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Abstract

Retaining structures are generally designed to satisfy serviceability limits on allowed deflections while also providing sufficient
strength to carry the bending moment caused by the soil pressure acting on the wall in tandem with any applied loads. Since wall dis-
placement and mobilised soil pressure are the most important design parameters, direct measurement would be ideal, however instru-
mentation limitations leave the measurement of wall curvature using strain gauges and rotation using inclinometers as the industry
standard for retaining wall monitoring. Pressure and deflection are normally inferred from these discrete, sparse and potentially inaccu-
rate measurements through beam theory by fitting the discrete data to obtain differentiable continuous curves. Conventional fitting meth-
ods cannot simultaneously fit data from different types of instrumentation like inclinometers and strain gauges and there is generally little
flexibility in addressing issues when the fits do not make geotechnical sense. A novel fitting approach is developed to address these short-
comings, with the ability to pull together imperfect data from a multitude of instruments (strain gauges, inclinometers, displacement
transducers etc.) into a cohesive prediction. The method is validated based on field and centrifuge data in which it outperforms existing
fitting solutions. This novel approach significantly simplifies data analysis by enabling practising engineers and researchers to simply
input all instrument data from a retaining structure and retrieve sensible and accurate predictions of the parameters of soil-structure
interaction which are compatible with all data measured and insensitive to measurement errors to a high degree.
� 2023 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY
license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Reliably analysing and interpreting data from experi-
ments and field studies is a critical aspect in advancing
our understanding of geotechnical behaviour leading to
better and more robust design methods. Some of the most
researched structures are retaining walls due to their ubiq-
uitous use in geotechnical projects. Retaining wall designs
are generally developed to satisfy design limits on wall
https://doi.org/10.1016/j.sandf.2023.101322
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deflections y, while providing wall strength sufficient to
carry the bending moment distribution M caused by the
soil pressure acting on the wall p together with any applied
loads.

Since wall displacement and soil pressure are the most
important properties in characterising the soil-structure
interaction, it would be attractive to measure these directly.
Unfortunately, while measurement of wall displacements
above the excavation level is possible if a suitable stable ref-
erence position is available, direct measurement of dis-
placements beneath the ground is currently extremely
difficult. While earth pressures can be measured using pres-
sure cells, the values measured can be highly inaccurate
Japanese Geotechnical Society.

org/licenses/by/4.0/).



Nomenclature

Notation

p Net Soil Pressure
S Shear Force
M Bending Moment
j Curvature
h Rotation
y Wall displacement or Pile Deflection
z Depth from ground level

B Bending Stiffness also known as Flexural Rigid-
ity

Ka Active lateral earth pressure coefficient
Kp Passive lateral earth pressure coefficient
PIV Particle Image Velocimetry
LVDT Linear Variable Displacement Transducer
ULS Ultimate Limit State
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(Weiler and Kulhawy, 1982) owing to distortions of the
gauge diaphragms changing the earth pressures acting
upon them. New technologies such as null-gauges
(Talesnick, 2005) can substantially increase the accuracy
of these measurements by applying a balancing pressure
inside the instrument to achieve zero gauge deformation.
While these instruments have been used to measure earth
pressures in geotechnical research (Burali d’Arezzo et al.,
2015) these high accuracy complex instruments are not gen-
erally used in practice. These limitations in measuring the
key parameters for design leave the measurement of wall
curvature j using strain gauges and wall inclination h using
inclinometers as the industry standard for monitoring of
retaining wall distortion with wall translations and rota-
tions at the surface being used to give integration boundary
conditions to infer rigid body movement. These measure-
ments can then be used to deduce other deformation
parameters through Euler–Bernoulli beam theory
(Timoshenko, 1953) which links all the salient properties
of a retaining wall together:

p ¼ dS
dz

¼ d2M
dz2

¼ �B
d2j
dz2

¼ �B
d3h
dz3

¼ �B
d4y
dz4

ð1Þ

where B is bending stiffness and z is a coordinate variable
along the depth of the wall. p is the net soil pressure, equal
to the difference between the active and passive earth pres-
sures acting on the wall. Employing Euler–Bernoulli
assumes the wall analysis is carried out in the linear elastic
regime, i.e. BðzÞ ¼ constant. Non-linearities e.g. stress–
strain relationship in reinforced concrete walls past the first
‘‘cracking” moment can be modelled with a variable BðzÞ,
but for simplicity this paper will only concern itself with
case studies of retaining structures in the elastic regime of
loading.

