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The Gregory—Laflamme Instability and Conservation Laws for
Linearised Gravity

Sam Colley Collingbourne

Abstract

This thesis is concerned with the black hole stability problem in general relativity. In particular,
it presents stability and instability results associated to the linearised vacuum Einstein equation
on black hole backgrounds.

The first chapter of this thesis gives a direct rigorous mathematical proof of the Gregory—
Laflamme instability for the 5-dimensional Schwarzschild black string. Under a choice of ansatz
for the perturbation and a gauge choice, the linearised vacuum Einstein equation reduces to an
ODE problem for a single function. In this work, the ODE is cast into a Schrédinger eigenvalue
equation to which an energy functional is assigned. It is then shown by direct variational methods
that the lowest eigenfunction gives rise to an exponentially growing mode solution which has
admissible behaviour at the future event horizon and spacelike infinity. After the addition of
a pure gauge solution, this gives rise to a regular exponentially growing mode solution of the

linearised vacuum Einstein equation in harmonic/transverse-traceless gauge.

The remainder of this thesis is concerned with conservation laws associated to the linearised
vacuum Einstein equation. For later application, chapter 2 of this thesis contains a review of
the double null gauge for the vacuum Einstein equations. In chapter 3, the ‘canonical energy’
conservation law of Hollands and Wald is studied. This canonical energy conservation law gives
an appealing criterion for stability of black holes based upon a conserved current. The method is
appealing in its simplicity as it requires one to 'simply’ check the sign of the canonical energy
E with £ > 0 implying weak stability and £ < 0 implying instability. However, in practice
establishing the sign of £ proves difficult. Indeed, even for the 4-dimensional Schwarzschild
black hole exterior the positivity was not previously established. In this thesis, a resolution to
this issue for the Schwarzschild black hole is presented by connecting to another weak stability
result of Holzegel which exploits the double null gauge. Further weak stability statements for the
Schwarzschild black hole (including a proof of mode stability) arising from the canonical energy
are also established.

In chapter 4, some preliminary results associated to a novel conserved current associated
to the linearised vacuum Einstein equation are presented. This can be viewed as a modifica-
tion /simplification of the conserved current associated to the canonical energy. In particular,

applications of this current to other black hole spacetimes are discussed.






Acknowledgements

First and foremost, | would like to express my gratitude to my PhD advisor Professor Mihalis
Dafermos. In particular, | am very grateful to him for introducing me to the projects presented in

this thesis and for his guidance.

Thanks also go to many mentors, colleagues and friends in the GR community, the CMS,
the CCA 2018 cohort and Darwin College including Fred Alford, Robin Croft, Gustav Holzegel,
Shayan Iranipour, Christoph Kehle, Paul Minter, Karen Luong, Davide Parise, Pierre Raphael,
Harvey Reall, Martin Taylor, Rita Teixeira da Costa, Renato Velozo-Ruiz, Claude Warnick and
many others (who | apologise to for not mentioning by name).

| cannot thank my parents enough, without them none of this would have been possible. I'm
grateful to all my friends through the years from Cambridge, London and back home in Scotland.

Last but certainly not least, I'm indebted to Kasia for her love and support throughout my PhD.

| would also like to thank Princeton University and the Cluster for Excellence at Miinster

University for hosting me for research visits.

| am supported by the UK Engineering and Physical Sciences Research Council (EPSRC)
grant EP/L016516/1 for the University of Cambridge Centre for Doctoral Training, the Cambridge
Centre for Analysis.






Table of contents

Introduction
Conventions

1 The Gregory—Laflamme Instability of the Schwarzschild Black String Exterior
1.1 Introduction . . . . . . . ..
1.1.1 Schwarzschild Black Holes, Black Strings and Black Branes . . . . . . . .
1.1.2 Previous Works . . . . . . ..
1.1.3 Statement of the Main Theorem: Theorem 1.1.2 . . . . . ... ... ..
1.1.4 Difficulties and Main ldeas of the Proof . . . . .. ... ... ... ...
1.1.5 The Canonical Energy Method . . . . . . . .. .. ... ... ......
1.1.6 OQutlook . . . . . . .
1.2 Linear Perturbation Theory . . . . . . . . . ... . L
1.2.1 Linearised Vacuum Einstein Equation. . . . . . . .. ... ... .. ...
1.2.2  Pure Gauge Solutions in Linearised Theory . . . . . . . .. .. ... ...
1.3 Analysis in Spherical Gauge . . . . . . . . ..o
1.3.1 Consistency . . . . . ..
1.32 Reductionto ODE. . . . . .. . .. ... ...
1.3.3 Excluding Pure Gauge Perturbations . . . . . . ... ... .. ... ...
1.3.4 Admissible Boundary Conditions . . . . . .. .. ... ... ... ... .
1.3.5 Reduction of Theorem 1.1.2 to Proposition 1.3.16 . . . . . . . . ... ..
1.4 The Variational Argument . . . . . . . . . . ... L
1.41 Schrdédinger Reformulation . . . . . . . ... ... L.
1.4.2 Direct Variational Argument . . . . . . .. ... L
1.4.3 The Test Function and Existence of a Minimiser . . . . . . . . . ... ..
1.4.4  Proof of Proposition 1.3.16 . . . . . . . .. .. ... ...

2 The Einstein Equation in Double Null Gauge
2.1 Double Null Foliation and Canonical Coordinates . . . . . . . . . . . ... ...

2.2 Null Decomposition of Ricci Coefficients . . . . . . . . . ... ... ... ....

11
13
15
17
20
21
21
22
26
27
28
31
33
44
46
46
47
49
54



Xii Table of contents
2.3 Null Decomposition of the Weyl Tensor . . . . . . .. . ... ... ... .... 62
2.4 Algebra Calculus of S, ,-Tensor Fields . . . . ... ... ... ... ... ... 65
2.5 Computing in Double Null Coordinates . . . . . . . ... .. ... ... ..... 69
2.6 Null Structure Equations . . . . . . . . ... 70
2.7 The Bianchi Identities in Double Null Gauge . . . . . . ... ... ... ..... 72

2.7.1 The Bianchi Identities in Double Null Gauge in 4D . . . . .. ... ... 75
2.8 The Double Null Foliation of the Schw,, Exterior . . . . . . . .. .. .. .... 75
2.9 The Kerr Exterior in Double Null Canonical Coordinates . . . . .. .. .. ... 78
2.9.1 The Algebraically Special Frame . . . . . . . . ... ... ... ... .. 81
2.10 Linearisation in Double Null Gauge . . . . . . . . . ... ... ... ... .... 82
2.10.1 The Linearised Null Structure Equations Around Schw,, . . . . . . . . .. 84
2.10.2 The Linearised Bianchi Identities . . . . . . . . ... .. .. ... .... 91
2.10.3 Residual Gauge Freedom in Double Null Gauge . . . . . . ... ... .. 93
2.10.4 The Teukolsky and Regge—Wheeler Equations on Schw,, . . . ... ... 96
2.10.5 Recovering the Newman—Penrose Teukolsky Equation . . . . . . . . . .. 105

3 Weak Stability of Schwarzschild from Canonical Energy 107

3.1 Introduction . . . . .. L 107
3.1.1 Previous Works and Context . . . . . .. .. ... ... ... ...... 107
3.1.2 Overview and Main Results: Theorems 3.1.7-3.1.13 . . . . . .. .. ... 111
3.1.3 Outlook . . . . . . 116

3.2 Canonical Energy . . . . . . . 118
3.2.1 Canonical Energy for the Wave Equation . . . . . . . .. ... ... ... 119
3.2.2 Canonical Energy for Maxwell's Equations . . . . . . .. ... ... ... 122
3.2.3 Canonical Energy for the Linearised Einstein Vacuum Equation . . . . . . 123
3.2.4 Higher Order Canonical Energies . . . . . . . . ... ... .. .. .... 126

3.3 Canonical Energy in Double Null Gauge . . . . . . ... ... ... ... ... 127
331 TheSetup . . . . . . . 127
3.3.2  Preliminary Computations . . . . . . . .. ... ... ... 133
3.3.3 Proof of Theorem 3.1.7 . . . . . . . . .. . .. ... 136
3.3.4 Proof of Theorem 3.1.9 . . . . . . . . . .. ... ... ... ... 143
3.3.5 Proof of Theorem 3.1.10 . . . . . . . . . . .. ... .. ... ...... 148

3.4 Restrictions and Normalisation of Initial Data . . . . . .. ... ... ... ... 151
3.4.1 Support on the ¢ = 0,1 Spherical Harmonics . . . . . .. ... ... .. 151
3.42 The Linearised Schwarzschild and Kerr Solutions . . . . . . .. ... .. 153
3.4.3 Asymptotic Flatness and Extendibility to Null Infinity . . . . . . ... .. 156
3.4.4 Gauge Conditions . . . . . . . ... 156
3.45 Extendibility to the Future Event Horizon . . . . . . .. ... ... ... 160

3.4.6 The Generality of Solutions . . . . . . . . .. ... ... ... 162



Table of contents xiii
3.4.7 The Limits of the Canonical Energy Fluxes for Restricted Data . . . . . . 162

3.4.8 Boundary Conditions for Mode Solutions to the Teukolsky ODE . . . . . 165

3.5 Weak Stability Statements from the Canonical Energy . . . . . . . . . ... ... 177
3.5.1 Manipulating the Double Null Gauge . . . . . . ... .. ... ... ... 180

3.5.2 Proof of the Weak Stability Statements . . . . . . . . ... ... ... .. 187

3.5.3 Mode Stability from Canonical Energy . . . . . .. ... ... ... ... 196

4 An Alternative Energy for the Linearised Vacuum Einstein Equation 201
4.1 Introduction . . . . . .. L 201
4.2 The Current for the Linearised Vacuum Einstein Equation . . . . . . . . .. ... 204
4.3 Relation to the Canonical Energy Current . . . . . . . .. ... ... ... ... 205
4.4 Application: A Conservation Law for Schwarzschild—-Tangherlini . . . . . . . . .. 206
4.4.1 Background on the Stability Problem for Schw,, . . . . . ... ... ... 209

4.42 Preliminary Computations . . . . . . . .. . ... 210

4.4.3 Proof of the Conservation Law . . . . . . . .. ... ... ... ..... 215
Appendix A Appendix for Chapter 1 221
A.1 Christoffel and Riemann Tensor Components for the Schwy xR . . . . . . . .. 221
A.2 Singularities in Second Order ODE . . . . . . . . ... ... .. ... ...... 222
A.2.1 Regular Singularities . . . . . . . ... 222

A.2.2 lrregular Singularities . . . . . . ... 224

A.3 Tranformation to Schrédinger Form . . . . . . .. ... ... ... ... 227
A.4 Useful Results From Analysis . . . . . . . . . .. ... ... 229
A.4.1 Sobolev Embedding . . . . . . . ... 229

A.4.2 The Multiplication Operator is Compact from H® to L? . . . . . .. .. 229

A43 ARegularity Result . . . . .. ... ... 230

A.5 A Result on Stability in Spherical Gauge . . . . . . .. ... .. ... .. .... 231
Appendix B Appendix for Chapter 2 233
B.1 Derivation of the Null Structure Equations . . . . . . . .. .. ... ... .... 233
B.2 The Bianchi Identities in Double Null Gauge . . . . . . .. .. ... ... .... 239
Appendix C Appendix for Chapter 3 and 4 245
C.1 Useful Identities . . . . . . . . . . . 245
C.2 Details for Proof Theorem 3.1.10 . . . . . . . . . .. . ... ... ... ..... 247

References

253






Introduction

General relativity is a theory that models gravity. Mathematically, the fundamental objects in
general relativity are a n-dimensional Lorentzian manifold, M, and its associated metric, g. These
describe the gravitational field and dictate how matter moves. The metric is constrained to satisfy

the celebrated Einstein equation:
. 1
Ric(g) — iScal(g)g = 8nT. (I.1)

This equation relates the geometry of the spacetime, through the combination of the Ricci and
scalar curvature on the left-hand side known as the Einstein tensor, to the matter content of the
theory, which is modelled with the energy-momentum tensor, T, on the right-hand side. One
can write down energy-momentum tensors for many matter models including Yang—Mills fields,
scalar fields or fluids. In contrast to the Newtonian predecessor, one can even set T = 0 to yield

non-trivial solutions in the absence of matter. In this case, the reduced equation,
Ric(g) =0, (1.2)

is called the vacuum Einstein equation.

Famously, the theory of general relativity predicts the existence of black holes, the simplest of
which was written down by Schwarzschild [1] mere months after Einstein proposed the theory in
1915 [2]. Informally, these black hole solutions are characterised by the property that they contain
a region of spacetime from which not even light can escape. The following ‘Penrose diagram’ (to
which one can attach a precise mathematical meaning) provides a depiction of the geometry of
the Schwarzschild black hole:
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In this diagram, & is the exterior of the black hole which is the region in which external observers
live and B is the black hole region which is the region from which nothing can escape to £. The
boundary between B and &£, denoted by H ™, is the future event horizon and can be thought of as
the point (surface) of no return for observers; once an observer crosses this boundary from £ they
cannot return to £. The dashed line denoted Z is called ‘future null infinity’ and is, roughly
speaking, where idealised gravitational wave experiments take place. The ‘wavey’ line is the black
hole curvature singularity where infinite tidal forces tear apart anyone who is unfortunate enough

to enter the black hole region.

Remark 0.0.1. For the more astrophysically minded reader, one can construct the Penrose
diagram of a black hole arising from the gravitational collapse of a star. This can be modelled with
the Oppenheimer-Snyder solution [3] to the Einstein equation which represents a homogeneous,
spherically symmetric, collapsing dust star.? QOutside of the star, the spacetime is vacuum and
therefore, by Birkoff's theorem [4, 5], is a region of the Schwarzschild spacetime.

The modern perspective of the vacuum Einstein equation is to view it as a system of 2"d-order
quasi-linear partial differential equations for the metric. The equation’s type is obscured by the
issue of diffeomorphism invariance; one must choose coordinates, (x®), locally for the spacetime
to determine the type of the vacuum Einstein equation. This is often called picking a ‘gauge’.

For example, one can show that in ‘harmonic gauge’, which is defined by requiring

Oy(2%) = ———0,(\/det(9)g"0,2%) = 0, (1.3)

Vdet(g)

the vacuum Einstein equation reduces to a system of quasi-linear wave equations

Og(9a8) = Nag(g,09), (1.4)

where Ny5(g, dg) only depends on g and its first derivatives. Therefore, in harmonic gauge the
vacuum Einstein equation is hyperbolic. The hyperbolic nature of the vacuum Einstein equation
in harmonic gauge was exploited in the monumental work of Choquet—Bruhat [6] to formulate
and prove that the vacuum Einstein equation admits a locally well-posed initial value problem.
Global aspects of the initial value problem for the vacuum Einstein equation were subsequently
formulated and proven in the work of Choquet—Bruhat—Geroch [7]. In particular, given initial
data for the vacuum Einstein equation, the authors prove the existence and uniqueness (up to

diffeomorphism) of a ‘maximal globally hyperbolic Cauchy development'’?

Associated to the initial value formulation is the question of stability of solutions to the
Einstein equation: suppose you start with initial data close (in a suitable norm) to initial data

which would lead to a known solution, does the solution that results asymptotically approach the

?This solution is a weak global solution due to the discontinuity of the dust across the boundary of the star.
PThe reader can consult [8, 9] for further details on the initial value formulation of the vacuum Einstein equation.
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known solution, tend to something else or blow up? Based on many works (for example [10-35])
conducted over the last 60 years starting with the seminal works of Regge—Wheeler [36] in 1957,
stability is expected to be true of all 4-dimensional (the 3 spatial and 1 time that we experience)

stationary vacuum black holes.

Motivation for Higher-Dimensional Relativity

Since some of the results in this thesis are concerned with higher dimensional relativity, some
motivational and expository remarks are in order (for reviews on the topic of black holes in higher
dimensions see [37-39]). The convention adopted in this work is that n will denote the spacetime

dimension.

First, from a purely mathematical perspective, it is of interest to see how general relativity
differs in higher dimensions from the 4-dimensional case. This sheds light on how general
Lorentzian manifolds obeying the vacuum Einstein equation behave. There are many differences
in higher dimensional relativity as apposed to the usual 4-dimensional case. These are effectively
due to the increased number of degrees of freedom inherent in the metric, g. In higher dimensions,
many results from 4-dimensional general relativity no longer hold. A few examples are the

following:

(1) Event horizon topology does not have to be spherical. As shown by Hawking, in 4-
dimensions the cross-sections of the event horizon of an asymptotically flat stationary black
hole spacetime must be homeomorphic to S? (under the dominant energy condition) [40].
In (n > 5)-dimensions, cross-sectional horizon topology does not have to be spherical.
There exist examples of black holes with spherical horizon topology such as the Myers—Perry
black hole [41] (the generalisation of the Kerr solution to arbitrary dimension), which
has cross-sectional horizon topology homeomorphic to S*~2. However, it is possible to
construct explicit examples of asymptotically flat black hole spacetimes with non-spherical
cross-sectional horizon topology. For example, the 5D Emparan—Reall and Pomeransky—
Sen'kov black ring solutions have horizon topology S? x S! [42]. Hawking's theorem has
been generalised to higher dimensions in [43], which shows that the horizon topology
of asymptotically flat black hole spacetimes must be of positive scalar curvature. In 5
dimensions a more precise result is known: under the assumptions of stationarity, asymptotic
flatness, two commuting axisymmetries and a ‘rod structure’, the horizon topology is
either S3, S! x S? or a quotient of S3 [44].

(2) Naive black hole uniqueness fails. In 4-dimensions, under the assumption of either ana-
lyticity [40] or axisymmetry [45, 46], the Kerr family is the unique family of stationary
vacuum black hole solutions, i.e., a (analytic or axisymmetric) stationary vacuum black hole

in 4-dimensions is uniquely specified by its mass, M, and its angular momentum per unit
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mass, a. Uniqueness of the Kerr family in the class of smooth stationary vacuum black
hole solutions is conjectured to hold but a proof seems elusive.“ This has led to the further
conjecture that maximal developments of ‘generic’ asymptotically flat initial data sets can
asymptotically be described by a finite number of Kerr black holes. These uniqueness
theorems and, therefore, this ‘final state conjecture’ cannot generalise immediately to higher
dimensions since there exist at least two distinct families of vacuum black hole solutions
that can have the same mass and angular momentum: the Myers—Perry black hole and the
Emparan—Reall black ring. Moreover, there exist distinct black ring solutions with the same
mass and angular momentum [37, 48]. The final state conjecture may need to be modified
to include the property of stability. Again, the work [44] provides a more precise result in 5

dimensions.

(3) Black holes in higher dimensions can be unstable. As mentioned above, stability is expected
to be true of all 4-dimensional stationary vacuum black holes. Indeed, the subextremal
Kerr family is conjectured to be asymptotically stable as a solution of the vacuum Einstein
equation which, in view of the uniqueness of the Kerr family mentioned in point (2), would
constitute all 4-dimensional stationary vacuum black holes (see section IV.1 of [35] for a
precise formulation of the Kerr stability conjecture). In stark contrast, many stationary
vacuum black hole solutions in higher dimensions are expected to be unstable [37, 38, 49-69].
This is a topic that is addressed in Chapter 1 of this thesis.

Secondly, the physics community is very interested in higher-dimensional gravity from the
point of view of producing a ‘grand unified theory’, i.e., a theory that rectifies the apparent
incompatibility of general relativity and quantum field theory [39]. One of the earliest ideas of
unification goes back to the 1920s to the works of Kaluza [70] and Klein [71] who produced a
classical unified theory of general relativity and electromagnetism in 5 dimensions. Many of the
current proposed unifying theories are also formulated in dimensions more than 4. For example,
certain types of ‘string theory’ are formulated with 10 or 11 dimensions [72]. The belief is that we
only perceive 4 out of the actual number of dimensions since the rest are sufficiently small and
compact that we traverse them imperceptibly fast. For such a theory to be considered ‘good’,
there has to be some limit which produces the previous tried and tested theory, i.e., general
relativity. Therefore, understanding how general relativity behaves in higher dimensions is there-

fore of relevance to the low energy limit of these grand unified theories such as string theory [37, 73].

Summary of the Thesis

The research presented in this PhD thesis focuses on stability problems in general relativity. In

particular, it presents a study of the linearised vacuum Einstein equation on two backgrounds:

A partial result in this direction is [47] which shows that if a stationary vacuum black hole solution is ‘close’ to
a Kerr solution then it is isometric to that Kerr solution.
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the Schwarzschild black string [49] and the Schwarzschild(-=Tangherlini) black hole [74].

The linearised vacuum Einstein equation can be written as an equation for a symmetric

2-tensor h:
9V NV ahay + VaVy(Trgh) — Va(divh)y, — Vi(divh)g + 2Ra heg = 0 (1.5)

where V and R are the Levi-Civita connection and Riemann tensor, respectively, of the background
metric g. Studying this equation on flat Minkowski spacetime led Einstein to the prediction of
gravitational waves [75], which have now been confirmed by LIGO [76]. It has also been fruitful
in establishing stability statements about many black hole spacetimes and is often a precursor to
understanding the full ‘non-linear’ stability of a black hole solution to the Einstein equation. For
example, the full non-linear stability of the 4-dimensional Schwarzschild spacetime has only very
recently been rigorously established in the monumental work of Dafermos, Holzegel, Rodnianski
and Taylor [35] which utilised ‘double null gauge’ (see also the work of Klainerman and Szeftel
under symmetry [31]). However, the road to this result came from a deep understanding of the

scalar wave equation
Og¥ =0, (1.6)

for U € C°°(M) on the Schwarzschild background (see [19] for a summary) and then the linearised
Einstein equation [28].9

The first chapter of this thesis is devoted to the ‘Gregory—Laflamme instability’ of the 5-
dimensional Schwarzschild black string. This spacetime is constructed from the Schwarzschild
black hole by taking its Cartesian product with R or a circle of radius R. Strong numerical
evidence for the existence of an admissible exponentially growing solution to the linearised vacuum
Einstein equation was first given in 1993 by Gregory and Laflamme [49]. Since the original paper,
this type of instability has been identified numerically [77-79] and heuristically [55, 57] for other
black hole solutions in higher dimensions, such as the exotic 5-dimensional Emparan—Reall [80] and
Pomeransky—Sen’kov black ring solutions [81], the 6D ultra-spinning Myers—Perry solution [41]
and the 5D Kerr black string [62]. However, even for the original 5-dimensional Schwarzschild
black string, there was no direct mathematical proof of the existence of the Gregory—Laflamme
instability until my work [69] (see however the work of Prabu—Wald [66] to be discussed in sec-
tion 1.1.5 of Chapter 1). In Chapter 1, this direct proof of the existence of the Gregory—Laflamme
instability for the Schwarzschild black string is presented. Under a choice of ansatz for the
perturbation and a gauge choice, the linearised vacuum Einstein equation reduces to an ODE

problem for a single function. In this work, a suitable rescaling and change of variables is applied

9Due to its hyperbolic nature, the scalar wave equation can be viewed as the ‘poor man’s’ linearised Einstein
equation (L.5).
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which casts the ODE into a Schrédinger eigenvalue equation to which an energy functional is
assigned. It is then shown by direct variational methods that the lowest eigenfunction gives
rise to an exponentially growing mode solution which has admissible behaviour at the future
event horizon and spacelike infinity. After the addition of a pure gauge solution, this gives rise
to a regular exponentially growing mode solution of the linearised vacuum Einstein equation in

harmonic/transverse-traceless gauge.

The second chapter provides a detailed discussion of the double null gauge (following the
works [82-84]) that is employed in the subsequent chapters of this thesis. In double null coordinates
(u,v,64) the metric takes the form

g =—20%(du® dv + du® dv) + ¢ , ,(d60" — b dv) @ (A0 — b dv). (1.7)

The hypersurfaces of constant u and v are then manifestly null hypersurfaces. Therefore, the double
null gauge choice is particularly well adapted to the causal structure of spacetime. Associated to

such coordinates is a natural normalised double null frame

@:ém, @:$@+w%@ (1.8)
Completing this frame with a (local) basis for the horizontal subspace (e3, e4)* allows for a double
null decomposition of the Ricci coefficients and the Weyl curvature tensor. The content of the
vacuum Einstein equation can then be encoded in a system of elliptic and transport equations
for metric and Ricci coefficients known as the null structure equations and the Bianchi identities
(decomposed with respect to the null frame (1.8)). In keeping with the higher-dimensional theme
of the first chapter, these equations are derived in arbitrary dimension. To the best of the
author’s knowledge, until this work, no complete discussion of this topic in higher dimensions
has appeared in the literature.® This chapter contains a derivation of the linearised null structure
equations around the n-dimensional Schwarzschild-Tangherlini spacetime (the higher-dimensional
Schwarzschild solution) for use in Chapters 3 and 4. Further, there is some additional discus-
sion on the failure of decoupling of the famous Teukolsky null Weyl curvature components o
and &) for n > 4. It should be stressed that the failure of decoupling for n > 4 is a known
result and has appeared in previous literature (see works [86—88]) albeit in the slightly different
higher-dimensional Geroch—Held—Penrose formalism [89]. The original work in this chapter is the
discussion of obtaining a Regge—Wheeler system of equations through a physical space version of
the Chandrasekhar transformation.

®The reader should note that these equations were schematically derived up to error terms in the work [85]
which was sufficient for their purposes.
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The third chapter of this thesis is concerned with the ‘canonical energy’ linear stability criterion
of Hollands and Wald [65]. Their criterion is based upon a divergence-free current for the linearised
vacuum Einstein equation associated with a Killing symmetry X € X (M) of the black hole in
question (typically for stationary black holes X is the Killing field 7" associated to stationarity).
Applying the divergence theorem on regions of the black hole spacetime yields a conservation law
for a quantity called the canonical energy, £X. For a class of initial data, Hollands and Wald's
criterion is that a stationary vacuum black hole spacetime is weakly linearly stable or unstable if
ET (evaluated on a Cauchy hypersurface) is positive or negative, respectively. The criterion is ap-
pealing conceptually since one can write down a conservation law for any stationary vacuum black
hole spacetime (or more generally a black hole with a symmetry) and one ‘simply’ needs to check
the sign of £7 (for a particular class of data). However, in practice, it is hard to establish positivity
or negativity. Indeed, even for the 'basic’ case of the stability of the 4-dimensional Schwarzschild
black hole, the positivity of £ is only rectified in this thesis. To do this, the canonical energy is
decomposed in a manner that is favourable for the causal structure of the spacetime: the double
null gauge (as mentioned above). The conservation law for £7 is then understood locally and
it is shown that the canonical energy conservation law is equivalent to a conservation law for
another energy, £T, inherent in the system of double null decomposed gravitational perturbations
on 4D Schwarzschild established by Holzegel [90]. Since Holzegel established a weak stability
statement (an energy boundedness statement) for the 4-dimensional Schwarzschild solution from
the energy £T (in particular, the positivity of this energy), the same statement then follows from
the canonical energy. Moreover, a hierarchy of conservation laws are derived for the system of
double null decomposed gravitational perturbations from the canonical energy and the respective
energy boundedness statements are studied. This hierarchy of conservation laws is then used to
prove mode stability of the 4-dimensional Schwarzschild black hole. Additionally, a novel con-

servation law for the celebrated decoupled Teukolsky null curvature components « and « is derived.

In the final chapter of this thesis, a new divergence-free current associated to the linearised
vacuum Einstein equation is defined. This current can be written down on any vacuum spacetime
with a Killing symmetry. This current can be viewed as modification of the current which gives rise
to the canonical energy conservation law and is arguably simpler to compute than the canonical
energy current. An application of this conservation law is then given by producing a double null
decomposed conservation law on the n-dimensional Schwarzschild—Tangherlini spacetime which

should be useful in proving a stability statement for this spacetime.
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Conventions

The conventions of this thesis are the following:

The metric signature convention is (—, 4+, +,+,...).
Greek Indices (o, 3,7, ...) will be used for expressions that hold in a particular basis.

Latin Indices (a,b,c,...) are abstract indices which will be used for expressions that hold

in any basis (see [91] or [92] for more details).
The notation X(M) denotes the set of vector fields on a manifold M.
The notation Q¥(M) denotes the set of k-forms on a manifold M.

The notation sym(7*M @ T*M) and symtr(T*M & T*M) denotes the set of symmetric

(0, 2)-tensors and symmetric-traceless (0, 2)-tensors respectively on a manifold M.

The convention for the Riemann tensor is
R(X,Y)Z =VxVyZ —-VyVxZ — Vix,v1%:
for X,Y,Z € X(M). The convention for the Riemann tensor indices is

R%qXYe7° = (R(X,Y)Z).



Chapter 1

The Gregory—Laflamme Instability of
the Schwarzschild Black String Exterior

1.1 Introduction

The main topic of this chapter is the study of the stability problem for the Schwarzschild black
string solution to the Einstein vacuum equation in 5 dimensions. In 1993, the work of Gregory—
Laflamme [49] gave strong numerical evidence for the presence of an exponentially growing
mode instability. This phenomenon has since been known as the Gregory—Laflamme instability.
This work has been widely invoked in the physics community to infer instability of many higher
dimensional spacetimes, for example, black rings, ultraspinning Myers—Perry black holes and black
Saturns (see [55, 57, 77-79]). For a review and introduction to instabilities in higher dimensions,
the interested reader should consult [37, 39] and references therein, as well as [61] and [65, 66]
which give a general approach to stability problems. The purpose of the present chapter is to
provide a direct, self-contained and elementary mathematical proof of the Gregory—Laflamme
instability of the 5D Schwarzschild black string.

1.1.1 Schwarzschild Black Holes, Black Strings and Black Branes

The most basic solution to the vacuum Einstein equation (I.2) giving rise to the black hole
phenomena is the Schwarzschild—Tangherlini black hole solution (Schw,, gs). It arises dynamically
as the maximal Cauchy development of the following initial data: an initial hypersurface ¥y =
R x S"~2, a first fundamental form (in isotropic coordinates)

_4

M n—3 29 ~
h5:(1+2pTB) (dp@dp+p*7. ).  pe(0,00) =R (1.1.1)

and second fundamental form K = 0, where 77”72 is the metric on the unit (n — 2)-sphere S"~2.

This spacetime is asymptotically flat and spherically symmetric. The Penrose diagram in Fig. 1.1
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represents the causal structure of (Schwy,,, g;) arising from this initial data, restricted to the future
of 20.

\37:?4

iye

Fig. 1.1 The Penrose diagram of the Schwarzschild—Tangherlini spacetime (Schw,, gs).

Here, Tt = I} UZ} is future null infinity, it = iy Ui} and i = % Ui are future timelike
infinity and spacelike infinity respectively, £4 = J~(Z}) N J* (%) is the distinguished exterior
region, &g = J~(Z) N JT (o) is another exterior region, B = Schw,, \ J~(ZT) is the black
hole region, H™ = H} UHL = B\ int(B) is the future event horizon and S = H i NH} is
the bifurcation sphere. The wavy line denotes a singular boundary which is not part of the
spacetime (Schwy,, gs) but towards which the Kretchmann curvature invariant diverges. It is in
this sense that (Schw,,, gs) is singular. Note that every point in this diagram is in fact an (n — 2)-
sphere. The metric on the exterior £4 of the n-dimensional Schwarzschild—Tangherlini black hole

in traditional Schwarzschild coordinates (t,r, 1, ..., on—2) takes the form [1, 74]

Do(r) =1 2M (1.1.2)

1 .
gs = —Dy(r)dt ® dt + 7dr®dr+r27yn p—

Dy (r) -2

where ¢t € [0,00), 7 € ((QM)ﬁ,oo) and §yn_2 is the metric on the unit (n — 2)-sphere.

The Lorentzian manifold that is the main topic of this chapter is the Schwarzschild black string
spacetime in 5 dimensions which is constructed from the 4D Schwarzschild solution (Schwu, gs).
Before focussing on this spacetime explicitly, it is of interest to discuss more general spacetimes
constructed from the n-dimensional Schwarzschild—Tangherlini black hole solution (Schwy,, gs).
Let Sk denote the circle of radius R and let F,, € {R?,RP~! x SL .. R x [[’_]' S} 11— Sk}
with its associated p-dimensional Euclidean metric d,. If one has the n-dimensional Schwarzschild
black hole spacetime (Schwy, gs;) and takes its Cartesian product with F, then one realises
the (n + p)-dimensional Schwarzschild black brane (Schw,, x F,,gs @ §,). This means that
the (n + p)-dimensional Schwarzschild black brane (Schw,, x F,, g @ d,) is a product manifold
made from Ricci-flat manifolds, which is again Ricci-flat and hence satisfies the vacuum Einstein
equation (I.2). Note that in contrast to (Schwy, gs), the spacetimes (Schw,, x F,, gs & J,) are
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not asymptotically flat but are called ‘asymptotically Kaluza—Klein'.

The Schwarzschild black brane spacetimes (Schw,, x F),, g5 ©d,) arise dynamically as the maxi-
mal Cauchy development of suitably extended Schwarzschild initial data, i.e., (X9 xF), hs®dp, K =
0). Hence, the above Penrose diagram in Fig. 1.1 can be reinterpreted as the Penrose diagram
for the Schwarzschild black brane, but instead of each point representing a (n — 2)-sphere, it
represents a S"~2 x F,,. In particular, the notation £4 will be used henceforth to denote the

distinguished exterior region of (Schw,, x F,, gs @ d;).

Taking p = 1 gives rise to the (n+1)-dimensional Schwarzschild black string spacetime Schw,, x
R or alternatively Schw,, x S}%. The topic of the present chapter is the 5D Schwarzschild black
string spacetime Schwy X R or alternatively Schw, x S}%. The metric on the exterior £4 in

standard Schwarzschild coordinates is

1
D(r)

. oM
dr @ dr+r*j,+dz®dz,  D(r)=1-—,  (113)

g = —D(r)dt® dt + .

where t € [0,00), r € (2M,00) and z € R or R/2xRz.

Finally, to analyse the subsequent problem of linear stability on the exterior region £4 up to
the future event horizon 7—[2, one requires a chart with coordinate functions that are regular up
to this hypersurface H}; \ S, where S now denotes the bifurcation surface. A good choice is

ingoing Eddington—Finkelstein coordinates defined by

dr, pn—3

vEIETe g T s oy

with 7. (3M) = 3M + 2M log(M). (1.1.4)
The (n + p)-dimensional Schwarzschild black brane metric becomes
gs ® 0 = —Dy(r)dv® dv+ dv@dr+dr @ dv + 7“27}”72 + 04jdz" @ d2, (1.1.5)

where D,,(r) is defined in equation (1.1.2) and v € R and r € (0, 00).

1.1.2 Previous Works

For a good introduction to the Gregory—Laflamme instability and the numerical result of [49] see
the book chapter [63]. A detailed survey of the key work [57] related to the present chapter is

undertaken in section 1.3. A brief history of the problem is presented here:

(i) In 1988, Gregory—Laflamme examined the Schwarzschild black string spacetime and stated
that it is stable [93]. However, an issue in the analysis arose from working in Schwarzschild

coordinates which lead to incorrect regularity assumptions for the asymptotic solutions.
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(ii) In 1993, Gregory—Laflamme used numerics to give strong evidence for the existence of a

low-frequency instability of the Schwarzschild black string and branes in harmonic gauge [49].

(iii) In 1994, Gregory—Laflamme generalised their numerical analysis to show instability of
‘magnetically-charged dilatonic’ black branes [50] (see [50, 73] for a discussion of these
solutions).

(iv) In 2000, Gubser—Mitra discussed the Gregory—Laflamme instability for general black branes.
They conjectured that a necessary and sufficient condition for stability of the black brane
spacetimes is thermodynamic stability of the corresponding black hole [52, 53].

(v) In 2001, Reall [51], with the aim of addressing the Gubser—Mitra conjecture, explored further
the relation between stability of black branes arising from static, spherically symmetric
black holes and thermodynamic stability of those black holes. In particular, the work of
Reall argues that there is a direct relation between the ‘negative mode’ of the Euclidean
Schwarzschild instanton solution (this mode was initially identified numerically in a paper
by Gross, Perry and Yaffe [94]) and the threshold of the Gregory—Laflamme instability.
This idea was further explored in a work of Reall et al. [59], which extended the idea that
‘negative modes’ of the Euclidean extension of a Myers—Perry black hole (the generalisation
of the Kerr spacetime to higher dimensions, see [41, 37] for details) correspond to the

threshold for the onset of a Gregory—Laflamme instability.

(vi) In 2006, Hovdebo and Myers [57] used a different gauge (which was introduced in [95]) to
reproduce the numerics from the original work of Gregory and Laflamme. This gauge choice
will be called spherical gauge and will be adopted in the present work. This work discusses
the presence of the Gregory—Laflamme instability for the ‘boosted’ Schwarzschild black
string and the Emparan—Reall black ring (for a discussion of this solution see [42, 37, 48]).

(vii) In 2010, Lehner and Pretorius numerically simulated the non-linear evolution of the Gregory—

Laflamme instability; see the review [64] and references therein.

(viii) In 2011, Figueras, Murata and Reall [61] put forward the idea that a local Penrose inequality
gives a stability criterion. Furthermore, [61] showed numerically that this local Penrose
inequality was violated for the Schwarzschild black string for a range of frequency parameters

which closely match those found in the original work of Gregory—Laflamme [49].

(ix) In 2012, Hollands and Wald [65] and, later in 2015, Prabu and Wald [66] developed a
general method applicable to many linear stability problems which encompasses the problem
of linear stability of the Schwarzschild black string exterior £4. The papers [65] and [66]
are explored in detail in section 1.1.5.

A few other works are of relevance to this discussion. The review paper [37] and book
chapter [48] discuss the black ring solution [42] in great detail. This relates to the work presented
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here since the Gregory—Laflamme instability is often heuristically invoked when discussing higher-
dimensional black hole solutions. In particular, if the black ring of study has a large radius and is
sufficiently thin then it ‘looks like’ a Schwarzschild black string and therefore would be susceptible
to the Gregory—Laflamme instability. There has been heuristic and numerical results to give
evidence to this claim [57, 67]. Finally, in 2021 Benomio produced the first mathematically
rigorous result on the stability problem for the black ring spacetime [68].

1.1.3 Statement of the Main Theorem: Theorem 1.1.2
The purpose of this chapter is to give a direct, self-contained, elementary proof of the Gregory—

Laflamme instability for the 5D Schwarzschild black string.

For the statement of the main theorem, one should have in mind the Penrose diagram in

Fig. 1.2 for the 5D Schwarzschild black string spacetime.

Fig. 1.2 The Penrose diagram for the 5D Schwarzschild black string illustrating the set up for the
linear instability problem. Every point in this diagram represents a S? x F;.

Indicated in figure 1.2 is a spacelike asymptotically flat hypersurface 3 which extends from
spacelike infinity i to intersect the future event horizon H to the future of the bifurcation
surface S. Further, F; = R or Sk, B is the black hole region, £4 is the exterior region, I;{
is future null infinity and ijx is future timelike infinity. The hypersurface ¥ can be expressed
as ¥ = {(t,r«,0,p,2) : t = f(ry)} such that f = o(r) for r, — oco. An explicit example would
be a hypersurface of constant ¢, where t, =t + 2M log(r — 2M).

Definition 1.1.1 (Mode Solution). A solution of the linearised vacuum Einstein equation (1.5)
on the exterior £4 of the Schwarzschild black string Schwy x R of the form

hap = V2 5(r, 0) (1.1.6)

with i,k € R and (t,r,0, ¢, z) standard Schwarzschild coordinates will be called a mode solution.

Remark 1.1.1. The above definition 1.1.1 of a mode solution is not the most general definition
one could make. In particular, the above definition restricts h to be axisymmetric and to have

u € R; a more general definition of mode solution would allow dependence on ¢ and € C.
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A way of establishing the linear instability of an asymptotically flat black hole is exhibiting a
mode solution of the linearised Einstein equation (I.5) which is smooth up to and including the

future event horizon, decays towards spacelike infinity and such that p > 0.

Theorem 1.1.2 (Gregory-Laflamme Instability). For all |k| € [55;, 5a57], there exists a non-

trivial mode solution h of the form (1.1.6) to the linearised vacuum Einstein equation (1.5) on the

exterior €4 of the Schwarzschild black string background Schwy x R with y > o \/11—0M > 0 and
Hy(r)  Hy(r) 0 0 0
Hy (1) Hpr(r) 0 0 0
Hop(r,0) = 0 0 Hgp(r) 0 0 (1.1.7)
0 0 0  Hpy(r)sin20 0
0 0 0 0 0

The solution h extends regularly to Hj and decays exponentially towards i% and can thus be
viewed as arising from regular initial data on a hypersurface 3 extending from the future event
horizon HJAF to z'%. In particular, h|s, and Vhl|y, are smooth on 3. Moreover, the solution h is
not pure gauge and can in fact be chosen such that the harmonic/transverse-traceless gauge

conditions

divh =0
(1.1.8)
Trgh =0

are satisfied.

Suppose R > 4M, then one can choose k such that there exists an integer n € [%, %]
and therefore h induces a smooth solution on the exterior £4 of the Schwarzschild black
string Schwy X S}Q. Moreover, the initial data for such a mode solution on the exterior €4

of Schwy x S}, has finite energy.

Hence, the exterior € 4 of the Schwarzschild black string Schw4 X R or Schw4 X S}% for R > 4M
is linearly unstable as a solution of the vacuum Einstein equation (1.5), and the instability can be

realised as a mode instability in harmonic/transverse-traceless gauge (1.1.8) which is not pure

gauge.

Remark 1.1.3. One can construct a gauge invariant quantity, the tztz-component of the linearised
Weyl tensor ﬁ} which is non-vanishing for a non-trivial mode solution h with k # 0 and p # 0
and exhibits exponential growth int when p > 0. This allows one to show that the mode solution
constructed in Theorem 1.1.2 is not pure gauge. Hence, one expects that the above mode solution

persists in any ‘good’ gauge, not just (1.1.8).
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Remark 1.1.4. The reader should note that the lower bound on the frequency parameter k
should not be interpreted as ruling out the existence of unstable modes with arbitrarily long
wavelengths. The lower bound on k in Theorem 1.1.2 results from the use of a test function in the
variational argument (see proposition 1.4.5 in section 1.4.3). The numerics of Gregory—Laflamme
and Hovdebo—Myers [49, 57] both provide evidence that there are unstable modes for k arbitrarily

small.

1.1.4 Difficulties and Main ldeas of the Proof

It may seem natural to directly consider the problem in harmonic gauge since the equation of

study (I.5) reduces to a tensorial wave equation
9°UV Vahay + 2Roheq = 0. (1.1.9)

The above equation (1.1.9) results from the linearisation of the gauge reduced non-linear vacuum
Einstein equation (I.2) which is strongly hyperbolic and therefore well-posed. The equation (1.1.9)
reduces to a system of ODEs under the mode solution ansatz (1.1.6) with (1.1.7). This system
can be reduced to a single ODE of the form

d*u du u? 2M

ﬁ+PM,k(T)%+QMk(T)u: D(T)QU’ D = 1_T’ (1.1.10)

where w = Hy, Hyr, Hyp or Hpg and P, (1) and Q. x(r) depend on p, k and r. However, if
one insists on this decoupling one introduces a regular singular point in the range r € (0,00).
For certain ranges of 1 and k, this value occurs on the exterior £4, i.e., the regular singular
point occurs in 7 € (2M,00). In particular, this regular singularity occurs on the exterior for the
numerical values of k and p for which Gregory—Laflamme identified instability. In the original
works of Gregory and Laflamme the decoupled ODE for Hy, was studied; see the works [49, 63, 93].

It turns out that, in looking for an instability one can make a different gauge choice called
spherical gauge. As shown in section 1.3, the linearised vacuum Einstein equation (I.5) for a
mode solution (1.1.6) in spherical gauge can be reduced to a 2"4-order ODE of the form (1.1.10),
where, in contrast to harmonic/transverse-traceless gauge, P, () = Pi(r) and Q,x(r) = Qi (r)
depend only on k and 7. Hence, existence of solution to the ODE (1.1.10) becomes a simple
eigenvalue problem for u. Spherical gauge was originally introduced in [95] and has another
advantage over harmonic/transverse-traceless gauge which is that all r € (2M, c0) are ordinary
points of the ODE (1.1.10). Hence, the spherical gauge choice also avoids the issues of a regular
singularity at some r € (2M, c0). However, in contrast to harmonic gauge, for this gauge choice,
well-posedness is unclear. If one were trying to prove stability then exhibiting a well-posed gauge
would be key since well-posedness of the equations is essential for understanding general solutions.
For instability, it turns out that it is sufficient to exhibit a mode solution of the non-gauge reduced
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equation (I.5) which is not pure gauge. One expects then that such a mode solution will persist
in all ‘good’ gauges, of which harmonic gauge is an example. The discussion of pure gauge mode
solutions in spherical gauge in section 1.3.3 provides a proof that if £ £ 0 and p # 0 then a
mode solution in spherical gauge is not pure gauge. This can be shown directly or from the
computation of a gauge invariant quantity, namely the tztz-component of the linearised Weyl
tensor, ﬁ} Further, it is shown that if a non-trivial mode solution in spherical gauge grows

(1)
exponentially in ¢ then Wy, is non-zero and grows exponentially ¢.

An issue with spherical gauge is that mode solutions in the spherical gauge do not, in general,
extend smoothly to the future event horizon H};, even when they represent physically admissible
solutions. However, as shown in section 1.3.4, one can detect what are the admissible boundary
conditions at the future event horizon in spherical gauge by adding a pure gauge perturbation to
the metric perturbation to try and construct a solution that indeed extends smoothly to ’Hj. In
fact, the pure gauge perturbation found is precisely one that transforms the metric perturbation to
harmonic/transverse-traceless gauge (1.1.8). Hence, after also identifying the admissible boundary
conditions at spacelike infinity i in section 1.3.4, proving the existence of an unstable mode
solution to the linearised vacuum Einstein equation (I1.5) that is not pure gauge is reduced to
showing the existence of a solution to the ODE (1.1.10) with x> 0 and k # 0 which satisfies the
admissible boundary conditions that are identified in this work.

In this chapter, the ODE problem (1.1.10) is approached from a direct variational point of
view in section 1.4. To run a direct variational argument, the solution u of ODE (1.1.10) is
rescaled and change of coordinates is applied. It is shown in section 1.4.1 that equation (1.1.10)
can be cast into a Schrodinger form

—Apu4 Vi(rdu=—pu, 1o =17+ 2Mlog(r — 2M) (1.1.11)

with V}, independent of ;1. The ODE (1.1.11) can be interpreted as an eigenvalue problem for —;
finding an eigenfunction, in a suitable space, with a negative eigenvalue will correspond to an
instability. As shown in section 1.4.2, this involves assigning the following energy functional to
the Schrodinger operator on the left-hand side of (1.1.11):

E(u) = (Vy,u, Vi, u) 2wy + (Veu, u) 2R (1.1.12)

Using a suitably chosen test function, one can show that the infimum over functions in H'(R)
of this functional is negative for a range of k. One then needs to argue that this infimum
is attained as an eigenvalue, by showing this functional is lower semicontinuous and that the
minimizer is non-trivial. The corresponding eigenfunction is then a weak solution in H'(R) to
the ODE (1.1.11) with u > 0 for a range of k € R\ {0}. Elementary one-dimensional elliptic
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regularity implies the solution is indeed smooth away from the future event horizon, H:, and
therefore corresponds to a classical solution of the problem (1.1.11). Finally, the solution can be
shown to satisfy the admissible boundary conditions by the condition that the solution lies in H!(RR).

The chapter is organised in the following manner. The remainder of the present section
contains additional background on the Gregory—Laflamme instability. In section 1.2, linear per-
turbation theory is reviewed and the linearised Einstein equation (I.5) is derived. In section 1.3,
the analysis in spherical gauge is presented. The decoupled ODE (1.1.10) resulting from the
linearised Einstein equation (I.5) is derived and it is established that the problem can be reduced
to the existence of a solution to the decoupled ODE with 1 > 0 and k& # 0 satisfying admissible
boundary conditions. In section 1.4, the proof of the existence of such a solution is presented via

the direct variational method.

Appendix A.1 contains a list of the Riemann tensor components and the Christoffel symbols
for the Schwarzschild black string spacetime Schwy X R or Schwy X S}R. Appendix A.2 collects
results on singularities in 2nd order ODE relevant for the discussion of the boundary conditions
for the decoupled ODE (1.1.10). Appendix A.3 provides a method of transforming a 2nd order
ODE into a Schrodinger equation. Appendix A.4 collects some useful results from analysis that
are needed in the proof of theorem 1.1.2. Appendix A.5 compliments theorem 1.1.2 with some

stability results.

1.1.5 The Canonical Energy Method

The reader should note that there are two papers [65, 66] concerning a very general class of
spacetimes which are of relevance to the stability problem for the Schwarzschild black string. In
particular, it follows from [65, 66] that there exists a linear perturbation of the Schwarzschild black
string spacetime which is not pure gauge and grows exponentially in the Schwarzschild ¢-coordinate.
The following describes the results of these works.

In 2012, a paper of Hollands and Wald [65] gave a criterion for linear stability of stationary,
axisymmetric, vacuum black holes and black branes in D > 4 spacetime dimensions (see also an
extension of this work to a broad class of theories that include matter by Keir [96]). They define a
conserved quantity known as the ‘canonical energy’' £ associated to the space of solutions to the
linearised vacuum Einstein equation (I.5) and established a stability criterion based upon it. The
canonical energy £ can be expressed as integral over an initial Cauchy surface of an expression
quadratic in the perturbation (see definitions 3.2.5 and 3.2.6 in section 3.2.3 of chapter 3) and

the associated stability criterion applies to general static or stationary, axisymmetric black hole



18 The Gregory—Laflamme Instability of the Schwarzschild Black String Exterior

spacetimes. It can be related to thermodynamic quantities by

£=0"M = Qps®Jp — —3%4, (1.1.13)
5 s

where M and Jp are the ADM mass and ADM angular momenta in the B plane, and A is the
cross-sectional area of the horizon. Note that the right-hand side of (1.1.13) refers to the second
variation of thermodynamic quantities. It is remarkable that the combination £ of these second

variations is in fact determined by linear perturbations.

The work [65] considers initial data for a perturbation of either a stationary, axisymmetric

black hole or black brane with the following properties:
(i) the linearised constraint equations are satisfied.
(ii) the linear change to the ADM charges (momentum, mass and angular momentum) vanish.

(iii) the perturbation is axisymmetric when the black hole spacetime is stationary, rotating and

axisymmetric.

(iv) certain gauge conditions and finiteness/regularity conditions are satisfied at the horizon

and infinity.

In what follows, initial data satisfying (i)—(iv) will be referred to as admissible. On this class of
data, the canonical energy is gauge invariant and degenerate if and only if the initial data for
the perturbation is towards another stationary, axisymmetric black hole. Further, by avoiding
superradiance (via point (iii) above), Hollands and Wald establish that the flux of (a modified)
canonical energy, £, through (a finite subset) the future event horizon and through (a finite
subset) null infinity is positive.

Remark 1.1.5. The motivation for point (ii) of the admissibility criterion is as follows. For the
Schwarzschild black hole, one can take initial data which corresponds simply to a change of the
mass parameter M +— M +« and therefore, by equation (1.1.13) and since the cross-sectional area
of the horizon is given by A = 16mw(M + «)?, it follows that £ < 0. This is the ‘thermodynamic
instability’ of the Schwarzschild black hole. However, by point (ii), the initial data for a change of
mass perturbation is manifestly not admissible (the family of Schwarzschild black holes is, after
all, dynamically stable [28, 35]).

Hollands and Wald'’s stability criterion is then formulated as follows. If one can establish
positivity of £ for all admissible initial data then this implies the black hole (or black brane) in
question is ‘weakly’ linearly stable. In particular, it rules out growing modes since these would
violate the conservation of canonical energy. On the other hand, if there exists admissible initial
data for which £ < 0 then the positivity of the flux of the (modified) canonical energy, &, through
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the event horizon and null infinity implies that the canonical energy can only decrease through a

foliation that connects the event horizon to null infinity. This is depicted in the following diagram:

O\
H+ \\\ T+
s E <& N s
€H+ 2 O/>/ = N /\(91+ 2 0
— s
(90 <0

This monotonicity property prevents future convergence of the canonical energy to zero when
it is negative and therefore implies there exist admissible initial data for a perturbation which

cannot approach a stationary perturbation at late times, i.e., one has failure of asymptotic stability.

The canonical energy gives a very clear criterion for stability and instability based on checking
the sign of £. However, the complexity of checking that the initial data satisfies the above
criteria (i)-(iv) is involved. Further, the expression quoted for the canonical energy in terms of the
linearised metric h (see equation (86) of [65]) is complicated and coercivity properties are obscure.
Indeed, prior to this work, even the positivity of the canonical energy for the Schwarzschild black
hole spacetime (which is known to be linearly stable by [28]) was an open problem. See Chapter

3 for a resolution to this problem.

The work of Hollands and Wald [65] also shows an additional result relevant specifically to
the problem of stability of black strings (and black branes). Suppose there exist initial data for a
perturbation of the ADM parameters of a vacuum black hole, (Mpy, g), such that £ < 0 and
let (Mpn x Sk, g @ &) be the associated black string. The work [65] shows that, starting from
such a perturbation of the black hole, one can infer the existence of admissible initial data for a
perturbation (which is not pure gauge) of the associated black string such that again £ < 0 as
the S}% radius R — co. One should note that this argument does not give an explicit bound on R.
This is in contrast to the result of theorem 1.1.2 presented in the present chapter which shows
that, for R > 4M, one can construct an explicit exponentially growing mode solution on the
exterior of the Schwarzschild black string. Hollands and Wald's criterion for linear instability of a
black string formalised a conjecture by Gubser—Mitra that a necessary and sufficient condition
for stability of the black brane spacetimes is thermodynamic stability of the corresponding black
hole [52, 53]. Since the change of mass perturbation of Schwarzschild black hole produces £ < 0,
this argument implies that the Schwarzschild black string fails to be asymptotically stable.

The failure of asymptotic stability does not in itself imply that perturbations grow. However,
the results of [65] were strengthened in 2015 by Prabhu and Wald [66]. They showed, using
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some spectral theory, that if there exist admissible initial data for a perturbation h, which can be
written as h = Lph for another perturbation h, such that & < 0 for a black brane, then there
exists initially well-behaved perturbations that are not pure gauge and that grow exponentially in
time. Having established that there exist admissible initial data for a perturbation such that £ < 0
for the Schwarzschild black string in [65], existence of a linear perturbation which is not pure

gauge and has exponential growth should follow.

Remark 1.1.6. The reader should note that the Hollands and Wald paper [65] also showed that
a necessary and sufficient condition for stability, with respect to axisymmetric perturbations, is
that a ‘local Penrose inequality’ is satisfied. The idea that a local Penrose inequality gives a
stability criterion was originally discussed in the work of Figueras, Murata and Reall [61] which
gave strong evidence in favor of sufficiency of this condition for stability. Furthermore [61] showed
numerically that this local Penrose inequality was violated for the Schwarzschild black string
for a range of frequency parameters which closely match those found in the original work of

Gregory—Laflamme [49].

The present work differs from the above as it gives a direct, self-contained, elementary proof
of the Gregory—Laflamme instability following the original formulation of [49, 57, 63, 93] which is
completely explicit. In particular, it gives an exponentially growing mode solution with an explicit
growth rate, of the form defined by equations (1.1.6) and (1.1.7) in harmonic/transverse-traceless

gauge which is not pure gauge.

Remark 1.1.7. /t would also be of interest to see if Theorem 1.1.2 in the form stated could be
inferred from the canonical energy method of Hollands, Wald and Prabu [65, 66] in an explicit
way bypassing some of the functional calculus applied in the work [66]. In particular, it would be
interesting to explore the possible relation between the variational theory applied to £ and that
applied here (see section 1.4.2).

1.1.6 Outlook

This chapter brings together what is known about the Gregory—Laflamme instability as well as
providing a direct elementary mathematically rigorous proof of its existence without the use of
numerics and with an explicit bound on p and k. Note that whilst only the 5D Schwarzschild
black string was considered here, the result of instability readily extends to higher dimensions
with the replacement of kz in the exponential factor with >, k;z;.

Further directions of work could be to study the non-linear problem, the extension to Kerry x S*
or Kerry X R, the extension to charged black branes of the work [50], the extension to black rings
or ultraspinning Myers—Perry black holes.
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1.2 Linear Perturbation Theory

This section provides a derivation and review of the linearised vacuum Einstein equation (1.5) around

a general spacetime background metric (M, g) satisfying the vacuum Einstein equation (1.2).

1.2.1 Linearised Vacuum Einstein Equation

Consider a Lorentzian manifold (M, g) with metric satisfying the vacuum Einstein equation (1.2).
In this section a ‘perturbation’ of the spacetime metric will be discussed. This will be represented
by a new metric of the form g + eh with € > 0. Here h is a symmetric bilinear form on the fibres
of TM. In the following, a series of results on how various quantities change to O(e) (the linear
level) are derived. This will result in an expression for the Ricci tensor under such a perturbation

to linear order.

Remark 1.2.1. An important point to note that indices are raised and lowered here with respect

to g.

Proposition 1.2.2 (Change to the Levi-Civita Connection). Consider a Lorentzian manifold (M, g).
Suppose the metric gop = gap + €hap is @ Lorentzian metric. Then the Levi-Civita connection, TZ/B,
of gap to O(e) is

_ (1)
Top =Tl5+ el (1.2.1)
with
(1)a 1 ad
Fbc = §g (Vbhcd + Vhpg — vdhbc)‘ (1.2.2)

Proof. Proof of this proposition follows from a direct computation of the Christoffel symbols
of g + eh in normal coordinates at some p € M. O

Proposition 1.2.3. Consider a Lorentzian manifold (M, g). Suppose the metric Gap = gap + €hap

is a Lorentzian metric. Then the Riemann tensor, R%q, of Gap to O(e) is

€Y

R%eq = R%eq + €R%cq (1.2.3)
where

w W W

R%cq = Vlpg — Val'y,. (1.2.4)

Proof. Proof of this proposition follows from a direct computation in normal coordinates at some
p € M and proposition 1.2.2. ]
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Proposition 1.2.4 (Change in the Ricci Tensor). Consider a Lorentzian manifold (M, g). Suppose

the metric Gup = gap + €hap is a Lorentzian metric. Then the Ricci tensor, (Ric(g))ap, Of Gab
to O(e) is

(1)
Ric(g) = Ric(g) + €Ric, (1.2.5)

with

(1) 1
Ricab = _EALhab (1.2.6)

where Ay, denotes the Lichnerowicz operator given by

Aphgy = QCdvcvdhab + 2Racbdhcd - 2(Ric(g))c(ahb)c - QV(QVChb)C + vavle"gh. (1.2.7)

1)
Proof. This proposition follows from a contraction on (a, c) of R%,q in proposition 1.2.3 and an
application of the Ricci identity. O

If one assumes ¢ satisfies the vacuum Einstein equation (1.2) and g + ¢h satisfies the vacuum
Einstein equation (I.2) to O(e) then it follows from proposition 1.2.4 that h must satisfy the
equation (I.5) to O(e). This motivates the terminology of ‘linearised vacuum Einstein equation’
for equation (1.5). This will be the main equation of interest, with g the Schwarzschild black

string metric

1
D(r)

g = —~D(r)dt @ dt + ——dr @ dr +r(df @ df + sin® 0dp @ dp) + dz @ dz,  (1.2.8)

with D(r) defined in equation (1.1.3).

1.2.2 Pure Gauge Solutions in Linearised Theory

The vacuum Einstein equation (I1.2) is a system of second order quasilinear partial differential
equations of the pair (M, g) which are invariant under the diffeomorphisms of M. This means that
for given initial data, the vacuum Einstein equation (I1.2) only determines a spacetime uniquely up
to diffeomorphism, i.e., if there exists a diffeomorphism ® : M — M then (M, g) and (M, ®,(g))
are equivalent solutions of the vacuum Einstein equation (I.2). For constructing spacetimes, one
often imposes conditions on local coordinates called a gauge choice. Upon linearisation of the
theory, this freedom to impose conditions on local coordinates manifests itself as the freedom to
impose a form or a condition for linearised metric. A familiar example would be implementing the

well known harmonic gauge condition

1

Vdet(g)

O, (a®) = O (\/det(9)g" 0,2%) = 0 4 T, 6" = 0. (1.2.9)
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Now to linearise this condition, consider two Lorentzian metr|cs g and g + eh on a manifold M.

Denote the difference of their Levi-Civita connections to O(e) as F‘g as in proposition 1.2.2. Note
that this object is a tensor. Taking some arbitrary point p in (M, g) and using normal coordinates

there gives that I'(p) = 0. Hence, linearising the condition (1.2.9) gives

O
L

—0. (1.2.10)
p

This is a basis independent result since this is a tensorial expression and the p € M was arbitrary,
so one can promote this condition to

(1)
I'¢g% =0 (1.2.11)

(1)
everywhere. From proposition 1.2.2, I'C; can be written in terms of a metric perturbation h as

(1) 1
e = (v hia + Vohad = Vahas)- (1.2.12)

Hence,
(1)0 ab : 1
0= Fabg - (leh)a — §vaTI'gh = 0. (1213)
More generally, for linearised theory, gauge choice can be formulated as follows.

Consider a Lorentzian manifold (M,g = g + €h) with € > 0. Let {®,} be a 1-parameter
family of diffeomorphisms generated by a vector field X and define { = 7X € X(M). Then from

the definition of the Lie derivative one has
(P-)+(9) = 5+ Leg + O(?) (1.2.14)

if one treats 7 = O(¢). So in the context of linearised theory, one considers two solutions to the

linearised vacuum Einstein equation (1.5), h; and hg, as equivalent if
ho = hy + ﬁgg <~ (hz)ab = (hl)ab + 2v(a§b) (1.2.15)

for some vector field £ € X(M).

