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Introduction

This document contains supplementary materials to the main manuscript. In particular, we
provide and discuss here the proof of Propositions 1, 2 and 3 as well as the proof of Theorems
3.1 and 3.2. In Section S6 we derive the conditional information matrix complementing
Theorem 3.2. Section S7 presents the results of an extensive simulation study carried out
to assess the finite sample properties of the maximum likelihood estimator, the impact of
different kind of exogenous variables and the effects of potential misspecification. Finally,
in Section S8, we display additional empirical results, including preliminary analysis on
R~-fMRI data and diagnostic checks.

S1 Proof of Proposition 1

Let us write the R-variate Student-t density with zero mean, unit scale and v degrees of
freedom as

fly) = @m) 2k (y)e (S1)
where Cen
ku(y,) = (1 + %) 2
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and

It is straightforward to prove (see Exercise 4.36 of Abadir et al. 2018) that

/
lim k,(y,) = exp —%}
V—00 2

and

limec, =1
V—00

so that
Vh_{go f(yt) = ¢(yt)

where ¢(y,) denotes the multivariate standard normal density.

Let us consider the following expansion of k,(y,) and, subsequently, an asymptotic
expansion of ¢,, valid for v — oo.

We first rewrite k,(y,) and expand the logarithmic term, as follows,

Fu(y) = exp {22 1og (1+ %)}
= exp _%R<%_;(ytw) +O(i3))}

Rearranging,

kV(yt) = exp —%{ <% _ 1(ytyt + O ( ) }

= exp _%_f_ (yiy,)? 4V2Rytyt +O(u_2)

= exp _%} exp { (yéyt)QL;/?Ry%yt +0 (5)} .

By expanding exp{z} = 1+ z + O(2?) when = — 0, we eventually get

/ / 2 /
ki () = exp {—%} (1 4 i) L Lo (%)) . (52)

1%

As far as ¢, is concerned, we consider the Stirling formula (see Appendix A.3.4 of Abadir
et al. 2018), based of Tricomi and Erdelyi (1951),

cyzl+w+0(i). (S3)

4y v?
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By replacing (S2) and (S3) in (S1) and solving the product, one has

f@Q:w%Yfmm{—%%}<L+W—QR@+Z%J+@MM2+O(i))

which completes the proof. [

S1.1 Discussion

It is evident from Equation (S3) that the term involving R?/v comes from the integrating
constant. To illustrate, the left panel of Figure S1 shows how fast the constant ¢, departs
from unity as far as R increases and v € [30, 80]. It is evident that, already for R = 10, ¢,
is far from 1 even for v = 80. The right panel of Figure S1 compares the behaviour of c,
for fixed v = 30R (orange line) and fixed v = 30R? (blu curve). It emerges that values of
v > 30R? are required for ¢, to stably reach unity, i.e. its limit. It is worth noting that the
two curves overlap for small values of R. The value vy = 30R? encompasses the case when
R =1 and vy = 30 emerging from Fisher (1925) and established by Chu (1956). The latter
value can be interpreted as a turning point, in the terminology of Villa and Walker (2014),
after which the Student-t distribution can be reliably approximated by the Normal. Note,
however, that in practical applications the kernel plays a role as well.

Indeed, the kernel expansion in Equation (S2) entails a more involved relation between
R and quadratic forms associated with y;. The latter relation is discussed by Tiao and
Zellner (1964), in the context of Bayesian estimation in regression models, and by Dickey
(1967) who considered alternative expansions, to the one in Fisher (1925), of the Student-t
density function. Dickey (1967) also mentions the extension to the multivariate Student-¢
distribution and recognises that, in the multivariate case, expansions of complete integrals
for termwise integration, as in the univariate case treated by Fisher (1925), are practically
rather complicate.

In Proposition 1, we recover the leading terms of the expansions considered in Tiao and
Zellner (1964) and Dickey (1967). As a matter of fact, the term in v~! in Equation (S2)
is equivalent to the term in ! in the multivariate Student-t kernel expansion of Tiao and
Zellner (1964, Equation 3.2). Also, writing k,(y,) as follows,

vy v+ R Y1y 1
ko(y,) = L Ay )L,
(ye) = exp { 2 v ( 2v O v?

gives the first terms of the kernel density expansions in Appell’s polynomials discussed by
Dickey (1967), see also Kotz and Nadarajah (2004, Section 1.6).
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Figure S1: Left panel: values of ¢, for R = 1,2,...,10 and v = 30,...,80. It is evident
that, already for R = 10, ¢, is far from 1 even for v = 80. Right panel: values of ¢, for
R=1,2,...,100 and fixed v = 30R (orange line) and fixed v = 30R? (blu curve). One can
see that ¢, remains stable around one for vy = 30R? while increases linearly for v = 30R.

S2 Proof of Proposition 2

We first prove stationarity and ergodicity of {y,}icz in Equation (1), which requires sta-
tionarity and ergodicity of {,}+cz along with some boundedness conditions on the spatial
matrices W1 and Wy and coefficients p; and ps. The sequence of g, is iid, and hence, sta-
tionary and ergodic by definition. For 0 < v < oo, the random variable 1/(1+n; A~ 'n,/v)
is distributed like a Beta (R/2,v/2), and hence is uniformly bounded Vn, € R® see Kotz
and Nadarajah (2004, pp. 19) and Harvey (2013, Proposition 39). As, for given n,, the
recursion that specifies p,,, in Proposition 2 is linear in p,, with the assumptions |¢| < 1,
the process {,}iez is stationary and ergodic, since all the conditions of Bougerol (1993,
Theorem 3.1) are satisfied.

From the fact that |p;| < 1, |p2] < 1, and that W, Wy are row-stochastic, which in
turn imply ||p1W1|| < 1 and |[poWa]|| < 1, two constants 0 < ¢1, ¢ < 1 exist, such that for
i=1,2

S W < S lWir == <o
m=1 m=1 m=1 ?

As X; is non stochastic and bounded by assumption, {u,}ez is stationary and ergodic,
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and {m, hez is iid, stationarity of {y,};ez then follows trivially by continuity arguments,
whereas ergodicity is implied by Krengel and Brunel (1985, Proposition 4.3).

