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• A novel approach, SAR evaluates 
statistical significance in ML-based 
linear regression models by analyzing
concentration inequalities of the
expected loss (actual risk).

• SAR introduces a threshold ensuring 
evidence of a linear relationship in 
the population, with a probability of
at least 1-g1 - g1-g, under non-
parametric assumptions.

• Simulations show SAR can emulate 
the classical multivariate FFF-test for 
slope parameters, offering
comparable analyses of variance
without relying on traditional
assumptions.

• Residuals computed from SAR 
balance characteristics of ML-based 
and classical OLS residuals, bridging
gaps between these methodologies.
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Introduction:: Regression analysis is a central topic in statistical modeling, aimed at estimating the rela-
tionships between a dependent variable, commonly referred to as the response variable, and one or more 
independent variables, i.e., explanatory variables. Linear regression is by far the most popular method for
performing this task in various fields of research, such as data integration and predictive modeling when
combining information from multiple sources.
Objectives:: Classical methods for solving linear regression problems, such as Ordinary Least Squares 
(OLS), Ridge, or Lasso regressions, often form the foundation for more advanced machine learning (ML) 
techniques, which have been successfully applied, though without a formal definition of statistical signif-
icance. At most, permutation or analyses based on empirical measures (e.g., residuals or accuracy) have
been conducted, leveraging the greater sensitivity of ML estimations for detection.
Methods:: In this paper, we introduce Statistical Agnostic Regression (SAR) for evaluating the statistical 
significance of ML-based linear regression models. This is achieved by analyzing concentration inequal-
ities of the actual risk (expected loss) and considering the worst-case scenario. To this end, we define a
threshold that ensures there is sufficient evidence, with a probability of at least to conclude the 
existence of a linear relationship in the population between the explanatory (feature) and the response
(label) variables.
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Conclusions:: Simulations demonstrate that the proposed agnostic (non-parametric) test can perform an 
analysis of variance comparable to the classical multivariate F-test for the slope parameter, without rely-
ing on the underlying assumptions of classical methods. A power analysis on a putative regression task
revealed an overinflated false positive rate in standard ML methods, whereas the SAR test exhibited
excellent control. Moreover, the residuals computed using this method represent a trade-off between
those obtained from ML approaches and classical OLS.

© 2025 The Author(s). Published by Elsevier B.V. on behalf of Cairo University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Ordinary Least Squares (OLS) is the most popular method to 
perform linear regression analysis due to its optimal statistical
properties assuming the linear model:

Introduction

y bT 
1x b 0 1

where y is the response variable or observation, is the 
explanatory variable or predictor, and are unknown parame-
ters, slope and intercept, respectively, that define the linear regres-
sor (hyperpla ne) and is a random variable with zero mean and
variance The model above can be rewritte n if we define

and as: 

y bT x 2

Using a set of observations and the predictor matrix

the OLS estimator is obtained by minimizing the 
sum of squares Following the Gauss–Markov theorem, 
the best linear unbiased estimator of any linear function is obtained
by OLS if the assumptions of linearity, independence, homoscedas-
ticity, and no perfect multicollinearity are fulfilled [1]. 

The link between OLS and machine learning (ML) regression 
methods lies in the fundamental principles of linear regression, 
which are shared by both traditional statistical approaches and
more advanced ML techniques. ML regression methods, such as
Ridge regression [2], Lasso regression [3], or Support Vector Machi-
nes (SVM) [4], are formulated incorporating a regularizer into 
the minimization of the risk functional. In this context, the objec-
tive is to find a linear function that minimizes the 
expected loss or actual risk considering two 
terms. One term is akin to the OLS approximation and is referred 
to as the empirical risk, while the other is associated with model 
complexity. This insight is fundamental to the statistical learning
theory (SLT), which serves as a strong foundation for all current
artificial intelligence (AI) approaches [5]. 

Related works 

Various approaches have been proposed to validate regression
models [6–10]. [6] recommended comparing model predictions 
and coefficients with theoretical expectations, collecting new data, 
and employing techniques such as data splitting or cross-
validation [7].  I  n [8] the use of bootstrapping for validating meta-
models was introduced, identified as a potent methodology whilst
[9], concentrated on logistic regression models and put forth a 
comprehensive approach that incorporated measures of
goodness-of-fit, calibration, and refinement. Moreover, in [10] a 
comparative analysis of the predictive index accuracy between 
data splitting and residual resampling bootstraps was conducted,
concluding that bootstrapping yields a more precise estimate of
goodness-of-fit indexes.

The main drawback of current AI approaches for classification
and regression [12,13] is their lack of rigorous analysis of signifi-
cance in comparis on to classical approaches such as the analysis
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of residuals in OLS linear regression using hypothesis testing. These 
approaches often limit their analyses to the use of permutation 
testing on empirical measures derived during the training stages 
in limited sample sizes, such as p-value analysis using cross-
validation (CV). Moreove r, although resampling techniques intro-
duce little variation among bootstrap distributions, they can be
quite variable, retaining the original variability of the random sam-
ple from the population. Randomization-based inference from a
small sample may therefore be unreliable [11]. For instance, 
numerous commentaries in the neuroimaging literature [14–18] 
highlight the high variability of performance across CV folds in var-
ious analytic designs, with clear implications for predictive infer-
ence. More critically, in pattern recognition, and particularly in
regression problems, there is significant concern about formulating
ML analyses exclusively based on learning curves derived from
selected loss functions [22] that merely demonstrate that the 
learning algorithm is converging to a potentially unreliable
solution.

Another explored possibility for testing significance is to 
apply classical analysis on the residuals produced by these AI 
approaches, which heavily relies on the assumptions of classical
statistics, such as Gaussianity. Nonetheless, deep feature extrac-
tion analyses are typically conducted in low-dimensional spaces
using linear classifiers [19–21]. In this paper, we propose the 
use of SLT to formulate a non-parametric statistical test for 
assessing the significance of ML regression models. Initially, 
we establish an upper bound on the actual risk (expected loss)
of a (linear) support vector regressor under the worst-case sce-
nario. Subsequently, we compare the bounded actual risk with
that obtained under the null hypothesis similar to the 50% 
rate in a classification problem, meaning there is no linear rela-
tionship between the predictors and the observed variables.
Whenever the corrected risk is less than this threshold, we
reject and conclude that, with at least a probability
there is a linear relationship between the predictor and
observation.

Background, definitions and notation:

The primary objective of SLT is to establish a structured 
approach for tackling the challenge of statistical inference, as high-
lighted in works such as [30,32]. We consider the supervised learn-
ing problem where a pair of predictors and observations 
follows an unknown distribution P that draws independent and
identically distributed (iid) data. These pairs are used to estimate
linear functions with a small risk.

