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Abstract

This thesis comprises two papers that study the homotopy type of spaces of
automorphisms and embeddings of high-dimensional manifolds via algebraic K-theory.

In the first paper, presented in Chapter 1, we show that the mapping class group is
not an h-cobordism invariant of high-dimensional manifolds by exhibiting h-cobordant
manifolds whose mapping class groups have different cardinalities. To do so, we
introduce a moduli space of “A-block” bundles and compare it to the moduli space of
ordinary block bundles.

In the second paper, spanning Chapters 2 and 3, we establish a pseudoisotopy
result for embedding spaces. We describe, within a range of homotopical degrees,
the difference between spaces of block and ordinary embeddings in terms of relative
algebraic K-theory; this is analogous to a theorem of Weiss and Williams for spaces
of automorphisms. We use our result to provide a full description of the homotopy
type—localised away from 2 and in the aforementioned degree range—of the space of
long knots of codimension at least 3. This analysis involves a detailed study of certain

geometric involutions in algebraic K-theory spaces that can be of independent interest.
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Chapter O

Introduction

The present thesis consists of two papers that explore various questions in the
subject of high-dimensional manifold theory. Each paper includes its own introduction,
so this preface instead provides a brief and accessible overview to the field, highlighting

the key results that will be relevant to the thesis.

0.1 A synopsis of high-dimensional manifold theory

A central question in algebraic and geometric topology is to understand the moduli
space My of all closed, smooth manifolds of dimension d. A point-set model for My
consists of the collection of all subsets M of R* := {J,>oR" which happen to be
a closed smooth d-dimensional submanifold, equipped with the finest topology that

makes the map

Im : J] Emb(M,R*) — My, ¢—Img
MeMy

continuous; here the embedding space Emb(M,R>) is topologised with the usual
C*>°-Whitney topology, i.e., as a subspace of the space of smooth maps C*°(M,R>).
For our purposes, M, is more conveniently modelled as the geometric realisation of
the simplicial set M o whose set of p-simplices consists of all subsets W C R* x AP
for which the projection map W — AP is a smooth d-dimensional fibre bundle—a fibre
bundle over AP with fibre some (closed) smooth d-manifold M9, and whose transition
functions take values in the topological group Diff (M) of diffeomorphisms of M. By

this definition, M, becomes the space responsible for classifying such smooth fibre
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bundles, in the sense that for every (reasonable) space B, there is a bijection

continuous maps smooth d-dimensional .
/htpy. <— /iso.
B — M, fibre bundles over B

The space M, decomposes as a disjoint union of path components

Mg = 11 Mq(M),

M up to diffeo.

indexed over the diffeomorphism classes of closed d-manifolds M, and where My(M)
denotes the moduli space of manifolds diffeomorphic to M, i.e., it classifies those
smooth fibre bundles whose fibre is diffeomorphic to M (or smooth M-bundles for
short). As such, it is necessarily (a model for) the classifying space BDiff(M) of the
diffeomorphism group of M. The homotopy type of this last space is very rich: on the
one hand, its cohomology ring encodes all characteristic classes of smooth M-bundles,
many of which play an important role in algebraic geometry. On the other hand, its
homotopy groups, which coincide with those of Diff (M) upon shifting by one, detect
non-trivial isotopy classes of families of diffeomorphisms of M.

Two guiding questions in manifold theory are:
o What is mpM,? Or, when are two d-manifolds diffeomorphic?
o Given M, what is the homotopy type of My(M) ~ BDiff(M)?

To answer these kind of questions, it is traditional to consider the following series of

simpler variants of M, that approximate its homotopy type:

® ®

M hM,. (0.1.1)

M, 9, My
Let us briefly explain each of these moduli spaces:

e M, is the block moduli space of d-manifolds, defined as the geometric realisation of
a simplicial set ./{/lvd,. A p-simplex of this simplicial set is a smooth d-dimensional
block bundle over AP, meaning a (d + p)-dimensional submanifold W C R*> x AP
that is transverse to R x ¢, for every face o C AP, and which is diffeomorphic to
M x AP, for some closed d-manifold M, by a strata-preserving diffeomorphism—one
that restricts to a diffeomorphism W, := W N (R* x ¢) 2 M X o for every face
o C AP (cf. [ERW14, Defn. 2.2] for details). Since a smooth fibre bundle over AP

is, in particular, a block bundle over AP, we obtain the map (D).

2



0.1 A synopsis of high-dimensional manifold theory

By a similar reasoning as before, the component ./\A/l/d(M ) classifying block bundles
with fibre M serves as a model for the classifying space of the simplicial group
ﬁf(M )e Of block diffeomorphisms of M, whose p-simplices are strata-preserving
diffeomorphisms of M x AP. It follows that

Ma~ ]  BDiff(M).

M up to diffeo.

Mg is the h-block moduli space of d-manifolds. This is a new object, related to Md,
which we construct in Chapter 1 and that plays a significant role in it. A p-simplex
in the corresponding simplicial set /\727, is a (d 4+ p)-dimensional submanifold
W C R* x AP that is transverse to R x ¢ for every face 0 C AP and for which the
inclusions of strata W, — W, are homotopy equivalences for every face inclusion
o C & C AP (cf. Definitions 1.3.1 and 1.3.4). A p-simplex in My, clearly satisfies

both of these conditions, giving the inclusion (2).

So the O-simplices in M” are all closed d-manifolds in R (just like My, and
/\7(170), its 1-simplices are h-cobordisms—cobordisms W : My ~» M; where the
inclusions My — W and M; <— W are both homotopy equivalences—while higher

simplices generalise this condition. If B[STffh(M ) denotes the path component of a
d-manifold M in /\72 , then

M= J[  BDiff"(M).
M up to h-cob.

Note that Bﬁi?fh(M ) is not defined as the classifying space of some automorphism
group DAl—th(M ); we will still justify this piece of notation in Section B.1.

hM is the moduli space of d-dimensional Poincaré complexes—CW complexes
satisfying d-dimensional Poincaré duality—a p-simplex of which is a fibration!

E — AP whose fibre has the homotopy type of a Poincaré complex of dimension d.

Given a Poincaré complex X, the path component hM;(X) is the moduli space of
all spaces homotopy equivalent to X, i.e. it is equivalent to the classifying space

BhAut(X) of the topological monoid of self homotopy equivalences of X. Thus

th ~ H BhAut(X)

X up to htpy eq.

L As before, one can arrange the fibrations to lie inside R>® x AP for hM, to be a set.
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Among these moduli spaces, hM, is the only one defined purely in terms of
homotopy theory and can therefore be hoped to be understood in those terms. To
study My, we proceed iteratively: given a map ¢ : M — M’ between two of these
moduli spaces and where M’ is understood, we analyse the homotopy fibre hofibx (¢)
at a point X in each path component of M’. Applying this strategy to the maps (D),
@), and (3), we work step by step from right to left in (0.1.1) until reaching M,, our
ultimate goal. This approach turns out to be successful only in high dimensions—that
is, for d > 5—which is the setting of this thesis. In what follows, we survey how to

understand the homotopy fibres of each of the maps above.

0.1.1 Surgery theory

The theory of surgery originated from the influential work of Kervaire and Milnor
[KM63] on homotopy spheres and was later developed into a systematic framework
by Browder, Novikov, Sullivan, and Wall, among others, making it a highly prolific
field during the 60s and 70s [Bro72, Wal99, LM24]. Their work, which will be the
main focus of this section, established surgery as a fundamental tool in geometric
topology. In the following decades, the theory remained central to the field, in part
due to Ranicki’s algebraic reformulation of the theory [Ran92].

Surgery theory provides a framework to address questions such as:

1. Given a d-dimensional Poincaré complex X, is there a d-manifold N homotopy

equivalent to X7

2. Given a homotopy equivalence f: N = M between d-manifolds, is it homotopic

to a diffeomorphism?

The classical theory did not typically address these questions at a “space level”,
but developments by Quinn [Qui70] and others eventually made this possible. In this
more refined framework, the focus shifts to the h-block surgery structure space of a

Poincaré complex X, defined as
8"(X) := hofibx (@ : M} — hM.,).

By definition, X is homotopy equivalent to a d-manifold if and only if Sh(X ) is
non-empty. A point in this space corresponds to a pair (N, f) where N is a closed
d-manifold and f : N = X is a homotopy equivalence. A path between two such
points, (N, fo) and (Ny, f1), is given by an h-cobordism W : Ny <% N; and a homotopy
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equivalence of triples (F, fo, f1) : (W, Ng, N1) = (X x I, X x 0,X x 1), with higher
simplices defined similarly.

When X = M is already a manifold, the fundamental theorem of surgery theory
by Browder—Novikov—Sullivan—Wall provides the homotopy fibre sequence

Sh(M) —— N (M) —— LM(Z[r M]). (0.1.2)

The space of normal invariants N'(M) consists of degree-one normal maps to M—
that is, pairs (£, F') where £ is a stable vector bundle over M and F' : v3, — & is a stable
bundle map from the stable normal bundle of some manifold N to &, such that the
underlying map f : N — M has degree one. By an instance of the Pontryagin—Thom
construction, N (M) is equivalent to the mapping space Map(M, G/O), where G/O is
the homotopy fibre of the J-homomorphism J : BO — BG. The homotopy groups of
BO = colim,, BO(n) are well-understood by Bott periodicity, whilst those of BG are
essentially the stable homotopy groups of spheres, so N (M) is often computable.

The extra normal data on a degree-one map f allows one to measure how far it
is from being a homotopy equivalence through embedded spheres in M with trivial
normal bundles, which can then be used to “perform surgery” on f. After surgery,
the failure of f to actually be an equivalence is captured by the h-decorated quadratic
L-theory space L"(Z[mM]) in the shape of a “quadratic form” over Z[m M]. The
upshot is that N'(M) is entirely homotopy-theoretic, while £"(Z[r M]) is an algebraic
invariant that is also often computable. As a result, the homotopy type of the structure
space S"(M) is relatively accessible via (0.1.2).

However, the analysis of gh(M ) does not directly address Question 2. Instead, one
should look at the homotopy fibre at M of the composition (3) o (2),

hofiby (@ 0 @ : My — hMy).

Its O-simplices coincide with those of gh(M ), while a 1-simplex between two such
O-simplices, (Ny, fo) and (Ny, f1), is given by a cobordism W : Ny ~~ Nj that is
diffeomorphic to Ny x A' = Ny x [0,1] (relative to Ny), together with a homotopy
equivalence of triples (F, fo, f1) : (W, No, N1) = (M x I, M x 0, M x 1). In other
words, (Ny, fo) and (Ny, f1) lie in the same path component of hofib((3) o (2)) if and
only if there exists a diffeomorphism ¢ : Ny = N; such that fy is homotopic to f; o ¢.
Thus, a homotopy equivalence f : N = M is homotopic to a diffeomorphism if and
only if (N, f) lies in the same path component of hofiby, (3 o @) as (M, Id,)—this

was Question 2.
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A version of the fibre sequence (0.1.2) of S*(M) also holds for hofib (@) o @)—or
rather, for a certain collection, SS(M ), of path components of this space—making
its homotopy type understandable too. In the next section, we explain which path
components of hofiby, () o (2)) constitute g’S(M ), the s-block structure space of M.

0.1.2 Whitehead torsion

Given a homotopy equivalence f : X — Y between finite connected? CW complexes,
its Whitehead torsion T(f) is an algebraic invariant of the homotopy class of f that
detects whether f is homotopic to a finite composition of “elementary collapses and
expansions” of cells. It lives® in the Whitehead group Wh(mX) of the fundamental

group of X, where for a group ,
Wh(r) := GL(Z[r])*/{%g : g € 7),

a “reduced” version of the first algebraic K-theory group K;(Z[r]) = GL(Z[x])*". Here,
GL(R) = colim,, GL,(R) denotes the infinite general linear group of a ring R.

A homotopy equivalence is said to be simple if its Whitehead torsion vanishes.
Examples include homeomorphisms—surprisingly, it took many years until Chapman
[Cha74] eventually proved this—and homotopy equivalences between simply-connected
spaces, since the Whitehead group Wh({e}) of the trivial group is trivial (a result
known as Whitehead’s Lemma). The study of simple homotopy equivalences, known
as stmple homotopy theory, is a central part of high-dimensional manifold theory, as
we will see later in this introduction and in Chapter 1 of the present thesis.

Going back to surgery, the s-block structure space of a Poincaré complex X,
S*(X) C hofibx (@ 0@ : My — hM,),

consists of those path components of the homotopy fibre which are represented by pairs
(N, f) where the homotopy equivalence f : N = X is simple’—thus the decoration
“s” There is a map S*(M) — S"(M) whose homotopy fibre is, up to subtleties with
path components, that of the map () : My — /\72 by unraveling the definitions.
Understanding this difference naturally leads to the study of h-cobordisms.

2This is mostly for simplicity. See the relevant discussion in Section 1.2.1 for details.

31t is a more usual convention for 7(f) to be an element of the Whitehead group of the codomain
Y, but for our purposes, it will be more convenient to place it in the domain X. Of course, both
conventions are interchangeable through the identification f, : mX £ mY.

4To answer our previous Question 2, it suffices to consider gg(M ) instead of hofiby (@ o (@): a
homotopy equivalence that is homotopic to a diffeomorphism is necessarily simple.

6
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0.1.3 Ah-Cobordisms

Recall that a cobordism W : M ~» M’ is an h-cobordism if both of the inclusions
M — W <= M’ are homotopy equivalences. The analysis of the homotopy fibre of
@ : My — /\713 at a d-manifold M involves understanding questions such as:

« When is an h-cobordism W : M % M’ starting at M diffeomorphic (or h-
cobordant) to the product M x [0, 1]?

o How many h-cobordisms starting at M are there?

The s-cobordism theorem of Mazur, Barden, and Stallings [Maz63, Bar64] provides

a complete answer to these questions. Namely, it establishes a bijection
hCob(M) «— Wh(m M),

where hCob(M) denotes the set of diffeomorphism classes of h-cobordisms starting at
M. The map from left to right sends (the class of) W : M % M’ to the Whitehead
torsion 7(M — W) of the inclusion of M in W; the inverse map is more involved.

This remarkable result plays a key role in the classification of high-dimensional
manifolds, as it reduces the problem of determining whether two manifolds are diffeo-
morphic to finding an h-cobordism between them that represents the zero element in the
Whitehead group—a task that is often significantly more feasible. For example, since
Wh({e}) = 0, any h-cobordism between simply-connected manifolds® is diffeomorphic
to a product. This is Smale’s celebrated h-cobordism theorem [Sma62).

A consequence of the s-cobordism theorem is that an h-cobordism W : M &% M is
diffeomorphic to M x [0,1] if and only if the inclusion M — W (and hence M’ — W,
by the duality formula (1.2.4)) is a simple homotopy equivalence. Building on this idea,
we can explicitly relate the moduli spaces M, and MVZ : the set of p-simplices /dep in
the block moduli space consists of precisely those p-simplices W in ngp for which the
strata inclusions W, < W are simple for all ¢ C & C AP (cf. Proposition 1.3.6).

In Theorem B of Chapter 1, we use this characterisation of (2) : My = ./\72 to fully
describe the homotopy type of hofiby, (). Its homotopy groups turn out to be given
by certain group homology of Cy with coefficients in Wh(m; M). As mentioned before,
this also describes the difference between the structure spaces S"(M) and S*(M).
(This difference was already well-known at the level of homotopy groups [Ran81, Prop.

°In the smooth setting, it is essential that the manifolds have dimension at least 5: Donaldson
[Don87] showed that there exists an h-cobordism between closed smooth simply-connected 4-manifolds
that is mot diffeomorphic to a product.
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1.10.1]: our main contribution in this direction lies in introducing the h-block moduli
space MVZ and identifying S"(M) as the homotopy fibre of 3 at M.)

Continuing the recurring theme in this introduction, it is enlightening to consider
the previous questions at the level of spaces. To this end, consider the moduli space
H(M) of h-cobordisms starting at M, which is the geometric realisation of a simplicial
set H(M),. A p-simplex of it is, roughly, a smooth fibre bundle over AP with fibre an
h-cobordism starting at M (cf. Section 3.1.2 for more details). Thus, it follows that

o H (M) = hCob(M) = Wh(r; M)

So, what are the higher homotopy groups of this space? For this, it suffices to study
its loop space QH (M) based at M x [0, 1]. By holonomy considerations, such a loop is
completely determined by an automorphism of the product h-cobordism M x [0, 1],
i.e. a diffeomorphism of M x [0, 1] that is the identity on M x 0; this is known as a

concordance of M. The topological group of such diffeomorphisms,
C(M) = Diff pyxo(M x [0,1]),

is thus equivalent to QH(M). In other words, the classifying space BC(M) of the
group of concordances of M is equivalent to the path component of M x [0, 1] in H(M).

The study of the space C'(M) of concordances (or equivalently H(M)) is known as
pseudoisotopy theory. In the next section, we shall explain how this theory is closely

related to the analysis of the homotopy fibre of our last remaining map ) : My — Ma.

0.1.4 Pseudoisotopy theory

The homotopy fibre of @) : My — My at a d-manifold M is
hofib,, (@) = hofiby, (BDiff (M) — BDiff(M)) =: Diff /Diff (M).

In other words, this space measures the difference between the topological groups
Diff (M) and Diff(M) of ordinary and block diffeomorphisms.

Let us start with this difference in the lowest homotopy group. The mapping class
group of M is T'(M) := moDiff (M), the group of isotopy classes of diffeomorphisms of M.
The block mapping class group I'(M) := mDiff (M) is a quotient of I'(M), where two
diffeomorphisms ¢y and ¢, are further identified if there exists a diffeomorphism & of
M x A' = M x [0,1] that restricts to ¢; on M x {i} for i = 0, 1; such diffeomorphism @

is called a pseudoisotopy from ¢ to ¢1, and one says that ¢y and ¢; are pseudoisotopic.
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So a concordance of M, i.e. a point in C'(M), is simply a pseudoisotopy starting at

the identity. Restricting a concordance to M x {1} defines a group homomorphism
resyrx {1} : C(M) — Diff (M),
which satisfies
Im (resMX{l} :moC(M) — F(M)) = ker (F(M) —» f(M))

Thus, we see that m (Diff /Diff (M)) and 7,C (M) are closely related. For d > 7, Hatcher—
Wagoner [HW73| and Igusa [Igu82] computed myC' (M) in terms of myM and the first
and second (reduced) algebraic K-theory groups of m M. Since myC'(M) = m H (M),
this computation serves as a higher analogue of the classical s-cobordism theorem.

A similar relation holds for higher homotopy groups: continuing the line of thought
begun above, Hatcher [Hat78| constructed a spectral sequence

E!, = m(C(M x I*)) = o141 (Diff/Diff(M)).

This was later subsumed by the celebrated Weiss—Williams theorem [WWS88|, which
fully describes the homotopy type of Diff /Diff (M) within a range of degrees in terms
of certain “reduced algebraic K-theory of M”. We now make this a bit more precise in

the next section.

0.1.5 Waldhausen’s algebraic K-theory and the parametrised

h-cobordism theorem

It had long been anticipated the existence of a variant of algebraic K-theory “for a
space M” that captures more about the homotopy type of M than just its fundamental
group. This idea was made precise in Waldhausen’s seminal work [Wal85], which later
gave rise to the active field of higher algebra (or, as he termed it, “brave new algebra”).

The algebraic K-theory space K(R) of an associative ring R can be defined as the
group completion

K(R) = QB(H BGL(P)),
(P]
where the coproduct is indexed over all isomorphism classes [P] of finitely generated
projective R-modules. The algebraic K-theory groups of R are the homotopy groups
of this space, denoted K,(R). Waldhausen successfully extended this definition to a
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broader notion of “associative ring” R—mnamely, an E;-ring spectrum. A particularly
important case to us arises when R = S[Q.X] := X¥QX, the suspension spectrum of
the loop space of a based space X, where the ring multiplication is induced by loop
concatenation. Notably, this ring spectrum recovers the discrete ring Z[m; X| on .
The K-theory space of this ring, denoted A(X) := K(S[Q2X]), defines Waldhausen’s
A-theory functor A(—). There is a fibre sequence

Q*LEX = colim Q"%"(X,) — A(X) — Wh”H(X),

where the homotopy groups of the left hand term are the stable homotopy groups of
X. The base space WhP™(X) is known as the smooth Whitehead space of X, which
we shall think of as the “reduced” algebraic K-theory of X in the previous sense.
The homotopy groups of WhDiH(M ) have geometric significance and connect back
to previous sections. Namely, its m is the Whitehead group Wh(m M) = hCob(M),
while its 7 is Hatcher—Wagoner’s obstruction group computing moC (M) for d > 7.

Thus, these computations can be summarised as
mWhP T (M) = Wh(m M) =2 moH(M),  mWhP (M) = 7 H(M).

These foreshadowed the celebrated stable parametrised h-cobordism theorem of Wald-

hausen, Jahren, and Rognes [WJR13], who constructed a map
H(M) — QWhPH (M)

that is highly-connected—the precise connectivity is known as the concordance stable
range of M, which by a deep theorem of Igusa [Igu88] is roughly at least dim M /3.

This remarkable result reduces pseudoisotopy theory, within the concordance stable
range, to a series of computations in algebraic K-theory which, while intricate, become
significantly more feasible, particularly over Q; in Section 2.1.1.2 we explain the usual
way to deal with these. Combined with knowledge of B]iEf(M ) from surgery theory,
these computations yield, in theory, a complete description of the homotopy type of
BDiff(M) within the concordance stable range and up to extensions. In practice, there
are not so many complete computations available other than the case when M is a
disc or a sphere, or when M is aspherical [FH7S|.

Nevertheless, this is only one side of the story. Though scarce, computations
of BDiff(M) outside the concordance stable range do exist—most notably those of
Krannich, Kupers, and Randal-Williams for M = D? [KRW24, KRW21] (see also

10
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Watanabe [Wat18, Wat20]). The techniques used in these works differ fundamentally

from those in surgery/pseudoisotopy theory, which is still the main focus of this thesis.

0.2 Summary of the thesis

The thesis is based on two preprints, listed below:

IME22] S. Munoz-Echaniz, Mapping class groups of h-cobordant manifolds, 2022,
arXiv:2210.06573.

[IME23] S. Mutioz-Echéniz, A Weiss—Williams theorem for spaces of embeddings and
the homotopy type of spaces of long knots, 2023, arXiv:2311.05541.

The thesis consists of three chapters, all centred around the themes of h-cobordisms
and pseudoisotopy theory. Chapter 1 presents [ME22], while our second paper [ME23]
is divided between Chapters 2 and 3. The following sections provide a brief overview

of each chapter, with further details available in the respective chapter introductions.

0.2.1 Chapter 1: Mapping class groups of h-cobordant mani-
folds

Given an h-cobordism W : L% M, this chapter studies the difference between
the homotopy types of the diffeomorphism groups of L and M. The main theorem
(Theorem A) constructs an infinite family of such h-cobordisms for which the mapping

class groups I'(L) and I'(M) are not isomorphic. For instance:

Theorem. There is an 11-dimensional manifold M h-cobordant to the lens space
L=L"1:2:3:4:5:6) such that (L) 2 T(M). In fact, both groups are finite and

their cardinalities have different 3-adic valuations.

All the other examples of Theorem A are higher-dimensional versions of the one
above. A key ingredient in the proof is the comparison between the block moduli
spaces M, and /\73 established in Theorem B, which allows us to show that the block
mapping class groups I'(L) and T'(M) are also not isomorphic.

0.2.2 Chapter 2: A Weiss—Williams theorem for spaces of
embeddings

Embedding spaces are both a central object of study in geometric topology and a

key tool for understanding diffeomorphism groups via the isotopy extension theorem.

11


https://arxiv.org/abs/2210.06573
https://arxiv.org/abs/2311.05541

Introduction

Motivated by this principle, we establish a pseudoisotopy result for embedding spaces,
analogous to the previously mentioned theorem of Weiss and Williams [WW88| for
diffeomorphism groups. Specifically, we describe the difference between spaces of
ordinary and block embeddings within a certain range of degrees in terms of relative
algebraic K-theory. This range, known as the concordance embedding stable range, has
recently been shown by Goodwillie, Krannich, and Kupers [GKK23] to be significantly
larger than the usual concordance stable range.

Both our result and Weiss—Williams’ theorem stem from the same general phe-
nomenon in orthogonal calculus [Wei95], the framework in which our work is formulated.
As a consequence of our main theorem, we also establish a splitting result for embedding

spaces (Theorem 2.4.2) analogous to a theorem of Burghelea—Lashof [BL82].

0.2.3 Chapter 3: On the homotopy type of spaces of long
knots

Let d and p be positive integers with d — p > 3. We use the results from the

previous chapter to provide a complete description of the homotopy type of the space

of long knots—compactly supported embeddings of R? into R%—in the concordance

embedding stable range and localised away from the prime 2. On homotopy groups:

Theorem. (c¢f. Theorem D and Corollary E) Let p < d — 3. For x < 2d —p — 6,
m. (Emb.(R”, RY)) [}] = A, & B,,

where B, := ., (hofib(G(d — p)/O(d — p) — G/O)) [3] and G(n) := hAut(S™).
The groups A, are the homotopy groups of an infinite wedge of Thom spectra,
whose homotopy type is largely accessible but often treated on a case-by-case basis. For

example, if p =10 and d = 13:

Jof1f2] 3 |4[5[ 6 | 7 |8]9] 10 [ =11 |
0

IE
(A JJoJofofz]]o]o0]Z/9[ZE]|0]0]|Z/30Z/9Z/5] ... |

1
2

Most of this chapter is dedicated to analysing a certain geometric involution in the
algebraic K-theory space of a stably parallelisable manifold (cf. Theorem 3.1.13 and
Corollary 3.1.17). This forms the technical core of [ME23] and is not specific to the

case of long knots, so it may be of independent interest.

12
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Chapter 1

Mapping class groups of

h-cobordant manifolds

1.1 Introduction

1.1.1 The main result

Automorphism groups of manifolds have been subject to extensive research in
algebraic and geometric topology. Inspired by the study of how different h-cobordant
manifolds can be (see e.g. [JK15, JK18]), in the present paper we investigate the
question of how automorphism groups of manifolds can vary within a fixed h-cobordism
class. Namely: given an h-cobordism W% between (closed) smooth! manifolds M and
M’ of dimension d > 0, how different can the homotopy types of the diffeomorphism
groups Diff(M) and Diff (M) be?

Certain analogues of this question have led to invariance-type results. Dwyer and
Szczarba [DS83, Cor. 2| proved that when d # 4, the rational homotopy type of the
identity component Diffo(M) C Diff(M) does not change as M¢ varies within a fixed
homeomorphism class of smooth manifolds. Krannich [Kral9, Thm. A] gave another
instance of such a result, showing that when d = 2k > 6 and M is closed, oriented
and simply connected, the rational homology of BDiff" (M) in a range is insensitive to
replacing M by M#3%, for ¥ any homotopy d-sphere.

Our main result is, however, that the homotopy types of the diffeomorphism groups
of h-cobordant manifolds can indeed be different in general. Let I'(M) denote the

"We will work in the smooth setting for notational preference, but all of the results in this paper
are equally valid for the topological and PL categories. See Remarks 1.4.11 and 1.5.4 for modified
arguments when C AT = Top and PL.

15



Mapping class groups of h-cobordant manifolds

mapping class group of M—the group of isotopy classes of diffeomorphisms of M, i.e.,
I'(M) := 7mo(Diff (M)). The block mapping class group T'(M) is the quotient of I'(M)
by the normal subgroup of those classes of diffeomorphisms which are pseudoisotopic
to the identity.

Theorem A. In each dimension d = 12k — 1 > 0, there exists a d-manifold M? (see

Theorem 1.4.6) h-cobordant to the lens space L = LY (ry : -+ rg,), where
ro=---=r,=1, Thal =+ =Top =2, ... Tsep1=---=71g =06 mod?7,
such that

(i) T(L) and T(M) are finite groups with cardinalities of different 3-adic valuations,

(ii) T'(L) and T'(M) are finite groups with cardinalities of different 3-adic valuations.

Remark 1.1.1. For an oriented connected manifold M, there are orientation preserving
mapping class groups I'T (M) and f*(M ), which have index one or two inside the
whole mapping class groups I'(M) and f(M ), respectively. Therefore, the conclusions
of Theorem A also hold for I'(—) and I't(—).

Remark 1.1.2. Theorem A (i) is the best possible result in the following sense: let Diff (M)
denote the (geometric realisation of the) semi-simplicial group of block diffeomorphisms
of M (cf. [BLRT75, p. 20] or [ERW14, Defn. 2.1]), whose p-simplices consist of
diffeomorphisms ¢ : M x AP =5 M x AP which are face-preserving (i.e. for every face
o C AP, ¢ restricts to a diffeomorphism of M x o). Then we have T'(M) = mo(Diff((M)).
The restriction map pyy : Diff(W) — Diff(M) is a fibration with fibre Diff 3, (W),
the subspace of block diffeomorphisms of W which fix pointwise a neighbourhood of
M C W. By the s-cobordism theorem (see Theorem 1.2.1 below), there exists some h-
cobordism —W from M’ to M such that WU,y —W =2 M x I and —W Uy W =2 M'x 1.

Then the group homomorphisms

Tdw Uppr — : C(M) := Diff prs 0y (M x T) — DifE (W),
Id_y Uys — : Diff (W) — Diff e (=W Uy, W) = C(M)

are easily seen to be homotopy inverse to each other. But the group C (M) of block
concordances of M' is contractible (cf. [BLR75, Lem. 2.1]), and therefore pj; induces
an equivalence onto the components that it hits, and similarly for p,,. In other words,

the classifying spaces B]ﬂf(M ) and BDAEF(M ') share the same universal cover, so
mi(Diff(M)) = m(Diff (M")), i > 1.

16



1.1 Introduction

The upshot is that the homotopy types of Diff (M) and Diff (M) can at most differ by
their sets of path-components, and Theorem A (i) provides an example showcasing this

phenomenon.

1.1.2 Moduli spaces of h- and s-block bundles

Recall that for d > 5, the Whitehead group Wh(M) of a compact d-manifold M
(see Section 1.2.1) classifies isomorphism classes of h-cobordisms starting at M. This
group has an involution denoted 7 — 7 which, roughly speaking and up to a factor of
(—1)4, corresponds to reversing the direction of an h-cobordism (see (1.2.4)).

In Section 1.3 we will introduce the h- and s-block moduli spaces, M" and M?
respectively, whose vertices (as semi-simplicial sets) are the smooth closed d-manifolds,
for some fixed integer d > 0. A path in the former (resp. latter) space between
d-manifolds M and M’ is exactly an h-cobordism W : M %% M’ (resp. an s-cobordism
W . M~ M, ie., an h-cobordism with vanishing Whitehead torsion (see Section
1.2.2)). The s-block moduli space M is, somewhat in disguise, a well-known object;
in Proposition 1.3.6 we identify the path-component of M in M* with B]iff(M ), the
classifying space for the group of block diffeomorphisms of M.

The second main result we state arises as part of the proof of Theorem A, but
may be of independent interest: there is a natural inclusion M < M" which forgets
the simpleness condition. We identify the homotopy fibre of this inclusion (i.e. the
homotopical difference between the h- and s-block moduli spaces) as a certain infinite

loop space.

Theorem B. Let M be a closed d-dimensional manifold, and let Cy := {e,t} act on
the Whitehead group Wh(M) by t - 7 := (—1)"17. Write HWh(M) for the Eilenberg—
MacLane spectrum associated to Wh(M), and let HWh(M )pc, := HWh(M)Ac, (ECy)+
stand for the homotopy Cy-orbits of HWh(M). Ford > 5, there is a homotopy cartesian
square
Q°(HWh(M)pe,) — M?
L
{(M?} ———— M,

where the lower horizontal map s the inclusion of M as a point in M

As we will explain in Section 1.3.3, this result is intimately tied to the Rothenberg
eract sequence [Ran81, Prop. 1.10.1].

17
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Structure of Chapter 1

Section 1.2 serves as a reminder to the reader of the s-cobordism theorem and some
of the properties of Whitehead torsion.

In Section 1.3 we prove Theorem B. The proof boils down to arguing that certain
simplicial abelian group F28(A) corresponds to the spectrum H Ajc, under the Dold—
Kan correspondence (see Theorem 1.3.10).

Section 1.4 deals with part () of Theorem A, which is proved in Theorem 1.4.6.
We analyse the lower degree part of the homotopy long exact sequence associated to
the homotopy pullback square of Theorem B. The proof of Theorem A(7i) builds on
part (i) and pseudoisotopy theory, and comprises Section 1.5.

Appendix A is an algebraic K-theory computation required for Sections 1.4 and
1.5. Appendix B explores the connection between Theorem B and the theory of
Weiss—Williams [WW88].
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1.2 Notation and recollections

All manifolds will be assumed to be compact and smooth (possibly with corners).

1.2.1 Whitehead Torsion

Let m be a group and w : 1 — Cy = {1} be a homomorphism. The Whitehead
group of (m,w) [Mil66, §6] is the abelian group

Wh(r,w) := GL(Zx)*™ /(£n)

18



1.2 Notation and recollections

equipped with the following involution: the anti-involution on Zn given by

a=Ya,-g—a:=Y w(glag-g ", a,€Z,
gem gem
induces an involution on Wh(7, w) by sending an element represented by a matrix
T = (73;) to its conjugate transpose 7 := (7;;). We will refer to this involution as
the algebraic involution on Wh(m,w). We will write Wh(r) for Wh(m, w) if w is the
trivial homomorphism, or if we are simply disregarding this involution. If X is a finite

CW-complex with a choice of basepoint in each of its connected components, the
Whitehead group of X is

Wh(X):= @ Wh(m(X;)).

Xj€em(X)

If X = M is moreover a manifold, the algebraic involution on Wh(M) is that induced
by w = w; (M) € H'(M;Z/2), the first Stiefel-Whitney class of M. Since every inner
automorphism of a group 7 induces the identity on Wh(x) [Mil66, Lem. 6.1], the
Whitehead group Wh(X') does not depend (up to canonical isomorphism) on the choice
of basepoint in each path component of X; we shall ignore basepoints from now on.
Given a homotopy equivalence between finite pointed CW-complexes f : X — Y,
we will denote by 7(f) € Wh(X) its (Whitehead) torsion [Mil66, §7]. It only depends
on f up to homotopy [Mil66, Lem. 7.7]. Let us collect a few properties of the Whitehead

torsion 7(—) that we will use throughout the paper:

« Composition rule: 7(—) is a crossed homomorphism in the sense that if f: X — Y

and g : Y — Z are homotopy equivalences, then [Mil66, Lem. 7.8]

T(go f)=7(f)+ f'7(9), (1.2.1)

where f, : Wh(X) — Wh(Y) is the natural isomorphism induced by m(f) :
m(X) — m(Y).

o Inclusion-exclusion principle: if X = XoU X; and Y = Yy U Y], where Xg, X1, Y,
Y1, Xo1 := Xo N X7 and Yy := Yy NY; are all finite CW-complexes, and

fo:Xo—Yy, fi:Xi—Y1, fou=fonfi:Xo — Yo,
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are homotopy equivalences, then the torsion of the homotopy equivalence f = foU f; :
X =Y is [Coh73, Thm. 23.1]

7(f) = (i0)«7(fo) + (i2)«7(f1) = (i01)+7(for) € Wh(X), (1.2.2)

where 7g : Xo — X, 71 : X7 — X and i1 : Xo1 — X are the inclusions.

e Product rule: 7(—) is multiplicative with respect to the Euler characteristic in the
sense that for any homotopy equivalence f : X — Y and any finite connected
CW-complex K with basepoint x € K [Coh73, Thm. 23.2],

7(f xidg) = x(K) - i.7(f) € Wh(X x K), (1.2.3)
where i : X =2 X x {x} — X x K is the inclusion.

A homotopy equivalence f as above is said to be simple, and denoted f: X =Y,
if 7(f) = 0. We will write sAut(X) C hAut(X) for the topological submonoid (see
(1.2.1)) of simple homotopy automorphisms of X.

1.2.2 The s-cobordism theorem.

Let M be a smooth compact manifold of dimension d. A cobordism from M rel OM
is a triple (W; M, M"), also written as W : M ~» M’ consisting of a (d + 1)-manifold
W+ with boundary

oW = MUM U (OM % [0,1])

so that M N(OM x[0,1]) = OM x {0} and M'N(OM x [0,1]) = OM x {1} (in particular
OM’' = OM). Cobordisms are often accompanied with an additional data of collars, i.e.,
open neighbourhoods of M and M’ in W diffeomorphic to M x [0,¢€) and M’ x (1 —¢, 1]
(rel OM x I) for some small € > 0, but the choice of such is contractible. If IM = 0,
this coincides with the usual notion of a cobordism between closed manifolds. Such a
cobordism is called an h-cobordism if the inclusions iy : (M,0M) — (W,0M x I) and
ing s (M, OM') — (W, 0M x I) are homotopy equivalences of pairs. In such case we
will write W : M 4 M’ to emphasise that W is an h-cobordism from M to M’. The
torsion of W with respect to M is

T(W, M) := 7(ip) € Wh(M).
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If 7(W, M) = 0, such an h-cobordism W : M &4 M’ is said to be simple (or an s-
cobordism), and denoted W : M ~ M’. This definition is independent of the direction
of W since the torsion of an h-cobordism satisfies the duality formula [Mil66, §10]

T(W. M') = (=1)*(h").7(W, M). (1.2.4)
Here h"V : M ~ M’ is the natural homotopy equivalence
PV M M W M (1.2.5)

~

where 7, is some homotopy inverse to iy, (so k'Y is only well-defined up to homotopy).

Due to the composition rule (1.2.1), the torsion of an h-cobordism is nearly additive
with respect to composition: namely if W : M5 M and W’ : M' % M” are h-
cobordisms, we write W o W : M &4 M” for the h-cobordism W U, W, which can be

made smooth by pasting along collars. Then
T(W' oW, M) =7(W, M)+ (") (W', M'). (1.2.6)
Let hCobs(M) denote the set of h-cobordisms rel boundary starting at M, up to
diffeomorphism rel M. We will use the following a great deal [Maz63, Bar64].
Theorem 1.2.1 (s-Cobordism Theorem rel boundary). If d = dim M > 5, then there
is a bijection

hCobg(M) <— Wh(M), (W : M2 M) — (W, M).

1.3 The block moduli spaces of manifolds

As explained in the introduction, we now present the A- and s-block moduli spaces
of manifolds, in which a path, i.e., a 1-simplex, is an h- or s-cobordism, respectively.

To describe what higher-dimensional simplices should be we give the next definition,
which is inspired by [HLLRW21, §2].

