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Abstract

Programming and static analysis with graded monads
Andrej Ivašković

Programmers writing purely functional code have long represented impure, side-
effecting computation using monads. Recent research in program semantics has
focussed on graded monads, a useful generalisation of monads which allow the
programmer to establish useful properties of a computation purely from their type
of a computation. They have been used to represent a variety of properties tradition-
ally inferred by frameworks such as type-and-effect systems – for example, success
of partial computation and taint checking. However, their use has been limited to
defining the formal semantics of type-and-effect systems and to embedding effect
systems into pure functional languages (such as Haskell). Graded monads have not
previously been seen as an interesting programming construct on their own. This
thesis explores the capability of graded monads to represent a variety of program
analyses in a unified fashion, as well as the extent to which programmers are able
to define their own interesting program analyses.

This thesis first defines the class of analysis-graded monads, a class of graded
monads whose intended use is to represent what is commonly thought of as ‘pro-
gram analysis’ or ‘effect system’. A contribution of this thesis is a zoo of examples
of analysis-graded monads, as well as their representation in Haskell. Analysis-
graded monads are considered from both the programming side and as a tool for
defining a denotational semantics (using category theory). The thesis considers
the matters of type inference in language with support for graded monadic types,
effectively framing program analysis as a question of type (and grade) inference. A
practical implementation comes in the form of a Haskell package (analysis-monad).

The remaining contributions of the thesis address the use of analysis-graded
monads in more sophisticated settings and large programs. Firstly, I consider
computations and associated analyses that can be seen as being parameterised by a
set of distinct components (such as individual exception names forming an analysis
similar to Java checked exceptions), and propose the concept of graded monad builders
as a way of generating such analysis given a set of such component names. Secondly,
I look at the question of combining more than one analysis, which effectively means
combining the role of several analysis-graded monads.

This research on programming with graded monads and their use in program
analysis informs conclusions about the way program analysis for effectful compu-
tation can be seen as an instance of typing.
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Part I

Preliminaries

This part of the thesis sets the stage for the main contribution of the
thesis: representing program analysis through the type system of a
language using graded monads. The aim is to acquaint the reader both
with the idea of program analysis and programming with monads and
their graded generalisation.
The introductory Chapter 1 provides the context of the thesis contri-
bution. In Chapter 2 I give the relevant mathematical and functional
programming background for discussing graded monads and program-
ming with them.

1





1Introduction

My thesis looks at the ways in which program analyses concerned with side-effect
analysis in programming languages can be represented through the type system in
pure functional languages using graded monads, as well as the language features
that can help in this endeavour.

The notion of data type is central to modern programming languages. At the
very least, the type of a term carries information about what kind or shape of data it
is – integer, string, boolean, binary tree. A static type system can be seen as placing
additional constraints on all valid programs, catching errors beyond the trivial
syntactic ones and rejecting some incorrect programs. For example, a Standard ML
programmer might write the following definition:
fun wrong x = "foo" ^ (x + 1)

and get a type error, since x + 1 is necessarily an integer, and the string concatenation
operator ‘^’ cannot have a non-string operand.

Research in type systems has long looked at the kinds of properties that can
be expressed with a suitable type system, going beyond shape and also looking at
behaviour of computations. In this thesis, I consider type systems that represent
properties associated with side-effecting computations. Such type systems are
commonly referred to as type-and-effect systems. More precisely, the focus is on
pure functional languages (such as Haskell) in which side-effects are represented
using monadic types. The goal of the thesis is to explore linguistic features and
type systems that make reasoning about computational effects convenient for the
programmer, with the aim of representing the task of program analysis as typing.

1.1 Programming with effects

A computational effect refers to any way a program affects its environment. I/O
is clearly one such example, as it makes the program interact with the operating
system or a device. Raising an exception is also an example, as upon the raise
the call stack gets unwound until a handler for the exception is reached. Reading
from and writing to a global mutable variable is also a computational effect, as their
values form the environment and affect the semantics of other parts of the program.
Computational effects in an imperative language break purity.

A persistent canard against functional programming languages is that they are
ill-suited for writing any ‘serious’ code that must use side-effects: working with
mutable variables with explicit assignments is discouraged as they may prevent
useful compiler optimisations; side-effects break the idea that a function in a pro-
gramming language corresponds to a mathematical partial function. There are two
traditional approaches functional languages use to address computational effects:

3



4 1.1 Programming with effects

adding explicit linguistic constructs for these effects (such as reference types and
exceptions) and by using monadic types with bind and return primitives. The former
approach is taken by Standard ML and OCaml, whereas the latter is the idiomatic
way of representing effects in Haskell. The former makes the languages impure
and breaks referential transparency: the body of let x = e in e' cannot use x and e

interchangeably and maintain semantic equivalence. Adding such explicit effects
into the language requires adding restrictions to parametric polymorphism in the
language in order to preserve soundness – this is usually called the value restriction
in let-expressions. By contrast, programming with monads does not require the
programmer to sacrifice these language features, but it does lead to a difference in
how they are treated at the type level. While an OCaml expression of type int might
have a side-effect that is not exposed in its type, a Haskell expression of type Int

cannot have any side-effects and an I/O side-effecting expression that eventually
returns a number instead has type IO Int.

Type-and-effect systems

In ML-like languages where effects have explicit linguistic constructs (such as assign-
ment), reasoning about computational effects is traditionally done using type-and-
effect systems. Type-and-effect (sometimes referred to as just effect systems) systems
were first introduced by Lucassen and Gifford [LG88] in the setting of reasoning
about access to mutable state. A formal treatment of a simple language’s type sys-
tem is built on the notion of a typing judgement of the form Γ ⊢ 𝑀 : 𝐴, where Γ is a
typing context, 𝑀 is a term and 𝐴 is a type, stating that an expression 𝑀 has type 𝐴

given a context Γ of variable typing. A type-and-effect system takes this idea a step
further to ML-like languages and considers judgements of the form Γ ⊢ 𝑀 : 𝐴 & 𝐹,
where 𝐹 is a representation of the computational effects of 𝑀. We say that ef-
fect systems delimit the scope of computational effects. Type-and-effect systems
have been used to reason about a wide variety of computational effects, including
region-based memory accesses [TJ94] and concurrency by message passing [NN94].

Graded monads

Both monads and type-and-effect systems delimit computational effects. It is there-
fore unsurprising that there is a link between monads and effects, first identified
by Wadler and Thiemann in their ‘Marriage of monads and effects’ paper [WT03].
They showed how type-and-effect judgements in an ML-like language with support
for mutable stores can be translated into typing judgements in a pure call-by-name
language with a monad representing stateful computation.

The work of Wadler and Thiemann exposed that the marriage of effects and
monads is an uncomfortable one. A monad does not contain any information
other than what is the potential kind of side-effect – such as which variables might
be read from or written to in a stateful computation, just that it is stateful. They
assumed a family of type constructors State𝑒 , with 𝑒 ranging over all possible effects,
as opposed to a single State monad. Furthermore, the typing rules in their CBN
language do not match the ones expected of monadic operations (bind and return).
Since then, the structure they described has been recognised as a graded monad, also
sometimes referred to as a parametric effect monad.

Informally, a graded monad 𝑇 is defined over a grading algebra (𝐸, ⊙, 1), which
is at least a monoid with binary operator ⊙ and identity 1. Then a graded monad
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𝑇 is a family of type constructors 𝑇 𝑒 in which the grade 𝑒 ∈ 𝐸 such that an expres-
sion of type 𝑇 𝑒𝐴 represents a computation with side-effects represented by 𝑇 that
eventually returns a value of type 𝐴 (if it halts), where 𝐹 corresponds to the effect
of the expression. That way a program property is represented as part of the type of
an expression.

The two fundamental operations of a graded monad are bind (or sequencing) and
return, just like with monads. A bind of two terms 𝑀 and 𝑁 of types 𝑇 𝑒𝐴 and
𝐴 → 𝑇 𝑓 𝐵 (respectively), for 𝑒 , 𝑓 ∈ 𝐸, is an expression 𝑀 ≫= 𝑁 whose type is that
is also graded monadic, but the grade of the resulting type uses the underlying
multiplication operator ⊙ of 𝐴 – hence the resulting type is 𝑇 𝑒⊙ 𝑓 𝐵 and the grade
represents the outcome of sequencing two effectful expressions. The grading al-
gebra 𝐸 corresponds to the space of effects in the type-and-effect system, which is
why it is sometimes referred to as an effect algebra.

Programming with graded monads

In practice, a language with support for graded monads should feature a sort of
effects or grades, distinct those of from values and types, which can appear in types
that represent graded monads. The language should also be polymorphic in effects
(just like there is parametric polymoprhism in types). Orchard and Petriček [OP14]
attempt to embed this into the effect-monad Haskell library.

As an example, consider a graded version of the State𝑆 monad called PermState s

in which the grade states how the state is used: is it only read (R), only written to
(W), never used (P) or both read from and written to (RW). Then an expression e

of type PermState Int R String represents a stateful computation returning String

in which the Int-typed state is only ever read from. Binding e with an expres-
sion k of type String -> PermState Int W Bool gives an expression e >>= k of type
PermState Int RW Bool.

This example already illustrates the main difficulty of working with graded mon-
ads in existing programming languages. Using a separate sort for effects (grades)
usually means that we actually have to encode them as types. The language requires
some support for type-level operators in order to represent the underlying multi-
plication operator of the grading algebra. This means that an effect-level equational
logic is needed for all practical typing: R ⊙ W is equivalent to RW, P ⊙ R is equivalent
to R and so on. As a consequence, the hypothetical language should be able to infer
that the type of the repeatTick function, defined as follows:
repeatTick n =

if n <= 0 then return ()
else { x <- get; put (x + 1); repeatTick (n - 1) }

is State s RW (), as R⊙ W⊙ R⊙ W⊙ . . .⊙ R⊙ W⊙ P = RW. Most programming languages
have weak support for such type-level equations. This creates a gap between what
existing type inference algorithms are capable of and what we expect from program
analysis.

Potential of graded monads

Monads are well understood and widely used in Haskell, yet graded monads have
not caught on. I argue that this is mostly due to lack of linguistic support for graded
monads in general-purpose languages: grades often need to be (uncomfortably)
encoded as types. Graded monads generalise the notion of monads and open up
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possibilities of writing more interesting programs, yet a programmer wishing to
utilise them faces obstacles (which we will describe in upcoming chapters). They
open up the possibility of embedding useful type-and-effect analyses into the type
system of the language, effectively turning analyses performed by external tools or
verified via testing into type checking and type inference problems.

The goal is to allow the programmer to define their own grading algebras and
graded monads, embedding analyses suitable for the task at hand. If the program-
mer needs to use a new kind of side effect and a new analysis, they should be able
to introduce it using concise linguistic constructs that make this possible, without
relying on ad-hoc embeddings into the type system of a language (such as Haskell).

1.2 Program properties
Before moving on to the contributions of this thesis, I will briefly explain what is
more generally thought of as ‘program analysis’, and how type systems can play a
role in reasoning about programs.

Static program analysis

The term ‘program analysis’ is typically used to refer to automatically inferring
program properties related to corectness or safety. The result of a program analysis
can be used for verifying correctness and for program optimisation.

There are various approaches to program analysis, and we focus on the static
approaches, which operate by considering only the source code and reporting
analysis outcomes without running the program. Type systems are one way of
expressing program properties, with type-and-effect systems as a simple extension
described in Section 1.1. In the context of optimising compilers, various control-
flow and data-flow analyses were developed and are also examples of program
analysis, though mostly used for program transformation (for example, dead code
elimination).

A significant framework for program analysis is abstract interpretation, introduced
by the Cousots [CC77]. This is the notion of program analysis assumed throughout
this thesis. In short, we can view program properties through the lens of two
spaces: a concrete space and abstract space, with the abstract space being a simplified,
decidable analysis that corresponds to the concrete runtime behaviour of a program.
A simple example of abstract interpretation is sign analysis: we can sometimes
infer the sign of an arithmetic expression – even if it is not constant – by statically
considering only the signs of all the variables and expressions in the program, and
relying on facts such as ‘multiplying two negative numbers gives a positive number’
and ‘adding two positive numbers gives a positive number’.

Behavioural proprties via type systems: linear types

Research in type systems has long looked at the kinds of properties that can be ex-
pressed with a suitable type system. Before exploring the motivations for this thesis,
we consider a simple example that shows the significance of linguistic support for
reasoning about program properties.

Linear types, based on Girard’s linear logic [GSS92] and later expanded by La-
font [Laf88], are commonly used to reason about resource usage. In the simplest
example, a language may classify variables as either linear or unrestricted, where
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linear variables must be used exactly once, whereas there is no such constraint for
unrestricted variables. Such a type system can be used in languages with explicit
memory management and prevent bugs such as freeing the same part of memory
twice. For example, the following expressions would not be typeable:

(lambda x. lambda y. <free x, free y>) z z

Linear types belong to the class of substructural type systems, which augment type
abstractions constructs with the ability to control the uses of a data structure of
operation (number and order). [Pie05, Ch. 1] These include affine types, a general-
isation of the notion of linear types. Affine types are supported in some languages
through the concept of smart pointers, which have notably existed in C++ since the
C++11 standard (std::unique_ptr) and which are seen in Rust (where they are called
boxes).

1.3 Contribution
This thesis explores practical considerations in designing programming languages
with support for graded monads and in using them for tasks previously regarded
as program analysis. The aim is to overcome the existing difficulties of using graded
monads effectively. This thesis makes four main contributions:

Analysis-graded monads I define a class of graded monads that specifically rep-
resent program analyses. The interpretation of the term ‘program analysis’
expands on Cousot’s view that these can all be represented as semilattices
whose elements represent possible outcomes of an analysis. I propose a set
of axioms for grading algebras of analysis-graded monads guided both by the
theoretical underpinnings of the thesis goal and by the practicalities of rep-
resenting analyses in existing functional programming languages. Analysis-
graded monads are expressed both in the context of programming (allowing
the programmer to express higher-order effects), as well as their mathematical
foundations. A related contribution of this thesis is identifying the linguistic
features necessary in order to make their use easy for the programmer.

Novel graded monads I identify novel graded monads, discuss their utility for pro-
gram analysis, their practical implementations in Haskell, and the difficulties
they expose. One problem is that of excessive boilerplate which is necessary
to set up the examples, which means that any modification of the grading al-
gebra results in many tedious updates. The other is the inadequacy of Haskell
to represent effects in any programmer-friendly manner: we are forced to rep-
resent all effects as types, which leads to problems due to safety constraints in
type-level programming.

Symbols and scoped effects I introduce symbols as a way of resolving the issue of
excessive boilerplate and the lack of semantic link between values, types and
effects.

Composing effects I address the issue of using graded monads that represent more
than one side-effect and combine more than one program analysis. We con-
sider two special cases of combining analyses: those addressing orthogonal
side-effects and those combining identical effects. This leads to notions of
graded monad transformers and grade families.
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Figure 1.1. Thesis structure and chapter dependencies. A dashed arrow from 𝑎 to
𝑏 means that only a part of Chapter 𝑏 depends on Chapter 𝑎.

One of the goals of this thesis is to convince the reader that graded monads are
a useful construct whose usability is diminished due to poor facilities in existing
mainstream programming languages. I believe that the additions that would make
them usable are not difficult to understand and have a solid theoretical foundation.

1.4 Thesis structure

This thesis explores the topic of graded monads in the context of program analysis
from a multitude of perspective and identifies several problems (and solutions). The
questions considered in the thesis depend on prior results, both from existing work
by other authors and other results in this thesis. The thesis is organised into four
parts, each with two or three chapters. Each chapter (following this one) depends
on some, but not necessary all, previous chapters – for example, Chapter 5 can be
understood even if a reader skips Chapter 4. The structure of the thesis is sketched
in Figure 1.1.

Part I of the thesis defines graded monads, program analysis and gives other ne-
cessary background. Part II explores some fundamental aspects of programming
with graded monads representing program analysis: the type system, applica-
tions, formal semantics, the relationship between type inference and performing an
analysis. Part III deals with more sophisticated aspects of representing program
analyses using graded monads, mainly in the presence of interaction of several
effects at the same time. Part IV concludes the thesis.

Chapter 2 of this thesis provides the relevant athematical and programming
background for the main contributions. This includes semi-lattices, effect systems,
monads and graded monads in programming and fundamentals of category theory
required for a formal treatment of graded monads. Category theory is most promin-
ently used in Chapter 5 and parts of Chapter 7 and is not essential for understanding
most of the contributions of this thesis.

Chapter 3 is both the first chapter with an original contribution and can be seen
as an extended background chapter. While graded monads are formally defined in
Chapter 2, in this chapter the context of analysis take centre stage. From this point
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onward, all graded monads considered in the thesis fall under the umbrella of
analysis-graded monads. A language is introduced with support for graded monadic
types and it is used as the framework for discussing questions about representing
analyses throughout the thesis. A significant contribution of this chapter is also
the presentation of a zoo of examples of graded monads that are all given in some
way novel treatment either in this thesis or in the relevant past publications. In
this chapter I also look at practical concerns that arise from implementing these
solutions in existing programming languages, which are the main drivers of some
of the further chapters.

Chapter 4 considers the matter of automatically inferring the outcome of a
program analysis, within the context of a language with support for analysis-graded
monads.

Chapter 5 is a short chapter that looks at analysis-graded monads and program-
ming with them from a categorical point of view. The aim is to investigate their
structure and state useful structural properties that carry significance in practical
programming.

Chapter 6 addresses one of the problems identified in Chapter 3: excessive
boilerplate when writing graded monadic code utilising parameterised grading
algebras. A graded monad representing stateful computation with multiple com-
ponents – say variables X, Y, Z – has a long definition that the programmer has to
change in a predictable and tedious if a new variable W is introduced. This problem
arises in all existing languages in which we can represent graded monads, as the
idiomatic monadic approach using monad transformers makes no such rewriting
necessary. The proposed solution is the introduction of a kind of symbols, which
fill the gap between values and effects. Two languages are considered: MLG and
System G. The former is similar to ML: it has parametric polymorphism in types
and effects, as well as decidable type inference. The latter is more akin to System F
in that it is a fundamental calculus in which all polymorphism is explicit.

Chapter 7 addresses the question of composing effects and analyses. These
are actually two questions: firstly, how can we write programs that feature two
different kinds of effects; secondly, how do we merge two analyses that address
the same kind of effect? We answer the first question by defining graded monad
transformers by proposing a programming language syntax and explaining their
expected semantics. The second question is answered using the concept of analysis
merging.

Chapter 8 proposes Granalyse, a simple programming language that addresses
the fundamental limitation of Haskell in writing graded monadic code: lack of
facilities for defining effect algebras because there is no sort of effects and because
type-level operators have restrictive constraints. Granalyse introduces the sort of
effects and is really two languages in one: the first is the language of effects that
supports user-defined grading algebras, while the second language utilises these
algebras in a setting that extends that of Haskell.

Chapter 9 outlines interesting avenues for further work and reflects on what
was done in the thesis. the thesis.

Throughout the thesis, but in particular in Chapters 3 and 7, there are description
of ways in which some of these ideas can be embedded into Haskell. This is the basis
of the analysis-monad library, which is the main contribution in the form of code in
this thesis. While the main text contains some comments on design decisions, the
full source code (with additional explanations) is in the Appendix.
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2Background

This thesis links several topics: program analysis, type systems, program semantics
and category theory. The aim of this chapter is to be a foundation for the contribu-
tions of the thesis by summarising the relevant background on these topics, as well
as introducing consistent terminology and notation.

Fundamentals of program analysis are given in section 2.1, which include facts
about lattice theory and abstract interpretation. Section 2.2 defines the notion of
monads and graded monads from the perspective of a programmer. The category-
theoretic background of monads and graded monads is given in section 2.3. Finally,
section 2.4 outlines work related to and adjacent to the work done in this thesis
related to graded monads and effect systems.

2.1 Analysis frameworks

There are various frameworks that aim to unify the notion of program analysis.
Some basic notions, such as monotone data-flow frameworks by Kam and Ull-
man [KU77], represent narrow families of program properties. Others are suitable
for a wider array of program analyses. In this thesis, Cousot’s idea of abstract
interpretation is what we mean when we say ‘program analysis’. Furthermore, as
we do not aim to represent all program analyses, but only those that represent
various impure notions of computation, the focus is on the intersection of abstract
interpretation and effect systems.

2.1.1 Lattice theory

Orders and functions

We start the mathematical background of program analysis by reviewing a the
notion of a partial order.

Definition 2.1. A pair (𝐸, ⩽) (for set𝐸 and binary relation⩽ ∈ 𝐸×𝐸) is a pre-order
(or pre-ordered set) if the relation ⩽ is reflexive and transitive. An antisymmetric
pre-order is also called a partial order (or a partially-ordered set, poset for short).

In a poset, we sometimes have particularly interesting elements – the least and
the greatest ones.

Definition 2.2. A poset (𝐸, ⩽) has a top element (commonly denoted ⊤) if for all
𝑥 ∈ 𝐸, 𝑥 ⩽ ⊤. A poset (𝐸, ⩽) has a bottom element (⊥) if for all 𝑥 ∈ 𝐸, ⊥ ⩽ 𝑥.

11
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{}

{𝑎} {𝑏} {𝑐}

{𝑎, 𝑏} {𝑎, 𝑐} {𝑏, 𝑐}

{𝑎, 𝑏, 𝑐}

⊥

𝛼1 𝛼2

𝛽1 𝛽2

⊤

Figure 2.1. Two posets: one of subsets of {𝑎, 𝑏, 𝑐} and another with no particular
meaning. The powerset lattice (𝒫({𝑎, 𝑏, 𝑐}), ⊆) on the left has a join ∪ and meet
∩, whereas the poset on the right has no least upper bound for 𝛼1 and 𝛼2 and no
greatest lower bound for 𝛽1 and 𝛽2.

Commonly we look at two posets (𝐸1 , ⩽1) and (𝐸2 , ⩽2), and consider functions 𝑓 :
𝐸1 → 𝐸2 between them. Among these, order-preserving functions occur frequently:

Definition 2.3. A function 𝑓 : 𝐸1 → 𝐸2 is said to be monotonic with respect to
posets (𝐸1 , ⩽1) and (𝐸2 , ⩽2) if, for all 𝑥, 𝑦 ∈ 𝐸1:

𝑥 ⩽1 𝑦 =⇒ 𝑓 (𝑥) ⩽2 𝑓 (𝑦)

Lattices

In program analysis, we often focus on posets with more sophisticated structure.
Lattices are a commonly observed structure.

Definition 2.4. A partial order (𝐸, ⩽) is a join-semilattice when, for any two
𝑥, 𝑦 ∈ 𝐸, there exists an element 𝑥 ∨ 𝑦, which we call their join, such that
𝑥 ⩽ 𝑥 ∨ 𝑦, 𝑦 ⩽ 𝑥 ∨ 𝑦 and for all 𝑧 ∈ 𝐸 for which 𝑥 ⩽ 𝑧 and 𝑦 ⩽ 𝑧, we have
𝑥 ∨ 𝑦 ⩽ 𝑧. In other words, the join 𝑥 and 𝑦 is the least upper bound.

Analogously, a meet-semilattice has meets 𝑥 ∧ 𝑦 for all 𝑥, 𝑦 ∈ 𝐸, which are
greatest lower bounds.

A partial order that is both a join-semilattice and a meet-semilattice is re-
ferred to as a lattice.

(Semi)lattices can have bottom and top elements, which act as common lower and
upper bounds for all pairs of elements. Not all partial orders with top and bottom
elements are lattices – Figure 2.1 shows both an example and a counterexample.

In semilattices we commonly consider ascending chains 𝑥0 ⩽ 𝑥1 ⩽ . . . ⩽ 𝑥𝑛 ⩽
. . ., both finite and infinite. We can also consider strict chains 𝑥0 < 𝑥1 < . . . < 𝑥𝑛 <
. . ., and if all such strictly ascending chains are finite, we have the notion of longest
ascending chain.

Definition 2.5. Suppose that in a semilattice all strictly ascending chains 𝑥0 <
𝑥1 < . . . < 𝑥𝑛 < . . ., are finite and that the maximum number of elements across
all these chains exists and equals ℎ + 1. Then this semilattice has a finite height
ℎ.
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All infinite-height semilattices have an infinite number of elements, but the
converse does not hold – for example, (N ∪ {⊥,⊤}, ⊑), where ⊥ ⊑ 𝑛 ⊑ ⊤ and
𝑛1 @ 𝑛2 for 𝑛1 ≠ 𝑛2, is an infinite lattice with height 2.

It is easy to show that joins and meets (seen as binary operators on 𝐸) are
commutative and associative. The notion of join and meet is thus easily extended
for triples, 4-tuples, and in general all non-empty finite subsets of 𝐸 – for example,∨{𝑎, 𝑏, 𝑐, 𝑑} = 𝑎 ∨ 𝑏 ∨ 𝑐 ∨ 𝑑. As usual, this does not extend straightforwardly to
infinite subsets of 𝐸.

Definition 2.6. A poset (𝐸, ⩽) is join-complete if for all subsets 𝑋 ⊆ 𝐸 there exists
an element

∨
𝑋 ∈ 𝐸 such that for all 𝑥 ∈ 𝑋, 𝑥 ⩽

∨
𝑋, and for all 𝑦 ∈ 𝐸 for which

𝑥 ⩽ 𝑦 for all 𝑥 ∈ 𝑋,
∨

𝑋 ⩽ 𝑦.
Analogously define meet-completeness (

∧
𝑋 for 𝑋 ⊆ 𝐸).

It is easily shown that join-completeness and meet-completeness are equivalent
(given join-completeness, we can define

∧
𝑋 =

∨{𝑎 ∈ 𝐸 | ∀𝑥 ∈ 𝑋. 𝑎 ⩽ 𝑥}; the
converse is analogous), so the term completeness is used instead to refer to both.
Note that 𝑋 used in this definition can be empty – in these cases,

∨ ∅ = ⊥ and∧ ∅ = ⊤, meaning that complete posets have least and greatest elements.
Completeness in this sense implies chain-(join-)completeness, meaning that for

any ascending chain 𝑥0 ⩽ 𝑥1 ⩽ . . . ⩽ 𝑥𝑛 ⩽ . . . the set {𝑥𝑛 | 𝑛 ∈ N} has a join
(supremum)

∨{𝑥𝑛 | 𝑛 ∈ N}. There is also the dual notion of chain-meet-completeness
which addresses descending chains, but is used less often. Every finite-height poset
is also chain-complete.

Definition 2.7. Given two complete posets (𝐸, ⩽) and (𝐸′, ⊑), a monotonic func-
tion 𝑓 : 𝐸→ 𝐸′ is said to be (join-)continuous if for any non-empty set 𝑋 ⊆ 𝐸:

𝑓
(∨

𝑋
)
=
⊔
{ 𝑓 (𝑥) | 𝑥 ∈ 𝑋}

A weaker and more common form of continuity considered in programming lan-
guage semantics is chain-(join-)continuity. This is a property of functions on chain-
complete posets. We say a monotonic function 𝑓 : 𝐸 → 𝐸′, for chain-complete
posets (𝐸, ⩽) and (𝐸′, ⊑), is chain-continuous if for any ascending chain 𝑥0 ⩽ 𝑥1 ⩽
. . . ⩽ 𝑥𝑛 ⩽ . . .:

𝑓
(∨
{𝑥𝑛 | 𝑛 ∈ N}

)
=
⊔
{ 𝑓 (𝑥𝑛) | 𝑛 ∈ N}

If chain-complete posets (𝐸, ⩽) and (𝐸′, ⊑) have finite heights, then all monotonic
functions 𝑓 : 𝐸→ 𝐸′ are chain-continuous.

One of the simplest, yet most significant, theorems in lattice theory is concerned
with fixed points of endofunctions in lattices, and its statement is as follows:

Theorem 2.1 (Knaster–Tarski [Tar55]). Let (𝐸, ⩽) be a complete lattice and let
𝑓 : 𝐸 → 𝐸 be a monotonic function (with respect to ⩽). Then the set of fixed
points of 𝑓 in 𝐸 also forms a complete lattice under ⩽.

In practice, we are also interested in a more specific statement which gives a method
for computing the least fixed point for join-continuous functions.
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Theorem 2.2. Let (𝐸, ⩽) be a chain-complete lattice with bottom element⊥ and
let 𝑓 : 𝐸 → 𝐸 be a chain-continuous function. If the notation 𝑓 𝑘 refers to the
𝑘-fold composition of 𝑓 (iterated application of 𝑓 , with 𝑓 0(𝑥) = 𝑥 for all 𝑥 ∈ 𝐸),
then the least fixed point of 𝑓 is given by:

fix( 𝑓 ) =
∨
{ 𝑓 𝑘(⊥) | 𝑘 ∈ N}

Many problems in program analysis can be phrased as finding the least fixed point,
meaning that a solution can be found by using repeated application of 𝑓 . The
sequence ⊥ ⩽ 𝑓 (⊥) ⩽ 𝑓 ( 𝑓 (⊥)) ⩽ . . . does not necessarily converge, but convergence
is guaranteed in finite-height posets.

2.1.2 Type-and-effect systems
Functional languages are frequently extended with constructs for side-effects such
as exceptions and references. Accordingly, type systems can be modified so that
they capture properties of the side-effect. We briefly outline the idea of type-and-effect
systems, which serve this purpose.

Effect systems

A simple side-effect we can introduce to a call-by-value functional language is
writing to and reading from a finite store of variables, say 𝑋, 𝑌, 𝑍. Consider a
simple language based on simply-typed lambda calculus with the following syntax
for terms:

𝑀 ::= 𝑐 | 𝑥 | 𝜆𝑥 : 𝐴(𝑀) | 𝑀 𝑁 | get 𝑉 | put 𝑉 𝑀

where 𝑉 ranges over the mutable variables (the set of which is Vars). Instead of
merely considering typing judgements Γ ⊢ 𝑀 : 𝐴 for typing environment Γ, term
𝑀 and type 𝐴, we consider judgements Γ ⊢ 𝑀 : 𝐴& 𝑒 in which 𝑒 ⊆ ⋃

𝑣∈Vars{W𝑣 ,R𝑣}
is an effect representing the reading and writing actions possibly performed by the
term 𝑀.

Since effects can be performed upon term application, types 𝐴 are also changed:
function types are now annotated with a latent effect, so we consider types 𝐴

𝑒−→ 𝐵,
where 𝑒 represents the effect performed when a term of this type is applied. The
type-and-effect system for this language is given in Figure 2.2.

A common addition to programming languages is conditional branching through
some kind of if term, for example if 𝑀 then 𝑁1 else 𝑁2. The effect of a branching
term is the union of the effects in the condition and the two branches:1

(if)
Γ ⊢ 𝑀 : Bool & 𝑒 Γ ⊢ 𝑁1 : 𝐴 & 𝑓1 Γ ⊢ 𝑁2 : 𝐴 & 𝑓2

Γ ⊢ if 𝑀 then 𝑁1 else 𝑁2 : 𝐴 & 𝑒 ∪ 𝑓1 ∪ 𝑓2

While this is acceptable for 𝐴 a base type (like Int), it is overly restrictive for function
types: the effect annotations have to match perfectly. We therefore add a subeffecting
rule that allows us to overapproximate the effect of some term in a typing context:

(sub)
Γ ⊢ 𝑀 : 𝐴 𝑒−→ 𝐵 & 𝑓

Γ ⊢ 𝑀 : 𝐴 𝑒′−→ 𝐵 & 𝑓

for 𝑒 ⊆ 𝑒′

1This is clearly only applicable for may analyses, in which the desired outcome of the static analysis
is a superset of the ‘true’ dynamic outcome.
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(const)
Γ ⊢ 𝑐 : 𝒯𝑐 & {} (var) 𝑥 : 𝐴 ∈ Γ

Γ ⊢ 𝑥 : 𝐴 & {}

(lambda) Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 & 𝑒

Γ ⊢ 𝜆𝑥 : 𝐴(𝑀) : 𝐴 𝑒−→ 𝐵 & {}
(app)

Γ ⊢ 𝑀 : 𝐴 𝑒−→ 𝐵 & 𝑓 Γ ⊢ 𝑁 : 𝐴 & 𝑔

Γ ⊢ 𝑀 𝑁 : 𝐵 & 𝑒 ∪ 𝑓 ∪ 𝑔

(get)
Γ ⊢ get 𝑣 : Int & {R𝑣}

(put) Γ ⊢ 𝑀 : Int & 𝑒

Γ ⊢ put 𝑣 𝑀 : Unit & 𝑒 ∪ {W𝑣}

Figure 2.2. A type-and-effect system for mutable variables holding integer values.

This rule allows us to, for example, express that a function potentially writing to
𝑋 and 𝑌 when applied is also a function that might write to 𝑋, 𝑌 and 𝑍 when
applied. However, this is incomplete: it does not accurately handle subeffecting for
higher-order functions. This can be rectified by introducting a subtyping relation,
but this introduces further difficulties (which we can ignore for now).

These ideas extend easily to effect systems describing access to communication
channels in concurrent programs [NN94] and other safety properties related to
concurrent programs [FQ03a, BR01], usage of memory regions [TJ94], safe error-
handling [BB07a] and other side-effects. The intended practical application of type-
and-effect systems is in performing safe optimisations. This is typically done by
also defining an operational semantics for the language, and then showing that the
effect of a term is an overapproximation of the side-effects performed by closed
terms (terms without free variables, which reduce to values). An example of this
idea is given by Tofte and Talpin. [TJ94]

Effect algebras

The above type-and-effect system is in the style of their original formulation, due
to Lucassen and Gifford. [LG88] In these type-and-effect systems, the same under-
lying operator is used for merging effects in conditional branching and in function
application – in the case of stateful computation above, that operator is set union.
These operators might not always match, and intuitively they should not: running
two commands in a sequence fundamentally differs from running exactly one of
them (without the knowledge of exactly which one). Furthermore, the operator
representing the sequencing of two computations should not be required to be
commutative. Tate [Tat13] introduces the term ‘sequential effect systems’ to refer to
effect systems in which the sequencing operator is may be not commutative.

The most commonly cited examples of sequential effect systems are those con-
cerned with concurrent programs, where order of operations has profound im-
plications on the program safety. For illustration purposes, consider the following
example from the Cat imperative language by Flanagan and Qadeer [FQ03b], with
concurrent accesses to shared memory. In a concurrent program, we can associate
with each term an atomicity effect, which represents the extent to which the evalu-
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B

L R

A

⊤
⊙ B L R A ⊤
B B L R A ⊤
L L L ⊤ ⊤ ⊤
R R A R A ⊤
A A A ⊤ ⊤ ⊤
⊤ ⊤ ⊤ ⊤ ⊤ ⊤

Figure 2.3. The algebra of atomicities by Flanagan and Qadeer [FQ03b]: partial
order (lattice) and the sequencing operator.

ation of the term commutes with operations of other threads. The possible effects
are:

• R: evaluating the term right-commutes with operations of other threads –
meaning that, if during execution its action is followed by any action of a
different thread, these two actions can be swapped without changing the
overall outcome;

• L: evaluating the term left-commutes with operations of other threads – if
during execution its action is preceded by an action of another thread, these
actions can be safely swapped without changing the resulting state;

• B: the term is both left-commutative and right-commutative;

• A: the term is atomic, meaning that it can be seen as a single indivisible action;

• ⊤: none of the properties hold.

As before, there is a clear ‘generalisation’ relation ⊑ defined for this set of effects:
for 𝑒 ∈ {L,R}we have B ⊑ 𝑒 ⊑ A ⊑ ⊤. The interesting typing rule is associated with
running two computations in a sequence via function application – adapting to our
notation:

(app)
Γ ⊢ 𝑀 : 𝐴

𝑔
−→ 𝐵 & 𝑒 Γ ⊢ 𝑁 : 𝐴 & 𝑓

Γ ⊢ 𝑀 𝑁 : 𝐵 & 𝑒 ⊙ 𝑓 ⊙ 𝑔

Here the binary operator ⊙ on {B, L,R,A,⊤} is not necessarily commutative. The
assumed order in which 𝑀 𝑁 is evaluated is call-by-value: first reduce 𝑀 as much
as possible, then reduce 𝑁 , and finally reduce the application; this order justifies
saying that the effect of the application is 𝑒 ⊙ 𝑓 ⊙ 𝑔. The definition of this operator
is given in the table in Figure 2.3: sequencing a right-commutative action with a
left-commutative one gives an action that has no commutativity, but is atomic.

The type-and-effect rule for conditionals also changes:

/(if) Γ ⊢ 𝑀 : Bool & 𝑒 Γ ⊢ 𝑁1 : 𝐴 & 𝑓1 Γ ⊢ 𝑁2 : 𝐴 & 𝑓2

Γ ⊢ if 𝑀 then 𝑁1 else 𝑁2 : 𝐴 & 𝑒 ⊙ ( 𝑓1 ⊔ 𝑓2)

The intuition behind this rule is that overall action of the conditional branching is
the combination of the action of the condition 𝑀 and the least upper bound of the
actions of the two branches.
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The operator ⊙ is associative and it has B as its unit. It is also monotonic with
respect to the ordering relation <, meaning that for any 𝑒 , 𝑒′, 𝑓 , 𝑓 ′ ∈ {B, L,R,A,⊤}
such that 𝑒 ⊑ 𝑒′ and 𝑓 ⊑ 𝑓 ′ the following inequality holds:

𝑒 ⊙ 𝑓 ⊑ 𝑒′ ⊙ 𝑓 ′

Hence, we have a partial order equipped with an order-preserving binary operator
⊙ that is associative and has a unit. The algebra ({B, L,R,A,⊤}, ⊑, ⊙,B) is thus a
partially-ordered monoid (pomonoid).

In general, most treatments of sequential effect systems assume at least the ex-
istence of a partial order and a multiplication operator that together give a partially-
ordered monoid. From now on in the thesis we refer to the ordering relation as
overapproximation or subeffecting and the monoid multiplication as sequencing. Fur-
thermore, we assume that the overapproximation relation gives a join-semilattice
structure, where the join matches with the alternation operator used to describe
the effects of conditional branching. Our choice – partially-ordered monoid with a
join-semilattice structure – is not the only one used in literature. The exact assump-
tions on effect algebras vary by author; we briefly review the various treatments in
Section 2.4 (for example, Gordon’s effect quantales).

2.1.3 Abstract interpretation

One of the most notable ways program properties are expressed is through the
framework of abstract interpretation, formalised in a series of publications by Patrick
and Radhia Cousot. [CC77, CC92] Abstract interpretation is concerned with veri-
fying program properties that are statically undecidable2 by introducing a loss of
precision that results in a decidable analysis. A common example concerns integer
arithmetic: computing whether the term reduces to an integer value and determ-
ining it is undecidable in a Turing-complete language, but we can make guarantees
about the sign of the result or the interval within which the result can be found.
However, this idea is even more ubiquitous. Live variable analysis divides variables
into live and dead, where a variable is called dead at a program point if it is guar-
anteed to be written to before being read in all execution sequences starting at that
program point and live otherwise. This semantic notion of liveness is undecidable,
so the notion of liveness used in most compilers and static analysis tools is a syn-
tactic one, which instead considers all paths in the control-flow graph of a program
instead. This framing makes the problem decidable by a simple algorithm, with the
cost being the introduction of imprecision into the analysis – however, the returned
result is a safe (‘conservative’) overapproximation of the dynamic behaviour of the
program.

Abstract interpretation views a program through the lens of domains and rela-
tions between them. Program semantics typically operates within the space of a
concrete domain of a computation, which is undecidable, whereas the analysis out-
comes operates within a decidable abstract domain. We take the view that concrete
domains 𝒞 and abstract domains 𝒜 all have a complete lattice structure (though
this is far from the most general treatment of this topic). An interpretation is seen
as a tuple (𝒟 , ⊑,⊥,⊤, ⟦·⟧) in which 𝒟 is a domain of all possible interpretation
values, which has a complete lattice structure, as well as an interpretation function.

2By Rice’s theorem [Ric53], any ‘interesting’ property, meaning a non-trivial semantic property,
not a property of the source code.
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We now adapt the definition of consistent abstract interpretation (given by the
Cousots) in our presentation of the theory, in the meantime simplifying the notation
and the technical details.

Definition 2.8. An abstract interpretation I = (𝒜 , ⩽,⊥,⊤, ⟦·⟧𝒜) is consistent with
a concrete interpretation I = (𝒞 , ⩽,⊥,⊤, ⟦·⟧𝒞) if there exists a pair of monotonic
functions 𝛼 : 𝒞 → 𝒜 and 𝛾 : 𝒜 → 𝒞, which we call abstraction and concretisa-
tion, such that:

∀𝑥 ∈ 𝒞. 𝑥 ⩽ 𝛾(𝛼(𝑥))
∀𝑦 ∈ 𝒜. 𝛼(𝛾(𝑦)) ⩽ 𝑦

Furthermore, if 𝑓 : 𝒞 → 𝒞 is a map from a concrete input to a concrete output,
and in the abstract domain this link is given by a function 𝑓 : 𝒜 → 𝒜, these
functions are required to satisfy:

∀𝑦 ∈ 𝒜. 𝑓 (𝛾(𝑦)) ⩽ 𝛾( 𝑓 (𝑦))
or, equivalently
∀𝑥 ∈ 𝒞. 𝛼( 𝑓 (𝑥)) ⩽ 𝑓 (𝛼(𝑥))

The definition is visualised in Figure 2.4. Abstraction 𝛼(𝑥) represents the most
precise approximation of 𝑥, whereas the concretisation 𝛾(𝑦) is the most imprecise
element of the concrete domain which can be soundly approximated by 𝑦. The
∀𝑥 ∈ 𝒞. 𝑥 ⩽ 𝛾(𝛼(𝑥)) part of the establishes the idea that I is an approximation:
abstraction may introduce some loss of information, so concretising again might
result in a larger context, meaning 𝑥 ⩽ 𝛾(𝛼(𝑥)). The ∀𝑦 ∈ 𝒜. 𝛼(𝛾(𝑦)) ⩽ 𝑦 require-
ment definition requires that concretisation does not introduce loss of information.3
These two conditions mean that 𝛼 and 𝛾 form a Galois connection (equivalently, an
adjunction), which can be equivalently stated concisely as:

∀𝑥 ∈ 𝒞 , 𝑦 ∈ 𝒜. 𝛼(𝑥) ⩽ 𝑦 ⇐⇒ 𝑥 ⩽ 𝛾(𝑦)

The final part of the definition states that a valid abstraction at least ‘encompasses’
the concrete values.

While the definition implies that the structure is a complete lattice and this has
been the treatment thus far, in practice we only need either the join or the meet.

I already mentioned a simple example of finding the sign of an integer-valued
arithmetic expression. The concrete domain is the domain of sets of possible values
the expression may take – for example, {5, 11, 12} is a member of this domain. The
abstract domain is much simpler and it is the powerset lattice representing the set of
possible signs of the expression: (𝒫({+,−, 0}),∪). The abstract value corresponding
to the set {5, 11, 12} is thus {+}, meaning that the result is always positive. Similarly,
the abstract value corresponding to {−3,−1, 0} is {−, 0}, meaning that the result is
either negative or zero. Conversely, the concrete value corresponding to a set of
signs has to be as general as possible – if we know that the result is positive, then the
range of possible values is the set of all positive integers. This allows us to devise

3It is sometimes (like in Cousots’ 1977 paper [CC77]) seen in the form ∀𝑦 ∈ 𝒜. 𝛼(𝛾(𝑦)) = 𝑦, which
implies 𝛼 is surjective and 𝛾 is injective – indeed, many program analysis examples have this stronger
property. There are other definitions of abstract interpretation, which go in the opposite direction
and relax the Galois connection property. The framework presented in the thesis considers 𝛼(𝑥) the
most precise abstraction of 𝑥 (sometimes referred to as ‘the best abstraction’), though in general this
might not exist if the abstract domain is not a complete lattice.
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𝒞 𝒜
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⩽
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𝑦
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𝛾( 𝑓 (𝛼(𝑥)))

⩽

Figure 2.4. Abstract interpretation axioms visualised. The third diagram, connect-
ing abstract and concrete semantics 𝑓 and 𝑓 , is a consequence of the two equivalent
properties.

𝛼(𝑆) = {0 | if 0 ∈ 𝑆}
∪ {+ | if 𝑛 ∈ 𝑆 for

some 𝑛 > 0}
∪ {− | if 𝑛 ∈ 𝑆 for

some 𝑛 < 0}

𝛾({}) = {}
𝛾({0}) = {0}
𝛾({+}) = {1, 2, 3, . . .}
𝛾({−}) = {. . . ,−3,−2,−1}
𝛾({0,+}) = {0, 1, 2, 3, . . .}
𝛾({0,−}) = {. . . ,−3,−2,−1, 0}
𝛾({+,−}) = {. . . ,−2,−1, 1, 2, . . .}
𝛾({0,+,−}) = {. . . ,−2,−1, 0, 1, 2, . . .}

Figure 2.5. Abstraction and concretisation functions for the sign example.

the abstraction and concretisation functions, fully defined in Figure 2.5. Notice in
this example that the top element of the abstract lattice means ‘I don’t know’ – we
cannot infer anything about the sign of the final result. On the other hand, the
bottom element of the abstract lattice does not mean anything in particular – this
outcome only occurs when the set 𝑆 of concrete values is empty (for example, for a
non-terminating program).

Fixed points

Performing an analysis using the abstract interpretation framework in recursive
programs or programs with looping constructs requires solving equations of the
form 𝑥 = 𝑓 (𝑥), for 𝑥 ∈ 𝐴, 𝑓 : 𝐴→ 𝐴, 𝐴 ⊆ 𝒜. In other words, 𝑥 is a fixed point, and
among those we are interested in the most precise one, meaning the least fixed point:
𝑥 = fix( 𝑓 ).
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Theorem 2.2 gives an algorithm for finding this solution: starting with 𝑥0 = ⊥,
generate the sequence 𝑥𝑘+1 = 𝑓 (𝑥𝑘) until it becomes stationary. This is an infinite
ascending chain of values in𝐴. As we have seen, convergence is not guaranteed if the
lattice height is infinite. For lattices that satisfy the ascending chain property (meaning
that every infinitely ascending chain is ultimately stationary) this can also be a viable
option. Otherwise, the attempted solutions are always underestimates – which goes
against the idea that an analysis needs to conservatively overapproximate.

Since the aim is to err on the side of safety, viable options for finding an upper
bound for fix( 𝑓 ) are a good approximate solution. Cousots introduce the widening
and narrowing operators [CC77, CC92] as a possible approach.

2.2 Programming with graded monads

We now focus on the other foundational topic of this thesis: graded monads and
their use in programming. Their overview in this section first recapitulates the use
of monads in the context of pure functional programming languages, after which
graded monads are framed as their simple generalisation. The focus is on the
programming side, as opposed to their use in formal semantics and definitions of
theories.

2.2.1 Monads

Programming with monads

In the context of programming, a monad is a type constructor 𝑇 that, when applied
to a type 𝐴, results in a type 𝑇𝐴 representing side-effecting computations whose
outcome is of type 𝐴. Their significance in pure functional languages was first
given by Moggi [Mog89, Mog91]. The aim of monads is to provide a way of neatly
structuring side-effecting computations, which includes ways of sequencing two
side-effecting computations.

Broadly speaking, every monad needs to have two operations: a way of creating
a trivial, non-side-effecting computation, which we call return; and a way of binding
a term 𝑀 : 𝑇𝐴 with a term 𝑁 : 𝐴→ 𝑇𝐵 so that 𝑀 is ‘run’, and its result is passed as
an argument to 𝑁 , which uses it to produce a new computation whose type is 𝑇𝐵.
Practically speaking, this means every monad defines a function return whose type
is 𝐴 → 𝑇𝐴 for all types 𝐴 (parametically polymorphic), and a function ≫= whose
type is 𝑇𝐴 → (𝐴 → 𝑇𝐵) → 𝑇𝐵 for all types 𝐴 and 𝐵, commonly used as an infix
operator (𝑀 ≫= 𝑁).

The side-effects that can be represented are various, so we give a brief overview
of the most common monads:

Failure The Maybe monad represents a way of safely structuring computations that
either succeed or fail. This is used as a simplication of exception handling
in computations composed of several steps, each of which might fail. The
type Maybe 𝐴 is an alias for the sum type 𝐴 + Unit, with the outcome of type
𝐴 representing success, and the unit outcome ⟨⟩ of type Unit representing
failure.

Nondeterminism The List type constructor is also a monad, and can represent non-
deterministic computation. This means that List 𝐴, the type of lists whose



2 Background 21

items are of type 𝐴, represents the different outcomes of a computation res-
ulting in a value of type 𝐴. The list [1, 5, 23] represents a computation whose
possible outcomes are 1, 5 and 23. Sets (which remove duplicates) can repres-
ent the same kind of computation.

Reader For any type 𝑆, there is a monad Reader𝑆 such that terms of type Reader𝑆𝐴
represent computations whose outcome has type 𝐴 and which might read
from an additional notable variable whose type is 𝑆. The programmer is
allowed to use a computation ask resulting in the value of the store, meaning
that the type of ask is Reader𝑆𝑆. The type Reader𝑆𝐴 is an alias for 𝑆 → 𝐴,
meaning that the global state is treated as merely an additional argument to a
function.

State The idea of reading from a store is extended to full-fledged reading from and
writing to a mutable variable – the most common thing identified with the
term ‘side-effect’. For any type 𝑆, there is a monad State𝑆 such that the type
State𝑆𝐴 represents computations which return a result whose type is 𝐴 and
make use of a store whose type is 𝑆. The interaction with the store is performed
using get and put monadic computations, whose types are respectively State𝑆𝑆
and 𝑆 → State𝑆Unit. The State𝑆𝐴 type is an alias for 𝑆 → (𝐴 × 𝑆), which can
be seen as a state transformer: given an initial value of the store, return the
pair of the result and the most recent value in the store.

Continuations The continuation monad Cont𝑈 for type𝑈 is used to represent com-
putations in continuation-passing style (CPS). The type Cont𝑈𝐴 represents a
computation whose outcome has type 𝐴, but is expected to be further passed
as an argument to a function (called a continuation) which eventually returns
a result of type𝑈 . This monad can be used to implement complex control flow
concepts such as reified continuations (call-with-current-continuation). The un-
derlying representation of Cont𝑈𝐴 is (𝐴→ 𝑈) → 𝑈 . The continuation monad
is sometimes referred to as ‘the mother of all monads’, as monads whose bind
and return are expressible as purely functional terms (such as all the pre-
viously mentioned ones) can be embedded in a call-by-value language with
support for composing continuations (which is what the continuation monad
provides). [Fil94]

I/O I/O is a kind of computation that breaks purity. In a purely functional language
(such as Haskell), monads play two roles: structuring side-effecting computa-
tions by internally representing them as pure concepts, as well as providing an
interface for programming with genuinely impure concepts such as interac-
tion with the standard input and output, connecting to the Internet or writing
to a file. It is not surprising that monads representing ‘true’ I/O require
special treatment: the interpreter/REPL and I/O monads conspire to hide
a significant amount of truly impure behaviour from the programmer. Such
monads are sometimes referred to as being part of the ‘awkward squad’. [PJ02]

Haskell is the most well-known language utilising monads, and it popularised
do notation for writing monadic code. All monads are instances of the Monad type
class, whose definition requires implementing a return function and a (>>=) (bind)
operator. As an example, the following computation represents a way of safely
computing 𝑎

𝑏
+ 𝑐

𝑑
+ 𝑒

𝑓
, accounting for division by zero:
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fracArith a b c d e f =
let safeDiv x y = if y == 0 then Nothing

else return (x / y)
in safeDiv a b >>= \p -> safeDiv c d >>= \q ->

safeDiv e f >>= \r -> return (p + q + r)

A convenient rewrite of this function using do shows how monads are similar to
programming in an imperative style:
fracArith a b c d e f =

let safeDiv x y = if y == 0 then Nothing
else return (x / y)

in do { p <- safeDiv a b; q <- safeDiv c d;
r <- safeDiv e f; return (p + q + r) }

Monad laws

Not every type constructor 𝑇 with bind and return is a monad – there are some
additional laws that need to hold. Firstly, returning is meant to produce a compu-
tation without underlying side-effects – meaning that it acts as a unit when bound
with another computation. The other property of monad is based on the fact that
running three computations in a sequence can be bracketed either as 𝑃; (𝑄;𝑅) or
(𝑃;𝑄);𝑅, but will give the same outcome.

There are thus two unit laws and one associativity law, which hold for all 𝑀1 : 𝑇𝐴,
𝑀2 : 𝐴→ 𝑇𝐵, 𝑀3 : 𝐵→ 𝑇𝐶, 𝑁 : 𝐴:

𝑀1≫= return = 𝑀1 (unit-1)
return 𝑁 ≫= 𝑀2 = 𝑀2 𝑁 (unit-2)
(𝑀1≫= 𝑀2) ≫= 𝑀3 = 𝑀1≫= 𝜆𝑥. (𝑀2 𝑥≫= 𝑀3) (associativity)

Monad transformers

The commonly used monads each represent only one kind of side-effect: State𝑆
represents stateful computation, List represents nondeterminism and Maybe rep-
resents failure/error-handling. In large programs, the programmer often needs to
keep track of and program with combinations and interactions of such side-effects.
The solution given by functional programming languages comes in the form of
monad transformers. [Ste94, LHJ95]

A monad transformer 𝑅 is a map from monads to monads, commonly ‘adding’
another side-effect. For example, the MaybeT monad transformer takes a monad
𝑇 representing side-effecting computations as input and results in a new monad
MaybeT[𝑇] that represents computations with the same side-effects, but with the
added possibility of failure. Each monad transformer 𝑅 also comes with a lifting
operation, which serves to translate computations represented via monad 𝑇 into
computations expressed using the monad 𝑅[𝑇]. In other words, lift : 𝑇𝐴→ 𝑅[𝑇]𝐴
is polymorphic in 𝐴, but also in 𝑇.

Haskell monad transformers are available in the standard libraries, in particular
transformers and mtl (which stands for Monad Transformer Library).4 A signific-
ant number of monads are merely synonyms for applications of monad trans-
formers to the identity monad (for example, State s a is internally implemented as
StateT s Identity a). All monad transformers are instances of the MonadTrans type

4https://hackage.haskell.org/package/mtl

https://hackage.haskell.org/package/mtl
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class. Using these libraries allows us to, for example, combine the failure side-effect
represented by Maybe and the mutable state side-effect represented by State s using
the monad MaybeT (State s). For example, the following computation increments
the state representing age, returning with an error if it is negative:
agePlusOne = do age <- lift get

if age < 0 then MaybeT (return Nothing)
else lift (put (age + 1))

This example can be somewhat simplified: the lifting can be removed because
get and put are not merely associated with State s. In Haskell, the MonadState s

type class represents all monads with the ability to read from and write to a state of
type s. Naturally, we expect that applying a state monad transformer to any monad
results in a MonadState s instance, and this is shown using a single Haskell type class
instance definition:
instance Monad m => MonadState s (StateT s m) where

get = StateT (\s -> return (s, s))
put x = StateT (\_ -> return ((), x))

We also expect that applying any monad transformer to the State s monad, or more
generally to any monad that is an instance of MonadState s, gives a monad that is
also an instance of MonadState s. In mtl this frequently results in code bloat: for any
monad transformer t, a separate instance of the following form is written:
instance MonadState m => MonadState s (t m) where ...

Digression: Monatron and uniform lifting There are alternative approaches to
implementing monad transformers that address the absence of an automated way
of writing such code (sometimes referred to as the non-uniform lifting problem), for
example Jaskelioff’s Monatron library. [Jas11, Jas09b] The fundamental idea of Mon-
atron is that a suitable representation of the implementations of operations needs
to exist in order to allow programmers to both perform the operations and lift them
through monad transformers. In Monatron, for each side-effect a type is introduced
representing a collection of operations expected of a monad representing this side-
effect. From stateful computations we expect getting and putting operations, so we
define the type GetPut s m as follows:
type GetPut s m = (m s, s -> m ())
getX:: GetPut s m -> m s
getX (g, _) = g
putX :: GetPut s m -> s -> m ()
putX (_, p) s = p s

In particular, we care about those instances of GetPut s m where m is a monad, on
which we can apply a lifting operation by transforming the collection of operations
as follows:
liftGetPut :: (Monad m, MonadT t) => GetPut s m -> GetPut s (t m)
liftGetPut (g, p) = (lift g, \s -> lift (p s))

for one kind of side-effect only two liftings: one representing lifting the side-effect
and one representing adding the desired side-effect. When the StateT s monad
transformer is applied to a monad m, a GetPut implementation is provided:
getPutStateT :: Monad m => GetPut s (StateT s m)
getPutStateT = (StateT (\s -> return (s, s)),

\s -> StateT (\_ -> return ((), s)))
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It suffices to implement the following generic instances:
instance MonadT (StateT s) where ...
instance Monad m => Monad (StateT s m) where ...

In short, lifting the operations is done uniformly for any transformer t (liftGetPut),
adding the operations is done uniformly for any monad m, and the preservation of
monad properties when StateT is applied is also uniform. For 𝑁 side-effects we
therefore write 𝑂(𝑁) implementations, as opposed to 𝑂(𝑁2) seen in mtl.

2.2.2 Graded monads

We finally get to the key notion of graded monads in the context of programming.
Despite their name, graded monads are not themselves monads – instead, they are
a generalisation of monads, and every monad can be seen as a graded monad. In
short, a graded monad is defined with a family of type constructors 𝑇 𝑒 , where 𝑒

ranges over a grading algebra (sometimes referred to as an effect algebra, by analogy
with type-and-effect systems) with a multiplication operator ⊙ and identity 1, with
the aim of representing the effect inside the grade and appropriately generalising
other monadic operations into a graded setting. This is analogous to the framework
introduced for effect systems earlier in this chapter (Section 2.1.2).

Unfortunately, prior work has not settled on a uniform definition or naming
convention for graded monads, so I start this section by briefly giving an overview
of the alternative names describing the same idea:

‘monads’ Wadler and Thiemann [WT03] gave the first systematic connection between
effect systems and programming with monads. They show that effect systems
(in particular the ffect system of Talpin and Jouvelot used for reasoning about
memory regions) can be transposed into corresponding monadic systems.
However, the use of the term ‘monad’ is inadequate, as the type system of
the target monadic language contains types of the form 𝑇 𝑒𝐴, where 𝑒 is a
translation of the effect from the source language.

indexed monads Early papers by Orchard on graded monads use the term ‘indexed
monad’ to refer to what I refer to as ‘graded monads’ in this thesis. However,
‘indexed monad’ is already used for competing generalisations of monads.
In topos theory, there is a notion of C-indexed functor 𝑇 : C → C on cartesian
categoriesC from which it is possible to defineC-indexed monads [Joh97] – here,
aC-indexed functor is a family of functors𝑇𝑋 : C/𝑋 → C/𝑋 satisfying certain
coherence properties (not relevant for us here).5 In programming terms, there
is also McBride’s notion of indexed monads [Con11], provided by Haskell’s
index-core package and the IMonad type class. The term is also sometimes
used to refer to what are more commonly called parameterised monads [Atk09],
which aim to mimic Floyd-Hoare logic assertions used in program verification
by adding further pre- and post-condition parameters to the type (more on
these in Section 2.4).

parametric effect monads The description and formalisation of parametric effect
monads given by Katsumata [Kat14] most closely resembles what is meant by

5The notation C/𝑋 denotes a slice category: a category whose objects are pairs (𝐴, ℎ), where 𝐴

are objects in C and ℎ are morphisms 𝐴 → 𝑋, and whose morphisms 𝑓 : (𝐴1 , ℎ1) → (𝐴2 , ℎ2) are
morphisms in C : 𝐴1 → 𝐴2 satisfying ℎ1 = ℎ2 ◦ 𝑓 .
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the term ‘graded monad’ in this thesis and in more recent publications. The
original aim was to provide a unified semantics of effect systems.

The term ‘graded monad’ is defined in analogy to the idea of graded algebra (not to be
confused with ‘grading algebra’), which are algebras 𝑀 with associative operator ∗
with elements indexed by another algebra 𝐼 with associative operator · – meaning
𝑣𝑖 for 𝑖 ∈ 𝐼 are the elements in 𝑀 – so that ∗ lifts the application of · from 𝐼 to 𝑀:

∀𝑖 , 𝑗 ∈ 𝐼. 𝑣𝑖 ∗ 𝑣 𝑗 = 𝑣𝑖·𝑗

The term ‘graded’ has similar meanings in many other contexts in mathematics (for
example, graded categories),

We now turn to a formal definition of graded monads in a programming lan-
guage with a static type system:

Definition 2.9. Consider a pre-ordered monoid ℰ = (𝐸, ⩽, ⊙, 1), meaning that
(𝐸, ⊙, 1) is a monoid and E = (𝐸, ⩽) is a pre-order such that 𝑒 ⊙ 𝑓 ⩽ 𝑒′ ⊙ 𝑓 ′ for
all 𝑒 , 𝑒′, 𝑓 , 𝑓 ′ ∈ 𝐸 satisfying 𝑒 ⩽ 𝑒′, 𝑓 ⩽ 𝑓 ′. For grading algebraℰ whose elements
are called grades, aℰ-graded monad is a tuple (𝑇,≫=, return, sub)where:

• for every 𝑒 ∈ ℰ, 𝑇 𝑒 is a type constructor;

• ≫= is a family of binary operators≫=𝑒 , 𝑓 applied to operands whose types
are 𝑇 𝑒𝐴 and 𝐴→ 𝑇 𝑓 𝐵 for all types 𝐴, 𝐵, and where the type of the result
is 𝑇 𝑒⊙ 𝑓 𝐵 (meaning parametrically polymorphic in 𝐴 and 𝐵).

• return is a function whose type 𝐴 → 𝑇1𝐴 parametrically polymorphic in
𝐴;

• sub is a family of functions sub𝑒 , 𝑓 whose types are 𝑇 𝑒𝐴 → 𝑇 𝑓𝐴 (poly-
morphic in 𝐴), for all 𝑒 ⩽ 𝑓 .

Together, they satisfy the following four equality axioms:

𝑀1≫=𝑒 ,1 return ≡ 𝑀1 (unit-1)
return 𝑁 ≫=1, 𝑓 𝑀2 ≡ 𝑀2 𝑁 (unit-2)
(𝑀1≫=𝑒 , 𝑓 𝑀2) ≫=𝑒⊙ 𝑓 ,𝑔 𝑀3 ≡ 𝑀1≫=𝑒 , 𝑓 ⊙𝑔 (𝜆𝑥 : 𝐴. 𝑀2 𝑥≫= 𝑓 ,𝑔 𝑀3)

(associativity)
sub𝑒⊙ 𝑓 ,𝑒′⊙ 𝑓 ′(𝑀1≫=𝑒 , 𝑓 𝑀2) ≡ sub𝑒 ,𝑒′𝑀1≫=𝑒′, 𝑓 ′ (𝜆𝑥 : 𝐴. sub 𝑓 , 𝑓 ′(𝑀2 𝑥))

(monotonicity)

for all types 𝐴, 𝐵, 𝐶 and grades 𝑒 , 𝑓 , 𝑔, 𝑒′, 𝑓 ′ ∈ 𝐸 satisfying 𝑒 ⩽ 𝑒′, 𝑓 ⩽ 𝑓 ′, where
the types of the terms are:

𝑀1 : 𝑇 𝑒𝐴 𝑀2 : 𝐴→ 𝑇 𝑓 𝐵

𝑀3 : 𝐵→ 𝑇 𝑔𝐶 𝑁 : 𝐴

One of the key insights regarding graded monads is that every grade gives a separate
type constructor: for 𝑒 ≠ 𝑓 and a type 𝐴, the types 𝑇 𝑒𝐴 and 𝑇 𝑓𝐴 need not match.

Despite the name, graded monads are not monads. In fact, the converse is true:
every monad can be seen as a graded monad graded by the trivial one-element
algebra. In that case, sub is the identity function.
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T F

U ⊙ T F U
T T F U
F F F F
U U F U

Figure 2.6. The grading algebra associated with GMaybe.

Some definitions of graded monads exclude the ordering relation, but we include
it because every monoid can be seen as a pre-ordered monoid in which the pre-order
is the equality relation. Orchard et al. [OWE20] refer to such structures as unordered
graded monads. The assumptions of ordering and monotonicity are useful because
grades are meant to represent properties of computations.

Example 2.1. We consider a simple graded monad representing the kinds of ac-
cess capability to a state of type 𝑆 a computation might have: it is either pure and
does not depend on the state (pure), only reads from the state (ro) or it can both
read from and write to the state (rw). The ordering relation for these capabilities
is pure ⩽ ro ⩽ rw and they form a grading algebra with the join ∨ as multiplica-
tion and pure as the identity. The graded monad (CapState𝑆 ,≫=, return, sub) is
defined as follows:

CapStatepure
𝑆

𝐴 = 𝐴, CapStatero
𝑆 𝐴 = 𝑆→ 𝐴, CapStaterw

𝑆 𝐴 = 𝑆→ (𝐴 × 𝑆)
𝑀 ≫=pure,𝑒 𝑁 = 𝑁 𝑀, 𝑀 ≫=ro,𝑒 𝑁 = 𝜆𝑠 : 𝑆. 𝑁 (𝑀 𝑠)
𝑀 ≫=rw,pure 𝑁 = 𝜆𝑠 : 𝑆. let ⟨𝑣, 𝑠′⟩ = 𝑀 𝑠 in ⟨𝑁 𝑣, 𝑠′⟩
𝑀 ≫=rw,ro 𝑁 = 𝜆𝑠 : 𝑆. let ⟨𝑣, 𝑠′⟩ = 𝑀 𝑠 in ⟨𝑁 𝑣 𝑠′, 𝑠′⟩
𝑀 ≫=rw,rw 𝑁 = 𝜆𝑠 : 𝑆. let ⟨𝑣, 𝑠′⟩ = 𝑀 𝑠 in 𝑁 𝑣 𝑠′

return 𝑀 = 𝑀, sub𝑒 ,𝑒𝑀 = 𝑀 subpure,ro𝑀 = 𝜆𝑠 : 𝑆. 𝑀
subpure,rw𝑀 = 𝜆𝑠 : 𝑆. ⟨𝑀, 𝑠⟩, subro,rw𝑀 = 𝜆𝑠 : 𝑆. ⟨𝑀 𝑠, 𝑠⟩

Example 2.2 ([SNN94]). It is occasionally possible to statically reason about
whether a potentially failing computation is guaranteed to succeed or guar-
anteed to fail. We thus generalise the Maybe monad to GMaybe, graded over
the algebra ({T, F,U}, ⊑, ⊙,T) in which T represents computations that cannot
fail, F represents those which always fail, and U means that the answer cannot
be inferred (‘U’ stands for ‘undecidable’). The grading algebra is described on
Figure 2.6.

The graded monadic operations are given as follows:

GMaybeT𝐴 = 𝐴, GMaybeF𝐴 = Unit, GMaybeU𝐴 = 𝐴 + Unit
𝑀 ≫=T,𝑒 𝑁 = 𝑁 𝑀, 𝑀 ≫=F,𝑒 𝑁 = ⟨⟩, 𝑀 ≫=U,F 𝑁 = ⟨⟩
𝑀 ≫=U,𝑒 𝑁 = case 𝑀 of (inl 𝑥 ⇒ (case 𝑁 𝑥 of (inl 𝑦 ⇒ inl 𝑦 | inr ⟨⟩ ⇒ inr ⟨⟩))

| inr ⟨⟩ ⇒ ⟨⟩)
return 𝑀 = 𝑀, sub𝑒 ,𝑒𝑀 = 𝑀, subT,U𝑀 = inl 𝑀, subF,U𝑀 = inr 𝑀

Programming with graded monads Facilities for practical programming with
graded monads are limited in existing programming languages. The two most
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significant libraries are in Haskell: ixmonad6 and effect-monad,7 by Orchard and
Petriˇ cek [OP14]. The key challenge is the way grades are represented, as they are
a separate sort to that of types and values. The approach taken by these libraries
is to encode grades as types through the use of a variety of Haskell extensions, for
example DataKinds and TypeFamilies. The key idea is that grades are represented
as types and the key grading algebra operations are represented using type-level
programming facilities that exist in Haskell, for example type families [KJS10].

2.3 Category-theoretic view

We finally turn to the more fundamental background on graded monads, meaning
their more formal treatment in category theory. This endeavour is useful because it
allows us to formally explore the semantics of programming languages with effects.

The definitions stated in this section assume knowledge of commonly used
concepts in category theory, for example functors, natural transformations, and
monoidal categories. Later chapters in this thesis use other ideas, for example
colimits. All of the category-theoretic background is summarized in Appendix B.

2.3.1 Monads and graded monads

As noted above, graded monads can be seen as generalising monads, and we elab-
orate the way in which this holds for categories by first stating the definition of
monads.

Definition 2.10. For a category C, a monad is a triple (𝑇, 𝜇, 𝜂), where 𝑇 : C →
C is a functor, 𝜇 : 𝑇 • 𝑇 ⇒ 𝑇 (recall • denotes functor composition in this
thesis) is a natural transformation (multiplication) and 𝜂 : IdC ⇒ 𝑇 is a natural
transformation (unit), satisfying the following laws for all 𝐴 ∈ C:

𝜇𝐴 ◦ 𝑇𝜇𝐴 = 𝜇𝐴 ◦ 𝜇𝑇𝐴

𝜇𝐴 ◦ 𝑇𝜂𝐴 = id𝑇𝐴
𝜇𝐴 ◦ 𝜂𝑇𝐴 = id𝑇𝐴

In other words, te following diagrams commute:

𝑇 • 𝑇 • 𝑇 𝑇 • 𝑇 𝑇 𝑇 • 𝑇 𝑇

𝑇 • 𝑇 𝑇 𝑇

𝑇𝜂

𝜇

𝜂𝑇𝑇𝜇

𝜇𝜇𝑇

𝜇

A frequent jokey concise definition of a monad is ‘a monoid in the category
of endofunctors’. This is technically correct, but requires context. For a category
C, there is a monoidal endofunctor category (Endo(C), •, IdC), in which objects are
functors C → C and morphisms are natural transformations between functors.
Definition 2.10 precisely matches the definition of a monoid in this category.

This definition is not significant for the purposes of the thesis, but the insight that
there is a monoidal category of endofunctors on C is. Monoids in any monoidal

6https://hackage.haskell.org/package/ixmonad
7https://hackage.haskell.org/package/effect-monad

https://hackage.haskell.org/package/ixmonad
https://hackage.haskell.org/package/effect-monad
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category (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) can be alternatively phrased in terms of lax monoidal
functors from the trivial monoidal category 1. To be more precise, a lax monoidal
functor from 1 (with ∗ as the only object) to (Endo(C), •, IdC) is a triple (𝑇, 𝜇̂, 𝜂̂),
where 𝜇̂∗ and 𝜂̂ are coherence natural transformations and 𝑇 is a functor 1 → C.
Then one gets a monad (𝑇, 𝜇, 𝜂) defined as 𝑇 = 𝑇∗, 𝜇 = 𝜇̂∗, 𝜂 = 𝜂̂. This interpretation
yields a more general definition of monad graded by monoidal categories.

