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ABSTRACT

Fawzi and Fawzi [Quantum 5, 387 (2021)] recently defined the sharp Rényi divergence, D}, for a € (1, 00), as an additional quantum Rényi
divergence with nice mathematical properties and applications in quantum channel discrimination and quantum communication. One of
their open questions was the limit & — 1 of this divergence. By finding a new expression of the sharp divergence in terms of a minimization
of the geometric Rényi divergence, we show that this limit is equal to the Belavkin-Staszewski relative entropy. Analogous minimizations of
arbitrary generalized divergences lead to a new family of generalized divergences that we call kringel divergences for which we prove various
properties, including the data-processing inequality.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0049791

I. GEOMETRIC AND SHARP RENYI DIVERGENCES

Let H be a complex finite-dimensional Hilbert space and B(#H ) be the set of linear operators on H. We write 22(.#) for the set of positive
semi-definite operators on H and 2, (H ) for the set of positive definite operators. Let D(# ) denote the set of density matrices, i.e., the set
of positive semi-definite operators with trace 1. For A, B € (), we further write A < B if supp(A) ¢ supp (B).

For A,Be 2,(H) and a € R, the weighted matrix geometric mean is defined as

1 _1 _1\a 1
A#aB::AZ(A :BA ) Az, (1)

For « > 0, this definition can be easily extended to more general A, B € 2(#), B < A, by restricting the Hilbert space to the support of A
[this also corresponds to directly using pseudo-inverses in (1)]. For a € [0, 1], the weighted matrix geometric mean satisfies many desirable
properties of a matrix mean.”

The geometric Rényi divergence (also called the maximal Rényi divergence), first introduced by Matsumoto,’ can be defined in terms of
the weighted matrix geometric mean. For p,0 € (), p < 0, and « € (0, c0), define the geometric trace function as

Qu(p|o) = Tr(o#ap) = Tr(a% (a_%pa_%) o ) ()
This can be extended to general p, 0 € 2(.#) by setting
Qu(plo) = lim Qu(pllo +&1). 3)

For « > 1, this limit is equal to +oo if p < g, whereas for « € (0,1], the limit is always finite and explicit expressions for it can be found in
Refs. 3-5. For a € (0,1) U (1, 00), one then defines the geometric Rényi divergence as*>~’

—~ 1 —
Du(pllo) = ; log Qu(plo). 4)

o —

60:52:80 G20z AInF 0¢

J. Math. Phys. 62, 092205 (2021); doi: 10.1063/5.0049791 62, 092205-1
© Author(s) 2021


https://scitation.org/journal/jmp
https://doi.org/10.1063/5.0049791
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0049791
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0049791&domain=pdf&date_stamp=2021-September-1
https://doi.org/10.1063/5.0049791
http://orcid.org/0000-0002-2805-5279
mailto:bb536@cam.ac.uk
https://doi.org/10.1063/5.0049791

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

It reduces to the classical a-Rényi divergence for commuting states and satisfies the data-processing inequality for a € (0,1) U (1,2].°
Furthermore, it is known®"* that for p € D(H ) and 0 € 2(7),

lim Dy (p|o) = D(plo) = Tr(p log(p>a™'p? ) ), ®)

the Belavkin-Staszewski relative entropy.’
In Ref. 1, Fawzi and Fazwi defined the sharp trace function for « € (1, o),

Qu(plo) = rgzigl{TrA ‘P < ff#iA}- (6)

They defined the sharp Rényi divergence of order « in terms of it as follows:

L log(Qilpl) @)

#
Di(plo) =

and proved that it satisfies the data-processing inequality and that it also reduces to the classical a-Rényi divergence for commuting states.
Furthermore, they showed that this divergence has several desirable computational properties, such as an efficient semidefinite programming
representation for states and quantum channels (i.e., linear, completely positive trace-preserving maps), and a crucial chain rule property
that can be exploited to obtain important information-theoretic results concerning quantum channel discrimination and quantum channel
capacities.

A natural question to ask is as follows: What is lim,_,1 Dk (p|0)?

This was left as an open question in Ref. 1. In this paper, we answer this question by proving that this limit is given by the
Belavkin-Staszewski relative entropy (see Theorem 7).

