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ABSTRACT

At certain radii protoplanetary discs may sustain a form of oscillatory convection (‘convective overstability’; COS) due to
localized adverse entropy gradients. The resulting hydrodynamical activity can produce coherent structures, such as zonal
flows and vortices, that may concentrate solid material and aid their further coagulation. In this paper, we extend previous
axisymmetric runs by performing local three-dimensional simulations of the COS, using the code SNOOPY. As parameters are
varied, we characterize how the various axisymmetric COS saturated states are transformed in three dimensions, while also
tracking their interrelationship with the subcritical baroclinic instability. In particular, at low Reynolds number (Re) our 3D
simulations exhibit similar weakly non-linear and wave turbulent states to our earlier axisymmetic runs. At higher Re, but low
Peclet number (Pe), we obtain bursty cycles involving the creation of zonal flows, the subsequent development of planar vortices,
and their destruction by elliptical instability. For larger Pe, however, zonal flows can persist, alongside weaker more elongated
vortices. These results further reveal the diversity of the COS’s behaviour, and show that solid accumulation via COS-induced

vortices may not be straightforward.
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1 INTRODUCTION

For the most part, protoplanetary (PP) discs are insufficiently ionized
to support magnetorotational turbulence, and accretion is thought
to be driven by laminar magnetic winds, at least at radii greater
than ~1 au (Turner et al. 2014; Lesur 2021). However, research
over the last 15 years has revealed that these ‘dead’ regions are
subject to a fascinating array of hydrodynamical instabilities that
typically generate structures (zonal flows and vortices) as part of
their saturation (Fromang & Lesur 2019; Lyra & Umurhan 2019;
Lesur et al. 2023). They, in turn, may impact on solid dynamics
and ultimately planet formation (Drazkowska et al. 2023). Of these
instabilities, we focus on the convective overstability (COS), a form
of oscillatory convection with a double-diffusive character (Klahr &
Hubbard 2014; Lyra 2014; Latter 2016), which arises in pockets of
radially decreasing entropy (e.g. ice lines, planetary gaps, and the
dead/active zone boundary; see discussion in Teed & Latter 2021,
hereafter TL21).

Simulations in Boussinesq shearing boxes show that the axisym-
metric COS saturates in remarkably diverse states, depending on the
strength of the entropy gradient and viscosity (TL21). In particular,
as the Reynolds number (Re) is increased, the saturation proceeds
through (a) a weakly non-linear state, (b) inertial wave turbulence,
(c) intermittent zonal flows, and (d) persistent zonal flows. Zonal
flows are usually accompanied by elevator flows, which may be
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physical but are artificially enhanced in shearing boxes. Additionally,
three-dimensional simulations reveal that the COS produces planar
vortices (Lyra 2014), which can collect dust (Raettig, Lyra & Klahr
2021; Lyra et al. 2024). Recently, researchers have begun to explore
global models of the COS, which extend, and complicate, some of
the results discovered in local boxes (Lehmann & Lin 2024, 2025).

Related but distinct to the COS is the subcritical baroclinic
instability (SBI), a non-linear process confined to the disc plane
(Klahr & Bodenheimer 2003; Petersen, Julien & Stewart 2007;
Lesur & Papaloizou 2010). The instability mechanism relies on
a finite-amplitude vortical seed, and thus amplifies and reshapes
pre-existing vortices. The magnitudes of thermal diffusion and the
entropy gradient select which vortices are preferentially excited (e.g.
efficient diffusion leads to larger vortices); meanwhile, the SBI can
reduce their aspect ratio (Lesur & Papaloizou 2010, hereafter LP10).
The relationship between the COS’s and SBI’s non-linear saturation
is yet to be explained.

