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ABSTRACT
In recent work, we have presented a new ReaxFF formulation with a superior conservation of energy in reactive molecular dynamics simula-
tions. The key ingredient in the approach involved the tapering of bond order and bond distance discontinuities using Hermite polynomials.
This Communication extends the previous formulation by alleviating additional sources of numerical instability in the original formalism.
These “numerical pathologies” are rooted in the counting of lone-pair electrons, the sum of bond orders between atoms that form a valence
angle, and the definition of a torsional potential. Based on a theoretical analysis, new functions that mitigate these limitations are designed
and validated. The extent of their transferability with previous parameterizations is discussed. The new enhancements provide further gains
in numerical stability to facilitate exploration of reactive energy landscapes.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0013906., s

Recently, we have devised the Tapered ReaxFF1 formulation,
which effectively eliminates energy and force discontinuities in the
original ReaxFF formalism.2 The key ingredient of the approach
is the use of Hermite polynomials as smooth tapering functions
to interpolate between bonding and non-bonding atomic environ-
ments. Besides orders of magnitude increases in energy conservation
and numerical stability, the new formulation remains compatible
with the original and allows previous force field parameters to be
used without adjustment.

Nevertheless, several significant problems that originate from
the ReaxFF formalism require further attention. To describe reactive
intermediates and transition states, without restricting the number
or type of reactions,3 ReaxFF uses a set of rather complex mathe-
matical functions, which are parameterized against reference quan-
tum chemical databases.2,4,5 When properly parameterized, ReaxFF
allows the study of reactive complex systems.6–8 The range of attrac-
tive bonding interactions is strongly influenced by the coordination
of the respective atoms. For fully coordinated atoms, these interac-
tions decay quickly with bond distance, while under-coordinated,
radical atoms have more delocalized valence electrons, resulting in a
much longer attractive range.9 Thus, unlike the case of non-reactive
force fields, theoretical abstractions, such as lone-pair electrons,

over- and under-coordination, are among the required character-
istic ingredients. Lone pairs of electrons are used to reproduce the
correct geometries and stabilities of molecules, such as H2O, NH3,
and SO2.

The number of lone pairs in an atom, nlp,i, depends on the dif-
ference, Δe

i , between the number of valence shell electrons, Valei , and
the sum of bond orders (SBO) between the atom and its neighbors
according to

Δe
i = −Valei +

Ni

∑
j=1

BOij, (1a)

nlp,i = −int(Δ
e
i

2
),

+ exp
⎡⎢⎢⎢⎢⎣
−plp1 × (2 +

Δe
i

2
− 2 × int(Δ

e
i

2
))

2⎤⎥⎥⎥⎥⎦
, (1b)

where int(x) is a function that converts a floating point argument to
the nearest integer (from below) given that |x| ≥ 1; otherwise, it eval-
uates to zero, and plp1 is a general parameter. As the total bond order
for an atom starts to exceed its valence, Eq. (1a) causes a lone pair to
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gradually break up, causing a deviation, Δlp
i , from a predefined opti-

mal number of lone pairs, nlp,opt, with an associated energy change,
Elp,i, according to

Δlp
i = nlp,opt − nlp,i, (2a)

Elp,i = plp2 × Δlp
i

1 + exp(−75 × Δlp
i )

. (2b)

At this stage, it is helpful to examine the functional form of
Eq. (1b) more closely. The first term on the RHS effectively dis-
cretizes the number of lone pairs with a step size of 2e compared
to the continuous form of Eq. (1a). The second term is responsi-
ble for “stitching” the sudden discontinuity that appears when lone
pairs are broken. However, as shown in Fig. 1(a), the exponential
part has no effect for the reverse pathway, namely, when an atom
with many bonded neighbors “restores” its lone pairs as a result of
a diminishing number of bonding interactions. Thus, the number
of lone pairs becomes a discontinuous function for the positive side
of the Δe

i axis. As a result, the associated energy in Fig. 1(b) becomes
non-differentiable, and the corresponding force is undefined. In fact,
close inspection reveals that for every whole number, x0 ≠ 0, the
derivative of int(x) at x0 is undefined. As a result of these numerical
pathologies in Eq. (1b), additional potential energy terms that have
a functional dependence on nlp,i, other than the lone-pair energy,
become undefined. These are the under- and over-coordination and
valence angle energies.4

To circumvent the associated difficulties of integer functions,
we should acknowledge that the difference x − ⌊x⌋ is an increas-
ing periodic function. As such, well-established methods of Fourier
analysis can be exploited to approximate it smoothly.10 A func-
tion that allows us to smoothly approximate the correct steplike
behavior expected for discrete electron pairs and has a single fitting
parameter, λ, is defined as follows:

fL(Δe
i ) = Δe

i − 1
2
− 1
π

tan−1[ λ sin (2πΔe
i )