If the continuous distribution of any one parameter in
the Euler chain in Eq. (1) is known and appropriate bound-
ary conditions are given it can be used to calculate all other
wall properties. Experimental readings of curvature (mo-
ment) or rotation are, however, normally discrete, sparse
and potentially inaccurate. A continuous profile of j or h
hence needs to be extrapolated from the discrete data set
to be differentiated down to p and integrated up to y. A
2

common use for these derived profiles of p and y is in plot-
ting p � y curves at various depths in order to interpret the
mobilisation of active and passive earth pressure with wall
movement in a manner which can lead to performance-
based design procedures (Deng et al., 2021).

In order to make an effective design procedure it is para-
mount that the derived values for p and y are as accurate as
possible. This requires high quality continuous fits for the
discrete data of curvature or rotation. In most cases,
researchers analysing such retaining wall data choose to
employ one of two techniques. Either they use a single high
order polynomial to fit the data such that the root-mean-
square (RMS) error between the fit and the data is min-
imised, or they employ splines, piecewise lower order poly-
nomials that strictly pass through all data points. However,
both techniques present significant shortcomings. As
shown by Haiderali and Madabhushi (2016), fitting data
from embedded structures using a single polynomial is very
sensitive to the polynomial order chosen. Moreover, the fit
polynomial may exhibit large unwanted oscillations when
its order approaches the number of measurement points
along the retaining wall. Conversely, fitting using a lower
order polynomial presents its own challenges: the differen-
tiation chain in Eq. (1) implies the earth pressure distribu-
tion will be fitted by a polynomial two orders lower than
that for bending moment and three orders lower than that
for rotation. Therefore using a low order polynomial to fit
either moment or rotation data will significantly limit the
earth pressure distributions that can be predicted. This
issue is amplified in the case of spline fitting as splines
are typically assembled from cubic polynomials, giving lin-
ear predictions of earth pressure distribution between mea-
surement points when fitted to bending moments and
constant values when fitted to inclinations. Furthermore,
because splines are designed to pass through all data
points, they exhibit high sensitivity to noise in the experi-
mental measurements.

A different approach to the problem of fitting discrete
data is to apply Bayesian statistics on either polynomial
or spline functions and obtain a range of probable values
for the coefficients of these functions. This statistical view
on fitting, whilst not frequently employed in geotechnical
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problems, enhances the traditional techniques described in
the previous paragraph by quantifying the spread of possi-
ble fits. However, retaining wall data on moment or wall
rotation is frequently sparse, i.e. only available at a small
number of locations on the wall, which means the results
of Bayesian regression will be skewed by the selected pri-
ors. The priors represent the researcher’s initial guess of
what the distribution of polynomial or spline coefficients
should look like. As shown by Diaconis and Freedman
(1986) improper priors can result in inconsistent Bayes esti-
mates, i.e. the Bayes results will not converge around the
correct fit for the moment or inclination data.

A significant issue with both spline and high-order poly-
nomial fitting, whether using a traditional or Bayesian
approach, is that if experimental data is available from
multiple instrument types, e.g. strain gauges and inclinome-
ters, there is no straightforward way to merge these data
sets into a single fit. Instead, the researcher is in the non-
ideal situation of needing to pick one instrument type to
‘‘trust” since it is unlikely that integration of the M profile
obtained by fitting the strain gauge data will agree precisely
with the inclinometer data and vice versa. Moreover, the
derived p and y profiles may sometimes conflict with
expected behaviour, either directly in predicting earth pres-
sures which violate plausible values or when predicted
earth-pressures and displacements are not compatible.
There is generally very little option to use the observed dis-
crepancy as feedback to improve the fits.

1.1. Embedded cantilever retaining walls in sand (Li and

Lehane, 2010)

To illustrate the issues presented, the results from a well-
instrumented, full-scale cantilevered retaining wall in sand
presented by Li and Lehane (2010) are considered. In-situ
Fig. 1. In situ test data from Li and Lehane (2010).
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test data recorded within 20 m from the wall is shown in
Fig. 1. A shallow pressure bulb about 0.5 m deep can be
inferred from both the horizontal stress and the CPT
strength plots.

The 3.7 m deep wall was created using four piles instru-
mented with strain gauges at 1.3 m, 2.3 m, 2.7 m, 3.1 m
from the top of the wall and adjustments were made to
remove thermal effects from the bending moment data.
Wall rotation readings were made using a 500mm incli-
nometer torpedo at 0.25 m intervals with readings at the
same depth being averaged to diminish operator errors.
The displacement at the top of the retaining wall was mon-
itored optically through mounted targets with calibration
procedures and Particle Image Velocimetry (PIV) being
used to achieve high quality accurate data.

Fig. 2a shows the measured bending moment data and
the spline fitted to it at the instance when excavation
reached 2.2 m depth. In an attempt to increase reliability
the researchers took extra care to impose physical con-
straints on the fit to ensure that:

� there was zero moment, shear and pressure at wall top
(z = 0);

� there was zero moment at the wall base;
� shear at the wall base was less than a maximum shear
limit derived from the pile’s full weight;

� a local maximum for shear existed at the excavation
level owing to the reversal of loading direction.

