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Abstract. Population-level modelling is used to address issues of data sparsity
in the survival analysis of a simulated truck fleet. Specifically, hierarchical Bayes
with mixed effects improves the predictive capability of hazard models. A set of
correlated functions is learnt over the vehicle population – in a combined model – to
approximate fleet predictors. Model uncertainty is reduced when sub-fleets of vehicles
are allowed to share correlated information. In turn, vehicle groups with incomplete
data (automatically) borrow statistical strength from data-rich groups.

Keywords: Hierarchical Bayes · Mixed Effects Model · Multi-Task Learning · Un-
certainty Quantification · Asset Management

1 Population-level models for SHM

Data sparsity issues can be significant in practical applications of Structural Health
Monitoring (SHM) – especially for systems recently in operation [17, 4]. Typically,
there is little information a priori, instead, data arrive incrementally throughout
use. This fact motivates the idea of sharing information between similar systems;
specifically, can systems with comprehensive data (or established models) support
those with incomplete information.

These concepts have led to the development of population-based SHM [3, 11,
9]. Existing work mostly investigates similarity measures between systems [11] and
develops tools for the transfer of data and/or models from source to target structures
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[13, 2, 8]. The work here extends population-level modelling [6], whereby inferences
are made from collected population/fleet data in a combined model.

The case study presented here considers survival analysis of simulated data based
on a truck fleet dataset provided by Scania. A population-level model is learnt using
hierarchical Bayes with mixed effects, providing robust predictions compared to inde-
pendent models learnt from sub-groups of vehicles. The multi-task learning approach
[14, 15] automatically shares information between correlated domains (sub-fleets of
assets).

2 Survival Analysis of truck fleets: Hazard Curves

Survival analysis is critical for evaluating the time to failure of industrial assets,
and therefore fundamental while designing a maintenance plan. It involves studying
failure occurrences in a population of assets (here trucks) over some time period.
The period must be sufficiently long, such that reliability functions can be evaluated
based on the observed failures or drop-outs [1].

This paper focuses on the log-hazard function evaluated for a large fleet of trucks.
Hazard is defined as the instantaneous rate of failure of an asset. In other words, the
hazard is the probability of a truck failing at time t, given that it has survived
until time t [1]. During survival analysis, it is calculated as the fraction of trucks
that failed in a given time interval to the number of trucks that survived until that
interval. Mathematically, hazard at time t (i.e. λ(t)) is:

λ(t) =
P (t ≤ T < t+ dt|T ≥ t)

dt
(1)

where T denotes the time of failure.

3 Hazard-curve simulations

Data are simulated to imitate log-hazard curves for a fleet of trucks owned by Scania.
The simulated points are compared to typical in-use data in Figure 1 – verified by
Scania Engineers. The data are normalised, with axis values removed throughout in
view of data sensitivity.

Colours correspond to different sub-fleets of vehicles – K groups are simulated,
where K = 4. Each sub-fleet might correspond to various categorisations: vehicle
use-type (e.g. mining, forestry, retail), component specification (e.g. turbochargers,
alternators), or some other labelling. Certain domains are more sparse than others,
therefore, a population model looks to utilise data-rich domains with more informa-
tion (green), to support sparse domains (pink, purple, and orange).
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(a) Operational log hazard data
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(b) Simulated log hazard data

Fig. 1: Log hazard curves from operational data vs. simulated curves

4 Why share information?

To motivate why sharing information over the fleet is useful, regression models are
learnt from each sub-fleet independently (no pooling). On can select linear regression
with polynomial bases (up to x3) to approximate the nonlinear response6,

yi,k = α
(k)
1 + α

(k)
2 xi,k + β

(k)
1 x2

i,k + β
(k)
2 x3

i,k (2)

where i ∈ {1, . . . , Nk} (Nk observations in each domain) and k ∈ {1, . . . ,K} (K
sub-groups in the fleet). This can be written in terms of the linear and non-linear
bases,

yi,k = α⊤
k ϕi + β

⊤
k ψi + ϵi,k (3)

= f(xi,k) + ϵi,k (4)

where ϵi,k is additive noise ϵi,k ∼ N(0, σ2
k) and,

ϕi ≜

[
1
xi

]
, ψi ≜

[
x2
i

x3
i

]
(5)