To address the limit of « — 1, we want to make use of the following alternative characterization of the sharp trace function and sharp
Rényi divergence:

Proposition 1. For a € (1,00) and p,0 € 2(1),

Qi(pllo) = minQu(Alo), ®)
Di(plo) = min Da(Alo). ©)
2p

Remark 2. Note that the A in the above expressions are, in general, unnormalized states and we use the definitions of the geometric trace
function and the geometric Rényi divergence as in (2) and (4) without additional normalization factors.

For what is going to follow, we prove a slightly stronger version of the above statement, given by the following lemma:

Lemma 3. For a € (1,a], witha € (1,00), and p, 0 € P(#),

Qu(plo) = minQu(Allo), (10)

and the minimization can be restricted to A € K, where K is a compact subset of {A € P(#)|A < o} depending only on p, g, a but not on a.

Proof. Recall the definition of Q}(p| o) for a > 1,!

)ia%}. (1)

# o % -1
Qu(plo) = r/ggg{TrA ‘ pso (ff

1
2

> po~ 2| is the spectral norm
and T1, is the projection onto the support of o. It is easy to see that if p =< g, the minimization is infeasible, and so Qf(p| o) = +oo. More-
over, if p % 0 and A > p, then also A 0, and hence, mina>,Qu(A[0) = +00 and the statement holds. Thus, we can assume p <« ¢. Taking

C:= Tr(p) supae1,)¢* > which is always finite, we get

Fawzi and Fawzi' showed that the minimization can be further restricted to 0 < A < ¢*~! Tr(p)Il,, where ¢ = Ho

60:52:80 G20z AInF 0¢

J. Math. Phys. 62, 092205 (2021); doi: 10.1063/5.0049791 62, 092205-2
© Author(s) 2021


https://scitation.org/journal/jmp

Journal of ARTICLE o ] ]
Mathematical Physics CL scitation.org/journal/jmp
(o) = mi Hotar ) ol
Qu(plo) = r/r\lz%l{TrA | p<o (o Ao ) o2, A< CHU} (12)
. 1 1 1 1 1 _1 1 —1
= rlglzl(r)l{Tr(GzAO‘Z) ‘ p<otAc«o?, A<Co :Il;0 2 < C||0 HHU} (13)
= min{Tr(a%A“a%) | p< oiAo?, A%< CHG_IHHU}, (14)
A>0

where we redefined A multiple times and understand Ha‘l H as the operator norm of the pseudo-inverse. While for general matrices A, B > 0,

1
the statements A” < Band A < B« are not equivalent, they are equivalent in the case in which B is a constant times a projector onto a subspace
that includes the support of A. This is because in this case, B is diagonal in the same basis in which A (and hence also A”) is diagonal. Hence,

the operator inequality A” < B turns into a condition only on the eigenvalues of A, which is then equivalent to A < Be. Thus, we finally get

p< O%AU%, A< (CHO'_1|

Qi(plo) = r/{lzigl{Tr(O%AaO%) )ina} (15)

- min{Qu(4]0) ) oto! < (clo”|

p<A A<(Clo!

)* ol . (16)

With C := SUPe[1,4] (C|lo7"||)* o], which exists, and K := {A € 2(#)| p < A < CIl,}, which is compact, we have for all a € (1, b]

Qu(plo) = gleilgaa(AIIU)- (17)

]

Since the logarithm on R is monotone, Lemma 3 implies that also D, (p|c) = minas,Da(A|0) for all @ > 1. This completes the Proof of
Proposition 1. Note that for & > 2, the geometric divergence does not satisfy the data-processing inequality, while the sharp divergence does.

Il. THE a« - 1 LIMIT

We show in Theorem 7 that the limit « — 1 of the sharp divergence is the Belavkin-Staszewski relative entropy. The key step in the
proof is to show that d%Qz (p|lo)|a=1 exists and is equal to %Qa (p||o)|a=1. One way to establish this is to use the following theorem [Ref. 10,
Theorem 2.2.1]:

Theorem 4 (Ref. 10). Let U c R" be open, K ¢ R™ be compact, and f : U x K — R be continuous and also V. f (u, k) be (jointly) continu-
ous. Then, the function g(u) = ming f (u, k) has for every u € U a one-sided directional derivative along every v € R", which can be computed
as

N CRI (CO .
s AR R o

where R(u) = {k € K|f(u, k) = g(u)}.1*

The following lemmas establish the properties of Qu, which are necessary in order to apply Theorem 4:

Lemma 5. Let Q be a subset of R" and h : QA x [0,00) — [0, 00) be a jointly continuous function. Then, the corresponding matrix function
h:Qx P(H#) - P(H#) is jointly continuous on Q x P(H).