R f L f x y dP x y 3

where is a loss function, e.g. The minimization of 
the actual risk is only possible throug h the evaluation of the empir-
ical risk:
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Fig. 1. In this 2D example of regression fitting, we explore effects ranging from large to very small. Observe the flatness of the linear functions in subFig. 1b. In the regression 
examples of subFigs. 1a and 1b, we present several representations: y vs. x; the result of regression; y vs and vs. (y. y; L , y).
A notable accomplishment of SLT is the development of 
straightforward and robust confidence intervals that effectively
delimit the actual risk [33]. Our specific focus lies in the esti-
mation of risk derived from an empirical quantity, ensuring a prob-

R f 
505
ability of at least This estimation is articulated through the 
concentr ation inequalities (CI) presented as:

R f N 6 RN f N D N F 5
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Fig. 2. 2D example (continuation) In Figs. 2a and 2b, we plot the empirical losses for all the methods using uncorrelated data within a mesh grid and compare themwith the
theoretical value.
where is carefully chosen to prevent overfitting by restricting the
class of functions such that: 

f N argmin 
f F 

R N f 6

and the term acts as an upper bound for the actual risk, 
depending on the complexity of the class and the sample

In the worst-case scenario, this inequality becomes an 
equality. This deviation can be understood through various perspec-

f N 
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D N F 
F 
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tives in classical probability theory offering insights into how clo-
sely the sum of independen t random variables (empirical risk) are
to their expectations (actual risk) [30]. 
Support vector regression: theory and practice

The Support Vector Regression (SVR) algorithm can be general-
ized to the case of regression estimation [23], where the sparseness
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Fig. 3. 2D example (continuation) In this figure, we illustrate how the theoretical losses under for all tested methods enclose the empirical losses, except in the case of 
uncorrelated data, where the correlation level is zero. This suggests that average losses could serve as a valid measure for testing linearity.

H0 
property is preserved by the definition of the insensitive loss
function:

y f x max 0 y f x 7

where the parameter is automatically computed [24]. The 
expected loss to be minimized is the regularized risk functional:

1 
2 

b 2 c 
N 

N 
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yi f xi 8

Observe that c is the trade-off constant between complexity and
training error. The minimization of Eq. 8 is equivalent to a con-
strained optimization problem detailed elsewhere [4]. It is impor-
tant to note that the choice of loss function depends on the
specific regression problem at hand [25]. In this paper, we will 
employ the two most commonly used losses: the squared loss (also
known as and the absolute value loss or (the insensitive loss 
for =0). However, previous studies have indicated that when addi-
tive noise deviates from Gaussianity, better approximations to the 
regression proble m are achieved by using estimators based on alter-
native loss functions, beyond the quadratic loss function employed
in OLS [25,23]. To make the two losses comparable, we will employ 
the rounded quadratic loss in the case of the OLS algorithm whilst 
ML models are using the least modulo method, e.g., insensitive
loss. Finally, we point out that the quadratic problem associated
with Eq. 8 is connected to support vector classification [24]. Fur-
thermore, the hyperplane that is constructed by this minimization, 
and lies close to as many of the data points as possible, is a self-
supervised training strategy to classify the samples outside the
tube.

Flatness and the empirical loss in testing for linearity
As an example, and connected to the novel test proposed in the 

next section, let’s assume we are provided with a dataset of obser-
vations y and predictors x in 2 dimensions. Starting from an i.i.d.

-

L2) L1 

-

-
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2D Gaussian distribution, we can define scaling and rotation trans-
forms where where is the cor-

relation level, and These transforms are 

applied to the data to create a non-diagonal covariance distribu-
tion, i.e. a linear relationship (see Figs. 1a and 1b).Then, we assess 
the individual losses and the expected loss (average) of the prob-
lem in the same figures.

From these examples, we readily see that with decreasing cor-
relation level, the flatness property of the OLS and SVR solutions 
dominate over the minimization of the empirical risk that, with
uncorrelated data, provides an extreme value. For instance, within
the framework of the OLS method, the expression for the squared

loss function, denoted as is given by Recall that

is determined by the OLS solution when the rank
of the design matrix is equal to the number of observations N

[1]. The solution becomes null when indicating a 
perfect orthogonality issue in the dataset, which is the opposite
of multicollinearity. Therefore, the expected loss simplifies to

In this hypothetical case, the effect of sampling and sample size
is depicted in Figs. 2, where we additionally illustrate individual 
and averaged losses converging to the theoretical value. This theo-
retical value (gray curves in Fig. 3a) could serve as a threshold to 
establish the significance level of a regression problem: regressions 
with losses lower than this threshold, with at least a certain prob-
ability, allow us to conclude that there is enough evidence of a lin-
ear relationship in the population. Under (correlation level 
equal to zero), the expected loss can be computed on a mesh-
grid of uniformly distributed points within a standardized 
hypercube of dimensions centered at the origin. After some
calculus with we find (see appendix) for 
and for where a and b are the maximum values for

T SR, S diag 1 1 s , s 0 1 

R cos h sin h 
sin h cos h

.
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Fig. 4. Data transformed by rotation and scaling with a non-diagonal covariance matrix, assuming a Gaussian distribution.
and y, respectively. These values can be easily approximated
under as illustrated in Figs. 2a and 2b. It is worth mentioning 
that when using the loss function, widely employed in predic-
tive models for linear regression, such as K-fold and leave-one-
out CV, the results are overly optimistic. This is because they pro-
vide convergent values lower than the theoretical expected loss
under

Classical tests of hypothesis in a linear model

A learning algorithm fits a linear function
using a loss function that penalizes the difference between the 
observation and prediction, e.g., the OLS algorithm. A classical test
for linearity on the OLS estimates conducts a test of hypothesis
about the regression parameter where errors are assumed to 
be independent random quantities normally distributed with 
mean zero and a common variance. The sampling distributions of
the OLS estimates are indeed normal and a suitable test statistic 
for testing the null distribution on individual s against 
the alternative hypothesis is the t-test:

t bi 

std b i
9

In addition to examining individual hypotheses by the t-test, the 
classical F-test is defined to test P multiple hypothesis given N
observations. It is defined as the ratio

F MSR 
MSE 

10

y 
H0, 

L1 

H0.

f x y b1x b0

b1, 

bi 

bi’ H0 bi 0
H1 b – 0,
508
with P and degrees of freedom, where

is the mean square error and

is the mean square due to regression [26]. 
After linearity is confirmed at a significance level the quality 

of the fit can be measured by the magnitude of the t/F-test, the cor-
relation coefficient coefficient of determination

etc.; however they all require the aforementioned 
assumptions. In the following sections we show how the empirical 
risk, described as a functional area, can be used as a test for linear-
ity and to assess the quality of the fitting, without the assumptions
stated earlier.

A test for linearity using error estimation in ML algorithms

In this section, we present a non-parametric method for testing 
the null hypothesis utilizing a common measure employed by ML
researchers, namely the expected loss Under we expect the 
loss value obtained with the linear regressor to be compa-
rable to that of uncorrelated variables. Conversely, this value is 
expected to be lower when the regression coefficients are signifi-
cant. The power of the test , control of false positives (FPs) 
and more statistical properties will be empirically assessed in the
experimental section.