Definition 1.2.1 (Pure Gauge Solution). Let (M, g) be a vacuum spacetime. A solution h to
the linearised vacuum Einstein equation (1.5) will be called pure gauge if there exists a vector
field £ € X(M) such that

hab = 2V (). (1.2.16)
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The notation hye will be used to denote a pure gauge solution to the linearised vacuum Einstein
equation (1.5).

Remark 1.2.5. One can show by a direct computation that any 2-tensor of the form 2V &)
automatically verifies the linearised vacuum Einstein equation (1.5).

Showing that a solution A to the linearised vacuum Einstein equation (1.5) is not pure gauge
is tantamount to showing that h is not equivalent to the trivial solution. It is thus essential that
the solution constructed in this chapter not be pure gauge. The following propositions establish
that the tztz-component of linearised Weyl tensor ﬁ} is invariant under gauge transformation.
This means that if I(/II} is non-zero for a solution h to the linearised vacuum Einstein equation (1.5)

then h cannot be pure gauge.

Proposition 1.2.6 (Change to the Weyl Tensor). Let (M, g) be a vacuum spacetime. Suppose
the metric gop = gap + €hap is @ Lorentzian metric such that h satisfies the linearised vacuum
Einstein equation (1.5). Then the Weyl tensor, Wapeq, of Gap to O(€) is

_ (1)
Wabcd = Wabcd + 6‘/Vabcd (1217)

where

(1) 1
Wabcd - vcv[bha]d + vdv[ahb}c + 5 (Rebcdhae - Reacdheb)- (1218)

(1)
Henceforth, W will be referred to as the linearised Weyl tensor.

Proof. This follows from a direct computation of the linearisation of
Wabed = gaeRebcd, (1219)

using proposition 1.2.3. 0

(1)
Proposition 1.2.7. For the 5D Schwarszchild black string, Wy,:, evaluated on a pure gauge
solution vanishes.

(1)
Proof. Let W, denote the linearised Weyl tensor evaluated on a pure gauge solution hp,. Recall

that a pure gauge solution Ay, can always be written as hp,, = L¢g for some vector field § € X(M).

Using proposition 1.2.6 one has and that

1) 1
(ng)abcd :ch[bva]gd + Vdv[avb]‘gc + 5 (Rebcdvafe - Reacdvefb) (1220)

1
+ v[cv|b\vd}§a + v[dv\a|vc]€b + 5 (Rebcdvega - Reacdvbge) .
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By repeated use of the Ricci identity with the first and second Bianchi identities one can compute
that

(1)
(Wpg)abed = 2V (o Rpjedcl® + Rade Ve + RbedVae + R4apVebe + R paVabe.  (1.2.21)

From appendix A.1 one has R¥,3, =0, R¥.3 =0, R*,,3 =0 and Fgﬁ = 0. Further, the black
string metric (1.1.3) is independent of ¢ and z. Hence,

(1)
(Wpg )tz = 0. (1.2.22)

O
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1.3 Analysis in Spherical Gauge

In this section a mode solution, h, of the linearised vacuum Einstein equation (I.5) on the
exterior £4 of the Schwarzschild black string spacetime Schw4 x R or Schwy x S}% is considered.
One makes the additional assumption that this mode solution preserves the spherical symmetry
of Schwy. So in particular the solution can be expressed in (t,7,0, ¢, z) coordinates as

Hy(r) Hy(r) 0 0 Hy.(r)
Hy (r) Hpp(r) 0 0 H,.(r)
hag = T8 [ 0 Hpp(r) 0 0 (1.3.1)
0 0 0  Hpp(r)sin20 0
Hy(r) Hy.(r) 0 0 H,.(r)

where o, 8 € {t, 7,0, ¢, z}. Moreover, in search of instability, the most interesting case for the
present work is p > 0.

This section contains the analysis of the ODEs resulting from the linearised Einstein vacuum
equation (I.5) for a mode solution of the form (1.3.1) when it is expressed in spherical gauge.

Definition 1.3.1 (Spherical Gauge). A mode solution h of the linearised vacuum Einstein
equation (1.5) on the exterior £4 of the Schwarzschild black string spacetime Schwy x R is said
to be in spherical gauge if it is of the form

Hy(r) pHy(r) 0 0 0
MHU(T‘) Hr(r) 00 _ikHv(T)
hy = etttikz 0 0 0 0 0 : (1.3.2)
0 0 0 0 0
0 —ikHy(r) 0 0  H,(r)

For the Schwarzschild black string spacetime Schwy x Sk one makes the same definition with the
additional assumption that kR € 7.

Remark 1.3.1. The terminology ‘spherical gauge' is motivated by the fact that a mode solution

of this form preserves the area of the spheres of the original spacetime.

First, it is shown in section 1.3.1 that one can impose the gauge consistently at the level

of modes, i.e., if there is a mode solution of the form (1.3.1), with x # 0 and either & # 0

or dgfz — H,, =0, then there is a mode solution of the form (1.3.2) differing from the original

one by a pure gauge solution. In the case where H;, =0, H,, =0 and H,, = 0 this consistency
condition is already implicit in [95, 57]. In section 1.3.2, the original decoupling of the ODEs
resulting from the linearised vacuum Einstein equation (I1.5) and the spherical gauge ansatz (1.3.2)
is reproduced from [57]. This decoupling results in a single ODE for the component H,(r) in
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equation (1.3.2). It is then shown, in section 1.3.3, that if £ # 0 and p # 0, then mode solutions
in spherical gauge (1.3.2) are not pure gauge. This is proved by examining the tztz-component
of the linearised Weyl tensor I(/II} associated to a mode solution in spherical gauge, which is gauge
invariant by proposition 1.2.7. In this section it is also proved that if a non-trivial mode solution
in spherical gauge has > 0 (i.e. it grows exponentially in ¢) and k # 0 then I(/IV)}Z,:Z is non-zero
and also grows exponentially. By the gauge invariance of I%mz this behaviour will persist in
all gauges. Next, in section 1.3.4, the admissible boundary conditions for the solution at the
future event horizon H{ and finiteness conditions at spacelike infinity i, are identified. Note this
issue is subtle since, in general, both ‘basis’ elements for a mode solution % of the form (1.3.2)
are, in fact, singular at the future event horizon ng in this gauge. By adding a pure gauge
perturbation, the admissible boundary conditions for the solution % in the form (1.3.2) can be
identified. Moreover, this pure gauge solution can be chosen such that, after adding it, the
harmonic/transverse-traceless gauge (1.1.8) conditions are satisfied. Finally, in section 1.3.5,
the problem of constructing a linear mode instability of the form (1.3.1) is reduced to showing
there exists a solution to the decoupled ODE for H,(r), with > 0 and k # 0, that satisfies
the admissible boundary conditions at the future event horizon HX and spacelike infinity % (see

proposition 1.3.15).

1.3.1 Consistency

In the paper [57], it is stated that any mode solution of the form in equation (1.3.1) with Hy, =
0, H., =0 and H., = 0 can be brought to the spherical gauge form (1.3.2) by the addition of a
pure gauge solution. Slightly more generally, one, in fact, has the following:

Proposition 1.3.2 (Consistency of the Spherical Gauge). Consider a mode solution h to the
linearised Einstein vacuum equation (1.5) on the exterior £4 of the Schwarzschild black string
spacetime Schw4 x R or Schwy X S}% of the form (1.3.1) with u # 0. Further suppose that
either k # 0 or %th — puH,, = 0. Then there exists a pure gauge solution hy,s such that h+ hpg
is of the form (1.3.2). It is in this sense that the spherical gauge (1.3.2) can be consistently
imposed on the exterior £, of the Schwarzschild black string Schw4 x R or Schwy X S}%.

Proof. From section 1.2.2, a pure gauge solution is given by hys = 2V (&) for a vector field &.
S0, hap = hap + 2V (4&p) is the new mode solution. Consider a diffeomorphism generating vector
field of the form & = e +#2(¢y(r), ¢, (), 0,0, (. (1)).

If £ £ 0, one can take

Cz(r) _ (th(r) + ZkCt(T’))

- 2(r —2M)’ 7 ’ (1:33)
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with

tr) = D (0, ) — () + T2

Hyr(r) = 53=Hoo(r)  (13.4)

and immediately verify that & is of the form (1.3.2).

If d%HtZ — uH,, = 0, then one can take

N HQQ(’I“) . (th(r) + zk(t(r))
Gr(r) = _ma C(r)=— 1 ’ (1.3.5)
with
G(r) = wHtr(T) - %Hee(r) (1.3.6)
and immediately verify that & is of the form (1.3.2). O

1.3.2 Reduction to ODE

Under a spherical gauge ansatz (1.3.2) with x # 0 and k # 0, the linearised vacuum Einstein
equation (I.5) reduces to a system of coupled ODEs for the components H;, H,, H, and H,.
This system of ODEs can be decoupled to the single ODE for $ = H,

d? d 2,2
dT?(T) + Pk(r)d;?(r) + (Qk(T’) — (wa)ﬁ(r) =0, (1.3.7)
with
. 12M 5 1
B = e~y T (138)
Qr(r) = - ke 1207 (1.3.9)

r2(r—2M) r—2M  72(r — 2M)(k2r3 + 2M)’

The following proposition establishes this decoupling of the linearised vacuum Einstein equa-
tion (I.5) to the ODE (1.3.7) and the construction of a mode solution & in spherical gauge (1.3.2)
from a solution $) to the ODE (1.3.7).

Proposition 1.3.3. Given a mode solution h in spherical gauge (1.3.2) with u # 0 and k # 0 on
the exterior €4 of the Schwarzschild black string Schwy x R or Schwy x Sk, the ODE (1.3.7) is
satisfied by h... Conversely, given a C%((2M,o0)) solution $(r) to the ODE (1.3.7) with k # 0
and pu # 0, one can construct a mode solution h in spherical gauge (1.3.2) to the linearised
vacuuum Einstein equation (1.5) on the exterior £4 of the Schwarzschild black string Schwy x R.
If kR € Z then h induces a mode solution on Schwy x S}%.



1.3 Analysis in Spherical Gauge 29

Remark 1.3.4. Since Py(r) and Q(r) are real analytic any C*((2M, cc)) solution $(r) to the
ODE (1.3.7) is, in fact, real analytic (see theorem 3.1 in chapter 5 of Olver [97] for more details).

Proof. Let h be a mode solution in spherical gauge (1.3.2) with x € R and k € R satisfying
the linearised vacuum Einstein equation (I.5) on the exterior £4 of the Schwarzschild black
string Schwy4 x R or Schwy x S}%. Equivalently, the following system of ODE has to be satisfied:

2M pk

kH, = ——H,, 1.3.10
H r(r—2M) ( )
dH, u(r—2M)H, uMH,
e, = Pl _ 7 13.11
H 2 dr 72 2r(r — 2M) ( )
dH,  kMH,  k(r—2M)©2r—3M)H, _
& _ 22k H,, 1.3.12
dr  r(r—2M) 73 +em ( )
(r —2M)(r(k? — p?) — 2MK?) (r —2M)%(r + M)
H; = H, H, 1.3.1
' M + M2 (1.3.13)
(r—2M)3 dH, _(r—= 2M)? dH, n r(r—2M) dH,
2Mr  dr 2M dr 2M dr’
d>H r?(u?H, — k*Hy)  2(r — M) dH dH,
= k°H, - 2k*H, — ——= ) + 2k*—" 1.3.14
dr? + (r —2M)2 r(r72M)< dr)+ dr’ (1.3.14)
d?H, 2M(2r —3M) (6M?2 — (u? + k?)r* 4+ 2Mr(k*r? — 2))
Z = L H, — . H, (1.3.15)
dr r(r—2M) r3(r —2M)
| 2MQME +r(p* = k) 0o 2u%r + AMk? — 2k?r dH,
r(r—2M)? Y r—2M dr
N 2r —3M dH, M  dH, M  dH; LT d*H,
r2 dr r(r—2M) dr  (r—2M)% dr  r—2M dr?’
d’Hy  k*r* — 2ME?*r3 — 2M? 5  2M? ru?
_ o, — T g, 1.3.1
dr? r2(r — 2M)? ! (M + r4 ) r—2M (1.3.16)
N 41272 + AM>K? — 2Mr(3u> + k?) 0o M(r —2M) dH,
r2(r —2M) ! 73 dr

2r —bM dHt+2 Qde_‘_%de
r(r—2M) dr Foar T ar

Now, if i # 0 and k # 0, then from equations (1.3.10) and (1.3.11) one can find H,, in terms

of H, and ¥ This can then be used in equation (1.3.12) to give and equation for % in terms

dr -
of Hy, H, and dgz. All of these expressions can be used to express H; in terms of H,, dgz
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and d;gz via equation (1.3.13). The resulting equations are

Ho(r) = — M?r Ho(r) + Mr? dH, (1.3.17)

S T a2k + 20y Y T (= 2 M) (k22 + 2M) dr a
Mr? r3 dH,

H,(r)=— H, ) 131

") = ~Gr = o0 ="t s o) ar (1.3.18)
2M?(r — 3M) + ME*r3(2r — 5M) — k*5(r — 2M
Hy(r) = 2M(r = 3M) + Mk (2r = 5M) = k7ri(r ) m, (1.3.19)

r(k?r3 4+ 2M)?
2(r —2M)(M(r — 4M) + (2r — 5M)k*r3) dH, n r(r —2M)? d*H,
(k2r3 + 2M)? dr k*r3+2M dr?

Finally, one can use the above expressions to obtain a decoupled ODE for ) = H,, namely

d? d 2,2
dT,?(T) + Pk(r)??(r) + (Qu(r) - W)ﬁ(m =0, (1.3.20)
with
) 12M ) 1
Py(r) = m—;—i-m, (1.3.21)
2 2
Qu(r) = 6M rk 12M (1322)

r2(r—2M) 1 —2M  r2(r —2M)(k2r3 + 2M)’

Conversely, given any C?((2M, o)) solution $(r) to the ODE (1.3.7) with k # 0 and 1 # 0
one can define H,(r) = $(r). As noted in remark 1.3.4, Py(r) and Q(r) are real analytic,
so any C?((2M, o)) solution $(r) to the ODE (1.3.7) is, in fact, real analytic. Therefore,
since k # 0, one can use equations (1.3.17)—(1.3.19) to construct H(r), H,(r) and H,(r).
These then define the components of a mode solution h in spherical gauge (1.3.2). Explicitly

Hy(r)  pHy(r) 0 0 0
:qu(T) Hr(r) 00 _ikHv(r)
h = etttikz 0 0 00 0 . (1.3.23)
0 0 0 0 0
0 —ikHy(r) 0 0  H,(r)

If the ODE (1.3.7) is satisfied and (1.3.17)—(1.3.19) define H,., H, and H,, then equations (1.3.10)-
(1.3.16) are also satisfied. Therefore, a mode solution h constructed in this manner solves
the linearised vacuum Einstein equation (I.5) on the exterior £4 of the Schwarzschild black
string Schwy x R. If kR € Z then this construction also gives a mode solution h which solves
the linearised vacuuum Einstein equation (I.5) on the exterior £4 of the Schwarzschild black

string Schwy x S}%. O
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Remark 1.3.5. Ifk =0 and pu # 0, then one can add an additional pure gauge solution hye to a
mode solution h in spherical gauge (1.3.2) such that h + hy,g is also in spherical gauge (1.3.2)
with Hy(r) = 0. The relevant choice of pure gauge solution is given by (hpg)ay = 2V (&) with

Hy(r)
2u

¢ = e“t( - 0,0,0,0). (1.3.24)

A mode solution h in spherical gauge with H;(r) = 0 satisfying the linearised vacuum Einstein
equation (1.5) on the exterior €4 of the Schwarzschild black string is then again equivalent to the
system of ODE (1.3.10)-(1.3.16) (with k = 0 and H; = 0) being satisfied. Equations (1.3.10)
and (1.3.12) are automatically satisfied by k = 0. The equation (1.3.14) automatically gives
the decoupled equation (1.3.7) for H,. Then, equation (1.3.11) can be solved for H, in terms
of H, and YL This gives the relation in equation (1.3.17) for H, with k = 0. Equation (1.3.13)

dr

can be used to solve for H, in terms of H, and ddHrz. At this point, the equations (1.3.15)

and (1.3.16) are automatically satisfied. Therefore, again a solution to the ODE (1.3.7) induces a

mode solution in spherical gauge with H; = 0.

1.3.3 Excluding Pure Gauge Perturbations

This section contains two proofs that if k£ # 0 and i # 0 then a non-trivial mode solution h of
the form (1.3.2) cannot be a pure gauge solution. One can prove this directly via the following

proposition:

Proposition 1.3.6. Suppose k # 0 and u # 0. A non-trivial mode solution h in spheri-
cal gauge (1.3.2) of the linearised vacuum Einstein equation (1.5) on the exterior £4 of the
Schwarzschild black string Schwy x R or Schwy x S}% cannot be pure gauge.

Proof. If h is pure gauge, it must be possible to write hq, = 2V (&) for some vector field &.

Therefore one finds

h,, = H.(r)et* — 28Z§Z:Hz(r)e“t+ikz, (1.3.25)
h,g = 0 = 0p&, +0.& = 0. (1.3.26)

Applying 0, to the equation (1.3.26), using that partial derivatives commute and that, from
equation (1.3.25), 0., clearly does not depend on 6 gives

02¢9 = 0. (1.3.27)
Next, hgg = 0 implies

0p&p — T'ppé&r = 0. (1.3.28)
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From appendix A.1, Ty, = (r — 2M). Hence, taking two derivatives of (1.3.28) in the z direction
and using 92y = 0 gives

ne02&, = (r — 2M)O%¢, = 0. (1.3.29)

Therefore, 92¢, = 0 on &4.

From the h,, component one has,

2M ;
28r€r - 2F:r€r = 28r§r + mfr = HreﬂtJerZ (1.3.30)
where one uses I',. = _7“(7“—7]\42]\/[) from appendix A.1. Taking the second z derivative of equa-

tion (1.3.30) and using §2¢, = 0 on €4 gives k>H,. = 0 on 4. Since k # 0, this implies H, = 0
on the exterior £4. Since k # 0 and p # 0, equation (1.3.10) implies that if H, = 0 on &4,
then H, =0 on £4. Using the h,, component, one finds

dH,
dr

0.6, + 0,6, = —ikH, et = 0 = 9,(0,£,) =0 = =0 on &4, (1.3.31)

where one uses the identity 92, = 0 on £4 in the first implication and that 0.&, = H.(r)ett+ik?
in the second implication. The linearised vacuum Einstein equation (I.5) under this ansatz

(equation (1.3.11)) then implies H, = 0 on £4 and therefore, from equations (1.3.12) and (1.3.13),
H; =0o0n &E4. Hence, h =0 on &4. L]

Perhaps more satisfactorily one can establish that, if & is a non-trival mode solution in spherical
(1)
gauge (1.3.2) with k£ # 0 and p # 0, then the tztz-component of the linearised Weyl tensor W is
(1) (1)
non-vanishing. Moreover, if h has p > 0 then W;,;, grows exponentially. Since W, is gauge

invariant this behaviour persists in all gauges. More precisely, one has the following proposition:

Proposition 1.3.7. Suppose k # 0, u # 0 and h is a non-trivial mode solution in spheri-

cal gauge (1.3.2) of the linearised vacuum Einstein equation (1.5) on the exterior £4 of the
(1)
Schwarzschild black string Schw4 x R or Schwy x S}%. Then Wy, is non-vanishing and h is not
(1)
pure gauge. Moreover, if ;1 > 0 then Wy, also grows exponentially.

(1) (1)
Proof. By proposition 1.2.7, Wy, is gauge invariant. Hence, if W}, is non-zero when evaluated
on a non-trivial mode solution h in spherical gauge (1.3.2), h cannot be pure gauge. Using

(1)
proposition 1.2.6 gives the following expression for Wi, :

() eht-+ikz 2ME2(r — 2M)

r3

M(r — 2M) dH,
r3 dr

(K Hu(r) — Hy(r) + ~ p2H(r)). (1332)

tztz —
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If k£ # 0 and u # 0, one can use the equations (1.3.17)-(1.3.19) and the ODE (1.3.7) to simplify
this to

(1) 4 M(r—2M)(K2r3(3r — TM) — 2M?) dH
— _ httikz z 1
Wit = — ¢ ( 505 1 28] p () (1.3.33)
M(k*r3(r — 2M) + k*(u?r* — Mr + 2M?) + 2M p?
4 ME(r ) + B (ptr r+2M7) + MT)HZ(T)).
r(k2r3 + 2M)?
(1)
Suppose Wi, = 0 identically, then
dH, 2(Mr(2K* 2 4 k2 — 2u2) — k2(u? + E2)r* — 2M2K2
(r) = M+ )~ kG R Vi (). (1.3.34)
dr (r — 2M)(3k?r* — TMk2r3 — 2M?)
Substituting this into the ODE (1.3.7) gives that either
k43 (r — 2M)? 4+ Mr(4r — OM)p® + 75t (1.3.35)

+ k2 (r — 2M) (2r*p® — 2Mr + 5M?) = 0

for all » € (2M,00) or H,(r) = 0. If 4 # 0 and k # 0 then the polynomial in equation (1.3.35)

(1)
has at most 5 roots in r € (2M,00). Therefore, if Wiy, = 0 then H,(r) = 0 which is a
(1)
contradiction. Moreover, since Wy, # 0, it is clear from equation (1.3.33) that if 1 > 0 then
(1)
Wiz, grows exponentially. ]

1.3.4 Admissible Boundary Conditions

One can construct two sets of distinguished solutions to the ODE (1.3.7) associated to the “end
points" of the interval (2M, 00). Note that, by definition A.2.1 from appendix A.2, r = 2M is a
regular singularity, as 2M is not an ordinary point and

2 per?

(r—2M)Py(r) and (r —2M)*(Qx(r) - m) (1.3.36)
are analytic near r = 2M. By definition A.2.3, the ODE (1.3.7) has an irregular singularity at
infinity, since there exist convergent series expansions

B oo Pn 2.2

QT = dn
Pk(?”) = and Qk(T) —_— 5 = "y
= (r—2M)? r

n
r n=0

(1.3.37)

in a neighbourhood of infinity with pg = 0, p1 = —4, g0 = — (k% + p?) and q1 = —2M (k% + 22).
The asymptotic analysis of the ODEs around these points is examined in the following two
subsections. This analysis of the ODE (1.3.7) near » = 2M and r = oo will lead to the
identification of the admissible boundary conditions for a mode solution A in spherical gauge (1.3.2)

of the linearised Einstein vacuum equation (I.5).
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The Future Event Horizon H

The goal of this section is to identify the admissible boundary conditions for a solution §) to the
ODE (1.3.7) near r = 2M. This requires one to understand the behaviour near r = 20 of the
mode solution h in spherical gauge (1.3.2) of the linearised vacuum Einstein equation (I.5) which

results (through the construction in proposition 1.3.3) from ).

Associated with the future event horizon HJAF, there exists a basis $2M-* for solutions to
the ODE (1.3.7). From $?™:% one can examine the behaviour near r = 2M of any mode
solution h in spherical gauge (1.3.2) with  # 0 and k # 0 through proposition 1.3.3. A mode
solution h in spherical gauge (1.3.2) with x > 0 and k # 0 constructed from $2M:~ never
smoothly extends to the future event horizon. A mode solution A in spherical gauge (1.3.2)
with 2 > 0 and k # 0 constructed from $?:% also does not smoothly extend to the future event
horizon unless p satisfies particular conditions. However, if i is a mode solution in spherical
gauge (1.3.2) with x> 0 and k # 0 constructed from $2M:+ then, after the addition of a pure
gauge solution hp,, it turns out one can smoothly extend h 4 hp, to the future event horizon.
Moreover, it will be shown that i + hy, satisfies the harmonic/transverse-traceless gauge (1.1.8)

conditions. This will be the content of proposition 1.3.9.

Remark 1.3.8. Suppose h is a mode solution in spherical gauge (1.3.2) with ;x> 0 and k # 0
constructed from $*M:=. This work does not claim that there does not exist a pure gauge
solution hpg such that h+ hye extends smoothly to the future event horizon Hj. It is simply that,
after adding the particular pure gauge solution hy, generated by £ € X(M) in equation (1.3.65)
below, h + hye does not extend smoothly to the future event horizon if h arises from §H2M,—
(see equations (1.3.78)-(1.3.81)). It could be the case that there does not exist a pure gauge
solution hpg such that h + hyg extends smoothly to the future event horizon H;. However, it is
unnecessary to establish such a statement since, for the purposes of establishing an instability,
only needs to exhibit a mode which extends smoothly to the future event horizon. This is precisely

what proposition 1.3.9 guarantees if the mode solution is associated to $*M.

First, some preliminaries. The coefficients of the ODE (1.3.7) extend meromorphically
to r = 2M and behave asymptotically as
1 M2r2 4M2,u2

Pk(r):r—2M+O(1) Qk(r)i(r_QMP:7(r—2M)2+O(

So one may write the ODE (1.3.7) as

i?+(r_12M+O(1>>?f‘(%w( ~_ N9 = 0. (1339)



1.3 Analysis in Spherical Gauge 35

From appendix A.2, the indicial equation associated to the ODE (1.3.39) is
I(a) = o — 4M?12, (1.3.40)
which has roots
ay = £2Mp. (1.3.41)

If o —a_ = 4Mu & Z, then one can deduce from theorem A.2.3 the asymptotic basis for
solutions near r = 2M. If ay —a— = 4Mpu € Z then the relevant result for the asymptotic basis
of solutions is theorem A.2.5. Combining the results of theorems A.2.3 and A.2.5 one has the

following basis for solutions for > 0

(o)
HMF(r) = (r—2M)*M S " af (r — 2M)", (1.3.42)
n=0
0o an(r—2M)" 2M, _ ; _
§2M () = { =0 (r2M)P + COnH*MH In(r —2M) if 4Mp= N € Zxg (1.3.43)
(r—2M)~2Mr g (r — 2M)" otherwise,

where the coefficents a;', a,, and the anomalous term Cx can be calculated recursively (see

theorems A.2.3 and A.2.5). A general solution to the ODE (1.3.7) will be of the form
H(r) = kM F(r) + ko907 (r) (1.3.44)

with k1, ke € R.

If 4M i is not an integer or 4 My is an integer and C'y = 0, then the asymptotic basis for

solutions for ;1 > 0 reduces to

GMA) = (r— oMM i ot (r — 20", (1.3.45)
n=0
() = (e M) Y a2 (1.3.46)
n=0

In equations (1.3.45) and (1.3.46), the first order coefficients of the basis can be calculated to be

S +u(20M2k? — 1) +4M (u? — k2 4+ 4M? 1% k? + 2M%k4)
L (1+4Mp)(4M2k2 4 1) ‘

(1.3.47)

The main result of this section is the following:

Proposition 1.3.9. Suppose 11 > 0, k # 0 and let $) be a solution to the ODE (1.3.7). Let h be

the mode solution on the exterior £ of the Schwarzschild black string Schwy4 x R constructed



36 The Gregory—Laflamme Instability of the Schwarzschild Black String Exterior

from H, = § in proposition 1.3.3. Then there exists a pure gauge solution hps such that h+ hpg
extends to a smooth solution of the linearised vacuum Einstein equation (1.5) at the future event
horizon H if ko = 0, where ks is defined in equation (1.3.44). Moreover, h+ hyg can be chosen

to satisfy the harmonic/transverse-traceless gauge (1.1.8) conditions.

Remark 1.3.10. To determine admissible boundary conditions of §) at r = 2M it is essential
that one works in coordinates that extend regularly across this hypersurface. A good choice is

ingoing Eddington—Finkelstein coordinates (v,r,0, ¢, z) defined by
v =14 r(r), r«(r) =7+ 2M log |r — 2M|. (1.3.48)

Also note that for the boundary conditions to be admissible, one needs to consider all components of
the mode solution h constructed from $) via proposition 1.3.3. These remarks will be implemented
in the proof of proposition 1.3.9.

Before proving the statement of proposition 1.3.9 it is useful to prove the following lemma:

Lemma 1.3.11. Let h be a mode solution of the linearised vacuum Einstein equation (1.5) of

the form
Hy(r) H(r) 0 0 0
Htr(r) Hrr(r> 0 0 0
hop = etttk 0 0 Hge(r) 0 0 (1.3.49)
0 0 0 Hagy(r)sin%60 0
0 0 0 0 0
Then h satisfies the harmonic/transverse-traceless gauge conditions:
Ve =0
’ (1.3.50)
gabhab =0

ifk #0.
Proof. First, it is instructive to write out explicit expressions for V .y, and V.V shgp in coordinates.
These are the following:
Vohap =0yhag — Tiahas — Tshan (1.3.51)
Vo Vshag =0y(0shap — T3ahag — Taghar) — 45 (Ouhap — Thohrg —Thghay)  (1.3.52)
- Fga(aéhuﬁ - Pg\uhkﬁ - Fg\ﬁh#k) - F%(&shw - Fé)\ahw - PguhaA)-
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If one takes the ansatz (1.3.49) and o = z in equation (1.3.52), then, since h,3 = 0 for all
g € {t,r,0,p,z} and, from appendix A.1, I‘QB =0 for all B, € {t,r, 0,0, 2},

V,Vshag =0 (= 2). (1.3.53)
Hence,

9V Vshas =0 (= 2) (1.3.54)

9’V Vshag =0  (a=2). (1.3.55)

Consider the linearised vacuum Einstein equation (1.5) in coordinates
97V Vshas + VaVaTrgh — VoV hgy — VgV s + 2R 5 hoys = 0. (1.3.56)

Since, from equations (1.3.54)—(1.3.55) and, from appendix A.1, R.3,s = 0, it follows that
the linearised vacuum Einstein equation (1.5) in local coordinates with & = z and under the
ansatz (1.3.49) reduces to

V.(VgTrgh — Vhs,) = 0. (1.3.57)

Further, V, = 0., so using the explicit z-dependence of the ansatz (1.3.49), the equation (1.3.57)
reduces to

k(VTrgh — Vhg,) = 0. (1.3.58)
Since k # 0, the harmonic gauge condition
VsTr,h — Vhgy =0 (1.3.59)
is satisfied. If 5 = z then, using equation (1.3.51) and V, = 0., equation (1.3.59) reduces to
9, Trgh = kTr,h =0 = Tr,h =0 (1.3.60)
since k # 0. Substituting (1.3.60) into equation (1.3.59) gives the transverse condition
Vhgy =0. (1.3.61)

O]

H2M,:|: - 57)2M,:l: ﬁQM,:t
z

Proof of Proposition 1.3.9. Consider where are given by equations (1.3.45)
and (1.3.46) with first order coefficients (1.3.47). Taking k2 = 0 is equivalent to examining the

basis element H2M+ . Since > 0 and k # 0, one can use proposition 1.3.3 to construct the
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components Hy, H, and H, associated to H2M-*_ Substituting the basis into equations (1.3.17)-
(1.3.19), one finds

M (r — 2M)*2Mp (MQ(j:ZLMM —1) N M(AM?(2u% + k?) £ 6Mp — 1)

r (r —2M)2 1+ 4M2K2 2(1 + 4M2k2)

+O((r - 2M)), (1.3.62)
(I+4Mp)(4AMp—1)
4(1 + 4M2K2)
N 34 4M?(8p® — k) £ 2M pu(8M? (22 + k?) — 11)
8M (1 + 4M?k?)

M2?(£4Mp—1)  M(2M?*(2u® + k?) — 1+ 5Mp)

[EWSTE R 1+ 4M2k2
+O((r— 2M)2)). (1.3.64)

(r—2M)

(1.3.63)

thM,i = (r— QM):I:ZM,LL(

(r = 2M) + O((r — 2M)?)),

HIME = (r — 20) =200 (r—2M)

Consider a pure gauge solution h,g = 2V (&) generated by the following vector field

 pHL(r) 2K2H,(r) - H: () iHZ(r))

_ pttikz
£=¢ ( W2 22 0,0, =50

(1.3.65)

where H, is defined via equation (1.3.18). This gives a new solution to the linearised vacuum

Einstein equation (1.5)

ﬁtt(T) (1) 0 0 0
f{tr(r) f{rr(r) 0 0 0
huw = by + 2V, &) = e TR 1 0 Hp(r) 0 0|, (1.3.66)
0 0 0 E[g@(’l‘) sin?6 0
0 0 0 0 0
with the following expressions for the matrix components
- dH,
Hu(r) = ei(r)Ha(r) + ca(r) = =(r), (1.3.67)
- dH,
Hoo(r) = c3(r)Hx(r) + ea(r)—=(r), (1.3.68)
F(r) = () — e Hg(r) (1.3.69)
i (r— 22 M T e —aan) o
~ 2Mpu dH, M
Hr = - - ———F—H.(r)), 1.3.
tr(r) k2(2M + r3k2) ( dr (r) r(r—2M) ('r)) (1.3.70)
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where
(r) = 6M?2(r —2M)  2M(r —2M) u2rs 2
ci(r) = - - =
! r(k2r3 +2M)2  r(kZr3 +2M) k23 4+2M k%’
_ _ 2 _ 2
o) = MO =2M)  M(r—2M) MM —4Mr +1?) (1.3.71)
k2r3 k213 +2M (k2r3 +2M)?
. Mr? . TS(T—QM) r—2M
)=~y AT e T e o

Note that equations (1.3.7) and (1.3.17)—(1.3.19) have been used to derive equations (1.3.67)-
(1.3.70). By lemma 1.3.11, this new mode solution (1.3.66) satisfies the harmonic/transverse-

traceless gauge:

By = 0
ik (1.3.72)
YV, = 0.

As remarked above (see remark 1.3.10), to determine admissible boundary conditions of £
at » = 2M it is essential that one works in coordinates that extend regularly across this
hypersurface. Moreover, to identify the boundary conditions to be admissible, one needs to
consider all components of the mode solution h constructed from $) via proposition 1.3.3. The
following formulas give the transformation to ingoing Eddington—Finkelstein coordinates for the
components of the mode solution h defined in equation (1.3.66):

w =5
= () )+ ()

= Hyp = 3 Hus (1.3.73)
= (20 s (20) (G (20

G —T22M)2 Hi = —ag e+

where one uses t = v — (1) with r,(r) = r+2M log |r — 2M|. Explicitly, the equations (1.3.73)
can be computed to be
. 2M (2M p2r + k2 (p2r* — Mr +2M?) + k*r3(r — 2M))
H = H, 1.3.74
o r(k313 + 2MF)? (r) (1.3.74)
_2M(r = 2M)(K*r3(3r — TM) — 2M?) dHZ( )
r3(k3r3 + 2Mk)? dr V7
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i :(H(MTQ—I-M) _M2T4+Mm“2—2M(r—2M)_ 602 )Hz (1.3.75)
o rk?(r —2M) (r —2M)(k?r3 4+ 2M) (k2r3 +2M)?
(6Mr(r —2M)  r(ur?+ M) B pr? + M) dH,
(k2r3 +2M)2  k2r3 4 2M k2r2 dr’
i - (27’(M,ur2+u27"4—M(r—2M)) n 12M?r B 2u(ur+M))H
" (r —2M)2(k2r3 + 2M) (k2r3 4+ 2M)2(r —2M)  k2(r —2M)2/) 7
(2(ur2—|—r—M)7 2Mr* 2 (ur 47 = M) )H’ (1.3.76)
k2r(r —2M) (k2r3 +2M)2  (r —2M) (K23 +2M)/ % o
2

where the ODE (1.3.7) with $) = H has been used. To determine the behaviour of these new met-
ric perturbation components close to the future event horizon 7 one must substitute H2ME () =
H2ME(r) from equations (1.3.42)—(1.3.43). Substituting H2M:*(r) = §2M:*(r) from equa-
tions (1.3.45) and (1.3.46) into these expressions gives leading order behaviour close to the future
event horizon ”HJA? determined by the relations

HZME = fo(r) (r — 2M)F2ME, (1.3.78)
- M

H2ME ((’2‘;(‘;)1144]‘\;]{;2‘)‘) (r—2M)™ + fun(r)) (r — 200) 2, (1.3.79)
mov+  ( —2(LF )Mpu(l+4Mp) ki

0" = (En s e —aan * poaap ) - DT (1.380)

Hig"™ = foo(r)(r — 2M) =20 (1.3.81)

with fuu, for, frr, fog smooth functions of r € [2M, 0o) which are non-vanishing at 2M, k4 =0
and k_ a non-zero constant depending on k, M and p. Therefore, multiplying H2M-+, F2M-+ [2M+
and Hy, " by ett = etve=nr(p — 2M)2Mi gives

eyt+ikzﬁ31]}\4,+ _ fvv(r)e,uvfuﬂrikz’ (1.3.82)
e“t+isz~f37{w’+ = fur (r)e,uvﬁurq%kz, (1'3_83)

ept—i—z‘kzﬁi{%,—l— = for (r)euv—m'—i-ikz’ (1_3_84)

eut+ikzﬁe2é\4,+ — fgg(r)e“”_”””+ikz, (1.3.85)

which can indeed be smoothly extended to the future event horizon ’ng. ]

Remark 1.3.12. The form of the pure gauge solution defined by equation (1.3.65) can be
derived as follows. From lemma 1.3.11, a mode solution h of the form (1.3.49) satisfies the
harmonic/transverse-traceless (1.1.8) gauge conditions. Take a mode solution h in spherical
gauge (1.3.2) add the pure gauge solution hyg = 2V &) for some vector field

¢ = etttk (1.3.86)
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where ( is a vector field which depends only on r. From a direct calculation of h + h,s one can
see that, to obtain a solution h of the form (1.3.49), ¢ must be given by equations (1.3.65).

Remark 1.3.13. To explicitly see the singular behaviour of the mode solution h* in spherical
gauge (1.3.2) with 1 > 0 and k # 0 associated, via proposition 1.3.3, to either $*M-*, consider
directly transforming to ingoing Eddington—Finkelstein coordinates. This transformation gives the

following basis elements:

/ Ot\2 ot
HIMH = (S0) HEME o) ) - M (), (1.3.87)
H2E = (), (1.3.88)
oM %/ Oty L am+ 2M,+
HIM = (50 ) HPM ) + nH2M (), (1.3.89)
H2PE = M), (1.3.90)

2M,+ 2M,+ 2M,+
Hv ’ Ht Hr

where and are the basis for solutions for H,,, H; and H, constructed from

proposition (1.3.3). These relevant expressions can be found from equations (1.3.17)—(1.3.19).

First, if AMu is a positive integer and the coefficent C'y does not vanish then, by equa-
tion (1.3.90), the basis element H2M-~'(r) = H2M:— — §2M.~ phas an essential logarithmic
divergence and is therefore always singular at the future event horizon Hj.

If Oy = 0 or 4My is not a positive integer then the basis elements H*M:* —= §2M+
given by equations (1.3.45) and (1.3.46) with first order coefficients (1.3.47). Substituting the
basis into equations (1.3.17)—(1.3.19) for the other metric perturbation component, one finds

are

v _ (=2 MM 1) | MAMA2 4R £ M= 1)
T T 2M)? 1+ 4M2k2 2(1 + 4M2E2) "
+O((r — 2M))), (1.3.91)
oM+ sonp((L+4Mp)(4Mpu — 1)
HM™ = (r = 2M)*2M( 0 4070) (1.3.92)

L B AMP(R? — ) £ 2Mp(8MP(2p° + ) — 1)

SM (1 + AM2k?2) (r = 2M) + O((r = 2M)?%)),

with

st (0 2M)CTE MM 1) M@MAZE 1) 1250y
v (r—2M) 1+ 4M?2k? 1+ 4M?2k?

+O((r - 2M)?)). (1.3.93)

(r—2M)
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Transforming to ingoing Eddington—Finkelstein coordinates gives

2M2(1 —2Mpu(1 F1))(4Mp — 1)

2M £ _ _ —242Mp
H (r — 2M) ( e (1.3.94)
M2 ((3F4) + 29 F )Mpu — (1 F 1)4AM?(2u? + k?
N p(BF4)+20F7)Mp— (1F1) (u+))(r_2M)
1+ 4M2k2
+O((r - 2M)%),
oMt _ wonp( (1 +4Mp)(4Mp —1) B
H2 (r — 20 F2M0 s tor 2M)), (1.3.95)

M2Mp(1F2) — 1)(£4Mp — 1)
2(1 4 4M?2k?)
H2ME = (p — 2M)F2ME(1 4 O(r — 2M)). (1.3.97)

HZME = (v — 20) 71200 +0(r —2M)),  (1.3.96)

Note that the full mode solution h constructed from proposition 1.3.3 involves a factor of et =
eMVeHr (r — 2M)~2MK so, after multiplication by this exponential factor, one can see that the
basis elements Hﬁf,\/[’_l are always singular, i.e., a solution with ko # 0 is always singular at the
future event horizon. The components et H2M+" and ettt H2M+' are unconditionally smooth.
However, in general, the components e* H2M:+" and et H2M+" remain singular at the future
event horizon H unless AMp =1 or =2+ 2Mp € NU{0} or =2+ 2Mp > 2. (In appendix
A.5 it is shown that for existence of a solution $) with > 0 which has ko = 0 and is finite
at infinity (see section 1.3.4) then u < wiM\/g < ﬁ) So neither basis perturbation h™ in
spherical gauge (1.3.2) extends, in general, smoothly across the future event horizon HJAF.

Spacelike Infinity i)

The goal of this section is to identify the admissible boundary conditions for a solution §) to the
ODE (1.3.7) as  — oco. This requires one to understand the behaviour as  — oo of the mode
solution h in spherical gauge (1.3.2) of the linearised vacuum Einstein equation (I.5) which results

(through the construction in proposition 1.3.3) from £.

In this section, a basis for solution $°°F associated to 7 — oo is constructed. This basis §°F
captures the asymptotic behavior of any solution to the ODE (1.3.7) as  — oc. In particular, as
r — 00, H°T grows exponentially and $°~ decays exponentially. It will be shown that after
the addition of the pure gauge solution hp, defined in equations (1.3.65) and (1.3.66), h + hp,g is
a mode solution in harmonic/transverse-traceless gauge (1.1.8) to the linearised Einstein vacuum
equation which is a linear combination of solutions which grow or decay exponentially as r — cc.
The admissible boundary condition will be that the solution should decay exponentially, from
which it will follow that $ = a$H*> .
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One should note that the functions Py(r) and Qx(r) — % admit convergent series
expansions in a neighbourhood of r = oo
P =" n=X1% (1.3.98)

n n
n=0 r n=0 r

with pg = 0, p1 = —4, g0 = —(k* + p?) and ¢1 = —2M (k? + 2u%). Therefore, r = oo is an
irregular singular point of the ODE (1.3.7) according to the discussion of appendix A.2. The
equations (A.2.19) and (A.2.20) from appendix A.2 give

M(2u? + k?
Ay = /2 + k2, Mi:2i\(//%k:2). (1.3.99)

From theorem A.2.7, there exists a unique basis for solutions $°*(r) to the ODE (1.3.7)

satisfying
— 2ilw(2u2+k2) — 1ilw(2u2+k2)
0k = RV T VERE o (ViR ), (1.3.100)
Therefore a general solution will be of the form
N =197 + 9% (1.3.101)

with ¢1,co € R.

Proposition 1.3.14. Let ) be a solution to the ODE (1.3.7). Let h be the mode solution to the
linearised vacuum Einstein equation (1.5) in spherical gauge (1.3.2) associated to the solution )
and let hyg the pure gauge solution defined by equations (1.3.65) and (1.3.66) such that h + hpg
satisfies the harmonic/transverse-traceless gauge (1.1.8) conditions. Then the solution h + hpg to
the ODE (1.3.7) decays exponentially towards spacelike infinity i% if c; = 0, where ¢ is defined
by equation (1.3.101).

Proof. Defining HX*(r) = $°%(r) and using equations (1.3.67)—(1.3.68) one can construct
the corresponding basis for solutions as Hy, Hy, Hy, and ﬁgg from proposition 1.3.3. Note that
equations (1.3.67)—(1.3.68) define the components of the mode solution h + hpg to the linearised
vacuum Einstein equation (I.5) which satisfies harmonic/transverse-traceless gauge (1.1.8).
Asymptotically Hy, Hy,, H,, and ﬁgg have the following behavior:

M(2u2%+k?) M (22 +52)
53, — 1t Mtk 31z, —2t At
HE = tVirehen, T @(ei\/mrr e ) (1.3.102)
N — g M2k — o M (242 +52)
HE = Vit ek, T @(eim ry Wk ) (1.3.103)

M (242 +k2) M (242 +k2)

HEE = VI TENTIT | oI T ) (1.3.104)
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and
. m 1:|:]\/1(2/,L2+k2) \/27]& iM(2#2+k2)
HESE — Ve T +@(ei Wk T ) (1.3.105)

It is clear from these expressions that, if ¢; = 0, then the mode solution h + hp, decays
exponentially as 7 — oo. O

1.3.5 Reduction of Theorem 1.1.2 to Proposition 1.3.16

This section summarises propositions 1.3.3, 1.3.6, 1.3.7, 1.3.9 and 1.3.14 to give a full description
of the permissible asymptotic behavior of a mode solution & in spherical gauge (1.3.2) which
is not pure gauge. This provides a reduction of theorem 1.1.2 to proving that there exists a
solution $) to the ODE (1.3.7) which has u > 0, k # 0 and obeys the admissible boundary
conditions: k9 = 0 and ¢; = 0.

Proposition 1.3.15. Let 1 > 0 and k € R with k # 0. Let $** be the basis for the space
of solutions to the ODE (1.3.7) as defined in equations (1.3.42) and (1.3.43) and $H>F be the
basis for the space of solutions to the ODE (1.3.7) as defined in equation (1.3.100). In particular,
to any solution $) of the ODE (1.3.7) one can ascribe four numbers ki, ks, c1,co € R defined by

D) = BH™MT(r) + ka5 (1), (1.3.106)
H(r) = afH>"(r) +cH>(r). (1.3.107)

Let h be the mode solution in spherical gauge (1.3.2) to the linearised vacuum Einstein equa-
tion (1.5) on the exterior £4 of Schwarzschild black string Schwy x R associated to ) via propo-
sition 1.3.3. Let hy, be the pure gauge solution as defined in equations (1.3.65) and (1.3.66).
Then h + hy decays exponentially towards spacelike infinity i% and is smooth at the future event
horizon Hj if ko =0 and ¢; = 0. Moreover, h + hy, satisfies the harmonic/transverse-traceless

gauge conditions (1.1.8) and cannot be a pure gauge solution.

Under the additional assumption that kR € 7 the mode solution h defined above can be
interpreted as a mode solution to the linearised vacuum Einstein equation (1.5) on the exterior €4
of Schwarzschild black string Schwy x S}z. Hence, if kR € Z the above statement applies to the
exterior £4 of Schwy x Sk.

The next section will prove the existence of a solution §) to the ODE (1.3.7) satisfying

the properties of proposition 1.3.15. In particular, for all |k| € [ﬁ, Q()LM]' a solution $ to the

ODE (1.3.7) with pu > m >0, ko =0 and ¢; = 0 is constructed. If R > 4M, then there
exists an integer n € [%, 2%—1;\34]. Hence, one can choose k£ such that the constructed §) gives

rise to a mode solution on Schw, x S]R. Moreover, on Schwy x S}%, h will manifestly have finite
energy in the sense that ||h|x|| g1 and ||0:, h|x||L2 are finite. (Note that, on Schwy x R, h will



1.3 Analysis in Spherical Gauge 45

not have finite energy due to the periodic behaviour in z on R.) Thus, theorem 1.1.2 follows

from proposition 1.3.15 and the following proposition:

Proposition 1.3.16. For all |k| € [5;, 5o) there exists a C*°((2M,00)) solution §) to
ODE (1.3.7) with y1 > 0, and in the language of proposition 1.3.15, ks = 0 and ¢; = 0.
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1.4 The Variational Argument

By proposition 1.3.15, the proof of theorem 1.1.2 has now been reduced to proposition 1.3.16
which exhibits a solution $ to (1.3.7) with u > 0, k # 0, k2 = 0 and ¢; = 0. This section
establishes the proposition 1.3.16 thus completing the proof of theorem 1.1.2.

In order to exhibit such a solution $) to the ODE (1.3.7), it is convenient to rescale the
solution and change coordinates in the ODE (1.3.7) so as to recast as a Schrédinger equation for
a function u. This transformation is given in section 1.4.1. In section 1.4.2 an energy functional
is assigned to the resulting Schrédinger operator. With the use of a test function (constructed in
section 1.4.3), a direct variational argument can be run to establish that for |k| € [zoiM’ mLM]'
there exists a weak solution u € H'(R) with |Jul|g1®) = 1 such that u > 0. The proof of
proposition 1.3.16 concludes by showing that the solution w is indeed smooth for r € (2M, o0)

and satisfies the conditions of proposition 1.3.15, i.e., ko = 0 and ¢; = 0.

1.4.1 Schrodinger Reformulation

To reduce the number of parameters in the ODE (1.3.7), one can eliminate the mass parameter

with z = 57 i = 2Mp and k = 2Mk to find
d2$ as [2x?
W(x) + Pk(x)% + (Qk(x) - m)ﬁ(ﬂv) =0, (1.4.1)
with
1 5 6
Pi(a) = —5 =~ + —= o, 142
pa) = ——y -~ (2 1 1) (1.4.2)
. 3 2z 3
Qp(x) = — - (1.4.3)

w3 —1) -1 22(z—1)(1+ k2a3)

Following proposition A.3.1 from appendix A.3 one can now transform the equation (1.4.1) into
regularised Schrédinger form by introducing a weight function $(z) = w(z)$(x) and changing
coordinates to x, = 537 = x + log |z — 1|. This will produce a Schrédinger operator with a
potential which decays to zero at the future event horizon and tends to the constant k2 at spatial

infinity. From proposition A.3.1 the weight function must satisfy the ODE

dw (1 —2k*23)

The desired solution for the weight function is
1 ]%2 3
w(x) = M (1.4.5)
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The ODE (1.4.1) becomes

-
o) + V@) (e) = — (), (146)

where V' : R — R can be found from equation (A.3.12) to be

yople=, Grol@—1)  Be-1?  Ur-5@-1) .,

V(. 7 = =
x x (1 + k2x3)? 4(1 + k223)

where x € (1,00) is understood as an implicit function of x,.

As a trivial consequence of proposition 1.3.15 in section 1.3.4 on asymptotics of the solution
to the ODE (1.3.7), one has the following proposition for the asymptotics of the Schrodinger
equation (1.4.6).

Proposition 1.4.1. Assume ji > 0. To any solution $ to the Schrédinger equation (1.4.6) one

can ascribe four numbers 12:1, ];52, ¢1, ¢ € R defined by

9(z,) = 9T () + ko9 (2,) as z, — —o0, (1.4.8)
fj(x*) = 51600#(3;*) + 525:300’7(1;() as T, — 00 (1.4.9)
with
oM+
Gt = T (1.4.10)
w
00,+
Goot = 7 (1.4.11)
w

The conditions that &, = 0 and ko = 0 are equivalent to, in the language of proposition 1.3.15, ¢; =
0 and ko = 0.

Remark 1.4.2. In the case 4M . is not a positive integer or 4M i is a positive integer and
Cn = 0 the leading order terms of these basis elements are

- N 1
2M,+ _1\xA _
b = (z—1) (1 =t O(z 1)), (1.4.12)
- (202 +k2)
coo, £ +V a2 +k2x P P l
f = e N s (7;2“9(95))' (1.4.13)

1.4.2 Direct Variational Argument

This section establishes a variational argument which will be used to infer the existence of a
negative eigenvalue to the Schrdédinger operator in equation (1.4.6).
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Proposition 1.4.3. Let W : R — R and define

By= mf {B@) = (Yo, Vo)) + (Wo,0) 12wy }- (1.4.14)

HUHLQ(R):l

Suppose that W = p+q with ¢ € C°(R) such that lim,_, ¢(x) = 0 and p(x) € C°(R) bounded
and positive. If Ey < 0, then there exists u € H'(R) such that |Ju|| 2y = 1 and E(u) = Ep.

Proof. By the definition of the infimum there exists a minimizing sequence (um,),m C HY(R)

and ||up||z2 = 1 such that

lim E(u,) = Eo. (1.4.15)

n—0o0

Now, wu, are bounded in H!(R) by the following argument. There exists an M € N such that,
for all m > M,

E(um) < Eo+ 1. (1.4.16)
So, for m > M,
(Vm, Vm) 2y < Eo + 1+ sup [p(x)| + sup [q(x)|. (1.4.17)
zeR zeR

Hence, |[um||p1(r) is controlled. Now using theorem A.4.1 from appendix A.4 there exists a

subsequence (u,, )n such that u,,, — uin H'(R).

Consider
E(um) = /R Vttgn|? + p()|tm|? + ¢(2) || 2dz. (1.4.18)

Since the Dirichlet energy is lower semicontinuous, only the latter two terms under the inte-
gral (1.4.18) need to be examined more carefully. The middle term in integral (1.4.18) are simply

a weighted L? integral, so lower semicontinuity is established via
e — 35 = (it — 0 — ) g3 = [l 3 — 20—, 0) 3 — I35 (14.19)
So,
25 < Ilunl 35 — 200, un — ) 13- (1.4.20)
Hence by weak convergence

HUH%% < lim inf HunH%g (1.4.21)
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The proposition A.4.2 from appendix A.4 establishes that the multiplication operator M, : v — qu
is compact from H!(R) to L?(R). Hence, by the characterisation of compactness through weak
convergence (theorem A.4.1 from appendix A.4), qu,, — qu in L?(R). Therefore

(qu,u)r2 = T&i_r)n()o(qum,umﬁz = l%ioréﬂqum, U ) 2. (1.4.22)
Hence, the last term under the integral (1.4.18) is also lower semicontinuous. Therefore

E(u) < liminf E(uy) = Ep. (1.4.23)

n—0o0

Since the infimum is negative the minimiser is non-trivial. One needs to show that there is no

loss of mass, i.e., ||[ul|z2 = 1. Note ||u||;2 < liminf, o ||un|/z2 = 1. So suppose ||ul|z2 <1

and define & = 11— so ||@||z2 = 1, then
Tull 2

E
E(@) = —— < Ep (1.4.24)
”u||L2(R)
since ||ul|z2 < 1. Hence one would obtain a contradition to the infimum if ||u||;2 < 1. O

Corollary 1.4.4. Let W =V with V as defined in equation (1.4.7) then

E(’U) = <VU, VU>L2(R) + <VU, U>L2(R) EO = vegllf(]R) E(U) (1425)

HUHL2(R):1
satisfies the assumptions of proposition 1.4.6.

Proof. The function V : R — R can be written as V = p + ¢ with p and ¢ as follows. Define

ple) = B2E - L (1.4.26)
. (6 —11)(z —1) 18(z —1)? 6(4x — 5)(z — 1)
alz) = zt " 24 (1 + k2a3)2 - 24(1 + k2a3) (1.4.27)

where in these expressions x considered as a implicit function of x,. Since z € (1, 00), it follows
that p(z,) > 0 for all 2, € R. Moreover, sup, g [p(z.)| = 1. Therefore, p is bounded. Note that

the function g satisfies lim|,,, | o q(7«x) = 0. So the assumptions of proposition 1.4.3 hold. [J

1.4.3 The Test Function and Existence of a Minimiser

The ODE (1.4.6) is now in a form where a direct variational argument can be used to prove that
there exists an eigenfunction of the Schrodinger operator associated to the left-hand side of the
ODE (1.4.6) with a negative eigenvalue, i.e. —% < 0. The following proposition constructs a

suitable test function such that it is in the correct function space, H'(R), and, for all |k| € [, %],
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implies that the infimum of the energy functional in equation (1.4.25) is negative. (As will be
apparent, the negativity is inferred via complicated but purely algebraic calculations.)

Proposition 1.4.5. Define ur(x,) = z(1 + |k|22%)(z — 1)%6*4%'(‘”*1) where x is an implicit
function of x,, n is a finite non-zero natural number, k € R\ {0} and define E and Eq

as in equation (1.4.25) of corollary 1.4.4. Then up € H'(R) and, for n = 100 and |k| €

E(’LLT) o 1
36> 10)/ EO_\|uT|L2( < ~ 000"

Proof. Let k € NU {0} and define the following functions
fi(x) = 27z — 1)nte 8D, (1.4.28)
The H'(R)-norm of ur can be expressed as
9 [Pz —1lduri? =x o0 9 T
|[ur |7 w) —/1 ‘ . ’ x_lda:—i—/l |ur| x—ldx

where on the right-hand side the change of variables from x, € R to x € (1,00) has been made.

(1.4.29)

To calculate [[ur||z2(g) it is useful to write it as a linear combination of the functions fj in

equation (1.4.28). Explicitly, one can show that

furP——= = fa(@) + 2k 1 (@) + [k (). (1.4.30)

Similarly, one can show that

z —1dur 2
== — Zc]f] ; (1.4.31)
with ¢; =1 and
8|z%| s o= —2- 2 g
C3_1+—+ +16\k|+ +16|k|?, n ’
R k
10|k|2 - cy = —8|k| — 8‘ | — 24[k?,
C; = — - 40|k| 5
n ) Sl (1.4.32)
“~ ]. k 3 ~ = — —_ I 5
_aofip = SR g s o 32Uk
. " . 8|k|° .
11 = 16]k|°, crl0 = —32|k|)% — - 32|k,
and
<o 2lk2 10|k < 16]K]? R
o :8|k\2+|—2’+¢+80|/c|3+¥+32|k|4, (1.4.33)
n n n
. . E* 8kY 1+ |k .
co = 16|k (1 + |E?) +|n‘2+||(n+||)+64|k|5. (1.4.34)
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One can express E(ur) with the change of variables from z, to x as

[ 1z —1dur 2 9
E(uT)_/1 ( |+ Vil )x_ldx. (1.4.35)
The integrand can be written as
o Ldur ey TS 1436
(’ T E’ + |UT| )E —jz:l(ljf]_l(l'), ( G, )
with a1 =0
2+7’L+87’li€ 1 R R ) 8];‘
a2:——| ’, a3:1+—2+16|k|+16\k|2+7+ | |,
(?_’_ ) n n
~ /8 n A 712
as = —|k|(Z—— + 33k ), vy = CInZ1ORE
(8115 ) n ’ (1.4.37)
AT n 7 . 2 .
ag = —|k| <T+32|k’|>a a7:_‘k’3(8(;:5n)+39‘k‘)’
~5/8(1+4n - .
ajo = _|k’5(¥ +33|]€’), al] = 17‘k|6
n
and
~ 021450 —2n%)  16(1+5n)lk .
ag = [K[*( (1+ - n7) , 160+ 5n)] |+32|k|2), (1.4.38)
n n
~arl 22n%  8(1+38 -
ag = [k*( +8n+ 2T, 1+ n)+16\k]2). (1.4.39)
n n
Therefore, if one can compute the integrals
gf/ fi(x)dz (1.4.40)
1

for k =0, ..., 10 then one can compute ||ur|[z2(®), HZKHLQ(R) and E(ur).

Defining a change variables in the integrals (1.4.40) by ¢ = x — 1, the integrals (1.4.40)

become
[e's) ) 5 N
g:/(mqvﬂr%ﬂw. (1.4.41)
0
Note that the confluent hypergeometric function of the second kind U(a, b; z) can be defined as

1 o0
Ua.b:2) = 5 /0 (t + 1)b-o- 11—t (1.4.42)
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for a,b, z € C with Re(a) > 0 and Re(z) > 0 where I'(a) is the Euler Gamma function, which
can be defined through the integral

T'(a) = / et gt (1.4.43)
0

for a € C with Re(a) > 0. For a reference see chapter 9 of [98]. Therefore, setting a = 2,

b:k—k%andz:S]Iﬂ gives
2 2 2 -
I =T(—- —, 7+ —;8lk|). 1.4.44
i =T(2)U(Sd+ Z:8lk]) (1.4.44)

The function U(a, b; z) satisfies the following recurrence properties (see chapter 9 of [98] and
chapter 16 of [99]):

U (0, b; z) 1, (1.4.45)

Ula,b;z) — 2" U (14+a —b,2 —b;2) =0, (1.4.46)

Ula,b;z) —aU(a+ 1,b;2) — Ula, ;2) =0, (1.4.47)
(b—a—-1)U(a,b—1;2)+ (1 —=b—2)U(a,b;2) + zU(a,b+1;z) = (1.4.48)

Settinga=2,b=1+ 2 and z = 8)k| in equation (1.4.46), and using equation (1.4.45) allows
one to calculate I;. Setting a = 2, b =2+ 2 and 2z = 8|k| in equation (1.4.47), using I
and equation (1.4.45) allows one to calculate I5. Setting a = % b=3j +% and z = 8|l%| in
equation (1.4.48), using I;_1,...,I; and equation (1.4.45) allows one to calculate ;. Finally,
one can show that Iy < oo by the following argument. One can see from the definition of I; in
equation (1.4.41) that

o0 1 &
<h:A a?fﬁw—n%fmm*w% (1.4.49)

Now, since e —8lkl@=1) < 1 on z € (1,00) and M

2 1 ~
Ip < Y Slkl(=1) . 1.4.
0_/136(90—1) o / <o (1.4.50)

Using the recurrence properties in equations (1.4.45)—(1.4.48) and the estimate (1.4.50) allows

one to explicitly show that |[ur||f1(r) < oo forn > 1, ke R\ {0}, i.e., up € H'(R). Moreover,
E(ur) E(ur)
llur[]? llur]?