Definition 2.11. For a monoidal category ℳ = (M, ⊙, 1, 𝛼,𝜆, 𝜌) and a cat-
egory C, an ℳ-graded monad is a lax monoidal functor (𝑇, 𝜇, 𝜂) from ℳ to
(Endo(C), •, IdC). In other words:

• for every object 𝑒 ∈ M, 𝑇𝑒 is a functor C→ C;

• for every morphism 𝜎 ∈ M(𝑒 , 𝑒′), 𝑇𝜎 is a natural transformation 𝑇𝑒 ⇒ 𝑇𝑒′

(corresponding to sub𝑒 ,𝑒′);

• for all 𝑒 , 𝑓 ∈ M, 𝜇𝑒 , 𝑓 is a natural transformation 𝑇𝑒 • 𝑇 𝑓 ⇒ 𝑇(𝑒 ⊙ 𝑓 )
(corresponding to≫=𝑒 , 𝑓 );

• 𝜂 is a natural transformation IdC ⇒ 𝑇1 (corresponding to return );

satisfying monotonicity, identity and associativity laws, meaning that the fol-
lowing diagrams for all 𝑒 , 𝑒′, 𝑓 , 𝑓 ′, 𝑔 ∈ M, with 𝜎 : 𝑒 → 𝑒′, 𝜏 : 𝑓 → 𝑓 ′:

𝑇𝑒 • 𝑇 𝑓 𝑇𝑒′ • 𝑇 𝑓 ′ 𝑇𝑒 𝑇𝑒 • 𝑇1

𝑇1 • 𝑇𝑒 𝑇(𝑒 ⊙ 1)

𝑇(𝑒 ⊙ 𝑓 ) 𝑇(𝑒′ ⊙ 𝑓 ′) 𝑇(1 ⊙ 𝑒) 𝑇𝑒

𝜇𝑒 , 𝑓 𝜇𝑒′ , 𝑓 ′

𝑇𝜎•𝑇𝜏

𝑇(𝜎⊙𝜏)

𝜂𝑇𝑒

𝑇𝜆𝑒

𝜇1,𝑒

𝑇𝑒𝜂

𝜇𝑒 ,1

𝑇𝜌𝑒

𝑇𝑒 • 𝑇 𝑓 • 𝑇𝑔 𝑇𝑒 • 𝑇( 𝑓 ⊙ 𝑔)

𝑇(𝑒 ⊙ 𝑓 ) • 𝑇𝑔 𝑇(𝑒 ⊙ ( 𝑓 ⊙ 𝑔))

𝑇((𝑒 ⊙ 𝑓 ) ⊙ 𝑔)
𝛼𝑒 , 𝑓 ,𝑔

𝑇𝑒𝜇 𝑓 ,𝑔

𝜇𝑒 , 𝑓 ⊙𝑔(𝜇𝑒 , 𝑓 )𝑇𝑔

𝜇𝑒⊙ 𝑓 ,𝑔

This definition of graded monads is very general, but through a few additional
assumptions on ℳ we get the notion relevant for programming. Firstly the unitor
and associator natural transformations associated with ℳ, meaning 𝛼, 𝜆 and 𝜌, can
all be identities, meaning ℳ is strict. This condition introduces equalities to the
unit and associativity coherence conditions. Secondly, we can insist that for any two
objects 𝑒 , 𝑒′ ∈ M, where is at most one morphism between them – in other words,
M is thin. These unique morphisms can then be labelled 𝑒 ⩽ 𝑒′. Strictness and
thinness assumptions allows us to consider the underlying monoidal category ℳ

as a pre-ordered monoid: morphisms match the ⩽ pre-order, ⊙ is monotonic with
respect to ⩽, and 1 acts as the identity for ⊙.



2 Background 29

pure aw

ro wo

rw ⊙ pure ro aw wo rw
pure pure ro aw wo rw
ro ro ro rw rw rw
aw aw aw aw aw aw
wo wo rw aw wo rw
rw rw rw rw rw rw

Figure 2.7. The grading algebra associated with the PermState𝑆 graded monad.
Arrows are directed to make it clear that the pre-ordered monoid can also be seen
as a strict, thin monoidal category.

Example 2.3. Consider the following refinement of Example 2.1, which sep-
arates out read and write permissions in stateful computations. The set of
permissions is extended with aw and wo, which respectively represent ‘the
computation always writes to the state without reading from it’a and ‘the com-
putation does not read from the state, but might write to it’. The partial order
and the multiplication operator (with identity pure) are given in Figure 2.7.

This gives a graded monad we call PermState𝑆 for a cartesian-closed category
Cwith binary sums and terminal object 1, where 𝑆 is the object representing the
type over which the state ranges. The functor PermState𝑆 is given as follows:

PermState𝑆 pure 𝐴 = 𝐴 PermState𝑆 ro 𝐴 = 𝐴𝑆

PermState𝑆 aw 𝐴 = 𝐴 × 𝑆 PermState𝑆 wo 𝐴 = 𝐴 × (𝑆 + 1)
PermState𝑆 rw 𝐴 = (𝐴 × 𝑆)𝑆
(PermState𝑆(pure ⩽ ro))𝐴 = 𝜆𝜋𝐴,𝑆

1 (PermState𝑆(pure ⩽ wo))𝐴 = ⟨id𝐴 , !𝐴⟩
(PermState𝑆(aw ⩽ wo))𝐴 = id𝐴 × 𝜄𝑆,11 (PermState𝑆(ro ⩽ rw))𝐴 = 𝜆⟨ev𝐴,𝑆 ,𝜋

𝐴𝑆 ,𝐴
2 ⟩

(PermState𝑆(wo ⩽ rw))𝐴 = id𝐴×𝑆

with the other parts of the definition being defined via composition, for ex-
ample:

PermState𝑆(pure ⩽ rw) = PermState𝑆(ro ⩽ rw) ◦ PermState𝑆(pure ⩽ ro)

The unit natural transformation is simple: 𝜂𝐴 = id𝐴 for all 𝐴 ∈ C. The definition
of graded multiplication requires defining the natural transformation for all
pairs of grades, which number 52 = 25 in total. Instead of stating all twenty-five
cases, we give a few simple ones:

(𝜇pure,𝑒)𝐴 = idPermState𝑆𝑒𝐴 (𝜇𝑒 ,pure)𝐴 = idPermState𝑆𝑒𝐴
(𝜇aw,ro)𝐴 = ⟨ev𝐴,𝑆 , id𝑆⟩ (𝜇rw,rw)𝐴 = 𝜆(ev𝐴×𝑆,𝑆 ◦ ev(𝐴×𝑆)𝑆×𝑆,𝑆)

athis is a ‘must‘ property, whereas the previous ones were ‘may‘ properties

Digression about the permissions algebra The algebra in Example 2.3 is a some-
what strange, with the main surprise coming from the assymetry between reads
and writes. There is a view that ‘restores’ this symmetry: we can introduce grades
representing ‘no read’, ‘no write’, ‘always reads, no writing’ and ‘not yet known’,
respectively represented by nr, nw, ar and ⊥, resulting in a lattice with ⊥ as the
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purear aw

ro wo

rw

nw nr

⊥

Figure 2.8. Elaboration of the extended grading algebra for permissions mentioned
in the digression (multiplication operator not shown).

bottom element of the order, nr ⩽ pure, nr ⩽ aw, nw ⩽ pure, nw ⩽ ar and ar ⩽ ro
(Figure 2.8). There is no meaningful computational difference and no obvious way
of distinguishing between ro and ar, the nr and nw grades as introduced here are
observationally identical to pure, and ⊥ is not computationally meaningful (it only
means there is no information yet). While a ‘join-semilattice structure with top and
bottom’ is relevant later in the thesis (Chapter 4), the algebra over which PermState𝑆
is graded can be seen as the result of quotienting the more sophisticated algebra
under ‘observational equality’.

Strength In a practical programming context, monads and graded monads need
to be equipped with (tensorial) strength in order to define the semantics of effectful
languages.

Definition 2.12. A functor𝑇 : C→ C for a monoidal category (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) is
tensorially strong if there exists a natural transformation 𝑡𝐴,𝐵 : 𝐴⊗𝑇𝐵→ 𝑇(𝐴⊗𝐵)
(natural in two parameters) such that the following diagrams commute for all
𝐴, 𝐵, 𝐶 ∈ C:

(𝐴 ⊗ 𝐵) ⊗ 𝑇𝐶 𝑇((𝐴 ⊗ 𝐵) ⊗ 𝐶)

𝐴 ⊗ (𝐵 ⊗ 𝑇𝐶) 𝐴 ⊗ 𝑇(𝐵 ⊗ 𝐶) 𝑇(𝐴 ⊗ (𝐵 ⊗ 𝐶))

𝛼𝐴,𝐵,𝑇𝐶

𝑡𝐴⊗𝐵,𝐶

𝑇𝛼𝐴,𝐵,𝐶

id𝐴⊗𝑡𝐵,𝐶 𝑡𝐴,𝐵⊗𝐶

𝐼 ⊗ 𝑇𝐴 𝑇(𝐼 ⊗ 𝐴)

𝑇𝐴

𝑇𝜌𝐴
𝜆𝑇𝐴

𝑡𝐼 ,𝐴

Strong monads and strong graded monads are, put concisely, equipped with tensori-
ally strong endofunctors that ‘play well’ with unit and multiplication natural trans-
formations.

Definition 2.13. A strong monad on a monoidal category (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) is a
tuple (𝑇, 𝜇, 𝜂, 𝑡), where (𝑇, 𝜇, 𝜂) is a monad on C, 𝑇 is tensorially strong with
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strength 𝑡, and the following two diagrams commute for all 𝐴, 𝐵 ∈ C:

𝐴 ⊗ 𝑇𝑇𝐵 𝑇(𝐴 ⊗ 𝑇𝐵) 𝑇𝑇(𝐴 ⊗ 𝐵)

𝐴 ⊗ 𝑇𝐵 𝑇(𝐴 ⊗ 𝐵)

id𝐴⊗𝜇𝐵

𝑡𝐴,𝑇𝐵 𝑇𝑡𝐴,𝐵

𝑡𝐴,𝐵

𝜇𝐴⊗𝐵

𝐴 ⊗ 𝐵

𝐴 ⊗ 𝑇𝐵 𝑇(𝐴 ⊗ 𝐵)
𝑡𝐴,𝐵

id𝐴⊗𝜂𝐵
𝜂𝐴⊗𝐵

Definition 2.14 ([Kat14]). A strong ℳ-graded monad on a monoidal category
(C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) is a tuple (𝑇, 𝜇, 𝜂, 𝑡), where (𝑇, 𝜇, 𝜂) is an ℳ-graded monad on
C, 𝑇𝑒 is tensorially strong with strength 𝑡𝑒 for all 𝑒 ∈ M, and the following
diagrams commute for all 𝑒 , 𝑓 ∈ M and 𝐴, 𝐵 ∈ C:

𝐴 ⊗ 𝑇𝑒(𝑇 𝑓 𝐵) 𝑇𝑒(𝐴 ⊗ 𝑇 𝑓 𝐵) 𝑇𝑒(𝑇 𝑓 (𝐴 ⊗ 𝐵))

𝐴 ⊗ 𝑇(𝑒 ⊙ 𝑓 )𝐵 𝑇(𝑒 ⊙ 𝑓 )(𝐴 ⊗ 𝐵)

id𝐴⊗(𝜇𝑒 , 𝑓 )𝐵

(𝑡𝑒 )𝐴,𝑇 𝑓 𝐵 𝑇𝑒(𝑡 𝑓 )𝐴,𝐵

(𝑡𝑒⊙ 𝑓 )𝐴,𝐵

(𝜇𝑒 , 𝑓 )𝐴⊗𝐵

𝐴 ⊗ 𝐵

𝐴 ⊗ 𝑇1𝐵 𝑇1(𝐴 ⊗ 𝐵)
(𝑡1)𝐴,𝐵

id𝐴⊗𝜂𝐵
𝜂𝐴⊗𝐵

The settings in which these definitions are used are cartesian closed categories, as
they have a monoidal structure with ⊗ = × and 𝐼 = 1. Strength is a necessary
requirement for defining the semantics of effectful computations: typically the
semantics of Γ ⊢ 𝑀 : 𝑇𝐴 is ⟦𝑀⟧ : ⟦Γ⟧ → 𝑇⟦𝐴⟧, and strength is a necessary
component for defining the semantics of monadic binding.

2.3.2 Categories associated with monads
Prior work by Street [Str72a] defines the category of monads: objects are monads in
a categoryC, whereas morphisms are categorial analogues of the concept of monoid
homomorphism.

Definition 2.15. For a category C, the monad category Mnd(C) is:

objects monads (𝑇, 𝜇, 𝜂) on C;

morphisms a morphism from (𝑇1 , 𝜇1 , 𝜂1) to (𝑇2 , 𝜇2 , 𝜂2) is a natural transform-
ation 𝜙 : 𝑇1 ⇒ 𝑇2 coherent with the multiplication and unit natural
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transformations, meaning that the following diagrams commute:

𝑇1 • 𝑇1 𝑇1 IdC 𝑇1

𝑇2 • 𝑇2 𝑇2 𝑇2

𝜇1

𝜇2

𝜑•𝜑 𝜑

𝜂1

𝜂2
𝜑

composition natural transformation composition;

identities identity natural transformations 𝑇 ⇒ 𝑇.

For a particular monad 𝑇 we also typically define the Kleisli and Eilenberg-
Moore categories. The ideas from the former are in particular used in defining the
semantics of binding (especially the Haskell-like≫= operator).

Definition 2.16. For a monad (𝑇, 𝜇, 𝜂) on C, its Kleisli category C𝑇 is defined
as follows:

objects same as in C;

morphisms every morphism 𝑓 : 𝐴→ 𝑇𝐵 in C can also be regarded as a morph-
ism 𝐴→ 𝐵 in C𝑇 ;

composition composition ◦𝑇 for 𝑓 : 𝐴 → 𝐵, 𝑔 : 𝐵 → 𝐶 in C𝑇 is defined as
𝑔 ◦𝑇 𝑓 = 𝜇𝐶 ◦ 𝑇𝑔 ◦ 𝑓 ;

identities the identity morphism for all 𝐴 ∈ C𝑇 is id𝐴 = 𝜂𝐴.

All of these ideas extend to a graded setting, with the main contributions given
by Fujii and Katsumata. [FKM16] These ideas are further explored in Chapter 7.

2.3.3 Monad transformers as monoid transformers
The most significant formal treatment of monad transformers is given by Jaskelioff
in his thesis [Jas09a] and his work with Moggi [JM10a]. This treatment considers
monad transformers as a special instance of transformers and in particular monoid
transformers.

Definition 2.17. Given a category B and some subcategory A of B with in-
clusion functor Inj : A → B, a transformer (𝑅, lift𝑅) on A is a pair of a functor
𝑅 : A→ B and natural transformation lift𝑅 : Inj⇒ 𝑅.

The subcategoryA in question is usually either B itself or its discretisation |B|, with
all the objects ofB, but only identity morphisms. A monoid transformer on a monoidal
category 𝒞 = (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) is then simply a transformer on Mon(𝒞), the category
of monoids on the 𝒞. Since monads are monoids in the monoidal categories of
endofunctors, monad transformers are transformers on Mon(Endo(C)) = Mnd(C).

Jaskelioff and Moggi [JM10a] introduce a hierarchy of monoid transformers, in
strictly increasing order of underlying assumptions. The simplest monoid trans-
formers assume A = |Mon(𝒞)|, B = Mon(𝒞), meaning that 𝑅’ in Definition 2.17
is only an object mapping, there is no functoriality on the morphisms in Mon(𝒞).
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The additional functoriality assumption, meaning A = B = Mon(𝒞), yields covari-
ant monoid transformers. A functorial monoid transformer is a covariant monoid
transformer (𝑅, lift𝑅) on Mon(𝒞) along with an underlying transformer on C also
denoted (𝑅, lift𝑅), as well as a coherent inclusion functor𝑈 : Mon(𝒞) → C, meaning
that the following diagram (in Cat) commutes:

Mon(𝒞) Mon(𝒞)

C C

𝑈 𝑈

Inj

𝑅

Inj

𝑅

lift𝑅

lift𝑅

The maximum requirement gives monoidal monoid transformers, which are based
on the idea of monoidal extensions (not defined here). This hierarchy can be shown
to be proper (strict).

A significant part of the theory of monad transformers deals with the way
operations are lifted: how is reading from and writing to a state defined when a
non-stateful monad transformer is applied to a state monad? Jaskelioff’s thesis is the
go-to reference for such questions (in which the aforementioned monad transformer
hierarchy gives some automatic answers) and we do not discuss them further.

2.4 Related work
Previous sections in this chapter considered the mathematical foundations and
topics that are directly used in the main contribution chapters of the thesis. This
section addresses the related work and discusses alternative approaches to some
of the introduced topics. The focus is first on effects (Section 2.4.1), both the type-
and-effect systems side of the discussion and the various alternative constructs for
programming with effects. Next, I briefly consider a topic dual to monads and
effects: comonads and coeffects (Section 2.4.2). Using a type system with support
for grades, one of the contributions in this thesis, has been attempted by other
languages, and this is discussed in Section 2.4.2. Finally, I briefly consider monad
generalisations other than graded monads and their relation to program properties
(Section 2.4.3).

2.4.1 Effects

Effect algebras

The treatment of effect algebras in Section 2.1.2 can be seen as placing assumptions
on what is required of grading algebras. The least possible requirement – a pre-
ordered monoid structure, where multiplication represents sequencing – is in line
with the definition of ℳ-graded monads when ℳ is a strict and thin monoidal
category. However, the use of type-and-effect systems in practice places require-
ments that aim to ensure expressiveness and decidability of the resulting analysis.
The simplest additional requirement hinted in Section 2.1.2 is that the effect algebra
should have a join-semilattice structure (because of conditional branching). The
traditional Lucasses-Gifford-style [LG88] effect systems stick to effect algebras with



34 2.4 Related work

a complete lattice structure in which multiplication is the join – this is the defini-
tion given by Nielson, Nielson and Hankin in their influential textbook. [NRNH99,
p. 291–300] We explore more recent and more general assumptions made by other
authors.

Tate [Tat13] introduces the term ‘sequential effects’ to refer to non-commutative
effects, whose semantics are expressed using the notion of productors with respect to
an effectoid. Tate’s definition of a productor is almost equivalent to that of a graded
monad and the effectoid corresponds to a grading algebra. The main difference lies
in the fact that an effectoid is not an algebra because sequencing is represented by
a partial function 𝐸 × 𝐸 → 𝐸 – it is not a binary operator. This is useful when a
type system is meant to reject unsafe programs, and the lack of safety follows from
sequencing two computations deemend ‘incompatible’. Such partial operators can
be rephrased as binary operators on a set extended with an additional element
representing failure or unsafety.

More recently, Gordon has paid closer attention to control-flow operations and
their interaction with effects [Gor17, Gor18, Gor21]. These operations include condi-
tional branching, loops, exceptions, call-with-current-continuation and so on. The
resulting structure of the effect algebra is an effect quantale. In short, an effect quan-
tale is a monoid along with a join-semilattice with a nilpotent (absorbtive) top ⊤
(∀𝑒 ∈ 𝐸. 𝑒 ⊙⊤ = ⊤⊙ 𝑒 = ⊤), in which the sequencing operator distributes over the
join on both sides:

∀𝑎, 𝑏, 𝑐 ∈ 𝐸. 𝑎 ⊙ (𝑏 ∨ 𝑐) = (𝑎 ⊙ 𝑏) ∨ (𝑎 ⊙ 𝑐) and (𝑎 ∨ 𝑏) ⊙ 𝑐 = (𝑎 ⊙ 𝑐) ∨ (𝑏 ⊙ 𝑐)

For modelling loops, there is need to consider iterable effect quantales, which fea-
ture an iteration (elsewhere closure) operator similar to ones seen in Kleene algeb-
ras [Koz90], modelling unbounded application of the sequencing operator: 𝑒∗ can
be seen as the limit of 𝑒 ⊙ 𝑒 ⊙ 𝑒 ⊙ . . ..

Semantics of effects Defining a formal semantics for effects has long been a re-
search topic, starting with Moggi’s computational 𝜆-calculus 𝜆c [Mog89], with a mon-
adic categorical semantics. More recently, the semantics of Lucassen-Gifford-style
type-and-effect systems was explored in great detail by Ohad Kammar, particularly
in his PhD thesis [Kam14]. Orchard et al. [OPM14] define the semantics of an effect-
ful language in a more general setting, with a monotonic sequencing operator, via
graded monads. In parallel, Petriček et al. [PS11] propose joinads to model effectful
computation in concurrent and reactive settings, which are extended to a graded
setting by Mycroft et al. [MOP16], with grades being representations of effects.

Programming with effects

Extensions of𝜆-calculus with effectful computations and programming with (graded)
monads are not the only ways of representing impure computations. Furthermore,
the insight behind effect systems enables further programming paradigms, to which
we briefly pay attention now. The focus on algebraic effects and handlers and delimited
continuations is significant because of the fact these constructs can be shown to be
equivalent to graded monads in terms of expressiveness.

Algebraic effects and handlers The fundamental intuition behind [PP09, PP13] is
that exception-handling syntax is extended to encompass all computational effects,
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for example I/O and mutable stores. We talk about algebraic effects because it is
assumed that they arise from a finite set of operations (raising exceptions, geting/-
setting the state, reading/printing), and their handlers specify how encountering
such an effect during program execution needs to be processed. This allows us to
capture more sophisticated control flow that encompasses backtracking, exceptions,
coroutines, as well as logic and probabilistic programming.

There are several programming languages with support for algebraic effects.
Eff [BP12] is a language with OCaml-like syntax with first-class effects – that is,
effects can be programmer defined. Support for algebraic effects in handlers exists
in languages such as Koka, Frank, and F*. There are also language extensions which
add support for algebraic effects and handlers in Haskell, OCaml, and Scala.

I now briefly explain how algebraic effects and their handlers are used through a
simple example using Eff-like syntax. All effect handlers have a continuation para-
meter representing the context in which an effect is performed, and the programmer
is allowed to continue the execution of the effectful computation. Exception handlers
are a special case of effect handlers. They can be defined as an Exn effect:
effect Exn : string -> unit

and we assume that the language has support for strings, with a ++ operator used
for string concatenation. Furthermore we assume the language has I/O operations,
with a dedicated print function for writing to standard output. The following
function hello can then be written:
let hi name = if name = "" then perform (Exn "no␣name␣given")

else print ("Hi,␣" ++ name ++ "!")

In order to achieve the stack unwinding behaviour of exceptions, we just do not use
the continuation (exncont) in the handler at all. For example, the expression:
handle hi "Dmitrij"; hi "Nathanael"; hi ""; hi "Andrej"
with Exn m exncont -> print ("Exception:␣" ++ m)

prints:

Hi, Dmitrij!
Hi, Nathanael!
Exception: no name given

In short, algebraic effects and handlers can be seen as a generalisation of excep-
tion handling to other kinds of effects, along with the option to resume a computa-
tion.

Delimited continuations connection Delimited continuations [Fel88, DF90] are one
of the ways of programming with continuations in order to represent control-
flow not typically seen in pure functional programs. They extend constructs such
as call/cc, and the primitives used to program with them can vary. Commonly
commands such as shift and reset are used, which are similar to the homonymous
concepts in parsing.

Forster et al. [FKLP17] show that delimited continuations, monads and algebraic
effects and handlers all have the same expressibility. This can be seen by constructing
translations (effectively, how one can simulate the other). Some of the translations
given in their work do not preserve typeability. However, this typeability issue
disappears by changing the type system to introduce features such as parametric
polymorphism.
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2.4.2 Comonads and coeffects

Dual to effects, the notion of coeffects is used to reason about computations which
rely on the environment in which they are run (as opposed to affecting it, like
with effects). First suggested by Petriček et al. [POM13], coeffects are used to
model concepts such as implicit function parameters, bounded use of variables
(similarly to linear type systems), capability-based secure data access and data-
flow programming in the style of Lucid [WA85]. Dually to judgements of the
form Γ ⊢ 𝑀 : 𝐴 & 𝐹, coeffects are stated as assumptions along with the context:
Γ @ 𝑅 ⊢ 𝑀 : 𝐴, with 𝑅 a coeffect. Petriček in his PhD thesis [Pet17] identifies two
broad classes of coeffects: flat and structural. Flat coeffects are used to represent an
assumption on the entire environment (for example, the total number of times any
of the variables can be used used), whereas structural coeffects [POM14] are vectors
whose length matches that of the typing environment and represents assumptions
associated with each of the variables (for example, an upper bound on the number
of times the computation may read them)

The semantics of type-and-coeffect systems is described by comonads and graded
comonads [Orc14, Ch. 5]. Categorically, comonads 𝐷 onC are a dual notion to that of
monads: instead of a unit 𝜂 : IdC ⇒ 𝑇 and multiplication 𝜇 : 𝑇 • 𝑇 ⇒ 𝑇, comonads
have a counit 𝜀 : 𝐷 → IdC and duplication (or comultiplication) 𝛿 : 𝐷 ⇒ 𝐷 • 𝐷.

Comonads can be programmed with in a similar way as monads, and the concept
predates coeffects. They were first used to describe the semantics of a contextual
𝜆-calculus [UV08] and data-flow programming [UV05] by Uustalu and Vene. Fur-
thermore, Orchard [OM12] introduced codo notation, similar to Haskell’s do, al-
lowing the programmer to write contextually-dependent computations in a more
convenient style. Orchard further demonstrated other applications of comonads
in practical programming, for example in image processing. An overview of these
ideas can be found in his PhD thesis [Orc14, Ch. 7].

Effects and coeffects can be combined in a type system that account for both ways
the environment and a computation may interact with each other – as was done by
Gaboardi et al. [GKO+16] This is done by using effect-graded monads and coeffect-
graded comonads and the system is capable of reasoning about computations that
raise exceptions and have resource requirements. The key insight is that interaction
between effects and coeffect is done using a graded distributive law: reasoning about
resource usage (coeffectful) and exceptions (effectful) needs to account for the fact
that, if a computation is known to definitely cause an error, the program flow is
interrupted.

Program reasoning

An important use of graded structures (monads, comonads) and effect/coeffect
systems is in reasoning about resource usage: whether a file is opened prior to being
read from, how many times a particular mutable variable is written to, whether a
thread consumes exactly one item from a shared buffer. The most straightforward
example of a type system that enables that kind of reasoning is that of Lafont’s linear
types [Laf88], which is a substructural type system in which variables are marked as
either linear or unrestricted and in which linear variables must be referred to exactly
once in the scope within which they are defined. A straightforward generalisation
is the notion of bounded linear types [GS14, GSS92, DLH10], in which variables can be
treated as resources to be consumed, with the exact usage discipline described by
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a resource semiring. The categorical semantics of linear and bounded linear type
systems can be expressed comonadically [Bie95], which suggests that reasoning
about resources can be done using effects and coeffects.

Granule (formerly Gram) [OL17, OLEI19] is a programming language designed
around quantitative program reasoning by unifying graded comonadic and graded
monadic types into an umbrella notion of graded modal types. Granule’s static type
system is capable of reasoning about properties related to data usage. As these
properties can be sophisticated and possibly undecidable, Granule utilises the Z3
theorem prover to partially fill the gap in the type-checking algorithm. This way,
the programmer is capable of – for example – representing type-safe file handling,
without the need for sophisticated type-level programming or dependent types.

2.4.3 Related monad generalisations

The focus in this thesis is on graded monads and their use in representing program
analysis. However, this is not the only generalisation of monads that is useful for
representing properties of impure computation. We briefly review a few useful
generalisations.

Parameterised monads Atkey [Atk09] introduced a generalisation of monads cap-
able of modelling judgements of the form Γ;𝑃 ⊢ 𝑀 : 𝐴;𝑄, where the traditional
typing judgement Γ ⊢ 𝑀 : 𝐴 is extended with 𝑃 and 𝑄, which are the initial and
final predicates on states required and produced by a computation 𝑀. A paramet-
erised monad is thus constructs a type out of a precondition, postcondition and a type.
Reasoning about program properties through precondition-postcondition assertion
pairs is inspired by axiomatic approaches to semantics (such as Floyd-Hoare logic).
Categorically, a parameterised monad in a category C relies on a parameterisation
category S whose arrows are analogous to implications between assertions, so the
underlying functor has type 𝑇 : Sop × S × C → C. Parameterised monads are cap-
able of representing concepts such as delimited continuations and model properties
such as the range of values of a global state.

Category-graded monads Orchard et al. [OWE20] unify the notions of paramet-
erised and graded monads using the terminology of 2-categories, as both can be
seen as instances of 2-category-graded monads with a generalised unit. This is done
in several steps using the ‘oidification’ approach to generalising definitions in cat-
egory theory. The strict monoidal category Endo(C) is equivalent to a one-object
2-category Endo2(C), whose morphisms are endofunctors and 2-morphisms are
natural transformations. Then, for a 2-category I, a 2-category-graded monad is a
lax 2-functor T : Iop → Endo2(C). This concept can be shown to straightforwardly
generalise ℳ-graded monads, for a monoidal category ℳ. This is not quite enough
to subsume the notion of parameterised monads, and the further technical details
can be found in the above-cited paper.

Floyd-Hoare assertions A further connection between monads and program veri-
fication comes in the form of Hoare monads [Swi09] and Dĳkstra monads. [SWS+13,
MAA+19] Hoare monads came first as a way of adding Floyd-Hoare-style precondi-
tion and postcondition assertions to stateful computations in a dependently-typed
setting. They were inspired by Hoare Type Theory [NMB06], used for statically
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enforcing correct use of side effects. Dĳkstra monads go a step further: they are
capable of verifying programs with arbitrary monadic side effects, not just states.
The main idea of Dĳkstra monads comes from the concept of weakest preconditions:
keeping track of the postcondition means the most general matching precondition
can also be derived.

Polymonads Polymonads [HBG+14] generalise the familiar type of monadic bind,
∀𝛼, 𝛽(𝑇𝛼 → (𝛼 → 𝑇𝛽) → 𝑇𝛽), to a more general type ∀𝛼, 𝛽(𝑇1𝛼 → (𝛼 → 𝑇2𝛽) →
𝑇3𝛽) for a suitable triple (𝑇1 , 𝑇2) ⊲ 𝑇3, allowing the programmer to sequence side-
effecting computations representing different side-effects. Polymonads turn out
to be exactly as expressive as Tate’s productoids [Tat13], used for ‘producer’ ef-
fect systems (introduced in the same paper as the term ‘sequential effect system’).
Polymonads can also express Atkey’s parameterised monads.



Part II

Analysis-graded monads

In this thesis, graded monads are used as a setting for representing
program properties through the type system of a language. This leads
to the notion of analysis-graded monads, in which grades represent out-
comes of program analyses. The term ‘program analysis’ is taken to
mean ‘abstract interpretation’. Thus analysis-graded monads assume a
particular structure of the grading algebra.
Chapter 3 gives a definition of analysis-graded monads in a program-
ming context and provides novel examples of program analyses rep-
resented using analysis-graded monads. While the chapter contains
novel results, it can also be read as an extended background chapter
with definitions used in the remainder of the thesis. In Chapter 4 we
take the next step and explore how to perform program analysis by way
of grade inference, reducing the question of program analysis to that of
typing. Finally, in Chapter 5 we look at analysis-graded monads from
a category-theoretic perspective, allowing us to state and prove some
general properties and useful results.
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3Program analysis through grades

The aim of this thesis is to bridge the gap between the theory of graded monads
and their practical use in analysing side-effecting computations. Simple examples
of graded monads were given in Chapter 2, mostly based on prior work. The next
step is to explore the contexts in which graded monads represent program analyses,
in which case we refer to them as analysis-graded monads.

The main motivation for research into analysis-graded monads in particular
is to see the ways in which grades can be interpreted in a manner useful for a
programmer and tied to a program analysis. Precisely defining analysis-graded
monads allows us to state some general results that hold for all of them and to
pose interesting questions – for example, how outcomes of multiple analyses can
be represented with a single grade.

The goals of this chapter are to show how various program analyses can be
though of as analysis-graded monads and to precisely define them.

Chapter structure I first give a language-oriented definition of analysis-graded
monads before focussing on notable concrete examples. A graded monadic metalan-
guage (called Source) is used for discussing this question.

Section 3.1 defines a framework for working with analysis-graded monads us-
ing a simple graded monadic metalanguage. This section also illustrates how
analysis-graded monads can be embedded into Haskell. In Section 3.2 I explore
graded monads that address possibly failing computations and exceptions, mean-
ing graded versions of frequently used Maybe and Except monads. While using
graded monads in these contexts is not a novel idea, I argue that the approach
taken in this thesis improves upon previous attempts at representing these side-
effecting phenomena. Next, in Section 3.3 I explore graded monads concerned with
state, including PermState𝑆 mentioned in Chapter 2. The next application is that of
analysing concurrent functional programs; several approaches aiming to guarantee
safety are described in Section 3.4.

The examples show there are fundamental challenges associated with perform-
ing program analysis using graded monads, which are discussed in Section 3.5.

Relevant publications The applications of analysis-graded monads given in this
chapter draw upon work I co-authored during my PhD studies, which includes the
following publications:

• Andrej Ivašković, Alan Mycroft, Dominic Orchard, Data-flow analysis as effects
and graded monads (International Conference on Formal Structures for Com-
putation and Deduction 2020) [IMO20] – this publication is the foundation for
the work explored in Section 3.3.2 and considers a more general setting of all
monotone data-flow frameworks, as opposed to just live variable analysis;
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• Andrej Ivašković, Alan Mycroft, A graded monad for deadlock-free concurrency
(Haskell Symposium 2020) [IM20] – this paper gives a practical Haskell imple-
mentation of the simple graded monad for deadlock-free locking in Section 3.4.

3.1 An analysis-graded monadic framework

Programming with monads and graded monads requires representing computa-
tions as values whose types are 𝑇𝐴 or 𝑇 𝑒𝐴 for some type constructor 𝑇 and grade
𝑒. For example, the Maybe monad uses an underlying sum, so the type Maybe(𝐴)
has 𝐴+Unit as its underlying structure. In practical programming there is usually a
data constructor that ‘wraps’ such an underlying structure into a value whose type
is (graded) monadic. The (graded) monadic type can be thought of as abstracting
over the representation of the computation.

In this section, I define analysis-graded monads in the context of a simple lan-
guage called Source, which is a call-by-name language with graded monadic types.
This language is the main theoretical framework used for discussing examples of
analysis-graded monads, and as such its type system incorporates judgements re-
lated the the grading algebras used by its graded monads. Defining the operational
semantics for graded monadic operations (such as binding) depends on the under-
lying graded monad, which is why the operational semantics is defined in terms of
a target language Target without support for graded monads, but all graded mon-
adic types and computations are replaced using their underlying representation
(unwrapped in the same way as the type Maybe(𝐴) represents 𝐴 + Unit). This
grade-driven translation from Source to Target represents a way of reifying these
computations.

The Target language is sufficient to explain the translation of most examples
explored in this chapter. A missing feature is a way of performing I/O, such
as writing to an output stream or performing parallel computations. The role of
graded monads we consider in the Target language is not capturing that of I/O, but
that of structuring computation. Reifying monadic I/O is known to be technically
difficult [PJ02].

We first define the syntax and semantics of Target in Section 3.1.1. We then
give a definition of Source language in Section 3.1.2, along with the definition of
analysis-graded monads and their computational grading algebras. Finally, we pay
attention to the question of representing analysis-graded monads in Haskell. The
Source and Target definitions and translations are mostly mechanical and not novel,
but the framework and the examples are.

3.1.1 Defining Target

The Target language is defined to be as simple as possible: it is based on simply-
typed 𝜆-calculus extended with constructors and eliminators for binary sums and
finite products. We opt for call-by-name reduction semantics for the sake of con-
venience: programming with (graded) monads is typically done in pure functional
programming language such as Haskell, which usually have call-by-name (or sim-
ilar) reduction semantics.

The syntax, type system and reduction semantics are given in Figure 3.1.
The terms (𝑀, 𝑁) of this language range over constants, integer arithmetic,

variables (𝑥), function abstractions and applications, as well as introduction and
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Syntax:
(terms) 𝑀, 𝑁 ::= 𝑛 | ⟨⟩ | 𝑀 op 𝑁 | 𝑥 | fn 𝑥 : 𝐴⇒ 𝑀 | 𝑀 𝑁

| ⟨𝑀1 , . . . , 𝑀𝑛⟩ | proj𝑖 𝑀 for 𝑖 , 𝑛 ∈ N
| inl 𝑀 : 𝐴 + 𝐵 | inr 𝑀 : 𝐴 + 𝐵

| case 𝑀 of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2)
(values) 𝑉 ::= 𝑛 | ⟨⟩ | 𝑥 | fn 𝑥 : 𝐴⇒ 𝑀

| ⟨𝑀1 , . . . , 𝑀𝑛⟩
| inl 𝑀 : 𝐴 + 𝐵 | inr 𝑁 : 𝐴 + 𝐵

(types) 𝐴, 𝐵 ::= Int | Unit | 𝐴→ 𝐵 | 𝐴1 × . . . × 𝐴𝑛 | 𝐴 + 𝐵

Evaluation contexts:
𝒞 ::= 𝑉 op _ | _ op 𝑀 | _ 𝑀 | ⟨𝑀1 , . . . , 𝑀𝑘−1 , _, 𝑀𝑘+1 , . . . , 𝑀𝑛⟩

| case _ of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2)

Operational semantics:
(arith) 𝑛1 op 𝑛2⇝ ⟦𝑜𝑝⟧(𝑛1 , 𝑛2)
(beta) (fn 𝑥 : 𝐴⇒ 𝑀) 𝑁 ⇝ 𝑀{𝑁/𝑋}
(proj) proj𝑖 ⟨𝑀1 , . . . , 𝑀𝑛⟩⇝ 𝑀𝑖 for 1 ≤ 𝑖 ≤ 𝑛

(case-l) case (inl 𝑀 : 𝐴 + 𝐵) of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2)⇝ 𝑁1{𝑀/𝑥1}
(case-r) case (inr 𝑀 : 𝐴 + 𝐵) of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2)⇝ 𝑁2{𝑀/𝑥2}
(struct) 𝑀⇝ 𝑁

𝒞[𝑀]⇝ 𝒞[𝑁]

Typing judgements:

(int)
Γ ⊢ 𝑛 : Int (unit)

Γ ⊢ ⟨⟩ : Unit

(op) Γ ⊢ 𝑀 : Int Γ ⊢ 𝑁 : Int
Γ ⊢ 𝑀 op 𝑁 : typefor(op) (var) 𝑥 : 𝐴 ∈ Γ

Γ ⊢ 𝑥 : 𝐴

(fn) Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵
Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐴→ 𝐵

(app) Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

(inl) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ inl 𝑀 : 𝐴 + 𝐵 : 𝐴 + 𝐵

(inr) Γ ⊢ 𝑀 : 𝐵
Γ ⊢ inr 𝑀 : 𝐴 + 𝐵 : 𝐴 + 𝐵

(case) Γ ⊢ 𝑀 : 𝐴1 + 𝐴2 Γ, 𝑥1 : 𝐴1 ⊢ 𝑁1 : 𝐵 Γ, 𝑥2 : 𝐴2 ⊢ 𝑁2 : 𝐵
Γ ⊢ case 𝑀 of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2) : 𝐵

(prod-int) Γ ⊢ 𝑀𝑖 : 𝐴𝑖 for all 1 ≤ 𝑖 ≤ 𝑛

Γ ⊢ ⟨𝑀1 , . . . , 𝑀𝑛⟩ : 𝐴1 × . . . × 𝐴𝑛

(prod-elim) Γ ⊢ 𝑀 : 𝐴1 × . . . × 𝐴𝑛

Γ ⊢ proj𝑖 𝑀 : 𝐴𝑖
for 1 ≤ 𝑖 ≤ 𝑛

Figure 3.1. Syntax, semantics and the typing judgements for Target.
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elimination constructs for tuples and sums. The binary operators op are not specified
in the syntax overview, but they can be addition (+) and subtraction (−) in the basic
case, and if we add booleans to the language, comparisons (= and ≤, for example).
A notable subset of the terms are values (𝑉), which are significant only for the sake
of defining the operational semantics or stating a Progress theorem (omitted in this
thesis).

The types (𝐴, 𝐵) in the language are similarly simple: they are either one of the
base types (Int, Unit), a function type, a product type or a sum type. The inductive
definition of the typing judgements Γ ⊢ 𝑀 : 𝐴, for Γ a variable typing context, is
similar to definitions seen elsewhere. In (op), the type of the term depends on the
binary operator in question, which is achieve using typefor(op) (Int for addition).

The reduction relation 𝑀⇝ 𝑁 is similarly simple, featuring reducing arithmetic
expressions (using the ‘mathematical’ meaning of the operator, represented by
⟦op⟧), 𝛽-reduction, reductions for projections and pattern matching sums, as well
as structural reduction rules – meaning reductions applied to a subexpression. The
latter reduction is phrased in terms of evaluation contexts 𝒞, which are terms with
holes in them for terms. The definition of capture-avoiding substitutions 𝑀{𝑁/𝑥},
as seen in the reduction rule for 𝛽-reductions, is well-known and simple.

There are some obvious possible additions to this language. The most obvious
one is support for conditionals and booleans, but these can be encoded using
existing constructs (Bool = Unit + Unit, with true = inl ⟨⟩ and false = inr ⟨⟩). We
assume support for integer arithmetic in some later examples. Lists are omitted
from Target (for now) for the sake of simplicity, as almost all useful list processing
function require recursion.1 When we assume the existence of lists in examples of
analysis-graded monads, we also assume an interface with standard list processing
functions such as extracting the head and tail, appending two lists, and so on.

3.1.2 Programming with analysis-graded monads

We now turn to the definition of analysis-graded monads and the Source language
for programming with them. First we define analysis-graded monads from a pro-
gramming standpoints. Then we give the syntax for the source language. Finally,
we explain the translation from Source to Target, defined in Section 3.1.1.

Computational grading algebras and analysis-graded monads

As mentioned in the introduction to this chapter, an analysis-graded monad is a
graded monad with an appropriate choice of grading algebra – one which represents
a program analysis. We gave an overview of the abstract interpretation view of
program analysis in Chapter 2. We adapt this lattice-theoretic view of program
properties in order to define algebras for analysis-graded monads.

In Section 2.1 we considered several desirable components for effect algebras: an
ordering relation representing conservative overapproximation; a multiplication oper-
ator representing the effect of running two computations sequentially; an alternation
operator representing the outcome of conditional branching; a top element of the or-
dering relation representing the ‘don’t know’ outcome. We thus refer to a grading
algebra corresponding to a program analysis as a computational grading algebra.

1A minimal list interface might provide a list constructor and a list fold-like eliminator, as most
list processing functions can be written using folding operations. While folding is itself a recursive
operation, a language might provide recursion only for lists using folding.
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Definition 3.1. A computational grading algebra ℰ is a tuple (𝐸, ⩽, ⊙, 1,𝒪), with
𝐸 a set, ⩽ ⊆ 𝐸 × 𝐸 a partial order, ⊙ a binary operator on 𝐸 and 1 ∈ 𝐸 and 𝒪 a
set such that:

• (𝐸, ⩽) is a join-semilattice with join ∨ and a top element ⊤;

• (𝐸, ⊙, 1) is a monoid, meaning that 1 is the unit for ⊙;

• ⊙ is monotonic with respect to ⩽, meaning that for all 𝑒 ⩽ 𝑒′ and 𝑓 ⩽ 𝑓 ′:

𝑒 ⊙ 𝑓 ⩽ 𝑒′ ⊙ 𝑓 ′

• 𝒪 is a set of grade operators, which are are constants drawn from 𝐸 or
functions with codomain 𝐸 and domains 𝐸, 𝐸 × 𝐸, . . . – operators on 𝐸

with varying arities, monotonic in each argument.

More succintly, a computational grading algebra is a pomonoid with joins and
a top element, as well as function symbols of varying arities.

The join-semilattice monoid with top element structure is expected, the most
unusual addition is 𝒪. The reason for its existence is mainly for the sake of ex-
pressing graded monadic computations in the source language. This will become
clearer in examples, but the main idea is that with every graded monad there are
terms and functions used to reason about the effect in question. For example, with
the graded monads based on State𝑆, the get operation reads from the state, so the
grade present in the type of get needs to express that: in PermState𝑆, the type of get
is PermStatero

𝑆 𝑆. These notable constants in 𝒪 (such as ro) are explicitly used when
typing judgements are given for graded monadic operations.

A more concise presentation ofℰ might state that both ⊙ and 1 are in𝒪. We sep-
arate them for the sake of convenience. Furthermore, we drop 𝒪 from the definition
of computational grading algebras when discussing categorical properties.

The definition of analysis-graded monads is then brief:

Definition 3.2. An analysis-graded monad T is a monad graded with a computa-
tional grading algebra.

No further details are required, as we defined graded monads in detail in
Chapter 2. All of the properties of graded monads are thus expected to hold
(meaning the two unit laws, the associativity law and the monotonicity law). It
remains to give a syntax for working with analysis-graded monads,

Syntax for analysis-graded monads

The common source language for programming with analysis-graded monads does
not have anything that is inherently tied to analyses – instead, it is the concrete ex-
amples and instantiations that embody this link. As with Target, we make the
language as simple as possible: it is nothing more than simply-typed lambda cal-
culus with added constructs for programming with graded monads.

The syntax and type system of Source are given in Figure 3.2. The main novelty
is that the language is parameterised by a particular graded monad T – itself defined
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Syntax:
(terms) 𝑀, 𝑁 ::= 𝑛 | ⟨⟩ | 𝑀 op 𝑁 | 𝑥 | fn 𝑥 : 𝐴⇒ 𝑀 | 𝑀 𝑁

| return 𝑀 | bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 | sub𝑒 , 𝑓 𝑀

(types) 𝐴, 𝐵 ::= Int | Unit | 𝐴→ 𝐵 | 𝑇 𝑒𝐴

(grades) 𝐹, 𝐺 ::= 𝑒 | 1 | 𝐹 ⊙ 𝐺

| 𝑜(𝐹1 , . . . , 𝐹𝑘) (for 𝑜 ∈ 𝒪 of arity 𝑘 ⩾ 0)

Typing judgements:

(int)
Γ ⊢ 𝑛 : Int (unit)

Γ ⊢ ⟨⟩ : Unit

(op) Γ ⊢ 𝑀 : Int Γ ⊢ 𝑁 : Int
Γ ⊢ 𝑀 op 𝑁 : typefor(op) (var) 𝑥 : 𝐴 ∈ Γ

Γ ⊢ 𝑥 : 𝐴

(fn) Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵
Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐴→ 𝐵

(app) Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

(ret)
Γ ⊢ 𝑀 : 𝐴 ⊢gr 1 = 𝑖

Γ ⊢ return 𝑀 : 𝑇 𝑖𝐴
(sub)

Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 ⊢gr 𝑒 ⩽ 𝑓

Γ ⊢ sub𝑒 , 𝑓 𝑀 : 𝑇 𝑓𝐴

(bind)
⊢gr 𝑒 ⊙ 𝑓 = 𝑔 Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝑇 𝑓 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : 𝑇 𝑔𝐵

Figure 3.2. Syntax and the type system of Source, assuming an underlying
analysis-graded monad T with functor (type constructor) 𝑇 and grading algebra
(𝐸, ⩽, ⊙, 1,𝒪).
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by its computational grading algebra ℰ = (𝐸, ⩽, ⊙, 1,𝒪), a type constructor 𝑇 and
appropriate binding, return and subeffecting operations. Therefore the definition
of the language features elements 𝑒 ∈ 𝐸 used as parts of terms and types. These
grades (𝑒 , 𝑓 ) can be considered a sort of their own in Source, but since they only
range over constants, we do not consider them a separate sort in this language.
However, outside of the syntax of Source, the syntax of grade expressions (𝐹, 𝐺) is
important: they are essentially expressions using the operators associated with the
grading algebra. This means a grade expression can be a constant 𝑒 from 𝐸, the
unit 1 (which is just an alias for the unit element from 𝐸), sequencing or alternation
of two grade expressions, or an application of a grade operator. Furthermore,
we assume the existence of judgements (with possible decision procedures) for
overapproximation and equality testing, capable of reasoning about the grading
algebra operators (including sequencing), with a separate derivation and decision
procedure:2

equality the ⊢gr 𝐹 = 𝐺 judgement merely states that, in the theory of the computa-
tional grading algebraℰ, the fact that 𝐹 = 𝐺 for 𝐹, 𝐺 ∈ 𝐸.

overapproximation the ⊢gr 𝐹 ⩽ 𝐺 judgement merely states that, in the theory of the
computational grading algebraℰ, the fact that 𝐹 ⩽ 𝐺 for 𝐹, 𝐺 ∈ 𝐸 is derivable.

In the context of this thesis, we assume the theories of computational grading
algebras are decidable and do not formalise any deductive system. Instead, the
judgements can be read as simply ‘relation holds true in the monoid’.

The terms (𝑀, 𝑁) are constants, variables, function abstractions, function ap-
plications, syntax for creating unit graded monadic computations (return), syntax
for binding two graded monadic computations (bind 𝑥 : 𝐴 ⇐ 𝑀 with 𝑁) and ex-
plicit subeffecting of graded monadic computations. The reason sub𝑒 , 𝑓 carries two
grades is because we want both well-typed terms to have unique types (in a given
environment) and for typing derivations of type judgements to be unique.

The types (𝐴, 𝐵) are few: other than base types and function types, the only other
type is the graded monadic 𝑇 𝑒𝐴 family. The ‘𝑇’ used here refers to the one graded
monad (more precisely, its type constructor) used for a particular instantiation of
Source – support for multiple graded monads can be added by treating 𝑇 as ranging
over a set of graded monads and adding annotations to return 𝑀 terms. The typing
judgements Γ ⊢ 𝑀 : 𝐴 for the graded monadic operations rely on equality and
overapproximation judgements ⊢gr 𝐹 = 𝐺 and ⊢gr 𝐹 ⩽ 𝐺.

The type system satisfies the following uniqueness property:

Theorem 3.1 (Uniqueness of Source typing derivations). If a Source term 𝑀 is
typeable under environment Γ, then it has a unique typing derivation. In other
words, there exists at most one type 𝐴 such that Γ ⊢ 𝑀 : 𝐴 and this judgement
is derivable in a unique way.

Proof. We prove this statement by induction on the structure of terms 𝑀, proving
the following property Φ:

Φ(𝑀) ≡ ∀Γ, 𝐴, 𝐵. Γ ⊢ 𝑀 : 𝐴 ∧ Γ ⊢ 𝑀 : 𝐵 =⇒ 𝐴 = 𝐵 and the derivations of
Γ ⊢ 𝑀 : 𝐴 and Γ ⊢ 𝑀 : 𝐵 match

2This is similar to many similar type systems which rely on a separate judgement or theory, outside
of the language. Likewise, axiomatic approaches to semantics such as Hoare Logic often assume an
underlying theory of logic and arithmetic.
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The proof is straightforward, so we only cover a few cases.

(var) Let 𝑀 be 𝑥. Let Γ be an environment and 𝐴, 𝐵 types satisfying Γ ⊢ 𝑥 : 𝐴,
Γ ⊢ 𝑥 : 𝐵. Only the (var) typing rule applies for typing judgements for terms
with this syntax, so 𝑥 : 𝐴 ∈ Γ and 𝑥 : 𝐵 ∈ Γ. Since a variable can have only one
type in an environment, we conclude 𝐴 = 𝐵. Furthermore, the assumptions
match and by the hypothesis their derivations are unique, so the derivation
of Γ ⊢ 𝑥 : 𝐴 is unique.

Thus Φ(𝑥).

(fn) Assume Φ(𝑀) and the term fn 𝑥 : 𝐴⇒ 𝑀. Consider types 𝐶1, 𝐶2 and typing
environment Γ such that Γ ⊢ 𝑀 : 𝐶1 and Γ ⊢ 𝑀 : 𝐶2. The only typing rule
that applies to fn 𝑥 : 𝐴⇒ 𝑀 is (fn), so 𝐶1 is of the form 𝐴→ 𝐵1 and 𝐶2 is of
the form 𝐴 → 𝐵2 for some types 𝐵1 and 𝐵2. Furthermore, Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵1
and Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵2. By the hypothesis Φ(𝑀), we have 𝐵1 = 𝐵2, and
therefore (𝐴→ 𝐵1) = (𝐴→ 𝐵2). Hence 𝐶1 = 𝐶2, and the typing derivation of
Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐶1 is unique by induction hypothesis.

Thus Φ(fn 𝑥 : 𝐴⇒ 𝑀).

(bind) Assume Φ(𝑀) and Φ(𝑁) and consider the term bind 𝑥 : 𝐴 ⇐ 𝑀 with 𝑁 .
Let Γ, 𝐶1, 𝐶2 be such that Γ ⊢ bind 𝑥 : 𝐴 ⇐ 𝑀 with 𝑁 : 𝐶1 and Γ ⊢ bind 𝑥 :
𝐴 ⇐ 𝑀 with 𝑁 : 𝐶2. For terms of this form, the only possible last step of
the derivation is (bind), meaning that the types 𝐶1 and 𝐶2 are equal to 𝑇 𝑔1𝐵1
and 𝑇 𝑔2𝐵2, respectively, and necessarily there exist 𝐴1, 𝐴2, 𝑒1, 𝑒2, 𝑓1, 𝑓2 we
have: Γ ⊢ 𝑀 : 𝑇 𝑒1𝐴, Γ, 𝑥 : 𝐴1 ⊢ 𝑁 : 𝑇 𝑓1𝐵1, 𝑒1 ⊙ 𝑓1 = 𝑔1, Γ ⊢ 𝑀 : 𝑇 𝑒2𝐴,
Γ, 𝑥 : 𝐴2 ⊢ 𝑁 : 𝑇 𝑓2𝐵2, 𝑒2 ⊙ 𝑓2 = 𝑔2.

By assumption, we have that the types 𝑇 𝑒1𝐴 and 𝑇 𝑒2𝐴 are equal and that types
𝑇 𝑓1𝐵1 and 𝑇 𝑓2𝐵2 are equal.

Thus, 𝑒1 = 𝑒2, 𝑓1 = 𝑓2, 𝐵1 = 𝐵2.

It follows that 𝑔1 = 𝑒1 ⊙ 𝑓1 = 𝑒2 ⊙ 𝑓2 = 𝑔2, and hence 𝑇 𝑔1𝐵1 = 𝑇 𝑔2𝐵2. We
conclude 𝐶1 = 𝐶2. Since the derivations of the assumptions in (bind) are
unique, the derivation of Γ ⊢ bind 𝑥 : 𝐴 ⇐ 𝑀 with 𝑁 : 𝐶1 is also unique.
Hence Φ(bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁).

□

The analogous statement also holds for Target, and the proof follow similar
reasoning (and is therefore not presented here).

Theorem 3.2 (Uniqueness of Target typing derivations). If a Target term 𝑀 is
typeable under environment Γ, then it has a unique typing derivation. In other
words, there exists at most one type 𝐴 such that Γ ⊢ 𝑀 : 𝐴 and this judgement
is derivable in a unique way.

The Source-to-Target translation

The semantics of Source is given by a translation to Target. This translation is given
by three translation functions:
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type translation this is a function ⟨⟨·⟩⟩type mapping Source types to Target types: for
a Source type 𝐴, ⟨⟨𝐴⟩⟩type is a Target type;

environment translation this is a function ⟨⟨·⟩⟩env operating on Source typing envir-
onment, and it is defined entirely in terms of ⟨⟨·⟩⟩type – all variable types are
translated from Source to Target:

⟨⟨⋄⟩⟩env = ⋄
⟨⟨Γ, 𝑥 : 𝐴⟩⟩env = ⟨⟨Γ⟩⟩env , 𝑥 : ⟨⟨𝐴⟩⟩type

term translation this is a function ⟨⟨·⟩⟩val mapping Source terms to Target terms: for
a derivable Source typing judgement Γ ⊢ 𝑀 : 𝐴, ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val is a term such
that the following typing judgement in Target holds:

⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val : ⟨⟨𝐴⟩⟩type

Even though the result of the translation ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val is a term and is referred to
as term translation, it operates on a typing judgement. This is because the definition
of this translation depends on how the structure of the term is translated and how
variables in Γ are used.

The most interesting part of this translation relates to the translation of expres-
sions with a graded monadic type. However, this aspect of the translation depends
on the graded monad – it is essentially the representation of return, bind and subef-
fecting, which induce a graded monad. The remaining parts of the translation are
not fundamentally surprising: they are agnostic of the underlying analysis-graded
monad and are given in Figure 3.3. The ⟨⟨·⟩⟩val translation operates on derivable typing
judgements, and fundamentally assumes the fact that there is at most one derivation
for each typing judgement (easily established by considering the consequences of
the rule instances in Figure 3.2).

One thing that remains is a result on the validity of this translation – namely,
that translating a typing judgement from Source gives a derivable type judgement
in Target. This result cannot be proved in general, as the translation is necessarily
incomplete due to the lack of translation of terms dealing with graded monads.
However, modulo these cases, the translation is valid – the requirements on these
translations are stated in the following theorem:

Theorem 3.3. Consider the property Φ ranging over Source typing judgements
(Φ(Γ ⊢ 𝑀 : 𝐴)), stating the following:

Φ(Γ ⊢ 𝑀 : 𝐴) ≡ ⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val : ⟨⟨𝐴⟩⟩type

Suppose any graded monadic operation m, which depends on terms 𝑀1 , . . . , 𝑀𝑘

and has as the unique typing rule associated with it:

(t) Γ ⊢ 𝑀1 : 𝐴1 · · · Γ ⊢ 𝑀𝑘 : 𝐴𝑘

Γ ⊢ m(𝑀1 , . . . , 𝑀𝑘) : t(𝐴1 , . . . , 𝐴𝑘)
(3.1)

for a type-and-grade operator t,a satisfies the implication:

Φ(Γ ⊢ 𝑀1 : 𝐴1) ∧ . . . ∧Φ(Γ ⊢ 𝑀𝑘 : 𝐴𝑘)
=⇒ Φ(Γ ⊢ m(𝑀1 , . . . , 𝑀𝑘) : t(𝐴1 , . . . , 𝐴𝑘)).
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⟨⟨Int⟩⟩type = Int
⟨⟨Unit⟩⟩type = Unit
⟨⟨𝐴→ 𝐵⟩⟩type = ⟨⟨𝐴⟩⟩type → ⟨⟨𝐵⟩⟩type

⟨⟨Γ ⊢ 𝑛 : Int⟩⟩val = 𝑛

⟨⟨Γ ⊢ ⟨⟩ : Unit⟩⟩val = ⟨⟩
⟨⟨Γ ⊢ 𝑀 op 𝑁 : typefor(op)⟩⟩val = ⟨⟨Γ ⊢ 𝑀 : Int⟩⟩val op ⟨⟨Γ ⊢ 𝑁 : Int⟩⟩val
⟨⟨Γ ⊢ 𝑥 : 𝐴⟩⟩val = 𝑥

⟨⟨Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐴→ 𝐵⟩⟩val = fn 𝑥 : ⟨⟨𝐴⟩⟩type ⇒ ⟨⟨Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵⟩⟩val
⟨⟨Γ ⊢ 𝑀 𝑁 : 𝐵⟩⟩val = ⟨⟨Γ ⊢ 𝑀 : 𝐴→ 𝐵⟩⟩val ⟨⟨Γ ⊢ 𝑁 : 𝐴⟩⟩val

assuming the judgement Γ ⊢ 𝑀 𝑁 : 𝐵
has in its unique derivation an instance of
(app) as the last inference rules, with
premises Γ ⊢ 𝑀 : 𝐴→ 𝐵 and Γ ⊢ 𝑁 : 𝐴

Figure 3.3. The type and term translation functions for the non-monadic segment
of Source. The type translations follow the structure of the types, whereas the term
translations follow the typing derivations. Translating application terms relies on
knowing how the judgement is uniquely derived – see Theorem 3.1.

Then, Φ(Γ ⊢ 𝑀 : 𝐴) for all typing judgements Γ ⊢ 𝑀 : 𝐴 derivable in Source.
aSide conditions regarding grades are not shown for the sake of brevity, but they take the

form of additional assumptions in Equation 3.1.

Proof. The statement of the theorem already suggests that the proof is based on
induction over derivable typing judgements, following their derivation rules. The
(t) cases, covering all additional graded monadic operations specific to a graded
monad, are proved immediately by the assumption placed in the theorem. It
remains to consider the other, graded monad-agnostic cases. Two simple cases are
illustrated here.

(var) Let Γ ⊢ 𝑥 : 𝐴, meaning necessarily that 𝑥 : 𝐴 ∈ Γ.
By definition, ⟨⟨Γ ⊢ 𝑥 : 𝐴⟩⟩val = 𝑥. Likewise, by definition of ⟨⟨·⟩⟩env, we have
𝑥 : ⟨⟨𝐴⟩⟩type ∈ ⟨⟨Γ⟩⟩env.
By (var) in Target, ⟨⟨Γ⟩⟩env ⊢ 𝑥 : ⟨⟨𝐴⟩⟩type, or, equivalently, ⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑥 :
𝐴⟩⟩val : ⟨⟨𝐴⟩⟩type.

(app) Assume Φ(Γ ⊢ 𝑀 : 𝐴 → 𝐵) and Φ(Γ ⊢ 𝑁 : 𝐴) for some derivable judgements
Γ ⊢ 𝑀 : 𝐴→ 𝐵, Γ ⊢ 𝑁 : 𝐴.
By (app) in Source, the judgement Γ ⊢ 𝑀 𝑁 : 𝐵 is derivable. Since this
judgement has a unique derivation, ⟨⟨Γ ⊢ 𝑀 𝑁 : 𝐵⟩⟩val = ⟨⟨Γ ⊢ 𝑀 : 𝐴 →
𝐵⟩⟩val ⟨⟨Γ ⊢ 𝑁 : 𝐴⟩⟩val. (*)
By assumption, we have that in Target:

⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑀 : 𝐴→ 𝐵⟩⟩val : ⟨⟨𝐴⟩⟩type → ⟨⟨𝐵⟩⟩type
⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑁 : 𝐴⟩⟩val : ⟨⟨𝐴⟩⟩type
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Thus in Target we have, by (app):

⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑀 : 𝐴→ 𝐵⟩⟩val ⟨⟨Γ ⊢ 𝑁 : 𝐵⟩⟩val : ⟨⟨𝐵⟩⟩type

Plugging in (*), we conclude

⟨⟨Γ⟩⟩env ⊢ ⟨⟨Γ ⊢ 𝑀 𝑁 : 𝐵⟩⟩val : ⟨⟨𝐵⟩⟩type

which concludes the proof.

□

We complete the translation for each analysis-graded monad we come across:
Target is used to describe underlying representations of graded monadic operations
and types.

In short, what we are doing is we are translating typing derivation in Source to
Target typing derivations. Representing this is complex, so we frame it as separately
translating types, environments and terms-in-context. The term-in-context transla-
tion is phrased as operating on typing judgements, but the translation follows the
(unique) derivation of this judgement.

Defining translations

In Figure 3.3 we define the type and term translation functions, and one case stands
out as insufficiently defined: translating an application term requires knowing its
unique typing derivation. In fact, the ⟨⟨·⟩⟩val definition follows typing derivations
of judgements, and consequently we adopt notation that makes this explicit and
avoids awkward side conditions like in the application case.

Suppose that, in a type derivation, a typing judgement Γ ⊢ 𝑀 : 𝐴 is derived
from typing judgements Γ1 ⊢ 𝑁1 : 𝐵1, . . . , Γ𝑘 ⊢ 𝑁𝑘 : 𝐵𝑘 :

Γ1 ⊢ 𝑁1 : 𝐵1 · · · Γ𝑘 ⊢ 𝑁𝑘 : 𝐵𝑘

Γ ⊢ 𝑀 : 𝐴

Then the translation ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val depends on 𝑡1 = ⟨⟨Γ1 ⊢ 𝑁1 : 𝐵1⟩⟩val, . . . ,
𝑡𝑘 = ⟨⟨Γ𝑘 ⊢ 𝑁𝑘 : 𝐵𝑘⟩⟩val using a combinator 𝒦[𝑡1 , . . . , 𝑡𝑘]. We adopt as notation the
abbreviation 𝑡1, . . . , 𝑡𝑘 to stand for ⟨⟨Γ1 ⊢ 𝑁1 : 𝐵1⟩⟩val, . . . , ⟨⟨Γ𝑘 ⊢ 𝑁𝑘 : 𝐵𝑘⟩⟩val whenever
we are dealing with a rule with such premises. The notation we use to define this
translation and combinator is as follows:

Γ1 ⊢ 𝑁1 : 𝐵1 · · · Γ𝑘 ⊢ 𝑁𝑘 : 𝐵𝑘

Γ ⊢ 𝑀 : 𝐴
•∼ 𝒦[𝑡1 , . . . , 𝑡𝑘]

For example, the application translation before can be more precisely be written as:

Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

•∼ 𝑡1 𝑡2

In this notation we ignore all side conditions when listing 𝑡1, . . . , 𝑡𝑘 , since they are
not valid inputs for ⟨⟨·⟩⟩val.

In further examples, we mostly use this notation, though occasionally (when
the inference rule is clear and unambiguous) we use the convention adopted in
Figure 3.3.
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3.1.3 Haskell embedding

So far in this section, analysis-graded monads have been phrased in the context of
a graded monadic source language Source and a target language Target. However,
they can be implemented in Haskell using existing features – with some degree of
difficulty, as it turns out.

Orchard and Petriček’s effect-monad [OP14] Haskell package is cited in literat-
ure (for example, by Gaboardi et al. [GKO+16] and by Bracker and Nilsson [BN15])
as a way of embedding graded monads corresponding to effects into Haskell. It is
a simple and elegant representation of various theoretical graded monadic frame-
works. Unfortunately, the core definition has limitations that prevent full represent-
ation of graded monads (for example, a precise analysis of whether a computation
fails or succeeds) – as we will see in examples of analysis-graded monads. To
address these shortcomings, I introduce the analysis-monad package intended for
representing analysis-graded monads. This Section summarises this implementa-
tion. The details of the implementation, as well as the source code, are given in the
Appendix – though the package is available on GitHub as well:

https://github.com/Dreian/analysis-monad

The analysis-monad package is inspired by effect-monad, so some of the defini-
tions and signatures are almost identical. I do not assume familiarity with prior em-
beddings of effect systems in Haskell, but I stress the novel aspects of analysis-monad
and their significance.

To start, every analysis-graded monad should be an instance of a type class
GMonad defined in this library, which requires a definition of the underlying grad-
ing algebra (encoded as a separate kind, and kinds are encoded as types using
DataKinds), as well as of the main graded monadic operations (return, bind, effect
upcasting/subeffecting). Notably, we impose the condition that the grading algebra
has a join operator, used in the grade of a conditional branching expression. The
definition of the type class starts in the following way:

class GFunctor m => GMonad (m :: k -> * -> *) where
-- grading algebra
type Unit m :: k
type Seq m (e :: k) (f :: k) :: k
type Join m (e :: k) (f :: k) :: k
...

The one detail in this code is the requirement that m is also a family of functors, which
is achieved using a separate GFunctor type class. This is a simple variant of Haskell’s
Functor type class, with fmapG being the graded version of fmap:

class GFunctor (f :: k -> * -> *) where
fmapG :: (a -> b) -> f r a -> f r b

Notably, the partial order of the grading algebra is not directly present in the
definition of GMonad. Instead, subeffecting is achieved using a multi-parameter
Subeffect type class, where Subeffect m e f for a a combination of m, e, f signifies
that e is a subeffect of f and both are elements of the grading algebra associated
with m. This type class contains the explicit coercion operator:

class Subeffect (m :: k -> * -> *) (e :: k) (f :: k) where
sub :: m e a -> m f a

https://github.com/Dreian/analysis-monad
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The type system of Haskell allows the programmer to use sub in many contexts,
though it typically requires typing annotations in order to specify which grade the
argument is upcasted to. For example, the aforementioned branching is implemen-
ted using the following simple definition:
alt :: JoinUpper m e f

=> Bool -> m e a -> m f a -> m (Join m e f) a
alt True x y = sub x
alt False x y = sub y

Here a constraint is used in order to represented the fact the join of e and f is an
upper bound of both in the grading algebra for graded monad m. This is just the
following composite constraint:
type JoinUpper m e f = (Subeffect m e (Join m e f),

Subeffect m f (Join m e f))

Finally, the GMonad type class defined in the library requires definitions of return-
ing and binding. While return has a simple signature, (>>=) does not. In a graded
monad, the graded bind is a family of operations for each pair of grades. This means
that a sophisticated definition of an analysis-graded monad might need to consider
the grades associated with both of the computations being sequenced. However,
it is impossible to pattern match on a term of a function type. Thus, a proper
implementation of binding requires the use of ad hoc polymorphism, where while
computing m >>= k the appropriate version of binding is chosen depending on the
types of both m and k. In Haskell, such polymorphism is achieved using type classes,
and in this case we use a type class called GBindable. This type class requires a bindG

function which enables ad-hoc polymorphism required when defining binding.
...
return :: a -> m (Unit m) a
(>>=) :: GBindable m e f

=> m e a -> (a -> m f b) -> m (Seq m e f) b
x >>= k = bindG x k

class GMonad m
=> GBindable (m :: k -> * -> *) (r :: k) (s :: k) where
bindG :: m r a -> (a -> m s b) -> m (Seq m r s) b

This implementation of binding is the main way in which analysis-monad differs
from effect-monad.

Showing that a particular type constructor is an analysis-graded monad, it
suffices to do the following:

Encode the grading algebra via types Devise a representation of the grading al-
gebra carrier set using a type-level encoding, and its join and sequencing
operators using type families or similar constructs.

Implementing all subeffecting This means defining, for all e ⩽ f, an instance of
Subeffect m e f and the associated sub functions.

Show it is a family of functors In other words, show that the graded monad is an
instance of the GFunctor type class by implementing fmapG for each grade.

Implement the return operator This means showing that it is an instance of GMonad,
which includes implementing return and stating the main components of the
grading algebra.
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Implement the family of binding operators This means, for all pairs of grades, de-
fining the corresponding bindG function:
bindG :: GMonad m => m r a -> (a -> m s b) -> m (Seq m r s) b

In addition, there is occasionally need to rely on properties of a particular
graded monad, or all graded monad in particular. Such properties are expressed
using Haskell constraints. For example, associativity of the sequencing operator
can be expressed using the following equality constraint:
type Assoc m e f g = ((Seq m (Seq m e f) g)

~ (Seq m e (Seq m f g)))

3.2 Computing with failure
One of the simplest monads introduced to a student of functional programming is
Maybe: an expression whose type is Maybe 𝐴 represents a computation that might
fail, but if it does not and it terminates, then it results in a value whoise type is 𝐴.
This monad is used in functional languages in place of exceptions or explicit error
codes. Its graded version GMaybe was the simplest graded monad considered in
Chapter 2 – its grading algebra has a carrier set {T, F,U}, and these items represent
respectively the information that the computation is guaranteed to succeed, that it
is guaranteed to fail, and that there are no (statically decidable) guarantees. An
extension of Maybe called Except is sometimes used to more specifically represent
exceptions and allow syntax similar to that of ML-like languages (handle, raise). The
corresponding graded monad GExcept has a grade that represents the set of all
exceptions that the graded monad might raise. This way, the analysis performed
by GExcept resembles that of checked exceptions seen in Java, where all functions that
might raise (and not handle) a checked exception must state the exceptions they
might raise.

These simple analyses are instructive because properly implementing them in
existing programming languages is not straightforward. In fact, the most notable
implementation of graded monads in Haskell, Orchard’s effect-monad, oversimpli-
fies the grading algebra associated with GMaybe in order to keep the library simple
(there are only ).

In this Section, I give the translations of these two monads into Targetand also
provide their Haskell embedding, The implementation of GMaybe in Haskell in
particular informs the design decisions of analysis-monad.

3.2.1 Deciding safety and failure
The grading algebra associated with GMaybe, ({T, F,U}, ⊑, ⊙,T, {F}), defines its
sequencing operator ⊙ over {T, F,U} as follows:

T ⊙ 𝑒 = 𝑒

F ⊙ 𝑒 = F
U ⊙ F = F
U ⊙ 𝑒 = U (assuming 𝑒 ≠ F)

The most interesting case is the third one, U ⊙ F = F. This means that, when
sequencing two computations, of which the latter fails, the sequenced computation
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fails. This differs from the implementation in effect-monad, where U ⊙ F is defined
to be U.

I first give a formal treatment of this analysis-graded monad and give its trans-
lation into Target, and then show how to implement it in Haskell.

Operation and translation

Suppose the graded monad 𝑇 in Source is GMaybe. In addition to representing
successful computations, a term of this type might represent a failing computation.
We add a term nothing : 𝐴 to the syntax of Source to represent such failure (along
with a type annotation to ensure uniqueness of typing), along with the following
typing rule:

(nothing)
Γ ⊢ nothing : 𝐴 : GMaybeF𝐴

The type system of the language is equipped to reason about safe and unsafe
computations. For example, the term:

bind 𝑥 : Int⇐ return 5 with return 𝑥 + 1

is deemed safe, as its type is GMaybeTInt (it is a computation terminating with the
number 6), whereas the type of the following unsafe computation is GMaybeFInt:

bind 𝑥 : Int⇐ (nothing : Int) with return 𝑥 + 1

An addition of conditional branching to Source can provide examples of statically
undecidable problems:

𝑏 : Bool ⊢ if 𝑏 then return 0 else (nothing : Int) : GMaybeUInt

It is necessary to define the translation functions ⟨⟨·⟩⟩type and ⟨⟨·⟩⟩val for GMaybe in
order to describe its semantics. This means defining ⟨⟨GMaybe𝑒𝐴⟩⟩type for every 𝑒 ∈
{T, F,U} and the translations of return, nothing : 𝐴, and binding and subeffecting
for every pair of grades. This translation is given in Figure 3.4. Translating the types
follows the GMaybe definition seen in Chapter 2 from a categorical point of view.
The subtyping and binding translations are not difficult, with the most involved case
being binding corresponding to U⊙ 𝑒 = U (when 𝑒 ≠ F). In this case, the translation
to Target needs to look at the outcome of the first computation, and depending on
this return either ⟨⟩ (corresponding to nothing) or sequence the two computations.

