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1 Introduction

We propose here an extension of the Standard Model (SM) [1] in the spirit of a SMEFT
(Standard Model Effective Field Theory) [2]. Its perturbative field expansion has terms
of all orders, but the dominant non-renormalisable terms are of mass dimension 6. The
key idea is to exploit the geometry of the complex projective plane CP? as the manifold
where the Higgs field takes its values. The Riemannian metric on CP? is assumed to be the
Fubini-Study metric, the standard maximally symmetric metric on CP?. In our model, its
isometry group SU(3) is present in the background, but explicitly broken by choosing a point
on CP? and retaining only the U(2) isotropy group of this point as the gauge symmetry of
the Lagrangian. In other words, our model is a CP? sigma-model supplemented by a Higgs
potential, where the U(2) action is gauged.

Locally, near the chosen point of CP?, the geometry resembles that of flat C? near the
origin, and there is one complex-doublet Higgs field. Our CP? model is therefore close to
the Standard Model, provided the geometric scale factor of the CP? manifold is large and
the Higgs potential is chosen so that the Higgs vacuum manifold is small on this scale. In
units of the Higgs vacuum expectation value (vev), the model therefore has a single large
mass parameter M for Beyond the Standard Model (BSM) physics.



In the electroweak sector of the Standard Model, including its gauge fields and fermions,
the symmetry group is U(2) ~ (SU(2) x U(1))/Zz. However, the usual Higgs potential has a
larger, custodial SO(4) symmetry, and the Higgs vacuum manifold is a round 3-sphere. This
custodial symmetry is not exploited here, so our model has a different geometric structure
than models where it is retained [3, 4]. However, the generic orbits of U(2) on CP? are still
three-dimensional; they are a family of squashed 3-spheres. One orbit is simply a point, and
in the neighbourhood of this, the orbits are very close to being round 3-spheres. Therefore
the custodial symmetry is approximately retained, and its important consequence for the
ratio of the W-boson and Z-boson masses remains approximately valid. It was observed in
ref. [3] that SO(4) symmetry, broken to U(2), leads to squashed 3-spheres, but the connection
to CP? geometry was not mentioned.

It is well known that there is no inconsistency at present in assuming that the SM gauge
group is (SU(3) x SU(2) x U(1))/Z¢. The quantum numbers of the Higgs field and the known
fermion multiplets (quarks and leptons) lie in representations that are consistent with the
Zs quotient, and there are no local or global anomalies [5]. In the analysis that follows,
we will ignore the QCD interactions of quarks and gluons. These sectors of the Standard
Model Lagrangian are unaffected by changes to the Higgs field geometry. We will discuss
only the electroweak sector, including the Higgs field, and the quark and lepton Yukawa
couplings to the Higgs field. The relevant gauge group is therefore the electroweak U(2)
subgroup of the SM gauge group, mentioned above. We will also ignore fermion generation
mixing, and simplify the neutrino physics to the version that was considered in the 1960s
and ’70s, where there is just a left-handed neutrino field; our model has no novel insights
concerning these challenging topics.

The Lagrangian has terms involving: (i) Gauge-covariant derivatives of the Higgs field,
(ii) a Higgs potential, (iii) Gauge field tensors, (iv) Dirac (kinetic) terms for fermions, (v)
Yukawa terms coupling the Higgs field and fermions. We will discuss these in turn, and then
explore some phenomenological consequences, in particular, for the W-boson to Z-boson
mass ratio, and for the Yukawa couplings of the Higgs boson. These will lead to constraints
on the BSM mass parameter M.

Our presentation begins with a review of the Fubini-Study metric on CP2,

2 CP? geometry

The complex projective plane CP? is obtained from flat complex 3-space, C3, by quotienting
out the action of scaling by a complex number. Geometrically, CP? is the manifold of
complex lines! in C3.

We denote a non-zero point in C? by the (column) vector Z = (Zy, Z1, Z) and the scaling
action is Z — kZ with k € C — {0}. It is convenient to use the inhomogeneous coordinates
Z =(1,z,22) on CP?. However, this misses the part of CP? “at infinity”. The missing part
is the manifold of points Z = (0, Z1, Z2) modulo scaling by &, which is a copy of the complex
projective line CP', and geometrically a 2-sphere. Most of our calculations will be in the
neighbourhood of Z = (1,0,0) so the use of inhomogeneous coordinates causes no difficulty.

'We use the mathematician’s notion of complex line C to denote what is more commonly called the complex
plane. All lines considered here are lines through the origin of C3.



The hermitian conjugate (row) vector Z = (Zg, Zf, Z3) will play an important role in
what follows. In inhomogeneous coordinates, the hermitian conjugate of Z is Z = (1, 2§, 23).

