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Abstract

This thesis concerns the ubiquitous statistical problem of variable significance testing. The first
chapter contains an account of classical approaches to variable significance testing including
different perspectives on how to formalise the notion of ‘variable significance’. The historical
development is contrasted with more recent methods that are adapted to both the scale of
modern datasets but also the power of advanced machine learning techniques. This chapter
also includes a description of and motivation for the theoretical framework that permeates the
rest of the thesis: providing theoretical guarantees that hold uniformly over large classes of
distributions.

The second chapter deals with testing the null that Y 1L X | Z where X and Y take values
in separable Hilbert spaces with a focus on applications to functional data. The first main
result of the chapter shows that for functional data it is impossible to construct a non-trivial
test for conditional independence even when assuming that the data are jointly Gaussian. A
novel regression-based test, called the Generalised Hilbertian Covariance Measure (GHCM), is
presented and theoretical guarantees for uniform asymptotic Type I error control are provided
with the key assumption requiring that the product of the mean squared errors of regressing Y
on Z and X on Z converges faster than n~!, where n is the sample size. A power analysis is
conducted under the same assumptions to illustrate that the test has uniform power over local
alternatives where the expected conditional covariance operator has a Hilbert—Schmidt norm
going to 0 at a y/n-rate. The chapter also contains extensive empirical evidence in the form of
simulations demonstrating the validity and power properties of the test. The usefulness of the
test is demonstrated by using the GHCM to construct confidence intervals for the boundary
point in a truncated functional linear model and to detect edges in a graphical model for an
EEG dataset.

The third and final chapter analyses the problem of nonparametric variable significance
testing by testing for conditional mean independence, that is, testing the null that E(Y |
X,Z)=E(Y | Z) for real-valued Y. A test, called the Projected Covariance Measure (PCM),
is derived by considering a family of studentised test statistics and choosing a member of this
family in a data-driven way that balances robustness and power properties of the resulting
test. The test is regression-based and is computed by splitting a set of observations of (X,Y, Z)
into two sets of equal size, where one half is used to learn a projection of Y onto X and Z
(nonparametrically) and the second half is used to test for vanishing expected conditional
correlation given Z between the projection and Y. The chapter contains general conditions that
ensure uniform asymptotic Type I control of the resulting test by imposing conditions on the
mean-squared error of the involved regressions. A modification of the PCM using additional



sample splitting and employing spline regression is shown to achieve the minimax optimal
separation rate between null and alternative under Holder smoothness assumptions on the
regression functions and the conditional density of X given Z = z. The chapter also shows
through simulation studies that the test maintains the strong type I error control of methods
like the Generalised Covariance Measure (GCM) but has power against a broader class of
alternatives.
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Chapter 1

Introduction

Given a response variable Y and a set of predictors it is a fundamental statistical problem to
distinguish between significant (relevant) and insignificant variables. Solving such a problem
is crucial to promote the use of parsimonious models for practitioners across scientific fields.
In classical statistical modelling, we impose a parametric model on the relationship between
response and predictors. Historically, the first such models were linear models (Seal, 1967),
where we posit that Y is related to predictors (X, Z) € R4 T4z through the relationship

Y =8TX +~47Z +¢, (1.1)

with E(e| X, Z) = 0. In such a model, there is a clear definition of when X is significant in the
presence of Z, namely that § # 0.

In more modern approaches to statistical modelling, we do not directly impose a model
on the relationship between response and predictors but instead use highly complex machine
learning methods that do not allow as straightforward a definition of significance. These modern
algorithms also permit the modelling of increasingly sophisticated data structures such as
images, text, audio and curves (Bahdanau et al., 2015; He et al., 2016; Ramsay and Silverman,
2005; Vaswani et al., 2017). For such data it is rarely sensible to model the observations as
Euclidean vectors as above but instead a more algorithmic perspective is useful. It is therefore
pertinent to move away from a model-based definition of significance (as given for the model
in (1.1)) and instead move towards a model-free definition. The precise definition of variable
significance depends on the context and which sort of inference one is interested in drawing, as
we shall investigate shortly.

The primary contribution of this thesis is to provide theoretically sound and practically
feasible model-free variable significance testing methods for both conventional and modern data
structures.



2 Introduction

1.1 Background

1.1.1 Notions of variable significance and previously developed methods

The most well-studied notion of model-free variable significance is that of conditional inde-
pendence. We say that Y is independent of X given Z if E(f(Y)|X,Z) = E(f(Y)|Z) for
any bounded, real-valued and measurable function f. Intuitively, we ask that X provides no
additional information for the prediction of any transformation of Y beyond that which is
already present in Z. This informal description alludes to the fact that, despite this not being
immediately obvious from the definition, conditional independence is a symmetric relation in
X and Y (Constantinou and Dawid, 2017, Section 2) and as such we will use Y 1L X | Z and
X 1 Y| Z interchangeably. Conditional independence is the direct extension of independence
to conditional distributions and reduces to independence when Z is constant. It is a convenient
simplifying assumption in many cases, perhaps most notably in the increasingly active field
of causal inference, where conditional independence between certain variables is crucial for
obtaining valid inference. Further, using so-called constraint-based methods for causal discovery,
most famously the PC algorithm (Spirtes et al., 2000) and different variants of Invariant Causal
Prediction (ICP) (Peters et al., 2016), it is possible to learn some causal relations from purely
observational data by repeatedly testing for conditional independence. In what follows we will
always work in the setting of n i.i.d. observations of (X,Y, 7).

When (X,Y, Z) are discrete, a classical family of tests is those of Cochran—Mantel-Haenszel
(Cochran, 1954; Mantel, 1963; Mantel and Haenszel, 1959), extending previous work by McNemar
(McNemar, 1947). The tests are based on estimating conditional odds ratios and testing whether
these equal 1 across each stratum of Z. Another classical example of a conditional independence
test is that of the partial correlation test. Suppose (X,Y, Z) € R x R x R%, and we seek to test
whether X Il Y | Z. Then, we can do a linear (ordinary least squares) regression of X onto Z to
yield residuals € and similarly regress Y onto Z to yield residuals é . The correlation between &
and é is the partial correlation of X and Y given Z. If the vector (X,Y, Z) is Gaussian, then the
population partial correlation is zero if and only if X I Y| Z hence the empirical estimate can
form the basis of a test. Fisher (1924) derived the distribution of the sample partial correlation
under this assumption, which can be used to construct an exact test. If the regression functions
for the X on Z and Y on Z regressions are linear (as is the case when the vector (X,Y, 7) is
Gaussian), the aforementioned partial correlation test remains an asymptotically valid test,
although it is not consistent against all alternatives (Arnold, 1984; Huber, 1973).

The development of a conditional independence test under weaker assumptions than those
given above is a difficult task as illustrated by the main result of Shah and Peters (2020).
In this work, the authors show that no test of conditional independence of size o over a
class of distributions containing those where (X,Y, Z) has a density with respect to Lebesgue
measure can have power greater than o against any alternative. In other words, no non-trivial
conditional independence test exists without shrinking the class of null distributions from the
full nonparametric model. One conclusion to be drawn from this result is the importance of
transparent assumptions when developing new conditional independence tests. It is essential
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that we choose a suitable test for any given set of data and encoding the assumptions in such a
way that we are able to select a test is therefore of the utmost importance.

One way to gauge the suitability of a test to a given application is through describing which
(hopefully large) class of null distributions that we can expect the test to be (asymptotically)
valid over. The partial correlation test is valid over the set of Gaussian distributions and
asymptotically valid over classes with linear regression functions and tails that are not too
heavy, both subclasses of the set of distributions that are absolutely continuous with respect to
Lebesgue measure. Shah and Peters (2020) propose the Generalised Covariance Measure (GCM)
as a generalisation of the partial correlation test to non-linear settings, that permits validity
over larger classes still. Using arbitrary regression methods we regress X onto Z yielding
residuals € and Y onto Z yielding residuals é and set R; := ézéz The nominal level a € (0,1)
GCM rejects the null hypothesis of conditional independence whenever the absolute value of

- ﬁ i Ry :
Jise r—(iyr R

exceeds the (1 — a/2) quantile z;_, /5 of the standard Gaussian distribution. The GCM is
asymptotically valid under mild conditions, of which the most restrictive is that the product

of the mean-squared errors of the aforementioned regressions goes to 0 at a rate of n~!. This
includes cases where one of the regression is parametric and the other is merely consistent, and
cases where the regression functions are both moderately smooth. We see that the restriction of
the class of null distributions is done through the selection of appropriate regression methods.
Selecting a suitable regression method is a common statistical task and practitioners can
therefore leverage their intuition and experience with this task when using the GCM.

Another modern example of a conditional independence test, coming from the machine
learning literature, is the Kernel Conditional Independence test (KCI) (Zhang et al., 2011). The
test is similar in spirit to the GCM in that the final test is based on a measure of correlation
between residuals. However, before doing any regressions, the variables are embedded into a
Reproducing Kernel Hilbert Space (RKHS) with the goal of detecting non-linear departures
from the null (in contrast to the partial correlation test) and kernel ridge regression is used
as the regression method. To compute the test of X I Y | Z, the vector (X, Z) is embedded
into an RKHS and kernel ridge regression is used to regress out the Z part of this embedding.
Similarly, Y is embedded into an RKHS and Z is regressed out. The resulting residuals are
computed efficiently using RKHS theory and an asymptotic distribution of a correlation measure
can be derived under the null. The KCI, like the GCM, also restricts the class of nulls by
means of the validity of a regression method, namely kernel ridge regression. The KCI is highly
popular especially among the computer science community, however our experience is that it is
difficult to choose the tuning parameters of the test effectively, see Section 3.6.

There are other ways of shrinking the class of null distributions from the full nonparametric
model than by requiring powerful regression methods. In the case that one has complete
knowledge of one of the conditional distributions, it turns out that it is now possible to
construct correctly calibrated tests with non-trivial power. This assumption, often referred
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to as the ‘model-X’ assumption, has seen increasing attention in the recent years, perhaps
most notably by Candes et al. (2018) and Berrett et al. (2020). The latter paper and Barber
et al. (2020) investigate the use of an estimate of the conditional distribution in the ‘model-X’
framework. The analysis reveals that the estimate needs to be of high quality for the validity
of the method to be guaranteed.

Canonne et al. (2018) take a minimax perspective on conditional independence testing
for discrete data. Neykov et al. (2021) and later Kim et al. (2021) extend this to continuous
data by a family of tests based on binning the observations into bins with size varying with n.
The authors proceed to show that their tests are minimax optimal under certain smoothness
conditions on the conditional density of (X,Y’) given Z and when this smoothness level is
known.

Few of the methods mentioned above have immediate analogues for non-Euclidean data
structures such as functional data. Functional Data Analysis (FDA) traces its roots to the
work of Grenander (1950) and Rao (1958) before becoming an active field around the turn of
the century through the work of Ramsay, Silverman, Rice and others (Ramsay, 1982; Rice and
Silverman, 1991). In recent years, more work has been done on functional regression methods
(Goldsmith et al., 2011; Ivanescu et al., 2015; Morris, 2015; Reiss et al., 2016), extending
generalised linear or additive models to the setting of scalar-on-function or function-on-function
regression. Several software packages have also been developed for these methods including
FDboost (Brockhaus et al., 2020) and refund (Goldsmith et al., 2020). The refund package
utilises the extensive libraries on generalised additive models (see Wood (2017)) to fit a variety
of functional regression methods. For generalised additive models, it is possible to derive
heuristic p-values for the inclusion of a predictor Wood (2013) and these are also reported in the
functional data package. Extending the GCM as described above to the setting of functional
data is the subject of Chapter 2, providing a practical test with interpretable conditions ensuring
the validity of the procedure.

In our discussion thus far we have focused on variable significance defined through conditional
independence but when the goal of the modelling is to merely predict Y, a natural condition is
instead that of conditional mean independence. We say that Y is conditionally mean independent
of X given Z if E(Y | X,Z) =E(Y | Z). In words, we are asking that the best predictor of Y
given X and Z equals the best predictor given just Z. This is a non-symmetric condition — it is
perfectly possible that X is a significant predictor for Y but Y is an insignificant predictor of X,
e.g. when Y = X2 + ¢ and X and ¢ are independent standard Gaussian. Comparatively little
work has been done on testing this null (Ait-Sahalia et al., 2001; Fan and Li, 1996; Lavergne
and Vuong, 2000).

It turns out that the GCM is in fact also a test of conditional mean independence as the
GCM is only powerful when

E(Cov(X, Y [2)) := E({X - E(X | 2){Y —E(Y' | 2)}) # O,

and this is never true under conditional mean independence. However, there are cases where
conditional mean independence is violated (and therefore also conditional independence) but
E(Cov(X,Y | Z)) =0, e.g. the example given in the previous paragraph with Z independent of
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(X, e). Testing for conditional mean independence with optimal power properties is the subject
of Chapter 3.

1.1.2 Modern theory of hypothesis testing

Many classical (and even some more modern) papers on hypothesis testing follow a simple
structure; develop a test statistic T}, show that it converges in distribution to some known
limit (typically a standard Gaussian or x?-distribution) and construct a test that rejects based
on quantiles of the limiting distribution. Let Py denote the class of null distributions for which

we wish to control Type I error, that is, we seek

sup Pp(reject Hp) < « (1.2)
PePy
for a user-specified significance level a € (0,1). A test satisfying (1.2) is said to be level a. The
approach outlined above instead shows that

sup lim Pp(reject Hp) < a. 1.3
s i B ) (1.3)
A test satisfying (1.3) is said to be pointwise asymptotic level a. This latter property turns out
to be a rather weak condition — tests that are pointwise asymptotic level o can have exact level
1 for all n as the following example, due to Romano (2004), illustrates. Consider the problem
of testing whether univariate X is mean zero when assuming that X has finite variance. The

t-test is clearly pointwise asymptotic level by the CLT. However, consider the distribution that
n

puts mass (1 —p) on p and p on —(1 —p) for p € (0,1). Consider the observation x = (p, ..., p)
and note that the probability of observing this x is (1 — p)™. Since such an observation would
imply rejection of the null using the t-test at any significance level, we have that

P(reject Hyp) > (1 —p)™.

Thus, choosing p going to 0 yields that the size is 1. Worse still, the Bahadur—Savage theorem
(Bahadur and Savage, 1956) shows that no non-trivial test of this null exists.
The approach of both remaining chapters in this thesis, is to find tests satisfying

nh_{réo 5271))0 Pp(reject Hy) < a. (1.4)
Tests satisfying (1.4) are said to uniformly asymptotically level a.. This requirement is clearly
stronger than (1.3) and examples like the one above for the ¢-test are not possible for uniformly
asymptotically level tests. Showing that tests satisfy (1.4) requires a calculus of uniform
stochastic convergence that is developed throughout the thesis.

For tests that are correctly calibrated under the null (i.e. reject with probability no more
than the chosen significance level «), it is pertinent to ask about the optimality of a given
test in terms of the ability of the test to reject false hypotheses. The minimax paradigm is
one measure of optimality that is gaining in popularity in recent years (Balakrishnan and
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Wasserman, 2018; Baraud, 2002; Berrett et al., 2021; Diakonikolas and Kane, 2016; Valiant and
Valiant, 2017). In the context of nonparametric hypothesis testing this framework is typically
attributed to Ingster (Ingster, 1982, 1987). Let P denote a family of distributions and partition
P into Py (null distributions) and P; (alternative distributions). Let d denote a metric on P
and let Py(e) :={P € Py : d(Po, P) > €}. We seek to characterise the fastest rate at which we
can let € go to zero as a function of n while still ensuring that

R(€) := sup Pp(reject Hy) + sup Pp(accept Hp)
PPy PePi(e)

remains bounded above by a small constant for a given test under consideration. This is a
minimax upper bound for the radius € using the test. If the upper bound matches a lower bound
taken over all possible tests in terms of how it scales in the sample size n, the test is minimaz
optimal. This implies that the test stays consistent with respect to alternative distributions
where d(Py, P) goes to 0 at the fastest possible rate where testing is possible.

In Chapter 3, one of the main goals is to characterise the critical radius €, for testing
conditional mean independence under smoothness conditions.

1.2 Notation

While some notation is consistent throughout the remaining chapters, there will be many
conventions that are local to each chapter. Notation established in each chapter should
therefore be considered specific to the chapter where it is introduced.



Chapter 2

Conditional independence testing in
Hilbert spaces with applications to
functional data analysis

2.1 Introduction

In a variety of application areas, such as meteorology, neuroscience, linguistics, and chemometrics,
we observe samples containing random functions (Ramsay and Silverman, 2005; Ullah and
Finch, 2013). The field of functional data analysis (FDA) has a rich toolbox of methods for
the study of such data. For instance, there are a number of regression methods for different
functional data types, including linear function-on-scalar (Reiss et al., 2010), scalar-on-function
(Delaigle and Hall, 2012; Goldsmith et al., 2011; Hall and Horowitz, 2007; Reiss and Ogden,
2007; Shin, 2009; Yuan and Cai, 2010) and function-on-function (Ivanescu et al., 2015; Scheipl
et al., 2015) regression; there are also nonlinear and nonparametric variants (Fan et al., 2015;
Ferraty et al., 2011; Ferraty and Vieu, 2006; Yao and Miiller, 2010), and versions able to handle
potentially large numbers of functional predictors (Fan et al., 2015), to give a few examples;
see Morris (2015); Wang et al. (2016) for helpful reviews and a more extensive list of relevant
references. The availability of software packages for functional regression methods, such as
the R-packages refund (Goldsmith et al., 2020) and FDboost (Brockhaus et al., 2020), allow
practitioners to easily adopt the FDA framework for their particular data.

One area of FDA that has received less attention is that of conditional independence testing.
Given random elements X, Y, Z, the conditional independence X 1 Y | Z formalises the idea
that X contains no further information about Y beyond that already contained in Z. A precise
definition is given in Section 2.1.2. Inferring conditional independence from observed data is of
central importance in causal inference (Pearl, 2009; Peters et al., 2017; Spirtes et al., 2000),
graphical modelling (Koller and Friedman, 2009; Lauritzen, 1996) and variable selection. For
example, consider the linear scalar-on-function regression model

Yy = /OIHX(t)X(t)dt—i—/Ol 0,0 Z(8)dt + ¢, (2.1)
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where X, Z are random covariate functions taking values in L2(]0, 1], R), fx, 0z are unknown
parameter functions, Y € R is a scalar response and ¢ € R satisfying ¢ 1L (X, Z) represents
stochastic error. In this model, conditional independence X Il Y | Z is equivalent to Ox = 0,
i.e., whether the functional predictor X is significant.

For nonlinear regression models, the conditional independence X 1L Y | Z still characterises
whether X is useful for predicting Y given Z. Indeed, consider a more general setting where Y is
a potentially infinite-dimensional response, and X7, ..., X, are predictors, some or all of which
may be functional. Then a set of predictors S C {1,...,p} that contain all useful information for
predicting Y, that is such that Y I {X;},¢5[{X;}jes, is known as a Markov blanket of Y in the
graphical modelling literature (Pearl, 2014, Sec. 3.2.1). If Y . X | { X} }x;, then j is contained
in every Markov blanket, and under mild conditions (e.g., the intersection property (Pearl,
2009; Peters, 2014)), the smallest Markov blanket (sometimes called the Markov boundary) is
unique and coincides exactly with those variables j satisfying this conditional dependence. This
set may thus be inferred by applying conditional independence tests. Conditional independence
tests may also be used to test for edge presence in conditional independence graphs and are at
the heart of several methods for causal discovery (Peters et al., 2016; Spirtes et al., 2000).

Recent work (Shah and Peters, 2020) however has shown that in the setting where X, Y
and Z are random vectors where Z is absolutely continuous (i.e., has a density with respect
to Lebesgue measure), testing the conditional independence X 1L Y | Z is fundamentally hard
in the sense that any test for conditional independence must have power at most its size.
Intuitively, the reason for this is that given any test, there are potentially highly complex joint
distributions for the triple (X, Y, Z) that maintain conditional independence but yield rejection
rates as high as for any alternative distribution. Lipschitz constraints on the joint density, for
example, preclude the presence of such distributions (Neykov et al., 2021).

In the context of functional data however, the problem can be more severe, and we show
in this work that even in the idealised setting where (X,Y,Z) are jointly Gaussian in the
functional linear regression model (2.1), testing for X Il Y | Z is fundamentally impossible: any
test must have power at most its size. In other words, any test with power 8 at some alternative
cannot hope to control type I error at level a < 8 across the entirety of the null hypothesis,
even if we are willing to assume Gaussianity. Perhaps more surprisingly, this fundamental
problem persists even if additionally we allow ourselves to know the precise null distribution of
the infinite-dimensional Z.

Consequently, there is no general purpose conditional independence test even for Gaussian
functional data, and we must necessarily make some additional modelling assumptions to proceed.
We argue that this calls for the need of conditional independence tests whose suitability for any
functional data setting can be judged more easily.

Motivated by the Generalised Covariance Measure (Shah and Peters, 2020), we propose
a simple test we call the Generalised Hilbertian Covariance Measure (GHCM) that involves
regressing X on Z and Y on Z (each of which may be functional or indeed collections of
functions), and computing a test statistic formed from inner products of pairs of residuals. We
show that the validity of this form of test relies primarily on the relatively weak requirement
that the regression procedures have sufficiently small in-sample prediction errors. We thus
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aim to convert the problem of conditional independence testing into the more familiar task of
regression with functional data, for which well-developed methods are readily available. These
features mark out our test as rather different from existing approaches for assessing conditional
independence in FDA, which we review in the following.

One approach to measuring conditional dependence with functional data is based on the
Gaussian graphical model. Zhu et al. (2016) propose a Bayesian approach for learning a
graphical model for jointly Gaussian multivariate functional data. Qiao et al. (2019) and
Zapata et al. (2019) study approaches based on generalisations of the graphical Lasso (Yuan
and Lin, 2007). These latter methods do not aim to perform statistical tests for conditional
independence, but rather provide a point estimate of the graph, for which the authors establish
consistency results valid in potentially high-dimensional settings.

As discussed earlier, conditional independence testing is related to significance testing in
regression models. There is however a paucity of literature on formal significance tests for
functional predictors. The R implementation (Goldsmith et al., 2020) of the popular functional
regression methodology of Greven and Scheipl (2017) produces p-values for the inclusion of a
functional predictor based on significance tests for generalised additive models developed in
Wood (2013). These tests, whilst being computationally efficient, however do not have formal
uniform level control guarantees.

2.1.1 Our main contributions and organisation of the chapter
It is impossible to test conditional independence with Gaussian functional data.

In Section 2.2 we present our formal hardness result on conditional independence testing for
Gaussian functional data. The proof rests on a new result on the maximum power attainable
at any alternative when testing for conditional independence with multivariate Gaussian data.
The full technical details are given in Section 2.7. As we cannot hope to have level control
uniformly over the entirety of the null of conditional independence, it is important to establish,
for any given test, subsets Py of null distributions Py over which we do have uniform level
control.

We provide new tools allowing for the development of uniform results in FDA.

Uniform results are scarce in functional data analysis; we develop the tools for deriving such
results in Section 2.8 which studies uniform convergence of Hilbertian and Banachian random
variables.

Given sufficiently good methods for regressing each of X and Y on Z, the GHCM
can test conditional independence with certain uniform level guarantees.

In Section 2.3 we describe our new GHCM testing framework for testing X I Y | Z, where
each of X, Y and Z may be collections of functional and scalar variables. In Section 2.4 we
show that for the GHCM, an effective null hypothesis Py may be characterised as one where in
addition to some tightness and moment conditions, the conditional expectations E(X | Z) and
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E(Y | Z) can be estimated at sufficiently fast rates, such that the product of the corresponding
in-sample mean squared prediction errors (MSPEs) decay faster than 1/n uniformly, where n
is the sample size. Note that this does not contradict the hardness result: it is well known
that there do not exist regression methods with risk converging to zero uniformly over all
distributions for the data (Gyorfi et al., 2002, Thm. 3.1). Thus, the regression methods must
be chosen appropriately in order for the GHCM to perform well. In Section 2.4.3 we show that
a version of the GHCM incorporating sample-splitting has uniform power against alternatives
where the expected conditional covariance operator E{Cov(X,Y | Z)} has Hilbert—Schmidt

1/2

norm of order n~"/%, and is thus rate-optimal.

The regression methods are only required to perform well on the observed data.

The fact that control of the type I error of the GHCM depends on an in-sample MSPE rather
than a more conventional out-of-sample MSPE, has important consequences. Whilst in-sample
and out-of-sample errors may be considered rather similar, in the context of function regression,
they are substantially different. We demonstrate in Section 2.4.4 that bounds on the former
are achievable under significantly weaker conditions than equivalent bounds on the latter by
considering ridge regression in the functional linear model. In particular the required prediction
error rates are satisfied over classes of functional linear models where the eigenvalues of the
covariance operator of the functional regressor are dominated by a summable sequence; no
additional eigen-spacing conditions, or lower bounds on the decay of the eigenvalues are needed,
in contrast to existing results on out-of-sample error rates (Cai and Hall, 2006; Crambes and
Mas, 2013; Hall and Horowitz, 2007).

The GHCM has several uses.

Section 2.5 presents the results of numerical experiments on the GHCM. We study the following
use cases. (i) Testing for significance of functional predictors in functional regression models. We
are not aware of other approaches that provide significance statements in functional regression
models and come with statistical guarantees. For example, in comparison to the p-values
from pfr, which are highly anti-conservative in challenging setups, the type I error of the
GHCM test is well-controlled (see Figure 2.1). (ii) Deriving confidence intervals for truncation
points in truncated functional linear model. We demonstrate in Section 2.5.2 the use of the
GHCM in the construction of a confidence interval for the truncation point in a truncated
functional linear model, a problem which we show may be framed as one of testing certain
conditional independencies. (iii) Testing for edge presence in functional graphical models. In
Section 2.5.3, we use the GHCM to learn functional graphical models for EEG data from a
study on alcoholism.

We conclude with a discussion in Section 2.6 outlining potential follow-on work and open
problems. The remaining sections contain the proofs of all results presented in the main text and
some additional numerical experiments, as well as the uniform convergence results mentioned
above. An R-package ghcm (Lundborg et al., 2021b) implementing the methodology is available
on CRAN.
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2.1.2 Preliminaries and notation

For three random elements X, Y and Z defined on the same probability space (2, F,P) with
values in measurable spaces (X, .A), (¥, G) and (Z, K) respectively, we say that X is conditionally
independent of Y given Z and write X I Y | Z when

E(f(X)g(Y)|Z) = E(f(X)| 2)E(g(Y) | Z)

for all bounded and Borel measurable f : X — R and g : ) — R. Several equivalent definitions
are given in Constantinou and Dawid (2017, Proposition 2.3). As with Euclidean variables, the
interpretation of X Il Y | Z is that ‘knowing Z renders X irrelevant for predicting Y’ (Lauritzen,
1996).

Throughout the chapter we consider families of probability distributions P of the triplet
(X,Y, Z), which we partition into the null hypothesis Py of those P € P satisfying X 1L Y | Z,
and set of alternatives Q := P\ Py where the conditional independence relation is violated. We
consider data (x;,v;, 2i), i = 1,...,n, consisting of i.i.d. copies of (X,Y, Z), and write X .—
(;)1, and similarly for V") and Z(™). We apply to this data a test 10, : (X x Y x Z)* — {0, 1},
with a value of 1 indicating rejection. At times, we will write Ep(-) for expectations of random
elements whose distribution is determined by P, and similarly Pp(-) = Ep(1y.). Thus, the size
of the test 1), may be written as suppep, Pp(¢, = 1).

We always take X = Hx and ) = Hy for separable Hilbert spaces Hx and Hy and write
dx and dy for their dimensions, which may be co. When these are finite-dimensional, as will
typically be the case in practice (see Section 2.3.2), X (™ will be a n x dx matrix and similarly
for Y™ Similarly, we will take Z = R% in the finite-dimensional case and then Z(™ e R"*dz.
However, in order for our theoretical results to be relevant for settings where dx and dy may
be arbitrarily large compared to n, our theory must also accommodate infinite-dimensional
settings, for which we introduce the following notation.

For g and h in a Hilbert space H, we write (g, h) for the inner product of g and h and
llg|| for its norm; note we suppress dependence of the norm and inner product on the Hilbert
space. The bounded linear operator on H given by = — (x, g)h is the outer product of g and h
and is denoted by ¢ ® h. A bounded linear operator A on H is compact if it has a singular
value decomposition, i.e., there exists two orthonormal bases (e ;)ren and (eak)ren of H and
a non-increasing sequence (Ag)ren of singular values such that

o/ h = Z Ai(e1r ®egp)h = Z Ak(e1k, h)ea
k=1 k=1

for all h € H. For a compact linear operator A as above, we denote by | ||op, ||.97||ns and
||<7||r the operator norm, Hilbert—Schmidt norm and trace norm, respectively, of <7, which
equal the £*°, ¢2 and ¢! norms, respectively, of the sequence of singular values (\;)ren.

A random variable on a separable Banach space B is a mapping X : {2 — B defined on a
probability space (€2, F,P) which is measurable with respect to the Borel o-algebra on B, B(B).
Integrals with values in Hilbert or Banach spaces, including expectations, are Bochner integrals
throughout. For a random variable X on Hilbert space H, we define the covariance operator of
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X by
Cov(X) =E[(X -EX))® (X —EX))]=EX®X)-EX)®EX)

whenever E||X||? < co. For h € H we thus have
Cov(X)h = E ((X,h)?) — E((X, )%

Given another random variable Y with E||Y||? < oo, we define the cross-covariance operator of
X and Y by

Cov(X,Y) =E[(X —E(X))® (Y —E(Y))]| = E(X ® V) — E(X) @ E(Y).

We define conditional variants of the covariance operator and cross-covariance operator by
replacing expectations with conditional expectations given a o-algebra or random variable.

2.2 Hardness of testing with Gaussian functional data

In this section we present a negative result on the possibility of testing for conditional indepen-
dence with functional data in the idealised setting where all variables are Gaussian. We take
P to consist of distributions of (X,Y, Z) that are jointly Gaussian with injective covariance
operator, where X and Z take values in separable Hilbert spaces Hx and Hz respectively
with Hz infinite-dimensional, and ¥ € R% . We note that in the case where dy = 1 and
Hx = Hz = L*([0,1],R), each P € P admits a representation as a Gaussian scalar-on-function
linear model (2.1) where Y is the scalar response, and functional covariates X, Z and error €
are all jointly Gaussian with ¢ I (X, Z) (see Proposition 2.7 in Section 2.2); the settings with
dy > 1 may be thought of equivalently as multi-response versions of this.

For each @ in the set of alternatives Q, we further define 7782 C Py by

7332 :={P € Py : the marginal distribution of Z under P and @ is the same}.

Theorem 2.1 below shows that not only is it fundamentally hard to test the null hypothesis
of Py against Q for all dataset sizes n, but restricting to the null POQ for Q € Q presents an
equally hard problem.

Theorem 2.1. Given alternative Q € Q and n € N, let ¢, be a test for null hypothesis 73(()“2
against Q. Then we have that the power is at most the size:

]P)Q(wn = 1) < sup ]P)P(wn = 1)'
PeP

An interpretation of this statement in the context of the functional linear model is that
regardless of the number of observations n, there is no non-trivial test for the significance of the
functional predictor X, even if the marginal distribution of the additional infinite-dimensional
predictor Z is known exactly. It is clear that the size of a test over Py is at least as large as
that over the null 73(? , S0 testing the larger null is of course at least as hard.
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It is known that testing conditional independence in simple multivariate (finite-dimensional)
settings is hard in the sense of Theorem 2.1 when the conditioning variable is continuous. In
such settings, restricting the null to include only distributions with Lipschitz densities, for
example, allows for the existence of tests with power against large classes of the alternative.
The functional setting is however very different, simply removing pathological distributions
from the entire null of conditional independence does not make the problem testable. Even
with the parametric restriction of Gaussianity, the null is still too large for the existence of
non-trivial hypothesis tests. Indeed, the starting point of our proof is a result due to Kraft
(1955) that the hardness in the statement of Theorem 2.1 is equivalent to the n-fold product
Q%" lying in the convex closure in total variation distance of the set of n-fold products of
distributions in 77(? . It should be noted that this overall argument is similar to the proof of the
hardness result in Shah and Peters (2020) but the exact construction of the mixture of nulls
is entirely distinct and is more closely related to constructions used in the proofs of minimax
lower bounds in functional estimation.

A consequence of Theorem 2.1 is that we need to make strong modelling assumptions in
order to test for conditional independence in the functional data setting. Given the plethora
of regression methods for functional data, we argue that it can be convenient to frame these
modelling assumptions in terms of regression models for each of X and Y on Z, or more
generally, in terms of the performances of methods for these regressions. The remainder of this
chapter is devoted to developing a family of conditional independence tests whose validity rests
primarily on the prediction errors of these regressions.

2.3 GHCM methodology

In this section we present the Generalised Hilbertian Covariance Measure (GHCM) for testing
conditional independence with functional data. To motivate the approach we take, it will
be helpful to first review the construction of the Generalised Covariance Measure (GCM)
developed in Shah and Peters (2020) for univariate X and Y, which we do in the next section.
In Section 2.3.2 we then define the GHCM.

2.3.1 Motivation

Consider first therefore the case where X and Y are real-valued random variables, and Z is
a random variable with values in some space Z. We can always write X = f(Z) 4+ € where
f(z):=E(X|Z = 2) and similarly Y = g(Z) + £ with g(z) := E(Y | Z = z). The conditional
covariance of X and Y given Z,

Cov(X,Y| 2) == E[{X ~ E(X| 2)}{Y ~ E(Y| 2)}| Z] = E(c€] 2),

has the property that Cov(X,Y | Z) = 0 and hence E(e£) = 0 whenever X 1 Y |Z. The GCM
forms an empirical version of E(e€) given data (x;,y;, z;)i_, by first regressing each of X ()
and Y™ onto Z(" to give estimates f and g of f and g respectively. Using the corresponding
residuals &; := z; — f(zl) and & == y; — 9(zi), the product R; := £, is computed for each
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i=1,...,n and then averaged to give R := Y1 | R;/n, an estimate of E(¢¢). The standard
deviation of R under the null X Il Y | Z may also be estimated, and it can be shown (Shah
and Peters, 2020, Thm 8) that under some conditions, R divided by its estimated standard
deviation converges uniformly to a standard Gaussian distribution.

This basic approach can be extended to the case where X and Y take values in R4 and

R respectively, by considering a multivariate conditional covariance,
Cov(X,Y|2) :=E [{X —E(X |2){Y ~E(Y |2)}T | 2| = E(e¢" | 2) € ¥,

This is a zero matrix when X I Y | Z, and hence E(£¢") = 0 under this null. Thus, R defined
as before but where R; := éléz—r can form the basis of a test of conditional independence. There
are several ways to construct a final test statistic using R € R%*%  The approach taken in
Shah and Peters (2020) involves taking the maximum absolute value of a version of R with
each entry divided by its estimated standard deviation. This, however, does not generalise
easily to the functional data setting we are interested in here; we now outline an alternative
that can be extended to handle functional data.
To motivate our approach, consider multiplying R by Vn:

ViR = —= 3 &bl = = 3 (f(w) — (@) +eig(z) — (=) + &)
=1 =1
= S ad = () - fE) () ()
= = (2.2)
Un an
b S ()~ FE)ET + zgl 3T
=1
by, Cn

Observe that U, is a sum of i.i.d. terms and so the multivariate central limit theorem dictates
that U, /y/n converges to a dx X dy-dimensional Gaussian distribution. Applying the Frobenius
norm ||-||r to the a, term, we get by submultiplicativity and the Cauchy—Schwarz inequality,

lanllr < —= lef (z:) = f(z)ll2llg(z) = 3(z0) 2

1/2

< Vi 2 - Fea) (2 Slo)-aGE) e

where ||-||2 denotes the Euclidean norm. The right-hand-side here is a product of in-sample mean
squared prediction errors for each of the regressions performed. Under the null of conditional
independence, each term of b, and ¢, is mean zero conditional on (X ™, Z(") and (Y™, z("),
respectively. Thus, so long as both of the regression functions are estimated at a sufficiently fast
rate, we can expect ay, by, ¢, to be small so the distribution of \/ﬁR can be well-approximated
by the Gaussian limiting distribution of U, /y/n. As in the univariate setting, it is crucially
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the product of the prediction errors in (2.3) that is required to be small, so each root mean
squared prediction error term can decay at relatively slow o(n~/4) rates.

Unlike the univariate setting however, \/nR is now a matrix and hence we need to choose
some sensible aggregator function ¢ : R¥*4v — R such that we can threshold ¢(y/nR) to yield
a p-value. One option is as follows; we take a different approach as the basis of the GHCM for
reasons which will become clear in the sequel. If we vectorise R, i.e., view the matrix as a dxdy-
dimensional vector, then under the assumptions required for the above heuristic arguments to
formally hold, \/nVec(R) converges to a Gaussian with mean zero and some covariance matrix
C € Réxdvxdxdy if X || Y |Z. Provided C is invertible, /nC~'/2R therefore converges to
a Gaussian with identity covariance under the null and hence ||C~'/2/nR||3 converges to a
x2-distribution with dxdy degrees of freedom. Replacing C' with an estimate C' then yields a
test statistic from which we may derive a p-value.

2.3.2 The GHCM

We now turn to the setting where X and Y take values in separable Hilbert spaces Hx and
Hy respectively. These could for example be L?([0,1],R), or R and R respectively, but
where X and Y are vectors of function evaluations. The latter case, which we will henceforth
refer to as the finite-dimensional case, corresponds to how data would often be received in
practice with the observation vectors consisting of function evaluations on fixed grids (which
are not necessarily equally spaced). However, it is important to recognise that the dimensions
dx and dy of the grids may be arbitrarily large, and it is necessary for the methodology to
accommodate this; as we will see, the approach for the multivariate setting described in the
previous section does not satisfy this requirement whereas our proposed GHCM will do so. It
should be noted that the finite-dimensional setting does not necessitate a functional perspective
on the data but if the data is functional, then regression methods respecting this should be
superior in terms of performance and the asymptotics of the finite-dimensional case could
include ‘fill-in asymptotics’, where the number of observations per curve increases with n.

In some settings, our observed vectors of function evaluations will not be on fixed grids, and
the numbers of function evaluations may vary from observation to observation. In Section 2.3.2
we set out a scheme to handle this case and bring it within our framework here.

Similarly to the approach outlined in Section 2.3.1, we propose to first regress each of X (%)
and Y™ onto Z(™ to give residuals é; € Hy, fl € Hy for i = 1,...,n. (In practice, these
regressions could be performed by pfr or pffr in the refund package (Goldsmith et al., 2011;
Ivanescu et al., 2015) or boosting (Brockhaus et al., 2020), for instance.) We centre the residuals,
as these and other functional regression methods do not always produce mean-centred residuals.
With these residuals we proceed as in the multivariate case outlined above but replacing matrix
outer products in the multivariate setting with outer products in the Hilbertian sense, that is
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we define for ¢ = 1,...,n,
K; = &; ®é@7 and 7, = \/’Tl@ (24)

_ 1
h X = — X;.
where n; i

We can show (see Theorem 2.2) that under the null, provided the analogous prediction
error terms in (2.3) decay sufficiently fast and additional regularity conditions hold, .7, above
converges uniformly to a Gaussian distribution in the space of Hilbert—Schmidt operators. This
comes as a consequence of new results we prove on uniform convergence of Banachian random
variables. Moreover, the covariance operator of this limiting Gaussian distribution can be
estimated by the empirical covariance operator

i %) Ous (% — R) (2.5)

where ®pg denotes the outer product in the space of Hilbert—Schmidt operators.

An analogous approach to that outlined above for the multivariate setting would involve
attempting to whiten this limiting distribution using the square-root of the inverse of %. However,
here we hit a clear obstacle: even in the finite-dimensional setting, whenever dxdy > n, the
inverse of € or C from the previous section, cannot exist. Moreover, as indicated by Bai and
Saranadasa (1996), who study the problem of testing whether a finite-dimensional Gaussian
vector has mean zero, even when the inverses do exist, the estimated inverse covariance may
not approximate its population level counterpart sufficiently well. Instead, Bai and Saranadasa
(1996) advocate using a test statistic based on the squared f3-norm of the Gaussian vector.

We take an analogous approach here, and use as our test statistic

T = || Tl (2.6)

where ||-||us denotes the Hilbert—Schmidt norm. A further advantage of this test statistic is
that it admits an alternative representation given by

1 n n
EZZ €i, €5)(6i, &) (2.7)

i=1j=1

see Section 2.9.1 for a derivation. Only inner products between residuals need to be computed,
and so in the finite-dimensional case with the standard inner product, the computational burden
is only O(max(dy,dy)n?).

As 7, has an asymptotic Gaussian distribution under the null with an estimable covariance
operator, we can deduce the asymptotic null distribution of T}, as a function of .7,. This leads
to the a-level test function v, given by

(S ]l{Tnzqa} (2.8)
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where ¢, is the 1 — « quantile of a weighted sum
d
> AW
k=1

of independent x? distributions (W})¢_, with weights given by the d non-zero eigenvalues
(Ax)d_, of €. Note that d < min(n — 1, dxdy).

These eigenvalues may also be derived from inner products of the residuals: they are equal
to the eigenvalues of the n x n matrix

1

n—1

(I'— JT —TJ + JTJ)

where J € R™ " is a matrix with all entries equal to 1/n, and I" € R™*"™ has ijth entry given by

see Section 2.9.1 for a derivation. Thus, in the finite-dimensional case, the computation of the
eigenvalues requires O(n? max(dx,dy,n)) operations. In typical usage therefore, the cost for
computing the test statistic given the residuals is dominated by the cost of performing the
initial regressions, particularly those corresponding to function-on-function regression. Note
that there are several schemes for approximating g, (Farebrother, 1984; Imhof, 1961; Liu et al.,
2009); we use the approach of Imhof (1961) as implemented in the QuadCompForm package in
R (Duchesne and de Micheaux, 2010) in all of our numerical experiments. We summarise the
above construction of our test function for the finite-dimensional case with the standard inner
product in Algorithm 1.

In principle, different inner products may be chosen, to yield different test functions.
However, the theoretical properties of the test function rely on the prediction errors of the
regressions, measured in terms of the norm corresponding to the inner product used, being
small. In the common case where the observed data are finite vectors of function evaluations,
ie., foreach i =1,...,n, z; = Wx(k/dx) for a function Wx; € Ly([0,1],R), and similarly
for y;, our default recommendation is to use the standard inner product. The residuals,
¢; € R and é, € R%, would then similarly correspond to underlying functional residuals
via &y, = Wei(k/dx) for We; € L([0,1],R), and similarly for §. We may compare the test
function computed based on the computed residuals &; and fz with that which would be obtained
when replacing these with the underlying functions We ; and Wéﬂ.. As the test function depends
entirely on inner products between residuals, it suffices to compare

dx

1
ETe; =3 Wealk/dx)Wes(k/dx)  and /0 W o (1)We (1) dt. (2.10)
k=1

We see that the LHS is dx times a Riemann sum approximation to the integral on the RHS.
The p-value computed is invariant to multiplicative scaling of the test statistic, and so in the
so-called densely observed case where dx is large, the p-value from the finite-dimensional setting
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would be a close approximation to that which would be obtained with the true underlying
functions.

Other numerical integration schemes could be used to make the approximation even more
precise. However, the theory we present in Section 2.4 that guarantees uniform asymptotic
level control and power over certain classes of nulls and alternatives applies directly to the
finite-dimensional or infinite-dimensional settings, and so there is no requirement that the
approximation error above is small. In particular, there is no strict requirement that the
residuals computed correspond to function evaluations on equally spaced grids. However, in
that case &/ ¢; will not necessarily approximate a scaled version of the RHS of (2.10), and
an inner product that maintains this approximation may be more desirable from a power

perspective.

Algorithm 1 Generalised Hilbertian Covariance Measure (GHCM)
input: X ¢ Rnxdx 'y () ¢ Rrxdy  z(n) ¢ Rrxdz,
options: regression methods for each of the regressions.

1: regress X (™ on Z(™ producing residuals &; € R for i =1,...,n.

2: regress Y on Z(™ producing residuals éz ERY fori=1,...,n

3: construct I' € R™*" with entries Ty « €] 2,1 €, (or more generally via (2.9)).

4: compute test statistic T, <+ = Z =1 Lij-

5:set A« L (T —JL —TJ+ JFJ) where J € R™*™ has all entries equal to 1/n.

6: compute the non-zero eigenvalues Aj,..., A\q of A (there are at most n — 1).

7: compute by numerical integration p—value p+ P (Zgzl /\kCg > Tn>, where (3,...,(q are

independent standard Gaussian variables.

output: p-value p.

In the following section we explain how when the residuals &; and éz correspond to function
evaluations on different grids for each i, we can preprocess these to obtain residuals corresponding
to fixed grids, which may then be fed into our algorithm.

An R-package ghem (Lundborg et al., 2021b) implementing the methodology is available on
CRAN.

Data observed on irregularly spaced grids of varying lengths

We now consider the case where &; € R%% with its kth component given by &, = We i(ti) for
X € [0,1], and similarly for éz Such residuals would typically be output by regression methods
when supplied with functional data JUZ € R and y; € R%™i corresponding to functional
evaluations on grids (tlk)ii{ and (t;1) kyzl respectively.

In order to apply our GHCM methodology, we need to represent these residual vectors by
vectors of equal lengths corresponding to fixed grids. Our approach is to construct for each 4,
natural cubic interpolating splines WE ; and W ; corresponding to &; and fz respectively. We
may compute the inner product between these functlons in Ly([0, 1], R) exactly and efficiently
as it is the integral of a piecewise polynomial with the degree in each piece at most 6. This

gives us the entries of the matrix I' (2.9) which we may then use in lines 7 and following in
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Algorithm 1. Furthermore, Theorems 2.3 and 2.4 apply equally well to the setting considered
here provided the residuals are understood as the interpolating splines described above, and
the fitted regression functions are defined accordingly as the difference between the observed
functional responses these functional residuals.

2.4 Theoretical properties of the GHCM

In this section, we provide uniform level control guarantees for the GHCM, and uniform power
guarantees for a version incorporating sample-splitting; note that we do not recommend the
use of the latter in practice but consider it a proxy for the GHCM that is more amenable
to theoretical analysis in non-null settings. Before presenting these results, we explain the
importance of uniform results in this context, and set out some notation relating to uniform

convergence.

2.4.1 Background on uniform convergence

In Section 2.2 we saw that even when P consists of Gaussian distributions over Hx x R x H .
we cannot ensure that our test has both the desired size o over Py and also non-trivial power
properties against alternative distributions in @. We also have the following related result.

Proposition 2.1. Let Hy be a separable Hilbert space with orthonormal basis (ex)ren. Let P
be the family of Gaussian distributions for (X,Y,Z) € R x R x Hy with injective covariance
operator and where (X,Y) I (Zy11, Zr42,...)| Z1, ..., Zy for somer € N and Zy := (ex, Z) for
all k € N. Fiz Q € Q and recall the definition of POQ from Section 2.2. Then, for any test iy,

]P)Q(wn =1) < sup Pp(¢n =1).
PePS

In other words, even if we know a basis (ey)ren such that in particular the conditional
expectations E(X | Z) and E(Y | Z) are sparse in that they depend only on finitely many
components Zi,...,Z, (with r € N unknown), and the marginal distribution of Z is known
exactly, there is still no non-trivial test of conditional independence.

In this specialised setting, it is however possible to give a test of conditional independence
that will, for each fized null hypothesis P € Py, yield exact size control and power against all
alternatives Q for n sufficiently large. These properties are for example satisfied by the nominal
a-level t-test LZJSLS for Y in a linear model of X on Y, Z1,..., Zy(,) and an intercept term, for
some sequence a(n) < n — 1 with a(n) = oo and n — a(n) — oo as n — oo. Indeed,

: OLS __ _ : . OLS _ _ 1.

;27130 HIL%OPP(wn =1)=a and erelfgnh_{rgoIP’Q(wn =1)=1; (2.11)
see Section 2.9.2 for a derivation. This illustrates the difference between pointwise asymptotic
level control in the left-hand side of (2.11), and uniform asymptotic level control given by
interchanging the limit and the supremum.
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Our analysis instead focuses on proving that the GHCM asymptotically maintains its level
uniformly over a subset of the conditional independence null. In order to state our results
we first introduce some definitions and notation to do with uniform stochastic convergence.
Throughout the remainder of this section we tacitly assume the existence of a measurable space
(Q, F) whereupon all random quantities are defined. The measurable space is equipped with a
family of probability measures (Pp)pep such that the distribution of (X,Y, Z) under Pp is P.
For a subset A C P, we say that a sequence of random variables W,, converges uniformly in
distribution to W over A and write

D
W, =W if  lim sup dpp,(Wy, W) =0,
A N0 pe A
where dgy, denotes the bounded Lipschitz metric. We say, W,, converges uniformly in probability
to W over A and write

P
W, =W if for any € > 0, lim sup Pp(|W,, — W| >¢) =0.
A N0 peA

We sometimes omit the subscript A when it is clear from the context. A full treatment
of uniform stochastic convergence in a general setting is given in Section 2.8. Throughout
this section we emphasise the dependence of many of the quantities in Section 2.3.1 on the
distribution of (X,Y, Z) with a subscript P, e.g. fp, ep etc.

