OPEN ACCESS

I0OP Publishing

Inverse Problems

Inverse Problems 40 (2024) 045021 (49pp) https://doi.org/10.1088/1361-6420/ad2aaa

Bayesi

an view on the training of invertible

residual networks for solving linear inverse
problems*

Clemens Arndt"**@®, Séren Dittmer'-?, Nick Heilenkotter' ©,
Meira Iske!©, Tobias Kluth!® and Judith Nickel'**

I Center for Industrial Mathematics, University of Bremen, 28359 Bremen,
Germany

2 Cambridge Image Analysis Group, University of Cambridge, Cambridge CB3
OWA, United Kingdom

E-mail: carndt@uni-bremen.de and judith.nickel @uni-bremen.de

Received 1 August 2023; revised 26 January 2024

Accepted for publication 19 February 2024 @
Published 6 March 2024

CrossMark
Abstract

Learning-based methods for inverse problems, adapting to the data’s inherent
structure, have become ubiquitous in the last decade. Besides empirical invest-
igations of their often remarkable performance, an increasing number of works
address the issue of theoretical guarantees. Recently, Arndt e al (2023 Inverse
Problems 39 125018) exploited invertible residual networks (iResNets) to
learn provably convergent regularizations given reasonable assumptions. They
enforced these guarantees by approximating the linear forward operator with an
iResNet. Supervised training on relevant samples introduces data dependency
into the approach. An open question in this context is to which extent the data’s
inherent structure influences the training outcome, i.e. the learned reconstruc-
tion scheme. Here, we address this delicate interplay of training design and data
dependency from a Bayesian perspective and shed light on opportunities and
limitations. We resolve these limitations by analyzing reconstruction-based
training of the inverses of iResNets, where we show that this optimization
strategy introduces a level of data-dependency that cannot be achieved by
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approximation training. We further provide and discuss a series of numerical
experiments underpinning and extending the theoretical findings.

Keywords: iResNet, learned regularization, linear inverse problems,
Bayesian inverse problems

1. Introduction

The mathematical field of inverse problems has many applications, e.g. imaging, image pro-
cessing, and several more. Inverse problems come with characteristic difficulties summarized
under the term ‘ill-posedness.” Typically, one wants to recover causes x, which discontinuously
depend on some observed measurements z. However, a good reconstruction algorithm needs
to be stable; otherwise, it cannot handle noisy measurement data. Still, one naturally wants
the reconstructor to be as accurate as possible. This results in a compromise called regulariz-
ation (see [6] for a recent survey on regularization theory). The more stable the reconstructor
becomes, the more the set of causes for which it provides accurate results is restricted.

Hence, this set of accurate performance is critical, and one typically chooses it using prior
knowledge about the application-specific data. In imaging problems, this knowledge often
amounts to solutions x looking somehow ‘natural.” However, the mathematical characteriz-
ation of natural images is challenging. Thus, learned methods often outperform in this area,
learning stable and accurate reconstructions from given training data (see, e.g. the early survey
[4D.

While many experimental studies confirm the impressive performance of learned meth-
ods, the theoretical understanding remains limited. In particular, learned methods often lack
stability guarantees. However, the topic is gaining in importance [21]. In the present work,
we address this issue by studying invertible residual networks (iResNets) [5]. As proposed in
[3], their invertibility makes them readily applicable to linear inverse problems. Arndt et al
[3] approximates the forward operation (x — z) using the iResNet, the iResNet’s inverse, then
solves the inverse problem (z — x). Here, one can control the regularization strength by choos-
ing a hyperparameter of the iResNet that directly controls its stability.

Arndt et al [3] also develop a regularization theory for these iResNets. For this purpose,
they considered particular architectures and uncovered equivalences to filter functions from
classical regularization theory. In the present article, we now analyze what iResNets actually
learn in practice from the given training data. For this purpose, the Bayesian view is suitable,
as it encodes prior knowledge on x and the measurement noise in z as probability distributions.
We consider two different ways of training, via the forward and via the inverse mapping, and
investigate to which extent the iResNet uses the given information about the data to regularize
inverse problems.

The manuscript is structured as follows: Section 2 introduces the problem setting, basic
assumptions, and the reconstruction approach using iResNets. The subsequent two sections
contain the theoretical analysis of the iResNet’s training in a Bayesian setting. First, section 3
considers the so-called approximation training, where the network is trained supervisedly
to approximate the forward operator. In particular, we investigate what information the net-
work learns from the training data distribution (i.e. the effect of prior distribution and noise
on the network). Second, section 4 considers the so-called reconstruction training, where the
iResNet’s inverse is trained to map from noisy measurements to a reconstruction. Section 5
complements the theoretical analyses with extensive numerical experiments. We implement
the two training types and underpin the theoretical findings of the previous sections.
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1.1. Related literature

The Bayesian theory for inverse problems differs from the functional analytic regularization
theory. While the functional analytic theory focuses mainly on the stability and convergence of
regularization operators, the Bayesian perspective considers the full posterior distribution and
uncertainty estimation for reconstructions. Detailed introductions are given in [9, 12, 25]. An
overview of the basic theory and Bayesian methods for solving inverse problems is also con-
tained in [4]. Learning-based methods are particularly powerful for solving Bayesian inverse
problems, e.g. Adler and Oktem [1] describes two different general concepts for an efficient
application of neural networks in this framework.

Laumont et al [16] proposes a method that demonstrates the Bayesian theory’s advant-
ages for inverse problems using a trained denoiser in a plug-and-play Langevin algorithm.
The denoiser is assumed to fulfill a Lipschitz condition (similar to the iResNet, see section 2),
implying guaranteed convergence of the algorithm to the posterior distribution. Sherry et al
[24] leverages convex analysis to create nonexpansive residual networks and uses them to
solve inverse problems. This is particularly desirable for denoising and plug-and-play schemes.
Furthermore, invertible neural networks are also of interest to generative modeling. In [8],
iResNets act as normalizing flows, i.e. learn to map from a base distribution to a target distribu-
tion and perform competitive or even superior to alternative architectures. Similar to iResNets,
[22] also makes use of invertibility and Lipschitz constraints to get a suitable architecture for
the use in convergent Gauss-Newton methods. Arndt et al [3] provides a more detailed dis-
cussion of the literature concerning learned convergent regularization schemes. Similar to our
work, [19] also addresses Bayesian analysis of learning forward and inverse problems. But
there, the focus is on a certain 2x2-example and a trivial linear network architecture to illus-
trate some general properties.

2. Problem setting and basic properties

We consider linear inverse problems based on the operator equation
Ax =1z 2.1

where A € L(X,X) is a self-adjoint and positive semidefinite operator and X is a finite-
dimensional inner product space, here X = R". For simplification, we assume ||A|| = 1, which
a scaling of the operator can easily obtain. In practice, neural network domains tend to be finite-
dimensional; this justifies the restriction to the finite-dimensional case. Also, the Bayesian per-
spective becomes less standard if the underlying probability theory uses infinite-dimensional
probability spaces, and the presented theory would require the extension to Bochner integrals.
We, however, expect our observations to generalize to the infinite-dimensional case and aim
to treat this in future research.

Due to the properties of A, there exist eigenvalues sz € (0,1] and corresponding eigen-
vectors v;, such that N'(A)* = span{v;|j = 1,...,7}, i < n. We use this eigendecomposition
in some of our theoretical analyses.

The aim is to recover the unknown ground truth vector x' as well as possible by only having
access to a noisy observation z° = Ax' 4 7. The noise 7 is assumed to be distributed according
to a probability density function (pdf) ps: X — Ry. Since there may exist arbitrarily many
solutions x which could explain the data z°, it is important to incorporate prior knowledge
about the unknown solutions. The pdf px: X — R>( encodes this knowledge. In practice, px
may describe the distribution of natural-looking images or the typical structure of a cross-
section of the human body (e.g. in CT problems).
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To solve the inverse problem (2.1), we use the approach of [3], i.e. we approximate the
forward operator A with a (single-layer) invertible residual network (iResNet)

o =Id—fo, (2.2)

where fp: X — X is some residual function modeled as a (small) neural network. This is done
by a supervised training of ¢y for which a paired dataset {x(i) , 720:() i —1,...,y of i.i.d. (independ-
ent and identically distributed) samples x() ~ py, z5() — Ax() ~ py is needed. One can then
use the trained network to compute a regularized solution of (2.1) by cpgl (z). Invertibility of
g is guaranteed using the constraint

Lip(f,) <L (23)

for some L < 1, where the inverse is stable and fulfills Lip(cpe_l) <1 /| (1—L) (see [3, lemma
2.1], [5D.

Remark 2.1. The assumption of a positive semidefinite forward operator A is due to the fact
that the invertibility condition (2.3) can also be interpreted as some kind of monotonicity con-
dition for . Thus, gy cannot approximate arbitrary linear operators but in particular positive
(semi-)definite ones.

A more general linear inverse problem

Ax= (2.4)

with an arbitrary linear operator, A € L(X,Y) (X and Y being different spaces), can be translated
into the above setting by considering A = A*A and z = A*y.

In this case the noise ) on z may arise from noise 7 on y via 7 = A*). To illustrate this, let us
consider the example of Gaussian noise 7 ~ A(0,X). Then, it holds 1 = A*f ~ N(0,A*TA),
which means that A* transforms the covariance matrix X. If A has a nontrivial nullspace, the
distribution of A*7 is singular, and there exists no pdf. Nevertheless, it is possible to approx-
imate the distribution, e.g. by adding 1Id to the covariance matrix or restricting the problem

to N'(A)*

While implicit knowledge about px and py via the given dataset is sufficient for training
g, we derive some theoretical results using these pdfs explicitly. For this purpose, we need to
make the following assumptions.

Assumption 2.1. Let

o px: X — Ry be a pdf (i.e. prX(x)dx = 1) with existing first and second moments (i.e.
px(x)||x|| and px(x)||x|* are Lebesgue-integrable) and expected value

,ux:/px (%) xdx, (2.5)
X

epy: X—Ryo be a pdf (ie. [(pu(n)dn=1) with existing first and second
moments (i.e. py(n)|n|| and pu(n )HnH2 Lebesgue-integrable) and zero expectation

(ie. [ypu(n)ndn=0), and
o the random variables x ~ px, n ~ py be stochastically independent.

The crucial condition to guarantee the invertibility of ¢y is Lip(fy) < L < 1. Consequently,
the inverse ¥y = gogl fulfills a property describable as a combination of coercivity and
Lipschitz-continuity, which, in turn, trivially implies strong monotonicity. We formulate this
equivalence in the following lemma.
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Lemma 2.1 (inverse of iResNet). For ¢ : X — Xand 0 < L < 1, the following two conditions
are equivalent:

(1) 3f: X — X with Lip(f) < L such that p =1d — f
) J: X — X with

V2,22 €X: (1=L2) 19 (z1) =% (22) I + llz1 = z2l® < 2021 — 22,9 (1) =% (22))
(2.6)

such that o =~

In particular, (2.6) guarantees the invertibility of 1.
Proof. We begin with (1) = (2). For arbitrary x;,x, € X, the condition Lip(Id —¢) <L
implies
G =@ (1)) = (2 = 0 (02)) || < L[|311 — 2
& [lx —xal? = 200 —x, 0 (01) =@ (x2)) + [l@ (1) — 9 (02) ||> < L]y — 22
& (1-L2) [ —x? + [l () = @ () [P <2001 —x2,0 (1) — 80(2622)%-

Since Lip(f) < L implies invertibility of ¢ (see [3, lemma 2.1], [5]), we can define ¢ = !

and z; = ¢(x;). This yields

(1=L) ¥ (z1) =¥ () >+ a1 —2]* < 2{z1 —22,% (z1) — ¥ (z2))  (2.8)

for arbitrary z1,z; € X.

