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Abstract

This thesis explores the quantum phase diagrams of KTaOz and SrTiO3z, both quantum
paraelectrics near to a ferroelectric quantum critical point, including study of material
properties which may be influenced by proximity to a ferroelectric quantum phase
transition. A quantum critical phase transition is one where the system approaches
criticality in the zero-temperature limit where the energy scale of quantum fluctuations
is comparable to or greater than the energy of classical thermal fluctuations, leading
to new system dynamics and a phase space of strong interactions.

Data is presented on the dielectric susceptibility of KTaOz under hydrostatic pres-
sures up to 20 kbar. KTaOj3 has no structural or ferroelectric phase transitions down
to absolute zero, suggesting that low temperature features of interest are intrinsically
related to the quantum phase transition rather than to elastic domain walls as has
been suggested by some researchers in the case of Sr'TiOz which undergoes an antifer-
rodistortive transition below a temperature of T = 105K [1-4]. We have extended the
dielectric susceptibility measurements in KTaOz and SrTiO3 down to 50mK and find
evidence that the inverse susceptibility may vary as —T# in the zero-temperature limit,
a result previously predicted [5] but never before observed. Resonant piezoelectric
spectroscopy results are reported on KTaO3 which reveal the quantum polar-elastic
nature of the material at low temperatures and is understood here as arising from the
coupling of quantum polarization and strain fields.

Measurements of thermal conductivity K, specific heat Cp, and linear thermal
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of the linear thermal expansion coefficient to the specific heat (c%> The Griineisen

ratio is predicted to diverge as T—lz in the low-temperature limit near a ferroelectric

expansion are presented. We consider the Griineisen ratio I'(T), i.e. the ratio

quantum phase transition, which would be in stark contrast to a nearly temperature-
independent I'(T) found in materials far from quantum criticality such as BaTiOs.
However, our measurements show that the predicted behaviour of I'(T) is interrupted at
low temperatures by the appearance of broad minima in the sample length, L(T), near
30-40K in both KTaO3z and SrTiO3. This leads to a negative linear thermal expansion

coefficient, a(T), at temperatures below the minimum in L(T). The phonon mean free



path Iy in KTaOg3 is derived from data on thermal conductivity and specific heat and
literature values of the sound velocity Vs, showing a peculiar plateau of lpn = 0.6 pm
in a window of 10-22.5K before increasing rapidly to lengths of over 100 pm as T — 0.

We discuss the potential emergence of polarization textures as being perhaps a
natural outcome of proximity to a ferroelectric quantum phase transition, bridging the
gap between the bulk-disordered paraelectric state and bulk-ordered ferroelectric state.
Origin mechanisms for such polarization textures, and their relevance as a possible
explanation for many of the behaviours observed in KTaOz and SrTiOgz, are considered
and discussed.

Work on cryogenic systems development is also presented, including the conversion
of a 1K pumped He-4 system into a millikelvin adiabatic demagnetization refrigerator

with an electrically-controlled gas-gap heat switch.
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Chapter 1

Introduction

In the last two decades, quantum technologies have begun to permeate beyond the
laboratory and into commercial spaces. Rather than simply making use of macroscopic
consequences of quantum e ects (as is the case of lasers and transistors), quantum
technology directly utilizes quantum states of matter, for example in creating, reading,
and/or manipulating quantum states. The last decade has seen quantum technology
gain signi cant global traction with massive investments, both public and private,
being funneled into the development of a new generation of devices. This excitement
and expectation has driven the need for fundamental research in quantum materials to
support the growing needs of quantum devices. Viable integrated products employing
guantum technology require suitable components discovered largely through quantum
materials research. Quantum materials research focuses primarily on non-trivial
electronic properties, especially those with electronic ordering or strong electronic
correlations. Examples of such properties include superconductivity, magnetic ordering,
topological insulation, Weyl and Dirac semi-metalicity, and exotic spin systems. As
guantum technologies are increasingly integrated into future electronic devices, the
need for new and varied quantum materials will only continue to grow. Major tech
corporations including Intel, IBM, Microsoft, Google, Honeywell, Toshiba, Hitachi, and
Lenovo, amongst a plethora of quantum start-ups, have signaled high expectations of
guantum materials research for use in quantum computers, sensors, communications,
and encryption, and in low-temperature electronics, space electronics, next-generation
memory, and beyond. This thesis adds to the body of quantum matter research
by exploring physical properties and emergent phenomena in materials near to a
ferroelectric quantum phase transition, where quantum coherence can extend over long
lengths and time scales.



2 Introduction

We begin in Chapter 2 by introducing the background and theory relevant to
understanding ferroelectric quantum criticality and the novel behaviours found in
systems near to a ferroelectric quantum phase transition. Chapter 3 describes the
experimental methods utilized in the course of my research.

Experimental results are presented in Chapters 4, 5, and 6, with brief introductions to
provide context in each chapter for easier reading:

~

Chapter 4: Exploration of the ferroelectric quantum phase diagrams of KTaQ©
and SrTiOg, including pressure-dependent dielectric susceptibility measurements
and resonant piezoelectric spectroscopy. High-precision dielectric susceptibility
measurements of KTa@ and SrTiO; are extended to 50mK, revealing evidence
of a theoretically predicted but never before observed T4 dependence of the
inverse susceptibility ! in the low-temperature limit.

Chapter 5: Thermal measurements in quantum ferroelectrics, including thermal
conductivity (), speci ¢ heat (C,), and thermal expansion (ft)' We observe an
anomalous low-temperature minimum in the thermal expansion of the quantum
paraelectrics KTaQ; and SrTiOg3, a feature not observed in ferroelectric BaTi@
which is far from its quantum critical point under ambient conditions.

Chapter 6: Possible evidence is presented for the emergence of polarization
textures in quantum critical ferroelectrics. We include discussion on the possible
origin mechanisms for polarization textures within models relevant to ferroelectric
quantum phase transitions.

We conclude in Chapter 7 by reviewing the key observations presented in this thesis
and discuss the outlook of future work in this eld. Technical work on cryogenic
systems development is presented in Appendix A and additional work in Appendix B.



Chapter 2

Background and theory

Chapter Summary
This chapter covers background and theory relevant in contextualizing data
presented in Chapters 4-6. We introduce:

A

Ferroelectricity and the Landau theory of phase transitions

Conventional predictions of material properties such as dielectric sus-
ceptibility, thermal conductivity, speci ¢ heat, and thermal expansion

Quantum matter, quantum phases, and quantum criticality

A model for ferroelectric quantum criticality and unconventional criti-
cal exponents predicted within this model, and

A literature overview of ferroelectric quantum criticality including
measurements under pressure, emergence of unconventional supercon-
ductivity in doped quantum paraelectrics, and reports of an uncon-
ventional electron transport behaviour in carrier-doped SrTiQ.

2.1 Ferroelectricity

This section draws heavily from Ref. [6] and other sources where directly cited.
Ferroelectricity is the electric dipole analog to ferromagnetism. A ferroelectric (FE)
crystal is a material in which, upon cooling below a certain critical temperaturé,,
there can persist a net permanent dipole moment per unit volume when averaged over
a macroscopic region of the material. The spontaneous polarizatid?,, corresponds
to a repeated o set (displacement) of anion and cation charges in the unit cells of the
crystal. During the ferroelectric phase transition and onset of spontaneous polarization,
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Fig. 2.1 Graphs for rst and second order ferroelectric phase transitions di.. a)
Polarization versus temperature. b) Dielectric response versus temperature. Figure
from Ref. [6], used with permission.

there is an associated sharp peak in the value of the dielectric susceptibility as a
function of temperature. Taken together, a temperature-induced dielectric peak and
a spontaneous polarization at zero applied eld are two characteristic signatures of
FE materials (shown in Fig. 2.1). As a third de ning characteristic, and perhaps
most useful for technological applications, the direction of the polarization vector in
ferroelectric materials can be switched by the application of an external electric eld,
distinguishing the ferroelectric subclass from the broader group of pyroelectrics. The
transition of a material to the ferroelectric state may be either abrupt ( rst-order) or
gradual and continuous (second-order).