In Sections 2.4.2 and 2.4.3 we present general results on the size and power of the GHCM.
We take P to be the set of all distributions over Hx x Hy x Z, and Py to be the corresponding
conditional independence null. We however show properties of the GHCM under smaller sets of
distributions P C P with corresponding null distributions Py C Py, where in particular certain
conditions on the quality of the regression procedures on which the test is based are met. In
Section 2.4.4 we consider the special case where the regressions of each of X and Y on Z are
given by functional linear models and show that Tikhonov regularised regression can satisfy
these conditions. We note that throughout, the dimensions dx and dy may be finite or infinite.

2.4.2 Size of the test
In order to state our result on the size of the GHCM, we introduce the following quantities. Let
up(z) :=Ep (|lep|? 12 = 2), vp(z) =Ep (|€pl?| 2 = 2).

We further define the in-sample unweighted and weighted mean squared prediction errors of
the regressions as follows:

1 & A 1 &

ML= 13 ot - SO M pi= 2 anta -G, @12)
i=1 1=1

~ 1 n . ~ 1 n

TS Y P AT SRR WA o)
=1 =1

(2.13)
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The result below shows that on a subset Py of the null distinguished primarily by the product
of the prediction errors in (2.12) being small, the operator-valued statistic .7,, converges in
distribution uniformly to a mean zero Gaussian whose covariance can be estimated consistently.
We remark that prediction error quantities in (2.12) and (2.13) are “in-sample” prediction
errors, only reflecting the quality of estimates of the conditional expectations f and g at the
observed values z1, ..., z,.

Theorem 2.2. Let Py C Py be such that uniformly over Po,
f P
(i) nM; pM; p =0,
~f P - P
(it) My p =0, M) p =0,

(iii) inf pep Ep (lepl?I€p]®) > 0 and suppep, Ep (lep|*TEp[*T7) < oo for some n > 0,
and

(iv) for some orthonormal bases (€X,i)§l§1 and (eY,j);Zl of Hx and Hy, respectively, writing
epi = (ex,,ep) and {pj = (ey,;,&p), we have

: 2 2
Jim sup 0 Ep(ehighy) =0,
% PEPo (i,j):itj>K

where we interpret an empty sum as 0.

Then uniformly over Py we have

D . P
In=N(0,6p)  and  [|€ — Cp||l7rR=0,

where
C¢p =E{(ep®&p)Qus(ep ®&p)}.

Condition (i) is the most important requirement, and says that the regression methods

must perform sufficiently well, uniformly on Py. It is satisfied if \/ﬁMéc P \/ﬁMg p 2; 0, and so
allows for relatively slow o(y/n) rates for the mean squared prediction errors. Moreover, if one
regression yields a faster rate, the other can go to zero more slowly. These properties are shared
with the regular generalised covariance measure and more generally doubly robust procedures
popular in the literature on causal inference and semiparametric statistics (Chernozhukov et al.,
2018; Robins and Rotnitzky, 1995; Scharfstein et al., 1999). Condition (ii) is much milder, and
if the conditional variances up and vp are bounded almost surely, it is satisfied when simply

Mf: P M;‘i P g 0. Many of the aforementioned methods either impose Donsker conditions
or employ sample-splitting or cross-fitting as an essential tool to mitigate bias, however, for
our result above these conditions are not required. This is in contrast to the power analysis
in next section where such conditions cannot be avoided.s We note that importantly, the
regression methods are not required to extrapolate well beyond the observed data. We show in
Section 2.4.4 that when the regression models are functional linear models and ridge regression
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is used for the functional regressions, (i) and (ii) hold under much weaker conditions than are
typically required for out-of-sample prediction error guarantees in the literature.

Conditions (iii) and (iv) imply that the family {ep ® £p : P € Py} is uniformly tight.
Similar tightness conditions are required in Chen and White (1998, Lem. 3.1) in the context
of functional central limit theorems. Note that if dx and dy are both finite, this condition is
always satisfied.

The result below shows that the GHCM test v, (2.8) has type I error control uniformly
over Py given in Theorem 2.2, provided an additional assumption of non-degeneracy of the
covariance operators is satisfied.

Theorem 2.3. Let Py C Py satisfy the conditions stated in Theorem 2.2, and in addition
suppose

inf [€p]lop > 0. (2.14)
PePy

Then for each « € (0,1), the a-level GHCM test 1, (2.8) satisfies

lim sup [Pp(¢, =1) —a| =0. (2.15)

oo P6750

2.4.3 Power of the test

We now study the power of the GHCM. It is not straightforward to analyse what happens
to the test statistic 7, when the null hypothesis is false in the setup we have considered so
far. However, if we modify the test such that the regression function estimates f and g are
constructed using an auxiliary dataset independent of the main data (x;, yi, 2;)i,, the behaviour
of T, is more tractable. Given a single sample, this could be achieved through sample splitting,
and cross-fitting (Chernozhukov et al., 2018) could be used to recover the loss in efficiency
from the split into smaller datasets. However, we do not recommend such sample-splitting in
practice here and view this as more of a technical device that facilitates our theoretical analysis
as we have yet to see a concrete example where sample-splitting was required for power. As we
require f and § to satisfy (i) and (ii) of Theorem 2.2, these estimators would need to perform
well out of sample rather than just on the observed data, which is typically a harder task.
Given that our test is based on an empirical version of E(Cov(X,Y |Z)) = E(e ® &), we
can only hope to have power against alternatives where this is non-zero. For such alternatives
however, we have positive power whenever the Hilbert—Schmidt norm of the expected conditional
covariance operator is at least ¢/y/n for a constant ¢ > 0, as the following result shows.

Theorem 2.4. Consider a version of the GHCM test 1, where f and § are constructed on
independent auziliary data. Let P C P be the set of distributions for (X,Y,Z) satisfying
(i)-(iv) of Theorem 2.2 and (2.14) with P in place of Py. Then writing #p := Ep(ep @ £p) =
Ep(Covp(X,Y | Z)), we have, uniformly over P,

~ 1

D R P
Toi= o= Y = HR) SNOEp)  and | —Gpln = 0.
=1
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Furthermore, an a-level GHCM test 1, (constructed using independent estimates f and §)
satisfies the following two statements.

(i) Redefining Py =P NPy, we have that (2.15) is satisfied, and so an a-level GHCM test
has size converging to o uniformly over Py.

(ii) For every 0 < a < 8 < 1 there exists ¢ > 0 and N € N such that for any n > N,

inf P =1)>
bl Frin =120

where Qe :={P €P : ||#p|lus > c/v/n}.

In a setting where X, Y and Z are related by linear regression models, we can write down
|IECov(X,Y | Z)|lus more explicitly. Suppose Z, € and { are independent random variables in
L%([0,1],R), with X and Y determined by

/ﬁxst s)ds + £(t)
:/By(s,t d5+/95t s)ds + e+ £(t).

Then ECov(X,Y | Z) is an integral operator with kernel
1
Bt = [ 0w, )o(t,u)du,
0

where v(t,u) is the covariance function of €. The Hilbert-Schmidt norm ||[ECov(X,Y | Z)||lus is
then given by the L2(]0,1]2,R)-norm of ¢. We investigate the empirical performance of the
GHCM in such a setting in Section 2.5.1.

2.4.4 GHCM using linear function-on-function ridge regression

Here we consider a special case of the general setup used in Sections 2.4.2 and 2.4.3 where we
assume that Z is a Hilbert space Hz and that, under the null of conditional independence, the
Hilbertian X and Y are related to Hilbertian Z via linear models:

X =957 +ep (2.16)
Y =Y 7 +¢Ep. (2.17)

Here .#% is a Hilbert-Schmidt operator such that .72 Z = f(Z) := E(X | Z), with analogous
properties holding for 5”}/ , and it is assumed that EZ = 0. If X, Y and Z are elements of
L?(]0,1],R), this is equivalent to

/ B (s,t)Z(s)ds + ep(t), (2.18)

where 51)3( is a square-integrable function, and similarly for the relationship between Y and Z.
Such functional response linear models have been discussed by Ramsay and Silverman (2005,
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Chap. 16), and studied by Chiou et al. (2004); Crambes and Mas (2013); Yao et al. (2005), for
example. Benatia et al. (2017) propose a Tikhonov regularised estimator analogous to ridge
regression (Hoerl and Kennard, 2000); applied to the regression model (2.16), this estimator
takes the form .
= arguiin 3 [le; — Z (I +91 s (2.19)
i=1
where v > 0 is a tuning parameter.
We now consider a specific instance of the general GHCM framework using regression
estimates based on (2.19). Specifically, we form estimate X of FX by solving the optimisation
in (2.19) with regularisation parameter

1 & ol
4 := argmin | — min(i;/4,v) + = |, 2.20
n <W > min(j/1.7) 4> (2.20)
where iy > fio > -+ > [ip, > 0 are the ordered eigenvalues of the n x n matrix K with

Ki; = (zi, zj)/n. We form estimate Y of &Y analogously but with the z; replaced by y; in
(2.19). Note that in the case where K = 0 and so 4 does not exist, we simply take % and
Y tobe 0 operators, i.e., no regression is performed.

The data-driven choice of 4 above is motivated by an upper bound on the in-sample MSPE
of the estimators .7 and .Y (see Lemma 2.17) where we have omitted some distribution-
dependent factors of |75 ||%g or .7 ||} and a variance factor; a similar strategy was used in
an analysis of kernel ridge regression (Shah and Peters, 2020) which closely parallels ours here.
This choice allows us to conduct a theoretical analysis that we present below. In practice, other
choices of regularisation parameter such as cross validation-based approaches may perform even
better and so could alternative methods that are not based on Tikhonov regularisation.

In the following result, we take 1, to be the a-level GHCM test (2.8) with estimated
regression functions f and ¢ yielding fitted values given by

A

f(z) = 5%z and G(z) = Sz, foralli=1,...,n. (2.21)

Note that in the finite dimensional setting where X (™) e R*dx (which is also covered by the
result below), we have that the matrix of fitted values (f(z;))7, € R™ %X is given by

K(K +~I)7tx™,

and similarly for the Y™ regression.

Theorem 2.5. Let Py C Py be such that (2.16) and (2.17) are satisfied, and moreover (iii)
and (i) of Theorem 2.2 and (2.14) hold when f and § are as in (2.21). Suppose further that

(i) suppep, max(||.75 || ms, |7 |l ms) < oo,
(i) suppcp, max(up(Z),vp(Z)) < oo almost surely,

(7i) Suppep, E|Z|? < o and lim, g SUD pepy ket MiN(pg,p,y) = 0 where (ug p)ren denote
the ordered eigenvalues of the covariance operator of Z under P.
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Then the a-level GHCM test i, satisfies

Jim 13271;0 [Pp(n =1) —a| =0.

Condition (iii) is generally satisfied, by the dominated convergence theorem, for any family
Py for which the sequence of eigenvalues of the covariance operators are uniformly bounded
above by a summable sequence. As a very simple example where all the remaining conditions of
Theorem 2.5 are satisfied, we may consider the family of distribution Py where Z, ep in (2.22)
and {p in (2.23) are independent, and the latter two are Brownian motions with variances
03’ p and ag p respectively. If the coefficient functions 35 corresponding to X in (2.18) are in
Ly([0,1]%,R) with norms bounded above for all P € Py, and an equivalent assumption for the
coefficient functions relating to Y holds, and 037 p and Ug p are bounded from above and below
uniformly, we have that P, satisfies all the requirements of Theorem 2.5.

The proof of Theorem 2.5 relies on Lemma 2.17 in Section 2.9.5, which gives a bound on the
in-sample MSPE of ridge regression in terms of the decay of the eigenvalues j;, p, which may be
of independent interest. For example, we have that if these are dominated by an exponentially
decaying sequence, the in-sample MSPE is o(logn/n) as n — oo (see Corollary 2.2). This
matches the out-of-sample MSPE bound obtained in Crambes and Mas (2013, Corollary 5) in
the same setting as that described, but the out-of-sample result additionally requires convexity
and lower bounds on the decay of the sequence of eigenvalues of the covariance operator, and
stronger moment assumptions on the norm of the predictor. Similarly, other related results
(e.g., Cai and Hall, 2006; Hall and Horowitz, 2007) require additional eigen-spacing conditions
in place of convexity, and upper and lower bounds on the decay of the eigenvalues. Furthermore,
while some of these bounds are uniform over values of the linear coefficient operator for fixed
distributions of the predictors, our in-sample MSPE bound is uniform over both the coefficients
and distributions of the predictor. This illustrates how in-sample and out-of-sample prediction
are very different in the functional data setting, and reliance on the former being small, as we
have with the GHCM, is desirable due to the weaker conditions needed to guarantee this.

2.5 Experiments

In this section we present the results of numerical experiments that investigate the performance
of our proposed GHCM methodology. We implement the GHCM as described in Algorithm 1
with scalar-on-function and function-on-function regressions performed using the pfr and pffr
functions respectively from the refund package (Goldsmith et al., 2020). These are functional
linear regression methods which rely on fitting smoothers implemented in the mgcv package
(Wood, 2017); we choose the tuning parameters for these smoothers (dimension of the basis
expansions of the smooth terms) as per the standard guidance such that a further increase does
not decrease the deviance. In Section 2.5.3 in the supplement, we study high-dimensional EEG
data using the GHCM with regressions performed using FDboost.

We note that, to the best of our knowledge, neither FDboost nor the regression methods in
refund come with prediction error bounds (such as the ones derived in Section 2.4.4) that are
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required for obtaining formal guarantees for the GHCM; nevertheless they are well-developed
and well-used functional regression methods and our aim here is to demonstrate empirically
that they perform suitably well in terms of prediction such that when used with the GHCM,
type I error is maintained across a variety of settings. In Section 2.10, we include additional
simulations that consider among others, settings with heavy tailed errors, test the GHCM with
FDboost in further settings and examine the local power of the GHCM.

2.5.1 Size and power simulation

In this section we examine the size and power properties of the GHCM when testing the
conditional independence X 1L Y| Z. We take X, Z € L?([0,1],R), and first consider the setting
where Y is scalar. In Section 2.5.1 we present experiments for the case where Y € L?([0,1],R),
so all variables are functional. All simulated functional random variables are sampled on an
equidistant grid of [0,1] with 100 grid points. In what follows we do a modest number of
simulations to get a broad overview of the behaviour of our test in a variety of settings. Each
plot produced here is the result of between 80-120 computing hours on dedicated machines.

Scalar Y, functional X and Z

Here we consider the setup where Z is standard Brownian motion and X and Y are related to
Z through the functional linear models

X(t) = /0 (5. 0)2(s) ds + Ny (1), (2.22)
Yy = /O " au(t)Z(t) dt + Ny. (2.23)

The variables Nx, Ny and Z are independent with Nx a Brownian motion with variance %,
Ny ~N(0,1),s0 X 1L Y |Z. Nonlinear coefficient functions 3, and «, are given by

1
Ba(s,t) = aexp(—(st)?/2)sin(ast), aq(t) = /0 Ba(s,t)ds. (2.24)

We vary the parameters ox € {0.1,0.25,0.5,1} and a € {2,6,12}. We generate n i.i.d.
observations from each of the 4 x 3 = 12 models given by (2.22), (2.23), for sample sizes
n € {100,250, 500, 1000}. Increasing a or decreasing oy increase the difficulty of the testing
problem: for large a, 3, oscillates more, making it harder to remove the dependence of X on Z.
A smaller ox makes Y closer to the integral of X, and so increases the marginal dependence of
X and Y.

We apply the GHCM and compare the resulting tests to those corresponding to the
significance test for X in a regression of Y on (X, Z) implemented in pfr. The rejection rates of
the two tests at the 5% level, averaged over 100 simulation runs, can be seen in Figure 2.1. We
see that the pfr test has size greatly exceeding its level in the more challenging large a, small
ox settings, with large values of n exposing most clearly the miscalibration of the test statistic.
In these settings, Y may be approximated simply by the integral of X reasonably well, and is
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Fig. 2.1 Rejection rates in the various null settings considered in Section 2.5.1 for the nominal
5%-level pfr test (top) and GHCM test (bottom).

also well-approximated by the true regression function that features only Z. Regularisation
encourages pfr to fit a model where X determines the response, rather than X, and the p-values
reflect this. On the other hand, the GHCM tests maintain reasonable type I error control across
the settings considered here.

To investigate the power properties of the test, we simulate Z as before with X also
generated according to (2.22). We replace the regression model (2.23) for Y with

Y = /01 aa(H)Z(t) dt + /01 O‘“a(t)X(t) dt + Ny, (2.25)

where Ny ~ Ny (0,1) as before. Note that the coefficient function for X oscillates more as
a increases. The rejection rates at the 5% level can be seen in Figure 2.2. While the two
approaches perform similarly when a = 2, the pfr test has higher power in the more complex
cases. However, as the results from the size analysis in Figure 2.1 show, null cases are also
rejected in the analogous settings.

To illustrate the full distribution of p-values from the two methods under the null and the
alternative, we plot false positive rates and true positive rates in each setting as a function of
the chosen significance level of the test a. The full set of results can be seen in Section 2.10
and a plot for a subset of the simulations settings where n = 500 and ox € {0.1,0.25,0.5} is
presented in Figure 2.3. We see that both tests distinguish null from alternative well in the
cases with a small and ox large. The p-values of the GHCM are close to uniform in the settings
considered, whereas the distribution of the pfr p-values is heavily dependent on the particular
null setting, illustrating the difficulty with calibrating this test.
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Fig. 2.2 Rejection rates in the various alternative settings considered in Section 2.5.1 (see (2.25))
for the nominal 5%-level pfr test (top) and GHCM test (bottom).
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Fig. 2.3 Rejection rates against significance level for the pfr (red) and GHCM (green) tests
under null (light) and alternative (dark) settings when n = 500.
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In Section 2.10 we also present the results of two additional sets of experiments. We repeat
the experiments above using the FDboost package for regressions in place of the refund package.
The performance of the GHCM with FDboost is broadly similar to that displayed in Figures 2.1
and 2.2, supporting our theoretical results which indicate that provided the prediction errors of
the regression methods used are sufficiently small, the test will perform similarly.

We also consider the case where the noise is heavy-tailed. Specifically, we present analogous
plots for setting where Ny is t-distributed with different degrees of freedom, n = 500 and
ox = 0.25; the results are similar to Figure 2.3, with the GHCM maintaining type I error
control, and pfr tending to be anti-conservative in the more challenging settings.

Functional X, Y and Z

In this section we modify the setup and consider functional Y € L%([0,1],R). We take X and
Z as in Section 2.5.1 but in the null settings we let

1
V()= [ Buls,02(5) ds + N (@)

where Ny is a standard Brownian motion. Note that this is a particularly challenging setting
to maintain type I error control as X and Y are then highly correlated, and moreover the
biases from regressing each of X and Y on Z will tend to be in similar directions making the
equivalent of the term a,, in (2.2) potentially large.

In the alternative settings, we take

V() = [ satsnzisras+ [P0 o) a4 v

with Ny again being a standard Brownian motion.

The rejection rates at the 5% level, averaged over 100 simulation runs, can be seen in
Figure 2.4. We see that, as in the case where Y € R, the GHCM maintains good type I error
control in the settings considered, and has power increasing with n and ox as expected. We
note that a comparison with the p-values from ff-terms in the pffr-function of the refund
package here does not seem helpful. In our experiments the corresponding tests consistently
reject in true null settings even for simple models.

In Section 2.10 we look at the subset of the settings considered above with n = 500 and
ox = 0.25 but where X and Y are observed on irregular grids of varying length grids. We first
preprocess the residuals output by the regression method as described in Section 2.3.2 and then
apply the GHCM. We observe that the performance is similar to that in the fixed grid setting,
though the power is lower when the average grid length is smaller, and type I error increases
slightly above nominal levels in the most challenging a = 12 setting.
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Fig. 2.4 Rejection rates in the various null (top) and alternative (bottom) settings considered
in Section 2.5.1 for the nominal 5%-level GHCM test.

2.5.2 Confidence intervals for truncated linear models

In this section we consider an application of the GHCM in constructing a confidence interval for
the truncation point 6 € [0,1] in a truncated functional linear model (Hall and Hooker, 2016)

0
y = / a(t)X (1) dt + ¢, (2.26)
0

where the predictor X € L2([0,1],R), Y € R is a response and ¢ I X is stochastic noise. To
frame this as a conditional independence testing problem, observe that (2.26) implies that
defining the null hypotheses

Hy: YV LAX(#)} 5 {X(D)} < (2.27)

for 6 € (0,1), we have that Hj is true for all § < 6<1.
Given an a-level conditional independence test 1), we may thus form a one-sided confidence
interval for 6 using
[inf {0 € (0,1) : ¢ accepts null Hy}, 1]. (2.28)

Indeed, with probability 1 — «, % will not reject the true null Hy, and so with probability 1 — «
the infimum above will be at most 6.

To approximate (2.28) we initially consider the null hypothesis Hj at 5 equidistant values
of 6 and then employ a bisection search between the smallest of these points 6 at which H Fi
is accepted by a 5% level GHCM, and the point immediately before it or 0. We consider
two instances of the model (2.26) with # = 0.275,0.675 and with a(t) := 10(t + 1)/, X a



2.5 Experiments 31

0=0.275 0=0.675
150 - coverage = 0.928 coverage = 0.958
100 -
>
) l ‘ ‘
O_ l .L.l. - e am - - - - I II - —_—- e E - - - — -
0.2 0.4 0.6 0.8 0.6 0.7 0.8 0.9

Confidence interval left endpoints

Fig. 2.5 Histograms of the left endpoints of 95% confidence intervals for truncation points
0 = 0.275 (left) and 6 = 0.675 (right), given by red vertical lines, in model (2.26) across 500
simulations.

standard Brownian motion and ¢ ~ A (0,1). The simulated functional variables are observed
on an equidistant grid of [0,1] with 121 grid points. The results across 500 simulations are
given in Figure 2.5. We see that the empirical coverage probabilities are close to the nominal
coverage of 95%.

2.5.3 EEG data analysis

In this section we demonstrate the application of our GHCM methodology to the problem of
learning functional graphical models. In contrast to existing work (Qiao et al., 2019, 2020)
which typically assumes a Gaussian functional graphical model and outputs a point estimate of
the conditional independence graph, here we are able to test for the presence of each edge, with
type I error control guaranteed for data generating processes where our regression methods
perform suitably well as indicated by Theorem 2.3.

We illustrate this on an EEG dataset from a study on alcoholism (Ingber, 1997, 1998; Zhang
et al., 1995). The study participants were shown one of three visual stimuli repeatedly and
simultaneous EEG activity was measured across 64 channels over the course of 1 second at 256
measurements per second. While the study included both a control group and an alcoholic
group we will restrict our analysis to the alcoholic group consisting of 77 subjects and further
restrict ourselves to a single type of visual stimulus. We preprocess the data as in Qiao et al.
(2019), averaging across the repetitions of the experiment for each subject and using an order
96 FIR filter implemented in the eegkit R-package (Helwig, 2018) to filter the averaged curves
at the « frequency bands (between 8 and 12.5 Hz). We thus obtain 64 a-filtered frequency
curves for each of the 77 subjects.

Given the low number of observations compared to the 64 functional variables, there is
not enough data to reject the null of edge absence even if a true edge were to be present. We
therefore aim for a coarser analysis by grouping the variables by brain region and then further
according to whether the variable corresponded to the right or left hemispheres of the brain.
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This yields disjoint groups Gj, ..., Gaq comprising 52 variables in total after omitting reference
channels and midline channels that could not easily be classified as being in either hemisphere,
that is, Gy U...UGoq4 = {1,...,52}. We suppose the observed data are i.i.d. copies functional
variables (X1,..., X52), and then test the null hypothesis

Xg, I X, [{Xa, :m e {1,...,24}\ {j,k}}, (2.29)

for each j,k € {1,...,24} with j # k; that is, we test for edge presence in the conditional
independence graph of the grouped variables. Here, the conditional independence graph over
the grouped variables is defined as an undirected graph over Gy, ..., Ga4, in which the edge
between G; and Gy, j # k is missing if and only if (2.29) holds; that is, rejection of the null in
(2.29) for k and j indicates that the conditional independence graph has an edge between Gy,
and Gj.

To construct p-values for the null in (2.29) using the GHCM, we must regress for each
l € Gj and r € G}, each of the functional variables X; and X, on to the set of variables in
the conditioning set. Since the regressions will involve large numbers of functional predictors,
the refund package is not suitable to perform the regressions. Instead, we use the FDboost
package in R, which is well-suited to high-dimensional functional regressions (Brockhaus et al.,
2020). We fit a concurrent functional model (Ramsay and Silverman, 2005, Section 16) of the
form

Xl(t) = Z Bm(t)Xm(t)§

the inclusion of additional functional linear terms did not improve the fit. We assessed the
appropriateness of this regression method to data of the sort studied here through simulations
described in Section 2.10 of the supplement.

Figure 2.6 summarises the results of GHCM applied to test the presence of each edge in the
conditional independence graph. We see that some of the brain regions located close to each
other appear to be connected, as one might expect. Note that the network presented includes
all edges that had a p-value less than 5%. The edge PO-R—O-R has a Bonferroni-corrected
p-value of 0.0027, and is the only edge yielding a corrected p-value less than 5%. Applying the
Benjamini-Hochberg procedure (Benjamini and Hochberg, 1995) to control the false discovery
rate at the 5% level selects this edge and also PO-L—O-L. We may compare these results with
those of Qiao et al. (2019) and Qiao et al. (2020) who study the same dataset but consider the
different problem of estimation of the conditional independence graph rather than testing of
edge presence as we do here. We see that our results are broadly in line with their estimates:
for example, there are edges estimated between the groups represented by PO-R and O-R (the
group pair which yields the lowest p-value) even in some of their sparsest estimated graphs.

2.6 Conclusion

Testing the conditional independence X I Y | Z has been shown to be a hard problem in the
setting where X, Y, Z are all real-valued and Z is absolutely continuous with respect to Lebesgue
measure (Shah and Peters, 2020). This hardness takes a more extreme form in the functional
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Fig. 2.6 Network summarising the output of conditional independence tests for each pair of
groups. Only edges with p-values of less than 5% are shown with thicker lines indicating smaller
p-values.
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setting: even when (X,Y, Z) are jointly Gaussian with non-degenerate covariance and Z and
at most one of X and Y are infinite-dimensional, there is no non-trivial test of conditional
independence. This requires us to (i) understand the form of an ‘effective null hypothesis’
for a given hypothesis test, and (ii) develop tests where these effective nulls are somewhat
interpretable so that domain knowledge can more easily inform the choice of a conditional
independence test to use on any given dataset.

In order to address these two needs, we introduce here a new family of tests for functional
data and develop the necessary uniform convergence results to understand the forms of null
hypotheses that we can have type I error control over. We see that for our proposed GHCM tests,
error control is guaranteed under conditions largely determined by the in-sample prediction
error rate of regressions upon which the test is based. Whilst in-sample and more common
out-of-sample results share similarities in some settings, the lack of a need to extrapolate beyond
the data in the former lead to important differences when regressing on functional data. In
particular, no eigen-spacing conditions or lower bounds on the eigenvalues of the covariance
of the regressor are required for the in-sample error to be controlled when ridge regression is
used. It would be interesting to investigate the in-sample MSPE properties of other regression
methods and understand whether such conditions can be avoided more generally.

One attractive feature of the GHCM is that it only depends on inner products between the
residuals produced by the regression methods. An interesting question is whether different inner
products can be constructed to have power against different sets of alternatives, by emphasising
certain regions of the function domains, for example.

Another direction which may be fruitful to pursue is to adapt the GHCM so that it has
power against alternatives where ECov(X,Y | Z) = 0. It is likely that further conditions will be
required of the regression methods than simply that their in-sample prediction errors are small,
and so some interpretability of the effective null hypotheses, and indeed its size compared to
the full null of conditional independence, will need to be sacrificed. There are however settings
where the severity of type I versus type Il errors may be balanced such that this is an attractive
option.

It would also be interesting to investigate the hardness of conditional independence in
the setting where all of X, Y and Z are infinite-dimensional. For our hardness result here,
at least one of X and Y must be finite-dimensional. It may be the case that requiring two
infinite-dimensional variables to be conditionally independent is such a strong condition that
the null is not prohibitively large compared to the entire space of Gaussian measures, and so
genuine control of the type I error while maintaining power is in fact possible. Such a result, or
indeed a proof that hardness persists, would certainly be of interest.

2.7 Background on the hardness of functional Gaussian inde-
pendence testing
In this section we provide the necessary background and prove the hardness result in Section 2.2.

We use the notation and terminology described in the setup of Section 2.2 with the exception
that P, Py and Q will consist of n i.i.d. copies of jointly Gaussian (X, Y, Z) rather than a single



2.7 Background on the hardness of functional Gaussian independence testing 35

copy. For a bounded linear operator </ on a Hilbert space H, we let &@/* denote the adjoint
of «/. For two orthogonal subspaces A and B of a Hilbert space H, we write A & B for the
orthogonal direct sum of A and B.

In Section 2.7.1 we consider the setup of Section 2.2 in the specific case where all the Hilbert
spaces are finite-dimensional. We show that for any @) € Q, sample size n and € > 0, we can find
a sufficiently large dimension of Hz such that any test of size o over 73(? has power at most a.+¢
against any alternative. In Section 2.7.2 we use this to prove Theorem 2.1. In Section 2.7.3 we
review the theory of regular conditional probabilities and conditional distributions of Hilbertian
random variables and prove several Hilbertian analogues of well-known multivariate Gaussian
results. Sections 2.7.1 and 2.7.2 except Lemma 2.1 contain new material while Section 2.7.3 is
primarily a review of relatively well-known results.

2.7.1 Power of finite-dimensional Gaussian conditional independence test-
ing

Before we consider Gaussian conditional independence testing, we present the following general
result from Kraft (1955). A summary is given in LeCam (1973).

Lemma 2.1. Let P and Q denote two families of probability measures on some measurable
space (X, A) and assume that both families are dominated by a o-finite measure. Consider the
problem of testing the null hypothesis that the given data is from a distribution in P against the
alternative that the distribution is in Q. Let dry denote the total variation distance and P and
é the closed convex hulls of P and Q. Then

inf sup [/¢dP+/(1—zp)dQ] =1- inf _dry(P,Q).

¥:X—[0,1] peP,QeQ PeP,QeQ

An immediate consequence of this is that for any test v that has size a and power function

B:Q—10,1], B(Q) = [ dQ, we have

inf B(Q) <a+ inf dry(P,Q)<a+ inf dru(P,Q).
QReQ PeP,QeQ PeP,QEQ

In most practical situations both P and Q will consist of product measures on a product
space corresponding to a situation where we observe a sample of n i.i.d. observations of some
random variable. The theorem states that a lower bound on the sum of the type I and type II
error probabilities of testing the null that data is from a distribution in P against the alternative
that the distribution is in Q is given by 1 minus the total variation distance between the closed
convex hulls of P and Q. As a consequence we see that the power of a test is upper bounded
by the size plus the total variation distance between the closed convex hull of P and Q.

In the remainder of this section we will consider the testing problem described in Section 2.2
with Hx = R and Hz = R% for dx,dy € N. To produce bounds on the power of a test in
this setting, we will construct an explicit TV-approximation to a family of particularly simple
distributions in Q using a distribution in the convex hull of the null distributions. We will need
the following upper bound on the total variation distance between measures.
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Lemma 2.2. Let P and Q be probability measures where P has density f with respect to Q.
Then

ddry (P, Q)2 /fde—l

Proof. We may assume that the integral of f2 with respect to @ is finite, otherwise the inequality
is trivially valid. Then by Jensen’s inequality, we get

1 1 1
iv(P.@ = L ([1r-11a0) <1 [r-1rag=t [pag -] 0
Using this bound and Lemma 2.1, we can show the following result.

Theorem 2.6. Let Q be a distribution consisting of n i.i.d. copies of jointly Gaussian (X,Y, Z)
on (R,R,Rd) for some d € N, where X and Y are standard Gaussian, Z is mean zero with
identity covariance matriz, Cov(X,Z) = Cov(Y,Z) =0 and Cov(X,Y) = p € (0,1). Consider
the testing problem described in Section 2.2 with Hx = R and Hz = R? and let 1 be the test
function of a size a test over 7782. Writing B for the power of ¢ against Q), we have

ﬁ<a+1 1+ (1+ )”Xd: ()
=47 P2 5314 (3 — ak/d)p)

In particular, for fixed n the upper bound converges to a as d increases.

Proof. Let 7 € {—1,1}¢ and let P, denote the Gaussian distribution consisting of n i.i.d. copies
of jointly Gaussian (X,Y,Z) where X and Y are standard Gaussian, Z is mean zero with
identity covariance matrix, Cov(X,Y) = p and Cov(X, Z) = Cov(Y, Z) = \/ng. For every
7€ {—1,1}4, it is clear that X 1L Y | Z under P, and thus forming

P=— > P

Te{-1,1}¢

we note that P is in the closed convex hull of the set of null distributions. Let I'; and I'g
denote the n(d + 2)-dimensional covariance matrices of the n i.i.d. copies of (X,Y, Z) under P,
and () respectively. These are block-diagonal, and we let X and ¥¢ respectively denote the
matrices in the diagonal, corresponding to the covariance of a single observation of (X,Y, Z)
under P, and @. By standard manipulations of densities, the density of P with respect to @ is
simply the ratio of their respective densities with respect to the Lebesgue measure. We have

1 p ETT
= p 1 d\ ;T

577’ 1,
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and, letting I; denote the d-dimensional identity matrix,
1
7)o
Yo=|\p 1
0 Iy

The determinant of Yg is 1 — p? by Laplace-expanding the first row. Letting J5 denote the
2-dimensional matrix of ones, we have

det(,) = det(I,) det ((; ;’) - pJ2> —(1-p)?

by Schur’s formula. Defining f to be the density of P with respect to (), we see that

1 (1+p)"/2 | P
0 = gai s X ew (-5 -Tgh)
20 (1= p)/? re{-1,1}4 2

since the determinants of I'; and I'g are the determinants of ¥, and g to the nth power.
From this we get that

/fng_HP)n 3 /exp(—v Tt —2PQ))dQ(v)=

(1=p) rre{—1,1}4

1 (1+p)" 1 / ( 1_ -1
exp - Lyrt-T )v) A (de2 (),
22d (1 — p)n \/(27T)n(d+2)(1 — )" 6{221 134 Q (d+2)

where A, (44.2) denotes the n(d + 2)-dimensional Lebesgue measure. Each integral is the integral
of an unnormalised Gaussian density in R™%+2) and thus we can simplify further to get

1 (1+p)" 1 _
f2dQ = — \/det | A T D I
/ P =25 @]
1 n 1
_ 22(1( +P)n — Z det (D! —|—I‘;,1 _ Fél)—l/Q
( p) ( - ) T,T’E{—l,l}d
1 (1+p)" 1 1 ~1 —1\—n/2
= (T i (1 Yoo det(T R - BT,

mr'e{-1,1}4

by again using the block diagonal structure of I'g and the I';’s. Recall that for a symmetric
block matrix

A BT\ (A— BTCc-'B)! —(A-BTc-'B)-'BTC!
B C \-C'B(A-BTCc 'B")"! ¢ '+C'B(A-BTC'B)"'BTC!
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Using this, we see that

0 Iy
and
1 1 [T
2;1 _ 17p12 1-p\/ d ,7_T
2
—flp g (T 7') Iq+ 7(1_Z)dTTT
Further,
A BT
D N (B C>,
where

1 (2041
A=
1—p? p 2p+1
1

B := 1_p\/§(’7’—|—7, T—{-T’)

2p
=1
C=lir il

47 /T).
We may once more use Schur’s formula for the determinant of a block matrix to find that
det(37! + 5" = B5") = det(C) det(A — BTC7'B).

Defining V = (r 7'}, we note that C = I; + 37’)1/‘/T and defining further
(1-p)d

2 1 /
MLt 2 yTy— (d(1+p) 2ﬂ<T,T>>

(1—p)d =) \2p(r,7) d(1+p),
the Weinstein—Aronszajn identity yields that

(d(L+p) +2p(7, T))(d(L + p) = 2p(7, 7))

det(C) = det(M) =

d*(1 - p)?

The Woodbury matrix identity yields that

Cl =L 2 _yMyT

(1—p)d
Hence,
det(A — B'C™'B) = det (A ~-B'B+ (12p)dBTVM‘1VTB> :
—p

Now

[y (1-p)d ( d(1+p) —2p(r, T’>)

(d(1+p) + 2p(7, 7)) (d(1 + p) = 2p(7, 7)) \=2p(7,7")  d(1+p)
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and

1
B'V = 1o, g(d + (1, 7)) Ja,

where Js is the 2-dimensional matrix of ones. Thus,

2p 20%(d + (1,7'))?

_ _ 4p*(d + (1,7'))?
2 B'vMWTB= JoM LT, = ’ J.
(1-p)d (L—pB3d® 27 2T (1—p)2d(d(1+ p) +2p(r, 7)) "7
Since
2p
B'B= T p)2d(d + (1, 7)) 2
we get that

det(A— BTC!B)

— de 4p2(d+ (r,7')) 2 .

- ( ( p)2d(d(1+ p) +2p(r, 7)) (1-— ,O)Qd(d+ (, >)> J2>
2p(d + (1, 7))

(= =ttt 1 72 ™)

= det

p+1 p
det 1 2 !
e( +p)+ p<7’7’>)< 2+ 1

p)*(1+ ) (d(1+ p) + 2p(7,7'))?
et ((d( +p)+2p<7 N+ (1+p)(1 - p)d (1+p)(1—p)d—(d(1+p)+2p<fﬁ’>)>
+

) —2p(d+ (7, 7)) (1 + p)J2>

(I+p)(1 = p)d—(d(1+p)+2p(r, 7)) (d(1+p)+2p(7,7"))p+ (1 + p)(1 - p)d
(1= p)2(1+ p)2(d(1 + p) + 2p(T,7'))?
_ (d(1+p) +2p(r, 7)) (L +p)(p — 1) +2(1 + p)*(1 — p)d
(1= p)?2(1+ p)*(d(1 + p) + 2p(7, 7))
_ d(1+ p) — 2p(7,7")
(1 =p) X+ p)(d(1 + p) + 2p(7, "))

and thus

el e d(1 + p) — 2p(r, 7'))?
det(s! 55— mph = ¢ ’

B 2 =20 ) = R = i+ )
Returning to the squared integral of f? with respect to Q, we get that

1 (1+p™ 1 d"(1—p)*(1+p)"
2 dO =
/f Q 22d (1—p)m (1- P2)n/2 r,r/e{z—:l,l}d |d(1+ p) = 2p(7, )"
1 d"
=—(1+p" :
5241+ P) mle{z_:l’l}d |d(1 + p) — 2p(r, 7/)|"

For 7,7/ € {—1,1}¢, (r,7") = 2k — d where k is the number of indices where 7; = 7/. Thus
instead of summing over 7,7’ € {—1,1}%, we can count the number of (7, 7')-pairs where 7 and
7/ agree in exactly k positions. For each 7, there are (Z) other elements in {—1,1}? agreeing in
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exactly k positions and there are 2¢ different 7’s, hence

_ d" ()2
/f2dQ gall o) Z —|—p ~ 2002k — d)|"
& 24(d+ p(3d — 4k))" £ 24(1 4 p(3 — 4k /d))"”

The result now follows from Proposition 2.2 and Lemma 2.1.
To see this for each n the bound converges to « as d increases, let Wy be a random variable
with a binomial distribution with probability parameter 1/2 and with d trials and note that

- (i)

Z < 2(1 + p(3 — 4k/d))"

=E((1+p(3—4Wa/d))™").

By the Strong Law of Large Numbers (SLLN), W,/d “3 1/2 and thus (14 p(3 —4W,/d))™™ “%
(I+p)~™. Since (1+p(3—4Wy/d))™™ < (1—p)~", we get by the bounded convergence theorem
that

Jim B (14 p(3— 4Wa/d) ") =E (14 p) ") = (14+9) ",

and hence the upper bound on the power converges to a. ]

We can generalise the previous result to the situation where X and Y are of arbitrary finite
dimension.

Theorem 2.7. Let Q be a distribution consisting of n i.i.d. copies of jointly Gaussian (X,Y, Z)
on (RdX,RdY,RdZ) for some dx,dy,dz € N where X, Y and Z are all mean zero with identity
covariance matriz, Cov(X,Z) = Cov(Y,Z) = 0 and Cov(X,Y) = R for some rectangular
diagonal matriz R with diagonal entries p1,...,pr € (0,1), where r = min(dx,dy). Consider
the testing problem described in Section 2.2 with Hx = RI¥X and Hz = R and let ¢ be the
test function of a size a test over 730 . Assume that dz > r and let d = |dz/r|. Letting 5
denote the power of Y against Q, we have

. d (&)
ﬁ§a+2J 1+H ( L+ pi) 2}2d(1+(3—k4k/d)m)”>'

In particular for fized n the upper bound converges to a as dz increases.

Proof. Assume without loss of generality that dx > dy. The proof follows a similar idea to
the proof of Theorem 2.6. In what follows we consider a different ordering of the variables
than the natural one given by (X,Y, 7). We consider r + 1 blocks, where the first r blocks
are (Xi,Yi, Z(i—1)dt1,- - > Zia) for i € {1,...,r} and the final block consists of the remaining
components of X and Z. When we consider n i.i.d. copies, we will again reorder the variables
such that we consider each block separately. As a consequence of doing this, the covariance
matrix of n i.i.d. copies under @, Zp, can be written as a block-diagonal matrix with r
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n(d +2) x n(d + 2) blocks I'g ; and a final identity matrix block. Each of the I'g ;s is again a
block-diagonal matrix consisting of n identical blocks ¥q ; of the form

L pi 0
Yoi=|\pi 1

0 Iq

Let now 7 = ({~1,1}%)" and for each 7 = (71,...,7,) € T let P, denote the Gaussian
distribution consisting of n i.i.d. copies of jointly Gaussian (X,Y,Z) where X, Y and Z are
mean zero with identity covariance, Cov(X,Y) = R and Cov(X, Z) = Cov(Y, Z) = 0 except for

Cov(Xi, (Z(i—1yd+1> - - - » Zid)) = Cov(Yi, (Z(i—1)dg1s - - - Zid)) = 4/ %T;

for i € {1,...,r}. Arranging the random variables as before, the covariance matrix of n i.i.d.
copies under P;, E., is a block-diagonal matrix with r n(d 4+ 2) x n(d + 2) blocks I';; and a
final identity matrix block. Each of the I'; ;s is again a block-diagonal matrix consisting of n
identical blocks ¥, ; of the form

Lpi Pi T
[ Pir.
Yri= <pi 1) e

)

%Ti Id

Clearly X 1 Y |Z under P; for every 7 € T and thus letting
P = L P
=5 2 P
TET

we note that P is in the closed convex hull of the null distributions. Letting f be the density of
P with respect to (), we see that

r n/2
1 1 i 1 . .
flv) = odr (H Rl ) > exp <—2’UT(571 - :Ql)v) ;

izll_pi TET

since this is simply the ratio of their respective densities with respect to the Lebesgue measure.
We can now repeat the argument of the proof of Theorem 2.6 to obtain

1 £ 1+ pi ! e p— T
/f2 dQ = —~ H ( ) Z ( det(Zr "+ 2, —E )) .
22 2\ (1 - pi)\/1—p? ) +reT \/ ¢

The determinant can be written as

T
det(E ' + 25" = E51) = [[ det(Ty} + T4 —Tgh)
i=1
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by the block-diagonal structure of the =’s. In the proof of Theorem 2.6, we derive that

(L + pi) - 2m<n,n’>)2>n
P +p)=pi)* )

det(T} + T, —Tgh) = <
Therefore,

dn

2 _ 1 :
/f dQ—zm (]1:[1 (1+p;) ) > H]d1+p ) — 2pi(Ti, )|

7,7 €T i=1

Since each factor of the second product only depends on the ith component of 7 and 7/, we can
interchange the product and sum and apply the same counting arguments as in Theorem 2.6 to
get that
n
/deQ H<1+pz Z () )
¢ 231+ (3 — 4k/d)p;)"

as desired. We can repeat the same SLLN-based limiting arguments as in Theorem 2.6 to show

that as d increases the integral will converge to 1 and hence the power is bounded by the size
in the limit. O

Having shown that for each n and d, we have an upper bound on the power of a Gaussian
conditional independence test against a simple alternative, we can now show this also holds for
Gaussian conditional independence testing problems against other Q.

Lemma 2.3. Let Q € Q be a distribution consisting of n i.i.d. copies of jointly Gaussian and
injective (X,Y, Z) on (R¥ R R2) with non-singular covariance for some dx,dy,dz € N.
Consider the testing problem described in Section 2.2 with Hx = R and Hyz = R and let
1 be the test function of a size o test over 77[? with power B against Q. Then there exists a
dx X dy-rectangular diagonal matriz R with diagonal entries p1,...,p, € (0,1), a distribution
Q consisting of n i.i.d. copies of jointly Gaussian (X,)N/, Z) where X, Y and Z are all mean
zero with identity covariance matriz, Cov(X,Z) =Cov(Y,Z) =0 and Cov(X,Y) =R and a

test size o test over 7352 with power B against Q.

Proof. Let 1 denote the test function of the test with power 5 against @) and p and X denote
the mean and covariance matrix of (X,Y,Z) under Q. We construct a new test with test
function 1) performed by first applying a transformation f to each sample of the data and then
applying ¢. The transformation f : Réx+dv+dz _, Rdx+dy+dz jg an affine transformation given

by f(v) = Az + pu where
A= (D >
0 B

for a block-diagonal matrix D consisting of a dx x dx matrix Dx and dy X dy matrix Dy, a
(dx + dy) x dz matrix M and a full rank dz x dz matrix B.

Note first that such a transformation preserves conditional independence. Let (X°,Y? Z0)
be jointly Gaussian with X° 1L Y?| Z° joint mean p® and covariance matrix X°. The distri-
bution of (Xo, Yy, Zo) := f(X°,Y?, Z0) is again Gaussian by the finite-dimensional version of
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Proposition 2.6 and has mean Au® + p and covariance

A0 4T — (PE&yDT 4 MEG DT 4+ DXy M + MEGM T DXy z AT + MG BT
BYY xy DT + BIGMT BxY BT ’

where X% = Cov((X°,Y?)), Eg(Y,Z = Z%XY = Cov((X?,Y?), 2% and X% = Cov(Zy). Using
the finite-dimensional version of Proposition 2.7, we get that the conditional distribution of
(Xo, f/o) given Zo is again Gaussian with covariance matrix

DS%y D' + MY xy D' + DSy ;M T + MEGMT
— (DS%y BT + MSY,BT)(BEYB") (BLY xy D' + BGM )

:D(Eg(y - E%Y,ZZ%Z%,XY)DT~

The matrix %% — Eg(y, ZE%E% xy is the conditional covariance matrix of (X, Y?) given Z°
and is block-diagonal since X° 1L Y| Z° by the multivariate analogue of Proposition 2.5. By
the same proposition, since D is block-diagonal, we see that the conditional covariance of
(Xo, f/o) given Zo is block-diagonal and hence X 1L Y, | Zo as desired.

Let now

1/2 T
YlZ—USV

—-1/2
3 X|7 Yxy|z¥
be the singular-value decomposition of the normalised conditional covariance of X and Y given
Z under ). The normalisation ensures that S is a rectangular diagonal matrix with diagonal

entries in the open unit interval. Let

—-1/2
Bi=sY? M= (TX77
Sy.z5y,
Y2 U0
X\|Z
D::( (|) 21/2 V 5 R:S
Y|Z

and (X,Y,Z) = f((X,Y, Z)) where (X,Y, Z) ~ Q. Proposition 2.6 yields that (X,Y,Z) ~ Q
and hence when applying v, we have power 8 by assumption. Since A also transforms a null
distribution with identity covariance into a null distribution with where Z has mean uyz and
covariance Xz, we have the desired result. ]

2.7.2 Hardness of infinite-dimensional Hilbertian Gaussian conditional in-
dependence testing

In this section we consider the testing problem described in Section 2.2 with Hx and Hz infinite-
dimensional and separable. We will show that the testing problem against @) is hard for any
Q € Q. In particular, this includes the typical functional data setting where Hz = L?([0,1], R).
It follows that the Gaussian conditional independence problem is hard in the same settings
when the null distributions are not restricted to match the marginals of Q.
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Preliminary results

In this section, we consider finite-dimensional H x and infinite-dimensional H ;. We will need a
lemma using the theory of conditional Hilbertian Gaussian distributions from Section 2.7.3.

Lemma 2.4. Let (X,Y, Z) be jointly Gaussian on R4 xRY xH and assume that the covariance
operator of Z is injective. Then there exists a basis (ex)ren of H such that

(X,Y) AL Zgyaysts- | 20y Zays Zasts - s Zagsdy

where Zy, := (Z, ey).