The likelihood of the output can then be defined,

yi,k ∼ N
(
f(xi,k), σ

2
k

)
(6)

(7)

6 The basis functions can be selected by formal validation in practice.
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In a Bayesian manner, priors are placed over the parameters of the model,

α
(k)
1 ∼ N(µα1

, σ2
α1
), α

(k)
2 ∼ N(µα2

, σ2
α2
) (8)

β
(k)
1 ∼ N(µβ , σ

2
β), β

(k)
2 ∼ N(µβ , σ

2
β) (9)

σ2
k ∼ IG(3, 1) (10)

And hyperpriors7,

µα1
∼ N(−0.5, 1) σ2

α1
∼ IG(3, 0.5) (11)

µα2
∼ N(1, 0.5) σ2

α2
∼ IG(3, 0.5) (12)

µβ ∼ N(0, 1) σ2
β ∼ IG(3, 0.5) (13)

Here, the prior distributions are defined such that the prior function is centred around
a linear response[10]; i.e. without training data, the expected functions have zero-
coefficients for the nonlinear ψi bases.

Figure 2a shows the graphical model for K independent regressions. The param-
eters are inferred using MCMC, via the no U-turn implementation of Hamiltonian
Monte Carlo [12] in the probabilistic programming language Stan.

Figure 3a shows the resulting domain-wise regression models (no pooling). The
independent models poorly approximate the latent hazard functions, as each infer-
ence fails to consider valuable information that can be shared between sub-groups
of assets in the fleet. Additionally, the posterior predictive p(y∗|x∗,x,y) presents
large uncertainties, especially in sparse domains – this makes sense. (Variance in the
parameter estimates is considered later.)

5 Hierarchical Bayes for multi-task learning

When inspecting the data it is clear that regressions mapping are similar between
sub-fleets. In consequence, each model might improve by learning the parameters in
a joint inference over the whole population. In machine learning, this is referred to
as multi-task learning ; in statistics, such data are usually modelled with hierarchical
Bayes [14, 5, 18, 10].

The results so far demonstrate insufficient information for robust independent
models, while the data are too dissimilar to be approximated by a single function
for the collected observations (complete pooling). Instead, using hierarchical Bayes,
a separate (but correlated) regression can be learnt in each domain in combined
inference, while the parameters are ‘encouraged’ to be similar.

7 Motivations behind the hierarchical structure will become clear at the population level
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Fig. 2: (a) K independent regression models (no pooling). (b) Multi-task learning
with hierarchical Bayes and linear mixed effects.
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Fig. 3: Posterior predictive p(y∗,k|x∗,x,y), mean and one-sigma deviation. (a) for
K independent regression models (no pooling) and (b) for multitask learning with
mixed effects.
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Considering the hazard curves, there appears to be a similar but varied underlying
linear trend for each sub-fleet,

α
(k)
1 + α

(k)
2 xi,k

By setting a shared prior over the parameters of each group k ∈ {1, . . . ,K},

α
(k)
j ∼ N(µαj , σ

2
αj
)

µαj ∼ N(m, s) σ2
αj

∼ IG(a, b)

the regression models can be correlated via common latent variables µαj (i.e. par-
ent nodes in the graphical model). In turn, sparse domains can borrow statistical
strength from data-rich domains. The variable σ2

αj
determines how much the param-

eter α
(k)
j depends on the common parents, while the s hyperparameter controls the

strength of the overall prior [14]. Crucially, to allow information sharing, µαj and

σ2
αj

must be inferred from the population data – if they are constants, each α
(k)
j will

be conditionally independent and information cannot flow between models [14].

Mixed effects

Referring to Figure 1, the nonlinear effect and measurement noise appear consistent
over the population – translated by shifts in the linear trend. One can also observe
poor performance for independent models in Figure 3a, whereby the nonlinear effects
are weakly modelled in sparse domains (i.e. purple and pink). As such, coefficients
corresponding to the nonlinear response and measurement noise can be learnt at the
population level as common (or shared) parameters. The regression model becomes,

yi,k = α
(k)
1 + α

(k)
2 xi,k + β1x

2
i,k + β2x

3
i,k + ϵi

= α⊤
k ϕi + β

⊤ψi + ϵi

Notice that β and ϵi are no longer indexed by k ∈ {1, . . . ,K}. This implies that
the size of β and ϵi remain the same while the number of the sub-fleets (K) in the
population increases (unlike αk). Intuitively, β and ϵi are termed tied parameters
[14].