Ferroelectric materials are normally classi ed within two major categories, having
either a displacive type or order-disorder type phase transition, depictions for each given
in Fig. 2.2 [7]. In a displacive ferroelectric, a charge centeg.g. an ion) oscillates about a
single mean-position site. In thé® = 0 state prior to a ferroelectric transition, the single
mean-position is located relative to the charge center's complementary pair such that
there is no average dipolar moment. After ferroelectric ordering, a non-zero polarization
is attained as a result of the single mean-position shifting (displacing) relative to the
oppositely-charged pair. In an order-disorder type ferroelectric, the charge center
instead has two equivalently probable mean-position sites. At temperatures above
the ferroelectric phase transition, the positions of the charge centers in the material
between these two sites are randomly distributed such that no average net dipolar
moment is present. Upon crossing below the ferroelectric transition temperatufe,
the charge centers collectively position into only one of the two mean-position sites,
generating an average dipolar moment. Within this thesis, we focus on descriptions for
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Fig. 2.2 Depictions of the high-temperature phases for displacive and order-disorder
type ferroelectric phase transitions. The blue and red histograms indicate the probability
as a function of position of nding a blue or red charge center at each point. Figure
adapted from Ref. [7] with permission.

the displacive-type transition which is relevant to the perovskite family of materials
presented here such as BaTi§) SrTiO3, and KTaOs.

2.1.1 Phonon mode softening

Displacive ferroelectric phase transitions are related to the softening of a lattice vibra-
tional (transverse-optical phonon) mode [6]. Typically, the frequency of vibrational
normal modes in a crystal will increase with decreasing temperature (imagine a spring
sti ening as it is cooled). However, for a soft vibrational mode, frequency instead de-
creases with decreasing temperature. As the frequency of this phonon mode approaches
zero at a certain temperatureTly, this causes the crystal to destabilize with respect to a
displacement along the vibrational mode direction. This destabilization with decreased
vibrational frequency is indicative of the mode's restoring force becoming weaker.
Fig. 2.3 depicts mode softening from both frequency and energy considerations. With
su ciently weak restoring force, a lattice distortion goes unopposed and uncorrected,
allowing for the emergence of a phase transition to a more stable con guration. One
can imagine the lattice distortion as arising from the atoms in the vibrational mode
being locked in at some displacement from the mode's original central lattice site;
with the vibrational frequency being at or near zero, there is little or no restoring
force to oppose the displacement and to pull the con guration to the original structure,
thereby inducing a displacive phase transition.

In a ferroelectric material, the emergence of a dielectric anomaly is often linked to
symmetry-breaking occurring from a structural phase change, typically from centro- to
non-centro- symmetric (shown in Fig. 2.4) [6]. This is normally a result of softening of
the transverse optic phonon mode. Because of this link to a change in structure, the



Background and theory

Fig. 2.3 Depictions of phonon frequency versus temperature of a soft phonon mode for
a) continuous second-order transitions and b) discontinuous rst-order transitions, used

with permission from Ref. [8]. ¢) Phonon mode energy versus wavevector k, dashed
lines showing the progressive softening of a transverse optic branch with decreasing

temperature, used with permission from Ref. [6].
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Fig. 2.4 Depictions of structural phase transitions in BaTiQ from centro- to non-
centro- symmetric structures inducing ferroelectricity. The polarizations are indicated
for the new structures byPs. Figure from Ref. [6], used with permission.

displacive ferroelectric phase transition in the classical case is most often rst order,
with Ps jumping abruptly from zero to a nite value at T..

Given the relevance of phonon mode softening for displacive ferroelectric phase
transitions, a discussion in the context of transverse optic (TO) and longitudinal optic
(LO) phonon modes is warranted. In the case of a neutral atom lattice (diamond, for
example), there is a single optic mode which is threefold degenerate by one longitudinal
optic and two transverse optic phonon modes [9]. When charged ions are introduced
into the material lattice in place of neutral atoms, the LO and TO modes split and
instead oscillate at di erent frequencies, with the longitudinal mode occupying a higher
frequency than the transverse modes [6]. The di erence between LO and TO mode
energies is indicative of the magnitude of e ective ionic charge of the oscillator. The
TO modes may be further degeneratee(g. in a simple cubic lattice) but may also
split in energy depending upon the crystal structure. The TO modes have a nite
frequency which decreases as the temperature is lowered. In a second-order displacive
ferroelectric phase transition, one or more of these TO modes goes to zero at the
Curie temperature (the LO mode remaining at a nite frequency). At a temperature
with zero frequency of the TO mode(s), a ferroelectric phase transition occurs due



8 Background and theory

Fig. 2.5 Temperature versus frequency of the three components of the ferroelectric
soft transverse optic phonon mode for BaTi@ Figure adapted from Ref. [11].

to an instability in the crystal lattice for the associated vibrational mode [10]. AsT
continues to lower beneath the Curie temperature, the TO mode increases from its
zero-frequency value at the phase transition and again becomes non-zero.

BaTiO3; undergoes a series of phase transitions from high to low temperature,
depicted previously in Fig. 2.4. In the high-symmetry cubic paraelectric phase, the
transverse optic (TO) mode associated with the ferroelectric instability is threefold
degenerate [6, 11]. The degeneracy is partially lifted as it transitions into the lower-
symmetry tetragonal phase, with the ferroelectric mode softening and branching out
from the now twofold degenerate TO mode. Symmetry is further reduced in the
ferroelectric-ferroelectric tetragonal-to-orthorhombic transition, and the ferroelectric
transverse optic modes become fully non-degenerate. The progressive mode splitting
is re ective of a reduction in crystal symmetry and branching of the phonon modes
into irreducible representations. While the orthorhombic-to-rhombohedral transition
reduces available symmetry operations through a rotation of the polarization vector, it
does not lift degeneracy as the transverse optic modes were already non-degenerate in
the orthorhombic phase. The various modes softening in BaTiare shown in Fig. 2.5.
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2.1.2 Landau theory of phase transitions

A common approach for discussing phase transitions is to employ the theoretical
framework of order parameters established by Landau. The Landau theory of phase
transitions is described at length in Ref. [12], which we will draw from in this section.
Landau theory is a phenomenological approach useful in describing a wide range
of phase transitions through a consideration of the Landau free enerdy, in the
vicinity of a phase transition. Within this approach, an order parameter describes a
characteristic change within the system before and after the phase transition, such as
polarization, magnetization, superconductivity, or another such system order which is
di erentiable between two distinct phases. The generalizability and common treatment
across a wide range of otherwise dissimilar systems make the Landau theory of phase
transitions a broad and robust rst point of reference.

The Landau free energyf describes the energy state of a system in a phase space
around a transition, andf is a function of both the system's internal order parameter
(e.g. polarization) and any set of external factors relevant to the order parametee(g.
temperature, pressure, electric or magnetic eldetc.). As such, the Landau free energy
can normally be regarded as an approximate representation of the thermodynamic
potentials i.e. the Helmholtz or Gibbs free energieg.g. a Taylor expansion off in
symmetry-allowed powers of the order parameter close to a phase transition. The stable
state of a system is determined by minimizing with respect to the order parameter.

We can consider, then, the Landau presentation for a ferroelectric phase transition
in which the order parameter is the polarizationP. While the polarization depends on
a wide range of external parameters including temperature, electric eld, hydrostatic
pressure, and uniaxial stress, we can begin, for simplicity, with the case where all
external parameters other than temperature are set to zero. If the free energy is
presumed to be an analytic function of the order parameter, theh(P; T) can be
written as a power-series Taylor expansion. Given that the free energy is invariant
across+P / P symmetry, i.e. polarization in either the positive or negative direction
is energetically equivalent, we can consider only even powers of the series expansion to
nd for the one-dimensional case:

((PiT)= for P2+ {)pe

> (2.1)

Within the Landau description for a second-order transition between a phase
without order ( = 0) and a phase with order ( = ), the free energy function should
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minimize at =0 for temperatures above the transitionj.e. for T > T, and minimize
at a nite non-zero value  for T < T.. In the fourth-order expansion, this presents
two constraints: rst, that (T) changes sign from positive abové; to negative below
T., and second, that (T) should be positive, elsé would minimize by approaching
an (unphysical) in nite value of the order parameter . Recall that in this description,
we are attempting to describe a continuous second-order transition, and note also that
if higher-order terms in the free energy expressior.g. P®) were preserved, only the
highest-order term need be positive, and(T) could take a negative value. Given the
prescribed conditions, we may expand(T) about T, to its rst-order approximation
as (T)= ag(Ty)+ ar(T T,), whereag(T,) must be zero given the sign change at..
Then, assuming for simplicity that (T) is approximately constant near the critical
temperature (and here, necessarily positive), we may rewrite Eq. 2.1 to obtain:

STy — a 2, boag .
1 0 A c - . .
f(P;T)= fo+ 2(T T)P“ + 4P (2.2)

This is a simplest-form representation for a ferroelectric phase transition at a critical
temperature T, in the Landau description. As will be discussed in Sec. 2.4.1, Eq. 2.2
may be extended in a more complete treatment to include additional terms such as

strain and electrostrictive coupling to the free energy representation, to allow also for
gradients in P to be considered, and to consider the e ects of quantum and thermal

uctuations of the order parameter.