Note that the translation of GMaybeU𝐴 matches exactly the way Maybe is repres-
ented, and U is that top element representing the ‘don’t know’ analysis outcome.
In a sense, all grades below U (in general ⊤) represent a useful special case elabor-
ating (or restricting) the semantics of a non-graded monadic computation. We see
this in other examples of analysis-graded monads, and there is a useful theoretical
foundation of this question.

A sensible addition to this version of GMaybe would be a runGMaybe operation
which, for a given possibly failing computation and a default result, returns either
the successful answer or the default answer in case the computation fails. The
translation of this construct dispatches on the various grades the computation might
have.
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⟨⟨GMaybeT𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type
⟨⟨GMaybeF𝐴⟩⟩type = Unit
⟨⟨GMaybeU𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type + Unit

(ret) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ return 𝑀 : GMaybeT𝐴

•∼ 𝑡1

(nothing)
Γ ⊢ nothing : 𝐴 : GMaybeF𝐴

•∼ ⟨⟩

(bind-T) Γ ⊢ 𝑀 : GMaybeT𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : GMaybe𝑒𝐵
Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybe𝑒𝐵

•∼ 𝑡2{𝑡1/𝑥}

(bind-F) Γ ⊢ 𝑀 : GMaybeF𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : GMaybe𝑒𝐵
Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybe𝑒𝐵

•∼ ⟨⟩

(bind-U1) Γ ⊢ 𝑀 : GMaybeU𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : GMaybeF𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybeF𝐵

•∼ ⟨⟩

(bind-U2) Γ ⊢ 𝑀 : GMaybeU𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : GMaybe𝐺𝐵
Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybeF𝐵

•∼

case 𝑡1 of (inl 𝑥1 ⇒ 𝑡2{𝑥1/𝑥} | inr 𝑥2 ⇒ ⟨⟩) (𝐺 ≠ F)

(sub-refl) Γ ⊢ 𝑀 : GMaybe𝑒𝐴
Γ ⊢ sub𝑒 ,𝑒 𝑀 : GMaybe𝑒𝐴

•∼ 𝑡1

(sub-T-U) Γ ⊢ 𝑀 : GMaybeT𝐴

Γ ⊢ subT,U 𝑀 : GMaybeU𝐴

•∼ inl 𝑡1 : ⟨⟨𝐴⟩⟩type + Unit

(sub-F-U) Γ ⊢ 𝑀 : GMaybeF𝐴

Γ ⊢ subF,U 𝑀 : GMaybeU𝐴

•∼ inr 𝑡1 : ⟨⟨𝐴⟩⟩type + Unit

Figure 3.4. The translation of GMaybe into Target. Whenever a new bound variable
is introduced, we assume a fresh name is used.



3 Program analysis through grades 57

Haskell embedding

The fact that the resulting grades for U ⊙ F and U ⊙ 𝐺 (for 𝐺 ≠ F) differ is one of the
simplest examples why analysis-monad introduces GBindable for implementing its
binding operation.

Looking at the effect-monad implementation, the grading definition of the grad-
ing algebra associated with the similar IMaybe graded monad is as follows (where
Plus plays the same role as our Seq):
...

type Plus IMaybe F s = F
type Plus IMaybe T s = s
type Plus IMaybe U s = U

...

The lack of distinct case U ⊙ F = F means that the analysis given by IMaybe is less
precise than what we seek.

The IMaybe graded monad is implemented as a generalised algebraic data type
(GADT), meaning there is a separate data constructor for each grade:
data IMaybe p a where

INothing :: IMaybe F a
IJust :: a -> IMaybe T a
IDyn :: IMaybe s a -> IMaybe U a

The bind operator ≫= is a function that operates on two terms, 𝑀 and 𝑁 , whose
types are 𝑇 𝑒𝐴 and 𝐴 → 𝑇 𝑓 𝐵, respectively. While it is possible to perform pattern
matching on 𝑀, pattern matching on data of a function type is impossible. Each
part of the definition of (>>=) must have the appropriate type of the result, and
a case statement is of no use. Hence, the implementation of (>>=) when the first
argument has grade U in effect-monad is as follows:
(IDyn (IJust a)) >>= k = IDyn (k a)
(IDyn (INothing )) >>= k = IDyn INothing

In the case of analysis-monad, we define a similar graded monad GMaybe:
data GMaybe r a where

GNothing :: GMaybe F a
GJust :: a -> GMaybe T a
GDyn :: GMaybe r a -> GMaybe U a

Then the binding operator is defined by showing how to perform binding for GMaybe
for each pair of grades in the following ways.
instance GBindable GMaybe F s where

bindG GNothing _ = GNothing
instance GBindable GMaybe T s where

bindG (GJust x) k = k x
instance GBindable GMaybe U F where

bindG (GDyn x) _ = GNothing
instance GBindable GMaybe U T where

bindG (GDyn GNothing) _ = GDyn GNothing
bindG (GDyn (GJust x)) k = GDyn (k x)

instance GBindable GMaybe U U where
bindG (GDyn GNothing) _ = GDyn GNothing
bindG (GDyn (GJust x)) k = GDyn (k x)

One thing we can see is that the definition of bindG closely resembles that of ⟨⟨Γ ⊢
bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybe𝑒𝐵⟩⟩val in Figure 3.4.
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3.2.2 Checked exceptions

Representation and translation

The grading algebra of the graded monad GExcept must take into account all of the
possible finite number of exceptions that exist in a program – call it Exceptions. A
term whose type is GExcept𝑒𝐴, with 𝑒 ⊆ Exceptions, is the type of computations for
which the set of unhandled exceptions is 𝑒. The carrier set of the algebra is thus
𝒫(Exceptions) and the ordering in the algebra is ⊆. Sequencing two computation
merely takes the union of the two sets of exceptions, and this operation has ∅ as its
identity. Raising a particular exception 𝜖 has a graded monadic type whose grade
is a singleton set {𝜖}, whereas handling an exception removes it from the set of
exceptions. The grading algebra is thus:

(𝒫(Exceptions), ⊆,∪, ∅,
⋃

𝜖∈Exceptions
{{𝜖}, hndl𝜖})

where hndl𝜖 is a function that takes the grade of a computation and the grade of its
handler and computes the grade of the entire computation: hndl𝜖(𝑒 , 𝑓 ) = (𝑒\{𝜖})∪ 𝑓 .

Extending Source with support for exception handling is simple – we add syntax
for raising and for handling exceptions: raise𝜖 : 𝐴 (with a type annotation necessary
for uniqueness of typing) and handle𝜖 𝑀 𝑁 , where 𝑀 is the tried computation, and
𝑁 is the computation run in case 𝑀 raises and does not handle 𝜖. Their typing
judgements are simple:

(raise)
Γ ⊢ raise𝜖 : 𝐴 : GExcept{𝜖}𝐴

(handle)
Γ ⊢ 𝑀 : GExcept𝑒𝐴 Γ ⊢ 𝑁 : GExcept 𝑓𝐴 ⊢ hndl𝜖(𝑒 , 𝑓 ) = 𝑔

Γ ⊢ handle𝜖 𝑀 𝑁 : GExcept𝑔𝐴

The reason why handle𝜖 is not seen as a function is because neither Source nor Target
feature any polymorphism over grades. Grade polymorphism is a more involved
question, which we turn to later in this thesis.

When it comes to the translation to Target, the most difficult part is the under-
lying data representation. There are multiple ways of doing this and the Haskell
embedding later shows a different (arguably more elegant) solution. The fact that
Exceptions is finite provides a way to encode them: we assign an ordering to all of
the exceptions 𝜖1, . . . , 𝜖𝑚 and in Target we use the corresponding exception number
to refer to it. This means that for every grade the translation of GExcept𝑒𝐴 is nothing
more than a sum type ⟨⟨𝐴⟩⟩type + Int. The remainder of the translation is similar
to GMaybe and is given in Figure 3.5. In this translation, we assume Target has
syntactic sugar and the ability to test integer equality, which is needed for proper
exception handling.

A reasonable addition to Source would be a way of running the computation,
but only in those cases when it is guaranteed to not raise and leave unhandled any
exceptions (meaning that the grade is ∅).

Haskell embedding

This graded monad can be embedded into Haskell because grades, which are
sets, can be neatly represented at the type level, as shown by Orchard in the
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⟨⟨GExcept𝑒𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type + Int

(ret) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ return 𝑀 : GExcept∅𝐴

•∼ inl 𝑡1 : ⟨⟨𝐴⟩⟩type + Int

(raise)
Γ ⊢ raise𝜖𝑖 : 𝐴 : GExcept{𝜖𝑖}𝐴

•∼ inr 𝑖 : ⟨⟨𝐴⟩⟩type + Int

(sub) Γ ⊢ 𝑀 : GExcept𝑒𝐴
Γ ⊢ sub𝑒 , 𝑓 𝑀 : GExcept 𝑓𝐴

•∼ 𝑡1

(handle) Γ ⊢ 𝑀 : GExcept𝑒𝐴 Γ ⊢ 𝑁 : GExcept 𝑓𝐴
Γ ⊢ handle𝜖𝑖 𝑀 𝑁 : GExcepthndl𝜖𝑖 (𝑒 , 𝑓 )𝐴

•∼

case 𝑡1 of (inl 𝑥 ⇒ 𝑡1 | inr 𝑦 ⇒ if 𝑦 = 𝑖 then 𝑡2 else 𝑡1)

(bind) Γ ⊢ 𝑀 : GExcept𝑒𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : GExcept 𝑓 𝐵
Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GExcept𝑒∪ 𝑓 𝐵

•∼

case 𝑡1 of (inl 𝑥1 ⇒ 𝑡2{𝑥1/𝑥} | inr 𝑥2 ⇒ 𝑡1)

Figure 3.5. The translation of GExcept into Target. As before, we assume a fresh
name for every new bound variable.
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type-level-sets library.3 Type-level sets are represented as type-level lists without
duplicates. Defining the effect algebra for checked exceptions is done by having
the programmer define a kind whose inhabitants are all exceptions, but also an
exception type used in the underlying representation of GExcept. Assuming there
are three interesting checked exceptions in the program (index out of bounds, divi-
sion by zero, and an exception with an associated string message), such a definition
would look like this:
data Exceptions = OutOfBounds | DivByZero | CustomExc
data ExceptionsE = OutOfBoundsE | DivByZeroE | CustomExcE String
type GExcept (r :: [Exceptions ]) a = Either ExceptionsE a

Defining bind, return and other components that demonstrate that GExcept is a
graded monad is not difficult. What is particularly interesting is defining the raise
and handle computations which are used for working with exceptions. In the absence
of dependent types, each exception requires a separate raise and handle, for example
raiseOOB and handleDBZ (respectively standing for ‘out of bounds’ and ‘divide by
zero’). In a way, what one would expect to be a function argument is encoded into
the function name. The following is an implementation of all of the raise functions:
raiseOOB :: GExcept '[OutOfBounds] a
raiseOOB = Left OutOfBoundsE
raiseDBZ :: GExcept '[DivByZero] a
raiseDBZ = Left DivByZeroE
raiseCE :: GExcept '[CustomExc] a
raiseCE e = Left (CustomExcE e)

All of these definitions require manually stating which exception is the one being
raised. Handling also requires such annotations and is more complicated: handling
an exception removes it from the set of unhandled exceptions, but allowing for the
possibility of it being re-raised by the handling behaviour.
handleOOB :: GExcept r a -> GExcept s a

-> GExcept (Union (r :\ OutOfBounds) s) a
handleOOB (Left OutOfBoundsE) h = h
handleOOB m _ = m
handleDBZ :: GExcept r a -> GExcept s a

-> GExcept (Union (r :\ DivByZero) s) a
handleDBZ (Left DivByZeroE) h = h
handleDBZ m _ = m
handleCE :: GExcept r a -> (e -> GExcept s a)

-> GExcept (Union (r :\ CustomExc) s) a
handleCE (Left (CustomExcE e)) h = h e
handleCE m _ = m

The grading algebra can be slightly improved to express the fact that an expres-
sion is definitely raised and not handled: the carrier set can be that of functions
from exception names to a semilattice similar to the one seen for GMaybe. We omit
this extension because it is not instructive or a major improvement, and it is not an
analysis seen in existing ways of reasoning about checked exceptions.

Related work

There are several existing type systems and effects systems used for detecting sets
of uncaught exceptions. The earliest one seems to be a type-based analysis for an

3https://hackage.haskell.org/package/type-level-sets

https://hackage.haskell.org/package/type-level-sets
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ML-like language by Leroy and Pessaux [LP00]. Benton and Buchlovsky [BB07b]
give a monadic semantics of an effect analysis for exceptions where monadic expres-
sions are wrapped inside monads – without using the language of graded monads,
even though the fundamental idea is similar (𝑇𝜀𝐴 is the type of exception-raising
computations with result of type 𝐴, and 𝜀 represents the set of possibly unhandled
exceptions).

3.3 Stateful computation

Analysing stateful computation is one of the most common settings for program
rewriting. Therefore it is not surprising that these have corresponding analysis-
graded monads.

I first consider the analysis-graded monad based on the permissions example
(Example 2.3). Next, I show how to implement and represent several analysis-
graded monads whose grades carry information about how many times a state
is read from or modified – which find use when reasoning about resource usage.
Finally, I show how one of the classical program analyses, live variable analysis, can
be represented using graded monads using an appropriate grading algebra.

3.3.1 Permissions

In Chapter 2, one of the examples of graded monads was PermState, in which the
grade represents the capabilities a computation has over a particular state. The
grading algebra is a five-element join-semilattice, and the grades represent the
possible semantics of a stateful computation: pure (pure), read-only (ro), always-
write (aw), write-only (wo) and unrestricted/read-write (rw). In a practical setting,
this graded monad can be used to provide a programmer with guarantees, for
example that a function (or any kind of computation) does not mutate a state. Note
that the top element of the lattice, rw, represents the ‘don’t know’ outcome, which
matches the intuition introduced in Section 3.1.

Since this example was given attention in Chapter 2, the exact definition of
the analysis-graded monad in question is not repeated here. Instead, we turn
immediately to the question of implementing this analysis-graded monad in a
programming language: both through the Source to Target translation and with the
Haskell embedding.

Representation and translation

Programming with a stateful computation assumes the existence of a get compu-
tation and a put function. In addition, we introduce run 𝑀 syntax to represent
‘running’ or ‘unwrapping’ a graded monadic stateful computation, resulting in a
function that computes the final result of the computation based on the initial value
of the state. In Source, the graded monad for stateful computations is PermState𝑆
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for some type 𝑆, and the typing judgements for these computations are as follows:

(get)
Γ ⊢ get : PermStatero

𝑆 𝑆

(put)
Γ ⊢ put : 𝑆→ PermStateaw

𝑆 Unit

(run)
Γ ⊢ 𝑀 : PermState𝑒𝑆𝐴
Γ ⊢ run 𝑀 : 𝑆→ 𝐴

The grading algebra is thus ({pure, ro, aw,wo, rw}, ⊑, ⊙, pure, {ro, aw}). Program-
ming with such a graded monad is then done in exactly the same way as with the
usual State𝑆 monads in any pure functional language.

The translation of PermState𝑆 into Target follows the definition of the graded
monad in category theory (Section 2.3). The translation of the five graded monadic
types, for each grade, is expressed using function, product and sum types. Encoding
get and put is simple and based on the definitions seen for State𝑆, except in a
graded setting. The translation of run is somewhat more involved, as it needs to
consider all of the possible grades for the underlying stateful computation. The
main challenge comes from the binding, whose translation is complicated. It is
not particularly difficult, it just requires distinguishing a large number of cases.
The most interesting parts of the translation are given in Figure 3.6, whereas the
remainder of the translation is given in the Appendix.

The difficulty of translating bind 𝑥 : 𝐴 ⇐ 𝑀 with 𝑁 and sub𝑒 , 𝑓 𝑀 can be
significant, as we see in this instance. All of the other analysis-graded monads we
consider have much simpler translations. In the worst case, a separate translation
rule must given for all pairs of grades ⟨𝑒 , 𝑓 ⟩. Thus, if the grading algebra has 𝑘

elements, this leads to 𝑂(𝑘2) cases. Thankfully, in most practical cases there are
useful shortcuts – even for infinite grading algebras.

Haskell embedding

This example is another one that had to be simplified in prior work: effect-monad
only considers grades pure, ro and rw because otherwise implementing graded
bind is difficult. The analysis-monad library aims to follow the definition of this
analysis-graded monad completely.

The PermState s analysis-graded monad has the underlying representation:
data PermState s (f :: Perm) a where

PureState :: {runPureState :: a}
-> PermState s Pure a

ROState :: {runROState :: s -> a}
-> PermState s RO a

AWState :: {runAWState :: (a, s)}
-> PermState s AW a

WOState :: {runWOState :: (a, Maybe s)}
-> PermState s WO a

RWState :: {runRWState :: s -> (a, s)}
-> PermState s RW a

This means that the main stateful computations get defined in the following way:
get :: PermState s RO s
get = ROState id
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⟨⟨PermStatepure
𝑆

𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type
⟨⟨PermStatero

𝑆 𝐴⟩⟩type = ⟨⟨𝑆⟩⟩type → ⟨⟨𝐴⟩⟩type
⟨⟨PermStateaw

𝑆 𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type × ⟨⟨𝑆⟩⟩type
⟨⟨PermStatewo

𝑆 𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type × (⟨⟨𝑆⟩⟩type + Unit)
⟨⟨PermStaterw

𝑆 𝐴⟩⟩type = ⟨⟨𝑆⟩⟩type → (⟨⟨𝐴⟩⟩type × ⟨⟨𝑆⟩⟩type)

(ret) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ return 𝑀 : PermStatepure

𝑆
𝐴

•∼ 𝑡1

(get)
Γ ⊢ get : PermStatero

𝑆 𝑆

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑠

(put)
Γ ⊢ put : 𝑆→ PermStateaw

𝑆 Unit
•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨⟨⟩, 𝑠⟩

(run-pure)
Γ ⊢ 𝑀 : PermStatepure

𝑆
𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑡1

(run-ro)
Γ ⊢ 𝑀 : PermStatero

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑡1 𝑠

(run-aw)
Γ ⊢ 𝑀 : PermStateaw

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 𝑡1

(run-wo)
Γ ⊢ 𝑀 : PermStatewo

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 𝑡1

(run-rw)
Γ ⊢ 𝑀 : PermStaterw

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 (𝑡1 𝑠)

(bind-ro-aw)
Γ ⊢ 𝑀 : PermStatero𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : PermStateaw

𝑆 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : GMaybe𝑒∪ 𝑓 𝐵

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑡2{(𝑡1 𝑠)/𝑥}

Figure 3.6. The translation of PermState𝑆 into Target. Fresh names are assumed for
all introduced variables in translations (such as 𝑠 in function abstractions seen in
translations to Target). Only one case for binding is shown (the one corresponding
to ro ⊙ aw = rw) and no cases for subeffecting is given. See Appendix for the full
translation.
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put :: s -> PermState s AW ()
put s = AWState ((), s)

The sequencing operator of this graded monad is represented directly as a Haskell
type family. The major challenge of implementing PermState s lies in implementing
bind – there are twenty-one instances of the GBindable type class used for fully
defining it, which includes cases such as the following:
instance GBindable (PermState s) RO AW where

bindG (ROState f) k = RWState (runAWState . k . f)

This are the main components of the definition of PermState, and under certain
conditions the grades of computations can get inferred automatically. For example,
the type of function foo:
foo x b = if b then put (x + 1) else return ()

is correctly inferred to be Int -> Bool -> PermState Int WO ().

3.3.2 Live variable analysis
One of the most important classical program analyses, which motivated the de-
velopment of more general approaches such as monotone data flow analysis and
abstract interpretation, is live variable analysis. Traditionally, live variable analysis
is performed on imperative programs, seen as control-flow graphs. We say that a
mutable variable is live at a program point (entry or exit to a node) if there is a path
in the control graph in which the value of the mutable variable is read from prior
to being written to, and otherwise we say that it is dead. The analysis associates
with each program point a set of names of mutable variables which are live at that
point (see left part of Figure 3.7). When phrased this way, live variable analysis
is a a safe overapproximation of the undecidable program property of reading a
variable prior to writing it for all possible execution traces. Live variable analysis
is commonly used for identifying dead code, which are instructions which can be
removed from the program while preserving program semantics.

In a functional setting, computations utilising mutable state are represented
using (graded) monads. While the question of optimising monadic computations
is an interesting one, for us live variable analysis is interesting because it provides
a guarantee and a contract to the programmer (just like types). Live variable in-
formation is associated with a computation as opposed to a program point or an
individual instruction, so saying that variables Y and Z are live in a computation c

and X is dead means that the programmer should care about what the values of Y
and Z are immediately before c is run, but the value of X immediately prior to the
computation is irrelevant.

The first step is to devise a grading algebra that represents live variable analysis.

Algebra of transfer functions

Live variable analysis in an imperative sense is performed by generating a set of
subset constraints and finding the least, most precise solution. For example, each
assignment generates a constraint that captures the dependence of live-in variables
LiveIn on the live-out variables LiveOut. Assuming instruction 𝑛 is the assignment
𝑋 :=𝑌+𝑍, the constraint associated with it is LiveIn(𝑛) = (LiveOut(𝑛)\{𝑋})∪{𝑌, 𝑍}.
Similar relationships exist whatever the instruction is, the live-in set is always a
function of the live-out set (hence we say that live variable analysis is a backward
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X := 100

while X ≥ 0

X := X - 1

Y := Y + 1

R := Y + Z

return R

{Y,Z}

{X,Y,Z}
{X,Y,Z}

{X,Y,Z}
{X,Y,Z}

{X,Y,Z}
{X,Y,Z}

{X,Y,Z}
{Y,Z}

{R}
{R}

{}

𝜆𝑑.𝑑 \ {X}

𝜆𝑑.𝑑 ∪ {X}

𝜆𝑑.𝑑 ∪ {X}

𝜆𝑑.𝑑 ∪ {Y}

𝜆𝑑.(𝑑 \ {R}) ∪ {Y, Z}

𝜆𝑑.𝑑 ∪ {R}

Figure 3.7. An imperative program and the result of live variable analysis. Data-
flow values at every program point are shown around instruction nodes (incoming
data-flow values to the left, data-flow values after an instruction to the right). To
the far right are transfer functions associated with each instruction. The combined
transfer function for the whole sequence of instructions is 𝜙 = 𝜆𝑑.(𝑑\{X, R})∪{Y, Z}.
The set of variables live at the start of the program can be computed by applying 𝜙
to the empty set: 𝜙({}) = {Y, Z}.

analysis), and these constraints are of the form LiveIn(𝑛) = (LiveOut(𝑛) \ kill(𝑛)) ∪
gen(𝑛) for suitably defined functions kill and gen. Furthermore, the live-out set for
each instruction 𝑛 is a superset of the live-in sets for all of the instructions 𝑠 that
might be its successor (meaning there is an edge from 𝑛 to 𝑠 in the control-flow
graph): LiveOut(𝑛) ⊇ LiveIn(𝑠). This works in an imperative setting.

For all monotone data-flow analyses, and live variable analysis in particular,
the notion of transfer functions 𝜙 (or flow functions) is as a way of representing the
way data-flow values change in the program. For imperative liveness, the live-
in variables for an instruction depend on the live-out variables, meaning that for
each instruction 𝑛 with transfer function 𝜙𝑛 the equality LiveIn(𝑛) = 𝜙𝑛(LiveOut(𝑛))
holds. The right part of Figure 3.7 shows the transfer functions for each instruction.
For all monotone data-flow analyses, transfer functions are monotonic.

Transfer functions are also defined for blocks and sequences of instructions.
For two instructions 𝑛1 and 𝑛2, the live-in variables of 𝑛1 depend on the live-out
variables of 𝑛2 by merely composing the transfer functions associated with 𝑛1 and
𝑛2: LiveIn(𝑛1) = 𝜙𝑛1(𝜙𝑛2(LiveOut(𝑛2))). We then define the transfer function for
a computation as a function mapping the variables live at computation end to the
variables live at the start of the computation. We use this notion of transfer functions
as the carrier set of the grading algebra that represents live variable analysis.

Given a fixed set of variables Variables, the grading algebra has as its carrier
set all functions mapping sets of variables to sets of variables, which we write as
𝒫(Variables) → 𝒫(Variables).4 Two functions 𝑓 and 𝑔 can be compared: we say
𝑓 ⩽ 𝑔 if for all 𝑆 ⊆ Variables, 𝑓 (𝑆) ⊆ 𝑔(𝑆). Sequencing is performed through
function composition, as seen from the transfer function of 𝑛1; 𝑛2. The unit of
function composition is just the identity id function of sets of variables. It is then

4We can be more precise and only consider monotonic endofunctions on 𝒫(Variables), but this does
not meaningfully change any of the following conclusions.
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not difficult to show that all requirements are met for the following algebra to be a
partially-ordered monoid:

(𝒫(Variables) → 𝒫(Variables), ⩽, ◦, id)

Grade as information

The simplest possible monad graded by the algebra of transfer functions is one
which is just a variant of a State monad extended to have more than one com-
ponent in which the grade does not affect the underlying data representation –
it merely provides information to the programmer. We call this graded monad
LiveMultiStatetriv. I present this graded monad informally for the sake of motiva-
tion, and there is no translation to Target. This graded monad is used as a stepping
stone to a more sophisticated LiveMultiState in which the grade does affect the rep-
resentation of the computation. In turn, LiveMultiState has a simplified formulation
in form of LiveState𝑆, which features again only one mutable variable, but is based
on reasoning used for LiveMultiState.

Suppose there are 𝑛 mutable variables in the Variables set, and we furthermore as-
sume their types are all Int for simplicity. For any grade 𝑒, the type LiveMultiState𝑒triv𝐴
can be represented as as (Int × . . . × Int) → (⟨⟨𝐴⟩⟩type × (Int × . . . × Int)), where there
are 𝑛 components in the Int × . . . × Int tuples. The definition of this graded monad
(meaning the bind and return) is exactly the same as that of the StateInt×...×Int monad,
and subeffecting/upcasting is trivial.

The main point of interest are the operations for reading from and writing to the
state components in LiveMultiStatetriv. Each mutable variable is a named member of
Variables, and for all 𝑋 ∈ Variables there are two operations for interacting with this
component of the store – get𝑋 and put𝑋 . Performing these computations respectively
adds and removes 𝑋 from the set of live variables, which means that the associated
grades are transfer functions that add and remove 𝑋 from a set:

gen𝑋 = 𝜆𝑑.𝑑 ∪ {𝑋}
kill𝑋 = 𝜆𝑑.𝑑 \ {𝑋}

The computational grading algebra used for representing live variable analysis is
thus:

(𝒫(Variables)𝒫(Variables) , ⩽, ◦, id,
⋃

𝑋∈Variables

{gen𝑋 , kill𝑋})

For example, assuming Variables = {𝑋,𝑌}, the following are the definitions and
types of the stateful operations:

get𝑋 : LiveMultiStategen𝑋

triv Int
⟨⟨get𝑋⟩⟩val = fn 𝑠 : Int × Int⇒ ⟨proj1 𝑠, 𝑠⟩
put𝑋 : Int→ LiveMultiStatekill𝑋

triv Unit
⟨⟨put𝑋⟩⟩val = fn 𝑠 : Int⇒ fn 𝑠′ : Int × Int⇒ ⟨⟨⟩, ⟨𝑠, proj2 𝑠′⟩⟩
get𝑌 : LiveMultiStategen𝑌

triv Int
⟨⟨get𝑌⟩⟩val = fn 𝑠 : Int × Int⇒ ⟨proj2 𝑠, 𝑠⟩
put𝑌 : Int→ LiveMultiStatekill𝑌

triv Unit
⟨⟨put𝑌⟩⟩val = fn 𝑠 : Int⇒ fn 𝑠′ : Int × Int⇒ ⟨⟨⟩, ⟨proj2 𝑠′, 𝑠⟩⟩

Analogous definitions hold for other sets of mutable variables.
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Using transfer functions as grades in this way already provides the ability
to perform live variable analysis. For example, let 𝑔 be an expression of type
LiveMultiState𝜙trivInt. Consider a computation that reads from 𝑋 and 𝑌 and stores
the outcome in 𝑍, after which it runs 𝑔:

bind 𝑥 : Int⇐ get𝑋 with (bind 𝑦 : Int⇐ get𝑌 with (bind _ : Unit⇐ put𝑍 (𝑥+ 𝑦)with 𝑔))

The grade associated with this expression is gen𝑋 ⊙gen𝑌 ⊙ kill𝑍 ⊙𝜙, which evaluates
to 𝜆𝑑.(𝜙(𝑑) \ {𝑍}) ∪ {𝑋,𝑌}.

Non-trivially graded monad

Previously we constructed the graded monadic type LiveMultiState𝜙triv𝐴 as a simple
wrapper over the usual state monad; grade 𝜙 was a transfer function but it had no
semantic meaning: the grades were merely decorations on types and did not affect
the operations. We can instead use grades to refine the types and operations of the
usual state monad by the liveness information, so that graded monad operations
actually depend on the grades. In this case, refinement means restricting stores to
subsets of the variables involved in a program.

First, given any subset 𝑉 ⊆ Variables, we define the 𝑉-refined store Store(𝑉) to
be 𝑉 → Int, writing ∅̂ for the only element of Store(∅). Note that Store(Variables)
recovers (up to isomorphism) the previous (Int, . . . , Int) component in their entirety.

We now defined LiveMultiState𝜙 whose input and output stores are computed
from 𝜙:

⟨⟨LiveMultiState𝜙𝐴⟩⟩type = Store(reads(𝜙)) → ⟨⟨𝐴⟩⟩type × Store(footprint(𝜙))

For the input store, reads(𝜙) = 𝜙(∅) gives us the subset of variables which are
live-in and thus potentially read by a computation of type LiveMultiState𝜙𝐴. For
the output store, footprint(𝜙) = 𝜙(∅) ∪ (Variables \ 𝜙(Variables)) gives the footprint
(borrowing terminology from separation logic [ORY01]) containing those variables
read or written by this computation.5 For example, the computation:

do { 𝑥 ← get𝑋 ; 𝑦 ← get𝑌 ; put𝑍 (𝑥 + 𝑦) }

has grade 𝜙 = gen𝑋 ⊙ gen𝑌 ⊙ kill𝑍 = 𝜆𝑑.(𝑑 \ {𝑍})∪ {𝑋,𝑌} and thus reads(𝜙) = 𝜙(∅) =
{𝑋,𝑌} and footprint(𝜙) = {𝑋,𝑌, 𝑍}.

We do not give a detailed definition of LiveMultiState in this thesis, as it is
complex and the same functionality can be achieved using a simpler approach.
Details can be found in my publication with Mycroft and Orchard. [IMO20]

Back to single mutable state

Live variable analysis is only practically used in the context of computations with
multiple variables. However, it is conventiently an analysis in which reading from
or writing to a variable 𝑋 does not affect the presence of any other variable𝑌 ≠ 𝑋 in
the grade. Therefore, the live variable analyses for each of the mutable variables can
be seen as being done ‘independently’ or that the analysis is ‘separable’. It makes

5A more refined graded state monad would return an output store containing only those variables
that are written to. However, liveness analysis alone does not allow us to compute just the variables
written-to. The footprint is therefore a safe over-approximation of the written-to set.
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Figure 3.8. The computational grading algebra ({kill, id, gen}, ⊑, ◦, id, {kill, gen})
visualised.

sense to consider a simplified case of using only one mutable variable. Stateful
computations with one mutable variable of type 𝑆 can be thus represented using
terms of a graded monad LiveState𝑆, where the grade is the transfer function of the
computation and affect the data representation.

The algebra of transfer functions on a singleton set has only three elements:
an identity function, removal of the variable from the live set and addition of the
variable to the live set. These can be seen as three separate values id, kill and gen.
The computational grading algebra can be succinctly defined (Figure 3.8).

In Source, the three state manipulation constructs are the same as in PermState𝑆,
except their types differ:

(get)
Γ ⊢ get : LiveStategen

𝑆
𝑆

(put)
Γ ⊢ put : 𝑆→ LiveStatekill

𝑆 Unit

(run)
Γ ⊢ 𝑀 : LiveState𝑒𝑆𝐴
Γ ⊢ run 𝑀 : 𝑆→ 𝐴

The Source-to-Target translation is inspired by LiveMultiState: it is merely an instanti-
ation for one state component, and thus a lot of the involved definitions simplify. The
translation is deferred to the Appendix – more specifically, it is given in Figures E.1
and E.2.

In Chapter 7, when we introduce graded monad transformers, the graded monad
LiveMultiState becomes unnecessary and can be represented in an analogous way
to (non-graded) monadic multi-state computations: via a stack of graded monad
transformers corresponding to the LiveState𝑆 monads.

Haskell implementation

The LiveMultiStatetriv graded monad can be embedded into Haskell without sig-
nificant effort, while the LiveMultiState embedding is more involved. The main
challenge is the representation of the algebra of transfer functions, which uses type-
level sets (from Orchard’s type-level-sets package) and an appropriate choice of
type classes.

The core text of this thesis does not cover the details of this implementation. The
main point important to notice is that each of the get𝑋 , get𝑌 , get𝑍 are represented
as separate graded monadic computations getX, getY, getZ, and similar for the put
functions. The type of the get Haskell embeddings are as follows:
getX :: LiveMultiState (Gen "X") Int
getY :: LiveMultiState (Gen "Y") Int
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getZ :: LiveMultiState (Gen "Z") Int

Note the use of strings in grades, which have to be stated explicitly and manually
for each of the get functions. This link between the grade and the semantics has to
be provided by the programmer who defines the graded monad operations.

Recursion The Haskell embedding works well for sequential code, but reaches its
limits with branching and recursion as GHC is unable to compute fixed-points for
the type equations generated for each of the mutually recursive graded monadic
computations. Haskell does not support equirecursive types, and we pay special
attention to this matter later.

The immediate effect of this fact is that the Haskell embedding, while it does
translate the question of calculating live variables into type inference, the resulting
type inference problem cannot be solved. Rather than inferring the grades, the
programmer has to provide typing annotations. Type checking is then much easier
to perform, all that needs to be done is that grade equalities need to be decided
(which is easy in the case of liveness transfer functions because they are represented
using get and put).

Monotone data-flow analysis in general

Live variable analysis is just one of several classical data-flow analyses that fall
under the umbrella of monotone data-flow analysis, a class which includes reach-
ing definitions, available expressions and similar program analyses. All monotone
data-flow analyses have corresponding transfer functions, and these transfer func-
tions form a monoid with a function composition operator.6 However, the data-flow
values of these analyses are not simply sets of variables, as is the case with live-
ness. For example, reaching definitions data-flow values are sets of program labels
corresponding to each assignment or write. Data-flow values are more complex
for analyses such as constant propagation, available expressions and very busy ex-
pressions. In an imperative setting, the data-flow values and the transfer functions
depend on assignments in their entirety. For example, data-flow values in constant
propagation are maps from variables to constants (or⊤meaning ‘not a constant’, in
addition to a ⊥ data-flow value representing ‘no information’), so data-flow values
associated with an assignment 𝑋 := 𝐸 depend on the values of all variables that
occur in 𝐸. This means that splitting assignments into appropriate get and put
expressions, while resulting in semantically equivalent computations, cannot be
assigned grades that represent the analysis.

The programmer can still represent the analysis by using more complicated
graded monadic computations as building blocks for producing code and analyses.
One way of doing this is by defining a separate graded monadic value for every
assignment and providing a manual typing annotation that includes the corres-
ponding transfer function grade. For example, assignments ℓ1 : 𝑋 := 𝑌 + 𝑍 and
ℓ2 : 𝑍 := 𝑋 + 1 are represented as two graded monadic computations assign1 and
assign2, and their definitions would mention the transfer functions associated with
assignments 𝑋 := 𝑌 + 𝑍 and 𝑍 := 𝑋 + 1.

6Forward analyses, such as constant propagation, have ‘reverse function composition’ as the ap-
propriate operator: 𝜙1 ⊙ 𝜙2 = 𝜙2 ◦ 𝜙1. This is just a matter of convention related to how function
composition is written, we could write 𝜙1; 𝜙2 = 𝜙2 ◦ 𝜙1.
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This approach leaves much to be desired: specifically stating the type of every
graded monadic assignment is cumbersome and not useful from a programming
side – assuming a type system similar to that of Haskell. However, it still demon-
strates that it is possible to incorporate these analyses into a graded monadic
framework. More sophisticated methods of representing such analyses might exist,
though investigating this question is outside the scope of this thesis.

3.3.3 Logging updates

The PermState𝑆 graded monad states through its grade whether a computation
writes to the underlying state. In addition to knowing whether any updates are
made to the state, the programmer might be interested in how many are made, as
well as the outcomes of all of the updates. It is possible to achieve this using a
history-graded monad HistState𝑆, for 𝑆 the underlying type of the store. This number
of updates is then expressed through the grade in a graded monadic type of a
computation – if a state gets updated at most three times, a representation of the
number three is the grade.

History-graded monad

To make HistState𝑆 an analysis-graded monad, its grading algebra needs to have a
top element. A very simple grading algebra could distinguish between the cases
‘no updates’, ‘at most one update’ and ‘possibly more than one update’, but we can
go beyond that. An analysis regarding the number of updates made to a state in a
computation has two possible classes of outcomes:

• a natural number 𝑛 as an upper bound on the number of updates;

• unbounded number of updates, an outcome which we represent as𝜔 (possible
if the computation is recursive, when there is no decidable bound on the
number of state updates).

Each natural number bound 𝑛 is subsumed by analysis outcome 𝑚 for any 𝑚 > 𝑛

and by ∞. Thus, the upper bound on the number of updates made for a stateful
computation is N𝜔 = N ∪ {𝜔}, and these form a simple total order (N𝜔 , ⩽𝜔) for
which ⩽𝜔 is defined as follows:

𝑚 ⩽𝜔 𝑛 for 𝑚, 𝑛 ∈ N and 𝑚 ≤ 𝑛

𝑚 ⩽𝜔 𝜔 for all 𝑚 ∈ N𝜔

The order is visualised in Figure 3.9. Furthermore, we lift addition to work with 𝜔
using the following +𝜔 operator:

𝑚 +𝜔 𝑛 = 𝑚 + 𝑛 for 𝑚, 𝑛 ∈ N
𝜔 +𝜔 𝑒 = 𝜔 for all 𝑒 ∈ N𝜔

𝑒 +𝜔 𝜔 = 𝜔 for all 𝑒 ∈ N𝜔

The grading algebra used for HistState𝑆 is thus (N𝜔 , ⩽𝜔 ,+𝜔 , 0, {1, 0}). This is an
example of an infinite grading algebra with an infinite ascending chain (0 ⩽𝜔 1 ⩽𝜔
2 ⩽𝜔 . . .).

It remains to define the graded monad itself. In Source, we once again use two
basic state manipulation computations (get and the put function), as well as a way
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of running and getting the result of a computation:

(get)
Γ ⊢ get : HistState0

𝑆𝑆

(put)
Γ ⊢ put : 𝑆→ HistState1

𝑆Unit

(run)
Γ ⊢ 𝑀 : HistState𝑒𝑆𝐴
Γ ⊢ run 𝑀 : 𝑆→ 𝐴

It is not directly possible, using the core language as presented, to devise a computa-
tion whose type is HistState𝜔𝑆 𝐴 for any 𝑆 and 𝐴. However, the addition of recursion
allows us to write programs with a potentially unbounded number of state updates.

The translation to Target requires an additional data-type representing lists. The
main idea is that, for any grade 𝑒 ∈ N𝜔, the representation of graded monadic types
should be

HistState𝑒𝑆𝐴 = 𝑆→ (𝐴 × 𝑆⩽𝜔𝑒+𝜔1)

where we use the notation 𝑆⩽𝜔𝐹 to represent tuples that have up to 𝐹 components:

𝑆⩽𝜔𝑛+𝜔1 =

𝑛+𝜔1⋃
𝑘=1

𝑆𝑘 𝑆⩽𝜔𝜔 =

∞⋃
𝑘=1

𝑆𝑘

In the case of HistState𝜔𝑆 𝐴, there is a (finite) list of intermediate values of the state
along with the result. We choose to list the most up-to-date values first – if the
state was initially 5, and the state after two updates was 1, and then 7, the tuple
representation of this history is ⟨7, 1, 5⟩.

I do not provide a full translation to Target, instead I sketch the main ideas (see
Haskell implementation in Appendix C for details). Subeffecting coercion is trivial,
as 𝑆⩽𝜔𝑒+𝜔1 ⊆ 𝑆⩽𝜔 𝑓+𝜔1 for all 𝑒 ⩽𝜔 𝑓 . Returning is a variant of the usual return for
the State𝑆 monad, except the state is wrapped inside a one-element tuple:

⟨⟨Γ ⊢ return 𝑀 : HistState0
𝑆𝐴⟩⟩val = fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val , ⟨𝑠⟩⟩

Graded bind is not difficult: we list all of the intermediate values of the state from
both computations. It is important to not list the final state of the first computation
twice – it is the same as the initial state of the second computation: ⟨2, 4⟩ and
⟨7, 9, 2⟩ are plausible histories for two computations being sequenced, and the
result of merging the histories should be ⟨7, 9, 2, 4⟩. Aside from this fact, it is a
simple matter of appending two tuples:

⟨⟨Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : HistState𝑒+𝜔 𝑓

𝑆
⟩⟩val =

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ let ⟨𝑟, ℎ1⟩ = 𝑡1 𝑠 in
let ⟨𝑦, ℎ2⟩ = (𝑡2{𝑟/𝑥}) (hd ℎ1) in
⟨𝑦, append ℎ2 (tl ℎ2))⟩

It can be shown that this definition satisfies all properties expected of a graded
monad.
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Figure 3.9. The (N𝜔 , ⩽𝜔) total order.

Haskell embedding

The HistState𝑆 graded monad can be embedded into Haskell without much trouble,
and is featured in the analysis-monad library.

When it comes to representing the grading algebra, the key idea is that N𝜔

is represented as a type-level sum NatInf: it is either a Peano-encoded type-level
natural number or 𝜔, represented by type Inf. Addition +𝜔 is easily encoded using
a type family AddInf.

The underlying representation of HistState𝑒𝑆𝐴 requires devising a representation
for 𝑆⩽𝜔𝑒+𝜔1. For any 𝑒 ∈ N𝜔, the type of lists whose length is exactly 𝑒 if 𝑒 ∈ Nis
represented using a GADT Vec n a:
data Vec (n :: Nat) a where

VNil :: Vec Zero a
(:::) :: {vHead :: a, vTail :: Vec n a} -> Vec (Succ n) a

Representing lists whose length is at most 𝑛 uses a further GADT. For example, a
tuple whose length is at most 𝑛 + 1 is either a list whose length is at most 𝑛 or a
vector whose length is exactly 𝑛 + 1. Special treatment is given to 𝜔: any finite list
has length ‘at most 𝜔’. The definition of this representation is thus:
data VecTo (n :: Nat) a where

FromVec :: Vec n a -> VecTo n a
Ext :: {unExt :: VecTo n a} -> VecTo (Succ n) a

data HistState s (f :: NatInf) a where
FinHistState :: {runFinHistState :: s -> (a, VecTo n s)}

-> HistState s (Fin n) a
InfHistState :: {runInfHistState :: s -> (a, [s])}

-> HistState s Inf a

The remaining parts of the translation are straightforward and simpler than for
permissions.

Related work

Graded monads representing stateful computations whose grade informs about the
number of updates have been given as examples in the past – for example Fujii et
al. [FKM16] use it as a running example in their formal 2-categorical treatment of
graded monads. Their example considers a simpler grading algebra than the one
present here, namely just the preordered monoid of natural numbers with addition
– excluding a special top ‘infinity’ symbol. Excluding 𝜔 means that the graded
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monad does not represent failure to find a bound as a possible outcome of the
analysis. Uustalu [Uus20] uses a similar grading algebra, again without 𝜔, in the
context of a graded variant of the Writer monad. The HistState𝑆 monad thus gives
a more complete view of counting updates than these previous attempts.

Relation to linearity

A related question to counting the number of updates to a store is counting usage,
which is typically used to reason about resources. Facts about resource usage, for
example whether a particular value is used at most once in a en epxression, is
handled by variants of linear type systems. [Laf88] Basic linearly-typed languages
qualify each variable as either linear or unrestricted, meaning they are respectively
either used at most once7 or there is no such restriction on the variable. This is
important in effectful languages in which we wish to guarantee that some data is
not unsafely cloned (‘leaked’) to another part of the program, or that a file is not
opened more than once. Such type systems need to be able to handle let 𝑥 = 𝑀 in 𝑁

expressions as well: the variable 𝑦 in let 𝑥 = 𝑦 in ⟨𝑥, 𝑥⟩ really gets used twice, so it
cannot be linear. This idea can be extended to more genral usage analysis in which
each variable has an associated number (potentially 𝜔) of possible reads.

Both of these type systems are examples of structural coeffect systems described by
Petriček [POM14, Pet17], where the context of a typing judgement is extended with
additional contextual information about each variable. Structural type-and-coeffect
judgements are of the form Γ@𝑅 ⊢ 𝑀 : 𝐴, which are similar to the familiar Γ ⊢ 𝑀 : 𝐴
typing judgements, along with a vector 𝑅 of the same length as Γ in which for every
𝑖, the 𝑖-th component of 𝑅 is a coeffect value associated with the 𝑖-th variable in Γ.
The number of uses of a variable is an example of a coeffect. Thus, the judgement
𝑥 : Int, 𝑦 : Int @ ⟨2, 3⟩ ⊢ 𝑀 : 𝐴 states that 𝑥 is used at most 2 times in 𝑀, and 𝑦 is
used at most 3 times.

A feature of coeffects is the existence of two ‘base’ coeffect values: one represents
an ignored variable (thus sometimes denoted by ign) and another represents the
use of a variables (usually denoted use). For usage analysis, these are 0 and 1,
respectively.

These facts already make it difficult to represent usage analysis using effects and
graded monads. Binding a ‘get’ computation with a function fn 𝑥 ⇒ return ⟨𝑥, 𝑥⟩
means the underlying state is used twice, but the grade associated with return ⟨𝑥, 𝑥⟩
is the identity of an algebra representing usage analysis, not 2. Usage analysis is
not modelled by techniques of this thesis.

3.4 Safe concurrency
Concurrent programs with shared memory are notoriously difficult to reason about
and write correctly. There are various failure modes for concurrent programs, most
prominently race conditions (parallel threads read from and write to a shared state in
a way that makes the program state inconsistent) and deadlock (a set of threads are
waiting for each other to finish in order to proceed). There are a variety of static and
runtime analysis tools that can be used to aid programmers in finding and fixing
concurrency bugs.

7in the sense of semantics, not syntactically: in if 𝑏 then 𝑥 + 1 else 𝑥 + 2 the variable 𝑥 is used once
whatever the value of 𝑏 is, but it appears twice in the expression
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It turns out that many static safety properties can be inferred and reasoned about
using graded monads. This section is dedicated to several graded monads used for
reasoning about the safety of concurrent computation. These concern the problem
of deadlock and their goal is to establish whether a particular lock usage order
is respected by the individual threads. The first one is simple and merely checks
whether a given predetermined order is respected The second one is meant to be
used in a setting where a decidable grade inference algorithm exists, and it is then
capable of inferring the order in which locks are acquired and released. A common
feature of all of these graded monads for safe locking is that the underlying data
representation does not depend on the grade, so the grade only tells the programmer
the outcome of the analysis (as opposed to PermState𝑆).

For these analysis-graded monads we do not consider a translation to the Target
language. Instead, the focus is on Haskell. This is because Target is a pure functional
language with no capabilities for performing I/O, so adding concurrency would
complicate the presentation.

3.4.1 Avoiding deadlock with structured locking

One of the simplest ways of performing synchronisation between concurrent threads
is by using mutual exclusion (mutex) locks. A thread can either acquire or release
a lock. If a thread 𝑡1 attempts to acquire a lock ℓ but another thread 𝑡2 holds ℓ ,
then 𝑡1 blocks – and when 𝑡2 releases ℓ , a thread blocking on ℓ gets woken up. A
common locking discipline obeyed by concurrent programs is that lock acquisition
and release is structured: if a thread acquires lock ℓ1 before acquiring lock ℓ2, then it
must release ℓ2 before releasing ℓ1.

If all threads use a structured locking discpline, and furthermore lock acquision
obeys a total order (ℓ1 always acquired before ℓ2, which is always acquired before
ℓ3. . . ), then it is guaranteed that the program cannot deadlock [Dĳnd]. We use this
fact to design a graded monad and an appropriate grading algebra representing
concurrent computation and reason about its safety. There are two main constructs
for programming with concurrent programs in this framework:

Parallelism Given two computations 𝑀 and 𝑁 representing threads, there is a
computation 𝑀 ∥ 𝑁 representing a computation running 𝑀 and 𝑁 in parallel.

Synchronisation Given a threaded computation 𝑀 and a lock ℓ , the computation
sync ℓ 𝑀 is a thread that first acquires ℓ , then runs 𝑀, and finally releases ℓ .

The graded monad Sync represents computations built up using these parallelism
and synchronisation, meaning that graded monadic types Sync𝑒𝐴 are the types of
these computations. Since these are impure, I/O computations, the grades 𝑒 are
merely descriptive and give the outcome of an analysis, as opposed to changing the
underlying data representation.

Given a set of locksℒ = {ℓ1 , ℓ2 , . . . , ℓ𝑘}, ordered as ℓ1 < ℓ2 < . . . < ℓ𝑘 , the grading
algebra is the algebra whose carrier set elements are either ⊤, meaning ‘order is not
obeyed’, or a set 𝑆 ⊆ ℒ representing the set of all locks acquired (and released)
by the computation. The partial order and the sequencing operator are just subset
and union, taken from a powerset algebra, extended to work with a top element ⊤:
𝑒 ⊆ ⊤ and 𝑒 ∪⊤ ⊤ = ⊤ ∪⊤ 𝑒 = ⊤ for any 𝑒 ∈ 𝒫(ℒ) ∪ {⊤}. The algebra is thus:

(𝒫(ℒ) ∪ {⊤}, ⊆⊤ ,∪⊤ , ∅, {∪⊤} ∪ {pconsℓ }ℓ∈ℒ)
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{ℓ1} {ℓ2} {ℓ3}

{ℓ1 , ℓ2} {ℓ1 , ℓ3} {ℓ2 , ℓ3}

{ℓ1 , ℓ2 , ℓ3}

⊤

∅

Figure 3.10. The locking grading algebra join-semillatice for ℒ = {ℓ1 , ℓ2 , ℓ3}.

The poset is visualised in Figure 3.10.
In the language we introduced, the typing rules for synchronisation and paral-

lelism are as follows:

(par)
Γ ⊢ 𝑀 : Sync𝑒𝐴 Γ ⊢ 𝑁 : Sync 𝑓 𝐵 ⊢ 𝑔 = 𝑒 ∪⊤ 𝑓

Γ ⊢ 𝑀 ∥ 𝑁 : Sync𝑔(𝐴 × 𝐵)

(sync)
Γ ⊢ 𝑀 : Sync𝑒𝐴 ⊢ 𝑓 = pconsℓ (𝑒)

Γ ⊢ sync ℓ 𝑀 : Sync 𝑓𝐴

The rule for parallel computation is simple: the set of locks acquired by 𝑀 ∥ 𝑁 is
the union (with⊤ accounted for) of the locks in the individual threads. The rule for
synchronisation is more sophisticated and makes use of the ‘partial add’ function
pcons, which for a given lock ℓ and grade 𝐹 produces a grade representing the fact
that a lock ℓ is acquired before any of the locks represented by grade 𝑒. This function
is formally defined as follows:

pconsℓ (⊤) = ⊤

pconsℓ (𝑆) =

{
{ℓ } ∪ 𝑆, ∀ℓ ′ ∈ 𝑆.ℓ < ℓ ′

⊤, otherwise

This means that the only way pconsℓ (𝑒) is not ⊤ is when 𝑒 is a set of locks and ℓ

comes befores all of the locks in this set.

Haskell embedding

The Sync graded monad can be represented in Haskell without much difficulty.
Subsets of the set of locks are represented as type-level lists of strings representing
lock names. Parallelism is achieved using a (<||>) operator, and synchronisation
for each lock is represented using a separate graded monadic function, for example
syncX, syncY, syncZ. Implementing these operators uses low-level concurrency con-
structs in Haskell, in particular MVar for synchronisation and forkIO for spawning
new threads (needed for implementing (<||>)). As usual, all graded monad oper-
ators are represented using type families.

The underlying representation of Sync f a is as an IO computation utilising a
fixed number of MVars8 representing the individual mutual exclusion locks. Access-
ing the lock reference is a read-only operation (the reference cannot be changed),

8data protected by a mutual exclusion lock in Haskell, frequently used as a building block for
locking mechanisms
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Figure 3.11. Philosophers enjoying their dinner: (1) Slavoj Žižek; (2) Ludwig
Wittgenstein; (3) Michel Foucault; (4) Friedrich Nietzsche; (5) Simone de Beauvoir.

meaning that we leverage the ReaderT monad transformer in which the underlying
state is a mutex lock reference. For example, a concurrent computation using at
most two locks can be represented in the following way:
data Sync f a = ReaderT (MVar ()) (ReaderT (MVar ()) (IO a))

Practical programming in this concurrent setting requires making IO compu-
tations concurrent. Hence Sync-typed computations delay and syncPutStrLn are
introduced, representing waiting a given number of microseconds and printing to
the standard output.

Example 3.1. The dining philosophers problem is a commonly used example
of concurrent programming where deadlock may occur (Figure 3.11). It can be
phrased in the following way:

Five philosophers are sitting at a round table and eating spaghetti
for dinner. Their dexterity leaves a lot to be desired, for they are
easily distracted and any attempt at eating with only one fork will
result in a mess. Hence each philoso pher will need two forks.
There are exactly five forks on the table, one between each pair of
adjacent philosophers. The philosophers must remain seated for
the duration of the dinner and all of them must eventually finish
eating.

A simple solution immediately comes to mind: each philosopher first acquires
the fork to their left, then the fork to their right, then they ‘eat’. Unfortunately,
this solution runs the risk of leading to deadlock. Instead, each philosopher
acquires the lock to the left or right that comes earlier in the order of locks,
and then the lock coming later in the order (in other words, first acquire the
minimum of the two locks, then the maximum).

The embedding of this framework into Haskell illustrates this easily. Firstly,
the logic for a particular philosopher x, with forks being represented as syn-
chronisation functions s1 and s2, is given by the following computation:
philosopher x s1 s2 = sync s1 $ do

delay 100000
sync s2 $ do
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delay 100000
syncPutStrLn $ "philosopher␣" ++ show x

We can define five philosopher behaviours by giving appropriate parameters
to philosopher:
philosopher1 = philosopher 1 syncV syncW
philosopher2 = philosopher 2 syncW syncX
philosopher3 = philosopher 3 syncX syncY
philosopher4 = philosopher 4 syncY syncZ
philosopher5 = philosopher 5 syncZ syncV
philosopher5 ' = philosopher 5 syncV syncZ

The first solution is represented by the computation:
philosopher1 || philosopher2 || philosopher3
|| philosopher4 || philosopher5

and its grade is ⊤, illustrating the fact that the lock ordering is not obeyed. The
second solution has a type-level list as its grade (a list of symbols "V", "W", "X",
"Y", "Z"), meaning that the computation is free from deadlock:
philosopher1 || philosopher2 || philosopher3
|| philosopher4 || philosopher5 '

The Haskell embedding can be easily extended to support reasoning about and
programming with memory regions: rather than a lock being a mutex lock on its
own, it is associated with some shared memory. This is achieved by changing the
read-only state in the reader monad: for example, rather than ReaderT (MVar ()), a
lock on a memory region containing an integer and a string is introduced with a
monad transformer ReaderT (MVar (Int, String)). Details are not provided in this
thesis, but an interested reader can read about this embedding in the associated
functional pearl [IM20].

3.4.2 Graph-based analysis

The Sync graded monad provides a neat weay of writing concurrent programs based
on structured locking. The major practical downside of this graded monad is the fact
that it requires the programmer to explicitly state the lock total order, as opposed
to having that aspect inferred by the type system. However, this additional work
can be avoided by using a different grading algebra. The grade of a computation 𝑀

should instead state not only which locks are acquired by 𝑀, but also the inferred
partial order for these locks – if any compatible ordering exists.

Consider computations using mutual exclusion locks drawn from ℒ. The ele-
ments of this algebra are either ⊤ – representing a potentially unsafe computation
– or pairs ⟨𝐿, 𝑅⟩, where 𝐿 ⊆ ℒ is a set of locks acquired by a computation and
𝑅 ⊆ 𝐿 × 𝐿 is as general as possible irreflexive order of locks that the computation
obeys. For example, a computation acquiring and releasing ℓ1 prior to locking ℓ2,
then locking and releasing ℓ3, and finally releasing ℓ2, has ⟨{ℓ1 , ℓ2 , ℓ3}, {⟨ℓ2 , ℓ3⟩}⟩ as
the associated grade. These pairs ⟨𝐿, 𝑅⟩ can also be seen as graphs: 𝐿 is the set of
vertices and 𝑅 is the set of edges. Since the relation 𝑅 is an irreflexive ordering, it is
transitively closed and contains no cycles.

The ordering⊑ on these grades is simple: 𝑒 ⊑ ⊤ for any 𝐹, and ⟨𝐿1 , 𝑅1⟩ ⊑ ⟨𝐿2 , 𝑅2⟩
if and only if 𝐿1 ⊆ 𝐿2 and 𝑅1 ⊆ 𝑅2
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Figure 3.12. Visualising sequencing with graphs. The thicker edges are the ones
added in order to make the graph represent a partial order (added by the transitive
closure operator).

Running two computations wrapped inside Sync sequentially or in parallel com-
bines the underlying sets of locks. In addition, the two lock orders have to be checked
for compatibility: is there a common partial order for both of the computations be-
ing sequenced? Suppose 𝑅1 and 𝑅2 are the two lock orders. The union of these two
relations (in graph terms, sets of edges) is not necessarily transitive, so we consider
the transitive closure of 𝑅1∪𝑅2, which we denote (𝑅1∪𝑅2)∗. If this transitive closure
is irreflexive, then 𝑅1∪𝑅2 contains no cycles and the combined computation is safe.
Otherwise, the combined computation is unsafe, and the result of sequencing the
two grades is ⊤. Therefore, the sequencing operator of this algebra is defined as
follows:

𝑒 ⊙ ⊤ = ⊤
⊤ ⊙ 𝑒 = ⊤

⟨𝐿1 , 𝑅1⟩ ⊙ ⟨𝐿2 , 𝑅2⟩ =

{
⊤, 𝑅1 ∪ 𝑅2 contains a cycle
⟨𝐿1 ∪ 𝐿2 , (𝑅1 ∪ 𝑅2)∗⟩, otherwise

An example of how two such grades are sequenced, using the graph interpretation
of the carrier set, is given in Figure 3.12.

This completes the definition of the grading algebra:

({⊤} ∪ (𝒫(ℒ) × 𝒫(ℒ × ℒ)), ⊑, ⊙, ⟨∅, ∅⟩, {⊔} ∪ {pconsℓ }ℓ∈ℒ)

Synchronisation is a different matter and we need to enhance the definition of
pcons. Synchronising a computation 𝑀 on lock ℓ is safe if and only if ℓ is not used
by 𝑀. Otherwise ℓ comes before any of the locks used by 𝑀 in sync ℓ 𝑀. Hence the
definition of pconsℓ is now:

pconsℓ (⊤) = ⊤

pconsℓ (⟨𝐿, 𝑅⟩) =

{
⊤, ℓ ∈ 𝐿
⟨𝐿 ∪ {ℓ }, 𝑅 ∪ {⟨ℓ , ℓ ′⟩ | ℓ ′ ∈ 𝐿}⟩, ℓ ∉ 𝐿

With ⊙ and pcons defined, we can update the typing rules for parallelism and
synchronisation:

(par)
Γ ⊢ 𝑀 : Sync𝑒𝐴 Γ ⊢ 𝑁 : Sync 𝑓 𝐵 ⊢ 𝑒 ⊙ 𝑓 = ℎ

Γ ⊢ 𝑀 ∥ 𝑁 : Syncℎ(𝐴 × 𝐵)

(sync)
Γ ⊢ 𝑀 : Sync𝑒𝐴 ⊢ pconsℓ (𝑒) = 𝑓

Γ ⊢ sync ℓ 𝑀 : Sync 𝑓𝐴
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Limits and generalisation This algebra does not force the programmer to specify
the lock order ahead of time. However, there is an assumption that the lock order
is constant throughout a computation. This is a restrictive assumption and it rejects
reasonable programs in which threads that are never runs concurrently assume
different lock orders. Consider the following computations:

𝑀 = sync ℓ1 (sync ℓ2 (return 1))
𝑁 = sync ℓ2 (sync ℓ1 (return 2))

Running 𝑀 and 𝑁 in parallel is unsafe and might lead to deadlock. However,
running them in sequence is safe, as all of the locks acquired by one computation
are released prior to another acquiring them.

The sequencing operator can be thus modified to account for these cases. Rather
than computing the transitive closure, sequencing two lock orders only returns their
union. This means that for some locks 𝑥 and 𝑦, both ⟨𝑥, 𝑦⟩ and ⟨𝑦, 𝑥⟩ can be listed
in the lock ordering, but these hold in different parts of the computation. The
grade of a parallel computation has to be updated accordingly. Running two safe
computations in parallel is safe if the combined lock order has no cycle with at least
one edge from each of the computations – otherwise it is unsafe.

Haskell embedding

Representing this variant of the Sync graded monad in Haskell has as its main
difficulty the representation of the grading algebra, in particular its operators. Lock
orders ⟨𝐿, 𝑅⟩ are represented as type-level pairs of lists and lists of pairs. The most
complicaed part of the computation is computing the transitive closure of a relation,
which is needed for sequencing. The source of the difficulty comes from the fact
that this operator is required to be implemented using type families in Haskell.
Type families in Haskell need to be written in such a way that the type system
can statically infer that the computation terminates. This is desirable to avoid type
checking looping at compile time.

The facilities for inferring that a type-level operator terminates are necessarily
limited, since the question is undecidable. As a result, type-level conditionals
require that both branches lead to termination: If b Then p Else q is checked for
termination at compile time by checking whether both p and q terminate, even if
one of the branches is impossible. This leads to issues with algorithms based on
iteration until a stopping condition is met, such as ‘all vertices are visited’, and most
graph algorithms are like this. The problem is resolved by writing every operator
in a primitive recursive fashion, meaning that one of the arguments must reduce in
every recursive call.

This is best seen in the type-level family which computes all the vertices reach-
able from a particular vertex in a graph. This type family Reachable (v, e) src,
where (v, e) is the graph (with e an adjacency list) and src is the source vertex,
relies on depth-first search implemented using an auxiliary type family with four
arguments Reachable' e pend vis lim, in which pend is the stack of vertices that are
scheduled to be expanded, vis is a list of vertices that have already been visisted,
a lim is an argument that decreases in every recursive call in order to provide the
underlying depth-first search algorithm with a guarantee of termination (initially
set to the number of vertices) to the Haskell type checker.
type family Reachable :: (k, [(k, k)]) -> k -> [k] where



80 3.4 Safe concurrency

Reachable (v, e) src = Reachable ' e '[src] '[] (Length v)
type family Reachable ' :: [(k, k)] -> [k] -> [k] -> Nat -> [k]

Reachable ' _ _ vis 0 = vis
Reachable ' _ '[] vis _ = vis
Reachable ' e (p ': pend) vis n = If (Mem p vis)

(Reachable ' e pend vis (n - 1))
(Reachable ' e (Append (GetNeighbours e p) pend)

(p ': vis) (n - 1))

3.4.3 Related work

Communication through channels

A way of modelling concurrency is through threads that synchronise and commu-
nicate using message passing. These threads are able to read and write data from
and to channels: a thread 𝑡 reading from a channel 𝐶 means it awaits for some other
thread to write to 𝐶, after which 𝑡 is able to use this value. Message passing is
in practice used in the Actor model of concurrency [HBS73], as well as in process
calculi such as CSP [Hoa78] and 𝜋-calculus. [MPW92]

Session types [Hon93] are a formalism for modelling structured communication-
based programming that provides computational guarantees. The simplest variant
of session types enables exactly two processes to each use a particular channel,
and their behaviour must be dual: each write from one thread exactly corresponds
to a read from the other thread. This corresponds to a client-server model of
computation in which no process infinitely blocks. Programs that do not satisfy
this property do not type check in a type system with sessions.

Session types via graded monads Orchard and Yoshida [OY16] show that session
types can be phrased using the language of effects and provide a Haskell embedding
using graded monads (in the style of effect-monad). The main idea is that a process
resulting in an value of type 𝐴 is represented as a graded monadic type Process𝑆𝐴,
where 𝑆 is the session type of the process. This allows the programmer to use graded
monadic notation that more closely resembles the way process communication is
usually written than the 𝜋-calculus syntax. For example, a server receiving a
value via channel 𝑐 and then sending its successor, has a simple graded monadic
implementation:

do { 𝑥 ← receive; send (𝑥 + 1) }

Graphs as grades

The idea of type-level graphs for managing relations and dependencies in a graded
setting is not unique to this thesis. While I was writing this thesis, Keating and
Gale [KG21] published a paper on how graded monads and type-level programming
can be used for dependence analysis – specifically, the order of accessing memory
locations by a stateful computation. This can then be used for establishing that two
threads can be safely run concurrently, without any data races.

Keating and Gale’s work has a similar approach to type-level graph algorithms
as this thesis, though arguably ‘more elegant’: instead of using additional ‘counter’
arguments in type families to guarantee termination, they use first-class type fam-
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ilies (the first-class-families Haskell package) 9 and the ‘decreasing’ argument is
a pair of a stack of to-visit and visited vertices.

3.5 Discussion and limitations
We now briefly turn to the consequences of the decisions made in the definition of
analysis-graded monads. The main topic of interest are the various limitations and
challenges when it comes to practical programming with them.

The question of distributivity

Consider a computation of the form:

𝑀1≫= (fn 𝑥 ⇒ alt 𝐵 then 𝑀2 else 𝑀3)

where alt is the ‘graded conditional’ (as seen in the Haskell embedding). If the types
of 𝑀1, 𝑀2, 𝑀3 are respecively 𝑇 𝑒𝐴, 𝑇 𝑓1𝐵 and 𝑇 𝑓2𝐵, following the typing derivation
directly we infer that the type of the above expression is 𝑇 𝑒⊙( 𝑓1∨ 𝑓2)𝐵. Dynamically
the expression either enters one branch or the other, so the outcome of the analysis
is more precisely described by (𝑒 ⊙ 𝑓1) ∨ (𝑒 ⊙ 𝑓2). In all preordered monoids the
inequality (𝑒 ⊙ 𝑓1) ∨ (𝑒 ⊙ 𝑓2) ⩽ 𝑒 ⊙ ( 𝑓1 ∨ 𝑓2) for all 𝑒 , 𝑓1 , 𝑓2 ∈ 𝐸 (by definition of
∨ – least upper bound). By analogy with the language of program analysis, we
call computational grading algebras for which the inquality is actually an equality
distributive. Formally, a computational grading algebra (𝐸, ⩽, ⊙, 1,𝒪) is distributive
if for all 𝑒 , 𝑓 , 𝑔 ∈ 𝐸 the following equalities hold:

(𝑒 ∨ 𝑓 ) ⊙ 𝑔 = (𝑒 ⊙ 𝑔) ∨ ( 𝑓 ⊙ 𝑔)
𝑒 ⊙ ( 𝑓 ∨ 𝑔) = (𝑒 ⊙ 𝑓 ) ∨ (𝑒 ⊙ 𝑔)

Such properties are useful for a wide variety of program analyses. Popular general
frameworks for performing data-flow analysis typically assume distributivity, for
example IFDS. [RHS95] Gordon’s work on effect systems [Gor17, Gor18, Gor21]
presupposes a distributivity axiom as it covers a vast range of program analyses.

There are examples of non-distributive analyses, of which constant propagation
is the simplest one. This causes a problem for algebraic approaches to performing
safe program transformations: they should either preserve the grade of the expres-
sion or overapproximate it. In implementation, constant propagation is sometimes
restricted to merely performing copy propagation: a variable is considered constant
if it is assigned a constant value or it copies the value of a variable marked as con-
stant. Copy propagation and similar restricted variants of constant propagation are
distributive.

The question of performing program optimisation guided by the grade of an
expression is an interesting one, yet outside the scope of this thesis. I do not assume
distributivity of computational grading algebras going forward.

Polymorphism

The Source language requires all function abstractions and graded monadic binds
to have explicit typing annotations in order to make types unique for Source terms.

9https://hackage.haskell.org/package/first-class-families-0.8.0.1

https://hackage.haskell.org/package/first-class-families-0.8.0.1
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This also means that the language features no parametric polymorphism (à la
Haskell or ML). Parametric polymorphism is overall a useful feature to have in
a language, but it comes with various well-known difficulties. We are particularly
interested in grade polymorphism – for example, a term could have a polymorphic
type ∀eff 𝑟(PermState𝑟𝑆Int → PermState𝑟⊙ro

𝑆
Int), meaning that it is a function that

could be applied to any stateful computation.
Adding polymorphism to Source is addressed in Chapter 4, in particular for the

sake of reinforcing the connection between grades and analysis outcomes (in other
words, performing an analysis is equivalent to inferring the grade within monadic
types).

Multi-component graded monads

The exception, multi-state liveness and locking analysis-graded monads (Sections
3.2.2, 3.3.2 and 3.4) have a parameterised set of graded monadic operations: each
exception 𝜖 has a corresponding raise𝜖, each mutable variable 𝑋 has a corresponding
get𝑋 . This means that the grading algebra and the graded monadic operations
depends on the underlying set of ‘building blocks’ (such as exception or variable
names). The individual raise𝜖 and get𝑋 operations are defined analogously, but
translation into Target or a Haskell embedding does not allow a ‘generic’ way of
defining these operations. A further challenge appears in the fact that the grading
algebra representation (for example, of the operators in 𝒪 or the sequencing ⊙)
requires sophisticated type-level programming facilities in Haskell.

We turn to this issue in more detail in Chapter 6 by introducing the notion
of graded monad builder: in short, these are a way of defining an analysis-graded
monad with a particular set of symbols (representing exception and variable names),
which additionaly provides all of the necessary boilerplate definitions that make
programming with analysis-graded monads convenient.

3.6 Summary
In this chapter, I defined analysis-graded monads as a programming construct and
a special case of general graded monads. They are capable of representing a variety
of program properties and analyses related to impure concepts such as exceptions
and stateful computation.

The contribution of this chapter is a terminology for discussing analysis-graded
monads and a framework used in the following chapters (using Source and Target
languages), as well as the examples that go beyond prior attempts to use graded
monads for this purpose. All of the examples (except concurrency) are phrased in
terms of a source language (Source) with analysis-graded monadic types, and a tar-
get language (Target), which is purely functional and into which all graded monadic
operations and types are translated. In addition to the theory, the examples listed
in the chapter are implemented in a new Haskell library called analysis-monad.
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In Chapter 3 I defined analysis-graded monads and introduced the Source and
Target languages. While the inspiration is program analysis and the theory of
abstract interpretation, no algorithm is given for inferring the outcomes of analyses
(meaning grades in graded monadic types). This is because Source requires all
grades to be explicit, including in sub𝑒 , 𝑓 , and there is no recursion. A programmer
would rather not perform the analysis herself – instead, grades should be computed
using a grade inference algorithm. This is similar to type inference and also what one
typically expects when the term ‘program analysis’ is used.

In this short chapter, we investigate the problem of inferring grades of graded
monadic computations.

Chapter structure In Section 4.1, we first slightly modify Source to make grades
unknown and formulate a grade inference problem. We then give an algorithm
that computes the grade of the term in question. We tackle the challenge of adding
recursion to the language, as the simple initial grade inference algorithm is not guar-
anteed to terminate in this case. We also consider the related problem of performing
type inference in a variant of Source which supports parametric polymorphism for
grades in Section 4.2. This leads to a more precise class of grading algebras which
allow full grade inference, even in recursive programs, as well as a grade inference
algorithm for such grading algebras.

4.1 Grade holes

A common way type inference is phrased in literature is by providing two languages:
a typed one and one in which types are either entirely missing or erased. For
example, Hindley-Milner type inference [Hin69, DM82] is commonly presented
using two minimal languages, and the key result is that the inferred types in the un-
annotated language give a valid typing in the language in which all types are explicit.
The problem considered here is mostly similar, though we limit our attention to
inferring grades. This means that type annotations are still given where needed,
such as in function abstractions, but grades are not stated. Instead, grades are
replaced with grade holes, which then need to be computed and filled by a type
inference algorithm to produce a valid program. For example, rather than writing
the type 𝑇 𝑒 Int, the programmer writes 𝑇⊚Int.