The final assumption can be considered an approximate
one since the reversal of loading direction would be
expected to occur a small distance below the excavation
depth, at the point where the passive earth pressure
matches the active one.

The rotation data from inclinometers was integrated to
calculate the wall deflection with the PIV top measurement
used as the integration constant (Fig. 2c).

For the most part, the data agree well with geotechnical
experience. At shallow depths below the top of the retain-
ing wall the net pressure profile (Fig. 2b) shows negative
values consistent with an active soil region. Around the
excavation depth of 2.2 m the net pressure abruptly
changes to positive values consistent with passive earth
pressures developing on the excavated side and resisting
the retaining wall’s movement.

From the net pressure profile we can also observe a sec-
ond change in sign at around 3.3 m depth which would sug-
gest that passive earth pressures are being generated on the
retained side. This might indicate the presence of a rotation
point around 3.3 m depth; a rotation point is also the most
likely explanation for the predicted negative value of shear
force at the base of the retaining wall, i.e. the force is point-
ing towards the excavated side (see Fig. 2a). However, this
is contradicted by the wall deflection profile in Fig. 2c
which shows an overall translation towards the excavated
side with the expectation of positive base shear, i.e. point-
ing back towards the retained side. Hence the deflections



Fig. 2. Moment, shear, net pressures and lateral wall displacement derived for excavation depth 2.2 m from Li and Lehane (2010).
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inferred from inclination and PIV data are inconsistent
with the shear profile derived from the strain gauge data.

Using present techniques there is little that can be done
to improve the fit and resolve this incompatibility. Even
though deflection, shear and net pressure are part of the
same derivation chain as shown by Eq. (1) there is no
straightforward way to pull together the measured data
from PIV, inclinometers and strain gauges and analyse
the wall in a unitary fashion. This paper introduces a
new fitting routine, multifit, to aid in deriving and analysing
retaining wall properties in a manner that addresses the
shortcoming highlighted above.

2. Proposed fitting method

In designing a more robust fitting routine for geotechni-
cal structures we first distilled down the high level problems
4

identified above into equivalent mathematical conditions
that the fit had to fulfil. It became apparent that a careful
reconsideration of basic principles of fitting can lead to sig-
nificant improvements. Firstly the issue of not being able to
fit data from multiple instruments with a single fit can be
addressed by making a small conceptual change to high
order polynomial fitting. Generally, for a user-specified
polynomial order, the polynomial coefficients are treated
as variables and coefficients are found that minimise the
RMS difference between the measured experimental value
and the polynomial’s prediction at the instrument location
on the wall. If these readings represent the wall’s rotation
from inclinometer data then by simply differentiating the
polynomial we can also evaluate the difference between
the value that the polynomial’s derivative takes at the loca-
tion of the strain gauges and the strain gauge data. We can
then calculate a total error term across all differentiation



Fig. 3. Diagram of multifit procedure.
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levels to find a fit polynomial that minimises the total error
with respect to all data. Because errors need to be amalga-
mated into a single term, we need to account for the differ-
ent units of retaining wall properties, e.g. displacements
being in mm and soil pressure in kPa.

Using the mean squared error to select the best-fit poly-
nomial while informative, does not in any way give a rep-
resentation of other possible polynomials that could fit
the data almost as well but which might have substantially
different shapes between measurement points. A theorem in
mathematics, the Weierstrass approximation theorem
(Weierstrass, 1885) states that any continuous function
can be approximated by polynomials within any given
error margin. Thus if we choose to fit data using polynomi-
als with a high enough order, there will always exist poly-
nomials that fit the retaining wall data, the true deflection
and pressure profiles to a very high degree of accuracy since
these profiles are continuous. The high quality Weierstrass
polynomials may not however match the polynomial found
through the standard RMS method. Even so, the presence
of improved fits as predicted by the Weierstrass approxi-
mation theorem is encouraging. The authors suggest that
a viable method to fit is to find the domain of all possible
polynomials of a given high order that fit the data within
specified error ranges rather than merely a singular polyno-
mial. This domain is well understood mathematically as it
features in significant problems such as linear program-
ming (Dantzig, 1951). We can extract the possible solutions
from the domain and select a central prediction together
with confidence bounds for the obtained moment, deflec-
tion, pressure etc. With modern computational power this
can be achieved with a reasonable run time on standard
computers.