For the converse implication, we now prove that (2.6) guarantees the invertibility of ).
Injectivity and Lipschitz continuity follow directly by applying the Cauchy—Schwarz inequal-
ity to (2.6), which yields

llz1 — 22|* < 2llz1 — 22lll¢ (z1) — ¢ (z2) I, (2.9)
(1-12) 9 a) = ¥ (@2) I <20 = 2l (@) — ¥ (@) @.10)

To prove surjectivity, we construct a convergent sequence (z;) such that ¢)(z;) converges to an
arbitrary x € X. We recursively define

gt =2+ (1-L) (x—9(z), z20€X (2.11)
It can be observed that

1

2(x = (z1) ¥ (zrr1) — ¥ (2)) = 2{zut1 — 2 (zh41) — ¢ (Zk)>m

> I () — @) I+ =5 s — el
= I Caeen) = ) I+ =1 (1= 22) (= ) P
=)~ @) P+ (=) = v @ @12

1-172
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holds. Using this, it follows

= (2 ) 1P = [ (x = 9 (1)) = (% (zig1) = % (z) |1
=[x = (@) I = 20 = ¥ (z0) 9 (zar1) — 9 (2)) + 19 (zn) =9 (2) 1P
<=9 @) 17 = 119 (zrg1) =9 (@) 17 = (1= L2) llx = o (@) I+ 19 (zx41) — ¢ () |1?
=L*||x—¢ (=) |* (2.13)

Thus, we have [[x — (z¢41)|| < Lllx — ¢(z)]|, which implies |lx —(z)[| < L*|lx = ¢(20) -
Hence, it holds v (zx) — x and (2.6) guarantees convergence of (z;). Since x was arbitrary, 1
is surjective and therefore invertible. With the argumentation from the beginning in reversed
order, we obtain the implication (2) = (1). O

The following remark simplifies condition (2.6) for X = R.

Remark 2.2. In case of X = R (one-dimensional space), condition (2.6) becomes
1 < Y (z1) =1 (22) < 1

1+L 21— 22 1-L

which is a constraint on the slope of ¢ from above and from below.

Vzi,22 € R: (2.14)

This motivates us to think of the condition on 1 as a Lipschitz constraint similar to the
one that applies to an iResNet. The following remark shows a direct connection between the
iResNet and its inverse.

Remark 2.3 (inverses of iResNets are iResNets). From lemma 2.1, we can deduce that one
can write the inverse of an iResNet as a scaled iResNet. The constraint (2.6) is equivalent to

(1-2) e v @I -2 (1~ 2) @ - 22,0 — @) + It - 2l < L — 2P
el(u-(1-22)¢) @) - (1u- (1-1) ) @) | <Lla -2
& Lip (Id - (1 sz) ¢) <L (2.15)

By defining g := Id — (1 — L?)1) we obtain

1

Y =1—p2(d—g) whereLip(g) <L, (2.16)

which is a scaled iResNet Id — g where g satisfies the same Lipschitz constraint as f in the
forward mapping.

3. Approximation training

In [3], the approximation training is introduced, in which the iResNet g is trained to approx-
imate A, i.e. to solve

jin ZH%( )~z

3.1
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for a given dataset of N pairs (x(!),z()) € X x X, z9() = Ax() 4 (), The parameter space
©, encodes the architecture choice, and the Lipschitz constraint Lip(f,) < L. This setting
was partly motivated by the so-called local approximation property ([3, theorem 3.1]) char-
acterizing convergence guarantees for the regularized solution @9_' (z%) as § — 0. In [3], spe-
cific network architectures were trained according to the approximation training and analyzed
under which conditions they satisfy the properties of a convergent regularization scheme. This
revealed a connection to the classical linear filter-based regularization theory.

In contrast, we now aim to derive more general results without making restrictions on the
architecture of the iResNet apart from the constraint on the Lipschitz constant of f. This enables
us to analyze the influence of the noise and prior distribution on the trained network and,
especially, the regularized solution. To this end, we consider the case of an infinite amount of
training data, allowing us to interpret equation (3.1) from a Bayesian point of view. To be more
precise, taking the limit N — oo in equation (3.1) and exploiting the independence of x and n
(assumption 2.1) results in

. 2
anel%—)nL ExmpxEnpy (”909 (x) = Ax — 1 ) ‘ (3.2)

The Euclidian norm can be decomposed into |@g(x) —Ax —n||> = ||¢s(x) — Ax||* —
2(pg(x) —Ax,n) + ||n||>. Again, because of the independence of x and 7 and due to
E,,(n) =0, the mixed term vanishes in expectation. Therefore, we obtain

min By ([lo (x) = Ax[]? + Eypy (I0]1%))

- 2
&= grelle)rlLIEprX (lpo (x) — Ax]]?) . (3.3)

Consequently, the noise does not influence the training. We could interpret this positively since
the noise cannot lead to approximation errors of yy. However, a big drawback is that ¢, h
which shall regularize the inverse problem, neither depends on the noise level. Accordingly,
the amount of regularization has to be set manually by choice of L for the noise level § (see
[3]) and is not data-dependent.

What remains is the influence of the prior distribution px on the training of pg. We are
especially interested in how (g acts on the different eigenspaces of A to analyze the dependence
on the size of the eigenvalues. Therefore, we make the rather strong assumption of stochastic
independence of the components x; = (x,v;):

Assumption 3.1. Let Xj ~ Px,j with px(x) = ijxx,-(x_,-).

Observe that this assumption is implicitly made, for example, when using Tikhonov regu-
larization with | - ||*-penalty term. Furthermore, assumption 2.1 implies that px ; has existing
first and second moments with

pixj = / px (%) x;dx, (34)
R

which follows from Fubini’s theorem and the independence of the components. In this setting,
a diagonal structure of the network

fo@) = fio () with fig: R R, (3.5)
J

with respect to eigenvectors v; of A, which was also used in [3], is sufficient to account for
the structure of the distribution according to assumption 3.1. Hence, the above minimization

7
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problem can be analyzed for each component separately due to properties of the eigendecom-
position, and we get

eneli@nL]EXjNPx,j (| (1 - sz)xj _ﬁﬁ (xj) |2) . (3.6)

This is equivalent to a 1d-setting with A: R — R, x; — 07 x;.

In the following, instead of minimizing over a parameter space ©,, we directly consider a
function space F encoding the Lipschitz constraint (Lip(f) < L) and the architecture choice.
For simplicity, in what follows, we omit the index j and consider

min/Rpx(x)|(1 —o?)x—f(x) [ dx. (3.7)

feF

If F allows for (affine) linear functions and in case of 1 — % < L, we can indicate the trivial
solution f = (1 — 02)1d. Obviously, this solution is unique on supp(px). Thus, for eigenval-
ues o, which are not too small, the training leads to a perfect approximation of the forward
operator and no regularization of the inverse problem. For 1 — ¢ > L, the minimization prob-
lem gets more interesting due to the Lipschitz constraint. First, we derive the following result,
which builds the basis for a subsequent generalization.

Lemma 3.1. Let F={fcCR)|Ime[-L,L],bcR: flx) =mx+b} and L<1—o>
Then,

ff(x)=Lx+ (1—0”—L) px (3.8)

is the unique solution of the minimization problem (3.7).

Proof. The minimizer can be calculated by using the necessary KKT conditions. A detailed
proof can be found in appendix A.1. O

The previous lemma provides the prerequisite for the following theorem, where F contains
arbitrary Lipschitz continuous functions with constrained Lipschitz constant.

Theorem 3.1. Let F = {f € C*!'(R)|Lip(f) < L}, where C%! denotes the Holder space of
Lipschitz continuous functions. Then,

sk _ (1—0‘2))6 lfl_0’2<L7
f(x){Lx+(1—a2—L)ux ifl—o’>L G2

is the solution of the minimization problem (3.7). This solution is unique on supp(px) and for
1 — o2 > L even on the convex hull of supp(px).
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Proof. We define F: F — R,
F(j):/RpX(x)\(lfaz)xff(xﬂzdx (3.10)

and start with the case 1 — o < L. Obviously, it holds F(f*) = 0, so f* is a minimizer. Using
the fundamental lemma of the calculus of variations, one can deduce the uniqueness on

supp(px).
Now, consider 1 — o > Land let g € C%!'(R), Lip(g) < L be an arbitrary function. We will

show that F(g) > F(f™) holds, if g # f* on the convex hull of supp(px).
First, we verify that F is well-defined, i.e, for f € F

F(f) < Z/Rpx(x) ((1 —02)2x2—|— If (x) |2) dx
=2 [ p(a) (102 410 —(0) +£O)F)
<2 /R (@) (1-0?) P dx+4 /R px () () —£(0) P dx+- 4 /R px () [£(0) P dx

<2(1foz)z/px(x)xzder4L2/px(x)x2dx+4f(0)2<oo (3.11)
R R

holds, as the second moment of pyx exists.

Dueto L < 1 — o2, the function g has always a smaller slope than (1 — %) Id, which implies
that there exists an intersection point xo such that g(xy) = (1 — o) xo. The affine linear function
flx) = L(x — x0) + (1 — ) xo possesses the same intersection point.

In case of g :fon the convex hull of supp(px), we simply apply lemma 3.1. This shows
that g can be the minimizer only if}: I

In the case of g ;é]‘, let us examine the integrand of F(g). For any x € R, it holds

|(1—0?)x—g@x) > =](1-0)x— (g(x) —f(x)) —f(x)
=[(1=0?)x—fx) P =2((1-0)x—f(x) (g(x) —f(x))
+1g (x) —f(x) > (.12)

For x < xo, we have (1 —o?)x —f(x) <0 and Lip(g) < L implies g(x) — f(x) > 0. Thus, we
obtain

—2((1=0?)x—f(x)) (g(x) = f(x)) =0, (3.13)

which implies |(1 — o2)x — g(x)|> > |(1 — 62)x — f{x)|2. Analogously, for x > x,, we observe
that (1 —o02)x—f(x) >0 and g(x)—f(x) <0, which also implies |(1 —oc2)x—g(x)[>>
|(1 — 02)x — f{x)|2. Therefore, it holds F(g) > F(f).

Finally, we show that F(g) = F(f) implies f = g on the convex hull of supp(py). If F(g) =
F(f), it holds

/pr<x>|(1702)x7g<x>|2fpx<x>\(1702)x7f<x>|2dx:o. (3.14)

for any measurable 2 C R, since the term under the integral is always greater than or equal to
zero. The fundamental lemma of the calculus of variations then implies

px(®)[(1=0%)x—g ) [>=px ()| (1 - 0?)x—f(x)|* (3.15)

9



Inverse Problems 40 (2024) 045021 C Arndt et al

Figure 1. The residual function f* which results from the approximation training (the-
orem 3.1) is affine linear and only depends on ¢, L and px. In case of o> < 1 — L, f*
exhibits the maximum possible slope of L and intersects (1 — 0)2 Id at the mean py of
the prior distribution.

for all x € R (since g and f are continuous). Thus, for any x € supp(px), it holds g(x) = f(x)
and for x;,x; € supp(px), we obtain g(x;) — g(x2) = L(x; —x2). Consequently, for any x in
between of x; and x,, g(x) = f(x) must also hold, otherwise Lip(g) < L would be violated.
Hence, g and f coincide on the convex hull of supp(px). O

Figure 1 exemplifies the solution f* for a Gaussian mixture prior px. The inverse @, ! cor-
responding to the minimizer of (3.7) derived in the previous theorem provides a convergent
regularization scheme, which we discuss in the following remark.