λ cos (2πΔe
i ) − 1

], (3a)

fR(Δe
i ) = Δe

i +
1
2
− 1
π

tan−1[ λ sin (−2πΔe
i )

λ cos (2πΔe
i ) − 1

], (3b)

nlp,i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fL(Δe
i ) if Δe

i < l1
fL(Δe

i ) × Tap7th(Δe
i ) if l1 ≤ Δe

i < l2
0 if l2 ≤ Δe

i < r1

fR(Δe
i ) × Tap7th(Δe

i ) if r1 ≤ Δe
i ≤ r2

fR if Δe
i > r2,

(3c)

where Tap7th (Δe
i ) is a seventh degree tapering Hermite polynomial,

as defined elsewhere,1 without loss of generality l1 < l2 and r1 < r2.
The functions in Eqs. (3a) and (3b) are symmetric with respect to
the origin, decrease for every 0 < λ < 1, and converge uniformly
to x − ⌊x⌋ on any closed interval not containing an integer. The

FIG. 1. (a) The number of lone pairs and (b) the associated potential energy as
a function of the difference between the number of valence electrons and sum of
bond orders as defined by ReaxFF [Eq. (1)] with fitting parameter values taken
from a published force field11 for the atomic parameters of oxygen and as devel-
oped in this work [Eq. (3)] with λ = 0.8, l1 = −2.3, l2 = −1.5, r1 = 1.5, and
r2 = 2.3. (c) Dependence of the SBO2 clipping function on the sum of bond orders
(SBO) as defined in ReaxFF [Eq. (4)] and as developed in this work [Eq. (5)] with
xl = −0.2 and xr = 2.2.

tapering function guarantees that both fL(Δe
i ) and fR(Δe

i ) approach
zero near Δe

i = ±2.0, where the lone-pair energy should vanish.
Thus, we see in Fig. 1 that the new functions are both continu-
ous and smooth and can closely reproduce the expected behavior.
At this point, two remarks are worth mentioning. First, apart from
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the lone-pair energy term, the under- and over-coordination energy
terms also become smooth functions of Δe

i due to their dependence
on nlp,i.4 Second, the preceding pathologies are system specific and
may not manifest in every system or under all conditions. Clearly,
systems in which a large proportion of atoms are characterized by
Δe
i > 0 are particularly susceptible. While the new definition of the

number of lone electron pairs successfully eliminates the disconti-
nuities associated with discrete electron pairs, other existing issues
also require attention.

Accordingly, we turn our focus to the valence and torsion angle
potentials. Equations (4a)–(4e) are used to calculate the potential
energy associated with a valence angle, Θijk,

Eval ∝ 1 − exp[−pval2 × (Θ0(BO) −Θijk)2], (4a)

SBO =
Nj

∑
n=1
(BOπ

jn + BOππ
jn ) +

⎡⎢⎢⎢⎢⎣
1 −

Nj

∏
n=1

exp(−BO8
jn)
⎤⎥⎥⎥⎥⎦

× (−Δangle
j − pval8 × nlp,j), (4b)

Δangle
j = −Valangle

j +
Nj

∑
n=1

BOjn, (4c)

SBO2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if SBO ≤ 0

SBOpval9 if 0 < SBO < 1

2 − (2 − SBO)pval9 if 1 ≤ SBO < 2

2 if SBO ≥ 2,

(4d)

Θ0(BO) = π −Θ0,0 × [1 − exp[−pval10 × (2 − SBO2)]], (4e)

where we have omitted the multiplicative bond order dependent
terms from Eq. (4a) for brevity. These terms are mainly used to
ensure that the valence angle energy goes smoothly to zero when
any of the two associated bonds dissociates and are irrelevant for
the current analysis. pval2 is a fitting parameter, Θ0 is an equilib-
rium valence angle that depends on the bond order, and Θijk is the
valence angle. The equilibrium angle Θ0 for Θijk depends on the
sum of π bond orders (SBO) around the central atom j, as described
in Eq. (4c). In addition to including the effects of π bonds on the
central atom j, Eq. (4b) also takes into account the effects of over-
and under-coordination for j, as determined by Eq. (4c), on the
equilibrium valence angle, including the influence of a lone pair.
Both SBO and SBO2 are intermediate calculations for Θ0. SBO is
the sum of neighboring bonds to central atom j, whereas SBO2 is a
clipped version of SBO, which ensures that the sum of bond orders
is less than two (each angle has only two bonds). Thanks to the fit-
ting parameter, pval9, the exponential form can be tuned with a high
sensitivity.