Turning to boundedness of the unconditional moments of y,, we observe that E[|| s, ||"] <
oo follows by an application of the Holder and Minkowski’s inequality, since

) n 1/n) "™
E[lal] < {759 <E D e
7=0

where & = R||K]|| and ¢ < 1, by boundedness of W; and Wy (by construction) and by
positive definiteness of K (by assumption).
Finally, by the ¢,-inequality, 3 C7, Cy € (0, 00) such that

Cl Cl Cl CQ
X B(" E " E "
i+ O m )+ 1O ) < o,

—;
I+ ”ItT—jA_lnt—j/V

Ellly. /"] <

since p, is uniformly bounded, || X¢||" < oo with limy_ X! X, by assumption, and

E [||m,||"] < oo for n > v by the properties of the Student-¢ distribution. [

S3 Proof of Proposition 3

The proof consists in verifying that the sufficient conditions for invertibility given by
Bougerol (1993, Theorem 3.1) are satisfied. As far as condition C.1 of Bougerol (1993,
Theorem 3.1) is concerned, under the assumptions of Proposition 2, the filter Hyjp—q 18 uni-
formly bounded and hence E(supgeg || #4;—1]|) < oo. Condition C.2 is satisfied by assuming
the contraction assumption on X’;. Specifically, the convergence of the nonstationary fil-
tered sequence {fi,;_;}ien is obtained as an application of the mean value theorem, so
that

sup H/jl’t+1\t - Ht+1|tH < sup || X[ sup H/jl’t\t—l - /'l‘t|t—1H7
0cO 0cO 0cO

with X; = ¢Ir + KC; and where

is uniformly bounded Vy, € RE, VX, € R+ and V@ € ©. The contraction condition

ensures that supgeg ||£t;;—1 — M1/ —> 0. Additionally, the claim that the moments are
bounded follow from uniform boundedness of u;, see Proposition 2.
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S4 Proof of Theorem 3.1

Let Lr(0) = %23:1 0,(0) be the average likelihood, with limit £(0) = E[{,(0)] and
Lr(0) = %Z; (,(8) be the empirical average likelihood based on the recursion By
corresponding to the fixed initial value p,,. We have,

sup [£1(60) — £(6)| < sup |Zr(6) — Lr(6)| + sup|£r(8) — £(6)]. (54)
0cO 0cO 0cO

Let us consider the first term on the right hand side of Equation (S4). By the mean value
theorem,

OLr(6)

a,u't*\t—l

sup

sup | 2r(6) — cT(O)( < sup sup
S

6cO 6cO

ﬂt|t—1 - Ht\t—1| ) (S5)

where ltl’:|t71 lies on the chord between the filtered location fi,;,_, and g, ;. By direct
calculation and the triangle inequality,

1T
<

T “~ oco

OLr(0)
Oty

v+ R
1%

Zy A Zo(Zoy, — XuB — 1, 1)/

6cO

T
v+ R 1 ~x *
<on (™) 7 g X = ]

with ca > 0 and of = 1+ (1/v) (Zoy, — X8 — i) Z3 A Zo (Zry, — XuB — i)
Note that [|(Z1y, — XiB8 — ftj;_,)/a;| is uniformly bounded Vy, € R, VX, € REX(P+1)
and V0 € ©. The second term in the right hand side of Equation (S5) will vanish as
t — oo by Proposition 3. Almost sure convergence of the first term in the right hand side
of Equation (S4) is then obtained as a corollary of Straumann and Mikosch (2006, Lemma
2.1).

As far as the second term in the right hand side of (S4) is concerned, convergence is
obtained as an application of the uniform law of large numbers for stationary and ergodic
processes, see White (1994, Theorem A.2.2). First, stationarity and ergodicity of {¢:(0) }+ez
follows by Propositions 2 and 3.



Second, we show that E(supgcg |£+(0)]) < co. We have

E [sup |€t(0)|} < sup |InT (V + R) ‘ +sup |InT (Z)‘ + sup R In(7v)
) 0O 2 0cO 2 )
1 R
+ sup|In|Z;|| + sup|In |Z|| + sup | = In ‘(Z ” + sup V+ '
0cO 0cO oco |2 0co
x E |sup |In (1 + (Zlyt — X - ”“t—l) ZyA"'Zy (Z1yt — X - “tt—1)> u ;
0cO v

where we note that by |p1| < 1, |p2| < 1 and by boundedness of W, and W, there exist some
Zy <detZy < Zy, Zy <detZy, < Z;, as well as it exists some A_ < det A < Ay, where
A_,Z7,Zy >0and Ay, Z}, Z) < oo. Moreover, the existence of the logarithmic moment
of (Zyy,—XuB—pyy 1) Zg A" Zy(Zy,—XoB—pyy, 1) /v is ensured by Propositions 2 and 3.
In particular, note that Efsupgee [(Z1y, —XeB — gy 1) " Zg A Zy(Zy, — pryye 1) /V|™] < 0
is always satisfied for some m > 0 and with v > 0.

Since the parameter space © is compact by assumption and the likelihood function
L7(0) is continuous in @ Vy, € RF and F,-measurable VO € ©, all the conditions of
Theorem A.2.2 in White (1994) are satisfied and almost sure convergence of the second
term in the right hand side of (S4) follows. The latter result also ensures the continuity in
0 € © of the limit likelihood function £(8).

In conclusion, identifiability and uniqueness of the maximizer 8y of the limit in £(0)
follow by the assumptions on ¢, K, ® and by Lemma C.2 in D’Innocenzo et al. (2020).
Then, the strong consistency follows by White (1994, Theorem 3.4).