Definition 1.3.1. Fix once and for all some small € > 0. A compact smooth manifold
with corners WP C R® x AP is said to be stratified over AP if:

(i) W is a closed manifold if p = 0,

(ii) W is transverse to R> x o for every proper face o C AP and W, := WN(R*® x o)

is a (d + dim o)-dimensional manifold stratified over AM™ = g
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(iii) W satisfies the e-collaring conditions of [HLLRW21, Defn. 2.3.1(ii)].

We will write WP = AP for such a manifold. A map f: W — V between manifolds
stratified over AP is said to be face-preserving, and denoted f : W —A V., if for every
face o C AP we have f(W,) C V, and f satisfies the collaring conditions of [HLLRW21,
Defn. 2.3.1(1ii)] (roughly, f must be the product f, x Id in the e-neighbourhood of
the strata W,, where f, := f |w, ). If moreover f, is a homotopy equivalence, simple
homotopy equivalence or diffeomorphism for all o C AP, we will write f: W im V

for & = ~,, ~, or =, respectively.
Notation 1.3.2. Let AY C AP denote the i-th horn of AP (i =10,...,p).

o If0 <ig< - <i, <p, wewrite (ig,...,i,) C AP for the face spanned by the

vertices ig, . ..,1, € AP,

o If W is stratified over AP, we will often write ;W for W(o...?...p> and W; for
Wy For instance, (0. .. 0., p) = DiIAP C AP,

o If K C AP is a simplicial sub-complex, we will write Wy for W N (R*® x K). In
the particular case that K = AL, we set A;(W) := War. For instance, if o C AP

is some face, N;(c) denotes the i-th horn of o (1 =0,...,dimo).

o If f: W — AV is face-preserving, we will write O; f for fo.ar = f

oW -

Example 1.3.3. A cobordism W%t : M ~» M’ between closed manifolds M and M’ is
always diffeomorphic to a manifold W’ C R>® x A stratified over A' with W) = M
and W{ = M.

Definition 1.3.4. Fiz some integer d > 0. The h-block moduli space of d-

manifolds is the semi-simplicial set ./(/lv},‘ with p-simplices

Wd—H?
Mh=4 L 3 W A Wy x AP S (1.3.1)
AP

and with face maps given by restriction to face-strata

Wd+p ainer
0i:/(/lVZ—>MVZ_1, y (! 1=0,...,p.
AP O; AP = APTL
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The s-block moduli space of d-manifolds ./Ws is its simple analogue, where
~, in (1.8.1) is replaced by ~,, and has a natural inclusion M3 — M. We will let
M" and M? denote the geometric realisations |M"| and |M3|, respectively.

Remark 1.3.5. Let M be a closed d-manifold and Mf(M ) denote the path-component
of M in M2. Our definition of M3(M) differs from that of M(M), in [HLLRW21] in
that our condition (ii) in Definition 1.3.1 is stronger than condition (i) of Definition
2.3.1 loc. cit.; there, it is only required that W be transverse to R* x ¢ for faces of the
form o = 0;AP. As noted right after [HLLRW21, Defn. 2.3.1], their defined M (M), is
Kan, and our stronger requirement does not affect this Kan condition as any proper
subface of A? that is not of the form 0; AP is already a subface of any horn A¥. Thus,
M (and similarly M?!) is Kan.

The next two subsections are devoted to prove Theorem B. But first, we study the
s-block moduli space M more closely. We recall that the classifying space BDAEE(M )
for the simplicial group of block diffeomorphisms has a semi-simplicial model (see e.g.
[ERW14]) in which the p-simplices are

Wd+p
BDiff(M),={ | :3¢:W A M x AP},
AP
and therefore there is a forgetful inclusion BDiff(M) < M?.

Proposition 1.3.6. For d > 5, there is a decomposition of M* into connected

components
M*= || BDiff(M)= || BDiff(M). (1.3.2)
[M?] up [M?] up
to s-cob. to diffeo.

In order to prove this proposition, we will need the following simple observation.

Lemma 1.3.7. Let WP = AP represent a p-simplex in ./\7;g For every face inclusion
§ C o C AP, the map We — W, is a simple homotopy equivalence. In particular if
p=1, W is an s-cobordism from Wy to Wj.

Proof. Let f: W =3 Wy x AP be some face-preserving simple homotopy equivalence.

The inclusion W — W, is homotopic to a composition of simple maps

W€*>WO><§

—— Wy X o —> W,
(1.2.3) f

where f ! is any homotopy inverse to f,. Therefore it is also simple. O]
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Proof of Proposition 1.3.6. For a closed manifold MY, let Mf(M ) denote the path-
component of M in M. We only have to argue that MS(M) C Bﬁf(M), which is

the following claim when r = —1.

Claim. Let W € /\7;(]\/[) and suppose that for some —1 < r < p — 1, there exist

face-preserving diffeomorphisms
(bilaiWiAMXApil, OSZST’,

such that 0;¢; = 0j_1¢; for 0 <1 < j < r. Then there exists some face-preserving
diffeomorphism ¢ : W =5A M X AP such that 0;p = ¢; for 0 <@ <r. In particular
W e BDiff(M),.

Proceed by induction on p > 0. The statement is vacuous when p = 0, and it
holds by Lemma 1.3.7 and the s-cobordism theorem when p = 1. Suppose that the
claim is true for p — 1 > 0. By the induction hypothesis, we can find diffeomorphisms
o; W i)A M x AP~ for 0 < i < p — 1 such that 0ip; = 0j_1¢; for 0 < 7 <
j < p—1. By pasting these together, we obtain a (face-preserving) diffeomorphism
Ap(9) : Ay (W) A Mx AP. Now by Lemma 1.3.7 and the inclusion-exclusion principle
(1.2.2), the inclusion A,(W) < W is a simple homotopy equivalence. Unbending the
corners of A,(WW), the s-cobordism theorem for manifolds with boundary (Theorem
1.2.1) provides a face-preserving diffeomorphism ¢ : W —=3A M x AP extending Ay(9),

as required. H

By analogy to (1.3.2), we define BDiff"(M) to be the path-component of M in

M?"_ and so obtain a decomposition

M"= || BDiff"(M). (1.3.3)
e e

Remark 1.3.8. The semi-simplicial sets BDiff (M), and BDiff"(M), have M as their
natural basepoint. If M and M’ are s-cobordant, i.e. diffeomorphic (resp. h-cobordant),
then BDiff(M) and BDiff(M’) (resp. BDiff"(M) and BDiff"(M’)) are the same semi-
simplicial set but equipped with different basepoints.
Digression 1.3.9. Let G : sSet, — sGrp denote the Kan simplicial loop space func-
tor [Kanb8, §10 and 11]. As we will see in Remark 1.3.25, the semi-simplicial set
BDift"(M), can be upgraded to a simplicial set. The simplicial group Diff"(M) :=
GBDIff" (M) has been studied in previous literature under different names [WW88, Ap-
pendix 5]. More precisely, if d > 5 then Diff"(M?) is weakly equivalent to Diff®(M x R),

24



1.3 The block moduli spaces of manifolds

the space of block diffeomorphisms of M x R bounded in the R-direction. This will
be proved in Proposition B.1 of Appendix B.1. With this in mind, the computation
of the homotopy groups of DAl?fb(M X R)/ﬁﬁf(M) in [WW88, Cor. 5.5] agrees with
Theorem B.

1.3.1 A simplicial model for H(—);c,

Let A be a Z[Cy]-module, i.e., an abelian group equipped with a Z-linear involution
a — a* :=1t-a, where t € C5 denotes the generator. Write HA for the Filenberg—
MacLane spectrum associated to A, and let HApc, == HA Ng, (EC5), denote the

homotopy Cs-orbits of HA. In this section we present a simplicial model
F2%(—) : Modgc,) — sAb

for the functor H(—)nc, : Modyzc,) — HZ-Mod in the following sense.
Theorem 1.3.10. Let 2>°-Top denote the category of infinite loop spaces. There is a

natural equivalence
[F38(=)] = Q¥ (H(~)ne,) - Modzc,) — Q>-Top,

i.e., there is a zig-zag of natural weak equivalences connecting the left and the right

hand functors.

1.3.1.1 The simplicial abelian group F&(A)

We now define F2'8( A) as an algebraic analogue of the semi-simplicial set F, (M) (see
(1.3.17) and Proposition 1.3.24) when A = Wh(M) with the Cy-action t -7 := (—1)%"'7
of Theorem B. We will need some preliminaries first.

A simplicial sub-complex of AP is a collection? K of non-empty subsets o of
[p] ={0,...,p} such that if £ C 0 and ¢ € K, then { € K too. The realisation of a
subset o C [p] is the subspace

lo| == {(to,....t,) € AP:t,=01ifi ¢ o} C A”.
Then, the realisation of a simplicial sub-complex K of AP is the subspace

K| := | |o] C AP

ceK

2We allow the empty collection § = { }.
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Mapping class groups of h-cobordant manifolds

Since |K| = |K'| if and only if K = K’, we will often identify a simplicial sub-complex
K of AP with its realisation |K].

Let SubComp, denote the poset of simplicial complexes of AP, ordered by inclusion
of collections. The assignment [p] — SubComp,, assembles into a cosimplicial poset

SubComp, in the obvious way: given an order-preserving arrow a : [p| — [q], we set
a : SubComp, — SubComp,, K + a(K) :={a(0) C[q]: 0 € K}.

On realisations, we have |a(K)| = a(|]K]|) C A9, where the second a now denotes
the map AP — A? coming from the cosimplicial space A®. So, for instance, the i-th
coface map 9 : SubComp,,_; — SubComp, identifies AP~! with the i-th face of A?, i.e.,
AP~ = 9,AP.

More important to us will be the subposet SubComp,™ C SubComp, consisting of
those sub-complexes whose realisation is contractible (in particular non-empty). The
assignment [p] — SubComp,™ now assembles only into a semi-cosimplicial poset, for the
coface maps 0 : SubComp, ; — SubComp,, send SubComp,”, to SubComp,™, but the
codegeneracies fail to do so: for instance, the codegeneracy s : SubComp,; — SubComp,
sends the contractible sub-complex of A? cosisting of the edges {0, 2}, {2,3} and {1,3}
(and all its subsets) to OAZ?.

Seen as a category, SubComp,™ admits all pushouts, for the pushout of contractible
simplicial complexes is also contractible. For an (abelian) group A (seen as a one-object
groupoid), write Fun(SubComp,™, A) for the set of functors 7 : SubComp,™ — A and
FunD(SubCompj*, A) C Fun(SubComp,™, A) for the subset consisting of those functors

7 such that for any pushout square

K()1 E— K1

J ) l (1.3.4)

Ky — K

in SubComp,™:
T(K[)l — Kl) = T(KQ — K) € A. (135)

Equivalently, by taking the transpose of (1.3.4),
T(K()l — K()) = T(Kl — K)

Notation 1.3.11. If K, L € SubComp,™ with K < L, there is a unique arrow K — L.
We will write T(L, K) € A for (K — L) resembling the notation for h-cobordisms.
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1.3 The block moduli spaces of manifolds

Note that (K, K) = 0 for every K. We will sometimes refer to 7(L, K) as a torsion
element.

Lemma 1.3.12. Let 7 : SubComp,™ — A be a functor. Then T € FunD(SubCompj*, A)
if and only if for every diagram in SubCompp:* of the form

K()l —_— Kl

Il

Ko — K (1.3.6)
\\% L

the functor T satisfies the inclusion-exclusion principle (compare to (1.2.2)):

Y

T(L,K) == T(L, Ko) +T<L, Kl) —T(L,K()l). (137)
Proof. If T € FunD(SubComp;*, A), then

(L, Ko) + 7(L, K1) — 7(L, Ko1) = 7(L, K) + 7(K, Ko) + 7(L, K)
— T(L, Kl) — T(Kl, KOl)
=7(L,K),

where the second line follows from (1.3.5). Conversely (1.3.5) follows from the inclusion-
exclusion principle (1.3.7) applied to the diagram (1.3.6) with L = K, noting that
(K, K) = 0. O

Observe that both Fun(SubComp,™, A) and Fun"(SubCom p, , A) are abelian groups
under morphism-wise addition. Therefore, Fun(SubComp;™, A) defines a semi-simplicial
abelian group whose i-th face map is Of'" := Fun(9?, A). These face maps clearly
descend to Fun" (SubComp ™, A), and we will write 97 = 97" |, o for their restriction.
We will now construct a system of degeneracies s}’ for Fun”(SubCompZ*, A) compatible
with the 07’s which makes it into a simplicial abelian group—this will be handy when

invoking the Dold-Kan correspondence later in Section 1.3.1.2 (see also Remark 1.3.23).

Remark 1.3.13. One might consider the analogous abelian groups Fun(SubComp,, A)
and FunD(SubCompp, A). Then, Fun(SubComp,, A) defines an actual simplicial abelian

group whose i-th face and degeneracy maps are O/ and s = Fun(s’, A), re-

i

spectively. However, FunD(SubComp,,A) is only semi-simplicial: for any non-zero
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Mapping class groups of h-cobordant manifolds

7 € Fun"(SubComp,, A), si'r does not satisfy (1.3.5) for K = A2, K, = 0yA?,

= 0;A% and Ky = (2).

Let Face, denote the sub-cosimplicial poset of SubComp, consisting of those sub-
complexes of A®* which are faces—those collections K for which there exists some
o C [e] such that £ € K for every £ C o; thus, the empty sub-complex () C A® is not a
face. Note that Face, C SubComp,™ and write ¢ for the inclusion. The following result
says that a functor in Fun"(SubComp*, A) is completely determined by the torsion

elements corresponding to face inclusions.

Proposition 1.3.14. There is a natural isomorphism of semi-simplicial abelian groups
/* - Fun"(SubCompZ™*, A) = Fun(Face,, A) : 4.

Therefore, FunD(SubCompf*, A) upgrades to a simplicial abelian group with degeneracy

maps
st =10 Fun(s', A) o .* : Fun"(SubComp,*, A) — Fun"(SubComp.7,, A).

Proof. We begin with the definition of the map ¢. For 7 € Fun(Face,, A), let us
first define u7(L, K) for any inclusion of sub-complexes K C L C AP in SubComp ™
Setting

ur(L,K) = ur(AP, K) — ut(AP, L), (1.3.8)

it suffices to specify u7(AP, K) for any K € SubComp,™. Note that, as defined in
(1.3.8), u7 is immediately a functor SubComp,™ — A (even for arbitrary values of
ut(AP, K) for K C AP), since if K C L C M are sub-complexes of A?, then

ut(M,K) = ut(AP, K) — uyt (AP, M)
=ur(AP, K) —ut(AP, L) + ut(AP, L) — ut(AP, M)
= LgT(L, K) + L!T(M, L)

We now define 1, 7(A?, K) for any® sub-complex K of A? as

ut(AP,K) =Y T(AP,0), where T(AP,0):= > (=1)3motdmér(AP &),
ceK 0#£Co
(1.3.9)

Here dim o denotes the dimension of the face o (one less than the cardinality of o

viewed as a subset of [p]). We now establish the following properties of the functor ¢,7:

3Not only contractible ones!
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1.3 The block moduli spaces of manifolds

(i) w7 satisfies the inclusion-exclusion principle (1.3.7) and hence, by Lemma 1.3.12,

ur restricted to SubComp,™ is an element of ]f*’unD(SubComp;*7 A).
(ii) ¢*ur = 7 as functors Face, — A.

(iii) For every 0 <i < p, 9;(u1) = u(0;7) as functors SubComp ™, — A.

To establish property (i), note that, in light of (1.3.8), it suffices to show that 47
satisfies the inclusion-exclusion for diagrams (1.3.6) where L = AP. This follows by a

simple check:

ut(AP,K) = Y T(AP,0)

ceK
= Z T(AP o) + Z T(AP, o)
occ€Ko O'EK\KO
= > T(AP o)+ > T(A%o0)
oceKy ceK1\Ko1
= > T(A” o)+ > T(A?,0) — > T(A?,0)
oceKy ceKy oc€Ko1

= L[T(Ap, Ko) + L!T(Ap, Kl) — L[T(Ap, K()l)'

To prove (ii), it suffices yet again to show that v 7(AP, o) = 7(AP, o) for every face
o € Face,. Given a linear combination X of 7(AP,&)’s for £ € Face, let X,y denote
the coefficient of 7(AP,n) in X. We now count such coefficient 4,7 (AP, o), for any
face n € Face,. Clearly u7(AP,0)q) = 0 if  is not contained in o, so assume that
n C o. Then,

LIT(AP,J)W) — ZT(AI)’g)(W) — Z T(Ap,f)(n) — Z (_1)dim£+dimn

teo nCéeo nCcEeT
- dimrfz—fiimn( 1y dimo —dimn\ | 1, dimn=dimo,
~ i 0, otherwise.

Since dimn = dimo if and only if n = o, it follows that u7(AP,0) = 7(AP,0), as

claimed.
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Mapping class groups of h-cobordant manifolds

For (iii), again we only need to show that both functors 0;(u7) and ¢(9;7) agree on
arrows in SubComp,™; of the form K — AP~'. Then,

(a P Ap 1 Z Z dlmo’—ﬁ-dimfaiT(Ap—l’f)

0€EK ()#££Co

— Z Z (_1)dim0+dim§7_(aiApfl’aig)
o€K 0#L{Co

— Z Z (_1)dima+dim§ <T<Apjaz§) _ T(Ap7az’Ap—1))
0€EK ()££Co

— (AP, 0K) — (Z > (—1)dimff+dim5> (AP, AP

0€EK ()#££Co

Now by a similar consideration as in (ii), the sum g, (—1)mordimé jg (—1)dime

(as we are not summing over { = (}). Thus, using this and property (ii), we see that
u(OT) (AP K) = ur(AP,0'K) — xx - uT(AP, 0" AP, (1.3.10)

where y stands for the Euler characteristic of K. As K is contractible (so xx = 1),
we obtain

(o) (AP K) = uyr(0'APTY 'K = 0;(uT) (AP K),

as desired.

By definition, ¢ : Fun(Face,, A) — FunD(SubComp;*, A) is clearly a group homo-
morphism, so, by (iii), we have successfully constructed a morphism of semi-simplicial
abelian groups

v - Fun(Face,, A) — Fun"(SubComp*, A),

and by (ii), we also have that ¢ is a right inverse of +*. To finish the proof of the
proposition, it only remains to show that ¢* is injective.

To this end, suppose that 7 € FunD(SubCompi*, A) is a functor such that .*7 = 0.
We show that 7(AP, K) = 0 for every K € SubComp,™ (and hence 7 = 0), by induction
on the dimension of K, that is, the maximal dimension of a face of AP contained in
K. This is clear if dim K = 0, so assume the claim holds for every K’ € SubComp,™
of dimension < j — 1, and let K € SubComp,™ be of dimension j > 1. Suppose that
there exists a j-dimensional face ¢ C K and some 0 < ¢ < j such that 0,0 is not

contained in any other j-dimensional face ¢’ of K. Then, consider the sub-complex
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1.3 The block moduli spaces of manifolds

K':= K\ (Int 0 UInt 0;0) and the diagram

Ai(o) — K’
r

| |

Since A;(0) — o is an equivalence and the square is a pushout, it follows that

|

K' € SubComp,™. Then, by induction on the number of j-dimensional faces of K, we
may assume that 7(AP, K’) = 0, and hence, by the inclusion-exclusion principle (1.3.7)

for the above diagram,
T(AP, K) = 7(AP,0) + 7(AP, K') — 7(AP, Ay(0)) =04+ 0—0=0.

The penultimate equality follows from our assumption ¢*7 = 0 and from our induction
hypothesis as A;(0) is (j — 1)-dimensional. But such ¢ and 0 < i < j must always
exist. For if it did not, then

M = U o

ceK: dimo=j

would be a non-empty, closed PL-manifold of dimension j, and hence H;(M;Z/2) # 0.
But since K is obtained from M by attaching faces of dimension < 7 — 1, then
H;(M;Z/2) — H;(K;Z/2), leading to a contradiction as K is contractible. This

concludes the proof of the proposition. ]

Remark 1.3.15. As part of the proof, we see that, for each p > 0, the group ho-
momorphism ¢ : Fun(Face,, A) — FunD(SubComp;*,A) actually factors through
FunD(SubCompp, A). However,

v - Fun(Face,, A) — Fun"(SubComp,, A)

does not assemble to a morphism of semi-simplicial abelian groups by (1.3.10); surpris-
ingly, though, if SubComp}=" denotes the sub-poset of those sub-complexes with Euler
characteristic one, then

v : Fun(Face,, A) — Fun”(SubCompX=", A)

is indeed a semi-simplicial isomorphism that factors the one of Proposition 1.3.14.
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Mapping class groups of h-cobordant manifolds

A functor 7 € Fun(SubComp,™, A) will be said to satisfy face-horn duality for o if
7(0,0;0) = (=1)¥™77* (0, Ay(0)), i=0,...,dimo. (1.3.11)

Here 7%(L, K) stands for (7(L, K))*. Write D,(A) C Fun(SubComp,™, A) for the
subgroup of functors that satisfy face-horn duality for every face o C AP, and let

D.(A) C Fun(SubComp;™, A) denote the corresponding semi-simplicial abelian group.
Remark 1.3.16. If 7 C D,(A) N FunD(SubComp;*,A), then 7 satisfies more general

sorts of dualities. For instance, if o C AP is a face and 0 < ¢ < j < dim o, then
(0,00 U0;0) = (=)™ (0, 9o \ Int(;0 U 9;0)).
This follows from the inclusion-exclusion principle (1.3.7) of Lemma 1.3.12 applied
to K = 0;0 U 0,0 and A;(0) = (0o \ Int(0;0 U 0;0)) U 0j0, and L = o. By induction,
one can generalise this duality to any proper collection of faces 0;0 = U;c; 0i0,
I CH0,...,dimo}:
7(0,010) = (=1)Y"™°7*(0,0;0), J:=1{0,...,dimc}\ 1. (1.3.12)

Even more generally, if K € SubComp,™ is a union of k-dimensional faces and Q C 9K

is a contractible sub-complex which is a union of (k — 1)-dimensional faces, then
T(K,Q) = (=1)*7"(K, 0K \ Q). (1.3.13)

We now give a simple inductive criterion to check if a functor satisfies all face-horn

dualities.

Lemma 1.3.17. Let 7 € FunD(SubCompj*, A) satisfy face-horn duality for all o C AP
and for the 0-th face-horn of AP:

T(AP, OyAP) = (—=1)P7 (AP, AF).

Then T satisfies face-horn duality for AP too, i.e., T € D,(A).
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1.3 The block moduli spaces of manifolds

Proof. For i € {1,...,p} denote A}, for 8{1 ...?...p}Ap7 and consider the two pushout

diagrams in SubComp,™

AQ(@ZAP) — Agz A,-_l(@OAP) E— aoAp
DA s AL A g

I T}

Note that A;_1(0pAP) is the union of the codimension one sub-faces of JyA? =
(1,...,p) C AP that contain the i-th vertex of AP. We check directly that 7 sat-

isfies duality for the i-th face-horn using the inclusion-exclusion principle (1.3.7).

T(AP, 9,AP) = (AP, AR) + 7(AD, 9;AP)

(=177 (A7, B A%) + 7(Al, Aol@iAP))

(—1)P7* (A%, AP) + (—1)Pr (A2, BpA%) + (— 1)1 (AR, Ay (9p2A7))
(—1)Pr* (A7, AY).

In the third line we have used (1.3.13) for K = A}, and Q = Ao(0;AP). O

Finally, we write Z,(A) C Fun(SubComp7,, A) for the subgroup of functors 7 such
that
7(L,K)=0, YKCLCOA™=(1,...,p+1).

The assignment [p] — Z,(A) defines a semi-simplicial abelian group Z,(A) whose i-th

face map is the restriction of 9f}} to Z,(A).

Definition 1.3.18. The simplicial abelian group F28(A) C Fun(SubCompy;,, A) has

as p-simplices
F;'g(A) =Z,(A)N D1 (A)N FunD(SubCompjjl, A),

as face maps 6; : F'8(A) — F;",gl(A) the restriction to F2'8(A) of Of}}, and as degen-

eracy maps S; : F;'g(A) — F;fl(A) the restriction to F;'g(A) of the map so,, from
Proposition 1.3.14.

Lemma 1.3.19. F2'8(A) as defined above is a simplicial abelian group.
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Mapping class groups of h-cobordant manifolds

Proof. The only non-trivial thing to check is that s; sends D,(A) into D,;1(A), so
let 7€ D,(A)N FunD(SubComp;f*, A). Without loss of generality assume i = 0, and
by the induction hypothesis and the simplicial identities, it suffices to check that so7
satisfies face-horn duality for the top face AP, By Lemma 1.3.17, just checking this

for the 0-th face-horn of AP*! will suffice. Since sq7 satisfies inclusion-exclusion,

p+1 k
sor(APFLAZTY) = 30 (—1)k ! Y sr <Ap+1, N @,NH>
k=1 0<j1<-<Jrp<p+1 r=1

p+1 o o
:Z(—l)k‘l{ Z T(AP (0,...,51—1,....0k—1,....p+ 1))
k=1

1<j1<<Jg

- > T(Ap,(O,...,ﬁ,...,ﬁ,...,p—l—1))}

1=j1<ja <-+<Ji
—_—

:(_1)p Z T(Ap><077‘77_\177jk_177p+1>>:0

1<j1<<jp+1<p+1

=0

In the other hand, som(AP*, 9pAPT) = (AP, AP) = 0 = (—1)PH1 (5o (AP AFTH)*,
as required. O
1.3.1.2 Proof of Theorem 1.3.10

Recall that the Dold-Kan correspondence [GJ99, §I11.2, Cor. 2.3] establishes an

equivalence of categories

N :sAb L Chzo(Z) . F, (1314)

—

where N is the normalised Moore complex functor, given for a simplicial group G =
(G, de) by

(NG)n = ﬂ ker ((51 : Gn — anl) , d, = (50 ’(NG)n: (NG)n — (NG)n,1

=1

Under (1.3.14), we will identify F8(A) with the (connective) chain complex Ac,
given by

It oy 1ty 0= (Ancy) 1.

Proposition 1.3.20. The map 2 : (NF28(A),,d,) — Anc, given by
YA NF®8(A), — (Apey)n = A, 7 7(A™(0)), (1.3.15)
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1.3 The block moduli spaces of manifolds

s a quasi-isomorphism of chain complexes. In particular,

A

b—b | beA}’ n =0,

F%(A) >~ H (NF'8(A) > H, (Cy: A) =
7T7Z< . ( )) n( ( )) R(OQ’ ) {aeA ‘ a:(—l)"“a*}
{b+(—1)"TTb* | beA}

n > 1.
Proof. First we verify that ¢, = 12 is a chain map. Let 7 € NF8(A),, and write
a:=Pp(7) = 7(A"(0)), b=, 1(d,7) = T(O, A" {0)), c:=T(A"T 9 AT,

Noting that 7(A7", (0)) = 0 by inclusion-exclusion, applying 7 to the diagram in
SubComp, 7,

(0) ——— AT

| |

al An+1 An+1

and duality of 7, we obtain
(_1)n+lc* —a=b+4c — a+ (—1)”61,* Sy (_1)n <(_1)n+1c*)* _ b’

e, dp(Yn(T)) = Yp_1(d,T).

We now have to show that the map
Uyt Hy(NFY8(A)) — H,(Ca; A)
is an isomorphism for n > 0.

Claim. Forn > 0, there is a bijection

Ty {a€A | a=(-1)""a"} +— ﬁ ker(8; : F8(A) — F'%,(A)) : ¢y,

i=0
ar— Ty
T(A™(0)) ¢ 7

where 7, € F2%(A) is the functor given by

a, if K C L=A""

0, otherwise.

T.(L, K) :{
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Mapping class groups of h-cobordant manifolds

Proof of Claim. Note that the condition a = (—1)""1a* is exactly the face-horn duality
for A" so 7, is indeed an element of F8(A). Also observe that v,(7,) = a, so
we only need to show that 7_ is surjective. Let 7 be a cycle in F8(A), and set
a = 7(A"" (0)); we check that 7 = 7,. By the functoriality relation 7(L, K) =
7(A" K) — (A" L), we may assume that L = A" and by Proposition 1.3.14
that K = o € Face,,1. Let ¢ be such that o C 9;A™"!. As 9,7 = 0,

T(A™,0) = T(A™, 9A™Y) + 7(OA™, 0) = r(A™, 5A™),

so it is enough to show that 7(A"™ §;A") = q fori = 0,...,n+ 1. If i # 0,
this follows from the definition of a := 7(A"™! (0)). Applying 7 to the diagram in
SubComp, 7,

2,...,n+1) —— QA"

| |

aOAn+1 An—i—l

and noting that 9y7 = 0, we obtain 7(A"™, A™1) = a, as required. Also by

definition 7, is a cycle in F28(A) and 7,(A™*!, (0)) = a, so the claim follows. O

The previous claim shows that v, is surjective when n > 0. But this is also the

case when n =0, as

o 1 NFgE(A) = FgB(A) — A,

is an isomorphism: namely, for a € A, the functor 7 : SubComp™ — A given by
7(A',(0)) := a and 7(A!, (1)) := —a* (and zero otherwise) is clearly in FZ'8(A) and
sent to a under 5. Conversely, if 7 € F28(A), and 7(A, (0)) = 0, duality then forces
T to be zero itself.

For injectivity of 1., let 7 € NFEF?8(A), be a cycle such that ¢,[r] = 0, i.e.,
7(A™{0)) = b+ (—1)""1b* for some b € A. Tt is not difficult to see that there exists
a functor T' € Fun"'(SubComp.,, A) with

—b, i=1,

0< < 2).
(i, 1, OSTETEY

or—1 " =L T(A™2, 9,A™?) .=
0, 1#1,

By construction, T satisfies face-horn duality for any face o # A™™! and for the first
face-horn (9; A™2, A7*2). Therefore by Lemma 1.3.17 it satisfies all face-horn dualities.
Then T is clearly an element of N F28(A),,; bounding 7, so [r] = 0 in H, (NF8(A),).
This finishes the proof. O
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Remark 1.3.21. It is not difficult to see that 2 : NFa8(A) —5 A, is in fact an
isomorphism of chain complexes. An element 7 € N F28(A), is completely determined
by do7(= O17) and b := 7(A" (0)) € A using functoriality and duality. By the
claim in the proof of Proposition 1.3.20, §o7 = 7, for some a € A with a = (—1)"a*.
Face-horn duality for (9; A", ATt yields

at+ ()"0 =b = a=b+(—1)",

so 0o = T, is completely determined by b = 7(A"! (0)). As we will not need this

fact, we leave it to the reader to check that ¥2 is indeed surjective.

Before moving on to the proof of Theorem 1.3.10, we still need some categorical
background. For the rest of the section, we shall adopt the conventions of [Sch99]—for
instance, our category 2°°-Top of infinite loop spaces (a.k.a. connective spectra) is
modelled by the model category of I'-spaces thereof. For G = {e} or Cy and C a
category, the category of G-objects in C is C% := Fun(G, C). Observe that there are
natural isomorphisms of categories Modz g = Ab® and HZ[G]-Mod = (HZ-Mod)C.
There is an inclusion of categories Modzjg — sModyq) sending a Z[G]-module M to
the constant simplicial Z[G]-module on M, denoted by M = M,. By [Sch99, p. 332],
the Eilenberg-MacLane functor H : Modgig) — HZ[G]-Mod upgrades to a functor

H : sMody) — HZ[G]-Mod

such that, for M, € sModyq, the underlying infinite loop space of HM, is the
realisation |M,|.
Given a simplicial Z[Cy]-module M,, we will write (M,)nc, for the simplicial abelian

group
(Ma)nc, := Diag(M, ®@z10y) Z[ECs)) : [p] — M, @z1cy) Z[C5 7).

Now, given a Cy-spectrum X, we will write Xj,¢, for the spectrum X A¢, (EFCq)4. The
following result says that both meanings of (—)p¢, are intertwined by the Eilenberg—

MacLane functor.

Lemma 1.3.22. For M, € sModyc,), there is a natural equivalence of spectra

(HMe)ne, = H((Ma)nc,)-
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Proof. According to [Sch99, Lem. 4.2], there is a natural equivalence
HM, Nrzjcy) H(Z[E,C5]) = H((My)ne,),

where we are using that H(Z[F,C]) is a cofibrant HZ[Cs]-module. But for a simplicial
set X,, H(Z[X,]) is the free HZ-module on X,, i.e., it is (equivalent to) HZ A | X,|;.
Thus

HM, Ayziey H(Z[ELC)) = colime, HM, Az H(Z[EJCy))
~ colime, HMe Az (HZ N (ECs) )
~ HM, N (ECy),
=: (HMa)nc,-

In the second and third equivalences, we are implicitly using that the Cy-spectra we are

taking the colimit of are free, thus the colimit coincides with the homotopy colimit. [J

Finally, we will denote C' : sAb — Ch>o(Z) for the functor sending a simplicial
abelian group (M,, de) to the chain complex (C'M,,d,)

CM, :=M,, d,=> (=1)"6: M, — M, ;.
=0

The normalised chain complex N M, is a sub-complex of C'M,, and in fact the inclusion
NM, — CM, is a split quasi-isomorphism [GJ99, §II1.2, Thm. 2.1 & Thm. 2.4].

Proof of Theorem 1.5.10. Our goal is to identify F28(A) with A, functorially in
A € Modgzc,). To do so, we first compare NA,, and Ayc,.
Write M, —» Z for the minimal resolution of Z by free Z[Cs]-modules

L —— Z[Cy) 5 Z]Cy) 5 Z[Cy) —— Z,
where € sets t = 1. The chain complex C(Z[E,C3]) together with the augmentation
map € : C(Z[E.,Cy))y = Z[Cs] — Z provides another such resolution (also known
as the canonical resolution of Z by free Z[Cy]-modules). Therefore, there is a map
C(Z[E,C5]) = M, of resolutions of Z which, upon applying A ®zc,) (—), provides a
quasi-isomorphism of chain complexes C'A4;, — Apc,. We thus obtain the desired

quasi-isomorphism of chain complexes
A . ~ ~
(bo . NAhC2 CAhCQ Ah027
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1.3 The block moduli spaces of manifolds

which is clearly functorial in A.
The Dold-Kan correspondence (1.3.14) can be upgraded to a Quillen equivalence of
model categories [Qui67, §11.4] (for the projective model structure on chain complexes),

so there is a zig-zag of equivalences (functorial in A € Modgc,))

a (@) (62)
F8(A) —= ThAueo, ¢+ Apey (1.3.16)

Each map in the zig-zag is an equivalence since I" preserves equivalences (I" is a right
Quillen functor and every object in Ch>((Z) is fibrant) and because N and I' are inverse
to each other (as the Dold—Kan correspondence (1.3.14) is an actual equivalence of
categories). Applying geometric realisation to (1.3.16) and noting Lemma 1.3.22, there

results a zig-zag of infinite loop spaces
[FSE(A)] = [DAne,| < |Ane,| = O (H(Ape,)) «— O°((HA)rc,),

which once again is functorial in A. This finishes the proof. ]

Remark 1.3.23. A key step in the proof is the identification of F28(A) with T'Ayc,
in (1.3.16), via the (homotopical) Dold-Kan correspondence. Crucially, this relies
on the fact that F28(A) is a simplicial abelian group (cf. Lemma 1.3.19), rather
than just semi-simplicial, as we are unaware of a generalisation of Dold—Kan to the
semi-simplicial setting. This hopefully clarifies the need for Proposition 1.3.14 and
Lemma 1.3.19.

1.3.2 Proof of Theorem B

Let Fy(M) denote the simplicial homotopy fibre
Fy(M) = holim( (M?} —— ME —— M ) : (1.3.17)
It has as p-simplices
Fy(M)={W e Mb, :Wy=M, oW eM},
and as face maps

(Si : FP(M) — prl(M), W +— &-HW =W

Ot Tprty E=00es P
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Mapping class groups of h-cobordant manifolds

Recall that Cy acts on Wh(M) by ¢t -7 := (=1)*'7. Our task is to find an
equivalence |Fy(M)| ~ Q*°(HWh(M )¢, ), and by Theorem 1.3.10 we already know
that the latter space is equivalent to |F2'¥(Wh(M))|. Therefore, in order to show
Theorem B, it suffices to establish an equivalence of semi-simplicial sets between Fy (M)
and F2'¥(Wh(M)).

Let WPt € [,(M). We may find some face preserving homotopy equivalence
f:w Zhy o M ox APTD with fo=1Idy : Wog = M — M. With such a homotopy
equivalence we can identify 7, (W) with 7 (M) for every subcomplex K € SubComp ™
so that for K C L, the identifications m (Wg) = m (M) and m (W) = m (M) are
compatible with the induced isomorphism m(Wy < Wp) : m(Wg) = w1 (Wy). Any
other choice of such a homotopy equivalence f” will not change this identification, as f
and [’ are homotopic rel Wy = M (to see this, note that it is equivalent to showing
that a homotopy equivalence f : M x AP =5 M x AP with fy = Id,; is homotopic rel
M x Al to the identity. This in part follows from the fact that it is block homotopic rel
M x A} to the identity by an Alezander trick-like argument similar to [BLR75, Lem.
2.1] and that hAut(M ) >~ m(M )e). Once we have made such an identification of
fundamental groups, we can define the functor 7 € Fun(SubComp,™, Wh(M))

mw(L, K) := 7(Wx < W) € Wh(M).

The composition rule (1.2.1) of the Whitehead torsion and the inclusion-exclusion
principle (1.2.2) guarantees that 7y satisfies (1.3.7) and therefore, by Lemma 1.3.12,
Ty is an element of Fun™(SubCom p, > Wh(M)). In fact, by the definition of the F, (M),
the functor Ty is a p-simplex in this space (remember that 7* in (1.3.12) should now
be replaced by (—1)4~17).

Proposition 1.3.24. For d = dim M > 5, there is an equivalence of semi-simplicial
sets
Tyt Fo(M) — F2%(Wh(M)), W +— 1.

Together with Theorem 1.3.10, this will prove Theorem B. In particular, by Propo-
sition 1.3.20,

Wh(M)
{b+(=1)% | beWh(M)}’

n =20,

112

tn(Fo(M)) 22 H,(Cy; Wh(M)) (1.3.18)

{aeWh(M) | a=(-1)%*+"a}

{b+(=1)2+7b | beWh(M)} 7 nz=l

Proof of Proposition 1.5.24. We need to prove that 7 induces isomorphisms in ho-

motopy groups. To prove surjectivity, let a € Wh(M) be such that a = (—1)%™"a
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1.3 The block moduli spaces of manifolds

.....

