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Abstract

Response-adaptive randomization (RAR) can increase participant benefit in clinical trials, but also complicates statistical
analysis. The burn-in period—a non-adaptive initial stage—is commonly used to mitigate this disadvantage, yet guidance
on its optimal duration is scarce. To address this critical gap, this paper introduces an exact evaluation approach to
investigate how the burn-in length impacts statistical operating characteristics of two-arm binary Bayesian RAR (BRAR)
designs. We show that (1) commonly used calibration and asymptotic tests show substantial type | error rate inflation for
BRAR designs without a burn-in period, and increasing the total burn-in length to more than half the trial size reduces but
does not fully mitigate type | error rate inflation, necessitating exact tests; (2) exact tests conditioning on total successes
show the highest average and minimum power up to large burn-in lengths; (3) the burn-in length substantially influences
power and participant benefit, which are often not maximized at the maximum or minimum possible burn-in length; (4)
the test statistic influences the type | error rate and power; (5) estimation bias decreases quicker in the burn-in length
for larger treatment effects and increases for larger trial sizes under the same burn-in length. Our approach is illustrated
by re-designing the ARREST trial.
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I Introduction

Clinical trials are important studies that evaluate the effects of new treatments on human health outcomes. Random-
ization is typically used in confirmatory clinical trials (and recommended where possible in Phase II settings) because it
induces comparable treatment groups, mitigates selection bias and can provide a basis for statistical inference.! More often
than not, modern-day clinical trials use a fixed randomization scheme (usually the permuted block design). Alternatively,
statisticians can consider response-adaptive randomization (RAR), which allows allocation probabilities to change based
on previous allocations and outcomes. A well-designed RAR procedure typically aims to balance the goal of drawing
correct inferential conclusions with that of maximizing participant benefit.

Response-adaptive (RA) procedures have been used in exploratory or seamless phase II/IIl multi-arm trials (see, e.g.,
Berry and Viele?). Furthermore, a publicly available list summarizing RA clinical trials in the last 100 years currently
reports 10 out of 30 RA trials were confirmatory.? Despite this, the fraction of confirmatory trials with an RA component
remains relatively low. A reason for this could be the ongoing debates about the risks associated with RA designs (see, e.g.,
Robertson et al.* for an overview). While arguments in favour emphasize the prospect of improving participant benefit,’
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counterarguments highlight the non-negligible possibility of assigning more participants to the inferior arm.® The risk of
substantial between-arm imbalances is especially worrisome when there is accrual bias (e.g., more severely ill patients
being enrolled earlier on) or a temporal trend in prognostic baseline characteristics.” The use of an RA design also impacts
the statistical analysis, since classical statistical methods may not maintain their desirable and well-understood properties
such as type I error rate control.’

A common and ad hoc approach to alleviate the weaknesses mentioned above is the inclusion of a period of non-
adaptive (fixed) allocation at the start of the RA design, which we will refer to from now on as a burn-in period.
Computational results in Du et al.? show that in comparison to a fixed non-RA design with equal randomization, a suitable
burn-in period length for a Bayesian RAR (BRAR) design allows more participants to be assigned to the superior arm on
average due to some response-adaptiveness, but at the cost of a small decrease in statistical power.

Although the importance of a burn-in phase is generally recognized, few studies offer a rationale or provide practical
guidance on its duration. The absence of a robust justification for burn-in period length is a notable deficiency in the
current literature. Robertson et al.* only touch upon burn-in in their review, and Thorlund et al.’s'® recommendation of
20-30 patients per arm may be overly broad, as the optimal length likely varies with the RA procedure, primary outcome
type and sample size. Viele et al.'"!'> considered the effect of burn-in length for multi-arm RA designs, while Granholm
et al.!® considered general adaptive designs. Our approach differs from theirs in that we focus on type I error rate control
across the null parameter set and numerically evaluate multiple metrics to inform burn-in recommendations for two-arm
BRAR designs. As demonstrated in Supplemental Table 1, burn-in periods are common in BRAR trials, yet the existing
reports rarely include a transparent explanation or rationale for the chosen duration.

To address the above gap, we concentrate on two-arm BRAR designs using a burn-in period as the sole tuning parameter
and which use the posterior probability of control superiority (PPCS) to test for a treatment effect. The BRAR design is
prevalent in implemented RA trials,? whereas this test statistic is prevalent in BRAR designs using a burn-in (Supplemental
Table 1). To ensure a focused evaluation, we treat the burn-in period as the exclusive mechanism of regularization, thus
isolating its influence on operating characteristics (OCs) from other design adjustments (such as clipping or tuning).
Importantly, our exact analysis framework is generalizable to different test statistics and to other BRAR variations, such
as batched allocation, clipping, and power transformations (see, for example, Du et al.?). In this context our contributions
are as follows, we (1) exactly assess the effect of the burn-in length on the type I error rate, power, participant benefit,
and the probability of an imbalance in the wrong direction (PIWD) in a BRAR clinical trial design. (2) We compute the
point-wise, average, minimum, and maximum OCs over the parameter space, where the last three measures summarize the
dependence of OCs on the burn-in length over the complete parameter space. Our approach avoids Monte Carlo error,'*
which allows us to, for example, compute the optimal burn-in length in terms of power, something that is much harder
to estimate through simulation (due to non-smoothness). (3) We construct conditional and unconditional exact tests for
BRAR designs with a burn-in and compare them to commonly used calibrated or asymptotic tests. Exact tests for RA
designs, introduced in Wei et al.,'”> bound the type I error rate above by the target significance level for all possible
parameters under the null hypothesis. This strong form of type I error rate control is often desired in confirmatory trials.
Although such exact tests are not novel, they have mostly been limited to fully sequential RA procedures in the literature,
whereas our paper considers BRAR designs with a burn-in period and a group-sequential BRAR design in the real-life
application. (4) By default, exact inference is computationally more demanding than inference using asymptotic tests.
Similar to Baas et al.,® we use the efficiency considerations outlined in Jacko'® to efficiently compute design OCs and
exact tests. As a result, we are able to evaluate RA designs with all possible burn-in lengths for trial sizes of up to 240
participants, while exact approaches for RA designs in the literature are often limited to less than 100 participants. (5)
Finally, we use our novel findings to provide suggestions on how to choose the burn-in in clinical trials using a BRAR
design.

This paper is structured as follows: Section 2 introduces the model and notation for a two-arm RA design with a burn-in
period. Section 3 introduces statistical methods. Section 4.1 provides a numerical investigation to assess to what extent
the burn-in period can be used to control type I error rates for commonly used tests, Section 4.2 investigates the added
value of a burn-in period for BRAR designs using exact tests, Section 4.3 evaluates the impact of the burn-in length on
participant benefit metrics, Section 4.4 evaluates the impact of the burn-in length on estimation bias, Section 4.5 gives
recommendations for the burn-in length, and Section 4.6 provides a sensitivity analysis of our findings with respect to the
choice of prior, where our default is the uniform prior. Section 5 applies our proposed methodology to a real-world BRAR
clinical trial that used blocked allocation and early stopping (the ARREST trial). Section 6 summarizes the findings and
presents directions for future research. The Supplemental Materials to this paper (available online) contain a summary
table of BRAR trials with a burn-in period, results for the same analysis as in Section 4.1 and Section 4.2 but for the
Wald test instead of the posterior probability test, critical values of the exact tests of Section 4.2, additional results for the
ARREST trial analysis (Section 5), and tables for the sensitivity analysis in Section 4.6.
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2 Two-arm RA design with a burn-in period

This section provides the model and notation for a two-arm RA clinical trial with binary outcomes and a burn-in period.
In this paper, we will mainly follow the notation of Baas et al.> We consider the parametric model where 6 = (6, 0p)
are the unknown success probabilities of the control treatment (C) and the developmental treatment (D) respectively. In
the remainder, the same ordering of the treatment indicators (i.e., first C then D) will be used to construct vectors. Let
Yo = (YCJ)i::1 and Y, = (YD,i)§=| be two sequences of independent Bernoulli random variables, where Py(Y,; = 1) = 0,
for a € {C,D}. The random variable Y, ; denotes the potential outcome under treatment a for trial participant i, while the
natural number 7 denotes the fixed trial size.

