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OVERVIEW

This thesis studies the geometry of objects from 2-dimensional statistical physics in the

continuum.

Chapter 1 is an introduction to Schramm-Loewner evolutions (SLE). SLEs are the canonical
family of non-self-intersecting, conformally invariant random curves with a domain-Markov
property. The family is indexed by a parameter, usually denoted by x, which controls the
regularity of the curve. We give the definition of the SLE, process, and summarise the proofs
of some of its properties. We give particular attention to the Rohde-Schramm theorem which,

in broad terms, tells us that an SLE, is a curve.

In Chapter 2 we introduce the Gaussian free field (GFF), a conformally invariant random
surface with a domain-Markov property. We explain how to couple the GFF and an SLE,
process, in particular how a GFF can be unzipped along a reverse SLE, to produce another
GFE We also look at how the GFF is used to define Liouville quantum gravity (LQG) surfaces,

and how thick points of the GFF relate to the quantum gravity measure.

Chapter 3 introduces a diffusion on LQG surfaces, the Liouville Brownian motion (LBM).
The main goal of the chapter is to complete an estimate given by N. Berestycki, which gives an
upper bound for the Hausdorft dimension of times that a y-LBM spends in «a-thick points for

y,a € [0,2). We prove the corresponding, tight, lower bound.

In Chapter 4 we give a new proof of the Rohde-Schramm theorem (which tells us that an
SLE, is a curve), which is valid for all values of x except k = 8. Our proof uses the coupling of
the reverse SLE, with the free boundary GFF to bound the derivative of the inverse of the
Loewner flow close to the origin. Our knowledge of the structure of the GFF lets us find

bounds which are tight enough to ensure continuity of the SLE, trace.
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SCHRAMM-LOEWNER EVOLUTIONS

We will now present a brief introduction to the Schramm-Loewner evolution (SLE) process.
The chapter begins with some motivation from discrete lattice models in statistical physics. In
Section 1.2 we give the formal definition of the SLE process and look at some of its properties.
Finally, in Section 1.3 we take a closer look at the Rohde-Schramm theorem which states,
roughly, that an SLE process as defined in Section 1.2 is a curve. We will return to the Rohde-

Schramm theorem in more detail in Chapter 4.
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1.1 MOTIVATION

In statistical physics there is often a physical reason for defining a model on a lattice. In
some materials, molecules organise themselves into regular patterns to create crystals. In
others, the lattice structure is not so rigid, but using a regular lattice is a reasonable simplifying

assumption.

Even if there is no physical motivation for introducing a lattice, it can hugely simplify the
mathematics. If we then take the limit as the lattice size tends to zero, the resulting model will
often have all of the characteristics we want. In some way it “forgets” the lattice used in the

definition.

1.1.1 Percolation

We will now introduce a simple lattice model to use as a concrete example. Specifically, we will
look at the critical percolation model in two dimensions. This will be an informal introduction;

the interested reader might like to look at [Grig9, GK12] for more details.

Let us suppose that we want to answer the question “how does water percolate through porous
rock?” One way of modelling this phenomenon is to assume that the porous rock is a random
conglomeration of small, solid rock particles, with empty space in between. We also assume
that these rock particles are so small that their individual size and shape will not make a
significant difference. So, we can simplify our model by saying that all of the rock particles (or

empty spaces) are the same size and shape.

More precisely, we will assume that all of these shapes are hexagons organised into a (finite)
honeycomb lattice. We will set all of the hexagons at the bottom of the lattice to be rock, all of
the hexagons at the top to be empty space, and for each hexagon in the middle of the lattice we

independently choose rock or empty space with probably 1/2. See Figure 1.1 for an example.
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Figure 1.1: Example percolation configuration. Orange represents rock,

blue represents empty space.

1.1.2  Interface

A question we can now ask is: what will the percolation interface look like? In other words, if
we pour water in at the top of the lattice, what will the line that separates “wet” from “dry”
look like? This “wet” and “dry” intuition helps us to see that the interface must exist (due to

the boundary conditions we set) and must not cross itself.

Now let us explore the interface. Imagine that we are standing at the left hand side of Figure
1.1 on the edge which separates the leftmost orange hexagon and the blue one just “north-east”
of it. Now, keeping orange on our right and blue on our left, we walk through the percolation

configuration, tracing out the line seen in Figure 1.2.

Figure 1.2: The same percolation configuration as Figure 1.1, with

percolation interface drawn in black.

The idea behind exploring the interface in this way is to informally introduce the domain
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Markov property. At each step, we know both where we are and where we will end up (the far
right hand side of the lattice in this case). We also know that the remaining exploration of the
lattice has the same type of randomness as the beginning part of it. So, let us imagine that we
are half way through the exploration. What we have really done is changed the domain we are
exploring by cutting a slit through it where we explored. We still have an orange boundary
on our right and a blue boundary on our left, which meet at our target point. The remaining

exploration has the same random law as the first half, but in a changed domain.

1.1.3  Scaling limit

The final thing do with this example is look at its scaling limit. What will happen to the
interface when we take the hexagon size to zero? In the scaling limit, the exact shape of the
original hexagons should not make a difference, so we could distort them under a conformal

transformation without changing the limiting law.

So, the scaling limit of the interface should

- be non-self-crossing,
- have a domain Markov property, and

- be conformally invariant.

These are the properties which we take to characterise the Schramm-Loewner evolution (SLE).
As we will see in Section 1.2, we can use these properties to define a process in the continuum
(i.e. not on a lattice). SLEs are the canonical family of curves which have these properties.

They are indexed by a parameter, usually denoted «, which controls the regularity of the curve.

However, it is not obvious that an SLE defined using these three properties will actually be the
scaling limit of the percolation interface! Luckily we know that, on the hexagonal lattice at
least, the scaling limit is an SLE¢ curve [Smio1]. Figure 1.3 shows us a closer approximation of

the scaling limit, and gives us an idea of what an SLE¢ might look like.
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Figure 1.3: Percolation interface on a small lattice.

1.2 FORMAL DEFINITION AND PROPERTIES

Now that we understand where part of the motivation for studying SLE curves comes from, we
look at the formal definition. The definition was originally given by O. Schramm in [Schoo]
as a conjectural scaling limit for loop erased random walks (LERW), amongst other things.
His insight was to use the Loewner differential equation to define the Loewner chain (or flow)
of the SLE trace, rather than to try to define the trace itself. So, in order to understand the

definition of an SLE, we must first introduce the Loewner differential equation.

1.2.1  Loewner’s equation

In 1923, Charles Loewner introduced an ordinary differential equation for studying how
“slit-maps” — conformal maps from a domain with a slit removed back to the domain itself —
evolve as the slit they remove grows [Low23]. We will restrict our attention to the case where
the domain is the upper half plane, H, and the slit we remove, (y;), starts at the origin and
converges to infinity. For the rest of this section we also assume, for simplicity, that (y,) is a

simple curve.

For t > 0 we define H, = H \ y(0, t] to be the upper half plane, cut along the curve y from 0
to t. The slit map g, : H; - H is a conformal map which removes the slit, and leaves us with

the upper half plane. We ensure uniqueness of g; by requiring that it converges to the identity
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as z — 09, SO

g(z2)-z—->0 as z-— oo, (1.1)

We can also look at where the tip of the curve is taken at each time. Since y, ¢ H;, we can’t
look directly at g;(y,). However, we can define &, = lim,_ g;(y;,;) for all t. The function
(&) is called the Loewner transform, or driving function, of the curve (y,). Its existence is
guaranteed for any increasing family (K;) of compact H-hulls with a local growth property.

The simple curve (y,) is a special case.

With this setup, we can introduce Loewner’s equation.

Proposition 1.2.1 (Loewner’s equation). Let (K,) be a family of compact H-hulls with a local
growth property, parameterised by their half-plane capacity. For any fixed z € H, the map

g+ Hy — H satisfies
2

d
at (gi(2)) = m

where (&,) is the Loewner transform of (K,).

We will always take (g;(z) )0 to be the maximal solution of Loewner’s equation and, for each
z € H, we will call the lifetime of the solution 7(z). For a fixed time t, the subset of H for
which Loewner’s equation still has a valid solution is {z € H : ¢ < 7(z)}, and in fact we have

equality between this set and H;:

Hi={zeH : t<1(2)}.

1.2.2  Simple example

We will now look at the simplest example we can. Rather than thinking of a straightforward
curve as a candidate for (y;), we will instead use the simplest possible driving function that
we can, & = 0. We will see in Section 1.2.3 that starting with the driving function rather than

the curve is a useful way of proceeding.
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Taking &, = 0, the differential equation that (g;) satisfies is

2

d
Rt

with go(z) = z. The solution is

gi(2) = VAt + 22,

which is the map that “maps out” the vertical slit connecting the origin with 2i/t. We also

see that

g (2iVt) =0,

which shows that the tip of the curve is mapped to the origin. See Figure 1.4.

Figure 1.4: A visualisation of the slit map g;.
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1.2.3 Derivation of the driving function

We now define a random curve which, as we discussed in Section 1.1.2, is non-self-crossing,
has a conformally invariant law, and has a domain Markov property. That the curve is non-
self-crossing is taken care of by the fact that we are defining it through Loewner’s equation.
Conformal invariance comes from the way that we define an SLE on other complex domains:
as the image under a conformal map of the process we define on Hl. A careful choice of the
driving function will give us the domain Markov property. The following derivation of the

driving function is based on [Befis].

We informally introduced the domain Markov property (DMP) in Section 1.1.2. We need
to be more precise now. Assume that we have a random curve (y;) and the corresponding
Loewner flow (g;). We know that, for a fixed time s > 0, the function g, maps out the curve
[0, s], sending the tip of the curve, y;, to the driving function, &. We say that (y,) has the
domain Markov property if, conditional on y[0, s], the image of the remaining curve under
g has the same law as the original curve (modulo the starting point). More formally, we say

that (y,) has a domain Markov property if, for any fixed time s > 0,

y[0,00) £ gi(y[s, 00)) - &. (12)

See Figure 1.5 for an illustration.

Thanks to the right hand side of (1.2), it makes sense to define a centred map

he(-) = g:()) = &,

which always maps the tip of the curve to the origin. Then the DMP for (y,) reads

y[0,00) £ hy(y[s, 0)).

This gives us a nice composition rule for the maps (h;): let £, s > 0 and consider the map .
We can recover h,, by first mapping out [0, s), and then mapping out h(y[s, t)). But, the

curve hy(y[s, t +s)) has the same law as an independent curve [0, t). So, we can map out

8
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V¢

gs(y:1)

Vs

gs()/s) = gs

Figure 1.5: A visualisation of the DMP for an SLE,. After the mapping
out the blue curve y[0,s] by g;, the orange curve has the law of an SLE,

started at &,.

the remaining curve with an independent map /;, which has the same law as h,. Therefore,

we get the identity
s 4 ilt o hy, (1.3)

where (/) and (h,) are independent and identically distributed.

We ensured that the maps (g,) were unique by the condition in (1.1), which states that g,

converges to the identity as z - oo. This gives us a condition on h; = g, — §;, namely that
h(z)=2z-&+0 (z‘l) . (1.4)
Now, the condition in (1.3) combined with the expansion in (1.4) shows us that

]jltohs(z)zz_gs_gt"'(o(z_l)a
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where (£,) is an independent driving process with the same law as (). Looking just at the

driving function, we see that
fs+t = 53 + Z;‘ta

which implies that &, — & = ft. In other words, (§;) is a continuous random process with
independent, stationary increments. Therefore, (£;) must be a constant multiple of a Brownian

motion with drift.

If we want to ensure that the random process we define is invariant under reflections around
the imaginary axis (which usually holds for discrete processes), then we must have that

(&) 4 (=¢&;). Therefore, the drift term must be zero. We will make this assumption throughout.

We can at last give the definition of the SLE flow:

Definition 1.2.2 (SLE flow). Let (g;) be a family of conformal maps which, for any z € H, are
the maximal solution to the SDE

2dt
g(z) - &’
with go(z) = 0, where &, = \/xB; for k > 0 and (B,) a standard Brownian motion. Then (g;)

dg:(z) = (1.5)

is an SLE flow.

1.2.4 Basic properties

As we now have the definition of the SLE process, we can begin to study its properties. Unless
otherwise stated, the properties of SLE we discuss in this section were first shown in [RS11].
First of all, we will refresh our ideas of the domain of definition of the solution. Heuristically,
the solution to (1.5) is defined, for each z € H, up to the first time that “g,(z) = &, We define
the time 7(z), for each z € H, as the lifetime of the solution. Using the lifetime, we can define
the hulls

Ki={zeH : t>1(2)},

which are the points “eaten” by the SLE flow. We also define H, = H \ K as the region on

which the solution is still defined. We know further that g, : H, — H.

10
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For the SLE process defined as in Definition 1.2.2 to be a good model of random curves and
interfaces, we need to check that it satisfies some basic conditions. One of the properties that
we need is that an SLE hull is generated by a curve, i.e. there exists a curve (y,) such that, for
each ¢, the hull K, is equal to the union of y(0, t] and the bounded components of H \ y[0, ¢].
This might seem like an obvious fact, given the way that we introduced Loewner’s equation
in Section 1.2.1. However, Loewner’s equation as we used in in Section 1.2.1 started with the
curve (y;), defined the maps (g;) from the curve, and then found the driving function (¢;).
We are now starting with the driving function, calculating the maps, and hoping that we get a
curve at the end. (Even the fact that we can define K; as we have is non-trivial, and comes

from the Loewner-Kufareff theorem [Kuf43].)

That the SLE hulls are generated by a curve is such an important fact that we will come back
to it in much more detail in Section 1.3. For now, we will simply assume that such a curve (y,)

does exist.

Because we have assumed the existence of the curve, we can talk about how the curve depends
on the parameter «, the parameter that scales the Brownian motion in the driving function.

The behaviour splits into three phases:

- For x € [0, 4], the curve (y;) is simple and K; = y[0, t].

— For « € (4, 8), the curve is no longer simple.

— For « € [8, 00), the curve is space filling.

The second case needs a little more detail. If x € (4, 8), then for any z € H we know that
z ¢ y[0, 00) almost surely. However z € ., K; almost surely. So, the curve will avoid any
point you pick in advance, but the curve will end up “swallowing” the entire half plane. See

Figure 1.6 for examples of the first two phases.

11
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Figure 1.6: Examples of SLE processes for ¥ = 1,2,4,6, all driven by
the same Brownian motion. All SLE simulations based on algorithms

in [Ken07].

12
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1.2.5 More complex properties and generalisations

We saw in Section 1.1.2 that SLE; is the scaling limit of the interface in critical percolation
on a triangular lattice [Smio1]. There are a few other relationships between scaling limits of
discrete models and SLE curves. Schramm’s original motivation for introducing SLE processes

was to study loop erased random walks.

The loop erased random walk (LERW) is constructed using a simple random walk on a lattice.
As the name implies, whenever the simple random walk creates a loop, that loop is deleted.
The remainder of the curve forms the LERW. Schramm conjectured that the scaling limit was
equal to an SLE, curve under the assumption that the scaling limit was conformally invariant
and, in [LSW11], Lawler, Schramm and Werner completed the proof. More precisely, they

show the following.

Theorem 1.2.3. Let D ¢ C be a simply connected domain containing the origin. Let us be the
law of a LERW on the grid 8§77 started at the origin and stopped when it hits dD. Let v be the
law of a radial SLE, in D starting at the origin. Then us converges weakly to v as § — 0 under
the metric on unparameterised curves given by

p(y,pB) = inf up 19 = Bl

te[0,1

where the infimum is over all parameterisations § and 3 in [0,1] of y and 8 respectively.

Also conjectured by Schramm in [Schoo] and proved by Lawler, Schramm and Werner
in [LSW11] is the relationship between SLEg and the Peano curve of a uniform spanning tree
(UST). A spanning tree is a subset of a finite, connected graph G = (V, E) such that for every
pair of vertices u, v € V, there is exactly one path connecting u and v. The UST on a graph is
a spanning tree chosen uniformly at random from the set of all spanning trees of that graph.
If G is a planar graph then we can define the Peano curve as the boundary between the UST

and its dual.
With these definitions, Lawler, Schramm and Werner prove the following:

13
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Theorem 1.2.4. Let D c C be a domain with a C' boundary consisting of a simple curve, and
let a, b € dD be distinct. Let «, 8 denote the two arcs of 0D whose endpoints are a and b. Finally,
let G5 be the graph approximation of D in the grid 72, and let y5 denote the Peano curve of a
UST on Gs with wired (i.e. conditionally closed) edges close to o and free (conditionally open)

edges close to . Then y;s converges to the law of a chordal SLEg connecting a and b.

The mode of convergence in Theorem 1.2.4 is the same as that in Theorem 1.2.3. The fact
that scaling limits of the LERW and UST appear in the same paper is due to the relationship
between them: if we pick two vertices u, v € V and look at the path on the UST connecting u
and v, that path has the same law as a LERW between u and v. Indeed, Wilson’s algorithm

uses this fact to construct the UST from successive LERW's [Wilg6].

The original proof of the Rohde-Schramm theorem (in [RS11]) works only for x # 8. The
extension to the x = 8 case comes from estimates about the UST; in the « = 8 case, the scaling

limit helps us to deduce the existence of the curve, rather than the other way around [LSW11].

The Rohde-Schramm theorem for x > 0 as proved in [RS11, LSW11] tells us that, for a forward
chordal SLE defined in the upper half plane H, the SLE hull (K}) is generated by a continuous
curve (y;). For any suitably smooth domain D ¢ C, the existence of the chordal SLE curve
can be deduced from its existence in H and conformal invariance of the law of SLE. However,
if the boundary of the domain D is not regular, for example if it contains the “Topologists’ sine
curve’ {z € C : z=x+isin(l/x), x > 0}, then the existence of the curve y in this domain is
no longer a simple consequence of its existence in Hl. The proof for existence of the curve in

general domains of this type was given in [GRS12].

There is also evidence to support the conjecture that the scaling limit of self-avoiding walks
(SAW) is an SLEg/; curve. In [LSWo2a], Lawler, Schramm and Werner show that “if the
scaling limit of SAW's exists and is conformally covariant, then the scaling limit of SAWs
is SLEg/3”. In [Kenoz], Kennedy gives further numerical evidence to support the claim. An
SLEg/3 also has a restriction property. The restriction property roughly says that the law of an

SLEg/; conditioned to be in some subset of H is identical to the law of an SLEg/; defined in

14
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that subset. More precisely, in [LSWo3] the authors show the following:

Theorem 1.2.5 (Restriction). Let K be the hull of an SLEg3 in H. Then for any simply connected
subset H c H such that H \ H is bounded and bounded away from the origin, the law of K
conditioned on K c H is equal to the law of ®(K), where @ : H — H is a conformal map that

preserves 0 and oo. Furthermore,
P[K c H] = ®'(0)*/8,

when @ is chosen so that ®(z) [z - 1 as z — oo.

The theory in [LSWo03] is more general than our statement of Theorem 1.2.5. The restriction
measures that Lawler, Schramm and Werner studied are a one parameter family of laws P,
on “closed, random subsets K of H such that K nR = 0, K is unbounded and H \ K has two

connected components.” Then with H and ® chosen as in Theorem 1.2.5, P, is defined as
P(KcH)=0'(0)~

They show that the only measure P, that is supported on simple curves is P55, and that is the

law of chordal SLEg;.

An SLE¢ has something known as the locality property. Informally, that means that “an
SLE¢ process does not feel where the boundary of the domain lies as long as it does not hit

it” [LSWo1b]. The exact formulation is

Theorem 1.2.6 (Locality). Let f : D — H be a conformal homeomorphism from a domain
D c C onto H. Suppose that N is a (suitably nice) neighbourhood of 0 in H. Define D* = f~}(N)
and let f* be the conformal homeomorphism yy o f from D* onto H, where yy : N - H is
such that yy(0) = 0 and vy, (0) = 1. Let K, c D be the hull of SLE starting at f~1(0), and
let T:=sup {t : K,n0D*n oD = @}. Let K; denote SLEs in D* started at *(-)(0), and let
T = sup{t : K, noD*naD = @}.

Then the law of (K, t < T) is that of a time change of (K}, t < 7).
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The locality property is one of the reasons that SLEs was seen as the natural candidate for
the scaling limit of the percolation interface. Recall from Section 1.1.2 that the percolation
interface was explored from its starting point by looking only at the hexagons one step ahead of
it. For a given realisation of the percolation configuration, we could change the configuration

however we liked away from the interface without affecting the interface itself.

Along with the restriction property of SLEg /s, the Hausdorft dimension of the curve y was
found in [LSWo3] to be 4/3. The Hausdorff dimension of SLE4 was then found to be 7/4

in [Befog4]. Full generality for k¥ > 0 was achieved in [Befo8] with the following theorem:

Theorem 1.2.7 (Hausdorff dimension). Let (K;) be an SLE, in the upper half plane with x > 0,

let y be its trace and let H := y([0, 0)). Then, almost surely,

dimy (H) =2 A (1 + g) .

The definition of SLE has been extended from the one that we gave in Definition 1.2.2. The
introduction of extra marked points on the boundary of the domain that the SLE is growing
in gave rise to the SLE,(p) processes. The value of p at the marked points gives a force,
either towards or away from, the marked point, allowing finer control of the shape of the SLE

curve [LSWo3].

Furthermore, multiple SLEs can now be defined in the same domain at once [Duboya]. So
long as the values of k and p are chosen carefully, the order in which growth of the SLE,(p)
processes is viewed does not matter. Dubedat showed this by considering the partition function

of SLEs and finding relationships between « and p to form a set of “commutation relations”.

He also showed how, once we can define multiple SLEs at once, we can couple them together
in useful ways. As we saw in Section 1.2.3, SLEs form the one parameter family of conformally
invariant, non-self-intersecting random curves with a domain Markov property. Consider the
outer boundary of an SLE, hull for ¥ > 8. That outer boundary will be conformally invariant
and non-self-intersecting. Therefore, we would expect them to be related to an SLE. Indeed,

the outer boundary is an SLE;(p) process, with & = 16/x [Duboyb].
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From the same theory we can also deduce reversibility for SLE: a chordal SLE in a domain
D connecting the point a € dD to b € dD has the same law as a chordal SLE connecting the

point b to a. This was proved earlier, for x < 4, in [Zhao8].

SLEs have been a useful tool in studying other objects. The series of papers that we have
cited several times already, [LSWo1b, LSWo1c, LSWo2b], use SLE theory to derive Brownian
intersection exponents in various (planar) settings. These are summarised in [LSWoza].
Amongst many other results, they complete a long standing conjecture by Benoit Mandelbrot
from 1983 that the Hausdorff dimension of the frontier of a planar Brownian motion is

4/3 [MW83].

There have also been many advances more recently using couplings between SLE processes
and the Gaussian free field, for example [SSog] and [SS13]. We will discuss them more in

Chapters 2 and 4.

1.3 THE ROHDE-SCHRAMM THEOREM

We will now summarize the proof of the Rohde-Schramm theorem found in [RS11]. First of
all, we state the condition that we will check to prove that an SLE hull is generated by a curve.
It is found as Theorem 4.1in [RS11]. It is worth noting its generality: there are few assumptions

made on the driving function. In particular, the driving function is not necessarily random.

Theorem 1.3.1. Let &: [0, 00) — R be continuous, and let g, be the corresponding solution of

Loewner’s equation, (1.5). Assume that

y(1):=lim g, (iy + &)

exists for all t € [0, 00) and is continuous. Then g;' extends continuously to H and H, is the

unbounded connected component of H \ y([0, t]), for every t € [0, o).

Throughout the rest of this section, we will define

fi=g" and fl(2) = fiz+ &) = g7\ (z + &), (1.6)
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and we consider the driving function &; = \/xB,, where (B;) is a standard Brownian motion

and x > 0.

1.3.1 Theorem statement

The following theorem is essentially the proof of assumption in Theorem 1.3.1 in the specific
case of the SLE driving function. It appears as Theorem 3.6 in [RS11], but we have simplified

the proof a little.

Theorem 1.3.2. Define

H(y.1) = fi(iy) for (y.t)€(0,00) x [0,00).

If x + 8, then almost surely H(y, t) extends continuously to [0, 00) x [0, c0).

The simplification of our proof comes from the fact that we have made the rectangle S that
appears in the proof a tiny bit bigger. The sides of our rectangle have lengths which decay like
2-10-¢) while in the original the sides decay like 2-/. This lets us use a simpler result about the
regularity of Brownian motion (Lemma 1.3.3, which gives an easier estimate on the probability

that the increment of the driving function stays within the rectangle S. This is used just after

(1.14).

We now give the lemma about the regularity of Brownian motion. The modulus of continuity
and local Holder properties of Brownian motion are well known. The following is a quantitative

bound for the smallest scale on a specific partition at which these might fail.

Lemma 1.3.3. Let B be a standard Brownian motion, fix € > 0 and let
J=sup{jeN : Fke[1,29]nN, s€[0,277] : |Byps = Bypaiyy| 2277079},

Then for n € N,
P[J>n]g27"

for any constant ¢ > 0.

18
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Proof. Fix a constant ¢ > 0. Let
p(k, j) =P[3s € [0,277] : |Byyajss = Bipai| 2 2770791,
The Markov property and scale invariance of Brownian motion tells us that
p(k,j) =P[Is€[0,1] : [Bpj| > 277079)]
=P Lr?[glﬁ |B| > Zej]

< exp (—ZZEH) .

Therefore, a simple union bound gives us, for a fixed j e N,

22

P[3k € [1,2Y]nN, s €[0,1] : |Byyaiys — Bipai| 2 277079] < 3" p(k, f)
k=1
$ 2% exp (-2%77)
= exp (-2%7" + 2jlog2).
For large enough j, we know 2271 > (¢ +2) jlog2. And so we see that
P[3k e [1,2Y]nN, s €[0,1] : |Bjpaiss — Bypai| > 277079 ] g 27,
Again, a union bound shows us that, for n € N,

P[3j>n, ke[L,2Y]nN, s€[0,1] : [Brgai, — Bioai| 227709 <Y 279 (17)
j=n

The event we are considering on the left hand side of (1.7) is exactly the event {J > n}. So we
see that
P[J>n]s) 279 527"
j=n

Since the constant ¢ > 0 was chosen arbitrarily, we are done. ]

The proof of Theorem 1.3.2 also needs a result about the tail behaviour of | f/(iy)| for small
y. We will state the result now, but postpone the proof to Section 1.3.2. The following is a
simplified version of Corollary 3.5 in [RS11]. (The simplification in this case comes only from

the fact that we are not stating it in as much generality as the original.)
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Theorem 1.3.4. Let k + 8, and let f, be the centred inverse of the Loewner flow as defined in
(1.6). Then there exist constants € > 0, & > 0 and C > 0 such that

P(|f/(iy)| > y 179] < Cy**

forallte[0,1] and y € (0,1).
Assuming Theorem 1.3.4 for now, we can give the proof of Theorem 1.3.2.

Proof of Theorem 1.3.2. First we note that, by scale invariance, it is enough to prove that H is
continuous on [0,1) x [0,1). Since we already know continuity of H for y > 0, our area of

focus will be very close to the origin.
Now, fix « # 8. Then, for j, k € N with k < 2%/, let R(j, k) be the rectangle
R(j, k)= [277 277 x [k27%, (k + 1)27%],
and let
d(j, k) := diamH(R(j, k)).

The set H(R(j, k)) represents how the vertical line segment [i27/71,i27/] is “smeared out”
under the map ft for t € [k27%, (k +1)27%]. Our aim is to show that these sets decrease in
diameter fast enough as j — oo for us to deduce the continuity of H close to y = 0. We will do

this by showing
oo 24-1

S S P[d(j k) 2277] < 00 (1.8)

j=0 k=0

for some o > 0, allowing us to use a Borel-Cantelli argument.
We start by fixing a pair (j, k). We want to prove that

P [d(j, k) > 2’j"] < C27(2+0)j (1.9)
for some ¢ > 0 and some constant C > 0, which will be enough to show that (1.8) holds.