Proof. Note that R x R% x H is itself a Hilbert space and decompose it as (R4 x R )@ H 5.
Let €7 := Cov(Z), 6(x,y) = Cov((X,Y)) (the covariance of the joint vector (X,Y)) and
C(x,v),z = Cov((X,Y), Z). We can apply Proposition 2.7 to see that (X,Y’) conditional on
Z is Gaussian with mean €y y, ZCK}Z and covariance operator ¢(x y) — ¢(xy), ch}%(*X’Y% 7
The operator &7 := Cg(X,Y)Zng maps from H to R4 x R% and thus is at most a rank dx + dy
operator. By Hsing and Eubank (2015, Theorem 3.3.7 7.) this implies that the rank of &/* is
also at most dx + dy. Furthermore, Hsing and Eubank (2015, Theorem 3.3.7 6.) yields that
H = Ker(«/)®Im(&/*). Using this decomposition we can write Z = (Zker(sr), Zim(w+)) and note
that by construction & Z = &/ Z,,(.+) thus the conditional distribution of (X,Y’) given Z only
depends on Zyy,(+). In total, we have shown by Proposition 2.4 that (X,Y) 1L Zker () | Zim(ar+)-
Letting r denote the rank of &7*, if we start with a basis for Im(«/*) and append vectors to
form a basis for H using the Gram—Schmidt procedure, we get a basis where

(X, Y) UL Zpq,... | Z4,... 2.
Since r < dx + dy, the weak union property of conditional independence yields

(X,Y) L Zyyvday+1,--- | 21y Zay, Zay+1s - - > Zdy +dx »
as desired. ]

Using this lemma and Lemma 2.3 and Theorem 2.7 from the previous section, we can prove
the hardness result for finite-dimensional Hx and Hy.

Theorem 2.8. Let Q@ € Q be a distribution consisting of n i.i.d. copies of jointly Gaussian
and injective (X,Y,Z) on (R RY Hyz) for dx,dy € N and any infinite-dimensional and
separable Hy. Consider the testing problem described in Section 2.2 with Hx = R and Hy
as above and let 1 be the test function of a size o test over 73[?. Then ¥ has power at most a
against Q).

Proof. Assume for contradiction that v is a test of size a over POQ with power « + ¢ for some
e > 0 against Q. Let (X,Y, Z) be distributed as one of the n i.i.d. copies constituting Q. By
Lemma 2.4, we can express Z in a basis (ex)ken such that defining Z; = (Z, ey), we have

(X,Y) L Zaysaysts - | 215y Zas Zasosts - - s Ly -
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By the weak union property of conditional independence, this implies that
(X,Y) L Zgya,... | 21y, Zyg

for any d > dx + dy .

Choose now an arbitrary d > dx + dy and let Q denote the distribution of n i.i.d. copies
of (X,Y,Z1,...,Z;) under Q. Consider the testing problem described in Section 2.2 with
Hx = R and Hz; = R%. We can construct a test in this setting by defining new observations
(X,Y,Z ) with values in (R, R% %) and applying 1. We form the new observations by
setting X := X, Y := Y and Z : = (Zy,... Zd’Zd+1vzd+27"'>’ where Z3,,,Z3,,,... are
sampled from the conditional distribution Zii1, Zgt2, . .. | Z1 = Z1,...Zq = Zg. If the original
sample is from a distribution in POQ then the modified sample will be from a null distribution
in 7789 , thus the test has size o over 7382. Similarly, if (X,Y, Z) ~ @, the modified sample will
have distribution @ and hence the test has power « + ¢ against Q.

By Lemma 2.3 this implies the existence of a dx x dy block-diagonal matrix R with
diagonal entries in the open unit interval, a Gaussian distribution @’ on (R%,R% ,R%) where if
(XY, Z")~@Q', X', Y and Z' are mean zero with identity covariance matrix, Cov(X’, Z') =
Cov(Y',Z") = 0 and Cov(X’,Y’) = R, and a test with size o over Pg')/ with power a + ¢ against
Q'. Since d was arbitrary, this contradicts Theorem 2.7. O

Proofs of Theorem 2.1 and Proposition 2.1

In this section we prove Theorem 2.1 and Proposition 2.1. We do this by extending the results
from the previous section to the situation where at most one of X and Y are infinite-dimensional.

Lemma 2.5. Let (X,Y,Z) be jointly Gaussian on R x Hy x Hz and assume that the
covariance operator of (Y, Z) is injective. Then there exists a basis (ex)ren of Hy such that

XU Yy, | Vi, Yy Z

where Yy, := (Y, eg).

Proof. Note that R9X x Hy x H is again a Hilbert space and decompose it as R @ (Hy x Hz).
Let 6(y,z) := Cov((Y,Z)) (the covariance of the joint vector (Y, Z)), ¢x := Cov(X) and
Cx,(v,z) = Cov(X, (Y, Z)). We can apply Proposition 2.7 to see that X conditional on (Y, Z) is
Gaussian with mean €x (v, Z)%(TY’ Z)(Y, Z) and covariance operator €x — Cx (v, Z)CK(Y Z)‘KX (v,2)"
The operator & = €x v, Z)‘K(TY’ 7) maps from Hy x Hz to R and thus is at most a rank dx
operator. By Hsing and Eubank (2015, Theorem 3.3.7 7.) this implies that the rank of </*
is also at most dx. Furthermore, Hsing and Eubank (2015, Theorem 3.3.7 6.) yields that
Hy x Hz = Ker(«/) & Im(7™).

Using this decomposition we can write (Y,Z) = ((Y, Z)ker(wr)> (Y5 Z)tm(r+)) and note
that by construction <7 (Y, Z) = &/ (Y, Z)(sr+) thus the conditional distribution of X given
(Y, Z) only depends on (Y, Z)y(u+). In total, we have shown by Proposition 2.4 that
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X 1L (Y, Z)ker(ar) | (Yy Z)1m(er+) Which implies by the weak union property of conditional inde-
pendence that X 1| Yier(w) | Yim(ar+), Z-

Any basis of Im(.7*) will consist of at most dx elements. Forming the span of the Hy-
components of the basis vectors will yield a subspace of Hy that contains the projection onto
Hy of Im(«7*). Thus, letting r denote the rank of &7, we can append vectors and form a basis
for Hy using the Gram—Schmidt procedure to get a basis where

XLYq,... | ,...,Y,, Z.
Since r < dx, the weak union property of conditional independence yields
X LYy qq,... 1, Y, Z

as desired. ]
We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. Assume without loss of generality that Hx is finite-dimensional and
thus Hx is isomorphic to a real vector space, and we will instead denote Hx = R where dx
is the dimension of Hx.

Assume for contradiction that ¢ is a test of size «, with power a + € for some € > 0 against
Q. Let (X,Y, Z) be distributed as one of the n i.i.d. copies constituting Q). By Lemma 2.5 we
can express Y in a basis (eg)ren such that defining Y;, = (Y, ex), we have

X LYy t1,... 1 Y1,...,Ya, Z
By the weak union property of conditional independence, this implies that
X L Yyeq,..o | V0,0, Yy, Z

for any d > dx.

Choose now an arbitrary d > dx + dy and let Q denote the distribution of n i.i.d. copies
of (X,Y1,...,Y;,Z) under ). Consider the testing problem described in Section 2.2 with
Hx = R and Hy as above. We can construct a test in this setting by defining new observations
(X Y, Z ) with values in (R%,Hy,Hz) and applying v». We form the new observations by
setting X := X, Z := Z and YV = (}71, .. 75~/d7Yd°+1,Yd°+2, ...), where Y7 |, Y7 ,,... are
sampled from the conditional distribution Yyi1, Yayo,. .. |Yi=Y1,...,.Yy =Yy, Z = Z. If the
original sample is from a distribution in POQ ; then the modified sample will be from a null
distribution in 77(? , thus the test has size a over 73(? . Similarly, if (X Y., Z ) ~ Q, the modified
sample will have distribution ) and hence the test has power « + € against the distribution of
(X,Y1,...,Yy, Z). But this contradicts Theorem 2.8. O

A similar strategy can be employed to prove Proposition 2.1.
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Proof of Proposition 2.1. We can repeat the arguments of Theorem 2.8 and Theorem 2.1
without using Lemma 2.4 and Lemma 2.5 since we can use the basis (ej)ren instead. O

2.7.3 Auxiliary results about conditional distributions on Hilbert spaces

Let us first recall how to formally define a conditional distribution. We follow Dudley (2002,
Chapter 10.2) and Rgnn-Nielsen and Hansen (2014).

Definition 2.1. Let (2, F,P) be a probability space, let D be a sub-o-algebra of F and let Pp
denote the restriction of P to D. Let X be a random variable defined on (2, F,P) mapping
into a measurable space (X, A). We say that a function Px|p : A x Q — [0,1] is a conditional
distribution for X given D if the following two conditions hold.

(i) For each A€ A, Px|p(A,-) =E(lyxea)y|D) =P(X € A|D) Pp-as.
(ii) For Pp almost every w € Q, Px|p(-,w) is a probability measure on (X, A).

We are mainly interested in conditioning on the value of some random variable which leads
to the following definition.

Definition 2.2. Consider random variables X and'Y defined on the probability space (Q, F,P)
with values in the measurable spaces (X, A) and (¥, G), respectively. We say that a function

Py x : G x X —[0,1] is a conditional distribution for Y given X if the following conditions
hold.

(i) For each v € X, Py | x(-,x) is a probability measure on (,G).

(i) For each G € G, Py |x(G,-) is A-B measurable, where B denotes the Borel o-algebra on
R.

(iii) For each A € A

IP’(XEA,YGG):/

Py x (G X(@)) dB(w) = [ Py(x(G.2) dX(P)(a)
(X€EA) A

where X (P) is the push-forward measure of X under P, i.e. the measure on (X, A) such
that X (P)(A) =P(X € A) for A e A.

Informally, we write Y | X for the conditional distribution of Y given X and Y | X = x for the
measure Py | x (-, x). If a function Q : G x X — [0,1] only satisfies the first two conditions, we
say that Q is a (X, A)-Markov kernel on (Y, G).

The connection between the previous two definitions can be seen by viewing X and Y as
random variables on the probability space (X x Y, A®G, (X,Y)(PP)) where (X,Y)(P) is the joint
push-forward measure of X and Y under P. If we then let D be the smallest o-algebra making
the projection onto the X-space measurable, we see by letting Py |p(G, (z,y)) = Py | x(G, x)
that Py x also satisfies the conditions of the first definition. For more on this perspective,
see Dudley (2002, Theorem 10.2.1). It is non-trivial to show the existence of conditional
distributions, however, we do have the following result from Dudley (2002, Theorem 10.2.2).
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Lemma 2.6. Consider random variables X andY defined on the probability space (2, F,P)
with values in the measurable spaces (X, A) and (¥, G) respectively. If X and Y are Polish
spaces and A and G are their respective Borel o-algebras then the conditional distribution for'Y
given X exists.

We will consider real-valued and Hilbertian random variables in the following, thus we are
free to assume the existence of conditional distributions wherever needed. Before we delve
into the main preliminary results about Hilbertian conditional distributions, we present some
fundamental results from the theory of regular conditional distributions. For measurable spaces
(X, A) and (Y, G), we let iy : Y — X x Y denote the inclusion map, i.e. i5(y) = (z,y). This is
a G — A ® G measurable mapping for each fixed x. The following four results are included for
completeness and can be found in Rgnn-Nielsen and Hansen (2014, Lemma 1.1.4, Theorem 1.2.1,
Theorem 2.1.1 & Theorem 3.5.5). Unless otherwise specified, for these results X, Y and Z are
random variables on measurable spaces (X,.A), (V,G) and (Z, K) respectively.

Lemma 2.7. Let Q be a (X, A)-Markov kernel on (),G) and let B denote the Borel o-algebra
on R. For each C € ARG the map

z = Qi1 (C),x)
is A-B measurable.

Proof. Let
D={Cc A2 G|z Q(i;*(C),z) is A-B measurable}

and consider a product set A x G € A® G. Clearly,

ifzd A
ilaxg = Ted
B ifzeA

and therefore
0 ifed A B

QC.a) itrea PG

Qiz (A x G),2) = {
This is a product of two A-B measurable functions and is thus also A-B measurable. This
shows that D contains all product sets and since the product sets are an intersection-stable
generator of A ® G, we are done if we can show that D is a Dynkin class by Schilling (2017,
Theorem 5.5).
We have already shown that product sets are in D which includes X x Y. If C1,Cy € D
where C; C Cy then clearly also i, }(Cy) C i1 (Cs) and further i1 (Ce\ C1) = iz 1 (Ca) \ iz 1 (Ch).
This implies that

Qi ' (C2 \ C1), ) = Q(i, ' (Ca), x) — Q(iz ' (C1), x)

which is the difference of two A-B measurable functions and is thus also .A-B measurable. Hence,
Cy \ C1 € D. Finally, assume that Cy C Cy C --- is an increasing sequence of D-sets. Similarly



2.7 Background on the hardness of functional Gaussian independence testing 49

to above we have i;1(C1) C iz 1(Cs) C --- and

it (Gl Cn> _ izt (Ch).

n=1 n=1

The limit is A-B measurable since each of the functions z — Q(iz!(Cy),r) are measurable.

Then

Hence, D is a Dynkin class, and we have the desired result. O

Proposition 2.2. Let p be a probability measure on (X, A) and let Q be a (X, A)-Markov
kernel on (V,G). There exists a uniquely determined probability measure A on (X x Y, A® G)
satisfying

ANA % 6) = [ Q(G2).dutx)

forall Ae A and G € G. Furthermore, for C € ARG

- [ @ (©),0).du(w)

Proof. Uniqueness follows from Schilling (2017, Theorem 5.7) since A is determined on the
product sets which form an intersection-stable generator of A ® G.

For existence, we show that A as defined for general C € A® G is a measure. The integrand
is measurable by Lemma 2.7 and since () is non-negative, the integral is well-defined with values
in [0, 00]. Let C1,Cs ... be a sequence of disjoint sets in A ® G. Then for each z € X the sets
i, 1(C1),i; 1 (Cy),... are disjoint as well. Hence,

A <n©10n> _ /Q (z’;l <n©1 Cn> ) /ZQ (2" (Cn),2) dp(x)
_ f; [@(i'(Ca). ) duta) = ; A(C

where the second equality uses that Q(+, z) is a measure and the third uses monotone convergence
to interchange integration and summation. Since also

A& ) = [ QX x ),2) dp(@) = [ Qo) dple) = [ 1du(z) =
A is a probability measure, and it follows that
MAX Q) = /Q (i7Y(A x @), 2) du(e /QG:cdu()

for all A € A and G € G as desired. O



50 Conditional independence testing in Hilbert spaces with applications to FDA

Proposition 2.3. Assume that Py | x is the conditional distribution of Y given X. Let (Z,K) be
another measurable space and let ¢ : X x Y — Z be a measurable mapping. Define Z = ¢(X,Y).
Then the conditional distribution of Z given X exists and for K € K and x € X is given by

Pz x(K,z) = PY\X((Cf)Oix)_l(K)afE)-

Proof. Clearly Py x(-,x) is a probability measure for every z € X and Lemma 2.7 yields that
Pz x(K,-) is A-B measurable for every K € K. It remains to show that Py x satisfies the
third condition required to be the conditional distribution of Z given X. For A € A and K € K
we get that

P(X €A ZcK)=P(X,Y)e (AxY)Nno (K))

and hence by Proposition 2.2, we get that
P(X € A,Z€K)= /3¢¥ (A x ¥) N ¢~ 1K), x) dX (P)(2).

Since

(A D) N7 () = {@ e

iYW UK)) ifzeA

xT

we get
PX € A Z€K)= [ Prix(iy (67 () 2) AX®)(a) = [ P x(K,2) dX(B)(a),

proving the desired result. O

Proposition 2.4. Suppose that conditional distribution Py |(x 7y of Y given (X,Z) has the
structure

PY|(X,Z)(G7 (:C, Z)) = Q(G7 Z)

for some Q : G X Z where for every z € Z, Q(-, z) is a probability measure. Then Q is a Markov
kernel, @Q is the conditional distribution of Y given Z and X 1L Y| Z.

Proof. That @) is a Markov kernel follows immediately from the fact that Py |(x z) is a Markov
kernel. To see that @) is the conditional distribution of Y given Z, note that defining 7 :
X X Z — Z to be the projection onto Z, we get

P(Z€ K, Y €G)=P((X,2) € 1, (K),Y € G)

= [ s P10 G 0,2 X, 2) (P 2)

— Q(G.mz(2, ) dX, 2)(P)(a,2) = [ Q(G.2)dZ(P)(2)

7, (K)

by viewing Z(P) as the image measure of (X, Z)(P) under 7z and applying Schilling (2017,
Theorem 14.1). For every G € G, Q(G, Z) is a version of the conditional probability P(Y €
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G|Z) =E(l(yeq)| Z) since Q(G, Z) is clearly measurable with respect to o(Z) and

/ liyeo)dP =P(Z € K.Y € G) = / Q(G, Z)dP.

(ZeK) (ZeK)

The same argument applies to show that Py |(x 2)(G, (X, Z)) is a version of P(Y € G| X, Z).
Hence, for every G € G

and thus X 1L Y |Z as desired. O

With these results we are ready to start considering Hilbertian conditional distributions.

Remark 2.1. In the following we will repeatedly consider orthogonal decompositions of Hilbert
spaces. We write H = H1 ® Hs if every h € H can be written as h = hy + ho where hy € Hy
and hy € Ho and H1 L Ho. If an operator &7 is defined on H, the decomposition induces
four operators: @11 and <y, the Hi and Ho components of the restriction of </ to Hy and
similarly oo and ohs, the Hyi and Ho components of the restriction of </ to Ho. We can write
A as the sum of these four operators. If X is a random variable on H and H1 and Ho are as
above, we can similarly decompose X into (X1, X2) where X1 € Hy and Xo € Ho. If € is the
covariance operator of X, we can decompose it as mentioned above and, in particular, we have
%11 = Cov(X1), Ga2 = Cov(Xa) and €12 = €5, = Cov(X1, X2), where €5, denotes the adjoint
of €21. This is analogous to the usual block matriz decomposition of the covariance matrix of
multivariate random variables.

We will need two results that are fundamental in the theory of the multivariate Gaussian
distribution.

Proposition 2.5. Let X be Gaussian on H and assume that H = Hi @ Ho. Define (X, X2)
to be the corresponding decomposition of X. Then X1 1L Xo if and only if Cov(X1, X2) = 0.

Proof. We show that Cov(X7, X2) = 0 implies independence since the other direction is trivial.
We will use the approach of characteristic functionals as described in detail in Vakhania
et al. (1987, Chapter IV). The characteristic functional of a random variable (technically, the
distribution of the random variable) is the mapping defined on H where h — E[exp(i(X, h))].
Vakhania et al. (1987, Theorem IV.2.4) state that for Gaussian X with mean p and covariance
operator % the characteristic functional is

ox(0) = exp (it ) — 3 (€, 1)).

Vakhania et al. (1987, Chapter IV, Proposition 2.2 + Corollary) state that X; and X5 are
independent if the characteristic functional of X factorises into the product of their respective
characteristic functionals. By the assumption that %12 = Cov(X;, X2) = 0, we can write
the covariance as € = €, + %> where %; is the covariance of X;. The result then follows by
factorising the characteristic functional appropriately. O
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Proposition 2.6. Let X be Gaussian on Hi with mean p and covariance operator € and let
& be a bounded linear operator from Hy to Ho and z € Ha. Then Y = o X + z is Gaussian
on Hao with mean o7 u + z and covariance operator o/ € </ where o/ * is the adjoint of < .

Proof. Throughout, we let (-,-); and (-, -)2 denote the inner products of H; and Hs respectively.
By definition, for every hy € Hi, (X, h1) is Gaussian on R. For every ho € Ha we have

(Y, ha)o = (X, ha)a + (2, ha)a = (X, & ha)1 + (2, ha)2

thus Y is also Gaussian. Using the interchangeability of the Bochner integral and linear
operators (see Hsing and Eubank (2015, Theorem 3.1.7)), we get the mean of Y immediately.
By noting that for any h, k € H1, we have

(Zh)@ k= (dh,)ok = (h, " )1k=(h®k)",
the covariance result then follows by the same argument as for the mean. O

With these results we can now show that conditioning on an injective part of a Gaussian
distribution on a Hilbert space yields another Gaussian distribution with mean and covariance
given by the Hilbertian analogue of the well-known Gaussian conditioning formula.

Proposition 2.7. Let X be mean zero Gaussian on H with covariance operator € and assume
that H = Hy @ Ha. Let (X1, X2) denote the corresponding decomposition of X. As discussed
in Remark 2.1, we then set €11 := Cov(X1), €22 := Cov(X2) and €12 = €5y := Cov(X1, X2),
where €5, denotes the adjoint of €21. If €22 is injective, i.e.

Ker(%gg) = {h € Ho ‘ Cfgzh = O} = {0}
then the conditional distribution of X1 given Xs is Gaussian on Hi with
E(X1 | Xa) = €12%), X2

and
Cov(X) | Xa) = G11 — €1263,G01,

where %21‘2 is the generalised inverse (or Moore—Penrose inverse) of €.

Proof. Define Z := X1 — (512(521.2)(2. Note that since (Z, X2) is a bounded linear transformation
of (X1, X3), (Z, X3) must be jointly Gaussian by Proposition 2.6. By Proposition 2.5, Z and
X are independent if Cov(Z, X2) = 0. We calculate the covariance and get

COV(Z7 XQ) = C512 — %12%52%22 =0

by Hsing and Eubank (2015, Theorem 3.5.8 (3.18)) since Ker(%22) = 0. This implies that the
conditional distribution of Z given X5 is simply the distribution of Z. We can find the complete
distribution of Z by calculating the mean and covariance of Z, since Z is Gaussian. We get by
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Proposition 2.6,
E(Z) = E(X)) — €12C),E(Xs) =0

and
COV(Z) = %11 - %12%52%21.

By Proposition 2.3, since we can write X1 = Z + %12%21-2)(2, the conditional distribution of X3
given Xs is as desired. O

2.8 Uniform convergence of random variables

In this section we develop some background theory that will be useful when considering
simultaneous convergence of sequences with varying distributions. In particular, we are
interested the convergence of a sequence of random variables (X,,),en defined on a measurable
space (€2, F) with a family of probability measures (Pg)gco. For each 6 € © the distribution
of (X )nen will change as the background measure Py changes. We are also interested in the
convergence of #-dependent functions of X,, such as the conditional expectation with respect to
Py of X,, given a sub-c-algebra D of F. To allow for such considerations, the definitions given
here will be more general than in Section 2.4 and will allow for a family of random variables
(Xn,0)nenpco to converge to a family of random variables (Xp)gpco.

The material in this section extends the work of Kasy (2019) and Bengs and Holzmann
(2019) to Hilbertian and Banachian random variables and also adds further characterisations of
their central assumptions for families of real-valued random variables.

Unless stated otherwise, we consider the following setup for the remainder of this section.
Let (2, F) be a measurable space, (Py)gco a family of probability measure on (2, F) where ©
is any set and (B,B(B)) a separable Banach space with its Borel o-algebra. Let (X, g)nenoco
and (Xp)pco be families of random variables defined on (2, F) with values in B. All additional
random variables are also defined on (€2, F). We write Egy for the expectation with respect to
Py.

Definition 2.3 (Uniform convergence of random variables). (i) We say that X, g converges
D
uniformly in distribution over © to Xy and write X, 9 = Xy if
(C]

lim sup d%;, (X9, Xo) = 0,

where

A% (X0, Xp) == sup |Ep(f(Xno)) — Eo(f(Xe))l,
feBLy

and BLy denotes the set of all functions f : B — [—1,1] that are Lipschitz with constant

D
at most 1. When © is clear from the context, we simply write X, 9 = Xg and say that
Xn,o converges uniformly in distribution to Xg. When considering collections of random
variables that do not depend on 0 except through the measure on the domain of the random

D
variables, we simply write X,, = X.
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(i) We say that X,, g converges uniformly in probability over © to Xy and write

P
Xno = Xg if, for any e > 0,
©

lim sup Py([| Xno — Xol > ¢) = 0.
o

P
We write X, g = Xg and simply say that X, g9 converges uniformly in probability to Xy
when © s clear from the context. When considering collections of random variables that
do not depend on 0 except through the measure on the domain of the random variables,

P
we simply write X,, = X.

Using a slight abuse of notation, we write X, g % 0 and X, 2; 0 to mean that X, ¢
converges uniformly to the family of random variables Xy that is equal to 0 for all w € Q and
any 0 € ©. Note that if (Pg)pco contains a single element, we recover the standard definitions
of convergence in distribution and probability. We have the following helpful characterisations

of the two modes of uniform convergence.
D
Proposition 2.8. (i) X, 9 = Xy if and only if for any sequence (0,)nen C ©

lim d% (X,.0,,Xp,) = 0.

n—oo

P
(it) Xn 9 = Xg if and only if for any sequence (0p)neny C © and any € >0
lim Py, (| Xns, — Xo, | > ¢) = 0.
n—o0

Proof. The proof given in Kasy (2019, Lemma 1) also works in the Banachian case. O

In the remainder of this section we derive various properties of uniform convergence in
probability and distribution that are analogous to the well-known properties of non-uniform
convergence. In particular, we first consider a uniform version of the continuous mapping

theorem which relies on stronger versions of continuity.

Proposition 2.9. Let ¢ : B — B where B is another separable Banach space.
D D
(1) If Xn 9 = Xo and 1 is Lipschitz-continuous then (X, 9) = ¥(Xp).

P P
(it) If Xp9 = Xg and ¢ is uniformly continuous then (X, ) = ¥(Xp).
Proof. The proof in Kasy (2019, Theorem 1) also works in the Banachian case. O

In what follows we will investigate different alternative assumptions such that continuity of v
suffices. One such assumption is tightness of the family of pushforward measures (Xy(Py))oco-

Definition 2.4. Let (ug)oco be a family of probability measures on B.
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(i) (ug)oco is said to be tight if for any e > 0, there exists a compact set K such that
supgco to(K¢) < e. (Xg)oco is said to be uniformly tight with respect to © if the family
of pushforward measures (Xg(Pg))oco is tight. If © is clear from the context we simply
say that (Xg)eco is uniformly tight.

(it) (Xno)nenoco is said to be sequentially tight with respect to © if for any sequence
(On)nen C © the sequence of pushforward measures (X, g, (Po,))nen is tight. If © is clear
from the context we simply say that (X, 9)nenoco s sequentially tight.

(iii) (pg)oco is said to be relatively compact if for any sequence (0p,)nen there exists a sub-
sequence (ek(n))nEN; where k : N — N s strictly increasing, such that 0y, COTVETGES
weakly to some measure i, which is not necessarily in the family (pg)oco-

Prokhorov’s theorem states that tightness implies relative compactness and that they are
equivalent on separable and complete metric spaces; in this work, we therefore use the terms
interchangeably since we only consider separable Banach and Hilbert spaces. With a uniform
tightness assumption, we can perform continuous operations and preserve uniform convergence
in probability just as in the non-uniform setting.

Proposition 2.10. Let (X, 9)nenpco and (Xg)oco be random variables taking values in B.

P -
Assume that X, g = Xg and Xy is uniformly tight. Then, for any continuous function ) : B — B,
where B is another separable Banach space, we have

(Xng) = ¥(Xp).

Proof. Let € > 0 be given. We need to show that

sup Py ([|1/(Xn,9) — ¢(Xo)|| =2 €) = 0
0cO

As Xy is uniformly tight, for n > 0 there exists a compact set K such that

supPp(Xp & Kx) <1/2.

0cO
By the Heine—Cantor theorem, v is uniformly continuous on Kx, so there exists § > 0 such
that ||z — 2'|] < § implies that |[¢(z) — ¢ (2')| < e. We thus have

sup Py ([|1(Xn,0) — (Xo)|| = €) < supPp(Xg & K) + sup Py([| Xn g — Xo| = 9).
0cO 0O 0O

By assumption, we can choose N sufficiently large such that for all n > IV, the final term is less

than 7/2, resulting in the whole expression being less than 7. As n was arbitrary, this proves

the result. O

Bengs and Holzmann (2019) make repeated use of an alternative assumption for many of
their results for real-valued random variables.
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Definition 2.5. A family of probability measures (ug)opco s uniformly absolutely continuous
with respect to the measure p if for any € > 0, there exists 6 > 0 such that for any Borel set B

u(B) < 6 = sup ug(B) < e.
e
A family of random variables (Xg)pco is uniformly absolutely continuous over © with respect
to the measure u if the family of pushforward measures (Xg(Pp))gco is uniformly absolutely
continuous with respect to p. When © is clear from the context we simply say that Xy is

uniformly absolutely continuous with respect to p.

Uniform absolute continuity has previously been studied in other works such as the ones by
Bogachev (2018, Section 5.6) and Doob (1994, Chapter IX, Section 4). An intuitive view of
uniform absolute continuity can be given when  is a finite measure. In this case, we can define
a pseudometric d, on the Borel sets with d, (A, B) = u(AAB), where AAB is the symmetric
difference. Uniform absolute continuity is then uniform d,-continuity over € of the collection of
push-forward measures (Xy(Pyg))pco viewed as mappings from the Borel sets into R.

Another helpful perspective is in the case where for each 6, Xy has a density fy with respect
to a common measure y. The following proposition shows that Xy is uniformly absolutely
continuous with respect to p if and only if for each 6, Xy has a density fy with respect to p and
the family of densities is uniformly integrable. A convenient sufficient condition for uniform
integrability is the existence of r > 0 such that supgeg [ f; 7" dp < oc.

Proposition 2.11. If (Xp)gco is uniformly absolutely continuous with respect to u, then for
each 0 Xy has a density fy with respect to p and the family (fp)oco is uniformly integrable with
respect to p. Conversely, if for each 0 Xg has a density fg with respect to p and the family
(fo)oco is uniformly integrable then (Xg)gco is uniformly absolutely continuous with respect to

I

Proof. For the first statement, note that by the Radon-Nikodym theorem, we need to show
that for each 6, p(B) = 0 implies that Py(Xy € B) = 0 for every Borel measurable B. This
is immediate from the assumption of uniform absolute continuity (by negation) and so is the
uniform integrability of the family (fp)gco. The second statement follows immediately from
the definitions of uniform integrability and uniform absolute continuity. O

In Bengs and Holzmann (2019) uniform absolute continuity is assumed with respect to
a probability measure. For uniformly tight Banachian random variables that are uniformly
absolutely continuous with respect to a o-finite measure u, we can show that the family is
also uniformly absolutely continuous with respect to any o-finite measure v such that p has a
continuous density with respect to v.

Proposition 2.12. Assume that (Xg)oco is uniformly absolutely continuous with respect to
some o-finite measure . If v is another o-finite measure dominating p and there exists a
continuous Radon-Nikodym derivative of p with respect to v, then X is uniformly absolutely

continuous with respect to v.
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Proof. Let € > 0 be given. Because (Xg)pco is uniformly tight, we can choose a compact set
K, such that

SupPg(Xg € K) < 8/2.
0O

Then note that for any Borel measurable set B

supPyp(Xp € B) < /2 +supPy(Xy € BN K).
0cO 0co

We thus need to find § so that v(B N K) < § implies supycg Po(Xg € BN K) < ¢/2. Letting g
denote the continuous Radon-Nikodym derivative of p with respect to v, we see that

,u(BﬂK):/ gdv < <Supg(az)> v(BNK).
BNK reK

The supremum is finite by the extreme value theorem for continuous functions since K is
compact. If sup,cx g(z) > 0 choose ¢ from the uniform absolute continuity of X with respect
to pu matching /2 and set 6 = §'/(sup,ecx g(x)). Then for all B with v(B) < ¢, we have

n(BNK)

0>v(B)>v(BNK)>
(B) 2 v( ) SUpgex 9()

= u(BNK) <
and thus

SupPg(Xg € BﬂK) < 6/2
fco

proving the result. If sup,cx g(z) = 0 any § works since p(B N K) = 0 implies
SUPgco ]P)(XQ € Bn K) =0. O

A consequence of the above result is that uniform absolute continuity with respect to the
Lebesgue measure implies uniform absolute continuity with respect to the standard Gaussian
measure. This lets us immediately apply many of the results of Bengs and Holzmann (2019)
such as Theorem 4.1, when we consider a uniformly tight real-valued random variable that is
uniformly absolutely continuous with respect to the Lebesgue measure.

Corollary 2.1. A real-valued family of random variables (Xg)peco is uniformly absolutely
continuous with respect to the Lebesgue measure if and only if it is uniformly absolutely
continuous with respect to the standard Gaussian measure.

Proof. The statement follows immediately by the equivalence of the standard Gaussian measure
and the Lebesgue measure, by the continuity of the Gaussian density and its reciprocal, and
Proposition 2.12. O

We will consider sums of real-valued random variables and thus need to consider when such
sums are uniformly absolutely continuous with respect to a measure. It turns out that when the
random variables are independent and one of the families is uniformly absolutely continuous
with respect to the Lebesgue measure, the same is true for the family of sums.
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Theorem 2.9. Let (Xp)gco and (Yy)gco be two real-valued random variables such that for
any 0 € © Xy and Yy are independent under Py. Assume that (Xg)gco is uniformly absolutely
continuous with respect to the Lebesque measure. Then (Xg + Yg)oco is uniformly absolutely
continuous with respect to the Lebesgue measure.

Proof. Let € > 0 be given and let A denote the Lebesgue measure. We need to find § > 0 such
that for any Borel measurable B with A\(B) < d, we have supycg Po(Xg + Yy € B) < e. We can
use the independence of Xy and Yy to write the probability as a double-integral with respect to
the pushforward measures Xy(Py) and Yy(Py) as follows:

Po(Xo+Yo € B) = [ 1p(Xo(w) + Yalw)) dPalw) = [ [ Lp(w+y) dXo(Pa)(x) AYs(Pa)(p).
Note that 1p(x +y) = 1p_y(x) where B —y :={b—y : b € B} and that, by the translation

invariance of the Lebesgue measure, \(B) = A\(B —y). As Xy is uniformly absolutely continuous
with respect to A, there exists § such that if A(B) < § we have

Sup]P)g(Xg + Yy € B) < Sup/ <Sup/ ]lB,y(x) ng(]P’g)(x)) dYb(Pg)(y)

0co 0cO 0cO
< sup/adYg(]P’g)(y) <e. O]
0co

Thus far, we have not discussed when we can expect uniform convergence in distribution
to imply uniform convergence of distribution functions. This is exactly where we need an
assumption of uniform absolute continuity. The following result is a modified version of Bengs
and Holzmann (2019, Theorem 4.1), where our condition includes uniform convergence in z,
rather than convergence for all x.

Proposition 2.13. Let (X, g)nengco and (Xg)oco be real-valued random variables. Assume
that (Xg)gco is uniformly absolutely continuous with respect to a continuous probability measure

D
. Then X, 9 = Xg if and only if

lim supsup |Pp(Xp 9 < 2) —Pp(Xp < )| =0. (2.30)
"0 2eR €O

D
Proof. See Bengs and Holzmann (2019, Theorem 4.1) for a proof that X, 9 = Xy if and only if

nh_)ngo 21618 |Po(Xpno <) —Py(Xp <) =0
for all x € R. To show that the convergence of distribution functions is uniform, we proceed
as follows. In view of the uniform absolute continuity of (Xp)gco with respect to u, for
all € > 0 there exists 6 > 0 such that for Borel measurable B with p(B) < §, we have
supgce Po(Xp € B) <e. Let —oo =29 < 21 < --- < &y, = 00 such that for all i € {1,...,m},
0 < pu((xi—1,7]) < 6. We can find such a grid since p is a continuous probability measure. For
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any # and i € {1,...,m}, we thus have

Po( Xy < ;) —Pg(Xyp < zj—1) =Pyg(Xp € (25-1,1i]) < &.
For x € (x;_1,xi],
sup{Pp(Xnp <) —Po(Xp <)} < glelg{]P’e(Xn,e < ;) —Po(Xg < w4-1)}

0cO

< zug{Pe(Xn,e <zp) —Pp(Xg <)} +e < zug |Po(Xno < zi) —Po(Xp < 23)| + ¢,
(S (S

and, similarly,

sup{Pyp(Xp < z) —Py(X,, 90 <)} < Sug{Pe(Xe <) —Po(Xpnpg < xi1)}

0cO e
< sup{Pp(Xg < xi—1) —Po(Xpnp < zi—1)} + € < sup |Po(Xo < zim1) — Po(Xpp < zi—1)| + €.
0O 0O
Thus,

supsup [Pg(Xp 9 <) —Po(Xg < )| < sup sup |Pe(Xpng < x;) — Po(Xg < 24)| + .
zER OO 1€{0,...,m} 0€©
The first term on the right-hand side goes to 0 by assumption and € was arbitrary, thus proving
the uniform convergence. O

The final results of this section are uniform versions of Slutsky’s lemma, the Weak Law of
Large Numbers and the Central Limit Theorem. In the remaining results uniform tightness
will play a crucial role. It is a standard result that if (X,),en converges in distribution to X

D
then (X, )nen is tight. We can show that analogously if X, 9 = Xy and (Xp)sco is uniformly
tight then (X, g)nengco is sequentially tight.

D
Proposition 2.14. Assume that (Xg)oco is uniformly tight. If X, 9 = Xy then (Xy0)nenoco
s sequentially tight.

Proof. We prove the contrapositive statement. Assume that there exists a sequence (6,,)nen C ©
such that (X5, 4, (Pg, ))nen is not tight. Let Y, be distributed as X,, g, (P, ) and Z,, distributed
as X (P, ) defined on a probability space (€2, F,P). Since (Y;,)nen is not tight, there exists a
subsequence (k(n))peny with &k : N — N strictly increasing such that any further subsequence
of (Yi(n))nen does not converge in distribution. Since (Z,)nen is tight, there exists a strictly
increasing k' : N — N and a random variable Z such that writing m = k o &/, we have

dBL(Zm(n)7 Z) — 0.
However, since Y}(,,) does not have a weakly convergent subsequence, we have

dBL(Ym(n)v Z) 7L> 0.
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Thus, there exists ¢ > 0 and a strictly increasing k¥” : N — N such that writing [ = m o k", we
have for all n
dpL(Yi(n), Z) > €.

Next choose N such that for n > N we have
dBL(Zl(n)v Z) < 6/2.
Then by the reverse triangle inequality

dBL(Zi(n), Yi(n)) = ‘dBL(Zl(n)a Z) - dBL(ZaYl(n))‘ >e/2

for all n > N. Since ,
d1(Zi(n), Yi(n)) = dpy” (Xz(n),el(n),Xel(m)

D
by Proposition 2.8 we cannot have X, 9 = Xy proving the desired statement. ]

The previous result will be required when proving the second part of the upcoming uniform
version of Slutsky’s lemma.

Proposition 2.15 (Uniform Slutsky’s lemma). Let (X, g)nengco, (Yn.o)nenoco and (Xq)oco

D P
be Banachian random variables. Assume that X, 9 = Xg and Y, 9 = 0. Then, the following
two statements hold.

D
(i) Xno+ Yoo = Xop.
(it) If (Yn.0)nenoco is a family of real-valued random variables and (Xg)oco is uniformly
P
tight, then Yy, 9 X, 9 = 0.

Proof. We first prove (i), for which we need to show that

sup dp, (X0 + Y0, Xp) — 0
6o

as n — oo. We have for any 6
B, (X0 + Yoo, Xp) < dip(Xno + Yoo, Xno) + dBr (X0, Xp),

where the second term goes to 0 uniformly by assumption. It remains to show that the first term
goes to 0 uniformly. Now for f € BL; we have that for any ¢ > 0 and any z,y € B, ||y|| < ¢
implies ||f(x +y) — f(z)]| < e. Hence, by using the triangle inequality for the expectation,
partitioning the integral and using the uniform continuity above, we get

Ay, (X0 + Yoo, Xnp) < e+ Sup Ey “f(Xn,G +Yn0) = F(Xno)IL{y,, oll><)
eBla
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We can again apply the triangle inequality and recall that f is bounded by 1, yielding

sup sup Ky ’[f(Xn,G + Yn0) — F(Xno)L{v, o>}
0cO feBL,

< 2supPy(||Ya0ll > ),
0cO

which goes to 0 by assumption. Since € > 0 was arbitrary, we have proven the desired result.
We now turn to the proof of (ii). We will apply Proposition 2.8 and show that for any
(0n)nen € © and any € > 0,
PQn(HYn,Gan,QnH > 6) —0

as n — oo, which implies the desired result. Let § > 0 be given. By Proposition 2.14 there
exists a compact set K such that

sup Py, (Xpn 0, € K) <d/2.
neN

Since K is compact, it is bounded and thus there exists M > 0 such that ||z|| < M for all

x € K. By the uniform convergence in probability of Y, to zero, we can find N such that for
alln > N,
Py, (|Yn0,| > /M) < 5/2.

Putting things together, we get, for all n > N,

Po,, (| Xn,0,Yno.1l = €) < Po, (| Xn0, Y.l = €, Xnp, € K)+Py,(Xng, € K)
< ]P)Gn(|yn,9n| > 6/M) + SupPgn(Xn,gn S Kc) < (5,
neN

proving the result. O

We will now consider the setting of uniform convergence of averages of i.i.d. random variables,
i.e. we assume that for each 6 € © the sequence (X, g)nen is i.i.d. and consider the convergence
of 1/n371 X; 9. We first prove a small technical lemma and then apply this lemma to prove
an analogue of the Law of Large numbers for uniform convergence in probability for Hilbertian
random variables.

Lemma 2.8. Let Yi,...,Y, be independent, mean zero random variables taking values in

Hilbert space H. Then
]E (

n

2
S| =

=1

n

>

i=1

2 n
Y; ) =Y E|vi[*
i=1

Proof. Note first that

n n

> Z 5 Y5)
=1 7=1

Let (ex)ren denote a basis of H. Then for i # j

[e.9]

E((Y:,Y;)) (f: Yi.ex) Yj,ek>=z (Y, ex) (Y ex) :i (Y, ex))E((Y; ex))
k=1 1
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but E((Y;, ex)) = 0 for all ¢ and k since Y; are mean zero. O

Proposition 2.16. Let (Xy)gco be Hilbertian random variables with Eo(Xg) =0 for all 6 € ©
and supgee Eo(|| Xo|[*T7) < C for some C,n > 0. Let (X, 0)nenoco be random variables such
that for 6 € © (X, 9)nen is .9.d. with the same distribution as Xg under Py. Then

Proof. We adapt the argument given in Shah and Peters (2020, Lemma 19). Defining S, g :=
n-! > im1 Xi 9, we need to show that for any ¢ > 0,

sup Py(||Sp0l| > €) = 0
0O

asn — oo. To this end, we let M > 0 and define X := Ty x,|<m}Xg and X = Ty x, (>} X0
and similarly X5 and X7, for i € N. We also define S, := n~ '3 X5 and S, =
n~' 30, X Note first that

supgeo Eo Xol| _ C
supPy(|| Xg|| > M) < < —,
supBa(|1Xol| > M) L 2
hence choosing M large, we can make Py(||Xg|| > M) small uniformly in #. Combining this
with the fact that E(X;) = —E(X;), we get

e C
supl[ECP)] = supl[E(X7)] < sup X | < sup (16 ]7) 7 Pu(l %ol > 2077 < 5
(2.31)
by Hélder’s inequality. This implies that choosing M large we can ensure that supgcg||E(X,;)| <

¢/3 and for these M, we have
SUPPe(HSneH >e) < SHPPG(H moll > 2¢/3) +SUPP9(|| woll > €/3)

< supPy([|S5 — E(Xg)[| > £/3) + sup Py (|| STl > £/3).
6c0 6co

By Markov’s inequality and the triangle inequality

3suppee Eql| Xy ||

sup Py (|| S gll > €/3) <
0co E

which we have already shown in (2.31) is uniformly small when M is sufficiently large. Finally,
by Markov’s inequality, the triangle inequality and Lemma 2.8, we have

supgee EollSy g —E(XO)IP supgee Eol| X552 M2

< ’ _
zlelpPe(ll —E(Xg)ll >¢/3) < 2 = 2 < 3

hence choosing n sufficiently large, we can control the final term. O
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We can extend the previous result to a special class of Banach spaces under an additional
tightness assumption. Recall that a Banach space B has a Schauder basis if there exists (eg)ren
such that for every v € B there exists a unique sequence of scalars (ay)gen satisfying

-0

K
v — Z QALEL
k=1

as K — co.

Proposition 2.17. Let (Xy)gpco be Banachian random wvariables taking values in B with
Eg(Xp) =0 for all 6 € © and supyeg Eo(|| Xo||'T") < C for some C,n > 0. Let (Xp 0)nengco
be random variables such that for § € © (X, g)nen is i.i.d. with the same distribution as Xg
under Py. Assume further that B has a Schauder basis and that (Xg)gco is uniformly tight.
Then

Proof. For K € N let Px denote the canonical projection of v € B onto the first K components
of the Schauder basis, i.e. the mapping

00 K
v = Z QL —r Z ALEL.
k=1 k=1

This mapping is linear and satisfies that supgen||Pr|lop < 0o by Li and Queffélec (2017,
Theorem I1.2 and I1.3). By the triangle inequality

1 n
Pe( EZXM Z€> SP9<
i=1

hence it is sufficient to show that the first term converges to 0 uniformly as n — oo for fixed

1
— E PrXip
n <

=1

1 n
> 5/2) + Py (”n > (Xio — PxXiyp)
=1

25/2),

K and that the second term converges to 0 uniformly as K — oo. By Proposition 2.16 the
first term converges to 0 for fixed K since (PxXy)gco are concentrated on a finite-dimensional
subspace of B and since

sup By (|| P Xo||"*7) < || Picl| 5" sup Eo (|| X|[+7) < oo.
0cO 0cO

It remains to show that when we choose K large, the second term is small. Bogachev (2018,
Theorem 2.7.10) characterises tightness of families of random variables on Banach spaces with
a Schauder basis. In particular, they satisfy

lim SupPg(”Xg — PKXQH > 6) =0 (2.32)
K—o0gco
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for every € > 0. Applying Markov’s inequality, partitioning the integral, applying Hélder’s
inequality and the triangle inequality yields that for any ¢t > 0 and § > 0,

1 & 1
sup Py ( =Y (Xip— PXip)| > t) < —sup Eg|| X9 — Pr Xo||
) ni— t oco
1
<5 sup {5 + Eo (HXe - PKXHHH{||X6—PKX9||>6}>}

IN

1 - o
7 sup {8+ (Boll X0 — PiXol[ 7)™ (Bo((1X - PucXol > §)7F7 |
6cO
1 o
< n {(5 + (1 + sup||PKHop)Csup (PQ(”X@ — PKX@” > 5))1+" } .
KeN 0cO
By (2.32), we can choose 0 and K such that the upper bound is arbitrarily small, hence we

have shown the desired result. OJ

For the uniform central limit theorem, we only consider the Hilbertian case since this is
sufficient for our needs and avoids technical problems to do with tightness and the regular
(non-uniform) central limit theorem on Banach spaces. We first give some sufficient conditions
for uniform convergence in distribution of Hilbertian random variables.

Proposition 2.18. Let (X, 9)nenoco and (Xg)oco be Hilbertian random variables. Assume
that

D
(i) for allh € H, (Xn9,h) = (Xp, h),
(1t) (Xno)nenoco is sequentially tight, and
(iii) (Xp)oco is uniformly tight.
D
Then, Xn’Q = Xp.

Proof. Let (0p)neny € © and let Y, have distribution X, ¢(Py,) and Z, have distribution
Xo(Pg,) defined on a probability space (£, F,P). Suppose for contradiction that

deBnL(Xn,enaXan) = dBL(YTL7 Zn) 7L> 0

as n — oco. Then there exists a subsequence of Y;, and Z,, and an € > 0 such that for all n
dBL(Yi(n)> Zk(n)) = €

where k : N — N is a strictly increasing function. By sequential tightness of (X, 9)nenoco,
there exists a subsequence of (Yj(n))nen, represented by the index function m = ko &’ for a
strictly increasing &’ : N — N such that the subsequence (Ym(n))neN converges weakly to some
random variable Y. By uniform tightness of X there exists a further subsequence of (Z,,())nen,
represented by the index function [ = m o k” for a strictly increasing k” : N — N such that
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(Zl(n))neN converges weakly to some random variable Z. Note that since the range of [ is a
subset of the range of m, (Yj(,))nen also converges to Y.

We intend to show that the distributions of Z and Y are equal. The distribution of a
Hilbertian random variable is completely determined by the distribution of the linear functionals
(Hsing and Eubank, 2015, Theorem 7.1.2). However, for any h € H and any n,

dBL (<Yv h>7 <Z7 h))
< dpL <<K h>a <Yl(n)a h>) + dpL ((YE(n% h>> <Zl(n)7 h)) + dpL (<Zl(n)> h>> <Z7 h)) :

The first and third term of the right-hand side go to zero by definition and the middle term
goes to zero by assumption (i). Now,

dBL(Yi(n)s Zitn)) < dBL(Yi(n)> Z2) + dBL(Z, Zi(n))-

Hence, we can choose N making [(IV) large enough that the RHS is smaller than £/2. This is a
contradiction since we chose k such that dpr(Yi(n), Zi(n)) = € for all n € N but (I(n))nen €

(k(n))neN- O

We can now prove a uniform central limit theorem in Hilbert spaces.

Proposition 2.19. Let (Xg)gpco be Hilbertian random variables with Eg(Xy) = 0 for all 0
and supgee Eo(|| Xo||**") < K for some K,n > 0. Denote (6p)gco the family of covariance
operators of Xy under each Py, i.e. €5 = Eg(Xg ® Xg). Let (X,,0)nenpco be random variables
such that for 6 € © (X, 9)nen s i.5.d. with the same distribution as Xy under Pg. Assume
further that for some orthonormal basis (ex)5re; of H

lim su Goer, er) = 0. 2.33
K%oogegk§< 0k k> ( )

Then
1

n D
nZXw = Z

i=1
where the distribution of Z under Py is N'(0,6p).