C? has the Euclidean metric ds?> = dZdZ, whose isometry group, fixing the origin, is
SO(6). The natural metric on CP? is derived from this by removing from dZ its projection
parallel to Z, and then normalising so that rescaling by x has no effect. The result is the
Fubini-Study metric [6]

(ZZ)dZdZ — (dZZ)(ZdZ)

ds® = _
’ (Z2)?

. (2.1)

This is in dimensionless form; a scale factor will be introduced with the Higgs field. Note
that if dZ = uZ with pu € C, i.e. dZ parallel to Z, then ds?> = 0.

The Fubini-Study metric is Kédhler and of constant positive curvature. Because of the
projection mentioned above, it depends in an essential way on the complex character of
the coordinates. The isometry group is therefore not SO(6) but its subgroup SU(3). In
homogeneous coordinates, the symmetry group action is simply Z — UZ, with U € SU(3).
SU(3) acts transitively on CP?, and the isotropy group of any given point is U(2). As a
manifold, therefore, CP? = SU(3)/U(2). We can check the isotropy group for the point
Z = (1,0,0), as follows. The matrices U € SU(3) that preserve Z are of the form

e—2i'y 0
U= ) , 2.2
( 0 eu (2:2)

with u € SU(2). Naively, this sends (1,0, 0) to (e=27,0,0), but this is equivalent to (1,0,0) in
the projective space. e!7u is a unitary 2 x 2 matrix, and apparently an element of SU(2) x U(1),
but it is unchanged if v — v + 7 and v — —u, so the isotropy group is indeed U(2).

In our model, the point (1,0,0) € CP? plays a preferred role, and its isotropy group
U(2) will be identified with the electroweak gauge group. The generic orbits of U(2) on CP?
are 3-spheres, as will be clarified in the next section.

Later, we will be using the projections of a generic vector ¥ € C3, defined at location
Z € C3, on to the line through Z and on to its complement, which is a copy of the tangent
space to CP?. These projections are respectively

Z(Z0)

¥ — P¥ =—
Z7

(2.3)

and

(Z2)V — Z(ZW)
A '
Because these projections are unaffected by rescaling Z by «, they are defined at location Z

U= (1-P)U =

(2.4)

on CP2. More precisely, over CP? there is its 1-dimensional tautological bundle, whose fibre
at a point Z € CP? is the line in C?® through Z, and its 2-dimensional tangent bundle. The
3-dimensional, trivial C? bundle over CP? is the direct sum of these, so an element ¥ in the
trivial C? bundle is the sum of its projections on to the tautological and tangent bundles.

Note that Z¥ and ZZ are SU(3)-invariant. Therefore, both P¥ and (1 — P)¥ transform
in the same way as ¥ under SU(3). P and 1 — P themselves transform by conjugation under
SU(3). The projector 1 — P will be important when we discuss Yukawa terms.



3 Squashed 3-spheres

Let z = (21, 22) be standard coordinates on C2?, and ds? = dzdz the Euclidean metric on
C2. Useful polar coordinates are

1 . 1 .
Z1 = T COS 50 =92 2y = rsin 50 eix+9)/2 (3.1)

with ranges 0 <7, 0 <6 <7, 0 < <27 and 0 < x < 4n. The submanifold of C? at fixed
r > 0 is a round 3-sphere of radius r, which in turn is a circle bundle (a Hopf bundle) over a
round 2-sphere, with z9/z; = tan %9 e’ the stereographic coordinate on the 2-sphere, and
x the circle coordinate. In polars, the metric ds?> = dzdz becomes

1
ds* = dr* + 1’ [cw? +sin?0dp? + (dx — cosf dga)?} , (3.2)

whose angular part is the metric of the round 3-sphere of radius r. Each of these 3-spheres
is a U(2) orbit. and there is a unique U(2) fixed point at » = 0. Note that the ratio of the
circle radius to the 2-sphere radius is a constant, independent of r.

Let us now compare the Fubini-Study metric on CP?. Using the inhomogeneous coordi-
nates Z = (1,21, z2), and hence dZ = (0,dz1,dz2), the metric (2.1) becomes

(14 zz)dzdz — (dzz)(zdz)

ds* = 3.3
° (1+z2)° : (33)
and using the polar coordinates (3.1),
ds® = dr’ + 1 r [(1 + 72)(d6? + sin® 6 dp?) + (dx — cos 6 dgp)ﬂ (3.4)
(1+72)2 " 4(1+1r2)? : :

Here, the angular part is the metric of a squashed 3-sphere, a Hopf circle bundle over a
round 2-sphere, where the ratio of the circle radius to the 2-sphere radius is 1/v/1+ 72, i.e.
dependent on r. For us, the important observation is that for small positive r, the radius
ratio is close to unity, so the squashed 3-sphere is approximately round. The consequence
for our model is that the custodial SO(4) symmetry — the symmetry of a round 3-sphere
— will be approximately realised by the Higgs potential.