In this paper, we extend our survey of axisymmetric COS states
(TL21) to three dimensions, using Boussinesq shearing boxes and
the code SNOOPY. Key questions we seek to answer include (a) do
the weakly non-linear and wave turbulent states remain effectively
axisymmetric in 3D, (b) do zonal flows become unstable to shear
instability and thus the creation of vortices, (c) what are the properties
and lifetimes of vortices so created, and (d) how does the SBI interact
with these vortices? Given the numerical cost of three-dimensional
simulations, we are unable to range across as wide a parameter
space as in TL21. Instead, we focus mostly on single values of the
Richardson and Peclet numbers and vary Re.
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We find that that 3D effects impact only on the states that exhibit
zonal flows. At lower Peclet numbers, these periodically break down
via non-axisymmetric shear instability. The vortices that emerge from
this process also break down, but via elliptical instability. The process
repeats on a time-scale of roughly 30—40 orbits and the SBI appears
to both enhance and enlarge the vortices so formed. At higher Peclet
numbers this is not the case: persistent zonal flows are possible,
as in axisymmetry, albeit co-existing with weaker more elongated
vortices. We expect the highly disordered dynamics revealed by our
simulations to complicate the commonly held picture that the COS
simply forms vortices and that these reliably accumulate solids.

2 METHODS

2.1 Physical model and governing equations

As in TL21, we employ the Boussinesq shearing box (Goldreich &
Lynden-Bell 1965; Hawley, Gammie & Balbus 1995; Latter &
Papaloizou 2017). Its governing equations are

1
u+u-Vu=——VP —2Qe, xu

o

+2¢Qxe, — N*Oe, +vViu, (1)
0,0 +u-V0 =u, +& V3, )
V.u=0, (3)

where u is the fluid velocity, P is pressure, p is the (constant)
background density, and 6 is the buoyancy variable. The fixed orbital
frequency of the box is €2, while the shear parameter of the sheet
is denoted by g. The buoyancy frequency issuing from the radial
stratification is denoted by N. The thermal diffusivity is &, and the
kinematic viscosity is v.

In addition to ¢, the system can be specified by three other
dimensionless parameters. The ‘R’ number measures the relative
strength of the (unstable) radial stratification to the stabilizing angular
momentum gradient:

N2
R= - 4)
where k2 =22 — q)Q? is the squared epicyclic frequency. The

relative importance of the diffusivities is measured by the Peclet
and Reynolds numbers
L%« L%k
Pe = —, Re = —, (5)
& v

where L is a characteristic outer length-scale, which we take to
be the height of our box. For a fuller discussion of the model, its
assumptions, and its parameters see Latter (2016) and TL21.

2.2 Numerical techniques

2.2.1 Code and set-up

Numerical simulations are performed with the code, SNOOPY
(Lesur & Longaretti 2005, 2007), which solves the shearing box
equations using a pseudo-spectral method based on a shearing wave
decomposition. Further details on the code are also given in TL21.

Our three-dimensional domain has dimensions L, x L, x L. and
is periodic in the vertical and azimuthal coordinates and shear
periodic in the radial. The majority of our simulations are per-
formed with L, =2L, Ly, =4L, L, = L and a grid resolution of
512 x 1024 x 256 points.
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To complement our 3D runs we perform two-dimensional sim-
ulations similar (though not identical; see below) to LP10 where
L, =2L and L, = 4L with grid resolution 512 x 1024. These are
labelled ‘2Dxy’.

Our units are set such that L = 1, Q = 1, and p = 1, matching
TL21. This leads to a difference in our 2Dxy set-up to that of LP10
where units were chosen with Q = 2/3 (or, equivalently, g = 1).

2.2.2 Parameter values and initial conditions

In all runs, the disc is Keplerian and so ¢ = 3/2, which leaves
three dimensionless parameters: R, Pe, and Re. Owing to the vastly
increased computational requirements to perform three-dimensional
simulations over the axisymmetric set-up of TL21, we do not sweep
through a large portion of the parameter space, but rather focus on
representative behaviours as a single parameter varies, namely Re.
To ‘speed up’ the dynamics, we select R = 0.1 and mostly take Pe
= 47% ~ 40. The Reynolds number varies from about 103 to 10°. For
a fuller discussion on the implications of these parameter choices,
see TL21.

Our 3D runs are seeded with small amplitude noise of a size
roughly |u| ~ 107>, In contrast, our 2D runs require finite-amplitude
initial conditions. Following LP10, we initialize large-scale modes
(above the cut-off length-scale of £, = 1/3) with 2D noise of
amplitude |u| ~ 0.6.