2.2 Predictions of material properties

In this section, we will consider the conventional (classical mean- eld) expectations
of various material properties and their theoretical basis. For some quantities, such
as the dielectric susceptibility and thermal expansion, the conventional expectation
di ers from what is predicted for a material in the vicinity of a ferroelectric quantum
phase transition, which will be presented more thoroughly in Sec. 2.4.

2.2.1 Polarization and dielectric susceptibility

We have presented the Landau free energy in the vicinity of a ferroelectric phase transi-

tion absent an external electric eld in Eq. 2.2. To predict the dielectric susceptibility

near a ferroelectric phase transition, we follow the treatment given in Ref. [13].
Minimizing f with respect to polarizationP, we nd
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@f _ s_q .
gp- AT ToP+bPi=0 : (2.3)

Solving for P, we determine the spontaneous polarizatioRs in the vicinity of a
ferroelectric phase transition to be

I I 1
aT To) 2 aT. T) 2

Ps = b = b (24)
The dielectric susceptibility is given by
|
@
— ; (2.5)
@P P=Ps
and
|
f a(T, T)
gp =a(T T)+3bP’= a(T., T)+3b (‘:b) (2.6)
Therefore,
1
= ST, T 2.7)

Egs. 2.4 and 2.7, however, are limited to temperaturdslowthe phase transition,
i.e. in the ferroelectric state, else for the polarization a negative term emerges within
the square root forT > T.. Further, as we can see thaPs would increase continuously
from zero, this description is applicable only for the ferroelectric state of a second-order
phase transition.

To predict the dielectric susceptibility aboveT,, we include to Eq. 2.2 the interaction
energy density of the polarization with an external electric eldg, given by ",EP:

f(P;E;T):fo+g(T T)PZ "EP : (2.8)

Here, the interaction coe cient between electric eld and polarization is the vacuum
permittivity "o. The interaction energy density term is negative because the
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application of an external electric eld acts to align the material's dipoles along the
eld, thereby reducing the free energy. Additionally, we have eliminated the quartic
term from the equation given the consideration that in weak elds above the
ferroelectric transition, P is small and thereforeP# is negligible. We may then
minimize Eq. 2.8 to nd

@f _ w e A
P aT TP "E=0 ; (2.9)

and therefore

IIOE

Pe= ———
AT T

(2.10)

Applying to Eq. 2.10 the relation in Eq. 2.11,
P="0E ; (2.11)

we predict the dielectric susceptibility for T > T, to follow

1

= (2.12)

Eq. 2.12 is the electric equivalent of the Curie-Weiss law derived from mean eld
theory for magnetic susceptibility. It can be easily seen, then, that the inverse
susceptibility ! would be conventionally expected to vary linearly withT at
temperatures above a ferroelectric phase transition.

2.2.2 Thermal conductivity

In a solid, heat conduction is driven primarily by phonons and charge carriers. Phonon
contributions are relevant for all solids, while charge carrier contribution is limited to
electrical conductors having freely mobile charge carriers. Additional contributions,
such as electromagnetic radiation induced thermal conductivity, also exist but their
relevance tends to be limited to high temperature and are typically negligible in
cryogenic temperature scales [14].

A perfect dielectric crystal would be expected to have a T2 relationship in
the low-temperature limit, referred to as the ballistic regime with growing asT
increases from an increasing population of phonon modes [14]. In the low temperature
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Fig. 2.6 A representation of the common regimes of thermal conductivity. From
low to high temperature: the ballistic regime wherél' is much less than the Debye
temperature p, with T3; the intermediate Ziman regime where e°~T; and
the kinetic regime where T 1.

ballistic regime of thermal conduction, the mean free path of phonons tends to be
limited not by phonon-phonon scattering, but instead by extrinsic contributions such
as boundary scattering, defects such as impurities or dislocations, or scattering from
isotope-induced mass disorder. At higher temperatures,begins to decrease due to
anharmonic e ects such as momentum non-conserving phonon scattering, the Ziman
regime where e°=T [15]. The competition between these relations, with
increasing with higherT in the low temperature ballistic regime and decreasing with
higher T from anharmonic phonon scattering in the Ziman regime, leads to a maximum
in  at an intermediate temperature, to good approximation often estimated neaf;,
where p is the material's Debye temperature. Beyond the Ziman regime at even
higher temperatures T p), the system becomes di usion limited and T
the kinetic regime. Here, the speci c heat has saturated and anharmonic phonon
scattering dominates thermal conductivity as collision events become increasingly
frequent at high temperature [16]. A representative plot of the common regimes of
thermal conductivity is given in Fig. 2.6.
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2.2.3 Specic heat

The temperature-dependent speci c heaC = ‘;—$ of a material is the combined ability
of the material's constituent parts to store thermal energyQ and, in the absence
of work (i.e. neglecting changes in volume), can be directly related to the internal
energyU by C = % [17]. A gas may have, for example, translational, rotational,
vibrational, and electronic modes for thermal motion, and a partition functionZ
describing the system would be composed of the product of thesedy 7,Z,7,Z..
For electrically insulating materials without free charge carriersZ. would be absent
from this expression. While translational and rotational motion are restricted in a
solid, vibrational motion persists for all materials and at all temperatures, which can
be understood even in the lowest thermal energy state ®f= 0 by considering the
uctuations demanded by the Heisenberg uncertainty principle. These vibrational
modes for a solid are referred to as the lattice contribution to specic heat, where
atomic or molecular motion is restricted to uctuation about a mean position at a
xed lattice site. More case-speci ¢ contributors to speci ¢ heat also exist, such as
magnons in magnetic materials [18], but these should be considered individually for a
given material.

The quantum mechanical derivation for the lattice contribution to speci c heat
is described well in Ref. [19] and begins by calculating the partition functiod and
Helmholtz free energyA:

Z=" et (2.13)

A= ksTIN(Z) (2.14)

with temperature T, Boltzmann constantkg, and quantized energy levelg;. For
small amplitude vibrations where the lattice points can be treated as independent
one-dimensional harmonic oscillators, the total system partition function is the
product of its individual modes €system = Zmode). FOr one mole of a material having
r atoms per molecule, there ar8N , independent modesN, being Avogadro's
number. From the system partition function and Helmholtz free energy, the specic
heat C is given from thermodynamic relations as
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@A

C: T @

(2.15)

A quantum-mechanical linear oscillator has energy levels in terms of Planck's
constant h and frequency! asE, =(n+ %)h! , With %h! being the zero-point energy
(i.e. the energy atT =0). The sum of the Zss.em geometric series can then be shown
to resolve into a hyperbolic cosecant function

1ht -
Z= }csch 2"

2" kT (2:46)

Taken for all mgdes across the frequency spectrum with distribution of frequencies
g(! ) such that ; g(! )d! =1, Eq. 2.14 becomes

" !#
Z, I

1
=h!
A= 3rN ks TIn }csch 2 g(!)d!
0 2 kg T
z, 1 I# (2.17)
=3rNakgT  In 2sinh 22— g(!)d!
0 kBT
and Eq. 2.15 may be written as
Z1 1pl x: - 1h! !
= 3rN Ak 2 2 g()d! : 2.1
C =3rN kg o kaT csc KeT g(!)d (2.18)

This equation, however, is rather unwieldy, and determining the mode distribution of
frequenciegy(! ) is far from trivial. A commonly used simpli cation is that of Debye
which holds in the low-temperature limit where only low-frequency modes, those of
acoustic oscillations having wavelengths much larger than atomic dimensions, are
predominantly relevant [19]:

T D
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where p is the Debye temperature. ForT b, the upper bound of the integral in
Eqg. 2.19 may be treated as in nity, and the integral simpli es into% so that

12 4rNakg T 38
C(T) = 14 TNaKg 1 ; (2.20)
3) D
giving C T2 as the commonly used low-temperature Debye approximation of
speci ¢ heat for solids without signi cant contributions to speci ¢ heat beyond those

of the lattice.