S5 Proof of Theorem 3.2

Standard arguments for the proof of asymptotic normality and Taylor theorem lead to the
expansion of the score function about a neighborhood of 8y,

0 = VTZ;(0r) =VT [£7 (80) — £ (80)] + VT L (60)
+ (25 80) = £ (60) + (£5(6") — £5:(80)) + £ (80)]
x |VT (6r - 60)], (S6)
where 0 lies on the chord between 9T and @y, componentwise.
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Considering Equation (S6), we first show that the score functions /T Z’T(Oo) and
VT L(8y) have the same asymptotic distribution. We prove this argument by noting that
L/(6,) obeys a central limit theorem for martingales and that the quantity vT[Z(8o) —
L’(0y)] will vanish in probability. Therefore, the desired result follows by asymptotic equiv-
alence, see White (2001, Lemma 4.7). However, it should be noted that, as the likelihood
function £7(68) depends on the filter fuyi—q, its derivative EA}(H) depends both on fu, 4
and on the filter derivative df,,_,. As a leading example, let us consider the derivative
process with respect to the spatial parameters,

anu’t—i-l\t a/"'ﬂt—l
— =X K
op1 " op TR
ay’t+1\t al“'t|t71
=X K
Op2 " O R
where X; is as in Proposition 3 and
—
1t ~om
:[2/1/04;2(Z1yt - X8 — Nt|t—1)(z1yt - XiB - Nt|t—1)TZ2TA_1Z2 - O‘;l]wlyta (S7)
ou
2.t ~ o
:[Q/VO‘;Z(Zlyt - X8 — p,t|t_1)TZ;A_1W2(Z1yt - XiB - Nt\t—l)]
X (Zyy, — X4 — :u‘t|t71) (S8)

It is straightforward to see that both r1; and 75, in Equations (S7) and (S8) respectively,
are uniformly bounded and the contraction condition imposed to the filter f1,, , also implies
that the nonstationary sequence df,,_, converges to the stationary and ergodic counterpart
Optyye—1- It can be shown that the same results hold for all the derivative processes. Thus,

(L1 (60)) R
= . Oftfyp_y (Fye—1(00) — pye—1(00))
ﬁ”LTwO) Lr(6o)l < VT 9(L7(80)) (Ofry—1(80) — Opty—1(60)) .

208y )

The elements in the first term on the right hand side of the above inequality are uniformly
bounded, while the elements in the second term will vanish as ¢ — oo exponentially fast.

In turn, this implies that /7| Z(80) — L (80)]| 5o,
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Let us consider the second line of Equation (S6). We note that Z{}(O} depends on fi,,_,
Oftyye—y and the second derivatives 82ﬂt‘t,1. Hence, as before, we consider

82ut+1|t 82/-"’t\t—1 a:“’t\t—l ! ay’ﬂt—l
=X K C Kr'
0p? o T < opr ) t( Opr )+ e (59)
a2ﬂ't+1|t aQNt\t—l a:u’t\t—l ! ay’ﬂt—l
=X K C,| —— Kr! 1
03 o ( dps ) t( Ops >+ e (510)
82Hqt+1|t aQHt\t—l aﬂt\t—1 ! Oty
=X +K C’( | >+Kr’ , S11
9p10pa ' 9p10p2 ( I ) ' dpa 2 (1)

where C; is obtained as

Ci=3 y?T
Foyji—1OHyy o
:8/u2a;3{ [T5 ® (Zoy, — XiB — typ ) (Zoy, — XuBB— pyyy) "] z;AflzZ}
X [(Zy, — XiB — pyppr) 2y A7V 2]
. 2/ua;2{ (2] A7y ® I
x [(Zyy, — X8 — Hy—1) @ Ir + IR @ (Zny, — X¢B — Nt\t_1)] }
- 2/ua;2{ (2] A" Z @ I) [(Zy, — X8 — pryy_1) @ T } (S12)
and
r, :@
top

2
—8/v%0;* | (Zay, — XuB — )23 A ZoWhy, | (Zay, = XuB — py )
= 2/v0;?[(Zay, — XuB — pry 1) 2T AT 2o (Way,)

- 2/’/@1:_2 [let(zlyt - X8 — .u‘t|t71)—l— +(Zyy, — XiB — ,u‘t\tfl)y;rwir]
x Zg A'ZoW 1y, (S13)



2
’I‘/ _3 U
2t — 2
9p3

2{8/1/2&;3[(21:% - X4 - Nt\t—l)TZ;A_1W2(Zlyt - Xi8 - Ut|t—1)]2

- 2/Vat_2(zlyt - XuB - Nt|t71)TW;—A71W2<Zlyt - X4 - Nt\t—l)}
X (Zyy, — X4B — u’t|t71)7 (S14)

2
’ 8’u,t

"2 D
{8207 (Zay, = XiB — py) ZI AT Wa(Zay, — X~ i)
X (Zoy, = X — puyy 1) 2y ATV 2y Why,
— 4/ (Zoy, — XB — py )23 AW Wy, |
X (Zyy, — X4 — Ht|t—1) (S15)

The partial derivatives in (S12), together with (S13), (S14) and (S15) are uniformly bounded.
It follows from Equations (S9), (S10) and (S11) that the contraction condition on the filter
also implies that 0? FLy—q converges to 0? Hy—1- Therefore, by employing similar arguments
as in the proof of Theorem 3.1, we have supg.g I1(0) — L14(0)] 225 0 as T — oo. Finally
that the additional condition E[||X; ® X;||] < 1 guarantees that the likelihood second
derivatives have at least one bounded moment, that is E[L7(0)] < oo, see D’Innocenzo
et al. (2020, Lemma C.11), which also entails the uniform convergence of the first sum-
mand in the second line of Equation (S6) as another application of White (1994, Theorem
A.2.2). Finally, Slutsky Lemma completes the proof, see van der Vaart (1998, Lemma 2.8

(iii)). O
S6 The conditional information matrix

Let us consider the Fisher Information matrix Z(6y) evaluated at 6o, as in Theorem 3.2,
and defined as




By the law of iterated expectations, denoting E, ,[Y;] = E [Y;|F_1],

WM@H
Z(0) = -E |E. = —E[Z,(0
0) =8 |5t |20 | — -5 1z0)
where Z;(80) is the conditional information matrix defined as follows
82&(0)}
7,(0) = —E,_ .
(8) = ~Fas [aeaeT