2.2.3 Diagnostics

As well as the velocity field, u, it is informative to compute the
vorticity, w = V X u, and, in particular, its vertical component, w,,
which can be obtained by calculating derivatives in spectral space.
Beside the fields themselves, our main diagnostics are the box-
averaged kinetic energy and its directional components:

Ex = (plul?), (6)

(fori € {x,y,z}) @)

Angle brackets denote an average over the full spatial domain and
subscripts signify an average over one or two of the three coordinates.
For example, {-) and (-),. represent a full box average and an average
over y and z only, respectively.

EK,‘ = <,0M12)

3 RESULTS

We opt to mostly focus on the sequence of states that emerge as Re
varies, with fixed values of R and Pe (TL21). The choice R = 0.1 and
Pe= 472 =~ 40 supplies a particularly clear sequence (see fig. 16 of
TL21): weakly non-linear waves, wave turbulence, wave turbulence
and zonal flows, and persistent zonal flows. This allows us to illustrate
the merits of the axisymmetric set-up but also the key differences in
3D; further computational resources would be required for a more
comprehensive study varying R (and Pe more widely). The results
section is structured around the different dynamical states we achieve,
with most attention devoted on the novel cycles of zonal flows and
vortices.

3.1 Weakly non-linear (WNL) state

Starting from Re =~ 10323, as in TL21, axisymmetric instability
occurs, corresponding to an exponential growth of the kinetic energy
dominated by the radial flow and, to a lesser extent, the azimuthal
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Figure 1. Time series of the kinetic energy, and its directional parts, for a
solution in the weakly non-linear regime (Re = 1032, Pe = 472).

flow. (The vertical component remains insignificant until saturation.)
The dominant mode in this phase is the k, =k, =0, k;, =2n
epicyclic oscillation, as in TL21. Fig. 1 shows this behaviour, which
is similar across all simulations. For this reason, we do not present
full time series for the remainder of this work. Note that the curves
in Fig. 1 include oscillations near the orbital frequency that generate
large fluctuations in energy in narrow time windows. When displayed
over a long time series, the result is a thick block of colour!

The growth rate of the dominant linear COS mode at Re = 103
is weak, leading to a lengthy period of linear growth before a weakly
non-linear saturated state emerges at ¢ 2> 7500, oscillating near the
orbital frequency (Fig. 2a). The majority of the kinetic energy
continues to be associated with radial motion, and the primacy of
the fastest growing axisymmetric COS mode remains, as a spatial
Fourier decomposition reveals (not shown). However, Figs 2(a—)
suggest a small number of additional axisymmetric modes contribute
to the saturated state. Modes with radial wavelength 2 and 1, and
vertical wavelength 1 are the most pronounced, which we identify
as slower growing COS modes. A number of shorter scale modes,
presumably in resonance with the dominant COS modes, achieve
smaller amplitudes but are likely key in redistributing energy input
by the instability and bringing the system to saturation. This weakly
non-linear state, composed of a small number of interacting wave
modes, is qualitatively similar to those explored in TL21, though
more complicated than the example they exhibited (which consisted
of mainly three modes).

Finally, we demonstrate the strong axisymmetry of this state by
plotting snapshots of the vertical velocity (Fig. 2d) and vertical
vorticity (Fig. 2e) in the xy plane. Note that these structures are
unsteady, and in fact oscillate and propagate on the fast orbital
timescale. This, given their relatively weak velocities, means they
are not easily subject to non-axisymmetric shear instability (see
discussion later). In summary, for these low Re, 3D simulations
and axisymmetric simulations of the COS are practically the same.

3.2 Wave turbulent state

An increase of the Reynolds number leads to saturated states
dominated by inertial wave turbulence. Within our simulation suite
we found the wave turbulent regime occurs between Re = 10°° and
Re = 10* (with Pe = 47%). A larger growth rate compared to the
WNL state leads to saturation for t > 1700 when Re = 103,

The dominance of the small number of modes seen in the WNL
regime is replaced here with a more disordered state characterized
by travelling inertial waves and a more chaotic evolution of the
kinetic energies (Figs 3a—d). Nevertheless, this regime remains
highly axisymmetric (Figs 3e—f) and is hence qualitatively equivalent
to the regime found in axisymmetric simulations (TL21).
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Figure 2. Representative plots for a solution in the weakly nonlinear regime
(Re = 10325 Pe = 472). (a) Partial time series of the kinetic energy, and
its directional parts. (b—e) Snapshots of velocity field components at t =
1.04 x 10*: (b) uy in an xz-slice (at y = 0); (c) u. in an xz-slice (at y = 0);
(d) u; in an xy-slice (at z = 0); (e) w; in an xy-slice (at z = 0).