We would like to look at a finite set of times rather than the entire interval [k272/, (k +1)27%/] or,

ideally, a single time. We will do this by giving ourselves more freedom in space to compensate
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for less freedom in time. We want to choose a rectangle S c C and a time # € [k272/, (k+1)272/]

in such a way that
H(R(j, k)) < fi(S). (1.10)

We will find that choosing the rectangle
S .= {x +iyeC : |x|< 23-i0-2) ye [2—1—1(1—5)’23—1'(14)]} (1.11)

will work, for some small € > 0 to be specified later. We will now show that (1.10) holds. Let
t=k2 % andlett € [k27%, (k+1)27%], and choose y € [277-1,27/]. Then, using the definitions
from (1.6), we can write
filiy) = fi (g (filin)) - &)

If we can show that g; ( fili y)) — & € S, then that is enough to prove (1.10). We know that if
is very close to t, then g; ( fi(i y)) - & is very close to iy, a point in the interior of S. So, we
write

gi(fi(iy) =&~ iy = gi(fi(iy)) - (iy + &) + & - & (112)
Now let ¢(s) = g (ft(iy)) fors < t. Then ¢(t) =iy + &, and

o(i) - o(t) = gi(fi(iy)) - (iy + &). (113)

Combining (1.12) and (1.13) and using the triangle inequality gives us the bound

8 (fi(iy)) - & — iy < |o(F) — p(£)] + |E - &. (114)

By Lemma 1.3.3 we know that, for large enough j, the second term on the right hand side of

(1.14) is bounded by |&; — &;| < 2770-2). We will now bound the first term.
Since g, satisfies Loewner’s equation, we know that ¢, does also:

% (9(s)) = (115)

2
o(s) - &
As with the standard Loewner flow, we can see that J (0,¢(s)) < 0, and so the imaginary part
of ¢(s) is decreasing. Therefore J(¢(s)) > T(@(t)) > 2771, Substituting this inequality into
(1.15) gives us the bound

‘% (p(s))| < 2%, (1.16)
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Since we have also ensured that ¢ — # < 272/, (1.16) lets us deduce that

(1) — (1) < 2°7. (117)
This shows that
9(g:(fi(iy)) - & = iy)| = |o(F) — ()] < 227,
which, since the imaginary part of g; decreases and t<t, implies that

I(gi(filiy)) - &) € 2777079, 2270079, (1.18)
Substituting the bound (1.17) into (1.14) lets us see that
gi(filiy)) = & — iy <227 + 277079 <2200, (1.19)
Therefore, we certainly have
193(gi(feliy)) - &)| < 2277079
Combining (1.18) and (1.3.1) shows that ﬁ(iy) € f;(S), and so (1.10) holds.

So our focus shifts from d(j, k) to diam( f;(S)). Koebe’s distortion theorem lets us say that
the ratio |f/(z)|/|f!(i277)| is bounded by some constant if z € S. Therefore, there is a constant

C such that

diam(£,(8)) < C27* diam($) |f/(i277)|

= C2-i0-¢) |ﬁ/(,~2—j)‘.
In order to show (1.9) therefore, it is sufficient to show
P[C279|f) , (i27)] > 277] < 23+ (1.20)

for constants C, C and some § > 0,0 > 0 and & > 0 which we are free to choose. Rearranging

(1.20) we see
B[C2709| 1, (127)] > 270] = B[ (127)] > 20-99)c]
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Theorem 1.3.4 tells us that we can choose suitable ¢, 0 > 0 to ensure the existence of § > 0,

proving (1.20). Combined with the regularity result from Lemma 1.3.3, we can see that

Pd(j.k) 2 2] < P[|f(i27)] > 20779/ Cl + P[] 2 ]

S 2—(2+5)j’

showing that 1.9 holds.

Now that we know that (1.8) holds, the Borel-Cantelli lemma tells us that there are finitely
many pairs (j, k) such that d(j, k) > 2779, So, d(j, k) < C2779 for some (random) constant
C > 0. This lets us deduce the continuity of H as y — 0. Let (y/,#') and (y”, t"") be in the

square (0,1)2, and define
. . . ) 1 ,
Jo =mm{1 €N : J>maX{—logzy » ~log, y, =2 log, |t - t”|}}.

The definition of j, means that any rectangle R( o, k) has its largest y value greater than both
y"and y”, since both y’ < 27Jo and y” < 27Jo. It also ensures that the rectangles R(jo, k') and
R(jo, k") which contain the times ' and ¢ respectively are adjacent (or the same rectangle),
since |t/ — t'| < 272/0, Then we know that

(Y, )~ H, )] < Y (d( k) + d(j.K))) 5 €277, (121

Jzjo

which shows that for every t, € [0,1) the limit of H(y, t) exists as (y, t) = (0, ty). See Figure
1.7 for an illustration of the sum in (1.21). This is enough to extend the definition of H to

[0, 00) x [0,1), completing the proof. O

3.2 Tail bounds of |f!(iy)|

We now restate and prove Theorem 1.3.4, the theorem needed to show (1.20) in the proof of
Theorem 1.3.2. We give a simplified version of the original proof from [RS11] here (omitting

some of the more technical results), and a new proof using the Gaussian free field in Chapter

4.
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Figure 1.7: The sum in (1.21).

Theorem 1.3.5. Let k + 8, and let f, be the centred inverse of the Loewner flow as defined in

(1.6). Then there exist constants € > 0 and 6 > 0 and C > 0 such that
P/ (iy)] > y 9] < Cy?*?
forallt €[0,1] and y € (0,1).

We need some supporting results before we prove Theorem 1.3.5. First we introduce a time

change. For z € H and u € R, define the time T,(z) to be

T.(z) =sup{teR : J(g/(z)) >e"}. (1.22)

Recall that J(g,(z)) is decreasing. So, if u is chosen so that e > J(z), there is no positive
time at which we will have J(g,(z)) > e*. We get around this by using the fact that Brownian
motion is reversible and we can easily define B_,. This lets us run the Loewner flow (1.5) in

reverse, and so we can make sense of negative values of T,(z).
We can do more than just run the Loewner flow in reverse. A result that we will use in this
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section, and go through more thoroughly in Chapter 4, is that, for all fixed ¢ > 0, the maps

z+ g 4(2)
and
z e f (z) - &
have the same distribution.

Now, fix Z = x + iy € H. With the time change from t to u as defined in (1.22), then for every

u € R set
Zy = gr,(5)(2) = &1,
the position of the original point Z at time u under the centred Loewner flow. It will be useful
to decompose Z into its real and imaginary parts:
X, =R(Z,) Y, =3(Z,) = e".

We will also need the function

B() = 2-1gh, (2]

We claim that T, (z) # oo, almost surely. (For proof of the claim, see [RS11].) That means that
the map u — T,(2) is a bijection, and so all of the processes defined in the previous paragraph
can be run at the original speed t as well. We will sometimes need to take derivatives with
respect to the original clock ¢, and will try to make it clear from context when we do this. In
that case, we simply write

Zt = Xt + ZYt = gt(é) - Et'

We can now state and prove the following, a slight simplification of Theorem 3.2 in [RS11].

Proposition 1.3.6. Let zZ = X + y € H, and assume that y € (0,1). Let b € R and define a and A

by
a=2b+xb(1-b)/2 A=4b+xb(1-2b)/2.
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Set
F(2) = J"E | (1+ X3)"gh, 5 (D))
Then
F(2) = (1+ (3/9)) 9.

Proof. First, define
\ b
Flx+iy) = (1+ (x/y)") y" (1:23)

and then set

M, = ¢(u)F(Z,).

Our aim is to show that M, is a martingale. We will show that it is a local martingale in the
original ¢-clock, and omit the technical details used to show that it is a true martingale in the

u-clock. Itd’s formula tells us that
dM = E(Z)d¢® + ¢°dE(Z) + d (F(Z), ¢°). (1.24)

Now, we break (1.24) down further. To do that, we need to calculate d X and dY in the t-clock.
We know that Z; satisfies Loewner’s equation, (1.5), and so taking real and imaginary parts

lets us see that
2K,
X2+ Y?

2Y,
L dt

dXx - )
' X2 +Y?

dt-dé, ay, =
Therefore, we can write
dE(Z)) = 0,FdX, + 9,EdY; + %aiﬁd (),
= 3,F (%dt - dEt) +9,F (-%dt) - gagﬁdt
- —9,PdE, + (z(xf + Y2) (X, 0:F - Y,0,F) - gaiﬁ) dt. (1.25)
Calculating d ¢“ takes a couple of steps. Firstly, it will be easiest to calculate
dlog ¢, = dlog|g;(2)| - dlogY,.
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We see that

onoglgi(0)] -t 22840

8:(2)

1 A\—1 2
= f)C{(gt(z) az—gt(é) . ft)
=-2R ((gt(z) - Et)_z) (1.26)

= 2R ((X, +iY) )
= _zﬁ
(X7 + Ytz)Z
Therefore,
Y2 _ Y2
dlo =t “t
89 (X2 + Y2)?
= (2 Yi-Xi + 2 )dt
(Xf + Ytz)2 X +Y,
~ 4Y}
S (X YR)?

dt —dlogY,

dt.

Now, we can calculate

d¢; = agidlog¢:

a Yt2
Substituting (1.25) and (1.27) into (1.24), we see that
» a Yt2
th = F(Zt) (4a¢>t Wdt) +

¢ (—axﬁd.st ; (z(xf YU (X,0:E(Z)) - Yid, B(Z,)) - gaiﬁ(zt)) dt)

= —$7 0 F(Z,)dE+
4aY? 2X, R 2y, ) .
N F(Zh) + -5 —7539:F(Z) - —5—59,F(Z;) - 91 F(Z,) | dt.
+ ¢} ((th"' Ytz)z ( t)+ Xf+ Yt2 ( t) th+ Yt2 y ( t) 5 %x ( t))

(1.28)
To show that M, is a local martingale, we need to check that the drift term in (1.28) is equal to
zero. Recalling the definition of F(x + iy) from (1.23), we can calculate

. , 2bx 4 .
axF(x + Z)/) = szyzF(x + ly),
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A 1 A
ayF(x + ly) = W ((/\ - 2b)(x2 + yZ) + Zbyz) F(X + l)/),
and
R 1 N
2 Y 2 B 2 -
0 F(x+1iy) CESOE (2by* - 2b(1-2b)x?) F(x + iy).
We now look at the differential operator from the drift term of (1.28):

4ay* 4 2x ” 2y

F x
(x2 + y2)? +x2+y2 X2+ y

= (x*+ y*) 2 (4ay? + 4bx* =2 (A - 2b) (x* + y*) + 2by?) — & (by* - b(1-2b)x?)) F

(x*+ )2 ((4b - 2(A - 2b) + kb (1 - 2b))x* + (4a — 2(A - 2b) — 4b - bk)y*) F

(x*+ y*) 2 ((8b + xb(1 - 2b) - 21)x* + (4a — kb - 21)y*) F. (1.29)

We can see from the definition of A = 4b + kb(1— 2b) /2 that the x? coefficient in (1.29) is zero.
Recalling that a = 2b + xb(1 - b) /2, we see that

4a - kb =8b +2xb(1-b) — kb
=8b+«xb(1-2b),

and so the y? coeflicient in (1.29) is also equal to zero. Therefore, we see that M, is indeed a

local martingale.

As we said at the start, we will admit the fact that M, is a true martingale. The details can
be found in Lemma 2.2 of [RS11]. Given that it is a martingale, we of course know that

M, = E[M,]. Expanding this in terms of F, we see that

(1) F(2) =E[¢(0)F(2(0))], (1:30)
where # = log J(2). Substituting in the definition of ¢ and F, (1.30) reads

B(2) = 3B [(1+ X3)gh, (D)),

which shows that F satisfies the definition of F from the statement of this proposition, and

the proof is finished. O

We can now give the proof of our required tail bound.
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Proof of Theorem 1.3.5. We use the fact that, for a fixed time ¢, the maps z ft’(z) and
z ~ g',(z) have the same distribution to prove the result that we want for the map g¢’,,

i.e. there exist constants € > 0, C > 0 and § > 0 such that
P[lg/ (iy)| > y 79] < Cy**?
forall £ € [0,1] and y € (0,1).

Recall that in (1.26) we calculated that

9, loglgi(2)| = 2R ((g:(2) - §) 7).
We also defined the time u = u(z, t) as u = logJ(g:(z) ), and can calculate

9 = 0,3(g:(2))
T 3(g(2)

ol
I(g(2)) \g:(2) - &

1 2(0(g(2) - &)
I(gi(2))  lgi(z) - &P

= -2lgi(z) - &

Therefore, a simple application of the chain rule gives

aulogl(a)] - =), 60

which lets us see immediately that 9, log|g/(z)| < L.

Setting 71 = log J(g_;(iy)), the bound inferred from (1.31) lets us see that
log|g”(iy)| - log|gr, iy (iy)| < |t = ul

which, in turn, shows

gL (iy)

y —| <exp(|i—ul).
gTu(i},)(l}/)

In particular, we see that

Plg . (iy) > y 9] < P[e|gr, (ip)] > y 4]

29



SLE

So, we need to control i to complete the proof. Since we have assumed that y <land ¢ <1,
we know that there is some constant ¢ such that i < ¢ almost surely, uniformly in ¢ and y.
Also, on the event {|g’,(iy)| > y~(=9)} Koebe’s 1/4 theorem tells us that J(g;(iy)) > y¢/4.
Therefore, on the event {|g’,(iy)| > y~ (=9} we know that & > elog y — log 4. Combining the
two bounds shows that there is some constant C such that, on the event {|g",(iy)| > y~ (-9},

we have el?l < Cy~¢. So we can write

P[lg’(iy)| > y ] <P[Cy*|gh, (iy)| > 1]
< Cy IR [|gh, (iy)|*], (1.32)

where the last line comes from Markov’s inequality and holds for any a € R.

If we choose a, b and A as in Proposition 1.3.6, we can re-write the right hand side of (1.32) as

Cy IR [|gr, (iy)l*] = C*y *F(iy) = C*y*7,

and so
P(lg  (iy)| > y 9] < Coyree.

Optimising over our choice of b, we find that the value which gives the largest A is
b=(8+x)/(4x),

at which point

4
D L
Kk 16

We can see that A > 2 for every value of « > 0 (except k = 8, at which point A = 2). Therefore,
for k # 8, we can choose ¢ > 0 small enough to ensure that A — ae > 2, completing the

proof. ]

It is worth noting at this point that the bound for P [|ﬁ(1y)| > y~(-9], namely Cyl*iticae
is, up to logarithmic terms, exactly the same as the bound that we derive in Chapter 4, using

totally different methods.
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L1IOUVILLE QUANTUM GRAVITY

AND THE (GAUSSIAN FREE FIELD

We will now give a brief introduction to the Gaussian free field and related objects, including

quantum gravity surfaces and Liouville Brownian motion.
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2.1 MOTIVATION

Before we give the formal definition of the Gaussian free field (GFF), we will put it in context

and explain to the reader how it fits into the subject as a whole.

2.1.1  Conformally invariant random surface

We met the idea of conformal invariance for systems at criticality with our percolation ex-
ample in Section 1.1.2, and from that we motivated the construction of random curves with
a conformally invariant law. The link between conformal invariance and statistical physics
systems at criticality is much more general than that, however. It was introduced in [BPZ84],

and there has been much work since then.

One example is the KPZ equation' from [KPZ88]. It is a non-linear relationship between
scaling exponents, which gives us a one-to-one correspondence between the scaling exponent
of an object when viewed in Euclidean geometry and the scaling exponent of the same object
when viewed in random (Liouville quantum gravity) geometry. If x is the scaling exponent of
an object in Euclidean geometry and A is the scaling exponent of the same object in Liouville

quantum gravity (LQG) geometry, then the KPZ equation tells us that
2
x:yzA2+(1—y—)A, (2.1)

where y is a parameter related to the “central charge” of the random geometry. Although
known for a long time in the Physics literature, the KPZ equation in (2.1) has only recently

been rigorously proven (see [DS11, RV11, BGRV14]).

''This is the KPZ equation associated with Knizhnik, Polyakov and Zamolodchikov, not to be confused with

the identically named equation due to Kardar, Parisi and Zhang.
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2.1.2  Discretising the surface

Early work on random surfaces in the mathematics literature dealt with discrete random
surfaces, or random lattices. In [ASo3], Angel and Schramm study random triangulations of
the sphere. They show the existence of a weak limit of random triangulations of the sphere with
n vertices as n — oo, which can be viewed as “a probability measure on random triangulations
of the plane” A similar random graph, the uniform infinite planar quadrangulation (UIPQ)

was introduced in [Krios].

A purely mathematical reason to introduce random lattices such as these is that there is
no good reason to prefer a regular lattice, say Z?, over any other. Why choose Z? and not

a triangular lattice, for instance? Picking a lattice uniformly at random gets around this

difficulty.

It can also make the mathematics easier. Benjamini and Curien studied the set of “pioneer
points” of a random walk on the UIPQ [BCi13]. The set of pioneer points of a simple random
walk is essentially the outer boundary of the trace of the random walk. For a simple random
walk (SRW) on a regular lattice, the evolution of the set of pioneer points will depend heavily
on its shape. However, they found that the evolution of the set of pioneer points of a SRW
on the UIPQ depends only on its boundary length and not on its shape, thanks to a spatial
Markov property of the UIPQ.

2.1.3 Taking the scaling limit

From the discrete lattices discussed in Section 2.1.2, we would like to obtain continuous
random surfaces. We will give a brief description of how we do this now. Much more detail

can be found in the set of lecture notes [Mie1s], for example.

The first step is to find the limiting radius of the random quadrangulations. For a given

quadrangulation Q = (V(Q), E(Q)) and a vertex v € V(Q), the radius of Q as seen from v
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is defined as
R Q, = max d() u, >
( V) ueV(Q) ( V)

where d; is the graph distance on the quadrangulation Q. Using that definition, we can state

the following theorem from [CSo4].

Theorem 2.1.1. Let Q, be the set of all planar quadrangulations with n faces. Let Q, € Q,, be
chosen uniformly at random and, conditionally on Q,, let v* be chosen uniformly at random
from the set of its vertices, V(Q,). Then

9 1/4
(5) R(Q,,v*) > supZ —inf Z,

where Z is the head of a Brownian snake with lifetime 1.

The proof uses the Cori-Vauquelin-Schaeffer (CVS) bijection between rooted planar quadran-
gulations with n faces and one distinguished vertex, and rooted plane trees with n edges with
suitably labelled vertices and one extra vertex [CV81,Schg8]. The labels on the vertices are
“suitable” if the difference in labels on two neighbouring vertices is in {-1, 0, +1}. To obtain
the quadrangulation from the tree, explore the vertices in contour order, clockwise, starting
from the root. Connect each vertex visited to the next vertex encountered in the exploration
with a label exactly one less than the vertex to be attached. See Figure 2.1 for an example. The

edges we form as we complete these attachments form the edges of our quadrangulation.

By keeping track of the distance from the root of our tree as we do the contour exploration we
get a contour process of length 2. If the tree we explore, T, is chosen uniformly at random
from the set of all rooted plane trees with n edges, then the contour process is uniformly

chosen from the set of excursions of length 2n. We will call this contour process C,,.

If, instead of keeping track of the distance from the root as we explore, we keep track of the label,
then we get a label process L,,. If we have chosen our labels uniformly at random amongst the
set of admissible labels then, conditionally on the tree, we can see that the process L, behaves
like a random walk with jumps of {-1,0, +1} along each branch of the tree. Note that L, gives

us the graph distance from the distinguished vertex in the corresponding quadrangulation.
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Figure 2.1: The CVS bijection. Left: a rooted tree with an added vertex

is drawn in blue, and the corresponding rooted quadrangulation is drawn
around it in orange. Right: the same quadrangulation is drawn in orange,

with the tree drawn inside it in blue.

We get the following convergence. The proof can be found in, for example [LGM12]

Theorem 2.1.2. Let C,, be the contour process of a tree T, chosen uniformly at random from the

set of all rooted plane trees with n vertices. Then

d
) —> € as n — oo,
te[0,1]

where e is a Brownian excursion.

We get a similar convergence result for the label process L,.. But, L, behaves like a random walk

2

along branches of the tree, conditional on the tree. The tree already has a “central limit theorem’
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style rescaling, so rather than scaling L, by n~"/? we need to rescale by (n1/2)1/2 = n-1/4,

Then we get the following.

Theorem 2.1.3. Let C,, and L, be the contour process and label process of a tree chosen uniformly

at random from the set of all rooted plane trees with n vertices. Then

C,(2nt) (9 \*
( ( 2 )>(_) Ln(znt)) —>d (C,Z) as n — oo,
V2n o \8n te[0.1]

where e is a Brownian excursion and, conditional on e, Z is a continuous, centred Gaussian

process with covariance function
Cov(Z;, Z;) =inf{e, : ue(s, t]},

fors,t €[0,1] withs < t.

These distributional properties were used in [LG13, Mie13] to show convergence of UIPQ,
suitably renormalised, to the Brownian map, in the Gromov-Hausdorff topology. Some
unexpected things appear in this scaling limit: the Brownian map is homeomorphic to the

sphere not the plane [LGP08, Mieo8], and it has a Hausdorff dimension of 4 and not 2 [LGoy].

2.1.4 Starting in the continuum

Another approach to introducing random surfaces is to work directly in the continuum. This
was done by mathematicians, in some way, before they explicitly talked about random surfaces.
In the early work of Lawler and Werner, [LW99], Duplantier “recognised the emergence of an

underlying quantum gravity structure” [Dupo6].

It was constructed more explicitly in the work of Duplantier and Sheffield [DS11]. They
constructed the volume form of a random manifold out of the exponential of the Gaussian
free field and, using that volume form, were able to show a version of the KPZ equation that we
saw in Section 2.1.1. A slightly different version of the KPZ equation was proven concurrently

in [RV11], using Kahane’s theory of multiplicative chaos [Kah8s].
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For now though, we concentrate on the Duplantier-Sheffield construction. (A good introduc-
tion can be found in the survey [Gar12].) A difficulty that we will come across in Section 2.2 is
that the GFF is not defined pointwise, so its exponential is not well defined. However, with a

sequence of regularisations, the measure converges.

We will discuss the construction of the measure more thoroughly in Section 2.4.1. For now,

we will simply assume the existence of a measure g which can be thought of, formally, as
u(dz) = e dz,
where h is a Gaussian free field.

Since Duplantier and Sheffield constructed the volume form for the random manifold rather
than a metric, in order to prove the KPZ equation they had to use a slightly modified version
of the definition of quantum scaling exponent. Let B.(z) be the ball of radius ¢ centred around
the point z. Then, if z € D, the “isothermal quantum ball” of area & is B%(z) = B:(z), where
¢ = sup{e : u(Be(z)) < 8}. For X c D the Euclidean and quantum neighbourhoods are
defined as

B(X)={z : Bs(2) nX # @}

and

B (X)={z : B(z)nX # &},

respectively. From these we define the Euclidean scaling exponent x and quantum scaling

exponent A as
| TogE[£(B.(X))]
=0 log &?

and
5
o BB OO
30 logd

respectively. With these definitions, Duplantier and Sheffield obtained the KPZ equation as

follows.

Theorem 2.1.4. Fix y € [0,2) and a compact subset D c D. Let X c D be a (possibly random)

set, independent of the measure . If X n D has a Euclidean scaling exponent x then it has a
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quantum scaling exponent A, where A is the non-negative solution to the KPZ equation

2

xzy—A2+(1—y—)A.
4 4

Note that the quantum neighbourhood of X is defined in terms of Euclidean balls. It is thought

that, as § — 0, these Euclidean balls will approximate true quantum balls.

2.1.5 Linking the two approaches

We have now met two different ways of defining a random surface, both motivated from
different but related ideas from statistical physics. The scaling limit approach of Section 2.1.3
has the advantage, amongst other things, of being equipped with a metric space structure.
An advantage of the approach of starting in the continuum is, again amongst others, that the
space comes with a conformal structure inherited from the GFE. However, we cannot view

the random surface as a metric space yet.

There has recently been significant progress in linking the two spaces. For y = 1/8/3, Miller
and Sheffield have been able to show that the Brownian map and Liouville quantum gravity

can be endowed with the other’s structure in a consistent way [MS15, MS16a, MS16b].

2.1.6  The Gaussian free field

We briefly mentioned the Gaussian free field in the construction of the LQG measure from
Section 2.1.4. That is far from its only use! It appears in areas as diverse as the limit of the height
function in random domino tilings (dimers) [Keno1], fluctuations of the Hastings-Levitov
growth model [Sil15], random matrix theory [RVoy], fluctuations for the Ginzburg-Landau
interface model [Mil11] and Internal DLA [JLS14].
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2.2 DEFINITION AND PROPERTIES

We will now give the definition of the Gaussian free field. It does not actually exist as a function,
but instead as a distribution?, and we will make it clear in exactly what space we are viewing
the GFE. A more thorough introduction to the GFF can be found in [Berisc], for example.

Our presentation follows those notes, along with elements from [Mil13].

We concentrate mostly on the zero (or Dirichlet) boundary Gaussian free field in this sub-
section. The Neumann (or free) boundary GFF is constructed in a similar way, but with a
different Green function. The Green function we consider in Section 2.2.1 is that of a stopped
Brownian motion. To define the Neumann boundary GFE, we would use the Green function

for a reflected Brownian motion.

We will meet the Neumann boundary GFF again in Section 2.3, and examine it more thor-

oughly in Chapter 4.

2.2.1  Green function

Before we can define the GFE we need to spend some time looking at the Green function
defined from a stopped Brownian motion. Let D c R? be some domain and, for x, y € D, let
pP(x, ) be the transition probability for a Brownian motion killed when it leaves D. Then

the Green function Gp, is given by

Gp(x,y) = ﬂfomp?(x,y)dt. (2.2)

The factor of 7 in (2.2) is to make some calculations later on easier. No matter what the domain

D is, Gp will always be infinite on the diagonal. We can see this by noting that

pr(x,y) = pe(x, y)mP (x, y),

where p; is the standard Brownian transition density and 7P (x, y) is the probability that

a Brownian bridge from x to y with duration ¢ stays in D. Clearly, nP(x, y) - las t — 0.

*This is distribution in the sense of generalised function, not in the sense of the law of a random variable.

39



LQG anp THE GFF

Combining that with the fact that p,(x, x) = (27t)~4/2 shows that Gp(x, x) is not finite.

However, as soon as we are off the diagonal, Gp(x, y) might be finite. We will call any domain
D for which Gp, is finite off the diagonal a Greenian domain. All bounded domains will be
Greenian, but there are unbounded Greenian domains: the upper half plane H in C is an
example. A reflection argument lets us see that pf(x, y) = p;(x, y) — p:(x,¥), which lets us

calculate explicitly that
-3
[ =yl

Gr(x,y) =log (2.3)

In two dimensions, when we view R? as the complex plane, the Green function inherits
a conformal invariance property from Brownian motion (see Theorem 7.20 of [MP10] for

example).

Proposition 2.2.1. Let D c C be a domain and ¢ : D - ¢(D) a conformal map. Then for all
x,y€D,

Gp(x, y) = Gy(p) (¢(x), ¢(¥))-

From the explicit form of Gy in (2.3) and Proposition 2.2.1 we can calculate the Green function
Gp for any simply connected domain D ¢ C. However, there is an even more explicit form,

which arises from the following. More detail can be found in section 1.2 of [Berisc].

Proposition 2.2.2. Let D c C be a bounded domain. For any fixed x € D, the Green function

GD(X, )

— is harmonic in D \ {x},
- is equal to zero on the boundary, and

- satisfies AGp(x,-) = —218,(+) in the distributional sense.
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Proposition 2.2.2 tells us that for any bounded domain D c C,

Gp(x,y) = —loglx - y| - G(x, ),

where G(x, y) is the harmonic extension of —log |x — -| from 9D to D.

2.2.2  Definition

We would like to define the Gaussian free field as a Gaussian process on a Greenian domain
D c C whose covariance function is equal to the Green function Gp. This leads us into some
difficulties, because the Green function Gp is not finite on the diagonal, so our Gaussian
process will not have a well-defined variance. As a consequence, it will not be a function. We
can, however, define it as a stochastic process indexed by signed measures, or as a distribution

in an appropriate generalised function space.

First, we need to be clear about the variance of the process. Let M, be the set of positive

measures with finite energy

eo(p) = [[ Golx.»)p(dx)p(dy), (2.4)

and let M be the set of signed measures p which can be decomposed as p = p, — p_, where
P> p- € M,. We can also talk about the energy of a function f, so long as the measure given

by p(dx) = f(x)dx is in M. In that case, we will write Ep(f) = Ep(p).

Also, for py, p, € M, we define the cross energy of p; and p, as

En(pp2) = [ Golx, Mpi(dx)pa(dy).

