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Abstract

This thesis explores fundamental questions in fluid dynamics through rigorous mathematical
analysis of the passive scalar transport model. Our investigation centers on the behaviour
of fluid flows characterised by vector fields of lower regularity—a crucial feature in under-
standing turbulent dynamics. Through careful examination of these flows in various function
spaces, particularly Sobolev spaces, we develop new analytical tools and insights into three
key areas: well-posedness, regularity, and solution selection.

The first major contribution introduces a novel weak compactness technique that yields
improved quantitative estimates for the transport equation. This approach leads to several
significant advances, including enhanced classical mixing estimates with exponential lower
bounds, propagation of mild logarithmic fractional regularity, and state-of-the-art weak
stability estimates for transport along Sobolev vector fields. Most notably, we establish the
first quantitative stability estimate for transport along vector fields with bounded variation,
marking progress on the challenging p = 1 case of Bressan’s conjecture.

Our second principal contribution extends to the analysis to the transport-diffusion equa-
tion, where we develop techniques beyond standard energy estimates. By combining mild
solutions, weak convolution estimates, and maximal regularity methods, we establish new
results under the Ladyzhenskaya-Prodi-Serrin integrability condition on the vector. These
methods effectively capture the interplay between transport and diffusion on regularisation,
leading to improved uniqueness and regularity results.

The final contribution challenges conventional approaches to solution selection through
vanishing diffusion limits. Through explicit constructions, we demonstrate that the vanishing
diffusion approach fails to consistently select physically meaningful solutions for the passive
scalar transport model. Our results show that this method can produce solutions violating
basic thermodynamic principles, including time-arrow reversal—a finding that questions
traditional approaches to solution selection in fluid dynamics.

These contributions advance our understanding of irregular fluid flows while raising
important questions about current mathematical frameworks in fluid mechanics. The thesis
concludes by identifying critical open problems, particularly regarding the well-posedness of

turbulent fluid flows and the development of alternative approaches to solution selection.
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Acronyms

TE Transport equation, Definition 2.1.

TDE  Transport-diffusion equation, Definition 3.1.
ODE  Ordinary differential equation.

PDE  Partial differential equation.

a.e. Almost everywhere, in Lebesgue measure.
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sz)c Local Lebesgue space.

LY Shorthand for L”(R¢; R™) with the vector dimension m € N clear from context.
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context.

LPL!  Shorthand for L7 ([0, T]; L9(R¢;R™)) with the vector dimension m € N clear from
context. Specific functions f(x,7) will always be written with the time variable
t €10,T] last.

L? quoc Functions such that for each compact subset of space, the cutoff lies in L/ L{.

c” Infinitely differentiable functions

CcZ Infinitely differentiable functions with compact support.

O Continuous functions.
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C\?veak Weakly continuous functions  — Y, from a domain Q into a Banach space Y
endowed with the weak topology, e.g. C°_, ([0,T];L!(R%;R)).

C‘(Leak_ Weak-* continuous functions Q — Y/, from a domain Q into the dual of a Banach
space Y’ endowed with the weak-x topology, e.g. C° . ([0,T];L™(R%;R)).

Cg Banach space of bounded, continuous functions with L*-norm.

M Banach space of signed Radon measures, the Banach space dual of Cg.

WP Sobolev space.

WP Local Sobolev space.

H" Hilbert Sobolev space, equal to W2

BV Banach space of bounded variation.

BVioc  Space of local bounded variation.

WP  Negative Sobolev space, the Banach space dual of WP where 1—17 + [% =1.

H™  Negative Hilbert Sobolev space, the Hilbert space dual of H", equal to W "2

c! The Banach space dual of BV, containing the distributional derivatives of Cg.

LP>=  Weak Lebesgue space [15, Section 1.3]

LpPAa Lorentz space [15, Section 1.3].

9 Distributional test functions C2°(R™;R) with appropriate topology [58].

9' Space of distributions, the topological dual to & [58].

S Schwartz test functions on R” with ‘Schwartz’ topology [58].

! Space of Schwartz distributions, the topological dual of . [58].

W™P  Homogeneous Sobolev quasi-norm V¢ € L? on distributions ¢ € Z'.

H" Homogeneous Sobolev quasi-norm V"¢ € L? on distributions ¢ € Z’, equal to W2,

WP  Homogeneous negative Sobolev quasi-norm on &', the dual quasi-norm to W

1,1 _
where p+p, 1.



Nomenclature XV

H—n

WP
HS

HS,]?
FIsp
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Bqu

Homogeneous negative Sobolev quasi-norm on 2’, the dual quasi-norm to H", equal
to W2,

Fractional Sobolev-Slobodeckij space [40, Section 2].
Fractional Hilbert Sobolev space [40, Section 3].

Fractional Bessel-potential Sobolev space [15, Section 6.2].
Homogeneous Bessel-potential Sobolev space [15, Section 6.3].
Besov space [15, Section 6.2]

Homogeneous Besov space [15, Section 6.3]

Algebraic conventions

d

u

X

Spatial dimension.

Spatial variables (x1,...,x;) € RY.

Time variable ¢ € [0, 7], with given positive time 7 > 0.
Passive scalar field.

d-dimensional divergence-free vector field.

Flow map.

Other notation

Td

\%

VJ_

The d-dimensional torus, T¢ = R? /74,

Spatial gradient, (8%1’ 9 )

*? dxy

32
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The Fourier transform on RY.
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Chapter 1
Introduction

The mathematical analysis of turbulent fluid dynamics presents fundamental challenges that
lie at the intersection of physics and mathematical theory. This thesis investigates these
challenges through the passive scalar transport model in incompressible fluid mechanics.
This partial differential equation (PDE) describes how a tracer—such as a dye—evolves as
it follows the flow of a given vector field. Our investigation centers on the dynamics that
emerge when the vector field exhibits lower regularity, as measured in Sobolev spaces and
related function spaces. This focus on lower regularity directly addresses and is motivated by

the mathematical structure of turbulent fluid flow.

1.1 Historical Context and Motivation

The Navier-Stokes Existence and Smoothness Problem

The study of such irregular dynamics has a rich history in fluid mechanics, historically neces-
sitating increasingly general function spaces for their analysis. A cornerstone problem in this
field remains the existence and smoothness of solutions to the Navier-Stokes equations [47].
These PDEs, which express momentum conservation in incompressible fluids, incorporate
viscous strain through Newton’s law of viscosity [14, 103].

The mathematical solvability of these equations, despite their fundamental role in scien-
tific modeling, remains an open question. The core challenge lies in determining whether the
velocity field representing the fluid flow maintains sufficient smoothness to meaningfully
satisfy the governing equations. This difficulty led to Leray’s groundbreaking introduction of
"weak solutions", which satisfy the equations in an integral rather than pointwise sense [78].

This mathematical framework aligns with physical reality: the derivation of fluid models

fundamentally relies on forces acting over integral volume elements rather than on individual
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particles. Thus, there exists no inherent physical requirement for an incompressible fluid
to admit a classical pointwise solution. This mathematical challenge extends beyond mere
technicality. The failure to obtain classical solutions correlates with physical singularities,
including infinite velocities and pressures [99, 98]. Conversely, weak solutions in more
general function spaces often lack sufficient mathematical structure to ensure deterministic
behaviour [27, 31, 7]. Rather, the appropriate mathematical description depends on the
regularity class of the fluid’s turbulent dynamics.

Turbulence and Kolmogorov 1941 Theory

Therefore, understanding the regularity and structure of turbulent fluid flows remains central
to both mathematical analysis and physics. In the case of incompressible Newtonian fluids
governed by the Navier-Stokes equations, turbulent dynamics exhibit universal characteris-
tics in the regime of "fully developed turbulence". When fluid energy overcomes viscous
friction—quantified by the Reynolds number—a self-similar cascade of eddies emerges,
transferring energy through progressively smaller length scales until the fluid’s kinetic energy
ultimately dissipates as heat [104, 50].

Kolmogorov’s seminal prediction [65], later verified experimentally [93], revealed this
phenomenon’s remarkable independence from viscosity. This discovery carries profound
implications, as the equations contain no inherent mechanism for kinetic energy dissipation
without viscosity—a phenomenon termed anomalous dissipation of kinetic energy.

Mathematical analysis has proven that solutions to the inviscid Euler equations—the
inviscid analogue of Navier-Stokes equations—should conserve kinetic energy when the
vector field represents a classical solution. This led to Onsager’s influential speculation
about the minimum regularity required for kinetic energy conservation [90]. Later work
made these predictions rigorous through Besov function spaces [33], aligning precisely
with Kolmogorov’s %‘ scaling law prediction for velocity regularity derived from self-similar
analysis. These predictions and results fundamentally motivate the investigation of fluid flow

with lower regularity.

Passive Scalar Transport as a Foundational Model

Fluid dynamics fundamentally concerns the flow, or transport, of quantities such as mass,
energy, and momentum. The passive scalar transport model represents the simplest such sys-
tem, describing a quantity that flows without interacting with the fluid through internal forces
like pressure or material stresses. This model has proven invaluable in two distinct ways:

illuminating various aspects of turbulence, including anomalous dissipation, through solvable
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statistical models [80, 66], and providing a mathematical foundation for understanding more
complex fluid models through its deterministic dynamics.

For a passive scalar p (x,¢) : R? x [0,7] — R and a given vector field u(x,#) : R? x [0, T] —
R, the inviscid passive scalar transport equation takes the form:

dp d p B
EQC,I)-I_Z.:ZIMZ(XJ)a_Xj(X’t) - 07

subject to the incompressibility condition:

d au,‘
i:Zla—xi(x,” =0.

It is the study of these equations that forms the body of this thesis.

1.2 Thesis Structure and Main Results

Chapter 2: Quantitative Estimate For Transport along Sobolev Vector Fields

The solvability of the passive scalar transport equation forms the foundation of Chapter 2,
beginning with a comprehensive literature review in Section 2.1. While vector fields of class
C' permit classical solutions through the Cauchy approach of characteristics [9], vector fields
with lower regularity necessitate weak (or integral) solutions, as classical solutions cease to
exist.

The groundbreaking work of DiPerna and Lions [41] established well-posedness of such
integral solutions for vector fields in the Sobolev class W!”. Their framework has sparked
active research into stability and mixing bounds, with Bressan’s mixing conjecture [22]
remaining an important open problem.

Contributing to this, in Section 2.2 we present a novel weak compactness technique
for improving such transport equation estimates. By establishing uniform decay of the
DiPerna-Lions commutator in their well-posedness theory [41], we achieve several significant

advances:

1. Improved classical mixing estimates, with exponential lower bounds on the mixing
scale for all initial data (Theorems 2.12 and 2.13)

2. Propagation of mild ’logarithmic’ fractional regularity of the passive scalar (Theorem
2.14)
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3. State-of-the-art weak stability estimates for transport by Sobolev vector fields (Theo-
rems 2.15 and 2.16)

Meanwhile, Section 2.3 extends our weak compactness technique to address the challeng-
ing p = 1 case of Bressan’s conjecture, culminating in Theorem 2.22—the first quantitative
stability estimate for transport along vector fields with bounded variation.

We conclude this chapter with Section 2.4, examining open problems regarding optimal
constants and optimality of our results, particularly concerning logarithmic stability in the
Sobolev setting and tetration stability in the bounded-variation setting, compared with linear
stability in the Lipschitz case.

In summary, this chapter advances our understanding of mixing bounds and weak stability

for solutions transported by Sobolev vector fields in the non-classical sub-Lipschitz regime.

Chapter 3: Improved Regularity and Well-posedness of the Transport-Diffusion Equa-

tion

Our investigation extends now to less regular divergence-free vector fields, specifically
velocity fields u(x,?) in the space L/ L{. Under these conditions, solutions exhibit intriguing
phenomena, including non-uniqueness and "perfect unmixing," where non-zero solutions
emerge from zero initial data, [39].

In Chapter 3 we explore how isotropic diffusion restore uniqueness and regularity of
weak solutions for these more general vector fields u(x,7). The transport-diffusion equation,

with diffusion parameter kK > 0, is given by:

az

2
X

©

(x,1) =0. (1.1)

NS)

ap d ap 3
E(X’l) +;ul(x’t)(9_xi(X7t) — Ki_zi

Section 3.1 reviews standard energy estimates, which fail to capture regularity and
uniqueness in broader function spaces. We address this gap in the literature by introducing:

e Mild solutions
¢ Weak convolution estimates

* Maximal regularity techniques for the heat equation

Applying these techniques in Section 3.2, we demonstrate how the Ladyzhenskaya-Prodi-
Serrin condition captures the competing effects of transport and diffusion on regularisation.

Our analysis yields three key results:
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1. A condition for weak solutions to lie in the classical energy class (Theorem 3.10)

2. Improved uniqueness when u(x, ) satisfies the Ladyzhenskaya-Prodi-Serrin criterion
(Theorem 3.11)

3. Enhanced regularity of weak solutions when u(x, ) satisfies the Ladyzhenskaya-Prodi-

Serrin criterion (Theorem 3.13)

Finally, in Section 3.3 we discuss open questions on regularity and potential extensions
to more general vector fields. In summary, this chapter extends standard energy estimates by
introducing new techniques to analyse the regularity in the transport-diffusion equation.

Chapter 4: Vanishing Diffusion Limit and Solution Selection

The final chapter examines solution selection for the inviscid passive scalar transport equation
when it admits non-unique weak solutions. We analyse whether the vanishing diffusion limit
as Kk — 0 can restore uniqueness and eliminate non-physical solutions.

This approach succeeds in other fluid models (discussed in Section 4.1), and in contrast

we demonstrate two striking results for the passive scalar transport model:

* Uniqueness fails in the vanishing diffusion limit

* The resulting solution can exhibit highly non-physical behaviour, including the reversal
of the arrow of time introduced with diffusion

Section 4.2 presents these findings in two main theorems:

1. Theorem 4.10: Establishes the existence of vector fields for which the vanishing
diffusion limit yields non-unique solutions, even though the resulting solutions satisfy

the ‘physical’ renormalisation condition

2. Theorem 4.13: Demonstrates an example for which the vanishing diffusion limit selects
a unique solution that perfectly mixes and subsequently unmixes back to its initial
state, violating thermodynamically permissible behaviour

This raises several open questions regarding vanishing diffusion and viscosity in incom-
pressible fluid models, which we discuss in Section 4.3. In summary, Chapter 4 demonstrates
the failure of vanishing diffusion to addressing the physical solution selection problem in

fluid dynamics, and highlights the need for novel approaches.






Chapter 2

Quantitative Estimates for Transport
along Sobolev Vector Fields

2.1 Introduction

This chapter presents novel stability and mixing estimates for the transport of a passive scalar
by a Sobolev vector field. In Section 2.1, we introduce the transport problem, providing a
comprehensive overview of existing literature regarding the well-posedness and regularity of
this passive scalar model. Our discussion emphasises the dependence of these properties on
the regularity of the advecting incompressible vector field.

We explore both classical and modern approaches to the transport equation. The classical
Cauchy-Lipschitz method, which utilises characteristics or trajectories, is contrasted with
more contemporary weak solution theory. This comparison highlights the critical issues
discussed in this thesis, namely non-uniqueness, propagation of regularity, and mixing.

Section 2.2 introduces our primary contribution: quantitative weak compactness ar-
guments to improve non-quantitative convergence results. When applied to the transport
equation, this approach provides new quantitative stability estimates, with a variety of ap-
plications, for the transport within the desired class of vector fields. We present several key

theorems:

* Theorems 2.8 and 2.11: Quantitative decay of the DiPerna-Lions commutator, crucial
for well-posedness of transport along Sobolev vector fields.

* Theorems 2.12 and 2.13: First bounds on possible mixing rates for all solutions in the
DiPerna-Lions class, addressing both ’geometric’ and ’functional’ mixing scales.



8 Quantitative Estimates for Transport along Sobolev Vector Fields

* Theorem 2.14: Propagation of mild ’logarithmic’ fractional regularity of the passive
scalar.

* Theorems 2.15 and 2.16: State-of-the-art weak stability estimates for transport by
Sobolev vector fields.

Finally, we extend our methods to address a significant gap in the literature: the absence
of quantitative stability or mixing estimates for transport along vector fields in the Sobolev
space W', The main contribution of section 2.3 is Theorem 2.22, the first quantitative
estimate in this setting. This result yields an exponential tetration rate for stability and
mixing, contrasting sharply with previous conjectures. The optimality of this rate remains an
open question, which we discuss along with other unresolved issues in Section 2.4.

The results in this section have been developed in collaboration with Ayman Said and
reported in [59].

2.1.1 The Transport Problem

We begin by introducing the transport problem. Working on the whole d-dimensional space
x € RY, consider a time-dependent vector field u(x,?) : R? x [0, T] — R? on the time interval
t€10,7T].
The trajectory along the vector field u(x,?) starting at xo € R? is the solution X (¢) € R?
to the following ODE (ordinary differential equation),
d

S X(0) = u(X(1).1), fort €0,7], @.1)

X(0) = xo.

The flow map X (x,7) : R? x [0, 7] — R is the collection of all trajectories and so satisfies
the ‘ODE’

d
EX(x,t) =u(X(x,1),t), fort € [0,T], 22)

X (x,0) =x.

The transport problem is then, for some initial scalar field py(x) : R? — R, to find the
transported scalar field p (x,?) : R? x [0, T] — R which is initially equal to po(x) and parallel
transported by the trajectories of u(x,?), that is to satisfy

p(X(x7t>7t):p0<x)' (2.3)



2.1 Introduction 9

One way to solve for p(x,?) is to invert the flow map X (-,¢) : RY — R?. If the inverse
X~!(x,t) is continuously differentiable, then for continuously differentiable py(x) (2.3) is
equivalent to solving the PDE (partial differential equation)

ap d p B
a_t<x7t>+i_zlul(x7l)a_xi(x7t)_oa (24)

p(x7 O) = po(x),

for a continuously differentiable p (x,t). For brevity, it is standard to abbreviate derivatives
in the spatial variables x € R to the gradient operator V = ( aixl, ceey a%) Equation (2.4) is
usually referred to as the transport equation.

2.1.2 Classical Solutions

The classical approach to the transport problem is to apply the Cauchy-Lipschitz theorem
of ODE:s to the flow map (2.2). If u(x,7) is Lipschitz in the spatial variable with Lipschitz
constant M, so that for all € [0,T], x,x' € RY

‘M(X,[) —M(X/,[)‘ SM’X-X”,

and additionally u(x,) is continuous in the time variable 7 € [0, T], then by [56, Section 2
Theorem 1.1] the ODE (2.1) has a unique solution, and solving the ODE (2.1) backwards
gives that the flow map X (-,7) : RY — R? is invertible. Additionally one shows the stability
estimate for all x,x’ € R?, for all t € [0,7]

d / /

E ‘X(xat) _X(x JI)‘ < M}X(xat) _X(x ,t)| ’
see for instance [9, Section 2]. The Gronwall Lemma [56, Section 3 Theorem 1.1] then

proves the map X (+,7) is Lipschitz with Lipschitz inverse
x —x'|exp(—Mt) < [X(x,1) — X (x',1)| < [x — x| exp(M1). (2.5)

Such quantitative estimates will play an essential role in the stability of the transport equation
and mixing rates, forming this chapter’s main body.
Turning now to the PDE (2.4), we must additionally assume that u(x,7) is continuously

differentiable in the spatial variables, %(x,t), so that the flow map (2.2) is continuously
J
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differentiable with!
d 8X,~ d au,‘ an
_ 1) = X 1),t)— 7). 2.6
dr 3, ) = L g X005 (60) (2.6)

By the inverse function theorem, X ! (x,#) is also continuously differentiable, and so the
chain rule may be applied to (2.3). We conclude that the PDE (2.4) has a unique, continuously
differentiable solution given by parallel transport (2.3).

Osgood Moduli of Continuity

If we are content to solve the parallel transport problem (2.3) instead of the PDE (2.4), then
the Osgood condition [56, Section 2 Corollary 6.2] on u(x,1) is sufficient for uniqueness and
invertibility of the flow map (2.2).

2.1.3 Distributional Solutions

The Osgood condition lowers the regularity on u(x,#) required to solve the transport problem
by solving the parallel transport formulation (2.3) instead of the PDE (2.4). We next consider
an alternative formulation of the PDE (2.4), as introduced in [41], which similarly lowers the
regularity required on u(x, ). The classical transport equation may be written as

dp

- -Vp =0. .
8t+u p=0 2.7)

A related PDE is the continuity equation

d
P V. (up) =0, (2.8)
ot
which is the linear hyperbolic conservation law [35] when the flux of p(x,¢) is given by the
vector field u(x,7), and governs the evolution of conserved passive scalars. The continuity
equation has the advantage that one may consider distributional solutions [58], as long as
u(x,t)p(x,t) is also a distribution. This vastly lowers the regularity on u(x,7) needed but
does not immediately allow us to do the same for the transport equation.
The approach of [41] is to treat the transport equation as a forced continuity equation
dp

L4V (wp) = (V-up, 2.9)

IThe convergence of the Picard iterates for (2.6) is a result of the convergence of the Picard iterates for (2.2).
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and then, under regularity assumptions on the distribution V - u, we may solve a weak version
of this forced equation. The assumption of [41] is that the distribution V - u is uniformly
bounded, but for this thesis, we will restrict to the simplest case V - u = 0 so that the transport
equation (2.9) becomes the continuity equation (2.8). This is an entirely separate regime from
the Osgood condition; zero or bounded divergence is not enforced by the Osgood condition

or vice-versa.

Definition 2.1 (Transport equation - weak solutions [41]). Consider a vector field u(x,t) €
Ll (R?x [0,T];R?) with V-u = 0 in the distributional sense. We say p(x,t) € L\, (R x

[0,T];R) with u(x,1)p(x,t) € LL (RY x [0, T];R?) is a weak solution to

loc

dp
- .V —
5, (1) +ulx1)-Vp(x,1) =0, (TB)

p(x7 O) = po(X),

for initial datum po(x) € L, (R%;R) if, for any ¢ (x,7) € CZ°(RY x [0,T); R),

¢ B
/Rdx[o,r)p<x’t) (E@’t) +u(x,t) ~V¢(x,t)) dxdt = _/Rd Po(x)do(x) dx,

where @(x) = ¢(x,0). Meanwhile, we say the transport equation is satisfied on an open
interval I C (0,7T) if, for any ¢ (x,¢) € C2(RY x I, R),

/Rdx,p(x’t) (aa—z)(xvf) +u(x,1) 'V<P(x,t)) dxdt = 0.

Note that in both definitions, we may equally take the test function ¢ (x,7) to be Lipschitz in
time and space with compact support.

Theorem 2.1 (Existence of weak solutions to (TE)). Let 1 < p,g < o with %4—5 =1.
Suppose po(x) € L (R%R), and u(x,t) € L'([0,T); L (RY;R?) is divergence-free in the
distributional sense. If u(x,t) additionally satisfies the growth condition

u(x,t)

e L'(RY x [0, T];RY),
T+ ( [0,T;RY)

then there exists a weak solution p(x,t) € L=([0,T];LP(R%;R)) = L°LY to (TE), with the
bound

Py < llpoll e -
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Theorem 2.2 (Weak continuity of transport). Suppose p(x,t) is a weak solution to (TE).
Then for any ¢ (x,t) € C2(R? x [0,T];R), for a.e. t € [0,T],

(Trace Formula) /de(x,t)(])(x,t) dx

= /Rd po(x)do(x) dx+ . p(x,1) <%—(f(x,t) +u(x,r) -Vq)(x,t)) dxdt, (2.10)

4% [0,]
Suppose further that p(x,t) € L7LY for 1 < p < o, then (there is a representation of
p(x,t) with) p(x,t) € C°_ . ([0,T];LP(R%R)), such that (2.10) holds for all t € [0,T). In
particular, p(x,0) = po(x) € L?(R%;R).

If p(x,t) € LYL) with {p() e C L' (R4;R) uniformly integrable, then similarly
px,1) € O ([0, T L (RY: R)).

If po(x) € L? (Rd ;R) = Lf for any 1 < p < oo, then the solution constructed in Theorem

2.1 (with p not necessarily the same) satisfies
plx,1) € L7LL,

with {p(+,7) }+ej0,r) C L'(R?;R) uniformly integrable if p = 1. Moreover, the weakly con-

tinuous representative satisfies for all 7 € [0, T,

(Initial L7-Inequality)  [[p( )| (casg) < I1Polly ) - (2.11)

Another standard corollary of Theorem 2.2 is, if any solution of (TE) p(x,t) € L;°L} and
is uniformly integrable, then the weakly continuous representative satisfies

(Conservation of Mass) / . p(x,t) dx = / L Po (x) dx. (2.12)
R R

The above results are standard and may be found in some form in [41], [9]. See also my
work [60, Section 3] for a proof of the precise statement of Theorem 2.2.

While Definition 2.1 successfully generalises (2.9) to much lower regularity vector fields
u(x,t), it is highly general and not related to the parallel transport formulation (2.3). To this
end, the superposition principle [9, Theorem 12] gives a weak sense in which any positive
weak solution p(x,7) of (TE) also satisfies parallel transport (2.3) as the pushforward of pg(x)
by a measure on the set of trajectories (2.1). The issue, however, is the lack of uniqueness of
the flow map. This characteristic of low regularity vector fields was known much earlier. In
an attempt to restore uniqueness, the authors of [41] were led to consider weak solutions of

(TE), which additionally satisfy the renormalisation property.
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Definition 2.2 (Transport equation - renormalised solutions [41]). We say p(x,z) : R? x
[0,7] — R is a renormalised solution to (TE) if, for any f(s) € CQ(R;R), then B(p(x,t)) €
L>(R? x [0,T];R) is a weak solution of (TE) for initial datum f3(pg(x)) € L=(R%;R). It also
sufficient to take test functions f(s) € C(R;R).

This is motivated by the parallel transport formulation (2.3), which implies also

Bp(X(x,1),1)) = B(po(x)), (2.13)

is parallel transported. The caveat is that if the flow map is not injective, then parallel
transport as understood in the superposition principle [9, Theorem 12] fails to satisfy (2.13)
as a pushforward of B(po(x)), for non-linear 3(s). Therefore, a renormalised solution to
(TE) should correspond to an injective flow map in the superposition principle. Renormalised
solutions were used in the seminal paper of DiPerna and Lions [41] to give the first well-
posedness class below the Osgood criterion for the transport equation. We state the theorem

in the case V-u = 0.

Theorem 2.3 (DiPerna-Lions well-posedness [41]). Let 1 < p,p’,q,q' < oo with %—Fl% =1
andé—i—% = 1. Let
p(x1) € LP(0,T); L{ (RY; R)),

loc

be a weak solution to (TE) with

Vu(x,t) € L7 ([0, T]; L7 (R%;RY x RY)),

loc
then p(x,t) is a renormalised weak solution to (TE), and unique if

u(x,t)

e LY(RY x [0, T];RY).
T+ [ ( [0, T;RY)

u(x,t)
1+ |x|

The condition on for uniqueness is necessary to prevent trajectories coming from
infinity.

There have been many attempts to improve the well-posedness class beyond that of the
DiPerna-Lions theory. The most notable improvement is that of Ambrosio [8] to bounded
variation vector fields. Again, for simplicity, we present the result for vector fields with zero

divergence.

Theorem 2.4 (Ambrosio well-posedness [8]). Let

p(x,1) € L”(RY x [0,T];R),
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be a weak solution to (TE) with
u(x,1) € L'([0,T]; BVioe (R RY)),

then p(x,t) is a renormalised solution to (TE), and unique if

t
w5t g Rd [0, T]:RY).
1+ |x|
Theorems 2.3 and 2.4 correspond to the selection of an a.e. injective flow map X (x,7) [9,
Theorem 16] which preserves the Lebesgue measure, for which we may write the unique

solution p(x,) as the parallel transport (2.3) of pg(x).

Definition 2.3 (Regular Lagrangian flow). X (x,#) : R? x [0,T] — R is a regular Lagrangian
flow along a divergence-free vector field u(x,t) € LL (R x [0, T];R?) if

1. X(-,#) : R? — R preserves the Lebesgue measure. Then u(X (x,t),t) € L} (R x
[0,T);RY).

2. Forae. x € R?, that X (x,-) : [0,T] — R? is absolutely continuous, with
1
X(x,1) = x+/ (X (x,1),1) d. (2.14)
0

Alternatively, the distribution %—f(x,t) is equal to u(X (x,t),1) € L (R? x [0, T];RY).

loc

We say that X (x,) is an injective Lagrangian flow if in addition,
3. Forevery t € [0,T], that X(-,) : R¢ — R? is injective for a.e. x € R?.

Definition 2.4 (Transport equation - Lagrangian solutions). Suppose p(x,t) € LIIOC(Rd X
[0,T]) is a weak solution to (TE). Suppose X (x,?) is an injective Lagrangian flow along

u(x,t). We say p(x,t) is a Lagrangian solution if for every ¢ € [0, 7] we may write

p(X(xvt)vt) = pO(x)'

Theorem 2.5 (Uniqueness of Lagrangian flows [9]). Let u(x,t) € L. (R¢ x [0, T];R?) be

loc
divergence-free in the distributional sense. Under the assumptions of Theorem 2.4, that is

u(x,t) € L! ([07 T];Bvloc(Rd;Rd))v
u(x,t)

e LY(R? x [0, T];RY),
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u(x,t) admits a unique regular Lagrangian flow X (x,t) as in Definition 2.3. One may
additionally show that X (x,t) is an injective Lagrangian flow, and the unique renormalised

solution of Theorems 2.3 and 2.4 is a Lagrangian solution,

p(X(xvt)7t) = p()(X).

This theorem may be proved using standard techniques, such as the lecture series [9].
Moreover, the uniqueness of trajectories (2.1) as integral curves (2.14) holds for a.e.
x € RY, without the requirement that the flow map preserves the Lebesgue measure, if
additionally u(x,7) € L'W,*? with
p>d, (2.15)

see [29]. In [23] this was extended to give uniqueness of positive solutions p(x,z) € L,°°L)qc

along u(x,1) € LWy, with

1 1)1

—+(1——>—<1. (2.16)
p q

As discussed in the next section, both results are sharp, with only the endpoint case open.

Hamiltonian Flows

Autonomous (time-independent) divergence-free transport may be written as a Hamiltonian
system in two space dimensions. For u(x) : R> — R? time-independent, the stream-function,

or Hamiltonian, is a scalar function w(x) : R* — R such that

)= (- 520,55 0). @.17)

Cdxp 7 9xp

which we often shorthand to u(x) = V- y/(x) where V+ = (—aixz, %) is the perpendicular-

gradient. For u(x) € L”(R?;R?), u(x) is divergence-free in the distributional sense, if and
only if there exists a Lipschitz stream-function y(x) € W!*(R?;R) such that (2.17) holds.
Since by design u(x) is perpendicular to the gradient Vy(x), the trajectories X () (2.1) of
u(x) should preserve y(x),

d

E1,L/(X(t)) =Vy(X(1)) u(X(1))
=0.

Therefore, the trajectories of u(x) lie on the level sets of the stream function y(x). For a weak
solution p(x,t) to (TE), one may take a Lipschitz test function of the form B (y/(x))¢(x,?)
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for any B € C(R;R), ¢ € C(R? x [0,T];R), and disintegrate (TE) along the level sets
of y(x) [4, Lemma 3.7]. This allows one to reduce (TE) to a system of one-dimensional
(weak) ODEs, for which one may characterise all solutions [4, Lemma 4.4]. In particular,
one obtains [4, Theorem 3.10 and Theorem 4.7] uniqueness of weak solutions to (TE) on R?
if u(x) is bounded, autonomous, and u(x) # 0 for a.e. x € R2.

There is a little-known generalisation of (2.17) to autonomous vector fields u(x) €
L”(R4;RY) in higher dimensions. One requires a multi-dimensional stream-function y(x) €
W=(R;RY~!) such that u(x) - Vy(x) = 0 [4, Section 3]. Given u(x), such a y(x) does
not, in general, exist in dimensions d > 3. However, there is a generalisation of (2.17)
to produce a divergence-free vector field u(x) from a multi-dimensional stream-function
v(x) :RY — R?! In terms of the wedge product A, and Hodge-star operator * on differential

forms d f, one writes
u(x) =*(dyi A+ Ndyg_y).

For d = 3 this reads
u(x) = Vi (x) x Vyn(x),

in terms of the vector cross-product.

Non-zero Divergence

All the results of this chapter have analogues when we instead assume that V - u is uniformly
bounded, see for instance [9], and [4, Section 5] for Hamiltonian flows. Often one can
relax the condition on divergence to the negative part [V -u]_ € L”(R? x [0,T];R), where
[V-u]— = min{V -u,0}, see [9].

Lastly, there is an alternative to the weak formulation (2.9) for the transport equation
when u(x,7) is not divergence-free. Consider a (weak) solution p(x,7) to the continuity
equation (2.8). Formally, if p(x,) solves the transport equation (2.7) then p(x,7)p(x,t) is
another (weak) solution to the continuity equation (2.8). By fixing p(x,#), one may take this
as the definition of a p-weak solution to the transport equation. Essentially, one is using the
measure P (x,t)dxdt so that the transport equation (2.7) is already in divergence form. This
has the advantage of not requiring any assumption on V - u; however, it may depend on the
choice of p(x,1).

This idea has been studied, and notably, an analogue of the well-posedness Theorem 2.4

is true in this setting for so-called ‘nearly incompressible vector fields’ [16].
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2.1.4 Non-uniqueness and Perfect Mixing

We now discuss the non-uniqueness of weak solutions to (TE) that may occur outside the well-
posedness classes of the previous section. The most basic example of the non-uniqueness of
weak solutions is the checkerboard pattern in [39]. The unique Lagrangian flow along the self-
similar vector field u(x,7) € L°([0,1 —27"]; BVjoc) [39], transforms a periodic checkerboard
on R? of sidelength 1 to a checkerboard of sidelength 2.

Fig. 2.1 Action of the flow from # = 0 to r = 1 /2. The shaded region denotes the set {p = 1}.
Credit to [36] for this figure.

If the passive scalar pg(x) € L™ (R?;R) is po(x) = 1 on the black squares, and pg(x) = —
on the white squares, then p(x,7) converges weakly to p(x,1) = 0, and indeed if the vector
field is continued as u(x,1+417) = 0 for # > 0, then the continuation p(x,1 +¢) = 0 is the
unique weak solution to (TE), by Theorem 2.2 and 2.4.

This illustrates the ‘perfect mixing’ phenomenon when the passive scalar is mixed from
an inhomogeneous initial state to its spatial average. It is intimately related to the non-
uniqueness of weak solutions that emerge in low-regularity vector fields. Observing that
(TE) is time-reversible, the time-reverse of a perfectly mixed solution begins at zero initial
datum py(x) = 0, and ‘separates’ (or perfectly unmixes) to the non-zero final state. Of course,
this is distinct from the expected zero weak solution p(x,7) = 0. It is natural to enforce
physical selection principles to remove these extra (unmixing) solutions and perhaps restore
uniqueness. This is an entirely separate topic and will be discussed more deeply in Chapter 4.

The regularity of the vector field considered here is (1 —t)u(x) € L*([0,1]; BVioc),
which falls just below the well-posedness threshold u(x) € L!(]0,1]; BVjo.) of Theorem
2.4. Non-uniqueness and perfect mixing can occur even for vector fields with u(x,t) €
L=([0,1];C*(R?;R?)) [5, Theorem 3.4] for any o < 1. We note that it is an open problem
to construct such vector fields u(x,t) € L=([0, 1];C%(R?;R?)) which can perfectly mix all
initial data simultaneously.

Surprisingly, perfect mixing is not limited to less than Sobolev regularity. An interesting
feature of both the well-posedness Theorems 2.3 and 2.4 is the integrability requirement on

p(x,7). In [31] (and the pioneering work [86]) it was then shown this is sharp; there exists
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u(x,t) € L} WP admitting non-unique solutions to (TE) with p(x,t) € L°L{ for any

1 1
—+->1
P q
Unlike the example of perfect unmixing in Figure 2.1, these solutions are not related
to the non-uniqueness of trajectories (2.1) [2]. This is because the superposition principle
[9, Theorem 12] concerns only positive weak solutions to (TE). Non-uniqueness of integral
curves (2.14) [23], [69], and of positive weak solutions to (TE) [24], then occurs under the

slightly weaker integrability condition

1 1\ 1
p ( d) q

proving that (2.15) and (2.16) are essentially sharp, with only the endpoint cases open.

2.1.5 Mixing and Quantitative Estimates for Sobolev Vector Fields

Mixing of a passive scalar refers to the transfer of mass from large spatial scales/small fre-
quencies to small spatial scales/large frequencies and thus is intimately related to quantitative
regularity for either the flow map (2.2) or the passive scalar (2.4). The most basic of these is
the exponential Lipschitz estimate (2.5) on the flow map (2.2) along a Lipschitz vector field
u(x,t)

e — x| exp(—Mt) < X (x,1) = X (x',1)| < |x— x| exp(Mr). (2.5)

This then gives an exponential lower bound on the decay of the length scale or ‘mixing scale’
of passive scalars advected by Lipschitz vector fields. There are various attempts to define
this mixing scale rigorously [5], though they all correspond to some quantitative regularity or
stability of the transport equation. To complement the example of perfect mixing in Figure
2.1, there exists Lipschitz vector fields u(x,) € L;"le’m which reproduce self-similar copies
of the initial datum py(x) [5], and so saturate (with different constants) any exponential
quantitative estimates or mixing bounds on spatial scale such as (2.5).

Below Lipschitz regularity, since the well-posedness classes of Theorems 2.3 and 2.4
(or the Hamiltonian vector fields (2.17)) exclude perfect mixing, they should admit some
quantitative estimates on the stability, or spatial scale, of transport. Naively, one obtains from
(2.6) a bound on the growth of the Jacobian of the flow map (2.2)

 log [VX(x.1)| < [Vu(x.)]. (2.18)
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as for the Lipschitz estimate (2.5). However, when u(x,t) € L}WX1 P for p < oo, then (2.18)
fails to generalise to non-smooth vector fields, or even to ensure X (x,7) is differentiable in a
suitable sense. On the other hand, when u(x,7) € L,1 le '’ for p > 1, harmonic analysis gives
an integrable version of (2.18), see [34] and also [9, Section 6], and in particular we have the
bound for all x,x’ € R?

%log |X(x,t) —X(x’,t)! < C(MVu(x,t) + MVu(x' 1)), (2.19)

where MVu(x,t) is the maximal function (in x € R?) of Vu(x,t) € L! LY, with the bound
HMV“||L}L£ <G H”HL}V[/XLP )

for all 1 < p < oo, so that (2.19) may be integrated. In particular, one obtains a partial
counterpart to (2.5)

= (A +AX)) T < X (1) X (W ,0)] < =2 (AQ) +AR)), (2.20)
for some function A(x) : R¢ — (0,0) with the bound
[logAl[;p <Cp ||”||L11W;m- (2.21)

As a consequence of these quantitative stability estimates for the flow map, one may also
show stability estimates for the passive scalar [97] and growth/decay bounds on specific
‘functional mixing scales’ [96].

The gap to p = 1 remains a significant open problem and the validity of any similar bound
to (2.20) was famously conjectured in [22]. For 1 < p < o, there exists a u(x,t) € L,""Wx1 P
which essentially saturates the bound (2.20) [62, Theorem 1.1, Remark 1.2], and in particular
better regularity of the flow map than (2.21) cannot be expected.

There is similarly a vector field u(x,t) € Lt°°Wx1’p for all p < o, and smooth initial datum
po(x) € C(RY), for which the passive scalar p(x,t) immediately leaves every (positive order)
Sobolev space [6]. However, using very recent harmonic analysis tools, [95] shows that the
passive scalar p(x,) instead propagates a ‘logarithm of a derivative’ [25]. A drawback of
this approach is that such regularity is not necessarily present at the initial time py(x). The
main analysis of this chapter is to give a new approach to quantitative regularity and stability

estimates for the passive scalar.
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2.2 Quantitative Estimates for Transport along Sobolev
Vector Fields

In this chapter, we shall explore how one may use compactness arguments, quantified by
particular harmonic techniques, to improve particular decay estimates to be uniform in the
required regularity of p(x,#) and u(x,7). In Section 2.2.1, we will investigate how this applies
to the DiPerna-Lions well-posedness result (Theorem 2.3). Correspondingly, we deduce
state-of-the-art mixing and stability estimates in Section 2.2.2 and Section 2.2.3, respectively.
Finally, we will approach the infamous Ambrosio well-posedness result (Theorem 2.4) in
Section 2.3 to deduce the very first weak stability estimate (and corresponding mixing bound)
for transport along a divergence-free vector field u(x,t) € LW, b1 a notoriously challenging

problem.

2.2.1 Quantifying the DiPerna-Lions Theory

To develop the DiPerna-Lions theory, we must first introduce a standard mollifier ¢(x) €
L'(R9).

Definition 2.5 (Mollifier). We say ¢(x) € L!(R%;R) is a standard mollifier if

[/, 00 dx= 1 and define 5(x) € L (B, g5(x) = 50 (3,
R4

for all § > 0. Note in the literature that one often asks for additional smoothness such as
@(x) € C2(RY). We do not restrict ourselves like this unless explicitly stated.

One then defines the DiPerna-Lions commutator as follows.

Definition 2.6 (DiPerna-Lions commutator). Let u(x) € LL (R%;RY), p(x) € L] .(R%;R),

with u(x)p(x) € LL .(R%RY). Let ¢(x) € WH=(R? R) with compact support be a standard
mollifier. Then, we define the DiPerna-Lions commutator

ra.p)(0) = [ p0Y)(ulx) —u(r))- Vs (x—3) db.
where we suppress the dependence on ¢(x) € W' (R%;R).
Including time-dependence, p(x,7) € LL (R x [0, T];R), and u(x,t) € LL (R¥ x [0, T];RY)

withu(x,t)p (x,1) € LL (R x [0,T];R¥), then we shorthand rg(u(-,t),p(-,))(x) as rs(u, p)(x,1).

loc

Note that we may remove the requirement that ¢ (x) is compactly supported if we have
L} integrability instead of L] . integrability on u(x,t), p(x,t), and u(x,t)p (x,?).
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The motivation behind the DiPerna-Lions commutator is the following. Let p(x,#) be a

weak solution to (TE), then convolution in the space variable

(pros)(x.0) = [ POuT)@s(x—y) dy,

solves the classical PDE

2 (p* 98)(wt) + (1) V(p o 5) (1) = rs(u.p) (1)

where one notes that (p * @g)(x,¢) € L'([0,T];C"), and %(p * @g)(x,1) € L'([0,T];C1)
when @(x) € C?.
The key theorem of DiPerna-Lions is then that

Theorem 2.6 (DiPerna-Lions commutator decay [41]). Let 1 < p,g < oo with % + Cl] = 1. Let
Vu(x) € LP(RYRY x RY) be divergence-free, and p(x) € L1(R%;R) then

rs(u,p)(x) ii()% 0in L}C.