As r — oo, the radius ratio approaches zero, compatibly with the completion of CP?
at infinity being simply a round 2-sphere, which is a special 2-dimensional orbit of U(2). It

1

has radius 5 and is at a finite distance from any other point in CP2.

4 Higgs kinetic term

By the Higgs kinetic term we mean the combination of terms involving the Higgs field’s
gauge-covariant spacetime derivatives. In our model, the Higgs field is a map ® from
spacetime to the target CP?. Its derivatives lie in the tangent space to CP?, and we use
the Fubini-Study metric to construct the Higgs kinetic term, which is quadratic in these
derivatives. Spacetime indices are contracted with the Minkowski metric (+, —, —, —) using
the usual index raising convention.



The Higgs field in homogeneous coordinates is denoted ® = (@, 1, P5), and in its
inhomogeneous form as

®:(M7¢17¢2):(M7¢)7 (41)

where ¢ = (¢1, ¢2) is a complex scalar doublet.? The Higgs field has mass dimension 1, so

the positive constant M is a mass parameter. We will see later that the expansion parameter
](j[—z, where v is the Higgs vev, so we will need M > v.
As mentioned earlier, the SU(3) symmetry is explicitly broken. This is because the point

for BSM terms in our model is

(M,0,0) (equivalently (1,0,0)) in CP? plays a preferred role. The isotropy group of this
point is the U(2) subgroup with typical element

—ia/3 0
e
U= ( 0 eia/6u> (4.2)

where u € SU(2). Its action on the (inhomogeneous) Higgs field is
® = Ud = (M, e ?ug). (4.3)

In our model, as in the Standard Model, it is this U(2) group that is gauged.

We introduce the SU(2) and U(1) gauge potentials, respectively A, and By, with A,
hermitian and B, real. Using the generators I, = %aa for the Lie algebra of SU(2), with o,
the Pauli matrices, we have the expansion 4, = A} I, with A}, real. I, are the weak isospin
operators and the U(1) generator, the hypercharge operator, is denoted Y. The hypercharge y
of a field or particle is its Y-eigenvalue, and the electric charge @ is the eigenvalue of I3 + Y.

In inhomogeneous coordinates, the derivatives and gauge potentials act non-trivially
only on the lower doublet of fields ¢, i.e.

D,® = (0, D) (4.4)

where .
Du¢ = aqu - igAqu - §ig,Bu¢> (4'5)

and g and ¢’ are the usual gauge coupling constants. The Higgs field ¢ has hypercharge
y= %, so its complex components ¢1 and ¢9 have electric charges 1 and 0, respectively.
The Higgs kinetic term is then constructed using the metric (2.1), with Z and dZ

substituted by ® and D,®. The result is

(M2 + 66)D3D"6 — (D5 6)(6D"0)
(v + o)

['Higgs Kinetic — M2 > (46)

where the prefactor M? is required to obtain an expression of mass dimension 4. This
kinetic term has novel features compared with the Standard Model kinetic term D, ¢D*¢,
but reduces to it if |¢| is small compared with M.

2All these multiplets, and the left-handed fermion doublets below, are column vectors.
3We use the ‘half-scale’ convention for hypercharge, as in e.g. ref. [1].



5 Higgs potential

The Higgs potential on CP? is a real, non-negative function of the homogeneous Higgs field ®
that is unchanged by the scaling ® — x®, and is U(2) gauge invariant. It needs to break the
SU(3) symmetry of CP?, otherwise it would be constant, and it needs to have its minimum
along a non-trivial, squashed 3-sphere orbit of U(2), in order to spontaneously break the
gauge symmetry to U(1)em and for the Higgs mechanism to operate.

An acceptable, simple potential with these properties is

- 2
q’W‘P) 6.1)

V(@)= —=——
(@) ( =
with W a diagonal 3 x 3 matrix having its lower pair of entries equal, and A\ a dimensionless
positive coefficient. Specifically, evaluating this for the inhomogeneous ® = (M, ¢), and with

202 0 0
0 0 —M?
we obtain
1,2 7.3\ 2
V" — 9o
EHiggsPotential = —V(¢) = —)\M4 (M) R (53)
which has mass dimension 4. For |¢| < M, V(¢) simplifies to its Standard Model form
_ N2
A (502 - 60) .

The minimal, vacuum value of V is zero, where ¢¢ = %02. This is as in the Standard
Model, but here the Higgs vacuum manifold is geometrically a squashed 3-sphere, because of
the form of the Higgs kinetic term (4.6). V has a local maximum value i)\v‘l at the point
¢ = 0, and a further local maximum value AM*? on the 2-sphere at infinity.

As usual, the constant, vacuum field configuration is selected to be ¢ = (¢1,p2) =
(0, %0), which is charge-neutral and real. The unbroken gauge group is then the usual
electromagnetic U(1)ey subgroup of U(2) with typical element

e 0
Uem = (0 1) . (5.4)

6 Gauge field tensors

The gauge field tensors and their contribution to the Lagrangian are exactly as in the
Standard Model. The SU(2) and U(1) field tensors are

Fu = 0,A, — 0,4, —ig[A,, A,
By, = 8,B, — 0,B,.

