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ABSTRACT 

The Broer–Kaup–Boussinesq–Kupershmidt (BKBK) system is a singular perturbation of the classical shallow water 
equations which modifies their transport velocity to depend on wave elevation slope. This modification introduces 
backward diffusion terms proportional to a real parameter 𝜅. These terms also make the BKBK system completely 
integrable as a Hamiltonian system. Remarkably, when 𝜅 = 𝑖∕2 , the BKBK system may be transformed into the 
focusing nonlinear Schrödinger equation. Thus, the BKBK system with its real parameter 𝜅 is complementary to 
the traditional modulational approach for water waves. We investigate the Lie algebraic and variational properties of 
the BKBK system in this paper, and we study its solution behavior in certain computational simulations of regularized 
versions of the 1D and 2D BKBK systems. 

 

 

 

1 Introduction 

1.1 Broer–Kaup–Boussinesq–Kupershmidt System in One Dimension 

The classical shallow water equations in one dimension (1D) for fluid velocity 𝑢 = 𝑢( 𝑥 , 𝑡 ) and depth 𝜂 = 𝜂( 𝑥 , 𝑡 ) on the real
line 𝑥 ∈ ℝ are given by 

𝑢𝑡 + 𝑢𝑢𝑥 +
1 

𝐹𝑟2 
𝜂𝑥 = 0 , 

𝜂𝑡 + ( 𝑢𝜂)𝑥 = 0 , 

(1.1) 

in which subscripts in 𝑡 and 𝑥 denote partial derivatives, 𝐹𝑟2 = 𝑢2 0 ∕𝑔𝜂0 is the dimension-free Froude number, in which 𝑔
is the gravitational constant, 𝑢0 is the mean velocity, and 𝜂0 is the mean depth for Boussinesq long waves in shallow water.
In what follows, we will take 𝐹𝑟 = 1 . The dispersion relation 𝜔( 𝑘) for linearized wave solutions of the 1D shallow water
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system in ( 1.1 ) proportional to exp ( 𝑖( 𝑘 𝑥 − 𝜔𝑡 )) with frequency 𝜔 and wavenumber 𝑘 is then given by 

𝜔2 = 𝑘2 . (1.2) 

Since the phase velocity 𝜔∕𝑘 = ± 1 of linearized waves travelling on the real axis is independent of wave number ( 𝑘) , the
classical 1D shallow water system ( 1.1 ) is said to be dispersionless . 
Historically, the shallow water system ( 1.1 ) has had a number of interesting dispersive modifications in both 1D and two
dimension(2D), going back at least to Boussinesq [ 1 ]. These modifications are reviewed, for example, in Broer [ 2 ] and
Kaup [ 3 ], as well as in more recent compendia of references and discussions, such as [ 4–6 ]. 
In this work, we study the following integrable dispersive singular perturbation of the nonlinear long-wave systems in the
Boussinesq class, 

𝑢𝑡 = −
(
𝑢2 ∕2 + 𝜂 + 𝛽𝑢𝑥 

)
𝑥 
, 

𝜂𝑡 = −( 𝑢𝜂 + 𝛼𝑢𝑥𝑥 − 𝛽𝜂𝑥 ) 𝑥 , 
(1.3) 

with arbitrary constants 𝛼 and 𝛽. For values 𝛼 = 1∕3 , 𝛽 = 0 , the system ( 1.3 ) was derived by Broer [ 2 ], who called it “The
oldest, simplest and most widely known set of equations” for dispersive nonlinear long wave propagation. Kupershmidt [ 7 ]
reduced the number of free parameters in the dispersive nonlinear long-wave system ( 1.3 ) by using the invertible change
of variables, 

𝑢 → 𝑢 , 𝜂 → 𝜂 + 𝛾𝑢𝑥 , where 𝛾 ∶ = − 𝛽 ±
√ 

𝛼 + 𝛽2 , 

to obtain what we call here the Broer–Kaup–Boussinesq–Kupershmidt (BKBK) integrable system, 

𝑢𝑡 = −
(
𝑢2 ∕2 + 𝜂 + 𝜅𝑢𝑥 

)
𝑥 
= − 𝑢𝑢𝑥 − 𝜂𝑥 − 𝜅𝑢𝑥𝑥 , 

𝜂𝑡 = − ( 𝜂𝑣 )𝑥 = − ( 𝜂𝑢)𝑥 + 𝜅𝜂𝑥𝑥 with 𝑣 ∶ = 𝑢 − 𝜅(ln 𝜂)𝑥 , 

𝜅 = ±
√ 

𝛼 + 𝛽2 . 

(1.4) 

The real parameter 𝜅 appearing in ( 1.4 ) may be regarded as an arbitrary constant, say 𝜅 = ± 1∕2 , after appropriately
rescaling 𝑥 and 𝑡. Kupershmidt [ 7 ] also found that the system ( 1.4 ) for 𝜅 = − 1∕2 possesses three inequivalent compatible
Hamiltonian structures and that this tri-Hamiltonian structure implies complete integrability of the system ( 1.4 ) for the
case 𝜅 = − 1∕2 . 
However, the backwards diffusion in the motion equation of system ( 1.4 ) produces an ill-posed dispersion relation 𝜔2 ( 𝑘2 )
for the frequency 𝜔 as a function of wavenumber 𝑘 of the linearized BKBK solutions, 

𝜔2 ( 𝑘2 ) = 𝑘2 (1 − 𝜅2 𝑘2 ) . (1.5) 

Thus, the BKBK system ( 1.4 ) is linearly ill-posed for higher wavenumbers, 𝑘2 > 1∕ 𝜅2 , independently of the sign of the real
parameter 𝜅. Hence, regardless of its complete integrability as a Hamiltonian system for 𝜅 = − 1∕2 , the linear ill-posedness
of the 1D BKBK system is quite challenging to simulate numerically, since the solutions are linearly unstable for either
sign of 𝜅 at higher wavenumbers 𝑘2 > 1∕ 𝜅2 , as discussed in [ 5, 6, 8, 9 ]. 
Plan of the paper . The remainder of the present investigation will proceed as follows. 
∙ Section 2 discusses the geometric properties of the BKBK system in 1D. We present the various existing Hamiltonian
structures of the 1D BKBK system ( 1.4 ) and its Euler–Poincaré derivation using symmetry-reduced variational
principles [ 10 ]. We investigate the Lyapunov stability of the 1D BKBK system using the energy–Casimir approach of
[ 11 ] and connect the 1D BKBK system to the focusing nonlinear Schrödinger (NLS) equation by changing the BKBK
dispersion parameter 𝜅 from real to imaginary. 

∙ Section 3 derives Euler–Poincaré formulation and the Hamiltonian formulation of the BKBK system in two spatial
dimensions, as well as its Lie–Poisson bracket, Hamiltonian structures, and conservation of potential vorticity (PV). 

∙ Section 4 derives equilibrium conditions for the BKBK system in two dimensions following the stability results of [ 11 ].
This is done by considering critical points of the sum ℎ ( 𝐮 , 𝜂) = ℎ ( 𝐮 , 𝜂) + 𝐶 of the Hamiltonian found in Section 3
Φ Φ Φ
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plus its Casimir constants of motion, 𝐶Φ in ( 3.16 ). By demanding positivity, the second variation of 𝐻𝐶 , we then derive
spectral conditions for linear Lyapunov stability of the corresponding energy-Casimir class of equilibrium solutions of
the 2D BKBK system. 

∙ Section 5 provides computational simulations of the solution behavior for the BKBK system in both 1D and 2D. Different
computational methods are employed for numerically regularizing the BKBK systems in 1D and 2D. In 1D, we use a
fourth-order dissipation reminiscent of the Kuramoto–Sivashinsky equation for stability. In 2D, we use a Hamiltonian
regularization where nonlinear dispersions are imposed by introducing a modified Hamiltonian that introduces energy
costs for large wave height gradients. 

∙ Section 6 provides a summary conclusion and outlook for future research. 