In a two-arm RA clinical trial, participants i € I = {1,2, ...,i} arrive sequentially, and each participant is allocated to
a treatment arm A, resulting in a response Y, ;. Let H; = (A, Y, ,...,A;, Yy ;) be the trial history up to and including

participant i € I. Denote the support set of all trial histories by H = UE:() H; where H, = §J and
H;, ={@a;,y5---»a,Y): ¥, €1{0,1}, a, € {C,D} Vwe {1,...,i}}.

An RA procedure is a function z : H ~ [0, 1], where z#(H,) := P*(A, ., = C | H;). The joint probability measure on the
outcomes and allocations induced by the RA procedure will henceforth be denoted by P’7. With the above notation we can
now define the total successes and treatment group sizes up to participant i, defined respectively as:

=Y _ 4, =a), ae{C,D}.

i'=1

S,

a,i

= Zi’r:l YA,-/,i’I](Ai’ =a) N,
Letting 7, = {0} U T, where i = O represents the point at which no participant outcomes have been collected (i.e., the start
of the trial), we define X; = (S;,V,) as the tuple containing the total successes and treatment group sizes with support

. 2 .
X, = {((shsp), (0 mly)) o s'm' € 12,8 <!, mlo+nl) =i}

The tuple X;, consisting of the total successes and treatment group sizes at the end of the trial, which are the sufficient
(summary) statistics for the Bernoulli (exponential family) model, can be used to determine many estimators and test
statistics (e.g., the Wald, score and likelihood ratio test statistic, as well as the maximum likelihood estimator for 0).

In this paper, we will consider the BRAR procedure with a burn-in length b per arm, denoted nf. Under this procedure,
the first 2b trial participants for a burn-in b € {0, ... ,i/2} are allocated to treatment in an non-RA manner, such that the
treatment group sizes deterministically equal b after allocating participant 2b, that is, N, ,, = b for all @ € {C,D}. After
the burn-in phase has been completed, that is, participant i has to be allocated for i > 2b, the procedure becomes RA
and participants are allocated to the control treatment with probability equal to the posterior probability that the control
treatment is superior. Assuming a common Beta(«, f,) prior for both arms, we have for i > 2b and x; € X,

i) = / [ dBeta®,; s,(x)+ ag, ny(x;) = 5,06 + o) d6, (1)
0c20p qe{C,D}

where dBeta denotes the density of the Beta distribution and the functions s,, n, are defined such that n,(X;) = N,; and
5,(X;) =S, fora € {C,D}.

The RA procedure nf is a Markov RA procedure,'” which means that the RA procedure can be written as a func-
tion # : & — [0,1] where X = U;&;. Under a Markov RA procedure 7, (X;); is a Markov chain with initial state

Xy =x, =((0,0), (0, 0)), state space X, and transition structure

Oc - w(x)), ifx;,| =x; + 0sc,
(1 -06¢) - n(x,), ifx;  =x;+dfc,

PoXip1 =X | X; =x) =160, - (1 — z(x))), ifx;., =x; + 0sp,
(I-6p) - —-nx)), ifx,, =x;+0dfp,
0, else,

\

where dsc = ((1,0),(1,0)) and df - = ((0,0), (1,0)) are the change in X; after a success and failure for the control arm,
and 0sp,, df p are defined similarly.
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For Markov RA procedures, it was shown in Yi!7 that the likelihood can be written as

PrX; =x) =grx) [ 00001 -0, )
a€{C,D}

where g7 represents the part of the distribution of X; found by summing the probabilities of all allocation paths that lead
to X; and is defined as g7 (x;) = 0 forx; € Z*\X; and otherwise recursively by

gr(x) = Z g7 (x; — ox)m(x; — ox )" “=O(1 — m(x; — 9x,)"“=.
ae{C,D}
ox,€{0s,,0f .}

Remark 1. Allocation method during burn-in period. There are multiple procedures to allocate participants during
the burn-in period. For small burn-in lengths in particular, it can be very important to aim for a small probability of
treatment imbalances during the burn-in period. Several allocation procedures, such as the truncated binomial design, big
stick design, permuted block design, and the random allocation rule can be used, where each procedure has its advantages
and difficulties.'® In this remark, we want to emphasize that, while being a relevant topic in practice, it does not matter
for our evaluation which allocation method is used during the burn-in period so long as the allocation method allocates b
participants to each treatment arm. In that case, we have under the two-arm RA clinical trial model described above that:

g;E(x2b) = < b )< b > - Unc(xy,) = b).

sp(x;) ) \sc(x;)

Hence, assuming the outcomes are i.i.d., the specific allocation procedure used during the burn-in period does not affect
the distribution of X;.

3 Statistical analysis

In this section, we first focus on tests for the null hypothesis
Hy:0p=0- versus H,:0p # 0,

after which we consider the exact calculation of trial OCs. In the main paper we will focus on tests for H, that use the
PPCS, equal to the right-hand side of (1) with i =i (i.e, equal to n'g‘(x;) for all x; € X%).

The expression of the likelihood (2) facilitates an exact analysis of the trial data, as well as the exact calculation of trial
OCs. In the following two subsections, we first describe exact tests for testing H,, (Section 3.1), after which we provide
methods to efficiently calculate OCs based on (2) (Section 3.2).

3.1 Exact tests

3.1.1 Conditional exact test based on total successes. We first introduce the conditional test based on total successes and
show that it is an exact test. The conditional test based on total successes generalizes Fisher’s exact test'® under a design
with fixed treatment group sizes to RA designs. The conditional test constructs a critical value from the conditional
distribution of the test statistic given the total sum of successes S(x;) = ) (D) Sa(x7) in the trial, where the nuisance
parameter 6 = 6 = 0, under the null hypothesis is eliminated by conditioning on S(X3).

Definition 1 Conditional test based on total successes. Let Xg(s") be the pre-image of s’ € T under S. A conditional test

based on S for test statistic function T, significance level 0 < a < 1, and RA procedure 7 rejects when T(X;) > ¢(S(Xj3))
or T(X7) < ¢(S(X3)) where, for @, @ > 0 such that @ + « = a, we have forall s’ € T

o\ -1
¢(s’) = min {c € T(Xy(s")) : <sl’> Z g7 () < 6:} , 3)
x;€X5(s"): T(x;)=c

and ¢ is defined similarly using the left tail and « (see, e.g., Baas et al.®). In the above, T(E) denotes the image of E C X;
under T, while T(E) = T(E) U {—o0, 00}.
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The next result, proven in Baas et al.,® states that the conditional test based on S is exact under the model of the previous
section, and will hence be denoted the CX-S test in the following. As the critical value of the conditional exact test based
on total successes (CX-S) test is based on the range of the test statistic, this result holds without restrictions on the test
statistic function (although the choice of statistic does influence OCs such as power).

Lemma 1. For every parameter vector 0 satisfying the null hypothesis Hy we have
P (T 2 2(S06) or T(X) < o(SX) ) < .

3.1.2  Unconditional exact test. In this subsection we discuss an unconditional test for RA designs, generalizing Barnard’s
test.?? The unconditional test uses a critical value that bounds the highest rejection rate under the null hypothesis by the
significance level.

Definition 2 Unconditional test. An unconditional test for null hypothesis H,, given a test statistic function T, RA proce-
dure &, and significance level 0 < & < 1 rejects when T(X;) > ¢ or T(X;) < ¢ where, for0 < &, a < 1 suchthata +a = a,
we have (for IP’Z(X; = x;) given in (2))

¢=minqceT(¥): max Z PIX;=x;) <@g, )
"gclgs;]]) X T(e)2e

and ¢ is defined similarly using the left tail and « see, for example, Baas et al.®

The next result, which follows immediately from Definition 2 as the maximum rejection rate over the null set bounds
the rejection rate at any point in the null set, states that the unconditional test is exact under the model of Section 2. The
unconditional test will be denoted by the UX test in the following.