Using the expansion of the SU(2) gauge potential, A, = AfI,, the SU(2) field tensor acquires
the expansion F),, = Fjj, I,, where

Ff, = 0,A% — 0,A% + ge® AL AC . (6.3)



The field tensor terms in the Lagrangian are

1 1
ﬁField Tensor = _ZF;"UFHVCL - EBNVBMV . (64)

7 Fermion kinetic terms

We start from the trivial C* bundle over CP?, whose constant fibre V = C? is unaffected by
changes in the value of the Higgs field ®, i.e. the point in CP2. We next exploit the explicit
breaking of SU(3) by the choice of vector (1,0,0) € C3, which restricts the gauge group
to U(2) with group elements (4.2). This allows us to pick out the 2-dimensional subspace
Yy, of vectors in C3 whose upper component is zero, and the 1-dimensional subspace Vg of
vectors whose lower two components are zero. Finally, using this gauge-invariant splitting,
we assume that the left-handed fermion fields are (electroweak) doublets lying in V;, and the
right-handed fermion fields are singlets lying in Vi. SU(2) acts canonically from the left on
Vr, and trivially on Vg. The action of the U(1) generator Y has more freedom compatible
with gauge invariance. Its eigenvalues — the hypercharges of the fermion fields — do not
have to be those of the generating matrix for the group elements (4.2), namely —% and %.

In the context of the Standard Model, the above remarks are a restatement of what is
well known. The reason for making them is that there is an alternative possibility, exploiting
the Higgs field ®. We could have split the trivial C* bundle over CP? into the 1-dimensional
tautological bundle and the 2-dimensional tangent bundle, achieved at each point of CP? by
using the projection operators P and 1 — P, as described in section 2. We could then have
assumed that the left-handed fermion fields lie in the tangent bundle, and the right-handed
fields in the tautological bundle. This assumption would have been compatible with retaining
the full SU(3) symmetry. However, it would have made the fermions dependent on the Higgs
field at the kinematic level. We find this unattractive. It also makes construction of Yukawa
interaction terms problematic. Instead, we have exploited the constant vector (1,0,0) to
produce the doublet/singlet fermion field structure. The projection operator 1 — P will later
be key to the construction of gauge-invariant Yukawa terms.

These assumptions mean that the kinetic terms (involving gauge-invariant spacetime
derivatives) for the fermions are exactly as in the Standard Model, making use of the
Dirac matrices v# and ~°. Fermion fields are doublet 4-spinors 17, and singlet 4-spinors ¥g
satisfying, respectively, 7%y = —¢r and v’ = ¥g.

For the lightest, first-generation quark pair, the u-quark and d-quark, the fields are
the left-handed doublet q;, = (ur,dr) and the two right-handed singlets ur and dg. The
second- and third-generation quark pairs are similar and we do not write their Lagrangians
explicitly. The quark kinetic terms are

EQuarkKinetic = qiLi’YuD/LQL + ﬁiVMDuuR + %i'YuDudR ) (7'1>
where the different gauge-covariant derivatives are
Dyqr, = Ouqr — igAuqr — ig'yi Buar
Dyur = 0,up — ig’yﬁB“uR,
D,dr = 0,dr — ig'y%B,dr



and the quark hypercharges are (y!,y%, y%) = (%, %, —%) Note that the overbar on the
fermion fields in (7.1) is the Dirac conjugate, including ~+°.

For the first-generation lepton pair, the electron and its neutrino, the fields are the
doublet I, = (v, er) and the one singlet er. For the second- and third-generation lepton

pairs we again do not write the Lagrangians explicitly. The lepton kinetic terms are
ELeptonKinetic = EW“D;JL + @i’}/uDueR ) (75)
with the gauge-covariant derivatives

D,lr, = dulp —igAuly —ig'yh Bz, (7.6)
D,er = Ouer — ig/yEBueR

and the lepton hypercharges (yi,y%) = (—%7 -1).
These fermions have electric charges (Q%, Q%, Q¥,Q°) = (% - %, 0,—1).