2 BKBK System in 1D 

The 1D dispersive BKBK system in ( 1.4 ) possesses three inequivalent compatible Hamiltonian formulations [ 3, 7, 12 ]. One
of these is the well-known constant-coefficient Hamiltonian structure for the fluid velocity 𝑢 and depth 𝜂 that is defined
through the Poisson bracket { ⋅ , ⋅ }𝑐 . For arbitrary functions 𝐹 , 𝐺 of the variables ( 𝑢, 𝜂) , { ⋅ , ⋅ }𝑐 is defined by 

{ 𝐹 , 𝐺 }𝑐 ( 𝑢, 𝜂) = ∫ℝ 

[ 
𝛿𝐺 

𝛿𝜂
𝜕𝑥 

𝛿𝐹 

𝛿𝑢 

− 𝛿𝐹 

𝛿𝜂
𝜕𝑥 

𝛿𝐺 

𝛿𝑢 

] 
𝑑𝑥 . (2.1) 

Being a bilinear, antisymmetric, constant-coefficient differential operator, the Poisson bracket { ⋅ , ⋅ }𝑐 also satisfies the
Jacobi identity, 

{ 𝐴 , { 𝐵 , 𝐷}𝑐 }𝑐 + { 𝐵 , { 𝐷 , 𝐴}𝑐 }𝑐 + { 𝐷 , { 𝐴 , 𝐵}𝑐 }𝑐 = 0 , (2.2) 

for arbitrary functionals 𝐴, 𝐵, 𝐷 of the variables 𝑢 and 𝜂. The time evolution of an arbitrary functional 𝐹 of ( 𝑢, 𝜂) is
generated by the Hamiltonian functional 𝐻 on the same variables through the { ⋅ , ⋅}𝑐 by 

𝑑 

𝑑𝑡 
𝐹( 𝑢, 𝜂) = { 𝐹, 𝐻}𝑐 ( 𝑢, 𝜂) , (2.3) 

such that the evolution of ( 𝑢, 𝜂) can be expressed in Poisson operator form as 

𝜕𝑡 

[ 
𝑢 

𝜂

] 
= −

[ 
0 𝜕𝑥 
𝜕𝑥 0 

] [ 
𝛿𝐻∕𝛿𝑢 

𝛿𝐻∕𝛿𝜂

] 
, (2.4) 

with 1D BKBK Hamiltonian 𝐻( 𝑢, 𝜂) and variations 𝛿𝐻 

𝛿𝑢 
and 𝛿𝐻 

𝛿𝜂
given by 

𝐻( 𝑢, 𝜂) ∶ = ∫ℝ 

1 

2 
𝜂𝑢2 − 𝜅𝑢𝜕𝑥 𝜂 + 1 

2 
𝜂2 𝑑𝑥 such that 

𝛿𝐻 

𝛿𝑢 

= 𝜂𝑣 with 𝑣 ∶ = 𝑢 − 𝜅𝜕𝑥 ln 𝜂 ,
𝛿𝐻 

𝛿𝜂
= 1 

2 
𝑢2 +

𝜂

2 
+ 𝜅𝜕𝑥 𝑢 . 

(2.5) 

The operation of the matrix Poisson operator in ( 2.4 ) on the variational derivatives of 𝐻 yields the 1D BKBK system ( 1.4 ).
From the Hamiltonian ( 2.5 ), we see that the sign-indefinite terms multiplying 𝜅 correspond to the terms that generate the
singular dispersive perturbations of the classical shallow water equations appearing in the BKBK system ( 1.4 ). 

Remark 2.1. Equilibrium solutions of the BKBK system ( 1.4 ) satisfy, 

𝛿𝐻𝐶 = 0 , for 𝐻𝐶 ∶ = 𝐻( 𝑢, 𝜂) + 𝐶 ∫ 𝑢 𝑑𝑥 = 0 , (2.6) 

for an arbitrary constant speed 𝐶. The second variation 𝛿2 𝐻𝐶 ( 𝑢, 𝜂) is the Hamiltonian for the linearized flow in an
infinitesimal neighborhood of an equilibrium solution satisfying 𝛿𝐻 = 0 [ 11 ]. Consequently, the Lyapunov stability of
𝐶 
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these BKBK equilibria may be tested by considering whether the following quadratic form 𝛿2 𝐻𝐶 ( 𝑢, 𝜂) for the BKBK system
is definite in sign when evaluated at an equilibrium solution ( 𝑢𝑒 ( 𝑥) , 𝜂𝑒 ( 𝑥)) . 

𝛿2 𝐻𝐶 ( 𝑢, 𝜂)
|||( 𝑢𝑒 ( 𝑥) ,𝜂𝑒 ( 𝑥)) = ∫ℝ 

[ 
𝛿𝑢 

𝛿𝜂

] 𝑇 [ 
𝜂𝑒 𝑢𝑒 
𝑢𝑒 1 

] [ 
𝛿𝑢 

𝛿𝜂

] 
𝑑𝑥 + 2 𝜅 ∫ℝ 

𝛿𝑢𝑥 𝛿𝜂 𝑑𝑥 , (2.7) 

= ∫ℝ 

[ 
𝛿𝑢 

𝛿𝜂

] 𝑇 [ 
𝜂𝑒 𝑢𝑒 − 𝜅𝜕𝑥 

𝑢𝑒 + 𝜅𝜕𝑥 1 

] [ 
𝛿𝑢 

𝛿𝜂

] 
𝑑𝑥 . (2.8) 

For the case of 1D shallow water dynamics arising for 𝜅 = 0 , definiteness in sign of 𝛿2 𝐻𝐶 ( 𝐮𝑒 , 𝜂𝑒 ) provides sufficient
conditions for linear Lyapunov stability of shallow water equilibrium solutions that are obtained from setting
𝛿𝐻𝐶 ( 𝐮𝑒 , 𝜂𝑒 ) = 0 with 𝜅 = 0 . This was shown for 2D shallow water dynamics in [ 11, 13 ]. However, for nonzero 𝜅, the linear
stability of perturbed 1D BKBK equilibrium solutions in the class 𝛿𝐻𝐶 ( 𝑢𝑒 , 𝜂𝑒 ) = 0 requires the additional condition that
the spectrum of the symmetric elliptic operator in ( 2.8 ) must also be positive definite. However, the symbol of the elliptic
operator in ( 2.8 ) is of the form 

𝜎( 𝑘2 ) = 𝜂𝑒 ( 𝑥) −
(
𝑢2 𝑒 ( 𝑥) + 𝜅2 𝑘2 

)
, (2.9) 

which cannot remain positive at arbitrarily high wavenumber ( 𝑘) for nonzero 𝜅. Hence, the linear Lyapunov stability
condition of positivity of the 2nd variation cannot be enforced at arbitrarily high wavenumber ( 𝑘) . Once high wavenumbers
were introduced in perturbing 1D BKBK equilibrium solutions, such as its travelling wave solution, the equilibrium would
no longer be linearly Lyapunov stable, and the nonlinear terms would generate even higher wavenumbers. 

Connection to the NLS equation The 1D BKBK system ( 1.4 ) can be expressed in terms of the modified transport velocity
𝑣. In this case, we have 

𝑣𝑡 = −

( 

𝑣2 

2 
− 𝜅2 

2 

( 

𝜂𝑥 
𝜂

) 2 

+ 𝜅2 
𝜕2 𝑥 𝜂

𝜂
+ 𝜂

) 

𝑥 

, 𝜂𝑡 = − ( 𝜂𝑣 )𝑥 . (2.10) 

System ( 2.10 ) can be expressed using the constant-coefficient Poisson bracket ( 2.4 ) in combination with the following
modified Hamiltonian 𝔥 : 

𝔥 ( 𝑣 , 𝜂) = ∫ℝ 

1 
2 
𝜂𝑣2 − 𝜅2 

2 𝜂
( 𝜕𝑥 𝜂)

2 + 1 
2 
𝜂2 𝑑𝑥 = ∫ℝ 

1 
2 
𝜂𝑣2 − 𝜅2 ( 𝜕𝑥 

√
𝜂)2 + 1 

2 
𝜂2 𝑑𝑥 . (2.11) 

One may notice that the term ( 𝜕𝑥 
√
𝜂)2 in the second expression for the Hamiltonian here is in the form of the Fisher–Rao

metric of 𝜂. It has not escaped our attention that the Hamiltonian 𝔥 in ( 2.11 ) is similar to the Hamiltonian of the NLS
equation, when expressed in the Madelung variables ( 𝜌, 𝜙) related to the complex wave function 𝜓 by 𝜓 =

√
𝜂 exp ( 𝑖𝜙) and

𝑣 = 𝜕𝑥 𝜙 [ 14 ]. 

Choosing 𝜅 = 𝑖 

2 
after transforming variables 𝜂𝑣 = Im ( 𝜓∗ 𝜕𝑥 𝜓 ) and 𝜂 = ‖𝜓 ‖2 in the Hamiltonian ( 2.11 ) yields the

Hamiltonian for the focusing NLS equation with canonical complex variables ( 𝜓 , 𝜓∗ ) and Planck constant ℏ set equal
to unity. 