Short for multiple fitting, multifit implements the above
ideas. It does not return a single fit to the discrete data,
rather a family of polynomials of a given order that are a
representative sample of all possible solutions to the prob-
lem of fitting the given data set within specified error
bands. The user is then free to apply the statistics of their
choice to obtain confidence bands for the values of net soil
pressure, wall deflection etc. The procedure is outlined in
the diagram shown in Fig. 3. Intuitively, the more informa-
tion there is about the studied retaining wall, the less uncer-
tainty there will be. Multifit’s output will then converge to
the true deformation and soil pressure profiles. To this end,
multifit was designed to accept detailed, diverse informa-
tion about the retaining wall and importantly will not out-
put any curve that does not satisfy all input conditions.

Data such as displacement measurements from lvdts,
wall rotation from inclinometers and curvature readings
from strain gauges can be used and evaluated simultane-
ously, offering a discernible advantage over standard fitting
methods. In order to determine which fit functions are
valid, multifit requires an estimate of the error associated
with each experimental measurement. Since instrument
error might have different sources, the program allows
two types of error to be specified for each instrument. An
5

absolute error which could be the instrument’s resolution
(e.g. the minimum angle that can be read from an incli-
nometer) or an instrument’s drift and a relative term which
accounts for issues such as calibration errors. Setting both
absolute and relative errors to zero signifies for multifit that
the investigated property is known exactly at that point, for
example zero moment existing at a retaining wall’s free
end.

Since multifit returns a large set of polynomials that sat-
isfy the input requirements, finding the value of a property
such as bending moment requires evaluation of the
moment value from each polynomial in the set. This results
in a range of possible moments that can be acting on the
retaining wall at the considered depth. By applying statis-
tics on the distribution of possible moment values, we
can narrow down the result to a smaller range of probable
moments. The analysis carried out in this paper takes the

region of probable values as defined between the 20th per-

centile and 80th percentile such that 60% of the possible
moment values lie within the band. The same approach
can be used for all retaining wall properties. It is important
to note that any type of statistics may be carried out on the
output from multifit.
3. Experimental validation

3.1. Field data Li and Lehane (2010)

In order to test the analysis process detailed above
against a high quality dataset for which problems have
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been observed in using conventional fitting procedures, the
data of Li and Lehane (2010) was reanalysed. Multifit

allows us to derive fits consistent with the measured rota-
tions, wall head displacement and bending moment data.
As the measured inclination readings were not directly
reported by Li and Lehane (2010), these were back-
calculated from the displacement data in Fig. 2c. Fig. 4
shows the resulting wall inclinations on which scatter
may be observed, likely due to the very small angles being
measured.

To run the multifit analysis, error bands had to be
assigned to each of the measurements. Per Li and Lehane
(2010) the strain gauge data had 10% relative error so this
error value was used and no absolute error term was
assigned to the strain gauges. Li and Lehane (2010) does
not list the error for the inclinometer data so an estimate
was required. A conservative absolute error term of
0.015� was considered to allow for the jagged profile. A fur-
ther 5% relative error term was used to widen the error
bands and indicate the significant uncertainty in the errors
of the inclination data. These bands are plotted in Fig. 6.
For the displacement of the wall top which Li and
Lehane (2010) obtained from an accurate PIV procedure
a small 3% relative error was considered.

Generally, the resulting fits would be expected to be sen-
sitive to the values of the user-defined errors, however use
of multifit on typical retaining wall datasets has shown the
effect to be minor when sensible error ranges are selected.
Moreover, a significant underestimation of an instrument’s
true error range introduces an unwanted trade-off: the
accuracy of the overall prediction is reduced for increased
precision in fitting each individual measurement point. This
leads to spurious oscillations between measurements for
Fig. 4. Inclination data extrapolated from Fig. 2c from Li and Lehane
(2010).

6

polynomial fitting. Since multifit aggregates results from
the family of polynomials that fit the data set within the
specified error bands, the multifit output will either also
include oscillatory behaviour or, more likely, present an
alternating profile with narrow confidence bands at mea-
surement points and wide bands in between these to repre-
sent the uncertainty introduced by the unwanted
oscillations of the individual polynomials in the set. Since
this type of output is likely inconsistent with the expected
behaviour as dictated by fundamental soil mechanics it
makes it easy to spot and correct improper input.

As shown in the diagram in Fig. 3, once the errors are
assigned, the multifit analysis can be run. In this case a

12th order analysis was carried out. Twelve is the order of
the polynomials fitting the parameter highest in the differ-
entiation chain in Eq. (1) which is wall displacement in this

particular example. Hence multifit returns the set of 12th

order polynomials which represent the possible wall dis-
placement profiles so that the top displacement is within
3% of the PIV reading. Since the polynomial set is quite

large, the band between the 20th and 80th percentiles is con-
sidered as described in the previous section.