Proof. We intend to apply Proposition 2.18 and thus check the conditions. For the first
condition, let h € H be given and let Y,, = (X,,, h) and let Y be distributed as (N(0,%p), h)
under Py, i.e. as N (0, (6ph, h)). Note that

1 & 1 &
<ﬁ;X¢,9,h> = %;Yi,@

hence by Proposition 2.8 it is sufficient for the first condition that for any (6, )n,en C ©

lim d%: (V,,,Y) = 0.

n—oo
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Suppose for contradiction that there exists a sequence (6,,)nen such that the limit does not
equal 0. Then there exists an € > 0 and a strictly increasing function m : N — N such that

A (v, V) > ¢

h,h), we note that the sequence

m(n)

for any n € N. Denoting for n € N, ng(m = (%
(03 ( )) N is bounded by assumption and hence by the Bolzano—Weierstrass theorem it has a
m(n ne

convergent subsequence, i.e. there exists 02 > 0 and a strictly increasing m’ : N — N such that
letting | = m/ om, ng( ;= o2. Letting W denote a random variable with distribution A(0, o%)
for any Py, by Scheffé’s lemma this implies that

: O1(n) _
Jimdy’ (Y,W)=0.
Further, the Lindeberg—Feller theorem (Durrett, 2019, Theorem 3.4.10) yields that

Jim dg? (Y, W) =0,
since Lyapunov’s condition is fulfilled by the uniform bound on the (2 4+ n)th moment of Xj.
Because the range of [ is contained in the range of m, this is a contradiction, hence the first
condition is fulfilled.

The third condition follows immediately from the assumption in (2.33) by Bogachev (2018,
Proposition 2.5.2, Lemma 2.7.20). Define S, g := ﬁ > i1 Xi g for n € N. The second condition
follows by the same assumption and theorems by observing that Eg||S, ¢/|* is bounded by the
same constant bounding Eg||Xy||?> and that

1 n
COV@(Snﬁ) = ﬁ Z COVQ(XL@) = (gg.
i=1

This shows that the family of measures (X, 9(Pg))nengco is tight which implies the second
condition. 0

2.9 Proofs of results in Sections 2.3.2 and 2.4

This section contains the proofs of all results in Sections 2.3.2 and 2.4 except Proposition 2.1
which is proven in Section 2.7.2. The proofs are self-contained, but readers new to the field
may find the following references helpful. For general results about random variables on metric
spaces (Slutsky’s theorem, etc.) see Billingsley (1999, Chapter 1). For more specific results
about Hilbertian random variables, Bochner integrals and operators on Hilbert spaces, see
Hsing and Eubank (2015, Chapter 2, 4, 7). For existence and construction of conditional
expectations on Hilbert spaces, see Scalora (1961, Chapter 2). In this section, we sometimes
omit the subscript P when it is clear from the context.
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2.9.1 Derivation of (2.7)

We first prove a small lemma.

Lemma 2.9. Let x1,...,x, be elements of a Hilbert space H. Then
n 2 n n
doml =2 > (@)
i=1 i=1j=1
and the non-zero eigenvalues of the operator
n
o = Z Ti Q x;
i=1

equal the eigenvalues of the matriz A with entries
Aij = <IL‘i,$j>.

Proof. The first claim is immediate, since

") Ege

i=1j=1

For the second claim, note that we can write the operator &/ as #*% where £ : H — R" is an
operator given by

<x 1) h>

Bh = :
(Tn, )

with adjoint %* given by
B = Z V; ;.
i=1
The result now follows since A = BA*. O

Applying the first result of the lemma to the sequence 1/y/n%; for i =1,...,n viewed as
Hilbert—Schmidt operators from Hx to Hy, we get that

3\*—‘
3\'—‘

ZZ Hi, Xj) ZZ &,¢5)(6. &)

Applying the second result of the lemma to the sequence 1/v/n — 1%; — %, we get that the
eigenvalues of

i %) @us (% — R)
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equal the eigenvalues of the matrix A with entries

Aij = <%i—%,%j—%>
Using bilinearity of the inner product, we can expand and see that
A=T—-Jr-1rJ+JrJ

as desired.

2.9.2 Derivation of (2.11)

Proof. Fix n > 2 and write p := 1+ a(n). Let (Z;, 3, Zi)]~; denote mean-centred observations,
S0 e.g. Z; = z; — Z?Zl zj/n, and let X)) — (%1,...,4,)" € R™. Let W, € R™P be the design
matrix with ith row given by (7, Zi1, - - -, Zig(n)), and let 6, € R be the first component of the
coefficient vector from regressing X onto Wy, so 6,, := {(W,] W,,)"'W,] X1, Further, let
P, € R™" be the orthogonal projection onto the column space of W,,. Then

OLS _ 1 )

Yn _ﬂ{\GnIZtn—p—l(Oé/2)ffw,n||(f—Pn)X<”)||2/\/n—z7—1}’

where t,_,(a/2) is the upper a/2-point of a ¢ distribution on n — p degrees of freedom, and
&IZ/V,n = {(W,JW,)"1}1. Fix Q € Q; in the following we will suppress dependence on this for
notational simplicity. Then there exists 7 € N such that

_ Cov(Y,X|2) Cov(Y,X|Zy,...,2)
 Var(X|2)  Var(X|Zy,...,Z)

> 0,

and so for n such that a(n) > r, 6, | W, ~ N (6, 026"2,[,7”) where
0% :=Var(X|Y,Z) = Var(X |Y, Zy,..., Z,) > 0.

Note that ||(I — P,)X™ |3/ ~ X%—p—l? and so by the weak law of large numbers and the

continuous mapping theorem, ||(I—P,)X™|s/\/n —p — 1 X . To show that P(ypOLS = 1) — 1,
it therefore suffices to show that 6‘2,[,7” Eo.

Now writing 3, = Cov(Y, Z1, ..., Z4)), we have that W,T W, has a Wishart distribution
on n — 1 degrees of freedom: W,]W,, ~ W,(%,,n — 1). Thus, (E;l)n/&%vm ~ Xa_, and
(D11 =Var(Y | Zy,...,2Z,) = Var(Y | Z) < oo. We therefore see that as n — oo and hence
n —p — 00, we have 6‘2,[,7” 20 as required. O

2.9.3 Proofs of results in Section 2.4.2

In this section we provide proofs of Theorems 2.3 and 2.2. The proofs rely heavily on the theory
developed in Section 2.8.
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Auxiliary lemmas

We first prove some auxiliary lemmas that will be needed for the upcoming proofs.

Lemma 2.10. Let (X,,)nen be a sequence of real-valued random variables defined on (2, F)
equipped with a family of probability measures (Pg)pco. Let X be another real-valued ran-
dom wvariable on the same space and let (Fp)nen be a sequence of sub-c-algebras of F. If

P P
Eo(|Xn| | Frn) =2 0 then X,, = 0.
Proof. Let € > 0 be given. By Markov’s inequality

Eq(|X,,| A
SupPy(|Xa] > ) < supPy(|Xn| A > €) < sup X0l 2O
USC] USC] [USC] €

We will be done if we can show that supycg Eo(|Xn| A €) — 0 as n — oco. Note that by
monotonicity of conditional expectations, for each § € © we have

Eo(| Xn| N e| Frn) < Eg(e| Fn) =€,

and
Eg([Xn| A €] Fn) < Eo(| Xn| | Fn)-

Combining both of the above expressions, we get
E9(|Xn| N € | ]:n) < E9(|Xn| |]:n) N €.
This lets us write by the tower property and monotonicity of integrals,

sup Eg(| X, | A€) = sup Eg[Eg(| Xpn| A €| Fr)] < supEg[Eg(| Xn|| Fn) A €.
0O 0O 0cO
Let Y, := Eg(|Xn| | Fn) A€ and let 6 > 0 be given. Then

supEg(Y,,) <supEy (Y,1 +supEy (Y, 1
Oeg o(Yn) 968 e( {yn<5/2}) eeg 9( {Yn26/2}>

1)
< o +esupPy(Y, >6/2).
2 peo

By assumption, for any n > 0, we can choose N € N so that for all n > N, we can make

supgeo Eo(| Xn| | Fn) > 6/2) < n. Thus, choosing N to parry n = 5-, we get

sup Eg(|Y,]) < 6,
6cO

proving the desired result. O

Lemma 2.11. Let X andY be random variables defined on the probability space (Q, F,P) with
values in a Hilbert space H. Let D be a sub-o-algebra of F so that X is D-measurable. Assume
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that E([|X1]), E(|Y]]) and E(

| X|[|Y]]) all exist. Then
E(X,Y)|D) = (X,E(Y |D)).

Proof. To show the result, we need to show that (X, E(Y | D)) is D-measurable and that integrals
over D-sets of (X,Y) and (X,E(Y | D)) coincide. (X, E(Y | D)) is D-measurable by continuity
of the inner product and the fact that X and E(Y | D) are D-measurable by assumption and
definition, respectively. By expanding the inner product in an orthonormal basis (ej)xen of H,
we get

|- [ > (Xoer) (Vier) AP = 3 | E(X e (y.e)| D) ap

:kz::l/D<X,ek>(E(Y]D),ek>dIP’:A);(X,ek><E(Y|D),ek>dIP’:/D<X,IE(Y|D)>dIP>,

by using the interchangeability of sums and integrals and the property
E((Y,e:) | D) = (E(Y | D), e)

of conditional expectations on Hilbert spaces.
O

Lemma 2.12. Let q denote the function that maps a self-adjoint, positive semidefinite, trace-
class operator, € on a separable Hilbert space H, to the 1 — a quantile of the |N(0,%)|?
distribution. Then q is continuous in trace norm and the restriction of q to a bounded subset C

of covariance operators satisfying

lim sup Cer,er) =0 2.34
Jin o 3 (6w 239

for some orthonormal basis (e)3, of H, is uniformly continuous in trace norm.

Proof. Let %, be a sequence of self-adjoint, positive semidefinite, trace-class operators converging
to € in trace norm. Then by Bogachev (2018, Theorem 2.7.21) N'(0,%,) 2 N(0,%) and by the
continuous mapping theorem we have |N(0,%;,)||? 3 IA(0,%)||?. This implies the convergence
of the quantile functions by the Portmanteau theorem and Vaart (1998, Lemma 21.2) and hence
q is continuous.

By the Heine—Cantor theorem, the restriction of ¢ to the closure of C is uniformly continuous
if C is relatively compact. Restricting ¢ further to C preserves the uniform continuity. Bogachev
(2018, Proposition 2.5.2) states that equation (2.34) exactly characterises the relatively compact
sets of trace class operators. O

Lemma 2.13. Let © C Ry and let (ug)gco be the family of probability distributions on R
where for each § € ©, g denotes the distribution of 0Z where Z ~ x3. If © is bounded away
from 0, the family is uniformly absolutely continuous with respect to the Lebesgue measure X.
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Proof. Note that the density fy of ug with respect to the Lebesgue measure is

1
1 e 267

We will apply Proposition 2.11 by showing that supgeg [ fg 2ax < oo, which is sufficient for
uniform integrability by Bogachev (2007, Example 4.5.10). We see that

[ o) an = G
o ] T

and we recognise the final integral as the unnormalised density of a I'(1/4,3/(46)) random

variable. Thus,

[ apran - [(1/4)V40 _ T(1/4)
" \/W V3 =T

This is finite for all 8 € © since © is bounded away from zero, proving the desired result. [J

Lemma 2.14. Let X be a uniformly tight with respect to index family © (see Definition 2.4),
real-valued and non-negative random variable that is uniformly absolutely continuous with respect
to the Lebesgue measure. Then so is v X.

Proof. Let € > 0 be given and let \ denote the Lebesgue measure. We need to find § > 0 such
that for any Borel measurable B,

AMB) <6 = supPy(VX € B) < e
60

For each measurable B, we define B2 := {? : b€ R}. Then Py(vVX € B) = Py(X € B?) and
by the uniform tightness of X, we can find M > 0 such that

supPp(X € B?) <supPy(X € BN [0, M]) + ¢/2.

0O 0O
By the uniform absolute continuity of X with respect to A\, we can find ¢’ such that A\(B) < §’
implies supgeg Po(X € B) < €/2. Note that for any such B, by the regularity of the Lebesgue
measure, we can find an open set U 2 B such that A(U \ B) < ¢ — A\(B). This implies that
AU) < §'. For every open U, by Carothers (2000, Theorem 4.6), we can find a countable union
of disjoint open intervals (1;)32;, where I; = (a;, b;), such that U = [JjZ Ij. Note that U? also
covers B? since if z € U, z is in at least one of the intervals I;, and thus 22 is in I ]2 . Combining
these observations, we get that

AB? N[0, M]) < \NU?N i 3 (min(M, b3) — a3)
: ]:1

imm\ﬁb a;)(min(vV'M, b;) — a;) <2\ﬁZb —a; < 2VMJ'.
Jj=1

7=1
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Thus letting § = §’/(2v/ M), we see that for all B with A(B) < d, we also have A(B2N[0, M]) < ¢,
and hence

supPy(X € B2 [0, M]) < €/2,
e

proving the statement. O

Lemma 2.15. Let (Xg)pco be Hilbertian random variables with values in H. Assume that for
every 0 € ©, Eg(Xp) = 0, suppee E|| Xg||> < 0o and that there exists a basis (ex)ren of H such
that

lim sup E((Xg,ex)?) = 0.
K%oogegkz;( > )

Then the family (Xo® Xg)geco is uniformly tight when viewed as random variables in the Banach
space of trace-class operators on H.

Proof. By Fugarolas and Cobos (1983, Proposition 3.1) (ex ® €;) 1 j)en2 is a Schauder basis for
the Banach space of trace-class operators on H. Thus, Bogachev (2018, Theorem 2.7.10) yields
that we need to show that

rlggogggpe(ll)(e ® Xo[ltr > 1) =0

and for all e > 0

hm sup Py(|| Xy @ X9 — Pr (X9 @ Xp)|ltr > €) =0,
K—o0gco

where Py denotes the projection onto the K first basis vectors in the space of trace-class
operators. An application of Markov’s inequality yields immediately that

suppce Egl| Xo |

sup Py (|| X9 @ Xg||Tr > 1) <
/cO r

hence the first condition is satisfied by the assumed uniform upper bound on Eg|| Xy||?>. For
K =m?, m € N, note that

o
| X6 ® X9 — Pr (X9 ® Xo)|ITR = (Z X, ej)e ) <Z Xo, e)e )
= k=m

TR

= Z Xg, eJ
j=m

o0
Z XGaej )

where the final equality is by Parseval’s identity. Using this, the second condition is satisfied by
assumption, since, by Markov’s inequality, for all € > 0,

= % o ((Xp, e;)?
sup Py (Z<X9,ej>2 > e> < SPrco 3=m Bo (X0, ¢))%)

9o = €
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Proof of Theorem 2.2

Proof. Throughout the proof we omit the subscript P from ¢, &, f, g.

Convergence of .7,. We have that

To= Y=Y @G+ ()~ F@) @ (9(z) — (21)
=1 =1 =1
=:Upn =:an
b= () — fe) © &+ = (e ® gl — (20)
i=1 i=1
=:by =iCn

Since

E(ei ©&) =E(X -E(X|2)) @ (Y —E(Y[Z2))) = E(Cov(X,Y [ Z)) =0

because X 1L Y | Z, Proposition 2.19 yields that U, converges uniformly in distribution to the
desired Gaussian over 750. By Proposition 2.15, if a,, b, and ¢, all converge to 0 uniformly
in probability, we will have shown the desired result. We establish this by looking at the
Hilbert—Schmidt norm of the sequences, since uniform convergence of the norms to 0 implies
uniform convergence of the sequences to 0. For a,, using properties of the Hilbert—Schmidt
norm and the Cauchy—Schwarz inequality yields

HanHHS = ‘ Ln Z(f(zz) - f(zz)) ® (g(zz) - g(zz))
i=1 HS
< M) — Fle)) © (gz0) — s
=1
1

=
=
~
—
N
S
~—
|
>
—~
N
ST
~—
N~—
<
—~
N
ST
~—
|
Q>
—
N
N
S—

< J S — FEIE S llgz0) — a2 = M MY
=1 =1

P
By assumption nMgPMgP = 0 and Proposition 2.10 yields that the same is true for

P
\/nMT{’PM;fL”P. This implies that ||a,|gs = 0 as desired.
P
To establish that [|b,||us =2 0, we will instead show that the square of the Hilbert—-Schmidt

P
norm goes to 0. This implies that ||b,|[zs = 0 by the same arguments about = — /=

P
as above. We will show that Ep(||b,fg| X, Z2() = 0, where X = (21,...,,) and
Z" = (x1,...,x,), which then implies the desired result by Lemma 2.10. For every P € P,
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2
| x (), Z(”))
HS

we have

n

S (f(zi) = flzi) ®€

i=1

1
Ep(Iballis | X, 209) = TEp (

= S B () — Fe0) © 6 (F(25) — Fz7)) © Ehuas | X, 2)
j=li=1

= %ZZEP (<f(zi) — [(z0), f(25) = Fz))(&. &) !X(")7Z(n))
j=1li=1

— Y S = Fla) 1) — P B ((66) | X, 2, (2.35)
j=1li=1

where the penultimate equality uses the fact that (z1 ® y1,22 ® y2)us = (x1,z2){(y1,y2). The
final equality holds since the terms involving f(z;) — f (z;) are measurable with respect to the
o-algebra generated by X(™ and Z(™. The term (&i,€&;) only depends on Z; and Z; of the
conditioning variables, so we can omit the remaining variables from the conditioning expression.
Recall that & =Y; —Ep(Y;| Z;). For i # j, by using that Ep(Y; | Z;) = Ep(Y; | Zi, Z;) since Z;
is independent of (Y;, Z;) and Lemma 2.11, we get

Ep[(&, &) | XM, 2] = Ep[(Y;,Y)) — (i, Ep(Y; | Z)) — (Ep(Yi| Z0),Y5)
+(Ep(Yi| Zi),Ep(Y; | Z))) | Zi, Z;)
=Ep((Y,Y)) | Zi, Z;) — (Bp(Yil| Zi, Z;), E(Y; | Zi, Z;))-
We will show that this is zero. By assumption (Y;, Z;) AL (Y}, Z;), so applying the usual laws of

conditional independence, we get Y; AL Y; | (Z;, Z;). Take now some orthonormal basis for Hy,
(er)ken, and expand (Y;,Y;) to get

Ep((Yi,Y;) | Zi, Zj) = Ep (i&éa@k)(Yjv@kH%Zj) = iEP(M,ek)(Yj,ekHZqu)-
k=1 k=1

For all k, (Yi, ex) AL (Yj, ex) | (Zi, Z;), so E((Y;, ex)(Yj, er) | Zi, Z;) factorises, and we get

(o)
ZEP (Yi,er)(Yj,en) | Zis Z5) = > Bp((Yi,en) | Zi, Z)Bp((Yj, ex) | Zi, Z;)
k=1

Z Ep(Y; | Zi, Z5), ex){Ep(Yj | Zi, Z5), ex) = (Ep(Yi | Zi, Z5), B(Y; | Zi, Z5)),

where we have used that Ep((Y,ex) | Zi, Z;) = (Ep(Y | Zs, Z;), ex) by Lemma 2.11. We can
thus omit all terms from the sum in (2.35) where ¢ # j and get

~ P
Ep(|[balfs | X Zuf z) = f™ ) KEe (1613 2:) = M =0,
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by assumption. An analogous argument can be repeated for ¢,, thus proving the desired result.

Convergence of %. For simplicity, we prove convergence where % is instead defined as the
estimate where we divide by n instead of n — 1 since this does not affect the asymptotics.
By the above and Proposition 2.15, since (NV(0, 6p)) pcp, is uniformly tight by Bogachev
(2018, Proposition 2.5.2, Lemma 2.7.20), we have
1 & 1 p

By Proposition 2.10, this implies that the second term in the definition of © converges to 0
uniformly in probability since the mapping (&7, #) — o/ ®us & is continuous. It remains
to show that the first term in the definition of € converges to €. The proof is similar to
the proof of Theorem 6 in (Shah and Peters, 2020) and relies on expanding the first term
% Yo i @us #; to yield

n

1 : ) : i

- D If(z1) = f(20) ® (9(23) — §(20)) + (f(z0) — f(20) @ & + € @ (9(21) — §(25)) + &5 ® &]F52,
i=1

where o7 ©852 = o7 ®yg /. Expanding this even further yields 16 terms of which 15 go to zero.

The non-zero term is

I, = 1 D (e ® &)Fns? g Ep ((Ez ® §z‘)®H52) =%,
i=1

3

by Proposition 2.17 and Lemma 2.15 and the assumed tightness condition. For the remaining
15 terms, we will argue by taking trace norms and applying the triangle inequality to reduce
the number of cases. This leaves us with 8 terms and 5 cases (by symmetry of f and ¢, g and
¢) that we need to argue converge to 0 uniformly in probability.

The first case is

I, = %Z[(f(zz) — f(2)) ® (9(z1) — §(z:))]®1s2
o TR
%Z H[(f(zl) — f(z) ® (9(z) — ﬁ(Zi))]®HSQHTR
=1
- %Z Hf(zl) — flzi) ® g(z) — 9(z) iIS = %Z”f(zz‘) — F)IPllg(z:) — g(z0)|1?
=1 2

s P
<nM; pM; p =0,

where the final inequality uses that for positive sequences > anb, < Y ay, > by, which can be
seen by noting that every term on the left-hand side also appears on the right-hand side. For
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the second case we have, by applying the Cauchy—Schwarz inequality,

m, = | L3 — Fe) @ 6l ens o) — 3(0) 021
i=1 TR
< = Sl = Fllgt) — gl &)
i=1
< (iZHﬂzi)—ﬂzi)\2Hg<zz~> ||2)< ZHaH llW)
i=1
=:0n Z:Un

P . P
By Cauchy—-Schwarz, we have a,, < an: pM? , = 0. We have U,, = ||€||rr by Proposition 2.16.
The family ([|€||lTr) pep, is uniformly tight by the assumption that E(|lep||2t7]|€p]|2T7) is uni-
formly bounded, since this also yields a bound on E(||ep||?||ép||?) = ||€'||Tr thus Proposition 2.10

— P

yields that v/ a,U, = 0.
The remaining three cases have an f and a g variant where the roles of f and g and ¢ and
& are swapped. We only show one variant of each, since the arguments are identical. The

f-variant of the third case is

lef z) = f@) P67 =

D I(f(z0) = f(z) @ &) 7ns?
J TR

- P . P
If we can show that E(b, | X, Z(™) = 0, we have that b, = 0 by Lemma 2.10 and hence

P
IV/ = 0. This holds since
~ ~ P
Ep(by | X™, 2) = Zuf z) = F)PEp (&) | X, 200) = 3t = 0,

by assumption.
The f-variant of the fourth case is, by applying the Cauchy—Schwarz inequality,

V= | 200 - F20) @ 0050 = )] om0 = Fz) @)

=1 TR
< 5 31 = FePlate) - el
< | (3200 - daFlste) - aal?) (3300 - farie)

an bn

P . P — P
We saw above that @, = 0 and b, = 0, hence by Proposition 2.10, 1/ a,b, = 0.
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For the f-variant of the fifth and final case, we get, by applying the Cauchy—Schwarz
inequality again,

1 n
= ;Z z)) ® &) ®ms [ ® &) ZHf () — Zz HH&HHQHQ
i=1 TR
1 n
< ( ZHf (z1) = f(z0)] \|§z||2> <nZ\€i\2llfi!2>-
=1
bn Un

~— P -~ P
We can repeat the arguments used above yielding 1/ a,U, = 0 to show that 1/b,U, = 0 hence
P
VI/ = 0 as desired. d

Proof of Theorem 2.3

Proof. Let W be distributed as ||N(0,%p)||%s when the background measure is Pp. Recalling
the notation from Lemma 2.12, since

Pp(n = 1) = Pp(Ty, > ¢(%))

we need to show that

n—oo

lim sup ’IP)p (T,, > q(€)) — oz’ =0,
PePy

which amounts to finding, for each € > 0, an N € N, such that for all n > N,

sup Pp(Ty, > q(€)) < a+ ¢ (2.36)
P€750

and
inf Pp(T, > q(€)) > a —e. (2.37)
PePy

To show (2.36), take § > 0 (to be fixed later). If [¢(€) — q(€p)| < 6 and T, > q(%), then
T, > q(€p) — 9, so

Pp(Ty > (%)) < Pe(Ty > q(6p) — 8) + Pp(la(%) — q(Gp)| = 6).

Taking suprema and rewriting, we get

sup Pp(T;, > q(6p)) < sup [Pp(T;, > q(¢p) — &) — Pp(W > q(¢p) — 6)]
PePy PePy

+ sup [Pp(W > ¢(%p) — 6) — o] + sup Pp([g(%) — q(%p)| > 0) +a
PePo PePy

=11, =111,
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We seek to show that, if n is sufficiently large, we can make each of the terms I, IL,, and
I11,, less than €/3 such that
sup Pp(T, > (%)) < a+e,
PePy
as desired.
We note first that

Lo < sup [Pp(T," > {q(€p) — 6}'/%) = Pp(W'/? > {q(€p) — 6}'/%)]
PePy
< sup sup |Pp(T/? > z) — Pp(WY2 > 2)|.
PePy t€R

(2.38)

For each P € Py, W has the same distribution as
[o.¢]
Z )‘kPVk?v
k=1

where AL is the kth eigenvalue of €p and (Vi)ren is a sequence of independent standard
Gaussian random variables. We have assumed that the operator norm of (¢p)pcp, is bounded
away from zero which implies that A" is bounded away from zero. Thus, the family (AV}?) Pepy
is uniformly absolutely continuous with respect to the Lebesgue measure by Lemma 2.13.
Theorem 2.9 yields that W is also uniformly absolutely continuous with respect to the Lebesgue
measure and Lemma 2.14 yields that the same is true for W1/2, since W is uniformly tight by
the assumed uniform bound on Ep(|lep||?||€p||?). Further, Corollary 2.1 yields that W1/2 is also

uniformly absolutely continuous with respect to the standard Gaussian on R. Proposition 2.9

D
and Theorem 2.2 Tp/? = W/2 since ||||us is Lipschitz. Finally, since we argued that W/2 is

uniformly absolutely continuous with respect to the standard Gaussian on R, Proposition 2.13
yields that we can make the bound in (2.38) less than €/3 for n sufficiently large.
For the II,, term, recall that « = Pp(W > ¢(ép)), and thus

Pp(W > q(¢p) —6) —a=Pp(W € [q(€p) — 6,q(CP)]).

By the uniform absolute continuity of W with respect to the Lebesgue measure A, we may fix §
such that suppep, Pp(W € B) < €/3 whenever A(B) < 24. This implies that II,, < ¢/3.

. P
For the III,, term, Theorem 2.2 yields ¥ = ¥p and since Lemma 2.12 yields that ¢ is

uniformly continuous, Proposition 2.9 yields q(‘f) 2; q(€p). Thus, the third term is less than
€/3 when n is large enough.

To show (2.37), note first that, as before, if |¢(¢) — q(€p)| < 6 and T}, > ¢(€p) + 0, then
T, > (%) and hence

Pp(T, > (%)) > Pp((Tn > g(%p) +6) N ([¢(6) — a(%p)| < 6))

) (2.39)
> Pp(Ty > q(€p) +0) — Pp(|g(?) — q(€p)| = 0).
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The final step uses that for any measurable sets A and B,
P(ANB)=P(A)+P(B)-P(AUB) =P(A) —P(B°)+1—-P(AUB) > P(A) — P(B°).
This lets us continue using similar arguments as for (2.36), proving the statement. O

2.9.4 Proof of Theorem 2.4

Proof. To argue that the modified GHCM satisfies (2.15), we can repeat the arguments of
Theorem 2.2 and Theorem 2.3 replacing conditioning on X and Z(™ with conditioning on
Z™) and A and conditioning on Y™ and Z(™ with conditioning on Z(™ and A.
. D
For the first claim that .7, = N(0,%p), we can repeat the decomposition of the proof of
Theorem 2.2 and write

1 & 1 &
7n > (% — Hp) = 7n > (ei @& — Hp) +an + by + Ca,
=1 i=1

=:Up

3

D
where a,,, b, and ¢, are as in the proof of Theorem 2.2. We have U,, = N (0,%p) over Q by
P
Proposition 2.19 a,=0 over Q by the same argument as in the proof of Theorem 2.2. The

P P
argument of the proof of Theorem 2.2 to show that b, =0 and ¢, =0 will also work here if we
replace conditioning as we did for the first claim.

~ P ~
For the second claim that |4 — %||tr = 0, note that by the .7, result, Proposition 2.15
and Proposition 2.10,
. 11

Z% zn:(% Hp) + K7 z WA,
= —— i —Ap)+ Ap 2o Ap.
i=1 v Vi

Hence, by Proposition 2.10,

=Y % | ©Qus | =Y %i | =g Hp Qus Hp,
n - n -
i=1 =1

since the mapping (&, #) — o Qus A is continuous. We can now repeat the remaining
arguments of the proof of Theorem 2.2 while again replacing conditioning as we did in the
proof of the first claim to yield the desired result.

For the final claim that for large enough n the GHCM has power greater than (5 over
alternatives where ||\/n#p|lus > ¢, let W be distributed as [|A/(0, €p)|/%g when the background
measure is Pp for P € Q. Let ¢ denote the mapping that sends a covariance operator % to the
1 — a quantile of the distribution of |N(0, %)% as in Lemma 2.12. By similar arguments as
(2.39) in the proof of Theorem 2.3, we get that for any 6 > 0, ¢ > 0 and n € N,

s 2 > i _ Ap > 0).
pif Pr(Tn>q(®) 2 inf Pe(Tn>q(€r)+9) o Pr(lg(%) - a(¢P)| = 0)



80 Conditional independence testing in Hilbert spaces with applications to FDA

Defining Tﬁ/ ? = |7 |ls, by the reverse triangle inequality
Ty? = || Jn + Vndp|| > T/ — Vol Ap|lus| > Vol Apllus — T,/?,
HS
and hence

Péléfm Pp(T, > q(6p) +6) > Peiléfc?n Pp(vn|| #p|us — T/ > {q(€p) + 6}1/2).

Now since we are taking an infimum over a set where \/n||#p|/lgs > ¢, we have
plaf Pp(va|Ap|us — Ty > {q(6p) + 6}'/%) > piaf Pplc— T2 > {q(%p) + 631/,

and thus combining all the above yields

A~

inf PP(Tn > q((fp))

PeQcn
=1,
> il [Bp(e— T2 > {q(p) +0}'/%) = Bp(c— W'/ > {q(@p) + 5}
+ inf Pp(c— W2 > {g(%p) +6})— sup Pp(|g(F) —q(Cp) > 6).
PEQC,n Pch,n
=1y =11,

If we can show that for n sufficiently large we can make I, + II,, + III,, > 3, we will be done.
For the I,, term, we can write

I, > — sup sup|Pp(T}/? < z)—Pp(W'V? < z)|.
Pch,n z€R

By the first claim proven above and Proposition 2.9, T 1}/ 2 g{ W1/2. We can therefore repeat
the arguments used to deal with the I, term in the proof of Theorem 2.3 to see that for n
sufficiently large we have I,, > —(1 — 3)/3.

For the II,, term, we can write

I, =1— sup Pp(WY2 4 {q(€p) +5}1/2 > ¢).
PeQcn

Hence, by uniform tightness of (W'/2 + {q(€p) + 6}'/?) peg we can find ¢ such that

sup Pp(W'/2 4 {q(Gp) + 6}'/> > ¢) < (1 - B)/3
PeQcn

which implies II,, > 1 — (1 — 3)/3.
For the II1,, term, we can repeat the arguments for the I1I,, term in the proof of Theorem 2.3

P
to show that III,, = 0. Hence, for sufficiently large n, we have I1I,, > —(1 — 3)/3.
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Putting things together, we have for n sufficiently large that

inf Pp(T, > ¢(%)) > B. O

PeQcn

2.9.5 Proof of Theorem 2.5 and related results

We first prove a representer theorem (Kimeldorf and Wahba, 1970; Scholkopf et al., 2001) for
scalar-on-function regression which we use to provide bounds on the in-sample error of the
Hilbertian linear model in Lemma 2.17.

Lemma 2.16. Let H denote a Hilbert space with norm |||, x1,...,zn € R, 21,...,2, € H and
v >0 Let K be an n x n matriz where K; j := (2, 2;) and let & = (z1,...,2,)| € R". Then 3
minimaises "

Li(B) = (zi — (B, z))* + 1B

i=1

over € H if and only if B = X", @iz and & = (ay,...,60,) € R minimises
Lo(a) = ||z — Ka|j3 + va Ka
over R™ where ||-||2 denotes the standard Euclidean norm on R™.

Proof. Assume that B minimises Li. Write 3 = u + v where u € U := span(zy,..., z,) and
v € UL, Since

(B, i) = (u, ),
the first term of L only depends on the quantity u. Also, by Pythagoras’ theorem,

18117 = Tlull® + vl > [full*.

Thus, v = 0 by optimality of 3, and so 3 can be written

n
B=> &z
i=1
for some & € R™. But now that 3 is known to have this form, it can be seen that &T Ka = || 8|2

and
n n

2
n
S (B = 3 (i - S ayleez) | = o - KalB,
i=1 i=1 j=1
hence & minimises Lo.
Assume now that & € R” minimises Ly and § = Y7, &z Clearly, Lo(a) = Li(5). For
any € M, we can write § = @ + 0 with @ € U and © € U as before. By similar arguments as

above,
Li(B) = L(a).
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However, @ = Y"1 ; &;2;, hence by optimality of &, we have
Ly(@) = Lo(@) > Lo(&) = Li(B),
proving that B minimises L as desired. ]

Lemma 2.17. Let n € N be fized. Consider the estimator . (2.19) in the Hilbertian linear
model which is a function of x1,...,%pn, 21, .., 2y and let o > 0 be such that E(||e]|?| Z) < o?
almost surely. Let K be the n x n matriz where K;; := (z;,2;) and let (f1;)]~, denote the
eigenvalues of K. Then, letting Z(™ = (zy,...,2n),

2
'E <ZW 2) = P )| rz(n) < LS wminu/a.9) + 171 (2.40)

T =1
almost surely.

Proof. Let (ex)ren denote a basis of Hx and write (-,-)x and (-, )z for the inner products and
|-l x and ||| z for the norms on Hx and Hz, respectively. Then

DI () = F )l = 331 (e — (e
i=1 k=1
=22 (= — {2, P (en)) 2)? (2.41)

and similarly we can rewrite the penalised square-error criterion in (2.19) as

oo n
ZH% ~ L)%+ ks = Z (@i, en)x — (23, 7 (er)) 2)* + 7| L e

Since each of the terms in square brackets can be chosen independently of each other, we have
B == T (ex) = argmlﬂz ziyen)x — (2, 8)2)° +711B%-
etz i=1

A bit of matrix calculus combined with Lemma 2.16 yields that

N

(21, BE) 25+ s (2ny Br)z) T = K (K + ’YI)_lXign)v

where I is the n x n identity matrix and X,g") = ((x1,ex)x,. .., (Tn,ex)x)". Defining By :=
Z*(ex), we can write 8, = ug + vy where u, € U := span(z1,...,2,) and v € UL+, Writing
up = 35 o jzj where ag = (a1, . .- ,akn) ' € R" we have for i € {1,...,n},

n

n
(20, Br)z = (zisup)z = <Zi7 Zak,jzj> = an;{z,2)z
z =1

=1
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This entails
(<217 ﬁk>Z7 ceey <Zn7/6k>Z)T - KOék

Let K = UDU' be the eigendecomposition of K, where D;; = fi;, and let 0, :== U Koy,. Let

(") = ((e1,er)x,- -+ (Enrex)x) | € R™ and note that X,gn) = Koy, —I—a,(cn). Letting [|-||2 denote
the Euclidean norm, n times the left-hand side of equation (2.40) can now be written (using
equation (2.41))

[ZHK (K + 1)~ (Ub), + ™) — U613 ] Z“U]
[ZHDUT (UDUT +41)~ (U6 + ) — 6413 Z‘"ﬂ

[ZHD D+~ 6+ UTe™) — 643 ZW]

o0

Z D(D+~I)"" = Dby +E [ZHD(DJWYI)1UT€;§R)\|§|Z(")] (2.42)
k=1

where the final equality uses that the first term is a function of Z( and the conditional
expectation of the cross term in the sum of squares is 0, since E(s,(cn) | Zz() = 0.
The second term of (2.42) may be simplified as follows:

o0
E [ZID(D +90) U e 3] Z(”)]
k=1

=K [i tr (D(D+7[) 1yTe (n)( Ign))TUD(D+VI)_1) ’Z(n)l

k=1
— tr (D(D +4)WWTE [Z eM (T Z<">1 UD(D + ’y[)l),
k=1

Ef;‘\Z

(n)

where we have used that only ¢, is not a function of Z™ and linearity of conditional
expectations and the trace. Note that 3.7 is a diagonal matrix with ith diagonal entry equal

to
E [Z«ei,e& | ZW] =E [Jeill% | =]

k=1

hence we can bound each diagonal term by o2 by assumption. This implies that

tr(D(D +40)7'UTE, ,UD(D + fﬂ)—l) < 02tr(D(D +~0)7'D(D + 71)—1>
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The first term of (2.42) can be dealt with by noting that

n ,7 k 00 729]%
ZH (D +~I)~ 9k||2—ZZ =3y R
k=1i=1 :u”L + ’Y k=1 M1>0 (:u‘l + ’7
> 02 i < V2 fii ) Ohi _ 7+ 07
(A 1 T (A
Z T < e, SOy R T ki
k=1i:;>0 (i +7)? e (B +7)% ) = a0 i T A pT a3

The second equality uses that 8, = U Kay = DU " oy, hence 01 = 0 whenever fi; = 0 and the
final inequality uses that ab?/(a + b)? < b/4. Let Dt denote the generalised inverse of D, i.e.
D = fi71;,~0. Then

67 .
Y B = VD3 = ol KUDYU " Kay = o] UDD™DU "o = o} Koy,
3

;>0

= llul% < llugllZ + loxlZ = 118ellZ-

Putting things together, we have

le (D41~ = D3 < Hﬁkllz— ||5ﬂ||%{s'
13

Hence,
2

(ZW’ w%wﬂsif B+ L1l

i:l
and using that

~9
Hi . ~2 . a

————5 <min(l, &7 /(4d;y)) = min(f;/4,7) /7,

(f1i + )2 (1, A7 /(4di)) (fi/4,7)/

we have shown equation (2.40). O

To go from a conditional statement to an unconditional result, we first require the following
lemma.

Lemma 2.18. Let x1,...,x, be i.i.d. observations of a centred Hilbertian random variable X
with E||X||?> < oco. Let € denote the covariance operator of X with eigen-expansion

(o @]
E = Z Hier & ek (2.43)
k=1
for an orthonormal basis (er)>,, and summable eigenvalues py > pg > --- > 0. Define the

random matriz K € R™*™ with entries given by K;; = (x;,x;) and denote the eigenvalues of
K/n by fu > fip > > fi, > 0.
For all r > 0,

E ( kznzl min(fi, r)) < i min(pg, )
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Proof. Tt suffices to show that given any € > 0, we have
n (0.9}

E( Z min ([, 1")) <e+ Z min (g, ).
k=1 k=1

Now let d be such that

oo

Z L < e/n.
k=d+1
Let ® € R™*? have entries given by
(I)ij = <.Ii, 6]'),
such that .
(I)q)T i Z xl)ek,’ :Ujvek
k=1
From this, it is clear that
o0
(K — (I)‘I)T)ij = Z <$i,€k><l‘j,€k>.
k=d+1

Thus, for v € R?

2

d d [%S)
vT(K—Q@T)v:Zva] Z Si,er)(Tj, ex) Z <szx“ek> >0,

i=1j=1 k=d+1 k=d+1

showing that K — ®® " is positive semi-definite.
Next let Si be the cone of positive semi-definite d x d matrices, and for A € Sﬂlr and
k=1,...,d, let A\y(A) denote the kth largest eigenvalue. Let f : ST — R be given by

d
= min(Ag(A),r)
k=1

By Weyl’s inequality, noting that the non-zero eigenvalues of ®'® and ®® ' coincide, we have
for all k,
fe < M (@D /n) + A\ (K — 00T /n)

and so
min(fig, ) < min(A\g(®"®/n),r) + tr(K — dd")/n.

Thus,
]E( > min(ju, r)) <Ef(®T®/n) + Etr(K — ®d"). (2.44)
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Now by Fubini’s theorem,
n (0.9}
Etr(K — <I>(I>T :ZZ (x4, ex) —nz,uk<e
=d+1 k=d+1

We now claim that f is concave, from which the result will follow. Indeed, then by Jensen’s
inequality, Ef(®"®/n) < f(E®'®/n) and

(Eq)T ZE (@3, ex)(zir €1)) = L ip=ry-
=1

Thus,

fED®T®/n) = me Wiy T

and so returning to (2.44) we would have
n o0
E( Z min ([, 'r)) <e+ Z min (g, ).
k=1 k=1
We now show that f is concave. Take ¢t € (0,1) and A, B € Si. We will show that
d
S O(tA+ (1= )B) = 1); < Z{t MA) =)+ (1= 0W(B) —r)s},  (245)
k=1

where (-)1 denotes the positive part. This will prove concavity of f as
d
Z (tA+ (1 —t)B) = tr(tA+ (1 —t)B)

= ttr(A) + (1 — t)tr(B Z{m (1= 1)A(B)},

so subtracting (2.45) yields f(tA+ (1 —t)B) > tf(A) + (1 —t) f(B) as desired.
Certainly (2.45) holds when r > A\;(tA + (1 — t)B). Now by Lidskii’s inequality, for each
j=1,....,d,

2]: (tA+(1—1t)B Z{t)\k + (1 — ) \(B)}. (2.46)
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For convenience, let us set Agy1(tA+ (1 —¢)B) = 0. Then for any j =1,...,d, if \j;1(tA+
(1-t)B) <r < \j(tA+ (1 —1t)B), we have

M~

d
ST OR(tA+ (1= 6)B) = 1)y = S ((tA + (1 —£)B) — 1)
k=1

£
Il
—

IN
R

{t(Ak(A) = 7) + (1 =) (M(B) — 1)}

i
I

M&

< ) {tw(A) =) + (1 =) (M(B) = 7)1},

£
Il
—

using (2.46) for the first inequality. We thus have that (2.45) holds whatever the value of r,
and so f is concave, which completes the proof. ]

Combining Lemma 2.17 and Lemma 2.18 now yields the following bound on our regression
estimator.

Lemma 2.19. Let P consist of a family of distributions of (X,Z) € Hx x Hz such that
X - yPZ + €P7

where we assume that suppepl|-Zp|as < C and suppep Epllep||? < 0. Suppose we are given
n i.4.d. observations (x;,2)i— of (X,Z) and denote by (pr, p)ren the non-negative eigenvalues
of Covp(ep). Let 7, be the estimator in (2.19). We have for each P € P, that

) 8]
*EP (ZH&’ zi) %(%)HQ) <—= Zmln (kP /4, 7) + 7Pl s - (2.47)
i=1 v nk 1 n

Further, if we use 4 as in (2.20), that is,

4 = argmin < Z min(fig/4,7v) + )

v>0 mn k=1

to produce an estimate S = 5’% of Sp, then

1
EH%EP< leﬁﬂp v )H2> < max(0?,C) sup inf < me ik p,7)+7>
€

PeP 7>0 fyn k=1
(2.48)

Proof. Result (2.47) follows immediately from Lemmas 2.17 and 2.18. To show (2.48), we argue
as follows. Let (eg)ren denote a basis of Hx. Then conditioning on z1,..., 2z, and applying
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equation (2.40) in Lemma 2.17, we get that

1 5 R U Y
sup Ep ( S 1p(z) - y(zi)HQ) < sup Ep <A > min(fi,/4,4) + ||5”PH%{SZ>
PPy ni PePy =

1 & 0
< max(c?,C) sup Ep |min | — > min(j/4,7) + —
PePy >0\ kzzjl 4

Using the fact that the expectation of a minimum is less than the minimum of the expectation,
we get that

1 n
sup Ep [min ( Z min(fig/4,7) + Z)

PEPy LN (L

1 n
< sup inf l]Ep < Z min (/i /4, 7) + Z)

Pepy 1~ ALy

1 o0
< sup inf [ — Y min(uep,y) +7 |
M=

where the second inequality is due to Lemma 2.18. O
Finally, we can prove Theorem 2.5.
Proof. By Theorem 2.3 and the assumptions of the Theorem it is sufficient to show that
1 & X 7 2
sup VnEp [ =Y |75 (i) — L (z)]* | =0 (2.49)
PePy )

and similarly for the regression of Y on Z. This can be seen by noting that an application

P
of Cauchy—Schwarz and Markov’s inequality yields that nMT{ pM? = 0 and, by the upper

~ P ~ P
bound on up and vp in assumption (ii), Mgp = 0 and MY , = 0.
Lemma 2.19 implies that it is sufficient to show that

1 oo
V/n sup inf ( Z min(u p,y) + ’y) —0

PePy >0\ k=1

as n — oo for (2.49) to hold. For each P € Py, we let ¢p : Ry — Ry be given by

op(y) = i min(pig, p, 7y)-

k=1
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By assumption (iii), lim o SUp pep, op(y) = 0, hence for any € > 0 we can find N € N such
that for any n > N, suppp \/ép (n71/2) < €/2. Let ypp = n~1/2\/¢p (n=1/2). Then,

vn sup 1nf< me L Py Y _|_,y> = sup inf <¢P( )+\f )

Pepy 70\ T Pep, 120\ 7V

bp n-1/2 ¢P(n—1/2)

P€750 ’Yn Pf P€750 d)p (7’[,_1/2)

Assuming that € < 2 and using that ¢p is increasing, we get that for n > NV,

op (n712\/op (n1/2) ~1/2, /9
sup ( >+W < aup ¢P(”€/)+W
PPy op (n71/2) PePy op (nil/Z)
< sup QW <€
PePo
proving the result. O

Corollary 2.2. Consider the setup of Lemma 2.19 but with the additional assumption that for
some a,b > 0, we have py p < ae" for all P € P. Then

sup Ep < ZHyp i) zl)H ) = o(logn/n)

PePy

Proof. Applying Lemma 2.19, we show that

sup inf ( Zmln (g, P,y +’y> < 1nf ( Zmln —i—’y) o(logn/n).

Pepy O\ S =1

To that end, note that

1 & 1 1 1
— min(ae +v < ——log v/a +7/ ae" da4y = —— log(y/a)+—+.
m ];1 (ae™) nb G/a) n7y J—log(v/a)/b nb (v/a) nb

The right-hand side is a strictly convex function in ~ hence it has a unique minimum at the
unique root of the derivative function given by ~v* —b which yields a minimum of

%(log(anb) +2) = o(logn/n). [
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2.10 Additional numerical results

Here we include additional results relating to the setups in Section 2.5. Figures 2.7, 2.8 and 2.9
plot rejection rates against nominal significance levels for pfr and the GHCM, for the setups
described in 2.5.1.

Figure 2.10 plots rejection rates for a subset of null settings considered in Section 2.5.1 but
where the noise Ny in (2.25) is t-distributed.

Figure 2.11 plots rejection rates for a subset of null settings considered in Section 2.5.1 but
where instead of (2.25), the regression model for Y is given by

yz/ol aa(t)Z(t)dtﬂ/lff)/ol aaa(t)X(t)dt—kNy.

Note that when n = 100, the model is identical to (2.25). For other n, |[ECov(X,Y | Z)|lus
scales with 1/4/n, and so Theorem 2.4 suggests as n changes, the power should not change
much. This is confirmed by our empirical results where we observe that the power remains
largely unchanged as n changes, suggesting in particular that the GHCM has power against
1/4/n alternatives.

Figure 2.12 plots rejection rates for the same settings considered in Section 2.5.1 but where
we use the FDboost package for regressions instead of the refund package. We use default
tuning parameters for the regression; it is possible that performance could improve with more
careful tuning.

Figure 2.13 plots rejection rates for the same settings considered in Section 2.5.1 but where
the X and Y curves are observed on an irregular grid with points sampled independently and
uniformly on [0,1]. We consider a sparse grid of 4 points as well as four unequal grid sizes
sampled as the maximum of 4 and a Poisson random variable with mean in {10, 25,50,100}.