Remark 3.1. Due to the affine linear structure of f*, one can express go(;] as an affine filter-
based regularization scheme. The affine linear diagonal architecture was already analyzed in
[3, lemma 4.2], i.e. for

fi (xj) = min {1 — ojz,L}xj + max {O, 1-— sz — L} x, (3.16)
(which coincides with the solution f* in (3.9) in theorem 3.1), it holds

0, (z) = b, + Z?’L (aj«z) (z,vj)Vvj, (3.17)
J
R 1 . 1—c?2—1L
(o) =——F———, b= > —I (3.18)
' max{02 1—L} ) 1-L
Jjo o;<1-L

By [3, lemma 3.3], this filter scheme with bias defines a convergent regularization method for
L — 1 in case of vanishing noise and a suitable parameter choice L(9).

The previous results show that approximation training of a diagonal architecture always
leads to an affine linear (g, independent of prior and noise distribution (px, py). Hence, an
affine linear residual layer is the best architecture choice for this task. This implies that gpgl is
areconstruction scheme with minimal data dependency since only the mean yix of the prior dis-
tribution has an influence. Furthermore, <pgl is equivalent to a classical regularization scheme,
where one predefines the amount of regularization by choosing the parameter L depending on
the noise level.
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For the general approximation training problem

. Esopy ([ (1d 1) (x) — Ax| 3.19
fEC(Rn,Hg}){nLip(fKL Px (” ( 5 (x) — Ax|| ) (3.19)

the previous investigations suggest that the solution depends on the second moments of the
prior distribution px at most. A detailed consideration of the general setting for the approxim-
ation training is beyond the scope of the present work.

4. Reconstruction training

The results in the last section show that the approximation training of iResNets is capable to
provide a convergent regularization but it turns out that it is insufficient for learning a noise-
and more data-dependent regularization. To address this, we instead consider the training

N
+ < .
gémN iE : H(pe (Ax n X s.t. Lip(fy) <L 4.1

for given training data {x()'}; C X, noise realizations {7 }; € X and @y = Id — f,. This is also
motivated by sufficient conditions for the convergence analysis in [3, remark 4.1]. We refer to
this training scheme as the reconstruction training. One can also interpret this reconstruction
training as a supervised training on data pairs (x(,z%()) for gp;l(z‘s’(")) ~ x( with z20) =
AxD 4 (@)

Using lemma 2.1, we know that

N

minl Z HW, (Ax(i) 4 n(i)) 4

0o N 4
i=1

st (1=L%) [[vg (21) = ba (22) I + llz1 — 22l < 2(6 (21) = (22) 21 —22) V1,22 €X
(4.2)

2

is an equivalent problem, assuming that the architectures of ¢y and 1y can approximate any
continuous function.

Similar to the approximation training, we analyze the case of an unlimited amount of train-
ing data with x ~ py and 1 ~ py fulfilling assumption 2.1. Thus, we obtain the minimization
problem

min / / px () pir () |1 (Ax+ 1) — x| dy i, “3)

Pew

where the set of functions W represents the choice of the architecture and the constraints on
the parameters. In this context, we also make use of the density function of z° = Ax + 7, which
is given by

pz (%) = /pr (x)pu (2 — Ax) dx. 4.4)

1
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With this, we can define the space of pz-weighted L?>-functions as
Ly, (X,X) = {t: X = X|[[¢]lp,.2 < 00}, 4.5)

112, » = / p2(2) 1 () |24z, 4.6)

which is a Hilbert space. Note that functions from L;Z(X,X) are (only) well-defined on
supp(pz) C X, which is sufficient for our purposes.
At first, we consider the unconstrained case of ¥ = LZZ (X,X). In this setting, the conditional

mean® (%) = E(x|z%) is the solution of (4.3) which is in line with the established theory in
statistical inverse problems (see, e.g. conditional mean estimator in the discussion of Bayes
cost estimators in [12] or [1, proposition 2]).

Lemma 4.1. Let assumption 2.1 hold and ¥ = L} (X,X). Then,

)= (2 = E(xz%)) = <15 — /p (x|2%) xdx) 4.7)
X
is the solution of (4.3), which is unique w.r.t. the L,z,z-norm.

Proof. The minimization problem (4.3) can be solved via the first-order optimality condition.
A detailed proof can be found in appendix A.2. O

Next, we consider the constrained reconstruction training, where we encode an arbitrary
constraint, e.g. (4.2), by choosing ¥ to be a suitable subset of Lﬁz (X,X).

Lemma 4.2. Let assumption 2.1 hold, ¥ be an arbitrary subset ofLIZ,Z (X,X) and let zﬁ X —
X, 2%+ E(x|z?) be the conditional mean estimator. Then, the minimization problem (4.3) is
equivalent to

min / p2(2) |16 (20) — 0 (%) |2 d. 48)
Ye [y
Note that the existence of an actual minimizer is only guaranteed for closed V.

Proof. The minimization problem (4.3) is equivalent to

min / / px(3) pir (2~ A%) (I (%) 2l = [ (F) ) dP e (49)

P ew

In the proof of lemma 4.1, we have already established that the integrals are finite. To split the
integral term into two parts, we use

1 (2°) =l = 119 (%) = x> =19 () I = [l () I* = (20,0 (") =4 (&°)).  (4.10)

Fubini’s theorem and the definition of p; (4.4) implies
[ e pa @ = ax) (1 ) 1 - 16 () 1) e
XJX
= [ 2@ (19 ) =19 () ) a2 @1

_ (P —ap(x)

3 expected value corresponding to p(x|z%) ()
Z\<

12
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Again using Fubini’s theorem and the definition of 1)(z%) = E(x|z?) (see proof of lemma 4.1),
we obtain

/X / Pr() i (22 — Ax) (23,0 () =) () deP dv
— [ [ peta)on (2~ a2) 200 () () ) 0
_ /sz (Z(;) <2/Xl7x(x) PH (za 7Ax)xdx, 1/}(Z5> —zﬂ(zé)> a0

pz(2°)
— [2@) (20 ) 0 () -0 () 2. @12
Thus, (4.9) is equivalent to
ggg/xpz () (I (@) 12 = 16 () 1P = (26 (), 6 () = 6 () )) de”. 4.13)

Now, the assertion follows from (2212 = |00 |12 = (24h(2%), ¥ (2°) — P (z?))
= [9(2%) = (). O

Thus, in the constraint case, the function *, obtained by reconstruction training, aims to
approximate the conditional mean estimator for the p -weighted L?>-norm. In other words,
reconstruction training with a constraint corresponds to a projection of the conditional mean
estimator onto the constraint set with respect to the p-weighted L?-norm.

Remark 4.1. Since we know from remark 2.3 that the inverse network v can be interpreted as a
scaled iResNet, we can further compare the minimization problem to the case of approximation
training. In the notation of an iResNet, the problem formulated in (4.8) is equivalent to

. ) ) 2 8 112 4,9
i /X P2 () | (d—g) () — (1 - L) E (x%) |Pde”. (4.14)
Thus, the reconstruction training is equivalent to training an iResNet with residual function g
(Lip(g) < L) to fit a scaled version of the posterior expectation estimator. In contrast, approx-
imation training aims to fit the same architecture type to the linear operator A. Overall, this
indicates that theoretical and numerical properties (such as data-dependence) for the two
strategies are the sole consequences of the training approach, and there is no additional bias
due to the architecture choice of an iResNet as the forward mapping when assuming sufficient
approximation capability.

So far, the distribution of the noise py was fixed. Now, we want to consider a variable noise
level § >0 by introducing the pdf pys: X — R>o. We do not specify the exact relation of
pu.s on & but make the rather informal assumption that 7° ~ py 5 implies ||°|| ~ § with high
probability. So, § — 0 corresponds to the case of vanishing noise. Analogously, let pz s be
defined according to (4.4) s.t. z° ~ pz 5 holds for z° = Ax + n°. The posterior mean now also
depends on ¢ and may therefore be defined as

b = [(Pre (@A) px(x)
Vs (z) = /X 75 @) dx. (4.15)

Further, we want to specify the set ¥ C L,Z,Z (X,X), which represents the inverses of possible
iResNet architectures depending on § and L. To encode the side constraint of (4.2), we define

13
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wi = {v e L}, (X.X)NClsupp(pz5) X) | (4.17) holds Var.z2 € supp (pz5) |, (4.16)

(1=L2) (|9 (z1) =¥ (=2) I+ llz1 — 22]* < 221 — 22,9 (21) =% (22)).  (4.17)

The set ¢ is closed and convex in L2 , (X, X) forany L < 1 and ¢ > 0. Consequently, the min-
imization problem in lemma 4.2 is well defined and admits a unique solution. This solution,
W.I.L. \IIL,pZ’(; and 1/}5, is denoted by ¢ ;.

The parameter L controls the stability of the elements from ¥¢ and can therefore be inter-
preted as a regularization parameter. The question remains whether we can also obtain a con-
vergence result, i.e. ¢ 5(Ax" 4+7°) = xT for [|n°|| <8, =0 (vanishing noise) and L— 1,
analogous to the convergence theorems of classical methods like Tikhonov’s. In the following
remark, we discuss difficulties and supporting facts regarding a convergence result.

Remark 4.2. There are different results in the literature for the posterior distribution to con-
verge to one single point x! (or its respective delta distribution) [7, theorems 1 and 2], [26].
Thus, it might be realistic to expect that the conditional mean estimator 1/15 (Ax') also converges
to xT. In classical convergence theorems [10], the ground truth x' is mostly assumed to be a
minimum-norm-solution of (2.1). However, in a Bayesian setting with a learned reconstruction
scheme, a criterion based on py for characterizing x' is more appropriate, e.g.

xT = arg max py (x) forze R(A) (4.18)
X=Z2

as in [7] or the one provided in the subsequent lemma 4.3.
Since 47 5 is the projection of 1/)5 onto the set \I/‘S (lemma 4.2), it is not unlikely that

Yy 5(AxT) also converges to x'. However, the projection is w.r.t. the LIZJT, ,-horm, and we are

actually interested in pointwise convergence. Besides, all functions i) from the sets \I/i are
Lipschitz continuous and they fulfill the monotonicity condition

21 — 221> < 2(z1 — 22,9 (21) — ¥ (22))- (4.19)
Thus, one cannot approximate arbitrary ng. ,-functions.

There are two facts that partly address this difficulty. First, the posterior mean 1/35 is also a
Lipschitz continuous function under certain assumptions [9, theorem 4.5, remark 4.6]. Second,
a generalized inverse on R(A) of the form AT 7+ xT would indeed fulfill (4.19). This follows
from A being self-adjoint and positive semidefinite (we can write A = A*A) and ||A|| = 1 by

ler =2 = [Ax] — AP < A% P14 (1 — o) 2 = (& (xf =) A (x] =) )
<{a(x o) ol =) = (@1 - 2 ATz — ATzy). (4.20)

Assuming that ¢ 5 converges pointwise to AT on R(A) would be sufficient to obtain a

convergence result for noisy data as well. If ||z° — z|| < & holds and one chooses L in a way
that L — 1 and & — 0 for § — 0, the desired convergence

176 () =AT @I < 175 (2°) = ¥is @1+ 1075 (2) = AT (2)
L s ] ; 4.21)
STzl =2+ 19is (@) =AT @) [ =0

would follow, since Lip(1)} 5) < 127 [3, lemma 2.1].

14
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In the following, we provide a result for a potential candidate for x' for the convergence
analysis.