3o

<i(x—1)forn>1onuz € (200),

one can calculate . To ease notation let E(ur) = . Explicitly, E(ur) is given

by

L2(R) L2(R)

712

. n)lk
E(u A
(ur) = z;mxnm
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with

p1(n) = 16 + 416n 4 557612 4 36176n> + 123809n" + 234794n° + 244459n°
+ 12803407 + 25560n°,
p2(n) = 32n(16 + 336n + 329602 + 15572n3 + 29107n* + 21238n°
+ 4361n° — 366n7),
p3(n) = 128n%(56 + 924n + 6130n> + 20133n> + 11972n* — 3365n° — 466n°),
pa(n) = 1024n3(56 4 700n + 275002 + 6041n> — 17150t — 18n°), (1.4.52)
ps(n) = 2048n* (140 4 1260n + 2225n% 4 3443n> — 1758n"),
pe(n) = 32768n°(28 + 168n + 43n> + 111n3),
(n)
(n)
(n)

= 917504n5(2 + 7n — 3n?),
= 104857617 (2 + 3n),
= 1048576n°,

pr(n

ps(n

PN
and

q1(n) = 16 + 288n + 2184n2 4 9072n> 4 22449n* + 33642n° + 29531n8
+ 13698n" + 252018,
ga(n) = 4n(144 4 2016n + 12104n? + 3912003 + 71801n* 4 73494n°
4 3817105 + 7590n7),
q3(n) = 128n(72 + 756m + 3534n% + 853513 + 111800t + 7137n° + 1642n°),
qa(n) = 1536n3(56 + 420n + 151002 + 253503 + 2351n* + 706n°),

(n)
() (1.4.53)
g5(n) = 2048n*(252 + 12600 + 3485n2 + 349503 + 2554n?),
ge(n) = 8192n°(252 + 756n + 1653n? + 669n° + 512n?),
q7(n) = 393216n°(14 + 21n + 39n?),
gs(n) = 524288n" (18 + 9n + 16n?),
qo(n) = 9437184n%,
qio(n) = 4194304n°,
Taking n = 100, one can check, via Sturm’s algorithm [100], that the polynomial
A 9 A .
p(n, k) = pi(n) k)" (1.4.54)

=1
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has two distinct real roots in |k| € (0,1). Evaluating p(100, |k|) at |k| = 0, |k| = 2, k| = 2

and |k| =1 yields
p(100,0) >0, p(100 i) <0, (100 i) <0 and p(100,1) > 0. (1.4.55)
) 9 ) 10 Y Y 10 Y

So, E(ur) must be negative for all |k| € [ Taking the derivative of E(ur) with respect

10 1ol-
to |k| yields another rational function of |k| with positive denominator. Evaluating at the end

dB(ur) 3 dE(ur) 7 8
points of the interval |k| € [, 2] yields d“%'T <0 at |k| = 15 and d“%'T >0 at |l<:\— 15 for
n = 100. Using Sturm’s algorithm once again, one can check that the numerator of d}z(lng) h

one distinct root in |k| (3%, %) for n = 100. Hence, E(ur) with |k| [, 3] and n = 100

attains its maximum in at one of the end points. Further evaluating E(uT) with n = 100 at the

end points of the interval |k| € [, 3] one finds
E(ur) - 1
T2 = E(ur)n=100 < =~ (1.4.56)
HUT’|%2(R) n=100 " 4000
for all |k| € [13—0, 1%]. Hence, Ey < #’n:loo < —ﬁ < 0 for all |k| € [1%, 18—0]. ]
L2(R)

1.4.4 Proof of Proposition 1.3.16

To prove proposition 1.3.16, one can clearly reformulate as follows:

Proposition 1.4.6. For all \k| € (3, 5], there exists a C*°(R) solution § to the Schrédinger
equation (1.4.6) with i > f > 0, and in the language of proposition 1.4.1, ko = 0 and & = 0.

Proof. By proposition 1.4.3, corollary 1.4.4 and proposition 1.4.5, for all k € [1%, 18—0], there exists
a minimiser u € H'(R) with ||ul| 2g) = 1 such that

E(u) = Ey = inf {{Vo, Vv) 2y + (Vo,0) p2(m) : v € HY(R), ol L2y = 1} (1.4.57)
with V' as defined in equation (1.4.7). Moreover, by proposition 1.4.5, Ey < — 455 < 0.

By standard Euler—Lagrange methods (see theorem 3.21 and example 3.22 in [101]), u will
weakly solve the ODE

d*u .9
e + V(z)u = —f“u (1.4.58)

with —42 = Ey. From proposition 1.4.5, i = —Ey > 4455 Hence, for all k| e [, 2], there
exists a weak solution u € H'(R) to the Schrédinger equation (1.4.6) with ||u|;2&) = 1 and

- 1
fr=v=Fo> 3575
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From the regularity theorem A.4.3, any u € H'(R) which weakly solves the Schédinger

equation (1.4.6) is in fact smooth. Therefore, for all |k| € [, 5], there exists a solution

u € C*°(R) to the Schrédinger equation (1.4.6) with i =+/—Ey > 207\1@.

To verify the boundary conditions of u, recall by proposition 1.4.1 the solution «w can be

expressed, in the bases associated to r = 2M and r — oc, as
uw =k HMH 4 koMo = 9% 4 595, (1.4.59)

with ]~€1, ];'2, ¢1,¢2 € R. Note that

0 . 5
/ 192M = 24, = /2 |~62M7_|2%d1‘ = 00, (1.4.60)
00 1

whilst

— x€xr —

0 _ 3 -1 2
/ 5 4 [V, 52 P, = / (9P 4 [Tt ) ndn (14.61)

which is finite. Similarly, for X, > 0 sufficently large

[ = [Tt = o (146
X, (X)) z—1
whilst
0 o0 - x—1 2N =z
/ 19572 + |V, 5% [2da, = / (\5007—\2 + ] vm“v—\ ) dr < o0
X 2(Xy) x T —
(1.4.63)

Therefore, since u € Hl(R), the solution w, in the language of proposition 1.4.1, must have 12:2 =0

and & = 0.

Therefore, taking $ = u and |k| € [%,1%
equation (1.4.6) with g > 20\% >0, ky =0 and & = 0. 0

| gives a C*°(R) solution to the Schrodinger






Chapter 2

The Einstein Equation in Double Null
Gauge

In keeping with the higher-dimensional theme of the first chapter, this chapter gives an introduc-
tion to the double null decomposition of an n-dimensional spacetime following [84] (see also the
lecture notes [82] for an alternative introduction in the 4D case). To the best of the author’s
knowledge the results of this chapter have not been previously derived completely. However, one
should note that the paper [85] provides a schematic derivation of the results in this section up

to error terms that was sufficient for their purposes.

This chapter starts in section 2.1 with the introduction of the double null foliation of spacetime
and canonical coordinates. It proceeds with a double null decomposition of the Ricci coefficients
and Weyl tensor in sections 2.2 and 2.3. Some useful operations and calculations are introduced
in section 2.4. The null structure equations and Bianchi equations are introduced in sections 2.6
and 2.7. Sections 2.8 and 2.9 provide double null foliations of the Schwarzschild(—Tangherlini)
and Kerr spacetimes. Section 2.10 discusses linearisation of the vacuum Einstein equation in
the double null gauge. In particular, it focuses on linearisation in double null gauge around
the Schwarzschild(—Tangherlini) spacetime. It provides a detailed derivation of the Teukolsky
and Regge—Wheeler (systems of) equations on Schw,, associated to the double null gauge and
discusses the relation to the traditional Teukolsky equation [13] in n = 4 as derived with the

Newman—Penrose formalism [102].

2.1 Double Null Foliation and Canonical Coordinates

A double null gauge is a set of coordinates (u,v,@A), with A =1,..,n — 2, such that the metric

takes the form

g=—20%(du®dv+dv ® du) + ¢ , ,(d0" — bdv) ® (d6” — bPdv). (2.1.1)
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Remark 2.1.1. Any Lorentzian metric can be locally put into the form (2.1.1).

One can construct a double null gauge associated to a double null foliation in a region of
n-dimensional spacetime (M, g) in the following manner. One starts by picking an embedded
codimension-2 closed submanifold S g of M. Let Cjy and C the null hypersurfaces spanned by
outgoing and ingoing null geodesics emanating orthogonally from Sy o as depicted in the following

diagram:

So,0 =CoNC,

Fig. 2.1 lllustration of starting point for the double null foliation.

One now considers two optical functions u and v that satisfy the Eikonal equation
Vul2=0,  |Vv2=0, (2.1.2)

with initial data u = 0 on Cj where the normal derivative of u is chosen so that \Vu|§ =0on Cy
and Vu is chosen to be transversal to Cy and similarly for v with C). Denote the level sets of u
as C, and C,, (so that Cy = Cy—g and Cp = Cy—p). Since (u,v) satisfy the Eikonal equation
Cy and C, are null hypersurfaces. Note that the foliation being described here will only exist in

general up to some C,, and C,, for vs,uy small. Denote this region D One additionally

Uf,Vf-

assumes that there are no cut or conjugate points along C, and Cy, in Dy, ..

Define the two null vectors

L= —-2(du)?, L = —2(dv)* (2.1.3)
and the null lapse function as
2
[ ——— 2.1.4
g(L,;L/) ( )

Note that by virtue of the Eikonal equation, (L', L’) are geodesic. Additionally, define the

normalised null frame as

€3 = QL’ €4 = QL/, (215)
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so that g(e3,eq) = —2. Finally, the sets at fixed values of (u,v) are homeomorphic to the

(n — 2)-dimensional surface Sp. In what follows these sets will be denoted S, ,,.
Suppose one is given a double null foliation of Dy, ,, C M and let p € Dy, ,,. One can
assign double null canonical coordinates to p as follows:
(i) On Sp let 04 be local coordinates for some patch U C So,0-

(i) Use v on Cj as a parameter so that on Cj one can take the coordinate system (v, 4) by

parallelly propagating the coordinates 4, i.e., take L'(64) = 0 on Cj.

(iii) Suppose p € C,, where C,, is the null hypersurface of ingoing null geodesics emanating
from Sp 4, in Cp. Parallel propagate 64 along the null geodesic in C,, that intersects p, i.e.
impose L' (#4) = 0 on C,,. Note that doing this for all vy imposes L'(#) = 0 everywhere.

(iv) Suppose additionally that p € C,,, where C,, is the null hypersurface of out null geodesics

emanating from S, o in Co. Therefore, one assigns the coordinates (ug,v0,04) to p.

The following figure illustrates this construction:

S0,0

Fig. 2.2 lllustration of the double null foliation and canonical coordinates.

In canonical coordinates one has

1 1
3= G0 = 5((% +bea), (2.1.6)

for some b4 such that bA|Cu:0 =0forall A=1,...,n—2 and where e4 = 6% € X(Sy,p) for all
A=1,...,n—2and u,v. The metric in canonical coordinates for the double null foliation is then

in form (2.1.1), where ¢ is the induced metric on S, = C,, N Cy.

The inverse metric in the normalised null frame is

1
g l= —5(es®@eq+ea @ e3) + 48054 @ 9gn. (2.1.7)
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The metric in the dual normalised null frame is given by
g==2(F e+ ef) +g,,M"e P (2.1.8)
where (3, f4, f4) is the dual basis to (es, e4,d4) which can be explicitly computed to be
2=Qdu,  f*=Qdo, A =do? — vAdv. (2.1.9)

Associated to the embedded submanifolds S, ,, are the notion of S, ,-tensors. These are defined

as follows:

Definition 2.1.1 (S, ,-tensors). A vector field X € X(M) is an S, ,-vector field if
g9(X,eq) =0=g(X, e3). (2.1.10)

Further, a X € X(S,,,) can be viewed as a vector field in X(M) satisfying (2.1.10). A one-form
w € QYM) is an S, ,-one-form if

w(eg) =0 = w(es). (2.1.11)
Similarly, one can view w € Q'(S,,) as w € QY (M) satisfying (2.1.11). One extends these

definitions naturally to arbitrary tensors.

Remark 2.1.2. Note that in double null coordinates this definition means w, = 0 and w, =

—bAwy.

Remark 2.1.3. Note that ¢ induces a musical isomorphism between T'S,,,, and T*S, ;.

2.2 Null Decomposition of Ricci Coefficients

It is particularly convenient to decompose the Ricci coefficients in the normalised null frame. One

makes the following definition:

Definition 2.2.1 (Connection coefficients). Define the following S, ,-tensor fields:

xaB = g(Vaes, ep), Xup = 9(Vaes,ep),
1 . 1
na = 59(Vaes, €a), 1y = 59(Vaes, ea), (2.2.1)
N b
O = —59(V4€4, e3), w = —§g(V363, ea)

and

Ca= %g(VA% es). (2.2.2)
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Extend these to tensor fields on M by zero on es and e4. Additionally, it is useful to define
w = Q, w = Q. (2.2.3)

Remark 2.2.1. Note that since e3 = QL' and ey = QL' and (L', L) satisfy the (affinely
parameterised) geodesic equation that

ea(§2) . es3()
o YT Tq-

o=

(2.2.4)

Since x and x are defined with respect to the double null canonical coordinates one has the

following proposition:
Proposition 2.2.2. The S, -tensors x and x are symmetric.

Proof. Let X,Y € X(S,,,). Then, using the properties of the Levi-Civita connection, one has
X(X,Y) =x(Y, X) — g(es, [X, Y]) (2.2.5)

and similarly for y. Noting that X,Y € X(S,.) can be decomposed as X = X“0, and
Y = Y40, gives that [X,Y] = [X,Y]404 and therefore g(es, [X,Y]) =0 = g(eq, [X,Y]). O

The following relations are particularly useful for computations.

Proposition 2.2.3. The connection coefficients of definition 2.2.1 satisfy the following relations:

1 1
Vaep =Y aep + ZXABE3 + 5 X4pts (2.2.6)
and
Vsea = Vsea +naes, Vaiea = Viea + 1 €4,
Vaes = x5ep+Caes,  Vaes=xhen — Caes, (227)
Vses = 2nten — Qeu, Vyes = QQAGA — wes, h
Vies = wes, Vieq = ey,
where & = XACgCB one makes the following definitions:
1 1
V3X = V3X + 59(V3X7 e3)eq + §Q(V3X, es)es, (2.2.8)
1 1
W4X = V4 X + §g(V4X, 63)64 + 59(V4X, 64)63, (2.2.9)
1 1
VxY =VxY + ig(VXY, e3)eq + §9<VXY, es)es, (2.2.10)

for all X,Y S, ,-vector fields.

Proof. This follows from a direct computation and using definition 2.2.1. O
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Remark 2.2.4. Let d be the exterior derivative on Su,v- One has the following relations for the
torsion and the null-lapse

1 1
C=5m=mn),  dlog() = 5(n+n). (2.2.11)

Now one can show
[Qey, Qes] = —4Q%¢F = 9,07 = 40%¢A. (2.2.12)

It is conventional to decompose x and x in the following manner:

Definition 2.2.2 (Shear,Expansion). The traceless part of x is called the shear X and the trace

of x is called the expansion. Therefore,

Trgx
X=X+ n—gg. (2.2.13)

2.3 Null Decomposition of the Weyl Tensor
One can also decompose the Riemann tensor
Ry = g(ea, R(ey, es5)ep), (2.3.1)

with respect to the normalised null frame as follows.

Definition 2.3.1 (Curvature Components). One defines the following S,, ,, tensors:

vapc = Rapca, vapce = Rapes,
! 1
TAB = §(R3A4B + R3paa), SAB = §(R3A4B — R3paa),
‘ ' (2.3.2)
aaB = Raapa, asp = Rasps,
1 1
Pa = 5 Rasa, By = 51tass
and
o1
p=liszs. (2.3.3)

For n = 4, one defines the scalar o as
o1
o= 1(*R)3434 (2.3.4)

where (*xR)abed = %5efabRefcd and € is the volume form for (M, g).
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Remark 2.3.1. For n =4, note that £(e4, 3, €2, 1) = 2,/|det(g)
¢ is the volume form of (Syv, ¢). So,

, hence e xp34 = 2¢ , 5 where

1
(%R)3434 = §EAB34RABS4 = #*"Rapss. (2.3.5)

Therefore, o = i¢ABRA334.

Proposition 2.3.2. The curvature components of definition 2.3.1 satisfy

Trga = Ricyy, Trgg = Ricss
Ba=vap” + Ricas, B, =—vap” — Ricas,
TI‘gT = —2/) + RiC34, TAB = gCDRCADB — RiCAB, (236)
Viapc) =0, vapyc =0,
1 4 2
VAIBC] = 5VCBA; VABC = 3VA(BC) + 370(BA):

and identical for v.

Proof. Observe that Ric(ey, eq) = R334 + RA%4a4 = ¢®* Ruszs + Trya = Trya. The relation for
Trga is completely analogous.

Now,
. 1
(Ric(g))as = —§R4A34 +¢P“Rpaca, (2.3.7)
which gives the relation between v and 3. Additionally,
i 1 1 CcD
Ricap = —SRaasp — SR + 7 Reaps, (2.3.8)
which gives the relation for 7. Further,
. 1
(Ric(g))sa = —§R4334 + ¢*P Raspa (2.3.9)

which gives the relation between 7 and p.

For the v identities one notes
Rapyca =0 = vapc =0 (2.3.10)
and

Riapcia =0 = viape) =0, (2.3.11)
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which can be written as

vaBc +vBca +vcap = 0. (2.3.12)

Combining with equation (2.3.10) gives

VA[BC] = %VCBA- (2.3.13)
One can now derive the last identity from this
VABC = VA(BC) + VA[BC] = VA(BC) + % CBA = VA(BC) + éVC(BA) + %VC[BA} (2.3.14)
= Vo) + %UC(BA) + %yABC, (2.3.15)
which gives the last identity for v. O

The following proposition details the reduction to 4D:

Proposition 2.3.3. Suppose (M, g) is a 4D spacetime satisfying Ric(g) = O then the following

relations are satisfied

vnea =dando ~daclp: ok (2.3.16)
vBCA = §4cPB — § 4pPC) Rapep = 0§ 4pdpe — Iacdsp):
and 7 = 0.
Proof. One starts by noting that
0 = (Ric(g))aa = R*4pa = Ba+ R uca. (2.3.17)
Further, by symmetry
Reuap = &cd 45 (2.3.18)
So,
—Bp = " Reaap = —(x)p = &= —(*f). (2.3.19)
If one then notes that
fapfep = JucIsp ~ Ipcdap: (2.3.20)

then one has the relations in the first column of the statement.
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To show the relations in the second column, start by noting that
(Ric(9))ap =0 => Ra3p + R*asp + 9" Roaps = 0. (2.3.21)
Now, by symmetry, Rcaps = f¢{oa¢pp: SO gCDRCADB = ngB. Therefore,
1 1
—5ltaasp — 5 Rsaup + fg45=0. (2.3.22)
Tracing gives
) 1
2f = Ricgq + §R4334 = —2p. (2.3.23)
Hence, f = —p and 7 = 0. Using the first Bianchi identity

Rasps — Rpsas = Rapsa = Wi 4 (2.3.24)

One has ¢AB¢‘AB:2soh:2a and ¢ = o¢. O

2.4 Algebra Calculus of S, ,-Tensor Fields

In this section some useful operations on S, , tensors are defined.

Definition 2.4.1 (Operations). Let ©,® be (0,2) S, ,-tensor fields and &; be S,,, one-forms

A 1 2
Dap = 5 (Pan + Ppa— 5 (Try@)g ). (2.4.1)
(© x ®)ap = §“POuc®sD, (2.4.2)
1 _
©nd) = 5(0 x & — & x0), n >4 (2.4.3)
37170 x & — @ x ©) a3, n=4
(0,2) = 0,597, (2.4.4)
L& =6 Q6HE+ L6 — %@&M. (2.4.5)

Additionally, in n = 4 one defines the left and right Hodge dual as

(*S)A = ¢AB§Ba (f*)A = §B¢BA7

2.4.6
(*@)AB = ¢AC@CB7 (@*)AB = @AcglCB. ( )
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Definition 2.4.2 (Projected Covariant and Lie Derivatives). The projected covariant derivative
V3, Y4 and ¥ 4 on a rank-(0,p) S, .-tensor field T is defined as

(V3T) (X1, .., Xp) = (V3T) (X1, .oy Xp), (2.4.7)
(V4T) (X1, oy Xp) = (VaT) (X1, o0y Xp), (2.4.8)
(VAT) (X1, .., Xp) = (VaAT) (X1, ..., Xp), (2.4.9)

for all X; € X(Sy,v). Further one defines the projected Lie derivatives as

(L4T) (X1, ., Xp)
(£3T)(X1, ..., Xp)

(L4T) (X1, ..., Xp), (2.4.10)
(LsT) (X1, ..., Xp), (2.4.11)

for all X; € X(Syp).

One defines (p — 1)-covariant tensor field divT as
(AIVT) Ay, = (Y ET) oA, Ay s - (2.4.12)
For n = 4, one additionally defines
(eWtlT) 4,4, , = ¢P9(VT)cA,. 4, (2.4.13)

where ¢ is the induced volume form on S, .

Remark 2.4.1. By the Leibniz rule for V one has the Leibniz rule for ¥, i.e.,
(Vo T) (X1, o Xp) = e(T( X1, ..., Xp)) — T(VoX1, e Xp) — = T(X, ...,WaXp) (2.4.14)
for o« = 3,4, A and for all X; € X(Sy0).
Definition 2.4.3 (Symmetrised Derivative). One defines the operator Y& on Su,v-one-forms as
A 2
(Y&€)ap = (Val)p + (VBE)a — m(divf)gAB. (2.4.15)

Definition 2.4.4 (Formal Adjoint Operators). Let { be an arbitrary S,,,, one-form and © an
arbitrary symmetric traceless 2-tensor on S, ,,. Define D, : symtr(T*Sy, @ T*Sy ) — Ql(SW))
by

P,0 = dive (2.4.16)
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and Py : Q1 (Sy,0) = symtr(T*Sy,y ® T*S,u) by
N —%W@&- (2.4.17)
For n = 4, define the following operators Py : Q'(S,.,) — C®(M) x C>®(M) by
& = (div(€), eurl(€)) (2.4.18)
and Py : C=(M) x C(M) = Q(Su) by
[Bi(f1, fo)la = -Vahi +¢45¥ o Y, fo € CF(M). (2.4.19)

Proposition 2.4.2. The operators ZD’lk and @; are the formal L? adjoints of P; and P respectively.
This section concludes with a collection of useful results for n = 4.

Lemma 2.4.3 (Useful Identities in 4D). Letn =4, X € X(Sy ), ©,0 € symtr(17*Sy,, ®T*Sy,v)
and &£ € QY(Sy,p). Then

( x ©)(up) = %@,@MAB (2.4.20)
and
X0 = (x0), %0 = —(6%). (2.4.21)
Additionally, one has the following identity relating div and cirl,
cyfrl® = x(dive) (2.4.22)
and the following identities for the projected Lie derivative
(£xE)a = (VxE)a — (3 ane” + S(AX)En + 5 (chlX) (x4, (24.23)
(£x0©) = (YxO) — (P5X,0)d + (divX)O + (cyfrlX) (xO). (2.4.24)
Further, the following integrated identities hold:
/S Vo2t = /S (21atve — seal(g)0f)7 (2.4.25)

/S VE¢ = /S (|c1,{r1§|2 + |dive? — %Scal(g)|§\2>¢. (2.4.26)
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Proof. The first two results (equations (2.4.20) and (2.4.21)) in this lemma can be proved by
computing explicitly the components of each object.

The identity in equation (2.4.22) relating div and ciirl is proved by noting by metric compati-
bility

*(divO) = —div(Ox) (2.4.27)
and hence, by the second result in equation (2.4.21),
*(divO) = div(x0©) = cyrlO. (2.4.28)

The results (equations (2.4.23) and (2.4.24)) on the Lie derivative in the lemma follow from

writing
(£x&a=(Yxa+E(VaX)p (2.4.29)

and similarly for ©. Writing
(YaX)p =—(P3X)ap + %ding + %cu(rng‘, (2.4.30)

then gives the result (in the © case one uses (2.4.20) to conclude).

Turning to the integrated identities in equations (2.4.25) and (2.4.26). Start by noting a
standard identity for the Levi-Civita symbol ¢

¢AB¢CD _ gACgBD _ gADgBC‘ (2.4.31)
Further, for a 2D surface
A 1 A A
R gep = §Scal(g)(6CgBD —4pd5e)- (2.4.32)
This allows one to establish, by considering |cyr1©|? and using the Ricci identity, that
W@]Q = ]dfv0|2 + |CI¢{I"19|2 - Scal(g)|9|2 + div(X), (2.4.33)
where X4 = 08¢ (Y 50) ac — 0.4c(divO)C. The result then follows from noting that
B g

lcrl®|? = | x dive|? = |dive|>. (2.4.34)
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Turning to the result for the 1-form, one compute directly using the Ricci identity that
VE? = levtrlg]? + |dive]* - Sca1<g)|512 +div(Y), (2.4.35)

with Y = Y& — (dive)e. O

2.5 Computing in Double Null Coordinates

It is often the case that one wants to compute explicitly objects such as ¥3X for X an S, ,-vector

field or (WAT)BL..BS- This section elaborates on how to compute such things.

Proposition 2.5.1. In double null coordinates (u,v,04) one has

Yses = x'es, (2.5.1)
L, .5

Yaien = (x4 — q0ab7)es, (2.5.2)

VaeB = Figec- (2.5.3)

Proof. The first two follow from the torsion-free condition on V and proposition 2.2.3.

The last result follows from writing,

Vaep =Y 50y + %50, + 19500 (2.5.4)

and noting that
155 =155 +°TY 5. (2.5.5)
Projecting onto the horizontal subspace gives the result. O

Proposition 2.5.2 (Projected Derivatives of p-covariant S-Tensor Fields). Let T' be a p-covariant
Suv-tensor field. Then, in double null coordinates (u, v, 64),

p
p A
(VaT)a,..a, = 5((% Taroay) = —5 (QTrgx)Ta,.a, — QZXAiBTAl...AiB...Ap)ﬂ (2.5.6)
=1
1
(VaT) 4.4, 5((3 +6404)(Ta,. a,) — nZiQ(QTrgX)TAl...Ap (25.7)

3 (QXA (04,0) ) .AiB...Ap)’

=1

(YaT)B,..B, = 04(TB,..B,) — ZV%BiTBI,,_BiC,_.Bp' (2.5.8)
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where A; denotes removing the i*"" index and replacing it by B.
Proof. By the remark 2.4.1 following definition 2.4.2 above one has
(WOéT)Bl---Bp =ea(TB,..B,) — T(VaeBys - ep,) — - —T(epy, ...y WaeBp), (2.5.9)

for a = 3,4, A. Using proposition 2.5.1, one gets the result. O

Remark 2.5.3. This shows that induced metric on S, , satisfies

(Vsd)ap = 0= (Vag) aB- (2.5.10)

2.6 Null Structure Equations

In this section a series of results are stated about the geometry of the double null foliation.
Note that the vacuum Einstein equations are not assumed. For completeness, a proof of these

statements can be found in appendix B.1.

Proposition 2.6.1 (First Variation Formulas). The metric coefficients 2, b and ¢ satisfy

134g = 2x, £3g =2
e3(9) = w, es() = w, (2.6.1)
bt = 20%(n — ), YQ = %(77 + 7).

Proposition 2.6.2 (Raychaudhuri/Shear Equations). The expansions Tryx, Tryx and the shears
X, X satisfy

Y4 (QTrgx) = —QRicay — QI[* — m(QTr”X)Q + 2wTrgyx, (2.6.2)
NN 2 . T A
Vit =& — —(Trg)X - X x X — &, (2.6.4)
Vs = OX 2 TryX)X — X X X — 6 265
s =@X = —5 (T )X — X x X — & (2:6.5)
where m =0 ifn = 4. If (M,g) satisfies the vacuum Einstein equation (1.2), & = «

and & = «.
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Proposition 2.6.3 (Torsion Propagation Equations). The torsions ) and 1 satisfy
N B 1
(Vama = =Ba = Rap(n—n)" — —Trgx(n—n)a, (2.6.6)
Vsn)a = % s, 1 g 2
(Vana =B, + X500 —0)" + ——5Trgx(n —n)a. (2.6.7)
Proposition 2.6.4 (Torsion Constraints). The torsions n) and 1) satisfy
1
dn=SxAx =5, (2.6.8)
1
dn=—5xNx+s. (2.6.9)
For n = 4, the torsions n) and 1 satisfy
1
cyrly = 25X ANX— 0, (2.6.10)
1
cyfrly = —§XAx+a. (2.6.11)
Proposition 2.6.5 (Propagation Equations for &, @). The functions &, satisfy
Yaw = Q2(n,n) — |n|* - p), (2.6.12)
Vsw = Q(2(n,n) — |nf* - p)- (2.6.13)

Proposition 2.6.6 (Transversal Propagation Equations for x and x). The expansions Trgx, Trgx

and the shears X, X satisfy

Y 4(Trgx) = 2Qdivy + 2QIn|* — X, R) — (QTZX_)(;EWX) + 2Qp — QRicaq,

V(60100 = 200 + 200 — 05,9 — 20T 120 — ey,
Yk = nén — 7 — 2P — — - (Tg)x — —5(Trg)§ 0% ~ T < &
Y3 = n&n — 7 —2D5n — 5 (Trgx)X — == (Trgx) % — o% — XX

—

(2.6.14)

(2.6.15)

(2.6.16)

(2.6.17)

where X X X = 0 if n = 4. Additionally, if n = 4 and (M, g) satisfies the vacuum Einstein

equation (1.2), 7 = 0.
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Proposition 2.6.7 (Gauss Constraint Equation(s)). Let S¢al, Ric and R be the Ricci scalar,
Ricci curvature and Riemann tensor associated to S, ,. Then,

1
Rapep = Rasep + 3 [XADXBC +XBCXp — XACXpp — XACXBD], (2.6.18)
— R — — n—4 R R
Ricap = #aB + Ricap + (X X X)aB — W(TWXKAB + Tl"gXXAB), (2.6.19)
3 —
S¢al = Scal + 2Ricss — 2p + _ZTrngrgX + (% %) (2.6.20)

Forn =4, let K be the Gauss curvature of S, ,. Then,

Rapep = K(gAC’gBD - gBCgAD) (2.6.21)
and
Scal . 1 1, .
K= 5 + Ricgs —p — ZTrgXTTgX‘F §<X,X>- (2.6.22)

Proposition 2.6.8 (Codazzi Constraint Equations). The shears X, X satisfy

. 1 1 . Tryx
Viaksic = 59014V 81(2TrgX) + Svane + Xoals) - f_nggcmﬂg]a (2.6.23)
“ 1 1 A “gx
W[AXB]C = mgC[AWB](QTTgX) + o¥ABC — XC[ACB} - mgC[AnB}’ (2.6.24)
N n—3 1 R n—3 '
(@04 = G5 Va(@Trp0 - 5Xan(n - n)? =~ Trgxn, — fa+ Ricaa, (2.6.25)
Y n—3 1 ~ B n—3 .
(divg)a = mWA(QTrM) +5X45( =17 = 5 Trgxna + B, + Ricza. (2.6.26)
If n =4, then
N 1 R
W[AXB}C = 5(*d/fVX)C¢AB, (2.6.27)
A 1 )
W[AXB}C - 5(*‘31"&)0?«‘/;3- (2.6.28)

Remark 2.6.9. If (M, g) satisfies the vacuum Einstein equation (1.2), i.e., one sets Ric(g) =
0 = Scal, then one has encoded the vacuum Einstein equation in the null structure equations of
propositions 2.6.1-2.6.8.

2.7 The Bianchi Identities in Double Null Gauge

In this subsection a collection of results are stated for the Weyl tensor. These are derived in

appendix B.2. Note that the vacuum Einstein equations are assumed.
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Proposition 2.7.1. Suppose Ric(g) = 0. The null Weyl curvature components of definition 2.3.1
satisfy the following alterations of the usual n = 4 (null-decomposed) Bianchi identities:

{

Q

1
“la, § 2.7.1
5 X0 (2.7.1)

)y — divg + 3 (7.5) —

Yap =20+ B) - ( )pTrgx+dXVB+ (7, %) —
Vap=—(2n—(,p) - (

(a, %), (2.7.2)

DO | =

(YVaB)a = (n+ 20)Baap + &fa + (diva) 4 — %(Trgx)ﬁfy —X58c + Prpac, (2.7.3)

(VsB)a = (20 =) aap +@8, — (diva)a — 58, — ——TrgxB, —~ " Prpap, (274)

R 2(n—1 . . —4
(YaB)a = 3saBn” + #apn” — 2n—1) 5 )pgA —wB,+ QXAgﬁB - — 2Trgxﬁ,4 (2.7.5)
2(n — . N . 2
- (n — )WAP — div(F +¢)a — K48, + X7 vagp — — QTTgXﬁA,

2(n—1)
-2

N 4
(V38)a = 3saBn” — #apn” + pna —@Ba +2XapB” QTTgXEA (2.7.6)

+ 2(:_23)Y7AP +div(? —)a — 858 — X" vasp - - i 5 LrgxpBa,
(Vi) as =1vapc + (BAM+C))as — @B)ap + (FAX)as — (@ AX)aB (2.7.7)

= 3(cARX)aB — %(TTgX)CAB,
(Y3$)as = —1vapc+ (BAM—C))ap — (dB)ap — (F AX)aB + (@A X)aB (2.7.8)

R 3
- 3(s /\X)AB - m(TrgX)CABa

(Vsa)ap = ((2n + %C) ®B)AB —20aap — (P3B)as + (@)AB - %(Trgx)%AB (2.7.9)
n 1 — —

- Pm)%AB — f(TrgX)OzAB + %P Reoapr — 3(s x Q) a5 — (divv) 45

(¢4 (veas) — g fed ) + s 0

(Yaa)ap = ((%c =) ®§)AB ~ 20045 + (D58 an + (F x %)\ — %(T%)m (2.7.10)

no 1 R _
TP —o)XaB T §(TrgX)QAB + X" Roape +3(s x X) 5 — (dive) 45

1 1
+ (¢~ 4Q)C<ZC(AB) + m@chB) + 5 ap
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and the additional (null-decomposed) Bianchi identities for n > 4 (which are automatically
satisfied in n = 4 due to the above)

(Yit)ap = —(n®B)ap + (P56) ap + (@)AE _ 2((7;__42)) Tryxaap +Xapp  (2.7.11)
= 3860 4 = (@) 4 = 5 (Teg 0 ap + ——5 (7. R4

1 .
— (¢ +2n)° (VC(AB) - mﬁchB) +XFRoase,

(n—4)
2(n—2)

(W37A-)AB = ("7®é)AB - (@;ﬁ)AB + (Q/;A()AB - Tl“gXQAB +XABP (2.7.12)

- %(@?@C)AB — (divy) 45 — : 2) (Tryx)7aB + L(ﬁ X an

2(n — n—2

1 .
+ (¢ - 277)0(20(,43) + nfﬁchB) + %°*Re gk,

_ 9ok

(Vsv)ape = 2<W[BQA]C Xl — X@ZICD\A] - X[%ZA]DC + Q[BQA]0> (2.7.13)
+@rapce,

(Vav)ape = 2<Y7[BOéA]c — XcBa) — X{pVicpla) — X{BYaDC + U[BQA}C) (2.7.14)
+ LDVABC?

(V4Z)ABC = 2ﬂC§BA +2(1 + C)C[AQB] + QQDRABCD — WY ABC — 2XC[ABB] (2.7.15)
—2(Va(T = 9))pic + 2X[DAZB]DC + QVCD[BXZ],
(Yav)ac = 2ncsas + 2(r — §)opanp + 2n° Rapep — @vape + 2xc1aBp (2.7.16)

—2(Vials +7)pjc + 2X€4VB]DC + 2vepBXA);

ViRapcp = —2(C +n)cVjaB|p] — 21 ,¥\cp|B) — 2 (cYapp) + 2X[cRiappie (2.7.17)
— Xae@01B + Xpe@nia = Xaic(TpiB — $pj) + XBio(TDlA = SDlA);
YsRascp = 2(¢ = m)ckjasip) — 2mavicpis) — 2V (cYjasip] + QX%RMB\D]E (2.7.18)

— Xalc@p)B + XBle@D)A ~ X 4;c(TDIB + $D1B) + X (TDIA + $DJA)-



2.8 The Double Null Foliation of the Schw,, Exterior 75

Proposition 2.7.2 (Additional Constraint Equations). Suppose Ric(g) = 0. The S, ,-tensors v
and v satisfy the constraints

1
(divv)ap) = X[CA@ +T)Bjc — %(ﬂﬂ)AB = BiaSr + 5 (Trgx)san + “vepap,  (2.7.19)

(dive)ap = X[a(T —S)Bjc + %(dﬂ)AB — Bralp) — %(ngXkAB — Cvopap- (2.7.20)

The S, ,-tensor 7 satisfies the constraint

n—4 1 1 1 1
- QWAP + = ABCKBC — izABcXBC — ix’j’@B + §X,E'BB (2.7.21)

(divi)a = — 5
1 1
— §TI‘QX,BA + §TrgX§A

2.7.1 The Bianchi Identities in Double Null Gauge in 4D

In this subsection a collection of results are stated about the Weyl tensor for n = 4. The proof of
these statements follow from reducing the above equation for general n with proposition 2.3.3

and lemma 2.4.3.

Proposition 2.7.3 (Bianchi Identities). Suppose Ric(g) = 0. Then, for n = 4, the double null
decomposed Weyl tensor satisfies the following relations:

Vo = ~20a -+ (4 + ()B6 — 3% — Bolxh) — 2P3H) — 3 (Trgn)a, (2.7.22)
Vap = divB — SpTrgx — 3o, 8) + 20+ €, 6), (27.23)
Y40 = —cyrlp — gaTry(X) + %K ANa+ BN (C+2n), (2.7.24)
V4B = diva — 2(Trgx)B + iy yacia + OF, (2.7.25)
Y36 = 3pn + 30 (xn) = @B + Pi(=p, 0) + 2igX — (Trgx), (2.7.26)
Via = —20a — (40 — Q)& — 3px + 30(xx) + 2(D3B) — %(Trgx)g, (2.7.27)
Vo = ~divB — o pTrgx — 3 (@, %) — (20— €. B) (2.7.28)
Vo = —cilrlg — %aTrM —~ %X ANa+BA (2=, (2.7.29)
V3 = —diva — 2(Tryx)B — iy gz + 0P, (2.7.30)
Y48 = —3pn+30(xn) —p J;%(p, o) + 2ig:% — (Trgy)B. (2.7.31)

2.8 The Double Null Foliation of the Schw,, Exterior

The n-dimensional Schwarzschild—Tangherlini black hole solution (Schw,, gs) has been discussed
in detail in section 1.1.1 in chapter 1. Here it is simply recalled that the metric on the exterior £4
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in traditional Schwarzschild coordinates (¢, 7, !, ..., 0" ~2) takes the form

Do) =1 M (2.8.1)

Tn73’

gs = —Dy(r)dt @ dt + dr®dr+r27°y

n—2’

1
D (r)
where ¢t € [0,00), 1 € ((ZM)ﬁ,oo) and 7 is the metric on the unit (n — 2)-sphere.

Remarkably, the maximally extended Schwarzschild—Tangherlini spacetime can be globally
covered by a double null coordinate system known as the Kruskal coordinate system (see
the works [103-105]). The distinguished exterior region £4 can be covered by a convenient
set of double null coordinates known as the double null Eddington—Finkelstein coordinates
(u,v,¢', ..., " %) which can be introduced as follows. Let u = 3(t —r,) and v = S(t + )
where 7, : ((2M)n%3, 00) — R is defined in the usual way by the ODE

dr, 1
— = 2.8.2
dr  Dy(r)’ (282)

with the initial condition r*((4M)n%3) = (ZLM)H%d and D, (r) is given in equation (2.8.1). The

n72)

metric in (u,v, 0!, ..., coordinates becomes

g = —2D,(r(u,v))(du ® dv+ dv & du) + r(u, 0)277”_2, (2.8.3)
where 77”72 is the metric on the unit (n — 2)-sphere and (u,v) € R?. So one has
Qu,v)? = Dp(r(u,v)), =0, g=r(uv)*) . (2.8.4)

1
and coordinate 7 is now viewed as a function r : R, x R, — ((2M)»=3,00) defined implicitly
as a function of (u,v). The exterior is covered by (u,v, ", ...," 2). In particular, u,v € R so
that £4 = R, X R, X S:,‘(;QU). Strictly speaking the coordinates (u,v, ', ..., 2) do not cover

the future event horizon ’Hj or future null infinity IZ. However, formally one can parameterise

n72) n72)

the future event horizon as (0o, v, !, ..., ¢ and future null infinity as (u, 0o, !, ...,

The normalised null frame is simply

1 1

= 58,07 eA = a&pA' (285)

Remark 2.8.1. One should note that the frame (e3,es4,ea) does not extend regularly to the
future event horizon H™. However, one can check that, by transforming to Kruskal coordinates,
the re-scaled frame ( éeg, Qey, e4) does extend regularly to a non-vanishing null frame on H™.
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One can calculate all Ricci coefficients and curvature components explicitly in terms of r.

The only non-vanishing Ricci coefficients are

(QTrgy) = —(QTrgy) = W72 o, - =M (2.86)

and the only non-vanishing double null curvature component is

po_n=2 =M (2.8.7)

Tnfl

One has that the Riemann and Ricci curvature of Sﬁ;Q are

Rapep = %(gACgBD —fdapdpc)  Ble= (nr—QB)g (2.8.8)
and scalar curvature of ¢ is
Seal = w (2.8.9)
r
Finally, one can compute that
2p

Rapep = _m(gAchD ~Jap9pc)- (2.8.10)

Recall that in n = 4 one has S¢al = 2K where K is the Gauss curvature of S%w. So, K = %2

Further proposition 2.2.3 simplifies to

Proposition 2.8.2. The connection coefficients of definition 2.2.3 for Schw,, in double null

Eddington—Finkelstein coordinates satisfy the following relations:

C 1
VA6B = FABeC + mTrgX(eg — 64)gAB (2811)
and T T
T T
Vizeq = — 2 €A, Vieq = 2 €A,
n—2 n—2
Tr Tr
_ gX _ thgx
Vaes=————ea,  Vaes=——eq, (2.8.12)
Viey = Wey, Vye3 = —wegs,
Vse3 = —wes, Vyey = wey.

Also, proposition 2.5.2 becomes

Proposition 2.8.3 (Projected Derivatives of p-covariant SZ;Q—Tensor Fields). Let T' be a p-

covariant SZ;Q—tensor field. Then in double null Eddington—Finkelstein coordinates on the
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n-dimensional Schwarzschild—Tangherlini exterior one has

1
(WZST)AL..AP = ﬁ(au(TAL..Ap) + %(QTI‘gX)TAl...Ap)v (2813)
1
(YaT)a,...a, = 5(3U(TA1‘..A,,) - %(QTrgX)TAI...AJ, (2.8.14)
p
(YaT)B,..8, = 0a(Ts,.5,) — Y VapTp, pc.p, (2.8.15)
=1

where B; denotes removing the i index and replacing it by C'.
Finally this subsection concludes with the following commutation lemma

Lemma 2.8.4 (Commutation Lemma). Let T be a p-covariant S}~ *-tensor field. Then in double

null Eddington—Finkelstein coordinates on the n-dimensional Schwarzschild—Tangherlini exterior

one has
(VoY 5T~ ¥ 5¥aT)ar 4, = 2V 5Tar . (516
(Vi¥ 5T~ Vs¥iT)a,a, = — 2V 5Tar . @8.17)
(VaVaT ~ VaFsT)a, t, = 6(VaT + VaT)a, . (25.18)
or equivalently,
V3, rVp]T =0,  [Va4,rVE|T =0, [QV3QV,T =0. (2.8.19)

2.9 The Kerr Exterior in Double Null Canonical Coordinates

The Schwarzschild—Tangherlini solution sits as a 1-parameter subfamily of a (| %51 | 4 1)-parameter

family of rotating black holes known as the Myers—Perry solutions [41] which was first written
down in 1986. These generalised, to arbitrary dimension, the 4-dimensional Kerr black hole
spacetimes (Kerry, gx) written down in 1963 by Roy Kerr [106]. So for n = 4, the Schwarzschild
black hole family sits as a 1-parameter subfamily of a 2-parameter family of rotating black holes.
The Kerr family verifies the vacuum Einstein equation (I.2) and also gives rise to the black hole
phenomena (as does the Myers—Perry family). It arises dynamically as the maximal Cauchy
development of suitable initial data (X, hx, Kx). This spacetime is stationary, asymptotically
flat and axisymmetric. The following Penrose diagram is for the submanifold of the spacetime
corresponding to the axis of symmetry (§ = 0 or § = 7) arising from initial data, restricted to the
future of 3.
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227
227722727
Yy Yrryy

\=?:OA

Fig. 2.3 The Penrose diagram for the submanifold corresponding to the axis of symmetry of the
Kerr spacetime. The notation here is completely analogous to the Schwarzschild case described
in section 1.1.1.

The metric on its exterior £4 in traditional Boyer-Lindquist coordinates [107] (¢, 7,0, ¢) is

2Mr X(r, 0) )
S o) AG) 2.9.1
gx = —( E(W))dt@dH Ay @ dr + R0 07 sin’ 0o © dip (201)
2Marsin? 0
3(r,0)dd ® df — —————(dt @ d d dt
+ X(r, 0)db ® S0 6) (dt @ dp + dp @ dt),
where
2Ma?r sin? 0
S(r,0) =% +acos® 9, R(r0)? =1 +a? 4 00T (2.9.2)
(r,0)
and
A(r) =r* = 2Mr + a”. (2.9.3)

The coordinate ranges are t € [0,00), r € (r4 = M ++vVM? —a?,00), 6 € (0,7) and ¢ € [0, 27).

Even more remarkably (than the Schwarzschild case), one can construct (see [108] or appendix
A of [109] or section 9.1 of [110]) a set of double null coordinates (u,v, 9!, 9?) for the whole
exterior of the Kerr spacetime Kerry. The construction goes through defining a tortoise coordinate

r.(r,0) and the coordinate ¥!(r,6) such that hypersurfaces given by the level sets of

.1 1
u = §(t —Ty) v = i(t +7y) (2.9.4)
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are characteristic. The Boyer-Lindquist coordinates (r, ) are now interpreted as functions of

(u,v,9'). In particular,
r=r(r, =u—uv,9"%, 0=0(r, =u—v,9"%.
The coordinate 92 is constructed from ¢ by defining
92 = o — h(v —u,9'),
such that & satisfies

2Mar
Wh = —0yh.
0, > 0,

(r.O)R(r.6) ~
In other words, h is defined by solving the ODE (for every fixed ¥' € (0, 7))

dh
*9 o) =
drs (r )

B 2Mar
X(r,0)R(r,0)%’

with initial data h(r, = 0,9') = 0.
The Kerr metric in double null form is the following

g = =20 (du @ dv + dv @ du) + (¢, ) ap(dV”* — bigdv) @ (A9 — bidv)

with
A(r) 4Mar
2 /) 1 _ 2 _ _  wMar
K= Reer K0 RS SR 0
2 2
+ (;;11)32 sin? §(d¥" ® dv* + dv¥* ® dv?),
and

L = —aG(r, 9)\/( sin? 91 — sin? 0) ((r2 + a2)? — a2A(r) sin? 91),
0

G(r, 6) = 01

F(':r0
(r,0) fixed (9%, 6),

e’} / 0 /
@0 = | dr + “ .
' \/ ()2 + a2)2 — a2A(r') sin2 91 /9" aVsin® 91 —sin® ¢/

(2.9.5)

(2.9.6)

(2.9.7)

(2.9.8)

(2.9.9)

(2.9.10)

(2.9.11)

(2.9.12)

(2.9.13)

(2.9.14)

At this point one can indeed compute (implicitly) the Ricci coefficients and curvature com-

ponents associated to the double null foliation. One finds that none vanish. However, in these
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coordinates the stationarity and axisymmetry of the spacetime is encoded now in the fact that
the metric coefficients only depend on r, = v — v and 9!, not t = u + v or ¥2. Therefore, one
can derive a set of relations between Ricci coefficients and between curvature components due to

these symmetries.

2.9.1 The Algebraically Special Frame

Instead of choosing a double null foliation of the Kerr exterior one could choose the ‘algebraically
special frame’ of Kerr. This frame arises naturally in the Petrov classification of 4-dimensional
black holes which states that there are 6 types of algebraic symmetry associated to Weyl tensor
of a 4-dimensional spacetime [111]. The Kerr spacetime is Petrov type D. This frame can be

defined (up to rescaling) with respect to Boyer—-Lindquist coordinates as

S i A Y R G P e a (2.9.15)
P /A0 20T VAN (ne) Y e
r2 + a? A(r) a
R S S o, A, 2.9.16
“= amse s T\ Sm0” T VADSe ) (25.19)
for the null vectors and
o=t g, e oSl ! (2.9.17)

S0 0) NG ND G

for the horizontal subspace. This frame arises by defining coordinates u and v, called the

Eddington—Kerr or simply Kerr coordinates which can be introduced by defining the coordinate

one-forms ) )
du=dt— g ds, = dp— ——ar,
TQ + a2 d=. =d a -
. =, = dio + ——dr,
dv = dt + A() dr, A(r)

It is important to note that a hypersurfaces of constant u or v are spacelike if a # 0 and not
null.® Moreover, one can check that

acos 0+/A(r)

(r,0)2

(r? + a?) cot 0

(€3 +ea) - ¥ (r, 9)%

[61, 62] = €9. (2.9.19)

Therefore, the frame is non-integrable and not tangent to the (Boyer—Lindquist) spheres. One

can generalise the definition 2.2.1 to deal with this case.P

Definition 2.9.1 (Connection coefficients Il). Suppose that (es,eq) are a null pair normalised

such that g(es, eq) = —2 and that (e4) a—1.2 is a basis for the horizontal subspace, span(es, e4)=9.

?One can make a consistent choice of = to provide a coordinate system (u,v, 8, Z); see section 4.6.2 in [112].
The formalism described here is a relabelling of the usual Geroch—-Held—Penrose formalism [113]; see section 2
of [114].
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Then one can define the following horizontal tensor fields:

xaB = g(Vaes, ep), Xap = 9(Vaes ep),
.1 1

NA = 59(V364, eA)7 Ny = §Q(V4€3, eA),
1 1 (2.9.20)

§a = §Q(V4€4;€A), 4= 59(V3€3,€A),

.1 .1
w = —59(V4€4a€3)7 W= —59(V3€3,64)
and
1

Ca = 59(Vaes, e3). (2.9.21)

If one uses a non-integrable frame in this definition (such as the algebraically special frame
of Kerr) instead of the normalised null frame associated to the double null gauge, one has two
‘extra’ horizontal one-forms (&, &), which previously vanished, and that x and x are no longer

symmetric (in contrast to proposition 2.2.2).

If one now calculates the Ricci coefficients and curvature components of Kerr with respect to
the algebraically special frame using definitions 2.9.1 and 2.3.1 respectively, one finds that the
only non-vanishing Ricci-coefficients are

X[AB| = Xpupp X =T, 0, 1, @=-0 (2.9.22)
and the only non-vanishing null curvature components are the scalars p and o.

Remark 2.9.1. The reader should note that in the Schwarzschild case, the algebraically special
frame coincides with the normalised null frame of the double null Eddington—Finkelstein foliation
(if one takes an orthonormal basis on the sphere) as one can see by taking a = 0 in the above

equations.

2.10 Linearisation in Double Null Gauge

To linearise the null structure equations and Bianchi equations of sections 2.6 and 2.7, consider a
one-parameter family of metrics g(e) in double null canonical coordinates of the form

gle) = —29%(e)(du ® dv + dv @ du) + b¢ , .(€)(d6F @ dv + dv @ do®) (2.10.1)
+ 04 ()bP(e)g , p(e)dv @ dv + ¢, ,(e)d” @ dOP
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where 2(0), ¢(0) and b(0) are the background values for the spacetime one wants to linearise

around. Therefore, one takes

Q(e) = Q(0) + e(fz), 4(e) = ¢(0) + ebh, b(e) = b(0) + &b (2.10.2)

where the quantities with a superscript (1)’ denote linear perturbations. In general, the metric to

linear order becomes
g(e) = g(0) + eh + O(?),
where h € sym(T*M @ T* M) given by

(1) (1)
h = —49Q(du @ dv + dv © du) + (266", , + b0 ap)dv © dv (2.10.3)

(1)
— (b hap + b, ) (0 @ dv + dv @ dOP) + hapdd” @ do®.

where one uses the abuse of notation that Q2 = Q(0), b = b(0) and ¢ = ¢(0). This leads to the
following definition of what it means for a linearised metric i to be in double null gauge:

Definition 2.10.1 (Double Null Gauge for h). A solution h € sym(T*M @ T*M) to the
linearised vacuum Einstein equation (1.5) is said to be in double null gauge if there exists a

(1) (1)
function Q : M — R, a vector b € X(Su,v) and a symmetric 2-tensor J € sym(T*Sy, , @ T*Sy »)

such that

(1) (1)
h= —%f?’ @+ e ) - %(f“ © fA+ Ao Hhapfto P (2104)

in the dual basis to (es, eq,ea) for the background metric g(0).

(1)
Remark 2.10.1. The paper [28] uses the notation ¢ , ., for hag.

One can work out the linear perturbation to the inverse metric in the following manner. Recall
that

(971(€))“gbel€) = 52, (2.10.5)
where, in particular the right-hand side is independent of €. Now, to O(e)
(9% + e(h™)®) (goe + ehue) = b2, = (h71)™ = —g°°g"'heq. (2.10.6)
Similarly, the inverse of i is

(A = g4 4P, (2.10.7)
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Recall that the normalised null frame is given by

1

1
— » — - bA , = . 2.10.
es Q(e)a : = 00 (Oy + 0% (e)ea) ea(€) = Ipa (2.10.8)
So, to linear order, the normalised frame is
§ T
es(e) = eg — 6(§>€3 + O(?), eqle) =eq+ 6(56,4 — (5)64) + O(é%). (2.10.9)

Remark 2.10.2. One should note that the covariant derivative associated to g(0) is not the same

as the covariant derivative associated to g(e), i.e., V((f) %+ V.

2.10.1 The Linearised Null Structure Equations Around Schw,

In this section the formal linearisation of the null structure equations in propositions 2.6.1-2.10.17
around the Schwarzschild—Tangherlini is performed. Recall that the non-vanishing background

metric quantities are
O =Du(r), ¢=1"9__, (2.10.10)

the non-vanishing Ricci coefficients are

(QTrgy) = (n=2)Du(r) _ —(OQTrgx), w= (”T_nf’gM = —w, (2.10.11)

and the non-vanishing curvature components are

p= - R = 150,
(n—2)(n—3) 1 (2.10.12)
S¢al(g) = 2 Rapep = ﬁ<gAchD ~Jandsc)
and
Rapep = — P (g d — i) (2.10.13)
(n—2)(n — 3) 7AC?BD — 7ADYBC

In the following, it will be assumed that h in double null gauge satisfies the linearised vacuum
Einstein equation (I.5) on Schw,. Additionally, recall that Ric = 0 for the Schwarzschild—
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Tangherlini metric. Therefore, to formally linearise, one takes

(1)

Qe) = Q + €, g(e) = ¢ + €k,
(1)
be) =0+ 6(11))’ w(e) =w+ ew,
(1)
w(e) =w+ e(cb), (QTrgx)(e) = (QTrgx) + e(QTrgX),
m 04 b
(QTrgx)(e) = (Tryx) + e(QTrgx), n(€) =0+en,
M
n(e) = 0+ en. () = 0+ e,
(1)
x(e) =0+ 6()1(), p(e) =p+ep
2.10.14
%(6):0+(%) s(() =0+ (21044
’ W
5(6):0—%251> B(e) =0+ e€p,
’ )
afe) =0+ ear a(e) =0+ea,
V(é) = O (b) Z(E) = 0 +<é)7
7 ) — L
Seal(e) = Seal(g) + eShl, Ric(e) = 0 + eRic,
&) )
Rapep(€e) = Rapep + €Rapep, Rapceple) = Rapep + €Rapep,

where linearised quantities are denoted with ‘(1)

Remark 2.10.3. If h in double null gauge solves the linearised vacuum Einstein equation (1.5), then
f({li)c =0 and S(clgil = 0 and the linearised null structure equations (and linearised Bianchi equations)
in the following propositions 2.10.7-2.10.20 are satisfied. Conversely, if one has a solution to the
linearised null structure equations and linearised Bianchi equations in propositions 2.10.7-2.10.20
then, in particular, one has a h € sym(T*M ® T*M) in double null gauge. The linearised null
structure equations of propositions 2.10.7-2.10.17 imply that this h solves the linearised vacuum
Einstein equation (1.5). In the rest of this thesis, the terminology that h € sym(T*M @ T*M)

solves the linearised vacuum Einstein equation (1.5) in double null gauge will be used synonymously
with the terminology that h € sym(T*M®T™* M) satisfies definition 2.10.1 and solves the linearised
null structure equations of propositions 2.10.7-2.10.17 and the linearised Bianchi equations of
proposition 2.10.20.

Remark 2.10.4. Rather than linearising the propositions 2.6.1-2.6.8 directly, there is an alternative
(but equivalent) route to obtain propositions 2.10.7-2.10.17 below from the linearised vacuum
Einstein equation (1.5). First, one should note the perturbations to the normalised double null basis
in equation (2.10.9). Then from directly linearising the connection coefficients via definition 2.2.1
with the basis independent formula for the linearised Christoffel symbols given in proposition 1.2.2
one will arrive at the proposition 2.10.7. Additionally, from substituting h in double null gauge

into the linearised vacuum Einstein equation (1.5) and from directly linearising the curvature
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components via definition 2.3.1 with the basis independent formula for the linearised Riemann
tensor given in proposition 1.2.3, one will arrive at the rest of the linearised null structure equations
in propositions 2.10.8-2.10.17.

Direct linearisation of the null structure equations in propositions 2.6.1-2.10.17 around the
Schwarzschild—Tangherlini is fairly trivial since so many of the background quantities vanish.
However, to be clear the general procedure for derivatives is the following. If one has a p-covariant
tensor T" which does not necessarily vanish on the background then to linearise ¥37" one expands
(2YV5T) using proposition 2.5.2 as

p
p .
(QV5T) a1, = 0u(Tay.a,) = ——5(QTrgx) Ty ., — > XN Ty ap.a, (21015)
=1

where all quantities here are associated to g(e€) of equation (2.10.1). Since X 4. Vvanishes on the
background the last term picks up no linear contribution from (2, g” or T. Hence (using the
abuse of notation where T' now denotes the background quantity),

(1) &) (glz) LNV
(WBT)AI,,.AP = (WST)AL..AP - (ﬁ)vsT - .ZIXAZ'TAL“AZB'“AP (2-10-16)

(1)

p
_ m(QTWX)TAlmAP'

For Y, one similarly has

(1)
1) 1) QO P 1 1)
(W4T)A1.._Ap = (VaT)a,..a, — <§)W4T - Z (Xi - ﬁvAibB>TA1._.AiB__Ap (2.10.17)
i=1

P (1)
— P (QTryx) T, 4,

(n—2)Q
where Y 4, is the background covariant derivative associated to ¢- Finally, if 7" vanishes for the
background (which will usually be the case of interest for linearising around Schw,,) one simply

has

(W(:T)Al_,_Ap = (WA%))AL..AP~ (2.10.18)

Note that for Schw,, one does not have to be very careful with linearising contractions, i.e.,
one usually does not need to account for linear perturbations to the inverse metric, since most

SZ’;Q—tensors for the background vanish.

1)
If one assumes h satisfies the linearised vacuum Einstein equation (I1.5) this implies Ric = 0
(see equation (1.2.6)) and, therefore, combining this fact with proposition 2.3.2 gives the following

linearised identities:
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Proposition 2.10.5. Suppose h is a solution to the linearised vacuum Einstein equation (1.5) in
double null gauge on Schw,,. Then one has the following linearised identities:

Trye = 0, Trga = 0,
(1) 1 B (1) 1 B
A =VAB , B,y=—VaB
o) (1) (2.10.19)
Viapc) =0, vapyc =0,
€ 1 &) 41 20)
VAIBC] = 5VCBA, VABC = 3VA(BC) + 370(BA)

and identically for (é)
The following proposition details the reduction to 4D as in proposition 2.3.3:

Proposition 2.10.6. Suppose h is a solution to the linearised vacuum Einstein equation (1.5) in
double null gauge on Schwy. Then the following relations are satisfied by the linear perturbations
ofv,v, B, B ando:

(1) <1) (1) N (1)
VYBeA =Y apBe —IuclBp  VBCA=¢,PB— 4, p5PC (2.10.20)

M
along with 7 =0 and(gl)— %);f

The linearisation of propositions 2.6.1-2.6.8 around (Schw,,, gs) are now stated below. It
should be stressed that the linearised vacuum Einstein equation (I.5) is assumed.