Lemma 2. Under H,, it holds that P (T(X;) >corT(X; < g) < a, where ¢, c are as given in Definition 2.

Algorithm 2 in Baas et al.3 can be used to calculate ¢, c up to a desired precision.
The UX test is defined similarly to the commonly-used calibrated test, where the distribution of the test statistic under
a parameter configuration 8" under H,, is used to determine a critical value.

Definition 3 Calibrated test. A calibrated test given a test statistic function T and parameter vector @' € [0, 1]? such that
Hé = 01’), RA procedure 7, and significance level 0 < @ < 1 rejects when T(X3) > ¢ or T(X;) < ¢ where, forO < @, a < 1
such that @ + a = a, we have

¢ = min {c e T(x) : Z Py (X; =x;) < 5:} , )

x;€X;: T(x;)>c
and c is defined similarly using the left tail and a, while [P’g, (X; = x;) is given in (2).

The calibrated test is often applied to ensure type I error rate control for the PPCS test under an assumed parameter
vector 8’ (see, for example, Du et al.,” Yannopoulos et al.,>! Viele et al.'!"!?). As there is no type I error rate guarantee for
this test when the true parameter vector is different from the parameter @’ the test is calibrated for, the calibrated test is not
exact under H, though it can be seen as an exact test for the null hypothesis H(’) : @ = 0. Although not considered in this
paper, one can also calibrate a test to a strict subset @0 C [0, 1] which leads to an (intermediate) exact test for all success
rates in ©,.

3.2 OCs and their exact calculation

Apart from exact tests, the likelihood (2) also allows for the calculation of exact OCs, such as the power or type I error
rate. An OC can be written as [Eg[ f(X;, 0)] for a function f : &; X [0, 11? » R. The OCs considered in the paper will be:
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e Rejection rate:
This OC is calculated as [Eg[f(X;, 0)] for f(x;,0) = I(T(x;) < c(x;) or T(x;) > €(x;)). For 6 € (0,1) let @5 = {0 :
0p — 6 = o}, then this OC is the type I error rate when @ € ©, and power when 6 € ©; for 6 # 0 under the test
based on test statistic T and lower and upper critical value functions c, . For a significance level « it is desired to
have the type I error rate bounded by @, while higher power is better. We denote one minus the type I error rate by
the true negative rate (TNR).

o Expected proportion of allocations on the superior arm (EPASA):
This OC equals

D Egln,(Xp)/il(9, = max 6,,) — 10 = 0,)/2.

The OC represents the proportion of participants on the superior arm. Higher values of EPASA are better.
e PIWD(¢):
For @ € ©; and 6 # 0 this OC, also considered in Thall et al..b equals

PA(nc(X2) /1 > np(X:) [+ @)@ > 0c) + P2y (X5) /i > ne(X) [T+ @)(0c > 6p)

and represents the probability of allocating a proportion ¢ € [0, 1] more participants to the inferior arm than to the
superior arm. Lower values of this OC are better. We denote one minus PIWD(¢) by the probability of no imbalance
in the wrong direction (PNIWD(g)).

o Bias of the treatment effect estimator:
This OC equals

Ej [0p(X) — 0c(X7)] — (0 — 6).

where 6 (X7 = (5,(X;7) + 1(X5)/(N, + 21(X; ))) and 1(X;) = I(min, n,(X;) = 0). This OC represents the expected
error in the treatment effect estimate GD(X )— HC(X ).

We have from (2):
Eplf (X5, 0)1 = ) f(x;,0)¢7 () [ 00071 = 0,007t 6)

x;eX; ac{C,D}

which can be written as (g")T (fo © po) with o the Hadamard product and p, containing the product-term on the right in
the above expression. Hence we can store g- and then only have to take the inner product with (f, o pg) for different
vectors @ when we want to calculate (6) for different values of 6.

While in practical applications one might have a more specific idea of the realistic parameter range, we aim to offer
a robust picture to highlight the potential variation between parameters even with the same treatment effect difference 6.
Hence in the following, we discuss two measures that describe the behaviour of the OCs over the complete parameter
space, namely the average over OCs and minimum/maximum over OCs.

3.2.1 Average over OCs. Let |®| be the area or length of ® and let f be an OC function not depending on 6. Based on (6)
the average of the OC Eg[f(X7)] over © is represented by EG[f(X7)] and defined as

@1'/? fENO = Y forgre) =

X;€EX;

SaD (1 — @ Yia®D—S.(x7)
I® I IT e*a-e, de
0 4e{C,D}

- 7/
N~

Po(x7)

= ) g (po(x). (7)

x;EX;

For instance, we have

-5 1, O + 6 - I(a = D))@)(1 = . — & - I(a = D))"a@D=5.0)
0r) = / e(cpylc C 0., ®)
0

1-6
Po, (1) = B(s(x) + 1,0 — s(xp) + 1), (€))
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where B is the Beta function. The average OC generalizes the OC at a single parameter vector (as we can take ® = {0})
and represents the average value of the OC over a specific part of the parameter space. It hence better represents the
behaviour of the OC under RA procedure on average over the part of the parameter space that is of interest. Although not
interpreted as a Bayesian measure, the average OC equals the Bayesian average value /[0’1]2 EpLf (X3, €)1p(6)d0 of the OC
for a prior density p on [0, 1]*> where p equals the uniform prior on ©; (i.e., p(0) = (0 € ©;)/|0;|). Using the average
power or type I error rate to objectively evaluate the performance of a statistical test in the case where there is no prior
information, or as a long-term evaluation measure, has been argued for in, for example, Rice,?2 Andrés and Mato,? and
Best et al.>* where the first and last paper propose the average OC in a more general Bayesian context.

3.2.2  Grid-approximated minimum and maximum over OCs. In order to find the grid-approximated minimum and maximum
OCs, we discretize the set ©; to a finite set ©;. The minimum OC EZ[f (X3, €)] over ©; (approximating the minimum OC
over ©;) equals mineeéé [Ez[ f(X;,0)]. The maximum OC is calculated in a similar vein. The minimum power to indicate

the worst-case behaviour of a test has also been considered in Haber? although not in addition to the average.

4 The effect of the burn-in length in a Bayesian RA design

In this section, we investigate the effect of the burn-in length on the type I error rate for the calibrated test based on the
PPCS (Section 4.1), consider what the added value of using a burn-in period is when using an exact test in a BRAR design
(Section 4.2), consider how EPASA and PTWD(0.1) change with the burn-in length (Section 4.3), evaluate the effect of the
burn-in length on treatment effect estimation bias (Section 4.4), give a recommendation for choosing the burn-in length
(Section 4.5), and provide a sensitivity analysis with respect to the prior used for BRAR, where our default is the uniform
prior (Section 4.6). As indicated in Section 1, to purely investigate the effect of the burn-in period length, we limit the
focus on two-arm BRAR designs using a burn-in period as the sole tuning parameter, while the trial application in Section
5 considers a trial with blocked allocation, early stopping, and clipped allocation probabilities.

We consider two specific trial sizes i € {60,240}, which could represent an early-stage exploratory trial and a small
confirmatory trial, respectively. These two numbers were chosen due to their large number of divisors, making them more
suitable and probable to be used in designs using blocked allocation than, for example, trial sizes 50 and 250. Following
Thall et al.. we take ¢ = 0.1 to define PIWD. In the remainder, we set ©; = {0 € [0,1]> : . = 6, — 6, O, €
{6,6 +0.01,...,1.00}} and ¢ = & = 0.025. All calculations in this paper are exact and not simulation-based.