The development of strong axisymmetry after a long period of
pre-saturation growth raises the question of whether such states are
stable to non-axisymmetric disturbances. In order to check this, we
perturbed the state shown in Fig. 3 with white noise at a magnitude
similar to the existing axisymmetric velocity and continued the
simulation. This did not trigger the emergence of non-axisymmetric
structures and the strongly axisymmetric state re-emerged after
approximately 40 time units.

At larger Reynolds number some intrinsic (unseeded) deviations
from axisymmetry begin to appear (Figs 4e—f), possibly due to
nascent shear instability (see next section), and the flow becomes
more turbulent (Figs 4b—d). Lastly, the turbulent Reynolds stress is
small and negative (~ 107), as in axisymmetry (TL21).
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Figure 3. Representative plots for a solution in the wave turbulent regime
(Re = 1033, Pe = 472). (a) Partial time series of the kinetic energy, and
its directional parts. (b—f) Snapshots of velocity field components at t =
5.4 x 10%: (b) u, in an xz-slice (at y = 0); (¢c) uy in an xz-slice (at y = 0);
(d) u; in an xz-slice (at y = 0); (e) u. in an xy-slice (at z = 0); (f) w; in an
xy-slice (at z = 0).
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Figure 4. Representative plots for a solution in the wave turbulent regime
(Re = 10*, Pe = 472). (a) Partial time series of the kinetic energy, and its
directional parts. (b—f) Snapshots of velocity field components at r = 6.3 x
103: (b) u, in an xz-slice (at y = 0); (c) uy in an xz-slice (at y = 0); (d) u;
in an xz-slice (at y = 0); (e) u, in an xy-slice at (z = 0); (f) w, in an xy-slice
(atz = 0).
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Figure 5. Partial time series of the kinetic energy, and its directional parts
for a solution in the zonal flow/vortices regime (Re = 10*3, Pe = 472).

3.3 Cycles of zonal flows and vortices

A further increase in the Reynolds number leads to zonal flows
emerging from the wave turbulence, completing the sequence of
states found under axisymmetry (TL21). Zonal flows are patterns in
u, that form a banded structure in radius but are vertically and az-
imuthally homogeneous. Such flows are common in the geophysical
context, where they form from a ‘geostrophic balance’ between the
Coriolis force and pressure gradient. Within our simulation suite, we
found zonal flows at Re = 10* and Re = 10° (for Pe = 477?). Beyond
the latter value of Re, due to the necessity of higher resolution, it
becomes computationally prohibitive to investigate the parameter
space in 3D.

As was the case in axisymmetry, our 3D zonal flows first arise
quasi-periodically in time, as evidenced in Fig. 5 by the sequence of
peaks and troughs in Ex . However, we find two key differences.

First, unlike the axisymmetric runs, which reverted to wave
turbulence between zonal flows phases, in 3D runs vortices dominate
these intervening periods. The azimuthal kinetic energy is highest
during a phase with zonal flows (e.g. r >~ 6360), whereas the radial
and azimuthal energies are of a similar magnitude during phases
with vortices (e.g. t >~ 6200). Notably, the radial kinetic energy
decays/grows by approximately two orders of magnitude during the
transition to/from the zonal flow phase. Despite the breakdown in
axisymmetry, the mean Reynolds stress remains small and negative
throughout the cycle.

Second, the strong elevator flows (banded structures in u,, in the
xz-plane) found in TL21’s axisymmetric runs are no longer present.
The vertical kinetic energy in our 3D runs is secondary throughout
the time series, in stark contrast to TL21, where it provided the
largest contribution to the total energy. It is possible that extending
the domain in the azimuthal permits new parasitic modes varying in
the yz-plane that stifle strong elevator flows. Nevertheless, during
the vortex phase, the vertical energy does grow by approximately an
order of magnitude (discussed later).