A careful inspection of Eq. (4d) reveals that although the clip-
ping occurs in a continuous fashion and avoids singularities when
SBO = 0 or SBO = 2, the derivative at these points is ill-defined
due to cusp discontinuities at the corners [Fig. 1(c)]. Fortunately,
it is straightforward to design a similar function without these prob-
lems. In this case, we choose to use a fifth degree tapering Hermite

polynomial [Eqs. (5a)–(5c)] due to its steepness compared to higher
degree polynomials and because it offers continuous second and
third derivatives for increased numerical stability.1 As seen from
Fig. 1(c), the new function closely follows the intended behavior with
a smooth attenuation on both sides,

SBO2 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 if SBO ≤ 0

2 × Tap5th(SBO) if 0 < SBO < 2

2 if SBO ≥ 2,

(5a)

Tap5th(x) = s5 × x5 + s4 × x4 + s3 × x3 + s2 × x2 + s1 × x1 + s0

(xr − xl)5 , (5b)

s0 = 10x2
r x3

l − 5xrx4
l + x5

l , s1 = −30x2
r x2

l ,

s2 = 30(x2
r xl + xrx2

l ), s3 = −10(x2
r + 4xrxl + x2

l ),
s4 = 15(xr + xl), s5 = −6.

(5c)

At this stage, we shift our attention to a numerical pathol-
ogy that prevails in the torsional potential in the ReaxFF force
field. For any consecutive set of four atoms within bonding dis-
tance, a torsion angle, ωijkl, may be defined. Using the law of cosines
for torsion angles,12 it may be expressed in the form shown in
Eq. (6a). When three atoms in a bending sequence move into a lin-
ear configuration, any torsion angle involving those atoms becomes
undefined and its Cartesian derivatives become singular. This situ-
ation is most likely to occur during and after bond-breaking pro-
cesses, leading to pathological errors.13 The torsion potential energy
has the well-known three-term Fourier expansion representation14

[Eq. (6b)].
Similar to the valence angle energy, the potential energy asso-

ciated with a torsion angle should decay to zero whenever one
of its constituent bonds breaks apart. Since our primary con-
cern is the angular dependence and for the sake of brevity, we
have omitted the bond-order related terms in Eq. (6b). The rele-
vant terms involve the bending potential (i.e., sine product of the
two valence angles) and the bending-uncoupled torsion potential.
The terms V1, V2 and V3 are energy barriers, and g(BOπ

jk,Δj,Δk)
is specifically designed to avoid excessive torsion contribu-
tions in systems containing two attached over-coordinated sp3

atoms,15

cosωijkl =
r2
ij + d2

jl − 2rijdjl cosΘijk cosΘjkl − d2
il

2rijdjl sinΘijk sinΘjkl
, (6a)

Etors ∝ sinΘijk × sinΘjkl × [V1 × (1 + cosωijkl)
+V2 × g(BOπ

jk,Δj,Δk) × (1 − cos 2ωijkl)
+V3 × (1 + cos 3ωijkl)]. (6b)

Two points are particularly noteworthy: (a) for the evaluation
of the derivatives of the torsion potential, the actual form that is
being used for each of the multiple-angle cosine terms is the equiv-
alent polynomial in cosωijkl to avoid the known 1/sinωijkl singu-
larity,16,17 and (b) it is evident from Eq. (6a) that cosωijkl tends
to infinity whenever any of the bending angles approaches 0○ or
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180○. Unlike the previous case, the source of the latter singular-
ity has a clear geometrical basis, which cannot be overcome by a
change of representation. Accordingly, the coupling between bend-
ing and torsion degrees of freedom is necessary to ensure that
the torsion energy contribution disappears whenever colinearity
occurs. To ensure numerical stability, the product of sines has to
be raised to the third power to exactly cancel the term that appears
during evaluation of the Cartesian derivative ∂cosωijkl/∂qi. As well
as providing superior numerical stability, the third-power form
has a clear physical origin.18,19 Figure 2(b) compares between the
third-power form as suggested in this work, the original ReaxFF

FIG. 2. (a) Schematic definition of a torsion angle used in ReaxFF. The bold
lines represent chemical bonds, while dashed lines are auxiliary lines. (b) Tor-
sion angle energy as a function of the bending angle, θ, and torsion angle,
ω, as defined in this work (green) and in ReaxFF with and without a coupled-
bending term (blue and red, respectively). The values for the rotational barriers
were taken from a published force field11 and are related to the all-carbon torsion
angle.

form, and the bending-uncoupled, pathological case of the tor-
sion potential. The new form decays faster than the original sine
product, but otherwise remains very similar to the original torsion
potential.