One may equally replace the integrability L, with local integrability L, throughout [41].
Theorem 2.3 on well-posedness is a corollary of the above decay. This decay, as shown
in [41] is not uniform in Vu(x) € LY or p(x) € L{. However, a simple weak compactness

argument shows this must be true.

Proposition 2.7. Let 1 < p,q < oo with %—Fé = 1. Let Vu(x) € L?(R%RY x R?) be
divergence-free, and p (x) € L1(R%;R).

If p,q > 1, then for any € > 0, for any 8§ > 0, there exists 8; > 0 independent of u(x) and
p(x) such that

einfs 7 (e p)l 1 < €l Vull e ]l -
€

Proof. Assume for the sake of contradiction that this is not the case. Then there exists a
sequence Vu,(x) € LY, p,(x) € L for n € N with n > §~!, so that

inf _{|rs(un, pn)llzr > €l|Vullz ol -
sell,8] :

By scaling we may take ||Vuy||;7, [|Pxl ;2 = 1 in the above. Since p,q > 1, we may take
a weakly-* converging subsequence. Without loss of generality, this may be taken to be the
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original sequence,

Vit (x) 222 Vu(x) € LP,
n—yoo

Palx) — p(x) € L,

and by the Rellich-Kondrachov theorem [45, Section 5.7], we have the strong convergence

un(x) 5 u(x) € L

and so strong convergence of
rs (ttn, Pn) (x) —=5 rs(u,p)(x) € Li... (2.22)

Since we assumed that

inf 1 (i pu) 11 > €.

then by (2.22) also

inf_|ra(u,p)l > e
se[1.8] *

no

but this contradicts the decay of Theorem 2.6. [l

As we will see in Section 2.2.3 and 2.2.2, such uniform decay estimates give mixing
bounds and weak stability estimates for transport within the DiPerna-Lions setting, i.e. along
Sobolev vector fields. Our main goal is to obtain such quantitative uniform decay rates.

We begin by making the argument of Proposition 2.7 quantitative. To this end we intro-
duce the homogeneous Besov space B}, , (RY;RY") as the Schwartz distributions .7 (RY; R?)

for which the following homogeneous Besov norm is finite,
1
q

||f||B‘;,ﬁq(Rd;Rd/) = ( Z 2ns||wn*f||zp(Rd;Rd’)) ’

N=—o0

where y, € .7 (R?;R) is a Littlewood-Paley decomposition, given by the Fourier transform

Wn(8) = 2(27"5),

for a fixed choice of y € C7(RY;R) satisfying supp y = {& : % <& <2}, x(&) >0if
% <l <2,and Y x(27"&E) =1 for & #0, as in [15, Chapter 6].

Recall the continuous embedding [P Bg,max(p,z) forall 1 < p < oo, see [11, Theorem
2.40, 2.41].
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We prove the following uniform decay rate of the DiPerna-Lions commutator, where we
have removed the time dependence.

Theorem 2.8 (Uniform decay of the DiPerna-Lions commutator). Let p,p’,q,r € [1,0]| with

r

Let Vu(x) € LP(R4;R? x RY) ﬂBqu(Rd;Rd x RY) be divergence-free, and p(x) € L¥ (R4;R) N
Bg, q(]Rd; R), then

([ veteot _> <c (15, ol + 19l ol ).

for some constant C > 0 depending only on the dimension d, and the following norm of the
mollifier H(l + \x\z)V(pHL}C + H x| V2

Proof. Throughout < will denote less than or equal to up to a constant depending only on the

dimension d, and the norm of the mollifier ||(1+ |x|*)Ve||,, + ||[x|V?¢||,,. and in particular
noton é > 0.

We first rewrite

ra.p)() = [ p03)(u(x) ~ () Vs (r—) d
= [, plo=am (M=) vpih) an

R4 o

and so by testing against ¢ (x) € L (R%;R) for 1+1 =1 we see immediately that

1
lrs G, p)lz; < 5 1ol llell (2.23)

Next, we consider the following approximation

_y Jug 0 [ pl—smn, %9 4
18xj T oh;
i,j=
d i(x—=8n) & 8ul X
_/ XShZ< Zjaxj >ahdh
Ju; du; e
/ / (x— &h) X 1( i (18 By )) S dnds

A 5n) Y S = sm ) 2@ andrd
_/O /O /de(x_ h) Z <—l‘ hj km(x—st h))a_h, hdt ds,

i,j,k=1
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and so by testing against ¢ (x) € L’ (R?;R) we have

du; X
Uzlaxj/w px— 5h)hja—hidh

Ly

Now notice, since V - u(x) =0,

d du; 8(p
Y 5000 [ ple= 850 an

i=1 R4
4 Ju; d(hjo)
_,;,Z_l 52 ) [, plr— 80 =G
d du; 8p
_ wz_l G0 [ 850 3y di.

and so by testing against ¢ (x) € L (R?;R) we have the bound

du; o)
Z axj/Rd x— (Sh)h,a—hidh )

i,j=1

Finally, assume p(x) = —Ag(x) for some g(x) € Wy ** I(Rd;R), then

du 9(h;0)
Zax]/Rd plx—3m) =512 an

4 Ju; d’g d(hjo)
_i,j,zk"lng /R" 8xkan(x oh) dh; dh

i,j=1

4y 1 0 dg d(hjp)
= axj/Rd 5 am Oy,

aui 1 dg
R4 6 8xk

i,j,k=1

- 3 o

l]k=1

&

9%(h;o)
o F M) Ohyoh; dh,

and so

- 9
a_xj/de(x 6h)h]az) dh

S8lelp lIvoull, -

S 8 (Vully [1Vell -

1 _
S5 IVl [Vl

(2.24)

(2.25)

(2.26)
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Putting equations (2.23) to (2.26) together gives, for any i(x) € Wi’ (R4 RY), p(x) €
W, (R?;R) such that (—A)~1(p — p)(x) € Wi ¥ (RY;R),

||r5(uap)||L;
_ _ d il 8(p
< lIrstu= Pl + |ro(@p) = X 55 [ pte= 80 an|
4 i _ oX0)
+ MZ:‘,I 7x; /Rd(p—p)(x—c‘ih)hja—hi dh
d dii; _ a0
+ i,-zll 7%, /de(x—Sh)hja—hidh
? L
1 . _
< ol (gl + 8]l e

1 _ _
19l (51980 0 =) g+ 81951,y ).

We now need some standard real interpolation inequalities. For this we recall the definition

of B; ¢ s the Schwartz distributions .% " such that the following norm is finite,

1
) q
HPHB;W = ( Z Zns”‘lfn*p”;{?) .

By [15, Theorem 6.4.5] the homogeneous Besov spaces Bll,’ P Bg, g are the real interpola-

tion spaces between the spaces

50 52 5—1 pl
(Bp,lvaJ)%’q and (Bp@l?Bp’.‘l)

1
§7q7

respectively. Thus, using the Lions-Peetre K-function method for real interpolation [15,

Section 3.1], we have the following characterisation of the norms ||-[z1 and |[-[|30 . Defining
pq g

e : 1 _ Lo adi\
gy, = ( [ inf (el e e )T
P4 0  aeB; (RYRY) pi pL/ 1

u—lleBg1 (R4;R?)

ol = ([, (el et 1p) )q‘”)‘l’
: - - 5—1 51 —
B.('i’-q 0 peB}'},‘l (R%R) By By t ’

p—peB | (R'R)
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there exists a universal constant C > 0, independent of p, p’,q € [1,0], such that
1
c lullgy, <lulgy < Cllullgy .
1
— 0 <|plp <C 20
clels, <lplw, <Clpllp,

Thus there exists some choice of such iig(x), ps(x) for each § > 0 so that

1
< /1 _ _ 196\ 4
([ (§-asliy, +Slasll, ) 5 )" Sl

1
= (1 148\
— —D . ) . - < .
(/0 (5||p p5|\3;11+6||p5||3;,31> 5) Slellz, -

for all g € [1,e0|. Moreover, iig(x) € Bf,,l (R4;R?) may always be chosen of the form
Ks

ds(x) = Y, (Waxu)(x),

n——oo

for some K € Z, see [15, Section 6.4], and so in addition we have the bound [|Viis||;» <
|Vul|p independent of § > 0. In light of this, we may apply (2.27) for each 6 > 0 to give
the result as follows

(f sttt ?)
< ([ (oly (§hu-slis+ 195 ),,) )’ @
+ (/Ow (HVa(sHsz (é V(-=a)""(p —ps)l,y+9 ][Vp(s’ng/))q §>é
S HP||L5' (/Ooo (éHu—f‘éHB%l +5||L_‘5||B;1>q ?)3{

1
/1 _ _ Td&\
19y ([ (500 -psliy, + 3ol ) %)

S ol el + 1Vl o s,

where we have used [15, Theorem 6.2.4], that we have the continuous embedding say
B | (RER?) — LE(RY;R?) and we conclude the proof by leell gy, < IVullgy - O
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p,max(p,

Remark 1. By the continuous embedding L? < B° (p.2) forall 1 < p <o, Theorem 2.8

provides the quantitative control on d¢ > 0 in Proposition 2.7. Namely, we may take
8 = Sexp ( Cp7q£_max(p’q)) ,

for some C), ; > 0 depending on the parameters 1 < p,q < oo and the dimension d > 2.

By the continuous embedding L7 < BY X(p2) for all 1 < p < oo, and Minkowski’s

pmax(p,
integral inequality we have the following simple corollary.

Corollary 2.9. Let Vu(x,t) € LI L] be divergence-free. Let p(x,t) € LY /Lff/ with % + 1% =1,
and 1 = é—k% < 1. Ifq,q' < o, then

dd qq)
([ st lige? )™ <C¥uligurll g

for some constant C > 0 depending only on p, p’, the dimension d, and the following norm of
the mollifier H(l + |x|2)Vq)HL}( + || |x|V2(pHL}C.

Next, we give an example showing that the results of the previous theorem are optimal in
the case p=p' = 2.

Proposition 2.10 (Sharpness of decay of the DiPerna-Lions commutator). Ler u(x) €
c= (RZ;RZ) be the time-independent linear shear

u(x) = (x2,0) € R?.
For any compactly supported mollifier ¢(x) € CZ(R?;R), then both

.. . 1 _ d5 é
liminf sup lrs(u,p)llpy | >0, and inf (/ ||r5(u,p)||§1 F) = oo,
820\ p(x)eCc(RXR) ge12) \Jo 1

lp(x)[<x(x)

for any cutoff x(x) € C=(R%;R) with x(x) = 1 whenever |x| < 1, and for some particular
choice of p(x) : R? — R which is supported on |x| < 1, and in LY for all p € [1,0) .
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Proof. For any p(x) € LL(R%;R),

3
/ p(y)(x2—y2 a%(x—y)dy
X1

= (p*Ks)(x),

where Kg(x) = 6 2K (85! )andK(X):a(,;pr)( ).

In particular, the Fourier transforms of Kg(x) and K(x) are given by

kale) = K2
k@ --a50

For now consider any p(x) € .#/(R?;R) a Schwartz distribution. Then (p * K§)(x) will
coincide with r5(u, p)(x) if in addition p (x) € LL(R%;R).

To prove the first statement of the theorem we take the harmonic p (x) = ¢S for some
€ € R? such that |K(E)| > 0, which exists since @(x) € L1(R*R) with [z @(x) dx = 1.
Then (p xKj)(x) = €0 3K (E).

We now cutoff p(x) so that it lies in L (R?;R). Let the mollifier ¢(x) be supported on
|x| <R, then @g(x) is supported on |x| < SR. Taking a compactly supported cutoff y (x) with
x(x) =1on |x| <1, then rg(u, xp)(x) = (p * K5)(x) whenever |x| < 1— SR. Therefore, for
all § < 5, [rs(u xp)ll 1 = IR (&)] as required.

Note that () p)(x) is currently complex-valued, but by taking either the real or imaginary

part, a similar non-zero bound must hold.

To prove the second statement of the theorem, pick é_ € R? with |§_| =1, and in addition
some 0 < ¢| < ¢z < 2cy, such thatinfsc, () |K(5§)| = £ >0, noting that K (&) is continuous
if we assume in addition x,(x) € LL(R?;R).

Let p(x) € ./(R%R) be of the form p(x) = Yo aye'®n '8 for some a, € [0,1] and
Oy € (0,00).
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Now,

‘(eiafrlg'x*Ka‘) (x)) =

< min é — On

- 6n 52 L iy 852 Ly
o O,

< _

< len{an, 5 }

Now let §, =2~ "’ Then for 5 € [c1,¢2] C [e1,2¢1]s
[0 c12
(p+Ks)(x)| = an K ( =& || =C Y Iaml — —C Z !am\ -
n 1<m<n—1 m=n-+1 622

>a

(0 2
n K<6—§) —c1C2F M — eyl
n

> ane —C(c1 + c51)41’”.

Therefore, for any ¢ € [1,2),

/Sjjnq (/[l 112 |(p +Ks)(x)| dx>q§ > <%azsq— (C(cy +c2—1)41—n)q> log (Z_j) ,

202

and so, for N € N such that 2éyc; <1,

R S R ]

53] 1

Now, choose {a,}_; C (0,) so that ¥ yajh = oo but Yooy a2 < . Then p(x) €
B, ([—%.3]%R) for all p € [1,c0) (noting that p(x) is periodic with period 1, and each
¢i% ' lies in a different Littlewood-Paley block). By the embedding BO < LY whenever
p € [2,%) [11, Theorem 2.40], we have that p(x) € LY ([—4, 3]%:R) for all pE[2,00).

We now cutoff p(x) so that it lies in L. (R?;R). Let the mollifier ¢(x) be supported on
|x| <R, then @g(x) is supported on |x| < SR. Taking a compactly supported cutoff y (x) with
x(x)=1on|x| <3 and x(x) =0on|x| > 1, then (xp)(x) € L{(R?) for all p € [1,0), and

rs(u, xp)(x) = (p xKs)(x) provided that [x| < 3 — SR.

Therefore,
! ds
| sty G ==
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Note that (xp)(x) above is complex-valued, but the above integral must also be infinite

for either the real or imaginary part. 0

In particular, the first part of the above result shows that a more standard uniform
convergence rate of the form, for any € > 0, there exists 8¢ > 0 independent of u(x) and p(x)
such that

sup [rs(u,p)llr < €l|VullpllpllLe
8< 0

does not exist.

Despite that the uniform decay of r5(u, p)(x) in L! given in Theorem 2.8 is optimal (for
p = p’ = 2), one has significantly faster uniform point-wise decay of rg(u,p)(x). This is
the content of the following theorem, which relies on recent singular integral estimates in
harmonic analysis [95, Theorem 1.1].

Theorem 2.11 (Uniform point-wise decay of the DiPerna-Lions commutator). Let 1 < p,q <
oo, and 1 < r < oo with 1 ;4—1.
Let Vu(x) € L} (RY, ]Rd x R?) be divergence-free, and p(x) € L1(R%;R), then for any

0<a<b, , 5
d
| rstup)) 5

<Cl[Vullz Pl
Ly

for some constant C depending only on p, q, the dimension d, and some high-regularity norm
of the mollifier ¢(x) (and in particular not on a,b). In particular, this includes any mollifier

©(x) as a Schwartz function.

Proof. Throughout, < will denote less than or equal to up to a constant depending only on
p, p', the dimension d, and the mollifier ¢(x) € .(R%;R) (and in particular not on a, b).
Now, as before, we write

rs(1.p)(x) = /R P ) =) Vo) b

auz 95
px h) (/ h’&x, dt) o (h) dh.

i,j=1

Recalling that @g(h) = § ¢ (%) for any 0 < a < b we have

b ds i bag (hY d§
/a rg(u,p)(x)?:/R 1</ g = dt) (/a aT?(S) _6d+2) dh.
i,j= t



2.2 Quantitative Estimates for Transport along Sobolev Vector Fields 31

Using that V - u(x) = 0 we may rewrite this as

b d
/ IR (2.28)
B 4 /o ba(hio) (B d
_/de(x—h)ljz_l < 0 a—x](x—th) dl) (/a ahl (3) W) dh
—/ (x—h) i < AL dr) K; i(h) dh (2.29)
B ]de e Jx; b ’ ’

where

K= [ 2510 (1) S0

In particular, we have the following Calderon-Zygmund estimates on K; ;(x)

||
001 < g T ([ tas s [ as )
< e,
aKw‘(x) _ b82(xj(p) (f) do
oxy a Oxpox; \&6/ §9+2
< (1+‘x‘d+2)a (XJ(P / 5 —d— 2d5—|—/ ’x’ —d— 2d5
- dx;0x; x|
<

. b8x¢
K@)l = | [ e [ 2ed (%) <2

dx
:/b(/ ei&:ha(;](p )‘%
a R4
-| [ zaél%]( ok \

<[ %

<[a+izm3g

¢
&l

s = e
(/ Glas+ [ 16l d6>

S

where, in particular, none of the bounds depends on a, b.
The result then follows by applying [95, Theorem 1.1] to (2.29). [
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2.2.2 Mixing Estimates for Transport along Sobolev Vector Fields

Next, we give simple mixing bounds that follow directly from the analysis of the previous sec-
tions. ‘Mixing’ of a passive scalar refers to transferring mass to smaller spatial scales/higher
frequencies. One approach to measure mixing is through the decay of weak norms such as
[P (,2)[| 71 A stronger notion is the geometric mixing scale & € (0,ce), which is defined
by a condition of the form [|p(-,7) * @[, < K, see for example [22]. In particular, the
DiPerna-Lions commutator controls exactly the change in such geometric mixing scales

since

(50019 ) (. g3)a) = rs(usp) ).

Therefore, bounds on the commutator should immediately give bounds on the permitted
growth/decay of the mixing scale. Since mixing refers to the decrease of these mixing scales,
one tends to prefer lower bounds on the decay of the mixing scale, though upper bounds may
be found similarly.

To illustrate this approach, we first give a simple but sub-optimal mixing estimate using

the norm-decay of the commutator, Corollary 2.9. Through standard energy estimates

10CT) % @sllp1 = llpo* @5y — [l7s (. p) I pps s

for all 0 > 0. Integrating over 9, and applying Corollary 2.9 as in the previous section gives
the lower bound

C

1P T)* @5 11 = [[Po* 96| ;1 — ——=—==IIVull2 lPoll
\/log (%)

for all 0 < §; < &y, (Where we have again supposed for simplicity ¢ is a Gaussian).

If we then define the geometric mixing scale & > 0 at time 7 = T by the mixing condition
(S T) sl < llpo* @elly — &,
for some € > 0, K > 0, this then gives a Gaussian lower bound on the mixing scale,
c 2 2
52 eexp (3 1Vl ol ).

and for this reason, we refer to the decay of Theorem 2.8 in the sharp case p,p’ =2 as a

‘Gaussian’ decay rate on the commutator.
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However, the mixing scale is known to be bounded below by an exponential in |[Vul|;1/p
when 1 < p < oo, see [34], [77], [55]. It is, therefore, quite surprising that the ‘Gaussian’
norm-decay of the commutator is optimal, Proposition 2.10. This discrepancy can be rectified
by considering the commutator’s ‘exponential’ point-wise decay rate, Theorem 2.11 instead.

Theorem 2.12. Consider a weak solution p(x,t) : R? x [0,T] — R, with p(x,t) € L°L{, and
intial data po(x) € L, to the transport equation

%—lt)(x,t) + V- (u(x,1)p(x,1)) =0,

along a divergence-free u(x,t) : R? x [0,T] — R?, with Vu(x,t) € LILE, for 1%4—% =1

r’
with 1 < p<oo, 1 <r<oo Let@c Y(Rd;R) be the Gaussian mollifier, that is ¢(x) =
(27[)_%6_%)62.

Then for any k < 1, there exists some € > 0 depending on the initial datum py(x), such
that

1P T)* @5l < (1—x)[[poll; »
then & > 0 must satisfy

C
5> cexp [~ Sor Pl o )
& ool | ezt

where the constant Cp, » > 0 depends only on the parameters 1 < p < oo, 1 <r < oo, and the
dimension d > 2.

Essentially, € > 0 is the scale at which py(x) is not already mixed, which must satisfy

1
sup [lpo — o @s'll; < S x[lpoll -

o'<e

Proof. As in the previous section, for any 0 < d; < &,, we have transport of

(5t ) ([ prowtn %5 ) = [P rotep) G-

and so, by standard energy estimates,

) d5/ dé’
/(SP( )*(06/ /Po*fpaf

1

Al

LlL_;
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34
Then, by Theorem 2.11, and taking again for simplicity ¢ to be a Gaussian, we obtain

the following lower bound for all % + é = % with p > 1, r < oo,

L= 62 (/pos, _‘
(%)
Cpo

- W HVMHLIL/’ HPOHL”

/62( ) dé’
— k ) —
5 Po — Po* Ps 5 g

Hp<a T) * (P51

log

C
> | ol — sup [lPo— po* Pl —%HWHL;L;HPoHLg?
0'<b og(—)

forall 0 < & < 6.
If we then define the geometric mixing scale & > 0 at time # = T by the mixing condition

(. T) g5, < (nponL; - s HPo—Po*%'HL;) e
'<e

for some € > 0, k > 0, we deduce the following exponential lower bound on the mixing scale

) ; (2.30)

§>¢ (— or
and the result now follows by relabeling . 0

As a simple corollary, we also obtain control over the ‘functional’ mixing scale, defined

as a (weak) function norm of the passive scalar, say W,
Theorem 2.13. Consider a weak solution p(x,t) : R? x [0,T] — R, with p(x,t) € L°L{, and
intial data po(x) € LY, to the transport equation

dp
2 (50) 4 V- (ux)p (x.1)) =0,
along a divergence-free u(x,t) : R? x [0,T] — RY, with Vu(x,t) € L' L, for 5 cl] =1 with
I <p<oo 1< r<oo,

Then there exists some € > 0 depending on the initial datum po(x), such that.

[[poll 4
p—xHVMHL}L§ ,

oG Ty = €llpoll . exp <—Cp,r ol
Ly
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where the constant A > 0 depends only on the dimension d, and C, , > 0 depends only on
the parameters 1 < p < oo, 1 < r < oo, and the dimension d > 2.

The parameter € > 0 is related to the scale at which po(x) is not already mixed. Specifi-
cally, there is some constant ¢ > 0 depending only on dimension, such that € must satisfy
e <cand

sup [|po — o * Psllzx < HpoHL;-

6’<7

Proof. As in the statement of Theorem 2.12, we take the mollifier ¢(x) € . (R?;R) to be
the Gaussian mollifier ¢(x) = (2%)_%e_ 2 Then we may bound

1pC )% @3l < G Ty 1 95y

1
<a(143) Il Ty

where A > 0 is a constant that depends only on dimension d.
Apply now Theorem 2.13 with k¥ = % Then for some € > 0 depending on the initial

E
S = 5 €xXp (—ZCPerOHL’“ HV”“L,'Lf) :

datum,

Iz

we have
1
lpC.T) * @5l = 5 llPolly;

Therefore, assuming also € < 1,

1 —1
oDl 24 (145) o1 sl

1 2\ ! 1Pol| o
> A ‘<1+—> exp | —2Cp = Vullpazz | lpolly,
€ 1ol
1 1ol
> A lsexp<—2cpr” n IVull e | llPollz;
Lr

where have the requirement

sup [[po —po* Ps' |1 < £ HPOHL;«
d'<e

Therefore, by redefining €, we obtain the result. L]
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In contrast, the best-known results in the literature require regularity assumptions on the
initial datum [96], [61], and so fail to control mixing for more irregular initial data po(x) € L.
For more regular initial data, one can also show the propagation of ‘fractional derivatives’ of
the passive scalar [77], [55]. We show how our approach can also generalise these results.

Theorem 2.14. Consider a weak solution p(x,t) : R? x [0,T] — R, with p(x,t) € L°L{, and
initial data po(x) € LY, to the transport equation

dp

%P (1) 4 9 (ux0)p (,0)) =0
along a divergence-free u(x,t) : R? x [0,T] — RY, with Vu(x,t) € L' L, for 11) +é =1 with
1 < p <eoo, 1 <r<oo. Then for any convolution kernel K(x) : RY > R,

d 49 (xiK
G 10 <K)o)l < Cllo ) g 1Vu(0) g ( ¥ |75 ) ,
i,j=1 l (/4

for some constant C > 0 depending only on p, g, and the dimension d > 2, and where || K|,
refers to the Calderon-Zygmund norm, defined by

K] < 12~ Kz
—d—
VE@)] < 1™ IK ez
K& <IKllcz

for all x,&E € RY, where K (&): R? — R denotes the Fourier transform.
Proof. We have, as for the DiPerna-Lions commutator,

d

- (P« K)(x,1) +u(x,1)- V(p +K)(x,1)

ot
= | PO)w(x) ~u(s)) - VK (x—y) dy

d 1 8u,~ &K
= de(x—h)i’jz_:] < 0 hja—xj<x th) dl) a—hl(l’l) dh
d 1 &u,- 8(th)
— de(x—h) i,,Z—"l ( ) 9%, (x—th) dt> 7 (h) dh
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Then by energy estimates, and since V - u(x) = 0, we have

1 u, 9(hjK)
/de(x—h)< O 8—xj(x—th)dt) S22 ) dn

d d
1K)l < ¥

di i1

)

Ly

and so we conclude by the key harmonic analysis estimate [95, Theorem 1.1]. [

Remark 2. We note that one may take the following kernel in the above theorem, which

corresponds to the propagation of a logarithm of a derivative of the passive scalar.

R(&)=log (1+]&]%),

where K () : R? — R is the Fourier transform of the desired kernel K (x) = log (1 —A). Then

% is a Calderon-Zygmund kernel by the Mikhlin-multiplier theorem [87, Theorem 8.2].

2.2.3 Weak Stability of Transport along Sobolev Vector Fields

We now consider the issue of the stability of transport solutions. Specifically, let p,(x,#) be

weak solutions to the forced transport equation

2P 1) 4V (e )P (1) = Y1),

with the same initial datum py(x), and weak convergence of y, %0 0. This includes the
case where p, solves the transport equation along u,(x,t) with convergence of u, T u
Then, by the equation’s well-posedness (and linearity), one may show that p,(x,#) converges
weakly to the unique solution.

dp

g(x,t) + V- (u(x,t)p(x,t)) = 0.

Based on the above argument, a quantitative version of well-posedness should give a quantita-
tive rate of such convergence. We now use the tools from the previous section to develop such
weak stability estimates. We show a few different results, which are significant improvements
over the state of the art [97].

To compare to the results of [97] it is helpful in the following to note that expressions of

the form K + Ae¥ may be crudely optimised for smallA < 73,A < 1by k = %.
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Theorem 2.15. Consider a weak solution p(x,t) : R? x [0,T] — R, with p(x,t) € L°L{, and
initial data po(x) € L N LY, to the forced transport equation

i;—l;(x,t) +V-(ux1)p(x,1) = yix0),

along a divergence-free u(x,t) : R? x [0,T] — RY, with Vu(x,t) € L'L, for 1174-% =1,
with 1 < p < oo, and distributional force Yy € L}Wx_l"l. Then for any Kk > 0 we have the

quantitative bound

1

C P
”pHLthx—lJ < kT +AT6Xp (?17 HpHLt‘”Lf{ HVMHL}Lf) (“POHWX—I,I + HII/HL}WX_I"])

1
2
< (llpolly +1Wlgey) "+ 1wl oo

in terms of constants A > 0 depending only on dimension d, and C;, > 0 depending only on

the paramater 1 < p < o and dimension d.

Proof. Let < denote less than or equal to up to a constant depending only on the dimension
d.

Consider a test function 87 (x) € C°, and let 8(x,¢) : R? x [0,T] — R be a distributional
solution to the transport equation

%—?(x,t) +u(x,1)-VO(x,t) =0,

with final datum 6 (x, T') = 07 (x), that is for all test functions ¢ (x,z) € C= (R x (0,T];R),
¢
/ 00x,0) [ 22 (x,0) +u(x,1)-Vo(x,1) ) doxdi = / 07 ()0 (x,T) dx.
RY %[0, ot R4
Such a solution exists with 8(x,#) € L°L! NL°LY, %—?(x,t) e L'w; ! by standard theory
[9].

Take a mollifier ¢(x) € C*(R%;R) (Definition 2.5), supported on |x| < 1, then in terms
of the DiPerna-Lions commutator rg(u, 0)(x,?) (Definition 2.6) for all t € (0,T),

%(9 * Q5)(x, 1) +u(x,t)- V(0 x@5)(x,1) = rg(u,0)(x,1), (2.31)
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where (6 % @g)(x,1) € LWy P, %(9 * @s)(x,t) € LI LY, and so (by a suitable approximation

argument) can be taken as a test function for

)
L)+ V- (u0)p (1)) = W),
that is
/ p(xvt)r5(u>6)(x>t) dxdt + W(x7t)<9*¢5)(xvt) dxdt
R4 % [0,T] R4 x[0,T]

= [P T)(Or+95)(x) dx— [ po(x)(8 95)(x.0) dx.
R4 R4
Therefore, for any test function 87 (x) € C°(RY),

[P T)6r (v dx (&9
_ /de(x,r)(er — 07 % ) (x) dx
+ [ o0 95)(x.0)
+/RdX[O7T]p(x,t)r5(u,9)(x,t) dxdt

# [ WO+ 9s)(xr) dxdr
RIx[0,T]

Term by term, we have, since by standard energy estimates || (-, 7)1 < [|pollzt + |Wllz1.1,

[ o=
:/Rd /de<x’T)(9T<x)—GT(y))%(x—y) dy dx
1
:/Rd/Rd/o px,T)(x—y)-VOr(x—(1—s)(x—y))@s(x—y) ds dy dx

<81 V6r
<8 (leolly + Wl ) 1967
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Since \|6(-,0)HL;° <|16rll1x

[, pox)(6 4 95)(x.0) d
S ol 18 95)(,0) -

< lpolly-1t (118 % 95)( 0l +11V(8 @), 0) )

1
S ol (145 ) 1060l
1
S ool (145 ) 10rls
By Theorem 2.11, for 0 < &; < &,

> 0 dxd dé
/5\1 /]Rdx[()’T]p(x’l-)r(s(uj )(x,t) Xi Z‘F

&
/6 rs (14, 0) (x,1) ?

1

<|lpllgers

L'LE
<GCp ||P||L;°L§{ ||Vu||L,'L§§ ||9||L§°L;°a

for some C, > 0 depending only on the parameter 1 < p < oo, and the dimension d > 2.
Finally,

/ w(x,1)(0 % 05)(x,1) dxdt
R4 x[0,T]
5 HII/HL}WX_I’I ||9 * (PSHL‘,X’W,(LM

SVl 10 (10 05l o1 + 190 05) 1)
1
S Wl (1+75) 10152

1
S Wl (1475) l6rlz

Integrating (2.32) over § € [3;, 5, with respect to the measure % then gives, for some
constant A > 0 depending only on the dimension d,

log <%) /R P T)0r(x) da
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dé
<[5 (Ibolly+ 1llpeg) %5 IVl

do
wa [ (145 ) (ol 1l 0) 2 16

+Cp ||P||L,°°L§{ ||V“||L}L§§ HGTHL;’;”

and so

PG 0 < A8 (1pollyy + W)

1

+A(l+ ><Ilpoll W)
52 -1

+cp(1og(5—1 19120 Vel

For k¥ > 0, let

1 1
—2 2 C
8= (Ipolly + 1lhger)  (IPollyvs + 1y 10)” exp (52 Dol Vg )

1 1
2 2 C
8 = (llpolly + Wiz ) (lpollyr + 1wl py10) *exp (—5’; (I ||Vu||L;L5;) ,

Then, noting also that

ol g1t + Wl 1y < llpollr + Wl

it follows that

(S

C
[P (1)l < K+ 34exp (ﬁ IPlzz1s kuL;Lg;) (P01 + 1wl )

7
< (llpolly + 1wy
We conclude the statement of the theorem by taking an arbitrary 7 > 0. [

We next present a weak stability estimate valid for a distributional force y/(x,7) which is

only controlled in a spatial-temporal weak norm, namely y/(x,1) € ij,l’l

Theorem 2.16. Consider a weak solution p(x,t) : R? x [0,T] — R, with p(x,t) € L°LY, and
intial data po(x) € LI N LL, to the forced transport equation

%_f(x,r) +V - (ulx, ) (x,1)) = Wlx, 1),
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along a divergence-free u(x,t) : RY x [0,T] — RY, with Vu(x,t) € LILE, for % + %1 =1, with
1 < p < oo, and u(x,t) € L L), with distributional force y € ijtl’l. Then for any k > 0 we

have the quantitative bound

d+1

C a2
1ol 10 < -+ Aexp (L o liesy 190z ) (ool + 1)
1
2
% (llpollyr + (1 s ) Wy 1)
in terms of constants A > 0 depending only on dimension d, and C,, > 0 depending only on

the paramater 1 < p < oo and dimension d.

Proof. Let < denote less than or equal to up to a constant depending only on the dimension
d.

Consider a test function f(x) € C2*(R? x (0,T);R), and let 8(x,7) : R? x [0,T] — R be
a distributional solution to the forced backwards transport equation

%—?(x,t) Fu(x,r)- VO(x,1) = f(x,1),

0(x,T)=0.

That is, for all test functions ¢ (x,) € C2 (R x (0,T];R),

do B
/Rdx[O,T] 0(x,1) (E(x,t) +u(x,t) -V¢(x,t)) dxdt = _/]R 1) (x,1) dxdt.

4x[0,T]

Such a solution exists with 8 (x,7) € L°LI NL2LY, %—? (x,t) e L} Wy ! by standard theory
[9].

Take a mollifier ¢(x) € C°(R?;R) (Definition 2.5), supported on |x| < 1 then in terms of
the DiPerna-Lions commutator rg(u, 0)(x,¢) (Definition 2.6) for all r € (0,7,

%(9 *905)()(71‘) +u(x7t) 'V(e*(’)5)(xvl) = r5(u79)(xvl>+ (f*(Pg)(X,l), (2.33)

where (6 % g)(x,1) € LeWy P, %(9 *@s)(x,t) € L' LY, and so (by a suitable approximation

argument) can be taken as a test function for

aa—l;(x,t) + V- (u(x,0)p(x,1)) = y(x,1),
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that is

Lo plsi)rste0)(sr) dud V(1) (0 % 05) (x,1) dds
R4 x[0,T] R4 x[0,T]

— [ PO rgs) ) dxde — [ pol) (6 65)(x.0) d.
R4 x[0,] RA
Therefore, for any test function 87 (x) € C*(RY),

/ p(x,1)f (x,1) dxdt (2.34)
R4 x[0,T]
= p(x7t)(f—f>x<(p5)(x,t) dxdt
R4 x[0,T]
— [ polx)(6 % 95)(x.0) dx
[ plwtrs(u6)(x) ddr
R4 %[0,T]

- / W(x,1)(8  @g) (x, 1) ddr.
R4 x[0,T]

Term by term, we have, since by standard energy estimates [[p |1 < [[Pollzy + |Wll 11z

/ p(x,2)(f — f*@s)(x,t) dxdt
R4 %[0,T]

<6 ||PHL;°L} HVfHL}Lj;
< 8T (loll g + 1l ) 1197 o1

Using next, again by standard energy estimates, that || 0| =/ < T || f[| oo/,
[, pol) (6 %95)(x.0) dx

S 1poly-1111(8 % 95) (5 0) .
< ool 11 (11(8 % 05)(,0) |z +119(8 @), 0) )

1
S ool (1475 16152

1
S ool (145) 71
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By Theorem 2.11, for 0 < &; < &,

5 s

Lo L, pltrs(u6) (e dxdr 5
& JRrix[0.1] 0
5

/51 rs (14, 0) (x,1) d;

<Cpllpllgere HVI"HL}L,’Z 101l 1=
STCpllpll 1 ||V”||L}L§’ ||f||L;°L;°

< oo
<Pl o

for some C,, > 0 depending only on the parameter 1 < p < o, and the dimension d > 2.
Finally, using that aa—?(x,t) =—V-(ub)(x,1)+ f(x,1),

Lo W@ s)(er) ddr
R4 x[0,T]

< (=]
S Wy 1605y

L7Ly >

1
S vl (1 T —) 16| - + IIV/IIWfl,l IV (u8) * @5l oo + Wy 1o 115 % @5l

a0

1
Sl (15 ) 10issz + g Il 18V + Do 1D
< 1 1
NH‘/’HWX;M r 1+5+8d+1 ullpepy )+ 1) 11l e

Integrating (2.34) over § € [§}, 8,] with respect to the measure 42 then gives, for some
constant A > 0 depending only on the dimension d,

10g<82> / p(x,1)f (x,1) dxdt
01 ) Jrix [OT]
do
<a7 5 (Ibolly+ 1lipsy) 5 19
do
war [ (1+ 5) (ool +1lhyr) %5 1l
AT [ st Wiy s Wl

&
+Alog( ) Wy 10

+Cp Pl s HV”HL}L£ 1672,
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and so, since f(x,t) € C2*(R? x (0,T);R) is arbitrary,
1Pl < AT (JIpolly + Wl )
1
#a7 (145 ) (Il + ¥l
1
+AT@ [ull =1 H‘I’HWX;H
FA [yl

5\ !
+TC, <log (6_1 ol [Vall

For k¥ > 0, let

1
T d+2
&= (el +1Wligey) ™ (eolly, 10+ (1 Ty ) 1wy 1)
C

<oxp (SZPeag IVl )

8= (ool + 1Wligy) 7 (el o+ (1 ey ) 1wl 1)
C
<oxp (=52 1Pl ¥z ).
Then, noting also that

1oyt + W lly-10 < llpollpy + Wiz

"

it follows that

B
-

Y

+2

C
||P||Ltlwxflvl < KT +4AT exp ((‘H‘ 1)5[; 1ol e ||VM||L}L§) (HPOHL}c + ||‘V||L}L){>

1
d+2

(ool 1+ (1l ) 1l 0 ) ™ + 1y

We conclude the statement of the theorem by taking an arbitrary 7 > 0. [

2.3 Quantitative Estimates for Vector Fields in L' BV,

One of the significant limitations of the previous analysis is the failure of any of the bounds

to extend to Vu(x,t) € L'L!. This is a well-known issue in similar previous work due to
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the failure of particular harmonic analysis estimates in L}C [34], [95], and the same issue is
faced in the proof of Theorem 2.11. However, our original argument, mainly the bound of
Theorem 2.8, does not involve harmonic analysis and instead uses weak compactness of LY
to obtain uniform estimates. The issue with the case p = 1 is that L! is not weakly compact.
The dual of Cg is instead the Banach space of signed Radon measure .2 (R¢) which contains
L!. To obtain quantitative well-posedness results for Vu(x,t) € L' L} we would therefore first
require a well-posedness theory when Vu(x,t) € L'([0,T];.# (R?)), i.e. for u(x,t) € L! BV,
which is precisely the theorem of Ambrosio, Theorem 2.4. This section aims to quantify
this and use the weak compactness arguments as before to obtain the first weak stability and

mixing estimates for transport along BV, vector fields.

2.3.1 The Non-quantitative Weak Compactness Argument

We present in this section the analogous argument to Proposition 2.7 in the Ambrosio well-
posedness theory. This will be slightly more involved due to the nature of the compactness;

in particular, we shall have to employ the Aubin-Lions compactness lemma.

Proposition 2.17. Let p(x,t) € L°LY be a weak solution to the transport equation (TE)
along some divergence-free Vu(x,t) € LIL), and initial datum py(x,t) € LY.

Then for any € > 0, there exists & (8, 1Pollz » HV”HL}L}C) > 0 depending only on € > 0,
||p0||L§_o, V”HL}L}; and the dimension d > 2 such that if

90y 11 < 8 (&, ool 1Vl )

then also
||p(7 T)HWf]’l(B;R) < £,

where B={x € RY: |x| <1} C R? is a fixed bounded set.

Proof. To simplify the proof, we first show that it is sufficient to assume Vu(x,t) € L L. To
see that this is equivalent, consider the continuous, invertible, time rescaling s(¢) : [0,T] —
[0,1] for some o > 0 given by

ds V() +2

dt =Vl gy e
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Define now

p(x,s(2)) = p(x,1),
i(x,s(t)) = %u(x,t),

where we notice ||Vil| =1 < [Vl 1,1 + .

We claim that p(x,s) € L°LY (with the same norm as before) solves (TE) along i(x, s)
on the time interval [0, 1], with the same initial datum po(x) € L7. To this end, take a test
function @ (x,s) € CZ(R? x [0,1);R). By chain rule, substitution, and that & € L!([0,T];R),
Z—Z € L™([0,1];R) have the required integrability, we have for ¢ (x,7) = ¢ (x,s(t)), with the

same trace ¢ (x,0) = ¢(x,0),

/ p(x,s) (a—(ﬁ(x,s) +i(x,s) -V(]S(x,s)) dxds
R9x[0,1) ds
_ p(x%,1) <a—¢(x,t)—|—u(x,t) .v¢(x,t)) dxdr.
R4 % [0,T) ot

Now ¢ (x,1) is not in C>*(R? x [0, T);R), but since % € L'([0,T];R) we do have ¢ (x,1) €
w,"'c! ¢ €OC! with trace ¢ (-, T) = 0. Therefore, we may approximate ¢ (x,) by a sequence
of true test functions ¢, (x,7) € C*(R? x [0,T):R) such that V¢, == V¢ converges in
Lere, % 2% 90 0 1112 and 9,(-,0) "= ¢(-,0) in LY. By testing (TE) with ¢,(x,7),
we then deduce that p(x,s) solves (TE) along i(x,s) on the time interval s € [0, 1], with the
same initial datum pg(x).

By this equivalence, it is enough to show the result for a function & (8, 1Poll e, Vet =1 )

instead of & (8, 1Pollz » HVM”LZIL1>. That is, assume Vu € L°L!.