(1) (1)
Proposition 2.10.7 (Linearised First Variation Formulas). The linearised metric coefficients €2, b

and  satisfy:
(1) V4(Trysh) = 2 ((QT&" ) —df (11)>
Va(Trgh) = (QTI“gX) s ﬂ" . ¥

- 2 + — ,
773%AB _ 2XAB? W4}/LAB XAB <7D2 )AB

0 ) (2.10.21)
QO 1 Q B 1w
63(5) = a® “(a)=a”
()
.6 = 2025/~ ¥(5) = 30+
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Proposition 2.10.8 (Linearised Transversal Propagation Equations for Expansions). The linearised

(1) (1)
expansions (2Tryx) and (QTrgx) satisfy

(1)
(1) (1)

Y. (QTrgx) = 20[divy + (p+2(g) p)| - (:r_”é) ((@Trgy) - (QTrgx)),  (21022)

(1)
(1) (1)

Y, (Q”_(Flr)gx) = 20[divi+ (p'+ 2(3)@} - m((mrgx) ~ (QTrgy)).  (210.23)

(1)
Proposition 2.10.9 (Linearised Raychauduri Equations). The linearised expansions (QTrgx) and

1)
(QTryx) satisfy

&) 2Trgx O 2 @

V4(QTryx) = — e )(QTrgx) - 2wTrgx + Qw(QTrgx) (2.10.24)
) 2Trgx 2 @

Wg(QTI‘gX) = =2 (QTrgx) — 2wTrgX - ﬁw(QTrgx) (2.10.25)

(1) (1)
Proposition 2.10.10 (Linearised Equations for the Shears). The linearised shears x and X satisfy

V%= (@- iTigg T8, (2.10.26)
S fﬁ”;{)(;—%f (2.10.27)
W4(>1<)— R 2P50 + TYW; ((;() (;()) _wé?, (2.10.28)
Vol = —F— oty 8 2((;2 ) + 0%, (2.10.29)

(1)
where 7 =0 ifn = 4.

Proposition 2.10.11 (Linearised Torsion Propagation Equations). The linearised torsions %) and

(ﬁ) satisfy

1) 1 @ (1) ) 1 @
%77——5— Trgx(n ), n=p5-- Trgx(n ),

( " o B (2.10.30)

1) 1 1 1

AT 5%} + 7(Trgx)77 B, Vi = 5%} - m(Trgx)n + .

Remark 2.10.12. The reader may notice that one has two extra linearised equations here for the
) ey . o

torsions 1 and 1. This has resulted from considering

1)

Vs(n'+'n) = 2W3W(%) (2.10.31)
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and applying the commutation lemma 2.8.4 and propositions 2.10.7 and the first two equations
of 2.10.11.

Proposition 2.10.13. The functions(wi) and & satisfy
(1) (1)

Vi =—0(2 (3)p+%), Yaw = -2 (g)p+%). (2.10.32)

Proposition 2.10.14 (Linearised Torsion Constraints). For n > 4, the linearised torsions 77 and(717)

satisfy

=0 =0 (2.10.33)

For n = 4, the linearised torsions %) and (ﬁ) satisfy
aflly) = -, ably'=7 (2.10.34)

Proposition 2.10.15 (Linearised Gauss Equations). The linearised scalar curvature satisfies

V)

(Trgx)z(%) (2.10.35)

&) ©) (1) —
> n—3 2(n —3

and the linearised Ricci curvature satisfies

O gy

Ric = 7 — = Trgx( >) (2.10.36)

(1)
where 7 =0 if n = 4.

Corollary 2.10.16. The linearised metric coefficent % satisfies

K= B3 M (3 %) + @9 Th] - 2@t 21037)
and

(1)
d/fvdivi%— 2p—|—(?))QTrgx{(Ql(“r)gx) (Qi(‘lr)gx)}—%?__;))(Trgxy(g) (2.10.38)

(g)Tl"g%>

(1)
where 7 =0 ifn = 4.
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Proof. Recall the formula for the linearised Ricci curvature in proposition 1.2.4. Using the

background values for R and Ric for Schw,, gives

w 1 Sdal

Ricap = —5((4&%),43 — 2V (a(divi) gy + WAWBW%) Shas. (2.10.39)
Decomposing h into its trace and trace-free parts gives
(1) o n
—2Rhcap = (Ah)ap + —(ATrgh)gAB 2V (4 (divit) gy + (2.10.40)
2Sdal »
3B
Noting that
R/ic = Ric + —Sdalg - —Sg/alh (2.10.41)
gives that
L Sdal () )
R/ic = Ric + 2%, Trg(R/ic) = Sdal + 7SdalTrgh (2.10.42)
Using equation (2.10.41) and proposition 2.10.15 gives the results. 0

@ @

Proposition 2.10.17 (Linearised Codazzi Constraints). The linearised shears X and X satisfy

W p—3 ) n—-3_ o O

divy = mW(QTrgx) S l"gX717 - B, (2.10.43)
M n—3 (1) n—3 o @D

divy = mv(smw + 2Trgxﬁ + 8. (2.10.44)

(1) (1)
Additionally, one has that that X and X satisfy

by 1 0 Lo Tryx
YiaXsic = o= )Qgc VB](QTl"gX)Jr SVABC — zng[AgB], (2.10.45)
Yiakpe = RPN AV QTrgx) + 5 ~Vagc + gQgC[AnB} (2.10.46)

(1) (1)
Corollary 2.10.18. The linearised shears X and X satisfy

o T 1) (1) Sdal W
AR = (@) + B+ Trp i - SPLw (g + S (21047)
5 Ko K ) Sdal
= (dive) — P38 — Tryx D3 — —$2Y7(QTrgx) L 5 e (2.10.48)

-3
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Proof. To prove this statement apply WA to the latter two equations of proposition 2.10.17.
At this point one can use the Ricci identity for R and substitute in the first two equations of
proposition 2.10.17. The proof then concludes by taking the symmetric traceless part of the

resulting equation. O
Remark 2.10.19. One can also linearise the Gauss constraint for Rapcp but this will not be
required in this work.

2.10.2 The Linearised Bianchi ldentities

Proposition 2.10.20. Suppose h in double null gauge satisfies the linearised vacuum Einstein
equation (1.5). Then, the linearised null Weyl curvature components satisfy the following

alterations of the usual n = 4 (null-decomposed) linearised Bianchi identities on Schwy, :

1 —1 1 1 @) (1)
Vo'~ (n 2> CPWX + QP(QTrgx)) + divp, (2.10.49)
1 — 1\ sa (1)
Vap'= (- ) (#rgx - Qp(QTrgx)) — div, (2.10.50)
Vb = 08 + diviy — —” (Trgx),é’, (2.10.51)
Wg%) = w%) dival Tl“gX%), (2.10.52)

1) —4 M 92(n—1 2n — 3 ) 2Trgx @
VB = — 5 Trx - 7@ 5 Lo 20 =3 are @) - (2 +0)5, (21053)
— n—2 n
»_2n—-1) @ n—4 ) n—3
WSB — ( ) 1 Trg 6 T ( )

(1)
o +@)8, (2.1054)

n—1 O

Vso= (20 + 5 (TT:JX))%‘)— 3 - *( rgx)(p P~ (i) (2.10.55)

Vid = —(20+ 1Trgx)%z>+ P35 —(Trgx) 7 (z — 1)p()1<)— divu5 (2.10.56)
) % 3

Vs = —di - —(Trgx) (2.10.57)

(1) 3
Vo = ~d8 + —— (Trgx)< (2.10.58)
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(6
where, if n = 4, then 7 = 0, gl = (<17¢ d = C\/frlﬂgf dﬁ = cufrlﬂ;i and

@) =By, (@)=L A BB EYS (21059)

Further, if n > 4, one has the following additional (null-decomposed) linearised Bianchi identities
for the null decomposed linearised Wey! curvature components

1) 6) —4
e I,

Hn-1)® T
S
o(n—2) X

n— 1 n(Tr 1

mfcp — (divw) - M% (2.10.60)
1 1 n — 1 n n (1) /\1 n(Tr 1

ViF = —B30 - Q(Ol_zlz))mx%ﬁ Wi — (i) + M(r) (2.10.61)

@ 3 &) Ne))
W?)I/))ABC = QW[BQA]C + Trgxgc BA] — TI'gXI/ABC + WV ABC (2.10.62)
€ @ 3 1) ()
(7747/ ABC = 277[3014;1]0 - 7ngxgc gPa— 7T1"gXVABC + wragc, (2.10.63)
Tr _
. €] X@) dp(n —1) @
(W:sl/))ABC = (w + Trgx) VABC — _g o _ 9¥ABC (n_(Q)(n_)?))n[Ang (2.10.64)
2Tr (1) (1)
X
T h_2 [AgB]C y7[1“%3 2y7[AC§ + 7)Bios
Trgxa 4p(n —1

2 © (n
2Trgx(1)

—2)(n - 3)Q[AgB}C (2.10.65)
4 (1) (1) a
mﬁ[AgB]c‘F mv Apr]C QW[A(T_giB]c,

which are automatically satisfied when n = 4 due to the above linearised Bianchi identities

(1) (1)
Remark 2.10.21. One can additionally derive linearised equations for Y3 R and Y ,R.

One can also derive the following linearised constraint for curvature which is trivially satisfied
when n = 4:

Proposition 2.10.22. Suppose h in double null gauge satisfies the linearised vacuum Einstein
equation (1.5). Then the curvature component 7 is constrained to satisfy

W (n—4) CORNEY! n—4 _u
—— T, — =0 2.10.66

div? 20— 2) rgx (6 + ) + (n_Q)VP ( )

(1)

where 7 =0 if n = 4.
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2.10.3 Residual Gauge Freedom in Double Null Gauge

Restricting the coordinates to ensure the metric is of double null form (2.10.1) is not sufficient
to uniquely determine coordinates on an abstract Lorentzian manifold. In linearised theory, this
non-uniqueness manifests itself with the existence of residual pure gauge solutions that preserves
double null form for a solution & to the linearised vacuum Einstein equation (I.5) in double null

gauge. In the following the residual gauge freedom is identified.

Proposition 2.10.23 (Residual Pure Gauge Freedom). Suppose h is a solution in double null
gauge to the linearised vacuum Einstein equation (1.5) on Schw,,. Further, let hys be a pure
gauge solution to the linearised vacuum Einstein equation (1.5) such that h + hpg is a solution
in double null gauge. Then, in double null Eddington—Finkelstein coordinates (u,v, ) on the

Schw,, exterior, the one-form { generating hps can be written as

&= P, ), (2.10.67)
¢ = v, 9), (2.10.68)
¢t = fA(v,9) + 2rg*Pop (1 (v, ), (2.10.69)

for some arbitrary smooth functions (f3, f4, f4) on the exterior of Schw,, such that (Q2f3, 4, f4)

extend smoothly to H™. Moreover, the pure gauge solution has a double null decomposition as

(1)

(B2) = g (0u02%) + 0,(27r)). (2.10.70)
((ll;;g)A =20%04(f%) — ¢ ., 00(€P), (2.10.71)
(Fog)aB = Yalp + Vpéa + (QTrgx)(f* - f3)¢A37 (2.10.72)
(Trgh)pg = 2divE +2(QTry) (f* = f°), (2.10.73)

( )

(%pg)AB = —2(7?§£)AB, 2.10.74

where the notation ¢ = (&1, ...£,_2) has been introduced. Henceforth, (£, f*, f4) will be referred
to as residual pure gauge functions, and any pure gauge solution arising from (f3, f*, f4) will be

referred to as a residual pure gauge solution.

Proof. Recall that a linearised metric is in double null gauge if it is of the form:

(1) (1)
h= _4(%)(f3 e f'+fef)- %A(f‘* @ fA e ) +hapft e P (210.75)

In preserving this form one must have

Vs&3 =0,  Vals=0. (2.10.76)
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These conditions give

0(g8) =0 = & =207, 0)

1
0y(g6) =0 = & =—20%u, ).
Recalling that €Y = ﬁ{u and that &3 = éfu and similarly for £ one finds

fu:fg(u’f)v gv:f4(v7£)'

Further, using the proposition 2.8.2, one must also have

Vsla+ Vals =0 = e3(8a) +eal8s) + —Trgxéa = 0.
One can write that 7”263(7%) = %Trgx gives
&a Q 202 4
au(ﬁ) = —rjeA(fS) = ?GA(]E (Uaf))~

One can check

Ea(u,v,9) = ¢, 5 P (v, 0) + 2rea(f*(v, 9))

is the solution. Raising the index gives

et = A0, ) + 2rg*Pop(f (v, @)

(2.10.77)

(2.10.78)

(2.10.79)

(2.10.80)

(2.10.81)

(2.10.82)

(2.10.83)

Now, using the relations in proposition 2.2.3, for a pure gauge solution that preserves double null

form, one has that

(1)

(%) - _i (Vats + Va&s) = =7 (ealen) +ea(&s) + 216 — €0)))

4
o
(Pé)“ = —(Vala + Va€a) = —eals) — ea(€a) + ——5Trgxéa,
(%pg)AB = WA&B + WBgA - n i 2Trgx(§3 — &)gAB,

which simplifies to the relations stated.

(2.10.84)

(2.10.85)

(2.10.86)

O]
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Remark 2.10.24. The requirement of (Q2f3, f*, f4) to extend smoothly to HT comes from
observing that ( es, ey, e4) extends regularly to the future event horizon. Hence,

5(% 3) = fés o f* (2.10.87)

£(Qey) = Q& ox Q* f3 (2.10.88)

shows that Q% f3 and f* have to be a regularly extendible gauge functions.

The following two subsets of residual pure gauge solutions will be useful in chapter 3 (see
section 3.4.4). The residual pure gauge solution arising from (f3, 4, f4) = (0, f(v, ©),0) gives

the following solution to the linearised vacuum Einstein equation (1.5) in double null gauge:

Lemma 2.10.25. Let f = f(v, ) be smooth and (f3, f4, f*) = (0, f(v,¢),0) then the residual
pure gauge solution arising from these residual gauge functions is

((12) (Trg%)pg =4rAf+ 2(QTrgx) f,
2 ~
(5),, = 300D, g = —4r(DEY ),
((ll))pg) = —2T2d( (fj)) (Qﬁfgx) = 292((’¢X2) 2p)f + 202 A f,
W 2.10.89
i), = 0Ty ), = ol ()] (21059
(1) 0?2
(npg) = Tdf’ X 29(@2y7f)
D = —gp(QTrgx)f, (i)pg — _2(”2)p¢z £,
and
1) QTr n—
Sal,, = (_’4;‘) [(np - H(Trgx)2>f —2(n - 3)Af], (2.10.90)

Y eV i Y i

with Xpg = 0, Bpg = 0, Spg = 0, Tpg = 0, apg = 0 and a,, = 0.

pg

Proof. The explicit computation of all linearised Ricci coefficients can be performed with proposi-
tion 2.10.23 and 2.10.7. After obtaining the Ricci coefficients, the curvature components can be
computed from propositions 2.10.8-2.10.17. O

The residual pure gauge solution arising from (3, f4, f4) = (f(u,9),0,0) gives the following
solution to the linearised vacuum Einstein equation (1.5) in double null gauge:

Lemma 2.10.26. Let f = f(u,y) be smooth such that 0% f extends regularly to the future
event horizon H™ and (f3, f4, f4) = (f(u,),0,0) then the residual pure gauge solution arising
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from these residual gauge functions is

(1)

Dpg\ _ 1 5 2 (Trgh)pg = —2(QTryx) f,
( Sg) a 292(9“((2 h) (1) N o 7 (Trgx)? 2
(<ll)>pg)b = 20%(f, (0Trgx) = 202 ( n_2 2p)f +AVLS,
1 (1) *
(er)ﬂ)pg =— u((QTrgx)f), Xpg = —29(7252%;), (2.10.91)
1 Q
(717) — _&Qdf, (77;g = éd[au<7f)},
-pg
1 M 2n—1)0
Dog = gp(QTrgx)ﬁ PET 2 P,
and
(1) OTr _
Sdal,, = ( - _g;) {(2((:_ 23)) (TI‘gX)Q - np)f +2(n — B)Af}, (2.10.92)

with iy = 0, (i)pg = (Epg = 0,0, =0, % =0, Ve = 0 and W = 0.

Proof. The explicit computation of all linearised Ricci coefficients can be performed with proposi-
tion 2.10.23 and 2.10.7. After obtaining the Ricci coefficients, the curvature components can be
computed from propositions 2.10.8-2.10.17. O

2.10.4 The Teukolsky and Regge—Wheeler Equations on Schw,

This section studies the partial decoupling (or full decoupling for n = 4) of linearised curvature
components on the Schwarzschild—Tangherlini spacetime. In particular, the Teukolsky system
of equations is derived for the Schw,,. This for all intents and purpose reproduces the results
of [86, 87] (or [12, 13, 28] for n = 4) in the double null gauge and associated notation. Note
that the relation between the ‘WAND frame' (I,n, m;) used for the higher-dimensional Geroch—
Held—Penrose formalism (introduced in [89]) of [86] and the double null frame is

n= —eq, (2.10.93)

and that m; are the unit vectors on S'~2. As [87], the obstruction to decoupling for n >
4 is found.© This section concludes with a discussion of the physical space ‘Chandrasekhar

transformation’ introduced for n = 4 in [28] in arbitrary dimension.

“In the work [87], the authors prove that for a Teukolsky type equation to decouple the background spacetime
has to be of Kundt type (see chapter 31 of [115] and [116]). Unfortunately, black hole spacetimes are not Kundt.
However, if the black hole is extreme, then its ‘near-horizon geometry’ is Kundt. This was exploited in [117] to
study instability.
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The Teukolsky (System of) Equation(s) on Schw,,

(1) (1)
For n > 4 decoupling of the null curvature components W and a fails. One can derive a coupled

D Y
system of equations for 7, & and a.. The main result of this section is the following proposition:

Proposition 2.10.27 (The Teukolsky (System of) Equation(s)). The null curvature components

(1)
o and | a satisfy

VaVsa = Ao+ (20 + - (Trgx))W4(1) (2(6;”)Trgx @) V50 (2.10.94)
* {(nQ_(Z)_(f )—2 2"~ 4% + ((Tr—g);))2 B (S:a—l(g;r)_ (ffxz)j "
VsVaa = Ao — (20 + 5 (T&«gx))vg“) (2(6;”)Trgx o)V (2.10.95)
- [(n 257;)_(3 )—2 2)" 1 2((7? _W;))? - (S:a—l%;w - ((zrixz)j .
Additionally the linearised curvature component # satisfies
VoVt = &7 + (("+)Try,x+w)y747 Q(T;+2)( ryx)Wg(;') (2.10.96)

n(Trgx)  2(n—4)(n—1) \ Trgx®  (n—4)(Trgx)* o) «
((n—2> T o3 “’)n—z“ 2(n — 2)2 (+a)

and an angular commuted version

V. V.AF = AAF + ((n—HS)TrgX n w) VAP — %(TWXWSAT (2.10.97)
3(n+ 2)(Tr¢><) B 2(n? — 3n — 2) <;> (n— )(Tl‘gX) SUY
O e e T A T e

Proof. Taking ¥V, of Wg%[) in proposition 2.10.20 gives

n—1

(1)
364(p))2 (2.10.98)

W4W30é =eq (Qw + - (Trgx)>oz + (2w + = (TrgX)>(Y74%é _
1 —

1 1
- *64(T1"gX)T + 7%)&926 + 5 Trgx( (1))

(B - TR~ @)~ (Tt

S

where one uses the commutation lemma 2.8.4. One can substitute the other linearised Bianchi
equations and linearised null structure equations in propositions 2.10.20 and 2.10.7-2.10.17
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respectively to give

(Y4V30) a5 = [%p—l—&;(&u—i— (Tryx )) 4((7’;_4>)( 4X) }“’ (2.10.99)
+ (2w + = (Trgx)) (W4(014 AB + (Olé)— n- 2%4
6 1 -1 a
+(2(n+ 3y Thox &) [Ps5+ (i) i ]
n 1 @
+ [m(ﬁgx) - *64(Trgx)}
where one uses that,
Y'Y (alp)p = —(D3diva) ap + —dlvdiv“)g ”; n—2a (2.10.100)

by the Ricci identity for R. The linearised Bianchi equations in proposition 2.10.20 give

D on—1 (p 1 1 )
T (d,( V) = V30 + (20 + 5 (Trgx))a — 5 (Trg)7. (2.10.101)
So,
ViVl = K0+ (20 + 2(Trg0)) Vald = (-0 Trgy — ) Wal 2.10.102
4 305— (w+§( I'gX)) 404—(m I'gX—W) 3¢ ( . )
6+n RV @ (Trgx)*®
(2(n_2)“ﬂx ©) (20 + 5 (Trgx) ol - -2
1 1 (n—4) 5 N =270
+ gt ea(20 4+ 5(0) = o5 (T = == a
Using that
eq (2@ +imy x) = 95— 2% + STy — #(Tr )2 (2.10.103)
27 27 I g —2) Y o

simplifies equation (2.10.102) to the desired result.

(1)
Turning to the 7 equation and computing directly from proposition 2.10.20 (using the

commutation lemma 2.8.4) gives

4
Yo+ MTrngg%J (2.10.104)

1 1 Tr 1 n —
Va¥ir = (B5946) + n—_”é(%(ﬁ)) A (e 20— 9)

2(n —2)

(-Dm-1)  » -m-1) L »
=2 =3 Xt ) —3 )WSX‘ (dv Vs
Tr n 1 n 1

gé( W) — M_Q)(TTgX)W:;?)— Q(TL_Q)e?)(T&"ﬂX)(%)-
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From the linearised Bianchi equation for Vg(ly in proposition 2.10.20, one can then compute that

di;v\;% = (o+ - 3 2Trgx) v — :r_gx o (n2_p(2)())1b2 (2.10.105)
- g+ 2 pie— A5 - Dy ) + I

So substituting this relation along with the linearised Bianchi identities 2.10.20 and then the

linearised constraint of proposition 2.10.22 gives

(1)

V3Y74(;)— AT + ( ( Trgx + w) (@25 divy (1) (4)(n—1§p(>1(>) (2.10.106)

(n—2)(n—3
e T e e LA e [
- (EZ — :;EZ — ;;er 2(nn_ 2>e3(TrgX) + M( aX)* + W)?
+ 2((7:1_—42)) [63(T1"gX) (2w +5 (Trgx))ﬁgx}

(1) 1)
One can now substitute the expressions for Y37 and Y47 from linearised Bianchi (proposi-

tion 2.10.20), i.e.,

o ( 255" ;)( ) (di - (Vi) + (Trgx) (2(nn— 2)(%)_ 2((nn__42)) a),
(2.10.107)
En ;L;En - ;’;;( (@)~ (P3) = (9 + (120 (2((?:1__42))%2 - 2(nn— 2)%,

(2.10.108)

to gives the first result.

To obtain the angular commuted version, note that two applications of the commutation

lemma gives

ey W 2Try
VAt = AV,7 — — ;C A7 (2.10.109)

and therefore

W 2Trgx ) 6] (Tl"gx)

%%Ar = AY3Y 47 +— (A%T - A%T) - —pAT - ﬁAr (2.10.110)
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Hence,
1) 1) n+6 O n4+6 1)
T = 7 —Tr " F— —(Tr 7 2.10.111
V3VaiA? = AAT + (2(n ) gX +w)4ﬁ?747' 2(n — 2)( gX)AWﬁ (2.10.111)
(n—6)(Trgx)*> 22 —dn+1) \ O (n—4)(Trgx)> o «
( n-27 (n—g)(n—z)pMT_ 2(n —2)? A0 +a).
(1)
Commuting once again so that its an equation for A7 gives the result. O

A Brief Note on the Regge—Wheeler Equation on Schw,

It turns out that, even in the n = 4 case, the Teukolsky equation is difficult to analyze directly
due to problematic first order t-derivative of W or (gm appearing in the second and third terms
on the right hand of proposition 2.10.4. In n = 4, the work [28] introduced so-called ‘Regge—
Wheeler' unknowns (P, P) via a physical space interpretation of the ‘Chandrasekhar transformation’
(see [15] for the mode decomposed version). The unknowns (P, P) satisfy the Regge-Wheeler
equation (initially found for metric perturbations [36]) that can be treated with methods employed
for the wave equation. This section turns to the possibility of a generalisation of (P, P) to
higher-dimensions. The unknowns (P, P) should allow one to recover control on @, & and (%)
from control on Regge—Wheeler variable. In 4D, (P, P) transform solutions (&) and &) of the
Teukolsky equations of proposition 2.10.4 to solutions of the (tensorial) Regge—Wheeler equation.

In particular, the transformation is

- L 3 R o(1
P = 03 Vs (Qre), )= 9702 V5 (rQ 02),
1 ] " (2.10.112)
o 3 - 2
P= 073 Va(Qriy), ¥ e Va(rQ%a).
The unknown P satisfies an equation of the form
VaVuP + ViV P — 2AP + f(V3 — Y4)P + gP = R[d] (2.10.113)

where R[(olzj is some error term depending on @ and the unknown P satisfies an analogous equation
with R[& on the right-hand side. Whilst not immediately obvious, it is the second order operator
acting on (014) or (é) in the transformation that gets rid of the problematic t-derivative of (é) or &)
appearing in the second and third terms on the right hand of proposition 2.10.4. Remarkably,
in n = 4, P and P satisfy completely decoupled equations, i.e. R[%zﬁ = 0! This particular
property seems to be peculiar to 4-dimensional Schwarzschild. Indeed, in the case of Kerr [29] or

Reissner—Nordstréom [118] such complete decoupling does not occur.
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A naive generalisation to higher dimensions would be to modify the r-weights in the definition

of P and P. In particular, the one could take the ansatz for the generalisation of P and P to be

D - 7%(974@) (anTrgX+@)xp+y73\p, (2.10.114)
P = V4(qu\1;) (n 1 5 Trx + Q)¥ -V, 0, (2.10.115)
with
\Pi—m (rPQ%a)) = ( Trgx+w)a——y73 (2.10.116)
v = 2T;Qz V(%) = (mTTgX +&)a+ %(” (210.117)
Hence

p_ _(M(Trgx)z N Wp)&g (mTrgX + w)Wga (2.10.118)

Motivated by the form of equation (2.10.113) in the n = 4 case with p = 1 and ¢ = 3, this
section is dedicated to looking for a P in n > 4 which satisfies an equation of the form

VsViP + ViV3P — 24P + f(V3 - V)P +gP =R (2.10.119)

where R is an error term independent of P which ideally vanishes. In particular, one has the
following proposition:

Proposition 2.10.28. Let P be defined as

P = o(r)d +0(r) V30 — fvgvg“) (2.10.120)
Then P satisfies
(1)
YaViP + YaVsP — 24P + (V3P — YuP) + gP = 2R[d, 7, (2.10.121)
where
. n+6
f=——=Tyx+a, (2.10.122)

(n2 + 8n + 44)(Trgx)2 (n2 +3n—22)p
2

g = 240 +200 — &% i(n—2) (n—3)(n—2)

(2.10.123)
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Q)
and the error term R[«, 7] is of the form

(Trgx)? )

1@ (1) Y €) €)
Rlo, 7] = d(r)Aa + 20— )%Wg e NG )V30 + q1,0(r) Va0 + qoa(r)a (2.10.124)
N N
+ 1,7 (T)WST + q0,-(7)7,
where ¢, q1,o are given by
2Tr n(Tryx)?  3(n— 4
4= Va0 — — o100+ Trg0)” 3 —d)p_ 4.0 (2.10.125)

(n—2) 2(n—2)  2(n-2)

Q2 ot n(Tegx)®  7p 1
P A 5(6@; t i F)+o(20+5(mg0)])  (210126)
and q, o 90,00 91,7 and qo; can written in terms of 9, ¢ and background Ricci coefficients (see
equations (2.10.146-2.10.149)). Additionally, a completely analogous proposition holds for P with
the relevant quantities ‘barred’ and e3 +— e4. In particular, if P is given by equation (2.10.118)
Withp:"Tf2 andq:’%r2 then § =0, 1, =0 and

2(n? —n —8) 3n+4

_ 2
g= (= 2)(n = 3),0 BT (Trgx)”, (2.10.127)
n—4
9o = 03T (2.10.128)
n—4 n(Trgx)?
Qo = 72p( _ Q(ng)) (2.10.129)
Tr n(Tryx)?
_ gxX _ gX
I = 5o (7 =) ), (2.10.130)
4p? n(Trgx)4 4p(Trgx)
= 2.10.131
0= 2 8m=2? (n-27 (2.10.131)
(1) (1) (1)
If n =4, then 7 = 0 and, therefore, R[a, 7] = 0.
Proof. Computing naively gives
VP = (V10 + Vil + (Vi) Vald + 0¥V — V750 (2.10.132)

Now by the commutation relations in lemma 2.8.4

W4W3W3(1> W3W4Y73(1) (W3W3(1)+ W4Y73(Olz . (2.10.133)
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So,

VP = (Y40)o + Va0 + (V40) V50 + (0 + >mwﬁ (2.10.134)
+ WW3773(1) V3W4773(1)

From the Teukolsky equation in proposition (2.10.4) and the commutation lemma 2.8.4 one can

calculate

VsV aVsd = AV a0 + (Tryg)ﬁ(olé)—(z(ﬁ;")ﬁgx 0)V3Y 50 (2.10.135)

+(2“+ (Trgx)>Y74Y73(l) ( ( ) )%m

2(n -2)
o

(TTgX) }
(n—2)2)"

M
2%

(n —10)(Trgx)? 8n — 28
+ 2mn-2?°  (n-3)n-2)"
[2(713 — Tn? + 16n — 8)
(n—3)(n—2)2
2(Trgx) ((Trgx)? | )
-5 _¢2) (D™, )2

pTrgx — 8G3 + 8Lp +

n—2
Hence,

1

V47D = —*AW:J,(D [ - l(w + = TrgX )}W4V3 (TryX)
1

— Ad (2.10.136)

2 2

+[ 6n—|—n Trgx} Vngm {C— 5(4w + Q((ngX)Q) Qp)}WAL(&)

1 /(n —10)(Tryx)? 8n — 28 @, 1(T X)?
_§< 2(n—2)g T m-3)m-2)"" @?)] Faa+ (ng )V?’
1(2(n3_7n2—|—16n—8) (Tl?gx)g)}gé)
(n—3)(n—2)? (n—2)?
(Trgx) ((TTgX)2 +p)<;{
n—2

pTrgx — 83 + 8wp +

One can use the Teukolsky equation in proposition 2.10.4 and
VaVsa = 2ca + 20¥50 — 2P, (2.10.137)

to produce

L, (n+2)Trgx\y ) (n+6)Tryx
2+ ) da -

(Trgx)? _, @ )
2(n _ 2) WST + fO,TT7

V4P = —fzw;“ [ P (2.10.138)

m (m
+FLa Yl + f o Y30 +foa +
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where
) 1 5 n(Trgx) _Tp
=c¢— (64 —— 2.10.1
fla=c 2(6w e 2)+D(2w+ (Trgx) ), (2.10.139)
. 1/.9 2(10 — n)(Trgx)z 4p
= 00 — (@ 2.10.14
f, = Y0+ 2(w + T2 +(n )(n_2)), (2.10.140)
) 2(n — 4)? 9 2(T1rg)<)2 Sdal(g) (n+6)Trgx
= T — - 2.10.141
foo = Vae + [(n—s)(n—z)” R (Y (n—3)}0+ dm_g) ¢ (210141)
3 3n® —24n2 +65n — 50 6n% —32n+44 . (n+2)(Tryx)?
+ 60" — PTryx — wp — ;
2(n —2)%(n —3) (n—2)(n—23) 4(n — 2)?
(Trgx)? /(n+2)(Trgx) (Trgx)?
= -—w) - . 2.10.142
for 2(n—2)( 2(n—2) 2) ) (2.10.142)
One can now compute using the commutation lemma 2.8.4,
1
—54&773%(52 — —cAd — DAY 50 + AP, (2.10.143)
—%Wﬁg%ﬁ = —cd — Y50 + P, (2.10.144)
and that AW;),(&) can be expressed in terms of V,P to show
(n+46)Tryx
VyVP = AP + OV, P — (7_2)“’(%73 — Y.P) - gP (2.10.145)
(Trgx)?
+ ?IA((; + ﬁVsV:ﬂ' 4, W )+ q1, aV40f + qo,a0 o
1) ¥
+ qi, TWE}T + qo, TT

where

n+6)Tr
ql o' = (W?)fl@) + f(]’a + QDil,a N (z(nzziﬂx(fl@ + fl’a) + 2@“1’& - i1,0)’ (210146)

Q0.0 = Vafoa + 2cf,  — (@ + W) » (2.10.147)
2(n — 4)2 . 2(Trgx) Sdal(g)
+f1,a[(n_3)(n 2)'0_4w2+ (n_2) ( 3)}7
. 1 (Trgx)®\ 1, (n+6)Trgxy (Tryx)?
A ((n . 2)) - 5(“’ 2(n — 2? ) (n—2)’ (2.10.148)
= i) oo+ Y L T -

If P is given by equation (2.10.118) then one can compute directly from equation (2.10.146)—
(2.10.149) the concluding result in the proposition. O
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2.10.5 Recovering the Newman—Penrose Teukolsky Equation

For later use and the reader familiar with the Newman—Penrose formalism [102] the relation
between the Teukolsky equation (arising in the double null gauge) derived above in proposi-
tion 2.10.4 and the traditional Teukolsky equation of [13] is given here. To be clear, this section

only applies to 4-dimensional Schwarzschild spacetime.

The traditional Teukolsky equation (or Bardeen—Press equation) [13, 12] on Schwy is

.2scos [s] %( M

2s
[s] £ 22(p — [s] 4 ;2227 el
Og ™ + 2 (r—M)or«!* + a2 o™ + 2\ D0

7)ol (2.10.150)

+ %2(5 — 52 cot? 6) =0,
where ol¥l is a smooth complex-valued spin s-weighted function on the exterior £ of the
Schwarzschild spacetime (see section 2.2.1 of [29] or section 2.2 of [33] for a precise defini-
tion and discussion of smooth complex-valued spin s-weighted functions). One can consider this
equation for arbitrary s € 3Z. For s = 0, equation (2.10.150) reduces to the wave equation on
Schwy. For s = +1 one can show that equation (2.10.150) governs the extreme components of
the Maxwell equations on Schwy. For s = £2, the equation (2.10.150) governs the extremal
curvature components of the metric in the Newman—Penrose formalism [102]. There is a precise
relation between equation (2.10.150) for s = £2 and the Teukolsky equation(s) written down in

proposition 2.10.4 for n = 4 as shall now be elaborated on.

In the Newman—Penrose (NP) formalism one takes a arbitrary null pair (I,n) normalised such
that

g(l,n) =—1, (2.10.151)

and two orthonormal vectors (m1,ms) for the space (I,n)*. One then constructs a (complex)
null tetrad by complexifying the space (I,n)* by taking m = %(ml +ims).9 The metric is then

given by
Jab = —l(anb) + m(amb), (2.10.152)

where m is the complex conjugate of m. One then defines the following complex Weyl NP scalars

\IIO = Rabcdlamblcmda vy = Rabcdlanblcmd> (2 10 153)
Wy = Rpeal“mPmcn, U3 = Ropeal®n’mn,
9The original convention of Newman and Penrose was to use signature (+, —, —, —) and therefore, the convention

g(l,n) =1 [102].
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and
Uy = Rapean®mPnmd. (2.10.154)

Using the conventions of [13], the complex null tetrad on Schwy is

1 1 1 1
Q e4 0z 0, n es 5 0, m 2

1
. 2.10.1
(9 + - 9899) (2.10.155)
The frame written here in equation (2.10.155) is not regular at ™. Denoting the linearised ver-
(1
sionsof ¥4 as W4 (A =1,...,4), the papers [12] and [13] showed, working in the frame (2.10.155),
) &)
that alt? = ¥y and «l=2 = 40, satisfiy the equation (2.10.150).

With the frame (2.10.155) relations, the relation of Wo and Wy to the S}, -tensors a and « is
now straightforward

QQ
r2

1

Uy = rTlfﬂ (0499 + S%agw), Uy = (Q% — Q9¢)7 (2.10.156)

né sin 0

where the trace-free property of o and « has been used. Therefore, under linearisation around
the Schw, background one has

1) 1 ((1) VREY) ) 1) 02 ((1) 1) )

0= 502 \ 400 + sing0¢ ) 4= 5\ Q0 — %) (2.10.157)

Using (2.10.157), the relation between equation (2.10.150) and proposition 2.10.4 for n = 4 can
be stated. One can show using proposition 2.10.4 that

1 1 1

2 _ (1) (1)
« G2 (oo + Y 9%,), (2.10.158)

[-2] _ 02,2 (SO (AEY
o Qr (Qee rinege(p), (2.10.159)

satisfy the equation (2.10.150). Conversely, if «[*=2! satisfy the equation (2.10.150) for s = +2

respectively then one can show that

o = 022 (R(a ) (d0 @ dO — sin® 0dip © dip) + sin 03 () (d0 © dop + dip @ dB)),

(2.10.160)
1
927“2

—
—

I

(R(a=2)(d0 @ df — sin? bddip @ dip) — sin O3 (o« )(d0 @ dop + dp @ ) ),
(2.10.161)

satisfies proposition 2.10.4 for n = 4.



Chapter 3

Weak Stability of Schwarzschild from
Canonical Energy

3.1 Introduction

The main topic of this chapter is the study of the linear stability problem for the exterior of the
4-dimensional Schwarzschild black hole spacetime [1]. The aim of this chapter is to establish the
‘weak’ linear stability of the 4D Schwarzschild black hole exterior spacetime using the canonical
energy conservation law of Hollands and Wald [65]. The main step in achieving this aim is to
establish a explicit connection between the conservation laws of Holzegel [90] and the conservation
law for the canonical energy. This work also acts as a blueprint for exploring the use of the
canonical energy to prove weak stability results on other spacetimes; for example the Kerr black

hole spacetime [106].

3.1.1 Previous Works and Context

The definitive result on the linear stability of the Schwarzschild spacetime was published in 2019
in the monumental work of Dafermos, Holzegel and Rodnianski [28] (the reader should also note
the definitive work of Dafermos, Holzegel, Rodnianski and Taylor [35] on the non-linear problem).

Their result can be stated roughly as follows

Theorem 3.1.1 (Linear Stability of the Schwarzschild Solution [28]). All solutions to the linearised
vacuum Einstein equation (1.5) (in double null gauge) around Schwarzschild arising from regular
asymptotically flat initial data remain uniformly bounded on the exterior and (after adding a
pure gauge solution which can be estimated by the size of the data) decay inverse polynomially

(through a suitable foliation) to a linearised Kerr solution.

Remark 3.1.2. This statement is the best one could expect for the linearised vacuum Einstein

equation (1.5) on the Schwarzschild exterior; in view of the existence of the Kerr solution, the
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best one can expect of general solutions to the linearised vacuum Einstein equation (1.5) on the
Schwarzschild exterior is that the decay to a linear combination of a pure gauge solution and a

linearised Kerr solution.

This result came approximately 60 years after the seminal results of Regge and Wheeler [36]
on the mode stability of the Schwarzschild black hole spacetime in 1957. In the successive decades
there were numerous works studying linear perturbations of the Schwarzschild and Kerr spacetimes
(see for example [10-18]) which led to the conjecture that the Schwarzschild spacetime and Kerr
spacetime are (linearly) stable. From this early literature, the proof of theorem 3.1.1 exploits the
celebrated (tensorial) Teukolsky equations for the (residually) gauge invariant quantities & and &)
which decouple from the full system of linear equations [13]. The work [28] finds a transformation
from @ and (é) to solutions P and P of the (tensorial) Regge—Wheeler equation by a physical
space interpretation of the Chandrasekhar transformation [15] (for a derivation of the Teukolsky
equations and Regge—Wheeler equations see the discussion in section 2.10.4). Additionally, the
proof of theorem 3.1.1 relies on more recent work which advanced the understanding of ways to
produce robust boundedness and decay statements for the scalar wave equation on black hole
exteriors [19-28]. These recent advances for the scalar wave equation can be applied in the
proof of theorem 3.1.1 to produce robust decay estimates for P and P. Through a hierarchical
structure in the linearised system, that the authors identify, the rest of the linearised system can

be estimated through transport equations.

Despite the above theorem 3.1.1, it is still of interest to study alternative methods to approach
the problem of linear stability of the Schwarzschild spacetime. Amongst possible others, there are

two important reasons that are of relevance in this chapter:

(1) It is useful to have a method to investigate stability of a black hole spacetime which
avoids the physical space Chandrasekhar transformation theory and, ideally, the use of the
decoupled Teukolsky equations. This is because decoupling of the linearised system on other
black hole backgrounds is not always possible, let alone a transformation to an equation
which can be treated with the methods available for the wave equation. As illustrated
by section 2.10.4 on the Teukolsky equation on n-dimensional Schwarzschild—Tangherlini,

decoupling often fails in higher dimensions, even in highly symmetric spacetimes.

(2) The proof of [28] requires initial boundedness of (up to) second derivatives of curvature
to obtain control of some linearised Ricci coefficients (the linearised shear) on the future
event horizon, it is therefore of interest to investigate methods which require less control

on initial data to produce such estimates.

One such method was suggested by Holzegel [90] which relies upon a conservation law inherent in
the system of gravitational perturbations on Schwarzschild in double null gauge. The conservation
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law holds on a characteristic rectangle on the exterior of the 4D Schwarzschild spacetime as

depicted in blue in the following Penrose diagram:

Fig. 3.1 A region R bounded by a characteristic rectangle on the Schwarzschild exterior.

Here C, and C, are the null hypersurfaces given by the level sets of the double null Eddington—
Finkelstein coordinates, i.e., {u = const.} and {v = const.} respectively. Define the following
‘modified T-canonical energies’ (in terminology that will become apparent in the body of the
work) on Cy, and C,, respectively

(1)
(1) (1)

— . [n 1) 1) 0
EL1h) (v, v1) = / [19R1 + 2160]? — 2(QTrgx) — 5(QTrg)” + 4w (g ) (QTrg) vy,

v 2
(3.1.1)
(1)
=T . ui (/1\) (1 (1) (1) 1 (1) Q (1)
E, M (ug,ur) = / DQMZ + 2|Q1ﬂ2 —2w(QTryx) — §(QTT¢X)2 — 4w(§>(QTrgx)}du¢,
)
(3.1.2)

where ¢ is the volume form on Sg’v. The work [90] then shows directly from the linearised null
structure equations (see section 2.10.1) that one has a conservation law for these fluxes (3.1.1)
and (3.1.2). Using this conservation law together with an understanding of the pure gauge
solutions Holzegel proves the following statement (stated here roughly):

Theorem 3.1.3 (Holzegel). Let h be a smooth solution of the linearised vacuum Einstein
equation (1.5) in double null gauge. Then the modified canonical energies in equations (3.1.1)

and (3.1.2) satisfy the following conservation law:

oo [0, ur) + &y [h] (00, 01) = &y, [] (w0, ur) + Euy, [] (v0, 01). (3.1.3)
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Further, suppose h arises from suitably normalised asymptotically flat (see section 3.4.3) initial
data. Then there exists a constant Kj; > 0 independent of u such that along any outgoing cone
Cy, with u > ug

o0 (1)
[ [ 19KP @ 0)det < Koo (314)

vo u,v
for some suitable initial data energy Eqata. Moreover, the total energy fluxes along the future

horizon H™ and future null infinity T+ are bounded by initial data, i.e.,

(1) (1)
[ 10%Pavt+ [ RPduf < e (3.15)

for some suitable initial data energy Eqatalh).

Remark 3.1.4. The initial data energy Egatalh] as identified in Holzegel's work is not manifestly
positive but the bound (3.1.5) proves positivity of the energy assigned to the initial data a
posteriori.

The boundedness of these fluxes in theorem 3.1.3 can be viewed as a weak stability statement.
In particular, the interpretation of the estimate (3.1.5) is that the sum of the energy leaving the
exterior region through the horizon H' and the energy radiated to null infinity Z" is bounded by
initial data.

Remark 3.1.5. [t is evident that a growing mode ansatz for the shear would contradict the
uniform bound (3.1.4). What is non-trivial to show (and will be shown in section 3.5.3 of this
chapter) is that, by commuting the bound in the estimate (3.1.5) with the T Killing field, one
can rule out solutions of the linearised vacuum Einstein equation (1.5) of the form

h=e Wte™PH 5(r, 6) (3.1.6)

with Im(w) > 0 for the metric.

The method of Holzegel [90] addresses both points (1) and (2) above, i.e., it does not rely on
the decoupled Teukolsky equations for @ and (é) or the associated Chandrasekhar transformation
theory and it only requires initial boundedness of Ricci coefficients to produce such estimates.
However, [90] gives no systematic method to derive the conservation law in equation (3.1.3).
Incredibly, he spots them by eye in the linearised null structure equations! Hence, it is unclear what
their generalisation to other spacetimes is, for example to the Kerr spacetime or Schwarzschild—

Tangherlini spacetimes.

Recall from section 1.1.5, Hollands and Wald [65] gave another alternative approach to
general linear stability problems for stationary, axisymmetric vacuum black holes with their

criterion associated to the ‘canonical energy. One may wonder if the canonical energy can be
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used to prove a weak stability statement for the 4-dimensional Schwarzschild black hole. As
mentioned in section 1.1.5 of chapter 1, this has remained an open problem until now. The
present chapter rectifies this issue by showing that, after considering the canonical energy locally
and exploiting a double null decomposition, the canonical energy conservation law allows one to
derive Holzegel's conservation laws and, therefore, one can infer the positivity of the (modified)
canonical energy. Due to the generality of the canonical energy method, it is clear how to apply
it to other spacetimes (see section 3.1.3 for more discussion). Hence, it becomes clear from the

present work how to derive useful conservation laws from the canonical energy in double null

gauge.

Remark 3.1.6. There has been progress towards establishing the positivity of the canonical
energy on Schwarzschild by Prabu and Wald [119] who prove that the canonical energy of a
metric perturbation of Schwarzschild that is generated by a ‘Hertz potential’ is positive. They
conjecture (but do not prove) that any real, smooth metric perturbation of Schwarzschild can
be obtained as the real part of a metric perturbation generated by a smooth Hertz potential.
Initial data giving rise to a Hertz potential is unconstrained and thus gets around point (i) of
Hollands and Wald's admissibility criterion. Moreover, they relate the energy quantity associated
to the Regge—Wheeler equation arising in the linear stability proof of Dafermos, Holzegel and
Rodnianski [28] to the canonical energy of an associated metric perturbation generated by a Hertz
potential. This conservation law occurs at the level of (up to) three derivatives of curvature. In
contrast, Holzegel's weak stability result relies upon a conservation law that occurs at a much

lower regularity. In particular, the conservation law in question is at the level of Ricci coefficients.

3.1.2 Overview and Main Results: Theorems 3.1.7-3.1.13

This section contains a brief overview and outline of the main results of the chapter. The
main body of the chapter starts with section 3.2 which discusses the canonical energy in detail.
However, the exposition in this chapter will be slightly different to the original work of Hollands
and Wald [65]; rather than viewing the canonical energy as a constrained variational principle
evaluated on Cauchy hypersurfaces, the canonical energy is simply viewed as a quantity for
the linearised metric h arising from a ‘vector field current’ which can be evaluated locally. In
particular, for a vector field X the X-canonical energy will be associated to a current J[h]*
which is divergence free if X is Killing and h satisfies the linearised vacuum Einstein equation (L.5).

The X-canonical energy on some hypersurface 3 with unit normal ny will then be
£X[h] = / ns (T[] )dvols,. (3.1.7)
pX

Now, since 7 [h] if divergence free is X is Killing, one can construct conservation laws for £X[h]

associated to the boundary of some spacetime region and the Killing symmetries of the spacetime.
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Section 3.3 contains the main body of the author’s original work. By evaluating the canonical
energy associated to the Killing field 7' = 0, for the Schwarzschild spacetime on the characteristic
rectangle depicted in figure 3.1 and choosing the metric perturbation h to be in double null gauge
(see definition 2.10.1), a double null decomposition of the canonical energy is achieved. Since T

is a Killing vector field one obtains a conservation law for the T-canonical energy
551 [h] (Uo, Ul) + 531 [h](uo, ul) = 55; [h] (Uo, Ul) + 53; [h](uo, ul), (318)

where, to ease notation, one denotes

EX R0, 1) = &8 vzl EX [0, 1) = €L ppcucany Bl (319)

A natural question to ask is: is this conservation law for the T-canonical energy related to
Holzegel's conservation law of equation (3.1.3)? One of the main results of section 3.3 is to prove
the following precise relation between these conservation laws.

Theorem 3.1.7. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on the Schwarzschild black hole exterior. Then the T-canonical energy of h
on the null cones C,, N{vg < v <wv1} and C, N {up < u < wuy} is given by

ETTR) (v, v1) = 28 [h] (uo, wr) — 2 , Allw.0.0)f (3.1.10)
EXA) (ug, uy) = 28 1(vo,v1) + 2/ (u,v,0,0)¢ :; (3.1.11)

where £ [h] and €. [h] are defined in equations (3.1.1) and (3.1.2) and with

A[h) %(&) — )Ty — 7(“) Do)+ ;[(QT(})QX) (QTrgx)]Trgh _ 9<1 b (3.1.12)
(1) (1) (1)
2 () [@Trg) — @Trgw)] + 5 @Trg) () (T~ 4(5 ).

Moreover, the modified T-canonical energies satisfy
=T =T =T =T
5u1 [h] (7}0, 7)1) + 51)1 [h] (U(), ul) == 5UO [h] (UQ, Ul) + Evo [h] (UQ, ul). (3.1.13)

Remark 3.1.8. The last part of this theorem (equation (3.1.13)) follows the from the equa-
tions (3.1.10) and (3.1.11) in conjunction with the conservation law for the canonical energy (3.1.8).
Therefore, one can view this theorem as a proof that the canonical energy conservation law implies

Holzegel's conservation law in equation (3.1.3).

The proof of theorem 3.1.7 (which can be found in section 3.3.3) relies upon using the

linearised null structure equations in propositions 2.10.7-2.10.17 (but not the linearised Bianchi
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equations in proposition 2.10.20) to integrate by parts and produce the boundary term .A. More-
over, in proving this result the linearised Gauss and Codazzi constraint equations are key (see
proposition 2.10.15 and see proposition 2.10.17). This directly relates to point (i) of Hollands
and Wald's admissible data criterion (see section 1.1.5). However, one advantage of using the

double null decomposition is that one can readily use these linearised constraint equations.

Section 3.3.4 constructs a ‘higher order’ T'-canonical energy conservation law associated to
Lo, h? where {€;}3_, are the Killing vector fields associated to the SO(3) symmetry of the
Schwarzschild spacetime (see equations (3.3.11)-(3.3.13) for explicit expressions for {Q;}3_,).
For convenience, define the following ‘modified higher order T-canonical energies':

=T . 022 o 302r2p (1) 022 o a 3rZpmy, M
Eulhl(wo,on) = [ (5101 + S5L02 + S (0 4+ o) - 2T (3114)
vo

(1)

3r2prl Q (1)
— 7“2 P b(QTrgx) — 2w} (§> (QTrgx))dvi,
= 022 W, 30%r%p 4y, Q2% 0 3r2pay, M
Fulh(wo,un) = [ (515 + r” LR fo 4+ o+ o) - 7“2“ T
(3.1.15)
m
3 Q (1)
7’2 p [ (QTrgx) — 2w} (5) (QTrgx))duﬁ

With these definitions in hand, the following theorem is proved in section 3.3.

Theorem 3.1.9. Suppose h is a smooth solution of the linearised vacuum Einstein equation (1.5)

in double null gauge on the Schwarzschild black hole exterior. The T-canonical energy of Lg, h

satisfies
T —-T T U1
Zgu [La, k] (v, v1) = 8F, [h](vo,v1) + 4E,, [h](vo, v1) — 2/82 B(u,v,0,0)¢ , (3.1.16)
k %, Vo
—-T _ u
Zgg[‘cgkh](uovul) = ng [h](UU,Ul) +46vT[h](u07u1) +2/SQ B(U,U,H,QD)¢ (3117)
k %, uo
with
. 9 ) (1) n (ORI C L (512) e
B[h] =r ((QTrgx)divn - (QTryx)divn — p((QTrgx) — (QTrgx)) + QQTrgx<§)p (3.1.18)

Tr 1)
(1) ( w X
F@Tr )0 + [ - S @Tr0 (@Trg) + > AlLo,hL

?Note that, by proposition C.1.4 in appendix C.1, if k is a Killing vector field and h solves the linearised vacuum
Einstein equation (I.5) then Lh also solves the linearised vacuum Einstein equation (1.5).
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where A[Lq, h| results from expressing A[h] in equation (3.1.12) in terms of h and replacing it
with Lo, h. Moreover, the modified higher order T'-canonical energies satisfy

Eon (1100, 01) + £y (1] (0, 1) = £y (1) (0, 01) + £ ] (0, ). (3.1.19)

The reader should note that Holzegel also identified the conservation law (3.1.19) in [90] by
eye (see equations (82) and (83) and proposition 8.1 in [90]).

Section 3.3.5 constructs an additional ‘higher order’ T-canonical energy conservation law

associated to L7h. For convenience define the following ‘modified higher order T-canonical

energies’:
= (v Qg 3 1 0t o ey ¥
Euh(wo,on) = [ (Sl + S0 (o + [0 F18P) + I8P + BIXP + RIS (31.20)
V0
<(12>
AP g hOTr) + 5 (wfs + 20Teg o) () (@)
(1)
f (1) fo (1) O\ 12
— ﬁ(QTrgx)2 207 {(QTrgx) + Q(QTrgx)(Q)} )dv¢,
u1 04 ¢ 1
E, [ (o, wr) = / (—| ? + n‘*(m 512+ 18P + S 1817+ AIKP + IR (3.1.21)
uo
f (fz) )
+ falnf? —ig(QTg ) — (Wf3+2QTr¢Xf2>< )(QTrgX)

(1)
e - om0 - @m0 (3)] auy

with
A ZQ%), fo= —794,), f3 = 202(Q%p — w?). (3.1.22)
Additionally, the following theorem is proved in section 3.3.5:

Theorem 3.1.10. Suppose h is a smooth solution of the linearised vacuum Einstein equation (1.5)
in double null gauge on the Schwarzschild black hole exterior. Then the modified higher order

T'-canonical energies satisfy
EL (A (v0, 1) + En (] (w0, 1) = E g [B] (00, 01) + E v [] (w0, w1)- (3.1.23)

Remark 3.1.11. To the best of the authors knowledge, no such local conservation law for @ and

(1) .
o has been derived.
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This chapter then concludes with a discussion of the energy boundedness statements that can
be derived from these conservation laws as well as a proof of mode stability. For this purpose,
the restrictions on initial data, along with the gauge freedom are discussed in section 3.4. For
completeness section 3.5.2 reproves the boundedness statement in [90] which was stated roughly
in theorem 3.1.3. Additionally, two other energy boundedness statements are proved. These can

be stated roughly as the following:

Theorem 3.1.12. Let h be a smooth solution of the linearised vacuum Einstein equation (1.5)
in double null gauge which is suitably normalised and asymptotically flat. Then there exists a
constant Kj; > 0 independent of u such that along any outgoing cone C,, with u > ug

o0 1)
[ 196P 0ot < Karbaa (3120
vo u,v

for some suitable initial data energy ¥yaia (independent of u). Moreover, the following fluxes
along the future horizon H™ and future null infinity T+ are bounded by initial data:

(1)2 (1)2
[, 1052t + [ (BPdug < Eau (3.1.25)

for some suitable initial data energy & j.ia.-

With the success of the conservation laws in theorems 3.1.7 and 3.1.9 producing L?-
1 (1) (L)
boundedness statements for the shears (X, X) and (3, ), the reader may be wondering about if one

can use the local conservation law (3.1.23) in theorem 3.1.10 for (%z),(ozi)) to produce the analogue
of theorems 3.1.3 and 3.1.127 In particular, can the conservation law arising in theorem 3.1.10
produce a boundedness statement for |(olz)]2 on any outgoing cone (), and @2 at null infinity Z7.
However, at the time of writing, any attempt to produce such an estimate has failed. However,

one does have a commuted estimate arising from theorem 3.1.3:

Theorem 3.1.13. Let h be a smooth solution of the linearised vacuum Einstein equation (1.5) in
double null gauge which is suitably normalised and asymptotically flat. Then the following fluxes
along the future horizon H™ and future null infinity T+ are bounded by initial data:

/ Q20 2dv + / G2dug < Equia (3.1.26)
H+ T+

for some suitable initial data energy Eqata.

As mentioned in remark 3.1.5, section 3.5.3 will establish mode stability for solutions h to
the linearised vacuum Einstein equation (I.5) on the Schwarzschild black hole exterior. It is, in
. 9(1) . S . .
fact, this last energy boundedness theorem for 2« and « in conjunction with some asymptotic
ODE analysis for the Teukolsky equation (2.10.150) that allows one to prove the following mode
stability statement:
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Corollary 3.1.14. Let h be a smooth solution to the linearised vacuum Einstein equation (1.5)
on the Schwarzschild black hole exterior of the form,

hag = € "“te™P H, 5(r, 0), (3.1.27)

with Im(w) > 0 and which obeys suitable boundary conditions at the future event horizon and
future null infinity (in particular, boundary conditions consistent with finite energy on a suitable

hypersurface). Then it is the sum of a pure gauge and linearised Kerr solution.

3.1.3 Qutlook

In this subsection, a few ideas for extensions to the work presented here are outlined.

The Extension to Kerr

It is conjectured that the subextremal Kerr black hole spacetime is asymptotically stable as
a solution to the vacuum Einstein equation (see section IV of the introduction of [35] for a
precise formulation of this conjecture). In view of the works [29] and [33] on quantitative
boundedness and decay for the Teukolsky equation on subextremal Kerr, the full linear stability
of the subextremal Kerr spacetime is within reach in analogy with [28]. Alternatively, one could
follow the weak stability path in analogy with the work in this chapter and attempt a energy
boundedness statement for the subextremal Kerr spacetime as shall be elaborated on in this section.

As was discussed in section 2.9 of chapter 2, the exterior of the Kerr spacetime can be
covered globally by double null coordinates. These coordinates were originally introduced in [108].
Naturally, one can consider the T-canonical energy on the exterior of Kerr to give a local conser-
vation law on a characteristic rectangle. Due to the reduced symmetry, most of the background
quantities are non-zero (and only implicitly defined). This is in stark contrast to the Schwarzschild
case where all but a few Ricci coefficients and curvature components are zero for the normalised
null frame associated with the double null coordinate chart. Therefore, the expressions resulting
for the T-canonical energy on the exterior of Kerr are far more complicated but, of course, can
be derived. The reader should note that here is where the canonical energy has a significant
advantage over the direct method of Holzegel [90]; since one starts with a conservation law that
can be manipulated rather than having to spot the conservation law in the relevant linearised null

structure equations.

Once the conservation law on the exterior of Kerr is derived, it is then very probable that the
method of obtaining ‘weak’ stability results (similar to theorem 3.1.3) presented in this chapter
would naturally extend to the Kerr spacetime albeit with some caveats and an increase in technical

complexity. Indeed, the main caveat is that one cannot expect to exploit the limits and the
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residual pure gauge freedom to produce a positive quantity at the horizon for arbitrary linear
perturbations to the Kerr spacetime due to the issue of superradiance. The expectation in the
Kerr case is that one could prove a restricted weak stability result for axisymmetric perturbations.
This is the topic of work in progress of the author with Holzegel. One should also note the work
of Moncrief and Gudapati [120] in this direction.

Remark 3.1.15. Instead of choosing a double null foliation of the Kerr exterior, one could
choose the ‘algebraically special null frame’ of Kerr to compute the local conservation law (see
section 2.9). The algebraically special frame is advantageous since more of the Ricci coefficients
and curvature components vanish identically and one has explicit expressions for them in terms
of (r,0). The complexity of the problem is pushed into the null structure equations since the
space span(es, e4)" is not integrable (see, for example, [114]). This complexity manifests itself
as additional equations for the quantities such as the twist: the anti-symmetric part of the null
second fundamental form x. Additionally the non-integrability of the frame means that the
ability to integrate by parts is obscure and ultimately results in one having to understand the
relation between the double null foliation and the algebraically special frame. There are none of
these issues for the Schwarzschild case since the algebraically special frame coincides with the

normalised null frame of the double null foliation.

The Extension to Reissner—Nordstrom

The canonical energy arises naturally from the Einstein—Hilbert action for the Einstein vacuum
equation by considering antisymmetrised variations of the action. The notion of canonical energy
extends naturally to many theories with a Lagrangian formulation (see Keir [96]). In particular,
the Einstein—Maxwell system is a natural candidate for investigating the canonical energy outside

vacuum.

A natural starting place for investigating the canonical energy for Einstein—-Maxwell would be
the Reissner—Nordstrom spacetime [121, 122]. Due to its spherical symmetry, the computations
should be reasonably tractable and allow one to investigate how the canonical energy behaves
when gravitational and electromagnetic perturbations are coupled. One should note that the full
linear stability in analogy with [28] has been established in [123].
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3.2 Canonical Energy

When trying to prove boundedness and decay for hyperbolic equations on black hole backgrounds
energy estimates have proved invaluable [19-28, 124]. In many cases, one can view such estimates
as arising from applications of the divergence theorem to energy currents. If one has an energy—
momentum tensor, T, associated to a theory, it provides a natural way to construct such energy
currents. In particular, if one has an energy—momentum tensor one can define an X-energy
current associated to a vector field X by

JX = T, X° (3.2.1)

a

and, from this current, an ‘X-energy’ on a hypersurface
BEX i/ng(JX)dvolg, (3.2.2)
b

where ny is the (future-directed) unit normal to ¥ and dvoly, is the induced volume form
associated to 3. One can readily show that

div(J¥) =TI, (3.2.3)

where ITX = %Exg is called the deformation tensor. Applying the divergence theorem on a region

R bounded by two homologous hypersurfaces, 31 and X, gives
Ef = /R T’TI},dvol + By, (3.2.4)
where n is the future-directed unit normal to the relevant hypersurface. Note that
div(J*) =0, (3.2.5)
when X is Killing. Therefore, applying the divergence theorem gives a conservation law.