8 Yukawa terms

The Yukawa terms in the Standard Model generate gauge-invariant masses for the fermions.
They couple the Higgs field to fermion bilinears, and the masses generated are proportional
to a Yukawa coupling times the Higgs vev v. We first recall the two ways for contracting the
left-handed fermion doublets with the Higgs doublet field ¢, in order to have SU(2) singlets.
Let us illustrate this for the left-handed quark doublet ¢gz. In components,

qr, — (uL,dL) and (Z) = (¢1,¢2) . (81)

The first contraction is the obvious gz, ¢, and the Yukawa term obtained from this is

=N QL pdr = —Ng(ur, o1 dr + dr, ¢2dR), (8.2)

which is a U(2) singlet because of the quark and Higgs field hypercharge assignments. Only
a d-quark mass is generated through this term in the Higgs vacuum, (¢1, ¢2) = (0, %v)
To generate a u-quark mass, one needs to exploit the conjugate of the Higgs doublet,
pc = i02¢" = (¢35, —¢7). This is also a doublet of SU(2), like ¢, but has the opposite
hypercharge. The second contraction with ¢y is then §p ¢¢, and from this one obtains
the Yukawa term

— M\ GL oo ur = =M (UL o3 up — d, ] uR) . (8.3)

Aq and A, are the Yukawa coupling constants that combine with the Higgs vev to give the
1 1
d- and u-quark masses ﬁ)\dv and ﬁ)\uv.
For the leptons there is just one Yukawa term, giving the electron a mass. Since ey, is
the lower component of its doublet, the required term is

el per = —N(VL ¢p1€r +EL P2€R), (8.4)

the analogue of the term giving the d-quark mass. The electron mass is %/\ev. The neutrino
is left-handed and massless, with no right-handed field, so there is no need to use ¢¢ again.



It is rather mysterious that the Higgs field occurs in two different ways, but it is
straightforward to verify directly that ¢ and ¢¢ transform the same way under the left-action
of SU(2). This can also be understood by considering left multiplication by the SU(2) matrix

a b
u = (—b* a*) (8.5)

(with |a|? + |b]> = 1) on the 2 x 2 Higgs field matrix

»5 o1
m - ) 8'6
¢ <—¢>’f ¢2> (8.6)

with columns ¢¢ and ¢. ¢, is an SU(2) matrix times the scalar multiple \/|p1|? + |22
The product ¢/, = ugy, is consequently another SU(2) matrix times the same multiple and
has the same form, with (¢1, ¢2) replaced by

(¢, ¢5) = (ady + b, —b*¢1 + a*¢a) . (8.7)

Matrix multiplication by u acts the same way on the left and right columns of ¢,,, and
therefore ¢ and ¢¢ transform the same way under SU(2).

We now turn to our CP?2 model. There is still no unification of ¢ and ¢¢, and two distinct
types of Yukawa term are needed. We will use the homogeneous Higgs field ® in our Yukawa
terms, and must ensure that the result is gauge invariant and unchanged by rescaling by
k. The useful scale-invariant objects derived from ® are the projectors

P:?—q) and 1—P:M. (8.8)
10) o)
In terms of the components of the inhomogeneous Higgs field ® = (M, ¢1, ¢2), these projectors
are the 3 x 3 matrices

M? M¢t M¢}

Moy |p1f* ¢163 (8.9)
Moo o |h2]?

1

P:
M2+ |¢1]2 + |p2]?

and
1 9112+ |@2|>  —Me; — M3
1—-P= ~M¢p1  M?+|p2|>  —d10% ) (8.10)
M2_|_ 2+ 2
O\ gy gt M2t |2

Now recall that in our model the left-handed quark doublet and the right-handed d-quark
singlet are (column) 3-vector fields ¢q;, = (0,ur,dr) and (dgr,0,0). Acting with 1 — P on
the d-quark singlet gives the 3-vector

1
M?2 + |$1]? + |p2|?

(62 + 16, ~110n d, ~0102 ). (8.11)

Contracting with ¢z, and including an appropriate coupling constant, gives the Yukawa term

—AgM?
M2 + |p1]2 + |2

|2(W¢1 dp +dr d2dR), (8.12)



where we have included an extra factor of M so that this term has mass dimension 4. The
Yukawa coupling Ay is dimensionless and close to its value in the Standard Model. When
the Higgs field acquires its vev, the d-quark mass becomes

1 M?

mg=—=—7—-7—=MAgv. 8.13
1T VA M2 12 ¢ (8.13)
The Yukawa term for the lepton doublet is similar, giving an electron mass
1 M2
me = —=———=Aev. 8.14
e \/§M2 + %’(}2 e ( )

Note that the projector 1 — P acting on a right-handed fermion singlet produces a doublet
and a singlet. The doublet plays the role in our CP? model that the product of ¢ with the
right-handed singlet does in the Standard Model, and its contraction with a left-handed
fermion doublet is U(2) invariant. One could generate further Yukawa terms by using the
projected singlet, but these would be of higher order in ¢.