A comparison between multifit predictions using 12th

order polynomials and the spline fits used by Li and
Lehane (2010) is shown in Fig. 5. Both analysis procedures
are consistent with the experimental measurements, that is
to say the displacement, rotation (Fig. 6) and moment pre-
dictions are similar. Moreover, both fitting methods show a
transition from active to passive earth pressure around the
excavation depth of 2.2 m depth (Fig. 5b), in line with the
expectation of significant passive resistance developing on
the excavated side. The two fitting methods diverge how-
ever in their shear and net soil pressure predictions. As
shown in Fig. 5a, multifit predicts a positive shear force
at the base of the wall, i.e. pointing towards the retained
side, which intuitively matches the fact that the wall as a
whole moves into the excavated side (Fig. 5d). This resolves
the inconsistency in the spline fit caused by the predicted
negative base shear, inconsistency that was highlighted in
Section 1.1. To achieve both the expected shear force beha-
viour as well as overall moment equilibrium, multifit pre-
dicts significant mobilisation of pressure on the retained
side close to the toe of the wall (Fig. 5b).

Another difference between splines and multifit can be
observed in the net pressure prediction at shallow depths
(inset of Fig. 5b). Within the first 0.5 m of soil the spline
fit predicts a very slow increase in pressure, whereas multifit

identifies a pressure distribution which better correlates
with the in situ strength data shown in Fig. 1.

A further distinction between the fit methods can be
found in the rate of change of net soil pressure from active
to passive at the excavation depth. The spline fit’s abrupt
change amounts to a Kp prediction of 14 � 2 according
to Li and Lehane (2010). This value seems large, given that
Li and Lehane (2010) suggest a critical state friction angle
of 33� for the site which equates to a limiting Kp of 3.4 and



Fig. 5. Comparison between multifit and spline fitting.

A. Dobrisan et al. Soils and Foundations 63 (2023) 101322
Ka of 0.3 according to Coulomb theory. Multifit’s transi-
tion from active to passive earth pressure amounts to a K
prediction of about 2.0, which is closer to the theoretical
limit. Even though this value seems sensible, it is important
to note that multifit might under predict K if the order of
the polynomials used to fit the data is too low, i.e. the
curves are too smooth to properly capture the sudden
change from active to passive pressures just below the exca-
vation depth. This might be mitigated by increasing the
order of the polynomials multifit uses to search for viable
fits, however the trade-off to incrementing the polynomial
order is an exponentially increasing computation time.

Overall, except for the potential under prediction in
pressure gradient highlighted above, the multifit approach
proved advantageous compared with traditional spline fit-
ting by producing displacement, rotation, moment, shear
7

and pressure curves which formed a consistent picture of
the retaining wall properties that made geotechnical sense.
This reflects the new perspectives that may be gained from
existing data sets through this new approach.

3.2. Centrifuge data (Deng, 2020)

Centrifuge experiments are an invaluable tool in investi-
gating the behaviour of geotechnical structures such as
retaining walls. By subjecting a model scale setup to high
g acceleration fields the stress–strain behaviour of a proto-
type structure can be replicated at model scale in the cen-
trifuge. However, the large accelerations in these
experiments may also affect the measurement devices, such
as camera lenses distorting under g when conducting PIV
image capture (White et al., 2003).



Fig. 6. Inclinometer data with error bars and multifit result.

Fig. 7. General setup of the centrifuge experiment.
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To validate whether multifit can be used to analyse data
from centrifuge experiments the recorded behaviour of a
retaining wall from a centrifuge test presented by Deng
(2020) is investigated. The test setup, shown in Fig. 7, fea-
tures a propped retaining wall, 250mm long, supporting a
168mm excavation at model scale. The package was swung
up to 40g so the prototype investigated scales up by the
same amount, i.e. the prototype wall is 10 m long and
the excavation 6.72 m deep.

The wall was monitored through 15 full-bridge bending
moment gauges placed at 0.8 m, 2.0 m, 3.2 m, 4.4 m, 5.6 m,
6.0 m, 6.4 m, 6.8 m, 7.2 m, 7.6 m, 8.0 m, 8.4 m, 8.8 m,
9.2 m, 9.6 m from the ground surface. The prop force
was measured by load cells and PIV was used to capture
wall deformation though the use of markers stuck to the
side of the wall calibrated using further stationary markers
8

on the perspex window as described by White et al. (2003).
The retaining wall was also instrumented with Tekscan
pressure sensing mats on both the retained and excavated
sides to measure the mobilised soil pressure (Paikowsky
and Hajduk, 1997).