Famous examples of theories with energy-momentum tensors are the scalar wave equation
and Maxwell's equations. Sadly, in the case of the linearised vacuum Einstein equation (1.5), no
such energy momentum tensor exists.” Nevertheless, there is an alternative way to construct
currents associated to some vector field X based on symplectic structure of the space of solutions
to the linearised vacuum Einstein equation (I.5). When one has a stationary spacetime and uses
the Killing field associated to stationarity 7', this method of constructing currents gives rise to

the current which generates the ‘canonical energy’ of Hollands and Wald [65]. In this case, there

PFor linearised theory around the Minkowski spacetime there are various notions of energy—momentum pseudo-
tensors (see for example sections 20.3 and 20.4 in [125] or sections 6.3 and 7.5 in [92] for more discussion on this
topic).
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is no bulk term and one obtains a conservation law.

In this section a pedestrian approach to the canonical energy is presented. In sections 3.2.1
and 3.2.2, the idea of a canonical energy based on symplectic structure is motivated using the
wave equation and Maxwell’s equations. The canonical energy for the linearised vacuum Einstein
equation (I.5) is defined in section 3.2.3. Note that the exposition in this section gives a different
viewpoint on the canonical energy from that of the original work of Hollands and Wald. In
particular, the canonical energy is simply viewed as a quantity for the linearised metric h arising
from a ‘vector field current” which can be evaluated locally. This section does not discuss the
nice connection of the canonical energy to black hole thermodynamics or the stability criterion
associated to the canonical energy when evaluated on Cauchy hypersurfaces. The interested
reader should consult [65] and the introductory section 3.1.1 of chapter 1.

3.2.1 Canonical Energy for the Wave Equation

A classic toy model for the Einstein equation (in harmonic coordinates) is the the wave equation
Oy =0, (3.2.6)
for U € C°°(M) on a spacetime (M, g). The energy-momentum tensor for this theory is
1
T[¥]ap = Vo U V¥ — §gab\wf|§. (3.2.7)
For a vector field X € X(M) one has the associated current
X 1 2
(JH¥))a = VIV, V¥ — §XG|V\I/]g. (3.2.8)

However, one can also define a current based on symplectic structure:

Definition 3.2.1 (Symplectic Current Associated to the Wave Equation). Let &, ¥ € C*°(M).

Then the symplectic current associated to ® and V¥ is defined as
w[®, U] = g (dV,¥ — UV, ). (3.2.9)

Proposition 3.2.1. Suppose &,V € C°°(M) satisfy the wave equation (3.2.6) then ro[®, U] is
divergence free.

Proof. The result of this proposition follows from a direct computation of div(to[®, ¥]) and
substitution of the wave equation (3.2.6). O

This leads to a definition of a ‘canonical energy’ for the wave equation:
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Definition 3.2.2 (Canonical Energy for the Wave Equation). Let U € C* (M) satisfy the wave
equation (3.2.6). Further, let X be a vector field and . be a hypersurface in (M, g) with (unit)
normal n. One defines the X -canonical energy current for the wave equation as

TX([W] = w[¥, Ly U] (3.2.10)
The X -canonical energy for the wave equation on 3. is defined as
EX[W] = / n(J¥[W])dvoly. (3.2.11)
b

Proposition 3.2.2. Suppose ¥ € C°(M) satisfies the wave equation (3.2.6) and X is a vector
field. Then,

div(w[¥, LxU]) = —WgPKE VU — 2018 VeVPw (3.2.12)
where
. 1
KX, = Vo IIN + VI — VI, N = 3 (£x9)ab (3.2.13)

Proof. One can calculate directly that
div(w[¥, LxV¥]) = =V, (Lx V). (3.2.14)
Using proposition C.1.2 in appendix C.1 one sees V,LxV = Lx(VV), and therefore,
VaViplxV = Lx(VV)y, + KX VOO, (3.2.15)

One has that (Lxg™1)a = —2I1% and, therefore, using that ¥ satisfies the wave equation (3.2.6),
one has

abc

O0,Lx ¥ = g™KX VU + 2113 VIVi . (3.2.16)
O

Suppose one applies the divergence theorem to to[¥, Lx¥] in some region of a vacuum

spacetime depicted in the following diagram:

2

2
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If X is not a Killing vector field, then the right-hand side of equation (3.2.12) appears as the
bulk term. If one wanted to produce a Morawetz-type [124] spacetime estimate such a bulk term
seems undesirable since the right-hand side of equation (3.2.12) is not a quadratic expression
in derivatives of W. On the other hand, if X is Killing then Lx WV is also a solution to the wave

equation (3.2.6) and therefore the bulk vanishes to yield the conservation law
E (W] + R, [0] + Ex7 [V] = E8,[W] + ER, V] + €X, [, (3.2.17)
associated to the boundary of the region R depicted above.

For a general vector field X, it seems reasonable to expect that the X-canonical energy for a
spacetime is related to the standard X-energy constructed from the energy momentum tensor.

The following proposition confirms this expectation.

Proposition 3.2.3. Suppose X is a Killing field for a vacuum spacetime (M, g) and ¥ € C*>°(M)
solves the wave equation (3.2.6). Then the X -canonical energy current satisfies

(TX[¥])a = 2(T5 [®])a + (7 [¥))a (3.2.18)

where (JX[W]), is defined in equation (3.2.8) as the standard X-current associated to the

energy-momentum tensor and
GEWs = Vi Aay,  Aap = X[,V ¥, (3.2.19)

i.e., JX[W] and JX[V] are related by a divergence. Moreover, j*[¥] is divergence free.

Proof. By the identity in proposition C.1.1 in appendix C.1 one has
(TXW])a = LxIV, T — UL (VT), (3.2.20)
which can be expressed as
(TX[P])a = 2L TV, T — (Lxw)a (3.2.21)
for wg = UV, ¥. Now, by the Killing property of X,

(Lxw)a = (divQ)q + wp Vo X" (3.2.22)
= (V’Q)ba + (divw) Xo — (V°Q)ab (3.2.23)

for Qap = wpX,. By the wave equation (3.2.6), divw = |V\I!|§ and hence the result. O
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Remark 3.2.4. The fact that jX is a total divergence will be important in proposition 3.3.1
below which states the analogous result of theorem 3.1.7 for the wave equation (3.2.6) on the
Schwarzschild black hole.

Remark 3.2.5. As will be discussed in chapter 4 (see proposition 4.3.1), the above proposition
has an interesting generalisation to the linearised vacuum Einstein equation (1.5) despite the fact

that there is no energy-momentum tensor for the theory.

3.2.2 Canonical Energy for Maxwell’'s Equations

Another well studied example of a field theory is Maxwell's equations in the absence of sources for
a vector potential A € Q'(M) on a spacetime background. Maxwell's equations can be written

neatly as
*(dxF) =0, dF =0, (3.2.24)

where F' = dA is the Maxwell tensor. One has the following energy momentum tensor for the
potential A € QY(M)

. 1
T[Alap = FacFp© — 19ab|F|?]- (3.2.25)

For identifying the symplectic current associated to Maxwell's equations it turns out to be

useful to rewrite them in terms of the one form A, as
PN,V Ag = 0, (3.2.26)
with

Pabcd - gacgbd _ gadgbc‘ (3227)

Definition 3.2.3 (Symplectic Current Associated to the Maxwell's Equations). Let A1, Ay €
QY(M). Then the symplectic current associated to Ay and Ay is defined as

w[A;, Ag]® = P%4((A1),Ve(A2)g — (A2)sVe(A1)a), (3.2.28)

with P4 defined in equation (3.2.27).

Proposition 3.2.6. Suppose A1, Ay € QY(M) satisfy the Maxwell’s equations (3.2.26) then
w[A1, Ao is divergence free.

Proof. This result follows from a direct computation of div(tw[A;, A2]) with the Maxwell equa-
tion (3.2.26). O
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Once again this leads to the definition of ‘canonical energy’ for Maxwell's equations:

Definition 3.2.4 (Canonical Energy for the Maxwell's Equations). Suppose A € Q' (M) satisfies
Maxwell’s equations (3.2.26). Further, let X be a vector field and ¥ be a hypersurface in (M, g)
with (unit) normal n. One defines the X -canonical energy current for Maxwell’s equations as

TX[A] = w[A, Lx Al (3.2.29)
The X -canonical energy for Maxwell’s equations on % is defined as

EX[W] = /Z n(JX[A])dvols. (3.2.30)

One again, one can apply the divergence theorem to JX[A] in some region of a vacuum

spacetime depicted in the following diagram:

N,y Na
R
M Ny
- % .

As with solutions to the the wave equation (3.2.6), if X is Killing then Lx A is also a solution to
the Maxwell's equation (3.2.26) and therefore, by proposition 3.2.6, one obtains a conservation

law
EX [A] + ER [A] + EX [A] = &5, [A] + ER, [A] + €, [A], (3.2.31)

associated to the boundary of the region R depicted above.

3.2.3 Canonical Energy for the Linearised Einstein Vacuum Equation

It turns out to be convenient to rewrite the linearised vacuum Einstein equation (1.5) (plus its

trace) in the following form:

Proposition 3.2.7. Suppose (M, g) satisfies the vacuum Einstein equation (1.2) and h satisfies

the linearised vacuum Einstein equation (1.5). Then
P 40"V oV ghep = 0, (3.2.32)
where P is defined as

1 1 1 1
Pabcdef - gaegbfgcd o 5gadgbegcf o 5gabgefgccl _ 5gaegdfgbc + §gadgefgbc. (3233)
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Proof. Computing directly, using equation (3.2.33), gives

1 1
P40y "IN oV ghey = VOV (e — 55ahe = 5 ViV Trgh (3.2.34)

1 1
— §div(divh)gbC + §(D9Trgh)gbc.

The last two terms are the trace of the linearised vacuum Einstein equation (1.5) and therefore

cancel. Moreover, one can apply the Ricci identity to the the first term to give

1 1
P4y * Vo Vahes = V(o divhy, — Rp”  haa — 50ahbe = 5V VeTrgh, (3.2.35)

)

where one uses Ric(g) = 0. Therefore, using the symmetries of the Riemann tensor and the
linearised vacuum Einstein equation (I.5) one has the result. O

One can define the following symplectic current on sym(7T*M @ T*M):
Definition 3.2.5 (Symplectic Current). Let hy, he € sym(T*M ® T*M). Then the symplectic
current v associated to hy and hy is defined by

ro[hy, ho]® iP“deef((hQ)chd(hl)ef - (hl)bcvd(h2)ef)7 (3.2.36)

where P is defined in equation (3.2.33) of proposition 3.2.7.

Proposition 3.2.8. Suppose (M, g) satisfies the vacuum Einstein equation and hy and hy satisfy
the linearised vacuum Einstein equation (1.5). Then the symplectic current to[hq, hs] is divergence

free.

Proof. Computing directly once again gives

div(to[hy, ha]) = PP, (hg)peVa(h1)er — PV 4 (h1)eVa(ha)es (3.2.37)
+ P (he)oeVaValh)es = P (h)oeVaValha)es.  (3:2:38)

Noting that P has the symmetry
Pabcdef — Pdfeacb (3239)

shows the first two terms in (3.2.38) cancel and proposition 3.2.7 shows that the last two

vanish. O

Remark 3.2.9. As Hollands and Wald illustrate in [65], the current w[h, hg| arises naturally
by considering antisymmeterised second variations of the Einstein—Hilbert action for a vacuum
spacetime (M, g) which has Lagrangian density

1
L= m—ﬂScal(g)a, (3.2.40)
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where Scal(g) is the Ricci scalar of g and ¢ is the volume form associated to g.

Definition 3.2.6 (Canonical Energy). Let (M, g) be a spacetime satisfying the vacuum Einstein
equation (1.2) and h be a solution to the linearised vacuum Einstein equation (1.5). Let X be a
vector field and ¥ be a hypersurface in (M, g) with (unit) normal n. The X -canonical energy on
3 is defined as

EX[h] = /E n(J¥[h])dvols, (3.2.41)

where JX[h] = w[h, Lxh].

Remark 3.2.10. This definition extends the definition of the canonical energy given by Hollands
and Wald in the sense that they consider the case only where (M, g) is stationary with stationary
Killing field T' and then take X =T.

Proposition 3.2.11. Suppose (M, g) satisfies the vacuum Einstein equation and h satisfies the

linearised vacuum Einstein equation (1.5). Then the symplectic current JX [h] satisfies

div(J¥[h]) = = b PP (K3, VPhes + Kok

aep

Vah?; + Kgffpvdhpe) (3.2.42)

— hye P (VK RP § + K, Vol + VoK B + Ko, Vah?, )

+ (Lx P)® by Y V ghe
where

: !
KX = VI 4+ VIIX - v X, 10X = 5 (£x9)a (3.2.43)

abc

and (Lx P)®™4/ can be expressed in terms of 11X and the inverse metric.

Proof. This follows from a direct computation with the results in appendix C.1 and noting that
(Lx P)?eIN N ghe s = —P ™% L (VV ) ager, (3.2.44)

by proposition 3.2.7. ]

Suppose one applies the divergence theorem to JX [h] in some region of a vacuum spacetime.
One gets the following proposition:

Proposition 3.2.12. Let h be a smooth solution to the linearised vacuum Einstein equation (1.5),
X a Killing vector field and R be a region of the vacuum spacetime (M, g) with boundary
depicted in the following diagram,
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MQ N2
R
M N,
3 21 o

where X; are spacelike and N; and N; are null. Then the X -canonical energy satisfies

Enp[B] + ER (1] + EX [B] = Eny,[h] + EX, [h] + E,[R). (3.2.45)
Proof. This result follows from proposition 3.2.8 and proposition C.1.4 in appendix C.1. O

If X is not a Killing vector field then the above proposition 3.2.12 can be modified to include
the expression in equation (3.2.42) appearing as a spacetime bulk term. If one wanted to produce
a Morawetz-type [124] spacetime estimate such a bulk term seems undesirable since the right-hand

side of equation (3.2.42) is not a quadratic expression in derivatives of h.

3.2.4 Higher Order Canonical Energies

Suppose the stationary spacetime (M, g) has a Killing field k& (not necessarily the stationary
Killing vector field T'). By proposition C.1.4, if h is a solution to the linearised vacuum Einstein
equation (I.5) then Lih is also a solution i.e. one can commute as many Lie derivatives Ly,
through the linearised vacuum Einstein operator as one likes. Hence, one can consider a ‘higher

order’ X-canonical energy Eé( (L] resulting from
(TX[LER) = PO (Lx L7 eVl D)oy — (L RV a(£xLith)er ). (3:2.46)

For the 4-dimensional Schwarzschild solution one has the Killing fields associated to spherical
symmetry ; ¢ = 1,2, 3. In sections 3.3.4 and 3.3.5, the T-canonical energies of Lq,h and Lrh
will be evaluated.

Remark 3.2.13. Recall, more generally, that any two solutions of the linearised vacuum Einstein
equation (1.5) define a conserved quantity resulting from v € X (M) of the form

m[h1, hg]a = P“deef((hl)bCVd(hg)ef — (hg)bcvd(hl)ef). (3.2.47)

Hence, one could conceivably get conservation laws resulting from arbitrary combinations of Lie

derivatives with respect to Killing fields.
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3.3 Canonical Energy in Double Null Gauge

In this section, the proofs of theorems 3.1.7, 3.1.9 and 3.1.10 are given. In section 3.3.1 the
computation of the canonical energy in double null gauge is setup with a motivational example of
the main computation with the wave equation (3.2.6). Section 3.3.2 collects some preliminary
computations which will be useful in the proof of the theorems 3.1.7-3.1.10. The intensive
parts of the computations for the canonical energy in double null gauge are then given in
sections 3.3.3, 3.3.4 and 3.3.5 as the proofs of theorems 3.1.7, 3.1.9 and 3.1.10.

3.3.1 The Setup

Consider the exterior of Schwy in double null Eddington—Finkelstein coordinates as defined in
equation (2.8.3). Consider a characteristic rectangle bounded by surfaces of constant v and v
on the exterior with vertices (ug,vo), (u1,v9), (uo,v1) and (u1,v1) as depicted in blue in the

following diagram:

Fig. 3.2 The Penrose diagram depicting the setup up for the computation of the canonical energy
on the exterior of the Schwy spacetime.

In the dual basis to e3 = éau, €4 = %&) e1 = Oy and ez = 0, the metric is

g==2 2+ ef)+y (33.1)
= —20%(du® dv + dv ® du) + ¢. (332)

where 4= r27°y2. The volume form for the Schwarzschild black hole exterior is

e =202%duNdvA¢ (3.3.3)
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where ¢ is the induced volume form on SZ}U. The induced volume forms on the surfaces of

constant u and v are given by
dvolg, = 20%dv A ¢,  dvolg, = 2Q0%du A ¢, (3.3.4)
respectively. To simplify notation, let

gg[h] (UO’ Ul) = gguﬂ{vogvgvl}[h]’ gg[h] (’LL(], ul) = ggvﬁ{uogugul}[h]‘ (335)

By proposition 3.2.12 one has the following canonical energy conservation law for a smooth

solution h of the linearised vacuum Einstein equation (I.5):
EX (R (vo, v1) + EL [M(uo, ur) = EL [h](vo, v1) + EL [1] (uo, u1). (3.3.6)

One can write the terms in this conservation law (3.3.6) explicitly as
T (1) (w0, v1) = 2 / 1 / du(T7 ) Q2dvg = 2 / 1 / (TT[h)*Qdut, (3.3.7)
5 J(wo, ur) 2/ 1/ dv jT Q2du¢ = 2/ / JT 4Qdu¢ (3.3.8)
uo

where jT[h] is the vector defined in definition 3.2.5. For clarity, recall that
(TR = Pl [(Lrh)ocVahes — hoeVa(Lrh)es (3.3.9)

with P is defined as

1 ad  be cf

Pabcdef ae bf cd 29 g*g

1 1 1
= g%¢b g _ 7gabgefgcd _ gaegdfgbc + gadgefgbc (3310)

2 2 2
Recall that the Schwarzschild black hole spacetime Schw, has three additional Killing fields
associated to the spherical symmetry of the spacetime. Let € be the Killing fields on the

sphere S?, i.e.

0 = 0,, (3.3.11)
Q9 = sin pdy + cot O cos Y0, (3.3.12)
Q3 = cos pdy — cot O sin pd,,. (3.3.13)

As discussed in section 3.2.4, one has a canonical energy conservation law for Lo, h for each

k =1,2,3. In fact, the more appropriate conservation law is the sum of £7[Lq, h]. Denote

3 3
£olhl(vo,v1) =Y EulLashl(vo, 1), Eulhl(vo,v1) = ElLoh)(ug,ur).  (3.3.14)

=1 =1
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Then é’fT satisfies

& o 11 (0, v1) + &4y [R)(wo, ur) = &4, [1](vo, v1) + &4, [B] (o, ur). (3.3.15)

One can write the terms in this conservation law (3.3.6) explicitly as
. 3
&7 [h] (o, v1) = 22/ / T(Lo,h])>Qdog, (3.3.16)
T[] (uo, un) 22/ / T(La,h]) ' Qduz. (33.17)

In the following sections the currents JT[h], 3, J*[La,.h] and JT[Lrh] are computed in
explicitly. The reader should note that the proof of the statements in theorems 3.1.7-3.1.10 are
extremely computationally involved. As a instructive first step, the following argument for the

wave equation illustrates the key ideas of the proofs.

In double null Eddington—Finkelstein coordinates on the exterior the wave equation (3.2.6)
for U € C°°(Schwy) reduces to

88\II+ (a —0,)V + AU =0 (3.3.18)

where A is the Laplacian on Si,v- Define the following energies on C, and C,, respectively
(which are the usual T-energies arising from the current in equation (3.2.8) defined using the

energy-momentum tensor):
ET[W] (v, v1) = / / CATE AR (3.3.19)
vo
ET W) (ug, 1) = 5/ / (1750 + Y U)ot (3.3.20)
ug JS?
For brevity, introduce the following notation for the T-canonical energy for the wave equation

817;[\11] (U(), 1)1) = gguﬁ{vogvgvl}[q/]? 531[\1/] ('LL(), ul) = Egﬂuﬁ{uogugul}[\ll]‘ (3321)

Since T is Killing, J7[¥] is divergence-free (see proposition 3.2.1). Therefore, the T-canonical

energy for the wave equation satisfies:
573; [\If] (v, v1) + Eg; [\If] (ug,uy) = 531 [\I/](U(), v1) + 531 [\I/](U(), uy). (3.3.22)

The analogous result to theorem 3.1.7 for the wave equation is then the following:
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Proposition 3.3.1. Let U be a smooth solution to the wave equation (3.2.6) on the Schwarzschild

black hole exterior. Then the T-canonical energy for the wave equation of ¥ on the null cones

Cun{vg<v<wv}and C,N{uy < u < uy} satisfies
U1
Eq [¥](vo, v1) = 2E5 [¥](vo, 01) — [ F[¥](u,v,6, )¢

2
Su,v

EX (o, w1) = 2B (V) (o, ) + [ F[¥)(u,0,0, )¢

vo

u1

up
with F' = %\II(&U\IJ — 0, V). Hence,
EZO[\IJ](UO, v1) + EZ; (W] (up, u1) = Eg:l (W] (vo,v1) + EZ;[\I/](U(), uy).

Proof. Now since LU = T(¥) = £(9,¥ + 9, V) and g*¥ = —ﬁ one has

X u __ 2 20
TN = o5 (0,90,0 + 0,0 — W2V — ¥0,0,9),
1
X vo__ _— 2 20
T = 155 (0,909 + 0,02 — IRV — 90,0,0).

Using the decomposed wave equation (3.3.18) one finds

TXW" + o500 F) = ﬁ(@\m? — U8,0,T + gqu(avxp - aqu))
= oo (0P + Q29 03) — Saiv (v
TX W] — #(%(7"2}7) = ﬁ(\&ﬂfﬁ — 00,0,V + 5?111(&,\1/ - 0,1))
= 5oz (10,9 + QW) — Satv (VAW Y).
Therefore,
T = 5 (leaW)? + [F9F) — SAiv(0@0)) - 5 50,(F)
TX = 3 (les(0) + (VW) — Sdlv (UADP) + g 00 (F).

(3.3.23)

(3.3.24)

(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)
(3.3.29)
(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

If one integrates equations (3.3.32) and (3.3.33) over the sphere, the div terms vanish since 9S? = .

Hence, the result.

The key points that this proof illustrates is:

O]

(i) The equation for the scalar field, i.e., the wave equation (3.2.6), in conjunction with

integration by parts over S2 , can be used to simplify the fluxes. In this case the wave

u,v

equation can be used to remove 9,0,V in exchange for first order derivative terms and an

angular Laplacian of the solution, which can be integrated by parts.



3.3 Canonical Energy in Double Null Gauge 131

(i) If one adds Gz50,(r*F) to (JT)* then subtracting gz 0u(r*) from (J71)? for some §
then one maintains a conservation law on hypersurfaces since the terms on the spheres at
the corners of the characteristic rectangle cancel.

(iii) There are second order derivatives of W that cannot be exchanged for first order derivative
terms via the wave equation (as in point (i)). For example W92W appears in J7. One can

use point (ii) to remove these terms. This is precisely what allows one to identify § = F'.

With this discussion of the wave equation in hand, some intuition for why the main result in
theorem 3.1.7 is true can be given. First one should note that the Schwarzschild spacetime only
has a limited number of symmetries so there cannot be arbitrarily many independent conservation
laws. This means there is likely some relation between the canonical energy conservation law and
Holzegel's conservation law (3.1.3). Further, observe that the linearised null structure equations

of section 2.10.1 have the form

(1)
Vh=T, (3.3.34)
(1) 1 @
VI =TT+ W, (3.3.35)

(1)
where I is the background Ricci coefficients and I is the linear perturbations to the Ricci

(1)
coefficients and W denotes the linearised Weyl curvature. Therefore, the flux densities jT[h]

involved in the canonical energy of h are of the schematic form

® ) 1
JTh = Lyh-Vh—h-VLph =T -T+Th-T+h-W. (3.3.36)

It turns out that, in analogy with proposition 3.3.1 for solutions of the wave equation, by us-
ing only the linearised null structure equations (2.10.1), this last term involving curvature in
equation (3.3.36) can be replaced (exactly like ¥9,0,¥, W92¥ and W2V for the wave equation)
by the boundary term +.A4 (defined in theorem 3.1.7) on the spheres S? S? S2 and

0,0’ Su1,v0’ S uo,v1
SQ

u1,v1°

The intuition behind theorem 3.1.9 is the following. From the discussion in remark 2.10.3
combined with proposition C.1.4 that if 4 in double null gauge solves the linearised vacuum Einstein
equation (I.5) then so does Lq, h. So if one writes the conservation law for the modified T-
canonical energy (see equations (3.1.1) and (3.1.2)) in terms of i then one can replace it everywhere
with Lg, h. Effectively due to [T, Q] = 0 for all k = 1,2,3 and therefore L7 Lq, h = Lo, L7h,
it turns out that this operation commutes through each term in equations (3.1.1) and (3.1.2) so
one can replace each linearised Ricci coefficient (12 with EQk(ll“). Roughly speaking, >, £Qk>i< is

(1)
similar to the divergence operator div on Si,v acting on the linearised shear x. From linearised
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Codazzi equations in proposition 2.10.17 one can see that

(1) (1) 1 (@
divg=-B+..., divi=8+.... (3.3.37)

Using the linearised null structure equations of propositions 2.10.7-2.10.17 in section 2.10.1, the
linearised Bianchi equations of proposition 2.10.20 and integration by parts one can then establish
theorem 3.1.9.

Finally, the intuition behind theorem 3.1.10 is the following. Following the same reasoning as
discussed above for theorem 3.1.9 one can replace each metric coefficient & and each linearised
Ricci coefficient (Il“) in equations (3.1.1) and (3.1.2) with £rh and ET%) respectively. From linearised
shear equations in proposition 2.10.10 one can see that

oy m SV NN

LrR=Vsx+Vit=—-a+..., (3.3.38)
(€3 (63 M (1)

LrX=Vsx+Vix=—a+.... (3.3.39)

Using the linearised null structure equations of propositions 2.10.7-2.10.17 in section 2.10.1, the
linearised Bianchi equations of proposition 2.10.20 and integration by parts one can then establish
theorem 3.1.10.

Remark 3.3.2. The conservation law (3.1.23) in theorem 3.1.10 arises from the solution Lrh to
the linearised vacuum Einstein equation (1.5). One can consider the conservation laws for the
solution E’%h. Following the same reasoning as discussed above for theorem 3.1.9 one can replace

(1)
each metric coefficient h and each linearised Ricci coefficient ' in equations (3.1.1) and (3.1.2)

(1) (1 (1)
with L5h and LT respectively. Taking k = 4, and by naively considering £7x and £4TX with

equations (3.3.38) and (3.3.39) one has

M ) 3(1)

Lig= L2804 . = —(Vs+ V)% +...=V4P+..., (3.3.40)
4 3(1) 3(1)

Lrx=~Lra+...=—(Ys+V)’a+...=VsP+..., (3.3.41)

where one (P, P) are solutions to the Regge—Wheeler equation in proposition 2.10.28 with n = 4.
Therefore, by replacing %) and(xi) by £4T(>2) and [;g in equations (3.1.1) and (3.1.2), one sees that
this will produce a conservation law that involves | Y 4P|? in the flux on C, and |Y3P|* in the
flux on C\, at top order. It seems likely that this conservation law is related to the conservation

law in proposition 11.1.1 in Dafermos—Holzegel-Rodnianski [28].
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3.3.2 Preliminary Computations

One should note that from the definition of double null Eddington—Finkelstein coordinates in

section 2.8 one has the following relations

—Vyr? = —(Tryx), T%VM”Q = (Trgx)- (3.3.42)

From the null structure and Bianchi equations in sections 2.6 and 2.7.3 one has the following
relations for the background Ricci coefficients and curvature components of definitions 2.2.1

and 2.3.1 respectively:

W4Q = w, WgQ = —Ww,
Q Q
Y 4(QTrgx) = 2wTrgx — Q(Tfij)% Y3(QTrgx) = §(Trgx)2 — 2wTrgx;,
X 2 (3.3.43)
Vap = —50Trgx, Vap = 5pTrgx;
Vaw = Qp, Vaw = —Qp
and
p=—wTrgx. (3.3.44)

These relations in equations (3.3.42), (3.3.43) and (3.3.44) will be used liberally throughout the

rest of this section and the next.
For the canonical energy calculation one needs to compute V,hg, and V,(Lrh)g, in the
double null basis. The following lemma is useful for this.

Lemma 3.3.3. Let S € sym(T*M @ T*M) on the Schwarzschild black hole exterior Schw, with
Sy4 =S33 =S34 =0, (3.3.45)

in the normalised null basis (e3,e4,04) associated to the double null Eddington—Finkelstein
coordinates. Further, denote v154 = S44 and 3 4 = Sap which are considered as the components
of a Sgw—covector and symmetric Si,v 2-tensor. Then the non-zero components of (V,S)g have

the following decomposition:

(V3S)43 = 63(843)7 (V4S)43 = 64(843)7

(VaS) ag = Vv — vy, (V3S)aq = Vv — v, ( |
1 3.3.46

(VAS)44 = —(TrgX)Vi, (VAS)34 = 8,4(834) + §(T1"gX)V,S4,

(VaS)an = (Y48) aB, (V3S)a = (V39)as,
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and
(VaS)3p = %(Tl"gx) (SAB + %Sz4gAB>, (3.3.47)
(VaS)up = WAVSB — 1(Trgx) (SAB + %S?"lgAB)’ (3.3.48)
(VaS)ge = (Va8)Bc + 1(Trgx)gACVB + 1(Trgx ) Ve (3.3.49)

Proof. One can calculate the above results using the formula
(ViS)ap = €u(Sap) — S(Vuea, €8) — S(ea, Vyues), (3.3.50)

in conjunction with the proposition 2.8.2. O

It will turn out that for calculating the canonical energy in double null gauge only the following

non-zero components of V,hg, will be required:

Proposition 3.3.4. Let h € sym(T*M ® T*M) be a smooth solution to the linearised vacuum
Einstein equation (1.5) in double null gauge on the 4-dimensional Schwarzschild exterior. Then,
in the normalised null basis (es,e4,04) associated to the double null Eddington—Finkelstein
coordinates, one has

— é(l) 4 (1)
(Vsh)as = QY (V4h)a3 = —g
) %) <[1))
. ba
(Vah)as = —f(% ) + 2w5, (Vsh)as = 5 (Trgx) = 28— %), (3.3.51)

— (1)

(Vah) ap 2XAB +5 (7D2 )ABv (V3h) AB = 2Xyp-

Proof. To prove this statement note that for i in double null gauge
(1) (1)

Q) h bp

haa=hss=hsa =0, hu=-4(g). vh=hip=—7. hap=Hap.  (3352)

The results follow directly from lemma 3.3.3 and the linearised null structure equations (in

particular, proposition 2.10.7). The reader should note the decomposition

(V3
(V4

)as = V3(Trgh)g ,p + (Vsh) an, (3.3.53)

h
B)ap = Ya(Trgh)g ,p + (Yalh) as. (3.3.54)

O

The following computation gives the components of L7h in the normalised null frame.
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Proposition 3.3.5. Let T = 0, be the Killing field associated to stationarity of Schwy. Further,
let h € sym(T*M ® T*M) a smooth solution to the linearised vacuum Einstein equation (1.5) in
double null gauge on the 4-dimensional Schwarzschild exterior. Then, in the basis (e3,€4,04)

associated to the double null Eddington—Finkelstein coordinates, L1h has the following components

(1) (1)

(ﬁTh)44 =0, (ﬁTh)gg =0, (ﬁTh)Ag, =0, (ﬁTh)34 = —Q(w + g), (3.3.55)
1 . 1 (1)
(Crh)aa = V5" = =5 (Vab)a — Q=) a + 7 (Trgx)ba, (3.3.56)
1 1 (1) e
(Lrh)ap = (Lrh)as = §(£TTrg%)gAB + QXAB + QX 5 + (D3b) as. (3.3.57)

Proof. First note that sincet =u +v and 7, =v —u one has T' = %(63 + e4). From this one
can compute V4T = wey, V3T = —wez and V4T = 0. Also,

(Vrh)aps = Q(Vgh)ag + Q(V4h) (3.3.58)

Hence, one can use proposition 3.3.4 to compute (Vrh)ss. Finally one can finish the calculations

by using the formula
([:Th)aﬁ = (VTh)ag + h%@(vaT)fy + hva(V5T)'y (3.3.59)

in conjunction with lemma 3.3.3 for i in double null gauge and proposition 3.3.4. O

Proposition 3.3.6. Let h € sym(T*M ® T*M) be a smooth solution to the linearised vacuum
Einstein equation (1.5) in double null gauge on the 4-dimensional Schwarzschild exterior expressed

in double null Eddington—Finkelstein coordinates. Then, in the basis (e3,€e4,04),

1)

(Vs3(Lrh))as = 29 ((5# 2p<g)) - %au&), (3.3.60)

(Va(Lrh))as = _73 W+ 29(“) ((g)) (3.3.61)

(Vs(Lrh))as = (TTgX) (Vs — 5 (Tegx)b) , + 2943~ 8) + 2008+ B). (3.3.62)
(QTYgx) (7 + 31) 4,

(Vs(Lrh))as = (Va(£rh))an = Q(QTI"gX)(%)—F %) - 2008 — 2wy — O, (3.3.63)

(Va(Lrh))ap = (Va(Lrh))ap (3.3.64)

% (1) 1 *(1) 1 (1) (1) «{1) (/1\) (1)
= P5(Vab) — 5 TryxP3b — S (QTrg) (X + X) - 2051 + 2wy — Q. (3.3.65)
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Proof. To prove these relations one uses lemma 3.3.3 and proposition 3.3.5 to double null
decompose the above quantities. The results above then follow from an application of the
commutation lemma 2.8.4 and the linearised null structure equations of section 2.10.1. O

Proposition 3.3.7. Let h € sym(T*M ® T*M) be a smooth solution to the linearised vacuum
Einstein equation (1.5) in double null gauge on the 4-dimensional Schwarzschild exterior. Then

one has the following relations

(1) (1) (1)
LrTrgh = (QTrgx) + (QTrgx) — divb, (3.3.66)

1)
1 m w S 1 o o
Va(lrTrgh) = 5 (202dtvn + 202 (p'+ ﬁp) +5(QTrg) ((QTrgy) + (Trgx))  (3.367)
(1)
—2w(QTrgx) — 2(QTrgx)(wi)),

)
Q ) )

Ya(LrTegh) = é(z@?dﬁﬁ# 202 (p'+ ﬁp) - %(QTrgX)((QT%) +(QTryx))  (3.3.68)

) M1 (1
T 2(QTrgy) + 2(QTrg ) — Qv (T 4b) + 5(QTrgx)d;rvbj.

Proof. The first equation follows from proposition 2.10.7. The rest of the results then follow
from the linearised Raychauduri equations in proposition 2.10.9 and propagation equations for
the expansions in proposition 2.10.8. Note that for the last equation one uses the commutation
lemma 2.8.4. O
3.3.3 Proof of Theorem 3.1.7

In the following subsection the main computation is performed. Many of the details are provided
to leave the reader with no illusion as to the technical nature of the manipulations.

Proof of theorem 3.1.7. In this proof the following convention is adopted. The symbol = will

denote equality under integration by parts on S?w.

Recall that the T-canonical energy current 77 [h]® is given by
T =Pl [(Lrh)yVahes — hoeVa(Lrh)es] (3.3.69)
with
abcdef - _ae bf cd 1 ad be cf 1 ab ef cd 1 ae df bc 1 ad ef bc
p =9"97 9" = 59" = 5997 9" = 5997 g + 59" 9 g (33.70)

The inverse metric has a very simple form in the dual basis to the normalised null frame

(e3,e4,09,0,) associated to double null Eddington—Finkelstein coordinates. In particular, its
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non-zero components are
34 1 AB _ _AB
g =—= g =g (3.3.71)

Recall that solution h to the linearised vacuum Einstein equation (I.5) in double null gauge is

given by

) )
Q b
hss = 0 = h3z = h3a, h3q = —4<§>7 hya = —ﬁA, hag = hag, (3.3.72)

in the basis (e3, e4, 09, 0,). Further by proposition 3.3.5, the vanishing components of Lrh are

(Lrh)as =0, (Lrh)ss =0, (Lrh)as = 0. (3.3.73)

When calculating J7[h]* one should note that ¥3¢ = 0 and hence [Trg,W3] = 0. From
lemma 3.3.3 one has

1 1
(VDS)sp = §(Trgx)($DF + 5334gDF) (3.3.74)
for S=h or S = Lrh. Hence,
1
4" (VpS)sp = §(Trgx)(Trg$ + S34), (3.3.75)

for S = h or S = Lrh. Further, one can decompose (Lrh)ap into its trace and symmetric

traceless part as

(ﬁTh)AB = %([,TTI‘g%)g + ﬁTT\hAB, (3.3.76)
Vi3(Lrh)ap = %Wz,(ﬁTTrgh)g +Yslrhap, (3.3.77)

where one uses that (Lrh)ap = (£rh)ap and L1¢ = 0. Combining these facts gives that
JT[h)* can be written in a decomposed form as

—

T = 3 (e Ty — (b Falrh)) + < (L2(Trgheshss) — (Tegh)es((Lrhsn)
+ é(Wg(ETTrgh)Trgh - (LTTrg%)W3(Trgh)> - éW?,ﬁT(Trgh)th (3.3.78)
+ éVS(TTg%)(ETh)?A + é(ﬂgx) (h34£T(TTglfi) - (ﬁTh)34(ng%))-

Similarly, noting the relations derived above in lemma 3.3.3 and that

1 1 1 1
EgABVﬁThWBTrg% — ZgABvZVB,CTTrg% = —ZdiVVLThTrgh + Zd,fvthTTrgh, (3.3.79)
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the component J7'[h]? can be calculated as
TP = (uw V) — 3 b Vallrh))) + ¢ (ValLaTogh)Trgh — (L2 Trg )Y (Tegh)
+3 (ﬁT(ng%)e4(h34) — (Trghea(Lrh)sa) = Valr(Trgh)hss + Va(Trgh)(Lrh)sa )
_ é(TWX) (h34£T(Tr¢h) — (Lrh)sa(Tegh)) (3.3.80)
— L(Erhysadted® + haadter T — LBk TV + ST
+ i(gAB S (Vsh)ap — gAPVE(VaLoh)ap — divvE ™" Trgh + div" Lo'Trgh),

where VSB = Sup (for S=h or S= Lrh) is considered as a covector.

Further, using proposition 2.10.7, one has

1
Vavi =—5Vabs, (3.3.81)
Vi = L a(Vabs — O 4l b
AV = <Y AV — OV (i~ D)s + TrngAbB. (3.3.82)
So,
= 1_ 40 — 1 5@ 1 (1)
Vvh = GBob,  VvErh = SBL(Vab) + QP30 — Pin) — 5 TrgxDob, (3.3.83)

h 1 (1) Lrh 1 (1) (1) (1) 1 (1)
divv = _ﬁdeb’ d/ilvv = _idiv(v4b) — QdiVT] —+ Qdeﬁ—i— ETI'gX(ﬂ/Vb (3384)

Therefore, exploiting these relations and propositions 3.3.4-3.3.7, one can write two complicated
expressions for 7 [h]* and JT[h]3:

(1)

QW, w0 & 1a, M 1) 0 oo
T = FIAP - Q(Q)mTrgx) ~ 5au(QTryx) - QmTrgx)? 30 (33.89)
(1) (1 (1)
~ SRR - —Qmmx)(smgx) ~ e d(2(0Tryy) - divh) — L@
Q a 1oa  (QTrgx) (p NI W)
+ 2 qate B + L8+ 2B0) — T R+ et T — 7Ty

)+
(1) (1)

+ TiséX [(Qi‘r)gx) + (Q%r)gx)} (Trg% 4( )) iﬂ(%) (4(9uw +4( QTI"gX) )
<)

(1)

1 2
+ ﬁ( 40 d,fvn 4w(QTrgx) + 4(8uw + 4(QTrgx)w
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(1)
Q (1)2 SRS Q O @ @)
7’X| 4Q(QTr¢X) - ST+ & 0 (Q)(QTTgX) 5 (%R (3.3.86)

2Q)
1 (1)(1> 1) (1)
|n| 4 Try,x (b n+n5+ b8 — B) + (QTrgX)<% <x+x>>g—79<ﬁ )

(1) (1) b
(QTrgx)(QTrgx) - ﬁ(QTryx)(wD - —Q(QTrgx)w + fdf b

jT[h]S

40

o )+ 8+ St )+ (), =) + (0.9 — (0, 94))
(1) (1)
+ %(g) ((@Trg0 - 0 w) N Qll‘ggx [T + (T (4(5) — Tegh)
+ 19 (QQd,AJ %)+ Do) + w(QTrgx) (QTrgx)(l)) Trg%,

where the following relation has been employed
(1)

Q (1) (1)) (
2(g)divir= —(nn'+ ) (3.3.87)

and similarly for (ﬁ). Also, note that in simplifying these expressions one uses the linearised Codazzi
equations in proposition 2.10.17 to give that

@) (1) (1) (1) (1) (1) 1 (1) (1)
<7D2b 2%) = 2(b, dzvx> Trgx{b,n) + 200, ) — 5(QTrgx)divh, (3.3.88)
NEORNEY (1) D w1 M 1)

The function A can be identified by the following observations:

(1) If one considers the wider problem of interest, namely the conservation law on the boundary

of a characteristic rectangle on the exterior £4 of Schw, then if one can write
T3 s L T gt 1
T =TT = SVaF, T =TT+ 5V, (3.3.90)

for some function F', then one has a cancellation of F' at the spheres at the corners of the

characteristic rectangle.

(2) There are terms in J*4 and J3 which appear with the correct derivative (9, for 7% and 9,

for 73) to integrate by parts but one has no expression for them in terms of the null structure

equations. For example Guw'ﬁ"g% and <Y74 ((ﬁ) %5) However, one has expressions for

9y and aubA from propositions 2.10.13 and 2.10.7 respectively. So, with point (1) in
mind, expressing such terms as total derivative and adding and subtracting such terms is

advantageous to manipulate the expressions for 73 and J*.
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The function A (defined in theorem 3.1.7) can be written as

1
A[h]:72(%11—«42—-43—«44+A5—v46—A7+A8+A9—A10)

with 1 )
L1 oo L Lo
A = 1" gTrgh, Ay = i wTrgh,
T2 (1) (1) (1 2 (1)
Az = Z< 31 @a Ay = g(QTTgX)TTgh
P2 r2Q o @ -
-'45 - g(QTI'gX)TI‘g%, A6 - T<X - X %>7
3 ((12) (1) 32 o (1)
=22 RN UL
Ar = r () (QTrgx), As = = () (QTrgx),
(1) (1)
TZ(QTI' X) 9 . O\ 2
9 = 5 s (§>Trgh A9 = 2r (QTrgx)(§> )
One can check that using proposition 2.10.7 that
1 o, 1 1la )
r—2Y73A1 (Trgx)wTrgh + Trg% (QTrgx)

: Y, A = 1 (1) W ) a
Vi = ((Trgx)w + 3vw)Trgh—|— —((QTrgx) divb),

1 (1) (1)

1
T—QW?,AQ = ——(Trgx)wTrgh + (I)Trgh (QTrgx)

(1)
1 1 1 ) 1
ﬁV4A2 ((Trgx)(w) + 3 (w>) Trgh —l— — ((QTrgx) d/fvb>.

Using propositions 2.10.7 and 2.10.11 one has

1 ‘) ay Q) 1M 1M
Vs = — (T b5~ ) + S0 - ?7!2 <b WS =5 0.5),
1 CTrgx oy o @ 1o a (1)
SVads = =5 (0= ) b) + 1[(77— (740) — {b. ¥.5) — 5(6)]
Using propositions 2.10.7, 2.10.8 and 2.10.9 gives
1) Q o 1 W
773«44 (QTI“gX>(QTYgX) + Trg%df = 5q w)Trgh

(1)

16Q Trg%(gﬂﬂ’() ((QTI"M) + (QTrgx) )
(1)

o (OTrg)? + o T (@) + (Trg))

1 )
~ 10 (QTrgx)divb

1
ﬁ%A‘* 40

(3.3.91)

(3.3.92)

(3.3.93)

(3.3.94)

(3.3.95)

(3.3.96)

(3.3.97)

(3.3.98)

(3.3.99)

(3.3.100)
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and
1 9 1 (1) (1)
5 V3As = 15 (QTrgx)” — ETrg%(w(QTrgx) (QTryx)w ) (3.3.101)
1 (1) > 1 )
SVads = | Q(QTrgX)<(QTrgx) divh) — o (B Trgh (3.3.102)
(1) (1) a
Trgh{(QTrgx) (QTrgx)] + Zd;(Vﬂlfrgh.
Using propositions 2.10.7 and 2.10.10 gives
1 1 SO RCO IS O I VR CH! )
3 VsAs = S (QTrp) (X + X 1) — 5 (% %) + \x!2 +5 711 divi) (3.3.103)
1 @4 Q o
2W<X7 h> - Z<Qa %>a
1 QTrgx © © - QOO QO,
SV ide = G R+ S0 - SIRP 5 divhy (3.3.104)
1 (i) ~ 0 1 5 1@ @)@ X (1) ( 1
S+ AR S B+ )
1 (1) (1) &5
~1a ((QTrgx) (QTrgx))djvb.
With propositions 2.10.7, 2.10.8 and 2.10.9 one has
1 3 (1) 3 (Ql) (1)
W (1)
5 VaAr = 5 w(QTrgx) — Q( Q)(W(QTrM)Jr(QTrgX)g), (3.3.105)
3 e
(1) (1)1 (1)
LV = T - S0 - ol - 2 (5)al (3.3.106)
(1)
3,0 (1) (1)

Analogously, with propositions 2.10.7, 2.10.8 and 2.10.9 one has

(1)
(1) 3 ma 3 /0 (1)
%,As =50 (QTl"gX) - *QM 29(77,@ - 5(5)%&)
(1)
3.0 &Y 1)
-1 (5) (Trgx) (2Tegx) + (QTrgy) ),
(1)

1 3, W 3/Q Q) (1)
3 Vads = 55w QTrg) + 5 () (W(@Trp0) + (QTrg ).

(3.3.107)

(3.3.108)
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Using proposition 2.10.7 gives

eh) ) )

1 Q ,0 Q o Q0
TjV3A9 Z(Trgx) S Trgh — wTrgXQTrg% + ( Trgx)Q( Tryx) (3.3.109)
1 (1)
i(Tl“gX)WTTg%,
(Sll)
mAg (Trgx)wTrg% + = [QTrgX + dw] Trg Q)Trg% (3.3.110)
(glz) 1) (1)
+ ﬂgx(ﬁ) (QTrgx) + Trgx(n +1)(b),
(1)
7y73,410 = —O(Tryx)? (5) - 4w(Trgx)(5) + 4(QTrgx)(§)Q, (3.3.111)
(1) (1)
1 Q Q
5 Vadio = Tryx [QTrgx + 44 ( Q) +4(QTryx) ( Q)“) (3.3.112)

Therefore, denoting (7T[h})3 = (JT[h])? + 5 Y 4(r2A) and (7T[h])4 = (JT[h)* - LV3(r2A),

I
one can calculate that

T ) = QR - LQ(QTrgX) - %(Qﬁgx)“# %(g)w(gﬁw 120l (33.113)
o ()20 — (ot — L) - T () - )
+ TYX (T + 4 (Trgh — 4(2))) 3

T = QIRl? - éw(g)mfﬁw - 280ty - oo QT 20l (33119)
o ()20 ofaated - Lamgr) - T (0l - i)

(1)
2 gy + 40) (Tegh — () ).

where one uses that

1)

(349, aivi — —WTrgh> (%) [divdivii - %AT%%] (3.3.115)

Using the linearised Gauss equation in proposition 2.10.15 gives the result stated in theorem 3.1.7.
O
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3.3.4 Proof of Theorem 3.1.9

Proof of theorem 3.1.9. In this proof the following convention is adopted. The symbol = will

denote equality under integration by parts of S?“,

Now rather than go through the direct computation as in section 3.3.3 one can use the
following idea to avoid (some of) the long computations. By propositions C.1.4 and the discussion
in remark 2.10.3, if h satisfies the linearised null structure equations then L, h does. Note

further that one can establish
(La,h)zz = 0= (Lo,h)as = (Lo, h)3a. (3.3.116)

Therefore, if one expresses (J7[h])* — 5 V3(r2A[h]) and (TT[h])® + 5V 4(r2A[R]) in terms
of h, then replacing with Lq, h will result in a simpler form for the components of (J7[Lq, h])
(plus a boundary term). One can check that this yields

(1)
1 5% 1 Q0 (1)
(T" (Lo, b)) = §<Q2|¢Qkx|2 4202 f0 P — 4ka(5)Qk((QTrM)) (3.3.117)

20, (W v L 0
20, (BOU((OTg) — £ (Qu(QT0)%) + 5 Vsl AlLa, ).

(1)
1 (1) (/1\) 0 (1)
(T Lo, h)? = 5(292‘%@2 Q20 NP + 4ka(§>Qk((QTrgx))) (3.3.118)

— 20, (T 0) 2% () - (T80 — ST AP A Lo, h)

For simplicity, denote J* = ", (JT[Lq, h])* and A =3, A[Lq, h]. Now, note that {2}
satisfy the following identities

Soaap =r2gts, (3.3.119)
k
D5y = 0 = divey, (3.3.120)

where the latter two identities follow from the Killing property. Next from lemma 2.4.3, a covector
£ € (S ,) satisfies

L0, 6 = [V, €7 + (@I IEP + (hIOAE Vo, 6. (33121)

One can check that

> (eufrl€)Qy, = 0. (3.3.122)
k
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Using equation (3.3.119) and that 3°, (cyrl€2;)? = 4 one finds

S 1o &P = r?|YEP + [€%. (3.3.123)

k

Similarly, using lemma 2.4.3, for © € symtr(T*S; , ® T*SZ ) one has

> |Lq, O =r*|VO|* + 4|0, (3.3.124)
k

: . wa S
Then, using the above results with £ € {n,ﬂ>} and © € {X, X} gives

1 M oy ( ( 1 (1)
It = (@A + 48P + 2027 Y0l + 2000 - S? V(T (33.125)

(1)
(1)

- 47"2W<Y7(%),77((9Trg&))> ~2 (YD), V(@Trg)))) + 5 Va(2A)
JP== (292 21¥nl? + 202(n|? +92r2\Y7<>2|2+492\>2\2—2r2]Y7(£21(“11")gX)\2 (3.3.126)

(1)
(1)

22 (W (OTrgx), V() + 4r2(¥ (2, V@) - SY4(2A).

Recall that, from propositions 2.10.7, 2.10.11, 2.10.14, and lemma 2.4.3

2 1 1 M m @
W= (%n +Trgxn — ), (3.3.127)

(1) (1) (L (1)
Q 1 cfrln =0 = —c
d( ) ((1)_’_(1)), IXI' nN=0o= 1/{1‘

d& (W3%> TrgXU + 5
NETRE z\d,fv@P — Scal(¢)|0)?, V€2 = |eyirle]? + |dive]? —

(1) (1)
Combining these results with £ € {%),(ﬁ} and © € {X, x} and the commutation lemma 2.8.4 gives

(1)
Jt= 5(292 Pl + 20282 + 2022 di? + 202232 - TZW(QT%)\Z (3.3.128)

(1)
T 2rudiv (7 + ) (VTrgx) + r20F 5 (AR (O Trgx) — §T2Q(T1"gx)diV(%)>(QTTgX)
(1) (1)

+ PO (OTrgx)) + 5 V(2 A),

2.2 (x2 2 29 2.2 Do 2o 14 o 2
5(29 r2(divi)? + 2027202 + Q22 |divi 2 + 202[%)% — STV (QTrg)* (3.3.129)
(1)

RO T )V (i) + §T2Trgxﬂ(9'§r)gx)dﬁ@)) 20Tk ) div(B)

7=

_ zrzwdiv(%br(ﬁ)(gﬁgx)) _ Tizm(rz A.
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Using the linearised Codazzi equations in proposition 2.10.17 one has

g22
a0 2ats i = (TP + O e a3 (3:3.130)
1)
+ 2027 (Trgx)<77,5> Qr Trgx(QTrgx)dfvn —2Qr (QTrgx)d/fvﬁ,
Wy _ 12 g Vr2(Trgx)? oy,
2027 divy[? = S|V (QTrp0) + . X (e 4 0022 5P (3.3.131)

(1) (1) (1)
+ QQQTQ(TrgX) @)a B) + QTQTrgx(QTrgx)d/fV(ﬁ)—l- ZQTQ(QTrgx)dIVB.

Substituting into J* gives

(1) 022
lo]” +

4 1 2(1)2 9 9 (1)9 9 9212 9(1)9 22(1)2
I = 5 (218 + 202 divil? + 20%%(o (Tegx)*fnl® + 20237 (33.132)

2 1 a ) 9 ay, . @ ; o
+ 2r*wdiv(n + g)) (QTrgx) +r OV, (divnﬁ(QTrgx) + Qdfv(é)(QTrgx)
3 ( 1) ( )(1) (1) )
— §T2Q(Trgx)div(%(QTrgx) + 2Q2r2(Trgx)<ﬁ,ﬁ> — QrQTrgx(QTrgX)djvﬁ
(1) (1 1
— QQrz(QTrgx)d,iVﬁ)> + 7W3(TQ_A)7
QQ

(1) (1)
J?= Q( 20°2(divn)? + 2072 (02 4+ 207X + 5 (Trgx)fnl” + 20778 (33.133)

) 1)
+ TQQ(QTrgx)YA d,fv(717)) + frzTrng(QTrgX d,iv(n)) —r2Q QTrgx)d,fv(ﬂ)

(1)
+ 20272 (Trgx) (1) B+ QT?TI"gX(QTrﬂX)diV" + 200 (QTWX)d’ZVB

— 2udiv(+ B(OTrg)) — S T46A)

By considering similar ideas to the points (1) and (2) around equation (3.3.90) in the proof of

theorem 3.1.7 in section 3.3.3 one can identify a boundary term. To this end, define

(1) (1)
B = r4((QTrgx)div%)— (QTrgx)dh(ﬁ)),

e ® M
" By = r*p((QTryx) — (QTrgx)),

(1) (1
By = 2r4QTrgX(Q)$f By=r (QTrgx)O? ), (3.3.134)
rt Q Q) B (Qi(“l) J(QTrg).
! 6 =T T4X T4X
Bs = QQngX(QTYgX)(QTFgX) Q / =
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Computing V3B and ¥ ,B; with propositions 2.10.9, 2.10.11 and 2.10.8 gives

1
7‘72?7361 = 27"2Trg w \/(717)— 3" (Trgx)(QTryx)divn + 2r29(d/fv77>) + QQrz(pzﬂvn (3.3.135)

(1) 1)
- QQTQpW — 202 p(n n§ +r (QTryx)VsdiVn - (QTrgx)d,fvﬁ

2rw
(QT‘rgX)diVna

9

and

T%Y&Bl = 27“2Trg V%)— fr (Trgx)(QTrgx)d,ivn —2r2Q) d,fwf)z 2Q0r pdi (3.3.136)

(1)
+20r2p[yf2 + 2020 (0 1) — (QTrgz)%diVQ —r (QTYgx)dZVB

22w M

(QTTgX)deI

_l’_

Again using propositions 2.10.9, 2.10.8 and the Bianchi equation for (pl)in proposition 2.10.20 one
has that

1 &) &) 3,
T—2W3Bg = r2((QTrgx) (QTrgx))d;(V,B—F =T ﬁ(QTrgx) + 202 ]pi2 (3.3.137)

1)
3 1) (1) Q)

—5 Q(QTrgx)(QTrgx) + 2Qr pd,fvn + 4072 (Q)p

w
— r2Trgx(,5)(QTrgx) + 272 5%)(QTrgx) + 27“2Trgx(ploé),

1 9 (1) (1) ® 3 9P 9,(1)9
3 VaBy = r*(QTrgx) — (QTrgx))divs — or ﬁ(smgx) — 20%[] (3.3.138)
(1)

3, ) (1) Q
+ Zr Q(QTrgx)(QTrgx) — 2Q7~2 V(7l7> 4Qr p(Q>(/1))

2
—r Trgxp(QTrgx) + 2r? ﬁp(QTrgx) +2r Trgx%%

Further, from propositions 2.10.7 and the Bianchi equation for %)in proposition 2.10.20 one has

(1)
1 (1) M W1 O\
V3B = 2r(Trgx )+ r(QTrgx) (B,11) + r*(QTrgx) (8.0 +4°p( 5 ) o (3:3.139)
(1)
QO (1)
— 3r?p(Tryx) (5) (QTrgx),

1)
1y SONG! SY ey

wp—r (QTrgx) (B, 3 - Tz(QTrgx)<ﬁ,(ﬁ)> - 47‘2;)(%);) (3.3.140)

(1)
0 &
- 3r2p(Trgx) (5) (QTrgx).

1
T—2W4Bg = 2r? (Tryx)
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Noting that 7'2pTrgX = 40w = —%‘"(1 +72p) one can show, using proposition 2.10.11 that

—% 1= 202 (Trgx)wdive) + 2r2p () ) — [n]?) — 262l (3.3.141)

1@
+r (QTrgan -, 8),

W4B4 =—2r (Trgx)wd/fvn 2r2 p)( 77 )> + 2Q|77|2 + 2r29p\n| (3.3.142)
CORRRCORSR
+ 2 (QTrgx) (1~ 1. 5)-

Noting that (Trgx)2 = T% +4p and wTrgx = —(lp with propositions 2.10.9 and 2.10.8 gives

(1) (1)
1 ©) O w0 ©) QO ©)
5 Vabs = r2(Trgx) (T x) (diviy + p) — 85(5> (QTrgx) — 8 o 2( Q) (QTrgx) (3.3.143)
2
T'

(1) (1) 4 (1)
(QTrgx) (QTrgx) — ﬁw(QTrgx)

L
472 ), O
— g P(QTrgx),
Oy o Oy o
w w
—W4B5 =r (Trgx)(QTrgx)(d/fvn + p3 - 85(5>(9Trgx) - 8§pr2<5>(QTrgx) (3.3.144)

2 1) 7”2 (1) 4@y, @
Q(QTl"gX) + H(QTTWO — (QTryx)(QTrgx) + Qw(QTrgx)

472 @y O

Finally, one can check that using propositions 2.10.9 and 2.10.8 that

fyyggﬁ _ _;p(gfﬁgx)mﬁgx) 2‘;; @Trg i+ 2 A0ty (3.3.145)
+4T2cg<§>mf;gx>+;ngmf;ﬂ) 20 0t

%2?7436 = ;;p(ﬂTrgX)(Q’ﬁ")gX) 2‘;; (QTrgx)d,f il 2’;2“%)(Qﬁgx) (3.3.146)
+ 4r2°;2”(§)(m(?gx) L@ty - 2’;2”(”(9 Trgy).

By writing that
1 3
B = sz([ﬁ — B+ Bs+ By — Bs + B@) + kal A[ﬁgkh] (3.3.147)

one can now calculate Y (J[Lq,h))* — 5 V3(r*B) and 3(J[Lq,h])? + 5 V4(r?B) to show the
desired result. O
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3.3.5 Proof of Theorem 3.1.10

Proof of Theorem 3.1.10. In this proof the following convention is adopted. The symbol = will
denote equality under integration by parts of Si,u

There are two methods to derive the conservation law of theorem 3.1.10. One can compute
directly using the linearised Bianchi identities (proposition 2.10.20) and linearised null structure
equations (propositions 2.10.7-2.10.17) that the fluxes appearing in the statement are conserved.
More precisely, one can compute that

1 0l (19 (19 0t o 6 @
0= 2Vs [7“2(?’5“‘ + 94(!& (924 152) + S I8P+ RlX+ Alk? (33.148)
AN
(1) (1)
+ falnl* — f3w(QT1“gX) (wf3 + QQTrgxfg) ( )(QTrgx)
)
fl (L) 2 f O\12
o T 55 [(QTWX) + 2(QTT¢X)<Q” )]
1 ot 4o @ M
VP (SR 4 S0t (ol + 187 +187) + 18P + AlkP + Rk
<1>
( (1) Q )
+ fg\mg f3 . (QT gX) (wfg + QQTrgxfg) ( )(QTrgx)

(1)
—;‘mw—%[mfsw—2<mrgx><%>r>]-

Therefore, if one integrates over the spacetime region [ug, u1] X [vg, v1] X S, then one obtains
the conservation law in the statement of theorem 3.1.10. Given the fluxes, this is perhaps the

simplest way to prove the conservation law.

The second way is more constructive proof and is completely analogous to the proof of
theorem 3.1.9 where one computes the canonical energy of L7h and then manipulates the fluxes
into a ‘satisfactory’ form. This was how the author originally derived the conservation law. This
is illustrated below, however, many explicit computations are left out for brevity in the main body
of the work but can be found in appendix C.1.

Again rather than go through the direct computation of (J7[Lrh])® as in section 3.3.3 one
can use the same idea as in the proof of theorem 3.1.9 to avoid (some of) the long computations.
Recall, by propositions C.1.4 and the discussion in remark 2.10.3, if & satisfies the linearised
null structure equations then L7h does. Therefore, if one expresses (77 [h])* — & V3(A[A]) and
(TT[h]))3 4+ £V 4(A[R]) in terms of h, then replacing with Lph will result in a simpler form for
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the components of (77 [Lrh]) (plus a boundary term). One can check that this yields

(1)

(FTLrh]) = (PSP + 207~ aer (D) T(@Ty) (33149
2T @) T((@Trg0) — 5 (1)) + V3 ALrh),
(1)
(TT[Erh)* = & (220807 + 2P + T (D) T(O@Tr)  (33.150)
2T (QTe)) T() 1( (Trgx))’ )—%YAA(L’Th).