Note that £p(+,-) is symmetric and bilinear.

We can now define the zero boundary Gaussian free field.

Definition 2.2.3. The zero boundary Gaussian free field is a stochastic process (%, ) et
indexed by the set of measures M, where each random variable #,, is a centred Gaussian with
variance equal to the energy £p(p). Furthermore, for p;, p, € M, the random variables /,,

and h,, have covariance equal to the cross energy Ep(p1, p2).
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We need to check whether Definition 2.2.3 actually makes sense. The first point we need to

check is that Ep(p) > 0 for all p € M. For that, we need the Gauss—Green formula which

fDVf-ng—foAg,

for all suitably smooth function f, ¢ which are compactly supported in D. We will also use

states that

the Dirichlet inner product, defined as

1
(f: ) =5 [ VI () Vg(x)dx, (25)
where the factor (277)~! is to make calculations later on simpler.
The following proposition is well known, but we include the proof for completeness.
Proposition 2.2.4. The energy Ep(p) is non-negative for all p € M.
In order to prove Proposition 2.2.4, we will use a mollification argument. We will need the
following result.

Lemma 2.2.5. Let 0 : R? - R be a smooth, radially symmetric, positive function with compact

support and

[ O(x)dx =1
R2
For ¢ > 0, let 0,(x) = e720(x/¢). Define the function G (x, y) by

GH(x,y) = ﬂ Gp(u,v)0:(u—x)0.(v - y)dudv.

Then
Gp(x,y) < Gp(x,y)

forall x,y e D.

Proof. We will prove that

f Gp(x,v)08:.(v — y)dv < Gp(x, y). (2.6)

Iterating (2.6) is enough to prove the lemma.
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Let & = dist(x, y). The integral changes behaviour depending on whether or not v € Bs(y).
We will split the integral up and treat the cases separately. Start by writing

[ Gp(x,v)0.(v—y)dv = [VEBSU) GD(x,1/)95(1/—)’)dv+[¢

VB‘;

Gp(x,v)0:.(v—y)dv. (2.7)
62

We know that Gp(x, ) is harmonic in D \ {x}. We have ensured that Bs(y) c D\ {x}, and so
Gp(x,-) is harmonic in Bs(y). Because 6 is radially symmetric, we can use the circle average

property of harmonic functions to see that

[veB ) Go(x:v)6c(v = y)dv = Go(x. y) 0(v—y)dv. (2.8)

veBs(y)

We cannot use the circle average argument to get a similar equality for the second term in
(2.7), because any circle that we integrate over will encircle the point x. However, the circle
average argument gives us an inequality. Consider a circle of radius r > dist(x, y), centred
at y. Let F, be the harmonic extension of Gp(x,-) from 0B, (y) to B,(y). Then we certainly

have
1 2 )
F.(y)=— f Gp(x,y+re')dy.
21 Jo

The function F, is harmonic in B,(y) and agrees with Gp(x,-) on dB,(y). Because Gp(x, )

has an infinite singularity in B,(y), we see that

F.(y) <Gp(x,y).

The choice of r > dist(x, y) was arbitrary, and so we can bound the second term of (2.7) by

[ Gp(x,v)0:(v—y)dv < Gp(x,y) O.(v—y)dv. (2.9)
v¢Bs(y) véBs(y)

Substituting (2.8) and (2.9) into (2.7) gives

/ Gp(x,v)0.(v - y)dv < Gp(x,y) /B 0 0:(v—y)dv+Gp(x,y) 5s0) O.(v—y)dv
VEB; VEDs

=Gp(x, ),
finishing the proof. O
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Proof of Proposition 2.2.4. First, assume that p is a smooth, compactly supported function in

D and let f be a function which satisfies A f = 2mp in D, and f = 0 on dD. Then

&o(p) = [[ Golx.»p(x)p(y)dxdy
) po(x) (/DGD(’C’)’)P()/)dy) dx

=— / p(x)f(x)dx by Proposition 2.2.2
D
1
= [ F)Af(x)dx
= % / Vf(x) -Vf(x)dx using integration by parts
D

_ L 2
- - [ 19f ()P
The final line shows us that £p(p) > 0.

To extend from smooth functions to all measures p € M, let 6 be a smooth mollifier satisfying

the conditions in Lemma 2.2.5, define 6.(x) = ¢20(x/¢), and

pu(x)= [ 0.y~ x)p(dy).

We know, from the calculations above, that Ep(p,) > 0. Now, note that

Ep(pe) = /D , Go(x, y)pe(x)pe(y)dxdy

- [ Goten ([ 0ctu-pta))( [ 6.v-ppan)) dxdy
- [ (J]], Gotx.0).u = 0.(v - y)dxy) p(dwpp(av)

Using the notation from Lemma 2.2.5, we see

En(p) = [[ Gh(wv)p(du)p(dr).

Therefore, using the result from Lemma 2.2.5, we can use the dominated convergence theorem

to see that
lim &p(pe) = En(p),

and so Ep(p) > 0. O
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Bilinearity of Ep (-, -) lets us see that, for any Ay, A,,..., A, € Rand py, py, .. ., pn € M, we have

n
D Aihy, € gy (2.10)

i=1
Positivity of £p from Proposition 2.2.4 shows us that £p (37, A;p;) > 0, so the right hand side

of (2.10) is well defined. Therefore, we see that

[exp( S )] E [exp (i, 1))

e ge(E))

and so the finite dimensional distributions of (hp) pemm are well defined.

2.2.3 Viewing the Gaussian free field as a distribution

Suppose that p is a smooth, compactly supported function on D, and f is a function that

satisfies A f = 27p. Then, in the proof of Proposition 2.2.4, we derived the identity

5D(P) = <f’ f)v

This motivates an alternative definition of the Gaussian free field.

Let C5°(D) be the set of smooth, compactly supported functions on D, and let H} (D) be the
closure of Ci°(D) under the Dirichlet inner product (2.5). Let { f,} be an orthonormal basis
of Hy(D).

Definition 2.2.6. Let {f,} be an orthonormal basis of Hj(D), and {a,} a sequence of

i.i.d. standard Gaussian random variables. We define the GFF as the formal sum

h=Zocnfn.

The first thing to note here is that the GFF h as defined in Definition 2.2.6 is not a member of
H}(D). Its squared H, (D) norm is

2 2
LIEEDI A VA EEDI A
n n
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which diverges almost surely.

Instead, let us define the partial sum AN = ¥ «, f,,, which is a member of H} (D). Then for a
function f € H(D), we can consider the series
. N
(WY, f)g = 20 (foo fs -

By independence and symmetry of the {a, }, we know that ({h", f)_)ney is a martingale.

Furthermore, we see that
E[(hY, f)5]= 2 (o ) B[]

{fus fv

B
]
—_

e

N
I
—

2
<[fI5 < oo,

ie. (AN, f)o)nen is an L2(IP) bounded martingale. Therefore, it converges almost surely and
in L*(P) by the martingale convergence theorem. Its limit, which we write as (k, f)_,isa

Gaussian random variable whose variance is 3, ( fu» f)o = | f ||2v

For functions f, g € Hy(D), we can use the same definition using partial sums to see that

<h> f+g>v = <h> f)v + (h’ g)v

Therefore, we can use the polarisation identity to see that

Cov ({1, S (h £)5) = 5 (Var((h, £+ g)o) ~ Var(h, £ - £)5)
1 2 2
= 2 (IF + 13- 17 - gl)
=(f>8)v-

If we use suitably normalised eigenfunctions of the negative Laplacian as our basis functions
{f.} then we can use Weyl’s law on asymptotic behaviour of eigenvalues to see that the GFF
is in H;¢(D) for any & > 0. In particular, we can construct a version which is a continuous

linear functional on Hy(D). For more detail, see Theorem 15.5 of [BN14].
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Importantly, Definitions 2.2.3 and the distribution definition of the GFF are consistent. Sup-
pose we take a GFF h, viewed as a stochastic process on M as we have in Definition 2.2.3. Let
M* be the set of measures p € M which are regular enough to be written as p = 5= (A)7'f
for some function f € Hj(D). Then there is a version of the process (h,),er¢ which, when

restricted to M*, is a member of H;'(D) and can be defined as in Definition 2.2.6.

2.2.4 Basic properties

We saw in Section 2.1.1 that a vital property for the GFF to have is conformal invariance. Luckily,
conformal invariance is inherited from the Dirichlet inner product used in the covariance
structure. All of the results in this subsection can be found in more detail in [Sheo7], for

example.

Theorem 2.2.7 (Conformal Invariance). Let D and D' be two domains in C, and let v be a
bijective, conformal map from D to D'. Further, let h be a GFF on D, and h’ a GFF on D'. Then
hino v in the sense that, for any function f € Hy(D), we have

(h, f)g £ (1, foy™). .

Proof. The claim above follows directly from conformal invariance of the Dirichlet inner

product, i.e. for f, g € H (D) and v as in the statement of the proposition, we have

/L;IV(fOI//_l)-V(gOV/‘l) dx:fDVf-ngx. (2.11)

]

Another very important property of the GFF is the domain Markov property. Suppose that h
is a GFF defined on a domain D and U c D is some subdomain. The domain Markov property
essentially says that, if we condition on the values of h on dU, then its distribution inside U
is that of a zero boundary GFF plus the harmonic extension of the boundary values. As the
GFF is not a function, conditioning on the values that it takes on dU is not really possible.

However, it is a good way of understanding the following theorem intuitively.
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Theorem 2.2.8 (Domain Markov Property). Let D be a domain, and U c D a subdomain. Let

h be a GFF on D. Then we can write h = hy + h,, where

hy and h, are independent,

h, is a GFF on U and zero on D \ U,

hy, hy € Hy*(D), and

hy is harmonic on U and agrees with h on D \ U.

The proof (which we will show soon) involves decomposing the space Hj(D) into orthogonal
subspaces, and projecting the basis functions used to define the GFF onto those spaces. So,
for a domain D and a subdomain U c D, let Harm(U) be the functions in H}(D) which are
harmonic in U, and let Supp(U) be the functions in H (D) which are supported in U. These

are orthogonal and spanning subspaces of Hy (D), as we will now see.

Lemma 2.2.9. Using the same sets D and U as in the previous proposition. Then
H}(D) = Harm(U) & Supp(U),

i.e. Harm(U) and Supp(U) are orthogonal and span Hj(D).

Proof. The proof splits into two parts.

ORTHOGONAL: Let f € Harm(U) and g € Supp(U). Then we calculate the Dirichlet inner

product:
/DVf-ngxZ/UVf-ngx because g =0in D\ U,
=— /U (Af)gdx by integration by parts,
=0 because f is harmonic on U.

Therefore Harm(U) and Supp(U) are orthogonal. For the “integration by parts” section in
the argument, we are using a consequence of the Gauss-Green theorem. See Theorem 3 in

Appendix C of [Evaio].
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SpaN: Now let f € H{ (D), and let f; be the orthogonal projection of f onto Supp(U). We
want to show that f, := f — f; is harmonic on U. Let ¢ € Harm(U) be a function such that
dlpwv = flp.u. Then we can write f, = ¢ + # for some function # € Supp(U). We calculate

the norm of f, in terms of ¢ and # to see the following inequality.

1A% =(¢+n ¢+n)g
= [¢l3 +2 (¢ n)g + I7]3

= 1912 + 12 by orthogonality
> 613 if 7 4.0

However, since f; is defined as the function which satisfies

If=filg= inf |f-glg=inf [@_,

g€Supp(U) ¢eH{ (D),
¢~)|D\U:f|D\U

we know that | |, < | ¢ Therefore, # must be identically zero, and so f, is harmonic in

U. O
We can now prove the Markov property.

Proof of Theorem 4.2.15. Let {¢,} be any orthonormal basis of H,(D) and let h = Y, a,¢,,
be a GFF (so the a, values are i.i.d. standard normal random variables). Further, let {¢}, } be
an orthonormal basis of Harm(U), and {¢?2} an orthonormal basis of Supp(U). Then, by

Lemma 2.2.9, {¢} } U {¢2} is an orthonormal basis of Hj(D). We can change basis to see that
h= Z P
=D 0, + ) andn,

where af = (h, ¢i) for i =1,2. A simple calculation shows that the new coefficients (&) are

also i.i.d. standard normal random variables.

Define the random variables /;, and h, by
hl = Z (X,l,l(p},l and h2 = Z oci(bi
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First, note that h; and h, are independent, by the independence of the sets of random variables
{al} and {a2}. Further, it follows from the definition of the basis {¢2} that h, is a GFF on U
and zero on D \ U. Therefore, we know that h, € H;*(U) and so we have h, € Hy*(D), from

which it follows that i, = h — h, € Hy*(D) also.

The fact that h;, is zero on D \ U gives us that h; agrees with h on D \ U. The last thing left to

show is that h; is harmonic on U. Since h; € Hy*(D), we know that

N
> andy = h
n=1

in Hy*(D) as N — oo. It therefore also converges in the sense of distributions, and so for any

function f € C°(U) we can calculate
Al 1 41
<h1’ Af) = I\lllilolo <;an¢n’ Af)

N
= Jim > o5, {91, A7)
N

= lim ) ol (A4}, f) by integration by parts,
1

— 00
N n

=0,
where the last equality comes from the fact that each ¢!, is harmonic on U. However
(h, Af)=0 forall feCy(U)

is exactly what it means for h; to be harmonic on U in the sense of distributions, and so we

are done. O]

2.2.5 Regularisation

We met one technique used for regularising the GFF in Section 2.2.3, which was to define the
partial sum hV. Another way of regularising the GFF into a surface that we need to understand
is the circle average process. We want to look at the GFF when applied to uniform measure

on a circle. For ¢ > 0 and z € D, let p? be uniform measure on a circle of radius ¢ centred at z.
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We will now look at some of the properties of the circle average process given by
he(z) = (h, p7)
forz e D, 0 < ¢ < dist(z,dD), and h a GFF on D.

The first property of the circle average process we study is its continuity. The following appears

as Proposition 3.1 in [DS11].
Proposition 2.2.10. The process (h,) e has a modification such that
(he(z) : ze D, €€ (0,dist(z,0D))
is Holder continuous on all compact subsets of
{(z,¢) : ze D, 0<e<dist(z,0D)}
for every n < 1/2.
The proof of Proposition 2.2.10 involves showing a Lipschitz condition the variance of the

difference:

Var(he, (21) = he,(22)) < K(|21 - 2] + &1 - &2]), (2.12)
for all (z;, &) and (2, €;) in a compact subset of
{(z,€) : ze D, 0<e<dist(z,0D)}

Condition (2.12) comes from estimates of the covariance which we know is given by

Cov(h, (2), h(22)) = [ Golx.y)pit(dx)pzs(ay). (13)

Regularity of the Green function G, then ensures that condition (2.12) can be met on compact

sets, with a large enough constant K.

Once we know that (2.12) is true, we can combine it with the fact that h,, (z;) and h,,(z,) are
Gaussian to use the multi-parameter Kolmogorov-Centsov theorem. From that, the result

follows. (See Theorem 2.8 of [KS91] for more detail on the Kolmogorov-éentsov theorem.)
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Related to the idea of the continuity of the circle average process that we saw in Proposition
2.2.10 and the Markov property of the GFF that we saw in Section 2.2.4 is the idea that we
can recover a Brownian motion from the circle averages around a point z € D. This is a well

known result (see [Sheoy, DS11] amongst others) but we include the proof for completeness.

Lemma 2.2.11. Let z € D and fix gy > 0 small enough so that the circle of radius €, centred at z

is contained in D. Then the process defined for t > 0 by
By = heyet(2) = hey(2)

is a standard Brownian motion.

Proof. From Proposition 2.2.10 we know that (B;) is continuous. Now, let ¢, ¢, € (0, &) with

& > &, and consider the increment

he,(z) - he,(2). (2.14)

The Markov property of the GFF lets us write h = h' + h°, where h' is a zero boundary GFF
inside the ball of radius ¢, centred at z, B,,(z), h° is harmonic in that ball and agrees with h
outside of it, and h' and h° are independent. As h° is harmonic in B, (z), the circle average
property of harmonic functions tells us that h? (z) = h?,(z) = h°(z). Therefore, we can write

the increment (2.14) as
hSZ(Z) - hgl (z) = héz (Z) - hl.’l(z)'

This depends only on the GFF h’, and is therefore independent of h°, the GFF outside the
ball B, (z). Translating back to the process (B, ), what we have shown is that for s > t > 0, the
increment B — B; is independent of (B, : u € (0,t)). And therefore (B,) has independent

increments.

We know at this point that (B;) is a Brownian motion, up to a time change. To check that we
are looking at the correct time scale for (B,) to be a Brownian motion, we need to calculate

the variance of the increment h,,(z) - h,,(z) = hi (z) - hi (z) = hi (z). We can calculate
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variance of the right hand side explicitly:

Var(hl, (2)) = [ Ga, o (%, »)pE (dx)p ()
= [ Gay e (x.0)p5, (d),

where we have used the circle average property of harmonic functions for the second inequality.

Now, for x on the circle of radius ¢, centred at z, we know that

and so we see that

Var(h,,(z) — h,(z)) = —loge, +loge;.
Translating this back to the (B;) process, we find that for s > ¢ > 0,
Var (B; - B;) =s — t,

and so (B;) is a Brownian motion. O

With more careful calculations involving the Green function, we can find the following result

on the variance of the circle average. See Proposition 3.2 of [DS11] for all of the details.
Lemma2.2.12. Letz € D andlet € € (0,dist(z, 0D)). Then the circle average h.(z) has variance
Var(h.(z)) = —loge +logR(z; D),

where R(z; D) is the conformal radius of the domain D viewed from z.

2.3 COUPLING WITH SLE

We will now show how the GFF can be related to the SLE curves from Chapter 1. We will
see two similar results. Roughly stated, we can either “zip up” a zero boundary GFF using a
forward SLE to obtain another zero boundary GFF, or we can “cut” a Neumann boundary
GFF using a reverse SLE to obtain another Neumann boundary GFE The Theorem statements
are originally from [She1o], and the proofs are a combination of those in [She1o], [BN14]

and [Mil13].
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2.3.1 Theorem statements

We now state the forward and reverse coupling theorems. The forward coupling allows us to
“zip up” a zero boundary GFF using a forward SLE. See Figure 2.2. In this section, we break
from the usual notation of g; for the forward SLE flow and f; for the reverse. We will, instead,
abuse notation and call them both f;. Most of the calculations that we will perform are almost
identical for both cases, and so using the same notation for both cases will ease notation later

on.

Vi

ho f,— yarg f/ h

Figure 2.2: A visualisation of the forward coupling.

Theorem 2.3.1. Fix k € (0,4] and let yr be the segment of SLE, generated by the Loewner flow

2
dfi(z) = - V«kdBy, 2.1
ft( ) ﬁ(Z) \/E t ( 5)
up to a fixed time T > 0. Write
-2 2
up(z) := ﬁargz, Y= ﬁ——?,

u(2) = uo(fi(2)) - yarg fi (),
and let h be an instance of the zero boundary GFF on Hl, independent of B. Then the following
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two random distributions on H agree in law:

h:=u0+i1.

ho fr— yarg fl=ur+ho fr.

The statement of the reverse coupling is similar. It lets us cut through a Neumann boundary

GFF with a reverse SLE to obtain another Neumann boundary GFFE. See Figure 2.3.

)43

fi

ho fi + Qloglf/| h

Figure 2.3: A visualisation of the reverse coupling.

Theorem 2.3.2. Fix k > 0 and let yr be the segment of SLE, generated by the reverse Loewner
flow
-2

= m - \/xdB,, (2.16)

dfi(z)

up to a fixed time T > 0. Write

2
up(z) = ﬁlog% Q:=

u(z) = uo(fi(2)) + Qlog|f/(2)];

B
S5
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and let h be an instance of the free boundary GFF on H, independent of B. Then the following

two random distributions (modulo additive constants) on H agree in law:

]’21=l/l0+]:l.

ho fr+Qlog|fil = ur+ho fr.

There is some difficulty with the statement of Theorem 2.3.1 because the distribution & o
fr — xarg f; is only a priori defined as a distribution on H \ yr, and we want to view it as a
distribution on H. It is easiest if we view it as up + ho fr and show that both terms are well

defined distributions on H.

We will deal with the second term first. First note that, by conformal invariance of the GFE,
h o fr is a zero boundary GFF on H \ yr. To extend it to a distribution on H, we use the
following. This was originally Proposition 2.2 in [SS13], but our statement and proof is closer

to Proposition 15.8 in [BN14].

Proposition 2.3.3. Let D be a subdomain of H. Let h be a zero boundary GFF on D. Then h
extends uniquely almost surely to a random variable h in D' (H), the space of distributions on

H, such that (E, p) is a centred Gaussian r.v. with variance

en(p) =[] p(x)Go(x.)p(»)dxdy,

where Gp, is the Green function on D.

2.3.2  Informal justification
The proof that ur is a well defined distribution on H will come later. For now, we assume that
it is a well defined distribution on H to derive the form of the two Theorems.

Most of the following calculations are common to both the forward and reverse couplings.

When we talk about the Green function, we will abuse notation again by having a common
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letter for both the forward and reverse cases. Let G, be the Green function for the upper

half plane, and G, the Green function for H, = H \ ;. By conformal invariance, G,(x, y) =

Go(fi(x), f:(¥))-

We will show that both distributions in the Theorem statements have the same finite di-
mensional distributions by considering their characteristic functions. Let p € C>*(H) be a

compactly supported, smooth test function. We know that (I:l + Uy, p) is Gaussian with mean

mo = (uo, p)

and variance
Eo= [ p(x)Go(x, 7)p(y)dxdy.

So. E I:ei6<il+uo,p):| — ei@mo—%GZEo-
Conditional on Fr, Proposition 2.3.3 tells us that (]:l o fr, p) isa centred Gaussian with variance

Er = ffHTp(x)Gr(x,y)p(y)dxd%

Therefore, we can calculate
E [exp (i@ (iz ofr+ur, p))] =E [eie(“T”’>E [exp (z’9 (fz o fr, p)) |FT]]
1
-E [exp (i0 (ur, p) - EBZET)] :
To show equality in distribution, we would like to show that
, 1, , 1,
E|exp|if (ur, p) - 56 Er)|=exp|i0(uo, p) - 50 Ey]. (2.17)
It will therefore be sufficient to show that (ur, p) is a martingale with quadratic variation
given by
(e p)) = Ec= = [[ p(x)Gilx.»)p(»)dxdy.
If it is, then Ito’s isometry tells us that
Bl o] =E| [[ pu@upmaxdy| =~ [[ px)Gix.y)p(n)dxdy.

which is enough to see (2.17).
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2.3.3 Derivation of u,

What we will in fact show is that for any fixed x, y € H, u,(x) and u,(y) are martingales with

cross variation
d{u(x),u/(y)) =-dG(x,y)

and then argue that we can interchange the order of integration.

First, we need to calculate dG,;. As most of the calculations are common to all cases, we
will consider them all at once. When we need to distinguish between forward and reverse
couplings, we will use blue and red respectively, and when we distinguish between and

free boundary conditions we will use and green, respectively.

Note that the Green function takes the form

Gi(x,5) = Go(fi(x), fi(3)) = “log|fi(x) = fi(y)| - log fi(x) = ().

Now, what is dlog (f;(x) — f;(¥))? It has finite variation (and is in fact smooth), so we can
use standard calculus to see that

dlog (fi(x) - fi(y)) = ———

md(ﬁ(x) - fi(»))

Il
H

1 ( 2 2 )dt
fr(x) = fil(y) \ fi(x)  fi(¥)
#dt
() fily)

1l
H

Therefore,

2 11
4Gi(xy) = Re(*ﬁ(»c) (m ﬂ(y))) a

el 2
=R fi(x) —2Re(ﬁ) )dt
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We summarise these calculations in the following table.

-dG(x, y) ‘ Free
Forward Im( f))lm(%y»dt —Re(ft(zx))Re(ﬁ)dt
Reverse | -Im ) Im ﬁ) dt Re (ﬁ(zx) ) Re (ﬁ) dt

It is clear from this that, as we want —dG,(x, y) to be the cross variation of two martingales,
and therefore the product of two real expressions, we cannot work with the elements in the
table above which have a negative coeflicient. Therefore, we use the zero boundary GFF in the

forward case and the free boundary GFF in the reverse.

It is also clear that we want to construct our martingale u,(x) to have diffusivity equal to the

real or imaginary part of +=. So, let’s check log fi(x):

dlog(fi(x)) = dfi(x) - d(fi(x))

f() 2f()

de)

1
:ﬁ(x)( RO
-k VK
ETACIEENAe

That is almost what we need, but in the x # 4 case, we need a correction term. By differentiating

Zﬁ(x)2
dB;.

the Loewner equation with respect to space, we find that

df/(x) = i(tf Ei’)‘j i,

and so

dlog f{(x) = ) dfi(x) =7——=;

ft( f( )2

Therefore, we find that

Jx
fi(x)

d (logﬂ(x) + (1¢Z) logﬂ(x)) =- dB;,

and hence
2

N

\/_)logft(x)) 2 ——dB,.

(G (7 7

Jx
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Taking the real or imaginary parts as necessary gives the form of u, given in the statements of

the theorems.
To recap, we have just shown the following:

Lemma 2.3.4. For fixed x, y € H, the processes u;(x) and u,(y) as defined in Theorem 2.3.1 or

2.3.2 are continuous local martingales, with cross variation equal to

d (ui(x), u(y)) = ~dGi(x, y).
Furthermore, the process u;(x) has quadratic variation given by
d(u;(x)) = -dC(x),
where

Ci(x) := tlogImf,(x) — Relog f/(x).

The last result in Lemma 2.3.4 can be seen by similar It6 calculus calculations on u,(x) and

Ci(x).

2.3.4 Extending to (u,, p)

We now need to argue that the processes u,(x) are martingales (rather than just local mar-
tingales). We also need to show that they are martingales in some uniform sense, to make
sure that (u,, p) is a continuous martingale. We will concentrate on the forward case. The
arguments in the reverse case are, in general, much simpler because the support of the test

functions stay bounded away from the curve y.
To do so, we will need the following:
Lemma 2.3.5. For a fixed t > 0, the function given by
Ci(x) =logImf;(x) — Relog f/(x)
has a law which decays exponentially, uniformly on compact sets D c H.
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Therefore, we can find « > 0 so that
P[-Ci(x)>s]<e™
for all x € supp(p).
Corollary 2.3.6. The law of |u(x)| decays exponentially fast, uniformly for x in the support of

the test function p.

Proof. First use the Dubins-Schwartz theorem to see that we can write
P[Jur(x)| > c] = P[|B_c, (| > c]
for some Brownian motion B. For some s > 0, we can then split the event up to see

P[|B—Ct(x)| > C] = P[|B,C[(x)| > c,—Ct(x) > S] + P[|B—Ct(x)| > c,—Ct(x) < S]
<P[-Ci(x) >s] +P[|Bs| > c]

<e % +2efc2/(25).

Taking s = ¢ shows the exponential decay we were looking for. ]

That exponential decay is enough for us to see that for a fixed ¢, the functions u,(x) are
uniformly bounded in L'(Q) for every x € supp(p). We can now use Fubini’s theorem to

interchange the order of integration to see, for s < ¢

Bl p) |71 = E| [ u(x)p(x)dxl7|
- [ p)E [u(x)\E] dx
- [ p)ux)dx = (u p)
In other words, the process (u,, p) is a martingale.

We now need to show that it is a continuous martingale. We know (from the SDE definition)
that u,(x) is almost surely a continuous martingale for any x, but only up to the time 7(x) =

inf{t>0: x ey}
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In fact, because u, is the real or imaginary part of a conformal function, it is harmonic on its
domain of definition. Therefore, so long as the SLE path stays away from the support of the test

function p, u,(x) is uniformly in ¢ for x € supp(p), which implies that (u,, p) is continuous.

Fix a realisation of y, and let p, be equal to 0 in an e-neighbourhood of y and equal to p
everywhere else. By the previous argument, we know that (u,, p,) is continuous in £. We now
want to show that it converges to (u;, p) as € > 0 uniformly in ¢. That will show continuity of

(uy, p), as the uniform limit of continuous functions is continuous.

The uniform exponential decay in law that we saw in Corollary 6 implies that E [|u,(x)|?] is
uniformly bounded for all x in a compact set, which implies that u, € L? (H) almost surely,

for any p > 1.