For the sake of contradiction suppose that there exists some M > 0, € > 0, and a sequence

(”)} L=
{P() neN R
{V”n}neN - LzooL)lcv
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such that, denoting by p,(x,7) € L°LY the unique bounded solution to (TE) along u,(x,t)
(n)

with initial datum p; " (x), we have

Hpo _<MforallneN,
HV”nHL;”L; <M forallneN,
o8|, 1 =0, (2.35)
1oa (Tl yy11 () > € (2.36)

d_
Notice that Vun (x t) € LYL), and so un(x t) € L7L{" are uniformly bounded, and
d
Pn(x,1)

(x t)eLy Wx "?~1 are uniformly bounded

by (TE); ap" *(x,t) = =V (un(x,t)pn(x,t)). The goal is then to apply the Aubin-Lions

compactness lemma [101], to show that p,(x,¢) is compact in L;°C; ! where C; ! is the dual
d

. . . . . -1,75
of BV,. However, C; ! is not strictly speaking contained in W, '~'. Instead, for any R > 0,
consider a cutoff yz(x) € C2°(R%;R) Wthh is 1 on |x| <R and zero on |x| > R+ 1. Then

(xrPn)(x,t) € L7LY, 8xRp “(x,t) € L7 w, ! 7T are uniformly bounded (with dependence on
the fixed choice of yg(x )). Working on the compact domain {x € R? : |x| < R+ 1}, then we
have the continuous embeddings

[°cclcwlah
X X )

where C; ! is the Banach space dual of BV,, and in particular the embedding L7 C C; !
is compact. Then by the Aubin-Lions compactness lemma, ()xgp,)(x,t) are compactly
embedded in C°C!.

Therefore, we see that p,(x,?) has a subsequence converging strongly locally in C°C!,
with the limit also in L;°L?’. Without loss of generality, let this subsequence be the original
sequence p,(x,t). Denote the limit by p(x,7) € COCIOg NLFLY. Likewise, taking a further
subsequence if necessary, we see that Vi, (x,1) € L°L! converges weakly-* in L°.#, to some
limit Vii(x,t) € Ly .4, where .4, denotes the space of signed Radon measures. Therefore,
up(x,1) Converges weakly locally in L°BV; to i(x,t) € L°BViq.

Since C; ! is dual BV, it then follows that also u, (x,t)p,(x,1) ——— i(x,t)p(x,t) con-
verges in distribution (i.e. against test functions with compact support) to i(x,1)p(x,t) €
L2L!. Note also that p"” (x) == 0 in Wi ! by (2.35).
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Then, by Definition 2.1, for any test function ¢ (x,7) € C*(R¢ x [0,T);R) we have

_ ao
Lo P00 (G ) atsn) Vot ) daa

= r}l_r}olo 0] pn(x,t)%—i)(x,t) + pn(x,t)uy(x,1) - VO (x,1) dxdt

=—1im [ p{"(x)9(x,0) dx,
R4

n—soo

=0,

and so p(x,t) € L°LY is the unique (by Theorem 2.4) bounded solution to (TE) along
i(x,t) € LBV on the time interval ¢ € [0, 1] with zero initial datum, that is p(x,7) =0 and
in particular p(x,7) = 0.

However, since p,(-,T) converges to p(-,T) strongly locally in W, ! (since Pn(x,1)

converges strongly locally in C°C; 1), and ||p, (-, T) > £ > 0 by (2.36), then also

w1 sy
||p("T)||fol"l(B;]R) >€> 07
a contradiction as required. [

The goal of the remainder of Section 2.3 is to quantify 0 (8, 1Poll e, IVatll =1 > We
aim to give a first such bound. To aid the proof we quantify a mildly weaker result of the
same nature, see Theorem 2.22.

2.3.2 Quantifying the Ambrosio Theory

There are various steps to quantifying the proof of Proposition 2.17. The most important of
these is to quantify the argument of Ambrosio that allows us to claim that p(x,7) = 0 is the
zero solution if the initial datum is the zero initial datum.

As for the DiPerna-Lions theory, the proof of well-posedness along L! BV vector fields
proceeds by showing the decay of a similar commutator [8]. However, the key difference is

that the appropriate mollifier @g(x) of the passive scalar must depend an-isotropically on the

Vu(x,t)
[Vu(x,t)|

particular way. To start, fix a spatial mollifier ¢(x) € C(R¢;R), and a space-time mollifier
@(x,t) € C*(R? x R;R). Fix a matrix M € R?*? with trace(M) = 0, and />-norm |[M| < 1.
We denote the linear map by (M -x); = Z?Zl M; jx;. Following the approach in [9], we define

matrix

for decay to occur. As such, the mollifier must depend on space and time in a
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the following an-isotropic space-time dependent mollifier, with an-isotropic parameter A > 0,
AM LA t
™10) =+ [0 (exp(-2M") - (=) ar,

where M is the transpose of M,
T
Mi, I M;,,

and exp(—AM") refers to matrix exponentiation

—Mmh = S (_)'y M
exp(-~am") = ¥ = ()
i=0 b
The key observation is that for any (%,7) € RY x [0,T] if M = g;gg‘, then the usual

commutator
(wpi o) () = [ pOu)uer) —u(s0) - Vo)A (x—) dy

is small near (%,7) € R? x R as A — oo, largely of & > 0.
Using this idea, now let p(x,7) € L°L? be a solution of (TE) with force y/(x,¢) € L' L.,
and with a bound u(x,?) € L'BV,,

aa—l;(x,t) +u(x,t)-Vp(x,t) = y(x,1).

Define the unit space-time dependent matrix M(x,t) : R¢ x [0,T] — R?*? by

duj
AN |Vu(x,t)|’ '
where ‘gzgg‘ is the Radon-Nikodym derivative [74, Theorem 4.1]. Let M(%,7) : RY x

R — R?*? be any matrix field, with trace(M(%,7)) = 0 and [*-norm |M(%,7)| < 1. We
show the following quantitative bound on the transport of p (pé\’M(X’t_) (x,7). Recall that
@(x,1) € C2(R? x R;R) is a standard space-time mollifier.

The following is a carefully quantified version of the Ambrosio well-posedness proof [8]
with special attention paid to the presence of a force term which is small in some weak norm.
This is to later complete the weak compactness argument. This requires control by additional
mollifiers @5, (x) € C2°(R%;R), and ¢}(¢) € C2(R;R) on the passive scalar.

Meanwhile the mollifier @e(x,7) € C°(R? x R;R) ensures the smoothness of the required

space-time dependence of the an-isotropic mollifer QDQ’M(X”_) (x) € C2(R4;R).
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Theorem 2.18. Let p(x,t) € L7LY solve the forced transport equation
dp
E(xvt) +V- (u(xat)p(xvt)) = W(X,l),
for some divergence-free Vu(x,t) € L°L}, and weak force y(x,t) € L}Wx_l’l. Denote by

pr(x) = p(x,T), the trace.

Then we have the following bound, for any choice of parameters 8,6,,8,T,T>,€ > 0, and
A > 0. For any choice of mollifiers ¢(x) € C2*(R%R), ¢'(t) € C°(R;R), and a symmetric
mollifier (x,t) € C2(RY x R;R). For any choice of matrix field M(x,t) : RY x R — R*4:

[ l(pr+ 05,5 dx
S [ oo 95 )0 dx

1 A
lpllzre (7 IVullzry 10 mg + 110 ) 5y (8+¢*)

AM(%,F
+edAHp”L;’°L)% sup ‘(PO*‘P&I * Qs M t)> — Po * Ps,
()EJ_)ERdXR L)%
AM(xF
+ e pllpez || sup ((pr x5, + pp ! ”) —Pr* Qg
(x7)ERIR 12
(d+1)A

e
+ S (1 8) Il Wy

1 1 1
d+2
+ 5l (— 1ol TS 101l o IVl 1 T 1ol HV”“L}L;)

(d
+ el TN Hp“L‘”L"" IVull

146 1
+T2€(d+1)A( 57 5<||‘//||L1 11+||P||L°°L°°||V”||L1L1>||V”||L°°L1+ ||p||L°°Ld||Vu||L1L1)
Vux @ -
2A 2 —d—1 %, = A 7207
+e o m/ £ / ——==(x,t) —M(x,t)|dxdf |(Vux x,t)|dxdt
Ly . T g (0) D) 5T | (Vi 05, ) 1)
|x—%|<eR+8e R
|t—f|<eR+TR
1 5€A d T 2
1 (1425) (14 2) etz 19l

‘L'e(d+3)A 1
+ 5 (14 5 ) 10l 190y (19 v+ 10 i 9y

1 d
v (ol + 1Pl 19

AM(%F)
sup )(P*‘P&l*q’g >_p*(p51
(x,7)eRIxR

Y

L
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where T = T+ Ty, and R > 0 is a constant depending only on the choice of mollifiers.
In the definition of (u* @s, ,)(x,t) fort € [0,T], we extended u(x,t) first by zero outside
oft €10,T].

Proof. We denote throughout by < less than or equal to up to a constant depending only
on the dimension d, and the choice of mollifiers ¢(x) € C=°(R%;R), ¢'(¢) € CZ(R;R), and
@(x,t) € C*(R? x R;R), where we additionally require that ¢(x,#) is symmetric, that is

P(x,t) = Q(—x,—1). (2.38)

Denote by R > 0 a constant such that both ¢(x) is supported on |x| < R, and ¢(x,?) is
supported on |x|, |[f| < R.
Recall the definition of @M (x) € C*(R%;R),

_ 1 rA _
M) = /0 ¢ (exp(~AN") x) dA., (2.39)

noting that since trace(M) = 0, then exp(—AM") has unit determinant and so does its inverse,
and so @™ (x) is a standard mollifier. Since |[M| < 1, ™™ (x) is supported on |x| < ¢"R.
Moreover, we have the uniform bounds

AM
Jo™ ], = (2.40)
prw LS (2.41)
independent of M. We will also need pointwise estimates on (pé\’M(x) = s—lngA’M (%) In
particular,
AM -
‘% (x)) <6 Uy sons (2.42)
’V%AM (x)) SN g, (2.43)
‘Vzrpg"M (x)) S 62N s (2.44)
We start by writing, for each (x,7) € RY xR,
J S o
o (p r (X”)) (6,0) +u(x,0) -V (p r (x”)) (x,1) (2.45)

= (1;/ * (pg’M(x’f)) (x,t)+r (u, P QD:;’M(XJ)> (x,1),
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where the commutator is given by

(.p395) (v1) = [ pOut)u(x.t) —u(n) - Vis(x =) dy, (2.46)
—/ (x— 8h,1) (( - ”(S(x_éh’t))-vqo(h)dh,

:/0 /de(x—8h,t)(h-Vu(x—s6h,t) Vo(h)) dh ds.

Then, for the an-isotropic mollifier given by (2.39), we have the expression

h- B, F) - VoAED (1 A / (exp(-2(5,7)") 1) dr, 2.47)
=+ («p(h) 0 (exp( AML(%D)) 1) )

Let 7/ > 7 > 0, then by (2.45) we have

J AMED 2 _ L
/Rdx[r'RJr'R] E/}Rdx]R (p*(ps *(pr) (x,1) Qe(x —X,t — ) dXdf dxdt

- AM(ED) ad AMED)
= Jriniorr_en /R de2(p*<p5 *fpf) (x,1) oy (p*% *%) (x,1)
X Qg (x — X,t —F) didf dxdt

AMED )2 a9
+/Rd><[T’R,T—T’R] /RdXR (p*(pS *(pl'> (xat)at(Pe(-x X,t t) dxdrt dxdt

o AM(%F) / AM(%F) ’
= /RdX[T,RvTT,R] /R . (p*% *fpf) (x,1) <W*<P5 *fpf) (x,1)

X §g(x — X,t — ) dXdF dxdt

AM(%,7) !
t
* /Rdx [t'R,T—1'R] /Rde (p b5 i (pf) (1)

( (u 0 <p§M(’”)) *<p;) (x,1) e (x — %1 —T) didF dxdt

+ /R err o /R - 2 (e 92 4 1) 1)
8 ((‘”‘V (P *‘P§M(“)>) *(Pé) (x,1) Pe (x — %,1 — F) dxdF dxdi

AMED )2 9
+/1%dX[T,R,T‘E/R] /I%dXR (p*(P8 *QDT) (x7t)at(p£(x x,t t) dxdt d.xdt’
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which gives us the following four terms.

J AMED . 1\2 _ I
/Rdx[r’R.,T—r/R} 3 /Rde (p * Qs * (pT) (x,1) Qe(x —X,t — 1) dXdf dxdt (2.48)

RdX[T/R T*T’R] /]RdXRz (p * (P(/S\’M(Xf) * QD’:T) <x7t) (II/* (pé\’M(XJ) * QD»:/-) (X7t)

X Pe(x — %, —T) d¥dF dxdt

A,M(f,t_) ’
2 t
+ /]RdX[T/R,T'L"R] /RdXR <P * (P5 *x ¢T> (x, )

X (r <u pi o (”)) X (p;) (%,0) @e (x — %, —7) didF dxdt

* /]Rdx[r’RI—r’R] /]Rdx]R ( ((u v <P i (pg\’M(f’t_))2> * (Pé) (XJ)
~2(prop ™™ s gt) () (- V (pr g™ ) ) r) (x,t))

X Pe(x — %,t —T) dxdF dxdt

AMGED . NN
+/l%dX[T’R7T—T/R]/I%dXR (p*(p5 *(P‘L') (xvt)at(p&‘(x X,t t)

PN
+ ((u (p « ¢§7M(x”)) ) % (p;) (x,1) - Ve (x — 5, —F) ddF dxdt.

Using (2.40) we first bound

/Rdx [WRT—oR) /]Rdx]R 2 (p gyt 4’4) (x,1) (‘l’ w0 qvé) (x,1) (2.49)

X Qg(x —X,t — 1) dxdf dxdt

< WPl /Rdx[r’R,T—r’R} (x,t‘)selg’xR <‘ <‘I/* (pé\M(W) . (p;) (x,t)D ddt.

Now define M : R x [0, T] — R9*9 by

M,-7j(x,t) = (2.50)
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Then using (2.46), and (2.47) we bound

/Rdx[r’R,Tr’R] /Rdez (p * (pg\M(x,f) . <pé) (x,7) <r (u,p;(pé\’mi’f)> N QDQ) (x,1)

X Qg (x —X,t — 1) dXdr dxdt

AM(RD) | / ! / : /
2 .1
/Rdx[r’R,Tr’R] /Rde (P*(P5 *(P1:> x )< 0 Jo JR4

p(x—8h,t")(h-M(x—s8h,t') - VoM ED (1)) |Vu|(x — s8h,t') dh ds

x oLt —1") dt’) Qe (x — X,t — ) dxdf dxdt

/ 1/
%HL} /Rdx[o,ﬂ / /0 Rd

|x—x|<eR
|’ —f|<eR+7TR

(hM(x— 58h, 1) - VMM (h)‘ Vu(x — s8h,t')| dh ds ddf dxdr’

< 2 —d—1 ) N AM(%F)
S pllze-€ /Rdx[o,T] / /Rd’h M(x',t')- Vo (h)

|¥' —x|<eR+8e™R
|t —F|<eR+TR

X |Vu(x',t")| dh dxdf dx'dt’
2 —d— o
Sholice [, [ [ (e s

|x—x|<eR+8e MR
|r—7|<eR+7R

2 _
N HPHL,“’L;" H‘Ps||L;°L;°

o [V 1)+ 141 (z.1) - 15 )| ) dh dFdF |Vu(x,1)|dxdt

2 —d-1
S Pl /Rdx[o 1) /

|x—%|<eR+8e MR
|r—7|<eR+7R

1
A
He_d_l / \M(x,1) — M(%,7)| dxdf |Vu(x,t)|dxdt
0,7

+ ) dxdt |Vu(x,t)|dxdt
L

e—sl< (1492 ) er
t—7|<(1+%)eR

1 6€A d T 2
#x (1425) (14 2) el 19l
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We thus have the bound

/Rdx[r/RI—r’R] /Rde (p*(pé\M(xt)*(pql:) (.t )( (u 0 (pg\M(xt)> *‘Pr)( /1)

X Qe (X' —x,t' —F) dxdf dx'dt’

SEMPIs [, 0 €[ M) B D] AR Va0
b 5/\

|x—x|< 1+%)8R
t—7|<(1+%)eR

1 6€A d T 2
w1 (1425) (14 2) Ip sz 19l
(2.51)
Using (2.38), (2.40), (2.41), and (2.43), we next bound

/Rdx[r’R,T—r’R] /Rde ( ((” -V (P * ¢3\7M(X7t_)>2> * (P;) (x,1)
~2(prog ™™ s gr) (xr) ((u-V (pr 3™ ) <0t (x,t))

X Qg (x —X,t — ) dXdf dxdt

(%,0) /
.1
/Rd [T'R,T—7'R] /]Rde/ ( (P*(P5 > <x )

~2(px g} i qt) <x,z>) u(e.t) -V (pr o3 ) (1) gt ~1)

X Qg(x —X,t — ) dt’ dxdf dxdt

</Rd TR T—7R] JRIXR p*(p5 _[))(x,t’)
(P*QD:;\M(M)*(pT>(x O julx, ) |)v( pr g <“>) (x,
X |@e(x —%,t — )| dt’ dxdf dxdt

</Rd [¢'R.T—T'R] /Rde// *% _t)> (1)
= (peos ™) ) |l@k(t — ") lu(x, |V (p <05 M50 (1)

x| @4t —1)||Pe(x — 5,1 — )| di” di’ dxdF dxdr

/(l/—l)|
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</
R4 x[t'R,T—1'R] JRYxR

(8t *%

D) (e st )

X~ "]l g}(r ”>||uxr |V (o 05 ™57) (5,1
X |@e(x —%,t — )| ds dt” dt’ dxdf dxdt

/(t/_t)‘

T ,T 1
<t| sup ‘p*V(pAM(“) ||‘Pe||L}L}(/d o / / /
(£7)€RIxR g Rex[T'RT—T'R]JO JO JO
a - =
sup |50 g5 ) (et s 1)kt =) ) | (4 )
(x))eRIxR
ds dt" dt" dxdt
a -
<7 sup ‘p*V(pAM(“) sup —p*‘P:s\7M(X7[)
(%7)€RIxR LeL (£1)ERIXR J L'
/
<lotlly g N2l
< Ve MED| 1y
Stlellere SUP §0 IVull=p1
a —
% sup p *‘Pg M (%)
(5.1)eRIXR ot L
(d+1)A P o
Te P . AM(,
S s Pl [Vl || sup |G w50
(i7)eRIxR | 1 L1

We thus have the bound

X Qe (x' —x,t' —F) dxdf dx'dt’

reld+1)A

S 5 HP||L;°L;; HV”HL;"L}C

(%F

sup
JERI xR

AMED 2
Y/
/Rdx[r’R,T—r’R] /Rde ( ((M (P ’ (P5 ) ) ’ (pT) (

~2(prgg ™™ gp) () (- (p

AM(%F)

*(P5

ap AM (%)
ETRAC

/’ /)

))et) ()

LiLg

(2.52)
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Finally, we bound

AM(%7) ! 2 i_ -
/RdX[T’R,TT’R] /Rde (P * Qs *‘Pr) (X,f) P (pg(x Xx,t [)
Sy 2
+ ((“ (P * Q5 7M(x7t)> ) * <P%> (x,1) - V@g(x — X, — ) dXdf dxdt

</ /
™ JRAx[TRT-7'R] JRIXR

99e dxdf dxdt
dt

L S (( ((P*‘Pa ey (P*%l)z)) *<Pé> (x,1)

X |V @e(x — %,1 — 7)| d¥dF dxdt
* /Rdx[r’R,T—r’R] /Rde (P95, +07)° (x’t)%gbs(x_i’t =)
+ ((up03,) * 94) (1.1)- Vpelx — .1 —F) did dxds
S /RdX[T,R n— /Rde ‘ (P g™ x0t) (x,1) ~ (p x5, % %) (%t)\
X ‘(p*(pé\M(f,t')*(p;) (x,1) + (P * @5, * @) (x,1 ‘ ‘— x—X,t—7)

AMxt 2,

1) x,t') — 1

/Rd [¢'R.T—T'R] /Rde/ e |‘ P*Ps ( )= (p*@s)" (x,1)
X |@p(t = 1) |VPe (x — %,t —7)| dit’ dxdF dxdt

N2 0 _ _ N
+ /RdX[T/RT_T,R] (P * @5, % 07) " ( o1 (/Rdeqog(x—x,t—t) dxdt)

X,1) 5
+(( *(P81 )*(P‘C) (/Rde(P (X_XJ—ZT) d)fdf) dxdt
M (%,F) p
/]RdX[T/RT T’R ~/]Rd><R/ ’ *(P6 ) .x ) (p*(P(S]

(p
s 9}) <x,r>+(pw51*soé)(x,r)\(%(x—x,r—f)

T
/ AM(%F) N /
10zt [ o ) 1O (2037 (1) = (203 )
X |@p(t —1")| |VPe(x — %,t — )| dit’ dxdF dxdt

1(5F 2
(peos™™ D wgt)” (v,1) — (p 95, % 94)* (1)

(x—X,t—1)

dxdt dxdt

(1))

dt' dxdf dxdt
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J9
o Y | | R S
Ll (% F)eRIxR oLd T Ly
AM(%F
x| sup [(pro™ ) —prgy
()EJ_)G]Rd xR L}Lg
_ AM (%
+HV(0£HL}L}C”PHL‘;“L;;||“”LWL[%1 ( _)Slg?l R‘(p*(ps ( t)>—p*(p51 ||(p;HL}L}C
¢ Lix X,t)eRY X LIIL)‘?
1 AM(x,f
S (e o +Iplisss Wiy )| sup [(px 03 7) = pogs
€ eLd! (%7)ERIXR L
We thus have the bound
AM(xF) 1\ ? J _ _ -
2 Pe(x—xt— 2.53
/Rdx[r’R,Tr’R]/Rde (p*q)g *‘P‘C) (xat)at(pS(x Xyt t) ( )
SN 2
" ((u (p x (ng(m) ) « (p;) (x,1) - VP (x — %,1 — ) ddF dxdt
1 AM(%,F
o (@0l o+ 1ol 19y ) | swp [(px 03 7) — prgy
€ e L "/ || (®F)eRIXR Lid
By combining (2.48) with (2.49), (2.51), (2.52), and (2.53)
/ 9 / (p <p§M(“>*<p;)2(x,t) §e (x — X,t — ) dXdF dxdt (2.54)
R x[t'R,T—1'R] Jt JRIxR
< e AM(XZ) / ¢ d dl
1Pl fo oo o8, o (| (0™ 0 )] )

+ Mol [, e [ MGt~ WD) dd (Vu(,)ldxdr

e—l< (1482 ) er
t—f<(1+%)eR

1 5€A d T 2
1 (1425) (14 2) etz 19l

(d+1)A 5 -
Te P AM(,
Ts 101l o pe [Vl ot 97 ¥ P 0

sup
(% F)ERIxR

1 d
T G I
LyLy

LL

(x,f)sel;@xm ) <p * (p‘? MW)) —P* s, ’

LLd
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At this point we have redone the proof of Ambrosio [8], as one may now take A > 0 large
enough, 8, €,7 > 0 small enough, and appropriate M, to make the above arbitrarily small.
However, for a uniform bound, we must employ weak compactness. Using (2.41), (2.46),
we show the following weak estimate. Let p(x,7), divergence-free u(x,7), and y(x,t) solve
dp
XL u-Vp=vw.
g TPV
Extending u by zero outside ¢ € [0, 7], then p * @5, and u * @, 7, solve the following forced
equation on the time interval z € (0,T).

J
5, (P*95)+ (ux 05,,) - V(px95) = W+, (2.55)

where
/

J
V=5 (P s —p)+ V- ((ux9s,2)(p*¢5) —up).

In line with (2.54) we wish to bound, for x € R?, and ¢ € [(t+ )R, T — (T + 72)R].

(v 03" w0t (x,1)

= _ AMEE) ¢, N
= Rdx[O,T](p*(p61 p) (W, t)(Pa (x—x") 3 (t—1t') dx'dt
T—%R /) / AM(XZ) , , , , ,
* TR /]Rd(p*(pal)(x’t)(u*(p527fz_”*(l)rg)( ) V‘P(‘S (x—x")o(t—1t") dx’ dt
2

nR ] / I, AM(%F) W / I g
] /Rd(p*%,)(xJ)(u*(pfz—u)(x,t)-V<p37 Cr=x)@r(t 1) dx’ dr
2
T ) ] AM(%F) W / I
+ (p*fpal—p)(x,t)u(x,t%v% (x—x)@r(r—17) dx’ dt

99 AM (%) AM (%)
- R x OT] de x// t/)(p51(x —X ) al‘r (t—t/) <(p5 (_X—x/) _(p8 (x_x//>> dx” dx/dt/

—0R "o AM(xt)
+ (p* @5,) (X1 ) (ux g, (&7, 1') —ux @ (¥,1)) - Vo ™
TR R4 JR4

X @, (X —=x")@L(r —1") dx" dx' dt’

L (o) saks =)= (o s ) gite 1) )

x u(x’ ") wpg MO (o x’)<p;2 (' —"y di" dx' di’

x—x)

X @L(t —t") dx" dx' dt’
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a /
= Lo JuaP 1008, =)=

/] ((x —x)- V‘P(S ME )> (x—sx' — (1 —s)x")) ds dx" dx'dt’

+/ . R/R/R/ (P @5,) (1) (=) - V) g, ) (o +5(x" = X))

VOIMED (¢ ) s, (X — X" l(t — ') ds dx" dx di’

+/ /Rd/ / (t_t”< *‘PS,)(XII"%-S(t—t MNer(t —st' — (1 —s)t")

(5 0) (" 4500 )" =) 1 (1=
9)

xu(x',t")or, (t' —1") - V(pé\M(Xt (x—x') dsdt" dx' dt’

/ /Rd /]Rd/ X5, (= x")ge (e —1)

X ((((x’ —x") V)u) (X" +s(x' =x"),1) -V(pé\’M(x’t) (x—sx' — (1 —s)x")

+u(xX"+s@x —x"),t)- (((x” —x')- V)V(pé\’M(x’[)) (x—sx'—(1 —s)x”)) ds
dx" dx' dt’.

Therefore, for T/ > T+ 1,, by (2.42), (2.43), and (2.44).

0
<o s [vo || N9 gy, ol
(x7)ERIxR L L
AM(%F)
+6 W_)Se‘;gjxk Vs L}”(pTHL} ||p*(p51HL;’°L; / HL}L}C
o s [V | ety [ Lees | el ot
(%,7)€RI xR L || dt L'rd cLI!
_ /
+ 7| sup V(pé\’M( ) ||P*(051||Lde||”H dL”(pézHL}
(x,F)€ERI xR L LA
AM (%)
+ 6 (}Z’t_)seliglXR Vos L}CH‘PTHL; 1P| eorz ”L}
+81| sup (VR gy ol g el ot 1ol
(/\_C,t_)ERdXR Ly
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< Seld A (— ol + < ||p||L°°L°° IVull i + <5 52 [Pl o [[Vul| L')

d+1)A 1
+Gpel AL ||P||L,°°L°° IVull i1

+ T €d+1 ( H *(pﬁl

1
||V”HL°°L1 +s Pz ||V”||L1L‘> ~

Combining with (2.54), we have, for 7/ > T+ 1,

J AMED )2 _ N
/Rdx[r’RJ—r’R] 3 /]Rdx]R (p * @5, * P * (pf> (x,1) Qe(x —X,t — 1) dXdf dxdt

sup [y s gl
f)ERIXR

< ||P||L;°L;°
(%, L'l

+ §eldt2A ( ol +< ||p||L°°L°° IVull i + <5 52 1ol eor ||V”||L1L1)

d+1)A
A e

+ T €d+1 ( H (p5l

2/\
L .
Vux s, o,

—d-1 /
X €
A ‘Vu*(Paz,T2|
—x1< (1498 ) er

|z—z‘\<(1+g)sR
1 Oe T 2
+x (1+—) (14 2) o2z Vel
reld+1)A
+ 5 1Pl pe Vel pop 1
(

1
g IVull oy + 5T 1Pl HVMHL}L}C>

(x,0) = M(%,7)| dxdi |(Vux Qs, -,)(x,1)|dxdt

8 I (x.F
sup a—lt) * (P51 * (pé\7M( A)

%) ERIXR

L1

1 GRS LR P

d
d
Ly

o | =

X

AM(%F)
sup )(p*(Pél*(P(S >_p*(P51
(x)ERIXR

Y

L

(2.56)
where we recall, in the definition of (u* @5, ) (x,¢) for t € [0,T], that in (2.55) we extended
u(x,t) first by zero outside of z € [0, T].
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We now control the force W(x,r) € LWy !, by writing v = w +y4
| W”L}W;” =y, Wi”L}L}C' Then by and by (2.42), and (2.43),

A,M(if) /
sup “I/*QD * @
H(x,f)eRdx]R o ey
d d
<H su ‘ « MMED su Vi o oMED o
eﬂgfo vor®s & L/L; Z{ )GRIZX]R ox; %5 P LiL}
A,M X,f AMx
< Mvolgey | sop [0 | ol + 5 Il o Vo] el
(x,7)eRI xR x i=1 X
eld+1)A
S —garr (L) Wl (2.57)
Next, using the expression %—t =y —V-(up), we have
8p* <H< +Zd:81[/,~ V( ))*
—_— —_ . u
at (P81 LtlLdN WO i aX' p (P61 LlLd
S H‘I’OHLILl ”M"’Z”‘l’l”yy HLd+HP||L°°L°°H“H 24 HVQD&H d
1
S 5a L)Wl e+ W ol o= IVl s - (2.58)
1 1
Similarly,
H sup ‘ * Qg *(pA’M(X"f)
(t7)eRIxR | 91 Y L'rd
d oV _
Vi A M (%,7)
S| sup \(Wo+ —V-(up))*% ¢
(£F)eRIxR lZT oxi vre LiLg
_ d
AN (%7 AM(EF
Svolyelos | s 108N+ Y lwilynles ]| sw  [vegtE
(%.7)eRI xR Ly i3 (%7)eRIxR
AM(x,F
+lplusuzll o losluy| s o™ ]
(__)GRd L
oA o 2A
e
5d— SdZHl//lHL1L1+ 5d— 1HPHL LY HV”‘HLIL1
oA o2
g(1+5)HWHL it T sar el Vullyy- (2.59)

y; .
1 8_x,-’ with

L{
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Combining (2.56) with (2.57), (2.58), and (2.59), we have finally

J AM(%F) / 2 _ _ —~ g =
/Rdx[r'R,Tr’R] 5 /]Rdx]R (p * @5, * Q5 * 4)1) (x,1) @e(x —X,t — ) dXdf dxdt

d+1)A
N Sa+T (1+5)Hp”L""LwHWHLIW*LI

+ 8jeld DA (— 1ol + < HP||L°°L°° IVull i + <5 52 ||P||L°°Ld V| Ll)
+52€(d+1)A— 1ol ez 1 Vaell e

1+6 1 1
+Tze(d+l)A( 54 (||1I’HL1W 11+HPHL°°L°°HVMHL1L1> ||VM||L°°L1+ HP||L°°LdHV”HL1L1>
I

Vux @ -
2A 2 —d—1 6,7 _ - _ -
+e o oo/ £ / —= = (x, 1) —M(X,1)| dxdt |(Vux x,t)|dxdt
ol [, o (1) ()| (595, 1)
|x—%|<eR+5e"R
|t—F|<eR+TR
1 5€A d T 2
(10 25) (14 ) DB 9l
’L'e(d+3)A 1
e U ) L L e (7 TR R  y
1
e (el _ o+ ool _ s, +1Plires 190l
L7Ly Ly
x| sup ‘(p*%*(pg’ ) —pros|| |
(£7)€R? xR 1 Hlzieg

(2.60)
We are left to use the above to control the trace at time ¢ = T in terms of py(x) and y(x,1).

To this end consider the following approximation:

/ [(p 95,)(x, T)|? dx

= — ABEE) N
/]Rd/]Rde( p*9s,)(x, T)| < P * @5, * P *‘Pr) (x, T TR)>

X Pe(x—%,T — TR — ) dxdf dx

J AMED . 1\2 _ I
+/d [T/R T—T/R]E/RdXR <p*(p61 *(P5 *(p‘l,') <x7t) (Ps(x—x,t—t) dth dth
(57 2
/ ( *‘Pﬁl*fpg’M(x”)*(Pé) (M’R)—I(p*%l)(x,())lz) (e (x — %, TR —T) dxdr dx

/ (0 * @,) (x,0)[ dx.
2.61)
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Recall the expression %—’; = —V-(up) + v, and so we have the bound

Hp(ut) _p('7t/)HWX7]’1 < |t _t/’ HupHL,“L}C + ||W||L,1Wx71"1 ’

then, since T < 7/, and also (2.42), (2.43)

N2 1(i7 2
‘(p £ 95,493 ") (6,7 = (p 05, < 05" < 07 (x,T—f’R)’

T - -
JA ((p*qoa1 i) (. 7) ~ (p 05, + 057 (x,s)>

oL (T —TR—5)ds

S ||P||L,°°L;°

T
S HPHL;”L;"

T " " AMEE) /g " " / /
L L L (G T) =p ) o3 T (o =) d gy, (=) d
OL(T —T'R—5)ds

T _
5 HPHL;"’L;"/O /Rd /Rd (P(x",T)—p(x”,s)) (pé\,M(x,t)(x/_x//) dx"

| (T —T'R—3s)| ds
Sheliee s (PG =p (o)l ) o7

|T—1'R—s|<7R

1
SOl (R Rl 1Pl + 1l ) sy (5

1= 19511y 9]

S el (7 1Vulzry HpuL,ngg W) sy (3+1).

Therefore, using the shorthand pr(x) = p(x,T), and also (2.42), we may bound the

difference
AMET 2
Lo Lo (005060 = (o < 0" gt) (7 )
R4 JRIxR
X Qe(x — %, T — TR —F) dxdf dx
1
< Wplizez (2 1Vl 101 g+ W) g (8+¢")

2 _ AM ()2
/]Rd /Rde ( * Qg (X7T)| (p * @5, * Py ) (X,T))

X @e(x — %, T — TR —T) dxdf dx
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1
S ||P||L;°L;° (T/HV””L;"L;||P||L;°Lg+||‘l/||Lt1WX—1v‘> §d+1 <5+6A>

+{  sup ‘ (pr * Q5 % Q) ’M(’m) +pr * 05, ‘

(x,7)eRIxR

L

X

sup ‘ (pr+ s, + 95" ) — pr o+ 95,

()RR H@z-:HL}L}C

L

1
S ||P||L,°°L;° (T/HV””L;"L;||PHL,°°L§+||‘I/||L}WX—U> 5d+1 <5+6A>

; <||P||L;°Lg+‘ )
L2

ool oron ) o

M(x.7)

Pt * Qs *  sup ‘(st1 * <P3
(%,F)ERI xR

X

1
< ol (210l 10 g + 11 o) sy (3-+1)

sup | (or+ 95, + 93" ) — pr 5,

dA
+ e pllper2
(xF)ERIxR

L3
and so we have the bound:
AM(EF 2
/Rd /Rdx]R <|(P % @g,)(x,T)|* — (P x5, i M) s go;) (0, T — ‘L'/R)) (2.62)
X @e(x—X,T — TR —1) dxdf dx

1
< olesz (7 1Vlgag PN + 1wl gy sy (84 €Y)

sup | (pr+95,+ 937 — pr+ 95,

dA
+ e lpll 2
(x))eRIxR

L
Similarly, for pp(x) we also have the bound
e 2
I ((p <05, 408w gt)” (1, 7R) — |(p % 5, (3,0) 12) Gelx—X. VR —7) dxdF dx
Re JRI xR

P PR P 7 ) e

sup ‘ <P0 * Qg * (pé\ ’M(i’t_)> — Po * P,

dA
+ e pllper2
(x,7)eRI xR

X

(2.63)
Combining (2.61) with (2.60), (2.62), and (2.63) then gives the result. ]
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To complete the quantitative argument, we must now find a suitable weak open cover
of u(x,t) € LBV, and p(x,t) € L°LL N L°LY. The idea here is to consider differences such
as || Vux @g, || 1111 — [[Viex @eyl| 1171 > 0 for € < &, which must be small for some values
of €1,& > 0 by the pigeonhole principle. We, therefore, need to bound the remaining non-
quantitative terms in (2.60) by such differences. This result is essentially a harmonic analysis
decomposition valid for functions in L', or even measures .Z, and is the first of its kind.

Proposition 2.19. For any C > 0, for a suitable choice of M(%,7) : R? x R — R¥*?, we have
the bound

v _
/ ed-1 / WP (41) — MI(R,F)| ddE |(Vus @y, ) (x,1)|dxdt (2.64)
R x[0,7] \Vux @s, 7| ’

|x—x|<eC

|t—i|<eC

(S

S IVl (1905 05,y — [ V08, ecmeclyy)

for some R' > 0 dependent only on the mollifiers ¢(x) € C2(R%;R) and ¢'(t) € C(R;R),
with the requirement that ¢(x), ¢'(t) are non-negative, symmetric, with ¢(0), ¢’(0) > 0.

In the definition of say (u* @5, r,)(x,t) for t € [0,T], we extended p(x,t) and u(x,t) first
by zero outside of t € [0, T].

Proof. Let R’ > 0 be such that both ¢(x),¢’(t) > 0 for all |x|,|¢| < z. Then

Vux @ _
—d—1 521'2 I R
€ ———2(x,t) — M(X,7)| dxdf |(Vux x,t)|dxdt
/Rdx[oﬂ / ]Vu*(p52712|< ) (%7) I Psy.7,) (%:1))]

|x—x|<eC

|r—7|<eC

Vux o, _

< cd+1/ V0T (0 4y~ MR T s oor (x— %t — T) didi
~ /Rdx[QT] R? xR |Vu>x<(p52’f2\( ) (%.7)| Pecrr ecr( )

X |(Vux* @s, 7,)(x,1)|dxdt

N ca! (“Vu* 95,7, HLIL1 H(/)SCR/ﬁCR/HL}L}> ’
(/RJXR/RLZXR

X |(Vux @s, 1) (x,1) |dxdt)

2

Vu x
o P Qecr' ecr (X —X,t — 1) dxdf

’Vu*(pﬁz TQ‘

( 7t) _M(va)

1
2
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s 1y, ([, (070005 0) )| =200 (Vus g, ) 1)
1
_ 2
+ M (%) |(Vux (P82,Tz)(xat)}>(P8CR’,8CR/(X_XJ ) dfdt_dde)

1 - o
<Vl (UW* P01y =2 foy  MED) - (Vitx 95,0 @3y ) (1) i

1

2
[, AP ([(Vux @a,.0) (0| * 051 (£.) dxdr)

where 6) = eCR’, 7, = eCR’.
Take now

bl

Vux * Qs )
W) = (Vi @5, 7, % @g; 77) (X,
(‘(Vu*(pgﬂz )(x,1) *(p5/ ) (x,7)

Then,

1 - - R
HV”“Z}L} (||V”*¢527T2HL)L; -2 RdXRM(x,t) - (Vux @s, 1, *(p(gz/’fé)(x,t) dxdrt

1

2
[, WD (|(vu* Ps,.2,) (1) * %Z,%) (&.7) mzf)

1
2

12
‘(Vu*(PSZ,TQ*(Péén:é)(XJ)‘ o
S 19uly 1905980/l — [, —
(1(Vax s, 2) ()| 955 ) (5.1

2 - =
+ /Rde ( (!(Vu* (P527r2)(X,t)‘ * (P(Sé?ré) (x,7) — ‘(Vu* @5, 1, * (p%%)(x,f)‘)
) 1
!<Vu*<pam*<p5/ JED|
dfdt

(|(V”*‘P5z ) (%.1)] * @5, 12>

where we now observe that

X

bl

(Vs s, 4 953.) (5.0)| < (| (Vi @5, 2,) (1) % 95y 1) (57),
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and so, finally,

IVally, (»»vﬂmuw |95 03 ) 50| asan

+/RdXR(<‘(Vu*(p32T2 x,1) *(p5/ ,) Xt —’ V”*q’&zrz*%é, )()Ej)’)
‘(Vu*(p(gzrz*q)y ,t_)’ i _)5
dxdt
(%7

(‘(Vu*q)(szfz x,t) *(P8§,12

S IVl (HVMMHL;L;—/W

X

- ‘(Vu * 5, 1, * ‘Pag,rg)(f,f)’ dxdt

1
2
L (V0 @8, ) ) @y ) (£17) = | (Vi 5, % 052 (£.) M)
1

2
L)

1
< 19l (1905 5y [+ 0,5+ 0

]
The next necessary bound is then:
Proposition 2.20.
dA AM(EF
(2101 1Pl 190l ) | sup [ (s x03™7) ~p ey,
L7Ly (x,7)eRIxR L,lLd

S (101 o, + 10 liesz 1Vl ) W01 ol

U=

% ([lp+ 08,11 = 19 05, * @senr1rel112)

for some R' > 0 dependent only on the mollifiers ¢(x) € C2*(R%;R) and ¢'(t) € C2(R;R),

with the requirement that ¢(x), @'(t) are non-negative, symmetric, with ¢(0),¢’(0) > 0.
Note that dimension d > 2.

In the definition of say (p * @s, ) (x,t) for t € [0,T], we extended p(x,t) and u(x,t) first by
zero outside of t € [0,T].