In Gaussian models, the conditional information matrix coincides with the Fisher infor-
mation matrix. Otherwise (in our case, when v < 00), Z;(0) is generally not equal to Z(8).
Nevertheless, in non Gaussian dynamic models, where the closed-form expression of the
Fisher information matrix is typically prohibitive, inference on @, can be carried out based
on the analytic form of Z;(0), if available, under the same regularity conditions that lead
to asymptotic normality. Increased accuracy is expected with respect to numerical approx-
imations based on numerical derivatives that are often rather poor, see the discussion in
Fiorentini et al. (2003), Bollerslev and Wooldridge (1992), based on Crowder (1976). The
crucial point is that the score vector evaluated at the true parameter value 6 is a martin-
gale difference sequence, so that, under correct specification and under the assumptions of
Theorem 3.2, asymptotic results for martingale difference sequences apply. As

7,(00) 22 T(0,)

by Theorem 3.1, a consistent estimator of Z(8y) is obtained as

where jt(éT) is the conditional information matrix evaluated at the filtered sequence f1,,_,

and at the maximum likelihood estimate éT.
We now derive the conditional information matrix that we write in block form as

7(0) * * * * * *
™) TV M)(g) x % x x x
") ™) () * . x x
o) =| " ey ") e * *
0 0 77" (9) 0 77 (6) x *
) ") ) ) o 1) :
I It(V(K)aV)(e) It(V(K)aV(A))(g) It(V(K)’pl)(O) It(V(K),pz)(e) 0 It(V(K),aﬁ)(o) I}V(K))(e) |
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where the symbols * in correspondence of the (7, j)-th element denote that the transposed
of the corresponding (j,7)-th element is considered. As in the proof of Theorem 3.2, we
derive, as a leading example, the information with respect to the spatial parameters, that
is ZP1")(@). The other components or blocks can be obtained analogously.

Some notation follows. Let v(L) := vec(L) denote the vector operator applied to the
matrix L to stack in a vector the columns of L, vech(L) denote the vector operator applied
to the lower-triangular part of L, diagonal elements included, and de vec(vec(L)) = L. Let
Dy € RE™5™ denote the duplication matrix, which satisfies D g vech(L) = vec(L), and
Krr € RE*® denote the commutation matrix, which satisfies g vec(L) = vec(LT).
Finally, ¢/(z) = 8%logT'(2)/02? is the trigamma function of z, the symbol ® denotes the
Kronecker product and tr(A) indicates the trace of A.

The second derivative (or the Hessian) of the log-likelihood with respect to the param-
eters (p1, p2), can be written as follows:

H(Phpz)(e) _ 32£t(9) (a'utt—l)—r 82615(0) (a“ﬂt—l) 8&(0) a2l‘l’t\t—1 (816)
! 0p10pa op1 6Nt|t71alﬁt,1 dpa 5#3,5,1 dp10p2
where
0%0,(0 v+ R _ _
5p1t8(p3 =2 2 Qy 2(Z1yt - X8 — Nt|t—1)TZ2A 1W2<Zlyt - X8 - Nt\t—l)
Xy, Wi ZoA " Zy(Zny, — XoB — pyyy 1)
_V+R -1, T T TA—IZ 7 - X o
o Yy, Wi W, 2(Z1y, 3 Ht|t—1>
v+ R _ _
— Y W Zy AW (Zuy, — X8 — pay), (S17)
82615(0) v+ N 2 1 1
=2 o A Y2y, — XuB — gy ) (Zhy, — X3 — gy ) AT
a#ﬂtqaﬂgpl 2 t ( 1J¢ t t)t 1)( 1J¢ t 1313 1)
v+ Nat’lA_l
v
and
8€tT(0) _ v+ RutTA_1Z27
My v
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while Opay, 1 /0p1, Opaye—1/Op2 and Oy, /0p10py are defined as in (S9), (S10) and (S11),
respectively.

Let us write Z1y, — XuB — pyp_1 = Zy 'n, and consider the following stochastic repre-
sentation of the elliptically distributed Student-¢ variable (see Fang et al. 1990)

Tt

ol B A

n =

where 74, s; and q; are mutually independent random variables, such that r; ~ y%(R),
s¢ ~ x?(v), with x?(r) indicating a chi-square distributed random variable with r degrees
of freedom, and q is uniformly distributed on the unit sphere in Rf. Like in Fiorentini
et al. (2003), Equation (S17) may be written in terms of q; as follows
0%0,(0
TLO) v + R)(1 — 07 vee( AWz AV?) (] © )
Ip10pa
x vee(AYH(Zy ) (271 "W Zy A1)
—(w+R)(1— o) @) vee(AVA(Z3 ) (Z71) "W Z3 AT WL Z5 ' AY?)
2 1

— W+ R)(1L— oY a ®q,) vec(AV*(Zy") T (Z7") W] WS AT),

Based on the above representation, to compute the negative conditional expectation of the
Hessian in (S16), one only needs to compute the second and fourth unconditional moments
of q;, that can be found in the Proof of Proposition 1 of Fiorentini et al. (2003), and the
first and second moments of b, = 1 — a; ', that is a Beta (R/2,v/2) distributed random
variable.

Thus, we obtain

(‘92&(0)
0p10p2

—2
—-E; 4 [ } = vec(ATVPWLZo ' AYA) T e + Kpr + (vec I'g) (vec I'R) "]

U+ RA42
x vec(A'*(Z5") (271 TW [ Zg A7V?)
+tr(A(Zy 1) (Z) "W Zg AT W7, )
+tr((Z ) (2 ) TWI W),

Similar arguments lead to

2
—Etil |: 3 &(0) :| . v+ R A_l

Oty —10By, v+ R+2

13



and to

The latter result is crucial, in that it implies that all the second derivatives of the
Hessian in (S16) will cancel out, since Oy, /Op1, Opyy—1/9p2 and Oy, /0p10py are
Fi_1-measurable. In conclusion, we have just proved that

It(m,pz)(e) _ _ Et_l[%l(tm,pz)(e)]
= tr(A(Zy ") (Z7") W] Zg AT WL Z5 ') + te((Z5) T (Zy ') TW WL Zy )