Inserting 𝜅 = 𝑖 

2 
into the dispersion relation 𝜔2 ( 𝑘2 ) in ( 1.5 ), the dependence of frequency 𝜔 on wavenumber 𝑘 of the

linearized solutions of the BKBK system is modified to 

𝜔2 ( 𝑘2 ) = 𝑘2 
(
1 + 1 

4 
𝑘2 

)
. (2.12) 

This is a notable observation, since nonlinear modulation instability of water waves has been traditionally used with the
focusing NLS equation [ 15 ]. Given this observation, studies of instability of water waves using the 1D BKBK system with
real-valued 𝜅 may be regarded as being complementary to the study of modulation instability of water waves using the
NLS equation. 
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Lie–Poisson bracket dynamics Via an invertible change of variables ( 𝑢, 𝜂) → ( 𝑚 ∶ = 𝜂𝑢, 𝜂) for 𝑢 ≠ 0 , the 1D BKBK
system ( 1.4 ) may be cast into the following equivalent form: 

𝜕𝑡 𝑚 + 𝜕𝑥 ( 𝑚𝑣) + 𝑚𝜕𝑥 𝑣 + 𝜂𝜕𝑥  = 0 , 

𝜕𝑡 𝜂 + 𝜕𝑥 ( 𝑣 𝜂) = 0 , 
(2.13) 

where the quantities 𝑣 and  are defined by variations of the Hamiltonian functional ( 2.5 ) expressed in the new variables
( 𝑚, 𝜂) , as 

ℎ ( 𝑚 , 𝜂) ∶ = ∫ℝ 

𝑚2 

2 𝜂
− 𝜅𝑚 𝜕𝑥 (ln 𝜂) + 1 

2 
𝜂2 𝑑𝑥 , such that , 

𝑣 ∶ = 𝛿ℎ 

𝛿𝑚 

= 𝑢 − 𝜅𝜕𝑥 ln 𝜂 ,  ∶ = 𝛿ℎ 

𝛿𝜂
= − |𝑢|2 

2 
+ 𝜅

𝜂
𝜕𝑥 ( 𝜂𝑢) + 𝜂 . 

(2.14) 

In fact, system ( 2.13 ) takes the form of a Lie–Poisson system on the semidirect product Lie co-algebra 𝔰∗ = 𝔛∗ ( ℝ ) ⋉
Den ( ℝ ) [ 10, 16, 17 ]. In the Lie–Poisson formulation, one identifies 𝑚 as the scalar coefficient part of the momentum 1-
form density 𝑚̃ ∶ = 𝑚 𝑑 𝑥 ⊗ 𝑑 𝑥 ∈ 𝔛∗ ( ℝ ) and 𝜂 as the scalar coefficient part of the density 𝜂 = 𝜂 𝑑𝑥 ∈ Den ( ℝ ) . On the
Lie co-algebra of the Lie algebra 𝔰 = 𝔛 ( ℝ ) ⋉Den ( ℝ ) , the Lie–Poisson bracket { ⋅, ⋅} may be defined in terms of the basis
coefficients, for arbitrary 𝑓, 𝑔 functionals of ( 𝑚, 𝜂) , as 

{ 𝑓, 𝑔 }( 𝑚 , 𝜂) ∶ = ∫ℝ 

𝑚

( 

𝛿𝑓 

𝛿𝑚 

𝜕𝑥 
𝛿𝑔 

𝛿𝑚 

−
𝛿𝑔 

𝛿𝑚 

𝜕𝑥 
𝛿𝑓 

𝛿𝑚 

) 

+ 𝜂

( 

𝛿𝑓 

𝛿𝑚 

𝜕𝑥 
𝛿𝑔 

𝛿𝜂
−

𝛿𝑔 

𝛿𝑚 

𝜕𝑥 
𝛿𝑓 

𝛿𝜂

) 

𝑑𝑥 . (2.15) 

Thus, the 1D BKBK system ( 2.13 ) can be expressed in the Lie–Poisson operator form as 

𝜕𝑡 

[ 
𝑚 

𝜂

] 
= −

[ 
𝜕𝑥 𝑚 + 𝑚𝜕𝑥 𝜂𝜕𝑥 

𝜕𝑥 𝜂 0 

] [ 
𝛿ℎ∕𝛿𝑚 

𝛿ℎ∕𝛿𝜂

] 
= −

⎡ ⎢ ⎢ ⎣ 
𝜕𝑥 

(
𝑚

𝛿ℎ 

𝛿𝑚 

)
+ 𝑚𝜕𝑥 

𝛿ℎ 

𝛿𝑚 

+ 𝜂𝜕𝑥 
𝛿ℎ 

𝛿𝜂

𝜕𝑥 
(
𝜂
𝛿ℎ 

𝛿𝑚 

) ⎤ ⎥ ⎥ ⎦ . (2.16) 

Here, the spatial partial derivatives appearing in the Poisson matrix of ( 2.16 ) each act on all terms to their right arising
after performing the matrix vector multiplication. For background in the derivation and applications of semidirect-product
Lie–Poisson brackets for continuum models, see, for example, [ 10, 16, 17 ]. 
Having expressed the BKBK system in the Lie–Poisson form in Equation ( 2.16 ), one sees that the “dispersive term”
proportional to the constant 𝜅, modifies the transport velocity ( 𝛿ℎ∕𝛿𝑚) from 𝑢 in the classical shallow water case to
𝛿ℎ∕𝛿𝑚 = 𝑣 ∶ = 𝑢 − 𝜅𝜕𝑥 ln 𝜂 in the dynamics for both depth 𝜂 and momentum density 𝑚. 
The equivalent Euler–Poincaré derivation The Lie–Poisson Hamiltonian form of the BKBK system has an equivalent
Euler–Poincaré Lagrangian form arising from the corresponding Hamilton variational principle. Namely, the 1D BKBK
system ( 1.4 ) can be derived from an Euler–Poincaré variational principle [ 10 ] with advected quantity 𝜂 given by 

0 = 𝛿𝑆 = 𝛿 ∫
𝑡1 

𝑡0 

𝓁 ( 𝑣, 𝜂) 𝑑 𝑡 = 𝛿 ∫
𝑡1 

𝑡0 
∫ℝ 

1 
2 
𝜂|𝑣 + 𝜅𝜕𝑥 ln 𝜂|2 − 1 

2 
𝜂2 𝑑 𝑥 𝑑 𝑡 , (2.17) 

with constrained variations given by 

𝛿𝑣 = 𝜕𝑡 𝑤 − 𝑤 𝜕𝑥 𝑣 + 𝑣 𝜕𝑥 𝑤 and 𝛿𝜂 = − 𝜕𝑥 ( 𝑤 𝜂) . (2.18) 

Here, 𝑤 is an arbitrary vector field that vanishes on the temporal endpoints and obeys appropriate decay conditions
as |𝑥| → ∞. After taking these constrained variations and integrating by parts in space and time, the Euler–Poincaré
formulation with Lagrangian ( 2.17 ) recovers the 1D BKBK system in ( 1.4 ). For the intrinsic expression of the Euler–Poincaré
and Lie–Poisson formulation of the BKBK system in terms of actions of the diffeomorphism group, see, for example, [ 10 ].
A virtue of having derived the 1D BKBK system ( 1.4 ) via an Euler–Poincaré variational principle with advected quantities
is that the definition of its Lagrangian extends easily to any number of spatial dimensions. In particular, one may derive
the 2D BKBK system from the same variational principle, as shown in Section 3 . As we will see, equivalence of the Euler–
Poincaré variational principle and the Lie–Poisson Hamiltonian structure implies that the 2D BKBK system also satisfies
the semidirect-product Lie–Poisson bracket formulation that appears naturally in the ideal dynamics of all continuum
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models. Moreover, the Madelung transform of the 1D BKBK system for 𝜅 = 𝑖∕2 to the focusing NLS equation also applies
for the 2D BKBK system, but only in the case of potential flow, 

𝐮 = ∇ 𝜙 = 𝐯 + 𝜅∇ ln 𝜂 . (2.19) 