Proof. Firstly, by interpolation between L} L% and L!L2, and by (2.42),

t x>

sup | (p s, <05 ")~ p gy
(£.7)€RI xR

L'd



70 Quantitative Estimates for Transport along Sobolev Vector Fields

S (PL}L;;

X

d=2

d
+lelly 196
L;

d

(pé\ M (%)

sup
HLAI (x,F)€ERI xR

ki

(p+ s+ 03" ) ~pgs,

sup
(%F)eRIxR

LiL}

d

sup | (p @5, + 05" ) — p gy,

< (142N o 7.
Lk (%,7)ERI xR

L{L}

As in the previous proof, let R’ > 0 be such that ¢(x) > 0 for all |x| < % (and for
—d .

the previous theorem, ¢'() > 0 for all || < ), so that @s,ap 15/(x) = (8 R7IR') s
bounded below for |x| < 8¢”R. Then, also (QPsag—1p * Psrg-1g) (x) 2 (6e*R7'R) s

bounded below for |x| < §¢*R. For each t € [0,T],

157 2
(p+ s+ 03 "5) (x,0) = (P @5,)(x,1) |

/ sup
RY (£7)cRIxR
2

- sup / ((P * (P51) (xlat) - (p * (P51)(X,t>) q)é\,M()@t_) ()C—x,) dx'| dx
R? (£ 7)eRd xR | /R
2
SJ R4 6_d / |(p*(p61)(xlat)_(p*(Pél)(x,t)‘ dx/ dx
|x—x'|<5erR
B dA/Rd / ((p*9s,) (1) — (P 95,) (x,1))” d’ dx

|x—x'|<8eAR
5o [ [ (8N) ((p05) (4.0) ~ (p 5 03)(x1))°
rd JRd 01 ) 01 )
X <(p5eAR*1R’ * (pSeAR*IR’) (x _x/) dx’ dx,

and then

eZdA/Rd /Rd ((p *('[)81) (xlvl) - (P *(p51)<x,l))
_ esz/Rd g (P*‘Pél) (x/J) ((p *(p81) (x/’t) —(p *‘Pél)(x,l))

X (@serp- 1) * Pseng-1py) (X —x') d’ dx
[ (005) (o)~ (9 05 (1)) (093, ()

((PgeAR—lR/ * ¢36AR*1R’) (X —X) dx' dx

2
((p(seAR—lR/ * ¢5eAR—lR/) (x _x/) dx/ dx
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= /Rd (p95,) (1) (P 95) (¥.1)
— (P * @5, * Pserg-1g * Pserp- 1) (X, f)) dx’'
- /Rd ( (P * @5, * Pserr- 1R * Pserp-1r) (:1)
~ (p+ 95 )(x,1) ) (p+ 95, (x.1) dx
= 22N /]Rd (p * @5,)* (x,1) dx
~264 [ (p 03 (6,00 (P 05, Ppenr- i Poerr- ) ()

=2¢*" ( /R (P @s5,)7(x,1) dx — /R (P * s, * Pseng-1p)  (x,1) dx) :

Therefore,

dA
Gnmmﬁ+mm@wmm)

X

AM(%F)
Sup ’(p*(Pél*(P5 >_p*(p61
(x,))eRIxR

L'rd
d=2
d

dA — a
S (Pl o+ 1Pl 190y ) (1-442) ol
t ‘X

» (/()T (eZdA (/Rd(p*(pgl)z(x,t) dx—/Rd(/f)*(Pe;1 * Qsenp-1p) (%:1) dx)) 2

d-2

2A | ,dA dA L

< (e te )(e lell | dl+||P||L?°L$||V””L?°Li) 1Pl
3

Le

’ </OT <(/Rd (o 98)"x) dx) | " (/Rd (P * @5, * Pserg-1p)” (%,1) dx) é>
X ((/Rd(l) * @5, )2 (x,1) dx> : _ (/Rd(p % 05, % Pgong- 1) (%,1) dx) %) d;)

d—2
< (2A | LdA dA i
N(e +e )(e HPHL;OL;ﬁl+Hp|‘L;"’L;"HquL?°L)1c> (4 A
5

% ([lp+ 05,112 + 19 05, * @senr-1re 112

U=

% {1+ 5,112~ 1 * 05, * Pserr 1112

o=

(V[
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—2

d 1
2A dA dA d
< (e )(e ||p||mddl+||p\|L;OL;||w||L;OL;) P17 o, -
1

t ~x
‘X

< (1 @[z = 1o+ 05, % @serrtrel1112)

And the final necessary bounds are the following:

Proposition 2.21.

d
e AHPHL;"’L)%

AM(%F)
sup ‘(Po*‘l’&1 * Qs )—P0*<P61
(x,F)eRIXR

%
. 1
<M1z (190 08,13 ~ llo0 05, 0sern-tell2)

edAHPHL,“’Lg

sup ‘ (PT * Qs * <P([3\ ’M(m> — Pr * @5,
(x,))eRI xR

L

—_

SN Pz (lor + 051, = lor + 05+ osere-ely)

for some R' > 0 dependent only on the mollifiers ¢(x) € C2(R%;R) and ¢'(t) € C2(R;R),
with the requirement that ¢(x), ¢'(t) are non-negative, symmetric, with ¢(0),¢’(0) > 0.
Note that dimension d > 2.

In the definition of say (p * @5, )(x,t) for t € [0,T], we extended p (x,t) and u(x,t) first by
zero outside of t € [0,T).

Proof. Since both bounds are essentially the same, we prove only the former, involving

Po(x). As in the previous proof, let R > 0 be such that ¢(x) > 0 for all [x| < 7 (and for
the previous theorem, @' () > 0 for all |¢| < ), so that @s,ap 1(x) = (5 *R7'R) s

bounded below for |x| < §e*R. Then, also (Qgag- 15 * Psorp-ig) (X) = (e RTIR) s

bounded below for |x| < §e”R. For each ¢ € [0,T],

7057 2
L, s | (porgs <o) ()~ (o 05 ) x)| ax
R (z1)eRIxR
o 2
= [ s | [ (00 0n) () (o)) 06 ) |
RY (x5)eRIxR [/R
2
SLIE [ 1(ox9s) ()= (o 05) ()] d¥| d

[x—x'|<8e R
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s e [ [ (o) (@)= (pox 95 ) () d d

|x—x'|<8e R
576 [ [ (5¢) ((po+03) (&)~ (po = 03) )’
o [ 0 * Ps, Po * @5,
X ((P&ARAR/ * (PgeARflRJ (x—x’) dx’ dx,

and then

A [ (o) (1) = (po 05, ) (1)) (P Psenr- 1) (=) Y di
= esz/Rd /Rd (Po*@5,) (1) ((Po* @s,) (+,1) — (o * @5,) (x,1))
X (@serr-1r * Poerr-1py) (x = X) dx' dx
—eZdA/Rd /Rd ((Pox@s,) (') = (po * @5,) (x,1)) (Po * Ps, ) (x,7)
X (@senr-1g * Pserr-1p) (' —x) dx' dx
= [ (poees) (0 (pox95) (o1
— (P0* @5, * Pserr-ip * Poenr-1pr) (o1 )) dx'
— e /Rd ( (P * @5, * Psenp-1p * Pserp-ipy) (X:1)
~(po*@s,)(x1) ) (Po* 95,) (x.1) dlx
=20 [ (po @5 P(x) dx
—2¢*A /Rd (Po* @5, ) (x,1)(P0 * @5, * Pserr-1 * Pserr-1x) (X:1) dx
220 ( [ (s P [ (o s s )
26 (|10 + 95, [I72 — [P0 * 95, * Pserr-1v 1)
26 (|lpo @5, |3 + [P0 @5, * @enr-ire12) (190 @5, 112 = 1o 05, * @pers-iae )
<28 pllpp2 <HPO %95, [[ 2 = [P0 * @5, ¢8eAR*1R’}|L%> :
Putting this together then gives the result. O

We now ask for parameters such that the expression in Theorem 2.18 is bounded by some
K> 0.
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2.3.3 The Tetration Bound

For the following result, note that as in the proof of Proposition 2.17, one may always
rescale time for any Vu(x,t) € L'L} so that ||Vul| ery < 1 and the final time is given by
T = ||V“HL}L;-

The following is a weak stability estimate, but the contrapositive implies an analogous

lower bound on ||po|| 1> namely a (backwards) mixing bound of the form

ol -1 > (exp[Aexp(gT)"l(U)l?

with x depending on the final datum p(-, 7). This is an exponential-tetration bound in the

time 7.

Theorem 2.22. Consider a solution to the forced transport equation

%_ft’(x,t) +ulx,1)-Vp(x) = ylx),

with u(x,t) divergence-free.

Assume ||p || =r |P Nl =11 VUl =) < 1 and T > 1. Then constants A,B > 1 exist
depending only on the dimension d > 2.

Forany 0 < x <1, if

B ~1
IPoll gt W] oy < (exp(Aexp(Kr)1(1)> ,

where exp” (x) refers to repeated exponentiation (tetration), exp(exp(...(exp(x)))), then

oG T)l o < %

Proof. We ask for parameters such that each of the terms in Theorem 2.18 is bounded by x.
That is, using that ||| =/, |P || =11 [|Vuel| =1 < 1, and Proposition 2.19, Proposition 2.20,
and Proposition 2.21,

[, o050 dx S i 2.65)
1 A <
<r+r2+r||wum;l,,) ST (6+e ) <k, (2.66)
1
2h <Hpo * Qs HL}( - ||po * Qs * (péeAR*IR’”L_)ZC) T <k, (2.67)

o=

™ ([lor = 05,12 ~ 17 * 05, * senr1wll)” S (2.68)
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Sld+DA
W(I—FS)THWHL}X’W{II S K, (269)
T T
81eldTIA (5 53 (14 6)) <k, (2.70)
T
526(ﬂl+1)/\g <k, (2.71)
1+6; 1 T
‘Cze(d—i-l)A (5_1613 (T HI,UHL;QW;u + T) + E) < K, 2.72)
%
1
2Acd+1Ts ( ||Vu>x< ?s, 1, HL}L}C — HVM * 05, 7, * PeCR £CR HL,‘L}) < K, (2.73)
S A
(1 n %) <c, (2.74)
T
(1 n E> <c, (2.75)
1 SeM\ ¢
N <1+%) <1+£>T§ K, (2.76)
reld+3)A
S (149) (Tuwumﬂ_l +T) <k, 2.77)
1 d-1 a
T ([lp 05132 — P * 05, * O5erp el y1z) S ¥ (2.78)

Note that (2.65) requires smallness of Hpo * O, H 125

while both (2.66), and (2.69) require

smallness of || y/| =y 11- We therefore deal with this at the end, and after we have chosen
¢t "Wx

0, A, it will become a quantitative requirement on po(x), ¥(x,z).
We will also, for later use, require

< KT le—(dDAgd

) < KT~ @HDAgd.
& <12,

< KoM

7 < k&4 A

We begin with (2.76),

(2.79)
(2.80)
(2.81)
(2.82)
(2.83)
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which we instead enforce via

A= % (2.84)
T <e, (2.85)
§<ege ™ (2.86)

Now we deal with (2.77), (2.79), (2.82) and (2.85) by defining T > 0 in terms of 6 > 0,

1(5) — K6d+le_(d+3)AT_l, (2.87)
651, (2.88)

Wl g0 S 6T (2.89)
8 S leT (2.90)

Note that in fact (2.89) is enforced by (2.69) and (2.88). The next aim is to choose 6 > 0 to
make (2.67), (2.68), (2.78) small. First pick d; > 0 to satisfy (2.70) and (2.81). We exploit
(2.87), (2.88) and (2.89).

851(8,€) = K289+22dFAT 2, (2.91)

To exploit the pigeonhole principle argument for weak compactness, define the function
®; : (0,00) — (0,0) by

() = 3 (xe R (R) ' €). (2.92)
where if
x < x7?71?, (2.93)
then,
@ (x) < X2 (2.94)

Fix some N; € N, and &y > 0, then define

(0) =
p (X,t) - (p * ¢<1>11Vl(60)> (X,t),
(0)
pO ()C) <p0*(pq)/lv1 (50)> (x)7

),y _
P @)= (Pr* 9gm ) (9):
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andforn=1,..., Ny,

p ) = (P x gy (2.95)

P00 = (ps" " % g 50) x) (2.96)

P @ = (pr " 5 gy, ) @) (2.97)

where @' (x) for n € N refers to repeated application of &1 (P (... (P

is the identity map.

We now define our pigeonholes as follows,

y 1
I (I I
- HP(O)) L ‘p(Nl) L}L§+THp‘§O)HL%_THP(()M)
ST,
where each
Hp(n))L}Lig pi Y L’
Jos?] < ],
HPT L§_ P;nil) "

Therefore, there exists some n € {1,..., N1} such that

T
(n—1) _||p=1) . <
Hp L2 p * o)1 (3) L2~ Ny’
-] || (1) <L
HpO L% pO * (pq;/lvl*"(so) L)% ~ N] )
-1 || (1) <L
HPT g IPT el sy 2~ Ny

1(x)))), and B9 (x) = x

(n) )
12
(™)

(2.98)

(2.99)

(2.100)
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In order for (2.98) to bound (2.78), and similarly for (2.99) with (2.67), and (2.100) with

(2.68), we need to control the differences

(n=1) _
‘ p p * (Pq)llvlf("*w(ao)

)
L2

n—1
p(() )_po*(P(Dllvl_(”_l)(ao)

Y

L

(n—1) .
pT pT*(p¢1;]17("71)(80)

L

We do this for the first case, with the others following similarly. By the expression (2.95), we
have for each m € {1,...,N;},

(m=1) _
< Hp p *(pq)llvl*(mfw(&)) ¢¢1¥17m(80)‘

(m) _
HP p* (pd>]1V1 (&) L2~ L2 L!

+ Hp * (Pq)zlvlf(m—l)(ao) * (Pq)llVl (&) p* (Pd>11\,17m(50) L2 '

Since ¢ (x) is non-negative and a standard mollifier, so [|@l|;; = 1, we have by induction, and
(2.93) and (2.94), that if

S <1, (2.101)
& < kT, (2.102)

then @ (&) < & foralli € {1,...,N;}, and

IA

N
I
—_

(m) _ A o) ‘
o™ ~p *(p<1311\’1_m(50)HL,1L)2¢ PP " Pallt o) TP Pal i |

N
Ips

li(iil)(ao) Hp * V(Pq)[f’l*i(go)
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and similarly
HPém) PO Oy |, S Nido,
HP;m) —PT* P s L S Nido.
So by (2.98), (2.99), (2.100), for
S(e) = dY1 " (8p)e AR(R) ™! < &, (2.103)
then, by (2.92),
|0 * @5, (5.¢) HL;L)ZC — || * @5, (5.6) * Pserr-1x L2 N Nll +T'N1 6o, (2.104)
HPo * 05,(5.¢) HL,% - ||Po *Q5,(5.6) * <P5eAR—1R/||L% N ]% + N1 6o, (2.105)
||PT *05,(5.¢) HL% - ||PT *Qs,(5.6) * PseAR-1R! HL)% S ]%] + N1 0o, (2.106)

Therefore, to satisfy (2.88), (2.90), (2.101), (2.102), and most importantly, (2.67), (2.68),
(2.78), we must choose N; € N, and & > 0, such that

& S 1,
St <k ler,
8¢ <k,

& <12,
T T
— +T&N; < x%exp (—26[2—) T4,
N K
1 T
— 4+ &N < K2 —4d— ).
N, +8N1 < K~ exp ( K)

Recalling that T > 1, this is possible for some C; > 1 depending only on dimension and the
mollifiers, where we choose Ny, &) by

1 T < 1 T
g—dexp Cy 1+; _nggexp Cy 1+E +1,
1 1 T

e<1.
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Then, by the expressions (2.91) and (2.92), i.e. ®;(x) = f—ie_(d”)’\xd” (R')**2, then for

some C); > 1,
T
log (@4 (x)) > C} (log(x) —1- ;) ,

SO

Therefore, by (2.103)

1 1\@" N
% Sex ($> exp (N1 (Cd)N (1 + ;))

<exn (o (e (et (124 7)))).

for some Cg > 1. To summarise, under the assumptions (recalling (2.69)),

W]y 10 S KT 154 e (@FDA, (2.107)
€51, (2.108)
we have chosen T
A==,
K
and 0(¢€), 1 (&), t(e) with the bounds (recall (2.87), (2.91))
1 1 1 1 1 T
PR Sexp’ (Cf (1+-+= 2.109
S 5w e <o (@ (1)) 1

for some Cclzll > 1, so that (2.69), (2.70), (2.76), (2.77), and (2.67), (2.68), (2.78) are satisfied.
That is we are left to choose €, &, 7> such that (recall also (2.85), and (2.86))

T
52e("+1>Ag <k, (2.110)
1T T
Tze(dH)A(ngr&) <k, @.111)
1
T, < kT e (@HDASE (2.112)
7 < k8Hle™, (2.113)

1
2

T ( [V 05,1~ [V 0% %aeamnw) sk e
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To satisfy (2.110), (2.111), and (2.112), (2.113), we use (2.109) and define

1 1 1 T
5 (e = exp’ (C;,’” (1+E+E))’ (2.115)

for some C/}” > 1. It remains now the choose € < 1 to satisfy (2.114). To exploit the
pigeonhole principle argument for weak compactness once more, define the function ®; :
(0,00) = (0,%0) by

CR T -1
D, (x) = (exp3 (Cg” (1+—+;>)) , (2.116)
X
where if
xS,
then,
@, (x) < X2

Then, as for (2.104), for any & > 0, N, € N, for some n € {1,...,N,}, and for
e =" (g)C ' (R) ! < g, (2.117)
then, by (2.115) and (2.116),
[V @s,e) (e | 111 = [V * P e) o) * Pecrrecw | 1y S ]% +TN&.

So, we satisfy (2.114) by

We then observe that

~1
@) > (e0 0 (1414 7))
X

for some )}’ > 1 independent of n € N, and x < C/""".
Putting everything together, there exists constants A;,B; > 1 depending only on the
dimension d and the mollifiers, so that (by choosing a sufficiently small &y > 0 in (2.117)),
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there exists €, 9, 01,0, T, T» > 0 with
A
exp[TeXp(Bd%ﬂ(l) AL T DT plteen(88)] (), (2.118)
2

where exp”(x) refers to repeated exponentiation (tetration), such that if also (2.65), (2.66),
(2.69) are satisfied, then

/Rd\(pT*%l)(x)Fdxg K. (2.119)

Now, by (2.82), (2.83), (2.88), we see that (2.66) reduces to

A
T HII/HL;X’WX_I’I W@ S K.

Meanwhile, (2.65) can be reduced to (since also 6 < 1, (2.88))

[ 1tpo @5, ()
R

S [P0 @5, || 1 [P0 * @5, [ 1
1
S leoll (145 ) ol
1
5 < HPOHH;1 .

Therefore, (2.65), (2.66), (2.69) are satisfied if

/ / -1
1ol g1 5 W] o1 < (exp(AdeXP(Bd%ﬂ (1)) : (2.120)

for some constants A/, B/, > 0 depending only on the dimension d and the mollifiers. Note
we have used that 7 > 1.
Then we have bounded all the terms in Theorem 2.22 by «, and so

L1607+ 05) )P dx S k.
R

Now
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and

L pristde= [ pr(x) (0 —0x05) () dx+ [ (pr+s)(x)6(x)dx

<llprll2 || — ¢ =5 HL% + ||or * @8, HL; 1912
S (61 +K) ([0l
5 KH(DHH)E 9

where we have used (2.118), and that 7 > 1, to bound 9; < K.
So, under the assumption (2.120),

IpC. D)l S .

which completes the proof, by redefining k > 0 and the constants A/;, B, > 0in (2.120). O

2.4 Concluding Remarks

This chapter has demonstrated the use of weak compactness arguments in deriving uniform
estimates for the transport equation. Our novel approach has yielded two completely novel
results: uniform decay of the DiPerna-Lions commutator (Theorem 2.8) and uniform weak
stability of transport along BV, vector fields (Theorem 2.22). These findings not only advance
our understanding of the transport equation but also illustrate the broad applicability of this
technique in the analysis of partial differential equations.

Applying, in particular, the uniform decay of the DiPerna-Lions commutator, we give
substantial improvements to classical mixing estimates for the transport equation. We
establish exponential lower bounds on the mixing scale for all initial data po(x) € LINL!
(Section 2.2.2, Theorems 2.12 and 2.13). Notably, an exponential lower bound of some form
is known to be sharp, as evidenced by examples of self-similar mixing [5]. An intriguing
aspect of our results, and those in the literature, is that the mixing rate depends on the choice

of the mixing parameter k > 0 and the initial datum. Our results improve upon existing work
llpoll, 4

llPollzy *
Whether dependence on the initial datum or the parameter k¥ > 0 is necessary remains an

by showing that the mixing rate depends on the initial datum only through the ratio

open question. We note that when Vu(x,t) € L!L?, this dependence vanishes due to the

uniform exponential bound on trajectory separation, (2.5). In this setting, our result allows
lpoll 4

us to take g = r, making the ratio ool equal to 1, thus independent of the initial datum.
Ly



84 Quantitative Estimates for Transport along Sobolev Vector Fields

A key contribution of this chapter is the state-of-the-art weak stability estimates presented
in Section 2.2.3, Theorems 2.15 and 2.16. These results are likely sub-optimal, as one might

expect a bound of the form:

C
191y 11 < K+exp (? 10ll7¢ HWHL;L;;) (190l + Wl ) @121)

where there is no fractional power on the weak norms of the initial datum pg(x) or force
y(x,1), and the constant preceding the exponential is 1, ensuring the estimate’s utility for

short time scales. However, for small A > 0, expressions of the form x + Aexp (%) are
2T

—logA*

the implied logarithmic decay

crudely optimised by k¥ =

Consequently, the bound (2.121) does not improve upon

1Pl ot S (=10 (1P llyort + Wl ) )

implied by Theorem 2.15, and similarly for Theorem 2.16. Whether such logarithmic stability
is optimal for transport along Sobolev vector fields remains an open question. In contrast,

when Vu € L!L?, it is straightforward to demonstrate the estimate

IVall 1 oo
||pHL;°W71"1 S e Lzle (“po“wxfl,l + HII/HLIIWX71J> ,

X

which is linear in [|po||, 11 + ||W||L}W;‘=1'

The remaining challenge is determining the optimal values of the constants C), appearing
in these results, mainly their behaviour as p — 1. We have provided the first weak stability
estimate in the regime p = 1 by combining weak compactness arguments with a specific
harmonic analysis technique (Proposition 2.19) to decompose measures uniformly.

While representing a significant advance, this result falls short of an exponential bound
of the form (2.121). Whether any such exponential mixing bounds or logarithmic stability
hold in the regime p = 1 is widely regarded as the most critical open problem in the study of
the linear transport equation, first conjectured in some form by Bressan [22]. The current
estimate, the exponential-tetration weak stability in Theorem 2.22, might be improved to the

rate |
Ay o
190l W1 < (exp[“ “LleVJ(l)) , (2.122)

where the argument in the tetration is linear in |[Vul|;1p, rather than exponential. This
value essentially represents the number of ‘pigeon-holes’ of the form ||Vux* @g|| L
||V x Qg * @ || Ll required in the weak compactness argument in Theorem 2.22. Improving

the regularity of the anisotropic mollifier in Theorem 2.18 from exponential to linear in the
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parameter A would then correspondingly reduce the number of pigeon-holes. We refer to
Ambrosio’s original proof [8], which employs Alberti’s rank-one theorem [3] to construct
a different anisotropic mollifier with significantly better regularity. Finally, Proposition
2.19 should be replaced with an estimate that is linear in the differences ||Vu * @s|| L=
||V Qg * @ || Lzl perhaps analogous to the improved pointwise decay of the DiPerna-Lions
commutator (Theorem 2.11) compared to norm decay (Corollary 2.9).

Improvement beyond a tetration rate such as (2.122) is not achievable using the methods
developed in this chapter. To this end, it is perhaps interesting to note that these weak
compactness arguments yield the optimal rate for the DiPerna-Lions commutator (Theorem
2.10). The implied possibility that the tetration rate (2.122) might be optimal has not been
previously considered and would be extremely surprising.

In conclusion, the results presented in this chapter provide significant new insights into
the properties of solutions transported by Sobolev vector fields below Lipschitz regularity,
particularly regarding the evolution of specific length scales of the solution. This has led
to state-of-the-art mixing bounds and weak stability estimates, including in the notoriously
challenging regime where u(x,t) € L' BV,.






Chapter 3

Improved Regularity and Well-posedness
of the Transport-Diffusion Equation

3.1 Introduction

This chapter examines the transport of passive scalars in the context of less regular divergence-
free vector fields, specifically those belonging to the space LVL{ for 1 < p,q < . As
previously discussed in Section 2.1.4, these conditions can lead to non-unique solutions
in passive scalar transport, including the counterintuitive "perfect unmixing" phenomenon
where non-zero solutions emerge from zero initial data. We investigate how introducing
isotropic diffusion can restore well-posedness to this model.

We focus on the transport-diffusion equation, also known as the advection-diffusion
equation. Including a diffusion parameter K > 0 allows for more robust energy estimates and
leads to weak solutions’ uniqueness and regularity, largely independent of the vector field
u(x,t). While such estimates are standard, they often fail to capture additional regularity in
more general function spaces or uniqueness for weak solutions lacking a-priori regularity
for energy estimates. Such challenges have been extensively studied for related problems
like the heat and Navier-Stokes equations. Still, the literature on the regularity of the
transport-diffusion equation remains comparatively sparse.

This chapter aims to address the gap in the literature regarding the regularity of the
transport-diffusion equation. We introduce:

* The definition of mild solutions (Section 3.1.3)
¢ Weak convolution estimates (Section 3.1.4)

* Maximal regularity of the heat equation (Section 3.1.5)
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* Mixed derivative estimates (Section 3.1.5)

As a result of these techniques, we present new regularity estimates for the transport-
diffusion equation in equations (3.18) and (3.19). Section 3.2 provides state-of-the-art
well-posedness and regularity estimates for the transport-diffusion equation, comparable to

known results for other parabolic equations. We present three key results:

1. Theorem 3.10: A condition for weak solutions to lie in the classical energy class
2. Theorem 3.11: Improved uniqueness

3. Theorem 3.13: Enhanced regularity of weak solutions matching that of the heat

equation

A key focus is on the Ladyzhenskaya-Prodi-Serrin condition for the vector field, which
captures the interplay between diffusion and transport. This condition, originally introduced
in the context of the Navier-Stokes equations [91], [99], [70], captures the interplay between
diffusion and transport through the integrability of vector field. When u(x,) € L'L} it may

be expressed by a condition on the Holder exponents:

+S<,

SRS
ESTRSY

in terms of the dimension d.
The chapter concludes with Section 3.3, where we discuss various extensions and further

applications of our findings.

3.1.1 The Transport-Diffusion Equation

The passive transport of a scalar p(x,7) : RY x [0,7] — R along a (divergence-free) vector
field u(x,t) : R? x [0, T] — R is given by
dp
—(x,t) +u(x,t)-Vp(x,t) =0,
2 (wot) + (1) VP (1) o
p(x,0) = po(x).

Including a diffusivity constant K > 0, the equation instead becomes

dp
PP v - =
o (1) +u(x,1) - Vp(x,1) = kAP (x,1) =0, 3.2)

p(x7 O) = pO(x)a
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where A = Zl | 8 12 is the Laplacian in the spatial coordinates x € R?. Similar to the
transport equation, classical solutions to parabolic equations of this type are well-posed when
the coefficients are continuously differentiable, u(x,t) € C'(R? x [0,T]), but also permit
additional regularity and decay due to the smoothing effect of diffusion [49]. Like the
parallel transport formulation (2.3) of passive scalar transport (3.1), one may equally treat the
transport-diffusion problem (3.2) as a parallel transport along stochastic trajectories solving

the diffused/stochastic differential equation

dX (x,t,®) = u(X (x,t,0),t)dt + V2kdW (t, m),

3.3
X(x,0,w) = x, G-

for a Brownian motion W (¢, @) on a filtered probability space w € (Q,.#,.%;, P) [64, Section
5]. The Feynman-Kac representation [64, Section 5 Theorem 7.6], then gives an explicit
representation of classical solutions p(x,) of (3.2) in terms of the stochastic flow X (x,7, ®).

If we parameterise the paths so that X’(x,s, ®) = x, namely:

dX'(x,t,0) = u(X'(x,t,),t)dt +V2kdW (t, ),
X'(x,5,0) = x,

then p(x,s) is parallel transported by the average over @ € (Q,. %, P)

p(x,s) /p (x,t,),1)do. (3.4)

We will not work further with classical solutions to (3.2). Instead, we define weak

solutions to (3.2) analogously to Definition 2.1 for the transport equation.

Definition 3.1 (Transport-diffusion equation - weak solutions). Consider a vector field
u(x,t) € L (R?x [0,T];R?) with V-u(x,t) = 0 in the distributional sense, and some positive
constant diffusion k¥ > 0 (also called viscosity).
We say p(x,t) € LL (R? x [0, T];R) with u(x,t)p(x,t) € L (RY x [0,T];R?) is a weak
solution to 5
8—‘;(x,t) Fulx,r) - Vp(x,1) — kAP (x,1) =0, < TDE)

p(x7 O) = pO(x)v
for initial datum po(x) € L, (R?;R) if, for any ¢ (x,1) € C2°(RY x [0,T); R),

/Rdx[o,r)p(x’t) (aa—?(x,t)+u(x,t)-V(])(x,t)—l—KA(])(x,t)) dxdt = — / po(x)do(x) dx,
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where ¢p(x) = ¢(x,0). Meanwhile, we say the transport-diffusion equation (k-TDE) is
satisfied on an open interval I C (0,T) if, for any ¢ (x,¢) € C2(RY x I, R),

/RdXIp(x,t) <?9—<f(x,t) +u(x,t) -V (x,t)+ KA(I)(x,t)) dxdt = 0.

As for the transport equation, we have a basic weak continuity result; see, for instance,
[60, Section 3].

Theorem 3.1 (Weak continuity of (k-TDE)). Suppose p(x,t) is a weak solution to (k-TDE).
Then for any ¢ (x,t) € C2(R? x [0,T];R), for a.e. t €[0,T],

(Trace Formula) /de(x,t)(])(x,t) dx

p(x,1) (aa—z)(x,t) +u(x,t)- Vo (x,t) + KA (x,t)) dxdt,
(3.5)

— [ polx)go(x) dx -+
R

R4 x[0,¢]

Suppose further that p(x,t) € L7LY for 1 < p < o, then (there is a representation of
p(x,t) with) p(x,t) € CO . .([0,T};LP(R%R)), such that (2.10) holds for all t € [0,T). In
particular, p(x,0) = po(x) € LY.

Ifp(x,t) € L7L! with {p(8) e C L} uniformly integrable, then similarly p(x,t) €
c®  ([0,T];L"(R%;R)).

weak

We mention briefly that, as for the transport equation, the transport-diffusion equations
also permit a superposition principle for weak solutions [48, Section 2]. This allows one to
rewrite positive weak solutions to the PDE (x-TDE) in terms of martingale solutions to the
SDE and vice-versa, via the Fokker-Planck formula (3.4).

In contrast to weak solutions to the transport equation, Theorem 4.2, the parabolic nature
of the PDE (k-TDE) should give rise to solutions with additional smoothness. Indeed, one
may show that strong solutions satisfy a range of additional regularity estimates (3.6) below
[45, Section 7.1], and (3.7) below [30, Theorem 1.1]. One may combining these results with
the standard regularisation method, see [41]; one then constructs weak solutions with the

following additional regularity.

Theorem 3.2 (Existence of weak solutions to (k-TDE)). Let 1 < p,q < oo with % + é =1
Suppose po(x) € L, and u(x,t) € LI LY is divergence-free in the distributional sense. Then a
weak solution exists p(x,t) € L°LL to (k-TDE).



3.1 Introduction 91

If in addition po(x) € L2, then for a.e. t € [0,T],

t
(Energy Inequality) / p(x,0) | dx—|—2K/ / IVp(x,s)* dxdsg/ |po(x)|* dx.
R4 0 JR4 R4
3.6)
If in addition py(x) € L. for any 1 <r < oo, then for all r < g’ < oo, fora.e. t € [0,T]

_d(1_1
pC0lly <0 {00, ol 37)

Jor some constant C,. s > 0, with in particular C;, = 1, depending only on the parameters

r,q' and the dimension d > 1.

This existence may be taken as a linear map in the initial data py(x). Then, by applying
suitable interpolation theorems, we will show in Section 3.2, Lemma 3.12, that the bound

(3.7) may be improved to

T , Y
( /0 ICUl dt) < Crg llpoll; (3.8)
where
2 d _d
poqd

for 0 < p’ <eo, 1 <r < ¢’ < oo, and some constant C,, > 0 with in particular C,, = 1,
depending only on the parameters r,¢’ and the dimension d > 1. The case ¢’ = « perhaps
also holds, though not by these methods. We discuss this more in the concluding remarks,
Section 3.3.

3.1.2 Well-posedness in the Energy Class

Parabolic equations such as the transport-diffusion equation (x-TDE) are also well-posed
under far less regularity on the coefficients of the equation (on u(x,t)). The standard theory
proceeds via energy estimates, requiring the solution p (x,) to have enough regularity to be
taken as a test function @ (x,7). To this end, we introduce the notion of an energy class of
solutions, also sometimes called parabolic solutions [20, Definition 2.3], to the transport-

diffusion equation.

Definition 3.2 (Transport-diffusion equation - energy class). We say a weak solution to the
transport-diffusion equation (k-TDE) with po(x) € L2 is in the energy class if p(x,¢) € L°L2,
and Vp(x,t) € L2L2.
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Unlike for the inviscid transport equation (TE), one should expect the above regularity
even for weak solutions. Indeed from the energy inequality (3.6) in Theorem 3.2, we have
existence of weak solutions with p(x,¢) € L°L? and Vp(x,t) € L?L? for any vector field
u(x,t) € LIL2 if po(x) € L2. This may even be improved to u(x,t) € L' L! if additionally
po(x) € LZNLY.

This is perhaps reminiscent of the non-linear Navier-Stokes equations, for which existence
of ‘Leray-Hopf” weak solutions in L°L2 N L?H! can be guaranteed by a similar energy
inequality to (3.6) [78]. To this end, it may make sense to call weak solutions to (k-TDE),
which are not just in the energy class but also satisfy (3.6), ‘Leray-Hopf’-like solutions.
However, we shall see in the following theorem that the introduction of such solutions is not
particularly necessary, as one can improve the energy inequality (3.6) to equality under the
mild integrability u(x,t) € L2L2.

By standard methods for renormalised solutions and energy estimates, see [20, Theorem
2.7], [45, Chapter 7.1], we have the following theorem.

Theorem 3.3. Suppose p(x,t) € L°L2 with Vp (x,t) € L?L2 and po(x) € L2 is a weak solution
to (K-TDE).
Ifu(x,t) € L2L2, then p(x,t) additionally satisfies the estimate (for a.e. t € [0,T))

t—x

t
(Energy Identity) / p(x,0) | a’x+2K/ / IVp(x,s)|* dxa’s:/ 1po(x)|* dx. (3.9)
R4 0 JR4 R4

We note in particular that the energy identity (3.9) with po(x) = 0 implies the uniqueness
of weak solutions in the energy class under the mild integrability assumption u(x,t) € L>L2.

This is far more general than for the well-posedness result for the transport equation,
Theorem 2.3, which requires Sobolev regularity on the vector field. On the other hand,
non-uniqueness of weak solutions in the energy class, p(x,¢) € L°L2 and Vp(x,t) € L?L2,
with u(x,t) ¢ L2L? also holds, see [85, Thoerem 1.4]. One may also show non-uniqueness of
weak solutions outside the energy class when u(x,7) € L,ZL)ZC [85, Thoerem 1.3]. However,
the sharpness of the condition L2L?2 in both cases remains an open problem.

We will later show in Section 3.2, Theorem 3.10, that when u(x,t)p (x,t) € L>L? then
any weak solution is in the energy class, p(x,#) € L°L2 and Vp(x,t) € L?L2, and so also the
above well-posedness result applies. This may be applied quite generally under integrability
assumptions on p(x,7) and u(x,t). To this end, we note that the bound (3.8) is quite useful,
or that one may interpolate and apply Sobolev embedding between the energy regularity
p(x,t) € L*L? and Vp(x,t) € L?L2 [1]. As a simple corollary, we see the importance of

another condition on u(x,7). This is the Ladyzhenskaya-Prodi-Serrin condition [71, Chapter
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3]; u(x,t) € LY L where
2 d
4=, (3.10)
P 9

Then any solution given by say Theorem 3.2 also satisfies u(x,t)p (x,t) € L?L2.

The original motivation for studying the Ladyzhenskaya-Prodi-Serrin condition (3.10)
comes from the non-linear Navier-Stokes equations [78], for which this class of vector fields
are scaling critical, and various uniqueness and smoothing properties have been proved [91],
[99], [70]. It is perhaps somewhat surprising then that for the linear transport-diffusion
equation, one also has well-posedness under the weaker (naively super-critical) condition
u(x,t) € L?L)%, Theorem 3.3. This is essentially explained by the maximum principle for the
the transport-diffusion equation.

We will see later that the Ladyzhenskaya-Prodi-Serrin condition (3.10) is related to
further regularity and uniqueness of weak solutions to the transport-diffusion equation. For
example, it is known that, under the sub-critical Ladyzhenskaya-Prodi-Serrin condition
u(x,t) € L'LY,

i<, (3.11)
P q

then the stochastic formulation of transport-diffusion, the SDE (3.3), is well-posed [68].
The unique path measure even admits an explicit Radon-Nikodym derivative in terms of the
Weiner measure [68, Lemma 3.3]. By the superposition principle [48, Lemma 2.3], one may
then write any non-negative weak solution to (k-TDE) in this form.

3.1.3 Mild Solutions

So far, our analysis has focused on energy estimates for solutions to the transport-diffusion
equation, which is the most standard approach. However, stronger regularity and well-
posedness may be shown by carefully analysing the heat kernel’s regularity against the
Ladyzhenskaya-Prodi-Serrin condition (3.10). To this end, we must first rewrite a weak
solution to (k-TDE) as an integral solution to the heat equation with force. Such solutions
are usually referred to as mild solutions [79], [46, Section 2]. For the transport-diffusion

equation, this reads as follows.

Definition 3.3 (Transport-diffusion equation - mild solutions). Consider a vector field

u(x,t) € L .(R?x [0, T];R?) with V-u(x,t) = 0 in the distributional sense, and some positive

constant diffusion x > 0 (also called viscosity).
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We say p(x,t) € L. (R? x [0, T];R) with u(x,t)p (x,t) € Ll (R x [0,T];R¢) is a mild

loc loc

solution to (x-TDE) for initial datum po(x) € L| (R¢;R) if additionally

loc

u(x,1)p(x,1) € ' (RY x [0,T];R),
po(x) € &' (R%R),

are Schwartz distributions [58, Section 7], and in the sense of distribution

t
p(x,t) = e po(x) — V- (/0 U8 (u(x,5)p(x,5)) ds) , (3.12)
where | 2
KtA 1 ( Xy )
- xR d
)= [ gen (- ) o

denotes convolution in space with the heat kernel. That is, for any test function y(x,7) €
C(RY % [0,T],R),

T
Loy Psvten = [ poto) ([ e ptenar) as
R4 x[0,T] R4 0

T
+ e T]P(x,s)u(x,s).v(/ =)0y 1) dt) dnds.

Remark 3. The expression for mild solutions, (3.12), may equally be written in terms of
convolution * over (x,¢) € R? x R as

p(xat>]1t€[0,T] = emAPO(X)]lte[O,T] -V (K(x,t) * (u(x,t)p(x,t)ﬂ,e[oj])) Lico,r), (3:13)

where K (x,¢) denotes the heat kernel with diffusivity & > 0 on R? x R, given by

K(x,1) ! ( |x|2>11 (3.14)
X,t) = EXpl ——— >0, :
(4mkt)? 4xt

and 1,¢; denotes the indicator function of the set (x,¢) € R? x I. The heat kernel K (x,t) €
C=(R? xR\ (0,0)) is smooth except at the origin.
Under the assumption that pg € ./ (R%;R), and u(x,t)p(x,t) € .7"(R¢ x [0, T];R?) are

Schwartz distributions, then weak and mild solutions to (k-TDE) are equivalent by rewriting



3.1 Introduction 95

the test functions ¢ (x,) in Definition 3.1, and y(x,¢) in Definition 3.3, as

T
oxs) = [ Py an,

d
W) = 5 () + KA (1),

Proposition 3.4. Consider a vector field u(x,t) € LI (R? x [0, T];RY) with V -u(x,t) = 0 in

loc
the distributional sense.

Let p(x,t) € LL . (R? x [0,T];R) with u(x,t)p(x,t) € L. .(R? x [0, T];R), and po(x) €
Llloc(Rd;]R). Suppose, in addition, that

po(x) € (R R),
u(x,0)p(x,1) € .7 (R x [0, T];R).

Then p(x,t) is a weak solution to (k-TDE), Definition 3.1, if and only if it is a mild
solution to (k-TDE), Definition 3.3.

One of the main advantages of rewriting the equation in this way is that we may study the
regularity of weak solutions to (k-TDE) via the regularity of the heat kernel. This strategy is

very successful for non-linear equations [51], [46].

3.1.4 Convolution Estimates for the Heat Kernel

The immediate advantage of working with mild solutions, is that instead of having to use
energy estimates, one may apply standard convolution theorems to the expression (3.13),

p (1) Lieo,r) = eKtAPO(xMte[O,T} -V (K(xat) * (”(XJ)P(xaf)]lze[O,T])) Liejo,r)s

without assuming any regularity on the mild solution p(x,7). Indeed, one may even control
inhomogeneous LPL! spatial-temporal norms by an inhomogeneous version of Young’s
convolution inequality [18, Theorem 3.9.4].

To this end, estimating the regularity of the heat kernel K (x,#) and its derivatives becomes
necessary. This is easily done by using the self-similar scaling K (x,7) = K (xt’%, 1) forz >0,
and the regularity K(x,1) € .(R%;R) a Schwartz function. Similar to [99], we have
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Theorem 3.5 (Heat regularity). For the heat kernel

K(x,1) = S B .
X X
’ (47th)% P 4kt ) 70

we have
-

1 d
t? —V*K(x,t)

o < oo, (3.15)

LeLl

where s 4
—+—=d+2r+s,
JZE

forany 1 < p,q <o, r,s e NU{O}

A suitable version for fractional derivatives may be shown similarly.

The expression (3.15) is unwieldy. Instead, it is convenient to work with the weak
Lebesgue space L™, obtained by real interpolation of regular Lebesgue spaces [15, Theorem
5.2.1]. Theorem 3.5 now states that

a" oo
WVSK(X,I) eLP”L, (3.16)
where 0 4
—+—=d+2r+s.
P q

This is useful when combined with the following non-standard convolution theorem. The
following is a consequence of the Banach-valued Marcinkiewicz interpolation theorem [15,
Theorem 5.3.1], applied to the inhomogeneous convolution theorem [18, Theorem 3.9.4],
and is essentially an inhomogeneous version of the standard weak convolution theorem [54,
Theorem 1.4.25].

