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A set of numerical methods is described that allows predictive finite element method (FEM) simulations
of the compaction of multi-component pharmaceutical powder formulations across the entire range of
compositions. An automated parametrisation procedure was used to extract density-dependent
Drucker-Prager Cap (dDPC) model parameters from experimental data. Subsequently, these parameters
were interpolated (mixed) or extrapolated (demixed) to predict dDPC model parameters of unseen pow-
der formulations. Pure, binary, and ternary formulations of micro-crystalline cellulose (MCC, plastic),
dibasic calcium phosphate dihydrate (DCPD, brittle), and pre-gelatinised starch (STA, elastic) powders
were used to validate the parametrisation and mixing/demixing methodologies. FEM simulations were
capable of reproducing compaction curves with errors only marginally greater than the experimental
variability. Using only pure component data, FEM simulations with mixing rules were capable of predict-
ing the compaction curves of mixtures as well as their shear stress distributions. Moreover, with data of
only two or three powder formulations, a new demixing methodology was able to predict the behaviour
of the constituent powders. The combination of these methodologies provides a powerful tool to rapidly
explore powder formulations anywhere within the composition phase diagram, providing compaction
curves but also stress profiles that are essential to early-stage formulation process development and tool-
ing design.
� 2024 The Society of Powder Technology Japan. Published by Elsevier BV and The Society of Powder
Technology Japan. This is an open access article under the CC BY license (http://creativecommons.org/

licenses/by/4.0/).
1. Introduction

The formation of mechanically stable tablets with suitable
densities from cohesive powders is a critical process in the manu-
facture of many different products, such as powdered metals,
foods, detergents, and pharmaceuticals. For instance in the phar-
maceutical industry, such tablets are commonly made by direct
compression of dry powders, which constitute a type of material
known as granular matter. Direct compression is particularly inter-
esting because it aligns with the current trend towards continuous
manufacturing by enabling continuous processing. Despite the
ubiquity of granular materials, our present-day understanding of
them lags behind when compared to that of more classical types
of matter such as gasses, liquids, and bulk solids for which most
properties can be calculated as a function of their thermodynamic
state. The complex interplay of numerous physical phenomena
such as friction, cohesion, particle geometry, elasticity, plasticity,
viscoelasticity, and viscoplasticity make it extremely challenging
to discover predictive analytical theories. Even for the theories that
have been discovered, such as Edwards statistical mechanics, the
scope of their predictions remains heavily limited and many open
problems still persist [1–3]. Combined with the exponential
increase in computational power over the last decades, numerical
methods have become the most popular approach for the predic-
tive modelling of granular material.

Generally,numericalmethodscanbedividedintooneofthreecat-
egories: discrete, continuum, or statistical. Discrete models, such as
thediscreteelementmethod(DEM),explicitlyconsidereach individ-
ual particle and are therefore expected to be the most predictive
whenexperimental data are limited, but also suffer fromahigh com-
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putational cost. Conversely, statisticalmethods are usually the least
predictive as they require large quantities of experimental data,
and extrapolations quickly becomeunreliable, but are computation-
ally economic. The middle ground is filled by continuum methods,
such as the finite element method (FEM), where the full material is
divided intosmallerelements, eachofwhichbehavesasa smallpiece
of bulk material at an intermediate computational cost. FEM thus
offers agoodcompromisebetweenexperimentaldata requirements,
predictive capability, and computational cost. As a result, FEM has
becomeoneof themostpopularmethodsformodellingpowdercom-
paction, and numerous studies have used FEM to study the effects of
friction [4], punchgeometry [5], elasticity [6], viscoelasticity [7], and
even temperature [8] on tabletsmade by direct compression. Poten-
tial defects that are detrimental to tablet quality can thus be identi-
fied and the production processes can be adjusted to avoid such
defects.Thisnotonly justifiesthemeritofFEMfromanacademicper-
spective, but also highlights its practical use by accelerating process
development and solving tabletting problems before they lead to
the delay of clinical trials. A recent review by Partheniadis et al. pro-
vides an excellent summary of the use of FEM for pharmaceutical
tabletting applications [9].