Doob’s inequality tells us that

Pl Sup |M5(X)| > C] = P[ sup eM”S(XN > e/lf‘l < e—AC]E I:eMut(xN] .

s€[0,t] s€[0,]

Since |u,(x)| has exponentially decaying tails, E [ e}*()I] is finite for A > 0 small enough. So
we see that sup,, .1 |us(x)| also has exponentially decaying tails. And again, this decay is
uniform for x in compact sets. So, by the same argument as above, we see that sup, ;) lus(x)]| €

LP

loc

(H) almost surely.

Now, fix T > 0. Then for ¢ € [0, T], we see that

(s p) = {1t p) = [ we(x)p(x)dx

Y

where y¢ is the e-neighbourhood of y. We can bound the right hand side by

‘/ye u(x)p(x)dx < sgp(p(x)) [y sup |us(x)|dx. (2.18)

s€[0,T]

Because the path y has Lebesgue measure o almost surely, we know that the area of y¢ tends to

0 as & — 0. Therefore, since sup |u,(x)| € L} |

(H) for p > 1, a simple Holder argument shows
us that the right hand side of (2.18) tends to 0 as ¢ — 0 as well. That convergence in uniform

for t € [0, T], and so we know that (u,, p) is continuous.
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The final thing to do is to check that

(i, o+ [[ p(0)Gi(x 9)p(y)ddy (219)

is, in fact, a martingale. We already know that u,(x)u,(y) + G,(x, y) is. We also know that
the functions u, have exponentially decaying laws. Combining that with the fact that G,(x, y)

is non-increasing in f lets us use Fubini’s theorem again to deduce that (2.19) is a martingale.

2.4 LIOUVILLE QUANTUM GRAVITY

We want to create something that we can use as a random Riemannian surface, whose law
is conformally invariant. The Riemann uniformisation theorem tells us that any simply
connected Riemann surface is conformally equivalent to one of (a) the open unit disc, (b)
the complex plane, or (c) the Riemann sphere. Two Riemannian metrics are conformally
equivalent if the metric of one can be written as a positive function multiplied by the metric
of the other. So any metric of our random Riemann surface, once it has been parameterised

by (a), (b) or (c), should take the form p(z)dz? for some positive function p.

Since the GFF is a conformally invariant object, a natural proposal for the metric of the mani-
fold is e?"(2)dz2. This is, of course, not well defined. However, we can use the regularisation

from Section 2.2.5 to successfully define something we can view as a volume form.

2.4.1 Liouville quantum gravity measure

To construct our volume form, we first give a definition of the regularised measure. This
construction is due to Duplantier and Shefhield [DS11]. It gives the random measure on a

domain D that we used while discussing the KPZ equation in Section 2.1.4.

Definition 2.4.1. Let D be a (Greenian) domain, and let / be a zero boundary GFF on D. Let

y €[0,2) and € > 0. The e-regularised Liouville measure, y., is given by
!,[e(dz) = eyz/zeyhf(z)dz’
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where dz is standard Lebesgue measure on D.

The first thing to note here is the normalisation. We know that
Var(h.(z)) = —loge + log R(z; D),
and so we see that
E[e®] = exp (?(—logs +log R(z; D)) = R(z; D)V 72,

Therefore the expected value of the Radon-Nikodym derivative of the measure g, is constant
in ¢ (ignoring slight boundary effects). We can go further: thanks to Lemma 2.2.11 we can

view e7’/2¢7h:(2) as the exponential martingale of a Brownian motion (suitably time-changed).

An application of Fubini’s theorem then lets us deduce that the expected value for the measure
is

Elu(A)]= [ R(zD)" iz,
so long as the set A has a distance at least ¢ from dD. What we cannot do, however, is
view p.(A) as a martingale, despite the fact that it is the integral over a function which
is a martingale when viewed pointwise. The difficulty is in constructing the filtration; the
overlapping circles of the circle averages mean that we have to know, in some sense, the entire

GFF in and around the set A in order to calculate . (A).

Because we can not view y.(A) as a martingale, we are unable to use standard martingale
convergence techniques to deduce the existence of lim,_, p:(A). However, the following

Proposition from [DS11] gives us that result.

Proposition 2.4.2. Fix y € [0,2). Then the measures y, := "'/2ev() dz almost surely converge

weakly inside D, as € - 0 along powers of 2, to a limiting measure y = yy.

We will explore other ways of constructing similar measures in Section 2.4.3. One of the
features that sets this construction apart is the almost sure convergence of the measure. That
means that the measure y is a measurable function of the field 4. Conversely, the fact that the

field h is a measurable function of the measure y was shown in [BSS14].
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2.4.2  Thick points

We would like to study the set of points on which the Liouville quantum gravity measure is
supported. For that, we need the idea of a thick point of the Gaussian free field. We follow the

definition given in [HMP1o0].

Definition 2.4.3. Let D c C be a Greenian domain and let / be a zero boundary GFF in D. A
point z € D is said to be a a-thick point if

lim _hg(z) =
e~0 —loge

For a > 0, the set of a-thick points, usually denoted by 7, is a set where the field is unusually
large. We know that the circle average process, (h:(z)).-0, behaves (up to a random starting
point) like a standard Brownian motion run at speed t = —loge. So we can view the limit as

lim _hg(z) = lim B

N 2.20
e—0 —logg t—oo ( )

and the time inversion property of Brownian motion tells us that the right hand side of (2.20)

is zero, almost surely (see Theorem 1.9 of [MP10]).

The set of a-thick points is not always empty, however, because we consider every z € D,
which is an uncountable number of points. Indeed, we know that the Hausdorft dimension of

T, is non-zero for suitable «. The following theorem is from [HMP1o0]:

Theorem 2.4.4. Let « > 0, and let T, be the set of a-thick points as defined in Definition 2.4.3.
Then the Hausdor{f dimension of T, is

2
dimpg(7,) = max (0,2 - %) :

(Similar results for general Gaussian multiplicative chaos measures can be found as Theorems

4.1 and 4.2 of [RV13].)

65



LQG anp THE GFF

The set of thick points is important for the study of the Liouville quantum gravity measure
because, as we mentioned at the start of this subsection, it is the carrier of the measure. The

following can be deduced from Proposition 3.4 in [DS11]:

Proposition 2.4.5. Let D c C be a Greenian domain and let h be a zero boundary GFF on D.
Let y € [0,2) and let u be the y-LQG measure from Proposition 2.4.2. Then y is supported on
the set of y-thick points, 'T,, almost surely.

Sketch proof. The proof involves constructing a joint law on the set of points z € D and the GFF
h simultaneously. One way to construct this measure is to choose the GFF h first, construct

the regularised Liouville measure y,, and then choose a point z according to the measure

u:(dz)
u(D)"

This gives a measure Q. on the point z and the field / simultaneously. The key idea to the

proof is then to swap the order we pick the points, so choose z first and then h conditional on
z. We will find that, conditional on the point z, the field h has a log-singularity at z, meaning

that z must be a thick point.
We can write the joint measure, informally, as
Q.(dz,dh) = %syz/zeyhf(z)dzp[dh],
where P is the law of the GFE The marginal law of h under Q is
Qu(dh) = u(DYP[dR],

i.e. it has the law of a GFF weighted by the total mass it gives to D. So, the marginal law of h

under Q; is absolutely continuous with respect to IP. The marginal law of z is equal to
dz 2/2 _yhe(z)
Q:(dz) = 7]E [e7 /21,
which, thanks to the fact that Var(h.(z)) = —loge + R(z; D), is equal to
d >
Q.(dz) = YZR(z;D)V 1
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(In fact, it is only equal to this so long as z is further than & from the boundary. We will ignore
boundary effects to simplify this sketch.) So, as we said at the beginning of the sketch, we
now reverse the procedure. Pick z € D randomly, with probability density proportional to the

conformal radius. Next, pick h according to the measure
Q.(dh | z) o e"P[dh]. (2.21)

Now, Girsanov’s lemma tells us that, if we tilt a centred Gaussian random variable by the
exponential of a Gaussian, the result will still be Gaussian and have the same variance, but a
shifted mean. In our case, by tilting as we have in (2.21), h will have the same variance as a

standard GFE but a mean function given by
Eq [h(w)] = Cov(h(w), yhe(2)) ~ —ylog|w - 2|.

This shows that / has a y-log singularity, almost surely, and so

lim _he(z) =
e>0 —loge

So, a point z chosen according to the measure Q is almost surely a y-thick point of the field,
also chosen with respect to Q. Since the law of the field under Q is absolutely continuous
with respect to the standard law of the GFFE we see that the Liouville measure is supported on

y-thick points, almost surely. H

2.4.3 Multiplicative chaos

Another way of constructing a measure out of Gaussian fields was introduced by J.P.Kahane

in [Kah8s]. He gave a rigorous way of defining the measure
u(dz) = XO-TEXE N5 (dyg), (2.22)

on a metric space (D, p), where X is a Gaussian random field, o is a reference measure in the

class R} (a similar condition to requiring that ¢ has finite d-energy), and y > 0.

67



LQG anp THE GFF

One of the constraints the theory in [Kah8s] is that, to ensure uniqueness of the measure, we

need to assume that the covariance kernel

K(x,y) =E[X(x)X(y)]

is of o-positive type. The kernel K : D x D - R uU {0} is o-positive if K can be written as

K(x,y) = iomx,y), (2.23)

where the functions K,, are non-negative definite, continuous and pointwise non-negative.

Kahane focussed on the case that K can be written as

T
K(x,y) =log, —— + g(x, ), (2.24)
Tp(xy)
where g is a bounded continuous function.

With K expanded as in (2.23), let Y,, be a Gaussian field with covariance kernel K,,. Then we
can define an approximation to the field X as XN = YV 'Y, Then the sequence of measures
given by

#N(dz) = P XV(@)-E[XN(2)?] o(dz)

converge almost surely in the space of Radon measures to a random measure y. The o-
positivity assumption (coupled with Kahane’s convexity inequality) ensures that the law of the
limiting measure does not depend on the o-positive decomposition of K. However, it does

not guarantee almost sure uniqueness of the limit.

In the same paper, he also derived conditions on y which ensure that the limiting measure p
is non-degenerate: we must have y? < 2d. Furthermore, he gave some results on the structure

of the carrier of the measure y which are analogous to those we saw in Section 2.4.2.

Robert and Vargas generalised Kahane's theory in [RV10], relaxing the o-positivity assumption
(which can be difficult to check). They showed that, using a positive definite function 6 (with
polynomial decay at infinity) as a mollifier, the sequence of random measures ., constructed
from the field X x 0, as in (2.22), converge in law to a measure y. Further, the law of the

limiting measure y is independent of the mollifier 6.
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Shamov has since extended the theory of Robert and Vargas in [Sha16] to show that, for very
general regularised fields X, we can construct measures 4, as in (2.22) which converge in
probability to a limiting measure y, and that limit is independent of the mollifier. This implies
that the limiting measure g is a measurable function of the field X. Junnila and Saksman have

shown similar results in [JS15], and their paper covers the critical case, y* = 2d, as well.

A slightly weaker version of Shamov’s results, with a significantly simpler proof, was shown
in [Ber15b]. We will summarise some of these in a little more detail now, and use them to give

a new presentation of the Liouville Brownian motion in Section 2.5.

We will make the following assumptions. Let D c R¥, and suppose the metric p is the standard
Euclidean metric. Without loss of generality, assume that D contains the ball of radius 10

centred at the origin. Suppose that the measure ¢ has dimension d < k, so

1
/Dz Wa(dx)U(dy) < 00

for all e > 0.

Let X be a generalised Gaussian function on D with covariance kernel given by (2.24), and

assume that the function g in (2.24) is smooth on D x D. Fix a function 6 : Rk — [0,1] which

[ O(x)dx =1,

1
1 .
/ og |x_y|9(x)9(y)dxdy< 00

Set 0.(z) = e90(z/¢), and define X,(z) = X * 0.(z). Finally, define the measure

satisfies

and

ue(dz) = eVXf(z)‘éE[Xf(z)z]o(dz).
Under these assumptions, the following theorem is given in [Berisb].

Theorem 2.4.6. Lety < \/2d. Let S be the unit cube in R*. Then u.(S) converges in probability

and L' to a limit p. The limit u is independent of the regularisation 0..
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As with Shamov’s theory, Theorem 2.4.6 is enough to show that the measure y is a measurable
function of the field X. (It is worth noting that a partial converse to this, that the field X is a

measurable function of the measure ¢ when X is a Gaussian free field, is given in [BSS14].)

The proof of convergence involves showing that p.(S) is uniformly integrable. In the case that
y < \/d the measures y, are uniformly bounded in L2 and the proof is more straightforward.
In the general case, however, space is partitioned into “good points,” called G c S, and the
rest. The set of good points are those which are not too thick up to a certain scale, i.e. where
regularisations of the field are not too big. The measure of the good points, y,(G), is bounded

in L? and the rest, 4.(S \ G), does not contribute to the L! limit.
In the course of the proof of existence and uniqueness of the measure, the following two

lemmas were shown.

Lemma 2.4.7. We can write X = Y.; X; where the (X;) are independent, continuous Gaussian
fields, in the sense that for arbitrary, fixed f € L*(D, dx), the sum ; (X;, f) converges almost

surely and agrees with (X, f) almost surely.

Using the decomposition from Lemma 2.4.7 we can define a measure in a similar way that
Kahane did using his o-positive decomposition. Importantly, the limiting measures from

both constructions are the same.
Lemma 2.4.8. Let XN be the partial sum XN (z) = YN, X;(2). Define u™(S) by
uN(S) = f OB Ol (),
s

Then uN(S) is a uniformly integrable martingale, and converges to the same limit u(S) that
the sequence y.(S) from Theorem 2.4.6 converges to. Furthermore, if we define the sequence of

filtrations (F,,) by F,, .= 0(X1, Xa, ..., Xy), then u(S) is Fo, measurable.
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2.5 LIOUVILLE BROWNIAN MOTION

Chapter 3 studies properties of Brownian motion on the Liouville quantum gravity surface
mentioned in Section 2.4 — the surface for which the Liouville measure of Section 2.4.1 is the
volume form. In this section we will introduce this Brownian motion, the Liouville Brownian
motion, defined simultaneously in [Berisa] and [GRV13a], both following the definition in
the physics literature by [Watg3]. The two papers give slightly different derivations of LBM,
both of which end with essentially the same object. We will now give a new construction,

made possible by the theory in [Berisb].

2.5.1 Intuition

We now want to construct a Brownian motion on the Riemann surface parameterised by some

domain D c C whose metric tensor is given (formally) by
e (dx* + dy?), (2.25)

where h is a GFF on D. Let us, for the rest of this subsection, assume that 4 (and, indeed,
anything else that we use) is as smooth as we need it to be. We will see how to deal with it

rigorously in Section 2.5.2.

One way of constructing a Brownian motion on a Riemannian manifold is to construct a
diffusion whose generator is the Laplace-Beltrami operator on the manifold. Since the metric
(2.25) is conformally equivalent to the “flat” metric on D, the matrix representation of the
metric tensor is simply a scaling of the identity matrix. That simplifies the Laplace-Beltrami
operator that we need to deal with. For a suitably smooth function f : M — R defined on the

manifold, the Laplace-Beltrami operator in local coordinates on D is

1

Auf(z) = NEDG)

Af(z).

Therefore, the Liouville Brownian motion in the local coordinates of D should be the solution
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Z to the SDE

dZt = e_%h(zt)dgt,

where B is a standard Brownian motion. Therefore, we see that Z is a continuous local

martingale, and we can write

where B is a standard Brownian motion.

The study of Liouville Brownian motion Z therefore comes down to the study of its quadratic

variation, (Z). We know that we can write
t
(2), = f e "Mz ds (2.26)
0

but we cannot use the expression (2.26) as the definition of the quadratic variation of Z since

the right hand side still depends on Z. We claim that
(Z), = inf{s >0 : [ th(B“)du} (2.27)
0

satisfies (2.26).

To see that, first note that (2.27) implies

(2),
/ e B dy =t
0

which, after differentiating with respect to t and rearranging slightly, gives us

M = ¢ Vh(Bz),)
dt '

Therefore, we can integrate again to see

(Z),= ft e @) ds,
0

which is (2.26), as we wanted.
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2.5.2  Rigorous construction

We will now make rigorous the notion of the function

t
F(t)z/ e?"(B) ds
0

used in the definition of the quadratic variation of the LBM Z, from (2.27). Once we have

shown the existence of such a function, we will be able to define the LBM as
Zt = BF—I(t) 5
where the Brownian motion B is the same as that used in the definition of F.

Our presentation of this construction is new in that is shows convergence of regularised
functions F, in probability and L! to a limit F. In particular, that implies that the limiting
function F is a measurable function of the underlying field. The presentation uses the theory

found in [Berisb] that we summarised in Section 2.4.3.

It is worth noting that the existence of the limit F does need the underlying field 4 to be a GFE,
only that it should be a log correlation Gaussian field, as discussed in Section 2.4.3. Further
properties of Liouville Brownian motion such as conformal invariance, however, do depend

on the underlying field being a GFE.

Let h be a GFF in D, let (B;) be an independent Brownian motion started in D, and let
T = inf {¢ > 0 B, ¢ D} be the first exit time of the Brownian motion from D. Let v! be the

occupation measure of the killed Brownian motion at time ¢ so that, for an integrable function

f>

AT

f(Bds = [ fz)vi(dz).

In order to use the theory in Section 2.4.3, we need to check that the stopped occupation

measure has dimension 2, i.e. for all € > 0 we have

1
/]RZXRZ |x _y|2—£ vtT(dx)VtT(d)’) < 0. (2.28)
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We will check (2.28) by comparing the stopped measure v! with the standard occupation
measure for Brownian motion, which we denote by v;. If we use the same Brownian motion
B to construct both the measure v, and the stopped measure v], we can easily see that for any

positive function f we have

[ s = [ s

<[ ' £(B.)ds

- fR f(@)vildz).

Therefore, if we can show that the measure v, has dimension 2, we will know that the measure

vl does also. We can compute the expectation:

[/]ﬂgszz |x Vt(dX)Vt(dy)] [[ [ |B "B |2 dudv]
/ f E|—=————|dudv
|Bu_Bv|2_8
t tE 1 d d
Sk _|Bl|2—e|u—v|<2-s>/2] v
1 ] t ot 1

:E — -

[|B1|2_8_ -/O /0 |u—v|(2—8)/2dudv

< 0.

So we see that the occupation measure v, has dimension 2 almost surely, and therefore so

does the stopped measure v/.

By a similar comparison argument we can show that, if v! has dimension 2 then, for all
s € (0, t), the measure v! has dimension 2. Taking a countable sequence (¢,) c R converging
to infinity, we can see that all the measures (v/ ) have dimension 2, almost surely. And

therefore, by the comparison argument, v! has dimension 2 for all ¢ > 0, almost surely.
Now, let 0 be a mollifier satisfying the assumptions detailed in Section 2.4.3, and define
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he(z) = h * 0.(z). Then define the regularised function3

M (B~ B[ (B)?]
Fs(t)3=f0 ehe(B) =T Elh(B)7] g g

2

By Theorem 2.4.6, we know that F,(t) converges in probability and in L! to a limit which is

independent of the choice of 6, almost surely in B. We will define the function F as this limit:

F(t) := lsi_l)’l(}Fs(t). (2.30)

Now that we know how to define the Liouville Brownian motion Z, we would like to show

that it is

- continuous, and

— it does not get stuck.

Continuity of Z; = Bg-1(y is implied by continuity of F~'(¢) which we get so long as F is
strictly increasing. (Discontinuities of F~! correspond to flat areas of F.) Similarly, Z does
not get stuck if F~! is strictly increasing, i.e. if F is continuous. We will omit the proof of

continuity. See Section 3.4 of [Ber1sa], for example.

We now show that F is strictly increasing. The proof we give is similar to that of Theorem 2.7
in [GRV13a]. It is worth noting that the proof we present here works only for a LBM started
from a single point. Generalising the proof to work for all starting points simultaneously
(which is needed in order to say that LBM is a Feller process, and is done in [GRV13a]) involves

a significant jump in complexity.

Proposition 2.5.1. The function F defined in (2.30) is strictly increasing on the interval [0, T,
where T is first exit time of the Brownian motion B from the domain D, almost surely in h and

B.

3In order for our definition to agree completely with that of [Berisa], we should weight the measure by

R(z D)VZ/ 2, the conformal radius raised to the power y*/2. We do not do this to keep the notation cleaner.
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Proof. First, fix a realisation of the Brownian motion B, and pick times s, tsothat0 <s < ¢ < T.
We will show that, for this realisation of B, we have a positive difference, F(t) — F(s) > 0,
almost surely in h. First, note that (F.(s)) and (F.(t)) are uniformly integrable, so we can

write

E, [F(1) - F(s)] = lim B, [F.(1) = F.(5)]

= limE, [ f he(2)- S E[he(:)] (vi(dz) - vj(dz))]
D

=0

“lim [ E [eyh*z)‘yzz“hf(z’z]] (vi (dz) - v!(dz))
D

S RACORRHCD

=t—-s>0.

Now, we can apply Lemma 2.4.7 to regularise the GFF into partial sums h~ = YN h;. Applying
Lemma 2.4.8 to the fields 4 and the reference measure o(dz) = v (dz) — vI'(dz) we can see

that, if we define
My :=fthN(dz)‘yzzlE[hN(z)z]a(dz)
D

then (My) is a uniformly integrable martingale with limit F(t) — F(s).

The event {F(t) — F(s) = 0} is measurable with respect to the tail o-algebra generated by the
random fields (h;), i.e.

{F(t)-F(s)=0}e (o (h; : i>N).

NeN

Therefore, Kolmogorov’s 0-1 law tells us that
P, [F(t)-F(s)=0]€{0,1}.

Since we have shown that F(t) — F(s) has positive expectation, we know that F(¢) — F(s) > 0,

almost surely in h.

Taking countable, dense pairs in (s,¢) € [0, T]> shows that F is strictly increasing in the
interval [0, T'] h-almost surely. The only property of the Brownian path B that we used here,

other than its exit time T, was that its occupation measure has dimension 2. Since this is true
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almost surely for Brownian motion, we can see that F is strictly increasing up to the exit time

of the Brownian motion B, almost surely in /# and B. ]

2.5.3 Known properties of LBM

Several properties of the Liouville Brownian motion were derived in the introductory pa-
pers [Berisa, GRV13a]. Most importantly, the fact that the clock function exists when the
regularisation process is taken to its limit. Both showed that the clock function is continuous

and strictly increasing, so the LBM is a continuous process which does not get stuck.

In [Ber1sa], an upper bound for the Hausdorft dimension of times that an LBM stays in thick
points was derived. It is strong enough to show that y-LBM spends Lebesgue-all of its time
in y-thick points, almost surely. We will discuss this upper bound in much more detail in
Chapter 3. In [GRV13a], they showed that LBM is a Feller and that the Liouville measure y
is invariant. This invariance, combined with our knowledge of the carrier of y from Section
2.4.2, is also enough to see that LBM spends Lebesgue-all of its time in y-thick points, almost

surely.

Since its introduction, other interesting properties of Liouville Brownian motion have been
found. The existence of the heat kernel and Dirichlet form for LBM were shown in [GRV14].
The regularity of the heat kernel, and upper and lower bounds for it were found in [MRVZ14],
and was further bounded in [AKis]. It was constructed on the sphere in [DKRV14], and at

criticality, i.e. when y = 2, in [RV15].

It has also been used to derive a more intrinsic version of the KPZ equation [BGRV14]. By
using the heat kernel of LBM to define a quantum scaling exponent, the authors were able to
derive the KPZ equation without using the Euclidean metric in the quantum definitions that

we saw in Section 2.1.4.
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POINTS OF THE GAUSSIAN FREE FIELD

In this chapter, we find a lower bound for the Hausdorff dimension of times that a Liouville
Brownian motion spends in a-thick points of the Gaussian free field, where « is not necessarily
equal to the parameter used in the construction of the geometry. This completes a conjecture

in [Berisa], where the corresponding upper bound was shown.

In the course of the proof, we obtain estimates on the (Euclidean) diffusivity exponent, which
depends strongly on the nature of the starting point. For a Liouville typical point, itis1/(2— y—; .
In particular, for y > \/2, the path is Lebesgue-almost everywhere differentiable, almost surely.

This provides a detailed description of the multifractal nature of Liouville Brownian motion.
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3.1 INTRODUCTION

The goal of this chapter is to study the multifractal nature of Liouville Brownian motion. This is
a process which was introduced in [Berisa] and [GRV13a] as the canonical diffusion in planar
Liouville quantum gravity. For instance, it is the conjectured scaling limit of a simple random
walk on a uniform random triangulation, conformally embedded into the plane (via circle
packing, for example). Liouville quantum gravity and its geometry has itself been at the centre

of remarkable developments. We point out, among many other works, [RV11, DS11, BGRV14].

Liouville Brownian motion is a useful tool for studying the geometry of Liouville quantum
gravity. In fact, Watabiki has already considered the object (in a non-rigorous way) in an
attempt to describe the metric and fractal structure of Liouville quantum gravity [Watg3]. This
led him to propose a formula for the Hausdorff dimension of the random metric space. The
paper [BGRV14] may be viewed as a first rigorous step in studying such multifractal aspects
using Liouville Brownian motion. The current chapter addresses a similar point, but from a

different perspective.

The general structure of the chapter is as follows. In the remainder of this section, we state the
main results and try to give the intuitive idea behind the proof. In Section 3.2 we will briefly
introduce the objects and definitions we use throughout the chapter, providing references
for the reader should they need more detail. In Section 3.3.1 we show that the time change
function has finite moments around times when the Brownian motion is conditioned to be in
a thick point, and derive crude tail estimates for the time change process from those bounds.
Section 3.3.2 is spent proving a simple large-deviation type result for the supremum of the
harmonic projection of the GFF on to a disc, to use as an analogue of the scaling relation
enjoyed by exactly stochastically scale invariant fields. In Section 3.3.3 we combine the results
from the previous sections to show Holder like properties of the time change function F,.
Finally, in Sections 3.3.4 and 3.3.5, we prove the main theorems, using the regularity results

obtained in Section 3.3.3.

80



3.1 INTRODUCTION

3.1.1  Statement of results

Let h be a zero boundary GFF, defined in a simply connected proper domain D c C. One
of the difficulties of working with a GFF is that it is not defined as a function, so we cannot
say what value h(z) takes, for z € D. However, it is regular enough that we can talk about its
average value on a set. We will usually take that set to be the circle of radius € > 0 centred at a
point z € D, and call that average h,(z). Let {h.(z) ; € > 0}, be the circle averages of h. We
will define both the GFF and its averages more precisely in Section 3.2.1. For « > 0, the set 7,

of a-thick points is given by

ﬁz{zeD:limhe(Z) =oc}.

=0 log %

By a theorem in [HMP1o0], it is known that the Hausdorff dimension of 7, is
062
dimy(7,) = max (0,2 - 7) ,
almost surely.

Let 0 < y < 2. We will denote by Z? a y-Liouville Brownian motion, formally defined as

follows. Let B be a Brownian motion killed upon leaving D. We define its clock process, F,, to
be
t 2 s
E,(t) = fo V(B E(h(B)?] g

and the LBM is given by Z! = B F\(n)- It is not trivial to make sense of this definition. This
was done in [Berisa] and [GRV13a], where further properties were also proved. We recall the

construction more precisely in Section 3.2.3.
The main goal of this chapter is to prove the following bound:

Theorem 3.1.1. Let a,y € [0,2), and let Z? denote a y-Liouville Brownian motion. Then

: 1-
dlmH({t : ZZ € 7;}) 2 m,
2 4

(R,

]

+

almost surely, where dimpy refers to the Hausdor{f dimension.
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The proof of Theorem 3.1.1 follows similar lines as the proof of Theorem 4.1 in [RV13]. Long
range correlations introduced by the Brownian motion created a few more technical difficulties
to overcome. The authors proved their result for an exactly stochastically scale invariant field,
and claimed that the result generalised from that to all log-correlated Gaussian fields. We were
also unable to follow the generalisation of their proof, which used a non-trivial application of

Kahane’s convexity inequality — we instead had to rely on Lemma 3.3.5.
Theorem 3.1.1, combined with Theorem 1.4 in [Berisa], gives us the following corollary:

Corollary 3.1.2. Let a,y € [0,2), and let ZV denote a y-Liouville Brownian motion. Then

2
o
1_4
y*
T3

b

dimH({t 1 Z) e 7;}) =
1-

|8

almost surely.