3 BKBK System in 2D 

This section extends the geometric structures of the 1D BKBK system to 2D. In particular, the Euler–Poincaré derivations
of the 2D BKBK system, as well as its Hamiltonian structures and their implications, such as the existence of potential
vorticity and its associated conservation laws as presented. 
Variational principles of 2D BKBK To extend the 1D BKBK system ( 1.4 ) defined on the real line to the 2D plane, we
denote by 𝐮 = 𝐮 ( 𝐱 , 𝑡) for the fluid velocity and 𝜂 = 𝜂( 𝐱 , 𝑡 ) for the fluid depth, where 𝐱 ∈ ℝ2 . Geometrically, we have the
fluid velocity vector field 𝑢 = 𝐮 ⋅ ∇ ∈ 𝔛 ( ℝ2 ) and the fluid depth as the density 𝜂 = 𝜂 𝑑2 𝑥 ∈ Den ( ℝ2 ) . The BKBK modified
transport velocity vector field is defined to be 

𝐯 ∶ = 𝐮 − 𝜅∇ ln 𝜂 . (3.1) 

We postulate that the dynamics of 𝐮 and 𝜂 are obtained from the following Euler–Poincaré variational principle with
advected quantity: 

0 = 𝛿𝑆[ 𝐯, 𝜂] = 𝛿 ∫
𝑡1 

𝑡0 

𝓁 ( 𝐯, 𝜂) 𝑑 𝑡 = 𝛿 ∫
𝑡1 

𝑡0 
∫ℝ2 

1 
2 
𝜂|𝐯 + 𝜅∇ ln 𝜂|2 − 1 

2 
𝜂2 𝑑2 𝑥 𝑑 𝑡 , (3.2) 

with constrained variations 𝛿𝐯 = 𝜕𝑡 𝐰 − [ 𝐰, 𝐯] and 𝛿𝜂 = − ∇ ⋅ ( 𝐰 𝜂) , where 𝐰 is an arbitrary vector that vanishes on
temporal boundaries and appropriate decay conditions as 𝑥 → ∞. Here, [ ⋅, ⋅] is the Jacobi–Lie bracket of vector fields,
[ 𝐰, 𝐯] = 𝐰 ⋅ ∇ 𝐯 − 𝐯 ⋅ ∇ 𝐰. Applying the Euler–Poincaré theorem [ 10 ], the resulting Euler–Poincaré equation and the
advection equation of 𝜂 form the 2D BKBK system 

𝜕𝑡 𝐮 + 𝐯 ⋅ ∇ 𝐮 + 𝑢𝑖 ∇ 𝑣𝑖 = ∇  , 
𝜕𝑡 𝜂 + div ( 𝜂𝐯) = 0 , 

where 𝐯 = 𝐮 − 𝜅∇ ln 𝜂 ,  ∶ =
(
1 

2 
|𝐮 |2 − 𝜅

𝜂
div ( 𝜂𝐮) − 𝜂

)
. 

(3.3) 

In the 2D BKBK system ( 3.3 ), one sees that the term in the Lagrangian functional ( 3.2 ) proportional to 𝜅 plays two roles.
First, it serves to add the standard dispersion term for shallow water waves, − 𝜅𝜂− 1 ∇div ( 𝜂𝐮 ) . Second, it serves to enhance
the shallow water fluid transport velocity 𝐮 by an added transport velocity, − 𝜅∇ ln 𝜂, which involves the gradient of the
wave elevation. 
By a direct calculation, the 2D BKBK system in ( 3.3 ) implies the following Kelvin theorem: 

𝑑 

𝑑𝑡 ∮𝑐( 𝑣) 
𝐮 ⋅ 𝑑𝐱 = ∮𝑐( 𝑣) 

( 𝜕𝑡 𝐮 − 𝐯 × curl 𝐮) ⋅ 𝑑𝐱 = ∮𝑐( 𝑣) 
∇̃ ⋅ 𝑑𝐱 = 0 , (3.4) 

where 𝑐( 𝑣) is a material loop moving with the BKBK modified transport velocity vector field 𝐯. 

Remark 3.1. The definition 𝐯 = 𝐮 − 𝜅∇ ln 𝜂 implies a constrained variation for 𝐮 arising from the constrained variations
of 𝐯 and 𝜂. In particular, 

𝛿𝐮 = 𝛿𝐯 + 𝜅∇

( 

1 
𝜂
𝛿𝜂

) 

= 𝜕𝑡 𝐰 − [ 𝐰, 𝐯] − 𝜅∇

( 

1 
𝜂
∇ ⋅ ( 𝐰𝜂)

) 

= 𝜕𝑡 𝐰 − [ 𝐰, 𝐮 − 𝜅∇ ln 𝜂] − 𝜅∇

( 

1 
𝜂
∇ ⋅ ( 𝐰𝜂)

) 

. 

(3.5) 

Expressing the action principle ( 3.2 ) in terms of ( 𝐮 , 𝜂) and imposing the constrained variations for 𝜂 and 𝐮 as presented
above yield the 2D BKBK system ( 3.3 ). 
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Remark 3.2. One may express the 2D BKBK system ( 3.3 ) in the variables ( 𝐯, 𝜂) as 

𝜕𝑡 𝐯 + 𝐯 ⋅ ∇ 𝐯 + 𝑣𝑖 ∇ 𝑣𝑖 = ∇̂ , where ̂ = |𝐯|2 
2 

+ 𝜅2 

2 
|∇ ln 𝜂|2 − 𝜅2 

𝜂
△ 𝜂 − 𝜂 , 

𝜕𝑡 𝜂 + ∇ ⋅ ( 𝐯𝜂) = 0 . 

(3.6) 

The Kelvin circulation dynamics for the transport velocity 𝐯 has the same form as for the fluid velocity 𝐮 . Let 𝑐( 𝑣) be the
material loop moving with the vector field 𝐯, 

𝑑 

𝑑𝑡 ∮𝑐( 𝑣) 
𝐯 ⋅ 𝑑𝐱 = ∮𝑐( 𝑣) 

∇̂ ⋅ 𝑑𝐱 = 0 . (3.7) 

Hamiltonian structures for 2D BKBK In generalizing the semidirect-product Lie–Poisson bracket in Equation ( 2.15 )
from one spatial dimension to two spatial dimensions, the Lie–Poisson Hamiltonian formulation of the 1D BKBK system
in ( 2.16 ) generalizes to the following 2D BKBK system in ℝ2 index notation: 

𝜕𝑡 

[ 
𝑚𝑖 
𝜂

] 
= −

[ 
𝜕𝑗 𝑚𝑖 + 𝑚𝑗 𝜕𝑖 𝜂𝜕𝑖 

𝜕𝑗 𝜂 0 

] [ 
𝛿ℎ∕𝛿𝑚𝑗 
𝛿ℎ∕𝛿𝜂

] 
, (3.8) 

with 𝑖, 𝑗 = 1 , 2 and standard Einstein summation notation. Its Hamiltonian functional is written in the variables ( 𝐦 , 𝜂) as

ℎ( 𝐦 , 𝜂) ∶ = ∫ℝ 

|𝐦 |2 
2 𝜂

− 𝜅𝐦 ⋅ ∇(ln 𝜂) + 1 
2 
𝜂2 𝑑2 𝑥 , such that 

𝛿ℎ 

𝛿𝐦 

= 𝐮 − 𝜅∇ ln 𝜂 = 𝐯 ,
𝛿ℎ 

𝛿𝜂
= − |𝐮 |2 

2 
+ 𝜂 + 𝜅

𝜂
∇ ⋅ ( 𝜂𝐮 ) = −  . 