Theorem 3.6 (Young’s inhomogeneous convolution inequality for weak spaces). Let 1 <

D, P1,D2 <, and 1 < q,91,q2 < oo where

1 1 1
1+4—-—=—4+—
P P P2
1 1 1
14—-=—+4+—
qg 491 q2

then

Hf*gHL{’Lﬁc’ <Cppi.pm HfHLt”ngl ’|gHLf2’°°Lf{2v
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for some constant Cy, p,, », > 0 depending only on the parameters 1 < p, py,p> < o and the

dimension d > 1.

We remark that one may similarly prove an analogue of Theorem 3.6 for general Lorentz
spaces, akin to [89, Theorem 2.6], which even applies in the endpoint case p = oo if we
replace L' with the Lorentz space L!! 1 see for instance [89, Theorem 3.6].

Applying the convolution Theorem 3.6 to the heat kernel regularity %Vs K(x,t) e LI'"L}

(3.16), one has the following important estimate, similar to the analysis in [51].

Theorem 3.7. Let F ¢ .'(RY x R) be a Schwartz distribution, and let f(x,t) = (K *
F)(x,1) € .Z'(R? x R) a distributional solution to the heat equation
d
a—{(x,t) KAf(,t) = Fx,0).
Then, for some constant C, ,; > 0 depending only on the parameters 1 < p < p' < oo, the
diffusivity Kk > 0, and the dimension d > 1, we have the following bound.

" _,
HW

<C, |IFll;ra,
L{’/Lz/_ 1% H HL{’LZ
where s 4 2 4
- —,:—+—+27’+S—2,
p q P g
withl < p<p <o, 1<qg<q <o rs e NU{O}.

A suitable version for fractional derivatives may be shown similarly. Note also that the
sub-critical case
%+i<z+c—l+2r+s—2, (3.17)
r q9 p 9
now in the full range 1 < p < p’ < o, may be shown more straightforwardly using the
standard inhomogeneous convolution estimate [18, Theorem 3.9.4], with the regularity of the
heat kernel (3.15) stated in Theorem 3.5. However, in the sub-critical case, the constant C),
will also depend on the size of the time interval T < oo.
As a simple application, applying Theorem 3.7 with s = 1 and F(x,#) = u(x,t)p(x,t) to
the expression for mild solutions (3.13), we obtain the following bound for any mild solution

to (x-TDE).
et KA

||P”L59’Lz’ < po(x) Lf/Lz/+Cp7p’||”P||L{’L§» (3.18)

where

2 d 2 d
S4—=S4--1,
g p q
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with 1 <p<p' <o, 1 <g<qg <eo.

The critical observation is that we have not required that p(x,7) is in the energy class,
Definition 3.2. We remark also that the regularity of the heat solution e’*p(x) can be found
from the explicit formula for the heat kernel.

We will later show how such estimates may be used to prove the uniqueness of mild
solutions outside the energy class, as long as u(x,) satisfies the Ladyzhenskaya-Prodi-Serrin

condition (3.10), see Section 3.2.

3.1.5 Maximal Regularity for the Heat Equation

We notice that we cannot take p = p’ in Theorem 3.7, as this would require taking the L,l i
endpoint in the weak convolution estimate, Theorem 3.6. This is a severe obstruction to
proving higher regularity of mild solutions to the transport-diffusion equation as it prevents
us from taking r = 1 or s = 2 in Theorem 3.7. However, it turns out that convolution with
the heat kernel is similar to a Calderon-Zymund operator [54, Section 5]. So, one may still
obtain bounds via Fourier-multiplier theorems [52]. This is commonly referred to as the

maximal regularity of the heat equation since it takes the following form.

Theorem 3.8 (Maximal L L{-regularity [57]). Let F € .’ (RY x R;R) be a Schwartz distri-
bution, and f(x,t) = (K* F)(x,t) € .#'(RY x R;R), a solution to the heat equation

aa—];(x,t) — KAf(x,1) = F(x,1).

Then for some constant Cp, ;, > 0 depending only on the parameters 1 < p,q < oo, the
diffusivity K, and the dimension d > 1,

af
ot

NAfllrrg < CpglFllrpe
LPLl

with 1 < p,q < .

So at the cost of the endpoints g = 1,0, we may extend Theorem 3.7 to give control
over aa—{(x,t), and Af(x,7). The analogue of the bound (3.18) for mild solutions p(x,?) to
(x-TDE) is now

) _lq+Cp,q |”pHLf’L_’,{7
LW (3.19)

upllpppa,

a_p
ot ot

< HietKApo(x)

w1

1VPlipes < || ve™pot)

+C
Lfng p-q
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with 1 < p,q < oo. We remark that the regularity of the heat solution ¢'**pg(x) can be found
from the explicit formula for the heat kernel.

We will later show how these estimates may be used to prove the more general existence
and regularity of weak solutions to the transport-diffusion equation, in contrast with the more

classical result of Theorem 3.2.

Mixed Derivative Estimates

Although we will not need it, we mention for completion that it is often helpful to interpolate
maximal regularity, Theorem 3.8, between %—];(x, t) and Af(x,t). However, such a result is
not covered by standard interpolation theory. The first such result was given in [102], and
such estimates are now known as mixed derivative estimates.

For any Banach space X, we define the homogeneous Sobolev space H*?(R"; X) as in [15,
Section 6.3], as the Schwartz distributions .’ (R™;X) for which the following homogeneous

Sobolev norm is finite,

1l asr@exy = 17 UEPF () 1o gy

where % denotes the Fourier transform in the coordinates R”, and we denote the Fourier
variable by & € R". We note that for 1 < p < eo and s = n € Z this is equivalent to the usual
integer homogeneous Sobolev norm WP (R"; X).

We state the theorem similar to [105, Proposition 4.3]. We use the shorthand Htr’p H =
HP(R;HY(RY;R)).

Theorem 3.9 (The mixed derivative theorem [102]). Let f(x,t) € %' (RY x R) be a Schwartz

distribution, then

0 1-6
||f||H,’*PH;vq < CHfHH;lvPH;M ||fHHtrz=PH;zﬁq:

where 1 < p,g <o, 0< 0 <1, andry,r,s1,52 € R with

r=0r+(1—0)r,
s=0s1+(1—0)s2,

and the constant C > 0 crudely depends on all the parameters including the dimension d > 1.

For more general mixed derivative estimates see [84, Theorem 3.1], or [92, Corollary
4.5.10].



100 Improved Regularity and Well-posedness of the Transport-Diffusion Equation

3.2 Uniqueness and Regularity beyond the Energy Class

In general, the tools presented in Sections 3.1.4 and 3.1.5 may be used to prove an ocean of
different regularity results for weak solutions to the transport-diffusion equation, depending
on the integrability or regularity of the vector field u(x,z). Despite being widely used to
analyse more general non-linear PDEs, including the Navier-Stokes equations [46], these
techniques have not yet readily been applied to the transport-diffusion equation. This section
presents a handful of significant applications beyond the current literature on the transport-

diffusion equation.

3.2.1 Energy Class Criterion for Weak Solutions

Firstly, we give a general criterion for a weak solution in the energy class, Definition 3.2,
namely p(x,t) € L°L? and Vp(x,t) € L’L2. Combined with Theorem 3.3, the following is

an improvement over a similar result using commutator estimates [20, Theorem 3.3].

Theorem 3.10. Let p(x,t) € L (R? x [0,T];R) be a weak solution to (k-TDE), so that
pol) € L (RER) and u(x,)p x.1) € Ll (RY x [0,T); R,

Suppose both po(x) € L2, and u(x,t)p(x,t) € L2L2.

Then p(x,t) € L°L? and Vp (x,t) € L2L2, with the bounds

t x>
|

for some constant C > 0 depending only on the diffusivity Kk > 0 and the dimension d > 1.

1
Vol < e 1Pollz +Cllupll 22

K
< /5 ooz +Cllplzz
L?H!

Ipllr2 < V2llPoll2 +C llupll 2.

a_p
ot

Proof. Firstly, the assumed regularity po(x) € L2 and u(x,t)p(x,t) € L>L? is sufficient for
P (x,1) to be a mild solution to (x-TDE), Proposition 3.4. Therefore, we have the expression
(3.13),

P(Xat)]lte[o,ﬂ = emAPO(x) ILte[O,T} -V (K(th) * (u(x,t)p(x,t)]lte[oﬂ)) ILte[O,T]-
Applying Theorem 3.8 with F(x,7) = u(x,t)p(x,t) gives

VP lliz2 < || V¢™po(e)

LZZL%+C||”P||L}L§,
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for some constant C > 0 depending on the diffusivity ¥ > 0 and the dimension d > 1. Note

tKA

that for the heat solution ¢'*py(x), we immediately have the energy identity (3.9), and so

HvetKApo(x)

1
P
L,ZL)ZC = \/Z( HPOHL)%’
giving the bound
1
IVPllzoez = 5= lIPollzz +Cllupllzpz

Now consider the expression (k-TDE),

P (1) = KkAp V- (ulx.1)p (x.1)).
and so
dp
HE ~ <k[IVpllzp +llupll 2
L2H{!

K
< /S ool + (1)l

It is then left to deduce that p (x,¢) € L°L2. To this end, we wish to use the Lions—Magenes
lemma [103, Lemma 1.2]. Since we have Vp(x,t) € L’L? and %—’;(x,t) € L2H_ ', itis left
to prove that p(x,) € LtzLJZC to satisfy the requirements on the Lions-Magenes lemma. We
postpone this for now. Then p(-,¢) : [0,T] — L2 is a continuous function within the sense of
the distribution

d ap
5 LR ax=2 [ SPwoplendx
and so by weak continuity, Theorem 3.1, we then see that for ¢ € [0, T},
2 2 ! ap
[ ool ar= [ IpnP+2 [ [ Lenpindrar
RY R4 0 Jrd Ot
which finally gives the bound

dp
2 2
1P llz=r2 < llPollz2 +2 HE

\%
- IVl 22

1 K
< ol +2 (ol +Cluplzes ) (/5 ol + (146 lupl
2
< (V2llpollz +C'llupll22)
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for some constant C' > 0 depending only the diffusivity ¥ > 0 and the dimension d > 1.
To prove that indeed p(x,t) € L2L2, we could repeat the argument above with a cutoff on
p(x,1), but for brevity, we present the following approach instead. We appeal once more to

the expression for mild solutions, (3.13),

p (1) Lieo,r) = emAPO(x)ﬂte[O,T} -V (K(x,t) * (”(%”P(%ﬂLe[OJ])) Licjo,r)s

and this time apply Theorem 3.7 with F(x,t) = u(x,t)p(x,t) and s = 1 to give

tKA
1Pl 2 < [P0 |y + Corllupllzpez
where
2 2
—=—--1
p p

with 1 < p < p’ < o, for some constant Cp,p > 0 depending only on the parameters 1 <
p < p’ < oo, the diffusivity k > 0, and the dimension d > 1. Taking say p = % and p' =3,
and noting that T < oo, then u(x,t)p(x,t) € L?L? C LI%L)%, and e/*4py(x) € L°L2 C L}L2.
Therefore, p(x,t) € L’L2 C L?L? as required. ]

3.2.2 Well-posedness and Regularity under Ladyzhenskaya-Prodi-Serrin
Conditions
This section will study improvements to well-posedness outside the energy class, Definition
3.2, namely p(x,¢) € L°L? and Vp(x,t) € L2L2. We shall see that for a vector field u(x,?) €
LP'L} where 1 < p,q < o satisfy the Ladyzhenskaya-Prodi-Serrin condition (3.10)
2 d
4=
P g

1,
stronger uniqueness and regularity of weak solutions to the transport-diffusion equation holds.
We mention that certain analogues of these results are known for the related Navier-Stokes
equations [46].

Our first result is a uniqueness result valid for all weak solutions, and in particular not
requiring the regularity p(x,¢) € L°L2 and Vp(x,t) € L?L? of the standard well-posedness
result, Theorem 3.3.
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Theorem 3.11. Suppose u(x,t) € L' L] where 1 < p,q < oo satisfy the Ladyzhenskaya-Prodi-
Serrin condition (3.10)
2 d
— 4 —= 1’
P 4
with p < oo.
Suppose p(x,t) is a weak solution to (k-TDE) with po(x) = 0, and p (x,t)u(x,t) € LI L]
forany 1 < p' <ooand 1< q' <. Then also p(x,t) =0.

Proof. Fixing a finite time interval T < oo, and noting that p > 2, we may assume that
1<p <p.

Notice first that po(x) = 0 and u(x,t)p (x,t) € LV 'LY are Schwartz distributions, and so
by Proposition 3.4, p(x,7) is also mild solution, Definition 3.3. In particular we have the

expression (3.13),

p(x, 1) Lepo.r) = " po(x) Lo, — V- (K(x,1) % (u(x,0)p (x,1) Lo 11) ) Licjo.r1s

with po(x) = 0.
We now apply Theorem 3.7 with F(x,t) = u(x,t)p(x,t) € LV L}, r =0, and s = 1 to
bound

/! 7
Prrq
L

! (3.20)

”pHLf”LZN < HV (K(xat) * (u(xvt)p(xat)lte[O,T]))‘
S Cpl’p// ||l/tp||sz/Lz/ ,

where ) J 5 g
=—+—-1, (3.21)

i / /

p q p
with 1 < p’ < p” < eo, 1 < ¢’ < ¢" < oo, and the constant C,y ,» > 0 depends only on the
parameters 1 < p’ < p” < oo, the diffusivity k¥ > 0, and the dimension d > 2.

Let

1 1 1
i
I O
9" q q

where we note that 1 < p/ < p<oand 1 < ¢ < g<oosothat 1 <p' < p” < o and
1 < ¢’ <q" <. Then (3.21) is satisfied due to the Ladyzhenskaya-Prodi-Serrin condition

(3.10)
2 d
-+ —= 17
P 4
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and so
HMPHL,”/L?(/ < HuHLf’Lf{ HpHLtp”Lz” )

where in particular ||p ”L”"L"” < o by (3.20). Moreover, we then have the inequality
it X

Pl = G lullprg el - (3.22)

Therefore, if [|u|;r;g < C , then p(x,7) = 0. We must first take the time interval 7' < oo
! p!
sufficiently small to apply this. Noting that we assume p < oo, we may find a sequence of
increasing time intervals [0, 7] = Y o[t;,2i+1], with ¢; < #;,1, such that

1
[Cams. HLf’Lf% <. (3.23)
P.p

Firstly, since
p(xat)]]-tE[O,tl] . Rd X [Oatl] — R?

is a mild solution to (k-TDE) with zero initial data, then by (3.22) and (3.23),

Hp]ltG[OJﬂ HL;’”Lq” < Gy [[uliefog) HLPLQ’ t€[0,] HLP”LQ”

<|lpLicion) HLP” d

with Hp]l,e [0,t1] H 74 < o by (3.20), and so p(x l) ,e[on(x,l) =0.
Then, by 1nduct10n if p(x,t)Liefy,,,) = O, then also

p(x7t +ti‘l‘l)]]'tthH]E[tH],tHﬂ : Rd X [O7ti+2 - ti+1] — Rv
is a mild solution to (k-TDE) with zero initial data, and so by (3.22) and (3.23),

gl <C p

letG[tm tiy2) ”L” Uliefty fiso] HL;”L)‘{ HpﬂlE[fi+1Ji+2] HLP”Lq”

< Hpﬂte[tiﬂyfﬁﬂ HLP”Lq" ’

with HpﬂlG[’iH,

g < o by (3.20), and so also p(x,7)1;¢|

tit2] ‘ L’ tiv1tiva] = 0.
From the induction, we then conclude that p(x,#) = 0 is required. [l

Remark 4. In the case p = o we may recover uniqueness with instead a smallness assumption

on the norm ||ul| =4 < &, depending in particular on the diffusivity x > 0.
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Remark 5. If we assume u(x,t) € L' L} where 1 < p,q < o satisfy the sub-critical Ladyzhenskaya-

Prodi-Serrin condition (3.11),

2 d
S+ <,
P 9

then by applying the more straightforward sub-critical version of Theorem 3.7 valid when

1 < p < p' < o0, we also obtain uniqueness when u(x,¢)p (x,¢) € L'L, i.e. for p’ = 1.

We next provide the following primary interpolation result, which shall be used in
the proof of the following theorem, and also finish the proof of expression (3.8) in the

introduction.

Lemma 3.12. Suppose, for some o, > 0 and B > 0, that the linear map
T:C2(REGR) — Ll (RY % [0, T;R),

satisfies the bounds

_1(1_1
IT(0) )l <=5 2)e, ool

forany 1 <r < q < oo, and some constant Cy, > 0, depending only on the parameters q,r

and the dimension d > 1. Then also

T ) 5 /
(f 1oy ar) <y pul,

where

p r q
or) < p<oo, 1 <r<g< oo, and some constant C', . > 0, depending only on the parameters
p q q.r 74 g only p

q,r and the dimension d > 1.
The case q = oo also holds if &« > 1, B = 0.

Proof. We first interpolate in the parameter r € (1,q). Notice that we have, for

with 0 < p < o, that

1T (Po)llp=rs < CqrllPoll

including, in particular, quasi-norms p < 1.
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By the Banach-valued Marcinkiewicz interpolation theorem for Holder exponents in the
full range (0, 0] [15, Theorem 5.3.1], one then has

1T (Po)llrrs < CorllPoll o
¢ Lox q; X

where L
o
—=-——48, (3.24)
p r q
for 0 < p < oo, 1 <r < g < oo (with the r = g case already known), and some constant
C,’N > 0, depending only on the parameters ¢, r and the dimension d > 1.
To remove the dependence on the Lorentz norm Ly of the initial data, we would require
r < p (which is implied when o > 1, B = 0). However, in general we now fix the parameter
ﬁ < p < o, and interpolate between 1 < r < (% -B) !, corresponding to (1+p— %) 1<
q < o. As a consequence of, say [106, Section 1.18.4] and [15, Theorem 3.11.6], we then

have
1T (po)llzrre < Cqrllpollze
where 1 1
o
_:____1_[3,
p r q

for % < p <o, 1 <r<g< oo, and some constant Cpy . > 0, depending only on the
parameters p,r and the dimension d > 1.
The dependence on the Lorentz norm L;? of the initial data can now be controlled by the

L’ norm since r < g to deduce the result. O

Our final result is an existence result with further regularity. In particular, in the
Ladyzhenskaya-Prodi-Serrin regime u(x,z) € L L, we obtain integrability of %—’t) (x,1) and

Vp(x,t) analogous to solutions of the heat equation.

Theorem 3.13. Suppose u(x,t) € L /L,qcl where 1 < p',q' < oo satisfy the Ladyzhenskaya-
Prodi-Serrin condition (3.10)

Suppose po(x) € L)’C, for some 1 < ¥ < oo, then there exists a weak (even a mild) solution
1o (k-TDE) such that for any 1 < p,q < oo, 1 <r <gq, withp < p/, g < ¢/, and
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then

Ly "

a_p
ot

IVPllzpg <€ (1l ) loll; (3.25)

for some constant C > 0 depending on the parameters 1 < p,q < oo, the diffusivity Kk > 0,
and the dimension d > 1.

Proof. To aid the proof, we shall show the additional bound forany 0 < p < oo, 1 <r < g < oo,
with

S X

_|_

SRR
ST ISW

then
' o
(f Ity ar) " <l 326)

for some constant CZN > 0 with in particular C;J = 1, depending only on the parameters ¢, r
and the dimension d > 1.

The solution p(x,#) will be given by Theorem 3.2 with initial data py(x). Note that, since
we have u(x,t) € I/f 'LY, the statement of Theorem 3.2 strictly speaking requires the initial

datum to be in L ~'. To circumvent this issue, we take an approximating sequence of initial
data and note that the existence map given by Theorem 3.2 may be taken to be linear in
the initial data. By proving the bounds (3.25) and (3.26) for the approximating sequence,
it follows that the sequences converge with the limit also satisfying the bounds (3.25) and
(3.26). That the limit shall still be a weak (even a mild) solution to (k-TDE) shall follow
from convergence also of u(x,t)p(x,1).

The proof, therefore, is divided into three steps. First, we show the bound (3.26) for a
solution given by Theorem 3.2 (with suitably regular initial datum). Second, we show that
u(x,t)p(x,t) is bounded in some appropriate space by ||pol|, (and so converges). Third,
we show that the bound (3.25) follows from the bound (3.26)x(f0r a solution with suitably
regular initial datum).

We first do step 1.

Fix0< p<oo, 1 <r<g < oo, with

Q| X
S X

SRS

then by (3.7), we have
_1
||p(-,t)||Lg <t qu,rHPOHL;y (3.27)

for some constant C, , > 0 with in particular C,., = 1, depending only on the parameters g, r
and the dimension d > 1.
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Consider the linear map 7'(pg)(x,¢) = p(x,t) given by Theorem 3.2. By (3.27), this map
satisfies the assumptions of Lemma 3.12 with o = %1’ B =0.
Therefore, if 1 <r < g < oo, then (3.26) follows from Lemma 3.12,

1
T P
(/0 G0, dr) <, pollig (3.28)

for some constant CZN > 0 depending only on the parameters ¢, r and the dimension d > 1.
The case ¢ = r in (3.26) follows from the case g = r in (3.27).

We now do step 2.

We split into two cases. First, consider the case

1

1

1
q

9

then (3.27) with py(x) € L gives us immediately

Pl < llpol,y

and so
HMPHL;"/LZ. < HMHL{’/LZ/ HPOHL;’:

as required.

The second case is when | .
7 + ? > 1,
and so, in particular, 1 < r/,q’ < eo. Then let (l] =1—- < 3.
Since then 1 < ¥ < g < oo, (3.28) gives

||p('7t)”Lpo{ < C/,r’ HPOHL(U
' X

where

andso%§p<oo.

Since é =1- %, and 1%—1_% =1, we also have
1 d a’+1 1<1 1
p 2/ 2 2 p "2 p’
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and so if we define
1 n 1 < 1
p// p p/ 27
then 2 < p”" < o0, and
< C;,r/ HuHLf/LZ/ HPOHLQ’ )
as required.
We now do step 3.
Fix 1<p<p,1<qg<q,1<r<ocowith
2 d d
S4S=S41,
P q r
and po(x) € LL.
Define p < p”’ <, g < ¢" < o by
1 1 1
i
1 1 1
¢ q 4
Assume now that 1 < p,g<oo,and 1 <r<g<gqg'sothat1 <r<g<g" <o
We take p”, 4", r in (3.26), noting that [% - % = ”71, so that
Il <€ ol (329)

for some constant C; > 0.

Next, one has the bound

JuCe, )P ) gy < Nl 1101, (3.30)

We consider the expression for mild solutions (3.13),
p(xat)]lte[O,T] = emAPO(x)]lte[O,T] -V (K(XJ) * (u(x,t)p(x,t)]l,e[oﬂ)) ILte[O,T]-

By maximal regularity, Theorem 3.8 with F(x,t) = u(x,t)p(x,t) € L' LI and s = 1, we
see that

190725 < | Ve pox)

L,,Lq‘f’CZH’f‘PHL{’Lz, (3.3D)

‘X
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for some constant C, > 0.
Consider the linear map T'(pg)(x,t) = Ve'*2py(x). By the heat kernel regularity (3.15)
with r =0, s = 1, we have by Young’s convolution theorem the bound in Theorem 3.12 for

_ 2 _ 1 ; :
a = 5, B = 5. Using the expression

we may take p, g, r in Theorem 3.12, since 1 < r < g < oo, which gives

HvencApO(x)

oye S Cslpoll (3.32)

X

for some constant C3 > 0.
Combining the equations (3.30), (3.29), (3.31), (3.32), we see that

1Vp Iz < Co (1l ) ol (3.33)

for some constant C4 > 0.

Now consider the expression (k-TDE),

d
T (x,1) = =V - (u(x,1)p (1)) + KAp.
Therefore, we see
dp
18], < loplugug 9l
L,

and so by equations (3.30), (3.29), (3.33), we see that

dp
HE' <G5 (1+lull ) lpoll

Ly
for some constant Cs > 0. This finishes the proof of (3.25). []

Remark 6. Of course, we may also require that the solution requires the estimates in The-
orem 3.2, namely (3.6), (3.7) and (2.11). However this do not specifically require the
Ladyzhenskaya-Prodi-Serrin regularity u(x,¢) € LI L{ (3.10).

Remark 7. Tf u(x,t) or po(x) is more regular, then we may iteratively apply maximal regularity
Theorem 3.8 with F(x,7) = u(x,t)p(x,t), i.e. the bound (3.19), to improve the regularity of
(3.25).
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Remark 8. The case ¢ = ¢’ in (3.25) would follow from the case g = o in (3.26), and so

perhaps also holds. We will discuss this further in the concluding remarks, Section 3.3.

3.3 Concluding Remarks

This chapter has explored the impact of incorporating diffusion (k > 0) into the transport
problem, demonstrating significant improvements in both the well-posed class of vector fields
and the regularity of solutions. A striking example is the case of a divergence-free vector field
satisfying the Ladyzhenskaya-Prodi-Serring condition (3.10), where the transport-diffusion
equation (k-TDE) exhibits markedly enhanced regularity compared to its transport equation
counterpart (TE).

Drawing inspiration from analogous analyses of the heat equation [57] and other non-
linear parabolic equations [51], including the Navier-Stokes equations [46], we identified and
addressed a gap in the literature regarding the transport-diffusion equation. Sections 3.1.4 and
3.1.5 introduced advanced techniques that surpass standard energy estimates for parabolic
equations. These methods were then applied in Section 3.2 to derive novel regularity and
well-posedness results, extending the current state of the art.

Our first significant result, Theorem 3.10, establishes a general condition for weak
solutions to belong to the classical energy class (Definition 3.2). This finding is particularly
relevant in light of the more conventional well-posedness result for weak solutions in this
class, as stated in Theorem 3.3. Our second and third significant contributions, Theorems
3.11 and 3.13, address enhanced uniqueness and regularity of weak solutions when the vector
field u(x,t) € LY L} satisfies the Ladyzhenskaya-Prodi-Serrin condition (3.10):

2.4
2

It is worth noting that classical parabolic estimates guarantee the existence of weak
solutions exhibiting the decay properties described in (3.7) and (3.8). The latter, in particular,
proves especially useful. However, an intriguing open question remains regarding the
2 — ”7[. We observe that

p
when u(x,t) € L' LY, the problem can be essentially reduced to that of the heat equation by

t x>

validity of the decay estimate (3.8) for r > 1 when ¢’ = oo, i.e.

applying the upper bound for the fundamental solution of the transport-diffusion equation, as
established in [30, Theorem 3]. For the heat equation, one might demonstrate this endpoint
case through interpolation techniques similar to those used in Lemma 3.12, but employing
higher regularity norms than L. A successful proof of the case ¢’ = oo would immediately
yield the endpoint case g = ¢ in (3.25) of Theorem 3.13.
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The uniqueness result in Theorem 3.11 currently includes two potentially superfluous
conditions. The first is the constraint p < oo in the Ladyzhenskaya-Prodi-Serrin condition
(3.10), which could be removed by imposing a smallness condition on [|u||;~;4. The second
condition requires p (x,#)u(x,t) € L/ LY with r > 1. This constraint might be eliminated by
working in the sub-critical Ladyzhenskaya-Prodi-Serrin regime (3.11), as this would only
necessitate the more straightforward sub-critical case (3.17) of Theorem 3.7. Furthermore, it
may be feasible to extend the uniqueness result to more general cases where p (x,)u(x,t) €
Ll .(R?x [0,T];R) by employing weighted spatial norms and relevant convolution estimates.

Regarding the regularity of the passive scalar when the vector field u(x,) belongs to a
higher regularity Sobolev space, one can exploit the relationship between the regularity of
u(x,t)p(x,7) and p(x,r) in (x-TDE). This relationship is comprehensively described by a
fractional version of the weak convolution estimate, Theorem 3.7. Alternatively, one could
combine maximal regularity (Theorem 3.8) with the mixed derivative estimate (Theorem
3.9) and Sobolev embedding. The goal would be to identify a fixed point in this relationship
between u(x,1)p(x,t) and p(x,t), taking into account the regularity of u(x,7) and the heat
solution e'**py(x). This approach motivated the development of Theorem 3.13.

In conclusion, the transport-diffusion equation exhibits markedly different behaviour
compared to the inviscid transport problem analysed in Chapter 2, demonstrating well-
posedness under significantly lower regularity conditions on the vector field u(x,7). This
chapter presents the standard well-posedness theory via energy estimates and extends these
results to more general weak solutions and regularity conditions. We have filled a notable gap
in the existing literature by applying sophisticated techniques developed for other parabolic

equations to the transport-diffusion equation.



Chapter 4

Vanishing Diffusion Limit and Solution
Selection

4.1 Introduction

This final chapter investigates the problem of solution selection for the passive scalar transport

equation:

d

() + V- (u(x,1)p (x,1)) = 0. (TE)
As demonstrated in Chapter 2, this equation admits non-unique weak solutions when the
vector field does not lie in the Sobolev class L] Wx] 1 often leading to physically inadmissible
behaviour such as "perfect unmixing".

To address this issue, we examine the inclusion of molecular diffusivity/viscosity K > 0,
resulting in the transport-diffusion equation:
dp

E(x,t) + V- (u(x,t)p(x,t)) — kAp(x,t) = 0. (x-TDE)

Since this parabolic equation is well-posed under lower regularity conditions (as shown in
Chapter 3), our focus is on understanding whether the vanishing viscosity limit (x — 0) can
effectively rule out physically inadmissible solutions. Indeed, one immediately sees that for
a constant initial datum, the vanishing viscosity limit always selects the constant solution
uniquely, avoiding any solutions which perfectly unmix.

Contrary to the prevailing belief that vanishing viscosity is a benchmark for physical
admissibility in fluid models, we present examples where this limit fails to restore uniqueness

or physical admissibility to the inviscid system. Our main contributions are:
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1. Theorem 4.10: We demonstrate the existence of a bounded, divergence-free vector
field and two vanishing viscosity subsequences that converge to different solutions of the
inviscid problem for every non-constant initial datum.

2. Theorem 4.13: We prove the existence of a bounded, divergence-free vector field for
which the vanishing viscosity limit converges uniquely to a solution that exhibits perfect
mixing followed by perfect unmixing, thus losing any arrow of time enforced by diffusion.

These results challenge the conventional understanding of vanishing viscosity limits and
their role in selecting physically admissible solutions.

For convenience, this chapter considers passive scalar transport on the torus T¢ = R¥ /74
rather than on R¥. Section 4.2.1 restates all necessary definitions and theorems for transport
on T¢,

The results in this section have been developed in collaboration with Edriss Titi and
reported in [60].

4.1.1 Hyperbolic Conservation Laws and Entropy

The non-uniqueness of weak solutions (or generalised solutions) to PDEs is well-known
beyond the literature on the transport equation. Hyperbolic conservation laws were among
the first PDEs for which this was studied in depth. These equations take the form:

%—FV-A(x,t,f(x,t}) =0, 4.1
where f : R x [0,T] — R? is a vector field driven by a non-linear, often smooth, flux
A(x,t, f(x)) : RY % [0,T] x R — R9*4" [35, Chapter 3]. Equation (4.1) is in divergence
form, and so, like the continuity equation A(x,7,p) = u(x,t)p, (2.8), naturally admits a weak
formulation. It has long been known that classical solutions to (4.1) generally have a finite
maximal time of existence [35, Section 4.2 and Theorem 6.1.1], particularly for the infamous
d = 1 Burgers equation, A(x,?, f) = % f2 [28]. However, weak solutions can be extended
beyond the formation of such shocks and, in fact, non-uniquely [35, Section 4.4]. The need
for admissibility criteria to then restore uniqueness thus stems from the failure of a global
existence theory for classical solutions to (4.1).

Lax [76] introduced inequalities to restore uniqueness on the specific discontinuous
profiles, ’shocks’, that were observed to emerge (see also [35, Section 8]). However, it was
Kruzkov who successfully provided a well-posedness class of weak solutions to (4.1) with
smooth flux in the case d’ = 1 (scalar hyperbolic conservation laws) by imposing abstract
entropy inequalities on all weak solutions [67]. Moreover, the vanishing viscosity scheme is

proved to converge to the unique entropy solution [35, Section 4.6], in line with the heuristic
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that in physical systems, these entropy inequalities express the second law of thermodynamics
[35, Section 3.3], see also [75].

Turning to the topic of this thesis, (TE) when written in conservation form is a (linear)
scalar hyperbolic conservation law, and so any scalar function n(p(x,?)) (for n(s) : R — R)
is an appropriate entropy as in [67], [35, Section 6]. As in [35], we argue that the second law
of thermodynamics applied to weak solutions to the fluid model should ensure that physically
relevant weak solutions p(x,#) of (TE) satisfy the following:

Definition 4.1 (Transport equation - entropy solutions [35]). We say a solution p (x,7) : R? x
[0,7] — R to (TE) is an entropy solution if any convex function (entropy) f(s) € CL(R;R)
is sub-transported, satisfying the distributional inequality

2 Blpx)) + V- (u(x)B(p(x.1))) <0, @2

i.e. for any positive test function ¢ (x,1) € C(RY x [0,T);R),

/Rdx[o,T]B(p(x’t)) (%_q;(x,t)—f—u(x,t).V(P(x,t)) dde‘f‘/RdB(PO(X))(P(X,O) dx > 0.

This is equality for a renormalised weak solution, Definition 2.2, so the solution preserves
entropy.

The well-posedness theory of Kruzkov [67] does not apply unless u(x,) is sufficiently
smooth, for which we already have a classical well-posedness theory, see Chapter 2 Section
2.1.2.

Nonetheless, the only entropy solution satisfying (4.2) with py(x) = 0 is the zero solution,
and the inequality in (4.2) therefore successfully rules out the phenomenon of perfect
unmixing, Section 2.1.4. As for the second law of thermodynamics, an admissible solution
forward in time is not necessarily admissible when time is reversed. That this does not in
general hold for the vanishing viscosity limit, Theorem 4.13, is one of the main results of
this chapter and should be seen as an indication of the failure of the vanishing viscosity limit
as a physically appropriate admissibility criterion.

Moreover, the construction in Theorem 4.13 also violates entropy-admissibility since,
for example, the "bulk energy’ [1a|p(x,7) |? dx is strictly increasing at ¢ = 58 for any (non-
constant) initial datum. And indeed, despite its physical significance, the existence of
entropy-admissible solutions (4.2) to the transport equation (TE) is an open problem for

vector fields with low regularity.
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1D Hyperbolic Conservation Laws

Outside of the theory of scalar hyperbolic conservation laws, much less is known regarding
physical selection mechanisms. One may have blow up (rather than shock formation) of,
say, the compressible Euler equations [109], [82, 83], for which the conditions of Lax do not
have a clear analogue. Even the existence of entropy-admissible weak solutions is an open
problem in this setting [81].

Much more is known when one restricts to the case of one-dimensional hyperbolic
conservation laws, (4.1) with d = 1, see [35]. In particular, the existence of entropy solutions
[53], uniqueness of entropy solutions [21], and convergence of the vanishing viscosity scheme
[17] were successfully shown with small initial data and strict hyperbolicity of the flux.

4.1.2 Incompressible Fluids and Turbulence

Turning instead to incompressible fluids, the search for a well-posedness theory of solutions
to the incompressible inviscid Euler or viscous Navier-Stokes equations has a separate history
[72], [103]. The blow-up problem for classical solutions remains one of the most challenging
open problems [73]. In two spatial dimensions for suitable initial data, there is no need for
an admissible theory of weak solutions due to the strong well-posedness class of Yudovich
[63], and similarly in three dimensions under axial symmetry with no swirl [107].

In general, one may construct Leray-Hopf admissible weak solutions to the Navier-
Stokes equations [78]. However, their uniqueness remains open. These ’Leray-Hopf’
admissible solutions are the analogue of energy solutions, Definition 3.2, to (x-TDE), which
additionally satisfy the so-called energy inequality (or local-energy inequality) in the sense
of the distribution

%Pz(x,t) + V- (u(x,1)p?(x,1)) — KAP® (x,1) < —2K[Vp[*(x,1), (4.3)

i.e. for any positive test function ¢ (x,¢) € C2(RY x [0,T) : R),

/Rdx[(), } | IC | (?C,Z‘)Qj(-@l‘) d-th—i—/Rd')O(x)d)O(x) dx> O,

where @y (x) = ¢(x,0).
This is the viscous (k > 0) analogue of the entropy admissibility condition (4.2) with

B(p) = p?. Indeed, for a symmetric system of hyperbolic conservation laws, such as the
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compressible Euler equations, the energy |u(x,7)|? is the unique entropy [35, Section 3.2].
As such, the local energy inequality (4.3) and its inviscid analogue (k = 0) are often used as
admissibility criteria for weak solutions in incompressible fluids.

In the viscous case Kk > 0 (k-TDE) under very mild assumptions on the vector field
u(x,t) such as the Ladyzhenskaya-Prodi-Serrin condition (3.10), the local energy inequality
(4.3) becomes an equality, Section 3.1.2. While this picture similarly holds in the non-linear
case of the Navier-Stokes equations, and even for the lower regularity u(x,) € L}L} [91],
it is an open problem whether the L*L?} or Ladyzhenskaya-Prodi-Serrin condition hold for
any Leray-Hopf admissible weak solution u(x,7) of the three dimensional Navier-Stokes
equations.

As for the phenomenon of perfect unmixing in passive scalar transport, Section 2.1.4,
the local energy inequality (4.3) successfully rules out the *wild” non-uniqueness of weak
solutions with zero initial data, say for the inviscid incompressible Euler equations [94] and
[100].

Meanwhile, the vanishing viscosity limit k¥ — 0 is an a-priori separate selection mecha-
nism to rule out such ‘wild’ solutions [13], [12], [88], selecting in these examples a unique
solution to the inviscid model, deemed physical.

If the convergence is strong in LtZL)%, then the local energy equality (4.3) will be preserved
in the limit k¥ — 0. Under weak convergence, this might fail in general, and for non-linear
equations such as the incompressible Euler equations, one can show only that the limit is a
sub-solution. Such solutions have been vital to studying weak solutions’ non-uniqueness and
low regularity to incompressible Euler, passive scalar transport, and many other equations
[37].

Anomalous Dissipation

The vanishing viscosity limit for the local energy inequality (4.3) is particularly interesting
to the mechanisms behind hydrodynamic turbulence. Consider the negative right-hand side
of the local energy inequality (4.3). If the solution p (x,¢) fails to preserve suitable regularity
in the limit k¥ — 0, then there is no reason why this term should vanish; that is

limsup (21(/ IVp(x,1)|? dxdt) > 0. 4.4)
K—0 RdX[O,T}

This anomalous dissipation is the fundamental assumption to derive the energy cascade

of hydrodynamic turbulence [65]. This is motivated by the energy balance (for classical
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solutions u(x,?)) to the Navier-Stokes equations with viscosity v > 0,

/d \u(x,T)\zdx:/ |u(x,0)y2dx—2v/ Vu(x, 1) dxd,
R R? RY%[0,T]

and so, in particular, if there is anomalous dissipation in the sense of Kolmogorov, the inviscid
limit cannot conserve energy.

In the construction of this chapter, the limiting solution in Theorem 4.13 exhibits anoma-
lously, i.e. without viscosity, a dissipation of energy (and later a reverse of that dissipation).
However, this is not the same as anomalous dissipation in the sense of above. Such anomalous
dissipation (4.4), like the inviscid local energy inequality (4.3) with k¥ = 0, gives an arrow
of time on solutions of the transport equation and energy lost by (4.4) cannot be recovered.
In the construction of this chapter all the energy is recovered, since the anomalous loss is
associated with weak convergence of the limit, rather than a lower bound of the form (4.4).

That additional energy will dissipate if the inviscid limit fails to converge strongly is one
of the key observations made in this chapter. None of the examples in the current literature
exhibiting anomalous dissipation for passive scalar transport [42], [32], [10], [43] show that
strong convergence of the inviscid limit fails, and whether further dissipation occurred or is
even possible was unknown. Theorem 4.13 then answers these questions, proving also that
mixing does not imply anomalous dissipation in the sense of Kolmogorov.

Correspondingly, whether the dissipation of energy in the infinite Reynolds number
limit of full hydrodynamic turbulence is due solely to anomalous dissipation, or whether
there is additional dissipation through weak convergence as above, and correspondingly
whether the arrow of time given by a local energy inequality for the incompressible Euler
equations should hold in the vanishing viscosity limit of Navier-Stokes, is an important open
question. In particular, wild solutions (those violating the local energy inequality) to the
Euler equations by now have a long history of study [94], [100], [33], [38], [26], [27]. We
highlight that it remains an open question whether such solutions may arise in the vanishing
viscosity limit of strong solutions to the Navier-Stokes equations. Our result shows that the
answer to the analogue of this question for the passive scalar transport equation is positive.

We mention that some of these recent works on anomalous dissipation for passive scalars
also, as a corollary, show non-uniqueness of the vanishing viscosity limit of the transport-
diffusion equation, paralleling Theorem 4.10 [32], [10].

The authors of [32] demonstrate the non-uniqueness of weak limit points of vanishing
viscosity for a single initial datum, with one viscosity subsequence converging weakly to an

energy-dissipating solution and another to an energy-preserving solution. Meanwhile, [10]



4.2 Main Results 119

establishes non-uniqueness of weak limit points for all initial data in H!, with the required
subsequences depending on the H!-norm of the initial datum.

Our non-uniqueness result presented in Theorem 4.10 is stronger since it is valid for all
initial datum in L, with strong convergence of the vanishing viscosity limit, and with no

dependence of the required vanishing viscosity subsequences on the initial datum.

4.2 Main Results

We first develop a simple framework (different to homogenisation [10], or stochastic calculus
[32]) to give control of the vanishing viscosity limit, see Section 4.2.2 and specifically
Theorem 4.6. Despite diffusion not acting directly on the background velocity field u(x,?),
diffusion of p(x,¢) gives an indirect emergent smoothing of u(x,t). Therefore, we can
approximate a weak solution p(x,t) to (k-TDE) by inviscid transport (TE) along the vector
field i which smooths spatial scales of u(x,7) below a dissipation length.