Grade inference requires a notion of a best solution, meaning that among valid
grades for a grade inference problem there needs to be a least one. As a result,
we need to place some additional requirements on grading algebras and introduce
changes to the Target programming language.

83
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In this section, we first define Source⊚, a variant of Source with grade holes.
We go on to elaborate on the necessary additions to grading algebras and analysis-
graded monads. We then use Source⊚ as a setting for a type inference algorithm
and show that this algorithm returns a valid Source⊚ typing.

4.1.1 A gradeless Source variant
The Source⊚ language is defined as a variant of Source in which terms that require
explicit type annotations have grades replaced by holes, written ⊚. This is most
relevant for writing functions and binds, for example in the case of the following
term:

AddOne = fn 𝑚 : GMaybe⊚Int⇒ (bind 𝑥 : Int⇐ 𝑚 with return (𝑥 + 1))

Here the programmer does not need to state explicitly whether the input compu-
tation represented by 𝑚 is failing, successful or whether this question is statically
undecidable. However, the typing judgements remain similar to Source, meaning
that the following three judgements should all be valid and derivable:

⋄ ⊢ AddOne : GMaybeTInt→ GMaybeTInt
⋄ ⊢ AddOne : GMaybeFInt→ GMaybeFInt
⋄ ⊢ AddOne : GMaybeUInt→ GMaybeUInt

There are two main implications of this decision:

• typing is not unique in Source⊚;

• there are two different constructs: types 𝐴 and syntactic types 𝑆, where the
former have no holes and are used in typing judgements (as before), and the
latter have all grades replaces by holes and are used in all annotations (like in
function abstractions).

The syntax and typing judgements of Source⊚ are outlined in Figure 4.1. In the
syntax, binding and function abstraction terms make use of syntactic types, whereas
typing judgements are still of the form Γ ⊢ 𝑀 : 𝐴, meaning that both the typing
environment and the judgement itself refer to types. The only typing rules shown
are those for the core of Source, and those specific to some graded monad follow
the same idea. Syntactic types and types can be related with the hide function: a
syntactic type 𝑆 hides the grades of type 𝐴 by replacing all grades with ⊚. This
function is defined recursively on the structure of types:

hide(Int) = Int
hide(Unit) = Unit
hide(𝐴→ 𝐵) = hide(𝐴) → hide(𝐵)
hide(𝑇 𝑒𝐴) = 𝑇⊚(hide(𝐴))

A derivation of the typing judgement ⋄ ⊢ AddOne : GMaybeTInt → GMaybeTInt
is shown in Figure 4.2. Furthermore, we use a function addHoles which replaces
grades in terms with holes, defined recursively as follows:

addHoles(𝑐) = 𝑐

addHoles(𝑀 op 𝑁) = addHoles𝑀 op 𝑁

addHoles(𝑥) = 𝑥

addHoles(fn 𝑥 : 𝐴⇒ 𝑀) = fn 𝑥 : hide(𝐴) ⇒ addHoles𝑀
addHoles(𝑀 𝑁) = (addHoles(𝑀)) (addHoles(𝑁))
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Syntax:
(terms) 𝑀, 𝑁 ::= 𝑛 | ⟨⟩ | 𝑀 op 𝑁 | 𝑥 | fn 𝑥 : 𝑆⇒ 𝑀 | 𝑀 𝑁

| return 𝑀 | bind 𝑥 : 𝑆⇐ 𝑀 with 𝑁 | sub 𝑀

(syntactic types) 𝑆 ::= Int | Unit | 𝑆1 → 𝑆2 | 𝑇⊚𝑆
(types) 𝐴, 𝐵 ::= Int | Unit | 𝐴→ 𝐵 | 𝑇 𝑒𝐴

(grades) 𝐹, 𝐺, 𝐻 ::= 𝑒 | 1 | 𝐹 ⊙ 𝐺

| 𝑜(𝐹1 , . . . , 𝐹𝑘) (for 𝑜 ∈ 𝒪 of arity 𝑘)

Typing judgements:

(int)
Γ ⊢ 𝑛 : Int (unit)

Γ ⊢ ⟨⟩ : Unit

(op) Γ ⊢ 𝑀 : Int Γ ⊢ 𝑁 : Int
Γ ⊢ 𝑀 op 𝑁 : typefor(op) (var) 𝑥 : 𝐴 ∈ Γ

Γ ⊢ 𝑥 : 𝐴

(fn) Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 𝑆 = hide(𝐴)
Γ ⊢ fn 𝑥 : 𝑆⇒ 𝑀 : 𝐴→ 𝐵

(app) Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

(ret)
Γ ⊢ 𝑀 : 𝐴 ⊢gr 1 = 𝑖

Γ ⊢ return 𝑀 : 𝑇 𝑖𝐴
(sub)

Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 ⊢gr 𝑒 ⩽ 𝑓

Γ ⊢ sub 𝑀 : 𝑇 𝑓𝐴

(bind)
⊢ 𝑒 ⊙ 𝑓 = 𝑔 Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝑇 𝑓 𝐵 𝑆 = hide(𝐴)

Γ ⊢ bind 𝑥 : 𝑆⇐ 𝑀 with 𝑁 : 𝑇 𝑔𝐵

Figure 4.1. Syntax and the type system of Source⊚, assuming an underlying
analysis-graded monad with functor (grade-indexed type constructor) 𝑇 and grad-
ing algebra (𝐸, ⩽, ⊙, 1,𝒪).

(⋆) = (ret)
(op)

(var)
𝑥 : Int, 𝑚 : GMaybeFInt ⊢ 𝑥 : Int

(int)
𝑥 : Int, 𝑚 : GMaybeFInt ⊢ 1 : Int

𝑥 : Int, 𝑚 : GMaybeFInt ⊢ 𝑥 + 1 : Int
⊢gr 1 = T

𝑥 : Int, 𝑚 : GMaybeFInt ⊢ return (𝑥 + 1) : GMaybeTInt

(fn)
(bind) ⊢ F ⊙ T = F (⋆) GMaybe⊚Int = hide(GMaybeFInt)

𝑚 : GMaybeFInt ⊢ bind 𝑥 : Int⇐ return (𝑥 + 1) with : GMaybeFInt
GMaybe⊚Int→ GMaybe⊚Int = hide(GMaybeFInt→ GMaybeFInt)

⋄ ⊢ AddOne : GMaybeFInt→ GMaybeFInt

Figure 4.2. A typing derivation for term AddOne.
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addHoles(return 𝑀) = return (addHoles(𝑀))
addHoles(sub𝑀) = sub⊚,⊚, (addHoles(𝑀))
addHoles(bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁) = bind 𝑥 : hide(𝐴) ⇐ addHoles(𝑀) with

addHoles(𝑁)
addHoles(𝑇 𝑒𝐴) = 𝑇⊚(hide(𝐴))

There is a key difference between this approach and making terms grade-
polymorphic. A Source⊚ typing derivation is essentially the same as a Source typing
derivation in which all grades in terms are replaced with ⊚. Consider the term:

((fn ℎ : (GMaybe⊚Int→ GMaybe⊚Int)
⇒ bind 𝑥 ⇐ (ℎ nothing) with ℎ (return (𝑥 + 1))) AddOne

Here ℎ is first applied to nothing, whose type is GMaybeFInt, and then to return (𝑥+1),
whose type is GMaybeTInt. This is not permitted in the basic Source⊚ type system.
This property is common in programming languages with type polymorphism – for
example, the following simple OCaml and Haskell expressions do not type-check:
(fn h => (h 42, h "foo")) (fn x => x)

(\h -> (h 42, h "foo")) (\x -> x)

This issue is partially resolved by introducing let-expressions and enabling a form of
let-polymorphism. With polymorphic types the approach is that of introducing type
schemes in the style of Hindley [Hin69], Damas and Milner [DM82]. We consider
polymorphism later in this chapter.

The necessity of subeffecting The sub 𝑀 construct exists precisely because of
the lack of polymorphism and the fact that Source⊚, like Source, does not define an
implicit subtyping rule for terms: if in environment Γ the term 𝑀 has type 𝐴 which
is subsumed by type 𝐵, then Γ ⊢ 𝑀 : 𝐵 is also derivable. This is a common idea,
but is known to complicate type inference. The seminal overview of the issue is
given in Pottier’s PhD thesis. [Pot98] We opt to use sub whenever a term of a graded
monadic type might need to be upcast or widened – without specifying the grade.
The above untypeable example involving AddOne is resolved by writing:

((fn ℎ : (GMaybe⊚Int→ GMaybe⊚Int)
⇒ bind 𝑥 ⇐ (ℎ (sub nothing)) with ℎ (sub (return (𝑥 + 1)))) AddOne

This approach comes at the cost of imprecision: the only valid typing of this term is
GMaybeUInt, whereas a more precise answer is that the computation always fails and
the grade should be F. Achieving a more precise typing requires polymorphism.
In the meantime, we do introduce a ordering between types, but only as a tool for
talking about type inference.

4.1.2 Analysis-graded monads with ⊥
Given that terms in context in Source⊚ do not have unique types, the question of
inferring grades needs to be properly specified. This is a variant of the usual type
inference problem: rather than finding a type with which to substitute ‘?’ in some
judgements Γ ⊢ 𝑀 : ?, the goal is to fill all the missing grade holes ⊚ in a syntactic
type 𝑆 to produce a type 𝐴 such that Γ ⊢ 𝑀 : 𝐴 and 𝐴 = hide(𝑆). However, if
there is more than one solution to a type inference problem, which solution should
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we choose? Consider in isolation the function IdFun defined as follows in Source⊚,
similar to AddOne from before:

IdFun = fn 𝑥 : GMaybe⊚Int⇒ 𝑥

Any of the three grades from the carrier set {T, F,U} of the grading algebra associ-
ated with the GMaybe graded monad can be put in place of⊚ – so all of the following
typing judgements hold:

⋄ ⊢ IdFun : GMaybeTInt→ GMaybeTInt
⋄ ⊢ IdFun : GMaybeFInt→ GMaybeFInt
⋄ ⊢ IdFun : GMaybeUInt→ GMaybeUInt

With the framework developed thus far, there is no ‘least’ grade we can use. We
address this by representing ‘unexplored’ analysis outcomes (like with abstract
interpretation) using a bottom element of the join-semillatice. This is crucial for
defining the grade inference framework based on solving lattice equations (Sec-
tion 4.1.3)

Definition 4.1. For a computational grading algebra ℰ = (𝐸, ⩽, ⊙, 1,𝒪), there
is a ⊥-augmented computational grading algebra ℰ⊥ = (𝐸⊥ , ⩽⊥ , ⊙⊥ , 1,𝒪⊥) with
𝐸⊥ = 𝐸 ∪ {⊥} for ⊥ ∉ 𝐸, ⊥ ⩽⊥ 𝑒 for all 𝑒 ∈ 𝐸, ⊥ ⊙ 𝑒 = ⊥ = 𝑒 ⊙ ⊥ for 𝑒 ∈ 𝐸, and
similarly extended operators in 𝒪.

For convenience, we refer to the relation ⩽⊥, operator ⊙⊥ and set𝒪⊥ as simply ⩽,
⊙ and 𝒪. For the remainder of this chapter, we consider variants of graded monads,
but graded with ⊥-augmented computational grading algebras.

Translating graded monadic types 𝑇⊥𝐴 from Source to Target requires a way of
achieving explicit coercion of terms from 𝑇⊥𝐴 to 𝑇 𝑒𝐴. As grade ⊥ represents ‘not
explored’ and not match any actual computation, the full translation of type 𝑇⊥𝐴
in Source should be to an uninhabited type. Thus we add type Emp to Target, which
is uninhabited – there is no constant of that type. The translation is then as follows:

⟨⟨𝑇⊥𝐴⟩⟩type = Emp

Categorically, Emp corresponds to the initial object in the category of discourse.

4.1.3 The grade inference framework
Given that types are not unique in Source⊚, the question of inferring grades needs to
be properly specified. This is a variant of the usual type inference problem: rather
than finding a type with which to substitute ‘?’ in some judgements Γ ⊢ 𝑀 : ?, the
goal is to fill all the missing grade holes ⊚ in a syntactic type 𝑆 to produce a type 𝐴

such that Γ ⊢ 𝑀 : 𝐴 and 𝐴 = hide(𝑆). Out of all valid typing judgements that hold
for a term 𝑀 in a typing environment Γ, we are interested in finding a type 𝐴 such
that Γ ⊢ 𝑀 : 𝐴 such that, given any other type 𝐵 for which Γ ⊢ 𝑀 : 𝐵 is derivable,
the grade-erased types 𝐴 and 𝐵 are the same, and all the grades of 𝐴 are no greater
than the corresponding grades in 𝐵. We call this solution 𝐴 the principal type
(which exists by Theorem 4.1), and we correspondingly define a subgrading relation
<| between types. The solution 𝐴 is the least solution of the typing problem. The
definition of this relation is given in Figure 4.3.
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(refl)
𝐴 <| 𝐴 (trans) 𝐴 <| 𝐵 𝐵 <| 𝐶

𝐴 <| 𝐶

(fun) 𝐴 <| 𝐴′ 𝐵 <| 𝐵′
𝐴→ 𝐵 <| 𝐴′→ 𝐵′

(gm)
⊢sub 𝑒 ⩽ 𝑓 𝐴 <| 𝐵

𝑇 𝑒𝐴 <| 𝑇 𝑓 𝐵

Figure 4.3. The definition of the subgrading relation on types.
.

In this setup, a solution to the grade inference problem is the least one, meaning
that for a context Γ and term 𝑀 it is a type 𝐴 such that Γ ⊢ 𝑀 : 𝐴 and for any other
type 𝐵 satisfying Γ ⊢ 𝑀 : 𝐵 we have 𝐴 <| 𝐵.

The subgrading relation is not the same as type subsumption seen in type sys-
tems with subeffecting. This is best seen from the fact that subgrading for function
types is covariant both in the argument and result, whereas subsumption is contrav-
ariant in the argument. A function whose type is PermStatero

IntInt→ PermStatewo
IntInt

cannot be applied directly to return 1 (as its type is PermStatepure
Int Int in this case), but

the programmer can ‘overapproximate’ the argument and write sub (return 1) in-
stead. Subgrading emphasises the idea of conservative overapproximation, whereas
subtyping places a minimum requirement on the argument.

We now turn to a method of finding a solution to the grade inference problem
for Source⊚ as presented, given an underlying analysis-graded monad 𝑇 with a
⊥-augmented computational grading algebra ℰ⊥. The method is constraint-based:
all grades in the holes of syntactic types and are replaced with fresh grade variables
(ranging over 𝑟1 , . . . , 𝑟𝑘 , . . .), which are then instantiated with concrete grades by
solving a set of equality and inequality constraints. Generating those constraints is
done using three functions: typeFor(Γ ⊢ 𝑀 :?), unhide(𝑆) and eqTypes(𝐴, 𝐵). where
the first returns a pair of type and set of constraints, the second turns a syntactic type
into a type with fresh grade variable names, and eqTypes(𝐴, 𝐵) gives the (unique)
set of constraints that make types 𝐴 and 𝐵 equal. The definitions of these functions
are given in Figure 4.4. In particular we see that the definition of typeFor(Γ ⊢ 𝑀 :?)
follows the structure of typing derivations, so for any additional constructs the same
principle applies: all of the side conditions based on ⊢ and ⊢sub turn into constraints.

Theorem 4.1. Given a term 𝑀 with no free variables, if ⋄ ⊢ 𝑀 : 𝐴′ in Source
for some type 𝐴′, then typeFor(⋄ ⊢ addHoles(𝑀) : ?) = (𝐴, 𝐶) for some 𝐴 and
𝐶, hide(𝐴) = hide(𝐴′), and there is an instantiation of all grade variables of 𝐴
giving 𝐴′ and which satisfies all the constraints in 𝐶.

Proof. We prove a slightly stronger proposition Φ ranging over typing judgements:

For Γ ⊢ 𝑀 : 𝐴′ in Source, there exist 𝐴 and 𝐶 such that typeFor(Γ ⊢
addHoles(𝑀) : ?) = (𝐴, 𝐶), hide(𝐴) = hide(𝐴′), and there is an instanti-
ation of all grade variables of 𝐴 giving 𝐴′ satisfying all the constraints
in 𝐶.

We prove this statement by induction over typing derivations in Source. We only
state two of the interesting cases:
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typeFor(Γ ⊢ ⟨⟩ : ?) = (Unit, ∅)
typeFor(Γ ⊢ 𝑛 : ?) = (Int, ∅)
typeFor(Γ ⊢ 𝑥 : ?) = (Γ(𝑥), ∅)
typeFor(Γ ⊢ fn 𝑥 : 𝑆⇒ 𝑀 : ?) = let 𝐴 = unhide(𝑆) in

let (𝐵, 𝐶) = typeFor(Γ, 𝑥 : 𝐴 ⊢ 𝑀 : ?) in
(𝐴→ 𝐵, 𝐶)

typeFor(Γ ⊢ 𝑀 𝑁 : ?) = let (𝐴1 , 𝐶1) = typeFor(Γ ⊢ 𝑀 : ?) in
let (𝐴2 , 𝐶2) = typeFor(Γ ⊢ 𝑁 : ?) in
let (𝐵1 → 𝐵2) = 𝐴1 in
let 𝐶3 = eqTypes(𝐵1 , 𝐴2) in
(𝐵2 , 𝐶1 ∪ 𝐶2 ∪ 𝐶3)

typeFor(Γ ⊢ return 𝑀 : ?) = let (𝐴, 𝐶) = typeFor(Γ ⊢ 𝑀 : ?) in
let 𝑟 = fresh in
(𝑇𝑟𝐴, 𝐶 ∪ {𝑟 = 1})

typeFor(Γ ⊢ sub 𝑀 : ?) = let (𝑇𝑟1𝐴, 𝐶) = typeFor(Γ ⊢ 𝑀 : ?) in
let 𝑟2 = fresh in
(𝑇𝑟2𝐴, 𝐶 ∪ {𝑟1 ⩽ 𝑟2})

typeFor(Γ ⊢ bind 𝑥 : 𝑆⇐ 𝑀 with 𝑁) = let 𝑟 = fresh in
let (𝑇𝑟1𝐴1 , 𝐶1) = typeFor(Γ ⊢ 𝑀 : ?) in
let (𝑇𝑟2𝐴2 , 𝐶2) =

typeFor(Γ, 𝑥 : 𝐴1 ⊢ 𝑁 : ?) in
let 𝐶3 = eqTypes(𝐴1 , unhide(𝑆)) in
(𝑇𝑟𝐴2 , 𝐶1 ∪ 𝐶2 ∪ 𝐶3 ∪ {𝑟 = 𝑟1 ⊙ 𝑟2})

unhide(Unit) = Unit
unhide(Int) = Int
unhide(𝑆1 → 𝑆2) = unhide(𝑆1) → unhide(𝑆2)
unhide(𝑇⊚𝑆) = let 𝑟 = fresh in 𝑇𝑟(unhide(𝑆))

eqTypes(Unit,Unit) = ∅
eqTypes(Int, Int) = ∅
eqTypes(𝐴1 → 𝐴2 , 𝐵1 → 𝐵2) = eqTypes(𝐴1 , 𝐵1) ∪ eqTypes(𝐴2 , 𝐵2)
eqTypes(𝑇𝑟1𝐴1 , 𝑇

𝑟2𝐴2) = eqTypes(𝐴1 , 𝐴2) ∪ {𝑟1 = 𝑟2}

Figure 4.4. The algorithms for typeFor(·), unhide(·) and eqTypes(·). If at any point
a call fails (for example, eqTypes() is given incompatible arguments), the algorithm
fails.
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(fn) We make use of a lemma in this case:

Lemma 4.1. If 𝐵 = unhide(hide(𝐴)), then there exists an assignment 𝜓
such that 𝜓𝐵 = 𝐴.

Proof. Constructively, by induction on the structure of types 𝐴. Each fresh
variable generated with unhide() is mapped to the appropriate grade in 𝐴. □

Assume Γ, 𝑥 : 𝐷1 ⊢ 𝑀 : 𝐷2 and Φ(Γ, 𝑥 : 𝐷1 ⊢ 𝑀 : 𝐷2).
Consider the term fn 𝑥 : 𝑆 ⇒ 𝑀, where 𝑆 = hide(𝐷1). Let 𝐴 = unhide(𝑆) and
let (𝐵, 𝐶) = typeFor(Γ, 𝑥 : 𝐴 ⊢ addHoles(𝑀) : ?). By the above Lemma, since
𝐴 = unhide(𝑆) = unhide(hide(𝐷1)), there is an assignment𝜓 such that𝜓𝐴 = 𝐷1.
Then typeFor(Γ, 𝑥 : 𝐷1 ⊢ addHoles(𝑀) : ?) = (𝜓𝐵,𝜓𝐶).
By the induction hypothesis, there is an assignment 𝜑 such that 𝜑𝜓𝐵 = 𝐷2
which is consistent with 𝜓𝐶 and such that Γ, 𝑥 : 𝐷1 ⊢ 𝑀 : 𝐷2. Hence,
𝜑𝜓(𝐴→ 𝐵) = 𝐷1 → 𝐷2.
By (fn), we have Γ ⊢ fn 𝑥 : 𝑆 ⇒ 𝑀 : 𝐷1 → 𝐷2. Since 𝜑𝜓(𝐴→ 𝐵) = 𝐷1 → 𝐷2
and 𝜑𝜓 is consistent with 𝐶, we conclude Φ(Γ ⊢ 𝑀 : 𝐷1 → 𝐷2) holds.

(app) Assume that judgements Γ ⊢ 𝑀 : 𝐷′1 → 𝐷′2 and Γ ⊢ 𝑁 : 𝐷′1 hold, and that
Φ(Γ ⊢ 𝑀 : 𝐷′1 → 𝐷′2) and Φ(Γ ⊢ 𝑁 : 𝐷′1).
By (app) we have Γ ⊢ 𝑀 𝑁 : 𝐷′2.
Let (𝐴1 , 𝐶1) = typeFor(Γ ⊢ addHoles(𝑀) : ?) and (𝐴2 , 𝐶2) = typeFor(Γ ⊢
addHoles(𝑁) : ?).
By assumption, hide(𝐴1) = hide(𝐷′1 → 𝐷′2) = hide(𝐷′1) → hide(𝐷′2), and
hide(𝐴2) = hide(𝐷′1), and there are assignments 𝜑1, 𝜑2 to grade variables
such that 𝐷′1 → 𝐷′2 = 𝜑1𝐴1 and 𝐷′1 = 𝜑2𝐴2.
By the rules defining hide, the type 𝐴1 is necessarily of the form 𝐵1 → 𝐵2.
Then hide(𝐴1) = hide(𝐵1) → hide(𝐵2). It follows that hide(𝐵1) = hide(𝐷′1),
hide(𝐵2) = hide(𝐷′2), and also 𝜑1(𝐵1 → 𝐵2) = 𝐷′1 → 𝐷′2. Thus, 𝜑1𝐵2 = 𝐷′2.
It remains to show that 𝜑1 is consistent with 𝐶1 ∪ 𝐶2 ∪ 𝐶3. 𝜑1 is consistent
with 𝐶1 by the induction hypothesis. 𝜑1 is consistent with 𝐶2 because 𝜑2𝐴2 =

𝜑1𝐵1 = 𝐷′1. Finally, the constraints generated by 𝐶3 are satisfied by 𝜑1 because
𝜑1𝐵1 = 𝐷′1 = 𝜑2𝐴2. Thus, Φ(Γ ⊢ 𝑀 𝑁 : 𝐷′2).

□

Example 4.1. Consider the term:

Ex = fn 𝑚 : PermState⊚IntInt⇒ bind 𝑥 ⇐ 𝑚 with put (𝑥 + 1)
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In an empty context, the following are valid types for Ex:

PermState⊥IntInt → PermStateaw
IntInt

PermStatepure
Int Int → PermStateaw

IntInt
PermStatero

IntInt → PermStaterw
IntInt

PermStateaw
IntInt → PermStateaw

IntInt
PermStatewo

IntInt → PermStateaw
IntInt

PermStaterw
IntInt → PermStaterw

IntInt

Meanwhile, typeFor(⋄ ⊢ Ex : ?) returns the following tuple:

(PermState𝑟1
IntInt→ PermState𝑟2

IntInt, {𝑟2 = 𝑟1 ⊙ 𝑟3 , 𝑟3 = aw})

All valid types are obtained by different instantiations of the grade variables
(corresponding to all six possible values of 𝑟1).

4.1.4 Solving constraints
So far we have only presented which constraints get generated and how. What
is missing is a method of finding a solution. For a given system of simultaneous
equations and inequations in⊥-augmented computational grading algebra, we can
take two approaches:

1. The theory associated with the ⊥-augmented computational grading algebra
has a decidable theory of finding least solutions to systems of equations and in-
equations. For example, HistState𝑆 has as its grading algebra (N𝜔 , ⩽𝜔 ,+𝜔 , 0, {1})
and an equation such as 𝑟 = 𝑟 +𝜔 1 is known to have least solution 𝑟 = 𝜔,
whereas any 𝑒 ∈ N𝜔 satisfies 𝑟 ⩽𝜔 𝑟 + 1.

2. Use Tarski-style iteration to compute the least solution, whenever such itera-
tion converges to the least solution.

The former approach assumes an underlying decision procedure, which subsumes
the second method (since it is also a decision procedure). We do not focus on it
and instead turn immediately to the iteration approach, as it is classical in program
analysis.

Firstly, note that the generated constraints are either the form 𝑟 = 𝐹 or 𝑟 ⩾ 𝐺

for some grade variable 𝑟 and grade expression 𝐹. A single grade variable can thus
have multiple such constraints: 𝑟 = 𝐹1, 𝑟 = 𝐹2, . . . , 𝑟 = 𝐹𝑚 , 𝑟 ⩾ 𝐺1, . . . , 𝑟 ⩾ 𝐺𝑛 .
These are merged into a single constraint 𝑟 = 𝐹1 ∨ . . . ∨ 𝐹𝑚 ∨ 𝐺1 ∨ . . . ∨ 𝐺𝑛 ∨ 𝑟, as
the right-hand side is the least grade satisfying all the constraints. The last ‘ ∨ 𝑟’ is
added in order to account for unconstrained grade variables. Seeing how the grade
expressions depend on all grade variables introduced, say 𝑟1 , . . . , 𝑟𝑘 , and that we
can repeat this constraint merging for every grade variable, we end up with the
following set of constraints, for some functions 𝑢1, . . . , 𝑢𝑘 :

𝑟1 = 𝑢1(𝑟1 , . . . , 𝑟𝑘), . . . , 𝑟𝑘 = 𝑢𝑘(𝑟1 , . . . , 𝑟𝑘)

We say the derived set of constraints – one equality constraint per grade variable,
constraint merging via joins – gives the join-form of the original set of constraints 𝐶.
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Lemma 4.2. Any solution to the original set of constraints 𝐶 is also a solution
of the join-form of 𝐶.

More concisely, we can use vector notation and say ®𝑟 = (𝑟1 , . . . , 𝑟𝑘), and introduce
a vector function 𝑢 such that 𝑢(®𝑟) = (𝑢1(®𝑟), . . . , 𝑢𝑘(®𝑟)). The individual 𝑢𝑖 functions
are all monotonic because they consist of joins and grade expressions are monotonic
functions in their grade variables. This means 𝑢 is also a monotonic function in the
product domain: for ®𝑟 ⩽ ®𝑟′ (meaning 𝑟1 ⩽ 𝑟′1, . . . , 𝑟𝑘 ⩽ 𝑟′

𝑘
), 𝑢(®𝑟) ⩽ 𝑢(®𝑟′).

Based on the fact that 𝑢 is monotonic and Theorem 2.2, we have the following
theorem stating that an approach similar to Knaster-Tarski iteration gives a solution
to the constraint set:

Theorem 4.2. Assuming a finite-height ⊥-augmented computational grading
algebra, the sequence sequence ®𝑟(𝑖) defined with ®𝑟(0) = (⊥, . . . ,⊥) and ®𝑟(𝑖+1) =
𝑢(®𝑟(𝑖)) eventually converges.

The key condition here is finite-height, as it guarantees the iterative procedure
converges.

This gives a simple algorithm for solving constraints:

1. convert all equality and inequality constraint into the join-form;

2. initialise all grade variables in ®𝑟 to ⊥;

3. while ®𝑟 ≠ 𝑢(®𝑟), assign ®𝑟 ← 𝑢(®𝑟);

4. check that the individual equality and inequality constraints are satisfied: if
they are, return successfuly; otherwise, return ‘no solution’.

The last step is necessary to avoid issues stemming from an inconsistent set of
equality constraints such as {𝑟 = T, 𝑟 = F}: the iteration is 𝑢(𝑟) = T ∨ F ∨ 𝑟, whose
least fixed-point is U, yet it is inconsistent with the constraints.

Example 4.2. Consider the following example term:

fn 𝑥 : Int⇒ alt 𝑥 ≥ 0 then (return 𝑥) else (bind _ : Unit⇐ put 𝑥 with return 1)

Suppose 𝑟0 is the grade associated with the whole conditional expression with
alt. Let the grade variable associated with the then branch be 𝑟1, the grade
variable associated with the else branch 𝑟2, and let 𝑟3 be the grade variable
associated with put 𝑥 and 𝑟4 the grade associated with return 1. The following
constraints get generated:

𝑟0 = 𝑟1 ∨ 𝑟2 , 𝑟1 = pure, 𝑟2 = 𝑟3 ⊙ 𝑟4 ,
𝑟3 = aw, 𝑟4 = pure.

and the type is Int→ PermState𝑟0
IntInt. The iteration function 𝑢 is thus:

𝑢(𝑟0 , 𝑟1 , 𝑟2 , 𝑟3 , 𝑟4) = (𝑟1 ∨ 𝑟2 ∨ 𝑟0 , pure ∨ 𝑟1 , (𝑟3 ⊙ 𝑟4) ∨ 𝑟2 , aw ∨ 𝑟3 , pure ∨ 𝑟4)
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Starting with ®𝑟(0) = (⊥,⊥,⊥,⊥,⊥), we have:

®𝑟(1) = (⊥, pure,⊥, aw, pure)
®𝑟(2) = (pure, pure, aw, aw, pure)
®𝑟(3) = (wo, pure, aw, aw, pure)
®𝑟(4) = (wo, pure, aw, aw, pure)

These grades are consistent with the original constraints. Thus the inferred
type is Int→ PermStatewo

IntInt.

4.1.5 Adding recursion
There are various ways in which programming languages and calculi syntactically
represent recursion. The approach we opt for is the one that allows us to write
both recursive functions and recursive graded monadic computations, using least
fixed-point syntax.

We add terms of the form fix 𝑀 to Target, Source and Source⊚ to represent
such recursive computations. In both of these languages, the typing judgement
associated with the construct is the following:

(fix) Γ ⊢ 𝑀 : 𝐴→ 𝐴

Γ ⊢ fix 𝑀 : 𝐴
and the transition semantics in Target is given as follows:

fix (fn 𝑥 : 𝐴⇒ 𝑀)⇝ 𝑀{(fix (fn 𝑥 : 𝐴⇒ 𝑀))/𝑥}

The only remaining part is the Source-to-Target translation, which is very simple
due to the overlap in syntax:

⟨⟨Γ ⊢ fix 𝑀 : 𝐴⟩⟩val = fix ⟨⟨Γ ⊢ 𝑀 : 𝐴→ 𝐴⟩⟩val

Fundamentally, introducing recursion on terms does not affect the type infer-
ence discussion from before, when grades could depend on themselves – there are
already possibly cyclic dependencies. The only things that needs to be introduced
is the definition of typeFor(·):

typeFor(Γ ⊢ fix 𝑀 : ?) = let (𝐴→ 𝐵, 𝐶) = typeFor(Γ ⊢ 𝑀 : ?) in
(𝐵, 𝐶 ∪ eqTypes(𝐴, 𝐵))

Example 4.3. Consider the following two Source⊚ terms:

RecOnce = fix (fn ℎ : (Int→ Int→ HistState⊚IntUnit) ⇒
fn 𝑥 : Int⇒ fn 𝑠 : Int⇒

if 𝑥 ≥ 0 then put 𝑠
else (bind 𝑦 ⇐ get with ℎ (𝑥 − 1) (𝑠 + 𝑦)))

RecOmega = bind 𝑦 : Int⇐ get with
fix (fn ℎ : (Int→ Int→ HistState⊚IntUnit) ⇒

fn 𝑥 : Int⇒ fn 𝑠 : Int⇒
if 𝑥 ≥ 0 then return ⟨⟩

else (bind 𝑡 ⇐ put (𝑠 + 𝑦) with ℎ (𝑥 − 1) (𝑠 + 𝑦)))
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Semantically, these terms represent two very similar recursive functions of two
arguments 𝑥 and 𝑠. The former performs exactly one write to the store, whereas
the latter performs updates in every recursive call and is bounded only by the
value of the passed argument. This means that the associated grades are 1 and
𝜔, as seen is the typing judgements that can be derived:

Γ ⊢ RecOnce : Int→ Int→ HistState1
IntUnit

Γ ⊢ RecOmega : Int→ Int→ HistState𝜔IntUnit

4.2 Polymorphic grades

Thus far the approach to grade inference was based on the idea of finding a least
solution, which corresponds to the idea of finding the most precise analysis answer.
This was done in a setting without grade-parametric polymorphism, which in practice
means that a function expecting a graded monadic computation as an argument
only accepts those whose type is 𝑇 𝑒𝐴 for a particular grade 𝑒, as opposed to several
compatible grades. The first such example seen in this chapter is that of AddOne,
described in section 4.1.1. This problem is already known and explored in the setting
of both type systems with polymorphism and in effect systems, with the solution
being the introduction of type variables [DM82] and effect variables [LG88]. We
adapt this approach to grades.

We first define yet another variant of Source, which we call PolySource, which
syntactically resembles Source⊚, but with a fundamentally different type system and
with the addition of a let keyword similar to that in ML-like languages and Haskell,
providing let-polymorphism in the style of Hindley, Milner and Damas. We then
define a grade inference algorithm based on unification – similar to the algorithms
used in polymorphic type systems.

4.2.1 Grade-polymorphic programming

The key idea of PolySource is that the grade variables, as seen in the type inference
algorithm for Source⊚, become an integral part of the type system. This means that
the way grades are treated in the language change in two significant ways: firstly,
graded monadic types can now use any grade terms instead of just specific algebra
elements; secondly, types are polymorphic in grade variables, which are bound in
∀eff constructs.

We define the notion of type schemes 𝜎 as constructs of the form ∀eff𝑅(𝐴), where
𝑅 is a set of names of grade variables (ranging over 𝑟, 𝑠) which can appear in 𝐴 –
for example, ∀eff 𝑟1 , 𝑟2(PermState𝑟1⊙(1∨𝑟2)

Int Unit) is a type scheme in PolySource. Simil-
arly, the type scheme corresponding to the AddOne example is ∀eff 𝑟(GMaybe𝑟 Int→
GMaybe𝑟 Int). With the addition of type schemes, the typing environment Γ changes:
it is no longer a mapping from variable names to types, but to type schemes. As
type schemes in PolySource represent a range of possible types, membership to the
set of types given by the scheme is described using the specialisation relation ≻.

Definition 4.2. A grade substitution 𝜃 is a substitution of some grade variables
to grade terms.
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Definition 4.3. We say type 𝐴 specialises a type scheme 𝜎 if 𝜎 = ∀eff𝑅(𝐵) and
there is a grade substitution 𝜃 whose domain is 𝑅 such that 𝐴 = 𝐵𝜃.

We adopt notation Γ ⊢ 𝑀 : ∀eff𝑅(𝐴) to mean that Γ ⊢ 𝑀 : 𝐴, where 𝑅 is the
set of grade variables names appearing freely in 𝐴 that do not appear freely in
Γ. The function fev(·) represents the free grade variables in a type or a context, so
𝑅 = fev(𝐴) \ fev(Γ).

We furthermore adopt the notation 𝜃𝐴 to represent the application of 𝜃 to 𝐴,
where all free occurrences of grade variables in 𝐴 are replaced according to 𝜃. Next,
𝜃𝜎 substitutes free occurrences of grade variables in a type scheme 𝜎, renaming the
bound variables if necessary. Furthermore, we write𝜃Γ to mean ‘Γ, with𝜃 applied to
all type schemes that form the context’. We also write 𝜃2𝜃1 to represent composition
of 𝜃2 and 𝜃1.

The syntax and the typing rules are given in Figure 4.5. They are very similar
to Source⊚, but with several important distinctions. Firstly, the sub is not part of the
syntax of PolySource, because it is no longer necessary – in Source⊚ it was used to
pass as an argument a term of type 𝑇 𝑒𝐴 to a function expecting an input whose
type if 𝑇 𝑓𝐴, where 𝑒 ⩽ 𝑓 . Polymorphism resolves this issue in a significant number
of situations. We also omit it because polymorphism and subtyping make the
presentation somewhat more difficult, as we discuss later in this section. Secondly, a
polymorphic let-expression construct is introduced into the language, whose typing
rule is similar to that seen in the conventional let constructs. Thirdly, there are no
longer any side conditions regarding grades – instead, the expressions appearing
in the grades are spelled out in the syntax of PolySource (for example, 𝐹 ⊙ 𝐺 in the
(bind) rule). Finally, a type equality rule is introduced, labelled (type-eq), stating that
if types 𝐴 and 𝐵 are equal and 𝑀 is a term of type 𝐴 given Γ, then 𝑀 also has type
𝐵 given Γ.

Let us briefly consider the type equality relation. Type equality allows us to say
that, for example, GMaybeT⊙TUnit and GMaybeT𝐴 are the exact same type (recall ⊤
is the top element), meaning that grade simplification is possible. The definition of
the type equality relation ≡type is simple and structural, and is given in Figure 4.6.
The only interesting aspect of this relation is in the graded monadic case, where
the real ‘hard work’ is done: this relation leverages decidability of equality in the
grading algebra, as previously seen in ⊢gr 𝐹 = 𝐺 judgements. In short, this notion
of type equality just lifts the grade equality judgements to the type level, giving a
congruence property.

Translating to Target

The semantics of PolySource is once again stated in terms of the translation func-
tion ⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val giving Target terms, but now the translation is limited to
monomorphic types 𝐴 that are also fully simplified, meaning that all grades in 𝐴

are elements of the grading algebra (as opposed to general grade expressions) and
there are no free grade variables in either 𝐴 or Γ. Other approaches to defining the
semantics exist (discussed later), this one keeps the definition minimal and keeps
this consistent with the approach of Source. The key changes occur whenever there
are significant changes compared to Source.

The definition of the translation is brief, as it has no significant changes compared
to the one of Source. The only new construct to translate are the let terms – translated



96 4.2 Polymorphic grades

Syntax:
(terms) 𝑀, 𝑁 ::= 𝑛 | ⟨⟩ | 𝑀 op 𝑁 | 𝑥 | fn 𝑥 : 𝑆⇒ 𝑀 | 𝑀 𝑁

| return 𝑀 | bind 𝑥 : 𝑆⇐ 𝑀 with 𝑁

| let 𝑥 : 𝑆 = 𝑀 in 𝑁

(syntactic types) 𝑆 ::= Int | Unit | 𝑆1 → 𝑆2 | 𝑇⊚𝑆
(types) 𝐴, 𝐵 ::= Int | Unit | 𝐴→ 𝐵 | 𝑇𝐹𝐴

(type schemes) 𝜎 ::= ∀𝑅(𝐴)
(grades) 𝐹, 𝐺, 𝐻 ::= 𝑒 | 1 | 𝑟 | 𝐹 ⊙ 𝐺

| 𝑜(𝐹1 , . . . , 𝐹𝑘) (for 𝑜 ∈ 𝒪 of arity 𝑘)

Typing judgements:

(int)
Γ ⊢ 𝑛 : Int (unit)

Γ ⊢ ⟨⟩ : Unit

(op) Γ ⊢ 𝑀 : Int Γ ⊢ 𝑁 : Int
Γ ⊢ 𝑀 op 𝑁 : typefor(op) (var) 𝑥 : 𝜎 ∈ Γ 𝜎 ≻ 𝐴

Γ ⊢ 𝑥 : 𝐴

(fn) Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 𝑆 = hide(𝐴)
Γ ⊢ fn 𝑥 : 𝑆⇒ 𝑀 : 𝐴→ 𝐵

(app) Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

(ret) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ return 𝑀 : 𝑇1𝐴

(type-eq)
Γ ⊢ 𝑀 : 𝐴 𝐴 ≡type 𝐵

Γ ⊢ 𝑀 : 𝐵

(let)
Γ ⊢ 𝑀 : 𝐴 Γ, 𝑥 : ∀𝑅(𝐴) ⊢ 𝑁 : 𝐵 𝑅 = fev(𝐴) \ fev(Γ) 𝑆 = hide(𝐴)

Γ ⊢ let 𝑥 : 𝑆 = 𝑀 in 𝑁 : 𝐵

(bind) Γ ⊢ 𝑀 : 𝑇𝐹𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝑇𝐺𝐵 𝑆 = hide(𝐴)
Γ ⊢ bind 𝑥 : 𝑆⇐ 𝑀 with 𝑁 : 𝑇𝐹⊙𝐺𝐵

Figure 4.5. Syntax and the type system of PolySource, assuming an underlying
analysis-graded monad T with functor (type constructor) 𝑇 and grading algebra
(𝐸, ⩽, ⊙, 1,𝒪).

(≡type-int) Int ≡type Int (≡type-bool) Bool ≡type Bool

(≡type-fn)
𝐴 ≡type 𝐴

′ 𝐵 ≡type 𝐵
′

𝐴→ 𝐵 ≡type 𝐴′→ 𝐵′
(≡type-gm)

𝐴 ≡type 𝐴
′ ⊢gr 𝐹 = 𝐺

𝑇𝐹𝐴 ≡type 𝑇𝐺𝐴′

Figure 4.6. The inductive definition of the type equality relation.
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by unwrapping let into a substitution:

⟨⟨Γ ⊢ let 𝑥 : 𝑆 = 𝑀 in 𝑁 : 𝐵⟩⟩val = ⟨⟨Γ ⊢ 𝑁{(⟨⟨Γ ⊢ 𝑀 : 𝐴⟩⟩val)/𝑥} : 𝐵⟩⟩val

The translation of let-expressions is predicated on the idea that a judgement Γ ⊢
let 𝑥 : 𝑆 = 𝑀 in 𝑁 : 𝐵 being derivable, with Γ ⊢ 𝑀 : 𝐴 as a premise, implies
that Γ ⊢ 𝑁{𝑀/𝑥} : 𝐵 is also derivable. As the other premise in the derivation
is Γ, 𝑥 : ∀eff𝑅(𝐴) ⊢ 𝑁 : 𝐵 (with 𝑅 = fev(𝐴) \ fev(Γ)), this is just an immediate
consequence of a more general substitution lemma:

Lemma 4.3. For terms 𝑀, 𝑁 , types 𝐴, 𝐵, environment Γ and type scheme 𝜎
such that Γ ⊢ 𝑀 : 𝐴 and Γ, 𝑥 : 𝜎 ⊢ 𝑁 : 𝐵 are derivable and 𝜎 ≻ 𝐴, we have that
Γ ⊢ 𝑁{𝑀/𝑥} : 𝐵 is derivable.

Proof. By induction on typing derivations Γ, 𝑥 : 𝜎 ⊢ 𝑁 : 𝐵. □

The most significant difference is the need for monomorphisation. Grade-
polymorphic variables in Γ need to be specifically replaced with appropriate mono-
morphic instances: a type scheme ∀eff 𝑟(GMaybe𝑟 Int→ GMaybe𝑟⊙TInt) for a variable
𝑥 means 𝑥 can be used in several contexts. Monomorphisation therefore turns one
variable 𝑥 into as many as there are possible valuations of the grade variables – for
GMaybe that means three: 𝑥T, 𝑥F, 𝑥U. In general, this only means variable terms are
translated:

⟨⟨Γ ⊢ 𝑥 : 𝐴⟩⟩val = 𝑥®𝑒 , for 𝑥 : ∀eff𝑅(𝐵) ∈ Γ and 𝐴 = 𝐵{®𝑒/𝑅}

but translating context is more sophisticated: a single 𝑥 : 𝜎 is replaced by a whole
list of possible monomorphic versions of 𝑥. Of course, this does not work for infinite
grading algebras – which remains an incompleteness in the translation, which for
now we accept.

4.2.2 Grade inference
As is the case with language with Hindley-Milner-Damas polymorphic types, Poly-
Source has a decidable type inference algorithm based on unification. Even in a
polymorphic setting, we are able to present type inference as a way of performing
a program analysis.

The algorithm is described in terms of a function infer(·). It is defined on partial
typing judgements Γ ⊢ 𝑀 : ? and returns either a tuple (𝜃, 𝐴) or FAIL. The former
result, when returned, should mean 𝜃Γ ⊢ 𝑀 : 𝐴 is derivable, whereas returning
FAIL means that the term 𝑀 is not typeable in context Γ. The definition of this
function, and thus the algorithm, is given in Figure 4.7. It is somewhat similar to
the definition of typeFor(·), with the key difference being that the most general grades
are computed within the context of a term, as opposed to generating constraints
which get solved later.

As is the case with polymorphic types, the type scheme determined by the
algorithm is the principal one, meaning that every other valid typing judgement for
𝑀 in environment Γ is merely a specialisation of the returned solution.
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(Here we use fresh sets (𝛼-rename) for 𝑅 at each use of 𝑥)
infer(Γ ⊢ 𝑥 : ?) = let ∀eff𝑅(𝐴) = Γ(𝑥) in (Id, 𝐴)
infer(Γ ⊢ 𝑛 : ?) = (Id, Int)
infer(Γ ⊢ ⟨⟩ : ?) = (Id,Unit)
infer(Γ ⊢ fn 𝑥 : 𝑆⇒ 𝑀 : ?) = let 𝛼 = fresh in

let (𝜃, 𝐴) = infer(Γ, 𝑥 : 𝛼 ⊢ 𝑀 : ?) in
(𝜃, 𝜃(𝛼) → 𝐴)

infer(Γ ⊢ return 𝑀 : ?) = let (𝜃, 𝐴) = infer(Γ ⊢ 𝑀 : ?) in
(𝜃, 𝑀1𝐴)

infer(Γ ⊢ 𝑀1 𝑀2 : ?) = let 𝛼 = fresh in
let (𝜃1 , 𝐴1) = infer(Γ ⊢ 𝑀1 : ?) in
let (𝜃2 , 𝐴2) = infer(𝜃1Γ ⊢ 𝑀2 : ?) in
let 𝜃3 = unify(𝜃2𝐴1 , 𝐴2 → 𝛼) in
(𝜃3𝜃2𝜃1 , 𝜃3(𝛼))

infer(Γ ⊢ bind 𝑥 : 𝑆⇐ 𝑀1 with 𝑀2 : ?) = let (𝜃1 , 𝐴1) = infer(Γ ⊢ 𝑀1 : ?) in
let (𝜃2 , 𝐴2) =

infer(𝜃1Γ, 𝑥 : 𝐴1 ⊢ 𝑀2 : ?) in
let 𝛼 = fresh in let 𝛽 = fresh in
let 𝑟 = fresh in let 𝑠 = fresh in
let 𝜃3 = unify(𝑇𝑟𝛼, 𝜃2𝐴1) in
let 𝜃4 = unify(𝑇 𝑠𝛽, 𝜃3𝐴2) in
(𝜃4𝜃3𝜃2𝜃1 , 𝑇

𝜃4𝜃3(𝑟)⊙𝜃4(𝑠)(𝜃4(𝛽)))
infer(Γ ⊢ let 𝑥 : 𝑆 = 𝑀1 in 𝑀2 : ?) = let (𝜃1 , 𝐴1) = infer(Γ ⊢ 𝑀1 : ?) in

let (𝜃2 , 𝐴2) =
infer(𝜃1Γ, 𝑥 : 𝐴1 ⊢ 𝑀2 : ?) in

let 𝛼 = fresh in let 𝛽 = fresh in
let 𝜃3 = unify(𝛼, 𝜃2𝐴1) in
let 𝜃4 = unify(𝛽, 𝜃3𝐴2) in
(𝜃4𝜃3𝜃2𝜃1 , 𝜃4(𝛽))

Figure 4.7. Type inference for PolySource.
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Theorem 4.3. Assuming infer(Γ ⊢ 𝑀 : ?) = (𝜃, 𝐴) and 𝑅 = fev(𝐴) \ fev(Γ),
we have that 𝜃Γ ⊢ 𝑀 : 𝐴 and for any type 𝐵 such that Γ ⊢ 𝑀 : 𝐵 we have
∀eff𝑅(𝐴) ≻ 𝐵.

Proof. These are actually two statements: the returned type is correct and it is the
principal type scheme. The former follows by induction on the structure of 𝑀,
whereas the latter is proved by induction on typing judgements Γ ⊢ 𝑀 : 𝐵. □

4.2.3 Discussion
Polymorphic grades similar to polymorphic effect systems. Hence their capabilities
and limitation do not turn out surprising for anybody familiar with effect systems
research. In this section we discuss some aspects of extending polymorphic grades.

Recursion Polymorphism and recursion do not go together well. This is seen with
traditional polymorphic type schemes [Myc84] and likewise with effects. If we add
fix 𝑀 to PolySource, using unification for type inference is no longer possible as it is
likely to lead to occurs check problems: for example, 𝑟 and 𝑟 ⊙ ro cannot be unified.

A possible approach is to do what the analysis-monad library attempts: rein-
troduce sub into the language and use a constraint-based type system such that,
whenever an attempt at unification fails, an equality constraint is generated. That
way, a recursive computation might have the type 𝑟 = 𝑟 ⊙ ro⇒ PermState𝑟IntInt.

Smarter monomorphisation The operational semantics of PolySource is defined in
terms of a translation into Target. There is an awkward interaction arising from
translating typing judgements in a polymorphic language into terms and types in a
language without polymorphism, leading to the problem in translating PolySource
contexts with type schemes into Target contexts through monomorphisation. The
solution in Section 4.2.1 produces all possible monomorphisations of all variables
in the context, which does not work for grading algebras with an infinite number of
elements. It is also now how monomorphisation works in practical programming
languages, as the domain of types is infinite. Instead, we can monomorphise ‘by
need’ – that is, only those monomorphic versions of variables needed in the program
get instantiated. This would make the translation more complicated, and is hence
omitted from the thesis.

4.3 Summary
Analysis-graded monads provide a way of representing program analysis through
the facilities provided by graded monadic types in a programming language. If
the outcome of the analysis is the grade in the type, then performing the analysis
is tantamount to inferring the grade. Under the assumptions placed on analysis-
graded monads, we are able to use both constraint solving, seen in classical program
analysis and solved by iteration, and unification-based algorithms, as seen in type
inference problems for parametically polymorphic languages. The Source⊚ and
PolySource languages, seen as simple extensions of the Source language used in all
of our examples, exemplify these approaches.
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5Semantics of analysis-graded monads

Thus far in the thesis the focus has been on programming with analysis-graded
monads. This treatment is incomplete without considering their categorical struc-
ture. The aim of this short chapter is just that: exploring the theoretical underpin-
nings of analysis-graded monads, finding interesting properties relevant for further
developments of the theory, and the connection to abstract interpretation.

Chapter structure We first give the categorical definition of analysis-graded mon-
ads in Section 5.1 and formalise the terminology for talking about analysis-graded
monads. This definition is used to prove important properties of analysis-graded
monads, some of which later parts of the thesis rely on. The categorical treatment
of analysis-graded monads is then used in Section 5.2 to define the categorical
semantics of the Source and Target languages.

5.1 Categorical view
In Chapter 2 I defined graded monads concisely as lax monoidal functors from a
monoidal category ℳ = (M, ⊙, 1) to the monoidal category of endofunctors (with
composition as the tensor product). Every monoid can be seen as a strict discrete
monoidal category whose objects correspond to elements of the monoid carrier set
and whose tensor product corresponds to the monoid multiplication operator. In
the context of computational grading algebras, we are interested in modelling all
their properties using the language of categories.

As with preordered monoids, the grading algebra is a strict thin monoidal
category: a morphism 𝑓 : 𝑥 → 𝑦 corresponds to the inequality 𝑥 ⩽ 𝑦. Turning
the preorder into a partial order means that the existence of morphisms 𝑥 → 𝑦

and 𝑦 → 𝑥 implies 𝑥 and 𝑦 should be the same – which is the same as saying that
isomorphic objects must be equal, so a category representing a pomonoid is also
skeletal. The existence of a top element ⊤ means that for every object 𝑥 there is a
unique arrow 𝑥 → ⊤, so⊤ is a terminal object for the category. Finally, the existence
of joins is represented by the fact that, for any two objects 𝑒 and 𝑓 , there is an object
𝑒 ∨ 𝑓 such that, for any other object 𝑢 such that 𝑒 → 𝑢 ← 𝑓 , there is a unique arrow
𝑒 ∨ 𝑓 → 𝑢 – which trivially means that the following diagram commutes:

𝑢

𝑒 ∨ 𝑓

𝑒 𝑓
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This is just the definition of a coproduct.
Let us – for now – omit grade operators from the general notion of computational

grading algebras. The categorical definition of analysis-graded monads is then
concisely phrased as:

Definition 5.1. A computational grading algebra is a strict skeletal thin mon-
oidal category with a terminal object and all coproducts.

An analysis-graded monad in C is a lax monoidal functor from a computa-
tional grading algebra to the monoidal category of endofunctors on C.

The notion of graded monadic strength is also important (and in practice seen
in all monads and graded monads in programming). We thus also consider strong
analysis-graded monads, which are just strong graded monads that happen to be
graded by computational grading algebras.

For the remainder of this section, we explore interesting properties of analysis-
graded monads.

Grading algebra operators

The categorical treatment of analysis-graded monads so far omits𝒪. This is because
operators in 𝒪 do not have require any interesting categorical ‘compatibility’ with
other parts of the definition. Interpreting grade operators is required for defining
the categorical semantics of Source, so we briefly describe their structure.

A grade operator takes as its arguments (zero or more) elements of the carrier
set of the grading algebra. Given that sequencing is a tensor product – meaning a
bifunctor – and that one-argument functions are functors, a 𝑘-ary grade operator
in the grading algebra ℰ = (𝐸, ⩽, ⊙, 1) is seen as a functor from the 𝑘-ary product
category E × · · · × E. That is sufficient, as it already enforces monotonicity in each
argument.

5.1.1 Monad at the top

A point emphasised when graded monads were introduced in this thesis was that it
is not the case that, given a grade 𝑒, each𝑇 𝑒 is a monad, and the reason for this is that
𝑒 ⊙ 𝑒 ≠ 𝑒 in general. However, there is an interesting property of analysis-graded
monads in particular, coming from the following simple fact:

Lemma 5.1. In any computational grading algebra (𝐸, ⩽, ⊙, 1)with top element
⊤, the equality ⊤ ⊙ ⊤ = ⊤ holds.

Proof. Since 1 ⩽ ⊤, by monotonicity ⊤ = ⊤ ⊙ 1 ⩽ ⊤ ⊙ ⊤, so ⊤ ⩽ ⊤ ⊙ ⊤ ⩽ ⊤. By
antisymmetry we conclude ⊤ ⊙ ⊤ = ⊤. □

This follows the intuition that the top element represents the ‘don’t know’,
‘could be anything’ or ‘most general’ outcome of a program analysis. If there is
no information about the analysis, then the programmer gets the same amount
of information as they would get if they were programming using a non-graded
monad. We see this in the definitions of GMaybe, PermState𝑆 and LiveState𝑆: for the
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grade ⊤, the underlying representation of the graded monadic type resembles that
of Maybe and State𝑆.1 This result is formalised by the following theorem:

Theorem 5.1. For any graded monad T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽, ⊙, 1) → Endo(C),
where ⊤ ∈ 𝐸 is the top element of its grading algebra, there is a monad T⊤ =

(𝑇⊤, 𝜇⊤ , 𝜂⊤) in C defined as follows:

𝜇⊤ = 𝜇⊤,⊤
𝜂⊤ = 𝑇(1 ⩽ ⊤) ◦ 𝜂

Proof. 𝑇⊤ is clearly an endofunctor in C (from the fact T is a graded monad). The
monad associativity and unit laws are just specialisations of their corresponding
graded versions, except all grades are ⊤. □

5.1.2 Category of analysis-graded monads
An important component of the formal theory of graded monads is the definition
of categories of graded monads. [FKM16] We are interested in the structure and
relationship between analysis-graded monads, and it turns out that they form a
category – just like monads and graded monads.

Definition 5.2. For a category C, the analysis-graded monad category GMnd(C)
is a category with:

objects analysis-graded monads, meaning pairs (ℰ,T) where T = (𝑇, 𝜇, 𝜂) :
ℰ → Endo(C) is a lax monoidal functor and ℰ is a small category that is
a computational grading algebra;

morphisms (ℎ, 𝜑) : T1 → T2, where ℎ : ℰ1 → ℰ2 is a strict monoidal functor
(representing a computational grading algebra homomorphism – we only
use the underlying functor by abuse of notation, as the coherence maps are
identities), and where 𝜑 is a natural transformation 𝑇1 ⇒ 𝑇2 whose each
component 𝜑𝑒 is a natural transformation 𝑇1𝑒 ⇒ 𝑇2(ℎ(𝑒)) which respects
the analysis-graded monadic structure, meaning that for any 𝑒 , 𝑓 ∈ 𝐸1 the
following diagrams commute:

𝑇1𝑒 • 𝑇1 𝑓 𝑇2(ℎ(𝑒)) • 𝑇2(ℎ( 𝑓 ))

𝑇1(𝑒 ⊙1 𝑓 ) 𝑇2(ℎ(𝑒 ⊙1 𝑓 )) 𝑇2(ℎ(𝑒) ⊙2 ℎ( 𝑓 ))

𝜑𝑒•𝜑 𝑓

𝜑𝑒⊙1 𝑓

(𝜇2)ℎ(𝑒),ℎ( 𝑓 )(𝜇1)𝑒 , 𝑓

IdC 𝑇111

𝑇212

𝜂1

𝜂2
𝜑11

1The HistState𝑆 graded monad notably does not have the type constructor for grade ⊤ = 𝜔
match the one for the State𝑆 monad. However, the type constructor HistState𝜔

𝑆
, mapping types 𝐴 to

𝑆→ 𝐴 × List𝑆, also admits a monadic structure.
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composition for (ℎ, 𝜑) : T1 → T2 and (ℎ′, 𝜑′) : T2 → T3, define (ℎ′, 𝜑′)◦(ℎ, 𝜑) =
(ℎ′ • ℎ, 𝜑′ ★ 𝜑), where the natural transformation 𝜑′ ★ 𝜑 is defined with
(𝜑′★ 𝜑)𝑒 = 𝜑′

ℎ1(𝑒) ◦ 𝜑𝑒 for all 𝑒 ∈ 𝐸1;

identities for each graded monad T = (𝑇, 𝜇, 𝜂) : ℰ → Endo(C), the identity
morphism is idT = (Idℰ , id).

It can be shown that this definition is valid (meaning that composition is asso-
ciative and that the identity, as defined, is really the identity).

In practice, we also care about the subcategory of strong analysis-graded monads
(𝑇, 𝜇, 𝜂, 𝑡) on C with tensorial strength 𝑡 preserved by morphisms, which we call
SGMnd(C) – simply put, all non-strong monads are omitted.

A simple result formalises the intution that analysis-graded monadic computa-
tions ‘elaborate’ those represented by monads. This relationship means that there
exists an adjoint pair of functors between Mnd(C) and GMnd(C).

Theorem 5.2. The functors 𝑅 : Mnd(C) → GMnd(C) and 𝐿 : GMnd(C) →
Mnd(C), defined with:

𝑅(𝑇, 𝜇, 𝜂) = T̂ = (𝑇, 𝜇̂, 𝜂̂) : 1→ Endo(C) 𝑅𝜑 = (id, 𝜑)
where: 𝑇 = 𝑇, 𝜇̂∗,∗ = 𝜇 𝜂̂ = 𝜂

𝐿((𝑇, 𝜇, 𝜂) : ℰ→ Endo(C)) = T̂ = (𝑇⊤, 𝜇⊤ , 𝜂⊤) 𝐿(ℎ, 𝜑) = 𝜑⊤
where: 𝜇⊤ = 𝜇⊤,⊤ , 𝜂⊤ = 𝑇(1 ≤ ⊤)

are adjoint: 𝐿 ⊣ 𝑅.

Proof. Both 𝐿 and 𝑅 are easily shown to be functors – 𝑅 is a functor by Theorem 5.1
and because the following diagram commutes (showing preservation of composi-
tion):

𝑅T1

T⊤1
1

T⊤2
2 T⊤3

3

𝑅T2 𝑅T3

𝑅(ℎ,𝜑)

𝑅(ℎ′,𝜑′)

𝑅(ℎ′•ℎ,𝜑′★𝜑)

𝜑′⊤2

𝜑⊤1 (𝜑′★𝜑)⊤1

To show these functors are adjoint, first note that for any monad T = (𝑇, 𝜇, 𝜂)we have
𝐿𝑅T = T, so the counit of the adjunction is the identity natural transformation (in
C): id : 𝐿𝑅⇒ IdC. Next, for a graded monad T, 𝑅𝐿T is a 1-graded monad, meaning
the only grade is ∗, and the multiplication and unit for this graded monad match
the ones for T⊤. Therefore, the unit of the adjunction is the natural transformation
⊤̂ : IdC → 𝑅𝐿 such that for all T ∈ GMnd(C):

⊤̂T = (ℎ, 𝜑) where: ℎ(𝑒) = ⊤, 𝜑𝑒 = 𝑇(𝑒 ⩽ ⊤) for 𝑒 ∈ 𝐸
It is trivially shown that both of the universal properties of unit and counit of the
adjunction hold. □
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rw

ro wo

pure aw

gen

id

kill

(𝛼, 𝛾)
(𝜙pure)𝐴 = ⟨id𝐴 , 𝜄

𝑆,1
2 ⟩

(𝜙ro)𝐴 = 𝜆⟨ev
𝜋𝐴𝑆 ,𝑆

1 ,𝜋𝐴𝑆 ,𝑆
2

,𝜋𝐴𝑆 ,𝑆
2 ⟩

(𝜙aw)𝐴 = id𝐴×𝑆
(𝜙wo)𝐴 = id𝐴×(𝑆+1)
(𝜙rw)𝐴 = id(𝐴×𝑆)𝑆

𝜓 = idLiveState𝑆

Figure 5.1. LiveState𝑆 is an abstraction of PermState𝑆.

5.1.3 Abstractions
Computational grading algebras are inspired by the theory of abstract interpreta-
tion. Thus far we have not considered how their definition and that of analysis-
graded monads relates to properties of abstract interpretation – in particular the
key idea of abstraction and concretisation functions. Exploring these questions is
the aim of this section.

First consider the PermState𝑆 and LiveState𝑆 graded monads. We can think
of LiveState𝑆 as a ‘simplified’ version of PermState𝑆: the computational grading
algebra has fewer elements and there are clearly matching translations for some
graded monadic types. For example, ⟨⟨PermStatewo

𝑆 𝐴⟩⟩type = ⟨⟨LiveStateid
𝑆 𝐴⟩⟩type.

This correspondence makes sense: live variable analysis is meant to infer whether a
variable is definitely written to before being read from, whereas permission-based
analysis covers a richer set of possible outcomes. Thus LiveState𝑆 is an abstraction of
PermState𝑆.

We now formally define the notion of abstraction for graded monads:

Definition 5.3. A graded monad T2 : ℰ2 → Endo(C) is an abstraction of graded
monad T1 : ℰ1 → Endo(C) if there exists a tuple (𝛼, 𝛾, 𝜙,𝜓) such that:

• (𝛼, 𝜙) : T1 → T2 and (𝛾,𝜓) : T2 → T1 are morphisms in GMnd(C);

• (𝛼, 𝛾) is a abstraction-concretisation (Galois connection) pair – for all 𝑒1 ∈
𝐸1, 𝑒1 ⩽ 𝛾(𝛼(𝑒1)), and for all 𝑒2 ∈ 𝐸2, 𝛼(𝛾(𝑒2)) ⩽ 𝑒2;

• composing morphisms is the same as subeffecting, meaning that for any
𝑒 ∈ 𝐸1:

𝜓𝛼(𝑒) ◦ 𝜙𝑒 = 𝑇1(𝑒 ⩽1 𝛾(𝛼(𝑒)))

It is easily shown that LiveState𝑆 is an abstraction of PermState𝑆. The corres-
ponding abstraction-concretisation pair, as well as the GMnd(C) morphisms, are
given in Figure 5.1.

The fomrla definition of graded monadic abstractions matches the intuitive
understanding. Suppose T1 represents some effectful computations and is capable
of representing many possible analysis outcomes, whereas T2 represents the same
kinds of computations, but simplifies the analysis. It might be the case that that
checking equality for the grading algebra ℰ1 is undecidable, which makes type
checking difficult, but everything in ℰ2 is decidable. We mentioned such examples
in Chapter 2.
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To emphasise this point, we have the following result relating T and T⊤:

Lemma 5.2. For any graded monad T, the 1-graded monad corresponding to
the monad T⊤ is an abstraction of T.

Proof. The abstraction is achieved with (𝛼, 𝛾, 𝜙,𝜓), where 𝛼(𝑒) = ∗, 𝛾(∗) = ⊤,
𝜙𝑒 = 𝑇(𝑒 ⩽ ⊤) and 𝜓∗ = 𝑇 ∗ id. □

5.2 Categorical semantics

The categorical treatment of analysis-graded monads in Section 5.1 has two main
uses: investigating their formal properties; providing denotational semantics of the
Source and Target languages from Chapter 3. We now turn to the latter.

We first define the categorical semantics of Target, which is simple because the
language is just the simply-typed lambda calculus with product and sum types.
While we could leave it at that, we review the necessary machinery in order to
review the conventions and notation that are then used in Source. Afterwards, we
define the categorical semantics of Source, which relies on the categorical view of
Target. One goal of defining the semantics is showing that translation from Source
to Target preserves denotational semantics, a result which we formally state.

5.2.1 Semantics of Target

The Target language is a variant of simply-typed lambda calculus (STLC) with
sums and products. The semantics of STLC is given in terms of a cartesian-closed
category (ccc) C, meaning a category with products, exponentials and a terminal
object 1. The key feature of Target that places a stronger requirement on C is the
presence of sum types, which are typically interpreted as coproducts. The product
and coproduct should satisfy a distributivity law, meaning that the canonical map
(𝐴 × 𝐵) + (𝐴 × 𝐶) → 𝐴 × (𝐵 + 𝐶) is an isomorphism for all objects 𝐴, 𝐵 and 𝐶.
Hence for the remainder of this section we assume that the category of discourse
C is a ccc with binary coproducts – which implies the distributivity property. The
segment of Target without sums does not require finite coproducts, so excluding
analysis-graded monads using sums such as GMaybe from consideration relaxes the
conditions on C.

Furthermore, the variant of Target with the empty type Emp (used in Chapter 4)
requires the existence of the initial object 0 in C. In our presentation of Target
we do not assume an initial object, but the modification is trivial. Note that the
requirement that C is a ccc, has an initial object, and has all binary coproducts
implies the category is distributive.

The semantics of Target in C is stated in terms of three interpretation functions:

types the function ⟦·⟧type maps Target types 𝐴 to objects of C;

environments the function ⟦·⟧v2t maps Target environments Γ to objects of C ac-
cording to the following definition:

⟦⋄⟧v2t = 1
⟦𝑥1 : 𝐴1 , . . . , 𝑥𝑛 : 𝐴𝑛⟧v2t = ⟦𝐴1⟧type × . . . × ⟦𝐴𝑛⟧type
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typing judgements the function ⟦·⟧val maps Target typing judgements Γ ⊢ 𝑀 : 𝐴 to
morphisms ⟦Γ⟧v2t → ⟦𝐴⟧type.

The full definitions of semantic functions ⟦·⟧type and ⟦·⟧val rely on some given
denotations of the type Int, typing judgements for its constants 𝑛 and binary operator
terms 𝑀 op 𝑁 . Any further base types 𝐵 and their constants 𝑐 require the same.
Other than that, the ⟦·⟧type and ⟦·⟧val definitions are given in Figure 5.2. Since
the definitions of semantics of judgements rely on their derivations, we adapt the
notation from Chapter 3 used for translations in cases where the derivation is
ambiguous (expect we use 𝑚1, . . . , 𝑚𝑘 instead 𝑡1, . . . , 𝑡𝑘). These are not far from
what we expect, but we briefly look at two of them.

From STLC we have that the semantics of function abstraction corresponds to
the unique morphism 𝜆⟦Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵⟧v2t : ⟦Γ⟧v2t → ⟦𝐵⟧⟦𝐴⟧type

type such that the
following diagram commutes:

⟦Γ⟧v2t × ⟦𝐴⟧type ⟦𝐵⟧
⟦𝐴⟧type
type × ⟦𝐴⟧type

⟦Γ, 𝑥 : 𝐴⟧v2t ⟦𝐵⟧type⟦Γ,𝑥:𝐴⊢𝑀:𝐵⟧val

ev⟦𝐴⟧type ,⟦𝐵⟧type

𝜆⟦Γ⊢𝑀:𝐵⟧val×id⟦𝐴⟧type

On the other hand, the interpretation of the case construct is more sophisticated
and is based on the following diagram (which commutes by the universal property
of coproducts):

⟦Γ⟧v2t

⟦Γ⟧v2t × ⟦𝐴1 + 𝐴2⟧type

⟦Γ⟧v2t × ⟦𝐴1⟧type + ⟦Γ⟧v2t × ⟦𝐴2⟧type

⟦Γ⟧v2t × ⟦𝐴1⟧type ⟦Γ⟧v2t × ⟦𝐴2⟧type

⟦Γ, 𝑥1 : 𝐴1⟧v2t ⟦Γ, 𝑥2 : 𝐴2⟧v2t

⟦𝐵⟧type
⟦Γ,𝑥2:𝐴2⊢𝑁2:𝐵⟧val=𝑚2𝑚1=⟦Γ,𝑥1:𝐴1⊢𝑁1:𝐵⟧val

⟨id⟦Γ⟧v2t ,⟦Γ⊢𝑀:𝐴1+𝐴2⟧val⟩

𝜄
⟦Γ⟧v2t×⟦𝐴1⟧type ,⟦Γ⟧v2t×⟦𝐴2⟧type
1 𝜄

⟦Γ⟧v2t×⟦𝐴1⟧type ,⟦Γ⟧v2t×⟦𝐴2⟧type
2

[𝑚1 ,𝑚2]

With the categorical semantics defined, the following soundness property holds:

Theorem 5.3. In a category C, for any two terms 𝑀⇝ 𝑁 with Γ ⊢ 𝑀 : 𝐴 (and
hence Γ ⊢ 𝑁 : 𝐴):

⟦Γ ⊢ 𝑀 : 𝐴⟧val = ⟦Γ ⊢ 𝑁 : 𝐴⟧val

Proof. By induction on derivations of 𝑀⇝ 𝑁 . □

The semantics of Target is not particularly interesting in the context of analysis-
graded monads. However, its formal definition matters for the sake of showing that
the categorical semantics of Source terms and their translations into Target match.
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⟦Unit⟧type = 1 ⟦𝐴 × 𝐵⟧type = ⟦𝐴⟧type × ⟦𝐵⟧type

⟦𝐴→ 𝐵⟧type = ⟦𝐵⟧
⟦𝐴⟧type
type ⟦𝐴 + 𝐵⟧type = ⟦𝐴⟧type + ⟦𝐵⟧type

⟦Γ ⊢ ⟨⟩ : Unit⟧val = !⟦Γ⟧v2t

⟦𝑥1 : 𝐴1 , . . . , 𝑥𝑛 : 𝐴𝑛 ⊢ 𝑥𝑖 : 𝐴𝑖⟧val = 𝜋𝐴1 ,...,𝐴𝑛

𝑖
⟦Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐴→ 𝐵⟧val = 𝜆⟦Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵⟧val

Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
⟦Γ ⊢ 𝑀 𝑁 : 𝐵⟧val

•∼ ev𝐴,𝐵 ◦ ⟨𝑚1 , 𝑚2⟩

⟦Γ ⊢ ⟨𝑀1 , . . . , 𝑀𝑛⟩ : 𝐴1 × . . . × 𝐴𝑛⟧val = ⟨⟦Γ ⊢ 𝑀1 : 𝐴1⟧val , . . . ,
⟦Γ ⊢ 𝑀𝑛 : 𝐴𝑛⟧val⟩

Γ ⊢ 𝑀 : 𝐴1 × . . . × 𝐴𝑛

Γ ⊢ proj𝑖 𝑀 : 𝐴𝑖

•∼ 𝜋𝐴1 ,...,𝐴𝑛

𝑖
◦ 𝑚1

⟦Γ ⊢ inl 𝑀 : 𝐴 + 𝐵 : 𝐴 + 𝐵⟧val = 𝜄𝐴,𝐵
1 ◦ ⟦Γ ⊢ 𝑀 : 𝐴⟧val

⟦Γ ⊢ inr 𝑀 : 𝐴 + 𝐵 : 𝐴 + 𝐵⟧val = 𝜄𝐴,𝐵
2 ◦ ⟦Γ ⊢ 𝑀 : 𝐵⟧val

Γ ⊢ 𝑀 : 𝐴1 + 𝐴2 Γ, 𝑥1 : 𝐴1 ⊢ 𝑁1 : 𝐵 Γ, 𝑥2 : 𝐴2 ⊢ 𝑁2 : 𝐵
Γ ⊢ case 𝑀 of (inl 𝑥1 ⇒ 𝑁1 | inr 𝑥2 ⇒ 𝑁2) : 𝐵

=

[𝑚2 , 𝑚3] ◦ ⟨id⟦Γ⟧v2t , 𝑚1⟩

Figure 5.2. Categorical semantics of Target (omitting Int).
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⟦Unit⟧type = 1 ⟦𝑇 𝑒𝐴⟧type = 𝑇⟦𝑒⟧gr⟦𝐴⟧type

⟦𝐴→ 𝐵⟧type = ⟦𝐵⟧
⟦𝐴⟧type
type

⟦Γ ⊢ ⟨⟩ : Unit⟧val = !⟦Γ⟧v2t

⟦𝑥1 : 𝐴1 , . . . , 𝑥𝑛 : 𝐴𝑛 ⊢ 𝑥𝑖 : 𝐴𝑖⟧val = 𝜋𝐴1 ,...,𝐴𝑛

𝑖
⟦Γ ⊢ fn 𝑥 : 𝐴⇒ 𝑀 : 𝐴→ 𝐵⟧val = 𝜆⟦Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵⟧val

Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴
Γ ⊢ 𝑀 𝑁 : 𝐵

•∼ ev⟦𝐴⟧type ,⟦𝐵⟧type ◦ ⟨𝑚1 , 𝑚2⟩

⟦Γ ⊢ return 𝑀 : 𝑇 𝑖𝐴⟧val = 𝜂⟦𝐴⟧type ◦ ⟦Γ ⊢ 𝑀 : 𝐴⟧val (where 𝑖 = 1)

Γ ⊢ 𝑀 : 𝑇 𝑒𝐴

Γ ⊢ sub𝑒 , 𝑓 𝑀 : 𝑇 𝑓𝐴

•∼ 𝑇(⟦𝑒⟧gr ⩽ ⟦ 𝑓 ⟧gr)⟦𝐴⟧type ◦ 𝑚1

Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝑇 𝑓𝐴

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : 𝑇 𝑔𝐴
= (where ⊢gr 𝑒 ⊙ 𝑓 = 𝑔)

𝜇𝑒 , 𝑓 ◦ 𝑇⟦𝑒⟧gr𝑚2 ◦ (𝑡𝑒)⟦Γ⟧v2t ,⟦𝐴⟧type ◦ ⟨id⟦Γ⟧v2t , 𝑚1⟩

Figure 5.3. Categorical semantics of Source (excluding Int), assuming the underly-
ing strong graded monad T = (𝑇, 𝜇, 𝜂, 𝑡) : ℰ→ Endo(C).