Lemma 4.3. Let assumption 2.1 hold with py 5 = py indicating the dependence on é. In addi-
tion, let s : X — X, 70+ E(x|z°) be the conditional mean estimator with

A
p(xih) = 22 (sz - (;)) ad (4.22)

and pz5(z°) = Jxpx(x) phs(2° — Ax) dx. We further make the following assumptions:

(i) Noise on R(A)* = N(A) and R(A) = N'(A)* (as A = A* and X is finite-dimensional) is
stochastically independent, i.e. there exist pdfs p; s N (A)* — Rxg and pg’ s NA)—
R such that pa,s (1) = pY s(Parayn) - Phy s (Paray:n).

(ii) pQL s and pL’ s define Dirac sequences with respect to § — 0,

(iil) px is compactly supported and continuous. We define R, (A) := {Ax|x € supp(px)} C
R(A),

(iv) For any z € R, there exists a & such that for all § € (0,6] it holds z € supp(pz,s)-

We then have pointwise convergence of zﬂg forz € R, (A) such that it holds

Uy (z) — ATz +/ p (x0|ATz) Xo dxg
6—0 N(A)

. o\ Px (xo +ATZ)
with p (xo|ATz) = T P (5 +ATe) 0 (4.23)

i.e. it converges to the minimum-norm solution Atz plus the conditional expectation
E(xo|ATz) € N'(A) in the nullspace.

Proof. The proof can be found in appendix A.3. O

4.1 Reconstruction training for diagonal architecture

In order to derive more specific results for the minimizer of (4.3), we make the assumption of
stochastic independence of the components x; = (x,v;) ~ pxj and 7; = (1,v;) ~ ppyj similar to
the setting in the last section on the approximation training:

Assumption 4.1. Let px(x) = [[;px,(x;) and pu(n) = [];pm,(n;)-

Observe that the first and second moments of py ; and py ; exist due to assumption 2.1 with
fix = /]R pxj(x) xpdy and  pp; = /R paj () mjdn; =0 (4.24)
for all j € N. In addition, the density of z; = o7x; 4 7); is given by
pzj(3) = /]R Px () prj (55— 07 %)) dy (4.25)
with
hzj= /R pzj(z) zjdz; = /R /R 5px (%) pj (35— 07%;) dxjdz; = o7 pux . (4.26)

15
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Analogously to the approximation training, in this setting, it is sufficient to consider a diagonal
structure of ¢, which then implies the same structure for 1, i.e.

U(2)=>_ ¢i((zv)v 4.27)
J
and the resulting optimization problem to train each 1); now reads
min //PXJ (x7) paj () 197 (07x; + my) — x| drgy (4.28)
Y€ Jr JR

with a suitable set of functions ¥;. Recall that ¢); : R — R represents the inverse of an iResNet
if 1); satisfies

1 Vi (21) — ¥ (22) 1
<= < Vzi,22 €R 4.29
1+L 21— 22 1-L b (29
for some 0 < L < 1, cf remark 2.2. Therefore, we consider the set
1
1+L

;= {@:R%R‘wj(zj) =mz;j+ b for z; € R with m € R, <m< 1iL,beR} (4.30)

for some 0 < L < 1. The following lemma provides a formula for the minimizer of prob-
lem (4.28). For better readability, we leave out the index j in the subsequent derivations.

Lemma 4.4. The unique solution to the minimization problem (4.28) with ¥; as in (4.30) is
given by

V*(2) =mz+ (1—o’m) px forzeR (4.31)
with
2
1 . o~ Varp, (x) 1
(£ i Vi) Ve ) < T
o o Vary,, (x) . 1 o Vary, (x) 1
m= 04VarpX(X)+XVarpH(n) if T+L < a“VarpX(x)fVur,,H(ﬁ) S 1= (4.32)
2
1 . o~ Varp, (x) 1
1-L if U4Var1,x(x)-ii(VaV,;H(77) > 1z

Proof. The minimization problem (4.28) can be solved using the necessary KKT conditions.
A detailed proof can be found in appendix A.4. O

Note that the inverse of the function ¢* : R — R is given by ¢*(x) = x — f*(x) with

o’ Vary,, (x)

—Lx+ (1+L—0?) ux if ey < T4

o Vat, () +Vaty, ()
o*V: x)+ Vi Var, . o2 V: oy (X
)= (1 - argngla)rz (i;pH(n))x 023;5,)((78) px if arpy (%) 1

!

T S 57Va, 00+ Va0 S 1=
2

) . o“Vary, (x) 1

L+ (1 —L—0%) iy i Ot va, ()~ T-L

(4.33)

for x € R. In the case of noiseless data, i.e. Var,,(n) =0, f* corresponds to the function f*
derived in lemma 3.1 and theorem 3.1.

The function ¢)* plays an important role in the case of Gaussian prior and noise distributions,
which we will deal with in the following corollary.
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Corollary 4.1. Assume that px : R — R and py : R — R are Gaussian probability density
functions. Then, the function ¥* of lemma 4.4 is a solution to the minimization problem (4.28)
with

1

v={v e ®nL,®| v

1
7 7Lfor all z € R} . (434
Proof. Inlemma 4.1 we have seen that the unconstrained solution of problem (4.28) is given
by ¥(z) = E(x|z) for all z € R. In the case of Gaussian noise and prior distributions, E(x|z)
can be expressed as
o?Var,, (x) e o*Var,, (x)

o*Var,, (x) + Var,, (1) o*Var,, (x) + Var,
for all z € R [25, theorem 6.20 and equation (2.16a)], which is an element of C'(R) N L (R).
In combination with lemma (4.2), minimization problem (4.3) can be rewritten as

. o2 Var,, (x) o*Var,, (x) ’
o 29 (40~ Gt v (1 v v 1))
(4.36)

E(x[z) =

(n)) px (439

The same reasoning as in the proof of theorem 3.1 now shows that ¢)* of lemma 4.4 is a solution
to the minimization problem. O

Figure 2 illustrates the behavior of the unconstrained solution 1/3 and the constrained solu-
tion ¥* in case of Gaussian probability density functions for varying noise and small singular
values (1 — o > L). Note that both solutions can be rewritten to depend on yi instead of on iy
using pz = o*puy. It can be observed that the noise level affects the slope of the unconstrained
solution, with decreasing values at higher noise levels. Thus, 1[) violates the invertibility con-
dition (4.29) for very small and very large values of Var,, () leading to ¢)* # 1[1 in these cases
(left and right image of figure 2).

4.1.1. General behavior of *.  The previous results deal with special cases where either the

architecture or the probability density functions are known. In order to derive more general

results, we make use of the theory of optimal control. For this, we need to restrict ourselves to

piecewise continuously differentiable functions ¢/ with bounded domain, i.e. we consider the

set

. . . . . . 1 1

U = {1/1 € ([z0,21]) ‘z/) piecewise continuously differentiable with T+L <Y’ (2) € 1L

(4.37)

with fixed 20,71 € R and Pr(z < z0)* < ¢, Pr(z > z1) < ¢ for some small ¢ >0 to stay close

to the previous setting. Furthermore, to apply the optimal control theory, we need to split the
optimization problem into two successive minimization problems. First, we minimize over all

4 Pr denotes the probability w.r.t. z ~ py.
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Var,, (n) =0, m > 1/1-L Vary,, () >0, m € [1/1+1,1/1-L]  Varp,(n) >0, m < 1/1+L

Figure 2. Illustration of the constrained solution 1)* and the unconstrained solution 1[) in
the case of Gaussian probability density functions py and pp, cf corollary 4.1. The slope

oZVarﬂX (x)
TVt (0 Vary, () - The plots

exemplify the behavior of ¢)* and 1[1 for small singular values (1 — o > L) assuming a
fixed prior distribution px but increasing variance of py. In the case that Vary, () =0
(left), the slope of the unconstrained solution exceeds ﬁ If the noise increases, the
I_%L, ﬁ] (middle). For
very noisy data, the slope of the unconstrained solution is smaller than ﬁ (right), again

of the unconstrained solution 1/3 is denoted by m, i.e. m =

slope of the unconstrained solution decreases, resulting in m € |

resulting in ©* # 1. Observe that ¢* and 1) are equal to #uz = ux for z = pz = o> pix
in all cases.

functions v» € ¥ with fixed starting point (z9) = ¥° € R. Then, the starting point minimiz-
ing the objective function is determined. In combination with lemma 4.2, the minimization
problem thus reads

. i 1 /‘Zl . )
min min | pz(@DW ()= (z)|7dz ). (4.38)
YOER (wew{wlwm)—w"} 2/, ()0 ) @

We would like to stress that the minimization problem defined in lemma 4.2 is not equivalent
to the initial one of equation (4.3) due to the bounded domain of ). However, this error is
negligible for small € and the two minimization problems coincide if supp(pz) C [z0,21]-

Remark 4.3. The restriction to a bounded domain of i might seem artificial at first.
Nevertheless, in applications, the dataset rarely contains samples belonging to low-density
regions of pz, and thus, these cases are covered in our setting.

The inner minimization problem can be solved with the help of Pontryagin’s maximum
principle, resulting in the following necessary and sufficient conditions for the derivative of .

Lemma 4.5. Let 1y € U N {3 |(z0) = ¢} be a solution of the minimization problem

e o
min — z 7)) = (2)]*dz. 4.39
¢em{ww<m>_¢0}2/zo pz(2) | (2) =¥ (2)] )

Then, in all points of differentiability, the derivative 1§ must satisfy the necessary and sufficient
conditions

oz FAR)>0
Yo () =< folz) if A(z)=0 withz€ [z0,21] (4.40)
= ifA(z)<0
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for some fy : [z0,21] — R satisfying

H% <fo(2) < ﬁ Vz € [20,21] (4.41)
and \ : [zo,21] — R with
N (2) = =pz(2) (40 (2) = (2) ) and A(z1) = 0. (4.42)

Proof. Let us denote the set of all points z € [z9,z;] where v is differentiable by D. For prob-
lem (4.39), Pontryagin’s maximum principle, see [18, 9.6 theorem 1] and [23, theorem 1],
provides the necessary conditions

¥4 (2) =up(z) forall z € D and some piecewise continuous function ug : [z9,z1] — R (4.43)
L Sup(z) < L Yz € [z0,21] (4.44)
1+L 1-L

N (2) = =p2(2) (¥0(2) = (2)) with A (z1) = 0 (445)
H (v, u0,\,2) < H (tho,u, \,z) Vu satisfying (4.44) (4.46)

with the Hamiltonian function

H(Y,u,\,z) = A(2) u(z) + %pz (@) [¥(2) = (2) |- (4.47)

Condition (4.46) is equivalent to setting

L AR >0
up(z2)=1<fo(z) if A(z)=0 for some function f satisfying (4.41). (4.48)
i A(5) <0

Furthermore, For a function 1) satisfying the conditions of Pontryagin’s maximum principle
to be a solution of problem (4.39), the Hamiltonian needs to be jointly convex in v and u and
the constrained set defined by equation (4.44) needs to be convex, see [23, theorem 2]. Both
of these conditions are satisfied in our setting, and thus, the proof is complete. O

We would like to remark that A can be expressed as
21 .
Az) = / pz(2) (¢o (z)—v (Z)) dz. (4.49)

whenever pz and 1/3 are continuous. To illustrate the previous lemma, let us look at a very simple
example. Assume that ¢)’(z) > 1/1 _ 1 for all z € [z9,21]. Then, lemma 4.5 in combination
with a minimization over the starting points 1)° shows that a solution to problem (4.38) is
given by
A GG Sl o A A G
2 T o\ A
1-L [ pz(2) dz
In addition, the general behavior of the solution to problem (4.38) is illustrated in figure 3.
This exemplifies that the best possible architecture choice, when considering the reconstruction

training loss, is not necessarily an affine linear one, unlike in the approximation training studied
in the last section. This is partly because of the influence of the noise distribution pg, which

Y (z) = for z € [z0,21]. (4.50)
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—1_1d

1 -
ml(l

Figure 3. Behavior of the solution 1™ of (4.38) in the case that p, can be represented as a
Gaussian mixture, cf remark 5.1. Observe that the slope of the unconstrained solution 1&
exceeds 1/] _ 7 in the interval [—k, k] resulting in A(z) < O for z € [~k — &,k + ] with
€>0. As aresult, 1™ is equal to z — 1/1 _ pzforz € [—k—¢,k+ €] and to ¢ outside
this interval.

cancels out when using the approximation training loss. Moreover, the variance of the prior
and noise distribution influences the best architecture and parameter choice, which is not the
case in the approximation training setting, where only the expectation of the prior distribution
influences the solution.