The SAR test

The proposed non-parametric test, named the Statistical Agnos-
tic Regression (SAR) test, evaluates the significance level used in 
the regression analysis by comparing the actual risk with that

N P 1 
MSE yi yi 

2 N P 1

MSR yi y 2 P
a 

Cor y x ,
R2 Cor y y ,

R. H0, 
f N F 

(1 b)

a 
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Fig. 5. Gaussian data transformed by rotation and scaling, along with cluster pruning. Colors simply indicate the applied transformations to the data and identify the clusters
that were removed.
obtained under the assumption of no correlation between predic-
tors and observations. At a significance level the non-
parametric SAR test for linearity is formulated as follows:

H0 b 0 
H1 b – 0

11

In this framework, the test statistic is and it is calculated with 
at least a probability of by considering the worst-cas e scenario
as:

R f N RN f N D N F 12

where we incorporate the empirical risk and an upper bound
We reject if the statistic, computed with at least a

probability of is less than the critical value or if its p-
value, derived after randomization, is less than the level of signifi-
cance Otherwise, we fail to reject it.

Under the critical value is equal to the expected loss when
for example, for similar to the perfect orthogo-

nality in OLS. For comparison purposes, we propose an extension of
the permutation test, where the threshold varies with the sam-
pling process (bootstrapping). We determine how likely the evi-
dence for linearity is by resampling the available data and using
the empirical risk distribution, the observed statistic compared 
to the critical value from R realizations. The probability of the
observed value of the expected loss under through permutation 

is: 

a, 

R f N , 
1 g 

RN f N
D N F . H0 R 

1 g, c, 

a. 
H0, c 

b 0; c 1 
N y

T y L2, 

c 

R, 
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pvalue 
Rp P c 
R 1

13

where represents the number of times the risk in the permuta-
tion is greater than or equal to the error obtained under the null
hypothesis If this p-value is less than our level of significance,
e.g. then there is evidence to reject

The former test is similar to the aforementioned F-test (also 
known as analysis of variance). The difference lies in the model
assumptions, e.g., in classical approaches we assume
and in the methods used to estimate the expected losses. If the
aforementioned assumptions are fulfilled, the ratio transforms 
into an F distribution, and the regression problem becomes a 
hypothesis test or the analysis of p-values. Even if the linear model
assumptions are not fulfilled, we can test our ML measures in the
same manner [28] and compare them with the test provided in
Eq. 11 (see the experimental section). Moreover, previous 
approaches to achieve statistical significance using ML and statis-
tical agnostic theory in classification tasks [29] are naturally 
extended in this regression analysis.

Materials and methods

A probably approximately correct bayesian bound

In this work, we leverage a significant advancement in the field
rooted in Probably Approximately Correct (PAC)-Bayesian theory

H0. 
a 0 05, H0. 

E MSE r2 ,

F 
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Fig. 6. Dataset with heteroscedascity and increasing sample size in Fig. 6a and SAR and F tests on linearity in Fig. 6b.
[34]. Specifically, we assess a dropout bound inspired by the recent 
success of dropout training in deep neural networks. The bound, as
represented in Eq. 5, is articulated with respect to the underlying 
distribution Q, which samples the function f from the set of ’rules’
denoted as

For any constant and a class of linear regressors,
selected according to the distribution Q , we establish that

F . 
k 1 2 

b RP 1 ,
510
with a probability of at least over the sample draw, the fol-
lowing CI are valid for all distributions Q with dropout rate 1 

R b 6 RN b 

min 
16i6k 

1 
2ki 1 RN b 2k2i Lmax

N D Q Qu ln k
g

14

1 g 
d:
1 Full demonstration in [29], with a preliminary demonstration in the appendix.
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Fig. 7. Dataset with heteroscedascity (continuation) Assumptions needed to perform the F-test are not fulfilled as shown in the Q-Q plots in Fig. 7a and residuals vs. 
explanatory variable plot in Fig. 7a.

 

Here, represents the Kullback–Leibler diver-
gence from Q to the uniform distribution that is formalised as 
an isotropic unit-variance prior can assume 
k different values and is an outlier threshold [34]. Other 
approaches to formulate upper bounds can be considered based
on more general assumptions [30,31]. 

D Q Qu 
1 d
2 b

2

Qu 

N 0 1 P 1 k 1 2 10
Lmax 
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1 ANOVA and the analysis of residuals in ML

In classical regression [26] results are tested for significance by 
assessing the analysis of variance of the residuals .  As
aforementioned, the statistic is compared to an F-distribution
with numerator and denominator degrees of freedom

r y y
F -

P 1 N 2 
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and the p-value, or the probability that we get this statistic as large 
as we did under the null-hypothesis, is determined. This is also
known as the formal test for the slope parameter and, if all 
the model assumptions are fulfilled, can be extended to evaluate
the residuals obtained by ML methods.

Another possibility for drawing conclusions about a population 
(and not only a particular observed sample) is through the use of 
confidence intervals. Confidence intervals and hypothesis tests
are two different ways of learning about the values of population
parameters and . Both approximations can be conducted 
on ML residuals as well to demonstrate the reliability of the results, 
however this is rarely found in the ML literature and there is a
trend to exclusively show different performance scores based on
empirical measures; e.g. accuracy in learning curves. Similar to
the permutation analysis proposed for group comparisons [27], 
we can test the power of the proposed SAR test by compar-
ing a set of Monte Carlo simulations with the expected loss under

following the ideas presented in previous sections. We estimate 
the power by counting the number of times the corrected
empirical loss was less than the averaged loss when

Heteroscedascity and the Breusch-P agan test

Beyond linearity, we explore the concept of heteroscedascity
[35] using the ML approaches vs. OLS. When the residuals are 
heterogeneously distributed along the explanatory variable (pre-
dictor), we encounter the issue of heteroscedasticity in the data. 
The Breusch-Pagan (BP) test checks the null hypothesis (ho-
moscedasticity) by re-fitting the explanatory (independent) vari-
able to the squared residuals as observation variables. A simple
way to assess this condition is by using the test statistic

where R is the coefficient of determination of the auxil-
iary fitting, and follows a distribution with P degrees of freedom
under [36]. If the p-value associated with it is less than the level
of significance, we reject The homoscedasticity condition is 
assumed in the linear regression model, and when it fails, further 
analyses based on the F-test are not only imprecise (biased) but 
also invalidated from a statistical point of view. ML residuals could
be tested in the BP test as well, to assess the ability of data-driven

b1 

(b0 b1)

1 b 

H0, 
1 b

b 0. 

T N R2 ,
v2 

H0 

H0. 
4 2

Table 1 
Summary of datasets and types. ** More information in Section 4.4.1. *** More
information in Section 4.4.2.