2.2.4 Thermal expansion

Providing a generalized mathematical description of a material's thermal expansion is

often not a simple matter, as the system free enerdydepends not only on temperature

but also on volume [20]. The product of the volumetric thermal expansion coe cient
and the isothermal bulk modulusB+ can be given by

C
@T@V

Across materials, the free energy has numerous contributors, including, for example,
lattice vibrational modes, rotational and translational modes for a molecular material,
charge carriers, magnetic and electric interactions, and beyond. In an insulating
single-crystal compound, the complexity is partially reduced by eliminating
consideration of charge carriers and rotational or translational modes. Despite the
reduced complexity, the free energy description is still not trivial.

B T = (221)

In another representation, one may write

@p

B:= — X
T @TV

(2.22)
where depends on the change of internal pressure under varying temperature with the
material held at a xed volume. Of course, it is normally not experimentally feasible
to x a solid at constant volume while temperature is changed. The description, how-
ever, provides an alternate conceptualization of the system; the volumetric expansion
coe cient is, in essence, a response to the material's change in internal pressure with
varied temperature.
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A more physical description of the volumetric thermal expansion coe cient is

_Cp.
BV

(2.23)

where C, is the isobaric speci c heat,Bs the isentropic bulk modulus,V the volume,
and is a dimensionless gure referred to as the Gruneisen parameter.

It has been observed across a wide range of isotropic cubic materials thas nearly
independent of temperature wherT is su ciently greater than the Debye temperature

p, hormally T ' -2 [20]. It could be said equivalently thatc—p is roughly constant at
su ciently high temperature. In the case of metals, a weak temperature dependence is
seen in at low temperature (T / +%) due to electron contribution to the speci ¢ heat
carrying a linear dependence oii. Even here, however, the changes inare minor,
normally no more than a 20% di erence between(0K) and ( p). In an insulating
material, the speci c heat has no charge carrier contribution at low temperature, and
has an even smaller change from low to high temperature. In this case, it has been seen
empirically that  follows closely withC, over an extremely wide temperature range,
and therefore at low temperatures, can normally be expected in insulators to follow
the Debye approximation of speci ¢ heatj.e. evolve asT? in the low-temperature
limit.

Of course, this is only an empirical observation and not a theoretical prediction.
Nevertheless, it has held remarkably true over an exceptionally wide variety of materials.
There are, however, certain notable exceptions [21]. Glasses and polymers, for example,
deviate from this general description and show widely varying behaviours from one
material to another. Additionally, crystals with a low coordination number {.e. crystals
where the central atom in a unit cell has few surrounding lattice sites) can exhibit
signi cant changes in  such as in Si, Ge, GaAs, and CdTe. A further exception occurs
in materials with signi cant magnetostriction, where it has been seen that may be
negative at low temperatures. By extension, the same may hold true where there is
appreciable electrostriction at low temperature. This can be understood from Egq. 2.22,
where magnetostrictive or electrostrictive e ects give rise to additional dependencies
on the internal pressure with temperature.

Granting certain exceptions, then, the volumetric thermal expansion in an electrically-
insulating single-crystal is conventionally expected to follow &2 relation at low
temperatures.
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2.3 Quantum matter

This section and related subsections draw from Refs. [22] and [23], with others when
directly cited.

The study of quantum matter, a sub eld of condensed matter physics, deals with
material characteristics and properties which require quantum mechanical descriptions.
While virtually any study of the microscopic world will reveal phenomena necessitating
quantum mechanical descriptions, these phenomena do not always translate into macro-
scopic e ects. Quantum matter deals particularly with materials exhibiting quantum
e ects observable in the macroscopic world. Among such macroscopic quantum e ects
are the quantum Hall e ect, Bose-Einstein condensation, giant magnetoresistance, and
superconductivity.

2.3.1 Quantum phases

Quantum matter is characterized especially by quantum phases, the quantum analogs to
classical phasesg(g. solid/liquid/gas). Phase transitions, classical or quantum, operate
on the degrees of freedom available to sites within a material lattice. Classical phase
transitions are driven by thermal uctuations, the energy scale given bikg T. A purely
classical system would be frozen into an absolute ( uctuationless) ground state&t=0,
which we of course know not to occur in reality. Instead, the Heisenberg uncertainty
principle necessitates uctuations even in a system at zero temperature. Quantum
phase transitions, then, arise due to non-classical energy uctuations permitted in small
time domains and necessitated by the Heisenberg uncertainty principle. In the strictest
of terms, a purely quantum phase transition occurs only at = 0 where there is no
thermal contribution. However, at su ciently low temperature, we enter a regime where
thermal uctuations no longer dominate the characteristic behaviour of the system
and quantum uctuations must be considered. This regime can be mathematically
described by}! y, & kg T, where! y, is the typical frequency of uctuations in the
long distance degrees of freedom of the lattice. In this manner, theories describing
the consequences of @ = 0 singularity become relevant for experimentally realizable
conditions whereT > 0. Examples of quantum phase diagrams are shown in Fig. 2.7.

2.3.2 Quantum criticality

In understanding quantum criticality, it is again useful to draw an analog to classical
phase transitions. A quantum critical point is to a quantum phase transition as a
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Fig. 2.7 a) The quantum phase diagram of SrTi@relating temperature and tuning
parameterg (e.g. pressure or isotope substitution of oxygen), showing ferroelectric,
qguantum critical ferroelectric, quantum paraelectric, and quantum polar-elastic phases,
the latter having been elucidated by the results presented in this thesis. The charge
carrier density, n, could be added on an axis orthogonal t@ and would depict
superconductivity in the vicinity of the quantum critical point. Taken from Ref. [24]
with related discussion also in Refs. [5, 25]. b) A phase diagram depicting quantum
criticality in ferromagnetics for temperature, magnetic eld, and density/pressure. This
is a useful analog to imagine the extension of the phase diagram in (a) with an additional
orthogonal axis. Terms: ferromagnetism (FM); metamagnetism (MM); non-local
marginal Fermi liquid (NL-MFL); simultaneous ferromagnetism and superconductivity
(FM-SC); quantum tri-critical point (QTC); spin textures (ST), e.g. skyrmions; spin-
triplet superconductivity (ST-SC); electron nematic phase (NP). From Ref. [5], used
with permission.



20 Background and theory

classical critical point is to a classical transition; it marks the boundary instability
between two (or more) phases of matter. In classical criticality, temperature is typically
a simple tuning parameter between phases, and phase instability comes from thermal
uctuations. The same does not hold true for the quantum critical point. In the
guantum regime, temperature plays the role of establishing a time constraint on
uctuations which result in phase instability, given by the Heisenberg uncertainty
principle to be t kBLT Quantum criticality often focuses on the relationship and
dynamics between the temperature-induced temporal constraint and order parameter
uctuations. The order parameter of a phase transition is directly relevant to the
macroscopic behaviour of a system; a ferromagnet may be described by the order
parameter of magnetization, a ferroelectric by polarization, a superconductor by the
superconducting gap and the phase coherenastc. It should be noted, however,
that not all quantum phase transitions may be described by a local order parameter,
and such phase transitions are no less integral to quantum matter research (notable
examples including spin liquids, the quantum Hall e ect, and topological insulators)
[26].

An essential component of quantum criticality is the critical exponent describing
the relationship of physical variables in the system, as a deviation from the classically
expected critical exponent is a key signature of quantum e ects. For example, the Curie-
Weiss law predicts a classical critical exponent of unity in relating inverse magnetic
or dielectric susceptibility to temperature .e. ' T), as was derived in Sec. 2.2.1.
Meanwhile, the relationship between inverse susceptibility and temperature in the
guantum critical regime, within the Hartree approximation ford. = d+ z > 4, is
given as follows [23],

d+z 2
1 z

(2.24)

whered is the spatial dimension andz is the dynamical exponent { + z de nes the

e ective dimension, d. ). Thus, where the classical critical exponent for the inverse
susceptibility is 1 (apart from temperatures within the Ginzburg temperature range of
T.), the quantum critical exponent may take on many numerical values for di erent
systems through the general expressicﬁ@iz—2 over wide ranges in temperatures.