-----

that 7w = 7, by Lemma 1.3.14 and noting that 7y satisfies face-horn dualities for all
faces (in particular A™1).

For injectivity, let W € F,(M) be a cycle such that [ryy/] = 0 in 7, (F2'$(Wh(M)). By
the first step in the proof of Proposition 1.3.20, 7y = Tot (—1)d+nb for some b € Wh(M).
Let V : W W’ be an h-cobordism rel boundary with torsion 7(V, W) = —b (after
having identified m (W) with (M) appropriately. Then 7 (V) and m(W’) get
identified with m (M) too). We claim W’ is (face-preservingly) diffeomorphic to
M x A" ie., we have to show that (W’ Ag(W’)) = 0 by the s-cobordism theorem.
Since Ag(W') = Ag(W) = M x AJT,

T(W, M(W)) + 7(V, W) = 7(W', Ag(W")) + 7(V, W)

which, by duality, yields

T(W', Ag(W')) = b+ (=1)""b — b — (=1)*" 1 (—p) = 0.

Let ¢ : W' = M x A" be a diffeomorphism fixing Ag(W’') = M x Aj*', and consider
V':= MoV, where My : W' M x A" denotes the mapping cylinder* of ¢. Then
using the canonical diffeomorphism rel boundary A"+ 22 A72 the manifold V' admits
a stratified structure over A"*2 with 0,V = W and A;(V') = M x A7, Therefore
V' provides a null-homotopy of W in F,(M), as desired. ]

Remark 1.3.25. The semi-simplicial sets //\/Vl’} and va admit compatible systems of
degeneracies that make them into simplicial objects. Namely, the i-th degeneracy map
S5 MZ/ 5 /(/lVZfl sends a p-simplex WP = AP to the pullback W ,,x i AP where
pr : W — AP is the composition W C R® x A? — AP and s' : A"t — AP is the
linear i-th codegeneracy map. The pullback W ,, X AP is regarded as a manifold

stratified over APT! under the inclusion
W o X i APTL s R % APFL (w,z),y) — (w,y),

for (w,z) € W C R® x A? and y € AP™! such that z = s'(y). The semi-simplicial
homotopy fibre F,(M) thus inherits a simplicial structure which agrees with that

“This should really be the mapping cylinder with collars (see Definition 1.3.1(i4i)). Namely, given a
diffeomorphism (possibly rel boundary) ¢ : A = B, we define My by A x [0,1/2] Ugy11/2y B x [1/2,1].
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Mapping class groups of h-cobordant manifolds

of F2'€(Wh(M)), i.e., the map 7_) of Proposition 1.3.24 becomes an equivalence of

simplicial sets.

1.3.3 Relation to the Rothenberg exact sequence

The purpose of this section is to derive a consequence of Theorem B in a different
direction to Theorem A. The reader may want to skip it on first reading.

For a finite group G and a naive G-spectrum X, we will denote by X*“ the Tate
construction of X [ACDS89, Defn. 2.2], i.e., the homotopy cofibre of the norm map (cf.
[WW89, Prop. 2.4]) N : X — X" where X;,¢ := X Ag (EG), are the homotopy
G-orbits of X as before, and X"¢ := F(XYEG, X)¢ denotes the homotopy G-fixed
points of X. Here F'(—, —)% is the G-equivariant mapping spectrum. When X = HA
for some Z|G]-module A, m$((HA)nc) = H.(G; A) whilst 73((HA)"Y) = H*(G; A),
and the norm map in degree zero Ag — A® is multiplication by the norm element
N =Y ,ec g € Z[G]. Therefore when G = C; and A = Wh(M),

H*_l(CQ,Wh(M)), * Z 2,

{aeWn(M) | a=(-1)%a}
{b+(=1)% | beWh(M)}

o C H0(027Wh(M)>7 * = ]-7
H*(Co; Wh(M)) := nf(HWh(M)tCQ) =
{a€Wh(M) | a=(-1)"'a}
{b+(=1)%1 | beWh(M) }

H~*(Cy; Wh(M)), * < —1.

C H°(Cy; Wh(M)), =0,

Let L"/#(M) denote the quadratic ordinary/simple L-theory spectrum of M¢ [Ran92,
§13]. In this section we establish a spacified version of the positive-degree part of the

Rothenberg exact sequence for quadratic L-theory [Ran81, Prop. 1.10.1].

Proposition 1.3.26. For d > 5, there is an equivalence of spaces

Q> hofib (L* (M) — LM(M)) ~ Q" (HWh(M)'). (1.3.19)
Proof. Let SM ¥(M) denote the ordinary/simple block structure spaces of M [Qui70].
Roughly speaking, a p-simplex in the space S"/ $(M) is a pair (WP, ) consisting of a

manifold W stratified over A? and a face-preserving homotopy equivalence f : W i A
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1.3 The block moduli spaces of manifolds

M x AP. Surgery theory establishes a diagram of fibration sequences [Qui70, §3]

QXFLS (M) —— §*(M) —— (G/O)M+

| J |

Qet AL (M) —— SM(M) —— (G/O)M
Taking homotopy fibres we obtain an equivalence
Q>+ hofib (IL*(M) — L"(M)) ~ hofib (§*(M) — 8"(M)) . (1.3.20)

On the other hand, it is not difficult to see that there is another diagram of fibration
sequences
sAut(M) —— S*(M) —%“— M

\[incl. of J{ J{
cpts.

hAut(M) — SM(M) ——s M",

where u is the (geometric realisation of the) forgetful map sending a p-simplex (W4, f)
in SM5(M) to W e MZ/ ¥, Taking again homotopy fibres (in the basepoint components
corresponding to M and Idy;), we get a map @ : hofib(S*(X) — S*(X)) — |F.(M)| ~
Q*°(HWh(M )ue,) which is an equivalence onto the components that are hit. For each
[a] € Ho(Co; Wh(M)), write Qf (HWh(M)se,) C Q*°(HWh(M)se,) for the connected
component corresponding to [a]. There is hence a chain of equivalences

(1.3.20)

Q> hofib (IL* (M) — L"(M)) hofib (8°(X) — §"(X))

~ H [a](HWh(M)hCQ)

[a]€lm(o (w))

To establish (1.3.19), it remains to argue that Im(mo()) = H*(Cy; Wh(M)). Choose
a 0-simplex in hofib(S?(X) — S*(X)), that is, a 1-simplex (W, f) € SP(M) such that
Wo =M, fo =Idy and fi : Wy =% M x {1} is a simple homotopy equivalence. In
particular, W : M 45 W, is an h-cobordism starting at M. By definition of pWh(M)
(see (1.3.15)),

mo(7) : o (hofib (S°(X) — S"(X))) — Hy(Co, Wh(M)), [W, f] > [r(W, M)].

Now 0 = 7(fo) = (in);'7(f) + 7(W, M) and, by duality, 0 = (RV)717(f1) =
(ia) 27 (f) + (=) F(W, M). Putting these two together we obtain 7(W, M) =
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(—=1)47(W, M), so it follows that Im(m(w)) € H(Cy; Wh(M)). For the other in-
clusion, let W € Fy(M) be such that 7(W, M) = (=1)%7(W, M), and pick some
face-preserving homotopy equivalence f : W —A M x I. By post-composing f with

fo! x I, for some f; ' homotopy inverse to fy, we may assume that fy = Idy;. Then
T(f1) = () ' 7(f) + (1) RS T(W, M) = (i) () + b (W, M) = B 7(fo) = 0,

so f1: Wi~y M x {1} is a simple homotopy equivalence and thus (W, f) represents
a 0-simplex in hofib(Sf(X) — SP(X)). This concludes the proof of Propostion
1.3.26. O

Remark 1.3.27 (Speculative). The equivalence (1.3.19) can presumably be upgraded
to one of infinite loop spaces. The argument should be similar to that of Theorem B
by replacing the block moduli spaces va/ ¢ with the L-theory semi-simplicial sets L//*
tCQ ~

as defined in [Qui70, §2]. More generally, an equivalence of spectra HWh(M)
¥~ hofib (IL*(M) — L*(M)) should hold.

1.4 Proof of Theorem A (i)

By analysing the lower-degree portion of the long exact sequence of homotopy
groups associated to the homotopy pullback of Theorem B, we propose a general
strategy to prove Theorem A(i) (see Proposition 1.4.5). We then present an example
of an h-cobordism W : L% M, where L is as in the statement of Theorem A, which
satisfies the conditions of the proposed strategy. All throughout let M? denote a closed

smooth manifold of dimension d > 5.

1.4.1 A general strategy

From the homotopy cartesian square of the homotopy fibre F,(M) (see (1.3.17))

we obtain an associated long exact sequence of homotopy groups

C— Tp(Fa(M)) — (M {M}) — mp(MP {M}) — ...

C—— MM {MY) % mo(Fu(M)) — mo(M®) — mo(MP).
(1.4.1)
For n > 1, the boundary map 9 : m,(M" {M}) = m,_1(F.(M)) sends an n-cycle
Wtn e M based at M to W as an (n — 1)-cycle in F,(M). So the image of the
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lowest-degree boundary map 0 : i (M", {M}) — m(Fa(M)) consists of those classes
represented by h-cobordisms W : M % M.

Definition 1.4.1. An h-cobordism W : M &5 M is said to be inertial [JK18, Defn.
2.1] if M" is diffeomorphic to M. The set of inertial h-cobordisms starting at M (up
to diffeomorphism rel M ) is denoted by I(M) C hCob(M) = Wh(M).

Ezample 1.4.2. Given an h-cobordism W : M % M, denote W : M’ %% M for W with
the reversed cobordism direction. The double D(W) := W o W = W Uy W [Mil66, p.
400] is an inertial h-cobordism M <% M with torsion (see (1.2.4) and (1.2.6))

T(D(W), M) = 7(W, M) + (=1)7(W, M).
The subgroup of double h-cobordisms of M?,
D(M) == {o+ (-1)% : 0 € Wh(M)} C Wh(M), (1.4.2)
is therefore a subset of I(M) too. Also observe from (1.3.18) that
Ho(Co; Wh(M)) = Wh(M)/D(M).

Lemma 1.4.3. Let = ,D(M denote the image of I1(M) under Wh(M) — Hy(Cs; Wh(M)).
Under the isomorphism mo(Fo(M)) = Ho(Co; Wh(M)) established in (1.5.18),

112

m {8:7r1(/\7h,{M})_>7T0(F.(M)) Wh(M)} (M)

D(M) | DWM)’

Proof. The inclusion (C) is immediate. Conversely if W : M ~» M’ is an inertial
h-cobordism with ¢ : M = M’ let W' : M ~» M denote the h-cobordism My-1 o W.
Recall that the isomorphism mo(Fy(M)) = Ho(Co; Wh(M)) sends the class represented
by W to that of its torsion 7(W, M) = 7(W', M). As W' represents a class in
m (M, {M}), we are done. O

Recall from Proposition 1.3.6 and (1.3.3) that BDiff(M) and BDiff"(M) are the
connected components of M and Mh, respectively, which contain M9 as basepoint.

We will denote Diff" /Diff (M) C F,(M) for the union of connected components corre-

I(M)
(M)

that map to BDiff(M) C M?*. We thus obtain a fibration sequence

sponding to 4 By exactness of (1.4.1), these are exactly the components of Fy(M)

Diff" /Diff(M) —— BDiff(M) —— BDift*(M). (1.4.3)
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For the remaining of the section, let W4t : L4 M9 be some h-cobordism with
torsion 7 := 7(W, L) € Wh(L). The homotopy long exact sequences of the fibration
(1.4.3) for L and M yield the diagram

mo(BDIft"(L)) -2 Hy(Cy; Wh(L)) — my(BDiff(L)) — m (BDiff*(L)) - L&)

(L)
smEE 0w Al
mo( BDIft" (M) & Hy (Cy; Wh(M)) — m(BDiff(M)) — m(BDiff" (M)) % [
(1.4.4)

where we have used the isomorphism 7, (Diff" /Diff (—)) = H,,(Cy; Wh(—)) for n > 1
from Proposition 1.3.24. We are trying to compare the middle terms of the two

extensions above, since

1 (BDE(—)) 2 mo(DifE(—)) = T(-).
We first study the left part of the extensions in (1.4.4).

Proposition 1.4.4. For n > 2, the following square commutes:

7o (BDIff*(L)) —2— H,_(Cs; Wh(L))
g | s

T (BDIff"(M)) —2— H,_1(Cs; Wh(M)).

In particular, the square decorated by (1) in (1.4.4) commutes.

Proof. The basepoint change map sends an n-cycle V4" Bﬁfh(L)n to the manifold
(see Figure 1.1)
WyV =V Upyaan (W x OA™).

The union is made along the boundary 0V = L x A™. The manifold W4V is naturally
stratified over A", and clearly represents an n-cycle in BDAiﬁh(M ). As mentioned
before, the boundary map 0 : m,(BDiff"(L)) — H,_1(Co; Wh(L)) sends [V] to the
class represented by 7(V,Vy) = 7(V, L) in H,_1(Cy; Wh(L)). We thus need to show
that

T(WyV, M) =hY7(V,L) mod {o+ (=1)""'5: 0 € Wh(L)}.

We compute 7(W,V, M) directly. For any subspaces A, B C WV with A C B, write

i% for the inclusion. If P :=V Uy, W (see Figure 1.1), we can factor the inclusion
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W# v

M =M x {0} — W,V as

M— = W,V

P

We— = L P

We compute the torsion of these three maps using the inclusion-exclusion principle
(1.2.2):

(W, M) = (—=1)*hlV7,
T(P,W) = (i, )o7(V, L) + (igy)) (W, W) — (i) ).7(L, L)
= (i )u7(V, L),
T(WyV, P) = (iy))7 (W V. V) + (i o7 (W, W) — (ir))s7(W, L)
= (1)« (il )« T(W x OA™ L x OA™) — (i} )T
= X(0A") - (if)u7 — (if)sT
= (1))
In the penultimate line we have used that if; o iy, 0 7£X92" =42 and the product rule

(1.2.3) of 7(—), for which we need the condition n > 2 for OA" to be connected. By

the composition rule (1.2.1), we get

T(WyV, M) = (=17 + (i) (G )om (Vo L) + (= 1) (i) (i)
= (D)7 +hI (VL) + (1)l
=h7(V,L) + (=1t (R 7+ (—1)* R )

where in the second line we have used the commutative diagram

so (i5) 710, = (i) 1Y), = hlY. This finishes the proof. O

In the next section we will focus on the task of finding an example of W : L &% M
for which T'(L) # T'(M) as in Theorem A(i). By the previous result, we should make
the right hand sides of the two extensions in (1.4.4) differ. In order to do so, we will

use the following.
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0

Figure 1.1 Illustration of W4V and P :=V Up0y W when n = 2.

Proposition 1.4.5. Let W : L4 M be such that
" ©) % =0 but % #0, (ID) 7, (BDiff(L)) is finite.

Then é((M) is finite of cardinality N > 1 and

[y (BDIfE(L))] = N - [y (BDIfE(M))] < oc.

In particular, T(L) # T(M).

Proof. 1f % — 0 then 7, (BDiff(L)) surjects onto 7 (BDiff*(L)), and hence the latter

is finite too. As i (BDiff"(M)) = 7, (BDiff*(L)) surjects onto 2[)((]\]\/?), this is also finite,

say of cardinality N > 1 since % # 0. Write

K = {x € m (BDiff*(M)) = m (BDiff "(L)) : 8z = 0 € é((]]\\?) } .

We now have two extensions of finite groups

0 — H;(Cy; Wh(L))/Im 8 — m,(BDiff(L)) — m(BDiff*(L)) —— 1

; :

0 —— Hy(Co; Wh(M))/Im 8 —— 1 (BDiff(M)) K 1,

where the left vertical isomorphism is a consequence of Proposition 1.4.4. Even
though 8 is a crossed homomorphism, we still have that N - |K| = |m (BDiff"(M))| =
|1 (BDiff"(L))|, and therefore the result follows. O

1.4.2 The candidate W : L% M

Let L2""'(ry : -+ : ry) denote the linear lens space with fundamental group C,

and weights rq,...,7r, mod p, i.e., the quotient of the sphere S?"~! by the free (left)
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1.4 Proof of Theorem A (i)

C)-action given by
(21,00 2n) = (" 21y, T 2), (21,...,2,) € St C C,

where ¢ € C,, is the generator and ¢ = exp(2mi/p). We identify my (L2" " (ry = -+ i 1y))
with C), by sending the homotopy class represented by the loop

[07 1] — Lin_l(rl A IR rn)) S = [CS.m)O)' .- 50]

to t € Cp. The goal of this section is to prove

Theorem 1.4.6. Let L be the lens space L (ry : -+ rgp) with
o= =1p =1, Thel = " =Top =2, ... Tspp1=:=re =06 mod7T7.

The element u = 2+ 2t —t3 —t* — 5 is a unit in Z[C;] with inverse u™' = 1 — 2t 4 3t* —
3t3 4 3t* — 2t5 + 1%, and hence represents an element of Wh(L). Then the h-cobordism
W L& M with torsion 7(W, L) = u satisfies conditions O and @ of Proposition
1.4.5 with N = ’%’ = 3. In particular

|1 (BDiff(L))| = 3 - |m (BDiff(M))| < oo,

and Theorem A(7) holds.

The proof of Theorem 1.4.6 will be established in Propositions 1.4.7 and 1.4.10

below.

Proposition 1.4.7. The h-cobordism W : LY M of Theorem 1.4.6 satisfies condition
(D of Proposition 1.4.5. In fact,

‘f(M>| _3
D)
Proof. The algebraic involution - : Wh(7) — Wh(n) is trivial when 7 is a finite abelian
group [Bas74, Prop. 4.2]. Therefore by (1.4.2), the subgroups of double h-cobordisms
D(L) and D(M) are trivial since L and M are odd-dimensional and orientable (so
their first Stiefel-Whitney classes vanish), and m (L) = 7 (M) = Cy is certainly finite
abelian. It thus suffices to show that I(L) = 0 and |I(M)| = 3.

The first assertion follows from [Mil66, Cor. 12.12]. We now prove that (M) # 0,

i.e., we construct non-trivial inertial h-cobordisms starting at M. For a diffeomorphism
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¢ € Diff (L), write V}, for the inertial h-cobordism
Vy:=WoMgroW: MALLESLMM,

ie., Vs =W Uzt W € I(M). Observe that h" : M =5 L is homotopy inverse to
R . L =+ M because W oW = D(W) and W o W = D(W) are h-cobordant rel
boundary to the trivial h-cobordisms L x I and M X I, respectively (see Figure 1.2).
So hWeW = AW o AW is homotopic to h2*! = Id, (and similarly A" o AW ~ 1d,,). The

h-cobordism Vy4 then has torsion

T(Vg, M) = (W, M) + (W) ' 7(W o My, L)
= (=1)""*'B 4 hl pu

where we have used that © = u by the triviality of the algebraic involution. Therefore,
if we are able to find self-diffeomorphisms ¢ of L for which ¢.u # v in Wh(L), then

we will have achieved our task.

Claim. There are orientation-preserving self-diffeomorphisms ¢; : L =L for i €
(Z)7)* such that mi(¢;) : t — t".

Proof of Claim. In fact by the main theorem of [HJ83] (see (1.4.5) below), the natural
map 7o(Diff (L)) — mo(sAut(L)) is surjective, so it will suffice to find simple homotopy
automorphisms f; € sAut(L) for each i € (Z/7)* such that m(f;) : t — t'. By [Olub3,
Thm. II.b & Thm. V], the natural map ~ : mo(hAut(L)) — Aut(m L) = (Z/7)* is

injective with image
Im~y=1{icZ/7:i% =41 mod 7}.

The classes [f] sent to ¢ € (Z/7)* with " = +1 mod 7 (resp. " = —1 mod 7)
are orientation-preserving (resp. orientation-reversing). But if i € (Z/7)%, % = 1
mod 7 and so % =1 mod 7 too. Therefore for each i € (Z/7)*, there exists some
(orientation-preserving) homotopy automorphism f; € hAut(L) such that m(f;) : ¢ — ¢
By [Mil66, Lem. 12.5], f; is a simple homotopy automorphism if and only if

(fi)«A(L) = A(L) € Q[Cr]/ ~,

where A(L) denotes the R-torsion of L [Mil66, Lem. 12.4]. Here, two elements
x,y € Q[C7] are related z ~ y if and only if there exists some g € C; such that
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1.4 Proof of Theorem A (i)

x = £g-y. Recall also [Mil66, p. 406] that the R-torsion of L is

A(L) = fk[ £ — 1) ﬁ

Jj=1

and so

(fi)A (H ) =[] - 1) =AL), ie(Z/7)".

i=1
Therefore f; is a simple homotopy equivalence for i € (Z/7)*, as claimed. ]

Now it is easily checked that (¢g).u = u, s0 (¢2).u = (¢5)u and (P3).u = (¢4)su

On the other hand, the three non-trivial units
u=2+2 13—t =15 (o)u =242t —t —13  (¢3)u=2+2° > —1>—+t

represent different elements in Wh(L) (for instance, the difference between the powers
of t of the terms whose coefficient is 2 in the three units is different mod 7). By
our previous argument, the h-cobordisms V,, = M x I, V,, and Vy, are pairwise
non-diffeomorphic inertial h-cobordisms starting at M, so |[I[(M)| > 3. Note that
Vo, & Vi, , for i = 1,...6. Conversely, suppose that V : M S M is an inertial h-
cobordism (by possibly post—composing with a mapping cylinder, we may assume that
the target of W is M itself). Then the inertial h-cobordism WoV oW : L4 L must be
trivial as I(L) = 0, and (AV°VoW)~1 = (W) 1(hV) 'YV = (¢;), for some i € (Z/7)*
because Aut(m L) = (Z/7)*. Using 7(W oV o W, L) = 0 we get that

T(V, M) = (b)) h = b= b () u — w) = 7(Vy,, M),
i.e. V is diffeomorphic to Vj, rel M. Hence, |I(M)| = 3 and this finishes the proof. [

Remark 1.4.8. This is an example of how badly-behaved the set of inertial h-cobordisms
of a manifold may be. For instance in the case at hand, it is not an h-cobordism
invariant. It is also not a subgroup of Wh(M) = Wh(C7) = Z?* (see [Bas64, §7] and
[SteT8, pp. 202-205]) because (M) is a finite subset with cardinality strictly greater

than 1. See [Hau80, Rmk. 6.2] for more instances of this phenomenon.

Warning 1.4.9. The main theorem of [KS99] states that (M) = 0 if M is a fake lens
space, that is, the orbit space of a free (possibly non-linear) action of a finite cyclic

group on a sphere. This clearly contradicts Proposition 1.4.7, but we believe that the
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D(W) | D(W)
w M W L
| LxI | MxI |

Figure 1.2 h-cobordisms rel boundary D(W) % L x I and D(W) % M x 1.

proof of the result in [KS99] is fallacious: following a trail of references [KS99, Claim 2],
[KS92, Prop. 3.2] and [Kwa86, p. 353], it is eventually stated that if 7 € Wh(M) is the
torsion of some inertial h-cobordism of M, then 27 = 0. This supposedly follows from
the proof of [Mil66, Prop. 12.8], but in the statement of this result it is required that
the h-cobordism between special manifolds be compatible with the given identifications
of the fundamental groups, i.e., that AY : Wh(M) — Wh(M’) has been trivialised
beforehand. This requirement does not hold in the case of [Kwa86, p. 353], and is

exactly what we exploit in the proof of Proposition 1.4.7.

We now deal with (D). Since the natural map mo(Diff(L)) — mo(Diff(L)) =
7 (BDiff(L)) is surjective, it suffices to show

Proposition 1.4.10. The mapping class group I'(L) = mo(Diff (L)) of L is finite. In
particular, W : L L5 M satisfies condition @) of Proposition 1.4.5.

Proof. According to the main result of [HJ83], the mapping class group of L fits into

an extension of groups
0 — Q® H —— mo(Diff (L)) —— mo(sAut(L)) —— 0. (1.4.5)

The group H is the image of [¥L, Top/O], in [¥L;,G/O],. By [HS76, Thm. 1.1],

the group ) also appears in an exact sequence
Lin12(Z[Cr]) — Ho(Co;m0(C(L))) — Q — L3, 4 (Z[C7]), (1.4.6)

where 7y(C(L)) is the group of (isotopy classes) of pseudoisotopies of L which, by a
computation of Hatcher—Wagoner [HW73] and corrections of Igusa [Igu82], it fits in

yet another exact sequence

Whi (C7;Fy) —— mo(C(L)) —— Why(Cy) —— 0 (1.4.7)
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1.4 Proof of Theorem A (i)

as long as dim L > 7; this is our case. In (1.4.6) and (1.4.7), for an abelian group with

involution 7,
o L5(Zm) are the simple quadratic L-groups of the group ring Z,

o Why() is the abelian group (with involution) defined as the cokernel of the map
arising from algebraic K-theory (see (B.1))

m5((Bm)4) — Ky(Zm) — Why(m) — 0, (1.4.8)

o Whi(m;Fy) := Hy(Cy; Fy[n]) with a certain involution.

We now show that each of the groups in the extension (1.4.5) are finite. As
mentioned in the proof of Proposition 1.4.7, my(sAut(L)) C mo(hAut(L)) C (Z/7)*, so
it is definitely finite.

By Proposition A.1, K5(Z[C%]) is finite, and hence so is Why(C7) by (1.4.8). Since
Fy[C7] is finite, Whi (C7;Fy) is so too; thus mo(C(L)) is finite. Moreover, the (simple)
L-theory of Zr for finite groups 7 of odd order is zero in odd degrees [Bak75, Thm. 1].
Therefore L3, ,(Z[C7]) = 0, and thus @ is finite by (1.4.6).

The finiteness of H is a consequence of the following two observations: firstly that
the infinite loop space Top/O has finite homotopy groups in every degree (see [KS77,
Thm. 5.5]). Secondly that if X is a (pointed) finite CW-complex and Y a (pointed)
space with finite homotopy groups in every degree, then the set [X, Y], of (pointed)
maps from X to Y up to homotopy is finite—indeed, this follows easily by induction
on the skeleta { X} }x>o of X by considering the cofibre sequences

Xk Xk Vier, S,

where I} is a finite set (because X is a finite CW-complex). Hence [¥L,, Top/O]. is
finite, and thus so is H. This finishes the proof. n

Remark 1.4.11. For CAT = Top or PL, the group H of (1.4.5) should be replaced by the
image of (XL, Top/CAT], in [E¥L,,G/CAT], which readily vanishes for CAT = Top
and is seen to be finite too for CAT = PL (see e.g. [Bru68]), so the same argument in
the proof of Proposition 1.4.10 goes through.
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1.5 Proof of Theorem A (i)

In this section we finish the proof of Theorem A using the candidate W : L &% M
of Theorem 1.4.6. We would hope that Diff(L) and Diff(L) differ as much as Diff (M)
and [ﬁ(M ) do, so that the difference of block mapping class groups established in
Theorem 1.4.6 carries over to the Diff-level. This is the case in some range and up to

extensions [WW88, Thm. AJ.

Theorem 1.5.1 (Weiss—Williams). Let M? be compact a smooth d-manifold. There

exists a map
®° : Diff /Diff (M) — Q% (Hq(M)ney,)

which is (¢pr + 1)-connected, where ¢y denotes the concordance stable range of M

(which by Igusa’s theorem [Iqu88] is at least min(45*, 457) ).

Remark 1.5.2. The Cy-spectrum Hy,,4 (M), known as the (smooth) s-cobordism spectrum
of M, is the 1-connective cover of the (non-connective smooth) h-cobordism spectrum
Hpis(M). This latter spectrum is roughly built out of deloopings of spaces of h-
cobordisms (cf. [WW88, Lem. 1.12]) and its infinite loop space Hpig(M ), the space of
stable h-cobordisms, coincides with that of S~"Wh™T (A1) by the stable parametrised h-
cobordism theorem of Waldhausen-Jahren-Rognes [WJR13]. Here Wh (A1) stands
for the smooth Whitehead spectrum of M (see Section B.2). Moreover, the negative
homotopy groups of these two spectra abstractly coincide (cf. [WW88, Cor. 5.6]), which
lead Weiss and Williams to rename Hpig(M) by - "Wh"® (A1) (though conjecturally
true, this was not fully justified).

The only property we will use about H(—) is that its homotopy groups (ignoring
the involution) are invariants of the homotopy type of (=), as those of ¥~ "Wh""(—)

are. In particular, if W : L% M is an h-cobordism, there is an isomorphism of groups
7y (Hpig (L)) = 75 (Hpig (M)). (1.5.1)

We will not need to analyse the involutions in H(L) and H(M), but one can show
that these two Cy-spectra are equivalent (in fact, the homotopy type of H(—) is nearly
an invariant of the tangential homotopy type of (—); see Section 3.1 for more details
on the involutions in Hpz(M) and WhP™(A1)). Tt is also not difficult to see that
the involution on my(Hpig(M)) = Wh(M) corresponds to the rule 7 +— (—1)4717 (see
Corollary 3.1.9), which fits well with Theorem B. We expand on the relation between
Theorems B and 1.5.1 in Section B.2.
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1.5 Proof of Theorem A (i)

Now since d = 12k — 1 > 11 (so ¢y + 1 > 2), it follows from Theorem 1.5.1 that
7 (Diff /Diff (L)) = 8 (HS6(L)ne, ). As Hig(L) is 1-connective, its homotopy fixed
point spectral sequence (cf. [BK72]) then yields isomorphisms

w1 (Diff /Diff (L)) = Ho(Co; 7§ (Hpia (L)), (1.5.2)

m1(Diff /Diff (M)) & Hy(Cy; 75 (Hpia(M))),

for potentially different Cy-actions on 75 (Hpig(L)) = 7§ (Hpig(M)). Consider the

extensions

oy . 0 : Difl
ma(Diff/Diff (L) —— mu(Diff(L)) —— m(Difl(L)) —— 0, |

my (Diff /Diff (M) —2— 7(Diff(M)) — mo(Diff(M)) — 0.

We know from Theorem 1.4.6 that |m(Diff(L)| = 3 |mo(Diff(M))], so in order to prove

Theorem A(i7) it suffices to establish the next result.

Proposition 1.5.3. The groups m (Diff /Diff (L)) and m,(Diff /Diff (M)) are finite and
their cardinality is not divisible by 3. Together with Theorem 1.4.6, it follows that the
3-adic valuations of |I'(L)| and |I'(M)| differ. This proves Theorem A(ii).

Proof. Given (1.5.1) and (1.5.2), we need only verify the first claim for the abelian
group 75 (Hpig(L)) = m (Hpig(L)). Since dim L = d > 11, it follows from Igusa’s lower
bound on the concordance stable range that m (Hpig(L)) = mo(C(L)), which fits in the
exact sequence (1.4.7).

We have already argued in the proof of Proposition 1.4.10 that both of the groups
Why(C7) and Whi (Cy;Fy) in the extension are finite. Both summands are moreover
3-locally trivial (Wh (Cr;Fy) is 2-tosion, and Why(C7) is a quotient of Ky(Z[Cy]),
which has no 3-torsion by Proposition A.1). Any quotient of this group (e.g. those of
(1.5.2)) will have this same property, so the result follows. The proof of Theorem A is

now complete. O

Remark 1.5.4. For CAT = Top or PL, the h-cobordism spectrum Hp;g(L) should
be replaced by its topological version Hro,(L) (this is in fact the one that appears
originally in [WWS88]). To argue that 75 (Hrpep(L)) = 75(Wh™P(L)) is finite and
3-local as in the previous proof, we consider the diagram of cofibre sequences of spectra
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(see (B.1) and (B.2))

WhP T () A L,

Then 75(Wh™P (L)) will be finite and 3-locally trivial if the group m5(XWhP® (x) A
L) = m(WhP™ () A L) is. This in turn follows from the Atiyah-Hirzebruch spectral
sequence, as WhP™ (x) ~ WhP™(D?) by the homotopy invariance of the Whitehead
spectrum, and because the latter is 1-connective by the s-cobordism theorem (in fact

it is 2-connective by Cerf’s pseudoisotopy theorem).

Remark 1.5.5 (Another possible example). Theorem A may also holds for the lens

space L = LE(ry : -+ : ry), where
ro=---=r,=1, The1 = "+ =T =2, ... T3p41=---=rg =4 mod?H,

and the h-cobordism W : L %% M with 7(W, L) = [1 —t —t*] € Wh(C5). The argument
for part (7) is exactly analogous to that of Subsection 1.4.2; but part (i7) is trickier. The
inertia set I(M) will have size two (instead of three), and the group Whi (Cs;Fy) does
have 2-torsion. The alternative then is to show directly that the map 0 in (1.5.3) is
injective by identifying  (Diff /Diff(L)) with the cobordism group mo(B(L)) of [HJ83,
p.1]. However, this argument does rely on the claim made in the proof of [HJ83,
Sublemma 4.2] that a certain map Hy(Co; Why(Cs)) — LS | (Cs) is injective when
inverting the prime 2. We do not know how to prove this, nor have we found a reference
that does.
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A Appendix: An algebraic K-theory computation

A Appendix: An algebraic K-theory computation

The aim of this section is to prove the following.

Proposition A.1. For p a prime, Ko(Z[C,]) is finite. Moreover when p = 7, its
3-torsion part vanishes:
K (Z[Cr))3) = 0.

Remark A.2. The author would like to thank John Nicholson for making him aware of
the paper [ZTC19, Thm. 2.7] which, taken together with the computation in [ZXDS21,
Thm. 1.1], easily implies Proposition A.1 when p = 7; this is the only case needed in
the proof of Theorem A. By the time we became aware of this fact, we had already
come up with an alternative proof, which we believe to be a nice application of a
celebrated result of Land—Tamme. For this reason, we still present our original proof

below, but the pragmatic reader may wish to skip this section.

The main ingredient of this computation is the main theorem of Land—Tamme

[LT19]: Given a Milnor square of ring (spectra)

A— B

L]

Al —— B,

i.e., a pullback square of ring spectra with mo(B) — m(B’) surjective, they functorially
associate a connective ring spectrum R for which there is a Mayer—Vietoris sequence

for algebraic K-theory

— K (R) —— Kij(A) —— Ki(A) @ Ky(B) —— Ki(R) —— ...
(A.1)
for every i € Z. Moreover, there is an equivalence of spectra R — A’ ®4 B (but not
of E;-rings in general) and a map of E;-rings R — B’. For p a prime, the pullback

square we will consider is

ZICy 2 Z[ /(1 = t7) —— Z(G) = Z[t]/ A+t 4 - +t771)
Jtzl ltzl (A.2)
Z/p,
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or rather that induced by applying the Eilenberg-MacLane functor H(—) to (A.2). A
straight-forward computation of ToriZ[Cp ] (Z,7(¢,)) shows that

Z/p, i=2k >0,

0, otherwise.

m(R) = {

Hence, the natural map R — HZ/p is an isomorphism on 7y and a Z[1/p|-equivalence
of connective Ei-rings. Therefore by [LT19, Lem. 2.4], it induces an isomorphism
of localised K-theory K.(R) ® Z[1/p| = K.(Z/p) ® Z[1/p]. A portion of the exact

sequence (A.1) localised away from p thus reads

(K@) © Ka2(G) — KalE/n) — KallG)) — KalZ)® KalZi(G) @ 2]

(A.3)
We first analyse the (3-adic part of the) map K3(Z) — K3(Z/p) for p # 3.

Lemma A.3. The map K3(Z) iy — K3(Z/p)s) is injective for p # 3.

Proof. According to [Qui76, Claim 4], for every integer & > 1 and odd prime ¢ # p,
the composition 7§, | = Ku—1(Z) — Kup—1(Z/p) is injective on Im(J : myp—1(0) —

Tip_1)(: indeed, Diagram 4 loc. cit. is the commutative diagram

Ty —— Ku1(Z/p) = Z/(p* — 1)

| !

where e denotes Adams’ invariant, which is injective on Im J, @ is injective with image
the unique subgroup of order p?* — 1, and ay, is 1 or 2 depending on whether k is odd
or even, respectively. The lower horizontal map is the natural one, which is injective
on /-torsion if 2p does not divide /.

For k = 1, the image of the J-homomorphism is the whole of 75 = Z /24, K3(Z/p) =
Z/(p* —1) by [QuiT2, Thm. 8(i)], and K3(Z) = Z/48 by [LS76]. Noting that 3 | p? — 1

if p # 3 is prime, the result readily follows from the previous claim when ¢ = 3. m

Proof of Proposition A.1. Tt is well known that Ky(Z) = Z/2 [Mil71l, Cor. 10.2],
K3(Z/p) 2 Z/(p* — 1) and K, of the ring of integers of a number field is finite [Qui73,
Thm. 1], [Bor74, Prop. 12.2] (in particular K(Z((,)) is). A very similar argument
to [LT19, Lem. 2.4] replacing the Serre class of A-local abelian groups with the Serre
class of finitely generated abelian groups shows that the map K3(R) — K3(Z/p) is an
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equivalence mod this Serre class, so as K3(Z/p) = Z/(p* — 1) is finitely generated, so
is K3(R). In fact since K3(R) is finitely generated and K3(R) ® Z[1/p] = K3(Z/p) ®
Z[1/p) = Z/(p* — 1) is finite, K3(R) is finite too. It follows from (A.3) that K»(Z[C}))
is finite for every p.

Let now p = 7 so that K3(Z/7) = Z/48, and hence by Lemma A.3, the map
73 = K3(Z)iy — K3(Z)7)@) = Z/3 is an isomorphism. Now K5 (Z((7)) = Z/2
[ZXDS21, Thm. 1.1], and localising (A.3) at the prime 3(# p = 7) we get that
Ka(ZICH)s) = . 0

B Appendix: Connections to Weiss—Williams I

B.1 The group of h-block diffeomorphisms Diff" (A1)

Recall that Diff®(M x R), denotes the semi-simplicial group of block diffeomor-
phisms of M x R bounded in the R-direction—a p-simplex consists of a face-preserving
diffeomorphism ¢ : M x R x AP —=3A M x R x AP such that there exists some positive
constant K > 0 with |prgo(x,t,v) —t| < K for all (z,t,v) € M x R x AP. In this

section we prove the following:

Proposition B.1. For d =dim M > 5, there is a zig-zag of weak equivalences of Kan

semi-simplicial sets
QBDIft" (M), +=— Dift?, ,(M x R), —=— Dift’(M x R),.
In particular, there are homotopy equivalences
Diff"(M) := |GBDiff"(M),| ~ |QBDiff"(M),| ~ Diff*(M x R).
Let us explain the new notation. The simplicial loop space QBDAiffh(M )e has as
p-simplices those (p + 1)-simplices W = APt of BDiff"(M), with Wy, = M and

W = M x AP. The sub-semi-simplicial set Iﬁgl/Z(M x R), C Diff’(M x R), has
as p-simplices those bounded diffeomorphisms ¢ : M x R x AP =3 A M x R x AP with

O(M x (1/2,00) x AP) C M x (1/2,00) x AP.
The map R, sends a diffeomorphism ¢ € ]ﬁf; /2(M xR), to the region in M x R x AP

enclosed by M x {0} x AP and ¢(M x {1} x AP), seen as a (p-+1)-simplex in BDiff"(M),.
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More precisely, if we denote this region by Ry, then
Rp(¢) = (RgUp-r M x AP) [ ~,  (2,0,v) ~ (2,0,w), Vov,weAP zeM,

where ¢! : ¢(M x {1} x AP) = M x AP (see Figure 1.3). The manifold R,(¢)*7+!
is stratified over AP™! with R,(¢)o = [M x {0} x AP] =2 M and 9yR(d) = [p(M x
{1} x AP)] = M x AP, so it constitutes a p-simplex in QBDiff"(M),. Clearly R, is a

semi-simplicial map.