5. Numerical experiments

To study the implications of the previously developed theory for the practical application of
iResNets for solving inverse problems, we perform experiments on two forward operators,
where we compare approximation training (3.1) to reconstruction training (4.1). In all experi-
ments, we train single-layer iResNets with diagonal (3.5) structure where the residual functions
fo comprise multiple layers.

In the setting presented in the following sections, we consider a discrete convolution with a
smoothing kernel a € R?*? that is depicted in figure 4 and zero padding to preserve dimension-
ality. Since the resulting Toeplitz matrix M, that performs the convolution with a is symmetric
and positive definite, this serves immediately as a self-adjoint operator A = M,,. The second
inverse problem we aim to solve is given by a discrete Radon operator A : R28%28 — R30x41
such that A = A*A, which is in line with the setting used in the prior work [3]. We restrict the
discussion of the numerical results to the convolution operator, and for the sake of complete-
ness, the results for the Radon operator are provided in appendix D in figures 12—16 and table
2.

In both cases, we train our models on the MNIST handwritten digits dataset [17], where
we treat images as flattened vectors in R?%28, In addition, we study an artificially generated
bimodal Gaussian dataset for which we sample the prior distribution in every singular vector
independently from a (bimodal) Gaussian mixture distribution. The pdf in every j therefore
reads
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784 1567 1959 1567

1567 3135 .3135 156

1567 3135 3135

784 1567 1959 1567

Figure 4. The filter kernel a used in the convolution operator M,.

Pxj (%) = p1 vy (X5) + P2 8.1y (%)) (5.1

where p; =0.35, po = 0.65,v=0.15,#; = —0.6, 1, = 0.6 and g, is the pdf of a Gaussian with
standard deviation s and expected value ¢. This bimodal structure enables us to further explore
the data dependency of the optimized models.

The architecture of the subnetworks included in the diagonal architecture and their training
is realized identical to [3]: Each subnetwork consists of a three-layer fully connected network,
equipped with 35 hidden neurons in each of the first two layers and one output neuron. In addi-
tion, we apply the ReL.U activation function to the first and second layers of each subnetwork.
Figure 7 of [3] depicts the architecture. The network weights are optimized using Adam [13]
with a learning rate of 0.001, reduced by the factor 0.96 after every epoch. Extending the
approach in [20], we parameterize the network weights in the k-th linear layer of all sub-
networks to fulfill the Lipschitz constraint L), We do so by choosing the weights Wi as

Wi = min(l,L(k) /Lip(W; 1)) W x, where W; ; are unconstrained matrices. We choose the indi-

vidual layer Lipschitz constants as L)) = L) =1, L) = L.

Reconstruction training is accomplished by computing the inverse of the iResNets through
the usual fixed point iteration and backpropagating through the unrolled iteration to optimize
the network weights. To ensure sufficient accuracy of the inverse, especially for the models
with a high Lipschitz bound, we need to make a suitable choice for the number of fixed point
iterations. For this purpose, we utilize the models that were trained via approximation training.
This is motivated by our observation that each of these models reaches its Lipschitz bound and
is therefore as unstable as permitted within the constraint. For each L, we select a number of
fixed point iterations that results in approximately 2% error of Lp;(lL) evaluated on the test
dataset. As a result, one has to run the iterative inversion in every training step, resulting in a
much greater computational effort for the reconstruction training than approximation training.
The Lipschitz bound, realized by a proper parameterization of the fy, has to be computed only
once per iteration.

Of course, a numerically more efficient training approach would be to extend on remark 2.3
and construct 1, the inverse of an iResNet, as a scaled iResNet that is trained on reversed data
points but similar to the approximation approach. However, we currently do not have guaran-
tees on the approximation capability of the involved (fully-connected) iResNets architectures
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and their inverses. To provide a fair comparison, we aim to enforce the same inductive bias in
both training methods by choosing the same forward mapping architecture. The source code
corresponding to the experiments in this section is openly available [27].

In the described settings, we perform experiments for varying noise levels d, and Lipschitz
constants L,,, where we choose

R l 7_6
5= (5) for0<L<T (=0,...,6 (5.2)
0 for £ =0.

1 m
Lm:1—<3) , m=1,...,5 (5.3)

and the resulting noise 7 is Gaussian noise with standard deviation d§, = 55 - Stdgatasets
where stdgaaser denotes the averaged standard deviation of the coefficients std;:=
std((x(, Vj)i=1,...,n) of the current dataset (i.e. standard deviation with respect to i, mean with
respect to j). The corresponding numbers of fixed point iterations for the chosen error bound
are i1 5 = 30,i3 = 100, ig = 300 and i5s = 800. In the following, we discuss the results in terms
of the learned solutions, the resulting data-dependent filter functions, and the regularization
and approximation properties of the models.

5.1 Learned inverse mappings

To compare the characteristics of the approximation and reconstruction training to our the-
oretical findings, we plot the learned one-dimensional inverse mappings 1); in the different
components j (corresponding to the singular values o;) for the bimodal dataset. We visualize
the results in figure 5 for a large and a small eigenvalue of A.

In the case of approximation training, we observe the predicted affine linear behavior in the
support of the data distribution, limited by the Lipschitz constraints and aligned to the expected
value of the training data. This result is independent of the noise and optimal only for small
noise levels. At the boundaries of the data distribution seen during training, the proper behavior
of the optimal solution from theorem 3.1 is not learned properly.

For the case of reconstruction training, we can again corroborate our theoretical findings
numerically. For this purpose, we compute the posterior expectation E(xj|z]‘-5) for our setting.

Remark 5.1. For the multimodal Gaussian distribution with pdf px and Gaussian noise py,

P (2) = 8w (2) (54
K

Px(X) = picgun (), (5.5)
k=1

we have

K
P:(2) = Pr8uso (2) (5.6)
k=1

22



Inverse Problems 40 (2024) 045021

C Arndt et al

— Yuppran(2])

1 (4 1
B mrsvE) <

Precol2])
U=
V()

Histogram of =0 = (=%, v;)

0.1 0.2 0.3

Bupprax(2])
Yreco(2])
$(0)
¥())
Histogram of z) = (=*,v;)

o SV <o

0.0

0.1 0.2 0.3

R

Gapprox(2])
Yrecol22)
o)

Histogram of 27 = (%, v;)

J
1 3 1
nr SYE) <

—0.1

00
B

0.1 0.2 0.3

(a) o7 = 0.205, j =95

-2

Papprex(2])

— Yol
_____ (0
10 )} ()
N ¢
15 - [ Histogram of 2} = (2’,v;)
<) < g
=20
—0.10 —0.05 0.00 0.05 0.10
2
i
2.0

— Yupprn()
— Yol ])
W=D
(=)
Histogram of 2% = (2%, v;)
<) <

—0.10

—0.05

0.00 0.05 0.10

20

—20

— Yupmnax()
— Yreeo(#)
()
v(2)
Histogram of =

Hr SUE) <

00 ) 02
B

(b) 07 =0.075, j =150

Figure 5. Reconstructions %;pprox (zj‘-s) trained via approximation training and e, (zj‘-s)
trained via reconstruction training at Lipschitz bound L, for different singular values
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and the posterior expectation 1/3 reads

K
P % (0?viz+0w?) gy 02 (2)
K
Zk:] Pk guk’tkoz <Z>
K vipk Ktk
5 Zk:1 2 8y, to? (Z) 5 Zkzl P 8uy 102 (Z)

=031 =x +w K
> ket Pk 8o (2) > ket Pk 8o (2)

where 1, = /w2 + (c2v;)2. We note that this recovers the linear behavior E(x|z) = z/0? in
the noise-free case while it adds a correction term in the noisy case that pulls and pushes data
points towards more likely results.

E(x|z) =

; (5.7

For regions within the support of the data distribution, where the constraint (2.6) permits
the model to approximate E(Xj|2:]§ ), we observe in figure 5 that the learned solutions match
well with the posterior expectation. If the model reaches the limiting constraint, it exhausts
the possible slope to be as close to the posterior expectation as possible. This results in a much
more data-dependent inversion scheme, where reconstructions that were more likely to appear
during training are favored. Consequently, the model can compensate for larger noise levels
based on additional learned knowledge about the data. The behavior of the learned solution
thus coincides with the theoretically founded one in figure 3.

In the case of large noise, the reconstruction-based model regularizes and does not neces-
sarily exhaust the Lipschitz constraint, while the approximation model always tries to fit the
operator as well as possible. If noise is absent, the learned mappings coincide for both training
strategies.

5.2. Learned filter functions

As a link to classical regularization theory, we visualize the data-dependent filter functions
that correspond to the learned models. For this purpose, we evaluate the filter r;, where

(Id —fo;) " (s(q)) —brj =11 (c7.5(q)) s(q) fors € R, (5.8)

for each singular value o; at data points s(g) := o'jz(,ux j+q-std;), where we subtract the axis
intercept by j = (Id — fs ;) ~'(0). The variable g € R determines the number of standard devi-

ations std; away from the mean value px; = % Zf/:l (xv;) in the image of the dataset with
respect to the fixed singular value of the operator. For simplicity, we define

Ri(0j,q) =1L (sz,s(q)) s(q). (5.9
The results for approximation and reconstruction training are visualized as surface plots for
both datasets in figures 6 and 11. In all cases, the r;, show a sensible behavior, damping small
singular values and roughly satisfying r; — 1 as > — 1.

On the bimodal dataset in figure 6, data dependency occurs in all filter functions. In the case
of approximation training, this is visible only in the sense that proper regularizing behavior is
learned exclusively within the support of the data distribution. Reconstruction training shows
a more complex dependency since the posterior mean aims to push points that lie close to
0 towards the two peaks of the bimodal data distribution if noise is present in the data, as
can also be seen in figure 5. As a result, the medium singular values, in which an amplified
slope in the solution is, on the one hand, permitted by the Lipschitz constraint and, on the
other hand, also necessary due to the present influence of noise, are elevated near the center of
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the distribution. This results in filter functions that may not lead to convergent regularization
schemes but include data-driven corrections for the observed noise.

On MNIST in figure 11, the stronger data dependence of the reconstruction training is not
directly visible; all filters appear to be approximately constant in the range of 5 standard devi-
ations around the mean. This is likely to be due to the fact that the distributions in the singular
values are all approximately unimodal. Therefore, the correction could be similar to the simple
regularizing behavior of the neural networks in the approximation training approach. In return,
the action of L as a regularization parameter becomes visible. Especially for small L, the filter
functions show similarities to the expected filter function; see remark 3.1. The learned filter
functions in approximation training are very similar for every noise level, which is in line with
the developed theory. In contrast, the filters learned in reconstruction training show stronger
regularization (i.e. more dampening of small singular values) for larger noise levels, adapting
to the data seen during training. This again fits well within the theoretical results developed
in section 4 and is especially visible for large L = L3, where the model is, in principle, able to
fit the operator well. However, the filter functions for the largest noise 55 and L, L3 look very
similar, indicating that the model learns strong regularization from data at the cost of a worse
operator approximation.