Synthetic 
Data 

ADNI 
dataset* 

Cancer 
dataset** 

Parameter 

Dimension (P + 1) 2 2–7 2–7 
Sample Sizes (N) 10–300 

Number of Clusters 1/6 - -
Total Samples 20000 818 2809 

Number of 
Experiments

# Correlation Levels 10 - -

Table 2 
Demographics details of the ADNI dataset with group means with their standard
deviation.

Status Number Age Gender (M/F) MMSE 

NC 229 75.97 5.0 119/110 29.00 1.0 
MCI 401 74.85 7.4 258/143 27.01 1.8 
AD 188 75.36 7.5 99/89 23.28 2.0 

512

Nc

(NT )
models to detect heteroscedasticity in regression problems with
limited sample sizes.

Synthetic, realistic & real datasets

First, we assessed the 2D problem with Gaussian-distributed 
variables ranging from perfectly uncorrelated to strongly corre-
lated signals. To control the degree of correlation, we drew samples

from a 2D normal distribution, i.e., Subsequently, we 
computed a random linear transformation matrix and modified 
its singular value decomposition (SVD) diagonal matrix using a 
scaling transform similar to the earlier simulated dataset (1). 
Finally, we applied this transformation matrix to the original data,

obtaining that generated observations and predictors (see
Fig. 4). We fitted our models on this data with two losses and 

several samples sizes and tested for signif-
icance using the F-test and the SAR test. We drew up to
realizations (sampling) from the ideal distribution and then aver-
aged the regression results to study the effect of sample size
[37]. Whenever CV methods split the dataset into folds, we ana-
lyzed the variability of the performance measures accordingly. This
represents a realistic situation with a fixed realization or dataset
instead of having an ensemble of R realizations.

To enhance the realism of our data, we employed the procedure
used in [31] to segment the data into clusters. By selectively 
removing some of these clusters, we introduced non-Gaussian 
characteristics. Under this experimental setting, the F-test and, in 
particular, the OLS method are no longer optimal. This allows us 
to truly test the robustness of the SAR test developed in Section 2.1.
We conducted tests for up to four experimental settings by ran-
domly removing a set of clusters, with In Fig. 5 
we plotted the remaining clusters with different colors to illustrate
the complete data generation.

Finally, we assessed how the BP test worked on the residuals 
obtained from the set of methods previously described. Specifi-
cally, we evaluated the ability of the resulting models to detect
heteroscedasticity versus sample size. For this purpose, we
employed the dummy dataset provided in the XLSTAT software
[38] designed to compare a homoscedastic model to another with 
strong heteroscedasticity. In particular, we generated a dependent 
variable (‘‘Size”) based on an independent variable (‘‘Age”), where
the residuals are defined as the product of the independent vari-
able by the random normal error (Fig. 6a). In this case, the residuals 
were obviously correlated with age, and the problem (Fig. 6) was 
apparently linear, but heteroscedastic.(see Table 1).

A neuroimaging dataset to study Alzheimer Disease
Data used in preparation of this paper were obtained from the 

Alzheimer’s Disease Neuroimaging Initiative (ADNI) database 
(adni.loni.usc.edu). The ADNI database contains 1.5 T and 3.0 T 
T1w MRI scans for AD, Mild Cognitive Impairment (MCI), and cog-
nitively normal controls (NC) which are acquired at multiple time 
points. Here we only included 1.5T sMRI correspond ing to the
three different groups of subjects. The original database contained
more than 1000 T1-weighted MRI images, comprising 229 NC, 401
MCI (252 stable MCI and 149 progressive MCI) and 188 AD,
although for the proposed study, only the first medical examina-
tion of each subject is considered, resulting in segmented 
grey matter (GM) images after standard preprocessing. Demo-
graphic data of subjects in the database is summarized in Table 2. 

Feature extraction based on principal component analysis (PCA) 
was performed on the set of segmented GM images to reduce high-
dimensional data while retaining key variance and information. A
simple pairwise scatter plot and histogram of these novel features
for the NOR class with respect to demographic factors, such as the
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Fig. 8. ADNI Dataset with multiple predictors (6). The first column represents the MMSE as the observable variable. The remainder of columns are the predictors (PCA
components) extracted from the set of segmented GM images.
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Fig. 9. ADNI Dataset (continuation) In Fig. 9a we represent the Q-Q plot following the analysis given in the reference provided in the text. Assumptions needed to perform
the F-test are not fulfilled as shown in the Q-Q plots.
Mini Mental State Exam (MMSE), along with Q-Q plots of the cor-
responding OLS residuals, revealed non-Gaussianity and non-
standard data distributions in the control class (Fig. 8). 

Cancer dataset in multiple dimensions
We tested our multivariate methods on real data set with data 

downloaded from US National Cancer Institute and the US Census 
American Community Survey to explore the linear relationship
between between cancer mortality rate and several predictors
(socio-economic status) in US counties. Seehttps://data.world/ 
514
nrippner/cancer-linear-regression-model-tutorial/ for a full 
description of the data).

Following the OLS analysis (Fig. 10) of this dataset and eliminat-
ing multicollinearity by applying variance inflation factors, we 
employed up to six independent predictors including: Both male 
and female reported below poverty line per capita (All_Pover-
ty_PC), median income of all ethnicities (Med_Income), males
and females with and without health insurance per capita (All_-
With out_PC), lung cancer incidence rate (Incidence_Rate), and 
the population estimate in 2015 (Pop_estimate). A dataset with a

https://data.world/nrippner/cancer-linear-regression-model-tutorial/
https://data.world/nrippner/cancer-linear-regression-model-tutorial/


J.M. Gorriz, J. Ramirez, F. Segovia et al. Journal of Advanced Research 80 (2026) 503–533

Fig. 10. Cancer Dataset with multiple predictors (6). The first column represents the mortality rate as the observable variable.
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Fig. 11. Cancer Dataset (continuation) In Fig. 11a we represent the Q-Q plot following the analysis explained in Section 4.4.2. Assumptions needed to perform the F-test are
not fulfilled as shown Figs. 11a and 11b. 
sample size of was created and randomly down sampled
for randomization analysis.

Results 

We evaluated linear SVR models using the following validation 
techniques: K-fold, LOO, Resubstitution, and SAR, along with the

N 2809 
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OLS method, on synthetic, realistic, and real datasets. No hyperpa-
rameter optimization was applied to the linear ML models, there-
fore overfitting was not expected and nested cross-validation
was unnecessary in this experimental setup. Table 3 summarizes 
the experimental setup used for all analyses conducted. Algorithms 
1 and 2 describe the statistical inference procedure for comparing
both approaches (classical vs. ML).
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Table 3 
Methods and parameters tested in the regression analysis.