5.2.2 Semantics of Source

The categorical semantics of Source relies on a particular strong graded monad
T = (𝑇, 𝜇, 𝜂, 𝑡) : (𝐸, ⩽, ⊙, 1) → Endo(C). In addition to ⟦·⟧val, ⟦·⟧type and ⟦·⟧v2t like
in Target, the semantics of Source relies on on the semantics of grades ⟦·⟧gr and of
graded monads ⟦·⟧gm – what object in the grading algebra categoryℰ does a grade
correspond to and what graded monad in a graded monadic type corresponds to.
We slightly abuse notation and use the letter 𝑇 to refer to both the graded monad
in the type 𝑇 𝑒𝐴 and the functor associated with the analysis-graded monad T and
thus avoid writing ⟦𝑇⟧gm = T (and then further writing ⟦𝑇⟧𝑇gm to extract the functor
or ⟦𝑇⟧𝜇gm for multiplication). This allows us to define the semantics of grades and
graded monads simply as:

⟦𝑒⟧gr = 𝑒 , ⟦𝑇⟧gm = T = (𝑇, 𝜇, 𝜂, 𝑡)

The semantics of Source is shown in Figure 5.3. It resembles the semantics given
by Gaboardi et al. [GKO+16] in their language featuring programming with effects
and coeffects, though in their work the programmer does not use graded monadic
types to represent side-effecting computations. It also resembles the semantics of
programming with monads.
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The most involved part of the definition of the categorical semantics concerns
the semantics of binding. It is more useful to consider each step of the translation:

⟦Γ⟧v2t 𝑇𝑒(𝑇 𝑓 ⟦𝐵⟧type)

⟦Γ⟧v2t × 𝑇𝑒⟦𝐴⟧type 𝑇𝑒(⟦Γ, 𝑥 : 𝐴⟧v2t) 𝑇(𝑒 ⊙ 𝑓 )⟦𝐵⟧type

𝑇𝑒(⟦Γ⟧v2t × ⟦𝐴⟧type) 𝑇𝑔⟦𝐵⟧type

⟨id⟦Γ⟧v2t ,⟦Γ⊢𝑀:𝑇𝑒𝐴⟧val⟩

(𝑡𝑒 )⟦Γ⟧v2t ,⟦𝐴⟧type

𝑇𝑒(⟦Γ,𝑥:𝐴⊢𝑁 :𝑇 𝑓 𝐵⟧val) (𝜇𝑒 , 𝑓 )⟦𝐵⟧type

One thing that is not included in this general treatment is the categorical se-
mantics of all of the constructs specific to a given graded monad, for example get for
graded monads representing stateful computation and nothing for GMaybe. These
are not difficult to define, so for the sake of an example we give the categorical
semantics of get and put for PermState𝑆:

⟦Γ ⊢ get : PermStatero
𝑆 𝑆⟧val = 𝜆⟨id⟦Γ⟧v2t id⟦𝑆⟧type⟩

⟦Γ ⊢ put 𝑀 : PermStateaw
𝑆 Unit⟧val = ⟨!⟦Γ⟧v2t , ⟦Γ ⊢ 𝑀 : 𝑆⟧val⟩

Simply put, the semantics of get represents the fact that the underlying represent-
ation of PermStatero

𝑆 𝑆 is ⟦𝑆⟧⟦𝑆⟧type
type and that get is a trivial identity function on 𝑆,

whereas put is tied to the fact that PermStateaw
𝑆 Unit is represented as Unit × 𝑆, with

the first coordinate always ⟨⟩ and the second coordinate matching the semantics of
𝑀.

Translation preserves semantics

While for Target we have a soundness result relating the operational and categorical
semantics, we do not have the equivalent result for Source because the operational
semantics of Source is not defined. Instead, Target is a kernel language that Source
terms and types get translated into, meaning that the operational semantics of Source
is considered only in terms of Target. Therefore, the closest result corresponding to
soundness is the fact that the translation preserves semantics.

This result is conditional on the translation itself being ‘sensible’, meaning that
the representation of Source graded monadic types in Target matches the corres-
ponding object in category theory. Likewise, all operations dealing with graded
monadic types have to be translated exactly corresponding to their semantics.

Theorem 5.4. Suppose that a translation from Source to Target satisfies the
following properties:

• for any Source type 𝐴 and grade 𝑒:

⟦⟨⟨𝑇 𝑒𝐴⟩⟩type⟧type = 𝑇⟦𝑒⟧gr⟦⟨⟨𝐴⟩⟩type⟧type;

• all of the graded monadic terms have similarly matching denotations.

Then the following semantics preservation properties of translation holds:

1. for any Source type 𝐴: ⟦𝐴⟧type = ⟦⟨⟨𝐴⟩⟩type⟧type;
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2. for any Source environment Γ: ⟦Γ⟧v2t = ⟦⟨⟨Γ⟩⟩env⟧v2t;

3. for any derivable Source judgement Γ ⊢ 𝑀 : 𝐴, we have:

⟦Γ ⊢ 𝑀 : 𝐴⟧val = ⟦⟨⟨Γ⟩⟩env ⊢ ⟨⟨𝑀⟩⟩val : ⟨⟨𝐴⟩⟩type⟧val.

Proof. By simple induction and case distinction:

1. By induction on structure of types in Source. A lot of the ‘heavy lifting’ is done
by the assumption of the theorem.

2. Immediately by definition of ⟨⟨·⟩⟩env and ⟦·⟧v2t.

3. By induction on derivations of Γ ⊢ 𝑀 : 𝐴 judgements. All of the cases dealing
with graded monads are handled by the second assumption, whereas the
remaining ones are simple.

□

While the result is simple, it is useful to reflect on how the categorical semantics
defined in this chapter matches with the approach to semantics of Source given in
Chapter 3. Earlier, we considered a purely operational view of graded monadic
types, seeing them as merely aliases for some underlying data structure. The de-
notational (categorical) approach of this chapter relates the analysis-graded monads
seen in programming to analysis-graded monads defined categorically. Provided
the ‘blanks’ in the operational approach are ‘filled correctly’, these two approaches
match – as is expected.

Note on abstract interpretation

In section 5.1.3, we defined what it means for an analysis-graded monad T2 to be
an abstraction of T1, relying on the idea of abstract interpretation by Cousot and
extending it from the computational grading algebra to the analysis-graded monad
itself. We defined the semantics of Source, so it is natural to ask how this idea is
relevant in a programming context – which is why we started this exercise.

While Source, as presented, only supports the use of one graded monad T, we
can temporarily forget that this is the case and use two graded monads T1 and T2.
Suppose T2 is an abstraction of T1 in the sense defined in section 5.1.3. This means
that a term whose type is𝑇𝛼(𝑒)

2 Int has a less precise (or less restricted) representation
than one whose type is 𝑇 𝑒

1 Int. Abstract interpretation comes at the cost of loss of
precision in an analysis. This is seen from the following fact.

For an abstraction witness (𝛼, 𝛾, 𝜙,𝜓), performing abstraction and concret-
isation gives the same result as subeffecting – in other words, for any derivable
Γ ⊢ 𝑀 : 𝑇 𝑒

1 𝐴:

⟦Γ ⊢ sub𝑒 ,𝛾(𝛼(𝑒))𝑀⟧val = (𝜓𝑒)⟦𝐴⟧type ◦ (𝜙𝑒)⟦𝐴⟧type ◦ ⟦Γ ⊢ 𝑀 : 𝑇 𝑒
1 𝐴⟧val
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This equality holds – the following diagram commutes by definition of abstraction
and semantics of subeffecting:

⟦Γ⟧v2t

𝑇1𝑒⟦𝐴⟧type 𝑇1(𝛾(𝛼(𝑒))⟦𝐴⟧type

𝑇2(𝛼(𝑒))⟦𝐴⟧type

⟦Γ⊢𝑀:𝑇𝑒
1 𝐴⟧val

(𝜙𝑒 )⟦𝐴⟧type (𝜓𝑒 )⟦𝐴⟧type

(𝑇1(𝑒⩽1 𝑓 ))⟦𝐴⟧type

⟦Γ⊢sub𝑒 ,𝛾(𝛼(𝑒))𝑀⟧val

Furthermore, this equality can be interpreted as an analogue of the ‘valid ab-
straction’ part of the definition of abstract interpretation (Definition 2.8). The
semantics of 𝑀 (denoted 𝑓 in the abstract interpretation context) is the morph-
ism ⟦Γ ⊢ 𝑀 : 𝑇 𝑒

1 𝐴⟧val, the abstract semantics ( 𝑓 ) is (𝜙𝑒)⟦𝐴⟧type ◦ ⟦Γ ⊢ 𝑀 : 𝑇 𝑒
1 𝐴⟧val,

contextual abstraction is the identity and concretisation is given by (𝜓𝑒)⟦𝐴⟧type .

5.3 Summary
In this chapter, we considered the categorical treatment of analysis-graded monads.
Adding a top element to the order allows us to make a connection between monads
and graded monads. Furthermore, we define the categorical semantics of the Source
language in terms of analysis-graded monads in category theory. We also show
that the translation from Source to Target given in Chapter 3 preserves categorical
semantics – giving a soundness of translation result. Along the way we explore the
relationship between analysis-graded monads and program analysis by considering
the question of abstraction. We show that there is a sense in which a graded monad
represents an abstraction of an analysis represented by another graded monad –
both in the foundational mathematics sense and in the more commonly understood
programming sense.



Part III

Adding structure

Part II was mainly the introduction of a framework for programming
with analysis-graded monads, both from a practical and from a fun-
damental perspective. Those chapters exposed limitations of program-
ming with analysis-graded monads in settings that go beyond one ana-
lysis for one computation. We now address some of these limitations.
Chapter 6 considers the problem of programming with and easily de-
fining analysis-graded monads that have multiple ‘components’ (such
as different exception or mutable variable names). The solution is the
use of graded monad builders, which are a proposed syntax that concisely
defines such graded monads when supplied the set of names of these
components (called symbols in this work).
Chapter 7 turns to the question of using multiple analyses at the same
time, meaning that it addresses the issue of combining the functionality
of several graded monads at the same time. We consider two such
combination operations. Combining two side-effecting computations is
achieved using graded monad transformers, a mostly simple generalisation
of the non-graded concept familiar to functional programmers. The
question of combining two analysis for computations based on the same
side-effect is also addressed, and a solution in the form of grade families
is suggested.
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6Graded monad builders

In Chapter 3, we looked at various graded monads useful for program analysis and
discussed their implementations in Haskell, as an example of a practical, general-
purpose functional programming language. While the examples of exceptions,
simple structured locking and stateful computation can all be written without much
difficulty, we already faced the issue of having to write a significant amount of boil-
erplate. We identified several variants of this problem, including writing duplicate
code for almost identical grading algebras when implementing the graded monad
in Haskell.

The grading algebras we considered are parameterised by a set Σ whose inter-
pretation depends on the application: set of exceptions, set of mutable variables
and so on. Then, for example, for each exception E ∈ Σ we have a separate raiseE
graded monadic computation. In this chapter we present an alternative approach,
where there is only a single raise function that takes an exception name as an ar-
gument. This is more in line with what we are used to seeing in conventional
programming languages (for example, exception handling in OCaml). However,
now the argument (exception name) appears in the type signature of raise, simil-
arly to dependently-typed programming languages. Thus, for example, the type
of raise E1 is Exception{E1}𝛼 and the type of raise E2 is Exception{E2}𝛼. We manage
to find a sweet spot: a language that supports such types, yet it features decidable
type inference.

The way we achieve this functionality is by introducing the notion of symbols,
which are a separate kind from values, types and effects. These are the elements
of Σ, and can be used to construct other kinds. For example, individual exception
names (e.g. InvalidIndex) are symbols, and the grading algebra is parameterised
by the set of symbols (with the underlying carrier set 𝒫(Σ). A set of symbols can
then be given as an argument to a graded monad builder, which performs the role of
generating all necessary definitions of the grading algebra and the graded monadic
operations needed for programming with this side-effect and analysis.

Chapter structure In this chapter, I define and describe two calculi for lexically
scoped symbols: MLG and System G. The former is a functional language with
parametric polymorphism in effects and types, extending Hindley-Milner-Damas
polymorphism seen in ML and other functional languages. The latter is similar
to System F, but extended with polymorphic effects and abstractions over sym-
bols. MLG admits a decidable type and effect inference algorithm, meaning that
performing a decidable program analysis reduces to effect inference.

In Section 6.1, I discuss the ways symbols might be used in a practical program-
ming language, as well as motivate (and preemptively justify) design decisions made
in MLG and System G. I also show where lexical scoping comes in and its relevance
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to this task. Next, I turn to System G in Section 6.2, where I define the calculus
and provide its denotational semantics. Finally, I define MLG in Section 6.3, as well
as show examples written in MLG and explain how the type inference algorithm
works.

Relevant publications The contents of this chapter are based on an unpublished
manuscript I co-authored with Alan Mycroft and Neel Krishnaswami, whose cur-
rent title is Graded monad builders.

6.1 Towards builders and symbols
In this section we consider a few examples of analyses expressed using graded
monad builders, as well as the idea of symbol-parameterised grading algebras. We
start the section with examples, and then give a few quick definitions in order to
make the language consistent. All of this is done to motivate the design decisions
made in MLG and System G (using syntax seen in MLG) before the languages are
formally defined.

6.1.1 Examples and syntax

Consider again permission-graded stateful computations. Suppose that the mon-
adic bind operator in our language is implemented using bind 𝑥 ⇐ 𝑀1 with 𝑀2
syntax (equivalent to 𝑀1 ≫= 𝜆𝑥.𝑀2 elsewhere). If the language has a kind of
symbols (here X and Y), then we write code such as the following in MLG:

fn 𝑎 ⇒ (bind 𝑥 ⇐ get X with (bind 𝑦 ⇐ get Y with put Y (𝑎 + 𝑥 + 𝑦))),

and the type of this expression would be Int→ PermState{X↦→ro,Y↦→rw}
{{X,Y}} Unit, provided

symbols X and Y are in scope. The type constructor PermState𝐹{{X,Y}} for a grade 𝐹 has
a subscript that marks what the underlying symbol set is – essentially instantiating
the graded monad builder PermState. In our system names of kind symbol may be
defined in a top-level way, maybe using syntax such as:
symbols X, Y

We can parameterise the above function on its symbol arguments (here V, W) rather
than fixing X and Y ahead of time. We can then write the following:

sym 𝑉 ⇒ sym 𝑊 ⇒ fn 𝑎 ⇒ (bind 𝑥 ⇐ get 𝑉 with
(bind 𝑦 ⇐ get 𝑊 with put 𝑊 (𝑎 + 𝑥 + 𝑦))).

The type of this expression is no longer a simple function type: the names 𝑉 and
𝑊 , which appear as arguments, also appear in the type. We borrow notation from
dependently-typed languages and use the notation Πsym𝛿 (𝐴) to represent such
types. The type of this expression (using 𝑉 and 𝑊 as instances of 𝛿) is then:

Πsym𝑉 (Πsym𝑊 (Int→ PermStaterd𝑉⊙rd𝑊⊙wr𝑊
{{X,Y}} Unit))

Here rd𝑉 , rd𝑊 and wr𝑊 represent constants in the grading algebra associated with
the read and write operations for a given symbol, and formally rd and wr have
grade Symbol -> Effect (so rd 𝑊 is application rather than a composite token, just
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like get 𝑋 at Value kind earlier). Notice the ‘⊙’ operator in the grade – this is the
sequencing operator of the grading algebras. Symbol-polymorphic terms are key for
programming with graded monad builders.

Another graded monad builder is Exception, which represents computations
that might raise exceptions. The grade of graded monadic types derived from
Exception represents the set of exceptions possibly raised and not handled (similar
to Java checked exceptions). Again writing 𝐸 as an instance of variable symbol 𝛿,
the two main function we use are raise of type Πsym𝐸 (Exception{𝐸}

Σ
𝐴) and handle

of type Exception𝐹
Σ
𝐴 → Πsym𝐸 (Exception𝐺

Σ
→ Exception(𝐹\{𝐸})∪𝐺

Σ
𝐴) for any type 𝐴

and all grades 𝐹 and 𝐺, with Σ as the underlying set of symbols for the graded
monad. The former takes a single argument that raises the exception with the given
name, whereas handle takes as input a computation 𝑀, a symbol representing 𝐸 an
exception, and another computation which should be executed if 𝑀 raises and does
not handle 𝐸. For example, we would write the following code to represent a ‘safe’
division function that raises an exception if the denominator is zero:

fn 𝑥 ⇒ fn 𝑦 ⇒ alt 𝑦 = 0 then (return (𝑥 div 𝑦)) else (raise DivZero).

Assuming the exception set in this scope is Σ = {DivZero, OutOfBounds, BadInput},
the type of this expression is Int→ Int→ Exception{DivZero}

Σ
Int.

While division by zero is often a ubiquitous exception used throughout a pro-
gram, we suppose the BadInput exception only matters in one part of the codebase
and the rest does not need to consider it. It seems sensible to consider BadInput
an exception that only exists within a lexical scope.1 We therefore allow the pro-
grammer to define symbols that exist only within a certain lexical scope using
new 𝑋 within 𝑀 syntax. A locally defined exception must stay local, never escaping
the scope within which it is defined, as otherwise it cannot be handled.2 Thus we
can write code like the following:

let 𝑓 = fn 𝑥 ⇒ (new BadInput within extract (handle(alt isOK 𝑥 then return 𝑥

else raise BadInput)
BadInput
(return 0))) in . . .

Here function extract unwraps the result of an expression guaranteed not to raise
any exceptions, meaning that its type is Exception{}

Σ
𝐴→ 𝐴. This part of the program

type-checks because the expression on the right-hand side of 𝑓 = (. . .) does not have
a graded monadic type. This condition is imposed to reject expressions that might
raise an exception represented by a symbol 𝐸 and not handle it, thereby extruding
𝐸 from its scope. Type-checking would reject replacing extract with the identity
function.

These examples illustrate two simple analyses and how symbols are used within
a programming language. The main concepts of symbol abstraction via sym 𝛿⇒ 𝑀

syntax, the existence of named parameterised constants for grading algebras (rdΨ)
and the introduction of lexically scoped symbols via new 𝑋 within 𝑀 are all shown.
These are the key features of MLG. Finally, analyses from Chapter 3, in particular live

1In Java this can be done using a private class extending Exception that is only used in a private
method of some class.

2Java checked exceptions require the name of any checked exception to remain in scope (otherwise
the method type signature cannot be written).
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variable analysis and deadlock-free locking, are also examples of graded monads
that can be seen as instantiations of graded monad builders for a given set of
symbols.

6.1.2 Definitions

Definition 6.1. Given a symbol universe, a finite set𝑊 of symbols, a graded monad
builder ℬ is a family ℬ𝑆 of graded monads, one for each 𝑆 ⊆ 𝑊 .

Informally, we can think of a graded monad builder as a mapping that produces
a graded monad given a set of symbols. This means that the resulting grading
algebra and the resulting operator are parameterised by the underlying symbol set
– these are PermState, Exception, LiveState and Par in our examples. Note that we
impose no relationship on ℬ𝑆 and ℬ𝑆′, though future work might investigate the
idea of subtyping when 𝑆 ⊆ 𝑆′.

6.2 System G: polymorphic symbols and grades
We now turn to System G, the first of two languages explored in this chapter.
The approach System G takes when it comes to programming with graded monad
builders is similar to System F: all types, grades, symbols and symbol sets have to
explicitly stated in order to achieve polymorphism. The aim of this language is to
provide a way to define a formal semantics for graded monad builders.

We turn to the syntax and the type system of System G and then to its denota-
tional semantics. Finally, we define an equational theory of System G, giving us a
way of rewriting terms in a way that preserves semantics.

6.2.1 Syntax and types

System G is a six-kinded calculus: we have value kinds, types, grades, symbols,
symbol sets and graded monad builders. The addition of symbols sets might be sur-
prising at first – but there is a very good reason why these are an important separate
kind. In the spirit of making everything explicit, the underlying algebra is also
always specified whenever a graded monadic computation should be performed –
and the algebra is generated by the underlying symbol set.

Syntactic categories

Syntactically, System G has six categories (Fig. 6.1). We use 𝑀 and 𝑁 as metavari-
ables for value terms, 𝐴 and 𝐵 for types, 𝐹 and 𝐺 for grades, Ψ for symbol terms,
𝑆 for symbol sets and 𝑇 for graded monad builders. Let us start with symbols:
a symbol Ψ is either a symbol variable (𝛿) or a symbol constant introduced in a
particular scope (𝑋). Next, a set of symbols 𝑆 is either a symbol set-variable (𝜉) or
a symbol-set constant {{𝑋1 , . . . , 𝑋𝑛}}.

For a particular graded monad builder 𝑇 and a symbol set 𝑆, we are interested
in both the underlying grading algebra of 𝑇 instantiated with symbol set 𝑆 and in
the graded monadic type we get when 𝑇 is instantiated with 𝑆, some grade 𝐹 and
type 𝐴. We use different notation for these two roles of 𝑇. We write [T]S to refer,
syntactically, to the grading algebra corresponding to the graded monad resulting
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from instantiating 𝑇 with 𝑆. We use the notation 𝑇♦𝑆 to refer to a graded monad
type constructor, which is then applied to an effect and a type (𝑇♦𝑆 𝐹 𝐴). Outside
of the syntax of the language, we also encounter 𝑇◦𝑆 in the semantics to refer to
the grading algebra tuple (with carrier set, sequencing, equations. . . ) that [T]S
corresponds to – we explain this in more detail in Section 6.2.2.

Grade-kinded terms (ranged over3 by 𝐹, 𝐺) represent either elements of a grad-
ing algebra, symbols or grading algebra operators. A grade can be the identity
element of the algebra (referred to as 1), a grade variable (𝑟, 𝑠), a product/sequen-
cing of two grades (meaning the application of the monoid multiplication operator),
or a nullary grade-level operator. Here grade-level operators with multiple para-
meters can be seen as ‘grade-kinded curried functions’ which can be applied to
both symbols and grades. Hence 𝐹 could also be an application of a function at the
grade-term level. This matter is revisited when we define the judgements used by
the type system of System G (described in section 6.2.1 and in Figure 6.3). Even
though we defined computational grading algebras as join-semilattices, there is no
join operator used in System G since we omit conditional branching.

Value-level terms (𝑀, 𝑁) are firstly what we recognise expect from lambda cal-
culus: they can be variables (𝑥), 𝜆-abstractions (𝜆𝑥:𝐴 (𝑀)), value-level applications
(𝑀 𝑁). The polymorphism of System F is present in System G, as abstractions and
applications are introduced for symbols, symbol sets and for grades – but not for
types (for the sake of making the denotational semantics simpler). In writing we
use the same notation 𝑀 Ψ, 𝑀 𝑆 and 𝑀 𝐹 for applications, and it is the syntactic
element being applied to 𝑀 that disambiguates what kind of application we are
working with. When it comes to abstractions, we write: 𝜆sym𝛿:𝑆 (𝑀) to abstract
over a symbol drawn from a set of symbols 𝑆; 𝜆ss𝜉 (𝑀) to abstract over a symbol
set; Λeff 𝑟:[T]S (𝑀) to abstract over a grade drawn from the grading algebra [T]S.
The reason why Λ is used over 𝜆 for grade abstraction is because a language in
which all grades are inferred would not feature this construct (similarto Hindley–
Milner polymorphism in relation to System F). Finally, syntax 𝜈𝑋 (𝑀) introduces
new symbols.

Types (𝐴, 𝐵) have six forms; base types and function types are standard. Graded
monadic types are also present, written as 𝑇♦𝑆 𝐹 𝐴, where 𝑇 is a graded monad
builder, 𝑆 is a symbol set with which 𝑇 gets instantiated to give a graded monad, 𝐹
is a grade and 𝐴 is a type (following our intuition that the kind of graded monad
builders is SymbolSet -> Grade -> Type -> Type), representing types 𝑇𝐹

𝑆
𝐴 seen previ-

ously. In addition, each of the abstractions of System G gives a new polymorphic
type or ‘function type’. Aside from 𝐴1 → 𝐴2, we have ∀eff 𝑟:[T]S (𝐴) types for
grade polymorphism. The [T]S in the grade abstration is used to state the set over
which 𝑟 ranges – that being the carrier set of the grading algebra [T]S. Symbol
abstraction has its own corresponding type Πsym𝛿:𝑆 (𝐴), where 𝑆 specifies the set
from which 𝛿 is drawn. Finally, symbol set abstractions have type Πss𝜉 (𝐴). We
omit type-level polymorphism as we want to focus on grade, symbol and symbol
set variables. While polymorphic types are easy to add, type polymorphism as
seen in System F complicates the denotational semantics; one approach is that of
hyperdoctrines [Pit87].4

3Previously we used 𝐹 to range over grades; by abuse of notation it now ranges over grade-kinded
terms which include grades (now ranged over by 𝑟 and some members of 𝑂) as a special case.

4Hyperdoctrines originate in Lawvere’s investigation of adjoint functors in formal logic and proof
theory. [Law69] They are commonly used to represent logical systems with context manipulation and
quantification over propositions/types. Thus, in addition to a cccCwhose objects are types and whose
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value terms 𝑀, 𝑁 ::= 𝑥 | 𝑐 | 𝜈𝑋 (𝑀) | 𝜆𝑥:𝐴 (𝑀) | 𝑀 𝑁

| 𝜆sym𝛿:𝑆 (𝑀) | 𝑀 Ψ

| 𝜆ss𝜉 (𝑀) | 𝑀 𝑆

| Λeff 𝑟:[T]S (𝑀) | 𝑀 𝐹

| 𝑀 ≫=𝑇♦𝑆 𝑁 | ret𝑇♦𝑆 𝑀 | sub𝑇♦𝑆 𝐹 𝐺 𝑀

value-level types 𝐴, 𝐵 ::= BaseType | 𝐴1 → 𝐴2 | 𝑇♦𝑆 𝐹 𝐴

| ∀eff 𝑟:[T]S (𝐴)
| Πsym𝛿:𝑆 (𝐴) | Πss𝜉 (𝐴)

symbols Ψ ::= 𝛿 | 𝑋
symbol sets 𝑆 ::= 𝜉 | {{𝑋1 , . . . , 𝑋𝑛}}
grade terms 𝐹, 𝐺 ::= 1 | 𝑟 | 𝑂 | 𝐹 ⊙ 𝐺 | 𝐹 𝐺 | 𝐹 Ψ

grade-level types 𝜑 ::= Eff | Eff ⇒ 𝜑 | Sym⇒ 𝜑
graded monad builders 𝑇 ::= Exception, StLive, StPerm, etc. see Fig. D.1

Figure 6.1. The grammar of System G terms: values, value types, symbols, symbol
sets, grades, grade types, and graded-monad builders. See Appendix for details
about graded monad builders.

symbols

symbol sets

grades

types

values

graded monad builders

Figure 6.2. Relationship between System G kinds. An arrow 𝑘1 → 𝑘2 means
that elements of kind 𝑘2 are built out of elements of kind 𝑘1. Note the lack of
values→ types arrow, meaning that there are no dependent types, and the lack of
an arrow types→ types, meaning there is no type polymorphism.

The relationship between the six kinds can be visualised as in Figure 6.2. Values
are built out of abstractions over other values, over types, symbols, symbol sets and
grades. Types can depend on and contain names of grades, symbols and symbol
sets. Grade terms can contain applications of grade-level operators to symbols and
they may contain grade variables drawn from a grading algebra, which is generated
by the underlying set of symbols.

Kind and type judgements

The type system of System G naturally extends the type system of System F. One
part of formally specifying the type system of System F is having a separate context

morphisms are terms (as in the categorical semantics of STLC), hyperdoctrines additionally assume
for each type 𝐴 a category 𝑃𝐴 representing the type’s attributes and deductions related to this type,
as well as ways of representing context extension, substitution and quantification. Hyperdoctrines
model first-order intuitionistic logics with equality. [See83]
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of type variables and a separate typing context. System G takes the logical next
step: the context comprises of grade, symbol and symbol set variables, as well as
an environment of introduced symbols via 𝜈𝑋 (𝑀). This inference context, which we
refer to as ℐ, has five components:

Σ the set of symbol constants, introduced via 𝜈𝑋 (𝑀);

𝒮 symbol set variables, bound in abstractions 𝜆ss𝜉 (𝑀);

Δ the set of symbol variables, introduced through 𝜆sym𝛿:𝑆 (𝑀);

Φ grade variables, bound in abstractions Λeff 𝑟:[T]S (𝑀) (meaning 𝑟 represents
an effect drawn from grading algebra [T]S);

Γ the typing context of value-level variables, introduced via 𝜆𝑥:𝐴 (𝑀).

Given a typing context Σ | 𝒮 | Δ | Φ | Γ we can subset its components using notation
such as ℐΣΓ to select only its Σ and Γ fields. Similarly we write ℐ{ 𝑓 ↦→ 𝜙} to refer
to a context that is identical to ℐ except for the field 𝑓 , which is substituted with
𝑓 : for example, ℐ{Σ ↦→ 𝑋,ℐΣ} is the context in which the Σ field of ℐ is extended
with symbol 𝑋. Finally, we also write ℐ𝑓1 , 𝑓2 to extract the sub-context with only
fields 𝑓1 and 𝑓2.

The type system has various type-like judgements, first:

Well-typed term The central, and traditional, ℐ ⊢val 𝑀 : 𝐴. This relies on sev-
eral auxiliary judgements, mostly regarding well-formedness of non-value
constructs in the language.

Valid symbol sets A judgement of the form Σ | 𝒮 ⊢ss 𝑆 represents the fact that 𝑆
is a valid symbol set if the set of introduced symbol constants in a particular
lexical scope is Σ, and 𝒮 is the set of symbol set variables.

Valid symbol A judgement of the form Σ | 𝒮 | Δ ⊢sym Ψ <− 𝑆 represents the fact that
Ψ is a valid symbol and it belongs to set 𝑆, given the set of introduced symbol
constants Σ and the set of free symbol variables Δ in a particular lexical scope.

Valid type A judgement of the form Σ | 𝒮 | Δ | Φ ⊢type 𝐴 represents the fact that 𝐴 is
a valid type in a given context (all components other than Γ are necessary).

Valid grade A judgement of the form Σ | 𝒮 | Δ | Φ⊢gr 𝐹 ⊳ [T]S&𝜑 represents the fact
that, given a context Σ | 𝒮 | Δ | Φ, a grade-level term 𝐹 is interpretable in the
grading algebra [T]S, and it has the grade-level type 𝜑.

Subeffecting We write Σ | 𝒮 | Δ | Φ ⊢sub 𝐹 ⊑[T]S 𝐺 for subeffecting judgements, that
is, saying that 𝐹 and 𝐺 are both effects drawn from the grading algebra [T]S in
contextΣ | 𝒮 | Δ | Φ, and furthermore 𝐹 is the subeffect of𝐺. These judgements
are separately defined for each𝑇 and 𝑆 and must result in this relation between
Σ | 𝒮 | Δ | Φ, [T]S, 𝐹 and 𝐺 being decidable. Hence we do not define them in
this chapter.5

5Soundness of these judgements is important, but completeness is not: there can be some grade-
kinded terms 𝐹 and 𝐺 such that 𝐹 is a subeffect of 𝐺 in a given context, but this fact is not derivable
for the rules associated with [T]S.
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The ‘valid grade’ judgements are the only one that are not straightforward and
syntactic, so they require additional explanation. As mentioned when introducing
the syntax, grade-level terms not only include grades, but also grade-level functions.
This motivates grade-level typing, which ensures that grade-kinded terms are used
properly. The 𝜑 in Σ | Δ | Φ ⊢gr 𝐹 ⊳ [T]S & 𝜑 is a grade-level type, whose syntax is
given in Figure 6.1.

The above judgements are defined inductively (Figures 6.3 and 6.4) using axioms
and rules. None of these rules is particularly interesting except for (eff-const),
which states the grade-level type of a grade-level constant 𝑂: the grade-level type
is specified by the grading algebra(s) associated with graded monad builder 𝑇.

With these judgements defined, we can turn to a short simple example: the
value-kinded term

𝜆ss𝜉 (𝜆sym𝛿1:𝜉 (𝜆sym𝛿2:𝜉 (getPerm 𝛿1≫=StPerm♦𝜉 putPerm 𝛿2)))

has type:

Πss𝜉 (Πsym𝛿1:𝜉 (Πsym𝛿2:𝜉 (StPerm♦𝜉 (rdPerm 𝛿1 ⊙ wrPerm 𝛿2) Unit)))

6.2.2 Denotational semantics
For the simply typed 𝜆 calculus, the semantics of a term depends on its type
derivation. We thus have ⟦Γ ⊢ 𝑀 : 𝐴⟧ being a member of domain ⟦Γ⟧ → ⟦𝐴⟧,
noting the overloading of ⟦·⟧ with three related meanings. We use 𝜌 to range over
⟦Γ⟧ so we might write a typical case as:

⟦Γ ⊢ 𝑥 : 𝐴⟧𝜌 = 𝜌(𝑥)

For System G terms the situation is parallel, except that our context ℐ for such
judgements has five components: Σ | 𝒮 | Δ | Φ | Γ. Similarly the analogue of 𝜌,
written ℛ, has five components which we write using record-style field-selection:
ℛΣ ,ℛ𝒮 ,ℛΔ ,ℛΦ and ℛΓ. The last of these plays the role of 𝜌 above. We can see ℐ

andℛ as generalised ‘type’ and ‘value’ environments of five components. Moreover,
System G types themselves depend on an environment, hence the denotation of a
term belongs to the domain as shown:

⟦ℐ ⊢val 𝑀 : 𝐴⟧valℛ ∈ ⟦ℐΣ,𝒮 ,Δ,Φ ⊢type 𝐴⟧typeℛΣ,𝒮 ,Δ,Φ

Note that the ⊢type judgement only uses a four-element subset of components of ℐ;
we use the same notation to select component-subsets of ℛ.

The full denotational semantics of System G is based on defining the semantics
of its various constructs, particularly its six kinds of terms and its five context
components. The six semantic functions ⟦·⟧val , ⟦·⟧type , ⟦·⟧gr , ⟦·⟧ss , ⟦·⟧sym , ⟦·⟧gmb re-
spectively give meaning to (entailments of) terms of kinds value 𝑀, type 𝐴, effect
𝐹, symbol set 𝑆, symbol Ψ and monad builder 𝑇. Similarly, the five context com-
ponents of ℐ, being Σ, 𝒮, Δ, Φ and Γ, are given meaning by semantic functions
⟦·⟧symcenv , ⟦·⟧ssenv , ⟦·⟧sym2ss , ⟦·⟧gr2alg , ⟦·⟧val2type. Finally, (syntactic) grading algeb-
ras associated with a graded monad builder and a symbol set also have their de-
notations as computational grading algebras, given by the semantic function ⟦·⟧alg.

The semantics of terms in context is, in all six cases, a function that maps records
ℛ representing the ‘run-time values’ in a context (in a sense, it is a run-time analogue
of ℐ) to the semantics of the term.

The definition of the denotational semantics is deferred to Appendix D.2.
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(ss-var) 𝜉 ∈ 𝒮
Σ | 𝒮 ⊢ss 𝜉

(ss-const) 𝑋1 , . . . , 𝑋𝑛 ∈ Σ
Σ | 𝒮 ⊢ss {{𝑋1 , . . . , 𝑋𝑛}}

(sym-<−-var) Δ(𝛿) = 𝑆

Σ | 𝒮 | Δ ⊢sym 𝛿 <− 𝑆

(sym-<−-const) Σ | 𝒮 ⊢ss {{𝑋1 , . . . , 𝑋𝑛}} 1 ≤ 𝑖 ≤ 𝑛

Σ | 𝒮 | Δ ⊢sym 𝑋𝑖 <− {{𝑋1 , . . . , 𝑋𝑛}}

(alg-valid) Σ | 𝒮 ⊢ss 𝑆
Σ | 𝒮 ⊢alg 𝑇◦𝑆

(eff-var) Φ(𝑟) = [T]S
ℐ ⊢gr 𝑟 ⊳ [T]S & Eff

(eff-ident)
ℐ ⊢gr 1 ⊳ [T]S & Eff

(eff-mult)
ℐ ⊢gr 𝐹 ⊳ [T]S & Eff ℐ ⊢gr 𝐺 ⊳ [T]S & Eff

ℐ ⊢gr 𝐹 ⊙ 𝐺 ⊳ [T]S & Eff

(eff-const)
𝑂 is a constant with grade-level type 𝜑 associated with [T]S

ℐ ⊢gr 𝑂 ⊳ [T]S & 𝜑

(eff-effapp)
ℐ ⊢gr 𝐹 ⊳ [T]S & Eff ⇒ 𝜑 ℐ ⊢gr 𝐺 ⊳ [T]S & Eff

ℐ ⊢gr 𝐹 𝐺 ⊳ [T]S & 𝜑

(eff-effsym)
ℐ ⊢gr 𝐹 ⊳ [T]S & Sym⇒ 𝜑 Σ | 𝒮 | Δ ⊢sym Ψ <− 𝑆

ℐ ⊢gr 𝐹 Ψ ⊳ [T]S & 𝜑

(type-base)
ℐ ⊢type BaseTypes

(type-fn)
ℐ ⊢type 𝐴1 ℐ ⊢type 𝐴2

ℐ ⊢type 𝐴1 → 𝐴2

(type-monad)
ℐ ⊢gr 𝐹 ⊳ [T]S & Eff ℐ ⊢type 𝐴

ℐ ⊢type 𝑇♦𝑆 𝐹 𝐴

(type-alleff)
Σ | 𝒮 | Δ | 𝑟:[T]S,Φ ⊢type 𝐴

ℐ ⊢type ∀eff 𝑟:[T]S (𝐴)

(type-pisym)
Σ | 𝒮 | 𝛿:𝑆,Δ | Φ ⊢type 𝐴

ℐ ⊢type Πsym𝛿:𝑆 (𝐴) (type-pisset)
Σ | 𝜉,𝒮 | Δ | Φ ⊢type 𝐴

ℐ ⊢type Πss𝜉 (𝐴)

Figure 6.3. Symbol, Grade and Type entailment judgements. Here ℐ abbreviates
Σ | 𝒮 | Δ | Φ.
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(const)
ℐ ⊢val 𝑐 : 𝒯𝑐

(var) Γ(𝑥) = 𝐴

ℐ ⊢val 𝑥 : 𝐴 (new) 𝑋,Σ | 𝒮 | Δ | Φ | Γ ⊢val 𝑀 : 𝐴
ℐ ⊢val 𝜈𝑋 (𝑀) : 𝐴

provided 𝑋 ∉ sym(𝐴)

(val-abs) Σ | 𝒮 | Δ | Φ | 𝑥:𝐴1 , Γ ⊢val 𝑀 : 𝐴2
ℐ ⊢val 𝜆𝑥:𝐴1 (𝑀) : 𝐴1 → 𝐴2

(val-app) ℐ ⊢val 𝑀 : 𝐴1 → 𝐴2 ℐ ⊢val 𝑁 : 𝐴1
ℐ ⊢val 𝑀 𝑁 : 𝐴2

(val-sym-abs) Σ | 𝒮 | 𝛿,Δ | Φ | Γ ⊢val 𝑀 : 𝐴
ℐ ⊢val 𝜆sym𝛿:𝑆 (𝑀) : Πsym𝛿:𝑆 (𝐴)

(val-sym-app)
ℐ ⊢val 𝑀 : Πsym𝛿:𝑆 (𝐴) Σ | 𝒮 | Δ ⊢sym Ψ <− 𝑆

ℐ ⊢val 𝑀 Ψ : 𝐴{Ψ/𝛿}

(val-ss-abs) Σ | 𝜉,𝒮 | Δ | Φ | Γ ⊢val 𝑀 : 𝐴
ℐ ⊢val 𝜆ss𝜉 (𝑀) : Πss𝜉 (𝐴)

(val-ss-app) ℐ ⊢val 𝑀 : Πss𝜉 (𝐴) Σ | 𝒮 ⊢ss 𝑆
ℐ ⊢val 𝑀 𝑆 : 𝐴{𝑆/𝜉}

(val-eff-abs) Σ | 𝒮 | Δ | 𝑟:[T]S,Φ | Γ ⊢val 𝑀 : 𝐴
ℐ ⊢val Λeff 𝑟:[T]S (𝑀) : ∀eff 𝑟:[T]S (𝐴)

(val-eff-app)
ℐ ⊢val 𝑀 : ∀eff 𝑟:[T]S (𝐴) Σ | 𝒮 | Δ | Φ ⊢gr 𝐹 ⊳ [T]S & Eff

ℐ ⊢val 𝑀 𝐹 : 𝐴{𝐹/𝑟}

(bind) ℐ ⊢val 𝑀 : 𝑇♦𝑆 𝐹 𝐴1 ℐ ⊢val 𝑁 : 𝐴1 → 𝑇♦𝑆 𝐺 𝐴2
ℐ ⊢val 𝑀 ≫=𝑇♦𝑆 𝑁 : 𝑇♦𝑆 (𝐹 ⊙ 𝐺) 𝐴2

(ret) ℐ ⊢val 𝑀 : 𝐴 Σ | 𝒮 ⊢ss 𝑆
ℐ ⊢val ret𝑇♦𝑆 𝑀 : 𝑇♦𝑆 1 𝐴

(sub)
ℐ ⊢val 𝑀 : 𝑇♦𝑆 𝐹 𝐴 ℐ ⊢sub 𝐹 ⊑[T]S 𝐺

ℐ ⊢val sub𝑇♦𝑆 𝐹 𝐺 𝑀 : 𝑇♦𝑆 𝐺 𝐴

Figure 6.4. Typing rules for value terms. Here ℐ abbreviates Σ | 𝒮 | Δ | Φ | Γ. We
write sym(𝐴) for the set of symbol constants occurring in type 𝐴. 𝒯𝑐 is the base type
of which 𝑐 is a member.
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6.2.3 Equational theory
An important component of System G is its equational theory, essentially giving us a
set of equations representing semantically equivalent terms. A theory of equivalent
terms and rewriting is essential for making System G a calculus. In this section
we define the equational theory of System G and show that the rewriting rules are
sound with respect to the denotational semantics.

We now define the equivalence relation ℐ ⊢ 𝑀 ≡ 𝑀′ : 𝐴 on terms 𝑀 and 𝑀′,
where ℐ is a context and 𝐴 is the type of 𝑀 and 𝑀′. First we note it is reflexive in
𝑀: ℐ ⊢ 𝑀 ≡ 𝑀 : 𝐴 for all 𝑀 such that ℐ ⊢ 𝑀 : 𝐴. Next we consider contextual
equivalence, which for terms is given by:

ℐ ⊢ 𝒞[𝑀] ≡ 𝒞[𝑀′] : 𝐴 for ℐ ⊢ 𝑀 ≡ 𝑀′ : 𝐵 and 𝒞 a (term) context of type 𝐴

and similarly for contexts of other kinds. The other equations are all variants of
𝛽𝜂 equivalence for all abstraction terms in System G. We use fv(𝑀), fev(𝑀), fsv(𝑀)
and fssv(𝑀) to respectively refer to free variables, free grade variables, free symbol
variables and free symbol set variables occurring in 𝑀.

ℐ ⊢ (𝜆𝑥:𝐴 (𝑀)) 𝑁 ≡ 𝑀{𝑁/𝑥} : 𝐵

ℐ ⊢ (Λeff 𝑟:[T]S (𝑀)) 𝐹 ≡ 𝑀{𝐹/𝑟} : 𝐵

ℐ ⊢ (𝜆sym𝛿:𝑆 (𝑀))Ψ ≡ 𝑀{Ψ/𝛿} : 𝐵

ℐ ⊢ (𝜆ss𝜉 (𝑀)) 𝑆 ≡ 𝑀{𝑆/𝜉} : 𝐵

ℐ ⊢ 𝜆𝑥:𝐴 (𝑀 𝑥) ≡ 𝑀 : 𝐵→ 𝐴 for 𝑥 ∉ fv(𝑀)
ℐ ⊢ Λeff 𝑟:[T]S (𝑀 𝑟) ≡ 𝑀 : ∀eff 𝑟:[T]S (𝐴) for 𝑟 ∉ fev(𝑀)
ℐ ⊢ 𝜆sym𝛿:𝑆 (𝑀 𝛿) ≡ 𝑀 : Πsym𝛿:𝑆 (𝐴) for 𝛿 ∉ fsv(𝑀)
ℐ ⊢ 𝜆ss𝜉 (𝑀 𝜉) ≡ 𝑀 : Πss𝜉 (𝐴) for 𝜉 ∉ fssv(𝑀)

All of these equivalences produce semantically equivalent terms. This is stated
formally by the following soundness theorem:

Theorem 6.1. Two equivalent terms have the same denotation: if ℐ ⊢ 𝑀 ≡
𝑀′ : 𝐴, then:

⟦ℐ ⊢val 𝑀 : 𝐴⟧val = ⟦ℐ ⊢val 𝑀
′ : 𝐴⟧val

The significance of this result is that 𝛽𝜂 conversions, and other equivalences
based on ≡, preserve semantics – as expected.

6.3 MLG: inferring polymorphic grades
Thus far in the thesis, our focus was mainly on the Source language. In this section,
we introduce MLG, a small language whose purpose is to show that graded monad
builders and decidable type inference can work together.

We first turn to the syntax of MLG, which for the most part resembles that
of Haskell and the ML language family. We follow this up by introducing and
explaining the type system of MLG, which is polymorphic in the style of Hindley-
Damas-Milner [Hin69, DM82], and features a separate kind of grades. The type
system admits type inference, which we address in Section 6.3.2.

The semantics of MLG is defined via elaboration into System G, similar to what
was done in Chapter 4. A point to keep in mind is that System G does not have type
polymorphism, so restrictions are placed on MLG terms that are being translated.
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6.3.1 Syntax and types

Syntax of MLG

The main syntactic elements of MLG are value terms (𝑀, 𝑁) and symbols (Ψ). We also
have types (𝐴, 𝐵) and grades (𝐹, 𝐺), which we define in Section 6.3.1.

Symbol terms Ψ ::= 𝛿 | 𝑋 are as in System G: a symbol is either a symbol
variable (𝛿) or a constant symbol (𝑋, ranges over X, Y. . . ). Symbol variables are
introduced via function-style abstractions sym 𝛿 ⇒ 𝑀 (similarly to variables at the
value level being introduced via fn 𝑥 ⇒ 𝑀). Constant symbols are introduced with
the new 𝑋 within 𝑀 construct (which we turn to later in this section). The symbol
sets 𝑆 ::= 𝜉 | {{𝑋1 , . . . , 𝑋𝑛}} of System G are omitted from MLG: instead a graded
monad builder type is implicitly applied to the symbol set of symbol constants in
scope due to new 𝑋 within 𝑀 constructs (see Section 6.3.1 below). While values and
symbols use explicit lambda-style abstraction, to keep the language simple we use
implicit ML-style (rather than explicit System-F-style) polymorphism for type and
grade variables.

Value terms 𝑀 are given by the following grammar:

𝑀 ::= 𝑐 | 𝑥 | fn 𝑥 ⇒ 𝑀 | 𝑀1 𝑀2 | let 𝑥 = 𝑀1 in 𝑀2
| return 𝑀 | bind 𝑥 ⇐ 𝑀1 with 𝑀2 | new 𝑋 within 𝑀

| sym 𝛿⇒ 𝑀 | 𝑀 Ψ

The first line is standard, constants (𝑐), variables (𝑥), function abstraction and
application, as well as let-expressions. Th second line starts with graded mon-
adic constructs: return 𝑀 corresponds to wrapping an expression inside a graded
monad like with return (with the corresponding pure/identity grading), whereas
bind 𝑥 ⇐ 𝑀1 with 𝑀2 is just the monadic bind in which 𝑥 appears freely in 𝑀2 (in
other settings this is written as 𝑀1 ≫= 𝜆𝑥.𝑀2). The remaining forms involve both
value expressions and grades. The construct new 𝑋 within 𝑀 introduces/binds a
‘new symbol’ 𝑋 to the grading algebra in the current scope, which allows 𝑀 to
use 𝑋 or have a type that depends on 𝑋. Finally, we have abstraction of symbols
at the value level, as well as applications of expressions to symbols. Note that the
syntax above provides no support for looping or recursion – this was discussed
in Chapter 5, the reason is the issue of polymorphic recursion (support for mono-
morphic recursion requires explicit type annotation, which we are avoiding entirely
in MLG).

We do not add products, sums, conditional statements and other constructs
useful in practice – mainly because adding them to the language is straightforward.

Type system

We distinguish between types (𝐴, 𝐵) and grades (𝐹, 𝐺).
ML-like languages have various type-inference issues concerning side-effecting

operations and scope extrusion (of types and type variables); these are resolved by
language restrictions, specifically the “value restriction” and the bans on top-level
polymorphic exceptions and exporting values referring to local type definitions.
While MLG avoids these problems by having explicit monads and no locally scoped
type definitions we do have scoped grade variables which raise similar issues. We
enforce a ban on grade scope extrusion by distinguishing between two categories of
types: general types 𝐴 and a sub-category of pure types 𝜏 which contain no graded
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monadic types. These ensure that symbols constants cannot ‘leak’ outside the scope
which introduces them (scope extrusion is banned).

The language also has two levels of parametric polymorphism: one for grades
and another for types. This means there are two different kind of ∀-bound vari-
ables at the type level (grade variables and type variables). This requires defining
the notion of type schemes, which extend the ones seen in Hindley-Milner-Damas
polymorphic type systems.

The types 𝐴 and 𝜏 and type schemes 𝜎 in MLG are given by the following
grammar:

𝜎 ::= ∀eff 𝑟.𝜎 | ∀type𝛼.𝜎 | 𝐴
𝐴, 𝐵 ::= BaseTypes | 𝛼 | 𝐴1 → 𝐴2 | 𝑇𝐹𝐴 | Πsym𝛿 (𝐴)
𝜏 ::= BaseTypes | 𝛼 | 𝜏1 → 𝜏2

The base types, type variables and function types are as usual. The graded monadic
type𝑇𝐹𝐴 is used here with no explicit specification of the symbol set – graded monad
builders use the set of constant symbols in scope as the symbol set 𝑆 previously
written as𝑇♦𝑆𝐹𝐴, but here we assume that the symbol set that the symbol is drawn
from is Σ (set of symbols in scope introduced via new 𝑋 within . . .). Finally, the
type Πsym𝛿 (𝐴) is similar to the function type, except that it expects a symbol as an
argument rather than a value.

We commonly write type schemes using sets of grade and type variables: 𝜎 =

(∀eff𝑅)(∀type𝑉)𝐴. When 𝑅 = {}, we write the type scheme as 𝜎 = (∀type𝑉)𝐴 for
convenience. Similarly we write 𝜎 = (∀eff𝑅)𝐴 when 𝑉 = {}, and 𝜎 = 𝐴 when
𝑅 = 𝑉 = {}.

Notice that there is no ∀ quantifier for symbols: new symbols are either in-
troduced with the new 𝑋 within 𝑀 syntax and existing symbols can be given as
arguments to expressions of type Πsym𝛿 (𝐴).

A grade expression 𝐹 is defined in a way similar to System G:

𝐹, 𝐺 ::= 1 | 𝑟 | 𝐹1 ⊙ 𝐹2
| 𝑂 Ψ1 . . . Ψ𝑛 𝐹1 . . . 𝐹𝑚 for 𝑂 ∈ 𝒪 and arity(𝑂) = 𝑛 + 𝑚

Grade variables, similarly to type variables, are not explicitly introduced by the
programmer and there is no possibility of abstracting over them – they are∀-bound.
There are no explicit grade-level types in MLG.

Definition 6.2. A type 𝐴 specialises a type scheme 𝜎, where

𝜎 = (∀eff 𝑟1 , . . . , 𝑟𝑚)(∀type𝛼1 , . . . , 𝛼𝑛)𝐴′

(written 𝜎 ≻ 𝐴) if 𝐴 can be obtained from 𝐴′ by simultaneously substituting
some grades 𝐹𝑖 and types 𝜏𝑗 for the grade variables 𝑟𝑖 and type variables 𝜏𝑗 (for
𝑖 = 1, . . . , 𝑚 and 𝑗 = 1, . . . , 𝑛):

𝐴 = 𝐴′[𝑟1 ↦→ 𝐹1 , . . . , 𝑟𝑛 ↦→ 𝐹𝑛 , 𝛼1 ↦→ 𝐴1 , . . . , 𝛼𝑚 ↦→ 𝐴𝑚]

[The notation 𝐴′[𝑟1 ↦→ 𝐹1 , . . . , 𝛼𝑚 ↦→ 𝐴𝑚] represents the application of a sub-
stitution mapping 𝑟1 to 𝐹1 and so on to type 𝐴′.]

We furthermore introduce type subsumption judgementsΣ |Δ ⊩ 𝐴<:𝐵 represent-
ing the fact that in a particular symbol contextΣ |Δ type 𝐴 is a subtype of 𝐵. The first
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(refl-<:)
Σ | Δ ⊩ 𝐴 <: 𝐴

(trans-<:) Σ | Δ ⊩ 𝐴1 <: 𝐴2 Σ | Δ ⊩ 𝐴2 <: 𝐴3
Σ | Δ ⊩ 𝐴1 <: 𝐴3

(fun-<:)
Σ | Δ ⊩ 𝐴′1 <: 𝐴1 Σ | Δ ⊩ 𝐴2 <: 𝐴′2

Σ | Δ ⊩ 𝐴1 → 𝐴2 <: 𝐴′1 → 𝐴′2

(graded-<:) Σ | Δ ⊩ 𝐴1 <: 𝐴2 Σ | Δ ⊩sub 𝐹 ⊑ 𝐺

Σ | Δ ⊩ 𝑇𝐹𝐴1 <: 𝑇𝐺𝐴2

(dep-<:) Σ | 𝛿,Δ ⊩ 𝐴 <: 𝐴′

Σ | Δ ⊩ Πsym𝛿 (𝐴) <: Πsym𝛿 (𝐴′)

Figure 6.5. Rules defining the type subsumption judgements Σ | Δ ⊩ 𝐴1 <: 𝐴2.

reason for introducing it is to simplify grades inside types in presence of operations
– for example, type 𝑇{X}∪{Y}𝐴 is the same as 𝑇{X,Y}𝐴 because {X} ∪ {Y} = {X, Y}.
The second is for the sake of expressing subeffecting as subtyping: if 𝐹 ⊑ 𝐺, then
𝑇𝐹𝐴 <: 𝑇𝐺𝐴 for any type 𝐴. The full definition of the type subsumption relation is
given in Figure 6.5. The ‘subeffecting leads to subtyping’ rule is (graded-<:) and it
omits the symbol context stating the sets of symbols used by 𝐹 and 𝐺. The (graded-
<:) rule makes use of judgements Σ | Δ ⊩sub 𝐹 ⊑ 𝐺. Derivability and decidability of
these judgements, as in System G, depends on the grading algebra in question.

The definition of the type system makes use of typing judgements of the form
Σ | Δ | Γ ⊩ 𝑀 : 𝐴, where Σ is the symbol constant context, Δ is the symbol variables
context, Γ is the variable context. As usual Γ is a finite partial function from the set
of value variables to type schemes. The symbol contexts Σ and Δ are the sets of
all symbols which can freely appear in 𝑀 and 𝐴; the former contains the symbols
introduced using the new 𝑋 within 𝑀 syntax, while the latter has those symbols
introduced via sym 𝛿⇒ 𝑀.

We additionally require symbol judgements of the form Σ | Δ ⊩sym Ψ, which are
defined in a straightforward way: Σ | Δ ⊩sym Ψ when Ψ ∈ Σ ∪ Δ.

These entailment show up in the typing rules – which can now finally be stated
(Figure 6.6). Special attention should be paid to (sym-new), where we use 𝜏 rather
than 𝐴, with the aim to prevent graded monadic values leaking outside the scope,
and the prune(·) function can be thought of as ‘projection’ of a typing environment
onto one in which only 𝜏’s appear.

prune(⋄) = ⋄

prune(Γ, 𝑥 : 𝐴) =

{
prune(Γ), 𝑥 : 𝐴, 𝐴 is a 𝜏
prune(Γ), 𝐴 is not a 𝜏

This prevents us from writing functions and values which operate on graded mon-
adic computations and then using them in a context in which a new symbol constant
is introduced: let 𝑚 = raise 𝑋 in new𝑌 within . . . 𝑓 . . .. Another notable rule is (sub) –
it is introduced in order to impose that, if 𝐴1 is a subtype of 𝐴2, then any expression
of type 𝐴1 also has type 𝐴2.
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Requirements on instances All applications (separate instances of MLG in which
different computational effects are considered) of graded monad builders require
us to use various additional functions, but they should not be completely arbitrary:

• new effectful computations and functions should have types that can be ex-
pressed in MLG and not require additions to the type system;

• all grade-level operators should be members of the 𝒪 set in the grading
algebra.

In addition, we permit instances to add functions that take an argument of type𝑇𝐹𝐴

and return a function whose signature depends on the number of symbol constants in
the symbol context Σ. This addition seems curious, but there is a justification for it.
Monads (and graded monads) usually represent some sort of computation, with the
aim to eventually extract its result. Getting this result requires a run function. For
example, the State 𝑠 monad deals with computations that involve a single cell. The
runState function takes a monadic value wrapped in State and returns a function
from the initial value of the mutable store and returns a pair of result and final
value in the store, that is, its type is State 𝑠 𝛼 → 𝑠 → (𝛼 × 𝑠) where 𝑠 is the type
of the store and 𝛼 is the type of the result. For a TwoPermState graded monad
(with two integer states), the runTwoPermState function should ideally have type
TwoPermState 𝛼→ Z→ Z→ (𝛼×Z×Z). The reason we are looking at the number
of symbol constants rather than all symbols is due to the fact that symbol abstraction
does not modify the underlying graded monad, and thus the run signature should
not change.

Scope matters The (sym-new) rule differs from the others in that it uses a 𝜏 type
in the premise and conclusion, rather than 𝐴, meaning that the type must not be
comprised of any graded monadic types or abstractions over symbols. A graded
monad builder𝑇 applied to symbol set {𝑋}∪Σdiffers from the one in symbol context
Σ, we just use the same symbol to refer to them in MLG. The former limitation was
justified in Section 6.1, whereas the latter is not immediately obvious. Consider the
following program dealing with stateful computation:

new X within
let 𝑧 =

new Y within
. . . get X . . .

in . . . 𝑧 . . .

Each new 𝑋 within 𝑀 introduces a new symbol, as well as a new lexically scoped
graded monad (even though we call them both 𝑇). Note that context determines
the graded monadic type given to expression get X; in the above the grading algebra
consist of both X and Y, so the the type can involve both of these symbols. One of
the reasons is that get X can be sequenced with an expression that makes use of the
symbol Y.

6.3.2 Type inference

One of the main draws of the type system of MLG is the fact that it admits a type
inference algorithm, which is an extension of the algorithm given by Damas and
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(const)
𝒯𝑐 is the base type of which 𝑐 is a member

Σ | Δ | Γ ⊩ 𝑐 : 𝒯𝑐
(var)

Σ | Δ | Γ ⊩ 𝑥 : 𝐴
(if (𝑥 : 𝜎) ∈ Γ and 𝜎 ≻ 𝐴)

(fn) Σ | Δ | 𝑥 : 𝐴1 , Γ ⊩ 𝑀 : 𝐴2
Σ | Δ | Γ ⊩ fn 𝑥 ⇒ 𝑀 : 𝐴1 → 𝐴2

(app) Σ | Δ | Γ ⊩ 𝑀1 : 𝐴1 → 𝐴2 Σ | Δ | Γ ⊩ 𝑀2 : 𝐴1
Σ | Δ | Γ ⊩ 𝑀1 𝑀2 : 𝐴2

(let)
Σ | Δ | Γ ⊩ 𝑀1 : 𝐴1 Σ | Δ | 𝑥 : (∀eff𝑅)(∀type𝑉)𝐴1 , Γ ⊩ 𝑀2 : 𝐴2

Σ | Δ | Γ ⊩ let 𝑥 = 𝑀1 in 𝑀2 : 𝐴2©­«
𝑥 ∉ dom(Γ)
𝑉 = ftv(𝐴1) \ ftv(Γ)
𝑅 = fev(𝐴1) \ fev(Γ)

ª®¬
(bind)

Σ | Δ | Γ ⊩ 𝑀1 : 𝑇𝐹1𝐴1 Σ | Δ | 𝑥 : (∀eff𝑅)(∀type𝑉)𝐴1 , Γ ⊩ 𝑀2 : 𝑇𝐹2𝐴2

Σ | Δ | Γ ⊩ bind 𝑥 ⇐ 𝑀1 with 𝑀2 : 𝑇𝐹1⊙𝐹2𝐴2©­«
𝑥 ∉ dom(Γ)
𝑉 = ftv(𝐴1) \ ftv(Γ)
𝑅 = fev(𝐴1) \ fev(Γ)

ª®¬
(return) Σ | Δ | Γ ⊩ 𝑀 : 𝐴

Σ | Δ | Γ ⊩ return 𝑀 : 𝑇1𝐴
(sub) Σ | Δ | Γ ⊩ 𝑀 : 𝐴1 𝐴1 <: 𝐴2

Σ | Δ | Γ ⊩ 𝑀 : 𝐴2

(sym-new)
𝑋,Σ | Δ | prune(Γ) ⊩ 𝑀 : 𝜏

Σ | Δ | Γ ⊩ new 𝑋 within 𝑀 : 𝜏

(sym-fn) Σ | 𝛿,Δ | Γ ⊩ 𝑀 : 𝐴
Σ | Δ | Γ ⊩ sym 𝛿⇒ 𝑀 : Πsym𝛿 (𝐴)

(sym-app)
Σ | Δ | Γ ⊩ 𝑀 : Πsym𝛿 (𝐴) Σ | 𝒮 | Δ ⊩sym Ψ

Σ | Δ | Γ ⊩ 𝑀 Ψ : 𝐴{Ψ/𝛿}

Figure 6.6. Type system for MLG, defined by Σ | Δ | Γ ⊩ 𝑀 : 𝐴 entailments.

Milner [DM82], whose variants are used in ML dialects and in Haskell. This means
that type inference serves the purpose of program analysis as well. This goal
(decidable type inference) informs some of the design decisions of MLG.

We first present the algorithm that infers the types (and hence grades appearing
within them) in MLG, which turns out to be a simple extension of various well
known unification algorithms. We then prove its correctness.

There is one important concept needed to define the algorithm: type and grade
substitutions. Note that this generalises the notion of substitution used on type
schemes.
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Definition 6.3. A type and grade substitution 𝜃 is a total function from type
variables 𝛼 to MLG types and grade variables 𝑟 to grades such that 𝜃(𝛼) = 𝛼
and 𝜃(𝑟) = 𝑟 all but finitely often.

We adopt the notation 𝜃𝐴 to represent the application of 𝜃 to 𝐴, where all free
occurrences of type and grade variables in 𝐴 are replaced according to 𝜃. Next,
𝜃𝜎 substitutes free occurrences of type variables and grade variables, renaming the
bound variables if necessary. Furthermore, we write 𝜃Γ to mean ‘Γ, with 𝜃 applied
to all types and grades that form the context’. We also write 𝜃2𝜃1 to represent
composition of 𝜃2 and 𝜃1.

The infer(·) function is defined on Σ |Δ | Γ ⊩ 𝑀 and returns either a pair (𝜃, 𝐴) or
FAIL. The former result, when returned, should satisfy Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝐴, whereas
returning FAIL means that the expression 𝑀 is not typeable in context Σ | Δ | Γ. In
other words, infer(·) finds a solution to the typing problem for an expression 𝑀

in a particular context. We make use of fresh (which creates a fresh name for a
type or grade variable), assertTau (which asserts that a type is in 𝜏, as defined in
Section 6.3.1) and unify (which returns the most general unifier of two expressions).
The result FAIL is produced whenever an assertion fails or the unification algorithm
finds that no solution exists.

The type inference procedure infer(·) (see Fig. 6.7) works as expected: it returns
a valid type scheme. Furthermore, it returns the most general solution to the typing
problem – that is, the principal type scheme.

Theorem 6.2. The infer(·) function returns the principal type scheme for an
expression in a given context, meaning:

1. for infer(Σ | Δ | Γ ⊩ 𝑀) = (𝜃, 𝐴), it is the case that Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝐴;

2. the resulting type scheme 𝜎 = (∀eff𝑅)(∀type𝑉)𝐴, where 𝑅 = fev(𝐴) \ fev(Γ)
and 𝑉 = ftv(𝐴) \ ftv(Γ), is principal: for every type 𝐴′ such that Δ | Γ ⊩ 𝑀 :
𝐴′, there exists a type 𝐴′′ such that Σ | Δ ⊩ 𝐴′′ <: 𝐴′ and 𝜎 ≻ 𝐴′′.

Proof. See Appendix F.2. □

6.3.3 Relationship with System G
We did not define a semantics for MLG because it is intended as a ‘surface language’
for System G: in other words, MLG as a simplified version of System G with decidable
type inference. This idea is expressed in the form of a translation of well-typed MLG
terms to well-typed System G terms.