Proof. For a fixed « € Q, the continuity of the matrix function h(a, p) in p follows from the continuity of h(a, x) in x, for x € [0, o), by
Ref. 11 (Theorem 6.2.37). To see joint continuity, let p, — p be a converging sequence in (%) and a, — « be a converging sequence in €,
as n — oo. Then, taking operator norms,

(@) — h(ep)] < (1@ pu) — h(atspa) | + (e pu) ~ h(ap)]|- 19)

The second term on the right-hand side goes to zero as n — oo by the continuity of h(«, p) in p. For the first term, note that h(a,, ps) and
h(a, pn) commute and the operator norm can be evaluated as

max )\h(ocn,)t) —h(a )| (20)

Aespec(p,

Since the limit &, — « exists, &, is eventually bounded, so there exists a compact subset K of Q such that «, € K for all large enough n.
Analogously, the limit p, — p exists, and so the spectrum of p,, is eventually bounded, and hence, there exists a compact subset K’ of [0, c0)
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such that spec(p,) c K’ for all large enough #. Since K x K’ is compact, k is, in fact, uniformly continuous on K x K'. Hence, the expression
in (20) goes to zero as n — oo uniformly in all elements of the maximum and also uniformly in p,. This shows that

Jim [|h(an, pr) = h(a p) | = 0, (1)
which completes the proof. O

Lemma 6. For o € 2() fixed, the functions f,(a) = f(ap) = Qu(p| o) and fi(a) = f'(a.p) = £Qu(p|0) are jointly continuous on
(0,00) x {A e Z(#)|A < 0}

Proof. We have
Qu(plo) = Tr(tf%(a’%pa’%)“ﬁ), (22)
diaaa(pHo) = TI‘((I% log((f%paﬁ )(ofipofé )aa% ) (23)

It is easy to check that the real functions (a,x) — x* and (a,x) — x” log(x) are jointly continuous on (0, c0) x [0, c0). In addition, for A €

{A € 2(#)|A < 0}, the expression 0~3A0"7 is continuous in A (remember that the inverses are all pseudo-inverses). Hence, the continuity
follows from Lemma 5, the continuity of the matrix product, and the continuity of the trace. O

Theorem 7. Forp € D(H ) and o € (%),
lim Di(p|) = D(p|o0), (24)

the Belavkin-Staszewski relative entropy.

Proof. As the sharp Rényi divergence, D}, is only defined for a > 1, all there is to prove is a limit from above. Let us fix p € D(# ) and
0 € P(). We can restrict our proof to the case p < o, since otherwise D, (p||c) = Du(p|0) = oo for all « > 1 and the statement clearly holds.
By Lemma 3, there exists a compact set K ¢ {A € 2(#)|A «< o}'” such that for « € (1,2],

Qi(pllo) = minQu(4 o). (25)

For a € (0, 00),”" we define
f(aA) = Qu(A]o0), (26)
g(e) =min f(«,A) = min Qu(A|0). (27)

By Lemma 6, f(a, A) is jointly continuous on (0, c0) x K and has a jointly continuous derivative in a. Hence, by Theorem 4, g(«) has the
following one-sided derivatives:

gl -g() . d

il\l?ll a—1 N Alel}zl(I;) dtxf(a’A)’ (28)
- gla)—g(1) (_ d )

}tljr'rll a—1  AR(a) docf(a’A) ’ (29)

where R(«) := {A € K|f(a,A) = mingex f(a, B) }. Recall that the sharp Rényi divergence is only defined for a > 1, and so all we really need
here is the limit from above (28). However, establishing that this is also equal to the limit from below makes things slightly simpler, as we are
then able to directly use the chain rule later in (32).