Parameter Value/Description 

Methods OLS, LOO, K-fold, SAR
— Specifies the loss function used for evaluating model

performance.
Loss 

SAR Mode No data splitting (available for any CV method)
0.5 — Confidence level parameter for PAC-Bayes bounds

0.5 — Dropout rate used in PAC-Bayes bounds computation
— Parameter for upper-bound optimization

K 10 — Number of folds for CV
Median of maximum absolute errors beyond the margin
100 — # of iterations used to assess model performance

variability
R 

0.05 — Significance level.

Fig. 12. Expected losses above and below) and analysis of variance across folds. N
with a single sample realization.
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Algorithm 1. Statistical Inference with Linear Models: Classical vs.
Machine Learning with Upper Bounding

1: Set parameters:
2: Set those defined in Table 3. 
3: Load Data and Normalization:
4: Load and Y data matrices (e.g., MRI data and MMSE
scores for MCI, NOR, AD)

5: Extract relevant features (e.g., PCA)
6: Normalize data (e.g. z-score)
7: for each P + 1 dimension do Loop over dimensions:

(continued on next page)

X 
ote that the variance from folds reflects the variability encountered in real scenarios
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Fig. 13. The F-test for the slope in the case of a correlation level equal to 0.1. We utilized the residuals derived from each method and averaged the F-statistic and its
variability over repetitions. It is noteworthy that SAR provides a trade-off between ML methods and OLS, exhibiting less variability in the repetitions. The SAR test is
obtained with a probability of at least
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Fig. 14. The F-test for the slope in the case of a correlation level equal to We utilized the residuals derived from each method and averaged the F-statistic and its
variability over repetitions.
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Fig. 15. Power analysis derived from the F-test in Gaussian data. The selected loss for ML methods is Observe how the results obtained by the SAR features are by far the 
most similar to those obtained by the OLS. The SAR test based on expected loss is more conservative than the other methods (correlation levels below are not considered 
significant based on the worst-case analysis with a probability of at least

L1. 
0 37 

g 0 5). 
8: Define the dataset:
9: Extract features and target values
10: for each N sample size do Loop over sample sizes
11: for each R iteration do Loop over repetitions
12: Perform resampling of data and 
13: Shuffle or process data as required
14: Perform regression and validation
15: Linear Regression using OLS at
16: Compute regression coefficients and residuals 
17: Compute F-stats (parametric p-value from Eq. 10) 
18: Cross Validation with ML (K-fold, LOO)
19: Perform CV to compute risk and F-stats 
20: SAR regression at
21: Compute risk with CUB (Eq. 14) 
22: Compute F/SAR-stats (Eq. 12) 
23: end for 
24: end for
25: Randomization analysis Statistica l Analysis
26: Compute permutation p-value (F and SAR tests) in Eq.

13. 
27: end for

XT YT 

XTs YTs 
YTs 

a 
b, 

RN 
g 

R R u
520
2 H log a

Algorithm 2. Computation of PAC-Bayesian bound

1: Subfunction: CUB
2: Input: 
3: Output: 
4: Set parameters:
5: Define
6: Compute 

7: 
8: For each in range: 
9:

1 d 2 k

RN g d L max b
D 

2k 1 0 1 10

1 2k 
a 1

1

H b1 b 0
k 

D mink a 1 1 RN a kLmax
N

Gaussian data: OLS is the gold standard

In this section, linearly transformed Gaussian data is consid-
ered, where the OLS method is the gold standard. We averaged

realizations and used the same loss with standard 
ML algorithms, which performed quite well (SAR was conservative
R 100 (L2) 
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Fig. 16. The F-test for the slope n the case of correlation levels equal to with non-Gaussian data. We employed the residuals derived from each method and averaged
the F-statistic and its variability in and 2 repetitions for comparison purposes.

b1 i 0 37 
R 100 
but converged to OLS as the sample size increased). However, there 
was high variability in the expected loss from folds when the num-
ber of samples was limited . It is worth noting that when
using the loss, the typical loss in ML applications, the correction 
applied to the resubstitution error made SAR converge to OLS,
unlike the other ML validation methods (see Fig. 12). The methods 
are now tested with the formal F-test for the slope to assess their
ability to detect a slight linear relationship with a correlation level

(N 50)
L1 
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equal to 0.1. The results reveal optimistic behavior of the ML meth-
ods, except for the SAR method which struck a trade-off between 
OLS and ML methods. It is essential to recall that OLS is the gold
standard in this case, and the conservative behavior of the SAR
allows us to obtain outputs similar to ML. In Fig. 13, we display 
the p-value in this challenging case where the null hypothesis is 
not rejected. At the bottom of the figure, we provide the SAR test
based on the detection threshold that mimics classical tests for
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Fig. 17. The F-test for the slope n the case of correlation levels equal to with non-Gaussian data. We employed the residuals derived from each method and averaged
the F-statistic and its variability in and 2 repetitions for comparison purposes.

b1 i 0 63 
R 100 
the slope based on a significance level. The optimistic results 
obtained by CV methods with a limited sample size, which could
indicate their better ability for linearity detection, are indeed a
522
consequence of poor control of FPs. To demonstrate this issue, 
we designed a putative task consisting of a regression problem
with no correlation at all, i.e., a correlation level equal to 0. In this
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Fig. 18. Power analysis derived from the F-test in non-Gaussian data (except for the green solid line that represents uncorrelated data). The selected loss for ML methods is
Observe how the results obtained by the SAR features are by far the most similar to those obtained by the OLS for low correlation levels. However, for high levels, the 

performance of SAR is a trade-off between ML methods and OLS. The SAR test based on expected loss is more conservative than the other methods (correlation levels below
are not considered significant based on the worst-case analysis with a probability of at least

L2. 

0 37 g 0 5). 
case, we analyze the real case with almost no repetitions , 
where the variability of errors in folds affects the evaluation of 
the F-statistic. In this scenario, we observe a non-smooth behavior
of the F-statistic curves, but only ML CV lines cross below the sig-
nificance level (e.g., , unlike the SAR test or the F-test for 
the OLS estimation, which are always above the detection thresh-
old, controlling the rate of FPs (see Fig. 14). Moreover, to illustrate 
this issue, we performed a power analysis in Fig. 15 with a wide 
variety of correlation levels, showing that CV methods are inflating 
the rate of FPs (detection rates improved compared to the OLS
method, for low correlation levels).

Non-linearly transformed Gaussian data: large Cross-Validatio n
residuals and False Positives

In this case, the OLS method may not be the most efficient esti-
mator, and inferences based on the normality assumption, such as 
the F-test, can lead to unreliable results. Here we find the true util-
ity of the SAR test: to validate the significance of a prior regression
approach. We analyzed two cases, as shown in Fig. 5, with correla-
tion levels and Both exhibited similar p-values 
for the standard ML approaches and OLS. However, this is not 
always good news, as the Gaussianity assumption is not fulfilled.
Particularly, for ideal realizations, from approximately

and all methods rejected the null hypothesis,
as shown in Fig. 16. One might be tempted to conclude that there 
is sufficient evidence for a linear relationship in the data. Unlike 
the SAR test, where the values of the expected loss converge to
the detection threshold but always remain above it (p-value

(R 2)

N 100)

s 0 63 s 0 37. 