(3.9) 

One may directly calculate the inverse transformation of variables ( 𝐦 , 𝜂) → ( 𝐮 = 𝐦 ∕𝜂, 𝜂) for the 2D version of the Lie–
Poisson structure in ( 3.8 ) and thereby determine the equations of motion in the standard shallow water variables ( 𝐮 , 𝜂) .
In this case, the Poisson matrix operater may be computed as follows: [ 

𝛿𝑘𝑖 ∕𝜂 − 𝑚𝑘 ∕𝜂
2 

0 1 

] [ 
𝜕𝑗 𝑚𝑖 + 𝑚𝑗 𝜕𝑖 𝜂𝜕𝑖 

𝜕𝑗 𝜂 0 

] [ 
𝛿𝑗𝑙 ∕𝜂 0 

− 𝑚𝑙 ∕𝜂
2 1 

] 
=

[ 
( 𝑢𝑘,𝑙 − 𝑢𝑙,𝑘 )∕ 𝜂 𝜕𝑘 

𝜕𝑙 0 

] 
. (3.10) 

Let 𝑞 ∈  ( ℝ2 ) be the scalar PV defined by 

𝑞 ∶ = 1 
𝜂
𝐳̂ ⋅ curl 𝐮 = 1 

𝜂
( 𝜕𝑥 𝑢2 − 𝜕𝑦 𝑢1 ) . (3.11) 

For notational convenience, the 2D velocity 𝐮 in ( 3.11 ) is written as a three-dimensional (3D) vector 𝐮 = ( 𝑢1 , 𝑢2 , 0) and the
function 𝑞 for PV is written as a vertical component 𝐪 ∶ = 𝑞𝐳̂ , so that 𝐪 × 𝐮 rotates a horizontal vector 𝐮 clockwise by 𝜋∕2 .
The transformed Poisson matrix in ( 3.10 ) yields the following Poisson bracket: 

{ 𝐹 , 𝐻 }( 𝐮 , 𝜂) = ∫ℝ 

[ 

−𝛿𝐹 

𝛿𝐮 

⋅ 𝑞
𝛿𝐻 

𝛿𝐮 

⟂

+ 𝛿𝐺 

𝛿𝜂
∇ ⋅

𝛿𝐹 

𝛿𝐮 

− 𝛿𝐹 

𝛿𝜂
∇ ⋅

𝛿𝐺 

𝛿𝐮 

] 

dx . (3.12) 

Here, the superscript ( ⋅) ⟂ is defined for 2D vectors as ( 𝑢1 , 𝑢2 ) 
⟂
∶ = ( − 𝑢2 , 𝑢1 ) . Consequently, the 2D BKBK system ( 3.3 )

may be expressed with a Poisson operator ( 3.10 ) involving the potential vorticity 𝑞 in the vector form 𝐪 ∶ = 𝑞𝐳̂ as 

𝜕𝑡 

[ 
𝐮 

𝜂

] 
= −

[ 
𝐪 × ∇ 

∇ ⋅ 0 

] [ 
𝛿ℎ̃ ∕𝛿𝐮 = 𝜂𝐯 

𝛿ℎ̃ ∕𝛿𝜂 = ̃ 

] 
, (3.13) 

for Hamiltonian ( 3.9 ) written in the variables ( 𝐮 , 𝜂) as 

ℎ̃ ( 𝐮 , 𝜂) ∶ = ∫𝑀 

𝜂
|𝐮 |2 
2 

− 𝜅𝐮 ⋅ ∇ 𝜂 + 1 
2 
𝜂2 𝑑2 𝑥 , such that 

𝛿ℎ̃ 

𝛿𝑢 

= 𝜂𝐮 − 𝜅∇ 𝜂 = 𝜂𝐯 ,
𝛿ℎ̃ 

𝛿𝜂
= 1 

2 
|𝐮 |2 + 𝜅 div ( 𝐮 ) + 𝜂 = ∶ ̃ ( 𝐮 , 𝜂) . 

(3.14) 
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The PV scalar function 𝑞 satisfies an advection equation, which may be readily obtained by taking the 2-dimensional curl
of the 𝐮 equation in ( 3.3 ) 

( 𝜕𝑡 + 𝐯 ⋅ ∇) 𝑞 = ( 𝜕𝑡 + ( 𝐮 − 𝜅∇ ln 𝜂) ⋅ ∇) 𝑞 = 0 . (3.15) 

In turn, the PV advection equation ( 3.15 ) implies conservation by the 2D BKBK equations in ( 3.13 ) of the Casimir function,
𝐶Φ, defined by 

𝐶Φ ∶ = ∫ℝ2 
𝜂Φ( 𝑞 ) 𝑑2 𝑥 , (3.16) 

for any differentiable function Φ. It is clear that the functional 𝐶Φ is conserved for any differentiable function Φ, since the
depth 𝜂 and the potential vorticity 𝑞 are both advected quantities. Moreover, the variational derivative of the functional
𝐶Φ comprises a null eigenvector of the Lie–Poisson operator in terms of variables ( 𝑚, 𝜂) in Equation ( 3.8 ). Consequently,
the functionals 𝐶Φ in ( 3.16 ) for the Lie–Poisson formulation of the 2D BKBK system would in fact be conserved for any
Hamiltonian depending on the variables ( 𝑚, 𝜂) . 

4 Stability of Equilibrium Solutions of the 2D BKBK System 

This section derives equilibrium conditions for the 2D BKBK system following the nonlinear stability analysis of [ 11 ]. This
is done in two stages. First, we consider the critical points of the sum ℎΦ( 𝐮 , 𝜂) ∶ = ℎ( 𝐮 , 𝜂) + 𝐶Φ of the Hamiltonian found
in Section 3 plus its Casimir constants of motion, 𝐶Φ in ( 3.16 ). Then, by demanding positivity of the second variation
of ℎΦ( 𝐮 , 𝜂) , we derive spectral conditions for linear Lyapunov stability of the corresponding energy-Casimir class of
equilibrium solutions of the 2D BKBK system. 
Let ( 𝐮𝑒 , 𝜂𝑒 , 𝑞𝑒 ) be an equilibrium solution to the 2D BKBK system in ( 3.3 ) augmented with the advection equation of scalar
PV, denoted as 𝑞. We denote the equilibrium transport velocity vector 𝐯𝑒 by 𝐯𝑒 = 𝐮𝑒 − 𝜅∇ ln 𝜂𝑒 . The equilibrium solutions
satisfy 

𝐯𝑒 × 𝜔𝑒 ̂𝐳 = ∇̃ ( 𝐮𝑒 , 𝜂𝑒 ) , 𝐯𝑒 ⋅ ∇ 𝑞𝑒 = 0 , and div ( 𝜂𝑒 𝐯𝑒 ) = 0 . (4.1) 

Consequently, at equilibrium, the gradients ∇̃𝑒 and ∇ 𝑞𝑒 are collinear because they are both orthogonal in the ℝ2 plane
to 𝐯𝑒 . A sufficient condition for this collinearity is a functional relationship, which we choose to write as 

̃ ( 𝐮𝑒 , 𝜂𝑒 ) = 𝑞𝑒 Φ
′( 𝑞𝑒 ) − Φ( 𝑞𝑒 ) , (4.2) 

for some twice differentiable function Φ( 𝜉) , with 𝜉 ∈ ℝ , defined wherever ∇ 𝑞𝑒 does not vanish. 
Applying the operator 𝑞− 1 

𝑒 𝐳̂ × to the first equilibrium condition in Equation ( 4.1 ) and using relation ( 4.2 ) yields 

𝜂𝑒 𝐯𝑒 = 𝑞− 1 
𝑒 𝐳̂ ×∇̃ ( 𝐮𝑒 , 𝜂𝑒 ) = 𝑞− 1 

𝑒 𝐳̂ ×∇
(
𝑞𝑒 Φ

′( 𝑞𝑒 ) − Φ( 𝑞𝑒 )
)
= 𝐳̂ ×∇Φ′( 𝑞𝑒 ) , (4.3) 

which also implies the last equilibrium condition in Equation ( 4.1 ); namely, div ( 𝜂𝑒 𝐯𝑒 ) = 0 . 

The first variation of 𝒉𝚽(𝐮 , 𝜼) Proposition 4.1. Critical points of the sum of the 2D BKBK Hamiltonian and its Lie–
Poisson Casimirs given by 

ℎΦ( 𝐮 , 𝜂) ∶ = ℎ( 𝐮 , 𝜂) + 𝐶Φ ∶ = ∫ℝ2 
𝜂
|𝐮 |2 
2 

− 𝜅𝐮 ⋅ ∇ 𝜂 + 1 
2 
𝜂2 + 𝜂Φ( 𝑞) 𝑑2 𝑥 , (4.4) 

are equilibrium solutions of the 2D BKBK system in ( 3.13 ). 