Fig. 6 shows the sequence of flow patterns during a typical cycle
in the xy plane. This sequence begins in a state dominated by strong
zonal flows and no clear vortex at t = 6060: panels (a) and (g).
Being periodic in radius, the zonal flow exhibits an inflexion point
(observe the averaged u, profile in the middle panel of Fig. 7) and
is thus subject to shear instability in the xy plane (see e.g. Lithwick
2007; Vanon & Ogilvie 2016; Chang & Youdin 2024). Indeed, by
t = 6160 the zonal flow is disrupted, and a single anticyclonic vortex
emerges of radial size ~1 and azimuthal size ~3: panels (b) and
(h). Later, vortex sheets and small-scale vortical structures appear
within it; panels (c) and (i). By t = 6260, the zonal flows have also
been fully suppressed in the xy-plane, whilst the large-scale vortex
is violently destroyed. The relatively low aspect ratio (~3) makes

MNRAS 542, 456463 (2025)

the vortex likely subject to the fast (centrifugal) branch of elliptical
instability (Lesur & Papaloizou 2009; Railton & Papaloizou 2014),
which possesses a growth rate < €2, consistent with our simulations.
Finally, clear zonal flows re-emerge by t = 6360, with no evidence
of a strong vortex yet (panels (f) and (1)), and the cycle repeats.

Snapshots presented in Fig. 7 show flow patterns in the xz-
plane from the same simulation. It is noteworthy that, although
the axisymmetric nature of the zonal flows is destroyed during the
vortex phase of the cycle (as seen in Fig. 6), strong azimuthal flows
do remain throughout, as observed in Figs 7(a—b). Hence the flow
remains mostly independent of z throughout the cycle, the main
difference between the two phases being the small-scale structures
seen on the fringes of the large-scale zonal flow in Fig. 7(a). This is
evidence of the elliptical instability at work as it breaks up vortices.
In Fig. 7(b), we also plot the y and z averaged u, (the overlaid
white curve), which reveals a characteristic ‘sawtooth’ pattern, with
a characteristic shear layer width of < 0.5, notably less than the scale
of the vortices appearing in Fig. 6. Lastly, elevator flows, typified by
k, = 0O structures in the vertical velocity, are clearly absent (Fig. 7c).

The state containing cycles of zonal flows and vortices persists
at the higher Re = 10° (Fig. 8). The period of the cycle lengthens
slightly compared with the case at lower Re (cf. Fig. 5). During
the zonal flows’ destruction, the flow structures are more turbulent,
though both phases of the cycle are very similar to those observed
in Figs 6 and 7. For this reason we do not display further plots from
this simulation.

Finally, TL21’s axisymmetric runs revealed that at large enough
Re a state consisting of persistent zonal flows (i.e. without cycles of
wave turbulence or vortices) emerged. This state was not found in our
current 3D simulation sequence at Pe = 472, which we were unable
to extend beyond Re = 10° due to computational restrictions. It is
unclear, though perhaps unlikely, whether such a regime materializes
for Re > 10°.

3.4 The role of the SBI in zonal-flow/vortex cycles

Until now, the SBI has not featured in our explanation of the sequence
of COS states. The SBI is absent from the weakly non-linear and
wave turbulence states, which remain essentially axisymmetric and
unable to offer vortical perturbations that the SBI could amplify.
On the other hand, vortices did appear in the zonal-flow state, but
they arise from straightforward shear instability acting on the zonal
flows. While the SBI may not be responsible for the production of
vortices, it might influence the evolution of vortices produced by
shear instability, amplifying, reshaping, and resizing them. In fact,
in so doing, the SBI may enhance a vortex’s capacity to destroy the
zonal flow that generated it.