For a = 1, the set R(«) only contains p, since

min Qi (Ao) = minTr(A) = Tr(p), (30)
and A > p, together with Tr(A) = Tr(p), imply that A = p. Hence, the two one-sided derivatives are equal and

d d d ~
w8@| = fof@p)| = £ Quple)| Gy
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We further have g(«) = Q}(p||o) for a € (1,2] and g(1) = Tr(p) = 1, s0

#
llsz(P”()') — hmlog Qa(P”U) - hmlog g((X) log g(l)
aNl aNl a—1

anl a-1
d w8@loey _ d
=1 = dadr"la=l _ 2 32
4o 08 8(%) - (1) 5@ . (32)
As the same argument also gives
—~ d ~
li Da = 7 a > 33
imDa(plo) = 3 Qulpllo)| (33)
by using (31), we get
lim D (p|l0) = lim Da(p| ) = D(p]o). (34)
]

I1l. KRINGEL DIVERGENCES AND THEIR PROPERTIES

A key ingredient of our main result, Theorem 7, was Proposition 1, which allowed us to express the sharp divergence as a minimization of
the geometric Rényi divergence. Analogous minimizations of arbitrary generalized divergences lead to an interesting new family of generalized
divergences, which we call kringel divergences.”’ We introduce them in this section and prove some of their properties, including the data-
processing inequality.

For a function D : 2(#) x 2(#) - RU {-o00, 00}, we define for p, 0 € 2(#)

D°(plo) = inf D(4]0). (35)
Azp
Moreover, we say D : (%) x 2(#) — RuU{—00,00} is a generalized divergence if it satisfies the data-processing inequality, i.e., for any

p,0 € P(#) and any quantum channel N, we have
D(M(p)[ M) <D(p|o). (36)

Remark 8. Note that the above definition of the generalized divergence is an extension of the standard definition (see, e.g., in Ref. 12).
In the latter, the generalized divergence is considered as a function D : D(H ) x &2(#) — Ru {oo}, where D(H ) denotes the set of density
matrices (quantum states) on .

The following lemma shows that if D is a generalized divergence then so is D°. In this case, we call D° the kringel divergence of D:
Lemma 9 (Data-processing inequality). Let D be a generalized divergence, p,o € (), and N be a quantum channel. Then,
D°(M(p)|M(0)) < D°(p]o). (37)
Proof. We have
D°(Mp)|Mo)) = inf D(A[M(0)) < inf D(N(A)[Mo))
A=N(p) N(A)2N(p)

< if ,D(4]0) < inf D(Ao) = D" (A]o). (38)

Here, for the first inequality, we have used the fact that the minimum increases when we only optimize over operators of the form AV(A), and
for the second inequality, we have used the data-processing inequality for D. For the third inequality, we have used the fact that A > p implies
N(A) > N(p), which follows by positivity and linearity of \V. ]

Remark 10. By Proposition 1, we know that for « € (1, c0), we have

D; = Dy, (39)
where the left-hand side denotes the kringel divergence corresponding to the geometric Rényi divergence (4). Note that even though the
geometric Rényi divergence satisfies the data-processing inequality only for a € (0,1) U (1,2], by [Ref. 1, Proposition 3.2], its corresponding
kringel divergence actually satisfies the data-processing inequality for all « € (0,1) U (1, c0).
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Lemma 11. If D is subadditive, then so is D°, i.e., for all p1, p2, 01,02 € P( ), we have

D°(p1 ® p2f o1 ® 02) < D*(pif|or) + D°(p202). (40)
Proof. We have

D°(p1 @ p2||lor ® 32) = inf D(A|o1 ® 02) < inf  D(A; ® Ay|o1 ® 0
(p1® p2]o1 ® 02) oinf (Alor ® 02) aod™ o, (A1 ® Az]01 ® 02)

< inf (D(A D(A
7A1®A12gpl®m( (Ai]or) + D(Az]02))

= Ailgng(Al [o1) + Aizrzl£2D(A2 [o2)
=D"(p1|o1) + D°(p2]02). (41)

The third line above follows from the fact that A; > p; and A; > p, imply that A; ® A; > p1 ® p, because A ® Ay — p1 ® p2 = (A1 — p1)
®A2+p1®(A2—p2). O
A. Kringel divergences for a-Rényi divergences

We say Dy : 2( ) x P(H#) - RU {-00,00} is a quantum generalization of the a-Rényi divergence if it reduces to the corresponding

classical Rényi divergence if both entries commute. That is, if p, 0 € () are commuting operators, then

1
a—1

Da(plo) =

og( St~ ), @)

where the {p;}; and {gi}: are eigenvalues of p and g, respectively, with respect to a simultaneous eigenbasis. The following lemma states
that, for a > 1, if Dy is a quantum generalization of the Rényi relative entropy, then Dj too reduces to the classical Rényi divergence in the
commuting case and hence is itself a quantum generalization of the Rényi relative entropy:

Lemma 12. Let a > 1 and Dy be a quantum generalization of the a-Rényi divergence satisfying the data-processing inequality (36). Then,
also Dy, is a quantum generalization of the a-Rényi divergence.