Monitoring of deflection, bending moment, prop force
and soil pressures simultaneously would seem to give a
complete picture of the soil-structure interaction for this
experiment, however, due to instrument errors, fits that sat-
isfy the whole of the data set could not be found through
standard methods. By selecting error bounds that allowed
for instrumentation limitations, the multifit approach
yielded encouraging results as shown in Fig. 8. It can be
observed in Fig. 8 (plotted at prototype scale) that the error
bounds are significantly larger than those considered for
the field data from Li and Lehane (2010), mainly due to
the need to account for centrifuge effects. As discussed in
Section 2, instrument error may be thought of as being
comprised of an absolute term linked to resolution or drift
and a relative term which encompasses issues such as cali-
bration errors. An instrument’s relative error is the same
between model and prototype, however the absolute error
needs to be scaled by the appropriate centrifuge scaling.
For example, PIV generally is a very accurate instrument
with resolution that can go down to 30lm at model scale,
however at prototype this becomes 30lm � 40g = 1.2mm
which is worse than standard rulers. This effect is an impor-
tant argument for the need to consider larger error bands
for centrifuge data compared with field data, it being com-
pounded by instrument specific issues such as the fact that
calibration of bending moment gauges, especially close to
the ends of instrumented plates is difficult owing to end
conditions and soil pressures being notoriously difficult to
measure accurately due to arching around gauges.

Since absolute errors have units which differ for each
instrument type, to simplify data input, multifit allows
specifying the absolute error as a percentage of the maxi-
mum reading to better align the format of the absolute
and relative error components and to keep calculations
unitless. As an example, the PIV calculation mentioned
in the paragraph above shows we need to consider an abso-
lute error of � 1.2mm prototype, the maximum measured
deflection was 12.6mm (Fig. 8a) and so we can express
the absolute error as being � 10% of the maximum deflec-
tion measured. The multifit results shown in Fig. 8 were
obtained considering a 10% absolute and 5% relative error
on PIV data, a 25% absolute and 10% relative error on
strain gauge data, a 10% absolute error on prop force as
well as a 20% absolute and 40% relative error on Tekscan
data. The large relative error used for Tekscan was due to
the difficulties arising in calibrating the sheets in a cen-
trifuge setting (Chan et al., 2019).

The fits shown in Fig. 8 agree well with geotechnical
experience. Near-zero displacement is predicted at the base
of the wall, consistent with the zero shear and net pressure
predictions at the base. A pressure bulb on the retained
side, behind the prop, can also be observed from the net



Fig. 8. Fitting noisy centrifuge data with multifit.
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pressure consistent with the Tekscan results. Overall multi-

fit produced fits consistent with both the expected wall
behaviour and with all of the data available, despite errors
being present in the input data.

3.3. p � y analysis of data from tsunami coastal defences in

Japan

Multifit is applicable not only to retaining walls but also
to the analysis of laterally loaded piles since these struc-
tures also obey Eq. (1). As such, the data from a static lat-
eral load test on a steel monopile was interpreted using
multifit. The 15 m long, 1 m diameter pile, of the type used
in tsunami walls in Japan (Dobrisan et al., 2021), was sub-
jected to significant static lateral force by a hydraulic jack
in an attempt to simulate peak tsunami wave loading. Incli-
nometers measured the pile rotation and strain gauges the
pile curvature. Furthermore, a load cell recorded the force
applied by the hydraulic jack and a displacement trans-
9

ducer measured the pile movement at the ground surface.
A general schematic of the test setup and the instrumenta-
tion is shown in Fig. 9. Since no information was available
regarding the accuracy of the measurement devices used,
the recorded data was considered to have a 5% absolute
and 5% relative error.

The multifit analysis results are presented in Fig. 10.
These are plotted for the instance the loading on the pile
through the hydraulic jack was 1.339MN. When laterally
pushing a pile with a significant embedment we would
expect the pile to rotate about a fixed point below the
ground surface and, remarkably, multifit shows a consis-
tent prediction of a rotation point. As highlighted in
Fig. 10a and Fig. 10e, the region of predicted zero pile
deflection overlaps the zero net earth pressure confidence
band at around 6 m depth, indicating pile rotation around
this point. Additionally, multifit’s prediction of small base
shear at the end of the pile (Fig. 10d) is consistent with
common assumptions about hollow tubular piles.



Fig. 9. Lateral loading of a steel pile with a static horizontal force simulating a tsunami scenario; adapted from Dobrisan et al. (2021).

Fig. 10. Multifit analysis results for 1.339MN of horizontal loading through hydraulic jack.
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Using multifit, predicted distributions of net soil pres-
sure and pile displacement can be found at each depth
for each loading stage during the experiment allowing for
p � y plots to be generated. The confidence intervals for p
10
and y may be used to gain a measure of uncertainty on each
data point on the p � y plot. The multifit p � y results at
1 m, 3 m, 8 m depth are shown in Fig. 11 and compared
with design curves from Reese et al. (1974) and API



Fig. 11. p � y results.