Figure 2.14 plots rejection rates for a simulation based on the real data analysis in Sec-
tion 2.5.3. For each of the two edges that had Benjamini—-Hochberg-corrected p-values at most
5% (O-L—PO-L and O-R—PO-R), we created artificial datasets as follows. We added inde-
pendent Brownian motion noise to each of the estimated regression functions (note there were
regression functions estimated for each variable in each of the two groups) thereby simulating a
new X and Y conditional on the fixed Z. In these simulated datasets, the null of conditional
independence does hold, and so we should expect the GHCM to deliver uniformly-distributed
p-values. The results using the GHCM as described in Section 2.5.3 and for varying standard
deviation ¢ of the Brownian motion noise for one set of regressions with the other set at 1, are
shown in Figure 2.14. We see that even in the low ¢ settings, which are expected to be the
most challenging, the GHCM maintains level control.
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Fig. 2.7 Rejection rates against significance level « for the pfr (red) and GHCM (green) tests
under null (light) and alternative (dark) settings when a = 2.
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Fig. 2.10 Rejection rates in a subset of the null settings considered in Section 2.5.1 for the
nominal 5%-level pfr test (top) and GHCM test (bottom) where ox = 0.25 and n = 500 and
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Fig. 2.11 Rejection rates in a subset of the alternative settings considered in Section 2.5.1 for
the nominal 5%-level GHCM test where a = 2 and a, has been replaced with (100/n)~2ay,.
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Fig. 2.12 Rejection rates in the setting of Section 2.5.1, replicating Figures 2.1 and 2.2, for
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Fig. 2.13 Rejection rates in the setting of Section 2.5.1, replicating Figure 2.4, for the nominal
5%-level GHCM test where the X and Y curves are observed on irregular grids as described in
the main text.
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Chapter 3

The Projected Covariance Measure
for model-free variable significance
testing

3.1 Introduction

Understanding the relationship between a response and associated predictors is one of the most
common problems faced by data analysts across many diverse areas of science and industry.
Often an important step in this task is to determine which variables or groups of variables are
important in this relationship. To fix ideas, consider data formed of independent copies of a
triple (X,Y, Z), where Y € R is our response, and we wish to assess the significance of a group
of predictors X € R4 after adjusting for confounding variables Z € R%2; we will consider a
more general setting later in this chapter where X and Z can be potentially non-FEuclidean.
One simple but popular way of addressing this problem is to fit a linear regression model
Y = XT3+ ZT~ +¢, where we assume the random error ¢ satisfies E(e | X, Z) =0, and perform
an F-test for the significance of X (i.e. test the null hypothesis that § = 0). However, in the
case that the linear model is not a sufficiently good approximation of the ground truth, this can
result in either wrongly declaring X to be important or unimportant, and other significance
tests based on parametric models suffer from similar issues. The fact that regressions based
on parametric models are greatly outperformed by modern machine learning methods such as
deep learning (Goodfellow et al., 2016) and XGBoost (Chen and Guestrin, 2016) in regression
competitions such as those hosted by Kaggle (Bojer and Meldgaard, 2021), suggests that
such parametric models giving poor approximations to the truth is the norm rather than the
exception, at least in contemporary datasets of interest.

In this work we consider the model-free null hypothesis of conditional mean independence,
that is E(Y | X, Z) = E(Y | Z); in words, X does not feature in the regression function of Y’
on X and Z. It is interesting to compare this to the conditional independence null Y 1L X | Z|
which has attracted much attention in recent years. The latter asks not just for the regression
function to be expressed as a function of Z alone, but also the entire conditional distribution



98 The Projected Covariance Measure for model-free variable significance testing

of Y given (X, Z) to in fact equal the conditional distribution Y given Z. Any valid test of
conditional mean independence may be used as a test for conditional independence as its size is
no larger than its size over the larger null hypothesis of conditional mean independence. The
two nulls in fact coincide when Y is binary, but more generally there are important differences.
One attractive property of the conditional mean independence null is that the alternative of
conditional mean dependence may be characterised by the property that X can improve the
prediction of Y in a mean-squared error sense, given knowledge of Z. For example, consider the
setting where X is a binary treatment variable, Z contains all pre-treatment confounders and Y
is the observed outcome. Under assumptions (including the absence of unmeasured confounders)
that are standard in the causal inference literature (Neyman, 1923; Rubin, 1974), conditional
mean dependence is equivalent to the existence of a subgroup average treatment effect, that is a
(measurable) subset A C R% where E{E(Y | Z,X =1)|Z c A} >E{E(Y |Z,X =0)|Z € A}.
On the other hand, rejection of the conditional independence null does not in general have an
immediate interpretation in terms of its predictive implications.

Despite the attractions of conditional mean independence, an important issue is that this
property is not testable without further restrictions on the null hypothesis: if (X,Y, Z) have a
density that is absolutely continuous with respect to Lebesgue measure, then the power of any
test at any alternative is at most its size. This comes as a direct consequence of the untestability
of the smaller conditional independence null (Shah and Peters, 2020). The conclusion is that in
order to test conditional mean independence, one must further constrain the null hypothesis in
some way.

Given the success of machine learning methods in prediction problems, a natural and
convenient way to specify these constraints is based on restricting the set of nulls to those
where user-chosen regression methods can estimate certain conditional expectations sufficiently
well. One strategy, as adopted in the Generalised Covariance Measure (GCM) of Shah and
Peters (2020), involves, in the case where X is univariate, regressing each of X and Y on Z,
computing the covariance between the resulting residuals and estimating a normalised version of
E{Cov(X,Y | Z)}, a quantity that is zero under conditional independence. A drawback of this
approach, however, is that it has no power against alternatives where E{Cov(X,Y | Z)} = 0.

To gain greater power, it is suggested to apply the above with X replaced by each component
of ($1(X,2),...,0m(X,Z)), where ¢1,..., ¢ : RIX¥42 5 R are a fixed user-chosen collection
of transformations of the data. One may then base a final test on the maximum absolute value of
the resulting test statistics. It is however not clear how one should choose these transformations,
and if m is large, or indeed dx is large and we use the strategy above but with the ¢; simply
extracting the jth component of X, performing all the regressions involved may be impractical.
A related approach to improve the power properties of the GCM is introduced by Scheidegger
et al. (2021) who propose a carefully weighted version of the GCM that, under conditions, can
have power against alternatives where we do not have Cov(X,Y | Z) = 0 almost surely, see also
Fernandez and Rivera (2022). Nevertheless, it is perfectly possible to have Cov(X,Y | Z) =0
under conditional mean dependence, and here even the weighted GCM would be powerless: for
example, consider the simple setting where (X, Z,e) ~ N(0,I3) and Y = X? + ¢. In this case,
Cov(X,Y | Z) = Cov(X,Y) = 0 despite X clearly being important for the prediction of Y. It is
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therefore of great interest to develop methods for testing conditional mean independence whose
validity, as in the case of the GCM and its weighted version, relies primarily on the predictive
properties of user-chosen regression methods, but have power against much wider classes of
alternatives.

While there has been much work on the problem of conditional independence testing in
recent years (we review some of the contribution most relevant to our work here in Section 3.1.2),
there has been comparatively little on testing conditional mean independence. One compelling
approach is based on an equivalent way of stating the null hypothesis: defining

T=E[{E(Y|X,2)-EY|2)}’] (3.1)

we have that 7 = 0 if and only if we have conditional mean independence. This suggests a
potential strategy for assessing conditional mean independence via the estimation of 7. Such
an approach was adopted by Williamson et al. (2021) who employed a plug-in estimator of 7,
and showed that, under conditions, it yields a semiparametric efficient estimator of 7, provided
that 7 > 0. However, as highlighted by Williamson et al. (2021), under the null where 7 = 0,
semiparametric approaches such as this face a fundamental difficulty as the influence function
is identically zero, and as a consequence the test statistic has a degenerate distribution.

To avoid this issue, Williamson et al. (2022) and independently Dai et al. (2021), utilise an
alternative representation of the target parameter 7 = E[{Y —~E(Y | Z2)}?|-E[{Y -E(Y | X, Z)}?
and propose a testing procedure via sample splitting where estimation of E[{Y — E(Y | Z)}?]
and E[{Y —E(Y | X, Z)}?] is done on independent splits of the data. This restores asymptotic
normality of the test statistic under the null, but comes with a significant power loss. In
particular, the resulting test becomes asymptotically powerless if \/nT — 0, even for a parametric

linear model where the optimal testing rate is known to be of order n=!.

Moreover, the
asymptotic normality fails when Y is (close to) independent of (X, Z), which raises concerns

about uniform validity of the test. See Appendix 3.9.2 for details.

3.1.1 Outline of our approach and contributions

In view of the considerations above, the goal of this chapter is to propose a new framework for
testing conditional mean independence that has the following properties.

o Flexible type I error control. The user should be able to leverage modern regression
methods to ensure validity of the test uniformly over classes of distributions where these
methods perform sufficiently well.

e Adaptive power. The test should have minimax rate-optimal power in both simple
parametric models and challenging nonparametric settings, when used with appropriate
regression methods.

e Practical. The test should involve only performing a small number of regressions, so it
is computationally practical.
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Our approach is based on the following alternative characterisation of conditional mean
independence: Y is conditionally mean independent of X given Z if and only if

E[{Y —E(Y[2)}f(X, 2)] = E[Cov(Y, f(X, 2)| Z)] = 0 (3.2)

for all functions f such that E(f(X,Z)?) < co. In words, the residuals Y — E(Y | Z) from
regressing Y on Z alone are uncorrelated with any function of X and Z. On the other hand,
under an alternative, these residuals should not be pure noise but contain some ‘signal’ that
can be exposed via an appropriate f such that the left-hand side of (3.2) is strictly positive.
To motivate our approach, consider an oracular test statistic that uses knowledge of
the conditional expectation E(Y | Z): given independent copies (X;,Y;, Z;), of (X,Y,Z)
and a function f, the random variables L} := {Y; — E(Y;|Z)}f(X;,Z;) for i = 1,...,n
are independent and identically distributed, with zero mean under the null. Writing Ef =
{Yi—E(Y:| Xi, Z:)} f(Xi, Z;), we have that under regularity conditions, the studentised statistic

Ly, L

1 xn T2
n =1 Ll

T = (3.3)

converges to a standard normal distribution under the null, and may thus form the basis of a
test. Note that since under the null, L* = L*, we may alternatively studentise the test statistic
using the empirical standard deviation of the L7 ; however this version simplifies the derivation
to follow.

Different choices of f would lead to different power properties under an alternative. Ideally,
we want to maximise the value of the test statistic under an alternative, so we would like
E(L?)/y/Var(L?) to be as large as possible. It may be shown (see Proposition 3.5 in Section 3.9.2
of the appendix) that this is uniquely maximised, up to an arbitrary positive scaling, by
choosing f(X,Z) = h(X,Z)/v(X, Z), where h(X,Z) :=E(Y | X,Z) —E(Y | Z) and v(X, Z) :=
Var(Y | X, Z). We therefore see that the optimal f is a version of the projection h of Y onto the
space of square-integrable functions of (X, Z) that are orthogonal to functions of Z, inversely
weighted by the conditional variance v.

The considerations above suggest the following approach: use one portion of the data to
obtain an estimate of the projection f, and then use the remaining data to evaluate a test
statistic of the form (3.3). This forms the basis of our proposed test statistic, which we call the
Projected Covariance Measure (PCM).

One important issue to be addressed is the fact that under the null, i is the zero function,
and as a consequence, both the numerator and denominator of T™ are zero. This is not
immediately problematic for the oracular statistic 7%, as one can always decide to accept the
null when the numerator is precisely 0. However, it might appear to be potentially disastrous
for an empirical version of T* where any bias terms in the numerator could be inflated by
division with a denominator that is close to zero. One of our main contributions in this work
is to show that by formulating our PCM test statistic appropriately, it has an asymptotic
standard Gaussian limit in settings ranging from low- and high-dimensional linear models to
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fully nonparametric settings. Moreover, we demonstrate empirically that this limiting behaviour
can be expected to hold more generally when using machine learning methods such as random
forests (Breiman, 2001) for the regressions involved.

The rest of the chapter is organised as follows. After reviewing some related literature in
Section 3.1.2, we present our PCM methodology in Section 3.2. In Section 3.3, we examine
the simplest instantiation of our general framework and study testing in the context of low-
dimensional linear models. An important revelation of this analysis is that in contrast to
the equally general testing frameworks of Williamson et al. (2022) and Dai et al. (2021), our
approach has power against local alternatives where 7 is of order n~!. We go on to show that,
under conditions, the PCM maintains Type I error control in high-dimensional linear models,
even when using an essentially arbitrary machine learning method to estimate the projection f.
In Section 3.4, we present a general theory of the PCM, giving conditions involving prediction
errors of the user-chosen regression procedures used in the PCM that result in Type I error
control, and also study the power of the procedure. In Section 3.5, we show how our general
conditions for Type I error control may be satisfied in a fully nonparametric regression setting
when using series estimators for the relevant regressions. We also introduce a slight variant of
our approach involving additional sample splitting that enjoys what we show to be minimax
rate optimal power over classes of alternatives for which 7 in (3.1) satisfies a lower bound.

All of our asymptotic results are uniform, in the sense that they give classes of distributions
over which the probabilities of rejecting the null hypothesis are simultaneously controlled. As
discussed earlier, no non-trivial test of conditional mean independence can maintain its nominal
level over the entirety of the null. Understanding the classes of null distributions over which
Type I error may be controlled for a given test therefore becomes crucially important.

In Section 3.6, we conduct several simulation experiments that demonstrate the effectiveness
of the PCM when used with generalised additive model-based regressions (Wood, 2017) and
random forests, in terms of both Type I error control and power. We conclude with a discussion
in Section 3.7 outlining potential future research directions suggested by our work.

In Section 3.8 and 3.9 of the appendix, we include the proofs of all our main results and
related auxiliary lemmas. Section 3.10 provides a self-contained description of spline regression
and related results that we use for our analysis in Section 3.5. In Section 3.11, we give a more
detailed analysis of our results for linear projections in Section 3.3; in particular we derive an
exact asymptotic power function of our test. Section 3.12 contains the results from additional
numerical experiments beyond those included in Section 3.6.

3.1.2 Literature review

There is a relatively small body of literature that is explicitly concerned with conditional
mean independence. Early developments on this topic include the work of Fan and Li (1996),
Lavergne and Vuong (2000) and Ait-Sahalia et al. (2001) from the econometrics community.
Jin et al. (2018) propose an approach for testing conditional mean independence in cases where
E(Y | Z) is a linear function of Z, based on the martingale difference divergence proposed by
Shao and Zhang (2014).
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Recent years have witnessed an increasing use of machine learning (ML) tools for statistical
inference. For example, Chernozhukov et al. (2018) introduce an ML-driven approach for
estimating causal parameters in the presence of complex nuisance parameters. Shah and
Biihlmann (2018) and Jankova et al. (2020) propose methods for goodness-of-fit testing in high-
dimensional (generalised) linear models that involve detecting remaining signal in residuals using
ML methods. More closely related to this work, Williamson et al. (2022), and independently Dai
et al. (2021), propose model-free methods for assessing conditional mean independence that can
take advantage of existing ML algorithms. Williamson et al. (2022) derive a semiparametrically
efficient estimation of 7, but recognise the difficulty of testing the null hypothesis that 7 =0
caused by the fact that the efficient influence function is identically zero under the null. This
means that their sample-splitting approach lacks validity when (X, Y, Z) are independent, and
moreover it turns out the test may require larger values of 7 than necessary in order to achieve
power; see Section 3.3.1 for a more detailed discussion. Dai et al. (2021) alleviate the Type I
error issue by adding noise to their test statistic, but this comes at a further price in terms
of power, as pointed out by Verdinelli and Wasserman (2021). We also mention the work of
Zhang and Janson (2020), who provide a method of constructing confidence intervals for 7 in
the case where the conditional distribution of X given Z is (almost) known.

Many existing tests, including ours, determine their critical values based on asymptotic
theory derived under the null. However, most work (implicitly) targets pointwise Type I error
control that holds only each fixed null. This type of pointwise analysis leaves a room for the
existence of a sequence of null distributions for which the Type I error can be made arbitrarily
large. A classical example is the fact that the t-test that has pointwise asymptotic size « for
the class of distributions with finite variance, but uniform asymptotic size 1 for the same class
of distributions (Romano, 2004). In fact, even more seriously, if we let P denote the class
of distributions on R with finite mean pu, and consider a random sample from some P € P,
then no test of the null that u = 0 can have power greater than its size at any alternative
(Bahadur and Savage, 1956; Romano, 2004). We therefore put great emphasis on uniform Type
I error control over classes of distributions in order to present more practically-relevant error
guarantees. This uniform analysis is in line with recent work on conditional independence
testing such as Candes et al. (2018), Berrett et al. (2020), Shah and Peters (2020), Petersen
and Hansen (2021), Lundborg et al. (2021a), Scheidegger et al. (2021) and Neykov et al. (2021).

Our work builds on a classical technique, namely sample splitting, that involves partitioning
the data into disjoint subsamples for different purposes: roughly speaking, a portion of the
data is used for seeking a good direction that potentially contains a high signal and the other
portion is used for conducting a test based on the data projected along the given direction.
Cox (1975) is one of the earliest papers that applies sample splitting to testing problems. Since
then, many inference procedures have been developed by leveraging a similar technique to
perform variable selection in high-dimensional models (Meinshausen and Bithlmann, 2010;
Meinshausen et al., 2009; Shah and Samworth, 2013; Wasserman and Roeder, 2009), inference
after model selection (Rinaldo et al., 2019) and inference based on maximum likelihood
estimators (Wasserman et al., 2020), to name just a few. In a similar vein, Kim and Ramdas
(2020) introduce splitting-based procedures that address an issue of degenerate U-statistics
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for high-dimensional inference. While our main focus is on testing, sample splitting has also
been considered for estimation problems, where it typically works as a device to reduce a bias
and thus help to obtain a fast (often optimal) convergence rate (Chernozhukov et al., 2018;
Newey and Robins, 2018; Wang and Shah, 2020). Some parts of our work are motivated by
Newey and Robins (2018), who propose cross-fit estimators of functionals involving conditional
expectations.

3.1.3 Preliminaries and notation

Throughout this chapter, we adopt the convention that 0/0 := 0 and sgn(0) := 0. We let
x Ay := min(z,y) throughout and denote by [n] := {1,...,n}. For two sequences (a,) and
(bn), we write a, =< b, to mean that there exist ¢,C > 0 such that 0 < ¢ < |a,/b,| < C < o0
for every n. For a vector x € R and p € [1, 00|, we denote its £, norm by ||z||,. The operator
norm of a matrix A € R"*™ is denoted by ||A|op. For a positive semi-definite matrix A, we
write A™! for its generalised inverse. We use the notation z, to denote the o quantile of the
standard normal distribution whose cumulative distribution function is denoted by ®.

In order to present our uniform results on testing, we require some conventions for prob-
abilistic notation used in what follows. Let (£, F) be a measurable space equipped with a
family of probability measures (Pp)pep where P is a collection of distributions on a Euclidean
space. We will permit the family P to depend on n, to allow for settings where the number of
parameters grows with n, but will typically suppress this in the notation.

Given a family of sequences of random variables (X p,) pep nen on (£2, F) whose distributions
are determined by P € P, we write Xp,, = op(1) if suppcp Pp(|Xpn| > €) — 0 for every
e > 0. Similarly, we write Xp, = Op(1) if, for any € > 0, there exist M, N. > 0 such
that sup,> . suppep Pp(|Xpn| > M) < e. In addition, for another family of sequences of
random variables (Yp,,) pep nen, we write Xp,, = op(Yp,,) and Xp,, = Op(Yp,,) if there exists
Rp, with Xp,, = Yp,Rp, and Rp, = op(1l) and Rp, = Op(1), respectively. We say that
(Xpn)Pepnen converges uniformly in distribution to random variable X with distribution
function F' if for all x where F' is continuous,

Jim ;gg\PP(XP,n <z)-F(z)|=0.

We will throughout denote different independent datasets by D; for i € N, each containing
n independent observations. In what follows, we often abuse notation and write conditional
expectations conditioning on a random function, e.g. Ep(f(X 7)) | f) where f is a function
produced by some regression estimator. By this we formally mean that we condition on the
sample used to construct the regression estimator and any additional randomness involved in
the computation of the regression function. Throughout the rest of the chapter we let (X,Y, Z)
be random variables on X x R x Z, although we will at times think of X and Z being specific
dx and dz-dimensional Euclidean spaces, respectively.
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3.2 Projected covariance measure

In this section, we formally present our PCM methodology. There are some modifications we
make to the basic blueprint outlined in Section 3.1.1, and we first motivate these in Section 3.2.1
before presenting our final algorithm in Section 3.2.2. Given that our approach involves sample
splitting, it is convenient to assume here and also throughout Sections 3.3 and 3.4 that we have
2n i.i.d. observations (Xj,Y;, Zz-)?”l rather than the conventional n observations.

1=

3.2.1 Motivation

Recall that the approach sketched in Section 3.1.1 involves first computing an estimate fof the

weighted projection
MX,Z) EY|X,Z)-EY|2)
X, 7Z)= =
1(X,2) v(X,Z) Var(Y | X, Z)

using one portion of the data, say Dy := (X;, Y, Zi)zzﬁnﬂ. We discuss how to construct the
estimate f in Section 3.2.2. Next, given an estimate m(-) of m(-) := E(Y | Z = ), the oracular
test statistic (3.3) suggests a numerator of our test statistic of the form

;ﬁ S Y - Mz} F(Xi, 2). (3:4)
=1

We would like this to have mean approximately zero under the null; however it is well-known
(Chernozhukov et al., 2018) that when using a nonparametric estimator m, the quantity above
may carry a substantial bias, and we should instead consider an orthogonalised version of the
form

~

1 & . N R
n gLi with Li =Y, —m(Z) H{ f(Xy, Zi) — mf(Xi, Zi)},

~ ~

where ﬁ@f is an estimate of mf() =E(f(X,2)|Z = -, f). Importantly, the bias term then
involves a product of the mean squared prediction error (MSPE) of m,

L3 pm(z) - Mz 5)

and that of f, a quantity that may be substantially smaller than the MSPE of m alone (which
would drive the bias in (3.4)).

Turning to the denominator of our test statistic, rather than studentising by a quantity
requiring an estimate of E(Y | X, Z) as suggested by (3.3), it is practically more convenient nor-
malise using the empirical standard deviation of Ly,..., L, as this does not involve performing
an additional regression. Thus, we propose to take as our test statistic

_ T Lie1 Li
VaXi L - (A, L)

. (3.6)
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Fig. 3.1 In-sample and out-of-sample errors for the model where Z;,...,Z7 ~ N7(0,I), Y =
sin(2nZ;) + € with € ~ N(0,1) independently of Zi,..., Z7, and regressions are performed
using mgcv; see Section 3.6.1 for more details on this setup.

For local alternatives, both versions are near-identical and so any differences in power properties
should be very slight, as we have also observed empirically. Recalling that the GCM is of the
form (3.6) with (L;)!"_; equal to the product of the regression errors from regression each of Y’
and X onto Z, we see that our final test statistic is the GCM (Shah and Peters, 2020) applied
to a transformed X — f (X, Z), with the transformation chosen using Dy to maximise the
power of the test.

As in the GCM, we choose in practice train m and m - on Dy rather than Ds. The errors
such as (3.5) that are required to be controlled are then in-sample errors, that is the regression
methods are trained on the same data they are evaluated on, and thus the regression methods
need not extrapolate to unseen data points, for example. While from a theoretical perspective
in-sample errors and out-of-sample errors are often thought of similarly, in finite samples, these
can behave differently: for example Figure 3.1 demonstrates that when using additive models
(computed using the R package mgev (Wood, 2017)) to estimate m in a setup considered in
Section 3.6.1, out-of-sample errors can be appreciably larger with non-negligible probability.

As the PCM may be thought of as the GCM applied to a transformed X, we would hope
to obtain a standard Gaussian limit for 7" as in the case of the regular GCM test statistic.
Given that the transformation is designed to result in large values of T under an alternative, we
would perform a one-sided test by rejecting when T' exceeds the appropriate normal quantile.
Unfortunately however, the theory that guarantees asymptotic validity of the GCM test statistic
does not apply in our case: it would require Var({Y — m(Z)Hf(X, Z) — mf(Z)} | f), i.e. the
(square of the) target of the denominator to be bounded away from zero under the null. However,
f is identically 0 under the null so ]? and hence the above variance, and also both numerator
and denominator of our test statistic, should all converge to 0.
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To see why we can expect a standard Gaussian limit for our test statistic despite this
apparent degeneracy, consider a linear model setting where (X,Y,Z) € R x R x R? are related
through

Y=8X+Z"v+ec and X=Z'n+¢, (3.7)

with 8 = 0 and E(e| Z) = E(¢| Z) = 0. If we form estimates h and 7 using ordinary least
squares, and for simplicity set ¥ = 1 when forming f, then f(a:, z) = }\L(.T, z) takes the form
B+ 278 for some (B,68) € R x R Note that both 3 and |82 are of stochastic order 1/y/7.

Let us write 4 and 7} for the regression estimates of v and 1 respectively. The next step of

our procedure involves regressing each of (Y;)™; and (f(X;, Zi))?zl onto (Z;)!_,. The residuals
from the latter regression take the form 3{Z, (n — %) + &}, so in our case

Li=B{Z] (v - A7) +e{Z  (n—7) + &)

Thus, although L; and hence its standard deviation would be of order 1/4/n due to the factor
of B, writing L) .= Ll/\B|, we see that our test statistic is of the form sgn(B)T’, where T" is a
version of T" in (3.6) with L; replaced by L,. But L/ is an order 1 quantity (in contrast of L;),
so under mild conditions n~1/2 i, L will have a non-degenerate Gaussian limit, yielding a
standard Gaussian limit for 7”. As B is independent of 7", having been constructed on Ds, the
final test statistic 7" will also converge to a standard Gaussian.

While this argument provides a heuristic justification for the asymptotic validity of our
proposed test under a simple linear model, there remain challenges in extending the basic
intuition of this example to more general settings. In the above, it was possible to isolate the
randomness from fsimply via the sign of B , which helps bypass the 0/0 issue. However, it is
by no means straightforward to deal with the limits of the form 0/0 in a nonparametric setting
where f is entangled with other sources of randomness in a complicated way. Moreover, in
nonparametric settings one needs to put more effort into ensuring that the convergence rates of
f, m and ﬁz]? are fast enough that the bias term is asymptotically negligible. In this process, we
are obliged to handle a nested regression problem that has rarely been touched in the literature
with a few exceptions (e.g. Kennedy, 2020).

3.2.2 PCM algorithm

Our PCM approach developed in Section 3.2.1 is set out in Algorithm 2, with some recommen-
dations for the constructions of i and © which we discuss below in Sections 3.2.2 and 3.2.2. In
Section 3.2.2, we then put forward a version of the PCM using multiple sample splits that we
recommend using in practice.

Choice of h

We would like h(X, Z) to be close to h(X, Z) = E(Y | X, Z) — E(Y | Z) in order to maximise
the power of the procedure. There are several ways of estimating h, perhaps the most
obvious being simply to take the difference of the estimated regression functions g and 7 from
regressing Y on each of (X, Z) and Z. An alternative approach is based on observing that
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Algorithm 2 Projected Covariance Measure: single sample split

Input: Data (X;,Y;, Z;)?", significance level a € (0, 1), partition of [2n] = 7; U T, into index
sets 71 and Zo, each of size n.

Options: Regression methods for each of the regressions.

Define: D; = (X;,Y;, Zi)iez; for j € [2].

1: Form h.

(i) Regress Y onto (X, Z) using Dy to give fitted regression function g.

(ii) If g can be modified so that all components involving only Z are set to 0, let g be this
modified version of g. Alternatively, set g := 3.

(iii) Regress (X, Z) onto Z using Dy to give m, and then set h(z, z) := §(z, z) — m(2).
(iv) Compute

.1 N ~ _ -~
==Y {Yi - 9(Xi, Zi) + 9(Xi, Zi) — m(Zs) Yh( X, Z3),
€L

and set h(z, z) := sgn(p)h(z, 2),
2: Form v.
(i) Regress (Y —g(X, Z))? onto (X, Z) using Ds to give v.
(ii) Define a : [0,00) — [0, c0] by

{Y 9(Xi, Z:)}*
Z 0(Xi, Zi),0) +

max

v
If a(0) < 1, set ¢ := 0; otherwise find ¢ by solving a(c) = 1. Set
O(x,2) = max( (x,2),0) + ¢
3: Compute test statistic.
(i) Set f(x,z) := h(z, 2)/0(x, z) and regress f(X, Z) onto Z using Dy, giving mf
(ii) Regress Y onto Z using D; to give m.
(iii) For i € Iy set L; := {Y; — m(Z) H{ f(Xi, Zi) — Mm(Zi)} and let

f 21611
\/ ZZEIl L2 (n ZZ€I1 L2)

4: Reject Hy if T > z1_o otherwise accept Hy.
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hWMX,Z)=9(X,Z) —E(9(X,Z)| Z) where g(X,Z) := E(Y | X, Z). This suggests subtracting
not m but the output of regressing g(X, Z) onto Z. An advantage of this latter approach is
that we are free to subtract any function r of Z from g(X, Z) prior to this second regression
onto Z, as we also have h(X,7) = g(X,Z) —r(Z) —E(9(X, Z) —r(Z) | Z). Thus, for example
if g(z,2) = gz(z) + g-(2), we may form an estimate of h(X, Z) as the residuals from regressing
9.(X) onto Z. This second regression can then focus on removing any Z signal in g, (X), rather
than also having to also having to cancel out g.(Z). We do not make the claim that this always
makes a large improvement on the first approach, and indeed for certain regression methods
such as ordinary least squares (OLS), both approaches are identical and the ‘cancellation’ is
automatic. Nevertheless, we find the approach of Step 1 of Algorithm 2 a sensible default
choice.

In Step 1 (iv) we make a final modification to the estimate thus constructed by potentially
flipping its sign. The rationale for this is as follows: under an alternative, we have that
E{Y —E(Y |2)}h(X,Z)] = 7 > 0. As a basic check then, we can see if an empirical
version of this inequality, with h taking place of h and an estimate of E(Y | Z) replacing
the population quantity, holds; if not, we can at least flip the sign of h. This does not
require performing any further regressions to estimate E(Y | Z): noting the identity E(Y | Z) =
E{E(Y |X,Z) —r(Z2)| Z} +1r(Z), observe that m is an estimate of the first of these quantities
taking r(Z) = g(X, Z) — g(X, Z); see 1 (ii) and (iii). We note that when using OLS for each of
the regressions, p is guaranteed to be non-negative, so no sign flip is performed.

In high-dimensional settings, we would typically use a sparsity-inducing regression method
such as the Lasso (Tibshirani, 1996). Considering the simple case where X is univariate, this can
result in the coefficient for X being set exactly to zero, and so the recommended construction of
D given above would simply produce the zero function. Whilst not a problem for Type I error
control, as our convention (see Section 3.1.3) is to accept when L; = 0 for all 4, it is wasteful in
terms of power and a better approach here would be to leave the coefficient for X unpenalised.
More generally for multivariate X, we can additionally regress on the first principal component
of X for example, and leave this unpenalised.

Choice of v

A natural way of forming ¥ is via regressing the square of the residuals from regressing Y onto
(X, Z) onto (X, Z), and this is what we recommend in Step 2 (i) of Algorithm 2 to produce
v. An issue is that whilst v is clearly non-negative, and expected to be positive everywhere,
v may in fact be negative. In fact equally problematic is the possibility that v is very close

~

to 0 at some (X;, Z;), as then taking v = v, we would have f(X;,Z;) very large and hence
f(Xi, Z;) — fhf(ZZ) and L; may be greatly inflated and dominate the test statistic. To mitigate
these problems, we modify v by taking the positive part of our initial estimate, and then
adding a non-negative constant ¢. This constant is chosen such that a(¢) (see Step 2(ii) of
Algorithm 2) is at most 1, the rationale for this coming from the population level identity
E{Y —E(Y| X, Z)}?/v(X, Z)] = 1. We also note that estimation of the conditional variance

v is not critical for good power properties. For example, in Section 3.5 we show that simply



3.2 Projected covariance measure 109

setting ¥ = 1 delivers minimax rate optimal power in a fully nonparametric setting; however
the power properties may improve empirically by a constant factor, see Section 3.3.1.

Multiple sample splitting

The single sample split in Algorithm 2 crucially ensures independence between f and the
remaining data D1, but has the consequence of introducing unwanted additional randomness to
the test statistic. To mitigate this issue, we advocate applying the single split PCM to multiple
splits of the data, and averaging the resulting test statistics, as summarised in Algorithm 3.
An alternative to working with the averaged test statistic would be to combine the p-values of
the individual tests, for which several methods are available ranging from twice the average
or median of p-values to Bonferroni method (e.g. DiCiccio et al., 2020; Meinshausen et al.,
2009; Vovk and Wang, 2020, and references therein). However, our experience is that these
approaches tend to be overly conservative, and typically lose power compared to considering a
single test. Instead, we propose to compare the averaged test statistic T to a standard Gaussian
quantile, as with the single split test statistic T'; a similar approach is taken in Wang and Shah
(2020). We expect this to be conservative, as by Jensen’s inequality, T is less than or equal to
T in the convex ordering, so for example Var(T') < Var(T). However, in practice it does tend
to improve slightly on the power of a single-split test, whilst importantly also derandomising it.
It is worth noting that one could also do cross-fitting here, i.e. always apply the test to both
(I{b),Iéb)) and (Iéb),Il(b)) in Algorithm 3. We experienced no benefits in terms of either type I
error control or power from doing this though.

Algorithm 3 Projected Covariance Measure: multiple sample splits

Input: Data (X;,Y;, Z;)#",, significance level o € (0, 1), number of splits B.

Options: Regression methods for each of the regressions.

Test Statistic:
Form complementary pairs of index sets {(Igb),Igb)) :b=1,..., B} each of size n, where
7" Uzl = [2n).
F(zr) each b=1,...,B, apply Algorithm 2 with index sets I@,Iéb) to produce test statistic
T®),
Return 7 := Y2, 7/B.

Decision: if T > z;_, then reject Hy else accept Hy.

As previously mentioned, this modified procedure seeks to derandomise the test to mitigate
one of the primary downside of employing sample-splitting like we do: the resulting test is
random so that two analyses of the same data can result in contradictory inference simply
due to the choice of sample split. We discuss the issue of calibration above but there is also
the obvious additional computational cost involved in repeated sample-splitting that can be
substantial if B is large — our proposed procedure involves many regressions that could be
time-consuming. We believe, however, that these downsides are outweighed by the advantages
of increased power and de-randomisation.s
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3.3 Linear models

In this section we study our PCM methodology in the context of a linear model for Y
on X and Z. We begin with the simplest version of this setup, where we assume that
g(x,z) :=E(Y | X = 2,7 = z) is a linear function that we estimate using ordinary least squares.
This is not the sort of challenging setting where we would envision applying the PCM in practice,
as clearly a t-test (modified to account for potential heteroscedasticity) would suffice to test
for the significance of X. We nevertheless present it to show that in contrast to the general
methodologies put forward by Williamson et al. (2022) and Dai et al. (2021), here our method

—1/2_alternatives. In Section 3.3.2 below, we show that for both low- and

has power against n
high-dimensional Z, we retain Type I error control even under an arbitrary model for X and

when using an essentially arbitrary estimated projection f

3.3.1 Linear projection function

Here we consider a family of P of joint distributions P of (X,Y, Z) € R x R x R? satisfying a
linear model,

Y =BpX +vpZ +¢, (3.8)

where Bp € R and vp € R? are regression coefficients and ¢ is a random noise term with
Ep(¢|X,Z) = 0. We further impose the following moment conditions on P.

Assumption 3.1. Assume that the family P of joint distributions P of (X,Y,Z) € R x R x R?
satisfies (3.8). Let mp denote the population least squares projection of X onto Z and define
¢p = X —npZ. Let Op := Ep(ZZ7¢3), W = (X,Z) € R*! and 257 .= Ep(WWT).
Assume that there exist C, ¢, § > 0 such that

(i) suppep max{Ep(||Z[5"°), Ep(|Y "), Ep(|X|*+9)} < C.
(ii) inf pep min{Varp(C), Amin(E5%), Amin (Op)} > c.

Proposition 3.1. Consider a version of the PCM setting v = 1 and using OLS for each
of the regressions involved for a family of distributions P satisfying Assumption 3.1. Let
Pi(k) :={P € P:|Bp|=r/v/n}. Given anyn,«a € (0,1), there exists k > 0 such that

Jim Pelglf(H)IP’(T > 21—q) > 1.

Proposition 3.1 gives the reassuring conclusion that in the simplest of settings, our general
PCM framework, when used with appropriately chosen regression methods, can up to a constant
match the power properties of a t-test tailored to this setting. The setting is in fact simple
enough for us to derive an asymptotic power expression for our test. In Section 3.11 of the
appendix we present such an analysis for a version of our test that uses n; and ng (with
n1 + ng = 2n) observations in D; and Dy respectively, rather than the equal split we consider
here. This shows that the optimal splitting ratio depends on the unknown signal strength, and
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therefore supports a default choice of ny = ny = n for simplicity. We also provide a simulation
study in Section 3.12.1 of the appendix where we compare the local power properties of the
PCM, the test byWilliamson et al. (2022) and the F-test with a robust variance estimator.

3.3.2 A general estimated projection

We next consider a situation where the model is unspecified under the alternative, whereas Y
has a linear relationship with Z under the null of conditional mean independence. In this case,
it is reasonable to employ a flexible regression method, such as neural networks or random
forests, to estimate the projection f. Our goal here is to identify conditions on estimators,
including f, under which the proposed test controls the Type I error. It turns out that, given a
specified null model, the problem of testing whether X is significant is closely connected to
goodness-of-fit testing for the null model, and we are able to exploit this connection to study
the asymptotic Type I error of the proposed test.

Consider first the case of low-dimensional Z. Let Py be a family of distributions of (X, Y, Z)
under the null where Z € R? has an arbitrary distribution, and we suppose that ¥ = 'yIT:,Z + &,
where Ep(c| X, Z) = 0. Therefore, mp(z) = v5Z and thus it is reasonable to use a linear

regression model for m. We will suppose that m and ﬁLfA in Algorithm 2 are performed using

OLS, whereas we will leave the regression choices involved in the construction of f arbitrary.
We define Tps to denote the resulting test statistic and make the following assumptions to
ensure uniform asymptotic normality of the test statistic.

Assumption 3.2. Consider a class of null distributions Py of (X,Y,Z) where Y =~"Z + ¢
with Ep(e| X, Z) = 0 and assume that

(a) There exist § € (0,2], ¢,C > 0 such that Ep(¢?| X, Z) > ¢ and Ep(|e|*T?| X, Z) < C for
all P € Py.

~

(b) For i € [n], let u,,; = f(X;, Zi) —mﬂzi) and vy ; = uni/ (0 uii,)lﬂ. We assume that
MaX;cpy] [Vn,i| = opy (1) and 7, v3 s = 14 op,(1).

(c) Letting 4 denote the coefficient from the 7 regression, we assume that max;c(,) || Zi|| -
15 =l = opy (1)

Part (a) of Assumption 3.2 concerns conditional moments of ¢, and is used to establish
the asymptotic normality of a suitably normalised In contrast to prior work on goodness-of-fit
testing, e.g. Jankova et al. (2020), we do not assume that the conditional variance of ¢ is
homogeneous. Assumption 3.2(b) asks for no particular |v, ;| to be significantly larger than
the others, and, for large enough n, that at least one of {u,; : i € [n]} is non-zero for all
P € Py. The latter condition is important for establishing the asymptotic normality of our test
statistic, but not crucial for Type I error control. Indeed, when u,; = 0 for all i € [n], the test
statistic is zero, and we do not reject the null. Finally, in settings where, for example each Z;
is sub-Gaussian with parameter 1, then max;cp [| Zi[l < /3log(ndz) and || — |1 S n~1/2

with high probability, and in that case Part (c) of Assumption 3.2 is satisfied.
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Proposition 3.2 (Low-dimensional Z). Suppose in the above setting that Assumption 3.2
holds and that all OLS estimators exist almost surely. Then the test statistic Tors converges to
N(0,1) uniformly over Py; i.e.,

sup sup |[Pp(Tors < t) — ®(t)| — 0.
PePy teR

From Proposition 3.2, the test that rejects the null when Tors > z1_« is uniformly asymp-
totically level o under Assumption 3.2. We also note that the only requirement we impose
on the projection f is that it satisfies Assumption 3.2(b). Jankova et al. (2020) also consider
this condition, providing empirical supporting evidence in general, and introducing a specific
procedure that guarantees that the condition holds.

We now extend these ideas and the setting described above Assumption 3.2 to the case
where the dimension of Z is potentially larger than the sample size. Here, the least squares
estimator is not necessarily well-defined, so to address this issue, we construct m and 7/7\7,]/; using
the Lasso or one of its variants. Letting 4 denote the coefficients from the m regression, the
motivation for this comes from the decomposition

n

n
S (Vi A Zi)uni =D €itin,i — Obias, (3.9)
i=1 i=1

where Opjas := > 1 (¥ — ’y)TZiun,i. While this bias term is no longer exactly zero as for the
least squares estimators considered in Proposition 3.2, Holder’s inequality will nevertheless
guarantee that it is sufficiently small for our purposes as long as

n
> Zivni
i=1

= op, (1). (3.10)

(e 9]

1y =l -

We denote the test statistic as described in Algorithm 2 in this context by T7.ss0. The next
proposition is the analogue of Proposition 3.2 for 77 ,50-

Proposition 3.3 (High-dimensional Z). Suppose in the above setting that Assumption 3.2 and
condition (3.10) hold. Then

sup sup |Pp(Trasso < t) — (t)| — 0.
PePy teR

In order to ensure condition (3.10), one can use the square-root Lasso (Belloni et al., 2011),
as suggested by Jankova et al. (2020). In particular, for Asq > 0, we set T?Lf(z) = ﬁ;z where

~ . 1 3
Nsq = a;geré};n {\/ﬁﬂf - Zn||, + AqunHl}‘

With this choice of 7, and by letting Asq = C'\/(log dz)/n, the Karush-Kuhn-Tucker conditions
for the square-root Lasso guarantee that || >°7 Zivp illcc < Cv/logdyz. Furthermore, under
appropriate conditions, the Lasso estimator 4 has an error bound |5 — |1 < soy/logdz/n
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with high probability, where sg is the number of non-zero coefficients of « (e.g. Corollary 6.2 of
Bithlmann and van de Geer, 2011). Therefore, in this setting, condition (3.10) is satisfied if

so(log dz)/\/ﬁ — 0.

3.4 General theory

In this section, we present general conditions ensuring uniform asymptotic validity and power of
the test, primarily by imposing assumptions on the performance of the regressions involved in
computing our test. To facilitate our analysis, it is helpful to study a slight modification of the
test as presented in Algorithm 2, where we form m and m~on an independent auxiliary sample.
In principle, we may accomplish this by further splitting D; into two, and using one part to
train m and ﬁ”LfA, and the other to compute the test statistic. Moreover, we can exchange the
roles of the two parts and average the resulting test statistics, a process known as cross-fitting,
which then guarantees no loss in efficiency from this additional sample split. However, for the
reasons discussed in Section 3.2.1 we do not recommend performing this in practice.

The following quantities relating to the performances of the regression methods m and m~

f
will play a key role in our results. Let us introduce

ep; :=Y; —mp(Z;), ¢pi = f(Xi, Z) — mp H(Zi), (3.11)

o} := Varp(ép | f), (3.12)
and an analogous version of (3.11) without a subscript i. Further, write

5]371 = %Z{mP(ZZ) - T/ﬁ(ZZ)}Z, gpyg = 7%‘1_123 Z{mpf(ZZ) — ﬁ@f(Z,)}Q (313)
i=1

i=1

The second MSPE £p in the display above is normalised by the variance of the errors {p;
featuring in the corresponding regression. Under the null, we expect this variance to be small
as j?is then estimating a zero function, and consequently £ps may be inflated. On the other
hand, as f is small, we can expect that the unnormalised MSPE is particularly small. For
example, writing P for the simple null linear model considered in (3.7), we would have

LS {(Z) ~ M Z)Y = Op(n™?)  and 1/} = Op(n),
=1

giving Epo = Op(n~1). We are now in a position to present our results on type I error and
power.

3.4.1 Type I error control

We consider the following assumption regarding general Type I error control.
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Assumption 3.3. Consider a class of null distributions Py of (X,Y,Z) on X x R x Z with
Ep(Y | X,Z) =Ep(Y | Z) for which there exists ¢ > 0 such that inf pep, Ep(e% | X, Z) > ¢, and
the following hold.

(a) suppep, Pp(oh = 0) = o(1).
(b) The product of the MSPEs satisfies £p1Epa = op,(n71).

(c) The weighted MSPEs scaled by 0% satisfy
Z{mP m(Zi)}€p,; = opy (1)
nop =

Z{mpf(z m3(Zi) Y ep; = opy(1).

(d) There exists 6 € (0,2] such that Ep(|leptp|2t0| f) /o5 = op, (n%/?).

Part (a) of Assumption 3.3 asks that the test statistic should be asymptotically non-
degenerate. As discussed in Section 3.2, degeneracy causes difficulties for establishing the
asymptotic normality, but does not preclude Type I error control. For instance, the variance a?g
is zero if the direction estimate j? is constant in X. This situation, which is in favour of the
null, can be checked empirically, and the Type I error can still be controlled if one does not
reject the null whenever this degenerate solution occurs.

Part (b) should be regarded as the primary restriction on Py, and along with (c), relates
directly to the performance of the user-chosen regression methods involved in the construction
of the PCM. As alluded to, in a simple linear model setting, we can expect £p1Ep2 = Op, (n=2),
which certainly satisfies the condition. The rate requirement on the product of MSPEs is
however sufficiently slow to accommodate nonparametric models; see Section 3.5. We note
that the deterministic condition suppep, {E(Ep1)E(Ep2)} = o(n™ 1) is sufficient to guarantee
part (b), as can be verified via Markov’s inequality and the Cauchy—Schwarz inequality. If
in addition there exists C' > 0 such that Var(ép | Z, f) < Co?% and Var(ep) < C, then (c) is
guaranteed when m and ﬁlfA satisfy the simple consistency properties E(Ep1), E(Ep2) = o(1).
Part (d) is a conditional Lyapunov condition, and is used to apply the central limit theorem for
triangular arrays.

Theorem 3.1 (Asymptotic normality under the null of a general procedure). Suppose that
Assumption 3.3 holds over a class of null distributions Py. Then

sup sup|Pp(T < t) — ®(t)| — 0.
PePy teR

As a consequence, the test gy, y has uniform asymptotic size o over Py.

The proof of Theorem 3.1 can be found in Appendix 3.8.4, which formalises a brief
explanation of normality laid down in Section 3.2.1. The above result indicates that the
asymptotic normality of T (hence the validity of the PCM test) is largely determined by the
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predictive performance of regression models used in construction of the test statistic. This is
similar in spirit to the prior work of Lundborg et al. (2021a); Shah and Peters (2020), but our
proposal involves an additional regression step for the projection. As we discussed earlier, this
extra step is critical to obtaining significant power against broader classes of alternatives, yet
resulting in more delicate conditions for Type I error control.

As part of the proof of Theorem 3.1, we impose a condition that is trivially satisfied when
m is formed on an auxiliary sample. The conclusion of Theorem 3.1 for the practical version
of our test where m and m- are formed on D; follows under the same conditions when we
further assume that X 1L Y| Z. It also follows immediately if m is a linear smoother. See
Proposition 3.6 in Appendix 3.9.2 together with the proof of Theorem 3.1 for more details.

3.4.2 Power properties

When studying the power properties of our test, we restrict attention to a subset of alternatives
that are separated from null distributions characterised by Assumption 3.4 below.

Assumption 3.4. Given positive sequence (€ )nen, let (P1(€n))nen be a sequence of collections
of alternative distributions such that

inf 7p>¢€,.
PE'P1(€n)

Further, suppose there exists C' > 0 with

limsup sup max{Varp(Y|X,Z),hp(X,Z)} <C,
n—oo PEPl(ﬁn)

and that the following conditions are satisfied.
(a) There exists ;1 > 0 such that Ep; = Opl(en)(n_ﬁl).

(b) There exists 82 > 0 such that Epa = Op,( )(n*52)

€n

(c) There exists p > 0 such that

sup Pp(Corrp(hp(X, Z),ép| f) < p) =o(1).
PePi(en)

In addition to the rate requirements on MSPEs in (a) and (b), condition (c) requires &p,
the population residuals from regressing our estimated projection f onto Z, to be positively
correlated with hp with high probability. To interpret (c), it is helpful to consider a stronger
version with f(X, Z) replacing £p (note that Ep(hp(X, Z)ép | f) = Ep(hp(X, 2)F(X, Z)| f)
and E(¢2 | f) = Ep[Varp(f(X, 2) | Z, /)| f] <E(f(X,Z)2| f)). This latter condition permits
f to be an inconsistent estimator of the true fp(X,Z) = hp(X, Z)/Varp(Y | X, Z).

The flexibility of this assumption relies on using regression method m h being scale equivariant

in the sense that
T/T\La.]/;(Z) =aqa- ﬁzf(Z) (3.14)
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for all a > 0; such a property however would be satisfied by almost all regression methods.
We can now state the main result of this subsection.

Theorem 3.2. Assume that m+ is scale equivariant, that is, satisfying (3.14) and consider the
sequence of classes of distributions in Assumption 3.4, where

n - nmin{1,51+ﬁ2} — 0. (315)

Then for any « € (0,1),
inf Pp(T > 2z1-4) — 1.
PePi(en)

Theorem 3.2 shows that if 81 + 82 > 1, as may be expected if m and me are sufficiently
smooth, the rate €, is going to be driven by Assumption 3.4 (c).