Proof. Upon using the definition 𝑞 ∶ = 𝜂− 1 𝐳̂ ⋅ curl 𝐮 in ( 3.11 ) to obtain the variational relation 

𝛿𝑞 = − 𝜂− 1 𝑞 𝛿𝜂 + 𝜂− 1 𝐳̂ ⋅ curl 𝛿𝐮 , (4.5) 

and assuming that the velocity variation 𝛿𝐮 vanishes at spatial infinity of ℝ2 (or has zero circulation on any boundary
which may be present in an enclosed flow domain  ), then one finds that critical points of ℎ ( 𝐮 , 𝜂) in ( 2.5 ) satisfy the
Φ
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following equations: 

0 = 𝛿ℎΦ( 𝐮 , 𝜂) =
⟨
𝜂𝐮 − 𝜅 ∇ 𝜂 − 𝐳̂ ×∇Φ′( 𝑞) , 𝛿𝐮 

⟩
+
⟨ 

1 

2 
|𝐮 |2 + 𝜅div ( 𝐮 ) + 𝜂 + Φ( 𝑞) − 𝑞Φ′( 𝑞) , 𝛿𝜂

⟩ 

=
⟨
𝜂𝐯 − 𝐳̂ ×∇Φ′( 𝑞 ) , 𝛿𝐮 

⟩
+
⟨̃ ( 𝐮 , 𝜂) + Φ( 𝑞) − 𝑞Φ′( 𝑞) , 𝛿𝜂

⟩
, 

(4.6) 

in which the angle brackets ⟨ ⋅ , ⋅ ⟩ denote 𝐿2 pairing on ℝ2 (or an enclosed flow domain  ). □

Thus, critical points of ℎΦ( 𝐮 , 𝜂) in ( 4.4 ) are equilibrium solutions of the 2D BKBK equations in ( 3.13 ). These critical points
satisfy the conditions 

𝜂𝑒 𝐯𝑒 − 𝐳̂ ×∇Φ′( 𝑞𝑒 ) = 0 and 1 

2 
|𝐮𝑒 |2 + 𝜅div ( 𝐮𝑒 ) + 𝜂𝑒 + Φ( 𝑞𝑒 ) − 𝑞𝑒 Φ

′( 𝑞𝑒 ) = 0 , (4.7) 

for any choice of the function Φ( 𝑞) of potential vorticity 𝑞 in ( 3.16 ). Consequently, the twice-differentiable functions Φ( 𝑞)
provide a class of equilibrium solutions of the 2D BKBK system in ( 3.13 ). 
The second variation of 𝒉𝚽(𝐮 , 𝜼) Upon recalling the definitions of ̃ in ( 3.14 ) and 𝐯 in ( 3.1 ), 

̃ ( 𝐮 , 𝜂) ∶ = 1 

2 
|𝐮 |2 + 𝑔𝜂 + 𝜅div ( 𝐮 ) and 𝐯 ∶ = 𝐮 − 𝜅∇ ln 𝜂 , (4.8) 

one may rewrite the variation 𝛿ℎΦ( 𝐮 , 𝜂) in ( 4.6 ) to separate its 𝜅 terms as 

𝛿ℎΦ( 𝐮 , 𝜂) =
⟨
𝜂𝐮 − 𝐳̂ ×∇Φ′( 𝑞) , 𝛿𝐮 

⟩
+
⟨ 

1 

2 
|𝐮 |2 + 𝜂 + Φ( 𝑞) − 𝑞Φ′( 𝑞) , 𝛿𝜂

⟩ 

+ 𝜅⟨div ( 𝐮 ) , 𝛿𝜂⟩ . 
(4.9) 

One may then calculate the second variation 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) , which is in fact the conserved energy for the linearized
dynamics of perturbations of the BKBK equilibria arising as critical points of ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) in ( 2.5 ). The calculation of the
second variation 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) then yields 

𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = ∫ℝ2 
2 𝛿𝜂 𝛿𝐮 ⋅ 𝐮𝑒 + 𝜂𝑒 ( 𝛿𝐮 )2 + ( 𝛿𝜂)2 − 2 𝜅𝛿𝐮 ⋅ 𝛿(∇ 𝜂) + 𝜂𝑒 Φ

′′( 𝑞𝑒 )( 𝛿𝑞)
2 𝑑2 𝑥 . (4.10) 

By treating 𝛿𝜂 and 𝛿∇ 𝜂 as independent variables, one may organize 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) as 

𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = ∫ℝ 

⎡ ⎢ ⎢ ⎣ 
𝛿𝐮 

𝛿𝜂
𝛿∇ 𝜂

⎤ ⎥ ⎥ ⎦ 
𝑇 ⎡ ⎢ ⎢ ⎣ 

𝜂𝑒 𝑢𝑒 − 𝜅
𝑢𝑒 1 0 
− 𝜅 0 0 

⎤ ⎥ ⎥ ⎦ 
⎡ ⎢ ⎢ ⎣ 
𝛿𝐮 

𝛿𝜂
𝛿∇ 𝜂

⎤ ⎥ ⎥ ⎦ + 𝜂𝑒 Φ
′′( 𝑞𝑒 )( 𝛿𝑞)

2 𝑑2 𝑥 . (4.11) 

The linear stability of the 2D BKBK equilibrium solutions in the class 𝛿ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = 0 requires the symmetric operator in
( 4.11 ) to be positive definite. Via direct calculation, the determinant of the symmetric operator, det ( 𝛿2 ℎΦ) = − 𝜅2 < 0 such
that the linear Lyapunov stability conditions, is not satisfied. Enforcing the condition 𝛿(∇ 𝜂) = ∇ 𝛿𝜂, the extent to which
the linear Lyapunov stability condition is not satisfied is revealed by reorganizing 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) as 

𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = ∫ℝ 

[ 
𝛿𝐮 

𝛿𝜂

] 𝑇 [ 
𝜂𝑒 𝑢𝑒 − 𝜅∇ 

𝑢𝑒 + 𝜅∇ ⋅ 1 

] [ 
𝛿𝐮 

𝛿𝜂

] 
+ 𝜂𝑒 Φ

′′( 𝑞𝑒 )( 𝛿𝑞 )
2 𝑑2 𝑥 . (4.12) 

For the case of shallow water dynamics arising for 𝜅 = 0 , requiring definiteness in sign of 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) provides sufficient
conditions for linear Lyapunov stability of 2D shallow water equilibrium solutions that are obtained from setting
𝛿ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = 0 with 𝜅 = 0 . This was shown for similar equations for barotropic ideal compressible fluid dynamics in
[ 11, 13 ]. For the singular perturbation of nonzero 𝜅, though, linear stability of perturbed 2D BKBK equilibrium solutions
in the class 𝛿ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) = 0 requires in addition that the spectrum of the symmetric elliptic operator in ( 4.12 ) be positive
definite. The symbol of the elliptic operator in ( 4.12 ) is of the form 

𝜎( |𝐤|2 ) ≈ 𝜂𝑒 −
(
𝐮2 
𝑒 + 𝜅2 |𝐤|2 ) , (4.13) 
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in which the equilibrium solutions 𝜂𝑒 and 𝐮𝑒 satisfy 𝜂𝑒 ( 𝐱 ) − 𝐮𝑒 ( 𝐱 )2 > 0 . Hence, the linear Lyapunov stability conditions
obtained from requiring positivity of the second variation of the Hamiltonian 𝛿2 ℎΦ( 𝐮𝑒 , 𝜂𝑒 ) in ( 4.12 ) cannot hold for
arbitrarily high wavenumber magnitudes |𝐤|. 
5 Simulations of Solution Behavior for the BKBK Equations 

This section investigates computational simulations of the BKBK system in 1D and 2D. In the 1D simulations of the
BKBK system ( 1.4 ), high-wavenumber instabilities are controlled here by introducing fourth-order dissipation in both
velocity and elevation, reminiscent of the Kuramoto–Sivashinsky equation. Simulation results shown in Figures 1 and 2 as
waterfall plots of the regularized 1D BKBK solutions are then used to depict the travelling wave dynamics and nonlinear
wave interactions of initially Gaussian wave elevations in 1D. In the 2D simulations of the BKBK system ( 3.3 ), shown
in Figures 3 and 4 , we employ a Hamiltonian regularization in which the 2D BKBK Hamiltonian ( 3.9 ) is augmented to
include a quadratic energy penalty for increasing wave slope. Using the regularized 2D BKBK system in ( 5.6 ), we investigate
wave propagation for an initially localized tanh segment, with and without potential vorticity, and for both signs of 𝜅,
shown in Figures 5 and 6 , respectively. Finally, Figures 7 and 8 show snapshots of the regularized 2D BKBK simulation
FIGURE 1 Space–time evolution of the velocity 𝑢 (black) and depth 𝜂 (orange) for the 1D BKBK system regularized 
with symmetric fourth-order dissipation, cf. ( 5.2 ). The figures show that fourth-order dissipation with 0 < 𝜈 ≪ 1 prevents 
the ill-posed growth observed in the unregularized system. 