The construction of Theorem 4.10 relies on an arrangement of alternating shear flows
obeying a specific commutation property, Proposition 4.8. By playing with a second length
scale independent of this commutation property, well-adapted viscosity activates only some
of these shear flows. By design, the global effect switches back and forth between null and a
large-scale shear as a sequence of viscosities is chosen to vanish vanishes. We mention also
that alternating shear flows have been the basis of numerous recent constructions for perfect
mixing and enhanced and anomalous dissipation [5], [42], [32], [10], [44], [43].

The construction of Theorem 4.13 relies on moving slabs to mix the passive scalar for
any initial datum, reminiscent of work on non-uniqueness of trajectories [2]. To ensure
unique convergence of the vanishing viscosity limit in-between the well-adapted viscosity
subsequence given by the following analysis (and in particular Theorem 4.6), one introduces
a third intermittency length scale to control the error to the nearest neighbor in the well-
adapted viscosity subsequence. This technique is perhaps reminiscent of the intermittency of

small-scale structures in hydrodynamic turbulence.

4.2.1 Definitions and Preliminary Results

In this section, we recap the relevant definitions and results from Chapter 2 and Chapter 3; in
particular, we rephrase them on the d-dimension unit torus T¢ = R?/Z4.

Definition 4.2 (Weak solution to the transport equation (TE)). Consider a vector field
u(x,t) € L'(]0,T]; L' (T4;R¢)) with V - u(x,t) = 0 in the distributional sense.
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We say p(x,7) € L'([0,T]; L' (T?;R)) with u(x,#)p(x,t) € L' L} is a weak solution to the
transport equation along u(x,1)
dp

E(x,t)ﬁ-V- (u(x,t)p(x,t)) =0, (TE)

with initial data po(x) € L! if, for any ¢ (x,t) € C(T? x [0,T);R),

99
/de[o,r)p(x’t) (E(x,t) +u(x,1) - Vq)(x,t)) dxdt = _/Td Po(x) o (x) dx,

where @y (x) = ¢(x,0).
Meanwhile, we say the transport equation is satisfied on an open interval I C (0,7T) if,
for any ¢ (x,t) € C2(T¢ x I R),

p(x,1) (a—¢(x,t) + u(x,1) -V(p(x,t)) dxdt = 0.

Tdx1 ot

Remark 9. Note that in the above definition, we may equivalently take the test function ¢ (x,?)
to be Lipschitz in time and space with compact support in T¢ x [0, T'). This is done by finding
a sequence of smooth functions ¢, (x,7) € C(T¢ x [0,T);R) such that ¢, (x,¢) are bounded
in C}; by the Lipschitz norm of ¢ (x,7), and aaq;” (x,1) 2= %—?(x,t), Vo, (x,1) =5 Vo (x,1)

pointwise almost everywhere.

Definition 4.3 (Renormalised weak solutions to (TE)). Following the definition introduced
in [41], suppose p(x,?) is a weak solution to (TE) along u(x,¢) with initial data po(x).

If, for any B(s) € C)(R;R), B(p(x,t)) is a weak solution to (TE) along u(x,t) with initial
data B(po(x)), then we say p(x,7) is a renormalised weak solution of (TE).

Remark 10. This definition is well motivated by the expression (% +u(x,t)- V) B(p(x,1)) =

B’ (p(x,1)) (% +u(x,1)- V) p(x,t) when B(s) is a differentiable function. Indeed some
authors require B(s) € C'(R;R) as in [9], or even with decay at infinity as in [41]. In our

case (V- u(x,t) = 0), it is straightforward to show that these give equivalent definitions.

Definition 4.4 (Lagrangian flows and Lagrangian solutions to (TE)). For a divergence-free
vector field u(x,t) € L!L!, we say a family (¢ € [0,T]) of Lebesgue-measure preserving
bijections y;(x) : T¢ — T¢ is a Lagrangian flow along u(x,t) if for a.e. x € T? the map
t — y;(x) is absolutely continuous and the derivative satisfies dyc’l—gx) = u(y;(x),t) as a function
classin L!L!.

We say that a function p(x,¢) € L'L! is a Lagrangian solution to (TE) along u(x,)

(with initial data po(y, ' (x))) if p(x,1) = po(y; ' (x)) for some po(x) € L!, and e teeo,n
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a Lagrangian flow along u(x,#). It is often convenient to take yo(x) = x without loss of

generality.

Remark 11. One may show that, if additionally u(x,?)p(x,¢) € L!L], then a Lagrangian
solution to (TE) along u(x,t) with initial data py(x) is also a weak solution in the sense of
Definition 4.2. We reduce the problem to bounded p(x,7) and py(x) by the point-wise approx-
imation with p (x,£) 1| p(x.) <k 50 that u(x, )0 (6, 1) 1 p sy <k ——r u(x,1)p (x,2) in LILL by
dominated convergence. Observe then that p (x, t)ll| p(x1)|<k are already Lagrangian solutions

for the initial data po(x)1|p,(x)|<k- Since po(y,_l(x))ﬂ‘po(y;1(x))‘§k = ((Poﬂ\pmgk) oyt_l) (x).
The result for bounded p(x,7) and pg(x) follows from changing variables in the integral

/dem) po(y; ' (%)) (3—%,0 +u(x,t)- Vq)(x,t)) dxdt,

and using that (aa—‘f(x,t) +u(x,) -V(P(x,t)) ((x)) = 2 (6 ((x),1)) by chain rule for ab-
solutely continuous functions. Moreover, since for any f(s) € Cy(R;R) we can rewrite
B(po(y; L(x))) = ((Bopo)oy, 1) (x), these solutions are then also renormalised weak solu-
tions in the sense of Definition 4.3.

Definition 4.5 (Weak solution to the transport-diffusion equation (k-TDE)). Consider a
vector field u(x,?) € L' L! with V- u(x,t) = 0 in the distributional sense, and some positive
constant viscosity K > 0 (also called diffusivity).
We say p(x,t) € LIL! with u(x,t)p(x,t) € L/L! is a weak solution to the transport-
diffusion equation along u(x,1)
dp

E@’t) + V- (u(x,t)p(x,t)) — kAp(x,t) =0, (k-TDE)

with initial data po(x) € L1, if for any ¢ (x,1) € C(T? x [0,T);R),

/de[oﬂp(x,t) (aa—(f(x,t) +u(x,t)-Vo(x,t) + kA (x,t)) dxdt = _/Td Po(x) o (x) dx,

where @o(x) = ¢(x,0).
Meanwhile, we say the transport-diffusion equation (k-TDE) is satisfied on an open
interval I C (0,7T) if, for any ¢ (x,¢) € C(T? x I, R),

/T . Pln) (%(x,t) +ulxt)-Vo(x1)+ K’Ad)(x,t)) dxdt = 0.
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Definition 4.6 (Vanishing viscosity solution to (TE)). Consider a vector field u(x,?) € L' L!
with V- u(x,t) = 0 in the distributional sense.

We say a weak solution p(x,¢) to (TE) along u(x,t) with initial data po(x) € L is a
vanishing viscosity solution, if there exists a positive sequence k;, — 0 and corresponding
weak solutions p ") (x,7) to (k-TDE) with viscosity &, along u(x,) with initial data po(x),
such that

P\ (x,1) =2 px,1),

converges as distributions in 2/(T¢ x [0,T);R).

Remark 12. In the literature p " (x,7) is often taken to have, in addition, non-constant initial

data pén) (x), where pén) (x) converges to po(x) in a suitable topology. We do not consider such

a more general definition. Still, we note that under strong convergence of pén) (x) = po(x),
the appropriate analogue of our main results, Theorem 4.10 and Theorem 4.13, follow by
(n)

comparing between the viscous solutions with initial data p, ' (x,¢) and py(x). This can be

done by equality (4.11) in Theorem 4.3.
The following is by no means a complete exposition of standard existence, uniqueness,

and regularity theory for (TE) and (x-TDE), but contains some of the more salient points,

and in particular those relevant to this chapter.

Theorem 4.1 (Weak continuity of transport). Suppose p(x,t) is a weak solution to (k-TDE)
or (TE) (i.e. kK =0) along u(x,t) € L' L} with initial data po(x).
Then for any ¢(x,t) € C*(T9 x [0,T];R), for a.e. t € [0,T],

(Trace Formula) /dp(x,t)(])(x,t) dx
T

= [pumt) s [ o) () utr)- Vot + ko) ) duar,
Td Td % [04] ot

(4.5)

Suppose further that p(x,t) € L7LL for p € (1,0, then (there is a representation of
p(x,t) with) p(x,t) € C° . LE, such that (4.5) holds for all t € [0,T).
In particular p(x,0) = po(x) in Li.

Remark 13. We remark without proof that the analogous result holds when p = 1 if we
additionally assume p(x,?) : [0,T] — L! is uniformly integrable in the indexing variable ¢
(fora.e.t € [0,T)).

Proof. This is similar to Theorem 2.2 in Chapter 2, and Theorem 3.1 in Chapter 3.
For any weak solution of (TE) or (x-TDE) we have p(x,t) € LIL!, u(x,t)p(x,t) € L] L.
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Fix some ¢ (x,1) € C* (T? x [0,T];R) and consider the following L! ([0, T];R) function
oft €[0,T],

/ﬂ‘dp(x,t)q)(x,t) dx. (4.6)

Then for all y(r) € C([0,T);R), by Definitions 4.2, 4.5,

Lo ps)oes) S (s) duds
T4 x[0,T) d

S

_ AdX[O’T)P(x,SW(x,S)c;—Z/(s) dxds — (/ﬁrd P0(x) 90 (x) Wo (x) dx
+/de[07T)P(X,S) (% +u(x,s)-V+ KA) (¢ (x,)w(s)) dxds)

= — [, Po(2)do ()0 dx
T

_ /de[O’T)p(x, s) <3—f(x, s)+u(x,s)-Vo(x,s)+ kAP (x,s)) v (s) dxds,

where Yy = y(0) and @ (x) = ¢(x,0).

And so the function defined in (4.6) is an absolutely continuous function of ¢ € [0, T],
with derivative |14 p(x,?) (%—‘f(x,t) +u(x,t)-Vo(x,1) + kA (x,t)) dx, and the initial value
att =01s [1a po(x)Po(x) dx, see Chapter 3, Lemma 1.1 in [103]. That is (4.5) holds for a.e.
t€10,7T].

Suppose now, for some p € (1,0, that p(x,7) € L°LY. Define for each ¢ € [0, T] the
distribution F;(x) € 2'(T%;R) acting on test functions y (x) € C*(T¢;R), given by

()= [ o dvt [ pler) (ulr) - Vi) + kO x.0) s
Td Td x[0,1]

Then, thanks to (4.5), for a.e. ¢ € [0,T], F;(x) = p(x,t) as distributions in 2'(T%;R),
which is assumed uniformly bounded in L{. We therefore have for a.e. ¢ € [0,T], for all
x(x) € C*(T9;R), the bound |(F;, )| < 1ol zerz 12124 Where 11)—#% = 1. By the absolute
continuity of 7 — (F;, x) the bound, in fact, holds for all € [0,T]. Since p € (1,0| this
implies further that F;(x) can be extended to a function p(x,z) € L} for all € [0,T], and
LY with (4.5) holding for the

representative p(x,7) now for all 7 € [0, T], as required. N

the absolute continuity of (F;,x) implies p(x,t) € C°

weak —x

Theorem 4.2 (Existence for (TE) and (k-TDE)). Suppose po(x) € LY, and u(x,t) € L'L!
is divergence-free in the distributional sense, then there exists a weak solution p(x,t) €
0 LY to (TE) or (k-TDE) along u(x,t) with initial data po(x). Moreover, for all

weak —x"X
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pE [1700]’ re [O7T]’

(Initial LY-Inequality) [lp(-,t)|lp < lPoll ¢, 4.7)

(Conservation of Mass) /d p(x,1)dx= /d Po dx. (4.8)
T T

Proof. This is similar to Theorem 2.1 in Chapter 2, and Theorem 3.2 in Chapter 3.

More generally, for po(x) € LY, u(x,t) € LI L; with é
p(x,1) with [[p||j=rp < [[pol|,p (for all p € [1,ec], permitting infinite values of the norms)

+ % = 1, existence of a weak solution

follows from a standard approximation scheme (regularisation of u(x,#) and py(x)), see [41]
for details;. However, the proof considers only k¥ = 0 (i.e. (TE)), and the spatial domain R?
instead of T¢, an identical argument goes through here.

By assuming u(x,t) € L,] L)]C, we may apply the above result with g = oo.

By Theorem 4.1 the solutionis in C? L%, and so the bound ||p || e < |lpoll p implies
the Initial L% -Inequality (4.7).

Conservation of Mass (4.8) follows from the Trace Formula (4.5) in Theorem 4.1 with
¢(x,t) =1 0onT? x [0,T]. O

Remark 14. Conservation of Mass (4.8) will hold for a.e. t € [0, T] for every weak solution
on the torus, and not only those constructed in Theorem 4.2. This does not hold in R?.

Next, we give the following well-posedness and regularity result for (k-TDE). To
illustrate the stark contrast between (TE) and its regularisation (k-TDE), we show well-
posedness for any po(x) € L!. We obtain further regularity if py(x) is more integrable.

Therefore, we shall later assume po(x) € LY.

Theorem 4.3 (Well-posedness of (k-TDE)). Suppose u(x,t) € LLY, then for any initial
data po(x) € L any weak solution (in the class L' L}) to (k-TDE) along u(x,t) with initial
data py(x) is unique. Moreover this solution exists, p(x,t) € C°L! with HPHCPL; < |[poll.:
and becomes immediately bounded, p(x,t) € C%([e, T];CY) for all € € (0, T).
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Furthermore, when py(x) € LY we have the following additional regularity (for all
pE[l,%))

p(xt) € CCLENLIHY, (4.9)
p(x,1) € Coeqe— LT, (4.10)
(LY-Inequality) 0<s<t = [[p(-,0)|lp < lp(:5)ll2 (4.11)
(Energy Identity) / 1p(x,0)|? dx+21</ \Vp(x,s)|* dxds :/ 1po(x)]? dx,
Td Td % [0,1] Td
(4.12)

(Equicontinuity) H 88_;:

K
< (”L‘HL}L;;‘*'\/;> lPoll 2 - (4.13)
L2H!

Proof. The standard well-posedness result is for py(x) € L2 and is done via energy estimates.
However, if we wish to obtain uniqueness in the class L}L}C, we must be more careful. The
following is similar to the proof of the results given in Chapter 3, Section 3.2.

Given by the spatial Fourier transform on RY, .7 (K(-,1))(§) = ¢~%¢’ denote by

Kic(x,t) € C*(R? x (0,00);R) NL°L! the heat kernel for the heat equation with diffusiv-
ity K, that is for any ¢ (x,) € C°(T? x (—o0,);R) we have

(% - KA) (0 % (Kx1s50)) (x,1) = ¢(x,2),

with convolution in space and time. Denoting by Ki(x,t) € C*(RY x (—o0,0);R) the back-
wards heat kernel Ki(x,7) = Ki(—x, —t), then we have for the backwards heat equation, for

any ¢ (x,t) € CZ"(']I‘d X (—o0,00);R)

(a% + KA) (¢ *xs (Kicli<o)) (x,2) = = (x,1).
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For ¢ (x,1) € C2(T¢ x [0,T);R) we may take (¢ * (Kic1;<0)) (x,¢) as a test function in
(x-TDE), which (by expanding out all convolutions) can be rewritten as

Lo plun)gen) dud
T4 % [0,T]
= | Po(x) (¢ * (K 1;<0)) (x,0) dx
—l—/ p(x,)u(x,t) - (¢ * (VKi1,<0)) (x,2) dxdt
T4 %[0,T]

= /]I‘d ¢(x7t) ((pO * (KK('J))) (x) - ((pultE[QT]) * (VKKL>0)) (x7l)) dxdt,

where (pg * (K (-,1))) (x) is convolution over the spatial variable x € T¢ only.
We have shown, indeed for any weak solution p(x,) to (k-TDE) along u(x, ) with initial
data po(x) € L1,

p(x,1) = (po* K (-,1) (x,1) — ((pulyeio 71) *xs (VKi1i>0)) (x,1). (4.14)

When pg(x) = 0 we have by Young’s convolution inequality,

VKK']ltE(O,S

Hp]l;g[o,e] HLZIL)]c < Hp]ll‘E[O,E} HLtIL)lc ”uHLtNL;" }HL}L)]( ’

It is straightforward to check that VKK(x,t)IL,E(()?T] € L!L], and so for € small enough
(depending only on ||u| 1= and K) the above implies that p(x,t)L;ej0,¢) = 0. Repeating
the argument then shows that for all n € N, p(x,1)1,¢[0 »¢) = 0, and so indeed p(x,) = 0,
proving uniqueness.

Existence of a weak solution p(x,) € L*L! with ||p|| et < l[poll 1 follows by solving
the equation for mollified u(x,7) and po(x) as in Theorem 4.2. Tt can be checked that this
produces a sequence of smooth functions p,(x,#) converging to the solution p (x,¢) weakly,
and by the argument in [30], with an a priori bound on ||pp || «([¢ 77..) depending only on
1Pollts [lull), € > 0, and K. We therefore have p(x,1) € LrL) and p(x,t) € L*([e, T|; L)
for any € > 0. Though we do not make use of it in the remainder of the chapter, the improved
regularity p(x,t) € C°L!, and p(x,t) € C°([e, T];C?) for all € € (0,T), follow from the
formula (4.14) and the regularity of Ky (x,?).

When in addition py(x) € L? the regularised sequence p,(x,¢) can further be shown to
converge in C’L2NL?H. Statements (4.11) and (4.12) then follow from their counterparts for
smooth po(x) and u(x,t). If po(x) € LY we have, say by (4.11), p(x,7) € L°LY, and hence by
Theorem 4.1 we prove (4.10). The continuity p (x,¢) € CPL then follows from p (x,t) € C°L2,

for p € [1,2) by compactness of T¢, and for p € (2, ) by interpolation with p (x,t) € L°LY. Tt
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remains to show (4.13). From (4.12) we have the bounds [|p|| =2, V2K [[VP([ 12,2 < [|poll 2,
and hence for any ¢ (x,t) € C2*(T? x (0,T);R), by the equation (k-TDE),

¢
/T s PLT) 5y o)

Lo plont) () Vo (xr) + KA (x,1)) dixr
T4 % (0,T)
<ollzzrz lull 2= VOl 202 + K IVRll 222 VOl 212

K
< llpollpz el 2p VOl 22 + \/;HpoHLg IVOll 22z

which proves (4.13). U

4.2.2 Control of the Vanishing Viscosity Limit

The main purpose of this section is to prove Theorem 4.6, which allows us to construct
bounded divergence-free vector fields in a way that permits control of the corresponding
vanishing viscosity limit of (k-TDE). This relies on two Propositions.

The first, Proposition 4.4 below, gives a general criterion for which the vanishing viscosity
limit of (x-TDE) converges strongly to (TE). That is, for a suitable divergence-free vector
field u(x,t) : T¢ x [0,T] — R, and small viscosity k > 0, that solutions of (k-TDE) along
u(x,t) are well-approximated by a weak solution of (TE) along u(x,#). This result generalises
the Selection Theorem in [19].

The second, Proposition 4.5 below, uses a similar argument to show, for fixed viscosity
Kk > 0, how solutions of (x-TDE) depend little on the small spatial scales of the vector field
u(x,t). We quantify these scales through the weak-x topology of vector fields in L°L?. The
intuition is that the viscosity ‘blurs’ these small spatial scales.

The key idea of Theorem 4.6 is then that solving (x-TDE) with reduced viscosity k¥ > 0
is akin to adding small spatial scales while solving (TE).

The advantage of solving (TE) is then that Lagrangian solutions (Definition 4.4) can be
designed rather explicitly.

Proposition 4.4. Consider a vector field u(x,t) € LIL! with V -u(x,t) = 0 in the distributional
sense. Fix some initial data py(x) € LY.

Suppose that there is a unique weak solution p(x,t) (in the class L’LY) to (TE) along
u(x,t) with initial data py(x) and that additionally p(x,t) is a renormalised weak solution
(Definition 4.3).

For each x > 0 denote by p*(x,t) any weak solution to (x-TDE) along u(x,t) with
initial data po(x). Suppose in addition that p¥(x,t) € C? LY and satisfies the Initial

weak—x"x
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LY -Inequality (4.7) for all p € [1,0|. (This would be the case if, say, u(x,t) € L"LY, see
Theorem 4.3.)

Then, for each p € [1,%), p*(x,1) *=0, p(x,t) converges strongly in L L and also in
weak-+ L7LY.

If additionally p(x,t) € C°L., then for each p € [1,%), p¥(x,t) 20, p(x,t) also con-

verges strongly in LLY.

Proof. Suppose that p*(x,7) does not converge in weak-x L°LY to p(x,) as K — 0. Then
there exists some g(x,¢) € L!L!, and a sequence k; 2 0 and ¢ > 0 such that for all i € N

/ (pXi(x,t) —p(x,1))g(x,t) dxdt| > c. (4.15)
T4 % [0,T]

By the Initial Ly-Inequality (4.7) p*i(x,¢) is uniformly bounded for all i € N in L L,
and so by taking a subsequence if necessary, we may assume p*i(x,1) —— p(x,t) converges
in weak-* L°LY to some p(x,¢) € L°LY. Then, for any ¢ (x,1) € C°(T¢ x [0,T);R),

/ B(x,1) <a—¢(x,t) +u(x,1) ~V¢(x,t)) dxdt
Tdx[0,T) ot

= lim pXi(x,1) (%—?(x,t) +u(x,1)-Vo(x,t) + KA (x,t)) dxdt

=0 JTd x[0,T)

= —/dpo(X)d)o(X) dx,
T

and so the limit p(x,7) is a weak solution to (TE) along u(x,7) with initial data py(x).
Moreover, it is in L;°LY, so by assumption, it must be the unique weak solution p(x,?),
contradicting (4.15). Therefore p*(x,¢) K20, p(x,r) converges in weak-* L°LY.

Recall by Theorem 4.1 that p (x,7), p*(x,t) € CO . L7

Since by assumption p¥(x,t) satisfies the Initial L}-Inequality (4.7) for all p € [1,0], we
may bound

1
10" |7 < T llPoll e - (4.16)

If p € (1,20, weak-* convergence in L°L? implies weak-* convergence in L LY. When-

ever p € (1,00), weak-+ convergence in Ly LY is also strong in Lf L if and only if limsup||p*|| ./ <
Kk—0
[Pl 7z¢- This is a standard result from uniform convexity of Ll for p € (1,00).

To show that this is satisfied, we use that p(x,7) € C\())veak—*cho is a renormalised weak
solution to (TE) (Definition 4.3). Denoting by a Ab = min{a,b},let M € N and B(x) = M A
1x|?, then B(p(x,t)) is a weak solution to (TE) along u(x,7) with initial data 8 (po(x)) € LY.

Taking ¢ (x,7) = 1 in the Trace Formula (4.5) shows that there exists a subset Ej; C [0, 7]
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with zero Lebesgue-measure, such that for all ¢ € [0, 7]\ Ejp; we have,

/M/\]p(x,t)\”dx:/ M A|po(x)]? dx.
Td Td

In particular, the above holds for all 7 € [0, 7]\ Upen Em- By the Lebesgue monotone
convergence Theorem, taking M — oo shows that [|p(-,1)||» = [|poll,r for all # € [0,T]\

Umen Em, which implies |[p|[r;p = T» |Pol|zz- Combined with (4.16) this implies that

limsup [|p*|;7;2 < [|Pll;712, and hence p*(x,t) K20 p(x,t) in LPLY as required.
Kk—0

Convergence of p*(x,t) K20, p(x,¢) in L' L! follows from convergence in L LY for any

p € (1,0) and the compactness of the domain T¢ x [0, T].

We now assume that p(x,¢) € C°L! and wish to upgrade to convergence in L°LY for each
p € [1,0). The idea is to use the Trace Formula (4.5) to show for each ¢ € [0,T] that
pX(x,1) K0, p(x,t) converges in weak-* L7, and then upgrade to (uniform in time) strong
convergence in L{ by convergence of the norm ||p*(-,7)[|» for p € (1,00).

Since the L2-inner product makes life easier, we will only prove convergence in L°L2,
and notice that convergence in L°LY follows for p € [1,2) by compactness of T¢, and
for p € (2,0) by interpolation with the existing uniform bound in L°Ly. Though we do
not elaborate on it, convergence in L‘;"Lf for p € (1,e0) can also be shown directly if, say,
po(x) ¢ L2.

We have already shown that p*(x, ) 20, p(x,¢) in L' L}, with uniform bound in L°L?.
Suppose that u(x,1)p*(x,t) does not converge strongly in L'L! to u(x,t)p(x,t) as k¥ — 0.
Then there exists a sequence k; 2% 0 and ¢ > 0 such that for all i € N

lup —upllyyp > c. (4.17)

Now p*i(x,1) o, p(x,¢) strongly in L!L!, and so by taking a further subsequence if
necessary, we may assume that p*i(x,r) i p(x,t) point-wise a.e. in T¢ x [0,T]. But
then u(x,t)p*i(x,t) i u(x,t)p(x,t) converge point-wise a.e. in T¢ x [0, T], and are also
uniformly bounded for all i € Nin L!L! by ||ul| 11 1ol =, and so the dominated conver-

gence Theorem yields a contradiction to (4.17). Therefore the product u(x,7)p*(x,t) K20,

u(x,t)p(x,t) converges strongly in L/ L.
We now use that p(x,7) € CL!, and therefore p(x,t) € C’L? (by interpolation with the

existing bound p (x,1) € L°LY), to take a smooth approximation ¢¢ (x,¢) € C*(T? x [0, T];R),
such that ||¢¢ —p|[;=;> < €. Then by the Trace Formula (4.5), and that [|p*(-,1)[[;> <
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lpoll2 =1lp(,2)ll2 for ae. 7 € [0,T], we may write for a.e. 7 € [0,7],

1P%C.0) =P (1)l
= [P* (0l + P07 =2 [ p¥(xp(rar) d
<20p(0liF+2¢lIpoliz ~2 [ P (1) gelx.) d

<2[lp(1)l +2¢ Ipolliz =2 | polx)6e(x,0) dx

-2 P (x,t) <%(x,t) +u(x,t) - Voe(x,1) + KAQe (x,t)> dxdt
T x[0,1] ot

<20p (07 +2¢ Ipollz 2 [ po()0e(x,0) dix

-2 p(x,t) (%(x,t) +u(x,t) -V(])g(x,t)) dxdt
T4 x[0,1] ot

do¢
= A2l Ny 1A i
L

+2[[up® —up |1 IV Pellpop
=2[lp(0) I +2¢llpolliz =2 [ pl.1)e(or) d
o9

o iz
+2[Jup® —upllpypa IV el fop
<4epollzz +Ce (I = Pllyyoy +llp "y +llup™ = upl 3y )

+2[p* =pllL

+2/p* —pllup +26 1P| 11 [|Ae || oo

with € > 0 arbitrary, and C; a constant that depends only on € and p(x,#), and notonz € [0, 7.
Then since p*(x,t) LimiN p(x,t), and u(x,t)p™(x,1) K20, u(x,t)p(x,t) in L' L} we see that
P (x,1) LN p(x,t) in L°L? as required. O

Proposition 4.5. Consider a sequence of uniformly bounded, divergence-free vector fields
un(x,1) € LPLE, such that u,(x,t) 2= u(x,t) converges in weak-x L*L to some u(x,t) €
LPLY. Fix some initial data po(x) € LY.

For eachn € N, and x > 0 denote by p™* (x,t) the unique (by Theorem 4.3) weak solution
to (k-TDE) along u,(x,t) with initial data py(x). Similarly denote by p*(x,t) the unique
weak solution to (k-TDE) along u(x,t) with initial data py(x). Then for each 0 < a < b,
p €[l )

—>00
sup |p"* — PKHLgﬂgmL;"’Lf 0.
K€E[a,b]
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Proof. The case p € (2,0) follows from the same result for p = 2 by interpolation with the
existing uniform bound on p™¥(x,t), p¥(x,t) in Ly°L from the LY-Inequality (4.11), while
for the case p € (1,2) it follows from the case for p = 2 by compactness of T¢. Therefore,
we may restrict to p = 2.

Assume to the contrary that for some 0 < a < b that there exists ¢ > 0 and sequences
{ni}ien, {Ki}ien with n; € N increasing, a < k; < b, such that for all i € N

1P = p S 2y + 0™ = Pl oz = € (4.18)

By taking a subsequence if necessary we may assume K; 2%k for some K € [a,D].

Since k; are bounded above and below, by Energy Identity (4.12) p"%i(x,t), p*i(x,t)
are uniformly bounded for all i € N in L?H}, and by Equicontinuity (4.13) £-p"%i(x,1),
% p"i(x,t) are uniformly bounded for all i € N in L?H!.

Since H] € L)ZC C H, ! we may apply the Aubin-Lions compactness Lemma (see Chapter 3,

Theorem 2.1 in [103]) to deduce that the set {p (x,¢) € L?H.! : ’ %—’;

P < C} is compactly
embedded into L?L2.

Hence, again taking a subsequence if necessary, we may assume that both p"i"% (x,7),
p"i(x,t) converge, to some limits, strongly in L?L2 (and weakly in L?H) as i — oo,

We next show that both p"-¥i(x,t), and p*i(x,t) converge to p¥(x,t) strongly in L>H]
and L°L2 as i — oo, contradicting the assumption (4.18).

We will only show the required convergence for p”*i(x,1) Limia p*(x,1), since the same
result for p*i(x,) follows the same proof by additionally assuming that u,, (x,) are a constant
sequence uy, (x,t) = u(x,t) for all i € N.

Since up, (x,t) i u(x,t) are uniformly bounded and converge in weak-* L°L’, and as
we have already shown that p™°*i(x,¢) converges to some p strongly in L,zL)ZC as i — oo, then
the product p"%i (x,)uy, (x,t) converges to p(x,t)u(x,t) weakly in L212 as i — .

Then by the weak formulation of (k-TDE), for any ¢ (x,t) € C>°(T¢ x [0,T);R), one has

Lo P00 (G tr) ) Vo) k80(5) )
Td [0, ot

= lim p" % (x,1) (8—¢(x,t) + up; (x,1) - VO (x,1) + KA (x,t)) dxdt
i=ve JTd x[0,7] ot

=~ [, Po()do () d.
T

Consequently, we see that p(x,¢) is a weak solution to (k-TDE) along u(x,#) with initial

data po(x). By Theorem 4.3, this solution is unique and must be p*(x,1).
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We are left to upgrade the convergence p""%i(x,1) i p (x,¢) from strong in L>L? and
weak in L>H], to strong in L>H and strong in L°L2.

In light of the Trace Formula (4.5), and the uniform bound on p™¥(x,¢) for all i € N
in C°L2 (by Theorem 4.3), strong convergence p"%(x,t) o, pX(x,t) in L2L2 implies
p"i¥i(x, T) =225 p¥(x,T) converges weakly in L2 (note that p™%i(x,r), p*(x,t) are uni-
formly bounded in C’L2 by Theorem 4.3). In particular

timint [ o (e 1) x> [ o5 )P d
i—oo JTd Td
In light of the Energy Identity (4.12), this implies
limsup/ IVp"io%i (x,0)|? dxdt S/
T4 x[0,T]

[—>c0 Td X [07T

}|VpK(x,t)|2 dxdt.

Since also p™i(x,1) =% p¥(x,t) weakly in L2H] we have
liminf <|p"""("(x,t)|2 + |Vp”""("(x,t)|2> dxdt
i—eo JTdx[0,T]

> [ (15 en)P + [Vp¥ () ) drdr.
T4 % [0,T]

However, since p"i'i(x,t) Lmia pX(x,t) strongly in L2L2, from the above we must
have convergence of the norms ||p”%i Hiz H) i I p"Hitz p1- Thus the weak convergence
p"iki(x,1) Lmia p¥(x,t) in L?H] is in fact strong, as required.

To extend to strong convergence in L°L2, we use the fact that p¥(x,t) € C°L? to take a
smooth approximation ¢ (x,1) € C*(T? x [0, T];R), such that ||¢e — p¥|| o2 < €. Then by
the Trace Formula (4.5), and the Energy Identity (4.12), for all 7 € [0, T] we see that

IP" % (0) =P (1) 2
= 1P (0l + I (o)l =2 [ " ()p (o) d
< P ) i3+ 1)+ 2€ Iolliz =2 [ ™)) di
= 110" ) 3z + 10" (-0l + 2¢ 1 polliz 2 [ po(x)0e(x.0) i

— 2/ p"% (x,1) (%(x,t) + up, (x,1) - Ve (x,1) + KiAQe (x,t)) dxdt
T % [0,1] ot



4.2 Main Results 133

< [lo" % 1)l + 1P Mﬁﬂﬂmhz2/tm )@e(x,0) dx

)
5 /qr o K(x, I)( a¢ (e, 1)+ ulx,1) - V¢g(x,t)+KA¢g(x,t)) dxdt

Ll afi— xl 10" 2 180 2

L7L3

+2[p"" =Pl 212

(P™ % (x, 1)t (x,8) — pX (x,1)u(x,1)) - Ve (x,1) dxdt

d%[0,t]
e 2
= [lo" S (. Ol22 + 1p* (1) 122 +2¢ [Ipoll 2 —2 / %(x,) Pe (x, 1) dx
2 || o™ik K a¢8 2 n;,K; A
+2[p" " = p"l 22 27 + 20K — k| 10" | 212 [[AQe | 212
L1}
2 [, (Pt ) = PGt ule) - Ve(x) dadr
x[0,¢
1 2 2
< [lp"S (0172 = = (1) Iz +4€ ol 2
- a0 -
+2HP”"K’—p"HLgL; 8_: +2[x; — K| HP”“K’HLIZL)%HA(DEHL,ZLf
L1}
B2 [0 (P G (5:0) = Pk u(x) - Vel
x[0,¢
=4¢ ol 2 — / (20 1Vp™ (x| = 2k |Vp* (x,0)] )
N T4 x[0,]
2 ||p™ki K 8¢8 2 n;,K; A
+2[p" % = p 22 2 + 2|15 — k[ [[p" " | 212 [|AGe 1212
L7132

+2

/]I‘d 0 ](pnh’(i(xﬁ)uni()@t) —pK(X,t)u(X,t)) 'V(Pg(x,t) dxdt

1 1 1
(s o™ Sl 2y + 5 0" 21 )

1 L e 1
< 4e|poll 2 +2 H st —tpt|
t X

+Ce (110" =2+ =l 0" %1312

+2 /d [ ](pni,m(x,t)uni(x,t)_pK(xJ)u(x,t)).V%(x’t) dxdt|,
Ta %[0,z

with & > 0 arbitrary, and C a constant that depends only on ¢£ (x t),and notont € [0,T].
Therefore by the convergence k; —> K, and p"i¥ (x,1) ——— p¥(x,1) strongly in L2H_,
to show strong convergence of p”i**i(x,1) o, pX(x,2) in L°L? we need only show, for fixed

¢8(X7t)

su
t€[0,T]

/d [ ](p”""q(x,t)uni(x,t) —p (x,0)u(x,t)) - Ve (x,t) dxdt 220,
T4 %[0,
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Suppose not, then there exists a sequence ¢; € [0, 7] for i € N such that

/Td 0 ](pni,m(X,t)um(x,t)_pK(X,t)u(x,t))-V(])g(x,t) dxdt| > c, (4.19)

for some ¢ > 0.

By compactness of [0,T], and taking a subsequence if necessary, we may further as-
sume that #; 2% F for some T € [0,T]. However, there is strong convergence of both
Lico, P (x,1), Tyco, P ™ (%) e, Licjo P (x,2) in L?L2, and boundedness of the se-
quence uy,,(x,t) in L;°LY, and weak-* convergence u,, (x,?) i u(x,t) in L7LY. Therefore,
the products 1,¢(0,)0""™ (X, 8 )un; (x,1) — Lycfo )0 * (X, 1 )u(x,1) LNy converge weakly in
L?12, contradicting (4.19), and hence proving the claim. O

t x>

We now give the following corollary of the previous two propositions. By first fixing a
viscosity k; > 0, and applying Proposition 4.5, we find that transport-diffusion is not sensitive
to suitably small scale changes to the vector field u(x,7). However, inviscid transport is, so
we adjust the inviscid solution to suit our requirements without much change to transport-
diffusion with viscosity k. Having done so, we then apply Proposition 4.4 to find a smaller
Ki+1 > 0 for which transport-diffusion is close to the adjusted inviscid transport. Repeating,
we may make finer and finer adjustments to our vector field, for which a well-prepared
vanishing sequence of viscosity {k;};cn permits a good approximation of transport-diffusion

to suitable inviscid transport.

Theorem 4.6. Fix some M > 0, and a metric d, inducing the weak-+ topology on
X = {u(x,t) € LYLY : uljpe < M} .

LetY C X be the set of all divergence-free vector fields admitting a unique renormalised
weak solution (unique in the class of all L”LT weak solutions) to (TE) for any initial data
Po(x) € LY.

Let {uj(x,t)};cy CY, po(x) € LY. For each n € N, and x > 0, denote by p™*(x,t),
respectively p"(x,t), the unique weak solution to (k-TDE), respectively (TE), along u,(x,t)
with initial data py(x). Then,

S.1 For all n € N, there exists &, > 0, &, > 0 depending only on {ui(x,t)}"_, (and in
particular not on py(x)), with K, 2770 monotonically, such that the following hold
true:

S.2 Forall p € [1,0),

—>00
sup [|p™" — p"|| o pp = 0.

0<k<Ky,
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S.3 If dy(tny1,un) < & for all n € N, then u,(x,1) 2= ue(x,1) converges in weak-x

L”LY to some divergence-free vector field u.(x,t) € L°LY,

S.4 and if we denote by p**(x,t) the unique weak solution to (k-TDE) along u..(x,t) with
initial data py(x), then for all p € [1,00),

n—soo

e — Pw’KHL‘;’LfC’ —0.

sup |lp

Kn <K<K

S.5 In particular, for all p € [1,),

o0, Ky, _anLtooLg n—oo O.

lp
Proof. By separability of L!, take a countable dense sequence {P§" }men in L!, satisfying
Py (x) € LY.

Forallm € N, n € N, and k > 0, denote by p”"*(x,t), respectively p”*"(x,¢), the unique
weak solution to (k-TDE), respectively (TE), along u,(x,) with initial data p{'(x). If in
addition u, (x,1) 2= u., in weak-* LL, denote by p™*>¥ (x,) the unique weak solution
to (k-TDE) along u..(x,) with initial data p(' (x).

For the given py(x) € LY, for each n € N, and k > 0, denote by p™*(x,1), respectively
p"(x,1), the unique weak solution to (k-TDE), respectively (TE), along u,(x,t) with initial
data po(x). If in addition i, (x,1) 2= U, in weak-+ L°L, denote by p*>*(x,1) the unique
weak solution to (k-TDE) along u.(x,?) with initial data po(x).

Notice, by linearity of (k-TDE), (TE), and the Initial L?-Inequality (4.7), that for each
meN,neN, k>0, we have

1™ = Py < llpo— P4l (4.20)
1p" =™ || fzp1 < HPO—P{)””L}H (4.21)
1P =P ey < llPo =PIl - (4.22)

We will use this and L. -density to only consider the countable set of initial data {pg(x) } men.
Given n € N and {u;(x,7)}!_; CY we need to find K, > 0, &, > 0 such that (S.1)-(S.5)
hold. For the purpose of the proof we additionally find &, > 0 such that, for all m € {1,...,n},
K € [Kn, k1], and w(x,1) € Y with d.(w,u,) < Jy,
1

o™ — " gy < . (4.23)

where g"¥(x,t) is the unique weak solution to (k-TDE) along w(x,?) with initial data p' (x).
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We do so by induction. Given {u;}? ; as in the statement of the theorem assume

{(x,€&,6;) ;’;11 are already chosen (an empty setif n = 1).

n

m— there exists some K, > 0

By applying Proposition 4.4 for each initial data {pg'(x)}
such that for all m € {1,...,n}, k¥ € (0, K],

. (4.24)

S| =

[p™ " — p™n HL;"'L}C <

One may choose k;, to be smaller, so that x;, < %, andif n # 1, K, < K, 1.

We next find &, > 0 satisfying (4.23). Assume to the contrary that no such J, exists. There
is a sequence of divergence-free vector fields {wy(x,7) }reny C Y with wy(x,?) Ll (x,1)
converging in weak-x L°LY, which violate Proposition 4.5 for at least one of the initial data
{pg'(x)}5,_,> where we have substituted a = k;,, b = k) into Proposition 4.5.

One may choose &, smaller so that §, < % Finally, take

€, = ke{or’r}ig_l}{an,kz—k—l}. (4.25)

(S.1) follows immediately from our choice of k;,. Meanwhile (S.2) with p = 1 follows
from (4.20), (4.21), (4.24). Interpolation with the existing uniform bound on p™*(x,1),
p"(x,7) in L°LY then gives (S.2) for p € (1,).

We are now left to show (S.3)-(S.5) are satisfied when in addition d, (uy,1,u,) < &, for
alln e N.

By (4.25), ¥, & < 0y, and also &, — 0, so {u;(x,7)};en is a di.-Cauchy sequence,
uniformly bounded in L;°L by M, and so converges in weak-* L°L? to some limit ue(x,?),
proving (S.3).

Moreover, forall n € N, d, (oo, ;) < Oy, s0 taking in (4.23) w(x,1) = ue(x,1), g™ (x,1) =
P> (x,1) then (S.4) follows from (4.20), (4.22), and interpolation with the existing uniform
bound on p™*(x,1), p**(x,t) in L°LY.

Finally (S.5) is a simple corollary of (S.2) and (S.4). L]

4.2.3 Non-uniqueness of the Vanishing Viscosity Limit

For x € R? we set x = (x1,x), and define the corresponding unit vectors e; = (1,0), e =
(0,1). For i € {1,2} an index, we define by i the other index, thatis i € {1,2}\ {i}.

When working on the 2-torus, [x] € T? = R?/Z? shall instead always be written in terms
of a representative x € R2, usually x € [0, 1)2. For notational convenience, functions on the
torus T2 will often be considered periodic functions on R2, and vice versa. Integrals over T2
are strictly speaking over [0, 1)2, such as when taking norms.
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First, we define the shear flows that form the building block of our construction. We
shall later apply these shears in a carefully designed order reminiscent of a cantor subset
of [0,T]. The arising self-cancellation of these shear flows will produce non-uniqueness
of renormalised weak solutions (Definition 4.3) for any initial data to (TE). Moreover, the
small spatial scale of the shears, see (4.26) below, will allow us to approximate the vanishing
viscosity limit of (k-TDE).