FEM heavily relies on an accurate constitutive model and the
proper parametrisation thereof. A popular choice is the density-
dependent Drucker-Prager cap (dDPC) constitutive model, which
is used in most of the studies using FEM to model tabletting [9]. A
large part of this preference is due to the relatively modest require-
ments for experimental data; uniaxial compression experiments,
powder compaction, and tablet crushing are sufficient for its
parametrisation. Nonetheless, FEM with the dDPC model has clear
limitations. Aside from the experimental data required, carrying
out the parametrisation, i.e. transforming the experimental data
into dDPC model parameters, requires significant effort. Parametri-
sations are typically done ad hoc for every formulation, resulting in
a considerable time cost for each new powder to be simulated.
Therefore, even models that have been proven to be predictive
require a time investment on at least three fronts: 1) experimenta-
tion, 2) parametrisation, and 3) computation. Moreover, some of
the requiredmaterial, especially novel active pharmaceutical ingre-
dients (APIs), may be scarce. Time and material investments can be
manageable for a few powder mixtures, but these investments
quickly become unmanageable for a larger numbers of formula-
tions. Both time and materials are thus constraining factors in
industry settings where a high throughput of different powder for-
mulations is often required to obtain tablets of satisfactory quality.

Recently, van der Haven et al. reported an automated procedure
for dDPC model parametrisation from experimental data, signifi-
cantly reducing the time investment required for parametrisation
[10]. However, time and material problems persist on the front
of experimentation as each new formulation does still require
new experimental data. The root of this problem lies in the fact
that the number of possible powder formulations within the
design space grows exponentially with the number of unique pow-
ders used. Therefore, even a formulation with only a few unique
components might already be challenging to optimise with current
methods. The aim of the current work is to minimise the experi-
mental investment required for FEM formulation studies by vali-
dating and extending previously reported mixing methodologies.

The aforementioned obstacle in formulation and mixture opti-
misation is well-known and, in its general form, is a consequence
of what is known colloquially as the curse of dimensionality. The
general premise of any solution to the formulation problem is that,
given a sufficient number of formulations with known properties,
the properties of unseen formulations can be estimated. Several
authors have pursued purely statistical models to address this
challenge [11–14]. However, although useful, the lack of physical-
2

ity in statistical models limits the insight they can provide and
often requires large quantities of input data to fit them well. By
far the most popular approach is to use physically-inspired mixing
rules, particularly rules that use the volume fractions of the com-
ponent powders. Mixing rules have already been used to success-
fully estimate tensile strengths [15–18], compressibility [19–22],
powder flowability [23,24], critical drug loadings [25], tablet hard-
ness [26], properties of individual components [27,28], and the
effect of lubrication on porosity and tensile strength [29,30]. The
utility of these models would be, for example, in predicting which
areas of design space pharmaceutical tablets would meet certain
minimum tensile strength criteria [31,32].

Nonetheless, a much higher degree of detail than just tensile
strength provided by simple mixing rules is needed, such as a
stress profile, to assure that a new formulation has a high chance
of success in production settings. All of the aforementioned mixing
studies only consider a single tablet geometry, often flat-faced
tablets, whilst tablet shape and size are important design parame-
ters, and generalising their results for other geometries is non-
trivial. Moreover, even if such a generalisation were possible, the
mixing rules provide no insight into common tabletting defects
such as chipping, capping, and lamination [33–36]. These short-
comings again illustrate why, despite its simplicity, conventional
Heckel analysis is usually insufficient. On the contrary, FEM simu-
lations are capable of assessing the effects of tablet geometry and
tooling friction, providing stress and density profiles that can be
used to identify potential defects [4,5,33,34,37]. FEM thereby pro-
vides critical information to the tablet-design process that cannot
be provided by simple mixing rules, but ultimately suffers from
the same curse of dimensionality.

In a previous publication, the current authors proposed to com-
bine FEM simulations with mixing rules, applying mixing rules
directly to dDPC model parameters [10]. Using only experimental
data of the pure constituent powders, we were able to carry out
accurate FEM simulations of all mixtures. However, the study
was limited in two main ways. First, only two materials and their
binary mixtures were tested, leaving open the question of whether
the framework remains valid for multi-component mixtures. Sec-
ond, the previous method does not take into account the real pos-
sibility that some powders simply cannot be compacted in their
pure form and is thereby limited to well-tabletable powders. The
mixing rules were designed to be used on the dDPC model param-
eters of pure powders. However, not all pure powders allow the
determination of their dDPC model parameters because some cre-
ate tablets that immediately fall apart after ejection while tensile
strength testing is required. An alternative must be found if one
wants to predict the properties of mixtures containing one of these
non-tabletable powders. In fact, this is a neglected problem within
pharmaceutical powder formulation as there appears to be only
one study, by Jolliffe et al., that addresses the determination of
parameters of non-tabletable powders [28].

This work is thus a natural continuation of our previous study
[10] and aims to expand the validity and applicability of the mixing
method by validating mixing rules for ternary mixtures, including
an additional 7 powder formulations, giving a total of 12 unique
powder formulations. We also show that the updated
mixingmethodology can be used to dilute existingmixtures, allow-
ing us to predict the properties of various formulations regardless of
whether it contains a poorly or non-tabletable powder. Moreover,
wepropose amethod todeconvolutepowder formulations such that
the properties, or dDPCmodel parameters, of any powder can deter-
mined using onlymixtures, including those powders that are poorly
tabletable. These developments allow accurate FEM simulations,
usable for the improvement of the tablet-design process, for truly
any mixture or formulation using minimal experimental data.