2
_ —V TRio V€C<A_1/2W222—1A1/2)T[IR2 +Krr + (VGC IR) (vec IR)T] x
_ _ _ + R al“l’t t—1 T _ (‘9ut‘t_l
A(ZeY) (27 TW] Zg A2 L) ZIA'Z .
x vec(AV5(Zy") (Zy") W, Z, )u+R+2 o, ] \ o,

All the other blocks or terms in Z;(€) are derived with a similar procedure and are
reported here in the following:

7(6) :i [w’ (3) — ¢ (V ; R) - V(,,Qf %)?i;ﬂ 2)}

v+ R Oty ’ T a1 Oty
Z, N7
v+ R+2 < ov 2 2 ov ’

VAW gy _ 1 1
A U2 oy Y rary Q)DE(VeCh(A )

v+ R al"’t\t—l T T a —1 al"’ﬂt—l
ZIA'Z
* V+R+2(8(VeC(A))T 2 A e\ T, )

2

I(Pl»l’) - _ Zfl
- (0) (v+R)(v+R+2) tr(Whzy ')
v+ R a“ﬂt—l i T a1 au’t|t—1
Zo N7y ——
v+ R+2 ( Im 2 o )
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2
T W+RW+R+2)

v+ R Otbyye—1 i T a1 Oty
7o N7y ———
i +R+2 ( dpa 2 \Cov )

+ R
T gy =Y
t (6) 2(v+ R+ 2)
1

2w+ R+2)

L +R Oty TZQTA_le Oy ’
v+ R+ 2\ J(vech(A))" J(vech(A)) T

tr(W2Z51>

Di(A™ @ A H)Dpg

Dy (vech(A™))(vech(A™)) "Dy

It(m,v(A))(g) =(vecIz) (A2 W] ZJA™Y)
1 B B _
B m vec(Al/Q(Zl 1)T(22 1)TW1TZ2TA 1/2)T
X I g2 + Krp + (vec Ig)(vec IR)T](AA/Q ® Ail/z)

0 T 0
LY +R Fiji—1 ZIA"'Z, Fji—1 -,
v+ R+2\ Om J(vech(A))
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S7 Simulation study

S7.1 Finite sample properties

To evaluate the finite sample properties of the maximum likelihood estimator, we ran
an extensive simulation study, composed of six different cases, one for each parameter
of interest. An overview of the simulation study is reported in Table S1. In each case
study, we consider different values of the parameter of interest, while the other parameters
are set to default values that are highlighted in bold in Table S1. For instance, in case
study (i), we focus on ¢ that varies among {0,0.4,0.8}, while the other parameters are
set to their default values. In the table, 1 denotes the R-dimensional vector of ones and
k = {0.6,1.0,1.5}1r means that the values of k are constant across the regions and equal
to k = 0.6 (first scenario), x = 1.0 (second scenario, default value in bold) and x = 1.5
(third scenario). In all case studies presented in Table S1, a null intercept and null slope
are considered.

We explore 20 different scenarios and, for each scenario, we simulate R = 70 time
series, with length 7" = 500, under the spatial score driven model (4)-(7). The spatial
weight matrices are assumed to be the same for the responses and the disturbances, i.e.,
W; = Wy, = W and defined as in Section 4.2, Figure 1. Such specific choices are done to
mimic the features of the real dataset (see Section 4.1). Each scenario is then repeated 100
times.

Table S1: Simulation study design.

Case | Parameter Values

(i) 10) {0.0, 0.4, 0.8}
(ii) p1 {0.0, 0.4, 0.8}
(iii) P2 {0.0, 0.4, 0.8}
(iv) v {8, 15, 50, 100, 300}
(v) K {0.6, 1.0, 1.5} 1
(vi) A {-1.0, —=0.5, 0.5} 1

All the simulation results are summarized in the following tables. Table S2 reports the
estimated scalar parameters of the three scenarios evaluated in case (i), while Figure S2
shows the estimated A and & of case (i) in the left and right panel, respectively. In Table S3
we report the estimated scalar parameters of the three scenarios evaluated in case (ii), while
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Figure S3 shows the estimated A and k of case (ii) in the left and right panel, respectively.
In Table S4 we report the estimated scalar parameters of the three scenarios evaluated
in case (iii), while Figure S4 shows the estimated A and & of case (iii) in the left and
right panel, respectively. In Table S5 we report the estimated scalar parameters of the
three scenarios evaluated in case (iv), while Figure S5 shows the estimated A and k of
case (iv) in the left and right panel, respectively. In Table S6 we report the estimated
scalar parameters of the three scenarios evaluated in case (v), while Figure S6 shows the
estimated A and k of case (v) in the left and right panel, respectively. In Table S7 we
report the estimated scalar parameters of the three scenarios evaluated in case (vi), while
Figure S7 shows the estimated A and k of case (vi) in the left and right panel, respectively.

Overall, the true values of ¢, p1, p2 and A are always very well recovered, while the
degrees of freedom parameter v is typically slightly underestimated; however, its true value
is always included in the 95% confidence interval. Conversely, the estimates of k are
sometimes moderately overestimated, with increasing precision as v increases (see Figure
S5). We remark here that, as the recursion for p,,_; has no intercept, due to the inclusion
of fixed effects in the model, the initial value p,|, is set equal to the null vector.
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Table S2: Summary of the estimated scalar parameters in the three scenarios of case (i);
standard errors are reported in brackets.

True value p=0 =04 ¢ =0.8
0] - 0.00 (0.03) | 0.40 (0.03) | 0.80 (0.01)
p1 0.80 0.80 (0.01) | 0.79 (0.07) | 0.78 (0.08)
P2 0.40 0.40 (0.02) | 0.41 (0.07) | 0.42 (0.09)
v 15.00 13.28 (0.96) | 13.29 (0.96) | 13.31 (0.96)
Bo 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
B 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
MRl ii
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Figure S2: Estimated A (left panel) and & (right panel) in case (i). Dots represent the mean
computed across the 100 simulated datasets, while the bars represent the 95% confidence
interval. Solid black lines represent the true value.
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Table S3: Summary of the estimated scalar parameters in the three scenarios of case (ii);
standard errors are reported in brackets.