For the second type of Yukawa term, giving the u-quark its mass, we need to replace ¢ by
its conjugate ¢¢, and use this to construct the conjugate projector 1 — Po. The right-handed
u-quark singlet is the 3-vector (ug,0,0). Acting with 1 — P¢ on this, and contracting with
qr, gives the Yukawa term

— A, M?
M? + [§1]2 + [¢2]?
The u-quark mass is then

(WL ¢3ur — dp ¢7 uR) - (8.15)

1 M?
= —F=—T5Av.
\/§ M2 + §'U2
The total contribution of the Yukawa terms to the Lagrangian of the CP? model is
M2
M2+ 2+ gof?
+ AU $5up — dr, ¢ ur) + Ae(VE b1 R + €L o eR)}. (8.17)

(8.16)

my

EYukawa - |:Ad (ﬁ ¢1 dR + E ¢2 dR)

9 Phenomenology beyond the Standard Model
The Lagrangian of our proposed CP? SMEFT is

L= LField Tensor T »CHiggs Kinetic »CHiggs Potential
+ EQuark Kinetic 1+ £Lepton Kinetic T+ EYukawa ) (91>

with its contributions defined in sections 5—8 above. Some of the apparent differences from
the Standard Model can be removed by a recalibration of parameters and rescaling of the
fields. But there remain some significant modifications to SM relations, and we will use these
together with recent experimental results as reviewed by the Particle Data Group (PDG) [7]
to place constraints on the BSM mass parameter M. Also, when the denominator factors
are expanded out, there arise several dimension-6 terms that are Standard Model terms
multiplied by ¢¢. In the following, we will explore the consequences of the CP? SMEFT
for (i) gauge boson masses, (ii) Higgs cubic and quartic couplings, (iii) Yukawa couplings.
Constraints on M currently come mainly from the W-boson to Z-boson mass ratio.

,10,



9.1 The W-boson to Z-boson mass ratio

The gauge boson masses are determined using the terms in £ involving the gauge field
tensor and covariant derivatives of the Higgs field. Most interesting is the novel contribution
(D¢ ¢)(¢DH @) to the Higgs kinetic term.

The gauge couplings g and ¢’ are the same as in the Standard Model, as they control
the tree-level couplings of gauge bosons to fermions. The weak mixing angle 6,, is therefore
also the same; it is defined, as usual, via

/

g g

The field tensor term in the Lagrangian (9.1) has its canonical form, so the (squared) spacetime

cos 0, = sin @, = (9.2)

derivatives of the gauge boson fields have canonical normalisation. The gauge boson masses
are then extracted from the gauge-covariant Higgs kinetic term (4.6) by setting the Higgs
field equal to its vacuum value ¢ = (0, %v), and ignoring the derivatives of ¢. The two
contributions (without their prefactors) are

[\

D,¢DV ¢ = % (62(AL)7 + g% (A2)* + (943, — g'BL)? |
_ 4
(Dub &) (@D*9) = 15 (94} —¢'B.)’. (93

(where (A),)? is shorthand for A}, A'*, etc.). The second of these does not appear at all in the
Standard Model Lagrangian. It is the term denoted Qup [8] or Ogp [9] in the classification
of dimension-6 SMEFT operators, and denoted Ogp [10, 11] in the analysis of constraints
on their coeflicients.

As usual, we define the Z-boson field and photon field to be

1 1

Z, = (9A3 — g'By), A= (9 A% + gBy) (9.4)

or equivalently
Z, = cos by, Ai —sinf, B, A, =sinb, Ai +cosb, By, . (9.5)

The W-boson fields are Wiﬁ = %(A}l F Ai) It is not surprising that both gauge-boson
mass terms (9.3) have no contribution from the photon field. The photon remains massless
because of the unbroken U(1)en symmetry.

The combined gauge-boson mass term, including the prefactors, is

M? o 1o\ Vo 2/ 4212 2 | 12\ 2 v oo e
g | (M4 507 ) T [P+ LA+ (0 + 972 - (0 + 977
(MQ—i—%v?)

(9.6)
U4ZZ cancels here, and what remains can be reexpressed as
1 M? gv\? 9 1 4 M?
| = M*+ = AN 4 (A% + ——— 72| . 9.7
2(M2+1v2)2<2) l( JrQU)(( “)+(“))+00829w“ (0.7)
2
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From this we read off the gauge boson masses

my = M (92”> , Mgz = L (‘(};}) Lt (9.8)

[M2 + 102 (Mz + %UQ) cos by
From here on, we work to leading order in J\U/TQ% as our estimates below show that this

quantity is less than 0.01. The masses become

v? qgu v? qgu 1
mwe= (1_4M2> (2) Mz = <1_2M2> (2) cos Oy (9:9)

The Higgs vev v can be expressed in terms of the conventional vgy = 246.22 GeV to match
the Z-boson mass formula in the Standard Model. To do this, we define

02
and find
i — (14 45y (QUSM) my = (9”5M> ! (9.11)
W 4M? 2 ’ Z 2 cosf, '

The key result here is that the squared W-boson to Z-boson mass relation is

2

v
miy = (1 + 2;}@) m?% cos? Oy, . (9.12)

This is a small modification of the Standard Model tree level relation m#, = m?% cos? 6, in

the direction of increasing the W-boson mass towards the Z-boson mass.
There are SM loop corrections to this tree level relation, but we can assume that these
are essentially the same in the CP? SMEFT. The CP? SMEFT therefore predicts a BSM