Fig. 1. Compaction simulations with parameters obtained from experimental data
accurately reproduce experiment. a) Ternary phase diagram with arrows indicating
the parametrisation direction. b) Simulated and experimental compaction curves. c)
Average L1 error, with standard deviation, of the simulated compaction curves with
respect to experiment. The inset shows the L1 for all displayed data. The grey band
shows the average experimental variability plus and minus one standard deviation.
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2. Experimental methods

2.1. Materials

The powders used in this study are micro-crystalline cellulose
(MCC, Avicel PH200�), dibasic calcium phosphate dihydrate (DCPD,
Emcompress premium�), and partially pregelatinized starch
(Starch, SEPISTABTM ST 200). The median particle diameters by vol-
ume, or Dv50 values, were 199, 212, and 192 lm, respectively.
Aside from the 3 pure powders, this study considers 5 binary and
4 ternary mixtures, giving a total of 12 powder formulations. The
compositions of all powder mixtures can be seen in Fig. 1, 2, 3,
4a, 6a, and 7a.

2.2. Data acquisition

All powder compaction experiments used the Medelpharm STY-
L’One Evolution press (Medelpharm, Beynost, France). The press
was equipped with an external lubrication device (Medelpharm
lubrication pack), a 80 kN load cell, circular flat-faced punches
(11.28 mm), and an instrumented die. Punch deformation was
determined and accounted for using the Analis software (Medel-
pharm, Beynost, France). Force sensors were dual-scale piezoelec-
tric with an accuracy of 1 N, and displacement sensors had an
accuracy of 1 lm. After external lubrication with magnesium stea-
rate, the powder was filled into the die using a force feeder and
compacted using a uniaxial, double-ended compaction, V-shape
profile with a 0.2 mm s�1 punch speed (compression speed of
0.4 mm s�1). Punches were centred around the radial pressure sen-
sor in the die-wall. In the case of uniaxial compaction and axial
symmetry on the z axis, the stresses in the tablet can be described
using the hydrostatic stress

p ¼ 1
3
rz þ 2rrð Þ ð1Þ

and the von Mises equivalent stress

q ¼ rz � rrj j ð2Þ
with rz the axial stress and rr the radial stress. For each formula-
tion, tablets of 5 to 7 different densities were made with 10 to 12
replicates per density. The range of tablet densities was maximised
by starting at the lowest density for which an intact cohesive tablet
forms and ending at the highest density that still stays within the
force limits of the compaction equipment. In total, this resulted in
73 unique tablets and 816 compactions.

Radial and axial fracture stresses were determined, each using
three of the aforementioned replicates. Tablets were crushed using
a Texture Analyser TA.XT.plusC (Stable Micro Systems, Surrey, Uni-
ted Kingdom) with a 50 kg load cell. For the tablets whose fracture
stress surpassed the capabilities of the 50 kg load cell, the afore-
mentioned STYL’One Evolution press was used to crush the tablets
instead. The fracture stresses were calculated as

rf
rðqÞ ¼

2Fr;max

pDt
ð3Þ

for the radial direction and

rf
zðqÞ ¼

4Fz;max

pD2 ð4Þ

for the axial direction, where D and t are respectively the tablet
diameters and thickness, and Fr;max and Fz;max are the respective
radial and axial maximum compression forces. Hereafter, Mohr–
Coulomb theory can be used to obtain the cohesion

d ¼ rf
zrf

rð
ffiffiffiffiffiffi
13

p
� 2Þ

rf
z � 2rf

r
ð5Þ
3

and internal friction angle

b ¼ tan�1 3ðrf
z þ dÞ
rf

z

� �
: ð6Þ

Coefficients of friction for the powder-die interaction were deter-
mined using

l ¼ D
4zK

ln
rTK
rr

� �
; ð7Þ



Fig. 2. Binary mixing gives parameters resulting in accurate compaction simula-
tions with respect to experiment. (a) Ternary phase diagram with arrows indicating
the parametrisation direction. (b) Simulated and experimental compaction curves.
(c) Average L1 error, with standard deviation, of the simulated compaction curves
with respect to experiment. The inset shows the L1 for all displayed data. The grey
band shows the average experimental variability plus and minus one standard
deviation.