To derive the general expression for the inverse susceptibility in a quantum critical
system given in Eq. 2.24, we follow the treatment of Ref. [23].

As is traditional of physicists, we begin by describing our system as a simple
harmonic oscillator (for simplicity, taken in 1D). It is noteworthy to mention, however,
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that this model may be extended and carried over to a quantum eld description of
crystals which has shown excellent agreement with experiment even without adjustable
parameters, and we will do so for the case of quantum critical ferroelectrics in Sec. 2.4.1.
The simple harmonic oscillator representation, then, is not simply convenient but useful
in real practice.

The variance in amplitudehx?i of the oscillator is given by

% = — + ; (2.25)

where is the simple harmonic motion, or natural, frequency; the spring sti ness
using a mass-spring model; and botkg and } have been taken as 1. We may choose
to rewrite this equation with substituted variables of the perturbation response

=1= and Bose functionn =1=(er 1). As the perturbation response is actually
a complex-valued function of frequency (! )), here we are taking

=1= = Re (! =0)]. Itis known that for the response function,

Im[ (!)] = E! ¢ ) (!> 0): (2.26)
We may now rewrite Eq. 2.25 as a general result of the uctuation-dissipation theorem:

2 = le ! +1dl' 2.27
=3 m[ ()] n 5 db (2.27)

We may begin to realize application of this treatment by considering the scalar
order parameter . The order parameter (for example, the dipole moment density)
is the sum of the average order parameter and the uctuation amplitude (so

= + ). If we were to consider a summation over all modes of wavevectpm the
Brillouin zone, we would nd

h 2i=_" Timi(q)] n+ s o (2.28)
2 4 0 g T '

where Im[ ;! )] is taken as Eq. 2.26 with = (! =0) calculated for each wavevector
gand being the wavevector frequencyl, q.

The variance in order parameter uctuation from Eq. 2.28 has two key components:
that being due to the temperature through the Bose function, which we can denote
h 2i; and that involving the 1 factor, termed the zero-point contributionh 2.1,
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Fig. 2.8 Frequency dispersion!(/ ¢*) and notable wavevectors. From Ref. [23], used
with permission.

which mainly a ects uctuations for T = 0. For high temperatures T ! ) and for
wavevectors within the Brillouin zone ] < gsz), h 2i resembles classical equilibrium
without dynamics:

_ X
h 2i T q (2.29)
q<dsz
On the other hand, for regions wherd !4, dynamics play a role and quantum
e ects must be considered. For this region, it becomes necessary to include
consideration of the dispersion int 4 which is shown in Fig. 2.8. For high temperatures,
all modes in the Brillouin zone are excited and we get the classical result in Eq. 2.29.

We begin, now, to approach a description for the quantum critical exponent. When
the thermal wavevectorgr is smaller than the Brillouin zone wavevectotez (Gr < ggz),
some modes in the Brillouin zone remain in unexcited states, and quantum e ects
must be considered irh i. The thermal wavevector, through the dispersion relation
'/ o, is given by:

o/ T: (2.30)
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wherez is a dynamical critical exponent. In the vicinity of a continuous phase
transition (whether quantum or classical), critical exponents describe the behavior of
one or more physical aspects of the system.

We now have su cient context to bring the discussion of quantum criticality to a
macroscopic physical observable. The e ective dimensionality of our system is given
by de = d+ z, whered is the spatial dimension andz is the temporal dimension
represented by the previously discussed dynamical critical exponent. By applying the
Landau theory of phase transitions to Eq. 2.29, it is possible to relate the varianbe i
to the susceptibility . The full details of this derivation are given in Refs. [5] and [23],
but the major consequence is that we can describe the temperature-dependence of the
inverse susceptibility near a quantum critical point at su ciently low temperatures by
the proportionality:

o B - (2.31)

where = % The proportionality in Eq. 2.31 holds ford. > 4 and has minor

logarithmic corrections ford. = 4. This is our quantum critical exponent for inverse
susceptibility % , and it allows us to distinguish between the quantum critical
regime and the classical regime which follows the classical exponent of unity (by the

Curie-Weiss law).

The case of = y near the quantum critical point and =1 in the classical
regime are the values of the exponentin limiting cases in which closed-form equations
for can be expressed. The same model as outlined above and as explained and
extended more fully in Ref. [5] can be used to provide results not only in the limiting
case but also in cases bridging the gap between quantum critical, classical, and quantum

paraelectric, by including the e ects of coupled polarization and strain elds.

2.4 Quantum critical ferroelectric phase transitions

The majority of the earliest work in quantum criticality explored itinerant ferromagnetic
systems, with an important paper on the topic authored by Hertz in 1976 [27]. This
paper laid much of the theoretical groundwork for the analysis of critical exponents
discussed above, where the quantum phase transition was compared to the classical case
but in an e ective dimensionality of d. = d+ z. However, a clear and broad picture

of criticality in quantum ferromagnetic systems is often di cult to achieve as the
guantum critical behaviour may be buried within a complex interplay of exotic forms
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of quantum order and abrupt rst-order phase transitions. In light of this, Rowley
et al. [5] presented ferroelectricity as a viable route for clearer insight into quantum
criticality, showing that low temperature incipient ferroelectrics exhibit quantum
criticality uninterrupted over a wide temperature range by either rst-order transitions

or new forms of quantum order that seem to be ubiquitous in the corresponding
guantum paramagnetic systems. Perovskite oxides have shown to be a fruitful source
of incipient ferroelectricity with various degrees of proximity to the zero-temperature
quantum critical point. Examples of quantum paraelectrics, from nearest to furthest
from a quantum critical point, are SrTiOz, KTaO3, and CaTiO3z. On the other side of
the quantum critical point, the ordered ferroelectric BaTiQ may be tuned to criticality

by e.g. the application of hydrostatic pressure. Quantum critical ferroelectrics are
open to a diverse phase space of tuning parameters in tailoring the system closer to
or further from criticality, such as uniaxial strain, hydrostatic pressure, electric eld,
isotope substitution, and electron doping. As the years go by, it appears that even in
the case of quantum ferroelectrics, novel quantum order can emerge near to the critical
point. Some of these e ects are discussed further in this thesis.

2.4.1 Ferroelectric quantum criticality model

A model for ferroelectric quantum criticality without adjustable parameters is derived
through a self-consistent approximation of the # eld description [28, 29] (dynami-
cal Ginzburg-Landau model) involving polarization uctuations and electrostrictive
coupling of polarization to strain, as utilized in Ref. [5].

We begin rst with a simple description without electrostrictive coupling, assuming
that the free energy for order parameteP can be described by an analytic function
with its conjugate eld E (the electric eld) in the static (low-frequency) limit at zero
temperature:

a b C
f=fo+ -P2+ —P* Z(r P)> ".EP : 2.32
o 5 4 2(r) 0 (2.32)

Here, in contrast to the basic treatment in Sec. 2.2.1, we have provided for the more
real case where spatial gradients are allowed i, contributing a term as  5(r P)2.
Minimizing f with respect to P, we nd the most probable equation of state ite. the
equation of state in the absence of quantum and thermal uctuations)

"oE = aP + bP® o 2P : (2.33)
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To handle the term containing the Laplace operator 2, we must describe the spatial
r and wavevectorq dependence oP:

X :
P = P(r)e¥ (2.34)
q
so that
or ?P = ci%PP = cfP (2.35)
and Eq. 2.33 becomes
"oE = aP + bP®+ cfP : (2.36)

Applying the relation 1= OTE and given that P is small under the application
of small electric eldsE so that the cubic term can be regarded as negligible, we would
nd

g = atcd (2.37)

To consider how polarization uctuations (driven by the zero-point uctuation even
when thermal uctuations are absent in the zero temperature limit) would change the
most probable equation of state to the average equation of state, we apply Langevin's
random force method:E! E + eandP ! P + p. Here,eis the uctuation part
of the electric eld about its average valueE. Similarly, p is the uctuation part of
the polarization about its average valueéP. Ignoring the non-uniform gradient term,
Eq. 2.33 then becomes:

"W(E+e=alP+p+hbP+p=aP+ap+ bP>+3P%p+3Pp*+ p’) : (2.38)

Naturally, as the average of the uctuation is zeroj.e. e=0 andp=0, we can
describe the average case of Eqg. 2.38 by:

"0E = aP + (P +3PP?+ p) = (a+3AP + BPI+ pF 1 (2.39)

Then, asP is small in low elds E, and uctuations p are small, we neglect the cubic
terms and reintroduce the wavevectog dependence to nd
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= & = a+3p7 : (2.40)

Notably, while p = 0, the variance,p?, is non-zero as is the case of the commonly
invoked random walk scenario where average displacement is zero but average square
displacement non-zero. Compared to the case without uctuations where ! = a+ cdf,
we can see that ! has been renormalized by anharmonic contribution in taking on a
dependence from the anharmonic term through.