It is possible to derive a version of Theorem 3.2 for the test as described in Algorithm 2
which does not employ the additional sample splitting we are considering here. The only change
is that (3.15) becomes e, - n™™1LA1A2} 5 o0 however we believe the version of Theorem 3.2
above is more in line with the behaviour to be expected in practice, and empirically we find the
version of the test in Algorithm 2 to provide better discrimination between null and alternatives

in finite samples.

3.5 Series estimators

Following the theory in the previous section for a general regression method, we will now
provide more concrete results for a specific class, namely spline estimators. In particular, our
interest is to identify conditions under which our test is uniformly asymptotically valid and
attains near-optimal power in a nonparametric setting. A formal power analysis, however,
is complicated by the fact that m and m}? are computed on the same subsample as our test
statistic. We therefore consider an alternative test statistic that leverages ideas from the
literature on cross-fitting (Newey and Robins, 2018), a tool for reducing estimation bias for
methods based on sample splitting. This additional sample splitting is a key component in
obtaining a fast separation rate in our power analysis, while retaining uniform asymptotic Type
I error control. Nevertheless, extra sample splitting may sacrifice finite-sample performance,
and we therefore consider this variant mainly for theoretical purposes. Throughout this section
we assume that (X, Z) € [0,1]%X x [0,1]9% and set d := dx + dz.

We start by describing the test statistic as constructed using spline regression estimators
with additional sample splitting. We will require two additional independent samples of size
n, so that we have Dy, ..., Dy in total. In Appendix 3.10, we give a self-contained description
of spline spaces and their tensor product B-spline bases, containing all the results that we
require for our analysis. In particular, given a spline order r € N (i.e. degree r — 1) and N € Ny
equispaced interior knots in each dimension, we denote by SZ % the corresponding spline space
on [0,1]%, and by ¢Z its dz-tensor B-spline basis, which consists of K := (N + )92 basis
functions. Writing Sg %, for the corresponding spline space on [0, 1]4X with dy-tensor B-spline
basis ¢~ , having Kx := (N + r)9% basis functions, we can define the d-tensor product basis
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o(z,2) = ¢~ (2) @ ¢pZ(2) for S;%N, where u ® v := vec(uv "), having Kxz := Kx Kz basis
functions. Further, we let 1) denote the tensor product B-spline basis for S;lr{l’ N+ and write
Ky = (N + 2r — 1)%2; the higher order of the spline basis functions that make up ) affords
better approximation properties that turn out to be useful for our theory.

The following description of the test statistic follows Algorithm 2 except that we fit m -~ on

D3, m on Dy and set v = 1 for simplicity. We will also omit discussion of the sign correc{ion
step (Algorithm 2 1(iv)), since p is always nonnegative for the estimators considered below. We
first regress Y onto ¢(X, Z) using ordinary least squares (OLS) on Dy, yielding an estimator
Bxy € REXz and set j(z, z) := B)T(qu(x, z). Next, we regress g(X, Z) onto ¢(X, Z) using OLS
on Dy again, to obtain an estimator B, € RXZ, and set m(z) := B;ﬁz(z). Note that this is
equivalent to regressing Y onto ¢Z(Z). We then define the projection f(x,z) := gz, z) — m(2).
Using the fact that ¢ forms a partition of unity (Proposition 3.9(a)), it follows that if we
write B = BXZ -1® BZ, where 1 € REX denotes a vector of ones, then f(ac, z) = BTqb(x, z).

-~

To estimate Mg, We regress f(X,Z) onto 9(Z) on D3 using OLS, yielding an estimator

6 € REz_ and set ﬁz};{z) = §T1,b(z). Similarly, we estimate m by regressing Y onto ¥(Z) on
D, using OLS, yielding an estimator ¥ € REZ, and set m(z) := 5 ¢(2). Given f, m and T?LJ/;
as defined above, we compute the test statistic as in Algorithm 2 (on D;) and denote it by
Tspline- In Theorem 3.3 in Section 3.5.1 below, we demonstrate that Tgpjine enjoys uniform
asymptotic Type I error control under appropriate regularity conditions, while Theorem 3.4
and Proposition 3.4 in Section 3.5.2 reveal that Tspine can achieve the optimal testing rate for
this problem.

3.5.1 Type I error control

We start by stating our main distributional assumptions, which rely on the definitions of Holder
spaces H¢ and Hélder norms || - ||3, given in Definition 3.3.

Assumption 3.5. Let P be a class of distributions of (X,Y, Z) on [0, 1]%% x R x [0, 1]%#, and for
PeP,les mp(z) =Ep(Y|Z=2),ep:=Y —mp(Z) and gp(z,2) :=Ep(Y | X =2,7Z = 2).
Assume that there exist C' > 1 and c € (0, 1] with the following properties:

(a) For each P € P, we have Ep(¢%|X,Z) > c and there exists § € (0,2] such that
Ep(lep[*t| X, 2) < C.

(b) For each P € P, the marginal distribution of (X, Z) is absolutely continuous with respect
to Lebesgue measure on [0, 1]¢, with density pp satisfying SUD(3,2)efo,1]¢ PP(2, 2) < C and
inf, yeo,1e Pr(,2) > c.

(c) Let s € (0,7] and let px|z p(-|2) denote the conditional density of X given Z = z. Assume

that for all P € P, we have pyz p(z|-) € HZ for all z € [0,1]%%, and that mp € HZ and
gp € ’Hg, with

max{ sup HPX|Z,P(:E7')||H37||mP||Hs>|9P||HS}SC-
x€[0,1]9x
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Assumption 3.5 is closely related to other assumptions commonly used in spline regression
(e.g. Belloni et al., 2015; Ichimura and Newey, 2015; Newey and Robins, 2018). We consider
the case where all nuisance functions have the same smoothness for convenience only. In order
to state our Type I error control result for Tgpine, it will be convenient to define the projection
IT: RExz — RExz by TI(x) = (w1, ...,7k,,) :=x — 1@ &, with & = (Z1,...,7Tk,) given
by z := K)}l Zfle T(p—1)Kx+¢ for k € [Kz].

Theorem 3.3 (Asymptotic normality of Tspiine). Suppose that Assumption 3.5 holds for a
class of null distributions Py, i.e. a class of distributions that also satisfies Ep(Y | X,Z) =
Ep(Y | Z) for every P € Py. Assume that suppep, Pp(|TIB]lec = 0) = o(1) and that Ap :=
Ep{Covp(¢(X,Z)|Z)} satisfies

Amin(Ap) := min x Apx >
2€REX Z Tx=x ||z|2=1 Kxz

(3.16)
where ¢ € (0,1] is taken from Assumption 3.5. Finally, suppose that
— K2
nKXZ{KZQS/dZ + Z} =0 (3.17)

and 142/6
Ky

n

=0 (3.18)

where § is taken from Assumption 3.5. Then

sup sup|Pp(Tspline < t) — ®(t)| — 0.
PePy teR
The proof of Theorem 3.3 amounts to the verification of Assumption 3.3, which then allows

us to apply our general Type I error control result, namely Theorem 3.1. In addition to
Assumption 3.5, Theorem 3.3 imposes several additional conditions. The assumption that
SUp pep, Pp(||TLB |00 = 0) = o(1) simply avoids degeneracy of the test statistic and is used to
show that Assumption 3.3(a) is satisfied. If this condition is not satisfied, then since we defined
0/0 := 0 in the definition of our test statistic, it can be shown that

hnH_lgoréf Piélf;o PP(|TSpline| < t) > (I)(t) — (I)(—t)
for all t > 0 (i.e. |Tspline| is asymptotically stochastically dominated by the absolute value of
a standard Gaussian random variable), so the test retains uniform asymptotic Type I error
control provided that o < 1/2.

Condition (3.16) can be regarded as a restricted minimum eigenvalue condition; for & €
RExz with TIx = 0, we have that ' Apxz = 0, but it turns out that we are able to restrict
attention to the orthogonal complement of this subspace. Motivation for the form of this
condition is provided by the fact that, writing X p := Ep(¢p(X, Z)p(X, 2)") € RExz*Exz e
have

Amin(AP) < Amin(2p) < Amax(Zp) < C21K
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by Proposition 3.9(d). Moreover, Lemma 3.11 in Section 3.9.2 of the appendix shows that the
assumption holds when X and Z are independent.

Condition (3.17) is used to show that parts (b) and (c) of Assumption 3.3 are satisfied
while condition (3.18) is used to show that part (d) of the assumption is satisfied. These
conditions control the interplay between on the growth rate of the number of basis functions,
the smoothness s of the regression functions and conditional densities and §. When choosing
the knot spacing to minimise the mean-squared error of the involved regressions, we would
choose ?Z and Ky of order n4z/(25+dz) and Ky of order ndx/(2s+dz) Thus, for (3.17) to hold,
we need s > dz + dx /2 and for (3.18) to hold, we need § > 2(dx + dz)/(2s — dx). Both of
conditions could be weakened, at the expense of additional notational complexity, by choosing
different knot spacings Nx and Ny for the dx- and dz-tensor B-spline bases ¢X and ¢Z for
our spline spaces S;i )J(Vx and ;{ ?Vz' Indeed, by taking Nx, and hence Kx, to be of constant
order, while retaining the original choices of Kz and K 7, we see that (3.17) holds when s > dz
and (3.18) holds when § > dz/s (so it would suffice for Assumption 3.5(a) to hold with § = 1,
provided again that s > dz).

3.5.2 Power and minimax lower bound

As mentioned at the beginning of this section, we employ additional sample splitting in the
construction of Tgpjine. This turns out to be key in demonstrating the optimality of our test.
To provide insight into the benefits of sample splitting in this context, consider two generic
spline estimators g; and g of unknown functions g; and gs, respectively. Suppose that we
would like to choose g7 and g2 to minimise the empirical cross-product error

é\cross = Tlli{gl(ZJ - gl(Zi)}{.a?(Zi) - gQ(Zi)}' (3'19)

A naive way of approaching this problem is to construct g; and go on the same dataset and to
choose the number of spline functions to minimise the mean-squared error of each of g; and go.
The Cauchy—Schwarz inequality then guarantees that the cross-product error is small as long
as the mean-squared errors are small. However, this indirect approach returns a potentially
suboptimal rate of convergence due to its “own observation” bias, which arises from using the
same datasets to form g; and ga. When employing auxiliary samples to construct g; and gs we
can eliminate this bias — an idea originally proposed by Newey and Robins (2018). Thus, a more
refined analysis of terms like Ocross that does not directly employ the Cauchy—Schwarz inequality
can result in faster convergence rates; see for instance Proposition 3.15 in the appendix. Our
main result in this section is as follows:

Theorem 3.4. Let P be a class of distributions satisfying Assumption 3.5, and let Pi(€,) :=
{P€P:1p>en}, where

€n nTH - 0o, (3.20)
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2d x
Further assume that the tuning parameters are chosen such that Kx = n43+d and K7z =< KZ =

n4s+d and that r > s > 3d/4. Then

Peiprif(len)PP(TSpline > 21-q) — L

Theorem 3.4 reveals that the test based on Tspine has uniform asymptotic power 1 over a
class of alternatives that are sufficiently separated from the null, as defined by P;(e,).

We remark that in Theorem 3.4, we have operated in the context of a known smoothness
parameter s for theoretical purposes. It is possible to construct more involved tests that adapt
to unknown smoothness levels following the strategy of Lepskii (1991) and Ingster (2000), but
we do not pursue this direction further.

The separation rate (3.20) cannot be improved further from a minimax perspective, as
illustrated by the following lower bound result.

Proposition 3.4. Consider a class of distributions, denoted by P, that satisfy Assumption 3.5,
and let Pi(en) :={P € P : TP, > €p}. Then, for a fized level o € (0,1/2), there exists ¢ > 0
such that if lim sup,,_, ., €n - n43+d < ¢, then any test ¢ having uniform asymptotic size at most
« satisfies

hggs;p Pegiféen)PP(¢ ) <a+1/2.

Proposition 3.4 complements Theorem 3.4 by showing that 7p is a small constant multiple
of niﬁ, no test can achieve uniform consistency under Holder smoothness. The proof of
Proposition 3.4, which can be found in Appendix 3.8.8, follows a fairly standard argument
(e.g. Arias-Castro et al., 2018; Ingster, 1987) that bounds the x2-divergence from a fixed null
distribution to a mixture of distributions in the alternative class P (e,).

3.6 Numerical experiments

In this section, we present the results of several simulation experiments that investigate the
empirical performances of both the recommended multiple sample splitting version of the
PCM (see Algorithm 3) with B = 6 splits, denoted by pcm, and the single split version
(see Algorithm 2) denoted by pcm_ss. We compare our tests to various conditional (mean)
independence tests in the literature listed below.

gam The test based on the default p-value for a smooth when fitting a generalised additive
model (GAM) using the mgcv-package in R (Wood, 2013, 2017).

williamson The test resulting from applying the approach described in Williamson et al.
(2021) and employing sample splitting as implemented in the vim function from the
vimp-package in R (Williamson et al., 2022).
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kci The kernel conditional independence test (Zhang et al., 2011) as implemented in the KCI
function of the CondIndTests R package (Heinze-Deml et al., 2018); we use the Bayesian
hyperparameter tuning option for sample sizes of at most 500.

gem The Generalised Covariance Measure (GCM) as described in Shah and Peters (2020).

wgem.fix The ‘fixed weight function’ variant of the Weighted Generalised Covariance Measure
(wGCM) (Scheidegger et al., 2021) as implemented in the wgem.fix function of the
weightedGCM R package; we use weight.num = 7 as in the simulations of the original

paper.

wgcm.est The ‘estimated weight function’ variant of the wGCM as implemented in the
wgem. est function of the weightedGCM R-package.

In all of our numerical simulations, rejection rates were estimated based on 100 repetitions.

3.6.1 Additive models

We first investigate Type I error control and power in setting where both E(Y | Z) and E(X | Z)
are additive functions, and Z ~ N;(0,I). For the methods, including the PCM, requiring
choices of regression procedures, we use an additive model fitted using mgcv. We consider null
settings consisting of n € {250,500, 1000} independent and identically distributed copies of
(X,Y,Z) where

X =sin(27Z;) + 0.1 and Y =sin(27Z;) +e.

and errors ¢ and & are independent N (0, 1) random variables, independent of Z. Such a setup
is challenging for Type I error control as X and Y are highly correlated yet are conditionally
independent given Z. Indeed we see from the left panel of Figure 3.2 that several of the tests are
anti-conservative, most notably kci and gam, which we omit from further comparisons as their
power properties would be hard to interpret given the high rejection rates under the null. Both
the williamson and wgcm.est tests are also somewhat anti-conservative, but considerably less
so. In contrast, the pcm is conservative here. This is to be expected as the calibration following
the multiple sample splits involved in its construction (Section 3.2.2) is typically conservative;
the single split version pcm_ss appears to have rejection rates close to the 5% mark as suggested
by our theory.

We investigate the power properties of the PCM in the following settings, where as before,
¢ and ¢ are independent and independent of Z, and moreover € ~ N(0,1).

1. £~ N(0,1), X =sin(27Z1) + € and Y = sin(27Z;) + 0.2X2 + ¢.
2. £+ 1~ Exp(l), X =sin(2r7;) —sin(2721)¢ and Y = sin(277;) + 0.4X2 + ¢.
3. £~ N(0,1), X =sin(2rZ1) + £ and Y =sin(2nZ1) + 0.4X2Z5 + €.

The settings are chosen such that in setting 1: E(Cov(X,Y | Z)) = 0 but Cov(X,Y | Z) # 0,
in setting 2: Cov(X,Y | Z) = 0 but 7 # 0 and in setting 3: there is only an interaction effect.
We cannot expect this interaction effect to be picked up by methods that fit additive models,
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Null Alternative 1 Alternative 2 Alternative 3

wgem.fix ~ 0.09 0.06 0.03 0.07 005 0.1 0.04 0.01 . 0.08 011 005
wgem.est 014 0.09 0.08 0.08 0.1 . 0.18 0.09 0.3 0.13 0.14 0.06
Rejection rate
1.00
° gam
<} 0.75
=
g 0.50
wiliamson ~ 0.22 0.14 0.14 0.38 051 043 027 041 047 025
0 0.00
gcm  0.07 0.03 0.03 0.12 0.08 0.04 011 = 0.03 0.07 0.05 0.05
- - o o o o o -
pcm_ss | 0.06 0.05 0.03 0.19 0.49 019 0.28 0.38 0.02 0.05 0.1
250 500 1000 250 500 1000 250 500 1000 250 500 1000

Fig. 3.2 Rejection rates in the various settings considered in Section 3.6.1 for nominal 5%-level
tests. Note that Alternative 3 has only an interaction effect, so we cannot expect methods that
fit additive models to have power.

but we nevertheless include this setting to emphasise the fact that the success of the PCM
and related methods is contingent on an appropriate choice of regression method; see also
Section 3.6.2.

From the right-hand panels of Figure 3.2, we see that the pcm and williamson exhibit good
power in settings 1 and 2, with the latter also rejecting in setting 3; however the rejection rates
for williamson should be interpreted carefully given the miscalibration in the null settings.
wgcm. est also shows appreciable power in setting 1, though as expected has little power in
setting 2 where Cov(X,Y | Z) = 0. For the reasons explained above, the PCM has no power
in setting 3; in the next section we investigate the performance of the PCM when used in
conjunction with a regression method capable of fitting to such regression functions.

3.6.2 Non-additive models

In this section, we consider settings where the regression functions are non-additive and involve
complex interactions. We use random forests (Breiman, 2001) implemented in the ranger R
package (Wright and Ziegler, 2017) as our regression procedure for the methods considered.

We consider null settings consisting of n € {10%,2-10%,4 - 10*} independent and identically
distributed copies of (X,Y, Z) where Z ~ N7(0, I) as before,

X =sin(2rZ1)(1+ Z3) + & and sin(2nZ;)(1+ Z3) + v(X)e
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with ¢ and £ independent N (0, 1) random variables independent of Z, and v(X) := 0.5+ 1 x>0}
giving heteroscedastic errors for the Y regression model. The larger sample sizes considered
here reflect the difficulty of estimating the more complicated regression functions in these
examples. Note that here we do not have X 1L Y | Z, but the conditional mean independence
E(Y|X,Z) =E(Y|Z) does hold. The results are presented in Figure 3.3. We see that the
multiple sample splitting version of the PCM maintains Type I error control, and is in fact
slightly conservative. All other approaches considered appear to be anti-conservative to varying
degrees: the williamson approach is most clearly miscalibrated here, and we omit it from our
alternative settings described below; wgem.est and gem are also fairly anti-conservative here
but the rejection rates appear to be improving for increasing n.

We consider the following alternative settings, where as in Section 3.6.1, setting 2 has
Cov(X,Y | Z) =0, and setting 3 involves a pure interaction effect:

1. £~ N(0,1), X =sin(2721)(1 4+ Z3) + € and Y = sin(27Z1)(1 + Z3) + 0.04X? + v(X)e;

2. £ ~Exp(l), X =sin(2nZ1)(1 + Z3) —sin(2nZ1)(§ — 1) and Y = sin(27Z1)(1 + Z3) +
0.04X2 + v(X)e;

3. £~ N(0,1), X =sin(2721)(1 + Z3) + & and Y = sin(27Z1) (1 + Z3) + 0.04X2%Z5 + v(X)e.

Among the methods considered, here only the PCM appear to have good power across the
settings considered. The wgcm.est has reasonable power in setting 1, though this should be
interpreted with some care given that Type I error is not very well controlled in the null settings.
However in setting 2, wgcm. est is powerless as expected.

3.7 Conclusion

In this work we have introduced a general test statistic we call the PCM for testing conditional
mean independence that: (a) can leverage machine learning methods to yield provable uniform
Type I error control across a class of null distributions where these methods have sufficiently good
predictive ability; and (b) when used in conjunction with appropriate regression methods attains
rate-optimal power in both the parametric setting of the linear model and fully nonparametric
settings. We believe the PCM fills an important gap in the data analyst’s range of existing
tools, which are unable to simultaneously achieve these desiderata. However, our work also
offers several avenues for further work, some of which we mention below.

Verifying the general assumptions for other regression methods We have verified
Assumption 3.3 for linear regression in linear model settings, and nonparametric series estimators
in fully nonparametric settings. It would be interesting to see for example for what class P, the
penalised regression splines of mgcv used in several of our numerical experiments, satisfy this
condition. Similarly, it would be very interesting to ask the same question of random forests,
which perform very well in our simulations; however this is likely to be challenging given the
complex nature of the random forest procedure.
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Null Alternative 1 Alternative 2 Alternative 3

wgem.fix 012  0.08 0.06 012 0.18 0.18 0.08 0.03 0.06 024 0.14 0.09

wgem.est = 024 019 011 059 053 . 013 012 012 037 019 0.35
Rejection rate
williamson 1.00
0.75

o
o
S
g 0.50
gcm 024 017 0.06 017 014 0.9 014 006 01 023 016 01 0.25
“~ 0.00
pcm | 0.01 002 0.01 029 = 0.61 011 035 015 0.35
pcm_ss 008 015 0.7 0.37  0.61 02 038 0.24 0.39
10 2.10* 4.10* 10* 210" 4.10* 10 210" 4.10* 10* 210" 4.10*

Fig. 3.3 Rejection rates in the various settings considered in Section 3.6.2 for nominal 5%-level
tests.

Aggregation of test statistics from multiple sample splits Whilst our proposal (Algo-
rithm 3) to average test statistics from multiple sample splits and compare this to a standard
Gaussian quantile works well in practice, determining interpretable conditions under which
this guarantees Type I error control is an open problem. Moreover, our numerical experiments
suggest our proposal is somewhat conservative, and it is certainly of interest, both in our setting
and other contexts involving multiple sample splitting, to develop an aggregation procedure
that makes more efficient use of the sample to attain greater power.

Conditional independence testing Although the problem of testing conditional indepen-
dence has been studied more intensively than that of testing conditional mean independence,
there do not exist many practical methods that achieve both (a) and (b) for the former problem.
One starting point for constructing a such a test may be the fact that the conditional inde-
pendence null Y 1L X | Z may be viewed as the intersection of conditional mean independence
nulls E(w(Y) | X, Z) = E(w(Y) | Z) where function w ranges over all monotone functions, for
example. It might therefore be interesting to investigate procedures that seek two ‘projections’:

~

mappings (X, Z) — f(X,Z) and also Y — w(Y"), after which one may apply the GCM.

Confidence intervals We have focused on the problem of testing conditional mean inde-
pendence, but the problem of deriving confidence intervals for a parameter such as 7 that is 0
under our null is equally interesting. The pioneering work of Williamson et al. (2021) proposes
an asymptotically optimal approach for this in the case where 7 is bounded away from 0. It
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would be interesting if the PCM could be used in conjunction with the proposal of Williamson
et al. (2021) to extend the latter to yield confidence intervals with uniform coverage for all 7.

3.8 Proofs

In our proofs we often suppress the dependence of quantities on P for ease of notation.

3.8.1 Proof of Proposition 3.1

We will start by checking the assumptions of Lemma 3.10 for the regressions of Y on X and Z
(of which 3 is one component), Y on Z (yielding 8) and X on Z (yielding #). Let 8" := §/2.

Recalling W := (X, Z), we see that (i) of Lemma 3.10 is satisfied for the Y on X and Z
regression by our assumption on X% and the fact that

Amin (E(WWTCZ)) > C)‘min(EXZ)

by our assumption that Var(Y | X, Z) > c. (ii) is satisfied with 6 = ¢’ in that result by the
Cauchy—Schwarz inequality and Jensen’s inequality.

It is immediate from Assumption 3.1 that (i) of Lemma 3.10 is satisfied for the X on Z
regression. To see that (i) is satisfied with § = ¢’, we note that by the Cauchy—Schwarz
inequality it suffices to check that E(|¢|**?) is bounded over P. Letting ¥ := E(ZZ"), we have

E(|¢|*+) < 23 (B(X|"*) + Amax(B7H)2H2B(X 2) 5B (| 2]5H))

which is bounded under Assumption 3.1.
To see that (i) of Lemma 3.10 is satisfied for the Y on Z regression, we note that

E(ZZ™{Y —0"Z})=E(ZZ"{C+X —n'Z}) =K(ZZ"¢}) +E(ZZT{X —n" Z}?),

and we have shown that both of these are lower bounded above. (%) follows by similar arguments
as those for the X on Z regression.

We now verify that Assumption 3.6 is satisfied. From the above it is immediate that (3.68)
of Assumption 3.6 is satisfied and that

Vil —nllz = Op(1) and n1]|@ — 8]z = Op(1). (3.21)
‘We note that

sup E(H Z Z;&;

pPepP

) L owB(12el3) -

thus by Lemma 3.6 and (3.21) we have that (3.69) holds. Analogous arguments show that
(3.70) is satisfied.
(3.21) shows that

Jlli =210 - 8]z = Op(n; /) = op(1).
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The proof of Lemma 3.10 and Assumption 3.1 yields that

H* Z ZZT

<] 242 =3 [ Blep = Op(1),

hence (3.71) is satisfied. The remaining conditions hold by similar arguments using the moment
bounds established earlier, (3.21) and by applying Shah and Peters (2020, Lemma 19).

Arguments akin to those used to verify that Lemma 3.10 applies can be shown to verify
the remaining conditions of Proposition 3.17 in Appendix 3.11. Therefore, the conclusion now
follows, since,

2 2
RO KO
UPan = @(’3 ) @(za + PX'Z) + q><’;) . ¢(Za _ PX|Z>
98p OPXY|Z OpXY|Z

which is increasing in k.

3.8.2 Proof of Proposition 3.2

Throughout this proof we work on the event that at least one uy1,..., Uy, is non-zero which
is a set of uniform asymptotic probability 1 by Assumption 3.2(b). Let Z := (Z;,...,Z])T,
P=2Z(ZZ2)ZT)Y =M,...Y) e=(c1,....en) s F 1= (F(X1, Z0), ..., F( X, Z0))
and I denote the d x d identity matrix. Since P is a matrix representing an orthogonal projection
such that Z' (I — P) is a zero vector, we have

;{n—ﬁzi}{f(xi,m mAZ)t=F (I-P)Y =f (I-P)

~

I

.
Il
—

Based on the above identity, we have that

T ﬁ > EiUn,i
OLS = - . — >
o 2ui= 1 (Yi =5 Z) U (ny D i €1um)

where

=1

V_J ZE (e2| Xi, Zi)u? , > 0.

Let F, denote the o-algebra generated by f and ((X;, Z; 1)), Form the triangular array

Eiln,i

Wni =

)

1

for n € N and i € [n], and note that this satisfies the first three assumptions of Lemma 3.8,
since uy; is measurable with respect to F,,. Finally, the fourth assumption of this lemma is
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also satisfied, because

1 n
SE(Wa 20| F) =
1

1 n
1+0/2 X:E(PMH(S | Xiy Z3)|un |0
i 1

nlF0/2,2%5 £

C & 9 C “
< 12498 < 12 0 —
= o1+6/2 ;:1: Uil = o146/2 <i§:1: [Unil > ?é?rf]( [Un,i op, (1)

by Assumptions 3.2(a) and (b) and Lemmas 3.3 and 3.7. Lemma 3.8 thus yields that the
numerator of Torg is uniformly asymptotically standard Gaussian.

For the denominator of Torg, the uniform version of Slutsky’s theorem (Bengs and Holzmann,
2019, Theorem 6.3) yields that n—ly i1 Eiun; = op,(1). For the first term in the denominator
of Tor,s, we consider the decomposition

1 & o7 1 & 1 & -
~ 2,2 — 2 92 ~ 2 92
TZ: ZZ nﬁ_m;&‘lun,l—i_m;{(ﬂy_V) Zl} u’I’LZ
In I,
2 K T 2
-— z;( —) ' Zieiu,, ;
1=

I,

Similarly to our previous argument, define the triangular array Wn,,- = Wﬁl for n € N and
i € [n], and note that (Wm)neN,ie[n] satisfies the conditions of Lemma 3.9 with p,, = 1 in that
result, so I, = 1+ op,(1). Now, by Holder’s inequality,

1 n
| < —3 ||7 I3 ZIIZIIOO Up i < CmaXIIZII 17 =13 vni = op(D),

by Assumption 3.2 and Lemma 3.3. Finally, the Cauchy—Schwarz inequality yields that

‘IHn‘SQ\l Zgl ”’.\Jnyz Z{ YT Zi}2u M_Q\F VI, = op(1
by Lemmas 3.3 and 3.7. The result follows by the uniform version of Slutsky’s theorem.

3.8.3 Proof of Proposition 3.3

As in the proof of Proposition 3.2, we work on the event that at least one wy1,..., Uy is
non-zero, which is a set of uniform asymptotic probability 1 by Assumption 3.2(b). Recall
the definitions of v from the proof of Proposition 3.2, and Jpias from just after (3.9). Our test
statistic can be written as

1 n 1
N Zi:l Eiln,i — N 5bias

~T 2 .
ez L1 (Yi =71 Z0)%u? ; — (5 X0y ittnyi + 7 Obias)

TLasso =
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Following the proof of Proposition 3.2, we know that ﬁ > it €iln; converges uniformly to
N(0,1). Further, by Assumption 3.2(a) and Holder’s inequality, we have
1., 1 1 n
< 72 Z(’Y — ) Zivni| < anz 1 Z;Zivn,i
=

=1

= 0790(1)

o

1
W 5bias

under condition (3.10). A uniform version of Slutsky’s theorem (Bengs and Holzmann, 2019,
Theorem 6.3) now yields that the numerator of T}, is uniformly asymptotically standard
Gaussian. We can repeat the arguments of Proposition 3.2 to show that the denominator is
1+ op, (1) under Assumption 3.2, so the uniform version of Slutsky’s theorem yields the desired
result.

3.8.4 Proof of Theorem 3.1

We prove the result under the given assumptions but instead of assuming that m and ﬁif are
formed on an auxiliary sample, we let R;; := E(M;M; | (X;, Z;)",) — E(M;M; | (Z;)!,) and
assume that

—or LR | (2011, D] = om (1) (3.22)

iy

In Proposition 3.6 we show that this condition is trivially satisfied if m is formed out of
sample. We also show that this is trivially satisfied if m is a linear smoother or if X 1 Y | Z.
Define v? := Var(¢£) and note that v? > co?. Throughout this proof we work on the event
Qo := {0 # 0}, which satisfies P(Q§) = op,(1) by Assumption 3.3(a). Define

2
n oL
and TP \/Z nll),
v

TN .—

5 i L
14

so that 7= T(M) /T(P)  We will show that T™) converges uniformly in distribution to N(0,1)
and [T(®) — 1| = op, (1), which yields the desired result by combining Lemma 3.7 and the
uniform version of Slutsky’s lemma (Bengs and Holzmann, 2019, Theorem 6.3).

Define M; := m(Z;) — m(Z;) and M; := m]?(ZZ) - mf(z,) for ¢ € [n] and note that

n

1 n
Me; + M;& + i 3.23
Z + Z = Z Gt ek (329

an bn Cn Uy

By the Cauchy—Schwarz inequality,

e | () (BE ) om0,

by Assumption 3.3(b).
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To see that b, = op,(1), we note that

2 2.2
b, = mjz;Ms +W ;MMQ@

and the first term is op,(1) by Assumption 3.3(c). Now, for i # j,
E(Y;Y; | Xi, X, Zi, Z;) = E(Y; | X, Zi)E(Y; | X5, Z5) = m(Zi)m(Z;),
using the fact that m(Z) = E(Y | Z) = E(Y | X, Z) under Py. Hence,

E(eiej | Xi, X5, Zi, Z5) = B{(Y; — m(Z:))(Y; — m(Z;)) | Xi, Xj, Zi, Zj}
=E(Y;Y; | X, X5, Z;, Z;) — m(Z)m(Z;) = 0.

It follows that

(WQ S MidLeie; | (Xi 20, Fim)

i#]
7ZMM E(ese; | Xi, X5, Zi, Z5) = 0,

nv?
7]

and we deduce by Lemmas 3.6 and 3.7 that b, = op,(1).
To see that ¢, = op,(1), we proceed as above and write

1 n
=—s> M+ ZMM%,
e i#]

where we again note that the first term is op,(1) by Assumption 3.3(c). Moreover,

1 n 7
E(m ; MzM]§z§] (Zi)izlv f)

== 221@{1{5 (M;M; | (X3, Zi)im) &85 | (Z0)ins £
i#j

- QZE Uglg] ( )z 17f)7
17

where the last equality holds since

E{E(MiM; | (Z:)im))&i€s | (Zi)imy, [} = E(Mi; | (Z:)io))E(& | Zi, PEE | Z5, )

=0.

(3.24)
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Continuing, we have by (3.22) that

1 ~
QZE z]f@fy ( )z 1af) SﬁZ! ( 1]57126]’( )2 17f)|:0P0(1)'
i O™ %

Therefore, by Lemmas 3.6 and 3.7 we conclude that ¢, = op,(1) as desired.

To deal with the final term, we define the triangular array W, ; := v leg;& for n € N and
i € [n], and note that W, ; satisfies all the conditions of Lemma 3.8 by Assumptions 3.3(a)
and (d) (here we condition on f in applying this result). Hence, U, = n~/2%,_; Whi, and
therefore TN) | converges uniformly in distribution to A/ (0,1).

We now show that |(T(P))2 — 1| = op, (1), from which the desired result follows from

Lemma 3.7. Note that )
1 n
T (P))2 ( Li) 2
( Vg Zl N ; (3.25)

Pn qn

and that ¢, = ﬁT(N). We have just shown that T™) = Op, (1), s0 ¢, = op,(1) and we are
therefore done if we can show that |p, — 1| = op,(1). Now

1 S 2¢2 1 < 2772 4 = AT 1 < 722

I IL,, I, Ve
+*z M S MM+ S ML
? bt nw? (3.26)
VS, Vo v§,
nyQZM&E +7ZM515
VI5, VIS,

Consider the triangular array Wn,i = Wgz for n € N and i € [n], and note that it satisfies all
the conditions of Lemma 3.9 by Assumptions 3.3(a) and (d) with u, = 1 (again conditioning
on f in that result), so |I, — 1| = op,(1). It remains to show that the remaining terms are
op,(1). Now

by Assumption 3.3(b). By the Cauchy—Schwarz inequality,

1 S 2¢2 12 1 2 2 2 1/2y11/2
=1
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by the above and Lemma 3.7. Now

1 .~
Vol < —3 Y Miel = op,(1)
i=1

by Assumption 3.3(c). A similar argument shows that IV, = op,(1). By the triangle inequality
and the Cauchy—-Schwarz inequality,

n

e L N o V2o 722 2 1/2 (yye\1/2
Vol <2 .yl ZMz M; —s ZMz & = 2IL/%(IV3,) "/ = op, (1)
i=1

2
nrei4

by the above and Lemma 3.7. A similar argument can be used for Vg. Finally, again by the
triangle inequality and the Cauchy—Schwarz inequality,

1 > 1/2 1 1/2
VE|<2(o5 2 8¢) (M) = aPavi) = on ()
=1

2
nv i=1

by the above and Lemma 3.7; VI§Z is handled similarly.

3.8.5 Proof of Theorem 3.2

Without loss of generality, we may assume that « € (0,1/2), so that z;_, > 0. Let s denote
the denominator in the definition of T'. Suppose there exists ¢ > 0 such that

1 n
sup P(—=) L;<ecr)—0, (3.27)
PePi(en) (n ; )
S
% = OPl(en)(T)' (328)
Note that, since 0/0 := 0 and 7 > 0, we have that
P(T < )—P(lf:p <. S)
> Zl—-a) = ni:l i > 1—a\/ﬁ
<P<1iL»<c>+P<z 5 >c>
— n Pt — T 11—« \/ﬁT - .

Thus, from (3.27) and (3.28),

1 n
sup P(T' < z1_4) < sup {]P’( ZLZ' < C7'> —I—]P(zla\;% > c>} -0

PEP () PEP (en) N

and hence the result will follow if we can prove (3.27) and (3.28).

Observe that if we define 12
> T ~
f(X,Z):= T/Qf(Xaz) (3:29)
o
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and let 7' denote the test using f in place of f, then T' = T}, since we have assumed that me

is scale equivariant. It follows that we may put f in place of f and assume without loss of
generality that
=E(&|f)=r
For both claims (3.27) and (3.28), we therefore work with f instead of f.
To prove (3.27), we write Y; = m(Z;) + h(X;, Z;) + (;, and have

%ZLz‘ = iih(Xi, Z:)& + % Zn:%.
i=1 i=1 i—
In 11,
+— Z{m Zi) i+ — Zh Xi, Zi){m (i) — i 5(Zi)}
1L, e
o ) — g (20} + Z{m ZOHm{(Z:) = p(Z)}
=1
Vn VI,

Defining the triangular array W, ; := h(X;, Z;)&;/7 for i € [n], note that

nE((X, 2% | ) _ C*n

T2 - T

-

> E(|Whil?
=1

Therefore, defining ji,, := E(I,, | f) (the numerator of Corr(h(X, Z),£| f)), assumption (%) of
Lemma 3.9 is satisfied with § = 1 on Py(e,) by (3.15). We deduce that

sup  P(|L, — pp| > n7) = o(1)
PePi(en)

for any n > 0.
To deal with the IL,, term, we first note that for i # 7,

E(GG | Xis Zi, X5, Z5) = B(G | X, Zi)E(G | X5, Z5) = 0.
Hence, using the fact that E(¢? | Xy, Z;) = Var(Y;| X;, Z;) < C for all i € [n], we have
. 1/ ) ) 1/2
E(TL| | f, (Xi, Zi)izy) < n(ZE(Q !Xz',Zi)&‘)
i=1
C1/2 1 ) 1/2
< nl/2<n ;fz) ;

and therefore
1/2

. C
E(|Hn| | f) < WTUQ-
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We conclude by Lemma 3.2 that II,, = Opl(en)(n_lﬂrlﬂ). To deal with the III,, term, we note
similarly that

E(&i&j | Zi, Z;) = B(& | Zi)E(E; | Z;) = 0. (3.30)
Thus,
n 1/2
(U7, (Z010,7) < 1 (S2B(E | 20 () — (%))
71/2 n 1/2
= o5 o tm(z) - m(z)?)

We deduce by Lemma 3.2 and Assumption 3.4(a) that III,, = Ofpl(gn)(Tlmn*(ﬁl“)/Z). Note
further that

1 n n B
~ > Ami(Z) - Z{mf(z MH(Zi)}? = Opy(e,y(tn=),  (3.31)
i=1 i=1
by Assumption 3.4(b). We can thus repeat the calculation in (3.30) for h, letting us show that
1/2
BNV (2070, 1g) < 5 (S BHCK, 202120y ) - (20
£1/2 n , 1/2
=i (n Z{mf(zi) —mi(Zi)} > :
i=1

Thus, Lemma 3.2 and (3.31) let us conclude that IV,, = Opl(en)(Tn_(52+1)/2). For the V,, term,
we note that by similar arguments as above,

1/2 n 1/2
VAl (60 2010) < g (5 ol = my(20)7) (332

Hence, by Lemma 3.2 and (3.31), we deduce that V,, = Opl(gn)(Tl/Qn*w?“)m). For the final
term, by the Cauchy—Schwarz inequality and (3.31),

IVL,| < (:L ;n:l{m(Zz) _ ﬁl(Zi)}2>1/2< Z{m f(ZZ)}2) 1/2

= Op, . )(71/2n—(51+l32)/2)
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using Assumptions 3.4(a) and (3.31). Letting R, := II, + III,, + IV,, + V,, + VI,,, we have
therefore shown that R, = op,(c,)(7) by (3.15). We conclude that

1 n
sup P(=3 Lo <pr/3) < sup Py <pr)+ suwp P(|L — pn| > p7/3)
PePi(en) n i=1 PcPi(en) PcPi(en)

¢ swp P(Ral > p7/3),
PePi(en)

o (3.27) is satisfied with ¢ := p/3 by Assumption 3.4(c).
To see that (3.28) holds, note that

e (L)< (A nare)

=1
I,
s (mxae) + (Fme - azye)
I, 101,

10 ) R ) 1/2
+ (M;h(Xsti) {m§(Z;) —m(Z:)} )

v,

n 1/2
+ (= > GHmy () - mAZ)F)

Now

B 1f) < (22 EE1H) =
i=1
so by Lemma 3.2 we see that I, = Opl(en)(nfl/zv'l/z). The remaining terms are of the same
uniform stochastic order as the corresponding terms without tildes using the bounds above.

Thus, (3.28) is satisfied by (3.15), and the result follows.
If m and ﬁlf are formed on Dj, then only the III,, and IV,, terms will change. By the
Cauchy—Schwarz inequality, Lemma 3.2 and (3.31), these terms satisfy

1 & 1/2 1 1/2
1L, | < (n Z{m(Zz) - T?L(Zz)}2> (n Z§3> _ Opl(en)(n—ﬁ1/271/2)
=1 i=1
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and
1 ) 1/2 1> R ) 1/2 /212
ol < (506 207) (5 o tmgl) —mg(Z01) = Oy o (#2710
i=1 i=1
thus we would need e, - n™*{1.A1:682} 5 o0 rather than (3.15) to prove the result.

3.8.6 Proof of Theorem 3.3

It suffices to check the conditions of Assumption 3.3 as the result will then follow by Theorem 3.1.
By Proposition 3.13 with f in place of f in that result,

&= J(X,2) - E{f(X,2)| 2, f} = (WB) {$(X, 2) — E($(X, 2) | 2)}. (3.33)
Thus, from the definition in (3.12),
= E(&*| f) = (T15) TA(TIB) > Auin(A)|TIB|3 > K| TIBI13, (3.34)
where the last inequality holds by our assumption. Hence,

sup P(0? = 0) = sup Pp(||TBlo = 0) = o(1),
PePy PecPo

so Assumption 3.3(a) is satisfied.
Next, by Corollary 3.2,

- Z M? = Op, (K ;2% + K4 /n). (3.35)

Now, suppose that ¢f = ﬂ}qu is the Lo(P)-best approximant of g over Sff,L. Then, by
Propositions 3.13 and 3.9(b),

ITIBlco = ITIBxzllco < 2[[Bxzlloo

~ J 4 (3.36)
<2|Bxz = Bxzlloo +2¢5(r)llg = g'lloo + 2¢5(r) | gl oo
Hence, by Corollary 3.2, Propositions 3.10 and 3.11 and Assumption 3.5,
ITIBlloc = Opy(Kxzn™? +1) = Op, (1), (3.37)

where the last equality uses (3.18). Now m(Z) is in the span of ¥(Z), so the residuals me— ﬁif
are identical to those resulting from a g(X, Z) on ¥ (Z) regression. Thus, by Proposition 3.14,

—ZMQ Op, (ITIB|2{K /% + K1 /n}). (3.38)
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Combining (3.34), (3.35) and (3.38), we have

{ ZW}{mz fﬁﬁ} = Op, ( ”HEA”EOKXZ K2z 4 ’Xz/n}2> = op,(n71),

i1 TI3]13

by (3.17), so Assumption 3.3(b) holds.
For any n > 1, we have by (3.33) that

E(|¢[7] 2, F) < 2"E(|/(T1B) " ¢(X, 2)|"| Z, ) < 2"|1B]|2, (3.39)

by Hoélder’s inequality and Proposition 3.9(a). Hence, taking n = 2, the first part of Assump-
tion 3.3(c) is satisfied by Lemma 3.2, because

JEDR I

, Zw) {3 ZM2 €12}

HA 2
(0B
ITIB][3

Moreover, since E(? | X, Z) < E(e210| X, 2)%/(2+9) < 02?/(2+9) e have

K2 LR /n}) — o (1),

)
om N4

F (X, Z)y, i f> = 1{1§:M@2E(€?Xiazi)}

g2 oy
—opo(’HH%';finz R0 4 R n} ) = oy (KYZn™1%) = o, (1)
2

by (3.17) and (3.18), so the second part of Assumption 3.3(c) holds by Lemma 3.2. Finally,
by (3.34), Assumption 3.5(a), (3.39) with n =2+ ¢ and (3.18), we have

E(|¢e**? | f) 22+0( ||HﬂHZSL§K1+6/2 2 +6CK1+5/2 o(n®/?)
o2+6 = 249 HHBH%M XZ = 246 T XZ )

so Assumption 3.3(d) is satisfied. This establishes the claim.

3.8.7 Proof of Theorem 3.4

Without loss of generality, we may assume that o € (0,1/2), so that z;_, > 0. Let s,, denote
the denominator in the definition of Typiine. Suppose we can show that

n

1
Z L, = T(l + Rn), where R,, = 0731(en)(1) (340>

n-

=1
% - TUn’ where Un = Opl(en)(l)' (341)
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Note that, since 0/0 := 0 and 7 > 0, we have from (3.40) and (3.41) that

1 & S
e K 21—y ) = — < 21— | = _ — >
]P)(TSphne S 21 a) P(ﬂ ;Lz > Rl—a \/ﬁ> P(Zl oUn — Ry > 1)

1 1
P nl > P nl > = .
= <|U‘—2zla>+ ('R| 2>

Thus, from (3.40) and (3.41),

1 1
sSup IP)(TSpline < Zl—a) < sup P(’Un| > 2 ) + sup P(’R ‘ > ) —0

PEPi (en) N PEP1(en) Z1-a PePi(en)

and hence the result will follow if we can prove (3.40) and (3.41).
To see that (3.40) holds, we write

n

%Z Z e (X0 Z0) + Zel{m —(Z)
=1

In I,

:LG: F(Xi, Z)13(Xi, Zi) — 9(Xi, Z4)}

111,

- Z{Y 9(X5, ZOHG(X 2) — 9(X:, 20} — - D cm{Z)
i=1

IVy Van

LS el Z) ~ A+ - S m(Z) — () mp(Z0) — 2}

VI, VII,

+ - Z{m ZH (X, Zi) = mi(Z)}

VIIL,

Using the fact that (g f(X;, Z; )) are independent and identically distributed with mean 7,

we have that
1 1 24y 1/2
E(’n;&“if(Xi,Zi)—T) gE{(nZEif(Xi,Zi)—r> }
02/(2+5)7)1/2

= (Ve (L)) < B 221 <

(3.42)

n

so I, — 7 = Op(7'/2/n'/?), by Lemma 3.2. Now note that for i # j,

E(Eiﬁj | ZZ‘, Z]‘) = E(Ei | ZZ‘)E(€J‘ | Zj) =0. (343)
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Hence, by Assumption 3.5(a), we have that

1/2

B0 | (200 < (3B Z0im(2) - (2))°)
1/(246) n 1/2
C’nl/g (n > Am(Zi) - m(Zi)}2> :

i=1
Thus, by Corollary 3.2 and Lemma 3.2,

(45+d/2) (4s+dx)

I, = Op(K;*%n=12 4 KY?n~Y) = Op(n™ 5+ + 1~ otd ) = Op(n~514).

Since 7 = E(f(X, Z)?), we have by Proposition 3.16 that

= 07>(n_m +7’1/2n_1/2).

Next, by Assumption 3.5(a) and (c),

E({Y —g(X,2)}?| X, 2) =E({Y —m(Z)}*| X, Z) — 2m(Z)* + f(X, Z)?
< C2/(2+5) + 402

and for i # j,

E({Y: — 9(Xi, Z))H{Y; — 9(X;, Z))} | Xi, Zi, X, Z;)
=E{Y; — 9(Xi, Zi)} | X4, Z)) E({Y; — 9(X;, Z;)} | X5, Z;) = 0.

Therefore,
E(IV,l 13, (X3, Zi)i)
1/2
<1 (ZE{Y 90X Z)Y | X, 2) (30X, 2) - 9(X0, 202

C2/(2+6)+402 1/2 1 R 1/2
<t /2 ) (n > A9(Xi, Zi) — 9(Xa, Zz‘)}Q) :
i=1

By Corollary 3.2 and Lemma 3.2 we thus have

(4s+d/2) 4s

Ivn—O'P( S/d —1/2_|_K1/2 —1) Op(ﬂi Istd +n*m) :Op(nfﬁﬁ),
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~

Now, using (3.43) and the fact that mf(Z) =E(f(X,2) — f(X,Z)| Z, ), we have

E(|Val | f, (Zi)i=) <

91/2(71/(2+9) R
T ZE (3% 2) — 9(Xe, 2012 74, )

1/(2+6) n 2\
C(iz ({F (X, 2:) — f(XmZi)}2|Ziaf))

1 & _ N\ 12
S B((Z) - m(Z)P] 20 7))
By Corollary 3.2 and Lemma 3.2, we deduce that
Vn—Op( —s/d _1/2—|—K1/2 _1—|-K s/dz _1/2—|—K1/2 _1) O,P(nfﬁ).

As in the proof of Theorem 3.3, m(Z) is in the span of ¥ (Z), the residuals m»—m+ are identical
to those resulting from a g(X, Z) on 9(Z) regression. Moreover, by (3.37),

ITIB]loc = Op(Kxzn~* +1) = Op(1), (3.44)

where the final equality uses the fact that s > 3d/4. We deduce by Proposition 3.14 that
1 & ~ ~_ ~
=Y AmilZi) = mZi)} = Op (K™ + K ™). (3.45)
i=1

By a similar argument as for the II,, term, but conditioning on f and T?LJ? instead of m and

applying (3.45), we conclude that
__4s
VIn = O’P (n 4s+d ) .

