numbers are set according to the orbital energy
order, and the number of Cu 3dx2−y2 open-shell orbitals
of the system (Fig. 1d). SCF calculations can be done to
diagonalize this Fock matrix, which yields a mean field
approximation to the AFM ground state of the system,
as well as a set of well-behaved orbitals as a starting point
for further analysis. Since this HF method describes
open-shell systems by considering the average effect of
different spin configurations of environment, rather than
a specific spin configuration, we dub this scheme “spin-
averaged HF”.

Localization method

dA, dB , sA, sB denote the intersection between doubly
(singly) occupied orbitals and A (B) subsystem, and sub-
system orbital set is defined by PM localization method
(Fig. 4a step 3). This density matrix is then substituted
into Eq (14) and Eq (15) to get the 1-body and 0-body
embedding potential.

After delocalized spin-averaged HF orbitals are con-
structed, the (spin-traced) density matrix by mixed-HF
is

(ρ0)pq = fpδpq, (18)

Pipek-Mezey (PM) localization methods are used in
doubly- (d) and singly-occupied (s) subspaces, respec-
tively, to get localized orbitals without mixing orbitals of
different occupation number. The subsystem partition
of each local orbital is determined by the atom closest to
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it. If the closest atom to an orbital is a Cu2O11La4 (A)
atom, then the orbital is labelled as A. If a Cu6O16La12
(B) atom is the closest, then the orbital is labelled as B.
Then the total spin-averaged HF density matrix is parti-
tioned into subsystem A and B, defined as follows.

(ρ0A)pq =

 2δpq, p ∈ d ∩A;
δpq, p ∈ s ∩A;
0, p ∈ u ∪ B.

(ρ0B)pq =

 2δpq, p ∈ d ∩ B;
δpq, p ∈ s ∩ B;
0, p ∈ u ∪A.

(19)

ρ0A and ρ0B is then substituted into Eq (14) and Eq (15)
for the embedding potential (Fig. 4a step 4).

Correlated WFT calculations

After the embedding potential is obtained, different
WFT calculations are conducted to calculate the corre-
lation effects on the magnetic coupling J at different lev-
els of approximation. The WFT calculation methods are
illustrated in Fig. 4b, and described as follows.

CASSCF with DMRG as FCI solver (DMRG-CASSCF)

As the first step, CASSCF calculation on a small
CAS (4e,3o) is performed with exact diagonalization FCI
solver with PySCF[55, 56] (Fig. 4b step 1). The CAS
consists of Cu 3dx2−y2 and bridging O 2pσ, and atomic
valence active space (AVAS) [57] technique is used to
generate the initial guess for orbital optimization. Then
CASSCF on CAS(24e,26o) is performed with DMRG as
the FCI solver. DMRG is performed using the BLOCK2
package [17], with PySCF as the CASSCF driver[56] (Fig.
4b step 2). The DMRG calculation is performed with
bond dimension M = 1000. The enlarged CAS includes
the full Cu 3d space and bridging O 2p space, as well
as higher-energy Cu 4d and bridging O 3p. In both
CASSCF(4e,3o) and CASSCF(24e,26o), the singlet and
triplet states are converged. The converged orbital set
from CASSCF(24e,26o) is used in the subsequent steps.

Multi-reference perturbation (MRPT)

After DMRG-based orbital optimization, the effects of
higher-energy orbitals are studied by correlating high-
energy orbitals with the strongly contracted second-
order n-electron valence state perturbation theory (SC-
NEVPT2) with compressed perturber on the basis of
DMRG (Fig. 4b step 3). [19, 20, 37] The NEVPT2 cal-
culations can be split into three parts. First, the whole
cluster space (blue polygon in Fig. 4a step 4) is included
in PT space to calculate the dynamic correlation effect
of all high-energy orbitals. Next, the environment empty

orbitals are removed from PT space to calculate the en-
vironment effects (Fig. 4b step 4). Finally, multiple PT
space settings are used to figure out the individual effects
of each orbital shells (Fig. 4b step 5). Bond dimension
M = 1000 and CAS(24e,26o) are used in all CAS and PT
space settings. The atomic orbital shells in step 4 and
5 are defined by orthogonal projection of meta-Löwdin
atomic orbitals [58] onto the core or virtual space, fol-
lowed by a Gram-Schmidt orthogonalization to preserve
the orbitals’ similarity to meta-Löwdin AOs.

Full configuration interaction quantum Monte Carlo
(FCIQMC)

In order to examine the accuracy of NEVPT2,
FCIQMC calculations are performed and compared with
NEVPT2 results on several small PT spaces (Fig. 4b
step 6) [16, 36]. To improve convergence and reduce com-
putational errors, we use the initiator approximation and
adaptive shift methods throughout this work, with an ini-
tiator threshold na = 3 [59, 60]. We use a semi-stochastic
approach with a deterministic space size of 1000 [61]. To
obtain statistical average of energy, trial wave functions
are constructed by diagonalizing the Hamiltonian within
a subspace spanned by 10 most occupied SDs. In order
to eliminate the initiator errors, we test FCIQMC with
varying numbers of walkers, reaching up to 100 million
walkers, such that the systematic error in energy is re-
duced to below 2 meV, which is very close to the typical
statistic error in these systems. FCIQMC calculations on
several typical active spaces involved in AFM J are per-
formed to check their perturbation error. The FCIQMC
results are presented in SI Section IV.

WFT evaluation of AFM coupling J

To compute AFM coupling J , we can follow the stan-
dard routine, where the energy spectrum of the embed-
ded cluster ( core layer A), containing 2 copper atoms, is
mapped to a 2-site S = 1/2 nearest-neighbor Heisenberg
model [38].

Ĥ = J Ŝ1 · Ŝ2. (20)

In the AFM coupling case (J > 0), the ground state and
the first excited state of the model above are the singlet
and triplet states:

|Ψ0⟩ =
1
√
2
(| ↑↓⟩ − | ↓↑⟩), E0 = −3J

4 ;

|Ψ1⟩ =
1
√
2
(| ↑↓⟩+ | ↓↑⟩), E1 = J

4 .
(21)

Therefore, the lowest-energy spin singlet and triplet
states in ab initio calculation are mapped to |Ψ0⟩ and
|Ψ1⟩ above, and J is calculated as the difference be-
tween corresponding energies. The spin-1/2 on each site
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comes mainly from electrons occupying the open-shell Cu
3dx2−y2 orbitals. However, the many-body wave func-
tions of low-energy states also include electron correla-
tions from other high-energy orbitals, which significantly
contribute to the magnetic coupling.
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