Calculating using the proposition 2.10.10 gives:

e Qo O (1) » ¢

Lri=—50—wg— QP+ (QTrgx) (x + x>, (3.3.151)
(1) Q( ) (1> ( 1) (/1\

£rs = —5 0+ wg - QP - *(QTrgX) (x + X>~ (33.152)

Further, from proposition 2.10.11

1 1 a
L= Y&+ 3 0Tegx(n'+'n) - —( @ (3.3.153)
1 O @
z;ﬁ’: v — ZQTrgx(%>+ n+ = (6 @ (3.3.154)

(1) (1)
One can additionally compute T'((Q2Tryx)), T((2Tr4x)), T ((1)) and T( ) from propositions 2.10.9,
2.10.8 and 2.10.13. Note that under integration by parts on the spheres and using the torsion

equations in proposition 2.10.11:
(1) (1) 1 X (1) (1)
il = 5ol - [mﬂﬂwﬂﬂ o2 + £t (3.3.155)

and analogously for |$;<1}]12 This allows one to compute two (rather horrendous) expressions
for (T [Lrh])* — £ V3(A[Lrh]) and (TT[Lrh])? + 5V 4 A[Lrh] where A[L7h] results from
expressing A[h| above in terms of h and replacing it with L7h. These can be found in section C.2
of appendix C.1.
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At this point one can then (arduously) identify the following boundary term to use in the

manipulation of the resulting flux densities:

QQ

. @ @ M a
cn) = = O [(8,m) +

( (QTrgx) —w) “%2 + !(Xl)ﬂ s - @Trgx) (%, %) - 9| (6. +(8,)] (3.3.156)
(1)

((QTryx)) — wT((Qri‘r)gx)) (QTrgx)(cbIcg — 29%}(%)%)—1— QQQ;(U),%

¥ 19 (@) [0+ 812] + L (o - H@rg) [(@Trg)? + (@T0?]

(1)
(1) (1)

- oot + (o1 30) ()it - i)
(1)

_ (492wp + %QQ(QTrgx)p> (%)2 + Z A[L7h].
k

Therefore, computing (as in section C.2 of appendix C.1) (J 7 [L7h])* =% V3(r*C) and (T [Lrh])>+

T%W4(T2C) allows one to show T-canonical energy of Lrh satisfies

U1

, (3.3.157)

vo

EX L)oo, v1) = 26, [W)(wo, 1) =2 [ Clhl(u, .0, )¢

ET1Lrh) (uo, ur) = 2E7 [h](uo, 1) +2/SQ Clh(u, 0,0, )¢

ul

(3.3.158)

uo

By the conservation of the canonical energy and the cancellation of the boundary terms on the

spheres S%w gives the result stated in theorem 3.1.10. O



3.4 Restrictions and Normalisation of Initial Data 151

3.4 Restrictions and Normalisation of Initial Data

In this section the restrictions on initial data required to prove the energy boundedness statements
in theorems 3.1.3, 3.1.12 and 3.1.13 are discussed. In particular, this section reviews asymptotic
flatness and the relation between restricting to ¢ > 2 spherical harmonics and the linearised
Schwarzschild and Kerr solutions. Additionally, particular gauge conditions at the future event
horizon H ™ are defined which prove useful in later sections.

3.4.1 Support on the ¢/ = 0,1 Spherical Harmonics

The spherical harmonics functions Y,fl on the unit sphere where ¢ € Ny and m € {—/, ..., £} verify

the equation
AV = —0(0 + 1)V, (3.4.1)

where A is the Laplacian on the unit sphere S2. Further, the explicit form of the £ = 0, 1 spherical

harmonics are

(3.4.2)

The spherical harmonics from an orthonormal basis for L?(S?). With this very brief review in

hand one can make the following definition:

Definition 3.4.1 (Function Supported on ¢ > 2). A function f on Schwy is said to be supported
ont>2if

éﬁmwxmwwza (3.4.3)

ford{ =0,m=0and¢{=1,m=-1,0,1.

One can also extend this definition to one-forms. First, recall from the Hodge decomposition

theorem that any one-form ¢ € Q! on a compact Riemannian manifold can be decomposed as
E=df +065+7, (3.4.4)

where f is a function, 3 € Q2 and « is a harmonic one-form. Now for S? there are no non-trivial
harmonic one-forms. Moreover, all two-forms are proportional to the volume form on the sphere,

i.e., all two-forms can be written as 3 = g¢ for g € C>(S?). Hence, any one-form on S? has a
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representation in terms of two functions f and g on the unit sphere as

Ea=-Yaf + #5715V ey. (3.4.5)

Note that f and g are uniquely defined up to constants so one can specify that their spherical
means vanishes. With a rescaling, a S%w one-form & has a unique representation in terms of two

functions f and g with vanishing spherical mean as

£ =rDi(f,9), (3.4.6)

This allows one to decompose any smooth S?w one-form & as

§ = &1+ &2, (3.4.7)
where
=1 = DI (fr=1, 90=1)- (3.4.8)
Note that
divé—y = —rAfe=1,  cfrléemy = rdge. (3.4.9)
So,
/§2 7“d/fV§g:1Yne1 sin 0dfdyp = — /82 T2Afg:1YTfl sin 0dfdp (3.4.10)
=((l+1) /S ) fe—1YE sin 0dfdyp
and

/ revrléo—, Y,E sin 0dfdp = / r2Agp—1 Yt sin 0dOdy (3.4.11)
S2 S?
= —((l+1) / ) ge—1Y,! sin 0dfdp.
S
Hence the functions rdivé,—; and rcyrlé,—; are in the span of the ¢ = 1 spherical harmonics.
This motivates the following definition:

Definition 3.4.2 (One-form supported on ¢ > 2). A smooth one-form & € Q0'(S2 ) on Schwy is
supported on £ > 2 if the functions (div¢, cyrl€) are supported on £ > 2.

One also has the following proposition concerning symmetric, traceless S2 , -tensors:
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Proposition 3.4.1. Let © € symtr(T*S2 , ® T*S?. ) be a smooth symmetric, traceless S, ,
2-tensor. Then © can be written as

0 = r’DyP1(f, 9), (3.4.12)

where f and g are supported on £ > 2. In this sense, any symmetric traceless 2 tensor on wa is
supported on £ > 2.

Proof. One can find a proof of this statement in proposition 4.4.1 of section 4.4.2 of [28]. [

Definition 3.4.3 (Solution Supported on ¢ > 2). A smooth solution h to the linearised vacuum
Einstein equation (1.5) in double null gauge on the Schwarzschild black hole exterior is supported
on { > 2 if any function, one-form or symmetric traceless 2-tensor constructed from h is supported
ont>2.

It will become clear in the next subsection that solutions supported on £ > 2 cannot be a linearised

Kerr or Schwarzschild solution.

There is one last technical result that the reader should note for later use:

Proposition 3.4.2. Let h be a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on the Schwarzschild black hole exterior in double null Eddington—Finkelstein

1)
coordinates. Then Ky,—1 = 0.

Proof. Note that from the computation in corollary 2.10.15,

2.(71() = d,fvdiv% — %ATrgh + {p - i(Trgx)Q}Trgh. (3.4.13)

Projecting onto ¢ = 1 and noting proposition 3.4.1 gives

2Ky = (%2 +[p- i(Trgx)QD(Trgh)gzl. (3.4.14)

Using the Schwarzschild values for p and Trgx one can compute

[p - %(Trgx)ﬂ = —712. (3.4.15)

Hence the result. O

3.4.2 The Linearised Schwarzschild and Kerr Solutions

In view of the Schwarzschild black hole family being a subfamily of the Kerr black hole family
one cannot expect the stability statement that all linearised perturbations of the Schwarzschild

exterior decay to a residual pure gauge solution. Indeed, the best that can be hoped for is that
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gravitational perturbations of the Schwarzschild black hole decay to a linearised Kerr solution
plus a pure gauge solution. Therefore, it is paramount to identify the linearised Kerr solution so
that the choice of data can be restricted appropriately. The following discussion is based upon
section 6.2 of [28].

By rescaling the null coordinates as uw = 2M 4 and v = 2M ¥ (as well as 7 = 2Mx) one can
write the metric on the Schwarzschild exterior as

gs = 4M?| —2(1- %) (di® db + db @ dit) + 27, (3.4.16)

Taking M — M + em and expanding in € gives a linearised metric h in double null gauge with

non-vanishing double null components

(1)
Q m m
o= 1F Trg% =4, (3.4.17)

Proposition 3.4.3. for every §; € R, the following is a spherically symmetric smooth solution
to the linearised vacuum Einstein equation (1.5) in double null gauge on the Schwarzschild black

hole exterior. The non-vanishing metric components are:

(1) (1)
Q Qg . m

m

a=a Trgh = Trghs = 4—. (3.4.18)
The non-vanishing curvature components are
w_ o . 4m @ 2m
P Ps 73 S M2 (3 9)

This 1-parameter family will be referred to as the reference ¢ = 0 linearised Schwarzschild

solutions.

The Kerr solution in double null gauge is written in equation (2.9.9) of section 2.9. To see
the linearised metric components it is also useful to have the Boyer—-Lindquist form (2.9.1) of the

Kerr metric to O(a) in mind. Expanding to O(a) gives

2Masin® 0
9K =gs — %(dt ® dyp + dp @ dt) + O(a?), (3.4.20)

where gg is the standard metric on the exterior of Schwy. This allows us to identify that there is

no O(a) perturbation to the null lapse €2 or to the induced metric ¢, i.e.,

k=0, Jx=0. (3.4.21)
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One can then read off from the Kerr metric in double null form (2.9.9) that the perturbation to
b4 |

is
4Ma
bt =(0,0+ e 0(a?)). (3.4.22)
So one has
@O 4Ma

Now the Schwarzschild spacetime is spherically symmetric so there is no preferred axis! This
differs significantly from when one is linearising around a a # 0 Kerr solution, where one picks an
axis to write down the solution. Hence, one picks up two other ‘basis’ solutions associated with

using the SO(3) symmetry group action on the Si}v—vector in equation (3.4.23):

&) 4M
Loyb = ——5-Qs, (3.4.24)
r
W 4AM
Logh= =20y, (3.4.25)
T
One can write this compactly as
©) 4M _
b = L gABy Y=t (3.4.26)
for m = —1,0,1. Note that change in overall constant is ineffectual due to linearity.

Proposition 3.4.4. Let Yn‘;:l form = —1,0,1 denote the spherical harmonics in equation (3.4.2).
For any a € R, the following is a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on the Schwarzschild black hole exterior. The non-vanishing metric coefficients

are

o, O,  4Ma -
e T¢ABaBYg;1. (3.4.27)

The non-vanishing Ricci coefficients are

= (1) (1)
Vo sy, = (3.4.28)

The non-vanishing curvature components are

Y=t (3.4.29)

The 3-parameter family spanned by the above solutions (m = —1,0,1) will be referred to as the
reference ¢ =1 linearised Kerr solutions.
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Remark 3.4.5. Notice that, if one restricts attention to solutions of the linearised vacuum Einstein
equation (1.5) in double null gauge which are supported on ¢ > 2, one avoids the linearised
Schwarzschild and Kerr solutions since these are supported purely on £ = 0,1 spherical harmonics.
This relates directly to Hollands and Wald's restriction on the canonical energy that the linearised

ADM charges must vanish.

3.4.3 Asymptotic Flatness and Extendibility to Null Infinity

Under the asymptotic flatness assumptions imposed at the level of initial data of [28] (see section
8.3 in [28]) one gets a collection of r-weighted estimates for the quantities arising from a solution
to the linearised vacuum Einstein equation (1.5) in double null gauge. In particular, one finds
that the quantities in the following definition admit regular limits along any cone C, as v — oc:

Definition 3.4.4 (Solution Extendible to Null Infinity). A smooth solution h to the linearised
vacuum Einstein equation (1.5) in double null gauge on the Schwarzschild exterior is said to be
extendible to null infinity if the following quantities resulting from a solution h have well-defined

limits as v — oo along any cone C\, with u > ug for some s € (0, 1]
“Q) & &) (EONNEY
. 2 245D (1) (1) o1) o'
E>® = {ﬁ’T (QTrgx),r(QTrgx),r TS, W, T, T 7,7 X,r&} (3.4.30)
1) 31 o) D L SO (1) (1)
U{r3p,r3a, K, r3+85,r2§,r3+5a,rg,r2 vn,r3 Vﬂ}.

Moreover, for any element q € E*° and fixed uy < uy < oo one has

sup | < Ky, (3.4.31)

[uoup]x{v>vo}xSZ ,
for a constant Kuf depending on uy and initial data only.

This condition is the analogue of the finiteness and regularity conditions at infinity of point
(iv) Hollands and Wald's admissible data (see section 1.1.5). This assumption on regularity will

allow one to take the limit of the canonical energies to the future null infinity ZT.

3.4.4 Gauge Conditions

To study the linear stability of the Schwarzschild black hole exterior, it is very useful to impose
specific gauge conditions on the solution h to the linearised vacuum Einstein equation (L.5) in
double null gauge. For the following discussion, one should have in mind the following Penrose

diagram depicting the characteristic initial value problem:
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’)'L[-i- N _’Z"-‘r

Fig. 3.3 The characteristic initial value problem on the exterior of Schwy.

Definition 3.4.5 (Partially Initial Data Normalised Gauge). Let C,, U C,, be the initial data
cone depicted in blue in the Penrose diagram 3.3. A smooth solution h to the linearised vacuum

Einstein equation (1.5) in double null gauge on the Schwarzschild exterior satisfies

(i) the first horizon gauge condition if

(1)
(QTI'gX)(OO, Vo, 9’ ‘P) =0, (3432)

(ii) the second horizon gauge condition if

(1)

( (1)
( V77+5)}(OO’U079590> = 55:0(00700797@)3 (3433)

(i) and the basic round sphere condition at infinity if

1)
Jim 2 Kp>a(ug, v, 0, ) = 0 (3.4.34)

(1)
where K;>9 is the restriction of the linearised Gauss curvature to its { > 2 spherical

harmonics.
A h that satisfies (i), (ii) and (iii) will be referred to as in partially initial data normalised gauge.

Remark 3.4.6. The use of the word ‘partially’ in definition 3.4.5 stems from the fact that there
is still residual gauge freedom after the above conditions have been imposed. In contrast, the

initial data gauge of definition 9.1 of section 9.1 in [28] fixes the gauge completely.

The rest of this section is devoted to the implementation of conditions (i) and (ii) of
definition 3.4.5 by using lemmas 2.10.25 and 2.10.26 of section 2.10.23. This is achieved in the

following lemma:
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Lemma 3.4.7. Let h be a smooth solution to the linearised vacuum Einstein equation (1.5) in
double null gauge on the exterior of Schwy. There exists a residual pure gauge solution hpe
such that k' = h — hy, is in double null gauge and the solution satisfies the partially initial data

normalised gauge of definition 3.4.5.

Proof. The implementation of point (iii) of definition 3.4.5 is deferred to [28]: under the asymp-
totic flatness assumptions of [28], the basic round sphere condition at infinity can consistently be

imposed, see definition 9.1 and theorem 9.1 of [28].

From lemmas 2.10.25 and 2.10.26, a general residual pure gauge solution with f! =0 = f2

has expansion given by
o 4 2443, L 4 3
(QTrg)()pg = (QTrgx)d f* + 20°Af° + §(QTryx)(4w - (QTrgx)) (f*= ). (3.4.35)
Therefore,

(1) 1

(Tryx),, (00,0) = 5 (A = 1)(22F7)

(3.4.36)

U=0o0
Now one can check, from lemmas 2.10.25 and 2.10.26, that for a general residual pure gauge

solution with f1 = 0 = f? one also has

2
S - 1. (3.4.37)

(d,iv%)—i- (Plﬁpg = ?3240&# - # ) [au(gffd)} +

r

Let hy = h1(6, ) and he = ha(f, ¢) be smooth functions on the unit sphere, 1 be a constant

and pick
r(ug, v r(ug, vo)? 2M ha (0,
3,0, 9) = [r(u,v0) (1 - T((Ui voo))) L 20M0) (1- T(UO’UO))] Qj((ufo)) (3.4.38)
+ h1(0, ) — 2(2(1;n11)())2(r(u’v0) — 7(ug, v9)),
(0,0, ¢) = r(uo, Uo)(l - 7;((1;00’ ?3) 522((3&¢3> + h1(6, ) (3.4.39)

A

g (o) — o ).

2

With this choice one can check that the residual pure gauge expansion at S5,

is given by

(1) 1 . ~

(QTrgX)pg(oo,vo) = (r(ug, vg) — 2M)*(A — 1)hy — %

= 0B (r(ug,v0) —2M)  (3.4.40)



3.4 Restrictions and Normalisation of Initial Data 159

and
(@B ( 0. ) = r(uo, vo) (7(uo,v0) DN An Any 3.4.41
V1) + p)pg(2Q, Vo, 0, ¢ e ( AN ) 2—m (3.4.41)
3 /r(ug,vo) 2 3m
~ap (o Y e gy (e ) —200),

Since r(ug,v9) > 2M, one can take hy supported on ¢ > 1 and then decompose in terms of
spherical harmonics to solve the equation

(Qflr)gx)pg(oo, vo) = F(0, ), (3.4.42)

for an arbitrary smooth function F(6, ¢) on the sphere S2, wy» Where one uses 1 to solve for the

¢ =0 part of F(6, ). Having solved for 1 and hs, one can solve

3m

(1)
(i + plpe(0, 00,6, 0) = G(0.0) = 155

(r(uo, vo) — 2M), (3.4.43)

for any arbitrary smooth function G(f, ) on the sphere S2 , supported on ¢ > 1 by taking

00,V0

using h1. Note that the £ = 0 projection of the pure gauge solution picked here is

(1) 3m

(Ppg)K:O(OO, Vo) = —m(r(uo, vo) — 2M). (3.4.44)

Given a solution h to the linearised vacuum Einstein equation (I.5) in double null gauge one
can consider b/ = h — hpg, Where hp, is the pure gauge solution defined by f3 and f? above.
Therefore, picking

(1)

F = (QTrgx) (00, vo), (3.4.45)
(1)
= (A + p)e1 (00, vo). (3.4.46)
gives conditions (i) and (ii) in definition 3.4.7. O

Proposition 3.4.8. The partially initial data normalised gauge conditions of definition 3.4.5 are

evolutionary. More precisely, if the basic round sphere condition holds on C.,, as v — oo it holds

(1)
along any cone C,,. If(QTrgx)(oo, v0, 6, ) =0 then
(1)
(QTrgx)(00,v,0,0) =0, (3.4.47)
for all v € [vy,00). Similarly, if (d,i’v%)—k (pli(oo, vo,6,p) =0 then
(d/fv%)+ pﬁ(oo v,0,¢) =0, (3.4.48)

for all v € [vg, 00).
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Proof. The statement about the basic round sphere condition can be found in corollary A.1 of [28].

(1)
The Raychauduri equation for (2Tryx) on the future event horizon HT gives

& 1 1)

9u(Tryx) = (QTryx) (3.4.49)
since
2M M 1
(QTrgx) |3 = 7(1 - T)L# =0 and wlys = T—Q\w = o7 (3.4.50)
One can check that
(1) ,
(QTrgx) = A(0c0, 0, p)ezr?, (3.4.51)

is the solution to equation (3.4.49). The initial condition gives that
A(c0,0,p)emm™ =0 = A(co,0,y) = 0. (3.4.52)

Note that from the commutation lemma 2.8.4, the linearised transport equations for torsion
(proposition 2.10.11) and the linearised Bianchi equations (proposition 2.10.20) one finds

1) 3 (1) 3 1)
QY4 (divi+ ) = —(Trgx)divi) + - (QngX)divn — 5P(QTrgx) = S(QTrp0)p.
Evaluating on the future event horizon gives

DoV + DYlye+ = 0, (3.4.53)

(1)
since (2Trgx)|y+ = 0 and (QTryx)(2M) = 0. The unique solution for the initial data (divn +

p) (00, v0,0, ) = 0is (diviy + p)(c0,v,0, ) = 0 for all v € [vg, c0). O

3.4.5 Extendibility to the Future Event Horizon

Whilst not strictly speaking a restriction on the data one has to understand the regular quantities
at the future event horizon H* when working with double null Eddington—Finkelstein coordinates.
As noted in section 2.8 the double null Eddington—Finkelstein coordinates do not cover the future
event horizon of the Schwarzschild spacetime. This means that the frame (e3 = é@u,ezl =
é@v, e4) does not extend regularly to the horizon. However, by transforming to Kruskal-Szekeres
coordinates [103, 104] one can show that the re-scaled frame (563,964,61,62) does extend
regularly to a non-vanishing null frame on H™. It will be necessary to take the limit of the

canonical energy to the future event horizon H ™ to understand the regular quantities there.
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Hence, one has the following proposition for the regular linearised quantities at the future event
horizon H™:

Proposition 3.4.9. For a smooth solution h to the linearised vacuum Einstein equation (1.5) in
double null gauge on the Schwarzschild exterior. Define

) ) ! W o W
.9 Ws O (QTrx) o) w oo DX oo @ WL L a
EJr = {57 Trgh, b7 %7 (QTI'gX), Tgiawv @7777Q7 QX? 67p7 g, K7 Qﬁ) 6) 20[, 97}

=

(3.4.54)

Then any q € E* extends smoothly to H™ in the sense that for any ni,no,n3 € NU {0}
1 m no QN3
(@&) 2 g (3.4.55)
extends continuously to H™.

Proof. The method to identify the regularity is the following. From the discussion on the formal
linearisation of the metric in double null form (see section 2.10) around Schwarzschild one has
(1)

Q eh)

1 5 1
h(ﬁeg,Qezl) = —4(5), h(Qes,eq) = —ba, h(ea,ep) = hap + §Trﬂ%gAB' (3.4.56)

The quantities on the LHS extend regularly to H™ since they are written in the frame that extends

regularly, so the quantities on the RHS must extend regularly to H*.

Next from the linearised equations for the metric coefficients (proposition 2.10.7) around

Schwarzschild one has:

M) a 1 2 W
Qe (Trgh) = 2((QTrgy) — d,fvb)), qo(Trgh) = o5 (2Tryx),
1 —— 2(1) T @ A
(Va4 = G X s UV ab).a = 2045 + 2PeD)as.
™
1 W 1) (4 Q 1 (3.4.57)
b =200 —)A. O _ 1w a
02 (7 —"n) WA(Q) S0+ 0 as
(51)) o
_m 1 /Q I eH)
Q g — 3 —_ _— = —
64(Q> 963(9) 0z¥

Again, the quantities on the LHS extend regularly to H™ since they are written in the frame that
extends regularly, so the quantities on the RHS must also extend regularly to H™.
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Next from the linearised null structure equations (propositions 2.10.10, 2.10.14, 2.10.11,
2.10.13 and 2.10.15) around Schwarzschild one has:

) 1

*E

—~

1

N

a (Trgx) X 1) (1) (1)
= — _ (1) N ~ ~
- WS( ) a0 Q 024 = —QV4(Qx) + 20w0x — (Q’I‘rgx)QX
N )y« 10
0 = ~Q¥ i+ S (QTr) (-, 2B = Vi + 5 (Trg) (i~ ), (3.4.58)
(1) ( )
o Q0 | e o= *CUﬂ%a
p= —2(5)p — &),
and
) (Trgn) (@Trg) (Trgn)
Wm0 ryx) o 1 rgX o TgX
K = @(QTrgX) g —p— f((Q rgx)TQg + (QTryx) ;; ) (3.4.59)
The RHS of these equations extends regularly to H™ and, therefore, so does the LHS. O

3.4.6 The Generality of Solutions

In the next section all solutions of the linearised vacuum Einstein equation (I1.5) will be assumed
to be in partially initial data normalised gauge, supported on £ > 2 and extendible to null infinity.
The reader may worry about a loss of generality of the solutions considered here. However, one

should note the following theorem from [28]:

Theorem 3.4.10 ([28]). Under a suitable assumption for asymptotic flatness on the initial data
for a smooth solution h to the linearised vacuum Einstein equation (1.5), one can construct
a residual pure gauge solution hys to the linearised vacuum Einstein equation (1.5) in double
null gauge and a linearised Kerr solution hy, both explicitly computable and controllable from
initial data, such that h' = h + hpe — hi is a (partially) initial data normalised solution (see
definition 9.1 in [28]) supported on ¢ > 2 which is extendible to null infinity.

3.4.7 The Limits of the Canonical Energy Fluxes for Restricted Data

The Future Event Horizon Limit

Proposition 3.4.11. Suppose h is a smooth solution to the linearised vacuum Einstein equa-
tion (1.5) in double null gauge on the Schwarzschild black hole exterior that satisfies the first
horizon gauge condition (see definition 3.4.5). Let

Ep+ [P (vo,v) = lim_ Eu[h](vo, v), (3.4.60)
90+ M) (vo,0) = lim €, [h](vo,v), (3.4.61)

Ex+ [ (v0,v) = Tim €y [h](vo, v). (3.4.62)
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Then for all v > vy, the modified (higher order) T-canonical energy on the future event horizon

Ht is given by

Eqx+ (M (vo,v // ]Qxl dv{, (3.4.63)
ot [0 (00,0 //82 —\QB|2dv¢, (3.4.64)
Eagr [ (vo, v / /S ]QQ(&)de;f. (3.4.65)

Proof. Recall from proposition 3.4.9 in section 3.4.5 that the relevant regular weighted quantities

on the future event horizon H™' are

—~
-

Q ™ 1 (1) (1) @ D 1(1) (1) ( 1) (1)
Writing the ?5[h] (vo,v1) flux in terms of regular quantities gives
2 212 L) e
7 (1] (vo, 1) / / Q%) + 2022 - (smgx) (3.4.67)

(1)

1) (QTrgx)
)

+ 4w<%) (QTrgx) — 202 2/ dvg.

Now the flux is written in terms of smooth functions which smoothly extend to the future
event horizon H'. Hence, the integrand is bounded by some constant depending on vy, v; but
independent of u. Since [vg, v1] X wa is compact, one can apply Lebesgue's bounded convergence
theorem (see chapter 2, theorem 1.4 of [126]) to pass the limit through the integral and conclude

(1)
(1)

—-T U1 ()1\) (1) Q
Eag+ (M) (vo, v1) = / 0 /S [2|Qx|2—(QTrgx)Q+8w(§>(QTrgx)”H+dv¢. (3.4.68)

The result then follows by recalling that from proposition 3.4.7 that if a smooth solution satisfies

(1)
the first initial horizon gauge condition then (Q2Tryx)[s+ = 0. The limit of the other fluxes is

analogous. O

The Null Infinity Limit

Proposition 3.4.12. Suppose h is a smooth solution to the linearised vacuum Einstein equa-
tion (1.5) in double null gauge on the Schwarzschild black hole exterior that is extendible to null
infinity, satisfies the partial initial data normalised gauge conditions (see definition 3.4.5) and is

supported on ¢ > 1. Let Ez+[h](ug, w) = limy—00 Ey[h](uo,w). Then for all u > ug one has that
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the modified T-canonical energy on null infinity is given by

ul

(3.4.69)

V=00

- uf (1) (1)

Ez+[h](up,uy) = lim / \Qx\ dug + Jim / S (QTrgx) (QTrgx)#
ug

Proof. In this proof the notation = will be used to denote a formula that holds under integration

2
over Sy ,

Fix ug < u1 < oo a v large. Now note that using the linearised torsion equations and linearised
metric equations 2.10.7 of propositions 2.10.11 and 2.10.7 respectively one has

(1) (1)
NG Q (1) (1)

w(QTrgx) Ou [ (Q>(QTYgX)} —i—r(g)(QTrgx) +7‘2|7ﬂ + (9( ) (3.4.70)

using the definition of extendibility to null infinity. Therefore, using this manipulation and making

further use of the extendibility to null infinity one finds

1)
& 1

Eu[h](uo, u1) /UI / (g)(QTrgx) - f(QTrgx) + (9( )}du¢ (3.4.71)

(1) ul

-9 o (%)(QTrgx)¢ e

From the linearised Gauss equations (proposition 2.10.15) one has

(1)
) 1 T (1) (1) 0
r?K = —r%p— = [(QTrgx) (QTrgx)] - 292(5). (3.4.72)

Using that the solution is extendible to null infinity and the round sphere condition gives:

(1)
4(%) — 2R, O—T(Qﬁgxno( ). (3.4.73)

(1)
since Ky—1 = 0 identically (see proposition 3.4.2). Substituting this relation above and using that

the solution has support on ¢ > 1 gives

&[] (o, w1 :/ul /S [\Qﬁuo(%)}dw (3.4.74)
uo u,v
[ L@y +0(2)]@Trp0e]”

Since, Cupupwo” <V < Cuyg g in the region E4 N{v > vo} N{up < u < uy} the limit is as
stated. O
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Proposition 3.4.13. Suppose h is a solution to the linearised vacuum Einstein equation (1.5) in
double null gauge that is extendible to null infinity on the Schwarzschild black hole exterior. Let

£+ [ (uo,u) = vli{gogv[h] (uo, u), (3.4.75)
Exe[h)(uo, u) = lim €[] (uo, u). (3.4.76)

Then for all u > ug, the modified higher order T-canonical energies on null infinity are given by

_ U1 2 (1)

Er+ M) (uo,u) = lim / N " QB dut, (3.4.77)
L, 1%

= 1 (1)

&z [b)(uo,u) = Jim [ /S N |92g|2du¢. (3.4.78)

Proof. Fix ug < uy < oo aw large. Note that v ~ r in the region E4N{v > vo} N{up < u < uy}.

Then writing the fluxes in terms of quantities extendible to null infinity (see definition 3.4.4), one

has
30212y 02t (1) 9
(Z | (uo, u1) / / \ 25]2 5 p|7“71)12+27r6(|r31| + |r? T ) (3.4.79)
(1)
_3r%pay ) 3r3p Q (1) .
, W(r 2(QTryx)) + T[ (QTrgx) — Zw} (Q) (r(QTrgx)))duﬁ

where ¢ is the volume form on the unit sphere. Doing the same for the ?Z[h](uo,ul) gives the

limits as stated. O

3.4.8 Boundary Conditions for Mode Solutions to the Teukolsky ODE

In this section mode solutions for the traditional Teukolsky equation (2.10.150) in the Newman—
Penrose formalism are studied. The reader should see section 2.10.5 for further details on the
connection between the Newman—Penrose formalism of the Teukolsky equation and the Teukolsky

equation for (oz) %z))

The equation (2.10.150) is fully separable so one can study fixed frequency fully separated
mode solutions of the form

ol = et L () RV (r), (3.4.80)
where S }AM is a smooth spin s-weighted spheroidal harmonic which satisfies the angular ODE
1 d dS[S]A[ ] (m + scosf)? [s]
— — | gin f—mA e reer s — Al glsl
s o\ g )@+ ( -y —5) S5, (0) =AFISE (0). (3.4.81)
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The reader should consult proposition 2.1 in the work [32] for further information on the
angular ODE and the smooth spin s-weighted spheroidal harmonics Sr[;i\[sl' The Teukolsky
equation (2.10.150) then implies that RI*!(r) satisfies the radial ODE

1 d L1 AR w?r? — 2iws(r — M)
ey o PO )0+ (5

+ (4iswr — A RE(r) = 0,

)R () (3.4.82)

for RI*)(r) where Al = ¢(¢41) — s(s+1) (from section 6.2.1 in [29]) is the separation constant.
The section now embarks upon the asymptotic analysis of the radial ODE (3.4.82). In particular,
a basis of solution to the ODE (3.4.82) associated with the points r = 2M and r — oo are
identified (see proposition 3.4.14).

The radial ODE (3.4.82) can be written in a more practical form for asymptotic ODE analysis

as
d? R dR]
ot [s] [s] [s] () —
2z (1) + PR == () + Qu () R(r) = 0, (3.4.83)
with
_ 2,2 _ o _ , sl
P[S]( ) = 2(s+ 1)(r — M) Q[j,],m,y\(r) LW 2iws(r — M) n 4iswr — A . (3.4.89)

r2D(r) ’ r2D(r)? r2D(r)

The function (r — 2M)P!(r) has a power series expansion,

(r — 2M)PF(r) = i P (1 — 2M)", (3.4.85)

n=0
with pg = (s + 1) and

s _1\n—1
P = W (3.4.86)

for n. > 1 which converges for all » < 4M (by the ratio test). The function (r — 2M)2Q"  (r)

w,m,A

has the power series expansion

(r—2M)2Ql () = i Qu(r — 2M)", (3.4.87)

w,m,A
n=0

“This form of the radial ODE here and in [32] differs from the original paper of Whiting [17]. The relation
between the R!*! here and the R*! in [17] is RI*) = (r(r — 2M)) ™3 RE=].
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with
8M2w? + 4iMsw — Al Als]
_ 2 .2 : _ _ 2
qo = AM=w* — QZMS(U, q1 = oM s qs = m +w (3488)
and
Asl(— 1y

for n > 4 which converges for r < 4M.

The indicial equation (see appendix A.2) for this ODE is
I¥(a) = afa— 1) + (s + Do+ 2Mw(2Mw — is). (3.4.90)
The polynomial Ils! has roots
o = —2iMw — s, oy = 2iMw. (3.4.91)
An exceptional set of roots of Ils! for applying Frobenius's theorem A.2.3 occurs when
ag—oag =—4iMw —s €Z. (3.4.92)
This requires R(w) = 0, and 4M3J(w) € Z. Therefore, provided

w&Ti{%:kGZ}, (3.4.93)

Frobenius's theorem A.2.3 gives a basis of solution to the ODE (3.4.83) associated to r = 2M of

the form

pokr 4 (1) = (r — 20) 72N e 3Pl (1 — 9pr), (3.4.94)
7=0
o5l (r) = (r — 202 Me STl (r 21y, (3.4.95)
7=0

where bgs]i can be calculated recursively (from equation (A.2.10)) and bés,]i = 1 without loss of

generality. If w € T then theorem A.2.5 gives an altered form for the basis solution p[zs]]w’i. This
needs to be examined case by case. The exceptional cases for J(w) = 4LM > 0 are then the

following:
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1) If s=—2and J(w) >0, then, a1 = £ +2> —£ =y Soay = a; and a_ = a3 and
2 2 +

theorem A.2.5 gives
2] oS oy 3.4.96
p2M+() (r ) Z],+(r ), (3.4.96)

7=0
oo (r) = (r —2M)2 302 — 20M)7 1 Caaply ), () In(r — 2M),  (3.4.97)
7=0

where agﬁl’i =1.
(2) If s=+42, J(w) >0 and k > 1, then, a1:§—22—§:a2. Soa; =aj and a_ = ay
and theorem A.2.5 gives
poar (1) = )22 Z b2 — 20y, (3.4.98)
2 () = mﬁ“ (r— 2M)7 + Cpapl? (1) In(r — 2
Panr,— (1) = (r — 2 Z (r—2M) + Cr_apyhy o (r) In(r — 2M), (3.4.99)

where Cjy # 0 (see remark A.2.6 and end of page 155 in [97]).

(3) If s=+2, J(w) >0and k=1, then, a; = —3 < —3 =as. Soay = as and a_ = oy
and theorem A.2.5 gives
2 oy = N j
Ponry () = (r—2M)7> ZbH (r —2M)?, (3.4.100)
pSh_(r) = -3 ZbHZ] —2MY + Cipbh]_(r)In(r —2M).  (3.4.101)

From the remark A.2.6 following theorem A.2.5, the co-efficient C; vanishes if, and only if,

Since A2 = ¢(¢ +1) =6 and £ > 2, C; # 0.

The point 7 = oo is a irregular singular point of the ODE (3.4.83) since P*l(r) and Qw ma(r)

admit convergent power series expansions in some annulus (thinking of 7 as a complex variable)

PRI =32 Qi am = (3.4.103)

n )
n=0 n=0 r

40ne should note that definition 2.3 in the work [32] uses the opposite notation for these solutions (and drops
the logarithmic term), i.e., in the notation of [32] RL'? i = pgﬁg for w = ;& However, as will be shown in
proposition 3.4.14, if one wants the 4 notation to denote the basis element that is smoothly extendible to HE

then this is the correct convention.
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with

po = 0, p1 =2(1+s), qo = w?, q1 = 2iws + 4M w?. (3.4.104)

The constants A+ and u+ appearing in theorem A.2.7 can be calculated to be

Ay =W, Al = —iw,
(3.4.105)
py =—1—-2s+2Miw, po =—-1-2Miw.

Now provided ipg = qo, which is equivalent to w # 0, one can use theorem A.2.7 to construct
a basis of solution (p([;jJr7 pﬂ,) to the ODE (3.4.83) associated to the irregular singular point

r = 00.® Theorem A.2.7 gives that these solutions satisfy

p§,+ _ iwr, —1-2s42Miaw (1 n O(%)), (3.4.106)

p([f;],f _ p—iwr,—1-2Miw (1 + O(%)) (3.4.107)

With the asymptotic analysis in hand, the remaining issue to address is what boundary
conditions to impose at = 2M and r = oo on al®! for s = £2. The key proposition is the

following:

Proposition 3.4.14 (Admissible Boundary Conditions for a Real/Growing Mode). Let s = £2,

S

J(w) >0and w #0. Let p[QJ]\/[,:t be the basis for the space of solutions to the radial ODE (3.4.83)
as defined in equations (3.4.94)—(3.4.101) and pc[f’c],i be the basis for the space of solutions to the
radial ODE (3.4.83) as defined in equations (3.4.106) and (3.4.107). In particular, to any solution
RISl of the radial ODE (3.4.83) one can ascribe four numbers a[QSJ]\LJr,a[QSJ\L_,ag,JF,aﬂ_ eC

defined by

R = agsz]wgrp[;]]w# + a[QSJ]\/I,—p[QSJ]V[,—v (3.4.108)
Rlsl — a§7+p§,+ + a@_pg_, (3.4.109)

Let al¥! be a solution of the traditional Teukolsky equation (2.10.150) associated to Rl*)(r) a
solution of the radial ODE (3.4.83) through equation (3.4.80). Further, let ((54), &)) be associated to
ol through the equations (2.10.160) and (2.10.161). Then the admissible boundary conditions
for the radial ODE (3.4.83) are defined by the requirement that & and &) extend regularly to H*
and are extendible to null infinity Z+. One can characterise this requirement with the following

statements:

(i) If 3(w) > 0 then (<olz>,(gl>) that are extendible to null infinity if, and only if, =0

o0, —

¢In the case where w =0, q; = 0 also. This, in fact, turns r = co into a regular singular point (see Olver [97]
chapter 7 section 1.3) One can construct a basis of convergent series solutions associated to r = oo.
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(ii) IF3(w) = 0 then @ is extendible to null infinity if al;” = 0.

(iii) If 3(w) = 0 then o is extendible to null infinity if, and only if, aHQ] =0.

(iv) é&) smoothly extends to the future event horizon if, and only if, a[z}?_ =0.
(v) Q24 smoothly extends to the future event horizon if, and only if a[;]r\%f =0.

Henceforth, a solution to traditional Teukolsky equation (2.10.150) obeying the boundary condi-

tions in (i)-(v) will be referred to as an ‘outgoing mode solution'f

1 1
Proof. Starting with » = 2M and restricting for the moment to w ¢ T, recall that @ and g

do not extend regularly to the future event horizon H™ due to the use of the irregular frame

(1)
(e3 = é(‘?u, €4 = é@v). However, as discussed in section 3.4.5 one can show that QQ< >and
extend regularly to the future event horizon. Using the relations (2.10.158) and (2.10.159), th|s

translates to the conditions that D(r)2«[*2 and g[(;j]g should extend regularly to the future event

horizon. At the level of mode solutions this imposes that

eiwr (T _ 2M)2Miw+2

D(r)?al+? = - RIFA(p)emiwteime 51+2) (), (3.4.110)
(-2]
x _ 2 iwr g, 2Miw—2 p[—2] —iwd_ime o[—2]
D(r)? r4e' " (r — 2M) R™4(r)e e"M?SIE(0), (3.4.111)

should be smooth at the future event horizon, where (0,7, 6, @) with © =t + r.(r) and r.(r) =
7+ 2M In |r — 2M| are ingoing Eddington—Finkelstein coordinates (these coordinates are well
defined at the future event horizon). By substituting 9[2811\4,1 from equations (3.4.94) and (3.4.95)
into the equations (3.4.110) and (3.4.111) one can see that for a[QSJ]m_ =0 and a[zsj]%Jr #0,

D(r)?al¥ = a7 eﬂ et 52 (9) S bl (- — 21y (3.4.112)
7=0
ol 2 = a8 pReiwr—iadgime gl Zb[ 2] (r —2M)? (3.4.113)
D(r)? 2M+ = gt

and for a2M # 0 and a[;]]er 0,

zwr(r o 2M)4]V[iw+2

e~ iwoeime g2 () N ol —201)7,  (3.4.114)
§=0

2 e
D(T)Q‘X[H] = a[;er]— r2

0([_2] = T2€zwr( _2M)4Miw
D)2~ M- M)

oW gimp gl— Zb[ (r—2M)1. (3.4.115)

Equations (3.4.112) and (3.4.113) allow one to conclude that, for asp;,— = 0 and agpr+ # 0,

D(r)?«l*2 and g[(;j]z smoothly extend to = 2M. In contrast, equations (3.4.114) and (3.4.115)

fFor further motivation see section 3.3 of [127], definition 2.4 of [32] and appendix D of [26].
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allow one to conclude that, for asp;,— # 0 and asp,+ = 0, D2xl*2l extends smoothly if
2+ 4Miw € Z>g and ﬁoc[*z} extends smoothly if 4Miw — 2 € Z>g. If J(w) >0and w ¢ T
then this gives D2t and ﬁcx[_m never extend smoothly for asps,— # 0 and aspr 4+ = 0.

For the exceptional set w € T N {J(w) > 0} one has w = /2 with k € Z, U {0}. This

means

kr k
e an (r —2M)* "z —iwd_im
D(r)?alt? = ( . ) RIFA(p)emiwvgime gl+2] () (3.4.116)
(2]
& 2 —kp —k_9 -2 —iwd imep o[—2
D= ™ (r —2M)~2 2R (p)em w0 ime 5120 () (3.4.117)

should be smooth at the future event horizon, where (9,7,0, @) with 0 =t + r,.(r) and r.(r) =
7+ 2M In |r — 2M| are ingoing Eddington—Finkelstein coordinates (these coordinates are well
defined at the future event horizon). The exceptional cases are then the following:

(1) If s=—2 and w = 7% with k > 0 then from equations (3.4.96) and (3.4.97) one has

(—2] s
o 2 —iwd_im 2]
D(r)? = a[zM]Jﬂ“ e A" e Wiy gl 20 Z £+ r—2M) (3.4.118)
ol—2l [—2] 7“2@7&T —iwd imp g {Zb[ 2] j*E (3 4 119)
=a e = 2 4.
D(r)2 M _ong)s 2 =
+ Cryopbyry () In(r — 2M)].
Therefore, to extend smoothly (and be non-trivial) a[ﬂ;L # 0 and a[zﬁ]f = 0.

(2) If s=+2 and w = 7% with k > 1 then from equations (3.4.98) and (3.4.99) one has

kr

D(r)?alt? = ﬂe*i‘”f’eim‘pSHZ] Zb 2] (r —2M) (3.4.120)
r
7=0
— oM 2k 0o b+2} oM
D(r)%alt? = [;j]_—(r - )72 —iwd gimg g 2l [Z J i (3.4.121)
€M 12

(r—2M) 502
+ Ck_QP[zﬁ]+(r) In(r — 2M)].

If k =2 then Cy # 0 and therefore D(r)2«[*? has an essential singularity if agﬁ}_ £0
(by virtue of the In term). If k > 2 then the leading order behaviour in (r — 2M) is at
least (7 — 2M)~! and therefore, not smoothly extendible if a[+2] # 0.
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(3) If s=+2and w = % then from equations (3.4.100) and (3.4.101) one has

D(r)?ed*? = af}] +%2_QM)e—“”f’elms[“](9) S ol 20y, (3.4.122)

r =
3 00 ’
Dl = alffl U=V e imesi+21(g) [ 34— o0y

J=0

(3.4.123)

.
’ eIM 12

+ Croshy () In(r — 2M)].

Above it was noted that C # 0, so to extend smoothly to the future event horizon a[ﬂj] =

0.

Turning to r = o0, recall that section 3.4.3 on extendibility to null infinity imposed that r@\ and
r3+“’|(olz>| for w € (0, 1] should have a limit on any outgoing cone. Using the equations (2.10.158)
and (2.10.159), one can compute that

2

o
" = qus

o212 ()2 = 204l (3.4.124)

Hence, the extendiblity to null infinity condition, translates to the conditions that 73+*|«l*?)| and

7‘“;2” should have finite limits on null infinity. At the level of mode solutions this imposes that
stw (42 TOTeTIT o)y iwiime o[+2] 0
e = WR (r)e”" e STE(D), (3.4.125)
[—2] —iwr
o= e 5 o L
e rs(T_ZM)gMin[ J(rye-iwiemesl=2(p), (3.4.126)

should extend to future null infinity, where (@, 7,60, ) with @ = ¢t — r(r) and r(r) = r +
2M In |r — 2M| are outgoing Eddington—Finkelstein coordinates. By substituting the asymptotic
behaviour p[s]7+ from equations (3.4.106) and (3.4.107) into the equations (3.4.125) and (3.4.126)

o0
one can see that for ag’_ =0 and a[oiJr #0,
Co 1
3w 42 a([:orﬂ_r72+wefzwuezmgos[+2} (6) (1 + (9(;)), (3.4.127)
(—2] o 1
X - —rou 1m -
= = al A emiwigime gl 2](9)(1+(’)<;>) (3.4.128)

and for a[o‘i, # 0 and a([;sl7+ =0,

24w ,—2iwr o 1

3w = ag?l%wwmswe) (1+ O(;)), (3.4.129)
—2] _ —2iwr o 1

(Xr3 _ aLO?lTmeeﬂwuéwS[ﬂl(g)@ - O(;)). (3.4.130)
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Therefore, for ag‘i, = 0 and a([:jJr #0, r3+w 2] and L al=2 always has finite limit at null
infinity. In contrast, if 3(w) > 0 then, for a’ _ 0 and a([)o] _+ = 0 one can see that r3+*l+?

and % al~? have exponential growth in r.

For the case where J(w ) = 0 then a2 grows only if a[Jr ] = 0 and is extendible to
null infinity if a[+2] For o= 2) | one can readily see that both branches allow Q to extend to
null infinity. Hence, the Iack of ‘only if" in the statement of (ii) in the prop05|t|on. O

One of the most important things to notice about the proof of this proposition 3.4.14 is that,
if there exist non-trivial outgoing mode solutions to the traditional Teukolsky equation (2.10.150),
the Iimits of (the regular versions of) a*? are non-zero on the future event horizon, except for

w = g57. For this frequency one has could have growing outgoing mode solution for which (the
regularised version of) «[*2 vanishes at the future event horizon. This will be slightly problematic
1
later in this chapter where L?-boundedness of W on the future event horizon is exploited to rule

1 ) .
out the existence of outgoing mode solutions for . The proof runs into difficulty for w # ;77

since this could in theory give rise to a zero flux mode.

Fortunately, there is a correspondence between solutions of the s = £2 radial Teukolsky
ODE (3.4.83) given by the so-called Teukolsky—Starobinsky identites. These were originally proved
in [128, 129] for s = +1, 42 and extended to general s € 3Z in [130]. This in conjunction with
a proof that the L?-boundedness of(g1> on null infinity rules out the existence of outgoing mode
solutions &) for all J(w) > 0 such that w # 0 saves the proof of mode stability. The relevant
lemma required is the following:

Lemma 3.4.15. Let s = +2 and w = ﬁ. Let 9[281}\4,1 be the basis for the space of solutions to
the radial ODE (3.4.83) as defined in equations (3.4.94)—(3.4.101) and p([fg,i be the basis for the
space of solutions to the radial ODE (3.4.83) as defined in equations (3.4.106) and (3.4.107).
Let R[*2 be a solution to the radial ODE (3.4.83) such that R12l gives rise to a outgoing mode

solution (as identified in proposition 3.4.14), i.e., R+ has a representation as

REA(r) = alT2 052 () = ol 0507 (3.4.131)
Define
R = N33 (AR, (3.4.132)
where
n d iwr?
Dy = - (3.4.133)
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and A = r(r — 2M). Then Z!=2 solves the radial ODE (3.4.14) with s = —2. Moreover, =2

has the following representation

A = L a[zﬁhp[ml = Va7 ol (3.4.134)
where
M
e =T (814 57AHF 4 13(F2)2 4 AF)) el = (i), (3.4.135)

Proof. A proof of the fact that %(~2l solves the radial ODE (3.4.14) with s = —2 follows from the
lemmas 2.16 and 2.17 in [32] and were originally proved in [128-130]. The proof of the statement
that 272 = Qigl)aoo7+p([>;2l can be found in proposition 2.14 in [32].8 The representation

formula (3.4.134) at the future event horizon will be proved here.

Start by recalling that, for w = 1+,
Poir (r) = (r —2M) "2 Z (r —2M)’ (3.4.136)

where the superfluous subscripts and superscripts on bgjrf]
bg-jf] with by = 1. Using the recursion relation (A.2.10) combined with equations (3.4.86), (3.4.88)

and (3.4.89) one can compute that

will be dropped henceforth, i.e., b; =

4+ A+ 3+ 6AH2 4 2(A[F2))2
_ A by = 4.137
! AM 2 96112 ’ (3.4.137)
57 — 6A2 — (A2 4 (\[+2)3
— . 4.1
bs 115203 (34.138)
One can compute that
RB = A2(ghF(A%p5T ) Zb o(r, )2 (r — 2M )itk (3.4.139)
with vg(r, j) for k > 1 defined via the recursive formula,
o ')i(r—zM)MJr[('+§—(k—1))—Liu (r, 5) (3.4.140)
L\, ] dr J 2 AM k—1\",J7), B

€Note that there are exceptional cases involving the horizon representation formulas not covered by proposi-
tion 2.14 in [32] For a = 0, these were identified above. These cases persist for the a # 0. In particular, the
( ) — i(ry— 7+ )L with m( )7 ma

4Mr- 2Mry !

exceptional set T identified above where w =

where r4 = M £/ M? — a?.

4]\[



3.4 Restrictions and Normalisation of Initial Data 175

with vy (r, j) = r2. One can check that

3

T
vi(r,j) = (J+§)T2—4MT—W7 (3.4.141)

. rd . 3 , I 1; T
vz(m)zm—(2J+7)m—4M(2J+5)r+8M + (26 )t (34142)

1
v3(r,j) = 12(3 + 25)M? — 3(19 + 165 + 45%) Mr + §<259 + 2025 + 6052 + 85°)r? (3.4.143)
3(41 + 245 + 452)r3 N 3(7 4 25)r? o

16M 32M2  64M3’
vg(r,j) = 12(5 + 85 + 452)M? — 2(55 + 705 + 3652 + 85%) Mr (3.4.144)
1225 . 7352 5 a4\ o (19941785 + 6052 + 8;53)r®
s+ 48 —
+ (g T8 S 8 ) i
(119 + 725 + 125%)r* (7 + 2j)r° 70
32M2 32M3 256 M4

Writing &(r, j) = r2v4(r, j) and expressing &(r,7) as a polynomial in (r — 2M) gives
8
E(r,5) = Y _[E()]k(r — 2M)¥, (3.4.145)

k=0

where the first few coefficients [&(j)]x are given by

E(o =167 —2)(j — 1)j(L+ )M, [&()) = 16(j — 1)5(1 + 5)(2) — 1)M?,

[E()]2 =21+ 7)1 +25)(65 —5)M=,  [E(j)]s = (1 +)(8j° — 205 — 13).
Now expressing %2 as a series in (r — 2M) one has
FY = A F) AT ) =3 ei(r — 2M) 73, (3.4.147)
§=0
One can compute the first few coefficients, ¢;, of this series as
co = bo[&(0)]o = 0, (3.4.148)
c1 = 60[5(0)]1 + bl[i(l)]o =0, (3.4.149)
cz = bo[E(0)]2 + b1[E(1)]1 + b2[£(2)]o = 0 (3.4.150)
and
c3 = bo[&(0)]3 + b1[&(1)]2 + b2[&(2)]1 + b3[&(3)]o (3.4.151)

= %(81 +57AF A 4 13(AF2)2 4 (A3 (3.4.152)
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Since A2 = ¢(¢ +1) —s(s +1) > 0, c3 # 0. Hence,
A = % (814572 4 13(\H2)2 4 AF2)3) [ — 2005 + O(r — 2M)]. (3.4.153)

Therefore, since 272 is a solution to the radial ODE with s = —2, it must be in the span of the

basis elements p[Q;VZI]Jr and p[ﬁj}_ given by (3.4.96) and (3.4.97). By direct inspection one sees

that %172 cannot be in the span of p;\;}f. Therefore,

A N I S (3.4.154)

i+ 4M

O]
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3.5 Weak Stability Statements from the Canonical Energy

In this section three weak stability theorems are proved. Define the following initial data energies
for a solution h of the linearised vacuum Einstein equation (I.5) in double null gauge that is
supported on £ > 2, extendible to null infinity and satisfies the partially initial data normalised
gauge conditions:

(1) (1)

Eauralh) () = € (W), ) + By [W)(v0,00) + Jimn | r(Trgx) (@Trg)g| . (35.1)
Famall](u) = Eo 1] o, ) + &,y [1) (00, 00) + E a0, (352)

By the fundamental theorem of calculus these energies are continuous. Further, &qata[h](u) is
uniformly bounded in u by the estimate

EX [h)(uo, u) < CrrB(u) < CrF(o0), (3.5.3)

where

0 )
L[u ey (QTrgx)\ 2 W\ 2 (1) 0\ 2
E(u) = /uo /Si,,vo Q2[|X|2 + [l + (%) + (%) + (QTrgx)? + (5) }du%. (3.5.4)

Since E(u) is written in terms of quantities that are smoothly extendible to the event horizon,
one has uniform boundedness of €gata[h] () in u (assuming the L2-norms of the above quantities

are finite in the initial data). Similarly, de[h](u) is uniformly bounded in u. Define also

Eauall) = Jim, Eauia[)(w) (355)
Eaall] = lim & o)), (3.5.6)

Having established the (local) equivalence of the canonical energy to Holzegel's conservation
laws [90], the stability theorem from the canonical energy arising from Holzegel's work is the

following:

Theorem 3.5.1. Suppose h is a smooth solution to the linearised Einstein equation in double
null gauge on the Schwarzschild black hole exterior supported on ¢ > 2, extendible to null infinity

and satisfies the partially initial data normalised gauge conditions. Then, for all uy > uyg.

Vo uo UfE[uo,oo)

oo (1) uf (1)
/ \Q)Z(Uf,v)|2dv¢‘—|—/ R(u,00)Pdug < sup  Euialh](uy) < oo, (3.5.7)
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where Eqatalh|(uf) = ?gata[h](u]v) + R(ur,v0) and R(ug,vo) is defined in terms of initial data

as

(1)

-3 ) 2,
3 2 ({2
R(uf,vg) = 6 /uf . + div )) 202 [49 (§> —T(QTI"gX)H ¢ (3.5.8)
I ) O
- [, s @Trp0@Tigf
uf,0
Additionally,
u}lﬂl{}nooR(Uf,vo) =0. (3.5.9)
Moreover,
/ 19%(00, v) [2dvg + / R, 00) [Pdug < S 1. (3.5.10)

Hence, €1 ... [h] > 0.

For completeness, theorem 3.5.1 is reproved in section 3.5.2 of this work. The key ingredient
to the proof of this theorem is the conservation law (3.1.3) for the modified T-canonical energy.
However, as is evident from considering the fluxes in equations (3.1.1) and (3.1.2) the coercivity
properties are very obscure. There are two key ideas that allow one to gain some coercivity for
the fluxes and hence produce the energy estimates stated in theorem 3.5.1. First notice from
section 3.4.7 on the limits of the canonical energy fluxes that in taking the limit to null infinity of
the flux ?UTf [h] in equation (3.1.2) that (up to the boundary terms on Suf s and SZ ) the flux
is now positive. Second is that one can manipulate the gauge on the final outgoing cone C,,
using the theory developed in section 2.10.3. Using the residual gauge freedom in double null
gauge one can impose that the modified T-canonical energy of a solution i’ = h — hp, on the

final cone is given by
7 vi o, (1) (
&L [W](vo,vy) = / (1K' + 21k [?) . (3.5.11)
vo

@ (1) . L .
where ¢’ and ﬂ’ are associated to A'. On the face of it, this looks unhelpful since one now has two

solutions entering the problem h and h'. However, it turns out that the change of gauge can be
(1) (63
chosen such that ¥/ = . Additionally, it also turns out that the difference between 5 [h’] (vo,vy)

and Euf[ ](vo, vy) is a boundary term on the spheres Suf vy and Sﬁf e eraculously, the former

boundary term cancels the boundary term coming from taking the limit of EUTf [h] to null infinity.
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Through a similar process, one can use the conservation law arising in theorem 3.1.9 to bound
(1) (1)
|3]? on any outgoing cone C,, and |§\2 at null infinity Z* by initial data. In particular, one has

the following theorem:

Theorem 3.5.2. Suppose h is a smooth solution to the linearised Einstein equation in double
null gauge on the Schwarzschild black hole exterior supported on £ > 2, extendible to null infinity
that is in partially initial data normalised gauge. Then, for all uy > uq

00 2
/ (198 n) P + 1905 )P dv¢+/ P B co)tdug < sup Bawal](y) < o0

vo uf€[ug,00)

(3.5.12)

where Egaialh](uf) = &gatalh](us) + R(us, vo) and R(uys,vo) is defined in terms of initial data
as

R(uy,v0) = % } (1- %)‘ 30+ diviy) — 2Q2 T A§- %3\25 (3.5.13)
uf,v0
W
+ 5 {49432 ‘ (1)+ d/fv%)) - ?;27]\243 2Q2A5‘ —|—3Mr(g>(QT(‘r>gx)};‘

3M o T O\2e 33 M o,
e ¥ (g2)).7 - /S 102 (ATr) (QTrg 7,

uf UO
with

V)
(1)

F(ug,0,0) = (492(%) —r(QTrgx)) g (3.5.14)
Additionally, R(uf,vo) satisfies the limit
u}lciLnOOR(uf, vg) = 0. (3.5.15)
Moreover,
P O Ry R (RS [C e AN U N CLET

With the success of the conservation laws in theorems 3.1.7 and 3.1.9 producing L?-
boundedness statements for the shears ()18 (>1<)) and ((Bl) %>) the reader may be wondering about
if one can use the local conservation law for (a), g) to produce the analogue of theorems 3.5.1
and 3.5.27 In particular, can the conservation law arising in theorem 3.1.10 produce a boundedness
statement for |(c§)|2 on any outgoing cone C,, and |(ozi)]2 at null infinity Z*. However, at the time of

writing, any attempt to gain coercivity of the conservation law in theorem 3.5.2 by a limiting



180 Weak Stability of Schwarzschild from Canonical Energy

argument and a change of gauge to has failed. However, one does have a commuted estimate

arising from theorem 3.5.1:

Theorem 3.5.3. Suppose h is a solution to the linearised Einstein equation in double null gauge
on the Schwarzschild black hole exterior supported on ¢ > 2, extendible to null infinity and
satisfies the partially initial data normalised gauge conditions. Then, 3C' > 0 such that

/ ]QQ(D(oo v)|?dvg +/ o(u, 00)[Pdug < C(gdata[ETh] +5data[h]) (3.5.17)

Vo

It is this estimate that allows one to prove the following mode stability statement:

Corollary 3.5.4. Let h be a smooth solution to the linearised vacuum Einstein equation (I1.5) of
the form

huy = e "™ S L (0) Ry, (1) (3.5.18)

with 3(w) > 0 and let hyg be the pure gauge solution such that h' = h — hyg is in double null
gauge (as defined in definition 2.10.1). Construct x*2! via proposition 2.10.7, proposition 2.10.10
and equations (2.10.158) and (2.10.159). If «*2! defines outgoing mode solution to the Teukolsky
equation (2.10.150) as in proposition 3.4.14, then h has to be the sum of a pure gauge solution
and a linearised Kerr solution.

Remark 3.5.5. [ts interesting to entertain the possibility that the estimate in theorem 3.5.3 could
be used to prove a spacetime integral estimate for the Teukolsky equation directly.

Theorems 3.5.2 and 3.5.3 are proved in section 3.5.2.

3.5.1 Manipulating the Double Null Gauge

As the discussion following theorem 3.5.1 eluded to, understanding how to manipulate the gauge
on the final outgoing cone C,,, using the theory developed in section 2.10.3 will be essential to
establishing this result. The relevant lemma is the following:

Lemma 3.5.6 (Change of Double Null Gauge [90]). Let h be a smooth solution to the linearised
vacuum Einstein equation (1.5) in double null gauge on the Schwarzschild black hole exterior. Let
f(v,0,¢) be a smooth function generating a residual pure gauge solution hy,g as in lemma 2.10.25.
Let ' = h — hps which defines a new smooth solution to the linearised vacuum Einstein

equation (1.5) in double null gauge. Then,

ET 1) (v, v) — EX 1] (vo, v / G(u,v.0.9) . (3.5.19)

Eull )0, v) = Eulh)(o,0) = = [ G(u,v,0.0)¢]

U v

g (3.5.20)
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with
g~ M (ﬁQf )? o [(m{gx) (m(?gx)’} (OTrgy) +2027() — diy)  (35.21)
7{; (r — 4M)(QTry)
and
g O Bty <§>'mfﬁgx>'—mﬂ%dm ss2
- iy 25 (D + L o B

where ‘primed’ quantities are associated to h' and ‘unprimed’ quantities are associated to h.