5.3. Reconstruction quality and convergence

To compare the performance of the different models in terms of reconstruction quality, we
show images and filter functions for a single MNIST digit in figure 7.

Especially for large noise, the visual quality clearly benefits from the reconstruction train-
ing compared to the approximation approach. This supports the argument that additional data
dependence may be desirable for large-noise applications. In the same case, the approximation
training shows its regularization properties and indicates proper parameter choice rules: The
image quality improves for smaller Lipschitz constraints, which imply a strong regularization.
This behavior is not visible in the reconstruction approach, where a large L generally seems
to improve the quality. The filter plots we provide for the given sample in figure 7(right) also
underlined this. In this case, they show a similar graph for L, and Ls. The filter plots also reveal
that the models optimized via approximation training are independent of the noise seen during
training and, therefore, learn identical filter functions for all noise levels. Table 1 also reveals
an advantage of this method for small noise levels.

Another way to study the convergence in L and § of the trained models is to evaluate the
approximation properties in terms of the overall errors on the dataset with respect to different
error measures. To evaluate the localized approximation property that has been introduced
in [3, theorem 3.1], we define

1< . :
Emean (o) 4) = 5 |0ty (x7) =4x?, (5.10)
i=1
Evn (PowysA) = ||oey (x) = x|, (5.11)

estimating the approximation error of the trained model for the whole dataset or a single
sample. In figure 8, we plot this error for the models trained without noise and varying L. In
the case of approximation training, we observe slightly superlinear convergence in the data-
set on average, indicating that the property is satisfied for many samples. As proven in prior
work [3], this implies that the training constructs a convergent regularization scheme for these
samples. For reconstruction-based training, this is not fulfilled on average. To preserve some
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Table 1. SSIM and MSE measures corresponding to reconstructions of x in figure 7.
Bold values indicate the best reconstruction quality with respect to the corresponding
error measure for a given noise level.

SSIM MSE
Approximation training L Ly Ls L Ly Ls
do 0.7401  0.7984 0.8106 0.0101  0.0058  0.0037
01 0.7377 0.7930  0.8219 0.0103 0.0056  0.0036
03 0.7261  0.7455 0.6575 0.0105 0.0063  0.0094
04 0.6791 0.6236 0.5085 0.0112 0.0132  0.0469

SSIM MSE
Reconstruction training L Ly Ly Ly L, Ls
do 0.7417  0.8046  0.8255 0.0102 0.0057  0.0040
01 0.7403  0.8051 0.8240 0.0103 0.0056  0.0039
03 0.7336  0.7774 0.7961 0.0105 0.0061  0.0046
04 0.7208  0.7242 0.7096  0.0106  0.0070  0.0066

insights on the convergence of the method, we extend on the weaker but sufficient condition
in [3, remark 3.2] and define

N
~ 1 . _ :
Emean (00):4) = 5 ) [+ = o5y (4x®) | (5.12)
i=1
Em (Po)A) = Hx(m) - <P§(1L) (Ax(m)) H ; (5.13)
L—1

which is closer to the target in reconstruction training. In this case, g'x<m) (o), A) —0
would be sufficient for local convergence. Figure 8 indicates that this property can still be
satisfied, however, with slow convergence rates.

In addition, we evaluate the reconstruction error of the training approaches for varying noise
levels. Figure 9 depicts the results for the mean squared error

MSE%, (0o(z.6,):A) Z Hx“ ~ ¢ (Ax(‘) I >) H (5.14)

1_1

and averaged structural similarity index measure (SSIM) as defined in [28], computed for the
dataset by

SSIM** (i99(.6,),A) ZSSIM( s (A0 1)) (515)

i=1

Here, one can again see that the approximation training comes with a typical parameter choice
rule known from regularization theory, where one has to choose L — 1 while § — 0. In contrast,
the reconstruction training performs best with the largest L among all noise levels since the
regularization emanates from the data. Overall, the reconstruction training method outperforms
the approximation training for all large § but stays slightly behind for very small noise.
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6. Discussion and outlook

The present work can be seen as a continuation of [3]. There, the authors investigated regular-
ization properties of the proposed iResNet reconstruction approach for specific network archi-
tectures trained according to the approximation training on samples to impart data depend-
ency. Here, we have extended the theory by focusing on the question of to what extent the
training data distribution influences the optimal parameters of the iResNet and, in turn, the
resulting reconstruction scheme. To this end, we considered the training of the iResNets from
a Bayesian perspective and focused on two different loss functions, namely the approximation
training and the reconstruction training.

In the approximation training, our results for the diagonal architecture show that for all
possible prior and noise distributions, the best-suited residual function f is an affine linear one
whose optimal parameters depend on the mean of the prior distribution, the eigenvalue ajz and
the Lipschitz constant L < 1. Thus, in this setting, the data dependency on the training outcome
is minimal, with no influence from the noise distribution and, especially, the regularization
properties of the resulting reconstruction scheme. Instead, the amount of regularization of <p9_1
is solely controlled by the Lipschitz constant L, which also becomes apparent by the observed
equivalence of o, ! to a convergent filter-based regularization scheme with bias.

In contrast, the prior and noise distributions significantly impact the optimal architecture
and parameters when considering the reconstruction training. Here, we realize the network
by an iResNet’s inverse and train it to approximate A~', resulting in a stable reconstruction
scheme. We showed that we can interpret the optimal network as an approximation of the con-
ditional mean estimator z° — E(x|z%) w.r.t. the pz-weighted L>-norm, where p; is the dens-
ity function of Ax 4 7. Hence, the optimal architecture choice and the corresponding optimal
parameters depend on the prior and the noise distribution. Consequently, this indicates that the
amount of regularization of the trained network is controlled by the Lipschitz constant L and
possibly by the amount of noise in the training data.

The theoretical findings are validated and further corroborated by a series of numerical
investigations on the MNIST dataset and an artificially generated dataset following a bimodal
Gaussian distribution for two different forward operators. In particular, the results highlight
that in reconstruction training, the noise distribution influences the regularization properties
of the network. In the approximation training, the noise does not influence the regularization
properties; they are solely controlled by the Lipschitz constant L. As aresult, the reconstruction
training leads to superior regularizations in high noise regimes, whereas the approximation
training is more suitable in low noise regimes due to better convergence properties.

These investigations of the approximation and reconstruction training illustrate how the
loss function determines the influence of the prior and noise distribution on the reconstruc-
tion scheme and shed light on which architectures are suitable. Investigating a link to MAP
estimation and how it could be represented in terms of an iResNet might allow for revealing
further links to regularization theory in future works (see also a more detailed discussion in
appendix B).

The presented results allow further investigations and can serve as a foundation for future
research directions. In the approximation training case, it might be desirable to relax the naive
Bayes assumption and to consider the general non-diagonal network case (3.19). In line with
the found limited data dependency in the diagonal case, we conjecture a dependency on second
moments of the prior distribution px at most. In the general network case, we showed that
reconstruction training leads to a data-dependent and stable reconstruction scheme that approx-
imates the mean of the posterior distribution, where the degree of stability can be controlled
by the Lipschitz constant L. What is left to prove is a convergence property as discussed in

30



Inverse Problems 40 (2024) 045021 C Arndt et al

remark 4.2, which could, in principle, further manifest the superiority of the reconstruction
training approach and provide additional guarantees. Here, potential generalizations also could
incorporate alternative loss functions in the integrand of the reconstruction training loss, which
might result in approximations of alternative estimators induced by Bayes costs [12]. In this
context, as a starting point, one may limit oneself to linear estimators to further investigate
the relation to learned MAP estimators, respectively Tikhonov regularization, as in [2, 11]. In
order to obtain convergence guarantees as well as data dependence, when desirable, one can
explore a noise-controlled convex combination of both training losses. Theoretical as well as
numerical investigations in this direction remain future research.

In addition, remark 2.3 serves as a basis to improve the numerical implementation of the
reconstruction training by constructing the network as a scaled iResNet, resulting in a more
efficient training approach as mentioned in section 5. This is a reasonable approach when one is
not interested in directly comparing the approximation and reconstruction training. Numerical
investigations, including the general non-diagonal network architecture, remain immediate
future research.

Besides these improvements, extending our results to deeper network architectures, e.g. a
concatenation of iResNets, could be beneficial. This would allow for more expressive net-
work architectures and further improve the reconstruction quality of the networks. Finally, it
might be worthwhile to generalize the results to nonlinear inverse problems, allowing for an
application to a larger number of operators.
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Appendix A. Proofs

A.1. Proof of lemma 3.1

Proof. For a function f of the form f(x) = mx+b with the constraint m> < L?, we can

solve (3.7) by using the Lagrangian
K(m,b,\) = /px(x) | (1=0% —m)x—b|*dx+ A (m* —L?), (A.1)
R

where the integral is well-defined due to the existence of the first and second moments of
px- The convexity, coercivity, and continuity of the integral term w.r.t. (m, b) imply that a
minimizer exists. Therefore, we can calculate the minimizer using the necessary conditions
(KKT conditions)
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85 (m,b,\) = /pr( ) (1= 0% —m)x—b) xdx+2Xm =0, (A2)
g[b( m,b,\) = /2px ) (1= 0> —m)x—b) dx =0, (A.3)
A(m* —1%) 20, (A4)
A>0. (A.5)
Rearranging (A.2) for m and (A.3) for b leads to

B fR2px(x) ((1 - az)xf b)xdx B (1 — 02) E,, (xz) — buy (A6)

o f]R 2]))( (X) X2 dx+ 2\ B pr (XZ) + A 7 -

— g2 _

. Je2rx(x) (1—0 m)xdx: (1= 0% — m) A

fR 2px (x) dx

where we use the abbreviated notation E,, for E,.,,,. Now, plugging b = (1 — o2 —m)uy into
the equation for m implies

(1 — 02) E,, (ng — (1 —o? —m) u)zf

" Ep, (x2) + A
i - (1=0%) (Bp, () —113)
= (1 E (x2)+/\>m_ Ep, (x?) + A
Var,, (x)+ A (1—0?) Var,, (x)
< E, ) tr" " E, (D)t A
& m=(1—02) ) (A.8)
Varﬂx (.X)—F)\ .

Since 1 — o2 > L holds by assumption, we need A >0 to ensure m < L. Then, (A.4) dir-
ectly implies m=L. As m is uniquely determined we also know that b is unique with
b:(l—dz—L)/Lx. O

A.2. Proof of lemma 4.1

Proof. We denote the objective function by F: L,%Z (X,X) — [0,00),

- / / px () prt (20 — Ax) [} (%) — 2]]2d2” i, (A9)
XJX

which coincides with (4.3) with the substitution z° = Ax + 7). Note that for all ¢ € ng (X,X),
it holds F(1) < oo since

19 (2°) =2l = 19 () IP = 2(0 (2) o) + Il < 2019 (2°) 1P + 21 (A.10)
and the integrals
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/X / px (x) i (2° = Ax) [} ()| de” doe = / Pz (&) 1 () IP = I, o,
/X / px () pir (&° — Ax) [lx|Pde? = / px (@) x| / p (& — Ax) d2° de

= /pr(x) ||| dx (A.11)

are both finite.

Besides, note that F is convex w.r.t. 1 since 1 + ||1)(z°) — x||? is convex for any x,z° € X.
Thus, we can find the minimizer of F by setting its derivative to zero.