Fig. 12. ULS Retaining wall problem with active and passive pressures
dictated by Coulomb (1776) and Rankine (1857) theories.
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(2000). Fig. 11a evinces that, at shallow depths, there is
good agreement between the experimental data analysed
using multifit and the p � y relationships proposed by
Reese et al. (1974) and API (2000). However, Fig. 11b
and Fig. 11c show a softer soil response than the design
guidelines suggest, implying that soil stiffness may not
increase with depth at the same pace as predicted by formu-
lae commonly used in pile design.

It has so far been shown that multifit is a powerful tech-
nique for analysing experimental data from centrifuge tests
as well as full-scale experiments, with applicability to
retaining wall structures and monopiles. However, because
generally in experiments the true distribution of parameters
such as earth pressure, bending moment etc. is unknown,
the assessment of the quality of the fits is limited to quali-
tative checks against known geotechnical behaviour (such
as the existence of a rotation point in the monopile example
above). To obtain quantitative measurements of fit quality,
multifit needs to be used in a scenario in which the true
retaining wall behaviour is known beforehand. The easiest
11
way to achieve this goal is to construct a theoretical retain-
ing wall problem with prescribed earth pressure
distributions.
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4. Theoretical validation

4.1. Ultimate Limit State (ULS) design scenario with net

pressure discontinuities

For this theoretical experiment, we consider the setup
shown in Fig. 12 of a 12 m sheet pile retaining wall sup-
porting a 6 m deep excavation. The soil considered is a
sand with unit weight c of 20kN=m3 and friction angle U
of 30�. Ten equidistant bending moment readings are sim-
ulated based on the theoretical solution with 5% absolute
and 5% relative errors being randomly generated to model
experimental inaccuracies.

The choice of polynomial order is an important param-
eter in multifit analysis as it involves a trade-off between
possible solution geometries and computational time. To
assess this trade-off, the earth pressure profile was set to
include sharp discontinuities by matching Coulomb
(1776) and Rankine (1857) theories at ultimate limit state
(ULS). Since multifit fits the available data with high order
polynomials, these discontinuties can never be exactly fit-
ted, but their approximation should improve with increas-
ing fit order.

As shown in Fig. 13, multifit using 10th order polynomi-
als does a good job in predicting the ULS wall behaviour
even with sharp changes in the net pressure distribution
at the excavation level and point of rotation. Although
the rapid change in net pressure at the rotation point is
somewhat outside the confidence bands, the fitted pressure
profile captures the important aspects of the soil-structure
interaction with good accuracy. The excavated depth of
6 m and the passive pressure generation on the excavated
side are well predicted. Moreover the wall’s rotation point,
corresponding to a zero net pressure point at depth, is esti-
mated by multifit as being in the range 11.0 m–11.3 m, very
close to the exact solution of 11.4 m.
4.2. Fit accuracy vs computational time

The results shown in Fig. 13 were obtained using 10th

order polynomials fitted to the data set. The order refers
to the polynomials fitting the parameter highest in the dif-
ferentiation chain, in this case moment. The net pressure

fits are consequently 8th order polynomials. Changing the
order modifies the predictions and the associated confi-
dence bands. By utilising the known ULS behaviour for
the retaining wall in Fig. 12 we can investigate the errors
in the multifit results as a function of the polynomial order
of the highest parameter in the differentiation chain (i.e.
moment).

Each individual multifit analysis gave confidence inter-
vals for moment, shear and pressure, the centres of which
were compared to the theoretical solution. This difference
was considered to be representative of the error in the anal-
ysis and its RMS value across the depth of the wall divided
by the absolute maximum theoretical value was used to
12
obtain dimensionless relative errors for each physical quan-
tity. Fig. 14a shows the change in RMS error as a function
of the polynomial order of the moment fit (as discussed in
the previous paragraph).

It can be seen that initially, with increasing polynomial
order, the errors decrease significantly, stabilising around

the 8th order fit. Irrespective of polynomial order, the
moment error is smallest, followed by the shear error with
the pressure displaying the largest deviation from the true
solution. Intuitively this makes sense, since multifit was
provided moment data and each differentiation step ampli-
fies the fitting errors of the previous step. A compounding
factor in the increase in error for net pressure is the dispro-
portionate influence of the sudden change from large pos-
itive to similarly large negative values at the rotation
point. A relatively small error in predicting this localised
behaviour disproportionately affects the RMS due to tak-
ing the square of localised large values. However, it is
encouraging to observe that, even in these circumstances,
the RMS error on pressure can be as low as 11%.