Mx {0} x AP G(Mx {1} xAP) (RP((P)

Figure 1.3 The map R, with p = 2 and dim M = 0.

We have to argue that both of the maps in the zig-zag of Proposition B.1 are

equivalences. We begin with the inclusion.

Lemma B.2. The inclusion Iilzfilm(MxR). <= Diff*(M xR), is a weak equivalence.

Proof. For a smooth function p : AP — R, let T}, denote the bounded diffeomorphism
T,: M xRx AP = M xRx AP, (x,t,0) — (z,t + p(v),v).

We first show that if ¢ € Diff’(M x R), with 8;¢ € Diff?, ,(M x R),_; for all
i =0,...,p, then there exists some 1) € ]iiff;/Q(MxR)p with 99 = O;p fori =0,...,p
(simplicially) homotopic to ¢ in (Diff®(M x R),, ﬁfil/Q(M X R),). So let ¢ be such a
diffeomorphism and set

t_:=1/2 —min{prg(o(z,1/2,v) : x € M, v € AP} .

As ¢ is continuous, there exists some 0 > 0 such that for a J-neighbourhood Bs(0AP)
of AP C AP,

O(M x (1/2,00) x Bs(OAP)) C M x (1/2,00) x AP.
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Let p: AP — R>( be a smooth cut-off function such that

P |B; 0087 = 0, P lamBsoan=1-.
Then ¢ :=T,0¢ € [ﬁil /2(M x R), is as required. Moreover, the diffeomorphism
Typod: (M xRxAP) x I = (M xR xAP)x I, (x,tv,s)— Ty,(o(z,t,0))

provides the required simplicial homotopy between ¢ and .
It follows easily from the previous claim that Wp([ﬁgl jo(M xR)e) — 7, (Diff* (M x
R),) is an isomorphism for all p > 0. O

Lemma B.3. The map R, is a weak equivalence.

Proof. There is a map of fibration sequences

QBDIff (M), Yo Diff (M),
l | xIdg
QBDIft" (M), +—"*—— Dift’, ,(M x R),
! !

Diff" /Diff (M), 2L Diff’, ,,(M x R)/Diff(M), <= Diff"(M x R)/Diff(M).

The map M _y is the mapping cylinder construction, so it is an equivalence. In [WW8S,
Cor. 5.5] it is shown that the map

7.([Ra]) : . (Diff*(M x R)/Diff(M)) — H,(Co; Wh(M))

is injective if *x = 0 and an isomorphism if * > 1. Clearly the image of m([R.])
lies inside g&% ~ o(Diff" /Diff (M)), as Ro(¢) is an inertial h-cobordism for any
¢ € Diff’(M x R). By the five lemma, ,(R,) is an isomorphism for * > 1, and 7o(R.)

117((]]\\/14)) is just a set, but this does not cause any difficulties in the

is injective (note that

argument).

It remains to show that m9(R,) is surjective. We do this by an Filenberg swindle-
like argument as in [WW88, Cor. 5.5]: namely given an inertial h-cobordism W €
QBDIft"(M),, fix two trivialisations (rel the left ends) W U —W = M x [0,1] and

—WUW = M x [0,1]. Then there are two different ways of identifying the Eilenberg
swindle

SW):=---UWu-wuwu---=---U-Wuwu-wu...
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Mapping class groups of h-cobordant manifolds

with M xR = U;cz M X [i,i41] (in a bounded way). After shifting by an integer, these
two identifications give rise to a bounded diffeomorphism ¢ € ]iffil o(M x R)o such
that Ro(¢) is diffeomorphic to M x [0,2] Uprx(oy W (see Figure 1.4). The homotopy

te [0, 1] — M X [0, 1— Qt] UMX{lfgt} %74

provides a 1-simplex in QBDIff"(M), between Ro(¢) and W, so mo(Ra)([¢]) = [W] as
required. We also obtain that mo(Diff®(M x R)/Diff(M)) = % C Hy(Cy; Wh(M)),
which very slightly improves [WW88, Cor. 5.5]. O

Mx{-1} M x {0} Mx {1}

Gl L T

—~b
I| ¢ e Diff,,, ,(M xR)

M x {0} Mx (1} Mx {2} Mx{3}

W -W | W -W | W -W

Ro(P)

Figure 1.4 Geometric Eilenberg swindle.

Proof of Proposition B.1. Every term in the zig-zag is a Kan complex; the (simplicial)
loop space of a Kan complex is Kan, and both Diff’(M x R*), and ]ﬁfglﬂ(M X R),
are Kan (here we use the collaring condition on face-preserving maps of Definition 1.3.1).
Moreover, the simplicial loop space and the Kan loop group are weakly equivalent
functors. Since geometric realisations of weak equivalences between Kan complexes are
homotopy equivalences, the homotopy equivalence in the second line of the statement
follows. O

B.2 The Whitehead spectrum and Theorem B in the context
of Weiss—Williams 1

For each space X, there exists a spectrum WhDiH(X ), the non-connective smooth
Whitehead spectrum of X, which recovers the Whitehead group of X,

75 (WhPH (X)) = Wh(X).
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It is defined to fit in a split® cofibre sequence of spectra
YPX — A(X) —— WhP(X), (B.1)

where A(—) denotes Walhausen’s non-connective A-theory spectrum [Wal85, WJR13].
The map ¢ is the composition of the unit map of A-theory XX =SAX, — A(x) A X,
and the assembly map o : A(x) A Xy — A(X). The topological and piecewise linear
versions of the Whitehead spectrum of a space X coincide, and are denoted, slightly

abusively, by Wh™(X). Explicitly, it fits in a similar cofibre sequence of spectra
A)ANX, —25 A(X) — Wh™P(X). (B.2)

The Whitehead spectrum is an invariant of the homotopy type of X, for « and « are.
With this in mind, let us explain the relation of Theorem B to the work of [WW8§].
Following the trend of the paper, define the connective (smooth) h-cobordism spectrum
to be
Hiq (M) := m>0Hpir (M),

the O-connective cover of the non-connective version Hpis(M). By [WW88, Cor. 5.6]

and Corollary 3.1.9, it fits in a Cy-equivariant fibration sequence of spectra
i (M) —— Hp(M) —— HWh(M), (B.3)

where Cy acts on Wh(M) as in Theorem B. In [WW88, Thm. B & C] there is

established the outer solid square of the homotopy commutative diagram

Diff /Diff (M) > Q% (Hpyig (M)ncs,)
! |
Prop.
Diff*(M x R)/Diff(M) % Diff"/Diff(M) -2 » Q% (Hiye(M)ics, )

[ l
Dift (M x R)/Diff (M) ~ Diff (M x R*)/Diff(M) ——=2—— Q% (Hpig(M)nc,)

and proved to be homotopy cartesian. The decoration ~ stands for (¢ + 1)-connected,

and =~z for (¢pr + 1)-connected onto the components that are hit, where we recall that

°The splitting is provided by the composition of the Dennis trace map Tr : A(X) — YPLX
postcomposed with the evaluation map X°LX — ¥°X. Note that non-connective K-theory is the
universal localising invariant in the sense of [BGT13], so the usual Dennis trace map from connective
K-theory to topological Hochshild homology indeed factors through non-connective K-theory.
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Mapping class groups of h-cobordant manifolds

¢ is the concordance stable range for M (see Theorem 1.5.1). The existence of the
dashed arrow ®" is analogous to that of ®* (in a similar notation as in [WW8S8, §4],
replace the filtration of X := Diff’(M x R*) by SFilt;(X) := Diff (M x R*!)). The
connectivity of ®" can be deduced from that of ®* and ®.

Now observe that the composition

®"/s : Diff" /Diff (M) —2 |F,(M)| T B Q% (HWh(M)se,)

provides a filler in the diagram of fibre sequences

Diff /Diff (M) - Q> (Hpig (M)nc, )
1 1

Dift" /Diff (M) a Q> (Hpy (M)ac, )
! !

Diff" /Diff (M) -------- o » Q% (HWh(M)ac,) ,

where the right vertical sequence is obtained from (B.3) by applying the functor

Q%°((=)ne,)- The lower subsquare ought to be homotopy commutative, but we do not
have a proof of this claim.
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Chapter 2

A Weiss—Williams theorem for

spaces of embeddings

2.1 Introduction

The classical approach to study the homotopy type of the diffeomorphism group
Diff5(M) of a compact, possibly with boundary, high-dimensional manifold M? (i.e.
d > 5) is based on the so called surgery-pseudoisotopy program, which focuses on the

homotopy fibre sequence
(Diff /Diff)y(M) —— BDiffy(M) —— BDiffy(M). (2.1.1)

The right-hand term is the classifying space of the simplicial group Diffy(M ), of block
diffeomorphisms of M (cf. Definition 2.2.7), an approximation to the ordinary diffeo-
morphism group of M that closely resembles the behaviour of the topological monoid
hAuts(M) of homotopy automorphisms of M; for instance, one of the defining proper-
ties of Diffy(—) is that it satisfies a natural equivalence Diffo(M x I) ~ QDiff5(M),
which also holds for hAuts(—) (but is very much not true for Diffs(—)). Surgery
theory, as developed by Browder, Novikov, Ranicki, Sullivan, Wall, et al., roughly
studies the difference between Diffy(M) and hAuty(M) in terms of the mapping space
(G/ O)ﬁM’aM) and the L-theory of the group ring Z[m(M)], making the homotopy type
of ﬁfa(M ) theoretically accessible via homotopy theory and L-theory.

It is in understanding the homotopy type of (Diff /Diff)5(M), the homotopy fibre of
the map i, where pseudoisotopy theory [Igu88, HW73] comes into play. Originally, this
theory was concerned with the study of the topological group C'(M) of concordances

or pseudoisotopies of M consisting of diffeomorphisms of M x I that restrict to the
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A Weiss—Williams theorem for spaces of embeddings

identity on a neighbourhood of M x {0} UJM X I; in other words, pseudoisotopies of M
are precisely the automorphisms of the trivial A-cobordism starting at M. The spaces
C(M) and Diff /Diff (M) are intimately related, as was first made precise by Hatcher
[Hat78, Prop. 2.1] through a spectral sequence. Hatcher’s realisation eventually evolved
into the following celebrated theorem of Weiss and Williams [WW88, Thm. A], which

will be of central importance all throughout this paper.

Theorem 2.1.1 (Weiss-Williams). Let M? be a compact smooth d-manifold. There
exists a map

P . (Diff /Diff) o (M) — Q®° (H*(M)c,)

which is (¢(d) + 1)-connected, where ¢(d) denotes the concordance stable range of

dimension d (which by Igusa’s theorem [Igu88] is at least min(454, 5T) ).

The Cy-spectrum H?*(M) is the 1-connective cover of a spectrum H(M) which
is roughly built out of deloopings of spaces of smooth h-cobordisms (cf. Notation
2.2.5 and Section 3.1.2), and whose involution corresponds (up to a minus sign) to
“reversing the direction of an h-cobordism”. This latter spectrum has a close connection
to algebraic K-theory: Q>°H(M) is equivalent to the (smooth) stable h-cobordism space
H(M) (cf. Remark 2.3.10), which fits in a fibre sequence of spaces [WJR13]

H(M) —— QM = QXNXM —2s A(M), (2.1.2)

where A(M) denotes Waldhausen’s A-theory space of M (cf. [Wal85]). This sequence
is natural in codimension-zero embeddings, and the map « is (naturally) a split
injection. Even though the homotopy type of A(M) and its involutions are difficult to
understand in general, much can be said when M is homotopy equivalent to a point
[Rog02, Rog03, BM19] or the circle [Hes09], or when working rationally [BF86].

2.1.1 The surgery-pseudoisotopy program for spaces of em-
beddings

The homotopy type of embedding spaces is intrinsically tied to that of diffeomor-
phism groups as seen via the isotopy extension theorem. More precisely, let M? be
as before and let + : P < M be a compact submanifold that meets OM transversely.
Write Embg, (P, M) for the space of smooth embeddings of P into M which agree with
¢ in a neighbourhood of 0y P := PNOM and send 0P — 0y P to the interior of M. Then

66



2.1 Introduction

there is a homotopy fibre sequence
Embam(L)(P, M) Em— BDiffa(M - VP) — BDiffa(M), (2.1.3)

where v P is a small tubular neighbourhood of the standard embedding ¢ : P — M,
and the subscript (1) stands for the collection of components of Embg, (P, M) that are
hit by the restriction map ¢* : Diff5(M) — Embg, (P, M) that sends a diffeomorphism
¢ to ¢ o . In this sense, embedding spaces are the corresponding “relative analogues”
of diffeomorphism groups, and often their homotopy types become easier to study.

In this paper we would like to advertise a direct approach for studying the homotopy
type of embedding spaces (in a range of degrees) which is analogous to the one for
diffeomorphism groups previously surveyed. As before, one first analyses the space of
block embeddings El\n/bao(P, M) via relative surgery methods; the main result in this
direction is due to Browder—Casson—Sullivan—Wall (cf. [GKWO01, Thm. 2.2.1]), and
asserts that, as long as the codimension of P C M is at least 3, then the space of block
embeddings is the homotopy pullback of a diagram involving so called Poincaré block
embeddings and immersions and ordinary block immersions. Due to the Smale-Hirsch
immersion theorem, all the ingredients that come into the mix are accessible through
homotopy theory and thus, up to extensions, so are block embeddings.

Following the same strategy as for the classical surgery-pseudoisotopy program, it
remains to understand the difference between ordinary and block embeddings, i.e. the

homotopy fibre
Emb{” (P, M) := hofib, (Emby, (P, M) — Embg, (P, M)), (2.1.4)

by means of pseudoisotopy theory. This space also fits in another homotopy fibre

sequence
Emby) (P, M) —— (Diff/Diff)s(M — vP) —"— (Diff/Diff)5(M) (2.1.5)

obtained as the fibre of the map from (2.1.3) to its block analogue (see (2.3.4)). What
was previously fulfilled by Theorem 2.1.1 for the pseudoisotopy part of diffeomorphism
groups seems to be missing in the case of embedding spaces; the best result known
in this direction is Morlet’s lemma of disjunction [BLR75, Thm. 3.1] which, in that

reformulation, determines the connectivity of the map pu.
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Our first main result fills in this gap in the surgery-pseudoisotopy program for
embedding spaces, and describes the homotopy type of Emb(az) (P, M) in a range outside

of the connectivity of .

Theorem C. There exists a map
P . EmbS™ (P, M) —s Q% (CE(P, M)c,)

which is ¢crmb(d, p)-connected if the handle dimension p of P relative to Oy P satisfies
p <d—3. Here ¢pcrmp 1s the concordance embedding stable range (see (2.1.6)) and

CE(P, M) := hofib(H(M — vP) — H(M)).

Remark 2.1.2. The involutions in the h-cobordism spectra involved in the statement
of Theorem C are exactly those of Theorem 2.1.1, which naturally arise from Weiss’
orthogonal calculus (see Sections 2.2.1 and C.1.2). When M is stably parallelisable
(and localising away from 2), we relate these involutions to well-known algebraic ones
in Theorem 3.1.13 and Corollary 3.1.17 (cf. Notation 3.1.1 for conventions). See also
Corollary 3.1.9 for the effect of these involutions on 7§(H(M)) = Wh(m;(M)) in terms
of Milnor’s involution [Mil66].

Remark 2.1.3 (Topological version of Theorem C). As stated, Theorem C only applies to
smooth embeddings, but an analogous statement in C'AT = Top also holds after some
adjustments: Firstly, the smooth embedding spaces should be replaced by the spaces of
locally flat topological embeddings, and the h-cobordism spectra by their topological
analogues. Moreover, the result is only valid when P has geometric codimension zero
in M this is because a topological analogue of Proposition 2.3.3 cannot be true, as we
explain in Remark 2.3.4. One should bear in mind, however, that the bound (2.1.7) is
a priori only valid for smoothable topological manifolds. See also Remarks 2.3.6, 2.3.2

and D.5 for modified arguments in the topological setting.

There are two remarkable features of Theorem C that make this result specially

suitable for computational purposes. Let us comment on these now.

2.1.1.1 The concordance embedding stable range

Fix ¢ : P — M as before. A concordance embedding of P into M is an embedding
¢ : P x1— M x I such that

(a) oY (M x {i}) = P x {i} for i = 0,1 and
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(b) ¢ agrees with the inclusion ¢ x Id; on a neighbourhood of P x {0} U 9yP x I.

We denote by CEmb(P, M) the space of all such embeddings, topologised as a subspace
of Emb(P x I, M x I). There are stabilisation maps

S : CEmb(P, M) — CEmb(P x I, M x I)

given by taking the product of an embedding with I and unbending corners appropri-
ately (cf. [GKK23, Fig. 1]), and the concordance embedding stable range of the pair
(M, P), denoted ¢cgmn(M, P), is the largest integer k such that all the stabilisations in

CEmb(P, M) —=— CEmh(P x I, M x I) —— CEmb(P x I*>, M x I?) —— ...
are k-connected. Then, the concordance stable range for a tuple (d, p) is
GcEmb(d, p) = min {¢cpmp(M, P) : dim M = d and h-dim(P,0yP) = p}. (2.1.6)
Goodwillie-Krannich-Kupers [GKK23| have recently shown that if p < d — 3, then

¢cEmb(d,p) > 2d —p =5, (2.1.7)

which is far beyond Igusa’s lower bound for the concordance stable range ¢(d). In
the concordance stable range ¢(d), Theorem C is a consequence of Theorem 2.1.1
and the isotopy extension sequence (2.1.5), so our main contribution is improving the
connectivity of the map ®¥™" to the concordance embedding stable range ¢cgmy(d, p).
We will also see in Remark 3.2.6 that the lower bound of (2.1.7) is the best one could
do (this was already apparent in [GKK23]).

Remark 2.1.4. In fact, our proof will show that the map ®*™ of Theorem C is

¢cEmb(M, P)-connected under the codimension assumption p < d — 3.

2.1.1.2 Relative algebraic K-theory via trace methods

Given a map of spaces Y — X, let A(Y — X)) denote the homotopy fibre of the
induced map A(Y) — A(X). By (2.1.2), there is an equivalence of spaces

QAM — P — M) ~ Q®CE(P, M) x Q*Q(M/M — P).

The codimension assumption on the embedding ¢ : P C M in the statement of Theorem

C guarantees that the inclusion M — P — M is 2-connected. This can be used to
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our advantage, as firstly it ensures that the spectrum CE(P, M) is connective (see
Lemma 2.3.12), but more importantly that, via trace methods, the homotopy type of
A(M — P — M) is far more accessible than that of A(M — P) and A(M) on their own.

Trace methods are concerned with the study of topological cyclic homology [BHM93],
denoted TC(—), and related invariants as an approximation to algebraic K-theory.
This is something sensible to do by the seminal work of Dundas-Goodwillie-McCarthy
[DM94, Dun97, DGM12], who showed that the cyclotomic trace map provides an
equivalence of relative theories A(Y — X) ~ TC(Y — X), so long as Y — X is
2-connected. The treatment of TC by Nikolaus—Scholze [NS18] provides even further
computational control of this invariant. In the cases we are concerned with (spherical
group rings), the homotopy type of TC was fully described by Bokstedt—Hsiang—Madsen
[BHM93] in terms of the stable homotopy of the free loop space L(—) := Map(S*, —)
together with its natural S'-action and cyclotomic structure. When working over
the field of rational numbers, this whole story simplifies even further by Goodwillie’s

isomorphism [Goo86]
(A = X)) © Q= HC,(QX,QY;Q) = HS' (LX, LY;Q), (2.1.8)

where HC, denotes Connes’ cyclic homology, and Hf1 stands for the S'-equivariant
homology.

So as we have just seen, the homotopy type of (the infinite loop space of) the
connective spectrum CE(P, M) of Theorem C is pretty accessible in general. However,
one still needs to deal with the involution appearing in the statement in order to apply
the result, which is a rather technical task that, so far, had only been carried out
rationally by Bustamante-Farrell-Jiang [BFJ20] (they relate this involution to one
on the right hand side of (2.1.8)). Integrally, one has to proceed with more care; our
analysis in Section 3.1 deals with this issue localised away from 2 and when M is stably

parallelisable.

2.1.2 The homotopy type of spaces of long knots

The homology and homotopy of spaces of long knots Embs(DP, DY) has been subject
to extensive reasearch in recent years, especially through the lens of embedding calculus
and its relation to the little disks operad and graph complexes. See for instance Volié
[Vol06], Watanabe [Wat07], Sinha [Sin09], Budney and Cohen [Bud08, BC09] for when
p =1 and d = 3,4 mainly, or more modern treatments as in Arone—Turchin [AT14,
AT15], Dwyer—Hess [DH12|, Boavida de Brito-Weiss [BABW18], at last culminating
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in the work of Fresse—Turchin-Willwacher [FTW17] where a complete description of
7.(Embg(DP, D?))®Q is given in terms of the homology of the hairy graph complez. See
also Boavida de Brito-Horel [BABH21] for some torsion computations in the homotopy
groups of spaces of long knots when p = 1.

The second main result of this paper is a full description of the homotopy type of
Emby(DP, D?) for d — p > 3 roughly in the concordance embedding stable range (2.1.6)

and localised away from 2. This is done by analysing the homotopy fibre sequence
Emb{”(D?, DY) —— Emby(D?, DY) —— Emby(D?, DY) (2.1.9)

following the surgery-pseudoisotopy program for embedding spaces surveyed in Section
2.1.1, a crucial step of which is Theorem C. Given a finite dimensional virtual G-
representation p over R, denote by S” the representation sphere spectrum associated
to it; we will consider its homotopy orbit spectrum S, which is equivalent to the
Thom spectrum of the associated virtual vector bundle EG xg p — BG. Let 9,
denote the real m-dimensional representation of the dihedral group D,, (seen as a
subgroup of the symmetric group 3,,,) given by permuting the factors of R™, and let
o : Cy = {£1} — R* be the sign representation (also regarded as a D,,-representation
by restriction along the determinant D,, — O(2) &5 {+1} = Cy).

Theorem D. Forp < d—3 and d > 5, consider the virtual D,,-representations
pm=(d+1)(oc—1)+ ¢, ®(d—p—3+o0).

Then the homotopy fibre sequence (2.1.9), upon localising away from 2 and taking
(¢cEmb(d, p) — 1)-th Postnikov sections, takes the form

[nse @ (Sf, ) —— Emby(D?, DY) —— QP hofib (G(d — p)/O(d — p) — G/O).
(2.1.10)
The resulting sequence is split if p > 2, and splits after being looped once if p = 1.

Remark 2.1.5. (i) The spaces G(n)/O(n) and G/O appearing in (2.1.10) denote the
homotopy fibres of the natural maps BO(n) — BG(n) and BO — BG, respectively,
where G(n) is the topological grouplike monoid of self-homotopy equivalences of S™~1,
and G is the homotopy colimit of the suspension maps G(n) — G(n+1). Understanding
the homotopy groups of these spaces roughly amounts to understanding unstable and

stable homotopy groups of spheres.
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(i) The space Emby(DP, DY) is an E,-algebra, and so it can indeed be localised. When
d—p > 3, it is exactly (2d — 3p — 4)-connected by work of Budney [Bud08, Prop.
3.9]. So when 2d — 3p — 4 < 0, by localising Embg(DP, DY) we really mean localising
each of its connected components one at a time (and not localising the abelian group
mo(Embg(DP, D)) directly). The same applies to the outer terms in (2.1.9).

(73i) When p =1 and d =4 (i.e. the lowest dimensional case of interest if d —p > 3),
Theorem D holds after looping both (2.1.9) and (2.1.10); see Remark 3.2.1. Using this
to study the homotopy groups of Emby(D?', D*), however, yields weaker results than
the ones in [Bud08, Prop. 3.9].

For A an abelian group and ¢ a prime, write Ay := A® Z), i.e. the localisation of
A at the prime . We will compute some of the homotopy groups of the fibre in (2.1.10)
in Section 3.2.2, and hence deduce new torsion information about the homotopy groups
of Emby(DP, D?) in high-dimensions (i.e. d > 5).

Corollary E (Propositions 3.2.5 & 3.2.7). Ford —p > 3 and { an odd prime, there

are 1somorphisms

7 (Emba(D?, D)) 0y = ey (hofib(G(d — p)/O(d — p) = G/0)) ) & €D 7(Shp, o
m>2

in degrees * < ¢cgmp(d,p) — 1. When m > 2 and £ 1 2m,

e if d is even and p is even, then

s 7 =3,5,7,...
Wi(SiTBm)(ﬂ) g{ 7T**ﬂ”b(ci*pf?)(g) (@, ™M » b

0, otherwise.

e if d is odd and p is odd, then

T n(dep—2) @ Ly, m =2,4,6,...
S (SPm ~ x—m(d—p—2) (0)s A
<(5iB..) 0 { 0, otherwise.
e if d is even and p is odd, then

Tri—m(d—p—2) & Z(£)7 m=25,913,...
0, otherwise.

T (SiD ) = {
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e if d is odd and p is even, then

v o @, m=3,7T11,...
(80,0 = EEA R .
0, otherwise.
If € divides m, the computation of 7(ST" )@ must be treated case by case. When
m=/{=3 and d — p = 3, the first few such homotopy groups are given in Table 3.1
(cf. Proposition 3.2.7 for notation).

Rationally, this computation roughly recovers the homology of the 0- and 1-loop
order part of the hairy graph complex appearing in [FTW17, Eq. 2] (see Remark 3.2.6

for more details).

Structure of Chapters 2 and 3

Sections 2.2 and 2.3 will be devoted to the proof of Theorem C. We start by briefly
reviewing Weiss’ theory of orthogonal calculus and then, in Section 2.2.2, we present
the orthogonal functors that will play a role in the proof of Theorem C. In doing this,
we will have to carefully describe the topology on spaces of bounded diffeomorphisms
in such a way that we can employ the machinery of orthogonal calculus in this setting.
After reducing to the codimension zero case in Section 2.3.1, we use the results in the

®Fmb in Section 2.3.3 and analyse its connectivity

preceding section to define the map
in 2.3.4.

As a consequence of Theorem C, in Section 2.4 we establish a splitting result (The-
orem 2.4.2) for embedding spaces of manifolds containing interval factors reminiscent
of work of Burghelea-Lashof [BL82, Cor. E].

Section 3.1 deals with the analysis of the Cs-spectra involved in the statements
of Theorems 2.1.1 and C. The main results in this direction are Theorem 3.1.13 and
Corollary 3.1.17, where the involutions on these spectra are expressed (up to homotopy)
in terms of the standard involution in algebraic K-theory.

Section 3.2 is devoted to Theorem D, whose proof is a formal consequence of the
results in the preceding sections. We then draw some conclusions on the homotopy
groups of spaces of long knots in Section 3.2.2.

Appendix C deals with some subtleties regarding the definition of the first derivative
of an orthogonal functor as an O(1)-spectrum, and with a technical argument in the
proof of Proposition 2.2.2.

In Appendix D we explore certain aspects related to spaces of bounded diffeomor-

phisms and embeddings. Namely in Section D.1 we show that the topological models
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for these spaces introduced in Section 2.2.2 coincide (up to weak equivalence) with the
simplicial ones of Definition 2.2.7. In Section D.2 we give a “moduli space of manifolds”
description for the classifying space of the bounded diffeomorphism group.

In Appendix E we show that the h-cobordism stabilisation map anti-commutes
with the involutions in these spaces. This is analogous to a result of Hatcher [Hat78,
Appendix I, Lem.] and Burghelea—Lashof [BL82, Cor. A7] for spaces of concordance

diffeomorphisms.
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2.2 Orthogonal calculus and spaces of bounded dif-

feomorphisms

Much of the proof of Theorem 2.1.1 in [WW88] is an application of Weiss” orthogonal
calculus but in disguise, as this theory was not yet formalised at the time. In this
section we briefly review the main aspects of this theory and develop some necessary

tools required for the proof of Theorem C.

2.2.1 A quick tour through orthogonal calculus

Weiss’ orthogonal calculus [Wei95] is a calculus of functors useful to understand
objects of geometric flavour. It studies continuous functors from the category J of real
finite-dimensional inner product vector spaces and linear isometries to the category of
(compactly generated weakly Hausdorff) spaces Top. Such a functor F': 7 — Top is

said to be continuous if the evaluation map

mor (U, V) x F(U) — F(V)
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is continuous for all U,V € J. Here mor7(U, V') denotes the Stiefel manifold of linear
isometries from U to V, so that J is enriched over Top. We will work in a slightly
different setup, where Top is replaced by the category Top, of pointed spaces and J is
replaced by the pointed topological category Jy with the same objects and with

morz, (U, V) := mory (U, V),

as morphism spaces. Similarly, a functor F': Jy — Top, is continuous if the evaluation
map

mor 7, (U, V)N F(U) — F(V)

is continuous for all U,V € J;. Such a functor F(—) is also sometimes called an
orthogonal functor.

The machinery of orthogonal calculus associates to each such orthogonal functor
F(—) asequence of (naive) O(k)-spectra @ F*) for k > 1-—the derivatives of F—which

fit in a tower

L
TyF(=) «— Q= ((S*) AOF®),00))

| ( (2.2.1)
e ——

F(=) ———— ToF'(-) == F([R¥)

of orthogonal functors—the Taylor tower. Here

« S*V is the one point compactification of k- V := R¥ ® V, which is acted upon
by O(k) in the R¥ component, and diagonally on the smash SV A @ F®*),

o the right hand horizontal maps—the layers—indicate the inclusions of the homo-
topy fibres of the subsequent vertical maps between the stages Tj,F'(—) of the

tower,

o the zeroth stage ToF(—) is given by Ty F (V) := hocolimy, F'(V @ R¥), and thus
admits a canonical equivalence from the constant orthogonal functor with value
at infinity F(R>) := hocolimy, F'(R*). The map no : F(V) — ToF (V) is simply

the inclusion map.
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In the proof of Theorem C we will analyse the Taylor tower (2.2.1) only up to the

first layer, so we shall now describe the spectrum ©F(1) in detail. For V € J;, consider
FO(V) = hofib(F(V) — F(V @& R)),

the homotopy fibre of the map induced by the standard inclusion V' — V @& R. These
spaces inherit an O(1)-action by declaring —1 € O(1) to act on V and V & R by —1

on all coordinates. There are O(1)-equivariant maps
sy SYAFOV) — FO(V @ R), (2.2.2)

given, roughly, by performing a 180° rotation of V' @ R? about the 2-plane 0 & R?; we
give an explicit model of this map in Section C.1.1. As notation suggests in (2.2.2),
O(1) acts trivially on the suspension coordinate. (In general, we adopt the convention
that S™ denotes the n-sphere with the trivial O(1)-action.) Then, the O(1)-spectrum
OF®™ has F(M(R™) as its n-th space, and sg» as the structure map.
Remark 2.2.1. This is not quite the O(1)-action described in [Wei95, Prop. 3.1]; rather,
it more closely follows the convention adopted in [WW88, p. 601]. We justify our
convention choice in Section C.1.2.

For V' € Jy, let S(V') denote the unit sphere of V', seen as an unbased O(1)-space
by the antipodal action. The following proposition will be the main ingredient for the

construction of the map ®*™" of Theorem C.

Proposition 2.2.2. Let F' : Jy — Top, be an orthogonal functor. For each n > 0,

there are maps

®F : hofib(F(0) — F(R"™)) —"— hofib(T1F(0) — Ty F(R™)) ~ Q®(S(R"); Aony OF W)
(2.2.3)

giving rise to a map of homotopy fibre sequences

hofib(F(0) — F(R™)) —— hofib(F(0) — F(R™1)) — hofib(F(R") — F(R™)) = @FD

Jjbff J,CDEJFI J{stab.

Q°(S(R™) 4 Aoy OF V) — Q2(S(R™) 4 Aoy OF V) ——————— Qx(Zn0FW),

where the vertical map “stab.” is O F() < hocolimy, Qk(@FT(Li)k) Letting n — oo in
(2.2.8), we get

L+ hofib(F(0) — F(R®)) — Q*(EO(1)+ Aoy OF V) = Q®(OFg ). (2.2.4)
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2.2 Orthogonal calculus and spaces of bounded diffeomorphisms

Proof. We first need to argue that there is a natural weak equivalence between
hofib(T1F(0) — ThF(V)) and Q®(S(V)1 Aoy OF W) for V. € J5. Observe that
there is an O(1)-equivariant homotopy cofibre sequence

S(V)p — %y — B9 (V)= 5V,

where 3 here stands for the unreduced suspension. For X an O(1)-spectrum we thus

obtain a fibre sequence

Q% ((S(V)4 A X)nowy) = @(S(V)4 Aoy X) ———— Q%(Xno))
!
Q= ((SV'U A X)hO(l)) :

where the first equivalence follows since the pointed O(1)-action on S(V'); is free.
The above sequence when X = OFW is the left vertical fibration in the following

commutative diagram of fibre sequences:

Q> (S(V)4 Aoy OF V) —=— hofib(T1F(0) = TyF(V)) ———————

l | |

Q*(OF o)) Ty F(0) ToF(0) = F(R™®)
l l ll?
0 (V7 NOFW)00)) T\F(V) TyF(V) = F(R™).

This gives rise to the required weak equivalence, which is visibly natural in V' € J,.
Clearly because of this naturality, the left square of the diagram in the statement

commutes, so it remains to show that the right one is homotopy commutative too. A

similar claim (without proof) appears in [Wei95, Ex. 10.1], so we provide our own

proof. However, as it is rather technical, we defer it to Section C.2. O]

2.2.2 The orthogonal functors of bounded diffeomorphisms

All throughout, let ¢ : P < M be as in the statement of Theorem C. In this section
we present the orthogonal functors that will play a role in the proof of Theorem C.
These are built out of spaces of bounded diffeomorphisms, for which we will present
point-set topological models that agree up to weak equivalence with the more classical

simplicial ones.
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A Weiss—Williams theorem for spaces of embeddings

Let V € J be an inner product finite-dimensional real vector space with associated
norm ||—||;,, and let @ and Q" be smooth (possibly non-compact) manifolds equipped
with proper maps 7 : Q — V and 7’ : Q' — V. For t > 0, a smooth map f: Q — Q'
is said to be t-bounded if the set {||7'( f(¢)) — 7(¢)||;; : ¢ € @} C R is bounded by t.
More generally, f is bounded if it is t-bounded for some t > 0. If Q = N x V for some

compact manifold N, 7 will be assumed to be the projection to V.

Definition 2.2.3. Let V € J. The space of bounded diffeomorphisms of M xV
relative to OM x V' is

Dift (M x V) := {(t,$) € [0,00) x Diffo(M x V) : ¢ is t-bounded},

endowed with the subspace topology inherited from the product [0,00) x Diffg(M x V).
Here Diffg(M x V) is endowed with the Whitney C*®-topology. It is a group-like

topological monoid under the rule

(t,¢) - (t',¢) == (t+ 1, ¢ o).

FExample 2.2.4. Orthogonal calculus was largely inspired by the work of Weiss—Williams
in [WW8§], as can be seen in [WWSS8, Digr. 3.8]. For U € Jo, let BDiff%(M x U) be the
classifying space of the group-like topological monoid just introduced. Denote by B(—)
the orthogonal functor given by B(U) := BDift5(M xU) and, fori : U — V a morphism
in Jy, write V = U @ Ut and let B(i) be induced by the monoid homomorphism
sending (t, ¢) € Diffo(M x U) to (t,¢ @ Idy1) € Diffo(M x U @ U*). Then

@B . Diffy (M x R*)/Diffy(M) — Q>*(0BW)

should be! the map from [WW88, Thm. C], and Proposition 2.2.2 recovers [WW88,
Prop. 3.1] in this case.

Notation 2.2.5. In the remainder of Section 2.2, we will denote by E(—) and B(—)

the orthogonal functors given on objects by
E(V) := BDiff%(M — vP) x V), B(V) := BDiffy(M x V), (2.2.5)

where vP is an open tubular neighbourhood of the embedding v : P C M, and on

morphisms as in Example 2.2.4. There is a natural transformation E(—) — B(—)

!Though ®Z is not visibly the same map as the one appearing in loc. cit., they share the same
formal properties by Proposition 2.2.2.
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2.2 Orthogonal calculus and spaces of bounded diffeomorphisms

given by extending a diffeomorphism by the identity on vP x (=), and the orthogonal
functor F(—) := hofib(E(—) — B(—)) will play an especially important role in the
proof of Theorem C. We will often use the following notation for the derivatives of

these functors:
CE(P,M):=0F%Y — HM-vP):=0FEY,  HWM):=6eBY.  (22.6)

Thus, CE(P, M) is, by definition, the homotopy fibre of the map H(M —vP) — H(M).

Remark 2.2.6. Let us comment on the notation in (2.2.6). Write H (M) for the space of
smooth h-cobordisms starting at M (cf. Section 3.1.2). We will see in Remark 2.3.10

that there is an equivalence (of spaces)
Q*H(M) ~ H(M) = hocolim H(M x D¥), (2.2.7)

where the colimit on the right hand side—the stable h-cobordism space—is induced
by the h-cobordism stabilisation maps of Appendix E. The equivalence (2.2.7) is
natural with respect to codimension-zero embeddings, provided we restrict to basepoint
components. It should also be natural when considering all components, but establishing
this seems more tedious. See Remark 2.3.10 for further discussion of this naturality.

By the stable parametrised h-cobordism theorem of Waldhausen—-Jahren-Rognes
[WJR13], the infinite loop space of the desuspension of the smooth Whitehead spectrum
S 'WhPT (M) is also equivalent to H(M) (as ordinary spaces). Moreover, Weiss
and Williams showed in [WW88, Cor. 5.6] that the spectra ©BY) = H(M) and
E_lVVhDiH(M ) also share the same negative homotopy groups, which led them to
rename the former as the latter. This, though conjecturally true, was not fully justified
since no equivalence between these two spectra was given.