“new physics” factor

2

p0:1+%. (9.13)
Current data [7] gives po = 1.00031 £ 0.00019 if the combined CERN and Fermilab DO result
of 80.360 GeV for the W-boson mass is used, i.e. slightly higher than the SM prediction
of pgp = 1 but of little statistical significance. Any BSM correction to the SM is therefore
small, but appears to be in the direction of an increase of the W-boson mass relative to the
Z-boson mass, as we find in the CP? SMEFT. At a confidence level of 20, po < 1.00031 +
0.00038 = 1.00069 and formula (9.13) implies that with the same confidence, the CP* SMEFT
requires M > 27vgy ~ 6.6 TeV.

The Fermilab CDF result for the W-boson mass, based on a recent reanalysis of older
data [12], is 80.434 GeV, with an error estimate making this value 50 higher than the combined
CERN/DO result and 7o higher than the SM prediction. If we use this, then py ~ 1.002,
and from (9.13) we deduce that M ~ 4 TeV. Within our model, this estimate for M is not
ruled out by the Yukawa couplings, to be discussed below.

— 12 —



9.2 Higgs-boson mass and couplings

Here we consider the terms of the Lagrangian involving the Higgs field alone, leaving out
couplings of the Higgs field to the gauge potentials and fermions.
In the SM, these terms are

2
Lrigs = 0,006~ 508~ 99) (9.14)
and in unitary gauge

1
(0,vsm + H), (9.15)

7

where vgyr is the SM Higgs vev and H the real Higgs boson field. Expanding out, we obtain

o=

1 1
Lhiges = 50, HO"H — My H? — s H? — ZAH“. (9.16)
A standard notation for this is

1 1 1 1
Lutiggs = 50, HO"H — Ernﬁﬁ,H2 — 6)\3H3 — ﬂ)\4H4, (9.17)

2
so m3; = 2)\ng is the Higgs boson mass, A3 = 6Avgy = 3% is the cubic Higgs coupling,
and \y = 6\ = 3 is the quartic Higgs coupling. As my and vsy are precisely known, the
cubic and quartlc nggs couplings have precisely predicted SM values.
In the CP? SMEFT, terms in Liggs acquire an additional denominator factor (1 + ¢¢ 5)2.

Working to leading order, i.e. up to dimension 6 terms, we can replace this by a numerator
factor (1 — 2%) Then, going to unitary gauge and writing

6= (0,04, (9.18)

V2

we find from the kinetic and potential contributions (4.6) and (5.3) that

1 ) 1,
£Higgs == 5 <1 - W - Wh - Wh > 8uh({9'“h

1 v? 2v 1 9,9 3 4

Note that this includes terms where %ﬁuhéﬂ‘h is multiplied by h and h%. These are small,
momentum dependent corrections to the cubic and quartic Higgs couplings. From now on,
we drop these, leaving, after collecting terms,

1 v? " v? 9
Litiges = 5 | 1= 773 | Ouhd"h = Ao —MQ h
w2\ 4 1 1302\ , 5
v (1— " — =M1 2
Av( M2>h 4)\< e )h +O(h°). (9.20)
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We need to rescale h to reproduce the canonical kinetic term for the Higgs boson field.
So we define

U2
H= (1 - 2MQ> h (9.21)

02

and obtain (to leading order in %)

1
EHiggs = 58MH6'U'H — )\’(}2}12

302 1 1102
- 1— H3—2)\[1- H*. 22
M( 2M2) 4A< MQ) (0.22)
2

my = 2)\v? is therefore the Higgs boson mass, and we can eliminate \ in favour of my in

the cubic and quartic terms to obtain

1
ﬁHiggs = EOMHO"H — )\U2H2

2 2 2 2
mi 3v 3 My 11v 4
——= 11— H°>——=11- H*. 2
2v ( 2M2> 8v2 ( M2 (9.23)
Writing this again in the form (9.17), we read off that
3m?, 3v? 3m2, 1102

= 1— = 1——1. .24
)\3 v ( 2M2> and )\4 1}2 M2 (9 )

To compare with the SM couplings we need to make the transformation (9.10) from v to
vsm. To leading order,

3m? 202 3m? 1202
Ag=""H 1 _=5M d =" 1 25M ) 9.25
Then, writing these couplings as [13]
3m? 3m?
A= " (14 kg) and Ay = ol (14 ky) (9.26)
USM USm
we read off the BSM modifications
2v¢y 1203
Rg = —— 0 and ky = — e (9.27)

The CP? SMEFT therefore predicts that both these parameters are negative and in the
ratio k4 = O6k3.