Fig. 3. Ternary mixing gives parameters resulting in accurate compaction simula-
tions with respect to experiment. (a) Ternary phase diagram with arrows indicating
the parametrisation direction. (b) Simulated and experimental compaction curves.
(c) Average L1 error, with standard deviation, of the simulated compaction curves
with respect to experiment. The inset shows the L1 for all displayed data. The grey
band shows the average experimental variability plus and minus one standard
deviation.
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with z the distance between the radial die-wall pressure sensor and
the top punch, rT the pressure on the top punch, rr the radial pres-
sure, and

K ¼ 1þ sin b qð Þð Þ
1� sin b qð Þð Þ : ð8Þ
4

with b the internal friction angle as given by Eq. 6 [10]. The result-
ing friction values were between 0:162 and 0:207 with no apparent
dependence on the radial pressure.

The effective in-die true density qt of each formulation was
determined through a series of high-pressure powder
compressions as described in Sun [38,39]. The experimental data
of MCC, DCPD, and MCC-DCPD mixtures were previously obtained
and used in van der Haven et al. [10].



Fig. 4. Dilution by mixing gives parameters resulting in accurate compaction
simulations with respect to experiment. (a) Ternary phase diagram with arrows
indicating the parametrisation direction. (b) Simulated and experimental com-
paction curves. (c) Average L1 error, with standard deviation, of the simulated
compaction curves with respect to experiment. The inset shows the L1 for all
displayed data. The grey band shows the average experimental variability plus and
minus one standard deviation.
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3. Numerical methods

3.1. Constitutive model

An elasto-plastic model is used to describe the mechanical
behaviour of the powder. A popular choice, also used here, is the
density-dependent Drucker-Prager Cap (dDPC) model [4,40]. The
elastic behaviour is linear and described by the Young’s modulus
E and Poisson’s ratio m. Plastic deformation can also be described
5

by the dDPC model and said to occur when the stress state of the
material crosses the failure surface, which is defined by three seg-
ments. The shear failure segment for dilation is given by

Fsðp; qÞ ¼ q� p tan bð Þ � d ¼ 0: ð9Þ
The cap for consolidation is given by

Fcðp; qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� pað Þ2 þ Rq

1þ a� a= cos b

� �2
s

� R dþ pa tanbð Þ ¼ 0

ð10Þ
with

pa ¼
pb � Rd

1þ R tanb
ð11Þ

where a is a smoothing parameter, R the cap eccentricity, and pb the
compressive hydrostatic yield stress. The transition segment, used
to join the previous two segments together, is given by

Ftðp; qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� pað Þ2 þ q� 1� a

cos b

� �
dþ pa tanbÞð Þ

� �2s

� a dþ pa tanbð Þ
¼ 0: ð12Þ

Since the mechanical properties of the powders strongly depend on
the density, all elastic and plastic parameters are made to be func-
tions of the relative density

q ¼ q0 expðeplv Þ ð13Þ
where q0 is the relative density of the uncompressed powder in the

die and eplv is the volumetric plastic true strain (with compression
being positive) [4,41,42].

3.2. Parametrisation

The elastic parameters follow from the first part of the unload-
ing path, from max rzð Þ to q ¼ 0 [5,40,41,43]. The Young’s modulus
is given by

E ¼ ð1þ mÞð1� 2mÞ
ð1� mÞ

drz

dez

� �
ð14Þ

with ez the axial true strain. The Poisson’s ratio is given by

m ¼
drr
drz

� �
1þ drr

drz

� � : ð15Þ

Plastic parameters are parametrised as follows. Point A is the point
at which rz is the highest and is located on the cap yield segment.
The cap eccentricity is then

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3qA
1þ a� a= cosbð Þ2ðpA � paÞ

s
: ð16Þ

with

pa ¼ � 3qAþ4d 1þa�a= cosbð Þ2 tan b

4 1þa�a= cosbð Þ tan b½ �2 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9q2

A
þ24qAd 1þa�a= cosbð Þ2 tan bþ8 3pAqAþ2q2

Að Þ 1þa�a= cos bð Þ tanb½ �2
p

4 1þa�a= cosbð Þ tanb½ �2

and the hydrostatic yield stress is

pb ¼ pa 1þ R tanbð Þ þ Rd: ð17Þ
The values of d and b follow from Eq. 5 and 6, respectively, and a is
set to 0:03. The in-die relative density of the tablet is determined by
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taking the density and stress at point A and subtracting the elastic
component according to

q ¼ qm;A

qt
exp �ð1þ mÞð1� 2mÞ

ð1� mÞ
rz;A

E

� �
: ð18Þ
3.3. Mixing rules

Mixing rules can enable predictive FEM simulations of materials
forwhich therearenoexperimentaldata [10]. The twocorepremises
of the mixing rules are that 1) the stress on all components is the
sameand2) that theproperties of themixturedependon thevolume
fraction yi of each component i. Amodel parameter n of amixture as
function of the compaction pressure r can then be estimated by