We thus introduce the following translation function (defined on derivations of
typing judgements) that maps MLG typing judgements to corresponding System G
judgements:

⟨⟨Σ | Δ | Γ ⊩ 𝑀 : 𝐴⟩⟩ = 𝑀′

where the symbols Σ, Δ, Γ, 𝑀, 𝐴 refer to MLG concepts and the name 𝑀′ refers to a
System G term. The above application of ⟨⟨Σ,Δ, Γ ⊩ 𝑀 : 𝐴⟩⟩ is only valid when its
arguments satisfy Σ | Δ | Γ ⊩ 𝑀 : 𝐴 in MLG and when 𝐴 contains no type variables – it
is fully monomorphised. In addition, we substitute all let 𝑥 = 𝑀 in 𝑁 with 𝑁{𝑀/𝑥}
so that the expression is fully monomorphised prior to translation. Type variables
are omitted from our translation as System G has no polymorphic types.
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(Here we use fresh sets (𝛼-rename) for 𝐴 and 𝑅 at each use of 𝑥)
infer(Σ | Δ | Γ ⊩ 𝑥) = let (∀eff𝑅)(∀type𝑉)𝐴 = Γ(𝑥) in (Id, 𝐴)
infer(Σ | Δ | Γ ⊩ 𝑐) = (Id,𝒯𝑐) (𝒯𝑐 is the type of 𝑐)
infer(Σ | Δ | Γ ⊩ fn 𝑥 ⇒ 𝑀) = let 𝛼 = fresh in

let (𝜃, 𝐴) = infer(Σ | Δ | 𝑥 : 𝛼, Γ ⊩ 𝑀) in
(𝜃, 𝜃(𝛼) → 𝐴)

infer(Σ | Δ | Γ ⊩ 𝑀1 𝑀2) = let 𝛼 = fresh in
let (𝜃1 , 𝐴1) = infer(Σ | Δ | Γ ⊩ 𝑀1) in
let (𝜃2 , 𝐴2) = infer(Σ | Δ | 𝜃1Γ ⊩ 𝑀2) in
let 𝜃3 = unify(𝜃2𝐴1 , 𝐴2 → 𝛼) in
(𝜃3𝜃2𝜃1 , 𝜃3(𝛼))

infer(Σ | Δ | Γ ⊩ let 𝑥 = 𝑀1 in 𝑀2) = let (𝜃1 , 𝐴1) = infer(Σ | Δ | Γ ⊩ 𝑀1) in
let 𝑅 = fev(𝐴1) \ fev(𝜃1Γ) in
let 𝑉 = ftv(𝐴1) \ ftv(𝜃1Γ) in
let 𝜎 = (∀eff𝑅)(∀type𝑉)𝐴1 in
let (𝜃2 , 𝐴2) =

infer(Σ | Δ | 𝑥 : 𝜎, 𝜃1Γ ⊩ 𝑀2) in
(𝜃2𝜃1 , 𝐴2)

infer(Σ | Δ | Γ ⊩ new 𝑋 within 𝑀) = let (𝜃, 𝐴) =
infer(𝑋,Σ | Δ | prune(Γ) ⊩ 𝑀) in

assertTau(𝐴);
(𝜃, 𝐴)

infer(Σ | Δ | Γ ⊩ bind 𝑥 ⇐ 𝑀1 with 𝑀2) = let (𝜃1 , 𝐴1) = infer(Σ | Δ | Γ ⊩ 𝑀1) in
let (𝜃2 , 𝐴2) =

infer(Σ | Δ | 𝑥 : 𝐴1 , 𝜃1Γ ⊩ 𝑀2) in
let 𝛼 = fresh in let 𝛽 = fresh in
let 𝑟 = fresh in let 𝑠 = fresh in
let 𝜃3 = unify(𝑇𝑟𝛼, 𝜃2𝐴1) in
let 𝜃4 = unify(𝑇 𝑠𝛽, 𝜃3𝐴2) in
(𝜃4𝜃3𝜃2𝜃1 , 𝑇

𝜃4𝜃3(𝑟)⊙𝜃4(𝑠)(𝜃4(𝛽)))
infer(Σ | Δ | Γ ⊩ return 𝑀) = let (𝜃, 𝐴) = infer(Σ | Δ | Γ ⊩ 𝑀) in

(𝜃, 𝑇1𝐴)
infer(Σ | Δ | Γ ⊩ sym 𝛿⇒ 𝑀) = let (𝜃, 𝐴) = infer(Σ | 𝛿,Δ | Γ ⊩ 𝑀) in

(𝜃,Πsym𝛿 (𝐴))
infer(Σ | Δ | Γ ⊩ 𝑀 Ψ) = let (𝜃1 , 𝐴1) = infer(Σ | Δ | Γ ⊩ 𝑀) in

let 𝛼 = fresh in let 𝛿 = fresh in
let 𝜃2 = unify(Πsym𝛿 (𝛼), 𝐴1) in
(𝜃2𝜃1 , 𝜃2(𝛼){Ψ/𝛿})

Figure 6.7. The type inference algorithm for MLG.
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⟨⟨Σ | Δ | Γ ⊩ 𝑐 : 𝐴⟩⟩ = 𝑐

⟨⟨Σ | Δ | Γ ⊩ 𝑥 : 𝐴⟩⟩ = 𝑥

⟨⟨Σ | Δ | Γ ⊩ fn 𝑥 ⇒ 𝑀 : 𝐴→ 𝐵⟩⟩ = 𝜆𝑥:⟨𝐴⟩[Σ] (⟨⟨Σ | Δ | 𝑥 : 𝐴, Γ ⊩ 𝑀 : 𝐵⟩⟩)
⟨⟨Σ | Δ | Γ ⊩ 𝑀1 𝑀2 : 𝐴⟩⟩ = ⟨⟨Σ | Δ | Γ ⊩ 𝑀1 : 𝐵→ 𝐴⟩⟩

⟨⟨Σ | Δ | Γ ⊩ 𝑀2 : 𝐵⟩⟩
⟨⟨Σ | Δ | Γ ⊩ let 𝑥 = 𝑀1 in 𝑀2 , 𝐴⟩⟩ = case omitted (see text)
⟨⟨Σ | Δ | Γ ⊩ new 𝑋 within 𝑀 : 𝜏⟩⟩ = 𝜈𝑋 (⟨⟨𝑋,Σ | Δ | Γ ⊩ 𝑀 : 𝐴⟩⟩)
⟨⟨Σ | Δ | Γ ⊩ sym 𝛿⇒ 𝑀,Πsym𝛿 (𝐴)⟩⟩ = 𝜆sym𝛿:Σ (⟨⟨Σ | 𝛿,Δ | Γ ⊩ 𝑀 : 𝐴⟩⟩)
⟨⟨Σ | Δ | Γ ⊩ 𝑀 Ψ : 𝐴⟩⟩ = ⟨⟨Σ | Δ | Γ ⊩ 𝑀 : Πsym𝛿 (𝐴)⟩⟩ Ψ

(assuming Σ | Δ | Γ ⊩ 𝑀 : Πsym𝛿 (𝐴))
⟨⟨Σ | Δ | Γ ⊩ return 𝑀 : 𝑇1𝐴⟩⟩ = ret𝑇♦Σ ⟨⟨Σ | Δ | Γ ⊩ 𝑀 : 𝐴⟩⟩
⟨⟨Σ | Δ | Γ ⊩ bind 𝑥 ⇐ 𝑀1 with

𝑀2 : 𝑇𝐹⊙𝐺𝐵⟩⟩ = ⟨⟨Σ | Δ | Γ ⊩ 𝑀1 : 𝑇𝐹𝐴⟩⟩ ≫=𝑇♦Σ

𝜆𝑥:𝐴 (⟨⟨Σ | Δ | Γ ⊩ 𝑀2 : 𝑇𝐺𝐵⟩⟩)
⟨BaseTypes⟩[Σ] = BaseTypes
⟨𝐴1 → 𝐴2⟩[Σ] = ⟨𝐴1⟩[Σ] → ⟨𝐴2⟩[Σ]
⟨𝑇𝐹𝐴⟩[Σ] = 𝑇♦Σ 𝐹 ⟨𝐴⟩[Σ]
⟨Πsym𝛿 (𝐴)⟩[Σ] = Πsym𝛿:Σ ⟨𝐴⟩[Σ]

Figure 6.8. Translation of MLG terms ⟨⟨Σ,Δ, Γ ⊩ 𝑀 : 𝐴⟩⟩ and types ⟨𝐴⟩[Σ] to System
G. Implicit in the presentation of the first translation is that it is guided by the most
recently applied rule in the typing derivation, and that the last rule applied is not
(sub). Subtyping is translated by performing a coercion that follows the derivation
of Σ | Δ ⊩ 𝐴 <: 𝐵, inserting System G sub𝑇♦𝑆 𝐹 𝐺 𝑀 terms when needed.
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The full definition of ⟨⟨Σ,Δ, Γ ⊩ 𝑀 : 𝐴⟩⟩ is stated in Figure 6.8. The main
interesting point is adding explicit symbol sets to the context Δ and explicitly
stating the symbol set when graded monadic operations are used. To avoid type
polymorphism, local definitions via let 𝑥 = 𝑀 in 𝑁 are translated by translating
the equivalent term 𝑁{𝑀/𝑥}, with the intention that polymorphism is avoided by
using the appropriate monomorphisation of 𝑀 in all instances in which it is used.
Furthermore, we use a ⟨ · ⟩[Σ] function that maps MLG types into System G types.
This translation is necessary to translate symbol abstractions from MLG to System
G, where the symbol set has to be specified – and we make the choice that the set
over which symbol variables range is just Σ.

This translation maps well-typed MLG terms to well-typed System G terms, as
stated by the following theorem.

Theorem 6.3. For all Σ, Δ, Γ, 𝑀, 𝐴 satisfying Σ | Δ | Γ ⊩ 𝑀 : 𝐴 in MLG, with 𝐴

containing no type variables, the judgement Σ | • | Δ′ | • | Γ′ ⊢val 𝑀
′ : 𝐴′ holds in

System G, where: ⟨⟨Σ,Δ, Γ ⊩ 𝑀 : 𝐴⟩⟩ = 𝑀′, ⟨𝐴⟩[Σ] = 𝐴′ and where Δ′ is just Δ
in which all symbol variables 𝛿 are replaced with 𝛿 : Σ, and Γ′ is just the context
Γ in which all typing pairs 𝑥 : 𝐵 are replaced by 𝑥 : ⟨𝐵⟩[Σ].

Technically, the definition of Δ′ may increase the set of symbols which 𝛿 can range
over, but the translation into System G remains valid.

This means that the relationship between MLG and System G is similar to that
between Standard ML (without recursion) and System F: in a sense, we can see the
latter as a kernel language on whose semantics the former relies on.

6.4 Summary
In this chapter we looked at the concept of symbols and how they are used for
programming and representing program analyses. We considered two languages,
MLG and System G, which approach the question of lexically scoped symbols (and
scoped graded monadic types) in two different ways: MLG has decidable type
inference, but does not permit two graded monadic types to coexist in the same
scope; System G has no type inference algorithm and instead takes the System F
approach of explicitly stating all types, but it allows greater flexibility regarding the
interaction of multiple graded monadic types in the same scope.

Designing a language with support for symbols is promising and is an important
component of making programming with graded monads practical for common
analyses.
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So far in this thesis the focus has been on programs in which graded monadic types
𝑀𝐹𝐴 correspond to only one kind of effect and only one analysis. The running
example of the graded Maybe monad has a three-element grading algebra repres-
enting success and failure of a computation, and we considered various grading
algebras that can be used to reason about stateful computations. In imperative pro-
gramming languages we encounter programs with multiple kinds of side-effects:
they may act on mutable store and also raise and handle exceptions. Similarly, the
programmer may be interested in performing multiple analyses at the same time.
The main goal of this chapter is to explore how this can be achieved and modelled.

In a pure functional programming language, where effects are modelled using
monads, the idiomatic way of combining effects is by using monad transformers. A
monad transformer t is just a constructor that maps a monad m representing some
kind of computation to another monad t m representing a “more sophisticated”
computation. The MaybeT monad transformer in Haskell, when applied to some
monad m, creates a monadic type that retains all the functionality m provides, but
also allows the computation to fail. For example, MaybeT (State s) a represents
stateful computation (with an underlying store of type s) which, if it terminates,
reduces to a value of type a or fails. An important component of every monad
transformer is a lifting operation lift :: m a -> t m a that takes a value of the
“inner” monadic type m a and represents it as a computation in the transformed
monad t m a.

Monad transformers are a valuable tool for pure functional programmers. How-
ever, there is a surprisingly small body of work about the underlying theory of
monad transformers, with the most significant contribution coming from Jaskelioff
in his PhD thesis and his work with Moggi. [Jas09a, JM10b] I will give a brief
overview of his work later in this chapter.

In the graded world, even adequately posing the the question of what it means
to combine two graded monads is more difficult. This thesis explicitly considers
analysis-graded monads, meaning that a graded monadic type represents a com-
putation along with pertinent information that represents the outcome of some
program analysis. Therefore, to combine two graded monads, we need to answer
the question of what it means to combine two analyses. In the graded setting, we
go beyond the existing approach adopted in Haskell and discussion on combin-
ing effects. We distinguish between two ways of combining analyses: combining
two analyses that refer to different notions of computation and combining analyses
which relate to the same side-effect. I address the former case using graded monad
transformers, which adapt the definition of classical non-graded monad transformers
by adding both a new side-effect and a new accompanying analysis. The latter case
is answered using the notion of grade families, which are a way of defining a set of
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grading algebras and graded monads that address the same effect and allowing the
programmer to combine them at will.

Chapter structure In Section 7.1 I define graded monad transformers – first from
a programming point of view, and then formally in categorical terms. It turns
out that graded monad transformers can be implemented in Haskell (encoding
grades as type-level values, as before), and the core text of this chapter sketches
how this is done (with details given in the Appendix). The category-theoretic
view mostly just provides definitions and formal terminology, as well as addresses
some fundamental questions about the nature of graded monad transformers. In
Section 7.2 I discuss grade families – which are much harder to use in a practical
programming language. Next, in Section 7.3 I discuss the limitations of these two
approaches and how these two ways of combining analyses interact with each other.
The chapter ends with an overview of related work and a summary.

7.1 Graded monad transformers
We first motivate what we expect of graded monad transformers before exploring
them in the context of programming, formalising them and proving some useful
results related to them. The initial treatment of graded monad transformers is
informal.

Recall that a monad transformer maps a monad to some other monad, and in
principle the definition could stop there. However, we typically look at monad
transformers that add a new side effect while maintaining the possibility of per-
forming the one for the ‘inner’ monad. A monad transformer 𝑅 does not merely
create a new underlying representation and monad 𝑅[𝑇], but it also comes with a
lift operation that maps an expression of type 𝑇𝐴 to one of type (𝑅[𝑇])𝐴.

Therefore, a graded monad transformer should act on a graded monad and
produce a new graded monad, and it should come with a graded lifting operation.
While in the most general case we can stop with the definition there, we really focus
on those graded monad transformers that are somehow useful. The grading algebra
to be associated with the resulting graded monad is not immediately obvious.
Intuitively, the a graded monad transformer should add a new side effect and a new
analysis. Since analyses are represented using grading algebras, our first attempt
is to merely take the product of the algebra associated with the transformer and
the algebra associated with the input graded monad. Taking a cartesian product
algebra means that the graded bind operation treats the two side effects and analyses
independently.

Unfortunately, this approach is not satisfactory. Consider again the GMaybe
graded monad whose grading algebra represents the analysis of whether a compu-
tation provably fails or succeeds, initially introduced in Example 2.2. Recall that its
grading algebra is ({T, F,U}, ⊑, ⊙,T, {T, F}) and that F ⊙ 𝑟 = F for all 𝑟 ∈ {T, F,U}.
A graded monad transformer GMaybeT corresponding to GMaybe would then map
a graded monad with a grading algebra E = (𝐸, ⩽, ∗, 1) to a graded monad whose
grading algebra is:

({T, F,U}, ⊑, ⊙,T, {T, F}) × (𝐸, ⩽, ∗, 1).

If the new operator is ⊙ = ⊙ × ∗, then for any 𝑥, 𝑦 ∈ 𝐸 and 𝑟 ∈ {T, F,U} we have
that ⟨F, 𝑥⟩ ⊙ ⟨𝑟, 𝑦⟩ = ⟨F, 𝑥 ∗ 𝑦⟩. However, this does not match the desired outcome:
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if a computation 𝑐1 provably fails, then sequencing it with any other computation
𝑐2 should ignore the outcomes of all of its analyses, as 𝑐2 is never actually executed.
We want the outcome of multiplying ⟨F, 𝑥⟩ with anything else to be ⟨F, 𝑥⟩.

The product algebra is a bad choice because of the way the two analyses interact
and the sorts of side effects they represent. There is nothing problematic about
making the carrier set of the resulting grading algebra the cartesian product of the
two constituent algebras, as well as using componentwise subeffecting. The issue
is solely with the new monoid multiplication operator. By imposing the condition
that the grading algebra has a carrier set that is a cartesian product, but has no such
requirements on the multiplication operator, we see what a ‘useful’ graded monad
transformer is. From now on we call them augmenting graded monad transformers.

It remains to determine what the lifting operation for an augmenting graded
monad transformer should be. Suppose the grading algebra associated with a
transformer 𝑅 is ℰ1 = (𝐸1 , ⩽1 , ⊙1 , 11 ,𝒪1), while the grading algebra associated with
a graded monad 𝑇 is ℰ2 = (𝐸2 , ⩽2 , ⊙2 , 12 ,𝒪2). Lifting should map a value of type
𝑇 𝑒𝐴 to one of type (𝑅[𝑇])𝑒′𝐴, where 𝑒 ∈ 𝐸2 and ⟨ 𝑓 , 𝑒′⟩ ∈ 𝐸1 × 𝐸2. As is the case in
the non-graded setting, applying the lifting operation should not perform any non-
trivial computation associated with 𝑅 (‘outer level’), so the 𝑓 = 11. If 𝑒′ is always 𝑒,
then the transformer preserves the outcome of the original analysis – we then refer
to it as analysis-preserving. There are useful graded monad transformers that are not
analysis-preserving. However, it must be the case that 𝑒 ⩽2 𝑒′ because the resulting
grade must be a conservative overapproximation of the property being analysed.

7.1.1 Haskell view

As is the case with programming with graded monads in general, a language with
support for graded monad transformers needs to have a flexible kind system so
that the carrier set of every grading algebra has a corresponding kind. In previous
chapters we have seen that Haskell is such a language. In this section we demon-
strate how graded monad transformers can be represented in Haskell using existing
language features.

We only consider analysis-preserving graded monad transformers. Thus, every
graded monad transformer must be an instance of the following simple type class
that implements a graded lifting operation:

class GMonadTrans (t :: (k -> * -> *) -> (k', k) -> * -> *)
where

type IdG t :: k'
liftG :: GMonad m => m s a -> t m '(IdG t, s) a

where the kinds k and k' are polymorphic in the type class signature, and * is the
kind of types. The kind of a graded monad transformer is

(k -> * -> *) -> (k', k) -> * -> *

which means that it maps a graded monad whose grading algebra is represented
as kind k to a graded monad whose underlying grading algebra is represented
as the pair kind (k', k). The kind k' is associated with the grading algebra that
represents the analysis added by the transformer. The IdG t term of kind k' is, in
all scenarios, the identity element of the analysis being added by the transformer
t. The type signature of the lifting operation liftG exactly matches what we expect
from analysis-preserving graded monad transformers.
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Every graded monad transformer implemented in Haskell should, when applied
to a graded monad, result in a graded monad. Therefore, we need to write a
following instance for each graded monad transformer:
instance GMonad m => GMonad (MyFancyGMonadTrans m) where

...

for every graded monad transformer MyFancyGMonadTrans.
Implementing graded monad transformers sometimes requires writing a lot of

code. Therefore this section does not contain any lengthy listings with graded
monad transformer implementations. However, the following example demon-
strates both how graded monad transformers are used in practice and how they are
implemented.

Example 7.1. Consider the graded monad transformer GMaybeT that adds failure
as a possible effect and whose grade represents provable success or provable
failure. As seen above, given a graded monad with underlying algebra (𝐸, ⩽
, ∗, 1), the algebra of pairs with operator ⊙ should be defined as follows:

⟨T, 𝑥⟩ ⊙ ⟨𝑟, 𝑦⟩ = ⟨𝑟, 𝑥 ∗ 𝑦⟩
⟨F, 𝑥⟩ ⊙ ⟨𝑟, 𝑦⟩ = ⟨F, 𝑥⟩
⟨U, 𝑥⟩ ⊙ ⟨F, 𝑦⟩ = ⟨F, 𝑥 ∗ (1 ∨ 𝑦)⟩
⟨U, 𝑥⟩ ⊙ ⟨𝑟, 𝑦⟩ = ⟨U, 𝑥 ∗ (1 ∨ 𝑦)⟩ (𝑟 ≠ F)

The underlying representation of a graded monad GmaybeT m follows that of
MaybeT:
data GMaybeT m r a where

GMaybeT :: {runGMaybeT :: m f (GMaybe e a)}
-> GMaybeT m '(e, f) a

The multiplication operator, following the definition above, is implemented as
the following type family:
type family MaybeTMult (m :: k -> * -> *)

(r :: (MaybeGr , k))
(s :: (MaybeGr , k)) where

MaybeTMult m '(F, f) _ = '(F, f)
MaybeTMult m '(T, f) '(s, f') = '(s, Seq m f f')
MaybeTMult m '(U, f) '(F, f') =

'(F, Seq m f (Join m f' (Unit m)))
MaybeTMult m '(U, f) '(_, f') =

'(U, Seq m f (Join m f' (Unit m)))

Showing that this is really a graded monad transformer is not difficult, as the
instances are straightforward:
instance GMonad m =>
GMonad (GMaybeT m :: (MaybeGr , k) -> * -> *) where

type Unit (GMaybeT m) = '(T, Unit m)
type Seq (GMaybeT m) r s = MaybeTMult m r s
type Join (GMaybeT m) '(e, f) '(e', f') =

'(MaybeJoin e e', Join m f f')
return x = GMaybeT (return (GJust x))

instance GMonadTrans GMaybeT where
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type IdG GMaybeT = 'T
liftG = GMaybeT . (fmapG GJust)

The real challenge is implementing the bind operation for this graded monad,
and details of how this is done are in the Appendix.

With this implementation, the programmer can write code utilising the
GMaybeT graded monad transformer. For example, the following function rep-
resents a computation that is both stateful and potentially failing:
foo = do x <- liftG get

alt (x == 0) (GMaybeT (return GNothing ))
(liftG (put 2))

and the Haskell type system is capable of inferring the type of this computation,
which includes the grade U. On the other hand, it is also capable of inferring
that the following computation also fails, which is seen in the presence of grade
e:
bar x = do alt (x < 0) (GMaybeT (return GNothing ))

(liftG (put (x + 1)))
GMaybeT (return GNothing)

The Appendix contains code listings giving a full definition of several useful
graded monad transformers. In addition to GMaybeT, these include:

• GrIdentityT, which is the trivial graded monad transformer that adds no new
effect and no analysis.

• PermStateT s, which is the graded monad transformer corresponding to the
PermState graded monad – given a graded monadic type representing a com-
putation and an analysis, it adds a state to the computation and permission
information to the algebra.

• LogStateT s, which is the graded monad transformer corresponding to the
LogState s graded monad that keeps track of all intermediate values of the
underlying state.

7.1.2 Categorical definition
The Haskell implementation and the use cases demonstrate the value of graded
monad transformers, but answering any theoretical questions about the scope and
power of graded monad transformers requires a mathematical view. We now turn
to a more formal, categorical treatment of graded monad transformers.

We start with a set of definitions that introduces the hierarchy of graded monad
transformers suggested in previous sections.

Definition 7.1. A graded monad transformer on a category C is given by:

• an object mapping 𝑅 : |GMnd(C)| → GMnd(C);a

• for each T : (𝐸, ⩽, ⊙, 1) → Endo(C) there is a a lax monoidal functor
𝐻T : 𝐸 → 𝑅[𝐸] (seen as monoidal categories), representing a monotonic
map on grading algebras;
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• for all graded monads T = (𝑇, 𝜇, 𝜂), a monoidal natural transformation
liftGT with liftGT

𝑒 : 𝑇𝑒 → 𝑅[𝑇](𝐻T𝑒).
aThe notation |C| for a category C refers to a category with all the objects of C, but the only

morphisms are identities. Functors of the form |C| → D can be thought of as mappings of objects
from C to D, since functors preserve identities.

The first part of the definition means that 𝑅 is just an object mapping. The
functors 𝐻T act as translations from the grading algebra associated with T to the
one associated with 𝑅[𝑇]. As 𝑓 : 𝑒1 → 𝑒2 can really be read as 𝑒1 ⩽ 𝑒2, functoriality
of 𝐻T implies that it is a monotonic mapping. This last part of the definition is
equivalent to saying that the following diagram commutes for all 𝑓 : 𝑒1 → 𝑒2:

𝑇𝑒1 𝑅[𝑇](𝐻T𝑒1)

𝑇𝑒2 𝑅[𝑇](𝐻T𝑒2)

liftGT
𝑒1

liftGT
𝑒2

𝑇 𝑓 𝑅[𝑇](𝐻T 𝑓 )

which implies that lifting preserves subeffecting.
We denote graded monad transformers as tuples (𝑅, 𝐻, liftG). Furthermore, the

application of this graded monad transformer to a graded monad T = (𝑇, 𝜇, 𝜂) : E→
Endo(C), withE = (𝐸, ⩽, ⊙, 1), results in the graded monad𝑅T = (𝑅[𝑇], 𝑅[𝜇], 𝑅[𝜂]) :
𝑅[E] → Endo(C), where the algebra is mapped as 𝑅(E) = (𝑅[𝐸], 𝑅[⩽], 𝑅[⊙], 𝑅[𝜂]).

In practice we often require or care about graded monadic strength. We thus
formalise the idea of strong graded monad transformers, which are applied to and
result in strong graded monads. Since the definition of a strong graded monad
transformer might rely on strength of the graded monad it is applied to, it is
not sufficient to say that a strong graded monad transformer is a graded monad
transformer such that the resulting graded monad is strong. Instead, we have to
modify the previous definition slightly.

Definition 7.2. A strong graded monad transformer on a category C is given by:

• an object mapping 𝑅 : |SGMnd(C)| → SGMnd(C);

• for each T : (𝐸, ⩽, ⊙, 1) → SEndo(C) there is a a lax monoidal functor
𝐻T : 𝐸→ 𝑅[𝐸];

• for all strong graded monads T = (𝑇, 𝜇, 𝜂, 𝑡), a monoidal natural trans-
formation liftGT with liftGT

𝑒 : 𝑇𝑒 → 𝑅[𝑇](𝐻T𝑒).

Note that strong graded monad transformers are not a subset of graded monad
transformers, as graded monad transformers 𝑅 are not allowed to rely on the
strength of T when defining multiplication and unit for 𝑅T, as T might not be
strong. The lack of this relation is not practically significant, as all analysis-graded
monads used in a programming context are strong.

These definitions are very general and permit forgetful (strong) graded monad
transformers that disregard the underlying analysis. A more useful notion is that
of a graded monad transformer that constructs a new grading algebra of pairs.
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Definition 7.3. A (strong) graded monad transformer (𝑅, 𝐻, liftG) on C is aug-
menting if there exists a poset (𝑆, ⊑)with a top element and 𝑖 ∈ 𝑆 (which we call
the augmenting poset and augmenting unit) such that for every (strong) graded
monad T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽,⊙, 1) → Endo(C),a 𝑅T is a (strong) graded monad
whose grading algebra has carrier set 𝑆 × 𝐸 with unit element is ⟨𝑖 , 1⟩, and for
every 𝑒 ∈ 𝐸 there exists some 𝑒′ such that 𝑒 ⩽ 𝑒′ and 𝐻T𝑒 = ⟨𝑖 , 𝑒′⟩.

areplace Endo(C) by SEndo(C) in the strong case

The last condition ensures that lifting does not produce any side-effect for the
added analysis by using its augmenting unit, while never underapproximating the
result of the property associated with T. In most cases we are interested in aug-
menting (strong) graded monad transformers which lifting keeps the information
about the inner analysis intact.

Definition 7.4. An augmenting (strong) graded monad transformer (𝑅, 𝐻, liftG)
with augmenting unit 𝑖 is analysis-preserving such that, given any (strong) graded
monad T : (𝐸, ⩽, ⊙, 1) → Endo(C),a and 𝑒 ∈ 𝐸, 𝐻T𝑒 = ⟨𝑖 , 𝑒⟩.

areplace Endo(C) by SEndo(C) in the strong case

Example 7.2. The identity graded monad transformer GIdentityT maps any
graded monad T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽, ⊙, 1) → Endo(C) to a graded monad T̂
whose grading algebra is the Cartesian product of the trivial one-element al-
gebra 1 and (𝐸, ⩽, ⊙, 1) (meaning it is isomorphic to (𝐸, ⩽, ⊙, 1)), with new
componentwise partial order called ≼, and with a trivially lifted functor 𝑇,
multiplication 𝜇̂ and unit 𝜂̂:

𝑇⟨∗, 𝑒⟩ = 𝑇𝑒

𝑇(⟨∗, 𝑒⟩ ≼ ⟨∗, 𝑒′⟩) = 𝑇(𝑒 ⩽ 𝑒′)
𝜇̂⟨∗,𝑒⟩,⟨∗,𝑒′⟩ = 𝜇𝑒 ,𝑒′

𝜂̂ = 𝜂

The grade mapping is trivial: 𝐻T𝑒 = ⟨∗, 𝑒⟩. Finally, the lifting natural transform-
ation is given by liftGT

𝑒 = id𝑇𝑒 for all 𝑒 ∈ 𝐸. It is easily shown that T̂ is a graded
monad. The GIdentityT graded monad transformer is analysis-preserving.

Example 7.3. The augmenting strong graded monad transformer GMaybeT in
a cocartesian category C with terminal object 1 has as its augmenting poset
({T, F,U}, ⊑), with T ⊑ U ⊒ F (see Figure 2.6) and as its augmenting unit T.
It maps any graded monad T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽, ⊙, 1) → Endo(C) to a graded
monad T̂ whose grading algebra has as multiplication operator ⊙, defined as
follows:

⟨T, 𝑒1⟩ ⊙ ⟨𝑟, 𝑒2⟩ = ⟨𝑟, 𝑒1 ⊙ 𝑒2⟩
⟨F, 𝑒1⟩ ⊙ ⟨𝑟, 𝑒2⟩ = ⟨F, 𝑒1⟩
⟨U, 𝑒1⟩ ⊙ ⟨F, 𝑒2⟩ = ⟨F, 𝑒1 ⊙ (1 ∨ 𝑒2)⟩
⟨U, 𝑒1⟩ ⊙ ⟨𝑟, 𝑒2⟩ = ⟨U, 𝑒1 ⊙ (1 ∨ 𝑒2)⟩ (𝑟 ≠ F)
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Denote the new componentwise partial order with ≼. The functor𝑇 and natural
transformations 𝜇̂ and 𝜂̂ are defined as follows:

𝑇⟨T, 𝑒⟩ = 𝑇𝑒

𝑇⟨F, 𝑒⟩ = (𝑇𝑒)[!]
𝑇⟨U, 𝑒⟩ = (𝑇𝑒)(IdC + [!])

𝑇(⟨T, 𝑒1⟩ ≼ ⟨T, 𝑒2⟩) = 𝑇(𝑒1 ⩽ 𝑒2) 𝑇(⟨T, 𝑒⟩ ≼ ⟨U, 𝑒⟩) = 𝜄𝑇𝑒,(𝑇𝑒)[!]1
𝑇(⟨F, 𝑒1⟩ ≼ ⟨F, 𝑒2⟩) = (𝑇(𝑒1 ⩽ 𝑒2))[!] 𝑇(⟨F, 𝑒⟩ ≼ ⟨U, 𝑒⟩) = 𝜄𝑇𝑒,(𝑇𝑒)[!]2
𝑇(⟨U, 𝑒1⟩ ≼ ⟨U, 𝑒2⟩) = 𝑇(𝑒1 ⩽ 𝑒2)(Id𝐶 + [!])

(other inequalities follow by composition)

(𝜇̂⟨T,𝑒1⟩,⟨T,𝑒2⟩)𝐴 = (𝜇𝑒1 ,𝑒2)𝐴
(𝜇̂⟨T,𝑒1⟩,⟨F,𝑒2⟩)𝐴 = (𝜇𝑒1 ,𝑒2)1
(𝜇̂⟨T,𝑒1⟩,⟨U,𝑒2⟩)𝐴 = (𝜇𝑒1 ,𝑒2)𝐴+1
(𝜇̂⟨F,𝑒1⟩,⟨𝑟,𝑒2⟩)𝐴 = id𝑇𝑒11
(𝜇̂⟨U,𝑒1⟩,⟨F,𝑒2⟩)𝐴 = (𝜇𝑒1 ,1∨𝑒2)1 ◦ 𝑇𝑒1[id𝑇(1∨𝑒2)1 , id𝑇(1∨𝑒2)1]

◦ 𝑇𝑒1((𝑇(𝑒2 ⩽ 1 ∨ 𝑒2))𝐴 + ((𝑇(1 ⩽ 1 ∨ 𝑒2))1 ◦ 𝜂1))
(𝜇̂⟨U,𝑒1⟩,⟨T,𝑒2⟩)𝐴 = (𝜇𝑒1 ,1∨𝑒2)𝐴+1 ◦ 𝑇𝑒1[id(𝑇(1∨𝑒2))𝐴+1 , id(𝑇(1∨𝑒2))𝐴+1]

◦ 𝑇𝑒1(((𝑇(𝑒2 ⩽ 1 ∨ 𝑒2))𝐴+1 ◦ 𝑇𝑒2𝜄
𝐴,1
1 )

+ ((𝑇(1 ⩽ 1 ∨ 𝑒2))𝐴+1 ◦ 𝑇1𝜄𝐴,1
2 ◦ 𝜂1))

(𝜇̂⟨U,𝑒1⟩,⟨U,𝑒2⟩)𝐴 = (𝜇𝑒1 ,1∨𝑒2)𝐴+1 ◦ 𝑇𝑒1[id𝑇(1∨𝑒2)(𝐴+1) , id𝑇(1∨𝑒2)(𝐴+1)]
◦ 𝑇𝑒1((𝑇(𝑒2 ⩽ 1 ∨ 𝑒2))𝐴+1
+ ((𝑇(1 ⩽ 1 ∨ 𝑒2))𝐴+1 ◦ 𝑇1𝜄𝐴,1

2 ◦ 𝜂1))
𝜂̂ = 𝜂

It can be shown that T̂ is a graded monad.
The grade mapping is trivial: 𝐻T𝑒 = ⟨T, 𝑒⟩. This means that the GMaybeT

graded monad transformer is analysis-preserving. Finally, the lifting operation
is liftGT

𝑒 = id𝑇𝑒 for all 𝑒 ∈ 𝐸.
The definition of multiplication 𝜇̂ is somewhat difficult to read and is easier

explained with a diagram. We make use of the unit 𝜂 and coproduct injections
to coerce 1 into 𝑇1(𝐴 + 1), and then use subeffecting to coerce 𝑇𝑒2 and 𝑇1 into
𝑇(1 ∨ 𝑒2). For example, 𝜇̂⟨U,𝑒1⟩,⟨U,𝑒2⟩ is the unique natural transformation for
which the following diagram commutes for all 𝐴 ∈ C:

𝑇𝑒1(𝑇𝑒2(𝐴 + 1) + 1) 𝑇𝑒1(𝑇𝑒2(𝐴 + 1) + 𝑇1(𝐴 + 1))

𝑇𝑒1(𝑇(1 ∨ 𝑒2)(𝐴 + 1) + 𝑇(1 ∨ 𝑒2)(𝐴 + 1))

𝑇(𝑒1 ⊙ (1 ∨ 𝑒2))(𝐴 + 1) 𝑇𝑒1(𝑇(1 ∨ 𝑒2)(𝐴 + 1))

𝑇𝑒1(id𝑇𝑒2(𝐴+1)+(𝑇1𝜄𝐴,1
2 ◦𝜂1))

(𝜇̂⟨U,𝑒1⟩,⟨U,𝑒2⟩)𝐴

𝜇𝑒1 ,1∨𝑒2

𝑇𝑒1(𝑇(𝑒2⩽1∨𝑒2)(𝐴+1)+(𝑇(1⩽1∨𝑒2))𝐴+1)

𝑇𝑒1[id𝑇(1∨𝑒2)(𝐴+1) ,id𝑇(1∨𝑒2)(𝐴+1)]

We omit the proofs that the result 𝑅T in each case is an analysis-graded monad –
this requires showing that the new multiplication and unit natural transformations
satisfy the associativity and unit laws, that the strength properties for the new
graded monad hold, that 𝐻T is a lax monoidal functor, as well as that all the
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naturality diagrams commute. The proofs of these properties are outlined in the
Appendix.

7.1.3 Properties
Graded monad transformers are introduced with the same goal as monad trans-
formers in the non-graded setting: introducing a new effect to a computation.
Naturally, this gives rise to questions about the the exact power and scope of graded
monad transformers.

• Do graded monad transformers generalise monad transformers?

• Is there a monad transformer corresponding to every graded monad trans-
former?

• Are there other notions of combining graded monads and how do they relate
to graded monad transformers?

We address these questions in turn and draw some further conclusions.

Relating monad transformers and graded monad transformers

The fact that monads are graded monads with the trivial grading algebra (1) does not
immediately show that every monad transformer is a graded monad transformer:
monad transformers expects any monad as an argument, whereas a graded monad
transformer should expect any graded monad – a stronger requirement. It turns
out that this is not a problem – but only because of our hierarchy of graded monad
transformers:

transformer ⊇ augmenting ⊇ analysis-preserving

In fact, each graded monad transformer (𝑅, lift) has a corresponding augmenting
graded monad transformer (𝑅𝑔 , 𝐻, liftG) – but it is not analysis-preserving.

Theorem 7.1. For every monad transformer (𝑅, lift) in a category C, there is a
graded monad transformer (𝑅𝑔 , 𝐻, liftG) that maps any analysis-graded monad
T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽, ⊙, 1) → Endo(C) whose algebra has a top element ⊤ to an
analysis-graded monad 𝑅𝑔T as follows:

• the effect algebra is trivial, 1 (with only ∗ ∈ 1);

• 𝐻T𝑒 = ∗ for any 𝑒 ∈ 𝐸;

• assuming 𝜇⊤ and 𝜂⊤ are the multiplication and unit natural transform-
ations for the monad 𝑇⊤, the components of the graded monad 𝑅𝑔T
definition are as follows:

(𝑅𝑔[𝑇])∗ = 𝑅[𝑇⊤]
(𝑅𝑔[𝜇])∗,∗ = 𝑅[𝜇⊤]
(𝑅𝑔[𝜂]) = 𝑅[𝜂⊤]
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• the graded lifting operation erases information about the underlying ana-
lysis:

liftGT
𝑒 = lift𝑇⊤ ◦ 𝑇(𝑒 ⩽ ⊤)

Proof. The resulting 𝑅𝑔T is a graded monad representing a monad. This follows
from the assumption that 𝑅 is a monad transformer and the fact that (𝑇⊤, 𝜇⊤ , 𝜂⊤)
is a monad (Theorem 5.1). Furthermore, 𝐻T is trivially a lax monoidal functor (as
is any monoidal functor to 1). Finally, liftGT is a monoidal natural transformation.
Firstly, for every 𝑒 ∈ 𝐸, liftGT

𝑒 is a natural transformation – for all 𝑓 : 𝐴 → 𝐵, the
following diagram commutes (by naturality of 𝑇(𝑒 ⩽ ⊤) and lift𝑇⊤):

𝑇𝑒𝐴 𝑇⊤𝐴 (𝑅[𝑇⊤])𝐴 (𝑅𝑔[𝑇])(𝐻T𝑒)𝐴

𝑇𝑒𝐵 𝑇⊤𝐵 (𝑅[𝑇⊤])𝐵 (𝑅𝑔[𝑇])(𝐻T𝑒)𝐵

𝑇𝑒 𝑓 (𝑅𝑔[𝑇])(𝐻T𝑒) 𝑓𝑅[𝑇⊤] 𝑓𝑇⊤ 𝑓

(𝑇(𝑒⩽⊤))𝐴

(𝑇(𝑒⩽⊤))𝐵

lift𝑇⊤𝐴

lift𝑇⊤𝐵

Lifting respects the multiplication and unit laws, as the following diagrams com-
mute by naturality and properties of monad transformer (𝑅, lift):

(𝑇𝑒1) • (𝑇𝑒2) (𝑇⊤) • (𝑇⊤) (𝑅[𝑇⊤]) • (𝑅[𝑇⊤])

𝑇(𝑒1 ⊙ 𝑒2) 𝑇⊤ 𝑅[𝑇⊤]

𝜇𝑒1 ,𝑒2 𝜇⊤,⊤=𝜇⊤

(𝑇(𝑒1⩽⊤))•(𝑇(𝑒2⩽⊤))

𝑇(𝑒1⊙𝑒2⩽⊤)

lift𝑇⊤•lift𝑇⊤

lift𝑇⊤

𝑅[𝜇⊤]

IdC

𝑇1 𝑇⊤ 𝑅[𝑇⊤]
𝑇(1⩽⊤) lift𝑇⊤

𝜂⊤
𝜂 𝑅[𝜂]

□

This theorem states that every monad transformer can be seen as a graded monad
transformer, but not a particularly useful one – it entirely removes the underlying
grading algebra of the graded monad applied to the graded monad transformer.

Conversely, for every graded monad transformer there is a corresponding monad
transformer one gets by ‘forgetting’ the underlying analysis.

Theorem 7.2. For every graded monad transformer (𝑅, 𝐻, liftG) in a category
C, there is monad transformer (𝑅𝑢 , lift) such that, given any monad T = (𝑇, 𝜇, 𝜂),
if the trivially-graded monad equivalent to T is T̂, and the top element of the
grading algebra corresponding to 𝑅T̂ is ⊤, gives the following monad 𝑅𝑢T:

𝑅𝑢[𝑇] = (𝑅[𝑇])⊤
𝑅𝑢[𝜇] = (𝑅[𝜇̂])⊤,⊤
𝑅𝑢[𝜂] = 𝑅[𝑇](1 ⩽ ⊤) ◦ 𝑅[𝜂̂]
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with the lifting operation given by:

liftT = 𝑅[𝑇](𝐻∗ ⩽ ⊤) ◦ liftGT̂

Proof. Since T is a monad, and thus T̂ is a graded monad, the result of applying 𝑅

to it is 𝑅T̂, itself a graded monad. Taking its top element, as stated in Theorem 5.1,
gives a monad. All of the monad laws for the result 𝑅𝑢T hold.

The new lifting operations is a natural transformation, as the following diagram
commutes:

𝑇𝐴 𝑇 ∗ 𝐴 𝑅[𝑇](𝐻∗)𝐴 𝑅[𝑇]⊤𝐴 𝑅𝑢[𝑇]𝐴

𝑇𝐵 𝑇 ∗ 𝐵 𝑅[𝑇](𝐻∗)𝐵 𝑅[𝑇]⊤𝐵 𝑅𝑢[𝑇]𝐴

𝑇 𝑓 𝑇∗ 𝑓 𝑅[𝑇](𝐻∗) 𝑓 𝑅[𝑇]⊤ 𝑓 𝑅𝑢[𝑇] 𝑓

liftGT̂
𝐴

liftGT̂
𝐵

(𝑅[𝑇](𝐻∗⩽⊤))𝐴

(𝑅[𝑇](𝐻∗⩽⊤))𝐵

□

We can interpret this relationship in the similar way to the analogous relation-
ship between monads and analysis-graded monads: every analysis-graded monad
has a corresponding monad that erases all of the analysis information, and likewise
every graded monad transformer also has a corresponding monad transformer
obtained by erasing analysis information.

Distributivity and graded monad transformers

The definition of graded monad transformers is very general and imposes few con-
ditions on how a graded monad is mapped to a new one. It is also not the only notion
used to talk about combining graded monads. One of them, distributing graded mon-
ads, has some intersection with graded monad transformers – a relationship we now
explore.

In category theory, for two monads S = (𝑆, 𝜇𝑆 , 𝜂𝑆) and T = (𝑇, 𝜇𝑇 , 𝜂𝑇), there is
no natural monad structure on the functor 𝑆𝑇. However, if S distributes oves T,
then such a monad exists. In the context of monads, a distributive law of S over T
is a natural transformation 𝜃 : 𝑇𝑆⇒ 𝑆𝑇 that respects multiplication and unit for S
and T.

In the graded setting, things are somewhat more difficult. Given two graded
monads, taking the direct product of their grading algebras as the grading algebra
of their composition is overly specific. We adapt a concept from group theory which
generalises this product:

Definition 7.5. Let E1 = (𝐸1 , ⩽1 , ⊙1 , 11) and E2 = (𝐸2 , ⩽2 , ⊙2 , 12) be two compu-
tational grading algebras, and let 𝛼 : 𝐸2 × 𝐸1 → 𝐸1 and 𝛽 : 𝐸2 × 𝐸1 → 𝐸2 be two
monotonic mappings satisfying:

𝛼(12 , 𝑒1) = 𝑒1 𝛼(𝑒2 ⊙2 𝑒
′
2 , 𝑒1) = 𝛼(𝑒2 , 𝛼(𝑒′2 , 𝑒1))

𝛼(𝑒2 , 11) = 11 𝛼(𝑒2 , 𝑒1 ⊙1 𝑒
′
1) = 𝛼(𝑒2 , 𝑒1) ⊙1 𝛼(𝛽(𝑒2 , 𝑒1), 𝑒′1)

𝛽(12 , 𝑒1) = 12 𝛽(𝑒2 , 𝑒1 ⊙1 𝑒
′
1) = 𝛽(𝛽(𝑒2 , 𝑒1), 𝑒′1)

𝛽(𝑒2 , 11) = 𝑒2 𝛽(𝑒2 ⊙1 𝑒
′
2 , 𝑒1) = 𝛽(𝑒2 , 𝛼(𝑒′2 , 𝑒1)) ⊙2 𝛽(𝑒′2 , 𝑒1)



146 7.1 Graded monad transformers

Then the Zappa-Szép product [Uus18] for these grading algebras and mappings
E1 ⊗𝛼,𝛽 E2 is the computational grading algebra with carrier set 𝐸1 × 𝐸2, partial
order ⩽1 × ⩽2, unit ⟨11 , 12⟩ and multiplication defined as follows:

⟨𝑒1 , 𝑒2⟩ ⊙ ⟨𝑒′1 , 𝑒
′
2⟩ = ⟨𝑒1 ⊙1 𝛼(𝑒2 , 𝑒

′
1), 𝛽(𝑒2 , 𝑒

′
1) ⊙2 𝑒

′
2⟩

It is not difficult to show that the resulting product E1 ⊗𝛼,𝛽 E2 is a computational
grading algebra (monotonicity of ⊙, existence of a top element and of joins).

For a distributivity law of analysis-graded monads, we make the grading algebra
of the combined graded monad E1 ⊗𝛼,𝛽 E2, and the distributivity law in this case is
parameterised by the grades for the two graded monads.

Definition 7.6. For two analysis-graded monads:

T1 = (𝑇1 , 𝜇1 , 𝜂1) : (𝐸1 , ⩽1 , ⊙1 , 11) → Endo(C)
T2 = (𝑇2 , 𝜇2 , 𝜂2) : (𝐸2 , ⩽2 , ⊙2 , 12) → Endo(C)

and a Zappa-Szép product of their grading algebras with mappings 𝛼 and 𝛽,
a distributive law is a family of natural transformations 𝜃𝑒2 ,𝑒1 : 𝑇2𝑒2 • 𝑇1𝑒1 ⇒
𝑇1(𝛼(𝑒2 , 𝑒1)) • 𝑇2(𝛽(𝑒2 , 𝑒1)) for 𝑒1 ∈ 𝐸1 and 𝑒2 ∈ 𝐸2 that respects the units and
multiplication, meaning that the diagrams in Figure 7.1, as well as the following
two, commute:

𝑇1𝑒1 𝑇2𝑒2

𝑇212 • 𝑇1𝑒1 𝑇1𝑒1 • 𝑇212 𝑇2𝑒2 • 𝑇111 𝑇111 • 𝑇2𝑒2

𝑇1𝑒1•𝜂2
𝜂2•𝑇1𝑒1

𝜃12 ,𝑒1

𝜂1•𝑇2𝑒2
𝑇2𝑒2•𝜂1

𝜃𝑒2 ,11

Theorem 7.3 ([Uus18]). Let T1 = (𝑇1 , 𝜇1 , 𝜂1) : (𝐸1 , ⩽1 , ⊙1 , 11) → Endo(C) and
T2 = (𝑇2 , 𝜇2 , 𝜂2) : (𝐸2 , ⩽2 , ⊙2 , 12) → Endo(C) be two analysis-graded monads
with distributive law 𝜃𝑒2 ,𝑒1 : 𝑇2𝑒2 • 𝑇1𝑒1 ⇒ 𝑇1(𝛼(𝑒2 , 𝑒1)) • 𝑇2(𝛽(𝑒2 , 𝑒1)). Then the
following is a graded monad:

𝑇⟨𝑒1 , 𝑒2⟩ = 𝑇1𝑒1 • 𝑇2𝑒2

𝜇⟨𝑒1 ,𝑒2⟩,⟨𝑒′1 ,𝑒
′
2⟩ = ((𝜇1)𝑒1 ,𝛼(𝑒2 ,𝑒′1) • (𝜇2)𝛽(𝑒2 ,𝑒′1),𝑒

′
2
) ◦ (𝑇1𝑒1 • 𝜃𝑒2 ,𝑒′1

• 𝑇2𝑒
′
2)

𝜂 = 𝜂1 ◦ 𝜂2

This construction can be used to, for example, combine any graded monad with
GMaybe – which is the construction we saw in GMaybeT. We now state a more
general result and connection.

Graded monad composition as a way of defining a graded monad transformer
linked to a particular analysis-graded monad requires us to define a distributivity
law with any other analysis-graded monad – composition of two graded monads
does not give a monadic structure by default. This is, in fact, the statement of the
following theorem:
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Theorem 7.4. Let T = (𝑇, 𝜇, 𝜂) : (𝐸, ⩽, ⊙, 1) → Endo(C) be an analysis-graded
monad and let 𝜃T̂ be a family of distributivity laws that hold for T over T̂ for all
analysis-graded monads T̂ (with mappings 𝛼T̂ and 𝛽T̂). Then (𝑅, 𝐻, liftG) is an
analysis-preserving graded monad transformer, where:

𝑅[𝑇]⟨𝑒 , 𝑒̂⟩ = 𝑇𝑒 • 𝑇𝑒̂
𝑅[𝑇](⟨𝑒 , 𝑒̂⟩ ≼ ⟨𝑒′, 𝑒̂′⟩ = 𝑇(𝑒 ⩽ 𝑒′) • 𝑇 (̂𝑒 ⩽̂ 𝑒̂′)
(𝑅[𝜇̂])⟨𝑒 ,̂𝑒⟩,⟨𝑒′ ,̂𝑒′⟩ = (𝜇𝑒 ,𝛼T̂ (̂𝑒 ,𝑒′) • 𝜇̂𝛽T̂ (̂𝑒 ,𝑒′),̂𝑒′) ◦ (𝑇𝑒 • 𝜃𝑒̂ ,𝑒′ • 𝑇𝑒̂′)
𝑅[𝜂̂] = 𝜂 ◦ 𝜂̂
𝐻T̂ 𝑒̂ = ⟨1, 𝑒̂⟩
liftGT̂

𝑒̂
= 𝜂

𝑇𝑒̂

Likewise, if 𝜃T̂ is a family of distributivity laws that hold for T̂ over T for
all analysis-graded monads T̂ (with mappings 𝛼T̂ and 𝛽T̂), there is an analysis-
preserving graded monad transformer (𝑅, 𝐻, liftG) defined analogously to the
above, expect that 𝑅[𝑇]⟨𝑒 , 𝑒̂⟩ = 𝑇𝑒̂ • 𝑇𝑒.

Proof. The two cases are analogous, so we focus on the former. 𝑅T is a graded
monad, as shown by Theorem 7.3. 𝐻T̂ is trivially monotonic. Finally, liftGT̂ is
natural because for each 𝑒̂, 𝜂

𝑇𝑒̂
is natural. □

7.1.4 Semantics of lifting
The categorical machinery of graded monad transformers now allows us to define
the semantics of graded monad transformers in a programming setting. We thus
consider a variant of the Source language with support for graded monad trans-
formers, which requires only a few additions.

We start by considering the syntactic additions. Firstly, we introduce graded
monad transformers 𝑅, which in the simplest case all range over some fixed class
of ‘graded monad transformer constants’ ℛ. Next, graded monads become a more
sophisticated syntactic category 𝑇, which range over ‘base‘ graded monads T and
applications of graded monad transformers to other graded monads. To support the
existence of multiple graded monads, the return 𝑀 construct requires the addition
of a subscript clarifying what the graded monad of discourse is. Finally, we add
a graded lifting construct, which requires explicit annotations clarifying which
graded monad and graded monad transformer are being used.

𝑅 ::= ℛ
𝑇 ::= T | 𝑅[𝑇]
𝑀 ::= . . . | return𝑇𝑀 | liftG𝑅

𝑇𝑀

The old value-sorted terms now have the following typing rules:

(ret)
Γ ⊢ 𝑀 : 𝐴 ⊢gr 𝑖 = 1𝑇
Γ ⊢ return𝑇𝑀 : 𝑇 𝑖𝐴

(liftG)
Γ ⊢ 𝑀 : 𝑇 𝑒𝐴 ⊢gr 𝑓 = 𝐻𝑅

T (𝑒)
Γ ⊢ liftG𝑅

𝑇𝑀 : (𝑅[𝑇]) 𝑓𝐴

The semantics of graded monad transformers can be described in terms of
⟦·⟧gmt. We again somewhat abuse notation and adopt the convention ⟦𝑅⟧gmt =
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(𝑅, 𝐻𝑅 , liftG𝑅), ⟦𝑇⟧gm = T = (𝑇, 𝜇𝑇 , 𝜂𝑇 , 𝑡𝑇) : ℰ𝑇 → Endo(C) for simplicity (recall all
graded monads are assumed to be strong when defining the categorical semantics).
We require an additional definition of the semantics of application of graded monad
transformers:

⟦𝑅[𝑇]⟧gm = ⟦𝑅⟧gmtT = (⟦𝑅⟧gmt[𝑇], ⟦𝑅⟧gmt[𝜇𝑇], ⟦𝑅⟧gmt[𝜂𝑇], ⟦𝑅⟧gmt[𝑡𝑇])

Otherwise, the only modification to the categorical semantics of Source (previously
given in Section 5.2) are the semantics of the new return and graded lifting:

⟦Γ ⊢ return𝑇𝑀 : 𝑇 𝑖𝐴⟧val = 𝜂𝑇
⟦𝐴⟧type

◦ ⟦Γ ⊢ 𝑀 : 𝐴⟧val (𝑖 = 1𝑇)
⟦Γ ⊢ liftG𝑅

𝑇𝑀 : 𝑇 𝑓𝐴⟧val = (liftG𝑅
T)⟦𝐴⟧type ◦ ⟦Γ ⊢ 𝑀 : 𝑇 𝑒𝐴⟧val ( 𝑓 = 𝐻𝑅

T (𝑒))

7.2 Grade families
In the introduction to this chapter I mentioned that, in addition to graded monad
transformers, another way of composing effects represented by graded monads is
by adding an new analysis, but not a new side-effect. Consider a computation
that operates on a single mutable state of some type 𝑆. We have explored several
graded monads that represent such computations, but let us consider PermState𝑆
and HistState𝑆. There is nothing fundamentally different between the effects and
computations represented by PermState𝑆𝐹𝐴 and HistState𝑆𝐺𝐴, yet they represent
two different analyses and the representation of the types (categorically, how the
functors PermState𝑆𝐹 and HistState𝑆𝐺 act on objects and morphisms). This means
that operations that concern these graded monads, such as getting the current value
of the state, have representations and uses that depend on the graded monad. In
practical terms, this means that a Haskell representation of these has two separate
getPerm and getHist.1 Combining these two analyses would mean coming up with
a general notion of what it means to ‘get’ something – so it would be possible for
the programmer to write get and have it refer to the trivially-graded version of
State, PermState, HistState, or any combination of these analyses – and only specify
which one is needed in one place, elsewhere. This is very similar to the Haskell
MonadState type class, except in a graded setting and where we are not including
other side-effects at the same time.2

This gives us the notion of a grade family, representing a set of graded monads
which represent the same underlying side-effect, but include different kinds of ana-
lyses. In our example, PermState𝑆, HistState𝑆, as well as their combination, which
we call PermHistState𝑆 and which carries information both about the permission
and the intermediate values, all belong to the same stateful grade family. A stateful
graded monad is a graded monad that represents side-effects represented by get
and put computations.

This idea generalises to any number of graded monads that may form a family. If
there are three simple analyses represented by three graded monads T1, T2 and T3,

1This is not unlike ask of the Reader monad differing from get associated with State.
2One thing omitted from the presentation of graded monad transformers in this chapter is indeed

the fact that applying any graded monad transformer to some graded state monad results in a graded
monad with a concept of state. In other words, it is useful to show that the derived graded monad
also has applicate ‘get’ and ‘put’ operations. For the sake of simplicity, this discussion is omitted from
the thesis, but programming-wise it is a matter of defining proper type class instances, which can
vary in difficulty and length of implementation.
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and their grading algebras are respectivelyℰ1,ℰ2 andℰ3, and all of them represent
the same underlying effect, then they form an grade family, and furthermore their
combinations (any two, all three) should also belong to this grade family. Given that
the result of an analysis of a computation should be the same no matter whether
it is performed in conjunction with or in isolation from another one, the grading
algebras associated with a graded monad combining two analyses is the direct
product of algebras representing these analyses.3

We first look at a way that the example of a stateful grade family can be embedded
into Haskell. Afterwards, we give a brief and simple theoretical treatment of the
concept. Finally, we go back to the programming view, but this time in order to give
a semantics for a variant of Source with graded lifting.

7.2.1 Haskell embedding

Each grade family can be represented as a type class in Haskell, specifying exactly
the operations one would expect from each graded monad that belongs to it. For
example, the stateful grade family described earlier would be represented in the
following way:

class GMonad m => StateFam (s :: *) (m :: k -> * -> *) where
type RdGrade m :: k
type WrGrade m :: k
get :: m (RdGrade m) s
put :: s -> m (WrGrade m) ()

This definition states that a graded monad belonging to this stateful grade family
must have grades associated with reading and writing computations, as well as
come with implementations of two functions: get and put. This means that the type
of get is very general:

get :: StateFam s m => m (RdGrade m) s

Two of the interesting graded monads we have dealt with thus far are members
of StateFam, and these are the instance definitions:

instance StateFam s (PermState s) where
type RdGrade (PermState s) = RO
type WrGrade (PermState s) = WO
get = getPerm
put = putPerm

instance StateFam s (HistState s) where
type RdGrade (HistState s) = Z
type WrGrade (HistState s) = S Z
get = getHist
put = putHist

In addition, there is a graded monad combining these two effects PermHistState s

that also belongs to this grade family. There is no obvious general way of construct-
ing a represention that for any two graded monads in the same grade family creates
a third one combining them, so it is up to the programmer to define all possible
combinations. In the interest of brevity, we omit its (lengthy) definition. Firstly, we
note that it is an instance of the StateFam s type class, easily:

3Of course, a read-only stateful computation necessarily does not have any interesting intermediate
history when it comes to the values of the state. We ignore such interactions for simplicity.
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instance StateFam s (PermHistState s) where
type RdGrade (PermHistState s) = '(RO, Z)
type WrGrade (PermHistState s) = '(WO, S Z)
get = getPermHist
put = putPermState

Furthermore, we want to show that each of the two analyses are subsumed by the
analysis given by PermHistState – essentially saying that it should be possible to omit
the result of one of the analyses. This can also be seen as ‘analysis-downcasting’.
This is the essence of graded monads that combine two analyses. To this end we
add a new type class, AnalysisCombination, which takes three graded monads as
parameters, stating that the third graded monad is a combination of the first two:
class (GMonad (m :: k -> * -> *), GMonad (n :: l -> * -> *),

GMonad (p :: (k, l) -> * -> *))
=> AnalysisCombination m n p | m n -> p where

projFst :: p '(e, f) a -> p e a
projSnd :: p '(e, f) a -> p f a

It is possible, but not essential, to create an EffFamily type class that represents grade
families, and then impose that m, n and p all belong to the same grade family.

In principle, it is not difficult to embed grade families into Haskell. In practice,
however, clear problems arise already when attempting to implement PermHistState:
the derived graded bind operation requires taking care of all of the possible cases
and interactions (thankfully simplified by the fact that it is impossible for an ex-
pression to have grades '(AW, Z) and '(RO, S (S Z))). This gets amplified when
there are 𝑛 graded monads that are used to build an grade family: there are 2𝑛 − 1
members of this grade family, so we need to define 2𝑛 − 𝑛 − 1 additional graded
monads. Large grade families thus quickly become impractical, especially when
the analyses in question are sophisticated.

7.2.2 Formal definition

The AnalysisCombination type class defined above motivates a way of defining grade
families more formally. We formally define the notion of composite graded monads,
informally corresponding to our notion of combination of analyses.

Definition 7.7. Let S : E → Endo(C) and T : F → Endo(C) be two analysis-
graded monads. Denote by E ⊗ F their product monoidal category. Suppose
U : E ⊗ F → Endo(C) is also a graded monad. Let 𝜙S and 𝜙T be families of
natural transformations 𝜙S

⟨𝑒 , 𝑓 ⟩ : U⟨𝑒 , 𝑓 ⟩ ⇒ S𝑒 and 𝜙U
⟨𝑒 , 𝑓 ⟩ : U⟨𝑒 , 𝑓 ⟩ ⇒ 𝜙T 𝑓 . We

then call U the composite graded monad over S and T, and we call S and T the
components of U.

Once there is a notion of combining two grading algebras (meaning representing
two analyses), defining an grade family is easy.

Definition 7.8. For a number 𝑛 ⩾ 1, an grade family is the set of graded monads
𝑇𝑈 for non-empty sets 𝑈 ⊆ [𝑛] = {1, . . . , 𝑛} such that for all 𝑈 = {𝑘} ∪ (𝑈 \ {𝑘})
with 𝑈 \ {𝑘} ≠ ∅, and 𝑘 = min𝑈 , the graded monad 𝑇𝑈 is a combined graded
monad over 𝑇{𝑘} and 𝑇𝑈\{𝑘}.



152 7.3 Discussion and further work

7.3 Discussion and further work
This chapter considers two ways of combining analyses in a graded monadic set-
ting: graded monad transformers and grade families. However, the theory and
implementation developed in the chapter are merely an introduction, and they give
rise to interesting questions which are beyond the scope of this thesis. I briefly
discuss possible extensions of this work.

Generalising the distributivity connection

The statement of Theorem 7.4 gives a way of characterising some graded monad
transformers as graded monad composition and relates it to the idea of distributive
laws. An example which shows how this theorem can be applied is the GMaybeT
graded monad transformer. However, a more general result would be one that
considers more involved ways of composing functors, such as the ones seen in
PermStateT𝐴 and HistStateT𝐴 graded monad transformers.

A promising result would be one inspired by the idea of transporting structures
along adjoint functors. It was first shown by Street [Str72b], given two adjoint
functors𝑈 ⊣ 𝑉 ,𝑈 : C→ D,𝑉 : D→ C, then for any monad T = (𝑇, 𝜇, 𝜂)on category
D, there is a monadic structure associated with the functor 𝑉𝑇𝑈 : C → C. In
particular, when C = D, the two functors 𝑈 and 𝑉 give rise to a monad transformer.

More generally, we are looking for a similar criterion in a graded setting: given
two functors 𝑈,𝑉 : E→ Endo(C), we are interested in the conditions under which
for any graded monad T : F → Endo(C) there is a graded monadic structure
associated with 𝑉[𝑇]⟨𝑒 , 𝑓 ⟩ = 𝑉𝑒 •𝑇 𝑓 •𝑈𝑒. Such a result would generalise both the
distributivity connection made in Theorem 7.4 and the adjunction condition seen
for monads.

A different formal treatment of grade families

Definitions 7.7 and 7.8 state an important property of grade families – namely,
that analysis information can be erased from a composite graded monad to get a
‘simplified’ member of an grade family. There is no deeper semantic condition:
there is nothing that says that all ‘get‘ operations are necessarily the same. This
would require amending the definition of grade families.

In the context of stateful computations, we would want to show that all ‘get‘
operations are the same. Each graded monad T𝑆 that is part of this grade family
has in its grading algebra a member rdT𝑆

, and there is an associated morphism
getT : 1→ 𝑇𝑆rdT𝑆

𝑆. ‘Forgetting’ a part of the analysis associated with a get should
give exactly the get of the remaining graded monad – for example:

getPermState𝑆 = 𝜙PermState𝑆
⟨rdPermState𝑆 ,rdHistState𝑆 ⟩

◦ getPermHistState𝑆

Such a correspondence is more complicated to state for put, as these morphisms for
each graded monad T that is part of this grade family would be putT : 1→ (𝑇𝑆wrT1)𝑆.

Graded monad transformer families

Both grade families and augmenting graded monad transformers take the view that
analyses can be combined in such a way that the new graded algebra has as its carrier
set the product of the carrier sets of the original algebras. Other than that, their
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roles differ and they can coexist within the same programming language (indeed,
the Haskell embedding shows that this is not too difficult). The main practical
problem is the implementation length, to which there is no obvious solution.

However, just as we can come up with an grade family, we can also consider the
idea of a graded monad transformer family: combining the work done by two related
graded monad transformers with the same underlying effect into one graded monad
transformer that uses both analyses. There is nothing fundamentally different about
the side-effect added to a computation by HistStateT𝑆 and PermStateT𝑆, but their
analyses differ. Therefore, it makes sense to consider a graded monad transformer
that adds both of the analyses associated with them, and call it PermHistStateT𝑆.
This would require defining a notion of composite graded monad transformers –
which in practice means implementing all of the 2𝑛 − 1 − 𝑛 ways that 𝑛 analysis-
graded monads that form the foundation of an grade family can interact with each
other.

Related notions of combining effects

The term ‘graded monad transformer’ does not make its first appearance in this
thesis. The only prior appearance of this term seems to be Julian Grove’s PhD
thesis in linguistics [Gro19], where graded monads are seen as a tool for analysing
linguistic side-effects. [Sha05] This is a general term referring to noncompositional
phenomena in natural languages such as anaphora resolution,4 intensionality and
quantification, which respectively correspond to state, read-only environments and
delimited control in programming. Within this context, Grove introduces several
graded monad transformers, and the key difference is that the grading algebra
always remains fixed.

Kammar in his PhD thesis [Kam14] investigates the question of combining effects
in the context of an effectful language with call-by-push-value (CBPV) semantics,
used as the setting for exploring program optimisations in a Lucassen&Gifford-
style type-and-effect system. The language is impure (it features such as call-with-
current-continuation and mutable stores), and Chapter 12 of the thesis analyses
the conditions under which different side-effects interact with each other. This
informs an optimisation procedure of which program transformations are safe. The
work done in this area is very complicated and shows how reasoning about effect
interaction in an impure language is difficult, and especially how it affects program
analysis.

7.4 Summary
In this chapter, I introduced two main ways of combining graded monads and
the analyses associated with them. The first, graded monad transformers, provide
a way of adding a new side-effect and associated analysis to a graded monadic
computation. The second, grade families, are a way of organising analysis-graded
monads based on the same side-effect, but provide different analyses.

The most applicable graded monad transformers – analysis-preserving graded
monad transformers – can be embedded into existing pure functional programming

4Anaphora refers to word repetition, and anaphora resolution refers to reconstruction such re-
peated words based on pronouns or other substitute words. For example, in “Alan is my supervisor.
He is very helpful”, the word ‘he’ refers to ‘Alan’ from the antecedent sentence. In that sense, this is
a noncompositional phenomenon.
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languages without much difficulty and with an amount of coding effort comparable
to that of analysis-graded monads. Graded monad transformers have a simple
categorical view and generalise the notion of monad transformers (as shown by
Theorem 7.1).

Grade families, by contrast, require the programmer writing the graded monad
library to manually predict every possible interaction between related graded mon-
ads, meaning an exponential amount of effort required for every new graded monad
that is part of an existing grade family. However, when this work is complete, the
programmer is able to use operations associated with this grade family without
specifying in every place which analyses interest them.



Part IV

Concluding remarks

This part of the thesis consists of two short chapters.
Chapter 8 combines insight from previous chapters to suggest language
features to make analysis-graded monads usable. Finally, Chapter 9
summarizes the thesis and outlines further work.
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8Language design

In this thesis, the idea of programming with graded monads has been described
in terms of a variety of programming languages. Ideas such as graded monad
builders and the semantics of analysis-graded monads have been described using
simple and limited languages and calculi such as Source and MLG. Haskell is used
as a convenient, widely used language in which some of these concepts can be
embedded (using the analysis-monad library). However, this embedding has its
limits, and I argue that Haskell (and other existing languages) are inadequate for
practical programming with analysis-graded monads.

In this chapter, I propose a language called Granalyse, which aims to provide the
features necessary for practical programming with analysis-graded monads. This
means supporting ideas such as graded monad builders, and in particular allowing
the programmer to define their own grading algebras in a convenient way. The
description of the language is informal – I do not delve into the details of its syntax.
This chapter can be read as an extended ‘further work’ part of the conclusion of this
thesis.

Chapter structure In Section 8.1 I first outline the limitations that exist in Haskell
and related languages that prevent all of the interesting features from being im-
plemented. These problems inform the proposed features of Granalyse, which are
described in Section 8.2.

8.1 Present limitations and difficulties

This section addreses the limitations and other ways in which Haskell is inadequate
for programming with analysis-graded monads. These downsides are not unique to
Haskell and similar languages – variants of these issues hold for dependently-typed
proof assisstant languages (such as Agda and Coq) as well.

Defining grading algebras

The go-to approach to defining grading algebras is by representing grades as types,
and the associated operators (sequencing, members of 𝒪) are all type operators or
represented using type families. In some languages, a separate kind can be defined
to represent carrier sets of the grading algebra (in Haskell, this is achieved using
the DataKind extension).

The downside of this approach is that existing facilities for type-level program-
ming require operators to be total. This decision is seemingly sensible: allowing
type-level computation to be partial/non-terminating leads to non-termination of
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type-checking. This is undesirable: in programming we see typing as a finite, ter-
minating process. The way totality of type-level operators is enforced is by, for
example, requiring that type operators are primitive recursive. More sophisticated
methods for ensuring termination of type families exist – see the treatment by Eis-
enberg et al. [EVPJW14] for a discussion on how to infer type family termination.
While we want grade operators to be total operators (as is required of analysis-
graded monads), insisting on making all functions primitive recursive can be big
burden on the programmer.

Graded monad builders

In Chapter 6, we considered graded monad builders as a syntactic construct that
generates a definition of a grading algebra – along with all the necessary operators
– as well as the definition of the graded monadic bind, return, subeffecting and the
fundamental side-effecting operations (such as stateful reads and writes). These
are difficult to embed into existing programming languages, as they require ways
of generating type-level code operating on grading algebras parameterised by a set
of symbols, as well as the definitions of graded monads. In principle, all of these
ideas can be embedded into a language if it has metaprogramming support. For
example, lenses in Haskell rely on TemplateHaskell metaprogramming facilities to
represent functional references.

Writing a generic graded monad builder should not involve a significant amount
of complicated metaprogramming that is difficult to reason about.

Lack of type inference help

Type and grade inference was considered in Chapter 4 where we considered two
standard extensions to type inference: recursion and polymorphic grades. Embed-
ding these into existing languages is difficult, especially recursion.

The type inference algorithms of Haskell and other languages do not come
with an equation solving procedure. Furthermore, the type system of Haskell does
not permit type-level recursion (the types are not equirecursive, but isorecursive).
Ideally, practical programming with grades should have a facility for specifying
how recursive grade equations are solved.

Similarly, polymorphism requires equational reasoning with variables – for ex-
ample, the type system needs to be aware of the fact that for any natural number 𝑛,
𝑛 + 1 and 1 + 𝑛 are equal natural numbers. This is something that is not difficult to
achieve when all typing is explicit: this is done all the time in dependently-typed
languages, and Haskell can simulate it using type equality constraints (for example,
Add n (S Z) ~ Add (S z) n, if S Z is the type-level representation of 1 and Add is the
type family representing addition). While the Haskell type system is capable of
inferring which such contraints are ‘missing’, meaning determining which assump-
tions are necessary for a term to be typeable, it is not capable of automatically
showing that these type equalities hold for any valid grade – the range of possible
values for type/grade variables such as n is unknown.

8.2 The Granalyse language
All of the problems listed in Section 8.1 are fundamentally a consequence of the
kind of grade not being given special treatment in any language. I propose that
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a language with support for representing effect systems and program analyses
involving side-effecting computation needs to have special capabilities related to
defining program analyses and grading algrebras. Otherwise, Granalyse would be
like any other pure functional language.

Granalyse makes exactly this decision: grades get special treatment. In short,
it can be seen as two languages: a pure typed functional Core language similar to
Haskell used for writing programs and computations, and a more restricted Grade
language whose role is only to define grading algebras. While the Core language is
able to refer to terms of a grade kind, Grade defines the grading algebras grades may
belong to. We explore the features expected of Core and Grade in the remainder of
this section.

In Section 8.2.1 we more precisely establish the roles of Core and Grade, in-
cluding questions about how grade inference is handled by the language. Then
we consider the question of how recursion would be supported in this Section 8.2.2
Finally, support for graded monad builders and symbols is explored in Section 8.2.3.

8.2.1 A two-level language

Core is a language with the usual features of a pure functional language with some
useful extensions: call-by-name semantics, lazy evaluation, algebraic data-types
and generalised algebraic data-types (GADTs), basic type class support – includ-
ing type classes with multiple parameters. These features allow Core to define
structures such as monads and comonads. The key addition is the fact that the
Core language identifies special kinds, those being grades from a particular grading
algebra. Type constructors and multiple-parameter type classes are able to take
grade-kinded parameters, introducing language support for kindanalysis-graded
structures – graded monads, graded comonads, or novel and interesting data types.
Graded monads, for example, can be represented in a similar way to analysis-graded
monads in my analysis-monad library – a graded monad is a type class with a type
constructor taking a grading algebra-kinded argument and a type-kinded argu-
ment, along with binding, return and subeffecting operations. The Core language
is parametrically polymorphic in types and grades.

Grade is a less sophisticated functional language which can be seen as defining
modules with a very specific use. It has support for algebraic data-types in order
to represent numbers, lists and trees, and a very basic ‘type’ system. Each module
written in Grade defines a separate grading algebra. There are special definitions
that need to be provided in each module: a data type representing the carrier set of
the algebra, functions representing the sequencing operator, partial order and the
join, grades representing the unit and top elements, and a set of functions repres-
enting grade-level operators. We could make the concept more general and view
almost all parts of the definition as instances of grade-level operators, introduce a
more sophisticated hierarchies (‘grading algebra classes’, one of which would be ‘al-
gebras with a unit’), but we keep the treatment simple and focussed on representing
computational grading algebras.

The key limitation of the Haskell embedding is the requirement that grade-
level operators need to pass a totality check. Grade gets around this by having no
such checks – instead, the default assumption is that grade-level operators are all
implemented correctly. This comes at the cost of making type checking Granalyse
programs non-terminating in the case this assumption is false. A practical Granalyse
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compiler would then enable a flag to specify a timeout as a way of detecting failure
of typing.

In addition to implementating the core parts of the grading algebra definitions,
the Grade language modules enable the programmer to define useful properties
which aid type checking and inference. The universal properties – such as moto-
nonicity – are present by default, but those characteristic for a particular algebra –
such as commutativity or idempotence of ⊙ – can be added. Whether these proper-
ties hold is not verified by the compiler, the programmer is taken at their word that
the property holds.1

Constructing grading algebras Graded monad transformers, as described in Sec-
tion 7.1, require a way of transforming a grading algebra into a graded algebra with
pairs of grades. This requires a way of writing parameterised Grade modules: given
a grading algebra, define a new, derived grading algebra. Every Grade module is
parameterised by zero or more other grading algebras, which are used as variables
that range over grading algebras. The module can then refer to names exported by
the module – for example, the unit element of algebra E is E.unit.

Grade equations With definitions involving conditional branching and recursion,
a common problem arises with grade-polymorphic functions: checking whether
two polymorphic grade expressions are equal. The approach of Granalyse is to
rely on the facts specified in the Grade modules that define the particular grading
algebra. Internally, this verification procedure can be implemented in a similar
way to the Granule language [OLEI19]: represent the grade equality problem as a
problem for an SMT solver or other kind of theorem prover.