The excavation depth and the position of the wall’s rota-
tion point are significant geotechnical parameters and the
accuracy in predicting these properties was also evaluated.
The two centres of the confidence band’s intersections with
the zero net pressure axis, corresponding to the predictions
of excavated depth and rotation point respectively, were
compared and normalised against the theoretical values.
For the case the theoretical points were within the confi-
dence bands the error was considered to be zero. The
resulting plot is shown in Fig. 14b. For low polynomial
orders the second change in net pressure sign, indicative
of rotation point, did not occur (as shown in Fig. 15a).
Thus prediction of rotation point are only available for
orders larger than 7. From Fig. 14b it can be seen that both
the excavation depth and the rotation point location are
predicted with very little error for the higher polynomial
orders.

An important advantage of multifit’s approach of find-
ing all polynomials that satisfy the problem is that it is sig-
nificantly less sensitive to the oscillatory behaviour of high
order polynomials than standard polynomial fitting. Gen-
erally it might be expected that once the polynomial order
is high enough to fit the data set well, further increases in
the polynomial order will not bring about significant
improvements to the fit or changes in predictions. A further
illustration of this point is the comparison between the net

pressure distributions predicted by 6th; 10th and 12th order
multifit as shown in Fig. 15.

The 6th order prediction includes a number of significant
geotechnical inconsistencies, such as lacking the ability to
predict the existence of a net pressure change at the rota-

tion point. The 10th order fit quantifies accurately both
the excavation depth and the position of the rotation point.

With the 12th order fit we see similar predictions of the
above mentioned properties but also the ability to model
the rapid change in gradient past the rotation point. This



Fig. 13. Comparison between multifit prediction and ULS solution.

Fig. 14. Relative errors in prediction against polynomial order.
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Fig. 15. Comparison of net pressure predictions with increasing polynomial order.

Table 1
Multifit run times.

Polynomial order (free variables) Run time on PC Run time on Peta 4

4(2) 2 s
5(2) 2 s
6(3) 3 s
7(4) 4 s
8(4) 4 s
9(5) 9 s
10(6) 4 min
11(7) 35 min
12(8) 78h17 min 4 h
13(9) 57 h38 min
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result is, however, not useful since the confidence bands are
very large due to no data being available at the retaining
wall base. Hence, from a geotechnical perspective, there

is little benefit in utilising the 12th order fit.
While higher order fits are generally better, this comes at

the expense of computational time. Because multifit returns
a family of polynomials that represent all possible solutions
of a given polynomial order that fit the data set, increasing
the polynomial order is equivalent to adding an extra
dimension to the problem so the complexity increases expo-
nentially. Specifying exact known constraints such as zero
moments at the free ends of the wall can partially mitigate
this issue, as each such constraint reduces the number of
free variables by one.

The run times for the multifit analyses presented in
Fig. 14 are shown in Table 1. The number of free variables
is written alongside the polynomial order since it is the
property most strongly correlated with the run time. Most
analysis was carried on a standard personal computer (PC).
Due to the exponential increase of run time with the num-
ber of free variables, the high order runs were computed
using the Peta 4 supercomputer at Cambridge University.
14
Finding the fit polynomials is a highly parallel task so the
run time significantly reduces with the number of CPU
cores available for analysis.

It can be seen from Table 1 that even higher order anal-
yses can be calculated on personal computers with modest
runtimes. Moreover multi-core machines can be used to
decrease run time almost linearly with the number of CPUs
available.
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5. Conclusions

This paper introduces a novel routine for the common
problem of interpreting retaining wall data to derive infor-
mation on soil-structure interaction. Multifit presents
advantages over conventional methods including the abil-
ity to pull together imperfect data from a multitude of
instruments (strain gauges, inclinometers, LVDTs, Teks-
can, PIV etc.) into a cohesive prediction. Moreover, the
method outputs a representative sample of all polynomials
of a given order that satisfy the inputs allowing a measure
of uncertainty to be quantified.

Analysis of field and centrifuge data demonstrated mul-

tifit outperforming existing fitting solutions in capacity to
discern the underlying continuous profile in noisy sparse
data and in the depth of differentiation to which meaning-
ful information could still be retrieved. The capability of
the technique was also investigated by analysing a challeng-
ing theoretical problem in which multifit showed significant
increases in accuracy at higher orders for both the directly
measured property (moment) and its derivatives (shear and
net soil pressure). This is a marked improvement over con-
ventional techniques which at higher orders fit data
increasingly well at the expense of spurious oscillations that
end up dominating the behaviour once the property is
differentiated.

Overall, the results paint an encouraging perspective for
the benefit this new method may bring to data analysis in
the context of retaining wall and lateral pile testing.

Using multifit

The multifit method has been implemented as a
MATLAB function and can be freely downloaded from
github.com/andrei-dobrisan/multifit. The link
also features relevant documentation and examples to
show how the code can be used and integrated into
geotechnical research.
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