True value p1=0 p1 =04 p1 =0.8

) 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)

P1 - 0.00 (0.05) | 0.39 (0.06) | 0.78 (0.08)

P2 0.40 0.40 (0.04) | 0.40 (0.05) | 0.42 (0.09)

v 15.00 13.31 (0.96) | 13.31 (0.96) | 13.31 (0.96)

Bo 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)

B4 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
o Ml

" s S wiiiiiiiiiii -

L o | )
i

Figure S3: Estimated A (left panel) and k (right panel) in case (ii). Dots represent the mean
computed across the 100 simulated datasets, while the bars represent the 95% confidence
interval. Solid black lines represent the true value.
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Table S4: Summary of the estimated scalar parameters in the three scenarios of case (iii);
standard errors are reported in brackets.

True value p2 =10 p2 = 0.4 p2 = 0.8

[0) 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)

1 0.80 0.80 (0.01) | 0.78 (0.08) | 0.79 (0.03)

P2 - 0.00 (0.02) | 0.42 (0.09) | 0.80 (0.03)

v | 1500 | 13.31(0.96) | 13.31 (0.96) | 13.31 (0.96)

Bo|  0.00 0.00 (0.00) | 0.00 (0.01) | 0.00 (0.02)

B 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
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Figure S4: Estimated A (left panel) and s (right panel) in case (iii). Dots represent
the mean computed across the 100 simulated datasets, while the bars represent the 95%
confidence interval. Solid black lines represent the true value.
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Table S5: Summary of the estimated scalar parameters in the five scenarios of case (iv);
standard errors are reported in brackets.

True value v=_. v=15 v =50 v =100 v =300
10) 0.80 0.80 (0.01) 0.80 (0.01) 0.80 (0.01) 0.80 (0.00) 0.80 (0.00)
1 0.80 0.78 (0.08) 0.78 (0.08) 0.80 (0.01) 0.80 (0.01) 0.80 (0.01)
Do 0.40 0.42 (0.08) 0.42 (0.09) 0.40 (0.02) 0.40 (0.01) 0.40 (0.01)
v - 7.05 (0.45) | 13.31 (0.96) | 44.86 (4.18) | 90.86 (10.63) | 267.95 (46.68)
Bo 0.00 —0.00 (0.01) | —0.00 (0.01) | —0.00 (0.01) | —0.00 (0.01) —0.00 (0.02)
b1 0.00 0.00 (0.01) 0.00 (0.01) | —0.00 (0.01) | —0.00 (0.01) —0.00 (0.01)
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Figure S5: Estimated A (left panle) and & (right panel) in case (iv). Dots represent

the mean computed across the 100 simulated datasets, while the bars represent the 95%
confidence interval. Solid black lines represent the true value.
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Table S6: Summary of the estimated scalar parameters in the five scenarios of case (v);
standard errors are reported in brackets.

True value k=0.6 k=1 k=1.5
[0) 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)
p1 0.80 0.75 (0.13) | 0.78 (0.08) | 0.78 (0.09)
02 0.40 0.45 (0.13) | 0.42 (0.09) | 0.42 (0.09)
v 15.00 13.27 (0.95) | 13.31 (0.96) | 13.37 (0.97)
Bo 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
51 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
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Figure S6: Estimated A (left panel) and k (right panel) in case (v). Dots represent the mean
computed across the 100 simulated datasets, while the bars represent the 95% confidence
interval. Solid black lines represent the true value.
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Table S7: Summary of the estimated scalar parameters in the five scenarios of case (vi);
standard errors are reported in brackets.

True value A=-—1 A=-0.5 A=0.5
) 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)
P1 0.80 0.80 (0.01) | 0.78 (0.08) | 0.79 (0.06)
02 0.40 0.40 (0.02) | 0.42 (0.09) | 0.41 (0.07)
v 15.00 13.31 (0.96) | 13.31 (0.96) | 13.31 (0.96)
Bo 0.00 0.00 (0.00) | 0.00 (0.01) | 0.00 (0.02)
b1 0.00 0.00 (0.00) | 0.00 (0.01) | 0.00 (0.02)
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Figure S7: Estimated A (left panel) and & (right panel) in case (vi). Dots represent
the mean computed across the 100 simulated datasets, while the bars represent the 95%
confidence interval. Solid black lines represent the true value.

S7.2 Exogenous variables

In order to assess the finite sample properties of the MLEs when fixed effects are included in
the proposed model, we conducted a simulation study considering two different exogenous
variables. For each case, we analyze three different scenarios, one per each f;, while the
other parameters are set equal to their default values (see bold values in Table S1). For
each scenario, we simulate R = 70 time series, with length 7" = 500, under the spatial score
driven model with gy = 0 and W; = W5 = W shown in Figure 1.

Firstly, we consider an exogenous variable that is designed to mimic a task-specific
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Figure S8: Exogenous variable to mimic a task-specific stimulus function.

stimulus function. Similar choices of the design matrix are common in the neuroimaging
literature when dealing with task based analysis (Mejia et al., 2020). The exogenous vari-
able is assumed to be the same across all different regions and is represented in Figure S8.
We analyze three different scenarios, one per each g, 51 € {—0.5,1,2}; for each scenario
we generate 100 different datasets. The estimates of the scalar parameters are reported
in Table S8, while Figure S9 shows the estimated A and  in the left and right panel,
respectively.
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Table S8: Scalar estimates of the model when adjusting for the exogenous variable in Figure
S8; standard errors are reported in brackets.