Statistically speaking, the β coefficients and measurement noise ϵi are referred to
as fixed effects, since they are learnt at the population-level and shared; on the other
hand, αk are random effects, as they vary between groups. Intuitively, a model with
both fixed and random effects is considered a mixed effects model [16, 7],

yi,k = α⊤
k ϕi︸ ︷︷ ︸

random

+β⊤ψi + ϵi︸ ︷︷ ︸
fixed
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Figure 2b shows the modified graphical model for the multi-task learner with
mixed effects. The key difference is the inclusion of a second plate – this collects the
data and parameters for each sub-fleet, k ∈ {1, . . . ,K}, such that the population
model is learnt in a joint inference.

As with the independent models, the posterior distribution is inferred via gradient-
based MCMC sampling (no U-turn [12]) in the Stan programming language. The
posterior predictive functions are sampled, and the mean and deviation are shown in
Figure 3b. The predictive distribution p(y∗,k|x∗,x,y) better approximates the under-
lying functions by leveraging information between domains. In particular, information
from the (data-rich) green domain informs the (fixed) nonlinear effect – parametrised
by β.

6 Analysis of the posterior distribution

Model improvements are visualised further by reductions in the posterior variance for
each parameter. Figures 4a and 4b show the posterior distribution for the slope and
intercepts respectively: these parameters correspond to the random (linear) effect

α
(k)
1 +α

(k)
2 xi. Variance reductions are less significant in the data-rich domain (green)

and more significant in sparse domains (orange, pink, and purple). This is intuitive
since the population model allows sparse domains to borrow information via the
shared parent nodes µα and σ2

α.
On the other hand, Figure 5 shows the posterior distribution for the fixed effects

(i.e. nonlinear bases β and noise σ). Building on intuition, when the parameters are
tied their variance is reduced and the expected values shift towards the expectation
of the data-rich independent model (green).

Finally, Figure 6 is insightful, since it informs which correlations in the hierarchy
transfer or share information between groups of assets. Specifically, while Figure 6a
shows little correlation between the intercepts, Figure 6b shows increased correlation
between the slope parameters. As such, correlations between the slope parameters
appear to contribute more significantly to reductions in model uncertainty.

7 Concluding Remarks

Hierarchical Bayes with mixed effects is demonstrated as an effective method for shar-
ing information within a (simulated) fleet of trucks. Model uncertainty is reduced in
a survival analysis case study – based on hazard curves – where selected parame-
ters are inferred at the population-level, rather than vehicle subgroups. The method
builds on engineering intuition, as correlations in the hierarchy can be inspected to
determine which groups of vehicles are similar (i.e. correlated) for which effects (i.e.
model parameters). For example, concerning the rate of change of the (log) hazard,
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Fig. 4: Variance reduction in the posterior distribution of αk. Independent models
(hollow) compared to population-level modelling (shaded). (a) shows the intercepts
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1 and (b) shows the slope parameters α
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Fig. 5: Posterior distribution of the parameter estimates β
(k)
1 and σk. Comparisons

between the tied population level parameters (grey shaded) and independent models
(hollow) for each domain k ∈ {1, . . . , 4}.
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(a) (b)

Fig. 6: Conditional posterior distributions for the linear coefficients αk. Pair-wise
comparisons across the fleet – blue/orange samples from the independent/population
models respectively. (a) shows little correlation in the population model between the

intercepts α
(k)
1 , while (b) show higher correlation between slope estimates α

(k)
2 .

mining and forestry vehicles might be more correlated (with each other) than retail
vehicles.

Future work must define an objective method to categorise sub-fleets in a practical
setting. Specifically, the definition of labels that categorise observations into distinct
hazard curves is a non-trivial procedure and requires investigation.
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