nðrÞ ¼
X
i

yiðrÞniðrÞ; ð19Þ

except for the Young’s modulus, for which

EðrÞ ¼
X
i

yiðrÞ
EiðrÞ

 !�1

: ð20Þ

This requires the volume fraction of each individual component

yiðrÞ ¼ y0;i exp �etotv;i ðrÞ
� � X

j

y0;j exp �etotv;j ðrÞ
� � !�1

; ð21Þ

which depends on the total volumetric true strain

etotv;i ðrÞ ¼
Z r

0

ð1þ mÞð1� 2mÞ
ð1� mÞEiðrÞ drþ ln

qiðrÞ
q0;i

 !
: ð22Þ

Estimates for the initial volume fractions y0;i are obtained as
described in Reynolds et al. [17]. The parameters n of the mixture
have so far only been described as a function of the stress. However,
the numerical implementation of the dDPC model requires all
parameters to be a function of the relative density. For the mixture,
the relative density is estimated using [16,38]

qðrÞ ¼
X
i

wi

qt;i

 !X
i

yiðrÞqiðrÞqt;i: ð23Þ

The function qiðrÞ can be obtained by fitting the compaction den-
sity qm;iðrzÞ to the loading curve and then substituting qm;iðrzÞ into
another fitted function qiðqmÞ that relates the in-die compaction
density to the out-of-die relative density. Previously determined
model parameters niðqiÞ, which are a function of the relative den-
sity, can then easily be expressed as a function of r by substitution
of qiðrÞ. Finally, a set of r values can be generated to obtain a full
parameter set fnðqðrÞÞ;qðrÞg for the mixture.

3.4. Demixing rules

Predicting the properties of the individual components within a
mixture requires the mixing procedure to be inverted or reversed.
To keep the problem tractable, it is assumed that only a single
component in a multicomponent mixture is changed, with the
ratios between all other components remaining constant. The com-
ponent of interest will be labelled as component 2 whereas the
combination of all other components will be labelled as (compos-
ite) component 1. The absence of a subscript denotes a property
relating to a complete mixture.

First, the effective true densities need to be estimated. This can
be done by least-squares fitting of the linear system

1
~qt

¼ ~w1

qt;1
þ ð1� ~w1Þ

qt;2
ð24Þ
6

with ~qt all the true densities of the known mixtures and ~w1 the
associated weight fractions of component 1. The effective true den-
sities qt;1 and qt;2 of the components are then determined by the
result of the fitting procedure.

The next task is to determine the total volumetric true strains
etotv ðrÞ of the components by solving the linear system

exp ~etotv ðrÞ	 
 ¼~y0;1 exp etotv;1ðrÞ
� �

þ 1�~y0;1ð Þ exp etotv;2ðrÞ
� �

ð25Þ

with the estimates for the y0 values being obtained the same way as
in the mixing method [10]. This system is solved for many discrete
values of r, which are then fitted to a B-spline, forced through the
point ð0;0Þ, to give the continuous functions etotv;1ðrÞ and etotv;2ðrÞ.
Eq. 21 is then used as usual to obtain the volume fractions y1ðrÞ.

The true densities of the mixtures ~qt are determined as in mix-
ing procedure. Then, to determine the relative densities of compo-
nents 1 and 2 as a function of stress, Eq. 29 from van der Haven
et al. is rearranged, with y0;i ¼ 1 (being the volume fraction of
the complete mixture itself) [10]. This results in a linear system,

1
~qðrÞ~qt

¼ ~w1

q1ðrÞqt;1
þ 1� ~w1ð Þ
q2ðrÞqt;2

; ð26Þ

which is again solved for many values of r and fit to a B-spline that
is forced through the points (qð0Þ1, 0) and (qð0Þ2, 0), respectively, to
get q1ðrÞ and q2ðrÞ. The functions are forced to be monotonically
increasing to assure physicality. The initial compaction density
qm;2ð0Þ is used to determine q2ð0Þ whereas q1ð0Þ is determined
by the fit with r ¼ 0 and q2ð0Þ.

A range of r values is generated for the computation of the table
of dDPC model parameters that is required for the numerical
implementation of the FEM simulations. The relative density fol-
lows directly from q2ðrÞ. The model parameters n2ðq2ðrÞÞ follow
from solving the linear systems given by the mixing rules. Omitting
ðqðrÞÞ for brevity, the arithmetic mean gives

~n ¼~y1n1 þ 1�~y1ð Þn2; ð27Þ
the geometric mean gives

ln ~n
� �

¼~y1 ln n1ð Þ þ 1�~y1ð Þ ln n2ð Þ; ð28Þ

and the harmonic mean gives

1
~n
¼~y1

n1
þ 1�~y1ð Þ

n2
; ð29Þ

where all of the demixed dDPC parameters are determined using
the same mixing rule as in the mixing procedure. An exception is
the cohesion d, which uses the geometric mean in the demixing
procedure to avoid non-physical negative values.