Similar results for diffusions on deterministic fractals were given in [HKo3].

The key to our proof is good estimates on the regularity of the time change F, around a-thick
points. For a given a, we do not get the regularity results around all of the a-thick points, but
we do get it around almost all of them, for the correct choice of measure. If we define the

measure 4, by setting, for s < ¢,

pa([s,1]) = Fo(2) = Fa(s),
then we will show that F, behaves polynomially for y,-almost every ¢, in the following sense:

Theorem 3.1.3. For u,-almost every t > 0, the change of time F, has the following growth rate:

o 198IF (0= Fy(1+7)
1m
AT Togl

2
- 1 — ﬂ + y_’

2 4
almost surely.

When we combine the regularity of the time change function F, with known regularity

properties of Brownian motion, we are able to find a bound on the small time behaviour of
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the LBM. Let us call M, the Liouville measure constructed from a GFF with parameter «,
which is formally defined as
M,(dz) = e dz,

The measure M, is almost surely supported on the set of a-thick points and so, if we choose a

point in D according to M,, it will almost surely be an a-thick point of the GFFE.

Corollary 3.1.4. Suppose that the starting point of a y-Liouville Brownian motion is chosen

according to My, i.e. Z) ~ M,. Then

almost surely.

Remark 3.1.5. When a = y (which will be the typical case), the diffusivity exponent is 2 — y;
Also observe that a single process can be both superdiftusive (e.g. when & = 0) and subdiftusive

(e.g. when a = p).

Finally, we will show the following result about the differentiability of a Liouville Brownian

motion, for certain values of the parameter y.

Corollary 3.1.6. Let y € (/2,2). Then the y-Liouville Brownian motion Z7 is Lebesgue-almost

everywhere differentiable with derivative zero, almost surely.

3.1.2  Intuition behind the proof

Since we are looking at the dimension of times that a y-LBM spent in «a-thick points, it helps
us to first note the following lemma. It is not used in the proofs of the main theorems, but it

provides motivation for them.

Lemma 3.1.7. Let « € [0, 2).The Hausdor{f dimension of time that a Brownian motion B spends

in the a-thick points of a GFF is given by
(XZ
dlmH({t : Bt € 7;}) =1- Z,
almost surely.
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Proof. Let [ B] denote the path of the Brownian motion B. Kauffman’s dimension doubling

formula for Brownian motion (see, for example, Theorem 9.28 of [MP10]), tells us that
2dimg ({t : B, €T,}) =dimy(7T, n[B])

almost surely. But then, since B is independent of the GFF and hence 7, by a theorem due to
Hawkes [Hawy1a, Hawy1b] (clearly stated and proved as Corollary 5.2 in [Perg6]), we know
that

dimy (7, n[B]) = dimg(7,)

almost surely. The result in [HMP1o0] gives us that

2
dimy (75) =2 - %

almost surely, which completes our proof. O]

Recall the result that, if a function f is f-Holder continuous, then for any suitable set E we

have the bound
dimy(f(E)) < %dimH(E). (3.1)

Let us call the set T, = {t : B, € 7,}. Then notice that F,(Ty) is the set of time spent by

y-Liouville Brownian motion in a-thick points. We will show that the inverse of the change

1

_%y
12+

of time, Fy‘1 is --Holder continuous around « thick points, allowing us to see that

.zm“<

1- “Zz = dimy(T,) = dimu(F,'(F)(T,))) < (1 - % - ”Zz) dimy (F,(T,)),

where the final inequality comes from a result very similar to that in (3.1). (We cannot use
that result exactly, since the Holder continuity property of F, is restricted to a subset of its

domain. We will discuss this further in Section 3.2.4.)

Rather than showing the regularity of F," directly, we will find properties of F, and use them
to deduce results about the inverse. However, showing the regularity properties of F, around
a single thick point, while useful, is not enough. We want to look at the regularity of F,

simultaneously around all a-thick points that the Brownian motion B visits. This is where we
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use the upper bound that was previously found in [Berisa]. The upper bound is enough to
show that a y-LBM, Z7, spends Lebesgue-almost all of its time in y-thick points, almost surely.
Our trick, therefore, is to construct two Liouville Brownian motion processes simultaneously
on the same underlying path B; one will use the parameter y, the other will use the parameter
«. Then, if we sample a time uniformly at random and look at where the process Z* is, it
will almost surely be an a-thick point. Since the process is constructed using the Brownian
motion B, we know that B must pass through that particular «-thick point at some time t, say.

But then we know that F, () corresponds to a time that Z7 is in an «-thick point.

Using this procedure, we can construct a measure on the (Euclidean) set of times that Z7
spends in «a-thick points. We can then sample a time at random from this measure, and look
at the regularity properties of F, around that time. This idea is more thoroughly fleshed out in

Section 3.3.3.

3.2 SETUP

We will now collect a few of the definitions and results that we use throughout Section 3.3.
Throughout, we let D be a simply connected, proper domain in C. By conformal invariance
of Liouville Brownian motion (including its clock process) we can assume without loss of

generality that D is bounded. (See Theorem 1.3 in [Ber1sa].)

3.2.1  Gaussian free field

We will briefly introduce the Gaussian free field here, mostly to clarify our notation. For more

detail see, for example, [Sheo7] or the introduction of [DS11].

Before we can define the GFF we need to define the Dirichlet inner product. For any two
smooth, compactly supported functions ¢ and y defined on D, we define the Dirichlet inner

product as

(¢, v)y = % fD V¢(z) - Vy(z)dz.
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We can now define the Gaussian free field.

Definition 3.2.1. Let Hj (D) be the Sobolev space given by the completion under the Dirichlet
inner product of smooth, compactly supported functions defined on D. The Gaussian free

field is a centered Gaussian process on the space Hj (D).

A consequence of the Hilbert space definition given above is that for any two functions f, g €
H{(D), the random variables (h, f)_ and (h, g), are centred Gaussian random variables

with covariance
Cov((h, f)g»(h &)g) = (f> &)y -

This means that we can define a regularisation of the GFE, and we know about its covariance
properties. Fore more details, see the discussion in Section 3.1, in particular Proposition 3.2

in [DS11].

Definition 3.2.2. The average of the GFF h on a circle of radius &, centred at a point z €

{2z’ € D : dist(z’,dD) > ¢} is defined as as

he(z) = (h, &)y -

The function &2 is given by

E(y) = -log(lz -yl v &) + ¢z(»), (3.2)

where ¢Z is harmonic in D and is equal to log(|z - y| v €) for y € aD.

The reason that we think of the above definition as giving the circle average of the GFF is that,
as a distribution, we have that —A&? = 2v%, where v is the uniform distribution on the circle

centred at z with radius e. Therefore, integration by parts gives us

(h, &)y = {h v),

where (-, -) refers to the standard L? inner product. We will use a continuous modification of
the circle average process {h.(z) ; ¢ > 0}, p, throughout. For more detail, see Propositions 3.1

and 3.2 in [DS11].
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The following lemma will be useful in Section 3.3.2, as it allows us to use properties of the log
function rather than relying on the abstract definition of E[ h.(x)h,(y) ]. It is a previously
known result for fairly general log-correlated Gaussian fields, see Section 4.1 of [RV13] for

example. We prove now that it holds in the specific case of the Gaussian free field.

Lemma 3.2.3. Let h be a zero boundary GFF defined on a simply connected domain D. For any
subdomain D which is compactly contained in D, there exists a constant C > 0 such that, for all
0 < &, < dist(D, dD) with n < &,

N
S yl+re

forallx,yeD.

Proof. First note that, by definition, E[h.(x)h,(y)] = ( x, f%)v. Integration by parts lets us
write that as ( x & ) _. < x vy > Since x, y € D are uniformly bounded away from 0D, D is
a bounded domain, and ¢* (defined in (3.2)) is harmonic in D, we know that there exists a

constant C such that
-C<¢i(y)<C (3.3)

for all x,y € D and & > 0. So, to complete the proof, it is sufficient to find bounds on
(—log(|x —|ve), vf;) To that end, we claim that, for all x,y € D and u € D such that
|u - y| < 1, we have

1
5(\x—y|+s)§|x—u|vs§\x—y|+s. (3.4)

The right hand inequality follows directly from the triangle inequality. For the left hand
inequality, note that

-yl +e) < spx—ul+ 2
—\{|X — E) —(X—U —&
3 ) 3 3

by the triangle inequality. Then, if |x — u| < &, we see that
1 2
—lx—u|l+-e<e=|x-ulve,
3 3
and if |x — u| > ¢, we see that
1 2
—|lx-—u|l+Ze<|x—u|=|x-u|ve.
3 3
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Now, the inequalities in (3.4) imply that, for all x, y € D and u € dB(y, 1), there exists some

constant C such that
~log(]x — y| +&) -~ C < ~log(|x —u|ve) < -log(lx — y|+ &)+ C.
When we average over u € dB(y, 17) therefore, we find that
~log(|x — y| +&) - C < (~log(|]x —-| v &), vZ) < —log(|x — y| + &) + C,

which, when we combine it with (3.3), completes the proof. O

One of the properties of the GFF which we will use is the domain Markov property. It roughly
states that, given a subdomain ¢/ c D, the GFF h on D can be decomposed as the sum of a
zero boundary GFF /i on U and the difference, h'** = h — h, which is independent of / and

harmonic on U. The proof can be found in Section 2.6 of [Sheo7].

Proposition 3.2.4 (Markov property). Let U c D be a subdomain of the simply connected
domain D. Let h be a GFF on D. Then there exist two random variables hr, h € Hy¢(D) such

that we can write h = h" + h, and

1. W and h are independent,
2. h is a zero boundary GFF onU and zero on D \ U,

3. h"r is harmonic on U and agrees with h on D\ U,

Note 3.2.5. We will often refer to h*" in the decomposition above as “the harmonic projection

of hontoUd?”

We now define the set of a-thick points of the field 4. We can think of these as a kind of “level
set” of the field. We are interested in how much time the Liouville Brownian motion spends

in these points, for a € [0,2) in particular.

Definition 3.2.6. The set of a-thick points, 7, is

To= {zeD : lim—hs(z) =06}.

e=>0 —loge
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3.2.2  Scale invariant Gaussian field

To help with calculations in Section 3.3.1, we introduce a centred Gaussian field Y defined
on the whole complex plane, following the presentation of [RV13]. We use this particular
log-correlated field because it has the exact stochastic scale invariance property. A great deal
more information about log-correlated Gaussian fields and the measures created from them
(those of Gaussian multiplicative chaos) can be found in [Kah8s, RV10] for example, and
more about the scaling relations which log-normal random measures satisfy can be found

in [ARV13].

Informally, we define field Y to be a centered Gaussian field on C with covariance function

E[Y(x)Y(y)] = log, ﬁ .c. (35)

for positive constants T and C. For simplicity, we will take T' = 1 and C = 0 throughout.

One of the difficulties here is that, with the covariance function (3.5), Y will not be defined
pointwise. We therefore need to look at regularisations of Y. We will use is the white noise

decomposition of the field Y. We now give a summary of the construction found in [RV10].

Let f be a real, positive definite function on R?. Then, to construct a Gaussian field X on with

a covariance E[ X (x)X(y)] = f(x — y), we can write

X()= [ OV O HWdnde),

where {(x, &) = cos(2mx- &) —sin(27x - £), f is the Fourier transform of f, W (dt, d&) is white
noise on (0, 00) x RY, and g satisfies [, g(t, £)2dt =1 for all &. With such a construction, we

can define the e-regularisation of the field X by setting

X(e)= [ U OV (@ Wt db)

The specific decomposition that we use is also used in [RV13], Appendix C. We give the precise

definition:
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Definition 3.2.7. Let (Y;).c(01] be the white noise decomposition of the field Y, which has

correlation structure

0 if[x —y|>1

E[Y:(x)Y.(y)] = logﬁ ife<|x-y/<1

3

log% +2(1— ey

&

) if[x —y|<e.

Bl

The following lemma is useful in the study of properties Gaussian multiplicative chaos locally
in Y. It is known in the literature (see [RV13], Appendix C, for example), but we include the

proof here for completeness.

Lemma 3.2.8 (Stochastic scale invariance). For all A < 1, the field Y satisfies the following

scaling relation:

(Yae(Ax)) yer £ (Ye(2)) e

1
=2

+Q), (3.6)

1
2

where Q0 is a centred Gaussian random variable with variance log 3, independent of the field Y.

Proof. We know that both the left and right hand sides of (3.6) are centred Gaussian fields.
Therefore, to show the equality in distribution, we need only to show equality in their respective

covariance functions.

We start with the right hand side. Let x, y € C. Then

log 1 if [x — y| >1

E[(Y(x) + Q)(Y() + 1)) = {log L + log 1 ife<|x-y <1

D=

€

log%+2(1—|x_y2)+10g% if [x — y| <e.
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Now, consider the left hand side of (3.6). Again, let x, y, € C. Then

0 if |Ax - Ay| > 1

E [Y3:(Ax) V1e(Ay)] = log ity if le < [Ax — Ay <1
log L +z(1—lg—’;§'2) if |Ax — Ay| < Ae.

0 if|x — y| >1/A

= loganlog% ife<|x—y/<1/A

log%+2(1—|"_—y12)+log% if |x - y| <e.

(e)2

We can see that the covariance functions are equal, provided |x — y| < 1. We want to show
equality in distribution only inside the ball centred at the origin with radius 1/2 and, since

|x — y| <1forall x, y € B(0,1/2), the proof is complete. O

3.2.3 Liouville Brownian motion

The Liouville Brownian motion is defined as a time change of a Brownian motion, with the
path chosen independently from the field #. We will start the Brownian motion at the origin
(assuming 0 € D), and run it until some a.s. finite stopping time T The following definition is
non-trivial: for more details about the almost sure existence of the limit and other properties,

see [Berisa, GRV13a].

Definition 3.2.9. Let B be a planar Brownian motion, independent of the field h. For ¢ > 0

and y € [0, 2), define the regularised time change F, . by
tAT 2
ot - [ oS

The time change F, is defined as the limit

Fy() = lim F, (1),
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Definition 3.2.10. Using the same Brownian motion B as in Definition 3.2.9, we define the

y-Liouville Brownian motion (y-LBM for short) Z? as

ZZ = BF;I(t)‘

Two important properties of F,, shown in both [Berisa] and [GRV13a], are that it is continuous
and strictly increasing, almost surely. Those properties ensure that the y-LBM does not get

stuck, and is continuous. (See, for example, Proposition 2.8 and Theorem 2.10 in [GRV13a].)

Note 3.2.11. If we call T, = {¢ >0 : B, € 7,} the set of times that the Brownian motion B
spends in a-thick points, the set of times that the y-LBM Z7 spends in «a-thick points is the

image, under the map F,, of the times that B spends in them, i.e. F,(T,) = {t >0: 27 € ’7'“}.

As the Brownian path B of the Liouville Brownian motion Z? is independent of the GFF 4, it

will be useful to decompose the probability measure [P as
P=Pz®P).

Decomposing IP in this way will let us consider expectations on events which depend only on

the field h or the path B.

3.2.4 Hausdorff dimension

We will now recall the definition of the Hausdorft measure of a set, and collect some useful
tools for finding upper and lower bounds for the Hausdorff dimension. Since we will be
working in either R or R?, we will not state the definitions in their full generality. For more

detail see, for example, Chapter 4 of [MP10].

Definition 3.2.12. Let E c R”. For s > 0 and § > 0 we define
H;5(E) = inf{Z|Ei|5 : Ec|JE; and |Ej|<d Vi> 1} ,
i1 i=1
where |E;| = sup {|x — y| : x, y € E;} is the diameter of the set E;. Then the limit

H(E) = lim #3(E)
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is the s-Hausdorff measure of E.

Definition 3.2.13. The Hausdorff dimension of a set E c R” is defined as

dimy(E) =inf{s >0 : H*(E)=0}.

One tool for finding bounds on the Hausdorff dimension of a set is to use Holder continuity
properties of functions. Indeed, if f : R" - R™ is 3-Hoélder continuous, then for any set

E c R" we have

dimy(f(E)) < % dimy (E), (3.7)
where f(E) = {f(x) : x € E} isthe image of E under f. The assumption of Holder continuity
is too strong for our purpose. We now define what we call a f-Holder-like function, and show

that the property is strong enough that the inequality in (3.7) still holds.

Definition 3.2.14. Let f : R — R be a continuous function, and let E c R. We say that f is

B-Holder-like on E if there exist constants C, R > 0 such that

f(x) - fx+r)|<Crf

forallr € [0,R) and x € E.

The following proposition is very similar to the well known result concerning Hausdorft
dimension bounds for the image of a set under a Holder continuous function. We have had
to modify the standard proof slightly to ensure that the result still holds with Holder-like

functions.

Proposition 3.2.15. Let E c R, and suppose that f : R — R is increasing and -Holder-like on
E. Then we have the bound
1
dimy(f(E)) < B dimy(E).

Proof. Suppose that the radius and multiplicative constant for the Holder-like property of f
are R and C respectively. Let s > dimy(E), and let € > 0. Since H*(E) = 0, we know that there
exists some d, such that H3(E) < e forall § € (0, &p).
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Fix a particular § € (0, 8 A R). Then we can find a cover {E;} of E with |E;| < § for all i such
that

o0
Z |E,’|S <E&.
in1

Without loss of generality, we may assume that the intersection E n E; is non-empty. There-
fore, for each E; we can define an interval I; = [a;, b;], where a; = inf {E;nE} and b; =

sup {E; n E}. Then certainly |I;| < § for all i, the sets {I;} cover E and Y’ |[;|* < e.

As f is increasing, we know that

fUD]=1f(a:) = f(bi)].

Now, a; is a limit point of E; N E, so we can find a sequence {x,} c E; n E such that x,, — a;

as n — oo. Since each x,, € E, the f-Holder-like property of f, tells us that
FUDI < f(ar) = FQen)l +1f Cea) = (B < [f (1) = £ ()| + Clx = bilP
So, letting n — oo, and recalling that f is continuous (by assumption), we see that
f(I)] < Cla; = biff = CIL[f.
Therefore, we can deduce that

SIFI)]F < CSLF < Ce.
i=1 i=1

Since { f(I;)} covers f(E), we have shown that
] (f(E)) < Ce.
We may now let § | 0 and then ¢ | 0 to see that HF (f(E)) =0, and hence

, s
dimy(f(E)) < =.

p

Now letting s | dimpy (E) gives the desired result. O
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3.3 PROOFS OF THE MAIN THEOREMS

One of the tools we use in the proof of the lower bound is the exact stochastic scale in-
variance of the auxiliary field Y as detailed in Lemma 3.2.8. However, Lemma 3.2.8 holds
inside the ball B(0, 1), and so we need to ensure that we consider times when the Brownian
motion B does not stray too far from the origin. Therefore, we define the stopping time
T=inf{t>0 : B, ¢ B(0,3)}, where B(0, 1) is the ball of radius 1 centred at the origin. For

simplicity, we will assume that our domain contains the ball of radius 1, B(0, 3) c D.

3.3.1  Moments of F, around a thick point

We first need to obtain estimates on the moments of the time change F, around a-thick points
of the free field. We will use these bounds in Section 3.3.3 to derive Holder-like properties of
F,.

Since the law of the GFF conditional on the origin being a thick point is that of an independent
zero boundary GFF plus a log singularity, h(z) £ /i(z) - alog|z], the effect on the measure is
to divide by |z|*. That is why we are thinking the results in this section as results about F,

close to thick points.

Proposition 3.3.1 (A positive moment is bounded). Let «,y € [0,2). Then, for some p > 0,

there exists a finite constant C, such that

sup E

e€[0,1)

T eth(Bs —YZZIE{hE(BS)Z]d
s < Cy.
fo (|Bs| + €)™ b

Proof. By Kahane’s convexity inequality (Lemma 2 in [Kah8s]), taking the measure v(ds) =
MW, it is sufficient to prove the proposition for the scale invariant field Y.

Let o be the first time that B leaves the disc of radius 2—\1/5 Then, by subadditivity of x — x?
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for p € (0,1), we know that

p [ P
T eYYs(Bs)—élE‘{ Ys(BS)z] 4 eVYe(BS)—éE[ YS(BS)Z]
E f 5 —ds| |<E / o ——ds
0 (|Bs| + €) 0 (|Bs| + €)
— s 3
. (- eyYs<Bs)—%E{Ys<Bs>2]d )
+ S N .8
L G (.8)

and it is sufficient to find a uniform upper bound for the right hand side.

We will first find a uniform bound for the second term on the right hand side of (3.8). Let
R< ﬁ be fixed, which we will choose later, and define the time 7 = inf {t > 0 : |B;| < R}

that the Brownian motion returns to the ball of radius R after it reaches the circle of radius
_1
N/

On the event {7y > 7}, we know that |B;| > R for all ¢ € (0, 7). Therefore we find the bound

E T eYYe(Bs)—éE{ YS(BS)Z]
.

ds| 14, <
(1B + )7 e

T 2 P
S R_ayPE [(/ eYYE(BS)_VT]E{ YS(BS)Z]dS) ]l{TR>T}]

o

gR—wa[([TeYYs(Bs)—y;E{Yst)z]ds)p] (3.9)

o

Now, the L! norm of the regularised change of time process is uniformly bounded in ¢ and,
since p < 1, the expectation of the p** power of it on the event must also be uniformly bounded

in . We will call the uniform bound M.

On the event {73 < 7} we will split up the interval (o, 7) into (o, 7r) and (7, 7), using the

sub-additivity of x — x” as before to find that

Al Ve (B~ L H Y.(B.)’] )
s| 14, <
) (1B + )7 e

A e Ve (B~ L H Ye(B)’] ap
< s T +
L e e
o ( T eVYE(BS)_éE{ YS(BS)Z] J
+ s| 1y, , .10
fm (B + &)™ (<) (3.10)
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Consider the first term on the right hand side of (3.10). Similarly to before, we know that

|B;| > R for all t € (g, 7x), and so we can bound the expectation uniformly by

TR e))S(Bi) ZE if(BS)
—/
a

ds| 1scn| <
(1B + &)™ trw<t)

p
< R‘“YPE[([TR eVYe<Bs>—V;E{Y€(BS)2]d5) ]l{fm}]

o

< Rf‘XVPE [(/T eny(Bs)*é}E{ YS(BS)Z]dS)p]

<R™PM., (3.11)

To deal with the interval (7g, 7), let W be another Brownian motion, with W, = B,, and
which, for t > 0, evolves independently of B. Let T = inf {t >0 : W, ¢ B(0, %)} Then, by the

strong Markov property of Brownian motion, we see that

P P

f‘r eng(Bs)—élF{ Ys(BS)Z]
T

d fT eYYs(Ws)_éIE{Ys(WS)Z]
X (|Bs| + &)™ 0

ds ]l{TR<T} = (|W| N 8)06), ds ]l{TR<T}’

2
T o ¥e(Wo)- 1B ve(ws)? ]
(IWil+&)®

and that ||

ds is independent of 1, ... Therefore, we see that

Al o1 Ye(B)-LH YE(BS)Z]d )
S T
[R (|BS| + 8)0()/ {TR< }

yi e}iﬁ( ‘5) Vzﬂqlﬁ( 5)

Wit ds| [Pltr<1]. (3.12)

Because we started W closer to the boundary of B(0, 1) we know that, on average, it has a

shorter lifespan than B, and so

p p
. T eyn(m)—fl@{n(mﬁ]d . . eVYs(BO-fE{Ys(BOZ]d
S < = S . 1
b b =@ 619

Combining (3.12) and (3.13) gives us the bound

v e Ye(B)-LH Y(B)']
2|,

ds| Lo | <
o (Bl+e)” e

v o Ve(B)-LH Ye(B)? ]
<E / ds Plrr<1]. (3.14)
0

(1B + )"
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Now, consider the first term on the right hand side of (3.8). Scaling time by a factor of § and

space by a factor of % gives

fa VB THYBY] /20 eV Ye(Bup)- S V(B2 ]
[24 s = o
o (IBf+e)” 0 (IBupal +€)”
1 p 2 1 p 2
d (-2 f% ¢V (JiB- T V(G5B
0 (1B.] +ev2)”

L2 .
: # M ea(B)- 5 Y, 5(B0)? |
dH-(1-24+2 50 €
:2( 2 VT ) eVivz
0

(1B.] +ev2)”

the last line coming from Lemma 3.2.8, where Bis an independent Brownian motion, 7 is the

u,

time that B leaves the disc of radius %, and Q Jiisa centred Gaussian random variable with
variance log /2. Therefore, when we take the pth moment, we find

p

o oV (B)-DH (5] )
E f R ds| | =
0 (|Bs| + €)™
p

2 o 2
= 2P0 (3.15)

[ - 2 ~
ffemﬂwum Y a(B)?]
0

(1Bu| + s\/z)“y

Let us define a sequence of scales by setting ¢, = 272, for n € N, and call the expectation

p
v o Yen (B)-5H Yo, (B)7]
E,=E f T
0 (|Bs| + €1)

Using this notation, we substitute the scaling relation in (3.15), the uniform bounds in (3.9)

and (3.11), and the inequality in (3.14) into (3.8), to see that, for n > 1,
2 o 2
E, <2577~ (=3+50PE 4 2R"PM + E,P[1y < T]. (3.16)

Upon re-arrangement, the inequality in (3.16) becomes

2 2
25 P-0=F+ ) 2R-vP M

E<|——|Eisi+ ——.
1-P[rr < 7] 1+1—P[TR<T]

By choosing p > 0 first and then R > 0 fixed and small enough, we can ensure that the factor

ZYTPZ*(I*%JJ/T)P

T e is less than 1. When we have done this, what we have shown

multiplying E,,_,,
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is that, for some p € (0,1) and some constant M, we have E,, < pE, 1+ M, which implies that

the sequence {E, }, . is bounded. O

Proposition 3.3.2 (A negative moment is bounded). Let «,y € [0,2). Then there exists a finite

constant C_y such that

InT eyhe(Bs)_glE{ hs(Bs)z ]
A <C..
0

E <
o (1B + &)™

e€[0,1)
Proof. Again, using Kahane’s convexity inequality (Lemma 2 of [Kah85]), it is sufficient to
prove this result for the scale invariant field Y. We know that |B| + & < 2 for all s € (0, 7) and

for all € € [0,1), and so we find the bound

-1

fl/\T eyYE(Bs)_éE[ Y(BS)Z ]
0

sup E a <
€€[0,1) (|Bs| + 6) !
o -1
S (é) ! Sup El (flAT eyys(Bs)_éE‘{ Y(Bs)z]) ] . (3'17)
2 £€[0,1) 0
By Lemmas 2.13 and 2.14 of [GRV13a], the right hand side of (3.17) is finite, and so we are
done. l

The following corollaries will be useful in Section 3.3.3.

Corollary 3.3.3. For any power g, we have a polynomial bound on the probability

IAT eyhg(Bs)—élE{ hg(BS)z]
P f ds<rl|<Crl
0

(|BS| +e)%

forany r > 0.

Corollary 3.3.4. There exists some p > 0 such that, for any q, we have a polynomial bound on

the probability

T e}’he(BS)—élE{hS(BS)Z]
P / ds>r 1| < CprPi
0 (|Bs| + €)™

forany r> 0.

The proof of both of these are simple applications of Markov’s inequality.
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3.3.2  Scaling of a Gaussian free field

As well as the polynomial behaviour of the tails of F, around thick points that we saw in
Corollaries 3.3.3 and 3.3.4, we also need a bound on the tail behaviour on the supremum (or

infimum) of the harmonic projection of a GFF on a disc of radius /7.

We were able to use the scale invariant field Y throughout Section 3.3.1 because the moments
we were trying to bound were convex (or concave) functions of a multiplicative chaos measure,
and so Kahane’s convexity theorem let us change between fields. In Section 3.3.3, however, we
need to consider moments of certain integrals of the field, weighted by indicator functions
depending on the field itself. Kahane’s convexity theorem therefore no longer applies, and we
have to work directly with the GFE So, we need an analogue of the scaling property that the
field Y has.