The uctuation term p? can be related to variance oP, hP2i, by a numerical factor
¢, and we may therefore invoke the uctuation-dissipation theorem to approximate?
as

_ X
P=ghP?% kT q (2.41)
q<qr
Here, the sum per unit volume has been limited by < gr to wavevectors less than
the thermal cut-o, where gy describes the condition of the vibrational mode
frequency being energetically similar to the thermal energye. }!q ks T. We then
rewrite Eqg. 2.40 as

L X
q = a+t3bgksT qt CF (2.42)
q<qr

1

The square of the correlation wavevector,?, can be written as 2 = —% such
that ,'= c( ?+ ¢f). Setting a equal to zero, which is a fair approximation near to
a ferroelectric phase transition where is large and therefore * small, we may use
Eq. 2.42 to write ?(T) through the self-consistent equation

2 Zar !

(M= @bleT ey, 90 (2.43)
whereg, is a di erent numerical constant than that in Eq. 2.42. If we are able to
neglect ?(T) on the RHS in leading order ofT, Eq. 2.43 reduces to

2 _ & ?
= gble T ; (2.44)

and by the dispersion relation! ; ¢, we nd that *(T) T2 272 This
treatment, however, is restricted to cases where the system's e ective dimensionality
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(de = d+ z, presented in Sec. 2.3.2) is greater than 4, or with weak logarithmic
corrections ford+ z = 4. The treatment would no longer hold ford + z < 4 where the
2(T) on the RHS of Eq. 2.43 cannot be neglected.

We can see, then, that in the case of a bulk quantum paraelectric, having spacial
dimension ofd = 3 and temporal dimensionz = 1 (seen by a linear dispersion relation
I ), %) and therefore 1(T) are expected to evolve a¥?, in contrast to the
classical prediction of unity by the Curie-Weiss law.

In a more complete treatment to the semi-qualitative description given above, the
full self-consistent equation of ?(T) for a three-dimensional displacive ferroelectric
involving polarization uctuations and long-range dipole interactions is given by

" #
, X T 1% d!

ORI O

z
M= %0+ g

dqg  (2.45)

over integer values oh. A detailed explanation of Eqg. 2.45 can be found in the
supplementary information of Ref. [5]. The summation term within the integral
describes the thermal contributions to polarization uctuations while the embedded
integral term describes the zero-point contribution. Eq. 2.45 can be approximated in
closed form for materials tuned close to the quantum critical point at low temperature
utilizing the Hartree method to nd:

!
1o, 100KED 2,

36 av? (2.46)

where the terms here of and v are the soft-phonon mode energy gap and sound
velocity respectively, measurable bg.g. neutron or Raman scattering. The termsa
and b are, respectively, the inverse static susceptibility and mode-mode coupling
parameter which can be obtained from the intercept and slope of plots &§E=P vs
P2 in the low-temperature limit [5]. It is important to note, then, that all terms in
Eq. 2.46 are well-de ned and experimentally derivable physical quantities.

We have now come to a prediction for materials in the vicinity of a quantum
critical ferroelectric phase transition not only of the critical exponent of the inverse
susceptibility, but also its quantitative value. Of great signi cance is that Eq. 2.46
presents a modelvithout adjustable parametergor the behaviour of 1 in the vicinity
of a ferroelectric quantum phase transition. This is because the parametexsb, ,
and v can be measured by independent experiments in the zero-temperature limit and
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then treated as xed. The model can then be used to calculate the temperature and
pressure dependence of thermodynamic quantities.

The description given above shows that simply by introducing polarization uc-
tuations to the free energy, the uctuations having both zero-point and thermal
contribution when T > 0, we predict a non-classicall > dependence of the inverse
susceptibility 1. If we introduce to the free energy given in Eq. 2.32 terms describing
electrostrictive e ects, i.e. coupling of strain and polarization, we have

a b C
f=fo+t =P2+ -P* Zr2p2+ 224 (p2 2.47

°" 2 4 2 2 ° (2.47)
where is the strain and g the electrostrictive coupling constant. The inclusion of

electrostriction generates a correction term to Eq. 2.45 as 2(T) which is described by

" #
Z X T 17 d!

T M@ 1D 2 (A0 g i@ a9 9
(2.48)

The term is the ratio of the sound velocityv in the =0 limit and the velocity of a
given acoustic mode. While the correction term of Eq. 2.48 is complex as presented, its
simpli ed solution contributes a T* dependence to ! which becomes consequential
only at very low temperature and follows the thermal energy of acoustic modes in
three dimensions (Ref. [25] Supp.). As a result of the electrostrictive coupling term,
even while the spontaneous straih i is zero when no external stress is applied, the
varianceh ?i can be nite due to a coupling to uctuations in polarization.

Qualitatively describing the predicted behaviour of ! with consideration of both
polarization uctuations and electrostriction, we nd that upon cooling from high
temperature, ! diverges from classical expectations and exhibits® dependence
in temperature scales of the quantum regime. As the system is cooled further and
thermal contributions to polarization uctuations become less signi cant, at very low
temperatures, observance of a T# upturn is predicted to emerge in ! for materials
on the paraelectric side of a ferroelectric quantum critical point. The combination of
T2 and T* dependencies acts to generate a minimum and upturn in * at nite
temperature (refer to the blue insets shown later in Fig. 2.9).
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2.4.2 Unconventional critical exponents

As was discussed in Sec. 2.3.2, quantum phase transitions are commonly marked by a
departure from the conventional critical exponents seen in systems in the absence of
quantum critical dynamics. Here, we focus on two key parameters which have motivated
much of our experimental study of quantum paraelectrics presented in further chapters:
the dielectric susceptibility and the Grineisen ratio.

Dielectric susceptibility The conventional expectation for the inverse susceptibility

! near a ferroelectric phase transition in classical systems, described by the Curie-
Weiss law and derived in Sec. 2.2.1, is a power law of unity: *  T.

As seen in Sec. 2.4.1, in the vicinity of a quantum ferroelectric phase transition, the
presence of polarization uctuations leads to an expecteti? dependence of ! over a
wide temperature range, from entering the quantum regime (to good approximation as
T less than one tenth the Debye temperaturep ) down to very low temperature. In the
lowest temperature limit upon approaching OK, the ferroelectric quantum criticality
model predicts that a T* behaviour will begin to dominate in ! due to polarization
uctuations and electrostrictive coupling driving a nite h? even when no stress is
applied andhi =0.

Grineisen ratio  The Griuneisen ratio relates the change of volume in a solid to
the material's internal energy:

1@V
— =" 2.49

vV @U (2.49)
can also be written as = o the ratio of a material's volume thermal expansion

and specic heatC,. For isotropic materials, is related to its linear thermal

expansion coe cient by = 3v 2 wherevs is the speed of sound in a material
and approximately constant. As such, one may also describe the general form of
the Griineisen ratio by ( T) Cp((TT)). As remarked upon in Sec. 2.2.4, it has been

empirically observed over an extraordinarily wide range of conventional materials that
is nearly constant or only very weakly temperature dependent.

To predict the corresponding behaviour of materials near to a ferroelectric quantum
critical point, the system free energy is written as a function of changes in polarization
and volume, and minimized with respect to volume. An approximate treatment can be
found in Ref. [23], but the summarized result is an expectation thatVi h P ?i

1 T2 The internal energyU, as the integral ofC, with respect to temperature
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which is expected to followT 2 in insulators at low temperature by the Debye model,
should vary asT#. It has therefore been predicted that the Griineisen ratio will behave
as %21 in a quantum critical ferroelectric system, or in other words that( T) 5.

A predicted 75 divergence of the Griineisen ratio in quantum critical ferroelectrics
is a remarkably drastic departure from the nearly constant or only weakly temperature

dependent expected in conventional materials.