The demixing procedure also ends up deximing values that are
extrapolations of the parametrisations on experimental data. This
can lead to some instabilities and requires a correction of the
demixed values for E and pb that are demixed from extrapolated
dDPC parameters. On the lower end, both are extrapolated using
a quadratic curve starting at q2ð0Þ and ending at the first value of
q2 which has not been demixed using extrapolated data. The
extrapolations start at 0:1 GPa and 1:0 MPa for E and pb, respec-
tively. The extrapolation from the experimentally supported values
of E to higher values is performed the sameway as in van der Haven
et al. [10]. For pb, the extrapolation to high values is done by fitting
c1 expð�c2ðc3 � qÞÞ þ c4 to the experimentally supported pb values
of the highest 0:05-wide window of q. Finally, the tabulated values
of d;R, and pb are forced to bemonotonically increasing. To solve the
linear systems in the demixing procedure, only two mixtures are
needed but more can be used to improve the accuracy.
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3.5. Implementation

All FEMsimulationswerecarriedoutusingAbaqus2019bySimu-
lia [44], following the same set up as van der Haven et al. [10]. The
built-in DPC model was used and supplemented with a USDFIELD
subroutine to add density dependence. Geometric and process
parameters of the numerical model were set to be identical to those
in experiment. A small taper was added to the die wall to improve
numerical stability. The powder and punches were given a regular
mesh,while the diewallwas given an irregularmesh,with all repre-
sentationsbeingaxisymmetricanddeformable.All toolingwasgiven
thepropertiesofsteel(E ¼ 210GPa,m ¼ 0:3,anddensity7900kgm�3)
and 1mm thick [45]. Outer surfaces of the tooling were constrained
with displacement-controlled boundary conditions.

3.6. Error quantification

The L1 loss function is used to quantify the deviation between a
given compaction curve and a reference curve, denoted with super-
script ”ref”. The L1 can be expressed either as a fraction or a per-
centage and is defined as

L1 ¼
Z qref

end

qref
start

jrz � rref
z jjdqmj

 !
� max rref

z

	 
� Z qref
end

qref
start

jdqmj
 !�1

:

ð30Þ
Physically, the L1 corresponds to the average normalized error per
line segment.

4. Results and discussion

4.1. Parametrisation from experimental data

Since the introduction of new powders makes it appropriate to
repeat the validation of the parametrisation procedure, we here
confirm that the dDPC parametrisation using experimental data
as input results in accurate FEM simulations. An automated
Fig. 5. Profiles of the shear stress in MPa of the second-to–highest density tablet of MCC-
methodologies. The similarity of the profiles shows that the mixing methodology works r
only half the tablet’s vertical cross-section is shown here, with the left edge being the cen
means that model parameters followed directly from experimental data. ‘‘Mixed‘‘ mean
mixture between brackets (weight percentages of MCC-DCPD-starch) as shown in Fig. 3
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parametrisation procedure was applied to the newly acquired
experimental data to obtain dDPC model parameters, which were
then directly used to do FEM simulations. To quantify the error
of the simulations with respect to the experiments, we computed
the L1 loss function between the simulated and experimental com-
paction curves. Since each compaction experiment was repeated
10 to 12 times, average L1 loss function are computed, denoted
as hL1i.

The simulations confirm that, aside from MCC (plastic) and
DCPD (brittle), the compaction behaviour of the starch (elastic)
can also be reproduced (Fig. 1). The reader is referred to the supple-
mentary for figures of the simulations for the mixtures (Fig. S4–S7).
For all 12 formulations, making a total of 73 unique tablets, this
resulted in an error of hL1i ¼ 2:93� 1:70%. To get a better feel
for the magnitude of the L1 values, we also computed the experi-
mental variability, i.e. the average L1 between all pairs of replicate
experiments. This gives an experimental variability of
hL1i ¼ 1:85� 1:12% over all experiments. The simulation error is
thus only marginally higher than the experimental variability,
showing that the parametrisation procedure results in highly accu-
rate and precise FEM simulations for a broad range of powders
with drastically different mechanical properties.
4.2. Multi-component mixing