Lemma 3.3.5. Let D c C be a bounded proper domain, and let D c D be a compactly contained
subdomain of D. Let h be a zero-boundary condition GFF on D. Now, using the Markov property
(Proposition 3.2.4), let us write

h=h"+h,

where hher is the harmonic projection of h onto the disc of radius 2./r and centred at x € D, and
h is an independent, zero-boundary condition GEF on the disc of radius 2\/r and centred at

x €D. Let

Q.= sup h"(z)
v zeB(x,\/1)

be the supremum of h"@ on B(x,\/r). Then there exist constants C, p > 0 such that, for all r > 0

small enough,

supP[Q’\‘/; > —logr] < Crt.

Xéﬁ

Proof. The proof is essentially the same as the proof of Kolmogorov’s continuity criterion.

Instead of taking limits to obtain almost sure results, however, we obtain quantitative estimates
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which hold with high probability. First, let us fix x € D. From the proof of Proposition 3.1

in [DS11], we know that there exists some constant K, such that, for z,w € D and ¢ > 0,

E[|he5(2) = heys(w)]?] < Kalz - w. (3.18)

Now, recall that A" is harmonic on B(x,2+/r) and so, using the mean value property of
harmonic functions, we see that the circle average regularisation of h"%" is equal to h"*" on
sets inside B(x,2\/7), i.e. hi‘“ﬁ(z) = hher(z) for € small enough and z € B(x, \/7). Therefore,

we know that
he s (z) = h" (z) + fzs\/;(z). (3.19)
Equation (3.19) and the independence of h"%" and h, when combined with (3.18) shows us that

E [|hh”(z) - hh“’(w)|2] <E [|h8ﬁ(z) - hsﬁ(w)|2] < K|z —w| (3.20)

for z,w € B(x,\/r). Because the field & does not depend on our choice of x, we can see that

the middle term in (3.20) is independent of x, and therefore so is the constant K.

Because h"%(z) — h""(w) is a Gaussian random variable, (3.20) implies that for any 7 > 0,

there exists a constant K, such that
E[|h" (z) - k" (w)|"] < K, |z — w|"/? (3.21)
for z, w € B(x,\/r). Again, K, is independent of x by the independence of K, from x.

Because the supremum of a harmonic function on a domain is attained at the boundary of

that domain, we need only consider z € dB(0, /7). Therefore, let us set
X, = hhar (x + reZm't) )
for t € [0,1]. From the inequality in (3.21), we deduce that for s, ¢ € [0, 1]

EHXS —Xt|’7] < Kﬂ|\/;(62nis _ ezmr) |;1/2

< K, r?|s — ¢,
The bound on the covariance structure of X clearly does not depend on the choice of x.
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Now that we have a bound on the #-moment of the increments, we can use Markov’s in-
equality to say things about the probability that the process X is irregular. So, let D, =
{k2™ : k=0,1,...2"} be the set of dyadic points in the unit interval at level n. For some

power p, to be chosen later, we have

]P [|Xk2—n — X(k+1)2—n > 27”171’1/4] < 2”p'71’7'7/4E [|Xk2—n — X(k+l)2*”

']

K, rtH 42| k27" — (k +1)27" |1/

IN

< Iznrn/ﬁrz—n(%fv—m)’

for k =0,1,...,2" — 1. Therefore, a simple union bound shows that

g [sip [Xian = Xganyz-n| > 2707 4] < K, ritnGrepn ),

If we choose 0 < p < 5 and 7 sufficiently large, we find that g := 217 — pn — 1> 0. Because we

have ensured that g > 0, we can again use the union bound to find that

> 2‘”Pr1/4] <K,y o

n>0

P [sup sup | X — X(ks1)2-n

n>0 k

So, we see that the event
A:= {X . is p-Holder continuous with constant r'/ 4}
occurs with probability greater than 1 — K,,r%/2. On that event we can see that

| sup X; - ir}th| < rie. (3.22)
t

Using (3.22), we can find a bound for Q"ﬁ in terms of objects we have good control over.
Specifically, we have

Q< |SL}pXt —inf X[+ X,

where X is the mean value of the process X;. Let us consider that second term. Since X is

really just 49" on a circle, and h"*" is harmonic, we can use the mean value theorem to see
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that X = k" (x). But again, we can apply the mean value theorem to see that 414 (x) is really

just the average of i on 0B(x,2/r), i.e. k" (x) = h, ;(x). So, we have the inequality
1 1
P[Q ;> -logr]< IP’[|supXt —iI}th| > —Elogr] +]P’[h2\/;(x) > —Elogr].
t

Because h, ;(x) ~ N(0,-log2./r +log C(x,D)), we know that the second term on the
right hand side decays polynomially in r as r — 0. Furthermore, since the conformal radius,
C(x, D), is bounded for x € D, the coefficients we choose in the polynomial bound can be

chosen to hold uniformly for all x € D.
So now let us consider the first term.
. 1 [ , 1
P[|sup X; - 11}th| > —Elogrj| =P {| sup X; — 1rt1th| 2 -5 logr} N A]
t L t

[ 1
+P {|supXt - iI}th| > —Elogr} mAC]
L t

[ 1
<P/ > —Elogr] +P[A°]
<0+K,r?,

for r small enough. Since K, does not depend on x € D, we have the desired result. O]

3.3.3 Holder-like properties of F,

We will now show the required regularity properties of the time change function F,. It will be

convenient to introduce the following measures.

Definition 3.3.6. Let 1, be the measure on the interval [0, 7] defined by y, = L o F,, where
L is Lebesgue measure on the interval [0, F,(7)]. In other words, for s, t € [0, 7] with s < t,

we set
/”y([s> t]) = Fy(t) - Fy(s)-

Define the measure y, in a similar way, for « € [0, 2).

Remark 3.3.7. To get some intuition behind the next few results, let us think of the measures

{o and p,, as probability measures for a moment. Then, if we sample a time ¢ € [0, 7] according
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to u,, it will almost surely be such that the Brownian motion B is in an a-thick point, i.e. t € T,
almost surely, because the a-LMB, Z%, spends Lebesgue-almost all of its time in a-thick points.

Similar statements hold if we sample a time from y,.

Proposition 3.3.8. Forall « € [0,2), and y € [0,2), fix § > 0, and let f =1- T + yfj. Define

the set of times
Ly = {tef0,7] - p([(t(t+r) AT]) 27 Vre[0,27Y)].

Then for all A > 0, which may be random and may depend on u,([0, 7]), there exists some

random but almost surely finite N € N such that

pa (L) > o ([0,7]) - A

This proposition is essentially saying that if ¢ is an a-thick time, then the y, mass of an interval
of length r, starting at ¢, decays more slowly than r#+9. It is almost like saying that around

a-thick points, the map function F," is lﬁ—Hé’)lder continuous.

The proof will rely on the following lemma:

Lemma 3.3.9. As before, fix 8 > 0 and let f =1- 3 + VZZ, and let E > 0 be some positive constant.

Then there exist two constants D > 0 and q > 0 such that

E[ya ({t €[0,7] : pu,([t,(t+7)AT]) < Erﬁ+5})] < Dri.

forallre(0,1).

Proof. To ease notation, we will prove the case E = 1. The reader will be able to see that the

same argument works for any positive E, with possibly different constants D and g.

Let r > 0 and fix ¢, & > 0 so that ¢’ < &/7. Then by Girsanov’s change of measure theorem, we
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get

[ poher (B )—— h.r(Br) _
Epky| 1 b, (Bs)-LE[h (Bs)?] t B ]]l{T>t}:| -
L {ft(tJrr)/\T e /7 (Bs)= T Bl /2 (Bs ds<rﬁ+‘s}

= Eg | Lo P [ f T B [ s B (3] 3 4 rMH
t

By |1 [Ph lf(tw)m y(he /s (Bo)+aBy [, /s (Bo)hos (Br) ])——E{hef(Bs ]ds < r/g+5:|
t

7

(3.23)

where F; = 0(Bg; s < t) is the natural filtration for B. Now, using Lemma 3.2.3, we know that

almost surely on the event s, ¢ < 7, there is a constant C such that

1
Eh [hg\/;(BS)hsl(Bt)] > logm - C,
s t

and so we can bound the integral in (3.23) from below by

f Ny (hegr B raB e (B (B)]) -5 H b (B ] g 5
t

c (t+r)AT eyhs\/(B -5 E{hs\f(B‘) ]
>e Y f
. (B -Blres ©

Now, by changing variables and using the scaling properties of Brownian motion we see that

(3.24)

the right hand side of (3.24) becomes

(t+r)AT eyhéf(Bs) 2 E{th(BS ra(T—t) théJ(BHs) 7 E{hg\/(Bm) ]
J (Bo—Bi e/ ° =, (Brs—Bi < ev/r)™
IAN((7-t)/7) eyhe\ﬂ(Bt-#ru)_éE{hg\ﬂ(Bt+ru)2]

(|Btsru — Bi| + e\/1)

Nt Ve s BB~ b (VBB |
rf° (IV/7Bu| + e/r)™ du
ey fl/\r’ eyhsﬁ(\/?éuwt)_é]g{h{ﬁ(ﬁngt)z]

0 (IBu] + &)

du

Il
<

Il

du,

where B is an independent Brownian motion started at the origin, and

~ 1
=inf{u>0:|\/?Bu+Bt|=§}
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is the first time /7B, + B, exits the disc of radius 1. The equality in distribution holds IP},-almost
surely. In order to use the scaling property of the GFF h, (Lemma 3.3.5), we also need to make
sure that B stays bounded. So, let

1

%=T’/\inf{u>0:|l§u|=§}.

Then we certainly know that

. 2 5

" AT eyhgﬁ(\/?BwB:)f%JF{ hg\/;(\ﬂBquB[)z]
roz /
0

— du >
(|Buf + &)
Y [N eyhs\/(\/_B,ﬁB )——IE{ he i (V7Bu+B.)? ]
1_7
>r 2 f du. (3.25)
0 (|Bu| +e)w

Now let us use the fact that we are conditioning on F; and the Markov property of / to write
h = htr 1 h, where h"* is the harmonic projection of h onto the disc of radius 2./7, centred
at B;, and & has the law of a zero-boundary GFF on the disc of radius 2\/7, centred at B;. If we
write Q_; = inf (5, 7 h"7(z), we know that h > Q. + h inside the disc B(B,,+/r), and so

we can continue from (3.25) to see that

~ 2 ~
L _/IA% 6yh5ﬁ(\/;3“+3’)‘y7ﬂ':{heﬁ(ﬁBwBt)z]
r-2
0

= du >
(Bu| + &)
L IAT e)’hg\[(\/_BquB )——( log(e\/7)+C)
>r 2 du
0 (IBu] + &)
~ 2
2 2 It pVhe i (VTBu+Be)+ 5 loge
I f e Y du
0 (|By| + €)w
- - 2
2 Int pYhe 7 (VTBu+Bi)+ 5 loge
> 7! 7y+y7ey7e)’9\// e€,~ du
(B, |+ €)%
INT e}/h (Bu)- 2 E{h’(B 2]
> %e v Cemff du (3.26)
(|B.| + &)er

where h' is a zero boundary GFF on the disc of radius . Substituting the last expression of
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(3.26) back into (3.23) (and noticing that the exponent of r is in fact 8) lets us see that

P[/(Hr)/W ey(hg\ﬁ(Bs)chh[he\/;(Bs)hgf(Bt)])—éE{he\ﬁ(Bs)Z]ds < P+o ft] <
t

Fi

2
INT th(éu)—L hé(éu)z
<P e‘(‘)‘VJrVZ)CrﬁeyQ\ﬁ/A ¢ - ZE{ ]du<r/5+5
o (Bue®

INE QrhL(B) -5 E K (Bu)?]
Fi|+P f = du<rz|. (3.27)
0 (|Bu| + €)™

The first term decays polynomially in r as r — 0 uniformly in B, by Lemma 3.3.5, and the

<P|e(@)Cery rs

I

second term decays polynomially in r as r — 0 by Corollary 3.3.3. Therefore, looking back at

(3.23) again, there certainly exist some positive constants D and g such that

a2
Ell 2 e‘th'(B’)_T]E{hs'(Bt)z]]l i | £
{ (t+r)ar yh, (Bs)-LE[h - (Bs)?] (>t}
[t T Te e/ 78 2 e/ 78 ds<rﬁ+6}

< ]E[ qu]l{7>t} ]

=DriP[7>t]. (3.28)

When we integrate (3.28) over ¢t > 0, we find that

T 2
ahs’(Bf)_L]E{he’(Bf)z] < q
E[fo ]1{j-[(t“r’)/\Teyhxﬁ(Bs)’g]E[hs\ﬁ(BS)z]d5<rﬁ+5}e 2 dt | <E[7]Drl. (3.29)

Proposition 2.8 of [GRV13a] tells us that, almost surely in B and #, the measure defined
aZ

by g (dt) = et (B)=TEL hr(B)*] g ¢ converges weakly to the measure we have called y,.

Therefore, as the set in the indicator function is open, we may use the portmanteau lemma

and Fatou’s lemma to see that

T
E / 1 2 ya(dt) <
0 {]t([+r)/\T eyhe\ﬁ(BS>’VT]E[hg\/?<BS)2]dS<r[3+6}

. . T ocz 2
<E|[liminf [ 1 » , e@her (Bo) =S H ho(Bi)*] 14
P 0 {ft(H—r)/\T Meyr (BTl /7(Bs) st<r/3+5}

<liminfE ot (B)-SH ho (8] ¢ |

T
[ 1 ¥ 2
/=0 0 {f[(tw)/\r eyhg\ﬁ(BS)_T]E[hg\ﬂ(BS) ]ds<r/”+5}
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Since D and q from (3.29) are independent of ¢’, we can therefore see that

T
E f 1 dt)| <E[ ]| Dr1.
[ 0 {fr(Hr)AT e}’hs\ﬂ(Bs)—yzz]E[hg\ﬁ(Bs)z]ds<rﬁ+5}‘ua( ) [ ]
We then use Fatou’s lemma twice to conclude

El po ({te[0,7] = py([t,(t+7)AT])< rﬁ*a})] =

=FE /T]l e
l 0 {Hy([t’(t+r)/\r])<rﬁ+5}x"l( )]

T
=E liminf 1 2 dt
0 e—>0 {ft(tw)/\r eyhe\ﬁ(Bs)}'Z]E[hgﬁ(ss)l]ds<rﬁ+5}#‘x( )

T
<liminfE / 1 2 dt
e—0 0 {j‘[(t‘H‘)/\T eyhsﬁ(Bs)—yZ]E[hs\ﬁ(Bs)z]d5<rﬁ+5}#“( )

<E[7]Dr1,

and we are done, since E[ 7] < oo (as it has exponentially decaying tails). ]

Proof of Proposition 3.3.8. Using Lemma 3.3.9 (taking E = 2#+%) and Markov’s inequality, we

can bound the upper tail of the y,-measure of the set of times when y, decays unusually fast

by

P[Voc ({t €0, 7] : ([t (t+71)AT])< 2/ﬁ’+5r/3+8}) > rq/z] <
<7 i2R [ya ({t €[0,7] : ([t (t+71)AT])< 2ﬁ+6rﬁ+5})]

< Dril?,
So, taking a sequence of scales r, = 27", we see that the events

(i ({tet0.m) s iyt (e ae) <220 ) ot}

occur only finitely often almost surely, by Borel-Cantelli. Therefore, for all A > 0 (which may
be random and depend on y,([0, 7])), we can find a random but almost surely finite N € N

such that

Ha ( U {t €[0,7] : uy([t, (t+r1,) A T]) < 2ﬁ+5r5+6}) < Y2 <,

n>N
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and hence

I R O R AR P el ) EPR (R BT S e

We now need to infer the result for all € (0,27V) from the discrete set of radii we have it
for in (3.30). So, let t € N,n {t €[0,7] + ([t (t+T0)AT]) 2 rﬁ+a}, take r € (0,27N), and

suppose # is such that r,,,; <7 < r,. Then
pa([t, (£ + 1) AT]) > pa([t, (£+ 1) AT]) > 2BH0,PT0 = (B30 5 o
which implies that the discrete radii event is a subset of the continuous radii event:

Q{t €0, 7] s ([t (t+1,) AT]) 2 2ﬁ+ar£+a} c

c{te[0,7] : uy([t,(t+r)nT]) 2P Vre[0,27N)} =LY,

and so we can conclude that

#W(L)ZY) 2 /"cx([o» T]) -A.

We now state and prove a result which is essentially a “converse” to Proposition 3.3.8.
Proposition 3.3.10. Fix § >0, and let f=1- 2" + é. Define the set of times
Uy = {teo,7] : u([t, (t+r)nT]) <P Vre[0,27V)}

Then for all A > 0, which may be random and depend on ([0, 7]), there exists some random

but almost surely finite N € N such that

o (U)) 2 pa ([0, 7]) = A

This proposition is essentially saying that around «-thick points, the map function F, is (- 9)-

Holder continuous. To prove it, we need a lemma that is the equivalent of Lemma 3.3.9.
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Lemma 3.3.11. Fix 8> 0andlet f=1-5 + %, and let E > 0 be some positive constant. Then

there exist two constants D > 0 and n > 0 such that

E[ya ({t e[0,7] : ([t (t+7)AT])> Erﬁ“s})] < Dr'l.

forallr>0.

The introduction of long range correlations by Brownian motion is much more apparent
in this proof than the proof of Lemma 3.3.9. Instead of re-scaling time by a factor of r and
space by a factor of \/7 as we did previously, we will need to allow a bit of extra wiggle room.
This is essentially due to the modulus of continuity of Brownian motion around time r | 0
being 4 /2rlog 1; we need a slightly lower power of r to account for the log correction. We will
introduce the radius R, which we will use as our scaling radius, and calculate what it needs to

be closer to the end of the proof.

Proof. Again, we will prove this only in the case that E = 1. Let r,R > 0, and fix ¢, ¢’ > 0 so
that ¢’ < ev/R. Using Girsanov’s change of measure theorem and Lemma 3.2.3 as we did in
Lemma 3.3.9, we see that

o2
EBEh[]l e(xh{/(B[)77Hh5/(Bt)2]]1{_[_>t}] =

2
{f[(t+r)/\r eyhe\/?(BS)_%E[heﬁ(35)2]d5>rﬁ—5}

2
(trr)nr pVhem (B~ E[h, (B’ ]
‘ ds > rf?

=Ep[LnnlP eayC/ Fill>

¢ (|BS—Bt| +e\/§)ay

(3.31)

where F; = 0(Bg; s < t) is the natural filtration for B. Now, consider the integral in (3.31). We

are looking for upper bounds on it, this time, to find an upper bound on the probability in
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(3.31). First of all, we apply a simple change of time, first s = s — ¢ and then s = Ru to see that

(t4r)nr ey (BO- 5[, /5(5)?] A (r-r) oPhesi(Bes) -5 B[, s (Bs)?]
J (6o B+ eVR)” ), (8.1 /)"
Yz Besra) =5 B[,/ (Brsra)?]
|Bt+Ru B | + 5\/_)
tnd Vheyr(VRBu+B: )—L]E[ /R (VRBu+Br)?

(VRB,| +eV/R)"”

- 2 -
e eyhg\/ﬁ(\/ﬁBu+Bt)—y7]E[h£\/§(\/§Bu+BHR”)2]

=R1—”/; - d
’ 0 (|Bu|+e)ay !

T
NT e
du

du

o
tef

where B is an independent Brownian motion started at zero, and

~ 1
T’=inf{u>0 : |\/§Bu+Bt|:§}.

The equality in distribution holds P;-almost surely.

We now want to use the scaling properties of the field h, from Lemma 3.3.5. So, as before,
we use the Markov property of the GFF to write h = h"" + h, where hh" is the harmonic
projection of h onto the disc of radius 2v/R, centred at B;, and & has the law of a zero-boundary
GFF on the disc of radius 2v/R, centred at B,. If we write Qg = SUP,cp(p,/R) hher(z), we
know that h < Q 7 + h inside the disc B(B;, \/ﬁ) In order to use Lemma 3.3.5, we need to

make sure that the B does not move far from its starting point. So, let 7 be the exit time of B

111



LBM aND THick PoiNTs oF THE GFF

from the unit disc. Then, on the event {% > ﬁ} we can see that

~ 2 -
Iag eyhgﬁ(\/ﬁBu)—yTE[hsﬁ(\/ﬁBu)z]

ay R
R" 7% f -~ o du <
0 (|Bu| + e)
. 2
ay LAt eyhsﬁ(\/ﬁBu)—y?(—log(e\/ﬁ)—C)
<RV"7 f - du
0 (|By| + &)
2
Lot ,¥h, = (VRB,)+Llog(e)
0 (|By| + €)@
~ - 2
N 2 LAt eyhg\/ﬁ(\/ﬁBtuTlog(s)
<RVTTeTCerm [ F _ du
0 (|By| + &)
2
It pyhi(Bu)-5E[hl(Bu)?]
2 R e 2
< e’ CRBevE f - & du, (3.32)
0 (|Bu| + e)

of (3.32) to bound the probability in (3.31) by

where h’ is a zero boundary GFF on the unit disc. Therefore, we can use the right hand side
(t+r)At eyhg\/E(Bg)*éE[he\/ﬁ(Bs)z]
P e"‘ycf ds > rP?
t

Fi
(1B, - B/| + evR)" ]
2
g’ Lyhl(By)-L-E[hL(Bu)?
< P| e )CRA YR f e _ - ]du >rPo 7> r
0 (|Bu| +¢) R
it orH (B~ E[H (B)?]

< P| ey )CRA YR f _ du > rP9
0 (|IBu| + €)

J-"t]+
7 oyhe(Bu)-LE[he(Bu)?] s

IP/ ¢ _ du>(£) r +IP>[%<£]. (3.33)
0 (|IBu| + €) R R

We are now in a position to see what choice we should make for the radius R. We want z — 0

flm[«ﬂ
]—“t]+IP[%<£]

B
< ]P’[ (7t )C 0 (%)2 rs

[S1[S3)

as r = 0 polynomially in r, so that the third term in (3.33) decays polynomially. We also
8
want (if) > 173 to converge to infinity, polynomially in r, so that the other terms in (3.33) also

decay polynomially: see below. The choice R = % works for 8 small enough, since then

g ) Eaz )

. 2 _9 _9 .
we certainly have £ = %" — 0, and also (ﬁ)2 r2 =r2%72 - oo. The exponent §52 -1dis

negative for  small enough, and so we have the desired properties. With this choice of R, the
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first term on the right hand side of (3.33) decays polynomially by Lemma 3.3.5, the second

term decays polynomially by Corollary 3.3.4. We can bound the third term above by
P[%<1] gP[T<1],
R R

where T is the exit time of a one dimensional Brownian motion from the interval [—%, %]
The stopping time T has exponentially decaying tails, and so we can see that the third term

decays polynomially as well.

Therefore, going all the way back to (3.31), there certainly exist some constants D > 0 and

1 > 0 such that, for ¢ > 0,

az 2
[l{ (rryne yhe se(Bs)~ P EDh, (50)2] }e(xhgl(Bt)_ZE{hgl(Bt) M{m}] <Dr'P[7>t].
_/t t+r)AT e}’ e/r\PS) T e/ Ps ds>rﬁ’5

Integrating over ¢ > 0 gives

. 2
ahS/(Bt)*LE{hg’(Bf)z] ] < n
E[ A ]1{ f[(wr)m gyhs\ﬁ(Bs)_éE[hsﬁ(Bs)z]ds>fﬁ76}e 2 e ]E[ T] | (334)

Now, note that (3.34) is almost identical to (3.29). We use the same arguments to let ¢’ and ¢

converge to zero, and conclude that

E[ po ({t € [r,7] ¢ py([(£) VO, (£ +7) A 7)) > ErF}) ] < DrE[ 7],

which completes the proof, as E[ 7] < oo. O

Proof of Proposition 3.3.10. Proposition 3.3.10 follows from Lemma 3.3.11 in exactly the same

way that Proposition 3.3.8 followed from Lemma 3.3.9.

3.3.4 Proof of Theorem 3.1.1 and Corollary 3.1.2

We now have all of the tools ready to prove Theorem 3.1.1, which we re-state here in more

detail.
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Theorem 3.3.12. Let B be the Brownian motion used to construct the LBM time changes F,
and F,. Call T, = {t > 0 : B, € T} the set of times that the Brownian motion B is in an a-thick

point. Then
1-

1 _ [24
where, by the definition of the change of time, F,(T,) is the set of times the y-LBM is in a-thick

dimy (F,(Ty)) >

+ =%

72
4

|8

points.

Proof. We will in fact prove the lower bound for times only for the stopping time 7 when the
Brownian motion leaves the disc of radius 3. To that end, we will abuse notation slightly and

re-define the set of times T, as
Ty ={te[0,7] : B,eT,}.
Because T, N Lé" c T,, where Li\’ is defined as in Proposition 3.3.8, we know that
dimp (F,(Ty N Lﬁ’)) <dimpy(F)(Ty)).

But, because Fy‘1 isa ﬁ-Hélder-like function, in the sense of Definition 3.2.14, on intervals

starting at times in the image F, (L)), Proposition 3.2.15 implies that
dimp (T, n LY') < (B + &) dimy (F) (T, n L})), (3.35)

and so to get a lower bound on dimp (F,(T,)), we want to find a lower bound for dimy (T, n
Li‘] ). We now use Propositions 3.3.8 and 3.3.10 to see that we can take N large enough to
ensure that T, n LY n Uy has positive y,-measure (taking y = a in Proposition 3.3.10, and
A = 1u,([0,7]) for example). Since we also know that y,[0, 7] < oo almost surely, the
measure 4, defines a mass distribution on the set T, n L) n U}, and by the definition of UY,
we know that

uo([tt+7]) < )

forallr € [0,27N) and t € T, n L)Y n UY'. So, by the mass distribution principle (Theorem 4.19
of [MP10] for example), we find that
o>

dimH(TamL%Uﬁ)m—Z—a.
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Therefore we certainly have the bound dimy (T, n L)) > 1~ “72 — §, which we can substitute

into (3.35) and re-arrange to find

2

1-2 -6
dimy(F,(T,)) > -

L G
-5 +5+06

Since § was arbitrary we can take the limit § — 0, and we have shown the result. ]

And now we re-state Corollary 3.1.2 and prove it:

Corollary 3.3.13. Let B be the Brownian motion used to construct the LBM time changes F,
and F,. Call T, = {t € [0, T] : B, € T,} the set of times that the Brownian motion B is in an

a-thick point. Then
1-

1 _ [24
where, by the definition of the change of time, F,(T,) is the set of times the y-LBM is in a-thick

+ =%

dimy(F,(T,)) =

=

72
4

ol

points.

Proof. First, following from Theorem 1.4 of [Berisa], we introduce the sets

e—0 Og %

To = {Z € C : liminf }llg(z) > (x} ,

T = {ze C : limsup }lls(zl) < (x}

e>0 108
We will call T; = {¢t € [0,7] : B; €7, }, and similarly define T, from 7. We know, from

[Ber1sa], that for & > y we have the upper bound
dimy (F,(T;)) € ———
+
and the same result holds when we have « < y and we replace T with T;.

Let us consider the case a > y. We know that T, c T, and so we have

1-

-
1-3

ﬁ,
4

+ =%

——— <dimy(F,(Ty)) < dimy(F,(T,)) <

showing us the equality. We can show equality in the case a < y in the same way. ]
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3.3.5 Proofs of regularity properties

We can now state Theorem 3.1.3 again, and give the proof.

Theorem 3.3.14. For pi,-almost every t > 0, the change of time F, has the following growth rate:

I log|F,(t) - F,(t+r)| 3
im =
BT oglr

ay y?
1-—+ 2, :
> + 1 (3.36)

almost surely.

Before we start the proof, we would like to explain the intuition behind y,-almost every t € T,,.
Suppose we have our GFF h, and the Brownian motion B which is the path of our Liouville
Brownian motion. We now run an «-LBM, Z%, along the path B, using & to calculate the time
change F,. At some time t, chosen uniformly at random from the lifetime of Z%, we inspect
the point in the plane occupied by Z*. Because an a-LBM spends Lebesgue-almost all of its
time in «a-thick points, we know that the point chosen by Z¢ is an a-thick point, almost surely.
We also know that it is on the path of the Brownian motion B. If we call the time B passes
through this point ¢, i.e. t = F;'(t), we know that, around this time, the y-time change, F,,

has the regularity property given in (3.36).

To prove Theorem 3.3.14, we will first prove it while taking the limit r | 0, i.e. as r approaches

0 from above.