The allocation probabilities er‘ were calculated using Gauss—Kronrod quadrature using the QuadGK Julia package
see the QuadGK package documentation®® with absolute tolerance 10~3. Computation of the allocation probabilities for
all states x € X for i = 240 took 2950 seconds on a standard laptop (1.7 Ghz, 10 cores, 32 GB RAM). This vector can also
be used for 7 = 60 and different burn-in parameters b, hence this vector only needs to be calculated once. Computation

of g;,r b , where we loop over the same set of states but perform a simpler calculation than numerical integration, took 173
seconds for i = 240 and b = 0 (which is the value of b with the longest computation time). The Gauss—Kronrod quadrature
with a (default) relative tolerance \/E (where € is the machine epsilon in Julia, for example, for one device this was around
2.2 - 1071%) was used to compute the values Pe, (x;) for every state x; € &; and 6 € {0.1,0.2,0.4}, while (9) was used
to compute average OCs under H,. For i = 240 the former calculations took 46 , 44 , and 40 seconds, respectively,
while the latter calculation took 2 seconds (as no numerical integration is needed). The PPCS statistic for each final state
was calculated with an absolute tolerance 10~°, which took 183 seconds for i = 240. Based on Jacko!® the amount of

B
values ﬂf , g?b to calculate (equal to |X|) is of order (9(?4), while the amount of end-states (hence the amount of average

probabilities and PPS values to calculate) grows with order (9(?3).

4.1 Issues arising from the application of commonly used tests for BRAR designs

We will consider the calibrated test based on the PPCS defined in Section 3.1, where we calibrate this test to the parameter
configuration 6 = 6, = 0.5 which induces the highest outcome variance under H,,.

Figure 1 shows the type I error rate profile for the calibrated test for RA procedure ﬂf. When no burn-in is used, the
calibrated critical value does not control the type I error rate well, reaching a type I error rate around 14.53% for common
success rates above 0.9 and i = 60, almost three times the nominal significance level. Designs with a larger burn-in, for
example, those where b > i/4, show a more balanced type I error rate profile reaching a lower maximum value. For i = 60
the type I error rate is under control when b = i/2 for all evaluated parameter values under the null, while this is not the
case for i = 240.
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Figure 1. Type | error rate profiles for the Bayesian response-adaptive randomization design with calibrated test (calibrated for
0c = 0p = 0.5) based on the posterior probability of control superiority for trial sizes i = 60 and i = 240, across

0c = 6p € {0.00,0.01, ..., 1.00} for different burn-in lengths b. The significance level & was set to 0.05 (indicated by the horizontal
dashed line).

Table |. Maximum type | error rate (in %) across the whole parameter space (using a grid approximation) of the calibrated test
(calibrated for 6c = 6 = 0.5) based on the posterior probability of control superiority (significance level @ = 0.05) under the fully
sequential BRAR design as the burn-in length varies.

BP 0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
i=20 12.72 13.71 10.68 5.69 6.20 5.13 6.22 5.43 5.00
i=40 14.59 12.48 7.07 6.23 6.39 6.02 5.84 5.40 491 6.09
i=60 14.53 11.04 7.20 6.76 6.36 5.47 5.62 5.15 4.99 4.69
i=80 15.07 7.42 6.60 6.21 5.72 5.31 5.47 5.23 5.04
i=100 14.56 7.23 6.95 6.29 5.78 5.49 5.62 5.23 5.07
i=240 13.31 7.82 7.23 6.64 6.30 5.64 5.38 5.17 5.09 5.66

BP is the proportion of the trial within the burn-in stage, given by BP= 2b/i. BP= 1.0 corresponds to equal allocation. Type | error rates above 6% are
indicated in bold, with the severity of the inflation emphasized by a gradient (red being worst). BP: burn-in proportion; BRAR: Bayesian response-
adaptive randomization.

The variability of the type I error rates over different common success rates can be explained by the discreteness of the
binary PPCS test coupled with the relatively small trial sizes considered. The asymmetry present for low burn-in lengths b
can be explained intuitively. The PPCS will be close to 1/2 when the common success rate is small since the RA procedure
is likely to switch between treatments when a failure is recorded (inducing balance). On the other hand, for high common
success rates, we are more likely to (erroneously) favour one treatment because we keep on recording successes for that
treatment. In cases where almost all successes are on one arm, the PPCS roughly equals the common success rate or one
minus this value (one of the success rates has a uniform distribution, while the other distribution has low variance) hence
the rejection rate grows in the common success rate.

To keep the type I error rate roughly under 6%, Figure 1 suggests the burn-in length should be more than a quarter of
the trial size (i.e., b > i/4). For i > 60 we show that this indeed seems to be a valid rule of thumb in the case of a two-arm
BRAR and when testing H,, using the calibrated PPCS test. Table 1 shows the grid-approximated maximum type I error
rate of the calibrated PPCS test versus b for i € {20, 40, 60, 80, 100, 240}. Table 1 shows that when the burn-in proportion
(BP) is higher than or equal to 0.6, the type I error rate is controlled at 6% for i > 60.
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In conclusion, the use of calibrated tests leads to a substantial risk of type I error inflation under parameter misspecifi-
cation, and this problem cannot be fully eliminated by increasing the burn-in length. Due to regulatory demands for strict
type I error rate control, we study burn-in length’s effect on OCs with an exact test.

Section 2 of the Supplemental Materials shows the same evaluation when instead of considering the PPCS as the test
statistic, we use the Wald statistic with the Agresti-Caffo adjustment as defined in Equation (14) Baas et al.® We use a
standard asymptotic two-sided Wald test (significance level 5%) instead of a calibrated test, common in theory but rare in
BRAR trials with burn-in. (see, e.g., Supplemental Table 1). The finite-sample and asymptotic properties of the Wald test
under RA procedures are discussed in Baldi Antognini et al.”’

The main differences between the results for PPCS and the Wald statistic are that the type I error rate profile for the
Wald test is more symmetrical, while the maximum type I error rate inflation for b = 0 is slightly lower than for PPCS,
around 10%-12% (Supplemental Figure 1), due to the more symmetrical type I error rate profile. The commonalities with
the PPCS test are that the rule b > i/4 works for controlling the type I error rate at 6% (in this case, even for all values of
1, see Supplemental Table 2).

4.2 The added value of a burn-in when exact tests are applied in BRAR designs

This section presents the results for the exact tests given in Section 3.1 using the PPCS statistic under RA procedure ﬂf’ for
different burn-in lengths b. Note that for each burn-in length b and type of exact test, a different critical value is derived.
To give some intuition, we provide some of these critical values in Section 3 of the Supplemental Materials, where we also
include critical values for the Wald test. We provide a power comparison of the CX-S test and UX test, as both of them
control the type I error rate.

The graphs in the first row of Figure 2 show the average, and grid-approximated minimum and maximum type I error
rate across different burn-in lengths. As expected with exact tests, both the UX and CX-S tests maintain strict type I
error control at 5% across all burn-in lengths, ensuring a maximum type I error rate of 5%. As b increases, the average
type I error rate for the UX test roughly increases, while it roughly decreases for the CX-S test. Hence, the UX (CX-S)
test is likely overly conservative when the burn-in length is small (large). The minimum and maximum type I error rate
for the CX-S test shows a highly non-smooth behaviour, which follows from the fact that the critical values for these
tests are different for each burn-in length, and by the discreteness of binary tests in general. Increasing b exacerbates this
behaviour, leading to a narrower range of treatment group sizes. Figure 2 shows that the type I error rate for the UX test
varies between 0% and 5% for all burn-in lengths, yet the CX-S test shows much less variability over the parameter space
and is less conservative than the UX test for smaller burn-in lengths, where the minimum type I error rate is around or
higher than 3% for b up to i/4. The maximum type I error rate for the CX-S test decreases for larger values of b, where the
maximum type I error rate for CX-S at b = i/2 roughly equals the average type I error rate of the UX test for b = i/4 for
both i € {60,240}, hence the CX-S test is likely overly conservative for larger burn-in lengths. We note that for b = i/2,
the CX-S test equals Fisher’s exact test,'” while the UX test equals Barnard’s test.?? Fisher’s exact test is known to be
more conservative than Barnard’s test in the case of equal treatment group sizes and relatively small sample sizes.?®

The three bottom rows in Figure 2 show how the minimum, maximum and average power to under treatment effects
6 € {0.1,0.2,0.4} vary across different burn-in lengths. The average power for b = i/2 is higher than for » = 0 for
both exact tests, however, the average power does not increase monotonically in the burn-in length. For the CX-S test, the
average power can furthermore attain a maximum at b < i/2, for example, when i = 240 the maximum occurs around
b =100.