8.2.2 Recursion

Recursion is, as expected, a challenging part of designing type and grade inference
algorithms, especially in tandem with polymorphism. The approach Granalyse
takes must therefore combine the insights from Chapter 4: it should aim to solve
equations where there are no grade variables and use unification-based methods in
order to compute a principal type scheme.

When a computational grading algebra has finite height, iteration-based ap-
proaches always converge to a solution to a system of grade equations if it exists
and is unique (which it is if definitions are monotonic, as promised). The finite
height property can then be stated in the algebra definition written in Grade. When
this is not stated, the programmer is required to specify an algorithm for solving
arbitrary systems of such equations in Grade – meaning a function that returns a
solution or a special value representing no existence of said solution. This solves the
issues associated with infinite-height algebras (such as those with carrier set N𝜔),
but this requires additional syntax that can be considered not part of the ‘main’
Granalyse language.

Limited polymorphic recursion, along the lines of Haskell, would be available.
Through the use of properties specified for grading algebras (e.g., operator reflexiv-
ity), some number of annotations can be removed (compared to Haskell). Otherwise

1We could alternatively define Grade as a dependently-typed language and require such facts
about a grading algebra to be proved, but the goal of Granalyse is to keep the definition of program
analyses simple.
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it should be seen as a combination of existing semi-algorithms for type inference in
languages with polymorphic recursion and using an SMT solver to fill in the gaps
that arise from generated grade equations that need to be verified.

8.2.3 Symbols and builders
In the discussion thus far, the questions of graded monad builders and symbols
were not considered as Granalyse features. This requires some further non-trivial
additions, and the goal is to make the extensions similar to what we see in System
G.

Granalyse additionally has a kind of symbols and a kind of symbols, as well
as the option of abstracting over both of them and applying them. For the sake of
simplicity, Granalyse avoids the awkward question of symbol scoping by making
their scope an entire source file. Writing symbol abstractions would, as in System
G, require specifying the symbol set over which the symbol is allowed to range.

In order to allow for symbol-paramterised grading algebras, the Grade modules
can be parameterised by sets of symbols usable in definitions of the carrier sets
of their algebras and can be parameters of the algebra operators. Graded monad
builders can then be represented by making Core type constructors and type classes
more permissive: they can take as arguments a symbol set a, a grade drawn from a
parameterised grading algebra instantiated with the symbol set, and then a type.

8.3 Summary
I summarized the difficulties associated with embedding analysis-graded monads
and computational grading algebras into existing functional languages. I then
informally proposed the Granalyse language, whose main goal is to allow the
programmer a convenient way to both write programs and introduce analyses they
are interested in. This is achieved by making Granalyse actually consist of two
languages, Core and Grade, with the former being a pure functional language in
the vein of Haskell, and the latter being a language used purely for defining grading
algebras. I discussed how this idea can represent concepts such as graded monad
transformers, graded monad builders and grade-level equations in type inference.

An important aspect of Granalyse is that the programmer is responsible for ensuring
that all of the assumptions on grading algebras hold, which include monotonicity
of sequencing, computability of all operators and partial order decidability. These
properties are not automatically verified, determining it is undecidable in Grade.

I argue that giving the programmer power to define their own verification
procedures within a language, without any cost seen in the generated final program
(all the additional cost is at compile time), is a powerful tool for developing robust
software.
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9Conclusion

9.1 Summary of contributions

The focus of this thesis has been on programming with graded monads whose
grades represent program analyses, and the goal has been to explore alternatives to
current programming paradigms.

I considered the category-theoretic foundations of analysis-graded monads,
most notably in Chapter 5 and parts of Chapter 7, and thus provided a semantic
foundation and justification of the work undertaken. Most of the thesis focused on
the various practical questions related to programming with existing and proposed
facilities used to represented analysis-graded monads. In Chapter 3 I defined com-
putational grading algebras and considered the potential of using analysis-graded
monads in various settings (checked exceptions, state permisions); the original con-
tribution is a novel approach to using graded monads going beyond prior systematic
attempts (concurrency being one example). The question of grade inference in lan-
guages with analysis-graded monads was considered in Chapter 4 and I showed
how the grade inference is an extension of type inference, as well as established
the conditions that make this task is decidable. Chapters 6 and 7 considered ways
in which expressing effect analyses through grades can be made practical using
facilities such as graded monad builders for representing sophisticated algebras
and graded monad transformers for combining effects – both novel ideas. Finally,
in Chapter 8 I described a hypothetical Granalyse language, a pure functional lan-
guage which gives the programmer power to describe their own interesting analyses
in a simple way using grading algebras, and I explored language features necessary
to overcome the limitations and difficulties in using analysis-graded monads in
existing languages.

An additional contribution of the thesis is the analysis-monad Haskell package,
which builds upon previous efforts of embedding type-and-effect systems into
Haskell. To the best of my knowledge, this is the only ‘complete’ implementation
of some analyses (for example, state permissions) that have been attempted before.

9.2 Further work

This thesis explores one of the approaches to expressing behavioural information
as part of the type system. It is just one part of the story on programming with
effects in functional languages, with a variety of alternative approaches in existence,
most notably algebraic effects and their handlers. It is also part of the static analysis
story, most related to type-and-effect systems research that started with Lucassen
and Gifford’s seminal paper [LG88].
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With such a vast body of background and related literature, there is significant
potential for future work building upon this thesis. This section contains a non-
exhaustive list of suggestions for further work.

9.2.1 Other graded structures

The focus in this thesis has been on effectful computations represented by mon-
ads. However, other kinds of impure computation and their respective analyses
can be represented using similar constructs. For example, coeffectful computa-
tion [POM13] is semantically represented by comonads and graded comonads.
Graded joinads can also be used to discuss properties related to classical data-flow
analyses [PS11, MOP16], with formalism inspired by Honda’s session types [Hon93].

A natural extension of the work undertaken in this thesis is its adaptation into
contexts that are not only monadic. In Chapter 8 I hinted at the idea that pro-
gramming with grades does not force us to only consider analysis-graded monads,
and other graded structures should be definable within Granalyse or a similar lan-
guage. Likewise, all of the theory developed regarding practical programming,
such as graded monad transformers and builders, should be extended to cover
ideas such as graded comonads – meaning having concepts such as graded comonad
transformers.

More complex notions of computation Graded comonad transformers are the
first immediately useful and interpretable extension, as this idea allows the pro-
grammer to combine outcomes of several coeffect analyses. Furthermore, there is
potential to further consider how effects and coeffects interact, going beyond the
work of Gaboardi et al. [GKO+16] which considered effect/coeffect pairs for which
interaction was described using a graded distributive law. There is potential to
investigate the circumstances under which graded distributive laws exist, allowing
the programmer to combine graded monad and comonad transformers in order to
represent a variety of effect-like and coeffect-like analyses (and their combinations)
using graded transformers.

9.2.2 Further theoretical results

Chapters 5 and 7 featured theoretical foundations of concepts associated with
analysis-graded monads. The results stated in these chapters are meant to be
immediately interpretable from a programming side. There are questions worth
asking (and answering) regarding the semantics and category-theoretic background
of combining program analysis with graded monads.

Syntax for analysis abstraction In Section 5.2, I briefly related the ideas of abstrac-
tion and concretisation in abstract interpretation to maps between grades of two
different grading algebras. The core idea was that two graded monads can form a
pair in which one is ‘more concrete’ and another is ‘more abstract’: they essentially
represent the same side-effecting computation, but one gives more precise results.
However, the idea of one analysis-graded monad being an abstraction of another
one warrants more attention from an operational perspective, not just denotational.
This would mean introducing the concept of translation of graded monadic values
represented with type T1𝐴 to graded monadic values represented with type T2𝐴
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and vice-versa, translating grades in the process and having compatible reduction se-
quences. That was, a more complete correct by construction view of writing programs
with graded monadic types might be possible.

Hierarchy of graded monad transformers A hierarchy of monoid transformers
was given by Jaskelioff and Moggi [JM10a]: other than monoid transformers, we ob-
serve covariant, functorial and monoidal monoid transformers, which have further
interesting structural properties. Monad transformers can be seen as monoid trans-
formers. I did not consider any similar hierarchy for graded monad transformers in
this thesis. Further research in this area should investigate the properties of graded
lifting for various graded monad transformer classes.

Safety theorems While the purpose of this effort is to represent program analyses
and reason about safety properties, we never established the relation between the
semantics of terms and the grades in their types. Further work could attempt to
establish a formal connection through safety theorems which link the grade with
the safety guarantee that they are purported to represent.

9.2.3 An implementation of Granalyse
Chapter 8 only proposed Granalyse in an informal way: I did not provide an
implementation and did not define any semantics. This proposal is really two
languages in one: a Grade language for defining grading algebras (in our context,
program analyses) and a Core language for more general-purpose programming.

Programming languages capable of reasoning about resource usage or em-
bedding analyses exist, with Granule [OLEI19] a significant recent development
– though without using (graded) monads or comonads as structures to program
with. However, an implementation of Granalyse would be novel in the sense that
the programmer would have a lot more control over the analyses and properties
they wish to express.

In this thesis I have developed a theory for programming with graded monads in
the context of program analysis, especially useful features that do not presently exist
in any programming language. The Haskell embedding, seen in the analysis-monad
library, addresses only one part of the story – it does not provide an elegant way of
embedding the grading algebras, especially their operators. A project that aims to
complete and extend the proposals I made regarding Granalyse would be a unique
undertaking and a topic for plenty of language design discussion: a language de-
signed around giving programmers safety guarantees, and having the type system
support defining their own safety criteria. I hope that the contributions of this thesis
provide useful background in designing languages whose primary goal is to write
provably correct programs.
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AIndex of notation

This Appendix gives an overview of the most common meanings of certain symbols
throughout this thesis.

A.1 Mathematics

A.1.1 General

⊙ monoid multiplication
∨ join
∧ meet
⊥ bottom element of a partial order
⊤ top element of a partial order
dom( 𝑓 ) domain of a partial function

(for environments such as Γ: all variable names in the
domain)

𝐸 monoid carrier set
E set 𝐸 equipped with some partial order (usually ⩽)
ℰ effect/grading algebra
N natural numbers (starting from 0)
𝒪 grading algebra operators
Z integers
𝛼 abstraction function (abstract interpretation)
𝛾 concretisation function (abstract interpretation)
𝜔 ‘infinite-length’ (e.g. ‘𝜔-chain’)

element representing ‘infinity’

A.1.2 Category theory

∗ only object in the trivial one-object category
+ coproduct
× product
⊗ tensor product (usually in a monoidal category)
• functor composition
◦ morphism composition
[ 𝑓 , 𝑔] for 𝑓 : 𝐴 → 𝑋, 𝑔 : 𝐵 → 𝑋, the universal morphism

𝐴 + 𝐵→ 𝑋

⟨ 𝑓 , 𝑔⟩ for 𝑓 : 𝑋 → 𝐴, 𝑔 : 𝑋 → 𝐵, the universal morphism
𝑋 → 𝐴 × 𝐵
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178 1.1 Mathematics

!𝐴 terminal mapping 𝐴→ 1
0 initial object
1 terminal object
1 one-object, one-morphism category
2 two-object, two-morphism (only identities) category
A,B,C, . . . category
Aop category opposite to A
𝒜,ℬ,𝒞, . . . monoidal category
Cat category of small categories
Endo(C) category of endofunctors C→ C
Endo2(C) a one-object 2-category whose morphisms with 1-cels func-

tors C → C and 2-cels natural transformations between
these functors

Mnd(C) category of monads on C
Mon(C) category of monoids on C
GMnd(C) category of analysis-graded monads (with ‘small’ grading

algebra categories) on C
SGMnd(C) category of strong analysis-graded monads on C
𝐴, 𝐵, 𝐶 object
𝐴𝐵 exponential object (elsewhere [𝐵, 𝐴] or 𝐵⇒ 𝐴)
ev𝐴.𝐵 ‘uncurry’ morphism 𝐴𝐵 × 𝐵→ 𝐴

𝐹, 𝐺, 𝐻 functor
𝑓 , 𝑔, ℎ morphism
𝐼 unit object in a monoidal category
IdC identity functor on category C
id identity natural transformation
id𝐴 identity morphism for object 𝐴
𝑀 monoid object
𝑚 morphism representing the denotation of a term
𝑅 (graded) monad transformer
T monad or graded monad
T̂ graded monad corresponding to monad T
𝑇 monadic or graded monadic functor
𝑡 tensorial strength
𝛼 monoidal category associator
𝛼, 𝛽 natural transformation
𝜂 unit natural transformation;

monoid unit;
unit coherence natural transformation for a lax monoidal
functor

𝜄𝐴,𝐵
1 left injection 𝐴→ 𝐴 + 𝐵 (definition of coproduct)
𝜄𝐴,𝐵
2 right injection 𝐵→ 𝐴 + 𝐵 (definition of coproduct)
𝜆 left unitor in monoidal category
𝜆 𝑓 curry morphism for 𝑓 (definition of exponential)
𝜇 (graded) monadic multiplication;

monoid multiplication;
associativity coherence natural transformation for a lax
monoidal functor

𝜌 right unitor in monoidal category
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𝜋𝐴,𝐵
1 left projection 𝐴 × 𝐵→ 𝐴 (definition of product)

𝜋𝐴,𝐵
2 right projection 𝐴 × 𝐵→ 𝐴 (definition of product)

A.2 Language syntax

Bool boolean type (inhabited only by true and false)
Int integer type
Unit unit type (inhabited only by ⟨⟩)
_ ignored variable, wildcard
𝐴, 𝐵 type
𝑏 boolean variable name
𝑐 constant (of any type)
𝑒 , 𝑓 , 𝑔 grade
𝐹, 𝐺, 𝐻 effect term
fev(𝐴) effect/grade variables occurring freely in 𝐴

ftv(𝐴) type variables occurring freely in 𝐴

fv(𝑀) value-kinded variables occurring freely in 𝑀

ℐ shorthand for Σ | 𝒮 | Δ | Φ | Γ
𝒥 shorthand for Σ | 𝒮 | Δ | Φ
𝑀, 𝑁 (value-kinded) term
𝑚 integer variable name
𝑛 integer constant
op metavariable ranging over binary operators (usually only

on integers)
𝑅 set of effect variable names
𝑟, 𝑠 grade variable
𝑆 symbol set

syntactic type in Source⊚
𝒮 environment of symbol-set variables
𝑇◦𝑆 computational grading algebra of the application of

builder 𝑇 to symbol set 𝑆
[T]S syntax referring to computational grading algebra 𝑇◦𝑆
𝑇♦𝑆 graded monad (as a type constructor) resulting from ap-

plying builder 𝑇 to 𝑆

𝑡 result of translating a term from Source to Target
𝑉 set of type variable names
𝑥 metavariables ranging over program variables
𝑥, 𝑦, 𝑧, . . . variable names in function abstractions
𝛼, 𝛽, 𝛾 type variable
Γ type environment
Δ environment of symbol variables (introduced through

symbol abstractions)
𝛿 symbol variable
𝜃 substitution
Σ environment of symbols added through new 𝑋 within . . .

𝜎 type scheme
𝜏 type without any grades (in MLG)
Φ environment of grade variables
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𝜉 symbol-set variable
Ψ symbol term



BCategory-theoretic background

Most contributions of the thesis do not rely on knowledge of category theory. This
appendix covers concepts from masters-level courses that are used or mentioned
in Chapters 2, 5 and 7: categories, functors, natural transformations, cartesian
closed categories (ccc), (co)limits, monoidal categories, and a short explanation
of 2-categories (which are ocassionally referenced in discussion, but no original
contribution relies on knowledge of this concept).

This appendix does not aim to teach the reader category theory and should
instead be seen as a quick reference (and possibly review of notation). A detailed
account of all the terms used in this appendix can be found in most textbooks on
the topic.

Broadly speaking, category theory is a tool for describing and reasoning about
universal properties, allowing us to find common structure between various related
notions – for example, the fundamental idea between the cartesian product of sets
and direct product of groups is the same when viewed through a categorical lens.

B.1 Categories

B.1.1 Definition of a category

We start from the standard, classical definition of categories in terms of objects and
morphisms:

Definition B.1. A category C is defined by:

• a class of objects Obj(C);

• for any two objects 𝐴, 𝐵, a class of morphisms (or maps) HomC(𝐴, 𝐵) (some-
times written C(𝐴, 𝐵)) with source 𝐴 and target 𝐵, denoted 𝑓 : 𝐴 → 𝐵 for
a specific morphism;

• for any two morphisms 𝑔 : 𝐵 → 𝐶, 𝑓 : 𝐴 → 𝐵, a composition of these
morphisms is a morphism 𝑔 ◦ 𝑓 : 𝐴→ 𝐶;

• for any object 𝐴, there is an identity morphism id𝐴 : 𝐴→ 𝐴 such that for
all morphisms 𝑓 : 𝐴→ 𝐵, 𝑓 ◦ id𝐴 = 𝑓 , and for all 𝑔 : 𝐵→ 𝐴, id𝐴 ◦ 𝑔 = 𝑔;

• for any three morphisms 𝑓 : 𝐴 → 𝐵, 𝑔 : 𝐵 → 𝐶, ℎ : 𝐶 → 𝐷, the
composition operator associates: (ℎ ◦ 𝑔) ◦ 𝑓 = ℎ ◦ (𝑔 ◦ 𝑓 ).
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182 2.1 Categories

It is sometimes useful to consider categories in which classes Obj(C) and all
HomC(𝐴, 𝐵) are sets, and we call these categories small. If all the morphism classes
hom(𝐴, 𝐵) are sets, then the category is called locally small.

For a particular category C, one can construct several kinds of derived categor-
ies. The first notion is thinness – constraining the cardinality of the number of
morphisms.

Definition B.2. A category is thin if for any two objects 𝐴 and 𝐵 in it, there is at
most one morphism from 𝐴 to 𝐵.

Next, we have categories in which no two objects are ‘essentially the same’:

Definition B.3. A morphism 𝑓 : 𝐴 → 𝐵 is an isomorphism, and thus objects 𝐴

and 𝐵 are isomorphic, if there exists a morphism 𝑔 : 𝐵→ 𝐴 such that 𝑔 ◦ 𝑓 = id𝐴

and 𝑓 ◦ 𝑔 = id𝐵.

Definition B.4. A categoryC is skeletal if its only isomorphisms are the identity
morphisms.

It is often useful to use the principle of duality to define two concepts at the same
time using the same definition: one applies to category C, the other applies to the
dual category Cop.

Definition B.5. For a category C, its dual category Cop is a category with
Obj(Cop) = Obj(C) and HomCop(𝐴, 𝐵) = HomC(𝐵, 𝐴), and the opposite com-
position ◦̂ is defined for all 𝑓 : 𝐴→ 𝐵, 𝑔 : 𝐵→ 𝐶 in Cop as 𝑔 ◦̂ 𝑓 = 𝑓 ◦ 𝑔.

Definition B.6. For a category C, its discretisation |C| is a category with all the
objects of C and only identity morphisms.

There are several simple examples of categories:

• Set: a category whose objects are sets,1 morphisms 𝑓 : 𝐴 → 𝐵 are functions
from 𝐴 to 𝐵, and composition is function composition;

• 1: the category with only one object and one morphism (identity);

• 2: category with two objects and only two morphisms (identities associated
with these objects).

B.1.2 Functors and natural transformations
Functors can be seen as a way of structurally mapping objects and morphisms from
one category to another.

1we can further specify which notion of ‘set’ we are using – here we stick to the usual notion of
Zermelo-Fraenkel sets, with the axiom of choice
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Definition B.7. For two categories C and D, a functor 𝐹 : C → D consists of
a mapping of objects 𝐴 in C to objects 𝐹𝐴 in D and a mapping of morphisms
𝑓 : 𝐴 → 𝐵 to 𝐹 𝑓 : 𝐹𝐴 → 𝐹𝐵 such that identity morphisms map to identities
(𝐹id𝐴 = id𝐹𝐴) and composition is respected (𝐹(𝑔 ◦ 𝑓 ) = 𝐹𝑔 ◦ 𝐹 𝑓 ).

Functors can be composed: for 𝐹 : C → D, 𝐺 : D → E, the functor 𝐺 • 𝐹 (also
written 𝐺𝐹) exists and maps C to E.

Natural transformations are a way of representing maps between functors with
the same source and target categories.

Definition B.8. For two functors 𝐹, 𝐺 : C → D, a natural transformation 𝛼 :
𝐹 ⇒ 𝐺 is a family of morphisms 𝛼𝐴 : 𝐹𝐴→ 𝐺𝐴 for all objects 𝐴 ∈ C such that
for all 𝐴, 𝐵 ∈ C, the following diagram commutes:

𝐹𝐴 𝐺𝐴

𝐹𝐵 𝐺𝐵

𝛼𝐴

𝛼𝐵

𝐹 𝑓 𝐺 𝑓

Natural transformations can be composed, but there are two applicable notions.
‘Vertical composition’ addresses natural transformations 𝛼 : 𝐹⇒ 𝐺, 𝜃 : 𝐺⇒ 𝐻 for
𝐹, 𝐺, 𝐻 : C→ D, with composition 𝛽 ◦ 𝛼 : 𝐹 ⇒ 𝐻 defined with (𝛽 ◦ 𝛼)𝐴 = 𝛽𝐴 ◦ 𝛼𝐴.
By contrast, ‘horizontal composition’ deals with natural transformations 𝛼 : 𝐹⇒ 𝐺

for 𝐹, 𝐺 : C→ D and 𝛽 : 𝑈 → 𝑉 for 𝑈,𝑉 : D→ E, and the composition is a natural
transformation 𝛽★𝛼 : 𝑈𝐹⇒ 𝑉𝐺 defined with (𝛽★𝛼)𝐴 = 𝛽𝐺𝐴 ◦𝑈𝛼𝐴. Both of these
notions are associative and have an identity.

We sometimes define natural transformations and functors in multiple paramet-
ers. For example, a bifunctor 𝐹 : C ×D→ Emaps a pair of objects 𝐴 ∈ C and 𝐵 ∈ D
to objects 𝐹𝐴𝐵 ∈ E, as well as pairs of morphisms 𝑓 : 𝐴→ 𝐴′ in C and 𝑔 : 𝐵→ 𝐵′ in
D to morphisms 𝐹 𝑓 𝑔, and furthermore ‘fixing’ one of the arguments gives a functor:
for an object 𝐴 and morphism 𝑓 : 𝐴→ 𝐴′ in C, there is a functor 𝐺 : D→ E defined
as 𝐺𝐵 = 𝐹𝐴𝐵, 𝐺𝑔 = 𝐹 𝑓 𝑔, and likewise for the second argument.

B.1.3 Bicategories
What was presented here were categories: there are objects and morphisms between
objects. We can further consider bicategories: aside from objects – also called 0-
cells – and morphisms – also called 1-cells – there are now 2-cells (2-morphisms),
which can be seen as arrows from morphisms to morphisms. More formally, a
bicategory C consists of a collection of 0-cells, for each pair of 0-cells 𝐴 and 𝐵 a
category C(𝐴, 𝐵) whose objects are called 1-cells and whose morphisms are called
2-cells, an identity 1-cell id𝐴 for each 0-cell 𝐴, a horizontal composition functor ◦ :
C(𝐵, 𝐶) ×C(𝐴, 𝐵) → C(𝐴, 𝐶) for all 0-cells 𝐴, 𝐵, 𝐶, as well as natural isomorphisms
called unitors and associators which we do not elaborate further. Bicategories are
occasionally referenced in this thesis, but are not of major importance.

In diagrams, 𝑘-cels are visualised as arrows with 𝑘 shafts and a single arrowhead.
A simple example of a 2-category is Cat, the 2-category of small categories. Its

0-cels are small categories, 1-cels from C to D are functors 𝐹 : C → D, and 2-cels
from 𝐹 : C→ D to 𝐺 : C→ D are natural transformations 𝛼 : 𝐹⇒ 𝐺. Composition
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for 1-cels is just functor composition •, whereas composition for 2-cels is ‘vertical’
composition of natural transformations.

C D
𝐺

𝐹

𝐻

𝛼

𝛽

B.2 Universal constructions

B.2.1 Initial and terminal object

In Set, we note that for any set 𝐴 and any singleton set {∗}, there is a unique function
𝐴 → {𝑎}: one which maps all elements of 𝐴 to ∗. This notion generalises to the
concept of a terminal object.

Definition B.9. A terminal object in a category C is an object 1 ∈ C such that for
every object 𝐴 ∈ C there is a unique morphism !𝐴 : 𝐴→ 1.

It can be shown that all terminal objects in a category are isomorphic.
The dual notion of an initial object can be concisely defined as the terminal object

in a dual category. Expanding this idea gives us the following definition:

Definition B.10. An initial object in a category C is an object 0 ∈ C such that for
every object 𝐴 ∈ C there is a unique morphism ?𝐴 : 0→ 𝐴.

In Set, the initial object is the empty set ∅.

B.2.2 Products and coproducts

The notion of product in category theory generalises the cartesian product in set
theory, direct product of groups in group theory, as well as product topological
spaces.

Definition B.11. For two objects 𝐴 and 𝐵 in a category C, their product is an
object 𝐴 × 𝐵, along with two projection morphisms 𝜋𝐴,𝐵

1 : 𝐴 × 𝐵 → 𝐴 and
𝜋𝐴,𝐵

2 : 𝐴 × 𝐵 → 𝐵 such that, for any other object 𝐶 ∈ C with morphisms
𝑓 : 𝐶 → 𝐴 and 𝑔 : 𝐶 → 𝐵, there exists a unique morphism ⟨ 𝑓 , 𝑔⟩ such that
𝜋𝐴,𝐵

1 ◦ ⟨ 𝑓 , 𝑔⟩ = 𝑓 and 𝜋𝐴,𝐵
2 ◦ ⟨ 𝑓 , 𝑔⟩ = 𝑔 – in other words, the following diagram

commutes:
𝐶

𝐴 𝐵

𝐴 × 𝐵

⟨ 𝑓 ,𝑔⟩

𝜋𝐴,𝐵
1 𝜋𝐴,𝐵

2

𝑓 𝑔
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We can then define the notion of coproduct concisely by saying that a coproduct
of two objects 𝐴 and 𝐵 in C is the same as the product of 𝐴 and 𝐵 in Cop. Expanding
this definition, we get the following:

Definition B.12. For two objects 𝐴 and 𝐵 in a category C, their coproduct is
an object 𝐴 + 𝐵, along with two injection morphisms 𝜄𝐴,𝐵

1 : 𝐴 → 𝐴 + 𝐵 and
𝜄𝐴,𝐵
2 : 𝐵 → 𝐴 + 𝐵 such that, for any other object 𝐶 ∈ C with morphisms
𝑓 : 𝐴 → 𝐶 and 𝑔 : 𝐵 → 𝐶, there exists a unique morphism [ 𝑓 , 𝑔] such that
[ 𝑓 , 𝑔] ◦ 𝜄𝐴,𝐵

1 = 𝑓 and [ 𝑓 , 𝑔] ◦ 𝜄𝐴,𝐵
2 = 𝑔 – in other words, the following diagram

commutes:
𝐴 + 𝐵

𝐴 𝐵

𝐶

[ 𝑓 ,𝑔]

𝜄𝐴,𝐵
1 𝜄𝐴,𝐵

2

𝑓 𝑔

Coproducts (sometimes also called sums) correspond to disjoint unions in set theory
– more familiar to a reader with a programming background as sum types or
enumerations.

We tend to consider categories with all finite product or with all finite cop-
roducts. If a category has both all finite products and all finite coproducts, then
there is a unique ‘canonical’ morphism 𝐴 × 𝐵 + 𝐴 × 𝐶 → 𝐴 × (𝐵 + 𝐶) for all objects
𝐴, 𝐵 and 𝐶 (following the definition of product and coproduct) If this morphism is
an isomorphism, then the category is said to be distributive.

B.2.3 Exponentials
The notion of exponential in a category generalises function spaces for sets (or
homomorphism spaces for groups and similar structures):

Definition B.13. LetC be a category with finite products and let 𝐴, 𝐵 be objects
of C. The object 𝐵𝐴 is an exponential if there exists a unique morphism ev𝐴,𝐵 :
𝐵𝐴 ×𝐴→ 𝐵 such that, for any object 𝐶 ∈ C and morphism 𝑓 : 𝐶 ×𝐴→ 𝐵, there
is a unique morphism𝜆 𝑓 : 𝐶 → 𝐵𝐴 such that the following diagram commutes:

𝐶 × 𝐴

𝐵𝐴 × 𝐴 𝐵ev𝐴,𝐵

𝑓⟨𝜆 𝑓 ,id𝐴⟩

The morphism 𝜆 𝑓 is sometimes also denoted curry( 𝑓 ). We sometimes refer to the
morphism ev𝐴,𝐵 as evaluation map.

Definition B.14. A category C is cartesian closed (‘ccc’ is used as a shorthand) if
it has a terminal object 1, all finite products, and all exponentials.

Cartesian closed categories are the model used to define the semantics of the simply-
typed lambda calculus.
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B.2.4 Limits and colimits
Notions such as products and terminal objects can be seen as examples of a further,
more general notion – that being the limit. We now define limits and their dual,
colimits.

Definition B.15. Let I and C be categories and let 𝐹 : I → C be a functor. A
cone (𝑋, 𝜒) of 𝐹 is an object 𝑋 ∈ C together with a family 𝜒𝐴 : 𝑋 → 𝐹𝐴 of
morphisms indexed by objects 𝐴 ∈ I, such that for every morphism 𝑓 : 𝐴→ 𝐵

in 𝐼, the equality 𝐹 𝑓 ◦ 𝜒𝐴 = 𝜒𝐵 holds. In other words, the following diagram
commutes in C (for all 𝑓 : 𝐴→ 𝐵 in I):

𝑋

𝐹𝐴 𝐹𝐵

𝜒𝐴 𝜒𝐵

𝐹 𝑓

Dually, we can define co-cones as a dual of cones by inverting all morphisms in the
above definition. The functor 𝐹 : I→ C is referred to as a diagram of shape I.

A limit is a universal cone – the ‘terminal’ cone, in a sense. This is more
elaborated with this following definition:

Definition B.16. Let I and C be categories and let 𝐹 : I → C be a functor. A
cone (𝐿, 𝜅) of 𝐹 is a limit if, for any other cone (𝑋, 𝜒), there exists a unique
morphism 𝑢 : 𝑋 → 𝐿 such that, for any 𝐴 ∈ C, 𝜒𝐴 = 𝜅𝐴 ◦ 𝑢. Combining with
the definition of a cone, this means that the following diagram commutes in C
for all 𝑓 : 𝐴→ 𝐵 in I:

𝑋

𝐿

𝐹𝐴 𝐹𝐵
𝐹 𝑓

𝜒𝐴 𝜒𝐵

𝜅𝐴 𝜅𝐵

𝑢

A colimit is, dually, the initial co-cone, or a limit in Cop.
A product can be seen as a limit in which the shape of the diagram is the

two-object discrete category 2.

B.3 Monoidal categories
Significant parts of the underlying theory of (graded) monads rely on an under-
standing of the fundamentals of monoidal categories.

B.3.1 Laws and classification of monoidal categories

Definition B.17. A monoidal category 𝒞 is a tuple (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌), where:

• C is a category;
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• ⊗ is a bifunctor ⊗ : C × C→ 𝐶 called a tensor product;

• 𝐼 is an object 𝐼 ∈ C called the unit;

• 𝛼 is the associator, a natural isomorphism with three parameters, mapping
𝛼𝐴,𝐵,𝐶 : 𝐴 ⊗ (𝐵 ⊗ 𝐶) → (𝐴 ⊗ 𝐵) ⊗ 𝐶;

• 𝜆 is the left unitor, a natural isomorphism with components𝜆𝐴 : 𝐼⊗𝐴→ 𝐴;

• 𝜌 is the right unitor, a natural isomorphism with components 𝜌𝐴 : 𝐴⊗ 𝐼 →
𝐴

such that the following diagrams commute:

𝐴 ⊗ (𝐵 ⊗ (𝐶 ⊗ 𝐷)) (𝐴 ⊗ 𝐵) ⊗ (𝐶 ⊗ 𝐷)

((𝐴 ⊗ 𝐵) ⊗ 𝐶) ⊗ 𝐷

𝐴 ⊗ ((𝐵 ⊗ 𝐶) ⊗ 𝐷) (𝐴 ⊗ (𝐵 ⊗ 𝐶)) ⊗ 𝐷

𝛼𝐴,𝐵,𝐶⊗𝐷

id𝐴⊗𝛼𝐵,𝐶,𝐷

𝛼𝐴,𝐵⊗𝐶,𝐷

𝛼𝐴⊗𝐵,𝐶,𝐷

𝛼𝐴,𝐵,𝐶⊗id𝐷

𝐴 ⊗ (𝐼 ⊗ 𝐵) (𝐴 ⊗ 𝐼) ⊗ 𝐵

𝐴 ⊗ 𝐵

𝛼𝐴,𝐼,𝐵

id𝐴⊗𝜆𝐴 𝜌𝐴⊗id𝐵

We tend to focus on monoidal categories in which associator and unitor natural
transformations are all identities. We call such categories strict.

A simple example of a monoidal category is any category with finite products
and terminal objects. Furthermore, every monoid in the traditional algebraic sense
can be seen as a monoidal category, meaning a tuple (𝐸, ⊙, 1) corresponds to a
discrete strict monoidal cateory where each object corresponds to an element of 𝐸,
⊙ is the tensor product and 1 is the unit.

B.3.2 Monoids
We mention the definition of monoids in the context of monoidal categories because
of their relationship to monads.

Definition B.18. A monoid in a monoidal category (C, ⊗, 𝐼 , 𝛼,𝜆, 𝜌) is a triple
(𝑀, 𝜇, 𝜂), where 𝑀 is an object, with morphisms𝜇 : 𝑀⊗𝑀 → 𝑀 and𝜂 : 𝐼 → 𝑀:

𝑀 ⊗ (𝑀 ⊗ 𝑀) 𝑀 ⊗ 𝑀

(𝑀 ⊗ 𝑀) ⊗ 𝑀 𝑀 ⊗ 𝑀 𝑀

𝛼𝑀,𝑀,𝑀

𝜇⊗id𝑀
𝜇

id𝑀⊗𝜇

𝜇



188 2.3 Monoidal categories

𝐼 ⊗ 𝑀 𝑀 ⊗ 𝑀 𝑀 ⊗ 𝐼

𝑀

𝜌𝑀𝜆𝑀

𝜇

𝜂⊗id𝑀 id𝑀⊗𝜂

In Set, a monoid (𝑀, 𝜇, 𝜂) corresponds to an actual monoid, with 𝑀 the carrier
set, 𝜇 the binary multiplication operator, and 𝜂 is a function {∗} → 𝑀 which ‘selects’
the unit (the unit is 𝜂(∗)).

B.3.3 Monoidal functors and natural transformations
We can define functors and natural transformations on monoidal categories which
‘respect’ the monoidal structure. If a monoidal category generalises the idea of
monoid, then functors between them generalise monoid homomorphisms:

Definition B.19. Given monoidal categories 𝒞 = (C, ⊗C , 𝐼C , 𝛼C ,𝜆C , 𝜌C) and
𝒟 = (D, ⊗D , 𝐼D , 𝛼D ,𝜆D , 𝜌D), a lax monoidal functor is a tuple (𝐹, 𝜇, 𝜂), where
𝐹 : C → D is a functor, 𝜇 is a natural transformation in two arguments, with
components 𝜇𝐴,𝐵 : 𝐹𝐴⊗D 𝐹𝐵→ 𝐹(𝐴⊗C 𝐵), and 𝜂 is a morphism 𝐼D ⇒ 𝐹𝐼C such
that the following diagrams all commute:

𝐹𝐴 ⊗D (𝐹𝐵 ⊗D 𝐹𝐶) 𝐹𝐴 ⊗D 𝐹(𝐵 ⊗C 𝐶) 𝐹(𝐴 ⊗C (𝐵 ⊗C 𝐶))

(𝐹𝐴 ⊗D 𝐹𝐵) ⊗D 𝐹𝐶 𝐹(𝐴 ⊗C 𝐵) ⊗D 𝐹𝐶 𝐹((𝐴 ⊗C 𝐵) ⊗C 𝐶)

𝛼D
𝐹𝐴,𝐹𝐵,𝐹𝐶

𝐹𝛼C
𝐴,𝐵,𝐶

id𝐹𝐴⊗𝜇𝐵,𝐶

𝜇𝐴,𝐵⊗id𝐹𝐶
𝜇𝐹(𝐴⊗C𝐵),𝐹𝐶

𝜇𝐹𝐴,𝐹(𝐵⊗C𝐶)

𝐼D ⊗D 𝐹𝐴 𝐹𝐼C ⊗D 𝐹𝐴 𝐹𝐴 ⊗D 𝐼D 𝐹𝐴 ⊗D 𝐹𝐼C

𝐹𝐴 𝐹(𝐼C ⊗C 𝐴) 𝐹𝐴 𝐹(𝐴 ⊗C 𝐼C)
𝐹𝜆C

𝐴

𝜇𝐼C ,𝐴𝜆D
𝐹𝐴

𝜂⊗Did𝐹𝐴

𝐹𝜌C
𝐴

𝜌D
𝐹𝐴

id𝐹𝐴⊗D𝜂

𝜇𝐴,𝐼C

If 𝜇 is an identity transformation and 𝜂 is an identity morphism, then the lax
monoidal functor (lmf) is strict.

Definition B.20. Given two monoidal categories 𝒞 = (C, ⊗C , 𝐼C , 𝛼C ,𝜆C , 𝜌C)
and 𝒟 = (D, ⊗D , 𝐼D , 𝛼D ,𝜆D , 𝜌D), and two lax monoidal functors (𝐹1 , 𝜇1 , 𝜂1) :
𝒞 → 𝒟 and (𝐹2 , 𝜇2 , 𝜂2) : 𝒞 → 𝒟, a monoidal natural transformation is a natural
transformation 𝑓 : 𝐹1 ⇒ 𝐹2 such that the following diagrams commute for all
𝐴, 𝐵 ∈ C:

𝐹1𝐴 ⊗D 𝐹1𝐵 𝐹2𝐴 ⊗D 𝐹2𝐵

𝐹1(𝐴 ⊗C 𝐵) 𝐹2(𝐴 ⊗C 𝐵)

𝜇1
𝐴,𝐵

𝜇2
𝐴,𝐵

𝑓𝐴⊗D 𝑓𝐵

𝑓𝐴⊗C𝐵
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𝐼D

𝐹1𝐼C 𝐹2𝐼C

𝜂1 𝜂2

𝑓𝐼C
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CHaskell code listings

In this appendix, I provide the full implementationss of Haskell embeddings of
some of the graded monads mentioned in the main part of the thesis. This includes
the analysis-monad library, which acts as a practical contribution of this thesis.
While for the most part it contains code listings of the implementations of the
analysis-graded monads of the libraries, there are a few brief tutorial-like notes on
usage and justifications for some of the design choices.

C.1 Analysis-graded monads

C.1.1 Usage example

A simple way of using the analysis-graded version of Maybe can be seen in the
following example:
-- foo has type GMaybe T Int
foo b = if b then return 1 else return 2
-- bar has type GMaybe U Int
bar b = if b then return 1 else GNothing
-- baz has type GMaybe F Int
baz b = bar b >> GNothing

The syntax for programming with analysis-graded monads matches the syntax
familiar to programmers using monads, in particular the binds and returns.

C.1.2 Components of analysis-graded monads

Source code

{-# LANGUAGE AllowAmbiguousTypes #-}
{-# LANGUAGE ConstraintKinds #-}
{-# LANGUAGE DataKinds #-}
{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE TypeOperators #-}
{-# LANGUAGE UndecidableInstances #-}

module Control.Graded where

import GHC.Exts (Constraint)
import qualified Prelude as P
import Prelude hiding (Monad (..))

191



192 3.1 Analysis-graded monads

class GFunctor (f :: k -> * -> *) where
fmapG :: (a -> b) -> f r a -> f r b

class GMonad m => GBindable (m :: k -> * -> *)
(r :: k) (s :: k) where

bindG :: m r a -> (a -> m s b) -> m (Seq m r s) b

type LeftId m e = ((Seq m e (Unit m)) ~ e)
type RightId m e = ((Seq m (Unit m) e) ~ e)
type Assoc m e f g = ((Seq m (Seq m e f) g)

~ (Seq m e (Seq m f g)))
type JoinIdemp m e = ((Join m e e) ~ e)
type JoinComm m e f = ((Join m e f) ~ (Join m f e))
type JoinUpper m e f = (Subeffect m e (Join m e f),

Subeffect m f (Join m e f))
type Refl m e = Subeffect m e e
type Trans m e f g = (Subeffect m e f, Subeffect m f g,

Subeffect m e g)
type Monotonic m e e' f f' = (Subeffect m e e', Subeffect m f f',

Subeffect m (Seq m e f)
(Seq m e' f'))

class GFunctor m => GMonad (m :: k -> * -> *) where
type Unit m :: k
type Seq m (e :: k) (f :: k) :: k
type Join m (e :: k) (f :: k) :: k

type Inv m (f :: k) (g :: k) :: Constraint
type Inv m f g = ()

return :: a -> m (Unit m) a

(>>=) :: GBindable m e f => m e a -> (a -> m f b)
-> m (Seq m e f) b

x >>= k = bindG x k
(>>) :: GBindable m e f => m e a -> m f b

-> m (Seq m e f) b
x >> y = x >>= const y

alt :: JoinUpper m e f => Bool -> m e a -> m f a
-> m (Join m e f) a

alt True x y = sub x
alt False x y = sub y

class Subeffect (m :: k -> * -> *) (e :: k) (f :: k) where
sub :: m e a -> m f a

Explanation

Properties used to guarantee that the Haskell type system is capable of evaluating
type families and making desired inferences are encoded as type equaltiy con-
straints. For example: LeftId m e expresses the fact that sequencing the grade e

with the unit grade corresponding to the analysis-graded monad m results in e; Refl
expresses the reflexivity property of the subeffecting relation.
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A GMonad instance needs to be a GFunctor instance, similarly to what is required
of Monad instances (they also need to be instances of Functor).

The bind operator requires the use of the GBindable type class in order to allow the
full definition to be written using pattern matching (ad-hoc polymorphism needs
to be exploited as it is impossible to pattern-match on a function-typed argument).

The alt function is a simple case of a ‘graded conditional’ construct: the resulting
computation is one of the two branches, and the resulting grade is the join of the
grades of the two computations.

C.1.3 Stateful computation
In the analysis-monad library, there are several analysis-graded monads used for
representing stateful computation. Following the conventions established with
stateful monads, manipulating states using getG/putG computations is enabled using
a GradedState type class (serving the same purpose as MonadState in core Haskell). A
stateful analysis-graded monad needs to contain grades representing reads, grades
representing writes, get and put operators.

Permissions

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.PermState where

import Control.Graded

data Perm = Pure | RO | AW | WO | RW

type family PermJoin r s where
PermJoin s s = s
PermJoin Pure AW = WO
PermJoin Pure s = s
PermJoin AW Pure = WO
PermJoin s Pure = s
PermJoin AW WO = WO
PermJoin WO AW = WO
PermJoin _ _ = RW

type family PermSeq r s where
PermSeq s s = s
PermSeq Pure s = s
PermSeq s Pure = s
PermSeq AW _ = AW
PermSeq RO _ = RW
PermSeq RW _ = RW
PermSeq WO RO = RW
PermSeq WO RW = RW
PermSeq WO AW = AW
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data PermState s (f :: Perm) a where
PureState :: {runPureState :: a} -> PermState s Pure a
ROState :: {runROState :: s -> a} -> PermState s RO a
AWState :: {runAWState :: (a, s)} -> PermState s AW a
WOState :: {runWOState :: (a, Maybe s)} -> PermState s WO a
RWState :: {runRWState :: s -> (a, s)} -> PermState s RW a

runPermState :: PermState s f a -> s -> (a, s)
runPermState (PureState x) s = (x, s)
runPermState (ROState f) s = (f s, s)
runPermState (AWState (x, s)) _ = (x, s)
runPermState (WOState (x, m)) s = case m of

Nothing -> (x, s)
Just y -> (x, y)

runPermState (RWState f) s = f s

instance Subeffect (PermState s) r r where
sub = id

instance Subeffect (PermState s) Pure RO where
sub (PureState x) = ROState (const x)

instance Subeffect (PermState s) Pure WO where
sub (PureState x) = WOState (x, Nothing)

instance Subeffect (PermState s) Pure RW where
sub (PureState x) = RWState (\s -> (x, s))

instance Subeffect (PermState s) AW WO where
sub (AWState (x, s)) = WOState (x, Just s)

instance Subeffect (PermState s) AW RW where
sub (AWState (x, s)) = RWState (const (x, s))

instance Subeffect (PermState s) RO RW where
sub (ROState x) = RWState (\s -> (x s, s))

instance Subeffect (PermState s) WO RW where
sub (WOState (x, Just s)) = RWState (const (x, s))
sub (WOState (x, Nothing )) = RWState (\s -> (x, s))

instance GBindable (PermState s) Pure r where
bindG (PureState x) k = k x

instance GBindable (PermState s) RO Pure where
bindG (ROState f) k = ROState (runPureState . k . f)

instance GBindable (PermState s) RO RO where
bindG (ROState f) k = ROState (\s -> (runROState (k (f s))) s)

instance GBindable (PermState s) RO AW where
bindG (ROState f) k = RWState (runAWState . k . f)

instance GBindable (PermState s) RO WO where
bindG (ROState f) k = RWState (\s ->

let (r, s') = runWOState (k (f s)) in case s' of
Just y -> (r, y)
Nothing -> (r, s))

instance GBindable (PermState s) RO RW where
bindG (ROState f) k = RWState (\s -> runRWState (k (f s)) s)

instance GBindable (PermState s) AW Pure where
bindG (AWState (x, s)) k = AWState (runPureState (k x), s)

instance GBindable (PermState s) AW RO where
bindG (AWState (x, s)) k = AWState (runROState (k x) s, s)

instance GBindable (PermState s) AW AW where
bindG (AWState (x, s)) k = k x

instance GBindable (PermState s) AW WO where
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bindG (AWState (x, s)) k = AWState
(let (r, s') = runWOState (k x) in case s' of

Just y -> (r, y)
Nothing -> (r, s))

instance GBindable (PermState s) AW RW where
bindG (AWState (x, s)) k = AWState (runRWState (k x) s)

instance GBindable (PermState s) WO Pure where
bindG (WOState (x, s)) k = WOState (runPureState (k x), s)

instance GBindable (PermState s) WO RO where
bindG (WOState (x, Just s)) k = RWState (\s' ->

(runROState (k x) s, s))
bindG (WOState (x, Nothing )) k = RWState (\s' ->

(runROState (k x) s', s'))
instance GBindable (PermState s) WO AW where

bindG (WOState (x, _)) k = k x
instance GBindable (PermState s) WO WO where

bindG (WOState (x, Just s)) k = WOState
(let (r, s') = runWOState (k x) in case s' of

Just y -> (r, Just y)
Nothing -> (r, Just s))

bindG (WOState (x, Nothing )) k = k x
instance GBindable (PermState s) WO RW where

bindG (WOState (x, Just s)) k = RWState (\s' ->
runRWState (k x) s)

bindG (WOState (x, Nothing )) k = k x
instance GBindable (PermState s) RW Pure where

bindG (RWState f) k = RWState (\s ->
let (x, s') = f s in (runPureState (k x), s'))

instance GBindable (PermState s) RW RO where
bindG (RWState f) k = RWState (\s ->

let (x, s') = f s in (runROState (k x) s', s'))
instance GBindable (PermState s) RW AW where

bindG (RWState f) k = RWState (\s ->
let (x, _) = f s in runAWState (k x))

instance GBindable (PermState s) RW WO where
bindG (RWState f) k = RWState (\s ->

let (x, s') = f s in let (r, s'') = runWOState (k x)
in case s'' of

Just y -> (r, y)
Nothing -> (r, s'))

instance GBindable (PermState s) RW RW where
bindG (RWState f) k = RWState (\s ->

let (x, s') = f s in runRWState (k x) s')

instance GFunctor (PermState s) where
fmapG f (PureState x) = PureState (f x)
fmapG f (ROState f') = ROState (\s -> f (f' s))
fmapG f (AWState (x, s)) = AWState (f x, s)
fmapG f (WOState (x, s)) = WOState (f x, s)
fmapG f (RWState f') = RWState (\s ->

(\(x, y) -> (f x, y)) (f' s))

instance GMonad (PermState s) where
type Unit (PermState s) = Pure
type Seq (PermState s) e f = PermSeq e f
type Join (PermState s) e f = PermJoin e f
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return = PureState

get :: PermState s RO s
get = ROState id

put :: s -> PermState s AW ()
put s = AWState ((), s)

History

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeOperators #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE UndecidableInstances #-}

module Control.Graded.HistState where

import Prelude as P hiding (Monad (..))
import Control.Graded

data Nat = Succ Nat | Zero

class NatLE (m :: Nat) (n :: Nat)
instance NatLE Zero (Succ n)
instance NatLE m n => NatLE (Succ m) (Succ n)

data a :~: b where
Refl :: a :~: a

data NatI (n :: Nat) where
ZI :: NatI Zero
SI :: NatI n -> NatI (Succ n)

data Vec (n :: Nat) a where
VNil :: Vec Zero a
(:::) :: {vHead :: a, vTail :: Vec n a} -> Vec (Succ n) a

infixr 5 :::

data VecTo (n :: Nat) a where
FromVec :: Vec n a -> VecTo n a
Ext :: {unExt :: VecTo n a} -> VecTo (Succ n) a

vecAsList :: Vec n a -> [a]
vecAsList VNil = []
vecAsList (x:::xs) = x : vecAsList xs

vecToList :: VecTo n a -> [a]
vecToList (FromVec v) = vecAsList v
vecToList (Ext vecto) = vecToList vecto

data NatInf = Fin Nat | Inf
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data NatInfI (n :: NatInf) where
FinI :: NatI m -> NatInfI (Fin m)
InfI :: NatInfI Inf

type family AddNat (m :: Nat) (n :: Nat) :: Nat where
AddNat Zero n = n
AddNat (Succ m) n = Succ (AddNat m n)

-- inductive proof of: n + Z = n
sumZeroRight :: NatI n -> (AddNat n Zero) :~: n
sumZeroRight ZI = Refl
sumZeroRight (SI n') = case sumZeroRight n' of

Refl -> Refl

-- inductive proof of: n + S m = S (n + m)
sumSuccRight :: NatI n -> NatI m

-> (AddNat n (Succ m)) :~: Succ (AddNat n m)
sumSuccRight ZI _ = Refl
sumSuccRight (SI n') m = case sumSuccRight n' m of

Refl -> Refl

-- inductive proof of commutativity: n + m = m + n
sumComm :: NatI n -> NatI m

-> (AddNat n m) :~: (AddNat m n)
sumComm ZI m = case sumZeroRight m of Refl -> Refl
sumComm (SI n') m = case (sumComm n' m, sumSuccRight m n') of

(Refl , Refl) -> Refl

-- inductive proof of commutativity of inf: n + m = m + n
sumCommInf :: NatInfI n -> NatInfI m

-> (AddInf n m) :~: (AddInf m n)
sumCommInf InfI _ = Refl
sumCommInf _ InfI = Refl
sumCommInf (FinI m) (FinI n) = case sumComm m n of

Refl -> Refl

vecLengthI :: Vec n a -> NatI n
vecLengthI VNil = ZI
vecLengthI (_:::xs) = SI (vecLengthI xs)

vecToLengthI :: VecTo n a -> NatI n
vecToLengthI (FromVec l) = vecLengthI l
vecToLengthI (Ext l) = SI (vecToLengthI l)

(+++) :: Vec m a -> Vec n a -> Vec (AddNat m n) a
VNil +++ l = l
(x:::xs) +++ l = x:::(xs +++ l)

infixr 5 +++

(<++>) :: VecTo m a -> VecTo n a -> VecTo (AddNat m n) a
(FromVec xs) <++> (FromVec ys) = FromVec (xs +++ ys)
(FromVec xs) <++> (Ext ys) =

case sumSuccRight (vecLengthI xs) (vecToLengthI ys) of
Refl -> Ext (( FromVec xs) <++> ys)
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(Ext xs) <++> vec = Ext (xs <++> vec)

infixr 5 <++>

type family AddInf (m :: NatInf) (n :: NatInf) :: NatInf where
AddInf n Inf = Inf
AddInf Inf n = Inf
AddInf (Fin m) (Fin n) = Fin (AddNat m n)

type family MaxNat (m :: Nat) (n :: Nat) :: Nat where
MaxNat Zero n = n
MaxNat m Zero = m
MaxNat (Succ m) (Succ n) = Succ (MaxNat m n)

type family JoinInf (m :: NatInf) (n :: NatInf) :: NatInf where
JoinInf Inf _ = Inf
JoinInf _ Inf = Inf
JoinInf (Fin m) (Fin n) = Fin (MaxNat m n)

data HistState s (f :: NatInf) a where
FinHistState :: {runFinHistState :: s -> (a, VecTo n s)}

-> HistState s (Fin n) a
InfHistState :: {runInfHistState :: s -> (a, [s])}

-> HistState s Inf a

runHistState :: HistState s n a -> s -> (a, [s])
runHistState (FinHistState c) s = let (r, l) = c s in

(r, vecToList l)
runHistState (InfHistState c) s = c s

class Paddable (m :: Nat) (n :: Nat) where
padExt :: VecTo m a -> VecTo n a

instance Paddable n n where
padExt v = v

instance Paddable (Succ m) n => Paddable m n where
padExt (Ext v) = padExt v

instance Subeffect (HistState s) r r where
sub = id

instance Subeffect (HistState s) (Fin n) Inf where
sub (FinHistState c) = InfHistState $

\s -> let (r, l) = c s in (r, vecToList l)
instance (NatLE m n, Paddable m n)
=> Subeffect (HistState s) (Fin m) (Fin n) where

sub (FinHistState c) = FinHistState $
\s -> let (r, l) = c s in (r, padExt l)

instance GBindable (HistState s) (Fin m) (Fin n) where
bindG (FinHistState c) k = FinHistState (\s ->

let (x, l1) = c s in
let FinHistState c' = k x in
let (r, l2) = c' (head (vecToList l1 ++ [s])) in

(r, case sumCommInf (FinI (vecToLengthI l2))
(FinI (vecToLengthI l1)) of

Refl -> l2 <++> l1))
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instance GBindable (HistState s) (Fin m) Inf where
bindG (FinHistState c) k = InfHistState (\s ->

let (x, l1) = c s in
let InfHistState c' = k x in
let (r, l2) = c' (head (vecToList l1 ++ [s])) in

(r, l2 ++ vecToList l1))
instance GBindable (HistState s) Inf (Fin n) where

bindG (InfHistState c) k = InfHistState (\s ->
let (x, l1) = c s in
let FinHistState c' = k x in
let (r, l2) = c' (head (l1 ++ [s])) in

(r, vecToList l2 ++ l1))
instance GBindable (HistState s) Inf Inf where

bindG (InfHistState c) k = InfHistState (\s ->
let (x, l1) = c s in
let InfHistState c' = k x in
let (r, l2) = c' (head (l1 ++ [s])) in

(r, l2 ++ l1))

instance GFunctor (HistState s) where
fmapG f (FinHistState c) = FinHistState $

\s -> let (r, l) = c s in (f r, l)
fmapG f (InfHistState c) = InfHistState $

\s -> let (r, l) = c s in (f r, l)

instance GMonad (HistState s) where
type Unit (HistState s) = Fin Zero
type Seq (HistState s) e f = AddInf f e
type Join (HistState s) e f = JoinInf e f
return x = FinHistState (\s -> (x, FromVec VNil))

nopHistState :: HistState s (Fin Zero) ()
nopHistState = return ()

GradedState

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE FunctionalDependencies #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE UndecidableInstances #-}

module Control.Graded.GradedState where

import Prelude as P hiding (Monad (..))
import Control.Graded
import Control.Graded.Identity
import Control.Graded.Maybe
import Control.Graded.HistState
import Control.Graded.PermState
import Control.Graded.Trans.Identity
import Control.Graded.Trans.Maybe
import Control.Graded.Trans.PermState
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class GMonad m => GradedState (s :: *) (m :: k -> * -> *)
| m -> s where

type Rd m :: k
type Wr m :: k
getG :: m (Rd m) s
putG :: s -> m (Wr m) ()

instance GMonad m => GradedState s (PermStateT s m) where
type Rd (PermStateT s m) = '(RO, Unit m)
type Wr (PermStateT s m) = '(AW, Unit m)
getG = ROStateT return
putG s = AWStateT (return ((), s))

instance GradedState s (PermState s) where
type Rd (PermState s) = RO
type Wr (PermState s) = AW
getG = ROState id
putG s = AWState ((), s)

instance GradedState s (HistState s) where
type Rd (HistState s) = Fin Zero
type Wr (HistState s) = Fin (Succ Zero)
getG = FinHistState (\s -> (s, FromVec VNil))
putG s = FinHistState (\_ -> ((), FromVec (s::: VNil )))

instance GradedState s m => GradedState s (IdentityT m) where
type Rd (IdentityT m) = '(S, Rd m)
type Wr (IdentityT m) = '(S, Wr m)
getG = IdentityT getG
putG = IdentityT . putG

instance GradedState s m => GradedState s (GMaybeT m) where
type Rd (GMaybeT m) = '(T, Rd m)
type Wr (GMaybeT m) = '(T, Wr m)
getG = GMaybeT (fmapG GJust getG)
putG x = GMaybeT (fmapG GJust (putG x))

C.1.4 Other analysis-graded monads

Identity

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.Identity where

import Control.Graded
import Prelude hiding (Monad (..))
import qualified Prelude as P

data Sing = S
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data Identity (r :: Sing) a where
Identity :: {runIdentity :: a} -> Identity S a

instance Show a => Show (Identity S a) where
show (Identity x) = show x

instance Subeffect Identity S S where
sub = id

instance GFunctor Identity where
fmapG f (Identity x) = Identity (f x)

instance GBindable Identity S S where
bindG (Identity x) k = k x

instance GMonad (Identity :: Sing -> * -> *) where
type Unit Identity = S
type Seq Identity e f = S
type Join Identity e f = S
return = Identity

Monad

{-# LANGUAGE GADTs #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.Monad where

import Control.Graded
import Prelude hiding (Monad (..))
import qualified Prelude as P

data Monad m r a where
Wrap :: P.Monad m => m a -> Monad m () a

unWrap :: P.Monad m => Monad m r a -> m a
unWrap (Wrap m) = m

instance (P.Monad m, Show (m a)) => Show (Monad m r a) where
show (Wrap m) = show m

instance (P.Monad m) => Subeffect (Monad m) () () where
sub = id

instance (P.Monad m) => GFunctor (Monad m) where
fmapG f (Wrap m) = Wrap (fmap f m)

instance (P.Monad m) => GBindable (Monad m) () () where
bindG (Wrap x) k = Wrap ((P.>>=) x (unWrap . k))

instance P.Monad m => GMonad (Monad m) where
type Unit (Monad m) = ()
type Seq (Monad m) e f = ()
type Join (Monad m) e f = ()
return x = Wrap (P.return x)
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Maybe

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.Maybe where

import Control.Graded

data MaybeGr = T | F | U

type family MaybeMult r s where
MaybeMult F _ = F
MaybeMult T s = s
MaybeMult U F = F
MaybeMult U _ = U

type family MaybeJoin r s where
MaybeJoin s s = s
MaybeJoin U _ = U
MaybeJoin _ U = U
MaybeJoin _ _ = U

data GMaybe r a where
GNothing :: GMaybe F a
GJust :: a -> GMaybe T a
GDyn :: GMaybe r a -> GMaybe U a

runGMaybe :: GMaybe r a -> Maybe a
runGMaybe GNothing = Nothing
runGMaybe (GJust x) = Just x
runGMaybe (GDyn x) = runGMaybe x

instance Show a => Show (GMaybe r a) where
show (GJust x) = "GJust␣" ++ show x
show GNothing = "GNothing"
show (GDyn x) = show x

instance Subeffect GMaybe r r where
sub = id

instance Subeffect GMaybe T U where
sub = GDyn

instance Subeffect GMaybe F U where
sub = GDyn

instance GFunctor GMaybe where
fmapG f GNothing = GNothing
fmapG f (GJust x) = GJust (f x)
fmapG f (GDyn x) = GDyn (fmapG f x)

instance GBindable GMaybe F s where
bindG GNothing _ = GNothing

instance GBindable GMaybe T s where
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bindG (GJust x) k = k x
instance GBindable GMaybe U F where

bindG (GDyn x) _ = GNothing
instance GBindable GMaybe U T where

bindG (GDyn GNothing) _ = GDyn GNothing
bindG (GDyn (GJust x)) k = GDyn (k x)

instance GBindable GMaybe U U where
bindG (GDyn GNothing) _ = GDyn GNothing
bindG (GDyn (GJust x)) k = GDyn (k x)

instance GMonad GMaybe where
type Unit GMaybe = T
type Seq GMaybe e f = MaybeMult e f
type Join GMaybe e f = MaybeJoin e f
return x = GJust x

C.2 Graded monad transformers
Analysis-graded monads as defined in this library allow us to use facilities for
programming using graded monad transformers. Graded monad transformers are
all instances of the GMonadTrans type class and require defining the new grading
algebra, as well as a graded lifting operator. They are described in more detail in
Chapter 7.

C.2.1 Definition

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE KindSignatures #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.Trans where

import Control.Graded

class GMonadTrans (t :: (k -> * -> *) -> (k', k) -> * -> *) where
type IdG t :: k'
liftG :: GMonad m => m s a -> t m '(IdG t, s) a

C.2.2 Instances of transformers

Identity

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}

module Control.Graded.Trans.Identity where

import Prelude hiding (Monad (..))
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import Control.Graded
import Control.Graded.Identity
import Control.Graded.Trans

data IdentityT m (r :: (Sing , k)) a where
IdentityT :: {runIdentityT :: m f a}

-> IdentityT m '(S, f) a

instance (Show (m f a)) => Show (IdentityT m '(S, f) a) where
show (IdentityT x) = show x

instance Subeffect m f f'
=> Subeffect (IdentityT m) '(S, f) '(S, f') where

sub (IdentityT x) = IdentityT (sub x)

instance GFunctor m => GFunctor (IdentityT m) where
fmapG f (IdentityT x) = IdentityT (fmapG f x)

instance GBindable m f f'
=> GBindable (IdentityT m) '(S, f) '(S, f') where

bindG (IdentityT x) k = IdentityT (x >>= (runIdentityT . k))

instance GMonad m
=> GMonad (IdentityT m :: (Sing , k) -> * -> *) where

type Unit (IdentityT m) = '(S, Unit m)
type Seq (IdentityT m) '(S, f) '(S, f') = '(S, Seq m f f')
type Join (IdentityT m) '(S, f) '(S, f') = '(S, Join m f f')
return x = IdentityT (return x)

instance GMonadTrans IdentityT where
type IdG IdentityT = S
liftG = IdentityT

State with permissions

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE UndecidableInstances #-}

module Control.Graded.Trans.PermState where

import Control.Graded
import Control.Graded.PermState
import Control.Graded.Trans
import Prelude hiding (Monad (..))

data PermStateT s (m :: k -> * -> *) (f :: (Perm , k)) a where
PureStateT :: {runPureStateT :: m r a}

-> PermStateT s m '(Pure , r) a
ROStateT :: {runROStateT :: s -> m r a}

-> PermStateT s m '(RO, r) a
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AWStateT :: {runAWStateT :: m r (a, s)}
-> PermStateT s m '(AW, r) a

WOStateT :: {runWOStateT :: m r (a, Maybe s)}
-> PermStateT s m '(WO, r) a

RWStateT :: {runRWStateT :: s -> m r (a, s)}
-> PermStateT s m '(RW, r) a

runPermStateT :: GMonad m
=> PermStateT s m '(p, r) a -> s -> m r (a, s)

runPermStateT (PureStateT m) s = fmapG (\x -> (x, s)) m
runPermStateT (ROStateT f) s = fmapG (\x -> (x, s)) (f s)
runPermStateT (AWStateT m) _ = m
runPermStateT (WOStateT m) s = fmapG (\(x, s') -> case s' of

Nothing -> (x, s)
Just y -> (x, y)) m

runPermStateT (RWStateT f) s = f s

instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(Pure , f) '(Pure , f') where

sub (PureStateT m) = PureStateT (sub m)
instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(AW, f) '(AW, f') where

sub (AWStateT m) = AWStateT (sub m)
instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(WO, f) '(WO, f') where

sub (WOStateT m) = WOStateT (sub m)
instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(RO, f) '(RO, f') where

sub (ROStateT f) = ROStateT (\s -> sub (f s))
instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(RW, f) '(RW, f') where

sub (RWStateT f) = RWStateT (\s -> sub (f s))

instance Subeffect m f f'
=> Subeffect (PermStateT s m) '(Pure , f) '(RO, f') where

sub (PureStateT m) = ROStateT $ const (sub m)
instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(Pure , f) '(WO, f') where

sub (PureStateT m) = WOStateT $
sub (fmap (\x -> (x, Nothing )) m)

instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(Pure , f) '(RW, f') where

sub (PureStateT m) = RWStateT $
\s -> sub (fmap (\x -> (x, s)) m)

instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(AW, f) '(WO, f') where

sub (AWStateT m) = WOStateT $
sub (fmap (\(x, s) -> (x, Just s)) m)

instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(AW, f) '(RW, f') where

sub (AWStateT m) = RWStateT $
const $ sub (fmap (\(x, s) -> (x, s)) m)

instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(RO, f) '(RW, f') where

sub (ROStateT f) = RWStateT $
\s -> sub (fmap (\x -> (x, s)) (f s))
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instance (Functor (m f), Subeffect m f f')
=> Subeffect (PermStateT s m) '(WO, f) '(RW, f') where

sub (WOStateT m) = RWStateT $
\s' -> sub (fmap (\r -> case r of

(x, Just s) -> (x, s)
(x, Nothing) -> (x, s')) m)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(Pure , f) '(Pure , f') where

bindG (PureStateT x) k = PureStateT $
x >>= (runPureStateT . k)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(Pure , f) '(RO, f') where

bindG (PureStateT x) k = ROStateT $
\s -> x >>= \r -> runROStateT (k r) s

instance GBindable m f f'
=> GBindable (PermStateT s m) '(Pure , f) '(AW, f') where

bindG (PureStateT x) k = AWStateT $
x >>= (runAWStateT . k)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(Pure , f) '(WO, f') where

bindG (PureStateT x) k = WOStateT $
x >>= (runWOStateT . k)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(Pure , f) '(RW, f') where

bindG (PureStateT x) k = RWStateT $
\s -> (x >>= \r -> runRWStateT (k r) s)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(RO, f) '(Pure , f') where

bindG (ROStateT f) k = ROStateT $
\s -> f s >>= (runPureStateT . k)

instance GBindable m f f'
=> GBindable (PermStateT s m) '(RO, f) '(RO, f') where

bindG (ROStateT f) k = ROStateT $
\s -> f s >>= \r -> runROStateT (k r) s

instance GBindable m f f'
=> GBindable (PermStateT s m) '(RO, f) '(AW, f') where

bindG (ROStateT f) k = RWStateT $
\s -> f s >>= (runAWStateT . k)

instance (GBindable m f f', GBindable m (Seq m f f') (Unit m),
LeftId m (Seq m f f'))

=> GBindable (PermStateT s m) '(RO, f) '(WO, f') where
bindG (ROStateT f) k = RWStateT $

\s -> f s >>= (runWOStateT . k) >>= \r ->
let (y, s') = r in case s' of

Just z -> return (y, z)
Nothing -> return (y, s)

instance (GMonad m, GBindable m f f')
=> GBindable (PermStateT s m) '(RO, f) '(RW, f') where

bindG (ROStateT f) k = RWStateT $
\s -> f s >>= \r -> runRWStateT (k r) s

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(AW, f) '(Pure , f') where
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bindG (AWStateT m) k = AWStateT $
m >>= \(x, s) -> runPureStateT (k x) >>= \r -> return (r, s)

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(AW, f) '(RO, f') where
bindG (AWStateT m) k = AWStateT $

m >>= \(x, s) -> runROStateT (k x) s >>= \r -> return (r, s)
instance (GMonad m, GBindable m f f',

GBindable m f' (Unit m), LeftId m f')
=> GBindable (PermStateT s m) '(AW, f) '(AW, f') where

bindG (AWStateT m) k = AWStateT $
m >>= \(x, s) -> runAWStateT (k x)

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(AW, f) '(WO, f') where
bindG (AWStateT m) k = AWStateT $

m >>= \(x, s) -> runWOStateT (k x) >>= \r ->
let (y, s') = r in case s' of

Just z -> return (y, z)
Nothing -> return (y, s)

instance (GMonad m, GBindable m f f', LeftId m f')
=> GBindable (PermStateT s m) '(AW, f) '(RW, f') where

bindG (AWStateT m) k = AWStateT $
m >>= \(x, s) -> runRWStateT (k x) s

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(WO, f) '(Pure , f') where
bindG (WOStateT m) k = WOStateT $

m >>= \(x, s) -> runPureStateT (k x) >>= \r -> return (r, s)
instance (GMonad m, GBindable m f f',

GBindable m f' (Unit m), LeftId m f')
=> GBindable (PermStateT s m) '(WO, f) '(RO, f') where

bindG (WOStateT m) k = RWStateT $
\s -> m >>= \r ->

let (y, s') = r in case s' of
Just z -> runROStateT (k y) z >>= \r' -> return (r', z)
Nothing -> runROStateT (k y) s >>= \r' -> return (r', s)

instance (GMonad m, GBindable m f f')
=> GBindable (PermStateT s m) '(WO, f) '(AW, f') where

bindG (WOStateT m) k = AWStateT $
m >>= \(x, s) -> runAWStateT (k x)

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(WO, f) '(WO, f') where
bindG (WOStateT m) k = WOStateT $

m >>= \(x, s) -> runWOStateT (k x) >>= \(y, s') ->
case s' of

Just z -> return (y, s')
Nothing -> return (y, s)

instance (GMonad m, GBindable m f f')
=> GBindable (PermStateT s m) '(WO, f) '(RW, f') where

bindG (WOStateT m) k = RWStateT $
\s -> m >>= \(x, s') -> case s' of

Just y -> runRWStateT (k x) y
Nothing -> runRWStateT (k x) s
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instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(RW, f) '(Pure , f') where
bindG (RWStateT f) k = RWStateT $

\s -> f s >>= \(y, s') -> runPureStateT (k y)
>>= \r -> return (r, s')

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(RW, f) '(RO, f') where
bindG (RWStateT f) k = RWStateT $

\s -> f s >>= \(y, s') -> runROStateT (k y) s'
>>= \r -> return (r, s')

instance (GMonad m, GBindable m f f')
=> GBindable (PermStateT s m) '(RW, f) '(AW, f') where

bindG (RWStateT f) k = RWStateT $
\s -> f s >>= \(y, _) -> runAWStateT (k y)

instance (GMonad m, GBindable m f f',
GBindable m f' (Unit m), LeftId m f')

=> GBindable (PermStateT s m) '(RW, f) '(WO, f') where
bindG (RWStateT f) k = RWStateT $

\s -> f s >>= \(x, s') -> runWOStateT (k x)
>>= \(y, s'') -> case s'' of

Just z -> return (y, z)
Nothing -> return (y, s')

instance (GMonad m, GBindable m f f')
=> GBindable (PermStateT s m) '(RW, f) '(RW, f') where

bindG (RWStateT f) k = RWStateT $
\s -> f s >>= \(y, s') -> runRWStateT (k y) s'

instance GFunctor m => GFunctor (PermStateT s m) where
fmapG f (PureStateT m) = PureStateT $ fmapG f m
fmapG f (ROStateT f') = ROStateT $ \s -> fmapG f (f' s)
fmapG f (AWStateT m) = AWStateT $

fmapG (\(x, s) -> (f x, s)) m
fmapG f (WOStateT m) = WOStateT $

fmapG (\(x, s) -> (f x, s)) m
fmapG f (RWStateT f') = RWStateT $

\s -> fmapG (\(x, s') -> (f x, s')) (f' s)

instance GMonad m => GMonad (PermStateT s m) where
type Unit (PermStateT s m) = '(Pure , Unit m)
type Seq (PermStateT s m) '(e, f) '(e', f') =