R 100 
N 120 s 0 37, 
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greater than the significance level). In realistic scenarios with
that is, the typical hypothesis test using a classical approach,

all methods provided a p-value above across a wide range of 
sample sizes, contravening the previous results. Thus, for example, 
results from a single laboratory with only two samples cannot be 
extrapolated to the rest of the realizations. In other words, depend-
ing on the repetition, we may have a significant result, or the null
hypothesis cannot be rejected. As shown in the same figure, the
SAR test, being conservative, is robust in this scenario compared
to the F-test.

Another example is shown in Fig. 17 with (indicating 
significant linearity), where the SAR test validates the significance
of the results from approximately Note that the SAR test is 
robust against the number of repetitions in the bootstrap approach,
since for and repetitions, we reject the null hypoth-
esis at the same sample size, and above leading to good 
replication. Finally, we performed a power analysis, including a 
putative task with a correlation level equal to zero to assess how
the methods control the rate of FPs [39]. In this case, the rate of 
FPs should be approximately equal to the level of significance
Fig. 18 shows that the ML methods are inflating FPs (green solid 
line) above the level of significance, i.e., Recall that 
the results of OLS under conditions of non-Gaussianity should be
subject to scrutiny (except for the case .

Heteroscedascity data: superior detection using ML techniques

In this section, we tested the ability of the methods to detect
heteroscedasticity using the BP test described in Section 4. The

R 2, 
0 05 

s 0 63 
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Fig. 19. The BP test on the residuals.
problem analyzed here is clearly linear, but the distribution of
residuals is not homogeneous (see Fig. 6). A simple Q-Q plot anal-
ysis of the data reveals its strong heteroscedasticity.

We evaluated the BP test on the residuals obtained with all 
methods and compared the averaged and standard deviation
(std) p-value with increasing sample size in repetitions. 
The BP test using the SAR residuals provides a faster detection of 
heteroscedasticity on average and a lower standard deviation of
the p-value, as shown in Fig. 19. 

Multivariate linear regression: SAR features effectively detect linearity.

The cancer dataset
We repeated the test for linearity and the power analysis with 

increasing dimensions, from one to six predictors, using the Cancer 
dataset. We observed two primary effects. First, the variance of CV
methods is extremely large for small sample sizes , 
especially with the loss, although it is significant for the rest 
of the simulations. This effect depends on the predictor added in 
the regression analysis. Notably, the last predictor that was added,
’Pop_ estimate’ (predictor 6), increases the variance of the estima-
tors resulting in non-reliable estimates within training folds,
mainly with small sample sizes (Fig. 20). The reason for this 
anomalous operation was previously shown in Fig. 11b in light 
blue. Here, we readily see in the SAR test (bottom of the figure) that 
evidence for a linear relationship in the data, under non-ideal con-
ditions, is achieved with only 10 samples (the risk is always less
than the threshold).

The second effect worth commenting on is the detection ability 
of the SAR method when the number of predictors increases, as
shown in Fig. 21a. Moreover, the SAR method converges to the 
OLS method with the two tested losses, unlike the CV-based ML

R 100 

(N 10 50)
L2 
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methods. This suspicious feature found for the SAR test (and for 
any other ML method) can be explained by overfitting since it goes 
against its common behavior. To discard this possibility, we 
increased the dimensions or the number of predictors used in the
simulation representing the putative task where there is no corre-
lation. In this task, we additionally employed a general upper
bound based on the assumption of samples in general position (i.
g.p.), as proposed in [31]. The analysis for the two bounds is given
in Figs. 22a and 22b. As shown in this analysis, when we increase 
the number of dimensions (only in this section), the bound pro-
posed in [34] is overly optimistic compared to that proposed in
[31] when In this case, PAC approaches should be refor-
mulated, and analytical bounds such as those proposed in [30,31] 
are valid solutions to formulate the SAR test as they effectively
control the FP rate.

The ADNI dataset
The correlation between MMSE scores and MRI images is 

important because it provides valuable insights into the rela-
tionship between cognitive function and structural brain 
changes. We can clearly observe this effect in the set of PCA
features extracted from the original dataset, prior to the regres-
sion analysis shown in Fig. 23a. In the same figure, we present 
the regression fit using both OLS and SAR approaches (including 
the tube), where the observed MMSE scores and predictors 
are normalized using the z-score method. Note how the AD fea-
tures are primarily located below the hyperplanes, while the NC
features are above them.

We first analyzed this relationship in the NC group to assess the 
‘‘quality” of the baseline group. The correlation between MMSE 
scores and MRI control images might not be as strong or consistent
as in groups with MCI or AD. In healthy individuals, both MMSE

N 100. 

-
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Fig. 20. Expected losses above and below) and analysis of variance across folds. Once again, the variance using the loss is greater than that of the loss for ML 
methods employing cross-validation. However, with real data, the presence of large outliers in folds can lead to inadmissible loss estimations.

(L2 L1 L2 L1 
scores and brain structures are likely to be within normal ranges, 
with less variability in cognitive function and brain structure. We 
detected suspicious behaviour in the power of the F-test of the
methods based on ML. They significantly correlated MMSE with
the PCA features above the significance level (Fig. 24b). This effect 
is essential for comparing against groups with neurodegenerative 
conditions like MCI or AD. If the control group shows unexpected
525
correlations, it raises concerns about the validity of the baseline
for future comparisons.

However, a p-value analysis over a set of R repetitions showed 
that no significant correlation can be found betweenMMSE and the
brain structure as expected (Fig. 24a). Despite the ML models indi-
cating a significant correlation, a p-value analysis conducted over 
multiple repetitions (R) contradicts this finding, showing that no
significant correlation actually exists between MMSE and brain
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Fig. 21. Performance with increasing number of predictors in Cancer Dataset.
structure in the control group. This discrepancy highlights poten-
tial overfitting or spurious correlations within the ML methods
when applied to group analyses in realistic experimental setups.

Finally, if we consider the three classes (AD, NC, and MCI) and
an increasing sample size to 800, we detect linearity with 
a few samples using the F-test, and above with the SAR 
test as shown in Fig. 25a. Notice how the SAR test penalizes 
increasing dimensions, in contrast to classical residual-based tests
for linearity (Fig. 25b).