Figure 2 shows that for i = 60 the average power for the CX-S test is higher than that of the UX test when b < i/4,
while it is lower for b > i/4. We note that, generally, the power differences between the two tests are smaller in the latter
situation (b > i/4) than in the former situation (b < i/4). Fori =240 and 6 € {0.1,0.2} the CX-S test has higher average
and minimum power up to b = 80. This agrees with Baas et al.,} showing CX-S test’s higher power over the UX test
for many RA procedures with a high degree of response-adaptiveness. A potential explanation of this phenomenon lies in
the high dependency (for more aggressive RA procedures) of the distribution of treatment group sizes on total successes.
On the contrary, for larger burn-in lengths this is not the case and the power of the CX-S test suffers from the higher
discreteness of the conditional distribution of the test statistic. Figure 2 shows a large spread in the power for the UX test
for,e.g, 6 =0.2and i = 60 and § = 0.1 and i = 240, as indicated by the maximum and minimum power values. This could
be due to the highly asymmetrical type I error rate profile for the PPCS test, hence the UX PPCS test is overly conservative
for certain parameter values. Lastly, Figure 2 shows that the minimum power for the CX-S test is higher than the minimum
power for the calibrated test for at least a few burn-in lengths (indicated by dashed lines). This outperformance mainly
happens for low success rates, where the calibration test was also shown to be conservative. Hence, the CX-S test has,
for some parameter configurations, higher power than the commonly used calibration test with the added benefit of being
exact.
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Figure 2. Type | error rate and power under treatment effects § € {0.1,0.2,0.4} for the Bayesian response-adaptive randomization
design using the UX test and CX-S test based on the posterior probability of control superiority with trial size i = 60 and i = 240
across different burn-in lengths. For comparison, we have plotted the (grid-approximated) minimum power for the calibrated (C) test
fori= 60,5 € {0.1,0.2,0.4} and i = 240, 6 € {0.1,0.2}. The averages for each treatment effect § and fixed burn-in length are
represented by thick lines, while the minimum and maximum are presented by thin dotted lines and the ribbons. The significance
level a was set to 0.05. UX: unconditional exact; CX-S: conditional exact test based on total successes.

Supplemental Figure 2 shows the evaluation above for the Wald test instead of the PPCS test. As the type I error rate
profile of the asymptotic Wald test is more regular than that of the calibrated PPCS test for small burn-in lengths, the UX
Wald test is less conservative for small burn-in lengths than the UX PPCS test. Comparing the CX-S Wald and CX-S PPCS
tests, the type I error results are very similar. The CX-S Wald test often shows higher maximum power than the UX Wald
test, while less often showing higher minimum power than the asymptotic Wald test (only for 6 = 0.10, i = 60) than under
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Figure 3. Optimal burn-in proportions (2b/i) in terms of power of the Bayesian response-adaptive randomization design using the
UX and CX-S test based on the posterior probability of control superiority for every parameter configuration in the grid

0c,0p € {0.00,0.01,...,1.00}. The considered trial sizes are i = 60 and i = 240 participants. UX: unconditional exact; CX-S:
conditional exact test based on total successes.

the calibration PPCS test comparison. The CX-S test again shows higher average power than the UX test when b < i/4
and vice versa for b > i/4, and maximum average power values are again found for b < i/2.

4.2.1 Optimal burn-in proportion across the parameter space. Figure 3 shows the optimal burn-in proportion in terms of
power (P-OBP) for the UX and CX-S test for each parameter configuration 6 -, 8, € {0.00,0.01, ... ,1.00}.

As the calibrated test does not control type I error rates for every parameter configuration, this test was not considered
in this evaluation. Note that the P-OBP can only be exactly computed using our calculation method, finding these maxima
using simulation is prohibitive through Monte Carlo errors combined with the fluctuating and non-smooth behaviour of
the power in the burn-in length.

The patterns in Figure 3 are hard to explain. Due to the discreteness of the binary tests, with changing critical values
as the burn-in length changes, the power curve as a function of the burn-in length has a highly non-smooth behaviour and
can suddenly jump to a high value. What first stands out in Figure 3 is that the P-OBP for power is often less than 1.0 for
i = 60. For the UX test it is often higher than 0.8, whereas for the CX-S test the P-OBP is often lower (especially around
the diagonal). For 7 = 240 the P-OBPs are higher; the values for the UX test are closer to 1.0 than for i = 60 and the values
for the CX-S test are again lower (especially around the diagonal).
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Supplemental Figure 3 contains the P-OBP plots when the Wald statistic is used instead of PPCS, where overall the
findings are the same as for PPCS. The subfigures for the CX-S test are very similar to the ones in Figure 3 where, upon
inspecting the results, numerical differences were seen although they were very small. This could be explained by the fact
that the CX-S test fixes total successes, hence the behaviour of this test is less sensitive to the choice of the test statistic.
Larger differences are indeed seen for the UX test, where for i = 60 lower P-OBPs are seen for the Wald test than for the
PPCS test. In conclusion, for the considered trial sizes the P-OBP for power depends heavily on the choice of test and is
often not equal to one.

4.3 Impact of burn-in length on participant benefit metrics

One of the the main arguments in the literature for using RA procedures is the potential to allocate more participants to
the better treatment. This section investigates the behaviour of EPASA and PIWD(0.1) as we vary the burn-in length. Note
these metrics are not inference-related, hence test-independent.

4.3.1 EPASA and PIWD(0.1) for different burn-in lengths. The top row in Figure 4 shows the average and grid-approximated
minimum and maximum EPASA versus the burn-in length for treatment effects 6 € {0.1,0.2,0.4}. As expected, for every
treatment effect 6, lower burn-in lengths give a higher average, minimum and maximum EPASA, and increasing the
sample size and increasing 6 raises EPASA. A surprising observation here is that EPASA does not necessarily decrease
as the burn-in length increases, for example, the maximum average EPASA occurs for » = 1 when i = 60,6 = 0.1.
The average, minimum and maximum EPASA increases initially, then decreases slowly, and then it decreases linearly
as b increases. One explanation is that a longer burn-in will more likely identify the better arm, leading to almost all
participants being allocated to the best arm in the RA phase, tracing out a straight line on the EPASA graph.

The bottom row in Figure 4 shows that the average and grid-approximated minimum and maximum PIWD(0.1) decrease
as we increase the burn-in length. The lines are in agreement with Robertson et al.,* who state that more aggressive RA
procedures are more likely to have higher probabilities of imbalances in the wrong direction, which in our case would
correspond to a lower burn-in length. As expected, for any fixed 6, lower burn-in lengths give a higher PIWD(0.1), while
increasing sample size and increasing 6 reduces this OC. Initially for small burn-in lengths, PIWD(0.1) decreases in a
roughly linear fashion, then towards the end, the PIWD(0.1) drops steeply towards 0. This is because for b > i(1 — ¢)/2
it is impossible to achieve imbalance in the wrong direction.

For both metrics, the variation over the parameter space for 6 = 0.1 is larger than the variation for 6 € {0.2,0.4}. It is
difficult for the RA procedure to detect a small treatment effect. That said, for 6 > 0.2 and i = 240 the PIWD(0.1) is less
than 1% regardless of the burn-in length, so we almost certainly improve in-trial participant benefit when the treatment
effect is not too small given the trial size.

While it may seem alarming that the average PIWD(0.1) for i = 60, = 0.1 can get as high as 20% for small burn-in
lengths, we highlight that the interpretation of the PIWD metric is not straightforward. For instance, for i = 60,0 =
04,0, = 0.5 we find PIWD(0.1) = 0.22, meaning that the probability of having at least 33 participants allocated to the
control treatment, leading to at least 0.3 more expected treatment failures in total than under fixed equal allocation, is
22%. The severity of this imbalance still depends on the probability of having an even worse misallocation, such as 65%
of participants being allocated to the worst arm. If this is zero, then the situation would not be severe after all, since for
fixed equal allocation and 6 = 0.1 the probability of having 10% less expected successes for 50% of participants is 100%.
Hence, although we are only considering one imbalance measure, we recommend looking at different imbalance measures
when choosing a burn-in length (e.g., PIWD(g) for different values ).