To compute the derivative of F, we consider

F(¢ +h) :/X/XPX(X)pH(Z‘;_Ax) Hw(zg) +h(Z§) —x||2d15dx
:/X/XPX(X)PH (Z‘S—Ax) ||1p(z5) _x|\2dz‘sdx
+2/X/XPX(X)PH (z‘s_Ax) <1/) (Zé) _xah(16)>d26dX

+//px(x)pH (2% — Ax) || (2°) ||* dz° dx. (A.12)
XJX

The first of the three summands is F(v), the last one equals ||h||g72 and the second summand

equals OF (¢))h. Note that the second summand is finite since F(¢)) and Hh||12)

.2 are both finite.
Using Fubini’s theorem, we obtain

6F(¢)h:2/x/xpx(x)py (z‘s—Ax) (¢ (25) —x,h(z‘s)>dz‘sdx

_z/X</pr<x>pH (0 —ax) (¢ (&) —x) dx,h<zé)> 4. (A13)

We are looking for ¢ such that OF(¢))h = 0 for any h € L, (X,X). Hence, the fundamental
lemma of the calculus of variations implies

[ e o = a2) () ) ax=0

< pz(2) 4 () = /PX (x) pr (2° — Ax) xdx
X
5 _
& b (Zé) _ JxPx (%) pr (Z(s Ax) xdx A.14)
pz(2%)
for almost all z% € supp(pz). According to Bayes’ formula
S P _A
p(zh) = LLERPeb)_pu(Z ) pel) (A1)

pz(2°) pz(2%)

1(z%) is the expected value of the posterior density function p(x|z%).
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Finally, we need to make sure that )(z°) = E(x|z%) is an L; -function. For this, we use
Jensen’s inequality for conditional expectations [14, theorem 8.20, corollary 8.21] and obtain

IE (x2°) 7= IE(5l") P <Y _E(P ) =E(IkI?[°).  (A16)
j=1 j=1
Then, by the definition of conditional expectations, we get

/X pz () E(|Ix]*|2°) d° =By, (E([Ixl*|2°)) =E(IIx]1%), (A.17)

which is finite, and the proof is complete. O

A.3. Proof of lemma 4.3

Proof. Due to (iii), it immediately follows that py is uniformly continuous. From (iii), we also
deduce that the marginal of py on N'(A)*, py aray2 : N(A)= — R with

Pxnay (X) = / px (X0 +x) dxo (A.18)
N (@A)

is compactly supported and bounded and thus also uniformly continuous. Analogously, we can
deduce uniform continuity of the mappings go : N'(A)~ — N(A) and g; : N'(A)+ — N (A)*
with
g (x) = / Px (X0 +x) xo dxo (A.19)
N(4)
and

gt (x) = / px (X0 +x) dxo x. (A.20)
N(4)

Next, by using X = N (A) @ N'(A)1 we now observe that for arbitrary z € X due to (i) it
holds

pz5(2) = /X ph.s (2 —Ax)px (x) dx

:/ PH,é(Z—Axl)/ Px (X0 +x1) dxg dx;
N(A): N (4)

=phs (PN(A)Z)/ PL,(s (PN(A)LZ—)H) / px (x0+ATy1) dxo dy;|detAT|,
R(A) N(A)
(A21)

where the transformation x; = ATy;, with generalized inverse AT : R(A) — NV(A)+, is used in
the last equality. Analogously, we further obtain for arbitrary z € supp(pzs) C X
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A 1
Vs (2) = e

1
= / pH,é(Z_Axl)/ Px (X0 +x1) (X0 +x1) dxp dx
Pz,6(2) Jna)- N(A)

:Pg,a(PN(Aﬂ)/ phs (Pray—n)
Pz (2) R(A) Ho T N@)

/XPH,cS (z—Ax) px (x) x dx

/N( )PX (Xo +ATy1) (xo —I—ATyl) dxo dyl\detAT|. (A.22)
A

Exploiting the previously derived representation of pz s and (i) yields

3s (2 fR(A)pL,tS (PN(A)iZ*yl) (fN(A)pX (xo+ATy;) (xo+ATy;) dxo) dy;
5 (2) =

fR(A)pJTq,zs (PN(A)LZ _yl) fN(A)PX (xo +ATyr) dxo dy,
fR(A)pL,E (PN(A)iZ—YI) (g0 (ATy1) +g1 (ATy1)) dyi

fR(A)pL,é (PN(A)iZ - y1) Pxna)+ (ATyr) dyi

(A.23)

We now consider the denominator and nominator separately. In the denominator we first
observe that the mapping px ar(a)+ (ATy)) is also uniformly continuous due to the continuity of
AT. Exploiting R(A) = R(A*) = N'(A)*, the approximation property [15, sec IT] of the Dirac
sequence p; s delivers uniform convergence of the denominator, i.e. this implies pointwise
convergence such that for any z € X it holds

f (P _ ) Al (ATP ) A24
/7a(A)pH’6 N@)LEZ—N pXJ\f(A)J-( yl) d)’lme,N(A)J— N2 (A24)

Analogous arguments apply to the nominator of (A.23) by exploiting the approximation prop-
erty of the Dirac sequence implying uniform convergence and thus pointwise convergence
such that for any z € X, it holds

/R(A)P;(s (PN(A)J-Z _yl) (g0 (ATy1) + g5 (ATy1)) dy

f f
mgo (A P/\/'(A)LZ> + 8+ (A PN(A)LZ) . (A.25)

Due to (iv) for any fixed z € R, (A) the representation of 1/35 in (A.23) is well-defined for
sufficiently small 4. Consequently, we have convergent sequences in the nominator and in the
denominator such that the quotient converges by standard sequence arguments. As R, (A) C
R(A) = N'(A)* we thus obtain the desired pointwise convergence

~ AT AT AT
B () — 814 Z)Jrgo(T ) :ATz+/ px(x°,+ f) o dxo. (A.26)
6=0 Dy A4yt (Atz) N(4) fN(A)pX<x0 +Af7) dx,

O
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A.4. Proof of lemma 4.4

Proof. We solve the minimization problem (4.28) by applying the KKT conditions. To this
end, consider the Lagrange functional

K(m7b,)\1,)\z)Z/R/Rpx(x)p;;(n) (m(02x+n)+b—x)2dndx

1 1

for m,b, A1, A, € R. Observe that the integral is well-defined as the first and second moments
of px and py exist by assumption. Moreover, K is convex and coercive w.r.t. (m, b) and the
integral is continuous w.r.t. (m, b). Consequently, there exists a minimizer of problem (4.28)
which satisfies the necessary KKT conditions

oK
%(m,b)\l,)\z)://2px(x)pH(n) (c*x+mn) (m(c*x+n) +b—x) dpdx
RJR
T Am— am =0, (A.28)
0K 2 |
3 b AL xe) = [ [ 2px(x) pu (n) (m(0%x+1) +b —x) dndx =0, (A.29)
RJR
A L B A30
1 m_ﬁ =V, (A.30)
W —m) Lo (A31)
iy ")™Y '
A2 > 0. (A.32)

Case \; = \p = 0: equation (A.28) implies

/R/Rpx(X) pu(n) (o%x+n) (m(0°x+n) +b—x) dydx

= / /pX (%) pu (n) (m04x2 + 2mo?xn + mn* + bo’x + by — 0% x* — nx) dndx
RJR

= ma4EpX (xz) + 2mo? pux g + mlE,, (172) +bo? pux + by — O'ZEPX (xz) — WEx
= mJ4IE,,X (xz) +mlE,, (772) +bo?px — azE,,X (x2)
Lo (A.33)

and equation (A.29) gives

//pr(x)py(n) (m(02x+n)+b—x) dndxzmazux—km,uy—i—b—uxéo (A.34)
RJR
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resulting in
b= uy —mo? ix. (A.35)

Inserting the last equation into equation (A.33) yields

ma4EpX (xz) +mkE,, (772) +o?u —moui — azpr (xz) =0
& mo*Var,, (x) +mVar,, () — o*Var,, (x) =0

2
Y
& m=— arpy () (A.36)
o*Vary, (x) + Vary, (1)
and
o*Var,, (x)
b=(1- Px . A37
( Wty (x) + Var, (n)) i (A7

The formulas for m and b correspond to the unconstrained solution of problem (4.28). In order
to satisfy the constraint on m, we need to guarantee that

L o*Var,, (x) 1

< < . A.38
1+L = o*Var, (x)+ Var,, (n) 1—L ( )

If this is not satisfied, we must require A\; > 0 or A, > 0, which we will deal with in the fol-
lowing paragraphs.
Case A\; >0, A\, =0: If A\; > 0, equation (A.30) directly yields

m=—r. (A.39)

For b, we again obtain

2

g
b= jx —mopx = (1 1_L> fix (A.40)

as equation (A.29) is independent of A; and A,. Furthermore, equation (A.28) implies

/R/RPX(X)PH(U) (6%x+1n) (m(c’x+n) +b—x) dyde+Aym =0

o2 Var,, (x) — mo*Var,, (x) — mVar,, (n)

s oA =2 (A41)
m
In combination with the condition A; > 0 we now obtain
o*Var,, (x) 1 (A42)

o*Var,, (x) + Var,, () A

Case A\; =0, A, > 0: The same line of reasoning as in the preceding case yields
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1
- A43
"TIrL (A.43)
2
b=px—molux=(1- -2 ) ux (A.44)
14+L
o?Var,, (x) 1

(A.45)

< .
o*Vary, (x) + Vary, ()~ 1+L

Observe that the case A; >0 and )\, >0 is not possible as there is no m satisfying
equations (A.30) and (A.31) simultaneously for 0 < L < 1. The uniqueness of the solution
directly follows from the uniqueness of m and b, which concludes the proof. 0

Appendix B. MAP estimation and its interpretation as an iResNet

Consider a linear inverse problem Ax = y with A € L(X,Y) as in remark 2.1, where noisy data
y? € Yis given. One established approach in Bayesian inverse problems is the so-called MAP
(maximum a posteriori) estimator

XNAP = Arg Maxp (x|y5) . (B.1)
The posterior density p(x|y?) can be derived via Bayes rule from the pdf’s of the prior (x ~

px), the noise (y° — Ax ~ py) and the data (y° ~ py). Using this and the monotonicity of the
logarithm, one obtains

P (y° — Ax) px (x)
XMAP = argmax 5
xeX pr(y°)
& XMAP = argr)r(lea))((ﬁ,.[ (y5 — Ax) px (x)

& XMAP = argrxnei)r(l—log (Pn (y5 —Ax)) —log (px (x)). (B.2)

Here, one can observe a well-known similarity to variational regularization schemes. In the
case of Gaussian noise with noise level § > 0, i.e.

. 1.
Pr (1) o< exp | === 171 (B.3)
26
it holds
1 -
xviap = argmin — | Ax — y°|* — 6% log (px (x)) . (B.4)

The negative log-likelihood (NLL) —logpy can be interpreted as a penalty term, weighted
with the squared noise level 6%. If —log py is differentiable, we can use the first-order optimality
condition and derive

0= A* (AxMAP — yd) — (528 (long) (xMAP)
= A* 3 = A*AXMAP — (528 (logpx) (xMAP)
-~ —1 ,~
= xvap = (Id — (Id — A*Axuap + 670 (logpx)))  (A%Y7), (B.5)

where the last implication only holds if A*A — 520(logpy) is invertible (which is guaranteed,
e.g. in case of a convex NLL).
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N 710gopX,j

Figure 10. MAP estimation with iResNet. For large singular values sz >1—L, the
NLL is not very restricted (can be nonconvex) to guarantee Lip(f, . ,-) < L < 1. For small

singular values sz < 1—L, the NLL has to be (strongly) convex to guarantee that the
slope of fy ; is smaller than 1 — sz (and smaller than L).