Proof. In this proof the notation = will denote equality under integration over S%w.

A proof of the first statement can be found in [90] as proposition 5.1. The second is stated
as proposition 8.2 in [90] but it is proved here for completeness. Recall the relevant fluxes are the

following:
924 QT W | |
£ 1) (v, v1) //S B2 M P+ LB e ) (35.23)
5{ 0
AM Qe O :
+ 3MrW (QTrgx) +3M (1 - T) (5) (QTrgx)") duf,
Q24 QQ,,A
Lo = [ [, 5P —saer i + (6 +6B) (3520

+ 3MW(QTrgX) +3M(1- %) (g) (Qﬁﬂ))du?é

W _ay L oa2 m 2
W=+ 0 (5550 (2 ), S WA[ ( 7).
0 o1 W@ 6M§22 (3.5:29)
Y = 2 =
(5) — (Q) + 5550(2F), p=v -+
and
(1) (1) , QQ
(QTrgy) = (QTryx)' + 20, (— 1), (3.5.26)
1) 1) 202 AM
(QTrgx) = (QTrgy) + 7(1 - 7) f+20%Af. (3.5.27)
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- =T =T
Denote 0¢& = &, [h'](vo,v1) — &, [1](vo,v1) then decompose into pure gauge terms and mixed
terms as 6¢& = 6&, + 6& p with

0 = /01 (-3mr{o, (2920 (QQf))(QTrgx)’ +<”/ﬂ [(1- —)f +4Af]} (3528
(1)

.wMWW—quﬁyx%q_ v )] @2h)

0
(1)
;’?242 (1- 4M>(QTrgx)8 (Q?f)_g[(u%)(%)# Wi |0,(2 ) dv?,
5Ep = /vo (SMT v|o ( )]\2 - 39—]\24(1 . Llfa\/[)av(QQf)av((ff) (3.5.29)
QZ ' 6MQ2f] — 3Mrd, (2928 (QQf))[2Q (1- %>f+74&f})dv¢

Now first consider terms appearing in &, and denote

58y, = 3Mrd, (2 00 f))(Q”E")gX)’ (3.5.30)
58, = 3MrY [29 (1 - %) ﬂﬁf} (3.5.31)
Then
sty = 0, (S o (@2 @Teg) ) - o, @2 (@I (T (3532)
ﬁgamﬂ@m%W+mW+m%@ﬂ
and
= (2 (- ) ) 5539
[ S e s

(1)
- [ (00 ) st sl
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Therefore,
= [, (-ouefy (§)+ S =) (%) (3534)
+ 3 [ran) + oy — 22 ((ff)’ + (T 0,(22))
(B (1 0 i) -0 (o etk

Note that from proposition 2.10.11 and linearised Bianchi identities in proposition 2.10.20 one has

(1)
0y (rdtviy +rp) = —Q2atv(i) —7) — 202 — S pr(QTrgn) (3.5.35)

Therefore using linearised Raychauduri in proposition 2.10.9 one has

(1)
5y = / / o (3M [raiy) + 1% - t—]‘f(%) é\f (QTrgX) Ne2r) (3.5.36)
-0, <<3>’6”ff’ (1= 2)7 + A1) oG <92f><9f¥m’))dv5
(1)
= - SM[é\g (Qr_{‘r)gx) —rd,i’vn —|—7‘<1) (g) 292} (3.5.37)
- [ B aen @ty
Now consider the terms appearing in (ﬁp. Denote
5 = 31”3 (923 (Q2f)) [(1 - g)ﬁf + ZA(Q%)}, (3.5.38)
5 = ‘%(1 - %)a (Q2f)av(§ff), (3.5.39)
8 = 2 19 [o.(Z )] (3.5.40)
Then,
o = 0, (Srou@2n)[(1- )7+ A1) + Grlan@Ev ) (3541)

—f—éﬁ(l 4M)ra G 12M)\Q2f\2
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5 = 2o (1= )0 (@) — 0, (g (1- 20 @21)?) (3.542)
+ 0, (3M (1- g)) @)’
and
58, 31 3MQ ‘7? (3.5.43)

Combining gives

str= [ (0(Gr(1- 2@’ - 2Ra@n[(1- 25+ A1) G549

2
(B ey Mgy )
—o, (S (- 2@ - 2 (1= B @)

One can check the last line cancels and hence,
= 6M? , o 2 3Mi|5, o .2
wp—éxrgmf>—m4WMfW (3.5.45)
3M 9 4M 0 0 | U1
- Tav(g f) [(1 - T)f + Af])¢

vo

Combining one has

020
2)

5 = (3M [ é\f ( 6I°

(€Y (1)
QN7 0O (1)
o (B - (e - D)

where one uses that

QTrgx) — rd,fvn + r(pl) ( }sz 4+ —

S

Vo

. (3.5.46)

uv

’

(1) V) V)

Ol = @t 2T [0 - M)k () = (D) () B8

Note that to obtain the precise expression for ¢ stated one can substitute

(1) (1)

O\ (1) QN (1) GMQZ (1) AM
3Mr(§) (QTrgx) = 3M7“<§> (QTrgx) (QTrgx) (1 — T)f (3.5.48)
+ 3M'r92d,fv o (1)) f
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In this work a different choice of gauge function to that of Holzegel (see section 6 of [90]) is
made to establish the desired weak stability statement. The reasons for this are two-fold: (1) this
choice generalises to the Kerr case, (2) it can be employed along with theorem 3.1.9 to prove the

stability statement in theorem 3.5.2. The relevant lemma is the following:

Lemma 3.5.7 (Choice of Gauge Function). Fix an outgoing null cone Cu, and an incoming null
cone C’Uf for some uy > ug and vy > vg. Let h be a smooth solution to the linearised vacuum
Einstein equation (1.5) in double null gauge. Let f(v,6,y) be a function generating a residual
pure gauge solution hye as in lemma 2.10.25 given by

2 v Q) F(0,¢)
__ = [q Q Z\09) 5.4
with
((12) TZ(Uf v0) (1)
F9,¢) = Qr(uf,vo)(§> (uf,v0) — 7292(%0’ 20) (QTrgx)(ug, vo)- (3.5.50)

Let h' = h — hpg be the new smooth solution of the linearised vacuum Einstein equation (1.5) in

double null gauge. Then,

(1)
(1)

QN7
(5) (uf,v,0,0) =0, (cb)’(u]c,v,ﬁ, v) =0, (QTI“gX)/(Uf,U) =0 (3.5.51)

and
r3(d,fv(ﬁ)+ (/;5'(1;]0,11) = 7“2(d,fv%)+ %B'(Uf, v0)- (3.5.52)
Proof. Recall that from lemma 2.10.25
(1)

(8)% — Tglpav(ng)' (3.5.53)

Then with f defined as in the statement one has (suppressing the (6, ¢) dependence)

00w, 0)%f) _ Ougv) | D(ugv), (Sl

292(u,7}) o Q(Uf,v) + QQQ(U,U) v Q(Ufﬂ})Q)f(U’e’(p). (3554)

Hence,

/
(—) (ug,v,0,0) =0, (wnl(u]c,v,e,go) =0. (3.5.55)
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Now, from lemma 2.10.25,

1) 1 202 40% 1
(QTrgx) = (QTrgx)+—(Q2f)—Tﬁ8 (Q2f). (3.5.56)

Evaluating on C, gives

)
) Q) 202 40?2 (Q

(VTrgn) (g, 0) = (VTrgn)(ug,0) + =5 (@2 ) g, 0) = = (5 )wp0). (3557)

(1)
So inserting f and evaluating on the sphere Suf vo Bives (QTYgx) (ug,v9) = 0.

&)
Now one has that (QTrgx)’ satisfies the linearised Raychauduri equation of proposition 2.10.9

along Cuf o)

02 r2 1)
0, (92 (QTryx) ) = 2(QTryX)w |u=u, = 0. (3.5.58)

u=uy

(1) (1)
Hence, &> (QTrgx) (uf,v) = QQ(QTI‘gX),(Uf,Uo) = 0. Therefore,

(1)
(QTrgx) (ug,v) =0, (3.5.59)

on C’uf.

Using the propagation equations for the linearised torsions (proposition 2.10.11) and the
Bianchi identities (proposition 2.10.20), one has the propagation equation for the combined
quantity:

(1)
o + ) = (@04 () - U @i (5:5:00)

Evaluating on Cuf gives

9, (r (divi)+ ') = 0, (3.5.61)

(1) (1)
since (Q) (ug,v) = (QTrgx)/(uf,v) = 0. Hence, integrating (suppressing angular dependence)

gives
3(aivy . 3.5.62
r(diviy + ) (ug, v) = PV + ) (ug, vo), (3.5.62)

as stated. O
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3.5.2 Proof of the Weak Stability Statements

Proof of theorem 3.5.1. Fix uy > ug and vy > vg. Let h' = h — hps where hyg is the residual
pure gauge solution generated (through lemma 2.10.3) by the residual gauge function f defined in
equation (3.5.49). The canonical energy conservation law implies the modified canonical energy

conservation law

E o) (uo, g) + gy () (v, vp) = €[] (0, uy) + €y, [B] (vo, vy). (3.5.63)
Start by writing
(1) (1) uy
&" h)(uo, uy) / / |QX| du¢+/ 292 (OTrg0)(@Trgf|” +V(wy). (35.64)
where lim,,, o V(vy) = 0. Note that
v 2 2(1y 2
Z., 11 (vo, vy) |QX ug, )| + 202 (uf,u))dv¢, (3.5.65)

(1) @
where one uses that X’ = { from lemma 2.10.25 and (QTrgx) (uf,v) =0 and ((B’(uf,v) =0

from lemma 3.5.7.

By lemma 3.5.6 one has

v

By W), 0p) = B W0, vp) + [ Glurv,0,0)¢] (3.5.66)
with
g=M (ﬁgf ;o 2;22 [(Qflﬁgx) - (Q%lr)gx)’} (QT(lr;X) +202f (o) — divy) (3.5.67)
TN
Noting lemma 3.5.7, one has for all v € [vg, v;] and for all § € (0, 1] that
126 ug.0) = (s e+ Dl w) o S —SNETE (3568)

1 3 A1) (1) r3 (1) )
_6M52[ (0" + diviy )] (vo) — o0 (Trgx) (QTrgx),
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where one uses that A(%) d,fv(n)—i—(ﬁ))’ = 0. Hence,
vy
& W](vo, v5) + Eu [h] (g, ) / / (19 s, )12 + 207 P(ug, o) ) v (3.5.69)

ufv

=[], 10a i + s

u,v g

where Qg is defined as

3 (1) (1)

‘ r3 (1) (SO r
Q5 = V(vy) — /S e (T (e + /S O ©@TyE  (3570)
2o 200
VM (Q*f) 1 5 2 6M(1-8*)(2%f)*;
i Saf,vf{(é r Taverr ¥ @ k) + r? Ji
VM (Q2f) 1 5 2 6M(1 -8 (%),
[ (D Loty i) MOS0
First, one should note that
_ P W O
Qs > Qs = —Ri(up,un) + V(vy) = | 505 (¥Trp) (T (35.71)
20ms
with
V6M (Q? 1 ! 2,
R5<Uf,1)0) = /S%f . ((5 : /) + 5\/6W[ (( )—l- diV?] )]( )) ¢ (3.5.72)
M1 - 52 02 3 1) (1)
+ [ RLLLE 2y AT [ ]
"f U0 uf,v0
Noting that
2r (Ql) r2 )
f(vo) = @(5> - ﬁ(QTrgX) (3.5.73)
gives
(gl)) )
W= 3 {492 (5) — 'r’(QTryx)}, (3.5.74)
vy = aiviy— L [492(8) - (m(‘lr) ) (3.5.75)
VI = VI T 902 Q) ~TEED a
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on S? by lemma 2.10.25. So taking § = 1 gives

ur,vo
(1)
2,

5+ (#)—27";2 [492(%)—r(QT<lﬁgX)]\¢ (3.5.76)

1
6 M Js2

uf,v0

Rl(ufv UO) =

. Y o
- /S2 ﬁ(QTYgX)(QTrgX)ﬁ

uf,v0

which is precisely R(uf,vp) as stated in theorem 3.1.7. Therefore, one can estimate that

vf W a up _r o _
/ {|QX|2 + 292|ﬂ)’|2}d’0¢‘ ) + |QX|2du¢‘ ) < Eyo M (vo,vy) + &, [R] (w0, uyp) — Q1,
V0 u uo v

(3.5.77)

where the integral over S, on the left hand side is implicit. Since V(vy) is a continuous function
that vanishes at infinity it is bounded. The other terms on the RHS of (3.5.77) are defined in the
initial data, so are bounded. Hence, 3C' > 0 independent of vy such that

vf (1)
/ /SQ (219x[2 + 4025/ |?)dvg < C. (3.5.78)
Vo uf,v

So, since the integrand is positive its integral defines a bounded monotone sequence of real

numbers and, therefore, by monotone convergence

v (1) 00 (1)
limsup/ / (|Q>g|2+292@|2)du¢:/ / (19X + 20201/ P)dvg.  (35.79)
V0 S%fyﬂ J Vo Sz%.f,v

Vf—00

(1)
Note further that |[rQ%|?(vs,u) is a smooth function with finite limit as vy — co by extendiblity
to null infinity. Additionally, recall that extendiblity to null infinity gives that

(1)
sup IrQx|(vp,u) < C,

uf
fuo,us]x {v>vo} xS2

(3.5.80)

for some C,,, > 0 independent of vy. Therefore, since [ug, uy] X S2

w.v IS @ compact set, Lebesgue’s

bounded convergence theorem (see chapter 2, theorem 1.4 of [126]) lets one pass the limit through

the integral to give

Vf—00

) uf W, uy ) )
hmsup/ / |Qx|“dug :/ / 1% (u, 00)|“dud. (3.5.81)
uo S%,vf - ug S%’oo -
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Taking the limit superior with respect to vy — oo of the right-hand side of (3.5.77) gives

o0 w, 9 (1)2 uf M, 7
Lo L loxP w202 Rav + [ [ 108w 00)dut < Ealhl(ug) + Rlug, o).
Vo uf,v uo u,00

(3.5.82)

To establish that R(uyf,vg) vanishes as uy — oo, note that along the cone C, one has that

(1)
1) 0O &
O (r(QTrgx) — 402 (5)) = —AMQ%W + 20%r(divi) + p) — Q2(QTrgy). (3.5.83)

Integrating in a region close to the future event horizon H™, i.e., from u > ug to infinity and

using the horizon gauge conditions gives

(1) (1)

[492(3)—7“(9%11“)%)}(%@0)— /u 94[2r(d“{v”+p5 (4M;; (ngX))}du. (3.5.84)

The horizon gauge condition (d,fv%>+ %(oo,vo) = (pl)g:() = 0 and the smoothness of the solution
implies that for u > ug close to infinity

(divin'+ )
(diviy + ) (u, v0) = O(Q2) = e (ww0) = O(1). (3.5.85)
So, for u > wug close to infinity
1)
2§ o 4
40 (5) — r(QTrgx)] (u,v0) = O(Q), (3.5.86)
Moreover, commuting with angular operators yields
8 ™)
[4(2248(5) - TA(QTTgX)} (u,v9) = O(QY), (3.5.87)

for u > wug close to infinity. Additionally, the gauge conditions on the future event horizon in

definition 3.4.5 give

1 <1)
li QTr QTr =0. 3.5.88

M o (T (@Trg)| (3.5.88)

Hence, one has lim,,, 0 R(uy,vo) = 0. O

Proof of theorem 3.5.2. Fix uy > ug and vy > vg. Let h' = h — hpg where hyg is the residual
pure gauge solution generated (through lemma 2.10.3) by the residual gauge function f defined in
equation (3.5.49). The canonical energy conservation law implies the modified canonical energy
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conservation law

=T =T =T =T

& ool (uos up) + &, [Pl (v, vp) = &, [R] (w0, up) + &, [R] (vo, vp).- (3.5.89)
Note that
£ lo0o) = [ (BB - 2+ R () aer. @50

1)
Where one uses that 5 and 7 are gauge invariant (by lemma 2.10.25) and (QTrgx) (ug,v) =0

and "(uf,v) =0 from lemma 3.5.7. Observe that one immediately runs into an issue, namely
iu [7/](vo, v1) is not necessarily positive. However, one can add ?Z[h’} (vo,v1) to achieve positivity.
In particular, let x € [0,00) and define

—-T =T T

€, ulhl(vo, v1) == &, [h](vo, v1) + K&, [h](vo, v1) (3.5.91)

—T , . .
and similarly for ¢, ,[h](uo,u1). From the conservation laws for the modified canonical energies

one the following conservation law

oo [0, ) + o 1] (0, 07) = €y ()0, up) + E [0y 0p). (35.92)

One can compute that

T

_ , M r? M, 3M (1) 9 R W2 ()2 Do
E g W) (v, 01) = / (G108 + (26 = == )10 + =5 (10T +10'P) + xIQX])doy.
(3.5.93)

—T
Hence, ¢, ,[h/](vo,v1) > 0 for £ > 2. Additionally, as with the proof of theorem 3.1.7, one has

u

=T Q*r2 M, kro O (1) ;
oy Wl ug) = [ (S350 4 w0x)aug + [ 0T

+ V(vy),

(3.5.94)

where lim,, o0 Y)(vf) =0.

By lemma 3.5.1 one has

—-T —-T

¢n,u]c [h] (Uﬂavl) = ¢n,ujc [h/] (1)071)1) + éZ QﬁK(Uf,U, 0, SO)AZZ? (3'5'95)
g
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with ¢, = § + kG or explicitly for the gauge function in lemma 3.5.7, one has for all v € [vo, vf]
that

(1)

1 2
P2, — 3M7«(%) (Qfﬁgx) + [ (0 + diviy)](vo) (26 - %) % (3.5.96)
3M s Q2 f\ )2 3M N 2M (Q2f)? 3w )
+ T‘W(T) ‘ + (3/@ — T) (7“2 ) — 5522 (QTryx)(QTrgx).

Manipulation of this function is slightly subtle since the first term is merely bounded by extendibility
to null infinity so naively gives a boundary term (without sign) on Szfﬂ)f. Recall that from the
expression for the Gauss curvature (proposition 2.10.15) and extendibility to null infinity

(1)

T(QT(lﬁgx) - —4(%) + 0(%) (3.5.97)
so that for large vy
3Mr(5)(QTrM) - —12M(5) + (’)(;), (3.5.98)

by extendibility to null infinity. Now from lemma 2.10.25 recall that

1 1 2
(Ql(“r)yx)’ = (er)gx) 281,(92 f)+ 2%(92 ). (3.5.99)

r

(1)

Evaluating this on C,,, noting, by lemma 3.5.7, (QTrgx)/ =0, gives

fY
Q) 107 0\ 202 5

where one uses that

(1) (1)

Oy (Q2f) = 292(g)pg = 292(%), (3.5.101)

where the last equality follows from lemma 3.5.7. Additionally, this tells one that f = O(r) as
(1)
vy — 0o. On C,, one can now solve equation (3.5.100) for % in terms of f which gives

(1)
Oy Qf - W
(5) = 5+ 155 (ATrg). (3.5.102)
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Substituting into equation (3.5.98) gives

(1)
0 (1) 3IM 1
BMT(E) (QTrgx) = =5 (@) + O(;), (3.5.103)

by the assumption of extendibility to null infinity. Hence,

1 1 M\ Q? 02f)?
20,(07) = [P0+ i) (o) (25— 2) L (3 3 S ZMEEIT (55 100
3M = Q2N 2 3 (1) 1
Equivalently for ¢ € (0, 1]
3M 1 1 1 SV2MO? fN2
78uog) = (20— 20 (5 + b)) + ) (3.5.105)
3M 1 1 1
- (2“_7)2M52[ 30+ divi) ) (vo)
3M~\ 2M (1 — 6%)(Q%f)? 3\ 2M (2 f)?
L
3M - QQf 3 (1) (1) 1
7’W<T>’7f ;;;2 (QTrgx)(QTrgx) O(;)
Additionally, one can write 72¢,.(vg) in a comparable form
1 1 5 QQ
P26, (v9) = (25 - %) (N;W[rg (o + divi)](vo) + 72];4‘]0)2 (3.5.106)
2M (Q%f)? 3My 1 1
42O (- )2M52[ (o' + i) P (wo)
3M N 2M (1 — 6%)(Q%f)? Q2 f
=T SE
)
Q (1) 3 W (1)
+ 3MT<§>(QTrgx) ;;;2 (QTrgx) (QTrgx).
Taking kK = % d = 1 and defining
v 2 1 2.2 1 u
ET[h](uf,vfp/f (im(ﬂiuﬂfaﬁ dv¢+/ (2 féy? 2j0xP)dut (35107
w7 (o Ly S + gmxﬁ)dw,

one has

€5, [W(vo,0p) + 1., (0] (w0, u) = BT [h)(ug,vp) + @, (35.108)
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where
33 ©) 3 O] (1)
Q= Y(v)) / s (UTry) (QTrg0)f + 492 QT )(QTrgx)f  (3.5.100)
uQsv f Uf ,v0
M (1) V2MQ2 25
. (1 )( § o+ divn)] () + )
(1) (1) QZ
o (- i
3M L Q2f\ 2. 3M L Q2|2
T 7 s2 ‘W( r ‘7¢ 2 S%f,vo ’W<T>‘7y¢
)
3SM(Q%£)%2 3 . 54 (112 Q SO
_/S%f,v0 {T + E[T (o' + divny')] +3MT(§>(QTrgx)}¢.
Now
UG O m
@ = —R(ugu) + V(vy) = [ L5 (@Trp) (T4 (35.110)
uQ,v g
where recall that R(uy,vo) is defined as
.3 My 50 IM 2.
Rlug,v0) = 55 - (1- 7)‘1” (0 + diviy) — 2Q2A3 = bl (3.5.111)
M 0.
2 (1) o
+/Sa [4943 ’ +divi) - 5 2924&%\ +3Mr () @Tran)|¢

3SM 33 M (GO
N ¥ ( 292 V /SQ 102 (T 0 (VT 07

U f,v0

with
o 1)
Slus, 6, 0) = (4@2(5) _ r(QTrgx)) oy (3.5.112)
Note that to produce R(uf,vo) uses that on S?Lf v
o) = =5 Wi =Wy i — SM o AT (3.5.113)
2Q4 Q23 202
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Therefore, the key estimate is

ET[h](Uf, vy) < Eguo [h)(vo, vy) + %:%F,vo [h](uo,uf) + %(Uﬁ o) (3.5.114)
37“3 (1) (1) o
+ /S2 yToF] (QTryx) (QTrgx)¢ — V(vy).
o

Arguing similarly to the proof of theorem 3.1.7,

9) (1) 022 Uy QZ 2 (1)
/ (—mm? 5 lo?)dv + / 1Bug,00) Pdu < Epealug) + Rlug, vo). (35.115)
0

The conclusion about the limit of %(u]c,vo) follows analogously to the proof of theorem 3.5.1

since (from the proof of theorem 3.5.1) F ~ O(Q*) for us >> ug close to infinity. The only new
(1) (1)

term arising is 3Mr(E )(Q2Tryx) integrated over S? One just observes that

uf,vo*
(1> S
1) o ) QTrgx) . )
3M/ QTrgX — 3M/ 12 (5) i = O(9) (3.5.116)
"“f ,v0 “f »V0
by considering regular quantities at the future event horizon H™ (see section 3.4.5). O

Proof of theorem 3.5.3. Since h solves the linearised vacuum Einstein equation (I.5) so does

L7h. Therefore, one has the commuted estimate from theorem 3.5.1
o9 9 (1)2 o8] 9 (1)2 _T
/ (£ dv¢+/ 2|3 Pdug < En[L7h]. (3.5.117)
uo Vo

From the linearised null structure equations of section 2.10.1 (in particular propositions 2.10.10)

(1) Q ( 1) (1
rhrX =~ 8 rwX — P+ L (@Tr) (14 %), (35.118)

020 A1) Q 1) (1>)

Y )
Urk = ——a+ Qs — QPP S (QTrg) (X + X (3.5.119)

Therefore, restricting to null infinity and the horizon respectively one has

(1)
020, Qx

(1) (1)
= —54, Z:TX

by the definition of extendiblity to future null infinity, the proposition 3.4.9 on extendiblity to the

future event horizon and that w = ﬁ on the future event horizon. Hence, one has the bound for
(1)
o,

/ I(l)l dug < ElagalLTh). (3.5.121)
uo
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Turning to the horizon and using Young's inequality with 0 < § < % gives

— 2 1—26 1
1-20 / 020 2dud < Equial Lrh] +

4 Ju 25(4M)/ IQx! dug. (3.5.122)

M
The term involving X can now be bounded by Sdata[h] which establishes the desired estimate. [

3.5.3 Mode Stability from Canonical Energy
Mode Type for Metric to Mode Type for Teukolsky

Lemma 3.5.8. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)

on the Schwy exterior is of mode type in usual Schwarzschild (t,r,0,¢) coordinates, i.e.,

hap = € T Hup(r,0,9), (3.5.123)

1) (1)
then ((&), (é)) constructed from h by changing to double null gauge and then constructing X, X
from proposition 2.10.7 and (014), &) from proposition 2.10.10 is of mode type, i.e.,

(1) . t(1> (1) . t<1)
a=e "NA(r,0,p), a=-e "“Ar 6, p). (3.5.124)
Proof. Set ;1 = —iw. Start by expressing h in double null Eddington—Finkelstein coordinates
(u, 0,0, ¢):

hap = e“(“+”)Ha5(v —u,0,p). (3.5.125)

An abuse of notation has been used here where one uses h,s and H,g in both coordinate bases.
Let £ be the one-form that generates the pure gauge solution hpe that takes i to double null
gauge, i.e., i’ = h — hy, satisfies definition 2.10 where (hpg)ap = 2V (1)
(1)
Now in double null gauge hjs = 0 = h)y, hh, = 0 and h), = —%‘ which implies (using
proposition 2.8.2) the relations

~ 1 uTv u v
e3(&3) = —W&s — §e“< T Has,  eqg(&y) = 064 — =T Hyy, (3.5.126)

(Vaf)a =~ — 0,4(65) — 2 (Trg)d . (35.127)
(1)

(Vaf)a = i? I 04(60) + 3 (Trg)f s, (35.129)
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where ¢ , = €4 and ¥ and ¥ are S2, co-vectors defined component-wise as )/I: = H34 and
)éfll = Hy4. One can combine these results using the commutation lemma 2.8.4 to show

Y5V = ettt (%d(Hgs) - %TTQXXH — %XH — (V') —ap”) (3.5.129)
—o(Vsf),
ViVaf = et (%d(HM) - 1Trgxny - %%H — (V) + oy ) (3.5.130)
BT i) — S(Tib)at by — 25,

Q 2Q

(1) (1)
One can turn to computing the linearised shears (%, X) and the linearised null curvature

components ((ozi), (52) Start by writing that
K oap ="M 45 — 2(D5¢) an (3.5.131)

where ﬁAB = Hap) — %(TrgH)gAB. Now, proposition 2.10.7 gives

£=3 Ly, (3.5.132)
R=1 5 (Va4 B - ZD;U (3.5.133)
So, using the commutation lemma gives
%): %(%eu(wv)ﬁ + eu(quv)nyﬁ —2(D5Y5¢) — Trgx(ﬁgf)), (3.5.134)
§ = g (Bt i 4 e A(PYg) + Trx(B3) — 5PMb. (35.139)
Further, proposition 2.10.10 gives
U A (@- Trgx)<§, (3.5.136)
O (w - Trgx)(}é (3.5.137)
So,
—a/ = ; “*”( i 2“W3H+ VsVl + (& — Trgx) (%H +VsH))  (35138)
- (%%%f) — &(P3Ys8),
Q= ; u+v>( i 2“W4H + YVl — (& — Trgx) (%H +Yu))  (35.139)

BV + D) + (o - S )pib - Loy
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Therefore, using equations (3.5.129) and (3.5.130) one has

4 eHlutv ZD2<§¢Z(H33) + *ngXV - *VH (Vay") — aof )
(&)i —; u+v)< H + MW4H + 774W4H (OJ TTgX) (%ﬁ +V / )) (3.5.141)
+ erlute) @2(%d(H44) - %Tl"gXV - )é — (Vay™) + 0¥ )
as claimed. ]

Proof of Mode Stability

Proof of corollary 3.5.4. If h is a solution to the linearised vacuum Einstein equation (I.5) on the
Schwarzschild black hole exterior then by lemma 3.5.8 if h is of the form

h = e "®e™P H (r,0), (3.5.142)

a (a
then a) and g) are of the form

(1) (1)
« (67

. . . .
= T, 0),  d = el 0). (35.143)

Let hpe be the pure gauge solution that takes h to double null gauge. By the equations (2.10.158)
and (2.10.159) one has that the complex scalars «[*2 and al=? are of the form

a2 = emiwteime g7 [+2] (. g). (3.5.144)
ol = gmiwtgime gy [=2 . gy, (3.5.145)

Any solution of the above form can be spanned by solutions of the form (see remark 2.3 of [32])

alt2) = emiwtime pl+2] ) g1+2) gy (3.5.146)
o~ = emiwteime pI=2)(;y5[=2 (g). (3.5.147)

Therefore, by the traditional Teukolsky equation (2.10.150) one has that RI*(r) solves the
ODE (3.4.83). If 3(w) > 0 and w # 0 proposition 3.4.14 gives that the s = 42 solution should
be of the form,

RS =dl), o5, =ald ol . (3.5.148)
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Theorem 3.5.3 proves that
[ 8y - [ (07820 < C@alLrh) + Egualh]). (35.149)
uQ

Using the relations (2.10.160) and (2.10.161) this boundedness statement translates to the

following statement for the complex scalars «[™2 and [~

| rlel g + [ 2000 g < OEL Lokl + Epuall). (35.150)

For a outgoing mode solution this bound implies that

_ 2 . B
a2 2 / 2@ S2(0)|"dig S EgagalLrh] + Egagalh] (3.5.151)
(uo)
and, for w # 7,
+2 | g2 < T =T
2M+‘ / (0)‘ dv¢ 5 gdata[ﬁTh] + gdata[h]> (35152)

where one uses equations (3.4.112), (3.4.118), (3.4.120) and (3.4.128).

With J(w) > 0 and w # 0, the bound (3.5.151) is violated unless |al;”l| = 0 which
|mpI|es that aLoJr 0. Therefore, RI-2 = 0 Yw # 0 with 3(w) > 0 in some annulus
A= {r >a > 2M}. This means that for any ry € A, RI=%(rg) = 0 and d}g;m (ro) = 0.
By ODE uniqueness theory (for example, see theorem 1.1 of chapter 5 of [97]), RI=2 = 0, for
all r € (2M, ).

With J(w) >0 and w & {0, 127}, the bound (3.5.152) is violated unless |a[;]rj]+| = 0 which
implies a[;]r\/QILF = 0. Therefore, RI*? = 0 Yw such that J(w) > 0 and w ¢ {0, 12} in some

open set r € (2M, R) with R > 2M. This means that for any rq € (2M, R), Rt (rg) = 0
and de[:Q]

(ro) = 0. By ODE uniqueness theory (again, see theorem 1.1 of chapter 5 of [97]),
R =0, for all € (2M, o0).

For w = ﬁ, one does not have that the bound (3.5.152) is violated. This is because as
demonstrated by equation (3.4.122), Q*«l*? = 0 at » = 2M if one has an outgoing mode
solution. However, lemma 3.4.15 gives one that the solution

R = ol 8 = o (35159
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maps to a the solution

_ 2] [-2 1) [+2] [-2
A = Qﬁa[zﬁwhp[mﬁ = ealtZ ol (3.5.154)
to the radial ODE (3.4.83) with s = —2 and w = ﬁ. Since the existence of such solutions were

ruled out two paragraphs above, one must have aéﬁh =0= at;i]r. Hence, RI*2 =0 Vw # 0

with J(w) > 0.

Since RI=2 = 0 = R[*2 one has that Q*«l™2 = 0 and Q%T?,oc[_z] = 0 globally on the exterior
of Schwy which translates through equations (2.10.160) and (2.10.161) to @ =0=¢ on the
exterior. Theorem B.1 in appendix B.1 of [28] proves that if W=0= 8 then the solution
h' = h — hpg is the sum of a residual pure gauge solution and a linearised Kerr solution. Therefore,

h itself must be sum of a pure gauge solution and a linearised Kerr solution. O



Chapter 4

An Alternative Energy for the
Linearised Vacuum Einstein Equation

4.1 Introduction

The canonical energy of Hollands and Wald is undoubtedly a appealing construction to allow
for the study of linear stability of a black hole spacetime. One may wonder if there is an
alternative method of defining a useful energy in linearised theory. As discussed at the beginning
of section 3.2, for many field theories one can construct currents and therefore energies associated
to the energy—momentum tensor, Ty, of the theory. However, recall that for the linearised vacuum
Einstein equation (I.5) one immediately encounters the issue that there is no energy-momentum
tensor associated to a solution A. In this chapter, a resolution to this issue is suggested: a current
for the linearised vacuum Einstein equation (I.5) is constructed that is analogous to the usual

current
JX[®], = T[®] X" = X(®)V, & — =2|VD|? 4.1.1
[]a []ab ()a 2‘ |ga ()

constructed for a solution ¥ to the wave equation (3.2.6). It should be stressed that no symmetric
2-tensor T[h]yp is constructed for h.

A way around the problem of a lack of energy—momentum tensor is simply to abandon the
view point that these currents arise from a energy—momentum tensor and approach with a ‘vector
field multiplier’ method. This method proceeds as follows. Let X be a vector field and suppose f

is a scalar or a tensor on a spacetime (M, g) which solves some linear equation

D,f =0, (4.1.2)
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where ®, is some differential operator depending on the metric. Then one can try to construct
an ‘X-energy' for the equation (4.1.2) by multiplying the equation by Lx(f) and trying to write
the expression as a total divergence plus terms that vanish if X is a Killing symmetry of the
spacetime. For example, one can consider constructing an energy for solution ® € C*°(M) to

the wave equation
0,% =0 (4.1.3)
in this manner. Let Y = X*V,®V°®. Then multiplying the equation by Lx(®) = X (P) gives
0= X(®),® = XV, 0g"V, VP = divY — (VP X)V,0V,d — %vxng (4.1.4)
— div(JX[®]) — (Hx)ab(vacbvbcb - %gab\V@]?]), (4.1.5)

where JX[®], is the usual current arising from the energy—momentum tensor in equation (4.1.1)

and Hé‘,; is the deformation tensor.

It turns out that for the linearised vacuum Einstein equation (I.5) one can perform an analogous
computation to this vector field multiplier view point by expressing the equation (plus its trace)

as in proposition 3.2.7, i.e.,
P der Viher =0 4.1.6
(be) aVdllef ’ ( L )

contracting with (£xh)% and trying to write the expression as a total divergence plus terms
that vanish if X is a Killing symmetry of the spacetime. As will be proved in this chapter, this
procedure results in the following current (see proposition 4.2.1 of section 4.2):

@A) = PP (L h),e Y ghey — L XP(VA, V), (4.17)
with
P(Vh,Vh) = PPy by V ghe s, (4.1.8)
where P is defined in equation (3.2.7).2 This has a divergence of the form
div(3¥[h)) = P- 11X - (Vh)? 4+ P-VIIX - h- Vh. (4.1.9)

Hence, like the canonical energy, it also gives rise to a conservation law for a general solution to
the linearised vacuum Einstein equation (I.5) if X is Killing.

?To the best of the author's knowledge this current has not appeared in the literature prior to this chapter.
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There are a two main advantages to this current over the canonical energy current of
definition (3.2.6):

1. On hypersurface ¥ with normal ny, the flux density nx (3~ [h]) always gives a conservation
law at the level of linearised Ricci coefficients, i.e., nx (3% [h]) never gives linearised curvature
since there are no second derivatives of h appearing in its definition. Note that in stark
contrast to the canonical energy current which will always yield linearised curvature due to

the second term term which is of the form

pPbedel py N7 (Lxch) ey (4.1.10)

2. From a practical standpoint JX [h] is easier to compute since only first covariant and Lie
derivatives of the linearised metric h are required to decompose the current. In the same
vein, if one wants to compute 3 [h] for many different vector fields X € X(M), one only
has to compute P(Vh, Vh) once. This is in contrast to the canonical energy current which
has to be re-computed from scratch for a new vector field.

Remark 4.1.1. The reader may wonder about attempting to prove a spacetime integral estimate
using either this current or the canonical energy current. The bulk resulting by taking the

divergence of the canonical energy current J[h])X for a general vector field X is the following:
div(J[h]X) = —P®del hy N7 NV a(Lxh)e;- (4.1.11)

The form of this divergence is slightly unfortunate since it will not lead directly to estimates
involving spacetime integrals of (O,h)? but rather h - 8C2Yﬁh. Therefore, the resulting estimates
are undesirable for proving a Morawetz-type estimate [124]. Now it is reasonable to expect with
some integration by parts that this could be rectified. As noted above the bulk arising from the

current J[h]X is of the form
div(3¥[n)) = P-TIX - (Vh)> + P-VII* - h-Vh (4.1.12)

which on the face of things seems more desirable. However, the reader should note that proving
a Morawetz-type estimate using either of these currents seems to be a tall order. Indeed, as was
examined in great detail in chapter 3, even the energies on hypersurfaces were not manifestly
positive. It seems unlikely then that a spacetime integral will yield anything easier to work with.

The rest of this chapter is structured as follows. In section 4.2 it is proven that the current
JX[h] in equation (4.1.7) is divergence free if X is a Killing symmetry of the background vacuum
spacetime and £ is a solution the linearised vacuum Einstein equation (1.5). Section 4.3 derives
the explicit relation between the current JX[h] in equation (4.1.7) and the canonical energy
current JX[h] of definition 3.2.6. This chapter ends with section 4.4 which gives evidence of
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the usefulness of the current JX[h] in equation (4.1.7) by using it to derive the generalisation
of the local conservation law in theorem 3.1.7 to the n-dimensional Schwarzschild—Tangherlini
spacetime. The reader should note that the current J*X[h] in equation (4.1.7) and the following
manipulations can also be used on the Kerr, spacetime to produce the generalisation of the local

conservation law in theorem 3.1.7 to a # 0.

4.2 The Current for the Linearised Vacuum Einstein Equation

The main proposition of this section is the following:

Proposition 4.2.1. Let g solve the vacuum Einstein equation (1.2) and h be a solution to the
linearised vacuum Einstein equation (I.5) and X a vector field. Let (37 [h])® be defined as in
equation (4.1.7). Then

div(I¥[R]) = PPt (T hP Iy, + VP hyIT, + VahiPTE ) Vahes (4.2.1)
1
— 50" T P(Vh, Vh) - Pt (KO 00 o ahe p + Ko b0V ahey ).
where
1
KX = VLK + VX — v Ik,  If = 5 (Lx9)ab- (4.2.2)

In particular, when X is Killing then 3*[h] is divergence-free.

Proof. Note that from proposition 3.2.7, P“(bc)defvavdhef = 0 if h satisfies the linearised
Einstein equation. Further, from appendix C.1,

Va(Lxh)be = Lx(Vh)abe + Koeahs? + Kopghe. (4.23)
This using the definition of the Lie derivative and writing V, X} = Hg% + V(o Xy gives

Va(Lxh)ve = Vx(Vah)oe + Vahi?TI, + VP hyeIl oy, + Vah Py, + Kol (4.2.4)
+ KN ah'e + Vali? V(X + VPh Vo Xy + Vah Vi X

One can calculate that

1
Pl PV ( Xy Vahe = (VR VAP, - §(divh)pva’ﬁh)v[aXp], (4.2.5)
1
PSP 0oV 1 Xy Vahey = (VPR — 5 VP ™V 4 Trh) Vi Xy, (4.2.6)
I
— i(dwh) VPTrhV X,

1
PadeefvahCPV[bXp} vdhef - _ ivahpdVdTrhv[aXp} . (427)
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Therefore, by symmetry, the sum of these terms vanishes. Hence, denoting
7% = P“deef(EXh)chdhef, (4.2.8)
one has

div(Z) = P4/ 3 (Voh)peVahey + POedeS (Kgfcdhbd + Kggdhdc)vdhe f (4.2.9)

+ Pl (Vg PTI, + VPhoeTTy, + Vaho T ) Vahe .
Now, using that P“deerahchdhef = Pdefabcvahbcvdhef one has
abcde f X L.
P L3 (V) gpeVahes = dlv(EP(Vh, Vh)) — 5 (divX)P(Vh,Vh) (4.2.10)

+ Pt (KX gy + K he ) Vahey

| pabedef (Va hPCHg; + Vphbcﬂéi, + Vahbpﬂgg) Vahey.

4.3 Relation to the Canonical Energy Current

For a general vector field X, it seems reasonable to expect that the X-canonical energy for the
linearised vacuum Einstein equation (I.5) on a spacetime is related to the X-energy associated to

the current J¥[h] constructed here. The following proposition confirms this expectation.

Proposition 4.3.1. Suppose X is a Killing field for a vacuum spacetime (M, g) and h solves the
linearised vacuum equation (1.5). Then the X -canonical energy current defined in definition 3.2.6

can be expressed as
(TX[R)* =23 [A)® + (¥ [R])*, (43.1)
where (3X[h)])4 is defined in equation (4.1.7) and
GY R = (VaA)™, A = xlaphlbedelp, 7 by, (43.2)

i.e., JX[h] and 3¥X[h] are related by a divergence. Moreover, (j*X[h]), is divergence free.

Proof. Using that X is Killing in proposition C.1.2 in appendix C.1 gives

(T X[h))* = pabede! [(ﬁxh)bc(vdh)ef — hbccx(vdh)ef]. (4.3.3)
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Using the Leibniz rule for the Lie derivative (and that X is Killing so Lx P = 0) gives
(TX ) = 2Pl (L xh)pe(Vah)er — (VXY — Vy X)“, (4.3.4)
with Y = P“deefththef. Therefore,
(TX[A)® = 2P (L h)pe(Vah)es — V(X @Y — Y @ X)' — (divY) X% (4.3.5)
where one uses that divX = 0 since X is Killing. Now one can compute that
divY = PY4eIN 1y, oV ghe s + PP 1y VoV ghep = PPN 1y V ghe (4.3.6)

where the last equality is by the linearised vacuum Einstein equation (I.5). Now X®@Y -Y®X = A

as defined in the proposition statement so then
(VaVaA)" = (V1o ViA)' = R AP + R A" = —2(Ric(g))apA** = 0. (43.7)

O]

4.4 Application: A Conservation Law for Schwarzschild—Tangherlini

This section is concerned with the linear stability problem for the Schwarzschild—Tangherlini
black hole solution. In particular, this section provide a first step toward generalising the linear
stability results of section 3.5.2 to the n-dimensional case by providing the generalisation of the

conservation law in theorem 3.1.3 as theorem 4.4.3 below.

Recall from sections 1.1.1 and 2.8.3 that the Schwarzschild—Tangherlini spacetime is a n-
dimensional black hole solution to the vacuum Einstein equation (I1.2) with metric on its exterior

region in double null Eddington—Finkelstein coordinates (u,v, 8, ) given by

2M

r(u,v)"=3’

g = —2Q(u,v)*(du ® dv + dv ® du) + r(u,v)*¥ Qu,v)* =1— (4.4.1)

n—2’

where (u,v) € R? and (6, ¢) are the standard coordinates on the (n — 2)-sphere (S"—2,7°yn_2).

The non-vanishing Ricci coefficients are

(n = 2)Dn(r)

(QTrgx) = = —(QTryx), w= = —w, (4.4.2)
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and the non-vanishing curvature components are

:_(n—2)(n—3)M . :(n—3)
p (n—%&tz) | e 17“2 : (443)
Sdal(g) D — Rapep = ﬁ(gACgBD ~9an9pc)

and

2p

Rapep = _m(gACgBD ~Jap¥se): (4.4.4)

In this chapter, the current (J[h]1)? as defined in equation (4.1.7) is evaluated in a region R
of exterior of the Schwarzschild—Tangherlini black hole spacetime bounded by a characteristic
rectangle, as shown in blue in the following Penrose diagram:

Fig. 4.1 The Penrose diagram depicting the setup up for the computation of the (J[h]?)® current
on the exterior of the Schw, spacetime.

Here C, and C,, are the null hypersurfaces given by the level sets of the double null Eddington—
Finkelstein coordinates, i.e., {u = const.} and {v = const.} respectively. From proposition 4.2.1,

the divergence theorem then gives the following conservation law

Egl [h] (’Uo, ’Ul) + EUT1 [h](uo, ul) = Ezj;o [h] (Uo, Ul) + Efo [h} (UO, ul), (445)
where
Eﬂm@mm)iz/“@mfﬁgm¢ Eﬂmwmm)iQ/MQMFfmm¢ (4.4.6)

will, henceforth, be referred to as the ‘T™-energies’ on subsets of the null hypersurfaces C, and C,,.
Evaluating EL'[h] and EI[h] for h in double null gauge on the Schwarzschild—Tangherlini black
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hole exterior is (as was true in the canonical energy case of chapter 3) an involved computation
and yields two expressions for the flux densities (J[h]7)3 and (J[h]7)* in terms of the double null
decomposition which have obscure coercivity properties. As in section 3.3 in chapter 3, one can
simplify matters by integrating by parts on the spheres S? ., and using the fact that if

QT = QI + —peat™24), @I = QT - —pea(m24), (447)
then, conservation law (4.4.5), the modified T-energies
B [h] (0, 1) _2/ QY 0dvg = EL 0,00 —2 [ Afwo0.0)g|!, (448)
B (wo.v) =2 [ Q) dut = ELbl(uo.un) +2 [ Aty (4.49)
satisfy the equivalent conservation law,
E,, [h](v0, v1) + By, [B](uo, w1) = Eqy [1] (v0, v1) + By [B] (w0, u1). (4.4.10)

Using the above two points in conjunction with the linearised null structure equations and
linearised Bianchi equations in propositions 2.10.7-2.10.20 allows one to prove the following

theorem (which is proved in section 4.4.3):

Theorem 4.4.1. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on (Schw,,, gs) and T is a Killing field for (Schw,, gs). Then one has the
following conservation law for linear perturbations of the Schwarzschild—Tangherlini spacetime:

By [h](v0, v1) + By [B](uo, w) = By, [1](vo, v1) + By, [B] (ug, ur), (4.4.11)
with
1 1) 2(n — 4) (glz) 1)
=T w . (1 n —
E, [h](ug,u1) = /uo [QQ‘MQ + 292’,,712 _ (WQTrgX + 4w> (5) (QTrgx) (4.4.12)
6h)
(1) ) n—3), W 02 - = Pmn-4)"
and
—T v1 9 (1)2 9(1)9 2(n — 4) <(12) (1)
E. [1](vo, v1) = / [Q2[%[2 + 202 + (WQTW +4w) (5)(9Trgx) (4.4.13)
V0
6h)
ay, M n—3 (1) 02 -~ — n—4)02 O

where = denotes an implicit integration over SZ;Z.
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Remark 4.4.2. There are a few interesting points to note about this theorem:

1. As with the proof of theorem 3.1.9, the linearised Gauss and Codazzi constraint equations

are key to proving this result.

2. As the reader would expect this conservation law can be proved directly in a manner
analogous to Holzegel [90] from the linearised null structure equations in propositions 2.10.7-
2.10.17 and linearised Bianchi identities in proposition 2.10.20. The computation much
more involved than Holzegel’s 4-dimensional case and therefore, the conservation law would
be much more difficult to spot by eye. This is where having a current, such as 3T in
equation (4.1.7) or the canonical energy current J* in definition 3.2.6 is invaluable; one
starts with a conservation law associated to 3T or 71 and one can compute and manipulate
the fluxes that arise from this current into a desirable form. However, for completeness,
there is a sketch of the direct proof of theorem 4.4.1 in section 4.4.3.

(1)

3. Forn = 4, R//E = 0 so the fluxes Ez[h](vg,vl) and Ef[h](ug,ul) appearing here are

precisely the fluxes appearing in Holzegel’s conservation law in equation (3.1.3).

The rest of this section is structured as follows. Previous results on the stability problem
are reviewed briefly in the next section (section 4.4.1). Section 4.4.2 gives some technical
computations in preparation for the computation of the current 37 [h] (defined in equation (4.1.7))

in double null gauge in section 4.4.3. Section 4.4.3 contains two proofs of the theorem 4.4.3.

4.4.1 Background on the Stability Problem for Schw,

Stability questions concerning the Schwarzschild—Tangherlini spacetime have been studied in the
works [54, 105, 131-134]. Of most relevance to the discussion here is the work of Ishibashi and
Kodama [131], which studied the linear stability of the Schwarzschild—Tangherlini spacetime. By
exploiting the spherical symmetry of the spacetime, they derive decoupled master equations for

the mode decomposed linear perturbations. By studying the spectral properties of these master
equations they prove that there are no growing modes. The reliance on spherical symmetry is
slightly unattractive. Indeed, outside of spherical symmetry, there are a number of very interesting
black hole solutions, for example, the Myers—Perry black hole [41] or Emparan—Reall black ring
solutions [80], whose stability problems remain largely open. Moreover, apart from the decreased
symmetry of these solutions, the decoupling of linear perturbations typically fails (see [87, 88] and
references therein). In deriving the T-energy associated to the current J7[h] in equation (4.1.7)
one does not need to decompose in modes or exploit spherical symmetry. Therefore, the T-energy
gives an attractive avenue to pursue in higher dimensions where decoupling fails and symmetry is
decreased. The natural place to initiate this investigation is with the ‘simplest’ higher-dimensional

black hole, the Schwarzschild=Tangherlini black hole.
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A related issue is that the true linear stability proof constructed in [28] does not extend readily
from the 4D Schwarzschild spacetime to the general Schwarzschild—Tangherlini spacetime. As
mentioned in the introduction of chapter 3, the linear stability proof of [28] relies upon exploiting
the existence of the Teukolsky equation for the null curvature components W and &) which decouple
from the full system and are gauge invariant. However, even for this highly symmetric case
of Schw,, the celebrated Teukolsky/Bardeen—Press equation fails to be a completely decoupled
equation for n > 4; see section 2.10.4. To produce the fluxes arising from the T-energy one
does not have to make use of the Teukolsky equations. Therefore, by using the decomposi-
tion of section 2 and the linearisation of the null structure equations in higher dimensions (see
section 2.10.1), it is reasonable to expect that the fluxes arising in the modified T-canonical
energy for the Schwarzschild—Tangherlini spacetime will be very similar to those appearing in
theorem 3.1.7. In this section, this expectation is confirmed. It seems likely that a stability (bound-
edness) statement from the T-energy also holds but at the time of writing this is still speculation.
Additionally, if one can understand how to improve the strength of such a stability statement,
the method has the potential to produce a result such as [28] for higher-dimensional Schwarzschild.

4.4.2 Preliminary Computations

Proposition 4.4.3. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on the exterior of (Schw,,, gs) in double null Eddington—Finkelstein coordinates,
i.e., in the basis (e3,e4,€e4), hzs =0 = hyq and
<512> (ll)>
A —_2A —
ha=—4(5):  ha=-3.  hap=Has. (4.4.14)

Then the non-zero components of (V,h)a., are

4 4
(V3h)ss = —5% (V4h)3q = _5(&}7
2(Trgx) @ o a Tryx
(VAh)44 = m A (VAh)34 = — (77 +ﬂ))A — ﬁb,& (4.4.15)
. .moa (Trgx) @ R P 2D
(Vsh)ia = —2(n Q))A + m A, (V4h)aa = Q(W4b)A + 02 ba,
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and
T O T
Iy X TgX 5
(Vshsa =~ _?’2)2 (2n - 2)(5) — Trgh) g, + n—ghAB, (4.4.16)
1 (1) 1 (1 Tryx 1 (1)
(VBh)sa = 5(@;?)),43 + QW[AbB] - _g 2%,43 - md’{ngAB (4.4.17)
M
Tr 0
gX _ AN
t sy (200 -2)(55) — Trgh) g
) 2 (1)
(Vsh)pe = 2Xpo + m(QTrgx)ch, (4.4.18)
) 2 M 2 &) (1
(Vih) e = 2%8C + §(¢2b>BC + = ((QTrgx) — d,ivb>gBC, (4.4.19)

(Vah)pe = (WA%)BC + WA(Trg%)gBC — QTWC(gA;;)’B + gAB(ll))c). (4.4.20)

b
(n—2) (n—2)Q

Proof. Follows from a direct computation using propositions 2.2.3 and 2.10.7 and
(Vah)gy = €ealhpy) — h(Vaeg, ey) — h(eg, Vaey). (4.4.21)

O]

Proposition 4.4.4. Let T be the stationary Killing field on (Schw,,, gs) where g5 is given in
double null Eddington—Finkelstein coordinates. Then one has the following relations:

(V3T)* =0, (V4T)3 =0,
(V3T)3 = —w, (VaT)* = w, (4.4.22)
(VsD)A =2¢*B (VD) =0, (Vi) =24"B(VpT)> =0

and (VAT)B =0.
Proof. This follows from writing
(VaT)? = g7 (VaT)y = g7 (Vi T)4 (4.4.23)

by the Killing property of T'. O

Proposition 4.4.5. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)

in double null gauge on the exterior of (Schwy,, gs) in double null Eddington—Finkelstein coordinates
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and T is a Killing field for (Schw,,, gs). Then (Lrh)4a =0, (L7h)sa = 0 and

(1) (1)

(L1h)3s = —2(W + w), (4.4.24)
1) ( 1 (1) (1)
(Lrh)as = Q00 —'n) + WTrgbe <W4b>A, (4.4.25)
1 @
(Lrh)ap = QX +X) 45 +  (P3)an + = )ﬁTTl“gthB, (4.4.26)
(1) (1) (1)
ETTrgh = (QTryx) + (QTrgx) — divb. (4.4.27)
Proof. This follows from writing
Q Q .
(Lrh)ag = 5 (Vsh)ag + 5 (Vah)ag + (VaT) hyp + (VT) hya (4.4.28)
and using propositions 4.4.3 and 4.4.4. O

Proposition 4.4.6. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)
in double null gauge on the exterior of (Schw,,, gs) in double null Eddington—Finkelstein coordinates.
Then

4(1 2, W

V3Trgh = ¥ Q o (QTrgx), (4.4.29)
4( b, ) (1
VaTrgh= s+ 5 (((mgx) divb), (4.4.30)
VaTrgh = 207+ a + ¥ ATrghh, (4.4.31)
(1)
. 2 (1) 1 Q
(divh)s = Gu + — (Tryx) (Trgh - 2(n - 2) (5)) (4.4.32)
(1)
. 2(1) Q 1 .,m
(divh)s = S 7(Tkgx)<Trg% 2(n — 2)( Q)) Gdive, (4.4.33)
(1) (1 n 1
(divh)a = (n—n)a — m(rﬁw{)(m + (d/{V%)A + mWATI"g%- (4.4.34)
Proof. For the first three relations one writes
%%
Val(Trgh) = eq (4(5) + Trgh) (4.4.35)

and uses the equations for the linearised metric coefficients 2.10.7. The second three follow from

proposition 4.4.3. O

Lemma 4.4.7. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5) in

double null gauge on the exterior of (Schwy,, gs) in double null Eddington—Finkelstein coordinates.
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Then % satisfies
VROl — SIVHE = — SRR — (h.7) + 57— =T - 1) (44.36)

n—4 o
+ m@ﬁh, V'Trgh),

where = denotes an implicit integration over SZ;Q.

Proof. To prove this one integrates by parts on S~ 2, applies the Ricci identity and the corollary

u,v !

of the linearised Gauss equations in proposition 2.10.15. O

Proposition 4.4.8. Suppose h is a smooth solution to the linearised vacuum Einstein equation (1.5)

in double null gauge on the exterior of (Schw,,, gs) in double null Eddington—Finkelstein coordinates.
Then

(1) (1) (1) 23 —n (1)
VAL = 26+ 26 + e+ 0 + 2000 + oo (T (4437
@) ) 2Trgx Sdal(g)

u  Tr
QL(QTrgx)d,fvb + p gX

(%~ X~ 5P +

n—4 SORCOIN

A+ + gy Trox(x ) - (- (1)77ng7l>

b(Trgh) — 7

2 (1)

—~

(QTrgx)
(1)

2 @, M 2Trgx 4y () Q
_ m&(ﬂﬁyﬂ() + s (W - )(Trg% —2(n — 2)<Q>)

- mTrgX<2(n ~2) (%) ~ Tegh) ((Trg) — () — i)

2((7;__42))Trg%} (MZTrgx{(er)gx) (Q%lr)yx)} — 2%)

(1)

)
() + ] (M 20 D g2 (),

Proof. One should note that |[Vh|% can be written more explicitly as
ae Ci 1 : 1
P(Vh,Vh) = g°°¢"! g°IN 4 hpeV ghes — §|Vh|§ — (divh, VTrgh), + 5\VTrgh@. (4.4.38)
Denote the first two terms as P;. Then one can decompose P; as
1
Py = ZgAB(v3h4A)(V3h4B) - gBFgADVShBAvD}MF — gAEgBFVAthV4hEF (4.4.39)

1
<V3h V4h>g + — [V3h4A — *vAh34} gAB(VBh)34 — §|Vh|;

i gAEgBFgCDVAhBCVDhEF_
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So, naively calculating using propositions 4.4.3 and 4.4.6, one finds

16 1) 1) a 8 ™
[V Trgh)? = —@&&) ¥ (QTrgX)((QTrgX) - d,fvb> - 5&)(9Trgx) (4.4.40)
(1)
— S ((@Txgx) — divb) + 4+ 5P + [V Trgh? + 467+ 5, Y Trg),
02 [ g g
(1)
2Tryx Q -
(divh, VTx,h), = ﬁ (W — W) (Trgh - 2(n - 2) (5)) + (divh, YTegh) (4.4.41)
8 2% (1) .
+ 7\WT1"¢%| — —E)ch) QO; ((QTrgx) - 2d,i'vb>> + 2(%)4- n, divit)

{ YTryh) —
(1)
Trgx(Trgh 2(n — )(%)) ((Qr_(ﬁ)yx) - (Qri“r)ﬂ) - d,fv<ll)>

2<1> “) 1, W o PTrgx ) oy @
— 2 OTrgx) + o (@Trg)atvh + 260 — 2fif? - gl Do)

(Trg) (b Y T

n (1
Tz < , VTrgh) + m

and

2Tr (1) @ (1) (1)

(1)9 (1) 1)1 X b 2

Py = 2|’ —2[n)* — 4(n @ - ﬁ(n + 7] (0) +2(X, %) + m(QTTgX)(QTTgX)
0

2)(%) - Trgh)(gﬁ)ﬂ) (4.4.42)

- 1 2Tr
(X=X~ o)~ gy (20

(1)
4 %TW@(” ~2)(0) - Ws) (@) — atvh) - (T_g;m e

(n—
S VTP 2 (divh, YTrgh).

A~

V8 Vol = IV + o

Combining and using lemma 4.4.7 and the linearised Gauss equation corollaries gives the result. [
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4.4.3 Proof of the Conservation Law

Proof of Theorem 4.4.1. Let the symbol = denote equality under integration by parts of SZ;Q.

The currents decompose as

@3t = <£Th (Vsh))g %gBFgCD(ﬁ/T\h)BC(@)gF - vam%; (4.4.43)
¥ [,TTrg%[es (hs) — 23)> Try(Vsh) + 2((n_ 24)) §45 (T ph)ss
[,Th Joa | W Trgh — 2g (Y ph)sr|,
@)= Z<£Th, (Vah))g — §gBFgOD(£Th)Bc(th)4F - Q!Vhﬁ; (4.4.44)
+ éETTrg%[(V4h)34 - 2((:__23))Trg(V4h) + 2((:_ 24)) g4 (th)w}
+ %(L‘,Th)34 [Tey(Vah) — 2627 (Vph)ar| + i(EThML‘ [(V3h)aa + Tig(V ah)|.