4.3.2 PIWD(0.1) across the parameter space. Figure 5 presents a heatmap of values of PIWD(0.1) across the parameter
space, where we restrict to a grid of values 6., 6, € {0.01,0.02, ...,1.00} with 6. # 6, which gives a clearer picture on
where the imbalance occurs.

As also indicated in Robertson et al.* (who restricted to the case 0 = 0.25, 6, > 6 and i = 200), Figure 5 shows
that the PIWD(0.1) is highest near the diagonal 6. = 6. The graphs on the bottom row correspond to higher burn-in
lengths and show a smaller PIWD(0.1) compared to the top row. Hence, the maximum of PIWD(0.1) shown in Figure 4
happens around the point (1/2—-6/2,1/2+6/2). One of the limitations of the PIWD(0.1) metric is that it is large when the
difference in treatments is smallest, and so the cost of allocating to the wrong treatment is lowest, as noted in Robertson
et al.* Inspection of the numerical results shows that the heatmaps are not symmetrical around the line 8 + 6, = 1, which
is not noticeable from visual inspection. An explanation could be that the arm with the highest variance switches when
comparing a parameter vector with its reflection along the line 8- + 6, = 1, hence for one of these scenarios it is more
difficult to identify the best arm. For example, comparing the vector (0.4,0.5) with (0.5,0.6) the superior arm has the
highest variance for the first parameter vector, while for the second it has the smallest variance.
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Figure 4. EPASA and PIWD(0.1) under different burn-in lengths b and treatment effects § € {0.1,0.2,0.4}.The averages for each
treatment effect 6 and fixed burn-in length are represented by thick lines, while the minimum and maximum are presented by thin
dotted lines and the ribbons. EPASA: expected proportion of allocations on the superior arm; PIWD: probability of an imbalance in
the wrong direction.

4.4 Bias of treatment effect estimate

This section investigates the bias of the treatment effect estimator (Section 3.2) versus the burn-in length. Figure 6 displays
the average and grid-approximated minimum and maximum bias versus the burn-in length for treatment effects 6 €
{0.1,0.2,0.4}. As one might expect from Bowden and Trippa,?® the treatment effect estimator largely has a positive bias,
while negative values also occur for i = 60 when the developmental treatment has a larger outcome variance than the
control treatment (i.e., when 6, < 0.5). Surprisingly, the maximum and average bias, while starting at higher values for
b = 0, decreases faster in b for larger treatment effects 6. In addition, a lower bias is seen for » = 0 than for » = 1 which
might be due to the case distinction made in the estimator when min, n,(X;) = 0, which decreases the variance of 9(X;).
Figure 6 shows that, to reduce bias, setting a larger burn-in is better (in case we assume b > (). For a fixed burn-in length
b, if we increase i, the bias tends to be larger on average and in the maximum case, indicating that it might be a good idea
to make the burn-in length a function of the trial size i to make it satisfy the same upper bound. We note that, for a trial
setting at hand, bias reduction techniques such as the ones proposed in Bowden and Trippa?® can be used, which require
one to make a (case specific) choice of debiasing technique and bias-variance trade-off.

4.5 Recommendation for burn-in

The general takeaway from our analysis is that while the addition of a burn-in period yields a more balanced type I
error rate profile for common non-exact tests (calibration and asymptotic), it cannot guarantee type I error rate control
across the parameter space. Non-exact tests applied with insufficient burn-in lengths can exhibit substantial type I error
rate inflation (approaching three times the nominal significance level). Therefore, practitioners must exercise caution when
using calibrated or asymptotic tests, unless their statistical properties have been thoroughly investigated through simulation
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Figure 5. Probability of an imbalance in the wrong direction (PIWD) across the parameter space for
0c,0p € {0.00,0.01, ..., 1.00}. burn-in lengths b € {0.17,0.4i} are considered, as well as trial sizes i € {60,240}. For continuity
purposes, PIWD(0.1) is set to the maximum value 0.45 on the diagonal 6 = 6p.

or exact methods. For exploratory settings where strict type I error rate control is not paramount, a practical rule of thumb
is to set b = i/4 for the BRAR design, which leads to a balanced type I error rate and robust power. If estimation quality is
the primary concern, we recommend choosing the smallest burn-in length greater than b = i/4 that yields a desired bound
on the maximum bias.

In settings where strict type I error control is required (e.g., in confirmatory settings), we recommend considering exact
tests. In such settings, type I error rate control is guaranteed, and the burn-in length can be set such that a sufficient power is
reached. As we saw that for burn-in lengths at least up to i/4 the CX-S test has higher average power than the UX test, the
CX-S test could be preferred in designs that at least target a moderate amount of response-adaptivity. The above guidelines
do not consider the PIWD(0.1) due to the difficulties with the interpretation of this OC (as indicated in Section 4.3). We
note that if type I error rate and power are not deemed important, it might still be better to use a burn-in, as the maximum
average EPASA for our considered trial sizes occurs at small but positive burn-in lengths.

The guidelines above mainly focus on the average OCs. Since different trials have different priorities, practitioners
may also set threshold values for the OCs which suit their needs, and then investigate which burn-in length satisfies
the conditions. As we saw that the power and EPASA can have a non-monotonic behaviour in the burn-in length, it is
recommended to inspect more burn-in lengths than just » = 0 and b = i/2, and inspect at least the values of b close to
these two endpoints. This recommendation is further supported by the optimal burn-in proportions presented in Figure 3
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Figure 6. Bias under treatment effects 6 € {0.1,0.2,0.4} for the Bayesian response-adaptive randomization design with trial size

i =60 and i = 240 across different burn-in lengths b. The averages for each treatment effect 5 and fixed burn-in length are
represented by thick lines, while the minimum and maximum across the parameter space are presented by thin dotted lines and the
ribbons.

and Supplemental Figure 3, where many burn-in lengths are found that maximize power which are strictly between 0 and
i/2.

Let us now give an example in a more specific setting. Suppose we want to run a trial with i = 240 participants, hoping
to achieve a minimum power of 80% under a treatment effect 6 = 0.2 at a 5% significance level, while keeping PIWD(0.1)
< 5% in ©,,. If strict type I error control is required, then we can use exact tests. Figure 2 shows that minimum power
can be attained using the CX-S test with b = 63 or UX test with b = 68. If we are lenient with type I error control, we
can use the calibrated test with maximum type I error rate < 6%. A numerical evaluation then shows that b = 63 would be
sufficient. For 6 = 0.2, PIWD(0.1) is very close to zero for b > 60, which does not put further restrictions on b. Thus we
can recommend b = 63 for the calibrated test, b = 63 for the CX-S, and b = 68 for the UX test as it maximizes the EPASA
while fulfilling all the threshold values for the OCs. We would prefer to use the CX-S test in this scenario, which yields
the same participant benefit, while it has a stronger type I error rate control than the calibrated test. From this example, we
see that even when type I error rate control is not of highest importance, an exact test might give more desirable OCs. As
indicated in Figure 6, this burn-in value yields a maximum bias (over 6 € {0.1,0.2,0.4}) of around 0.51%, which might
be acceptable in practical settings.

4.6 Sensitivity analysis to the choice of prior

This paper considers BRAR using the Beta(1,1) prior. This section provides a sensitivity analysis of our findings with
respect to this prior choice. Under the Beta(1,1) prior our main findings are (1) standard (non-exact) tests show substantial
type I error rate inflation which can be reduced but not fully mitigated through a larger burn-in length; (2) exact tests
can demonstrate superior power over standard tests, with the conditional (unconditional) exact test showing higher power
for smaller (larger) burn-in lengths; (3) the choice of test statistic affects power and type I error rate; (4) statistical bias
decreases more quickly in the burn-in length for large treatment effects and is higher for larger trial sizes; (5) power and
EPASA are not always maximized at the largest and smallest burn-in lengths, respectively.