2.5 Literature overview of ferroelectric quantum
criticality

Low temperature dielectric susceptibility measurements in SrTiQand KTaO3; have
been reported since before 1960, continuing for decades thereafter with authors noting
the high susceptibility values over a remarkably wide temperature range as well as
non-linear temperature dependencies [30 35]. Many of these early studies, however, did
not present the low temperature values of dielectric susceptibility with high precision
that would make clear any comparatively subtle changes at very low temperature,
often reporting the susceptibility to saturate and plateau in the low-temperature limit.
However, in a 2014 study, Rowlet al. presented a high-precision view of the low
temperature susceptibilities of both SrTiQ and KTaOs, observing a clearly evident
maximum at nite temperature and subsequent decrease inasT ! 0[5, 36]. In
the same paper, a theoretical framework for ferroelectric quantum criticality was
presented, and quantitative predictions given for the numerical value and temperature
dependence of !. This is the model discussed in Sec. 2.4.1, and its quantitative
predictions, with terms based solely on measured quantities and therefore without any
adjustable parameters, showed excellent agreement with experiment in several key
regards. Experimental measurements and model predictions for SrEi@nd KTaO3 as
presented in Ref. [5] are shown in Fig. 2.9.

In particular, the ferroelectric quantum criticality model predicts for materials
near to a displacive ferroelectric phase transition at low temperature that the inverse
susceptibility  * will vary as T2 over a wide temperature window above the minimum.
This is a distinct departure from the classical ! T expected by the Curie-Weiss
law. In the model for ferroelectric quantum criticality, this T? dependence comes as a
result of polarization uctuations, driven both by thermal and quantum contributions,
which renormalize ! by anharmonic contributions to the free energy.

Additionally, the model predicts that as the temperature is further lowered below
the minimum, a T#* dependence will emerge in ! as electrostrictive e ects begin
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Fig. 2.9 (Upper left) Experimental data of the inverse dielectric susceptibility ! vs
T2 in SITiO3, the inset showing the behaviour of *(T) at low temperatures. (Upper
right) Theoretical prediction of ' vs. T2 in SrTiO3, the inset showing a predicted
upturnin 1 at low temperatures as T*. (Lower left and lower right) As above, but
for the case of KTaQ. Note that the model applied here is quantitative and does not
involve freely adjustable parameters. Figures from Ref. [5], used with permission.



32 Background and theory

to dominate. These electrostrictive e ects emerge even in the absence of applied
stress (.e. even whenhi = 0) because uctuations in the polarization are generated
by nite values of h?2i through the electrostrictive coupling term in the free energy
description. Notably, the same polarization uctuations which gave & ? dependence
in 1 at slightly higher temperatures eventuallyinhibit ferroelectric ordering in the
low-temperature limit. The competition between aT 2 dependence and T* dependence
causes a minimum to appear in ! at a nite temperature T,, despite the absence of
ferroelectric ordering. Such a minimum has been clearly observed in both Srgi@nd
KTaO3. The proximity of T, to T =0 is an indication of the material's proximity to
a quantum critical point. As seen in Fig. 2.9, SrTiQ is closer to a quantum critical
ferroelectric phase transition than is KTaQ. This observation is also consistent with
measurements of the ferroelectric soft phonon mode, where SrEias a smaller energy
gap in its soft transverse optic mode at low temperature than KTag

However, where the predictions of the model diverge from experimental measure-
ments is at temperatures below the minimum in !, i.e. at T < T,. As seen in
Fig. 2.9, the ferroelectric quantum criticality model predicts ! to vary as T* below
Tm, and therefore have diminishingly small changes in * asT ! 0. Experimental
data, however, seemed to show a much more linear behaviour int for T < T,,. This
was observed in both SrTiQ and KTaO3z, prompting further studies to elucidate the
disagreement between the experimental observations and theoretical predictions.

2.5.1 SrTiO 3 under pressure

Hydrostatic pressure is regarded as a simple tuning parameter for quantum critical
ferroelectrics, suppressing ferroelectricity by increasing the e ective spring sti ness of
the oscillating ions as pressure is applied. An ordered ferroelectric such as Bagan
be tuned towards its quantum critical ferroelectric phase transition by the application
of hydrostatic pressure, while the paraelectrics SrTiPand KTaOz can be tuned further
away from criticality by pressure.

In 2020, Coaket al. [25] reported on the dielectric susceptibility of SrTiQ under
pressure. Motivated in part by the disagreement between the model and experiment at
T < T, mentioned in the previous section, this work sought to better understand the
low temperature dielectric behaviour in quantum critical ferroelectrics. With pressure
tuning SrTiO; away from criticality, the minimum in ! shifts to higher temperatures
with increasing pressure, and therefore a wider temperature window of }(T < T,,) is
visible. It was thought that perhaps the T# behaviour predicted at low temperature



2.5 Literature overview of ferroelectric quantum criticality 33

Fig. 2.10 a) Dielectric susceptibility of SrTiQ under pressure from 0 to 9.6 kbar, inset
magnifying the low temperature peak in with the y-axis given as the change between

at the peak and at the lowest temperature measured. As pressure is increased, the
magnitude of reduces and the peak shifts to higher temperatures, both consistent
with decreasing proximity to a quantum ferroelectric critical point. b) An inverted
view of the inset in (a), labeling the temperature positioriT,, of the minimum in !
and showing the relative depth of ! with pressure, where the lowest temperature
measured for each curve has been set {o ') = 0. Figure from Ref. [25], with
use permitted under PNAS License to Publish, Copyright 2020 National Academy of
Sciences.

might be observed if a larger region of the curve were available for< T,,. The major
results of Ref. [25] are shown in Fig. 2.10.

As can be seen in Fig. 2.10, no apparentT* behaviour was observed in SrTi@
under pressure, with ! retaining its more linear behaviour forT < T,,. A potential
explanation was o ered for the disparity between the theoretical framework established
in Ref. [5] for ferroelectric quantum criticality and the experimentally observed be-
haviour. It was suggested that if there exists even a small concentration (less than
parts per million) of quasi-statici.e. slow-moving (and therefore classically-behaving)
modes, which even at low temperature have not frozen out, these can generate a linear
response in ! with temperature. Such modes would noteplacethe prediction of

T4 behaviour, but instead dominate the system dynamics and therefore mask the
observation of any underlying T# mechanism.

A number of possible origins for such quasi-static modes were suggested. SgTiO
undergoes a cubic-to-tetragonal antiferrodistortive phase transition below 105K, which
leads to polar antiferrodistortive domain walls that have been shown to be mobile on
slow time scales even to low cryogenic temperatures [1 4]. Additionally, the presence
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Fig. 2.11 a) The relative depth of ! with pressure in SrTiQ;, as previously seen in
Fig. 2.10. b) Predictions of ! with pressure from the ferroelectric quantum criticality
model adapted to include the presence of a small concentration of quasi-static modes.
Figure adapted from main text and supplementary information of Ref. [25], with
use permitted under PNAS License to Publish, Copyright 2020 National Academy of
Sciences.

of defects and impurities, such as oxygen vacancies or di erently-charged elemental
impurities, can cause polarons to form with long-range e ects on ferroelectric ordering
and whose interactions may become more signi cant at low temperatures [37 40]. A
third possibility would be for the quasi-static modes to be intrinsic to the material's
proximity to a quantum ferroelectric phase transition, where surface or bulk polarization
textures such as vortices and skyrmions may emerge as an intermediate local order
within the phase transition border [41].

In this thesis, we will present dielectric susceptibility data on KTaQ under pressure,
a material having no antiferrodistortive phase transition and thus no elastic domain
walls, remaining in a simple cubic structure [31, 42] to the lowest temperatures measured.
We also extend high-precision dielectric susceptibility measurements of Srgi@nd
KTaO3 to 50mK, approaching closer to thel = 0 limit than previously reported in
literature. This will allow us to give further commentary and insight on the nature of
displacive quantum critical ferroelectricity.

2.5.2 Unconventional superconductivity

One of the many reasons quantum critical phase transitions are of continuing interest
in low temperature condensed matter physics is that it appears to be a common
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occurrence that when a quantum critical point is found in a material, other non-trivial
states of matter often exist in close proximity upon exploring the nearby phase space.
This can be understood, at least in part, by considering the highly sensitive nature of
a quantum critical system to external tuning parameters, implying strong interaction
mechanisms near quantum criticality which provide rich grounds for emergent states.
Consider, for example, the metallic ferromagnetic quantum phase diagram shown
previously in Fig. 2.7.b. Near to magnetic quantum critical points, a wide variety
of other phases have been found [5]: skyrmion spin textures [43, 44]; tri-criticality
between paramagnetism, ferromagnetism, antiferromagnetism, or metamagnetism [45,
46]; deviation from Fermi-liquid theory as a non-local marginal Fermi liquid [47, 48],
electronic nematic liquid crystal states [49, 50]; spin-triplet p-wave superconductivity
[51 53], etc.