Now, we can interpret (B.5) as an iResNet approach for solving the inverse problem
Ax =7z (B.6)
where A = A*A and z = A*y. Itholds xyap = ¢, ' (z%) = (Id — fy) ~' (A*y°) if the residual layer
is given by
fo =Id — A+ 620 (logpy) . (B.7)
Thus, MAP estimation with an iResNet is possible as long as the above-defined fy has a
Lipschitz constant of at most L < 1.
We can derive conditions for the prior px and the noise level ¢ from this Lipschitz constraint
by making use of assumption 3.1, i.e. stochastic independence of the components x; ~ py ; and

the eigendecomposition of A. In this setting, the components can be handled separately and,
thus,

foj=(1—07)1d+ 69 (logpy,) - (B.8)
To obtain further insights, we distinguish between large eigenvalues (i.e. sz >1—L)and
small ones (i.e. sz <1-1L).

Remark B.1. The prior px; corresponding to a large eigenvalue can have a rather arbitrary
character. The only important property is that the derivative of the NLL (i.e. 9(logpy ;)) must
be Lipschitz continuous. Because in this case, for small enough 4, it holds

Lip (f5;) < (1—07) +6°Lip (9 (logpx,)) < L. (B.9)

This is visualized in the left plot of figure 10.

However, for smaller eigenvalues, it holds 1 — 0% > L. Hence, the prior must decrease the
slope of fy ;. This holds true if the NLL of the prior is convex (or even strongly convex). Because
then, O(logpx,;) is monotonously decreasing and § can again be chosen s.t.

Lip (o) =Lip ((1—0?)1d+0 (logpx,)) <L (B.10)
holds. An example for such a py; is a Gaussian prior, where 0(logpy ;) is a linear function

with a negative slope (see the right plot of figure 10 and the subsequent derivations).
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B.1. Example prior distributions

To exemplify the previous observations, let us look at two commonly used prior distributions,
namely the Gaussian distribution and the Laplace distribution. In the case of the Gaussian
distribution, we have

(B.11)

p .(-x) exp ( ( / ]) )
Xy - / 2[ 2
271 bj J

for all j € N with mean p; € R and variance bj2 > (. Consequently, for the residual layer, we
obtain

) O &y
fi(x) = 1—aj—ﬁ x+b—2’ forxe R (B.12)
J J
with Lipschitz constant Lip(f;) = [1 — sz — 52/bj2|. Hence, similar to the observations in the
previous remark, for singular values with 1 — 0_1-2 < L, the Lipschitz constraint Lip(f;) < L is
fulfilled for all § and b;. In the case 1 — ajz > L, § and b; need to satisfy 52/[9]2 >1- sz —Lto

guarantee Lip(f;) < L.
In the case of the prior distribution being a Laplacian, i.e.

Xp (— |x_bf‘-"> forx € R (B.13)
J

Pxj () = —
J

with mean p; € R and variance 2b]2 > 0, the subgradient of logpy; is given by

b X< Hy
0 (logpx ) (x) = (—i,i} x=yp; forxeR. (B.14)

7 g
|
-y X >

Consequently, the residual layer for the Laplacian prior distribution is given by

(l—af)er%j x < p
[@ = [ x= 5 (1-a)x+ 5] x=p forxeR, (B.15)
(lfajz)xf%j X > [

which is not Lipschitz-continuous. As a result, the Laplace distribution does not satisfy the
conditions of remark B.1.

In summary, the previous considerations illustrate that MAP estimation with a Gaussian
noise model can also be represented by the proposed iResNet approach for certain prior dis-
tributions, guaranteeing invertibility.

Appendix C. Approximation training in diagonal architecture with dependent
data and noise distribution

In section 3, we assumed that the random variables x ~ px and 7 ~ py are independent.
However, one can obtain a more general version of lemma 3.1 with less restrictive assump-
tions on the joint data and noise distribution. To this end, we denote by p: R? — [0,00) the
joint probability density function with marginal distributions py(x) = [, p(x,n)dn, pu(n) =
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fR p(x,n)dx and assume that the respective first and second moments exist. In this setting, the
minimization problem of the approximation training reads

min/Rzp(x,n) \ (1 —az)xfn—f(x) |2d(x,7]) (C.1)

feF

and the subsequent lemma provides a closed-form solution of the minimizer of problem (C.1)

in the case L < 1 — o2.

Lemma C.1. Let F={fcCR)|3Ime[-L,L,beR: fix)=mx+b} and L<1-o>

Then,
Lfc—&-(l—az—L)uX—,uH U‘%’;'r”x")<1 o> —L
S Cov, (x, o Cov, (x Cov,, (x
@) = (1—02— Var"pi(x")))x+ ey — . if Gl € [1 =02 — L1 02 + L]
—Li+ (1— 0% +L) pix — p fc\fj:("g) >1-0+L
I’X

(C2)

is the unique solution of the minimization problem (C.1), where [ix, [ty denote the expected val-
ues of the marginal distributions, Cov,, the covariance w.r.t. (x,n) ~ p and Var,, the variance
W.LL X ~ pDx.

Proof. For a function f of the form f{x) =mx+ b with the constraint m* < L2, we can
solve (C.1) by using the Lagrangian

K(m,b,\) :/ p,n) | (1—0* —m)x—n—>b*d(x,n) + X (m*—L?). (C.3)
R2

Observe that the integral is well-defined due to the existence of the first and second moments
of p. In addition, the convexity, coercivity, and continuity of the integral term w.r.t. (m, b)
implies that a minimizer exists. The minimizer must satisfy the necessary conditions (KKT
conditions)

g—lni(m,b,)\):fZ/ p(x,n)((1fazfm)xfnfb)xd(x,n)+2)\mé0, (C4)
R2

0K ) !

% (m,b,\) :—Z/RZp(x,n)((l —o’—m)x—n—>b)d(x,n) =0, (C.5)
A(m?—17) 0, (C.6)
A>0. (C.7)

Exploiting the marginal distribution py, py and rearranging (C.4) for m and (C.5) for b
leads to

(1=0?)Epy (") —bpx —E, (x-n)
Epy (%) + A ’
b= (1-0—m)pux— pu, (C.9)

m=

(C.8)
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where we use the abbreviated notation E, for E
Combining both equations yields

E,, for E,.,, and E,, for E

x,m)~p> n~pu-

(1—“?Zf> = (1_02) (pr (xz)_ﬂ)z()_(Ep(x'U)—quH)
Epy (%) + A E, (x?) + X
- Var,, (x) + )\m _ (1—0?) Var,, (x) — Cov, (x,1)
Epy (2) A7 Epy (%) + A
= m=(1-02) Var,, (x) Cov, (x,n) €.10)

Var,, (x) + A Var,, (x) + A’
In order to determine the value of A, we need to distinguish two cases.

(D): Covp(x,n) <O0:
Since 1 — ¢ > L holds by assumption, the case A =0 is not possible, and we need A >0
to ensure m < L. Then, (C.6) directly implies m = L as (C.10) cancels out the possibility
m = —L. Thus we also know b = (1 — 0% — L)y — pg.

(I1): Cov,(x,n) > 0:
In this case, we need to distinguish the cases A =0 and A > 0.

(ITa): A=0:
In this case, we have
C
m:(lfaz)fM. (C.11)
Var,, (x)
The constraint that m < L and m > —L only holds true if
Cov, (x,n) > (1 —o® — L) Vary, (x) (C.12)
A Cov, (x,1) < (1 — 0 + L) Vary, (x) (C.13)
taking into account that 1 — o > L.
(ITa): A>0:
In this case, we can have either m = L or m = —L. Rearranging (C.10) yields

A= % ((1 — 0> — m) Var,, (x) — Cov, (x,7)) - (C.14)

From this we deduce that \ > 0 holds if either

* m=L and Cov,(x,n) < (1 — ¢? — L)Var,,(x), or
* m= —Land Cov,(x,n) > (1 — %+ L)Var,,(x).

Exploiting (C.9) yields b in either case, which provides the desired /*. In combination with
the observation that m and b are uniquely determined, the proof is complete. O

Appendix D. Additional numerical experiments

The numerical results in section 5 are illustrated for the convolution operator A = M,. In the
following, additional illustrations for the convolution operator and all corresponding results
for the Radon operator, described in section 5, are provided.
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Figure 11. Filter functions Rz (0j,q) as defined in (5.9) corresponding to trained net-
works g5,y for m =1,2,3 (columns) and £ = 0,1,5 (rows), trained via approxim-
ation training (fop) and via reconstruction training (bottom) on the MNIST dataset for
A=M,.
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Figure 12. Reconstructions 9;,prox (zj‘-s) trained via approximation training and e, (zj‘-s)
trained via reconstruction training at Lipschitz bound L, for different singular values and
for noise levels ‘zero’ (do, top row), ‘small’ (&1, middle row) and ‘large’ (Js, bottom row)
for A the Radon operator.
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Figure 13. Filter functions Rz (o},q) as defined in (5.9) corresponding to trained net-
works ©g(z,,,5,) form =1,2,3 (columns) and £ = 0, 1,5 (rows), trained via approxima-
tion training (fop) and via reconstruction training (bottom) on the bimodal dataset for A
the Radon operator.
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Figure 14. Reconstructions of an MNIST sample x =x from the test dataset by
computing ga;(le 50) (Ax+ 1) with 7 ~ N(0,8,1d) for Lipschitz bounds L, with m =

1,2,3 (columns) and noise levels d, = de- stdvnist with £ =0,1,3,4 (rows) together
with corresponding filter functions for A the Radon operator. The top subfigure depicts
the reconstructions from networks trained via approximation training, and the bottom
subfigure corresponds to the networks optimized via reconstruction training.
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Table 2. SSIM and MSE measures corresponding to reconstructions of 1 in figure 14.
Bold values indicate the best reconstruction quality with respect to the corresponding
error measure for a given noise level.

SSIM MSE
Approximation training L L, Ls L L, L3
do 0.3950 0.7202 0.8671 0.0307 0.0117  0.0023
o1 0.3913 0.7083 0.8521 0.0306 0.0120 0.0025
03 0.3871 0.6569 0.6620 0.0306 0.0129  0.0087
n 03774 0.5480 0.5033 0.0311 0.0190 0.0459

SSIM MSE
Reconstruction training L, L L3 L L Ls
do 0.4161 0.6899 0.8545 0.0290 0.0124  0.0029
01 0.3989 0.6865 0.8464 0.0304 0.0126 0.0031
03 0.3913  0.6512  0.7267 0.0300 0.0134  0.0055
n 0.3934  0.5990 0.6254 0.0298 0.0149 0.0126

-1 " ---o(1-1)
10 M ---0((1-1)?)
1072 ,// /// +£mean(§09(L)~,A)
SR ——E 0 (pocry, A)
L0-3 /// /,/' —— &, (o(r), A)
£ 1-L

1078 1072 1070 10°

—— gmcan(QOG(L)v A)
= (pory, A)
10-1 =& (pocry, A)

1-L

1072 107t 10°

Figure 15. Test samples xD and x® (bottom left). Evaluations of the local approxima-
tion property via Emean (Po(r,),A), £y (Po(r,)»A) and &, (oL, A) for the approx-
imation training (fop left) and the reconstruction training (fop right), and evaluations
of the generalized approximation property via gmean(goe(Lm),A),éXm) (vo(r,),A) and
o (o(,),A) for the reconstruction training (bottom right) for L, =1 — 1/3m with

m=1,...,5 and A the Radon operator on the MNIST test dataset.
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Figure 16. Reconstruction  errors MSEffco(apg(L,(;[),A) (top row) and
SSIM®¢ (po(L,s,),A) (bottom row) for networks trained on noisy samples with
noise levels &; for £ =0,...,6 and reconstructions from noisy samples of the same
noise level for the approximation training (left) and for the reconstruction train-
ing (middle) with Lipschitz bounds L,, on the MNIST dataset for the Radon operator A.
Outcomes of optimal parameter choices for both training strategies over different noise
levels can be seen on the right-hand side.
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