Supplemental Table 5 shows average and maximum type I error rates for the calibrated and exact PPCS tests, as well
as the asymptotic Wald test for different priors for both treatment arms (both used for BRAR and testing) and trial sizes
i € {60,240}. The average and maximum type I error rate for the calibrated PPCS test under the Beta(0.01, 0.01) prior
substantially increase in comparison to the uniform prior (which likely stems from its heavy prior mass near 0 and 1,
together with the reasoning given in the third paragraph of Section 4.1), showing that the type I error rate under the BRAR
design with the calibrated PPCS test is sensitive to the prior. As the maximum type I error rate remains substantially
larger than 6%, finding (1) no longer holds in this setting. The other priors show a lower degree of additional type I error
inflation: Beta(0.5, 0.5) and Beta(1.4,0.6) result in a maximum type 1 error rate above 7% for i/4 under i = 60. This
increase in type I error rate inflation may be due to to a higher probability mass given to large common success rates
under the Beta(0.01, 0.01), Beta(0.5, 0.5) and Beta(1.4,0.6) priors. Under the asymptotic Wald test, using the prior only
to determine the allocation probabilities, the differences are smaller and the rule b > i/4 shows maximum type I error
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rates below 7%, agreeing with finding (1). For all priors except Beta(0.01, 0.01) we find agreement with finding (2): the
CX-S test is less (more) conservative than the UX test on average for smaller (larger) burn-ins. The conservativeness of
the UX test for Beta(0.01, 0.01) comes from correcting the substantial type I error rate inflation under this prior. The type
I error rates vary greatly when comparing the calibrated PPCS and asymptotic Wald tests, agreeing with finding (3). The
maximum type I error rates are most stable for the uniform prior, and the average type I error rates under the CX-S PPCS
test are robust to the chosen prior.

Supplemental Table 6 provides the minimum power of the calibrated PPCS test, exact PPCS tests, and asymptotic Wald
test, as well as average EPASA and bias under a BRAR design for different prior configurations, trial sizes, treatment
effects, and burn-in lengths. Comparing the minimum power values for i = 60, the minimum power of the CX-S PPCS
test is often higher than that of the other tests, except for Beta(0.01, 0.01) (where substantial type I error inflation was
found), agreeing with finding (2). Power improvements for i = 240 under the CX-S test are only seen across PPCS
tests, with the asymptotic Wald test showing higher power, agreeing with finding (3). Looking at the bias, noticing that
1-4/10 = 24 fori = 60 and i/10 = 24 when i = 240, we find agreement with finding (4) across prior configurations. In
agreement with finding (5), the average EPASA attains a maximum for 7/10 for the Beta(0.01, 0.01) prior for § = 0.2. In
general, differences between OCs decrease for larger burn-in lengths. The prior Beta(1.4, 0.6) often improves power and
decreases bias in comparison to the uniform prior (at the cost of EPASA), which might be because the BRAR procedure
is less sensitive to early successes in this setting.

5 Real-world application: ARREST trial

In this section, we consider the effect of the burn-in length on the OCs of the Advanced R?Eperfusion STrategies for
Refractory Cardiac Arrest (ARREST) trial described in Yannopoulos et al.,>! where we also consider the use of an UX
test. The CX-S optional stopping threshold (OST) is omitted here, as the combination of this test with early stopping is
not straightforward. We analyze the effect of different burn-in lengths on the unconditional OCs following from the trial
design, that is, we do not condition on the realised size of the trial.

In the ARREST trial, extracorporeal membrane oxygenation (ECMO) facilitated resuscitation (developmental) was
compared to standard advanced cardiac life support (control) in adults with an out-of-hospital cardiac arrest and refractory
ventricular fibrillation. The inferential goal of the trial was to test 0, = 0 versus 0, > 0, where a success (¥,; = 1)
represented survival to hospital discharge.

Participants were allocated treatment in groups of 30 under a permuted block design, with a control group allocation
probability equal to the posterior probability (based on independent uniform priors) that the control treatment is superior,
restricted between 0.25 and 0.75 that is, the clip method as defined in Du et al.? If at any of the interim analyses either the
PPCS or one minus the PPCS became higher than an OST of 0.986, the recommendation was made to stop the trial early for
futility or superiority, respectively. This OST was calibrated based on a success rate of 0.12 under the null hypothesis, and
controlled type I error rate at 0.05 based on a simulation study of 10,000 samples. The considered alternative hypothesis
0c = 0.12 and 0, = 0.37 (based on a treatment effect of 0.25) yielded a power around 90%. The ARREST trial stopped for
efficacy of the ECMO treatment after allocating the first group of 30 participants, with posterior probability of superiority
of 0.9861.

In Baas et al.} this trial was re-analyzed, where the calibrated (C) OST was compared to an UX OST. The UX OST was
computed based on an extension of the Markov chain (X,), defined in Section 2, where the extension of (X,), also models
the optional stopping component of the trial. It was shown that while the UX OST bounds type I error rate by 0.05 over the
whole of the parameter space, it also leads to a decrease in power and EPASA. Due to the optional stopping component
EPASA, assuming 0, > 6, is defined as:

E5l(Np,;, + (i — i;)1(Optional stopping in favour of D))/i]

where U is the interim analysis at which the trial stops, the EPASA hence considers the fraction of participants allocated to
the developmental treatment before and after optional stopping. It is hypothesised that a larger burn-in length will mitigate
the large differences seen in EPASA and power across OSTs.

The ARREST trial had a maximum trial size of 150 participants and considered blocked allocation with blocks of 30
participants, hence we can only have b = 15, 30,45, 60,75 (noting that in the original design, the allocation probability
could only be changed after 15 participants were allocated per arm). During the burn-in period, the target allocation
proportion is equal to 0.5 (as before) and early stopping is only possible after allocating participant i > 2b. The Markov
chains for computing the UX OST and the OCs described in Baas et al.® were adapted to account for a longer burn-in
length by decreasing the number of interim analyses and setting the first interim analysis at i = 2b. The original C OST
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MTNR

PNIWD(0.1)
— C,b=15 == C,b=30 == C,b=45 —=—:= C,b=60 —= C,b=75
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Figure 7. Star plot comparing the EPASA, power, MTNR over interval 6c = 6p € {0.02,0.03,...,0.22}, and PNIWD(0.1) for the
ARREST trial when using a calibrated (C) and UX optional stopping threshold combined with a burn-in b of 15, 30, 45, 60, and 75
participants per arm. EPASA: expected proportion of allocations on the superior arm; MTNR: minimum true negative rate; PNIWD:
probability of no imbalance in the wrong direction; UX: unconditional exact.

0.986 was used for b = 15, while for b > 15 the C OST was determined using the procedure outlined in Section 5 Baas
et al.® where the only value under the null hypothesis considered was 6 = 6, = 0.12. The same procedure (taking all
possible success rates into account) was used to determine the UX OST.

Figure 7 shows a star plot of the EPASA, power, minimum TNR (MTNR, minimum value of one minus the type I error
rate) and PNIWD(0.1). For all OCs, a higher value is better. The EPASA, power, and PNIWD(0.1) were calculated under
the alternative 6. = 0.12, 8, = 0.37, while the MTNR was calculated over the range 6. = 6, € {0.020,0.03, ...,0.22}.

Figure 7 shows that the EPASA decreases in b, while the power increases. The EPASA for the C OST designs is higher
than for the UX OST designs due to the higher power under the C OSTs, which means that the trial stops earlier for
superiority under the alternative. For b < 75, the type I error rate is not controlled under the C OST for . = 0, €
{0.02,0.03,...,0.22}, corresponding to an MTNR less than 0.95, whereas for the other designs, the type I error rate is
under control. Figure 7 shows that the PNIWD(0.1) is very similar across different designs, it ranges from 0.999 to 1.00,
in agreement with Figure 5 which shows that PIWD(0.1) is largest when treatment effects are small. As hypothesized, the
differences in the OCs between the C OST and UX OST, mainly EPASA and power, decrease in b.