From the viewpoint of mathematical and numerical rigor, it
is clear that a successful and robust application of the ReaxFF
reactive force field requires the use of differentiable energies
and forces, as developed in this work. However, from a prac-
tical point of view, one question remains: Can we use param-
eterizations based on the old ill-behaved functions with the new
formalism?

Judging from Fig. 3, which compares the performance of
tapered ReaxFF1 with and without the newly designed functions,
the answer seems to be very encouraging. Overall, a surprisingly
good match is observed compared to quantum mechanical (QM)
energies for an extensive set of chemical reactions. However, some
deviations in the bottom left part of Fig. 3 are noticeable. A care-
ful inspection of the training set reveals that these differences can be
attributed to a small subset of reactions that were given an insignif-
icant weight during training. Hence, they are expected to be very
susceptible to small changes in the functional forms or in the numer-
ical values of parameters. This sensitivity can be further diagnosed by
the observation that neither reference formulation reproduces these
systems well enough compared to the QM values. In any case, these
less satisfactory systems can be refined with additional force field
training.5

As mentioned before, the accurate computation of forces is very
important for tasks such as geometry optimization, locating transi-
tion states, constructing reaction pathways, and performing vibra-
tional analysis. However, the consequences of numerical impreci-
sions may not be so obvious in MD simulations, even though the
effects are present. Considering that ReaxFF is heavily used for MD
simulations, we wish to highlight the main implications of our work
in this context.

FIG. 3. Comparison between the reference Tapered ReaxFF formulation1 (red
circles) and the same formulation with improved functional forms for lone pairs,
valence, and torsion interactions as developed in this work (blue circles). The
data belong to the energy section from an extensive training set of hydrocarbons
and combustion products with over 1500 equilibrated species containing reactants,
transition states, and intermediates.4
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TABLE I. Lowest RMSG (kcal mol−1 Å−1), total energy conservation (%), and total
energy drift rate (kcal mol−1 ps−1) for a test system using the reference tapered
ReaxFF formulation with the old and new functional forms.

Tapered ReaxFF trans-1,2-dicyanoethylene

Functional form old new
Lowest RMSG 1.49 × 10−1 7.30 × 10−7

Energy conservation 1.16 0.00
Energy drift rate 2.48 0.00

We note that the condition Δe
i > 0 [Eq. (1a)] is somewhat

unphysical, but nevertheless possible during a ReaxFF simulation as
a “rare event.” Since the bond order is a function of bond distance,
under extreme conditions (e.g., hypervelocity impacts20), atoms can
make very short-lived, close encounters with an artificially ampli-
fied bond order (especially with insufficient bond order corrections).
In such instances, ∑Ni

j=1 BOij becomes larger than Valei . These con-
ditions pertain to highly unlikely situations during standard sim-
ulations and are usually not a concern for the MD practitioner.
However, in the case of valence and torsion angle pathologies, the
situation is markedly different: it is common for linear triples of
atoms to be part of a torsion angle, especially when chemical reac-
tions are involved. In this case, even relatively “tolerant” methods
could break.

Thus, to test this supposition, we have performed a series of
MD simulations with and without the new functional forms. The
system consisted of ten trans-1,2-dicyanoethylene molecules, each
with two linear (CC≡≡N) moieties. The simulation protocol used an
available parameterisation21 and was identical to the one employed
in our previous study.1 Table I reports the lowest root-mean-squared
gradient (RMSG) obtained during an initial geometry optimiza-
tion and the conservation of total energy and drift rate during a
50 ps simulation at constant number of atoms, volume, and energy
(NVE).

With the old functional forms, the system fails to converge
to a local minimum (for which we require an RMSG below
10−6 kcal mol−1 Å−1; see Table I). In addition, we noticed
that during the thermalization stage (at 300 K), four molecules
underwent a dimerization reaction to form two C8H4N4 cova-
lent dimers. Similar behavior also occurred in our previous study,
where an insufficient structural optimization had caused the sys-
tem to cross a dissociation barrier.1 Regarding the NVE stage,
the violation of total energy conservation and the rate of energy
drift are quite substantial for the old functional forms, while
the new forms exhibit no significant deviations and no artificial
side-reactions.

In summary, we have presented an improved theoretical frame-
work for ReaxFF, which avoids significant numerical pathologies, is
fully differentiable, and is numerically stable for any type of system.
The new framework should be particularly useful for applications
that rely heavily on accurate energies and gradients, such as the
computational energy landscape methodology.22–25
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at the University of Cambridge for independent research fellow-
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