FIGURE 2 Waterfall plot of the regularized 1D BKBK system with symmetric fourth-order diffusion; cf. ( 5.2 ). For the 
Gaussian initial condition 𝑢 = 0 , 𝜂 = 1 + exp ( − ( 𝑥 − 24)2 ∕8) , 𝜈 = 0 . 01 , the solution rapidly splits into two dominant crests 
which propagate in opposite directions. While this bidirectional splitting occurs for both 𝜅 = − 0 . 5 and 𝜅 = − 0 . 1 , the case 
𝜅 = − 0 . 1 in the right panel exhibits a small leading depression ahead of the main crest, with 𝜂 < 𝜂0 , which is absent for 
𝜅 = − 0 . 5 in the left panel. 
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FIGURE 3 Simulation of the 2D BKBK equation initialized with two Gaussian ridges, for negative 𝜅 = − 0 . 05 . Top: 
velocity magnitude |𝑢⃗ |. Bottom: surface height 𝜂 as a 3D surface. At 𝑡 = 0 , the free surface consists of two initial Gaussian 

ridges. By 𝑡 = 0 . 25 , the two peaks merge into a single crest, generating outward-propagating ring waves. At 𝑡 = 0 . 50 , the 
surface splits along the 𝑦-direction, producing two secondary peaks while the ring pattern continues to expand. At 𝑡 = 0 . 75 , 
a depression forms at the center, accompanied by strong outward-propagating velocity oscillations; the free-surface height 
also exhibits significant fluctuations. 

FIGURE 4 Comparison of simulations with different values of 𝜅 = − 0 . 5 . The outer rings are smaller at 𝑡 = 1 , indicating 
slower outward wave propagation compared to 𝜅 = − 0 . 05 . At 𝑡 = 0 . 25 , the surface profile also collapses more slowly, and 
the resulting ring structures remain more compact. 

FIGURE 5 Simulation of the 2D BKBK equation with a localized tanh segment initialization, for negative 𝜅 = − 0 . 5 . Top: 
velocity magnitude |𝑢⃗ |. Bottom: surface height 𝜂 as a 3D surface. At 𝑡 = 0 , the flow is initialized with a narrow rectangular 
segment in 𝑢𝑥 . By 𝑡 = 0 . 1 , the disturbance begins to tilt and induces small surface deflections. At 𝑡 = 0 . 5 , the velocity field 
splits into two lobes with a vortex dipole while the surface height develops two crests and moves in the opposite direction. 
At 𝑡 = 1 , outward-propagating oscillations appear and the central structure weakens. By 𝑡 = 2 , the disturbance has radiated 
into compact concentric wavefronts. 
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FIGURE 6 Comparison of simulations on the tanh segment with 𝜅 = + 0 . 5 . At 𝑡 = 0 . 10 , the velocity segment does not 
diffuse but instead intensifies, as indicated by the stronger red shading. The subsequent evolution resembles the 𝜅 = − 0 . 5 

case, but the overall development proceeds more slowly. 

FIGURE 7 This figure shows snapshots of a 2D BKBK simulation for fivefold symmetric radial tanh segments with 

counterclockwise tangential flow and 𝜂 = 4 and 𝜅 = 0 . 5 . Colors encode the orientation 𝜃 ∈ [0 , 2 𝜋) of the 2D velocity 
𝐮 ; saturation/opacity indicates the speed |𝐮 |. Snapshots at 𝑡 = 0 , 0 . 1 , 0 . 2 , 0 . 4 , 0 . 6 , and 0 . 9 are shown. At 𝑡 = 0 , the field is 
initialized with five radial tanh segments with counterclockwise tangential flow and 𝜂 = 4 . Over time, the pattern disperses 
and develops ring-like/rippled fine scales, reflecting increased directional shear and multiscale interactions. 

FIGURE 8 This figure shows a 2D BKBK simulation of fivefold symmetric radial tanh segments of wave elevation with 

𝜅 = − 0 . 5 , in the same initial configuration as in Fig. 7 . In comparison, negative 𝜅 initially exhibits faster radial spreading. 
However, the differences in solution behavior depending on the ± sign of 𝜅 at early times tend to subside at later times. 
The tendency for ± 𝜅 similarity in solution behavior at later times is consistent with the 𝜅2 dependence of the linearized 
Lyapunov stability results derived in Section 4 . Remarkably, the fivefold symmetry is preserved and local changes in 

curvature of wave phase arise at the outer edges, which may be expected to generate further changes in shape. 

 

 

 

 

 

dynamics ensuing from an initial condition of fivefold symmetric radial tanh segments with counterclockwise flow and
depth 𝜂 = 4 for 𝜅 = 0 . 5 and 𝜅 = − 0 . 5 , respectively. Over time, the wave pattern circulates and deforms as it disperses and
emits ring-like/rippled fine scales, reflecting increased directional shear and multiscale interactions while preserving its
fivefold symmetry. 

5.1 1D BKBK System Simulation 

As discussed upon introducing the 1D BKBK system in Section 1.1 , the dispersion relation for BKBK in Equation ( 1.5 )
indicates high-wavenumber instability. Direct simulation for ( 1.4 ) is unstable even for analytical travelling solutions. This
is reminiscent of the similar negative diffusion situation in the well-known Kuramoto–Shivashinski equation in 1D, 

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑢𝑥𝑥 + 𝑢𝑥 𝑥 𝑥 𝑥 = 0 . (5.1) 
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For periodic boundary conditions, we introduce the following fourth-order dissipation term into the motion equation of
the BKBK 1D system ( 1.4 ) as 

𝑢𝑡 = −
(
𝑢2 ∕2 + 𝜂 + 𝜅𝑢𝑥 + 𝜈𝑢𝑥 𝑥 𝑥 

)
𝑥 
, 

𝜂𝑡 = −( 𝑢𝜂 − 𝜅𝜂𝑥 + 𝜈𝜂𝑥 𝑥 𝑥 ) 𝑥 . 
(5.2) 

When the fourth-order dissipation coefficients are unequal, 𝜈𝑢 ≠ 𝜈𝜂, the dispersion relation acquires a 𝑘6 cross term
proportional to 𝜅

(
𝜈𝑢 − 𝜈𝜂

)
𝑘6 in the quadratic form for − 𝑖𝜔. This term couples phase and damping and can create a finite

band of unstable wavenumbers even when both 𝜈𝑢 , 𝜈𝜂 > 0 . The symmetric choice of 𝜈 as in ( 5.2 ) leads to the following
dispersion relation: 

𝜔∕𝑘 = − 𝑖𝜈𝑘3 ±
√ 

𝑔𝜂0 − 𝜅2 𝑘2 , with 𝑔𝜂0 = 1 , 

which is the same as ( 1.5 ) with an additional pure damping term and two dimension-free numbers 𝑔𝜂0 ∕( 𝑘𝜅)2 and 𝑘2 𝜈∕𝜅.
Here, the terms 𝑘 𝜅, 

√
𝑔𝜂0 , 𝜈𝑘3 , 𝜔∕𝑘 all have the units of velocity, [ 𝑢] = [ 𝐿]∕[ 𝑇] . For wavenumbers |𝑘| > 𝑘𝑐 =

√
𝑔𝜂0 ∕|𝜅|,

choosing 𝜈 > 𝜈𝑐𝑟 =
2 |𝜅|3 

3
√
3 𝑔𝜂0 

is necessary to ensure the growth rate satisfies Im 𝜔( 𝑘) < 0 for all 𝑘, thereby eliminating the

unstable band of modes. 
We use the nonsingular travelling wave ( 5.3 ) reported in [ 18 ] as a benchmark initial condition; see Figure 1 . Namely, 

𝑢( 𝑥 , 𝑡 ) = 𝑐 − 𝜆|𝜅| tanh 

( 

𝜆
2 
( 𝑥 − 𝑐𝑡 + 𝜙)

) 

, 

𝜂( 𝑥 , 𝑡 ) = 𝜆2 

2 
|𝜅|( |𝜅| + 𝜅) sech 

2 
( 

𝜆
2 
( 𝑥 − 𝑐𝑡 + 𝜙)

) 

, 

(5.3) 

where 𝜆, 𝑐, 𝜙 are constants. Although it is an exact solution of the unregularized BKBK system, direct time stepping of ( 1.4 )
is numerically unstable. The symmetric regularization ( 5.2 ) provides a controlled setting for assessing (i) preservation of
the wave profile at low wavenumbers, (ii) suppression of high- 𝑘 growth, and (iii) the dependence of phase speed and
spectral energy transfer on dissipation. 