N 10 
N 200 
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Discussion 

OLS, machine learning, and statistical learning theory

Initially, we recapitulated the conventional application of OLS in 
linear regression, emphasizing its widespread adoption due to its 
optimal statistical properties. The transition to ML introduces reg-
ularization highlighting the shift in focus towards minimizing both
empirical risk and model complexity. Critically, we highlighted a
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Fig. 22. Performance with increasing number of predictors in Cancer Dataset (continuation) .
common deficiency in ML approaches, particularly in regression, 
where rigorous significance analysis is often neglected in favor of
permutation testing based on cross-validation measures, especially
527
with small sample sizes. The proposed SAR method seeks to bridge 
this gap by formulating a statistical test grounded in statistical
learning theory. This involves establishing an upper bound on the
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Fig. 23. PCA features in ADNI dataset (NC, AD and MCI subjects).
expected loss comparing it to the null hypothesis and rejecting it if 
the corrected risk is lower, signifying evidence of a linear relation-
ship. The background of Support Vector regression was then 
explored presenting the insensitive loss function and the regular-
ized risk functional. The discussion explores the flatness property 
and empirical loss highlighting the differences in loss functions
employed in ML models. Finally, the novel SAR method was intro-
duced as a formal test for assessing the error estimation of ML
algorithms drawing parallels with classical statistical tests, like
the F-test. This section emphasized the significance of SAR in over-
coming limitations in ML approaches and extended the application
to regression analysis.

Experimental validation and significance analysis

The results section presented a comprehensive examination of 
experimental outcomes focusing on the performance of the pro-
posed SAR method in comparison to standard ML techniques
across diverse scenarios. For Gaussian distributed data, where
OLS serves as the gold standard, the SAR method exhibited conser-

-
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vatism converging to OLS with increasing sample sizes [41]. Test-
ing with the F-test for the slope at a correlation level of
revealed the optimistic behavior of ML methods, except for SAR,
which struck a trade-off with OLS [42]. Analysis of non-Gaussian 
distributed data emphasized the utility of SAR in validating signif-
icance (reproducibility), especially in scenarios with limited exper-
imental repetitions [40]. The detection of 
heteroscedasticity using the BP test demonstrated SAR’s faster 
detection and lower standard deviation of the p-values. This thor-
ough analysis, illustrated through various figures, underscores 
SAR’s versatility and robustness in assessing error variability, vali-
dating significance, and detecting heteroscedasticity across differ-
ent data scenarios (sample sizes). To sum up, from the set of
experiments undertaken here, we demonstrated that the proposed
SAR is effective for assessing the variability of error values obtained
by CV in ML methods. Moreover, the evidence derived from these
experiments suggests that SAR is a robust approach to functional
regression.

Challenges in CV and theoretical implications

As mentioned in the introduction, there is increasing concern 
about the use of K-fold CV as a baseline method for model selec-
tion. AI is proposing more complex algorithmic architectures that 
are validated with the easy to implement CV method, potentially 
leading to significant variability if sample sizes are limited or the 
data heterogeneity is large. This raises the question of whether 
the giant has feet of clay. When the data allows us to derive a 
stable inducer by splitting (making a guess from some parts of 
it), it can be a very robust method to derive models beyond the cur-
rent realization. However, this assumption is not always met. By 
performing this procedure, we can expect that what we learn in 
the training folds is not necessarily useful for prediction with the 
remaining samples. This is analogous to the judgment of Solomon;
we ask the two women to determine who the baby belongs to, and
the information provided by each party should be useful. In case
the two women reply the same, Solomon would have to sadly split
the baby in two. In the biblical story, the reaction of each of the two
women to the suggestion of splitting the baby was not the same,
and Solomon gave the baby to the real mother. This is akin to what
we have done with data using SLT, although we correct this resub-
stitution (split in two) by considering the information contained in
the data (reaction from data). In our case, we would give the two
parts to the more affected woman.

Computational efficiency, limitations and future directions

Another key advantage of the proposed method is its relatively 
low computational cost. While PAC-Bayesian methods generally 
require more computation than other upper-bound approaches, 
such as those based on Rademacher averages (though less than
those relying on growth functions), our use of linear classifiers in
the proposed bound helps mitigate this burden. Specifically, the
computational complexity is approximately where j 
is the number of iterations in the 1-D optimization and s is the 
number of samples used to estimate In contrast, dataset-
splitting methods like K-fold cross-validation involve multiple
operations of order for linear models, while nested 
approaches further increase this complexity to Although 
this difference may be negligible for small datasets, the computa-
tional cost can become substantial when statistical inferences 
involve permutation analyses with a large number of randomiza-
tions and complex null distribution modeling. The SAR method is
based on a specific PAC-Bayesian upper bound when applied to a
class of linear classifiers [29]. While the methodology is general,
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Fig. 24. NC and NC-AD-MCI group analyses using the ADNI dataset.
extending it to more complex function classes would require defin-
ing new upper bounds which might be less strict than those pro-
posed in this work. This limitation primarily motivates our focus
on low-dimensional feature spaces (i.e., fewer predictors) and sim-
ple classifiers as more conservative risk bounds are typically
achievable under these conditions [21]. In general, methods such
529
as Rademacher complexity, covering numbers, and PAC-Bayesian 
bounds tend to provide tighter risk estimates, particularly for 
high-dimensional, complex, or probabilistic models. Conversely, 
approaches based on the VC dimension often yield less conserva-
tive bounds, especially for simple or finite hypothesis spaces, but
they remain easier to compute and apply in basic settings.
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Fig. 25. NOR and NOR-AD-MCI group analyses using the ADNI dataset.
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Although we utilize PAC-Bayesian bounds in this work, the exper-
imental setup allows us to compute them efficiently without incur-
ring significant computational overhead. The theoretical findings 
are also applicable to real data in various fields of research. Indeed,
the models devised in this paper, together with the simulation of
realistic datasets, create suitable exemplars for characterizing per-
formance in neuroimaging applications [43–48]. A simple compar-
ison in classification tasks between the simulated datasets and 
those of real situations reveals a similarity in the results obtained
[31]. Nevertheless, the scatter plots and data distributions pro-
jected on the dimensions were clear examples demonstrating that
the conditions to provide stable inducers [7] were not met. There-
fore, exploration of alternative validation methods is a priority.

Emphasizing negative results in scientific research

In summary, echoing practices from our previous work, we 
underscore the importance of emphasizing negative results to
enhance scientific understanding2 . While research papers often pri-
oritize positive outcomes, we infrequently assess our algorithms in 
hypothetical task scenarios where no discernible effect is expected. 
This is evident in our experiments with uncorrelated data. Such anal-
yses play a crucial role serving to approximate the null-distribution 
of the test-statistic in permutation studies, such as evaluating per-
formance or accuracy in a classification task using ML techniques.
For instance, in the permutation analysis of classification tasks, the
performance derived from paired data and labels is juxtapsed with
that obtained by randomly permuting group labels numerous times
with the anticipated distribution centered around If the perfor-
mance distribution exhibits non-symmetry around random chance 
and bias, conclusions drawn from the test data may be compro-
mised. This suggests a disparity in the data distributions across 
groups under the null hypothesis, violating the i.i.d. assumption.
Consequently, the estimation of p-values might lead to inaccurate
conclusions at the family-wise level [42]. 