First, to cleanly explore whether our 3D vortices could be in-
fluenced by the SBI, we performed 2D simulations under the same
parameters, namely Re = 10*°, Pe = 472, Fig. 9(a) demonstrates that
a strong coherent vortex, elongated in the y-direction, emerges as a
result of the SBI. The aspect ratio and azimuthal extent of the vortex
are similar to those seen in Fig. 6. Given that the vortical disturbance
that seeded the vortex in both cases is different in 3D and 2D (non-
axisymmetric shear instability versus large-scale noise, respectively),
one might conclude that the SBI has resized and reshaped the initial
3D vortex. Indeed, between ¢+ = 6160 and ¢ = 6260 (panels h—j in
Fig. 6), the vortex appears to grow in size, beyond the characteristic
lengthscale of the linear instability. It is possible that the box size
limits any further SBI-driven growth of the vortices in both 2D and
3D runs.
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Figure 6. Time series of snapshots in the xy-plane (at z = 0) of the azimuthal velocity and vertical vorticity for a solution in the zonal flow/vortices regime
(Re = 10*7, Pe = 472). (a—f) Azimuthal velocity where (a) ¢t = 6060; (b) t = 6160; (c) t = 6180; (d) t = 6200; (e) t = 6260; (f) = 6360. (g-1) As (a—f) but

for the vertical vorticity.

Second, we ran a 3D simulation with a large Pe, for which we
know the SBI is less effective (for given Re), in order to observe the
behaviour of our COS vortices absent the SBI. As explained in LP10,
the magnitude of thermal diffusion (controlled via Pe) determines the
size of the vortices that are preferred for amplification. At Pe = 472,
the size of the vortices shed by COS-induced zonal flows appear
sufficiently well matched to the SBI mechanism. We select now
Pe = 4000, for which the SBI prefers much smaller vortices.

Fig. 10 describes the state that arises for larger Pe. We find that
zonal flows persist throughout the simulation. The zonal flow energy
dominates at all times (Fig. 10a), in contrast to the intermittent
zonal flow state where the radial energy came to dominate during
periods of vortices (cf. Fig. 7a). The zonal flows may be seen in
the snapshots in Figs 10(b—c), and persist throughout the saturated
state. The flows are strongly invariant in z; there is more variance
in the azimuthal direction but the flows nevertheless form a clear
banded structure, indicating they are zonal in nature. The flows are
of a similar magnitude to their counterparts found during the cycles
at lower Pe (cf. Fig. 7). The vorticity (Fig. 10d) is dominated by the

zonal flows themselves, but does reveal additional sheets and weak
vortices, in contrast to the regime at lower Pe where larger vortices
emerged and grew in size and strength (cf. Fig. 6h).

To further characterize this regime, we conducted a 2D SBI run
with the same large parameters. Fig. 9(b) shows a snapshot of the
vertical vorticity in this run. As expected, the structures that develop
are weaker, smaller, and far less coherent than the SBI simulation at
lower Pe (cf. Fig. 9a). Clearly, the weakness of the SBI-amplification
mechanism in this case means that, in 3D, vortices fail to fully disrupt
the zonal flows and thus they persist.

4 DISCUSSION AND CONCLUSION

We have presented a selection of numerical results that extend
our previous two-dimensional axisymmetric survey of COS states
(TL21) to three-dimensions. The weakly non-linear and wave tur-
bulence states of TL21 remain essentially axisymmetric (and thus
unchanged) in 3D, owing to the fact their characteristic time-scales
are much longer than the shear time. At lower Pe, however, the zonal
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Figure 7. Illustrative snapshots from a run in the zonal flow/vortices regime
(Re = 10*>, Pe = 472). (a) u, in an xz-slice (at y = 0) at t = 6260 (during
the vortex phase); (b) u, in an xz-slice (at y = 0) at t = 6360 (during the
zonal flow phase), overlaid with a white curve showing the profile of u,(x)
averaged over both y and z; (c) u; in an xz-slice (at y = 0) at t = 6360.
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Figure 8. Partial time series of the kinetic energy, and its directional parts,
for a solution in the zonal flow/vortices regime (Re = 10°, Pe = 472).

flow states of TL21 produce vortices in the xy plane, formed via
shear instability. These are strengthened and enlarged by the SBI,
break up the zonal flows, but are in turn destroyed by elliptical
instability. Subsequently, the cycle of zonal-flow/vortex creation and
destruction continues. At higher Pe, the SBI preferentially magnifies
smaller vortices and, as a result of this mismatch, the shear-induced
vortices are weaker and fail to break up the zonal flows, which now
persist indefinitely.