We now continue to demonstrate that the mixing methodology
can be used to perform FEM simulations of powder mixtures when
only experimental data for their pure constituent powders is avail-
able. Thus, only the experimental data of pure MCC, DCPD, and
starch are used as input for the simulations here. Following up on
van der Haven et al. [10], the mixing methodology was tested on
two new binary mixtures, MCC-starch and DCPD-starch (Fig. 2).
The average L1 value is around 5%, thereby remaining similar to
that previously reported for binary mixture prediction. Moreover,
the mixing methodology was tested on four ternary mixtures
(Fig. 3). The accuracy of the predictions for ternary mixtures
appears to be similar to that for binary mixtures, demonstrating
DCPD-starch (with 33% of each component) after unloading, resulting from different
egardless of the chosen starting material or input data. Because of radial symmetry,
tre axis and the right edge being the side touching the die wall. ‘‘Self-parametrised‘‘
s that model parameters followed from the mixing methodology with the starting
and 4.
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that themixingmethodology is valid and accurate for binary aswell
as multi-component mixtures. Overall, mixtures were predicted
with hL1i ¼ 4:94� 2:95%.

Similar to previous work [10], a higher error is generally
observed for predictions for the lowest tablet density (Fig. 2c).
Because the parametrisation starts at the final density of the most
porous tablet, these simulations mainly rely on extrapolated
parameters, increasing the error. This error is likely further aggra-
vated when applying the mixing rules. However, the function of
Fig. 6. Demixing using two experimental formulations as input gives parameters
resulting in reasonably accurate compaction simulations with respect to experi-
ment. (a) Ternary phase diagram with arrows indicating the parametrisation
direction. (b) Simulated and experimental compaction curves. (c) Average L1 error,
with standard deviation, of the simulated compaction curves with respect to
experiment. The inset shows the L1 for all displayed data. The grey band shows the
average experimental variability plus and minus one standard deviation.
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the lowest-density data is much more to support the stability of
the method than to be a potential target within the formulation
design space. Tablets at the lowest reported density barely form
cohesive tablets and would be unsuitable for any practical applica-
tion because their tensile strength would be too low to meet the
required industry standards [31,32]. The increased error at the
lowest density therefore does not diminish the usefulness of the
presented methods. Instead, the presence of the lowest-density
data points means that less parameter extrapolation is necessary,
Fig. 7. Demixing using three experimental formulations as input gives parameters
resulting in accurate compaction simulations with respect to experiment. (a)
Ternary phase diagram with arrows indicating the parametrisation direction. (b)
Simulated and experimental compaction curves. c) Average L1 error, with standard
deviation, of the simulated compaction curves with respect to experiment. The
inset shows the L1 for all displayed data. The grey band shows the average
experimental variability plus and minus one standard deviation.
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improving the stability and accuracy of simulations at densities
that do fall within the viable formulation design space.

To put the performance of the mixing methodology into further
context, we should consider the types of materials used and
whether they are applicable to industrially relevant problems.
MCC is generally considered to be plastic, DCPD is considered brit-
tle, and starch is considered (visco-)elastic. MCC and starch can
therefore be said to behave more like typical excipients, whereas
DCPD behaves more like a typical crystalline active pharmaceutical
ingredient (API). The mechanical properties of the constituent
powders are thus varied greatly, showing that the mixing method-
ology is robust and applicable to realistic powder formulations
used in the pharmaceutical industry.

4.3. Dilution

So far, the application of the mixing methodology has been lim-
ited to using only input parameters of the pure constituent pow-
ders, despite the common knowledge that not all pure powders
can be compacted into intact tablets, as required to obtain model
parameters. This limitation is addressed here by showing that
parameters of powder mixtures themselves can also be used as
input. Mixtures can be diluted into other formulations by mixing
them with only a small number of pure components. For example,
Fig. 4 shows that, regardless of the initial mixture, dilution pro-
duces accurate predictions for the central mixture with equal parts
of MCC, DCPD, and starch. Fig. 5 further shows that the resulting
shear-stress profiles at the end of unloading are also nearly
identical.

The errors resulting from dilution are even lower than those
resulting from mixing, presumably because of the shorter distance
between the input data and the target formulation. There is also no
Fig. 8. The shear stress profiles in MPa within the vertical cross-section of the sec
methodology produces the same qualitative trends. The columns indicate the mater
parametrised‘‘ means that model parameters followed directly from experimental data. ‘
either two or three input formulations as given in Fig. 6 and 7. Similar to Fig. 5, only ha
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reason to suspect that mixtures themselves cannot be combined.
Being able to combine mixtures as well as pure-component pow-
ders greatly extends the capabilities of the mixing methodology.
However, in spite of this added flexibility, the domain of possible
predictions is still limited to a certain region of the phase diagram.
This region is marked by the convex hull of all tested or known
compositions in the phase diagram. Dilution will thus always
require, for each individual component, experimental data of a for-
mulation that has a higher fraction of that component.