Unfortunately, the cubic and quartic Higgs couplings are not yet determined experimen-
tally. There are only weak upper bounds on their strengths. In future, using the HL-LHC at
CERN, it is hoped that these couplings can be measured and compared with SM predictions.
Even then, the small modifications k3 and x4 to the SM predictions will probably remain out
of reach. So these couplings give no useful constraint on M. However, the discussion here
has clarified the need for the rescaling of the Higgs boson field h as well as the Higgs vev v.
These rescalings have an important effect on the Yukawa couplings, which we calculate next.
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9.3 Higgs-fermion couplings

The CP? SMEFT modifies the SM relationship between fermion masses and the coupling of
fermions to the Higgs boson. As we will see, this modification is by a universal factor for
all fermion types. The coupling controls both the production and decay strengths for the
Higgs boson, and has been accurately measured for the three fermions of the third generation
— the t-quark and b-quark, and the 7-lepton. Currently, the SM relationship is confirmed,
within experimental uncertainties, so this places limits on BSM modifications, and hence
a lower bound on M in the CP? SMEFT.

The kinetic terms for fermions have their canonical form in £, so we need only investigate
the Yukawa terms. To determine the fermion masses and coupling we need to retain only
the terms up to linear order in the Higgs field H. As before, we convert the denominator
factor in Lyykawa t0 @ numerator factor and obtain for any fermion f,

’U2 v

1 1
LCoyvaeaws = ———A - Y g2 h
Yuk NG fff( oM2 M2 2M2 >(”+ )

1 — v2 30?2
:_ﬂAfff<<1—2w>v+(1—2W>h+0(h2)>. (9.28)

We next rescale v and h by the common factor (1 — %) to obtain the normalised quantities

vgm and H. To linear order in H, the Yukawa term becomes

1 — v2
Lvukawa = _ﬁAfff (USM + < — ]%) H) . (9.29)
The mass of the fermion f and its Yukawa coupling to H are
1 1 v3
=—A and yp=—=Ap[(1- 3] 9.30
my = hresuand yy ﬂf< M2> (9.30)
giving the universal BSM ratio
2
_ Yr _ YUsm

a slight decrease compared to the SM value 1.

The measured values of this ratio [7] are kK, = 1.0 £ 0.1, K = 1.0 £ 0.15, kK = 0.9 £ 0.1,
which are all consistent with the SM. For the sake of argument, suppose that more precise
measurements give a universal value £y = 0.95. Then M = O(1TeV). More realistically,
the current data imply that M is O(1 TeV) or larger in the CP? SMEFT. This lower bound
is weaker than that obtained from the W-boson to Z-boson mass ratio, so it is the mass
ratio that currently is most restrictive. Note that this lower bound does not conflict with
the CDF result for the W-boson to Z-boson mass ratio.

10 Conclusions

We have proposed a highly constrained SMEFT, where the Higgs field takes its value in
the complex projective plane CP? rather than in C2. This is a truly nonlinear modification
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of the Higgs sector of the Standard Model. The Lagrangian uses the Fubini-Study metric
on CP?, and makes some use of its SU(3) symmetry. The only new parameter is a BSM
mass scale M, and the modification of the Standard Model is small provided M > v, with v
the Higgs vev. The proposed model is fully consistent with U(2) gauge invariance; however,
the custodial SO(4) global symmetry of the Higgs sector of the Standard Model is mildly
broken, because the U(2) orbits on CP? are squashed rather than round 3-spheres. The
key prediction is that, as a consequence of this squashed geometry, the W-boson mass is
closer to the Z-boson mass than in the Standard Model, while the weak mixing angle 6,
remains unchanged. Yukawa couplings of the Higgs boson to fermions are also modified by a
universal factor. Almost all current data are consistent with the Standard Model, so, as for
other BSM scenarios, there is no compelling evidence yet in favour of the CP? SMEFT. The
data place a lower bound of O(7 TeV) on M, unless the CDF measurement of the W-boson
mass turns out to be correct, in which case some physics beyond the Standard Model would
be needed to explain this, and within the CP? SMEFT, M would be about 4 TeV. More
precise and consistent data for the gauge boson masses, Yukawa couplings and the Higgs
boson self-couplings would all be helpful.

The CP? SMEFT has no obvious UV-completion. Possibly, it can be extended to a
UV-complete theory where the SU(3) symmetry is dynamically realised and spontaneously
broken to U(1) in two steps, but that may require several additional gauge and Higgs fields,
and additional fermions too. The simplest idea would be to first break the SU(3) symmetry
with a complex triplet Higgs field, but the unbroken gauge group would then be SU(2) rather
than U(2), and the projective space CPy would not appear. There are several proposed unified
models with gauge group SU(3) (or products of SU(3) with another group) acting linearly
on multiple Higgs fields, e.g. [14-19]. These models mostly have substantially more gauge
bosons, scalar particles and fermions than the Standard Model, some with exotic charges.
These models do not seem to be equivalent to, or extensions of, the CP? SMEFT proposed
here, although the gauge boson mass formulae in [18] are very similar to our formulae (9.9).
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