Definition 4.7 (Lagrangian shear flow). For L € N, we divide R into disjoint intervals
Unez [ 22 m—“) We define for each i € {1,2}, L € N, the periodic vector field u(*") (x) :

20> 2L
T? — R?,
. +1
i) (x) = e, ifx;e [%, "’Z—L) for even m,
. +1
—e; ifx;e [%,”’Z—L) for odd m,

where, since 2L is even, the definition is a periodic function of x € R2, and so is well-defined
on T2, u(6L) (x) is bounded and divergence-free in the distributional sense since it is of the
form w0 (x) = (g(x2),0), or u®H) (x) = (0,g(x;)) for some g(x) € L. We refer to this
vector field as the (i;L)-Lagrangian shear.

We shall denote by {y,(i;L) (x)}

along u(“0) (x),

€ (—o0,00) the following Lagrangian flow (Definition 4.4)

WGy T2 & T2
x+te; modZ? ifx;e [£, %EL) for evenm,

,EL) for odd m.

[\

X

x—te; modZ? ifx;e [5%

N

As per Definition 4.4 of Lagrangian flows, this preserves the Lebesgue-measure on
T?, e.g. for i = 1 we can decompose a Lebesgue-measurable subset A C T? into A, =
AN(T x 4, mz—le) ), for which each (yt(l;L)) - (A, is a translation. Moreover, it is invertible
with inverse given by (yt(i;L))_ (x) = yg;,L) (x), and is absolutely continuous since with
respect to ¢ since it is differentiable with derivative %yt(i;L) (x) = ulb) (x) = u(BL) (yt(i;L) (x)).
Therefore, {y,(i;L)} e

Finally, for each i € {1,2}, we show

(—o0,00) is a Lagrangian flow along u(BL) (x).

0 (x) L2, (4.26)

with convergence in weak-* L7 .
The proof of (4.26) is similar to that of the Riemann-Lebesgue lemma. Notice that
) (x4 J-e;) = —ul®)(x) and so for any test function ¢ (x) € L., by changing variables



138 Vanishing Diffusion Limit and Solution Selection

we have that

1 ~
/}1‘2 ¢ (x)u(i;L) (x) dx = () —¢ éx %) u(BL) (x) dx.

T2

Now ¢ (x+ ﬁeg) Lo, ¢ (x) converges strongly in L!. Together with the uniform bound

Hu(i;L) < 1 this implies the above integral converges to zero as L — oo, as required.

Ly

Next, we show the well-posedness of (TE) along these vector fields. A weaker version
of the following result, valid when p(x,7) € L’LY, follows from the breakthrough well-
posedness theory of Ambrosio for vector fields of bounded variation in space [8]. At its heart,
this is more involved than required for the simple case of shear flows. Therefore, we prefer
to give a direct elementary proof of the uniqueness for all p(x,7) € L' L.

Proposition 4.7 (Shear flow uniqueness). We follow the notation introduced in Definition
4.7.

Suppose p(x,t) € L'L! is a weak solution to (TE) along u")(x) on an open interval
1 C (0,T). Then there exists some g(x) € L\ such that p(x,t) is (a.e. in T? x I) equal to the
following Lagrangian solution (Definition 4.4) associated with g(x),

p(1)=go (")~

In particular, p(x,t) is a renormalised weak solution to (TE) (Definition 4.3). Moreover,
;L)\ —1
g((01") () € CO(—oo,o0):LD)
(1:L)

Proof. Without loss of generality suppose i = 1, and use the shorthand y; =y, ™ for each
t € (—oo,00), that is

() = x+tep ifx, €[22, %) forevenm,
(x) =
x—te; ifx; €[5, %) for odd m.

Since the e;-component of y,(x) is unchanged, that is [y (x)]» = x, we see
uE (3, (x), 1) = M) (x,1).

Fix m € {0,1,...2L— 1}. Take a test function ¢ (x,#) € C* (T x (%,%FL)) x I), and let

w(x,1) = ¢ (y; 1 (x),1). This is well-defined since y; ' (x) preserves the set T x (5%, ’"2—+Ll)

Then y(x,t) € CZ ((T x (4,”)) x ) is bounded, and supported and smooth on
T x (%, mz_il) x I since y; ! (x) is smooth there. By the chain rule, the following point-wise
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equality holds
oy : adp, _
W(x;f) +ul"™ (x) - Vy(x1) = E(yt H(x),0).
Since p(x,1) € L!L! is assumed to be a weak solution to (TE) along u("**) (x) on the open
interval 7 C (0,7),

m m+
L> 2L

/Tx( —l)xzp(x”) (aa—li/(x,t) D) (). Vl//(x,t)) dxdt =0,

which implies

10, B
/?I”X(Q”L,”;*LI)XIP(X’OE@’ (x),1) dxdt =0,

and after changing variables,

a9 B
/Tx(m m+1)X1P()’t(x)al) E(x,t) dxdt = 0.

2L 2L

This holds for all ¢ (x,#) € C> ((T x (2, F1)) x I), and so as a distribution p (y; (x),#) €
L!L! is independent of 7 € I, see for example Theorem 3.1.4" in [58]. Therefore, there must

exists some g,,(x) € L' (T x (£, 2E1);R) such that (for a.e. € I)

m m—l—l)

p(y:(x),1) = gm(x) a.e. on T X (Z’T

Repeating for each m € {0,1,...2L — 1} gives some g € L! such that,

p(:(x),1) = g(x) a.e. on T2

And so p(x,1) = g(y,; '(x)) is a Lagrangian solution to (TE) (Definition 4.4), and hence
also a renormalised weak solution (Definition 4.3, Remark 11).

To prove that g(y; !(x)) € C°L! we shall use the fact that y;(x) is bijective, measure
preserving, and 1-Lipschitz in time, i.e. for all x € T?, #,s € R

i (x) = ys(x)| < fr =,
and so, by replacing x with y; ! (x),

|0y (x) —x| < Jr—s]. (4.27)
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The following follows a standard argument. We fix ¢ € I and write
goy; ' = (goy; ) ooy

Now mollify (goy, !)(x) in L., that is for each & > 0 take some ¢¢(x) € C*(T?;R) such
that

H(Pg—goy,_IHL}( <e.

But also, since y;(x), y; ! (x) are measure preserving,

[geoyioyy ! —goyi !l <e.

Then since ¢ (x) is uniformly continuous on T?, by (4.27) there exists § € (0,1) such
that if |t —s| < & then || oy, 0y, ! — ¢e|lr1 <&, and so

lgoy, " —goyy I < 3e,

which completes the proof. 0

Next, we demonstrate how these shear flows self-cancel. It is this property that gives
rise to non-uniqueness in our later construction. This behaviour is quite different to recent
works on anomalous dissipation [42], [43], and even [32], [10], which also achieve some non-
uniqueness of the vanishing viscosity limit. Contrary to our approach, these constructions
aim to exploit some mixing effect of shear flows, and non-uniqueness occurs by exploiting
different mixing along different viscosity subsequences. In contrast, the commutator relation
below ensures that shear flows in our construction precisely reverse mixing that occurs previ-
ously. Non-uniqueness instead occurs by quantitatively different transport along different
viscosity subsequences rather than by quantitatively different mixing along different viscosity

subsequences.

Proposition 4.8 (Cancellation). Let Ly,L, € N, and iy,ip € {1,2} such that iy # i5. Suppose
that 27, = i, and that 2L, 7| is an odd integer.

Then the composition

b\ 2 (i b\ 2 (L
(y(r’f 2)> oyy ')O<y%2 2)> oy =14,

where we have denoted by ¢ = ¢ o ¢.

Proof. Without loss of generality, suppose i = 1,i, = 2.
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: (212)\? _ (2:Lo) .
Since ( yz, =Yy, ~ Weinstead prove the more general result

2;L 1;L 2;L 1;L
2_2 2) o (Tl DN S:Z 2) g_] I)ZId,

whenever both 2L 7, and 2L, 7| are odd integers.

To this end, we divide T? into tiles. Given x € [0,1)? we find the unique integers

my,my € Z such that
1 1
€ [ﬂ et )x {mz ma ) (4.28)

20," 2L, 2L, 2L,
We are concerned with the parity of m; and m, (even or odd); we have four ‘colours’ on
our tiling, two for each coordinate.

This defines two equivalence relations [-],, ,[],, on T2, each with two equivalence

my
classes corresponding to the parity of either m; or m; in (4.28).

Since 2L 1y, 2L, T; are odd integers, the action of yg} L) (x) changes the parity of m; and

not my, while the action of y(é;LZ) (x) changes the parity of m, and not m;.

Introduce the shorthand

A0 =,
D =y (0,
A =g,
A0 =y 560,
i =y a)

Then, by the above discussion,

QRITR

m3

SRITR

From the definitions of y(T} L) , y%Lz) this implies

and hence x4 = x(0) as required. [
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Now for some sequences { L }ren, {ix bken» { Tk }ren to be specified later, we first choose
the order in which to apply these shear flows y%" L) (x). We use a double index (k,m) € ¥ C
72, where k shall index the parameters of the Lagrangian shear y%" L) (x), while m denotes
the m™ occurrence of that particular shear.

To exploit Proposition 4.8, we shall ensure that there are exactly two occurrences of a
%’j:' Lirr) (x) between each occurrence of y%";L") (x). If we denote by # ,, €

[0, 1] the times at which the shears are first applied, we may illustrate this construction in the

suitable shear y

following diagram:

o 11
X0} 1 2 13
l 130 f3,1l 32133 l 134 l3,5J 136137
L [11 1 [ I
—— ——
Po o) ozl L ozl i) a2 Lo o =p(,1)

If we include only the shears y(ri";L") (x) for k < K, it can now be seen how Proposition
4.8 may create two different behaviours of the trace p(x,1) as 2K — oo, and 2K + 1 — oo,

The frequencies of the shears, L; € N, will later be chosen to grow sufficiently quickly so
that transport-diffusion (x-TDE) along a viscosity subsequence ki > 0 will only include the
effect of the first k shears, as per Theorem 4.6.

To this end, we first define a total order < me on the indexing set &, and then define 7,

so that they respect this ordering.

Definition 4.8 (Lexicographic dyadic ordering). We define the following set of ‘dyadic’ pairs
2 ={(k,m):keN,meZ,0<m< 2},
and define a total order < ne on ¥ via

) | m27M <mp27% or
(k1,m1) <time (k2,my) if and only if (4.29)
mi27F = my27% and ky < ko.

Define also for each K € N the finite subset
Ik ={(k,m) € P :k <K},

which inherits the total order (2, <ime), Which is now a finite order.
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We define for each k € N, and m € Z with 0 < m < 2,

e = Yy 2y, (4.30)

(k, >m/) <time (k7m)

where the bound on # ,, follows from direct calculation of ) ;1 2k2=2k — 1, and an empty
sum is zero.
We illustrate this arrangement in the following diagram:

10 1,1
o 1 o n3
‘ 130 ts.,l‘ ;32133 J 134 13,5‘ 13,6137
y bt e of
~—— ——
272 274 L. 2 L. 22 24 e 274

(4.31)

Next, we construct the ‘fractal’ vector fields exploiting the above.

Definition 4.9 (Fractal shear flow). Consider a sequence of tuples { (i, L, Tx) }ren With
ir € {1,2}, Ly € N, and 7 > 0.

(i) We say {(ix, Lk, Tx) }ken satisfies the Finiteness Condition if for all k € N we have

(Finiteness Condition) 1, < 272K (4.32)

(ii) We say {(ix, Ly, Tx) hren satisfies the Cancellation Conditions if for all k € N we have

Ik+1 7 Ik
1
(Cancellation Conditions) 2Ty = T (4.33)
k

2Ly 1T an odd integer.

Following the notation of Definition 4.8, in particular (4.30), when { (i, Lk, Tt) }xeN
satisfy the Finiteness Condition (4.32), we may define for each K € N the following fractal
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shear flows on T? x [0, 1] — R?,

u{(ik,Lka)}kK:l(x ) = u(ik;Lk)(x) if t € [tk m,txm + ) for some (k,m) € P,

K .
0 otherwise,

u(ik§Lk)(x) if 7 € [tk tk m + Ti| for some (k,m) € 2,

ui:o(ikvl‘k7rk) }kGN <x7 t)
0 otherwise.

By (4.30), this is well-defined since the Finiteness Condition (4.32) implies that the
intervals [ty ., t m + 7] are disjoint subsets of [0, 1].

Next, we show how this construction exploits Proposition 4.8 to create non-uniqueness

of renormalised solutions to (TE).

Proposition 4.9 (Fractal behaviour). We follow the notation introduced in Definitions 4.8,
4.9.

Let po(x) € LY, and suppose we have an infinite sequence of tuples {(ix, Lx, Tx) }ken with
ir € {1,2}, Ly € N, and 1, > 0, satisfying the Finiteness Condition (4.32). Then for each
K € N there exists a unique weak solution pX(x,t) to (TE) along ugik’Lk’Tk)}’]‘(zl (x,t) with
initial data po(x). Moreover, pX(x,t) € COLLNL LY, is a Lagrangian solution, and hence
also a renormalised weak solution (Definitions 4.3, 4.4).

If in addition { (ix, Ly, T¢) }ren satisfy the Cancellation Conditions (4.33) then

2K(

X, t) K—oo peven(

p X,t),

p2K+1( odd(

x,1) Ko, P (x,1),

with the above convergence in weak-x L°LY, and strong in LY LY for any p € [1,). Moreover,
the sequences p*X (x,t) € COL! and p***1(x,t) € CPL! are eventually constant as K — o
when restricted to the spatio-temporal domain T? x [t ms tien + 272K for any (k,m) € 9, or to
the spatio-temporal domain T? x {1}. Furthermore, the limit functions p="(x,t), p°%(x,t)
are renormalised weak solutions to (TE) along oo T Jeen (x,t) with initial data po(x).

If po(x) is not constant, then p®"(x,t) # p°34(x,t), and in particular,

peVen(x’ 1) = PO(x)7

i (4.34)
P (x, 1) = po (y'55 (x)).
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Proof. Recall the language and notation introduced in Definitions 4.8, 4.9, as well as Defini-
tions 4.3, 4.4 of renormalised and Lagrangian solutions to (TE).

By Theorems 4.1, 4.2, there exists some weak solution pX (x,t) € C? L to (TE)

. K weak—*"x
along ui((lk’Lk )i (x,1) with initial data pg(x).

We aim to show p(x,t) € C°L! with

pX (1) = poo ()", (4.35)
for {§¥(x)}, cjo.1] & Lagrangian flow along ugik’Lk’Tk)} = (x,#) which does not depend on
po(x), thus proving uniqueness.

From the definition of ugik’Lk’Tk)} = (x,t), finiteness of the set Zk, and disjointness of
the intervals [ty ,, t » + T for all (k,m) € Pk, we may piecewise apply Proposition 4.7 to
pX(x,t). We use that pX(x,1) € CO_, L7 to glue together the pieces, and that any weak
solution to (TE) along u(x,7) = 0 on an open time interval / is a constant function of 7 € I, see
for example Theorem 3.1.4" in [58]. This constructs for each K € N a Lagrangian flow 7 (x)
satisfying (4.35), and moreover gives an expression for 7K (x) in terms of the Lagrangian
shear flows y,(ik;L") (x), see (4.37) below.

For any (k,m) € Pk, define

1 if (k,m) is maximal in (Zk, <¢ime), else

lsucK(k,m) -

ty for S € Pk the successor of (k,m) in (P, <iime)-
Note from (4.30), and the Finiteness Condition (4.32), that

T < 272 <tgue(kom) — tom- (4.36)
Therefore, for each t € [t u, toucy (k;m))»
(ix:Ly)

~K ~K -1 yl—l m
Yt © (ytkﬁm) - (ik;]zk) .
ka ift e [tk’m + Tk tsucK(k,m)] :

if £ € [ty tim + T, (4.37)

This expression defines yX (x) for all 7 € [0, 1], since # o = 0 and J& (x) = x. This com-

pletes the proof of uniqueness.
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Next, by considering (4.29), (4.30), we may show that (see the illustration (4.31))

tem+27%  ifk<K,
Lsuck (k,m) = __— 2=2% ik K (4.38)
k,m — A

Moreover, for all (k,m) € 9,

tk.m +27% = Tk+1,2ms 4.39)

Tkem + 2172k — tkm+1 When m even.

Assume that additionally { (i, Ly, T¢) } ren satisfy the Cancellation Conditions (4.33).
Fix some K € N. We claim that, for each (k,m) € Pk, and for all t € [ty , ti m + 272K,
one has
I (x) = 55 (%) (4.40)

By (4.36), (4.37), it is sufficient to show, for all (k,m) € P, that as maps T2 — T2,

K42 ~K+2 -1 _ ~ —1
ylsucK(k,m) ( lsucK+2(k‘m)) - ylsucK(k,m) © (ylsucK+2(k‘m)) ’
By (4.38), this is immediate for all kK < K. Meanwhile, by (4.38), (4.39), for k = K, we
may rewrite this, and now need to prove that for all m € Z with 0 < m < 2K,

K42

K42 1 _ ok
tk12m+272K © (y tK+1.2m)

_ K -1
- ylk+1.2m+2*2K © (ytK+l,2m) :

In particular, it is certainly sufficient to show, for any (k,m) € Pk with m even, that as
maps T? — T2,

(isly) .

K K\~ Yar, if k=K (mod 2),

y 2-2% 9 Y = (4.41)
P2 ( tk’m) Id otherwise.

= Yklfmﬂ
where we have defined the shorthand Y (x): T? — T2.

Fixing an even m € Z with 0 < m < 2K*1 we prove this by induction. For k = K + 1, by
(4.36), (4.37) we see that as maps T2 — T2,

ST (ARG Bl U

sucg (k,m sucg o

After rewriting this using (4.38), (4.39), this proves (4.41) fork =K + 1.



4.2 Main Results 147

Now let £k < K. By (4.39), and since by assumption m is even, we may rewrite (it may be
helpful to consider the illustration (4.31))

K _ (K 5K -1
Yem = (yfk+1ﬁ2m+2+2_2k ° (y’k+132m+2) )

~K K -1
° <ytk7m+l+272k © (ytk,erl) )
~K ~K —1
° (yfk+1,2m+2*2k © (ylk+1,2m) )

© <y~f§,m+2*2k © (yg,m) _1> :

Then by the definition of YX

1. (%), (4.36), and (4.37), the right hand side may be

rewritten again as

K _ vk (iLe) K (ix:Ly)
Yem =Yid1o0m20Yn o Yipiomoyy -

By Proposition 4.8, the result (4.41) for k now follows from the same result for k+ 1.
This completes the induction, thus the proof of (4.41) and the proof of (4.40).
Next, note by (4.30), that

E = U [t ms tiem + 272]‘] U {tkm 42272 (k,m) € 9 with m even}
(k,m)e

c [0,1],

has Lebesgue-measure 1. Moreover, by (4.40), (4.41), the sequences p2X(x,1), p?X+1(x,1)
are eventually constant on T2 X [ty . te.m + 2], and each T2 x {t;,, + 2272k} with m even.
Therefore, for all r € E, and so for a.e. t € [0, 1], we see that

K—o0 -1
sz(,t) ;) pO o (ﬁven) ’ (4 42)
Koo -1 '

p2K+l(-,t) ;> Po© (y?dd) 7
for some Lebesgue-measure preserving {7°V°"(x)},cg, {7°9¢(x)},cr independent of py(x),
with the convergence strong in L7 .

Moreover, by the dominated convergence Theorem, we see that (4.42) converges strongly
in LP(E;LY) for all p € [1,00), and hence also in weak-x L™ (E;LY).

. K

By Definition 4.9, for all 7 € [0, 1] (in particular ¢ € E), u}{((lk’Lk’Tk)}":‘ (x,7) is bounded by

1 in L7, and as K — oo the sequence is eventually equal to LT e (x,t). Therefore it

too converges strongly in LP(E; L) for all p € [1,0).
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Fix ¢ € E, and apply the Trace Formula (4.5) to p?X(x,1), p>*!(x,¢). Taking now the
limit K — oo then gives that for all ¢ € E, for any ¢ (x,7) € C*(T¢ x [0,T];R),

LopolGe)” 1<x>>¢><x 1) dx
~even 1
/ *)do(x / Em[Ot])p (7))

(8¢ (x,1) + ulleboTleert (x 1) . Vo (x,1) + KA (x, t)) dxdt,

and

[ pol(9%)” 1<x>)<z><x,r> dx

_ x)d ~odd\—1
/ Polx e TZX(EH[O,t])pO((y[ ) )
% (%_?(X’t) + ulliolo T een (x 1) -V (x,1) + KA¢(x,t)) dxdt,

where ¢o(x) = ¢(x,0).

This implies that po((55%") ( )),po((5094)~ ( )) € CO. . (E;LY) and so may be
extended to p®¥e(x,1),p°%(x,r) € €O . . ([0,1];LY), as argued in Theorem 4.1.

Forany ¢ (x,¢) € C2(T? x [0,1);R) lett = 1 in the above (noting that 1 =, o+2%>72 € E).
This proves that p°" (x, 1), p°4(x, ) are both weak solutions to (TE) along ik T Jiert (x,1)
with initial data po(x).

Moreover, for any f(s) € Cj)(R;R), we may rewrite 8 (po ((5¢¥") 1(x))) = ((Bopo)o
(55ven) - ) (x). By repeating the above arguments we have also that ((B o pg) o (F5*°") 1)(x)
(can be extended to) a weak solution to (TE) along el T Yen (x,¢) with initial data
B(po(x)). Therefore, we see that p©'"(x,¢) is a renormalised weak solution to (TE) along
o) e (x,t) with initial data po(x). Similarly for p°3d(x, ).

Next, observe that by (4.41), (4.42), for all (k,m) € 2 with m even, that

(i L)\ —1 e K
peven('vtk,m + 2272]{) =P (st m) © (yZTk ) Or even x,
| Id for odd k.
(4.43)
Id for even k,
POt +227%) = pOU (-t m) 0 (isla)y —1
(yzlé‘k’ “) for odd k.

In particular, since # o = 0, we have proved (4.34).
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It remains to show, when pg(x) is not constant, that from (4.43) we deduce p¥°"(x,1) #
p°%d(x,7). Assume to the contrary that they are equal and call this solution p(x,#). Then
by (4.43) (noting that by (4.29), (4.30), 1 =227 =1, 5 _,, see for example the illustration
(4.31)), we have for all kK € N, that

p(xa 1) = p<x7 1 _2272k)7
P 1) =p((55™) (). 1-227).

In particular, taking kK = 1, we see p(x,1) = po(x). Substituting this back in gives
po(x) = p(x,1—2272K) for all k € N. Again, substituting this back in gives that for all k € N,

Po(x) = po (Y%Lk) (x)).

In terms of the unit vectors ey, e, we have that for a.e. x € T2, po(x) = po(x + 27e;, )-
Convolving with a smooth function ¢(x) € C*(R?;R) then gives that for all x € T2,

(@ po)(x) = (@*po)(x+27e;,). (4.44)

By the Finiteness and Cancellation Conditions (4.32), (4.33), we see that 7 k_>—°°> 0, and
ixy1 7 ix (s0 equal to both 1 and 2 infinitely often). Now (¢ * pg)(x) € C**(T?;R), and so by
(4.44) we must have that (¢ * pg)(x) is a constant. This holds for all ¢(x) € C*(R%*;R), and
therefore implies also that py(x) is a constant, reaching the required contradiction. [

Finally, for a suitably fast growing sequence {L; }xeny C N, we apply Theorem 4.6 to the

oL T) Y : e
sequence of vector fields u;{l(lk S (x,t). This allows us to control the vanishing viscosity

limit along the vector field yi\/ ™) ken (x,1).
Theorem 4.10 (Non-unique renormalised vanishing viscosity limit). There exists a divergence-
free vector field u(x,t) € L*L?, and a sequence {&, }nen with K, > 0 and &, “—= 0, such
that for any initial data po(x) € LY, and for p*(x,t) the unique solution to (k-TDE) along
u(x,t) with initial data py(x), one has
Kon n—e  even
P (x,1) —— P (x,1),

odd(

pK2”+l<X,l) ’H_oo>p .X,l’),
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with the above convergence in weak-+ L°LY, and strong in LULY, for all p € [1,). Further-
more, the limit functions p©'®*(x,t), p°% (x,t) are renormalised weak solutions to (TE) along
u(x,t) with initial data po(x).

If po(x) is not constant, then p¥°"(x,t) # p°Y(x,t), and moreover the set of weak-x limit
points of p¥(x,t) € LYLY as Kk — 0 is uncountable.

Proof. Recall the language and notation introduced in Definitions 4.8, 4.9, as well as Defini-
tions 4.3, 4.4 of renormalised and Lagrangian solutions to (TE).

Consider any infinite sequence of tuples { (ix, Lg, Tx) }ren With i € {1,2}, Ly € N, 7, > 0,
and satisfying the Finiteness Condition (4.32).

By Proposition 4.9 there exists a Lagrangian solution p”(x,¢) € C°L!, unique in the

‘ 0 1 Lo
class of all weak solutions, to (TE) along u,g(lk’Lk’Tk)}":‘ (x,¢) for any initial data py(x) € LY.
Moreover, u,g(lklkﬂk e (x,1) is bounded by 1 in L°L?.

Let d, be a metric inducing the weak-x topology on
X = {u(x,t) € LTLY : ullprpe < 1}.

Let po(x) € LY, and denote for each n € N, k > 0, by p™*(x,1), respectively p"(x,?), the
unique weak solution to (k-TDE), respectively (TE), along u,(x,¢) with initial data po(x).
Moreover denote by p*>*(x,7) the unique weak solution to (k-TDE) along o T e (x,1)
with initial data pp(x).

Then by Theorem 4.6,

S.1 For all n € N, there exists k, > 0, &, > 0 depending only on {(ix, L, %) }}_, (and in
particular not on pg(x)), with K, 20 monotonically, such that the following holds

true:

S.5 If di(up+1,un) < €, foralln € N, then for all p € [1,0)

o Kn AN n—ee

o

We now construct such a sequence {(ix, L, T) }ren. Let (i1,L1,71) = (1,22,272). We
proceed by induction on n € N. Assume {(ix, L, T)};_, are given, and satisfy for k €

{1,...,n}.
i € {1,2},
L, eN,
Ly > 2%,
0< 7 <27%
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It is straightforward to check that this is satisfied for the base case (i1, Ly, 71 ) = (1,22,272).
If n > 2, we assume in the inductive hypothesis that also, for k € {1,...,n — 1},

Ik1 7 Ik

1
2Ty = 7,
2L,

2Ly 1T; 1s an odd integer,

(i7,Lg,7) Yot i L,m) M
d* (M]E+ll 1 1)}1 1,u]£(l 1 l)}z 1 S sk-

We then choose (i,11,L,+1,Tqt1) as follows. Let i1 € {1,2}\ {in}. Let 7,1 = ﬁ
which by the inductive hypothesis satisfies 7,1 <2 2%72. Let

Lpp1 =2L,_1(2M + 1), (4.45)

for some large M € N to be chosen, where when n = 1 we take Ly = 1. This will ensure
2L, 17, is an odd integer.
By (4.26) and Definition 4.9, we see for n € N fixed, that

i Ly, 7 ) M i L, T ) Y Lyi1)—o0
d. (uiikl A T e

Therefore, by taking M € N large enough in (4.45), we have that both L, | > 22"*2, and

a. (u{uk,Lk,rk)}zi% u{(ik,Lk,rk>}z_.) <e,

n+1 i

completing the induction.

We have constructed {(ix, Ly, Tx) }ren satisfying the Finiteness and Cancellation Con-
ditions (4.32), (4.33), and also (S.1), (S.5). The main statement of the theorem is now a
straightforward corollary of Proposition 4.9.

Finally, we show that if py(x) is not constant, then the set of weak-* limit points of
pX(x,t) € LLY as k — 0 is uncountable. Working in the weak-x topology of L;°LY, the set
of vanishing viscosity limit points is bounded, and so is a metric space. Moreover, the map
K — p®(x) is continuous, which implies that the set of limit points is connected. If it is a
connected metric space, then it is either a singleton or uncountable. Therefore, we conclude

by observing that p°" (x, ) # p°3d are at least two limit points. O
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4.2.4 Inadmissibility of the Vanishing Viscosity Limit

We continue with the same notation for the 2-torus introduced in Section 4.2.3. However, we
no longer make use of the notation in Definitions 4.7, 4.8, 4.9. In addition, we define the
binary expansion of some x = (x1,x;) € T2 as follows. For the representative (x1,x;) € [0,1)?
denote fori € {1,2}, k € N, by x;4 the k™ binary digit of the i coordinate of x. That is, for
each i€ {1,2},

xi=Y x2 7% (4.46)
k=1

k . . .
where x; ; € {0,1} and x; ; % 1 (as is standard to ensure uniqueness of the binary expan-

sion).

First, we define vector fields and corresponding Lagrangian flows, which swap points in
T? according to their binary expansion. These ‘binary swaps’ form the building block of our
construction. Subsequently, we shall give a divergence-free vector field in L ([0, 100]; L")
with L;°L7-norm equal to 1, which perfectly mixes the transported scalar to its spatial average,
and subsequently unmixes, any initial data to (TE). We aim to show that this behaviour is the
unique limit point of vanishing viscosity of the associated solution to (k-TDE). To ensure
the uniqueness of the limit points, it is necessary to ‘gradually’ perform these binary swaps;

that is, they must be restricted to gradually smaller regions of space, see (4.49) below.

Definition 4.10 (Lagrangian binary swap). Suppose i € {1,2}, ke N, n e {1,...,2lk/21},
LeN,withL > k+1.

The proof below will define a time-dependent, divergence-free vector field called the
(i,k,n;L)-binary swap

w0 (e 1) 1 T2 % (0,327 — R?,

and a corresponding Lagrangian flow map (Definition 4.4) { yt(i’k’";L) (x)} with the
properties (4.47)-(4.51) below.

Define Ji,, = |(n—1)2~ %/2] p2=Ik/2]| < T. Then at time t = 3-27%, for a.e. x =

(i,k,m;L)

(x1,x2) € T2, Yook (x) will swap the k™ and (k+ 1)™ binary digits of x; if x; € Ji.

That is y(()i’k’";L) (x) =x. For ae. x= (x1,x) € T? denote by (¥},x}) = ygl:’;’f,l:L) (x).

1€[0,3-27%]

Following the notation for binary expansions in (4.46), for j € {1,2} the coordinate, and for
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! € N the binary digit,
x'j =xjif j#1,
xi = xig for I ¢ {k,k+1},
Xi k if x; € Ji s

/ _
Xik+1 = ) (4.47)
Xik+1 Ootherwise,

, Xikr1 1 xi € Jyp,
Xik = )
Xi k otherwise.

Additionally, the vector field u("*L) (x, 1) will satisfy

Hu(i,k,n;L) <1, (4.48)
L7LY
and for all # € [0,3-27%], and all x = (x1,x2) € T? with x; ¢ Jy .,
ul%mL) (x 1) = 0. (4.49)
Moreover, for i € {1,2}, k € N fixed, as L — oo,
ul kL) (1) E20 0, in weak-* LLT. (4.50)

Finally, for any r,7" € {1,...,2¥=1}, for the spatial intervals J = [(r — 1)2! 7% 2!=#], and

J' =[(¥ —1)217% #217K], the Lagrangian-flow yt(i’k’n;L) preserves the squares

YEREL) L s g s I x T 4.51)

Proof. We now construct the above vector field and Lagrangian flow. We shall give the
construction for i = 1, then define its coordinate reflection for i = 2. That is, for each
(x1,00) € T2, ¢t €10,3-27]

uPRmD) (x1,x2),1) = uH*mD (3, x1), 1), (4.52)

2RI (1 x2)) = 5D (g, ). (453)

so that (4.48), (4.50), (4.47) with i = 2 follow from the same result for i = 1.
We shall achieve the required binary-swaps (4.47) by piecing together particular rotating

vector fields which perform half rotations of rectangular regions of T2. Suppose W, H > 0,
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and define the following 1-Lipschitz stream-function

S wWw HH\
ll/( ?,?>X( 5’3>CR —>R,

V((x1,x2)) = min{W,H} -max{ (%)2, <)2>2} .

H

This defines a 1-bounded, time-independent, divergence-free, vector field e y(x) =
(- g—;’;(x), g—;’:(x)) on the open rectangle (—% %) x (-4, 4). V94y(x) has rectangular
flow lines, as illustrated in the following diagram:

IR (4.54)

Moreover, on each triangular segment, V- y/(x) is a linear function of space, and each
flow line within each segment has a time period equal to max{W,H }.

Therefore, V- y/(x) admits a Lagrangian flow {y; (x)}te(fmvm) on (—%. %) x (-4,4).
Thatis forall 7 € (—oo,00), y,(x) : (=%, W) x (=&, 2) 5 (=%, %) x (-4, 4) is aLebesgue-
measure preserving bijection, yo(x) = x, and for all x € (—% %) x (-4,4), and all

dy;
t € (—oo,00), G (x) = VEy (3 (x)).
Moreover, we have yo(x) = x, while y; naxfw,z} (¥) is exactly a half rotation of ( W W) X

T2 72
(—4.,4) around its centre. Finally, both y;(x) and y,” !(x) are Lipschitz in both x and ¢. That

WW)X( H H

is, for all x,x" € (—7,7 —7,7), and all 7,5 € (—oo, o),

e (x) = ys () | < Clx =2 | + |t = s1),

(4.55)
i ) =y )| S Cle =2 |+ [ =),

for some constant C > 0.

Consider now any open rectangle Q C R? with width W and height H. By translating
(4.54) to Q, we have the same vector field on Q, which, to simplify the following presentation,
we symbolically notate by

=== 1(x): 0~ R~

We iterate that this is a 1-bounded, time-independent, divergence-free vector field, admit-
ting a Lipschitz Lagrangian flow {y;(x) } e (—oo0) 8 in (4.55). Moreover, yo(x) = x, while
Yamax{w,H} (*) is exactly a half rotation of Q around its centre.
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We also denote the same vector field multiplied by —1 by the same diagram with the

arrows reversed,

This admits the Lagrangian flow { vi ! (x)} , and so enjoys the same properties as

1€ (—o0,00)
above.

Next, we piece these half-rotations together to perform orientation-preserving swaps.
This building block is required to perform the binary swaps (4.47). Let Q C R? be again an
open rectangle with width W > 0 and height H > 0. Let L € N and suppose in addition that
H is an integer multiple of 2! =%, and W > 21-F,

Subsequently, we define a time-dependent vector field, symbolically notated by C==1(x,?) :

0 x [0,3W] — R?, by

== ] y1-L
H | = __

: == 027" iticpoow),
— | = (4.56)

S>> 1 5> |2 L
H = -1

o | T2 ifr € 2W,3W].

\

This has the property that at time r+ = 3W, the left and right halves are swapped in an
orientation-preserving manner. This is illustrated below:

L[ /= | S>> 1 s> |I2L
e o | o

-

t=0 t=2W t=3W

Finally, suppose k € N, n € {1,...,21%/21} ‘and L € N, with L > k+ 1.
LetJin = [(n— 12782 21621 .
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ForW =2k H=1,and L > k+ 1 we may use C==1(x,1) to define the time-dependent
vector field

l/l(l’kﬂ;L) (x,t) : TZ X [073 . 2—k] — RZ,
T

2—k—1 -k
oS S

JEPSEE

|*

H J

72 >
21—k

Jk,n

Note that (14L) (x,1) is piecewise given by (4.54), and so is 1-bounded and divergence-
free.

By construction (4.47), (4.49) are satisfied, while (4.51) follows from the illustration
(4.56) after noting the bound 271 < 21k,

Finally, to prove (4.50), notice in (4.56) we alternate between === 1(x) and
=== (x),and so forall x € T2, t € [0,3-274]

y( kL) (x,1) = —y(LemL) (x+27Ley,1).
The proof of (4.50) now follows the same argument as the proof of (4.26). L]
Next, we show the well-posedness of (TE) along these vector fields. As for Proposition
4.7, a weaker version of the following result, when p(x,7) € L°LY, follows directly from the

well-posedness theory of Ambrosio [8]. However, for completeness, we again prefer to give
a direct elementary proof of uniqueness, valid for all p(x,t) € L!L!.
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Proposition 4.11 (Binary-swap uniqueness). Suppose i € {1,2}, ke N, ne {1,...,2l6/2]},
LeN, withL>k+1.

Suppose p(x,t) € LIL! is a weak solution to (TE) along ulbkL) (x 1) on the open time
interval (0,3-27F).

Then there exists some py(x) € L! such that p(x,t) is (a.e. in T? x (0,3-27%)) equal to
the Lagrangian solution (Definition 4.4)

(i,k,n;L)) -1 '

p(-,t)=poo (v (4.57)

In particular, p(x,t) is a renormalised weak solution to (TE) (Definition 4.3) along

(i,k,n;L)

ulBk L) (x ) with initial data po(x). Moreover po((; )_1 (x)) € CPLL

Proof. We shall give only a brief proof since this follows the proof of Proposition 4.7.
Alternatively, one may prove the result via the L! BV,-theory of transport developed by
Ambrosio in [8].

The case i = 2 follows the same result for i = 1 and the definitions (4.52), (4.53). Hence,
we may assume I = 1.

Notice, from the construction (4.56), that u(LkmL) (x,t) is stationary/time-independent on
the time intervals I} = [0,2-27%],and I, = [2-27% 3.2,

We claim it is sufficient to prove (4.57) for some py(x) € L}C for a.e. t € I, and for some
py(x) € Ll fora.e. 1 € L. This is because, after we prove the continuity po ( (yt(l’k’n;L)) - (x)) €
CPL!, we apply Theorem 4.1 to deduce po(x) = p}(x).

Restrict now to one of the time intervals t € I} or ¢ € I,. Then we may divide T? into
open rectangles Q C T? (and a set of Lebesgue-measure zero between rectangles) on which
ullA75L) (x 1) is given either by zero, === —(x), or === 1(x).

As in the proof of Proposition 4.7 we take a test function ¢ (x) € C2°(Q x I ), supported on
O x I; (or Q x I respectively), and let y/(x,1) = ¢ ( (y,(l’k’";L)) ), t). From the Lipschitz
bound (4.55), w € L*(Q x I1;R) is then Lipschitz (so may be taken as a test function in
(TE)), supported on Q, and by chain rule the following point-wise equality holds

MW )+ a0 (1) V(1) = 90 (O3 ).
ot ot

Following the argument as in Proposition 4.7 then proves (4.57) holds a.e. on each Q x I,
for some py(x). By gluing together the py(x) for each Q, we show that (4.57) holds a.e. on
T? x I (or T? x I, respectively).

We are left to show py( o (yt(l’k’”;L))*1 (x)) € CPL. As in the proof of Proposition 4.7,

this will follow from the global Lipschitz in time bound. That is we must show, for all x € T?,
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andt,s € [0,3-27K],

yt(l,k,n;L) ((y‘gl,k,n;L))fl(x)) _x‘ < C|t —S|.

This follows by taking x = x’ = (yﬁl’k”””) - (z) and applying the local Lipschitz bound

(4.55).

As discussed, by Theorem 4.1 we may glue together T2 x I; and T2 x I, proving (4.57).
p(x,t) is now a Lagrangian solution to (TE) along u{"*"L) (x, 1) with initial data py(x), and
so a renormalised weak solution by Remark 11. [

(i
3.

index (k,m,i,n) € 4 C N* where k,i,n shall determine which binary swap ygl:ff,?L) (x) to

perform, with L € N, L > k4 1 chosen later, while m denotes the m'M occurrence of that

Next, we define the times at which to apply a binary swap y ff,ljl‘) (x). We use a quadruple

binary swap. To define the times 7, ; ») € [0, 1] at which the binary swaps will be applied,
we first define an ordering <(ime on the indexing set /", and then define #(; ,, ; ) so that they
respect this ordering. The resulting time ordering is illustrated in the diagram (4.61) below,
with the ordering designed to iteratively make 4" copies of the initial data on a square lattice
with widths 27, thus mixing the initial data to its spatial average as m — oo,

We additionally define a well-order <jex on the indexing set .#". This will inform which
(i
3.
of (k-TDE), as in Proposition 4.6.

binary swaps y ’é{f,’:L) (x) will be included when approximating the vanishing viscosity limit

Definition 4.11 (Total-orders <jex, <time)- For any p € N, we define the lexicographic
well-order <jox on N” via

Vj<i),aj=bj,
4 < b <= (Bie{l,...p}), (V) <), aj=b;
a; < b;.

Let
N = {(k,mﬂ',n) eN*: m<kie{l,2},n< 2Lk/2j}’

then note that the well-order (.4, <jx) is order isomorphic to N with the usual order.

We also define another total-order <, on .4, via
(k1,m1,i1,m1) <gme (k2,ma,i,n2) if (my, ko, i2,n0) <iex (m2,ky,i1,n1), (4.58)

which is not a well-order.
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Define also for each .#" € .4 the finite subset
Ny ={(k,m,i,n) € N : (kym,i,n) <iex K },

which inherits the finite (and therefore well-) orders (A, <iex)» (A, <time)-
For each (k,m,i,n) € .4 we define

T myin) = ) 3.27K <42, (4.59)

(k,aml7i,7n/) <time (k7m7i7n)

where the bound on T{y ;, ; ) follows from direct calculation of

Y 2k 22307k =42,
keN

and an empty sum is zero.
Moreover, for each m € N, let

T,= Y 32¥%<a (4.60)
m'<m
(K m i’ n eV

Writing also Ty = 0, we illustrate the time ordering <me in the following diagram,

Ty T I3 T3
T34 T T35 Tian:
(3,1,in) (1,1,in) (3.2.in) (3.3.in)
H——— % ———— ———
Ti41,im) T(2.1,im) T(42,in) T2.2,im) Ti43,im)

where for fixed k,m € N with m < k, the bracket /T—(k/\# contains for all i € {1,2}, n € N with
n< 21k/2] , precisely the time intervals

[T(k,m,i,n)a 7-'(k7m7i7n) + 3 . Zik) .