Lemma 3.3.15. For y,-almost every t > 0, the change of time F, has the following growth rate:

i log |E,(t) = F,(t+71)| ~
im =
rlo logr

2
1- ﬂ + y_’
2 4
almost surely.

Proof. Most of the work for this proof has been done in Propositions 3.3.8 and 3.3.10. Recall

that for some arbitrary § > 0 we defined

Ly ={te[0,7] : p([t,(t+r)AT]) 27#*° Vre[0,27V)},
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and

UN={tef0,7] : py([t: (t+r)AT]) <P Wre[0,27V)}.

Now let us define

. logu)([t,t +71))
LY:%JLy:{te[O,T) :lltl;lj(}lp ylogr

<B+9o } ,
and similarly define U, = Uy U)I," )

We showed in Propositions 3.3.8 and 3.3.10 that for any A > 0, we could find N large enough
that

ua(L)) 2 pa([0,7]) = A,
and

a(U)Y) 2 pa([0,7]) - A.

Since A was arbitrary and L}, U}' are increasing sets, we find that

ua(Ly nU,) = pa([0, 7]).

Because § was arbitrary, and we defined u, ([, t + r]) := F(t + r) — F(t), we have shown the

result. =

We now need a lemma which allows us to “reverse time” in some way, and extend the result

from Lemma 3.3.15 to the statement in Theorem 3.3.14.

Lemma 3.3.16. Let B be a Brownian motion started at zero, and let t > 0. Define two stochastic

processes, conditional on By, by setting

fors >0, and

VVS_ = B

fors € [0, t]. Now, let € < t. Then, conditional on the event {1 > t} (where 7 is the first exit time
of B from the disc of radius 1), the laws of the restricted processes (W) se[0,e] a1d (W )se[0,e]

are absolutely continuous with respect to each other.
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Proof. Conditional on B; = z and the event {7 > t}, the law of the Brownian motion B is that
of a Brownian bridge of duration t, joining the origin and z, conditioned to stay inside the
disc of radius %, followed by an independent Brownian motion started at z. Because the event
that the maximum modulus of this Brownian bridge is less than 1 has positive probability, it
does not affect the absolute continuity of measures. So for the rest of the proof, we may ignore

the fact that we are conditioning on that event.

By reversibility of Brownian bridges, the process W~ has the law of a Brownian bridge of
duration ¢, connecting z and the origin. And, as stated above, W+ has the law of a Brownian
motion started at z. So, by (6.28) of [KS91] (or, slightly more explicitly, Lemma 3.1 of [BGRV14]),
we see that the laws of a Brownian bridge of duration t and a Brownian motion, with a common
starting point, are absolutely continuous with respect to each other on intervals shorter than

. 0

Proof of Theorem 3.3.14. Let T be an exponential random variable with mean 1, independent

of the GFF h and the Brownian motion B. Recall that the measure y, is defined by

ta([a,b]) = Fu(b) - Fo(a),

which can also be written as y, = Leb o F,. Now, because the law of T is absolutely continu-
ous with respect to Lebesgue measure and F, is a bijection, the law of F;!(T) is absolutely

continuous with respect to y,. Therefore, by Lemma 3.3.15, we see that

log|F,(t) - F,(¢
F;l(T)e{t>0 : lim og|Fy(t) = Fy(t+7)l :/3},
r—0 logr

almost surely. It therefore follows from Lemma 3.3.16 that we also have

FN(T)e {t >0 : lim log (1) = £y (¢ ~r)l =/5},

r—0 logr
almost surely. Finally, by absolute continuity of the law of F;!(T) and the measure p, again,

we deduce that for y,-almost every ¢ we have

10g|Fy(t) - Fy(t +7)] _
r—0 log 7|

B

almost surely, completing the proof. O]
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We can use the regularity property of F, from Theorem 3.3.14 that we have just shown to find
a bound on the growth rate of LBM around thick points of different levels. We first prove a
lemma about the growth rate of LBM given a lot of control on how we choose the time we

consider. We will then extend that to the more general statement given in Corollary 3.1.4.

Lemma 3.3.17. Let t > 0 be such that

log|F,(t) - F,(t+7)| Y, ¥
r—0 log|r| 2 4
Then
, 10g|Zx, (1) = Zr, (1) 4] 1
lim sup = =
=0 log|ul 2-ay+ %
almost surely.

Note 3.3.18. In Lemma 3.3.17, we have let r - 0 and u — 0 from above and below. In the proof
of Corollary 3.3.19, only the result as r | 0 and u | 0 are used, but the distinction is important

for the proof of Corollary 3.3.21.

Proof. Let § > 0. Then by Lévy’s modulus of continuity of Brownian motion, we know that,

almost surely, there exists some S < oo such that
|B; — Byis| < 527° (3-37)
for all s € [-S, S], and for all € > 0 there exists some s € [—¢, €] such that

|B; = Byi| > 570, (3-38)

2
Now, let us write =1 - - + L. Then by assumption, there exists some R < oo such that
PO <F(t+r1)-F,(t)<rf®

for all r € [-R, R]. Since F," is well defined, this in turn implies that, for all u with |« small
enough,

uTs < FSV(E,(t) +u) — t <uFs, (3:39)
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Recalling the definition Z} = B FA(1) and combining (3.37) and (3.39) shows us that

1 \50
|ZE, (1) = ZEy(1)+ul < <|u|“+5) (3.40)

for all |u| small enough. Furthermore, combining (3.38) and (3.39) shows us that, for any &’ > 0

there exists some u € [—¢’, ¢’] such that
1 l+6
|ZFy(t) - ZFy(t)+u| 2 (|u|/3_8)2 .

Taking logs then implies that

- log|Zp, 1y - Z
1-9 < lim sup 8| By (1) Fy(t)+u‘< 1+6

20B+0) " umo logul ~2(B-9)

almost surely. Therefore, letting § — 0 along a countable sequence shows us that the limsup

equals ﬁ almost surely, as claimed. ]

We can now use the results from Theorem 3.3.14 and Lemma 3.3.17 to prove Corollary 3.1.4,

which we restate here.

Corollary 3.3.19. Suppose that the starting point of a y-Liouville Brownian motion is chosen

according to My, i.e. Z) ~ M,. Then

log|Z! 1
lim sup og|Zi| _ -
to - logt 2—ay+ L

almost surely.
Proof. Let T be an exponential random variable with mean 1, which is independent of the
GFF h and the Brownian motion B.

By the same reasoning as that used in the proof of Theorem 3.3.14, we see that

log|F,(t) — F,(t
F;l(T)e{tzozhm og|Fy(t) = Fy( ”)':/3},
r—0 logr

almost surely. (If T > sup, F,(t), we set F;!(T) = &, and claim that the equality below holds,

vacuously.) Therefore if we write T” = F,(F;'(T)), Lemma 3.3.17 tells us that
log|z), -2z, | 1

. !
lim sup Tow = —

a0 logu 2B
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Let H be the sigma algebra generated by the GFF 4, i.e.

H=0((h, f), : feHD)).
Now consider the filtration defined by
Gi=0(Z! : s<t)vH
=0(B; : s<FE'(t))VH.

The process Z7 is certainly G;-adapted, and T’ is a §,-stopping time since

{T'> t} = {E,(F,(T)) > t} = {T > Fa(F;' (1))},
and
F(1) o2 ,
Fu(B}(1)) =lim [ om0 g
&> 0

is G;-measurable.

We can therefore use the strong Markov property of Z? to deduce that

log|Z 1
lim sup log|Zi| = (3.41)

whenever Z] is chosen according to P%, the law of Z2.

From Theorem 2.5 in [GRV13b], we know that, for a fixed t > 0, the law of Z{ is absolutely

continuous with respect to the Liouville measure M, with Radon-Nikodym derivative

APy
dM*

(y) =pi(0,y) >0.

We can therefore write
aps
d M«

= [ epro.par,
Theorem 2.5 of [GRV13b] also implies that, for M*-almost every y € D, the transition density

p%(0, y) is strictly positive for all # in a measurable set with positive Lebesgue measure. (This

fact was noted in an earlier version of their paper.) But that implies that

AP
e (y)>0
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for M*-almost every y € D, i.e. the Liouville measure M* and P are absolutely continuous
with respect to each other. Therefore, since (3.41) holds almost surely whenever Z) was chosen
according to P%, we deduce that it also holds almost surely with Z is chosen according to

M=, [

Remark 3.3.20. The exponential time T in the proof above can be replacecd with a deter-
ministic time t provided we know the existence of a continuous version of the transition
density, for which p,(x, y) > 0 for all x, y € D and all ¢ > 0. This is known in the case of a
torus [MRVZ14], and similar arguments probably work in the planar case as well. We have

made no attempt to check this, however.

We now restate and prove Corollary 3.1.6:
Corollary 3.3.21. Let y € (/2,2). Then the y-Liouville Brownian motion ZV is Lebesgue-almost

everywhere differentiable with derivative zero, almost surely.

Proof. By taking a = y in Theorem 3.3.14, we know that for y,-almost every ¢ > 0, the change

of time F), has the following growth rate:

lim log|F,(t) - F,(t+7)| _

2
1-L
r—0 log|r| 4

Now, let § € (0,

2
Lemma 3.3.17, to see that for y,-almost every ¢t > 0 we have

1 . .
e 1). We can apply Lemma 3.3.17, or specifically (3.40) in the proof of

2
2}~ 2y < VO,

Y oy
Fy(1) Fy(t)+

for all r with |r| small enough. But, by the definition of y,, the F, image of a set with full y,
measure has full Lebesgue measure. Therefore, we can see that for Lebesgue-almost every
t > 0 we have

2
20 -2, < e
for all r with |r| small enough. Therefore, we have

2
<lim [r[/C-5)01 =9
r—0 |r| r—0
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- 1y2 -8-1>0. So, we
-7
certainly have differentiability for Z7, for Lebesgue-almost every ¢ > 0, and the derivative is

where the final inequality is because we have chosen § to ensure that

equal to zero. O
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ROHDE-SCHRAMM THEOREM

THROUGH COUPLING

This chapter gives a novel proof of the Rohde-Schramm theorem, first shown in [RS11]. Our
proof uses the coupling of the reverse SLE with the Neumann boundary GFF to bound the
derivative of the inverse of the Loewner flow close to the origin. We are able to write the
absolute value of the derivative of the reverse flow in terms of the exponential of two Gaussian
random fields; one of them is a Neumann boundary GFF and the other is very closely related.
We can use our knowledge of the structure of the GFF to find bounds which ensure continuity

of the SLE trace.
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4.1 INTRODUCTION

We will provide a new proof for the Rohde-Schramm theorem in the case « # 8. The theorem
roughly states that “a Schramm-Loewner evolution is generated by a path”. It was first proved

for k # 8 in [RS11] and for k¥ = 8 in [LSW1].

In order to state the Rohde-Schramm theorem properly we will first recall some of the notation
that we met in Chapter 1. We will do this briefly now, and in more detail in Sections 4.2.1 and

4.2.2

Let (&) be a real valued, continuous process defined for t > 0. Define the family of conformal

maps (g;) as the maximal solution to Loewner’s equation:

dgt(Z) = (4.1)

2
oo &
for each z € H. For each z € H, we will call the lifetime of the solution 7(z). For a given
time t > 0, we call the subset of H for which the solution still exists H,. We can write it more
precisely as

Hi={zeH : t<1(2)}.

The complement of H, in the upper half plane, K, = H \ Hy, is the region which g; “maps out,”

i.e. g : H \ K; — HL. Note also that we can see
Ki={zeH : t>1(2)}.

The driving function (&) is called the Loewner transform of the hulls (K;).

We say that the hulls (K;) are generated by a curve if there exists a curve (y,) c H such that,

for all t > 0, the set H, = H \ K, is the unique unbounded component of H ~\ y[0, t].

The following, which appears as Theorem 4.1 in [RS11], gives a condition for the hulls (K;) to

be generated by a curve.

Theorem 4.1.1. Let &: [0, 00) — R be continuous, and let g, be the corresponding solution of
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Loewner’s equation, (4.1). Assume that

y(1):=lim g, (iy + )
exists for all t € [0, 00) and is continuous. Then g;' extends continuously to H and H, is the

unbounded connected component of H \ y|[0, t], for every t € [0, o).

We are particularly interested in the case that &, = \/xB,, where x > 0 and (B, ) is a standard
Brownian motion. Then the hulls (K;) form an SLE, process. For the rest of the chapter, we

will assume that (&) has this form.

Throughout the rest of the chapter, we will also use the notation

fi=g! and  fi(2) = filz+ &) = g (2 + &), (4.2)
The following, which appears as Theorem 3.6 in [RS11], shows that the assumption in Theorem
4.1.1is true when (&,) is the driving function for an SLE process.

Theorem 4.1.2. Let (&,) be a driving function given by &, = \/k B, for some k > 0, where (B,)
is a standard Brownian motion. Let (g;) be the corresponding solution to Loewner’s equation,

(4.1), and let (f,) be the centred inverse as defined in (4.2). Define

H(y.t) = fiiy) for (y.t)€(0,00)x[0,00).

If x + 8, then almost surely H(y, t) extends continuously to [0, 00) x [0, c0).

As we saw in Chapter 1, the proof of Theorem 4.1.2 requires control over the modulus of the

derivative |f/[. It is this control that we concentrate on in this chapter.

4.1.1  Statement of results

We will now prove the following result on the tail behaviour of | ft’ |. The result was known

in [RS11], and a similar result appears as Lemma 4.32 in [Lawo8]. Our proof takes a completely
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different approach from those; we use the coupling between SLE processes and the Neumann

boundary GFF from [Sheio].

In spite of our different approach, however, the polynomial decay in the tail that we find is, up

to logarithmic corrections, exactly the same as that found in previous proofs.

Theorem 4.1.3. Let k # 8, and let ﬂ be the centred inverse of the Loewner flow as defined in

(4.2). Then there exist constants € > 0, § > 0 and C > 0 such that

P(|f/(iy)| > y 179] < Cy**

forallt€[0,1] and y € (0,1).

4.2 SETUP

We will now start to formally define all of the objects we will need for our proof.

4.2.1 Forward SLE

Chordal SLE, are the one parameter family of conformally invariant, non-self-intersecting
curves which connect two marked points on the boundary of a complex domain. They were
introduced in [Schoo] as the scaling limit of loop-erased random walks but, as we will see

soon, it was not obvious that the objects defined actually produced curves.

We will take our domain to be the upper half plane, H, and our SLE, will connect the boundary
points o and oo. In fact, when we introduce the idea of the SLE, process evolving through time,
we will think of them as growing from o towards co. The SLE, process is defined through a

family of conformal maps, (g;), called the Loewner flow, and a driving function (¢;).

Definition 4.2.1 (Chordal SLE). Fix « > 0. Let B, be a Brownian motion started at zero and
set & = \/kB,. For each z € H \ {0} let g,(z) be the maximal solution to
dgi(z) = 2t (4.3)
& g(2) =& '
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with gy(z) = z. Let 7(z) be the lifetime of the solution. We will call the family of maps (g;)
an SLE,.

Let us define two families of subsets of the upper half plane. For t > 0, set
Hy={zeH : t<1(2)}, Ki={zeH : t>1(2)}.

The set H; is those points in H for which the solution to (4.3) is still defined at time ¢. For
each t, the function g, is a conformal map from H, to H.. The sets K, = H \ H, are called the
SLE hulls.

Definition 4.2.1 gives us the set of SLE hulls (K} ) parameterised in “half-plane capacity”
time. To explain exactly what we mean by that, we first need the definition of half-plane
capacity.
Definition 4.2.2 (Half-plane capacity). Let K be a compact H-hull. The half-plane capacity
of K is

heap(K) = lim yE;,[J(B:)],
where 1 = inf{t > 0 : B, € KUR} is the first time the Brownian motion hits the hull K or

the real line.

The half-plane capacity is, in some sense, the height of the set as viewed from infinity. For
some concrete examples, the half-plane capacity of the unit disc in the upper half plane is
hcap(ID nH) = 1, and the half-plane capacity of a vertical line of length 1 in the upper half
plane is hcap((0, i]) = 1/2.

We said before that the SLE hulls (K;)»( are parameterised in terms of half-plane capacity.
What we mean by that is that hcap(K;) = 2t for all £ > 0.

In Section 4.4, we will use the following definition and bound of the height of a compact hull.

It is a previously known result, but we include the proof here for completeness.
Definition 4.2.3 (Height). Let K be a compact H-hull. Its height is defined to be
height(K) :=sup{J(z) : ze K}.
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Lemma 4.2.4. Let K be a compact H-hull with height(K) > 2\/a. Then hcap(K) > a.

Proof. Since both the height of a hull and its half-plane capacity are translation invariant

along the real line, and height(K) > 21/a, we can assume that 2i\/a € K.

Let K’ be the reflection of K in the imaginary axis. Further, let K be the complement of the

connected component of H \ (K u K’) which contains infinity. (See Figure 4.1.)

inzlap il

Figure 4.1: Left: The hull K and its reflection K’. Right: The joined
By construction, K contains the line segment (0, 2i\/a] and therefore we know that

and filled K.

hcap(K) > 2a.

To find our bound on the half-plane capacity, we need to consider the limit given in Definition

4.2.2. We will de-construct the expectation in that limit.

We can ignore the event that the Brownian motion exits through the real line since that does

not contribute to the expectation, i.e.
Eiy[3(B:,)] = Ei, [3(B:,)1{B,, € 0K}].

Since 0K c 0K U 9K’, we know that {BTK € BK'} c {Brk € E)K} U {Brk € 8K’} . Therefore, we

can bound the half-plane capacity of K as follows:
Ei, [3(B.,)1{B., € 0K}| <E;, [J(B, )1{B,, € 0K}| +E;, [J(B, )1{B,, € 9K'}] (4.4)
By symmetry, we know that
Eiy [3(B:,)1{B, € 0K}]| = E;, [J(B, )1{B,, € 0K'}],
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and so, substituting this into (4.4) we find
E;, [J(BTR)]I{BTR € aK}] <2E;, [J(Brk)]l{BTk € BK}] . (4.5)

Since we know that, if a Brownian motion stopped at 7 exits through K, then the same
Brownian motion stopped at 7x also exits through K, we see that {B,_ € 0K} c {B,, € 0K}.
Also, on the event {B; € dK}, the stopping times 7x and 7 are equal which means, in

particular, that J(B;,) = J(B, ). Using these facts in conjunction with (4.5), we find

Ei, [J(B.,)1{B,, € 0K}]| < 2E,, [J(B,,)1{B,, € 0K}]
= 2E;, [J(B.,)1{B;, € 0K}]
< 2E:, [3(B,, ) 1{B., € 3K}]
= 2K, [3(Bx,)].

Multiplying by y and taking limits, we find that
hcap(K) < 2hcap(K),
which, combined with the fact that hcap(K) > 2a, gives us the result that
hcap(K) > «
0

Corollary 4.2.5. Let K be a compact H-hull with half place capacity hcap(K) = a. Then we
can bound the height of K by

height(K) < 2\/a.

Proof. By Lemma 4.2.4 we know that, if height(K) > 2\/a, then hcap(K) > a. Therefore,
since hcap(K) = a, we must have height(K) < 2/a. O
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4.2.2 Reverse SLE

The time reversibility of Brownian motion allows us to give meaning to the idea of a “reverse
SLE” as well as the forward one defined in Section 4.2.1. The reverse SLE is the one we will
need to use for the coupling between the Gaussian free field and SLE which we use, first shown

in [Sheio]. We will explain more about this coupling in Section 4.2.5.

In order to follow the notation of [Sheio] we need to use a slightly different definition for the
reverse SLE; it needs to be centered in some way so that the growth of the SLE is at the origin.
(The intuition for this is much easier if we assume that the Rohde-Schramm theorem is true
and the SLE hull is generated by a curve.) We will explain how the different normalisation

relates to that given in Definition 4.2.1 and the maps ( ft) used in Lemma 4.2.7.

Definition 4.2.6 (Reverse SLE). Fix k¥ > 0 and let B; be a Brownian motion started at zero.

For each z € H let f;(z) be the solution to
2

dfi(z) = N0

with fy(2z) = z. We will call the collection of maps ( f;) a reverse SLE,.

dt— \/EdBt) (46)

We now show how Definitions 4.2.1 and 4.2.6 of the forward and reverse SLE flow relate to each
other and to the maps ( ft) defined in (4.2). This is a known result (see Section 4 in [Lawo8],
for example), but we check it here with our specific combination of centred reverse flow and

un-centred forward flow.

Lemma 4.2.7. Fix a time T > 0 and some value x > 0. Let (g;) be an SLE, with driving

function (&), (f;) a reverse SLE, and define

filz) =g (z+ &)
Then
A d
fr=fr
Note that the equality in distribution holds for a single fixed time T, not for the range of times
tel0,T].
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Proof. The definition for the time reversed SLE flow, for fixed T > 0 is

2
- dt,
T’t(z) - fT—t

with 7(z) = z. This is simply a time change of (4.3) given by t — T — t. The reverse flow

dri(z) = tel0,T],

defined in this way has the property that r = ¢! (see, for example, Section 4 in [Lawo8]).

If we now define #,(z) = r,(z) — &7, we find that

2
7+(z)

which, by reversibility of Brownian motion, can be written as

di(z) = ——— —dr, (47)

2

7+(z)

The difference between (4.6) and (4.8) is the initial conditions, which are often only implicitly

d#(2) =~ - /xdB.. (4.8)

defined. All of the standard definitions, including (4.6), give the initial condition that the map
in question at time zero should be equal to the identity. As this is true for (4.7), i.e. ro(2z) = z,

we see that the initial condition for 7 is
TA’()(Z) =Z— ET-

We therefore see that
fO(Z) =fo(z + &r)

and, since they are driven by the same SDE, this equality will continue through time. Therefore,

for time T we see that

fr(z) =tr(z + &r)

=rr(z+&r) - &rr

rr(z+&r)

gr(z+¢&r).

This means that, for a single fixed time T, the reverse map f from Definition 4.2.6 is the same

as the map f. ]
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The following (well known) bounds will be useful for us later on.

Lemma 4.2.8. Let k > 0 and let (f;) be a reverse SLE,. Then, for any fixed y > 0, the imaginary
part of f;(iy) is increasing but bounded above for all t > 0 by

J(fi(iy)) < /4t + y2.

Proof. Fix y > 0 and, for ease of notation, let f;(iy) = Z, = X, + iY;. Then we know that Z,
satisfies the SDE (4.6) with Z, = iy. Looking at the imaginary part of the equation shows that
the imaginary part of Z;, Y}, satisfies the SDE

2
dYt = _j(g)dt

t

dt, (4.9)

with Y, = y. Since y > 0, we can see that the right hand side of (4.9) is greater than zero and

stays positive. This tells us that Y; is increasing, finishing the first part of the proof.

The fact that Y; is increasing also shows us that Z, is bounded away from 0, since J(Z;) > y, > 0.

That lets us see that the coeflicients of the SDE which Z satisfies,
2
dZt = _Zdt - \/;dBt,
t

are Lipschitz in space. Therefore, Z; exists as a strong solution. See Theorem 2.5 of [KS91], for

example.

For the second part, we use the fact that X? > 0 to see the bound

2Y,
dYt = Z—tzdt
X;+Y;
2Y,
< dt
Yt
2
= —dt.
Y,

t
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The solution to the equation x’ = 2/x and the existence of strong solutions gives us our upper

bound. O

Corollary 4.2.9. Let k > 0 and let (f;) be a reverse SLE,. Then, for any fixed y > 0, the absolute
value of the derivative, | f!(iy)|, is bounded above by

1 4
If{ (iy)] < ;\/ 4t + y2.

Proof. As f, is a reverse SLE flow we know that f, : H - H, for H, = H \ K,. Koebe’s 1/4

Theorem tells us that

|f{ (iy)|dist(iy, oH) < 4 - dist( f,(iy), 0H,). (4.10)

We know that dist(iy, 0H) = y and

dist( f:(iy),0H,) < dist(fi(iy), oH)
=3(#i(iy)).

Therefore we can use the bound from Lemma 4.2.8 along with (4.10) to see

f(iy)ly < 4/t +y2.
Re-arranging gives the result. O]

Lemma 4.2.10. Let k > 0, let (f;) be a reverse SLE,, and let (&;) be its driving process. Then,
for any fixed y > 0, the absolute value of the real part of f(iy) is bounded above by the absolute

value of &, i.e.

R(fe(iy)) <[&l.

Proof. As before, we write f;(iy) = Z, = X, + iY, so that R(f,(iy)) = X,. By taking real parts
of (4.6), we know that X, satisfies the SDE

dXt = —9‘{(23) dt— \/EdBt
t

(s
t

2X,
=— dt — \/xdB,,
X2 +Y? VdB,
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with X, = 0. The drift term is always towards the origin and, as we saw in Lemma 4.2.8, strong

solutions to this SDE exist. Therefore, we see that |X;| < \/x|B;|, finishing the proof. ]

4.2.3 Zero boundary Gaussian free field

We now briefly introduce the zero boundary Gaussian free field as a building block to the
Neumann boundary Gaussian Free Field of Subsection 4.2.4. We also collect some of the

known results of the GFF that we rely on.
In order to define the zero boundary GFF, we first need to define the Dirichlet inner product.

Definition 4.2.11 (Dirichlet Inner Product). Let D c C be a bounded domain. Let C*(D)
be the set of smooth, compactly supported functions on D. For f, g in C°(D), define the

Dirichlet inner product as

(f> g>v:$fDVf(z)-Vg(z)dz.

The zero boundary GFF can be viewed as a standard Gaussian on the Hilbert space completion
of C5°(D) under the Dirichlet inner product, which we denote Hy(D). There are several

equivalent ways of defining the GFE. We give the definition used in [Sheoy].

Definition 4.2.12 (Zero boundary Gaussian free field). We say that & is a zero boundary
Gaussian free field if, for any f, ¢ € Ho(D), the random variables (k, f)_ and (h, g)_ are

centred Normal random variables with covariance equal to

E[(h f)g (h g)g] = (f &)

One of the difficulties with working with the GFF is that it not defined pointwise, and so we
cannot treat it as a Gaussian field on D. It does not exist as a random variable in Hy(D). A
Weyl asymptotics argument can be used to show that it is a member of the dual space H,'(D),
and there is a version which exists as a member of D’(D). For details, see the discussion in

Section 3.3 of [She1o], for example.
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We can use regularisations to talk about approximations of the field pointwise. The circle

average regularisation, in particular, will be useful for us.

Definition 4.2.13 (Circle Average). Let D be a domain in C, and let h be a zero boundary
GFFin D.Lete >0and z € {2/ € D : dist(z’,0D) > ¢}. Define the function &2 by

§(y) =-log(lz—ylve)+¢°(y), (4.11)

where ¢¢ is harmonic in D and equal to log(|z — y|) for y € 9D. Then average of / on the

circle of radius ¢ centred at z is defined by

fzg(z) = (fz, £§>v' (4.12)

The circle average process appears in Section 3.1 of [DS11]. Essentially, we can think of (4.12)
as a circle average because we know that —A&? = 2v?, where vZ is the uniform measure on

the circle of radius ¢, centred at z. Therefore, a formal integration by parts lets us say that

where (-, -) is the standard L? inner product. For more details about the justification of the

integration by parts, and viewing the GFF as it acts on measures, see Section 2.6 of [Sheo7].

Definition 4.2.17 and the form of &2 allows us to calculate the variance of the circle averages.

The following appears as Proposition 3.2 in [DS11].

Lemma 4.2.14. Let D be a domain in C, and let h be a zero boundary GFF on D. Fix ¢ > 0,
and let z € D be further than ¢ from the boundary. Then the circle average, h,(z), is a centred

Gaussian random variable with variance
E [Eg(z)z] = —loge +log R(z; D),

where R(z; D) is the conformal radius of D viewed from z.

We will also need to use domain Markov property of the GFE A thorough explanation can be

found in Section 2.6 of [Sheo7].
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Theorem 4.2.15 (Domain Markov Property). Let D be a domain, and U c D a subdomain.

Let h be a GFF on D. Then we can write h = h; + h,, where

hy and h, are independent,

h, is a GFF on U and zero on D \ U,

- hl, h2 € Hal(D), and

hy is harmonic on U and agrees with h on D \ U.

Finally, we rely on the conformal invariance of the GFF. It is a property inherited from the

conformal invariance of the Dirichlet inner product. See, for example, Section 2.1 of [Sheo7].