We now intend to apply Proposition 3.15 to the VII,, term with (X,Y, Z) = (f(X, Z),Y,Z).
By (3.44), we can choose o2 = max(||[TI8||%,,C?) to fulfil Assumption (iii) of that result,
and Assumption (7) is satisfied by Assumption 3.5(b). Assumption (7) is satisfied with
¢ = ¢4 = s/dz by Propositions 3.10 and 3.11, Lemma 3.15, (3.44) and Assumption 3.5(c). We
therefore have by Proposition 3.15 that

VIL, = Op(K, K%/ + K1/2 14 I?;_S/dz log(%z)n_z)
_ _4s+dyx _ (10s+2d—4dy) __4s
= O’P(TL m +n 4sHd + log(n)n T) — O,P (n m)

using that s > 3d/4. For the final error term, similar to previous terms, for i # j,

E({f(Xi, Zi) = m{ ZOH (X, Z) = m{Z)} | ], 2, Z5) = 0,
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so, by Hoélder’s inequality and the triangle inequality,

L/ ~ ~ 1/2
< = (S EUFX.2) - mi(Z0)? | F.20){(Z) - m(Z0))?)
i=1
~ n 1/2
< al= (2 > (%) - mZ)F)

Combining Proposition 3.9(b), the argument leading to (3.36), and (3.44) yields that ||g|lec <
1Bx7llso = Op(1). We can therefore apply Corollary 3.2 and Lemma 3.2 as for II,, to conclude
that

VIIL, = Op(n 554).

Combining these bounds, we have

where
Ry = Op(r~tn"Tid 4 7~ 1/271/2),

It follows that
4s
Ry = Op, (e, (e 'n 55 46,2071/,

so by Lemma 3.4 and (3.20), (3.40) holds.
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To see that (3.41) holds, note that

e (wnn) = (S ar)

1/2

n 1/2
+ (o 2 tm(z) — mizy?)

L,

n

1 o ) 1/2
+ (nQZf(Xi,Zz‘) {9(Xi, Zi) — 9(Xi, Zi)} )

=1

I,

1/2
(5 00 008 2 20~ (X, 201

Vn

- 1/2 n 1/2
- (le ;egmf(ZiP) + <nl2 ;gf{mf(zi) _ mf(Zi)}Q)

Vn VI,

+ (1 L m2) 220 m (2 - Arz)

VI,

1 n R 1/2
+ (i S tm(2) — 20X 20— mptz?) |

VIIL,

Combining the bound in (3.42) with Lemma 3.2 yields that I, = Op(7/2/n'/2). All other
terms except VII,, are of the same uniform stochastic order as the same expressions for the
corresponding terms without tildes. For the final term, then,

. B R 10 R 1/2
VII, <n 1/2Hm —mlso (n Z{m]?(ZZ) — m}{Z,)}2> .
=1

Now 7 = 4 '), and we can let m' = T4 denote the Ly (P)-best approximant of m over
Sgrfl’L. Then by Proposition 3.9(b), Corollary 3.2, the fact that s > 3d/4, Propositions 3.10
and 3.11, we have

~ ~ = — —>—s/d
17— mlse < 17 = lloo + [Im" = mlloo = Op(Kzn~ Y2 + K ;*/%)
2dX 2s
— O.P(n 4s+d +n 4s+(i) — 073(1)7
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)
— 4s
VIL, = op(n™ %+4)

by (3.45). We conclude that s, /n'/? = 7U,,, where
U, = O7>(T‘1/2n_1/2 + T_lnfﬁ) = 07)1(571)(1)7
and hence (3.41) is satisfied. This completes the proof.

3.8.8 Proof of Proposition 3.4

Recall that given two probability measures 1 and v on a measurable space (E, ) such that u
has density p with respect to v, we define the y2-divergence from v to u by

X2 (1, v) o= / prdv —1.
E

Let A :=[0,1]9 x {=1,1} x [0,1]92, and let Py € P denote a fixed null distribution supported
on A. Further, for each n € N, let Q,, C P;(€,) denote a finite family of alternative distributions
supported on A. Suppose that @ € Q,, has density gg : A — [0,00) with respect to Py and
define Py := P(()@” and

>

QEQ,

1
Pl =
L 1Q

where ®n denotes the n-fold product of a measure with itself. Suppose that

limsup x* (P, P) < 1. (3.46)
n—oo
Now, for all n € N and tests ¢,
1
inf P =1)< min P =1)< P =1
pt, \Br(¢=1) < min Po(¢=1) < 15 Qén (o =1)
= [, #aP! < PR (6 =1) +drv(Ry. PY)

Defining qgn(xl, Y1, 215+ > Ty Yns Zn) = i1 9Q(%i, ¥i, i), we have by Jensen’s inequality that

1 1 2
are (g 7P = 5 ([ |5 3 ag - 1]ary
QEQn
34{/n(’Q| q?} —1) dpo}—4X2(P1aPo)'
A " Qe

Thus,

1
limsup inf Pplp=1)<a+-
n—oo PeEP1(en) 2

for all asymptotically valid tests ¢, by (3.46).
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We now construct Py and Q,, such that (3.46) holds. We let Py denote the uniform
distribution on A. Then

gp,(2,2) =Ep, (Y| X =2,Z2=2)=Ep,(Y)=0=Ep, (Y| Z = 2) =mp,(2),

so 7p, = 0. We also note that g and m are constant functions and so g,m € H, with
lm||l#. = |lglln, = 0. It is immediate from similar arguments that the remaining conditions of
Assumption 3.5 are satisfied for Py, so Py € P.

We now aim to construct Q,,. To this end, define the bump function K : [0,1/2] — [0, c0)
by K(z) := efm, let Iy = (fOI/QK(u)Qdu)l/2 € (0,00) and define v : R — R by
’U(CL') = ﬁl—o . K(m>ﬂ{x6[071/2]} — \[%10 : K(;L‘ — 1/2)1[{;106[1/2,1]} and ’U(:L') =0 for x € R\ [0, 1],
so that v is infinitely differentiable with v(0) = v(1) =0, fol v(z)dz =0 and fol v(z)?dr = 1.
Now define h : R? — R by h(z1,...,zq) := H;l:l v(z;) and note that h is 0 outside [0,1]%, h is
infinitely differentiable, [pa h?(21,...,24)dz1...dzg = 1 and fol hzi,...,2z4,...,2q)dz; =0
for j € [d].

Define p,, := [nﬁj and, for j € [pp]?, define hy, ; : RxX+dz — R by hy, (@, 2) == pg/zh(pn-

d/2
o = P2 |[B]loo-

(2,2) = j+1), so that (hn ;) e[,,je have disjoint support, [|hy ;]2 = 1 and ||hy, ;|
2s+d

Let v, := ¢/2n~ 3+, where ¢ € (0, p,;%||h||<2) will be specified later. For n := (1) jefon)e €

{—1,1}#%, define g, : Réx+dz — (—1,1) by

Gnm(@,2) =Y Y Mjhn(2,2).
j€lpn]?

To see that g, € HY, we first note that for any multi-index o € N¢ with |a| < s, we have

1D gnnlloc = 1o > D¥hl|oc < /2 max [ D% (3.47)

n 2
aeNg:|a|<s

Now fix (z, 2), (2/,2') € R¥xT42; let j € [p,]? denote the unique index such that hy, j(z,2) # 0
if it exists, and otherwise arbitrarily set j = (1,...,1)%. Similarly, let j' € [p,]?¢ denote the
unique index such that h,, j(2’, 2") # 0 if it exists, and otherwise set j' = (1,..., 1)¢. Then for
any o € N¢ with |a| = [( s] — 1 =: sg, we have

|1 D% g (2, 2) — Dagnm(:v', 2|
< yup 20| D*h(py - (2, 2) — j + 1) — D*h(py - (2', 7)) — j + 1)
+|D%h(pn - (x,2) = j' +1) = D (py - («/,2') — 5" +1)[}

< g/ min (40,2 mmax [ Dhepn,2) = ()]

aeNG:a =s0+1

Swi/“somax(ﬁllll?“h\lom2~ max IID“hlloo) min (1, pu|(z, 2) — (', ') |I1)
aeNd:|al<sp+1

Scl/le/Qmax<4HD°‘h\oo,2~ max HD%OO)H(Q:,Z)—(m',z')nsSo, (3.48)

aeNG:|a|<so+1



144 The Projected Covariance Measure for model-free variable significance testing

where the final inequality uses the fact that min(1,#)Y <Y for any ¢t > 0 and y € (0,1). Using
(3.47) and (3.48) and reducing ¢ > 0 such that

-1
C
cl/2<max<4HDaHoo,2 max |ID%)|00, max HDah\oo) —
« <s

)
aeNd:|a|<so+1 eNd:|al dt/?

if necessary, we ensure that g, , € H¥XT2 with || gy, |2, < C.
Define now Q,, ,, such that (X, Z) is uniform on [0, 1]9% x [0,1]4% and Y is Rademacher with

EQ’I’L,T[(Y|X = x7Z = Z) = gnyn(l"z)'

Note that by construction
Mpp(2) = / Gnp(x,2)de =0 for any n e {—1, 1}"%,
[0,1)4x
S0 My € HIZ with ||my,y|lx, = 0. Further,

2 __4s
T0nm = B [{9nm(X, Z) —m(2)}7] = 72p < Pn”5vd,

and we deduce from the definition of €, that Q,, € Pi(e,) for sufficiently large n. We let

Q= {Quy:me {~1,1}7}.
To see that (3.46) is satisfied, we note that
1

AR =145 Y /A g g
"Q,QeQn
1

n
iy ()
‘Qn|2 Z AqQ lean,n 0

nvnle{flrl}pg‘

so it suffices to show that lim sup of the second term is at most 2 as n — co. But

9Qn.n (@,y,2) ={1+ gnm(xa Z)}(Hy)/Q{l - gn,n(% Z)}(l_y)/Qv
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so, for Qn.n, Qny € Qn, we have

1
/J4qQ7L7ann"q/ dPO = §EPO (an,n(X7 17 Z)an,n/(Xv 17 Z) ’ Y = 1)
1
+ EEPO (QQn,n(X7 -1, Z)anm/(X7 -1, Z) ’Y = _1)
1
= SEp ({1 + 9nn(X, 2) {1 + gny (X, 2)})

2
+ %}EPO({l — gnm(X, Z)}{l - gn,n/(Xv Z)})
=14 EPO (gn,n(X, Z)gn,n’(Xv Z))

=142 Z 77j77§'/ /[0 iz ho,j(x, 2) by j (2, 2) do dz
7,3 €lpn]? ’
=1+vn'n.

Let U = (Uy,...,Uy) and W = (Wy,...,W,4) be independent random vectors, each with
independent Rademacher components. Then

1 o .

2
QQ'eQn o €{~1,1}%%

d

1 Pn
S SR TR |

77771'6{*1,1}0% ]:1

d 2.4 ,d
— COSh(n/ny)pn S en ’ann/Q

Thus,

1 n
lim sup 5 Z (/ 4Q9¢ dP0> < lim sup P2 < exp(02/2).
n— o0 ’Qn‘ Q,Q'cQn A n—o00

Taking ¢ < 1/2log 2, we have proved (3.46) for Py and Q,,, and the result follows.

3.9 Auxiliary lemmas

3.9.1 Uniform convergence results

Recall the ‘uniformly small in probability’ notation op(1) defined in Section 3.1.3. As before,
we omit the subscript P in a random variable Xp, and simply write X,, whenever the context
is clear.

We will frequently apply a variant of the dominated convergence theorem:

Lemma 3.1. Let (X,)nen be a sequence of real-valued random variables. Let C' > 0 and
suppose that | X,,| < C for alln € N and X,, = op(1). Then suppcp Ep(|Xn|) = o(1).
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Proof. For any given € > 0,
[Xn] = [Xn[Lixa>a + 1 Xnllgx, < < Clx,>q + &

By the assumption that X,, = op(1), we can choose N € N such that suppcp Pp(|X,| > €) <
¢/C for n > N. It follows that for n > N,

sup Ep(|X,|) < Csup Pp(|X,| > €) +€ < 2e.
pPcP PecP

Since € > 0 was arbitrary, the result follows. O

The following lemma derives uniform stochastic boundedness of a sequence (X,,) based on
a conditional moment condition.

Lemma 3.2. Let (X,,)nen be a sequence of real-valued random variables on (2, F) and let
(Fn)nen be a sequence of sub-o-algebras of F. For a positive sequence (an)nen, possibly
depending on P, suppose that Ep(|X,|| Fn) = Op(an). Then X, = Op(ay).

Proof. By hypothesis, given € > 0, there exist M, > 0, N, € N, both depending only on ¢, such
that

sup sup Pp(A, p) < =, (3.49)

n>Ne PEP

DO ™

where A, p := {Ep(|Xy|| Fn) > Mcay}. Then, by Markov’s inequality, for any K, > 0,

Xn
sup sup Pp(|X,| > Kca,) = sup sup ]P’p(’ | NEKe > Ke)

n>N¢ PEP n>Ne PEP an
1 X
< — sup supIEp(’ n’/\[ﬂ)
Ke n>Ne. PeP Qn
@ 1 Ep(|X
< — sup sup ]EP(P(| nl | 7n) /\K€>
e n>N. PEP Gnp,
1 Ep(|X,||F
< — sup sup Ep{(Pﬂan) /\KE>ILAM,}
€ n>N, PEP an ’
1 Ep(|X,||F
+ — sup sup Ep{(P(‘"H”) /\KE) 1 4e }
e n>N, PeP an mF
M, (i) M,
< sup sup Pp(Ayp) + ¢ < ©

—_ b
n>N, PEP K. 2 K.

where step (i) uses conditional Jensen’s inequality and step (ii) uses the inequality (3.49). Then
the desired result follows by taking K. > 2M,/e. O

Lemma 3.3. Let (X,)nen and (Yn)nen be sequences of real-valued random wvariables. If
X, =op(l) and Y,, = Op(1) then X,)Y,, = op(1).
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Proof. Let € > 0 be given. Then for any M > 0

sup Pp(| X, Y| > €) < sup Pp(|X,| > ¢/M) + sup Pp(|Y,| > M).
Pep Pep Pep

Choose M > 0 and ny € N large enough that suppep Pp(|Y,| > M) < €/2 for all n > ng. By
increasing ng if necessary, we can ensure that suppcp Pp(|X,| > €¢/M) < €/2 for all n > ny.
The result follows. O

Lemma 3.4. Let (X,)nen and (Ry)nen be sequences of real-valued random variables. Suppose
that Ry, > 0 for alln € N, X,, = Op(R,,) and R, = op(1). Then X,, = op(1).

Proof. By hypothesis, for any € > 0, there exist constants M. > 0 and N, € N, both depending
only on ¢, such that

sup sup Pp(R,, > €/M.) <e€/2 and sup sup Pp(|X,| > R,Mc) <¢€/2.
n>Ne PEP n>N, PeP

Therefore,

sup sup Pp(|X,| > €) < sup sup Pp(|X,| > €, R, > €/M,)

n>N. PEP n>N. PEP
+ sup sup Pp(|X,| > €, R, < €/M)
n>Ne PeP
< sup sup Pp(R,, > €/M.) + sup sup Pp(|X,,| > R, M) <k,
n>N. PEP n>N, PEP
as required. O

Lemma 3.5. Let (X,)nen and (Yy)nen be sequences of real-valued random variables. For
positive sequences (ap)neN, (bn)nen, suppose that X,, = Op(ay) and Y,, = Op(by,). Then
Xn Y, = Op(anby).

Proof. For any € > 0, there exist N. € N and M., K. > 0, all depending only on ¢, such that

sup sup Pp(|X,| > anMe) <e€/2 and sup sup Pp(|Y,| > b, K) < €/2.

n>N. PEP n>N, PEP
Notice that if | X, Y, | > anb, MK, then either |X,,| > a, M, or |Y,| > b, K.. Therefore, by a
union bound,

sup sup IEDP(|‘Xn}/n’ > anbnMeKe) < sup sup IP>P(|‘Xn| > anMe)

n>N. PEP n>N. PEP

+ sup sup Pp(|Y,| > b, K.) <,
n>Ne PEP

as desired. ]
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Lemma 3.6. Let (X,)nen be a sequence of real-valued random variables on (2, F), and let
(Fn)nen be a sequence of sub-o-algebras of F. Suppose that | X, | =Y, + Z,. If Y, = op(1) and
Ep(Zy | Fn) = op(1), then X,, = op(1).

Proof. Let € € (0,1/2] be given. By Markov’s inequality,

1
sup Pp(| X, > €) = sup Pp(|Xp| Ae>¢€) < Z}s)ungﬂXn] N €)
€

PeP PeP
1
< —sup Ep((€2 + Z,) A€) + sup Pp(|Y,| > €%).
€ pep PeP

The second term converges to 0 by assumption. For the first term, by Jensen’s inequality,

1 1
~ sup Ep((e2 +Zy)Ne) = =supEp {]Ep((e2 + Zn) Ne ]-'n)}
€ PeP € pPepP

1
< - sup EP{{€2 +Ep(Zn | Fu)} A E}
€ pep

< 2¢ + sup Pp(|Ep(Zy, | Fn)| > €2).
PecP
The result therefore follows by our hypothesis on Ep(Z, | Fy,). O

Lemma 3.7. Let (X,,)nen be a sequence of real-valued random variables and let X be another
such variable. Assume that | X, — X| = op(1) and let h : R — R be a continuous function.
Suppose that at least one of the following conditions hold:

(i) h is uniformly continuous,
(i) X is uniformly tight, that is,

lim sup Pp(|X|> M) =0.
M—o0 pep

Then |h(X,) — h(X)| = op(1).
Proof. Let € > 0 be given. We need to show that

lim sup Pp(|h(X,) — h(X)| >¢€) =0.
n—eo pep

If h is uniformly continuous, then we can find § > 0 such that |h(z) — h(y)| < e whenever
|z —y| < 4. Thus,

sup Pp(h(Xn) — h(X)| > €) < sup Pp(| X, — X| > 8) = 0
PeP PeP

as n — 0o0. On the other hand, suppose now that X is uniformly tight and let M > 0. Since
h is continuous, it is uniformly continuous on [—M, M], so we can choose § > 0 such that
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|h(z) — h(y)| < € whenever z,y € [-M, M] satisfy |z — y| < d. Hence, for M > 4,

sup Pp(|h(X,) — h(X)| > €) < sup Pp(|X,, — X| > 9)
PeP PeP

+ SupPP(|Xn’ v ’X’ > M, ‘Xn _X| < 5)
PeP

< sup Pp(|X,, — X| > 0) + sup Pp(|X| > M —-45) =0
pPepP pPeP

as n, M — oo. ]

Lemma 3.8. Let (X m)neN,meln] be a triangular array of real-valued random variables and
let (Fp)nen be a filtration on F. Assume that

(1) Xn1,...,Xnn are conditionally independent given F,, for each n € N;
(1t) Ep(Xym | Fn) =0 for alln € Nym € [n];
(iii) |n=' Y1 Ep(X3 o | Fn) — 1| = op(1);

(iv) there exists § > 0 such that

1 n
~ D Ep([Xuml* | F) = op(n?).
m=1

Then S, :=n~1/2 m—1Xnm converges uniformly in distribution to N(0,1), i.e.

lim sup sup |[Pp(S, < x)— ®(z)| =0.

Ji, ppsup Pr(Sa <)~ )
Proof. We will make the dependence of X, ,, and F,, on P clear by instead writing Xp,, ,, and
Fp,, throughout. By Kasy (2019, Lemma 1) it suffices to show that

1 & d
— X — N(0,1
\/ﬁ 7;1 Pnnm ( ) )
for any sequence (Py,)nen in P. Define the triangular array W, , = n_l/QXpn,n’m for n € Nand
m € [n], and let F,, ,, be the smallest o-algebra containing Fp, ,, that makes Xp, 1, - -, Xp,.nm
measurable (and .7:"”,0 = Fp,n). We claim that (an,]:"nm) form a martingale difference
array. To see this, observe that W, ,, is .7}”7m—measurable and

1
ni/2
1

= nl/QEPn(XPn7n7m | ]:Pn,n) = 07

EPn(Wn,m ‘ fn,m—l) = IEPTL (XPn,n,m | ]:Pn,rw XPn,n,la v 7XPn,n,m—1)
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where we have used assumptions (i) and (ii) in the penultimate and final equalities, respectively,
and this establishes our claim. Now

P
ZEPn nm’fnml nZEPn XPnnm‘J:Pm) L,

m=1

by assumptions (i) and (iii), and

n _ 1 n P
> ey (Wl | Famt) = Cis 20 Bru(1Xpunml ™ [ Fn) 0,
m=1 m=1
by assumptions (i) and (iv). It follows that for any ¢ > 0,
n ) _ 1 > o P
Z IEP7L(|I/Vn,rn| 1{|Wn’m\>c} |fn,m 1 T; Z |Wn m| |]:nm 1) — O

m=1
so the conditional Lindeberg condition is satisfied. The result therefore follows by the Lindeberg—
Feller central limit theorem for martingales (e.g. Durrett, 2019, Theorem 8.2.4). O

Lemma 3.9. Let (Xpm)nen,meln be a triangular array of real-valued random variables and
let (Fn)nen be a filtration on F. Assume that

(1) Xn1,...,Xnn are conditionally independent given F, for all n € N;

(it) there exists 6 € (0,1] such that

n

Z |Xnm|1+6|f- ) _ OP( 1+§)

Then S, :=n~! Yome1 Xnm and ppy = nIynr Ep(Xnm | Fn) satisfy |Sn — ppn| = op(1);
i.e., for any e > 0
lim sup Pp(|S, — ppn| >¢€) =0.

n—o0 PepP

Proof. For n € N, m € [n], define Wy, ,, := X,y — tpn. Note that

sup » - Ep (Wm0 | F) < 25(sup S Ep (| Xm0 | Fa) +HMP,n|1+5)
PeP 7T er =, .

n
< 26+1 (sup Z EP(|Xn,m|1+6 | fn)) — OP(TLH_(;),

pPepP m=1

by assumption (ii). We need to show that for any € > 0,

. 1 &
le sup Pp(‘n mZ:1 Wmm‘ > €> =0.

n—=00 pcp
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Define W, := Wy mLgw, . j<ny and Wi i= W Lgw, . >n}- By the triangle inequality we
can write

1 & €
sup P (’ an’>e)<supIP ( m — E n<m Fun 2)
sup P z P[5, 32 755~ B 7,5, 1 70| 2 §
In
1 & €
+ sup P <‘ ‘_ )—l—su P (’ Ep(W,5 | Fu 2),
el v e\ 2 B i 20 2 5

11, 111,

and we will treat each term separately. Considering first I,,, we note that

In—su}P’< m—Ep(W | Fu /\626>
Peg P mZ:l p( [ Fa)l|Ag 23
n 2 62
S sup E ({ m — E W< Fn } /\)
PeI7)9 P nmz;l P | )] 9
9 1 & 2 €2
< — E E _E < n n N — )
< & g e(Be| {5 3 Wi~ 205 7} | 7)1 5)

where we have applied Markov’s inequality and the tower property combined with the mono-
tonicity of conditional expectations to move the minimum inside the conditional expectation.

By assumption (i), the terms in the sum of squares are conditionally independent, so the cross
terms vanish, and we find

9 1 & €2
I"gailé%EPGvﬂleV”PW 70§n5)
9 1 & €
<— Epl — E Fat N —
< S (s X E(0VE 17 )

Now, for ¢ € (0,1),

Er{(Wiin ) |} = [ Bo(Wi5) >t F)dt = [~ 2yPe(Wisl >yl Fo)dy

n 1
g/ 2ypp(|wn,m|>y|fn)dy:n2/ 2P p(|Wm| > nu| F) du
0 0

1
gn1‘5</ 2U_5dU)EP(|Wn,m|1+5|fn)= 0 P Ep(|Wam| 0 | Fa),
0

1—-9

where we have used the substitutions y = v/ and u = (1/n)y, as well as the conditional version
of Markov’s inequality. We deduce that for any § € (0, 1],

9 (215¢(0,1)) 1< e?
In < 62(1_5 + L= 1}) sup EP<n1+5 ZlEP{(!Wn,m!”‘S | Fn} A 9) — 0,
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by (3.50) and Lemma 3.1.
We now deal with II,, and III,, by first noting that, using similar e¢/3-thresholding as above,
we obtain

1 & € €
IIL,, = Ppl|— Ep(WS | Fa) A = >>
= e[ X Bl A 2

re)
3

3 1 &
<= Ep||= E < n
< 2 smEp(|] 3 ER (WS, )

€ pep

by Markov’s inequality. Now, by construction, we can write

3=

D Ep(Win | Fa) === > Ep(Wy,, | Fa),
m=1 m=1

and thus by the triangle inequality,

n
< 2 sup B < [:L 3 [0, ]-"n)|] A ;) +2 sup Ep|Ral 1 ).
The second term converges to 0 by Lemma 3.1, so it remains to show that the first term
converges to 0. Now II,, can be seen to also be upper bounded by the first term by a similar
argument to the one given above, so we are done if we can show that the first term converges to
0. Applying conditional Holder’s inequality (Gut, 2013, Theorem 10.1.6) followed by conditional
Markov’s inequality yields

3 . €

=supEp( = > Ep(|W;.||F } A )

¢ (|5 32 B Wl 7] 15
< =supEp( |~ Y Ep(Wam|'™ | Fo) FPp (Wil > n | F) 55| A 5

€ pep n me1 3
<3supEp( iZn:IEp(H/V |1+5|.7-")]/\6>
— € Pep n1+5 — n,m n 3 .
Finally, combining the above with (3.50) and Lemma 3.1 yields the desired result. O]

Lemma 3.10. Let P denote a family of distributions of (Y, Z) taking values in R x R%. Define
Sp = Ep(ZZ") and suppose this is invertible for all P € P. Let Bp = Zp'Ep(ZY),
ep:=Y — B;Z and Op :=E(ZZTe?). Suppose there exist C,c,§ > 0 such that the following
hold.

(’L) infpep min{)\mm(@p),)\min(zp)} > c.
(i) suppep max{Ep(|Ze|37), Ep(|Z]57)} < C.

Given n independent copies (Y1,21),...,(Yn,Zpn) of (Y, Z), let ,é denote the ordinary least
squares estimator. Then,

Vn®,*Sp(B - Bp)
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converges uniformly to a standard d-variate Gaussian distribution.

Proof. Let & :=n~! " | Z;Z;. We first argue that
I£ ~ Spllop = 0p(1). (3.51)

By the equivalence of finite-dimensional norms, it suffices to show that || — plles = 0p(1),
which is equivalent to f]jk —Xpjr = op(1) for all 5,k € [d]. To show this final claim, let us fix
Jj, k € [d], and note that

n

= 1
()j = (Bp)ji = > {(Z)j(Zi)k —Ep((2)(Z)r) }-
i=1
Define the triangular array X, ; := (Z;);(Z;)r —Ep((2);(Z)i) for i € [n] and n € N. Our claim
now follows from applying Lemma 3.9 to X, ; where we condition on the trivial o-algebra and
set py, = 0. Indeed, (i) and (ii) of Lemma 3.9 are clearly satisfied, and for the third condition
we have by the Cauchy—Schwarz inequality,

SENS

Z EP(|Xn,m’1+5/2) < 21+5/2EP(|(Z)j(Z)k’1+5/2) < 21+6/2EP(|’Z|’(2);r6) < 21+6/2C.
m=1

Thus, (3.51) follows.

We now argue that
1

1= = =5 |op = op(1). (3.52)

By Weyl’s inequality and our assumption on Apin(2p), we have
)\min(g) > )\min(zP) - ||2 - 2PHop >c— ||2 - 2PHopa

thus on the event {||= — pllop < ¢/2} we have that X is invertible. On this event, we have

1 _ | N
—Zplllep =12 (Zp = 2)Z5" lop

1 _ _ S _
- ZPIHOP + HEPl”OP)”Z - 2P||01>||2P1H0p

1=
< (1=

and furthermore since |2 — 2 p|lop]|Zptlop < 1/2 on the event, we deduce that

1% — Spllop 25113,
1= 15 = ZplloplZ5 llop
< 2|8 = Zpllopl| =5 I3y < 267215 — Zplop-

~_1 1
”2 _ZP Hop <

Putting things together, for any € > 0, we have

1

Pr(I£ — 35! llop 2 €) S Pp(IS = Epllop = ¢/2) + Pp(|£ — Bpllop = c*e/2).

Thus taking suprema over P and applying (3.51), we have shown (3.52).
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We now turn to proving the stated result. Defining U,, :== n~ /237 1 @;1/2Zi5i, we have

VO 5B - Bp) = 032,57 012U,

We have that the summands in the definition of U, are mean zero with covariance equal to the
identity matrix, and they satisfy Lyapunov’s condition since

E(|©5" Ze||20) < Ain(©@p) " W/HIVE(|| Z2||370) < =12+,

The Lindeberg—Feller theorem (Vaart, 1998, Proposition 2.27) therefore yields that U,, converges
uniformly to a d-variate standard Gaussian. Combining this with a uniform version of Slutsky’s
theorem (Bengs and Holzmann, 2019, Theorem 6.3) and (3.52) yields the desired result. [

3.9.2 Miscellaneous results

Proposition 3.5. Let X,Y,Z be random variables with Y € R, Var(Y | X,Z) > 0 almost
surely and E(Y*) < oco. Then

(ELY ~E(Y | 2)}/(X, Z2))*

E[Y ~E(Y | X, 2))2f(X, 2] (3.53)

is mazimised over f with 0 < E{f(X,Z)*} < 0o by

Y|X,2)-EY|Z)
Var(Y' | X, Z) '

f(X,Z) x E(

and up to positive scaling this is almost surely the unique minimiser.

Proof. Note that the denominator of (3.53) may be written as E{Var(Y'| X, Z)f(X, Z)?}.
Turning to the numerator, we have by the Cauchy—Schwarz inequality that

(ERY —E(Y | 2)}f(X, 2)))* = (B{E(Y | X, Z) = E(Y | 2)} (X, 2)])°

_ (g Var(Y | X, Z)
B VVar(Y [ X, Z)

<E{Var(Y | X, 2)f(X,Z)*} E

2
{E(V|X,2) —E(Y [ 2)}f(X, Z)D

{EV|X,Z) -E(Y|Z)}?
Var(Y | X, Z) ’

with equality if and only if f(X,Z) x {E(Y | X,Z)—-E(Y | Z)}/Var(Y | X, Z) almost surely. [
Proposition 3.6. Consider the setting of Theorem 3.1. Assume that Assumption 3.3 holds.
(i) If Y 1L X | Z, then (3.22) is satisfied.
(it) If m is formed using a sample independent of Dy, then (3.22) is satisfied.

(7ii) If m is a linear smoother, then (3.22) is satisfied.
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Proof. As in the main proofs in Appendix 3.8, we suppress dependence on P in what follows.
(i) Under conditional independence, it is immediate that R;; = 0.
(ii) Define w(z1, z2) := E({m(z1) — m(z1) }{m(z2) — m(z2)}) and note that

E(M;M; [ (Xi, Zi)izy) = w(Zi, Zj) = E(M;M; [ (Zi)i-1)
by Durrett (2019, Example 5.1.5) since (Xj, Z;)i; AL m. Thus, R;; = 0 and (3.22) is satisfied.

(iit) It suffices to show that E(R;;&¢&; | (Z:)iy, f) =0. When () = S0, w(Z, )Yy is a
linear smoother, we note that

E(m(zlﬂ XMZ i=1 :Zw Zi, Z Yk|(X27Z)z 1)
k=1
n
= w(Z, Z)E(Yi | (Zi)iy)
k=1

Based on this identity, it can be seen that

Ri; = E{m(Z)m(Z;) | (Xi)iz1, (Zi)iza } — B{m(Zi)i(Z;) | (Zi)i1 }

= > w(Zk, Zi)w(Zy, Z){EYE | (Xi)izr, (Zo)iz) — B | (Z0)iz1)}
)
+ > w(Zk, Zi)w(Zi, Z){BEYVYi | (X0)iey, (Zi)iey) — E(YVeYi [ (Z0)iey)}
1<kZk'<n
Zn: (Ziy Zi)w(Zi, Z3) (B | Xiey Zie) — BV | Z1) }.

This identity yields

~

E(Ri;&&5 | (Zi)iey, f)
=Z (Zks Z3)w(Zn, Z)E[{R(YVE | Xk, Zi) — E(YE| Z0) Y665 | (Z0)2s, ).

When i # j at least one of ¢ and j differs from k € [n]. Without loss of generality, assume k # i
and see

E[{E(VZ | Xx, Z) — B(YZ | Z1) Y65 | (Z0)is, F]

= E[{E(Y? | Xk, Z) — (2| Z)} E(& | Zi, 1) & | (201, F] = 0.
=0

Therefore, we conclude that E(R;;&:&; | (Zi)iy, f f) = 0 when 7 is a linear smoother and thus
(3.22) is satisfied. O
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Lemma 3.11. Consider the setting of Theorem 3.8 and assume that X and Z are independent
for all P € Py. Then (3.16) is satisfied for sufficiently small ¢ > 0.

Proof. Recalling the definitions of V and 1 € RXX from Proposition 3.13, we note that for
every v € RKZ, we can define w :=1® v = (Ix, @Kkron 1)v € V so that

w' (X, 2) =v'¢7(2),
by Proposition 3.13. Therefore,
w' Apw =Ep(Varp(v' ¢#(Z)| Z)) = 0.

Since {x € RExz : TIz = 2} = V' is (Kxz — Kz)-dimensional and A p is non-negative definite,
we conclude that

Amin(AP) = Ak y,—K,—1(AP),

where \;(Ap) denotes the kth largest eigenvalue of Ap. We can write

Ap =Ep(¢(X,2)¢(X,2)") ~Ep(Ep(¢(X,2) | Z)E(S(X, 2)|Z)").

Sp T'p

Denote the Kronecker product by ®kron and note that for « € REX and z € RXZ, we have
x®z= Ik, ®Kron T)Z.
Write Ap := Ik, ®Kron Ep(¢X(X)) € RExKzxKz  Then, since X and Z are independent,
Ep(p(X,2)|Z) =Ep(¢™ (X)) ® ¢7(2) = Apdp” (2).

Defining Xz p := Ep(¢p?(Z2)9?(Z)") € RE2*Ez it follows that Tp = ApXz pA}, so we
deduce that rank(I'p) < rank(Xz p) < Kz. Hence, by Weyl’s inequality,

/\sz—Kz—l(AP) > )\KXZ(XP) + Asz—Kz—l(_I‘P)
= Axz (3P) = Ak, +1(LP) = Ay, (3p) 2 Cs(’f’)dK)_(lz( inf l]dpP(fL’a z),

by Proposition 3.9(d). This proves the desired claim. O

Corollary 3.1. Consider the setting of Proposition 3.17. Assume that 8 = An~Y/2 and denote
r = ng/ny. Then, given any § > 0, we can choose \og = No(a,0,0x|7,0xy|z) > 0 and

ro = 10(X0,0,08) > 0 such that
1
w<§+&

for all X > Xg and r € (0, 70].
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Further, given any § > 0, we can choose \1 = M(a,d,0x(7,0xy|z) > 0 and r1 =
r1(A1,0,08) > 0 such that
Y <a+d

for all X € (0, A\1] and r > ry.
Proof. To prove the first claim, note that, for r < 1/2,

1/2 o2
!
op \/§UXY|Z

We can now choose \g = A\o(a, 0, ox|z,0xy|z) > 0 large enough that the second term is at
most §/2 for A > Ag and then choose r¢ = 79(Xo, 0, 05) > 0 small enough that the first term is
less than 1/2 + 6/2 for r € (0, r9].

To prove the second claim, note that

o2 1/2
b < cb(za+ X'Z> +<I>(—M )

OXY|Z op

We can now choose A1 = Ai(a, d,0x|7,0xy|z) > 0 small enough that the first term is at most
d/2+ o for A € (0, \{] and then choose r1 = r1(A1,0,08) > 0 large enough that the second term
is less than 6/2 for r > ry. O

A discussion of the test proposed by Williamson et al. (2022)

Like our proposal, the test proposed by Williamson et al. (2022) relies on sample splitting.
However, their test suffers from a couple of issues as we describe below. To this end, we start
by formalising their testing procedure. First split the data D = {(X;,Y;, Z;)}7, randomly
into Dy and D3 both of size n and let Z; and Zy denote the corresponding data indices. We
write the sample mean of Y for each split as Y1 := n 'Y ,c7, Y and Yo := 01 Y7, Vi
respectively. Recall the definitions of g and m from Section 3.2.1 and let g and m denote
generic estimators of these, where g is constructed on Dy and m is constructed on Ds. For
notational convenience, we define g := Ep(Y), 0% := Varp(Y), 7us0 = Ep{(9(X, Z) — u0)2}

and 7,0 := Ep{(m(Z) — ,LL())2}. Let us further define

v = w Sien (Yi - ?1)2 — %Zzezi{yz — 9(X5, Zi)}2’
7w ier, (Yi = Y1)?
o= BT Vo)~ d e (Y- Z)
7 ez, (Yi — Y2)?

and denote their population counterparts by

. Tz2,0 . Tz0
v = —%~ and wg:= 5.

Oy Oy
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As shown in Williamson et al. (2021, Lemma 1), the influence functions of v; and vy are given
by

- 2ot o)y o) gl fy=EpO))

2 2
Oy

301(1"’3/72) : e
Y

and

2
_ 2y —m(z)H{m(2) — po} + {m(2) — po}? y—Ep(Y)
p2(y, 2) == 5 ET B
Ty Oy
respectively. Finally, by letting 7; and 72 be consistent estimators of 1, := Ep(¢1(X,Y, Z)?)
and 12 := Ep(p2(Y, Z)?), the test statistic proposed by Williamson et al. (2022) is given as

U1 — Vo
\/”71(771772).

The test statistic Ty is calibrated based on a normal approximation and the null of 7p = 0 is

TW =

rejected if Ty > z1_. Having specified the test function, we are now ready to describe issues.

1. Lack of power: We begin with a power issue. In particular, we shall see that their test has
the asymptotic power equal to its size whenever /n7p — 0, under some regularity conditions.
This property is true even for the simple linear model where the optimal detection boundary

is known to be 7p =< n~ L.

To see this, suppose that the assumptions for Williamson et al.
(2021, Theorem 1) are satisfied for 71 and vs. That is, U1 and v, are asymptotically linear with

influence functions 1 and s, respectively, so that

. 1 _
= ST 01X, Vi, Zi) + op(n?)
i€y

and 1
U2 —v2 = > wa(Xi, Y5, Zi) + op(ny'?).
1€1o

The asymptotic validity of the approach of Williamson et al. (2022) comes from the fact that
the individual influence functions ¢; and @9 are not necessarily degenerate under the null. In
particular, when n; and 7y are non-zero, the central limit theorem guarantees that Tyy converges
in distribution to N (0, 1) under the null (where v; = v2). Similarly, we can also establish the
asymptotic normality of Ty under the alternative in the case where 11 and 7y are non-zero.
This asymptotic normality allows us to describe the asymptotic power expression of the given
test. More formally, the central limit theorem yields

N d N d
Vn(vp —wv1) = N(0,1m1) and /n(Dy — v2) — N(0,n2).
Hence, by Slutsky’s theorem and the independence of v1 and v, we conclude that

(U1 — Ua) — (v1 —v2)

d
— — N(0,1).
n=H(n + o)
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This shows that

Pp(Tw > 21-a) — @(za i m)

U%vm + M2

where we have used the fact that v1 — vo = 7p/0%. Therefore, when 03,1, and 7 are strictly
bounded below by some positive constant, the power converges to the nominal level o whenever
\/ET p — 0.

2. Asymptotic validity: Another issue concerns asymptotic validity. The previous argument
hinges on the condition that n; and 72 are non-zero. As acknowledged by Williamson et al.
(2022), the asymptotic validity of their test is no longer guaranteed when 7, and 7 are zero.
We illustrate this by considering a specific example.

Consider a simple linear model where Y = By + 81X + $2Z 4+ ¢ and (X, Z,¢)" follows a
multivariate normal distribution with zero mean and identity covariance matrix. Assume that
B1 = P2 = 0. In this scenario, (¢ and @2 are the zero functions on their respective domains, so
m = ne = 0. Letting (Bo, Bl, Bl) denote the least squares estimator of (S, 81, f2) based on Dy,
and letting Fj, r, denote the F-distribution with (k1, k2) degrees of freedom, we have

s _ IS iern, (Vi =Y )2 =15 1 (Vi — Bo — B1X; — BaZi)? 2

U1 — F‘g7 1.
7 Sier, (Vi = Y1)? n—17"

Similarly, writing (BO, Bg) for the least squares estimator of (f3y, 52) based on Dy, we have

Gy = i 2ier, (Vi —V2)? — %Eieli(yi — Bo — BaZ:)? 1
LN ier, (Vi = Y3)? n—

1 Fl,n—l-

Since F3 -1 ﬁ> X% /2 and Fi -1 i) X% where X% denotes the chi-square distribution with k&
degrees of freedom, we observe that

n(By —5y) % 2U — 2V,

where U and V are independent (due to the sample splitting) with U ~ x3 and V ~ x2. It
turns out that the denominator of Tyy can also affect the limiting behaviour of Ty non-trivially
in this degenerate situation, and the exact form of the limiting distribution relies on the choice
of 1 and 7. Nonetheless, we can still argue that the limiting distribution is not Gaussian. To
see this, note that

Pp(Tw < 0) = Pp (U V< 0) =Pp (Fg,1 < 1/2) £ ®(0).

Therefore, when 1 = 12 = 0, the test based on Ty can be either conservative or anti-conservative
depending on the choice of .
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3.10 Splines

This section is a self-contained description of spline spaces and some of their properties relevant
for the spline regressions in Section 3.5. The definitions given here are not standard in the
spline literature, in the sense that they are less general than the usual definitions, but they
suffice for the purposes of regression with splines. One particular simplification that we will
adhere to throughout is to restrict attention to splines with equispaced knots that are defined
on the unit hypercube.

We start by considering function spaces of piecewise polynomials with adjustable degrees of
smoothness and give a definition of uniform B-splines.

Definition 3.1. Let N € Ny, and let A = (Ag)évzzl be the knots of an equispaced partition of
[0, 1], with A := 0 and An4q := 1. For r € N, define the spline space S, y to be the set of
functions f : [0,1] — R, where the restriction of f to [A;_1, 4] is a polynomial of degree at
most 7 — 1 for £ € [N + 1] and where f is (r — 2)-times continuously differentiable when r > 2
(we interpret this as meaning ‘continuous’ when r = 2). We say that r is the order of S, n.
Define the vector t = (t1,...,tn12.) € [0,1]V+2" by

ti= (DNgy.e s Doy Aty s, AN ANty Angr).
—— —

T T

For s € [r] and k € [N + 2r — s|, define the functions By, s y recursively for z € [0,1) by

Bk,l,N(-T) = ]]‘[tk,tk+1)($)’
and, for s € {2,...,r},

x — tg lhts — T

B,s,n () : —
thts — tet1

Bis—1n(z) + Biy1s-1,n(2)

o thgs—1 — tk

(with the convention that 0/0 := 0). We also define By, n(1) := lim, ~ By n(z). The
K := N + r functions By, n, ..., Bk n are called B-splines.

It is standard in the spline literature to parametrise spline spaces in terms of the order r
of the polynomials rather than the degree (r — 1). The Curry—Schoenberg theorem gives a
relationship between the two definitions above.

Proposition 3.7 (Curry-Schoenberg). The set of B-splines { By, n}5_, is a basis for S, .
Proof. See Schumaker (2007, Theorem 4.13). O
It is worth noting some properties of B-splines and the spline space S, .

Proposition 3.8. (a) The B-splines {By,n}E_are non-negative and form a partition of
unity; i.e.,

K
Z Bk}r’N(x) = 17
k=1



3.10 Splines 161

for all z € [0, 1].

(b) For any f € S, N of the form f(z) = Zszl BBy n(x) with B = (P1,...,0K) € RE there
exists cs(r) > 0, depending only on r, such that

es(r) KT VP(1B, < || fllp < 27K 7||B] (3.54)
for all p € [1,00]. In particular,
es(NE™? < | Byl < 27K P

for all k € [K].

Proof. (a) This follows from Equations (4.5) and (4.10) of de Boor (1976).

(b) The conclusion of de Boor (1976, Theorem 5.2) yields the existence of ¢s(r) > 0 such
that
cs(r)(N +1)7VP[Blly < [Iflp < v~ /P(N +1)717)| 8]l (3.55)

But (N + 1)~/ > K=Y? since K = N + r, yielding the lower bound in (3.54). For the upper
bound in (3.54), we note that

K <2max(N,r) <2(N +1)r (3.56)

and rearranging yields the desired result. O

We will require splines on [0, 1]¢ instead of just [0, 1], and to that end we tensorise our
earlier spline constructions.

Definition 3.2. Recall Definition 3.1. Let d € N and define the d-tensor spline space
d
Sy = {fﬁ 0,1]" = R, f(z1,...,3q) = [ fi(a;) : f; €Sen Vj € [d]}-
j=1

Let ® denote the vectorised outer product operator, so that 2 ® y := vec(xy ") for Euclidean
vectors = and y, where vec denotes the vectorisation operator. Define B,y : [0, 1] — RNAT
with kth component function By, y, so that B, n(z) = (B, n(),. .., BNH’T,N(Q;))T. Now
redefine K := (N +r)?; since ® is associative, we may define tensor-basis functions ¢ = OSSN
[0,1]¢ — RX by

-

o(x1,...,xq) = (p1(x1, ... 24)s .., O (21, ..., 2q)) = Byn(21) ® -+ ® By y(2a).

By properties of the tensor product and the Curry—Schoenberg theorem, the collection
{qbk}ﬁ(:l forms a basis for the d-tensor spline space Sﬁ{ n under the usual pointwise addition
and scalar multiplication operations, and we refer to it as the d-tensor B-spline basis of Sg N
In our subsequent asymptotic results, the first of which is Lemma 3.13, we will think of d and r
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as fixed, but allow N (and consequently K) to depend on n. Proposition 3.9 below shows that
the properties of univariate B-splines given in Proposition 3.8 carry over to the d-tensor splines.

Proposition 3.9. (a) The basis functions {¢}1_| are non-negative and form a partition of
unity.

(b) For any f € S;i,N of the form f(x) = S°K | Bréw(z) where B = (B1,...,Bk) € R, and for
any p € [1,00],
es(r) K~VP(Blly < I fllp < 27KV B,

where cs(r) > 0 is taken from Proposition 3.8(b). In particular, for all k € [K],

(MK VP < gyl < 2P KR,

(¢) For any Z with distribution P on [0,1]%, the matriz £p := Ep(¢(2)p(2)T) € REXE
satisfies
)\min(EP) S K_l

and

)\max(zP) > Kiz-

(d) Now suppose that P is absolutely continuous with respect to Lebesgue measure on [0,1]%
with density p. If C 1= sup,cp ¢ p(z) < oo, then

Amax (Zp) < C29K 1,
If instead c == inf ¢ [ 14 p(2) > 0, then
Amin (2p) > ces(r) KT,
where cs(r) > 0 is taken from (b).

Proof. (a) This follows from Proposition 3.8(a) and the definition of the d-tensor B-spline basis.

(b) We will only prove the case d = 2, since the full result will then follow by induction on
d. To prove the lower bound, we can write

VK VK VK
f(z1,22) ZZﬁszkrN (21)Begn(w2) =1 > Y(22) Brgn (1)
k=1 (=1 k=1

For p € [1,00), we have by using (3.55) twice that

||f|£=/01/01ﬁ

2p 2p
N+1 (N +1)2 ZZ’BMP - ( > )QHBHP = a4 g 18115,

k=1/¢=1

)P

d$1 dl’g Z

cs(r)P [l VK
S S patwa)i e

k=1
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as desired. For p = 0o, we have by a similar argument that

VK
| flloo = sup Yi(22) Brrn(71)| > cs(r) sup  max |yg(z2)]
x1,22€[0,1] kz;l z2€[0,1] kE[VK]

> ¢o(r)? max_ |Bre| = cs(r)?B|sos

s(r) By |Brel = ¢s(r)7 1| Blloo

again as desired. To prove the upper bound, we argue very similarly, and use the fact that,

with K redefined as (N 4 7)?, we have K < 2¢(N + 1) by (3.56).

(¢) Note that
K 2
Khnin(Ep) < u(2p) = (Y 6(2)) <B({S au2)} ) = 1.

k=1 k=1

and by Cauchy—Schwarz,

KAmax(Ep) 2 tr(Zp) = E(f: O (Z ) % ({Z or(Z }2) = %

k=1

(d) We have

Amax(Ep) = sup ﬁTEP,B = sup E({i 5k¢k(z)}2)
1

BERK || 8]l2=1 BERE:||B8][2=1
K 2 d
2¢C
<C sup > Brow|| < N
BERK | Bl2=1113—1 2

where the final inequality uses (b). By a similar argument,

- 2
Aol E) = g PP :BERK 8ll2=1 ({Zﬁm }>

C
Z Br Pk 2 (K

>c inf
BERK:||B|l2=1

as required. ]

We will now argue that splines are strong approximators over classes of sufficiently smooth
functions, as defined by Hoélder smoothness:

Definition 3.3. Given a multi-index o = (ay,...,qq) € N¢ with |a := Z;l:l a; and an
|ce|-times differentiable function f : [0,1]¢ — R, we define
oM 0%l

Def .=
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For s > 0, write so := [( s] — 1 and define H; = H? to be the set f : [0,1]2 — R that are
so-times differentiable and that satisfy

max  |DYf(z) — D*f(Z)| < Cllz — &5 Vz,z € [0,1] (3.57)

aeNd:|al=sg

and
max || D%fllec < C (3.58)

aeNd:|al=sg

for some C' > 0. If f € H,, then the infimum of the set of C' > 0 for which both (3.57) and (3.58)
hold is called the s-Holder norm, and is denoted by || f||2.-

The following basic result shows that given normed space of real-valued functions on [0, 1]%
containing Sﬁ{ ~» we can find a best approximant within Sﬁf N-

Lemma 3.12. Let (V,| - ||) denote a normed space of real-valued functions on [0,1]? that
contains SZN as a subspace. Then given any f € V, there exists f* € S;{N such that || f — f*| =
infgeS;{N lf—gll- If || - || is strictly convex, then this best approximant is unique.