4.4. Demixing

To fully lift the limitations on the powder compositions that can
be predicted, a demixing or extrapolation methodology is needed,
which is demonstrated here using the demixing methodology pro-
posed earlier. Using the absolute minimum of two input formula-
tions, Fig. 6 shows the predicted compaction curves for the
demixed pure components. Given that the input formulations only
contain 33% to 50% of the target material at most, the performance
is surprisingly good.

However, not all combinations lead to accurate predictions. For
example, using the MCC-starch and central MCC-DCPD-starch mix-
ture to predict pure DCPD does not seem to work as the predicted
Young’s moduli become negative. The parameter extrapolations
naturally become less reliable as the distance from the experimen-
tal input data increases. It is also unsurprising that DCPD requires
higher weight fractions for reliable prediction, because it is also the
most mechanically unique powder. Moreover, using only two for-
mulations for the input means that any error is immediately prop-
agated. This is not the case when three or more formulations are
used, as the regression in the demixing methodology distributes
the error. Fig. 7 shows that using one extra formulation to do
ond-to–highest density tablet after unloading, demonstrating that the demixing
ial whereas the row indicates how the model parameters were obtained. ‘‘Self-
‘Demixed‘‘ means parameters were obtained from the demixing methodology using
lf of the vertical cross-section is shown..
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pure-component predictions results in more accurate predictions,
only about a single percentage point less accurate than the mixing
rules. Given that API properties can change significantly as part of
the normal API development, this level of accuracy incredibly use-
ful for early formulation selection.

But most of all, compared to directly parametrised simulations,
Fig. 8 shows that the demixing methodology results in similar
shear stress profiles at the end of unloading, both qualitatively
and quantitatively. MCC and DCPD show higher shear regions near
the top and bottom edges of the tablet, whereas starch shows a
more alternating shear pattern. The demixing methodology there-
fore provides a novel way of compaction curves and stress profiles
for poorly tabletable, or otherwise untested, powder formulations.

Partial demixing is of course also possible, even expected to be
more accurate, by artificially adjusting the weight fractions at the
start of the demixing procedure such that w2 ¼ 1 gives the
desired mixture. The restriction of only being able to demix in a
straight line across the phase diagram can be lifted by combining
the mixing and demixing methodologies. The reported method-
ologies thereby enable us to reach the full phase diagram, regard-
less of whether the individual components are tabletable or not.
Strictly speaking, by repeating the mixing and demixing
procedures, one would only need to test N distinct formulations
of a powder containing N unique components to estimate the
whole N-dimensional phase diagram. The testing of any addi-
tional formulations would only serve to reduce the error of the
predictions. Many of the formulations discussed in the current
work can thus be predicted using more than one of the three
strategies, being mixing, dilution, and demixing. In general, the
recommendation is to use the approach that minimises the dis-
tance between the target mixture and the known mixtures since
this results in the lowest error.
5. Conclusions

The currentwork greatly extends the validationof the automated
dDPC model parametrisation procedure reported previously. FEM
simulations using dDPC parameters derived directly from experi-
mental data reproduced experimental compaction curves with an
averageL1 loss functionof hL1i ¼ 2:93� 1:7%of themaximumcom-
pactionpressure, a goodperformance compared to the experimental
variability of hL1i ¼ 1:85� 1:12%. The mixing methodology, by
combiningdDPCmodelparametersof thepure constituentpowders,
was able to predict experimental compaction curves of binary and
ternary mixtures with hL1i ¼ 4:94� 2:95%. Similarly, the mixing
methodology could be applied to mixtures, effectively diluting the
formulation, giving hL1i ¼ 4:09� 1:02%. Shear stressprofiles result-
ing from the FEM simulations were furthermore nearly identical,
regardless of how the model parameters were obtained.

Moreover, a novel demixing methodology was developed to
estimate the dDPC model parameters of formulations that lie out-
side the domain of tested formulations, effectively allowing predic-
tions of even non-tabletable powders or formulations. Depending
on whether experimental data of two or three formulations was
used, FEM simulations of pure powders using demixed parameters
resulted in modest errors of hL1i ¼ 9:15� 3:12% and
hL1i ¼ 6:35� 3:85%, respectively. Shear stress profiles were both
qualitatively and quantitatively similar, further supporting the
validity of the new mixing methodology.

Together, these developments allow exploration of the full
phase diagram of powder formulations, needing only minimal
experimental input data. Compaction curves and stress profiles of
any mixture can thus be predicted, providing a level of detail
unattainable by conventional mixing methods or rules. These
new methodologies can become indispensable tools for process
10
development in pharmaceutical powder compaction, providing
information that is critical for the consideration of joint formula-
tion and punch-design optimisation.
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