Theorem 4.2.16 (Conformal Invariance). Let D and D’ be two domains in C, and let y be a
bijective, conformal map from D to D'. Further, let h be a GFF on D, and h' a GFF on D'. Then
hino v in the sense that, for any function f € Hy(D), we have

(h, f)g £ (1, foy™). .

4.2.4 Neumann boundary Gaussian free field

In order to couple the reverse SLE of Section 4.2.2 with a Gaussian free field, as in [She1o],
we need to understand the Neumann (or free) boundary Gaussian free field. We give a

brief introduction here. Much more information can be found in, for example, Section 4.2.4

of [MS13].

The Dirichlet inner product defined in Definition 4.2.11 can be extended from the set of
smooth, compactly supported functions to f, g € C>(D), the set of smooth functions on D.
It is no longer strictly an inner product, as all constant functions will have Dirichlet inner
product equal to zero. To get around this, we define the space H(D) as the Hilbert space
completion under the Dirichlet inner product of the functions f € C*(D) which we view

modulo additive constants.

138



4.2 SETUP

Note that, since we only ever look at test functions defined up to an additive constant, the
Neumann boundary GFF is defined as a distribution only up to an additive constant. Later,

we will need to fix this additive constant.

Definition 4.2.17 (Neumann boundary Gaussian free field). We say that h is a Neumann
boundary Gaussian free field if, for any f,g € H(D), the random variables (h, f )y and

(h, g), are centred Normal random variables with covariance equal to

]E[<h’ f)v (h’ g)v] = <f’ g)v

As in the zero boundary case, the Neumann boundary GFF is not defined pointwise, but it
exists as a continuous linear functional. See Section 3.3 of [She1o]. Also, it inherits a conformal
invariance property from the conformal invariance of the Dirichlet inner product. More
information about how the Neumann boundary GFF can be defined on measures, using the
Green function for Laplace’s equation with Neumann boundary conditions, can be found

in [Berisc].

In order to use the conformal invariance of the field, and to understand the statement of
Theorem 4.2.25 in Section 4.2.5, we need to be clear what is means by h o y, where h is a
Neumann boundary GFF on D and v : U — D is a bijective, conformal map. We simply mean

that, for any function f € H(U),

(hoy, flg:=(h foy™) .

We will often talk about the “harmonic extension” of the Neumann boundary GFF from the
boundary of some subdomain U c D to the domain U. The following lemma, which appears

in Section 4.2.5 of [MS13], allows us to do that.

Lemma 4.2.18. Let h be a Neumann boundary GFF on a domain D. Then we can write
h = h+Harmp(h),

where h is a zero boundary GFF on D and Harmp (h) is an independent harmonic function on

D, defined up to an additive constant.
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The proof relies on the fact that the space of functions Hy (D) is orthogonal to the space of

harmonic functions on D under the Dirichlet inner product.

Lemma 4.2.18 lets us define the harmonic extension of the Neumann boundary GFF as follows.

Definition 4.2.19 (Harmonic extension). Let U c D be a subdomain, and let # be a Neumann

boundary GFF on D with decomposition
h = h +Harmp(h),

where 1 is a zero boundary GFF on D and Harmp () is an independent harmonic function
defined up to an additive constant, as in Lemma 4.2.18. Using the Markov property for h, we

can write

h=h +u,

where h’ is a zero boundary GFF on U and u is harmonic on U. Then the harmonic extension

of h from 90U to U is defined to be

Harmy(h) = Harmp(h)|y + uly.

When we fix the additive constant that is still free in the definition of the Neumann boundary
GFE it can be the case that i and Harmp (%) are no longer independent. For example, if we
normalise the GFF h by specitying that its average value on some set is equal to zero, there
will be some interaction between i and Harmp (h). This is because the zero boundary GFF /
is fully specified, so the function Harmp (/) will have to shift by a constant to compensate for

the average value of /1 on the set in question.

However, we will always normalise by specifying the value of Harmp (%) at a point. This will

ensure that we still have independence:

Lemma 4.2.20. Let h be a Neumann boundary GFF on a domain D, and let z € D. If we specify
that Harmp(h)(z) = 0 in the decomposition of Lemma 4.2.18, we know that h and Harmp (h)

are still independent.
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Proof. In Lemma 4.2.18, Harmp(h) € Harm(D) represents an equivalence class of harmonic
functions, [Harmp(h)] ¢ Harm(D), where two functions are equivalent if they agree up
to an additive constant. We can choose the unique representative of that equivalence class
which equals 0 at z, and call that function Harmp (k). Since Harmp(h) depends only on the
equivalence class [Harmp ()], and the equivalence class is independent of /2, then Harmp (k)

is also independent of . ]

We will need some quantitative bounds on the variance of the harmonic part of the Neumann
boundary GFF when it is pinned at a certain point. We will use the following, which appears

as Lemma 2.9 in [GMS14]:

Lemma 4.2.21. Let Harmp(h) be the harmonic part of a Neumann boundary GFF on the
unit disc D, normalised so that Harmp(h)(0) = 0. Then, for any z,w € D, Harmp(h)(z) and

Harmp (h)(w) are jointly Gaussian with mean zero and covariance

E [Harmp(h)(z)Harmp(h)(w)] = —2log |1 — zw|.

We can use a coordinate change from the upper half plane to the unit disc, along with conformal
invariance of Gaussian free field, to get the following bound on the variance of the harmonic

part of the Neumann boundary GFF on the upper half plane.

Lemma 4.2.22. Let Harmy(h) be the harmonic part of a Neumann boundary GEF on the
upper half plane H, normalised so that Harmy (h)(iyo) = 0 for some (fixed) y, > 0. Then, for

any z = x + iy € H we see that

E [Harmg(h)(2)?] = -2log y + 2log (x* + (y + y0)?) — 2log 4.

Proof. Let h’ be a Neumann boundary GFF on the unit disc, D, normalised so that
Harmp(h')(0) =0,
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and let m,, be the Mobius transformation

Z—iyo
Z+iyy

my, (z) =
Then m,, : H — D so that m,, (iy,) = 0. Therefore, if we set
h = h, o m)/o)

then h is a Neumann boundary GFF on H and, by conformal invariance of the GFF and

harmonic extensions, we see that for z € H,

Harmy (h)(z) = Harmy(h' o m,,)(z)

= Harmp(h")(m,,(2)).

Therefore, with z = iy, we see that Harmy (h)(iy,) = Harmp(h')(m,,(iy)) = 0. So, h is
normalised in the way that we want. We can now calculate its variance using the coordinate

change and Lemma 4.2.21, as follows.
Letz = x + iy e Hwith y € (0, y5). Then, by Lemma 4.2.21, we see

E [Harmp(h)(x + iy)?] = E [Harmp(h') (m,, (x + iy))]

= =2log|l - |m,,(x + iy)]*|. (4.13)

Expanding the term inside the log in (4.13), we find

x2+(y=y0)?

x2+ (y+y0)?

_ 0= (=)’
X%+ (y+ y0)?

4y0y

pber el (4.14)

L—fmy, (x + ip)P =1~

Substituting (4.14) into (4.13), we see that

; 4
B o () 7)) = -2og - 22
= —2log y +2log (x> + (y + y0)*) — 2log 4y,,
completing the proof. -
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We should note that, if we restrict to the case where z = x + iy € H with y € (0, y,), Lemma

4.2.22 easily gives us the slightly simpler inequality that
E [Harmy(h)(2)?] < -2log y +2log (x* + 4y%) - 21og 4y, (4.15)
because (y + y0)? < 4y2.

Corollary 4.2.23. Let Harmpy(h) be the harmonic part of a Neumann boundary GFF on the
upper half plane H, normalised so that Harmy (h)(iy,) = 0 for some (fixed) y, > 0. Then, for
any purely imaginary z = iy € H with y € (0, y,), we see that

E [Harmg(h)(iy)?] < 2log y, - 2log .

Proof. This is simply the case of x = 0 in (4.15). O

Lemma 4.2.24. Let K be a compact hull, and let H = H \ K. Let h be a Neumann boundary
GFF on H normalised so that its harmonic part vanishes at iy, for some yo > 0. Let Harmp (h)
be the harmonic extension of h from 0H to H. Then for any z = x + iy € H with y < y,, we

know that Harmpy (h)(z) is a centred Gaussian random variable with variance
E [Harmpy(h)(z)?] < -3log(dist(z, 0H)) + 2log(x* + 43) + C,

where C is a constant which depends on y, only.

Proof. We know from Lemmas 4.2.18 and 4.2.20 that we can write & = i + Harmy (h), where
h is a zero boundary GFF on H and Harmy (k) is an independent harmonic function, deter-
mined uniquely. Using the Markov property of the zero boundary GFF we can also say that,
restricting to H, we have

hly=h' +u,
where h’ is a zero boundary GFF on H and u is an independent harmonic function. We can

therefore see that

hlg =h'+u+Harmy(h)|y

= h'+ Harmpy(h).
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Because u is independent of h’ and Harmy (k) is independent of i1 = h’ + u, we see that h’

and Harmpy(h) = u + Harmy(h) are independent.
Let ¢ < dist(z, 0H). Then we can take the circle average of the GFFs to see that
h!(z) + Harmp (h)(z) = h.(2z) + Harmg (h)(2).

By independence of the terms on both the left hand side and the right hand side, we can say
that
Var(Harmy (h)(z)) < Var(h,(z)) + Var(Harmg (h)(2)). (4.16)

We can use Lemmas 4.2.14 and 4.2.22 to bound the terms on the right hand side of (4.16) to

get
Var(Harmy (h)(z)) < —loge + log R(z;H) — 2log y + 2log(x* + 4y5) — 21log 4y,.

We know that log R(z; H) is uniformly bounded above for all z = x + iy with y € [0, y]. Let

us write this upper bound along with the —2log 4y, term as the constant C, so
Var(Harmy(h)(z)) < —loge - 2log y + 2log(x* + 4y5) + C.

Now let us take ¢ as large as we can, i.e. € = dist(z, 0H). Noting also that, as H is a subset of

H, dist(z, oH) = y > dist(z, dH), we find
Var(Harmp (h)(z)) < -3logdist(z, 0H) + 2log(x* + 4y3) + C,

as we wanted. ]

4.2.5 Coupling reverse SLE and Neumann boundary GFF

We now set out the coupling between reverse SLE and the Neumann boundary GFF, first

proved in [Sheio]. Throughout, fix x > 0 and Q = % + 4

Theorem 4.2.25 (GFF SLE coupling). Let (f;) be the reverse SLE, flow as defined by (4.6), with
hulls (K,). Let h be a Neumann boundary GFF on H, independent of ( f,), normalised so that
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the harmonic part vanishes at iy, for some y, > 0 to be specified later. For t > 0, let

2
hi=ho f, + ﬁ log|f:|- (4.17)

Then
he + Qlog|f!| £ hy

modulo a global additive constant.

Corollary 4.2.26. In the same setting as Theorem 4.2.25, there exists a random constant (in

space) b, such that

()| = (|ft();y)|)wexp(é (Harmg (h') (iy) — Harmy (h o £)(iy) + bt)),

where h' is also a Neumann boundary GFFE, normalised so that the harmonic part vanishes at

iyo.

We should note that the joint distribution of h’ and h o f; will not matter anywhere in the rest

of this chapter.

Proof. Theorem 4.2.25 tells us that 4, + Q log|f/| 4 ho modulo an additive constant. Let b, be

this constant, so that
he + Qlog|f!| - b, £ hy. (4.18)
Let

ho = hy + Qlog|f/| - b, (4-19)

so that h; 2 hys e h{ is a Neumann boundary GFF on H, 4/, plus a log singularity, % log|z|.

Re-arranging (4.19) gives us

Qlog|f/(iy)l = (hg = he)(iy) + by
2

= (W' =hofi)(iy) + %IOgWI - ﬁ10g|ft(iy)l + by

_ '_ho i +io 4
= (W =ho fi)iy)+ —=log rmt

+b,. (4.20)
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The left hand side of (4.20) is harmonic in Hi, as are the last two terms on the right hand side.
The terms h’ and h o f; are not defined pointwise, but their difference is. Furthermore, since

all other terms are harmonic, the difference 4’ — h o f; must also be harmonic.

Integrating with respect to the Poisson kernel on the real line lets us look at the harmonic
extensions of these function from R to Hl. As both sides of the equation are harmonic already,
this has no effect on the functions. However, linearity of integration against the Poisson kernel

lets us say that

ogl|f/(iy)| = Harmy(h')(iy) - Harmy(h o i io ) 21
Qlog|f/(iy)| = Harmy(h')(iy) - Harmg (h fr)(y)+ﬁ1g‘ft(iy),+bb (4.21)

which rearranges further to give

0= () exp (g Ctorma(0) o) - Harma(ho £)(09) ).

4.3 PROOF OF THEOREM 4.1.3

We restate the theorem:

Theorem 4.3.1. Let « + 8, and let f, be the centred inverse of the Loewner flow as defined in

(1.6). Then there exist constants € > 0, 6 > 0 and C > 0 such that

P/ (iy)] > y 9] < Cy?*? (4.22)
forall t €[0,1] and y € (0,1).
Thanks to the distributional equality between the reverse flow, f;, and the centered inverse, f;,
shown in Lemma 4.2.7, we need only show condition (4.22) for the reverse flow.

Proposition 4.3.2. Let (f;) be a reverse SLE, for k > 0 and x # 8, coupled with a Neumann
boundary GEF as in Corollary 4.2.26 and let (b;) o be the coupling constants. Finally, let (&;) o
be the driving function of the reverse SLE f.
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Then there exists some € > 0, § > 0 and C > 0 such that, for all t € [0,1] and y € [0,1] we have

P[If/ (iy)] > y" 9] < Cy**°.

Proof. We need to break the probability up into events which are relatively easy to deal with.
A simple union bound lets us say that

P[If!(iy)| > y ) <P|If/(iy)] > y ), b, < —elog y, sup & < y“] +

te[0,1]

+P[b; > —¢logy] +P[sup £t>y‘8].

te[0,1]

The fact that the first term on the right hand side has the correct polynomial decay is the
subject of Section 4.3.1, Proposition 4.3.3 in particular. We show that the coupling constant b,
has sub-exponential decay in Section 4.4, giving us the arbitrary polynomial decay that we
need here. Finally, it is well known that the supremum of a Brownian motion over a finite time
interval has sub-exponential tails, and so the third term decays faster than any polynomial as

y — 0. [l

The details of this proof are given through the rest of the chapter.

4.3.1 Bounding the probability on the good event

The good event that we bound the probability on introduces constraints on the supremum
of the driving function of the SLE and a bound on the coupling constant b, introduced in
Corollary 4.2.26. We show that these constraints both hold with very high probability in

Section 4.4.

Throughout, we need to fix a point iy, for some y, > 0 that we use to normalise the Neumann
boundary GFF used in the coupling arguments. In order to apply Lemma 4.2.24 we need
to ensure that any complex point that we consider, especially those of the form f;(iy), have

imaginary parts smaller than y,. Happily, we need consider only times t € [0,1] and the

147



ROHDE-SCHRAMM THEOREM THROUGH COUPLING

starting points iy with y € [0,1]. Therefore, Lemma 4.2.8 guarantees that

I(filiy)) < /4t +y> <5,

forall t € [0,1] and y € [0,1]. Furthermore, it will be important in Section 4.4 that
yo > 2\/5

So we fix a point iy,, with

Yo > max (\/5, 2\/5) =2V2, (4.23)

which we will use as the pinned point for the remainder of this chapter.

Proposition 4.3.3. Let (f;) be a reverse SLE, for k > 0 and « + 8, coupled with a Neumann
boundary GFF as in Corollary 4.2.26 and let (b;)so be the coupling constants. Finally, let (&) 50
be the driving function of the reverse SLE f.

Then there exists some € > 0, § > 0 and C > 0 such that, for all t € [0,1] and y € [0,1] we have

PlIf/ (i) > y 9, b, < —elog y, sup & < y~¢| < Cy**°.

te[0,1]

The argument begins with a slight modification to Markov’s inequality. We start with the

following lemma.
Lemma 4.3.4. Fixe>0,t>0and y > 0. Let {f,} be the reverse SLE flow as defined by (4.6).

Then, on the event that {|f(iy)| > y~ (=9}, we know that dist(f;(iy), 0H,) > y*/4.

Proof. As f, is a reverse SLE flow we know that f, : H - H, for H;, = H \ K,. Koebe’s 1/4

Theorem tells us that
|f{ (iy)|dist(iy, oH) < 4 - dist( f;(iy), 0H,). (4.24)
Since dist(iy, 0H) = y we know that, on the event {|f{(iy)| > y~ (-9},
|f¢ (iy)ldist(iy, OHI) > y*. (4.25)
Combining the inequalities in (4.24) and (4.25) gives the result. O
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Corollary 4.3.5. Fixe >0, t >0and y > 0. Let { f;} 0 be the reverse SLE flow as defined by
(4.6). Then we have that

(1> y ) (11> 1}

Proof. Since H; c H we can see that

dist(f;(iy), 0H;) < dist(f;(iy), oH)
=3(fi(iy))
<|fe(iy)l-

Combining this with Lemma 4.3.4 finishes the proof. O

We can use Lemma 4.3.4 to get a good bound on the variance of Harmy (/4 o f;) on the event
that {|; (iy)| > y=0-9)}.

Lemma 4.3.6. Let (f;) be an SLE, process with driving function (&,). Let h be an independent
Neumann boundary GFFE, normalised so that its harmonic part vanishes at the point iy,. Write
E;, for the expectation with respect to the law of h conditional on (f;). Then, for fixed € > 0 and
all t € [0,1], and y € [0,1],

En [HarmH(h © SO Ly 003)15y-0-9y Lsup,goy ffsw}] <C'-7elogy,

where C' is a constant depending on the pinned point y, only.

Proof. Conformal invariance of solutions to Laplace’s equation lets us say that

Harmg (h o f,) () = Harmp, (h) (f:(-))-

Since we chose the pinned point iy, high enough in (4.23), we can apply Lemma 4.2.24 to see

that

Ey [ Harma(h o £)(i9)L106psy-0-0) Lisupgoy 5574 | <

< (_3 log(dlst(ft(ly), aHt)) + 210g(%(ft(ly))2 + 4)/%) + C) ]1{‘ft/(i)/)|>}’_(l_€)}’
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which, after applying Lemma 4.3.4 to the first term and Lemma 4.2.10, gives us the bound

En [HarmH(h © SOy L 0i)1y-0-9y Lsup,goy ffsy-s}] <
s—3log(yz)+210g(y‘28+4y§)+C. (4.26)

We know that y=2¢ > 1 and y, > 1, and so we can see that

log(y ™% +4y;) <log(5y7*) +log(5y5).

Therefore, we can simplify the bound in (4.26) to

E, [HarmH(h o ft)(i)’)z]l{\f;(iy)|>y-<1-e>}]l{sup,e[o,l] gtgy-e}] <-7elogy+ C',
where C’ depends only on y,, as we wanted. [

Lemma 4.3.7. Let (f;) be a reverse SLE, with driving function (&;). Fix t € [0,1], € > 0 and
y>0. Leta >1and b = a/(a - 1) be its Holder conjugate. Let h be a Neumann boundary
GFF independent of (f;) and write E, for expectation with respect to the law of h, conditionally
on (&). Finally, let h' be a Neumann boundary GFF as defined by the coordinate change in
Corollary 4.2.26. Define the event A by

A={|fl(iy)] > y "9, b, < —¢elogy, sup |&] <y}

te[0.1]
Then
L G378, exp (G (Harma () ()|
where the constants C and C depend only on «, the power a and the pinned point iy, used in

the coupling.

Proof. We start with the relation found in Corollary 4.2.26, with the small addition of the

indicator function, that

_2_

If/(iy)|[14 = (VT):)/)')Qﬂ exp (é (Harmpy(h")(iy) - Harmg(h o f;)(iy) + bt)) 14.

(4.27)
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Corollary 4.3.5 tells us that ]1{|f[/(iy)‘>y_<1_x>} = ]1{\f{( -0y L{f(iy)|>ye/43- SO, we can tell

iy)l>y

straight away that

1,<4y¢1 28
Tl s 4 L (428)

Furthermore we have ensured, by the definition of the event A, that the coupling constant b,

is bounded above by b, < —elog y. We therefore know that

1
exp(abt) ]lA S)/is/Q]lA. (429)

Substituting (4.28) and (4.29) into (4.27) gives the inequality

(I8 (47 -y exp (o (Harma () (i) - Harms (o £)(i3))) L

We can now take expectation with respect to the law of h conditional on (&) and use Holder’s

inequality, taking care where we put the indicator function, to say that

2 1 1

ff (iy)[a <

< (4y1_s(l+2)) o Ey, [exp (%(HarmH(h’)(iy)))] "E, [exp (—gHarmH(h Oﬁ)(iy)) ]IA] "

(4.30)

Now we know that, conditionally on (&), Harmy(h o f;)(iy) is Gaussian, and we know its
conditional variance from Lemma 4.3.6 . So we can bound the final expectation in (4.30) as
follows:
E b h j il ! 1
n | exp (—aHame( oft)(zy)) Ta|<exp (Z_QZ (C'-7¢ ogy))

b2c! 7b%

= ¢ 202 y‘szqﬁ_ (4.31)

Substituting (4.31) into (4.30) gives
+ﬂ))of be!

F(iy)a< (y L)) ey ZOZ]E;,[exp(g(HarmH(h')(iy)))]‘l‘

= 4Weﬁyﬁ‘s(# Q W)]Eh [exp ( g (HarmH(h')(iy)))] ’
We finish the proof by raising everything to the power a. ]
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Corollary 4.3.8. In the same setting as Lemma 4.3.7, we have the following bound on the
probability of interest:

2__ 4 )\_Ce

P|f(iy)| > y 079, by < ~elogy, sup & sﬁ] <cy'lrara)

te[0,1]

where C and C are constants which depend only on the Holder exponent a and the pinned point

iyo.
Proof. First, recall the definition of the set A from Lemma 4.3.7, that

A:=A{|f/(iy)| > y‘(l‘s), b, < —-elogy, sup & < y~°}.

te[0,1]
The proof begins as a slight modification to Markov’s inequality, and then an application of

Lemma 4.3.7:

PlIf (iy)] > )’_(H)’ b, <-¢elogy, sup § < y_s] -k []l{lft’(iy)|>y*(1*5),bzé—slogy, SUP;e[o,1] frsy*}]

te[0,1]
<E[y*09f; (iy)]*14]
<E [y“(lf)éyozj%_ésﬂih [exp (%HarmH(h')(iy))]]
= Cy“(“oiﬂ)_e(é”)]E [exp (%HarmH(h’)(iy))] : (4.32)
Now, we know a bound on the variance of Harmy(4')(iy) thanks to Corollary 4.2.23, so we

can find a bound for the expectation in (4.32), as follows:
a ] a?
E [exp (aHarmH(h')(zy))] < exp (F (2log yo - Zlogy))
=¥y <. (4.33)

So, substituting (4.33) into (4.32) we find

P[|ﬂ(iy)| > y=0=9) b, < —elog y, sup & < y—s] < Cyocsza(HQ—ﬂ—é)-e(cM)’

te[0,1]

as we wanted.
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We have done essentially all the work for Proposition 4.3.3 now. The last thing left to check is

what happens when we maximise the exponent we found over the value of a.

Proof of Proposition 4.3.3. Proposition 4.3.3 will follow from Corollary 4.3.8 if we can show
that the exponent of y is greater than 2. As we can choose ¢ however we like, let us ignore it

for now and concentrate on the part of the exponent which is independent of . We then get a

2 a
a(1+Qﬁ—@). (4.34)

It has roots at a = 0 and a = Q? (1 + Q%/%), and so achieves its maximum at the average of

quadratic in a:

these two: at gy = %2 (1 + QL\/E) Substituting a,,,, into (4.34) gives

2
2 Amax Q2 2
a 1+ - =— |1+ . .
max( NG Qz) 1 NG (4.35)
2
We now want to look at the exponent QTZ (1 + QL\/E) to make sure that it is always greater than

2. First of all, note that

2 vk Q2 1]
N JE K2

Therefore, expanding out the exponent, we find

Q=

@, 2 Y @, 4 4
4\ Qvk] 4\ Qv/k Q%
:gz+g+l

K
=—+—=+1
k 16
Differentiating to find a minimum, we find
0 (4 « 4 1 2 1
—-+=+1)=——+— and so - ==
ok \k 16 k* 16 kK 4

Therefore, the exponent is minimised at x = 8, at which point the exponent takes the value
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So we see that, for « # 8, we can choose ¢ > 0 small enough (depending on « but not y) that

there exists some & > 0 such that

2 __ 4max )—ES

B|[f/(iy)] > y02), b, < ~elog y, sup & <y | < Cy(am

te[0,1]

— C)/2+6,

finishing the proof.

4.4 BOUNDING THE COUPLING CONSTANT

The aim of this section is to prove the upper bound that we need for the coupling constant b,
that was introduced in Corollary 4.2.26. We want to show that it has the following polynomial

upper tail:

Proposition 4.4.1. The constant b, from Corollary 4.2.26 has sub-exponential decay i.e. for any

A > 0 there exists some constant C) such that, for all x > 0 we have:
P[b, > x] < Cye™.

The constant C), can be chosen uniformly for t € [0,1].

Proof. Let A > 0. We want to use Markov’s inequality to say that

P[b,>x]=P [e“” > e“]

<e™ME [e“’t] .

We need to check that [E [e*?'] is finite for all A > 0, with a uniform bound for ¢ € [0,1]. We

can rearrange (4.21) to see that, for y > 0,

IMIC)]

+_
VK y

b, = Harmg (h o f;)(iy) - Harmg (h') (iy) + Qlog|f{ (iy)]
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In fact, if we look at the pinned point iy, the point where Harmy (/') vanishes (which is how

b, is chosen), we can see that

by = Harms (o £)(i0) + Qlog (i) + = log 2.

Exponentiating and taking expectation with respect to the free field & which, the reader will

recall, is independent of ( f;), we find that

Ex[¢] = | (iyo) ('f(y—”')f Ey [exp (AHarmg(ho £)(iyo))].  (436)

We can use Lemma 4.2.24 to bound the expectation E,, [exp (AHarmy (4 o f;)(iyo))], using
the fact that Harmy (% o f;)(iyo) = Harmpy(h)(f:(iyo)), as follows:

Ey [exp (AHarmg (h o f;)(iyo))] <

< exp (% (~310g(dist(f(i30), 9H0) + 21og(R(fi(130))*+ 47+ O)). (437)

Now we can use Corollary 4.2.5 and the fact that J( f;(iy,)) is increasing to say that

dist(f;(iy0),0H;) > I(fi(iyo)) — height(H;)
2 Yo~ 2V/2t

>y - 2V/2, (4.38)

with our choice of y, in (4.23) ensuring that this is strictly positive. Using the inequality (4.38)
in (4.37) we get
e

Ey [exp (AHarmys (o £:)(iy0))] < (3o - 2V2) "5 (R(fi(iyo) > + 493) e, (439)

Substituting (4.39) into (4.36) gives us the inequality

Ey [e*] < |f; (iyo) (lf(y—y”) T o= 2V2 E Rl + 9DV (440)

Corollary 4.2.9 lets us bound the first term in (4.40) by

1(: 4
ff (iyo)| < )70\/)’3 +4.
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Lemma 4.2.8 lets us bound the second term in (4.40) by

fi(iyo)l < VR(fi(iyo))? + 4t + y2
<VR(filiye))? + 4y,

where the final inequality comes from the fact that we know 4f < 4 < 3y;. It simplifies the

result of substituting the two previous bounds into (4.40), which is

R TV

We now take expectations with respect to the law of (f;) to see that

A
VK

(Rfiliye))? +4y2)""

_1Q-2L AQ/2
E[e“"] <4AQy0 Q ﬁe“C (o +4)

— ] 1244
e L UCOIRE T
SAQ-Z g AP N

(yo —21/2)3%/2 L
_10-2L 2 4 20/2 ) N
Q e (yo+4) E (KB%+4)/(2))7L +\/?:|’ (4a1)

(ro-2v2)»72 1

where the final line comes from bound in Lemma 4.2.10. Since B; is a Gaussian random

variable it has moments of all orders, so we know that the expectation in (4.41) is finite.
Therefore, the right hand side of (4.41) is our constant C,. It does not depend on t, so we have

found a uniform constant for ¢ € [0, 1] such that

P[b, > x] < Cye™.
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