Proof. Since S;{ ~ is a finite-dimensional subspace of V, Powell (1981, Theorem 1.2) guarantees
the existence of the best approximant f*. The uniqueness property follows from Powell (1981,
Theorem 2.4) since Sﬁf N s convex. ]

The approximation properties of splines over Hélder smoothness classes are characterised
below.

Proposition 3.10. Suppose f € HE. Then there exists C(d,r) > 0 and f* € S;%N such that

) ), <

C(d,r)
OV ¢ 1yt . (3.59)

_ f* o < R i R A—
||f f || —_ (2TK)mln(S7r

Proof. Given g:[0,1] = R, j € [d], h > 0 and k € N, we define the kth forward difference of g
in coordinate j with spacing h at x by

Ak g(a) =Y (1) @) g(x + lhe;),

where e; € R? denotes the jth standard basis vector. The kth modulus of smoothness of g in
coordinate j of radius t € (0,1/k] is then defined as

wh(git) == sup  sup |AF,g(x)].
he(0,t] x€[0,1—kh]

By Lemma 3.12 and Schumaker (2007, Theorem 12.8), there exists f* € Sg ~ such that

d
If = flloe < C'(d,7) Zwﬂf; /(N +1)),
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for some C’(d,r) > 0 depending only on d and r. First consider the case r > s, and recall the
notation s := [s] — 1. By Schumaker (2007, (2.119) and (2.117) in Theorem 2.59),

SN+ 1)) € g (D751 (N +1)
or—s0— 1 soe; r—1
<m wi (D% f;1/(N +1)) < CESD [palE

On the other hand, if r < s, then by Schumaker (2007, (2.120) in Theorem 2.59),

1

Wi(f;1/(N+1)) < N1y

D" flloo < (111

v
(N +1)r
Combining these bounds yields the first inequality in (3.59) with C(d,r) := 2"_1alC”(d7 r). The
final bound again follows from the fact that K < 2¢4(N 4 1)<, O

Our next result provides a way of translating properties between population least squares
approximants and supremum norm approximants.

Proposition 3.11. Let Z be a random vector taking values in [0, 1]d, and let F be a class of
functions f :[0,1]¢ = R with E(f(Z)?) < oo for all f € F. Then for each f € F, there exists
a unique f1 e S,‘f’N such that

E({f(2) - f{(2)}*) = inf E({f(2)-9(2)}).

gESd

Now fix f € F and f* € SdN Further, suppose that Z has a density p with respect to Lebesgue
measure on [0,1]¢ satisfying c := inf. o4 p(2) > 0 and C := sup ¢ 14 p(2) < 00. Then there
exists M (c,C,d,r) > 0 such that

Hf - fTHoo < M(C,C,d,'f‘)”f - f*Hoo

Proof. Let P denote the distribution of Z, and let Lo(P) denote the normed space of equivalence
classes of measurable functions g : [0,1]? — R satisfying

lgllo.p := {E(9(2)?)}"? < oo

under the binary relation where g ~ ¢° if g(Z) = ¢°(Z) almost surely'. The existence of the
unique fT € Sﬁ{ y follows from Lemma 3.12 since the Ly(P) norm is strictly convex.

Now define § := f — f*, so the unique Ls(P)-best approximant §' to § in S;{N is given
by ' = fT — f*. We now verify that Conditions A.1, A.2 and A.3 of Huang (2003, Theorem
A.1) hold. Condition A.1 is satisfied by our hypotheses on ¢, C'; Condition A.2 holds since the
knots of the splines in Sﬁ{ ~ are equispaced; and Condition A.3 is satisfied by Proposition 3.9(b),
where we again use the bounds (N 4 1)¢ < K < 24(N 4 1)4¢. Thus, Huang (2003, Theorem

'We do not distinguish between a function with finite || - ||2,» norm and its equivalence class in what follows.
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A.1) yields the existence of M'(¢,C,d,r) > 0 such that
15 lls0 < M'(c, C,d, 7)13] oo
We conclude that

1F = FTlloe < M1dlloo + 117 lloe < (14 M (e, C, d. 1)) |7l oo:
so the desired result holds with M(c,C,d,r) :=1+ M'(¢,C,d,r). O

Lemma 3.13 below will ensure that, provided K increases slightly slower than n (so that
Klog(K)/n — 0), performing ordinary least squares with the d-tensor B-spline basis will yield
consistent estimators.

Lemma 3.13. Let P denote a family of distributions for a random vector Z taking values in
[0,1]¢, and let (Z,)nen be a sequence of independent and identically distributed copies of X.
Recall the notation ¢ = (¢1,...,0x)", where {¢r}1 | denotes the d-tensor B-spline basis of
Sly. For P € P, define Xp :=Ep(¢p(2)p(Z)") € REXK and 3 1= n "t Y0 (Z:)p(Z:) "
Suppose that each P € P is absolutely continuous with respect to Lebesque measure on [0, 1] ,
with corresponding density pp satisfying C := sup pep SUp,¢jo17¢ PP(2) < 00. Then

- K1 K Kl K
K|S = 2p)|, = Op (LR [RIOSEI),

n n

If, in addition, ¢ := infpepinf.cjg 10 pp(2) > 0 and Klog(K)/n — 0, then

1

KIS -, =

Klog(eK Klog(eK
Op< i( ) 4 i( )),

and .
[Zllop = Op(K7Y), [Z |lop = Op(K). (3.60)

Proof. For the first claim, by Markov’s inequality, it suffices to show that

sup KEp(|S ~ Sp|,,) =

O<Klog(eK) 4 Klog(eK)>
Pep

n n

as n — oo. By the Rudelson law of large numbers for matrices (Belloni et al., 2015, Lemma 6.2)
(and Chebyshev’s inequality when K = 1), there exists a universal constant C, > 0 such that

~ C.K log(eK) K?2log(eK)
IsjugKEP(HE —2p,,) < CllogleR) CAl——— £ Sup 1% P]lop
€

< C*Kl(;g(eK) N Kloi(eK)

il
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since ||@(2)]l2 < ||¢(2)]1 = 1 and || Zp|lop < C2¢K 1, by Proposition 3.9(a) and (d) respec-
tively.

For the second claim, note first that K Amin (2 p) > ccs(r) =: b > 0 by Proposition 3.9(d), and
by Weyl’s inequality, K Amin(2) > b— K || £ —Xp||op. Thus, on the event {K[|E—Xpllop < b/2},
we have that 3 is invertible, and

1 _ a1 S
~ S lop = Z (Zp — )5 lop

~—1 _ _ o~ _
< (HE - EPIHOP + ”ZPIHOD)HX - 2PHOl:)HEPlHop'

1=

Since, on the event {K|% — 3pllop < b/2}, we have 1% — Zpllopl =5 lop < 1/2, we deduce
that on this event,

1 1% — Spllop 3512,

I =25 lop < = -
1- HE - ZPHOPHEP1HOD
N 3 2K?2 .
<28 - ZplloplZF % < S5 I1Z — Zplop-

From the first claim of the lemma and the hypothesis that Klog(K)/n — 0, given € > 0, we
can choose ng € N large enough that

~ b €
sup P (K|S - Sellp = 5 ) < 5
Pep 2 2

for n > ng. Then, by another application of the first claim of the lemma, by increasing ng if
necessary, we can find My > 0 such that

bQM{Klog(eK) . Klog(eK)}) <€
-2

sup IP)P<I(”§]_§)P||op > )
PecP n n

for all n > ng and M > M. It follows that for n > ng and M > M, we have

1, a-1 _
sup P (187" = 25 op =

Klog(eK) n Klog(eK) }>
PepP K n

n

~ b2M ( K log(eK Klog(eK
< sup Po (K| — Zplop = 7)-{ o(eK) , g“})
PeP

2 n n

. b
+ sup IP’p(KHZ —3p|lop > > <,
PeP 2

which establishes the second claim.
Finally, by the first part of Proposition 3.9(d),

KHS\JHOP < KHS\J - 2PHOp +K||2P”0p = OP(l)a
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and by the second part of Proposition 3.9(d),

a1 -1 _ _ _
K 1”2 HOPSK 1”2 _2P1H0p+K 1||EP1H0p:O7>(1)7

as required. O

Proposition 3.12 below provides estimation and both in-sample and out-of-sample prediction
bounds for spline regression. It is based on Belloni et al. (2015, Theorem 4.1), but here we
control the errors in a uniform fashion over a family of distributions, and those authors did not
require in-sample bounds.

Proposition 3.12. Let P be a family of distributions of (Y, Z) on R x [0,1]¢ with regression
function fp given by fp(z) :=Ep(Y |Z = z), and let (Y1,2Z1),...,(Yn, Zy) be independent and
identically distributed copies of (Y,Z). Suppose that

(i) The Lo(P)-best approximant f;r; of fp in S,f{N satisfies
sup [|fp — fhlloe = O(K ™),
pPepP

for some ¢ = ((d,r) > 0.

(ii) Each P € P is absolutely continuous with respect to Lebesque measure on [0,1]%, with
corresponding density pp satisfying

C:=sup sup pp(z) <oo and c:= inf inf pp(z) > 0.
PeP zel0,1)¢ ( ) PeP zg[0,1]¢ ( )

(iii) There exists a positive sequence (02 )nen such that Varp(Y | Z) < o2 for all P € P.

Let ¢ denote the d-tensor B-spline basis of Sﬁl’N and let B denote the ordinary least squares
estimate from regressing Y1,...,Y, onto ¢(Z1),...,0(Zy,). Assume that Klog(K)/n — 0.
Then

:LG:(fp(zi) - §T¢(Zi))2 = Op(K ™% + 02K /n).
i=1

Letting Bp € RX be the unique solution to f;rg(z) = Bp¢(2), we have under the same assumptions
that

1B = Bpl} = 0p(K~ %D /n + o2 K?/n).

Further, if (Y™, Z*) is a new observation of (Y, Z) independent of the original sample, then

Ep({fp(27) ~ B (2°)}" | B) = Op(K~% + 02K /n).
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Proof. Let & := LS 0(Zi)d(Z)" and for i € [n], let by == fp(Z;) — ;Q(Zi) and g; 1=
Y; — fp(Z;). Then, recalling that f]Tj(z) = BLp(2), we have
S ez~ BT o(20) < 20fm — £ +2(B - B)TS(B - B)

i=1

= 2||fp — fLIZ +2( ; (hi +€)d(Z) )T§_1§§_1< >_(hi +5i)¢(Zi))

Fuo - ~-1 121 2
<207 = hl + 2 pll Sy |87 otk 42020 )| (3.1
=1
Now [[Sllop||£ [, = Op(1) by (3.60) in Lemma 3.13. Moreover,
1 & 2 ~1/2
5 (G2t egstan) | <2277 Smetn)|
I’IL
_1/2 l n 2
+2 H (n ;51¢ ) )
11,
To deal with I,,, let £p :=Ep(¢(Z2)¢(Z2)") € REXE and note that
Ep(FH(2)¢(2)") = Ep(BL¢(2)6(2)T) (3.62)
= Er(fr(2)$(2) ) Er($(2)8(2)") = Er(fr(2)$(Z)T).
It follows that
awp (| £ 3" motz) ) = L aup B far(26(z0)0(2) "))
PeP n:= 2 n pep
< Lsup 1 — FLIZt0(Sp), (3.63)
n pep
SO n 9
1l < 87| - o (20| = 0p (=G50 ) (3.64)
2

=1

by our assumption on suppep || fp — f;g”oo, Proposition 3.9(d), (3.60) in Lemma 3.13 and

Lemma 3.2. To deal with II,, we note that €1,...,e, are conditionally independent given
1y Ly, SO
1 1 02 a—la 02K
Ep(n|Z1,. .., Zn) = nztr(z > E(e| Zi>¢<zi>¢<zif) < 2(S3) < (3.65)
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Putting things together, since || fp — f]TDHgO = O(K~%) by assumption, we have
1 " ~T 2 _2< 2
- S (fp(Zi) = B ¢(Z:))” = Op(K™ + 0. K/n),
i=1

as desired.
For the second claim, observe that

18- 8ol = |57 (3o + cos)|
=1
21/2(2 zn:(hi + Ei)gz,’)(Zi))

=1

2
2

= Op(K~%2 /n 1 62K /n),
2

<[z

lop

by (3.60) in Lemma 3.13 and our results above.
Finally, we have following the argument in (3.61), we have

* a7 A\ 12| 2 2 2
Ep({fp(2") =B ¢(2)}" | B) <2llfr — fhl% +2=e,, |18 - Br|
= Op(K™% + 02K/n),
by Proposition 3.9(d) and the second claim of the proposition. O

Under standard smoothness assumptions, we can derive the following consequence of
Proposition 3.12:

Corollary 3.2. Let P be a family of distributions of (Y, Z) on R x [0,1]¢, and let fp denote the
regression function given by fp(z) :=Ep(Y | Z = z) for P € P. Suppose there exist C,c,s > 0
such that

(i) fp € Hs with ||fp|ln, < C forall P €P.

(i) Each P € P is absolutely continuous with respect to Lebesgue measure on [0,1]¢, with
corresponding density pp satisfying

sup sup pp(z) <C and inf inf pp(z) >ec.
Pe’])ze[OJ}d ( ) PePze[O,l}d ( )

(iii) Varp(Y | Z) < C for all P € P.

If Klog(K)/n — 0, then the conclusions of Proposition 3.12 hold for any r > s with ( = s/d
and o2 = C.

Proof. Under Assumptions (i) and (i) of the corollary, we have that Assumption (i) of
Proposition 3.12 holds with ¢ = s/d when r > s by Propositions 3.10 and 3.11. Assumptions (i)
and (7i) of Proposition 3.12 also hold by hypothesis with o2 = C, so the conclusion follows. [
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Now suppose that ¢~ and ¢Z are the dx- and dz-tensor B-spline bases of Sff f\, and ST Ny
respectively. It will be convenient to have the following decomposition of functions in the span

of X @ ¢?.

Proposition 3.13. Let ¢ := ¢~ ® ¢Z, and let Kx := (Nx + 1), Kz := (Ny + )% and
Kxz := Kxz. Denote by V the subspace of REXZ given by V := {1 ® v : v € REZ} where 1
denotes the vector of ones in REX . Let V+ denote the orthogonal complement of V in RExz,
and let TI : RExz — VL denote the projection onto V. Let B = (b1, ..., Bryx,)" € REXZ and
define f : [0,1]%x+92 5 R by f(x,2) := ¢(x,2) " B. Then, writing B8 = (b1, .., Pr,)" € REZ,
where i, == Ky Zfle Bir—1)K x+¢> we have (I —=T)B =1® B and

flz,2) = d(z,2) ' TIB + d7(2) " B. (3.66)

Moreover, ||I18]|c < 2|8]co-

Proof. We claim that V* = {u = (u],...,uj )" € RExz : 1Tu, = 0Vk € [Kz]}. To see this,
note that if u = (u],... ,u}}z)T € ]RKXZ satisfies 1Tuy = 0 for all k € [Kz] and 1®v € V for
some v = (vy, .. .,UKZ)T € RXz then

=

Z

1ev) u=Y vl u) =0,

i
L

which establishes our claim. We can therefore write
B=1p+8-(1cp),

where 1@ €V and B—(1®B) eVt so I-M)B=1® B and IIB = B — (1 ® B). Hence,

Kx Kz

d(x,2) (I =T = vee(¢pX (2)¢7(2)T) Tvec(1B8) = 3.} ¢ (v) Br
¢=1k=1
= ¢%(2)" B,

by Proposition 3.9(a), from which (3.66) follows. Finally, [|[TI8]lcc < [|Bllec + |11 ® Bllee <
2|[Bloo- 0

Our next two lemmas will be used in the proof of Proposition 3.14, which is the analogue of
Corollary 3.2 for a key setting for us, namely where our response variable for spline regression
consists of fitted values from an earlier spline regression.

Lemma 3.14. Let P denote a distribution of (X, Z) on [0,1]9X x [0,1]9% that is absolutely
continuous with respect to Lebesgue measure, and let px|; denote the conditional density of X
given Z. Assume that px|z(z|-) € HIZ for every x € [0,1]9% and that there exists C > 0 such
that

sup |pxz(z|)n. < C.
z€[0,1]4x
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Let ¢ = (¢1,...,0K)" denote the dx-tensor B-spline basis of 7‘N7 let B=(B1,...,Bk)" € RE
and define g : [0,1]% — R by

K
9(2) = B'E(@(X) | Z =2) = > _ BE(dn(X) | Z = 2).
k=1

Then g € H? and |gll, < CBlloo-

Proof. Repeated application of Klenke (2020, Theorem 6.28) allows us to interchange derivatives
and integrals such that for any multi-index & = (g, ..., aq,)" € Ngz with |a| < [( s]—1 =: sq,
we have

Z b e K@) D] ) o

Thus, by Holder’s inequality and the fact that the {¢k}kK:1 are non-negative and form a partition
of unity by Proposition 3.9(a), we have

ID%le <18l _sup [ Zm ID°pxiz(a|2)] da < 1|8 .
z€[0,1]4z J[0,1]°X

By a similar argument, when |a| = sp, we have

K
[D%g(2) = D%g(2)] < [|Bll Z O(2)|Dpx |z (x| 2) — D¥px|z(x ] 2)| dz
[0,1]¢x
< C|Blloollz — 2 HS %,
for all z, 2’ € [0,1]%%, as required. O

Lemma 3.15. Let {¢x} | denote the uniform d-tensor B-spline basis of Sf,l’N. For k € [K],
suppose that hy : [0,1]9 — R can be written as hy = sj, + 11, where s3, € Sﬁ{N and 7, € He, and
let M := maxye(r] ||kl . Define m :[0,1] — R by

K
= gk(2)¢r(2)
k=1
Then there exist C(d,r) > 0 and m* € Sgr—l,N such that
o0 — (QT.K)min(s,r)/d'

Proof. Let _
S = span({ox(2)0e(2) o rerr)) € St 1 n-
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For k € [K], let } denote a supremum norm approximant to 7y in Sﬁf ~ (see Proposition 3.10),
so that m* = Zi(:l(sk +rf)or € S. Then by Hélder’s inequality, Proposition 3.9(a) and
Proposition 3.10, we have

K

> (e = 15)én

k=1

MC(d,r)

[ —m™[|oo = (@rK)ymnGn/d

< -y <
< max [y — il <

as desired. O

We are now in a position to state our main result on the performance of the spline on spline
regression procedure.

Proposition 3.14. Let r € N, let d = dx + dz and let ¢ denote the d-tensor B-spline basis
of S,E{N. Let P be a family of distributions of (X, Z) on [0,1]%% x [0,1]%%. Suppose that each
P € P is absolutely continuous with respect to Lebesque measure on [0,1]%. Further, suppose
that there exist C,c > 0 such that:

(i) There exists s € (0,7] such that the conditional density px|zp of X given Z, satisfies
px|z.p(@]) € HIZ for every x € [0,1]%% and SUP,e 0 1jdx 1Px|2,p(@ | )]l2, < C.

(i) For every P € P, the density pz p of Z satisfies

sup sup pzp(z) <C and inf inf pzp(z)>c
PEP ze[0,1]4 ( ) PeP ze[0,1]¢ ( )

Let (X1,21),...,(Xn, Zn) be independent and identically distributed copies of (X,Z). For
n €N, let B = B, € REXZ satisfy [|[TIB]|o = O(1) where I1 is defined in Proposition 3.13, and
define f, € S;f{N by folz,2) := BT ¢(x,2). Further, define gpn ¢ [0,1]%% = R by gp,(z) =
Ep(fu(X,2)|Z = 2), let ¢ denote the dz-tensor B-spline basis of Sng—LN and let Ky =
(2r — 14 N)¥2. Let Y; := fu(Xi, Zi) fori € [n], and let @ denote the ordinary least squares
estimate from regressing Y1, ..., Y, onto ¥(Z1),...,¥(Zy). If Kzlog(Kz)/n — 0, then

1 ~T 2 7-—2s/d T
= (9ra(Zi) =0 $(2:))" = Op(ITBIEAK ™™ + Kz /n}).
i=1
Letting Op € REZ be the unique solution to g};’n(z) = 0L(2), we have under the same

assumptions that
16 — 0pl3 = Op(ITB|I5. K7 /1)

Finally, if (X*,Z*) is a new observation of (X, Z) independent of the original sample, then
* ~T \12 | D —>—2s/d T
Ep({gpn(2) — 0 ¢(2")}" | 8) = Op(|TIB|Z{K, >/ + Ky /n}).

Proof. We check the conditions of Proposition 3.12 with P in that result taken to be the set of
distributions of (Y7, Z;). To this end, let ¢? and ¢~ denote the dz- and dx-tensor B-spline
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bases of Sf’ and TN, respectively, so that ¢(z, z) = ¢~ (z) ® ¢Z(2). By Proposition 3.13, we
can write

fulz, 2) = ¢(x, 2) 'TIB + ¢Z(2) " B.
Thus,

Kx
9Pz §jm ijmMAMkﬁmm< HZ—z4wﬂ §jm
/=1

By Lemma 3.14 and Assumption (i), we have for every k € [Kz| that the function ry, : [0, 1]%7 —

R given by
Kx

re(2) ==Y _(TIB) (k- 1) i +4E(07 (X) | Z = 2)

(=1

belongs to H% with ||ry|/3, < C|ITIB|s. Since the constant function z — ) belongs to Sf,ljv,
we deduce from Proposition 3.11 and Lemma 3.15 that the La(P)-best approximant g};m to

gpn in SngfLN satisfies for each P € P that

M(C,c,dgz,2r — 1)C|I1B||0o
(QTKz)S/dZ

19pn = Ghlloe < M(C,e,dz,2r —1)|lgpn — gpmlle <

2dzM(C c,dz,2r — 1)C|]1‘Iﬁ||oo
(QTKz)S/dZ

Thus, Assumption (i) of Proposition 3.12 is satisfied with ( = s/dz. Assumption (ii) of
Proposition 3.12 is true by hypothesis, and Assumption (iii) of Proposition 3.12 holds with
on = |18 since

Var(Y1 | Z1) = Var(fo(X, 2) | Z) = Var(o(X, 2) 'TIB | Z) < ||p(x, 2) ' HB|%, < B3
by Proposition 3.9(b). The conclusions therefore follow from Proposition 3.12. O

Finally in this section, we present two results that control two different out-of-sample product
errors in a sharper way than would be obtained via a naive application of the Cauchy—Schwarz
inequality. The first can be regarded as a restated and uniform version of Theorem 8 and
Lemma A5 in Newey and Robins (2018).

Proposition 3.15. Let P be a family of distributions of (X,Y,Z) on R x R x [0,1]¢ with
corresponding regression functions fp,gp : [0,1]¢ = R given by fp(z) :== Ep(Y | Z = 2) and
gr(z) :=Ep(X | Z = z) satisfying:

(i) There exist (f(d,r) = (r > 0 and (4(d,r) = (g > 0 such that

sup [|fp — fhllse = O(K™),  sup [lgp — ghlloe = O(K =),
PeP PeP

where f}; and g}; denote the Lo(P)-best approzimants of fp and gp respectively in Sﬁ{N
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(ii) Each P € P is absolutely continuous with respect to Lebesque measure on [0,1]%, with
corresponding density pp satisfying

sup sup pp(z) < C and inf inf pp(z) >ec.
PeP z¢l0,1]4 =) PEP z€[0,1]¢ =)

(iii) There exists a positive sequence (02)nen such that max{Var(Y | Z), Var(X | Z2)} < 02 =
O(1).

Now suppose we are given three independent samples (Xf Yf Zf)Z L (X2, Y229 and

(3 3

(Xi,Y:, Z;),, each consisting of n independent and identically distributed copies of (X,Y,Z).
Let ¢ denote the d-tensor B-spline basis of S;{N. Let Bf and Bg denote the ordinary least
squares estimates from regressing Ylf, . ,Y,f onto qb(Z{), e qb(Z,J:) and X7{,..., X3 onto
D(Z7), ..., p(Z9) respectively. Define fitted regression functions fand g by f(z) = B;qﬁ(z)
and g(z) = B;q,’)(z) respectively. If Klog(K)/n — 0, then

% S{FZ) — (20 H3(Z) - gp(Z0)}
=1

1/2 2—max((r,

n n?

Proof. Suppose without loss of generality that (y > (5. Define Bps,Bp, € RX so that
f;r;.(z) = ,BIT:,JQS(Z) and g}(z) = ,8;79¢(z). We start with the decomposition

L7 - fr(Z} 32 - Z{fp Z)Hop(Z:) — 9r(Z1))
h In
+ ;zn;{A( Z)H9b(Zi) = gp(Z:)}
- i,
+— Y {1h g Z))
1 113,
fbi L2 1a(2) - gb(2:)}
— I,
By Assumption (i),
sup [In] < sup [[fp = [} lollgr = ghlloe = O(K (1)),
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Using (3.62) in the proof of Proposition 3.12 (with gp and g; in place of fp and f]TD there), we
deduce that

By - Bry) Er({gh(Z) — 9p(2)Y¢(2)0(2) ") (B; — Bpy)

< ~lgh — gplIZ =P llop B — Bpsll3 = Op (K~ Dp~2),

Ep((I)?| f) =

)—lB‘H

3

by our hypothesis on Hg}: —9gpP||0o, Proposition 3.9(d) and Proposition 3.12. Thus, by Lemma 3.2,
IIZL = OP(K_(CQ_l/Q)n_l) — O’P(Kl/Q’n_l),
Similarly,
1Y = Op(K'/?n71).

To deal with the III, term, define £ :=n~' 3", ¢(Z. )¢( )T, —n n o zhezhHT
and 3, := n_l o 1¢(Zg)¢(Zg)T. For i € [n] let ef := Yf fr(Z; ), el = X7 — gp(Z7),
hi = fp(zf) - fP( 7y and h? := gp(29) — gh(Z9). We write

n

. N 1 1
L = By ~ g £(B, ~ Bry) = (5 Socl0(2]) )£/ '(B, - Bry)

i=1
ni
f f AAAAA 11~y g
thsz P 5)>8 ~ 2 he(Z)
i=1
1
1&g T\ el = 4 g
+ 5th¢(zz) z:f 2323g 7261 (Zz)
i=1 =1
1

To deal with the III{) term, we have using the fact that EP(E{ | Z{) =0 and Varp(Ylf | Z{) =
E((e])?| 2]) < o2 that

2
n

S

Ep ()| By, (Zi, 20)y) < Z2(B, — Bp,) 25, 5,5, (B, — Bp,)

n
o 2 -2

< ;IIEH 2057 lopll By — Bryll3 = Op(En2),

by our hypothesis on o2, (3.60) in Lemma 3.13 and Proposition 3.12. Hence, by another
application of Lemma 3.2,

1Y = Op(KY2n7Y).

To deal with the Hlﬁf) term, by the Cauchy—Schwarz inequality,

1/21 Zhg

m®| < |5, 88, szflm S hip(z!

2
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By (3.60) in Lemma 3.13,
|57, |, = 0p(1).

The same argument as in (3.64) in the proof of Proposition 3.12 now yields that
12 = Op (K~ CrH6=Up=1) = Op (K~ Cr+¢)),

To deal with the IIIS’) term we write

III,(E)—(iih{(ﬁ(Zf)) 5555, ( 25% )

=1
D
( thq.’) )zf ! zzp( ngqb )
2
( thq.’) ) & -=p )2(2;1—2;1)(i§n:5§¢(zf)>.
=1
s

For the first term, we have by an argument similar to the IHS) term that

th¢

By Lemma 3.2, our assumption on o, (3.63) in the proof of Proposition 3.12, Proposition 3.9(d)
and (3.60) in the proof of Lemma 3.13, we therefore have

o2
Lleala alaw—
Ep((WIY) [ (2, 2], 20) ﬁ P I8, 5, Ezleop

1117(1371) — O,P(Kl/chfnil) = O'P(Kl/znil).

Similarly,

2
Ep (G2 | (2, 2 z9)r ) < o
n

\2 P )78 > 725 5[ I

th¢

Hence, by the same arguments as for HIS”U, together with the second result in Lemma 3.13,

—(¢r—1) 1pel/2
III7(13’2) _ O’P(K ;?zg (6K)> _ O’P(Kl/2n_1)-
n

Finally, by the Cauchy—Schwarz inequality, we have

n

=S nlezl)

~ ~_1 _ ~—1 _
|HI$13’3)‘ < [ZllopllZf — EleopHEg - 2PlHop ,
=1

Y

2

iiE?(ﬁ(Zf)
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SO
K2-¢r log(e K _ J2—max(Cy,Cq) log K
1112373) =0p (n2()> =0Op (K (Crt+<q) + — >
from our previous bounds. The result follows. O

Our second and final result controls a different type of product error and is loosely based
on Theorem 8 and Corollary 9 in a working version of Ichimura and Newey (2015).

Proposition 3.16. Let P be a family of distributions of (Y, Z) on R x [0,1]* with corresponding
regression function fp : [0,1]% = R given by fp(z) :== Ep(Y | Z = 2). Further, let (gp)pep be a
family of functions from [0,1]¢ to R with pp := Ep(gp(Z)?) < oo and inf pep pp > 0. Suppose
that

(i) There exist (¢(d,r) = (r > 0 and (4(d,r) = (g > 0 such that

sup ||fp — fhllso = O(K™),  sup lgp — gplloc = O(K ),
pep PeP

where f}; and g}; denote the La(P)-best approzimants of fp and gp respectively in ST‘,";N.

(ii) Each P € P is absolutely continuous with respect to Lebesque measure on [0,1]%, with
corresponding density pp satisfying

sup sup pp(z) <C and inf inf pp(z) >c
PeP 2¢[0,1)4 =) PeP z¢[0,1]4 (2)

(iii) There exists a positive sequence (02 )nen such that Var(Y | Z) < o2 = O(1).

Now suppose we are given two independent samples (Yif, Zif)?:1 and (Y3, Z;)1,, each consisting
of n independent and identically distributed copies of (Y,Z). Let ¢ denote the d-tensor
B-spline basis of Sﬁl,N- Let B denote the ordinary least squares estimate from regressing

Ylf, ..., Y. onto cb(Z{), .., @&(Z]). Define the fitted regression function f by f(z) = ﬁTqb(z).
If Klog(K)/n — 0, then

LS gp (I F(Z) ~ fp(Z0)} = Op(K—Crts) 4 K=o/t g g2 1120 4 g(Gm1/2y),
=1

Proof. Define Bp,Bp, € RE so that f};(z) = B;7f¢(z) and g}(z) = B;gcﬁ(z). By Proposi-
tion 3.9(b),

— — 1/2 —
1Bpgll < K2e(r){llgh = gplloc + llgplla} < K 2es(r)™{llgh — gplloo + pif ™1/},

Thus, by (),
1Bpgll2 = Op (=S~ 4 pi2K1/2), (3.67)
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We can write

- ZQP —fr(Z:)}
*Z{QP ZOVH I Z) ~ fp(Z)y + = ng I IH(Z)— fr(2:)}
T, I,
+ = Z{QP ZOVHI(Z) — 1H(Z)} + = ng — 1hZ)}.

I, IV,
By assumption (i) again,
sup [L| < sup [|fp = fPllcllgp — ghlloo = O(K ™ CrF4),
PeP pPeP
From (3.62) in the proof of Proposition 3.12,
Ep(gp(2){fp(2) — 1H(2)}) =Ep({fr(2) — [H(2)}$(2)" Bp,) =0,
and therefore
1
Ep(IL) = ﬁngP({fP( ) = FH(Z)Y0(2)$(2) ) Bpy < e = FEIZNIB R I3 P lop-
Thus,
I, = Op (K~ (Cr—Cop1/2 4 p}D/QK—Cfn—lﬂ) = Op(K~9% + p}ﬂn—l/?)‘
The same argument as for the II,JQ term in the proof of Proposition 3.15 yields that
111, = Op (K~ o= 1/2p=1),

To deal with IV,,, we write, with quantities defined as in the proof of Proposition 3.15,

o5 ca-1/1 ca-1/1
IV, = 87,88 - Bry) = B, 88, (- S lo(z)) ) + 87,55, (- S nlez)).
i=1 =1
v v

Since Ep(e] | 27) = 0 and Varp (Y] | 27) = Ep((e))2| 2]) < 62, we have

~~—]~

~~ ]~
Ep(IVID)? [ (2, Z]))) < 2265, 55, S5, $6p, < ”HEEf 2157 SopllBrgll3

:‘:w

SO
IV = Op (K% + p?)n="12) = Op(p*n~"/?).
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Finally, by the Cauchy—Schwarz inequality,

a1l
IV < 1Bpgll2IZZ s lop

1 n
S mez)
n =1

2

The result follows. O

3.11 Univariate linear model analysis

In this section we give a more detailed analysis of the setting considered in Section 3.3.1. In
contrast to the remainder of this chapter, we let D; contain n; observations and Dy contain
ng observations, and we let 2n = ny + ng for this subsection only. All limiting statements in
this section are interpreted as min{n;,n2} — 0. This will facilitate a discussion of the effect of
the splitting ratio on the power, and to compare the power of the proposed test more precisely
with existing methods. To simplify our analysis, we set ¥ = 1. We now formally write down
the assumption required for the main result of this section (Proposition 3.17).

Assumption 3.6. Suppose that the family P of joint distributions P of (X,Y, Z) satisfies the
linear model (3.8). Let nnp and @p denote the population least squares projections of X on Z
and Y on Z, respectively. Let B , 1 and 6 denote estimators of Bp, np and Op, respectively,
where J3 is trained on D, and 7j and 6 are trained on D;. Writing 0/2313 := Varp(y/n2 (3-8 P)).
suppose that B , 6 and 7 satisfy

sup sup PP(\/TLQO'E; (B—pp) <t)— @(t)‘ =o(1), (3.68)
PEP teR
~ 1
Vnil|0 — 6pl2 - H SN (X —mpZi)Zi|| =op(1), (3.69)
n1 i€Zy 2
R 1
Vil = mpla- |5 30 - 07202 = op(), (3.70)
n1 i€y 2
R ~ 1
Vil = npla- 18- 60l | 5 35 227 | = op(0), (3.71)
n1 €Ty op
~ 1
16— 6pll5- - Y (Xi—mpZi)?|| Zil5 = op(1), (3.72)
Lieny
. 1
17 —npll5 - - (Y — 052:)%|Zi|I5 = op(1), (3.73)
i€y
. ~ 1
15 —mnpl3 - HG—OPH%'TTI > 1Zill3 = op(1). (3.74)

i€y

In Section 3.3.1 we show consider a simpler but less general assumption (Assumption 3.1)
that suffices for the analysis when the estimators are OLS estimators. These more general
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assumptions allow for settings where alternate estimators are used, or the dimension is allowed
to increase with n.

As mentioned before, we set the estimated weight function ¥ = 1 in this analysis, which
vields L; = B(Y; — 8 Z))(X; — ) Z;) = BR; for i =1,... . ny. The resulting PCM statistic is

T = sgn(f) \/% 2ien [
nil ZieIl R22 - (nil Zi€I1 RZ)

5

To simplify our presentation, we write a%X‘Z = Ep({X - nITgZ}2> and U;XY'Z := Varp({Y —

072X — n5Z}). The following result provides asymptotic size and power expressions for
the PCM test in this context.

Proposition 3.17. Suppose that P is a family of distributions P of (X,Y,Z) for which the
estimators B, n and 0 satisfy Assumption 3.6. In addition, assume that there exist ¢,C,6 > 0
such that 0'%7XY‘Z > c, Ep{|(Y —0,2)(X — n;Z)|2+5} < C and \/n71|ﬁp|0%37xlz < C for all
P P and n € N. Then, by letting

YPan = q’(‘/%) -<I><za + ww%xz) + @(—m) .@(za — \/”Tﬂpalz’XlZ)

08p OPXY|Z 0Bp OpXY|Z

the power of the PCM test satisfies

;u%)) Pp(T > z1-0) — ¥Pan| — 0, as min{ny,ne} — oo.
€

Furthermore, when oo < 1/2, we have ¥p o, > o and, when O'?DX‘Z/O'RXY‘Z > 0, equality holds
if and only if Bp = 0.

Proposition 3.17 confirms that under Assumption 3.6 and the given moment conditions, our
proposed test is asymptotically valid uniformly over the null hypothesis Py := {P € P : fp = 0}.
In terms of splitting ratio, a consequence of Proposition 3.17, as stated formally in Corollary 3.1
is that in this linear model setting one cannot hope to achieve high power against a local
alternative where 7p =< n~! unless n; =< ny. While limited to the linear model, we think this
result instils confidence in our choice of balanced splitting ratio, and also reveals that the choice
of splitting ratio that maximises the asymptotic power depends on the underlying (unknown)
parameters. For this reason, we consider n; = ny by default for simplicity.

For the specific class of linear alternatives considered in Proposition 3.17, the asymptotic
power of the GCM test (Shah and Peters, 2020) without sample splitting is

Vi +12Bpo% x4 Vil +1m2Bpo% x4
0] Za/2+ : + & Za/2_ ’ .

OPXY|Z

OPXY|Z

Comparing this expression with ¥p,,, one can see that the GCM test is typically more
powerful than the proposed test, but only by a constant factor when n; < no. However, as
mentioned earlier, the proposed test can have power against broader alternatives than the GCM
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test depending on the choice of projection. In comparison with the tests of Williamson et al.
(2022) and Dai et al. (2021), the proposed test achieves higher power. In particular, their tests
become powerless whenever /n7tp — 0, which is true for both parametric and nonparametric
settings. Moreover, as pointed out by Williamson et al. (2022) and further demonstrated in
Appendix 3.9.2, their tests via sample splitting may not control the Type I error when (X, Y, Z)
are mutually independent. In contrast, our approach does not suffer from this issue and can be
powerful even when /ntp — 0, as demonstrated by Proposition 3.17. In the next subsection,
we provide the proof of Proposition 3.17.

3.11.1 Proof of Proposition 3.17

As L; = E(YZ - OATZi) (Xi — ﬁTZi) =: BR; for i = 1,...,nq, recall that our test statistic is

1 n
N = 2im1 R
T, = sen(B) U . (3.75)
ity BY = (5 iy Ri)
Let
S (R — Bo%y)
TR,n = ;
oxy|z
and for now suppose that the following approximations hold:
sup sup |P(Tr, < t) — ®(t)| = o(1) (3.76)
PEP teR
and
0_2 1/2
XY|Z } 1
=1+op(1). (3.77)
n n 2
{nll Zizll Ri2 - (ni1 Zizll Ri)

Then, by (3.77), together with the hypotheses that ,/n1|5]a§qz < C and O'g(y|z > ¢, we have
by Lemma 3.3, a uniform version of Slutsky’s theorem (Bengs and Holzmann, 2019, Theorem
6.3) that

T, - {sgn@TR,n + sgn<3>sm,ﬁ}{1 +op(1)}

= sgn(B)TR,n + Sgn(,@)snhg + Vi,
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where V,, = op(1). Define s,, 3 := /n BUX|Z/aXy|Z and note that, since (R;);2; and sgn(f)
are formed on independent data and are thus independent, we have

<Sgn(B)TR,n > 2l—a — Sgn(ﬁ)snl,ﬂ > ¢a n

sup |P(T}, > z1—a) — Yan| = Isjup
eP

Pep
< sup|P (sgn(g) ) (TR,n > 21— — Sny,8 — Vn> — @(\/W><I>(za + sn1,5> ’
Pep ]
+ sup (sgn(/@) -1)P ( Trn > Z1—a + Sny.8 — Vn) — @(W)@(za—snLg) ‘
PeP 0B8p

Both of the two terms in this upper bound are dealt with similarly, so we only show how to
argue that the first term is o(1). To this end, we have

P(sgn(f) = 1)]P’<TR,TL > Zl—a — Sny 8 — Vn> - @(?)@(ZQ + smﬁ)’

sup

PeP

< sup P(sgn(ﬁ) = 1) — (I)<v nZB)‘ + sup IP’(TR,n > Zl—a — Sni,8 — Vn) — @(za + 3n1,ﬁ> '
pPepP o PeP

The first term is o(1) by (3.68). To deal with the second term, we write

]P(TR,n > Zl—a — Sny B — Vn) - @(Z’a + snlﬂ)‘

sup
PeP
< sup IP’(TRJ«L > 21—a — Sn1,8 — Vn> -1+ (I)<zla — Sp1,8 — Vn)‘
PeP
+ sup|l — @(zla — Spy,8 — Vn) — @(za + 8n1”3> ,
PeP

and note that (3.76) implies that the first term is o(1). For the second term, observe by the
symmetry of the standard Gaussian that if W ~ N(0,1) and e > 0, then

@(zla — Spy,8 — Vn> - d (zla — 5n1,ﬁ) ‘

< sup P(‘W— Zl—a —i—Snl,,@’ < ’Vn‘)

. RV nlﬂang

OPXY|Z

sup
PeP

< e) + sup P(|V,,] > €)
PeP

IN

Since € > 0 was arbitrary, the first claim of the proposition will follow once we establish (3.76)
and (3.77).
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For the claim (3.76), consider the decomposition

1
TXY|Z =
T = =225 {(Yi =07 Z) (X - n' Z) - Bo% )

7 an =1
i
U)_(;IZ % T T J)_(%’\Z /5 T T
- (Yi—0 Zi)(n—m) Zi— (60—0) Zi(Xi—n Zi)
\/’I'Tl 7;21 KA T ¥ \/’]’Lil 7;21 KA T 1
TT(LQ) TT(LB)

1

IXY|Z <=, 2 Tr T~

+ 2XXZNN6-0)T 2.2 (A-m).
o z‘:1( ) (n—m)

T

By the assumption that E{|(Y -0 Z)(X —n'Z |2+5} < C, Shah and Peters (2020, Lemma 18)
yields that

sup sup [P(T\V < t) — &(t)| — 0.
PeP teR

Moreover,
ni

1
=N, -0"2)z
2y 072

=1

7,

= op(1),
2

by Cauchy—Schwarz, the assumption that op xy|z > ¢ and (3.70). We can argue similarly that
¥ = op(1) using (3.69). Finally,

7Y

= op(1)

1 &
T
711; !

op

by similar arguments as above and (3.71). Combining the above with the uniform version of
Slutsky’s theorem, we have the desired claim (3.76).
To prove (3.77), we let Ry, ; := Ry, i — ﬁang for ¢ € [n1] and note that

1 ni ) 1 ni 2 1 ni ~, 1 ni

"4 ni4

where the second equality follows from the proof of (3.76) above. To ease the notation further,
for i € [n1], we write

Roi=(Y;,—0"Z)(Xi—n' Z) - BoXiz — (6-6)"Zi(Xi—n'Z)
L 11,
~Yi-0"Z)5-n)Zi+(0-6) 2.7 (i1 —n).

II1; IV;
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Then
1 1 ~, 1 ni 5 1 1 9 1 ni 9 1 ni 9
- R == I+ — 17 + — Iy + — 1V;
nl ; n,t nl ; (2 nl ; (2 nl ; (2 nl ; (2
2 ni 9 ni 9 ni
— NI - = S OLIL + — S LIV;
nl 7; 1 1 nl ; 1 1 nl ; 1 (2
2 ni 2 ni 2 ni
— ILIIL — — ILIV, — — IILIV;.
+ ’]’Ll Z:Z:L 7 1 nl Z:ZI 1 7 nl Z:ZI 1 (2

By the assumption that E{|(Y -0 2)(X —n'Z) |2+5

ni 2
1= 111

} < C, Shah and Peters (2020, Lemma 19)

yields that UXY|Zn iy =1+ op(1). Moreover, by Cauchy—Schwarz,

ni

1 & - 1
— > I <603 - > (Xi—n" Z)NIZi3,

1z i=1

72

0 (3.72) together with axy|Z > ¢ implies that XY‘Z S 1?2 = op(1). Similarly,

Txyiz &
XY S = op(1)
L0

by (3.73). By two applications of Cauchy—Schwarz, we have

ni
LS v < ja-ola—nlz- -3 1zl
n = (L3 et

72

$0 (3.74) combined with the lower bound on O'XY' , vields that 7x Y'Z S IV? = op(1). Turning
to the cross-product terms, by Cauchy—Schwarz and the prev1ous analysis,

O-)_(%/|Z ny ny 1/2 1 M 1/2
' > LIL| < 0X2yz( 212> ( ZII§> = op(1).
[ Mo

The other terms can be similarly analysed and shown to be op(1). We have thus established by
the uniform version of Slutsky’s theorem that

{ ZR2 (;iRY} =1+ op(1).

JXY\Z

Finally, (3.77) follows by the above result combined with Lemma 3.7. This completes the proof
of the first claim in Proposition 3.17.
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To prove the second claim, let us assume that 5 > 0 (the case 8 < 0 can be handled very
similarly), and denote

Van = q)<\/:7525> .@(za + Sn1,5) —|—<I)(— \/EB) .Cb(za — 3n175>

V(B) Wi(8) 1-V(8) Wa(B)

= Wa(B) + V(B){Wi(8) — Wa(B)}.

Then V(B) > 1/2 and Wi(B) — Wa(B) > 0, 80 u, > Wa(B) + {Wi(B) — Wa(B)}/2 =
Wi(B8)/2+ Wa(B)/2.

Next observe that the function § — ®(zo + 0)/2 + ®(2, — 0)/2 is continuous on R, and
when a < 1/2, it is decreasing when § < 0 and increasing when § > 0. It follows that

1 1
Yan 2> 2c1)<204 + Snl,ﬁ) + 2(I)<Zoz - Sm,ﬁ) > a,

and when O'g(‘ 20 xy|z > 0, we have equality in both inequalities if and only if 8 = 0.

3.12 Additional simulation results

3.12.1 Linear model comparison

To compare the local power properties of the PCM with the approach considered in Williamson
et al. (2021) and the more conventional F-test with robust standard error (White, 1980) (as
implemented in the R package lmtest (Zeileis and Hothorn, 2002)), we consider the following
setup where Z and ¢ are independent N5(0, I) random vectors, e ~ N(0, 1) independently of Z
and £ and

X =7+,
Yy =8TX+ 2((1 Fe )Ty (14 6_321)71)6.

We simulate n € {100,400, 1600, 6400} observations from the above model. All regressions are
performed using OLS, except ¥ which uses a random forest and we only apply Algorithm 2 for
simplicity (rather than doing multiple sample splits).

The results can be seen in Figure 3.4. They confirm our theoretical observations in
Section 3.9.2 on the power properties of the PCM and williamson tests in this linear model
setting. It is also interesting to note that, except for the smallest sample size, here the PCM
has greater power than lmtest due to our modelling of the heteroscedasticity in the data.
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n

Fig. 3.4 Power in the alternative settings considered in Section 3.12.1 for nominal 5%-level tests.

3.12.2 Generalised additive models with binary responses

Here we consider settings similar to those considered in Section 3.6.1, but with Y binary. Our

null settings use
P(Y = 1) = logit(sin(27Z1)),

and we consider three alternative settings mirroring those in Section 3.6.1:
1. P(Y = 1) = logit(sin(272;) + 0.25X?),
2. P(Y = 1) = logit(sin(27Z1) + 0.5X?),
3. P(Y = 1) = logit(sin(27Z1) + 0.5X275).

For all regressions with binary responses, we fit a binomial generalised additive model with
logistic link, and we use additive models for all other regressions; we use the implementations
in the R-package mgcv (Wood, 2017). The results can be seen in Figure 3.5 and are broadly in
line with those in Section 3.6.1 with the PCM performing favourably though being powerless in
Setting 3 with pure interactions (as to be expected), and williamson and most notably gam

not maintaining Type I error control.



188 The Projected Covariance Measure for model-free variable significance testing

Null Alternative 1 Alternative 2 Alternative 3

wgem. fix 011 0.09 013 0.05 0.06 012 0.3
wgcm.est 0.09 017 017 0.08 0.08 0.09 0.07 0.09 0.07
gam NA NA NA NA NA NA NA NA NA Rejection rate
1.00
e
o 0.75
S wiliamson ~ 0.14  0.17 0.2 0.3 0.34 031 037 037 0.23 0.26 0.2
Q 0.50
=
0.25
gcm  0.07 0.08 0.05 011 019 o021 0.06 0.07 0.08 0.15 0.26 0 0.00
pcm 0.27 0.06 0.07
pcm_ss 012 0.06 0.06 0.18 0.38 019 0.27 0.08 0.09
250 500 1000 250 500 1000 250 500 1000 250 500 1000
n

Fig. 3.5 Rejection rates in the various settings considered in Section 3.12.2 for nominal 5%-level
tests.
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