The star plot can be used to propose designs based on trade-offs in the OCs and to make a choice of clinical design,
including burn-in length, based on multiple trial objectives. If type I error rate control at level 0.05 is not of the highest
importance, Figure 7 shows that a good option could be to use the C OST with b = 15. If the type I error rate should be
controlled, one design which stands out is the UX OST design with b = 30, showing a lower EPASA but similar power
to the previously mentioned design. If EPASA is of higher importance than power, then the UX OST design with b = 15
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might be best. If EPASA is not important at all, the C OST design with b = 75 would be the best option, yielding a power
higher than 95%.

Supplemental Figure 4 shows the same evaluation for a range of alternative hypotheses - = 6, — 0.25 €
{0.02,0.03,...,0.22}. The behaviour of the minimum PNIWD(0.1) (MPNIWD(0.1)) in Supplemental Figure 4 is sim-
ilar to the PNIWD(0.1) in Figure 7. The power seems to be the most sensitive to the scenario considered, as the minimum
power (MPow) is substantially lower than in Figure 7. The MPow for the UX test with b = 15 is less than the (usually
chosen threshold of) 0.8, which might be a reason not to opt for this design despite it leading to exact type I error control
and high (minimum) EPASA.

6 Discussion and recommendations

This paper considers the effect of an initial burn-in phase on the OCs of the BRAR, that is, Thompson sampling-based,
design, where testing is performed either using a calibrated, conditional, or UX test. The analyses were based on the
minimum, average, and maximum values of the OCs over the parameter space.

Our numerical evaluation revealed several key insights. Firstly, calibrated or asymptotic tests exhibited significant type I
error rate inflation compared to fixed designs with equal allocation, particularly in BRAR designs without a burn-in period.
While increasing burn-in length offered partial mitigation, it did not eliminate the inflation entirely. Secondly, exact tests
demonstrated superior power over calibration or asymptotic tests in certain parameter settings, notably with a trial size of
60 participants and varying burn-in lengths. Furthermore, the conditional exact test displayed a consistent performance
profile across the parameter space and was less conservative than calibrated and asymptotic tests, even with extended
burn-in periods. Third, the choice of test statistic significantly impacted statistical OCs; the Wald test, for instance, yielded
a more balanced type I error rate profile and greater power than tests based on the PPCS. Fourth, our paper considered the
effect of a burn-in on estimation bias. We saw that the expected bias decreases more quickly in the burn-in length for large
treatment effects and becomes higher for larger trial sizes (under the same burn-in length); hence, for controlling the bias,
we advice to make the burn-in a function of the trial size, same as for the type I error rate. Our prior sensitivity analysis
indicated that these finding hold across different choices of beta priors.

The evaluation in this paper uses the approach in Baas et al.,® where this method was applied to RA clinical trials
without a burn-in period (and mainly fully sequential trials) with up to arouncg 1000 participants, and where it was noted

that the main computational limit came from computation of the coefficients g;.rb . Section 4 states that the number of values

g?” to calculate is of order (9(74) for b fixed, however the number of burn-in lengths b to consider equals i/2 + 1, making

for an overall order (9(75) of coefficients to compute when determining an optimal burn-in length. As 1000%/3 is roughly
251, we expect that 240 participants is close to the current computational limit, however some speedups are made by

parallelizing the computation of coefficients g;z”B over burn-ins and using the formula for g;’f given in Remark 1.

Some general guidelines for choosing the burn-in length follow from our analysis. If type I error rate control is not
of the highest priority, then a good rule of thumb might be to choose the burn-in length per arm roughly equal to the
trial size divided by four for the BRAR design. This burn-in length led to a more balanced type I error rate profile,
while power was similar for higher burn-in lengths. In settings where type I error rate control is strictly required (e.g., in
confirmatory settings), we recommend considering exact tests. In this case, the burn-in length could be chosen such that a
sufficient power value is reached, possibly at a lower value than the trial size over four. The conditional exact test would
be preferred, as our numerical evaluation showed that this test has higher power than the UX test in terms of average (and
often minimum) power for small to moderate burn-in lengths.

The optimal burn-in length in terms of power or participant benefit is often different from the minimum or maximum
possible value, hence our recommendation is to inspect more burn-in lengths than just the minimum (i.e., zero) and the
maximum (i.e., trial size over two) and inspect at least the values of b close to these two endpoints, in contrast to the
guidelines given in Du et al.” The above guidelines focus on the behaviour of the average OCs, whereas in specific settings
expert opinion might better guide the burn-in length, for example, through a desired minimum power or maximum allowed
type I error rate.

The penultimate section of this paper considers an illustrative application to a real-world Bayesian adaptive clinical
trial with optional stopping. The trial had a complex nature, where allocation was performed in blocks based on a per-
muted block design and the trial stopped when, at interim, the posterior probability of superiority crossed a calibrated
OST. Based on the Markov chain modelling framework in Baas et al.,} we evaluated the performance of the calibrated
and unconditional OSTs under different burn-in lengths. As it was assumed that after early stopping, the remaining partic-
ipants were allocated the treatment that was deemed superior, the participant benefit depends on the OST of choice. The
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most sensitive OCs were participant benefit and power, and it was concluded that low burn-in lengths yielded a balanced
trade-off.

We considered the imbalance measure, denoted PIWD(0.1), defined by Thall et al.,’ which quantifies the probability of
substantial allocation toward the inferior arm. Consistent with existing literature, our results show that, while PIWD(0.1)
increases as the absolute treatment effect decreases, the negative impact on participant benefit simultaneously diminishes.
This reveals a key limitation of the measure—its dichotomous definition (imbalance vs. no imbalance) fails to account
for the magnitude of the clinical effect on expected outcomes. Although fixed equal allocation minimizes PIWD(0.1), we
provide a method (Section 4.5) to control PIWD(0.1) while concurrently maximizing overall participant benefit. Future
research may explore alternative imbalance metrics or different parameter values.

Some interesting areas are left for future research, such as an adaptive burn-in length instead of a fixed deterministic
burn-in length, and the consideration of other clinical trial designs, for example, multi-outcome or multi-arm designs
or different outcome types. It is not immediately clear whether all our conclusions generalize to the latter two settings
(multiple arms and other outcome types) because these alternative settings come with their own intricacies (e.g., in the
multi-arm setting, one can perform an omnibus test, or test all arms separately, while for normal outcomes the variance is
not a function of the expectation). Zhang et al.’* showed type I error rate inflation under the Z-test for normal outcomes
under the BRAR procedure, which we hypothesize can be mitigated but not removed completely by using a burn-in period,
type I error rate control is for example guaranteed by exact tests, but which exact test performs best, and how to compute
exact tests for other outcome types than binary is not established.

Data collected during a burn-in period is not representative of data collected later on in the trial if there is a strong time
trend. In such settings, the combination with other regularization procedures such as the clipping of allocation probabilities
or a power transformation’ may be more appropriate, which could be explored in future research. We hypothesize that, in
a setting without time trends, such funing procedures, as well as blocked allocation, will have a similar effect on overall
trial OCs such as type I error rate, power, and participant benefit to using a burn-in period, hence for each configuration of
these design aspects, another burn-in length might be optimal or a burn-in might not be needed at all.

Although we focused on BRAR designs using the posterior probability for testing, our exact evaluation method is read-
ily applicable to analyze the effect of burn-in length across other RAR procedures for example, those targeting optimal
proportions, such as in Pin et al.3! where large type I error rate inflation was also observed. Furthermore, a compar-
ative analysis of different calculation methods for the posterior probability of superiority would provide valuable and
complementary insights to this research.

While this paper addresses the underexplored issue of optimal burn-in length through numerical evaluation, underpin-
ning these findings with theoretical results remains a key area for future research. Current theoretical literature on BRAR,
largely derived from multi-armed bandit models see, for example, Agrawal and Goyal,*? often considers large-sample
behavior where the effect of a finite burn-in is negligible. Furthermore, this body of work typically optimizes a single OC,
contrasting with our multi-objective approach. Further exploring the null hypothesis behavior under BRAR extending the
work of Zhang et al.*® and multi-objective optimization extending the work of Qin and Russo®* would provide valuable
theoretical support for our findings.
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