We hope that the homotopy fibre sequence CEmb(P, M) — H(M —vP) — H(M)
and Proposition 2.3.11 together explain why we denote © F(Y) by CE(P, M).

Spaces of bounded diffeomorphisms are usually defined as the geometric realisation
of certain simplicial groups/sets. Before we recall these simplicial models in Definition
2.2.7 below, let us fix some notation first. For a subset S C RP™ and € > 0, let
B.(S) C RP*! denote the open e-ball around S. For 0 < € < 1/2 and for any face
o C AP, we fix radial identifications p, : 0o (€) := B.(0o) N o = do x [0, €); let us first
do it for o = AP. Given = = (to,...,t,) € 0AP(e), let j € [p] be such that ¢t; <t; for
every i € [p]. Note that since x cannot be the barycenter b, = (ﬁ, ce ﬁ) of AP
(since this lies at distance greater than 1/2 > € from 0AP), we must have that ¢; is
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A Weiss—Williams theorem for spaces of embeddings

strictly smaller than ﬁ. Then set

pri

Py OAP(€) — DA x [0,€), = (to,...,1,) — <$ — (b, — ), d(m,@A”)) :

where j = j(z) is as above, and d(x, 0AP) stands for the (Euclidean) distance between
x and OAP. For a general face o C AP, fix the standard order-preserving identification
s : 0 = Al°l; then the radial identification p, : do(€) = do x [0, €) is

Pla|

o+ Dr(e) —— DAVI(e) 7 DAl x [0, ¢) 0

' 9o x [0, €).

We will say that a continuous map f: X x AP — Y x AP over AP (i.e., such that

Projar = projas o f) satisfies the e-collaring condition if for every face o C AP,

[ xxo0= [ |xxo0 xIdp,e

under the identifications p, : do(€) = do x [0, €) fixed above.

Definition 2.2.7. Let V € J. The semi-simplicial group Diff5(M x V), of
bounded diffeomorphisms of M x V relative to OM x V has as p-simplices the set
of diffeomorphisms of AP x M x V' over AP which are bounded (with respect to V'), that
are the identity in a neighbourhood of AP x OM x V', and that satisfy the e-collaring
condition for some 0 < e < 1/2. Face maps are determined by the coface maps of
the cosimplicial space A®. If we relax the condition on diffeomorphisms to be over AP
to only face-preserving (i.e. diffeomorphisms that send o x M x V' to itself for every
face o C AP), we obtain the semi-simplicial group Diff5(M x V), of bounded block
diffeomorphisms of M x V.

Warning 2.2.8. One could have defined the orthogonal functor B(—) of Notation 2.2.5,

for instance, to be
Jo — Top,, U — B|Diff5(M x U),|.

This latter rule, however, does not give rise to a continuous functor in the sense of
orthogonal calculus, i.e., it is not enriched over Top,. A way to fix this is to replace
Top, by sSet,, Jy by a category J2 enriched now over sSet,, and doing orthogonal
calculus for sSet,-enriched functors .70A — sSet,. This is morally the point of view

taken by Weiss and Williams in [WW88|, but orthogonal calculus for simplicially
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2.3 Proof of Theorem C

enriched functors has not yet been carried out rigorously, so we prefer to not pursue

this approach.

The simplicial models of Definition 2.2.7 are more convenient to work with than
the point-set topological ones of Definition 2.2.3. Moreover, we will need some results
of [WW88] that are stated in the simplicial setting, so we will have to argue that both

models share the same weak homotopy type.

Proposition D.1. There is a zig-zag of weak equivalences of semi-simplicial group-like
monotds
Diff%(M x V), «~— - —=— Sing, (Diff(M x V)).

In particular, there is a zig-zag of weak equivalences of group-like topological monoids
connecting |Diffy(M x V)| and Diff5(M x V).

We defer the proof of this proposition to Section D.1 in the appendix.

2.3 Proof of Theorem C

We now prove Theorem C. Section 2.3.1 will first reduce it to the case when P is a
codimension zero submanifold of M. Some necessary preliminaries will be presented

®Fmb of Theorem C and its connectivity will be

in Section 2.3.2. Finally the map
analysed in Sections 2.3.3 and 2.3.4.
Before we move on to the next section, let us record a disjunction result for con-

cordance embeddings known as Hudson’s concordance-implies-isotopy theorem [Hud70,
Thm. 2.1, Addendum 2.1.2].

Theorem 2.3.1 (Hudson). The space CEmb(P, M) is connected if p < d — 3. Equiva-
lently, the natural map mo(Embg, (P, M)) — mo(Embg, (P, M)) is an isomorphism.

Remark 2.3.2. Hudson’s theorem also holds in the PL setting (cf. [Hud70, Thm. 1.5]).

2.3.1 Reduction to geometric codimension zero embeddings

Let + : P — M be as in the statement of Theorem C. It will be convenient to
be able to assume that P C M is a codimension zero submanifold (though of handle
codimension at least 3). The following result deals with this technicality, and shows
that the difference between block and ordinary smooth embeddings is insensitive to

the geometric codimension.
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Proposition 2.3.3. Let M? be a compact smooth Riemannian manifold and v : PP —
M? a neat submanifold that is closed as a subspace. Let TP be the closed disk bundle of
the normal bundle v, of the embedding v, and let t : TP — M be the induced embedding.
Then the square

Embg, (7P, M) —== Embg, ,(P, M)

J j (2.3.1)

Embg, :(7P, M) ==~ Emby, (P, M).
is homotopy cartesian. Here the subscripts ¢ or i in the embedding spaces stand for the
path component consisting of embeddings isotopic to v or i (relative to Oy P).
Equivalently, by taking vertical homotopy fibres in (2.3.1) and noting Hudson’s

Theorem 2.3.1 and that resp and resp are surjective, there is a weak equivalence
hofib, (Embg, (P, M) < Emby, (P, M)) ~ hofib;(Emby, (WP, M) < Embg, (7P, M)).

Proof. We will show that the horizontal homotopy fibre of the vertical inclusions in
(2.3.1) can be identified, up to equivalence, with the identity map of the topological
group Autg,(v,) of bundle automorphisms of v, which are standard near gyP. In
particular, the total homotopy fibre of (2.3.1) will be weakly contractible.

We first deal with the top horizontal homotopy fibre. Consider the fibration

v, G . ™ | ¥PE Embg, (P, M),
E = J J G € Bunlnjy, (v, 7ar), — Emby, (P, M), (G,¢)— ¢.
P~ M |Dp@G:1p@v, E @ 1y

Taking derivatives at the zero section of 7P defines a map D : Emby, (7P, M) — E
over Embg, ,(P, M). A homotopy inverse £ — Emby, (7P, M) to D can be defined
using the exponential map. Therefore the homotopy fibre of resp is equivalent to the
fibre of r (observe that r is a fibration). Now 1), is already identified with 7p @ v,
so the fibre F' := r~1(1) can be described as the subspace of bundle automorphisms of
Tp @ v, over P which are the identity on the tangent summand 7p (and near dyP). As
the space of bundle maps v, — 7p over P is contractible, it follows that the inclusion
Autg, (v,) — F is a homotopy equivalence.

The argument for the bottom map of (2.3.1) is similar but trickier; we work with
the simplicial model of block embeddings of Definition 2.2.7. First let £ and 7 be vector
bundles over spaces B and B’, respectively, and fix some bundle map I : £ — 7. For

any closed subset 0y C B, let BunMap, (£, 7). denote the semi-simplicial set whose
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2.3 Proof of Theorem C

n-simplices consist of bundle maps G : A" X £ = Tan B 7 := (7an X B') @ (A" x )
such that

o G agrees with Oa» BT near A" x 9y, where Oan : €X» = A" — Tan is the inclusion

as the zero section, and

o for every face 0 C A", G(o x &) C 1, B C 7an B .

Given a map i : B — B’ which agrees with the underlying map of I on 0y C B, let
BunMap,, (§, m; i), the semi-simplicial subset consisting of those bundle maps G whose

e~

underlying map on the base spaces A" x B — A" x B’ is Idan x i. Let Bunlnj, (§, 7).
and B/u?lﬂjao (&,7m;1)e be the semi-simplicial subsets of those bundle maps that are
fibrewise injective. Then again, taking derivatives at the zero section of A®* x TP
yields a simplicial map D, from E?nT)amg(?P, M), to a semi-simplicial set E, whose
n-simplices are

A" x v, —E s 7an BTy P e E/]H\I/bao,L(Pv M)y,
Ey = l l G e mjao(uL,TM)n, ;

A"x PP S A" x M |Do®G:1an B (1p ©1v,) = o (Tan B 7).
and whose face maps are given by restriction to face strata. The map 7, : E. —
Embyg, (P, M), given by 7#(G, ) := ¢ is now a Kan fibration, and 7, o D, = résp. By a
similar argument as in the previous case, the homotopy fibre of resp is equivalent to

the fibre of 7,. Using the canonical identification

(IdAn X L)*<TAn EETM) :TAnEEL*TMgTAnEE(TPEBVJ,

the fibre F, := 7, (1) is isomorphic to the semi-simplicial subset of BunInj 0o (Ve U Tars Idp)e

of bundle maps
G=Gam®G G, : A" xv, — TaAn B(1pB1,) = (Tan X P) @ (A" X 7p) ® (A" X 1,)
for which G, is an isomorphism. Thus it follows that

F, = Bml)ao(mﬁp; Idp)e X Auty, (),

where the boundary condition on BunMap,, (v, 7p;Idp)s forces bundle maps to be
zero near A® x 0yP. Clearly BunMap, (v, 7p;Idp)e is weakly contractible: indeed

given an n-cycle GG in this semi-simplicial set, a nullhomotopy of G is roughly given by
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regarding A" as (A" x [0,1], A" x {0}) and applying ¢ - G on A™ x {t}, for 0 <t < 1.
Therefore |F,| =~ |Autg, (1,)s| = Autg, (v,), as required. O

Remark 2.3.4. Proposition 2.3.3 is false in the topological setting. First of all, a locally
flat embedding ¢ : PP — M? does not always admit a normal microbundle (cf. [RS67];
they do admit one stably though [Hir66, Thm. B]). But even if it did, the statement
would still not hold in general: consider the case (M, P) = (D% DP) for p < d — 3.
Then both Emb,*®(D?, D) and Er\nT)gop(Dp, D?%) are contractible by the Alexander
trick. However, using the topological version of Theorem C (cf. Remark 2.1.3), we will

see in Remark 3.2.3 that the homotopy fibre of the map
—~—To
Embj(D? x D, D%) —s Emb,, (D x D*?, D)

is not contractible. In particular, the topological analogue of the square (2.3.1) cannot
possibly be homotopy cartesian in this case.

2.3.2 Last ingredients

From now on, let ¢ : P* < M? be a codimension zero closed embedding that meets
OM transversely in JyP, and denote by p the handle dimension of P relative to 0y P;
we will write M — P instead of the isotopy equivalent manifold M — vP to emphasise
that P has codimension zero in M. It suffices to prove Theorem C in this case by

Proposition 2.3.3. We now present the last necessary prelimary results.

2.3.2.1 Parametrised isotopy extension theorem

The parametrised isotopy extension theorem states that for ¢, : P — M any
continuous family of embeddings parametrised by t € AF (with P compact), there
exists a continuous family of diffeomorphisms {¢; },car of M (which are the identity
away from a compact set of M) such that ¢y = Idy; and ¢ (wo(z)) = @i(z) for all
(x,t) € P x A*. Moreover, if K C AF is some contractible subcomplex containing
the 0-th vertex and {¢}icx is another continuous family of diffeomorphisms of M
parametrised by K such that ¢ = Idys and ¢} (¢o(x)) = ¢i(x) for all (z,t) € P x K,
then we can arrange {¢;},car as above to agree with {¢}}.cx on K. A consequence of
this fact due to Palais [Pal60] (see [Lim64] for a simple proof) is that the restriction
map Diffy(M) — Emby, (P, M) is a locally trivial fibre bundle with Diffy(M — P) as
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fibre. Such a fibration can be delooped to the homotopy fibre sequence
Embao,@(P, M) E— BDiffa(M — P) — BDiffa(M), (2.3.2)

where the subscript (¢) stands for the union of all the components in Emby, (P, M)
that contain embeddings of the form ¢ o for ¢ € Diffs(M). By replacing P and M in
(2.3.2) by P x I and M x I, and modifying the boundary conditions, we get a similar

homotopy fibre sequence
CEmb(P,M) —— BC(M — P) —— BC(M). (2.3.3)

Note that CEmb(M, P) is connected by Hudson’s Theorem 2.3.1. Finally, there is a
block analogue of (2.3.2).

Proposition 2.3.5. There is a homotopy fibre sequence
Embyg, () (P, M) —— BDiff(M — P) —— BDiffs(M). (2.3.4)

Proof. There is a right action of the simplicial group ]ﬁfa(m). on ﬁfa(M )e; WE
will write Diffy(M ). /Diffg(M — P), for the simplicial set of (level-wise) cosets of this
right action. The geometric realisation |Diff(M ). /Diffy(M — P).| of this simplicial
set is homotopy equivalent to the homotopy fibre of the right map of (2.3.4), so it

suffices to show that the action map
a : Diffy(M)./Difty (3 — P)s — Emby, (P, M), [¢] — ¢

is an isomorphism. It is visibly injective, for if ¢ o . = 1) o for ¢, € ]iffa(M)., then
v~to¢ € Diffo(M — P), and hence [¢)] = [horp~'o¢] = [¢] in Diff5(M ). /Diffs(M — P)..

For surjectivity, let ¢ be some k-simplex in E;nT)aML)(P, M),. Then there exists
some ¢ € Diffg(M);, for which ¢ and ¢ o lie in the same component in Er\nToao(P, M)..
Then ¢’ :=¢ Loy e E/]El/baw(P, M) and, in fact, we can arrange that its restriction
to the zero-th vertex ¢f, is ¢ by rechoosing ¢ (if necessary) using the isotopy extension
theorem. Then applying the isotopy extension theorem to ¢’ restricted to each of the
faces that contains the 0-th vertex, inductively on the dimension of the face, we obtain
some &' € Diffy(M)j, such that & |pyar= ¢'. Then ® := ¢ o &’ € Diffy(M)}, is such
that @ |p,ar= @, as desired. O

Remark 2.3.6. There also exists a topological version of the isotopy extension theorem

[EKT71, Cor. 1.4]. The same proof as above also works in the topological setting.
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Remark 2.3.7 (Speculative). Weiss and Williams point out in [WW88, §1] that an
analogue of the (parametrised) isotopy extension theorem in the bounded setting does
not hold (see [Hir76, Ch. 8, Ex. 9] for a counterexample in codimension 2). However,
we believe that a weaker version of the theorem should still hold: namely, for V € J,
define the bounded embedding space Emb} (P x V,M x V) as in Definition 2.2.3.
Then, there should be a homotopy fibre sequence

Emb} (P x V,M x V) — E(V) = BDiffy(M — P x V) — B(V) = BDiff3(M x V),

where F(—) and B(—) are as in Notation 2.2.5. We will not give a proof of this
claim, as it seems rather technical and we will not need it for the argument of

Theorem C. The reader may however find it useful to think of the orthogonal functor
F(=) :=hofib(E(—) — B(—)) as Embgom(P X (=), M x (—)).
2.3.2.2 Alexander trick-like equivalences

For V€ Jy, let D(V) C V denote the correspoding closed unit disk (so that
D* = D(R¥)). The following is proved in Propositions 1.8, 1.10 and 1.12 of [WW8§].

Even though we state it for the orthogonal functor B(—) of Notation 2.2.5, it of course
holds for E(—) too.

Proposition 2.3.8. For V € 7, the Alexander trick-like map
alex : C(M x D(V)) = QR BU(V) = Q"9 (Diffy(M x V & R)/Diffy(M x V)
is a weak equivalence. Moreover, there is a homotopy commutative diagram

C(M x D(V)) —=— C(M x D(V) x D') === C(M x D(V ®R))
ZJ(alex ZJ{aleX (2 3. 5)
QV@RB(1)<V) QVEBRQB(l)(V @ R),

where X denotes the usual concordance stabilisation map and sy, is the adjoint of the
structure map (2.2.2) for the orthogonal spectrum © BY) = H(M).

We will describe the map “alex” below, but let us first make a few remarks about

this statement and its consequences.

Remark 2.3.9. Both the domain and codomain of the map “alex” of Proposition 2.3.8

are group-like E;-spaces; the former by composition of concordance diffeomorphisms,

86



2.3 Proof of Theorem C

and the latter by the loop space structure induced by Q¥(—). In Section 3.1.2, we
construct a (non-connected) delooping of this map (see (3.1.4)).

It seems likely that the homotopy commutative square (2.3.5) can also be delooped
in a similar manner. Proving this, however, is quite technical and we will not need
it in any case. What we will need instead is the observation that if M is replaced by
M x I in Proposition 2.3.8, the whole statement can be delooped once with respect
to the E;-structures induced by stacking in the I-direction. This is straightforward to
check from the proofs in [WW88].

Remark 2.3.10. It follows from this proposition that there is a natural? equivalence
Q°MH(M) ~C(M) := hocolim C'(M x DF).

As pointed out in Remark 2.3.9, this equivalence can be delooped once if we replace
M by M x I. Moreover, the (non-equivariant) homotopy types of both H(—) and
C(—) are invariant under crossing with I, namely, there are natural equivalences
H(M x I) ~H(M) (by Lemma 3.1.15 below) and C(M x I) ~ C(M) (by definition).

By this line of reasoning, we obtain natural equivalences
QFH(M) ~ QrH(M x I) ~ BC(M x I) ~ BC(M)

By [Vog85, Prop. 2.1], BC(M) is also naturally equivalent to the basepoint component
of the space of stable h-cobordisms H (M) of Remark 2.2.6, and by [WW88, Cor. 5.6]
and the s-cobordism theorem, the groups =§(H(M)) and mo(#H(M)) are both isomorphic
to the Whitehead group Wh(m M). Since there is an (non-natural) equivalence of
spaces QX ~ Q°X x 75(X), we obtain the promised equivalence (2.2.7)

OFH(M) ~ H(M).

This, of course, ought to be an equivalence of infinite loop spaces, but that seems to
be more difficult to see. Making the above equivalence natural for codimension-zero
embeddings requires establishing the (non-connected) delooped analogues of (2.3.5),
using the delooped Alexander trick-like maps (3.1.4) constructed in Section 3.1.2 (which
satisfy this naturality by construction). However, this is a rather tedious task that we

do not undertake.

2Natural for codimension-zero embeddings.
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Proof of Proposition 2.3.8. This is proved in Propositions 1.8, 1.10 and Lemma 1.12
of [WW88|. Let us just explain how the Alexander trick-like map

alex : C(M x D(V)) — Q"% (Diffj(M x V & R)/Diffy(M x V')

is defined: given a concordance diffeomorphism ¢ : M x D(V)x [ = M x D(V) x I,
extend it by ¢ [mxpyxqy XIdp4e0y o0 M x D(V) x [1,+00) and by the identity
elsewhere to obtain a bounded self-diffeomorphism $ of M x V @ R; then shift it along
V @ R to obtain a (V @ R)-fold loop in Diff5(M x V @ R)/Diff(M x V). We refer to
loc. cit. for the rest of the proofs. O

Taking fibres of Proposition 2.3.8 for E(—) and B(—) yields the first part of the

analogous result for F'(—).
Proposition 2.3.11. For V € 7, there are weak equivalences

alex : QCEmb(P x D(V), M x D(V)) == Q*VEO V),
making the following diagram commute up to homotopy:

QCEmb(P x D(V), M x D(V)) —=— QCEmb(P x D(V &R), M x D(V & R))

Zlalex Zlalex
v

Ql+VF(1)(V) Sy O+VeR p(1) (V D R),

(2.3.6)
where X is the concordance embedding stabilisation map of Section 2.1.1.1. Moreover,

if p < d— 3, there is a natural equivalence

Q®(CE(P, M)) := Q®(OFWY) ~ CEmb(P, M) := hocolim CEmb(P x D¥ M x D").
(2.3.7)

To establish (2.3.7), we will need the following result, which was suggested to us by

Manuel Krannich.
Lemma 2.3.12. For p < d—3 and n > 0, the space OFV) = F()(R") is n-connected.

Proof. Tt suffices to show that the map OE() — ©BW call it ), is such that 7,()) is

(a) surjective if * =n + 1, (b) injective if * =0, (c) an isomorphism if 1 < *x < n.
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For (a), observe that Q"*'\ is, up to equivalence, the natural map of concordance
spaces C'(M — P x D") — C(M x D™) by Proposition 2.3.8. By exactness of

1o(COMT =P x D™) ™Y 70(C(M x D™)) —— m(CEmb(P x D", M x D)) = #,

where the equality on the right is the statement of Hudson’s Theorem 2.3.1, it follows
that 7,,1(A) is surjective.

For (b) and (c¢), consider the commutative diagram

OE — 2, oBW

J{stab. J{stab.

Q*(ZreE®) - Q2(xreBW).

We claim that the map of (non-connective) spectra H(M — P) — H(M) underlying n
is an isomorphism in 7% for * < 0: indeed, the inclusion M — P — M is 2-connected
and 7 (H(—)) for * <0 (see (2.3.9)) only depends on 7 (—) by [WW88, Cor. 5.6]. So
n itself satisfies (b) and (c¢). Now by [WW88, Cor. 5.8], both vertical maps are injective

in my and isomorphisms in mj<.<,. Claims (b) and (¢) now follow. O

Proof of Proposition 2.3.11. It remains to deloop the natural equivalence
QT (CE(P, M)) ~ QCEmMb(P, M)

obtained from the squares (2.3.6), so to yield (2.3.7). We do this as in Remark 2.3.10.

First observe that both Q*CE(P, M) and C€mb(P, M) are connected under the
codimension assumption—the former by Lemma 2.3.12 and the latter by Hudson’s
Theorem 2.3.1. Just like in Remark 2.3.9, the homotopy commutative square (2.3.6)
can be delooped if we replace ¢t : P — M by ¢ x Id; : P x I — M x I. Finally, observe
that there are natural equivalences CE(P x I, M x I) ~ CE(P, M) (by Lemma 3.1.15)
and CEmb(P x I, M x I) ~ CEmb(P, M) (by definition). We thus obtain the desired

chain of natural equivalences

QOFCE(P,M) ~Q*CE(P x I, M x I) ~CEmMb(P x I, M x I) ~ CEmb(P, M).
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2.3.3 The map " of Theorem C

Recall the map ®% of Proposition 2.2.2 for F'(—). Noting that F'(0) ~ Emby, (P, M)

by the isotopy extension sequence (2.3.2), this map, up to equivalence, takes the form
@ : hofib(Emby, () (P, M) — F(R®)) — Q®(CE(P, M)sc,).

To obtain ®¥™ we need to replace F'(R*) by EE)@O,<L>(P, M) above (and deal with
some path-components considerations). This turns out to be possible by a principle
similar to that of [WW88, Rem. 3.5].

Proposition 2.3.13. If p < d — 3, then there is a (zig-zag of) weak equivalence
hofib, (Embg, (P, M) — Embg, (P, M)) ~ hofib(F(0) — F(R™)).

Proof. First observe that because CEmb(P, M) is connected (by Hudson’s Theorem
2.3.1), we have that

hofib, (Embg, (P, M) — Embe, (P, M)) = hofib(Emby, (P, M) < Emby, (P, M))
= hofib, (Embg, (P, M) < Emby, (P, M)).

Therefore, it suffices to construct a homotopy commutative diagram

F(0) ———— F(R®) —~—— F(R™)
{(2.3.2) sz (2.3.8)
Emba(%@ (P, M) Emb(’?o,(L) (P, M)

To that end, let J¢ denote the underlying ordinary category of the topological
category Jo, and write E(—) and B(—) for the functors J¢ — Top, given by

E(V):= BDift3(M =P x V)|,  B(V):= B[Diff§(M x V),|.

Set F(—=) := hofib(E(—) — B(=)). Then the map i of (2.3.8) arises as the map on
homotopy fibres in

F(R®) —— E(R®) = BDiff(M — P x R®) —— B(R®) = BDiff},(M x R™)

I !

F(R®) —— E(R>) = BDiff}(M — P x R®) —— B(R>) = BDiff}(M x R™).
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The middle and right vertical maps are equivalences by [WW88, Thm. B], so i is too
by the five lemma.
The map j of (2.3.8) arises as the map on homotopy fibres in

F(R) E(R™) B(R*)

) f ] (1) ]

F(0) ~ Embg, (P, M) —— E(0) = BDiffy(M — P) —— B(0) = BDiff(M).

Then the square (2.3.8) is the homotopy fibre of the map between the similar (strictly
commutative) squares associated to F(—) and B(—), and so it is homotopy commutative
by construction.

It remains to show that j is an equivalence or, equivalently, that the square (})
is homotopy cartesian. Write F)(V) := hofib(F(V) — F(V @ R)), and similarly for
EM(V) and BM(V). In other words,

_ Diffy(M —P x V &R)

_ Diff5(M x V & R)
Diff (M — P x V) '

E(l)(V) : =
Diff (M x V)

, é(l)(V) :

For a group 7 and an integer j < 1, set ;(m) := ﬂj(WhDiﬁ(BW)). More explicitly,

Whl(’]r)7 ]: 17
wi(m) = Ro(Zm), j=0, (2.3.9)
Kj(Z?T), ] < —1.

It was shown in [WW88, Cor. 5.5] (see also [AP83]) that, for a certain Cy-action on

k;(m), there are maps for n > 0

B m(EV(R™)) — Ho(Co; ky_p(mi (M — P))),

B 11 (BOR")) — H(Cy; k1-n(m1(M))),

which are injective if * = 0 and isomorphisms if * > 1. Moreover, it is not difficult to

see from its proof that these are compatible, in the sense that the square

m.(EW(R™) (B (R™))

Js s

H.(Co; Ky -n(mi(M = P))) —— H.(Co; r1-(m (M)
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is commutative. The lower horizontal map is an isomorphism because the fundamental
groups of M — P and M can be identified under the obvious inclusion by the assumption
that p < d — 3. Hence, as FO(V) — EO(V) — BO(V) is a homotopy fibre sequence
for all V, it follows that F((R™) is weakly contractible for all n > 0. Using the

homotopy fibre sequences
hofib(F(0) — F(R™)) —— hofib(F(0) — F(R"")) —— FO(R") ~ «

for n > 0, we must have by induction that hofib(j : F(0) — F(R>)) is contractible,

i.e., that j is a weak equivalence, as required. O

Definition 2.3.14. The map ®¥™° of Theorem C is the zig-zag

hofib, (Embg, (P, M) — Embg, (P, M)) ~ hofib(F(0) — F(R®)) by Prop. 2.5.15,

2y (O ) = C(CE(P, M)acy) by (2.2.4) and (2.2.6).

2.3.4 Connectivity of the map ®¥™P

In this section we show that the map ®¥™" just defined is ¢ogmy (M, P)-connected,
at last establishing Theorem C (modulo the proof of Proposition D.1). The connectivity
of ®FmP is that of ®L ; we show by induction on n > 0 that the maps ®X of Proposition
2.2.2 are at least ¢pcpmp(M, P)-connected. Note that this is clear for n = 0, as both
the domain and codomain are contractible.

Suppose now that ®L is ¢cpmy, (M, P)-connected for some n > 0. To show that @,
has this connectivity, it suffices to show that the map stab. : @ F(!) — Q> (3*0@FW) of
Proposition 2.2.2 is (¢cgmn (M, P)+n)-connected. But © F(M is n-connected by Lemma
2.3.12 and X"OFW is (n + 1)-connective. So it suffices to show that Q"' (stab.) is

(¢cEmb(M, P) — 1)-connected. This follows from the homotopy commutative diagram

QCEmb(P x D", M x D") — QCEmb(P, M)

Zlalex Zl(2.3.7)

Qn—i_l(—)F’rgl) Qn+1(stab.) QOO+1(@F(1))
By definition, the connectivity of the top horizontal map is

¢cEmb(M x D", P x D") =1 > ¢cpmp(M, P) — 1.
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One obtains the above homotopy commutative diagram from stacking together squares
of the form (2.3.6) with V' = R* for k > n. This concludes the proof of Theorem C. [J

2.4 A splitting result for embedding spaces

In this section we derive, as a consequence of Theorem C, a general splitting result?
for embedding spaces of manifolds with interval factors. This will then be used for the
splitting part of Theorem D. All throughout, let ¢ : PP C M9 be as in the statement of
Theorem C.

For D(—) any of Diff%(— x V) with V € J,, Diffy(—) or C(—), there are graphing
maps

[':QD(M)— D(M x I)

given (roughly) by regarding a l-parameter family of automorphisms of M as an
automorphism of M x [ itself. These are natural with respect to codimension zero
embeddings. Moreover, these maps can be delooped as, up to homotopy, they intertwine
the (group-like) Ei-structures of concatenating loops for the domain, and stacking

automorphisms in the /-direction for the codomain. There are similar maps
I':QF(P,M) — E(PxI,M x1I) (2.4.1)

for E(—, —) denoting any of Embg,(—, —), Er;f)ao(—, —)s Embg:)(—, —) (see (2.1.4))

or CEmb(—, —). In what follows, we will write I' for any map of this same nature.

Remark 2.4.1. Most of the functors D(—) and E(—, —) above either admit a point-set
topological model or a simplicial model. In the first case, the graphing maps just

introduced are really zig-zags of maps
QE(P,M) +~— Q«sm"E(P, M) SR AN E(PxI,Mx1I),

where, for X a pointed (Fréchet) manifold, here Q<*mX stands for the space of
smooth loops v : S' — X which are collared in the sense that there exists some
neighbourhood of 1 € S! which is sent by v to the basepoint in X. The inclusion
QeelsmB(P, M) — QE(P, M) is an equivalence by smooth approximation of continuous

functions.

3This should be compared to the analogous result of Burghelea and Lashof [BL82, Cor. EJ.
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In the simplicial case, the graphing maps I' are the geometric realisations of the
simplicial maps

To: (QE(P,M))s — E(P x I,M x I),

that send a g-simplex in (QE(P, M)), (seen as a (¢+ 1)-simplex g € E(P, M), whose 0-
th face and vertex are the basepoint * € E(P, M),) to the g-simplex in E(PxI, M x1I),
obtained from ¢ by expanding out the 0-th vertex of A%*! to a ¢g-dimensional simplex
(i.e. regarding AT as (A7 x I, A7 x {0})).

In the cases when D(—) or F(—, —) admit both models, one verifies that these two
graphing maps agree up to homotopy. We ignore both of these technicalities in most

of what follows.

Theorem 2.4.2. Let I and J both denote closed intervals. For p < d—3, N :=
GcEmb(d+1,p+ 1) —1 and N’ := ¢pcpmp(d+2,p + 2) — 1, there are equivalences away
from 2

Q7o Emba, (P x [, M x I) =) Qrey (Embg, (P x I, M x T) x Emb{y) (P x I, M x 1)),

Emby, (P x I x J,M x I x J)
T<N' Embao(P x I x J,M x I x J) 2[%] T<N' X
Emb{) (P x I x J,M x I x J)

Proof. Suppose given a map of fibration sequences

F E —— B
f :*T eT sz
F E—5B

such that f is nullhomotopic and b is an equivalence. If § : QB — F' (and similarly for
') denotes the connecting map, then it follows that ¢’ 0 Qb ~ f o § ~ %, and thus Qb
lifts, up to homotopy, to a map & : QB — QFE’. Then for (2b)~! any homotopy inverse
to Qb, the map o := G0 (Q)~! : OB’ — QF' is a homotopy section of the fibration
QF — QF" — QB’ and so provides a splitting QF" ~ QB" x QF".

For now, let us focus solely on the first equivalence of the statement. By the

previous argument, it suffices to show that the leftmost vertical graphing map in the
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diagram of fibration sequences

Emb$) (P x I, M x I) —— Embg, (P x [, M x I) —— Embg, (P x I, M x I)

i 1 1

QEmb” (P, M) ———— QEmbg, (P, M) —— QEmby, (P, M).

is nullhomotopic after localising away from 2 and taking (¢cgmn(d + 1,p + 1) — 1)-th
Postnikov sections.

By Proposition 2.3.3, we may assume that dim P = dim M = d. Then, similar to
Notation 2.2.5, let QF(—) and FI(—) denote the orthogonal functors given by

QF (V) : = Qhofib(BDifty (M — P x V) — BDift5(M x V)),
FI(V) : = hofib(BDiff5(M — P x I x V) — BDiff5(M x I x V)).

By taking fibres of the (delooped) graphing maps introduced at the beginning of the
section, we obtain a natural transformation I' : QF(—) — FI(—) of orthogonal functors,
giving rise to a map of O(1)-spectra I' : ©(QF)M — OFIM and a commutative
diagram

Trfo(l)

FI
Emb{) (P x I, M x I) == Q®(OFI),)) — s Q*0F[(

FT FT FW (2.4.2)
QEmbS) (P, M) —25 s 0=(0(QF)Y,,) —2% 0=6(QF)®,
where Trfo) is the O(1)-transfer map. This map is injective in the homotopy category
of infinite loop spaces at odd primes (it splits the quotient map X — Xj¢,). Therefore,
since the map ®7 is pogmy(d + 1, p+ 1)-connected by Section 2.3.4 (and thus becomes
an equivalence after taking (¢cgmn(d + 1,p 4+ 1) — 1)-th Postnikov sections), it will
suffice to show that the rightmost vertical map in (2.4.2) is nullhomotopic. By (2.3.7),
we have that Q*O(QF)Y) ~ QCEmMb(P, M) and Q®OFIY ~ CEMb(P x I, M x I)
and, under these equivalences, the right vertical map in (2.4.2) then becomes the
graphing map
T : QCEmMb(P, M) —s CEmb(P x I, M x I). (2.4.3)

This is because both the concordance stabilisation map and the Alexander trick-like

map of Proposition 2.3.11 that give rise to the previous equivalences commute on the
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nose with the graphing maps, i.e., the following diagrams commute:

QCEmb(P x D" M x DY) —L o CEmb(P x I x D™ M x I x D)

il il

QCEmb(P x D", M x D") —~—— CEmb(P x I x D", M x I x D"),

Q"e(QF)M a Q"eFIWM

alexTZ alexTZ

QCEmb(P x D", M x D") —~—— CEmb(P x I x D", M x I x D").

So in order to show that (2.4.3) is nullhomotopic, it suffices to argue that it is so

unstably, i.e. that the graphing maps
[': QCEmb(P x D", M x D") — CEmb(P x I x D", M x I x D")

are nullhomotopic for all n > 0. Replacing M x D™ by M, we may assume n = 0. This
claim is a consequence of the following trick, due to Oscar Randal-Williams: there is a

“U-shaped graphing map”
UT : QCEmb(P, M) — CEmb(P x I, M x I),

which is homotopic to the standard I' by pulling down the U-shape to the base of the
concordance. This homotopy is illustrated in Figure 2.1, where we replace CEmb(—, —)
by standard concordances C'(—) because it is easier to depict, but the idea is the same.
Observe that, throughout the homotopy, there are no issues about smoothness in the
upper corners because the concordances are equal to the identity near these. Here
we are explicitly using the collared condition imposed by the functor Q<™ (—) (see
Remark 2.4.1).

But clearly UT factors through the path space Map(/, CEmb(P, M)), and hence

there is a homotopy commutative diagram

CEmb(P x I, M x I) = CEmb(P x I, M x I)

T

. or M CEmb(P, M),
QCEmb(P, M) ———— QCEmb(P, M)
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Concordance

direction
[7/:51 = ) — C(M)] € Q" C(M)
I
M

ur(y) I(y)

Figure 2.1 Images of v € QC(M ) under the graphing maps I and UT', and the homotopy
between them. The concordances are equal to the identity on grey shaded regions.

which exhibits the leftmost vertical map as nullhomotopic, as desired. This establishes
the first equivalence of the statement.

Observe now that for E(—, —) any of the mapping spaces involved in the proof up
until now, the space E(P x J, M x J) is a group-like topological monoid with respect
to stacking in the J-direction. Then replacing (M, P) by (M x J, P x J), one checks
that each of the steps in the previous argument can be delooped with respect to this
[E;-structure. This results in getting rid of the loopings in the first equivalence of the

statement, thus yielding the second one. This finishes the proof of the theorem. [
The following result will be used to establish the splitting part of Theorem D.

Corollary 2.4.3. For2 <p <d—3 and N := ¢crmb(d,p) — 1, there is an equivalence

away from 2
P A\ A P 1d ~M¢pr nd
7oy Emby(D?, D) =1y 7y (Emby (D, D*) x Emb” (D7, DY) .
For p =1, such equivalence exists only after looping, i.e.,

Q7. Emby (D', D) ~1y Q7o (Emby (D', D?) x Emb” (D, DY) .

1
2

Proof. When p > 2, set (M, P) = (D% 2, DP=2) in the second equivalence of Theorem
2.4.2. For p = 1, set (M,P) = (D%!, D% in the first equivalence of the same

theorem. O
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C Appendix: Orthogonal calculus technicalities

Throughout, let F': Jy — Top, be an orthogonal functor.

C.1 The O(1)-spectrum ©F")

We present an explicit model for the structure maps (2.2.2) of the O(1)-spectrum
OFW, and compare our convention for its O(1)-action with that of [Wei95, Prop. 3.1].
C.1.1 An explicit model of the (pre-)spectrum

For V', we now describe an explicit model for the structure map (2.2.2)
sy SYAFOWV) — FO(V @ R),

where FM(V) := hofib(F (V) — F(V @ R)); here R simply stands for a copy of R
that we underline to distinguish it from the one appearing in the codomain of sy,. Our
model for the homotopy fibre of a map X — Y of pointed spaces is the standard one,
i.e., the subspace {(z,7) € X x YIOU : 4(0) = 2, v(1) = *}.

The evident commutative diagram in J,

v—(v,0)

V VeR
v (v,t)
1 I
(v,0) ‘(v,t,ﬂ)
VoR (vt)—(v,0,8) VoRoR
induces a commutative diagram of based spaces
FOWV) —oeeev » FO(V @ R)

s l

F(VeR) > F(VaR&R).

Our task is to define a loop of dashed arrows (based at the constant map)—we will try

to do so by providing a loop of null-homotopies f'a ~ % (we will fail, but just slightly).
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Note that, since 3i is null-homotopic via H® (x,v) = ~(t), we get a null-homotopy
Hy := WH : Ba ~ x. For each 0 € [—5,+5%], let 6, denote the automorphism
of F(V &R & R) induced by the rotation of the plane 0 ¢ R & R with angle 6.
Then note that by functoriality of F', we have that 0,5'h = [’h. Thus, the maps
Hy:=0,Hy: FO(V)x I — F(V@®R®R) provide a path of null-homotopies 3'a ~ .