So, using propositions 4.4.3 and 4.4.5 one can compute

R QW Qoo Tryx <p ey 1 Mo @
@) = SR+ 0% - 2(/_2) Q%+ %) + Pib#) — 50 (@ T2 (QTrgy)  (4.4.45)

(1)

= L aTig? - m@’ +8) (20— 2)(5) — Trgh) — oo B((@Tgx) — aive)

1 ) ay n—3 Hnh 1mn QO
- 19 [(QTrgx) + 7dz(vb] (QTrgx) + 2 —9) Trgxn(b) + 5(1),@ — Z|Vh|§;
(1)
n—4 ) ¢! 2TrgX QO (1)
_ m((smgx) (Trgy) — divh) ( T (2tn—2)(5) — Trgh) + (QTrgx))
and
~TN3 1 9 1 (1) (1) 1 (1)
(37)" =3 |X| + Q06 %) + 5= Q)TTgX<Q(X + X) + %b 1y — Q (QTTgX) (4.4.46)
(1)
1 1 1 Tr 1 1 Q
(l)d/fvb - 7(223 +8)(9Trgx) T #X 5 (W +w) (2(n - 2)(5) — Trgh)
1 ) (1 1 ) (1) 2
1 1 1 TI' X nH 1 1
= 0=V Ty — G D0+ {070 VB) — (Vb P Trgh)
4 ) &) 2T (1) (1)
n — ! TyX 1
+ m((QTrgx) (QTrgx) — >( d (Q(n 2 ( ) Trg%) - ﬁ(QTrgx))
n—3 LM n—3 (1) (1) ]_ (1) (1) (1) (1)9
- mTrgXW(b) m(QngX)dfvb - §< B) + Q= — |Vh\Pa
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where one integrates by parts on S”;z and uses the linearised Codazzi (proposition 2.10.17) for
) *< ye
the terms (X, P3b) and <X,¢2 )-

Adding the contribution for |Vh|% gives

N QW,  QTrgx » -~ 1 ( Q e
@) =gk - _*‘42) (& ) — ﬁbmrgx) L — S+ 5 ldva (4.4.47)
)
n—3 L 5 Trgx o Q Q0
- T 2(n —2)( = T — 7
2Q(n 2)( TgX (n— 2)@( (n )(Q) rgh) +7 (h,7)
(n —4) O wa Qo QS¢al(g) -
— QT Tr A
S =2y PN X )+ (1= 0, VTrgh) + T —2) 1]
n—4 Hd) 1 O 1 W 1 (1) (1)
+ 74(71 )Trgxn(b) Trgx717(b) + 2<b, B) — Q(QTrgx)d,fvb
(1)
n—4 (1) Q Tr X(l)
- mTrgX(QTTgX)< (n 2)(@) —Trgﬁ) g b(Trgh)

(1) (1)

— 9[4(9) + (n - )) g%} (( 3QTrgx{(QTrgx) (QTrgK)} - 2%)

4\ " om - 2)
Qr O\ (n—4) Sdal(g) dn—3) . 0

1 14(Q) + ap Tk (525 Tk - = (T ()

and
(fyz;m%%w#gﬁﬁﬂ¢£%+iﬁf%Lé&m%m Ol (4448)

D 2% L - e R

- ) - e 3;Hg><(717)(b)) L= 0940} - (70, VTl
n—3 T L > n—4 )

o rgxb(Trgh) — oo ((Qﬂgx) divh —m(smgx)

Tr 1 (1) Y ATy 1 -
P X iy (o0~ 2 () - o) + o G
(n —4)Tryxm N o Tr . ({12)
B H (Tryl) - (QTfyx)divb o ”2)8(2(71 —2)() — Trgh)
(1)

[4(%) + 2((7114))TIM ((;;ngrgx[(Qﬁgx) (QT(lr)gx)} - 2(/5)

(1) €Y

Q
1

Qr /Q n—4 S¢al(g) —3 0
1)+ oy ] (5 - M ()
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where one uses that

(1)

L Q €Y o
divb(2(n - )(5) — Trgh) = b(Tegh) — (n — 2)(i/+0) (b). (4.4.49)
Denote
1
A=A — Ay + As+ Ay — A5 — mA6+2A7 — As, (4.4.50)
where
n—2 (1) r—2(1)
P Y A s T
A= ) i 0y o
3= m( rO) g, = ran(i)(QTrgx)’
Q
Oy o W) (4.4.51)
= . e Q
A5 =T Q(Q) (QTI'gX) AG ~r 2<QTI‘gX) (Q)Trgh,
(1) n—9
= - )2 ST nod
Ar =12 QT () A= g o 5 (T x) (Trgh)>.

One can then compute that using the linearised null structure equations of section 2.10.1
the Y, and Y3 derivatives of each term. Explicitly, using the linearised torsion equations of

proposition 2.10.11 and linearised metric equations of proposition 2.10.7 one can compute that

1 1/n—3 1 @ D 1o «a ) 1A 1(1)
gV = 1 (P20 Trgx (- (8) + 17~ D(TaD) — 350) + Bt (44.52)
T 4\n — 4 2
Tr (1)
gxX
———n(b
T o =21
1 Tl"gX wd (n— 4)(1>(> 1AM ay (1) 1 1
_ _ _ 2 = b 4.4.53
1 (1) = (=5 10) = 550 + S~ - Ui (4453)

Using the linearised metric equations of proposition 2.10.7 one has

7.%2774«42 = é(z S)TYgxb(Trg%) 0 ((QTrgX) divb> divb (4.4.54)
*<Y74b VTl"g%%
7“”%2?73'/42 = Trgx( )( Tg%) (1) >) WTrg%> — f(QTrgx)d,fv(ll)). (4.4.55)
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Similarly, using the linearised metric equation of proposition 2.10.7 one can compute that

7“”1—2 V4”43 = 4(719_2)8%1(51)\%\2 + M<%’ Q%)_'_ ﬁ;%)%
QTrsx
%%Ai” = _4(752_2)8%1(51)!%! g;@i,(g).

Using propositions 2.10.7, 2.10.8 and 2.10.9 one can compute

V) V)

o 2V4A4 == (QTrgX) + 29(3) ((1)+ 2(%)p) B Q<“)(l§ Q’“’\Q

(1) (1)
n—3 Q (1) 1 Q @
+ (n — 2)Trgx<§> (QTrgx) + — 2Trgx(§) (QTrgx),
(1) (1)
Ta

Ve = ST +20(5) (B2(5)) - o) - 2l

(1) (1)
(1)

— (Z : ;)Trgx(%) (QTrgx) —

2Trgx(%)(9'](f11:gx).

Similarly, using propositions 2.10.7, 2.10.8 and 2.10.9 one has

(1) (1)

1(1) n—4 2w /0 (1) O\
(1) (1)
1y, M —4 2w1 /0 (1) QN
e 2W3A5 —w(QTrgx) [ Trgx + 6] (§> (QTrgx) — 2Trgx(§)g.

Using propositions 2.10.7 one has

(1) (1)

¥ ae = 36u13) (g T+ oy (g -2 ) @00 + 7+ 56

(1) (1)
1 Q QO (1)
) VsAg = _QS(/al(g) (§>Tr¢% + Trgx(wi)Trg% + 2Trgx(§> (QTrgX).

Again, using propositions 2.10.7 one has

(1) (1)

v = s () + ()

(1) (1)
(n : ; (QTgx)Q + 2wTrgx) (g) + 2Tryxgul)<g)

1
M—,ﬂs/b ==

(4.4.56)

(4.4.57)

(4.4.58)

(4.4.59)

(4.4.60)

(4.4.61)

(4.4.62)

(4.4.63)

(4.4.64)

(4.4.65)
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and
1 (n — 4)QSdal(g) (n —4)Trgx
e Vads = =g (Tr rgh)? + ﬁ(Trgh(szTrgX) —|—b(Trg%)) (4.4.66)
1 n—4 n—4 (1)
e V3As = —WQSdal(g)(Trg%)z + ﬁTrngrgh(QTrgx) (4.4.67)
Therefore, denoting
1
F=Q" - 5ViA, (4.4.68)
1
=@+ V4 (4.4.69)
gives
aQw 1 n 4 2w (Ql) )
3 _ <2 ()2 (1) —
(n —3) 1) g N ( H0 O
~ o3 T+ i) - S Sl Tegh
(1)
4 QWMo ayp 1oy, O n—4 2wy /) (1)
5= 1P+l - aw(smgx) (S5 Tax + ) () (@Trgx) (4.4.71)
n—3 ! Q(n —4) 1)
200 = 2) (QTrgx)* + (% Rﬁc(g» =9 Sdal(g) Tryh,
where the linearised Gauss relations of proposition 2.10.15 have been used. O

Sketch of Alternative Proof of Theorem 4.4.1. Let the symbol = denote equality under integra-
tion by parts of SZ;Q. The direct approach involves using propositions 2.10.7-2.10.20 to show
that

€Y

0=0,(r2[02 |(7>l(’|2 420202 — (Q(ZL_‘L))QTWX +4w) (%) (Q'ﬁ)y&) (4.4.72)
n, (n—3), ® [QLN B QQ(n —4) @
— 2 QTryx) — m(mrgx)z + =~ (I Bic) — Wsdamgh})

1)
. Sy (1) 2(n —4) Q L
+ Oy (r 2 {QQ|X|2 + 292|ﬂ|2 + (WQTrgx + 4w) (5) (QTrgx)

(1) (1) (n 3), W Q ( )QZ @)
Whilst many of the linearised null structure equations and linearised Bianchi equations in propo-
sitions 2.10.7-2.10.20 are required to show this, the corollary 2.10.18 of the linearised Codazzi
equations and the constraint in proposition 2.10.22 are key to this direct approach. As corol-
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0 e ey W
lary 2.10.18 relates d,fv(;) and d/fv(g to Ax and AX respectively, this allows one to show, after
using propositions 2.10.7, 2.10.8, 2.10.9, 2.10.10, 2.10.20, significant amounts of algebra and
integration by parts on S”2, that

(1)
(1) (1)
1,5 — n—4 oW W = n—4Sdal ;O Q)
(4.4.73)

where T' = 9; = %(63 + e4) and = denotes equality under integration over SZ;z. One requires

the constraint in proposition 2.10.22 here to compute that

(1) BN n—4 @ (1)

(1)
(D3b, Ric) msdald,{vb. (4.4.74)

At this point, the equation (4.4.72) can be shown fairly straight forwardly by computing directly
with propositions 2.10.7-2.10.17 and equation (4.4.73). O
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Appendix for Chapter 1

A.1 Christoffel and Riemann Tensor Components for the Schw, x R

To compute Ughgy, one requires the Christoffel symbols and the Riemann tensor components; the

non-zero Christoffel symbols are listed below:

L _ M(r—2M) v M
tt 7’3 ’ tT_T’(T—QM)’
-M
o _ 1 _ e
T — 2M) Lo = =10 (A.1.1)
oo = (2M — 1), Fi@ = —sinf cosb,

e, =2M—r) sin? 6, Fg@ = cot 0.

The others are obtained from symmetry of lower indices. Note, R*,,3 = R!',op = RFq.p =
R¥,3, = 0. So the Riemann tensor components that are relevant are the ones with spacetime
indices € {0, ...,3} which are just the usual Schwarzschild Riemann tensor components; the

non-zero ones are listed below for completeness,

2M M M sin2 6
t _ t _
M=oy =T Rote ==——
oo M2 g M B Msin’g
trt T4 9 r ©wre r (A 1 2)
s M(r—2M) R, = M , 2M sin? 0 -
Rtet:T7 r2(r —2M)’ chGQDZTa
M(r —2M) e _ M 2M
R(Ptcpt = T’ R rer — T2(7" _ 2M)7 R%@e = T

Any others can be found from the R%,4 = 0 symmetry.
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A.2 Singularities in Second Order ODE

This section is heavily based on the book of Olver [97]. In particular, see chapter 5 sections 4

and 5 and chapter 7 section 2.

Definition A.2.1 (Ordinary Point/Regular Singularity/Irregular Singularity). Let p and q be
meromorphic functions on a subset of C. Consider the linear 2"4 order ODE

d? d
) 1 g(2)f =0 (A2.1)

Then zy € C is an ordinary point of this differential equation if both p(z) and q(z) are analytic
there. If zy is not an ordinary point and both

(z—20)p(2) and (z — 29)%q(2) (A.2.2)

are analytic at zg then zy is a regular singularity, otherwise zy is an irregular singularity.

Remark A.2.1. The singular behavior of z = oo is determined by making the change of variables
z =1 in the ODE (A.2.1). This case will be considered explicitly in section A.2.2.

In the following, general results for ODE are presented.

A.2.1 Regular Singularities

In this thesis solutions of a second order ODE in a neighbourhood |z — zp| < r of a regular
singular point are required. The classical method is to search for a convergent series solution in
such a neighbourhood.

Definition A.2.2 (Indicial Equation). Let p and q be meromorphic functions on a subset of C.
Consider the following 2"%-order ODE with a regular singularity at zy € C

2
L+ LE) + )5 =0 (A23)

Assume that there exist a convergent power series,
0 . 0 .
(z—z0)p(2) = Y _pi(z—20),  (z—2)%q(z) =D qi(z—2)  V|z— 2| <r(A24)
j=0 §=0

The indicial equation is defined as

I(a) = a(a— 1) + poa + qo = 0. (A.2.5)
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Remark A.2.2. The indicial equation arises by considering the a solution of the form f(z) =
(z — z09)® to the ODE

zf
dz?

po df
z—z9dz

—(2) + CETnE _‘1020)2f(z) =0. (A.2.6)

(2) +

The ODE (A.2.6) is the leading order approximation of the ODE (A.2.3). The function f(z) =
(z — 20)® solves the ODE (A.2.6) if the « satisfies the indicial equation.

The following two theorems deal with the asymptotic behaviour of solutions in the neighbourhood

of a regular singularity.

Theorem A.2.3 (Frobenius). Let p and ¢ be meromorphic functions on a subset of C. Consider
the following 2"*-order ODE with a regular singularity at zy € C

2
L@ +90 L) + a1 =0 (A27)
where
(z — zo0)p Zpy (z—20), (2= 2) Z qi(z — 2)’ (A.2.8)

converge for all |z — zp| < r, where r > 0. Let ay be the two roots of the indicial equation.
Suppose further that a_ # a4 + s, where s € 7. Then there exists a basis of solution to the
ODE (A.2.7) of the form

o [e.e]

fT(z) = (2 —2)" Z (z — 20)’ f(2) = (2 — 20)" Z (z—20) (A.2.9)

+

where these series converge for all z such that |z — z| < r. Moreover, a; and a; can be

calculated recursively by the formula

j—1
Iax +j)a; + (1= 0650) Y ((ax + s)pj—s + ¢j—s)az = 0. (A.2.10)

5=0
Remark A.2.4. [f the roots of the indicial equation do not differ by an integer then theorem A.2.3
gives a basis of solutions for the ODE in a neighbourhood of the singular point. Equation (A.2.10)
determines the coefficients of the series expansion recursively from an arbitrarily assigned ag # 0,
which can be taken to be 1. This process runs into difficulty if, and only if, the two roots differ
by a positive integer. To see this, let oy be the root of the indicial equation with largest real
part, the other root is then oy — N for some N € Z... Then since I((ax — N)+ N) =0 one
cannot determine ay via equation (A.2.10) for this power series. In this case, one solution can
be found with the above method by taking the root of the indicial equation with largest real part.
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The following theorem investigates the case where the roots differ by an integer. Let a4 be
the root of the indicial equation with largest real part, the other root is then ;. — N for some
N € Z; U{0}.

Theorem A.2.5. Consider the ODE (A.2.7) as in theorem A.2.3 again satisfying (A.2.8). Let ay
and a_ = ay — N, with N € Z; U {0}, be roots of the indicial equation. Then there exists a

basis of solutions of the form

fT(z) = (2 — 20)** i a;r(z — z), (A.2.11)
=0
f(z)=(z—2) i a;r(z — 20/ + CnfH(2)In(z — 2) (A.2.12)
j=0

withy=a4 +1if N =0 and v = _ if N # 0, where these power series are convergent for all

z such that |z — zg| < r. Moreover, the coefficients a;r, aj_ and Cn can be calculated recursively.

Remark A.2.6. If N = 0 then Cy # 0. However, if N > 0, it can occur that Cy = 0. This
happens if, and only if, the second term of equation (A.2.10) vanishes for j = N. At this
point one can take ay = 0 to construct another convergent series solution with no logarithmic
singularity. See section 5.2 of chapter 5 of [97] for more detail.

A.2.2 Irregular Singularities

This section summaries the key result for constructing a basis of solutions to the ODE (1.3.7)
associated to 7 — 0o. (The results presented can in fact be applied to any irregular singular point
of an ODE (A.2.1) since without loss of generality, the irregular singularity can be assumed to be
at infinity after a change of coordinates.) The following definition makes precise the notion of a

irregular singularity at infinity.

Definition A.2.3 (Irregular Singularity at Infinity). Let p and ¢ be meromorphic functions on a
subset of C which includes the set {z € C : |z| > a}. Consider the following 2"%-order ODE
d*f daf

P +a)f =0, (A2.13)

Assume for |z| > a, p and q may be expanded as convergent power series
[e.9]
= DPn

p(z) = o

n=0 n=0

q(z) = & (A.2.14)

Zn

The ODE (A.2.13) has an irregular singular point at infinity if one of py, qo and q1 do not vanish.
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The main theorem A.2.7 of this section can be motivated by the following discussion. Consider

a formal power series
oo a
L AZ n
w=e’z nE_O et (A.2.15)

Substituting the expansions into the ODE and equating coefficients yields

N4+prt+qp = 0 (A.2.16)
(po+20p = —(mA+q1) (A.2.17)

and

(po + 2\)nan = (n — p)(n — 1 = pan—1+ Y (Apjr1 + i1 — (G — 1 — p)pj)an—j. (A.2.18)
j=1

Now, equation (A.2.16) has two roots

Ay = %(—poi N —4q0). (A.2.19)

These give rise to

_pArta

T (A.2.20)

Mt =
The two values of ayg, a(jf can be, without loss of generality, set to 1 and the higher order
coefficients determined iteratively from equation (A.2.18) unless one is in the exceptional case
where p2 = 4qo (for further information on this case see section 1.3 of chapter 7 in [97]). The
issue that arises is that in most cases the formal series solution (A.2.15) does not converge.
However, the following theorem characterises when (A.2.15) provides an asymptotic expansion for
the solution for sufficently large |z|.

Theorem A.2.7. Let p(z) and q(z) be meromorphic functions with convergent series expansions

—,
n=0 d

p(2) = b q(z) = i z—z (A2.21)
n=0

for |z| > a with p3 # 4qo. Then the second order ODE

2
L p) T =0 (A2.22)
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has unique solutions f*(z), such that in the regions

{{m > a} N {JArg(A- = A+)2)[ <7} (for f¥) (A.2.23)

{lz] > a} n{[Arg((Ay = A)2)| <} (for f7)

of the complex plane, f* is holomorphic, where M+ and j+ are defined in equations (A.2.19)
and (A.2.20). Moreover, for all N > 1, f*(z) satisfies

Nl a* 1
F(2) = exizzui( 3 =4 O(TN» (A.2.24)
n=0

in the regions given in equation (A.2.23).
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A.3 Tranformation to Schrodinger Form

Proposition A.3.1. Consider the second order homogeneous linear ODE

() +q(ru=0, pgeC'(l), ICR. (A.3.1)

Suppose that there exists a sufficiently regular coordinate transformation s(r) and a function
w(r) such that

dw | 1 (( L& +p)w=0. (A3.2)

@ Ta\(@) a4

Then the ODE (A.3.1) can be reduced to the form

d*z
2 () 4 V(5)z(s) =0, (A33)
with
1 dp 3 d?s\2 1 d3s p?
Vs :( — (> ++—2q). A3.4
) 2(ds ) dr 2(%)2 (dr2) (d)dr3 2 ( )
Proof. The proof is a straight-forward calculation. Take u(s) = w(s)z(s), then
ds\2 d*z ds\ 2 dw d’s ds\ dz
2(—) — Gz = A.35
<d’l”) d2+<(dr> d8+ d2+pwd)d8+qz 0 (3)
where
_ . ds\2d’w  dw d*s dw ds
= ((dr) ds? s ds dr? P s ar +qw> (A-3.6)
To reduce this to symmetric form one can set
ds\2dw d*s ds
20— ) — — A3.7
(dr) alsjL d2+pwd =0, (A3.7)
which is equivalent to w(r) satisfying
dw 1, 1 d?s
— + === =0. A.3.8
dr 2((3;;) 2 T (A3.8)
Hence,
2w df 1 /d%s\2 Bs 1/ 1 ds 2
— = — — == === . A.3.9
ar? (dr (ds)2(dr2) 05 2<(ds,) ar? +p> )w (A-3.9)
dr dr dr
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Notice ¢ in the ODE for z reduces to

d*w dw
i=— — . A.3.10
§= 5 TPt ( )
Reducing this with the expressions for the derivatives of w gives the potential for —%+V(s)z =0
as
1 dp 3 d?s\2 1 d3s p?
Vv = — ———l=— — + = —2q). A3.11
) z(gj)2<dr 2(2’;’)2<dr2> * (%) dr3 T3 q) ( )
O
Remark A.3.2. Applying this to s = r.(r) = r+ 2M log|r — 2M| gives
(r —2M)? <df 2M(2r —3M)  p? >
W)=t + = —2 A3.12
Vir(r.)) 2r2 dr ~ r2(r—2M)? + 2 q (A-3.12)
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A.4 Useful Results From Analysis

A.4.1 Sobolev Embedding

Theorem A.4.1 (Local Compactness of the H® Sobolev Injection). Let d > 1, s > 0 and

2d d

= s < 3

pe=14 % 2 (A41)
00 otherwise.

Then the embedding H*(R?) — L (R%) is compact V1 < p < p.. In otherwords, for (f,)n C

H*(R?) bounded, there exists f € H*(R?) and a subsequence (f,,, )m such that

S = f H*(RY), (A42
fom = f I} (RY) V1<p<p,. (A.43
Proof. This result can be found in any text on Sobolev spaces, for example Brezis [135]. O

A.4.2 The Multiplication Operator is Compact from H* to L?

Proposition A.4.2. Let ¢ € C°(R",R) with lim, o0 (7)) = 0 and s > 0. Then My : u — qu
is a compact operator from H*(R™, R) to L*(R™,R).

Proof. The function ¢ is continuous and decays, hence it is bounded. Let ¢ > 0, then, by
assumption, 3R > 0 such that

lg(z)| <€ if |x| > R. (A.4.4)

Define, xg : R — R smooth by

1 x| <R
Xr(z) = (A.4.5)
0 |z] > R+ 1.

Let (fn)n C H*(R™ R) be bounded, so local compactness of the Sobolev embedding (theo-

rem A.4.1) gives weak convergence in H*(R™ R) and strong convergence in L2 (R™,R) up to a
subsequence. Let the limit be f € H*(R™,R). Therefore,

xRS, = xRS F2mny = IXRASmn — XRAFI 2B (0)) (A.4.6)
C'sup |a(@) Pl fmn = fllE2(Bpiroy S € (A4T)

IN

Further, consider the set Sg = {xrqf : f € H*(R",R), [|f||grs(rn)y < 1}. Then

(1 = xr)aflz2@n) < ENlfllr2mn) < €. (A.4.8)
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Hence, S is within an e-neighbourhood of Sg, which is compact, therefore S, is compact. By
the characterisation of compactness through weak convergence, ¢f,, — qf in L>(R",R) up to a
subsequence. O

A.4.3 A Regularity Result

Theorem A.4.3 (Regularity for the Schrédinger Equation). Let u € H(R) be a weak solution
of the equation (—A + V)u = Au where V is a measurable function and \ € C. Then, if
V e C>(Q) with Q C R open, not necessarily bounded, then u € C*(Q) also.

Proof. Reed and Simon volume Il page 55 [136]. Note one can argue this from standard elliptic
regularity results and Sobolev embeddings. In this thesis, only the one-dimensional case of this is

applied, which is completely elementary. ]
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A.5 A Result on Stability in Spherical Gauge

This section contains a few technical results on where the instability may lie in frequency space.

This helped guide the search for a suitable test function and the subsequent instability.

Proposition A.5.1. Consider the quartic polynomial
P(z) = az® 4+ ba® + cx® + dx +e. (A.5.1)
Let A denote its discriminant and define
Ag = 64a’e — 16a2c* + 16ab*c — 16a°bd — 3b*. (A.5.2)

If A <0, then P(x) has two distinct real roots and two complex conjugate roots with non-zero
imaginary part. If A > 0 and Ag > 0, then there are two pairs of complex conjugate roots with

non-zero imaginary part.
Proof. See reference [137]. O

Proposition A.5.2 (Regions of Stability in Frequency Space). Let i > 0 and k # 0. There
does not exist a solution §y of the ODE (1.3.7) with ¢; = 0, ko = 0 and k € R\ (—v/2,v/2) or
NG

Proof. From proposition 1.3.15, the admissible boundary conditions for the solution are h(r) =
k1h2M:+(r) at the future event horizon and h(r) = c2hS~ (r) at spacelike infinity. Without loss

of generality, take k1 > 0. Now, since the solution must decay exponentially towards infinity,

there must be maxima a € (1,00). At such a point, one has

@(a) _ a(fifa+ k2(p2a — 2a + 2) + k4a(a — 1))
dr? (k2a3 4+ 1)(a — 1)2

h(a), (A.5.3)

with h(a) > 0. To derive a contradition, one must have

a(fia + k2(p2a* — 20+ 2) + ka3 (a — 1))

x > 0. (A.5.4)
(k%?a® 4+ 1)(a — 1)?
A sufficient condition for the numerator to be positive is
f2at —2a +2 > 0. (A.5.5)

This has discriminant

A = 16412802 — 27), Ao = 12812 (A.5.6)
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Hence, if ,&2 > %78, then there are no real roots. Thus, because the polynomial is positive at
a point, say a = 1, it is positive everywhere. If A = 0, there is a double real root and two
complex conjugate roots. The real roots can only occur at a stationary point of the polynomial
and therefore the polynomial cannot be negative anywhere. Since all other terms in the numerator

are positive, the prefactor of b also is. Hence, there can be no solution with the conditions ko = 0
and c1:0ifﬂzg\/§.

Another sufficient condition for positivity of the numerator is

k2a® —2>0. (A.5.7)

1
This polynomial has a single real root at a = (k%)g For positivity on a € (1, 00), one requires
fc% <lork?>2. Not? that if i = 0 then this is precisely the polynomial that governs positivity.
Hence, this bound for k is sharp. O

Remark A.5.3. By an almost identical argument one can make the bound for [i even sharper
and show that i < 1 and ji < V2|k|.
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Appendix for Chapter 2

B.1 Derivation of the Null Structure Equations

In this section the results of section 2.6 are derived. Further, there is a useful trick when deriving
most of these equations. Namely, one can always swap e3 to e4 in the equations which results
in changes from ‘barred’ to ‘unbarred’ quantities and visa versa. One should note that a few

quantities also pick up a sign change. These are recorded here:

B -8, (B.11)
B -5, (B.1.2)
o —0, (B.1.3)
¢ —C. (B.1.4)
The general strategy for deriving these equations is as follows: denote fAl,,.Ap (p<2)asa
member of

{ny,n,n,w,g}- (B.1.5)

One then computes as follows
(YaD)aya, = ea(Ta,a,) — D(Vaer, s ep) — oo = Llen, oo, Vaep)- (B.1.6)

Now by the definition 2.2.1 one can express any IV“AIWAP in terms of g(V,eg3,e,) for appropriate
a, 3,7, € {3,4, A}. So the first term on the right-hand side of (B.1.6) can be expressed in the

form

64(fAl~--Ap) = g(v4v€aeﬂv 67) + g(veaeﬂv V467), (B.1.7)
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for appropriate o, 8,7, € {3,4, A}. One can then use the definition of the Riemann curvature

tensor,
R(X,Y)Z = VxVyZ - VyVxZ - VixyZ (B.1.8)
to write the first term of the right-hand side of equation (B.1.7) as a
9(VaVe,e5,¢4) = g(R(es, ea)ep, ey) + (Ve Vaeg, €) + 9(Vie, c,]€8: €4)- (B.1.9)

One can then compute [ey4, e4] using that proposition 2.2.3 and the torsion-free condition on the

Levi-Civita connection
[e4,eq] = Vieq — Vaeq. (B.1.10)

The first term of equation (B.1.9) can be decomposed using definition 2.3.1 and the second can
also be computed via proposition 2.2.3.

One more general remark before turning to proofs, its is very useful to spot quickly the

instances when g(eq, €p) vanishes for the double null frame:
933 = 944 = g3A = gaa = 0. (B.1.11)
Proof of proposition 2.6.2. Start by writing
(Vax)as = es(xaB) — x(Vaiea, er) — x(ea, Vaen). (B.1.12)

Using the definition of x (see definition 2.2.1) and propositions 2.2.3 and 2.5.1 one has

(Yax)as = 9(VaVaes,ep) — x(V4ea, ep) (B.1.13)

=g
= g(R(es,ea)es + VaVies + Vi, cajea,e) — x(Vaea, en), (B.1.14)

where one uses the definition of the Riemann tensor in equation (B.1.8). Using propositions 2.2.3

and the definition 2.3.1 of the curvature components along with [e4, e4] = V4eq — V 4e4 one has
(Yax)ap = —aap + g(@V.aeq + V¥ seatn es—xGec—Caea®s €B) = x(Viea,ep), (B.1.15)
which simplifies to

(Yax)aB = —aap + &xaB — X4xBC- (B.1.16)

Taking the trace and the trace-free parts whilst noting proposition 2.3.2 gives the results. O
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Proof of proposition 2.6.3. Start by writing

(Vam)a = ea(na) — n(Vaea). (B.1.17)

Using the definition of 7 (see definition 2.2.1) and propositions 2.2.3 and 2.5.1 one has

1 1
(W477)A = 59(V4V3€4, €A) = §g(R(e4, 63)64 + V3Vyeq + V[64763]e4, eA), (B.1.18)

where one uses the definition of the Riemann tensor in equation (B.1.8). Using propositions 2.2.3

and the definition 2.3.1 of the curvature components one has

1 A 1 1
(Yan)a = —Ba+ 59(6/&7 Vs(weq)) + 59(6Aa Vv,es€4) — 59(6Aa Ve €4) (B.1.19)

= —Ba+ xas(n—n)". (B.1.20)

O

Proof of proposition 2.6.4 and 2.6.6. Using the strategy of the previous two proofs one can show
(Yax)as = 2(Van)p — @x 5 — R3paa + 20 ®@n)ap — (X X x)aB- (B.1.21)

Antisymmetrising gives the results in proposition 2.6.4. Symmetrising gives

1

(Yax)as = 2(Van)p) — ©X 4,5 — Ra(sjaja) +2(1 ® 1) ap — §(X X X+ X X X)AB-

Taking the trace and trace-free parts whilst noting proposition 2.3.2 gives the results in proposi-
tion 2.6.6. O

Proof of proposition 2.6.5. Using the strategy outlined in the above proofs. One has
. 0 Q
ng = Ww — 59(V3V464, 63) — 59(V4€4, Vgeg). (B.1.22)
Using the definition of the Riemann tensor and proposition 2.2.3 gives
. Q
Viw = 20w — §g(R(63, 64)64 + VQ(H—Q)A€A+@€3—Q€4€4 4+ V4V3ey, 63). (B.]..23)
Repeated application of proposition 2.2.3 and definition 2.3.1 gives
Viw = —2Qp +4Q(n, n) — Q> — Qn* — dw — QV4& (B.1.24)
which can be rearranged to show

2V3w = 4Q(n, 1) — 22 — Qn|* — Q[n|* — [e4, e3](2). (B.1.25)
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By noting [e4, e3] = —2(n — Q)AeA — weg + wey and proposition 2.6.1 gives the result. O
Before proving the Gauss constraint equations, the following definition is useful.

Definition B.1.1 (Second Fundamental Form). Let p € S where S is a closed embedded
codimension-2 submanifold of a Lorentzian manifold M. Then the second fundamental form
11, : 1,8 x T,8 — (T,S)* of S at p is defined as

IL(X,Y)=(VxY)t, VX, Y €T,S. (B.1.26)
Remark B.1.1. At p € S one can decompose the covariant derivative as follows

1 1
(VxY)p = (VxY)p = 59p(VxYs ea)es — 59p(VxY, e3)es (B.1.27)

= (VxY), +1,(X,Y), (B.1.28)

where one extends 11 is extended to T,M by zero on (e3,e4). Therefore,

1 1
II,(X,Y) = —§gp(VXY, eq)es — §gp(VXY, €3)es (B.1.29)
1 1
= §gp(Yv vX€4)€3 + §gp(Y, vX€3)64 (8130)
1 1
= 5x(X,Y)es + ox(X, Y)ea. (B.1.31)

This leads one to refer to x and x as the null second fundamental forms of Sy ;.

Proof of proposition 2.6.7. Let Rk denote the induced Riemann curvature of S,, . Let X, Y, W, Z €
TS, then note that

RX,Y)Z =VxVyZ-VyVxZ — W[Xy]Z (B.1.32)
VxY =VxY —II(X,Y). (B.1.33)
Further
g(R(X, Y)Z, W) =9g(VxVyZ -VyVxZ — Vix,y4, W) (B.1.34)
=9(VxVyZ+ Vx(II(Y,2)) - VyVYxZ - Vy(l(X, Z)),W) (B.1.35)
- Q(W[X,Y}Za W),

where one recalls that IT1: TS x S — (T'S)*. Therefore,

JRX,VZW) =g(YxYyZ - VyYxZ - YVixy1Z, W)+ g(L(Y,2),VxW) (B.1.36)
—g(II(X, Z), VyW)
= g(R(X,Y)Z,W) + g(IL(Y, 2),II(X, W)) — g(I(X, 2), IL(Y, W)).



B.1 Derivation of the Null Structure Equations 237

Recall that
1 1
II(X,Y) = §X(X, Yes + §X(X,Y)e4. (B.1.37)
So,

G(R(X.Y)Z,W) = g(R(X, Y)Z, W) Sx(Y, Z)x(X, W) — Lx(Y, Z)x(X. W) (B.L38)

XX, )X (Y, 4 S x(X, Z)x(Y, W),

Hence, one has the first Gauss constraint equation of proposition 2.6.7:

1 1 1 1
Rapep = Rasep — SXDBXoa ~ 5XppXCA + 5XCBXpy T 5XopXDA- (B.1.39)

One can trace this once and then twice to get the other two Gauss constraints whilst noting

proposition 2.3.2whilst noting proposition 2.3.2. O
Before proving the Codazzi constraint equations, the following definition is useful.

Definition B.1.2 (Normal Connection). The normal connection of a submanifold S C M is a
map V+ : TS x (TS)*+ — (TS)* given by

VY =nor(VxY) VX eTS,Y e (TS)* (B.1.40)
where nor(Z) denotes the normal projection of Z onto (T'S)* .
Remark B.1.2. The following properties are immediate from the definition

VixigyZ = [VXZ+gVyZ, — VfeC®(M),X,Y €TS,Z e (TS)*. (B.1.41)
VxfY = X()Y + fVxY, VYfeC®M),X €TS,Y € (TS)* (B.1.42)
X(g(Y,2) =g(VxY,Z) +g(Y,VxZ), VX TS Y c(TS)*,Zc (TS)*. (B.1.43)

One can extend this to general normal tensor fields on S. In particular, for the second fundamental

form one has
(V§II)(K Z) = V)L((H(Y, Z) - I(VxY,Z) - 1Y, VxZ). (B.1.44)

Proof of proposition 2.6.8. Let X,Y,Z € TS, ,. Taking the normal projection of the Riemann

tensor gives

nor(R(X,Y)Z) =nor(VxVyZ — VyVxZ — Vixy|Z). (B.1.45)
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Note that

nor(VxVyZ) = nor(Yx Yy Z +11(X,Vy Z) + Vx(1I(Y, Z)))
=1I(X,YyZ) + V% (1LY, Z))
nor(Vixy)Z) =1(VxY,2Z) - 1(Vy X, Z).

Hence,

nor(R(X,Y)Z) =1I(X, Yy Z) + Vx(IL(Y, 2)) — (Y, YV x Z) — Vs (11(X, Z))

—I(VxY,2)+ (Vv X, Z)
= (VxI)(Y, Z) — (V¥ID(X, Z).

Now

(VxID(Y, Z) = Vx(IL(Y, Z)) - I(V Y, Z) = 1I(Y, Y x Z)

= %VJX(X(K Z)es + X(Ya Z)ey) — X(Vva Z)es3 — X(WXK Z)ey

—x(Y,VxZ)es — x(Y,VxZ)es
= SX(Y Z))es + S X (Y D))ea + (Y, 2) Ve

—_

1 1
—x(Y, Z)Vxeq — SX(YxY, Z)es — Sx(Vx Y, Z)es

(Y. ¥x Z)es — ! XY, Y x Z)es,

[\DM—A[\D
[\9

since x(X,Y) € C*(S). Hence,

(VLII)(Y, Z) = %W (XY, Z))es + 3 ¥ x(x(Y: 2))es + gx(Y, 2) Vs
+ XV, 2)Vkes — Sx(YxY: Z)es
— SX(VxY, Z)es — x(V: VxZ)es — sx(¥, VxZ)es

= SV, Z)es + (V)Y Z)es + S x(Y, 2)Tkes

—_

~x(Y,Z)Vxes.

N)

Now,

1 1
Vyes = —ig(VX€3,€3)€4 — §Q(VX€3,€4)€3 = ((X)es,

Vies = —C(X)ey.

(B.1.46)
(B.1.47)
(B.1.48)

(B.1.49)

(B.1.50)

(B.1.51)

(B.1.52)

(B.1.53)

(B.1.54)

(B.1.55)

(B.1.56)

(B.1.57)
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So,

(VXY 2) = 5(Vxx)(Y: Z)es + 5 (Vxx) (Y Z)ea + 5x(V, 2)((X)es (B1.58)

- %X(Yv Z)C(X)e4.
Hence,
nor(R(X, ¥)2) = (V) (Y, Z)es + 5 (Vxx)(V: Z)ea + 5x(¥V: Z)C(X)es (B159)

XY 2)G(X)es = S(Fy (X, Z)es — 3 (Fyn)(X, Z)es

XX, Z)C(Y e + 5 (X, Z)C(V Jes.

N RN~

Therefore, since

gnor(R(X,Y)Z),e3) = g(R(X,Y)Z, e3), (B.1.60)
gnor(R(X,Y)Z),eq) = g(R(X,Y)Z, e4), (B.1.61)

Alternatively in indices

Rycap = —2(Yax)Bjc — xBoCa + Xac(B, (B.1.64)
R3cap = —2(Y(aX)Blc + Xpea — X 4oCB- (B.1.65)
Using that Rycap = —Rapcs (and similarly for R3cap), the definitions of the curvature

components 2.3.1 and decomposing x into its trace and trace-free part gives the result. To
get the equations for (d,i’vfg,djfvz) one simply traces over the (B, (') indices above and uses
proposition 2.3.2. O

B.2 The Bianchi ldentities in Double Null Gauge

Proof of proposition 2.7.1. One should note that this proof assumes that (M, g) satisfies the

vacuum Einstein equation (I.2).
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The general strategy is as follows: denote WAI,,,AP (p < 4) as a member of

{lgag)Ta o,a,a,V,V, RABCD}‘ (821)

The reader should note that if one computes an equation for 7 then tracing gives the relevant
equation for p from proposition 2.3.2. One then computes as follows

(YaW)a,.a, = ea(Wa,.a,) — W(Vaer,rep) — . — Wler, ..., Vaep). (B.2.2)

Now by the definition 2.3.1 one can express any VVVAIMAP in terms of R,z-s for appropriate
a, B,7,6 € {3,4, A}. So the first term on the right-hand side of (B.2.2) can be expressed in the

form
Q(WAL“AP) = (V4R)apys + R(Vieq, €8, e4,€5) + ... + R(ea, es, €y, Vaes), (B.2.3)

for appropriate a, 3,7, € {3,4, A}. Now the first term on the right-hand side of this equa-
tion (B.2.3) can be manipulated via either the second Bianchi identity

(VaR)bede + (VaR)peea + (VeR)bcad = 0, (B.2.4)
or its first contracted version (assuming the vacuum Einstein equation (1.2))
(divR)ape = 0. (B.2.5)
One then decomposes either identity with proposition 2.2.3 and the definition 2.3.1 by writing
(VaR)gysu = ea(Raysy) — R(Vaes, ey, €5,€,) — ... — R(eg, e, e5, Vaey), (B.2.6)

for appropriate o, 3,7,6 € {3,4, A}. The other terms on the right-hand side of equation (B.2.3)
can also be decomposed using proposition 2.2.3 and the definition 2.3.1 of the curvature compo-

nents.

The equation for W?,RABCDZ Using the outlined strategy one has

VsRapcp = VsRapcp — Navepp + MBYcpA — NCVABD + DV ABC- (B.2.7)

Note the Bianchi identity

VsRapep = VpRapcs — VoRapp3 (B.2.8)
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and compute

VeRapDps = W(JHABD + XcjAQp)p + XC[A(TB]D - UB]D) - X?RABDE (B.2.9)
—Cc¥ABD T X pTAB-
Antisymmetrise over (C, D) and plug back in to give the stated equation:
VsRapop = 2(C — 0 icvjapp) — 20avicpis) — 2Y (c¥jaB|p] + 2X%R\AB|D}E (B.2.10)
— Xalc@pB + XBle@D)A = X 41¢(TDIB + 9DB) + X g1 (TD)a + T D) A)-

The equation for Y37 and Y3p: By expressing (via proposition 2.3.2 under the assumption

of the vacuum Einstein equation (1.2))
TAB = gCDRcADB, (B.2.11)

one can use the equation (B.2.11) for WgRABCD in conjunction with proposition 2.3.2 to give

(V37)aB = —20"vppa) + 200 © B)(ap) + X[CI;JB]C + X[CI;TB}C (B.2.12)
+(VpB)a+ (ax x)n) + X, 50 — (B® ) ap — (dive)ap

1 1
+ §(T1"gX)(UAB — TAB) — §(Trgx)g,43 +x“®*Reape + Cvoap-

Tracing this equation and using proposition 2.3.2 gives the equation for Y5p and taking the
symmetric trace-free part gives the equation for Y,7. Antisymmetrising gives the constraint

(divv)iap = X[A(O' +7)Bjc — *(W)AB - *(ﬁ AG)aB + 5 (TrgX)UAB +¢“vopap. (B213)

The equation for Y3v and V353: Using the outlined strategy one has

(YVsv)apc = VaResap — Naape + NpQac + @V ape- (B.2.14)
The second Bianchi identity gives
V3Rco3ap = VeReoza3 — VaRosgs. (B.2.15)
One can compute that

VBRe3a3 = Vpaca + XpoBa + XpaBe — XoVapc — XoVopa — 2Baca.  (B.2.16)
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Antisymmetrising on (B, A) and substituting gives the result. Tracing the resulting equation on

(B, C) then gives the equation and using proposition 2.3.2 for ¥30.

The equation for Y, v and V,5: Proceeding as above one finds

(V42)ABC = QQCUBA + 2(7’ + O')C[AQB] + 2ﬂDRABCD — QVABC (B.2.17)

+ g(ea, [VaR|(ec, e3)en).
Now,
g(ea, [VaR|(ec,e3)en) = glec, [VaR](ea, ep)es) = 2g(ec, [V(aR](es,ep))e3).  (B.2.18)
Then
VaRcsap = XaBBy — X 4088 — XAvpse + Xveps — (Yalo +7))os. (B.2.19)
Hence,
2V AR c345) = —2(Va(T — 0)) o — 2XaPB) + 2x{avepe + QVCD[BXZ- (B.2.20)

Combining gives the result. Tracing over (B, C) and using proposition 2.3.2 (in conjunction with

the vacuum Einstein equation (1.2)) gives the equation for Y/ ,5.

The equation for V5o and Y,0: By expressing a as in definition 2.3.1 one can use the

strategy outlined above to show

(Vsa)ap =2(n® B)ap + glea, [VaR](ep,es)es) +2(8 @ 1) ap — 20aap (B.2.21)

+ 20 (vacs + vBca).
The second Bianchi identities give
g(eA, [VgR](eB, 64)64) + g(eA, [VBR](64, 63)64) + g(eA, [V4R](63, 63)64) =0. (8.2.22)

Using the relations in proposition 2.2.3 and the definition 2.3.1 of curvature one has

g(ea, [VpR](es, e3)ea) =2pxap — 2(VpB)a — (T X X)ap + (@ X X) ap (B.2.23)
+3(0 x x)aB —2(B®()aB-
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and

g(ea, [VaR](es,ep)es) = (Ya(o — 7)) an — 20°vepa — 2(8 @ 1) ap. (B.2.24)
Combining these results gives

(Vsa)ap =2(n® B)aB +2(8 ®n)ap — 20aap — 4170VC(AB) — (Valo —7))ap  (B.2.25)
+20%vopa +2(8@n)as — 2pxaB +2(YB)a + (T X X)ap — (@ X X)AB
—3(c x x)aB +2(8® () aB-

Antisymmetrising (B.2.26) gives and using proposition 2.3.2 gives

(Ya0)as =1vapc + (BAM+C))as — (dB)ap + (F AR)ap — (@ AX)ap (B.2.26)

. 3

where one defines (0 A X)ap := (0 X X)(ap). Tracing (B.2.26) and using proposition 2.3.2 gives

1

Vip=(2+C.8) - (-—; )PTTgX +dive + - <%,>z> - 5l %), (B.2.27)
Finally, taking the symmetric-traceless part of (B.2.26) gives
(Ysa)ap — (Yaf)ap = (20 + O)&B)as — M (vo(ap) — BchB) 204 (B.2.28)
= 1 . (n—1).
—2(D5B)aB + (F X X)ap + m(TrgX)TAB - QPMXAB
— = 1 —
—(@xXX) 5 — (Trgx)ozAB —3(0 X X)ap
+ QQ (VC(BA ’BCgAB) + (5®Q)AB
Plugging in the equation for V7 gives
(W a)AB = <<2?7 + }C)QA{)/B) — 47] (VC AB) /Bcg ) 200 4B (B.2.29)

* = 1 . N
— (D3B)aB + (F X X) 45 — g(Tr¢X>TAB TP —g)kan

- 1(HM)O‘AB + XCERCABE —3(0 % Vap — (A1) 45
1
—¢ (V(J AB) — 6054/13) 5 ("X ape






Appendix C

Appendix for Chapter 3 and 4

C.1 Useful Identities

Proposition C.1.1. Let (M, g) be a spacetime which satisfies the vacuum Einstein equation (1.2)
and let X be a vector field. Then

Vo VpXe = Kégyc =+ RcbadXd' (C.l.l)
where
Kope = VaIlj + Vi1 — V. IT5, (C.12)
o1
I, = 5 (Lx9)ab- (C.1.3)

Proof. First we note that by definition:
KX . = VoVyXe + VoVeXy + ViVeXe + ViV Xy — VeV Xy — VoV X,. (C.1.4)
Further by the Ricci identity,
2K = 2VaViXe = RpaXg — Ry Xa — R apeXa. (C.15)
Using the first algebraic Bianchi identity and the symmetries of the Riemann tensor one has
VaViXe = KX 4 Rpa® Xy (C.1.6)

O]

Proposition C.1.2. Let T € Q;-y T*M and X a vector field. Then

ValLxT )by, = Lx(VT)aby...b, + Koty T s by + -+ Ky Doy by, - (C.1.7)
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Proof. The proof of this follows from proposition C.1.1 and repeated use of the Ricci identity. [

In the following, it will be established that if A is a solution to the linearised vacuum Einstein
equation 1.5 and the background spacetime has a Killing field k£ then Lh is also a solution to
the linearised vacuum Einstein equation (I.5). First the following lemma is established to simplify
the proof.

Lemma C.1.3. Let (M, g) be a spacetime with a Killing field k. Then
(L R)abea = 0. (C.1.8)
Proof. The formula for the Lie derivative of the Riemann tensor is the following:

('CkR)abcd = ke(veR)abcd + Rebcd(vak)e + Raecd(vbk)e + Rabed(vck)e (Clg)
+ Rabce(vdk)e‘

Using the second Bianchi identity one has

('CkR)abcd = *ke(ch)abde - ke(vdR)abec + Rebcd(vak)e + Raecd(vbk)e (C]-]-O)
+ ]%abed(vck)e + Rabce(vdk)e-

Now using the antisymmetry of the Riemann tensor in its last two indices one has
(LeR)abea = Ve(kRaped) + Va(kRapee) + Rebed(Vak)® + Raeca(Vik)©. (C.111)
Now since k is Killing by using the Ricci identity one can establish
(VaVpk)¢ = Ragk?. (C.1.12)
Therefore,
(LkR)abed = —(VeVaVek)a + (VaVeVik)a + Reped(Vak)© + Racea(Vok)©, (C.1.13)

which vanishes by the Ricci identity and the symmetries of the Riemann tensor. O

Proposition C.1.4. Suppose h solves the linearised vacuum Einstein equation (1.5) on a vacuum
spacetime background (M, g) with Killing vector field k then Lyh is also a solution to the
linearised vacuum Einstein equation (1.5).

Proof. Using the Ricci identity and

VaVpk® = R%aqk?, (C.1.14)
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one can establish that for arbitrary tensor Ty, 4, " one has
VelliT)aseuan """ = L1V Ty " (C.1.15)
Therefore, using Ekg“b = 0, one finds
AL(Lih)ay = —2(LxR)a® hea = 0, (C.1.16)

by lemma C.1.3. 0

C.2 Details for Proof Theorem 3.1.10

For the enthusiastic reader, here are explicit details for the proof of theorem 3.1.10. Let
J = (JT[Lrh]), then using equations (3.3.149-3.3.155) and the discussion following them one

can compute

. Q3 Q3 1) ()
Jt=laf? + - fo]? + 92 w—f(QTY ) (&, @) + 033, diva) Q o
4 2 g

1 1 Q €Y Q ma
0w = 3OTrg) 182 + 1 OTrgx I8 — ) (w0 *(Qﬁgx)) (QTrgx) (% %)
@ (1)

- Q—(@Trgxm B9+ 207 (w — (Trg) ) (8.5 + Qi + 202t (5 + )

M m )

+ 20/ YW + — (W +[B2) + 03B, B) — QQTrgx)wdiviy — 20w(W + wdivy

TTgX (1) (1)
+ T((QTTgX) - 2w) W(QTrgx) + (4 QTrgX — fw(QTrgx) + 2w ) W(Q2Trgx)

w @y, & 2w 1)
— ﬁ(QTrgx)w(QTrgx) — H(Z(QTrgX) ) (QTrgx) + ﬁ(QTrg )( + w)w

)

1 o1y (1) ) (1) 3 5/ 9] 2

— 5 (QTr)’L? — (V) T(QTrgx) — (V) T(QTrg )] + 59°(0'+ 2(5) )

€Y (1)
(1)

+0(w - i(QTrgx)) (o'+ 2(3) p)(ATrgy) - 9(QTTgx) (b'+ 2(3) )(Qﬁgx)
(1) (1)

— 200w+ W) (p+ 2(8) p) + Q0Tigx o'+ 2(3) p)+ (%(QTrgxf ik

1) (1 Q (1) X (1) (1)
— 203 { 5 <§(QTrgx)2 +03 >|7]| Z ( (QTrgx) — w) (QTrgx) (QTrgx)
I 1 2
329 (QTrgx) (QTrgx)” — 20 ( (QTrgx) — w) (QTrgx) (C.2.1)
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and
03 o 03
o® + IUI2

4
20, 0 W, 0 m )
+ Q(w - f(QTrgx)) 1% + E(QTT¢X)2|X|2 - g(w - f(QTrgx)) (QTrgx) (X, X)

. 1 <1) 1 1
Ji= - (w = 3(QTrg0) (%, @) + (. dive) + *(QTW)(X’O‘

Q ®m @ [ORE)
(QTrgx)<B B0 + 202 (1 = (Trg) ) (B.5) + Qphivy — 20%div(5 + B)
(1) (1) (1)
+ 29|y753)\2 + (1,8|2 +1B2) + 03, 8) + Q(QTrgX)(l) v<717)+ 200 + W)diviy

TrgX (1) (1)
+ 7<(QTrgx) - 2w> W(QTrgx) + 5 (4 QTrgX - fw(QTrgx) + 2w ) W(Q2Trgx)

4
) 2w 1) (1))
S (T )W mTrgx)—ﬁ( (QTrgx) — w)w (QTFgX)Jrﬁ(QTrg )+ W

20
)
1 1 1) 1 €] 3 1 Q 2
- 5 O — [(VTOTrg) — (TDT(OTeg)] + 50° (5+2( 5 )o)
1) (1)
1 1 1 Q 1 Q 1 Q 1
+ QWQ((W) E,u)) ((p)—i— 2(9) ) QO Tryx ((p)—l— 2(Q)p>(w)—|— (g(QTrgx)Q + Qgp) |(7]12
(1)
Q ! 1 Q (1)
= 2% (00} + (5 (QTrg0)” = ) Inl” — 2w - J(QTg) ) (0'+2( ) ) (ATrg)
Q (§12) 1 (1) &)
Z(QTrgx) (p + 2(9) )(QTryx) 10 (QTrgx)( (QTrgx) — w) (QTrgx) (2Trgx)
1 & 1 2
- ﬁ(QTrﬂX) (QTrgx)* — QQ( (QTryx) — w) (QTrgx)*, (C.2.2)

where the Codazzi constraint equations in proposition 2.10.17 have been used. Now define:

= 5 (o - 1m0 KP 2 W,
2 ' Ca = - (= 7(QTrg) 1K,
. Q2 () L )
C3 = Z(QTFgX)@a X) Qgé )
C- = Q3 (1 @) o
5 =2°(n, 8), Co = wT((QTrgX))
™
Cr = &)T((Qﬂgz))y Cs = (QTrgx)%B
O Cio = Q2w D,
Co = 92“(5)(1)’ 1, . (C.2.3)
Ci2 = ZQ (QTryx )12,
Ci1 = *QQ(QTrgX)’nPa . 1 o
1 (1) Ciqy = (w — Z(QTrgx)) (QTrgX) ’
Ci3 = (w - f(QTrgx)) (QTrgx) ((12) .,
(1) C - 2 2 o 792 Se QT
Ci5 = (QTrgX)(QTrgx)(QTrgx) 16 = ( w )(Q>( rgX),

) (1)
Crr = <2w2 _ 3 p> (%)mﬁm Cig = [4{22wp + ggz(gmgx) p} (%)2
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So, for Ci, C2 and C3 one uses the linearised shear equation in proposition 2.10.10 and the

linearised Codazzi constraints in proposition 2.10.17 to give

LYa(7C) = Q(QTrgx) [ — 1T | (05 +29% [0 — 1@Tep| (55 (C24)
+ 5 (OTeg) (30 - *(QTTgX)) X = 5@ [ - (@] (0
+0flo = (OTrg0)] (Trp )i,

SV = 022 — To(@Trg) + = (OTrgx?) [ (C25)
- 02— 3 (@Trp0] (1.9,

LY376s) = 0 Tu@Trgn) - 207 - 2 (@Trgx)?) P (C26)
@[ - 2T (1.9)

1

SV4(r°C2) = ~Q(QTrgy) [w—f(smgx)} 1) — 202 [w—f(QTrgx)] <5, W (C27)

+ @m0 (3@Trgx) — 30) K2+ S (@Trg0) [0~ (@] (1)

1 &
+Q {w = Z(QTrgx)} (QTrgx)d,fvn,

1

Q 1 0?2 M (1 Q
3 Vs(r°Cs) = = (QTrg) [l — - (QTrgx) (8.0} +

(QTrgX)(QTrgx)di W (C.2.8)

1 w0 oWy 02 1 O
— QQTrp0)[w — J QT (%0 — 5 (@QTrg0)’ [ — - (QTrg0 () ),
1 Q 0?2 o Q
LY = T @Il + S @mg i B + Lomp@Toai (C29)
o0 0? EONSY:
+ Q(QTrgx) [w — Z(QTFgX)} (%00 + 5 (QTrgx) 252 - - (OQTrp0) (@ %).

For C4, C5 one uses the linearised torsion equations in proposition 2.10.11 and the linearised

Bianchi equations in proposition 2.10.20 to show

n, 02 . La

VarCs) = QB — L (@Trgx) () B) + 925 (0T — ) (3, 5) (C.210)
— 03 (y), dival),

r%%(r?a;) = Y& 303 + 235, 5) — 02((QTigx) — 2w) B8 (ca1

1+ 202(V, B) + QPBU,
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1 (1) (1) (1)
5 V5(r°Cs) = ol + 80%plnl? - Q°(8. 8) + 0 ((QTrg) —20) (1L8)  (C212)

+202(Y. B — ¥ iy
1 (1

ValrCs) = ~ P32 + 0 (4 — S (T ) (3,9 + 023 afv (C2.13)

2 H M)
+ - (QTr0) (1, B)-

For Cg and C; one uses propositions 2.10.13 and propositions 2.10.9 and 2.10.8 to show

%%(ﬂcﬁ) = (Yaw)T ((QTrgx))+Q( p- f(Trgx) Yol - 20%awv g (C.2.14)
(1)
— 20|V w2 +Q(2p+ (Trgx)?)w? — QT ) (p'+ 2,)(3))
- pr((QTrg;x) + 2(9':([‘I'>gx)>
%W4(r206):W3(w1)T((QTrgx))+;pw((Qrﬁr)gx) (Qi‘lﬁgx))mm&) Vi (C.2.15)

(1)

+ ;w w(QT(‘lr)yx) - 2pww +Q {2&) - (QTrgx)}é(p + QQp(g)) + Trgxwau(wl)

1 1) 1) (1)

T—2V3(72C7) = Y74(w1)T((QTrgx)) + ;pw((QTrgx) (QTrgx)) — 20w (C.2.16)

1
2 5, B (1)1) 1 Q (1), (1)
+ Qwa(QTrgx) — 2pww + {(QTrgx) - Qw} (p + QQp(Q)> TryxWouW,

%%(7«267) (V)T (QTryx) (20— 5 (Trg)?) il + 4 20%0aivs (C2.17)

(1)
— 20| Vw2 +Q(2p+ (Trgx) )w + QO Trgx)w (%4@(3))

o (1) (1)
— Qpuw (Z(QTrgx) + (QTrgx)).

Using propositions 2.10.13 one has

(1)

%Wg(ﬁcg) —(QTrgy) [2w 4= (Qﬁgx)}%’ . Q(QTrgx)(l)(%)+ 2p($>) (C.2.18)
(QTrgx)ng,(l)
€h)
:QV (r2Cg) = (QTrgx) {2@) + = (QTrgX)}(wIw - Q(QTrgx) (p + 2p(g)) (C.2.19)

(QTrgx)wW4(1)
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Using propositions 2.10.7 and the linearised Bianchi equations in proposition 2.10.20 one can

show
1 ?z) 3 0 0? M)
(1X1) (1) (1) W (1) (1)
(1)
3 Q 1)
— §pr(5>(QTrgx),

(1)
1 (1x1) 3 Qv Qwa oW
r—2Y74 (T2C9> = Quwp + {29@02 + §pQ3} (5),0 ——5 +1,08) (C.2.21)

(1)
3 Q ™
- ipr(§>(QTrgx).

Using the torsion propagation equations of proposition 2.10.11 one has

1 (1 QO
5 Vs(r7Ci0) = Qw80 ='n) — S (QTrgwin® - 2Qdtvy (C.2.22)
3 (a1
+Q(Sw(@Trpn) — 20°) (0. 0),
1 ) QO
772?74 <T2C10> = Q%w(B, %) (717 + (QTrgx)wm] - QwQ(l)d,f 7 (C.2.23)

3
+ Q(2w2 — §w(QTFgX)> <%)7(ﬁ)>7

1 3 e 02 e

3 Vs(rCn ) = QTry) (*(QTrgx) —w)lnf? - (QTrgx)<(n), B) (C.2.24)
— Q*(QTry X)wdiviy,

1 Q 1 Q 1) (1 02 )

5 ¥s(r2iz) = [0+ S (@Trp0?] [l - S (Trg 02009 + - (T8 8, (C225)

with similar expressions (resulting from ‘barring’ these results and accounting for sign changes)
for T%W4(r2611) and T%W4(r2012). Using the linearised expansion equations and Raychauduri
(propositions 2.10.8 and 2.10.9) gives

1 177 3 1)

3 3(r?Cis) = = [§w(ﬂﬂgx) — 4w? — f(QTrgX)Q] (QTryx) (C.2.26)

1 W,
—4Trgx [w - Z(QTrgx)} (QTrgx),
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T%Wg (7'2614> = {ngrgX - 87(2(
+ 40 (w — Z(QTWX)) (QTrgX)dJ{V%)
m
+49(w - i(QTrgx)) (b'+ 2(%)/}) (@Tr)

1 ) )
— Trgx(w - Z(QTrgx)) (QTrgx) (Q2Trgx),

(1)
QTrgx)2] (QTrgy)? (C.2.27)

1 (QTryx)? 1)
ﬁvg (7"26’15) = (Tg - 4wTrgx)(QTrgx)(QTrgx) (C.2.28)
1 0 R
- E(QTFgX) (QTrgx)* — ﬁ(QngX) W(QTrgx)
(1)

) 1) Q0
+ 2Q(QTr¢X)(QTrgx)d1V%)+ 2Q(QTrgx) (QTrgx) (%)+ 2(5)0)7

with similar expressions (resulting from ‘barring’ these results and accounting for sign changes)
for T%W4(r2613), T%W4(TQC14) and r%%(r?cls). Finally, using the propositions 2.10.7, 2.10.8
and 2.10.9 gives

(1)

%Vs (7’2016) = —(29w2 - 293P> (WQ + <%>>(ﬁ)>) - gQ(QTI"gX)P<g)(Qﬁ)gX)
(1) o
+ (Qw — fQQ )Q(Q’I‘rgx) Trgx(sz - gQQp) (%)(Qﬁgx)
(1) (1)
+20(0) (22 - 20%) (B+2(3)0). (C2.29)

1

—

(1)
%V:ﬂ (r2C17> = (2@2 _ §Q )%(QTrgx) (4pr + 3TrgXQQP) (%)(wi)

(1)
1 9 Q (1)
+ Q (2Qpr — 43 — EQQ(QTrgx)p) (5) (QTrgx), (C.2.30)
(1) (1)

%Vs (7'2018) = [Spr + 3(QTrgx)p} (g)ﬁbﬁ {3Q(QTrgx) p— SszQp} <g)2, (C.2.31)

with similar expressions (resulting from ‘barring’ these results and accounting for sign changes)
for T%W4(T2C16), %274(7“2@7) and T%W4(TQC18). At this point one can check explicitly the
computation of (J7[Lrh])* — L V3(r?C) and (JT[Lrh])? + £V 4(r?C). Note that

C=C3+C7+Cs+Cio+C11+Cio+Ci7+ - (Cl3 + 014) (C.2.32)

— (C1 +CQ+C4+65+CG+C16+C18+2C9+§C15).
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