'(PermSeq e e', Seq m f f')
type Join (PermStateT s m) '(e, f) '(e', f') =

'(PermJoin e e', Join m f f')
return = PureStateT . return

instance GMonadTrans (PermStateT s) where
type IdG (PermStateT s) = Pure
liftG = PureStateT

getT :: GMonad m => PermStateT s m '(RO, Unit m) s
getT = ROStateT (\s -> return s)

putT :: GMonad m => s -> PermStateT s m '(AW, Unit m) ()
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putT s = AWStateT (return ((), s))

Maybe

{-# LANGUAGE DataKinds #-}
{-# LANGUAGE GADTs #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE ScopedTypeVariables #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE UndecidableInstances #-}

module Control.Graded.Trans.Maybe where

import Prelude hiding (Monad (..))
import Control.Graded
import Control.Graded.Maybe
import Control.Graded.Trans

data GMaybeT m r a where
GMaybeT :: {runGMaybeT :: m f (GMaybe e a)}

-> GMaybeT m '(e, f) a

instance (Subeffect m f f')
=> Subeffect (GMaybeT m) '(e, f) '(e, f') where

sub (GMaybeT x) = GMaybeT (sub x)
instance (Subeffect m f f', Subeffect GMaybe T U, GFunctor m)
=> Subeffect (GMaybeT m) '(T, f) '(U, f') where

sub (GMaybeT x) = GMaybeT (sub (fmapG sub x))
instance (Subeffect m f f', Subeffect GMaybe F U, GFunctor m)
=> Subeffect (GMaybeT m) '(F, f) '(U, f') where

sub (GMaybeT x) = GMaybeT (sub (fmapG sub x))

instance (GFunctor GMaybe , GFunctor m)
=> GFunctor (GMaybeT m) where

fmapG f (GMaybeT x) = GMaybeT (fmapG (fmapG f) x)

type family MaybeTMult (m :: k -> * -> *)
(r :: (MaybeGr , k))
(s :: (MaybeGr , k)) where

MaybeTMult m '(F, f) _ = '(F, f)
MaybeTMult m '(T, f) '(s, f') = '(s, Seq m f f')
MaybeTMult m '(U, f) '(F, f') = '(F, Seq m f

(Join m f' (Unit m)))
MaybeTMult m '(U, f) '(_, f') = '(U, Seq m f

(Join m f' (Unit m)))

instance (GBindable GMaybe F e',
GBindable m f (Unit m), LeftId m f)

=> GBindable (GMaybeT m) '(F, f) '(e', f') where
bindG (GMaybeT x) k = GMaybeT $ x >> return GNothing

instance (GBindable GMaybe T e', GBindable m f f')
=> GBindable (GMaybeT m) '(T, f) '(e', f') where
bindG (GMaybeT x) k = GMaybeT $
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x >>= \r -> let GJust y = r in runGMaybeT (k y)

helperUF :: (GMonad m, JoinUpper m f' (Unit m))
=> GMaybe U a -> (a -> GMaybeT m '(F, f') b)

-> GMaybeT m '(F, Join m f' (Unit m)) b
helperUF (GDyn y) k' = GMaybeT $ case y of

GNothing -> sub (return GNothing)
GJust z -> sub (runGMaybeT (k' z))

instance (GBindable GMaybe U F,
GBindable m f (Join m f' (Unit m)),
JoinUpper m f' (Unit m))

=> GBindable (GMaybeT m) '(U, f) '(F, f') where
bindG (GMaybeT x) k = GMaybeT $

x >>= \r -> runGMaybeT (helperUF r k)

helperUT :: (GMonad m, JoinUpper m f' (Unit m))
=> GMaybe U a -> (a -> GMaybeT m '(T, f') b)

-> GMaybeT m '(U, Join m f' (Unit m)) b
helperUT (GDyn y) k' = GMaybeT $ case y of

GNothing -> sub (return (GDyn GNothing ))
GJust z -> sub (fmapG GDyn (runGMaybeT (k' z)))

instance (GBindable GMaybe U T,
GBindable m f (Join m f' (Unit m)),
JoinUpper m f' (Unit m))

=> GBindable (GMaybeT m) '(U, f) '(T, f') where
bindG (GMaybeT x) k = GMaybeT $

x >>= \r -> runGMaybeT (helperUT r k)

helperUU :: (GMonad m, JoinUpper m f' (Unit m))
=> GMaybe U a -> (a -> GMaybeT m '(U, f') b)

-> GMaybeT m '(U, Join m f' (Unit m)) b
helperUU (GDyn y) k' = GMaybeT $ case y of

GNothing -> sub (return (GDyn GNothing ))
GJust z -> sub (runGMaybeT (k' z))

instance (GBindable GMaybe U U,
GBindable m f (Join m f' (Unit m)),
JoinUpper m f' (Unit m))

=> GBindable (GMaybeT m) '(U, f) '(U, f') where
bindG (GMaybeT x) k = GMaybeT $

x >>= \r -> runGMaybeT (helperUU r k)

instance GMonad m =>
GMonad (GMaybeT m :: (MaybeGr , k) -> * -> *) where

type Unit (GMaybeT m) = '(T, Unit m)
type Seq (GMaybeT m) r s = MaybeTMult m r s
type Join (GMaybeT m) '(e, f) '(e', f') =

'(MaybeJoin e e', Join m f f')
return x = GMaybeT (return (GJust x))

instance GMonadTrans GMaybeT where
type IdG GMaybeT = 'T
liftG = GMaybeT . (fmapG GJust)
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C.3 Graded concurrency
These code listings correspond to the graded monad used for concurrency, described
in the functional pearl I co-authored with Alan Mycroft [IM20]. The code is so
available on the following GitHub repository:

https://github.com/Dreian/graded-concurrency/

C.3.1 Graded monad definition

{-# LANGUAGE ConstraintKinds #-}
{-# LANGUAGE DataKinds #-}
{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE FlexibleInstances #-}
{-# LANGUAGE FunctionalDependencies #-}
{-# LANGUAGE KindSignatures #-}
{-# LANGUAGE MultiParamTypeClasses #-}
{-# LANGUAGE PolyKinds #-}
{-# LANGUAGE RebindableSyntax #-}
{-# LANGUAGE ScopedTypeVariables #-}
{-# LANGUAGE TypeFamilies #-}
{-# LANGUAGE TypeOperators #-}
{-# LANGUAGE UndecidableInstances #-}

module Deadlock where

import Control.Concurrent
import Control.Monad.Trans (lift)
import Control.Monad.Trans.Reader
import Data.Functor.Identity
import Data.Kind
import Data.Type.Bool
import Data.Type.Equality
import GHC.Base (liftM)
import GHC.TypeLits
import Control.Graded
import Prelude hiding (Monad (..))
import qualified Prelude as M

-- Synchronized expressions

type LockT l m = ReaderT (MVar l) m

data RegionP = RegionP { pa :: Int , pb :: Int }
data RegionQ = RegionQ { qa :: Int , qs :: String }
instance Show RegionP where

show reg = "{a␣=␣" ++ show (pa reg) ++
",␣b␣=␣" ++ show (pb reg) ++ "}"

instance Show RegionQ where
show reg = "{a␣=␣" ++ show (qa reg) ++

",␣s␣=␣" ++ show (qs reg) ++ "}"

type InternalRep a =
LockT () (LockT () (LockT () (LockT ()( LockT ()

(LockT RegionP (LockT RegionQ IO )))))) a

https://github.com/Dreian/graded-concurrency/
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newtype Sync (lockList :: [Symbol ]) a =
Sync { unSync :: InternalRep a }

infixr 5 :\/:

-- The operations wrap the underlying monad exponentiated by a
-- list of locks / MVars , constructors used to pack and unpack.

instance GBindable Sync e f (e :\/: f) where
bindG x k = Sync $ x M.>>= (unSync . k)

instance Sublist e f => Subeffect Sync e f where
sub = id

instance GMonad Sync where
type Unit Sync = '[]
type Seq Sync r s = r :\/: s
type Join Sync r s = r :\/: s
alt True x _ = Sync $ unSync x
alt False _ y = Sync $ unSync y
return x = Sync $ M.return x

-- Subtyping relation

class Sublist s t
instance Sublist '[] '[]
instance {-# OVERLAPPABLE #-} Sublist s t => Sublist s (x ': t)
instance {-# OVERLAPS #-} Sublist s t => Sublist (x ': s) (x ': t)

-- List merge operator: :\/:, forces the result to be sorted

type family (xs :: [k]) :\/: (ys :: [k]) :: [k] where
'[] :\/: ys = ys
xs :\/: '[] = xs
(x ': xs) :\/: (y ': ys) =

If (Cmp x y == LT) (x ': (xs :\/: y ': ys))
(If (Cmp x y == GT) (y ': (x ': xs :\/: ys))

(x ': (xs :\/: ys)))

-- 'partial cons ' operation for sync functions

class PartialCons (x :: k) (xs :: [k]) (ys :: [k]) | x xs -> ys
-- comment the following line and uncomment the subsequent
-- one to allow deadlock
instance (LessThanAll x xs) => PartialCons x xs (x ': xs)
-- instance PartialCons x xs (x ': xs)

-- Helper operators for comparison and testing

type family Cmp (a :: k) (b :: k) :: Ordering
type instance Cmp (v :: Symbol) (u :: Symbol) = CmpSymbol v u

class BoolAsConstraint b
instance BoolAsConstraint True
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class LessThanAll (x :: k) (ys :: [k])
instance LessThanAll x '[]
instance BoolAsConstraint (Cmp x y == LT)
=> LessThanAll x (y ': ys)

type LockListProperties r s = ((r :\/: r) ~ r, (s :\/: s) ~ s,
(r :\/: s) ~ (s :\/: r),
((r :\/: s) :\/: r) ~ (r :\/: s),
((r :\/: s) :\/: s) ~ (r :\/: s),
Sublist r (r :\/: s),
Sublist '[] r, Sublist '[] s,
(r :\/: '[]) ~ r, ('[] :\/: r) ~ r,
(s :\/: '[]) ~ s, ('[] :\/: s) ~ s)

-- Run the monad

performSync :: Sync r a -> MVar () -> MVar () -> MVar ()
-> MVar () -> MVar ()
-> MVar RegionP -> MVar RegionQ -> IO a

performSync m lv lw lx ly lz lp lq =
runReaderT (runReaderT (runReaderT (runReaderT (runReaderT

(runReaderT (runReaderT (unSync m) lv) lw) lx) ly) lz) lp) lq

runSync :: Sync r a -> () -> () -> () -> () -> ()
-> RegionP -> RegionQ -> IO a

runSync m v w x y z p q =
newMVar v M.>>= \lv -> newMVar w M.>>= \lw ->
newMVar x M.>>= \lx -> newMVar y M.>>= \ly ->
newMVar z M.>>= \lz -> newMVar p M.>>= \lp ->
newMVar q M.>>= \lq -> performSync m lv lw lx ly lz lp lq

-- Run in parallel

(<||>) :: Sync r a -> Sync s b -> Sync (r :\/: s) (a, b)
Sync p <||> Sync q = do

la <- liftIO newEmptyMVar
lb <- liftIO newEmptyMVar
Sync $ unSync $ deepFork (Sync $ bindIO (putMVar la) p)

(Sync $ bindIO (putMVar lb) q)
x <- liftIO $ takeMVar la
y <- liftIO $ takeMVar lb
return (x, y)

-- Synchronization , locking functions

makeSync :: Sync '[] (MVar l) -> (l -> Sync r (a, l)) -> Sync s a
makeSync l k = Sync $ unSync $ do

lock <- l
v <- liftIO (takeMVar lock)
(res , newv) <- k v
liftIO (putMVar lock newv)
return res

ignoreLock :: Sync r a -> l -> Sync r (a, l)
ignoreLock m l = do

v <- m
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return (v, l)

syncP :: PartialCons "P" r s
=> (RegionP -> Sync r (a, RegionP )) -> Sync s a
syncP = makeSync $ Sync $ lift $ lift $ lift $ lift $ lift ask

syncQ :: PartialCons "Q" r s
=> (RegionQ -> Sync r (a, RegionQ )) -> Sync s a
syncQ = makeSync $ Sync $ lift $ lift $ lift $ lift $ lift $

lift ask

syncV :: PartialCons "V" r s => Sync r a -> Sync s a
syncV m = makeSync (Sync ask) $ ignoreLock m

syncW :: PartialCons "W" r s => Sync r a -> Sync s a
syncW m = makeSync (Sync $ lift ask) $ ignoreLock m

syncX :: PartialCons "X" r s => Sync r a -> Sync s a
syncX m = makeSync (Sync $ lift $ lift ask) $ ignoreLock m

syncY :: PartialCons "Y" r s => Sync r a -> Sync s a
syncY m = makeSync (Sync $ lift $ lift $ lift ask) $ ignoreLock m

syncZ :: PartialCons "Z" r s => Sync r a -> Sync s a
syncZ m = makeSync (Sync $ lift $ lift $ lift $ lift ask) $

ignoreLock m

-- IO operations as Sync operations

pureReaderT :: M.Monad m => m a -> ReaderT s m a
pureReaderT = ReaderT . M.return

pushBind :: M.Monad m => (a -> m b) -> LockT s m a -> LockT s m b
pushBind k m = ReaderT $ \x -> runReaderT m x M.>>= k

pushDeepBind :: (M.Monad m, M.Monad n) =>
((a -> n b) -> m a -> m b) -> (a -> n b) -> LockT r m a

-> LockT r m b
pushDeepBind l k m = ReaderT $ \x -> l k $ runReaderT m x

deepFork :: Sync r () -> Sync s () -> Sync '[] ThreadId
deepFork m n = Sync $ ReaderT $ \v -> ReaderT $ \w ->

ReaderT $ \x -> ReaderT $ \y ->
ReaderT $ \z -> ReaderT $ \p ->
ReaderT $ \q ->

forkIO (performSync m v w x y z p q) M.>>
forkIO (performSync n v w x y z p q)

bindIO :: (a -> IO b) -> InternalRep a -> InternalRep b
bindIO = pushDeepBind $ pushDeepBind $ pushDeepBind $

pushDeepBind $ pushDeepBind $ pushDeepBind pushBind

liftIOInternal :: IO a -> InternalRep a
liftIOInternal = pureReaderT . pureReaderT . pureReaderT .

pureReaderT . pureReaderT . pureReaderT .
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pureReaderT

liftIO :: IO a -> Sync '[] a
liftIO = Sync . liftIOInternal

delay :: Int -> Sync '[] ()
delay = liftIO . threadDelay

syncPutStrLn :: String -> Sync '[] ()
syncPutStrLn = liftIO . putStrLn

-- Helpful function for sequencing based on a list

foldBind :: (Foldable f, LockListProperties r s)
=> Sync r a -> f (a -> Sync s a) -> Sync (r :\/: s) a

foldBind m = foldl (>>=) (sub m)

repeatBind :: LockListProperties r r =>
Int -> Sync r a -> Sync r a
repeatBind n m = m `foldBind ` replicate (n - 1) (const m)

C.3.2 Usage examples

{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE RebindableSyntax #-}
{-# LANGUAGE TypeFamilies #-}

import Prelude hiding (Monad , return , (>>), (>>=))
import qualified Prelude as M

import Control.Graded
import Deadlock

-- Dining philosophers: demo

philosopher x s1 s2 = s1 $ do
delay 100000
s2 $ do

delay 100000
syncPutStrLn $ "philosopher␣" ++ show x

philosopher1 = philosopher 1 syncV syncW
philosopher2 = philosopher 2 syncW syncX
philosopher3 = philosopher 3 syncX syncY
philosopher4 = philosopher 4 syncY syncZ
philosopher5 = philosopher 5 syncV syncZ

dining = philosopher1 <||> philosopher2 <||> philosopher3
<||> philosopher4 <||> philosopher5

repeatEat p = repeatBind 5 p

longDining = repeatEat philosopher1 <||> repeatEat philosopher2
<||> repeatEat philosopher3 <||> repeatEat philosopher4
<||> repeatEat philosopher5
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-- Dining philosophers: examples of expressions that do not type
check

-- Uncomment the definitions of philosopher3 ' and dining '

-- philosopher5 ' = philosopher 5 syncZ syncV

-- dining ' = philosopher1 <||> philosopher2 <||> philosopher3
-- <||> philosopher4 <||> philosopher5 '

-- Showing concurrency in action

threads = runSync (syncPutStrLn "[thread␣1]" <||>
syncPutStrLn "[thread␣2]")

() () () () () (RegionP 0 0) (RegionQ 0 "")
threadsIsolated = runSync (syncX (syncPutStrLn "[thread␣1]") <||>

syncX (syncPutStrLn "[thread␣2]"))
() () () () () (RegionP 0 0) (RegionQ 0 "")

-- Memory regions example

thr1 = do
delay 1000000
syncP $ \p -> syncQ $ \q ->

return ((0, p), RegionQ (pa p + 1) "touched␣by␣1")
thr2 = do

delay 1000000
syncP $ \p ->

return (1, RegionP 50 10)
thr3 = do

delay 1000000
syncQ $ \q ->

return (2, RegionQ (qa q + 5) "touched␣by␣3")
thr4 = do

delay 1000000
syncP $ \p -> syncQ $ \q ->

return ((0, RegionP (2 * qa q + 1) (pa p)),
RegionQ (qa q) "touched␣by␣4")

regions = do
thr1 <||> thr2 <||> thr3 <||> thr4
syncQ $ \q -> do

syncPutStrLn $ show q
return ((), q)

return "done"

regionsRun = runSync regions
() () () () () (RegionP 0 0) (RegionQ 0 "")

-- Run dining philosophers

main :: IO ()
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main = runSync dining () () () () () (RegionP 0 0) (RegionQ 0 "")
M.>> putStrLn "Done!"
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DDenotational semantics of System G

D.1 Overview of denotational semantics

We first provide the definitions of semantics of contexts; the denotations of judge-
ments are merely specified by giving their semantic domains and their exact treatment
is deferred to the following section.

We define the remainder of these denotations in a largely causal order: each
definition depends on the previous ones in the sequence. However, we start with
the semantics of the typing judgements for value-kinded terms in a given context.
Three similar cases, denotations of contexts, are listed together at the end.

Denotation of value-kinded typing judgements The semantics of a typing judge-
ment ⟦ℐ ⊢val 𝑀 : 𝐴⟧val is a map from a context record ℛ to some member
of the semantics of the type 𝐴: ⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛΣ,𝒮 ,Δ,Φ. Here ℛ

is a record over ‘Σ’, ‘𝒮’, ‘Δ’, ‘Φ’ and ‘Γ’, which respectively contain a set of
symbols, a map from symbol set variable names to finite sets of symbols, a
map from symbol variable names to symbol constants, a map from grade
variable names to elements of some grading algebras, and a map from vari-
able names to elements of the semantics of their types (domain of ℛΓ is
⟦Σ | 𝒮 | Δ | Φ ⊢val2type Γ⟧val2type

ℛΣ,𝒮 ,Δ,Φ).

We do not elaborate on the components of the records ℛ in each of the following
explanations, since they follow the ones for typing judgements. The denotations of
contexts and judgements are:

Symbol-constant contexts ⟦Σ⟧symcenv is trivial, just giving the set of elements in-
cluded in Σ, e.g. ⟦𝑋,𝑌⟧symcenv = {𝑋,𝑌}.

Symbol-set-variables context ⟦𝒮⟧ssenv plays no role at run-time (even if 𝒮 is ne-
cessary for entailments) and thus can be interpreted as just a unit (singleton
set). This differs from what ℛ𝒮 is (map from symbol set variable names to
sets of symbols).

Symbol set judgements The denotation ⟦Σ | 𝒮 ⊢ss 𝑆⟧ss of symbol set 𝑆 under the
context Σ | 𝒮 is a function mapping records ℛ with fields ‘Σ’ and ‘𝒮’, to some
finite set whose elements are drawn from ⟦Σ⟧symcenv and the range of ℛ𝒮
(Appendix).

Symbol judgements The denotation ⟦Σ |𝒮 |Δ⊢symΨ <− 𝑆⟧sym of symbolΨ in context
Σ | 𝒮 | Δ is a function from a record ℛ with fields ‘Σ’, 𝒮 and ‘Δ’ (as before) to
an element of ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛ (Appendix).

219
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Graded monad builders The semantics of each graded monad builder 𝑇, ⟦𝑇⟧gmb,
is a function mapping a finite sets of symbols 𝜁 to a grading algebra. Con-
structing types, the other meaning of graded monad builders, is part of the
semantics of types. For three interesting graded monad builders, Exception,
StPerm and StLive, these definitions are given in Figure D.1.

Grading algebras A grading algebra, which we refer to [T]S in syntax (for example,
in grade abstractions), corresponds semantically to a computational grading
algebra denoted by 𝑇◦𝑆. The semantics of a grading algebra [T]S (for a
graded monad with underlying graded monad builder 𝑇 and symbol set 𝑆),
⟦Σ | 𝒮 ⊢alg 𝑇

◦𝑆⟧alg, is a function that maps records ℛ with fields ‘Σ’, ‘𝒮’ and
‘Δ’ (as before) to the grading algebra associated with this graded monad (the
set 𝑆, naturally, being interpreted as ⟦Σ | 𝒮 ⊢ss 𝑆⟧ss). The definition is given by
the equation:

⟦Σ | 𝒮 ⊢alg 𝑇
◦𝑆⟧alg

ℛ = ⟦𝑇⟧gmb(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛ)
The resulting grading algebra of ⟦Σ | 𝒮 ⊢alg 𝑇

◦𝑆⟧alg
ℛ is a tuple (𝐸, ⊑, ⊙, 1,𝒪).

The individual components of this are accessed using dictionary notation, e.g.
(⟦Σ | 𝒮 ⊢alg 𝑇

◦𝑆⟧alg
ℛ)[⊑].

Grade judgements ⟦Σ | 𝒮 | Δ | Φ ⊢gr 𝐹 ⊳ [T]S & 𝜑⟧gr is a function from a record ℛ

with fields Σ, 𝒮, Δ and Φ (first three as before, and Φ is a map from grade
variable names to elements of various grading algebras) to the semantics of
grade-kinded term 𝐹, associated with grading algebra ⟦Σ |𝒮⊢alg𝑇

◦𝑆⟧alg
ℛΣ,𝒮 ,Δ.

The semantics of 𝐹 is either the corresponding element of the grading algebra
or a grade-kinded operator. (Details in the following section.)

Type judgements ⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧type is a map from a record ℛ with fields Σ,
𝒮, Δ and Φ (all as before) to the semantics of 𝐴, which is a domain. (Details
in the following section.)

Value-variable type contexts We lift the ⊢type judgements from types to type envir-
onments conjunctively to give ⊢val2type defined by Σ | 𝒮 | Δ | Φ ⊢val2type Γ which
holds exactly when
Σ | 𝒮 | Δ | Φ ⊢type Γ(𝑥) holds for all 𝑥 ∈ dom(Γ). This judgement form has
semantics:

⟦Σ | 𝒮 | Δ | Φ ⊢val2type Γ⟧
val2type

ℛ =
∏

𝑥∈dom(Γ)
⟦Σ | 𝒮 | Δ | Φ ⊢type Γ(𝑥)⟧typeℛ

Symbol-variable contexts Analogously to value-variables, we lift ⟦·⟧ss to obtain
⟦·⟧sym2ss:

⟦Σ | 𝒮 ⊢sym2ss Δ⟧
sym2ss

ℛ =
∏

𝛿∈dom(Δ)
⟦Σ | 𝒮 ⊢ss Δ(𝛿)⟧ssℛ

Note that ℛ here only has Σ,𝒮 components.

Grade-variable contexts Again, we similarly lift ⟦·⟧alg to obtain ⟦·⟧gr2alg:

⟦Σ | 𝒮 | Δ ⊢gr2alg Φ⟧
gr2alg

ℛ =
∏

𝑟∈dom(Φ)
⟦Σ | 𝒮 ⊢alg Φ(𝑟)⟧alg

ℛΣ,𝒮

or, in other words, a function from context record ℛ to a partial map from
grade variable names to elements of the grading algebras they belong to.
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⟦Exception⟧gmb𝜁 = (𝒫(𝜁), ⊆,∪, ∅,⋃𝑉∈𝜁{add 𝑉, rem 𝑉})
⟦StPerm⟧gmb𝜁 = (𝜁→ {pure, ro,wo, rw}, ⊑,⊔,𝜆𝑥 ∈ 𝜁. pure,

⋃
𝑉∈𝜁{rd 𝑉,wr 𝑉})

⟦StLive⟧gmb𝜁 = (𝒫(𝜁) → 𝒫(𝜁), ⊑,∪,𝜆𝑠 ∈ 𝒫(𝜁). ∅,⋃𝑉∈𝜁{gen 𝑉, kill 𝑉})

Figure D.1. Interpreting graded monad builders when applied to finite set of
symbols 𝜁 (for 𝑇◦𝑆).

⟦Σ | 𝒮 ⊢ss {{𝑋1 , . . . , 𝑋𝑘}}⟧ssℛ = {𝑋𝑖 | 1 ≤ 𝑖 ≤ 𝑘}
⟦Σ | 𝒮 ⊢ss 𝜉⟧ssℛ = ℛ𝒮(𝜉)
⟦Σ | 𝒮 | Δ ⊢sym 𝑋 <− 𝑆⟧symℛ = 𝑋

⟦Σ | 𝒮 | Δ ⊢sym 𝛿 <− 𝑆⟧symℛ = ℛΔ(𝛿)

Figure D.2. Denotational semantics of symbol sets and symbols.

Above we have defined the semantics for each of the five contexts, but only
specified the semantic domains of the six kinds of entailments ⟦·⟧val, ⟦·⟧type, ⟦·⟧gr,
⟦·⟧ss, ⟦·⟧sym; their definitions are given in the Appendix. The one definition we give
in this section is the semantics of grading algebras – what mathematical object 𝑇◦𝑆
corresponds to.

D.2 System G: full denotational semantics

First we define the semantics of symbols and symbol sets. A symbol is either
a symbol variable or a symbol constant, and thus the denotation of a symbol is a
function from a context mapℛ to either the value of a symbol variable or a constant.
Symbol sets are similar and are either symbol-set variables or symbol-set constants
(so they are interpreted either as sets of constant symbols or as sets seen in the
range of ℛ𝒮 .). The denotational semantics of symbols and symbol sets is given in
Figure D.2.

Grade-level term semantics is, for the most part, easy to define. The denotation
of a grade in context is a function from a recordℛ to an element of the corresponding

⟦𝒥 ⊢gr 1 ⊳ [T]S & Eff⟧grℛ = ⟦Σ | 𝒮 ⊢alg 𝑇
◦𝑆⟧alg

ℛΣ,𝒮[1]
⟦𝒥 ⊢gr 𝑟 ⊳ [T]S & Eff⟧grℛ = ℛΦ(𝑟)
⟦𝒥 ⊢gr 𝐹 ⊙ 𝐺 ⊳ [T]S & Eff⟧grℛ = ⟦Σ | 𝒮 ⊢alg 𝑇

◦𝑆⟧alg
ℛΣ,𝒮[⊙]

(⟦𝒥 ⊢gr 𝐹 ⊳ [T]S & Eff⟧grℛ,

⟦𝒥 ⊢gr 𝐺 ⊳ [T]S & Eff⟧grℛ)
⟦𝒥 ⊢gr 𝑂 ⊳ [T]S & 𝜑⟧grℛ = depending on 𝑇

⟦𝒥 ⊢gr 𝐹 𝐺 ⊳ [T]S & 𝜑⟧grℛ = (⟦𝒥 ⊢gr 𝐹 ⊳ [T]S & Eff ⇒ 𝜑⟧grℛ)
(⟦𝒥 ⊢gr 𝐺 ⊳ [T]S & Eff⟧grℛ)

⟦𝒥 ⊢gr 𝐹 Ψ ⊳ [T]S & 𝜑⟧grℛ = (⟦𝒥 ⊢gr 𝐹 ⊳ [T]S & Sym⇒ 𝜑⟧grℛ)
(⟦Σ | 𝒮 | Δ ⊢sym Ψ <− 𝑆⟧symℛΣ,𝒮 ,Δ)

Figure D.3. The denotational semantics of effects. Here 𝒥 abbreviates Σ | 𝒮 | Δ | Φ.
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⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴1 → 𝐴2⟧typeℛ = (⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴1⟧typeℛ)
→ (⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴2⟧typeℛ)

⟦Σ | 𝒮 | Δ | Φ ⊢type ∀eff 𝑟:[T]S (𝐴)⟧typeℛ = (⟦Σ | 𝒮 ⊢alg 𝑇
◦𝑆⟧alg

ℛΣ,𝒮)
→ (⟦Σ | 𝒮 | Δ | 𝑟 : [T]S,Φ ⊢type 𝐴⟧type

ℛ{Φ ↦→ℛΦ[𝑟 ↦→ ⟦Σ | 𝒮 ⊢alg 𝑇
◦𝑆⟧alg

ℛΣ,𝒮[T]S]})
⟦Σ | 𝒮 | Δ | Φ ⊢type Πsym𝛿:𝑆 (𝐴)⟧typeℛ = (⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮)

→ (⟦Σ | 𝒮 | 𝛿 : 𝑆,Δ | Φ ⊢type 𝐴⟧typeℛ{Δ ↦→ℛΔ[𝛿 ↦→ 𝑆]})
⟦Σ | 𝒮 | Δ | Φ ⊢type Πss𝜉 (𝐴)⟧typeℛ𝜁 = ⟦Σ | 𝜉,𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ{𝒮 ↦→ℛ𝒮[𝜉 ↦→ 𝜁]}
⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴 𝐹⟧typeℛ = (⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ)

(⟦Σ | 𝒮 | Δ | Φ ⊢gr 𝐹 ⊳ 𝑇◦𝑆 & Eff⟧grℛ)
⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴Ψ⟧typeℛ = (⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ)

(⟦Σ | 𝒮 | Δ ⊢sym Ψ <− 𝑆⟧symℛΣ,𝒮 ,Δ)
⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴 𝑆⟧typeℛ = (⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ)

(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮)

Figure D.4. Interpreting types which are not graded monadic.

⟦ℐ ⊢val 𝑥 : 𝐴⟧val ℛ = ℛΓ(𝑥)
⟦ℐ ⊢val 𝜈𝑋 (𝑀) : 𝐴⟧val ℛ = ⟦ℐ{Σ ↦→ 𝑋,ℐΣ} ⊢val 𝑀 : 𝐴⟧val ℛ{Σ ↦→ {𝑋} ∪ℛΣ}
⟦ℐ ⊢val 𝜆𝑥:𝐵 (𝑀) : 𝐴⟧val ℛ = 𝜆𝑡 ∈ ⟦ℐΣ,𝒮 ,Δ,Φ ⊢type 𝐵⟧type.

(⟦ℐ{Γ ↦→ 𝑥 : 𝐵,ℐΓ} ⊢val 𝑀⟧val ℛ{Γ ↦→ℛΓ[𝑥 ↦→ 𝑡]})
⟦ℐ ⊢val 𝑀 𝑁 : 𝐴⟧val ℛ = (⟦ℐ ⊢val 𝑀 : 𝐵→ 𝐴⟧val ℛ) (⟦ℐ ⊢val 𝑁 : 𝐵⟧val ℛ)
⟦ℐ ⊢val Λeff 𝑟:[T]S (𝑀) : 𝐴⟧val ℛ = 𝜆𝜙 ∈ ⟦ℐΣ,𝒮 ⊢alg 𝑇

◦𝑆⟧alg
ℛΣ,𝒮 ,Δ.

⟦ℐ{Φ ↦→ 𝑟 : [T]S,ℐΦ} ⊢val 𝑀⟧val ℛ{Φ ↦→ℛΦ[𝑟 ↦→ [T]S]}
⟦ℐ ⊢val 𝑀 𝐹 : 𝐴⟧val ℛ = (⟦ℐ ⊢val 𝑀 : 𝐴⟧val ℛ)(⟦ℐΣ,𝒮 ,Δ,Φ ⊢gr 𝐹 ⊳ 𝑇◦𝑆 & Eff⟧gr ℛΣ,𝒮 ,Δ,Φ)
⟦ℐ ⊢val 𝜆sym𝛿:𝑆 (𝑀) : 𝐴⟧val ℛ = 𝜆𝜓 ∈ ⟦ℐΣ,𝒮 ⊢ss 𝑆⟧ss ℛΣ,𝒮 .

(⟦ℐ{Δ ↦→ 𝛿 : 𝑆,ℐΔ} ⊢val 𝑀⟧valℛ{Δ ↦→ℛΔ[𝛿 ↦→ 𝜓]})
⟦ℐ ⊢val 𝑀 Ψ : 𝐴⟧val ℛ = (⟦ℐ ⊢val 𝑀 : 𝐴⟧val ℛ)

(⟦ℐΣ,𝒮 ,Δ ⊢sym Ψ <− 𝑆⟧sym ℛΣ,𝒮 ,Δ)
⟦ℐ ⊢val 𝜆ss𝜉 (𝑀) : 𝐴⟧val ℛ𝜁 = (⟦ℐ{𝒮 ↦→ 𝜉,ℐ𝒮} ⊢val 𝑀 : 𝐴⟧val) (ℛ{𝒮 ↦→ℛ𝒮[𝜉 ↦→ 𝜁]})
⟦ℐ ⊢val 𝑀 𝑆 : 𝐴⟧val ℛ = (⟦ℐ ⊢val 𝑀 : 𝐴⟧val ℛ) (⟦ℐΣ,𝒮 ⊢ss 𝑆⟧ss ℛΣ,𝒮)

Figure D.5. Interpreting value-kinded terms that do not concern graded monads.

algebra or a grade-level function. The denotational semantics of the identity grade 1
is a function from the recordℛ to the denotation of the identity of the corresponding
grading algebra – and the denotation of the grading algebra is given by applying the
denotation of ⟦Σ | 𝒮 ⊢alg 𝑇

◦𝑆⟧alg to the sub-record ℛΣ,𝒮 . Similarly, the denotation
of a product of two grades (that is, 𝐹 ⊙ 𝐺) is a function from a record to the
application of the denotation of thegrade multiplication operator in the appropriate
grading algebra to the denotations of 𝐹 and 𝐺. The other cases are similar, with
special attention paid to the grade-level constants and operators – these are defined
later, when we look at the semantics of graded monadic operations for the three
interesting graded monads (Exception, StPerm, StLive). Overall the semantics of
grade-level terms is given in Figure D.3.

The denotational semantics of types is given in Figure D.4. The definition follows
the standard ideas from denotational semantics of simply-typed lambda calculus,
PCF and similar languages. The figure only shows the semantics of types that are
not graded monadic – the semantics of those types has to be defined separately.
Grade, symbol and symbol-set abstractions (polymorphism) have as denotations
maps from ℛ to denotations of all possible results of application – this is in the form
of set of all pairs of denotations of effects/symbols/symbol sets and denotations of
the result of application.
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⟦Σ | 𝒮 | Δ | Φ ⊢type Exception♦𝑆 𝐹 𝐴⟧typeℛ = ⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ +
⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮

⟦Σ | 𝒮 | Δ | Φ ⊢type StPerm♦𝑆 𝐹 𝐴⟧typeℛ = (⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z) →
⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ ×
(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z)

⟦Σ | 𝒮 | Δ | Φ ⊢type StLive♦𝑆 𝐹 𝐴⟧typeℛ = (⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z) →
⟦Σ | 𝒮 | Δ | Φ ⊢type 𝐴⟧typeℛ ×
(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z)

Figure D.6. Interpreting graded monadic types. These are simplified: rather than
having different representations and semantics depending on grade 𝐹, the grade
merely provides simple analysis information.

Next, the denotations of value terms are stated in Figure D.5, except for the
monadic bind, return and subeffecting. No part of the denotational semantics is
particularly surprising.

Graded monad builders are associated with maps from sets to grading algebras
parameterised by these sets. The denotations are given in Figure D.1 for the three
kinds of graded monads we consider (Exception, StPerm, StLive). Furthermore, a
graded monadic type𝑇♦𝑆 𝐹 𝐴 has a denotation that depends on𝑇 – the denotational
semantics of these types is given in Figure D.6.

Next, we need to state the denotational semantics of value-level terms for bind,
return and subeffecting for all three graded monad builders. The semantics of these
operations is stated in Figure D.7. Note that the semantics of sub𝑇♦𝑆 𝐹 𝐺 𝑀 is simple:
the grade does not change the underlying representation of the graded monad.

Finally, we define the semantics of all graded monad operations and effect
algebra operators – essentially value-level and effect-level constants. They follow
the common implementations of these operations and representations of the graded
monads in programming languages. The remainder of the semantics is given in
Figures D.8 and D.9.
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⟦ℐ ⊢val retException♦𝑆 𝑀 : Exception♦𝑆 1 𝐴⟧valℛ = inl (⟦ℐ ⊢val 𝑀 : 𝐴⟧val)
⟦ℐ ⊢val retStPerm♦𝑆 𝑀 : StPerm♦𝑆 1 𝐴⟧valℛ = 𝜆𝑠 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z.

(⟦ℐ ⊢val 𝑀 : 𝐴⟧val , 𝑠)
⟦ℐ ⊢val retStLive♦𝑆 𝑀 : StLive♦𝑆 1 𝐴⟧valℛ = 𝜆𝑠 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z.

(⟦ℐ ⊢val 𝑀 : 𝐴⟧val , 𝑠)

⟦ℐ ⊢val 𝑀 ≫=Exception♦𝑆 𝑁 : Exception♦𝑆 (𝐹 ⊙ 𝐺) 𝐵⟧valℛ =


(⟦ℐ ⊢val 𝑁 : 𝐴→ Exception♦𝑆 𝐺 𝐵⟧valℛ)(𝑥),

if ⟦ℐ ⊢val 𝑀 : Exception♦𝑆 𝐹 𝐴⟧valℛ = inl𝑥
⟦ℐ ⊢val 𝑀 : Exception♦𝑆 𝐹 𝐴⟧valℛ,

otherwise
⟦ℐ ⊢val 𝑀 ≫=StPerm♦𝑆 𝑁 : StPerm♦𝑆 (𝐹 ⊙ 𝐺) 𝐵⟧valℛ = 𝜆𝑠 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z.

⟦ℐ ⊢val 𝑁 : 𝐴→ StPerm♦𝑆 𝐺 𝐵⟧val
(fst (⟦ℐ ⊢val 𝑀 : StPerm♦𝑆 𝐹 𝐴⟧val𝑠))
(snd (⟦ℐ ⊢val 𝑀 : StPerm♦𝑆 𝐹 𝐴⟧val𝑠))

⟦ℐ ⊢val 𝑀 ≫=StLive♦𝑆 𝑁 : StLive♦𝑆 (𝐹 ⊙ 𝐺) 𝐵⟧valℛ = 𝜆𝑠 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 → Z.
⟦ℐ ⊢val 𝑁 : 𝐴→ StLive♦𝑆 𝐺 𝐵⟧val
(fst (⟦ℐ ⊢val 𝑀 : StLive♦𝑆 𝐹 𝐴⟧val𝑠))
(snd (⟦ℐ ⊢val 𝑀 : StLive♦𝑆 𝐹 𝐴⟧val𝑠))

⟦ℐ ⊢val subException♦𝑆 𝐹 𝐺 𝑀 : Exception♦𝑆 𝐺 𝐴⟧valℛ = ⟦ℐ ⊢val 𝑀 : Exception♦𝑆 𝐹 𝐴⟧valℛ

⟦ℐ ⊢val subStPerm♦𝑆 𝐹 𝐺 𝑀 : Exception♦𝑆 𝐺 𝐴⟧valℛ = ⟦ℐ ⊢val 𝑀 : StPerm♦𝑆 𝐹 𝐴⟧valℛ
⟦ℐ ⊢val subStLive♦𝑆 𝐹 𝐺 𝑀 : Exception♦𝑆 𝐺 𝐴⟧valℛ = ⟦ℐ ⊢val 𝑀 : StLive♦𝑆 𝐹 𝐴⟧valℛ

(Here ℐ abbreviates Σ | 𝒮 | Δ | Φ | Γ)

Figure D.7. Semantics of graded monadic operations: return, bind and subeffect-
ing.

getPerm : Πss𝜉 (Πsym𝛿:𝜉 (StPerm♦𝜉 (rdPerm 𝛿) Int))
⟦ℐ ⊢val getPerm : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁. 𝜆𝑠 ∈ Z. (𝑠(𝜓), 𝑠)
putPerm : Πss𝜉 (Πsym𝛿:𝜉 (Int→ StPerm♦𝜉 (wrPerm 𝛿) Unit))
⟦ℐ ⊢val putPerm : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁. 𝜆𝑣 ∈ Z. 𝜆𝑠 ∈ Z. ((), 𝑠 + {𝜉 ↦→ 𝑣})

getLive : Πss𝜉 (Πsym𝛿:𝜉 (StLive♦𝜉 (rdLive 𝛿) Int))
⟦ℐ ⊢val getLive : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁. 𝜆𝑠 ∈ Z. (𝑠(𝜓), 𝑠)
putLive : Πss𝜉 (Πsym𝛿:𝜉 (Int→ StLive♦𝜉 (wrLive 𝛿) Unit))
⟦ℐ ⊢val putLive : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁. 𝜆𝑣 ∈ Z. 𝜆𝑠 ∈ Z. ((), 𝑠 + {𝜉 ↦→ 𝑣})

raise : Πss𝜉 (Πsym𝛿:𝜉 (Exception♦𝜉 (singleton 𝛿) 𝛼))
⟦ℐ ⊢val raise : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁. inr 𝜓
handle : Πss𝜉 (Πsym𝛿:𝜉 (Exception♦𝜉 𝐹 𝛼

→ Exception♦𝜉 𝐺 𝛼→ Exception♦𝜉 (excHandle 𝛿 𝐹 𝐺) 𝛼))
⟦ℐ ⊢val handle : 𝐶⟧valℛ𝜁 = 𝜆𝜓 ∈ 𝜁.

𝜆𝑚 ∈ ⟦ℐΣ,𝒮 ,Δ,Φ ⊢type Exception♦𝜉 𝐹 𝛼⟧typeℛΣ,𝒮 ,Δ,Φ.
𝜆ℎ ∈ ⟦ℐΣ,𝒮 ,Δ,Φ ⊢type Exception♦𝜉 𝐺 𝛼⟧typeℛΣ,𝒮 ,Δ,Φ.{

𝑚, 𝑚 ≠ inr 𝜓
ℎ, 𝑚 = inr 𝜓

Figure D.8. Semantics of the graded monad constants. The type of each constant
is stated above its semantics and is abbreviated as 𝐶 in each of the judgements.
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⟦Σ | 𝒮 | Δ | Φ ⊢gr rdPerm ⊳ StPerm◦𝑆 & Sym⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . 𝜆𝜓′ ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 .

{
ro, 𝜓′ = 𝜓
pure, 𝜓′ ≠ 𝜓

⟦Σ | 𝒮 | Δ | Φ ⊢gr wrPerm ⊳ StPerm◦𝑆 & Sym⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . 𝜆𝜓′ ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 .

{
wo, 𝜓′ = 𝜓
pure, 𝜓′ ≠ 𝜓

⟦Σ | 𝒮 | Δ | Φ ⊢gr rdLive ⊳ StLive◦𝑆 & Sym⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . 𝜆𝑠 ∈ 𝒫(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮). 𝑠 ∪ {𝜓}
⟦Σ | 𝒮 | Δ | Φ ⊢gr wrLive ⊳ StLive◦𝑆 & Sym⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . 𝜆𝑠 ∈ 𝒫(⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮). 𝑠 \ {𝜓}

⟦Σ | 𝒮 | Δ | Φ ⊢gr singleton ⊳ Exception◦𝑆 & Sym⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . {𝜓}
⟦Σ | 𝒮 | Δ | Φ ⊢gr excHandle ⊳ Exception◦𝑆 & Sym⇒ Eff ⇒ Eff ⇒ Eff⟧grℛ =

𝜆𝜓 ∈ ⟦Σ | 𝒮 ⊢ss 𝑆⟧ssℛΣ,𝒮 . 𝜆𝜙1 ∈ ⟦Σ | 𝒮 ⊢alg Exception◦𝑆⟧alg
ℛΣ,𝒮 .

𝜆𝜙2 ∈ ⟦Σ | 𝒮 ⊢alg Exception◦𝑆⟧alg
ℛΣ,𝒮 . (𝜙1 \ {𝜓}) ∪ 𝜙2

Figure D.9. Denotations of grade-kinded operators for the three graded monad
builders.
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EExtended examples

This Appendix contains elaborations and further examples related to topics covered
in the core part of the thesis.

The two examples presented here are:

• the translation of LiveState𝑆 (following on Chapter 3);

• the graded monad transformer corresponding to HistState𝑆 (following on
Chapter 7).

E.1 Live variables
The translation of LiveState𝑆 is shown on Figures E.1 and E.2.

E.2 History-graded state monad transformer

Example E.1. LetC be a cartesian closed category and let 𝑆 ∈ C. The true strong
graded monad transformer HistStateT𝑆 represents the addition of a new state
(whose type is represented by 𝑆) and the added analysis is that of the maximum
number of writes performed on this state by a computation. Given a strong
graded monad T = (𝑇, 𝜇, 𝜂, 𝑡) : (𝐸, ⩽, ⊙, 1) → Endo(C), the strong graded
monad T̂ = HistStateT𝑆T has a grading algebra that is just a direct (cartesian)
product of (N𝜔 , ⩽𝜔 ,+𝜔 , 0) and (𝐸, ⩽, ⊙, 1). Assuming 𝑡 𝑓 is the ‘flipped’ version
of 𝑡, meaning 𝑡

𝑓

𝐴,𝐵
= 𝑡𝐵,𝐴 for all 𝐴, 𝐵 ∈ C, the graded monad T̂ is defined as

follows:

𝑇⟨𝑛, 𝑒⟩ = (𝑇𝑒((−) × 𝑆⩽𝜔𝑛+1))𝑆 (for 𝑛 ∈ N)
𝑇⟨∞, 𝑒⟩ = (𝑇𝑒((−) × List(𝑆)))𝑆
(𝑇(⟨𝑛1 , 𝑒⟩ ≼ ⟨𝑛2 , 𝑒⟩))𝐴 = id

𝑇⟨𝑛1 ,𝑒⟩𝐴
(𝑇(⟨𝑛, 𝑒1⟩ ≼ ⟨𝑛, 𝑒2⟩))𝐴 = 𝜆((𝑇(𝑒1 ⩽ 𝑒2))𝑆,𝑇𝑒1(𝐴×𝑆⩽𝜔𝑛+1) ◦ ev𝑆,𝑇𝑒1(𝐴×𝑆⩽𝜔𝑛+1))
(𝜇̂⟨𝑛1 ,𝑒1⟩,⟨𝑛2 ,𝑒2⟩)𝑋 = 𝜆((𝜇𝑒1 ,𝑒2)𝑋×𝑆⩽𝜔1+𝜔𝑛1+𝜔𝑛2 ◦ 𝑇𝑒1(id𝑋 × append1+𝜔𝑛2 ,𝑛1

𝑆
)

◦ 𝑇𝑒1𝑡
𝑓

𝑋×𝑆⩽𝜔1+𝜔𝑛2 ,𝑆⩽𝜔𝑛1

◦ 𝑇𝑒1⟨ev𝑆,𝑇𝑒2(𝑋×𝑆⩽𝜔1+𝜔𝑛2 ) ◦ ⟨hd ◦ 𝜋2 ,𝜋1⟩, tl ◦ 𝜋2⟩
◦ ev𝑆,𝑇𝑒1((𝑇𝑒2(𝑋×𝑆⩽𝜔1+𝜔𝑛2 ))𝑆×𝑆⩽𝜔1+𝜔𝑛1 ))

𝜂̂𝐴 = 𝜆𝜂𝐴×𝑆
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⟨⟨LiveStatekill
𝑆 𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type × ⟨⟨𝑆⟩⟩type

⟨⟨LiveStateid
𝑆 𝐴⟩⟩type = ⟨⟨𝐴⟩⟩type × (⟨⟨𝑆⟩⟩type + Unit)

⟨⟨LiveStategen
𝑆

𝐴⟩⟩type = ⟨⟨𝑆⟩⟩type → (⟨⟨𝐴⟩⟩type × ⟨⟨𝑆⟩⟩type)

(ret) Γ ⊢ 𝑀 : 𝐴
Γ ⊢ return 𝑀 : LiveStateid

𝑆 𝐴

•∼ inl 𝑡1 : ⟨⟨𝐴⟩⟩type + (⟨⟨𝑆⟩⟩type + Unit)

(get)
Γ ⊢ get : LiveStategen

𝑆
𝑆

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨𝑠, 𝑠⟩

(put)
Γ ⊢ put : 𝑆→ LiveStatekill

𝑆 Unit
•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨⟨⟩, 𝑠⟩

(run-kill)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 𝑡1

(run-id)
Γ ⊢ 𝑀 : LiveStateid

𝑆 𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 𝑡1

(run-gen)
Γ ⊢ 𝑀 : LiveStategen

𝑆
𝐴

Γ ⊢ run 𝑀 : 𝑆→ 𝐴

•∼ fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ proj1 (𝑡1 𝑠)

(sub-refl)
Γ ⊢ 𝑀 : LiveState𝑒𝑆𝐴

Γ ⊢ sub𝑒 ,𝑒 𝑀 : LiveMultiState𝑒𝑆𝐴
•∼ 𝑡

(sub-kill-id)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴

Γ ⊢ subkill,id 𝑀 : LiveStateid
𝑆 𝐴

•∼

⟨proj1 𝑡1 , inl (proj2𝑡1) : ⟨⟨𝑆⟩⟩type + Unit⟩

(sub-kill-gen)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴

Γ ⊢ subkill,gen 𝑀 : LiveStategen
𝑆

𝐴

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑡1

(sub-id-gen)
Γ ⊢ 𝑀 : LiveStateid

𝑆 𝐴

Γ ⊢ subid,gen 𝑀 : LiveStategen
𝑆

𝐴

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨proj1 𝑡1 , case proj2 𝑡 of (inl 𝑥1 ⇒ 𝑥1 | inr 𝑥2 ⇒ 𝑠)⟩

Figure E.1. The translation of LiveState𝑆 into Target – everything except binding.
Fresh names are assumed for all introduced variables.
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(bind-kill-kill)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStatekill
𝑆 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStatekill
𝑆 𝐵

•∼

𝑡2{(proj1 𝑡1)/𝑥}

(bind-kill-id)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStateid
𝑆 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStatekill
𝑆 𝐵

•∼

⟨proj1 𝑡2 , case proj2 𝑡2 of (inl 𝑥1 ⇒ 𝑥1 | inr 𝑥2 ⇒ proj2 𝑡1)⟩{(proj1 𝑡1)/𝑥}

(bind-kill-gen)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStategen
𝑆

𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStatekill
𝑆 𝐵

•∼

(𝑡2 (proj2 𝑡1)){(proj1 𝑡1)/𝑥}

(bind-id)
Γ ⊢ 𝑀 : LiveStateid

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveState𝑒𝑆𝐵
Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveState𝑒𝑆𝐵

•∼

𝑡2{(proj1 𝑡1)/𝑥} (for 𝑒 ∈ {kill, id})

(bind-id-gen)
Γ ⊢ 𝑀 : LiveStateid

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStategen
𝑆

𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStategen
𝑆

𝐵

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ (case proj2 𝑡1 of (inl 𝑥1 ⇒ 𝑡2 𝑥1
| inr 𝑥2 ⇒ 𝑡2 𝑠)){(proj1 𝑡1)/𝑥}

(bind-gen-kill)
Γ ⊢ 𝑀 : LiveStategen

𝑆
𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStatekill

𝑆 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStategen
𝑆

𝐵

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ 𝑡2 {(proj1 (𝑡1 𝑠))/𝑥}

(bind-gen-id)
Γ ⊢ 𝑀 : LiveStatekill

𝑆 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStateid
𝑆 𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStatekill
𝑆 𝐵

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ ⟨proj1 𝑡2 , case proj2 𝑡2 of (inl 𝑥1 ⇒ proj2 𝑡2
| inr 𝑥2 ⇒ proj2 (𝑡1 𝑠))⟩{(proj1 (𝑡1 𝑠))/𝑥}

(bind-gen-gen)
Γ ⊢ 𝑀 : LiveStategen

𝑆
𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : LiveStategen

𝑆
𝐵

Γ ⊢ bind 𝑥 : 𝐴⇐ 𝑀 with 𝑁 : LiveStategen
𝑆

𝐵

•∼

fn 𝑠 : ⟨⟨𝑆⟩⟩type ⇒ (𝑡2 (proj2 (𝑡1 𝑠))){(proj1 (𝑡1 𝑠))/𝑥}

Figure E.2. The translation of binding for LiveState𝑆.



230 5.2 History-graded state monad transformer

The multiplication natural transformation 𝜇̂, the most complicated part of the
definition, is such that (𝜇̂⟨𝑛1 ,𝑒1⟩,⟨𝑛2 ,𝑒2⟩)𝑋 is the unique morphism such that the
diagram on Figure E.3 commutes.
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FAdditional proofs

F.1 Proof of soundness of the System G equational theory
Proving Theorem 6.1 is done using a simple induction on derivations of ≡, but the
proof relies on some certain other properties. The 𝛽-equivalence cases in the proof
of the soundness theorem are proved by using the following soundness of substitution
result:

Theorem F.1. The following denotational equalities hold:

(1) ⟦ℐ ⊢val 𝑀{𝑁/𝑥} : 𝐴⟧valℛ = ⟦ℐ{Γ ↦→ 𝑥:𝐵,ℐΓ} ⊢val 𝑀 : 𝐴⟧val
(ℛ{Γ ↦→ℛΓ[𝑥 ↦→ ⟦ℐ ⊢val 𝑁 : 𝐵⟧valℛ]});

(2) ⟦ℐ ⊢val 𝑀{𝐹/𝑟} : 𝐴⟧valℛ = ⟦ℐ{Φ ↦→ 𝑟:[T]S,ℐΦ} ⊢val 𝑀 : 𝐴⟧val
(ℛ{Φ ↦→ℛΦ[𝑟 ↦→ ⟦ℐΣ,𝒮 ,Δ,Φ ⊢gr 𝐹 ⊳ [T]S & Eff⟧gr]});

(3) ⟦ℐ ⊢val 𝑀{Ψ/𝛿} : 𝐴⟧valℛ = ⟦ℐ{Δ ↦→ 𝛿:𝑆,ℐΔ} ⊢val 𝑀 : 𝐴⟧val
(ℛ{Δ ↦→ℛΔ[𝛿 ↦→ ⟦ℐΣ,𝒮 ,Δ ⊢sym Ψ <− 𝑆⟧sym]});

(4) ⟦ℐ ⊢val 𝑀{𝑆/𝜉} : 𝐴⟧valℛ = ⟦ℐ{𝒮 ↦→ 𝜉,ℐ𝒮} ⊢val 𝑀 : 𝐴⟧val
(ℛ{𝒮 ↦→ℛ𝒮[𝜉 ↦→ ⟦ℐΣ,𝒮 ⊢ss 𝑆⟧ss]}).

Proof. By induction on typing judgements. The inductive property for case (1) is:

Ξ(ℐ{Γ ↦→ 𝑥:𝐵,ℐΓ} ⊢val 𝑀 : 𝐴) ≡ ∀𝑁. ℐ ⊢val 𝑁 : 𝐵
⇒ ⟦ℐ ⊢val 𝑀{𝑁/𝑥} : 𝐴⟧valℛ

= ⟦ℐ{Γ ↦→ 𝑥:𝐵,ℐΓ} ⊢val 𝑀 : 𝐴⟧val
(ℛ{Γ ↦→ℛΓ[𝑥 ↦→ ⟦ℐ ⊢val 𝑁 : 𝐵⟧val]})

We give one case in part (1) of the statement as an example:

(app) Assume Ξ(ℐ{Γ ↦→ 𝑥:𝐵,ℐΓ} ⊢val 𝑀1 : 𝐴1 → 𝐴2) and Ξ(ℐ{Γ ↦→ 𝑥:𝐵,ℐΓ} ⊢val
𝑀2 : 𝐴1). Let 𝑁 be a term satisfying ℐ ⊢val 𝑁 : 𝐵. Since (𝑀1 𝑀2){𝑁/𝑥} is the
same as 𝑀1{𝑁/𝑥} 𝑀2{𝑁/𝑥}, we get:

⟦ℐ ⊢val (𝑀1 𝑀2){𝑁/𝑥} : 𝐴2⟧valℛ = (⟦ℐ ⊢val 𝑀1{𝑁/𝑥} : 𝐴1 → 𝐴2⟧valℛ)
(⟦ℐ ⊢val 𝑀2{𝑁/𝑥} : 𝐴1⟧valℛ)

= ((⟦ℐ{Γ ↦→ 𝑥 : 𝐵,ℐΓ} ⊢val 𝑀1 : 𝐴1 → 𝐴2⟧valℛ)
ℛ{Γ ↦→ℛΓ[𝑥 ↦→ ⟦ℐ ⊢val 𝑁 : 𝐵⟧val]})
((⟦ℐ{Γ ↦→ 𝑥 : 𝐵,ℐΓ} ⊢val 𝑀2 : 𝐴1⟧valℛ)
ℛ{Γ ↦→ℛΓ[𝑥 ↦→ ⟦ℐ ⊢val 𝑁 : 𝐵⟧val]})

= (⟦ℐ{Γ ↦→ 𝑥 : 𝐵,ℐΓ} ⊢val 𝑀1 𝑀2 : 𝐴2⟧valℛ)
ℛ{Γ ↦→ℛΓ[𝑥 ↦→ ⟦ℐ ⊢val 𝑁 : 𝐵⟧val]}

as required.

Other cases proceed similarly. □

233
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Proof of Theorem 6.1. By induction on derivations for judgements ℐ ⊢ 𝑀 ≡ 𝑀′ : 𝐴,
with property:

Ξ(ℐ ⊢ 𝑀 ≡ 𝑀′ : 𝐴) : ⟦ℐ ⊢val 𝑀 : 𝐴⟧val = ⟦ℐ ⊢val 𝑀
′ : 𝐴⟧val

□

F.2 Proof of correctness of type inference for MLG

An important tool in the proof that the type inference algorithm presented in
Section 6.3.2 and Figure 6.7 is correct is the following lemma:

Lemma F.1 (Substitution). If Σ |Δ | Γ ⊩ 𝑀 : 𝐴 is derivable, then so is Σ |Δ | 𝜃Γ ⊩
𝑒 : 𝜃𝐴 for every type and grade substitution 𝜃.

Proof. Consider the property Φ(Σ,Δ, Γ, 𝑀, 𝐴) ≡ ∀𝜃. Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝜃(𝐴). We want
to show that it holds for all Σ, Δ, Γ, 𝑀, 𝐴 satisfying Σ | Δ | Γ ⊩ 𝑀 : 𝐴. We prove this
by rule induction on the definition of typing judgements.

(var) Suppose Σ |Δ | Γ ⊩ 𝑥 : 𝐴 holds due to Γ(𝑥) = 𝜎 and 𝜎 ≻ 𝜏. In other words, 𝜎 is
of the form (∀eff𝑅)(∀type𝑉)𝐴′, with 𝐴 = 𝜃′𝐴′ for some substitution 𝒮′ (whose
only non-fixed points must be elements of 𝑅 and 𝑉). For any substitution 𝜃,
there is a substitution 𝜃̃ that is the same as 𝜃 but does leaves all type and effect
variables in 𝑉 and 𝑅 alone – in other words 𝜃Γ(𝑥) = (∀eff𝑅

′)(∀type𝑉
′)(𝜃̃𝐴′).

Here the sets 𝑅′ and 𝑉′ are introduced to rename the ∀-bound variables using
fresh names and prevent ambiguity (following Damas and Milner). We have
(∀eff𝑅)(∀type𝑉)(𝜃𝐴′) ≻ 𝜃𝐴 because 𝜃𝐴 = 𝜃′′𝜃̃𝐴′ for the following 𝜃′′:

𝜃′′(𝑟) =
{
𝜃𝜃′(𝑟), 𝑟 ∈ 𝑅′
𝑟 𝑟 ∉ 𝑅′

𝜃′′(𝛼) =
{
𝜃𝜃′(𝛼), 𝛼 ∈ 𝐴′
𝛼 𝛼 ∉ 𝐴′

To show this works, first use the fact that 𝐴 = 𝜃′𝐴′, and then consider how
𝜃𝜃′ and 𝜃′′𝜃̃ act on type variables and effect variables. In the case of a bound
type variable 𝛼, 𝜃′′(𝜃̃(𝛼)) = 𝜃′′(𝛼) = 𝜃𝜃′(𝛼). When 𝛼 is free, 𝜃′(𝛼) = 𝛼 and 𝜃
must map 𝛼 to a type that contains no type variables in 𝐴′, so all type variables
appearing in 𝜃(𝛼) are left fixed by 𝜃′′ – hence 𝜃′′(𝜃(𝛼)) = 𝜃(𝛼). The argument
for effect variables is analogous. Hence we are done.

(sub) Assume Φ(Σ,Δ, Γ, 𝑀, 𝐴), Σ | Δ | Γ ⊩ 𝑀 : 𝐴 and 𝐴 <: 𝐵. Then Σ | Δ | Γ ⊩ 𝑀 : 𝐵
by (sub). Consider any substitution 𝜃. By the induction hypothesis, we have
Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝜃𝐴. To proceed, we use the following result:

Lemma F.2. For any substitution 𝜃 and types 𝐴 and 𝐵, Σ | Δ ⊩ 𝐴 <: 𝐵
implies Σ | Δ ⊩ 𝜃𝐴 <: 𝜃𝐵.

Proof. Easy rule induction on the definition of <:. The only case that requires
special attention is (graded-<:) because we want to show that Σ |Δ⊩sub 𝐹 ⊑ 𝐹′

implies Σ | Δ ⊩sub 𝜃𝐹 ⊑ 𝜃𝐹′. If 𝐹 and 𝐹′ contain any effect variables, then
the conclusion must hold for all possible valuations of these effect variables,
including the ones that correspond to the application of substitution 𝜃. □
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Hence Σ | Δ ⊩ 𝜃𝐴 <: 𝜃𝐵. Finally, Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝜃𝐵.

Other cases. Proceed similarly.

□

Proof of Theorem 6.2. We prove the two parts of this theorem by induction on MLG
terms 𝑀.

1. Consider the following property of expressions:

Φ(𝑀) ≡ ∀Σ,Δ, Γ, 𝜃, 𝐴. if infer(Σ | Δ | Γ ⊩ 𝑀) = (𝜃, 𝐴),
then Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝐴 is derivable

We prove this by induction on the structure of terms 𝑀.

(new) Assume Φ(𝑀) and consider the expression new 𝑋 within 𝑀. Let
Σ,Δ, Γ, 𝜃, 𝐴 such that infer(Σ | Δ | Γ ⊩ 𝑀) = (𝜃, 𝐴). By definition of
infer(Σ | Δ | Γ ⊩ 𝑀), the type 𝐴 is the same as the type 𝜏 inferred for 𝑀 in
context 𝑋,Σ |Δ |prune(Γ). By instantiating the inductive hypothesisΦ(𝑀)
with 𝑋,Σ, Δ and prune(Γ), we infer that 𝑋,Σ | Δ | 𝜃(prune(Γ)) ⊩ 𝑀 : 𝜏. By
the (new) typing rule we infer Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝜏, and since 𝜏 and 𝐴 are
the same, we conclude Φ(new 𝑋 within 𝑀).

(sym-app) Assume Φ(𝑀) and consider the expression 𝑀 Ψ. Let Σ,Δ, Γ, 𝜃, 𝐴
such that infer(Σ | Δ | Γ ⊩ 𝑀 Ψ) = (𝜃, 𝐴). By definition of infer(Σ | Δ | Γ ⊩
𝑀 Ψ), 𝑀 has type Πsym𝛿 (𝐴′) for some 𝛿 in variable context 𝜃Γ and
𝐴 is the same as 𝐴′{Ψ/𝛿}. The side condition also specifies that Ψ is
a valid symbol given the symbol context Σ | Δ. By instantiating the
inductive hypothesis Φ(𝑀) with Σ, Δ, Γ and Πsym𝛿 (𝐴′) we infer that
Σ | Δ | 𝜃Γ ⊩ 𝑀 : Πsym𝛿 (𝐴′). By the (sym-app) typing rule we infer
Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝐴′{Ψ/𝛿}, and since 𝐴′{Ψ/𝛿} is just 𝐴, we conclude
Φ(𝑀 Ψ).

(var) Assume infer(Σ | Δ | Γ ⊩ 𝑥) = (𝜃, 𝐴). By definition of infer(·), we have
𝜃 = Id and Γ(𝑥) = (∀eff𝑅)(∀type𝑉)𝐴 for some 𝑅 and 𝐴. Since Γ(𝑥) ≻ 𝐴, by
(var) we reach the desired conclusion.

(fn) Assume Φ(𝑀) and let infer(Σ | Δ | Γ ⊩ fn 𝑥 ⇒ 𝑀) = (𝜃, 𝐴). By definition
of infer(·), there is a fresh type variable 𝛼 that does not appear in Σ, Δ and
Γ such that (𝜃, 𝐴′) = infer(Σ | Δ | 𝑥 : 𝛼, Γ ⊩ 𝑒) and 𝐴 = 𝜃(𝛼) → 𝐴′. By the
inductive hypothesis, Σ | Δ | 𝑥 : 𝜃(𝛼), 𝜃Γ ⊩ 𝑀 : 𝐴. Thus, by the (fn) rule,
we conclude Σ | Δ | 𝜃Γ ⊩ 𝑀 : 𝜃(𝛼) → 𝐴.

(app) Assume Φ(𝑀1) and Φ(𝑀2). Let infer(Σ | Δ | Γ ⊩ 𝑀1 𝑀2) = (𝜃, 𝐴).
Following the definition of infer(·), we have:

• (𝜃1 , 𝐴1) = infer(Σ | Δ | Γ ⊩ 𝑀1);
• (𝜃2 , 𝐴2) = infer(Σ | Δ | 𝜃1Γ ⊩ 𝑀2);
• 𝜃3 = unify(𝜃2𝐴1 , 𝐴2 → 𝛼) for a fresh type variable 𝛼;
• 𝐴 is 𝜃3(𝛼) and 𝜃 = 𝜃3𝜃2𝜃1.

From the induction hypothesis Φ(𝑀1)we conclude Σ | Δ | 𝜃1Γ ⊩ 𝑀1 : 𝐴1.
By the Substitution Lemma, we conclude Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 : 𝜃3𝜃2𝐴1.
By definition of unification, 𝜃3𝜃2𝐴1 is the same as 𝜃3𝐴2 → 𝜃3(𝛼), and
thus Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 : 𝜃3𝐴2 → 𝜃3(𝛼).
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From Φ(𝑀2) we conclude Σ | Δ | 𝜃2𝜃1Γ ⊩ 𝑀1 : 𝐴2, and applying the
Substitution Lemma leads to the conclusion Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 : 𝜃3𝐴2.
Hence, by (app), we conclude Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 𝑀2 : 𝜃3(𝛼).

(ret) Assume Φ(𝑀) and let infer(Σ |Δ |Γ ⊩ return 𝑀) = (𝜃, 𝐴). By definition of
infer(Σ | Δ | Γ ⊩ return 𝑀), the type 𝐴 is necessarily of the form 𝑇1𝐴′, and
furthermore (𝜃, 𝐴′) = infer(Σ | Δ | Γ ⊩ 𝑀). By Φ(𝑀), we have Σ | Δ | 𝜃Γ ⊩
𝑀 : 𝐴′, and by (ret) we conclude Σ | Δ | 𝜃Γ ⊩ return 𝑀 : 𝑇1𝐴′.

(bind) Assume Φ(𝑀1) and Φ(𝑀2) and consider the expression bind 𝑥 ⇐
𝑀1 with 𝑀2. Let Σ,Δ, Γ, 𝜃, 𝐴 such that infer(Σ | Δ | Γ ⊩ bind 𝑥 ⇐
𝑀1 with 𝑀2) = (𝜃, 𝐴). By definition of infer(Σ | Δ | Γ ⊩ bind 𝑥 ⇐
𝑀1 with 𝑀2) there exist type variables 𝛼, 𝛽 and effect variables 𝑟, 𝑠, and
substitutions 𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 such that 𝜃 = 𝜃4𝜃3𝜃2𝜃1. Furthermore, by the
inductive hypothesis, Σ | Δ | 𝜃1Γ ⊩ 𝑀1 : 𝐴1 and Σ | Δ | 𝜃2(𝑥 : 𝐴1 , 𝜃1Γ) ⊩
𝑀2 : 𝐴2.
By the Substitution Lemma, Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 : 𝜃3𝜃2𝐴1, or in other
words, Σ | Δ | 𝜃3𝜃2𝜃1Γ ⊩ 𝑀1 : 𝑇𝜃3(𝑟)(𝜃3(𝛼)). Applying the Substitution
Lemma again we get Σ | Δ | 𝜃Γ ⊩ 𝑀1 : 𝑇𝜃4𝜃3(𝑟)(𝜃4𝜃3(𝛼)).
Similarly we conclude Σ | Δ | 𝜃Γ ⊩ 𝑀2 : 𝑇𝜃4(𝑠)(𝜃4(𝛽)).
By (bind), we concludeΣ|Δ|𝜃Γ ⊩ 𝑀2 : 𝑇𝜃4𝜃3(𝑟)⊙𝜃4(𝑠)(𝜃4(𝛽)). By simplifying
𝜃4(𝛽)we get the desired conclusion.

Other cases are similar.

2. Consider the following property:

Ξ(Σ,Δ, Γ, 𝑀, 𝐴′) ≡ ∀𝜃, 𝐴. infer(Σ | Δ | Γ ⊩ 𝑀) = (𝜃, 𝐴)
⇒ ∃𝐴′′.(Σ | Γ ⊩ 𝐴′′ <: 𝐴′ ∧ 𝜎 ≻ 𝐴′′)

where 𝜎 = (∀eff𝑅)(∀type𝑉)𝐴, with 𝑅 = fev(𝐴)\fev(Γ) and𝑉 = ftv(𝐴)\ftv(Γ). We
show that this property holds for all Σ,Δ, Γ, 𝑀, 𝐴′ satisfying Σ | Δ | Γ ⊩ 𝑀 : 𝐴′
by induction on rules that define the typing relation.

(sym-fn) Assume Ξ(Σ, (𝛿,Δ), Γ, 𝑀, 𝐴′) and furthermore that Σ | 𝛿,Δ | Γ ⊩ 𝑀 :
𝐴′ is derivable. By (sym-fn), Σ | Δ | Γ ⊩ sym 𝛿 ⇒ 𝑀 : Πsym𝛿 (𝐴′) is also
derivable. Assume infer(Σ | Δ | Γ ⊩ sym 𝛿 ⇒ 𝑀) = (𝜃, 𝐴). By definition
of infer(·), this means that 𝐴 is Πsym𝛿 (𝐴̃) and that infer(Σ | 𝛿,Δ | Γ ⊩ 𝑀) =
(𝜃, 𝐴̃) for some type 𝐴̃. By the inductive hypothesis, there exists some
type 𝐴′′ such thatΣ |Δ ⊩ 𝐴′′<:𝐴′ and 𝜎̃ ≻ 𝐴′′, where 𝜎̃ = (∀eff𝑅)(∀type𝑉)𝐴̃
(whereas 𝜎 = (∀eff𝑅)(∀type𝑉)𝐴).
Now consider the type Πsym𝛿 (𝐴′′). By rule (dep-<:) we have Σ | Δ ⊩
Πsym𝛿 (𝐴′′) <: Πsym𝛿 (𝐴′). Furthermore, since 𝜎̃ ≻ 𝐴′′, there exists a
substitution 𝜃′ such that 𝜃′𝐴̃ = 𝐴′′. Then 𝜃′(Πsym𝛿 (𝐴̃)) = Πsym𝛿 (𝐴′′),
hence 𝜎 ≻ Πsym𝛿 (𝐴′′). Thus, Ξ(Σ,Δ, Γ, sym 𝛿⇒ 𝑀,Πsym𝛿 (𝐴′)).

(var) Let (𝑥 : 𝜎) ∈ Γ and 𝜎 ≻ 𝐴′. By (var), this means Σ | Δ | Γ ⊩ 𝑥 : 𝐴′. Now
assume infer(Σ | Δ | Γ ⊩ 𝑥) = (𝜃, 𝐴). By definition of infer(·), we have that
𝜎 = (∀eff𝑅)(∀type𝑉)𝐴 for some effect and type variables sets 𝑅 and 𝑉 , as
well as 𝜃 = Id. Since <: is reflexive, we have Σ | Δ ⊩ 𝐴′ <: 𝐴′, and we
assumed 𝜎 ≻ 𝐴′, we conclude Ξ(Σ,Δ, Γ, 𝑥, 𝐴′).

Other cases proceed similarly.
□
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