As foreshadowed, the null-homotopies H - =z = (F)N H and H m = (5)H H are
distinct (as one can check). The crucial point then is that both are of the form §'G for
some null-homotopy G : a ~ *: indeed, if ¢ : F(V @& R) = F(V @ R) denotes the map
induced by identifying R with R, then

(Tl =B (1),  (F):H =0,
where (—1g). is the automorphism of F(V & R) induced by (v,t) — (v, —t). By noting

that ¢ = h and that (—1g),h = h, one easily verifies that G_r := (—1g)¢H and
. 2
G := ¢H indeed provide the desired null-homotopies o ~ .
2
Finally, we note that the null-homotopies G'+= give rise to canonical null-homotopies
2

of the maps o+ : FM (V) — FO(V @ R) induced by Hiﬂ. All together, we obtain a
2
loop of maps FW (V) — FO(V @ R) that is adjoint to the structure map oy of (2.2.2).

C.1.2 The O(1)-action

We have defined the first derivative spectrum ©F® of F to be the (naive) O(1)-
spectrum with n-th O(1)-space OF () = F()(R") and with structure maps as defined
just above. Recall that

FO(V) = hofib(F(V) — F(V ® R))

is an O(1)-space by declaring —1 € O(1) to act on V and V&R by —1 on all coordinates.

A straightforward verification shows that, under this convention, the map
v STAFOWV) — FOV @ R)

is indeed O(1)-equivariant, where O(1) acts trivially on S'. The key point in this
verification is that if R is a (2 x 2)-matrix (e.g. a rotation of the plane), then ( =) )R
and R( ) agree on the subspace R @& 0 C R & R even though maybe not equal.

In [Wei95, Prop. 3.1], O(1) instead acts on F'M(V) = hofib(F(V) — F(V @ R))
by declaring the action of —1 € O(1) on V to be trivial and by —1 on the R-summand
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of V @ R. If we write FV (V) for this O(1)-space, then the maps
sy STANEDVV) — FOV@®R) and FY(V) = F(V) (C.1)

are O(1)-equivariant, where o stands for the (1-dimensional) sign O(1)-representation
and S7 for its associated representation sphere. The corresponding (sequential) spec-
trum, call it ©F M is not a naive O(1)-spectrum in the usual sense anymore, as O(1)
acts non-trivially on the suspension coordinates. To solve this issue, Weiss introduces
in [Wei95, p. 17] the O(1)-spectrum 0% F(!) with n-th O(1)-space

O*F{) := (5" AOFY) = hocolim Q7 (5" A EV(RF)), (C.2)

where Q%7 (—) := Map, (S¥?, —) and O(1) acts by conjugation on this mapping space.

In order to relate the O(1)-spectra OF1) and ©#F1) we observe that I can
be naturally upgraded to a functor F : %0(1) — Top*o(l) enriched over Top,, where
N/ Fun(O(1), Jo) is regarded as the pointed topological category of inner product
finite-dimensional O(1)-representations. We likewise define for V' € TEW the O(1)-
space F1 (V) := hofib(F(V) — F(V@®0)). Now tensoring such an O(1)-representation
with the sign representation o gives a self-isomorphism of j00(1) denoted by — - . One
could stabilise FV(—) with respect to R as in (C.1), or with the sign representation o,

giving rise to maps
Sap ST AFO(V) — FOV BR™), a,b>0, Ve oV,

where S+t := S99 A S and R*® := R* @ b- 0. We then obtain a zig-zag of maps of
O(1)-spectra

o#F1) .— hocg(l)im §-ao A E(l)(R“) hogo&im St A E(l)(b o) =:0FW
a> >

b=0 a=0

~ ~

hocolim S=#7~% A P (R*),

a,b>0

(C.3)

where the maps in the colimit of the middle spectrum are induced by s and sq ;.

Non-equivariantly, both of the maps in the zig-zag are equivalences by Fubini’s theorem.
This establishes the desired O(1)-equivariant equivalence* @ F1) ~ @# (1),

“In the sense of Borel (see Notation 3.1.2(i)).
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C.2 Completion of the Proof of Proposition 2.2.2

Recall that, so far, we have constructed the horizontal fibre sequences in the diagram

hofib(F(0) — F(R")) —— hofib(F(0) — F(R"*!)) — hofib(F(R") — F(R")) =: ©FV

l‘bg l@f_*_l Jstab.

Q°(S(R") 4 Aoy OF V) — Q2(S(R™) 4 Aoy OF V) —————— Qx(ZnOF W),
and argued that the left subsquare is homotopy commutative. Here
®F : hofib(F(0) — F(R")) —"— hofib(T1F(0) — T1F(R")) ~ Q®(S(R"); Aoy OF W)

is the map (2.2.3) and “stab.” is ©F!) < hocolimy, Q*(OF},). Tt remains to verify
the following;:

Claim. The right subsquare in the diagram above is homotopy commutative.

Proof. Without loss of generality, we may replace F' by hofib(ny : F — ToF) so
that T F becomes homogeneous of degree 1 (see [Wei95, Defn. 7.1]). Because of
the O(1)-equivalence 7, : OFM ~ (T F)Y proved in [Wei95, Thm. 6.3(bis)], we
may also replace F' by T F' so that F' itself is homogeneus of degree 1. Then it was
shown in [Wei95, Thm. 7.3] that there is a natural zig-zag of equivalences between
F(V) and Q%((SV7 AO#FW),00) for V € Ty, where ©# F) is the O(1)-spectrum
of (C.2). But we have seen in Section C.1.2 that there is a zig-zag (C.3) of O(1)-
equivariant equivalences between @ F() and ©# (1), Therefore, we obtain a zig-zag
of equivalences between hofib(F(R") — F(R™*!)) and the homotopy fibre of the map
i o QQ°((S™7 A @F,Elo)(l)) — Q®((S+ho A @F,Eg(l)). This is the zig-zag showing up in
the top part of the diagram

QOO((S”U AN @F(1)>h0(1))
FOR") «+—~— . —~ hofib bin
(ST AOF D) o))
stab. ’)E//,/” l (C 4)
O (s F0) A (5" AOFW)400))

~x lZ"
\ Q> ((S(n+1)-a A @F(l))hO(l))
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where A is defined as follows: given two copies S!* of the n-sphere for i = 0,1 (with
the trivial O(1)-action), there is an O(1)-map a : S§ V ST — S™ that sends v € SI* to
(=1)'v € S™?. Then

(anld)po(1)

SrOFW - St AOFW S ((SpV ST AOFW) 00y ——— (8" AOFW) 00

gives rise to (the zig-zag) A\ upon taking infinite loop spaces. Identifying SV as
the homotopy cofibre of the map a (really S™*1 Vv S"*1 is the cofibre of the inclusion
S — SH1)9) e see that A lifts, uniquely up to homotopy, to the weak equivalence
M. As the top zig-zag of (C.4) in place of the map “stab.” in the diagram from the
statement would make its right square commutive by construction, we must show that
the upper triangle of (C.4) is homotopy commutative. For this, it suffices to argue that
the bigger square that contains it commutes up to homotopy.

One verifies from the proofs of [Wei95, Prop. 7.2 & Thm. 7.3] and the construction
of (C.3) that the top-right composition of the square in (C.4) becomes, up to homotopy,
the top-right composition of

FO®RY 2 FY — 5 (F))00) —=0 hocohm Ok ( F“) 2 (Q(Sm AOF M)
J //O(l) hO(1)
hocghm OF( F(l) T Q®(sm AOFWM) S”" AOF( )h0(1))

o Jo - ”/

QX(SOF W) = QX(S" AOFWD) & 0% (((S" v S") AOFD)00)) -

Here Eglg = FOR) = FO)(R* @ b- o) and the decoration (!) indicates that the
equality is not (supposed to be) O(1)-equivariant. All subtriangles and squares, except
possibly the bottom right one labelled by (x), are visibly commutative. Moreover the
left-bottom composition is the composition A ostab. of the square in (C.4) by definition.

The bottom right subsquare (x) is commutative because the following is for every
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O(1)-spectrum X:

SN X 1 (S™7 A X)noq)

H(,) \ (C/\IW

STAX ( SL'J\/S{L'U) /\O(l)X — ((SSLIUVS{L'U)/\X)ho(l)

\ b/\IdTg b/\IdTg

(8§ V ST) oy X «—— ((S§ Vv ST) A X)noq)

(anId)po(1)

Here the O(1)-equivariant isomorphism b : S§'V ST — SV ST sends v € R C SI*7
to (—1)'v € R C S, and ¢ : S§° V S}7 — S™ is the identity in each wedge
summand. This finishes the proof of the claim, and thus of Proposition 2.2.2. O

Convention C.1. In the body of Chapter 2, FO(V) stands for FY(V - o) =
hofib(F(V - o) — F((V @ R) - 0)) in the notation of Section C.1.2, unless we ex-
plictly say otherwise. This way (2.2.2) is O(1)-equivariant.

D Appendix: Bounded geometry

Throughout, M? denotes a smooth compact d-manifold (possibly with boundary).

D.1 Models for bounded diffeomorphisms and embeddings

Let N be a (possibly non-compact) smooth manifold and fix some smooth embedding
t: M < N. For V€ Jy, we will write Embg(M x V, N x V) for the space of smooth
embeddings of M into N that agree with ¢ xIdy on some neighbourhood of the boundary
OM x V', endowed with the Whitney weak C*>-topology. Following Definition 2.2.3,
the space of bounded embeddings of M x V into N x V relative to M x V is the
subspace of [0, 400) x Embg(M x V, N x V') given by

Emb}(M xV,N xV) := {(t,¢) € [0,400) x Embs(M x V,N x V) : ¢ is t-bounded} .

Define similarly its simplicial version Emb%(M x V, N x V), as in Definition 2.2.7. In

this section we prove

Proposition D.1. There is a zig-zag of weak equivalences of semi-simplicial group-like
monotds
Diff%(M x V), «+~— - —~— Sing, (Diff5(M x V)).
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Similarly, there is a zig-zag of weak equivalences of semi-simplicial sets
Embj(M x V,N x V), «~— - —~— Sing,(Emb}(M x V,N x V).

We will only deal with the first part of the statement, as the proof for the embedding

case is completely analogous. Let us first introduce some notation. Given a topological

col
°

space X, let Sing® (X) be the sub-simplicial set of Sing, (X)) consisting of those singular
simplices that satisfy the e-collaring condition of Section 2.2.2 for some 0 < € < 1/2.
Denote by Sing<®?(Diff5(M x V) the sub-simplicial group of SingS®(Diffy(M x V)

consisting of those j-simplices which are adjoint to a bounded map A/ x M xV — M x V.

Then, there is a zig-zag of maps of simplicial group-like monoids

DIff (M x Ve <25 Sing@(Diffo(M x 1)) «2- Singe (Diff(M x V)
j@ (D.1)
Sing, (Diff%(M x V)),

where the map (2) forgets the explicit bounding constant of a simplex. We will show

that all the maps in (D.1) are weak equivalences. We start with (3.

col
°

Lemma D.2. The inclusion i : Singg” (X) < Sing,(X) is a weak equivalence for every

topological space X .

Proof. We show that the relative homotopy groups m;(Sing,(X), Sing® (X)) vanish
for all j > 0. Indeed, a homotopy class z € ;(Sing, (X ), Sing<® (X)) corresponds,
by the Yoneda Lemma, to a singular j-simplex g : A/ — X which satisfies the -
collaring condition for all faces o C QA7 and some € > 0. Now fix some identification

AT = AT Ugpas (OAY x [0, €]), and consider the singular j-simplex
g =9U(g lo,, ©Projons) : AV = A Ugpas (DA x [0,€]) — X.

By construction g now satisfies the d-collaring conditions for all faces ¢ C A7 and some
0 < 6 < ¢, so the corresponding relative homotopy class 7 is trivial. But clearly g and
g are homotopic relative to the boundary by shrinking the added collar, and hence
x =7 = 0 in 7;(Sing, (X), Sings® (X)), as claimed. O

col
[ ]

Remark D.3. The inclusion 7 : Sing” (X) < Sing,(X) is in fact a simplicial homotopy
equivalence; a homotopy inverse is constructed by induction on the skeleta of AJ. We

will not need this though.
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Lemma D.4. The map @ : Sing® (Dift(M x V)) — SingS"*(Diffo(M x V)) of (D.1)

is a weak equivalence.

Proof. We again show that the relative homotopy groups 7;(®) vanish for all j > 0.
Such a homotopy «x class can be represented, for some ¢ > 0, by an e-collared singular
j-simplex g : AJ — Diffy(M x V'), adjoint to a map g : A x M xV — M x V bounded
by some K > 0, together with a continuous e-collared map 7 : 9A7 — [0, 00) such that
g(s) is r(s)-bounded for all s € JAI. To show that z is trivial, we need to extend r to
a continuous d-collared map R : A7 — [0, 00), for some 0 < § < ¢, such that g(s) is
R(s)-bounded for all s € A7. Fix some identification A7 = (9A7 x [0, €]) Ui ey A7
then R [gaix[o,e/2= 70 Projoas whilst R |saix[e/2, is a linear interpolation along [¢/2, €]
between r and the constant map cg : A7 x {e} — [0, 00) with value K > 0. Finally
set R to be constant of value K in the inner A/ C (9A7 x [0, €]) Upaixgey A7. Then R

is as required, and hence the relative homotopy class = € 7;(Q2) is trivial. O

Remark D.5. For CAT = Top, the map (D of (D.1) is an equality and thus, at this

point, Proposition D.1 is established in the topological case.

Proof of Proposition D.1. It remains to show that (1) is a weak equivalence, i.e., that the
relative homotopy groups 7 ((D) vanish for all £ > 0. This is clear for & = 0 by definition.

Such a homotopy class in 7, ((D) is represented by a bounded homeomorphism
7= (proja, g) - A* x M xV — AP x M x V

which is collared in the simplex direction and such that g |gak s« is smooth. Therefore
g is smooth on (a neighbourhood of) A* x M x V. We need to smooth ¢ outside of
such neighbourhood in the A*-direction and preserving boundedness. For r» € A*, we
will write g, € Diffg(M x V) for g |yxmxv.

Standard smoothing techniques [Mun66, §4] (see also [Kupl9, Prop. 6.4.2] or
[Lur09, Prop. 1]) can be used to prove the following: given nested compact subsets
LC K CA¥x M xV with L Cint K and any arbitrarily small € > 0, there exists a
homotopy H : I x A¥x M xV — M xV from g tosome map ¢’ : A¥x M xV — M xV
satisfying that:

(1) H remains fixed on A¥ x M x V —int K. In particular g and g’ agree there.

(17) ¢'issmooth on L. Moreover if g was already smooth on some (open neighbourhood
of a) closed subset OAF x M x V C F C A* x M x V, the homotopy H remains
fixed on F.
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i11) For each t € I and r € A*, the map H! = H |qpnximsmixy: M XV — M x V is
r {t}x{r}

smooth.

(iv) H' remains arbitrarily close to g for all t € I. Consequently, if ¢ is bounded
by some C' > 0, then for every (r,t) € I x A¥ the map H.: M xV — M x V
is bounded by C + ¢, and is a diffeomorphism (as diffeomorphisms of compact
manifolds are open in the space of smooth self-maps).

With this in mind, we construct a homotopy in Sing?"b(Diﬂ?a(M x V)) from the k-
simplex § = (projax, g) to some h € Diff% (M x V), (relative to A* x M x V), as follows:
without loss of generality assume V' = R". Also for v € R" and § > 0, let Cs5(v) C R”
denote the cube of side length 20 and centered at v (i.e. Cs(v) := v + [—0,d]"). Fix
an € > 0 (e.g. € =1). Then for each v € 3Z™ C R", choose a homotopy as above
starting from g with (K, L) = (C1(v), Cy/3(v)), and perform all of these at the same
time® to obtain some ¢’ : A¥ x M x V — M x V. Now apply the same process to ¢’ on
(K, L) = (Ci(v), Cy3(v)) for each v = (vy,...,v,) € Z" with v; =1 mod 3 and v; =0
mod 3 for 2 < i < n, keeping in mind that, by condition (i7) above, the homotopies
keep fixed the parts that have been smoothed in the previous step. Continue this
process in a similar fashion. After 3" steps, we will obtain a smooth (C'+3"-€)-bounded
map h : AF x M x V — M x V such that h := (proja«, h) represents the required
k-simplex of Diff%(M x V),. This means that the relative homotopy class [g] € mx((D)

is trivial, as was to be shown. O

D.2 A moduli space model for classifying spaces of bounded
diffeomorphism groups

Fix an embedding ¢ : M — R™ C R*>. Recall that the classifying space BDiffy(M)

of the diffeomorphism group of M admits a model as the moduli space of all d-manifolds

N4 C R*® with ON = dM which are diffeomorphic to M relative to the boundary. In

this section we give an analogous description of the classifying space BDiffg(]\/[ x V),

for any real finite-dimensional inner product vector space V' € Jy.

Proposition D.6. Set Emb’(M x V,R*® x V) := colim,, Emb%(M x V,R" x V), and

let Diff%(M x V') act on it by precomposition. Then there is an equivalence

BDiffy(M x V) ~ Emb2(M x V,R> x V) /Diff5(M x V).

This can be done as, by condition (i), the supports of such homotopies are disjoint by construction.
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In other words, BDiff%(M x V) is (equivalent to) the moduli space of all submanifolds
in R>® x V with boundary O0M x V which are diffeomorphic to M x V boundedly in
V' and relative to OM x V.

Proof. By Proposition D.1, we have that BDiff5(M x V) ~ B|Diff%(M x V),| ~
| BDift% (M x V),| and

Embj(M x V,R® x V) _|Emb)(M x V,R® x V),| _[Emb)(M x V,R® x V),
Dift%(M x V) B IDiffs (M x V)| h Diff%(M x V), '

As the simplicial action of Diff%(M x V), on Emb%(M x V,R> x V), is visibly free,
we only need to show that Emb%(M x V,R> x V), is weakly contractible by [GJ99,
Cor. 2.6]. To that end, let

© = (Projar, Pn, ov) : AF x M x V s A¥ x R" x V, n >m,

represent some homotopy class in 7 (Emb3 (M x V,R*® x V),) for some k > 0. We
will show that [¢] = [[das % ¢ x Idy] by constructing a simplicial map H : Al —
Embg(M X V,R*® x V'), such that, under the Yoneda isomorphism, dgH = ¢ and
O1H = Idar x ¢ x Idy. The map H will be given by (a modification of) the usual
straight-line homotopy between ¢ and Idax X ¢ x Idy.

Let us fix some notation. Pick some open collar ¢ : [0,1) x OM — M of the
boundary of M. We can arrange the embedding ¢ : M — R™ to be such that

(1) v = (Idpy X @) 0 ¢ |eo,1)xanr) for some embedding 7 : M — R™ !, and
(id) (M \ e((0,1] x OM)) C [1,+00) x R™L,

From now on we will supress ¢ and ¢ from the notation, i.e., we canonically identify M
(resp. [0,1) x OM) with its image under ¢ (resp. ¢). Choose some increasing smooth
function o : [0, 1] — [0, 1] for which there exists some 0 < § with « [j95= 0, a [p—s11= 1
and 0 < a(t) < 1for 06 <t < 1—¢ (this J is required for the collaring condition right
before Definition 2.2.7). Now by the collaring condition,

there exists some 0 < € < 1 such that ¢ = Idas x ¢ x Idy on AF x [0,€) x OM x V.
(D.2)
Finally, fix some smooth function p : M — [0, 1] such that

P loe/2xom=0 and  p [anj0,0xom= 1.
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Then for t € [0, 1], consider the map

H AP xMxV —AFxR"xR" xRV x vV c AF x R® x V,

at) -z + (1= a(t)) - eulr,z,v)
(r,,v) — plr)a(t)(l —aft) - = (D.3)

p(x)a(t)(l —a(t)) v
alt) - v+ (1 —alt)) - ev(t,z,v)

Here z € M ¢ R™ C R” and R!V! is a Euclidean space of the same dimension as V,

treated as a copy of V.

Claim. Let C' > 0 be the bound of @ on the V-coordinate. Then the map H; is
a C-bounded embedding for t € [0,1]. Moreover, H; agrees with Idar x ¢ x Idy on
AF x [0,¢/2] x OM x V.

Proof of Claim. Indeed H; is bounded by C' > 0 (in the V-coordinate) as

[(a(t) v+ (1= at) - ev(t,z,v) = vl = (1 —a@)) - [lev(t,z,v) — vl
<(l—at)-C<C.

To see that H; is an embedding, suppose that H;(r,z,v) = Hy(r',2’,v"). Clearly then
r = r’ by the first coordinate in (D.3). Note that H; = ¢ if t < 6 and H; = Idar X xIdy
ift > 1—4. As both are embeddings, we may assume that § <t < 1 — § so that
a(t)(1 — «a(t)) # 0. To show that x = 2’ we consider three cases:

o If x,2' €[0,€¢] x OM, then by (D.2), the equation on the second coordinate of
(D.3) yields = = «'.

o If w,2" ¢ [0,€¢] x OM, then p(z) = p(z') = 1 and thus the third coordinate

equation yields x = 2’

o If z € [0,¢] x OM but 2’ ¢ [0,¢] x OM, then the third coordinate equation
becomes p(z) -z = 2/ € R™. On the first coordinate of [0,4+00) x R"! C R",
this implies, by items (i) and (i7) above, that p(z) > 1 which is a contradiction.

In all cases x = 2’. Then the equation on the fourth coordinate of (D.3) implies that
v = ', as required.

Finally, the last part of the claim again follows from (D.2) and the nature of p. [
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The family of C-bounded embeddings { H¢}:c(0,1) gives rise to the required simplicial
map H. This finishes the proof of the proposition. O
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Chapter 3

On the homotopy type of spaces of

long knots

This chapter is devoted to Theorem D. Its proof requires a detailed analysis of the
involution featuring in Theorem C, which occupies a substantial part of the chapter.
The main results in this direction are Theorem 3.1.13 and Corollary 3.1.17. We then
establish Theorem D and deduce some consequences for the homotopy groups of spaces
of long knots (cf. Propositions 3.2.5 and 3.2.7).

3.1 Involutions in algebraic K-theory

The aim of this section is to explore the involutions of the Cs-spectra involved
in the statements of Theorems 2.1.1 and C, and to express them in terms of simpler
and more computable involutions coming from algebraic K-theory—the main result
in this direction is Theorem 3.1.13, which is further simplified by Proposition 3.1.22
in the case of a suspension. This will then be used in Section 3.2 to study the case
(M, P) = (D% DP). As we will shortly see in Section 3.1.1, it will be significantly
helpful to invert the prime 2 in the analysis of these involutions. Let us now introduce

the notation that will be relevant in this section.

Notation 3.1.1. (i) For M a compact (smooth) manifold and v : P C M a com-
pact submanifold, recall from Notation 2.2.5 the definitions of the Cy-spectra H(M),
the h-cobordism spectrum of M, and CE(P, M), the concordance embedding

spectrum of v : P — M. We refer to their involutions by Ty, for Weiss—Williams.
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(ii) Given a space X and a spherical fibration £ over X equipped with a section,
Vogell defined in [Vog85, p. 300] an involution 7¢ on* A(X) by means of Spanier—
Whitehead duality with respect to the Thom spectrum of &; we will write A(X; &) for
the corresponding Co-spectrum. When & = € :== X x S° is the trivial 0-dimensional

sphere bundle, T, is the identity on the first summand of the splitting
A(X) = 27X vV WhPT(X), (3.1.1)

and thus 7. descends to an involution on WhP™ (X)) call it 7. too. We will refer
to 1. as the canonical involution of K-theory, and sometimes write A(X) and
WhPH(X) for A(X:€) and WhP(X:€). We will recall a construction of 7. in terms
of Spanier—Whitehead duality in Section 3.1.4.

3.1.1 Homotopy involutions

A homotopy involution T on a space or infinite loop space or spectrum X is a
self-map 7 : X — X whose square 72 is homotopic to the identity Idy. In this section
we explain why, in the stable setting and once the prime 2 is inverted, an involution
carries the same amount of information as its underlying homotopy involution. This
will be very useful when comparing the Cy-spectra H(M) and X~"WhP(M; €) (see

Proposition 3.1.17). Let us fix some notation first.

Notation 3.1.2. (i) Let C denote any of Top,, 2*°-Top or Sp, and let X, X' € C be
equipped with homotopy involutions T and 7', respectively. A map f : X — X" will
be said to be homotopy Cs-equivariant, or Cy-equivariant up to homotopy, if
fr=71'f. If X and X' can be connected by a zig-zag of homotopy Cs-equivariant weak
equivalences, we will say that X and X' are homotopy Cs-equivariantly equivalent

and write
X~ X'

A Cs-equivariant equivalence will always mean a zig-zag of weak equivalences which
are Cy-equivariant.

(it) An H-group (X, ) is a group-like As-space (i.e. a homotopy associative H-space
such that mo(X) is a group with respect to p). Given H-spaces (X, p) and (X', 1), a
based map [ : X — X' will be said to be monoidal up to homotopy, or simply an

Vogell defined 7¢ on the A-theory space A(X), but this involution can be upgraded to A(X) by
specifying it on the Waldhausen category of retractive spaces over X “with £-duality” and appealing
to the definition of algebraic K-theory via the S,-construction.
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H-map, if the following diagram is homotopy commutative:

XxX 2 xrx x

| [

x —r . x.
An equivalence of H-groups will mean a zig-zag of H-maps that are additionally
weak equivalences. In practice, all H-groups we will consider are actually E,-groups
(i.e. group-like Ei-spaces), and all H-maps can be upgraded to Ei-maps even though
we will not need this.

(iti) Given a Cy-object X in an appropriate category, Xpc, stands for hocolimpe, X .

In the cases of interest to us and once the prime 2 is inverted, taking homotopy

Cs-orbits with respect to a homotopy involution turns out to make sense.

Proposition 3.1.3. Let X denote a spectrum or infinite loop space (a.k.a. connective
spectrum), and let T be a homotopy involution on X. Suppose that multiplication by

two is invertible on X, i.e. 2: X — X is an equivalence, and define

Iz 47

E(X,1):= hocolim( X 25X 25 . ),
where 1%7 really stands for the zig-zag X M7 x 2 X . Then if T is an actual

involution on X, there is a natural equivalence away from two
XhCQ 2[%] E(X, T).

Proof. Let us assume that X is a Co-spectrum (the other case is completely analogous).
We also assume that 2 is inverted. Observe now that as ¢ - % = % in Z[Cs], then the

following commutes up to homotopy

S

Xh027

where ¢ : X — X}, = hocolimpe, X is the map on colimits induced by the inclusion
of categories {*} — BC,. We thus obtain a map nx . : E(X,7) = Xpe,. The
homotopy orbits spectral sequence for X, together with the assumption that 2 is

inverted, gives a natural isomorphism 7.(Xpnc,) = Ho(Co; me(X)) = mu(X)c,. Also
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by definition, we have that m (E(X,7)) = Im(4” : m.(X) — m.(X)). Under these
identifications, the map m.(7(x ) is the natural isomorphism (away from 2) sending
an element § = 4o € ,(E(X,7)) to [8] = [a] € T.(X)c,. So n(x,r) is the desired
equivalence Xy, > E(X,T). O

Corollary 3.1.4. Let X and X' be Cy-spectra and let the prime 2 be inverted.

(i) If there is a homotopy Cs-equivariant equivalence X ~ X', then there is an
equivalence of spectra

Xh02 2[%] X}/ZCQ
(ii) If there is only a homotopy Csy-equivariant equivalence Q*°X ~ Q*X’' of H-
spaces, then we still have an equivalence of spaces

0% (Xney) > Q*(Xhe,)-

Proof. Let us only deal with (ii) (as (i) is analogous and easier). Assume without loss
of generality that the equivalence QX =~ Q>X’ of H-spaces is induced by a single
homotopy Cs-equivariant H-map g : Q°X = Q*°X’. Then, the diagram of spaces

17 17
0*°X —2— QX 25 .

Zlg Zig
147! 147/

Q°X' 2 X T

commutes up to homotopy, where 7 and 7’ are the involutions of X and X", respectively.
Since the fogetful map from infinite loop spaces to spaces preserves directed colimits,

the diagram above (upon taking horizontal colimits) induces an equivalence of spaces
E(Q>*X, 1)~ E(Q>X', 7).

The claim now follows from Proposition 3.1.3 and because the natural map
(Q°X)no, — Q%°(Xpne,) is an equivalence away from 2 (this is a consequence of

the homotopy orbits spectral sequence). O

Remark 3.1.5. The upshot of part (ii) of the previous corollary is that, given a Cy-
spectrum X that is local away from 2, the homotopy type of Q*(Xj¢,) as a space is
completely determined by the homotopy type of the space 2°°X and the homotopy
classes of the maps 7 : QX — QX and 4+ : QX x Q*X — Q> X.
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3.1 Involutions in algebraic K-theory

The following result, though unrelated to what has been discussed so far in this
section, will be useful later on. Given an [E;-space X, we will write X°P for X equipped
with the opposite E;-structure. An anti-involution T on an E;-space X is an E;-map
7: X — X° whose square equals the identity of X (noting that (X°P)°? = X). Up to

equivalence, there is a standard way of delooping such an anti-involution.

Lemma 3.1.6. Let X be an E -space. There is a natural equivalence
t: B(X?) ~ BX.

such that, for any anti-involution T on X, the composition

L

Br: BX 275 B(X°)~ BX

s an involution on BX.

Proof. For each k > 0, the map E, (k) — m(E;(k)) is an equivalence, and hence there

is a natural zig-zag of equivalences of [£;-algebras
B(ﬂ'g(El),El, X) = B(El, El, X) —— X.

But the E;-structure on the left hand side factors through the associative operad
Ass = my(E,), so for simplicity, we may assume that X is strictly associative. The

equivalence ¢ is then induced on the realisation of the nerve N,.X by the maps
XTx AT — XTx AL (21, 2q,1) — (X4q, ..., 21, Py(T)),

where @, : A? = A9 is the linear homeomorphism induced by reversing the order of the

vertices. It is easy to check that the map B indeed defines an involution on BX. [

3.1.2 From the h-cobordism spectrum to spaces of h-cobordisms

All throughout this section, assume that d = dim M > 5; this condition will not be
a problem later, as all of the results in this section will be used only once our original
manifold M has been stabilised sufficiently many times.

We now recall Vogell’s model for spaces of h-cobordisms (cf. [Vog85, p. 296]).
A partition of a manifold M? is a triple (W, F, V), where W is a codimension zero
submanifold of M x [—1,1], V is the closure of the complement of W and F¢ := WNV.

For technical reasons, we require F' to be standard near M x [—1,1], and that
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it intersects it in OM x {0}. Let H(M), denote the simplicial set a p-simplex of
which is a (locally trivial smooth) family of partitions of M parametrised by A? such
that W is an h-cobordism from M x {—1} x AP to F. Set H(M) := |H(M).| and
write H*(M) C H(M) for the connected component containing the trivial partition
« = (M x [-1,0], M x {0}, M x [0,1]). There is a canonical involution ¢ty given by

turning upside down partitions. Namely
g HM) — HM), p=W,F,V)— p":= (V" F" W),

where W*, F* and V* are respectively the images of W, F' and V under the reflection
r = Idy; x —1. For the smooth case, we will also need a small variant of this h-cobordism
space, denoted Heo (M), a point of which consists of a partition p = (W, F, V) € H(M)
together with a bicollar of I for W and V' which is standard near OM x [—1,1]. The
forgetful map Heo (M) — H(M) is a weak equivalence by the contractibility of the space
of collars. In this section we construct a homotopy Cs-equivariant (¢(d) + 1)-connected
map

alex : H(M) —s QH(M) (3.1.2)

which generalises the map B(alex) of Proposition 2.3.8. We first recall an important

construction.

3.1.2.1 The geometric Eilenberg swindle

An h-cobordism W : M %% M’ induces a unique (up to contractible choice) bounded

diffeomorphism
ESw M xR=M xR (3.1.3)

as follows: choose embeddings i, : W < M x I rel M x {0} and i, : W — M’ x I rel
M’ x{1} (these are essentially partitions for M and M’, which amount to no homotopical
information by the contractibility of the space of collars). Write V,. := M x I —i,.(W)
and Vj := M’ x I — i,(W); both of these manifolds are h-cobordisms M’ M, and in

fact they are diffeomorphic relative to both ends since

VggVZUMMXIngUMWUM/V;gM/XIUM/VrgV;« rel M' U M.
Then the Eilenberg swindle diffeomorphism ESy, is given by the composition

ESW cMxR=-- ~UM/V7«UMWUM/‘/TUM. R "'UM/VgUMWUM/VzUM' e = M/XR.
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Clearly, by construction, FSy is bounded by 1 and unique up to contractible choice.

3.1.2.2 The map (3.1.2)

Fix an embedding M4 c RY C R* and recall that BDiff3(M) admits a model as
the moduli space of manifolds embedded in R* which are abstractly diffeomorphic
to M relative to the boundary dM. Similarly BDiff%(M x R) is the moduli space of
manifolds embedded in R* x R which are abstractly diffeomorphic to M xR C R*® xR
boundedly with respect to the R-direction and relative to the boundary 0M x R (this
is proved in Appendix D.2). For the remaining of this section, we will denote by R the
bounded direction, i.e., the last coordinate in R* x R =: R* x R. There is a natural
map — x R : BDiffy(M) — BDiff5(M x R) given by sending a manifold N C R*® to
N xR C R* x R. In fact, in light of (3.1.3), this map extends to

— x R: [[ BDiffo(M’) — BDiff)(M x R), N+ N xR,
M)

where the coproduct in the domain runs over all diffeomorphism classes of manifolds
M' with boundary OM that are h-cobordant to M rel M. The map xR is the value
of the morphism 0 — R in 7, under

A X [ BDIES (M), V=0,
B:J — Top,, B(V):= { ( - M
B

V') = BDiff}(M x V), otherwise.

Clearly B is an orthogonal functor and we will write ﬁ(M ) for its first derivative,
which is canonically equivalent to H(M). The Alexander trick-like map (3.1.2) will
factor through H(M ), < Q®H(M) ~ Q*H(M).

Suppose we are given some partition p = (W, F,V) € H(M) of M x [-1,1] C
RY x R. Then W is an h-cobordism from M to F rel boundary, and so the manifold
F C RN x R € R™ gives rise to a point in BDiffy(F) C B(0); more precisely, the

image of the embedding
i,: FCMxICRYxR~RVH CR™,

is a point in BDiffs(F'), where the isomorphism RY x R = RV *! identifies R with the
last coordinate in RN*!, We now construct a point in BDiff%(M x R) by extending W
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towards infinity. Consider the embedding of I x [0, 1] into RY x R x R given by
R:Fx[0,1] =RV xR xR, (z,t)— e+ (Idgn X Q_rt2)(z — e),

where Qp : R x R =~ R x R is the rotation matrix (gﬁfg _Cf)i;}f), and e denotes the unit

length vector in R. Write 7 := R |px(1y: F' — RNF! x {1}, and consider

=) enat(E—1) e te[L2],
r(z) —eny1 +(t—1) ¢, t>2.

S Fx[l,+00) = RYFIXR, (z,t) — { r(z)
Finally consider the region D C R x R given by tuples (u,v) with
u>0, uw<2-—uv, andif0§u§1,thenu§(1_(v_1)2>)1/2'

Then we define a topological manifold a(p) C RM*! x R, depicted in Figure 3.1, by

a(p) .= M x {0} x (oo x —1JUW UR(F x [0,1]) U S(F x [1,400)) UOM x D.

=

b= AWCE v )

oM x D

]RN

a(p)

\

R(F x[0,1]) S(F x[1, +00))

Figure 3.1 Depiction of the topological manifold a(p) for p € H*(M).

Now if p is a collared partition, i.e. a point in HZ (M), one can use the collar of F

col
to smooth out the corners of the topological manifold @(p), and thus obtain a smooth
manifold a(p) C RV! x R with the same boundary as M x R, and which is boundedly
diffeomorphic to M x R relative to the boundary by a one-sided Eilenberg swindle

argument. This construction can be done simplex-wise in Heo (M )e >~ H(M),, and so
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3.1 Involutions in algebraic K-theory

up to weak equivalence gives rise to an Alexander trick-like map

alex : H(M) — H(M)g := hofib (H BDiffy(M") — BDiff}(M x R)) . (3.14)

[M']
M xR, t = —o0,
p=W,E,V)r— |i,(F), yw : [—00,00] 2t — 1 alp) —t-e, —oco<t<-+oo, |,
i,(F)xR,  t=-toc.

where we can regard the path vy as a 1-simplex in BDiff%(M x R), from M x R to
F x R. Then (3.1.2) is

(3.1.4) ==
—

alex : H(M) H(M)y — Q*H(M) ~ Q*H(M)
Proposition 3.1.7. The map (3.1.4) is indeed an equivalence. Therefore, (3.1.2) is
(¢(d) + 1)-connected.

Proof. Noting the equivalence H*(M) ~ BC(M) (cf. [Vog85, Prop. 2.1]), the map
(3.1.4) is, up to homotopy, a (non-connected) delooping of the Alexander trick-like
equivalence C'(M) ~ Q(Diff3(M x R)/Diff(M)) of [WW8S, Prop. 1.10], and therefore
it is an equivalence on basepoint components.

Given a diffeomorphism class [M’] of manifolds h-cobordant to M (rel boundary),
denote by H(M, M’) the collection of path components in H (M) consisting of (collared)
partitions p = (W, F, V) with F' € [M']. A choice of basepoint py = (W, Fy, Vo) €
H(M, M"), abicollar ¢ : Fyx [—¢, €] — M x [—1,1] and a diffeomorphism ¢, : M’ = F,
gives rise to an equivalence H(M', M') = H(M, M') which sends a partition p' =
(W', F'", V') of M" x [—1,1] to the partition of M x [—1,1] whose F-part is the image
of F’ under

M x [~1,1] 225 Fy x [—e, 6] <5 M x [-1,1].

By the s-cobordism theorem, a homotopy inverse H(M, M') = H(M', M") is given by
the same kind of map for a choice of basepoint py = (W{, F{,Vy) € H(M', M') such
that ¢o(W}) is an h-cobordism starting at Fy with the same torsion as Vj (the inverse
of Wp).