True value b1 =0.5 br=1 b =2
o) 0.80 0.80 (0.01) 0.80 (0.01) 0.80 (0.01)
p1 0.80 0.79 (0.05) 0.80 (0.06) 0.82 (0.01)
P2 0.40 0.41 (0.06) 0.40 (0.06) 0.37 (0.02)
v | 1500 | 13.49 (0.96) | 13.91 (0.98) | 14.64 (1.03)
By | 0.00 | —0.01(0.01) | —0.01(0.01) | —0.01 (0.01)
8 - 0.53 (0.14) | 1.01 (0.28) | 1.78 (0.09)
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Figure S9: Estimated A (left panel) and & (right panel) when adjusting for the exogenous
variable in Figure S8. Dots represent the mean computed across the 100 simulated datasets,
while the bars represent the 95% confidence interval. Solid black lines represent the true
value.

Secondly, we simulate an exogenous variable that has a sinusoidal shape, i.e., z =
0.5sin(t),t € [0, 7], that is shared across the 70 regions. Then, a random error from a
normal distribution with zero mean and standard deviation equal to 0.01 is added to each
of the 70 time series. In other words, this simulation case allows us to assess the finite
sample properties of the MLE in presence of a region-specific exogenous variable. We
analyze three different scenarios, one per each (i, f; € {—0.5,0.2,0.5}; for each scenario
we generate 100 different datasets. The estimates of the scalar parameters are reported
in Table S9, while Figure S10 shows the estimated A and k in the left and right panel,
respectively.
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In all scenarios of the two case studies, the parameters are well recovered, including the

coefficient associated with the exogenous variables.

Table S9: Scalar estimates of the model when adjusting for the exogenous variable with
sinusoidal shape; standard errors are reported in brackets.

True value | ([ = —0.5 f1=0.2 B =0.5
o) 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)
p1 0.80 0.80 (0.01) | 0.80 (0.01) | 0.80 (0.01)
pa | 0.40 0.40 (0.02) | 0.40 (0.02) | 0.40 (0.02)
v | 1500 | 13.32 (0.96) | 13.31 (0.96) | 13.31 (0.96)
Bo 0.00 0.00 (0.01) | 0.00 (0.01) | 0.00 (0.01)
b1 - —0.49 (0.04) | 0.19 (0.04) | 0.48 (0.04)
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variable with sinusoidal shape. Dots represent the mean computed across the 100 simulated

datasets, while the bars represent the 95% confidence interval. Solid black lines represent

the true value.

S7.3 Potential misspecification

We carried out a simulation experiment to assess the goodness of fit of the spatial score
driven model developed in the paper, denoted here in short as SARAR-t, when the data
come from a dynamic SARAR model with Gaussian errors, denoted here in short as

SARAR-N.
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Specifically, we simulate from a SARAR-N with the parameters set to their default
values and highlighted in Table S1, ie., ¢ = 0.8, py = 0.8, po = 04, By = [, = 0,
K = Iy and A = —0.5Ig, which is equivalent to assume 1, ~ MV N(0,e 'Ip). Finally,
we set W1 = Wy = W shown in Figure 1. We generate 100 datasets and we fit both the
SARAR-t and the SARAR-N on each dataset.

The average and the standard deviation of the estimated parameters according to the
two different models are identical up to the third decimal, except for v that is defined only
in SARAR-t model. It is important to mention that the average estimated v is of the
order of 10° with a with a median of 7 = 4,834 and IQR equal to 14, 310, with a dispersed
and long right tail empirical distribution. The average AIC and BIC for the two models
are reported in Tabel S10 along with the associated 95% confidence interval. Evidently,
the two specifications are equivalent, i.e., if the SARAR-t is fitted to Gaussian data, then,
essentially, a Gaussian model is estimated.

Table S10: Average AIC and BIC for the two fitted models over the 100 datasets generated
from a SARAR-N model. The 95% confidence interval is reported in brackets.

Model AIC BIC

SARAR-t 68,952 (68,496; 69,358) 70,188 (69,731; 70,594)
SARAR-N 68,952 (68,495; 69,359) 70,179 (69,722; 70,584)

S7.4 Computational details

For both simulations and real data analysis, we compute the maximum likelihood estimates
via numerical optimization techniques that are suitable for nonlinear functions, by using
the statistical software R. Specifically, we applied the PORT optimization routine (Gay,
1990) implemented in the nlminb function of the stats package. The running time for
fitting the proposed model on 100 simulated datasets based on the default parameters in
Table S1 is 5.40 hours on average, with a standard deviation of 0.43 hour, on one core
of an Intel Xeon E7-8860 CPUs, with 2.2GHz clock speed. On the same workspace, the
computational time for obtaining the analytical standard errors (Section S6) associated
with each estimate on a single dataset is seven minutes, against the three hours required
for computing the numerical ones.
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S8 Real data analysis appendix

S8.1 Some exploratory analysis

As a preliminary analysis, we tested the multivariate normality assumption on each sub-
ject, by applying the Mardia (1980), Royston (1983) and Henze and Zirkler (1990) tests.
According to all three approaches, the multinormality assumption is strongly violated (p-
values ~ 0) for each subject. Testing the hypothesis of multivariate normality on the data
is coherent with our setting in that, if the unconditional distribution of y; were Gaussian,
then the model would be linear and Gaussian, i.e., the conditional distribution would be
Gaussian and so would be all the marginals. Normality tests on the marginals, at the
ROI level for each subject, have been carried out in a previous study by Gasperoni and
Luati (2018) and lead to the rejection of normality in 51% cases, with an average kurtosis
equal to 4.0478 against an average skewness equal to 0.0085. We eventually come to the
conclusion that a spatio-temporal model that assumes multinormality of the data would
not be appropriate for the actual sample.

Figure S11 shows the Normal Q-Q plot of the data for subject 6 (left panel) and 13
(right panel). The plots support the conclusion that a spatio-temporal model that assumes
multinormality of the data would not be appropriate, as we argue above. In fact, the
patterns of deviation from the 45-degree line clearly highlight the heavy-tailed nature of
the data and thus, thicker tails are required to accommodate such feature of the data.
Moreover, both the panels also illustrate that there is no evidence of asymmetric behavior
in the tails, which does not motivate the introduction of an additional skewness parameter
in our parametric model.