Conclusions 

In this paper, we present a method for validating regression 
models in the field of machine learning and its applications. The 
method is related to the F-test of classical hypothesis testing for 
establishing significance in linear models. We demonstrate that 
standard ML methods for model validation tend to overinflate 
FPs, thus requiring these approaches to ensure good replication 
and extrapolation of results in limited sample sizes. When SAR fea-
tures are incorporated into classical statistical frameworks, they 
provide a trade-off between OLS and ML paradigms with excellent 
control of FPs (around the level of significance). Although these 
pipelines could face criticism when dealing with non-Gaussian 
data, we also conducted a formal test based on CIs. This test dis-
carded regression problems with low correlation levels under the
worst-case scenario and provided statistical significance for the
rest of the cases. The use of this formal test is intended to be com-
bined with classical hypothesis testing, allowing us to confirm the
analysis with techniques that are not formally valid, or to inform
the researcher that there is insufficient evidence from the perspec-
tive of SLT to establish such a linear relationship. This constitutes
the formal definition of hypothesis testing: conclusions about the
data can only be drawn when we reject the null hypothesis; other-
wise, caution must be exercised with the findings.

50 . 
2 For further insights, refer to the column in Nature addressing this issue: https://
www.nature.com/articles/d41586-019–02960-3
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A Refined Introduction to PAC-Bayes Bounds

Overview of PAC-Bayes Framework

The PAC-Bayes framework is a robust and elegant tool for estab-
lishing generalization bounds in machine learning (ML). The term 
PAC-Bayes stands for Probably Approximately Correct Bayesian learn-
ing and represents a synthesis of PAC learning principles and Baye-
sian analysis. This approach enables deriving probabilistic bounds 
on the generalization error of learning algorithms, which has found
extensive applications in classification, regression, and, more
recently, deep learning. By focusing on distributions over hypothe-
ses rather than individual ones, PAC-Bayes bounds allow for a
nuanced understanding of model performance. Foundational
works such as those by [49–53] have established this framework 
as a key tool in modern ML theory.

At its core, the PAC-Bayes framework leverages a prior distribu-
tion chosen independently of the data, and a posterior distri-
bution updated based on observed data. The bounds aim to 
quantify the generalization error of a hypothesis h probabilistically, 
where the prior Q and posterior P play central roles. A typical PAC-
Bayes bound is expressed as:

P R h R h 6 2exp N 2 

2DKL P Q

where denotes the empirical risk (or training error) is the 
true risk (or generalization error), is the Kullback–Leibler 
divergence between P and is the number of samples, and rep-
resents the allowable deviation. A smaller value of which

Q h , 
P h , 

R h , R h 
DKL P Q

Q N 
DKL P Q ,
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measures how much the posterior diverges from the prior, results in
tighter generalization bounds.

Derivation of Basic PAC-Bayes Bounds

The derivation of PAC-Bayes bounds begins by quantifying the
deviation of the empirical risk from the true risk Let 

represent a deviation term. Using Mar-
kov’s inequality, the probabili ty of significant deviation is bounded
by:

P X P eN 6 E X
eN

Substituting X, we get:

P R h R h 6 e N E exp N R h R h

The expectation is taken over the posterior distribution allow-
ing us to write:

Eh P exp N R h R h

Bounding this term relies on the Donsker-Varadhan inequality,
which ensures:

Eh P eN R h R h 6 eDKL P Q Eh Q eN R h R h

Assuming that is an unbiased estimator of under Q, the 
expectation simplifies to 1. Thus:

P R h R h 6 e N eDKL P Q

Using the union bound to account for symmetric deviations, we
obtain:

P R h R h 6 2 exp N DKL P Q

Finally, by setting the right-hand side of the inequality to ,  we
upper bound the actual risk with at least a probability as a func-
tion of This result demonstrates how PAC-Bayes bounds 
relate the generalization error to the empirical risk and 
to the complexity of the hypoth esis distribution, as quantified by

Key Contributions to PAC-Bayes Theory

The development of PAC-Bayes bounds owes much to several
seminal works. [49] first introduced the PAC-Bayes framework 
for classification tasks, showing how generalization error is gov-
erned by the KL divergence between posterior and prior distribu-
tions. Later, [50] refined these bounds by incorporating stronger 
concentration inequalities and alternative measures of divergence, 
such as the average relative entropy, leading to tighter results in
high-dimensional settings. Subsequent studies, including those
by [51,52], extended PAC-Bayes theory to more general hypothesis 
classes and complex distributions, enabling its application to high-
dimensional data and large-scale ML problems. [53] further broad-
ened the scope of PAC-Bayes by developing bounds for deep learn-
ing and kernel-based methods, deepening our understanding of
generalization in modern ML.

Applications of PAC-Bayes bounds

The PAC-Bayes framework has proven particularly useful for 
analyzing algorithms that operate over distributions of hypotheses. 
Notable applications include evaluating generalization in SVMs 
with non-linear kernels, providing tight bounds for regularized
deep learning models, and assessing performance in online learn-
ing scenarios with streaming data. By integrating Bayesian infer-

R h R h . 
X exp N R h R h

P h , 

R h R h 
Eh Q eN R h R h

g
g 

DKL P Q .
R h R h 

DKL P Q .
532
ence with prior knowledge, PAC-Bayes offers a powerful 
probabilistic guarantee on model performance, making it an indis-
pensable tool in theoretical ML.

A note on the theoretical losses presented in caption of Fig. 1 

In Fig. 1, we stated that the theoretical expected loss on a uni-

form distribution of pairs was for and for 
where a and b represent the maximum values for and y, 

respectively, when the number of predictors is In general, 
the expected loss is given by:

R E L f x y L f x y dP x y B 1

In this simple case with only two dimensions, assume that are a 
set of uncorrelated samples (uniformly) centered at the origin. Then, 
the difference is distributed around zero and equally prob-
able within a volume Define a and b as the bounds for the uni-
formly distributed pairs contained in this volume.
Then and the expected loss can be computed as:

Ru 
1 
V 

L y y dydy B 2

where .  If  this expression simplifies to:

Ru 
1 
V 

a 
a 

y 
b y y dydy 1 

V 
a 
a 

b 
y y y dydy 

1 
4ab 

1 
3 a

3 b 2a 1
4ab

1
3 a

3 b2a 1
6

a2
b

1
2 b

B 3

If we instead choose the loss Eq. B.2 becomes: 

Ru 
1 
V 

a 
a 

b 
b L y y dydy 

1 
4ab 

4 
3 b 3a 4

3 ba
3 1

3 b2 a2
B 4

Note that we expect the solution to be flat with uncorrelated 
data. Consequently, as a approaches zero, the solutions should con-
verge to the mean value of the 1-D loss evaluated on the observed 
variable (half of the interval and one-third of the square, respec-
tively). Any algorithmic deviation from this ideal solution yields
the theoretical expected loss described in Eqs. B.3 and B.4. By exam-
ining Fig. 1, we can evaluate how sampling and non-ideal flatness 
affect the convergence to these theoretical values.
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