Observe also that the choices (pg,co) and ¢y above give a preferred path in
BDiff%(M x R) = BDiff(M’ x R) from M xR to M’ x R; namely, it is the composition
of yw,, as defined in (3.1.4), with the mapping cylinder of ¢y x Idg. These preferred

paths give rise to the “change of basepoint” equivalences in the right column of the
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homotopy commutative diagram

(3.1.4)

H(M) hofibyyyz (LI BDiffs(M') — BDiffs(M x R))
H g
[ H (M, M) ITarm hofibyr . (BDiffa(M’) — BDffj(M’ x R))
2 |
, , H[M,] alex ,
s H(M', M) [ H(M)o,

where alex : H(M', M') — H(M')y € H(M')g is the restriction to H(M', M') ¢ H(M')
of the map (3.1.4) for M = M’. Moreover if d > 5, this map is an isomorphism in 7

(in fact it is an equivalence by the argument above); indeed, the inverse
mo (Diff} (M’ x R)/Diffo(M')) — mo(H(M', M")) € Wh(M)

sends the coset [¢] of some bounded diffeomorphism ¢ € Diff% (M’ x R) (say bounded
by 1/2 for simplicity) to a partition of M’ x [—1, 1] whose W-part is the h-cobordism
obtained as the region in M’ x R between M’ x {0} and ¢(M’ x {1}) (cf. [WW8S, Cor.
5.4]). It follows that the lower horizontal map, and hence (3.1.4), is an isomorphism in
7. This proves the first claim.

The second claim is a consequence of the fact that H(M)y < Q®H(M) is (¢(d)+1)-
connected: indeed this map is ¢(d)-connected upon looping once by [WW88, Lem.
1.12], and is an isomorphism in 7y by the analysis above and [WW88, Prop. 1.8 & Cor.
5.3]. O

Proposition 3.1.8. The map (3.1.4) is Cy-equivariant up to homotopy. Therefore, so
is (3.1.2).

Proof. We will give an argument only in the topological setting; in the smooth setting
one works with Hey (M) instead to smooth out corners, and uses smooth approximations
of the continuous functions that will appear in proof below. We will however state the
argument in the smooth setting to simplify notation. We will also assume at any point
in the argument where it is necessary that a partition (W, F', V') is equipped with some
bicollar of F'in W and V. We adopt the convention that 00 + r = o0 for any real
number r € R.

The Weiss-Williams involution on H(M Jo is induced by the identity on
[;a BDiffg(M') and the involution U + U* = (Idg~ % (=1)g)(U) on BDiff}(M x R).
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Then for p = (W, F,V) € H*(M),
Tww o alex(W, F, V') = (i,(F), ), alex o vy (W, F, V) = (i« (F™), yv+),

where 7y, (t) := (yw (t))*. We have depicted the paths ~;, and vy« in Figure 3.2. We
need to find a path n : [~1,1] — BDiff5(M) from 7;(F*) to i,(F') and a homotopy
{Hs(—)}-1<s<1 from yy+«(—) to 75 (—) such that Hy(—o0) = M x R and Hy(+00) =
n(s) x R for all s € [—1,1].

Figure 3.2 Paths 7}, and 4y~ in BDiff%(M x R). The arrow indicates the direction of
the path as time increases.

For 1, we use the last two coordinates in RV*2 to do a half rotation of that plane.
More explictly, 7(s) := (Idgy X Qr.(s+1)/2)(i,(F)) where Qg : R* = R? is as before.

View R* as R* x {0} C R® x R and write N := Use_117(s) + s - e. For
X CR* xR, write X |4 for X N (R* x [a,b]). Then consider the compact manifold

Uy = (@(p") 10 =3+ ) UN U ((@(p) |-12)" +3¢)

depicted in Figure 3.3. Using the contractibility of Emby(F™ x [=3, 3], R x [=3, 3]),
we obtain a path from U, \ (V* U W) (the green part in Figure 3.3) to a scaled (in the
R-direction) version of the bicollar of F* in W* and V*. Rescaling this bicollar back
to normal whilst dragging V* and W* in the process, we obtain a path ¢ from U, to

M x [-4,4] = M x [-4,-1JUV*UW*U M x [1,4] in the moduli space of manifolds

inside RY*2 x [—4, 4] which are diffeomorphic to M x [—4, 4] relative to its boundary

M x {—4} UOM x [-4,4] UM x {4}.
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|=

A(p*) -3¢ N @)-12)* +3-¢

Figure 3.3 Depiction of the manifold U,. Proceed with caution: the part of the picture
corresponding to N takes place in an extra dimension that we are unable to depict
accurately.

We now describe the homotopy {Hs(—)}_1<s<i. Fix some homeomorphism [ :
[—1,1] = [~00, +00], and assume that the path ¢ from M x [—4,4] to U, just described
is parametrised by [—o00, +-00]. Then H,(—) is the concatenation of two paths H(Y(—)
and H® () in BDiff3(M x R): the path H()(—) performs ¢ (—) on M x [—4,4] +
I(s)-e € M xR (if s = 1, HV(~) is constant on M x R). The path H{®(—)
starts at H{" (+00), and sends HY(+o0) |-
RN+2 x 400, respectively, extending by H(Y

s

so(s)+s] aNd HD (400) [j(s)45+00) toWards
(+00) |i(s)+s times an interval of diverging
length. The resulting paths Hii(—) = H) (=) - H(~) are reparametrisations of
v+ and Y+ (the reparametrisations only depend on our choice of homeomorphism
[:[—1,1] = [—o0,+0o0] and the parametrisation of the path ¢). Thus n and H give

rise to the required homotopy myw o alex ~ alex o 1g. O

Corollary 3.1.9. The Weiss-Williams involution on wi(H(M)) = my(H(M)) =

Wh(m, M) corresponds to the rule k — (—1)4"'%, where (—) is Milnor’s involution

[Mil66] on Wh(my(M)) (see Warning 3.1.21).

Proof. The isomorphism my(H (M)) = Wh(m M) sends the class [p] of a partition
p = (W, F,V) to the Whitehead torsion 7(W, M) of W with respect to M. The claim
follows from Proposition 3.1.8, the duality formula of [Mil66, §10] and the fact that
7(V, F) is roughly —7(W, M) (cf. [Mil66, Lem. 7.8]). O

Recall that H*(M) ~ BC(M). Now if P C M is a codimension zero embedding and
p < d — 3 (in the notation of Theorem C), then CEmb(P, M) ~ hofib(H*(M — P) —
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H*(M)) by the isotopy extension sequence (2.3.3), and therefore CEmb(P, M) inherits
an involution ¢y up to weak equivalence. The map (3.1.4) is functorial with respect to

codimension zero embeddings, so the following diagram is commutative:

H*(M — P) -2 H(M — P)y —— Q=(H(M — P))

| | | (3.1.5)

Hs (M) —3=_ H(M)y —— Q®°(H(M)).

Corollary 3.1.10. If dim P = d, the vertical homotopy fibre of the horizontal compo-

sitions in (3.1.5) gives a map
alex : CEmb(P, M) — Q> (CE(P, M))

which is ¢cpmb(d, p)-connected and Cy-equivariant up to homotopy.

Proof. The connectivity of this map is the content of Proposition 2.3.11. It is homotopy
Cy-equivariant since both alex : H(M) — Q*(H(M)) and alex : HM — P) —
Q*(H(M — P)) are by Proposition 3.1.8. O

Warning 3.1.11. There is a canonical involution ¢ in the concordance space C'(M)
given by turning upside down a concordance and precomposing by the inverse of the top
diffeomorphism (see e.g. [Vog85, p. 296]). The restriction map C (M) — CEmb(P, M)
is not Cs-equivariant with respect to (¢ and ¢y—rather, it is anti-equivariant. This may
seem to contradict [Vog85, Prop. 2.2], but what Vogell really proves there is that there
is a homotopy Ch-equivariant equivalence C'(M) ~ Q°H (M) := Map,(S?, H(M)),
where we recall S stands for the representation sphere of the 1-dimensional sign
representation ¢. This is due to an extra flip in the loop component that he introduces

at the end of the proof of the proposition.

3.1.3 From h-cobordism spaces back to A-theory

Given a spherical fibration £ over M equipped with a section, fibrewise smashing a
retractive space over M with & gives rise to a functor — - £ : A(M) — A(M) which, by
[Vog85, Prop. 2.5, makes the following diagram homotopy commutative:

A(M) —"5 A(M)

o
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where € := ¢® = M x 8% is the trivial O-dimensional sphere bundle over M. When
£ =€l = M x S is the trivial d-spherical fibration, the functor — - £ corresponds to
¥4,(=): A(M) — A(M), the d-fold fibrewise suspension over M (cf. [Vog85, p. 281]).
By the additivity theorem of [Wal85, Prop. 1.6.2] applied to the Waldhausen category
of retractive spaces over M, it follows that X4, acts (up to homotopy) as (—1)¢ on
A (M), and thus by (3.1.6)

E=MxS* = A(M;€) =~ S D A A(M;e). (3.1.7)
Vogell also introduced [Vog85, p. 299] a model for the homotopy fibre sequence
HM) —— Q.M —— A(M) := Q>*A(M) (3.1.8)

of the parametrised h-cobordism theorem of Waldhausen—Jahren-Rognes [WJR13]
(see Remark 3.1.12), and equipped each of the terms in the sequence with compatible
homotopy involutions. The one on H (M) is compatible with ¢y on H(M) C H(M).

Remark 3.1.12. Vogell’s work precedes (by more than 25 years) that of Waldhausen—
Jahren—Rognes, so let us explain how both fit together. In [Vog85, p. 299], Vogell
presents a commutative square with compatible homotopy involutions in each of the
terms, and this square is equivalent to the one considered by Waldhausen [Wal82, p. §]

in his “manifold approach” paper. This latter square is, up to equivalence, of the form

|

for some spaces Q and A, and the goal of that paper was to argue that (i) the

Q
|
— A,

square becomes homotopy cartesian upon plus-constructing the vertical right map, and
(ii) that AT ~ A(M); these are, respectively, Propositions 5.5 and 5.4 in [Wal82].
While (ii) was fully proved there, only an outline of the argument for (i) was provided,
with forward references to a preliminary version of [WJR13].

As stated at the very end of page 22 in [WJR13], the square considered by Wald-
hausen (after plus-constructing the vertical right arrow) is equivalent to the homotopy
cartesian square of [WJR13, Prop. 1.4.8], which in turn is equivalent to one giving rise
to the fibre sequence (3.1.8).

All of the above takes place in the P L-setting, but as explained in [WJR13, pp. 15—

16], these arguments also deal with the remaining categories Top and Diff.
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Going back to Vogell’s work, his homotopy involution? T on A(M) is further showed
in [Vog85, Cor. 2.10] to agree up to equivalence with the involution 7¢ when ¢ is the
d-spherical fibration associated to the once stabilised tangent bundle TM @ €' of M?.

The upshot of this discussion then is that when M9 is stably parallelisable, the

Weiss—Williams involution is compatible with (—1)%7, in the following sense.

Theorem 3.1.13. If M is stably parallelisable, then there is an equivalence away from

two
Q= (H(M)h02> ~[3] Qm((sd.(a_l)_l AWRPE (L 6))h02)'

Remark 3.1.14. Though it probably is, we do not claim the equivalence above is one of

infinite loop spaces.

We will need the a few preliminary results for the proof of Theorem 3.1.13.

Lemma 3.1.15. For each k > 0, there is a natural Cy-equivariant equivalence of

spectra
er : H(M x I*) ~ SE=D A H(M). (3.1.9)

such that the following square is homotopy commutative:
H(M x IF) — STVAH(M x 1)

2| €k 2 Soil/\ek_l

Sk ANH(M) =——= Sk AH(M).

Proof. Set ey = Idu(r). By inductively defining e, to fit in the commutative square
above, we may assume that k = 1. Recall R*® := R* @ b - o, and for any orthogonal
functor F/(—) let Cy = O(1) act on F(R®%) by the induced action. Finally let B(—) :=
BDiff%(M x (=)) and BI(—) := BDiff%(M x I x (=)). The Alexander trick-like map
of [WW88, Prop. 1.5] is a Cy-equivariant map

alex : Diffy(M x T x R*) 5 QDiff%(M x R*10)

which, upon delooping, gives rise to a Cs-equivariant equivalence on basepoint compo-
nents B(alex) : BI(R*?) ~ QB(R*"1*). Writing = for the Cy-spectrum whose n-th
space is B (RV™H1) and with stabilisation maps so; : S' A BH(RL?) — BW (RLnHL),

2Vogell refers to T as a weak involution in the sense that it is a homotopy involution when restricted
to “any compactum” (cf. [Vog85, Lem. 2.4]) or, in better words, to each stage of the colimit in [Vog85,
p. 299] modelling A(M).
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On the homotopy type of spaces of long knots

we obtain a Chy-equivariant equivalence of spectra
Blalex) : H(M x I) := ©(BI)Y = = := {BW(RY*1)},,5. (3.1.10)

But now the stabilisation map s, : S A BO(R%") — BO(RM) = =, _; induces

another Cs-equivariant equivalence of spectra
STPAH(M) S E

Composing these two equivalences gives the one in the statement. O

Vogell introduced in [Vog85, p. 298] the lower and upper stabilisation maps
¥, 2, : HIM) — H(M x I). Roughly, the former sends a partition p = (W, F, V) to
(UMW), WUp W, M x I xI\UW)), where U(W) is obtained from W by bending
W x I into a U-shape, whilst ¥, does the same to V' instead of W (see Figure 3.6 for a

pictorial representation of ;). We will only be interested in the lower stabilisation ¥,

which we will denote by X for simplicity. Here’s how it interacts with the h-cobordism

involution ¢g.

Lemma 3.1.16. Let +; stand for the “stacking in the I-direction” E-algebra structure?
in H(M x I). Then if J denotes another copy of I:

(a) tgX+1Seg ~ % : HM) — H(MxI), (b)tgX? ~ X%y : H(M) — HMxIxJ).

Proof. We defer the proof of (a) to Lemma E.1 in Appendix E as it is a bit technical.
Note that +; and ¥ : H(M x I) — H(M x I x J) are compatible in the sense that

Sp+rp)=2p+1 X, p,p€ HM x I).
Then (b) follows from
LH22 ~ LHE2 +r E(LHE +r ZLH) >~ (LHE +r ELH)E +r ZQLH >~ ZQLH.

]

Proof of Theorem 3.1.13. We may assume without loss of generality that dim M > 5,
for if not replace it by M x J?! for k > 3. The effect this has on both sides of the

3The technical assumption we imposed on a partition p = (W, F,V) € H(M x I) so that the
intersection of F with 0(M x I) x [—1,1] is standard and happens exactly at d(M x I) x {0} makes
+ 1 well-defined.
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3.1 Involutions in algebraic K-theory

equivalence in the statement is rather mild: as there is a homotopy Cs-equivariant
equivalence S? ~ 527 it follows by Lemma 3.1.15 and Corollary 3.1.4(i) that there are

equivalences of spectra

H(M X JQk)hCQ 2[%} H(M)h027
(S(d-‘r?k)'(o'—l)—l A WhDiff(M % JQk’ 6)) l_,[l} (Sd~(0—1)—1 A WhD1H<M7 6))

hCy |2 hCsy’

In the second equivalence we also use that WhDiﬁ(—) and 7, are homotopy invariants
of (—).

Let £ > 0 and let & denote the (d + k)-spherical fibration corresponding to the
stable tangent bundle T'(M x I*)@e!. If M (and hence M x I*) is stably parallelisable,
the involution (—1)¢™*7, is homotopic to 7¢ by (3.1.7), and by [Vog85, Prop. Cor. 2.10]
it agrees with 7 (and hence extends ¢). All in all, we obtain a zig-zag of homotopy
Cs-equivariant maps

QXH(M x IF) 25— H(M x I*) s e (5@ D-1 A WRPT(A] x 1))
(3.1.9) 2 12
Q> (Sk = A H(M)) Qo (SR =D=1 A WP (M)
(3.1.11)
Every space involved in (3.1.11) is an E;-group if k& > 1: both H(M x I*) and
Q°(H(M x I*)) by stacking in the first of the I*-coordinates, and the others by their

own infinite loop structures.

Claim 1. All of the maps in (3.1.11) are H-maps if k > 1.

Proof. The E;-algebra structure +; on Q®H(M x I*) is equivalent to any of the
other ones coming from its infinite loop structure. As (3.1.9) and the right vertical
equivalence are infinite loop maps, they are in particular H-maps. As for (3.1.2), it is
an E,-map since (3.1.4) : H(M x I*) — H(M x I*), is (by construction).

Non equivariantly, the map (1) is the composition (1) : H(M x I*) — H(M x I¥) ~
QT WhP (M x I*¥), where the last equivalence is the stable parametrised h-cobordism
theorem of Waldhausen—Jahren-Rognes [WJR13, Thm. 0.1]. As communicated to us
in private by Bjgrn Jahren and John Rognes, such equivalence is only stated to hold
in the category of spaces (and not of infinite loop spaces, though it should definitely
also hold there). We now explain why this equivalence is one of H-groups (which is
the general consensus, but we couldn’t find it written down anywhere): again assume
k = 1. One reduces to the PL-case as in [WJR13, pp. 15-16]. Then if X is a simplicial
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On the homotopy type of spaces of long knots

set such that | X| ~ M, the equivalence in the PL-setting is induced by a zig-zag of
equivalences of simplicial sets (cf. the left vertical column of [WJR13, Eq. (0.4)])

H(M x I)y +—— - —— sCh{X x I,

where sC"(X x I) is the category (seen as a simplicial set by taking its nerve) of acyclic
cofibrations X x I < Y together with simple maps over X x I. One can verify that
it makes sense to stack in the [-direction in each of the simplicial sets involved in
the zig-zag, and that the maps between them respect this monoidal structure. Let
po 2 SCM(X x I) x sC"(X x I) — sC"(X x I) stand for this monoidal structure, given
explicitly by po(Y, Z) := Y xx1UxxoZ. There is another monoidal structure y; induced
by the pushout along X x I, i.e. u1(Y,Z) :=Y Uxys Z. Sliding gives a homotopy

between 1o and pq: intuitively, the maps
p : SCM(XXI)xsCM(X xI) — sC(XxI), (Y.Z)— Yxyxp-—t)UxxpgZ, tE€[0,1],

constitute the homotopy. More precisely, consider the simplicial category sé’}(X )
[WJR13, Defn. 3.1.1] whose objects in simplicial degree ¢ consist of commutative

diagrams

X x A1 : Y

N A

AL

where i is an acyclic cofibration and 7 is a Serre fibration. The inclusion s€"(X) <
sC"(X) as the O-simplices is a homotopy equivalence by [WJR13, Cor. 3.5.2], where a
simplicial category is seen as a bisimplicial set by taking its nerve, and a bisimplicial
set as an ordinary simplicial set by taking its totalisation. The monoidal structures
1 make perfectly good sense in sé’}(X x 1), and one can indeed define a simplicial
homotopy between py and py in this setting resembling the idea above.

But by Proposition 3.1.1, and Theorems 3.1.7 and 3.3.1 of [Wal85] (see also [WJR13,
p. 5]), for any simplicial set T, there is a zig-zag of equivalences connecting |sC"(T)|
and QWh'"(T) := Q>+ (Wh"*(T)) which is monoidal up to homotopy with respect
to pp in the domain and the loop structure on the looped Whitehead space. It hence
follows that (1) is indeed a zig-zag of H-maps. O
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3.1 Involutions in algebraic K-theory

Claim 2. For each k > 1, the diagram

QOO(S%‘(U_U A H(M)) H(M X IQk) QOO(S(d+2k)‘(‘7_1)—1 A WhDiff<M)>

Q 12 Q
Qo (S@H2 =D AH(M)) +— H(M x I*+2) — Q°(S§(@d+2k+2)(0=)—1 A WhPH()7))
(3.1.12)
is homotopy commutative, where the rows are the zig-zags (3.1.11) and the vertical

external maps are induced by the homotopy Ca-equivariant equivalence S° ~ S*(=1)

Proof. The right hand square is clearly commutative, for both right horizontal maps
factor through H(M). For the commutativity of the left one, by Lemma 3.1.15, it

suffices to argue that the square

H(M x I%) 2 eof(M x [2F)
lz e | (3.1.13)
H(M x [Py 2, oo )] x [2k+1)

homotopy commutes (non-equivariantly®). Recall that the map e;, non-equivariantly,

is induced by the zig-zags
H(M x I?%), —=— QH(M x I%*),,; <3 H(M x [+,

where sV is the (adjoint to the) structure map of H(M x I%). Since (3.1.13) is a
diagram of E;-groups by stacking in the first of the I**-coordinates, it suffices to

provide a homotopy for the diagram

(3.1.4)

HS(M x I?F) H(M x %),

B |+

H (M x 12041y P20 g 260y 29, QE (M x 12%),.

As in Remark 2.3.9, such homotopy is obtained by delooping (with respect to stacking
in the second of the I**-coordinates) the diagram (2.3.5) of Proposition 2.3.8. O

Clearly ¥% is an H-map and also homotopy Chy-equivariant (with respect to tgr)
by Lemma 3.1.16(b). Therefore by Claim 1, all of the maps involved in (3.1.12) are

4Homotopy Ch-equivariant maps that are homotopic (as ordinary maps) induce the same arrow in
the homotopy category of Cs-spaces.
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H-maps and homotopy Cs-equivariant. Taking the homotopy colimit as k£ — oo, we

obtain a homotopy Cs-equivariant zig-zag

Q*H(M) «=— hocolim H(M x I**) —=— Qoo (S¢e=D-1 A WhPT (A1)

(3.1.14)
of H-maps. The connectivity of, say, the upper horizontal maps in (3.1.12) is ¢(d+2k) 2
(d + 2k)/3 by Igusa’s theorem and, as this lower bound increases linearly with k&, the
horizontal maps in (3.1.14) are indeed equivalences. The equivalence in the statement
now follows by Corollary 3.1.4(ii) applied to (3.1.14), and because taking homotopy
Cy-orbits commutes up to equivalence with Q°°(—) if 2 is inverted (as in Corollary
3.1.4). The proof of Theorem 3.1.13 is now complete. O

Corollary 3.1.17. If M? is stably parallelisable and P C M? is a codimension zero
submanifold with p < d—3 (in the notation of Theorem C), then there is an equivalence

away from two

0 (CE(P M) oy (50072 AW (a1 01— P20,

where WhP (M, M — P;€) stands for the homotopy cofibre of WhP™ (M — P;e) —
Wh (M e).

Proof. Note that M — P is stably parallelisable because M is. The zig-zag (3.1.14)
is functorial with respect to codimension zero embeddings of stably parallelisable
manifolds, and hence taking homotopy fibres in the map from (3.1.14) with M replaced
by M — P to (3.1.14) itself, we obtain another homotopy Chy-equivariant zig-zag of

equivalences
Q*CE(P, M) & hocolim CEmb(P x I*, M x I**) 5 (5402 A WhP* (M, M — P)).

The same line of reasoning as before yields the desired result. m

3.1.4 The canonical involution in algebraic K-theory

We now define the canonical involution 7. on A(X), for X based, and relate it to an
involution in the model of A-theory via “spaces of matrices with values in the ring up
to homotopy” Q. QX [Wal85, §2.2]. Throughout, let G := GX denote the topological
monoid of Moore loops on X, and write S|G] for the E;-ring spectrum S A G
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3.1 Involutions in algebraic K-theory

We will work over the oo-category Modgjg of right S[G]-module spectra; we will
also write gjgMod for the oo-category of left S[G]-modules. Then for m > 1, if
Auts(@™S[G]) denotes the homotopy invertible components of the mapping space
Modsig) (@"S[G], ®"S[G]), Waldhausen showed in [Wal85, Thm. 2.2.1] that for X

connected, there is a natural equivalence
A(X)~7 x hocrglim BAutg(@™S[G])". (3.1.15)

In order to define 7, we will introduce compatible anti-involutions on Auts(®™S[G])
defined in terms of Spanier—Whitehead duality. As S[G] is not commutative, this
duality really arises as an instance of a duality in the symmetric closed bicategory
Bimods of bimodule spectra, in the sense of May-Sigurdsson [MS06, §16.4]. This
duality coincides with the one considered by Vogell in [Vog85, §1].

Remark 3.1.18. We can safely import the duality theory of May—Sigurdsson [MS06]:
even though it is developed only 2-categorically, and Bimods (a.k.a. the Morita category
of the sphere spectrum, cf. [Haul7]) is an (oo, 2)-category, the arguments that rely on

duality only involve the homotopy 2-category Hoy(Bimods), which is symmetric closed
in the sense of [MS06, Defn. 16.2.1 & 16.3.1].

First observe that a right S[G]-module M can always be regarded as a left S[G]-
module by
Id s ®inv

S[Gl @ M 5 M @ S[G] M8 M @ S[GP] = M @ S[G] < M,

where “inv” stands for inversion in the monoid G—write M, for this left S[G]|-module.

Here ® = ®g stands for the usual smash product of spectra. Note also that
sigiMod(M;, My) ~ Modg(q (M, M)
as Ej-algebras. If v : S — S[G], denotes the unit, consider the map of spectra
+ S = S[G] 8568 = S[G] @51 S[Ce
and the map of (S[G], S[G])-bimodules

I, : S|G), ® S|G] 22 S[G] ® S[G] —2 S[a).
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Then (1, [;) make (S[G],S[G]¢) a dual pair [MS06, Defn. 16.4.1]. More generally, the
map of spectra

@m dijm
_

T S @71 S[G] ®siq) S[G)e = @, S[G] ®si6) (DT, SIG)),

together with the map of (S[G], S|G])-bimodules

I+ (@1, SIG), ® D7, SIG) = @7, S[Ge 9 516 — ", (6,

ij=1
exhibit (&™S[G]), as a right dual to @™S[G]. Therefore as in [MS06, Prop. 16.4.9],
I, induces an equivalence of left S[G]-modules I, : (™S[G]); ~ D,(&™S[G]) :=
Homg;(©™S[G],S[G]), where the right hand side stands for the right S[G]-linear
mapping spectrum.

With (3.1.15) and Lemma 3.1.6 in mind, the involution 7. on A(X};¢) is then induced
by the map of [£;-algebras

I

Autg(8™S[G)) —2— GAut(D.(™S[G))® £ cAut((E™S[G]),)°P ~ Auta(&™S[G))°P,
(3.1.16)
where f# stands for conjugation with the equivalence I,,. It will be convenient to think
of (3.1.16) in the following way: let GL,,(Q+G) denote the union of path components

in (Q+G)™™ in the image of Autg(@™S[G]) under the natural equivalence

U : Modg[g](@mS[G], @™S[G)) SAACY Modg[g](@mS[G], HS[G])
~ Sp(S, S[G])™™ ~ (Q+G)™ ™,

where Sp ~ Mods stands for the oo-category of spectra. So u : Autg(®™S[G]) ~
GL,,(Q+G) and, just as in standard linear algebra, under this equivalence the anti-
involution (3.1.16) corresponds to the rule that sends a matrix A to its conjugate

transpose AT (conjugate with respect to inversion of G in S[G]). More precisely:

Proposition 3.1.19. Write Endg(©™S[G]) := Modgg(©™S[G], ®S[G]) with the
action of the cyclic group C,, by conjugation with the permutation automorphisms
of ®"S[G]. Let C,, act similarly on (Q+G)™*™ by conjugation. Then the following
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3.1 Involutions in algebraic K-theory

square is commutative in the homotopy category of C,,-spaces:

Ende(@mS[G]) %% Endg(emS[q))

{u {u (3.1.17)

(QG)™m — L (Q aymem,

Remark 3.1.20. Passing to the homotopy invertible components in (3.1.17), we obtain

the following commutative square in the homotopy category of C,,-spaces

(3.1.16)

Autg(®™S[G]) % Autg(@™S[G))

| e

GLn(Q+G) — 5 GL.(Q.G).

We have suppressed the (—)°" in the codomain of the map (3.1.16) in the previous
squares to emphasise that such squares take place in the homotopy category of C,,-

spaces, and not that of E;-spaces.

Proof of Proposition 3.1.19. First note that all the maps involved in (3.1.17) are indeed
C,-maps: the only one that is not obviously so is (3.1.16), but this follows from the
observation that I, is C,,-equivariant for the diagonal action on the domain and the

mXM yegtricts to a

trivial action on the target. Note also that the C,,-action on (QG)
cofree C),-action on each of the right C,,-cosets of the diagonal subspace, and hence
(Q+G)™ ™ = [I™ colndS" Q.G as a Cp,-space. Thus, in order to show that (3.1.17)
commutes in the homotopy category of C,,-spaces, it suffices to prove that it commutes

in the homotopy category of spaces after postcomposing it with the map

(Q.G)™m HcoIndC’"Q+G — HQ+

that records the first column of a matrix.
Now given an endomorphism h of @"S[G], the (m x m)-matrix u(h) = (h;;) €

GL,,(Q+G) has components

1ncj pr

hij : S —"— S[G] — B, SIG] —"— B, S[G] — S[C].

Slightly abusing the notation, we will write 7. to mean (3.1.16). Then we must only
check that 7.(h);; is homotopic to hj;, coherently in A (and for j = 1, though it is still

true for all j of course). Observe now that (—), : Mods|g) — sigMod is a functor over
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Sp, and hence the last equivalence in (3.1.16) happens over the automorphism space of
@"S|G] as a regular spectrum. Consequently, 7.(h);; is by definition the top horizontal

composition in the diagram of spectra

5 —— S[@), —— @, 86— @, S[6) ———— S[G
\ Zlinv ianZ
S[G] (*1) 2| Ton (*2) | Tm (*3) S[G]

1 12

Homg(S[G], S[G]) LS Homg g, (€™S[G], S[G]) = Homgg(@™S[G], S[G]) i Homg(S[G], S[G]).

On the other hand, one recognises the composite that goes through the bottom row to

be hj;. Note that the left triangle is commutative, and that the square (x2) is too by

definition of 7.(h). Moreover, (*;) and (*3) do not depend on h; we must then argue
that (%1) and (x3) are commutative up to homotopy.

For the commutativity of (x;), first observe that the left vertical composite equiv-

alence of (1) coincides up to homotopy with the equivalence of left S[G]-modules

I : S[G]y ~ Homg1(S[G], S[G]). This is because, under the usual tensor-hom adjunc-

tion, both maps represent the same element in
7o (S[G]MOd (S[G]e,mS[G}(S[G], S[GD)) = o (S[G]MOdS[G] (S[G]e ® S[G], S[G]))

by definition of ;. But now (%), with I, in place of the left vertical composite,

commutes up to homotopy as both composites represent the same element in
7o (s(61Mod (S[G], Homg; (9SG, S[G)) ) ) = mo (s¢1Modsig (S[G)r @ (@S[G]), S[G))

simply because the following diagram commutes by definition of I; and I,,:

ian®1

S[G]e ® @™ S[G] —— @™ S[G]r @ @™ S[G]

ll@prj l[m

S[G], © S[G] h S[G].

Finally the commutativity of (x3) follows by a similar reasoning using that

pr;®1

@™ S[G, ® S|G] S[G]e @ S[G]

ll@inci l[l

I

@™ S[Gl, @ @™ S|[G] ——— S|[G]
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is also commutative by definition. O]

Warning 3.1.21. The canonical involution 7, induces an involution on the Whitehead

group
Wh(X) = 7 (Wh”(X)) 2 GL(Z[m (X)]))™/(£m (X))

In the foundational paper [Mil66], Milnor also defined an involution Wh(X) > kK — &
induced by sending a matrix in GL(Z[m;(X)])*" to its conjugate transpose (conjugate
with respect to inversion in 7r1(X)). This is an actual homomorphism because of the
abelianisation present in the general linear group of Z[m (X)]. It is worth being aware
that these two involutions on Wh(X) are only the same after introducing a minus sign,
le.

T(k) = —F. (3.1.18)

This does not contradict the commutativity of (3.1.17). On the contrary, this extra
minus sign is the result of having to deloop the anti-involution (3.1.16) in the sense of

Lemma 3.1.6 in order to obtain ..

3.1.5 A-theory of a suspension

In this section we focus our attention on the homotopy type of A(X;e€) when X is
the suspension XY of a connected based space Y. By a theorem of Carlsson—Cohen—
Goodwillie-Hsiang® [CCGH87, Thm. 3], in such cases there is an equivalence of infinite
loop spaces

0: ] Qi) = QA(ZY), (3.1.19)

m>1
where A(—) := hofib(A(=) — A(x)) and C,, acts on Y™ by cyclic permutation of the
factors. In this section, we argue that (3.1.19) can be upgraded to be Cs-equivariant

up to homotopy.

Proposition 3.1.22. Let Y be a connected, based Cy-space. There is an equivalence
of spectra
0: \ S ((EDp)s A, Y'™) = A(S7Y ;)

m>1

®As pointed out in [BCCT96, p. 543], the proof in [CCGHS87] has a serious flaw around p. 71.
This issue was fixed in [BCC196, Cor. 4.15], and in particular the map 6 of (3.1.19) constructed in
[CCGHS87, §1] is still an equivalence. We are indebted to Tom Goodwillie for his help in clearing
out this matter and for carefully explaining to us another more general principle for which (3.1.19)
holds—namely, it is the observation that if F' is a functor (from based spaces to based spaces, say)
whose m-th derivative spectrum is of the form X — X ,fg? for every m > 1, then its Taylor tower
must split globally. This is indeed the case for the functor F'(—) := Qo Ao X(—).
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that is Co-equivariant up to homotopy, and whose underlying (non-equivariant) equiva-
lence induces (3.1.19). Here X°Y := S AY and D,, C %, acts on Y™ by

G- WA AYm) =9 Yy N NG Ygm), 9E Dy, Y €Y,

where Y is now seen as a based D,,-space (on which C,, acts trivially). Finally
Cy = Dy, /Cyy acts on (EDy)+ Ne,, Y™ by its residual diagonal action.

Remark 3.1.23. The Cy-space 7Y induces an involution on A(X?Y") which commutes
with the canonical involution 7. described in the previous section, by naturality of its
construction. Therefore its composite gives the involution on K(Z"Y; €) appearing in
the statement of Proposition 3.1.22. Alternatively, we can allow X in the previous
section to mean a Cy-space (e.g. 7Y, and agree that inv : G = GX — G°P there
stands for inversion in the monoid G followed by the Cs-action on X.

In practice, we will apply Proposition 3.1.22 to the case when Y = S7 A Z for
some trivial Ch-space Z, as then XY ~ S% A Z ~ S? A Z because of the homotopy
Cs-equivariant equivalence S?° ~ S?. In such case, as A(—;¢) is a homotopy functor,

Proposition 3.1.22 provides a simple description of the homotopy Cs-equivariant homo-
topy type of A(22Z;€) ~ A(X* Z;¢). This, together with Corollary 3.1.4, can then be
used to analyse the homotopy type of K(X?Z : €)ne, away from 2.

We will need the following observation for the proof of Proposition 3.1.22.

Lemma 3.1.24. Let X be a based, connected C,,-space. The equivalence
t: B((Cp, x QX)P) ~ B(C,, X QX)
of Lemma 3.1.6 coincides up to equivalence with the delooping of the inversion map
inv: (Cp, x QX)P — Cp, x QX (s°,7) = (577, 8" 7),

where 7 stands for the loop ~v with the reversed orientation.

Proof. Given a topological monoid M equipped with a C),-action, it is well-known
(see e.g. [AMO4, §II, Thm. 1.12]) that the classifying space of the semi-direct product
Cp, X M is equivalent to EC,, X¢,, BM. On the simplicial level, this equivalence is
given by

B Be(Cpy x M) — E,C,, X, BeM,

((sil, mi),. .., (s", mq)> — {(6, s, 8), (8T g, s omg, L s mq)}'
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Now, for simplicity, we may assume that Q(—) stands for the Moore loop space,
so that C,, x QX is strictly associative (a Moore loop is a pair (v, t) where t > 0 and
v :[0,t] = Y is a map with y(0) = v(¢) = *; multiplication of Moore loops is given
by concatenation of loops and addition of its lengths). Also recall that there is an
identification A? = {v = (v1,...,v,) : 0 < vy < --- <w, < 1}; under this identification,
the self-isomorphism @, : A? = A? in the proof of Lemma 3.1.6 becomes the rule that
sends a partitionv=(0<wv; <--- <y, <1tol-v:=(0<1-p, <--- <1—0v; <1).

There is a C,,-equivariant map

q
5 : BOX — X> [(717251% SR (’yq?tq)vv} — Yg Vg-1" - N1 (Ztﬂ)z>
i=1
that is an equivalence if X is connected. This map satisfies the property that

5([(717151)7 te (antq)av}) = 5 ([(’)/q,tq), ceey (’yl,tl), 1-— V}) .

With all of this in mind, one verifies that the following diagram commutes up to

homotopy

B((Cyy % QX)P) —L—s B(Cy x QX) —2— EC,, x¢, BOX
lB(inv) ZlECm XCm &
8 EC’mXCmE
B(Cy x QX) —=— EC,, X¢,, BQX EC,, x¢, X.

~

]

Proof of Proposition 3.1.22. In the notation of the previous section, we let X = XY
now, so that G = GX = Q7YY as a monoid with anti-involution (i.e. “inv” now
means inversion in the monoid G followed by the Cs-action on X = ¥7Y"). For each
m > 1, let us write 0 : GL,,(Q+G) ~ Autg(®™S[G]) for u=! (meaning u as a wrong
way equivalence); it should be thought of as given by the rule that sends a matrix
h = (hi;) € Map(S, S[G])™*™ = Mapg/(S[G], S|G])™™ to

®, (@)
oh) : @7, SIG] ———— @7, 8[G).

The map 0 of (3.1.19) is constructed in several steps in [CCGHS87, §1], each of which we

now upgrade to the homotopy Cs-equivariant setting. As these homotopy Cs-actions

will get mixed up with strict C,,-actions, it will be more convenient and clear, at least
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On the homotopy type of spaces of long knots

throughout the first few steps, to avoid speaking about “homotopy equivariance” and
rather regard a homotopy involution as what it is, i.e. a map whose square happens to

be homotopic to the identity.

Step 1. For each m > 2, consider the D,,-equivariant map of spaces

1 n—1
1 -1

O Y™™ — GLW(Q+G), (Y1, Ym) —> !

1 Ymo—1
You — 1 1

where, if D,, := (s,r | s™ = r? = rsrs = €), the notation is as follows:

o A point y € Y is identified in G with the path n(y) := (t — t Ay) € G, which is
itself identified with a point in {1} x QG C QS° x QG ~ Q. G. Then y — 1 is
the corresponding point in {0} x QG C Q,G. Here the n-th component of QS°
has been fixed a basepoint n € QS°.

o The action of D,, on (y1,...,yy) € Y™ is given by

8'(y17- e 7ym) = (ymayh‘ .. 7ym—1)7 T'(yh‘ e 7ym) = (y;kn—luy:n—Qu s 7?JI7?J:1)7

where y — y* denotes the Cs-action on Y.

o Let S, R € GL,,(Z) be the permutation matrices that send the i-th unit vector
e; to e;11 and ey, 1_; (with subindexes taken modulo m), respectively. Then D,,
acts on A € GL,,,(Q+G) by

s-A:=SAS™!, r-A:=RAR.