Proof. Let p,0 € () such that [p, 0] = 0. Then, there exists a simultaneous eigenbasis {|i) }; of p and ¢ such that
p=Splikih o= Yaliil 43)

Clearly,

Di(pla) < Dulplo) = . g Tl ) (a4

(24

For the reversed inequality, let P be the pinching map defined as P(-) := ¥, |iXi| - |iXi|. Hence, denoting for A > p the diagonal entries by
ai = (i|A]i) > pi, we see

Di(plo) = infDa(4]0) 2 inf Da(P(4)[P(0))

s 1 a 1-a) _ 1 a l—a
=inf— log(Z’_:ai ai )— " log(Zi:p,- ai ) (45)
where we have used the data-processing inequality for D, in the first inequality. O

Remark 13. Note that for « € (0,1) and Dy being a quantum generalization of the a-Rényi divergence, one easily sees that
Di(plo) = —co (46)

for all p, 0 € 2(#) with o # 0, which is why we excluded this range of & in Lemma 12 and Proposition 14.

Important quantum generalizations of the a-Rényi divergence include the geometric- and sharp Rényi divergences, as well as the Petz
Rényi divergence (Da)"* and the sandwiched Rényi divergence (Da).'*'" The latter two are defined, respectively, as follows: for p, 0 € 2(.#),
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1
a—1

1
a—1

Dq(po) = log Tr(p“0' ™),

Du(p|o) = logTr<az;:p02;;) (47)
ifae(0,1) orae(l,00)and p<<o. If a€(1,00) and p < 0, then Da(p|0) = Da(p| o) = oo. Both the Petz- and the sandwiched Rényi
divergences are additive. Moreover, Dy for a € (0,1) U (1,2] and Dy for a € [1/2,1) U (1, c0) satisfy the data-processing inequality (36), as
was shown in Refs. 13, 16, and 17, respectively. Therefore, both of these divergences (in the corresponding ranges of «) can be used as Dy in
the following proposition:

Proposition 14. Let a > 1 and Dy be a quantum generalization of the a-Rényi divergence, which is subadditive and satisfies the data-
processing inequality (36). Then,

D. <Dy < DL (48)
In particular, this gives for any p, o € P(H)
1 . ~
Tim DY(p%"0®") = Di(plo). (49)
Moreover, in the case of the sandwiched divergence, o
Dq = D.. (50)

Proof. As Dy satisfies the data-processing inequality, we know that D, < D; this follows from the argument [Ref. 8, Sec. 4.2.3] (also see
Ref. 3 where the argument originally appeared).”” This gives

D;(p|o) = min De(A| ) < minDe(Ap) = Da(plo) = Di(p|0)- (51)
2p A>p

Moreover, as « > 1 and additionally Dy is subadditive, Lemmas 9, 11, and 12 give that also Dj is a subadditive quantum generalization of
the a-Rényi divergence satisfying the data-processing inequality. Therefore, by the argument in [Ref. 8, Sec. 4.2.2] (note that actually only
subadditivity instead of additivity is used there), we have

D. < D, (52)

which gives (48). Since, trivially, DS < D, (50) follows immediately.
Finally, using o > 1 again and Ref. 1, Proposition 3.4 gives for any p, o € (%)

. 1 n n Y
Jim ~Di(p°"10™") = Du(plo). 63
which together with the additivity of the sandwiched Rényi divergence and (48) gives (49). O

IV. SUMMARY AND OPEN QUESTIONS

By finding a new expression of the sharp divergence in terms of a minimization of the geometric a-Rényi divergence, we have shown that
its « — 1 limit is equal to the Belavkin-Staszewski relative entropy. Applying this minimization procedure to arbitrary generalized a—Rényi
divergences yields a new family of divergences that we call kringel divergences. We derive various properties of these divergences, including
the data-processing inequality, and show that similar to the sharp divergences, their regularization is also given by the sandwiched Rényi
divergence. It should be worthwhile to investigate whether the new kringel divergences can find similar mathematical use in the analysis of
quantum information-theoretic problems, such as the sharp divergence.
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