Superconducting states have now also been reported in systems near to a ferroelectric
quantum critical point [24, 54 59]. While ferroelectrics under standard conditions are
most often insulating materials, charge carriers can be introduced l®&g. chemical
substitution or ionic liquid gating [60]. A recent theory has been successful in describing
the origins of unconventional superconductivity in quantum critical ferroelectrics such
as SrTiO; and KTaOs3 [24]. In these systems, conduction electrons couple to charged
vibrations in the crystal lattice (i.e. to polar phonons) and result in a combined
two-oscillator system, one from ions and one from charge carriers. These newly coupled
modes of cooperative motion between ions and conduction electrons are referred to
as hybrid longitudinal polar modes and can mediate electron interactions to induce
superconductivity, shown in Fig. 2.12. Following Ref. [24], the e ective interaction

between two electrons can be written as
|

2 | 2 | 2 -
V(q,l): 4? 1 : (C]) +.+(q)
o1 (g2 12 1.(g> !°2
where"; is the background dielectric constant! (q) are the upper and lower hybrid
longitudinal mode frequencies, and (q) are the coupling parameters.

(2.50)

Here, superconductivity gets stronger as more conduction electrons are introduced
to the system due to the higher density of electron states; however, dielectric screening
at high carrier densities shields against the attractive interaction and superconductivity
can be suppressed entirely. This process accounts for the dome-shaped superconductive
temperature T¢ vs. carrier densityn. Superconductivity is also rapidly suppressed with
pressure (Fig. 2.13) which increases the transverse-optic phonon frequency, reducing
the attractive regions shaded green in Fig. 2.12.
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Fig. 2.12 Interaction potential V vs. frequency for two electrons interacting with
hybrid polar modes.! . and! represent the upper and lower hybrid polar modes.
This is taken at a wavevectorg much smaller than the Fermi wavevectokg (from the
Lindhard function). Note that the attractive potential (green) gets stronger as the
ferroelectric quantum critical point is approached where the transverse-optical phonon
mode vanishes. Figure adapted from Ref. [24] with permission.

2.5.3 Unconventional electron transport behaviour

Recently, an unconventional electron transport behaviour has been discovered at low
temperature in carrier-doped SrTiQ, as described in the PhD thesis by S. Liu [61] from
the group of S. E. Rowley in the Cavendish Laboratory. Carrier-doped SrTiChas
been shown to exhibit a resistivity which is quadratic in temperature over a wide range
below 100K. AT? dependence of resistivity at low temperature is commonly taken as
evidence of Fermi liquid behaviour. However, even in the dilute carrier limit where the
Fermi surface is small and therefore traditional electron-electron scattering processes
such as Baber or Umklapp scattering unlikely, a T2 behaviour is still seen in
weakly-doped SrTiQ. A T2 relationship is seen over several tens of Kelvin at low
temperature even when the Fermi temperature is as low as 1K. Additionally, the Fermi
energies calculated by S. Liu [61] for SrTi©having carrier concentrations ranging
from 10°-10°° cm 2 were one or more orders of magnitude smaller than established
Fermi liquid metals.

An alternative explanation for the T? dependence of resistivity in carrier-doped
SrTiO3; was therefore provided. Normally, electrons do not scatter from uctuations
of the polarization eld, hp?i, to rst approximation. This is a result of a vanishing
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Fig. 2.13 (Upper left) Superconductivity temperature-pressure phase diagram for
Nb-doped SrTiO;. The superconducting transition temperatureTc is shown as a
function of both pressure (main gure) and as a carrier density dependent dome
(inset). (Upper right) Phase diagram of SrTiQ near the ferroelectric quantum critical
point. The top axis is equivalent to the quantum tuning parameterg which may
be varied by pressure, chemical substitution, strain, isotope substitution, or carrier
density. The phase diagram is consistent with the Eq. 2.50 for hybrid polar mode
mediated superconductivity discussed in Ref. [24] as well as consistent with the model
for ferroelectric quantum criticality discussed in Ref. [5]. (Lower) Midpoint critical
temperature for superconductivity vs. gate voltage (related to electron carrier density)
for ionic-liquid gated KTaOs FET. Upper gures taken from Ref. [24], lower gure
from Ref. [54], used with permission.
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Fig. 2.14 Power spectra of polarization and polarization-squared elds in a material
near to a ferroelectric quantum critical point. Blue: variance in the polarization eld,
ho?i. Red: variance in the polarization-squared eldh ?i. Figure from Ref. [61], used
with permission.

interaction vertex for transverse phonons, as can be seen through consideration of the
Frolich Hamiltonian for electron-phonon interactions,i.e. a Hamiltonian including
momentum-conserving electron scattering from the emission or absorption of a phonon
[62]. For transverse phonons, the eigenvectossof the polarization potentials V,
are perpendicular to the phonon wavevectorg, leading to zero contribution to the
Hamiltonian from transverse phonons having a scalar produst g= 0 [63]. Even
granting for a model preserving higher-order terms which might allow for electron
scattering from uctuations of the polarization eld, this would not predict a T?
dependence of resistivity. However, if a new eld is introduced as a two-phonon
polarization-squared eld,i.e. isa eld expression forP2, a new interaction mechanism

is provided for. The power spectra of the polarization and polarization-squared elds,
i.e. the varianceshp?i and h 2i, near to a ferroelectric quantum critical point are given

in Fig. 2.14. As a material is tuned closer to the quantum critical point, the peak
in the variance of the polarization eld shifts towards zero frequency and grows in
magnitude, and the weight of the zero-frequency variance in the polarization-squared
eld similarly grows.

One can see from Fig. 2.14 that there is a large weight in the power spectrum of the
polarization-squared eld, , even in the zero-frequency limit in a material near to, but
not at, a ferroelectric quantum critical point. This implies the presence of quasi-static
uctuations which would provide a strong mechanism to scatter free electrons. As
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estimated in Ref. [61], the scattering rate of electrons * should follow:

1 2 %% 1 2i 43
(T)= 39, 83 (krq (@ cos)h(gidg (2.51)

which has numerically solved solutions shown in Fig. 2.15.

One can see, then, that the resistivity , which follows the scattering rate !,
should vary asT? from a model involving uctuations in a polarization-squared eld
for materials near to a ferroelectric quantum critical point. This model was able to
accurately predict how the resistivity would vary under hydrostatic pressure, whereas
predictions based on an assumption of Fermi-liquid scattering rates did not agree with
the pressure dependence ofmeasured in carrier-doped SrTi@

The work of S. Liu [61] therefore provides evidence for the importance of polarization-
squared uctuations, which can be alternatively described asnergy uctuations, in
guantum critical ferroelectric systems, a point which will become relevant in discussion
of mechanisms for polarization textures in Sec. 6.3.
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Fig. 2.15 Pressure-dependent scattering rate of charge carriers' from quasi-static
uctuations in the polarization-squared eld , as given in Eq. 2.51. a) *vsT b)
1 vs T2. Figure from Ref. [61], used with permission.



Chapter 3
Experimental Methods

Chapter Summary

This chapter describes measurement techniques utilized in collection of the
data presented in Chapters 4-6. The methodologies are presented here as
a stand-alone chapter both so that data can be presented more smoothly
with a focus on interpretation and so that this chapter might serve as a
more convenient point of reference for future experimentalists. Chapters 4-6
refer back to the relevant subsections within this chapter for any given set
of data.

Crystal growth techniques are also described. While we do not report
in this thesis on data of bespoke samples grown in-house, the techniques
are nonetheless presented as knowledge acquired during the course of this
research and to serve as a guide to future users.

Within this chapter are descriptions of techniques for:

N

Sample preparation

N

Dielectric susceptibility measurements, including under hydrostatic
pressure in a piston-cylinder pressure cell

Speci ¢ heat measurements
Thermal expansion dilatometry
Thermal conductivity measurements
Uniaxial strain measurements
Cryogenic refrigeration, and

Crystal growth, including material preparation and oating zone image
furnaces.
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