In other words, r acts by transposition along the “x = y”-axis together with

conjugation on G.

We also define 5171 Y - GLi(Q4+G) = (Q+G)* by sending y € Y toy € {1} x QG C
@+ G. We note that gm,l(yl, ..., Ym) is homotopy invertible by choosing a path from
each of the y;’s to the basepoint * € Y. Then for m > 1, define 6,,; as the composite

Oy - Y U0 GLL(QLG) —2 Auta(™S[G]).

By construction, 6, is a C,,-map as 8~m71 and u are. Recall that s € C,, C D,, acts
on Autg(@™S[G]) by conjugation with S € Autg(®™S[G]), which we denote by S.
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3.1 Involutions in algebraic K-theory

Step 2. Recall that the free E;-algebra on a based, connected space X is naturally

equivalent to QXX. Therefore, we can extend 0,, 1 to a C,,-equivariant [E;-map
Omo - QE(Y ™) — Autg(@™S[G)).

For any based space X, let us write o : QX — (2X)°P for inversion in QX (i.e.
reversing the loop direction). Given a Cy,-space X, we will denote X°Pcn for X with

1 which is a valid left action as

the opposite C,-action (i.e. that in which s acts by s~
C,, is abelian). If X additionally has an E;-structure, we will write X°P°Pcn for X
with both the opposite E;-structure and the opposite C,,-action. Then the square of
E;-maps
OBy ™) — 2 Aute(amS[G))
JW JR#OR (3.1.20)
oPLOPCy,

Qz(yxm)op,opcm m2 Autg(@mS[G])OP’Opcm

commutes in the homotopy category of E;-spaces with a Cy,,-action. Here r : QX (Y *"™) —
QX (Y >™)%Pem is induced by the action of r € D,, on Y™ together with the flip of

the suspension coordinate, and 7, really stands for (3.1.16). To see this, consider the

diagram
yxm Om.1 GLy(Q1G) —=2— Autg(®™S[G))
\ L":R#OT
o
ooron (Yxm)opcm — GLm(Q+G)OpCm Ryore
/ w}
n°PCm §°PCrm ~
QX (Y *m)oPe = Autg(®mS[G])Pem

(3.1.21)
of C,,-spaces. By definition, 0,9 is the E;-map induced from the top horizontal
composite in (3.1.21). Thus, in order to show that (3.1.20) homotopy commutes as
Cyn-equivariant Ei-maps, it suffices to show that the outer square of (3.1.21) commutes
in the homotopy category of C,,-spaces. But each of its subsquares/triangles commute
in this category: indeed the lower subsquare does so by definition of 6,, » (after applying
(—)°Pem), the left subtriangle and the upper subsquare too by an easy check, and the
right subsquare by Proposition 3.1.19 and the observation that Ry o u = ucm o Ry.
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On the homotopy type of spaces of long knots

Step 3. The C),-equivariant E;-map 6,, 2 gives rise to an [E;-map

Cm D<9m,2

Om.s . Cpy X QN(Y ™) 0L ) Auta(@™S[G]) —2— Autg(@™S[G]),
where p(s’, h) := S'h. Observe that u is indeed an E;-map as
p((s 1) - (59, 1)) = (s, STRSIN) = ShSI' = pu(s', W)l ).

Now from the homotopy commutativity of (3.1.20), it immediately follows that the left

subsquare in

9m,3
Oy QB(Y*m) — S0z o Autg(@™S[G]) —— 5 Auta(@7S[G))
J{Cm X (oor) lCm X (RpyoTe) lR# oTe
Cm x@if’;pc'm uoP
Crn X QXN(Y *m)oPoPe, — 22 O X Autg(@™S[G])PPom ——— Autg(P™S[G])°P

(3.1.22)
commutes in the homotopy category of E;-spaces. Here u°(s’, h) := hS?, and since
7.(S) = ST = S7! and RS = S7!R, it easily follows that the right subsquare also
commutes as E;-maps. So the outer square of (3.1.22) commutes in the homotopy
category of E;-spaces.

But given an E;-space X equipped with a C,,-action, there is an isomorphism of

E-spaces

a: Cp X XPPom =5 (O X)P, (st 1) — (', 570 ).

Under this identification, the lower horizontal composite of (3.1.22) becomes 6,5, and

hence
O % QD(Y*™) —2% 1 Aute(@™S[G))

J{ao(cmx(oor)) J{R#on (3123)
(Chp x QE(YX™))P 2, Aut (™S[G])%P
is commutative in the homotopy category of E;-spaces.

Step 4. We wish to deloop (3.1.23), viewing the vertical maps as anti-involutions of
their respective domains, and appealing to Lemma 3.1.6 to do so. But by Lemma
3.1.24, the delooping of the anti-involution a o (C,, X (o o)) is homotopic to the

delooping of the involution inv o awo (Cy, X (0 0 7)), where inv stands for inversion in
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3.1 Involutions in algebraic K-theory

the Ei-space C),, x QX(Y*™). Tt is given explictly by inv(s’,7y) := (s7, s" - 0(v)), and

hence we see that
invoao (Cp X (gor)):(s,7) — (s r-7).

We denote this map simply by inv x r. From now on we treat r as the action map
on the D,,-space ¥X7(Y*™), where o is seen as a D,,-representation on which C,, acts
trivially. Putting this together, the delooped version of (3.1.23) yields a homotopy

commutative square of spaces

B(C,, x 057 (V™)) 292 BAuta(@mS[G))
lB(invxr) J{E(R#OR)
B(0m,3)

B(C,, x QX7(Y*™)) —= BAutg(®™S|G]),

where the notation B(—) stands for delooping in the sense of Lemma 3.1.6.
To simplify the terms in this last diagram, first observe that as Y *™ is connected,

we have
B(C,, x Q¥7(Y*™)) ~ ED,, X¢,, BQX(Y*™) ~ ED,, X¢,, 2°(Y™*™).

The inversion on C,, coincides with the residual Cy = D,,/C,,-action on C,, by
conjugation, which explains why we chose to write ED,, instead of EC,,. As for the
right hand side, note that R is an inner automorphism of Auts(#™S[G]), and hence
it induces a map homotopic to the identity on the classifying space level [AMO04, §I1,
Thm. 1.9]. But delooping is functorial, so B(Ry4 o 7.) and B(r.) =: 7. are homotopic
involutions on BAutg(@™S[G]). All together, we obtain a homotopy Chy-equivariant

map

B : EDy xc, £o(v ) 209y Byt o(@mS[G])* € Z x BAuta(@™S[G)) — A(SY;e)

where the last map is the passage to the colimit as m — oo (see (3.1.15)).

Step 5. The following diagram commutes up to homotopy:

Oma: ED,,/)Cy, ~ BCy, N BAutg(@™S) —— A(x;¢)

| | |

Oma : ED,y, X¢,, X°(Y*™) —— BAutg(@™S[G]) —— A(X7Ye),

m
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where j : Cp, — Autg(@™S) is the inclusion of the permutation automorphisms. As
A(—;€) = Q®A(—;¢€), we can adjoin the Q2°°(—) to get a similar homotopy commutative
diagram of spectra. Then passing to vertical cofibres and noting that C,, acts trivially
on the suspension coordinate of X7(Y*"™), we get a homotopy Cy-equivariant map of
spectra

Oms - 2 ((EDp) s Ac,, V™) — A(S7Y5¢).

Step 6. Now by [CCGHS87, Lem. 1.4] (see also [CC87, Lem. 2.4]), the obvious
projection (ED,,)+A¢,, Y™ — (EDy,)+A¢,, Y™ has a stable section % ((EDm)Jr/\Cm
YAm> — EOO((EDm)+ A, Yxm) that is D,,/Cp,-equivariant. This observation gives

rise to a homotopy Cs-equivariant map of spectra
Omc : 27 ((EDp)y Ac, Y™) — A(S7Y5e).
Finally set @ to be

) \/mzl (Om,6)

0 : Vo1 X4 ((EDp) 4 Ac, Y Vo1 A(Z7Y;€) —— A(X7Y;e).

This map is homotopy Cs-equivariant by construction, and non-equivariantly yields
(3.1.19) after applying Q>°*7(—). This latter map is an equivalence of infinite loop
spaces by [CCGH87, Thm. 1.6], and as both the domain and codomain of 8 are
1-connective, it follows that 0 is itself an equivalence of spectra. This concludes the
proof of Proposition 3.1.22. O

Corollary 3.1.25. Let Y be a connected, based Cy-space. Denote by ﬁlDiH(—) the
homotopy fibre hoﬁb(WhDiH(—) — WhDiH(*)). Then there is an equivalence of spectra

0: \/ 5 ((EDwm)s Ac, Y'™) =5 WhPH(57Y )

m>2
that is Cy-equivariant up to homotopy.

Proof. 1t is clear from the construction that the map
SX(S7Y) = 5% (EDy) 4 A, YY) 25 A(S7Y )

is the (reduced version of the) usual inclusion of the stable homotopy into A-theory.
Thus its cofibre is WhP™(27Y; ¢), and the claim follows immediately. O
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3.2 The homotopy type of spaces of long knots

Remark 3.1.26. As the reader may have noticed by now, the last two sections are a tiny
bit technical, and one may wonder if there could be alternative approaches to deal with
them. Such an approach that may come to mind is to use trace methods to analyse
A(X7Y;€), since it coincides (non-equivariantly) with the reduced TC' of S[QXY] (as
Y is connected). In fact, recent developments have been made towards a (genuine) Cs-
equivariant version of topological cyclic homology for ring spectra with anti-involutions,
commonly known as real topological cyclic homology (cf. [Hp16, HM16, DMP21]). This

approach has two caveats:

o A real cyclotomic trace map does not yet exist (at the time of writing). The
construction of such a map was supposed to appear in [HM16], but it never
saw the light in the end. This is, nevertheless, current work in progress by
Harpaz—Nikolaus-Shah [HNS21, p. 24].

o Even though much is known about the p-complete homotopy type of the T'C' of
spherical group rings (cf. [BCC196] or [NS18, §4.3]), the analysis of its integral

homotopy type does not seem to be present in the literature.

For these two reasons, we preferred to proceed as we have.

3.2 The homotopy type of spaces of long knots

This section is devoted to Theorem D, which describes the homotopy type of
Emby(DP, D?) for p < d — 3 and d > 5, localised at odd primes and up to the
concordance embedding stable range ¢cgmn(d, p). After its proof, which will not take too
much effort given the results in the preceeding sections, we will draw some conclusions
on the homotopy groups of spaces of long knots. For convenience let us recall the
statement of Theorem D. Recall that 1), stands for the real m-dimensional permutation
representation of the dihedral group D,, and o for the sign representation, regarded as
a D,,-representation by restricting along the determinant D,, < O(2) & {+1} = (.

Theorem (Theorem D). For p < d — 3 and d > 5, consider the virtual D,,-
representations
pm=(d+1)(oc—1)+ U, ®(d—p—3+o0).

Then the homotopy fibre sequence (3.2.1), upon localising away from 2 and taking
(¢cEmb(d, p) — 1)-th Postnikov sections, takes the form

[s2 2°(Sf5,.) —— Emby(D?, DY) —— Q¥ hofib (G(d — p)/O(d — p) — G/O).
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On the homotopy type of spaces of long knots

The resulting sequence is split if p > 2, and splits after being looped once if p = 1.

Recall from Remark 2.1.5(ii) what we mean by localising the spaces Embg(DP, D9)
and Embgy(DP, D?).

3.2.1 Proof of Theorem D

Recall from (2.1.4) that Emb$” (P, M) denotes hofib, (Emby (P, M) — Emby(P, M))

when ¢ is clear from the context. We saw in Corollary 2.4.3 that the fibration sequence
Emb{” (DP, DY) —— Emby(D?, DY) —— Emby(D?, DY), (3.2.1)

upon localising at odd primes and taking (¢cgmp(d, p) — 1)-th Postnikov sections, is
split for 2 < p < d — 3, and splits for p = 1 after looping once. So we need to describe
the exterior terms of (3.2.1) after inverting 2.

For the block embeddings, the graphing map
T : QPEmb(x, D4?) =5 Emby(D?, D" x DP) = Emb,(D?, D) (3.2.2)

of (2.4.1) is an equivalence by inspection. Then by [GKWO01, Thm. 2.2.1] and the
example right after it, when d — p > 3 and d > 5 (see Remark 3.2.1 below), it follows
that

Emby(D?, D?) ~ QP hofib(0/O(d — p) — G/G(d — p)) (3.2.3)
~ (" hofib(G(d — p)/O(d — p) — G/O),

yielding the base of (3.2.1).

Remark 3.2.1. The equivalence (3.2.3) is only valid if d —p > 3 and d > 5. As pointed
out right after [GKWO01, Thm. 2.2.1], the second condition is not that important. For
instance in the case p = 1 and d = 4, it follows directly from (3.2.2) and (3.2.3) that

QEmby (D', D*) ~ Emby(D?, D?) ~ Q2 hofib(G(3)/0(3) — G/O).

The codimension condition d — p > 3, however, is essential.

For the fibre of (3.2.1), we know by Theorem C that for N = ¢cgmn(d, p) — 1, there

is an equivalence
7oy Emb(D?, D) ~ 7.y @ (CE(D?, DY), ) -
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3.2 The homotopy type of spaces of long knots

We now use Corollaries 3.1.17 and 3.1.25 to describe the right hand side of the

equivalence above.

Proposition 3.2.2. For p,, as in Theorem D, there is an equivalence
Q> (CE(D?, DYac, ) 2~y TT 9 (Sh5,.)-
m>2

Proof. First observe that there is a homotopy Ch-equivariant equivalence S? ~ S??. So
by Corollary 3.1.25, for each n > 2 there is a homotopy Cs-equivariant equivalence of

spectra

“ﬁlDiﬁ(Sn; 6) ~ “f}JhDiff(Ecrsan%»U; E) ~ \/ Eoo+g (S;flm:l@(n—}i-a))

m>2

Using this for n =d — p — 1 > 2, we obtain a chain of equivalences

0 (CR(D?. D) =y 0 (5410071 A WO (577 1))

(Y I, ).

= T o<(spm,.).
m>2
The first equivalence follows from Corollary 3.1.17, together with the observation that
WhPH(§d-p-1) ~ $-IWhPH(pr| §9-r-1: ¢) as both 7. and WhPf(—) are homotopy
invariants of (—). The second equivalence is a consequence of the previous argument

and Corollary 3.1.4. This establishes the desired equivalence. ]

All together, this concludes the proof of Theorem D. O

Remark 3.2.3 (Topological version of Theorem D). The space Emb,*®(D?, D?) of
topological long knots is contractible (for all p < d) by the Alexander trick. We
could still be interested in the homotopy type of the space Embg;’p(Dp x D¥P D9
of thickened topological long knots with p < d — 3, and one can get a description of
it localised away from 2 and up to the concordance embedding stable range, similar
to the one in Theorem D—Ilet us explain how. As before, we have a homotopy fibre

sequence

——To
Emby ™ (DP x D47, DY) — Embi?(DP x D4» D) — Emby, (D? x D, D)
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which, upon localising at odd primes and taking (¢cgmn(d, p) — 1)-th Postnikov sections,
is split for 2 < p < d — 3, and splits for p = 1 after looping once. So we should describe
the side terms.

For the block embeddings, consider the space

- BTop
BTop(q) := holim !

BG(q) — BG

which is responsible for the classification of topological block normal bundles if ¢ > 3
——To

(cf. [RS68a, §2], [RS68b] and [Wal99, §11]). As Emb, p(Dp, D) is contractible by the

Alexander trick, it then follows that

——"To P P
Emb,, (D” x D, D%) ~ Map,(D?, Top(d — p)) = Q*Top(d — p).

As for the pseudoisotopy embeddings, the topological version of Theorem C (see

Remark 2.1.3) tells us that for N = OCEmb(dp) — 1, there is an equivalence
7oy Emby P (DP 5 DI, DY) ~ 7oy 0% (CE™ (D x D7, D%),,,),  (3.24)

where CE™P(P, M) stands for the first orthogonal derivative of the topological analogue
of F(—) (as in Corollary 3.1.17, this is a Cy-spectrum whose infinite loop space is
equivalent to that of ©"2Wh™P(M, M — P;¢)). Noting that there is fibre sequence of
Cy-spectra WhPT (M €) — Wh™ (M e) — SWhP ™ (x; €) A M, one verifies that the
infinite loop space in the right hand side of (3.2.4) fits in a fibre sequence away from 2

M (555, — 0% (CEM(D7 D, D)) — 605 (5977°2 A WP s,

In particular, it is easy to check (e.g. rationally) that the left hand side of (3.2.4) is

not contractible (at least if d is sufficiently large). This was claimed in Remark 2.3.4.

3.2.2 On the homotopy groups of spaces of long knots

We can get plenty of information about the homotopy groups of Embg(DP, D4)
from Theorem D. First observe that by Morlet’s lemma of disjunction [BLR75, Thm.
3.1] (and Proposition 2.3.3 to reduce to the codimension zero case), the pseudoisotopy
embedding space Emb((;)(Dp, D?) is at least (2(d —p—2) — 1)-connected. So by (3.2.3),
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it follows that

m.(Emby(D?, D)) 2 7, (hofib(G(d — p)/O(d — p) — G/O)), * <2(d—p—2).

(3.2.5)
Remark 3.2.4. This should be compared to work of Budney [Bud08, Prop. 3.9].
The main result there is the computation of the first non-trivial homotopy group
of Emby(DP, D?) for d — p > 3, which lies in degree 2d — 3p — 3, together with a
geometric interpretation of the generators. From our point of view, he shows that
hofib(G(d — p)/O(d — p) — G/O) is exactly (2d — 2p — 4)-connected, which follows
by work of Haefliger (see Section 3, Equation 4.11 and Corollary 6.6 of [Hae66]), and
computes maq—op—3(hofib(G(d—p)/O(d—p) — G/O)). Moreover, it is stated in [Bud08,
Prop. 3.9(1)] that the graphing map

I': 7. (QEmby(DP~, D)) — 7, (Emby(DP, D))

is surjective for * < 2d — 2p — 5. From (3.2.3) and the fact that Emb((;)(Dp, DY) is

(2d — 2p — 5)-connected, we see that it is in fact an isomorphism.

Recall that ¢ogpmn(d,p) > 2d — p — 5 by work of Goodwillie-Krannich—Kupers
[GKK23|, and so the space Emng)(Dp , D?) has interesting homotopy in degrees from
2d — 2p — 4 up to that range that we can understand by Theorem D. For any odd

prime ¢ there are isomorphisms in degrees * < ¢ogmn(d,p) — 1

m.(Emby(D”, D)) (¢) = e (hofib(G(d — p) /O(d — p) = G/O)) 0y & D 7(Shp,) @),

m>2

and if ¢ = ¢opmp(d, p), there is also an exact sequence of abelian groups
Dz T (ShD,, ) ) — T(Emby(DP, D))y — mg4p(hofib(G(d — p)/O(d — p) = G/O))),

where Ay denotes A ® Z, for A an abelian group. It remains to understand the

groups ¢ (Spp ), which are easier to study when £ is coprime to m.
Proposition 3.2.5. Let m > 2 and d —p > 3. For {12m a prime,

e if d is even and p is even, then

s Z =3,5,7,...
T (ShD,. )@ = { Te—m(d—p—2) & £(0), M = 9,

0, otherwise.
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e if d is odd and p is odd, then

s Z =2,4,0,...
EETRTES e R
" 0, otherwise.

o if d is even and p is odd, then

s Z =5,9,13,...
Wi(SZBn)(@%{ T—m(d—p-2) ® L), M =09,9,19,

0, otherwise.

e if d is odd and p is even, then

s Ty, m=3.7.11,...
T (SED )0 = { Ts—m(d—p-2) © &), ™

0, otherwise.

Remark 3.2.6 (Rational homotopy of spaces of long knots). The rational homology and
homotopy of Embg(DP, D) for d — p > 3 has been extensively studied in recent years
(see e.g. [Turl0, AT14, AT15]) through the lens of embedding calculus and its relation
to the little disks operads and their formality, finally culminating in the work of Fresse—
Turchin—Willwacher [FTW17]. There they compute the rational homotopy groups
of Embg(DP, D4) := hofib, (Emby(D?, D) — Immg(D?, D%)) as the homology of the
hairy graph complex (shifted appropriately). Observationally, our results correspond to
the 0- and 1-loop order parts of this graph complex up to degree ¢pcgm(d, p) > 2d—p—>5,
where higher loop orders are still not seen. More precisely, the O-loop part corresponds
to the rational homotopy of G/G(d — p), the lowest summand (i.e. m =1 when d — p
is even) of the 1-loop part appears as that of O/O(d — p), and the higher summands
of the 1-loop part come from the rational homotopy of the spectra S;7, for m > 2,

which we just computed. It is worth noting that:

o The first non-trivial rational homotopy group of Embg(DP, D?) coming from the
2-loop part of the hairy graph complex lies in degree 2d — p —4 when both d and p
are odd (cf. [FTW17, Eq. 3]). Therefore, the lower bound ¢cpmy(d, p) > 2d—p—>5

on the concordance stable range of Goodwillie-Krannich—Kupers is quite sharp.

o The 1-loop part of the hairy graph complex seems to be completely generated by
the spectra S;,  for m > 2 in all degrees outside of the concordance embedding

stable range. In other words, the computations in [FTW17] give evidence for the
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existence of a rational left splitting of the Weiss—Williams map

oP : Emby”(D?, DY) — [ Q=(Spp,.).

m>2

To investigate this, one should first understand the attachment of the second
orthogonal derivative ©F®) of the orthogonal functor F(U) := Emb}(DP x
U, D x U) to its Taylor tower (2.2.1). It would also be interesting to understand

the integral picture.

Proof of Proposition 3.2.5. When /¢ is coprime to 2m, we have that
T (Shb, ) ) = Ho(Dmi; m2(877)) )

by the homotopy fixed point spectral sequence, because the higher group homology of
D,, is 2m-torsion. Let t and r denote the generators of D,, with ™ = ¢ and rtr = ¢!
such that

Y (t) - R™ 3 (a1,...,am) —> (@, a1, ..., Gpe1),

Um(r) : R™ 2 (a1, ..., am) — (Qmy Q1 - - -, Q7).

Then t and 7 act on the group m(SUFTDE—DH¥m@(d=—p=3+0)) by (_1)% and (—1)°,

respectively, where

1 1
e=(m—1)(d—p-—2), er:d(—l—)1+2m(m—1)(d—p—3)+m+2m(m—1)
1

2) ®3)
1
Ed+1+m+§m(m—1)(d—p—2) mod 2.

The terms (1), (2) and (3) are the contributions coming, respectively, from the sum-
mands (d+ 1)(c — 1), ¥, ® (d — p — 3) and ¢, ® 0 of p,,. One then readily verifies
that the groups Ho(D,,; 7(SP™)) are given by the fomulae in the statement. O

A bit more interesting are the homotopy groups (S5 )@ when ¢ is odd but
divides m. We treat the case when ¢ = m = 3, which hopefully serves as a sample

computation for other cases.

Proposition 3.2.7. The first few homotopy groups 75(Syp,) ® Zs) of the spectrum
Sz?b3, localised at 3 and when d—p = 3, are given in Table 3.1. FEqually coloured groups

in this table correspond to the same case depending on whether certain differentials
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in Figure 3.4 vanish or not. Entries containing “7 7 correspond to potentially more

complicated answers that do not conveniently fit in the table.

Table 3.1 75(S}},) ® Zs) for d — p = 3 for low values of * > 3.

x [ 3 4 5 6 7 8 9 10 11 12 3|
peven || Zg 0 0 Z/9 0 0 0 Z/9 0 0 Z/3
podd || 0 Z/3 0 0 0 Z/3 0 0 Z/3 Z)9 0

[« [ 14 15 16 17 I8 19 20 21 2 23 24|

Z/3 7/3*
peven || Z/27 0 0 / / 0 ? T Z/)9 7Z/3 0
podd | Z/3 ZJ3 Z/3 0 0 0 Z/3 Z/3 0 0 Z9®Z/3

Remark 3.2.8. Since the time of writing this article, more extended computations of
the groups 73 (S}p,) ® Zs) for d — p = 3 have become available in the Master’s thesis
of Andrés Moran Lamas [Lam24]. For instance, he computes that in the “p even” case,
the groups in degrees * = 20 and 21 are both Z/3. He also provides an extended version
of Table 3.1 in [Lam24, Tables 3.3 & 3.4], computing most of the groups up to degree

x < 39. We are grateful to him for his enthusiasm in this particular computation.

To prove Proposition 3.2.7, we will need to understand the cohomology of Sj¢,, as
a module over the Steenrod algebra A3, which we recall is generated by the Steenrod

powers P* and the Bockstein operation 3.

Lemma 3.2.9. The spectrum cohomology of Sie,, is given by

H*(She, s F3) = Fa(u) @, Fala,s]/(@%), ol =1, [s[=2, |ul=3(d—p-2),
with

S Fofd—p—2\( Jj s - 0 i=0

k i i 2k i ’ )

Moreover Cy = Ds/Cs acts on H*(Sh,; Fs) by ua's’ — (—1)PTHua's?.

Proof. The key observation to carry out this calculation is that the C5-representation
13 ¢, decomposes as 1 + 6, where 6 is the 2-dimensional representation pulled back
from the standard complex U(1) = SO(2)-representation on C = R?. In particular, the

associated vector bundle of the representation v, ® (d —p — 3+ o) |¢,, is orientable;

150



3.2 The homotopy type of spaces of long knots

write v € H*(S},; F3) for the corresponding Thom class. The Fs-cohomology of BCs
is Fs[a, s]/(a?) with |a| =1, |s| = 2 and

Bla) = s, P*(als?) = (‘;) ol sTTk,

So it remains to understand the action of Az on u. Clearly f(u) = 0, as if S(u) = nua
for some n € F3, then 0 = 3?(u) = n*ua® —nus and hence n = 0. For uy the Thom class
of 0, P'(ug) = uj = ugpc1(0)? = ugs?. It then easily follows that P*(u) = (d_i_Q)uszk.

The residual D3/Cs-action on the Fz-cohomology of BC5 sends s to —s, and hence
a to —a. This action also switches the orientation of the vector bundle associated
to 6, and hence that of ¢35 = 1 + 6. So that of )3 ® o does not change then, as 13
is odd-dimensional. All in all, this means that wu is sent by the Cy-action to (—1)u
with e = (d+ 1) + (d — p — 3) = p mod 2, where the first term is the contribution of

S@+(e=1)  This establishes the claim. O

Proof of Proposition 3.2.7. Consider the As-submodules of H*(Sy¢,, ;F3) given by
Jo:=(ua's’ :i+j=0 mod 2), Jii=(ua's’ ii+j=1 mod 2).

Then H*(S}z,:Fs) = Jo ® Ji as As-modules, and J,, where p here is taken mod 2, is
the (+1)-eigenspace of the residual Cy = D3/Cs-action. Therefore H*(S)},; Fs) = J,
as an As-module, and the Adams spectral sequence of .J,, then converges to the stable
homotopy of S5, = ()¢, )nc,. The software [CCBFY22] computes the Es-page of this
spectral sequence, from which we determine some of the first homotopy groups of S77%,. .
We illustrate the case d — p = 3 in Figure 3.4.

Apart from standard arguments exploiting the Leibniz rule and multiplicative
structures of the differentials in Figure 3.4, we can appeal to some more refined tricks
that allow us to solve the first few possible non-zero differentials in the case when
p is even. Denote by 0 the Ds-representation pulled back from the standard 0(2)-
representation on R2. Observe that § |c,= 6 in the notation of Lemma 3.2.9. Write
S(@®0 |¢,) for the unit sphere bundle of the associated vector bundle EDg X ¢, (0®0).
As it is an S'-bundle over BCy, S(6 ® o |¢,) must itself be a K (1), and in fact it
must be homotopy equivalent to S* because ¢ : S(0 ® ¢ |¢,) — BCs does not admit
a section (its euler class is s € H*(BCj3;F3) = F|a, s]/(a?)). Moreover the homology
class represented by ¢ is the dual of «, and hence the residual Cy = D3/Cs-action on

S(0® 0 |c,) ~ S* must have degree —1. So there is an equivalence of unbased spaces
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S:LW}

°
2 o
° o /
12 16 20 24
- 5 O p even
t—s d-p=3
® p odd

Figure 3.4 Ej-page of the Adams spectral sequence at the prime 3 for S;},, when
d — p = 3. Here s denotes the degree in the Adams filtration and ¢ — s is the total
degree.

S0 ® o |c,) ~ S7 which is Ch-equivariant up to homotopy. We thus get a cofibration
S~ 80 ®0|c)y —— (BCs)y — Th(f @0 |c,) ~ S ATh(¢s @0 |c,)

which is Cy-equivariant up to homotopy (see Notation 3.1.2(7)). By equipping both S
and BC3 with distinguished basepoints which are fixed under the respective involutions
and which match under ¢, we can get rid of the added basepoints and yield a homotopy

cofibre sequence of Cy-spectra
S(d—l—l)(a—l)—i—?a q S(d-i—l)(a—l)—i—a A 200303 SZSCS

Then, upon inverting 2 and taking homotopy Cs-orbits in the sequence above, we

obtain equivalences of spectra

(2T BCs) e, ~ Yt B Dy, d even (so p odd),
hocofib(gue, : S? — (S7 A X®BC3)ne,), dodd (so p even).

Note that the second equivalence in the “d even” case really only holds after inverting
2: by definition, there is an equivalence (X BC3)nc, ~ L BDs—we need to get
rid of the “+7s. Now X°BC3 ~ S @ X*°B(j3 is a (s-equivariant equivalence, and
She, = X BCy ~ S @ X°BCs; the first summand S cancels with that of X BD3 ~
S @ 3*°BDs, so a copy of ¥>°B(Cy remains, which is contractible only upon inverting 2.
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3.2 The homotopy type of spaces of long knots

Now by the Kahn—Priddy theorem [KP78] at the prime 3, the transfer-like map
Yt BDy — 7St is split surjective on homotopy groups localised at 3, and hence by
(3.2.6), the group 73(S}}5, )(s) split surjects onto m7_; ® Zs) for * > 1 when p is odd.
We will use this fact together with knowledge of 7% to determine the differentials of
the red spectral sequence in Figure 3.4. For convenience, let us reillustrate a different

portion of it in Figure 3.5.

10 12 16 20 24 28 32

3

Figure 3.5 E»-page of Adams spectral sequence at the prime 3 for S}%, when d —p =3
and p is odd. Some of the dy (dashed blue) and d3 (dotted green) differentials that
will be analysed are depicted.

The first possible non-zero differential goes from (12,0) to (11,2). Depending on

its (non-)vanishing, we must have that either

7)9, *=11,
7.)27, =12,

Z/3, =11,

b s SPB >~
or ( ) W*( hDs)(?’) { Z/Q, * = 12.

(a) m(Shp,) ) = {

Since 7§y ® Zs) = Z/3, we must rule out possibility (a) as Z/9 does not split surject
onto Z/3. In other words, the ds differential in Figure 3.4 from (12,0) to (11,2) is
non-zero and (b) holds.

The dy differential from (22,2) to (21,4) must be non-zero, and hence so will
that from (19,1) to (18,3) by the multiplicative structure. Indeed if such differential
was zero, it would follow that 73, (Spp,)3) = Z/9, which does not split surject onto
T ® Lz) = Z,/3.

The dy differential from (24, 2) to (23,4) must also be non-zero (and hence that
from (24, 3) to (23,5)) by a similar reason; indeed if it were trivial, then m5,(S}7, )(s)
would be isomorphic to Z/3 @ Z/81 or Z/3 & Z/27 (depending on whether the dj
differential from (24, 2) to (24, 5) vanishes or not), either of which do not split surject
onto sy ® Zzy = Z/3 ® Z)9.
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On the homotopy type of spaces of long knots

The arguments we just made above, together with standard ones exploiting the
Leibniz rule and the multiplicative structure of the differentials in the spectral sequence

in Figure 3.4, establish the homotopy groups appearing in Table 3.1. O]

One can keep up using the Kahn-Priddy theorem and go quite far up determining
all possible non-zero differentials when p is odd; we leave it as a fun exercise to the
eager reader. One would also hope that (3.2.6) could be used in the case when p is
even, but this approach has somehow been inconclusive for us (at least for the first

non-zero differentials that cannot be ruled out by elementary means).
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E Appendix: The h-cobordism stabilisation map

The (lower) stabilisation map ¥ : H(M) — H(M x I) of [Vog85, p. 298] is depicted
in Figure 3.6 below.

11

p=tF | Zp= € HM X I)

A

Figure 3.6 The h-cobordism (lower) stabilisation map ¥, =X : H(M) — H(M x I),
sending p = (W, F,V) to Xp := (Wy,, Fx,, Vs,). A grey shaded region of shape S
represents a manifold of the form M x S.

Recall that the h-cobordism space H(M x I) is an E;-space under stacking in
the I-direction, denoted +;. In this section we argue that > anticommutes with the

h-cobordism involution ¢y in the following sense:

Lemma E.1 (Lemma 3.1.16(a)). The map g% +; ey : HM) — H(M x I) is null-

homotopic, i.e. it is homotopic to the constant map at the trivial partition x € H(M xI).

Proof. We describe the null-homotopy in the topological setting; the smooth case is very
similar, but one has to be slightly careful with issues regarding corners (which can be
overcome by working with the collared version Ho (M X I) of the h-cobordism space). It
will be convenient to work with yet another (upgraded) version of the h-cobordism space:
let Hol(M)o denote the simplicial set in which a g-simplex consists of a pair (p, ¢) with
p:=(W,F,V) € Heq (M), and a diffecomorphism ¢ : V Upruad W = F x [—1,1] x A4
over A? which fixes pointwise (a neighbourhood of) J(F x [—1,1]) x A9. There is a
Kan fibration

lef@(M X [—1, 1]). $> Hcol(M)O L Hcol(M)u

155



On the homotopy type of spaces of long knots

where p(p,¢) := p. The inclusion j admits a (left) section up to homotopy s :
Heo(M), — Diffg(M x [—1,1])s given roughly by applying ¢! on the collar of F in
M x [-1,1] = W Ur V and then canonically identifying W Up V Uy W Up V with
M x [—1,1]. This yields an equivalence

~

(p,s): Heot(M)g — Heol(M)e x Diffg(M x [—1,1]).
But now the following diagram commutes up to homotopy:

FCOI(M).

lz fl

Heor(M)o x Diffg(M x [—1,1])s L2 H(M x I),

o i s

fa=ig X415y

where u is the map that forgets the collaring data, and all the horizontal maps (strictly)
factor through the bottom horizontal map fy := tg> +; Xtg. Therefore, in order to
show that f; is null-homotopic, it suffices to show that f; is so: indeed this would
imply that f5 is null-homotopic. But fs = f3opry, so f3 ~ f3opr; oi ~ % too. This in
turn would imply that f, is null-homotopic, as we aim to prove.

We therefore need to describe a null-homotopy of f;. We will just describe a path
(or rather, a 1-simplex) between fi(p,¢) = (tg2 +1 Xig)(p), for a fixed 0-simplex
(p=(W,F,V),¢) € Heot(M)o, and the trivial partition * € H(M X I)y—an exactly
analogous argument yields an actual simplicial null-homotopy. This path is depicted
in Figures 3.7, 3.8, 3.9 and 3.10. The green shaded regions in each picture represent
the F-part of a partion, i.e., the intersection of the two h-cobordisms making up the
partition, which is a (d + 1)-manifold embedded in M x I x [—1,1]. The partition
p=(W,F, V)€ H(M), is as depicted in Figure 3.6.

Firstly, the path between the partition Py = tg3(p) +; Xem(p) and Py is obtained
from rescaling (and slightly shifting inwards). But as W Up V is canonically® identified
with M x[—1, 1] as part of the data of p, the outer bent regions of the form (WUgp V) x I
added to P, in order to obtain P, are canonically identified with M x [—1,1] x I, and
therefore P, = Py in H(M x I). See Figure 3.7.

8Canonically in the sense that it does not depend in any other choice than the one of p.
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lHZ(P)"'IZlH(P) P Pz

Figure 3.7 Path in H(M X I) between tgX(p) + Xep(p) and Ps.

Unbending and straightening the region of the form (W Up V Uy WUR V) x [ =
M x [—1,1] x I in P,, we get the path to the partition P3 of Figure 3.8 (this step is

not strictly necessary, but convenient for depiction).

PZ p3

Figure 3.8 Path in H(M x I) between P, and P.

We now use the diffeomorphism ¢ : V Uy UW = F x [—1,1] (rel. O(F x [—1,1]))
to carry out the path depicted in the lower part of Figure 3.9 locally in the circled
sub-rectangle of P;. This yields the path of Figure 3.9 between P; and P;.

P3 P4

<
IR x
%

Figure 3.9 Path in H(M x I) between P; and P;. The green shaded region in the lower
part of the figure represents F' x [—1, 1] x I. The purple shaded region there represents
the F-part of the partition (which used to be green, but is purple momentarily).

(VUuW)xI Fx[-L1)x1

Retracting the region of the form (W Up V Uy W Up V) x I in P, onto its midpoint
(W Up V Uy WUERV) x {1/2} yields the path of Figure 3.10 between P, and Pg
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(passing through Ps). But now as WUpV Uy WURV = M x [—1, 3], the F-part of the
partition Fg is of the form M X ~, for the 1-dimensional submanifold v C [—1,1] x [
depicted in Ps. By straightening + to the submanifold {0} x I C [—1,1] x I, we finally
get the path of Figure 3.10 between Ps and the trivial partition P =« € H(M x I).

P, Ps P P; =+ € HMXI)

-V - -

Figure 3.10 Path in H(M x I) between P, and P;.

This process depends continuously on (p,#) € Heo (M) (i.e. can be set up as a
homotopy of simplicial maps Heo(M)e — H(M x I),), and therefore gives the required
null-homotopy. O]

Remark E.2. This result should be compared with [Hat78, Appendix I, Lem.] (or [BL82,
Cor. AT7]), where it is shown that the concordance stabilisation map ¥ : C(M) —
C'(M x I) anti-commutes (in the same sense of Lemma 3.1.16) with the concordance

involution ¢¢ of Warning 3.1.11.
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