5.2 2D BKBK System Simulation 

In the computational simulations of the 2D BKBK system ( 3.3 ), we find that no fourth-order dissipation is required.
Instead, we use a modified BKBK system derived from a regularized Hamiltonian constructed by augmenting the BKBK
Hamiltonian ( 3.14 ) to include an energy penalty for large wave slope as presented in [ 17 ]. Namely, 

ℎ ( 𝑚 , 𝜂) = ∫𝑀 

|𝐦 |2 
2 𝜂

− 𝜅𝐦 ⋅ ∇ ln ( 𝜂) + 1 
2 

(
𝜂2 + 𝛼2 |∇ 𝜂|2 )𝑑2 𝑥 , (5.4) 

whose variational derivatives are given by 

𝛿ℎ 

𝛿𝐦 

= 𝐦 ∕𝜂 − 𝜅∇ ln ( 𝜂) = 𝐮 − 𝜅∇ ln ( 𝜂) = ∶ 𝐯, 

𝛿ℎ 

𝛿𝜂
= − |𝐦 |2 

2 𝜂2 
+ 𝜅

𝜂
div 𝐦 +

(
1 − 𝛼2 Δ

)
𝜂 = ∶ −  . 

(5.5) 

The regularized Hamiltonian ( 5.4 ) mimics the Hamiltonian formulation of the Lagrangian averaged Navier–Stokes 𝛼
(LANS- 𝛼) subgrid scale model [ 19 ] in which the gradient energy penalty is on the velocity 𝑢, rather than the height 𝜂. This
energy penalty introduces nonlinear dispersion, which suppresses high-wavenumber activity without artificial viscosity,
thereby preserving the conservative/geometric structure (energy, Kelvin circulation, and potential-vorticity conservation
in the classic shallow water model). As shown below in the results of numerical simulations, coherent vortical features
remain sharp and the high-wavenumber blow-up seen in 1D is controlled. 
Studies in Applied Mathematics, 2026 13 of 16



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

After transforming from the Lie–Poisson operator form ( 2.16 ) the regularized 2D BKBK system may be expressed in fluid
dynamics notation as 

𝜕𝑡 𝐮 + ( 𝐯 ⋅ ∇) 𝐮 + 𝑢𝑗 ∇ 𝑣𝑗 = ∇  , 

𝜕𝑡 𝜂 + div ( 𝜂𝐯) = 0 , 𝐯 ∶ = 𝐮 − 𝜅∇ ln ( 𝜂) . 
(5.6) 

The 2D BKBK system ( 5.6 ) represents shallow water dynamics with modified transport velocity 𝐯 and Bernoulli function
𝐵( 𝐮 , 𝜂) defined in ( 5.5 ). The remainder of this section provides examples of their solution behavior. Section 4 reprises their
variational derivation. 
We solve the 2D shallow water equations using the pseudo-spectral method in a periodic domain of size 𝐿𝑥 × 𝐿𝑦 = 16 ×
16 with resolution 192 × 192 . Time integration uses the second order, Semi-implicit, Backwards Differentiation Formula
(SBDF2) scheme with a timestep 10− 6 , up to a final time 𝑡 = 2 . 0 . Model parameters are 𝛼 = 0 . 02 , 𝜅 = − 0 . 5 , and 𝜅 = − 0 . 05 .
The background depth is 𝜂0 = 4 . 0 with no mean flow. The initial free-surface height is given by two positive Gaussian
ridges of amplitude ℎ0 = 4 . 0 (width 𝜎 = 0 . 7 ) centered at ( 𝑥, 𝑦) = ( 𝐿𝑥 ∕2 ± 𝛿𝑥 , 0) , with 𝛿𝑥 = 1 . 1 𝜎, together with two weaker
negative Gaussian anomalies of amplitude − 0 . 01 ℎ0 at ( 𝑥, 𝑦) = ( 𝐿𝑥 ∕2 , ± 𝛿𝑦) , with 𝛿𝑦 = 1 . 7 𝜎. The velocity field is initialized
in geostrophic balance 𝑢 = − 𝑔𝐳̂ ×∇ 𝜂∕𝑓0 with 𝑓0 = 50 . 
We solve the 2D shallow water equations in a periodic domain of size 𝐿𝑥 × 𝐿𝑦 = 24 × 16 , discretized with 384 × 256
grid points. The initial condition is a localized perturbation of velocity in the 𝑥 component, given by 𝑢𝑥 ( 𝑥, 𝑦) =
𝑊( − 8∕3 , 8∕3; 0 . 5; 𝑦) 𝑊(10 , 11; 0 . 5; 𝑥) , where 𝑊( 𝑎, 𝑏; 𝛿; 𝑧) = 1 

2 

[
tanh 

(
𝑧− 𝑎 

𝛿

)
− tanh 

(
𝑧− 𝑏 

𝛿

)]
is a smooth rectangular win-

dow. Other parameters and numerical settings are the same as in the previous experiments. 

6 Summary Conclusion and Open Questions 

One of the first observations in this paper is that the BKBK system introduces a dynamical shift in the transport velocity
in the motion equations and the advection equations in both the 1D and 2D BKBK systems. This dynamical shift in the
transport velocity is proportional to the real constant 𝜅, and when 𝜅 = 0 one formally recovers the classical shallow water
wave equations; see, for example, Equation ( 1.4 ). 
However, the BKBK shift in transport velocity comprises a singular perturbation which also introduces backwards
diffusion in the motion equation. As shown in Equation ( 1.5 ) for 1D BKBK, this feature produces high-wavenumber
instabilities whose exponential growth rates increase as 𝜔( 𝑘) = ± 𝑖𝑘

√
1 − 𝜅2 𝑘2 . Thus, although the 1D BKBK system is

known to be completely integrable [ 3, 7 ], its solution behavior is ill-posed for real values of 𝜅. One notices, though, that
this high-wavenumber instability would not occur if the parameter 𝜅 were imaginary, instead of being real. 
Section 2 reframes the 1D BKBK system as a Lie–Poisson Hamiltonian system and then explores its relation with
modulation instability [ 15 ], by noticing that the Madelung transformation transforms the BKBK Hamiltonian in ( 2.11 )
into the Hamiltonian for the focusing NLS equation. Given this observation, studies of instability of water waves using the
1D BKBK system with real 𝜅 may be regarded as being complementary to the traditional study of modulation instability
of water waves using the 1D NLS equation as in [ 15 ]. 
In preparation for developing ideas for regularization of the BKBK system to help meet the challenges of its computational
simulations, Section 3 explains the variational derivations of the 2D BKBK system, as well as its Hamiltonian structures
and their implications, such as the Lagrangian advection of potential vorticity and its associated conservation laws. 
Section 4 uses the Hamiltonian structures investigated in Section 3 to develop a classification of the equilibrium solutions
of the 2D BKBK system and to determine the conditions for the linear Lyapunov stability of these equilibria by using
the energy-Casimir approach [ 11 ]. The Lyapunov stability conditions obtained from the energy-Casimir approach extend
the class of 2D BKBK equilibria to finite velocity and match the instability results obtained by linearizing the BKBK
equations around equilibria with vanishing velocity and constant elevation. 
In Section 5 , the figures for the computational simulations of the regularized 1D BKBK system ( 5.2 ) show that introducing
fourth-order dissipation with coefficient 0 < 𝜈 ≪ 1 prevents the ill-posed growth observed in the 1D BKBK unregularized
system with 𝜈 = 0 . This regularization of the 1D BKBK system by introducing fourth-order dissipation has the advantage
that it may also introduce a new variant of the Kuramoto–Shivashinsky equation [ 20 ], which may have interesting low-
dimensional solution behavior for 1D BKBK shallow water wave dynamics, although this investigation would be for
future research. 
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In 2D, the BKBK transport velocity shift also appears in the material loop velocity in the 2D Kelvin circulation theorem
as well as in the transport of the potential vorticity, as discussed in Section 4 . In studying 2D computational simulations
of the BKBK system ( 5.6 ) in Section 5 , we used a regularized Hamiltonian accomplished by augmenting the 2D BKBK
Hamiltonian to include an energy penalty for large wave slope; see Equation ( 5.4 ). 
Section 5 shows the first simulations of the regularized BKBK dynamics derived here in both 1D and 2D. These
simulations represent proof of principle and an indication of interesting dynamics of the regularized BKBK flows. Further
investigations of the sensitivity of the solutions to the magnitude and sign of 𝜅, for example, are deferred for future
research. 
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