As another graphical tool to obtain guidance on the choice of a proper multivariate dis-
tribution, we use the scatter plots displayed in Figure S12. In each panel, we observe strong
clustering of several observations in the joint upper and lower quadrants, and therefore,
the presence of positive tail dependence. Thus, large positive and negative outliers tend
to be highly correlated, which further motivates our proposal for a parsimonious nonlinear
model based on the multivariate Student-¢ distribution.

30



Sample Quantiles
0
!

Sample Quantiles
0
!

-10
-10

-20
|
-20

T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
Theoretical Quantiles Theoretical Quantiles

Figure S11: Normal Q-Q plot of the data for subject 6 (left) and subject 13 (right).

S8.2 More on estimation results

Figures S13 and S14 display the analytic standard errors associated with the estimated pa-
rameters exp{A} and k for subjects 6 and 13 presented in Figure 2 and 3 of the manuscript,
respectively.
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Figure S12: Scatterplot of ROIs postcentral and precentral in the left (1h) and right
(rh) hemispheres.
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(right panel).

S8.3 Diagnostics

As a first diagnostic tool, we illustrate the in-sample prediction accuracy of the proposed
spatial score driven model. Specifically, we provide 95% prediction intervals (PIs) for
{y,}L,, with T = 404, based on the empirical parameter estimates obtained for the two
subjects, and report the proportion of times the observed data are inside the Pls. To
calculate the in-sample forecast bands we follow the simulation-based strategy discussed in
Blasques et al. (2016, Section 3.3).

The overall empirical coverage is 92.7% and 93.7% for subject 6 and 13, respectively,
showing the relatively good prediction accuracy of the model. Figure S15 illustrates the
empirical coverage of 95% PIs computed over time for subject 6 and 13. The plots evidence
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that, at some specific time-points, the coverage may be quite low. A similar pattern is
observed when the coverage is averaged over time and displayed at the brain regions. We
argue that the low coverage at specific regions or times is related to outlying observations,
that, in our framework, are interpreted as spontaneous activations, see Figure 5 in the main
document. To support this argument, note that, in Figure S15, points are reproduced with
color intensities that represent the percentage of regions where spontaneous activations were
detected. It is evident that the time-points where the coverage is low typically correspond
to times where spontaneous activations (outlying values) have been detected in several
regions (red and purple dots). We remark that we have considered as activations those
residual values that indicate an excess with respect to the average blood oxygenation level
dependent signal. One can envisage outlying observations also in the left tail of the residuals
distribution, possibly related to the (debated issue of) post-stimulus, or post-activation,
signal undershoot, see van Zijl et al. (2012). Taking into account also negative outlying
values explains the few blue dots with low coverage.
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Figure S15: Empirical coverage of 95% Pls for each time of subject 6 (left panel) and
subject 13 (right panel); color intensities are related to the percentage of brain regions
where spontaneous activations were detected at each time.

Figure S15 not only allows us to test whether the empirical coverages are significantly
higher or lower than the 95% level, but also permit to assess the goodness of fit of the
dynamic features of the model and, in principle, visually detect if there are volatility
clusters, that may not be directly observed in the original data. If present, volatility
clusters would indicate a dynamic conditional variance, that the model is not designed to
capture. To provide statistical evidence of the fact that the constant volatility assumption is
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consistent with the data analyzed in the paper, we performed the m-th order autoregressive
conditional heteroskedasticity (ARCH) test described in Juselius (2006, page 74). Results
for m = 1,...,4 show that no residuals exhibit significant ARCH effects and thus we may
conclude that the assumption of constant volatility is consistent with the data.

As far as the spatial dependence is concerned, we used the permutation test for Moran’s
I statistic (Cliff and Ord, 1981) to assess residual spatial autocorrelation at each time t.
The null hypothesis of spatial randomness in the residuals is rejected only in the 6% and
2% of time-points for subject 6 and 13, respectively. In other words, the SAR score driven
model captures most of the spatial dependence structure in the R-fMRI data.

To determine the suitability of the multivariate Student-t assumption, we performed, on
the estimated spatially filtered residuals, the one-sided Lagrange Multiplier (LM) test de-
veloped by Fiorentini et al. (2003, page 537) for the null hypothesis of multivariate Normal
residuals versus the alternative of a multivariate Student-t¢ distribution. Results indicate
a strong rejection of the null hypothesis (p-values ~ 0) and validate the assumption of
the Student-t distribution for the error term. Assessing the hypothesis of a multivariate
Student-¢ distribution is yet a challenging task, in particular when a high number of vari-
ables is considered. Alternative tests to the one we performed are the non-parametric test
developed by Justel et al. (1997), based on Rosenblatt’s transformation and primarily indi-
cated when the number of time series involved is small, the likelihood-based test developed
by Mencia and Sentana (2012) of a multivariate Student-¢ or Normal distribution with re-
spect to the alternative Generalized Hyperbolic distribution, and the variant by Amengual
and Sentana (2020) for moderately large dimensions (R = 10).

In practical applications, departure from normality is often assessed based on excess
kurtosis and asymmetry. With this aim, to further examine the adequacy of the multivariate
Student-t distribution versus the alternative of a multivariate Normal distribution, Figure
S16, reports the normal Q-Q plot of the estimated spatial prediction error 7.1, for subject
6 (left panel) and subject 13 (right panel). The aim is to visually compare the sample
quantiles of yAH against the theoretical quantiles of multivariate normal data. As the
points are not scattered closely around the 45-degree line, we conclude that the multivariate
Normal distribution does not explain the heavy tails observed in the spatial prediction error
series and therefore does not provide an appropriate modeling approach.

As a final check, we further validate the use of the conditional Student-t distribution
by using simulated data from the fitted SAR model. Figure S17 shows the Q-Q plot of
the simulated data using the estimated parameters for subject 6 (left panel) and 13 (right
panel). The plots look very close to the ones based on the observed R-fMRI data and
displayed in Figure S11. Hence, we conclude that the proposed model fits the data well.
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Figure S16: Normal Q-Q plot of the estimated spatial prediction error 7.9, for subject 6
(left panel) and subject 13 (right panel).
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Figure S17: Normal Q-Q plot of data simulated from the estimated model for subject 6

(left panel) and subject 13 (right panel).
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