The implications of these results for dust accumulation by the
COS in PP discs are significant. Depending on the efficiency of
thermal diffusion, dust-capturing vortices are either strong, large,
and intermittent (lasting a few tens of orbits) or rather weak and
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Figure 9. Snapshots of the vertical vorticity for 2Dxy SBI simulations. (a)
Re = 103, Pe = 472, (b) Re = 4 x 103, Pe = 4000.
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Figure 10. Representative plots for a solution in the persistent zonal flows
regime (Re =4 x 10%, Pe = 4000). (a) Partial time series of the kinetic
energy, and its directional parts. (b—d) Snapshots of velocity components
atr = 4.5 x 10%: (b)u y in an xz-slice (at y = 0), overlaid with a white curve
showing the profile of u,(x) averaged over both y and z; (c) u, in an xy-slice
(at z = 0); (d) w; in an xy-slice (at z = 0).

small. In neither case do COS-induced vortices present an assured
route to planetesimal formation.

While we feel our simulations are representative of a good portion
of the COS’s state space, and the relationship between the non-linear
development of the COS and the SBI, we have not conducted a
comprehensive survey of the parameters, leaving that to future work.
‘We must also point out the limitations of our physical model: it is lo-
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cal, Boussinesq, and adopts the diffusive approximation for radiative
cooling. The latter assumption, in particular, limits our analysis to the
optically thick regime, achievable perhaps near the mid-plane in the
inner dead zone. Global effects, both radially and vertically are also
likely to adjust the local dynamics described here, not least because
the fastest growing COS modes possess a vanishing local radial
wavenumber (see also, e.g. Klahr, Baechr & Melon Fuksman 2023;
Lehmann & Lin 2024). Finally, being Boussinesq, our simulations
fail to capture the density waves that vortices naturally shed and
their associated outward angular momentum transport. However, it is
unlikely that they will interfere with the underlying cyclic dynamics
we reveal, unless the energy loss via acoustic radiation is sufficient
to negate te SBI-induced circularization of vortices.

Direct comparison of our numerical results with previous work
is difficult because of the (a) the large parameter space; (b) use of
different radiation models, especially linear thermal relaxation, and
(c) inclusion of extraneous physics, such as dust feedback. A linear
cooling law, in particular, changes the nature of the SBI amplification
mechanism: the SBI will preferentially select vortices of a certain
aspect ratio (i.e. with turnover times matching the cooling time) not
a certain size (as in this paper).

The first point of comparison must be the small number of three-
dimensional simulations exhibited in LP10, which uses the same
physical and numerical set-up and code. These numerical examples
employ different parameters, Pe = 6400 and R = 0.01, and initial
conditions, but nonetheless share some features with our runs, for
instance cycles of vortex emergence and destruction, though a run
begun from white noise produces a state of persistent vortices. The
latter is indicative that the system might fall into one of several states,
depending on the initial conditions. It is important to note, however,
that for LP10’s physical and numerical parameters the COS (and the
dynamics it produces: zonal flows, etc.) is disfavoured; COS growth
rates are 10 times smaller than in our simulations, and the fastest
growing mode is only barely resolved.

Local and global 3D compressible simulations of the COS have
been performed by Lyra (2014, 2024), Raettig et al. (2021), and
Lehmann & Lin (2024, 2025), with and without dust feedback, dust
self-gravity, and the streaming instability. Importantly, these runs use
a linear cooling law, not thermal diffusion. While the vortices that
appear are seeded by the initial condition, they persist despite internal
instabilities, and zonal flows do not emerge. One interpretation of
these results is that, due to the selected cooling timescale, the SBI
favours moderately elongated vortices, which are subject to only
the weaker parametric branch of elliptical instability. The latter
then permits the vortices to survive and to suppress any zonal flow
development.

To sum up our and others’ work, in realistic discs at large enough
Re, the COS supports three dynamical states: (a) cycles of zonal flows
and vortices, (b) persistent zonal flows (alongside weak vortices),
and (c) persistent (albeit internally turbulent) vortices. This paper
has highlighted the first two cases, while previous work has mainly
revealed the third case. Further study is needed to sketch out the
parameter boundaries between these outcomes, any dependence on
the initial conditions, and (importantly) to better relate them to
models with different treatments of radiative cooling. Once these

© The Author(s) 2025.
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dynamics are secure, we may then predict which COS states prevail
in which PP disc regions, and consequently explore their role, if any,
on planet formation.
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