Next, we apply the divergence-free vector fields uli&mL) (x,1) (for some L € N to be cho-
sen) in each time interval [T(k_/mJ,n),T(k’m_j’n) +3-27%), withm € {1, ...,k} an index denoting
the m™M occurrence of this swap. The order is chosen so that the solution to (TE) at time

t = T, creates 4™ identical copies of the initial data on a square lattice with widths 27"
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To see how this can be achieved, i € {1,2} denotes which coordinate the binary swap
(4.47) acts on, while n € {1, 2l 2J} is an integer denoting which region of T? the binary
swap is completed on.

For fixed k € N, m € {1,...,k}, these binary swap commute, and together the bracket

S swaps the k" and (k + 1)™ binary digit of both coordinates of every x = (x,x;) € T?.
The order <jx is chosen such that between 7, and 7, an ‘undefined’ binary digit
passes from infinitely far up the binary expansion, down to the m™ position. Since its values
are undefined, this creates four copies (2 in each coordinate) of the t = T,,,_| data atr = T,,,.
See Proposition 4.12 below for the details.
But first, we define this vector field and its finite approximations, which by Theorem 4.6

will control the vanishing viscosity limit of (k-TDE).

Definition 4.12 (Gradual perfect mixing). We follow the notation introduced in Definition
4.11.
Notice that a particular & = (k,m,i,n) € A fixesk € N, ie {1,2},n e {1,...,2k/21},
For /¢ € 4, and a finite sequence {L»} ey, C N with L ;) > k+ 1 for all
(k,m,i,n) € N, we define the following time-dependent vector field.

(Lo} per,

Uy, (x,7) : T2 x [0,50] — R?,

| P = (k,m,i,n) € Ny, and
uknLa) (x t — Ty for ( )€t
Uy (x,1) = re [T9’7T92+3'2_k)’

0 otherwise, in particular for t > 42.

Meanwhile, for an infinite sequence {L»}»c » C N with Lmin) = k+1 for all
(k,m,i,n) € 4, we define the following time-dependent vector field.

WlL?}zer (x,1) : T2 x [0,50] — RZ,

‘ P = (k,m,i,n) € AN, and
L) ylikmLy) (x’ r— T@) for ( )
ullotren (x,1) = te [T(@?T(O} +3. 2*k) ’

0 otherwise, in particular for t > 42.

These vector fields are well-defined since by (4.59), the time intervals

[T(k,m,i,n)uT(k,m,im) +3- 2_k) ,

are disjoint subsets of [0,42].
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Proposition 4.12 (Mixing). We follow the notation introduced in Definitions 4.11, 4.12.

Let po(x) € Ly, and suppose we have an infinite sequence {Lz } ey C NWith Ly i ) >
k+1 for all (k,m,i,n) € AN ". Then for each & € N there exists a unique weak solution
p” (x,t) to (TE) along ui?@}'ge’”% (x,t) with initial data po(x). Moreover, p” (x,t) €
COLLNLP LY, is a Lagrangian solution, and hence also a renormalised weak solution (Defi-
nitions 4.3, 4.4).

By the well-order (N, <iex) (Which is order isomorphic to (N, <)), as Jex, oo,

P (x,1) 25 p= (1),

with the above convergence in weak-+ L°L?, strong in LP([0,42]; L) and C°([0,42 — €]; LY)
for all p € [1,0), and all € > 0. The limit function p™(x,t) € CO ., L7 is a weak solution
to (TE) along ulkrtoen (x,t) with initial data po(x).

Moreover, for all t € [42,50] and all x € T2,

p=(xr) = [ po(y) (4.62)

i.e., p=(x,t) is perfectly mixed after t = 42.

Proof. Recall the language and notation introduced in Definitions 4.10, 4.11, 4.12, as well
as Definitions 4.3, 4.4 of renormalised and Lagrangian solutions to (TE).

By Theorems 4.1, 4.2, there exists some weak solution p‘%/ (x,1) € 9 L? to (TE)

L) weak—*"x
Lo}y ., e e
along u %ga 7S (x,1) with initial data po(x).

We aim to show p(x,7) € CPL! with

1
p” (1) =poo (57) (4.63)
LY ey
for {5/ (x)} ef050] @ Lagrangian flow along ut{)f}‘)eﬁy (x,t) which does not depend on

pPo(x), thus proving uniqueness.

(Lo} per, (

From the definition of u v x,t), finiteness of the set ./, and disjointness of

the intervals [T(k.,m7i,n)7T(k,m,i,n) +3- 2"‘) for all (k,m,i,n) € Ay, we may piecewise apply
Proposition 4.11 to p* (x,t). We use that p7 (x,1) € CO . L7 to glue together the pieces,
and that any weak solution to (TE) along u(x,#) = 0 on an open time interval [ is a constant
function of ¢ € I, see for example Theorem 3.1.4° in [58]. This constructs for each % € A"
a Lagrangian flow 77 (x) satisfying (4.63), and moreover gives an expression for 3/ (x) in

terms of the binary swaps yt(i’k’";L) (x), see (4.65) below.
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For each &2 = (k,m,i,n) € Ay, define

. 50  if 2 is maximal in (A, <gme), else
suc(2) =
el %) Ty for &' the successor of & in (N, <time)-

With each &2 = (k,m,i,n) € Ay fixed, and therefore fixed k € N, by (4.59) we have that
Ty +3-27" < Ty ). (4.64)

With each & = (k,m,i,n) € A4 fixed, and therefore fixed k € N, i € {1,2}, n €
{1,...,2l%/2]} we have that for all r € [Tp, Toue()]

R it e [T, T 327K,
5o (7,) = (i.k
Y32

2 ) (4.65)
5k ifr e [TL@ +3-27 7Tsuc(£”)]'

Meanwhile, if Py is minimal in (A7y, <¢me), We have that for all r € [0,T_ |,
57 (x) = x. This completes the proof of uniqueness.

Next, we wish to show, for any m € N, that the sequence p* (x,7) € COL! is Cauchy in
CO([Tp_1, Tl;LY) as # X5 oo, as follows.

We proceed by induction on m € N. By the inductive hypothesis we have that p% (x,8)(+,Tp—1) €
L! is Cauchy in L! as % 1 o (for the base case m = 1 this follows by p” (x,Ty) = po(x)).
From this we wish to deduce that p” (x,t) € C'L! is Cauchy in CO([T;,_1,T;]; L)) as
H % o, Before we proceed with the induction, we will need some properties of the
Lagrangian flow 7/ (x) on the interval 7 € [T},_1, T;].

Fix any (k,m,i,n) € A, which fixesk e N,m e {1,....k}, i€ {1,2}, ne {1,...,2lK/2]},

Recall the definition (4.60) of 7,, and 7, |, where we set Ty = O if necessary. By (4.58),
we have (it may be helpful to consider the illustration (4.61))

T < T(k,m.,i,n)a
T(k,m,i,n) +3- 27+ < T,

and also for each & = (K',m’,i’,n’) >1ex (k,m,i,n), which fixes k' e N,m’' € {1,....k'},

T +3-27% < Ty piny ifm <m,

Tn<Tp ifm<m.
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Therefore, by the piecewise structure (4.65), for each r € [7"(k7m7l~7n),Tm], and for each
K >1ex H >1ex (k,m,i,n), we have that

! (~C%//

Yo © yT( v )717

-1 ~
k,m,iﬁ)) - yt © (yT(k,m,i,n)

is unchanged. We shall need the inverse of these Lagrangian maps,
- ’ - N —1 - ~ —1
yi(im,i,n) o (yt‘%/ ) = y%;m7i7n) o (y;%/) . (4.66)

Next, for each & = (K',m’,i’,n') € A with k' < k, which fixes K e N, m’ € {1,....k'},
we have that

To+3-27K <T,y ifm <m,

Tgmin) <Tep ifm< m'.

Therefore, we may apply (4.51) and the piecewise structure (4.65) to show the following.

For any r,7/ € {1,...,2571}, denote the intervals J = [(r — 1)2' % 217K, J' = [(#¥ —
1)21—k7r/21—k]’

For all & € A, for all t € [Ty—1, T m,in)). We see that the Lagrangian-flow 7 o

o \—1 _
(y‘ff; 1) preserves the square lattice

F(G7) @) I x T eI x ] (4.67)

We are now ready to proceed with the induction. Recall we have assumed that for some
meN, p (x,1)(-, T_1) € L! is Cauchy in L! as # =5 .

We wish to deduce p (x,t) € CPL! is Cauchy in CO([T;,_1,T,,]; L) as % 1 o,

Denote by p,,_1(x) € L! the limit p* (x,T;,_1) Ao, Pm_1(x)in LL.

Note, by (4.63), for all & € .4, and for all t € [T,,_1, T,,], we may write

p” (1) = pX (- Tuor) o570 (57) . (4.68)

Fix some € > 0. Let ¢¢(x) € C*(T?;R) be a smooth approximation of p,,,_1(x) in L! so
that [0 — fu 111 < .

Fixing also some k € N, let /#" € ./ be large enough that we have ¢ > (k,m,1,1),
and that for all &'/ > A,

<e.
L;

e
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Then, it also follows that

<2

HP —1) — 0 L
Therefore, by (4.68), and since Lagrangian flows are Lebesgue-measure preserving, for
any ' >1ex A, and for all t € [T;,_1,T,,], we have that

!

[o*"cn=p" 0, veost o (7) = deost o (57)

§48+’

L

We now split into two cases, t € [Tu—1, Tjgm.1,1y]> and t € [Ty 1,1), Tm]. We first consider
the former.

For the square lattice of widths 21=k Jx J' < T? defined in (4.67), we have for all
x,yeJxJ,

[Be(x) = G ()] < || Vel [x =]
< V2|V 2",

So by (4.67), for all ¢ € [T 1, T m,1,1)]> and for all #” >1ex %", we have that

Next, by (4.66), for all r € [7"(k7m7171),Tm], we have that

/ - ! o - _1 _
Oc 0 mil (y,‘%/) —(j)goy‘%f:_]O(y,‘%) ng\/szﬁbsHszl L (4.69)

dco57 o () —co5t o (57)

where the last line is already bounded in (4.69), by v/2||Ve|| L= 21—k Putting everything
together, we see that

L;

¢80)7LT}ZL1OO#(g:m‘l.l))_lOy%;m,n) (yf ) — @0 mil ()7%)_1‘

L

¢805}E])§:/1 ()“;EY)-?:mll))i1

~ 4 -1
— P °¥r,_. ° (yT(k,m,l.,l)) HL}C ’

A A

lo7" ~p <de+V2|| Vo] 2!

L=([Tyu—1,Tn]:LY)

[V@el| -~ depends only on & and p,—(x), and in particular not on k. Thus for k suffi-
ciently large, i.e. for #”, ¢ € (A, <jx) sufficiently large, we can make the right-hand
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side arbitrarily small. Therefore p* (x,?) is Cauchy in L*([T,,_1, T,]; L)) as ¢ 1%, o, as
required.

This completes the induction. Observe that 7;, mme, 42, and so we have proven that
p” (x,t) converges in C°([0,42 — g];L!) as 7% 1%, o0, for any € > 0.
{Lotper (x,1)

o (x,t) are Lagrangian (and Weak) solutlons to (TE) along u’; with initial

data po(x). Therefore, since po(x) € L, p (x,1) are uniformly bounded in L°L”.

Lopts
Moreover, by Deﬁnltlon 4.12, { 7Y rety (

wlkrlren (x,t) as A 1%, o for each t € [0,50], and are uniformly bounded in L°L?".

Denote by p(x,t) a weak-* limit point of {p (x, t)} wen in L7(]0,50];LY), that is
there exists a subsequence %, —— oo with p“#(x,) === p(x,t) in weak-* LL. Then
for all ¢(x,t) € C(T? x [0,50);R), we see that

x,t) is eventually constant, and equal to

[P0 (G 422 (1) Vo) )
T2 x[0,50] ot

20 ,
S Tn Loy} ze. .
=m0 (5 )2 ) 0000 )
, , o {Lotper
_ Jn S v
tim [ %) (G a7 ) Vo) ) dua
—— [, Po@) i) dx
T2

Therefore, p(x,7) is a weak solution to (TE) along ulkrtoren (x,¢) with initial data pg(x).

Moreover, it is bounded in L;°LY and so by Theorem 4.1 the limit is in C°_, _([0,50];LY).
However, ull ‘/}/6”( ,t) = 0 for each 1 € [42,50] and x € T?, and so (say by (4.5)), for all
t € [42,50], p(x,t) is determined by p(x,s) for s € [0,42).

However, we have already shown lim p‘%/ (x,t) converges in C°([0,42 — ¢]; L)) for any

€ > 0. Therefore, the limit p(x,?) is umque Assume then that )%/lm p” (x,t) does not

converge in weak-+ L*([0,50];L’). Then, by the uniform bound in L*(]0,50];LY’), at least
two limit points exist, contradicting uniqueness.

Denote now the limit by p*(x,7), that is p (x,7) EiaN p*(x,) in weak-* L=(]0,50]; LY)
and strongly in CY(]0,42 — g]; LY) for all € > 0.

We are left to show convergence in L”([0,42]; LY) and C°([0,42 — €]; LY) for all p € [1,0),
and all € > 0. The latter follows by interpolation between convergence in C°([0,42 — €]; L))
and the existing uniform bound in L°L?. When combined with the uniform bound in
L*([0,42]; L2) this further implies convergence of the norm || p” | 12([0,42]:12)° Convergence
in L2([0,42];L?) then follows from the already proved weak convergence in L?([0,42];L2).

The analogous result for p € [1,2) follows from compactness of the domain T? x [0,42].
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Moreover, the convergence for p € (2,00) follows by interpolation with the existing uniform
bound in L= ([0,42];LY).

Finally, we show the mixing formula (4.62).

For K € N denote by pK (x,1) = pKK2252) (x 1y sz = Nk k 2.21x/2)), and by K (x) =
(KK ,2,21K/2])
ki (%)

t
lex

By (4.58), observe that (k,m,i,n) € Ak if and only if k < K, and moreover (K, K, 2, ZLK/ZJ) —
o0 as K — oo,

Fix k,m € N with k <K, m € {1,....k}. Forall i € {1,2}, forall n € {1,...,2l¥/2]}, we
see that (k,m,i,n) € A%, and so consider the maps

~K —1

yT(k,m,i,n)"'3'27k © (yljgv(k,m,i,n))

By (4.47), (4.64), (4.65), these maps commute for all i € {1,2}, foralln € {1,..., 21k/2] }.
Moreover, by (4.58), (4.59) (illustrated in (4.61)), their composition is equal to

~K —1
yT(k,m,1,1)+3'2_k © <yT(k,m,2,2Lk/2J)) '

Furthermore, we have the following expression for this map regarding binary expansions.
~1

k,m,z.ztk/ZJ)) (x))

Fora.e. x € T2, forall j € {1,2}, x'; has swapping the k™ and (k+ 1)™ binary digits of x;,

illustrated by the map Y, (x) below. We use colour to denote swaps in the binary expansion

For x = (x1,x) € T? denote by (x},x}) = y~[T(<k N 171)+3.2_k(()7’T((

for the reader’s convenience. Following the notation for binary expansions introduced in
(4.46), we have that for j € {1,2} the coordinate, and for / € N the binary digit,

~K ~K —1 . _ . _
(yT(k,m,l‘l)+3'2_k((yT(kﬁmQ’ZU‘/zJ)) (X))>J - O '-xj71 e )C],k 'x]7k+1 ) 9
(
Xj k41 if | = k,
~K ~K —1 . .
<yT(k,m,1.,1)+3'2k ((yT(k,m,Z,ZLk/zJ )) (x))) ] i o xj’k lf l - k + 17
7 ) otherwise.

Next, we fix m € {1,...,K}, and use (4.58), (4.59), (4.60), (illustrated in (4.61)), to piece

~K ~K -1
together yT(k,m,|.1>+3-2*k((yT(k,,,l,z,ztk/zj)) (x)) fork € {m,m+1,...}.
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From this, we deduce that for a.e. x € T2, for all m € {1,...,K}, and for j € {1,2} the
coordinate, and / € N the binary digit, we have that

Ym Y](,l YK

K K 1 FOALNELNND
(
XjK+1 ifl = m,
- ~ —1 .
(yIT(mO(yIT(m,l) (x)>jl: xj—1 fm<I<K+1,
Xji otherwise.

\

Therefore, since )7]T<0 (x) = x, we see that for a.e. x € T2, for all m € {1,...,K}, and for
J € {1,2} the coordinate, and / € N the binary digit,

~K\—1
((yﬂn) ()C)) = < O-Xj,)71+1 Xjm+2 . XjK+1 Xjm Xjm—1 ... Xj1 XjK4+2 XjK4+3 ... >7
J

Xjm+l ifl<K+1-—m,
Xjki2-1 HK+2-m<I<K+1, (4.70)
Xji ifl > K+2.

For each m € N define now the map z,,(x) : T2 — T? by, for all x € T?, for j € {1,2} to
coordinate, and / € N the binary digit,

(Zm(x))j = < 0 < Xjm+l Xjm+2 Xjm+3 ... ) )
(@m(x)) ;= {x,-m, forall / € N.

This map is an approximation of (4.70). Notice that for the initial data py(x) € LY,

Po(zm(x)) contains 4™ scaled copies of py(x), one on each tile in the square lattice with
widths 27

For any r,7 € {1,...,2571}, define the intervals J = [(r — 1)2' %, 217K, J' = [(#' —
1)2!'=* #21=K]. Then z,,(x) is a bijection from this tile J x J' to T2, that is

Zm(x) 1 I xJ & T2



168 Vanishing Diffusion Limit and Solution Selection

Moreover, for dit(x,t) the Lebesgue-measure on T2, z,|,, ,odu = 4"du(x,t). In

particular z,,(x) : T> — T? is measure preserving, and

[ polento) dx= g [ poto) a

Therefore, we deduce that

m—yoo

po(zm(x)) —— - po(y) dy, 4.71)

with the above convergence in weak-* L.

By (4.63), forall K € N, m € {1,...,L}, we may write pX(x, T;,) = po(()?IT(m)_l(x)). We
now wish to approximate pX (x,7,,) by po(zm(x)) to prove the mixing formula (4.62).

Fix some & > 0. Take a smooth approximation ¢¢(x) € C*(T?;R) of po(x) in L., so that
¢ — pol[ 1 < €. Since (}71T<m) - (x), zm(x) are measure preserving, we see that also

K-l SK 1
eo (¥7,)  —poo (37,) L;SS’ (4.72)

19¢ 0 zm — Poozmll) < €.

Next, consider the square lattice with widths 2m=K=1 that is for r,7’ € {1,..., PARES -my

define J = [(r—1)2" K1 y2m=K=1] "and J' = [(r— 1)2m*K*1,r2m*K*1].
Then, by (4.70), we see that for a.e. x € T2, (5§ ) '(x) € J x J' if and only if z,,(x) €
J x J'. But then by the Lipschitz bound on ¢ (x),

9 ((7,) '(x ) —(Pg(zm(x))‘ < V2| Vel 27K

Therefore,

~ -1 —K—
e (7)™ — g0z < V2Vl 2"

In light of (4.72), we deduce that

105 5. T) — polem ()|, < 26 + V2 [ Ve 275, (473)

Recall that pX (x,7) Ki> p (x,t) strongly in CY([0,42 — €]; L!) for all &€ > 0. Therefore,
for m € N fixed, pX(x, T;,) Koo, p>(x,T;,) strongly in L!.

So, by (4.73), for all m € N, we see that p=(x,T,,) = po(zm(x)). That is p*=(x,T,)
contains 4™ scaled copies of po(x), one on each tile in the square lattice with widths 27"™.

Hence, by (4.71), p=(x, Tn) == [12 po(y) dy converges in weak-* L.
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Since p=(x,1) € €O, LT, with p>(x,7) independent of 7 € [42,50], and T,, "~ 42,
we have proved the mixing formula (4.62). U

eak—x

Finally, it remains to find a suitably fast-growing sequence {L 4} »<_» C N in Definition
4.12. Then to apply Theorem 4.6 to the sequence of vector fields u:{%L/y}%W‘” (x,t), indexed by
A € A . This will allow us to approximate the vanishing viscosity limit to (k-TDE) along
ulkrtrer (x,¢). Additionally, by subsequently time-reversing the vector field ulkrtrer (x,1)

on the time interval [50, 100], we will obtain the inadmissible behaviour below.

Theorem 4.13 (Inadmissible vanishing viscosity limit). There exists a divergence-free vector
field u(x,t) € L=([0,100]; LY), such that for any initial data po(x) € LY, and for p*(x,t) the
unique solution to (k-TDE) along u(x,t) with initial data po(x), one has

pR(at) =5 p(x,),

with the above convergence in weak-x L([0,100]; L), strong in LP([0,42];LY), C°([0,42 —
gl;LY), LP([58,100];LY), and C°([58 + €,100];LY) for all p € [1,), and all € > 0. The
limit function p(x,t) € CO ... ([0,100];LY) is a weak solution to (TE) along u(x,t) with
initial data py(x).

Moreover, for all t € [42,58] and x € T2,

plx.r) = [ poly) db.

is perfectly mixed to its spatial average.
Furthermore, for all t € [0,100], p(x,t) = p(x,100 —t) and in particular,

P (x,100) = po(x),

is perfectly unmixed. In particular, if po(x) is not constant, any L norms of p(x,t) (for

p € (1,9)) increase after t = 58, contrary to the entropy-admissibility criterion in [35].

Proof. Recall the language and notation introduced in Definitions 4.11, 4.12, as well as
Definitions 4.3, 4.4 of renormalised and Lagrangian solutions to (TE).

For each n € N we denote by .7, € ./ the isomorphism between the well orders (N, <)
and (4, <jex). That is n — 7, is a bijection from N to .4/, and for all ny,n, € N, we have
that n; < ny if and only if JZ,, <jex Hp,.
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For an infinite sequence {Ls } pc v C N with L ;4 > k+ 1 for all (k,m,i,q) € N,
we define u, (x,t) : T? x [0,100] — R? by

Lyptg 3
) u;/}f”‘ﬁ (x,1) if t € [0,50], @
Uy(x,t) = Lo : .
—u{%;}}]e/%‘ (x,100—1) if € [50,100].

up(x,t) € L7LY is then bounded by 1.
Let po(x) € LT, then for p”»(x,t) given by Proposition 4.12, we have the following
Lagrangian solution p”(x,t) € CPL! to (TE) along u,,(x,¢) with initial data po(x),

Sy -
; P (x,1) ift € [0,50],
p"(x,1) = - , (4.75)
p7(x,100—1¢) ift € [50,100].

We now apply Theorem 4.6. Let d,. be a metric inducing the weak-x topology on
{utxr) € L7 (0,100 5) o <1}

Let po(x) € LY, and denote for each n € N, k¥ > 0, by p™*(x,7), respectively p”(x,t), the
unique weak solution to (k-TDE), respectively (TE), along u,(x,7) with initial data py(x).
Moreover denote by p*>¥(x,?) the unique weak solution to (k-TDE) along ulkrtrer (x,1)
with initial data pp(x).

Then by Theorem 4.6,

S.1 For all n € N there exists k, > 0, & > 0 depending only on {L%}zc v, (andin
particular not on py(x)), with K, 27200 monotonically, such that the following hold
true:

S.2 Forall p € [1,)
sup [|p™* — p"[| jpp —— 0,
K<Kj,

S4 If d.(upt1,un) < g, forall n € N, then for all p € [1,)

sup [[p"F = p*K][ oy p S0,
K <K<K e

We now choose {L 5} »¢_y. Proceeding by induction on N € N, assume there exists a
sequence {Ly} we, v, C N, so that with {u,(x,1)})_; € L7([0,100];LY) given by (4.74),
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and {€,}_, C (0,0) given by (S.1), we have that for alln € {1,....N — 1},
d*(”n—i—laun) < &.

We next pick L x;,,, € N. Note that for any L 4, , € N we obtain by (4.74) a vector field

UN+1 (X,t)-
By (4.50) and Definition 4.12, we see that as L y;, oo,

(Lot )=
di(uns1,uy) —— 0,

and so we may pick L »;, ,, large enough that d, (un+1,u,) < €. This completes the inductive
step.
That is, there exists a sequence {Ly} »c 4 C N such that for all n € N, with u,(x,?)
given by (4.74), we have that d, (uy,+1,u,) < €&,. Therefore, (S.2) and (S.4) are satisfied.
Next, for all n € N, and for all p € [1,00), we see that

sup  [[p™" _Pn||L;°L§§ < sup HPDO’K _PH]’KHL;"L)’?
K1 <K<Ky, Knt+1 <K<Ky
+ sup pn+l,K_pn,K i
Kn+1§K§KnH HL, LY
+  sup HP""K—PnHL?LQv
Kn+l§K§Kn
Therefore, by (S.2), (S.4), if for all p € [1,00),
sup  [|p" T — K| . 0, (4.76)
K1 <K<Ky T
then also for all p € [1,),
oo —oo
sup |07 = p"lerp = O
Kn+l§K§Kn

Therefore, the statement of Theorem 4.13 follows from Proposition 4.12 applied to
(4.75).

Notice that for all p € (1,0), (4.76) follows from the case p = 1 by interpolation with
the existing uniform bound in L;°L7. We, therefore, only prove (4.76) for p = 1.

Letn € N. Express %1 € A as H#y11 = (k,m,i,q) withke Nyme {1,... k}, i€ {1,2},
and g € {1,...,2%/21},



172 Vanishing Diffusion Limit and Solution Selection

Then, by the expression (4.74), and Definitions 4.11, 4.12, we have that for all ¢ ¢
[Tw Ty, +3-27FU[100 =Ty, —3-275,100 — Ty, ], that w1 (x,1) = un(x,1).

Therefore, for all k > 0, p" "1 (x,1) — p™*¥(x,¢) € CL! is a solution to (k-TDE) on the
time interval [0,7 4, ] along the same u,(x,¢) with initial data 0 € L.

Similarly, on the time interval [T, , +3-27%,100 — T, , —3-27*] with initial data
(p"H1F — ") (x, Ty, +3-275) € LY.

Similarly, on the time interval [100 — T, ,, 100] with initial data (p" ! — p™¥) (x, 100 —
Ty, )<Ly

Applying the L?-Inequality (4.11) to these three cases shows that

|p"hx — —0, 4.77)

n+l,x

P oz, i

HP p" KHL""([T%H +3:27K,100- Ty, | —327K;LL) (4.78)

S H (pn+l,K'_pn,K) ('7TL}£{1+1 +3 .27]()

Y

L;

n+l,xk

It Pn’KHLw([loofT%H7100};L}6) < (p" ¥ = p™*) (-,100 — T%H)HL} '

Therefore, using the continuity p"* ¥ (x,t) — p"*(x,t) € C’L!, we have the bound

n+l,x

Iz pn’KHL;”L;

< Hpn+1,z< B 4.79)

n,K
P % 9k _ 2.9k 00— g1y
HL ([TJ(,,+17T)£/,[+1 +3-2 }ﬂ[lOO T%+1 3-27%100 T%Jrl]’LX)

Next, for k € N given in terms of n € N by the expression ;| = (k,m,i,q), we aim to
prove the bound, for all n € N, and for all ¥ > 0,

n+l,x

||p anHLm([Tlfthl,

< 2|lpoll 2~ +Cllpolle V2,

Ty +324ELY) (4.50)

with C > 0 independent of n € N and x > 0.

In the expression %, = (k,m,i,q), we assume, without loss of generality, that i = 1.
The case i = 2 then follows the same argument with the coordinates reversed.

LetJ = [(g—1)27 %2 g-lk2] T

Then, by (4.49), for all t € [0,3-27%], and for all x ¢ J x T, we see that the binary swap
vector field u(i’k’q’L%H)(x,t) =0.

Therefore, forallt € [Ty, ,,Tx,,, +3- 274N [100 — Ty, —3- 27k 100 — T,,,], and
for all x ¢ J x T, we have that u, 1 (x,),u,(x,t) = 0.

We first tackle the case t € [Ty, |, Ty, +3-275.
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Let Q = [0,1—2"¥/2]] x T ¢ T2, a periodic strip.

Then, on the spatio-temporal domain ((x1,x2),7) € Q x [0,3-27X], we see that (p"+1% —
P ) ((xy 4+ g2~ 572 xy) 1 + Ty,,,) is a solution to the heat equation, and by (4.77) has the
initial data 0. However, its boundary data is unknown. We will construct a second solution to
the heat equation on the same domain, with initial data O, which is an upper bound on the
boundary, and then apply the maximum principle.

We have the a priori bound ||p"*!* — p™¥|| .. <2 l1Poll -

Therefore, we may apply hypo-ellipticity for tlhexheat equation (see, for example, Section
4.4 in [58]) to deduce that (p" 1% — p"®)((x; 4+ g2~ %/2] xy),1 + Ty,,,) is smooth on the
interior of the domain Q x [0,3-27%].

We introduce

X 2
erf(x):/ eV dy,

Co = erf(0),
a=1-2"1%21

We define the following solution to the heat equation.

0:Qx[0,3-27N >R,

0((x1,x2),1) =2 poll = Cy ! (erf(%) +erf(xlT\/%l)) .

Observe that 0 has initial data 0, and its value on the boundary dQ = {0,a} x T is greater
than or equal to 2 |po|[ . Also for all (x1,x,) € Q, we have that 6((x;,x2),7) is an increasing
function of ¢ € [0,3-27%].

Therefore, by maximum principle, we have the following point-wise bound on the interior
of the domain, for all (x|, x2) € (0,1 —2"K/2]) x T, and for all € (0,3-27%),

‘(p”“v" — ") (1 +q2 W2 xo) e+ Tx.)| < 0((x1,x2),3- 27h).

Hence,

n+l,x

P

pr Hm([% 1T F32HELI(T\)) X TiR))

1 [ —X
§4||p0||L;°C01/0 erf (W) dx
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After changing variables, for C = 8\/§C0_ ! Jo_ erf(—x) dx, we have that

[p" 1% — pm¥|
L=([Toyy Tty +3:27 L ((T\)) X TSR))

< Cllpoll = VK27,

Since additionally J x T has Lebesgue-measure 2~ /2] and we have the a priori bound
[P 1% — p™ | ) < 2|0l o, We deduce (4.80).

Next, since k in determined by n through the map n — %, = (k,i,m,q), denote this
now by k, € N.

Since n — %4 respects the well-orders (N, <), (A, <iex), We see that k, —— oo,
Moreover, by (S.1), we have that k;, 2200,

Therefore, by (4.80), we see that

n—oo

sup  ||p"thE—pmK 0. (4.81)

Kn+1 <K<Ky

}L‘”([T%H,T%+1+3-2‘kn];L;.)

By (4.79), (4.81), the proof of (4.76) will then be complete if also

n—yoo

n+l,x —0. (482)

sup_|p

p" KH k 1
o L=([100-Ty, | ~3:270,100- Ty, | [iL})

To this end denote by g"* (x,1) € C°([100— T, ,, —3-27%,100— T, ], L) the solution
to (k-TDE) along u,(x, ) on the time interval [100— T, —3-27%,100— T, ] with initial
data p" 1 (x, 100 — Ty, —3-27") € LY.

Then, arguing as in (4.80), we have the same bound. For all n € N, for all k¥ > 0,

n+l,xk

Iz

g ||
L=([100-Ty, , , —327k2,100—Ty, , L))

<2||poll e 27/ 1€ poll o Vi

Therefore, as before, we deduce that

n—yoo

ntlx _ 700, (4.83)

wp o

gn,KH \ 1
Kn+1 <K<Ky L ([1007T%+173.2 n’looiT%hLl};LX)

By the )54 -Inequality (4.11), and (4.78), we have that, for all n € N, and for all ¥ > 0,

n,K_pn,K

g

) (g 432

|L°°([100—T%+l ~3:27k1,100- Ty, iLY)

L
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So, by (4.81),
n,K n,K n—oo
B U5 - : 0.
B o0 s 00 )
Therefore, by also (4.83), we deduce (4.82). o

4.3 Concluding Remarks

This chapter has explored the selection of solutions to the inviscid transport equation (TE)
under conditions where uniqueness fails. Our findings reveal that the vanishing diffusion
limit not only fails to restore uniqueness (Theorem 4.10) but may even select a single solution
that violates the expected arrow of time (Theorem 4.13). These results challenge the intuitive
notion that diffusion enforces an arrow of time in its vanishing limit.

It may be possible to develop quantitative versions of the vanishing viscosity control in
Section 4.2.2 by adapting techniques from Chapters 2, 3. Previous work on such quantitative
methods is done by stochastic calculus [32] or homogenisation [10]. These lead to partial non-
uniqueness results under higher regularity of the vector field, particularly for u(x,t) € L' C¢
with a < 1. However, to extend Theorems 4.10 and 4.13 to this regime, it is not the vanishing
viscosity control but the construction of the vector field which presents a significant challenge.
In particular, there is no construction in the literature of a C vector field which perfectly
mixes every initial datum.

A second point of interest is the potential applicability of our analysis to more general
regularisation schemes for the passive scalar transport equation, such as mollification of
the velocity field or hyperviscosity on the passive scalar. Indeed, the non-quantitative
analysis in Section 4.2.2 relies solely on norm convergence of the vanishing viscosity limit.
Consequently, similar methods might hold for more general passive scalar transport equation
regularisations.

This presents a serious philosophical challenge, as such methods are the only tools
available in the literature for producing solutions to the initial value problem, suggesting
the troubling possibility that these tools cannot always construct *physical’ solutions. This
problem is not unique to passive scalar transport along rough vector fields. It is also a serious
research topic if a weak solution exists to the inviscid Euler equations for any initial datum
that satisfies the local energy inequality [108].
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This phenomenon can be studied at the level of particle trajectories of the passive scalar,

satisfying the (not so) stochastic differential equation (2.2),
dX; = u(X;,1). (4.84)

As discussed in Section 2.1.3, one can associate a stochastic solution (i.e. a path measure) to
the above for any positive weak solution to (TE) via Ambrosio’s superposition principle [9,
Theorem 12]. The failure of a weak solution to be physical then corresponds to the failure of
the corresponding solution to (4.84) to satisfy the (strong) Markov property.

This indicates the need for a deeper understanding of the stochastic differential equation
for particle trajectories. In particular, the existence and uniqueness of Markov stochastic
solutions preserving the Lebesgue measure remain critical questions. Resolving these issues
or demonstrating their failure (as counterintuitive as that would be) is essential to further
understanding the physical selection problem.

In conclusion, this chapter highlights the limitations of the vanishing viscosity approach
in selecting physically admissible solutions for the passive scalar transport model in ill-posed
regimes. Our explicit counterexamples underscore the need for novel approaches to tackle

this issue, focusing on establishing physical solutions in such challenging regimes.



Chapter 5

Conclusion

5.1 Summary of Main Results

This thesis has explored the passive scalar transport model in incompressible fluid mechanics,
focusing on the dynamics of the equation when the vector field exhibits lower regularity. Our
investigation has spanned three main areas: quantitative estimates for transport along Sobolev
vector fields, improved regularity and well-posedness of the transport-diffusion equation,
and the vanishing viscosity limit for solution selection. These studies have provided new
insights into fluid flow behaviour in irregular regimes and have important implications for

our understanding of turbulent dynamics.

Chapter 2: Quantitative Estimates for Transport along Sobolev Vector Fields

In Chapter 2, we introduced a novel weak compactness technique that yields improved
quantitative bounds in the DiPerna-Lions and Ambrosio well-posedness theories for the

transport equation with the Sobolev vector field. Key results include:
* Uniform decay of the DiPerna-Lions commutator (Theorems 2.8 and 2.11)

* Improved mixing estimates with exponential lower bounds on the mixing scale for all
initial data (Theorems 2.12 and 2.13)

* State-of-the-art weak stability estimates (Theorems 2.15 and 2.16)

* The first quantitative stability estimate for transport along vector fields with bounded
variation (Theorem 2.22)

These findings advance our understanding of mixing and stability in sub-Lipschitz

regimes, providing new tools for analysing fluid dynamics in irregular vector fields such as
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those found in hydrodynamic turbulence. The improved mixing estimates with exponential
lower bounds on the mixing scale offer deeper insights into the behaviour of passive scalars
in turbulent flows. The state-of-the-art weak stability estimates provide a more robust
framework for analysing the stability of solutions in Sobolev spaces, which is essential for
numerical simulations and theoretical studies of fluid dynamics. Finally, the novel weak
compactness technique introduced in this chapter and the uniform weak stability of transport
along BV, vector fields provide powerful new tools for studying fluid flows in less regular

regimes, including progress towards resolving the Bressan mixing conjecture.

Chapter 3: Improved Regularity and Well-posedness of the Transport-Diffusion Equa-
tion

Chapter 3 examined the transport-diffusion equation, incorporating isotropic diffusion to
ensure uniqueness and regularity of weak solutions under much lower regularity of the
advecting vector field. In addition to introducing standard energy estimates, we employed
more recent techniques borrowed from other parabolic equations, including weak convolution
estimates for mild solutions and maximal regularity for evolution equations. Our main

contributions include:

* A general condition for weak solutions to belong to the classical energy class (Theorem
3.10)

* Enhanced uniqueness of weak solutions when the vector field satisfies the Ladyzhenskaya-
Prodi-Serrin condition (Theorem 3.11)

* Improved regularity of weak solutions matching that of the heat equation (Theorem
3.13)

These findings extend standard energy estimates and address a gap in the existing literature
regarding regularity analysis in more general function spaces for the transport-diffusion
equation. The general condition for weak solutions to belong to the classical energy class
provides a unified framework for analysing solutions under various regularity conditions.
Meanwhile, the enhanced uniqueness and regularity results when the vector field satisfies the
Ladyzhenskaya-Prodi-Serrin condition offer new insights into the interplay between diffusion

and transport.

Chapter 4: Vanishing Diffusion Limit and Solution Selection

In Chapter 4, we explored the vanishing viscosity/diffusion limit to select physically admissi-

ble solutions to the transport equation. Historically, this approach has been used to restore
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physical meaning to weak solutions in regimes where well-posedness fails. Our key results

challenge this conventional understanding of vanishing viscosity limits:
* Demonstration of non-unique renormalised vanishing viscosity limits (Theorem 4.10)

* Proof of an inadmissible vanishing viscosity limit that selects a single solution violating
the expected arrow of time (Theorem 4.13)

These findings challenge conventional wisdom about the role of vanishing viscosity in
selecting physically admissible solutions. The demonstration of non-unique renormalised
vanishing viscosity limits and the proof of an inadmissible vanishing viscosity limit that
violates the expected arrow of time has profound implications for our understanding of fluid
dynamics and the role of regularisation, such as diffusion, in stabilising numerical models.
They also highlight the need for new approaches to identifying physically admissible solutions
in ill-posed equations. In particular, the existence of physically meaningful solutions in these

regimes becomes unclear.

5.2 Significance and Further Work

The main goal of this thesis was to shed light on the phenomenological behaviour of fluid
flow permitted by lower regularity velocity fields, as measured in specific function classes.
This aspect of incompressible fluid dynamics, both mysterious and relevant, relates to many
important open questions regarding turbulent dynamics. These include the mixing properties
of incompressible fluid flow and its analytic behaviour in a high Reynolds number limit, such
as vanishing viscosity.

To develop insightful mathematical analysis, we isolated the fluid flow from the system,
captured by the passive scalar transport model. This approach provided a playground to test
the analytical properties of fluid flow in different function classes, informing corresponding
hydrodynamic models.

Our primary advancement in the analysis of mixing and stability lies in developing a new
functional approach to quantify these phenomena. Mixing and stability lie at the heart of
the complex dynamics of turbulent fluid flows. Despite their importance, the mathematical
analysis of these phenomena is still in its infancy. This includes the lack of a satisfactory
analytic approach to control the qualitative phenomenon we call ‘mixing’. We developed
an approach corresponding to averaging tracers across specific length scales, known in
mathematics as mollification.

In contrast to previous approaches using direct Fourier analysis or weak functional norms,

we captured more general control across a range of integrable norms of the passive tracer and
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vector field. Whether such a functional approach to the control of ‘mixing’ truly captures
the physics observed in incompressible fluids remains to be seen. However, we highlight
that the array of possible bounds, in terms of different length scales and functional norms,
allows some flexibility in capturing the dynamics of any specific fluid phenomenon. We
emphasise the need for further precise control of the mixing constants, which we have only
abstractly produced. In particular, their behaviour in the regime Vu(x,?) € L} L} requires
further investigation, for which we contribute only the initial analytical techniques for a
complete theory.

Our work has provided new insights into the quantitative effects of diffusion and viscosity
in fluid dynamics. The quantitative impact of diffusion, or viscosity in active fluid models,
on fluid dynamics is mainly understood as an "ultra-violet" cutoff on the frequency spectrum.
This manifests qualitatively in the dynamics only by rescaling the equation—the Reynolds
number. Beyond this, very little analysis specific to the viscosity parameter, or its vanishing
limit, is well-understood. The toolbox of regularity theory is the first step to such quantitative
control. Specifically, the dependence on the viscosity/diffusivity parameter is paramount
in rescaling these estimates. The phenomenological behaviour of viscosity to simply cut
off any dynamics below a particular length scale is an oversimplified picture. Instead,
quantitative control—for which we provide an extensive framework—is needed to capture
this phenomenon.

A key finding of our research is the demonstration of the limitations of current models in
capturing thermodynamical principles in fluid dynamics. The mathematical manifestation
of thermodynamical principles, such as arrows of time, is the central theme of an entire
discipline of mathematical analysis—Xkinetic theory—and one of the significant problems of
mathematics. Naive energy dissipation in viscous models is one such example. However,
our work has demonstrated failure of this phenomenon in the vanishing viscosity limit,
highlighting the oversimplification of viscosity to capture such thermodynamical laws ac-
curately. The same shortcoming of any similar approach and the corresponding lack of an
existence theory for Markovian solutions to these problems represents a profound failure
of our current mathematical analysis or perhaps of our physical models. Addressing these
issues is paramount to ensure our models do not deviate from the physics they represent.

In conclusion, the contributions of this thesis provide meaningful progress and insight
into significant and profound problems in the search for rigorous mathematical analysis of the
physical dynamics of incompressible, turbulent fluid flows. Our novel analytical approach to
mixing, insights into diffusion and viscosity effects, and demonstration of model limitations
in capturing thermodynamical principles have significantly advanced this field. This thesis

on the interplay between regularity and qualitative dynamics of turbulent flow paves the way
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for a comprehensive mathematical approach to developing new understanding of physics in

hydrodynamical systems.
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